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PREFACE

In this treatise we aim at giving a detailed introduction to the theory
of superextensions of topological T,-spaces. From an elementary point of
view topological properties common to all superextensions are studied as

well as e.g. properties that a superextension of a space X inherits from X.

The superextension AX of a T -space X is introduced by de Groot in [6],

1967. Every superextension AX is ; (super-) compact T,-space, in which X is
embedded, and, as we shall prove in this treatise, it often has nice topo-
logical properties (local connectedness, connectedness, contractibility,
compactness, extension of functions defined on X) and often it is quite
large (strongly =-dimensional, and X is not dense in AX). In certain res-
pects it resembles the hyperspace H(X) of all closed subsets of X (studied
a.o. by Hausdorff, Vietoris, Michael and West). E.g. both extensions are
conjectured to be homeomorphic to the Hilbert-cube if X is a metrizable,
compact, absolute retract. (That H([0,1]1) = [0,11" was proved in 1971 by
West and Schori, after having been an open problem for about 40 years.)
But a non-degenerate Hausdorff space X is always closed (embedded) in H(X)
and not in the compact space AX.

The construction of X however, bears close resemblance to another
type of extension, viz. the Wallman-(type-)compactification w(X), of X. Of
course X is densely embedded in w(X), but in general not in AX. If in the
construction of w(X) and in a convenient definition of compactness "finite"
is sultably replaced by "two" then we obtain the superextension AX and a
definition of supercompactness. Let us be a little more precise and first

briefly review the Wallman-type-compactification.

All spaces under consideration are T.,-spaces. Let X be a T ~space and

S a subbase for the closed sets of X. TheTlemma of Alexander st;tes that X
is compact if and only if every (or equivalently: every maximal) centered
subsystem of S (i.e. system with the finite intersection property) has a
non-empty intersection.

Using this result one can compactify a non-compact space X, by adding
all free maximal centered subsystems of S to X, and taking as a subbase for
the closed sets of the so obtained set, all sets S for S ¢ S, where S =
S u {all free maximal centered system containing S}. It is easily verified
that every centered subsystem of {S* I SeS} has a non-empty intersection,
and according to the lemma of Alexander theuextended space is compact.

Indeed this is the Wallman-type-S-compactification wSX, of X. (At this point
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we generalize slightly from the common definition of Wallman-type-compacti-
fication, that only consider closed bases S that are closed under the
taking of finite unions and finite intersections.)

Instead of maximal centered systems of S we now consider subsystems of
S that are maximal with respect to the property that every two members meet,
and we thus obtain analogously the so-called superextension of X relative S,
denoted by ASX. the mentioned subsystems of S are called maximal Linked
systems or mls's. The topology is defined just as above. Now the subbase
for the closed setsv{S+ [ SeS} satisfies the condition that every subsystem
has a non-empty intersection not only if every finite number of elements has
a non-empty intersection but already if (and only if) every two members
meet. A space which has a closed subbase with this property is called super—
compact. In terms of open sets it reads:
A topological space X is supercompact if X has an open subbase such that
every cover of X by subbase elements has a subcover consisting of two ele-
ments.
Thus a superextension of X is a natural supercompact extension of X, in the
same sense as a Wallman-type-compactification is a natural compact exten-
sion. Obviously each supercompact space is compact, while O'Connor has
proved in [T7] that at least every metrizable compact space also is super-
compact.
The typical difference between AX and wX lays in the socalled fmls's (mls's
determined by finite sets). Throughout this treatise they are of invaluable

help.

Now the main properties of superextensions are surveyed. For the sake
of simplicity only the superextension of X is considered, i.e. the super-
extension AX relative the family of all closed sets.

Properties which AX possesses if and only if X does, are e.g. normal-
ity, separability or more generally the minimum cardinality of dense sub-
sets (if X is infinite), its weight (if X is infinite, compact and
Hausdorff), finiteness, strong O-dimensionality, connectedness (cf. below),
contractibility (if X is compact) and compact metrizability.

Especially with respect to connectedness and related properties AX
behaves surprisingly nice: if X is connected then AX is not only connected
but also locally connected. Moreover we can show that AX is contractible in
each of the following cases: X 1s a finite polyhedron, X is the suspension

of a compact T, -space, or X is itself contractible and compact.

]
The closure of X in AX is homeomorphic to the Wallman-compactification
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wX. S0 in particular, if X is normal then
XcX = 8X= X cAX

where BX is the 6ech—Stone—compactification.

The superextension of a metrizable space M is metrizable if and only if
M is compact (as can easily be seen from BX ¢ AX for normal X and
weight AX = weight X for compact Hausdorff X). So let us assume {M,d) is a
compact metric space. We will show that d can easily be extended to a metric
on all of AM. The dimension of AM is either zero (iff M is O-~dimensional) or
stronly infinite.

If (N,d) is a non-compact metric space, then the superextension AN con-
tains a dense, metrizable, nowhere locally compact subspace, which has the
same weight as N. This subset again has nice properties; e.g. it is both

connected and locally connected if X is connected, etc.

Miss G.A. Jensen proved, among some of the above results that a con-
tinuous function f£: X > Y can be extended continuously to f: AX -~ AY if ¥
is normal. She also showed the existence of extensions to superextensions of
X and Y relative certain subbases. This theorem yields e.g. that superex-
tensions ASX of X relative a subbase S from a certain class (the normal
subbases) are Hausdorff quotients of the superextension AX (relative all
closed sets). So we can derive many properties of XSX for these S, from our
knowledge of AX.

For a better intuitive notion about superextensions it may be helpful
to read chapter V, section 1, first. Here some superextensions of 'simple'
spaces are described, such as the integers Z, the reals R, a circle, a con-

verging pointsequence with its limit, and the Cantor discontinuum C (ACSC).

The definition of supercompactness and superextension resulted from an
investigation by de Groot and Aarts, [7] announced in 1966, in a topological
characterization of complete regularity, in terms of the existence of a sub-
base for the topology endowed with certain geometric properties. Without
defining superextensions they showed about that if such a subbase exists,
then the closure of (the embedding of) X in AX is compact Hausdorff. There
after de Groot defined supercompactness and superextensions in [6], and
started the investigations, which were carried forward in several directions,
a.0. by Csészar, Hamburger, Jensen, O'Connor and the author. Csészar made
a more general appfoach, exposed in his survey paper [3], published in 1971,
Hamburger particularly concentrated on characterizations of complete

regularity and generalized the de Groot-Aarts result and several other re-
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sults, see [10], preprint 1971. O'Connor proved the deep theorem on super-
connectedness mentioned above, in 1968, see [15]. The consequences of this
result are still not properly investigated, see also V.3. Jensen and the
author did joint research in 1968 under supervision of professor J. de Groot.
Their results have been published in [9]. Jensen proved a.o. the useful
theorem on the extension of continuous functions, and results on the weight,
o-dimensionality and separation axioms, while the author contributed a.o.
theorems. on {local) connectedness, contractibility and metrization. These
results from [9] and those of de Groot and Aarts from [7] form an essential

part of this treatise.

It is a pleasure to thank Miss A. Fasen for her patient typing and re-
typing the manuscript and drawing the figures, and Messrs. D. Zwarst, '

J. Suiker, J. Schipper, T. Baanders and J. Hillebrand for the printing.




CHAPTER I LINKED FAMILIES OF SETS

To get land's fruit in quantity
Takes jolts of labor ever more
Hence food will grow like one, two, three

While numbers grow like one, two, four.
(Song of Malthus)

A family of sets is said to be linked or a linked system if every two
of its members meet. The set-theoretical superextension of a family of sets

" i.e. linked sub-

is the class of all "maximal linked subfamilies - mls's -
families that are not properly contained in any other linked subfamily. In
this purely set-theoretical chapter we will study some combinatorial prop-
erties of (meximal) linked families and superextensions.

The first section contains the basic definitions, some examples and
immediate consequences and a store of counterexamples for the other sec-
tions.

In section two the "finitely generated maximal linked systems
- fmls's ~" are introduced. These are the mls's that are "determined" by a
finite family of finite sets. For an mls to be "determined by a family"
means to be the only mls containing that family. This class of fmls's will
be a useful tool in studying (topologized) superextensions, especially in
IIT.3 and IIT.L4 where separability, connectedness and local connectedness
are concerned.

In section three we define an equivalence relation (on the class of all
fmls's only) roughly speaking as follows: If M and N are fmls's consisting
of subsets of X and Y respectively, and there exists a bijection (function)
f: X > Y such that N = £(M) = {£(S) | SeM} = {{f(x) I xeS} | SeM}, then we
say that type M = type N (type M > type N respectively). In this section
particular attention is also paid to the number of mls's in the powerset of
an n-point-set. This interest is justified because each fmls is of the same
type as some mls in the powerset of a finite set. Hence this provides a des-
cription of all fmls's. So far this number A(n) is only known for n < 7. A
calculation of A(n) is presented for n < 6, plus the outline of an algorithm

that was used by A.E. Brouwer to calculate A(7) on a computer. For

n =0,1,2,3,4,5,6,7 the number A(n) equals respectively 1, 1, 2, 4, 12, 81,




2646, 1422564, which seems predicted by the song of Malthus.

Related to fmls's are the mls's that consist of finite sets only;
these are discussed in section four. Maybe surprisingly this class strictly
contains the class of all fmls's. I.e. there exist mls's that consist of
finite sets only but are not "determined" by any finite subfamily (of
finite sets). Some problems and results in sections two, three and four
seem to be interesting not only because of their consequences in topological
superextensions but also from a purely combinatorial point of view.

Finally section five presents the concept of prime families, which is
in some sense dual to the finite intersection property (ecf. I.5.1.ii)., In
the next chapter this will lead to a useful relation between mls's and max-

imal centered systems (cf. II.5).

I.1. DEFINITIONS
I.1.1. NOTATION

PX = P(X) is the powerset of X, for any set X.

P.X = Pf(X) is the set of all finite subsets of X.

P oX =P o(X) = {X'eX | X\X' is finite}.

R is the set of real numbers, possibly endowed with the Euclidean topology.
7Z is the set of integers.

N is the set of positive integers.

R" is the n-dimensional Euclidean topological space.

Next we define some fundamental intersection properties of families of

sets. The words family and system are used as synonyms.

A family of sets is fixed if its intersection is non-empty.

A family of sets is centered or has the f.i.p. if each finite subfamily has
a non-empty intersection.

A family of sets is linked if every two sets meet.

A family of sets is free if its intersection is empty.

A family of sets {Su | 0ed} is quasi-disjoint if every two sets have the
same set for intersection. More precisely if for some fixed set K, the

kernel of the family, and for each pair a,a' ¢ J 5, N8, =K (if ofa').




///- linked ‘i\ \\
. free
{ centered \

fre% fixed
quasi-disfjoint
disjoint
B| C F

subfamilies of a family of sets, S

S =AuBuCuDuEUTF
free =AuBucC v F
linked = BuCuDueE
centered = CuDueE
fixed = DukE
quasi-disjoint = EufF
disjoint = F
I.1.2.

Let S be any family of sets. As a guide for the imagination the reader
is informed that furtheron we restrict to the following:

in Chapter IT, III: S is a family of closed subsets of a T, -space which con-

stitutes a subbase for all closed sets. 1
in Chapter IV: G is the family of all closed subsets of a topological space
(T1, metric, and compact metric resp.)

We say that a subfamily M of S is a maximal linked system or mls (in S)
if M is linked but not properly contained in any other linked subfamily of
S.

Note that if M ¢ S is linked, then also any subfamily of M is linked.
Moreover, by Zorn's or Teichmiiller-Tuckey's lemma M is contained in at least

one subfamily of S that is maximally linked.




I.1.3. EXAMPLES

(a) Any fixed family and any centered family is linked.

(b) Let S =P{1,2,3}. There is just one free mls in S: 1
{{1,2},{2,3},{3,13,{1,2,3}}. 3

The reader is requested +to notice explicitly that this linked family

is indeed maximally linked.

(¢) Let X be a set and S a family of subsets of X containing all single-
tons. Then an mls M in S is fixed iff it contains a singelton. If

{x} € M then
M= {8 | xeSeS}.

(d) Let X be a set again and S a family of subsets of X containing all
finite subsets (e.g. S is the family of all closed sets in a T1—space
X). Let G € S and p € X. First suppose G is not a singleton and’ + G.
Then the family M -of all elements of S that
either contain G or contain # and meet G is a
free mls in S. This mls M is uniquely "deter-
mined" by its elements G and all {p,x}, x € G,
in the sense that M is the only mls in S con~
taining these sets. )
In the degenerate case that G = {q} one sees that {q} € M and conse-
quently M = {8 | qeSeS} is fixed. In the other degenerate case, viz.
pe G, Mis also fixed, but now M = {S | peSeS}.

(e) If M, N and P are three mls's in the powerset of some fixed set, then

so is
(MnN) u (NnP) u (PaM).

If M = N, then the above mls also equals M.

(f) Let S be closed under the taking of finite intersections. Then any max-

imal centered subfamily of S is also an mls.

I.1.4. PROPOSITION

Let M and N be mls's in some family S.




(a) &M

(b) IfSeM, TeSand Sc T then T e M
{e) IfseS\Mthen3IT e M SnT=¢

(&) M#FNZFFIS eM,IT e N SnT=4

PROOF

(a), (b) and (c) are trivial, and also the if-part of (d). Assume M # N.”
Because of the maximality of M: 3S e M \ N. Now by (¢): 3T e N S n T = g.

I.1.5.

Let us modify example I.1.3.b a little. Suppose S is a family of sub-
sets of an infinite set X containing all finite subsets of X, in formula:

PfX c S c PX.

For any three different points p, q, r the following family Mqu is a free
mls,

Mpqr = {S ¢ § | S contains at least two points of p, g and r}.

This mls has minimal sets: {p,q}, {q,r}, {r,p} which uniquely determine
Mpqr in the sense that Mqu is the only mls in S containing these three sets.
This is formalized in the following definitions.

Let S be any family of sets. A subfamily M < S is called a pre-mls if M
is contained in precisely one mls in S, i.e. if M is linked and contained in
at most one mls. We say that this mls is determined by M, and it will be
dencted by M. We also say that M is a pre-mls for M.

Some pre-mls's are smaller and easier to describe than the mls's they
determine., E.g. in the example given above {{p,q},{q,r},{r,p}} is a pre-mls
for Mp,q, and in example I.1.3.d the family {G,{p,x} | xeG} is a pre-mls
for M. This will be elaborated in the concept "finitely generated mis".

An mls M is said to be defined on some set M or M is a defining set for
M if

VS e MAS' e M S' < 8 2 M.

If M is defined on M but not on any proper subset of M, then M is called the




(smallest, cf. I.1.11.c) defining set for M.
An mls M is called finitely gemerated or an fmls if it has a finite
defining set, and an n-mls if it has a smallest defining set of n points. In

both cases we require that S contains all finite subsets of uS.

I.1.6.

The set-theoretical superextension of a family S, denoted by A(S) is

defined as the class ¢f all maximal linked subsystems of S. Notations:

A(S) = {McS | M is an mls in S}
Af(S) = {McS | M is an fmls in S}
An(S) = {McS | M is a k-mls for some k<n}  (n=1,2,3,...).

I.1.7.

If M is any subfamily of S then an element S € M is called minimal in
M if it is c-minimal, i.e. if no proper subset of S also belongs to M. Nota-
tion:

My = {SeM | YyTeM Tes = T=s}.

Of course an mls need not contain any minimal sets, of. T.1.3.f, and if
it contains minimal sets, then these do not necessarily form a pre-mls. Fi-
nally if the minimal sets do constitute a pre-mls, then this need not be a
smallest pre-mls, as examples I.1.8.a and b will show. However, in two im-
portant cases, viz. for fmls's and in case S is the family of all closed
sets in a compact space, each mls has a pre-mls, consisting just of the min-
imal sets. Moreover their union, clearly, is the smallest defining set of
the mls. For fmls's this pre-mls also is the smallest pre-mls, but in the

other tcase this need not be true, see I.1.8.b and I.1.10.d.

I.1.8. EXAMPLES

(a) Let S be the family of closed intervals of the unit circle in the plane
RQ. The family M of all intervals of length > 7 is

a a' a free mls in S. The minimal sets of M are all in-
tervals of length w, and they constitute a pre-mls.

If any one interval I of length m is deleted from




(e)

MMIN’ then it is easily seen that any mls N containing all remaining
intervals also must contain the deleted interval I and thus N = M. I.e,
MMIN\{I}, Ie MMIN also is a pre-mls for M, and N has no smallest pre-
mls.

For any autohomeomorphism ¢ of the circle, that is not a rotation, also
{IeS | length ¢-1iﬁ} is an mls, which differs from M.

In the family G of all closed subsets of the circle, M is not an mls or
pre-mls: for every pair of anti-podal points {a,a'} one easily sees that
Mu {a,a'} is linked. If we extend this family to an mls Ma,a' in G,

then Ma,a' # M

if a,a' and b,b' are different pairs of antipodal
b,b'

points.

Suppose G is the family of all closed subsets of the closed unit inter-

val [0,1] and ¥ is the ordinary measure on [0,1]. Put
M= {seG | u(s)>1}.
Then M is an mls in G, and

My = (8€G | u(s)=3}

is a pre-mls for M. Again we claim that for any S € MMIN also
MMIN\{S} is a pre-mls for M. For this it suffices to show that if
T ¢ G meets all S' ¢ MMIN\{S}, then T n 8 # ¢, Suppose T € G and
Tn 8 = @. Then X\(TUS) is a non-empty, open subset of X, so
u{X\(TuS)) > 0. Choose two closed subsets F and G of X such that

uF = uG > 0
F < X\(Tus)

GcS

Put S' = (FuS\G) . Then n(S') = 3, so 8' ¢ MMIN\{S}. However
S' n T c (FaT) v (SnT) = ¥, a contradiction. Again the conclusion must

be that M contains no smallest pre-mls.

There exist mls's of finite sets with infinitely many minimal sets.
However, in accordance to I.5.2, there are only finitely many minimal
sets of k points for each fixed finite number k. Hence there are only
countable many minimal sets.

Let § = Pf{O,i1,i2,i3,...} and define M = {Mk | k=+1,%#2,...} as follows:




Moo= {=k,0,1,2,. .. ,k=1} for k > 0,

M= {kk+1,...,-2,-1,-k}  if k < 0.

-4 3 -2 -1 0o 1 2 3 k4

M2k k Cx x X )

M3 (x X x X )

M, < x X x x )

'y

M_g (x X X )

M 3 (x x x X )

M ) Cx X X X x)

We make the following observations:

(1) M is a pre-mls because M' = {S'eS | 38eM Sc5'} is an mls.
PROOF

Clearly M' is linked, suppose M' is not maximally linked, i.e.
3T € S\M* - M' u {T} is linked. Then choose m < O minimal and n > -1
maximal such that
{m,m+1,...,-1} < T
and
{0,1,...,0n} = T,
Because T % M' we find that if m < -1 then {O,1,2,3,...,|m|'} nT=¢g,

because if i € {1,2,3,...,|m|} n T, then M ; € Tend if 0 ¢ T then

M.1 ¢ T. However as consequence we obtain that

{n-1,0,1,2,...,|m|} = Mlm!+1:




is disjoint of T, a contradiction.

If n > 0 then similarly M= {-n-1,-n,...,0,-2,-1,n+1} does not

-1
meet T, also a contradiction. Finally if n = -1 and m = 0, then

{0,-1} n T = M, nT= 3.
(i) No proper subsystem of M is a pre-mls.
PROOF
For any k > 1

(M\{Mk}) u {{—k,—k+1,...,—1,0,1,...,k+1}\Mk}

also is linked.

For k < O
(M\{Mk}) u {{ k—1,k,...,—1,0,1,...,k}\Mk}

is linked.

And finally
(MM, 3) v {{-2,1}})
is linked.
(1i1) Every M ie minimal in M, and hence also in M'.
PROOFP
Fbr 0<k<l1

M, onM o= {k}

and
MonNM, = {-x}.

This means that every point of Mk is "needed" to make M linked.
(iv) M Ze not a pre-mls in P{0,£1,%2,...}.
PROOF

If N,N' are mls's in P{0,*1,+2,...} containing M v {{0,1,2,3,...}} and
Mu {{-1,-2,-3,...}} respectively then N # N'.
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PROCF

(a)

(v) The only two mle's in P{0,%1,%2,...} that contain M have the
following pre-mls's:

N Mu {{0,1,2,3,...}}

1

and

Ny Mu {{-1,-2,-3,...}}.

Suppose S < {0,x1,%2,...} and M u {8} is linked, while S doeé not con-
tain a set of M. Then, because {0,-1} ¢ M either 0 ¢ S and -1 4 S or

-1 ¢ 8 and 0 ¢ 8. First suppose 0 € S and -1 é 8. Because {%1} e M,

Sn {#1} # B, i.e. +1 € S. Because {-2,0,1} ¢ M, {-2,0,1} ¢ S, hence

-2 ¢ S. Because {-2,-1,2} ¢ M, {-2,-1,2} n S # 6, i.e. 2 ¢ S, And so
on. Thus we find that S = {0,1,2,...}. Because of the symmetry (reflec-
tion at -3), if -1 € S and 0 € 8 then S8 = {-1,-2,...}. This shows that
if 8 < {0,%1,%2,...} and Ni u {8} is linked, then S must contain.a
member of Ni’ i= 1,2, It easily follows that Ni is a pre-mls. On the
other hand if N is an mls in P{0,*1,+2,...} containing M, then

8 e Nm3IT e M T < 8. Clearly Ni < N for some i = 1,2.

(ef. [ 71, §3 example 2 p. 102-103)

If M is a pre-mls in S then the mls M that contains M of course con~
tains {S'eS | 3SeM Sc5'}, but M may be strictly larger, as we saw in
(a) and (b) if we take there M = all minimal sets except one (M = all
intervals of length > 3 on the unit circle respectively M = all closed
subsets of [0,1] with measure > 3). Now we will give an example, where
even M is not defined on UM,

Let X be the union of the four disjoint infinite sets A, B, C and D.

)?Efiffjr“ Recall that we denote the family of all
g S - ~ :
,-//——————;\‘——-———Z\._\ ini '. . -
/ ( - \\\\ S cofinite subsets of a set Y (i.e. sub
S i é;;;;L/' - sets of Y with a finite complement) by

Pcof(Y)' S is defined as the family con-
- : sisting of AU B U C, DU A and all

finite and cofinite subsets of X and of B u D. In formula:

S = Pf(X) U Pco (x) u P _(BuUD) ? {AuBuC, DuA}.

£ cof

The only free maximal centered systems in S are:




M1 = Pcof(x) u {AUBUC} u Pcof(BUD),
M2 = Pcof(x) u {DuA} v Pcof(BUD) and
M3 = Pcof(x) u {DuA, AuBUC}.

Note that S\Pf(X) = M1 u M2 = M1 u M2 U M3 is maximally linked. Thus
S\Pf(X) is the only mls not containing any finite set. On the other

hand any mls containing either M1, M2 or M3 will also not contain any

finite set. This implies that M1, M2 and M3 are pre-mls for S\Pf(x).
Now put

N = {DuA} u L (BUD)

£

then N is a linked subfamily of S, and N u {F}, F ¢ Pe

Hence N is a pre-mls for S\Pf(X). However

Mo

fl

{s'eS' | dAseN scs'} # S\P,(x)
and

uN =4 uBuUD=X\C,

whilst S\Pf(X) is defined only on the whole X, because

DuAhe (S\Pp(X))y7y 804 A U B U C e (S\P.(X))

IN MIN'

The basic properties of pre-mls's, minimal sets etc. are contained in the

following propositions:

I.1.9. PROPOSITION ON PRE-MLS'S
Let M be an mls in some family S.
(a) 4 subfamily P c S is a pre-mls iff
¥S,S' € S (Pu{S} and Pu{S'} are linked == S n S' # @).
(b) If Pc Sis a pre-mls for M then

M=P= {seS |.P?u{s} is linked}

11

X, is not linked.
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(¢)

(a)

If M' c M satisfies ¥v8 e MIS' ¢ M 8' c 8 then M' <s a pre-mls for M
and M Zs defined on uM'.

Suppose S is the family of closed subsets of a compact space X and M is
an mls in S. Then every element of M contains a minimal element of M,
s0 MMIN g8 a pre-mls for M and UMMIN is the smallest defining set of M.

For S € MMIN \{8} Zs a pre-mle for M Iff each neighbourhood

MMII\T

of 8 contains another S' ¢ M So MMIN need not be a minimal pre-mls.

MIN®

PROOF

(a)

(v)
(c)
(a)

"If" part. Under the condition {SeS | Pu{s} is linked} is linked, and
clearly also maximally linked. On the other hand if M is an mls, con-
taining P, then M c {SeS | Pu{S} is linked}. So this mls is the only

one containing P.

"Only if" part. Suppose IS, S'e€¢ S P u {8} and P u {8'} are linked
and S n S' = P. Choose mls's M and M' containing P u {8} and P v {S'}
respectively. Clearly M # M'.

follows directly from the proof of (a), while
is trivial.

Let S ¢ M. Choose a maximal (in M) centered subfamily M' of M con-
taining S. Put S' = aM'. If 8" ¢ M then M' u {8"} is linked, end
because intersections of finitely many elements of M' again belong to
MY, My {s*} has the f.i.p. Because X is compact we have S' n s* =
= n(M'u{s*}) # @. Hence S' ¢ M and S' c 8.

By (c) MMIN is a pre-mls for M and uM

MIN
If M' & UMMIN’ then we may choose an S € M

MIN
subset of S belongs to M, this shows that M' cannot be a defining set
for M.

If 8 e M and M

is a defining set for M.

with S\M' # @. Because no

\{8} is a pre-mls for M and S < U, U open in X,

MIN MIN
then (MMIN\{S}) u {X\U} cannot be linked, because X\U ¢ S\M, Hence
38 e M S'# S and 8" nX\U=¢, i.e. 8' c U,

MIN
If S € MMIN’ each neighbourhood of S contains another S' ¢ MMIN

and F is an arbitrary closed subset of X, but F n S = @, then clearly
MMIN u {FI\{8} is not linked. I.e. any mls containing MMIN\{S} contains
S, thus contains MMIN’ and so must be equal to M.
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I.1.10. PROPOSITION ON MINIMAL SETS
(a) If S eMe A(S), s ig finite and P(8) ¢ S, then S is minimal iff
Vvpe S3TeM Tns={p}

(b) If S is the family of closed subsets of a topological T,~space and

SeMe A(S), then S ¢ MMIN iff for every open O in X either 0 n S = ¢

or

38" e M S8 n S8'eco.

The trivial proof is omitted.

I.1.11. PROPOSITION ON DEFINING SETS

Suppose M € A(S) for some family S.
(a) US is a defining set for M.
(b) IfS,T € Sand S u T is a defining set for M, then S ¢ M or T € M,

(¢) If M and M' are defining sets for M, then so is M n M'., So if M has a
minimal defining set, then it is the (unique) smallest defining set
of M.

REMARK

Note that (b) cannot be generalized to arbitrary finite unions as

I.1.3.b shows: {{1,2},{2,3},{3,1},{1,2,3}} is defined on {1} u {2} u {3}.

PROOF

(a) is trivial.

(b) Suppose S,T ¢ M. Then3JS',T' e M S n S'=Tn T = @, But the defi-
nition of defining set 38", ™ e M 8" < 8' n (SUT) and
T" ¢ T' n (SUT). Now 8" n T" = @, for 8" n T" < 8' n T' n (SUT) = ¢,
8 contradiction. :

(c) 1If S € M then, because M is defined on M,45' ¢ M S' < S n M, and
because M is defined on M',358" e M 8" c S' n M' ¢ S n (MaM').
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I.1.12. PROPOSITION
For any family S containing all finite subsets of uS:

A1(S) = A2(S) c x3(s) c Au(S) < ... U xn(S) = Af(S) c A(S).
nelN

REMARK

The condition on S is needed because otherwise An(S) and Af(S) are not
defined (see I.1.5). The only thing to prove is x1(S) = xg(S) which is left

as an exercise for the reader.

I.2. FINITELY GENERATED MAXIMAL LINKED SYSTEMS
I.2.1.

THROUGHOUT THIS SECTION S IS A FAMILY WHICH CONSISTS OF SUBSETS OF
SOME SET X, AND CONTAINS ALL FINITE SUBSETS OF X:

Pf(X) c 8§ c P(X).

The (free) maximal centered subsystems of S and the (free) mls's in S
show the remarkable difference that the former will never contain finite or
minimal sets. This makes maximal centered systems, and those mls's that do
not contain a pre-mls of minimal sets hard to describe in a constructive
sense. However those mls's whose minimal sets constitute a pre-mls, i.e.
determine the whole mls, are much easier to handle. Especially, of course,
if moreover the number of minimal sets is finite. The mls's for which this
holds are precisely the fmls's (cf. I.2.3). The role fmls's play in super-
extensions, explains in part the combinatorial nature of so many proofs.

If we topologize the family of maximal centered systems in S in the
well-known way, thus obtaining the Wallman-type S-compactification of X,
then X is (canonically) densely embedded. However, once we have introduced
a corresponding topology on A(S), wherein X is also canonicallyvembedded,
then we will see that X is not dense in A(S) - at least not if X is
Hausdorff and has at least 3 points (ef. II.1.8) -. Iﬁdeed each free fi-
nitely generated mls does not belong to the closure of X if X is Hausdorff.
On the other hand, the family of all finitely generated mls's, denoted by
Af(S), will be dense in A(S). This will be a powerful tool in studying con-
nectedness and separability of A(S) (cf. II.8 and II1.9).




I.2.2.

First we will observe that finite linked families which are pre-mls's

"behave nice":

PROPOSITION

If a finite family of sets A = {AO,...,An}, none of which contains

another, is a pre-mls in S, then
(i) VAe A Vae AFA" € A An A' = {a}

and so each A € A is finite.

Moreover for a finite family A = {A ,...,An}, of finite sets, the

0
following conditions are equivalent:

(ii) A <Zs a pre-mls in S
(iii) {SeS | JAeA Ac8} <8 an mls in S
(iv) VTcuA FAeA  AcT or Ac(UAN\T

(v) A s a pre-mls in P(UA).

COROLLARY

If M 48 a finite subset of X = uS, and M is an mls in P(M), then M is
a pre-mls in S, and M = {8eS | 3AeM  AcS} s an fmls.

REMARK

If a finite family A of (necessarily finite) sets satisfies (i) then
it need not be a pre-mls. Put X = {1,2,3,4,5} and
A =1{{1,2,3},{1,4,5},{2,4,5},{3,4,5},{2,3,4},{2,3,5}}. Then both {1,2,4}
and {3,5} meet all sets of A, so A is not a pre-mls.

PROOF

(i) Suppose, on the other hand that for A ¢ A, say for A_, and some

0
o M A # {a}, for i = 1,...,n. Then A; 0 AO\{a} # §, for
i=1,...,n. As no set in A contains another we may choose a; € Ai\Ao' Now

»a } both meet all sets of A, so A

a : AO’ we have A

the disjoint sets AO\{a} and {ao,a1,...

is not a pre-mls (by I.1.9.a).
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a le v +—{a

Ky

(ii) = (v) dis trivial.

(v) = (iv) Let M be the mls in P(VA) containing A. By I.1.11.b either
T e Mor (UA\T) ¢ M; let us suppose T € M. So (VANT) € M. Then 34 ¢ A
such that A n (UANT) = @, i.e. A € T,

(iv) = (iii) Suppose 8 € S and A U {S} is linked. Then by (iv)
34 € A Ac (8nuA) € 5 or A c (UA)\S, and the last possibility obviously
is excluded, i.e. 3A ¢ A A c 8. Thus A = {8eS | FAeA  AcS).

(iii) == (ii) follows from I.1.9.c.
PROOF OR THE COROLLARY

If A is an mls in P(M), then, by 1.8, (iv) is satisfied.

I.2.3. PROPOSITION

The following conditions are equivalent for an mls M in S:
(1) M is an fimls (i.e. is defined on a finite set)

(ii) <the family MMIN of the minimal sets in M is a pre-mls for M, and

constists of finitely many finite sets.

. s o . ' ooy - .
(iii) there exists a finite family {S1 Sn} c S that s a pre-mle for M
PROOF

(i) = (iii). Because M is defined on M, some subfamily of P(M) is a pre-
mls for M.

(iii) == (ii) follows from the first past of I.2.2.

(ii) = (i) follows from I.2.2 (ii) <= (iii).




I.2.4. PROPOSITION

Let M be an fmls in S, and MMIN the family of minimal sets in M. Put

M= UMMIN' Then :

(i) vs e Mas' « Mty s' <8

(i1) M is the (minimal) defining set for M.

(iii) {SeM | saM} Zs an mls in P(M) and a pre-mls in S.
(iv) for each S c M either S € M or (M\S) € M.

(v)  for each S e MMIN the family M __ \{S} is not a pre-mls in S.

MIN

(v} a subfamily M' < S is a pre-mls for M iff MMIN c M < M.

PROOF

(i) follows from I.2.3 (i) <= (ii) and I.2.2 (ii) <= (iii),

(ii) Clearly M is a defining set for M. Suppose M' ¢ M is a proper subset.
Choose S € MMIN such that S meets M\M', Then M' is not a defining set
for M, because (a subset of) M' n S cannot belong to M, as S is mini-

mal in M.

74.9.¢C
(iii) Suppose {SeM | seM} < M' € A(P(M)) and S € M'\M. Then, by (a) and -tx2

- . . ,
IT € MMIN SnT=@. This contradicts T ¢ MMIN < M!
(iv) follows from (iii).

(v) Because S is minimal, each T € MMIN\{S} meets both S and M\S. Hence,
by I.1.9.a, M \{8} is not a pre-mls.
Y > MIN P

(vi) follows from (v) and (i) (or (iii)).

We can summarize the results obtained sofar as follows:

I.2.5. THEOREM

We obtain precisely all fmls in S if we first construet all mls's in
P(M), for each finite M c X = uS, and then add to each mls M in P(M) those
S ¢ S that contain some S' € M. In formula

Aa(8) = u  {{SeS | S'eM S'c8} | Mer(P(M))}.
Mst(X)
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PROOF

This follows from the corollary in I.2.2 combined with I.2.4 (iii).
The following proposition will be useful in many proofs.

I.2.6. PROPOSITION

(a) If A is a linked system, and VA is a finite subset of X, then there

exists an fmls M in S that contains A.

(b) If A <s a finite, linked family of subsets of X, then there exists an
fmls M, defined on vA, such that

VA e ARS e M S cA.

REMARK

Observe that (b) is stronger than (a). We did mention (a) because it

is more transparant and frequently used.

PROOF

(a) Let M' be an mls in P(UA) that contains A. By I.2.2 (iv) == (ii) M'
is a pre-mls in S. Put M = M',
(v) Suppose A = {A1""’An}' Choose 855 € A, n Aj’ i,j=1,...,n, arbi-

trarily. Apply (a) to the family of {aij‘l J=1yeeesnt, 1 = 1,...,0.

I.2.7. TYPES OF FMLS'S

We will now formalize the intuitive feeling that the mls M in
P{1,2,3,4,5} and the mls N in P R (M, N defined below) have the same struc-

ture:

M

{seP{1,2,3,4,5} | (1S and Sn{2,3,4}#8) or (5>{2,3,4})}

N

{SePR | (0eS and Sn{-1,1,6}#¢) or (8>{-1,1,6})}.
Let {Sa | 0eJ} be the class of families Sa that satisfy

Pf(uSa) c S& c P(US@)
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i.e. each Su contains "all" finite sets. Next let F be the class of all

fmls's, 1.e.

.

F = U{Af(Su) | aedl.

Let a,0' € J, and suppose M is an fmls in Sa’ and M is the minimal defining
set for M. If M' satisfies M ¢ M' < USa, and f: M' ~ uSa, is arbitrary then

it is easily seen that
{£(M'nS) | SeM}

is a pre-mls in Sa' for
o -1
F(M) 430 {8eS,, | £7°(8)eM?.

It is also easily seen that F(M) only depends on M, and on the restriction
of £ to M. This is an important observation: it reveals that the maximal
linkedness of an fmls is preserved under arbitrary mappings, at least
between families containing "all" finite sets. Let us look at an example

and compare with arbitrary mls's.

EXAMPLES
(a) Let S=PR) and T = P.N. Put
M, = {s | 3SR}
M2 = {SR | S contains at least four of the following

. 1
seven points: %3 7 %3 1,2,3,43.

Observe that M1 are mls's, indeed a fixed mls and a T-mls respectively.

2
>
Now let e: R - Il be the entier~function. Then

e(M;) = {SeP W | e_1S€M1} = {5 | OeSeP N}

is again a fixed mls. And

E(Mz) = {SePfN | e_1SsM2} N, where

N = {{0,1},{0,2},{0,3},{0,4},{1,2,3,4}}

is easily seen to be a pre-mls in PfN.
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XXX x M = "at least four of these seven"

K mnm X
X g X
Xe—X

X €—

e(M) = "either containing 0 and meeting

{1,2,3,4}, or containing {1,2,3,4}".

Observe that EM2 is an mls, and even a 5-mls.

(p) Let X be the unit cirele in the plane, D a diagonal and m: X > D the
projection on the diagonal. Let S and T be the families of all intervals in

X and D, then T = 78 = {«nI | IeS}. As we saw in I.1.8.a the family
M = {IeS | length. I>n}

is an mls in S. However, if 0 is the midpoint, and a,b are the endpoints of

D, then
£(M) = {fI | TeM} = {IeT | 0eI and either a or bel}

clearly is not a pre-mls in T. It is contained e.g. in both mls's

"{I | 0eIeT} and {IeT | I contains at least two points of 0,a,b}.

REMARK

Under suitable conditions on the families S and T also arbitrary mls's

are "preserved" (as mls's) under maps uS + uT. This is the subject of II.k,

Let M, N be two fmls's, with minimal defining sets M and N. Then we

say that M and N have the same type, in notation:
type M = type N

if there exists a bijection £: N > M such that
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We say that
type M < type N

if there exists a function f: N -+ M which is not 1-1 and satisfies
M= E(N).

Moreover we write "type M < type N" for "type M < type N or type M = N".

In this way we obtain an equivalence relation on the class F of all
fmls's, and a partial order on the set of equivalence classes, as is easily
checked. Let C be such an equivalence class. Clearly all M € C aré n-mls's
for the same n. For this n we can also find in C an mls in the powerset of
{1,...,n}, which can be taken as representation of C. Because there are
only finitely many mls's on {1,...,n}, there are only countably many equi-
valence classes.

Let us now turn to the partial order of the set of equivalence classes.

The following facts are simple to prove.

I.2.9.

(a) If M is an m-mls, and N an n-mls, then type M < type N implies m < n.
(v) PFor each m—mls M there exists an (m+1)-mls M' such that
type M < type M'.

(c) Each maximal linearly ordered set of types has the ordertype of the

natural numbers.
(a) For each two fmls's M and M' there exists fmls's N and N' such that
type N' < type M < type N

and  type N’

lIA

type M' < type N.

We can even choose N' mazimal and N minimal as follows from (c). How—
ever these maximal N' and minimal N are not at all uniquely determined
by M and M' (see figure at p. 26).




22

PROOF

(a) is trivial.

(b) Let M be defined on M. Define a surjection f: {1,...,m+1} + M. Let M*
be any mls in P{1,...,m+1} containing (£ 's | seM}.

(¢) is trivial from (a) and (b).

(d) Since all fixed mls's have the same type and this type precedes all

other types, we only have to construct N. As we may replace M and M

(o] (m) .  (m,m')
X x X x x
N
X X X X X
X X X x ’ X
]
LoD (1,1 § (m',1)
M X % X x
(1,0) M (m',0)

by mls's of the same type, we may suppose that their defining sets are

M= {(0,1),...,{0,m)}
and
M' = {(1,0),...,(m',0)}

respectively, and moreover uM = M, uM' = M', Put

Nﬁ{h“”W}Mhnqm,wdktM:N+M‘md%:N+Mmtm
projection maps. Let N be any mls in P(N) which contains all sets
w.'s' and '8, for §' € M', 8 ¢ M. Then 5 (N) = M' and T, (N) = M.

Thus indeed type M < type N and type M' < type N,

I.2.10. EXAMPLES (we use the notational conventions from page 27).

First we describe all types of n-mls for n <5 aﬁd some for n = 6,
simply by giving for each type (n,i) a pre-mls in P . It is easily seen
that all given pre-mls correspond to mls's of different types. From the
fact that £(0,1,2,3,4,5) = (1,1,0,1,1,4) (proved in I.3.8) it follows that

indeed all types (n,i) with n < 5 are described.
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Let us explain the notation below by means of two examples:

type (4,1) is represented by the pre-mis {{1,2},{1,3},{1,4},{2,3,4}}.
type (5,2) is represented by the pre-mls {{1,2}} u {all three-point-

sets in P_ that contain either 1 or (exclusively) 2}.

5
The word (scheme) near the figure means that not all minimal sets are in-
dicated but only a "representative" selection. The sets which are "repre-
sentative", and should be copied in order to obtain all minimal sets
(copied, by taking certain permutations of {1,...,n}) are indicated by
dashed lines. So is in type (5,2) the set {1,3,4} "representative" for "all
three-point-sets in P5 that contain either 1 or 2".

For the definition of case (k), -2 < k < n-1, see I.3.6.

type ninimal sets figure number of mls's of this
type in Pn = P{1,...,n}
1
type (1,1)] x : ' (fixed mis) | =
(case(-2))
type (2, ) does not| exist
123
type (3,1)] x x x i
(case(-1)) x x (3)
X x
123k
type (4,1)] x x R a("3")
(case (3))] x x
x x
X X X Zg 1
12345
type (5,1)] x x x 1.2 3 L5 (151)
(¢ase (0))| x x x (X x B x x
XX * (scheme)
x % x
X X X
X X X
X XvX
X X X
X X x
x x x




2k

type

minimal sets

number of mls's of this
type in Pn

type (5,2)
(case (1))

type (5,3)
(case (2))

type (53)4)
(case (4))

type (6,1)
(case (5))

type (6,2)
(case (3))

12345

X X

(o2

)

xD

)
{

-2
(3

-1,,0=3
("5 (%)

n(nj )

(*h

=1y n-h
("))
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type minimal sets figure number of mls's of this
type in Pn
123456
type (6,3)] n(n;)(n?)
(case (2)) | x x
X X X
X X X
x X %
X X %
x X %
x X
123456
type (6,4)] x x x 1 2 3 (g)(n§3)
(case (3)) ] x X % ,;\ " ”
x X X N
ex | TN
x x| lxo__x
X X 5 6
Xoxx (scheme)
x X X
x X x
123456
type (6,5) | x n(n51)(n;3)
(case (1))] x x x x
x % x
X X X
x X x
X X X
x x
X X
X x

Next we indicate the partial ordering between the types defined above.

Below the dots indicate types, and a line between the dot = type (i,j) and

the dot(i+1,j') symbolizes that type (i,j) < type(i+1,j'). Such an in-
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equality is proved by exhibition of a certain function

f: {1,...,i+1}-92§9* {1,...,i} (see I.2.8). This function identifies just

one pair, say k,k', in {1,...,i+1}. This is indicated by writing k ~ k'

next to the line.

type(5,1)

type(6,3)

1~2~3 3~k
. *

type(1,1) type(3,1)

type(5,2)

type(6,5)
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I.3. COUNTING MLS'S
I.3.1.

Numerical results dominate this section. In particular we compute the
number A(n) of mls's in the powerset of an n-point-set for n < 7. I.e. for
n =T an algorithm will be given which has been implemented by A.E. Brouwer
on a PDP-8 computer for the calculation of A(7) (and of A(1),...,A(6)) and
another, much more efficient, method, also of A.E. Brouwer, is used to
eveluate A(n) by hand for n < 6. (These A(1),...,A(6) had been evaluated by
G.A. Jensen already in 1966). Moreover we show that all types of n-mls's
for n < 5 have been exhibited in the list in I.2.10.

First we need some notational conventions for the rest of this section.

Pn = P{1,...,n} is the powerset of an n-point-set.

HP_ = "half of P " = {SeP_ | 1<card S<2} u
n n n - 2

U one of each pair of complementary % -point-sets (if

n is even), arbitrarily choosen.

g€ = {1,...,n}\8 for S € Pn (if n is obvious from the context).

XMn) = card A(Pn) = the number of mls's in the powerset of an
n~-point-set.
t(n) = the number of different types of n-mls's,

We will denote the different types of n-mls's by
type(n,1),type(n,2),...,type(n,t(n))

in an arbitrary order (as there is no "natural" order). For the definition

of type(i,j) for 1 < 5 and j < t(i) and for i = 6 and j < 5, see page 23.

I.3.2. n-MLS'S FOR n < 3

Recall the definition of an n-mls:
An mls M is an n-mls if there exists an n-point set M, but no smaller set,

such that
) <
VSeMBS'?M S' ¢S and S' e M.

As an immediate consequence any 1-mls is fixed and A(1) = 1, and also any
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fixed mls is a 1-mls. Hence n-mls's with n > 1 are free.

Next suppose M is an mls in P2 = {f#,{1},{2},{1,2}} but not the fixed
mls of all sets containing 1. Then {1} ¢ M so3S5 e M S n {1} = §. Only
s = {2} is disjoint of {1}, so M is the fixed mls of all sets containing 2,
Consequently A(2) = 2 and there is no (free) 2-mls.

If M is a free mls in P3 then M contains no singletons so
Mc {{1,2},{1,3},{2,3},{1,2,3}}. However the latter family is linked and
thus equals M because of the maximality of M. Hence there is precisely one
free mls in P3, and precisely one type of 3-mls's. As there are 3 fixed
mls's in P3 (n fixed mls's in Pn for each n) A(3) = 4.

The next lemmas are crucial for the computation of A(n) for n > kL, and
for the - extremely rough - estimates we have for A(n). The first is a

modification of I.1.11.b, so that we may omit its simple proof.

I.3.3., LEMMA
If F is a finite set and M c PF <s linked then M <s an mls (in PF) iff

VF' ¢ F 7' e M or (exclusively) F\F' ¢ M.

1.3{4.

Consider all i pairs of complementary proper subsets of {1,...,n}.
Then, by the above lemma, an mls M in Pn is a linked subfamily of Pn which

contains precisely one set of each pair. Consequently

n-1
A{n) 5_22 -1

Next we may represent such pair by its element that belongs to HPn, roughly
speaking, by its smallest set. Thus we may represent M e APn by a subfamily

M' as follows:
M e AP M' ¢ HP
n n
M — Mn HP = M
MY v {seR \mp | ST4M'} —— M

We may still go further and represent M by only those sets in M n HPn that

are c-minimal. We denote this representation by ¢:
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Mo—2 s o(M) =M ___ n HP..

Recall that MMIN is the smallest pre-mls for M (see I.2.4 (v)), so

MMIN n HPn does, in general, not determine M in the sense that M is the
only mls containing this family. Yet we just made it plausible that ¢ is
1-1. This is worked out and formalized in the following lemma, the major
importance of which lies in the characterization of the image of ¢. This
enables us to count A{n) by counting down ¢(XPn) which is much easier (i.e.
is doable for n<T) than counting AP (which is not doable for n>5). This

because Q(APH) has much more symmetries than APn.

LEMMA

If ¢: AP > P(HPn) 18 dzfined by

¢(M) = MMI’N n HPn

then ¢ Zs 1-1.
If M e P(HPn) then M' = ¢(M) for some M € APn iff M' Zs linked and no

8 ¢ M' contains a T ¢ M'\{8} (i.e. M' {8 an c—anti-chain).

The straightforward but tedious formal proof is only given for the

sake of completeness, but can easily be skipped by the reader.

PROOF

Suppose M, M' are two different mls's in P » and yet oM = oM' =

= = 1
MMIN n HP MMIN ncHPn. Because MMIN
Hence S % HPn’ i.e. 8 € HPn. Also 8% ¢ M', Let T be a minimal set of M',
. . e e .
contained in S, then, by definition of HPn, T ¢ HPn’ so T e MMIN n HPn.
Consequently T ¢ MMIN < M, contradictory to T n 8 = @. This shows that ¢ is

1-1.

S - 1
is a pre-mls for M, 38 € MMIN\M .

The "only if" part of the second assumption is trivial. The proof of

the if part proceeds as follows: first we define

vy Vo _
P(HPn) ey P(I{Pn) — P(Pn)
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by

UNCH)

{SerP | 3TeM,  TeS} M, c mp

b, (M)

[}

My u {Sep \KP | scéMe} M, < up

Next we observe that WM c HP

1,2 n
(i) If M] is linked then w1M1 is linked.
(11) 1If q;]M1 is linked then ¢2w1M1 is linked.

(iii) w2M2 contains precisely one of each pair of complementary subsets of
{1,...,n}.

Combination of (i), (ii), (iii) (with M, = ¢1M1) and I.3.3 shows that if
Mj ig linked then ¢2¢1M1 is an mls in Pn' Finally we claim that if also no

) then ¢¢2w1M1 = M_ . For

set of M1 contains another (i.e. M1 =M 1

1MIN

HP

S My = (b M)y 0 B =

[}

Wb MinEP Dy =

= M yry = My = My

As immediate corollary we have

I.3.5. THEOREM

The number A(n) of mls's in the powerset of an n—points set is equal to
the number of linked subfamilies of HP that are c—anti-chains.

One more lemma is needed before we attack A{L), A(5) and A(6). For we
will classify the mls's in Ph’ P5 and P6 according to the number of two-
point-sets they contain. How these two-point-sets are situated is described

now.

I.3.6. LEMMA

If Me AP then precisely one of the following cases holds:
case(-2): M is fixed (Z.e. M is an 1-mls),

case(-1): M Zs a 3-mls,
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case(k): M contains k two-point—sets which have ome point in common
(Zf x > 2) (k=0,1,2,...,n-1)

g

X X
X
X

O W x

..

case(=2) case(-1) case(k), k > 0.

PROOF

Suppose M is not fixed (i.e. contains no singletons) and M contains at
least 3 two-point-sets, say A, B and C (if this is not satisfied then we
are obviously in case(-2), case(0), case(1) or case(2)). Now A n B # @,
AnC#pand BnC# @g. IFTANBNnC=@, then A U B U C must be a three-
point-set and {A,B,C} obviously is a pre-mls, i.e. we are in case(-1). Else
3x € A n B n C. Now if M contains other two-point-sets, say D, then we
claim that also x € D. For suppose x k D. Because Dn A, Dn B, and D n C
are nonempty, but A\{x}, B\{x} and C\{x} are disjoint (singletons), D cannoct
be a two-point-set.

Finally observe that k cannot be larger than n-1. This proves the

lemma.

I.3.7.
Computation of A(k}, A(5) and A(6).

Let 1(n,k) denote the number of mls's in Pn in case(k), (~2<k<n-1).
Obviously

1n,-2) =n  end 1n,-1) = (3)

because a 3-mls is determined by the choice of its smallest defining set,
which has 3 points. .

For k > 0 1(n,k) is the number of linked anti-chains in HPn for which the
number of two-point-sets is k, while for k > 2 the two-element-sets must

have one point in common. So for n > 3

AMn) =n + (g) +1(n,0) + ... + 1(n,n-1).




Observe that there are (Z) = 6 two-point-sets in P)» so 3 pairs of
complementary two-point-sets. Consequently each M ¢ APM contains precisely
three two-point-sets, i.e. 1(4,0) = 1(4,1) = 0. There are precisely 4 anti-
chains with precisely 3 two-point-sets having one point in common, viz.

with intersection 1, 2, 3 and k:

{{1,23,{1,3},{1;4}}  (see figure) 12 3 4
{2,1},{2,3},{2,4}}, CEED
{{3,13,13,2},{3,43}> GO
and {{4,1},(1,2},{4,3}}. GO
Hence
Alk,3) = 4
and

AB) =h +Lh+0+0+L =12,

The mls in case(3) corresponding to the first mentioned anti-chain is given

by 1ts minimal sets:
{{1,23,{1,3},{1,4},{2,3,L4}} 1.2 3 &

It is easily seen that the other mls's (::::::::
can be obtained from this mls by C:::::::::::)
permutetions, i.e. are of the same C::::::::>

type. Thus t(k4) = 1.

HP5 = {sc{1,...,5} | S has 1 or 2 points}, but for case (0), ...,
case(l4) we only count linked anti-cheins which do not contain singletons,

i.e. linked anti-chains in the family {Sc{1,...,5} | S has 2 points}.

The case (0).
There is precisely one linked anti-chain in this family without two-point-

sets, viz. the empty subfamily. Thus
1(590) = 1.

To this anti-chain corresponds the mls consisting of all 3, 4 and 5-point-

sets in P_.

5




The case (1).

There are (g) = 10 two-point-sets in P5’ s0
1(5,1) = 10.

The case (k) for 2 < k < b,

I . .
There are 5 (k) ways to select k two-point-sets in 1,2,3,4,5 that have

one point in common. I.e.

L

1(5,k) = 5 ().

For fixed k the corresponding mls's are obviously of the same type, so there

are 5 different types of mls's, each corresponding to one of the cases (0)-

(4). For k = 3 we have a b-mls, the other k must give 5-mls's, because there

are only 3 types of n-mls's for n < 5 (viz. n = 1, 3 and 4), which corre-

spond to k = -2, -1 and 3. So t(5) = 4. Moreover

A(5)

= 5 4+ 10 + 1 +

81.

HP6 consists of all singletons, and all two-point-sets and one set of

each of the (g)/2 = 10 pairs of complementary three-point-sets, say all

three-point-sets containing the point 1.

Case (0).

10 + 5(2) + 5

L
3

)

+ 5(

L
i

Observe that all three-point-sets in HP6 meet each other. So the linked

anti-chains in HP6 not containing singletons or two-point-sets are the

arbitrary families of the three-point-sets in HP6. Thus

1(6,0) = 210 = q02h.
case (1).
Suppose C c HP6 is an anti-chain an
{1,2} € ¢ is the only two-point-set in C.
Then C cannot contain any three-point-set
containing {1,2}, because C is an anti-chain

On the other hand any three-point-set in HP6

X X X X X X X -

000000 XN

O 0 0O X X X

O X x 00 X

1

X 0O X 0 X O

X X O x OO0

1(n,-2) + 1{n,-1) + L(n,0) + 1(n,1) + 1(n,2) + 1(n,3) + 1(n,k)

)
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meets {1,2}, viz. in the point 1. This implies that its complements also
meets {1,2}, viz. in the point 2. There are (g) = 6 pairs of complementary
three-point-sets, both of which meet {1,2}. Again three-point-sets that are
not complementary, meet each other. This gives 2 linked anti-chains con-
taining {1,2} as only two-point-set and (6) 26 = 960 linked anti-chains with

2
precisely one two~point-set:

1(6,1) = 960.

case (2).

Suppose the linked anti-chain C c HP, 12 3 4 5 6

contains {1,2},{1,3} but no other two-point- z * y

sets. As the three-point-sets in HP6 are the X O © X

three-point-sets in Py that contain 1, the * 0 0 x o X
X 0 o0 0 x

three-point-sets in HPy that meet both {1,2}

and {1,3} but contain neither of them, are {1,4,5}, {1,4,6} and {1,5,6}.
So there are 23 linked anti-chains in HP6 with {1,2} and {1,3} as only
two-point-sets, and 6(;) 23 = 480 anti-chains with two two-point-sets:

A(6,2) = 480,
Case (3).
Suppose the linked anti-chain C < HP, 1 2 3 4k 5 6
contains {1,2}, {1,3} and {1,4} but no other : x N
two-point-set. The only three-point-set in x x
X 0o o o x x

HP6 that meets these sets but contains )
neither of them is {1,5,6}. This gives two linked anti-chains in HP6, viz.
{1,2},{1,3},{1,4} ana {1,2},{1,3},{1,4},{1,5,6}. Hence there are

6(;) 2 = 120 linked anti-chains with precisely 3 two-point-sets in case (3):

1(6,3) = 120.

In Case (L) and (5) the possible linked anti-chains can consist of 2-

element-sets only. So

1(6,k4)

]
(o))
—

Ut

~—

I
w
o

and

[}
[e)Y

1(6,5).

Thus
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A(E) = a(=2) + a(=1) + a(0) + A(1) + a(2) + A(3) + A{k4) + A(5)

= 6 + 20 + 1024 + 960 + UBO+ 120+ 30 + 6 26L6.

For n = 6 almost 3/L4 of all mls's belong to case (0) or case (1). We gen-

eralize as follows: for even n there are

n n-1
(55072 ( )
(a) 5 n/2 N n/2-1
anti-chains in HP, consisting of n/2-point-sets only. For odd n there are
(o)
(b) 5 n/2-3/2
linked anti-chains in the family A = {A,Sn\A | 1€A and A has [n/2] points}.

Note that only complementary sets in A are disjoint. Next we see easily:

(c) 1(n,-2) = n (¥n)
(a) Ln,-1) = (3) (n>3)
, ke (AE-T,
(e) 1(n,k) z_n(n; y §o2 * (2<k<n-3)
i=2

() 1(n,n-5) = n(n?) 114 (n>10)
(e) 1(n,n-b) = (") (2%0) (n>8)

(n) 1(n,n-3) = n("3") (2%1) (n26)

(1) 1(n,n-2) = n(n-1) (n>5)

(3) 1(n,n-1) = n (n>k)

Here (e) is obtained by considering for i = 2,3,...,n~k~1 anti-chains with
k two-point-sets and furthermore only (i+1)-point-sets.

The equations (a)=(j) give us a lower bound for A(n). The upperbound given
in I.3.7 can be sharpened a little e.g. by observing that there are only n
mls's that contain a singleton. The other mls's correspond to linked anti-

chains in HPn\{ﬁ,{1},...,{n}}, so

() A(n) < 227110 4 g | (n>2).
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A different upperbound can be obtained as follows. Put Pn = {SCSn | nes} u
U {SCSn | n¢s}. Then the maps XPn > P{s | neSeSn} defined by M - {SeM | nés}
and M~ {SeM | n%S}MIN

tains precisely one of each pair of complementary subsets. Now the second

are 1-1. (For the first map recall that an mls con-

map maps M onto an anti-chain in S,_4- Let us denote the number of non-empty

1
anti-chains in 5 by a{n). Then we just proved:

(v) ) < a(n-1).
In [12] Kleitman showed that
(m) 2log a{n) ~ ([n?Z]) (where f~g means lim £/g>1).

Combination of a, b, 1 and m yields the following

THEOREM
(n) 210g A(n) ~ 210g a{n-1) ~ ([n72]) ~ 2%/Y/2mm.

For more details and adi estimation of the 210g of the number of all linked

systems in Pn’ see [2]., Let us now compare some numerical values.

2 2 ot 2" n-1
n  A(n) a{n-1) | “log A(n) “log o(n-1) By e ([n/2]—1)
0 1 - - - ® -
1 1 1 0 0 ® 0,798 0
2 2 2 1 1 1,596 1,128 1
3 L 5 2 2,322 2,257 1,843 2
L 12 19 3,585 L, 248 3,685 3,192 3
5 81 167 6,340 7,384 6,383 5,709 6
6 2646 7580 | 11,370 12,888 11,418 10,42k 10
7 1ho2s56L 7828353 | 20,Lko 22,900 20,847 19,301 20

conjectured:

8 7.10'%(8)<k.10" '<a(T)<k.10"? 38,602 36,102 35
9° 1021er(9)<5.1021ca(8)< 102 72,20k 68,1 70

Here A(T), a(5) and a(6) (and also all other values for control) have been
computed by A.E. Brouwer on a PDP-8 computer. The algorithm used for X is
described below. As this was done only once, we cannot be absolutely sure of
all values. Esp. A{7) seems a little low, if we compare 2log Aln) -

- 2n//§;(5:73 for n = 1,3,4,5,6 withn = T: 220’8h ~ 1,88.106.
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I.3.8. ALGORITHM FOR THE COMPUTATION OF A(n)

Let I be the tree of all ]

sequences of 0's or 1's of 1 ////////’ \\\\\\\\ 0

length < n-1, such that the N N
empty sequence is at the top / \ / / 1\ /OO\
and the sequences of length 111 110 101 100 011 010 001 000
n-1 are the roots, and each /\ / \ / /\ /\/\ /\
sequence (i1,...,ik) is connected

to above only with the sequence (i1,...,i ) (if k>0), and to below with

the sequences (i1"°"ik’0) (on the right% ;nd (i1,...,ik,1) (on the left)
(if k<n-1). We make a correspondence between the sequences and certain
families of subsets (including all mls's) of {1,...,n} in the following
way: we denumerate the pairs of proper, complementary subsets of

{1,...,n}:

0 1
(89,870,050, w8' L),
2 -1 2 =1
Thus
P us!=(1,...m)
i
and
0 1 . n-1
§; nS; = 1) for i = 1,...,2° -1.

Then we let (i1,...,ik) correspond to

1 e lk}
J 58y seeesBy

{s .
We say that a sequence (i1""’ik) is linked if the corresponding family
is linked. Then, according to I.3.6, the mls's in Pn just correspond 1-1
to the linked sequences of length n-1.

Now our game consists of starting in the top of the tree, and moving
through the tree from one linked sequence to another sequence (following

strict rules) until we reach the top for the second time. Our game is such
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that we will come to each root that corresponds to an mls (= to an (n-1)-
sequence that is linked) just once. So if we count the number of time we
reach the lowest level, then at the end we find A(n). We start in @, by
going down. Going down: v

If we are in the sequence (il""’ik) 0 <k <ntl and k = n-1, then
we are in the lowest level, we have found an other mls and go up. If
k < n-1, then we check whether (i1,...,ik,0) is a linked sequence or not.
If this is so then we move to this sequence and go down again. Else

(i,,...,i.,1) must be linked, so we go to this sequence and go down again.
1 g &

)

Going up:
If we are in (i1,...,ik), 0 <k £n-1and k =0 and we came from 1

then we are ready. Else we go to 1 and go down. If k > O, then we look at

ik' If ik =1, go to (i1""’ik—1) where we go up again. Else, i.e. if

ik = 0 and (i1,...,i

go down again.

,1) is linked then we go to (i1,...,i 1) and we

k-1 k-1

It 1s easily seen that in this way we move through all linked se-
quences of the tree, with a preference for going down and going - in the
figure - to the left; but a prohibition to go twice to the same maximal

linked sequence.

I.4, MLS'S IN FAMILIES OF FINITE SETS
Let X be any set and

S =‘PfX

is the family of all finite subsets of X. The main result of this section
will be that for any mls M in S the family MMIN’ which necessarily is a
pre-mls, is finite or countable. Of course this will also be true for those .

mls's in an arbitrary family T that have a defining set M satisfying

Pf(M) < T3

if each set of the mls contains a finite set, belonging to the mls.
A similar theorem is conjectured (cf: V.3) if S is the family of

all closed sets in a compact space. Then for any M e A(S) also M a

MIN

pre-mls, and it is conjectured that uM has a o-compact dense subset.

MIN
If this is true, it does require a proof quite different from the purely
combinatorial proof that is given in this section. In this case MMIN of

course need not be countable: see I.1.3(d) and I.1.8(b).
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I.4.1, THEOREM

Let X be a set and M an mle in S = Pf(X). Then
] 1 ; -
(a) ¥S e M3S! ¢ Mygy B8' < 8. Hence MMIN is a pre-mls for M.

(b) For each natural number k, MMIN contains only finitely many sets of

k points. Hence MMIN s finite or countable.
(c) Mis an fmle iff My . is finite.

(d) For each natural number k there exists a finite subfamily M(k) c MMIN
such that
(*) Zf K € S, K ¢ M(k) and {K} u M(k) s linked then K has more than
k points.

REMARKS

Ad (b). There is no upperbound, independent

of M, to the number of k-point-sets of MMIN'
E.g. the 13-mls in P{1,2,...,13} which has
the minimal sets {2,3,...,13} and
{1,2},{1,3}4...,{1,13} has "even 12" two-

point-sets.

Ad (e). M need not be finite, as was seen in I.R.B.(c).

MIN

ve
Before we can proef I.4k.1 we first need the following well-known

lemma from combinatorial set theory.

I.4.2. LEMMA

For each natural number n each infinite family of sets of at most n

points has an infinite quasi-disjoint subfamily.

PROOF

By induction on n.
For n = 1 the family itself is even disjoint, and hence quasidisjoint.
Suppose I.h.2 holds for a natural number n, and A is an infinite family of

sets of (at most) n+1 points. First choose a maximal disjoint subfamily

AD < A If Ap is infinite, then we are ready, so suppose AD is finite. By
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its maximality each A € A\AD meets the finite set UAD. Hence some a ¢ UAD

must meet infinitely many A € A. By our induction hypothesis the. family
{A\{a} | acheA}

has an infinite quasidisjoint subfamily A ow

Q" W
{au{al} | AeAQ}

is an infinite quasidisjoint subfamily of A,

PROOF OF THEOREM I.k.1.

(a) is trivial because each S ¢ M is finite.

(p) Put Mk = {SeMMIN

some M, is infinite. By lemma I.4.2 this Mk has an infinite quasi-

l S has at most k points} for k = 1,2,... . Suppose

disjoint subfamily MQ’ i.e.

JdK v¥s,s' e M if S # 8' then S n S' =K.

Q
Clearly 498 ¢ MQ T8\ # §. Choose p € S\K. Because S ¢ MMIN’ we can
find a T € MMIN such that S n T = {p} (cf. I.1.10(a)). Consequently
TnK=g@, soT meets S'\K for each S' ¢ MQ' Now {S'\K | S'EMQ} is
an infinite disjoint family, contradictory to the finiteness of

TeS= PfX.

(e} Cf. I.2.3.

(4) The finite families MO""’Mk and A1""’Ak are defined inductively
as follows:
Let MO be the family of all (ik)-point—sets of M
finite according to (b). If MO,A1,M

MIN® This family 1is

seeesA. and M. are defined for
1 1 i

some i € {0,1,...,k=-1} then we put
A;pq = (KcuMy | X has at most i+1 points and
MiU{K} is linked and K¢MO}'

For each K € Ai+1 we have K ¢ M (otherwise K ¢ Mo). So we may choose
an M(K) € M such that

K n M(K) = 8.

Mg = Mou (k) | KeA, ).

i+1 1




I.5.

L1
Finally we take M(k) = M . Now if K e S, K ¢ M(kx) and M(k) v {K} is
linked, then K ¢ Mo»c M(k) and thus K ¢ Ak' Hence K must have more

than k points.

PRIME SYSTEMS

I.5.1.

Let S be a family of subsets of a set X. In II we will need the

following notion:

A subfamily M of S is prime (in S) if for any finite number S1,...,S e S

with

n

S1 U ... Sn = X at least one Si belongs to M.

Some trivial properties of prime systems and their relation to

centered systems are mentioned in:

I.5.2. PROPOSITION

(1)
(i)

(iii)

(iv)
(v)

(vi)

If M c Nc Sand M < prime then N is prime.
M < S is prime iff {X\S | SeS\M} is centered.

M c S is a minimal prime system iff {X\S | SeS\M} Zs a maximal

centered system.
Each prime system contains a minimal prime system.
A minimal prime system is centered.

A maximal centered system is prime.

We omit the simple proof.

REMARKS

(e.g.

(vii)

If S satisfies the condition

¥S e S 381""’Sn eS X\s= S1 U ... Sn~

if § = PX) then the following converse of (v) and (vi) holds:

A subsystem of S is minimally prime iff it is maximally centered.

Consider the lattice of all subfamilies of a family S satisfying
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(vii), ordered by inclusion. There are three types of maximal chains

(= by inclusion linearly ordered collections of subfamilies of 8):

(i) those chains that contain a minimal prime = maximsl centered
system. These are the chains which only contain centered systems

("in the lower half") and prime systems ("in the upper half").

(i1) The maximal chains which contain no centered systems, except

$ and some {S}, and no prime systems, except S and some S\{S'}.

(iii) The "intermediate" chains which contain some nontrivial i
centered systems, and some nontrivial linked systems but also a non-

centered non-prime family.

Classification of subfamilies in the lattice (PPX,c) for an infinite set X:

! | '
1
i PX \ '
: |PX\{X} !
families P(X)\{A} .. , ' families :
families P{X)\{A,B} ... | A0 ™ that are |
- \ .
b . N\ \\J \ neither !
IK prime \ N \ |
.. N 'y families \ '\ \ prime nor |
minimal prime = | 1y :
{ ) "
= maximal centered :l centered ! : ; : centered ]
|\ families Ay ] \
Ve
| \ / -1 / l
| N [ ’ ,
i N / ] !
i s | N ! / i ’ l
two-set-families cer > )
one-set-families ces : !
[ !
I .
| |
]
I
{ !
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CHAPTER II SUPEREXTENSIONS RELATIVE SUBBASES

Had I the heavens embroidered cloths
Enwrought with golden and silver light

The blue and the dim and the dark cloths

Of the night and the light and the half-light
I would spread the cloths under your feet

But I being poor have only my dreams

Tread softly because you tread on my dreams
(Yeats)

All topological spaces under consideration will be T, -spaces. For a

1

T1~space X and a subbase S for the closed sets we will define a T -space

AS(X), called the superextension of X with respect to S. The unde;lying

set of AS(X) will be the family of all mls's in S, i.e. the set-theoretical
superextension of S.’The topology will be defined in close analogy to the
Wallman-type-S-compactification, which has for underlying set all maximal
centered systems in S. In order to guarantee that X is (canonically)
embedded in AS(X) (by identification of points in X with fixed mls's), we
have to put a mild condition on S, named: S is a T1~subbase. This condition
will be assumed for S throughout this and the next chapters.

After the formal definition of AL (X) in section 1, section 2 intro-

duces the notion of supercompactness,sa property stronger than compactness.
The relation between supercompactness and AS(X) is very similar to the
relation between compactness and the Wallman-type-S-extension, ws(X). The
major difference is that X is always dense in wS(X), but 'almost never'
(ef. I1.1.8) in AgX.

De Groot-Aarts's characterization of complete regularity (ef. [T71)
is proved in section 3. This characterization makes essential use of linked
systems, in order to abstain from algebraic conditions on the subbase, such
as being closed under the taking of finite intersections. From this charac-
terization (maximal) linked systems, supercompactnessvand superextensions
systems, supercompactness and superextensiéns originate (ef. II.5.k4).
EBarlier characterizations did involve algebraic conditions on the subbase.
The implications of such conditions for ASX are the subject of section 5.

Here also conditions are studied under which two different T1—subbasses
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S and T for X generate "canonically homeomorphic” superextensions:
XSX = ATX. Also the separation axioms and the closure of X in XSX get
attention in the sections 3, L4, 5.

Sufficient conditions for the continuous extension of e.g. the func-
tions f: X *Ror g: X > Y to ¥ AgX > R and z: AgX > ArY are given in
section 4. This will lead to the result that under suitable conditions the
closure of X in ASX is (homeomorphic to) the éech—Stone—compactification<

of X. In general there are no appropriate necessary conditions known.

II.1. DEFINITION AND IMMEDIATE CONSEQUENCES
IT.1.1.

Let S be a family of subsets of a set X. Our first concern is to make
X into a subset of A{S) by identification of x ¢ X with {S | xe8e8}. So we
define: ‘

A family S of subsets cf a set X is called a Tl—family if (one of) the

following two equivalent conditions hold(s):

(i) V¥x € X the family {8 l xe€SeS} is an mls in S.
(ii) Vx e X¥T ¢ S x & T = (ISeS -~ xeS and ST = §).
;family'

By a Tl—subbase for a topological space X we will always mean a T,

that is a subbase for the closed sets of X.

IT.1.2. REMARKS

Observe that a topological space X has a T]—subbase iff X is a T~

space. On the other hand a subbase for the closed sets of a T1-space need

not be a T1-family; e.g. the family of all cofinite subsets of an infinite
set X 1s a closed subbase for the discrete topology, but this whole family
is even linked, contradictory to being a T

If Sis a T,
each x € X, but also {S | xeSeS} # {S | yeSeS} for different x,y € X. So
the map i: X - A(S) defined by i(x) = {8 | xeSeS} maps X 1-1, onto the
fixed mls's in Xx(S). '

If § ¢ P(X) is arbitrary, then ¥ =3 U’{{x} l xeX} is a T1—subbase

(viz. for the smallest T

1—family.

-subbase of X, then, not only {8 | xeSeS} is an mls for

1—topology‘in which S is a family of closed sets).
* . . . .
Moreover A(S) and A(S ) contain precisely the same free mls's. So the

following restriction involves no essential loss of generality.
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—SPACES WITH T -

FROM NOW ON IN CHAPTER II-V, WE RESTRICT OURSELVES TO TZ 1

SUBBASES.IN PARTICULAR

X WILL ALWAYS BE A Tl—SPACE; AND

S WILL ALWAYS BE A TZ-SUBBASE FOR X.

G IS THE FAMILY OF ALL CLOSED SUBSETS OF X.
0 IS THE FAMILY OF ALL OPEN SUBSETS OF X.

Z IS THE FAMILY OF ALL ZEROSETS OF X.
THE FUNCTION i: X - XSX IS DEFINED BY
i(x) = {8 | xeSeS}.
FOR ANY FAMILY A WE DEFINE

An

It

the family of intersections of subfamilies of A,
AY = the family of unions of subfamilies of A.

f

A" = the family of intersections of finite subfamilies of A.

N@ = the family of unions of finite subfamilies of A.

I1.1.3.

Before we introduce a topology on A(S), we need the following defi-
nition, in analogy to the Wallman-type-compactification.

For each S ¢ S we define
+
S = {M | seMer(S)?.

It is useful to generalize the operator to arbitrary subsets A ¢ X in the
following way:
.‘.
A = {M | Mex(S) and ISeM  ScAl}.

Some properties of this operation are given in the following proposition,

the simple proof of which is omitted.

II.1.4., PROPOSITION

(i) IfAcBcXthen A 3B
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(i) IfABcXand AnB=¢ then A" n B = ¢
(iii) If S,T e Sthen Sn T =g <ff S n T = ¢
(iv) IfS,T e Sthen SuT =X iff 5 v T = A(S)
(v) IfseSthens uxs) =as)

(and by (i1): s* o (xn8)' = §)
(vi) VS eS iTNsh) = s

(vii) If M e A(S) and A < S then A < M Zff M € n{A' | AcA}

I1.1.5.

vow ST = {s* | SeS} is taken as subbase for the closed sets of a
topology on A(S). The resulting topological space is called the super-
extension of (X,8) or the superextension of X with respect to or relative
S. It is denoted by

As(x) or AgX.

THE superextension of X is the superextension of X with respect to the

closed subbase consisting of all closed sets, and will be denoted by
A(X) or "AX, (or AgX or AG(X)).

X is in general not dense in AS(X), see 1I.1.8. The closure of X in AS(X)
will be denoted by

This notation was originally chosen because if S is the family of all
closed sets in a normal space, or the family of all zerosets in a
Tychonoff-space, then BS(X) is nhomeomorphic to B(X), the Sech-Stone—com~-
pactification of X (see TI.h.L). )

We proceed with some immediate consequences. The first is a trivial

corollary of II.1.hk.(v).

IT.1.6. PROPOSITION

The family {(X\S)+ | S¢S} s an open subbase for AS(X).
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I1.1.7. PROPOSITION

+ +
(2) Bg(x) n{S]u... s | s;eS and 8,U..+ B =X, nell}

(b) For M e AS(X) the following conditions are equivalent:
(i) Me BS(X).
(ii) M Ze prime (<.e. from each finite cover of X by elements of
S, at least one element belongs to M, cf. I.5).

(iii) M contains a prime centered system.

PROOF

+ +
(a) Note that the sets S,V ... 8 for §,,...,8 « S form a base for the
closed sets in AS(X). )

(b) (i) == (ii) follows from (a) and (ii) == (iii) follows from

I.5.2.(iv) and (v). Finally (iii) == (ii) is trivial (ef. I.5.2.(i)).

That "almost always" BSX # ASX can be seen from

IT.1.8. PROPOSITION

If X i Hausdorff and has at least 3 points, then X is not dense in
A\X. In fact any free fmls in G does not belong to the closure, BG(X), of
X in AX.

PROOF

If p, q and r € X then {{p,q},{a,r},{r,p}} is a pre-mls for a free
fmls in AX. Next let M be an arbitrary free fmls, defined on the finite
set M. Because X is Hausdorff we can find pairwise disjoint neighbourhoods
U, p € M. Because M is free, each S € M contains at least two points of
M, i.e. M ¢ ()" for each p e M. Also M ¢ (x\u{U_ | peM})+..However
{U; | peM} u {X\U{Up | peM}} is a finite cover opr by closed sets. So by
IT.1.7T.a M ¢ BgX.

II.2. COMPACTNESS AND SUPERCOMPACTNESS
II.2.1.

By Alexanders lemma a topological space is compact iff it has a closed
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subbase such that each (maximal) centered system of subbase elements has a
non-empty intersection. We define: ;

A topological space is supercompact if it has a binary, closed subbase.
Here, a family of sets is called bimary if each {(maximal) linked subsystem

has a non-empty intersection.

IT.2.2. REMARKS

(1) Each supercompact space clearly is compact.

(2) The canonical subbase of right- and left-tails of a linearly ordered

compact space is binary.

(3) The canonical subbase of a product of supercompact spaces is binary,
so supercompactness is a product invariant., As a conseguence of 2 all
topological (hyper) cubes (= all products of closed intervals) are

supercompact.

(4) The topological sum of finitely many supercompact. spaces is super—

compact. .
(5) X is supercompact iff for some (T1—) subbase T XTX = i(X) holds.

(6) If a closed base of a T,-space is binary, then this space-contains at

most two points.
(7) If S is binary and S" denotes the family of all intersections of

arbitrary subfamilies of S, then also s" is binary.

(8) There exists a compact T,-space X with the following properties:

1

(i) X is not supercompact,

(ii) X can be written as a union of two supercompact T1-spaces or of
three supercompact metric spaces,

(iii) X is the quotient'of a supercompact metric space under a
quotientmap with finite point-inverses.

(iv) X can be made supercompact by adjunction of one point.

(9) J.L. O'Connor [15] has proved that every compact metrizable space is
supercompact. We do not know whether every compact Hausdorff space and

in particular whether fN is supercompact or not.
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Proof of 8. Let {p,q,r} be

a three-point-set and put

r
X
P=WN x {p} (1,q) x X (1,p)
x
Q=W x {q} (2,0)" x . % (2,p)
R=N x {r} T o
X=0 x {p,q,r} v {p,a,r}
X . X
1Y . q
We define & topology on X by .
X
meking P U Q U R into isolated x (2,r)
x (1,r)

points, and making P converge
to {g,r}, Q to {r,p} and R to
{p,q}:

P € 0 = (QUR)\O is finite
0 ¢ X is open iff g € 0 => (RuP)\O is finite
r e 0 = (PuQ)\0 is finite

Proof of & (ii).
X = (Pulq,r}) u (QuRu{p}) = (Pu{q}) v (qQuir}) v (Ru{p}).

Now QuR v {p}, Q u {p}, Qu {r}, R u {p} and the subset of the real line
{0} u {% } n=1,2,...} are homeomorphic, and the last space is a compact
linearly ordered topological space, and hence supercompact (remark 2). So

we only have to produce a binary closed subbase for P u {g,r}. As such we

can take e.g.
{{x} | xePu{q,r}} u {Puf{q,r}\{x} | xeP}

Proof of 8 (iii). Let Y be the following subset of the place
Y= ({0} u 2 | neW}) x {1,2,3,4,5,6}.

Identify in Y (%-,k) with (% ,1) if k¥ = 1 mod 3, and (0,k) with (0,1) if
{k,1} is one of the pairs {1,2}, {3,4} or {5,6}. The thus obtained
quotient space is homeomorfic to X. Moreover Y is supercompsct by (2) and

and (3): a binary subbase for Y is e.g.:

tyd | yerd v I 03 | ¢ Loen.
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Proof of 8 (i). Suppose S is a subbase for the closed. sets of X. Consider
the closed set PuU{q,r} and x € X\{Pu{q,r}). We can find finitely many sub-
vase elements, covering Pu {q,r}, none of which contains x. So far one of

these subbase elements, denoted by S(P,-x), we must have:

8(P,~x) n P is infinite, so q,r ¢ S(P,-x)
and
x ¢ S(P,-x) € S.

Look at S(P,-p). Because p ¢ S(P,-p), S(P,~p) meets R u Q in only fihiteiy
many points, S&Y X,,...,X . Then {g,r} < S(P,-p) n 8(P,=x,) n ...

v S(P,—xn) c Pu {qg,r}. Similarly we can find S(Q,q),S(Q,—y1),...;S(R,—z
such that

1)

{r,p} < 8(Q,-a) n 8(Q,-y,) n ... 8(Q,-y, ) = QU {r,p}
{p,q} < 8(R,-r) n S(R,—z1) n ... S(R,—zl) c R U {p,ql.

Now )
{S(P;-p),S(Q,—q),S(R,—r),S(P,—xi),S(Q,—yj),S(R,—zk) | i,5.%}

is a free linked system. So S can never be binary.

Proof of 8 (iv). Put Y = X u {s}, where X is open in Y, and s has for
neighbourhood only all cofinite subsets (i.e. sets with a finite cbmple—
mént) of Y that contain s. A binary subbasis for Y consists of all single—
tons of Y and all cofinite subsets of P u {q,r,s}, Q u {r,p,s} and

R v {p,q,sl}.

11.2.3. THEOREM
' +
Every superextension AgX is (super-) compact., In fact the subbase S
18 binary.
REMARK"

The proof of the supercompactness of ASX is quite similar to the

proof of the compactness of the Wallman-type-compactification of X.
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PROOF

Let {SZ | ¢eJ} be a linked subfamily of {s* | 8eS}. By IT.1.h.iii
{Sa ] aeJ} is a linked subfamily of S. Let. M be any mls in S, containing
this family. Then M ¢ n{S: | aed} (ef. TI.1.b.vii).

COROLLARY

The closure of X in the superextension, BSX, 18 a compactification

of X.

IT.3. A TOPOLOGICAL CHARACTERIZATION OF COMPLETE REGULARITY
I1.3.1.

The characterization mentioned in the title is due to De Groot and
Aarts, [ 71, and appears here as theorem II.3.5. This and several other
known and new characterizations are discussed and generalized by
P. Hamburger, see [107.

First we need some definitions. Normality is usually defined as a
property of topologies (i.e. very special families of sets), using both
open and closed sets. */ Here we define normality in terms of closed sets
only and moreover we generalize the definition, so that it becomes appli-
cable to (closed) subbases, i.e. arbitrary families of sets.

An arbitrary family A of subsets of A is normal if for any two dis-
Ay e A there exist A',Aé € A such that

joint A1,
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' '
AT A2

S
2 " %2 / ) / )
A! v A} = A. /// /// /// //f , ////

1 2
An arbitrary family A of subsets /
(AZ\A = A1\A =g 1)

of A is weakly normal if for any

disjoint A1,A2 € A there exist

finitely many B1""’Bn e A such that each Bi meets at most one of A1,A2
and UB. = A.

i
REMARKS

(i) Any normal family is weakly normal.

(ii) The collection of all closed sets, G, of a T -space X is (weakly)

1
normal iff X is normal.

(iii) The zerosets, Z, of a Tychonoff-space X constitute a normal T1—

subbase.

(iv) A weakly normal family that is closed under the taking of finite

unions, is normal.

IT.3.2. THEOREM

If S is a normal Tl—subbase for X, then AgX is T,

PROOF

Let M, N be two different mls's in S. By I.1.h.c there exist disjoint
S,T ¢ Swith S e M, T € N. Since S is normal there exist S_,T. € S with

0°To
(i) S n SO = ¢
(ii) T n TO = ¢
(iii) SO v TO = X
By (iii) and IT.1.h.iv &  u T’ = A X. H rX\ST ana At ai
y (iii) an by 0 o = AgX. Hence AGX\S, and AGX\T, are dis-

joint open neighbourhoods of M and N respectively.
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IT.3.3. THEOREM

If S i8 a weakly normal Tl—subbase then BgX Zs T -

PROOF

Let M, N be two different mls's in BgX, and S € M, T € N disjoint.

Because S is weakly normal, there exists a finite cover of X by elements

H H of S, each of which meets at most one of S and T, say
+

+
Hk) nsS=9¢and (Hk+1 Hn) nT=g¢g, It follows that (H1U... Hn) >

+ +
> X and hence H1 U ... Hn > X~ = BX (ef. IZ.1.7). So BSX\(H1U... Hk) and

+ L . .
BSX\ Hk+1 cas Hn) are disjoint open neighbourhoods of M and N in BgX.

1’ :

1I.3.4. THEOREM

Let X be a TZ—space‘& and G the family of all closed sets. Then the

following properties are equivalent:

(i) X is normal,

ii) AX = ApX is normal (compact + T, ),
G 2
(iii) BgX " is normal {compact + Tg),

(iv) BgX % pY, the Cech-Stone compactification.

PROOF

(i) = (ii) is II.3.2; (ii) == (iii) is trivial; (iii) == (i): Suppose S
and T are disjoint closed sets in X, and BGX is normal. Then S+ n BGX and
T+ n BGX are disjoint closed subsets of BGX (ef. IT.1.k. 111) which thus have
disjoint open neighbourhoods, say U and V, in BGX Then i~ U and i 1V are
disjoint open neighbourhoods of S and T.

(i) == (iv) will be a corollary to II.h4.3 and (iv) == (iii) is trivial

again.

II.3.5.

It follows from remarks (i) and (iii) above and II.3.3 that the

following conditions on a T -space X are equivalent,

1

(i) X has a Tz—compactification (i.e. X is T31),
2

(ii) There is a closed, normal T1¥subbase for X.
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(iii) There is a closed, weakly normal T1—subbase for X.

We state this as a theorem (cf. IT.5.L4).

THEOREM [De Groot-Aarts]]

A,Tl-space X is completely regular iff X has a (weakly) noxrmal, closed

Tl—subbase.

II.4. EXTENSION OF FUNCTIONS

Two types of extensions will be considered:

x —£ & x —L v
1 and l 387 1
AS(X) EEY AgK =m--o ArY

II.4.1. THEOREM

If Sis a Tl—subZase for a Tz—space X, and S contains -all zerosets,
then each continuous, bounded real-valued function f: X » R has a con—

tinuous, bounded emtension T: AgX > R defined by

VM € AX (M) = inf sup £(8).
SeM

PROOF

Put B" = {xeR | x>0}. We will show that
(i) vaeR Ef_j(-m,a] is closed]
(ii) Va ¢ R [f-1[a,w) is closed]
. =1

(i): Me ¥ '(-»,al

< inf sup £(8) < a

SeM
—= Ve e RT3S e Me(8) © (-=,a+e]

< Ve ¢ B+f—1(—w,a+a] e M

== Me n +(f_1(—°°,a+€.])+
eeR
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(ii): M e F [a,»)
<= inf sup £(S) > a
SeM
< V5 € M sup £(8) > a
<> ¥S € Mvye ¢ B+Snf—1[a—s,m) #0
+ =1
<= Ve ¢ R'f [a-e,») € M

<= Me n f—1[a-e,m))+

ceR

K
IT.k.2.

Note that of course the above extension T is, in general, not unique,
if X is not dense in ASX. Let F be the following family of (bounded) con-

tinuous functions
-1
F={g: 2g(X)R | & (0)=x}.
Then {F+g | geF} is the collection of possible extensions of E.

As an immediate corollary of II.hk.1 and II.3.3 and the fact that the

zerosets, I, of a Tychonoff space are a normal T1-base we obtain:

II.4.3. THEOREM

If X is a T,~space and S a (weakly) normal Tl—subbase, which contains
all zerosets of X, then X is completely regular, and the closure of X in

AgX s the Cech—-Stone-compactification of X:

Bo(X) = 8(X).

REMARK

Note that the condition of § being weakly normal is essential. E.g. if
S = G is the family of all closed sets and X is completely regular but not
normal, then BS(X) is not Hausdorff (cf. II.3.4 and II.3.1.(ii)).




IT.h.h, COROLLARY
(1) If X <8 Tychonoff and 1 the family of all serosets in X, then
Bz(X) = 8(X).
(ii) If G Zs the family of all closed sets in a T -space X, then
Bg(X) = 8(X)
1ff X is normal.
The other type of extension is covered by
II.4.5. THEOREM. G.A. Jensen [9], thm. 2.1.

Let S be a T,-subbase for X, let T be a normal T -subbase for' Y and

let f be a continuous map £: X ~ Y such that

1

VT e T £ T e S.

Then

VM e Agx  {TeT 1 £ 'reM}

18 a pre-mls in T, and the function

£: ag(X) > ap(Y)

defined by
(M) = {1eT | £ 'meM}

is a continuous closed extension of f.
Moreover, if t is onto, then T is onto.
If £4is -1 and VS € S £(S) € T then T is an embedding.

PROOF

Clearly {TeT | f_1TeM} is linked. Suppose T, € T, i= 1,2, both meet
all T from this family, but 'I‘1 n T2 = . By the normality of T there exists
Ti e T, 1 = 1,2, such that

[}

T,0 T =g, =12,

1

and
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'
2

-1

Hence f~1T' u f T' = X and (by I.1.11.b) f (T!) € M for at least one i.

1

Suppose £ T; € M Then T, n T} = ] prov1des a contradiction to our

assumptions on T,. So (vy I.1.9.a) {TeT | £ TeM} is a pre-mls.

For the continuity of ¥, we only have to show for all TO e T that
§_1(Tg) is closed in AgX. Suppose M e KSX\f_1(Tg). T.e. T(M) v {TO} or
equivalently

{TeT | £ e} o {T,}

is not linked.

Hence 3T1 e T f_1T1 e M and T1 n O = @. Choose Ti € T such that

T, 0T =@, i=1,2, and Ty U T} =Y. Then £ oy £7r! = X, so
S S LR -1 w1ty o Sl

(f TO) u(f T1) AgX. Moreover (f O) n ¥ (TO) $ and (f T!) ¢ M,

s0

==1

_‘]'
M e ASX\(f T1) < AGX\T (TO).

Hence ASX\(f'1T5)+ ié.a (subbasic) open neighbourhood of M, which is dis~
joint of F(T}).

Because T is normal, ATY is Hausdorff (II.3.2). Now F: AgX > AY is a
continuous map from a compact space onto a Hausdorff space, so F is a closed
map.

Next we show that

-

commutes, i.e. T is an extension of f. Let x ¢ X and y = £(x). Then

____.;

Y
i
[iv

____———» A (Y)

AglX

{8 | xeSeS} > (£l | yeTeT}.

Hence fi (x) = F{s | xe8eS} = {T | yeTeT} i (y) yf(x).

If f is onto and M € AT(Y), then {f~ lp | TeM} is a linked subfamily of
S. Any mls in S, which contains this family is clearly mapped by T onto M.
Hence T is also onto.

Finally suppose f is 1-1 and VS ¢ § f(S) ¢ T. Then ¥ is 1-1. For
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suppose M,N ¢ A(S), M# N, S e M, S' ¢ Nand S n 8' = §. Then £fS n £fS' = ¢
and £S,fS' € T. So F(8) e IM\TN, i,e. M # N, ‘

COROLLARY 1

If T <8 a normal Tl—subbase of a T ~space X then A X %28 a Hausdorff

quotient of X, under a continuous map, that is identity on X.

REMARKS

Corollary 1 will be used in III.4.1.CORO to prove local connectedness

TX if X is connected and T is a normal T1

that AX 1s locally connected, and then apply corollary 1. Because of the

for A —-subbase. There we first prove
self-chosen-restrictions on the definition of an fmls, there do not always
exist fmls's in T, and we are not able to give a more direct proof.

In V one finds examples of subbases S for [0,1] such that AS[0,1] is
not connected, or connected but not locally connected. This shows that XSX
is not always a continuous image of AX, so the condition of normality of S
cannot be neglected. Yet it is well possible, that it can be weakened con-

siderably.

COROLLARY 2. SUPEREXTENSIONS OF SUBSPACES

If X Zg a subspace of ¥, S is a Iﬁ—subbase for Xand T ie a Tl-subbase
for Y, then \gX 18 naturally embedded in ApY in each of the following cases:

(a) X is closed in Y,
Y s normal and
S and T consist of all closed sets of X resp. Y.

(v) X Zs a zeroset in Y,
Y <8 Tychonoff and

S and T consist of all zerosets in X resp. Y.

(e) (most general corollary of the thm:)
S={TnX | TeT} T
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COROLLARY 3. SUPEREXTENSIONS OF PRODUCTS

If S. is a T -subbase for X., i e Jand S = U {ﬂT1S | seS.} is the
1 1 1 iedJ 1 1
corresponding subbases for H{Xi | ied} then S is a Tl—family and the
canonical map

h: ASH{Xi | ied} — H{ASiXi | ieJ}

defined by

M— (M.)

1’ied

where
M. = {seS. | WT1S€M}
i i i
i8 a homeomorphism. If moreover the S.l are normal for all i e J then the
map

g: AI{X, | ied} » n{xsixi | ieJ}

defined by

where again
-1
M, = {8eS; | . SeM}

n

i8 a continuous, closed, surjective extension of ”idHX. . Of course, g is,
1

in general, not 1-1.

PROOF

The remarks on h are trivial. For g, apply the theorem to each pro-
Jjectionmap

Moo X, | ied} > X,

This gives extensions Ei; AH{Xi | ied} ~ As_Xi, that can be composed to a
i

g: AI{X, | ieJ} » n{xsixi | ieJ}. If J £0,1} and x1,2

spaces, Si = all closed sets, then ASiXi = X; and H{ASiXi | ie{0,1}} is a

are two-point-

four-point-space. However X1 X X2 is also a four-point-space and A(X1XX2)

is a twelve-point-space. This shows that g is in general not 1-1.
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COROLLARY k. ON RETRACTS
If r: X > Y is a retraction, S and T are normal Tl—subbases for X and
Y such that

1T eS and T e S

VP e T r
and

¥S ¢ S SnYeTcS

then r: AS(X) > AT(Y) is (homeomorphic to) a retraction.

COROLLARY 5

Let

T), = the category of T4—spaees and continuous maps

T., = the category of T, -spaces and continuous maps

3z 3%

cr, = the category of compact T -spaces and continuous maps.

Then ) = A, and A\, induce eovariant functors T, - CT_and T,, - CT_.
G 4 b 2 32 _2

Analogous to II.L.5 we have theorem II.L4.6 for extensions

Now the condition of normality is replaced by weak normality.

I1.4.6. THEOREM

Let S be a Tl—subbase for X, and T a weakly normal Tl—subbase for Y,

and let T be a continuous function of X into Y such that

1T e S.

VI e T £
Then W € Bo(X) {TeT | £ 'TeM} 46 a pre-mls in A(T) and the function
f: BSX -+ BTY

F(M) = {TeT | £ 'TeM)
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18 a continuous extenstion of f.
Moreocever if f is onto then T is onto. If £ 28 1-1 and VS ¢ S £(8) e T,

then T ig an embedding.

COROLLARY

If T 128 a weakly normal Tz—subbase of the T, ~space X then B X i8 a
Hausdorff quotient of BgX.

PROCF

The proof is almost literary the same as the proof of II.4.5, except

for some replacements of X by B, and of two-element covers by finite covers.

II.k.7.

Although the extension f of £ in II.4.5 is not a unique extension of f,
it depends continuously on f, at least if X is compact, in the following

sense. (Here I = [0,1] is the closed interval of real numbers.)

THEOREM

Let S be a Tl—subbase for the XxI 8, Y
compact T =space X, and T a normal iXXid i
Tl-subbase for Y. Then a homotopy B
H: X x I -~ Y which satisfies AGXXT JH ATY
H;1T e Sforall teIand Te T

hag a continuous extension

Y,

i AGX x I > Af

that can be obtained by extending for each t e I, the map H: H I X % {t},

as is defined in 1I.4.5,

PROOF
Thus H is defined by:

B(M,t) = {TeT | 0 'reM} .
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We only have to prove continuity. Suppose (M,t) € ASX x I and T, € T and
- +
A(M,t) ¢ Tq-

Then, because {TeT | H;1T€M} is a pre-mls for B(M,t),

37, e T ' eM and T, nT = )]

1 t 1 1 0

Choose Té,T% € T such that T; n Té =Y
and
Ti nT, = ¢, 1 =0;¢2.

kf/%\ T T
v : == 4 ———

R \Eéééi Y

-1
X H TO

Because X is compact

Je > 0 H‘J(Y\T%) x (t-g,t+e) n g

. T, = §.

0

It is easily seen that
-1 +
(Hg (N\T3)) " x (t-e,t+e)

is an open neighbourhood of (M,t) in Agk x I, that is disjoint of (H_1TO)+.

II.5. EXTRA CONDITIONS ON THE SUBBASE S

In this section we study the implications of S being (weakly) normal
or closed under algebraic operations such as the taking of (finite) unions
and/or intersections, for the structure of mls's in ASX or in BSX (an for
the separation axioms). Important applications are on AX and on XZ(X) and
BZ(X) where Z is the femily of zerosets of X, which is then supposed to be
completely regular. ‘

First we study the relation between prime mls's (i.e. mls's in BSX,

cf. 1.5.2 and II1.1.7) and (maximal) centered systems, if S is weakly normal.

IT.5.1. PROPOSITION

A prime centered system M in a weakly normal family S is a pre-mls.
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PROOF

Suppose T,T' € S and T n T' = §. Then there exist S seeesS) € $ such

1
that

S, U ... 5 =X
1 n

Si meets at most one of T and T', 1 = 1,...,n.

Because M is prime 3i € {1,...,n} Si e M, So not both T and T' meet all
elements of M, i.e. M is a pre-mls (cf. I.1.9.a).

II.5.2. THEOREM

If S is weakly normal then for M e AgX the following conditions are
equivalent

(i) M e BSX

(ii) M Zs prime

(iii) M contains a maximal centered system.

PROOF

(i) => (ii) by II.1.7 and (iii) = (ii) by I.5.2 (vi) and II.1.T.
Now suppose (ii). By II.1.7 M contains a prime centered system, say M'. Let
M1 be any maximal centered system in S, which contains M', and M2 any mls,
which contains M1. Because M' is a pre-mls, by II.5.1, M = M2 > M,. This

1
proves (iii).

II1.5.3. EXAMPLES

Notice that though a maximal centered system in a weakly normal sub-
base S uniquely determines an mls in BS(X) (by I1.5.1 and I.5.2.vi), it is
not generally true that an mls from BS(X) contains only one maximal centered
system. The following examples show some of the possible relations between
maximal centered systems and (prime) mls's (cf. I.1.8.d4 and I.5). But let
us first introduce some notation on the Wallman-type~compactification.

If S is a subbase for the closed sets of a T,-space X, then the

1
Wallman-type-S—compactification of X is denoted by wS(X), i.e.:
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mS(X) ={M | Mis an mes in S}.

Here mes = maximal centered (sub)system. And if
*
s = {MewS(X) | seM} for S e S

* .
then {S | SeS} is a subbase for the closed sets of wS(X). Observe that for
81""’Sn e S

wg(O\(8]u... 57) = (Meug(X) | 3T,,...,T,cM

T1n... TKC(X\S1)n...(X\Sn)}.

So if we define d& for 0 ¢ X by

p ;
0 = {Mewg(X) | 3T,,...,T el T T 0}

1
A .
then {0 | X\0eS} is an open subbase for wS(X). Moreover

~ A Q
0, noO, = (o1n02) .

Returning to the superextension we recall the following definition, for a

set Y:
Po(Y) = {y'ey | Y' is finite}
and
P (YY) = {Y'eY | Y\Y' is finitel.
cof
Let

X=AUuBucC

be the union of three disjoint, infinite, fixed sets A, B and C. First we

will define T1-families 31, 82,

the discrete topology) such that:

33, Sh of subsets of X (closed subbases for

31 contains an mes, that is not a pre-mls (so 51 is not weakly normal).

32 is normal, so each mes is a pre-mls. S

C1, C2 and C

- contains three free mcs's:

. While C1 and C2 are also maximally linked, C, is properly

3
contained in the mls 23.

3

33 is a normal family such that wg (X} is Hausdorff. There are three free

mes's in 33, the union of which is the only free prime mls in 33.
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Sh is closed under the taking of finite unions, which implies that each

mes in Sh is an mls (cf. II.5.5). So mS(X) c BS(X). Yet wS(X) # BS(X).

3

Put S, = {{x} | xex} u P op(AUB) U P (AuC) u {B,C}.
The free mcs's is S1 are:

C1 = Pcof<AUB) U Pcof(AUC)

(@)
L}

{B} v Pcof(AuB)

(@)
f

{c}u Pcof(AuC).
The free, prime mls's in 31 are:
M1 = C1 U C2

and

M2 = C1 U 93

31, as a (sub)base for the closed sets, induces the discrete topology on X.
The subspaces A U {C1}, BuU {CZ}kand cu {C3} of wg (X) are the one-pointe
compactification of A, B and C respectively. The space ms1(X) is the
topological sum of these spaces, and is consequently Hausdorff. However
831(X) is not Hausdorff: a neighbourhood of M1 (M2) consists of M1 and all
but finitely many points of A U B (respectively M2 and all but finitely
many points of A u C). Observe that 31 is not weakly normal: B n C = @,

B,C ¢ S1 but there are no S .,Sn € S with union X such that each Si meets

4o
at most one of B and C.

So

Put S, = {{x} | zex} u P op(X) U P, (AuC) u P (BuC) u {A,B,AUB}.

Observe that if S,T ¢ 32 are disjoint, then one of them, say S, is either a
singleton, or equals A or equals B. Then (X\S) ¢ 32, which shows that 52 is

normal. The free mcs's in 32 are:

¢

Pcof(X) v {A,AuB} U Pcof(AuC),

Ca

Pcof(X) u {B,AUB} U Pcof(BUC),

and
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C3 = Pcof(X) u Pcof(AUC) U Pcof(BUC)'

1 1 1 - =
The free, prime mls's in 32 are M1 C1, M2 C2 and

My =Cy=0C,ou {avB).

Now wsz(X) and BSQ(X) are homeomorphic to ws1(X). It is also worthwhile to
‘observe that in BSE(X)

o+
(AUB) " n 532()() =AU BU MM MY

while
(AUB) = AUBU {M1,M2}.
33 .
Put 33 = {{x} | xex} v Pcof(AUB) u Pcof(AUC) u Pcof(BUC) u Pcof(X).

Again, if two sets S,T € 33 are disjoint, then one of them is a singleton,

say S = {x}, and (X\SeS,) shows that 33 is normal. The free mecs's in S_ are:

3 3

C,=P (X)up

1 cof (AuB) v Pco

(Auc)

cof £

C.=P _(X)up

5 cof (BuA) u Pcof(BUC)

cof

o
|

= Pcof(x) U Pco (Cup) v Pcof(CUB)'

£

My=CouC,uCy=S\ix} | xex}

is the only free (prime) mls in 33. Again wg {(X) is homeomorphic to wg (X},

while Bg (X) is the one-point-compactification of X, obtained by the

identification C, = C, = C, in wg (X). In particular both wg (X) and Bg_(X)
1 3 33 33

2 3
are Hausdorff.

S,

L2
Let C = C' u C", where C' and C" are disjoint and infinite. Put (for AT
see IT.4.5)

By ) | xexd

i}

]
S), ({AuB,BUC" ,AUC }UPcofX

= ulp_ ¥ | ¥ = 4,B,C",AUB,AUC' ,BUC'} U {{x} | xeX}.

c
. . _ o B '
Recall that each mecs in Sh is an mls, because Sh = Sh . The only three

free mes's in S, are:
i
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Moo= ulP, oY | Y = A,AuB,AuC! X}

= = '
M, u{P_ oY | Y = B,AuB,BuC' X}
M3 =u{p ¥ | Y= ¢',AuC",BUC! X}

and the only other free mls in S is:
Mh = U{Pcon | ¥ = AuB,AuC',BuC',X}.

If S.5...58 € Sand S, U ... S = X then at least one S, € P X, and this
1 n 1 n 1 cof’
S; belongs to all free mls's. So all mls's are prime, i.e. AS(X) = BS(X) =
=X # wS(X) =Xu {M1,M2,M3}.
A similar example is obtained by letting X =W U {a,b,c} be the T~
space consisting of a pointsequence (IN) converging to three different points
(a, b and c¢). Then X is compact, and so wG(X) = X. However BG(X) also con-

tains the mls

{seG | 8 contains at least two points of a, b, cl,

and is a pointsequence converging to four points.
Finally we give, for illustration of thHeorem II.5.L4, a more topological
example viz. of a normal T, -subbase S. for the same X such that mss(X) is

1 p
not Hausdorff, while 835(X) of course is Hausdorff.

S
>
Let eqs Cpo Cg be three different fixed points in C. Put
S5 = {{x} | xeX} v P, op(X) v
U {A'U{Ci,cj} I A‘EPcof(A)’ i#j, i’j€{132=3}}

u {B'U{ci,cj} | B'eP_ (B), i#j, i,jel1,2,31}.

£

Then S_ contains two free mes's, viz.

5
1= Pcof(x) U {A'U{ci,cj} | ...t

and

C2 = Pcof(X) U {B'U{Ci’cj} I N

A basic neighbourhood of C1 or C2 in wg (X) contains all but finitely many
>
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points of C (and all but finitely many points of A, respectively B), so

wg (X) is not Hausdorff. Because S_ contains only one mls, viz.
5

5
M=Couc,=S\Mix) | xex}.

Bg (X) is the (Hausdorff) one-point-compactification of X, that can be
obtained from wg (X) by identification of C1 and Cz.

Let us finally observe that in all cases there are no other mls's,

)\S‘(X) = BS_(X) for i = 1,2,3,k4,5.
1 1
II.5.4,

Above we saw that there is a canonical map i: mS(X) > BS(X) c XS(X)

if S is weakly normal. We will show that this is a (closed) continuous map:

THEOREM

If Sis a weakly’normal Tl—subbase for X, then BS(X) 18. a Bausdorff
quotient of wS(X) under the continuous canonical map i: mS(X) > BS(X)
defined by

i(M) = M.

(Recall that M is a pre-mls and M denotes the unique mls containing M, cf.
II.5.2, I.1.5).

REMARK

This theorem is historically the basis of the notion of linked systems,
superextensions and supercompactness. If S is a weakly normal subbase that
is closed under the taking of finite intersections, then wgX is Hausdorff
and thus X must be completely regular. However if the algebraic condition
(S = gfl) is dropped, then mSX need not be Hausdorff any more. In trying to
characterize complete regularity De Groot and Aarts observed at this
point that a Hausdorff-quotient, now called BSX, can be obtained from mSX
by identification of those M,N ¢ wgX for which M u N is linked. Because X

is still embedded in this quotient, again X must be T_,. This method
2

3
naturally lead to the definition of superextension and supercompactness.
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PROOF

Because S is weakly normal BS(X) is Hausdorff (II.3.3). So we only have
to prove continuity. We use the notation of II.5.3 above for wSX. Suppose
=1, 0+ . . .
Se Sand Me wS(X)\l (s ), i.e. M u {8} is not linked, then IAT € M
Tn g =@, Choose 3,,...,5_ € S such that
1 n

1 cee 8 © X\T,

and
Tcg U v.s Sn < X\8.

Clearly no Sl with 1 < k belongs to M. 80 the basic open set

w3<x)\(sju...s*)

k

contains M. We claim that this set is disjoint from i-1S. For suppose

* . .
N e wS(X)\S1 U ... S;. Because N is maximally centered and S1 U ... Sn =X,
some Sl’ necessary with k < 1 < n, must belong to N. Now this S, is dis-

1
joint from S, so N ¢ i_1(S).

Next we discuss the consequences of some algebraic conditions for S.
Especially we look for conditions under which different subbases produce
"the same" superextensidéns. First we recall our notation. For an arbitrary

family A we put:

A" = {4 | 3A'cA  A=nA' and A'#g) u {VA")

AY = (A |3A'cA A=uA"}

A@={A | 3new Apsenish eA A=A n...A}
n 1 n

A= qa | 3neW A ,...,AneA A=A U...An}

1 1

We say that A is closed under (the taking of) (finite) unions if A = AY
A@ respectivelt) etc. Observe that if the subbase S really is a base
. if S = ) that then S” = G = the family of all closed sets.

o >
18] n

II.5.5. PROPOSITION

If S = gfl, then each maximal centered system is an mls, and
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i(X) © ug(X) < Bg(X) < ag(x).

If moreover BX 18 Hausdorff (e.g. S Zs weakly normal), then
wg(X) = Bg(X).

PROOF

The inclusions in the first part are trivial. The second part follows
from the compactness of wcX (ef. II.5.2 and II.5.L4). Without weak normality
equality neéd not hold, as we saw in II1.5.3 with Sh'

I1.5.6. THEOREM
If X 8 compact and S = S@)c T cS", then T is a closed Tl—subbase for
X and the maps

e

M MnTrsMn3$S

are homeomorphisms that commite with the embeddings of X.

PROOF

Clearly T is a closed subbase for X. We show that T is T]: if x ¢ X
and T e T, 8" c S satisfy x ¢ T = nS', then 3S' ¢ S' such that x ¢ S'.
Because S is T1,.38 e ScT xe8c (X\8') <« (X\T).

Next we show that each M ¢ AS(X) is a pre-mls in T. Suppose Si c 8

and 8. = nSi meets 811 S ¢ M, i = 1,2. Then 31f c M and S;F

2
s,*
section because X is compact. I.e. 8, n 5, # 0.

c M, Hence

U 32f is linked, but then it is centered and has a non-empty inter-

Finally we have to show that the map M — M (to be denoted by
h: As(x) +—AT(x)) is a homeomorphism, i.e. is 1-1, onto, n 7t is closed
for each T € T and h(S+) is closed for each S ¢ S.
his 1-1: If M # N in XS(X), then M u N is not linked (cf. I.1.2), so
H# N,
h is onto: If M ¢ AT(X) and N = M n S, then we claim that N is maximally
linked. Suppose S € S\M. Then 3S8' < S (nS') ¢ M and (AS') n S = @.

Because S is compact 381,...,Sn e S S.1 N oees Sn n S = @g. Clearly
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(nS') < S1 N oee. Sn e MnS=N, so Nu {8} is not linked.

h is continuous. If T e T, say S' « S and T = nS', then
[l
-1 rmt -1,4+ T
v H(T) = ain”(sT) | seS™ 1.

Inclusion is obvious, so suppose M € A(S)\h_1(T+). Then apparently 3S' e M
S' n T = f. Because S'is compact 38 € S'@\ SnsS'=¢. T.e. M % h_1(8+).

h”1 is continuous. If S € S, then obviously

. . + . . .
(where the first is taken in A(S) and the second in A(T)), because
VM e A(8) M= h(M)n S.

From the above proof it is clear that we may sharpen II.5.6 as follows:

II.5.7. COROLLARY 1

If Sis a Tl—subbase for the space X and T satisfies

(i) SeTcs"
(ii) VT e TIS € S T c S and 8 18 compact and

(111)VT€TV81,82683S3€S Tcs1nsg=——>Tcs3cs1nsg

then the map
Ap(X) — ag(x)
M Mn S

18 a homeomorphism that commutes with the embeddings of X.

The following corollary applies e.g. to the case X compact, T2 and

S =7 is the family of all zerosets of X.

II.5.8. COROLLARY 2

()
If X is compact, S = s =¥ > and T is any family of closed sets

containing S then the maps
MX) = Ap(X) — 2g(x)

M MnTr—Mn3S
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are homeomorphisms that commite with the embeddings of X.

Here the compactuness of X is essential. We give two examples:

First let X be a (non-compact) Tychonoff-space which is not normal, and
Z the family of all zerosets of X, and G = 7" the family of all closed sub-
sets of X. Then, by IT.5.L and IT.4.h.i:

while
B (X)

is not even Hausdorff (see 3.3 (iii) and cf. 4.2).

Secondly we show that even if X = N and S = Pf(N) U Pcof(m), a normal
T,-subbase, then an mls M in S need not be a pre-mls in S7. Put
M= Pcof(m) € A(S). Then any of the 2& free maximal centered systems in
P(N) is an mls in P(N) and contains M.

From II.4k.5 we know that for all T1-spaces, compact and non-compact,
we have: "

If S T are two T,-subbases for X, and S is normal, then the map

£ Ap(X) > Ag(X)
f(M) =MnS

is a continuous surjective extension of idi(X)'
We now define:
If T1 and T2 are two families of subsets of a set X, then T1 is normally

screening T2 iff

[

1 P 1 ]
VTQ,T2 € T2:1T1,T1 € T1 T. nT

3
c
3
H
o]
o
o)
&
=]
=
3
11
]

I1I.5.9. REMARKS

(i) S normally screens S iff S is a normal family.

(ii) The family Z of zerosets of X normally screens the family of all

closed sets G 1ff X is normal.

(iii) If S < S' ¢ T and S normally screens T then
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S and T are normal,
S normally screens S', and

S' normally screens T,

(iv) If S < T are subbases for the T -space X and S normally screens T,

1
then, by (iii) & De Groot-Aarts' characterization II.3.5, X is com~
pletely regular. Moreover, by Zorn's lemma, there is a maximal sub-

base T', containing T, which is normally screened by S.

Both theorem II.5.6 and the following theorem mention conditions on
two subbases S © T for a TT—space X of a certain class, such that XTX and

ASX are homeomorphic under the canonical map
M—MnsS

While II.5.6 applies to compact T -spaces and has an algebraic condition on

1

S, viz. § = 8, the next theorem applies to all T_;-spaces and uses the

1
3z
more geometric condition of normal screening.

II.5.10. THEOREM

If S < T are Tl—subbases for X and S normally screens T, then the map
AT(X)-—» AS(X)
M—MnsS

s a homeomorphism, that commutes with the embeddings of X. Moreover AS(X)
and AT(X) are Hausdorff and X is completely regular.

PROOF

The last part of the theorem follows from II.5.9.1v. Define
f: AT(X) + P(S) by £(M) = M n S. We claim that f: AT(X) > AS(X), i.e.
MnSea(S)if M e AMT). Clearly M n S is linked, suppose S € S\M. Then
T e M S8 n T = @. Because S normally screens T, and S,T e T 38", 7" € S

h

stu T X
and

S n 8

TnT' =@,

Clearly T' ¢ M, so S' ¢ M n 8, and M v {S} is not linked.
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Next we claim that each M € A(S) is a pre-mls in T; this shows that T
is bijective. Suppose T,T' ¢ T both meet all S € M e A(S), but T n T' = ¢,

Because S normally screens T,

45,8' ¢S Sus'=X

i}

SnT

]

St n T =g,

At least one of 8 and S' belongs to M. Contradiction.
Because XSX and ATX are compact Hausdorff there only remains to observe
that f is continuous. This is trivial because VS ¢ S f_1(S) =gt =

{Mex(T) | seM}.

II.5.11.

An analogous result is obtained for BS(X) and BT(X)yif we start from
II.4.6, and replace "normal screening" by the weaker condition of "weakly
normal screening", which is defined next. The simple proofs are omitted
because of their resemblance to the above. If T1 and T2 are two families of
subsets of a set X then T1 is weakly normally screening T2 if for every
two disjoin T',T" € T2, there exist finitely many T1""’Tn € T1 covering

X, none of which meets both T' and T".

II.5.12. REMARKS {Analogous to II.5.9)

(i) S weakly normally screens S iff S is weakly normal.
(ii) 1If S weakly normally screens T, then IS normally screens T.

(i1i) If S < 8' < T and S weakly normally screens T then S also does so with
S', and S' with T.

(iv) If S c T are subbases for the T1—space X, and S weakly normally
screens T, then (by (iii) and II.3.5) X is completely regular. More-
over, by Zorn's lemma, there is a maximal, closed subbase T' con-

taining T which is weakly normally screened by S.

II.5.13. THEOREM

IfScT are'Tl—subbases for X and S weakly normally screens T, then
the map




75

Br(X) — Bo(X)
Mr—MnS

is a homeomorphism that commutes with the embeddings of X. Moreover BT(x)
and BS(X) are Hausdorff and X is completely regular.

II.5.1k4.

The next focus of interest is the relation between the closure of i(S)
- + + -
in AS(X), i(8)”, and S , or rather S n i(X) = st n BS(X), for S € S.
Clearly

§” ¢ s+ n BS(X).

E.g. II.5.3-—S2 and the following example show that even if S satisfies very

nice conditions, then equality need not hold.

EXAMPLE (cf. [ 71, ex. 4, p. 10L).

Let X = W, S = Po(N) u {AcP__ N | TeA or 2eA}. Then S = $¥ and S is a
normal base for the closed sets of N with the discrete topology.

The only free maximal centered system in S is S\Pf(N), because a free
maximal centered system never contains finite sets. By II.5.2 the only prime
mls (= mls in BGX) is S\P.(N) = (S\PN) u {AcP WV | {1,2}cA}. Name this mls
M_, and identify W with i(WN), then

1,2} = {1,2} & {1,2}" = {1,2,M_}.

As immediate consequence of II.5.5 we have

II.5.15 PROPOSITION

IfS = §f), then VS € § i(8)

st n Bg(X).

The following proposition gives a necessary and sufficient but rather

complicated condition for a S e S to satisfy i(S)” = st n BS(X). The

trivial proof is omitted.
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I1.5.16. PROPOSITION

For 8¢S (8) =s"n BS(X) Lff for each finite cover,
§c8, U ... 8,, of 8 by elements of S, and for each prime mls M,
SeM= 3i 8. eM

i

If we consider the superextension of AS(X) with respect to {8~ | seS}
then this is (canonically homeomorphic to) AS(X) again, because this is a
binary subbase (cf. II.2.3). Alsc the superextension of BS(X) with respect
t0 {S+nBS(X) | 88} is easily seen to be homeomorphic to AS(X) under the

canonical map
+
Mo~ {8708 4(X) | seM}.

This shows

II.5.17. THEOREM

Every superextension of X can be regarded as the superextension of a

compactification of X, viz.

AgX = Ag,BX
where

St = {87n8gx | seS).

II.6. SUPEREXTENSIONS AND GRAPHS
II1.6.1.

Several problems and results can be clarified by replacing the sub-
base S by the graph that is its nerve. Then mls's in S correspond to ¢om-
plete subgraphs of the nerve and for S € S (a point in the graph)‘S+ is the
family of all complete subgraphs that contain S. However if S is not closed
under suitable algebraic operations, then it seems hard to re-obtain from
the nerve information about inclusion, intersections and unions of elements
of S. ’

A short sketch of the framework of this translation is presented in

this section.,
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II.6.2.
DEFINITIONS

A graph is an ordered pair (V,S) that satisfies:

(i) V is a set, the elements of which are called vertices.
(ii) S is a set of two element subsets of V, whose elements are called

sides.

The two vertices that belong to a side are called the endpoints of this
side.

If no confusion is likely then we may write V for the pair (V,S).

If T is any family of sets then nerve T is defined as a graph whose vertices
represent the elements T € T, and whose sides correspond to those two
element sets {T,T'} ¢ T for which T n T' # ¢.

A graph (V,8) is complete if 8 = {{p,q} | p,qeV, p#q}. A graph (V,S) is a
subgraph of a graph (V',8') if Ve V' and S ¢ 8'. If (V,S) is a graph and

p € V then we define

+ . .
p = {(v',8') ] (V',8') is a maximal complete subgraph
of (V,8) and peV'}.

The superextension of a graph (V,S), denoted by

A(v,8)

is the topological space, the points of which are the maximal complete sub-

graphs of (V,S), and for which a subbase for the closed sets is given by
+
{p" | pevl.

A graph (V,S) is normal if for any p,q € V  {p,ql} ¢ S implies 3Ap',q' € V
such that

{p,p'} ¢ 8
{a,a'} ¢ s

and every maximal complete subgraph contains p' or contains q'.

II.6.3. REMARK

In defining notions corresponding to normality and primeness one

problem it is impossible to tell from the nerve of S whether or not a cer-
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tain finite subfamily of S covers uS = X. E.g. if S is a T,-subbase for a
space X and BS(X) # AS(X), then we may choose M € Af(S)\BS(X) and

Siseves8) € S such that SisevesS) ¢ Mout X 8,V ... 8. 80
3ED1, T € M T, 08, = $, 1= 1,...,n. Now adjoin one isolated point
p to X
Y =Xv {p}
and put

St = (S\M) u {su{p} | seM}.

Then S' is a T1—subbase for the T1—space Y, and nerve S' = nerve S. However
81,...,Sn € S n S' cover X but do not cover Y.
If S satisfies the condition (called strongly Tl) Vp € X
VS 5..-58, €S P § S, U...8 => dTecS pe TCX\(S1U...Sn)
then

V8 see0s8, € N (S1 U ... 8 =X Iiff each point of nerve S is connected by a
side to some Si)' .

This leads to the following definition:
A set V' of vertices is prime in a graph (V,8) if for each finite number of
vertices Pyseeespy €V (Vrev Fie{1,...,n} {pi,r}es) ==> Ji e {1,...,n}
p; € A

IT.6.4. PROPOSITION

(i) If S containg all singletons of X or S is a T,~subbase and S = S@],
then S is strongly Ty

(ii) If S s a strongly Tl—subbase for X then the prime maximal complete
subgraphs of S correspond to the prime mls's in S i.e. to BS(X). More~-
over each side of (V,8) is contained in a prime maximal complete sub-

graph.

I1.6.5. PROPOSITION

Let S be a Tl—subbase for a T,-space X and i(X) e Y e AS(X),
S(y) = {sthy | seS}. If (V,8) is the nerve of X and (Vy,Sy) the nerve of
S(Y), then A(V,S), A(Vy,Sy), Ag(X) and Ag(
phic. (Also S(Y) is a T, ~subbase for Y).

Y)(Y) are canonically homeomor-

1
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II.6.6. PROPOSITION

If (V,S) is a graph, then
i)  A(V,S8) Zs a supercompact T ~space,
ii) {p+ | pev} is a binary, closed Tz-subbase for x(v,8),

(

(

(i1i) nerve {p+ | pev} = (Vv,8),

(iv) <f (v,8) Zs a normal graph, then A(V,S) is Hausdorff.

The simple proofs of II.6.4-6 are omitted.

IT.6.7. EXAMPLES

(i) Consider the nerve of the family of proper subsets of {1,2,3}:

The maximal complete subgraphs are

153 2’3 1’3 2’3 .I 3‘\/2: 3
1 2 3
1,2 1,2 1,2

(ii) Consider the AP{1,2,3,4,5}. If an mls contains a four-point-set as

minimal set, then it is of type (5,4) as is easily seen. So all other
free mls's only have two- and three-point-sets for minimal sets. Con-
sider the dual graph of the nerve of the family of two- and three-

point-sets in {1,2,3,4,5}, i.e. the graph with the same vertices, but

the complementary family of sides
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123

23k 125

134 135

245

In this graph mls's correspond to maximal sets of (pairwise) unconnected
vertices. It is easy to see that (up to symmetry) there are five types:
the mls's of type (4,1),

the (one) mls of type (5,1) which consists of all three-element-sets, and

corresponding to the fixed mls i(1)
(type (1,1))
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corresponding to the pre—mlys
{{1,2},{1,3},{2,3}}, of type (3,1)

‘ (vertices corresponding to minimal
] sets are indicated by M)
&- a
M

M / corresponding to type (5,3)
M
— —o ‘

corresponding to type (5,2)
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CHAPTER IIX MORE TOPOLOGICAL. PROPERTIES OF SUPEREXTENSIONS. .

S8i les plats que je vous offre QOnt
mal préparés, c'est moins 1la faute
de mon cuisinier,'que celle de
la chemie, qui est encore dans

1l'enfance.

(La RS8tisserie de la reine

Pédauque - Anatole France)

In this chapter the investigation is proceeded of the superextensions
XSX of a T1—space X relative a T1—subbase S. First we are concerned with
"cardinal functions", viz. weight and dimension (in section one) and density
and the Suslin number (in section three). Here separability is equivalent
to countable density. With the exception of the dimension these cardinal
functions are the same for ASX and X under certain mild conditions. The
dimension of ASX is, roughly speaking, mostly either zero or strongly in-
finite (see III.1.L4 and V.1). Other topological invariants that are dis-
cussed are: connectedness and contractibility. The two main theorems of this
chapter deal with these properties. Let us for simplicity only mention the
results for AX, the superextension with respeét to all closed sets. First,
after a development of the necessary machinery in section two, we prove in
III.4.1 that AX is connected and locally connected if and only if X is
connected. Secondly for a class of (pseudo) compact, connected spaces, in-

cluding all finite polyhedra, AX is shown to be contractible (III.L.3).

IIT.1. WEIGHT AND DIMENSION
IIT.1.1. DEFINITIONS

The weight of X, w(X) is the minimal ecardinality of a (sub)base of X.

X is 0-dimensional if X has a (sub)base of sets that are both open and

).
3z :
X is strongly O-dimensional if for each closed G ¢ X and each open O © X

closed. (Hence X is T

with G < O, there exists an open-and-closed L < X such that G <« L ¢ O.

X is >I1~dZmensional if X is T_;, but not a O-dimensional.
2

3

X 1s strongly wdimensional if X is T but not the union of countably

32’
many O-dimensional subsets.
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III.1.2. THEOREM (G.A. JENSEN, [ 91)

If X is compact, Hausdorff, and S is either a normal T -subbase or

/2 1
S = - Sf, then

w(X) = W(XSX) = w(AX).

PROOF

First we show that w(X) = w(AX). Let B = 3£)be an open base for X of
cardinality w(X). Then for M # N, mls's in AX, there exist S e M, T e N
with 8 n T = @. By the compactness of X 3U,Vve B ScU, TcV and
UnvV=g, (because B = gﬁﬁ. so if {0" | 0eB} is taken as open subbase for
AX, then it induces a Hausdorff topology which clearly is contained in
(= weaker than) the superextension topology. So these topologies coincide,
i.e. {O+ | 0eB} is an open subbase for AX, and consequently w(AX) < w(X).

If S is a normal T1—subbase or S = oL §f} then XS(X) is a (closed,
continuous) image of AX (by II.L.5 CORO 1) or XSX is homeomorphic to AX
respectively (by II.5.8). Hence w(ASX) = w(AX).

III.1.3. COROLLARY

If X is compact Hausdorff and S is a weakly normal Tz—subbase then
w(BgX) = w(X).

PROOF

B.X is a Hausdorff quotient of the closure of i(X) in A(X) by II.L4.7
S
CORO. '

III.1.4. REMARKS

(i) Theorem III.1.2 has no obvious equivalent for local weight - just as in
the case of the hyperspace —. This is shown in V.1, by the example of
the superextension of the Alexandroff double of a circle.

(ii) It is easily seen that compactness is essential, e.g. the superexten-
sion of the natural numbers, N, contains their fech-Stone compactifi-

cation, BN.




8l

III.1.4. THEOREM (Cf. G.A. Jensen [ 91)

(a)

(v)
(e)

If X ig O-dimensional and S is a subbase consisting of closed—and-

open sets, and S € S => (X\8) € S, then AS(X) is O0-dimensional.
X Z8 0-dimensional iff X is strongly 0-dimensional.

If X contains an interval then XX is strongly «—dimensional.

REMARKS

(i)

Theorems I1.5.6 — IT.5.13 combined with (a) and (b) above imply
0O-dimensionality for a number of superextensions XT(X), for different
T1—supbase T, by showing that AT(X) is homeomorphic to AS(X) or AX
above. ,

In IV we will see that for a compact metrizable space X, AX is either

0-dimensional (if X is) or else strongly =-dimensional.

PROOF

(a)

(v)

(e)

By IT.1.6 {(X\S)+ | Se8} is an open subbase for ASX. However for S € S
also (X\8) ¢ S, and so (X\S)+ is open-and-closed.

If-part. If § is the family of all open-and-closed sets then S normally
screens the family of all closed sets because X is strongly O-dimen-
sional. By (a) AS(X) is 0-dimensional and by II.5.10 AS(X) and AX

are homeomorphic.

Only-if-part. If AX is O-dimensional, and hence Hausdorff then X is
normal and the closure of X is the éech—Stone B8X. S0 BX is O-dimen-
sional and hence X i1s strongly O-dimensional. (Of course a simple

direct proof also exists.)

Assume [-1,1] ¢ X. We define a pre-mls M in P(Z) as we did in I.1.8.d:

M

!

{{-n,0,1,2,...,0-1} | nel} u

=

{{-1,-2,-3,...,-n,n} | nelN} u

<

{{0,1,2,3,...1}.
Observe that

(x) M= {scz | 3TeM Tes}.
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Choose for n < 0, disjoint, non-degenerate, closed intervals Jn in
[~1,0). We will define a 1-1, continuous f: H{Jn | n<0} + AX which
shows that AX contains a copy of the Hilbertcube and thus is strongly
~_dimensional. This map is obtained by defining an mls in XX, defined
on {...,p_g,p_1,0,1,1/2,1/3,...} of the same type as M, and "letting
the points p, roam a litttle in Jn" (for n<0)., We define for

€ H{Jn | n<0}:

p=(p ),

g Z > [—1 1]
b >
T/k if k > O,

gp(k) = 1P if k¥ < 0, and

[}
(o]

0 (or anything else) if k

and further £(p) = {S¢G | g;1(S)EM}.

(In the terminology of II.L.5 £(p) = éP(M), ef. I.2.7 or III.2.2). It
is easily seen that f(p) € AX and f is 1-1. Notice that S e f(p) either
contains a finite set (viz. {pn,1,1/2,1/3,...,1/(n—1)} or
{p1,p2,p3,...,pn,1/n} for some neN), or contains gp{1,2,3,...}~ =

= {0,1,1/2,1/3,...}. For the proof of the continuity of f, assume

0 e 0 and

f(p) € O .

Then, by (%), 38 € (f(p))MIN S < 0.
Now if S = {0,1,1/2,1/3,...} then £(p) € O for all p, and else S is

finite. In the latter case
n{n;1(onJi) | p;€S and i<0}

(where mo I | n<0} - J; is the projection map), is an open neigh-

. . +
bourhood of p that is mapped by f into O .,

IIT.2. MAPPING PRODUCTS AND HYPERSPACES INTO A X

S

IIT.2.1.

The following condition is presupposed throughout the following three

sections in order to apply some results of I.2. Roughly stated it guarantees
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the existence of enough fmls's.

In II1I.2,3,4 THE SUBBASE S CONTAINS ALL FINITE SUBSETS OF X. IN FORMULA

PfX < S,

I1r.2.2.

Suppose M « P{1,...,n} is an mls and (x],...,xn) e X" is a finite

sequence of n, not necessarily different points in X. Then
{{Xj | jes} | seM}

is a pre-mls in S. Indeed, this family obviously is linked, and if T ¢ S
meets all {xj I jes} for 8 e M, then T' = {i | xieT} meets all S € M, and

hence T' e M. NowA{xi | 1eT'} © T. We define fmls (M,x1,...,xn) in AgK by:

(1) (M,x1,...,xn) = {{Xj | jest | SEM} = {TeS | {j | xjeT}eM}.

Observe that if we let f: {1,...,n} » {x
£(i) = x;, then

1,...,xn} be the "index map":

(ii) (M,x1,...,xn) = T(M)

where T is defined as in I.2.7. However, here we are more interested in

keeping M fixed, and varying KyseersX S0 we define
... n
(1ii) fM. X - ASX
by
fM((x1,...,xn)) = (M,x1,...,xn).
From 1.2.7 we see that
(iv) Image fy = {NsASX | N is an fmls and type N < type M},

Moreover if M is minimally defined on {1,...,n} then

(v) type (M) = type ((M,x1,...,xn)) iff x

pairwise different.

. X are
1202y

The next proposition, III.2.5, claims that this map is continuous - if Xt
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is endowed with the product topology -. Moreover, as intuitively is clear,
£, is a local homeomorphism in each point (x,,...,x ) € X" for which all x.
M 1 n i
are different, i.e. on a dense subset, at least if X is Hausdorff. However
if not all x, are different and {x1,...,xn} = {y1,...,yn} then (M,x1,...,xn)
and (M’YT""’yn) may or may not be equal, depending on the type of M. From
the scheme in I.2.10 we may read of, for n < 6, some of the identifications

that the map T o ASX makes. This scheme also illustrates clearly how

W
much more complicated the image of X7 is, then e.g. the nth symmetrical
product of X. Because of the importance of the construction of (M,x1,...,xn)

first two examples are presented.

IITI.2.3. EXAMPLE

Let X = R be the real line and S = G the family of all closed subsets
in R. Let

M= {{1,2},{1,3},{2,3}} € )R  (type M = type (3,1))
and

N = {{2,3,4},{1,2},{1,3},{1,4}} € AR (type N = type (4,1))
Now for (x1,x2,x3) € B3

fM( (X.I ,X2,X3)) = (M,X,] ,X2,X3) =

{SeS | 8 contains x; for at least two ie{1,2,3}}

Iif x, = Xj for i # j then fM((x1,x2,x3)) is the fixed mls with intersection

x5 Moreover fM maps {(x1,x2,x3) e R3 I x <x2<x } homeomorphically and

]
densely into the image fM(R3). So fM I {(x1,x2,x3)eB3 l X

ducible. We will show that

<X < 1 ) -
1_}2_;3} is irre

this fM is not a quotientmap.

Put G = {(x,y,z)eR3 [ xy=1 and z=0}. Recall that i: R » MR is the canonical

embedding. Now
+
{(-€,€) l >0}

is a neighborhoodbasis of i(0) in AR. For each ¢ > 0, we can find an

(x,%,o) € G such that

{0,1/x} < (-e,e),
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whence

+
fM((x,1/x,0)) € (-e,¢)

This shows that

i(0) € fM(B3) ENOREN(OP

Because G is closed in 83 and fM MG is a finite union of three isometric
coples of G, fM MG is also closed in R3 However fMG is not closed in
fMB , SO fM is not a quotient map.

The structure of N is less symmetric than the structure of M. We have:

fy: Rh > Ah(S)

i(x1) if x; =x, for ie {2,3,41

fM((X1,X2,X3)) if Xy = X) OF X, =X

fM((x1,x2,xh)) if x, = x

fN((X.] ,X2,X3,Xh)) = 2 3

i(x2) if Xy = X3 =X
{seS | SD{xz,x ’Xh} or
(x1eS and {x ,x3,xh} S#p)} if all x; are

| different.

Thus fN cannot be factored over the fourth symmetrical product of Eh because

e.g.

£3((0,1,2,3)) # £,,((1,2,3,0)) = £,,((1,0,2,3)).

ITI.2.4. LEMMA

The function Ty ) S AgX defined in III.2.2 satisfies

(a) If A c X then

A = . A
WA=y Gog mi )

(where . : X" > X is the ith projection map).

(b) If Alserash € X then
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+
. c n {u A.)
1 n SeM ies t

(e) IF A1,...,An c X are disjoint and M is an n-mls, then

(v a) nals) < {Nex(8) | type M < type N}

i n
(1) SeM ies f
and
(i1) £y | Ay x ... A s I-1 and has the following image:
+
n U AL) noa(8).
SeM (iES 1) n
PROOF

(a) The following egquivalences hold:
£, (( )) e At —
w(xgseeex)) €
<= 35 e M {x; | ieS} ¢ A ==

=I5 e M (x X)) € n{n;1A | ies}.

100

.,a ) e A, x ... A and S ¢ M then
n 1 n

fM((a1,...,an)) = (M,a1,...,an) > {a:.L | ie8} < U{Ai | ies}

S0

. +
..,an) € (U{Ai [ ieS}) .
U ees An - {1,...,n} be defined by

gla) =1 if a e A;.

(v A 0 a(S) then E(N) is @efined in I.2.7 by

If Ne n
SeM ies 1 T

g(N) = {s<{1,...,n} | g—1(S)€N}

and we have: type g(N) < type N.

Obviously g(N) = M.~

(c) (ii) Injectivity. Suppose (aT,...,an),(a%,...,aé) € A1 X e An and

fM((a1,...,an)) = fM((aa,...,aﬂ)). Then this mls is an n-mls (by III.2.2.v)

and its smallest defining set is {a1,...,an}= {a%,...,aﬁ}. Because the Ai
... .. . - _ . "o

are disjoint, this implies {ai} A, n {a1,...,an} A, n {aT,...,an}

- L +
= {ai}, (i=1,...,n). Moreover fM((a1,...,an)) € Sy (igs Ai) by (b).
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Surjectivity. Suppose N € SQM (igs Ai)+ n An(S). Then by (i)
type (M) < type (N) and because both are n-mls's, even type (M) = type (N)
must hold. Suppose N is minimally defined on {x1,...,xn}. First we claim
that Aj n {x1,...,xn} # ¢ (and hence = a singleton) for each j = 1,...,n.
Choose S,T € M such that S n T = {j}, which is possible because M is mini-

mally defined on {1,...,n}. Then because

N e (U{Ai | ieshH)t (U{Ai | ieT})+,

we obtain:

AN,N' < {x],...,xn} N,N' ¢ N
and

N < u{a; | ies}, W' e u{A; | ieT}.
So

p#NnN < uld | ie8} n u{a; | ieT} = Ass
which proves our claim. Now re-index (x1,...,xn) in such a way that
x. € A. (i=1,...,n).

Then (x],...,x ) € A, x ... An and we claim that

or equivalently {xi | ies }e N for each S e M. This is trivial because

1. N is defined on x  aX

12" n
2. Ne (ulp | ies})* for each S € M.

3. (U{Ai | ies}) n {x1,...,xn} ='{xi | ies}.

IITI.2.5. PROPOSITION
If M e AP{1,...,n} and £: X > Ag(X) is defined (as in IIT.2.2) by
fM((X1""’xn)) = {8eS | i | x;eSteM}

then
(a) £y 18 continuous
(v} Image fy = {Néxf(S) | type N < type M}.

If X Zs Hausdorff, then moreover
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(c) Image Ty is closed in the subspace A_(S).

kil
(a) fM is a local homeomorphism in each point (XT""’Xn) e X For which

all x; are different, if M Zs an wn-mls.

As an immediate consequence of (b) and (c¢) we may observe the follow=

ing:
COROLLARY
If X Zs Hausdorff, then the following sets are closed in the subspace
xf(s) of AS(X):
(i) kn(S) for any n € N,

(ii) {Nehf(S) | type N < type M} for every M e Af(S).

PROOF

(a) follows from III.2.k4.a.
() was observed in III.2.2.v.

veeoXx, and

(c) Let N € Af(S)\Image f)(- Suppose N is minimally defined on x "

A ..
‘]’
respectively. Then by III.2.k.c(i) the following neighbourhood of

‘]’
"Ak are pairwise disjoint open neighbourhoods of XyseeesXy

+
n{(.u  A;) | seMyry?

contains only mls's of type > type N, and hence no mls's of

type < type M.

(a) 1t (X1""’Xn) € X" and all x; are different and X is Hausdorff, then

we may choose pairwise disjoint open neighbourhoods Oi of X 1=1,... 50,

By III.2.hk.c £y | 0, % ... O is 1-1 and continuous. Moreover for any
basic open set Uy x e U in 0, X .. O, again by III.2.k.c
+

fM(U1X... u,) = fM(O1x"'On) n SQM igSUi)
ig a basic, relatively open set in fM(O1X... On). Hence

fM | O1 X . On is a homeomorphism.

III.2.6. PROPOSITION

Let g: A.(S) x Af(S) x A (S) + P(S) be defined (as in I.1.3.e) by

f f
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Then

PROOF

(i)

(iii)

g(M,N,P) = (MaN) u (NaP) u (PnM)

(i) Zf M =P, then g(M,N,P) = M
(ii) Tmage g = Af(sj
(iii) g | M}

Ap(S) > nts® | SeMal} n 2(S)

X

{N} x Af(S) 18 a retraction

(iv) & Af(S)3 - Xf(S) is a continuous surjection

(v) Zf M,N e AT n e A; then VP ¢ A_(S)

f

g(MN,P) € A: N A;.

is trivial and shows the >~part of (ii). For the <—part of (ii), sup-
pose that (M,N,P) € Xf(S)3 and that M, N and P are defined on the

finite sets M, N and P respectively. Consequently
VS ¢ g(M,N,P) 3T ¢ g(M,N,P) T c S n (MUNUP).
Moreover we claim that
(*) YT cMUNUP either T e g{(M,N,P) or (MUNUP)\T ¢ g(M,N,P).

From these two formulafs together with I.2.2.iv one easily deduces
that g(M,N,P) ¢ Af(S). Proof of *: let Tc Mu N u P. If T belongs

at least two of M, N and P then Te g{(M,N,P) and we are done. So sup-
pose T ¢ M and T ¢ N. T.e. (M\T) ¢ M and (\T) ¢ N and so (MUNUP)\T e
e M n N c g(M,N,P).

Continuity follows from (iv). If P ¢ Xf(S) then obviously
Moo Nc g(MN,P), so g(M,N,P) e n{s* | seMaN}. If P e n{s* | seMoN},
then P> M n N, so

g(M,N,P) = (MnN) u (NnP) u (MnP) < P,

and hence g(M,N,P) = P.

Continuity follows immediately from the trivial formuls

vseS g (s =2.83n (Af(s)xs+xs+us+xxf(s)xs+us+xs+xxf(3)).
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+ + . ..
(v) If M,N e A1 N ...A then there exist finite sets Si'€ M, Ti € N such
that S. c A. and T. < A., 1 =1,...,k. So
i i i i

g(M,N,P) = §; UT, <A (i=1,...,k)

ice. g(M,N,P) e A;: (i=1,...,k).

I1I.2.7. PROPOSITION

If M€ A (S) and M' € A_,(S), A ,...,8 < X and MM « AT n ... A;;

then there 18 a continuous map

f: Xmm' > Af(S) n AN ... A;

1

that containe both M and M' in its image.

REMARK

If X is not connected then this is a triviality, but if X is connected

it will turn out to be very powerful.

PROCF

By I.2.9.d there exists an mls N defined on {1,2,...,nm'} and points
1 1
(x1,...,xmm,) € X and (x%,...,x&m,) e X such that (for def. see
I111.2.2)

(Nyx, 5enunx

1 mm') = {tx; | ies} | SeN} = M

def

and

(N,x',...,xgm,) = M.

1
Now define f: X > Af(S) as follows:

(7 a¥gy ) = &M (MY sy )

>Ymm' mm'

where g is defined as in III.2.6. The required properties of f immediately

(=3

follow from III.2.6 and III.2.5.

I1T.2.8. HYPERSPACES OF PROPER CLOSED SUBSETS OF X IN AX.

First recall the definition of the hyperspace H(Y) of a topological
space Y (cf. e.g. [14] ):
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the underlying set is H(Y) = {GeY | G is closed, G#@} and a basis for
the open sets consists of all sets
<0, 5..50> = {Gen(y) | GeO,u... O and GnO #§ and
. GnOn#Q} for 0.,...,0, open in Y.

Next recall the mls defined in I.1.3.d: if G ¢ H(X) (i.e. G € G and
G# @) and p € X then

M(p,a) = {SeG | GeS or (GnS#P and pes)}

is an mls, i.e. M(p,G) € AX. This defines a map f: X x H(X) > XX which will

be shown to be continuous. Unfortunately, if p € G then £ is not 1-1:
M(p,G) = i(p).

However if p é G then the map f is a local homeomorphism in (p,G), at least

if X is regular:

PROPOSITION
If £: X x H(X) ~ XX Zg defined (as above) by
£(p,G) = {G,{p,a} | ged}

then £ 18 continuous. Moreover for each two disjoint closed subsets Y and 7

of X
£ ] Y x HzZ)

18 an embedding.

_PROOF

Suppose 0 © X is open and f(p,G) € o*. Then {p,q} < 0 for some q € G,
or G € 0. In the former case O x <0,X> is a neighborhood of (p,G) that is
mapped by f into O+. In the latter X x <0> plays this role.

Finally let Y and Z be disjoint closed subsets of X. Suppose

0 X <0,5...,0 >0 Y x H(Z) is a basic open set in Y x H(Z). We may further-

1°°
more assume that 0 n 2 = @ and (O1U... On) nY =g@. Then it is easily seen

that f(OX<O1,...,On>anH(Z)) = £(¥YxH(Z)) n (OUO1)+0...(OUOn)+ n (O1U...On)f
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which shows that f is relatively open. As it is trivial that f | Y x H(Z) is
1-1, this completes the proof.

III.3. FMLS'S, DENSE SUBSETS AND THE CELLULARITY NUMBER

As in the previous section we assume that Pf(X) c S.

ITTI.3.1. LEMMA

IfB. <X,i=1,...,k and {B,,...,B } is linked then M ¢ 1_.(S),
" 1 + 1 k - £
M 1N e B

For i,j = 1,...,k choose

b.. = b.. € B. n B..
J1 1J 1 dJ

Put B, = {bi1""’bik}' Then {31,...,§k} is a linked family of finite sets.

Let M be any mls in P{bij | 1,3=1,...,k} containing {gq,...,gk}. Then

+ +
M e Af(S) nB, on ... B.

IIT.3.2. COROLLARY 1
If A; <X, i=1,...,n, are arbitrary, then K;n...A c (A

PROOF

+
n

.. E'. Then
1 n

+ . - . -
Let O1 n ... O; be a basic open neighbourhood of N ¢ A

apply III.3.1. to {oinAj I 1,33,

ITI.3.3. COROLLARY 2

If D < X 75 dense, then {Mex,(X) | M <s defined on D} is dense in AgX.

PROOF

7 oT n...0

family {OinD | i=1,...,n}, and observe that in III.3.1 M is defined on

A, v ... A .
1 n

+ . . ;
n 1s a baslc open set, then apply III.3.1 to the linked
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III.3.4. THEOREM

If S 78 a closed subbase for the Tl—spaae X, and S contains all finite
subsets of X then

(Af(S))' = Ag(X).

PROOF

Apply III.3.1 to a basic open set, i.e. X\Bi € S for i = 1,...,k.

ITT.3.5. DEFINITION

The density of X, d(X), is the minimal cardinality of a dense subspace

of X.

THEOREM

If S is a closed subbase for the T -space X and S contains all finite
subsets of X, then

d(AS(X)) < a(x).

In particular AS(X) 18 separable iff X is separable.

PROOF

Because for any infinite set A < X, there are card A many fmls's

defined on A, III.3.5 follows immediately III.3.3.

111.3.6. PROPOSITION

A subset A of a Tz—space X 18 nowhere dense in X iff A" 4s nowhere
dense in A\X.
(c£. v.2.1).

PROOF
. . . + + .
Only if. Let Qi be open in X, 1. = 1,...,n, and assume O1 n ... On is a
nonempty (basic open) set in AX. For each i,j = 1,...,n put Oij = Oi n Oj n

n (X\A ). Then Oij 1s nonempty and open in X. Put Ui = Oi1 U .es Oin' It
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follows easily that {U,,...,U_} is linked, i.e.
1 n

+

+ +
0 # U1 n ... Un < O1

N oe.s O+\A+.
n

If. Suppose A is not nowhere dense in X, i.e. O ¢ {(A”), for some non-
] + +
empty open subset 0 of X. We will show that 0 < CIAX(A ).
+ + . . . .
Suppose M € O+ and O1 n ... On is a basic open neighbourhood of M in

AX. Then {O,A,O1,...,On} is a linked family of subsets of X. Now by III.3.1

+ + +
A n On N oe.e On # p.

I11.3.7. REMARK

Especially lemma III.3.2 but also theorems TITI.3.4h and III.3.5 show

how densely the fmls's are sawn in ASX. They are not only dense in XSX and
+

70
of finitely many 'plusses' of arbitrary subsets of X. On the other hand

. . + . . .
consequently in any basic open set O .. On but even in any intersection
this shows how 'large' these finite intersections of plusses of subsets of
X are. Yet they are not so large that IIT.3.6 does not hold, and that, for

normal X, AX is not Hausdorff,

ITT.3.8. DEFINITION

The cellularity number or Suslin number of X, c(X), is defined as the

supremum of the cardinalities of families of pairwise disjoint open sets.

REMARK

It may be appropriate to mention some properties of c(X). For proofs

or further references see e.g. [11].

(1) X is said to enjoy the Suslin-property iff c(X) = Nb. A Suslin con—
tinuuwm is a linearly ordered compact, connected, non-separable space

with the Suslin-property.

(ii) It is consistent with the usual axioms of set-theory (e.g. with the
Zermelo-~Fraenkel-system + axiom of choice + general continuum hypo-
thesis) to assume that there exists a Suslin-continuum. If C is any
Suslin-continuum, then ('always')

c(CxC) = X,

7> e(c) = X..

0
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However it is also consistent to assume that no Susling-continuum
exists, or equivalently, that each linearly ordered, compact, con=~
nected space with the Suslin-property is homeomorphic to a closed

interval of real numbers.

(iii) If c(X) is a singular cardinal, then there is a family of pairwise

disjoint open sets in X of cardinality c(X) (i.e. "sup = max").

THEOREM

If S is a closed base for the infinite T,~space X and S contains all
finite subsets of X, then

c(X) i_c(ASX) sup{c(AnS) ] nefi} = sup{c(Xn) | new} =

c(M{X | nelN}).

PROOF

Put ¢, = c(AgX), ¢, = sup{c(h S) | nem}, c = sup{c(X") | neW} and

¢, = c(I{X | neN}). It is known that ¢y = ¢y, of. [11] p.53.

¢ ey If A is a family of pairwise disjoint, open sets in X, then we may
choose & non-empty basic open set X\S(A) c A for each A ¢ A (i.e.
+ . . ..
S(A) € 8). Clearly {(X\S(4)) | AeA} is a family of pairwise
disjoint, open sets in AS(X), of the same cardinality.
ey S ¢pe Let A be a family of pairwise disjoint open subsets of AS(X), and

card A = m. Because each cardinal either is regular, or is a limit

of regular cardinals {e.g. of successor cardinals), and because the
case AS(X) = NB is trivial, we may assume that m is an uncountable,
regular cardinal. For each A € A we choose a finite number

SA1’SA2""’SAn(A) e S such that

g+ (X\SA1)+ N ... (X\SAn(A))+ c A.

Because m is uncountable and regular, we can find a natural number

k such that the cardinality of A =qef {AeA ] n(A)=k} is m. Now

{2, (S)na | AeA™}

k

is a family of cardinality m of pairwise disjoint, non-empty, open

sets in Ak(S).
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c §_c3. By II.7.5.D An(S) is the continuous image of a finite topological

2
sum (one for each different type of n-mls) of copies of ™. Ob-
viously the Suslin number of this finite sum is the Suslin number of
Xn, and the Suslin number of a continuous image of a space Y is

< e(Y).

. . k
cE < ey, X has at most c(X) many isolated points. If c(X") = c(X) for all k,

then trivially e, < c,. However if c(Xk)>E?c(X) for some k, then

3 2
there also is a disjoint, open family of card > m in the following

open subset X of Xk, that is dense, except for isolated points:

* .

X = {(x1,...,xk)st | a11 x; are different}.

By methods analogous to the one in ITII.2.5 we can embed this set in
Al(S) for some 1 > k, and then construct a disjoint, open family of
cardinality » m in this A;(S). We omit the lengthy but elementary

proof.

III.4. CONNECTEDNESS AND CONTRACTIBILITY

Two somewhat surprisingly nice properties of the superextension are

shown in the results III.4.1 and III.L.3 of this section.

IIT.4.1. THEOREM

If X 48 a connected T ~space and S is a closed subbase for X which
containg all finite subsets of X, then AgX 18 both connected and locally

connected.

PROOF

We claim that for each finite number of arbitrary subsets A seeesfy Of

1

+ + . . .
X A1 n ... An 1s connected, which property suffices to prove the theorem.

+ .
Ir M,N ¢ A? n ..o An Am(S), then by III.2.7 there is a continuous

. . + . .
image of X in A1 n ... A; which contains both M and N. So each two fmls's

. . +
in A? n ... A; are 1n the same component of A1 n ... A;. By III.3.2 the
. + . . + .
fmls's in A1 n ... An are dense 1in this set, so A1 n ... An is connected.
COROLLARY

If X s a connected T,~space (necessarily Tg;) and S Zs a normal T,-
2
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subbase for X, then AgX 1s commected, locally connected, compact and
Hausdorff.

PROOF

By II.L.5 CORO 1 AS(X) is a quotient of AX, so xs(x) is connected and
locally connected. Of course AS(X) is (super) compact (II.2.3) and Hausdorff
(11.3.2).

III.4.2. THEOREM

The superextension AX of X contains isolated points 1ff X does so.
REMARK

There exists a (weakly normal) T1—subbase S for the interval 0,11,
such that AS[O,1] is the union of i[0,1] and one isolated point. See V.2.1.

The above theorem is an immediate consequence of the following lemma:

LEMMA

An mle M € XX 4s an isolated point in AX <ff M has a (minimal) defining
set of finitely many isolated points in X.

PROCF

If-part. MMIN consists of finitely many, open-and-closed subsets of X.

Hence
+
n{o" | OGMMIN}

is a basic open neighbourhood of M, which obviously contains no other mls's.
Only-if-part. If M € AX is an isolated point, then M € AfX, because
AgX is demse in AX (ITI.3.1). Let M be the minimal defining set of M, i.e.

M = . Suppose p € M is not an isolated point in X, then we will derive

Uy oy . ;

a contradiction, by showing that any basic open neighbourhood O1 n ... On

of M, contains mls's, different from M. Indeed choose pji=pi.eo.n0.nM\{p}
1

for i,j = 1,...,n. Then {{pij | i} | §} is & linked system, and (by I.2.6)

this system is contained in some fmls M', which is defined on {pij | 1,33,

Obviously M' e O? noa.. O;\{M}.
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IIT.4.3. LEMMA

Let X be a Tl—space for which there exists a continuous surjective
function £: X + [0,1] such that

(1) £ is both open and closed
(ii) f-1(0) consists of a single point p.

Then \X is contractible to the point i(p), even in such a way that i(p)
remains fixed. Moreover X is conmnected and pseudocompact, and A\X is con-

nected and locally connected.

As a simple consequence there is the following

THEOREM

The superextension AX of a T,-space X is contractible in each of the
following cases:
(a) X Zs the suspension S(Y) or cone C(Y) of a countably compact T,-space Y,
(b) X s a finite, comnected polyhedron,
(c) X ©s contractible, compact and Hausdorff.

PROOF OF THE THEOREM

(a) Tf X =28(Y) =1{0,11 x Y/{0} x ¥, {1} xY or X =C(Y) = [0,1] x ¥/
/{0} x Y and Y is a countably compact T1-space, then X and the 'pro-
jection on [0,1]' (the first coordinate) satisfy the condition imposed

on X and f in the lemma.

(p) Let X, and X1 be the 0- and the T-skeleton of the finite polyhedron X.

By means of induction on the number of points in XO, it is not hard to

see that we can define a map f: X, » [0,1] which satisfies:

(1) f-1(0) is a singleton °
(ii) If p e X, and £(p) € (0,1) then Fp',p" € X, such that

(£(p') < £(p) < £(p") and the intervals pp' and pp" are simplices
of X1).

(iii) If p,p' € X, and f(p) = f(p') then the interval pp' is not a

0
simplex of X
If f: X » [0,1] is the simplex-wise-linear extension of the map f over

X, then T satisfies the requirements from the lemma.

(¢) 1is an immediate consequence of II.L.T.
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PROOF OF THE LEMMA

First we show that X is connected and pseudo-compact, and AX is con-
nected and locally connected. Let f£: X > [0,1] be as required in the lemma:
continuous, onto, open, closed and f_1(0) consisting of precisely one point.

If A is a proper, open-and-closed subset of X, then f(A) and f(X\A)
are non-empty, open-and-closed subsets of [0,1]. T.e. f(A) = £(X\A) = [0,1],
contradicting 'f_1(0) is a singleton'. .

If g: X > R is a continuous surjection, then for some closed discrete
D c X, g =MN. Because f is a closed map, fg_1N must be finite. We may

1N = {t} is a singleton (and t>0). Now for each n € W

suppose that fg-
fg_1(n—1/u,n+1/h) is an open neighbourhood of t in [0,1]. So we may choose,
successively, p, € X such that

P, € g (n=1/b,n+1/4),

£(p,_,) < flp) < t,
and
t - 1/n < f(pn) < g,

Then g{pnl nelN} is a closed discrete subset of R, so {pn | neW} is closed
in X. However f{pn ] nelN} converges to t, in contradiction to the assumption
'f is closed' (cf. V.2.3).

Because X ié connected AX is connected and locally connected (see
IIT.Lk.1).

Finally we come to the contractibility of X. A continuous H: AX x
x [0,11 > AX will be constructed such that

H | AX x {1} = id

H(AXx{0}) = {i(p)}
H({p}xI) = {i(p)}.

Let M e A\X, t € I. We first define a family h(M,t) of closed subsets of X,

"

by "modifying" the sets of M so, that some sets will be contained in

f_1[0,t]. Then we claim that h(M,t) is a pre-mls and we define H by

H(M,t) = n(M,t).

We define h(M,t) as the union of three families:
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(a) h(M,t) = {SeM | Scf'1[o,t]} v
(8) u {su{x} | seM, xef™ (£)} v
(v) v {sn£00,tTur™ 1t | SeM}.

In order to complete the proof we have to check:
A. h(M,t) is linked, which is trivial.

B. n{M,t) is a pre-mls. We will show that if G € X is closed and G meets
all members of h(M,t), then G contains a member of h(y,t).

C. H is continuous, i.e. for every non-empty closed subset G of X

B (G) is a closed subset of AX x [0,11.

D. H(M,1) = M, H(M,0) = i(p) and H(i(p),t) = i(p). These are simple: the
first equation follows from (o) and f_1[0,1] = X, so that VS e M
S € h(M,t) c H(M,t). The second follows from (y): H(M,0) € (f_1[O,O]
= {p}+ = {i(p)}. The third follows from (a): {p} c f_1Eo,t] implies
“{p} e n(i(p),t) < H(i(p),t).

)+

PROOF OF B.
We distinguish three cases.
1. Gn f_1(t) = 0. Hence VS ¢ M Snf—1[o,tJnG # @ (because of y),
f_1[0,t]nGeM (M is an mls),
f‘1[0,t]nG£h(M,t) (vecause of a).

Yt) # 0, but £ (t) ¢ G. Choose x € £ (£)\G.

2. Gnf
Now VS e M (su{x})nG # ¢ (because of B),
i.e. V5 e M 8nG # ¢,
GeM (M is an mls),
Gen(M,t) (because of B).
3. £ t) € 6. Now VS e M sn(Gur™'[t,11) # 8 (for if

Snf'1[t,1] = @, then Scf_1[0,t], so Seh(M,t) by (a), and
thus SnG # ).

Hence Guf-1[t,1]€M (M is an mls)
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and an_1[0,t] = «Guf’1[t,1])nf‘1[o,t]bf'1(t)eh(M,t)

(because of v).

PROOF OF C

Let G ¢ G. Now that we know that h(M,t) is a pre-mls, it follows from

(B.1) that if G n f_1(t) = @, then

G € h(M,t) iff f_1[0,t] nGeM.

Similarly G 0 £ (t) # 6, £ '(t) & G and (B.2) imply

G e n(M,t) iff G e M.

1

Finally £ (t) < G and (B.3) imply

G e h(M,t) iff G u f_1[t,1] e M.

(G+) is the union of the following three sets:

u{ (e~ 0,6 ) x{t} | tel0,17}

A1=
Ay = vl o x{t} | £ 1(8)ncEs}
Ay = vi(aurTe,10) s} | £ (8)ea).

o, | /a0 /] \L 2(6) (ble(8)ee
o7 =

0 T
+
G AX

We will show that these three sets are closed (in AXx[0,11):

Ap = A If (N,to) 4 A, then Is e N

SnG n.f_1[0,t] = @,

If tO = 1, then (X\G)+ x [0,1] is a neighbourhood of [N,tO] that is disjoint

of A1.
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If to # 1, then, since f is a closed map Je > 0

SnéGn f_1[0,to+e] = f.
Now

-1 +
(x\Gnf [o,to+s]) x (tofa,to+e)

is a neighbourhood of (N,t) that is disjoint of A1.

A2 = A;: A2 =gt x £(G) is closed because f is a closed map.
A3 Ag: Ir (N,to) ¢ A3 and f_1(to) ¢ G then, since T is open, there is an
€ > 0 such that

AX % (to-s,t +e)

0
is disjoint of A3.
If f—T(tO) € G, then 35 € N

s 0 (GurTt,,17) = 8.

Note that tO # 0. Because f is closed there is an £ > 0 such that
Sn (GUf-1[tO-e,1]) = g.

Now

(X\(Guf“1[t0—e,1]))+ x (t —s,to+e)

0
is a neighbourhood of (N,to) that is disjoint of A3.

This completes the proof of lemma III.L.3.
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CHAPTER IV THE SUPEREXTENSION RELATIVE ALL CLOSED SETS

Erst kommt das Fressen, dann kommt die Moral.

(Brecht)

In this chapter we specialize from the rather general point of view of
the previcus chapter. In the first place we restrict to "the superextension”,
i.e. the superextension of X relative G, the family of all closed sets.

In section 1 mainly the results of the previous chapter, applied to the
superextension of general (of course at least T1) spaces, are summarized.

In the next section we specialize further, to AX for compact metrizable X
and in particular for compact metric X. If X is metrizable, but not compact,
then, by II.L.hM, AX contains the Cech-Stone-compactification of X. So in
this case AX is certainly not metrizable. If X is metrizable and compact,
then AX is compact, Hausdorff and, by II1.6.2, also has a countable weight.
So AX is metrizable. For a compact metric space (X,d) an extension d of the
metric 4 over AX is also explicitly given. The non;compact case is studied
further in section 3. Particular attention is paid to two dense subsets,
viz. A.X = the set of all fmls, and Acome = the set of all mls's which have

£

a compact defining set. Now i(X) < AfX c Acome and i(X) is a closed subset

of both. It is shown e.g. that AfX and AC

X always are metrizable, if X
omp

is so.

IV.1. THE SUPEREXTENSION AX OF X
Iv.1.1.

Of course AX is a (super-) compact T.,-space in which X is canonically

1
embedded. Trivially

(i) Bg(X) X = o(X),

=def

the Wallman-compactification of X (ef. II1.5.5), and X is C*—embedded in AX
(i.e. every continuous, bounded real-valued function on X has a continuous
extension over AX, cf. II.4.1). In II.3.4k the following conditions were

shown to be equivalent:
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(ii) AX is Hausdorff

(iii) = X = Bg(X) is Hausdorff

(iv) — X = gX, the-éech—Stone—compactification
(v) <«<=> X is normal

v.1.2

By IL.5.16 and ITI.1.2 we have that if (ii) - (v) hold, then
(vi) weight (AX) = weight(B8X).

So as a consequence, if AX is metrizable then BX is metrizable, i.e. X must
be compact and metrizable. On the other hand if X is compact and metrizable

then AX is compact and Hausdorff and weight{AX) = weight(X) = KB. So:

(vii) A\X Zs metrizable if X ©s compact and metrizable.

Iv.1.3

In II.5 any of the following conditions on a closed T1—subbase S for

X were shown to imply

AX = ASX.
In each case the homeomorphism AX - AgX is given by M — M n S for M ¢ AX.
(i) S contains a subfamily S' which is a closed (sub)base and satisfies

St = s/?)= Sﬂg
(ii) S contains a subfamily S' which is a closed base and satisfies

o
(s'=) s T csecs=g
and X is compact.

(iii) S normally screens G (then X must be normal)
Observe that for a normal space X, (i) == (iii).

Moreover it is shown that for every S € G

(iv) (is)” = ¢¥ n (ix)
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as is also easily seen from the equality BG(X) = u(X).

IV.1.Lh,

The welght, w, density, d, and cellularity number, c, were studied in

III.1 and III.3. Let us recall the definitions:

w(Y) = min{card B | B is a (sub)vasis for Y}
d(Y) = min{card D [ DT=Y}
¢(Y) = min{card A | each AcA is open in Y, A is disjoint}.

The following equations (i) - (iv)-are trivial consequences of II.6.2,

I1.8.5, 11.8.8, I1.5.16 and the following wellknown inequality:

e(Y) < a(Y) < w(Y) < exp a(Y) if Y is Hausdorff
(Here for an infinite cardinal m, eXpm =, . 22)._
(1) If X is compact Hausdorff, then w{iX) = w(X)
(ii) If X is normal, then w(AX) = w(BX) < exp 4(X)
(iii) If X is Hausdorff, then a(X) > c(AX) = c(Xxxx...) > c(X)

(iv) For any space X with topology 0:
e(X) < e(Ax) < a(Xx) = a(dx) < w(X) < w(’X) < card 0 < exp w(X).
Iv.1.5

If X is not connected, X = A @ B, where @ denotes the topological sum,
+ + . .
then, by II.1.4.v, AX = A @ B, So III.4.1 shows in fact the first part of
the following

THEOREM (cf. III.L.1)
(a) X Zs comnected Iff \X is comnected.

(v) XX Ze locally comnected (and has (k) many components) iff X has

finitely many (viz. k) components.
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PROOF OF (b)

The only-if-part. If AX is locally connected then because it is com-
pact, it contains only finitely many components, and only finitely many
» open~and-closed sets. However if A © X is open-and-closed in X, then At is
open-and-closed in AX (ef. II.1.4.v). So X can contain only finitely many
open-and-closed sets, and hence only finitely many components.

The if-part. Let m: X =~ {1,...,k} be the decomposition map. We will
show that 7: AX + A{1,...,k} = {1,...,M(k)} is the decomposition map of AX.
Here 7 is defined as in II.4.5 or IV.1.20 by

F(M) = {SeP{1,...,A(k)} | 717 'seM}.

({1,...,k} and {1,...,A(k)} are throught of as discrete spaces). So we have
to show that the point-inverses of T are open-and-closed and connected
subsets of AX.

For each mls K € A{1,...,k}

71K = nl(n7 ')t | sekd.

This non-empty subset of AX is open-and-closed in AX because each n_1S is
open-and-closed in X and hence (ﬂ—1S)+ is open-and-closed in AX.

Next we show that 5_1(K) N ApX is connected, and hence also §_1(K) =
(E—1(K)nAfX)— itself. Let {01""’Ck} be the family of components of X.
Choose one point from each component: p; € Ci’ i=1,...,k and put

P = {p1,...,pk}.

Then clearly K' = jef {Pnn_1S | 8¢K} is an pre-mls in AX of the same type as
K. Let M € E_1K n AnX be arbitrary. We claim that there exists a continuous

map

x ... ()t +‘%—1K

k

which contains both M and K in its (connected) image.

Construction of f'. We take for f' the restriction of the function f
defined in III.2.7 for M = M, M' = K, Ai =C5s i=1,...,k. We only have
to specify what N we take in TII.2.7. Let us repeat the argument of III.2.7.
Suppose M = {x1,..;,xn} is the defining set of M. Let LYE {(1,3)
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Xn . (1,n) » e — e (k,n)
| | 7
X3 . ® ® —_—
v X, - e e - e
... ke UG e e e ()
C'I 02 Ck P, - Py e — P

1<i<k, 1<j<n} = {xj,...,xn} be onto and such that
FM{(i,T),...,(i,n)} =Mn C; (i = 1,...,k).

Let ™ be 'the projection onto the first coordinate': T

(i,3) = p;. Let N be
any mls in P{(i,j) | i,j} containing all n;1s, S e M and all nﬁ1s,\s e K'.

Hence fy: (c)™ x ... (¢ )" » A X defined, as in III.2.2, by
k ..
fN(((xij)§=1)i=1) = (0xg | (3,3)e8) | seN}
satisfies
PN <1 k -
ry((ry (3T DY) = M
and
RPN 1 k TN
ey, 05 = K
and fN is continuous.
As in III.2.7 we define
n n
f: (01) X .. (ck) -> Af(x)
by
f((XlJ)j)l) = g(M,K"fN(((XiJ)j)l) =
= (MnK") v (MﬂfN(((xij)j)i) u
b (K ngy(((xg5)) ).

Then f satisfies our conditions and the proof that 5_1K is connected; 1s
completed. From the above argument it can be seen that the following, more

general lemma holds, which also implies that AX above is locally connected.

LEMMA

If X has finitely many components, 01""’Ck’ and T 28 a subbase for X
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containing all finite subsets of X, and AT""’An c X are subsets such that
{i | CinAj¢¢, ie{1,...,k3} | j=1,...,n}

i8 a pre-mls in P{1,...,k}, then

18 connected (in ATX).

IV.1.6

Also in TII.L we showed that AX has (no) isolated points iff X has (no)
isolated points. Because each O-dimensional, compact, Hausdorff space of
countable weight, without isolated points is (homeomorphic to) the Cantor-

set, this observation completes the proof of
A(Cantorset) = Cantorset

(oy ITI.1.4, III.1.2, II.3.4 and IIT.L.2).

IV.1.7

Several sufficient conditions for contractibility of AX are given in
III.4.3. Perhaps most remarkable is the fact that the superextension of the
cirecle S1 (and of the n-sphere, Sn) is contractible. Let us compare with the
hyperspace H(ST) (for the definition, see III.2.8). Then the proof of con-
tractibility of H(S1) is much simpler, than our proof of contractibility of

AS1. We may define e.g.

1

F: H(S') x [0,1] > H(S")

by Fla,t) =T

\ . 1
t(A; = {xes' | a(x,A) < t.diam S }.

As to the superextension of closed subspaces, products, and the
extension of continuous functions we mention the following consequences of
II.4.5 and II.h.7. These consequences often have simpler (sometimes trivial)
proofs, than the corresponding results in IT.4. Because anyway all deduc-

tions are very simple we omit the proofs.
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IV.1.8. THEOREM (Cf. IT.L.5. CORO 2 and II.kL.T)

If Y 28 a closed subspace of X, then AY is canonically embedded in X.
In fact each M ¢ XY is a pre-mls in G and M ~ M is an embedding.

If Y i8¢ a retract of X, and X is normal, with embedding j: Y -~ X and
retraction r: X » Y, then A\Y is a retract of AX. The embedding and retrac-

tion can be defined by

(M) = {j(8) | seM} (if Mexy)
and
7(N) = {ScY | r 'seN} (if Nexx).

IV.1.9. THEOREM (Cf. II.k.5. CORO 3)

If {%; | ieJ} <5 a family of normal spaces, X = X, | ieJ} and
X > X (ieJ) <s the projection map, then

g: X » I{AX; | ied}
defined by

_ -1
g(M) = ({SeXi I ™ SeM})iEJ

8 a continuous, closed, surjective "extension" of idX.

IV.1.10. THEOREM (Cf. II.L.5)

(i) If £: X +kY 18 ceontinuous and Y 18 normal then
F: AX » )Y

defined by
B(M) = {Sc¥ | £ 'seM)

i8 a continuous extension of f.

Morecever T is onto <ff £ is onto.

(ii) If £: X > Y <s continuous and Y has a wnovmal, binary, Tl—subbase S

(e.g. Y is a product of compact linearly ordered spaces) then

T: AX»Y




113

defined by
F(M) = n{seS | £ sy

8 a continuous extension of f.

(Observe that Y is necessarily compact Hausdorff).

Iv.2. COMPACT METRIC SPACES
Iv.2.1

In this section we assume that

X = (M,d) IS A COMPACT METRIC SPACE.

Our main concern is the construction of a metric d on AM such that
i: (M,d) «— (AM,d) is an isometry. We start with some definitions.
For G € G and a > 0 we denote the set of points which have distance < a

to G by

Ua(G) = {xeM | inf a(x,y)<a}.
yeG

(Observe the difference with Ua(G)_, which is contained in, but need not be

equal to ﬁa(G)). The Hausdorff metric on G is denoted by Ay

v8,T e 6 d,(5,T) = inf{acR | 7<U_(5) and 5<U,T}.

(Observe that in this definition we may replace 'inf' by 'min'. Because
T < ﬁa(s) and S c ﬁa(T) are not equivalent, neither can be omitted from the

definition.)

For reference we state the trivial

Iv.2.2. LEMMA

(a) VG e G¥a > 0 d4(6,0_(6)) < a
(b) VG e G¥a,b > 0O Gb(ﬁa(e)) c ﬁa+b(G)

(e} If M,N e \M  then

VS e M ﬁa(S) e N m—
—=> ¥S ¢ MYT ¢ N ﬁa(s) NT# P o=

=2 ¥5 ¢ MVT ¢ NIx ¢ S3y ¢ T a(x,y) < a.
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REMARK
In {a) and (b) equality need not hold if there are no points in M

precisely at a distance a of S. The merits of the equivalences in (c¢) is

a

that the last formula is symmétric in M and N.

The promised metric d is introduced in

Iv.2.3. LEMMA
If M,N € \M then the following set A of non-negative, real numbers
A= {a | aeR, a>0, VSeM ﬁa(S)eN, ¥TeN ﬁa(T)eM}
has a minimum. This minimum <8 denoted by
d(M,N) = min A,
The following expressions for d hold:

(1) A(MN) =, . min{a | acR, a0, VSeM T (S)eN, VIeN T (T)eM)

(ii) min{a | aeR, a>0, VSeMVTeN3xeSTyeT d(x,y)<a}

(iii) min{a | aeR, a>0, VSeM Ua(S)eN}.

PROOF

Obviously if a € A and a' > a then a' ¢ A, Now if a = inf A, then

a+ 1/n € A for all natural numbers n; hence

vnel U (8) € N.

atl/n

Since M is compact it is easily seen that also U (S) = o T
. & neNy &+1/n
all T € N, and thus belongs to N. Similarly we find that

ﬁa(T) € M for all T ¢ N. The equality of (i), (ii) and (iii) is trivial

(8) meets

from the following consequence of IV.2.2.c:

If a e R, a > 0, then

VS e M ﬁa(s) e N and VT e N T (T) ¢ M =

a(
e—=> VS e MVT e NIx e 83y ¢ T dalx,y) < 8 =

e VS e M ﬁa(S) e N.
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IV.2.L4. THEOREM

If (M,d) Zs a compact metric space, then the function d: AM x AM > R
defined in IV.2.3 is a metric for M, (compatible with the superextension
topology).

Moreover
(a) i: (M,d) + (AM,d) is an isometry

(b) VM,N e aM  d(M,N) = sup min 4_(S,T)

SeM TeN
(c) If we denote the open, resp. closed e-neighbourhood of M in AM, by

H

US(M) and ﬁE(M) respectively, then

. _ B - +
(i) UE(M) = 82M (UE(S))

.. = oy +'
(ii) Ue(M) O<;<e SQM (Ua(S))

We immediately obtain the following corollary of this theorem and
IT.4.4 CORO 1 (which stated that if S is normal, then AgM is a Hausdorff
quotient of AM): '

COROLLARY

If S 48 a normal subbase for the compact metrizable space M, then also

ASM 18 metrizable.

PROOF OF THE THEOREM

It is trivial that d(M,N) = 0 == M = N and that d(M,N) = d(N,M),
while the triangle-inequality for d follows immediately from IV.2.2.b. In
order to show that d is compatible with the topology of AM we only have to
check that the (Hausdorff) d-topology is coarser than the (compact) super-
extension topology. So let M e AX and let e be a positive real number. Let
PiseeesDy be an e/3-net of M (i.e. VxeM3i d(x,pi)<a/3), and denote by A
that (finite) collection of open sets, that are a union of some Ue/3(P') L

ER
Now O 1s the open set of AM defined by

0 =n{a* | AcA ana Mea™).

Clearly O is an open neighbourhood of M in the superextension topology and
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we claim that O ¢ UE(M). Indeed,

VS eM3r e A ScAcT

2€/3(8)

and hence

0cat e sN'.

Yoe/3

Using IV.2.3.iii we see that every mls N ¢ O has a distance < 2/3e to M.

PROOF OF {a)

Let p,q € M, i(p) = {8 | peSeG}, il(q) = {T | qeTeG},

d(i(p),ilqg)) = min{a>0 | VS peSeG = qeﬁa(s)} =

= min{a>0 | qeﬁa({p})} = d(p,a)}.

PROOF OF (b)
First we show that
(%) ¥S e SYN ¢ AM inf dH(s,T) = min{a>0 | T (S)eN}.
— a

TeN
For suppose a = ;gﬁ dH(S,T). I.e. VneNdT e N T < Ua+1/n(S) and
8 < Ua+1/n(T)' Then certainly ¥n € N Ua+1/n(S)_e N, and hence Ua(S) e N,
because M (and S) are compact. However if Ub(S) e N for some b > 0,
then

inf 4_(8,T) < &
TeN H H

which proves *. Now (b) is an immediate consequence of IV.2.3.iii.

(5,0, (5)) < v

PROOF OF {c).

(i) The following equivalences hold:

AMN) =8 < = (by TI1.2.3.iii)
«== VS e M ﬁa(s) e N <>
= +
<= N e 82M (Ua(s)) .
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(ii) follows from (i):

REMARKS

In (b) the 'sup' need not be a 'max', see V.2.2.b. In c(ii) the follow-

ing modification is correct:

e(i)' U ) € o (U (8)" < U (07 < T ().

However, all inclusion can be proper inclusions. In particular an

+ , . . . . s
N ¢ n{UE(S) I SeM} for which in (b) the 'sup' is not attained, satisfies
N & U (M).
€

Let us give the proofs. If N e (M), then a(M,N) =qef & < g. Hence
+

U
€

N = ﬁa(s) < UE(S), i.e. N e UE(S) for every S € M, proving the first in-
S)

" | seM} and 0 20 € 0, N e ofn ... 0

clusion in e(ii)'. If N e n{U (
€ 1 n

12°
then we have to show that

+ +
US(M) no,n...0 # 0.
Choose S1""’Sn e N such that Si c Oi’ i=1,...,n. We claim that for some
a < €
(#%) U (5.) e M for all i = 1,...,n.

. . = +
First keep i fixed and suppose Ua(Si) ¢ M for all a < €. Then M ¢ (Us(si)) ,

because each T ¢ M is compact. Hence AT e M T n UE(Si) = ¢ or equivalent-
1y UE(T) ns; = ¢, contradictory to Si e N e UE(T)+. This proves xx. Now we
see that {ﬁa(S) | SeM} v {51""’Sn} is linked. Let K by an mls containing
this family, then obviously

- +
ke S2M (Ua(S))

and hence d(K,M) < a < e, and

Kestn...stcoln... 0"
1 n 1 n

The third inclusion in c(ii)' is trivial. Finally let N ¢ n{UE(S)+ | SeM}.
Then the following equivalences hold:
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N & UE(M) == 4(M,N) > ¢ = (by III.2.3.1i1)
<> Va < ¢3S ¢ M ﬁa(S)&N¢—_—:>

<> Va < ¢ sup min{a' | ﬁa,(S)eN} > a = (by » above)
SeM

<=> gup inf dH(S,T) > €.
SeM TeN
+
However for each separate S e M, N ¢ Ue<S) . Hence AT e N T c Us(S)' But

thenJa < e Tc ﬁa(s), because T is compact, i.e. inf 4 (S,T) < a < e. So

TeN H

the 'sup' cannot be attained.

Iv.2.5. THEOREM

If X 18 a compact metrizable space then \X ig either O-dimensional

(Zf A\X <8 O-dimensional) or strongly infinite dimensional.

REMARK

Observe that this theorem is not an immediate consequence of ITI.1.h.c.

This theorem e.g. also applies to X = pseudo arc.

PROOF

If all components of X are singletons, then because X is compact
Hausdorff, X is O-dimensional, and by III.1.4 AX also is O-dimensional., If,
on the other hand C is a non-trivial component of X, then by IV.1.8
AC < AX. So we only have to show that AC is strongly infinite dimensional.
We will do this by showing that AC contains an infinite product of non-
degenerate continua. By a result of Lifanov, see [131, this is sufficient.

Choose PysPqsPpss e converging to p, all in C, and choose non-
degenerate, disjoint continua Ck c C\{p,po,p1,p2,...} for k = -1,-2,-3,....
Choose p, € Ck for k < 0. We define an mls M on {p,po,pi1,pi2,...} of the

same type as M1 in I.1.8.c.v. First we put

=

= {P_k,POaP1aP23---aPk_1} for k > 0,

M= {pk,pk+1,--.,p_zap_1,p_k} for k < 0,

and

My = {pgsPqsPps- o5l
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Then {Mk | ¥=0,%1,...} is a pre-mls (see I.1.8.c) and we put

M= {1 | k=0,+1,...}.

Next we define a map, which will turn out to be an embedding,

fy: T C_ > XX
M <o K

similar to the map in III.2.2. If (x, )

o € MO | k<0} then let fy((x),) =

= M', where
| B
Mr = {{xk ] pkeS, k<0} u {pk ] pk€S, k>0} | SEMMIN}

is a pre-mls. Because M is minimally defined on {pk | k} and the Ck are

disjoint, f is 1-1. 8o it only remains to show that fM is continuous. Let O
. . . + .

be & subbasic open set in AX (i.e. 0e0), and f((xk)k) € 0 . Then either

there is a finite set J < Z such that

fM((Xk) ) = {x, | k<0, keJ} u {pk | k>0, ked} < 0

k
or

fy((x)) = {p, | K20} v {p} < 0.

(This is so because each S € M contains one of the Mk (see T.1.8.c), while

MO is the only infinite Mk). In the latter case obviously

+
fy(mic, | k<0}) <o
In the first case, that J is finite, it is easy to see that
-1 . .
n{ni (OnCi) | ieJ, i<0}

)

(where ™ HCj +—Ci is the projectionmap) is an open neighbourhood of (xk "

. . +
that 1s mapped by fM into O .

A simple combination of IV.1.1.vii, IV.1.5, IV.2.5 and IV 4.3 yields
the following theorem

IV.2.6. THEOREM

The superextension MM is a strongly infinite dimensional Peano-—
continuum (i.e. compact, metrizable, comnected and locally covnected) if

and only if M Zs a metrizable eontinuum.
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Moreover in this case MM is contractible if M satisfies one of the

following conditions:

(i) M itself is contractible

(ii) M Zs a finite polyhedron

(iii) M <& the suspension of a (compact, metrizable) space

(iv) 3f: M > [0,1], £ <8 open and continuous and f—1(0) consists of one

point.

Iv.2.7.

It is known that a metrizable space X is strongly O-dimensional Iff it
admits some non-archimedean metric d, (i.e. Vx,y,zeX d(x,z) <

< max{d(x,y),d(y,z)}) (ef. [5]). Moreover for a compact T.-space X being

1
O-dimensional and being strongly O-dimensional is equivalent. Now the fol-

lowing theorem concerns the extension d of this non-archimedean metric 4.

THEOREM

If & is a non-archimedean metric for the compact, O-dimensional metric
space M, then the extended metric d on MM, defined in IV.3.3, also is non—

archimedean.

PROOF

For the non-archimedean metric d, and the closed neighbourhoods ﬁa

defined in IV.2.1, Va,b ¢ R, VG ¢ G

Ub(ﬁa(G)) € Umax{a,b}<G)'

So if M,N,P € AM, a(MN) = a and a(N,P) = b, then VS e M Ua(s) e N

and ﬁb(Ua(S)) e P, so ﬁm e P. Thus 4(M,P) < max{a,b}.

ax{a,b}

Iv.3. TWO SUBSPACES, XfX AND A X, of XX
comp

Iv.3.1.

In this section

IF X IS A METRIC SPACE, WITH METRIC &, THEN WE MAY WRITE X = (M,d).
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Iv.3.2

If (M,d) is a not-compact, metric space then AM is not-metrizable, but
contains some interesting dense metrizable subspaces. Because M U {p} has no
countable neighbourhoodbasis in p for any p € i(M) \i{M) = BM\M, we must
look at AM\{(i(M)7), i.e. i(M) will be closed in the mentioned subspaces. We

define, for a TT—space X:
Ap(X) =4 p 2p(6) = {MeXX | 3FcX F is finite and M is defined on F}
A (x) = {Mexx | 3CeG C is compact and M is defined on C},
comp def

both sets endowed with the subspace-topology from A(X). It is most important
to observe that if M ¢ Xcompx is defined (not necessarily minimally!) on the
compact set C, then ¥S e M S n C e Mand S n C is compact. Similar to
I.1.9.d4, let M' be any maximal centered subfamily of M n PC, then

St o= nM' ¢ M, and no proper subset of S' can belong to M, so even

“def
8" e M Consequently VS ¢ MIds' <« S n C S' ¢ MMI

MIN®
completely-trivial part of the following

N’ This proves the not-

PROPOSITION

Let M € XX, Then M € Acome if and only if
(1) VS e MAS' € My 8" <8

(11) (uM

MIN)_ is compact (here ~ denotes the closure in X).

In this section we often use this proposition without explicite refer-
ence.

Next we may as well embed A_.(X) and Acomp(x) in AS(X) and have the same

£
subspace-topology as in AX, if S satisfies suitable conditions.

Iv.3.3. PROPOSITION

2
Let § = Sf be a closed base for X, and let C be the family of all

eompact, closed subsets.

(i) If PX < S, then A X is canonically embedded in AS(X), onto A (8S) by

f
the map j: M — M n S.

(ii) If even Pf(X) c C cS then Acompx also is canonically embedded in X X,
onto {Mer(S)| M is defined on some compact set}, by the map

J: M— Mn S.
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REMARKS

(i) 1In IV.1.3 several other conditions on the subbase S were given, under
each of which all of ASX is homeomorphic to AX. Under any of these

conditions of course kfX and Ac - X can be embedded in AgX. Again in

omp
each case the embedding is the map M +— M n 8.

.. e A . .
(ii) The condition 'S = Sf, and S is a base' cannot be omitted as the fol-

lowing example shows:
let T=PMNu {M\{in} | nel}.

Then T is a closed T,-base for the closéd sets of the discrete space N.

Now

>
Fb/\
—
~
]
™
-
L]
]

ApX) (# ).

So i(l) is dense in kf(T). However AfN is discrete (ef. III.L. or
Iv.3.k.vii).

PROOF

For (i) let D = Pf(X) and X' = Afx. For (ii) let D = C and X' =

A X.
comp

In either case D ¢ S, and if M € X' then M n D is a pre-mls for M in

@

(= all closed sets). Hence M n D also is a pre-mls in S, and consequently
n S e A(8).
If S € S, then

=

3'1(s+) = {Mex' | MnSes™} = {Mex! | seM}

is closed in X'. So J is continuous. Finally we show that J is open. Let

O0e 0, and M ¢ 0" < X'. Then
D e D cS M=>DcoO.

Because S = §9 is a base and D is (finite or) compact
s e S D < X\S.

Now in ASX
JM) =MnScx a(xs) <o) cnrx.
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All tools have been gathered to prove the following

IV.3.4,

(1)
(ii)

(1i1)

THEOREM

AfX 8 not compact, unless X is finite.

Xcompx g compact Tff X is compact. Then Acome = AX.

X and in A X.

If X is Hausdorff then iX is closed both in Ap comp

Furthermore we have:
An(G) for each n e N, and {Neh X | type N < type M}

for each M « ApX are closed both in A pX and in Acome.

However \_X 18 dense in A X.
T comp

The density, 4, weight, w, and Suslin number, c, (for def. see

IT1r.1.1, II1.3.5 and III.3.8) satisfy

a(x) = d(xfx) = d(Acome),
w(X) = w(xfx),

and moreover, if X is Hausdorff:

w(X) = w(kfX) w(kcomPX)

and

e(X) < e(AX) X) = o(n{X | neN}).

T CO‘comp

If X is Hausdorff then ApX and Acome are Hausdorff.

) A
If X is ngé1 then A X and come are T

£ 3%

If X ie discrete and infinite then A X = X X =
f comp

X are connected and locally

If X is comnected then U ¢ and A
comp

connected.

If X has finitely many components then Afx and (consequently)

Acome have finitely many components. Thus X, ApX and Acompx are

locally connected.
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PROOF

(1)

(ii)

(1ii)

If X is O-~dimensional, then'}fx and xcome are O~dimensional.

If X <8 contractible and Hausdorff, then AX and Acome are. con—
tractible.

If £: Y > X is continuous and X is Hausdorff, then there is a canon-
Zeal, continuous extension £ : A Y > A X. Even if f Zs onto,

¢’ “comp comp .
then f_ need not be onto, but fclAfY: AY > M .X is onto. If f s onto

and perfect, then £, 18 onto. If £ Zs 1-1 then T, is 1=1,

AfX is dense in AX, but if X is infinite then AXNA X is non-empty:
suppose Z < X and {Mk ] keZ} < PfZ is the linked family of finite sets
defined in I.1.8.c. Then obviously any mls contéining this family does

not belong to A_X. (Here Z need not be discrete.)

£
If X is compact then Acome = AX because each M € AX is defined on the
compact set X.
If X is not compact then there is some free filter {Ga | aed} < G. By
+ +
III.3.1 {G nA_X | 0eJ} and hence also {G n\___X | aeJ} have the
a f o ' comp
finite intersection property. However we claim that
+ . . )
n{GanAcomPX | 0ed} = ¢, i.e. for no M « Acome’ M > {Ga | aedl.
Suppose there existed such an M, which was defined on the compact set
gNCe M, so GB necnoa, # ¢ for all

a € J. But then the filter {Ga | aed} cannot be free.

C. Then choose one B ¢ J. Now G

It suffices to show that for each M e AfX the set

A= {NeAfX l type N < type M} is closed in Acompx’ because AnX is a

finite union of these sets and i(X) = A1(X).
So let K € Acome’ type K $ type M. If K € AfX then we have seen in

III.2.5 CORO that K & A, If K ¢ P oompX\AeX and M is en momls, then
we will show that K ¢ Km(X)_. Let K be the set on which K is minimally

defined (K = (UKMIN

m+1 different points in K and let O1"°"Om+1 € 0 be disjoint, open

neighbourhoods of these points. By I.1.10.b we can find compact

CpoevvsCpyqsDqs-nesD 4 € K such that

)7, ef. IV.3.2), Obviously K is infinite. Choose

C. nD. coO.
1

5 i (i=1,...,m+1),

Then we can choose open neighbourhoods U1,...,Um+1,V1,...,Vm+1 of




(iv)

(vi)

(vii)

(viii)

(xi)
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of C D

—_ respectively such that

'ERRE

U. nV., €O..
i i i

+ + + +
Hence K ¢ U1 n ... Um+1 n V1 n ... Vm+1 c Acome\AmX'
This last inclusion holds because no m-point set in U1 can meet each
of ViseuusV o,

The only non-trivial part is w(X) = W(Acome). All other equations

immediately follow from IIT.1.1, III.3,5 and III.3.8. Let B be an

open base for X, card. B = w(X) and B is closed under the taking of
ey . . + R

finite unions. We claim that {AcomPXnB | BeB} is an open subbase for

X X. Indeed if O ¢ 0 and 0% n A X is a subbasic open set and
comp comp

Meotn Acompx’ then 3C ¢ M C is compact and C < O, Hence 3B € B

CcBcoO, i.e.
+ +
MeB <O .

IfM,NeAcome,MaéNthenac.sMgDeN CnD=¢%and C and D
+
are compact. Hence U,V € 0 CcU,DcVandUnV =g, NowU and

+ .. .
V' are disjoint neighbourhoods of M and N.

Consider XZX (where Z = the family of zerosets). By IV.3.3 AfX and
Acome can be embedded in 27X, which is (compact and) Hausdorff, by .
IT.3.2 and II.3.1.iii.

If X is discrete then obviously A X=AXand ¥M ¢ 2 X
+ comp £ £

{s" | SeMMIN} is an open neighbourhood of M in AX, consisting of only

M. so ApX is discrete. Because d(xfx) = a(x), A X and X have the

same cardinality, i.e. they are homeomorphic.

and (ix) follow from the proof of IV.1.5. In fact it is shown that

AX is (locally) connected by showing that ApX is so, and using

AfX = }X.

follows from the observation, made in the proof of (iv) that if

. +
B =8 is an open (or & closed) base for X, then {XcomPXnB | BeB}
is an open (or closed respectively) subbase for'kcompx. So take

B = the family of open-and-closed subsets of X.

Let H: X » [0,1] » X be a contraction. Define

H : A X x [0,17 » A X
¢’ "comp comp




126

by

H (M,8) = {8<G | B 'Sel}.

Obviously HC(M,t) is linked. Assume that it is not maximally linked:
3T e« G H€1T ¢ M but T meets all 5 ¢ H (M,t). Then there exists a

compact C ¢ M such that C n H;1

T = #., Consequently HtC nT=@, con-
tC € Hc(M’t) (observe that HtC is a closed set).

.. + .
Let us next prove continuity. If HC(M,t) € 0, 0 ¢ 0, then there

tradictory to H

exists a compact C ¢ M, such that H(Cx{t}) < 0. (Observe again that
H(Cx{t}) is closed and thus belongs to HC(M,t)). Then there exist

€ >0 and U € 0 containing C such that

(M,t) € UT x (t-e,t+e) < B 'O,

Finally observe that f, maps AfX x [0,1] in AfX.
(xii) Define f . as H_ above, by

£ (M) = {SeG | £ 'seM}.

c
Similar to above, fc(M) is an mls in G. Continuity follows from

1+
) = (£778)".
Let f: N » {0,1,1/2,1/3,...} be any surjecticn, and

M e xcomp{o,1,1/2,1/3,...} = 2{0,1,1/2,1/3,...} an mls, minimally
defined on the whole set {0,1,1/2,1/3,...}. If M' ¢ Ac - N is

defined on a compact and hence finite set C, then fc(M?)Pis defined
on the finite set £(C), hence M ¢ Image £,

If f: Y > X is perfect and M ¢ Acompx is defined on a compact set C,
then f‘1C is compact again. Now we can extend {f_js | SEMMIN} to an
mls N in the family of closed subsets of C. Then N is a pre-mls in
the family of all closed subsets of Y, and N € AcompY’ and fcﬂ = M.
If £ is 1-1, and M,M' ¢ Acomp(x), then A5 ¢ M, S' e M' S n 8" =¢,
S and 8' compact. Now fS ¢ fM and £S' ¢ fM' and fS n f3' = @, so

M # £,

Iv.3.5.

Let us recall that A X = U xn(G), that each xn(G) is closed in ApX and
n

that An(G) is a continuous image of a finite topological sum of copies of
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o

look at An(G), the set of all k-mls for k < n. We have seen (in III.L.2)

ef. ITI.2.5.b). Before we give some applications, we first take a closer

that Xn(G) contains isolated points iff X contains isolated points. Indeed
XfX was discrete iff X was discrete. However the following holds if X has no
isolated points:

LEMMA

. ; . . + '
Let X have no isolated points. Then each basic open set 0, n ..t O; in
X contains k-mls's for arbitrary large k.
In other words: each xn(G), n € N, 78 nowhere dense in AfX.

PROOF

. + +
Using ITI.3.2, first choose M ¢ O1 N ... 0 N AX and then

MY € (Oin... O;\{M}) n AfX. Let M and M' be defined on the finite set M and
M'. Then, because X is infinite, we may choose PysevesPoyyq € X\ (MuM'). Let

N be the 2k+1-mls
N = {8eG | 8 contains at least k+i points of {PT""’p2k+1}}'

Finally put K

K e O: n...0

= (MnM') u (MnN) u (M'nN). Then K « A X for some m > k and
; (see IIT.2.6.v).

From the above remarks one easily deduces:

IV.3.6. THEOREM

(i) ApX 18 of the first Baire-category iff X has no isolated points
(ii) ApX <8 o-compact 1ff X is o-compact

(iii) A X Zs Lindeldf if X" is Lindeldf for all n € N.

(iv) If X Zs neither O-dimensional, nor strongly infinite dimensional, then
AeX T8 infinite dimensional, but a countable union of O-dimensional
subspaces (this is usually called: countably dimensional).

Iv.3.7

Let X = (M,d) be a metric space. We define d: A M x A M + R,
comp comp

just as d was defined in IV.2.1 - IV.2.h. However there it was assumed that
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M is compact, while we are now particularly interested in & non-compact

M (otherwise AcompM = AM) and we (have to) restrict ourself to those mls's
that are defined on a compact set. We recall the following definitions from
IV.2 (strictly speaking we generalize them to all-metric spaces, instead of

only the compact ones):

VG e G VaeR ﬁa(G) = {xeM | inf d(x,y)<a}
yeG
YM,N € A M d(M,N) = inf{a | acR, a>0, VSeM T_(S)eN, VreN T_(T)eM}.
comp = a a

The proof of the following remarks is omitted because it is both very

simple and similar to the proofs of IV.2.2 and IV.2.3.

R = = -
(&) vGe G va,b >0 Ub(Ua(G)) c Ua+b(G)
Let M,N € AcompM' Then the following equivalences hold:

(p) vS e M ﬁa(s) e N —
<> VS € MMIN Ua(S) e N R i
<= VS ¢ MMIN VT e N Ua(S) nNT# ¢ =
«==> VS ¢ MMIN VI e N Ixe 83y eT dx,y) <a <=

e=> VS e M VI e N3x e S3y ¢ T da(x,y) < a.
(Recall that each S ¢ MMIN is compact. cf. IV.3.2.i,1ii).
(¢) Moreover the following sets are equal:

{a | a>0, VseM Ua(S)eN, YTeN ﬁa(T)eM} =

{a | a>0, VSeM ﬁa(s)eN} =

{a | a>0, VSeM VTeN 3xeS 3yeT  alx,y)<al,

and these sets have a minimum, that, by defining equals d(M,N).

Now we are able to prove that d is a metric on AcompM:

IV.3.8. THEOREM

If (M,d) is a metric space then 4, defined above, is a metric on
XcompM’ compatible with the topology of Xcom

> AcompM 18 an isometry.

Consequently A X and A
comp

M Moreover the map i: M -

£X are metrizable iff X is metrizable.
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REMARKS

In V.2.5 we will illustrate that d in general is not a complete metric,
unless X is compact or discrete. We do not know under what conditions
Acome is topologically complete, or e.g. Cech-complete if X is not compact.
Of course X 1itself as a closed subset, has to be topologically complete or
Cech-complete respectively. Cf. V.3.8.

Analogously to IV.2.T one can show that d is non-archimedean iff 4 is
non-archimedean. Hence the strong O-dimensionality of X, of AfX and of

A X are equivalent.
comp

PROOF

It is obvious that d is a metric, and that i is an isometry. Let us

first prove that the metric topology induced by d is stronger than (= con-
+
taining) the subspace topology. Let O € 0 and M « xcome n 0 . Hence
. ) s
3C e MMIN C c O and C 1s compact,+as all members of MMIN Choose a 0
such that ﬁa(C) c 0, then Ua(M) c 0, (where Ua(M) is the a-neighbourhood
of M in 2 X relative d).
comp
Next we have to show that for M e Xcompx and a > 0 we can find

04500450, € 0 such that

Meotn...0 0 X < U (M).
1 n comp a

Let M be defined on the compact set C and let PyseesPy be a finite a/3-net
of C. Let A' be the collection of open a/3-spheres in X with midpoints
Pys-++5P,, and A = A'Y is the collection of (finite) unions of members of A.
Put

+ +
0 =n{A" | MeA™, AeA} n A X.
comp

Obviously O is a neighbourhood of M and we claim that O < Ua(M)' Indeed if
+ —

N e 0, then VS ¢ MMINfBA.e A MeA and A c Ua(S). Hence Ua(S) e N for

all 8 e M, i.e. d(M,N) < a.

Iv.3.9

If X has no isolated points, then from IV.3.6 (AfX is of the first
Baire category) it follows that no point of AfX has compact neighbourhoods.

A similar result also holds for A X:
comp
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THEOREM

Let X be Hausdorff and not-compact. Then the interior of any compact

subset of Ao

me or r.X either is empty or contains at most isolated points.

PROOF

This has only to be proved for ) X. Let O
+ + comp
0, n ... 0 n2A
1 n comp

isolated points. We will show that this set has no compactification in

g2eeea0) € 0 and let

X be a non-empty basic open set in Acome’ containing no

. + +

A X. Choose two different M,M' € O, n ... O_ n A X, and choose a free
comp 1 n comp

maximal centered system F of closed subsets of X. Observe that F is an mls

(even F € BGX < AX\ACOme). Let
N = (MaM') v (MnF) u (M'nF) e AX.

. + + . .
Notice that N e O, n ... On\A X. Now the following family of subsets of

1 comp

+ + L . .
0. n ... 0 nA X has the finite intersection property:
1 n comp

+ +
{0¥n... 0 na Xns" | seN}.
1 n T

However, the only point in the intersection of the closures of these sets

in AX is N, as is easily seen and N ¢ A X.
comp

Iv.3.10

Recall that AX © A\Y for X c¢ Y only holds if X is a closed subset of Y.

For A

¢ and A a more general result is true:
comp

THEOREM

If X © Y then there are natural embeddings jf: ApX € ALY €AY and

Joooa X <A X © \Y given by the map M — M. Moreover if Y is normal,
c comp comp —

then

(ijfX)_ = (jckcompx)- = {MeAY | M <s definéd on X }.

If X # Y, then the interior of (ijfX)' contains at most isolated points.

PROOF

It is easy to see that each M ¢ Acome is a pre-mls in Y, If G is a
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+ . + s
closed subset of Y, then M ¢ G iff M e (GnX) . So the first part of the

theorem is simple.

For the second part, observe first that kfX is dense in Acome, s0

. - . - ‘ * . . = g
(JfAfX) = (chcompx) .*Moreover X = {Mexy l M is defined on X7} is
closed: suppose N & X . Then 35 e N S n X ¢ N, Hence 3T ¢ N

S nTec Y\X , Because Y is normal, there are open neighbourhoods U of S and

V of T such that U n Ve (Y\X). Now N ¢ U" n v" ¢ Av\x". Also it is easily

. . . * ] - *—
sien that JcAcome c {MexY | M is defined on X} < X : so (chcome) cX =
X . Next we leave the proof that ijfX is dense in X +to the reader
(ef. IIT.3.1 and III.3.3).

. . + + . . .
Finally if O1 n ... On 1s a baslic open set in AY and the O. are not

.. - + +
finite, and p € Y\AX , then we can choose M,M' ¢ AfY n O1 n ... On and

- R . ‘o + +
N (MnM ) u (Mnly(p)) u (M ﬂly(p)) €0, ...0 .
Choose disjoint S € M, T ¢ M' and observe that

) eanx .

N e (sufph)’ n (Tu{p}

This shows that under the mentioned conditions X* is nowhere dense.
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CHAPTER V EXAMPLES AND OPEN QUESTIONS

No problem is so big or so
complicated that it can't

be run away from

(Linus van Pelt)

This chapter starts with a description of the superextension of some
simple spaces such as the natural and the real numbers, W and R, the closed
unit interval, [0,1], the circle, S1, the cantorset, C, a converging point-
sequence, {0,1,1/2,1/3,...}. The superextension of a finite (discrete)
T1—space has been treated extensively in I.3. Some other examples follow,
that are meant to illustrate special properties of superextensions. E.g. the
example of the superextension of a linearly ordered space with respect to
the natural order-subbase, and the example of the sin 1/x -curve, where an
indication is given why the superextension is (locally arcwise) connected.

In section 2 some (counter) examples are collected, that require more
(ad hoc) construction than the rather theoretical smooth examples of the
first section. E.g. four weakly normal subbases Si for the closed interval
[0,1] are given such that ksi[0,1] is a circle, is not locally connected, is
[0,1] union one isolated point and is not Hausdorff respectively. Also other
counterexamples that have been promised in earlier chapters are presented.

Finally the third section presents a short discussion of the main un-
solved questions on superextensions, and supercompactness, as seen by the

author.

V.1. EXAMPLES
V.1.1. AN, THE SUPEREXTENSION OF THE NATURAL NUMBERS

MV is compact (II.2.3), Hausdorff (II.3.4), O-dimensionsl (ITI.1.4) and
contains a countable, dense set of isolated points: AfN = Acompw (111.3.3,
IV.2.4.vii). The closure of N in MN is BN, its Lech-Stone compactification
(IT.3.4). But AN is not homeomorphic to RN, e.g. AN contains the following
converging point sequence:

if

M, = {s | 82{2,...,n} U (1eS,8n{2,...,n}#6})}
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then for n =+ «

Mo> M= (s | 8=t or 8={2,3,4,...} or (1e€8,8n{2,3,4,...1#8)}.

Finally

A(B)

LR

AN

(see II.5.17).

V.1.2. AR, THE SUPEREXTENSION OF THE REAL NUMBERS

AR is compact (II.2.3), Hausdorff (II.3.k4), connected and locally
connected (III.h.1) and separable (II1I.3.5). The closure of R in AR is BR,
its Cech-Stone-compactification, (II.3.4), and AR = A(BR) (see II.5.17). AR
'inherits' from BR its contractibility (III.L4.3.c), and its weight = card R
(ITI.1.2). The subspace Acompﬁ of AR is dense, metrizable, contractible,
separable, locally connected, (IV.3.4), strongly infinite dimensional
(IV.3.10 & III.1.4.c), and in no point locally compact (IV.3.9). It is not
known whether or not AcomﬂR is topologically complete, i.e. is a GG ip AR

(ef. v.3.8).

V.1.3. AL0,1] AND AS', THE SUPEREXTENSION OF A CLOSED INTERVAL, AND OF THE
CIRCLE

A[0,1] and As’

and strongly infinite dimensional (IV.2.6). See further V.3.1 and V.3.2Q

are compact, metric, locally connected, contractible

V.1.4, \C, THE SUPEREXTENSION OF THE CANTOR MIDDLE~-THIRD-SET C

AC is homeomorphic to C (ef. IV.1.6).

v.1.5. 2{0,1,1/2,1/3,...}, THE SUPEREXTENSION OF A CONVERGING POINT-
SEQUENCE

20,1,1/2,1/3,...} is compact, metric, and zerodimensional (1v.2.6).
The set of isolated points is Af{1,1/2,1/3,...}, which of course is count-
able (III.4.2 LEMMA). Let us denote this set by N, and the set of non-
isolated points by C. We will prove below that C is denée in itself. Because
C is compact, metrizable and O-dimensional this implies that C is homeo~

morphic to +the Cantor middle-third-set. This characterizes
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2{0,1,1/2,1/3,...} up to homeomorphisms. Indeed it is easy to prdof that:
A1l compact, O-dimensional, metrizable spaces, that are the union of a
dense set of isolated points and a perfect set are homeomorphic.

Proof that C is perfect. If M ¢ C, define then

= ; < 1 2
Mn = {8 | either (SeM,sc{1, 5 s n}))

or (8 U{—l— !

T see.,0}eM,S contains at least

two points of 1/n+1, 1/n+2, 0)}.
Tt is easily checked that M_ is a pre-mls, M e C, and M - M for n » =,
n —n -n

V.1.6. LINEARLY ORDERED SPACES
Let (X,<) be a linearly ordered set. and
S = {{xeX ‘ x<a} | aeX} u {xeX ] é<x} l aeX}.

Then ASX is homeomorphic (i.e. order-isomorphic) to the Dedekind completion

of X. For details see [16].

V.1.7. COFINITE AND ANTI-HAUSDORFF SPACES

A cofinite or Zariski space is an infinite topological space in which
the only open sets are: ¢ and the sets with a finite complement, Théy are
examples of anti-Hausdorff spaces.

A topological space X (with 0 = the family of non-empty open sets) is
called anti-Hausdorff if it satisfies any (and hence all) of the following

equivalent properties:

(i) each two non-empty open sets meet

(ii) each non-empty open set is dense

(iii) each open set is connected

(iv) 0 is a centered family

(v) the open subbase o* | '0€0} for AX is a centered family
(vi) the non-empty open sets in AX constitute a centered family
(vii) every two non-empty open sets in AX meet ' :

(viii) X is dense in AX.

For (v) - (viii) it is assumed that X is T, and contains more than two

1
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points. The eguivalences (i) <> ... (vii) are obvious. The last condition,

(viii), is most easily seen to be equivalent to (iv). In particular we have:
X is anti-Hausdorff iff AX is anti-Hausdorff, iff X is dense in AX.

If X is cofinite then AX is anti-Hausdorff and of the same weight (viz.
card X). However AX is not cofinite: for a finite set F c X of more then one

. + . e
point F is an infinite proper closed subset of AX.

V.1.8. THE FIRST COUNTABILITY AXIOM

Let X = X' u X" be the Alexandroff-double of the circle (i.e. X compact
Hausdorff, X' = circle, X" = the set of, continuously many, isolated points
of X, which is dense). Let I' be an arc in X' and I" the corresponding set
of points from X", and choose p ¢ X"\I". We may define an mls M € AX as

follows:

M= {SeG | I'uI"<S or (peS and (I'UI")nS#F)}

A neighbourhoodbasis of M is obtained by considering all sets
+ + +
{poqq} n ... {p,qn} n (I'ul™) n €N, q5..259 € I'u 1",

It is easily seen that M has no countable neighbourhoodbasis, i.e. AX does
not satisfy the first axiom of countability, although X does satisfy this

axiom and is compact and Hausdorff.

V.1.9. EXAMPLE ON CONNECTEDNESS
Let X be the sinus 1/x curve:

X={0} x[-1,1]v
(1,0)

u {(t,sin 2n/t) | te(0,11}.

Theorem IV.2.6 (cf. III.k.1) states
that AX is a Peano-continuum. For illustration we will indicate an arc in
AX that connects {0,0) and (1,0) in X. This can easily be changed e.g. to a
proof that in every basic (!) neighbourhood ot of (0,0) in AX'every two
points of X can be connected by an arc.

First we "pull a closed interval G, our of (1,0)" (for 0O<1-t<1/2)

until the projection of Gt on the Y-axis is long enough. Then, for
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1/2 < 1-t < 1 we let both endpoints run to the left, in such a way, that the

projection -of G, on the Y-axis always contains O.

{(s,sin 2n/s) | (1-t)<s<1} for 1/2 <t < 1
Gt = |
{(s,sin Zw/s) l t/{t+1)<s<t} for 0 < t < 1/2.
Finally put
{6} v {{(0,0),x} | xeG} for 0 < t < 1
M, =
i((0,0)) ‘ for t = 0.

Then {Mt | 0<t<1} is an arc in AX with endpoints i((0,0)) and i((1,0)).

V.2. CONSTRUCTIONS
V.2.1. SOME SUPEREXTENSIONS OF [0,1] RELATIVE SUBBASES

Let T be the family of all closed subintervals of [0,1]. Consider the

following four closed T -subbases for [0,1]:

1

S, =1 u {{0,1}}

S, = T v {[0,1/n] u [1-1/n,1] | neN, n>3} v {{0,1}}
33 = {[a,ble] | v-a<i1/2} u {{0,1}}

S, =T u {{a,b} | Osa<b<il.

A1l are easily seén to be weakly normal. We give no proofs, but only a
description of the (free) mls's in Si and of Ag., 1 = 1,2,3,4. For more
1
details see [9].

2g,[0,11 % st, - , M,
The free mls's in S1 are:
M, = {{0,13,00,£1,0t,1] ©0<t <1 ifo,11
Ag [0,1] is homeomorphic to a sequence kM: o
2 . . ANy M
of half-circles converging to an outer- i[0,1]

half circle union the diameter of this
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outer-half circle. Described analytically:

rg EL-1,11 x {0} v u_ {(x,y) | x2+y2=(1—1/n)2, y>0} u
n>3

2
v {{x,¥) | x2+y2=1, y>0}.

This space is not locally connected.

The free mls's in 32 are:

ME = {[0,1/n] v [1-1/n,11,[1/n,t1,[t,1-1/n]} n > 3, 1/n<t<i-1/n
and
M: = {{0,1},00,t1,0%t,11} 0 <t <1,

Ag [0,1] is homeomorph to [0,1] union one isolated point. The only free mls
in” Sy is {{0,1},[0,1/21,[1/2,11}.

Ag [0,1] is not Hausdorff. There are three types of free mls's in Sh' Tor

0 <x<y<z<1we define

Mxyz = {S€Sh | 5 contains at least two points of x,y,z}
xMyz = {SeSu ] S contains [y,z] or (xeS and Snly,zl#0)}
xyMz = {SeSh I 8 contains [x,y] or (zeS and Snlx,yl1#8)}.

o a. . e 3
ne can show that e.g MO,1/h,1/2 and MO,1/h,3/h do not have disjoint basic
open neighbourhoods in Agh[0,1].

v.2.2.

We turn again to example I1.1.8.4:

43 -2 1o 1 2 3 I
M, (x5
M, x x 5O
M (x X X D)

Mh ) ( X . ' X X X X)
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.l -3 -2 -1 0 1 2 3 L

In formula:

{-k,0,1,2,...,k=1} for k > 0, and

Mk =

{K,k+1,...,-2,-1,|x]} for k < 0.

It was proved in I.1.8.d that {M_ | k} is a pre-mls in P_N and that

e

P,

Now

(a)

(e)

T
'k} v {{0,1,2,3,...}} and {Mk | ¥} v {{-1,-2,-3,...}} are pre-mls's in

and generate the only two mls's containing {Mk l k}.
consider AR.

In the proof of III.4.1 it was shown that for any finite number of

+

+ .
,eeah R A n ... A 1is connected. The above
1 n 1 n

example shows that this is not true for countable intersections:

arbitrary subsets A

n{M; | k} © MR consists of precisely two points.

Let ¢: R ~ (0,1) be an orderpreserving homeomorphism (that I do not care
to specify) and M = [0,1]. Let M ¢ AM be the (only) mls containing
{on,_ Fx} v {{410,1,2,3,...3)7} as minimal sets. If 4 is the ordinary

metric of M, and d the extension described in IV.3, then

d(M,i(1)) = sup min a(8,1) = 1,
SEMMIN
although min d(S,1) < 1 for all S € M. So this sup is not a max

(cf. IV.2.L4.p).

Recall that it is not known whether AcompR is topologically complete
(see also V.2.4 and V.3.8). One may try to prove this by constructing a

co-compact (sub)base for AcompR’ in the sense of [1]. But the following

first try does not work. Let C {8<R | S is compact}. Then it is

easy to see that (et | CeC} is a 'closed subbase' in the sense of [1],
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+ .
i.e. {int(C") | ceC} is a subbase for the open sets. This subbase does
not generate a compact co-space though (by serving as a subbase for the
closed sets of this "co-space", which thus has a weaker topology on the

. + . .
same underlying set). Indeed {MknA R | k} is a centered family, but

comp
it has an empty intersection, as we easily see e.g. as follows: if
+ . .
M e n{Mknk R | k}, then M is defined on some compact set (and on all
comp

e M anda M e M
; -n-1

larger ones). Say M is defined on [~n,nl. Now_Mn+ -1

but Mn+1 n M—n

1

1 0 [-n,n] = @#, a contradiction.

vV.2.3

In lemma ITI.4.3 it was shown that if the T,-space X admits an open and

closed, continuous map onto [0,1] that then X mu;t be pseudo-compact. In the
corresponding theorem III.L.3 it was claimed that the cone C(Y) of Y admits
such a map if Y is countably compact. Of course countable compactness im-
plies pseudo—compactness‘and the two properties are equivalent for normal
spaces.

The Tychonoff-plank ¥ = w() x w(w)\{(Q,0)} is an example of a pseudo-
compact, not countably compact space, for which the projection map

w: €{Y) >~ [0,1] is not closed (here w(f), w(w) are the set of all ordinals

"
i A

[0,1]T

w(Q) —

less than or equal to the first uncountable, resp. the first infinite

ordinal). Indeed

A = {(1/2-1/2n,9,0)e[0,11x¥/{0}xY = _. C(¥) | nem}

£

is a closed subset of C(Y), which does not have a closed projection on
[0,11, viz. {1/2-1/2n | nem}.
Next we will construct an example of a pseudocompact, but not countably

compact space X, that admits an open and closed, continuous map onto [0,1].
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Let Y be any regular space for which 1xA —s

all real-valued maps are constant.
Let A € Y be an infinite, discrete

subset. Put

X = C(Y)M1} x (Y\A)) , N oxY

Then it is easily seen that the
tprojection' w: X - [0,1] satisfies the requirements, while {1} x A is a

closed, discrete, infinite subset of X.

v.2.4

Let (M,d) be a complete metric space. Then (kcomPM,a) is a metric sub-

space of AM (cf. IV.3.8). Of course if M is compact, or discrete then

2l

AcompM is also compact, respectively discrete. In other cases, however

is not complete. We will illustrate this for (M,d) = (R,d) with d(a,b)
ja-b

i

1 2 3 i 5 We define inductively the

(2n—1)—point—sets Mn in R as

1 //X\\ follows:
X X

M x
S ANYA A M, = {1}
M3 X X X X X X X
A ,\ A ,\ | l / If M_ is defined then define
M)1L XX XX XX XX XX X X X X n
e M, = {n+1] u {p+ " | peMn}.

Observe that if p,p' € Mn then |p—p'| > h'n, so that Mn+ contains 271

1
points for n € . Moreover for each k-point-set S « Mn:

(*) U -n(K) n M ., contains 2k points.

Now we define M_ € A R on M_ by
n f n

M o= {SCMn | 8 contains at least 2" points}.

Then it is easily seen that, because of (),

= _,-h
AWM, ) = 6T
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so that (Mn)n is a d-Cauchy-sequence. Now assume it has a limit, say

M e AcompR' Then, for some m € N, M is defined on [-m,m]., Choose the points

psq such that 0 < p < g < m and

[p,al.n Mn = ¢ for all n

and

card[0,p] n Mm+1 = cardfq,m+1/2] n Mm+1
We may even (and in fact we will) choose p and q sueh that

Vm' >m  cardlO,p]l n Mm, = cardlq,m+1/2] n Mm,

and

(Co,plulm+1/2,=)) n M , e M,
and

[qsm) n Mm| € Mm,.

From this we may deduce that E(Mm,,M) > (gq-p)/2 and hence Mn -+ M, a
contradiction. For if a(Mm,,M) = g, then ﬁa(S) n [-m,m] ¢ M for all SeMm(.

In particular

ﬁa(([0,p]UEm+1/2,°°))an,n[-m,m]) e M

and

ﬁa(([q,w)an,n[—m,m]) e M.

Hence

ﬁa[o,p] n ﬁa[q,w) # @, i.e. 2a > p-q.

V.3. OPEN QUESTIONS

The following questions, listed in a rather arbitrary order, are still

open.

V.3.1. IS THE SUPEREXTENSION OF THE CLOSED UNIT INTERVAL HOMEOMORPHIC TO THE
HILBERT-CUBE?

Recent developments in the theory of infinite dimensional spaces, such

as the proof that the hyperspace of [0,1] is the Hilbertcube, Q, suggest
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that the answer may very well be both affirmative and hard to obtain. Most
surprisingly seems maybe the suggested homogeneity, for which also in the
case of the hyperspace however, there is no direct proof or indication. The
widest classe of spaces X for which the obtained results do not disprove
that AX is the Hilbertcube, and for which we hence may conjecture that

AX £ Q, is the class of all metrizable continua. It may be useful to study

first the following two questions.

V.3.2. IS THE SUPEREXTENSION OF THE CLOSED UNIT INTERVAL, OR OF ANY
(METRIZABLE) CONTINUUM AN ABSOLUTE RETRACT?

Because of II.L4.5 CORO 4 the question 'Is AM an AR for each metric AR
M?' is equivalent to 'Is AQ an AR?', where Q is the Hilbertcube. Similarly
the question 'Is AX an AR for each compact Hausdorff AR X?' reduces to 'Is
AH an AR, for each product H of intervals [0,1]?'. Related to these ques-

tions is the following:

Vv.3.3. IS THE SUPEREXTENSION OF ANY (HAUSDORFF / METRIZABLE / COMPACT?)
CONNECTED SPACE CONTRACTIBLE? ’

As to this question it may be remarked that the proof of the contracti-
bility of AX for certain X given in III.L.3 seems rather ad hoc. It may well
be possible to give a more "canonical" contraction. Cf. the contractibility

of hyperspaces (see IV.1.7).

V.3.4

In [15] O'Connor proved that every compact metric space M has a
(countable) closed subbase S that is both binary (i.e. each linked system in
S has a non-empty intersection) and minimal (i.e. VSeS  S\{S} is not a sub-
base for M anymore). This shows that every compact metrizable space is

supercompact. In IT.2.2.8 a compact T,-space was demonstrated, that was not

) 1
supercompact. But it is unknown whether e.g. BN or BN\N are supercompact:

Are there compact Hausdorff spaces, that are not supercompact?

It is not clear what the role is of the minimality of O'Connor's binary sub-
base. An earlier result of Van Emde Boas shows that all metric spaces have

such a minimal subbase, [L47.
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V.3.5

In I1.3.2 and III.3.3 it was shown that (weak) normality of S suffices
to make AgX (resp. BSX) Hausdorff. In V.2.1 a weakly normal S) is defined
for which Asu[0,1] is not Hausdorff, but also three other weakly normal (but
not normal) subbases T are defined for which AT[O,1] is Hausdorff. The ques-
tion is still open to give necessary and sufficient, or at least weaker
necessary conditions for S in order that ASX (or SSX) is Hausdorff. Two
possible generalizations are known, that however do not seem very promising:

AgX is Hausdorff (resp. BgX is) iff for each pair of (prime) mls's
M, N there exist disjoint S ¢ M, T ¢ N and there exist two (a finite number)
Gi € M such that no Gi meets both S and T, and UGi = X.

(ef. [9] p.7, G.A. Jensen). ASX is Hausdorff if for each pair of dis-
joint sets 8,T ¢ S there exist finitely many S]""’Sn € S such that
(i) 8; does not meet both S and T (i=1,...,n)

(ii) 1f T1
not linked.

senesT € S and T, 08 = ¢ for i=1,...,n, then {T1""’Tn} is

. . . +
The last condition 1s equivalent to S1 U o... S; = ASX.

v.3.6

Tmls's were in this treatise only defined in subbases that contain all
finite sets. This limited somewhat the obtained results. E.g. if S is a
normal T1-subbase of a (completely regular) connected space X, then AX was
shown to be connected and locally connected (cf. ITII.4.1) by showing that

the dense subspace A_X has these properties. However in general no subspace

corresponding to Afohas been defined in ASX. We only know that XSX has the

same properties as AX, because Jensen's mapping theorem (II.L4.5) shows that

ASX is a quotient of AX. If S does not contain all finite subsets of X, then
we might now define fmls's in S as those mls's that are the image of fmls's

in AX under Jensen's canonical quotient map. This means:

If S is a normal T,-subbase, then an mls M in S is called an fmls in
S if for some finite subset F ¢ X {SnF | SeM} is linked.

It is the authors opinion that for a further development of the theory
of superextensions a more general concept of fmls, maybe similar to the
definition above, will be of importance. It may prove e.g. that ASX is con-
nected and locally connected for a much wider class of subbases then only
the normal T1—subbases and the subbases containing all finite sets. Recall
however that not all subbases can be in this class: AS[O,1] may be homeo-

morphic to [0,1] union one isclated point (V.2.1).




1hh

V.3.7

Examples V.2.1 suggest a.o. the following question:

Does there exist for every metrizable compactum M a Tl—subbase S for
0,11 such that AS[O,1]\i[O,1] =M ?

v.3.8

The subspace AcompM of AM for a metric space M, has been described only

very roughly yet. It is unknown whether e.g. A mpB is topologically com-

co
plete (cf. V.2.4, V.2.2.c and IV.3.8). A problem that often recurs is: If

. . . + .
{Xa | a} is a linked family of closed sets, then {Xank X | a} is cen-

. comp
tered, because there even is an fmls in each finite intersection (III.3.1).

+ . . . .
However n{XanA X ‘ o} is non-empty (if and) only if there is a closed,

compact set C Egm§ such that for all pairs o,a’' Xa n Xa' nC# @. The
problem then is to find such a C, or give sufficient conditions for its
existence. Observe that, even if X, is compact, X: is not, unless X, is a
singleton, or X is compact.

Also unknown are sufficient conditions (weaker than compactness or dis—
creteness) under which Acompx is a Baire-space (i.e. no open set is meager).

Finally, it still can be conjectured (ecf. V.1.2) that

AcomﬂR = l2’

the separable Hilbert-space. This would be interesting especially if one can
prove that A[0,1] ¥ Hilbert-cube, because Xc R E (0,1), which is a

omp comp
dense subspace of A[0,1] (III.3.3 + IV.3.10).
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LIST OF SYMBOLS

Special assumptions

From page 45 on it is assumed that

X
S

G
0
z

i:

is a T, -space

1

is a closed T.,-subbase for X

is
is

is

1
the family of non-empty closed subsets of X

the family of proper open subsets of X

the family of non-empty zerosets of X

X~ ASX is the canonical embedding.

In I.2, III.2, ITI.3, and III.4 we assume that

PXc 8 c PX.

f

In IV.2 and IV.3 it is understood that

X = (M,d)

is a metric space, which is compact in IV.2 and non-compact

in IV.3.

Special symbols, such as R, PX, d(X), ASX, ™ are listed in

the index.

Operators

A", AV, AR 4D (ror a ramily A) 45
At s" (for Acx, SeS) 45
AMIN (for a family A) 6, 13, 39

F (for a function f: X»Y) 19, 55, 8off
d (for a metric 4) 114
M (for a pre-mls M) 5, 11
(M,XT,...,Xn) = fM((x1""’Xn)> = F(M) 86
U, (= closed e—  ‘hbourhood) S 113
A7 (for a subset A of a topological space) =

= the closure of A

Variables and constants

The symbols are mostly used for

A,B,.

arbitrary sets




148

X ¥suoo T1-spaces

F,G,H,S,T,... (closed) subsets X,Y,...
0,U,V,... (open) subsets of X,Y,...
PsQsT »X,¥»Z,... arbitrary elements or points

j,k,l,m,n,... natural numbers (recall that i: X - ASX)

d a metric or the density d(X)

dH the Hausdorff metric of HX

f,2,h,¢,¥,... (continuous) maps

H homotopy (sometimes)
ABy... arbitrary families
M,N,P K. H, linked families, pre-mls's or mls's

C the compact, closed subsets of X
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INDEX

I'11 never forget the day my first
book is published
Every chapter I stole from
somevhere else
Index I copied from old Vladivostok
telephon directory

This book was sensational

(Lobachevsky - by Tom Lehrer)

(the numbers behind the words refer to pages, or, if in square brackets,
to references; the first number usually refers to the definition, other
numbers refer to the most important occurrences; the index does not only
contain references to the newly defined notions and notations but also to

many theorems via their keynotions)

Absolute retract 142
Algebraic operations on S : 45, 62ff
Algorithm for A(n) 37
Anti-chain 29ff, [12]
Anti-Hausdorff 134
AR = absolute retract L2

B, Bg L6, 51fFF
"n - "

B = g 53
"8 = 8" 55, 56
"BG # Agl' h'{
" — "n

BG = AG 135
Baire categories 96, 127, 130,144
Binary subbase 48, 50,[15]

C (often = all closed compact sets)

c(X) = cellularity number of X = Suslinnumber of X 97£r,[111,108
Cantor (middle third) set () of -) 111
Case (k) : 32
Cech-Stone—compactification L6, S1ff

Centered = having f.i.p., mes 2, 63ff
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Characterization of complete regularity sy, [73,010]
Cocompactness 138 [1]
Cofinite spaces 134
Compactness .
co- 138,011
countable - 101, 139
local - 130
pseudo~ 101, 139
super- ' 48,061,015, 142
Completeness 138, 139, bk
(Local) connectedness 99, 108, 135, 137, 138
Contractibility . 101, 111, 120, 139
Converging pointsequence (i of -) _ 133
Cospace 139,011
First countibility axiom 135
To be defined on (an mls - on a set) 5
Defining set 5, 13
Nowhere dense sets 96, 127, 130
Density, d(Y) = min{card A | A™=Y} ' 96, 108
To determine 5
Dimens‘ion 82, 84, 118, 127,[131]

Extension of

- functions : 55ff
- homotopies 61
- metrics 115

Family = system

centered, free, fixed, linked - 2
(weakly) normal - 51, 62ff
prime - L1, 62ff
quasidisjoint - 2, 39,[111
T- Ly
f.i.p. = finite intersection property ) 2
fmls = finitely generated mls 6, 14-26, 86-96
G = the family of non-empty closed subsets of X L5
Graphs . TT7EE
HX = H(X) = hyperspace of X (i)er, 93£f, 1h1, 111,[14]

HP = 'half of P. ' 27
n n




Hausdorff-metric dH
Hilbert-cube Q

History of superextensions

i = embedding X ~ ASX
Interval [0,1] (A of =)
Inclusion-anti-chain

Ay Aps A ("family")

A ("graph")

X ("natural number")

A ("T1—space") =2 ("T1—space")
A ("T1
S " 1" )
\ps Acomp ( T ,-space
1(i,3)

Linearly ordered space

Linked

—space'")

mes maximal centered system

mls = maximal linked system

n-mls = mls defined on n points, but not on n-1 points

)

MIN (operation: A = AMIN
Metrizability

- of AX

for compact X

for not-compact X

W= {1,2,3,4,...}
Non-Archimedean metrics
(weakly) normal

- family

- screening

Nowhere dense sets

0 = the family of proper open subsets of X
wX = w(X) = the Wallman-compactification of X

wSX = wS(X) = the Wallman-type-S-compactification of X

PX = P(X) = powerset of X

P = powerset of {1,...,n}
PX = P.(X) = {X'eX | X' is finite}
P oeX =P (X)) = {X'eX | X\X' is finite}

113
85, 141
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ks

136, 141, 144
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46
L6
121
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48, 134,016
2

64, 63cF
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120, 129,051

sk, 62ff
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96, 126, 130
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152

Hi Xi = the topological product of {Xi I i}
m.: I. X, »> X.
it 3% i
Peanocontinuum (A\X is a =)
+ o+
Plus (operator: A , S )
"stnopx # 57
Pre-mls (or pre-fmls)

Prime family

= the projection map

Products
- of superextensions

- of X embedded in AX
Quagidisjoint family
R = the set of real numbers, () of ~)

R" = n-dim Euclidean space

S =a T1—subbase for (the closed sets of) X
To screen (weakly) normally
Separability
Set
defining -
minimal = inclusion - minimal -

Converging point sequence (A of -)

Subbase (= subbase for the closed sets unless explicitly

stated otherwise)

closed - = subbase (for the closed sets)
open - = gsubbase for the open sets
P T1 -
- s  1nducing homeomorphic superextensions
Supercompactness
Superextension
- of an AR

~ of a compactification of X

- of a family

- of a product

- of a retract

- of a T1—space

- of a subspace

settheoretical — = - of a family

the - = superextension of a T1

119
b5
66, 75
5, 1
L1, 62rf
59
90, 93
2, 39,0111
133
2
ks
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96, 108
5, 13
6, 13
133
lyly
Toff, 107

46, 48, [61,[152,142

1h1
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59, 112

60, 112, 141
46

58, 112, 130
6

-space relative all closed sets 46




topological ~ = superextension of a T

Suslinnumber see c(X)

System see family

t(n) = card{type(n,j) | j}

T1-family, T1—subbase

Type (1,])
Type (- of an mls)

O_(p) = {a | dalp,a)ze}

Wallman (-type-S-) compactification
weight = w(X)

X a T1—space

4

{...,23,-2,-1,0,1,2,3,...}

the family of non-empty zerosets in X

1

~-gpace

153

b6

o27£f
LY
o3ff
20ff, 86ff
113

(i)ef, 63££,017]
82, 83, 107ff

L5

b5







SAMENVATTING

Het doel van dit proefschrift is een gedetailleerde inleiding te geven
over de topologische eigenschappen van superextensies van topologische T1—
ruimten. Vanuit een elementair standpunt worden vooral eigenschappen be-
studeerd die alle superextensies gemeen hebben en eigenschappen die super-
extensies van een ruimte X erven van X.

Hoofdstuk I geeft een nog zuiver verzamelings-theoretische behandeling
van geschakelde families (Engels: linked systemé), d.w.z. families van el-
kaar paarsgewijs snijdende verzamelingen. De combinatorische eigenschappen
die hier afgeleid worden vormen ten dele de basis voor de topologische
theorie van de volgende hoofdstukken, en zijn ten dele ook vanuit zuiver
combinatorisch standpunt van belang.

In het tweede hoofdstuk wordt de superextensie ASX van een topologische
ruimte X ten opzichte van een gesloten subbasis S gedefinieerd. De punten
van ASX zijn de maximale geschakelde families in S; en een subbasis voor de
gesloten verzamelingen wordt verkregen door alle S , S ¢ S, te nemen, waar-
bi] S+ de collectie van die maximale geschakelde deelfamilies van S is, die
S bevatten. Als S = alle gesloten verzamelingen dan schrijven we ASX = AX
en spreken van de superextensie van X. Deze constructie vertoont veel ana~
logie met de Wallman-type-S-compactificatie van X, aangegeven met wSX. Onder
bepaalde voorwaarden (bijv.: S = alle gesloten verzamelingen, of: § = alle
nulverzamelingen) bevat ASX dan ook wSX. Er zijn echter ook veel verschil-
len. Bijvoorbeeld, X is altijd dicht in wgX, maar "bijna nooit" in ASX. Wat
omvang van AX en de aard van de inbedding van X betreft gelijkt ASX veel
meer op de hyperruimte H(X) van alle gesloten deelverzamelingen van X. Zo
luidt bijvoorbeeld een (voor H(X) al lang bestaand) vermoeden, als X een
compact, metrisch, absoluut retract is, dan zijn A(X), H(X) en de Hilbert-
kubus homeomorf .

Verder worden in dit hoofdstuk de elementaire eigenschappen van AS(X)
bewezen. Bijvoorbeeld, de inbedding van X, compactheid, het voortzetten van
functies, condities waaronder superextensies van dezelfde ruimte t.o.v. ver—
schillende subbases toch homeomorf zijn, en supercompactheid (evenals
superextensies voor het eerst door de Groot gedefinieerd in [61). Verder
wordt de karakterizering van de Groot en Aarts van volledige regulariteit,
[7] hier opnieuw bewezen. Dit onderzoek lag ten grondslag aan de definitie
van superextensies.

In het derde hoofdstuk worden de topologische eigenschappen van super-—

extensies verder onderzocht, met name het gewicht, de dimensie, de dicht-~




heid, het Suslin getal, de (locale) samenhang en de samentrekbaarheid. Voor-
al de resultaten over samenhang en samentrekbaarhelid laten zien dat de
superextensie een verrassend moole structuur heeft. De superextensie XX is
bijvoorbeeld al samenhangend en locaal samenhangend als X alleen maar samen-
hangend is.

Een specialisatie tot d& superextensie, (dwz. tov. alle gesloten ver-
zamelingen, ipv. slechts een willekeurige gesloten subbasis) vindt plaats
in hoofdstuk IV. Nieuwe onderwerpen in dit hoofdstuk zijn de metrizering van
de superextensie van een compact metrische ruimte, en dichte deelruimten van
de superextensie van een niet-compacte ruimte X, die toch bijv. hetzelfde
gewicht hebben als X. (Voor normale X is de afsluiting van X in \X homeo-
morf met de éech—Stone—compactificatie van X.) Deze deelruimten zijn ook
metrizeerbaar als (en alleen als) X dat is.

Tenslotte wordt in het laatste hoofdstuk een aantal voorbeelden van
superextensies van eenvoudige ruimten gegeven, evenals een aantal tegen-

voorbeelden, en een aantal onopgeloste problemen.




Stellingen behorend bij het proefschrift "Superextensions of
topological spaces' door A. Verbeek.

Het defini&ren van oneindige machtswortels uit oneindige kardi-

naalgetallen, nl. door

n

e = nintx | 22> n}

kan verhelderend werken in problemen waarin machtsverheffen van

kardinaalgetallen een rol speelt.

A. Verbeek - Quasidisjoint families, Appendix Al by
I. Juhdsz - Cardinal functions in topology.

Mathematisch Centrum, tract 24, Amsterdam, 1971.

1T

De tweede helft van stelling 5.1.2 uit A. Robinson ~ Non-standard
Analysis is onjuist. In elk niet-standaard model van de reéle ge-
tallen zoals daar beschreven bevat elk (inwendig) interval [0,e]
niet-meetbare verzamelingen, ook voor infinitesimale e, mits na-

tuurlijk € > 0.

A. Robinson - Non-standard Analysis.

North-Holland Publ. Co., Amsterdam, 1966.




I1T

Voor een topologische, reguliere TT—ruimte zijn de volgende eigen-~
schappen equivalent.

(i) X heeft een minimale cotopologie.

(ii) X heeft een kleinste cotopologie.

(iii) pX is een coruimte van X.
(

iv) X is locaal compact.

A, Verbeek - Minimal cotopologies.
Nieuw Archief v. Wisk. 18 (1970), 162-16k.

v

De Sorgenfrey rechte S, ook wel half-open-interval-ruimte genoemd,
is niet homeomorf met een lineair geordende topologische ruimte,
bijvoorbeeld omdat het product van twee separabele, lineair ge-
ordende topologische ruimten Lindeldf is. Anders geformuleerd:
~elke separabele, lineair geordende ruimte is een Lindeldf
Arhangel'skil-p-ruimte, en dat is S niet.

Verder 1s S niet éech—volledig, maar wel een Baire-ruimte, zoals
ten onrechte in 'Counterexamples in Topology', p.173, ontkend

wordt.

L.A. Steen, J.A. Secbach - Counterexamples in Topology.
Holt, Rinehart, Winston, 1970.

A. Arhangel'skii - On a class of spaces containing all metric and
all locally bicompact spaces.

Dokl. Akad. Nauk SSR 151 (1963) 751-75k.




v

Er bestaat een (aftelbare) samenhangende Hausdorff ruimte X met
een {uniek) vast punt X, z6 dat elke samenhangende verzameling in

X die X bevat gesloten is.

J.L. Hursch, A. Verbeek - A class of connected spaces with many
ramifications.
Proceedings of the Third Prague Topological Symposium,
1971. To appear at Publishing House of the Czechoslovak

Academy of Sciences, Prague.

VI

ErdSs' voorbeeld van een totaal onsamenhangende, niet O-dimensio-
nale separabele ruimte, de rijtjes van rationale getallen in de
separabele Hilbert ruimte 12, kan men samenhangend maken door &én
punt "in oneindig" toe te voegen, met als omgevingen de comple-
menten van begrensde verzamelingen. Zo ontstaat een samenhangende,
separabele, metrizeerbare ruimte met een dispersiepunt (= explo-
siepunt). In tegenstelling tot Knaster-Kuratowski's klassieke
voorbeeld, zijn hier ook de quasicomﬁonenten van ruimte\

\{dispersiepunt} en niet alleen de componenten eenpuntig.

VIT

Er bestaat een topologische groep waarin componenten en quasi-

componenten niet samenvallen.




VIIT

Het is dringend gewenst de studenten wezenlijk te betrekken bij
het bestuur van universiteit en instituten, niet alleen uit
principiéle overwegingen, maar ook omdat dit de mogelijkheid in-
houdt van een verbetering van de communicatie. Dit lastste is een
noodzakelijke voorwaarde voor de oplossing van de huidige pro-
blemen van het tertiair onderwijs, zoals de bewustwording van de
functie en de maatschappelijke consequenties van dit onderwijs

en research. Tegen deze problemen zijn de universitaire docenten
niet opgewassen gebleken. Men kan er bovendien terecht aan twij-

felen dat de wet Veringa hiervoor enige oplossing zou bieden.
IX

Een promotie in de wiskunde is in de huidige vorm een merkwaardig
ritueel, o.a. omdat er door de voortschrijdende specialisatie niet
aan het oorspronkelijke doel, "de geregelde discussie", beant-

woord kan worden.

X

Zowel uit pedagogisch als practisch standpunt verdient het aan-
beveling een consequenter en beter gedefinieerd notatiegebruik in
de wiskunde te stimuleren en vooral op colleges toe te passen.
Bij voorbeeld bij differenti&ren (de rol van de x in d/dx), haak-
jes (die voor teveel gebruikt worden), het verschil tussen con-
stanten, vrije variabelen en gebonden variabelen, bi] verzame-
lingsalgebra, bij stochasten (waar een wezenlijk ander soort
"definitie" en notatie wordt gehanteerd dan in de zuivere wis-
kunde, die op de verzamelingsleer gegrondvest is), het verschil
tussen materiéle implicatie en "hieruit volgt", de o en O van

Landau en onbepaalde integralen (die klassen van functies zijn).




