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CHAPTER 0. INTRODUCTION
0.1. INTRODUCTION AND SUMMARY

Consider a sequence of independent Bermoulli trials, i.e. a sequence of

*
£5E350 with possible outcomes

1 (= "success") and 0 (= "failure"). We denote by p, the probability that

independent random variables £qs

{m

results in success. Here we admit that the probability of success depends on
k. For convenience of language we say that the trials gq,§>,... take place
at epochs 1,2,... .

Considering the sequence € ..,we can speak about the epoch at which

1°5p7"
the 0P success oceurs, i.e. the index of the nth one in EqsEpanes provided
that n or more ones occur. We denote the epoch of the nth success by L(n).
0f course L(n) depends on chance. The object of the present work is to study
the limit behaviour of L(n) for n =+ «, given the probabilities of success
PysPpeee -

The experiment introduced asbove is described in detail in chapter 2. In
chapters 3 and 4 limit theorems in terms of L(n) are obtained by two quite
different approaches. Chapter 1 provides the probabilistic concepts and means
needed in the subsequent chapters. The theory is applied in chapter 5, where
probabilistic (or "metric") limit theorems are derived for some special
classes of series expansions of the real numbers in the unit interval.

After this rather global review we now describe the contents in more
detail.

In section 1.1 some general concepts and fundamental results of proba-
bility theory are presented in the context of metric spaces along the lines
of BILLINGSIEY (1968), to which the reader is referred for most proofs. More-
over a version of a theorem of Skorohod, Dudley and Wichura is given. Accord-
ing to this theorem there exists for any in distribution converging sequence
of random elements in a separable metric space an almost surely convergent
sequence of random elements in that space such that the corresponding compo-
nents of both sequences have the same distribution. This theorem has impor-
tant practical consequences: in many situations we can handle convergence in
distribution as situations we can handle convergence in distribution as al-
most sure convergence. A similar remark can be made asbout convergence in

probability, and is made in section 1.2. In this section the fundamental

*)

Random variables are underlined (cf. section 0.2).




properties of convergence in probability are treated in the context of random
elements in metric spaces (x random variables with values in a metric space).
Apart from the problem of the existence of the distance between two random
elements as a random variable all results and proofs are obvious analogues of
the corresponding theory for real-valued random variables.

In sections 1.3 and 1.4 the function spaces C(.) and D(.) are studied.
If A is a real interval, then C(A) is the class_of all real-valued continuous
functions on A, and D(A) the class of all real-valued right-continuous func-
tions on A with only jump discontinuities. A general class of topologies T
on D(.) is introduced in section 1.3. These topologies T are supposed to be
metrizable, so we can consider random elements in D(.) as introduced for
general metric spaces in section 1.1. An example of such a topology is
Skorohod's J1 topology as is shown in section 1.4. All results of the present
work are valid for D(.) endowed with a topology T satisfying conditions
(1.3.3) of section 1.3. In this way we avoid the use of special properties
of the J1 topology and obtain results of fairly general nature.

Section 1.5 deals with the weak invariance principle (Donsker's theorem)
and the strong invariance principle (Stfassen's law of the iterated loga-
rithm). For the present work it was more convenient to formulate them for the
space D[0,») rather than D[0,1] or C[0,1], so some additional proofs were
needed.

In section 2.1 the process of epochs of successes in a sequence of inde-
pendent Bernoulli trials is defined in detail. An important example is pre-
sented in section 2.2. Let gq,gg,... be a sequence of independent identical-
1y distributed random variables. Call £ a record if &

=x S
J=1,2,..., k=13 by definitiong_1 is a record. Let L{(n) be "the epoch of the

> £. for

nth record”, i.e. the index of that 1 which is the n'® record in Eiofpsens -
If the distribution of &, is continuous, then it does not make any difference
for the joint distributions of L{n) if we consider L(n) to be the epoch of
the nth success in a sequence of independent Bernoulli trials where the kth
trial has probability P = 1/k of success.
In sections 3.1 and 3.2 we derive limit theorems for certain sequences

of random elements in D[0,>). In a slightly watered down version the princi-
pal result is that under some general conditions on gn(t) the random element

in D[0,») (=~ random function on [0,=))

gn(t) -t

€
n -




converges in distribution to a continuous random element y(t) in D[O,») if

and only if

3{;1(’5) -t

€
n

converges in distribution to -y(t), provided that ah + 0 for n > «, Here
5;1(.) is a generalized inverse of the random function En(')' This generali-
zed inverse is defined in section 3.71. It coincides with the usual inverse
for increasing continuous functions. The above result and the first applica-
tion below were recently obtained in IGLEHART & WHITT (1971) by more compli-
cated arguments.

As a first application weak and strong invariance principles for partial
sum processes and the corresponding counting processes are related in section
3.3. The second application in section 3.4 brings us back to the epochs of

successes. Here it is shown that under some general conditions and with suit-
L(nt)

k=1 Pk
the Wiener process on [0,*) as n > ® and also satisfies an iterated logarithm

able normaligzations the random function converges in distribution to

law of the Strassen type. ’

Section 3.5 stands a little apart from the other material in this book.
Starting from a side result in section 3.2 an interesting limit theorem is
obtained for empirical processes. Let En be the empirical distribution func-—
tion constructed from the first n observations of an infinite sample from the
rectangular distribution on [0,1]. Then the random function of t
nfg(gn(u) + 2;1(u) - 2u)du converges in distribution to %Eg(t), where HO
is the Brownian bridge. Related iterated logarithm results are also obtained.

Until here, only section 3.k dealt with limit theorems for success
epochs in a sequence of independent Bernoulli trials. In chapter 4 many
others are obtained by quite different methods. In section 4.2 a large class
of sequencesof independent Bernoulli trials is embedded in a Poisson process.
By this we mean that new random variables E% are defined as functions on a
stationary Poisson process in such a way that the joint distributions of the

gi are the same as those of the g . So it does not make any difference if

&

we study g% instead of g_. The Poisson process is defined in section k.1,

where also gome of its bzsic properties are formulated.

The embedding mentioned above turns out to be useful, since now the se-
quence of Bernoulli trials can be regarded as an "observed Poisson process",
a close approximation to the original Poisson process. The technique in the

remaining part of chapter 4 is: show that well-known properties of the




Poisson process carry over to the approximating "observed process". Section
4.3 contains technical results concerning the size of the deviation of the
observed process from the Poisson process. In section 4.4 weak and strong

invariance principles are obtained for partial sums of

2 ?iiZn—1)+1 llOg(1-pj)|)

for rather wide classes of functions f. In particular we can take £(t) = t,

in which case these partial sums become
L L
Z )Ilog1p)|-z(n). o(z(n..

The results of section k.4 are applied in section 4.5 to record epochs. In

section 4.6 it is shown that the components of

L(n+k+1
(B ot

are asymptotically independent and exponentially distributed for n =+ . This

©

k=1

result is applied to record epochs in section 4.7, which gives rise to the
study of an interesting semigroup of probability distributions (Qa)a > 0 with
Fourier-Stieltjes transforms -

-X

J” e "7dq (t) = exp(-a fsT—z ax).

The research which is here presented started originally with the study
of the subject of chapter 5. Balkema and Oppenheim independently defined
classes of series expansions for the reals in (0,1] which contain classical
expansions as Engel's, Sylvester's and Liiroth's as special cases. The two
classes are not the same but have a large intersection. In the present work
we follow Balkema's definition. The expansion is defined in section 5.1 where
also the (nonprobabilistic) properties are studied. Section 5.2 provides a
set of examples including all classical expansions.

We do not define the Balkema-Oppenheim (BO) expansion here, but we shall
give an informal description of Engel's and Sylvester's series. Any x € (0,1]

can be approximated from below by sums

]
n 4, 4,4 d.d.d : cend




with natural numbers d1,d2,d39...,dn. If we require that sn < X and that the

approximation s, of x is stepwise best possible (i.e. having obtained

d,,d,5.-.54d we choose the natural number d with s < x and s maximal),
1272 n-1 n n n

then we obtain the partial sums of Engel's series expansion of x. We obtain

the partial sums of Sylvester's series expansion of x if we perform a similar

approximation, but now with

1 L
n 4, a -
n

1 1
S =t —+ ..
4 4y 44

For Engel's and Sylvester's series probabilistic (or "metric") results were
already known. For instance, with Engel's series

1im (dn)1/n = e

T1>00
for almost all x € (0,1]; with Sylvester's series

11 dn+1 Vn -
"Tda _...a €
n>oo n n-1 1

for almost all x ¢ (0,1]. In section 5.4 these and other limit results are
obtained for large classes of BO expansions. Most limit results are presented
in the form of invariance principles (or "functional central limit
theorems"). In this way section 5.4 generalizes and supplements work of
GALAMBOS (1970).

Section 5.4 and the theory of the preceding chapters are connected in
section 5.3. If x is chosen at random in (0,1] according to a rectangular
distribution on (0,1], then the numbers dn in the BO expansion form a sta-
tionary Markov chain of a special type, which on its turn can be described
by means of sequences of independent Bernoulli trials.

Sections 5.5 and 5.6 are almost independent of section 5.4. Having re-
marked in section 5.5 that two BO expansions determine a homeomorphism ¢
from (0,1] onto itself, provided that they both have the same set of possible

sequences of significant numbers (dn)w and that in both expansions there

is a one-to-one correspondence betweez ; € (0,1] and the sequence (dn):=1
determining its expansion, we pose two questions: when is ¢ absolutely con-
tinuous or singular, and can ¢ be of mixed type: Partial answers are given
in section 5.6. It turns out that one has to determine the almost closed

sets of the Markov chain (dn) considered in section 5.3.




0.2. CONVENTIONS AND NOTATIONS

Here we explain some conventions and notations which are used throughout
this book, mostly without further comment. A list of symbols is given on

p.165, an index of definitions on p.163.

0.2.1. Organization

Items as lemmas, theorems, remarks, corollaries are numbered indiscrimi-
nately; formulae follow a separate numbering between brackets;
0 marks the end of a proof;
:= is used in a definition if a new symbol occurs on the left-hand side,

=: in a definition with a new symbol on the right-hand side.

0.2.2. Sets

{x : A{x)} denotes the set of all x with property A;

A A B := A\B U B\A is the symmetric difference of A and B;

classes of sets are denoted by script capitals, e.g. B, C, F;

w, NO, Z, @, R, € denote the sets of the positive integers, the nonnegative
integers, the integers, the rational numbers, the real numbers and the com~
plex numbers;

the notation of real intervals is demonstrated in the examples

(0,13
[0,=)
[0,=]

{x:0<x <1},
{x: x>0},
[0,) u {=}.

0.2.3. Sequences and functions

Examples of finite and infinite sequences are (ak)§=1, (ak);=1; when

there is no risk of misunderstanding we simple write (ak); often the whole
sequence is denoted by the corresponding letter without index and brackets:

a := (ak):=1; such a notation is always introduced explicitly.
f:X->Y

means that £ is a function with domain X and range in Y; f is defined more

specifically by




x = £(x);

sometimes we write f(.) instead of f; if K ¢ X, then

f]K

is the restriction of f to K.

If £ is a function on a real interval, then

£(t+) := lim £(t),
s¥t

f(t"‘) = llm f(t)a
stt

provided that these limits exist;

Xp is the indicator function of the set A:
1 ifted,
X, (t) =
A 0 if t ¢ 43
I is the identity map on the real line or a real interval : I(t) := t;

+
t 1= max{0,t} for t € R;

[t] := integral part of t := max{k € Z : k < t} for t € R.

0.2.4. Asymptotics

£f(t) = 0(g(t)) for t » a, if !Zgzgl is bounded in some neighbourhood of a;
£(t) = o(g(t)) for t » a, if lim fg:g = 0;
ta &
. . Tt
£(t) » g(t) for t > a, if lim g%tg = 1.

t>a

Warning: The symbol ~ is used in chapter 5 to relate x € (0,1] to its BO ex-—

pansion.

0.2.5. Probability

(Q,F,P) denotes a probability space;

2 is the sample space with generic element w;




F is a o-field of subsets of @ and P is a probability measure on F;

a special terminology is used when @ is a metric space (see section 1.1).
Symbols representing random variables and random elements (~ metric
space-valued random variables) are underlined e.g. x, x{w), £, L, Qﬂxz). This

convention is merely a typographical warning that we are dealing with items
not to be confused with deterministic ones. Where consistency leads to less
desirable effects we drop this convention (ef. ¢ in formula (5.5.1)). Several
probabilists and statisticians in the Netherlands underline random variables
and moreover attach a special meaning to this convention which goes beyond
a merely typographical distinction (cf. HEMELRIJK (1966,1968), VAN ROOTSELAAR
& HEMELRIJK (1969)). Here we do not follow this philosophy and the casuistic
peculiarities it sometimes causes in the notation.

Expectation is denoted by E and variance by var; {w : A{w)}, the set of

outcomes with property A, is often shortened to {A}, for instance

{w : x(w) = 1} becomes {x = 1},

{w : 1im gn(m) exists} becomes {1im x existsl}.
n>eo n-o

The last convention enables us to handle random elements without specifying
the underlying probability space (Q,F,P). However, the existence of such a
probability space is always understood. Expressions like x + y or
{1im x exists} have meaning only if the relevant random elements are defined
on one common probability space. This is always assumed, not always stated.

Convergence in distribution is denoted by ¢ (see def. 1.1.4), conver-

gence in probability by 2 (see def. 1.2.1, 1.2.3).




CHAPTER 1. PROBABILITY THEORY ON METRIC SPACES
1.1. GENERAL CONCEPTS AND THEOREMS

This section gives an outline of some general concepts of probability
theory on a metric space. For a real introduction the reader is referred to
BILLINGSLEY (1968) or PARTHASARATHY (1967). In this section S (or s1,s2) is
a metric space and S (31,32) its Borel field, i.e. the o-field generated by
the open subsets of S. A probability on S is a probability measure on S. A

map h from S, into 82 is measurable if h_1S2 < ST'

Example. A probability on R is a probability measure on Bn, where B" is the

o~field of Borel sets in R-.

1.1.1. Definition. A sequence of probabilities (Pn)°° on 8 converges weakly

n=1
to a probability P on S if

limffdP =ffd_P
n+e 45 n S

for all bounded continuous real-valued functions f on S. Notation: Pn ¥p.

1.1.2. Theorem. Let P,P1,P .. be probabilities on S, then the following

2"
four assertions are equivalent:

¥

(i) P *P,
(ii) 1im sup P _(A) < P(A) for all closed A © S,

n—>o n
(iii) 1im inf P (A) > P(A) for all open A c S, i

o n
(iv) 1lim Pn(A) = P(A) for all A ¢ S such that P(34) = 0,

o where 8A is the boundary of A.

Proof. BILLINGSLEY (1968, p.12). 0

1.1.3. Definition. A random element in S is a measurable map x from some pro-
bability space (2,F,P) into S (measurable means: 5f18 c F). The probability
P = P§f1 on S defined by

"'A) =: P{x € A} for AeS

is called the probability distribution or distribution of x.




It is convenient to distinguish typographically letters representing
random elements from other ones. We shall do this by underlining them. The
letters themselves may be Greek or Latin, small or capital.

The basic probability space (2,F,P) is not always explicitly specified.
If two or more random elements appear in one expression as for instance x
and y in x + ¥, then it is understood that they are defined on a common pro-
bability space. If x is a random element and the letter P in expressions like
P{x ¢ A} has not been introduced before, then P is the probability measure of
the probability space (Q,F,P) on which x is defined.

Random elements in R are called random variables. Random elements in R
are called random vectors. If S is some function space then often the expres-
sion random function or stochastic process are used for random elements in S.

1.1.4. Definition. A sequence of random elements (3_{_{1):;):1

distribution to a random element x in 8 if P ¥ P_. Notation: x ¢ x. Ve

in S converges in

write x d y if the random elements x and y have the same probability distri-
bution.

into S, then Disc h is the set of

1.1.5. Definition. If h is a map from 8, 5

points in S1 where h is not continuous.
Remark. Disc h € 31 even if h is not measurable (BILLINGSLEY (1968, p.225)).

1.1.6. Theorem. (continuous mapping theorem). Let h be a measurable map from

. ; ¢
S1 into 82 and x, Xy> Xpoeee be random elements in S1. Irf X TX and

P_ (Disc h) = 0, then h(x ) ¢ h{x) as random elements in S..
X -n = 2
Proof. BILLINGSLEY (1968, p.31). , 0
1.1.7. Definition. Let x, Kys Xpsees be random elements in S. We say that X

converges almost surely (a.s.) to x, notation X > Xas., if %, x5 PSP
are defined on a common probability space (Q,F,P) and there exists a set

= i = x( Q..
Qg e F such that P(QO) 1 and lim En(w) x(w) for w e 0
1.1.8. Lemma. Let X, Ko Xyoees be random elements in S. If X T Xxa.s., then

s}
X > X.
57X

Proof. For every continuous real-valued function f on 8 we have f(_:gn) -+ £(x)

a.s. . If moreover f is bounded, then f(gn)dP + | £(x)dP by Lebesgue's
Q 2




theorem on dominated convergence. But f(gn)dP = J f dP_ and

Q

and f(x)dP = f dP_. Hence P ¥ P . s o

Q s X % X o

Even if x, Xys Xy5... are defined on a common probability space, then
still x g X need not imply X +Xas. . For instance, if x = + 1 with pro-

co s 1 e n d d

bability 7 and x = (=1)7x, then x = X, therefore x -~ x, whereas (:_cn) does
not converge a.s. . However the following theorem provides a sort of converse
to lemma 1.1.8.

1.1.9. Theovem. (Skorchod-Dudley). If x, x .. are random elements in S

19 529'
such that X, g X and if 5 is separable, then there exist random elements

X} 5;, Eé"" in § defined on a common probability space and such that
a
5; =X, for n ¢ W,
x &g,
x' > x' a.s.
X X
Proof. DUDLEY (1968, theorem 3). 0

Theorem 1.1.9 was first proved for S separable and complete in SKOROHOD
(1956). In WICHURA (1970) the theorem is proved under still weaker condi-
tions.

Under the restrictive condition that S1 be separable theorem 1.1.6 can
be obtained from theorem 1.1.9. (This is observed first in PYKE (1969),
where also the earliest practical applications of 1.1.9 can be found). For
there exist random elements x', 5;, gé,... in S, such that x' S x s X' ¢ X,

1 n n —

EA + x' a.s. But then h( + h{x') a.s. since Px = PX, and, conseguently,
P_,(Disc h)

since h{x')
“n

t
zn) d = - da
0. By lemma 1.1.8 h(z;) > h{x') and, consequently, h(;n) =+ hix)
d
h(x ), n(x') = n(x).

Theorem 1.1.9 applied in this way does not provide results which could

d

not be obtained already by theorem 1.1.6. However, the direct use of theorem
1.1.9 often makes proofs simpler and more concise (cf. remark 3.2.6), since
it reduces probabilistic theorems on convergence in distribution to in Ffact
nonprobabilistic theorems on a.s. convergence.

1.1.10. Product spaces. Let S, and S, be metric spaces with metrics p, end

oy and Borel fieldsvS1 and 32 and let S := 31 x 82 be their Cartesian pro-

duct. The product topclogy on S (i.e. the topology of coordinatewise con-




12

vergence is metrizable and for instance specified by the metric

il

vp((x1,x2), (yyo35)) = (p?(x1,y1) + og(xe,yg))2 for (x,,x,), (y,,y,)e8.

Let § be the Borel field of S and let S1 x 82 be the o-field generated by the
1% A2 with A1 € 31, A2 € 32. We

have 31 X 52 < S (see BILLINGSLEY (1968, p.224-225) for this and the next

results). Moreover, if S1 and S2 are separable, then 31 X 32 = §, but this

measurable rectangles, i.e. by the sets A

identity need not be true for more general S1 and 82. Consequently, if %, is

a random element in S1 and X, a random element in S2’ S1 and 82 are separable

and x, and X, are defined on a common probability space, then (§1 ) is a

%,
random element in S = S1 X S, Without the separability of S1 and 82 the last
assertion need not be true. In particular, if S is a metric space with metric
p and x and y are random elements in S, then we need the separability of S

to be sure that p(x,y) is indeed a random variable.
In the sequel we shall need the following theorem.

1.1.11. Theorem. If x, Xys 55+ . are random elements in S1, Yqs Xpoee. are

random elements 1in 82, S1 and 82 are separsble, X and Y, are defined on a

common probability space for each n € W, X > X and ¥, ~ac 8., then

2

d .
(}_{n,ln) + (x,a) as random elements in S1 x 82 (here a € S, represents a

2

random element in s, which equals a with probability one).

Proof. BILLINGSLEY (1968, theorem h.h, p.27). Note that y_ $ 2 if and only
ir ¥, E a (see lemma 1.2.2). O

1.2. CONVERGENCE IN PROBABILITY

In this section S is a metric space with metric p and Borel field S.

Further x, x, are random elements in 8.

1.2.1. Definition. If b € S, then x converges to b in probability, notation

X Eb, if for each ¢ > 0O
x

lim P, {x : p(x,b) > €} = 0,
noe

+Hd :!N

be=Xx g b.

1.2.2. Lemma. x
“n “=n
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Proof. "==". If A € S and Pb(BA) = 0, then b ¢ 9A. Hence b is an interior
point of A or of its complement. Suppose b € A. Then there is an € > 0 such

that {x : p(x,b) < e} c A. Hence
lim P (4) > 1im inf P {x : p(x,b) < e} =1=7P (4).
e I e Zn

In a similar way it follows that lim sup P_ (A) = 0 = Pb(A) if b 4 A.

N-yeo =
"e=", If x $ b, then by theorem 1.1.2 (i)==(ii) it follows that

lim sup P {x : p(x,b) > €} <Py {x : o(x,b) > e} = 0. 0
n>o “n
In the remaining pért of this section we want to consider p(;,gn).There—

fore it is necessary to assume S separable (ef. 1.1.10). We do so from now on.

1.2.3. Definition. The random elements x oconverge to x in probability,

mmﬁmgng&ifggwgy“.Me%ﬂmdmacmmnmwwﬂﬁywme
and
(1.2.1) lim P{p(x,x ) > €} =0  for all ¢ > O.

ne 0

Remark. If x equals b e€ S with probability one, then x E b in the sense of

definition 1.2.1.

1.2.4. Lemma. x_ ~ X 8.8.=> X 4

X
=n =n =

Proof. We have X > Xxas. if and only if

P(1lim sup {p(;,gn) > g}) = 0 for all ¢ > O.

n-oo

The left-hand side equals

lim P( U {o(x,x ) > €}) > lim sup Plo(x,x ) > el. O
n->oo =n n->co

The converse implication in lemma 1.2.4 is not true. A sort of converse
is given in the next theorem, which will be proved at the end of this sec

section.

1.2.5. Theorem. We have x Evg if and only if each subsequence of (gn) con-—

tains a subsequence which converges to x a.s.
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The above theorem has important implications. The "only if" part of the
theorem makes also sense for spaces S which are not separable or even not
metrizable provided that random elements are defined for more general topolog-
ical spaces. Therefore convergence in probability can be defined for such S
by requiring the "only if" part of the theorem.

Since the metric p does not appear in the "only if" part of the theorem
(1.2.1) clearly is satisfied for all p generating the same topology as soon
as (1.2.1) is satisfied for one such p.

Further gn E x implies X 3 x, since for bounded continuous functions f
on 8 every subsequence of ( f(lcn)dP);=1 contains a subsequence converging
to fﬂf(;)dP. But ( Qf(:_cn)dP)is a sequence of real numbers and therefore the
whole sequence converges to that limit.

The following theorem is the most important consequence of theorem 1.2.5.

1.2.6. Theorem. (continuous mapping theorem for convergence in probability).

If h is a measurable map from a metric space S. into a metric space SE’ s

1 1

and 82 are separable and X%, X 52,... are random elements in S1 such that

X E—x and P{x e Disc h} = 0, then h(x ) E h(x) as random elements in S..
X, > X x X, £ 2
Proof. Every subsequence of (gh) contains a subsequence converging to x a.s..
Therefore every subsequence of (h(gﬁ)) contains a subsequence converging to

h(x) a.s. . 0

Proof of theorem 1.2.5. If x B X, then 1.2.1 implies that there exists an in-

creasing sequence of natural numbers (nk)Oo such that

k=1

k

P{p(gjgn) 3_2_ } < E—k for k > .

Now
. -k . ® -1
P(lim sup {p(z,zn y>2 7 =1im P(u {D(EJEn ) > 2 7)) <
koo k ks 1=k 1
Vo1
<1lim )] 2 =0,
Koo J=
and this implies that x—> x a.s. . So (;n) contains a subsequence con-

verging to x a.s. . Bu;n%his result can also be applied>on every subsequence
of (gn), since these subsequences also converge in probability to x.
Now suppose that it is not true that X E x. Then there exists an € > 0

and a 6 > 0 such that
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lim sup P{p(x,x ) > e} =68 > 0.
o —n
Hence there exists a subsequence (x ) of (gn) such that

lim P{p(x,x ) > e} = 6.
k>0 nk

Therefore, neither (x ) nor any of its subsequences converges in probability
to X. Hence no subsequence of (En } converges a.s. to x because of lemma

. . ..k
1.2.4. This contradicts the "if part" of the theorem. N

1.3. THE SPACES D AND C

In this and the following section A is an interval in R and we denote by
D(A) or DA the set of real-valued functions x(t) on A which are right-conti-
nuous and have finite left-hand limits at every point t € A which is not the
left-hand boundary of A. By C(A) or CA we denote the subset of continuous

functions in D(A).

1.3.1. Lemma. If A is compact, say A = [a,b], then for each x € Dla,b] and
each positive e there exists an r ¢ N and points tO’ t1, Toseees tr such that
a=t. <t, < ... <t =Dband

0 1 T

(1.3.1) sup {|x(t)-x(u)| : t, ue [ti ti), i=1,2,...,r} < €.

13
Proof. Let s be the supremum of those t in [a,b] for which [a,t] can be de-
composed into finitely many subintervals [ti-1’ti) satisfying (1.3.1). Since
x(a) = x(a+) we have s > a; since x(s-) exists, [a,s] itself can be so de-

composed; s < b is impossible because we have x(s) = x(s+).

0

1.3.2. Corollary. If A is an interval in R then

a) each x € D(A) is locally bounded (i.e. bounded on compact subintervals
of A);

b) each x € D(A) is locally Riemann integrable (i.e. Riemann integrable over
compact subintervals of A);

¢) each x € D(A) has at most countably many discontinuities (in a compact
subinterval the number of points t at which the jump |x(t)-x(t-)| exceeds

a given positive number is finite).

Henceforth we shall make the following assumption unless the converse is

stated.
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1.53.3. Assumption. For each interval A © R a topology tT(A) on D(A) is given

satisfying the following conditions:

1) t(A) is metrizable and separable;

2) for x € C{A) the sequence (xn);;1 with x € D(A) converges to x in the to-
pology t(A) if and only if x  converges to x locally uniformly (i.e.
uniformly on compact subintervals of A);

3) D(A), by definition the o-field generated by the open sets in D(A), is
also the smallest 0-field which makes the maps x> x(t) from D(A) into

R measurable for all t € A.

Condition 1) implies that we may consider random elements in D(A) as in-
troduced for general metric spaces in section 1.1. Moreover, without trouble
we may consider vectors of random elements in product spaces with D(A) as
component, since D(A) is separable (cf. 1.1.10). From condition 3) it follows
that C(A) is a measurable subset of D(A) since the values of x € D(A) at the
rationals in A already determine whether x is in C(A) or not. There are to-
pologies satisfying 1.3.3. This will be shown in section 1.k.

The measurability of C(A) follows also from condition 2), which implies
that the topology on C{A) induced by T(A) coincides with the standard topolo-
gy of locally uniform convergence. Henée C(A) is separable and complete and
consequently a Gy set. Note, however, that C(A) need not be closed in D(A).
For instance, in the M, topology on DL0,1] (see SKOROHOD (1956) for defini-
tions) C[0,1] is dense in D[O,1].

The next two lemma's show some consequences of condition 2) in 1.3.3.

1.3.4. Lemma. Let x € C(A), Xys Xpseee € D(A) and let t(4) and T'(A) be two
metrizable topologies on D(A) satisfying condition 2) in 1.3.3. Then x v x

in the topology T(A) if and only if x, > x in the topology t'(A4).

1.3.5. Lemma. Let x e C(A) and x,, x,5 ... e D(A) and let D(B) for B u A be
endowed with a metrizable topology 1(B) satisfying condition 2) in 1.3.3.
Then x, *x in the topology t(A) if and only if for each compact interval

KcA
> xl in the topology T(K).

1.3.6. Lemma. The maps
a) (x,y) » x+y from D(A) x D(A) into D(a),
b) (x,c) » ecx from D(A) xR into D(4)

are measurable.
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Proof. Let h be the map (x,y) » x+y and denote the projections x » x(t) for
tehAby . We have to prove h_1D(A) e D(A) x D(A). By condition 3) in
1.3.3 D(A) is generated by njB for t € A, where B is the Borel field of R.
Hence it is sufficient to prove that for all t ¢ A

-1 -1

h 7w, B=(nw

N o )" "B < D(a) x D(a),

t
in other words that ™, ° hi (x,y) » x(t) + y(t) is measurable for all t € A.
But 'nt o h equals also the composition of the maps

(x,5) » (x(£),5(%)) » x(t) +y(t),

which clearly are measurable. Hence 1, ° h is measurable and a) is proved.

t
By similar arguments b) follows. 0

1.3.7. Lemma. If x e C(4), X5 ¥, € D(A) for n ¢ N, x, *xendy *x 0,

then ¥, T ¥ (all converges considered in the topology T(A)).

Proof. From AL 0 locally uniformly and X, <+ x locally uniformly it
follows that y = x + (yn—xn) + x locally uniformly. ]
1.3.8. Lemma. Let A and B be intervals in R. If x € C(A), X5 Xgseee € D(4a),
x 7 x in the topology w(A), A € C(B), A1, Aysens € D(B), AnB < A for all
nelN, \BcA, An + X in the topology T(B) and A is a homeomorphism from B
onto AB, then x_ ° )‘n > x ° X in the topology T(B).

Proof. Let K be a compact subinterval of B. We have to prove that
X, ° )\n + x © X uniformly on K. Now AK is a compact subinterval of A and

therefore there is a positive n such that

L:={t €A : inf lt-sl < n}
s€XK

is a compact interval in A. Fix such L. Because of 2) in 1.3.3 )\n > X uni-

formly on X and hence there is an n, such that XnK cL forn > n,. Take
€ > 0. We shall prove that for sufficiently large n
(1.3.2) Be(ale))~x (A ()T < Te(A(e))=x(r (£)) I+ 1x (0 (£))-x (A (£))f < e

for all t € X.
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Since x is uniformly continuous on L there is a & > 0 such that

|x(t) - x(s)| < %e for s, t € L, |s~t| < 6. Take n_ > n, such that for n > n

0 0

2
[2,(8) = A(t)| <6 for t e K.

[Xn(t) - x(t)l <% fortoe L,

. O

Now Xx(t), )\n(t) € L forn > n_ > n, and hence (1.3.2) holds for n > ng

0 1

Now let us consider random elements in D{A). A random element x in D(A)
is a map from some probability space (2,F,P) into D(A) such that 5_117(.1\) < F.
Since D(A) is completely determined by condition 3) in 1.3.3 x remains a
random element in D(A) if the topology T(A) is replaced by another one which
also satisfies the conditioms in 1.3.3. Moreover, condition 3) implies that
the distribution of x is completely determined by the distribution of all

random vectors (x(t ),g(tg),..., z(tr)) with r € Il and {t1, t ves tr} < A.

== 1 2"
From lemma 1.3.6 it follows that cx and x+y are random elements in D(A) if x

and y are.

1.3.9. Lemma. Let T(A) and T'(A) be two topologies on D(A) satisfying the

conditions in 1.3.3 and let x, x . be random elements in D{A) such

12 Zpoee

that x is a.s. continuous. Then X = x as random elements in D(A) endowed

with the t(A) topology if and only if X, . x as random elements in D(A) en-

dowed with the T'(A) topology.

%, Eé’ in D(4)

such that x' d x, x' d x and x' + x' a.s. . Replacement of 1(4) by t'(A)
= =*=n = =

Proof. By theorem 1.1.9 there exist random elements x', x

does not affect the probability distributions of the random elements. More-
over 5;1 + x' a.s. also in the new topology because of lemma 1.3.4. Therefore

d _ -
_)_(r'l 2 x' and hence X, > x1n the new topology. 0

1.3.10. Theorem. Let X, X.» X55e .. be random elements in D(A) such that x is

a.s. continuous. Then X X if and only if for each compact interval X < A

X

'an : #

K
as random elements in D(K).

Proof. If x g x, then by theorem 1.1.9 there are random elements

x'y x

. d d
' t v o= [ ' ' ..
1 Xg"" in D(A) such that x X 5 X x and x' > x' a.s By lemma
3.5x'l » x'
135x‘K X

a.s. for each compact interval K ¢ A. But then x'l E x'l
g K

e
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by lemma 1.1.8 and hence x ¢ x| since x!' ¢y and x!' d X[ .
ol 7 El el ml T [ e T g

To prove the converse part of the theorem suppose that the random ele-~
ments x in D(A) are defined on probability spaces (Qn,Fn,Pn) for n € W, the
random element x in D(A) on (Q,F,P), that x is a.s. continuous and that
ghl E'EI for each compact interval K ¢ A. Let F be a closed subset of D(A).

We ghall %rove that

(1.3.3) 11§1+iup Pn{)_cn e F} < P{x ¢ F},

from which X E x follows by theorem 1.1.2 (ii)==>(i).

For compact intervals K ¢ A set

FIK = {X]K : x ¢ F} < D(K),
FIK := {x e D(4) : XlK € FIK}.
By theorem 1.1.2 (i)==(ii) it follows from x l g g} that
-n K K
(1.3.4) 11§;up Pn{gn‘x € F|K} < P{EIK € clos (FIK)},

where '"clos" denotes closure in D(K). Clearly
{x l e Fl } ={x e F}.
-n K K ~n K

Moreover, x € C(A) a.s. and therefore (1.3.4) can be rewritten

(1.3.5) llﬁ»iup Pn{zn € FK} < P{x e C(4), EIK € clos (F,K)}.

Now let (Km) be an increasing sequence of compact intervals in A such that

A= limm+w Km (if A itself is compact then necessarily Km = A for sufficient-
ly large m). It is clear that FK ¥ F for m = » and hence we have for each
m
n e
(1.3.6) P{x eF, } +P{x e¢F} form~ o,
n-n Km n-n

Next suppose that x € C(A) and that there is an infinite subset M of N such
that le € ClOS(FrK ) for m € M. Then for each m € M there is a Yy € F such
that O -
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sup Ix(t) -y (£)] < ~+.
teﬁm * n w

Hence ¥y, converges to x locally uniformly if m varies through M to infinity,

*)

so x € F since F is closed. We now have shown

lim sup {x e Cc(4), ﬁ}K ¢ clos (F] )} e {x € c(a) n F}
oo m Kn

and, consequently,

(1.3.7) lim sup P{x e C(4), x

oo

€ clos (FlK )} < Plx e c{a) nF} =
m m

lK

P{x e F}.

Suppose (1.3.3) does not hold. Then there is an & > 0 and an infinite subset

N of N such that
Pix e F} + £ <P {x e F} for n € W.
- n =n

Because of (1.3.6) the right-hand side is not larger than Ph{gn € Fyp } for

all m € N, hence o

P{x € F} + ¢ < lim sup P {x e Fe I s
nwe 0 m

<Plxec(a), x )} for all m € N.
(1.3.5)

From (1.3.7) it follows that P{x ¢ F} + e < P{x ¢ F}. Contradiction.

Kk € clos(F -
m m

Hence (1.3.3) is true and the theorem is proved. 0O

By epplying theorem 1.1.9 lemma 1.3.9 has been obtained from lemma
1.3.4 and the "easier" half of theorem 1.3.10 from the corresponding half
of lemma 1.3.5. In the same way the following two lemmas follows immedistely

from lemmas 1.3.7 and 8.

*)
One can even prove that
{x e ¢c(a), x| € clos (F X )P+ {x e c(a) n F} for m » =,
m m

but we do not need this result.
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1.3.11. Lerma. Let X, Xq» Xps+++» ¥qs ¥,»-++ be random elements in D(A) such

. . d d
that x 1s a.s. continuous, X > X and Y, X 0, then ¥, - X

1.8.12. Lemma. Let A and B be intervals in R. If x, Xys X55..- aTE random ele-—
ments in D(A), x is a.s. continuous, gn.g_z, X e C(B), Ays Apaers € D(B),
AB< A fornelN,Bc 4, An -+ X in the topology t(B) and A is a homeomor-

phism from B onto AB, then X e An E X o ) as random elements in D(B).
The next lemma will be used frequently.

1.3.13. Lemma. Let x .. be random elements in D(A), then x 2 0 if and

_1’ §23‘
only if for each compact interval K < A the random varisbles supt c Klzn(t)l
converge to zero in probability.

Proof. By lemma 1.2.2

sup [gn(t)l 20— sup lgn(t)l $o.

teK tek
The last assertion for all compact intervals K ¢ A is equivalent to x, g 0
because of theorem 1.3.10. 0

1.4. THE J1 TOPOLOGY

In this section a standard topology J, on D(A) will be defined, which

satisfies assumptions 1.3.3 on t(A). This ;opology is a generalization of

the J1 topology defined on D[0,1] in SKOROHOD (1956) and generalized to
D[O,») in STONE (1963). In SKOROCHOD (1956) still other topologies are defined
on D[0,1] which also can be generalized to topologies on D(A) satisfying
1.3.3. We shall not discuss them here. In WHITT (1971 b, sections 3 and 4)
the different topologies on D[0,») are studied by means of the theory of
Radon measures on arbitrary topological spaces as given in SCHWARTZ (1972).

His approach clarifies much of the relations between the J. and other topo-

1
logies on D(.) as, for instance, the generalizations of SKOROHOD'S other to-

pologies.

Motivation of our approach

The results of section 1.5 are well-known in the context of D[0,1] en-
dowed with the J1 topology (or of C[0,1] with the topology of uniform con-
vergence). Here we emphasize that the assumptions 1.3.3 are the only pro-

perties we need in order to prove all results. All other special properties
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of the J, and other topologies are immaterial for the present work.

1.4.1. Definition. Let x, Xis Xgsenn € D(A) then x, converges to x in the J1

topology on D(A) if there exists a sequence (kn)w of homeomorphisms from A

n=1
onto itself such that

x (t) - x(xn(t)) >0

’ An(t) -t >0

locally uniformly on A.

Before proving that the J1 topology indeed satisfies assumptions 1.3.3

we first discuss some other properties.
1.4.2. Properties.

a) If A and B are intervals in R and A is a homeomorphism from A onto B then
the map x ~ x © A from D(B) into D(A) is a homeomorphism from D(B) onto
D(A), both endowed with the J, topology. In this way we see that there are
in fact three J1 topologies since there are three types of mutually homeo-
morphic intervals. These three types here will be represented by [0,1],
[0,) and R.

b) The operations addition and restriction to smaller intervals are not con-
tinuous in the J1 topology. Let for a € R

1 if x > a,

(1.4.1) 1 (x) :=
& 0 if x < a,

then, for instance, 1 Y11/ > -1, forn > in DL[0,2], Wwhere-

> 1
1+1/n 1°?
does not even converge. If in D[0,2] restriction to
1+1/n > 1, in DL0,2] would imply

0~ r in DL0,1], which clearly is not true. See however lemma 1.3.8 for

8 Y41/n T M-i/m

[0,1] were a continuous operation, then 1

the case that the limit function is continuous.

1.4. 3. Theorem. The J, topology on D(A) satisfies assumptions 1.3.3 on T(A4).

1

Proof. Assumption 1. In BILLINGSLEY (1968, section 14) metries on DL0,1] are
defined which generate the 7y topology on D[0,1]. For compact intervals K
this metric can be generalized to a metric on D(XK), say Oy > which generates

the J, topology on D(K). This follows from property 1.4.2 a. Set for
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X, ¥ € D[O,w)

0

t

PLo,w) (V) 1= Jomin 0 00,61 00,677 Lo, 6701 4t

In WHITT (1970) it is proved that pl[0,=) is a metric on D[0,») and generates
the J_l topology on D[0,») (the proof is far from trivial because of property
1.4.2b). In the same way it can be proved that

PR(%>Y) = oo 0y (Kl pg, 0y ¥ g w)) *

+ pto’w)(x(‘-)[[o’m) ’Y(_-)[[O’w))

defines a similar metric on D(R). Now all three types of D(A) are metrized.

A countable dense subset of D[0,1] is given by the rational-valued step
functions with jumping points k/n (k,n ¢ N,k < n). So D[0,1] is separable.
In the same way a countable dense subset of D(X) can be defined for each com-
pact interval K. Bach x ¢ D[0,T] can be extended to an x € D[0O,») by defining
x(t) := x(T) for t > T. Now a countable dense subset of D[0,») is given by
the union over n € N of such extensions of the countable dense subsets of
D[O,n]. So D[0,») is separable. The separability of D(R) follows in the same

way.
Assumption 2. The locally uniform convergence of Xn to continuous x follows
from the ineguality

x(6) - x_(8)] < |x(6) - x( ()] + [x(_(£)) = x_

()]

and the fact that x is uniformly continuous on compact intervals.

Assumption 3. The methods of BILLINGSLEY (1968, p. 121-122) carry over in an

obvious manner. 0

Remark. The space DLO,») was also studied in ITO (1971) and LINDVALL (1971).
Other metrics on D[0,») generating the J1 topology were given in WHITT
(1971a, section 2) and in ITO (1971, p. 42) or WHITT (1971b, section k).

In the sequel we shall consider mostly the space D[0,»). Therefore we
shall use the abbreviations D for D{0,»), C for C[O,»} and D for D[0,»). It

is understood that D is endowed with some topology 1 satisfying assumptions
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1.3.3, for instance the J, topology.

1
1.5. INVARIANCE PRINCIPLES

In this section the weak invariance principle (Donsker's theorem) and
the strong invariance principle (Strassen's theorem) are formulated and
proved in a version which in some respects is more general than is usual. It

will be shown how these two fundamental theorems imply other limit results.

1.5.1. Definition. The (standard) normal distribution function is the

function ¢ defined by

o(t) := (2n)72

-00

t 2
/2
Jeu/du for t ¢ R.

1.5.2. Definition. The Wiener measure is the unique probability P on c

(and hence on D > C) such that

a) Pﬂ:{x e C: x(0) = 0} = 1;

T
b) ?ﬂ (i21{x € C: x(ti) - X(ti—1) j_si}) =
r -2
= L oleylbyty )0

for r e N, O = tO < t1 < L .0 < tr and s1,32,...,

A (or "the") Wiener process or Brownian motion is a random element W in C

s ¢ R.
r

(and hence in D > C) with the Wiener measure as probability distribution.

1.5.3. Properties.

For the existence and uniqueness of the Wiener measure see FREEDMAN
(1971, section 1.2). Properties 1.5.3 follow immediately from a) and b) in

definition 1.5.2 and the uniqueness of the distribution of W.

1.5.4. Theorem. (weak invariance principle). Let (gk) be a sequence of

L .
k=1
independent random variables with mean O and positive finite variances. Set
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t
s(t) := Z£=3 g fort >0,
v, o= Xk=1 var Ek for n e NO,

and suppose vn > © ag n + o, Then we have for each homeomorphism A from [0,x)

onto itself such that A(vn) =n for n ¢ WO,

1
—2

(1.5.1) n"2s(A(n.)) &

W
as random elements in D, provided that

a) the random variables g, are identically distributed,

or that

b) the random variables gk are uniformly bounded, i.e. there is a ¢ > 0 such

that P{|§k] < ¢} =1 for all k ¢ N.

(=]
1.5.5. Remark. In case a) we can take A(t) = t if var gq = 1. If (g;)k_1 is
a sequence of independent identically distributed random variables with mean
u and variance 02, then

-3 -1, % a
S

(1.5.2) n % (s (n.) - nop.) ¥ W.

For theorem 1.5.4 applied to (g;—u)/c instead of Ey gives

1
-3 =1, * d
n % (s (n.) - uln.l) 3 W.
|
The left-hand side differs at most n %0y from the left-hand side of (1.5.2)

and so (1.5.2) follows by lemma 1.3.11.

The proof of theorem 1.5.4 is deferred to the end of this section. Next
we give some examples of consequences of theorem 1.5.4. For more and more
complicated examples see BILLINGSLEY (1968, section 11) and FREEDMAN (1971,

section 1.7).

1.5.6. Lemma. If Yo Xyo-e- are random elements in D and X, 2 W, then
(writirg P for the probability in the basic probability space of W)
a) Zﬁ(T) g W(1), where P{W(1) < t} = &(t) for t € R;
d
b) su (t) su W(t)
ERELRURS - L
where P{sup03t51-|w(t)| > s} = 2(1 - ¢(s)) for s > 03

c) A(yn) E A(W), where A(x) := dt for x € D
<t<1
x(t)>0
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1

and P{A(W) < t} = = arcsin 2 for t ¢ [0,1].

= o

Proof. The functions x » x(1) and x » SUP 4 1 |x(t)| on D are continuous at
all x ¢ C and W e C a.s. . The function A is not continuous at all x ¢ C but
P{W ¢ Disc A} = 0 (cf. BILLINGSLEY (1968, section 11), FREEDMAN (1971) sec-
tion 1.7). Now the convergences in distribution in a), b) and c) follow by
theorem 1.1.6. In the above references also the distributions of the limits
are determined. Of course the distribution function of W(1) is & because of

a) and b) in 1.5.2. 0

1.5.7. Corollary. If (gk);=] is a sequence of independent identically distri-

buted random variables with mean u and variance 02, then (writing P for the

probability in the basic probability space of (gk):_1)
i =
a) lim P{n %o 1(§_(n) - np) < t} = o(t) for t € R (central limit theorem);
n->oo

1 —
b) 1im P{n %c ! sup |s(k) - kul > ¢} = 2(1 - #(t)) for t > 0;

n--o 1<k<n
e =T T . .3
¢) 1im P{n v < t} = %'arc51n t? for t € [0,1],
noo n
where u = number of k with 1 < k < n and s(k) > ku.

1.5.8. Definition. Strassen's set of limit points is the set K of real-valued
abgolutely continuous functions g on [0,») such that g(0) = 0 and

J (g'(t))zdt < 1.
0

1.5.9. Theorem. (strong invariance principle). Let (gk) be a sequence of

0
k=1
independent random variables with mean O and positive finite variances. Set

s(t) := Ziﬁ? g fort>o0,
n
v, T 2k=1 var ék for n € NO,

and suppose v, e as n » o, If

a) the random variables gk are identically distributed,

or if

b) the random variables gk are uniformly bounded,

then for each homeomorphism A from [0,») onto itself such that A(vn) = n for

ne NO the sequence of random elements in D,

1 ©

(1.5.3) ({(2n log log n)"? s(A(n.))) 4
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is a.s. relatively compact with set of limit points Strassen's set K.

Remark. The last assertion means that with probability one we are in the si-

tuation that

a) every subsequence of (1.5.3) contains a convergent subsequence with limit
in K,

b) every g ¢ K is limit of some subsequence of (1.5.3).

The subsequences depend on chance.

1.5.10. Notation. If S is a metric space, Xys Kppeee € S5 and A < S, then

5
X VA means:

a) (xn)i;1 is relatively compact,

b) A is the set of limit points of (Xn);=1'

So the conclusion of theorem 1.5.9 can be rewritten to

1

(2n log log n) 2 s(A(n.)) vK a.s.

Theorem 1.5.9 will be proved at the end of this section. Next we shall
show that the classical law of the iterated logarithm is a consequence of
this theorem. For other and more sophisticated applications see STRASSEN
(196L) and FREEDMAN (1971, section 1.8). All applications depend on the fol~

lowing lemma, which is easily proved.

1.5.11. Lemma. Let 8 and S' be metric spaces, X5 X .e€8,Acs, X VA

T
and let h be a map from S into S' such that h is continuous at each x € A.

Then h(xn) v—h(A).

1.5.12. Lemma. (classical law of the iterated logarithm). Under the con-
ditions of theorem 1.5.9 we have
s(x(n))

(1.5.h4) lim sup T = 1 a.s.
nr>o  (2n log log n)?

Proof. We apply lemma 1.5.11 with the function h : x » x(1) on D; h is con-

tinuous at each point of C and K < C. Therefore
-3 .
(2n log log n) °s(A(n)) v—{g(1) : g ¢ K}.

But then the left-hand side of (1.5.4) a.s. equals sup{g(1) : g € K}. Since
g with g(t) := min {t,1} lies in K we have sup {g(1) : g € K} > 1. From
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(g'(t))%at . J at)? < 1

g(1>=[1 g'(vas < ( O

0

it follows that sup {g{1) : g ¢ K} < 1. 0

-]

1.5.13. Corollary. (cf. FREEDMAN (1971, (136) on p. 86)). If (gk)k=1 is a

subsequence of I such that

s(x(n,))
lim - Qk =1 2.S.

ko (21_1_k log log gk)

(note that (gk) depends on chance), then with probability one

sz, ®))

+~ min {t,1} as k + »

(S

(2n, log log n, )

k k

uniformly on compact subsets of [0,x).
Comments on theorems 1.5.4 and 1.5.9 and their proofs.

The proofs below are for a large part a refrasing of similar proofs in
FREEDMAN (1971). They are based on the existence of some particular stopping
times in the Wiener process (th. 1.5.14 below). For the strong invariance
principle this is the only approach which has been used until now. For the
weak invariance principle there is another approach by proving tightness of
the sequence (n_%gjx(n.))) and convergence of the finite-dimensional margi-
nal distributions, as is done in PROHOROV (1956), BILLINGSLEY (1968) and
PARTHASARATHY (1967). By this method one can obtain even a stronger result
then our theorem 1.5.4: the sufficient conditions a) or b) in that theorem

may be replaced by the necessary and sufficient condition

(1.5.5) im0 J g2dap=0 foralle>0
n+»® n >
{§k>evn}

(a) and b) each imply (1.5.5)). This result is proved in the context of
C[0,1] and D[0,1] in PROHOROV (1956) and PARTHASARATHY (1967, section VII k).
It seems very difficult to obtain this result by our approach. For this
reason similar necessary and sufficient conditions for the strong invariance
principle are as yet unknown. However, in STRASSEN (1967) several sufficient
conditions were obtained. The weak invariance principle is formulated and
proved here under more restrictive conditions than Prohorov's and

Parthasarathy's for two reasons.
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1). The proof of theorem 1.5.4 as we present it here is a simplified version
of the proof of theorem 1.5.9.

2). The present version of theorem 1.5.L4 suffices for our purposes.
Proof of theorem 1.5.4. We shall use the following theorem.

1.5.14. Theorem. Let (_§_n)n=1

with mean O and finite variances. Then there exists a probability space

be a sequence of independent random variables

(2,F,P) with on it defined a Wiener process W and a sequence of random

variables (1) __ such that
-n’'n=0

1) 0=1,1, 21, %05
2) the differences R S are independent for n = 1,2,...; if the gn are
identically distributed, then so are the differences I S

P d 0 . . -
3) (K(ln) - Hﬁln—1))n=1 = (gn)n=1’ i.e. the random variables E(In) - W(In_1)
are independent for different n and have the same distribution as gﬁ for

each n € IN;
L) E(ln - In—1) = var g, for n e N;

2
5) vzaLr(Ln -1 ) <2 c  var g for n ¢« M,

-1
where ¢~ i= sup {t : P{];nl >t} > 0}.

Proof. The theorem is proved for identically distributed &, in FREEDMAN
(1971, section 1.6). His proof carriecs over immediately to our case that the
én are not identically distributed. m}

for t > 0, then W(z(.)) d s and we have to prove
[t] T a

Now set z(t) := 1
1 T
that n *W(zr (A(n.))) 3ﬂ. But n °W(n.)} = W. Therefore, by lemma 1.3.11 it is

sufficient to prove that

POt

(1.5.6) 02 (W(n.) - Wx(r(n)))) o

as random elements in D[0,~). By theorem 1.3.10 this is the case if and only
if (1.5.6) holds in D[O,T] for each T > 0. But (1.5.6) in D[0,T] is equi=-

valent to

=

(1.5.7) lim P{n" % sup [W(nt) - W(z{A(nt)))| > e} = 0 for all € > O
ne 0<t<T

by lemma 1.3.13. Now (1.5.7) holds for each T > 0 if and only if

STy

(1.5.8) lim P{n ® sup |W(t) - E(l(x(t)))| >¢g¢ =0 for all € > 0.
n-> O<t<n
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We shall prove (1.5.8). Choose §, M> 0 and 1 < r < 2. Set

1
ol=

An = {n sup [E(t) - K(lfk(t)))l > e},
, O<t<n
B := {(n™% sup |W(t) - WA ()] > €},
0<t<M
C ={sup [M-‘]I > r-1},
t>M t
1
D :={n ? sup [W(t) - W(s)| > e},
n
O<s<n
s§ﬁ§§%— s

then A cB uCu (ANB ue)).But AN(B uC) cD . For if the event
n n n'n n''n n
An\(Bn u C) occurs, then there is a EO e (M,n] such that

H(x(2(5)))) - W) > n'e and |£(A(t)) - b,| < (r=1)ky- But then

s, := min {t, 1()\(30))} end t, := max {EO, l()\(zo))} satisfy 0 < s

__r§1(2-r). So we have proved A B U CuDd, and thus

. < n and

IA
ct
A

{(1.5.9) P(An) < P(Bn) + P(C) + P(Dn).

By n ‘W g w(;) it follows that

P(D ) = P{ sup [W(t) - W(s)| > e},
° 0<s<1

r
s<t< s

which is independent of n. Since W € C a.s. we have

sup [W(t) - W(s)| >0 a.s. forr ¢ 1
0<s<1

r
s<t<

x ®

and, consequently, P(Dn) >0 for r + 1. Choose r = r(§,¢) such that
P(Dn) < &8/3. We shall prove that

z(alv_))
n
=TT 1 a.s. for n » «,

n .

(1.5.10)

:3< |:!'—\

which clearly implies

(A (t))

© ‘+ 1 a.s. for t » =,




31

Therefore, there exists an M = M(r,8) such that P(C) < &§/3. Clearly there is
an n, = nO(M,s) such that P(Bn) < 8/3 for n > ng. So P(An) < 6 for these n
because of (1.5.9) and (1.5.8) is proved.

Only (1.5.10) has still to be proved. In case a) v, = n02 with
02 i= var 51 and I is the nth partial sum of a sequence of independent iden-
tically distributed random variables with expectation 02 because of 2) and 4)

in theoram 1.5,14%. Therefore (1.5.10) follows by the strong law of large

numbers. In case b)

o var(t - T _1) o 2 VT Vg
s ——<2c¢ )
n=1 (Bx ) n=1 v
-n n

because of 4) and 5) in theorem 1.5.1h. Here ¢ is the uniform bound of the
|§n|. Now the series on the right-hand side converges because of lemma 6.4
and (1.5.10) follows by theorem 6.2. This completes the proof of theorem
1.5.L. 1]

Proof of theorem 1.5.9. Our starting point is the following theorem.

1.5.15. Theorem. Let W be the Wiener process, then in C
21
(1.5.11) z = (2n log log n) * W(n.) K,

where K is Strassen's set of limit points (see 1.5.10 for the definition of

)

Proof. Set KT = {g|[O,T]
of absolutely continuous functions g on [0,T] such that g(0) = 0 and

Jo(g'(t))gdt < 1. In STRASSEN (1964) and FREEDMAN (1971, section 1.5) theorem
1.5.15 is proved with C[0,1] instead of C = EEo,w), gn|[0’1]
and XK. instead of K. Let ¢T be the map x » T 2 x(T.) for T > 0, for either

1
x € Cor x ¢ C[0,T]. Then ¢_ is a homeomorphism from C onto C or from C[O,T]

g

onto C[0,1]. Moreover, ¢TE'- W. Therefore, ¢Tﬂ satisfies Strassen's version

i g e K} for T > 0. It 1is clear that KT is the set

instead of Z
4,

of theorem 1.5.15, i.e. in C[0,1]

1
(2n log log n) 2{(¢ f“’K1 a.s. .

(Do 19

But then by lemma 1.5.11

1 -
(2n log log n) 2(W(n. ¢ 1K a.s.
- T

))|[O,T] 1
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One easily verifies that ¢;1K1 = KT. Now we have proved that the analogues.of
theorem 1.5.15 hold in C[O,T] for each T > O.
Let (Q,F,P) be the probability space on which W is defined and set

Q, = {an[O,T]V—_éKT in ¢[0,T]}

oo

for T > 0. Then P(QT) = 1 and P(Qw) =1, where Q_ := n Q. In Q_ we shall

proof the following three assertions: =1

(i) every subsequence of (gn) contains a convergent subseguence;

(ii) KO c K, where by definition KO is the set of limit points of (gn);
(iii) K. > K.
2 (0) . (0) :
Consider a subsequence (Z'~’)of (Z ). Since Z | v—K., in C[0,1] there
“n -n fo,1] 1

Z,
is a subsequence (§i1)) of (géo)) (depending on chance) such that

(k)
| z,")

1

(Zn |[0’1]) ?i?verges toag €K

such that (2 | ) converges in C[0,k] to a g ¢ K , we can select a
k- k (k+1)

X [?,k] (k)
subsequence (Zg +1) or (Zn ) (depending on chance) such that (Zn

. Having obtained a sequence (

l[o,k+1j)

converges in C[O,k+1] to a 841 € K. . Now there is exactly one g € K such

k+1
for all X ¢ N (of course gll

(n)y . . -
clo,k] for every k € I, so (Zn ) itself converges to g in C. Now (i) and

that g|[0 k] = 8 for 1 =z k). The
k]

k [0,kl ~ %k

restrictions of the "diagonal sequence" ( ) converge to g = g|[0 k] in
L]

also (ii) are proved. In order to prove (iii) take a g ¢ K. Since
V‘“>Kk for all k ¢ N,

Zolto,k]

there is an n such that

sup |2 (8) - g(t)] <4

O<t<k =%k
oo .
f
Then (Zgl(t)|[0,k])l=1 converges to gl[O,k] in C[0,k] for every k ¢ W and
hence (Zn ) converges to g in C. Now (iii) and theorem 1.5.15 are proved. {]
=1

To continue the proof of theorem 1.5.9 let (In) be as in theorem 1.5.1L

and set t(t) := 7 for t > 0, then Wiz(.)) d s. Hence it is sufficient to

[t]
prove theorem 1.5.9 with W(t(.)) instead of s. Because of theorem 1.5.15 and

lemma 1.3.7 it is sufficient to prove that

W(n.) - W(z(x(n.)))

—>0 a.s. ,

Ol=3 f ~er

{(n log log n)
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which is equivalent to

1
lim (n log log n) 2 sup |W(nt) - W(t(Ai(nt)))] = 0 a.s.
for all T > 0.

This in its turn 1s equivalent to
. _1
(1.5.12) lim (n log log n) 2 sup |W(t) - W(z(a(t)))]| = 0 a.s.

n>o 0<t<n

We shall prove (1.5.12). Choose 8,e,M > 0 and 1 < r < 2. Set

1
A := {(n log log n)"? sup |W(t) - W(z(A{t)))] > €3,
n
O<t<n
1
B = {(n log log n)™2 sup |W(t) - W(z(a(t)))] > e},
0<t<M
(A (%))
C := {sup P - 1| > r=13},
t>M
D := {(n log log n)™? sup |w(t) - Hu(s)| > e},
n 0<s<n
s<t s

the it follows as in the proof of theorem 1.5.4 that An < Bn ucCu Dn and

hence
lllnl sup A (= l‘ll sup B uCuy lim sup D .
n - n n

Now P(lim sup Dn) = Q for r sufficiently close to 1 (see FREEDMAN (1971,

lemma 1.20)). Fix such an r. As in the proof of theorem 1.5.4 it follows that

(alt))
t

Hence there is an M = M(r,8) such that P(C) < §. Clearly P(lim sup Bn) = 0.
) < P(C)

§. This holds for fixed ¢ > 0 for every

tA

Therefore P(lim sup An
§ > 0. Therefore P(lim sup An) = 0 for every ¢ > 0 and (1.5.12) is proved.
This completes the proof of theorem 1.5.9. : 0
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CHAPTER 2. EPOCHS OF SUCCESSES IN A SEQUENCE OF INDEPENDENT BERNOULLI TRIALS
2.1. DEFINITIONS

Let be a sequence of independent Bernoulli trials, i.e. inde-

(g3 )1
pendent random variables with possible values O and 1 and let Py T P{g_k = 1}
for k € N. Speaking sbout the event {Ek = 1} we sometimes call it the event
"a success occurs at epoch k". This means that we associate the outcomes

"success" and "failure" with the outcomes 1 and 0 of &y
By the Borel-Cantelli lemma the sequence (g, ) contains infinitely

Ex k=1

many ones a.s. if and only if

(2.1.1) zk___1 P = =

Henceforth we assume that (2.1.1) is satisfied. Next we define a random

function L(.) by

—
o
J
n

~—

e

—
n]

~—
H

min {k : k > L(n-1), &

" 1} for n e N,

e
S
t
N
1l

L([t]) for t = 0.

Now L(n) is the index of the nth one in (gk):___1 for natural n. Because of
(2.1.1) L is a.s. defined. Moreover, L is a right-continuous nondecreasing
step function on {0,*), and therefore a random element in D.

In the present work functional limit theorems in terms of L will be

proved. For instance, the following result is obtained (see th. 3.4.L).
Theorem. If Epk = o and P, > 0 then

,
-3 ,yL(nt) a
= - t
0 (Jmy By - B) > H(E)
as random functions of t, i.e. as random elements in D. Here W is the Wiener

process.

We shall derive results of this type in two different ways. In chapter

3 first limit theorems in terms of ZE=1 g, are obtained, which then are

k
transformed into the desired limit theorems. This ig done by means of a gen-
eral theorem which relates convergence of nondecreasing random elements

X in D to convergence of their inverses 5;1. In fact here the methods of
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RENYT (1962 a) are generalized for processes.

Chapter U contains the second approach. There the sequence (g, ) is em~

k
bedded in a stationary Poisson process. This means that the g _ are redefined

as functions on a stationary Poisson process such that (Ek) hzs the same dis-
tribution as the sequence (gk) considered before. In this way the random
variables L(n) are related with random variables of the Poisson process and
so well-known limit theorems for the Poisson process entail similar limit
theorems for L.

If we look at the conditions we have to impose on (pk), then the latter
method is less powerful. It works only if Py tends to zero as k tends to in-
finity, and, moreover, in most cases we have to assume that this convergence
is sufficiently fast, roughly speaking, faster than k_1/3. However, the
latter method appears to be the more powerful if we look at the variety of
the limit results we obtaln by both methods.

As fas as the author knows, this method of embedding a sequence of inde-
pendent Bernoulli trials in a Poisson process has not been used earlier for
obtaining limit results. However, PICKANDS (1971) has embedded the process of
record values together with the epochs at which they occur (cf. next section)
in a two-dimensional Poisson process. His method is more powerful in as far
as he obtains also limit results concerning the record values themselves,
whereas we shall obtain only limit results for the epochs at which the
records occur (a special case of the epochs at which successes occur, as will
be shown in the next section). But his method of embedding cannot be genera-

lized for sequences of independent Bernoulli trials.

Remark. The process L defined above will be referred to as the process con-
cerning "epochs of successes". The notations of this section are then used

without further amplification.
2.2. EPOCHS OF RECORDS IN A SEQUENCE OF INDEPENDENT RANDOM VARIABLES

This section deals with an important example of the process studied in
the preceding section. This example will be referred to as the process con-
cerning "epochs of records" and then the notations of this section are used
without further explanation.

Let (gn);=1 be a sequence of independent identicaliy distributed random
variables and suppose that the distribution function of §1 is continuous.
Then with probability one all components of the sequence (gn) are different.

o

Now we define a sequence of Bernoulli trials (_e_n)n___1 by
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T if g > max {£,56,,--5E  }s

= for n = 2,3,... .

£,
0 else

/

In other words, £, = 1 of gn is a record in the sequence (gk)z=1’ while gq

is a record by definition.

2.2.1. Theorem. The Bernoulli trials g, are independent and
P{§n= 1} = 1/n for n ¢ N.

We shall prove this theorem by formulating and proving a stronger one.
Let for n ¢ W the rank r, be defined as the number of gk with 1 < k < n such
that gk :'§n° Then r = 1 1if gn 1s a record, r. = 2 1f there 1is exactly one
&y with 1 < k¥ < n which is larger than E,> etc. . Clearly the events {gn = 1}

and {r = 1} are the same.
-n

2.2.2. Theorem. The ranks r are independent and
Plr =k} =1/nfork, nelN, 1 <k < n,.
=n -7 =

Proof. Arrange 54, §2,..., gn in increasing order. This determines a permu-
tation of the indices {1,2,..., n}. For reasons of symmetry all permutations
are equally probable and occur with probability (n!)'1. But there is a one-

to-one correspondence between these permutations and the realizations of

(zq, Iys eves gn) such that 1 <r <k for k = 1,2,..., n. Therefore

= = e = = DT = I — i < < < < n.
P{r r, L, =T, » I, rn} (nt) W x if 1 T <k for 1 <k <n
This is true for all n ¢ N and the theorem follows. ]

Historical note. Theorem 2.2.2 is formulsted and proved explicitly in RﬁNYI
(1962 a). It is very improbable that this result was not known long before.
According to DWASS (196L) this result is pointed out in DWASS (1960). In
FOSTER & STUART (1954) theorem 2.2.2 has been used apparently as starting

point for obtaining other results.

Starting from the sequence (gn)°° of independent Bernoulli trials as

n=1
obtained in this section we can define the random function L by (2.1.2). In

the context of the present section L(n) is the index of that &, which is the




th
n

record in (;k)

(e
k=1"

Hence limit results in terms of epochs of successes

specialize to limit results in terms of epochs of records if Py = 1/k is

chosen.

37




38

CHAPTER 3. PROCESSES WITH POSITIVE DRIFT AND THEIR INVERSES

3.1. THE SPACE DO AND THE GENERALIZED INVERSE.

Consider the space D = D[0,») defined in section 1.3. By DO we shall
denote the subspace of D consisting of the nondecreasing nonnegative un~
bounded functions in D. Recall that all elements of D are right-continuous

functions.

3.1.1. Definition. For x € D, the generalized inverse %! is defined by
x (t) := inf {u : x(u) > t} for t > 0.

Note that x_ ' (t) = O for 0 <t < x(0).
3.1.2. Lemma. If x e DO, then
-1
a) x -¢D_,
—1,-19
p) (x ) = x.

-1 . . . .
Proof. a) Clearly x is nondecreasing, nonnegative and unbounded. Its right-
continuity follows from

.

{u: x(u) >4} = 1im {u : x(u) >t +n~
n-—>co

b) Immediate consequence of observation (3.1.1) after the following defini-

tion. O

3.1.3. Definition. For x ¢ D, the completed graph T'x is the subset of
[0,0) x [0,»), defined by

rx := {{t,u) : t > 0, x(t-) <u < x(t)},
where "x(0-)" should be read as "0". Further

rTx := Tx n ([0,T] x [0,71) for T > 0.

Note that also the line segment between (0,0) and (0,x(0)) belongs to

Tx. This is necessary in order to have




{(t,u) : (u,t) e I'x},

—
™
[}

(3.1.1)

Hﬁ
™
1]

{(t,u) : (u,t) € FTX} for T > 0.
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Next we shall prove two theorems which are basic for the results of the

following section.

3.1.4. Theorem. Let (Gn);=1 be a vanishing sequence of positive real numbers,

x1,x2,... e D, and y € C. Then

0
xn(t) -t
(3.1.2) 3 + y(t) locally uniformly on [0,»)
n
if and only if
) -t
(3.1.3) 3 + —y(t) locally uniformly on [0,=).
n

Proof. Assertion (3.1.2) is equivalent to

(3.1.L4) 1im sup {IE:E~— y(t)| : (t,u) e T x } =0 for all T > 0,
N> 6n Tn

which by (3.1.1) also can be read as

1

1lim sup {]P‘g—g + y(t)] & (u,t) € I‘Tx_ } = 0 for all T > 0.
n-roo n n
Now (3.1.3) is equivalent to
. t-u =1y _
lim sup {[—E-+ y(u)[ : (u,t) € FTxn } =0 for all T > O.
n-oo n
Hence it is sufficient to prove that
(3.1.5) lim sup {|y(t) - y(u)]| = (u,t) « rTx;1} = 0 for all T > 0.

1>

From (3.1.4) it follows that

lim sup {|t-u| : (t,u) e rpx = 0.
- "

But then (3.1.5) follows by (3.1.1) and the uniform continuity of y on

[o0,T].
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3.1.5. Theorem. Let (sn)°°

n=1 be a vanishing sequence of positive real numbers,

X sXpseee € DO and y ¢ C. If (3.1.2) holds then
t
(3.1.6) lé'(f (Xn(u) + X;1(u))du - t2) > %'yz(t) locally uniformly on
[ 0
n [0,=).
t

Proof. Grafically IO1(xn(u) + x;T(u))du is easily seen to equal the area of
the square with vertices (0,0) and (tT’tT
and the lines t = t, and u = t, is joined. Hence (we do not assume

X 1 1
x (8) %)

) to which the region between Fxn

0 1
x (%)
Denoting n
xn(t) =: % ¥ snyn( )s
-1 _
L (E) =8 - s v (),
we have
Gan b [ aw-vm=5 [ m-t+ey (w-
3.1.7 52 Xn u) - u = 52 J u-t nyn u u =
n x;1(t) n t-ény;(t)
+
R 2,1
L AT [ v
*
=6y, (t)

But y_ -+ y and y; > y locally uniformly on [0,») because of (3.1.2) and
theorem 3.1.4. Hence the right-hand side of (3.1.7) converges to %yg(t). It
is not hard to see that this convergence is locally uniform on [0,») and so

(3.1.6) follows. 0
3.2. MAIN THEOREMS

Suppose D endowed with a topology t satisfying assumptions 1.3.3, for
instance with the J, topology (see section 1.4). From assumption 3) of 1.3.3

it follows that DO e D, since the values of x(t) for rational t already de-

termine whether x lies in D0 or not. Therefore random elements in DO are

also random elements in D. By I we denote the identity map on [0,=), i.e.




I(t) :=t for t > 0.
3.2.1. Lemma. The map x » ! from D, onto D is measurable.

Proof. Because of assumption 3) in 1.3.3 we need only prove that the maps

X v x_1(t) are measurable for t > 0. This follows from

{x ¢ D, : xn1(t) < s} ={x ¢ DO : x(s-) >t} e D. 0

3.2.2. Corollary. If x is a random element in Dy» then so is 5?1.

3.2.3. Theorem. Let XyoXpae s be random elements in DO’ §..8 . 5... positive

1 =122
random variables such that §n + 0 and y a random element in C. Then

X -1,
(3.2.1) 5~ X
-n
if and only if
-1
X - I
(3.2.2) 2—9%-u
-n

Remark. A slightly different version of theorem 3.2.2 is proved by other
means in IGLEHART & WHITT (1971).

b1

3.2.4. Theorem. Let X én’ y be as in theorem 3.2.3. If (1) holds, then the

random element Qn defined by
t -1
J (2 (v) +x "(u) - 2u)du for ¢t > 0
satisfies
d
Qn+§y_.

Proof of theorem 3.2.3. Suppose (3.2.1) is given. Let S denote the product

space D x [0,»). This space is metrizable and separable. Set

¥, = (En - I)/Qn. Then (zn’§n) is a random element in S and (xn,gn) E (y,0)

because of theorem 1.1.11. By theorem 1.1.9 there exist random elements

(y',0) and (x£,§£) in S such that
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(l;l,is‘;l) g (Xn,in) 3
(x',0) ¢ (x,0),
(xé,ﬁé) > (y',0) a.s. .

-1

d -1 d
LT Tyt f = ' =
Set xn1. I+ % . t?en X x . Hence (x') x  and
t - — ' = - — . . . 1 1 3 »
((x') I)/8 (xn I)/6 . By theorem 3.1.4 and assumption 2) in 1.3.3

we obtain

()™

- ] !
I)/§n > -y' a.s.
This implies convergence in distribution and hence also (3.2.2). The implica-
tion (3.2.2)=> (3.2.1) is dual to the converse implication because of lemma
3.1.2 b. Note that ¥ x', (x')"1 and x—1 are random elements in D because
“n’ ‘S “n

of lemmas 1.3.6 and 3.2.2. ]

Proof of theorem 3.2.4. This theorem reduces by theorem 1.1.9 to theorem
3.1.5. Only the guestion whether gn is indeed a random element in D needs

comment. It suffices to prove that the map

X - J x(u)du
0
from D into C is measurable. Because of assumption 3) in 1.3.3 we need only

prove that the functions

t
(3.2.3) X » J x(u)du

0
on D are measurable for t > 0. But all x € D are Riemann integrable over
[0,t] and therefore function (3.2.3) is the pointwise limit for n + « of the

functions

(&Y,

x » - Zn x
n fk=1 n

These functions are measurable and, consequently, also (3.2.3) is.

a
As by-product of the proofs of theorems 3.2.3 and 3.2.4 we obtain imme-
diately:
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3.2.5. Theorem., Theorems 3.2.3 and 3.2.4 remain true if everywhere conver-
gence in distribution is replaced by a.s. convergence or by convergence in

probability.

Proof. The assertion concerning a.s. convergence is trivial. The assertion

about convergence in probability follows from theorem 1.2.5. O

3.2.6. Remark. In principle theorem 3.2.3 can also be obtained from theorem
1.1.6. Then the proof goes along the following lines. Set

S := (D, x (0,»)) u (C x {0}).

0

Let p be a metric on D generating the topology t. Then S is metrized by

d((x1,e1), (xg,ee)) 1= p(x1,x )+ |e1 - € if €285 #0

2 2

or if €, = €, = 0,

d((X,S), (y,O)) = p(}—{';—I‘, y) if ¢ # 0.

Define h @ S > S by

hix,e) = (x

h(y,0) := (-y,0).

Then h is continuous at C x {0} and theorem 1.1.6 applies.

Here we see the advantage of the approach by means of theorem 1.1.9.

The remaining part of this chapter is devoted to several applications

of theorems 3.2.3 and k.
3.3. PARTTAL SUM PROCESSES AND COUNTING PROCESSES

Let (gn):=1 be a sequence of nonnegative random variables and set

s(t) := 2[23 gk and n(t) := number of s(n) with n ¢ N in [0,t] (t 2 0). Now

ks
s and n are random elements in D_, provided that z = « a,s.. Suppose sO.

o
Iy 0’ k=15
Note that s = n + 1. Let W be the Wiener process and let u,0 be positive

real numbers, then




Lk

an(n.) - nu'1I a

nyl 4 W
~ W .

> W& VER
op ~'“nt?

(3.3.1) sln.)

o] §

on

BILLINGSLEY (1968, theorem 17.3) states that the left-hand side of (3.3.1)
implies the right~hand side (in D[0,1] instead of in D[0,»)). IGLEHART &
WHITT (1971) proved the equivalence in (3.3.1) and noticed the duality.

The left-hand side of (3.3.1) is known to be true, for instance, if the
gk are independent and have the same distribution with mean p and variance 02
(ef. 1.5.4 and 1.5.5).

The following sequence of equivalences proves (3.3.1). Here

-1
x = (o) gﬁn-)-
s(n.) - opl x, - I a
1 = _1_1+E<—:>
on? on 2

c——_>_n_1 — = — 1 -W W e
ou 2 op  n?
-1 -1 -1
s (n.) =np I n(n.)+1 -np I a1 a
) Y R ———C () =W e
oy n® ou n®

n(n.) - nu—TI

T
Ou_3/2n2

e ¢

W.
Theorem 3.2.3 and the a.s. continuity of W are used in the first equivalence,
lemma 1.3.12 in the second and lemma 1.3.11 in the last one.

We can also relate the strong invariance principles for s and n. From

theorem 3.1.4 it follows that

s(n.) - nuI
(3.3.2) > T v 7K a.s.
(26°nulog log n)*
if and only if
n(n.) - nu—ll
(3.3.3) 73 —T v K a.s.
(261"~ log log n)*

(see 1.5.10 for the definition of v™>).

From theorem 1.5.9 it follows that (3.3.2) holds with Strassen's set of limit

points K if the gk are independent and identically distributed with mean u

and variance 02. Hence also (3.3.3) holds with -K = K, if, moreover, ¥ > O.
Until now we assumed the gk nonnegative. We shall see that this assump-

tion is not essential.
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3.3.1. Definition. For x € D the function x' is defined by

x¢(t) = sup {x(u) : 0 < u <t} for t > 0.

One easily verifies that x+ e D.

3.3.2. Theorem. Let XisEyse

random variables such that §n + 0 and y a random elements in C. If

.. be random elements in D, gq,é ye .. poOsitive

X -1 4
S > Yo
Sn

then also

+

x -1 4

T > X
L

Proof. By theorem 1.1.9 the proof of this theorem reduces to the proof of the
next lemma. Clearly the map x » x" from D into D is measurable, since

xf(t) < u if and only if x(s) < u for s = t and all rational s ¢ [0,t).

4

Therefore X is a random element in D. |

3.3.3. Lemma. If X aXgseen € D, y e C, 61,62,... e (0,%), 6n + 0 and
xn(t) -t
3 + y(t) locally uniformly on [0,»),
n
then also
x;(t) -t
5 + y(t) locally uniformly on [0,).
n

Proof. Since xn(t) i.x;(t) it suffices to prove that for ¢ > 0 and T > 0

there exists an index n. such that

0
x(t) -t
(3.3.4) S - y(t) < 2¢

§
n

for all n Z~n0 and all t ¢ [0,T]. There exists an index n1 such that

x (s) - s
‘EL—jg—*—~ -yis) <«

n

for all n >, and all s ¢ [0,T]. Since y is uniformly continuous and

bounded on [0,T] there exists an index n, > n, such that
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v(s) - y(t) < e + Egi
n

whenever n > n, and 0 < s < t < T. By combining the last two formulae we ob-

0
tain for n 3_n0
x {(s) - t
n
3 - y{t) < 2¢
n
for all s and t with 0 < s < t < T. This implies (3.3.k4). 0

Now suppose, in the context of the beginning of this section, that the
gk have negative values with positive probability. If the left-hand side of
(3.3.1) holds for some positive u and o, then it holds also with s replaced
by gf because of theorem 3.3.2. Note that Ef(t) = max {ZE=1 g <m < [+]}
and that §+ lies in DO. Hence the equivalence (3.3.1) remains true in this
n is interpreted as (Ef)_1 or (§¢)—1—1.

case, if

3.4. LIMIT THEOREMS FOR EPOCHS OF SUCCESSES

We use the notations of section 2.1. We are given a sequence (gk);=1
of independent Bernoulli trials and p, = P{Ek =1} =1 = P{_g_k = 0}. Further
L(n) is the place of the nth one in (gk) for n ¢ N, L(0O) := 0 and
L(t) := L([t1) for t 2 0. The following two theorems are the central results
of this section. Their (rather tedious) proofs are postponed to the end of

the section.
3.4.1. Theovrem. 1If

a’) zk=1 min {Pk’ 1_Pk} = o,

n 2
k=1 Px .
[ converges to some real number, say p, 1n [0,1) as n » o,
L=t Py
then
L(n.)
= p. - nl
k=1 d
(3.4.1) ==Lk Sy
(n(1-p))*®
as random elements in D. Here W is the Wiener process and I(t) := t for
t > 0.

3.4.2. Theorem. 1If (pk) satisfies conditions a) and b) in theorem 3.k.1,

then with probability one the sequence of random elements in D




b7

L(n.) m
Gy Py - oI

(3.4.2) T
(2n(1-p)log log n)® /n=3
ig relatively compact with set of limit points Strassen's set of limit points

K.

3.4.3. Remark. If P T D (0,1) then condition a) is automatically satisfied
and b) holds with the same p. If p, » 0 and, moreover, ka = o (which is
equivalent to a) in this case), then b) holds with p = 0. So we obtain the

following theorem as special case of theorems 3.4%.1 and 3.4.2.

3.4.4. Theorem. If p, > O and Zpk = », then

L(n.)

z*; p, - nl

k=l lk gﬂa
n2

and with probability one the sequence of random elements in D

o

Z%i?') p, - nl

T
(2n log log n)? /n=3

is relatively compact with set of 1limit points Strassen's set X.

3.4.5. Remark. If p, » p € (0,1), then in general it is not possible to re-

.) k

place Xii? Py by pL{n.) in (3.4.1) and (3.4.2). However, if

1
(3.4.3) n 2 ZE=1 (pk—p) > 0 for n - =,

then this replacement is allowed.
Proof. Because of theorem 3.4.2 we have with probability one

L(t)

=1 Py ~ pL(t) ~t for t » =,

Therefore
Eiig) P - PL(Y) Ziiﬁ)(Pk-P)

™ >0 a.s. fort >+ =
(pL(t))®

no-y

t

because of (3.4.3). Consequently, for n - =
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Lint
122) 5 pL(nt)
— 0 a.s. locally uniformly on [0,=).
~vn
Now apply lemma 1.3.11.
L(n.)

3.4.6. Remark. If P, =D ¢ (0,1) for all k ¢ N, then Z£=1 P = pL(n.) and
L(n) is the sum of n independent random variables which all have the same
geometric distribution : P{L(n) - L(n-1) = k} = (1-p)pk for k, n € M. In this
case theorems 3.4.1 and 3.4.2 follow immediately from the invariance princi-
ples for partial sums of independent identically distributed random variables

(case a) of theorems 1.5.4 and 1.5.9).

3.4.7. Remark. If § ~ np' for some p' ¢ (0,1) and conditions a) and b)

n
k=1 Px
in theorem 3.4.1 are satisfied, then it is not necessarily true that p = p'
in b).

Example. Take P, = 1+ (—1)k€ with 0 < € < 3, then

zn in if n is even,
3 p =
k=1 "k in-e if n is odd,
n(%+e2) if n is even
Yo, 25 = ’
k=1 "k n(%+52)—e if n is odd.
Hence ZE=1 P, ~ 3n, but
zn P2
k=1 *k - % + 282.
Doy P
k=1 “k

3.4.8. Applications of theorem 3.4.4.

a). In the case of epochs of records (cf. section 2.2) P, = % and
n -
lzk=1 p, - log n| is bounded.
Hence ‘
-1 a
n ?{log L(n.) - nI) » ¥
and

log L(n.) - nI

T v K a.s.
(2n log log n)?

These results generalize results of RENYI (1962a), who proved that the
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distribution function of
log L(n) -~ n
vn
tends to the normal distribution, and that
log L(n) - n

lim sup =1 a.s.
n»e  (2n log log n)

Ol

If P = aka_1 with O < a < 1, then
[Toet P, - 0°1
k=1 “k
is bounded. Hence
-3 _a d
n *{(L"(n.) - nI) + W
and
-1 o
(2n log log n) *(L (n.) - nI) v—K a.s. .
Let (5k);=1 be a sequence of independent identically distributed random
variables with values in the natural numbers, and let Lf(n) be defined by
(1) =1,
* .
L (n+1) := min {k : By ” gLf(n)} for n ¢ N.
Then_é*(n) is the index of that gk which is the nth record in (gk);=1.
Note that the theory of section 2.2 does not apply, because (gk):=1 con-
tains equal components with positive probability. In the present nota-
. © . . o
tion (_gL*(n))n=1 is the sequence of record values in (gk)k=1' One can
prove that

oo 4 ©
(géf(n))n=1 = (L(n))n=1

th

where L(n) is the index of the n = one in a sequence of independent

Bernoulli trials ( Ek)::_1 such that

P{_g1 = k}
pk = — for k ¢ M.
Plg, > ¥}
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In this way limit results concerning record values in (gk);=1 beconme a
special case of the limit results of the present section. In a subsequent
publication we shall present results obtained along these lines. Corres-
ponding results concerning record values for gk with a continuous dis-

tribution were obtained in RESNICK (1972).

3.4.9. Remark. The applications 3.4.8 entail results of the type

log L(n) - n

(3.4.4) A e 21\1_(0,1)
n2
and
Lg(n) -n 4
(3.4.5) — 1 ~>N0,1),
n

where E(O,1) represents a normally distributed random variable with mean O
and variance 1. In both cases one can ask whether there exist normalizing

constants bns R and a € (0,») such that

converges in distribution to a nondegenerate random variable. One can show
that in case (3.4.4) such normalizing constants do not exist and that in
case (3.4.5)

/o

L(n) - n a

1 8(0,1).
o

0l=

n

The last result can be obtained by elementary methods (from 3.L4.8b it follows
that L(n) ~ n1/a a.s. and hence by the mean value theorem of differential
calculus Lg(n) - (n1/a)a ~ a(L(n)-n1/u)n(a_1)/a a.s.). Both results are

special cases of a general theory developed in a BALKEMA (1972).

Proof of theorem 3.4.1. Set

(3.4.6) s(t) = Z[f] e for t > 0,

k=1 ~k
(3.4.7) v o= §§=1 p (1-p,) = var s(n) for n e W,
(3.4.8) v (t) s=max (ne® : [’ p <t} for t > 0,
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(3.4.9) vg(t) :=max {n e NO PV < t} for t > 0,

(3.h.10) u(t) := va(t) for t > 0.
Further for n € NO we define a(n) and b(n) to be the unique nonnegative in-

tegers such that

a(n)-1

Note that P = 0 or 1 for a(n) < k < b(n), but not for k = a(n) or b{n) + 1.
Assume Tirst that 0 < P < 1 for all k¥ € N. Then we apply theorem 1.5.h4

(case b) with gk =gy - pk,ws1nce Egk = 0, var gk = var g,

|§k[ < 1 for all k € N and Zk=1 var g = = because of condition a) in theorem

3.4.1. It follows that

= pk(1_Pk) > 03

[A(n
s(x{n.)) -
T,

n

for every homeomorphism A from [0,») onto itself such that X(Vn) = n for

ne NO. Clearly (using [A{(nt)] = vg(nt)) the left-hand side remains unchanged

if A is replaced by the step function Vys 8O

vg(n.)
§(v2(n.)) - Xk=1 Py q

(3.4.11)

Ol

n

Now if zeros and ones are inserted in the sequence (pk) then the left-hand
side of (3.4.11) does not change, although both terms of its numerator do

(note that &y =
{vk t k€ NO} does not change). Therefore (3.4.11) remains true if (pk) con—

tains zeros and ones.

Set

Py if Py = 0 or 1 and that the se?t of real numbers

(3.4.12) An(t) := — y(nt) for n e N, t > 0.

B |—=

We shall prove that for n + «

(3.4.13) xn(t) > (1-p)t locally uniformly on [0,»).
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From (3.4.8) and (3.L4.10) it follows that

n n n 2

#(Qmy By __n_ lk=1 Px T D=t By a1
n Zn D n P
k=1 Pk k=1 "k k=1 Pk

for n > » because of condition b). From this it follows easily that

t_Tu(t) > 1 - p for t » ». Hence for n + «

u(nt) = (1-p)t locally uniformly on [0,»),

5=

and (3.4.13) is proved. Now we may apply lemma 1.3.12 with A defined by
(3.4.12) and A{t) := (1-p)t. In this way we obtain from (3.k.11)

oplut = 1.2
s n. - o P 1
(3.4.14) M=l T k=1 k2 yi(1-p).) € (1-p) 7w,
n
Set
vg(u(t))
(3.k.15)  x(t) := s(v,(u(t))) - Zk=1 p, for t > 0.

Then x is a (random) right-continuous step function which can jump only in

n .
Zk=1 Py with n € N. Further

v (v )
2P ) = s(v,(v.)) - L2 ™ 5, = s(6(n)) - z}‘;i’;’ p, =

b(n) b(n) _tn n
et &~ hemt P ™ Demt & 7 Lo P

since & = Py for n < k < b(n). Hence
v, (t)
x(t) = §Kv1(t)) - zk=1 p, fort >o0.
But
v, ()
k=1 P =t - r(t), with 0 <r(t) <1 for t > 0,
so

(3.4.16) x(t) = s(v, (£)) -t + »(t).

1

Combining (3.4.14), (3.4.15) and (3.L4.16) we obtain
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ot=s

)
(3.4.17) 1 > (1-p)® W

(r{n.) may be omitted because of lemma 1.3.11). By theorem 3.2.3 with

g(v1(n-)) =: nx we obtain from (3.4.17)
-1 4 1
2 $ (p)fu =
1’12
=1 L(n.+1)
x -1 z p, = nI 1 1
k=1 d 3 3
- Ry —— $- (-2 u s (1-p)? WL
n ° n 2
Here we used that
x~1(t) = inf {u : 1 s(v,(nu)) > t} =
-1 ‘n =71
_1. j Yy _ 1 vL{nt+1)
= inf {Zk=1 P * s(j) > nt} = a zk=1 K

.
By lemma 1.3.12 with 1 (t) := (t - %) it follows that

Lin. +
££1 ) p, - (aI = 1)° 4 1
T > (1-p)° W.
n2
+
But {(nI - 1) may be replaced by nI because of lemma 1.3.13 and (3.k.1)
follows. 0

Proof of theorem 3.4.2. We proceed in the same way as in the proof of theorem

3.4.1. Use theorem 1.5.9 instead of 1.5.k. 0
3.5. LIMIT THEOREM FOR EMPIRICAL DISTRIBUTION FUNCTIONS

In this section we consider D[0,1] instead of D[0,»), endowed with the
J, topology. Because of lemma 1.3.4 and theorem 1.3.10 theorems in sections

1
3.1 and 3.2 formulated for D = D[0,~) carry over in an obvious manner to the

space D[0O,1].
Let (g_k):=1 be a sequence of independent random variables which have a
rectangular distribution on [0,1]. Let nEn(t) forn e N, t ¢ [0,1] be the

th

number of g in [0,t] with 1 < k < n, then r is the so-called n = empirical

distribution function constructed from (£, ). It is well-known that




5h
(3.5.1) n¥(F -0)Sw

where Eo is the Brownian bridge on [0,1] (see BILLINGLEY (1968) for defini-
tions and proofs).Applying theorem 3.2.3 we obtain

n%(F_1 - 1)
T

Here E;1 is a random step function with jumps at k/n (k = 1,2,..., n) and

such that F(1) = 1 andlgéﬁ) = (k+1)st smallest under EpoEysenes £ ToOr

k= 0,1500., n=1 (2;1 is the so-called nth quantile function constructed from

(ék))' Set

T 21,

R F +F
n n ™
then Bn is a random element in D[0,1]. The study of Bn has been started by
BAHADUR (1966) and continued by KIEFER (1967, 1970) and EICKER (1970). By

applying theorem 3.2.h4 we obtain starting from (3.5.1)

(3.5.2) n [ Bn(u)du 4 I W

>
o/ 0

Apparently this result has not been noted before.

From (3.5.2) some conclusions can be drawn. Suppose that
(3.5.3) a R >y,

where (an) is some sequence of positive real numbers and y is a nondegenerate

random element in D[0,1], i.e. y does not equal a fixed y ¢ D[0,1] with pro-

bability one. The map x - x(u)du from D[0,1] into C[0,1] is continuous,
hence by theorem 1.1.6 0
(3.5.54) a .R (u)du g ‘I(u)du

n | —n i

. where J y(u)au ¢ Cc[0,1]. Consequently,
0
t a t
(3.5.5) a [ Bn(u)du > J y(u)du
0
t
for each t € [0,1]. Choose a t ¢ [0,1] such that J y(u)du is nondegenerate
0

(such a t exists, otherwise y would be degenerate). For this t we have by
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(3.5.2)

d
>

It follows from the type convergence theorem (FELLER (1971, p.253 lemma 1))
that in fact we can replace a, by n in (3.5.5) and that then

2
fg y(u)du g %Ho(t)-But then also a =n in (3.5.4) and, consequently

’ 2
Jo y(u)du = 3 EO'

This is impossible since 3 Eg is a.s. nowhere differentiable (for

Eo d W - W(1).I (BILLINGSLEY (1968, p.65)) and W is a.s. nowhere differen-
tiable (FREEDMAN (1971, p.40))). Therefore a limit relation like (3.5.3) does
not exist.

This is consistent with a result in KIEFER (1967): the random variables
n3/%gn(t) converge in distribution to nondegenerate random variables and are
asymptotically independent for different t. This entails that y in (3.5.3)
should be such that the marginals y(t) are independent for different t. The
only y in D[0,1] satisfying this condition are degenerate.

However, in KIEFER (1967) it is proved that gép)defined by

-

(P)(t)

U n3/
EAN

t), p fixed, 0 < p < 1,

L -
o= +

B2 + 1
converges in distribution to some continuous process. Note that here the
scale of the ordinate of En varies depending on n.

Now we shall prove a strong limit theorem concerning Bn' Our starting

point is a result in FINKELSTEIN (1971):

Mo

- (En — I) vV>G a.s

1
2

(2 log log n)

(see 1.5.10 for the definition of v—>), where G is the set of absolutely
continuous functions g on [0,1] such that g{0) = g(1) = 0 and
f; (g'(t))gdt < 1. By applying theorem 3.1.5 we obtain

3.5.1. Theorem. In C[0,1] endowed with the topology of uniform convergence

—_— ’ ~ 2
log iog n JO (En(u) + EnT(u) - 2u)du v{g” : g e G} a.s. .
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The next theorem contains some corollaries of (3.5.2) and theorem 3.5.1.

t
3.5.2. Théorem. Let M := sup J R (u)du, then
-n
0<t<1 ‘0
a) lim P{nM_ < u} = 1 + 22; (-1 - £ >0
M o< k=t {=1)e or u ,

n->o
nM
s

b) lim sup 75 = 7} a.s.

oo g log n

Proof. a) The function x = SUPG o x(t) on C[0,1] is continuous. By theorem
1.1.6 and (3.5.2) it follows that

2 2
nM > osup 3 M () = 3( sup [W (¢)])
0<t<t 0<t<1
But
2.2
P{ sup |W0(t)[ <bl =1+ 22:=1(—1)ke_2k b for b > 0,

0<t<1

(see BILLINGSLEY (1968, p.85)).
b) From theorem 3.5.1 and lemma 1.5.11 it follows that

. M >
llﬁ_)iuplog—mé’—r: = sup {31<1E<§ (t) : g € G} =: m.
We have N t~~ N
€2(t) = (j g‘(t)dt)gij at j (&' (+))%at =: ©6(t),
0 4] 6]
e2(t) = ([‘ &' (t)at)> 1J” at J1 (g"(+))2at < (1-t)(1-0(¢)),
t t t

g2(t) < t8(t) < t(1-t) if 1 -t - o(t) > 0,

gz(t) < (1-t)(1-8(%)) < t(1~t) if 1 - t - 8(%) < O,

, since

-

. We have m >

I

for 0 <t < 1. Consequently, m <

E=d S

and hence gz(t) <
g with g(t) := min {t,1-t} lies in G.
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CHAPTER 4. EMBEDDING INDEPENDENT BERNOULLI TRIALS IN A POISSON PROCESS

4.1. THE SPACES ﬁN AND RO; THE POISSON PROCESS

a) The space &,

By RN we denote the space of sequences of real numbers x = (xn):=1.

With the distance
p(x,y) := zw 2™ min {1 x_~y |}
i n=1 ? n ‘n

Rw is a complete separable metric space. The topology of RN induced by p is

the product topology or the topology of coordinatewise convergence

lim x(n) = x if and only if lim x(n) = x for each k € N. We shall al-
o o n>e "k k

ways take R with this topology. Hence we may consider random elements in

RN, as they are introduced for general metric spaces in section 1.1.

A subset C of B is called a cylinder set if
C={xc¢ RN D (X, sX, sevesX ) € A}
’ 12722 >k Ak

for some k ¢ N and some Borel set Ak in Rk. By C we denote the class of all

cylinder sets.
4.1.1. Theorem.

a) The Borel field of RN is the o-field generated by C.
b) A probability on BN is completely determined by its values on C.

c) The class C is convergence-determining, i.e. if P,P ,P2,... are probabi—'

1
lities on B, then P ¥ P if and only if P () > P(A) for all A ¢ C with

P(34) = 0.
Proof. See BILLINGSLEY (1968, p.19). 0
4.1.2. Lemma. IT El&(n)’x(n) for n € N are random elements in BN, é(n) g x
and Xin) - §£n) 4 0 for each k € N, then Xﬂn) ¢ X.

Proof. The lemma is trivial if convergence in distribution is replaced by

a.s. convergence. But then the lemma follows by applying theorem 1.1.9. 0
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b) The space R;-

By RO we denote the subset of ﬁN consisting of all increasing divergent
sequences of positive real numbers. Clearly RO is a Borel set in RN. On RO

we define the shift-operators Ut for t > 0 by

t _ _th o . o
(u x)n := n = positive number in (xk-—t)k=1 (n ¢ W),
t © . . t .
thus U x = (xm+k)k—1 if X 4q 18 the smallest Xy larger than t. Clearly U is
a measurable map from R. onto R_. Further USUt = Usl"t for s, t > 0. In some

0 0
formulae it is convenient to have the notational convention

Xy 1= 0 if x € RO’

t .
hence (U x)o = 0. Note, however, that X, and (Utx)O are not considered to be

components of the sequences x and Utx.

We now define

NX(A) := number of x, in A

for subsets A of (0,») and x = ( € R_. This function Nx on the subsets

)oo

*k'k=1 € "0

of (0,«) is called the counting measure of x. For convenience we shall al-
ways apply NX only on subintervals A of (0,») in order to avoid measurability

problems when x is a random element in R.. The following lemma provides a

0

connection between the above concepts and the space D and the generalized

0
inverse introduced in section 3.1.

4.1.5. Lemma. If x ¢ R and %¥(t) :=x_.,, for t = 0, then both % and N (0,.]

[t

are elements of DO. Moreover,

~1

x = NX(O,.] + 1.

Proof. The first agsertions are trivial. Further
~‘1(t) := inf {u : x(u) > t} = inf {n : x> t} = NX(O,t] + 1.
' U
4.1.4. Remark. If x,x(n)
Nx(n)(o,.] - NX(O,.] in D
(1971b, section 6)).

€ R, then x(n) -+ x in RO if and only if

o endowed with Skorohod's J, topology (see WHITT
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e) The stationary Poisson process on (0,«).

We follow the approach of RENYI (1970, section 4.6), to which the reader
is referred for the proofs of 4.1.6 and 7.

4.1.5. Definition. Let A be a positive real number. A stationary Poisson
process with intensity A on (0,») (shortly a Poisson process) is a random
element £ = (t ) _
- “n‘n=1
independent and identically distributed with

in R such that the differences t - t for n e N are
0 -n -n-1

P{t -3 <tl=1- e for ¢ > 0, n e M.
-n  -n-1— -
The random variables t  are called the points of the Poisson process. The

distribution of -t is called the exponential distribution with mean \.

-1
4.1.6. Lenma. 1If t is a Poisson process with intensity A, then

t

_ 1 n-1 -u ' -
P{gn <t} = TE:TTT Jou e du forne N, t e [0,=).
4.1.7. Theorem. A random element t in RO is a stationary Poisson process
with intensity A if and only if for each finite collection A1,A2,..., Ak of

disjoint subintervals of (0,») the random variables N (Aj) with

t
j=1,2,..., k are independent and, moreover, for each subinterval A of (0,»)

k
P{Nt(A) =k} = il%%il— e_A[AI for k e N,

Here denotes Lebesgue measure.

.

The properties of N, in the above theorem are usually taken as the de-

t
finition of a Poisson process. However, the present approach is easier,
since 1t avoids the difficulties of proving the existence of the process

which are encountered in the usual approach.

4.1.8. Theorem. If t is a Polsson process, then for t 2 O

a) U?g d t (so Uti is again a Poisson process),
b) Uﬁg and the set of random variables
. *)
{Nt(A) : A c (0,t]} are independent .

* . . . .
) It is always understood that the argument A in N _(A) is an interval.

t
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Proof. Set gt(s) 1= Nt (t,t+s] + 1 for s,t > O, then the 9, are random ele-

ments in D . From theorem 4.1.7 it is clear that &y g IR and that ¢, and
{N,(A) : A < (0,t]} are independent. Now the theorem follows since Utg = Q;1

t = Q61 (ef. lemma L.1.3).

ot

&

an

g

4.2. THE EMBEDDING

We return to the situation of section 2.1 : (e ) is a sequence of

k=1

independent Bernoulli trials and

Py = P{Ek =1} =1- P{g_k = 0} for k € M.

In the present chpater we shall, moreover, assume that

Py € fo,1) (so P, = 1 is excluded),
(4.2.2) lim p, = 0,
k>
zm =C0
k=1 Px 77 ¢

As in section 2.1 we define the random functions L by

(0) := o0,

e

(4.2.2) L(n) := index of the nth one in (e, ) for n ¢ N,

1/ k=1

L(t) := L([t]) for t > 0.

Now consider a stationary Poisson process t on (0,*) with intensity 1.

Recall that t is a random element in RO. We shall construct functions ei on

RO such that

g ()

(4.2.3) (e &=

as random elements in R". This means that the random varisbles e (t) are in-

1
k
dependent and that

P, = P{ei(z) =1} =1- P{ei(ﬁ) = 0}.

Here P denotes the probability of the basic probability space for the

Poisson process t. Set
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>
f

= - log(1—pk) for k ¢ W,
(L.2.k)

k
¢y 1= Zj=1"j for k ¢ IN.

It follows from (4.2.1) that (ck);=1 is a nondecreasing sequence of nonnega-

tive real numbers such that

(4.2.5)

1i 7T
im ¢ = . . = o,
k-0 k J=13

)

- 3 ©
Conversely, each nondecreasing sequence of nonnegative real numbers (ck k=1

satisfying (4.2.5) determines a sequence (pk);;1 satisfying (4.2.1) by

A = c o-c for k e ¥ (co = 0),

(4.2.6)
P =1 -e for k € N.

Now (0,») is split into disjoint intervals ( ,ck] with lengths A . Set

Cx-1 k

(x) := min {1, NX(ck_1,ck]} for k e N, x ¢ R_.

1
£k 0

4.2.1. Theorem. The random variables ei(ﬁ) are independent for k ¢ N and

P{el';(z) =1} =1 - P{s}'{(g) = 0} = p =1 -e T

Proof. By theorem 4.1.7 the random elements Nt( ,ck] are independent for

c
k-1
k € N and hence the same holds for the ei(z). Clearly O and 1 are the only

possible values of si(&) and by theorem 4.1.7

P{E}'{(E) = 0} = P{N,

(ck-T’Ck] =0} =e

(recall that t has intensity 1). 0

In fact we have proved (4.2.3). This entails that each theorem concern-

ing probabilities of events in terms of e!(t) remains true if e'(t) is re-

k'— k=
placed by & This provides us with a new method for obtaining limit
theorems in terms of (g, )and particularly in terms of L. From now on we shall

k

Zdentify & and €£(§)’ s0 g = sﬂ(ﬁ).
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This identification we call the embedding of a sequence of independent
Bernoulli trials in a Poisson process 1.

Next we define some new random variables in order to facilitate the
study of the e

kK
the sequence of intervals ((c

. Maintaining the definition of L by (L4.2.2) we have that in
k_1,ck])°l:_1 L(n) is the index k of the right-
hand endpoint of the n~~ nonempty interval, i.e. the nth interval containing

points of the Poisson process t. Denote this endpoint by I,» so

I, = ?L(n)
and set

1:= (ln)n=1’

then 1 is a random element in R.. Actually we shall study 1 rather than L in

o
this chapter. This is motivated by the following intuitive reasoning.
The Poisson process t marks the time axis at 34’32"" . If we assume

that we can only observe the epochs T then we see only the crude

2T seees

approximation 1 rather than t. The ob;é;iation 1 differs from the original

Poisson process t in two respects:

1) In can be the net result of more than one Ek and, consequently, the
indices of the I, are outpaced by those of the Ek generating them;

2) I, falls to the right of the Ek generating it, but by not more than

KL(H)'
By (4.2.1) or (4.2.6) Ay vanishes as k tends to infinity. Consequently, the
inaccurracy of the observations 1 vanishes as we move to infinity. Far
away from the origin the probability that a I, represents more than one Ek
is very small and so is the distance between Ek and the I, it generates. Of
course, the indexing of the I, never catches up with the Ek’ but very prob-
ably it will not fall further behind.

After these considerations we may expect to carry over limit theorems
in terms of 1 into corresponding limit theorems in terms of t. That is
exactly what we shall do in this chapter. From now on we call 1 the observed
Poisson process.

Next we introduce some other random variables in order to clarify the

relation between t and its observation .
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4.2.2. Definition.

a) N =T - T for n € N,
-1 -n ~n-1
(2]
1 == (D¥)n=1'
b) g, = (U™ 't), = distance between 1 and the first t to the right
EAS | -n-1 m
of t . (n e ),
0
£ = (En)n=1’
e) §n =1 -z for n € N.
n
o,
} l
L 5 i
r — S X
‘Ma-1) P S
— ! :
! ! : ALﬂn) \
I ' ] A
| x . ‘ | | Ly y ¥
! ! ; ' ! : A
i S : f Tn
i ! ;
i “ ; : "
b , :
L(n-1)-1  “L(n-1)  “L{n-1)+1 “L{n)-1 L(n)
x @ epoch of the Poisson process t,

4.2.3. Lemma.

epoch of the observed Poisson process 1.

> t for n € Wy
-~

a)
) § < XL(n) for n € N.

b

O:L—l

—n

The next two results, which are formulated and proved here for comple-

teness' sake,
perty".
4.2.4. Lemma.

I,
Ut

({3

a) t

H

are in fact immediate consequences of the "strong Markov pro-

For each n ¢ N we have




6k
ln
b) U "t and An are independent, where An is the o-field generated by the

events {Nt(A) =k, 1 = Cj} for j e N, ke N,  and A c (O,cj] (roughly

L 0
speaking: An is the o-field of events in terms of Nt(O,t] for

0<t<1).
Z-n

Proof. It is sufficient to prove that
I,
P(C n {U "t ¢ B}Y) = P(C)P{t ¢ B}
for all C ¢ An and all Borel sets B in RO. The left-hand side equals

. T
Zk=n P(Cn {U™ € B} n {z, = ¢c,}) =

C
=L P(Cnd{z =cln{U eB).

. Now C n {ln = ck} is an event in the o-field generated by

{Nt(A) : A c (O,ck]}. Therefore, by theorem L4.1.8 the last sum equals

0

§k=n P(C n {z, = ck}) P{t e B} = P(C) P{t ¢ B}. 0
- 4.2.5. Theorem. The random variables L, are independent and identically dis-
tributed with

P{g_nit}=1~e—t for t > 0, n ¢ N.

Proof. By definition r, =t and indeed P{t, <t} =1 - e for t > 0. Sup-

seses tn e [0,=)

1

pose that for some n ¢ N and all t1,t2

n n
(k.2.7) P(n {g <t })= 1T (1-e
k=1 BT R ey
T
By lemma 4.2.4 ¢ . = (U"t)

has the same distribution as t., and, moreover,

1 1

n
is independent of n {Ek j_tk} € An' Hence (L4.2.7) holds with n replaced
by n + 1. k=1 0
The above theorem is one of the two important tools we shall use for

proving limit theorems. We have

(4.2.8) T = Lemy Dy = Loy Tt Lo 8-
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Since the L, are independent and identically distributed the ususal classical

1imit theorems can be applied to z If the contribution of ZE_1 §k to

n
k=1 S
I, for n +~ » is not too large, then similar limit theorems hold for - We

study the order of magnitude of Z§=1 & in the next section. A first result,

k
the strong law of large numbers for I,» can be obtained immediately.
T,
4.2.6. Theorem. lim —
e O

=1 a.s. .

Proof. By theorem 4.2.5 the Z, ere independent and identically distributed

with mean 1. Hence

by the strong law of large numbers. By (4.2.8) it is sufficient to prove that

(k.2.9) %’Zn §k -0 a.s. .

k=1
But
a w1 & <3 D=1 L(x) "
Now ()\L(k));;__1 is a random subsequence of (?k) and A, vanishes as k - o,
Therefore }L(k) vanishes as k > « and also EVEE=1ALﬂk)° Thus (4.2.9) and the
theorem are proved. O

4.3. ORDER OF MAGNITUDE OF Z;‘z )8

We start with studying conditional probabilities given L. Note that it

does not matter whether L stands in the conditional part of the probabilities

oo

k=1 completely de-

or the sequence of its value (L(k)):=1, since L and (L(k))

termine one another.

4.3.1. Lemma.

1 - exp(- min{{AL(k),tk})

n
R R E

k=1 1 - exp(f AL(k))

for n € N, t], t

oyt tn e [0,=).
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4.3.2. Corollary. The ék are conditionally independent given L.

Proof of lemma 4.3.1. Take m >n and let (L(k))fi:o
of integers with L(0) = 0. Then

n m
P( 21 s, > AL(k) - tk}l n {L(x) = L(kx)}) =
= k=1
m
= P(k21{N§(CL(k—1)’CL(k)—1] =0} n
n .
n k21 {NE(CL(k)—1’ min {CL(k)—1+tk’ cL(k)}] > 1} n

m m

n {w ( > 1> 1) /P( n {x(
R G e L kmi &

m
n n {N_(c s € 1>11) =

k=1 t L(k)“‘1 L(k) -

m =(c - ) -min{)
- n e B0-1T Cne=1) Lo

k=1 k=1

mn -(c -c ) m -
/e LB L(e-1)7 (1-e  L(E)

=1 k=1

n 1 - exp(- min {X b )
_ I 11 L(k)
))

k=1 1 - exp(- AL(k

So we have proved that for m > n

n
P{n {8 >
k=1 £

%)

-t L)),

L(x)

c

L{k)

,t 3}
K7y

L(k=1)? L(x)-1

m
il
k=n+1

(1-e

1=

be an increasing sequence

0} n

L(k)).

equals the product in the theorem. By BREIMAN (1968, theorem 5.21) we may

replace (L(k)) by (L(k);=1, and therefore by L.

m
k=1
4.3.35. Lemma.

© . . R 2
a) Zk=1 }L(k) < w.a.s. if and only if zk=1 A <@

O
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Proof. We have (recall that g, = 1if Nt(ck—1’ck] > 1 and 0 otherwise)

A = gln)
k=1 “L(k) ~ Lk=1 &'k’

~A

Eer =i Eeg =1 (1-e 5

2
O S N R A For ko>,

var g A, = Ag var g = Ai e k(

Ky
k 'k k

1 - e ~ xi for k » o,

2
It z;=1 kk < o then also Z;=1 E ;kxk < « and by the monotone convergence

theorem of integration theory

A < © 8.S.

et &% = L= M(k)

This proves the "if" part of a). If Z;=1 Az = ©, then zm Eeg i = = and by

k k=1 " &’y
lemma 6.4

var £ A
ol
n=1 n 2 ?
(T=r B &)
since the terms asymptotically equal Ai/(ZE=1 Ai)z, But by theorem 6.2
n n
R
~ 1 a.s. .

n 2 n
L=t % D=1 B 5

This remains true if n varies through (Q(m)):

- to infinity, which proves b)

and, consequently, the "only if" part of a). 0
4.3.4. Lemma.
a) Zw § < o a,s. if and only if zw Az < ®,
k=1 —k k=1 "k
b) If Zw kg = «, then
k=1 "k ?
n
lim zk=1 % 3 a.s
= 3 «Se .
e EY) 22
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Proof. By lemma 4.3.1 the gn are conditionally independent given L and a
trite calculation shows that

)

exp(—AL(n)) - (1_)\L(n)
E(§ L) = ,
1 - exp(—)\L(n))
1 42 ‘
, 2(- exp(—AL(n)) + 1 - Aé(n) + 3 AL(n))
E(s° L) =
“n

1 - exp(~AL(n))

Since A, >0 and L(n) » » a.s. we have A (n) * 0 a.s. Hence with probability

Lin
one

E(8 |L) ~ 32

and

2

B(s_|L) ~

wl—

2
A (n)

i < o, then by lemma L4.3.4 a) Z
hence z;=1 E(gklé) < = a.s. Hence P{z;=1 s

K
mne ptt hd 2 —
the "if" part of a) follows. IT zk=1 Kk = w, then by lemma 4.3.3 a)

[oe] o0 )
for n » «, If Xk=1 A k=1§L(k) < » a.,s. and

< »|L} = 1 for almost all L and

Zk=1 AL(k) = « a.s. and hence zk=1 E(éle) = » g.s. Furthermore
2
var(§ |L) E(s7|L)
o0 -y | 00 —-n =
zn=1 n 2 §~zn=1 n 2 &-8
(Do B8, |1)) (Dymq B8 |L))
. . l 2 n 1 2
by lemma 6.4, since the terms asymptotically equal 3 &L(n)/(zk=1 3 %L(k))
a.s. for n -+ «. But then by theorem 6.2
= S
P{lim ——— = 1|1} =1
we Jier B8 IL)
for almost all L, and hence
28
k=1 —%k
P{lim ———— = 3|L} = 1

n
e et AL(x)

. n 1 vh . . .
T ~ 3 .S.
or almost all L, since Zk=1 E(§k|L) 3 Zk=1 %L(k) a.s. This combined with
lemma 4.3.3 b) proves b) and, consequently, the "only if" part of a).
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4.3.5. Definition.
0 ift =0,

p(t)
inf {n : e, >t} if t > o.
4.3.6. Properties.

a) UH is nondecreasing and left-continuous,
c lift >0
> Tu(t) ?

4.3.7. Theorem. Let ¢ be a positive nondecreasing function on (0,~) such that

olen) _
(4.3.1) zzﬁ o(n) .

Then the following four assertions are equivalent.

. 1 n 2
(+) ¢(cn) Lt 70 88 m s
.. u(n)
(11) n z as n > o,
(iii) ! B § >0 a.s. as n > ®
¢(n) “k=1 %k ?
. 1 n P
(iv) $Tm) b=t & > O asm e
Proof.

(i)«=>(ii). Both assertions are restrictions of

(4.3.2) ZU(t A + 0 for t + « through the reals.

¢(t

In (i) t varies through (cn)oo . Now (ii) implies

ne1 and in (ii) through (n)n
(4.3.4) since

=1

1 u(t) 32 < $([t3+1) 1 u([tI+1) A2
o(t) k=1 "k — ¢([t]) ° ¢([t1+1) Lk=1 K’

which vanishes for t - « since ¢([tJ+1)/¢([t]) is bounded. In the same way

(i) implies (L.3.2).

(ii) =»(iii). From theorem 4.2.6 it follows that with probability one

1, = ?L(n) < 2n for sufficiently large n ("sufficiently" depending on chance).
Consequently, we have L(n) < u(2n) for these n and hence
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1 L(n) ,2 _ ¢(2n) 1 u(an) ,2
zk=1 M ¢(n) " ¢(2n) ) =1n Ak ’

The right-hand side vanishes as n + « by (ii) and (4.3.1). So

1 L(n)
¢(n) Lk=1

Ai -0 a.s.,

and (iii) follows by lemma L4.3.L.
(iii)=>(iv). Trivial (lemma 1.2.L4).

(iv) ==(ii). By lemma L4.3.4 it follows that

By theorem 4.2.6 we have with probability one L{n) > u{2n) for sufficiently

large n, so

6n) 1 wu(in) 2P
s(a) (3 bem1 Mg 7 05

where £ may be replaced by - , as we have here numerical constants. Now (ii)
follows by (4.3.1). 0

4.3.8. Theorem. All four assertions in theorem 4.3.7 are true with ¢{(t) = t
for t > 0.

Proof. In this case (iii) is true as is shown in the proof of theorem 4.2.6.
0
4.4. LIMIT THEOREMS FOR J'_, f(n,)

We shall derive limit theorems in terms of 2§=1 f(Dk) for two classes
of real functions f on [0,») : the Lipschitz functions and the functions of
locally bounded variation satisfying a certain integrability condition. It
will turn out that the latter class contains the first. However, the proofs
and conditions for the latter class are much more intricate and for this
reason we start with the Lipschitz functions. The most important example of
such a function is the identity map : £(t) = t for t > 0. Then our limit

theorems concern z = In this way we obtain limit theorems in terms

n

k=1 Tk

of T as special case.
-n

4.4.1. Definition. A real function f on [0,») is called a Lipschitz function

if there exists a positive real number g such that |f(s) - £(t)] < q|s - t|
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for s, t € [0,»).
4.4.2. Properties. f is continuous, f{t) = O(t) for t - =,
4.4.3. Lemma. If f is a Lipschitz function on [0,»), then

(4.4.1)  lim L]

2 £(n) =J e r(t)at  a.s. .
e B

k=1 "'k 0
Proof. The right-hand side is defined and finite since f£(t) = 0(t) for t + .

By theorem 4.2.5 and the strong law of large numbers

. 1ln _ _ ®
lim =), £(z,) = Ef(g,) = Jo e’ f(t)at a.s.

n-rce

Hence it is sufficient to prove that

%Ziﬂ |2(n,) - £z )] > 0 as. .

But with q from 4.4.1 the left-hand side is not larger than

q t¢h _ = g vhn
7 bl -5l =0 Dy &
The last quantity vanishes a.s. for n - « (see proof of theorem 4.2.6).

Remark. By taking f(t) = t we reobtain theorem 4.2.6.

Lemma L4.4.3 entails a similar result for a much larger class of

functions f.

4.4.4. Theorem. If f is a bounded function on [0,~) such that the improper
Riemann integral fg et f£(t)at exists, then (L4.4.1) holds.

Proof. Set Qn 1= e for n ¢ N. Since the functions x » e " on [0,») are

Lipschitz functions for m ¢ NO we have by lemma 4.4.3

—mn. o
el x _1n m ~(m+1)t -1
Lx=1 © k=1 B 7 o a

a.s. for each m ¢ NO separately, and hence a.s. for all m ¢ MO simultaneous—

ly. Therefore the sequence (gn):_ is a.s. untformly distributed in [0,1]

1
(see POLYA & SZEGU (1970, p.T0) for definitions and properties).




T2
Consequently

-1 1 o
1n _1sn Ty _ —t, ~t
o lemr B8 =1L L ele ) > J g(s)ds = J gle Me “at
0 0
a.s. for each properly Riemann integrable function g on [0,1]. Now the

theorem follows by oObserving that
-t
f(t) = gle ") fort = 0

defines a one-to-one correspondence between the functions f mentioned in the
theorem and the equivalence classes of properly Riemann integrable functions

g on [0,1] whose restrictions to (0,1] are equal. 0

4.4.5. Remark. Theorem 4.4.L does not hold generally for f such that
o =%

fO e ~ f(t)dt exists as Lebesgue integral. For instance, take
1 if t € {cn -c im,me N, n>m},
£(t) :=
0 else.
Then £ is the indicator function of a countable dense set in {0,») and there-
fore does not satisfy the Riemann integrability condition of theorem b.h.L,
For this f the left-hand side of (4.4.1) equals 1 a.s., whereas the right-

hand side is zero.

4.4.6. Definition. Let f be a Borel measurable function on [0,») such that

f: e_t 9 (t)dat exists and is finite as Lebesgue integral for j = 1,2. Then

M(F) := Jw £(t) e_tdt,
D(f) :=O(J fg(t) e tat - M2(
0

@

f))%.

If f is a Lipschitz function, then f(t) = 0(t) for t + =, so M(f) and
D(f) exist.

4.4.7. Theorem. If f is a Lipschitz function on [0,~) and

zn )\2
(hh2)  lim—=lE oo,
e (o M)

then




73

(k.4.3)

where W is the Wiener process.

Proof. From (L4.4.2) it follows that

n)
Jyzq A 1 yu(n)
“‘E"l_——h—— ~p ° Z Xi > 0 for n +» .

(h.L.4) ( ney : )%

k=1 k
By theorem 4.2.5 the random variables f(;k) are independent and identically
distributed with mean M(f) and variance D2(f). Hence by theorem 1.5.l4 a) and
remark 1.5.5 formula (4.4%.3) is true with Ly instead of n, - By lemma 1.3.71
it is sufficient to prove that

( )~ Z[n 1 Bk) - £z, ) $0 forn-w.

Therefore, by lemma 1.3.13 we have to prove that for all T > 0

-% lz[nt] E

n ° sup
0<t<T

0.

- £(z,))]

s

Let g be as in 4.h.1. Then the left-hand side is not larger than

n‘2 z[nT]+1 I

D = Ll =

_ ,I[nT]+1,3
= (———;;-—)

(r aT1+1)” Z[nT]+1

which vanishes in probability for n » « by (4.4.4) and theorem 4.3.7
1
(ii)=(iv) witn ¢(t) := t°. 0

4.4.8. Theorem. If £ is a Lipschitz function on [0,®) and

zn
(b.h.5)  lim —=L K =0,
Do (Xk=1 A, - log log zk=1 Ak)e
then
[n.]
Ye=1” Tlny) - mM(£)I
(4.4.6) v—K a.s.,

0l

(2nD(f) 1og log n)

where K is Strassen's set of limit points.




Th

Proof. Completely analogous to the proof of the preceding theorem. By
theorem 1.5.9 a) formula (L.4.6) holds with Ek instead of 0y and

(n log log n)_% Zi:;] f(nk) - f(gk)) + 0 a.s.

1
by (4.4.5) and theorem 4.3.7 (ii) ==(iii) with ¢(t) := (t log log t)* for
t > e. ) , 0

4.4.9. Corollary. Let f be a Lipschitz function on [0,»). If (k.4.2) is sat-
isfied +then all assertions of lemma 1.5.6 hold with

[nt]
1 f(n,) - nM(£)%
1

k=
¥ (%) := for t > O.
n°p(f)

In particular they hold with

I, - nt
zn(t) = ~L§Elj——- for t > 0.

I z
n

(choose f(t) :=t for t = 0).
If (4.4.5) is satisfied then
n
L=y T(n) - nM(£)

lim sup T =1 a.s.
n>o  (2n D(f) log log n)®

In particular

I, -n
1lim sup =1 a.s.

T
no  (2n log log n)?®

4.4.10. Comparison of the theorems of sections 3.4 and 4.4.

Recall that in this chapter (4.2.1) is assumed, so O <p, < 1, p >0
and ZPK = ». Theorem 3.3.4 states that

Ziiﬁ') p -0l

(4.4.7) $yw

n

without further conditions on P, > Whereas theorem L.h.7 with £(t) := t for
t > 0 implies that
[n.] L(n.)

_:7n, -nI "~ (- log(1 - p,.)) ~nI
k=1 - k=1 . k g W

(4.4.8)

2
n

. oro4 by

s

provided that condition {4.4.2) is satisfied. It is clear that (L4L.4.7) and
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(4.4.8) hold simultaneously if

L(n.

) a
=1 (P * log(l -p)) + o0,

1
(4.4.9) n Yy
and it is not hard to prove that (4.4.9) is also a necessary condition. Now

(4.4.9) is equivalent to

1
-3 ¢L(n) 24
2 k=t P70

which on its turn is eguivalent to

2d
5

k 0,

(b.ho10) a2 pRR)

since P, ~ Ak for k »~ ». Now (L4.4.10) and (4.4.4) (and therefore (4.4.10)
and (4.4.2)) are equivalent, as follows from the proof of theorem 4.3.7
(ii)=>(iii). So we see that condition (4.4.2) in theorem h4.L.7 is essential
and cannot be improved. Similar remarks can be made about condition (4.k4.5)

in theorem 4.4.8.

In the remaining part of this section we shall prove analogues of

theorems 4.4.7 and 4.4.8 for a wider class of functions f.

4.4.11. Definitions. Let f be a real function on [0,»), then for each sub-

interval A c [0,=)

VA :=7V_(A) := sup [f(s) - £(t)] (g =)
£ f sftEA ° -

is the variation of f on A, and

1
TV A = TV (A) := sup L le(e) - £t )] (s =)
nell
t, ..t €A
0’ n
t0<t1<...<tn

k=1

is the total variation of £ on A. If TVf(K) < » for all compact subintervals
K of [0,»), then £ is of locally bounded total variation.

4.4.12. Property. If f is a function on [0,») of locally bounded total va-
riation, then there exist two nonnegative nondecreasing functions f, and f2

1
on [0,=) such that f1(0) = f2(0) = 0 and
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£(t) = £(0) + £ .(¢) - £,(t) for t > 0.

(Choose f1(t) := TV _(0,t] for t > 0).

£

4.4.13. Notations.

a) k(t) := sup Ak = gupremum of the lengths of the intervals (Ck—1’ ck]
ku(t) which are totally or partially contained in [t,»);
k is nonincreasing; x(t) > 0 for t »> «.
1 ift e A,
b) x,(t) :=

A 0 else

for subsets A of R.

4.4.14. Lemma. If f is a Borel measurable function on [0,»), then with pro-

bability one
(bho11)  fe(n) - £l )] <r :=

e+l
v 2n),(v+2)k(zn)]
Lo Xtuc(an) (w12 18 gl veln) o (v2)ln)
for sufficiently large n ("sufficiently" depending on chance). The r are
independent nonnegative random variables (eventually defective), and

B rJ < K(%n) W-(f,K(%n)) for ne N, j € [O,W),
n — J

where

= 70 Ve j + .
Wj(f,s) : Zv=0 e Vf[ve,(v 2)e]

Proof. If
(h.b.12) 0<n -z =8 < (in),

then it follows from [ e [vk(3n),{v+1)k(3n)] that n e [vi(zn),(v+2)k(3n)]
and thus If(gn) - f(gn)‘ E_Vf[vK(%n),(v+2)K(%n)]. So (h.4.11) is true if

(4.4.12) is. But By the monotonicity of k and theorem

s, S-Au(ln) i-K(ln)'
4.2.6 we have x(t )

I
(4.4%.12) holds and so does (h.k.11).

k(in) a.s. for sufficiently large n. For these n

IA




The zn are 1ndependent because the En are. We obtain the formula for
J

zn if we replace V_ by VJ (= Jth power of Vf) in the right-hand side of

f
(4.4.11), since with probablllty one at most one term in the series differs

from zero. So

e¥ax Vluk(in), (v2)e(in)] =

- J(v+1) «(3n)
E
vie(3n) £

J
In v=0

(1 - By y (£ (3n)) < i(Fn) ¥.(£, «(In)).
J J ]

4.4.15. Lemma. Let ¢ be a positive nondecreasing function on [0,») and f a

Borel measurable function on [0,»). If

(h.h:13) 11m ¢( ) Zk— k(3k) W (f, w(2k)) = 0 for j =1 and 2,
then

(k. b1k) llm ¢(n Zk— ﬂk) - f(gk)l =0 a.s.

Proof., Combining lemma 4.L.1hk and (4.%.13) we obtain for n + =

108
¢(n) Zk=1

n
o(n) L=y B3 7 O

Moreover, the r are independent and by theorem 6.3 it follows that
(¢(n )‘1zk I, > 0aws. . Now (h.h.11) implies (.k.1k). 0

4.4.16. Theorem. Let f be a Borel measurable function on [0,») such that

@

-t_J . .. . .
£9(t)at exists as a Finite Lebesgue integral for j = 1 and 2.
1

S e
0
a) If (4.4.13) is satisfied with ¢(t) = t2, then
[n. ]
Ypes £(n ) = nM(£)I
(hhoas) LT $,
n®D(f)

where W is the Wiener process.

1
b) If (4.4.13) is satisfied with ¢(t) = (t log log t)2 for t > e, then
Ziﬁ;]f(gk) nM(£)1
T v—/>K a.s.,
n°D(f)

(b.4.16)
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where K is Strassen's set of limit points.

Proof. Formulae (4.4.15) and (4.4.16) hold with Ly instead of n, - By lemmas
4.4.15 and 1.3.11 or 1.3.7 they follow as they stand. O

The conditions on f in the above theorem are rather awkward. Their
meaning becomes more apparent in the next two lemmas, of which the proofs are

postponed to the end of this section.

4.4.17. Lemmag. If
)2 e—t

dt < o,

(h.h17) I (TVfEO,t]

0

then Wj(f,e) = 0(1) for ¢ + 0 and j = 1 and 2.
4.4.18. Lemmg. If ¢ is a positive nondecreasing function on [0,») such that

-¢———(2n) < oo
(n) i

sup
nel ¢

and if (A )

o0
is nonincreasing, then
k' k=1 €>

1 uw(n) .2 . co 1 n .
(h.4.18) 7007 lr=1 Ak +~ 0 if and only if ey, Z k(ix) - 0.

Combining 4.4.16, 17 and 18 we obtain

4.4.19. Theorem. Let f be a function on [0,») such that

J (va[o,t])2 e Cat <
0

and let (Ak):=1 be nonincreasing. Then (4.4.2) implies (4.4.3) and (4.4.5)

implies (4.4.6).

With respect to theorems 4.4.7 and 8 we have gained that the limit re-
sults also hold for functions f like £(t) = t" (n e N) or f = with A a
subinterval of [0,x).

If (4.4.17) holds then clearly (h.4.13) is satisfied with ¢(t) = t.

Xy
Therefore we obtain the following variant of theorem L.4.h4 with another con-

dition on f.

4.4.20. Theorem. If f is a function on [0,*) such that condition (4.L.1T) is
satisfied, then (k.k.1) holds.
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Proof of lemma 4.4.17. Suppose first that f is nonnegative and does not de-

crease. Then (k.4.17) reduced to f; fg(t) e_tdt < » and hence

fg £(t) e %at < . Setting £(t) := 0 for t < O we have

© "\)E(

w1(f,s) = Zv=0 e f((v+2)e) - £{ve)) <

IA

€

(v+1)
-1 ijo J» v ee'(t_a)(f(t+25) C f(tee))at =

VE
)

= (e3e wa(t) e tas - J c£(t) e‘tdt) =
2¢e 0

= ! ((3Fo1) J

00

2¢
£(t) e tat - F J £(+) e tat) »

0 0

{ee]
>3 J £(t) e Pat - 2£(0+) for e ¥ 0.
0
. . 2 2 2
Further, by the inequality (b-a)” < b - a” for 0 < a <b

vy(fie) = [0 e Vo (e((w2)e) - £(ve))® <

TVE(FP((vh2)e) ~ £o(ve)) = v (£2,e) = 0(1) for

1
e+ 0,

IA

z\)=0

as is shown above. If more generally f satisfies (4.4.17), then f is of lo-
cally bounded total variation. Using the decomposition of 4.4.12 we have for

J=1and 2

o ~VE_J
vo(f,e) = [T 7 vilve, (v2)el <

:.Z:=O e'VE(Vf1[ve, (vi2)el + Vo [ve, (v+2)s])j <

2

|A

Ej_1 Z:=O e_ve(Vg1[va, (v+2)el + ng[ve, (vi2)el) =

= i1 -
=2 (Wj(fT,e) + Wj(fg,e)) 0(1) for € + 0.
Proof of lemma 4.4.18. The right-hand formula in (h.4,18) is equivalent to

1 n _ 1 n N 5w
(L.4.19) Sy Xk=1n(k) = 50a) Zk=1ku(k) 0 for n .
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Now the left-hand formula in (4.4.18) follows from (k.4.19) since

u(J)

(n) J2 _ (3) 22 n
k=1 Ak‘Z zi—u(J1 kiz= Mi(G=1)+1 Zk—uJ1)1)\ki
n n
< Dimn Muggonyer (Myonen) S OO0+ 15 2 5)

Conversely, the left-hand formula in (4.4.18) implies (k.4.19) since (with

k. so large that A (k) < 1)

0 u ko
u(n) 2 _ u(J
k=p(k )+1 'k = Zj=k +1 ) Lis w1z
0 0
n
Z-(1_Au(ko)) zj=ko+1 M) O

4.5. EXAMPLES.

We shall apply the results of the preceding section. First we consider
the epochs of records, which were introduced in section 2.2. Because of
condition 4.2.1 we cannot take P, = 1/k for all k > 1, since p, = 1 is not
allowed. So we choose

0 ifx =1,
(k.5.1) P 591 .
§F ifk:>2
As a consequence L(n) is now the index of that gk which is the nth record
after £y In other words: the L(n) of the present section equals L(n+1) of
section 2.2. This change does not affect the limit theorems in terms of L

as can easily be verified in each case.

From (1) it follows that

0 ifk=1,
Ak = 1
- log (1 - E? if k > 25
n
e, = Zk=1 A =logn forn e
(4.5.2) <
I, = ?L(n) = log L{n) for n ¢ N;
L(n)
ﬂn = in -I 4= log L(n“1) forn > 2

L

In the following theorem we list some results concerning the epochs of

records in order to demonstrate the power of the theorems of the preceding
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section. In RENYI (1962 &) assetions a), b) and c¢) of this theorem were
proved. The other results seem to be new. Results like Rényi's for L(n) are
proved for the differences L(n) - L{n-1) in NEUTS (1967), STRAWDERMAN &
HOIMES (1969, 1970) and in a very elegant way in SHORROCK (1972).

4.5.1. Theorem. If L(n) is the epoch at which the nth record occurs as de-
fined in section 2.2 or as in the present section, then

1

a) lim Lé(n) = e a.s.;

>0
log L(n) - n
b) lim P{———F—— < t} = #(t) for t € R;
n->oo n®
log L(n) - n
c) 1lim sup — = 1 a.s.;
N>

log L(n.) = nI
4) ——T
. n?

$w,

where W is the Wiener process;

log L(n.) - nI
e) —r VK a.s.,
(2n log log n)?

where K is Strassen's set of limit points.

1
£f) lim P{n 2 sup |log L(k) - k| > t} = 2(1-e(t)) for t > 03
o0 1<k<n

1

g) lim Pl 4 k 1<t} = % arcsin t% for 0 <t < 1;
<

1<ksn
L(n-1) _
h) the seqguence (_ETET—)D=1 is a.s. uniformly distributed in [0,1];
Pt
=1 L(n) c
i) Lim P i} <tr=o{t) for t € R;
N> (n/12)°
o L(k-1) .
=1 L(x) "
j) 1lim sup =1 a.s.

n-+eo ({(n/6)log log n
Proof.

a) From theorem L4.2.6 it follows that (log L{n))/n > 1 a.s.




) Follows from &) by lemma 1.5.6 a.

¢) Pollows from e) {(cf. proof of lemma 1.5.12).

d) Apply theorem L.L.T with £(t) := ¢t for t > 0.

) Apply theorem L4.L.8 with £(t) := t for t > 0.

) Follows from d) by lemma 1.5.6 b.

) Follows from d) by lemma 1.5.6 c.

h) See the proof of theorem L. 4.k,

i) Follows by lemma 1.5.6 a from theorem L.L.7 with £(t) := e_t for t > 0.
j) Follows along the lines of the proof of lemma 1.5.12 from theorem 4.4.8
with £(t) := e U for t > 0. 0

Next we suppose
- .
(4k.5.3) Xn ~ P, e, for n » » with a ¢ (0,1) and ¢ > 0.

The conditions (L4.2.1) on p, are satisfied for a € (0,1). In this case we

have
n en!™®
T lgmq N~ Tima fT B
and hence
CL1—(I( )
= ~—— f >,
i ?L(n) r— or n > ®

Consequently we obtain by theorem L4.2.6

4.5.2. Lemma. If (h4.5.3) holds then

. L) - 1/(1-a)
iif _1/(1=a) = ("Zg) ¢

8.5. .

An important gquestion is to settle for which values of o conditions
(4.4.2) and (L.L4.5) are satisfied. For 0 < a < 3 we have
1
a2 (1-0) 32 2 _ 34
k=1 "k 2
o 7 ~ n for n » «,
(Tpmy 2y (1-2a)

which vanishes if and only if o > %u So condition (4.L4.2) is satisfied if

and only if o >‘l (for 3 < a <1 adirect verification is easy). For exactly

3

the same values of‘a condition (k.4.5) is also satisfied.
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If we , still assuming (4.3.5), are interested in limit results which
can be obtained by substituting f{t) := t in the limit theorems of the pre-
ceding section, then theorem 3.k.4t is a better instrument, since there con-
ditions like (4.4.2) and (L4.4.5) are not required (see application 3.4.8 b
for an evaluation of the present case). However, if we are interested in
other results obtainable only by substituting other functions than the iden-
tity map, then we have to use the theorems of the preceeding section at the

cost of extra conditions on Py entailing that a should be larger than %.
4.6, TAIL LIMIT THEOREMS

All results of the preceding sections are based on the fact that for
large n the n, are approximately equal to the Z,» which are independent and
all have the same exponential distribution with mean 1. In some sense the
n, also have these properties in the limit, as the following theorem shows.

).

Note that besides (L4.2.1) no other conditions are imposed on (pk) or (Ak

4.6.1. Theorem. For n > «

a) (0, )eeq 5
In+k k=1 wg, a
) (e " Ty T &

as random elements in R .

Proof. a) We have g_g (_z;m_k)::1 for n € N, hence (£n+k):=1 ¢ . Further for
each k ¢ IV

Dok ~ LSt = §n+k + 0 a.s. forn > .

d
Hence n ., - Ln;k + 0 and a) follows by lemma L4,1.2.

) k o N N . .
b) The map (xk)k=1’+ (Zj=1 Xj)k=1 from R onto R is continuous. Hence by
theorem 1.1.6
k © o d k o 4
(ZJ'=1 Bn+j)1;=1 = (Tpax = Tplg=1 (Zj=1 £j)k=1 - L .

From theorem L.6.1 a) it follows that for each m ¢ IV the distribution
. m m .
function of (Bn+k)k=1 converges to that of (£k=1)' The following theorem

provides bounds for the difference between these distribution functions.

4.6.2. Theorem. If n, m ¢ W, t1, t

intervals [0,t

pres tm ¢ (0,») and Ak is one of the
k), [o,tk], [tk,w), (tk,w) for k = 1,2,..., m, then




8k

m m w(t ) -t

-t -1 m k
[P(k21 (€At - i J[ e at| < (B e - Dy &
= k=1 A
k
with as defined in L4.4.13 a.
Proof. We shall use the inequality
m m o
k6.1 P( n -P .
( ) (k=1 B,) (k; c )| < Ty B(B A C))

Since g . < n =L 8 <Lt K(In)’ we have by (4.6.1)

m m
[P( n {n e Ay -P(n {g e A V)| <
k=1 —n+k k k=1 “n+k k

3113 m
< Dy Pl S 4 S ) Shoy Bl - w(n) sz o<t )

Now K(In) and L 4 8re independent by lemma 4.2.6, so the last sum equals
t k(T ) -t
T elat<(Ee P -1 e K
k=1 o+ - k=1
(tk—K(T I
-n
m m +
Now the theorem follows, since P( n {Z 1 € Ak}) = 1 J e “at.
k=1 ©° k=1 ‘A 0

Analogous theorems can be proved for Utl_with t > = (theorems 4.6.1

and 4.6.2 deal in fact with U “t). However, thg proofs are a little compli-

cated. We therefore confine out attention to U "t for n - ®. This restriction

is sgmevhat Justified by the following congideration. Assertions in terms

£U %= (o, )0 be translated int £ ing (e )7
o T = (1 43 )= CcBD be gins ated into assertions concernlni & 1=L(n)
and assertions in terms of U "1 into asserticons concerning (Ek)k=n' But
assertions concerning Utl for t > 0 have no appropriate equivalent in terms
of (Ek).
4.6.3. Definition. For k, n ¢ N
¢ c
(n) e n n o A th
a) . := (U I)k - (U I)k—1 = distance between the (k-1)st and k I,
right from e s Cy itself being the "zeroth"
such T’
n(n) 1= (n(n))w ;
SR S =
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1), = distance between the (k-1)st 1, after
c_ and the first t , after this t_.
n —m —m

As in theorem 4.2.5 it follows that for fixed n the gén)

and exponentially distributed with mean 1. Further we have for k, n ¢ N

are independent

0 f,ﬂin) - Eén) < sup A, = k(e

5>n

).

Now the following two theorems can be proved in exactly the same way as

theorems 4.6.1 and 4.6.2.

4.6.4. Theorem. For n + «

b) U1+t

4.6.5. Theorem. If n, m ¢ N, t1, thseees B € (0,») and Ak is one of the in~

2"
) for k = 1,2,..., m, then

tervals [O,tk), [O,tk], [tk,w), (tk,“
m m kle ,.) -
|( n {ﬂl(;n) € Ak}) - I J e—tdt[ < (e L 2111;1 e X
k=1 k=1
Ak

4.6.6. Corollary. If h is a measurable map from ﬁm into a metric space S,

then for n + «

&) nl(n,)e,) % 8@
¢ if P{z ¢ Disc h} = 0,
) n(n™) $ nx) ‘
© a )
¢) nllz,, -1 )-y) > bl
¢ 4 ( if P{t € Disc h} = 0.
a) n(u 1) > n(e)

Now we want to compare Nt(A) and NT(A) for subintervals A of (0,»). We
shall see that Nt(A) and NT(A) are equal with large probability if A lies
far from zero and its length is not too large. However, here we meet an
effect we could neglect until now: two or more En generate only one In if

they fall both in one interval (c ck]. This hardly affects the relation

k-1? .
between n, and Em' The corresponding gm = o, - Em 1s & little bit larger,
but not larger than AL(m)’ and just this fact we used before. It is clear

that due to the same coincidence the relation between Nt(A) and NT(A) is

rather complicated. Therefore, compared with theorems 4.6.2 and 4.6.4 the




86

upper bounds in the next theorem are of another type and much cruder.

4.6.7. Theorem. If A1, A2, vens An are finite subintervals of (0,») and
B c wg, then

(+.6.2)  [PL(N ()}, € B} - PUN(A))}_, € BY| <

=3 ;

n
jide. ;5¢.1n v #0
I *

Proof. The left-hand side in (4.6.2) is not larger than
n
P(k:1 Nl(Ak) # NE(Ak)

< P( U NL(cj—1’cj] > 1} <
j o (c 5= 1,c ITn u Ak

<j> P{Nt(cj—1’cj] > 1},
i (e 1,c In Ak F0

-\

2

But P{N,(c. c.]> 1} =1 = (1+r.) e J < Al .
EACHPRS } (141 ;

4.6.8. Remark. Note that

sup |P{(N Ak))k_ e B} - P{(N (Ak>)n , €Bl=

{w (Ak) = vk})!.

n k=1 — k=1

n
- 1 -
=32 [P( n {m(a) = v, 1) - B E
(
Apparently the right-hand side of (4.6.2) is also an upper bound for this
expression. Related results were obtained in HODGES & LE CAM (1960).

We conclude with a result about convergence of moments. From corollary

4,6.6 a) with h : (xh):=1~+ x, we obtain that

2.5 =t
Iy 7R 7 20

or, equivalently,




8T

LimP(n <t} =1-¢e" for t > 0.
e 2

The following theorem expresses that all moments of n, converge to the cor-
responding moments of t 1

4.6.9. Theorem.

lim E n¥ = B £ = r(a+1) for o > O.
o >

n->e

Proof. For o > 0 we have

E;ﬁ =£1% =] t*ebat = r(at1),
T oo

since g d t,. By definition 4.2.2 ¢) we have for natural m

0cEa - B L =g v 8" g = Ty (D EG L <

m m 2k 2m-2k, 2
Sl GIES Bog ) s

| A
-

211:1 (i)(sup Aj)k((zm—zk)!) .

It follows that SUP. E Dﬁ < », This combined with i $ t., implies that

1

1imEna=E_’g_a for 0 < o <m
e B 1
(cf. FELLER (1971, example e) on p. 251-252)). Since m may be any natural

number, (4.6.3) is proved.

L.7. APPLICATIONS TO EPOCHS OF RECORDS; A PARTICULAR SEMIGROUP OF PROBABILITY
DISTRIBUTIONS

A1l results of this section concern epochs of records, so formulae
(4.5.1) and (4.5.2) apply.

4.7.1. Example. Upper bounds in theorems 4.6.2 and 4.6.5,
k(z )

-1 34

(i) Ee -1 L K~ 27 forn - e
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Proof. For n > 2 we have

since £ < 1 . Hence for n > 2
-7
k(T ) t o0 n-1 -t
Ee ® -1<EeP1) = [ —~3———9—€——-dt =
0 (n-1)!(e"-1)
w  n-1 =(k+2)t
= 7% r e Ty -n
zk=o Jo {(n-1)1 Zk=0 (k+2) ) o
Kle
+
(ii) e ptl” 1=e ol 1 = % for n ¢ M.

4.7.2. Example. For n -+ « we have
L(n+k-1)\

-] &
L(n+k)

8
k=1
where § = (Qk):=1 is a random element in RN such that the 8, are independent
and have a rectangular distribution on [0,1].

ky® (. N . .
Proof. The map h : (xk)k 1 - (e )k=1 from R into R is continuous. Apply
corollary 4.6.6 a) and note that h(r) & 8. g
4.7.3. Corollary. If m € N, t1, t2,..., tm e [0,1], then

m  L{n+k-1)
1lim P( n
N+ k=1

{—EK;:ET— i_tk}) = t1t2...tk.

This result has been discovered by many authors, often only for m = 1.

N 0
4.7.4. Example. If (ak)k ;€R and ] |a | <=, then
- L(n+k-1)
De=t % L(n+k) zk— for n > e,

- © -
with 9 = (_Qk)k=1 as in L.7.2.

(=] (v o] . .
k)k=1'+ zk= &, X, on o, 1] is continuous. Combine
theorem 1.1.6 and example 4.7.2. |

Proof. The function (x

4.7.5. Example. Let a € (0,»). Then




89

(o) M) Ip, e S g7 s el/e

with § = (gk):___1 as in 4.7.2 (the distribution of the limit will be discussed

in 4.7.7, 8 and 9).
Proof. In 4.7.6 it will be proved that the map

)1/0L )1/0L

(4.7.2) ha : (xk);=1r+ xl/a + (x1x2 + (x1x2x3 + ...

from [0,1] into [0,~] is not continuous, but is lower semicontinuous, i.e.

h;1(c,m] is open for each c e¢ [0,») or, equivalently, h;1[0,c] is closed for

each ¢ ¢ [0,»). Hence by theorem 1.1.2 (i)==(ii)

(n+k-1

L‘ oo
(k.7.3)  lim sup P{ha((m)k=1) <c} < Ph (8) < el

n-co

But

Llnte-1) “Oh+k Ltk

Lin+k) € <e .
Hence

L(n+k—1) S .
Consequently,
L{n+k-1) _
P{ha((L(n+k) )k=1) < el i-P{ha(§) < c}.

This combined with (4.7.3) gives

L(n+k—1) -
iiz P{ha((ixziiy——)k=1) <c} = P{ha(ﬁ) < c}
and (4.7.1) is proved. 0

4.7.6. Lemma. The map h defined by (4.7.2) is lower semiconmtinuous but not

continuous.

Proof. We have h = h1 ° g where g, is the map
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from [0,1](N onto itself. Clearly g is a homeomorphism, so we need prove the
a

lemma only for a = 1. Now

o

-1 _ N o k
) [0,e] = n21 {x e 00,11 & ], _, LN

is closed as intersection of closed sets, so h1 is lower semicontinuous. Next

we shall show that h;1[0,c) is not open for any ¢ > 0, so h is not continuous.

Take x = (x1,0,1,1,1,...) with 0 < x, < min{c,1}. Then h1(x) =x_¢e [0,c).

1 1

Set for n _>__c/x1

— 31515 s150,05...).
H) AR REEERE RELELS)
! nxy (n-1)times

(n)

- -1
=x, +c>c, 50X ¢ h11[0,c), whereas x(n) > x € hy [0,e).
0
Next we shall study the probability distribution of the limit in theorem

4.7.5, which is of independent interest.

4.7.7. Theorem. Let (g_k)k=1

which are rectangularly distributed on [0,1] and set

be a sequence of independent random variables

(h.7.4) Eu = Zm H? 61/a

for o > O,

k=1 "j=1 5]
= t .
Qq(t) P{Eu < t} for t ¢ R
Then s -x
) ¢ 5%aq () = exp(-a f =€ _ 4x) for s e C,
& 0 o P 0 x

p) @ is absolutely continuous with demnsity
o

- k dy . ...dy
oy k a-1
e a1 w  (=a) J ,J 1 k ye-13
=8 + e = (6 - LL_,vs
a,(t) = 3y L=t k! ¥y (b = 15uy7;
y. > 1
3
K
£ <t
Ly=1¥;

for t > 0. Here vy is Euler's constant. In particular

~ay
e a-1
I‘(a)t for 0 <t < 1.

(4.7.5) g (t) =

¢) The Qa form a convolution semigroup of distribution functions:
Qa * QB = Qa+8

d) 'The function qa satisfies the differential - difference equation

for a, B > 0.

(b.7.6) tq&(t) + (1-a) qa(t) + uqu(t—1) =0 (t > 1).




91

e) The function qa(t) decreases for sufficiently large t.

Proof. a) We first show that Qa is a nondefective distribution function. By

the strong law of large numbers we have with probability one

k Yoy 1/k _ 1 vk 1 =
(Hj=1 Qj ) = exp o Zj=1 log Qj ~ exp o E log gq =
= e_1/a < 1 for k + =,

Hence the series in (4.7.4) converges a.s. and, conseguently, p, and q, are

not defective. From the definition of 2, it follows that

d 1/0‘ [
(n1.7) p, 03/ (1em)),
; 'y ' &
with §1 and 2, independent and B, T 2y Hence for s > 0
-5
¢(s) :=F e Eu =5 exp(—sgl/a(1+p&)) =

1 s
= J ¢(sh1/a) exp(—sh1/a)dh = g5 % j o(x) e* xa_1dx.
0

Multiplying both sides by s* and differentiating we find

as® 1 4(s) + s%'(s) = ae”® ¥ 4(s).

All solutions of this differential equation are equal to the right-hand side
~st aq,(t) is

the solution ¢ satisfying ¢(0) = 1. This proves a) for positive real s and,

of a) multiplied by a constant. Since Qa is not defective,f; e

consequently, for complex s by analytic continuation.

b). We shall invert the Laplace-Stieltjes transform in a):

5 4 _ X
exp - aj ———:fi—~ dx =
0
1 -X © =X s © X
= exp - u(j l—:zg—— - J E;—»dx + J éﬁ + J £ ax) =
0 1 1 s *

o0
exp - aly + log s + J
1

k o0
_ ~oy -a g»  (-a) e k _
¢ s Lo Tk (j1 ay)” =
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k
k (o © - . . ‘e
N I, L s Lyoq ) Oyt
k=1 1"' 1 & Yy Ty

k (o © e k -1
+ z” (o)™ J . J J e—st (t—zj=1yj)adt dy1...dyk

k=1 k! 1 =
Ty (o) - EARRRSN
=173
- J -st =Y Tl ()™ [ f - Wy (t-75 y.)% Nyas=
0 (o) k=1 k! e Yiee ¥y 3=1"3
y. > 1
J
k
. . <t
ZJ=1 Y5

n

© -st
e aQ (t).
J o,

It follows that Qa is absolutely continuous with density q, as given in the
theorem.
c) Immediate consequence of a).
d) Since the density a, apparently 1is continuous for t > 0, we have
Q&(t) = qa(t) for t > 0. From (4.7.7) it follows that for t > O
1

%00 = | (o

0

-1/a

4 du
Qa(u_1) o+1
u

.

- 1)dn = at® J
t

Since the last integrand is continuous, we can conclude once more that § is
o

differentiable on (0,~) and, moreover, that

(78 a () = oB] g ) S 2 (o) -
t
-$ (0 - =8 [ g (wa
(8-1)

for t > 0. By multiplying by t and differentiating we obtain (4.7.6).

e) From (4.7.5) and (4.7.8) it follows that qu(t) >0 for t > 0. If

0 < a < 1 then qa(t) <0 fort>1%by (4.7.5) and (4.7.6), so qa(t) de-
creases for t > 1. Next suppose a > 1. Then q&(t) exists for all t > 0 (in
particular for t = 1) and, moreover, is continuous. Suppose that the set

{t : q&(t) > 0} islunbounded. Certainly the set {t : q&(t) < 0} is unbounded,

since fqu(t)dt = 1 < w, Hence the set Z of those to such that
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' -
1) qu(to) 0,
2) there exists an € > 0 such that q&(t) < 0 and qa(t) > qu(to) for
- t t
tO e < < 0’
is not empty. Further Z < (1,»), since q&(t) >0 for 0 <t < 1. Take &

to € 7. From (4.7.6) it follows that

Yl R
q,(t,=1) 5 9 (tg) < g (%)

a-1
q,(t=1) > == q (t)  for tg-e <t <t

Hence a, decreases in (t0~1—e, t0—1) and, since qa<t0_1) < qu(to)’ must start
increasing somewhere between to - 1 and to - ¢. Therefore 7 contains also a

point < t_ . Let 2z be the infimum of Z. It is impossible that z e Z. Therefore

0
there is a sequence (tn) of points in Z such that tn + 7. But then z is a
zero of q&, since the tn are and since q& is continuous. Consequently,

o-1

a (1) ==l

o MEI qa(Z)

+ - < 3 - +

Now choose a tn such that tn <z + 1 and qa(tn 1) e(qu(z 1) qa(z)) <

< qu(z). Then q must start increasing somewhere between tn - 1 and z,
having decreased on the left-hand side of t, - 1. Hence Z contains a point
smaller than z. Contradiction..We conclude that Z is empty. Consequently,

{t : q&(t) > 0} is bounded and e) is proved for o > 1, 0
4.7.8. Remarks.

a) In a) of theorem 4.7.7 the Laplace-Stieltjes transform of Qa is written
in the standard form of FELLER (1971, th. XIII, T7.2) for Laplace-
Stieltjes transforms of infinitely divisible distribution functions con-
centrated on [0,).

b) The function q, occurs in the theory of primes (see DE BRUIJN (1951 a)
and VAN DE LUNE & WATTEL (1968)), and in the theory of symmetric groups
(see GONCAROV (1944, p. hh-L6)). The differential-difference equation
axf'(x) + f(x-1) = 0, which coincides with (4.7.6) for o = 1, was
studied in BEENAKKER (1966). A table of qu1(t) is contained in
VAN DE LUNE & WATTEL (1969).

¢) The terms of the sum in the expression for g (t) in theorem L.7.7 b)
vanish for k¥ > [t]. So the sum is finite for each t > 0. Note that for

a > 1 each term in this sum diverges to infinity as t - «. However, the
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terms strongly cancel, since qu(t) = exp(- t log t (140(1))) for t + =
(see lemma 5.7.9).
d4) From 4.7.7 b) it follows that for t e [0,1]

Plp, < tlp, = 1} = ¢

1/a

So, given 2, <1, 2, has the same distribution as the first term g1

of the series in (4.7.4) which defines 2,

The asymptotic behaviour of q1(t) for t + » was studied in DE BRUIJN (1951 b).

In the next lemma one of his results is generalized to qa(t) with o > O.

4.7.9 Lemma. For t - o«

1 )+
log t

i}

(L.7.9) qa(t) exp(- t(log t + log log t - (1+loga)(1 +

2
+ loglizgtt + O((log log2t) ).
, (log t)

Proof. The proof follows the arguments of DE BRUIJN (1951 b) combined with
those of example 4b in DE BRUIJN (1950). Here we indicate only how to modify
his arguments in order to obtain (4.7.9) also for a # 1. First we remark
that, without affecting the results, we can weaken the conditions in the de~
finitions and theorems of DE BRUIJN (1950) by requiring them only for some
neighbourhood of infinity instead of for [0,») or [1,»). We cannot apply his
results as they stand, since qa(t) + o for t + 0 if 0 < a < 1. Moreover,
qa(t) starts increasing at t = 0 if o > 1, so a literal transcription of the
arguments is his example 4 b is impossible. It is, however, sufficient that
qa(t) decreases for sufficiently large t, and so the conclusions of example
4 b remain valid.

Now, following the arguments of DE BRUIJN (1951 b) we can prove that there

exists a positive constant C, such that for t + =
1 g(t/a) s - o8
(4.7.10) qa(t) = (C + 0(t7%)) exp(- a J ——

0
where £{u) is the positive root of the equation b= ug.
It follows that

(4.7.11) = log qa(t) = - o log q1(§) + 0(1) for t + =
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and then (L4.7.9) follows from the special case o = 1 already obtained in
DE BRUIJN (1951 b). Of course (4.7.9) can be obtained also directly from
(L.7.10). 0

Remark. An easier proof starting from (4.7.9) for o = 1 could be obtained if

one could prove (k.7.11) directly.

4.7.10. Remark. From

00 ° >
J e-A u log udu ~— e_A t log t for A > 0 and t >
" A log t
it follows that (4.7.9) holds with 1 - Qa(t) instead of Q&(t). F.W. Steutel
(oral communication) proved that all infinitely divisible distribution func—

tions F satisfy
- log(1 - FP(t) + F(- t)) =0 (t log t) for t + «

unless F is normal or degenerate (a slightly weaker result was given in

HORN (1972)). So we see that the tail of Q, is approximately the thinnest
possible for infinitely divisible nondegenerate distribution functions con-
centrated on [0,»). Of course a similar remark can be made about the tail of

Poisson distribution.
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CHAPTER 5. THE BALKEMA-OPPENHEIM EXPANSION
5.1. DEFINITIONS AND PROPERTIES

We shall define a class of series expansions of real numbers in (0,17,
which contains the series expansions of Engel, Sylvester and Liiroth and, in
a way, Cantor's product expansion as special cases. It should be noted that
the continued fraction expansion does not belong to the class we shall study
here. BAIKEMA (1968) and A. Oppenheim have def?ned independently series ex-
pansions generalizing the special expansions mentioned above. Oppenheim's
definition can be found in GALAMBOS (1970). At some points the definitions
of Balkema and Oppenheim differ. The foregoing investigation was undertaken
in order to study Balkema's expansion, so we follow his definition.

A1l special cases mentioned above are studied from a number theoretical
point of view in PERRON (1960) (first edition: 1920), where also many re-
ferences to the older literature can be found. Here we shall study these
expansions with probabilistic tools. In this way we supplement and continue
work of BOREL (1947, 1948), LEVY (19L4T7), RENYI (1962 a, b), SALAT (1968),
JAGER & DE VROEDT (1969), BALKEMA (1968) and GATAMBOS (1970).

Let (a(n)):=1 be a strictly decreasing sequence of real numbers with
a(1) = 1 and a(n) » 0 for n +~ ». Let the integer-valued functions d on (0,1]
be defined by

(5.1.1) d(x) :=n if a(n) < x < a{n-1) forn > 2.
Hence
(5.1.2) al{d(x)) = sup {a(n) : a(n) < x} for x ¢ (0,11,

Let further be given a map h from N\{1} into . Now take x ¢ (0,1]. Then by
(5.1.2) we have

0 < x - a(d{x)) < a(d(x) - 1) - ala(x)).

Consequently,

x - of{d{x))
a(d(x)-1) - ald(x))

e (0,11
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and hence
L x - of{d(x))
X2 : a(d(x)-1) — a(d(x)) G(h(d(x))) € (Oa m(h(d(x)))] < (0’1]-
In fact we have obtained X, as image of x, = x by mepping the interval
(a(n), a(n-1)] which contains x linearly onto (0, a(h{(n))]. Since x_ e (0,1]

2
we can start the whole procedure with X, instead of x,, which gives us an x

1 3
instead of X5» etc. In this way we obtain a sequence (xn):=1 of real numbers
in (0,1] (and, consequently, & sequence of natural numbers (d(xn))z=1),

which is defined recursively by the algorithm

a) X, 8 =X (x ¢ (0,11),
(5.1.3) J
- a(d(x)) x_ -~ ald(x_))
b) X, = o T T a(h(d(xn)))=—n——?——~i(n—’
~ i ald(x )-1) - a(d(x ) v(alx )
where

_ olk-1) - o(k)

(5.1.&) Y(k) a(h(k))

for k = 2,3,...
In order to simplify the notation we write

(5.1.5) a = dalx ).

The dn are functions of x = x_ with values in N\{1}. Now we can rewrite

1
(5.1.3 b)

(5.1.6)  x_ =alda) +yla)x ..

By iteration of (5.1.6) we obtain for each n € N

(5.1.7) x=a(d) + v(d,) ald,) + v(a) Y(dg) a(d3) + ..

2

.+ y(d1) Y(d2) cen Y(dn—2) a(dn_1) + y(d1) Y(dz) v

This suggests the identity
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x = Lomq o(a) Hi;l (g

which holds in most but not in all cases, as we ghall see in 5.1.10.

5.1.1. Definition. If (a(n))z=1
a(1) = 1 and a{n) > 0 for n > «» and if h is a map from N\{1} into N, then for
n-1 . .

(dk) with y and d4_ defined by

is a decreasing sequence of real numbers with

k=17
(5.1.1), (5.1.3), (5.1.4) and (5.1.5) is called the Balkema-Oppenheim ex—

pansion, shortly the BO expansion, of x generated by o and h. Notation

x e (0,11 the formal series 2221 a(dn)H

oy vlay).

x ~ Z:=1 ald )1 .

n k=
5.1.2. Remark. We are only acquainted with Oppenheim's expansion through
GALAMBOS (1970). In the latter expansion one uses exclusively o(n) = 1/n,
but the y(dk) in (5.1.6) are replaced by rational-valued functions
rk(d1,d2,..., dk)’ depending not only on d, but also on k, d ., dys--es a

-1

5.1.3. Definition. Let h be a map from N\{1} into N. A finite sequence of
integers (jk)i=1 is called realizable (with respect to h), if
8) §, > 2,

b) > h(j, ) + 1 for 1 <k < n-1.

Jg+1 Iy

An infinite sequence of integers (jk);=1 is called realizable if each finite

sequence (jk)i=1 with n ¢ N is realizable.

5.1.4. Lemma. Let (jk)z=1 be a sequence of integers. Then for n ¢ ¥
x:d,=3,58,=Jd,550..5 4 = Jn} =

ali )+ v(3,) i) + oo+ v(G)) ¥(G) el v ) wld_g) +
+v(3,) v(3,) - (G
)

aoq) (03 )s alg -1)]
if (jk E=1 is realizable,

¢ else.

N
Proof. Because of (5.1.7) the lemma is equivalent to the validity of the two
statements

. - 1= . . 1 . . A
1) {x: 4, =j,,4 a = Jn} ¢ if (Jk)k=1 is not realizable;

12 %o T dpsees 4




2) if (jk)§=1 is realizable, then exactly all x with 4, = J

dn = jn are obtained by taking d1
x e (ald ), alj_-1)7 in (5.1.7).
n n n

For n = 1 assertions 1) and 2) are trivial. Only the induction step starting

S a2 Tdoeeees Gy n

from case 2) is not trivial. Therefore suppose that (jk)§=1 is realizable.

From (5.1.3 b) and (5.1.5) it follows that dn+1 = e if and only if
0 ~ OL(jn) . . .
X 4= a(n(j )) e (al3 . )s a(3

- 1.
(g -1 - aliy)

n+1

Now x = x . isa one-to-one map from (a(Jn), a(Jn—1)] onto (0, a(h(Jn))],

SO

n{x:x e (0, ah,(3 )T 0 (ald )5 ald  -1)]T
But
(0, a(n(i NI n (al§ ,)s (i -1)] =
(a3, q)s ald =11 if § 4 2h() + 1,
) o if § 4 s
So 1) and 2) follow with n+1 instead of n. O

5.1.5. Definition. The (possibly empty) sets

In(JT,Jga---: Jn) = {x A = gy, 4, = Joseees 4 =)0

for n ¢ N and integers jT’jZ""’ 3

are called the fundamental intervals.

6.1.6. Lemma. Let (jk):—l be a sequence of integers, then
. . . ) . . . .
a) (In(J1,32,..., Jn))n=1 is a nonincreasing sequence of sets;
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-]
4y = dys 4y = dpsennd = j21 L (3 sdgseees dp)s
e) {x : 4, =J,, 4, = 32,...} # ¢ if and only if (Jk)k=1 is realizable.

b) {x:

Proof. a) and b). Immediate consequences of the definition of the fundamental
intervals.

¢). We shall show that nm= I (j1,j2,..., j ) # @ if and only if (J ): 1 is
realizable. If (jk);:=1 is not, then by lemma 5.1.4 1 (31,32,..., J } = @ for
some n, and so is the intersection. In the other case it follows from lemma
5.1.4 that (In(j1,j2,..., jn)):___1 is a sequence of right-closed intervals

and that the left-hand endpoints strictly increase. Moreover, the right-hand
endpoints do not increase by a). So the intersection contains at least the

limit of all left-hand endpoints. 0

5.1.7, Lemma. If x ~ z:=1 a{d ) I~ Y(dk), then the series converges and

'y(dk) = inf {y : y ~ X:=1 a(dn) HE;} y(dk)}.

0 "\ n-1
x z-Zn=1 cL(dn) Hk=1

o

Proof. From lemma 5.1.6 b) it follows that 021 I (d1,d2,..., dn) is the set

of all y with the same BO expansion as x. This set is not empty since x be-
longs to it. Moreover,

o

. o n-1
x > inf o0 I (d1,d2,..., dn) = Zn=1 u(dn) e y(dk). 0

5.1.8. Lemma. If (jn):_1 and (j')"_. are two different realizable sequences

n'n=1
. e s A <y .
of integers, nO := min {n : Jn # Jn} and Jn > Jn , then
0 0
a) I (31,32,--.;1 in) NI (31535005 3)) T ¢ for n 2 n,
2t i
v) Iy eld) mog v(3) > Looq Jn) IRGADR

Proof. a) For n = n, a) follows immediately from the definition of I - But

then a) follows for n > ngs since the intervals at both sides of the inter-
section decrease for increasing n.
1,32,..., jg) lies to the left of
In(31,32,..., Jn). This follows for n = n, from lemma 5.1.4 and then for

b) For n > . the interval I (J

n > ngy by lemma 5.1.6 a). So we have for the endpoints

I o) Mol v(3)) < ool a3 mol (i) +

sh_q n-1 cr n ~
a(31-1) Moy v(3)) < Iooq aldy) rr“‘ 1 vl
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Now the outmost sides of the inequality increase for increasing n, whereas
the middle part is nonincreasing. Hence the same inequality holds for the

limits of the outmost sides, as equality in the limit is impossible.

0

5.1.9. Theorem. The following three assertions are equivalent.

(1) x=J°_ ofa) M2} y(a,) for each x ¢ (0,11,

k=1 """k
(ii) The map x = (dn):_1 by means of the BO expansion of x is a one-to-one

map from(0,1] onto the set of all realizable sequences of integers.

(iii) 1im y(d1) y(dz) !

n—-o

for each realizable sequence of integers (dn):—1'

poq)(ald =1) = ald )) =0

Proof. (i)=>(ii). Lemma 5.1.8 b) and (i) imply that the map in (ii) is
one-to-one. The map is onto by lemma 5.1.6 ¢).
(ii)==(iii). The set in 5.1.6 b) contains only one point if (dn):=1 is

realizable. Therefore the lengths of In(d 4 . dn) converge to zero

R

n - =,

(iii)==>(i). Since x ¢ I (&,,4_,..., d_) for all n, we have
n 1’72 > n

0<x- [0 a(a) Mol yv(a) < |1 (4,0 a)| =

1290000 n

Yald ) - a(dn)) > 0 for n » =,

0
5.1.10. Definition. A BO expansion is called separating if the assertions in

=1
n

theorem 5.1.9 are true.
5.1.11. Example. There do exist non-separating BO expansions. Take for n ¢ I

a(n) := e—%n(n—1)’

=
=]
i
B

then y(n) = R

1 and (dn):;1 with dn :=n + 1 is realizable. For this

(4 ) we have
n

¥(a,) v(ay) o yla_)(a(@=-1) - ofd)) =

(e=1)(e’=1) ... (en—1_1)(e—%n(n—1) _ e_%(n+1)n) _

2

(1" Y (1=e™2) ... (1=~ P=V)y(1_e™m)

.
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This product converges to a positive number for n + ., So (iii) in theorem

5.1.9 is not satisfied.

5.1.12. Lemma. (BALKEMA (1968)). A BO expansion is separating if at least one
of the following conditions is satisfied.
(i) sup a(n) o,

nell al(n+1)

(ii) y(n) < 1 for n = 2,3,... .

Proof. (i). By lemma 5.1.7 we have

Y ... Y(d

(5.1.8)  v(a,) v(a, -

) a(dn) + 0 for n + »

for each realizable (dn). This combined with (i)} gives condition (iii) in
theorem 5.1.9.

(ii). The sequence (HE;} Y
in theorem 5.1.9 follows since Ia(dn—1) - a(dn)| < 1. If its limit is posi-

(dk))n=2 converges. If its limit is 0, then (iii)

tive, then a(dn) + 0 by (5.1.8) and hence a(dn—1) + 0. Again (iii) in theorem
5.1.9 is satisfied. 0

5.1.13. Remark. Two separating BO expansions with the same h but different
sequences (a(n)) and (a'(n)) define a homeomorphism ¢ from (0,1] onto itself
by

= Ty ala) T ) - Tony el 2] ) = et
Therefore every separating BO expansion can be obtained by applying a BO ex—
pansion with a(n) = 1/n to ¢(x) instead of x, where ¢ is a homeomorphism
from (0,1] onto itself. We shall see in section 5.5 that probabilistic limit
theorems in terms of (dn) remain valid after replacement of x by ¢(x) pro-
vided that ¢—1 is absolutely continuous. If ¢_1 is not absolutely continuous,
then such limit theorems may change essentially. Therefore it does make sense

to consider other sequences {oa{n)) than the one with a(n) = 1/n.

5.1.14. Remark. In the proof of theorem 5.1.9 (iii)==(i) we saw that

(5.1.9) 0 <x - Zn=1a(dm)H§;1y(dk) < vla)viay) evla, ala _)-ald)),
if x ~ z:=1‘a(dn) Hi;l Y(dk).
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So the right-hand side of (5.1.9) is an upper bound for the speed with which
X is approximated by the partial sums of its BO expansion. In GALAMBOS (1971)
the speed of this approximation is studied from a probabilistic point of view

for some classes of expansions.

5.2. EXAMPLES
See the table on the subsequent pages.
Comments.

1. All expansions except #3.1 (cf. example 5.1.10) are separating. For all
remaining expansions except #3.8 this can be seen by verifying one of
the sufficient conditions of lemma 5.1.12. For #3.8 we prove condition

(iii) of theorem 5.1.9 directly:

) o.. y(4 Ya(ad

o1 ) - oc(dn)) =

-1
n

) (d1-1)(d2—1)...(dn_1 n 1 1

= < r
a! - a! d_ = n+1
n n n

> 0

for n + «. For the last inequalities note that dn+1 > dn’ d1 > 2, s0
d_ > n+il.
n =

2a) Expansion #2.9 can be obtained from expansion #1.2 by the substitutions

' = n — -
al =7 a, - 2(n-1),

where the dn from #2.9 are denoted by dﬁ.

b) Expansion #3.9 can be obtained from expansion #2.9 by the substitutions

T IR

1438

a"=4a' +n-~-1,
n n

where the d from #3.9 are denoted by d;.

3. If in expansion #3.9 § = 1 is chosen, then dn - 1 is the place of the

t . . . .
n h one in the dyadic expansion of x.
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# h(n) a(n) v(n) name literature
1.1 1 1 i 11) I{iroth's series 1UROTH (1883)
n nin= PERRON (1960)
1.2 1 B! (1-8)8"72
(o<o<1)
2.1 n-1 B2 _(1-y(k))| general, BAIKEMA  (1968)
k=2
ZY(_n)=°°s
o<y(n)<1
2.2 n-1 1 1 Engel's series ENGEL (1913)
o n PERRON  (1960)
2.3 n-1 n? 1-(‘—‘31—)a BAIKEMA  (1968)
(a>0)
1 t
2.h} -1 T+t (n-1) | 1+t(n-1)
(t>0)
2.5| n-1 n(nf1) E%T BATKEMA  (1968)
2 A
2.6 n-1 o -
n -8 -a
2.7  n-1 Hk=2(1—k ) n
(0<ax1)
2.8 n-1 %T 1- i BALKEMA  (1968)
2.9 n-1 (1-\()’1"1 v BALKEMA  (1968)
(0<y<1)
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BO expansion o #

] 1 1 1 1 1

—+ — + — + ... 1.1
d1 d1(d1"1) d2 d1(d1-1) d2(d2—1) d3

d, -1 d_ +d_-3 d, +d +d3—5

8 '+ (1-0)6 | + (1-0)% | 2

"

(=y(2))(1=y(3)).. . (1=y(a,)) + y(a ) (1-y(2)) ... (1~y(a,)) +

+ Y(d1)y(d2)(1—y(2))...(1—y(d3)) + ... 2.1

a a-1a 4,18 a1
a,” + (1-(‘Ef“ )d2 + (1—(—5——) )(1-(—5—— )d3 + 2.3
1 1 o
1 t 1 t t 1
+ + + ... 02,
1+6(d.<1) © 1+6(d.<7) 1+6(d~1) T 1+6(d.~1) 1+t(d.-1) 1+6(d.-1) 2.4
1 1 2 1 2 3
2 1 2 2 1 > 2 2 4
R ) 1y ... 2.5
¥ +
a1 a T aE G, T A e a4y
2 + L 2, L 1 2_ 4 e 2.6

+ + + +
d1+1 d1 1 d2 1 d1 1 d2+1 d3 1

ad;a(1-2“a)...(1-d“a) + 2.7

3

(1-27%) 0. (1-67%) + a2 0-27%) L (1-5%) + g

T+ - s -0 T : 2.8
1° - 1 2 3
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# h(n) a(n) v(n) name literature
3.1 n 1/HE=2(1+y(k)) general
5 1 2 Engel's RENYI (1962 a)
3- n o n-1 modified
series
3.3 n n"® (;%T)a_1
(a>0)
T
b n 1 —
i T (ao1) t+t(n-2)
(t>0)
2
2 e
3.5 n n(n+1) n-1
1
2 —_—
3.6 n e n
3.7 n H§=2 1-a n_a
14k (0<a<1)
3.8 n %T n-1
3.9 =n (146)71 5
(6>0)
4.1 n(n=1) 1 1 Sylvester's| SYLVESTER (1880)
n series PERRON (1960)
1/n 1/n
h.2l n(n-1) e -l e /
e-1
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BO expansion #
1 v(a,) v(a,)v(a,)
~ + . e e -
N C NN T R R S C D N S EI)) * (v (2)). - (1+v(a,) *eenr 341
1 1 1
X = = + + + ... 3.2
4, (d1—1)d2 (d1—1)(d2—1)d3
e ()R () (21 )as® + 3.3
*=4q 3= T% a1 a1/ "% . .
_ 1 4 1 t 4 1
= 1wt (a.-1) * 1+t(d, -2) 1+t(d.-1) * 1+t(d, -2) 1+t(d,-2) 1+t(d_-1) * 3.4
1 1 2 1 2 3
2 2 2 2 2 2
X = + + + ... 3.5
d1(d1+1) d1-1 d2(d2+1) d1—1 d2—1 d3(d3+1)
2 12 1 2
x = - + + 3.6
a+ T a T ad, d3+1
- -8, ~8
] a a;
x = — — + — -+ — ot 3.7
(142 a)...(1+d1a) (142 a)...(1+d2 ) (T (14l
a-1  (a-1)a.-1)
S W A L L 3.8
; 5! 5
~a,+1 —d,+1 5 -d_+1
x = (148) + 8(148) £+ §7(149) + .. 3.9
1 1 1
X = T 4 = f =t h’1
4 4, 4
1/d /4, 1/4 1/a +1/4. 1/4
(e=1)x = (e ! 1) + e 1(e 2—1) + e 1 2(e 3—1) + ... .2
== log{1+(e-1)x) = ;—+ ;——+ ?11—+
1 2 3
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# hin) al(n) v(n) name literature
-1/n
k.3 n(n-1) l-e gi/n
1-e
1 £ Oppenheim
5.1 (n+t)(n-1) o 1+ - Cantor's product | GALAMBOS (1970)
(tell) (for t=1)
For Cantor's
product:
5.2 (n+t)(n-1) lggi%%%%%l 1 Cantor's product | CANTOR  (1869)
1og e PERRON (1960
(telN) (for t=1)
6.1 {(n-1)n+1 %'arctg &' 1
7.1]  n(n-1)K(n) 1 B(n)
ho: N\{1} — N
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BO expansion #
-1/4 -1/d -1/a -1/d.-1/4a -1/a
(e Hx=(1—e N +e (lme D+e ' e 3w .. k.3
- 1 1 1
===> _ Jog(1-(1-e )x) =ttt
1 % %3
= v e B0 5.1
1 % 1 2 %3
— (1tx) = (1 + )1+ (1 + ).
1 2 3
% log(1+t) = log(1 + =) + log(1 + Jg—) + log(1 + =) + 5.2
1 2 3
— () = L+ 0
1 2 3
m 1 1 1
T X = arctg g- + arctg g + arctg 3=+ ... = 6.1
1
=arg I 1 (1 +d_)
n
X =1+ B(d,) — + Ba,) Ba) —+ 7.1
a 14, 1 2’ 4,




Similar remarks can be made for expansions #2.9 and #1.2 if y = 8 = 3 is
chosen.

4. Expansion #4.2 can also be obtained by regarding expansion #4.1 for x
as being an expansion attached to ¢1(x) := log(1 + (e-1)x).
Expansion #4.3 can also be obtained by attaching expansion #4.1 for x to
¢2(x) i= ~ log(1 - (1—e—1)x).

The functions ¢1,¢;1,¢2,¢;1 are absolutely continuous

5. Expansion #5.2 can also be obtained by attaching expansion #5.1 for x to

¢3(x) 1= () -1

T . Both ¢3 and ¢;1 are absolutely continuous.

5.3. THE ASSOCIATED MARKOV CHAIN

Consider the probability space ((0,1]1,B,P), where B is the o-field of
Borel sets in (0,1] and P is the Lebesgue measure. By lemma 5.1.4 the sets
{x : d1 = 31, d2 = 32,..., dn = Jn} are Boril measurable for all .
n,j1,j2,..., jn € N. Hence the map x v (dn)n_1 from (0,1] into W e R is

Borel measurable (cf. th. 4.1.1 a). So we may interpret (dn);=1 as a random

elemnt in NN or in RN. From now on we shall underline the dn and put
4= (gn):=1. We are now free to use the dn without underlining to denote

possible values of gn. The next lemma follows immediately from lemma 5.1.k.

5.3.1. Lemma. For n, d1, d2,..., dn e W
Pd, = d, 4, =dy..e, d =d )=
. n . .
y(d1) y(dz)...y(dn_1)(u(dn—1) - a(dn)) if (dk)k=1 is realizable,

0 else.

5.3.2. Theorem. The random element 4 = (gn):=1 in I is a stationary Markov

chain. Its state space is N\{1}, its initial distribution is
Pla, = ) = a(i-1) - ald) for § = 2,3,...

its transition probasbilities are

o{k-1) - a(k) . .
a(n(3)) for k, j ¢ B\{1}, k > n(J),
(5.3.1) P{d ., =k|d =3} =

0 else.
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Proof. It is sufficient to prove that the right-hand side of (5.3.1) equals

(5.3.2) P{d = J}

d 4= klg_1 =d,d =4d a =4

17 =2 2777 =n-1 n-17° gn

in all cases that the condition has positive probability, thus if
(d1,d2,..., dn_1,j
with transition probabilities (5.3.1). The other assertions of the theorem

) is realizable. Then indeed d is a stationary Markov chain

are trivial. If (d1,d2,..., dn_1,j) is realizable, thén (5.3.2) equals

Pld) =di,dy=dppeeesd =4 104 =d54d ., =X =
P{d; =dy,d,=dgs..5 8 =4 (.4 =]}
0 if k < n(j)
vldv(ay) . ovla _Iv()(alk=-1)-a(x))  a(k-1)-a(k)
- - = if k > h(j)
Y(d1)y(d2)---Y(dn_T)(a(J—1)—u(J)) a(n(j))
because of lemma 5.3.1 and formula (5.1.4). 0

5.3.3. Remark. The Markov chain (gn): can be embedded in a larger Markov

=1
1 with probability 1 and (5.3.1) holds also for

1.

nain (a )" here d
chalin & n=0, where L4
n=1,3=1with n(1)

Theorem 5.3.2 is not new. It is already proved in BALKEMA (1968) and
GALAMBOS (1970). We can characterize the BO expansion of x also by (xn):=1
instead of (dn)z=1. With the underlying probability space ((0,11,8,P) the
sequence <§n):=1 is & random element in B (we underline again). The re-
quired measurability is easily verified.

5.3.4. Theorem. The random element §n+1/u(h(gn)) has a rectangular distribu-
tion on [0,1] for all n € N and is independent of (gk)§=1.

Proof. From the proof of lemma 5.1.4 it follows that

{g'] = d19 _d_2 = dza'-'s @_n = dns En_‘_-] _<_y} =
= a(d1) + y(d1) a(d2) +oo.. y(d1) ... y(dn_1) a(dn) +

+ y(a,) ... y(dn)(o, min{y, a(h(dn))}] if (4 ) is realizable,

n
k k=1




1z

Hence we have for realizable sequences (dk)§=1 and y e [0,1]

X

—n+t1 B _ ) )
P{a(h(g_n)) <vla, =4, 8,=a..,8 =a}
) Pld; = dj5eees d = d 5 x j_ya(h(dn))} )

P{g‘l:d‘l,‘..’gn:dn}

y(d1)...y(d _

0 1)Y(dn) ya(h(dn))

Y(d1)...y(d

n_1)(a(dn_1) - a(dn))

and the theorem follows.

d

5.3.5. Remark. For many BO expansions (such that gh + © g,s5.) one can show
that the random variables §n+1/a(h(§n)) in a sense are asymptotically inde-

~ ofd

pendent for large n. Furthermore x [

“n+1
GALAMBOS (1970) obtained most his results.

) for large n. In this way

Next we shall connect the Markov chain 4 with sequences of independent

Bernoulli trials as studied in sections 2.1, 3.4 and in chapter 4. Set

0 for k = 1
(5.3.3) P, = v
1B ek s o,
alk-1) -
then

(5.3.4)  a(n) =m_, (1-p,) for n e N.

Now the transition probabilities in (5.3.1) can be rewritten

k-1

My=n(j

129 y41 (-py) if X > n(j),

(5.3.5) Pla_. =k|d =]} =

—n+1 -n

0 if k < h(j).

On the right-hand side we recognize the probability that in a sequence of
- - . o4 3 — — .
independent Bernoulli trials (gk)k=1 with P{_s_k = 1} p, the first succes

after epoch h(j) occurs at epoch k. The initial distribution in theorem

5.3.2 can be rewritten

= i1 = 3-1
(5.3.6)  P{a; =J}=p, 0, (1-p, ),

the probability that in the sequence of Bernoulli trials introduced above
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the first success occurs at epoch J.

- (n)e
5.3.6. Theorem. Let (_e_k )k=1
dent Bernoulli trials and let

for n € N be independent sequences of indepen-

P{,E_l({n) =1} =1« P{glin) =0} =p, fork,nem,

(n) _ - ®
1 = 0 a.s.). Let further d = (gk)k=1

be a sequence of random variables defined recursively by

where P, is defined by (5.3.3) (hence ¢

d. := index of the first one in (5(1))Oo

=1 %k k=1’

a := index of the first one in (g(n+1))m (n e m)
“n+1 %k k=h(d Y+1 .

Then d is a stationary Markov chain with initial distribution and transition

probabilities as in theorem 5.3.2.

Proof. Only the Markov property still needs proof. But this follows easily

from the independence of the sequences (e(n))

& forn=1, 2,... . 0

k=1

5.3.7. Remark. If h(k) > k for all k, then the theorem remains true if one
single sequence (gk) is substituted for the infinitely many sequences (gén))
(see section 5.L4k.2).

5.3.8. Corollary. If we want to study the distribution of a Markov chain d

associated with a BO expansion, then we can study instead the Markov chain

4 of theorem 5.3.6. Note that (§im)) d (Ein)) for m, n ¢ iN. Consequently,
Lﬂm) d L‘n) for my n ¢ N, where L for m € N is the random function de-
fined by

L™ 0) = o

Lﬁm)(n) = min {k : k > L‘m)(n—1), e(m) =1} forn e N,

L(m)([t]) for t > 0.

o
]

In the next section we want to apply the limit theorems in terms of L
of section 3.4 and chapter 4. In both cases some extra conditions on pk are

required. In the theorems of section 3.4 we required that




1k

o« 3
Zk=1 min {pk,1—pk} = o,

(5.3.7) ¢
zn 2
k=1 Pk
n

k=1 Px

+7pe [0,1) forn- o,

The assumptions of chapter L4 are

Pk > 0 for k » «,

(5.3.8)
L1 P = =
Note that (5.3.8) implies (5.3.7) with p = O.

5.3.9. Lemma. If P is defined by (5.3.3) and (a(n)) is a decreasing se-

[ee]
n=1
quence of real numbers such that a(1) = 1 and o(n) > 0 for n > «, then

(5.3.7) is equivalent to

@ . (k) (k) -
ly=p ™in {2(k—1)’_1 - Z(k—1) =%
(5.3.9) 4 )
n alk 2
_, (1 = F7=7)
Ek—g azk;1) p e [0,1) forn = o,
zn_ (1 _ &_)
k=2 alk-1)

and (5.3.8) is equivalent to

aln) -
(5.3.10) a(n-1) —>1 for n + o,

Proof.The least trivial thing to prove is that always zz=1 Py = - This fol-
lows from the assumption
aln) =1, (1-p,) » 0 for n > «.
k=1 k g

5.3.10. Review of the expansions in section 5.2.

Only expansions #2.8 and #3.8 (and consequently #2.3 and #3.1) do not
satisfy any of the requirements (5.3.9) and (5.3.10). Further expansions
#1.2, 2.9 and 3.9 do satisfy (5.3.9) but not (5.3.10). Bince in these
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examples P does not depend on k, limit theorems for these cases can be
proved by simpler means than theorems 3.4.1 and 3.4.2 (cf. remark 3.4.6). So
we focus our attention on the remaining expansions which all satisfy
(5.3.10). Note that theorem 3.L4.4 applies in this case. Since in some of the
theorems in chapter Lt extra conditions on the p, are imposed, we sometimes

have to fall back on that theorem to avoid these conditions.

In formula (5.3.3) we related (pk) and (a(k)). We can also connect
(a{k)) and the "observed Poisson process" of chapter 4. The observed Poisson
process described the embedding of a sequence of independent Bernoulli trials
in a Poisson process. Since we here deal with independent versions (gém));=1

of such sequences, we have to consider independent observed Poisson processes

(m)

lﬁm) = (Iém))z_1 generated by independent Poisson processes t' . Some im-
portant relations are
0 for k = 1,
R T log(1_pk) ) 1o alk-1) for k > 2;
g Ol.(k) - ]
b) e = Zk A. = - log alk) for k € IN;
k j=1 "3 >
e) T(m) = ¢ = - log a(L( )(n)) form, n ¢ N.
“n (m)
L' '(n)

5.4, LIMIT THEOREMS FOR gn
5.4.0. Introduction.

Throughout section 5.4 we assume that

(5.4.0.1) afn) 1 for n + »,

aln-1)

so (5.3.8) is satisfied by lemma 5.3.8. We shall derive limit theorems in

terms of 4 = (gn)oo in each of the following cases

n=1
1. hi(k) = 1 (section 5.4.1),
2. h(k) > k (section 5.4.2),
3. h(k) > k¥ - v(k) with v(k) <k (section 5.4.3).

For the principal example of case 1 several limit theorems were obtained by

SALAT (1968) and JAGER & DE VROEDT (1969), for the case that h(k) = k - 1 by
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BALKEMA (1968) and for the case a(k) = 1/k, hn(k) > k - 1 by GALAMBOS (1970),
who admits that hn also depends on the index n of

4
-n
5.4.1. Case 1: n(k) = 1.

In this case it follows from theorem 5.3.6 that gn = L‘n)(

1), so the gn
are independent and identically distributed. Consequently, many classical
limit theorems apply and we do not need the apparatus developed in the
present work. The only example in section 5.2 satisfying (5.4.0.1) is the
Liiroth series (expansion #1.1). ¥ote that in this case P{gn =k} = (k(k-1))_1
for k > 2, so E gn = » and the "classical limit theorems" referred to above
are not the first ones that come to mind. The probabilistic aspects of the
Liiroth series were studied in SALAT (1968) and JAGER & DE VROEDT (1969), to
which the reader is refeérred for results and proofs. An important tool in

these papers is the fact that in this case the map

x - old(x))

x+ Tx := 7(a(x))

is a measure preserving ergodic transformation of the unit interval. This
approach fails in the other cases considered here (cf. SCHWEIGER (1970)).
Supplementing the work of $alét and Jager & De Vroedt here we prove another
central limit theorem for the numbers gn in the Luroth series.

5.4.1.1. Theorem. If 4 = (gn):=1 is the Markov chain associated with the

Liroth series {expansion #1.1 in section 5.2), then

. 1 vn
iiﬁ P{H'Z}F1 gk -1 -1logn < x}="Fzx) for x ¢ R,

where F is a distribution function with characteristic function

o)

(5.4.1.1) J I ar(x) = exp(- in|t] - it log |t|) for t ¢ R

pa.

and with continuous density

O
(5.4.1.2) F'(x) = %‘J sin 7t exp(- xt - t log t)dt for x ¢ R.

0 .
5.4.1.2. Remark. The theorem is a special case of general results about
partial sums of independent identically distributed variables attracted to

stable laws (see GNEDENKO & KOLMOGOROV (1954) or FELLER (1971)). The limit
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distribution F is stable with exponent one (cf. FELLER (1971, formula (3.19)
on p. 570)). In the proof we do not use the general theory just referred to.

Proof of theorem 5.4.1.1. The 4 are independent with distribution

1

Pld =k} =1

for k = 2,3,...,
and characteristic function
1 for t ¢ 2nZ,
—elt)Log(1—elt) for

t € R\2nZ.
Here Log denotes the principal value of the logarithm. If ¢(t) is a character-

e +(1

istic function without real zeros, the by log ¢(t) is meant the analytic
continuation of log z along the path (w(t))
We shall prove that for all t ¢ R

t ¢ R starting from log y(0) = 0.

..l tn . t .
log E exp 1t(n Zk=1 gk - 1 -1log n) =n log ¢(n) - it{1 + log n)

converges to the logarithm of the characteristic function in (5.4.1.1.).

For t e R, t # 0 and n + = we have

elt/n) 1t/n) + log[1 _ e1t/n| -

Log(1 - =i arg(1 - e

= - iri sign t + log

and, conseguently,

¢(%)= 1+ i£(1 + i7i sign t - log lﬁl + o(1)).

Hence

1im (n log ¢(%) - 1t(1 + log n)) = - Fu|t] - it log |t|.

>
The 1imit is the logarithm of a characteristic function, since it is the
1limit of such functions and tends to zero for t - 0 (see FELLER (1971,
theorem XV. 3.3)), Since (5.%.1.1) is absolutely integrable over (-=,») we
have by theorem 3.2.2 in LUKACS (1970) that F is absolutely continuous with

continuous density
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1 (% it
F'(x) = o J e " exp(~ Ir|t] - it log |t])at =
-0
1 (7 . .
= Re — exp(- 2nt - itx - it log t)dt =
0
1 (i
= ;‘J exp{- 37z - izx - iz log z)dz =
0
= -Re E-J exp(mit - tx - t log t)dt,
Tlo
and (5.4%.1.2) follows. 0

5.4.2. Case 2: h(k) > k.
Consider the definition of gn in theorem 5.3.6. It follows that

(2))

e

d, = index of first one in (e k—h(d )+1

a . . . (1)
= index of first one in (gk )k=h(gq)+1 .

since h(g1) 3_§1 and 91 depends only on the §§1) with k 5“91.

follows that

By induction it

{[fe]

- s - - (n+1) e
index of first one in (Ek )k=h(

[t
|

“n+1 )+1

d
&

[i}e]]

(1))“’

index of first one in (Ek k=h(gn)+1

Therefore, without changing the distribution, 4 can be redefined on a single

sequence of independent Bernoulli trials (ek)k 1 (we omit here the super-
sceript altogether) with

0 ifk=1,
(5.4.2.1) P{Ek =1} =1 - P{gk = 0} = P = ()

1% if x > 2.

In this way 4 becomes a subsequence of (L(n))oo

n=1 constructed in the following

manner

(5.4.2.2)
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.In other words : if 4 = L(m) then all L(kx) in {L(m)+1,L(m)+2,...h(L(m))}

are deleted and gn+ is the first remaining L(k). We now introduce some

1
random variables which are analogues of those defined in 4.2.2. We suppose

(Ek) embedded in a Poisson process t as in section b4.2.

5.4.2.1. Definition. For j ¢ W

J. .o BB .
T =k T after e (k e W);
Jlo 1= cj,
Joo.2d .
D 7 Ik T Ik (ke )3
I =4 J ; J
Iy ¢ distance between Ty and the first Em after Ty
(k € N);
Je =, _d
gk = I {k e N).
From the relations between L and 4 it follows that
a(n(d )) n(d ) n(d ) h(a )
(5.k.2.3) log ra—5 =y " %(a) < L 5t S
—n+1 “n+1 -n
n(d_)
5.4.2.2. Theorem. For n € N the random variables 51 are independent and

exponentially distributed with mean 1

n(d )

S -

n=1

L .

Proof. 8imilar to the proofs of 4.2.4 and 4.2.5. Note that the event

m
{h( = m} depends on (Ek)k=1’ thus on {NE(O’t] 1 0 <t E-cm}' ]

a)
&
5.4.2.3. Lemma.
h(d
a) 0< s o<

with « as defined in k.k.13a.

b) Ae(e ) = AL(H) if (Ak);=1 is nonincreasing.
-n
Proof.
h(a )
" s )\K(ch(d )) = Meleg ) = )‘K(CL(n)) " Mz
3 -n =

b) Trivial. O
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Now we are in the same situation as in sections 4.4 and L4.6. We intend

to prove limit theorems for

nda) a(n(a ))
( 1) _, = (log—) __ .
1 n=1 =1
ald . .)
—n+1 n(a )
Their components are approximately equal to the components of ( a 51):=1,
which are independent and exponentially distributed with mean 1. The
- - . L

respective differences are bounded above by AK(ln) and by ALﬂn) if (Xk)k=1
is nonincreasing. In section 4.3 we obtained results concerning k=1 AL(n)'

So obvious analogues of the limit theorems in sections 4.4 and 4.6 can be

written down, some containing the extra condition that (), ) does not increase.

k
5.4.2.4. Theorem.
1 u(h(gk))
lim — z _, log 57—+ =1 a.s. .
e B k=1 ald, ,,))
Proof.
alh(g ) h(d ) h(4, )
It AR LR S e
n lk=1 a(_@k_ﬂ) n Lk=1 11 = n Lk=1 1 =

n
. Zk=1 AK(T )
-

which vanishes a.s. since I, ®a.s. for n > « and AK(t) + 0 for t »

(ef. proof of theorem 4.2.6). O
5.4.2.5. Theorem. If (% k] )Y is nonincreasing and
e : alk) k=1
k-1).2
Taq (108 285D
T >0 forn >,
(- log a(n))?

then

[n.] a(h(gk))

k=1 log a(a ) - nl .
a) '1'k+1 4 Ea

n2

where W is the Wiener process;
[n.] log d(h(gk)
k=1 a(g.k”)

(2n log log n)

- nl
b)

vV —?K a.s. ,

A




where K is Strassen's set of limit points.

Proof. By (5.3.11 a) and (5.3.11 b) the conditions on (a(k)) become

1) (Ak)k=1 is nonincreasing ,
n 2
k=1x
2) —m 170 forn-> .
2
Tty

Now the proof is completely analogous to the proofs of theorems L. L.7 and

k. h.8 with f(t) := t. The relevant estimate is here

a(n(a,)) . n(g)

_% n
n |Zk=1 log a(gk+1) T Lx=1 qu <
1
287 L (k)

k=1 7 & for n » «.

Proof. Analogue of the proof of theorem 4.6.1.
5.4.2.7. Corollary.

old ) © 4

( olnld

W=t = 2 for n > =,

where § = (_e__k)k=1

stribution on [0,1] for k ¢ M. This follows by theorem 1.1.6 with

oo -xk ©
h : (xk)k=1 » (e )k=1'

has independent components and gk has a rectangular dis-

121

5.4.2.8. Example. For Sylvester's series (expansion #4.1 in section 5.2) we

have
2
od ) a.a-n 4
= & = (1 +0(1)) for n + =,
al(n(a ) 4 L.

since 4 > « a.s. . Further
-n
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h
n A _ =] n 1
Zk=1 log MCR zk*1 log §k<§k‘1) = Z =1 log 5— + O(zk=1 a )=

K+
Kk+1 a K
d
+
= log 1 En ! Tt 0(1) a.s. for n » =,
=1 =2 """=n
i =l ® log L(k) ~ k (cf. th
since Zk=1 a 5-Xk=1 () < = a.s., because log L(k a.s. (cf. theorem
h.5.1a). a
Hence theorems 5.4.2.4 and 5 hold with log E—:gil——a— instead of
. a(n(g,)) e
Z _, log ——=— and theorem 5.4.2.6 and corollary 5.4.2.7 hold with
k=1 a(g_KH)
2 . .. .
gn+k[én+k—1 instead of a(h(gn+k_1))/a(gn+k). The conditions on a(k) in

theorem 5.4.2.5 are satisfied since a(k) = 1/k.

The next theorem was first proved for Sylvester's series in RENYI

(1962 b) and more generally for a(n) = 1/n in GALAMBOS (1970).

5.4.2.9. Theorem. If for a real number b > 1 there exist positive constants

K1 and K2 such that

K. < aln(k)) <K

>
1 ab(k) 2
then - " log a(gn) converges a.s. to a nonnegative random variable.

5.4.2.10. Example. In expansions ##L4.1, k.2, h.3, 5.1, 5.2, 6.1 in section

5.2 we have
2
Qibigll o~ > 1 for n - .
2 h(n)
o (n)

Hence for all these expansions 2_n(— log a(d )) converges a.s. to a nonnega-

d
-n
tive random variable.

Proof of theorem 5.4.2.9. We have
b
4 )
-n T n-1 _—(k+1) o (dy
-b * log a(gn) = -b log a(gl) + Zk=1 b log ETE;:?T R

and the theorem follows if we prove that

(5.4.2.4) Z:=1|b'(~n+1) log ———-_—n——)l < e a.s.




(it is clear that the limit random variable is nonnegative a.s., since

3 log a(gn) > 0 for all n). A sufficient condition for (5.4.2.4) is

(5 h 2 5) Xm -b—'(n+1) E!lo .uﬂ_g_n.)__l < o
4.2, n=1 g a(%+1) .
But
a(d ) ala, ) a(h(d )
- log - log - log =
ab(d ) OL(h(g’n)) ab(gn)
h(4 ) n(d ) a(h(a )
= & + 0 §q - log 5 =
a(d )
4
Hence
ab(gn)
E|log ;?E———jl <1+ sup A+ max{ | 1og K1l,[log K2|}
-n+1 k
and (5.4.2.5) follows. il

In the remaining part of this section we shall study the particular
case h(k) = k for k > 2. Now expansion #3.1 in section 5.2 is the general
example. It follows from (5.4.2.2) that 4 = (L_(n)):;_1

theorem 3.k.4t directly. In this way we obtain here the following theorem,

and we can apply

stronger than 5.4.2.5.

5.4.2.11. Theorem. If h(k) = k for k > 2 then

EQ[n.] y(k) - oI
a) k=2 1 +%Y(k) g u,
n

where W is the Wiener process;

aln.] y(k) ol

k=2 1 + v(k) ~
(2n log log n)

v—>K a.s.,

Ol

where K is Strassen's set of limit points.

Proof. Apply theorem 3.L.L. Note that d

4 = L(n) and P, = vy(k)/(1+y(k)).

5.4.2.12. Remark. From a(k) + 0 (<= z w) it follows that

Al -
k=1 Px =

123

Z;=1 y(k) = . The general assumption (5.4.0.1) (@apk -+ 0) implies vy(k) - O.
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5.4.2.13. Example. The relevant quantities for some expansions with h(k) = k
have been tabulated on the next page. Note that theorem 5.4.2.11 applies to.

all expressions equal to

4 y(k) 3
g 1+ (%) * o(n®).

Theorem 5.4.2.6 and corollary 5.4.2.7 apply to all expressions equal to

ald

—n+1
a(gn)

)

+ of1)

(ef. lemma L.1.2).

5.4.2.14. Remark. Note that in expansion #3.2 (the modified Engel series)

(pk) is the same as in (L.5.1). Therefore d d (L(n)°° if L(n) is the epoch

n=1
of the nth record as defined in section L4.5. This correspondence was already

observed in RENYI (1962 a).
5.4.3. Case 3: h(k) > k - v(k) with v(k) < k.

We want to study BO expansions with h(k) > k - v(k) for which limit
theorems like those in section 5.4.2 hold. Clearly we must then impose some
restrictions on v(k). If h(k) = 1 {(hence v(k) = k-1), then we return to the
case treated in section 5.4.1 with quite different limit theorems. If
v(k) = 0 then we return to the case already treated in section 5.4.2. So we
expect that v(k) should not increase too fast. We show in this section that
under general conditions on v the Markov chains d associated with the BO
expansions considered here are very similar to certain Markov chains gf

associated with BO expansions considered in section 5.k.2.

5.4.3.1. Definition. Let 4 be a Markov chain associated with a BO expansion

(or defined as in theorem 5.3.6). Then

* . *
L (n+1) :=inf {k : k > L (n), 4 > QL*(n)} for n ¢ IN;

.= * K
gn QL (n) for n € W

* - (d*)

-n’'n=1

{1
{
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#
d ald a
. . - _ _x(n) “n _y(k) “n-1) _pgn ]
in section a(g) : v(n) Pn T Tv(n) k=2 1+ (k) @T— Tr=a 41 Ty(x)
3 =1
2.2 k=2 1+y(k)
a
1 1 1 . —n-~1
3.2 a Py . log gn +0(1) I
4,
-8 n \a n-1,a gn—1 a
3.3 n (n—1) -1 1 - (_H_) a log Qn + 0(1) (Ef——
(a > 0) -
1+td d
1 t t -1 _ =n-1
. + —Ho
3.4 T+t (n=1) 1+t(n-2) T+tn log &+ 0(1) ) ' *o(1)
(t > 0)
2
a .(a .+1) 4
2 2 —n-1"—n-1 _ —n-]
3.5 2lnt1) a1 ] 2 log & + 0(1) ERERE)) =5 +oll)
-n -n d
4,
a ,+1  a
2 1 1 -n- _ —n-1
3.6 o+ n —— log 4 + 0(1) i -z el
- -n
s s
1 - 4 1
3.1 ni=2 -a n a1 J at +o(1) = Tla 1 a
T+k (0<ax1) n +1 0t -1 1+k
1-a
d
_-n (a )
=Toa TV !

where for ¢t > O

tb

hy (1) :=
1

if b

log t if b

if b
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It follows that d is the increasing subsequence of d obtained by suec-
cessively deleting each gk which is not larger than all its predecessors,
starting at g1.
5.4.3.2. Theorem. Let 4 be the Markov chain associated with the BO expansion
determined by o and h and let, moreover, h be nondecreasing. Then Qf has the
same distribution as the Markov chain associated with the BO expansion deter-
mined by the same o and by h*, where h*(k) := max {k,h(k)} for k = 2,3,...
Given gf the differences Lf(n+1) - Lf(n) are conditionally independent, and

forn, j el

P{L"(n+1) - L*(n)

Sl aFy L *, * s a*
Jl&y = PL (a+1) - L' (n) = jla},

where

PIL (n+1) - 17(n) = j|a} = a} =
a(n*(d)) .
a(h(d)) for g =1,

= P{d, <da for 1 <1<j,d, =36la =4}
u(h*(d)) Zd 1 J =1

§=2 alh(s))

5.4.3.3. Remark. Without a conditioning like h is nondecreasing the theorem

does not hold.

*

Proof of theorem 5.4.3.2. For n ¢ N and d, > 2,4, ., >h (dk) for
1 <k < n~1 we have
* n-1 *
(5.4.3.1)  PHa = dn}|k21 {a =a)) =
) (@'=a 3] n (@=a 30 & @H=L(0)))
= P({d =a_}| n {a =a In n {L (k)=L(k)}).
15L(1)<D(2) <. . <Ln)<e B B =1 F K ey
n " n-1 *
. P( n {L7(k) = LX)} n {4 =ql).

=1 k=1
From definition 5.4.3.1 and the fact that 4 is a Markov chain it follows

that

n-1 n
(5.6.3.2) P& =d )| n fa =d)n n Lk =LK} =
. k=

- 1 K k k=1

= P{gh(nfdn]gL(IM)=dnw1 ,gl_jidn_1 for L(n-—1)<J<L(n),QL(n)>dn_1}
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We distinguish two cases. If h(d _ then d. h(d 1) >a

REALNEE L(n-1)+1 = 2% n-1°
given gL(n—1) = dn—1' Hence the event in the condition has positive probabil-~
ity if and only if L{n-1) = L{n) - 1. In this case the right-hand side of

(5.4.3.2) equals

If h(dn_T) < & ., then the right-hand side of (5.4.3.2) equals

d
(5.4.3.3) Ed:;1 P{d, = dnlé1 =4,

. P{QL(n)_1=d|gL(n_1)=dn_1,g.g@n_1 for L(n—1)<j<L(n),gL(n)>dn_1}.

But for d < 4
— n-1

Pldy=4dd; =3, 4,>4a ,}=
_ P, =44, = a} - Pld, = 4,14, =) -
Py > d p» dy=d) " Plgy > a, ey =)
) a(dn—T) - a(dn) a(max{h(a), dn_1}) _
- a(hn(a)) a(n(d)) -
B u(dn~1) - a(dn) B a(dn—1) - a(dn)
- ald ) - *
-1 alh (dn—1))

Here we used that h is nondecreasing and hence h(d) §~h(dn—1) < dn—1 =
= h*(dn—1)' Since the result does not depend on d, the whole sum in
(5.4.3.3) equals
ofd ~1) - afd )
(5.4.3.4) L n
»)

a(h' (4
So we have proved that in both cases (5.4.3.2) equals (5.4.3.4). And so does
(5.4.3.1), since (5.4.3.4) does not depend on L(1), L(2),..., L(n). In this

n—-1

way we have proved that g* is a stationary Markov chain with the proper
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transition probabilities. The initial distribution fits since d* = g1

To prove the conditional independence of L%(n+1) - L (n) given d , con-

. *
sider for m, n e N, m > n, d1 > 2, dk+1 > h (dk) for 1 < k < m-1,

1=0L(1) < L{2) < ... < L(n), L(0) :=0
o * n *
P(n {L7(k) = L(k)}| n {d =41) =
k=1 k21 ~k k
n
= P( n {dL(k) o &5 < dy g for L{k-1) < J < L(k)} n
mn *
non {4 n) /P( n {d al) =
k=n+1 =8 k=1 "k
= (ala,-1) - ald ).
. {
. 22 Pl 0y =45 &5 < 4, for L(k-—1)<j<L(k)]iL(k_1) =q .}

k=n+1 K !

m
.P(n {d= dk}]{§; = dn})// {(a(d1—1) - a(d,)).

m

o1 P{d =d }oP(n {a =a[{a =an}=
k=2 Idk 1 dk—1 k=n+1 dk k -1 n

P Py () -niem 1) "% 0% S0 FoT 1<9SL0R)-Llk-1) 8,28, 3
k=2 .

* *
P{ge“dkl91 4!
Here we used that both d and gf are stationary Markov chains. From the fac-
torization in factors depending on L{k) - L(k-1) it follows that the differ-
ences Lf(n) - L*(n—1) are conditionally independent given (gk)k ] for each
m ¢ N, hence given gf (cf. BREIMAN (1968, th. 5.21)). In particular it fol-

lows that

P{L (n+1) - 17(n) = §]a"} = PN (n+1) - L'(n) = 512, &), )

(the kth factor depends on the values of g; 1 and g; and not on those of
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* .
other Ql) and for J = 2,3,... we have

* * PR * =
(5.4.3.5)  PL(n+1) - L'(n) = jld  =a,d =4, .}
i Pld, < 4 »8; S ,.nd S, 4y, = dn+1|i1 =da} )
* * -
PG, = 4yyld) = o)
) ald_,~1) - ald_, )
=26=2 P{g, <d for 1<1<j,d —sig1—d} a(h(s)) )
u(dn+1—1) - u(dn+1)
*
a(n (4 )
n
gy e T S fer 11 g = 0la =)
= a(n’(a ) Lsop .
a{h(8))

The last expression is independent of dn+1, so all expressions in (5.4.3.5)

equal

P{L*(n+1) - L*(n) = j|a" = a)

*
a
2

for j = 2,3,..., A similar result can be obtained for j = 1, which proves the

second half of the theorem. 0

oo .
) increases

5.4.3.4. Theorem. Let h be nondecreasing, then the sequence (gn n=1

a.s. for sufficiently large n if and only if
* * +
w (a(n(d@)) - ald )
(5.4.3.6) ]} < w a.5. .
2= (@)
I

Proof. The sequence (gn) increases for sufficiently large n if and only if

Lf(n+1) - Lf(n) > 1 occurs only finitely often. By theorem 5.4.3.2 the events
s . . *

{L*(n+1) - Lﬁ(n) > 1} are conditionally independent, given 4 . Hence by the

Borel-Cantelli lemma

(5.4.3.7)  P(lim sup{L(n+1) - L"(n) > 1}]a") = 0

n-»>o

if and only if
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00

ooy PIL (0%1) = L'(n) > 1]d"} < o

Now by theorem 5.4.3.2

(1"(d"))  (a(n(@®)) - a@®n?*
P{L*(n+1) _ L*(n) 5 11§?} - o :n . o =n _ o -1 ,
a(h(gn)) ot(h(é_n))

since o decreases and h*(k) = max{k,h(k)}. Consequently (5.4.3.7) holds for

almost all & if and only if (5.4.3.6) is satisfied. This proves the theorem.
0
5.4.3.5. Theorem. If a(k) = 1/k for k ¢ N, h is nondecreasing and

h(k) = k-v(k) where v+(k) = O(ka) for some a € [0,1) and k » «, then (& )

a
increases a.s. for sufficiently large n.

Proof. In this case condition (5.4.3.6) in theorem 5.4.3.4 becomes

o (@ - n@)
(5.4.3.8) zn=1 ——'—':-——-———< Y a.s.
4

and we shall prove (5.4.3.8). Since gf is the Markov chain associated with
the BO expansion with a{k) = 1/k for k € N and h*(k) > k, we may consider

(g;):_1 as a subsequence of the sequence of epochs of successes (L(n)):=1
in a sequence of independent Bernoulli trials (Ek);=1 with
0 for k=1,
Ple, =1} =1-P{g =0} =
for k > 2

=

(ef. formulae (5.4.2.1) and (5.4.2.2)). In this case

1im 1 log L(n) = 1 a.s.
nveo O

(ef. th. 4.5.1 a). Therefore with probability one

1
g; > L(n) > e®® for sufficiently large n.-
Consequently
* %y \F
(&, - n(g)) 1
G - -
o o((ah)™) = o)
a ~n
-

and (5.4.3.8) follows. 0
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The importance of theorems 5.4.3.4 and 5 becomes clear from the follow-
ing theorem.
5.4.3.6. Theorem. Let h be nondecreasing. If (gn):_1 a.s. increases for suf-
ficiently large n, then theorems 5.4.2.4, 5 and 6 hold for d both with h and
with h” instead of n, where b (k)= max{k,h(k)} for k = 2.

Proof. Clearly the theorems mentioned above hold with gf instead of d and h”
instead of h, since g* is the Markov chain associated with a BO expansion
Wwith o and h~ satisfying the conditions of section 5.4.2 (cf. theorem
5.4.3.1). Since (gn) increases, say for n 2 1, where n, < «a.s., there is a
nonnegative random variable m such that 4 = a* for m > n.. So the tails

* = -n ~n-m — =0
of 4 and 4 coincide after some random shift. It is clear that the same limit
theorems then also hold with d instead of gf (but still with n* instead of

h). Now (5.4.3.6) holds for gf and hence also for d. Therefore

) a(n*(g,)) a(n(g,))
heet o8 STz - e g ) T

a(n*(g,)) (a(n(a)) - alg N
_ -3 ——.__}_(_ = 0
= lyay 108 a(n(3,)) Lyeq 108 (1 - a(n(g,)) )

converges a.s. . So the changes in the numerators in theorems 5.4.2.4 and §
by replacing h* by h are bounded a.s. . Consequently these theorems hold also
with h instead of h". For theorem 5.4.2.6 note that the terms of the series

above vanish a.s. and apply lemma L.1.2. )

One may wonder whether in theorem 5.4.3.6 the condition that (gn) in-
creases a.s. for sufficiently large n is necessary. At the end of this
section, when we study the special case h(k) = k-1, we shall see that this
condition can be weakened.

It is clear that 1imit theorems as in section 5.4.2 cannot hold if we
do not have 4 * = a.s. . We shall show that if al(k) = % and h(k) ~ k° for
some a € (0,1), then'd # » a.s. . We do this by heuristic arguments which,
however, can be made exact without much effort. Let d be defined as in
theorem 5.3.6. If a(k) = 1/k, then P = 1/k for k > 2 and in section 4.5 we

(m)

have seen that the "observed Poisson process" 1 then takes the form

(m) (m)(

I, =1loglL n) for m, n e WM.
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Hence the differences

are approximetely independent and exponentially distributed with mean 1.

m .

@) (1)/3)

is approximately exponentially distributed with mean 1, where JLKm)(1) is the

(m))oo
k=j+1" "

n(k) ~ k* we can approximate d in the following way: (Xk)k=1 is a sequence of

Moreover, since the Iﬂm are approximately Poisson processes, log(JL

index of the first one in (g In view of theorem 5.3.6 and because

independent exponentially distributed random variables with mean 1 and

log d; ~ ¥,»

log gn+1 X a log xn+1

Consequently,

log gn I an_1x1 + an—QXQ + ...+ axn_1 + Xn'

But the right-hand side converges in distribution to a nondefective random
variable with characteristic function
> 1
I '——7;—-,
k=1 1-a it
S0 P{gl_n » o} > 0 is impossible.
Now we shall consider the special case h(k) = k~1. Expansion #2.1 in

section 5.2 is a general description of this case. Note that by 5.3.3

all)  _ olk-1) - d(lsi) = y(x) for k > 2.

(5.4.3.9) ¢ =1 -RY = a(n(k)

Therefore we have y(k) -~ 0 for k +~ » by (5.4.0.1). From a(n) ~ 0 it follows
that [ v(k) = =. Let L" and d* be defined as in 5.4.3.1. Then d" is the
Markov chain associated with the BO expansion determined by the same o and
h(k) = k for k > 2. So the considerations of section 5.%.2 apply, in par-
ticular those of its second half. We may assume that one sequence of inde-
pendent Bernoulli trials (e )°° is given with

“k "k=1

Ple, = ﬁ} =1-Plg =0}=

y(k) if x > 2,
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* . . ..
and gn = L(n) 1s the place of the nth one 1n (gk). The limit theorems of

. . * . . *
section 5.4.2 hold with 4 instead of d, n" instead of h, where h (k) = k,
and y* instead of y, where

v (k) =

a(k-1) = alk) _ a(k=-1) - a(k) _ _y(k).
a(n* (k) a(k) 1-y(k)

for k > 2

(ef. (5.4.3.9)). In view of theorem 5.4.3.6 it is important to know whether
d is a.s. ultimately increasing. If so, then all limit theorems of section
5.4.2 hold for this d with Y* instead of v, h* instead of h and with the same

a. In this way we obtain from theorems 5.4.2.4, 11 and 6

5.4.3.7. Theorem. 1f n(k) = k-1 and 4 is a.s. ultimately increasing, then

1 _ .
a) lim " (- log a(gn)) =1 a.s. 3

nre
- log a(g[n ]) -nl
b) 1 . e Ea
n2
where W is the Wiener process;
- log a(g[n ]) - nI
e) i y¥—>K a.s.,
n2
where K is Strassen's set of limit points;
a(d
a) (log otk ] ) g z for n + . g
a(d .. ) k=1
—ntk

In the next theorem we see vwhen d is ultimately increasing.
5.4.3.8. Theorem. If n(k) = k-1, then d increases ultimately a.s. if and
only if

(5.4.3.10) Z:=1 y(g;) < o a.s.»

If (Y(k))°° is noninereasing then (5.4.3.10) is equivalent to

k=2
(5.5.3.11) I°__ +2(n) < =
b3, n=o ¥ .

5.4.3.9. Corollary. Condition (5.4.3.10) is satisfied for expansions ##2.2,
2.3, 2.4, 2.5, 2.6 and 2.7 with 3 < a2 < 1 in section 5.2. In all cases this
can be seen by verifying (5.4.3.11).
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Proof of theorem 5.4.3.8. Condition (5.4.3.6) of theorem 5.4.3.4 becomes
(5.4.3.10) in our special case, so (5.4.3.10) is necessary and sufficient.
f (Y(k));=2 is nonincreasing, then we have (with & = 1)

=0
*

a a
© 2 _ 7™ -1 2 © *yovTno —
Zk=2 V) =] 1 Xk=d* s Y () i-zn=1 vig,) zk=d* o V() =
-n-1 —n-1

n=

*

d
I (@) - v(@, 0 L2 v,

k=
th . . . * *
Now the n ™ term of thé last series asymptotically equals n(Y(gn) - Y(§n+1)),
since
g *
e Y(E) ~ D 2o (= log (1-y(k))) = - log a(d ) ~ n

*
by theorem 5.4.2.L with § replaced by Qf and h by h , in this case the

identity map. Hence the last series converges if and only if

oy n(@) - (&, ) =T v(a

“n+1 ) <

d
&

So (5.4.3.11) is sufficient for (5.4.3.10). Its necessity follows from the

inequality
*
7200 < I () - @) I v
k=2 Y Solp=1 WS/ T NG Ly Y
(with y(gg) i= y(2)) and similar reasoning. O

Until now we obtained results for 4 with h(k) = k-1 only when 4 ulti-
mately increases a.s. . We intend to weaken this condition. In theorem
5.4.3.11 a it will be shown that 4 increases ultimately a.s. (which is

= 2
¥ (k) < ©. In

theorems 5.4.3.14 and 5.4.3.15 we shall obtain limit results under conditions

iivalent to 1i (L*(n) - n) < ) if and only if ).
equivalen (o] 1mn—>00 L \n -n a.8. 1 and only 1 k=2

on y(k) which are satisfied also by sequences (y(k)) such that
00

2

Demp ¥ (

always assumed that y(k) + O and Zk - Y (k) = ». Our starting point is the

k) = =, Note, however, that because of our general assumptions it is

following theorem.

5.4.3.10. Theorem. If h(k) = k-1, then

) gf is the Markov chain associated with the BO expansion determined by

the same o and h” with h'(k) = k for k > 2,

4
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. * . * * s .
b) given d the differences L (n+1) - L (n) are conditionally independent

and

PIL* (1) - I (m) = 318 = 9@ (1v(aD)).

d
<

Proof. Immediate consequence of theorem 5.4.3.2. It follows that

P(L"(n+1) - L*(n) = j|d* = a}

a2 - 314y 1oy (a)).

= P a(a-1)

dy=dy= ... =g = ala,
0

As we remarked before we may assume gf = (Lﬂn)):_1, where L(n) is the
o0

index of the nth one in a sequence of independent Bernoulli trials (Ek)k=1
with
0 for k = 1,
Ple, =13 =1 - Plg, = 0} =
P, = y(k) for k > 2,

. * L . .
In section 4.2 we embedded (g ), and thus also d = (Qﬁn))n , in a Poisson

process t. This means: we congtructed a random element, say 2@%)‘, such that
(a*)' is a function of t and (a*) ¢ Qf. The situation is now much more com-
plicated than in section 4.2. The random element gf is defined on the same
probability space as d and Lf = (Lf(n)):=1,.but there is no obvious way in
which the last two random elements and the Poisson process t should be
related. In fact we want to solve the following problem. Construct random
elements a", (L*)", (4*)" and t" such that

@, @, @M ¢, Lt ah,

[[}=1

(@), "

(@', 1.

Let P, be the probability distribution of (4, Lf, g*) and P, the probability

1
distribution of ((g*)', t). Then P1 is a probability on B x RO % RO and
N

P2 on RO x RO. We look for a probability P on Q:= R x RO x RO X RO (P will

be the probability distribution of (4", (Lf)", (g*)", t")) such that

2

-1

P1 = Pﬂ1 s
-1

5 Pﬂ2 )

+d
]
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where w1 and ﬂ2 are the projections

(X.ls X2, X33 Xh)"‘—)(x.‘s X2’ X3)a

(x1a X

o X3, Xu)'——”—’(x

30 %)
for (x1, Xy X35 Xh) € . Probably there exists more than one P having these
properties. Since we intend to derive results in terms of the distribution
of (4, Lf, gf), thus in terms of PT’ it does not matter which P we take.

. . 3 -« *
For convenience we choose for P the probability on © such that (4", (L )")
n

, 1.e. P is the unique

probability such that for all Borel sets A © ﬂ;1“9 and B < ”;1“29

and t" are conditionally independent, given (gf)

P(A 0 BI(@")") = P (n A1(@)") P (n,BI(d)") aws. .

If we define d", (Lf)", (gf)", 1" to be the projections on the four compo-
nents of Q = RN x Ro x Ro x Ro’ then these random elements have the required
properties. According to this construction and omitting the double primes we
may and do assume that (QJ Lf) and t are conditionally independent, given gf.
For gf = (g(n)):=1 the limit theorems of sections 3.4, 4.4 and 4.6 hold.
. *
Since gh = gL*(n

- . o ok
),the same limit theorems will hold for 4 if L (n) - n does
not increase too fast (note that ;f(n) - n does not decrease).

5.4.3.11. Theorem. If (k) =k - 1, then

a) lim (L"(n)-a) < = a.s. if and only if )
nN-ro

© 2
w=p Y (K) <=,

b) Let, moreover, ¢ be a positive nondecreasing function on (0,») such that

< oo

¢(2n)
sup ¢(n)

2
nelN

then the following three assertions are equivalent:

1

‘s T 2
(1) 5(~ Log a(n)) zk=2 y (k) » o0,
L, Lw-n
(ii) () >0 a.s. ,
L*(n) - n
(iii) £ o

#(n)
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Proof. From theorem 5.4.3.10 it follows that the random variables

Lf(n+1) - Lf(n) - 1 are conditionally independent given L (recall that
Qf = (L(n));=1), and that
* * Y(;_(n))
B(L (0+1) - L'(n) = 11D) = ————~ y(L(n) a5,
1=y(L(n))
v(L{n))

~ v(L(n)) a.s.

var(L%(n+1) - L*(n) - 1|L) =5
(1-y(L(n)))

By arguments as in the proofs of lemmas 4.3.3 and 4.3.4 a) follows and,

moreover,
*
L(n) -n
lim ————— = 1 a.s.
L(n)_2
me )oY (k)
if z:=2 y2(k) = «, The proof of the equivalence of the assertions in b) fol-
lows the lines of the proof of theorem 4.3.7 and is left to the reader. Note
that - log aln) = c - 0

5.4.3.12. Remark.From theorem 5.4.3.11a it follows that conditions (5.4.3.10)
and (5.4,3.11) in theorem 5.4.3.8 are always equivalent, also if (Y(k));_2
is not monotone.For the first part of a) holds if and only if 4 Increases

ultimately a.s., which on its turn is equivalent to (5.L4.3.10).

5.4.3.13. Remark. The assertions in theorem 5.4.3.11 b are always satisfied
with ¢(t) := t, since - log a(n) ~ ZE=2 v(k) for k » «» and v(k) - 0. This im-
plies (i).

5.4.3.14. Theorem. (BALKEMA (1968)). If h(k) = k - 1, then

- log a(gn)
lim—‘_—= 1 8.5.
Ny n

Proof. By theorem 4.2.6 we have

log a(L(n))

=___-—.._—-_n =_Hlog a(_@_L*(n)) + 1 a.s..

T
s

ja]

The theorem follows if L*(n) ~n a.s. But this follows by remark 5.4.3.13.

]
5.4.3.15. Theorem. If h(k) = k - 1 and, moreover,
2
2§=2 vy (k)
(5.4.3.12) =—=——— >0  forn - =,




138

then assertions b) and c¢) of theorem 5.4.3.7 hold.

Proof. As argued just before theorem 5.4.3.7 assertions b) and c) of that
. * .
theorem hold with 4 instead of 4. Hence by lemmas 1.3.11 and 1.3.13 it is
sufficient to prove that for all T > 0
1
-2

*
n sup - log a(d ) + log a(g ) >0 a.s..
0<t<T ; [nt] [nt]

*
But gn = QL*(n), so the left-hand side equals

(5.4.3.13) n sup | = log ald ) + log a(d )] =
1<k<[nT]+1 (k) %

(S

1
<n ‘e (Lf([nT]+1) - [nT] - 1),

where

alk)

c = sup log E?E:TT

kel
(c is finite, since a(k)/a(k+1) - 1 for k > =). Since Zi=2 v(k) ~ - log a(n)
condition (5.4.3.12) implies (i) in theorem 5.4.3.11 b) with ¢(t) := t°. But
then by (i)==>(ii) the right-hand side of (5.4.3.13) tends to zero a.s. .
‘ 0
5.5. ABSOLUTE CONTINUITY
In the preceeding section limit theorems in terms of 4 = (gn):=1 were
derived in the following situation. We are given a probability space
({0,11,B,P), where B is the o-field of Borel sets in (0,1] and P is the
Lebesgue measure on (0,1]. For fixed ¢ and h to each x € (0,1] a sequence

(8 (x))

=]
=n n=1
limit theorems concern the distribution of this sequence

is assigned via the BO expansion of x determined by o and h. The
(2]
(a (x})__..
n n=1
Now if the' Lebesgue measure P is replaced by another probability

measure Q on B, then the sequence of random variables (gn) gets another dis-
tribution and in general the limit theorems of section 5.4 are no longer
valid. However, the following theorem indicates a class of probability mea-

sures Q for which these theorems remain true.

5.5.1. Theorem. If in the probability space ((0,11,B,P) the Lebesgue measure

P is replaced by a probability measure Q on B which is absolutely continuous
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with respect to P, then theorems 4,5,6,9,11 in section 5.4.2 and 4,5,6,7,8,

14,15 in section 5.4.3 remasin valid as they stand.

Proof. The theorem is trivial where it concerns theorems stating that a
certain event has P probability 1. Clearly such an event has also Q proba-—
bility 1. For the theorems concerning convergence in distribution the argu-

ments of BILLINGSLEY (1968, p.139-140) carry over in an obvious manner. 0

5.5.2. Example. Let B be a Borel set in (0,1] with P(B) > 0. Then the theo-
rems mentioned in theorem 5.5.1 remain valid with underlying probability

space
((0,11,B,P(.1B)).

In particular, considering the BO expansions only on a subinterval A of

(0,1] does not change the limit behaviour of 4.

Let us consider two separating BO expansions determined by the same
h : \{1} » N and two different decreasing sequences (u(J)(n)):=1 for j = 1,2
)(1) = 1 and u(J)(n) + 0 for n + », Each of the two BO expan-

(3) (j = 1,2) from (0,1] onto the set of

such that a<J

sions determines a one-to-one map d
oo

n=1 which are realizable with respect to h. Therefore

sequences (dn)
(2)

¢ := (2°“)=1e a(1) is a one-to-one map from (0,11 onto itself. Specifically
we have
(5.5.1) x= 10 Q(W)(gé1)) Hi;l Y(H@}(J))F___>
- I a(z)(giw)) n;;] v(g)(g_}({”) —: ().
Here
eI o9 ey = o) for K = 2,3,..0, 5 = 1.2,

o (n(x))

As both BO expansions are assumed to be separating lemma 5.1.8 b and theorem
5.1.9 imply that ¢ is a homeomorphism from (0,1] conto itself.

We want to answer the following question. Under which circumstances do

g(1) and'g(z) with underlying probability space ((0,11,B,P) have the same

(1) (2)

probabilistic limit.behaviour? As & =4 °o ¢, for Borel sets A in

NN we have,




1ho

(2)

pral® o 4 e A} = Plx e (0,17: ¢(x) € (a2 Ty =

= P¢_1{x € (0,11 : x ¢ (g‘g))_TA} = P¢_1{g(2) € A},

where P¢_1 is the probability measure on B defined by P¢—1(B) = P(¢—1B) for
(2)

B ¢ B. So, for a fixed ¢, we have to answer the question : does & have the
same probabilistic limit behaviour with the underlying probability spaces
((0,13,B,P) and ((O,1],B,P¢—1), or equivalently, for reasons of symmetry,
does 4 ! have the same probabilistic 1imit behaviour with the underlying
probability spaces ((0,11,B,P) and ((0,11,B,P4)? By theorem 5.5.1 it follows
that these questions can be answered affirmatively if at least one of the
probability measures P¢ and P¢“1 is absolutely continuous with respect to
the Lebesgue measure P or equivalently, if at least one of the functions ¢
and ¢—1 is absolutely continuous. Moreover, if we know a priori that g(1)
and g(2) do have different probabilistic limit behaviour, then neither ¢ nor
¢_1 is absolutely continuous.

S0 it is useful to study the question for which pairs of separating BO
expansions determined by the same h the homeomorphisms ¢ or ¢_1 defined by
(5.5.1) are absolutely continuous. From (5.5.1) it follows that ¢ maps the

interval

(1) L) _ (1)

{x:d ' =a,4d, =dp,..,d " =4)
homeomorphically onto
. A(2) _ (2) _ (2) _
{x._<_i_1 =d;, 47 = a4 -—dn}.

Hence we obtain for the endpoints

! (1), 4, =1 (1) ayy = T8 (2); 44 -1 (2),.,
(oo, o @) My () = Iy e ) m v ),

n . . .

= £ -

where (dk)k=1 is a realizable sequence and dk dk or 1 <k < n-1 and
dé = dn or dn—1. Since ¢ increases the derivative ¢' exists almost every-
where on (0,11 and where it exists we have
o(o, ) - ¢(a )

1 = 74
¢'(x) = 1im T
n n

n-»co

for each pair of sequences (an) and (bn) such that a, # b s a_ > X, bn > X.
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Choosing

B 1T zij 0‘(1)@,511)) Hi_l YU)(él({”) + on(”(_d_é”—ﬂ n;‘; y(gf{”)
bn - 213:1 a(")(gél“)) Hi;:]l Y(T)($i1))
we obtain
#(p ) - o(a) _ a(e)(gfl” N a(z)(gfl”) e Y(E)(Ql({”) ]
(1) (1) (2), (1)
e (n(d, )nn AN )=: ‘ln(d“))'

Consequently we have almost everywhere in (0,1]

. (1)
"(x) =1 (a ")
¢ lx nif:qn_

and for reasons of symmetry
1

(™" (x) = 1im — = .
n-+ew q_n(g_(g))

In particular lim qa (d(1)

S } exists and is finite and nonnegative a.s. .
'

By applying theorem 6.5 we obtain

. -1 . . .
5.5.3. Theorem. The function ¢ defined by (5.5.1) is absolutely continuous

q (d(1)) > 0 a.s. . Further both ¢ and ¢_1 are singu-

lar if and only if 1;: t (d“))
Y n—>ooq~ﬂ—-

if and only if limn

=0 a.s. .

We now want to know more about the Lebesgue measure of the sets
. 1 . 1 . .
{x : llmn . °°qn(_@( )(x)) = 0} and {x : llmh . mqn(g( Zx)) > 0}. This will be
the subject of the next section where rather deep results of the theory of

Markov chains are used.

5.5.4. Examples. Any pair of BO expansions from ##L,1, L.2 and L.3 and also
the pair expansions #5.1 and #5.2 (see section 5.2) determine transforma-
tions ¢ such that ¢ and ¢_1 are absolutely continuous. Any two expansions
from #2.3 with a different a determine a transformation ¢ of (0,1] such that
¢ and ¢‘1 are singular, because the 1limit behaviour of gn depends on a. We

have here a log d ~n a.s.
-n
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5.6. INVARTANT SETS; ALMOST CLOSED SETS

We want to continue our study of the absolute continuity of

o = (@@, (1)

troduce some concepts for Markov chains along the lines of CHUNG (1967,

° started in the preceding section. For this reason we in-

section I 17), to which the reader is referred for proofs.

Let (En);=1 be a stationary Markov chain with countgble state space I
and underlying probability space (Q;F,P). Then x := (En):=1 is a random
element in IN 1= {(jk):=1 : jk € I} provided with the topology of coordinate-
wise convergence. Its Borel field is the o~field generated by the sets

® N

. . \D . n
{(1k)k=1 e I (lk)k=1 € Bn} with n € N and Bn c I}

(cf. theorem 4.1.1 a).

5.8.1. Definition.
a) The ghift is the map T : ™ 5 1V derinea by

T(j1sj25j39---) = (j2,j3ajh:‘---)-

b) A function f on IN is Znvariant if it is Borel measurable and
£(T3) = £(j) for almost all j = (J. ) € N (almost all with respect to
the probability P§f1 on IN)‘

¢) A subset B of ™

I’ k=1
is tnvariant if it is a Borel set and Xg is an invariant
function, where
1 if j € B,
Xp(d) :=
B 0 else.

(Consequently, B and 7B dirfer by at most a null set (cf. def.
5.6.5 a)).
d) A subset A of Q is invariant if A e F and {(

()

:w ¢ A} 1is an in-
n=1

5 I
variant subset of I .

5.6.2. Lemma. The class of all invariant subsets of Q is a sub-o-field of F.

5.6.3. Definition. For subsets A of I

L(A) := lim inf {x_ e A},
L(A) := lim sup {x €A}

n->e
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5.6.4. Properties. L(A) < L(A); L(A) and I(A) are invariant subsets of Q.

5.6.5. Definition.
a) Two sets B, C ¢ F differ a null set if P(B A C) = 0. Notation: B = CLPI.
b) A subset A of I is almost closed if

P(L(A)) = P(L{a)) > O.

c) A subset A of I is transient if P(L(A)) =
d) The Markov chain (5n)n_1 is called almost irreducible if all almost
closed sets differ only a transient set from I.

Remark., If A is almost closed, then L(A) = L(a)[PI.

5.6.6. Lemma. If A, B c I, A is almost closed and A A B is transient, then

B is almost closed.

5.6.7. Theorem. For each invariant set A € F there exists a set A © I such
that A = L(A) = [(A)[P]. The correspondence A<—>A is one-to-one modulo null

sets on the left-hand side and modulo transient sets on the right-hand side.

5.6.8. Corollary. All invariant sets have probability 0 or 1 if and only if

the Markov chain (gn):=1 is almost irreducible.

Now let ((0,1],B,P) be the probability space ag given in section 5.5.
Let h be a map from M\{1} into N and let (a(J (n)) =1 for j = 1,2 be de-
(J)( 1) = 1 and a(j)(n) + 0 for
n + o, The two BO expansions determined by h,u(1) and h,a(z)
g(” and g(g) from (0,1] into T where I := W\{1}. Both g_“)

random elements in fN and, moreover, by theorem 5.3.2 stationary Markov

creasing sequences of real numbers such that o
define two maps

and g(z) are

chains with I as state space and ((0,1]1,B,P) as underlying probability space.
We suppose that the two BO expansions introduced above are separating. As in

the preceding section it follows that ¢:= (2(2))—1 ° g(1)

is a homeomorphism
from (0,1] onto itself. Furthermore we have seen that almost all x e (0,1]
lie in one of the sets {x : ¢'(x) > 0} and {x : ¢'(x) = 0}, and that

a(1)( (1)) Y(z)( (1 ))

5.6.1 ¢' X —ll‘m

)
(1) ()

(k)}/v'“'(k) > 0 for all k € I, the be-

determines whether ¢'(x) is positive or not, regardless

for almost all x ¢ (0,1]. Since vy

haviour of (§£1));=n
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of the value of n. So we obtain

5.6.9. Theorem. With respect to the Markov chain gﬁ1) the subsets
{x : ¢"(x) > 0} and {x : ¢'(x) = 0} of (0,1] are invariant.

(1)

In view of corollary 5.6.8 it is important to know whether d is al-

(1)

most irreducible ot not. If 4 is, then the sets in theorem 5.6.9 have
measure O or 1 and, consequently, by theorem 5.5.3 we are in one of
the following two cases:
1) ¢_1 is absolutely continuous (and hence 9(1) and g‘z) have the same limit
behaviour in the sense of theorem 5.5.1);
2) both ¢ and ¢_1 are singular.
So ¢_1 cannot be of mixed type.
Tn the remaining part of this section we shall analyze the almost closed
sets (and hence the invariant sets) of Markov chains 4 associated with BO

expansions for some types of these expansions.

5.6.10. Theorem. For each decreasing sequence (ot(n))oo with a(1) = 1 and

n=1
a(n) » 0 for n > = there exists a nondecreasing map h : N\{1} » N such that

the associated Markov chain d is not almost irreducible.

Proof. Select an increasing sequence of natural numbers (v, ) such that

o2
Vi k=1

v1 =2

a(v. )

—T;5—~—-< l@'for k > 2.
O\Ve_1)  x

This selection is possible, since a(k) + 0 for k + =, Define h by

1]
<

h(j) if v < J <V for k € N (here v, 3= 1)

k+1 k-1

and set

A= gy {v2k+1, v +2,.. } oI =m\{1}.

sV
+1
k=0 2k

2k

We shall prove that A is almost closed. In the same way. it follows that
I\A 1s almost closed. In order to prove that A is almost closed we have

to show that
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a) P(lim inf {gn € A}) > 0 ,

(5.6.2) e
b) P(1lim sup {d e AMN\1lim inf {d e A}) = 0.
v o oo s
We first prove (5.6.2 b). For j € A, say Vo < J S Vgpyq> W have
.6. P Ala =3} = a(1-1) - o(1) |
(5:6:3) Playy A Alg, =3 = 1 PG
1£A
alv )
= ! (@(1-1) = a(1))s g2y < —1—5 ,
2k+2” v, o 2k+2 {2k+3)
144

provided that P{gn = j} > 0. From the definition of h and from

d > h{d ) + 1 it follows that d > v for n € N. Hence
T+l — " 'Tn -n 2n-1
P{d ,, 44,4 el = ] P{d . ¢ Ala = 3IP{a =j) <
>
2n-1
JeA
I 1 . 1
<3 1 pig =gy — .
- & 2 — 2
j=v,. +1 (2n+3) s (2n+3)
2n
Now

1im sup {d e A}\lim inf {d e A} = lim sup {& € A, 4 ¢ A}
- e - ~n+1
11 n->oo n->ro

and this event has probabllity zero, since
TUPld eA,d . £AY <] (2n+3)72 < o,
n=1 = n * “n+1 — fn=1

This proves (5.6.2 b). In order to prove (5.6.2 a) consider

n+1
P(n {4, eA}) =
k=1 =
n-1 l
P(n {4 €A} ni{d =j}) Pla =1]a =3j}.
jeA leA k=T % o Tl

onet’ it follows that
n+1 1 n

P(n {4 €4a}) > (1 - ) P( n {g e Al}).
k=1 % (2n+3)2 k=1 K

By (5.6.3) and since d > v
=n
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Consequently,

©

P(lim inf {d e A}) > P( n {4 e A}) >
>0 = n=1 o

(1_;._..

) > 0,
(2n+3)2 ”

P o0
> {;il,1 € A} LIS

which proves (5.6.2 a). O

5.6.11. Example. Consider the Markov chain 4 determined by

=]
[a]
~—
]
n]

for n ¢ N,

h(n) :=n + 1 for n e N\{1},

SO

gigzé%giT%Lgl (n+1)3(n-1)

y(n) = for n e M\{1}.

In this case the choice Ve T k + 1 satisfies the construction in the proof
of the preceding theorem and therefore the sets {2,4,6,...} and {3,5,7,...}
are almost closed. The corresponding BO expansion is not separating. To see

this note that (2k):=1 is a realizable sequence and that

v(2) y(&) ... y(2n-2) (a{2n-1) - a(2n)) =

_ 3t

o (en-DMont1) o

2 = My (1 -—)
((2n)!) Lx
does not vanish for n + », So condition (iii) of theorem 5.1.9 is not satis~
fied.

There are also separating BO expansions whose associated Markov chains
d are not almost irreducible. To see this, note that all BO expansions with
a{n) = 1/n are separating by lemma 5.1.12 (i). Now apply theorem 5.6.10 with
this a. A less artificial example is provided by theorem 5.6.15. There it is
shown that the Markov chain associated with Sylvester's'series is not almost

_irreducible.

5.6.12. Theorem. All Markov chains d associated with BO expansions such that




hin) =
ible.

5.6.13. Corollary. For all transformations ¢ =

two separating BO expansions with

are both absolutely continuous or

Proof of theorem 5.6.12. Consider

n for n = 2,3,... or hin) =

1h

n-1°forn=2,3,... are almost irreduc-

(1)

@@ .4

determined by
h as in theorem 5.6.12 either ¢ and ¢—1

both are singular.

first the case h(n) = n. Then the distri-

take 4 = (L(n)):=1, where L(n) is the place
¥ . with

bution of d does not change if we

of the nth one in the sequence of independent Bernoulli trials

SN

a(k)

Ple, =

k:‘]}:

1-P{gk=o}=1

Suppose that A is an almost closed subset of I = N\{1}. Then it follows from
definition 5.6.5 b that

(5.6.4) P(lim sup {d € A}) > O,
N =
P(1lim sup {gn e A} n 1lim sup {gn ¢ A}) = 0.
n->oo n-oo
But
lim sup {gn e Al = {Ek = 1 for infinitely many k ¢ A}

and a similar identity holds for I\A. Morecover, {gk} and {Ek}k 4 o ore

ke A

independent sets of random variables, so the events lim sup {Qn € A} and
N>

lim sup {gn ¢ A} are independent. But then it follows from (5.6.4) that

n->o

P(lim sup {gn ¢ A}) = 0, so I\A is transient. This proves that 4 is almost
irreducible.

Now suppose h(n) = n - 1. Starting from theorem 5.4.3.10 it is easy to
prove that again liﬁ+:up {gn e A} and li%+:up {gn ¢ A} are independent and

O

the theorem follows in the same way as above.

5.6.14. Example. Expansions #2.2 (referred to by 2(1)) and #2.6 (referred to
(2‘2))-1 R g(1) such
that ¢ and ¢_1 are both absolutely continuous. By formula (5.6.1)

by g(z))(see section 5.2) determine a transformation ¢ =

(1 + ),

1lim 3(1 +
n->o

¢'(X) = 1)

3,
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L)
4
continuous, and by corollary 5.6.13 also ¢ itself.

. R ey . ‘ -1 .
which is positive a.s., since log ~n a.s. . Hence ¢ is absolutely
The same results can be obtained for the pair of expansions #2.2 and
#2.4, Note that expansions #2.2 and #2.5 determine a singular transformation
¢, since log gn ~n a.s. for expansion #2.2 and log gn ~ 3n a.s. for expan-

sion #2.5. Now apply theorem 5.5.1.

In the remaining part of this section we show that the Markov chain

associated with Sylvester's series is not almost irreducible.

5.6.15. Theorem. The Markov chain 4 associated with Sylvester's series
(expansion #4.1 in section5.2) possesses infinitely many disjoint almost

closed sets of states.

5.6.16. Remark. Because of this theorem very little can be said a pfiori
about the absolute continuity of transformations ¢ of (0,1] determined by the
Sylvester series and another BO expansion for which also h(n) = n(n~1). How-
ever, the most striking exsmples of pairs of BO expansions determining a ¢
such that ¢ and ¢_1 are absolutely continuous are just the pairs (#4.1, #L4.2)
and (#4.1, #4.3) in section 5.2.

For the proof of theorem 5.6.15 we need the following theorem which

supplements theorem 5.4.2.9 for the case of Sylvester's series.

5.6.17. Theorem.

a) Let (D)7
n

n=1 be the increasing sequence of integers defined by

:=D (D =-1) + 1 for n ¢ N,
n n

then 277 log Dn decreases for increasing n and converges to a positive
limit D.

b) If 4 is the Markov chain associated with Sylvester's series, then E-ngn
converges a.s. for n > =, say to 4 . The probability distribution of &
is concentrated on [D,») and assignes positive probability to each sub-

interval of [D,=).
Proof. a). From

—(n+1) Dn_1

o= (u+1) log(1 -

_n -
log Dn+ -2 log Dn =2

1
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it follows that 2 " log Dn decreases and hence has a limit for n > «.

Furthermore
n+1 n

SO

log D > log (Dn - 3) > ohk log (Dk - 3) for k =1,2,..., n-1.

Applying this formula for k = 1 we obtain

no jw
-

log Dn > 2n . 3 log

ot

so D :=lim 27" log D_ > 1og«% > 0.

N0
b) By induction one easily verifies that gn Z,Dn with probability one and
that P{gn = k} > 0 for each integer k i‘Dn' Hence it is clear that

1im 27" gn € [Dy») a.s., provided that the limit exists. We shall now
§?§ve that 270 én converges a.s. for n > « and, moreover, that this con-
vergence has some aspects of uniformity. In the present situation the
transition probabilities of 4 are given by

. 1 1 .
3(3—1)(k_1‘— w) for k > J(3-1) + 1,

P{d

4 =k[g.n=(]}=

0 else.

Therefore we have for ¢ > 0 and integer 4 3_Dn 1

-n’ ~{n-1) : _ _
(5.6.5) P{|27" log a -2 log gn_1l > eign_1 =4} =
1 1
= d(a-1) |} G- % .
k>d(d-1)
ol ol
k<aZe™ 2 or k>a%e®?
There i1s an nO = no(e) such that for n 2_n0 and all d Z_Dn_1
2 1 2 1 2 g™
aa-1) =a (1 - =) »a“(1 - ) > a%e .
' = Dn—1

Hence for n > n_ both sides of (5.6.5) equal

0
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n
afa-1) Z (_1_ - l) = _i(d;‘l)._ < e—€2 .
5 goft k-1 k 5 ool
k>d"e [a%*“ ]
So we have for € > 0, n i_no(s) and 4 > D
-n —(n-1) _ ~e2"”
p{|2 log 4 -2 loggn_1|>€[_<_1n_1—d}ie .

Note that the conditional part of this probability may be omitted, or even
replaced by a condition gk =d with 1 < k < n-1 and 4 i_Dk, since the upper

bound does not depend on 4. For each sequence (nk):_1 with n > 0,

(>
zk=1 n, =1 and for e > 0, n z_no(a) and d > D we have
” (n+k)
-(n -n
P( :1 {|2 log &, -2  log gnl > s}l{gh = 4}) <
® (n+k) (n+k-1)
=\t —\n+K- =
< P( 21 {]2 log &, = 2 log —q'n+k—1| > ar‘,k}|{§n_l a})<
< o) 1oga o) g g | > en |a =4} <
— Lk=1 g —n+k g ~n+k-1 k'-n —
n+k
- —enk2
< .
= ly=1®
1 Ik
Choosing n i (22-1) 272" we obtain
® —-(n+k) -n -
P(k:1 {l2 log d . - 2 logc_1n| >s}[{_@n-d})_<_

1 1
3 n+zk
:_zw e e(2®-1)2 —+ 0 for n » =,

k=1

From this it follows first that 27 log gn converges a.s. for n - «, say to

4, and further that for € > 0, n Z_no(e), d >D,
1 1
5 n+zk
-n _ oo -e(2%-1)2 _
(5.6.6)  P{la, -2 loga | >ela =a}<] e =
=: & .
n
As we have seen above d  « [D,») a.s. . Now let J be a subinterval of [D,«).

Then there exist an € > 0, an n > 1, and an integer 4 Z_Dn such that Gn <1

and
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2" log 4 ~ €, 27" log d + €] < J.
Note that P{gn = d} > 0. Now it follews by (5.6.6) that

-1
P{d_ e J} > P{|d_- 2 1log gnl 5_e|gn = ajp{d =4} >

> (1-6_) P{d =4} > 0,
- n -

and all assertions of the theorem are proved. 0

Proof of theorem 5.6.15. Let J be an open subinterval of (1,2), then clearly

{1im 27" 1og a e v X3

n->oo =_00
is an invariant set, which has positive probability by theorem 5.6.16. We can
choose infinitely many disjoint subintervals J of (1,2) which determine as
many disjoint invariant sets. Then by theorem 5.6.7 there exist infinitely

many disjoint almost closed subsets of I = N\{1}. 0

5.6.17. Remark. An almost closed set is called atomic if it cannot be split
into two disjoint almost closed sets. The question whether there are atomic
almost closed sets in the Markov chain associated with Sylvester's series
remains open. This question is strongly related with the question whether the
distribution of 4_ is continuous or, for instance, concentrated on a count-

able dense subset of [D,»).
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6. APPENDIX

6.1. Theorem. Let (x )~
“n’'n=1

finite variances and (v )
n ' n=1

be a sequence of independent random variables with
a nondecreasing divergent sequence of positive

real numbers.

If

» Var x
(6.1) zn=1 —;5——— < oo,

n
then
. -1 en

ii: b Lo (x5 -Ex) =0 a.ws. .

Proof. This theorem is proposition A on p. 238 in LORVE (1963). 0

6.2. Theorem. Let (x )m_
~n’'n=1

variables with finite variances. If Z:=1 Egn = © and

be a sequence of independent nonnegative random

var X
n

—— & 00
b (Z§=1 Ezk)g ,
then
zn
rim LT

n
we Ty B
Proof. Apply theorem 6.1 with b_ := z;=1 Ex, (see also RENYI (1970, th.
5.4.5 on p. 282)). ]

6.3. Theorem. Let (3_(11)0° be a sequence of independent random variables with

n=1

finite variances and (bn)w

n=1 2 nondecreasing divergent sequence of positive

real numbers. If

-1 ™
c = sup bn Zk=1 var Ek < oo,
nelN

then

—>c0

Lin b, (g - Ex) =0 aws. .

Proof. We shall show that condition (6.1) is satisfied. We have, using Abel's

summation formula,




- + b
< e ZN_1 nt1 n n+1 n,c .
- n=1 b b b -
n +1 n+1 N
b -b
o o e B e,
n n+i N 1 N 1
and (6.1) follows. 0
6.4. Lemma. Let (ak):=1 be a bounded sequence of positive numbers then
m
(6.2) Zn=1 n )2
(T 2y

converges for m > 1.

Proof. If z;=1 a, ai < o for m > 1 and the convergence

< o, then also Z;_1
of (6.2) follows immediately. Next suppose z;=1 a =wand a < c for k € WN.

k k
Then there is an increasing sequence of natural numbers (nl);_1 such that
"
le < ) 2 8 < (1+)e for 1 e M.
Then
- aﬁ - Xw an+1"1 a,
2 —_— < —_— <
n=n n 2 — 1=1 “n=n n 2 —
1 ey 2 1 (e )
. o1 7 T zn1+1'1a . o= 7° 2c_ . o
=€ 1=1 22 lp=n, % =€ 1=t 22 - 0
l7¢c 1 17¢

Related results can be found in KNOPP (1951, section 39: theorem of
Abel and Dini). Part a) of the next theorem is contained in ZAANEN &

LUXEMBURG (1963).

6.5. Theorem. If f is an increasing continuous function on [0,1], then
a) f is singular if and only if f—1 is singular;

b) £ is absolutely continuous if and only if f'(x) > O almost everywhere.

Proof. Generally we have for increasing continuous functions g on [0,1] and

Borel sets A < [0,1] that
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J ax = J -1 dg(x)
A g A

(both sides define measures which coincide on the subintervals of [0,1]).
Furthermore g is differentiable almost everywhere by Lebesgue's theorem (cf.

SAKS (1964, th. 5.4 on p.115)) with g'(x) > 0. We have g = g+ g, where

ac
&yc is absolutely continuous, g is singular and 8,c and g, are nonde~

creasing. Further

X
= '
gac(x) JO g'(ylay + gac(O) for x e [0,1]
and g is singular if and only if g'(x) = 0 almost everywhere.
First we prove that the condition f'(x) > 0 almost everywhere is suf-
ficient for the absolute continuity of f_1. Suppose 1““1 is not absolutely
continuous. Then there is a Borel set N c [£{0), £(1)] such that dx = 0

and J df_1(x) > 0. But N
N

0 =f ax = [ |, ar(x) Z_J L, £r(nax,
N f N f N

dx = 0. So J -1 dx = 0. But

-1 N

which is positive unless J
f N

J g dx = J df_T(x) > 0. Contradiction.
f N N

Next we prove a). Suppose f“1 is singular and f is not, then there is a
Borel set A < [0,1] of positive measure where f' is positive almost every-

where. Hence

JfA dx = JA ar(x) 3_JA f'(x)ax > 0.

! to fA is ab~

In the same way as above it follows that the restriction of f~
solutely continuous. Contradiction.

Finally we prove that the condition f'(x) > 0 almost everywhere is
necessary for the absolute continuity of f_1. Suppose there is a Borel set
A < [0,1] of positive measure where f' = 0 almost everywhere. If fA has
positive measure, then f_1 is singular on fA, so f—1 has a singular part. If

fA has measure zero, then again f'-1 has a singular part, since

f df—?(x) = J dx > 0.
£A A

Therefore f_1 is not absolutely continuous. 0




6.6. Remark, There exist increasing absolutely continuous functions f on
[0,1] such that £ '
LUXEMBURG & SMIT (1966). Here we give another example.

Let (rn):

is not absolutely continuous. An example is given in

_q be an enumeration of the rationals in [0,1] and set

s(x) := zw Pt h(22n

Lp=1 (X—rn)) for x € [0,1],
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where
1 - |x| for |x| < 1,
h(x) :=
0 for |x| > 1.
X
Then f(x) := J s(y)dy defines an absolutely continuous increasing differen-

tiable functiog on [0,1], whereas the Lebesgue measure of

{x: f(x)>0}=100,13n0 v (r - 2’2n, ro+ 2'2n)

n=1 n
is not larger than

® -2n _
2n=1 2,27 =

w o

Hence £'{x) = 0 on a set of positive measure and f_1 is not absolutely con~

tinuous.
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SAMENVATTING

Zij €15 Eps Eg> +o- ceD rij onafhankelijke alternatieven, d.w.z. een
rij onafhankelijke stochasten met mogelijke waarden 1 (= "succes") en

0 (= "mislukking") en ziJ p, de kans dat in succes resulteert

&y

(x = 1,2,...). In de rij uitkomsten g ... duiden we de plaats {of

1:£23
ook wel het "tijdstip") van het n° succes aan met L(n). Met andere woorden:

£1(n) is de n° 1 in de rij €45 Eps--+ . Ulteraard is L(n) stochastisch. In

dit proefschrift wordt het limietgedrag van L(n) voor n = « onderzocht,

gegeven de kansen Op succes Pys Pps wer o

Het hierboven geintroduceerde experiment wordt gedetailleerd
beschreven in hoofdstuk 2. In de hoofdstukken 3 en 4 worden limietstellingen
in termen van L(n) afgeleid met behulp van twee geheel verschillende
methoden. In hoofdstuk 3 worden eerst algemene stellingen bewezen die het
limietgedrag van stochastische processen met drift naar « in verband
brengen met het limietgedrag van de inverse processen. Als toepassing
worden resultaten betreffende de tijdstippen van succes verkregen.

In hoofdstuk 4 worden de onafhankelijke alternatieven ingebed in een
stationair Poissonproces op {0,»). Hiermee bedoelen we dat we de alterna-
tieven identificeren met zekere functies op dit Poissonproces, die zodanig
gekozen zijn dat ze dezelfde kansverdeling hebben als de rij alternatieven
die we willen onderzoeken. Op deze wijze worden de stochasten L(n)
functies op het Poissonproces. Het blijkt nu mogelijk bekende
limietstellingen over het Poissonproces om te zetten in limiétstellingen
in termen van L(n).

In hoofdstuk 5 wordt de in de voorgaande hoofdstukken ontwikkelde
theorie gebruikt om metrische stellingen af te leiden voor de reeksontwik-
keling van Balkema en Oppenheim, een generalisatie van de reeksen van
Engel, Sylvester en Liiroth. Hier zij vermeld dat de studie die tot dit
proefschrift leidde in eerste instantie is begonnen om déze resultaten te
verkrijgen.

Een andere toepassing betreft de tijdstippen waarop records optreden

in een rij onafhankelljke stochasten die alle dezelfde continue
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kansverdeling bezitten. Het optreden van records op verschillende tijdstip-
pen kan men ontstaan denken door onafhankelijke loting op de verschillende
tijdstippen, zodat de theorie betreffende L(n) kan worden toegepast. Dit
laatste gebeurt op verschillende plaatsen in de hoofdstukken 3 en L bij]
wijze van illustratie van de daar ontwikkelde theorie.

De limietstellingen worden alle geformuleerd in de vorm van
"invariantieprincipes"”, waarmee bedoeld worden: de centrale-limietstelling
en de wet van de gelterecerde logarithme in termen van stochastische
functies. De invariantieprincipes voor parti&le sommen van onafhankelijke
stochasten worden geformuleerd en gedeeltelijk bewezen in hoofdstuk 1. De
daarbi] benodigde begrippen als de functieruimte D en kansen op metrische
ruimten worden in hetzelfde hoofdstuk gedefinieerd en toegelicht.

Sectie 0.1 (blz. 1 t/m 5) bevat een uitvoeriger samenvatting in het

Engels.




STELLINGEN




1.

Een stijgende continue functie op een reeel interval is dan
en slechts dan absoluut continu als de afgeleide van de in-
verse functie (die bijna overal differentieerbaar is) bijna

overal positief is.
Dit proefsehrift, th. 6.5.
Met behulp van de stelling van Radon~-Nikodym bewijst men op

eenvoudige wijze dat alle meetbare oplossingen van de verge-

lijking

(1) flrx) =r f(x) voor x e R, r ¢ Q

op nulfuncties na gegeven worden door de functies
(2) f(x) =ex (c ¢R)

op R. Hieruit volgt het bekende resultaat dat alle meetbare

oplossingen van de Hamelvergelijking:
f(x+y) = £(x) + f(y) voor x, y ¢ R

gegeven worden door (2).

Een langzaam variérende functie is een positieve functie L ge-

definieerd op een omgeving van » en zodanig, dat
y—)co
voor alle x > 0. Voor een langzaam variérende functie L geldt
o o voor alle o > 0O,
lim x L(x) =
X0 0 voor alle a < O




dan en slechts dan als er een omgeving van « bestaat waarop L
en 1/L lokaal begrensd zijn.
Tucker doet in dit verband onvolledige en ten dele onjuiste
uitspraken.

H.G. Tucker (1968). Convolutions of

distributions attracted to stable
laws. Ann.Math.Stat. 39, 1381-1390.

Elke meetbare langzaam variérende functie is lokaal integreer-
baar op een omgeving van o,
J. Korevaar, T. van Aardenne-Ehren-
fest & N.G. de Bruijn (1949). A note
on slowly oscillating functions.

Nieuw Archief voor Wiskunde (2)23,
T7-86.

Zij a > 0 en u een eindige maat op [0,a] zodanig dat

w((a~e,al) > 0 voor alle € > 0. Dan is
x
t o J t7ap{x) (t > 0)
f0,a]

een functie die regulier varieert met exponent a.

6. Voor n ¢ N, p € (0,1) geldt

Ol

Zw I—nl)— - (E) 25 (1-p)27K| _<_p(1—2—) .
-p

W. Vervaat (1969). Upper bounds for

the distance in total variation be-

tween the binomial or negative bi-

nomial and the Poisson distribution.

Statistica Neerlandica 23, 79-86.




7.

Als 31, 22,..., £n+1

waarin [0,1] verdeeld wordt door een steekproef ter grootte

de lengten zijn van de n+1 intervallen

~

n uit de homogene verdeling over [0,1], en verder Sy EQ,...

onafhankelljke exponentieel verdeelde stochasten zijn met

verwachting 1/n, dan geldt voor O < k < n

sup, |P{(c Ek) ¢ B} - P{(gq, Chsenes

¢ ) e B} =
BeB &

i [PUeqs gpones

[SIES

< (- log(1 - 9)%.

Hierin is BX de o-algebra der Borelverzamelingen in Rk.

J.Th. Runnenburg & W. Vervaat (1969).
Asymptotical independence of the
lengths of subintervals of a random-
1y partitioned interval; a sample from
S. Tkeda's work. Statistica Neer-
landica 23, 67-7T.

Laten Eq,

ces met intensiteit 1 op (0,*). Elke niet-negative, niet-ont-

32,... de punten zijn van een stationair Poissonpro-

aarde oneindig deelbare stochast g zodanig, dat P{g < €} > 0

voor alle ¢ > 0, heeft dezelfde verdelingsfunctie als

zk=1 ()

voor een zekere niet-negatieve niet-stijgende functie f op
(0,=) zodanig, dat fT f(x)dx < . De toevoeging van f aan de
verdelingsfunctie van g is eeneenduidig als f rechtscontinu
genomen wordt. Als

o0 X
log Be 2 = _ J l-e dpr(x)
o x

(standaardvoorstelling van Feller voor niet-negatieve oneindig




10.

deelbare stochasten), dan geldt voor x > O

inf{y : J u—1dP(u) < x},
¥
J f(u)du.
{y : £(y) < x3}

Kiest men in de voorgaande stelling

£(x)

P(x)

f(x) = x—1/a met 0 < a <1,
dan heeft g een stabiele verdeling met exponent a; kiest men
-x/a

£f(x) = e met o > O,

dan heeft g als verdelingsfunctie Qa’ gedefinieerd in th. 4.7.7
van dit proefschrift.

Beschouw het stelsel differentiaalvergelijkingen

- Pé(t) = u,P. (%),

! = -
Pe(t) = ~Opem IR (8) + A (B 1 (8) + Py (8)
voor k € [N
met Ak’ uk > 0, en randvoorwaarde
1 als k = 1,
(2) P (0) =

k 0 anders

(deze differentiaalvergelijkingen beschrijven een zogeheten

geboorte- en sterfteproces). Als Ak’ uk >0 voor k = 1,2,...,
n-1, A =0en w o> 0, dan iskPo(t) een positief mengsel van n

exponentiéle verdelingen:
—akt
) met O < a; <8, < ... <a

> 0 en z 1.

(3) P(t) =L, p(1-¢

n =
Py k=1 Tk




Omgekeerd voldoet elk positief mengsel van n exponentiéle ver-
delingen als aangegeven in (3) aan een stelsel differentiaal~

vergelijkingen (1) met X >0 voor k = 1,2,..., n-1, An =0

KMk
enyu > 0 en met (2) als randvoorwaarde. De correspondentie

tussen deze mengsels en {\ )n—1 )n

kr=1> Hrlp=q 18 eeneenduidig.

(u

S. Karlin & J.L. McGregor (1957).
The differential equations of birth-
and-death processes, and the Stiel-
tjes moment problem. Trans.Amer.
Math.Soe. 85, 489-546.

F.W. Steutel (1971). Preservation

of infinite divisibility under
mixing (§ 3.7). Mathematisch Centrum,
Amsterdam.

11. In de gevallen dat er klassieke muziek over radio Hilversum
wordt uitgezonden komt het stemgeluid van de ervddr en erna
soliérende omroeper verhoudingsgewijs veel te sterk door. Om
redenen van efficiéntie en comfort verdient het de voorkeur
dat de omroeptechnicus en niet de individuele luisteraar de

geluidssterkte tot redelijke proporties terugbrengt.

Stellingen bij het proefschrift
Success epochs in Bernoulli trials
(with applications in number theory)

door W. Vervaat.






