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CHAPTER 1 -

INTRODUCTION

1.1. Perfect codes

One of the main aims of algebraic coding theory is to construct "good"
""codes'". These objects can be, and are, widely used in all sorts of communi-
cation systems, including satellite communication, telemetry, television,
radar, magnetic tape, etc; etc. All these links have one thing in common,
that being that a sender tries to transmit information to a receiver, but
that during transmission errors are unavoidable.

Already since the time of papertapé, it has been known that it is ad-
visable to transmit more symbols than are strictly necessary. Thus only a
small part of all thinkable strings is legitimate. Assuming that a message
is encoded as a string consisting of a fixed number of symbols chosen from
some fixed alphabet, the collection of 1égitimate strings is called a (bZoak)
code; a legitimate string is called a codeword.

If only a limited amount of energy is available for the transmission of
the message, the redundancy in the message decreases the available amount
of energy per symbol, thus increasing the a priori symbol error probability.
On. the other hand, the same redundancy enables the receiver to detect, or
even correct, many error patterns: he selects that codeword which is '"closest"
to the received string. Usually, this will result in a nett reduction of the
symbol erfor probability. It will be intuitively clear that in a "good" code
the codewords should not beé too close to each other: two close codewords can
easily be confused.

In order to specify the concept of closeness, a distance function be-
tween two strings is introduced. This (Hamming) distance is defined as the
number of symbols by which two strings differ.

Consider, as an example, the code consisting of only two codewords,
00000 and 11111. Each codeword consists of five bits (zeros or ones). It

is therefore called a binary code of block length five. Tt will be obvious




that - as long as a codeword is not corrupted by more than two errors — the
receiver is able to reconstruct the transmitted codeword by '"majority vote".
~For this reason, the code is called 2-error correcting. Geometrically, this
means that the spheres with radius two around the codewords do not intersect.
Each such sphere consists of the relevant codeword, together with all strings
at distances one or two from the codewerd.

A pecularity of the exemplary code is that not a single pattern of three
or more errors can be corrected or even detected properly. This means that
there is no room between the previously mentioned spheres. For this reason,
the code is called 2-perfect. In general, a code is called t-perfect if the
spheres with radius t around the codewords form a partitioning of the space
of all thinkable sfrings of the relevant length over the relevant alphabet.

Trivial examples of t-perfect codes are the codes consisting of only
one codeword of length at most t, and the binary repetition codes of block-
length 2t+1, consisting of two codewords at distance 2t+l apart. The codes
consisting of all strings of a certain length over a certain alphabet are
obviously O-perfect.

Apart from these silly codes, an infinite class of I-perfect codes was
described by R.W. HAMMING in 1950 (cf. [8]). These codes contain 2T code-
words of length n = 2°-1. The smallest nontrivial example (r=3, n=7) con-
sists of the codewords 0000000, 1101000, 0010111, 1111111, and all cyclic
shifts. Furthermore, a 3-perfect binary code consisting of 4096 codewords
of length 23 was discovered by M.J.E. GOLAY in 1949 (cf. [7]). No more per-
fect binary codes were able to be discovered.*) Building on the work of
J.H. van LINT (cf. [151), A. TIETAVAINEN & A. PERKO [30] succeeded in prov-
ing that no more pérfect binary codes existed indeed.

The class of Hamming codes is not confined to binary codes. For each
alphabet with q symbols, q being a power of a prime, and each positive inte-
ger r, a l-perfect code exists containing qn—r codewords of length n =
(qr—l)/(q—l). The smallest nontrivial example (q=3, r=2, n=4) is the ternary
code consisting of the codewords 0000, 0111, 0222, 1012, 1120, 1201, 2021,
2i02, 2210. Apart from this class, M.J.E. GOLAY also discovered a ternary
2-perfect code consisting of 729 codewords of length 11 (cf. [7]). No more

. *
~perfect codes were able to be discovered. )

%) .Strictly speaking, this is not true: many l-perfect codes have been dis-
covered which have the same parameters as the Hamming codes, but are not
equivalent to the Hamming codes. This holds for binary as well as for non-
binary codes (cf. [311, [24], [11] and [331).




After this poor yield, several researchers tried to prove that no more
t-perfect -codes over arbitrary alphabets existed indeed. The princ¢ipal tools
available for such nonexistence proofs are the "sphere packing condition",
and "Lloyd's theorem". The sphere packing condition exﬁresses that the num-
ber of strings in a sphere with radius t should be a divisor of the total
number of strings; Lloyd's theorem relates the existence of a perfect code
to the integrality of the zeros of a certain polynomial of degree t.

The nonexistence proof of unknown perfect binary codes was based on a
combination of both tools. This technique has been refined and generalized
in several papers ([12], [271, C131, [14], [151, [281, L1771, [291, [23, [9D).
The limitation of this proof technique is the use of the sphere packing con-
ditioh. This divisibility criterion becomes weaker and weaker accordingly as
the alphabet size gets more prime divisors. Therefore, a general nonexistence
proof cannot be expected in this way.

The first nonexistence proof of perfect codes over arbitrary alphabets
was published by H.F.H. REUVERS [22], who proved that unknown 3-, 4-, and
5- perfect codes do not exist. Later, E. BANNAI [1] proved that for any
fixed t = 3 the number of t—perfect codes is finite. This was improved by
M.R. BEST [4], who showed that the total number of unknown perfect codes
correcting at least three errors is finite.

In this thesis, it will be proved that unknown perfect codes do not
exist at all for t = 3, unless t = 6 or t = 8. Although the general "Perfect
Code Theorem" - which states that no t-perfect codes exist apart from the
known ones — could not be proved, the proof becomes apparent for the case
t 2 3. For the cases £ = | and t = 2, the techniques developed in this thesis

do not apply.

1.2. An outline of the proof

The discussion in this section is meant to give some insight into the
main lines of the proof of the perfect code theorem, as will be attempted
in this thesis. This discussion will be very informal, and should not be
judged according to mathematical rigour. We hopé it will give the reader
a guided tour through the lengthy, but (hopefully) mathematically rigourous
derivations in the subsequent chapters. '

The theorem that will be proved is formulated in Chapter 9. It claims
that no unknown t—perfect codes exist, unless t equals 1, 2, 6, or 8. These

four exceptional cases are also discussed briefly in Chapter 9.




In the proof, two cases are distinguished: Chapters 5, 6, and 7 deal
With the case of a relatively large block length, while Chapter 8 treats
the case of a relatively small block length.

The proof of either case makes use of "Lloyd's théorem", which states
that the existence of a certain t~perfect code implies that all zeros of a
certain Kravguklpolynomial Kt are integral. S.P. Lloyd, in fact, proved this
theorem only for linear binary codes. It was generalized by F.J. MacWilliams,
P. Delsarte, and H.W. Lenstra jr. to general codes. This generalization,
as well as other known results applying to perfect codes, is discussed in
Chapter 4.

The exact definition of the Kraveuk polynomial Kt can be found in
Chapter 3. In that chapter, the relevant properties of Kraveuk polynomials
will also be derived. Chapter 2 contains a rather incoherent collection of

notations and auxiliary results.

Consider, as an example, a t-perfect code with t odd (t = 5). The exis-
- \4 . .
tence of such a code implies that a certain Kravcuk polynomial Kt has inte-
gral zeros. The graph of Kt is sketched below
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The graph of Kt for t=7, n=100, q=3.

Here n equals the block length of the code decreased by one, and q

denotes the alphabet size. For large values of the parameter n, the




graph tends - after some scaling - to that of a Hermite polynomial. This
fact was used by E. Bannai to prove that for each fixed value of .t only
finitely many t-perfect codes exist. In his proof, the crucial observation
is that the zeros of Kt are grouped almost symmetrically around a central
of this central

zero vg. In particular, the two adjacent zeros v, and v_

i 1

zero are almost equidistant from vy
In this thesis, the last statement will be specified precisely:

0 < (v0~v1) - (v_l-vo) <1

for n larger than some well defined bound. This clearly contradicts the in-

tegrality of Vs Vg O V_,.

In order to prove the above inequality, the KravXuk polynomial Kt is
studied in detail in the neighbourhood of Yo+ This is done in three steps:
1. First, vy is estimated by expanding K, in a neighbourhood of (gq-1)n/q.

This is done in Chapter 5,

2. Second, the (scaled) Kraveuk polynomial is approximated by an ordinary
sine function (instead of a Hermite polynomial) in the neighbourhood of
vy Thisvis performed by using a difference equation (Lemma 3.3.1), valid
for Kravcuk polynomials. This leads to a coarse estimate for the distance
of consecutive zeros of KravXuk polynomials (Lemma 6.3.1).

3. Third, the Kraveuk polynomial is compared to its own mirror-image with
respect to v. Here again, the difference equation is employed. Since
the scaled polynomial is almost antisymmetric around Voo the difference
equation is almost invariant under this reflection. This will enable us
in Section 6.3 to estimate (VO_VI) - (v_l—vo) with the promised accuracy.

In this example, t was chosen to be odd. In case t is even, there is
no "central" zero. There is, however, some centre, close to (q-1)n/q, with
respect to which the zeros of Kt are situated almost symmetrically. Similar

to the odd case, it is possible to prove that
0 < (v1~v2) - Cv_2~v_1) <1,

where Vos Vi» V_qs and V_o denote the four zeros surrounding this centre,
in increasing order. This gives rise to several technical complications,
which are dealt with in Chapter 7.

Finally, perfect codes with a relatively short block length will be

ruled out by a system of divisibility relations (Lemma 8.1.1), which gen-




eralizes many formulas expressing that the product, the sum, the sum of the
squares, etc., of the zeros of Lloyd's polynomial are integers. This system
is very restrictive for not too large values of the block length. Without

much effort, the nonexistence of such perfect codes can be shown.




CHAPTER 2

PRELIMINARIES

In this chapter, a number of notations are introduced and several re-

sults are derived which will be used in the subsequent chapters.
2.1. Notations

Some notations are listed below which will be used throughout this
thesis, and which might be non-standard. In this section, a and b are real

numbers, while j and k are integers.
N denotes the natural numbers, including zero.
|C| denotes the cardinality of the set C.

[a,b], (a,bl, [a,b), and (a,b) denote closed, left—open, right-open, and

open real intervals.

La,1,b], (a,1,b], [a,l,b), and (a,!,b) denote the corresponding real inter=-

vals, intersected by Z + a. E.g.
(a,1,b] = {xlx ¢ (a,b] A x-a € Z}.

Weakly positive means positive or zero. (The author abhors the double nega-

tion "non-negative".) Likewise, weakly negative means negative or zero.
Increasing and decreasing are used in the weak sense.

Laj denotes the greatest integer less than or equal to a.

[a] denotes the least integer greater than or equal to a.

a|b means that b is an integral multiple of a.

lem(a,b) denotes the least positive real number that is an integral multiple

of both a and b, provided such a number exists. Otherwise, lcm(a,b) = 0.

b . . a
If a > b, then It=af dt is defined as =~ It=bf dt.




log denotes the natural logarithm.

a! denotes T'(a+l), where T is Euler's gamma function.
2

[\

denotes Hi;é (at+i) if 3 0.

'

a(j) denotes Hi;é (a-i) if j = 0.

(?) denotes a(j)/j! if j 2 0; otherwise (?) = 0.

Gj Kk denotes Kronecker's &—symbol.

s

B(f) denotes some variable which is bounded above in absolute value by £.
E.g. sin(x) = B(1). Tt is used in the same (questionable) manner as the
Landau-Bachman O-symbol, with the difference being no multiplicative con-

stant is involved.

[0 denotes the end of a proof.

2.2. Various (in-~)equalities

Since we prefer not to interrupt the proofs in the subsequent chapters
by technical details, several identities and estimates are proved in this

section for later reference.
LEMMA 2.2.1. Let |x| < 1. Then

Log(1+x) = x—ax”+2x> (14B(1x1)) .

PROOF. For x 2 0 as well as for x < 0 one has

b X b
2,3 2
f gz—igzi dy < [ lzy dy < [ yzdy.
y=0 3(1+y) y=0 y=0

Hence

12 13
m)—ﬁ 1og(1+x)—x+—2-x SEX'- O

LEMMA 2.2.2. Let n € N. Then

1.2
3‘1’1 (n—l )_,

o~
&
S
A

and




z i < %n -1).

2

PROOF. This follows from ZE;(I) k" = %n(n—l)(Zn—l) and z;:(l) K

LEMMA 2.2.3, et ne N and w € R. Then

n
z sinz(kw) - _l_{1 _ 51n(nw)cos((n+1)w)
2 2 sin w

k=1

and

. 2

Z k sin (kw) 1.2 _ n sin(mw)cos((n+l)w) , sin (nw) ,
"2 sinw .

k=1 4 sin"w

provided w £ 0 (mod w).

0

PROOF. According to exercise no. 16 in Chapter 6 of POLYA & SZEGU [21], one -

has for w # 0 (mod w):

E cos (2kw) = sin(nw)cos ((n+1)w)
kel sin w
and
n . 2
z (n+1-k)cos (2kw) = SL(.M. - _n_-l-_l.. .
k=1 2 sin"w

The two formulas in the lemma follow straightforwardly. [

LEMMA 2.2.4. Let w > 0. Then

[n/w]
kzl sinz(kw) < % [n/w],

and

Ln/u)
Lk sinz(kw) < 71— fn/w]z.

k=1
PROOF. For w > w as well as for %w<w£n, the inequalities are verified
dirvectly. If 0<ms—;—w and m/w € Z, the inequalities follow at once from
Lemma 2.2.3 (even with equality).

Now suppose that 0 < @ < —;-'n and that m/w ¢ Z. Then
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so
sin(|7/w]w) < sin(r-w) = sin .

Lemma 2.2.3 (with n = |n/w]) yields

Lm/w]
kgl sinz(km) < —;—!_Tr/w_l + % = —;—[ﬂ/w],
and

L7/w]
kZ] k sinz(ku)) < %}-Lﬂ/w_[z + —%—Ln/w] + % = —};[ﬂ/w]z ’

respectively. [

LEMMA 2.2.5. Let w > 0. Then

{n/w)] i 1

k=2 sin(kw)sin((k-1)w) < ;7 °

PROOF. It can be assumed that w < %'IT. Let n = L1T/(2w)_|. Then

, 1

sin(ko)sin( (k=Day

)
k=2

sin(kw)cos ((k-1)w) ~ cos (kw)sin((k~1)w) _
sin w sinkw)sin{(k~1)w) -

k=2

n
sirlx w kzz (cot ((k=1)w) - cot(kw)) =

_ cot w - cot(nw) < 1 < L
sin w -sinwtanw_w2°

O

In the next lemma, Bk denotes the k-th Bernoulli number, as defined in

WHITTAKER & WATSON [321, §7.2. In particular, B, = 1/6, and B, = 1/30.

LEMMA 2.2.6. Let n € N, and v > 0. Then

lo o 1yY
log (EZ'V)T').




@

t

k, k
= -—1og(lv) + g DG DB _=n J f u?dy dt
2 2 k=1 (2K) (2k-1)v2E"1 2071 Lo oo w24y? sinh(mt)
Moreover,
1 1 n (‘l)k([l-k—'l)Bk
-7 log(—iv) + e
k=1 (2k) (2k-1)v
1y-1
s an upper (a lower) bound for log .£_2_,._.§._)._ if n is even (odd). In particular,

(3v-$) .
GGv)!

log

and

)!

.

(-
(v

1
log ;

1 1 1
-5 log(—z—v) + B(E)’

1 i 1
2 B9

1
log (Ev) -
24v

PROOF. From Stirling's asymptotic expansion of the logarithm of the gamma

function (cf. WHITTAKER & WATSON [32],

§12.33), it is known that

k-1
1 1 n ("1) Bk
log I'(v) = (v-—i—z-)log VoV log(2m) + ) ST
k=1 (2k) (2k~-1)v
© t
L 260" gy de
2n—-1 2+ 2 2 Znt -1 .
v t=0 u=0 v

Hence

log v! = log T'(v) + log v =

| | n (_l)k'.'lBk
= (v+§)log v—v‘i-—z—log(ZH) + Z Tt R;»
k=1 (2k) (2k-1)v
where
P t 2n
R 2(-DH™ uMdu  dt
1 2n-1 2,2 Imt_
v t=0 u=0 * 7V ¢
Moreover,
Toye
2 1og(7v). =
1 2 (DE lzszk
= (v+ 1)1og(7v) -v+ log(2w) + T+ Ry,

kel (20 (2hm1)v 2




where
co t
2
o = 2(=D™2" ey _de
2 v2171—1 2_,_1 2 27”:-1 B
=0 u=0 " TV ©
n 7 F 2
_2(=D uldu _di
Vzn_i 2+ 2 ﬁt_l )
t20 uzo WYV e
Hence
1 v _ v Loyt =
og 5 = log vi - 2 1og(-2-V)- =
! k, k
L . n (1) —1)Bk
== E.loggzv)+ v log 2 - §'108 T+ Te-1 © R
k=1 (2k)(2k~1)v
where

n t 2n
- n _ _ _ (1 udu dt
R=R -R) = J2n-1

2 .
20 ueg O TV sinh(rt)

.

According to the Legendre duplication formula (cf. WHITTAKER & WATSON
[32], §12.15),

1 -
P(z)F(z-P%) = n? 21722 19y,

which transforms easily into
l_ v l_ _ l_v = % VvV
(2v).(2v 2). =72 2

Hence,

~v log 2 + %~1og M=

: | n DFEE-1n3
- 7 1og(-2-v) +

k=1 (2K) (2k-1)v>*"!
proving the first part of the lemma.

The upper (lower) bound follows since R is negative (positive) for n
even (odd).

The particular cases are found by taking respectively n=0, n=1, and
n=2. [




2.3. Logarithmically concave sequences

A real sequence (ai)oio= is called logarithmically concave, or briefly

0
logeoncave, if it is weakly positive and moreover

a+1 = %P

for all k € N and £ ¢ N with k < £. In this case we also say that a, is
logeoncave in i for i e N. A trivial consequence of the definition is men-~

tioned in the next lemma.

LEMMA 2.3.1. Let (ai):=o be concave. Then

<
2% Bl T 4
forrall j e N, ke N, and L ¢ N with k < L.
PROOF. By induction with respect to j. [

In the:definition we adopted, zero terms are allowed. These can occur
however only at the beginning or the end of the sequence, as is shown by

the next lemma.

LEMMA 2.3.2. Let (ai):=O be a real sequence. Then it is logconcave ©f and
only if the following three conditions are satisfied:

1. a; 2 0 for all i e W;

2. if ke N, L ¢ N, a, > 0, and ap > 0, then a; > 0 for all i € [k,1,£]1;

3. ai za, g a; for all 1 ¢ W\ {0}.

i-1

PROOF. Suppose that (ai):=O is logconcave. Then the first and third

condition are obvious. The second condition follows from Lemma 2.3.1:

0 <aay <2y

provided i e [k,1,£].
Next suppose that the three conditions are met. Suppose that k ¢ N,
{ <
£ ¢ N, and k < L. It should be proved that aapr S8 3.
if agp. = 0, the assertion is obvious, so it can be assumed that

a, > 0 and ap.y > 0. But then a; > 0 for all i e [k,1,£+1]. Also




14

£ 2 L £~1
I a,z2 0 (a, .a. ) =aa  .aa I al,
PP S £5 b £ e e A 25 B

sO

Aer1?e = A3pare

which was to be proved. [J

It is obvious from the definition that the product of two logconcave

sequences is again logconcave.

LEMMA 2.3.3. Let (a,)]
i8 logeoncave as well.

and (bi)i=0 be logconcave sequences. Then (aibi)i=

It is less obvious that the convolution product of two logconcave se-

quences is again logconcave. This is stated in the next lemma.

LEMMA 2.3.4. If the coefficients of the power series £ and g both form log-

concave sequences, then the coefficients of the Cauchy product £g form a

logeoncave sequence as well.

PROOF. Let £(X) = ain, g(X) =

= Zk a, b

“k =0

Zic0 =0

condltlons of Lemma 2.3.2. Next, define a_

of (ai)i=0 and (bi)i=0 it follows that

aiaj_1 > ai-laj and bk—ibk+l—j =
and

aiaj—l's ai_]aj and bk—ibk+l—j <
for i e N, j € N, and k € N. Hence

c2 - c

k ~ Cx+1%%-1

k+1 k+1

= ( Z

)(JZ a;_ lbk+1

b, X , and (£g)(X) = I,
;- Lt can easily be checked that (ck)k=0

k=0 cka Then

meets the first two

= b__1 = 0. From the logconcavity

k+1

[
rh
"5
A

—
IA

N

DALY S SRR RS ©

k+1 k+1

¢ Z 23Ppee1- 1)( Z 35-1P-j
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k+1 k+1
i i=0 =0 aiai-l(bk—lbk+1-j"bk+1_ibk_j) =
k+l k+l1
-3 1 1 (aa,_ (b _.b -b b, L) +
2 i=0 j=0 * =1V k=1"kt 1] Tkebl=1i"k-j
+ ‘ o B
ajai—l(bk—jbk+1—i bk*l-jbk~i)) _
1 k+1 k+l
2 iZO jZO (825 1725129 Bposbry g = PragoiPoy) = O

This proves the third condition of Lemma 2.3.2. [
Finally, a more complicated result can be shown.

LEMMA 2.3.5. Let (B(j))?=0 be a logeoncave sequence, and let
Cc

o
bk,c = vz . .H B(Ji)'
Jl,...,Jc—O i=1

Jl+...+Jc=k

Then L. 18 logeoncave in k as well as in c.
b

PROOF. Since

>y oo C j. o .
L by cxk = ) moeGHE D = (] shxhs,
k=0 °° yreeesd 0 i=1 j=0

Lemma 2.3.4 yields that bk e is logconcave in k.
3

-]

The first condition of Lemma 2.3.2 (with (a]._)i=0 = (bk,c)c=

0) is ob-
viously met,

Next, let c ¢ N, d ¢ N, bk,c > 0, bk,d >0, and i € [¢,1,d]. Then
K,c? there should be an £ > [k/c] such that
B(L) > 0. Similarly, there should be an m < |k/d] such that B(m) > 0. Since
B is logconcave, and |k/d| < |k/i] < [k/i] < [k/c], this implies that

B(lk/i]) and 8([K/i]) are positive. Therefore,

according to the definition of b

b etk/iy >0 ifi |k

hY

k,i

and

k-i|k/i]

v

L Bi[k/i]—k

(lk/i])8 (Jx/i]) > 0 ifi+k
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This proves the second condition in Lemma 2.3.2.

From the definition of bk c it is clear that
3

b = B(i) b,__.
ky,c . jZO P k=j,c—1°

S0
- Lee] o

b =} g(b, _. =Y ) 8@BGD, _._. .,

kyctl 120 k-i,c =0 j=0 k-i-j,c—1
-and

b2 = (] B@h 0P 11 BBWh ;b -

¢ 3=0 Js i=0 j=0 ’ s
Since bk o1 is logconcave in k; Lemma 2.3.1 yields:
b

byi,e=1P%-3,c-1 % Pk, c-1Pkming, 17

so

b2 > 7 7 BB

i=0 §=0 kyem1Pmingem1 T Py 1P et

This proves the lemma. [

It will be obvious that for finite sequences logconcavity can be de-
fined completely analogously to logconcavity for infinite sequences, and

that similar results hold.

2.4, Three term recurrence relations

In this section, estimates are derived for the solution of a recurrence

relation of the type

F(k+1) - A(k)F(k) + R(k)F(k-1) = 0,
in which R does not vanish anywhere. First, the relation is simplified by
the substitution F = gG, where g is a function which has no zeros, and
which satisfies the two term recurrence relation

gk+1) = R(kK)g(k-1).

(0f course, many such functions g exist.) Now




g(k+1)G(k+1) = A(k)g(k)G(k) + R(k)g(k-1)G(k-1) = O,

so
G(k+1‘) - B(k)G(k) + G(k-1) =
where
N

0,

In the next. four lemmas, the effect of a perturbation on the function B

is analysed. In view of later applications, k is not restricted to Z (which

is obviously allowed), but it assumes values in Z+a for some a € R. The

lemmas regain their natural form by taking a

LEMMA 2.4.1. Let a ¢ R, b e Z+ a, and let F, G,

so that
F(k+1) - AR)F(K) + F(k-1) =
G(k+1) - B(k)G(k) + G(k-1) =
F(a-1) = G(a-1),
F(a) = G(a),
F(k) # 0

Then
G(k) = (I-y(&))F(k)

where
Y@ o)
B(k) = ) a(i)

iefa,1,k)

0 for

0 for

for

for

for

for

[a,lyb):

[3sl’b):

fa,1,b].

[a,1,bl,

[a,1,b],

{a,1,b],

A, and B be real functions




a(k) = (A(k) =B(k))F(K)G(k)  for k e [a,1,b).
PROOF. Two identities are proved simultaneously for k ¢ [a,1,b]:
FOOG(k-1) = F(k=1)G(k) = B(k)
and
G(K) = (1=y(K))F(K).

For k = a, the identities are obvious. Assume that they have been proved for

certain k ¢ [a,1,b). Then, by the two recurrence relations:

F(k+1)G(k) - F(k)G(k+l) =

(A(k) - B(R)IF(kK)G(k) + F(k)G(k-1) - F(k-1)G(k) =

alk) + g(k) = B(k+1),

S0

Clk+1) = F(k+1)G}§121){)— B(k+1)

BUD) ypiiir)

= Uv® - Fa9F@eD

(I=y (k+D))F(k+1).

This proves the lemma by induction. [

The following lemma proves that, under certain initial conditions, the
solution of a recurrence relation is strictly bounded by the solution of

another relation of the same kind.

LEMMA 2.4.2, Let a€ R, b ¢ Z+ a, and let F, G, A, and B be real functions
so that

]
[

F(k+l) = ARFk) + F(k-1) for k ¢ (a,l,b),

G(k+1) = B(k)G(k) + G(k-1)

i
(]

for k € (a,l,b),




F(a+1)G(a) < F(a)G(a+l),

F(a+l) < G(a+l),

F(k) > 0 for k € (a,1,b),

F(b) =20,

A(k) < B(k) for k € (a,1,b).
Then

F(k) < G(k) for k ¢ (a,1,b].

PROOF, Two inequalities are proved simultaneously for k ¢ (a,!,bl:
F(k)G(k~-1) < F(k~-1)G(k),

and
F(k) < 6(k).

For k = a+l, the inequalities are given. Assume that they have been proved

for certain k ¢ (a,l,b). Then

F(k+1)G(k) - F(k)G(k+l) =

= (Ak) - B(k))F(k)G(k) + F(K)G(k-1) - F(k-1)G(k) < O.
From this it is clear that G(k+1) > 0, so

F(k+1)G(k) < Fk)G(k+1) < G(k)G(k+1),
which implies

F(k+1) < G(k+1). [
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In view of later applications, the following consequence of Lemma

2.4,2 is proved

LEMMA 2.4.3. Let a ¢ R, be Z+ a,'cmd let F, G, A, and B be real functions

so that
F(k+1)
G(k+1)
F(a—l?
F(a) <
F(a~1)

F(k) >

\'2

F(b)

Aa) <

A(k) <
Then

F(k) <

PROOF. It can be assumed that B > a+l. Then

1

A(K)F(k) + F(k-1)

B(k)G(k) + G(k-1)

2 G(a~1),

G(a),

> 0,

B(a),

B(k)

G(k)

F(a+1)G(a) - F(a)G(atl) =

for k ¢ [a,1,b),

for k € [a,1,b),

for k e [a,l,b),

for k € (a,1,b).

for k € (a,l,b].

= (A(a) - B(a))F(a)G(a) + F(a)G(a-1) - F(a-1)G(a) < O.

Hence

F(a+l)

< G(at+l).
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At this stage, one easily checks that all conditions in Lemma 2.4.2 have

been complied with. [J

Finally, an analogue to Lemma 2.4.2 is proved in which inequalities are

given at both boundaries.

LEMMA 2.4.4. Let a ¢ R, b e Z+ a, and let F, G, A, and B be real functions
so that

F(k+1) - AK)F(k) + F(k=1) = 0 for k € (a,1,b)

G(k+1) - B(k)G(k) + G(k-1) = 0 for k € (a,1,b),

F(a) = G(a),

F(b) = G(b),

F(k) >0 for k € [a,1,b),

F(b) 2 0,

A(k) < B(k) for k ¢ (a,1,b).
Then

F(k) = G(k) for k e [a,1,bl.

PROOF. It can be assumed that a < b. Let a' be the largest number in la,1,b]
for which F(k) 2 G(k) for k ¢ [a,1,a']. This number exists, since F(a) = G(a).
Suppose that a' < b. Then

F(a'+1) < G(a'+1),

F(a'+1)G(a') < F(a')G(a'+1),

F(k) >0 for k € (a',1,b),

F(b) = 0,
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A(k) < B(k) for k € (a',1,b).

It follows from Lemma 2.4,2 (with a = a') that F(b) < G(b). This contradic-

tion shows that a' = b, proving the lemma. [
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CHAPTER 3

KRAVEUK POLYNOMIALS

In this chapter, a number of properties of Kraveuk polynomials are de~

rived, which will be used in the subsequent chapters.

3.1. Definition of and relationships between Kravcuk polynomials

Henceforth, q denotes a real number greater than 1 and n denotes a
natural number.

For any k ¢ N u {-1}, the Kravguk,polynomial K (of degree k and with
parameters q and n) is defined by

k . .
- IR PN A AN Ty
K jzo (-1)-(g-1) (j)(k—j)

for all v ¢ R. In particular, Kk(O) = (q—l)k(i).

A simple expression for the generating power series exists.
LEMMA 3.1.1. Let v € R. Then
[ Kk ) _
I K@K = (+(DDYV1-0)7.
k=0
PROOF. This follows by taking the Cauchy product of the formal power series
expansions of the factors at the right-hand side. [
From this expression, an alternative formula for Kk(v) follows.

" LEMMA 3.1.2. Let k ¢ N and v ¢ R. Then

k .. .
- _yyk=] 3, mn-j, n~v
K, (v) jzo D P .
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PROOF .

I K WX = -0V a-0)" =
k=

0]

=3 ENaxn i = 3 T EYEHenigd -
=0 3 j=0 i=0 3 1t
L] k

= 1 X ) endEhet. o

=

=
[
It

[

Lemma 3.1.2 :shows that Kk is indeed a polynomial of degree k. The

. . : v .
following lemma proves a recurrence relation for Kravcuk polynomials.

LEMMA 3.1.3. Let k ¢ N and v € R, Then
(k+1)Kk+l(V) - (k+(q—1)(n—k)-qv)Kk(v)+(q-l)(n—k+1)Kk_1(v) =0,
PROOF, Differentiate the identity
I & wxs = (1D (-0Y
k=0
to X, and multiply the result by (1+(q=1)X)(1-X). One obtains

(gD (g-DFD) | kK X! =
k=0

(1+ (=X (1-x)V ((g=1) (0=v) (1-X)=v (1+(q-1)X)) =

((@-Da=qv = (g-Dnx) } & (X"
k=0
Comparing the coefficients of Xk, one finds
(k*f)Kk+1(V) * (q*Z)kKk(v) - (Q‘l)(k—lKk_l(V) =
= ((q—l)n-qv)Kk(V) - (q—l)nKk_l(V),

from which the lemma follows at once. [

From this recurrence relation, it can be deduced that the zeros of

. v . . :
successive Kravcuk polynomials are interlaced.

§
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LEMMA 3.1.4. Let k ¢ [0,1,n). Then Kk has k distinet zeros in the interval

(0,n). Denoting these zeros in increasing order by VisVoseeesVys and the
zeros of Kk—l by UlsUgseeesly s then
vy < < v for 1 e [1,1,k).
PROOF. First, it is observed that
k. n
sgn K (0) = sgn ((-1)7()) =1
and
sgn Kk(n) = sgn ((-l)k(ﬁ)) = (-l)k,
provided k ¢ [0,1,n].
The assertion of the lemma is trivial for k = 0, since K0 = 1. Suppose
it has been proved for certain k., Then
sgn Kk—](vl) = sgn Kk_](O) =1,
and
sgn K _ (v, ;) =~ sgn K (v for i € (0,1,k),
so
sgn K _,(v,) = --D*t for i e (0,1,k].

Since K (v,) = 0, Lemma 3.1.4 yields
DR, () = =(amD) (ke DK (7)),
SO
sen K, (v.) = —sgn K,_ (v,) = (D for i e (0,1,k].

Therefore, Kk+1 has zeros in the intervals (O,Vl), (Vi’vi+l) for i € (0,1,k),

and (vk,n). Since Kk+] is a nonzero polynomial of degree k+1, this proves
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that Kk+1 has exactly k+! zeros in (0,n). Denoting these zeros in increasing
order by W sWoseeesW g5 ONE hgs Wy <, vy < Wiel < Vil for i e (0,1,k),

and v, < w

Kk 1 Therefore,

w, <V, <w,
i i i+l

for i e (0,1,k+1),
proving the lemma by induction. [J

The following lemma proves that KravXuk polynomials are in a way self-
dual.

LEMMA 3.1.5. Let k ¢ N and £ ¢ . Then
4 n
izo K (DK, @) = 8 g% -

PROOF. From Lemma 3.1.1 one derives

-3 n n . .
S Y or@r - b k@i o
k=0 i=0 R i=0 *
n hs 1-X i
= (1+(q-1)X) iZO Ki(ﬂ)(T:TE:Tﬁa =

- n q n-L aX z L
U+ @D i Greene ~ ¢ X -

Note that the second transition is permitted because of the integrality of

£. Otherwise, Ki(ﬂ) does not vanish for i > n. [

From Lemma 3.1.5 the following inversion formula follows by straight-
forward verification.
n n
LEMMA 3.1.6. Let (ak)k=0 and (Bi)i=0 be’two real sequences. Then
" n
Bi = z akKk(i) for all i e [0,1,n]
k=0
if and only if
n
q, = ) B.K.(k) for all k « [0,1,n].
k 420 11

. : . v
Finally, a combined difference-recurrence relation for Kravcuk poly-

nomials is established.
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LEMMA 3.1.7. Let k € N and v'e R. Then

K (v+1) = K (v) + K _ (v) + (¢=DK _, (v+1) = 0.

PROOF. From Lemma 3.1.1 one derives

I - K@) R @) ¢ (@-DK,_; (v+1))X" =

v+l

1+ (=D V" - 1+ (- A-x)Y +

+ X(1+(=DOY V-0 + (=D (DR a7 -

(1+(-DX " (1=x) Ve

< ((1-X) = (1+(g-1)X) + X(1+(g-1)X) + (¢-DX(1-X)) = 0. [

3.2. The Lloyd polynomial

Henceforth, t denotes a natural number smaller than or equal to n.
The Lloyd polynomial ‘P(n) (of degree t and with parameters q and n) is
defined by

t

= z Kk'

k=0
(n)

y(m)

Obviously, V¥ is a polynomial of degree t. The following identity

holds.

LEMMA 3.2.1. Let v € R. Then
@D oy o K (v-1).

PROOF. By Lemma 3.1.2 one has

Y@y - I kW= ] i P ETH T -
k=0 k=0 j=0 1 J
iy ¥ en ey -
o U7k k-

j v -1 t=]j n—jfl
L NI,

3

| o~ [ DIt
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k .
due to the well known identity z (-1)1(2) = (—l)k(nkl). Hence
i=0

t ...
(n+1) _ _yt=i jm-i onevely
¥ v) = jzo (-1) dEPETH =x-D. O

3.3. Properties of a Rraveuk polynomial

Vv . . .
The wvalues of the Kravcuk polynomial Kt are interrelated by a difference

equation.

LEMMA 3.3.1. Let v € R . Then

(q-l)(n—v)Kt(v+l) - (v+(q—1)(n—v)—qt)Kt(v) + vKt(v"l) = 0,

PROOF. From Lemma 3.1.1 one derives

[

) ((q—l)(n—v)Kk(V+1) - (v+(q—1)(n—V)—qk)Kk(v) + ka(v-l))Xk
k=0

(g=1) (n=v) (1+ (=D (=) - (vt (g=1) (=) (1+(q=DRP Y (1=1) 7 +

+ g% S+ (@DD VDY) + v DO 0" =

(+(g=DR V(120 ((g=1) (=v) (1-8) 2= (v+ (q=1) (a=v)) (1+ (q=1)X) (1=X) +
+ qX((q=1) (0=v) (1-X) - v(I1+(g=1)X)) + v(1+(¢-DX)%) = 0. O

As a consequence of the above lemma, reference is made to the first

(very weak) result concerning the zeros of Kt'
LEMMA 3.3.2. K does not have two zeros which differ exactly by 1.

PROOF. Suppose that Kt(vo) = Kt(v0+l) = (0 for some vy € R. Then from the

difference equations follows that either Kt(v) = 0 for infinitely many

ve R, or - if vy € [0,1,n~1] = Kt(v) =0 for v ¢ [0,1,n]. Hence, Kt has

at least n+l zeros, which is impossible for a nonzero polynomial of degree
t<n. [

Next, the difference equation is transformed according to the methods

developed in Section 2.4. Define the function M by




(D%, ()

M) T D TR

for all v € (-1,n+1).
LEMMA 3.3.3. Let v € (0,n). Then

M(vt1) = v+(q-1) (n~v)-qt (%v—%)!(%n—%v—

29

2(q__1)% Gv) I Gn-3v)

l)' X
220 M(v) + M(v-1) = 0.

"~ PROOF. By Lemma 3.3.1 and the definition of M one has

201 " (1) 1 (dnmdo) (v 1)+

")
= (v(q=1) (n=v)=qt) (q=1) "2V (3v=4) ! hn=dv=3) I M(v) +

v 20-D) T oyt Un-dv) MG-1) = 0.

—lygl
Division by 2(q-1) zv+z(%v)!(%n—%v)! yields the required identity. [J

It is easier to work with (q-1)n/q~v than with v. Therefore, define x

by

=Tl oy,

q

and the functions N and C by

N(x)

M(v),

and

clx) = Y- (-v)=qt (Gv-3)! (Gn=jv=3)

1
°

e i
2(q—l)§ (ZV)O(zn zV)-
for all v € (O,n).

LEMMA 3.3.4. Let v ¢ (0,n). Then

N(x+1) - C(x)N(x) + N(x-1) = 0.
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CHAPTER 4

PERFECT CODES AND KRAVEUK POLYNOMIALS

This chapter contains a number of known results appertaining to perfect
codes, ‘which will be used in the subsequent chapters. A short proof of Lloyd's
theorem will be presented. The proof is based on the linear programming bound,
which will also be derived.

First, some basic concepts concerning block codes will be surveyed. For
a thorough treatment of the subject, the reader is referred to MACWILLIAMS
& SLOANE [20].

4.1, Basic concepts concerning codes

In the previous chapter, q was permitted to be a real number greater
than 1. Henceforth, it is assumed that q is a natural number satisfying
q = 2.

Let Q be a set of q elements including a zero element 0. Q will be
called the alphabet.

A word (of length n over Q) is a sequence of n elements of Q.

The word (0)?=] is called the origin O.

The (Hamming) distance dH(x,y) between two words x and y is the number

of positions by which they differ: if x = (xi)?=1 and y = (yi)?=1, then
dH(X,Y) = ‘{i‘i € (O,I,II:] A Xi # yi}|-

The (Hamming) weight |x| of a word x is the distance between x and the

origin:
x| = d (x,0).

With this distance function, the set X = Qn of all words becomes a metric

space.
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A (q-ary) code (of length n) is a subset of X. A 2-ary code is called
binary.

An element of the code is called a codeword.

A code consisting of at most one codeword is called degenerate.

The code X is called trivial.

A code is called t-error correcting if the (closed, solid) spheres of
radius t around the codewords in the metric space X are disjoint.

If the spheres form a partitioning of X, the code is called t-perfect.

A perfect code is a code that is t-perfect for some t € N.

n
i=0?
where Ai equals the average number of codewords at distance i from a fixed

The distance distribution of a nonempty code C is the sequence (Ai)

codeword, i.e.

A = lolt I |tyly e cadxy) = i =
xeC
= ety x e 6 Ay e A dry) = i},
Notice that AO = 1.

n

Finally, the dual distance distribution of C is the sequence (Bk)k=0’

where

n
B = I AK D),
i=0

Kk being the Rravouk polynomial of degree k. The use of this last definition

will become clear in the next section. Notice that B, = lef.

4.2, The linear programming bound

In this section, the linear programming bound for error correcting
codes is derived by elementary means.
Suppose, without loss of generality, that Q = [0,1,q), and define the

inner product <x,y> of two words x = (xi)ril=1 and y = (y.)?

i’i=1 by

n
<xy> = L%y
i=1

Furthermore, let w be some primitive complex gq-th root of unity. A
. . v .
remarkable relation between the "Hamming scheme" and Kravcuk polynomials

can now be established.
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LEMMA 4.2.1, Let i and k be natural numbers, and let x be a word in X = Q%
of weight i. Then

<K, z> _ .
ZZX ’ ) Kk(l).
|zl=k

PROOF. Without loss of generality it can be assumed that
X = (xl,xz,...,xi,0,0,...,O),

with %, # 0 for h ¢ (0,1,1i].
Furthermore, let j ¢ [0,1,k], and let hl’h2’°"’hk be integers such
that

0 < h1 < h2 <eeo< hj <1< hj+1 < hj+2 <eea< hk < n,

and let D be the set of all words (of weight k) which have their nonzero co-

ordinates precisely in the positions hl’hz""’h . Then

k
Z, teoat zZ
z W SE 2 wxhl hl xhj hj -
zeD Z. ,eee52, €Q\{0}
hl hk

. *n 2 . .

SN CaIPha I S L S DTS DLt
m=1 zeQ\{0}

Hence,

k . R . .
< - k- .
I ™= 7 OEHEDI @D = @ O
zeX j=0 J ]
lzl=k
From Lemma 4,2.1 it follows that the dual distance distribution of a

code is weakly positive.

LEMMA 4,2.2. Let (Bk)§=0 be the dual distance distribution of a nonempty

code. Then Bk 20 for k € [0,1,n],

PROOF. Let (Ai)?=0 be the distance distribution of the code, and let M be

its cardinality. Then




34

n n
MB, =M § AR () = ] y A
1=0 1=0 x,yeC zeX
d,Gey)=i lal=k
= | 7«22 2 0.
zeX xeC
fzl=k

[Here x~y denotes the coordinatewise difference modulo q of x and y.] [

The above lemma provides a powerful tool in deriving upper bounds for
the maximum cardinality of a code of fixed length and minimum distance. In
each particular case the maximum is found by solving a linear programming
problem. This explains the name "linear programming bound™. A survey of
applications can be found in BEST [3].

Sometimes it is easier to switch to the dual LP-problem: any solution
of the latter furnishes an upper bound for the optimal solution of the pri-
mal problem. The next lemma investigates when this bound is tight.

LEMMA 4.2.3. Let (Ai)ril=O and (Bk)ﬁ=0 be respectively the distance distribu-—
tion and the dual distance distribution of a code C. Furthermore, let (o
and (8)%_

n
k)k=0

0 be two sequences of real numbers such that

n
i kZO akKk(i) for ie [0,1,n],

™
i

QR
v

0 for ke [1,1,n],
B, S0Zf A >0 for ie [1,1,n].
Then

aglcl = 8,
if and only if

a.B. = B.A, =0 for i e [1,1,n].

. PROOF. Since




a. lcl = a.B. < z o, B, = ) a, K (1)A, = B.A. <
0 ofo = Lo NP T Lok WAL T LBy
< BOAO = Bg»
n n
aOIC| = BO holds if and only if kzl akBk = izl BiAi =0, [

As an application of the above lemma, an inequality is derived which
was discovered by F.J. MACWILLIAMS [19] for linear codes, and later general-
ized by P. DELSARTE [5] to general codes.

LEMMA 4.2.4, (MacWilliams inequality.) Let C be a nonempty t—error correct—
ing code with dual distance distribution (Bk)ﬁ=0’ where t < n. Then there
are at least t momzero dual distances:

[{k|k e [1,1,0] A B_ # 0} = t.
PROOF. Suppose that |[{k|k e [1,1,n] A Bk # 0}| < t. Then a nonzero poly~

nomial y of degree less than t exists such that y(k) = 0 if k ¢ [1,1,n]
and B, # 0. Define

a = kyz(k) for k ¢ [0,1,n],
and
7 [0,1,n]
g. = Q. (i) for 1 ¢ [0,1,n].
1 k=0 kKk

Then, by Lemma 3.1.6,

n
_ n
izo B,K, (k) = q oy

Since o is a polynomial of degree less than 2t in k, and Ki(k) is a poly—
nomial of degree i in k, it follows that Bi =0 if i ¢ [2t,1,n].
Let (A.)? 0 denote the distance distribution of C. Then Ai =0 if
i'i=

ie [1,1,2¢]. Thus a.Bj = BjAj =0 for j € [1,1,n]. Hence Lemma 4.2.3 yields
3

0 cl =8 » % a K (0) = E (n)(q-l)k k Yz(k)
= a = = - .
0 07 Lo k=0 *
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But this implies that y(k) = 0 for k ¢ [1,1,n], so y vanishes identi-

cally. This contradiction proves the lemma, []

REMARK. The number of nonzero dual distances is called the "external
distance" of the code. The lemma remains valid if the code is t-error de—

tecting only.

4.3, Lloyd's theorem

Lloyd's theorem states a strong necessary condition which should be
fulfilled in order that a code may be perfect. The theorem was first proved
by S.P. LLOYD [18] for binary linear codes, and later generalized by F.J.
MACWILLIAMS [19] to general linear codes; finaily P. DELSARTE [5] and H.W.
LENSTRA Jr. [10] proze? (independently) the general theorem for arbitrary,
n

codes. Remind that ¥ was defined in Section 3.2.

LEMMA 4.3.1. (Lloyd's theorem) Let C be a t-perfect code of length n = t.
Then the Lloyd polynomial W(n) has t distinct zeros in [1,1,n].

PROOF. Define

@ = (W(n)(k))z for k € [0,1,n],
and
n
8, = kZO o Kk(i) for i € [0,1,n].

Then, as in the proof of Lemma 4.2.4, one finds

n

n
1 B K@) = gy,
i=0

(n)

s0 Bi = 0 if i > 2t. Furthermore, by the definition of ¥ ,

7 g k.mn E 2
By= ) o K(0) = ) (=D CH(] KG&N" =
0 kZO k Mk =0 LT
5 Ry k.n n t
T L @D KWKy @) = q" ]
j’j'=0 k=0 J J J’j'

t .
=q" 7 Mgn,
j=o

il

8. ., (M (g-1 i
o Ui (J)(q )
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and
(n) 2 t n 1.2
a0y = @ONT = (] O@EnhH
i J
3=0
Since C is t-perfect, one has
o t a .
el =q% } (H(a-nl.
j=0
Hence
aylcl = 8,-
Lemma 4.2.3 proves that akBk =0 for k ¢ [1,1,n]. Subsequently, Lemma
4.2.4 proves that there are at least t nonzero dual distances., Hence there
are at least t values of k for which o, = 0, so W(n)(k) = 0 for at least t

k
values of k. This proves the lemma. [J

4,4, Known results about perfect codes

Not a single nondegenerate, nonbinary perfect code correcting at least
three errors is known. For binary codes, the following result was established
by A. TIETAVAINEN and A. PERKO.

LEMMA 4.4.1. The only nondegenerate perfect binary codes correcting at least
three errors are the 3-perfect Golay code of length 23 and the t-perfect
repetition codes of length 2t+l (for any t 2 3).

Proof can be found in TIETAVAINEN & PERKO [30] or in VAN LINT [16].
The uniqueness of the binary Golay code was proved by S.L. SNOVER [24].

In the course of time, several nonexistence proofs for classes of non-
binary perfect codes have been presented. The following results are due to

H.F.H. REUVERS [22] and H. LAAKSO [9] respectively.

LEMMA 4.4.2. Let t e {3,4,5}, and q = 3. Then there are no nondegenerate
t~perfect q-ary codes.

LEMMA 4.4.3. Let t =2 3, q = 3, and let q have at most three distinct prime

divisors. Then there are no nondegenerate t-perfect q-ary codes.
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CHAPTER 5

LONG-WAVE KRAVEUK POLYNOMIALS

5.1, Scope

In the previqus chapters, t was permitted to be a natural number less
than or equal to n. Henceforth it is assumed in addition that t 2 7 but
t # 8.

In this and the next two chapters, Rraveuk polynomials of relatively
large parameter n (compared to q and t) are considered. These polynomials
oscillate relatively slowly, explaining the title of this chapter. In Chap-
ter 8 the "short-wave polynomials" will be investigated.

To make the distinction more precise, the variable w is introduced

according to

_ 2t+1 3
w = Q(z(q_l)n) .
The number w will reveal itself as having comnections with the "wave-number"
v
of the Kravcuk polynomial Kt in the region of interest.
In Chapters 5,6 and 7, it will be assumed that w < 1/(2t).

In terms of n, this means that

L 2000 0e)
= el

In the present chépter, the weaker assumption n > 2qt3 suffices. It becomes
apparent that under this assumption Kravguk polynomials of odd degree are

almost antisymmetric with respect to (q-1)n/q, while Kraveuk polynomials of
even degree are almost symmetric with reépect to this number. This most in-
formal statement lacks any mathematical significance, but it is the crucial
observation which is the basis of the entire thesis. In particular, the ad-
verb "almost" will enable us to prove that the three or four zeros closest

to (q~1)n/q can never be integral simultaneously.
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. . ' M . .
For this purpose, some results concerning Kravcuk polynomials in a

neighbourhood of v = (q-1)n/q will be established in this chapter.

5.2. An estimate for Kk at (g-1)n/q

In this section a rapidly converging expansion for Kk(v), where v =
(¢-1)n/q, will be deduced. In order to simplify notation, for each k ¢ N

the function Lk is introduced by defining
[4k]
= — 2 o
L&) = (-1 K (v-x).

(The sign has been chosen in such a way that Lk(O) is positive; cf. Lemma
5.2.5.) Furthermore, for each k € N and ¢ ¢ N u {-1}, the number ak’c is
defined by

c

- /4 : —1y (9
= (9 ) T (G060,

Jpreeesd 2l iml i

a
k,c

31+...+Jc=k

LEMMA 5.2.1. Let k € N, Then

lkJ
PN T L5 S
Lk(O) = (-1)Lt? CEO (-1) ak,c’

PROOF. By Lemma 3.1.1 one has

z (_l)r%k]Lk(O)Xk = (]+(q—])X)n/q(1_X) (Q"l)n/q =
k=0

(10 -0 HMe o (10T + xa-09HH =

I @hende -

(3 GO - gx
] J=0

j=0

(T @-a@nenh™e = a- 1 G-ndh e -
i=g 3 ] j=1

]

I A3 G- e =
e=0 ¢ j=1 J

o c i
) (—1)°<“£q)j 1, B GG -

c=0 1,...,jczl i=]

] 0 ] en®a .
k=0 c=0 ’
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Comparison of corresponding coefficients gives the required expression

=0 i L
for Lk(O). Note that ak,c 0 if ¢ > 3k. 0
Concerning the numbers a . several identities are of importance.
3

LEMMA 5.2.2. Let ¢ € N. Then

_ (n/q, .q,\c
a2c,c = ( c )(2) 2
2yer o = 21D G,
= (9D (g-2)c (iq-3) + £ (q-2) (c-1))
Ber2,e - Ve M) laTelelzla g \4 >
2y 30 = CTHDTDe@G (a-3) (a0 +3 (@2) (@3) (=) +
+ 5(a=2) % (e=1) (e-2)).
PROOF.
a, = (™9 ) TGy = MG,
2ese el gLz T E c 2
j1+...+jc=2c .
- (/4 s 1y 9 )y = (M. e, a9y,
Seet,e = (e . L, N TG0 ) = C D)™ 243
JI,.-.,JC-Z i=1 1
j1+...+jc=2c+1 .
_ (M/d 139y =
a2c+2,c = ( c ) ) igl ((Ji l)(ji)

Jpseeesd 22

j1+"'+jc=2°+2

_ ,m/q ave~1, ,qy, (Cy 4 €2, 4\ 2, ,
= ( c )(c(z) 3(4)+(2)(2) 4(3) )H

- (%4 21y 4y =
=MD ) I (GG )

a
2¢c+3,c i=1 i

Jpoere»d 22
... +] =2c+
i +Jc 2c+3

d,c-3

= YO a@ree (DP2DIO + HT8DD. 0

From these identities, some inequalities can be derived.

LEMMA 5.2.3. Let k ¢ N, k = 2, n > 2qk>. Then
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< q_z
akst%kj“l N _3@ akal_%kj

and

2

a 9 10 |2 £ —— 3 1,10

k-2,] ik ]-1 3q(q=1)K2 k,|ik]

PROOF. Put £ = |}k]. Then n/q=2+1 > 2k>-4k > 2k(k>-1) > 4£(4£%-1). Hence

dope-1 " (n/q><q) (q—2)(£-1)(%(q—3)+§(q—z)(£—2)) <
< n/‘l)(q) 2(q-2)L(L-1) . 2
q(q-1) (n/q-E+1) 9

(a=2)L = 36q 290,03

a21.+1,/&—1
= GLHOTG ) a3 (@) + a2 (@D -2) +

+ (@) (-2 (4-3)) <

2H O O i Fd 2

D @/ 57 (@) SYRWL

< GIH Y = @ly gt

20
828-2 8~ (=D (/q-L+1) =

—_—2
2
3q(q-Dk

<

A
- n/q 9E€-2 a4y p 1y o
a?/e_l”e_l 2( )( ) (3)('K 1) =

= o (®ay9y8-1 q 2(£-1) 2
20T @D Gremy ¢ 3q(a-DK’ Tl

These inequalities prove the lemma. [J

LEMMA 5.2.4. Let k¢ N and n 2 2qk . Then (ak )L kJ is monotonically in-
creasing.

PROOF. The sequence (B ) deflned by B = max(0, (j- 1)(q)) is logconcave,

since it is the product of the 1ogconcave sequences (max(O - 1)) and

q °° -
((J))J= (Lemma 2.3.3). Hence, by Lemma 2.3.5, the sequence (bk,c)c=0 de
fined by
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c
= .- q
hew 1. TG
J],...,Jc_l i=1 i

31+...+Jc=k
is logconcave. Since finally the sequence ((n/q))L J is logconcave (notice

that szJ < n/q), and a = n/q)b , it follows that the sequence
k,c c " k,c

i i < i >
(ak c c*O is logconcave. Together with ak,[%k]—l < ak,[%k] if k 2 2 (Lemma
(5. 2 3), this yields the assertion of the lemma.

The Lemmas 5.2.1 and 5.2.4 combine into the following result,

LEMMA 5.2.5. Let k ¢ N and n = 2qk>. Then

N I R F I R I A e

5.3. An estimate for K 1in a neighbourhood of (q-1)n/q

[

[
L

In this section, the results of the previous section are extended to

an estimate for L in a neighbourhood of 0. For that purpose, define the
functions Aj for j ¢ W by

Z A X3 = (1+(g=DFA-x) X
=0
LEMMA 5.3.1. Let k € W and x € R. Then
. k s
L (x) = -1y %] ) (—])[ZJ]Ak_.(x)L.(O).
s J J
3=0
PROOF. By Lemma 3.1.1 one has

) (—1)““1Lk(x>xk = (1+(q-DD) M TE (g (DR amx
k=0

(1+(@- DD X(1=%) (i +(q- 1™ 4(1-x) (47Dn/a -

[}

( Z k x)xd) ¢ Z (- 1){ZJ]L 0)xdy.
=0 =0

This proves the lemma. [

Concerning the functions Ak’ several identities and inequalities will
be needed.

LEMMA 5.3.2. Let x ¢ W and k € N. Then




44

X k=1, ,%x, ]
N = T GIoGd 2o,
=0
AO(X) =1,
A](X) = g%,

IA
|
al
]
“

Xz(x) = qx(%q(x*17+1)'

_ 122 12 12 _ 133

AS&)—qﬂgqx 74 X+ 34+ qx q+1) A
1 22

lk+2(x) <54°x Ak(x).

PROQF. By the definition of Xk, it is known that

=

) lk<x)Xk= A%+ ¥ = ¥ H@@ia-nT -
k=0 J

i=0
-7 Aol 3 Cheote 3 7 BETh I -
j=0 i=0 * 520 i=0 I~ 1t
© k .
_ k k-1, %, 3
= X . . .
kzo jzo () (Pa

Comparison of corresponding coefficients yields the expression for Ak(x).
The identities and inequalities for Ao(x), Al(x), Az(x), and A3(x) follow
straightforwardly.

Furthermore, from the power series expansion

I 2 GOx" = (@R a0 7%,
k=0

it follows that the sequence (Xk(x));=0 is logconcave (cf. Lemma 2.3.4).
This proves the last inequality. [

Next, it will be proved that - under certain conditions - the expansion
for Lk(x) given in Lemma 5.3.1 can be decomposed into two alternating series

in which terms increase monotonically in absolute value.

LEMMA 5.3.3. Let j,k,x e N, 253 <k, nz2qk’, and 1 < x < k. Then

0 < xk_j+2(x)Lj_2(0) < )\,k-—j (x)LJ. ).
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PROOF. By Lemmas 5.2.5 and 5.3.2, it suffices to prove that

1 22

= . . <a., {,.] ~ a. . .

79 352,145 -1 isLsi]  TiLlail-
By Lemma 5.2.3 it is known that

1
a. . < 5 a,. .
J’L%JJ_I 36 J9I_%J.J’

and alsb that

1 22 ZXZ 2

9
x“a. ———a. | <Fa 1
797 %5-2,[43] -1 3q(q_1)k %i,143] 73 %3, 143
This proves the lemma. [

Finally, an upper bound is established for Lk(x) in the case of k

being odd.
LEMMA 5.3.4. Tet £,x € N, x < £, and n = 2q(20+1)>. Then
L (x) < lz«;a (3L-4x)
28+1 T 72 %22, .

PROOF. By Lemma 5.3.1 one has

28+1

Ly G = DFC 2 - 1)[”] s L) =

RPN £ i '

= D7 ( 2 -nt Aopony Loy €0 =} (=D 7hy, o0 ()L, (0)).
i=0 i=0 '

By Lemma 5.3.3, in both series on the right—hand side the terms alternate
in sign, and increase in absolute value. Hence, from Lemmas 5.3.2, 5.2.5,
5.2.2, and 5.2. 3 it follows (notlce that a2£ 2z > 0 because of £ < n/q)
that

L22+1(x) < XO(X)L2£+1(O) - Al(x)Lzﬂ(O) + A3(x)L2£_2(0) <

1 33
< g, T Wy pTa0p po)) T I E Ay g 4y S

3.3 1

Z(q 2)4 1
- qx(1 —-g—) t7 X )
6q(q-1)L

in

agp 23—
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2 17 1
220, GO - g5 ax + g7 @D =
<7 a (38~4%x). O
=77 Bz .

5.4. The central zeros

In this section, the results of the previous two sections are used to
prove that any Kravguk polynomial of odd degree has a zero very close to v,
For Kraveuk polynomials of even degree, a related result will be deduced.
The results will be formulated in terms of the function N, defined in Sec-

tion 3.3.
LEMMA 5.4.1. If t <8 odd, then Lt has a zero im the interval [0,Li(t-1)1.

PROOF. By Lemma 5.2.5, Lt(O) > 0, while Lemma 5,3.4 yields that
Lt(%(t—l)) <0, O

LEMMA 5.4.2. Suppose that t is even. Then
Lt(%t-l) < Lt(%t—Z).
Moreover, Lt has a zero in the interval [-1,it-2] or
L (-1) = Lt(O).
PROOF. Lemma 3.1.7 is easily transformed in terms of Lt:
- = ( -
LGet) =L .(x) =L _ (1) + (¢-DL _ (x).

Lemma 5.3.4 proves that both terms on the right-hand side are weakly nega-—

tive for x = }t-2- (recall that t = 10). Hence

Lt(%t-l) < Lt(%t—Z).

It is also known that Lt—l(o) > 0 by Lemma 5.2.5. Two possibilities
are distinguished:

1. Lt_l(—l) 2 0, Then Lt(O) - Lt(—l) > 0,

2. Lt_l(—l) < 0. Then L__, must have at least two zeros in the interval
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[-1,3t=2]. Hence, by the interlacing property of the zeros of Kraveuk poly=-

nomials (Lemma 3.1.4), Lt must have a zero in that interval. [J
The last two lemmas combine into the following result.

LEMMA 5.4.3. At least one of the following two alternatives holds:
1. Lt has a zero in the interval [-1,1(e-1)];
2. t 2 10, Lt(—l) < Lt(O), and Lt(%t-vl) < Lt(%t-Z).
If the second alternative holds, it is obvious that there is an
%y € [-},3(t=-3)] such that Lt(xo—%) = Lt(x0+é), which means that Lt behaves
like an even function in a neighbourhood of Xg» in contrast to the first

case, where Lt behaves more like an odd function. We shall need a related

result concerning the function N rather than Lt.
LEMMA 5.4.4. At least one of the following two alternatives holds:
1. there 1s an Xy € [-1,i(t=1)] such that N(xo) = 03

2. t 2 10 and there is an X, € [-4,4(t-3)] such that N(xo—%) = N(x0+§).

PROOF. From the definitions of N, M, and Lt it follows that

(q—l)%vKt(v) .(“1)[%t](q—l)%th(x)

Gv-D1Go-v-DT 7~ T v-DT - v-DT

N(x) = M(v) =

where v = (g-1)n/q-x.

If the first alternative in Lemma 5.4.3 holds, X is chosen such that
Lt(xo) = 0. This proves the lemma in this case.

Suppose that the second alternative holds. Due to Lt(—l) < Lt(O) and

Lemma 2.2.6 one has

(a-
G(e-Da/ Un/e-D7T =

$(qg=-Dn/g+i,
1H* L.(-D

ol =

1 —
(2(q=D)n/q-3)! _ (Un/q-5)! | (/@) (-1) b (Q‘l)z(q l)n/th(O) .
G(@Dn/Q?! Gn/Q)]! /a4l =D/ TGn/e=5)7 =

in
ol

A

Ga=Da/o) Fan/o DD o) = o).

Due to Lt(%t—l) < Lt(%t—Z) and Lemma 2.2.6 one has
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IYO'™ i R
(q-pilan/amitrty, ()

IPN 1
COVNGED = e DT Te T DT <

(1(a-Dn/g-bt+1)! | Un/grie-)!

pot—

« (3(g-Dn/q=tt+1)(q~1) 2.

S G Da/a=tt+DT * Un/qrit-1)7
O )
G(g-Dn/q-it+D)TGo/q+ie=3)1 ~
SPRPTUPC DRIC DN 13 N
< (U(g-D)n/q-te+1)*(n/q+it-1) *(q-1) *(-1) N(3t-2) <
< (—1)[%t]N(%t—2).

since ;t-1 2 0,

Thus, it has been proved that N(x+i) ~ N(x-i) assumes weakly positive
as well as weakly negative values for x ¢ [~i,4(t~3)]. So an X, ¢ [~1,3(e=3)]
exists such that N(x0+%) = N(x0~%). ]

In the subsequent chapters, we shall speak about "odd", resp. "even"
v . . .
Kravcuk polynomials, whenever alternative 1, resp. 2 holds in the last
. v . . .
lemma. Notice that a Kravcuk polynomial of odd degree is odd, but that is

v . .
has not been proved that a Kravcuk polynomial of even degree 1is always even,
5.5. Assumptions

We conclude this chapter by a survey of all assumptions made up to now,
and the introduction of two new assumptions.

The variables q, n, and t have been assumed to satisfy q ¢ N, q 2 2,
neMN, teMN, t=7,t+#8, and t < n.

Henceforth, it is assumed in addition that q = 3, and that a t-perfect
q-ary code of length n+l exists.

Lemmas 4.3.1 and 3.2.1 yield in this case that Kt has only integral
zeros. The restriction q 2 3 is harmless, because of Lemma 4.4.1.

Moreover, it is assumed that w < 1/(2t), but in Chapter 8 this assump-
tion will be replaced by its counterpart o > 1/(2t). Recollect that w was
defined in Sectiomn 5.1.

The aim of the next three chapters is to prove that either set of as-

sumptions 1s inconsistent,
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CHAPTER 6

0DD KRAVEUK POLYNOMIALS

In this chapter, very accurate estimates for the distances between the
three central zeros of an odd Kravguk polynomial will be derived. These
estimates will be used to prove that the zeros cannot be integral simul-
taneously.

In this chapter, <t is assumed that w < 1/(2t), and that in Lemma
5.4.4 the first alternative holds.

This implies that odd Kraveuk polynomials with a degree of at least
seven, and with relatively large parameter n are considered. For a list of

applicable assumptions, the reader is referred to Section 5.5.
6.1, The function C

The first goal is to derive an accurate estimate for the function C

introduced at the end of Section 3.3 by

Clx) = v+(q—l)(n-i)-qt o v Goegv=g)!
2(q-1)*2 v

where x = (g-1)n/q-v.

LEMMA 6.1.1. Let x be such that lx| < éigi . Then
Gv-D!103n-iv-§)! _
108 ) Tk !
1
= 1o 4‘l’z(q-l)z _ (q~2)w2x _ w? (q2-2q+2)w4X2
q(2t+1) q(2t+1) 2(2t+1) q2(2t+1)2
4 2. 6 3 6 3
+ La-2)w ; - 4(q-2)§q -q+1;w X, B(.0468 © [x] D+
q(2t+1) 3q7(2t+1) (2t+1)
“1xl °
+ B(.0351 =25 + B(.3698 ——).

(2t+1) (2t+1)
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PROOF. Firstly, lower bounds for n—-v and v are derived. Since

2
2(q-Duw 1=l 3.55 2w 3.55

q(2t+1) 2t+1 7 £(2t+1) < 0339,
one has
n q(2t+1) 2(q41)m2x
n~-v = —+x = 5 (1 + (7erD) ) =
4 2(q~1)w 4
> 42D (4 6339y > 4g30 22EXD)
2(g-Dw (¢-Dw
and
q-1 q(2t+1) 20’k
veSg R U gany) B

2w

I\

2CED) (1-.0339) = L4830 LD
2w w

Hence, by Lemmas 2.2.6 and 2.2.1,

i 1

1 1
= -} log(iv) - } log(3(n~v)) = 4 = 57— + B( )+ B( ) =
’ ’ ’ bv - h(omv) 24v3 24(n—v)3
2 2
. (2t+1) 20 x q(2t+1) 2(q-1)w"x
= -4 log(® a - ) - 4 log(L==" (1 + =328%y) +
2 4w2 q(2t+1) 4(q—1)m2 q(2t+1)
- wz (- 2w2x )-1 _ (q—l)w2 a+ 2(q—1)m2x)—1
2q(2t+1) q(2t+1) 2q(2t+1) q(2t+1)
6 36
+ B( & s D+ B—— DL
24(.4830) " q  (2t+1) 24(.4830) "q  (2t+1)
= -} 1og q2(2t+l)2 + wzx ‘m4x2 -+
= 2
16(q-1u” D 2o
2 2
+ 4w6x3 a - B(Zmzjxl ))—1 _ (q—l)wzx - (%;1) w4§ .
3q3(2t+1)3 q(2e+]) q(2t+1) o (2t+1)
2
_ 4(q—1)3w6x3 a - B(Z(q—l)mzlxl))—l -~ 3 a—_—
+
3q3(2t+1) q(2t+1) q(2t+1)
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51

_ io'*x « 20°x ) -1 _ (q-l)w
2(2t+1)2 q(2t+1) 2q(2t+1)
2 6
(q-l) w x 2(q-Dw " x,~1 w
0+ =D + B 3 3
q (2t+1) 24(,4830)7(2e+1)
Using
Z(q—l)wzlxl -1 -1
- Bc——ETEE;Tj——)) = (1 + B(.0339)) =1 + B(.0351),
and a fortiori
_ Zm x| (-1 _
(1 B(q(2t+1))) = 1 + B(.0351),
one finds
(3v=1)! (dn-iv-1)!
log Gv)T(Gn-1v)!
1
_ 4m2(q:1)2 (q—2)w2x (q —2q+2)w xz
= 1o i)~ q(zeeD) *
d 1 q (2t+1)
4(q—2)(q2—q+1)w6x3 o, 0351w le ' wz
- 3 72+ B( ) = TGyt
3q7(2t+1) 3(2t+1)
4 6
(q Z)w x B(.0351m !;<|) . B(.369&»3) _
q(2t+1) (2t+1) (2t+1)
1
-1 ém (g=1)* _ (q—2)m2x - wz (q2—2q+2)m4x2 .
q(2t+1) q(2t+1) 2(2t+1) 2(2t+1)2
(q—2)w x 4(q=2)(q —-q+1)w6x3 (xl
- 3 3 + B(.0468—————19 +
(Zt+l) 3q7(2t+1) (2t+1)
6
- BCossiIxly | g, .3696—2 . 0O
(2t+1) (2t+1)

Next, the other factor occuring in the definition of C(x) is estimated.

. Then

(g-2)x _ 1 < 3.8715
qt T wt

log V+(q—1)(n-Y)-qt -
2(q-1*
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= log q(2t+1), + (a-2)u’x - w’t _ (q‘2)2w4X2 +
zwz(q_l)i q(2t+1) 2+l ‘2q2(2t+1)2
4 4 2 6.3
s lgmuwtx . ot LWt ((q 2)x 1)3(1 + B(.0189)).

qern?  202ee)? 302e4n° O

PROOF. From the expressions for v and n—v derived in the beginning of the

proof of Lemma 6.1.1 it follows that

v+{q-1) (n-v)-qt _

2(q-1)*
- _q2e+l) Gl(l = 2w2X«) + l(i . 2(q—1)w2x) _ mzt) -
2w2(q_1)£ ) q2er )’ T3 q(Ze+1) 2641
2
2t+1 -2
qé £+ )l (1 + ;t+t1 ((q t)x - 1)).
207 (q-1)*® 4
Hence, by Lemma 2,2.1,
log V+(q—1)(nfv)~qt -
2(q-1)*
2 4 2 .
= log q§2t+1)l . 5213 ((q—i)x - - Wt , ((q-i)x _ 1)2 +
26 (q-1)2 4 2(2t+1) d
6 3 2
-2 3 = -
2 (D)% s pg X -]y -
3(2t+1) at £ qt
log _42trD) (q~2)w2x _ w’t _ (q-2)2w4x2 .
. .
Zmz(q—l)z q(2t+1) 2t+1 2q2(2t+1)2
4 4 2 6.3
y @2otx | _wt et ((q—Z)x ~ ])3(1 + B(.0189)),

qe+)? 202e+1)% 3(2es1)> 4F

because of

2
ot |(q-2)x _ -1 _ 3.8715 -1 _
(1 + B[R - 1)) = 0+ BGgaTy)
C = (1 +B(.0185)) 1 = 1 + B(.0189). [

By combining the Lemmas 6.1.1 and 6,1.2, an estimate for C(x) is found.
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LEMMA 6.1.3. Let x be such that |x| 3'32f5 and'l(q'z)x -] <3 iZIS .
Then
log C(x) =
4.2 4 4 2
=10g2_%m2+ mx2+(q-2)w(t+21)x_ wtz+
2(2t+1) q(2t+1) 2(2t+1)
2 6 3 6.3
_ 4(q-2>§q q+1§w X, _wt Jas i)x - 131 + B(.0189)) +
3q” (2t+1) 3(2t+1) q
le w4lx| w6
+ B(.0468-221 ) + B(,0351- 21X & B(.3698———).
(2t+1) (2t+1) (2t+1)

This sharp estimate for C(x) will be used in the next section, but

first upper and lower bounds are derived which are independent of x. Define

w0, and w, by
W, = .9610w
and
w, = 1.0103w
LEMMA 6.1.4. Let x be such that |wl < 3;?5 and (q;i)x - 1| < éi%%lé. Then

2 cos w, £ C{x) £ 2 cos w

2 1’

PROOF. Define 6 by

log C(x) log 2 - Bu”.

Then

2
,NZXZ . (¢=2)u” (t+1)x _ L 2.2
(2t+1) q

_ 4@ (@Pmgru’ + w'e? L=

- D30 +B(.0189)) +

3q3(2t+1) 3(2t+1) qt
4
® le
+ B(.0468 Teel ———) + B(. 0351m [x]) + B(. 36982t+1))
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One has the following estimates:

4 3 4 3
Wt (g=2)x _ ;43 \ o W't~ 3,8715.3
326+ 1) (: e 1)"(1 + B(.0189))| < 1'018/3(2t+1)\ o )T <
» 19.71
< 19.71557 < sropery © 0939
4 3 4
w | x| w 3.55.3 w 2.094
.0468—§E:T—‘S .0468§EIT-(—7;~0 < 2.0942t+1 < TIGTESN) < ,0100,
035102 |x| < .0351+3.55¢ < "§i7 < .0090,
A
369850 < 43698 < .0001.
16t (2t+1)
Hence,
‘ 2 2 22
6=} - 1 2(%‘»2}{2 _ %m2t2 + (q-2)w (t+1)x(1 _ 4(3 q+1)w %" "
(2t+1) d 3q7(t+1) (2e+1)
+ B(.1130)),
Also
0 < Jw’x? < 1(3.55)% < 6.3013,
0 < sult? < %-= .1250,
(=2)0® (t+1)x 3.55(t+1)
————*~a——————- < 3.55w(t+1) < —i—EE———— < 2.0286,
2 2.2 2
0 < 4(3 rDw™x” 3(i£?3igi+1) < L1401 < 2.
3q7(t+1) (2t+1) )
Hence,
6> 4 - 6.3013 + 2.0236 + .1130 > .5 - .0376 = .4624,
(2t+1)
and
6 <4+ . 1250 + 2.02862+ . 1130 < .5+ .0101 = .5101.
(2t+1)
So

log 2 = .51010? < log C(x) < log 2 - .462402,
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.
2 . 2
exp(~.5101w") < 3C(x) < exp(~.462407).
Since
exp(=.5101w2) > 1 - .5101w>
and ‘

2 2 46240>
exp(-.46240°) < 1 - .46240" (1 - l——E—ELJ <
<1~ .462402(1 - :fééﬁ) <1 - .46184°,

8t
one has
1 - .51010” < $C(x) < 1 - .461802.

Since
461807

22
(.9610)“w > 1 -

cos(.9610w) = 1 5

2
_ (1.0103) mz) B

and
22
(1.0103)%w
cos(1.0103w) < 1 5 (1 P
2 2 2
_ (1.0103)"w a - (1.012?) ) <1 - .510]m2,
48t

<1 3

one arrives at
2 cos(1.0103w) < C(x) < 2 cos(.9610w).
0

1 and Wye

The lemma follows by the definitions of w

6.2. The functions A and B
As stated previously, N is assumed to have a zero in the interval

. Define y by

[-1,3(t~1)]. Denote this zero by X,
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y=x-x

0’

and the functions A and B by

Ay)

C(x)

and

B(y) = A(~y).

w
First, the hypotheses of the Lemmas 6.1.3 and 6.1.4 are verified under this

assumption.

In the next lemmas, it will be assumed comsistently that |y| < 3.3

3.3, , 3.3 . 1 _ 3.55

x| < lyi + lxol < 3 1) < =g =

‘(Q-Z)x | < taeigt, |9 s, ]
qt qt = et t

_ 1 1 t+1 3.8715
= (3.3 + w(t+l)) < E(3'3 ) —_

Hence, the next lemma follows at once from Lemma 6.1.4.

LEMMA 6.2.1. Let ly| < éééu Then

2 cos w, < A(y) £ 2 cos Wy

The next aim is to estimate A(y) - B(y).

LEMMA 6.2.2. Let y « [é, J Then

log A(y) - log B(y) =

2 2.2

2m4ty ,(q-Z)(t+1) (- 2)0‘)2 2 -.4(qf2)(q -g+ 1w %, .

(2t+1)° qt t at(2t+1) Crer)
(=2)w’t, (q-2)x%, 2

q(2t+1) ¢ qt - 1)” + B(.0358)).

(In fact, the estimate will be used only for y € [1 é—il The larger inter-

val is taken for reasons of consistency with the next chapter.)
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PROOF, By Lemma 6.1.3 it is known that

log A(y) = log C(x) =

w4(y+x0)2 .(qu)w4(t+I)(y+xo) 4 2
1 w t
= log 2 = 3w + 5+ 5 - 5+
: 2(2t+1) q(2t+1) 2(2t+1)
2
4(a-2) (P-g+ 1Du® ()
- 3 3 *
3q° (2t+1)
6.3 _ (g-2)x
w0t o daDy 0 3+ B(.0189)) +
3(2t+1) 4 4
w® ly+x,] 3 o' y¥x, | w8
+ B(.0468 4——————§~) + B(.0351 _——_—_—Tﬁ + B(.3698 ——————39.
(2t+1) (2t+1) (2t+1)
. . . 3.3 , 3.3
This estimate even holds for all y with |y| < - Hence, for y ¢ L3, — 1,

log A(y) - log B(y) = log A(y) - log A(-y) =

4 2 6,3, 2.2
- 2(g-2) (t+ Doy . 20'x5y  8(q=2)(q"-g+Duw” (y7+3x,y)

- +
q(2t+1)2 (2t+1)2 3q3(2t+1)3
L2 @0 sy % o
3(2t+1)° 3 qt qt
6.3 ., . 4 (q-2)x
+ B(.0189—22 5 e i)y + ’ - °._ 1')3) +
3(2e+1) ! q
2w6(y+|xol)3 _ 2w4(y+|xol)
+ B(.0468—————) + B(.035l——m—) +
(2t+1) (2t+1)
. 2u)6
+ B(.3698——) =
(2t+1)
2 2,2 2
20ty (am2)(ern) | To | BTG maDe )
(2t+1)2 qt t 3q3t(2t+1)
2.2 -
st ((q—2)3y2 + 3(q-2) ((q 2)xo _ 1)2) .
3(2t+1) 33 qt qt

qt
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(q-Z)XO

22
: w'e (a-2)y - 3
+ B<'0063(2t+1)y ( m + l TS 1,) ) +
w2(y+ixol)3 vz
+ B(.0468“m‘—) + B(.0351 ty ) +
wZ
+ B(.3698 7 ye)) =
4
_ 'ty (ee2) (), FO 4G (P’
(2t+1)2 at € 3q3t(2t+1)
2 22
- —q+1
_ 4(q-2) (@ ~q+ 1w N . (q—2)3w2y2 .
q3t(2t+1) 3q3t(2t+1)
2. (q=2)x
(¢-2)w’t 0 _ ,\2
q(2t+ D) v D™+ BR(Gy)N,
where R is defined by
2.2 g (q-2)x .
R(y) = 0063t ((qqi)y + I qt 0 _ 11)3 N
2
o’ (yelxy 1) IEN 22
L0468t + _ .
*+ 046 t(2t+)y +.0351 ty *+ 369 t(2t+)y

. . . 3.3 . . .
The function R is obviously convex on [%,—E—J, so its maximum is achiev-

ed in one of the boundary points of the interval. For y = } one has
v+ Ixgl <3+ 3(e-1) = 3¢,

S0

(q—Z)xo
qt

3 1 1 t+1,3
< '00632(2t+1)("2”£'+ T T

2.2
, W't (g-2)y
.006J(2t+1)y ( at +

- 1,)

3
= 006323 o o004,

1663 (2t+1)




2 3

w (y+lx0|) 1
. 8 < . <
0468—rmnyy < 04681y < <0002,

y+lxol
.0351 < .0351,
ty

2
3698
+3698—s < — < .0001.
t(2t+1)y 2t3(2t+1)
Hence,
R(i) < .0358.
For y = §$§3 one has y + |x0| < éigé, so
00630t a2y % 1’)3 <
QCt+l)y qy qt h
Wt 3.8715,3 1108
s . .
€ 00635 =y G S town < (001
2 3
o (y+lx.1) )
0 @ 3.55.3 6345
04682 — < < <. ,
0468 mernyy — < 040833y T ) < Ty - c0080
y+ix, |
0 3.55
L0351—=— = 0351532 < 0054,
W2
'3698t—(ﬁ])_y < ,0001.
Hence
3.3
R(_TU_) < .0127.

Thus, it is known R(y) < .0358 for y ¢ [%,éigJ, and therefore,

log A(y) - log B(y) =
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2 2.2
2m4ty ((q*Z)(t+1) . fg._ (qu)m2y2 ) 4(q-2)(q =g+ Duw x, .
t

2
(2¢+1) qt qt (2t+1) q3t<2t+])

2. (g=2)x
(q=2)w’t 0 .2
q(2t+1) qt 1)7 + B(.0358)). 0O

From Lemma 6.2.2, lower and upper bounds for A(y) - B(y) are deduced.

LEMMA 6.2.3. Let v € [%,gézl. Then
A(y) > B(y).
PROOF. From Lemma 6.2.2, it follows that

log A(y) - log B(y) =

4 ) ,

, 2wty é?@MEH)_.L_(33)(¢Q)_(¢2Mq{qﬂ)“_n .

(2e+1)? qt t qt(2t+1) 4q3t3(2t+1)

- .0358) =

20t -2 t+1 _ 10.89 D% 1
- 72 T T T Ton) T 3 ) - — - .0358) >

e 9 st 2e+1)

2 4t 1 7w4t
2 =5F5 (3(1 - .1038 - .0018) - .1787) = .1194 ——L> > 0. O

(2t+1) 2te1)

3:37. Then
w

LEMMA 6.2.4. Let v e (4,

AG) - B(y) < .2008"y.

PROOF. From Lemma 6.2.2, it follows that

2w4ty t+1 t—1 wzt t+l1,2

log A(y) - log B(y) < (— + 5=+ 57— (=) "+ .0358) <
(2t+1)2 t 2t 2t+1 t
4 . 2
< ZQAEyZ (3521 . §t+l) + .0358) <
(2t+1) 4t~ (2t+1)

.0623uy(1.5715 + .0032 + .0358) < .1004w’y.

IA
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Consequently, since A(y) = C(x) < 2 by Lemma 6.1.4,

s 4
A(y) - B(y) = A(y)(1 - ig;) < 2(1 - exp(~.1004w y)) <

< .2008w4y. 0

6.3. The three central zeros

From Lemma 3.3.4, it is known that N is a function which satisfies

the three term recurrence relation
N(x+1) - C(x)N(x) + N(x-1) =0

Furthermore, N is assumed to have a zero in Xqe It follows from Lemma

3.3.2 that N(x0+l) # 0. Hence the function F can be defined by

N(x)

F(y) = ﬁTEE:TT .

Then F(0) = 0, F(1) = 1, and F satisfies the recurrence relation
F(y+l) — A(y)F(y) + F(y-1) = O.

F has integral zeros, due to the integrality of the zeros of Kt' Next,
define v, as being the smallest zero of F in the interval (O,n/w]J, pro-
vided such a zero exists; otherwise, define v, = Ln/wlj + 1. Observe that

in any case F(yl) > 0.
LEMMA 6.3.1,
v, € Z,

sin(wly)

sin Wy

IA

F(y) for y e [0,1,y,],

sin(wzy)

Y

F(y) for y e [O,I,L]:
“2

sin
2

m
< ——
yl_ ],

e
S ["
A
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and
v, ig the smallest positive zero of F.

PROOF. v, € Z 1is obvious from the integrality of the zeros of F, resp. of

Lﬂ/mlj + 1. Next, observe that

o m 3.3

YT T Tt < Ty
s0 Lemma 6.2.1 yields that 2 cos w, < A(y) £ 2 cos w; for y e [0,1,y]).
Define the function G by

sin(wly)
G(y) =

sin
1

Then G(0) = 0, G(1) = 1, and G satisfies the recurrence relation
G(y+1) - 2 cos Wy G(y) + G(y-1) = 0.

Now the second assertion of the lemma follows from Lemma 2.4.3 with a = 1,
b = Vs and B(y) = 2 cos Wy Since G(Lﬁ/wlj + 1) < 0, the "otherwise"-part
in the definition of 12 does not apply, which proves y, < w/m1 and the fifth
assertion of the lemma.

Defining G by

sin(mzy)
G(y) =

sin w
2

the third assertion follows in a similar way from Lemma 2.4.3 with a = [,
b = Lﬂ/w7J, and with F and G interchanged. This proves in turn that

v, 2 n/wz. i

The lower bound for F which was established in Lemma 6.3.1 can be im-—
proved in a neighbourhood of Yie

Define

m
Y’I‘l.'éal_'
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LEMMA 6.3.2.

F(y) = 5734y for y‘e EO,],n],
and

F(y) = '9;82 sin(ml(yl—y)) for y e [n,l,yll.

PROOF., First, bounds for n are derived.

L T T 1 1,7060
T, R T V<150 " e s~ o °

A

So

%—s N < wyn < 1.0103-1.7060 < 1.7236 < .

271

sinfwm) 5in 1,7236 | .9782
sin w, 1.0103¢ =~ o °

and for y ¢ [0,1,n],

sin(w,y) . y sin(w,n) . ¥y sin 1.7236

sin w, w,n 1,7236

F(y) 2 2 ,5734y,

proving the second assertion of the lemma.

Next, define the function G by

. .9782 . _
G(y) = = sinw, (y;~¥)).
Then
F(n) = 22282 > gn),

and
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F(y)) =0 = 6y ).

Now the third assertion of the lemma follows from Lemma 2.4.4 with a = n,

b= Vs and from Lemma 6.2.1. [

In the remainder of this section, the function G is defined by

ely) = gg:’l'; .

Then G(0) = 0, G(1) = 1, and G satisfies the recurrence relation
G(y+1) - B(y)G(y) + G(y-1) = 0.
Furthermore, G has integral zeros. Next, define z, as being the smallest

zero of G in the interval (O,yl), provided such a zero exists; otherwise,

define zy =¥,- In any case, G(Zl) > 0.

LEMMA 6.3.3.
z, € Z ,
G(y) < F(y) for v € (l,l,zl],
Z; <V

and

z) is the smallest positive zero of G.

PROOF . z, € Z -is obvious from the integrality of the zeros of G. Since

z, < v, < 3.3/w, Lemma 6.2.3 applies. The second assertion of the lemma
follows from Lemma 2.4.3 with a =1, b = zs and F and G interchanged. Since

F(yl) = 0, the "otherwise'-part in the definition of z, does not apply,

1
which proves the third and fourth assertion of the lemma. [J

A lower bound for z; is established by applying Lemma 2.4.1.

LEMMA 6.3.4.

z; > yl—l.
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PROOF. First, the functions o, B, and v as defined in Lemma 2.4.] are estim-

ated. Lemmas 6.2.4, 6.3.1, and 6.3.3 yield for k ¢ [l,l,yI-IJ:

-y sinz(wlk)
a(k) = (A(k) - B(k))F(k)G(k) < .2008» k ——p——
sin wy

Since

sin w 2
! qt > 1 - LD gg0p,

1 24t
it follows that

. 2
sin®(w k) 2
a(k) < .20080%k 12 < .20120 g
(.9992)%w;  (.9610)

A

sinz(wlk)
< 21796k sin’(w 0.

For k ¢ [l,l,yl—lj, one has by Lemma 2.2.4:

1

k_
B = T al) <.21790% ] i sin(o,i) < 217907 F[1] s
ief1,1,k) i=1 “1

&

2

+ 12 < .0545(3.2691 + )2

< 0545w ( EE)

2 §¢%§3l < .6082.

For k ¢ [1,1,n], the following estimate is better (cf. Lemma 2.2.2):

B < .21790%) ] i3 = 121799610 %" 11 Ge-1)? <

< 05040 k% (k1) 2.

Hence, by Lemma 6.3.2 one has for k e [1,1,n]:

. 2, .2
) B(L) . .05040% 0 12(i-1) <

fe(1,1,k1 FAFA=D 7 (574,42 ;2 10G-D

yk) =

4 4 3

n
533 T 16D = L1533 L a1 < 05110 <

i=2

IN

.0511(1.7060)°

2t

< .0182,
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For k ¢ [n,l,yl—l], one deduces from Lemmas 6.3.2 and 2.2.5:

B(i)
yk) = y(n) = o B)
ie(n,1,k] F(L)F(i-1)
y,~1
L6082 2 1 <
Corsn? | ety sinG G 7D)sInte, =)
¥,n i 6
2 ! w .6357
PENXEY VL —— I £ B
g SiR( Dein@, D) w2 (.9610)°
< .6884.

Hence, for k ¢ [l,l,yl—l]:
y(k) < .0182 + .6884 = .7066.
Now Lemma 2.4.1 gives that
G(k) > .2934F(k) > 0,

for k e [],l,yl—l]. Hence z; > yl—l, proving the lemma. [

The assertions v, € Z (Lemma 6.3.1), z; € Z (Lemma 6.3.3), z < ¥,
(Lemma 6.3.3), and z, > yl~l (Lemma 6.3.4) are clearly contradictory. This

proves

LEMMA 6.3.5. The assumptions made in this chapter are inconsistent.
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CHAPTER 7

EVEN KRAVEUK POLYNOMIALS

The crucial difference between odd and even Rraveuk polynomials is
that the former have a zero very c¢lose to (q-1)n/q, whereas the latter have
two consecutive zeros which are almost symmetric around (g~1)n/q. In this
chapter, very accurate estimates for the distances between these two zeros
and their "outer" neighbours will be established. These estimates will be
used to prove that the four zeros cannot be integral simultaneously.

In this entire chapter, it is assumed that w < 1/(2t), and that in
Lemma 5.4.4 the second alternative holds.

This implies that even Kraveuk polynomials with a degree of at least
ten, and with relatively large parameter n are considered. For a list of
applicable assumptions, the reader is referred to Section 5.5.

Many derivations in this chapter can almost be copied from the previous
chapter, apart from some numerical constants in the estimates. In these
cases, the results will be given without further explanation, while in the
proofs only the differences with the corresponding proof in the previous

chapter will be indicated.

7.1. The function C

LEMMA 7.1.1. Let x be such that |x| < 5235 . Then

(v=1)! Gn-dv=5)! _
R S H €

2
@DF @i ot (a®-2042)0’x

= +
log = er1)  q(ZE+1) | Z(2t¥1) e

4 2 6 3 6| ‘3
y La=2)e x _ 4€q-2)(q7=q+w x° | p¢ 03432 1%Ly &+
q(2t+1)2 3q3(2t+1)3 (2t+1)
4 6
+ B(.0257-3LJ3§79 + B(.3597—2—).
(2t+1) (2t+1)
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PROOF. This is identical to the proof of Lemma 6.1.1 apart from the follow-

ing changes:

3.55 becomes 5.25

.0339 " .0250
.4830 " .4875
.0351 " .0257
.3698 " .3597
.0468 " .0343. 0

LEMMA 7.1.2. Let x be such that liﬂé%l§~— l’ < éiig . Then

log vt(g-1) (m-v)-qt _

2(g-1)*
= log q(2t+LlT + (q—2)w2x - w’t - (q_2)2m4X2 +
w(q-n? 1B 2B 5020002
4 4 2 6 3
_2 -
J e tx  wt . ot Q=)= _ 131 + B(.o135)).

a2er)? 202e+1)? 3@2e+1)° GE
PROOF. Apply the following changes to the proof of Lemma 6.1.2:

.0189 becomes .0135

3.8715 N 5.55
.0185 " .0133. 0O
LEMMA 7.1.3. Let x be such that |x| < 2225 gng |[{L2)X _ |  5.55
w qt wt
Then
log C(x) =
4.2 4 4.2
= log 2 - ng PR S 5+ (g=2)w (ﬁzl)x __w't 5+
2(2t+1) q(2t+1) 2(2t+1)
2 63 6.3
- e _q+1§m v ((q'i)x - 1301 + B(.0135)) +
3q3(2t+1) 3(2e41) 4

w6|x|3 w4|x| w6
+ B(.0343—=5) + B(.0257——--~7) + B(.3597——

3)'
(2t+1) (2t+1) (2t+1)




and

Define o

1 and w, by
w, = .9607w
wy = 1.0073w.

LEMMA 7.1.4. Let x be such that |x| <

Then

2 cosw. < C(x) £2 cos w,.

2

1

‘PROOF. Apply the following changes to

.0189
.0468
.0351
.3698
1.0189
3.8715
19.71
.0939
3.55
2.094
.0100
<1247
.0090
.1130
6.3013
2.0286
. 1401
.0376
4624
.0101
.5101
L4618

becomes

.0135
.0343
.0257
.3597
1.0135
5.55
57.76
.1376
5.25
4.964
.0119
. 1350
.0068
. 1564
13.7813
2,8875
.1591
.0382
L4618
.0072
.5072
4615

5.25 and \(q;Z)x _ 1{ <
w qt

the proof of Lemma 6.1.4:
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.9610 becomes .9607
1.0103 " 1.0073. [J

7.2, The functions A and B

Let % be some number in the interval [-1,1(t-1)J. (In this section

this number has no connection with the %, in Lemma 5.4.4!) Define y by
y=x-x

0

and the functions A and B by

A(y)

C(x)

and

B(y) = A(-y).
In the next lemmas, it will be assumed comnsistently that |y| < %—-
First, the hypotheses of the Lemmas 7.1.3 and 7.1.4 are verified under this

assumption.

5. t=1_5_ 1 _5,25
[x] < Iyl + |x0] < E—+ = < = # ==,
-2
x| iyl [9P% s, =]
qt h qt qt = wt t
= 1 t+1 5.55
_E(S"'w(t"’l)) Smt (5+—2—'t—- < of "

Hence, the next lemma follows at once from Lemma 7.1.4,

LEMMA 7.2.1. Let |yl £ =, Then

el

2 cos W,y < A(y) < 2 cos Wy

The next aim is to estimate A(y) - B(y).

LEMMA 7.2.2. Let y e [%,—i—]. Then

log A(y) ~ log B(y) =
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oy 2 2.2
katy ((q—2)(t+l) % fg__ (q—Z)wzy2 _ 4(a=2)(¢"-q+ Do i) +

(2t+l)2 at t qe(2t+1) q3t(2t+l)
2, (q=2)x
(g-2uw' t 0 _ 2
+ T(2erD at 1)7 + B(.0262)).

PROOF. Apply the following changes to the proof of Lemma 6.2.2:

.0189 becomes .0135

.0468 " .0343
.0351 " .0257
.3698 " . .3597
.0063 n .0045
3.3 " 5
.0004 " .0002
.0358 " .0262
3.55 " 5.25
3.8715 " 5.55
.1108 " . 1539
.0011 " .0008
. 6345 n .9927
.0061 " .0048
.0054 " .0027
.0127 v .0084., 0O

LEMMA 7.2.3. Let y e [5,%]. Then
A(y) > B(y).
PROOF. Apply the following changes to the proof of Lemma 6.2.3:

6.2.2 becomes 7.2.2

.0358 " .0262
10.89 " 25
.1038 " .1191
.0018 w .0010
. 1787 " L1262

L1194 n L1672, [
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LEMMA 7.2.4. Let v € [%,gJ. Then
4
A(y) - B(y) € .1434uy.

PROOF. Apply the following changes to the proof of Lemma 6.2.4:

6.2.2 becomes 7.2.2

.0358 i .0262

.0623 u .0454
1.5715 " 1.55

.0032 " .0015

. 1004 i .0717
6.1.4 " 7.1.4

.2008 " L1434, 0

7.3. The two central zeros

From Lemma 3.3.4, it is known that N is a function which satisfies the

three term recurrence relation
N(x+1) ~ C(x)N(x) + N(x-1) = 0.

By Lemma 5.4.4, ¥, can be chosen so' that Xy € [~1,4(t~3)] and
N(xo—%) = N(x0+é). With this choice of X5 the results of Section 7.2 can
be applied, since %, € [-1,3(t-1)]. The definitions of y, A, and B are
adoepted from that section. Since N(x0+%) # 0 (cf. Lemma 3.3.2), the function

F can be defined by

“Then F(-1) = F({) = 1, and F satisfies the recurrence relation
F(y+1) = A(WF(y) + F(y~1) = 0.
Next, define vy as being the smallest zero of F in the interval

(0,n/(2m1)+1), provided such a zero exists; otherwise, define Yo = ﬂ/(Zw]) +1,

Notice that anyhow F(yo) z 0,
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LEMMA 7.3.1.
cos(mly)
1
F(y) < ;Egﬁzzij' for y e [z,l,YOJ:
T 1.6851
Yotz T E T
and

Y s the smallest positive zero of F.

PROOF. First, observe that

T T 1 1.6851 5
y0£2w1+lsl.9214m+2wts e Sa

so Lemma 7.2.1 establishes that 2 cos wy < A(y) £ 2 cos w0 for y ¢ [O,I,yo].

Define the function G by

cos(wly)
6y = cos(%wl) :

Then G(~i) = G(4) = 1, and G satisfies the recurrence relation
G(y+1) - 2 cos wy G(y) + G(y-1) = 0.

Now the first assertion of the lemma follows from Lemma 2.4.3 with a = §,

b= Lyo—%J + 4, and B(y) = 2 cos w;. Since G(Lﬂ/(Zml) + 3]+ 1) <0, the
"otherwise™—-part in the definition of Yo does not apply, which proves

Yy < w/(Zml) + 1 and the third assertion of the lemma. [J

This time, a rather trivial lower bound for F suffices. Define
LEMMA 7.3.2.

and
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F(y) z”—;z for y e [4,1,nl.

PROOF. By Lemma 7.3.1, F is weakly positive on [},1,n]. If v € [},1,n],
then |y| £ 5/w, so it follows from Lemma 7.2.1 that A(y) < 2, Hence, by
the recurrence relation derived above, F is concave on [},1,n]. Finally,
F() =1 and F() =2 0. 0O

In the remainder of this section, the function G is defined by
G(y) = F(=y).
Then G(~%) = G(1) = 1, and G satisfies the recurrence relation
G(y+1) - B(y)G(y) + G(y-1) = O.

Next, define ty as being the smallest zero of G in the interval (0,y0+1),
provided such a zero exists; otherwise, define zg = y0+1. Anyhow,

>
G(zo) = 0.

LEMMA 7.3.3.

G(y) < F(y) for vy ¢ [%,1,20],

z + 1,

0 Yo

~and

z 18 the smallest positive zero of G.

0

PROOF. First, observe that

A

ki s 1 1.7351 5
U — 2 g 2l 22 D
IR 2w1 *2s 1.92140 © &t = w0 ow’
so Lemma 7.2.3 can be applied. The first assertion of the lemma follows

from Lemma 2.4.3 with a = 3, b = [zo-%J + 3, and F and G interchanged. Since
F([y0+%J + 4) < 0, the "otherwise"~part in the definition of z, does mnot

apply, which proves the second and third assertion of the lemma. []
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A lower bound for Zgs is found by applying Lemma 2.4.1.

LEMMA 7.3.4.

PROOF. First, the functions o, B, and y as defined in Lemma 2.4.1 are esti-

mated. Lemmas 7.2.4, 7.3.1, and 7.3.3 yield for k ¢ [{,1,n-11:

4 cosz(w]k) 4
a(k) = (Ak) - B(k))F(k)G(k) < .1434w k ———p———— < . 1434w k,
cos (%ml)
B(k) = y a(i) < 14340% Y ix -0717w4n2,
ield,1,k) iel3,1,n)
8(i) 4 2 n
v(k) = Z e < 0717w e
1e(3,1,10 FAOFGED ie(4,1,n-17 (D (D)

< .0717u"y} < .0717(1.6851)* < .5782.

Now Lemma 2.4.1 yields that
G(k) = .4218F(k) > 0

for k € [4,1,n-1]. Hence zg > =1 > y0—2. |

Recapitulating, it is now known that N has zeros in XY, and LD

with -} < Xy S $(t-3), 0 < Yo < w/(2w1) + 1, zg > 0, and ~1 < Yo% < 2.

Define X

and y6 by

O = XO + %(YO"ZO)’

and

"

Yo = 1(ygrzy)-

Then -1 < x, < i(e-1), 0 < y6 < w/(2w1) + %3 and N has zeros in xé + yé

'O
1
and X, Yo+
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7.4, The adjacent zeros

. . . o ot - ot
In this section, X and Yo are chosen according to %q Xq and ¥q yo,

where xé and yé have been defined at the end of the previous section. Now
N has zeros in 23+Y, and X3 Yo Moreover, the following inequalities con~-

cerning x, and ¥o are known.

0

LEMMA 7.4.1.
-1 < ¥y < (e-1),

and

0<y. < 1.7101 .

PROOF. Only the last inequality needs explanation. It follows from

kil 3
Yo < 20, tgs

) 3_ . L.7101 .

1.92140 " Zot = ® C

With this new choice of Xy the results of Section 7.2 are applied
again, and the definitions of y, A, and B are adopted again from that
section. Since N(x0+yo+1) # 0 (cf. Lemma 3.3.2), the function F can be
defined by

N(x)

F(y) =W .

Then F(yo) =0, F(y0+1) = 1, and F satisfies the recurrence relation
F(y+1) - A(y)F(y) + F(y-1) = 0.

Furthermore, the zeros of F have integral differences with Yoo due to
" the integrality of the zeros of Kt' Next, define ¥, to be the smallest zero
of F in the interval (yo,y0+v/w1], provided such a zero exists; otherwise,

define y, =y, * Ln/wlj + 1. Observe that anyhow F(y;) > 0.

LEMMA 7.4.2.

y]'—yo € Z,




sin(ml(y—yo))

F(y) < T a, for y e Lyy,1,y,1s
sin(mz(y—yo))
F(y) 2 —'——é—i;—wz—-“— fOI‘ y € [yo,l,yoﬂr/ml],
ki 3,2702
Y1V = 5—-5 w

1

vy 8 the smallest zero of F that exceeds Yo

PROOF, Y, 7Yg € Z 1is obvious from the integrality of the zeros of F, resp.

of [v/wlj + 1. Next, observe that

T n < 3.2702

y]—yo—l < B;' = 9607w ~ W *

Hence, by Lemma 7.4.1:

1.7101  '3.2702 _ 4.9803
) w w

A

5
ylls p

]
so Lemma 7.2.1 yields that 2 cos Wy < A(y) £ 2 cos o, for v ¢ [yo,l,yl).

Defining the function G respectively by

sin(w, (y=y,))
G(y) —1 T s

sin h

i

and

sin(w, (y=y.))
sin w,

the second and third assertion of the lemma follow in the same way as in
the proof of Lemma 6.3.1. Again, the "otherwise"-part in the definition of
Yy does not apply, which proves the fourth and fifth assertion of the

lemma, [

Define n by

= AL
=Yg erl )

77
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LEMMA 7.4.3.

F(y) = ;5844(y—y0) for y e [yo,l,n],
and

PG 2 25 sinG (v-y)  fory e In,lhy,

PROOF, First, bounds for n-y, are derived.

T n 1 1.6851
2w, S N7y < Zo; VSTt Y et = " w "

So

g-s w,(1myy) < wy(n=y;) < 1.00731.6851 < 1.6975 < m.

Hence, by Lemma 7.4.2,

F(n) = sinlw,(7y0)) - gin 1,6975 L9847
N sin o, 1.0073w

b4

and for y € [yo,l,n],

) > sin(w, (y-y,)) § (7-y4)sin(w, (n-y,))

sin w, wz(n~y0)

(y—yo)sin 1.6975
1.6975 > .5843(y-y)>

proving the second assertion of the lemma.

Defining the function G by

. 9847
)

G(y) = sin(wl(yl-y)),

the third assertion of the lemma follows in the same way as in the proof of
Lemma 6.3.2. [J

In the remainder of this section, the function G is defined by
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F(-y)

G(y) = §?:§E:T7 o

Then G(yo) =0, G(y0+l) = 1, and G satisfies the recurrence relation
G(y+1) - B(y)G(y) + G(y-1) = 0.

Furthermore, the zeros of G have integral differences with Yo+ Next, define

z, as being the smallest zero of G in the interval (YO’yl)’ provided such

a zero exists; otherwise, define zZ, = V. In any case, G(z]) > 0.

LEMMA 7.4.4.

zl—yo e Z,

G(y) < ¥(y) for y e (yy*1,1,2,1,
and

z, is the smallest zero of G that exceeds Y-

PROOF, z,7Yq € Z follows from the integrality of the zeros of Kt; Since
= _ 1.7101 [ °3.,2702 _ 4.9803 5
LB Y=Yyt (Yl Yo) < m + = < a~(cf. Lemma 7.4.1

w ©
and 7.4.2), Lemma 7.2.3 can be applied. The second assertion of the lemma

follows from Lemma 2.4.3 with a = y0+1 and b = Zys and F and G interchanged,
Since F(yl) = 0, the "otherwise"-part in the definition of z, does not
apply, which proves the third and fourth assertion of the lemma, [

LEMMA 7.4,5.
z > y]-l.

PROOF. First, the functions o, B, and y as defined in Lemma 2.4.1 are estim-

ated. Lemmas 7.2.4, 7.4.2, and 7.4.4 yield for k € [y0+1,1,y1—1]:

. 2
5 i (wq(k—yo))
a(k) = (Alk) - B(R))F(k)G(k) < 14340 k“—"—‘———'
sin"w,




2
21 - S;QéQ%l__z .9996,

1 24¢

it follows that

. 2
sin“(w, (k~y.)) 2
a(k) < 16340k ! 077 ¢ +1436u g sinz(wl(k-yo)) <

(.9996)%  (.9607)
2 . 2
< ,1556w°k sin (ml(k—yo)).
For k € [y0+l,l,y1—l], one has by Lemmas 2.2.4, 7.4.1, and 7.4.2:

B(k) = ) a(i) < .15560> ) i sinz(wl(i‘yo)) =
ie[y0+l,l,k) ie[y0+l,1,k)
k-y . ~1
2 0 . 2 2 kil T 12
= .1556w Y (gtidsin®(u,3) < 15560  (by[—] + [—]7) <
i=1 0 1 0 Wy @y

2
< 1556w ( = EEED + ;¢

,1.7101,3.2702 1 132702
2 w w

1.2
—— .8706.
* Zwt) ) <
For k ¢ [y.+1,1,n], the following estimate is better (cf. Lemma 2.2.,2):
0
k—yo-l

B = .15560%us T (yyri)i” <
j=1

< 1556 (.9607) %u” Gy, ey ) (kmyy=1) + 7 (k=y) ey =1)) <

< .0120u" Gy ) 2 (kmy =1) Gty ).

Hence, by Lemma 7.4.3 one has for k ¢ [y0+],l,n]:

B(i)
y(k) = T <
ie(yo+1,l,k] F)F(E-1)
. 2,. .
4 (i-y,) " (i-y,=1) (3i+y,)
o soz0a® g o) 7 o

(.5844)° ie(yy+l,1ml (i-yy) (i-yy-1)




03520" ] 5y g3 <
i=2

A

A

103520 2y (n-y) (ry+1) + (ny ) (ry g+ 1)) =

= .0352w4(n—y0)(n—y0+1)(n+y0+1) <

IA

1.6851
.0352 BT

1 : 1
(1.6851 + EE)(1.6851 + 21,7101 + EEJ < .0266

(cf. Lemma 7.4.1). For k € [n,l,yl—l] one has by Lemmas 7.4.3 and 2.2.5:

8(i)

y&k) - y(n) = ) sy S
iE(n;l,k] F(I)F(l l)
.8706 2 1
< 8706 ) : 1 e
(.9847)°  ic(n,1,y,-1] SR OT)sinte, &y mivD)
i 2 897
2 1 w .8979
< .8979%° ) < .8979 2 = 2207 o
=) 51n(w13)31n(m1(3 1)) o 2 (.9607)2

1

A

< .9729.
Hence, for k ¢ [y0+1,1,y1—1]:
v(k) < .0266 + .9729 = .9995,
Now Lemma 2,4.1 establishes that
G(k) = .0005 F(k) > 0

for k € [y0+1,1,y1—1]. Hence 2, > yl—l, proving the lemma. [

The assertions Y7 € Z (Lemma 7.4.2), 2,7 € Z (Lemma 7.4.4),

1
This proves

LEMMA 7.4.6. The assumptions made in this chapter are inconsistent.

© 81

z, <y, (Lemma 7.4.4), and z, > yl-l (Lemma 7.4.5) are clearly contradictory.
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SHORT-WAVE KRAVEUK POLYNOMIALS

In the previous two chapters, it was supposed that w < 1/(2t). In the

present chapter, the nonexistence of perfect codes for which w > 1/(2¢t)

will be proved.

In this entire chapter, it is assumed that w > 1/(2t).

Recall that the assumptions stated in Section 5.5 still hold. In part-

icular the polynomial Kt is assumed to have integral zeros.

8.1. Some inequalities involving n, ¢, and t

In this section, some inequalities are established which will be used

in the subsequent sections to disprove the existence of any perfect code

satisfying w > 1/(2t). Define m by
m = n—t+i,

The observation in the next lemma is crucial.

LEMMA 8.1.1.
qu(JF)m(j) for all j e [0,1,t].
PROOF, Define P by
P() = ¢ “t! K _(n-w).

By Lemma 3.1.2 it follows that

t . . .
Pw) = q t! § -DFIIEHG) =

j=0 =371

t . .
I Gy

520 4 (3"
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Defining cj for j e [0,1,t] by

o ohtg ey (e=1)
<y (q) (j)m s
one has
t
P(w) = }

C.W, .\
3=0 i ()
It is obvious that W(j) can be expanded in powers of w:

Kk
K

W,.\y = S.

(J) k=0 J!

where the numbers S. x are integers, and Sk k- 1. (They are called the
bl

H
Stirling numbers of the first kind, cf. RIORDAN [23].) Now

t j K t k
P(w) = jzo cj kio Sj,kw = Zo akw ,
where
t
ak = jzk Sj,kcj'
In particular, a =c = 1, so P is a monic polynomial. Since P has integral

zeros, it must have integral coefficients:

a € Z for k € [0,1,t].

Since

AT
it 1s clear that

€ Z for k € [0,1,t].

Hence, by the definition of ¢yt

qt'k[ t)m(t"k)

G

for k ¢ [O0,1,t].
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The lemma follows by replacing k by t-j. [
For j=1, the lemma yields:
COROLLARY. q|tm.

Next, the numbers cj " for j e N, ke N, k < j are defined recursiv—
H

ely by
c =l—
3,0 3
Cj,k = (J_k)lcm(cj,k~1’Cj-l,k—l) if k # 0.
Some values of cj x are listed in Table 8.1.1.
3
N o 1 |2]3]4]s
1 1 - - - - -
2 1/2 1 - - - -
3 1/6 1 1 - - -
4 1/24 {1/2 {2 2 - -
5 1/12011/6 |3/2]12 12| -
6 1/720(1/24]12/3)18 | 72|72

Table 8,1.1. The values of cj Xk for j < 6,
3

Using the numbers c. defined above, the following consequence of

i,k
Lemma 8.1.1 can be formulated.

LEMMA 8,1.2, Let j ¢ N, k ¢ N, k < j. Then

jlc. Vtkt(j)m(j_k);

PROOF. For k = 0, the assertion is an immediate consequence of Lemma 8.1.1

and the definition of cj 0"

> .
Suppose that the assertion has been proved for k-1 instead of k. Then

k-1 m(J-k+1)’

RE))

3
wleg ey
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and
-1 k-1 (3-k)
T olej et G
Since
Cj,kt
(J-k)cj’k_1

the first relation yields

K, (-k+1)
. t .
5kt EH™
-k y

3

q

Since

c.,  t(t=j+)m
ik (t-j+1)

e
R

(recall that qltm), the second relation yields

k (i-k)
.1C. . € A
|k Epr-oom
ok :
Hence
<]1C. tkt . m(J—k+1) c. tkt . m(J_k)m
qJ i,k (J) _ ik (J) = c.
-k ik J.k

-which completes the proof of the lemma by induction. [
Lemma 8.,1.,2 will be applied only with j=6 and k=5.

6 5

COROLLARY q [72t”t )™

For each priﬁe power pu,vthe number A is defined by

A = pa-ll(p-l)_

Some values of )\ are listed in Table 8.1.2.
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o
p

2 l 3 } 4 , 5 I 7 l 8 l 9 l 11 l 13 I 16

a1 s | 2 [s.36 [5.06 | 4 |5.20 [8.65[10.50! 8

Table 8,1,2, The values of X (rounded to two decimal places) for

pa < 16,

Now the following lemma can be formulated.

LEMMA 8.1.3. Let p” be a prime power dividing q. Then

PROOF, Lemma 8,.1.1 with j=t yields:

t t

q !m( ).

Since pa|q, and m = n~t+l,
0Lt]n(n—l)'...-(n—tﬂ).

Let v be a number amongst n,n-1,...,n—-t+1 which contains the maximum num—

ber of factors p. Then

st = (LD /p L (=1 /0% o) ‘

v,

S0

at=(t-1)/(p-1) _ Atpl/(p—l).

nzvz2p

It can be checked easily that pl/(p—]) 1/(q—l) ( q -2 for ¢ 2 3. O

Combination of the various estimates yields the following general

result, in which n does not occur anymore.
LEMMA 8.1.4. Let p” be a prime power dividing q. Then

< (1365-8) 1/t
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PROOF. From the assumption w > 1/(2t), it is known that

< 2q2t2(2t+l)

n q-1

so by the corollary to Lemma 8.1.2:

(3&2.&%5111) 726%t  n =

(6)

= GH® 720e" (e-1) (£2) (£3) (-0 (+-5) (e ® = () 72067

Hence

< (4g)1.2 72'2t5'8
q-1

Combination with Lemma 8.1.3 yields

t 1.2 2.5.8

7222628 < 1328 |

8.2. The prime divisors of g

In this section it is proved that g can only contain a very limited

number of prime divisors.
LEMMA 8.2.1. q | 2520.

PROOF. The upper bound for A in Lemma 8.1.4 is monotonically decreasing in

t for t 2 7. Hence

< (37787 (g,

From Table 8.1.2 .it follows that p* ¢ {2,3,4,5,7,8,9}. (Observe that
A= p“”‘/(P'l) >4p% 28 for p* = 16.) Hence q|5-7-8-9 = 2520. [J

LEMMA 8.2.2. If t = 10, then q |120.
PROOF. For t = 10 it follows that

< (13-10°°8y1/10
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Hence pu € {2,3,4,5,8} , and consequently q |3-5:8-= 120, [J

Together with H. Laakso's result, this yields the impossibility of
t 2 10.

LEMMA 8,2.3., t <10.
PROOF. Immediate from Lemmas 4.4.3 and 8.2.2.

The remaining cases t = 7 and t = 9 will be treated in the mnext sec-

tion.

8.3, The cases t = 7 and t = 9

LEMMA 8.3.1. t # 7.

PROOF. From Lemmas 8.2.1 and 4.4.3 it follows that q = 2%38.5.7 with
ae {1,2,3} and B ¢ {1,2} .
Suppose that t = 7. Then the assumption w > 1/(2t) yields

1470q>

m<n<
q-1

Lemma 8.1.1 gives e.g.

q| 7m,

% 21m@m+1),
a®|35mme1) @+2)

q*| 35m(m+1) @me2) (m+3)

a0’ |m(+1) (m2) (m+3) (m+4) (m+5) (m+6). .

It follows from the first, second, fourth, and last of the above re-

lations respectively that 2|m, 4|m, 8|m, and finally

2

>

70—4|
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In the same way it follows that

37B_ZI

m,
and
56]m.
Hence,
o N L RE UL LM ‘-‘%’T‘ﬁ :

720°7
so q £ 97, This contradicts q = 23+5+7 = 210. [
LEMMA 8.3.2, t # 9,

PROOF. Suppose that t = 9, Then

2
<n< 307i
T

Lemma 8.1.1, gives e.g.

q| 9m,
q2I36m(m+1),

@ |m(@m+1) (m+2) (@+3) (m+4) (@HS) (m+6) (m+7) (w8) .

Because of Lemmas 8.2.1 and 4.4.3, q should be divisible by 7. Hence,

2
8 < 3078

5764801 = 7 <
q-1

so q 2 1872, This implies that q = 2520 (cf.Lemma 8.2.1).

Since 9[q » it follows that 316!m or 316|m + 1. Hence

2
43046720 = 3'%-1 < m < L

< 7759640,

which is false. [
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CHAPTER 9

CONCLUSION AND DISCUSSION

In Chapters 6 and 7, it was proved that t-perfect g-ary codes of length
n+l cannot exist provided ¢ 2 3, t 27, t # 8, t < n, and w < 1/(2t).

In Chapter 8, the same was proved provided q 2 3, t > 7, t # 8, t < n,
and w > 1/(2t).

Combination of these results with the Lemmas 4.4.1 and 4.4.2 establishes

the conclusion of this thesis.

THEOREM. The only nondegenerate t-perfect codes with t = 3, t # 6, and t # 8

are the 3-perfect binary Golay code of length 23, and the t-perfect binary

repetition codes of length 2t+1 (for any t 2 3).

The theorem does not give a decisive answer to the existence of 1-,
2-, 6~, or 8-perfect codes. Indeed, the method applied is absolutely
worthless for single or double error correcting codes, since the correspond-
ing Kravguk polynomials do not have enough zeros. Furthermoré, Lloyd's
theorem is very weak when applied to these codes. They require a totaliy
different, still umknown, approach.

For 6~ and 8-perfect codes, the method could work in principie, al-
though they require special treatment. According to numerical data, Lemma
7.4.5 still holds for t = 8. We are convinced that it must be possible to
prove it by sharpening the bounds. Presumbly, one must replace the approx-
imation by ordinafy sine functions by 8-th degree Hermite polynomials, as
was done by E. BANNATI [11]. ‘

For 6-perfect codes, the problem is more difficult, since numerical
data show that Lemma 7.4.5 is false for t=6. Presumably, y]—2 <z < yl—l
is true instead. This will be much harder to prove, though probably still
feasible. On the other hand, it might also be possible to generalize the
method of REUVERS [22] to t=6 or even to t=8.

Finally, it can be added that the results in Chapter 8 can easily be
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extended to t=6 or t=8.
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SAMENVATTING

Dit proefschrift bestaat in feite uit &&n stelling met het daarbij
behorende bewijs. Deze stelling zegt dat er geen onbekende t-perfecte codes
over willekeurige alfabetten bestaan, tenzij t gelijk is een 1, 2, 6, of 8.

ﬁet bewijs berust op de stelling van Lloyd, en maakt geen gebruik van
de bolpakkingsvoorwaarde. De voor KravXuk polynomen geldende differentie-
vergelijking wordt gebruikt om aan te tonen dat - onder zekere voorwaarden -
de middelste drie of vier nulpunten van dit soort polynomen niet gelijk-
tijdig geheel kumnen zijn. Dit bewijst het niet-bestaan van onbekende
perfecte codes met een relatief grote bloklengte.

Het bestaan van perfecte codes met een relatief kleine bloklengte
wordt uitgesloten door een stelsel deelbaarheidsrelaties af te leiden, dat
gelijkwaardig is met de geheeltalligheid van de som, het product, etec. van
de nulpunten van een KravXuk polynoom.

De bewijsmethode kan vermoedelijk worden gegeneraliseerd tot t = 6 en

t = 8, maar is niet toepasbaar voor t = 1 of t = 2.
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1. Het is niet zinvol een wiskundige stelling (theorema) als stelling (these)

o,
bij een proefschrift te VOegeA?“gezien een wiskundige stelling niet dis-

cutabel is, en een these dit wel behoort te zijn.

. Met behulp van Lemma 8.1.1 uit dit proefschrift kunnen vele bekende be-

wijzen van het niet-bestaan van klassen van perfecte en gelijkmatig ver—

deelde codes aammerkelijk vereenvoudigd worden.

. Zij d de minimum afstand van een niet-ontaarde, niet-repetitie code, en

¥

s' de uitwendige afstand. Dan geldt vermoedelijk:

s’ 24 - 4,

Verder bestaan codes met s' gelijk aan d-4, d-3, d-2, en wellicht ook
d-1 slechts in beperkte mate. Dit soort reguliere codes generaliseren
perfecte en gelijkmatig verdeelde codes, zonder triviaal te worden voor

kleine waarden van d.

Een [n,M,d]~code is een binaire code met bloklengte n en minimum af-
stand d die M codewoorden bevat. Zo een code heet optimaal als er geen
[n,M',d]~code bestaat met M' > M,

Vermoedelijk gelden de volgende uitspraken:

- er bestaat een [18,72,8]~code;

de [11,72,41-(JULIN) code is optimaal;

de [19,128,8]-code is optimaal (d.w.z. de vijf keer ingekorte GOLAY
code is optimaal);

- een optimale [n,M,d]-code met n = d (mod 2) enn 2 2d blijft na &&n

keer inkorten optimaal,

Er bestaat een sterke analogie tussen de exactheid van de wiskunde van
v86r CAUCHY, en de exactheid van de wiskundige notatie van tegemwoordig.
De "het - staat - er - wel - niet - maar - je — begrijpt ~ toch - wat -

ik - bedoel” - mentaliteit is onwiskundig en gevaarlijk.

In veel notaties wordt de fout gemaakt dat met een expressie wordt ge-
tracht informatie over te brengen. Dit komt vooral tot uiting in het
"fysische" functiebegrip, waarin "V(P,T)" zou betekenen dat V van P en
T afhangt. Uitdrukkingen als "§ = §(e)" zijn in serieuze wiskundige

literatuur ten ene male verwerpelijk.




7.

10.

1.

Het is opmerkelijk dat iemand wel bezwaar heeft tegen de notatie

"A = B = C'" als ordeningsrelatie tussen drie logische expressies, maar

geen bezwaar heeft tegen, en zelf ook veelvuldig gebruik maakt van, de

notatie "a < b £ e" voor een ordeningsrelatie tussen drie aritlmetische

expressies. Overigens zijn beide notaties volledig te rechtvaardigen.

H.C.A. VAN TILBORG, Uniformly packed codes, Proefschrift Techni-—
sche Hogeschool Eindhoven, 1976 (Stelling IX).

. Het is merkwaardig dat naast de begrippen "verzameling', "geordende ver-

zameling', en "rij" (= functie op een geordende verzameling), het hier
logisch bijpassende begrip "functie op een verzameling" geen standaard-—
benaming heeft. De begrippen "familie", '"tupel", en het vreselijke
"verzameling met herhaling" dekken alle ongeveer dezelfde lading, maar

zijn geen van drieén algemeen geaccepteerd.

In tegenstelling tot wat de meeste leerboeken beweren, is een stochasti~

sche variabele een variabele, en (i.h.a.) geen functie.

De rol van de letter "d" in de meest gangbare notaties voor een inte~
graal t.o.v. een maat u ("ff(x)du(x)" en "ff(x)u(dx)") is duister. De
juiste notatie is "ff(x)u(x)". Men vergelijke: J.~P. SERRE, A course in

arithmetic, Springer, New York, 1973, p.65 of p.l106.

De angst, veelal verborgen in een onterecht misprijzen, die de meeste
wiskundigen hebben voor de lege verzameling (de lege functie, het ge-—

tal 0, etc.) is beangstigend.

Een niet onbelangrijk aspect van het gestructureerd programmeren is dat
de layout van het voor de menselijke lezer bestemde programma duidelijk
en consequent is. Het onder elkaar plaatsen van bij elkaar behorende
"begin''-s en "end"-s hoeft hier echter niet toe bij te dragen, en is in
zeker opzicht zelfs ongewenst. Dit gebruik wordt zonder meer lachwek-

kend indien het leidt toe regels met &&n enkel sluithaakje.

De meest efficiénte methode om een FORTRAN programma te schrijven, is
het eerst te ontwikkelen in een hogere programmeertaal, en het op het
allerlaatst te converteren naar FORTRAN. Het nut van deze laatste

exercitie is twijfelachtig.
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Er is geen enkele reden om aam te nemen dat de raaklijnen in de singu-
lariteit die optreedt in het P-x~diagram van een twee-componenten-—,
twee-fasenevenwicht waarvoor gas-gasevenwicht bestaat (het z.g. "kri-

tische dubbelpunt”) zouden samenvallen.

J.A. SCHOUTEN, Vlioeistof-gas—~ en gas—gaseverwichten in de syste—
men neon—argon en neon—-krypton, Proefschrift Universiteit van
Amsterdam, 1969.

Er bestaat een eenvoudige vuistregel, met betrekkelijk weinig uitzonde-
ringen, hoe de electronen in een atoom over de verschillende energie~
niveaus zijn verdeeld. De gangbare methoden om de elementen in het pe-

riodiek systeem te rangschikken zijn hiermee niet in overeenstemming.

Er bestaat een methode om twee kruisende autosnelwegen op elkaar aan te
sluiten die de bezwaren van een klaverblad ondervangt, en die bovendien

minder viaduct~oppervlak vereist.

Het is onterecht dat men in Nederland wel de vrijheid heeft om op prin-—
cipiéle gronden te weigeren voor andermans vrijheid en veiligheid op te

komen, maar niet om te -weigeren voor zijn eigen veiligheid op te komen.

Het is aanzienlijk eenvoudiger het jaar 0 achteraf alsnog in te voeren,
en alle jaartallen van v66r Christus (in absolute waarde) met &én te
verlagen, dan de mensheid, en i.h.b. de pers, aan het verstand te bren-
gen dat het volgende decennium niet op 1 januari 1990, en de wolgende
eeuw niet op ! januari 2000 begint. Met het eerste alternatief zou een

~ alleszins verklaarbare - historische blunder worden rechtgezet.

Het is uitermate onlogisch dat in het bridgespel een bod van meer dan

dertien slagen niet (meer) is toegestaan.




