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VOORWOORD

De studie die het onderwerp is van dit proefschrift is in de
jaren 1958 en 1959 gemaakt op het Koninklijke /Shell-Laboratori-
um, Amsterdam (Shell Internationale Research Maatschappij,
N.V.). Bijzondere dank ben ik verschuldigd aan de directie van
dit laboratorium voor de toestemming tot publikatie en de vele
administratieve hulp welke mij verleend werd,

Van de velen die tot mijn wiskundige vorming bijdroegen wil
ik in het bijzonder vermelden Prof,Dr. J,.Droste van de Rijksuni-
versiteit te Leiden wiens assistent ik gedurende 3 jaar mocht zijn
en wijlen Prof.Dr.D.van Dantzig, onder wiens leiding ik gedu-
rende ruim 1 jaar op de statistische afdeling vanhet Mathematisch
Centrum gewerkt heb en die aanvankelijk als promotor zou optre-
den. Mijn huidige promotor, Prof.Dr.Ir. A, van Wijngaarden benik
zeer verplicht voor =zijn bereidheid als promotor op te treden
toen de studie reeds in een vergevordérd stadium was,

De voortdurende belangstelling en de vele stimulerende op-
merkingen van Dr.R.J.Lunbeck en J.F.Benders worden met
dank vermeld, De nieuwe numerieke versie van de simplex me-
thode welke in dit proefschrift wordt gerapporteerd is gegroeid
uit discussies met D, M. Carstens, D.R,Horner en H.J.Krajen-
brink. Het waardevolle commentaar van E.M, L. Beale met be-
trekking tot een eerdere versie van de methoden der toelaatbare
richtingen droegveel bij tot de uiteindelijke ontwikkeling van deze
methoden.
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1. INTRODUCTION

1.1 History

Mathematical programming is concerned with the problem of
maximizing or minimizing a function of variables that are re-
stricted by a number of constraints. Interest inthis problem arose
in economics and management sciences, where it was realized
that many problems of optimum allocation of scarce resources
could be formulated mathematically as programming problems.
The introduction of large, high-speed electronic computers,more-
over, made it possible in principle to obtain numerical solutions,
provided efficient mathematical methods and computational tech-
niques could be developed. These methods cannot immediately be
derived from classical tools, such asthe method of Lagrange mul-
tipliers. The latter has effectively been appliedto extremum prob-
lems in which the variables were only restricted by equality con-
straints but it is hardly, if at all, possible to extend sucha method
to inequality-constrained extremum problems. Moreover, mathe-
matical programming problems nearly always consist of many
variables and constraints -there may be several hundreds or even
more - and to a large extentit is this property whichdistinguishes
them from classical extremum problems and which makes the
development of efficient computational techniques necessary,

A great stimulus was the development by G.B.Dantzig of the
simplex method for the linear programming problem, i.e. the
problem of optimizing a linear function of variables restricted by
a number of linear inequality and equality constraints. A sur-
prisingly large class of industrial and business problems could be
formulated as a linear programming problem, sometimes after
linearization of the objective function or part of the constraints.
The bibliography, composed by Riley and Gass [33]1), comprises
hundreds of case study references.In many cases linear program-
ming has contributed much to better decisionmaking and a better
understanding of the problems in business and industry.Computer
codes have been written for various computers and are used ex-
tensively all over the world. Attention has also been paid to linear
programming problems with a special, simple structure like the
transportation problem or more general network prcblems. Some
textbooks on linear programming have been written. The mathe-
matical and computational theory can for instance be found in [22]
and [36].

I\/Ean; practical problems, however, could not or hardly be re-
presented by a linear programming model. Therefore, attempts
were and are made to develop more general mathematical pro-

1) Figures between square brackets refer to the references at the end of the book.
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gramming methods. A survey of existing methods which does not
intend to be complete will be given in the next section.

1.2 Curveni Status of Mathematical Programming

The following three aspects can be distinguished in mathemat-
ical programming:

1. The applicational or technological problem, i.e. the formu-
lation of the model, the gathering of the data, the interpretation
and study of the results, etc.

2. The mathematical problem, i.e. the development of mathe-
matical techniques for a certain class of models.

3. The computational problem, i.e. the study of the computa-~
tional aspects of a mathematical method and the development of
computer codes for it.

Thesethree problems are of course not independent. The math-
ematical models, for instance, will be adapted as far as possible
to the methods available. The linearizing of non-linear constraints
or of the objective function which has been done with a view to
applying an existing linear programming method is an example of
this. A study of the computational aspects of the method and com-
putational experience with it will often lead to improvements in
the method itself. Some questions like the accrual of rounding-off
error and the speed of convergence can hardly be studied in an-
other way than computationally, Finally, the computer, more than
the theory will show whether a method is good in practice or not.
The facts which make the simplex method so useful are not its
theoretical finiteness or anti-degeneracy precautionsbut the com-
putational experience that the number of iterations needed is sur-
prisingly small, even in larger problems, that the rounding-off
error is much less serious in practical problems than theoreti-
cally estimated and that an anti-degeneracy precaution is not nec-
essary in practice. ’

Mathematical programming problems can be divided into four
classes:

1. Deterministic, continuous models: the set of points, satis-
fying all constraints, - to be called feasible'region - is connected;
the objective function, i.e. the function to be optimized is con-
tinuous.

2. Deterministic, discontinuous models: the feasible region is
not connected or (and) the objective function is not continuous,

2. Stochastic models: the coefficients in the constraints or
(and) in the objective function are random variables,

4. Dynamic models: the coefficients in the constraints or (and)
in the objective function are dependent on a parameter (¢.g. the
time). For each value of this parameter we now want to solve the
problem.,

In the first class we can find:

a. Linear programming,

Most of the work on this subject has already been completed, as
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follows from section 1.1, Attention is still being paid to the com-
putational aspects of the simplex method as follows from part II
of this monograph. Quite recently special methods have been pro-
posed by Dantzig and Wolfe [16], and independently by Benders
[6], for the solution of very large linear programming problems
which use the simplex method in a number of smaller sub-prob-
lems and may be more efficient if the problem has a special, re-
petitive structure.

b. Quadratic programming, i.e. the problem of minimizing a
convex quadratic function, subject to linear constraints. Several
methods have been devised for this problem by various authors,
Those of Beale [3] and Wolfe [39] are direct extensions ofthe
simplex method, those of Frank and Wolfe[20] and Zoutendijk
[40], chapter 10 of this monograph, use the simplex method for
the solution of a number of sub-problems.

c¢. The problem of minimizing a general convex function, sub-
ject to linear constraints. Most of the methods developed for this
problem can be considered as large-step gradient methods. We
mention those of Frank and Wolfe [ 20], Rosen {34] and Zouten~
dijk [40], chapter 11 of this monograph. If the convex function to
be minimized is separable, then a linearization of the objective
function can easily be accomplished as has been pointed out by
Charnes and Lemke [9]. An interesting analogy between mathe-
matical programming problems of-this kind and electrical net-
works has been shown by Dennis [17]. ,

d. Convex programming, i.e. the problem of minimizing a
convex function (or maximizing a concave function) in a convex
region. Methods for this problem have been developed by Arrow
and Hurwicz [1], whose method is a small-step gradient method,
by Zoutendijk [40], chapter 11 of this monograph, by Kelley, and
by Cheney and Goldstein [10]. The convexity assumbption plays an
important role in these problems; without such an assumption the
existing methods either do not work or they lead at best to a local
optimum, so that one is never sure whether or not the global op-
timum has been found.

In the second class we have for instance:

a. Integer linear programming, The solution has to satisfy the
additional requirement that it consists of integers. Methods for
the case that all variables have to be integers have beendeveloped
by Gomory and by Benders, Catchpole and Kuiken.

b. Mixed discrete /continuous programming. Only part of the
variables in the optimum solution must be integer-valued. Many
well-known case studies can be formulated as a mixed program-
ming problem, e.g. the travelling-salesman problem and the
fixed-charge problem. Methods for solving this type of problem
have been proposed by Beale and by Benders,

In the third class we havethe chance-constrained programming
problems. A simple example is a linear programming problem
with a stochastic requirements or objective vector. Although
some Special problems have been studied, there are no general
methods available at this time, which can cope with large prob-
lems of this type. '




Finally the dynamic models can often be solved by using Bell-
manns dynamic programming [ 5]. In many cases the problem can
also be formulated in a static way which may then give rise to a
large linear programming problem.

1.3 Scope of the Monograph

The study which is the subject of this monograph is concerned
with the mathematical and computational aspects of the linear,
quadratic and convex programming problem. The most important
results are:

1. The development of a new computational algorithm for the
simplex method, to be called revised product-form algorithm
(chapter 4). It is shown in chapter 5 that this new algorithm can
be expected to lead to less computing time per iteration thanany
existing algorithm.

2. The development of a number of methods for the convex
programming problem, to be called methods of feasible directions
{chapter 7). These methods are finite in the linear and quadratic
case (chapters 9 and 10).

3. The discovery of an equivalence between many existing
methods for the linear, quadratic or convex programming prob-
lem and the methods of feasible directions.

Apart from an introductory part I, consisting of this chapter
and a chapter in which the mathematical theory of linear and con-
vex programming is studied, the monograph can be dividedinto
two parts. In part II (chapters 3-6) the linear programming prob-
lem will be considered. After a brief description of the simplex
method, dual simplex method and primal-dual method (chapter 3),
the computational aspects of the first two methods are dealt with
(chapter 4). To existing algorithms as the straightforward, the
explicit inverse and the product-form algorithm, the revised prod-
uct~-form algorithm will be added. In this new algorithm a better
use is made of the fact that practical linear programming prob-
lems only have a few non-zero matrix elements. Especially the
calculation of the shadow prices and the re-inversions are per-
formed more efficiently. Another improvement is that a compu-
tational advantage is obtained from variables going into and out of
the basis again and again, A theoretical comparison of the differ-
ent algorithms in chapter 5 will show that the new algorithm leads
to by far the fastest iterations. The number of iterations is not
reduced by applying the new algorithm. The development of {ricks
which will reduce this number may be an important subject for
future research. Finally, chapter 6 will link the two parts of the
monograph since in this chapter some special linear programming
problems will be considered which will occur as sub-problem in
the non-linear programming procedures of part III. It will be
studied how the revised product-form algorithm can be applied to
their solution,

In the third part of the book the methods of feasible directions
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are studied. They are iterative procedures for the problem of
maximizing a concave function in a convex region and satisfy the
following rules:

1. The initial solution to start the iterative procedure with
must be feasible, i.e. satisfy all constraints,

2. From a feasible non-maximum solution a new feasible one
is constructed with a higher value for the objective function. This
process is repeated until to further increase in value can be ob-
served.

3. The sequence of values for the objective function converges
to the maximum value of the function restricted by the constraints
provided such a maximum value exists. Otherwise this sequence
tends to infinity.

The second rule can be subdivided into:

2a. the determination of a usable feasible direction, i.e. a
direction in which we can make a finite step such that we are still
within the feasible region and have obtained a higher value for the
objective function;

2b. the determination of the length of the step to be taken in
that direction.

Methods of feasible directions can be regarded as long-step
gradient methods and should be distinguished from the small-step
gradient methods which have also been applied successfully to the
solution of convex programming problems {1]. It is clear that
many existing methods are actually methods of feasible directions,

Chapter 7 will be concerned with the general theory of the
methods of feasible directions. It will appear there that, depend-
ent on the normalization used in the determination of the direc-
tions, several different methods can be devised. There is thus an
interesting analogy with the results of Hestenes and Stiefel [25],
who showed that several existing methods for solving systems of
linear equations are actually methods of conjugated directions and
only differ in the way they fixthe directionsby additional require-
ments. Five different normalizations are mentioned in chapter 7.
It is not difficult to find other ones. With each normalization we
obtain a direction-finding problem which can always be solved by
means of the simplex or dual simplex method. The remainder of
chapter 7 is devoted to methods for finding an initial feasible
point, to the determination of the step length, to proofs of con-
vergence and to the consequences of a relaxation of the convexity
assumptions.

The computational consequences of the different normalizations
will be studied in chapter 8. Here it will be shown how the revised
product-form algorithm can effectively be applied to the solution
of a direction-finding problem and how the final information of a
direction-finding problem can be used to speed up the solution of
the next one.

Chapters 9, 10 and 11 will be concerned with the application of
the methods of feasible directions to the linear, quadratic and
general convex programming problems, respectively. In each
chapter the procedures will be schematically outlined. Some
further results are:




_ 1. By also considering the idea of conjugated directions, we
obtain a number of finite methods in the case of quadratic pro-
gramming,

2. One of the normalizations used appears te lead to a method
equivalent to the simplex method itself in the linear programming
case and to Beale's method in the quadratic case. The procedure
based on this normalization can therefore be considered as an ex-~
tension of the simplex method to non-linear programming.

3. Another normalization appears to lead to a method equiva-
lent to the primal-dual method, so that the corresponding proce-
dure can be considered as an extension of the primal-dual method
to non-linear programming.

4. Methods of feasible directions, in the form as proposed in
this monograph, are capable of solving very large linear pro-
gramming problems by means of a sequence of smaller sub-prob-
lems, so that they contribute to a solution of the important prob-
lem of solving very large linear programming probléms of a
special structure.

1.4 Notation

Throughout the book use is made of matrix notation, Matrices
are denoted by capitals, column vectors by roman characters and
row vectors by using the transposition symbol T. The only excep-
tions to this rule occur in the computational theory of the simplex
method, where, in accordance with the literature on this subject,
some special vectors are denoted by greek characters. In all
other cases greek characters will denote scalars. A vector ine-
quality x = y means that every component of the vector x is less
than or équal to the corresponding component of y, In x =0, the
symbol 0 denotes a vector consisting of zero's only. The compo-
nents of a vector x are denoted by x;, whereas xV is the v-th vec-
tor of a sequence (having components xj\’). A set can be denoted,
either by mentioning all elements withinbraces,e.g, I ={1,...,mi,
or by giving the properties which define the set, e.g.

R=i{x |Ax<b, x20}.

If F(x) is a function of the vector x and if R is a set of vectors
(points) x, then the notation Max {F(x) | x € R} stands for the limes
superior of F(x) under the condition x € R. Strictly speaking the
term "Max" can only be used if it is known that'there is a vector
x € R for which F(x) is maximum. We also use it if this isnot known,
in accordance with the literature on the subject. We shall also
speak of the mathematical programming problem Max {F(x) IX'E R}
and then we are concerned with the following questions:

1. Is there a vector x belonging to R ?

2. If R is non-empty, does F(X) have a finite maximum on R?

3. If the maximum of F(x) on R is finite, what is the value of
this maximum and for which vector x is it attained ? If there are
more vectors x ¢ R for which this value is attained, we shall be
content with one of these vectors.




At some places we shall use the operators Vand 3.
"V, (x € R) F(x) Sm'" stands for "for all x belonging to R we have

that F(x) = m holds'};
"y x e R, F(x) = m' stands for "there is a vector x belonging to R

for which F(x) = m holds".




2. THEORY OF CONVEX PROGRAMMING

2.1 Introduction

As already pointed out in chapter 1 the convex programming
problem deals with the minimization of a convex function on a
convex set (or the maximization of a concave function on a convex
set), In this chapter the mathematics of this problem will be
studied. In the first three sections some attention will be paid
to the theory of linear inequalities, to semi-definite matrices and
to convex functions. No attempt will be made to give a complete
survey of these fields. Sections 5 and 6 will then be concerned
with the linear andthe convexprogramming problem respectively.

2.2 Theory of Linear Inequalities

Let A be an m by n matrix, p and x n~component vectors; the
elements of A, x, pas well as of all other matrices and vectors
to be defined later on will be real numbers. Hence the rows of A
and the vectors p and x can be considered as points in an n-di-
mensional Euclidean space E,. The suffix T will denote trans-
position.

The main theorem in the theory of linear inequalities is Far-
kas' theorem [18]:

Theorem 1: If for all vectors x satisfying a system of linear ine-
qualities Ax =0 (Ax < 0) we have that pTx =0 (pTx < 0), then p is
a non negative linear combination of the rows of the matrix A:

p= AT u, u =0 being an m-~component vec‘cor

Proof: Let C = {y € Eql3uu=0, y=ATu]. The setC is a convex
polyhedral cone in n-space, Hence if y ¢ C, thenA y € C for all
Az 0 and if y; and yp € C, then y; + y, € C. We shall show that if
. p is a vector not belongmg to C, a vector x exists satisfying
Ax > 0 and pTx < 0. This will prove the theorem. Hence assume
p ¢ C. Let q be the pro;]ectlon of p onC and r = g - p. It follows:
1. For all y e C, (g- (y q) 0; for, if<0 there would have
been a point on the segment joining y and q closer to p than q is.
As this point belongs to C, it follows that q could not have been
the projection of p on C.

2. r¥q = 0; for, if ¥ 0 there would have been a point on the line
through the originand q closer to p than g is. As this point belongs
to C, it follows that q could no’c have beenthe projection of p on C.

From 1 and 2 we obtain r y>0 for allyeC.If ai’ is the i-th
row of the matrix A, so that a;T = T A (e; being the i-th unit
vector), it follows that for the correspondmg point in n-space
holds a; e C; hence rTa;, =0 or a;.” r 20, so that Ar x> 0 holds.
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Since moreover pIr = gTr - rTr = - rTr <0 we see that r is the

vector looked for.

Theorem 2: The sets of linear inequalities A x = 0, ATu =0,

u=0 always have a solution x', u', satisfying Ax'+ u'>0 and

u;' a T x! 0 for all i,

Proof: If a;.T x <0 for all x satisfying Ax >0, then by Farkas'

theorem -aj. ATu for some 4 =0, so that A Tyl = 0 would hold

for some Vector uwt = 0 with u;' > 0. Hence either a;.7 x? >0 for

some x! satisfying Axt =0, or ATul = 0 for some ui = 0, ut >0,

Define ul = 0 in the former case and xi = 0 in the latter so that

m m

a;. T x! + ui >0 will hold for all i, Let x' = Z x' and u' = z ud

then:

1. Ax'= 0 follows from Ax! > 0 for all i,

2. ATu' = 0 follows from ATu' = 0 for all i,

3. u'=0 follows from ut > 0 for all i,

4, Ax' +u'>0 follows from a;.. x* + ui" =20 for all r and > 0 for
r=1i.

5. u! 8 x' = 0follows from u;" a;T x' = 0 for all h.

This proves the theorem.

Theorem 2 was first formulated by Tucker [35] and is called
the "key theorem'. A direct elementary proof can be found in a
paper by Good [24]. From the key theorem it is not difficult to
derive Farkas' theorem as wellas many other theorems concern-
ing linear inequalities, for instance:

Theorem 3: The system of linear inequalities Ax < 0 is inconsist-
ent if and only if ATu = 0 for some uz 0 and u; > 0 for atleast one
i, hence if and only if one of the rows of the matrix A islinearly
dependent with non-positive coefficients on the other rows of A,
Proof: From the key theorem we know that vectors x', u' exist
satisfying: -Ax' = 0, ATu' = 0, u' = 0, and -g71 x' +u1' >0, 1f
u} = 0 for all ithe system 3l x<0 would have a solution,namely
x', so that if this system is inconsistent we necessarilyhave
ATu = 0, u=0 and u; > 0 for some u and i. On the otherhand
if ATu = 0, u= 0 and u; > 0 for some u and i, we shall have
for all x that xTATu = 0 or uTAx = 0 and for all x satisfying
Ax < 0 that a;T x = 0 if u;> 0. Hence no x can satisfy a;7 x< 0

for all i, so that this system is inconsistent.

Corollary: From the key theorem it also follows immediately that
u can be chosen such that u;> 0holds for all i satisfying (for all x)
a;T x = 0if Ax <0,

1

2.3 Sewmi-definite Matrices

A square and symmetric matrix C will be called: positive def-
inite if sTCs > 0 holds for any vector s # 0; positive semi-definite
if sTCs = 0 holds for any vector s; negative (semi-)definite if -C
is positive (semi-)definite.
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Theorem 1: Any principal minor of a positive (semi-)definite
matrix is again positive (semi-)definite.

Proof: Let the principal minor P of C consist of those rows and
columns of C for whichieI;ci= {1, ...,m}. Let s; be arbitrary
ifielyand = 0ifi¢ I;. Then

m m
0 §,STCS = z Z Cij; 8 85 = Z z Pij Si 5,
i=1 j=1 ieljjely

which proves the theorem. Strict inequality will hold if C is posi~" .
tive definite and s # 0.

Corollary: The diagonal elements of a positive (semi-)definite
matrix are always positive (non-negative).

Theorem 2: If C is positive semi-definite and sTCs = 0, then
Cs = 0.

Proof: 0 < (t + As)TC(t+ As) = tTC t + 2AtTCs for all n-compo -
nent vectors t and scalars A. ‘Hence tICs = 0 for all t from which
we obtain Cs = 0, '
Theorem 3: If C is positive definite, then C! exists and is also
positive definite.

Proof: Let C be positive definite. Suppose C has a vanishing de-
terminant, so that the system of linear inequalities Cs = 0 would
have a non-trivial solution s', then (s')TCs' = 0, ' # 0 would hold, ~
contrary to the assumption that C is positive definite. Hence C-!
exists, Take s arbitrary # 0 and callt =C-ls, We thenhavet 4 0
and sTC-'s=sTCICC"!'s = tTC t > 0, Hence C-! is positive def-
inite.

Theorem 4: If A is an arbitrary (possibly rectangular) matrix,
then AAT and ATA are positive semi-definite.

Proof: sTAATs = (sTA)(ATs) = tTt » 0 if we define t = ATs,
Theorem 5: A symmetric and idempotent matrix is positive semi-
definite.

Proof: Let A be symmetric and idempotent; hence AT = A and
A? = A, so that A = ATA, From this and theorem 4 the semi-def-
initeness follows.

Theorem 6: Letthe positive semi-definite matrix C be decomposed

QQ

N
as C = gT S)' where P is n; by n; and positive definite, S is ny by

ng and positive semi-definite (n; + ny = n)rand Q is an n; by ng
matrix, Then the ngby ngmatrix -Q¥*P-1Q +S is also positive
semi-definite, -

Proof: Let x = (5};1) where x; has nj; components and xg has nyg
components, 2

We have

P Q\/x1 T T T
0< (x,7, x27) <QTS><§2>: x5 Px +2x% Qx+ % sz.‘
Take x; = —P'lQXZ. Hence

sz QT P‘le2 -2 sz QT P'le2 + XzT Sxo> 0
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for any vector %,, or x¥ (- P1Q + S)xyi= 0 for any vector xy,
which proves the theorem,

Let C be a positive definite matrix and p an n-component vec-
- tor. We shall consider the system of linear equations Cx = p and
perform the following procedure:

1. Take x° arbitrary, call g=p - Cx% take a vector s® ¥ 0 and
define,

. 04T o 0
Xo =(‘§§73%vand = x% Ags, (2.3.1)

2. Having already found the points xP, vectors s! and scalars Ay
forh=0,1,..., k-1 we define

S S S = (2.3.2)
and
gk=p -CxX,  (2.3.3)

For s we now take a vector, satisfying
(syICsk = 0, h =0,1,..., k-1 and sk # 0, (2.3.4)

provided such a vector exists,
and define:
_ (gk)T Sk
k (Sk) TC sk :
We stop if such a vector does no longer exist,
We now have:
Theorem 7: The vectors s generated by the above mentioned pro-
cedure are linearly independent,
p p-1
Proof: Suppose z up s = 0 and Z up s" # 0, so that u, # 0.
0 0

(2.3.5)

P
Hence » u; C s" = 0. Since (sH)TC " = 0 for h = 0,1,...,p-1,
0
we have uy(sP)'CsP= 0. Since u, # 0 it follows that (sPyIcsP= 0,
hence sP ='0, From this it follows that the vectors s are linearly
independent.
Corollary: The procedure ends after a finite number k (<n)of

steps.
P k-1
0 k

Theorem 8: Let % = x'+ z Ap 8B, hence T = xK,
h=0

Then X solves the set of linear equations Cx = p.

Proof: Let 8 = p - CX and suppose g # 0, so that a vector s exists

with gTs # 0 (we can take s = g).
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k-1

Lets = Z Uy s" + t with Un =T§‘2§)§’_L%S§h
h=0
Hence k-1
(shTC t = (sH)TCs - > uy(sh)TC s" =
h=0
= (sh)TCs - pi(s")TCs* = 0fori=0,1,..., k-1.
k-1
Now for all i the relation g = gl - M C gh holds, so that
' h=1

gTst = (gh)Tst - N(sHTCsl=0fori=0,1,...,k-1.

Consequently gTs = g7t 4 0, so that t would be a vector satisfying
t #0and (s1)'Ct =0fori=0,1,..., k-1, contrary tothe as-
sumption that such a vector does not exist in xX, Hence g = gk 0
cannot hold, which proves the theorem.

The directions s are called conjugated directions. They are

not uniquely determined. Many methods for solving systems of
linear equations are actually working with conjugated directions
and differ only in the way they fix the vectors s' by means of ad-
ditional requirements as has been pointed out by Hestenes and
Stiefel [25]. Among them are the Gauss elimination method and
the conjugate gradients method.

2.4 Convex Functions and Regions

Let F(x) = F(xy,...,%y) be a function of the n realvariables
¥q,...,%,, hence of the vector x ¢ E,. We shall suppose that F(x)
ig differentiable with continuous partial derivatives, Hence; if the
gradient vector in x is denoted by g(x), i.e.

[g(xBT =ia_x1’ ceeagx P

{2.4.1)
the components g;(x) are continuous functions of x.

A function F(x) will be called convex .if linear interpolation
between values of the function never underestimates the real
value at the interpolated point; F(x) will be concave if -F(x) is
convex, Hence, for any two vectors x and y and any scalar A,
"0 < A<l, F(x) is convex if

F{(1-Mx + Ay] = (1-M) F (x) + AF(y), (2.4.2)
and concave if 7

F{(1-0)x + Ay }=(1-0)F (x) + A E(y). (2.4.3)

A function F(x) is strictly convex (concave) if sirict inequality
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holds in (2. 4.2) ((2.4.3)) for x # y. It is clear that a linear func-
tion is convex as well as concave but neither strictly convex nor
strictly concave. We have the following theorems:

Theorem 1: F(x) is convex if and only if the one dimensional func-
tion @(A) = F(x + A s) is convex for any two vectors x and s,

Proof: The "only if" part is trivial. Now suppose @(k) is convex
for any two vectors x and s. Take x and y € E, arbitrarily, call
y - x = 5, then

F{(1-M)x + Ay}= F(x +As) = ¢(A) = ¢ {(1-1).0 + A1} <(1-A)g(0) +

+Ap(1) = (1-MF(x) + AF (y), q.e.d.

Theorem 2: If xPe E for h = 1,...,m and F(x) convex, then
m ) m

2 g 2 Fe.

h=1 h=1

Proof: The theorem holds for m = 1 or 2. Suppose it holds for m.
We shall prove that it then also holds for m+1:

Fi

B~

1 ml h m 1 h 1 +1
Fzm+1 ZX}=F§m+1'_r—n Zx+m+lxm }g
h=1 h=1
m 1 m 1 1 m+1
Sort Flm O * P o FO™) Sqgr D FiD, a.end.
h=1 h=1

Theorem 3: The following statements are equivalent:

1. F(x) is convex;

2. F(x9) - F(x1) > g(xl)T(x2 - %) for any two vectors x; and
xge Ey; N

3. g(x + A s)Ts is monotonously non-decreasing as a function of A
for any x and s;

and when all second partial derivatives exist and form a matrix
C(x):

4, C(x) is positive semi-definite for any x € E,,

Proofs: 1——2. Let F(x) be convex. Hence, for any twovectors
x1 and Xy e Ey:

FIA-Nx,+ Axo i< (1-N) F(xy) + MNF(x0) , 0< A<, or
F{(x1+ M (xo-xM = F(x1) + MF(x) - F(xy)}, or

Fix+X(o-%)]-
A

PR i< rixy) - F(x,). (2.4.9)

Taking the limit for A—> 0 we obtain

g(x)T(xy - %) = F(x9) - F(xy). (2. 4. 5)




14

2—3. ¢(A) = F(x +As) is convex, so that by (2. 4.5) we have:

P'(A) (Ma-M) = o(Ro) ~ 9(Ad),
P'(Ag) (A-Ag) < P(Ag) - P(Ap).

Hence if Ag> N we obtain:
~oeh ’
P'(A)= m‘z—};—z—:xqff—l—)é ¢'(h9, (2. 4. 6)

so that 9'(\) = 2'(A9 or gxhis)Ts < g(x+hss)Tsfor M < Ag, qee.d.

3——>1.Suppose g(x+As)Ts is monotonously non-decreasing as
a function of A for all x and s. Hence ¢'(A) < 9'(hg) if A< As.
We have, if 0 <l <1 and Ay> Ay

1
0= whg-ny) f AT [9" M+ T(Ae-M) - 9 A1+ p T (he-h1) ] =
R

= (1-R) @ (A + 1 p(hg) - @ {(1-p) M+ Ag),

from which the convexity of ¢(A), hence of F(x), follows.

3——4. From (2.4.6) we obtain ¢"(A) = 0 for all A, hence

sTC(x+As)s = 0 for all x, s and A, so that s C(x)s = 0 will hold

for all x and s, from which the positive semi~definiteness of C(x}

for all x follows.

4——3. If C(x) is positive semi-definite, then sTC(x + As)s = 0

for all'x, s and A; hence 9''(A\) = 0 for all A, from which ittrivially

follows that ¢'(A) is monotonously non-decreasing.

Corollaries:

1. If F(xy < F(x;) and F(x) convex, then g(x;)T(xg - x1) < 0 (fol-
lows from (2. 4. 5)).

2. If g(x)T(x -x) = 0 for all x and F(x) convex, then F(x) has a
minimum in x4

3. The quadratic function F(x) = pTx + +xTCx is convex if and only
if the n by n symmetric matrix C is positive semi-definite.

Theorem 4: A positive linear combination of convex functions is
again convex and strictly convex if at least one of the functions is
strictly convex.

Proof: Follows immediately from the definition of convexity.

Let I be a finite or infinite set of indices, let a; be a vector and
b; a scalar for all i € I. Then we have:

Theorem 5: If F(x) = sup {aiTx - b; [i e I, then F(x) is convex,
Proof: Take x; and x € E, and 0.< A < 1:
F {(1-Nx,+Axy] = sup [aff {(1-N)x +Axg]- b;] <
1

= (1-N) sup fa;T %y -by}+ M sup fal x,-b;}= (1-N) F(x)) + A F(xy).
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Definition: A set R in n-space is convex if it contains with any two
points x; € R and %3 ¢ R the segment joining x; and x5, i.e. if:

Vixls Xg (x1,% € R) | XI 1, 0= A<l x=(1-N)x +A XZE CR.

The following theorems will hold:

Theorem 6: The intersection of a finite or infinite number of con-

vex sets is convex,

Proof- Let R; be convex for ie I and let xl and %, € NnR; and
=\ g1, xl and Xo, hence (1-M% + A%, e R; for alli, hence

€n Ri, q.e.d.

Theorem 7: I f;(x) are convex functions of xe E;, 1 ¢ I andif b;

are scalars, then

= {X{Vi (i € I) f;(x) < by} is convex and closed.

Proof: Let R; = {x| fj(X) < bj; then R = n R; and it suffices to
prove that R; is convex and closed. Let x; and %, be arbitrary
points of R; ‘and 0 < M <1, then £;§(1-A)x;+ A Xg } = (1-A) f£5(xq) +
+ M(xe) < bl, hence (1- 7\)X1+M<2 eR;. fx;eRy, j= 1, 2
and x is a point of accumulation of this sequence " then f;(x)< by
follows from f;(%;) < b; for all j, hence x € R;, so that Ry 1s
closed.

Theorem 8: If R and F(x) are convex, then{x e R|F(x) <ml is a
convex (possibly empty) subset of R for each number m.

Proof: Ry ={x| F{x) < mlis convex for each m. We further have:
{x eR|F(x )<m}-RnR1

Theorem 9: Any local minimum of a convex function attained on a
convex set is a global minimum. The set of all these minima is
convex,

Proof: Suppose that xye€ R and x5 € R are local miinima and that
F(x,) < F(xy) Would hold. From theorem 3, corollary 1, it then
follows that g(xl) (%5 - %1) < 0 holds, so that F(x) would decrease
if we go from x; in the direction of x5. Since the segment joining
x3 and x5, belongs to R, x; could not be a local minimum. Hence
F(x,) = F(x;) will hold. The second assertion follows immediately
from theorem 8.

Theorem 10: A strictly convex function has only one minimum on
a convex set or is unbounded below,

Proof: Let F(x)be strictly convex and let F(x,) = F(X5) for x; € R and
Xy, € R. From the strict convexity assumption it follows that any
point on the segment joining x; and %, will have a lower function
value, so that there cannot be two minima,

Theorem 11: Let f;(x) be convex with continuous gradientvector
qi(x) for i'=1,..., m and let R = {x|fj(x) <b;, i=1,...,m} be
non-empty. Then the system of inequalities f (X)<b will be in-
consistent if and only if non-negative numbers u ex1st Zou; = 1,
such that Zuj qj(x) = 0 and Zu; f3(x) = Zu; by for all x e R.

Proof: If non-negative numbers u; exist, Zu; = 1, such that
Z uj (x) Z u; b; for all x € R, then the system f;(x) < by,
1,...,m 1is necessarlly 1ncons1stent For, if, for some X,

f (x) < b should hold for all i and if u, >0, thenu, {,(X) < u, b;
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?lnildfor i4r, ufi(X) < u; by, so that £ u; £3(X) < = u b; would
old.

Now suppose the system fij(x) <bj, i=1,...,m is inconsistent.
Take a pomty e R, let £i(y) —b for i'e]; and fj (y)<b for 1iely,
I+ 1,={1,...m}, and suppose the system (y) s <0, iel,
t6 be consistent. It is clear that in that case f(y—i—?\s) <t (y) <b;
would hold for some A> 0 and all i, contrary to our assumptlon
Hence the system of linear 1nequa11tles q; (7)Ts <0,ie I;, will be
inconsistent, so that by theorem 3 of sect1on 2. 2 non-negative
numbers u; can be found, u; > 0 for at 1east one i or equivalently

z u; = 1, such that Z u;q,(y) = 0 or Z u; q(y) =0, w = 0if

iely i=1
m m
fi{y) < b;. Hence Z u; £ (y) = Z u; b; will hold. Bytheorem 3 the
i=1 i=1

function X u; f;(x) is convex; its gradient vector equals zero in
the point y € R, so that the function assumes a minimum there
(corollary 2 of theorem 3). Hence, for all x, Z u; £;(x)=Z u; fi(y) =

= Zu; b; but, forxe R, Zu; f(x)<2u b;. ‘Hence 2 u § (x)= Zu by
will hold for all x e R by y = 1. Moreover any x € R Wlllbe an
unrestricted minimum of & w; £;(x), sothat X u; g;(x) = 0 will hold
for all x € R. This completes the proof.

Corollary: If the system f;(x)< b; is inconsistent and if £ (x) = b,
holds for all x € R, then the quantities u; of theorem 11 canbe
chosen such that u; > 0 holds. This follows from the corollary of
theorem 3, section 2, 2,

We have thus proved that, if for no x the system f;(x) < b; can
be satisfied for all i, the outward pointing normals g,(x) in any x
satisfying f;(x) < b; for all i will be linearly dependent with non-
negative coefficients which do not depend on x.

An example of such a system is %2 + y <0, x2-y<0, z<l.
For no x, y and z can this system be satisfied. The set R is the
line segment x = 0, y = O, z <1, We have 9T = (2 x, 1, 0),

9" = (2 %, -1, 0) and q3 = (0, 0, 1), sothat q,+ g, = 0 holds
for all x € R,

Theorems 1-5 and 7-11 can also be formulated for concave

functions.

2.5 The Linear Progvamming Problem

Let A be an m by n matrix with rows a;T, i1 = {1, ..., mj],
columns aj, jeJ ={1,...,n} and elements a;;; let x and p be n-
component vectors, y and b m-component vectors. The linear
programming problem will now be defined as

Max [pTx | Ax <b, x =0}, (2.5.1)

i.e. the vector(s) x must be determined among those satisfying
the system of 11near inequalities Ax < b, x = 0, for whichthe
linear function pTx, to be called obJectlve functlon assumes its
maximum, or it must be concluded either that the system Ax <b,
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x > 0 will be satisfied for no x, in which case the problem will not
be feasible, or that for no x', Ax'<b, x'= 0, we have p'x < px'
for all x satisfying Ax <b, x = 0 in which case the maximum will
be said to be infinite.

It is clear that any linear programming problem - also those
with equality constraints or unrestricted variables - can be writ-
ten in the form (2.5.1). We shall sometimes write Ax +y =D,
y= 0 or AX = b, where

_ X

A=(AE) ;% =<y>, (2.5.2)
(E being an m by m unit matrix).
We define:

a. The constraint set or feasible region R: the convex polyhe -
dron in n space formed by the constraints Ax <b, x> 0

b. A feasible point or vector: any x € R or any x satisfying the
constraints. If such an x exists the problem will be called feasi-
ble. :

c. A basic feasible point or vertex: any x € R which cannot be
written as a convex linear combination of two other feasible
points.

d. An optimum feasible point or optimum solution: a vector x
which solves (2.5.1). It can easily be proved that if there is an
optimum solution, there will also be an optimum basic solution.

For each x € R we can define sets I(x)c I and J(x)c J suchthat
;T x = by if i € I(x) and a;T x < b; if i e I-I(x); xj =0 if j e J(x)
and x; > 0 if j € J-J(x). (I(x) may be empty or = I; J(x) may be
empty or = J).

A direction s in x will be called feasible if none of the con-
straints will be violated by making a sufficiently small step in the
direction s, i.e. s is feasible in x if

I,A >0, x+AseR. (2.5.3)

A

For a direction s to be feasible in x it is necessary and sufficient
that

a;T s<0ifiel(x),

o s 2.5.4
8= 01if j e J(x). ( )

A feasible direction in x is usable if in addition:
pTs >0. (2. 5. 5)

A point x e R will be an optimum point if no usable vector
exists in x, hence if pTs < 0 for all vectors s satisfying (2. 5. 4).
We can now state:

Theorem 1: A point x ¢ R is optimum if and only if the objective
vector p can be written as a non-negative linear combination of
the outward-pointing normals in x, i.e, if non-negative numbers
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u; and vj (ie I(x), j € J(x)) can be found such that:

p; = Z W ay - z vi g,
iel(x) Jed(x)

where e; is the unit vector with 1 at place j.

Proof: Let x be an optimum point, so that p' s < 0 holds for any s,
satisfying ai,T 8 <0ifieI(x), and -s; <0 if j € J(x). We canthere-
fore apply Farkas'theorem (section 2.2, theorem 1) - which gives
us the result immediately. The reverse is trivial.

Hence in an optimum point x, y we have:

p=ATu-v, u=0, vz0,

uTy =0, vIx = 0, (2.5.6)

which we obtain by introducing u; = 0 if i € I-I(x), hence if y; > 0,

and vy = 0if j e J-J(x), i.e. if x; >0,
Let us now consider the linear programming problem:

Min {bTul Aiugp, uz=0} (2.5.7)

which we obtain from (2. 5,1) by:

1, interchanging the vectors p and b (i.e. objective vector and re-
quirements vector);

2. transposing the matrix A;

3. reversing the inequality signs;

4, interchanging maximum and minimum,

Problem (2.5.7) will be called the dual problem of the primal
problem (2. 5.1), Instead of ATu > Pp, we can also write ATy - v = p,
v = 0. )

We have the following theorems:
Theorem 2: The dual problem of the dual problem is the primal
problem.,
Proof: Follows immediately from the rules 1-4,

Theorem 3: If <;>and <$>are feasible s‘olutions of the primal and »
dual problem respectively, then pTx ngu.

Proof: pTx = uTAx - vITx = uTb - uTy - vI'x <bTu.

Theorem 4: If X‘,' is an optimum feasible solution of the primal

problem, then the dual problem is also feasible and for any opti-

1
mum solution(i,i)of it we have:

pTx' = bTu!, u'Ty" =0, vTx' = 0.

1
Proof: Let X, be "an optimum solution of (2,5.1). It thenfollows
]
from (2.5.6) that there exists a feasible solution<$}>of (2.5.7)
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with u'Ty’ = 0 and v'Tx' = 0. The proof of theorem 3 shows that
pTx' = bTu' will hold, so that 3: will ‘be an optimum solution.
This proof also shows that the relations u¥y! = 0, vix' = 0 will
hold for any other optimum solution of the dual problem.

Theorem 5: If{ > ~‘ and ggare feasible solutions of the primal and
dual problem respectively and if uTy = 0 and vTx = 0, then they

are optimum solutions.
Proof: Follows immediately from theorem 3 and its proof.

Bearing in mind that each equation can be written as two ine-
qualities and each unrestricted variable as the difference of two
restricted variables, one can easily derive the following theorems
(primes denote optimum solutions, if they exist).

Theorem 6: If the primal problem is: Max {pTx] Ax = b, x gO},
then the dual problem is: Min {bTu|ATu - v = p, v20} and the
duality relations are: px' = bTu'; v!Tx' = 0.

Theorem 7: If the primal problem is:

Max {pTx + qu‘ AX+y=b, x20, y =0},
then the dual problem is:
Min{bTu'ATu -v=p, ux=q, v= 0},
and the duality relations are:
pix' + qfy' = bTu',
vTx' = 0, uTy! = qTy'.
Theorem 8: If the primal problem is:
Max {plT Xq + pzT Xol A11 X1+ ApXg+ vy = by yi'= 0;
Ag1 X1+ Agg X 5= by; ¥, = 0},
then the dual problem is:

R T T T T i
Min {bl uy + b2 Ug All uy + A21 Ug = Vi = Pyg; Vg = 0;

AT ug + Ayl uy = py; oy = 0}

and the duality relations are plTxi +pplxh = bl ul + byt ul;
V'lT x] = 0; ul'Tyi = 0.

Hence the dual variable corresponding {u a primal equality will
not be restricted and a dual equality will correspond to an unre-

stricted primal variable.
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We always have the following rules:

1..the primal and dual solution have the same value;

2. the restricted variables of the two optimum solutions have the
so-called complementary slackness property.

2.6 The Convex Prvogramming Problem

Let {;(x) be non-linear convex differentiable functions of x ¢ E,
and i e Iy = {1, «...mylwith continuous partial derivatives. Let
a; be n-component vectors for i e Io={m;+1,....,m} and let b;
be real numbers for ie1=1; + . Further J={l,...,n}. Then
the convex region R will be defined by:

R={x|fi(x)<h, ielh; a;Tx<b;, ie I; x =0}. (2.6.1)

R will be called the feasible region or constraint set; any x ¢ R
will be a feasible point or vector. We shall sometimes write:

vi =b; - fi(x) =0, 1e Iy,

=bi‘aiTX§0,iE:[2. (2.6.2)
The gradient vector of f;(x) will be denoted by q;(x):
0 f; . :
9 (%) ={zz-, T=1,....,n}. (2.6.3)

3

If £f;(x) = b; for some x and i, then ¢;(x) is the outward-point-
ing normal of f;(x) in x.

We shall impose the following regularity condition on R:

Cl: Viielpd 3, xeR, fi(x)<by;.

Theorem 1: If Cl is satisfied then f;(x) <b; holds for some x ¢ R
and all i, i.e.

E;XX = R, Vi (1 € Il) fl(X)< bi'

Proof: Let, for all i ¢ I, xl ¢ R be such.that f (Xi)< b;. Take

3
x:%lz =, then by theorem 2, section 2.4 we have
h=1

s 1 M
£ g?n.l z xh;é.i.n_l z £3(x1) < by
h=1 h=1

since f;(x") < b; for all h and< b; for h = i,
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Let x e R, let Iy(x) ={i] £;(x) = by}, Ly(x) = {i[ a;"x = b;] and
J(x) = {j] % =0}
We now have:
Theorem 2: If C1 is satisfied, x € R and

z W q;(x) + Z W aj - Z vi e =0;u>0;vi =0,
iely(x) ieky (%) jed(x)

then u; = 0 if i e L;(x), i.e. in no x € R will one  of the ott-
ward-pointing normals of the non-linear hypersurfaces fi(x) = by
be linearly dependent with non-positive coefficients on the other
outward-pointing normals in that point.

Proof: Suppose u; > 0 for some i€ I;j(x), say u,> 0. The convex
function

z u fi(x) + Z w 4;¥x = Z vy xj'will equal z u;b; for all
iel,(x) iely(x) jed(x) iel(x)

xe R (I(x) = I;(x) + Iy(x)}. Hence,for no x e R, f,(x) <b, could hold,
contrary to condition C1.
Corollary: if C1 is satisfied and x ¢ R, i e Iy(x), then q;(x) # 0.

Let x € R. A direction s in x will be called feasible if we do not

immediately leave the region R-when making a sufficiently small
move.in the direction s, hence if 3, A >0, x + As e R.
Let S(x) be the convex polyhedral cone of all vectors s satisfying
q;(x)7s = 0 if 1 e Ij(x); ajTs <0if i e Io(x) and s;= 0 if j e J(x).
A necessary condition for a vector to be feasible in R is that
s € 9(x). I I;(x) is non-empty this condition will in general not be
sufficient,

In literature instead of our condition Cl we usually find the
condition C2 imposed on R: For all x e R any vector s e 3(x)is
tangent to an arc which is completely contained in the constraint
set. (See Kuhn and Tucker [28] and Dennis [17], p.133).

This condition can easily be shown to be equivalent to the con-
dition that for all x € R the closure of the cone of feasible direc-
tions S'(x) equals S(x). It is slightly weaker than C1, which fol-
lows from:

Theorem 3: Condtion C1l implies C2,

Proof: Suppose C1 is satisfied, so that, for some X.¢ R, fi(X)< by
will hold for all i e I;. Let x e R be arbitrary and consider’ the
feasible vector § = ¥ - x, We have q;(x)'§'< 0 for all i.e I;(x)
(theorem 3, corollary 1, section 2. 4). Let s € 5(x). For all A >0
it follows that q;(x)T(s + A§) < 0 holds for all i e Ij(x), so that
s+ AF e 8'(x) for all A > 0. This implies C2.

Hence condition C2 includes a larger class of constraints than
Cl does but examples where C2 is satisfied but Cl isnot are
rather artificial. In such examples f;(x) = b; will holdfor allxe R
and some i, say i e I ¢ I;. Neither Cl nor C2 seems to be a
serious restriction on R. It is perhaps worth mentioning thatif
C1 is not satisfied, replacement of all constraints f(x) < b; by
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fi(x) £ b; + €, & being a small positive number, will lead to a
feasible region R(g) > R for which C1 is satisfied (assuming that
R is not empty). The adding of ¢ can be restricted to ‘those con-
straints fj(x) < b; for which £;(x) < b; is impossible for any x e R,

Let F(x) be a concave differentiable function of x e E, with
continuous gradient vector g(x), let R, defined by (2. 6. 1),satisfy
condition C1, then the convex programming problem is defined by

Max {F(x) | x ¢ R} (2.6.4)

The function F(x) will be called the objective function.
A feasible direction s in x € R will be called usable if:

<d F(;(;- 7\S)> = g(x)Ts >0 holds.
A=0

Theorem 4: If no feasible direction in x ¢ R is usable, then x will
be a maximum of ¥(x) on R,

Proof: Suppose y € R can be found such that F(y)>F(x), Corollary
1 of theorem 3, section 2.4 states that in that case g(x)T(y-x) >0
holds (note that — F(x) is convex). Since y - x is a feasible direc-
tion it follows that it is also a usable direction. Hence, if no
usable direction exists, x will be a maximum of F(x) on R,
Theorem 5: A feasﬂole pomt x € R will be a maximum of F(x) on R
if and only if g(x)Ts < 0 for all s satlsfylng (x)Ts < 0 if i e Ij(x);
af s £ 0if ie Iy(x) and sz 0 if je J(x), %or all s e S(x).
Proof The "if" part is a trivial consequence of the definition of a
usable direction and theorem 4. To prove the "only if" part we
suppose that an s € S(x) exists, satlsfylng g(x)Ts > 0. From theo-
rem 1 we know that for some x' e R, fi(x") < b; will hold for all
iel. Lets' be x' - x, then q(x x)Tst < 0 for all ie Iy(x). Let
s(Ay = As + s', Clearly s(I_?\) is feasible for -all A = 0 since
9;(®x)Ts(M) < 0, 1 e I(x); s(M) 0, ielyx 2 and {s(?x)} =0,
j e J(x) will hold for all A >0 Moreover g(x) s being >0, \ “can
be chosen so large that g(x)Ts(A) > 0 will hold. Consequently x
cannot be a maximum point.

Remark: If condition C2 is imposed on R instead of C1, the theo-
rem is also correct. A proof can be found in [17], p.133-135.
Theorem 6: A point x € R is a maximum point of F(x) on R if and
only if the gradient vector in X is a non-negative linear combina-
tion of the outward-pointing normals in %, i.e.:

X maximume=sg(x) = Z uy qi(x) + I}: Ug ay -, ; Vi €y;
i €
iel () iely(x) jed(x) (2.6. 5)
uj= 0, vy = 0.

Proof: If g(x) can be written as in (2.6.5), right-hand member,
we have that g(x)Ts £ 0 for any s e S(x), so that, by theorem 5,
X is a maximum of F(x) on R. On the other hand 1f X is a maximum
of F(x) on R, then theorem 5 shows, that g(x)Ts < 0 for any s e S(x),
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so that the right-hand member of (2.6.5) follows from Farkas'
theorem (section 2.2, theorem 1).

Instead of (2.6.5) we can also write:

X maximume—s g(x) = Z ui gi(x) + Z U a5 - v;
iely iel, (2.6.6)

with y defined by (2.6, 2).

Kuhn and Tucker [28] have shown that the maximization of a
concave differentiable function F(x) in a convex region R defined
by x =0 and £;(x) < b;, i € I, fj(x) convex and differentiable, satis-
fying “condition C2, is equivalent to the determination of a saddle- .
point of the function p(x,u) = F(x) + u'y under the condltlons u =0,
x=0andy =b; -fj(x)=0, and that in the saddle-point x', u the
following condltlons are sa‘clsfled

L) w S0 e g0) - Zuf a5 0

X

2-<9££§i}f;—u)'>xv,u120, i.e. fi(X[) - bi§0;
2T /aCP (x, u)
)

These conditions are called the Kuhn-Tucker optimality cond1~
tions. They are the same as the conditions (2. 6. 6).

X|T<'§$§'(Lﬂ>x',u' = 0, hence ifx;.> 0, theng;(x')* 2 uf {q; (x")}=

X u " 0, hence if f; (x') < b;, thenu} = 0,

Theorem 7: Let x' be a maximum of F(x) on R, Thenx' also solves
the problems

1. Maxfg(x"Tx | x e R};
2. Max {g(x")x | qi(x‘)Tx _g_qi(x')Tx', ieIyx");

x
ai’x <bj, 1eIyx")and X =0, je J(xH.

Proof: If x' is a maximum of ¥(x) onR the conditions (2. 6. 6} hold.
Since x' is a feasible point of problems 1 and 2 and satisfies the
optimality conditions for these problems (which are exactly the
conditions (2. 6. 6)) it follows that x' is a maximum.

Note that problem 2 is a linear programming problem,
Theorem 8: For any X € R we have:

Max [F(x) | x ¢ R}- F(¥) = Max {g&)Tx| xe R} - g®TX <
< Max {g®)7Tx | q(HTx £ q,®)TR +b; - Hi(®), i€y
aTx <b, iely;x>0]-gEIX, (2.6.7)
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Proof: F(x) is concave, hence by theorem 3.2, section 2.4 we
have (-F(x) is convex):

F(x) - F(%) = g(®T(x-¥) < Max {g®)Tx|x e R]- g (9%

for any x. e R from which the first inequality follows. Let x ¢ R,

so that £ (x) < b; for all i, Since f;(x) is convex, we have bytheo-
rem 3.2, section 2.4 that

£i (x) = £ (%) + ai(®)T (x-T).
It follows that
q;(®)Tx < q;(X)TE + by - £4(%),

so that the convex polyhedron defined by this set of inequalities
contains R. From this the second inequality follows.

Theorem 8 can be considered as an approximation theorem.
The maximum increase in value of the objective function if we
start an iterative procedure in a feasible. point X can never ex-
ceed the maximum increase in value of the linearized problem.
The linearizing is obtained by maximizing the linear term in the
Taylor expansion of the function F(x) and by replacing the ine -
quality y; = b; - £;(x) = 0 by a linear inequality obtained by ex-
panding b; - f;(x) in a Taylor series and taking the linear terms.
The approximation is consistent since the inequality signs will be
equality signs if ¥ is already the real maximum.
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3. METHODS OF SOLUTION FOR THE LINEAR PROGRAMMING
PROBLEM

3.1 Introduction

Many methods have been developed for the solution of the line-
ar programming problem, They can be distinguished into finite
and infinite iterative methods, The first group of methods is
mostly based on the principle of the Gauss elimination of varia-
bles. We have in this group the simplex method, the dual simplex
method, Beale's method of leading variables [ 2 ], the primal-
dual algorithm and the methods of feasible directions. The first
two methods and the fourth one will be described in this chapter;
the last one will be dealt with in chapter 9. The group of infinite
methods includes all kinds of relaxation methods. In spite of the
small amount of work involved in an iteration they mostly require
so many iterations, i.e. converge so badly that it must be doubted
whether they can compete with the finite methods for larger prob-
lems.

3.2 The Simplex Method

The simplex method is the most widely known numerical pro-
cedure for solving the linear programming problem, It is a finite
iterative method and has been described in many papers and
books (e.g. Dantzig, Orden and Wolfe [15], Vajda [36] and
Gass [22]).

For explaining the simplex method we shall first assume that
the problem is of the form (see section 2.5 for the notation):

Max [pTx|Ax+y =b; x>0, y>0, b>0]. (3.2.1)

The y; will be called elementary variables.
Defining

A= (AE), X= G)and BT = (o7, 0),
we obtain the equivalent problem

Max {pT%|AX =b =0, X=01. (3.2.2)
For the time being we shall also impose the non-degeneracy as-
sumption:

For any non-singular m by m submatrix B of (1A,E) we have that,
if B1b = 0, then B! b= 0 (no component of B! b shall be zero).
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It can be shown that this condition is equivalentto the geometrical
condition that each vertex of the feasible region will be the inter-
section of exactly n'linearly independent bounding hyperplanes but
shall not lie in any of the other bounding hyperplanes. Still another
formulation is that any feasible solution shall have at least m
positive components, Clearly b > 0 will hold in (3.2.1) if this
condition is satisfied.

Let us suppose that we know a non- singular m by m submatrix
B = (&4,...,84p), satlsfylng Blb > 0 (3; denotes the j-th
column' of the matrix A, j here runs from 1 to n + m, hence
= e,, the r-th unit vector). Writing A = (B,D), p -<g >and
n

a
X = C{BD> we have b = BXB + DXp, hence Xy = Blp - Bt DXxp.

It follows that Xp = B b >0 and Xp = 0 is abasic feasible solu-
tion with value Pgf B! b.

The matrix B W111 be called the basis; the variables Xp = Xj;,
i=1,...,m will be said to be in the current bas1s, the variables
Xp; are in the current non-basis. Substituting for X in the objec-

tive function we obtain:
T

pTx = 5, 7%, +'Pp %p = Py’ B'b - (B B'D - pp)%p,.

. Let us now define a vector d by means of its components:
dj =P’ Blay -5, i=1,...,ntm, (3.2.3)

so that d = 0 if xJ belongs to the Xy part of X, i.e. if Xj is in the
current basis. Moreover writing d7 = (d,7, dzT) where d; is .an
n-component. vector corresponding with the variables x; and dy is
an m-component vector corresponding with the variables y;, we
have

dyT = pg" B yT = 5T B1A-pl. (3.2.4)

The a]- variables are often called shadow prices. The row of shad-
ow prices will be called d row.
From the foregoing it follows that

p==p,7B'b -d'x,

We now have two possibilities:

_ < -1y

1. d;= 0 for all j. It then follows that X = <§B>= <B'o b> is an op-
D

timum solution since ul = dT and v dl satlsfy the dual con-

straints of (3.2.1) whereas uTy = 0-and vIx = 0, so that the opti-
mality follows from theorem 5, section 2, 5.

2, 3, d; < 0, We can now try to increase X; from-zero until one
of the non zero (basic) variables X becomes zero, i, e, we shall
have to determine a scalar A, > 0 such that

A =max {\|B b - AB =0} (3.2.5)
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If \; = +o0, hence if B} @ < 0, the problem will have an infinite
solution, since X = A, XB = Blp- AB1? 4y, and Xpy = 0 if Xy 7 X,
will be fea51b1e for any }\ > 0, whereas, if A goes tomfmlty,
PTR = Py Bl b - A d, will grow beyond all bounds.

I A < o2 the chome of r is unique - since otherwise %X = A,
X5 = B b—?\ B! d,, and Xp; = 0 if Xp; # %, would be a
feasible solutlon with less than m positive components, contrary
to our non-degeneracy assumption. We can now solve for X, in the
r-th equation (obviously (B-1&s): > 0) and eliminate ¥, from all
other equations and the objective vector, so that we obtain a new
set of basic variables and a new basis B*.

~ Introducing the ''"m-vector' 7, by

(Bt a5);

()i = BT, ififr, (3.2.6)
(M) = : (3.2.7)
VrToBTag) "

and the elementary matrix E, by

Er =(e1:"':er_]_: nr: eH.]_:---:em): (3‘2‘8)
we have:

(B*y! = E, B}, (3.2.9)
and for any column of the matrix A:

(Bxyl a; = E(B-!ay). (3.2.10)

Suppose that we had a tableau with columns B! a.j, then we
get a new tableau, corresponding to the new basis, by premulti-
plying every column of this old tableau by the elementary matrix
E,. We shall then have that the unit column Bla,; transforms
to the column 7, and that the column Bla, transforms to a unit
column, The premultiplication by E, leads to the well-known
transformation formulae which are the same as those used in the
Jordan method for matrix inversion,

The column to be introduced in the basis in a certain iteration
will be called the main column or pivot column, The index r given

y (3.2.5) determines the main row or pivot row. The common
element of plvot column and pivot row will be called the pivot ele-
ment, i.e. (B a.s)r.

The increase in value of the objective function corresponding
with this change of basis equals -A;ds> 0, Hence, by proceeding
in this way we obtain a sequence ofbases and corresponding basic
solutions with ever-increasing value for the objective function,
Since the number of possible bases is finite and no basis can ever
repeat, the procedure is obviously finite under the non-degen-
eracy assumption.
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From the foregoing it follows that the problem will be solved
as ‘soon as a square submatrix B! of A has been found with the
properties:

1. {B}1b =0 (3.2.11)
(hence = 0 under the non-degeneracy assumption),
2.d' =py" [BY'a; -Pjz0forallj=1,...,ntm. (3.2.12)
The optimum solution will then be:

Xp = (B b, T = 0. » (3.2.13)
The solution of the dual problem will be:

- _ T - ,T - -

u'T= pB'T ngg 1_ d2l s vyt = pB'T EB‘} lA _ pT - d{T’ (3‘2.14)
as can be verified by direct substitution in (2. 5. 7).
The solution is obtained at the same time by means of the final
d row,

Summarizing we can say that the v-th iteration in the simplex
method proceeds along the following lines: _

1. The pivot column, if any, is determined by d.’ 120 (usu-
ally the most negative is chosen); v

V=1\T
v-1,7 _/d - s T @Vl = T -
@7 () = Ba® (B A - 6T, BT (BVY,
where BV"! stands for the m by m matrix derived from the matrix
(A,E) by taking only those columns the variables of which are in
the basis at iteration v-1.

2. In the chosen pivot column the row number r,, of the pivot
element is determined by

b: V-1 biV_l

= min {——— "7 V"1 >0, (3.2.15)
g V-1 i g vl v
IVSV 15\)

where b¥1 = [BV-1}"1b and a.,"! = {Bv'lf‘l_ﬁ.sv.

3. The transformation itself is carried out by:
making the new "n-vector':

i, Vi=- His ifidr (3.2.186)
Iy 3T T v? . b
a
IVSV
v 1
ey by = ——5 (3.2.17)
ar s
AVARY,

and performing the transformation:
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bY=E VV bV-1, (3.2.18)
ayy =g Y av?h, j=1,..., otm, (3.2.19)

It is not necessary to do all these calculations in an iteration.
In chapters 4 and 5 these computational aspects will be investi-
gated.

Up to now we have assumed that the problem is of the form
(3.2.1). This is not always the case. We shall distinguish the
following cases:

1. Some of the y; variables have coefficients in the objective
function, so that pT = (pT, qT). In that case we must calculate the
initial d row by

dlo = ATq—p: d20 = 0:

anduse -d° as objective function (hence define a new p = -d%. The
solution of the dual problem in this case will be

ut =d} +q, vl =d], (3.2.20)

as can easily be verified (see 2. 5, theorem 7).

2, b= 0 but not all the y; exist (hence A does not contain a
complete set of unit vectors). In this case we could for instance
add artificial unit vectors and ‘artificial variables z; for those
values of i for which A does not contain the unit vector e, say for
iel,cl.

We now first solve the artificial problem (phase I):

Max{ - Z zil. a;Tx+y; =byifiel-I,;a.t x+z =byif
iel,
iel;x=0, 720,220, b>0{, (3.2.21)
where the row vectors ai,T are the rows of the matrix A,

This.. is again a linear programming problem but now of the
type (3.2.1). It will be solved in a finite number of steps. In the
optimum solution we shall have:
either  z;> 0 in which case we conclude that the original sys-
tem of equations is inconsistent, so that the problem is not feasi-
ble,
or Zz; = 0 in which case we have obtained a basic feasible so-
lution with, owing to the non-degeneracy assumption, none of the
z; variables in the basis, so that we can completely forget these
artificial variables and proceed to the second phase, the solution
of the actual problem for which we now know an initial basis B.

3. b;< 0 for some i, If such a row does not contain a y; vari-
able we can multiply it by -1 after which the artificial z; is intro-
duced. If it contains a y; variable the multiplication by -1 will
make that y, can no longer be used as initial basic variable, so
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that here too an artificial z; must be introduced after the multi-
plication.In both cases we shatllthen first have to solve a problem
of type (3.2.21).

4. Some  of the variables x; are not restrlcted by a non- snega-
tivity requirement. We can always write x; = x;* - %7, xJ = 0,
%7 210 for such a free variable, If d(x;*) = 0 we Introduce x;*in
the basis, otherwise x;- and as soon as this has been doné -the
row to which it then belongs in the tableau can be disregarded in
choosing a pivot row.

It should be well understood that the procedures described are
not always the most efficient ones from a computational point of
view.’

The proof of finiteness of the simplex method breaks down in
the likely case of degeneracy. Several proposals have been made
which cope with this difficulty. Degeneracy may lead to a situation
where the choice of A; is no longer unique. Intuitively it is clear
that a perturbation of the right-hand member b, if introduced cor-
rectly, will lead to a unique choice, On this idea the first of the
following two anti-degeneracy proposals is based:
Anti-degeneracy proposal 1 (see Charnes, [7])'

a. Find I, ={r € I}}\r* = ;‘i = rnlln b e a >O},(the aster-

. IS
isk denotes the transformed figures, hence b* = (B'lb)i if p*

is the inverse of the current basis).
If I, is empty, there will be an infinite solution; if it consists of
one element the choice of A; * will be unique.

b. Suppose sets I, I;, Io,...,I;_ 1, have already been deter-
mined and I,_; still consists of more than one element. We then
define:

a . aj*
I ={re . 1] rk mlngﬁ‘?<1 iel, i
’ i

1
Since no two rows of the matrix are dependent (the matrix con-
tains the unit matrix) we shall arrive at a unique r after a finite
number of steps of this kind which is less than the number of col-
umns in the (perhaps artificially extended) matrix A.
Anti-degeneracy proposal 2 (see Dantzig, Orden and Wolfe, [15] ):
a, FindI;c I as in the first proposal,

b. Suppose sets Iy, I;,...,I;_;have already been chosen.
We now define:

Ble (B ley); .

I ={re Ik-li(ﬁar?ézr- = mim"(wk)% ield-
Since no two rows of the inverse are dependent this procedure will
lead to a unique choice of r after a number of steps which is < m,
It can be proved that both methods for breaking ties will guar-
antee an optimum solution of a linear programming problem after
a finite number of iterations. Hence (3.2.21) will be solved and
phase I finished after a finite number of iterations. But, in the
case of degeneracy, it will be possible that some of the z are
still in the basis (with zero values, otherwise the problem would
not be feasible). We can still proceed to phase 1I provided we add




31

an extra equation X z; < 0 to the problem, the summation being
over those values of i e I, for which z; is still in the basis at the
end of phase I. This extra equation will guarantee that none of the
z;, still in the basis, will ever become positive.

3.3 The Dual Simplex Method

Let a linear programming problem be of the form (2.5.1) with
p;< 0 for all j and b; < 0 for some i. From (2.5.7) it then follows
that u = 0, v = - p is an initial basic feasible solution for the dual
problem, so that this dual problem can be solved immediately
without using some artifice, When using the simplex method for
the solution of this dual problem we shall also obtain the solution
of the primal problem (see theorem 2, section 2.5 and (3. 2. 14)).

Lemke [29] remarked that instead of dualizing first and ap-
plying then the simplex method to the dual problem, we can also
work within the organization scheme of the primal problem and
there use a set of criteria which would lead to the choice of those
columns and rows as maincolumns and main rows that would have
been chosen by applying the simplex method to the dual problem.

We then obtain the dual simplex method which proceeds along
the following lines:

1. In iteration v the pivot row Ty, if any, is determined by
b, V12 g (usually the most negative is chosen); b¥-1 = {BY-1}1b,
where BV-1 'stands for the m by m matrix derived from the
matrix (A,E) by taking only those columns the variables of which
are in the (primal) basis at iteration v-1,

2. In the chosen pivot row the column number sy, of the pivot
element is determined by:

3 V-1 a'\)-l
v =min{— 3, Vt<o0}, (3.3.1)
-3, V-1 j -5, (¥-1 v
ar g 1=ar j
vV \Y
V-1

provided &, ;
not feasible.

3. The transformation formulae are the same as inthe simplex
method.

4. The problem will be solved at 1teratlon k if b =0 for alli
(the condition (3.3.1) automatically entails that dV > - 0 will hold
for all j and v), The solution will always be reached ina finite
number of iterations if an anti-degeneracy precaution is applied.

A geometrical interpretation of the dual simplex method within
the geometry of the primal problem can easily be given. For, any
non-optimal. dual basic feasible point (i.e. any basic feasible
point of the dual constraint set which is not the optimum) caorre-
sponds with a non-feasible vertex in the primal problem (i.e. in-
tersection of n linearly independent constraining hyperplanes)
which is optimum with regard to a resiricted primal problem ob-
tained from the primal problem by omitting those constraints
which are not satisfied, If such a point is called a non-feasible

< 0 holds for some j. Otherwise the problem is
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basic optimal point, then the dual simplex method will go through
a vertex-to-vertex path of non-feasible basic optimal points until
a feasible basic optimal point is reached.

It should be remarked that many vertices are neither feasible
nor dual feasible. If the initial vertex is such a point we shall
have to use an artifice in both methods. In the simplex method we
can introduce artificial variables for all constraining equations
and for the constraining inequalities with negative right-hand
member figure and use the phase I approach of section 3, 2, for-
mula (3.2, 21); in the dual simplex method we can introduce arti-
ficial variables for the constraining equations and an extra con-
straint Z x; < M, where the summation is over all values of j for
which p, > 0, say j € J,, and M is so large a number that the ar-
tificial constraint will not determine the optimal solution. We then
pivot in this row and in the column s determined by p, = max p;,
so that b} =b; - May, 1 =1,...,m, bj,; =M, will be the new
right- hand member whereas p! = Py - P 1f3 € ,J‘+ and = p; if j¢Jd,
so that p =0 will now hold fJor all j. Instead of fixing M we can
also use ‘a two- phase approach by taking first -a., as criterion
‘column for the selection of main rows until the elements of this
column have all become non-negative, after which we can proceed
to the real criterion column, i,e, the b column,

The dual simplex method has the advantage that artificial vari-
ables, due to equations, can be eliminated from the basis one
after the other in successive iterations. Its disadvantage is that
the solution will remain non-feasible until the end of the calcula-
tion, so that the problem hasto be completely solved before the re-
sults will have a practical meaning. It has found its major appli-
cation in a number of post-optimal problems (e.g. amendments
problems, parametric programming, see Gass and Saaty, [23]and
Gass, [22]).

v

3.4 The Primal-Dual Method

For a description of this method we suppose that the linear
programming problem is of the form

Max{pTxle=b, x>0, b=0}, (3. 4.1)
so that its dual is given by (theorem 6, section 2. 5)

Min {bTu [ATu -v = p, v =0 }. (3.4.2)

The assumption b = 0 is no restriction since this can always be
obtained by multiplying some rows by -1,

We shall show how we can obtain a feasible solution u¥*! of
(3.4.2) from another feasible solution uY in such a way that
bTu Vil < bTuY, The procedure must thus be started with an initial
dual feasible solution W’ (u® may be arbitrary and may or may not

be a basic solution).
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Let J,, ¢ J be defined by

Iy ={ed|w =0y

(3.4.3)
We now solve the restricted primal problem
m
Max z Z aij Xj +Zi ‘-‘bi’ Xj;O, Z > 0}’ (3.4'4)
i=1 jeJV

so that the optimum solution z}, x{ 1is obtained as well as the
final d figures d'(z;) and d'(x;).
There are two possibilities:

m
—Z zi =0
i=1

The vector x' will then satisfy: Ax" = b, x' = 0 and x'%Y =0, so
that, by theorems 5 and 6 of section 2.5, x' will solve (3,4.1)
m

2.-2 z} < 0,

i=1

By (3.2, 20) the solution of the problem dual to (3.4.4) will be
u; =d'(z;) - 1, v{ = d'(x;) and, by theorem 7 of 2.5

we have
m m
- > zf o= Z (d'(z;) - 1) <0. (3. 4.5)
i=1 i=1
Moreover, if j e Jv ,hence vy = 0:
m m
0<d'(%) =vj = Z uj ay = Z {d'(z;) - 1}ay;. (3.4.6)
i=1 i=1 ‘
Now let
u; = uyY + Afd'(z) - 11, (3.4.7)
and

m
A, = Max {A| > (3.4.8)
. i=1
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then A, >0 by (3.4.6). If A; =cq, (3.4.2) will have an infinite so-
lution since (3. 4. 5) holds, so that (3. 4. 1) will not be feasible.
Let

uV =Y+ N fdi(zh) - 1], (3.4.9)

then uV*! will be a feasible solution of (3.4.2) and bTu¥*!<bTuY
~ will hold. Moreover it.follows from (3, 4.8) and A, < = that, for at
" least one j, v;'*' = 0 and v;¥ >0. :

We now have a new set Jy,;, so that we can make a newre-
stricted primal problem of type (3.4.4). Under the non-degeneracy

‘ m m
assumption we shall necessarily have | Z zf P Z z!]V
i=1 i=1

Since any basis in a restricted problem (3. 4. 4) is anm by m sub-
matrix of the matrix (A,E) and a certain value 3 z; corresponds
to each basis, it follows that no basis can ever repeat. Hence
after a finite number of steps we shall obtain X z; = 0 as optimum
solution of (3. 4. 4). ,

The primal-dual method (Dantzig, Ford and Fulkerson, [13])
has been applied to linear programming problems of a very spe-
cial so-called network structure (see Ford and Fulkerson, [19] ;
Jewell, [27]), where it was possible to solve the restricted prob-
lems by means of a special technique, the maximum-flow tech-
nique., In problems of this type it is always possible to find an
initial feasible solution in a simple way. In the general problem
this.is mostly impossible so that we then have to use an artifice.
This will be further described in section 9.4 where we shall show
that the primal-dual method is a version of the more general
method of feasible directions.
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4, COMPUTATIONAL ALGORITHMS FOR THE SIMPLEX
METHOD AND DUAL SIMPLEX METHOD

4.1 Introduction

In literature at least three different computational algorithms
have been described for the simplex method. They will be called
straightforward algorithm, explicit inverse algorithm and prod-
uct-from algorithm. To these three we shall add a fourth, to be
called revised product-form algorithm, All algorithms will be
described briefly in this chapter. A numerical comparison be-
tween them will be made in chapter 5, In all algorithms the choice
of main columns and main rows will be the same, so that there
will not be a difference in the total number of iterations. Main
columns are usually determined by the most negative d; figure, if
any. In a chosen pivot column the pivot element is determined by
using (3.2.15). In case of ties there will be a unique device for
breaking the tie,

We shall assume that the problem is of the form (3.2.1):

Max[pTxl Ax+y=b=0, x=0, y=0].

Artifices to be used if the problem is not of this foi'm can be the
same in either algorithm. We shall write A = (A, E), the columns
of which will be denoted by @ ;. Instead of b we also write &.;and
instead of dV also ;Y. Hence @y =- p;. Extending the matrix & with
the column @ and the row & T we shall obtain the m+1 by m+n+l
matrix oA, Inthe same way we shall write (B for an m+1by m+1
matrix, obtained by taking an m by m submatrix B from A and by
adding the &, figures to it as an extra row and gy as anextra
column (e, is a unit vector with the 1 at the place corresponding
with this extra row). The rows of {(BY]"! will be denoted by B;V,
i=0,1,..., m. Note that T ;Y will never be in abasis ¢BYand that
Ty’ is the value of the objective function at iterai‘_cio\l)nl\) (initially 0).
-d, V"
The n-vectors will also be extended, {qrv\’ o= —vv—l—, and so will
. Ar s
the elementary matrices ¢E, V. vy

We shall write J = {1, ...V,n.}, I= {1,...,m\,§. If jedV, x will
be in the basis at iteration v. So will y; if 1 e IV,

In the sections 4.2, 4.3 and 4, 4 the straightforward algorithm,
the explicit inverse algorithm and the product-form algorithm are
briefly described and the computational aspects of these algo-
rithms are discussed. It is assumed that a high-speed electronic
computer is available and that magnetic tapes are used for per-
manent storage of the data.
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In section 4.5 the new revised product-form algorithm will be
described. The computationalversions of the dual simplex method
will be considered in section 4. 6.

4.2 The Straightforward Algovithm

In this algorithm the cofnplete matrix (A is transformed in
each iteration:

oAV = oEY, oAV (4.2.1)

Hence the operations are:
1. Find pivot element in pivot column by means of (3.2.15),
2. Make new M-vector (using (3.2.16) and (3.2.17)),
3. Transform all columns using (4.2.1) and select next main col-
umn,
Note that m of the m+n columns of A are always unit vectors
and that m-1 of them are not changed in an iteration. We can
therefore write:

A - [AY,F}, (4.2.2)

where A’ is the non-basis matrix at iteration v.
The actual transformation formulae are:

_ o y-l .
@i =y + arvj” (Orvv)i; 1 7{ r\)’ (4.2,3)
= \ - V-l .

ar ;5 = arvj (rlrv\) X

)i (4.2.4)

Hence a column will not be transformed if its main row ele-
ment &, j\)‘l = 0, If, in a computer, the columns of the matrix
are stored in compressed form on magnetic tape, i,e. if only the
non-zero elements and their row numbers are stored, we shall
have to read the matrix jAV-! in iteration v and to write the ma-
trix gAY. The transformation of each column will then entail:

a. a search for the main row element in that column,
b. a relocation of the column if this main row element is zero,
c. a transformation and relocation if it is non-zero.

During the transformation of the columns the best djv and the
corresponding main column for the nex! iteration, if any, will be
chosen by successive replacements. The bY column can best be
stored at the end of the matrix since it will then be immediately
available for operation 1,

4.3 - The Explicit Inverse Algorithm
In this algorithm only the extended inverse of the basis and the

b column will be transformed in each iteration., As a consequence
the main column E_va'l is not immediately available but has to
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be calculated by a separate subrou’cme from the column 3. of

the original matrix, The term "update main column' W111 be

used for this operation. Also the ¢V figures have to be recalcu-

lated in each iteration. We can therefore distinguish the following

operations:

1. Update main column:

V-1 _ ¢ppV-1,-1 .
={B"} a,vlflgsvgn, (4.3.1)

S
={BV-1}le ifs, =n+d. (4.3.2)

2. Find pivot element in main column by means of (3.2,15).
3. Make new n-vector (using (3. 2. 16) and (3.2.17)).
4, Transform right-hand member:

ob\) = oErVV- obv_l- (4.3.3)
5. Transform the extended inverse:
V. .1 v V_1,-1
[B1'= &, (B} ;B =E. (4.3.4)

6. Perform pricing operation, i,e. calculate the d; figures and
select next main column from original matrix, if any, by means
of:

4y = 8o @y, 1€ Jv, (4.3.5)
v Y
4, = @), 1er. (4.3.6)

(These formulae follow immediately from (3.2.3), (3.2, 4) and the
definitions of By and ¢a.j).

Operations 1, 5 and 6 are called the major operations. The
pricing operatlon need not be done for Varlables in the current
basis since d¢;¥ = 0 if j e JV. The inverse EB\'§ will have as
many unit columns as there are elementary variables left in the
basis. If an elementary variable wantstore-enterthe basis oper-
ation 1 shows that we simply have to take a column of the inverse
which is then the updated main column. If many elementary vari-
ables stay in the basis, the inverse will contain many unit vectors,
so that the operations 1 and 5 will be relatively cheap. The pricing
operation itself will entail fewer calculations per column if there
are more elementary variables left in the basis since B¢Y will
have a zero at places Correspondmg with these variables. The
number of columns to which By” has to be applied will be larger,
however,

For operation 1 we Liwve to read the inverse, in operation 5 we
have to read and write it and in operation 6 we have to read the
original matrix A, so that it seems that the inverse has to be
read twice. By row-wise storing of the inverse it is possible,
however, to read it. once provided we slightly rearrange the oper-
ations. We then obtain the following scheme:
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1. Suppose ”qrv\’ and bV are available; the matrix {BV“l}‘l is
stored row-wise on tape. Suppose further that the main row of the
inverse, B, V!, is available.

2., Read and transform Bov'l:

BO\) - BOV-1+B}:VV-1' (n[
3. Read original matrix and perform pricing operation. Find

sy,1 and ds,,,Y, if 4V < 0 for some j, and a,,,, if a non-ele-
mentary variable will enter the basis, Write gV

Lo (4.3.7)

4. Read and transform the raws g;Y™', i>0:
TP A PR GRS T ' (4.3.8)
Bry Y =B, (e, (4.3.9)
5. Calculate EiS’WlV =BV, s, flssya=n, (4.3.10)
= (Bi") if swa = n+4 (4.3.11)
6. If &,V >0, calculate ;""" =;_'1V_; select at the same
sye1

time A; min \;Y*! and B, VY write 8; V.

Repgﬁ% 4, 5 and 6 until all rows of the inverse have been trans-
formed.

7. Make new n-vector Mry, a”l .

8. Transform bV, We are now again in the situation 1, so that
the iteration has been completed.

Note in operation 4 that, if (mv\’)i = 0, there will not be any
transformation, There will also be no search operation, If com-
pressed row storage is used there will only be a search operation
in operation 5 if (4.3.11) has to be used(hence ifan elementary
variable will re-enter the basis),

In a remark at the end of section 4.5 it will be shownhow oper-
ation 6 (the pricing operation) of the explicit inverse algorithm
can be improved.

The explicit inverse algorithm has first been devised by Char-
nes and is usually called revised simplex method, It is described
in [ 11], and [ 22] , chapter 6.

V+l _

4.4 The Product-Form Algovithm

In this algorithm the inverse {BY]! is not used explicitly but
as a product of elementary matrices @ P , ¢=1,..., v, so that
we only have to store the n—vectors.Forf3 from (4.3.4) itfollows
that

V-1 _ A -1 1
B} = &) . By, ... By . (4.4.1)
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It is clear that the vector 8,4Y is not immediately available now

but has to be calculated. On the other hand the operation ''trans-

form the inverse' of the explicit inverse algorithm will not exist.

The following operations can be distinguished in this algorithmi:
1. Update main column:

V-1
Sy

V-1 V-2 1

a = Er\)-l . EIV_Z LR EIl —a‘.s\)- (4:. 4:. 2)
2. Find pivot element in main column by means of (3.2.15).
3. Make new N ~-vector (using (3.2.16) and (3, 2.17)).

4, Transform right-hand member (using (4. 3. 3)).

5. Calculate BoV:

Vo T v v-1 1
Bo’ = eg oErv . OErv-l ceon- OErl_'- (4.4.3)
6. Perform pricing operation and select next main column, if

any, using (4.3.5) and (4.3.6).
Operations 1, 5 and 6 are the major operatlons In operation 1

we are gradually calculating the columns & Po<pgv-1):
= w  p-1
=P om P (4.4.9

Consequently, if &a; S\)p-l 0 we shall have T P = = T, p-1 . From
this itis clear that' it is better to start by expanding the sy~th col-
umn, so that there will be no searching or relocating during the
whole operation, We start the calculation with the first 1 -vector
and gradually proceed to the last one

Let us define the row vector BoVsP for 0< p< Vv by
Bo” " = eg s Bo¥Pr=BoY P oErv_pV‘E (4. 4.5)

so that B¢¥1V = B;Y and:

[Bo"2P*; = [Bo¥ Pl ifidr, g, (4. 4.6)
m
V,P+1 _ a VP Y
{80 Erv_p gﬁo Bo "lge L o pij (4.4.7)

We see that only one new figure has to be calculated ineach
step of operation 5, This new figure can immediately be put in its
place in the vector B¢V:P if we use this vector inexpanded form
(hence start with an expanded unit vector eq’).. For the operation
we need the last n-vector first and finish with the first one.

The third major operation, the pricing operation, is the same
as in the explicit inverse algorithm. Also in the product-form al-
gorithm the behaviour of elementary variables is of importance.
The more there are in the basis, the fewer calculations have to
be done in operation 5, In operation 1 there will also be an ad-
vantage ﬁE,SV is a unit vector, say = ey. Up to the iteration where
Yp left the basis, @, P = ey will hold, so that there will not be

Sy,
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any calculation during that part of operation 1. The same advan-
tage can be obtained if a variable which entered the basis in iter-
ation Vi, but left it.again in iteration Vo> V; wants to re-enter it
in iteration v > Vg, so that, for Vi Sp <Vy, 5, P is a unit vector
‘(as a consequence of rounding-off error this may not hold exactly
in practice, so that the computational advantage may get lost).

As the computation proceeds we obtain more and more n-vec-
tors, so that the iterations will take more and more time. Since
the way in which basic and non-basic variables are interchanged
is mostly rather inefficient, it finally becomes advantageous to
restart the problem with a so-called re-inversion. In this opera-
tion we start afresh but select our main columns and main rows
in such a way that the variables which were in the basis just be-
fore the re-inversion started are put in it again in the least pos-
sible number of iterations. The iterations in such a re-inversion
are very simple since two of the three major operations need not
be performed in it (operations 5 and 6). The columns.that have
to .be introduced in the basis are selected one after the other. A
chosen column is then updated and the pivot element is always
chosen at a free place (e.g. the absolute largest among all those
in free rows, i.e, in those rows which have not yet been but shall
have to be selected as pivot row). The b column will also be re-
calculated by gradually transforming it during the re-inversion.
In this way we obtain a considerably smaller number of new 1 -
vectors, so that future operations will also be speeded up. It is
clear that a re-inversion is also useful from the point of view of
accuracy.

The product-form algorithm has beendescribed for instance in
[14] and [32].

4.5 The Revised Product-Form Algovithm

The calculation of the d row, necessary for the selection of the
next main column, is a very expensive operation in the product-
form algorithm since it involves two of the three major opera-
tions. Large linear programming problems always have the prop-
erty that the non-basic matrices AV contain a large number of
zero elements, Not only does this hold at the beginning but also
at the end of the computation, when the number of non-zero ele-
ments in AY usually will not be more than 30 to 50% of the total
number of elements, mn. Since in an iteration a d; is only changed
if the main row element in that column is non-zeroit is clear that
many of the non-basic d; figures, say 75% on the average, will
not change at all in the course of an iteration, so that their re-
calculation is quite superfluous. The d row could also be trans-
formed in each iteration as is done in the straightforward algo-
rithm, It is then necessary to have d¥-1 and ‘Erv\_’ available. The
row @' can be kept from the previous iteration but @Y has
thento be calculated initerationiv. The updating of the mainrow is
of the same type as the recalculation of the d row, hence consists
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of two operatlons the calculation of Br and the calculation of
axV] = B, Y ; for all j. But where BoY "can be expected to have
a non-zero component at all non-elementary places (correspond-
ing to rows where an x; variable has re\}olaced a yi variable in
the basis), the non-elementary part of B; will have the average
fullness of the non-basis matrix, fullnebs to be defined as the
ratio between the number of non-zero elements and the total num-
ber of elements, Hence in the revised product-form algorithm we
shall update the main row in each iteration and use this rowfor
the transformation of the d row. This is the major modification
but many other revisions have also been incorporated in the new
algorithm, They lead to a considerable reduction in the number
of arithmetic operations and also to a reduction of the number of
tape movements to be expected, A survey of all the revisions will
now follow: .

1. In iteration v we calculate a row vector Yr vV  which is
'-a V-1 times the main row of the inverse:

- V. \Y T V-1 T v \U
Yr = "dsvv 1 Br = ”ds\) erv EIV. Erv—l b rly (4.5.1)
(the multiplication bg‘ the scalar -d; Y™ will be made clear later
on). We define 1, for 0P Vby
v,0 _ 3 v-1 T,, VPl _ v, P v—p .
Tr,, dsv e, ’Y‘v Yrv . EIV—D s (4.5.2)

so that YrVV’V = yrv\’ and

{Yrvv ,p+1zi = i“'(r\,v ,p‘;ri ifid r\)—p’ (4.5.3)
m
E'YX'\)V ’F"'lfr\)_p ) {Z EYI\_)\} ’ pgf’ Mrv—p\)—p}[' (4.5.4)

We see that only one new figure has to be calculated in each step
of this operation, We also see that we can work here with E;,V
matrices instead of ¢E, vV matrices, so that the mn-vectors will
have one element less.

2. The d; will now be calculated during the 'y-operation' and
the ""pricing operation' by means of the following formulae:

e (A [T T P R i (4.5.5)

dy¥t - VB L agt=dg T 4 iy el (4.5.6)

i

\Y
dlj

These formulae show why it is better to calculate va instead of
Br,"

VB Let us define: a virgin column (variable)} is a column (vari-
able) which has never been in the basis since the beginning of the
last re-inversion; the other columns are called non-virgin, Let
us suppose that in iteration v-p (1= p £ V) variable Xj,,_ left the
basis, so that, in tableau v-p-1, ijv__p was in the basis at place
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i \)—p-l = 3. V—p = W=
Ty ps g"v—p ey g and W UEN e
- 1 - -1
Hence{ﬁrv\l ,_p+1§rv_p - BIVV % e, o= Brv\) s P41 a‘jv—\g;_p =
=B, Viyp+l v-p-l g, -a VvV 3 =5 . S
ﬁrv 1] . Er\)—p"l P Erl a‘JV—p Bt\) . a_j\)_p —-at\)JV—IOVo

Hence each new figure {.'Yrvvfp*lg , 0= p=v-1, will be an

Iy-p

\Y

elementyr " &; (Will be —a—sv\"l times an element of the updated

main row of iteration V), so that the E,V values of the non-virgin

variables 5{] sees ,ijv can be calculated during the "y-operation':

v _ 3 v-l v,pl _
i = d; + ’ , P=0,1,...,v-1, 4.5.7) .
iy—p ly—p | {Yrv }rv_ o P ( )
If a variable left the basis twice in the period before the v-th it-
eration we can prevent by careful but simple bookkeeping that the
dj value is transformed twice,
4, For many values of p it is not necessary at all to calculate
the new figure {Y,, VPl foe g
a. I v is in the v-th basis we shall have
frey Py

il

- &Vt it Rjy—p = Fsy (hence if X, _is atplace

I
v-p r,, in the v= t}'f)basis);

il

0 otherwise,

b. If Xj,,_ , left the basis also'in some iteration between the
(v-p)-th and the v-th one we did already calculateh; VaPrly Ty—p
so that we need notrecalculate it provided we also store the figure
in a separate list in all cases where it can be expected that it will
have to be calculated again. This of course requires additional
bookkeeping which, however, can be organized in such a way that
it does not lead to undue complications.

5. It is clear that more and more virgin columns will become
non-virgin when the calculation proceeds so that their dj V values
can be found during the calculation of yr,,Y. In the prlclng opera-
tion we use the non-basic columns of the original matrix and such
a column will no longer be used if it becomes anon-virgin col-
umn., Usually the original matrix columns will be stored on tape.
Therefore there is sense in removing the non-virgin columns
from this tape at regular times, i.e. in making a new virgin-col-
umns tape at regular times. This will reduce tape time in the
pricing operation,

6. If a non-virgin variable which left the basis in iteration
v-p wants to re-enter if in iteration v, we shall have

- V-l _ V-p+l = V=P

d.s, = E‘v-l e E’v~p+l as, © o= i .

g V1 @ V=PHg VD (4.5.8)
Tv-l T TRy—pel N-po

so that the operation ''update main column' can be started with
the (v-p)-th n-vector., The number v-p to be known for this ean
immediately be obtained from the ''y-operation', since we can,
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during the gradual transformation of the d; figures of the non-
virgin columns by means of (4.5.7), store the number v-p in all
those cases where a'jv'_ V appears to be the most negative one of
those already calculateg. At the end of the y- and pricing opera-
‘tion we then know whether a non-virgin or a virgin column wants
to re-enter the basis and in the former case we also have the
iteration number y-p.

7. When performing a re-inversion we know which columns of
the original matrix we have to select as main columns. Instead of
taking them one after the other it would be better to compare them
and take that one which will have a minimum number of non-zero
elements at that stage of the calculation since such a procedure
would generally lead to less full n-vectors. But in order to be
able to compare them in iteration p of the re-inversion we must
have them all in updated form: we must compare the columns a.j P
instead of the columns a.,. Our proposal now is to perform the
re-inversion in a straightforward way:in each iteration we trans-
form all columns which have been selected for the re-inversion
and have not yet been chosen as main column. Our criterion for
the choice of the main column will now be: the column with a
minimum number of non-zero elements (in case of ties the first
one among the tied ones); the pivot element in that column will
be chosen such that a. it is in a free row, b. it is not too small
and c, it is in that row of the remaining ones which has a mini-
mum number of elements, Fach new transformed main column
can then be considered as a new TM-vector. It will no longer be
transformed in the re-inversion. It can be expected that this way
of choosing pivot columns and pivot rows will lead to considerably
less full n-vectors and hence to fewer arithmetic and tape opera-
tions in the iterations following the re-inversion, It seems to be
as good as or better than Markowitz' elimination form [ 31] but
less complicated., During the re-inversion the b column will be
gradually transformed. After the re-inversion the d row has to be
recalculated and a new virgin-columns tape has to be made,

If a good initial basis is known, we can also start the calcula-
tion with a re-inversion which should then be called pre-inver-
sion, Such a pre-inversion routine can be made such.that a col-
umn is rejected as main column if no reasonably large pivot ele-
ment at a free place can be found in it. A pre-inversion routine
will be particularly useful if a problem has to be solved whose
matrix differs only slightly from the matrix of a previous prob-
lem, We can then give the final basis of the previous problem as
an initial basis for the new problem. If in this new problem this
predesigned basis appears to be a singular matrix, then the only
consequence is that one or more columns will be rejected in the
pre-inversion., We may obtain a b column with some negative
figures in it, however, so that an efficient means for dealing with
such a situation must be available. For a special problem we
shall describe such a means in section 6.3, last paragraph but
one,
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From the foregoing it follows that the following operations can
be distinguished in the main part of the revised product-form al-
gorithm:

1. Update main column by using (4.4.2) in case of a virgin
variable entering the basis and (4.5.8) in case of a non-virgin
variable,

2, Find pivot element in main column by means of (3.2.15).

3. Make new m-vector (using (3.2.16) and (3.2.17)).

4, Transform right-hand member (using (4. 3. 3).

5. Perform '"y-operation' with the aid of (4.5.3) and (4 5. 4)
and use (4.5.7) to transform the J of the non-virginvariables and
choose the most negative one, if any, and the iteration number of
the corresponding M-vector.

6. Perform pricing operation by applying (4. 5. 6) to the virgin
columns of the original matrix. Replace most negative d; of
operation 5, if any, by a more negative one, if any, and keep its
column in that case,

Operations 1, 5 and 6 are again the major operations.

Also in the revised product-form algorithm it is advantageous
if many elementary variables stay in the basis. But moreover use
is made of the behaviour of variables which go in and out the basis
again and again. These variables will lead to fewer calculations
in the operations 1 and 5. The algorithm has primarily been de-
signed to reduce the number of arithmetic operations as much as
possible since this was thought to be of much importance now that
computers are available with very fast tapes and simultaneous
computing and tape operations. In chapter 5 it will appear, more-
over, that the revised product-form algorithm will also take up
less tape time than any other algorithm.

Remark: It is clear that the number of arithmetic operations
in the explicit inverse algorithm canalso be reduced considerably
if instead of applying B¢Y to the original matrix (operation 6, sec-
tion 4.3) we apply Br V to it and transform the d row in each
iteration by means of (4.5.5) and (4.5.86)., The computational
scheme given at the end of section 4.3, in which it was only nec-
essary to read the inverse once can easily be modified in this
respect,

4.6 Computational Versions for the Dual Simplex Method

For the dual simplex method we can also develop several
computational versions. We shall assume compressed column
storage and shall then have:

a. Straightforward version. The next main row number is cho-
sen during the transformation of the b column whichmust now pre-
cede the matrix; the quotients (3, 3. 1) can be calculated during the
transformation of the columns of the extended matrix., Presump-
tive main columns can be kept in store. At the end of the trans-
formation we can then immediately perform the divisions by the
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pivot element in the main column after which the next iteration
can be started with the transformation of the b column, etc.

b. Explicit inverse versgion. We shall give the scheme in such

a way that the inverse only has to be read once in each iteration:
Suppose that the rows B;Y"* of the inverse are on tape, the row
B: V-!is in store (ry, is the main row number for the next iter-
Y pV-1 qv-1- dl
0

ation); the vectors and )have already been calcu-

lated. We now proceed as follows\:) L
1. Calculate the quotients _%———!I—EO V_i. for those i for which the
é-zr\) i
denominator is positive and select the smallest one and the cor-
responding column number £.
2., Calculate the row vector Br\,v L A and the quotients
V-1

Tgﬂ\l)——l-—ar for those j for which the denominator is positive., If
- Mr

such a quotient is smaller than the smallest one already calcu-
lated in 1 and 2, keep then the corresponding column a. in store.
3. If no quotient has been calculated in 1 and 2 (no positive de-
nominator), stop, the problem is not feasible; otherwise perform
4
: 1 - .
LS (arvsvv b is the

EVARY)

4. If 0 <s, g n, calculate va\)z,rv

s, -th element from the rowfﬁrvv‘l.A);
. _ . v-1 N v
if s, = n+f, find {Brv J¢ and calculate {nrv }e
5. Transform ByV-! and 4;V-1
By =3¢+ Br\,\)_l iﬂrvvﬁ 05,
N V-1 V-1 .
dy =4d; + (Brv L A) Eﬂrvvfo,

dg V-1

—_ V-1
~8rysy)

Read the r'ows Biv- b of the mverse \51< i =<m); calculate
ais,, = ,3 -1 a.s, (or find almt [ calculate{nr\,"}i=
= -‘51 Lin, y &y, and transform B;V"

131 = }3i\)-l + ETerVEi Br\)\}_l;

caleculate b;Y =b;V 1 + mfv Ji bryV” I.4f bY < 0 and smaller than
any b figure already calcula‘ced keep then i and 8{Y in store as
presumptive main row number and main row of the inverse; re-
spectively;write BiV on tape.

7. When 6 has been completed for all i, we can return to 1.

S S
v {Br\)\) 'l§/ )

where {qrv\’go = follows immediately from 1 or 2.
6.
\)-1

c. Revised product-form version, The operatlons will be:

1. Calculate Bt -1, the elements B! &; and the quotients
(3.3.1) for the non-virgin variables, Keep the smallest quotient
and the correspondm n-vector number in store.

2. Calculate B: a.j for all virgin columns, calculate the
quotients (3.3.1). If such a quotient is smaller than the smallest
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one already calculated, kéep then the corresponding column a,; in
store. ) :

3. If no quotient has been calculated in 1 and 2, stop, the prob-
lem is not feasible; otherwise perform 4.

4. See 5 of the dual explicit inverse algorithm,

5. Update main column using (4. 4. 2) or (4.5.8).

6. Make new n-vector,

7. Transform right-hand member and select next main row
number,

Re-inversions can be made at regular times in the way described
in section 4. 5.
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5. NUMERICAL COMPARISON OF THE DIFFERENT
ALGORITHMS -

5.1 Introduction

In this chapter an attempt will be made to compare the differ-
ent computational versions of the simplex method for a high-speed
electronic computer. Our concern will be with a large linear
programming problem of, say, 300 or more constraints and 500
or more non-basic variables, The matrix will be supposed to
have only a few non-zero elements (e.g. 2 or 3%) and the com-
puter code to be used will make use of this fact, so that a multi-
plication or addition will only be carried out if neither of the two
figures is zero, In section 5.2 we shall briefly discuss some
measures of comparison which have to be considered, In section
5.3 we shall discuss the behaviour of linear programming matri-
ces when being solved by means of the simplex method. Section
5.4 will be concerned with the assumptions we have to make for
the comparison whereas some results of the comparison will be
given in section 5.5. We shall use the following abbreviations in
this chapter:

SFA : the straightforward algorithm,

EIA : the explicit inverse algorithm,

PFA : the product-form algorithm,

RPFA: the revised product-form algorithm.

5.2 Measuvres of compavison

As long as there were no computers with simultaneous tape/
drum and computing operations and tape operations themselves
were rather slow it was immediately clear that that algorithm
would be the best which 'minimized the number. of tape/drum
transfers. Actually this was the main reason for the product-
form algorithm to be developed some years ago (see Orchard-
Hays, [32]). But for modern computers this argument wiu no
longer hold and a comparison becomes more complicated since
there are many other factors to be taken into account. We men-
tion:

a. Number of arithmetic operations,

Since in all algorithms the greater part of the multiplications are
followed by an addition and since the number of divisions is rela-
tively small (they only occur in two minor operations which,
moreover, are the same for all algorithms), total time needed
for arithmetic operations will be dpproximately proportional to
the total number of multiplications,
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b. Number of additional bookkeeping operations.
Some of these additional operations may be the same in all algo-
rithms, e.g. changes in a basis identification list in each itera-
tion. Some may be directly proportional to the number of multi-
plications. For instance, in the operation p = a.+ b.c which is the
usual type of operation in the simplex method we always have the
test''a = 07" preceding the addition and we also have a test wheth-
er p is not too small compared with a (if p is non-zero and
p»,<< [a[ it is assumed to be non-zero owingto rounding-off error
and replaced by zero). Some, however, will be a consequence of
the organization of the code. When using SFA and compressed
column storage, we shall have many search and relocation opera-
tions (see section 4. 2) which hardly occur in EIA and do not occur
in PFA or RPFA.-

c. Number of tape /drum transfers.
This number will of course be dependent on the computer to be
used, e.g. on the size of its fast memory and on the size of the
records to be transferred. Therefore we rather use here as cri-
terion the quantity of numbers to be processed, which - if no fast
memory is used for permanent storage of the information con-
cerning the problem (matrix, inverse or n-vectors) - will be ap-
proximately proportional to the number of tape /drum transfers,

d. Accuracy.

e. Flexibility of the code, e.g. restart possibilities.

f. Complexity of the code itself,

5.3 Behaviour of Practical Linear Programming Problems

In order to be able to make any comparison we shall have to
make several assumptions about the behaviour of a large linear
programming problem that is being solved by means of the sim-
plex method. Therefore we studied the behaviour of a number of
large linear programming problems.

From chapter 4 it follows that the most important factors
which determine the total computing time besides the algorithm
itself and the speed of the computer are:

1. size of the problem,

2, number of iterations,

3. initial fullness of the matrix and the way fullness grows if
the calculation proceeds (note that fullness is defined as the num-
ber of non-zero's in the non-basis matrix divided bythe total
number of elements, i.e. mn),

4. behaviour of elementary variables, especially the total
number which will leave the basis (only of importance in EIA,
PFA and RPFA),

5. the number of re-inversions in PFA or RPFA and the iter-
ation numbers at which they are performed,

6. the question whether single or double-length arithmetic has
to be used,
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Since for a particular problem the size isfixed and the number
of iterations is the same for all algorithms (usually between m
and 2.5 m), we only have to consider the last four points.

The study of a number of large linear programming problems
has taught us that in most cases fullness grows rather rapidly in
the first iterations (about one third of the total number) after
which it fluctuates around a rather constant level whereas insome
cases it goes down in the last iterations. In the first iterations an
elementary column will nearly always be replaced in the basis by
a non-elementary column. These iterations are followed by a
great number of iterations in which the number of elementary col-
umns in the basis only slightly decreases until at the end many of
thermm (30 to 40% is possible) are still in the basis. About the re-
inversions we learned that computing time is highly influenced by
their number but that they may be performed a few iterations
earlier or later without affecting total time noticeably. There is
no sense in doing re-inversions in the first part of the calculation
when the elementary columns are still leaving the basis rather
rapidly and when fullness in still growing rapidly. They should be
performed at regular intervais. About accuracy we learned that
surprisingly large problems canbe solved insingle precision (say
with 25 to 30 bits word length, floating point), presumably owing
to the fact that practiical large mairices are very sparse and have
a special structure. Double precision, only for the re-inversion,
seems to be satisfactory for problems with up to, say, 400 or 500
constraints. On this experience are based the assumptions for a
theoretical comparison of the algorithms which will be given in
the next section.

5.4 Theoretical Assumptions about the Behaviouv of Lineay Pro-
gramming Problems

Notation:

m number of rows of the mairix,

n number of columns,

k  total number of iterations,

o(v) fullness of the non-basis matrix at iteration v,
9(0) = 7, (k) =

T rate of growth of ‘fuliness -—{?)-uf fullness grows from 7 to
g.in am (0 < %) iterations,

o(v) number of elementary columns in the basis at iteration v .

Assumptions:

1. About elementary columns:
a. In EIA:
a(v) flsvsam, 0< a1,
om if Vv zam;

TR
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in PFA or RPFA:
oM =viflgvsagm, 0<oul,
agm if V= agm and we have not made a re-inversion,
o;m in stage i, i.e, after i re-inversions.

b. In EIA:
if v Zjam no elementary column Wlll re-enter the basis;
if v >gm there will be a chance y' in each iteration that an ele-
mentary column re-enters the basis;

in PFA or RPFA:
if v = ¢gm no elementary column will re-enter the basis;
if v > oom and we have already made i re-inversions there will
be a chance y;' in each iteration thaf an elementary
column will re-enter the basis.

2. About fullness:

a. In SFA and EIA: thé non-basis matrix, the non-elementary
part of the inverse and each column of the matrix will have a full-
ness which grows linearly in the first fm iterations (B = o in
EIA) after which it remains constant:

P(v) =T +vT if1<vgBm;

HHH

=9 if VzBm,
so that
Tz =3-"
g m’

in PFA and RPFA:
stage 0 (before the first re-inversion):
O(V) =T + VT if 1=V =adom; -
=9y i v =0gm,
so that

= $o-%,
axom”’

stage i (after i re-inversions, 1> 0):
9(v) = ¢; (constant);
re-inversion in PFA:

¢o(v;) = © + 7;v; (v; counts the iterations in the re-inversions),

so that 73 = ?;i.;:] (note that oym is the number of iterations in the
1 re-inversiony;

re-inversion in RPFA:

P(v;) =T +-—;-\) (here we assume a quadratic growth of the
fullness; note that also here ¢(gm} = ).

b. With a fullness ¢(V) every element of the matrix has the
same chance ©(v) of being non-zero. The chance that a multipli-
cation be must be carried out is {@(V)}* unless we know before-
hand that b or ¢ will be non-zero. ,
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c. Main columns and the non-elementary part ofthe main rows
will have the average fullness of the non-basis matrix, i,e. have
the fullness p(v).

3. About the number of non-zero's in g’ 0 or iy, Vs Py
This number will bes

ifp=am : 0inBoYs P and PAV) mYIV 1P
ifp=zam : &min BoYsP and aym @V} erV ' P,

4, About non-virgin variables re- enterlng the basis:

a,In stage i there is a chance Y; in each iteration that a non-
virginvariable re-entersthe basis (if 1 = 0 only for v >uagn).

b. With a chance v;'< vy; this variable will be an elementary
variable which re-enters for the first time. It is then assumed to
have left the basis in iteration a;m (consequently the operation
"update main column' will only entail multiplications if pi= o;m;
in RPFA we even start with p = o;m).

c. With a chance v;" =7Y; - Y;' thisvariable will enter the basis
for the second time., We assume then that it went in for the first
time in iteration ajm and stayed in the basis during one third of
the iterations until the next re-inversion.

5. About re-inversions:

a, The decision whether a re-inversion will be performed in
PFA or RPFA or notwill not be influenced by accuracy questions,

b. The first re~inversion will be made after at least aym iter-
ations.

6. About accuracy:

Either the whole calculation can be done in single precision or
only the re-inversion part of the calculation has to be done in
double precision, In the latter case we assume that a double-
length multiplication can be compared with 3 single-length mul-
tiplications and that in EIA re-inversions are performed in
double~length to improve accuracy.

7. Additional assumptions for RPFA:

a. We shall neglect the fact that {y,¥7*};,_, need not be cal-
culated at all in some cases (see section 4 % point 4j;

b. A new virgin-columns tape will only be made after a re-in-
version,

8. About the code to be used:

a, There will always be compressed storage, so that only non-
zero elements are stored, together with a list of row numbers,
This holds for the matrices AV in SFA, forgB\)}'l and A in EIA;
for the n-vectors and A in PFA and RPFA,

b. There is no permanent place in the fast store for the data
mentioned in a; they are stored on tapes or drums.

9. About the operations to be compared:

Only the major operations will be compared. The other opera-
tions only take a small part of the total time. Moreover they are
the same or nearly the same for all algorithms. Hence we shall
neglect: in all algorithms: operations ''find pivot element", ""make
new 1 -vector", "transform b column'l,
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in SFA :transformation of the d row,

in EIA :transformation of ByV-1,

in PFA : the transformation of the mT Vi, elements, i.e. of the
d-row element of an n- vector

in RPFA: the recalculation of the d row after a re-inversion.

It is realized that these assumptions are sometimes arbitrary
or even unrealistic. In those cases, however, either their influ-
ence is rather small (e.g. 4b and ¢) or they over-estimate the
time required (e. g. 3), while they can hardly be replaced by more
realistic assumptions. The results obtained with these assump-
tions appeared to be in good agreement with practical resultsas
could be concluded from some experiments. Assumption 3 only is
a strongly over-estimating one. Actually 1t assumes that, if
¢ <am, the place ry_pin BV ¥,V ’pfrv_ is always
a new one, hence that between 1tergt10n V- am and iteration Vv a
pivot element is always chosen in a different row, This is cer-
tamly not true in practice, so that the actual number of non-
zero's in Bo¥ P or. ¥r,V'P is less than the theoretical number,
The fullness ¢(v-0) o ¥the n-vector T V=P, however, is rela-
tlvely large as long as p is small, Consgquently the overestima-
tion is even larger. Considering 1nstead of assumption3 a gradual
growth of the number of non-zero's in B¢YsF would lead to an un-
derestimation,

With the assumptions of this section it is possible to calculate
the number of multiplications in all algorithms as well as the quan-
tity of numbers to be processed. The formulae will not be given
here but in the next section the results of a comparlson based on
these formulae will be presented.

5.5 Comparison of the Algovithms

1, Number of multiplications,

The revised product-form algorithm leads to by far the least
number of multiplication operations.In a typical example (k = 2m,
n=2m, ©=,03 ¢=.,30, B=1, two re-inversionsin PFA and
RPFA after m and 1.5 m iterations, «; =a = ,7fori=0, 1, 2;
®;=.3, vi' ' =v'=.15and v;" = ,25 for all i), we obtain if

SEFA = 100:

EIA =56.1 1. 3.2
2. 33.9
3. 19.0

21.2
35,7
. 19.0
. 3.7

PFA =179.6

W
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RPFA = 31.0 . 186,

6
. 8.
4

LI bt
QO O

R. 1.7

1, 2, and 3 stand for the major operations; operation 1 is the up-
dating of the main column; 2 is the transformation of the inverse
in EIA, the calculation of Bo” (¥r, V) in PFA(RPFA) and 3 is the
pricing operation, The letter R stands for re-inversion,. :

In general we can conclude:

a. As far as multiplications are concerned the revised pro-
duct-form algorithm is the best with the explicit inverse algo-
rithm second best.

b. The difference between the straightforward algorithm and
the inverse algorithms becomes smaller if n decreases, if the
ratio 1 /¢ increases, or if a or B increases.

c. Re-inversions have a considerable influerice on the total
number of multiplications. For the above mentioned problem we
have: i

PFA RPFA
No re-inversion 136.6 62.6
1 re-inversion at ¥ m 91.2(1.83) 38.0(0.84)
2 re-inversions (at m and 4 m) 79.6(3.66) 31,0(1.68)
3 re-inversions (at m,4§ m and % m) 73.1(5.50) 27,9(2,.52)

The figure between brackets is the part of the total number which
is due to the re-inversions.

d. If the explicit inverse algorithm is revised, sothat the d-
row is transformed in each iteration with the help of the calculat-
ed main row, the figure for the number of multiplications in EIA
can be decreased to 41,9,

2. Additional bookkeeping operations,

We have already seen in section 5.2 that there will be a large
number of additional bookkeeping operations in SFA which do not
occur or do not occur to such an extent in the other algorithms.
This makes the straightforward algorithm even less attractive,

3. Quantity of numbers to be processed.

Realizing that:
in SFA we have to read and write the matrix in the course of each
iteration, ]
in EIA we have to read and write the inverse and to read the orig-
'inal matrix in each iteration,
in PFA and RPFA we have to read the m7-vectors and the original
matrix (virgin columns in RPFA) in each iteration whereas writing
can be neglected,
we obtain the following figures for the quantity Q ofnumbers {o be
processed:

I .
in SFA Q, = Q, = 100 (r stands for read, w for write),
then :

in EIAQ, = 45.5and Q,, = 32.6,
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in PFA no re-inversion. +Q =106.0
1 re-inversion (g m) 1Q = 82.0
2 re-inversions (m, § m) :Q, = 76.9
3 re-inversions (m, 4m, #m): Q, = 74,7

in RPFA no re-inversion : Q@ = 95,0
1 re-inversion ($m) :Q = 66.9,Q, =2.0
2 re-inversions (m, -4 m) :Q, = 58.8,Q, =4.0
3 re-inversions (m, %— m, -%' m):Q = 55.8,Qy, = 5.9

Note that there will be writing in RPFA during a re-inversima
since this will be done in a straightforward way.

Again we see that the revised product-form algorithm is the
best but now with the product-form algorithm itself as second
best. This result is not surprising since the product-form algo-
rithm has been designed to reduce tape operations, especially the
amount of writing., We also see that tape operations will be re-
duced by re-inversions. The same result has been obtained in a
number of other examples.

4, Accuracy.

As soon as double-length multiplications have to be done the
situation for the inverse algorithms will become even better since
in SFA we have to do the complete calculation in double length.
Assuming in EIA and PFA that we perform two double-precision
re-inversions and that one double-length multiplication is equiv-
alent to three single-length multiplications, we obtainthe follow-
ing picture for the number of multiplications in the example
mentioned:

SFA 300
EIA 88.5 {1, .3.2
2. 33.9
3. 19.0
R.32.4
PFA 87.0 {1, 21.2
(2 re-inversions) 2, 35,17
3. 19.0
R.11.1
RPFA 34.6 1. 186.1
(2 re-inversions) 2. 8.5
3. 4.8
R. 5.1

The advantages of the revised product-form algorithm are very
clear but the product-form algorithm itself seems to become the
second best., The quantity of numbers to be processed will also
increase if information has to be stored in double precision, so
that here we have another argument for the revised product-form
algorithm. Note that, even if no double-length operations are
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used, the re-inversion feature of PFA or RPFA will make these
algorithms more accurate.

5. Flexibility of the code.

It is clear that the re-inversion feature of PFA or RPFA gives
these algorithms excellent restart possibilities. If a list of vari-
ables in the current basis is taken out of the machine, cne can al-
ways restart later on with a re-inversion. In RPFA the additional
advantage is then obtained that a set of n-vectors with very few
non-zero elements is generated in this way, Since re-inversion is
so very cheap, amendment programs are hardly necessary.

The product-form algorithm has the disadvantage that after -
wards changes in the objective function are hard to make since
this would entail a change of the "zero''-element of all the n-vec-
tors. In the revised product-form algorithm we can always recal-
culate the d row without having to alter anything in the m-vectors.
This makes the new algorithm more flexible. Finally we have
seen in section 4.6, point ¢ that the revised product-form algo-
rithm can also be used as computational version in the dual
simplex method.

6. Complexity of the code.

It is clear that the straightforward algorithm will require the
simplest code and that the complexity of the code will increase in
the order SFA, EIA, PFA, RPFA. The latter algorithm may be
too complicated for smaller machines., For those machines the
explicit inverse algorithm seems to be preferable,

Conclusions

1. For large computers the revised product-form algorithm is

by far the best one.

Reasons:

it leads to fewer multiplications than any other algorithm;

it leads to fewer tape /drum transfers;

it can work partly in double length (the re-inversion) without lead-
ing to a big increase in computing time;

it has excellent restart possibilities,

2., For medium-size computers for which the revised product-
form algorithm is too complicated the explicit inverse algorithm
seems to be preferable.

Reasons:

it generally leads to fewer multiplications than the product-form
algorithm;

its code is simpler than that of the product-form algorithm;
since the size of the problems will be restricted, serious round-
ing-off errors in single-length operations can hardly be expected,
so that the advantages of the product-form algorithm in this re-
spect are of less importance.

‘3. For small computers, finally, the straightforward algorithm
seems to be the only possible one since its code is the simplest.
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6. SOME SPECIAL LINEAR PROGRAMMING PROBLEMS

6.1 Introduction

In this chapter some special linear programming problems
will be considered which will occur as sub-problem in the non-
linear programming procedures to be described in the chapters
7 - 11, No attempt will be made to explore more special struc-
tures such as network structures, triangularity, etc, Section 6,2
will be concerned with bounded-variables problems; in section 6, 3
we shall consider the problem of minimizing the sum of the ab-
solute values of the differences between linear functions and
known figures. This problem will be called the absolute-value
problem,

6.2 Bounded-Variables Problems

In some linear programming problems the variables are also
restricted by an upper bound, so that the problem is of the type :

Max fpTx | Ax+y =b, 0=sx=<ci; 0= y=cgl, (6.2.1)

where ¢; and ¢, are non-negative n- and m-component vectors,
respectively (some of the components may be infinite), This prob-
lem could be solved in the conventional way by adding the upper-
bound constraints as extra equations to the tableau but this would
lead to a much larger problem and consequently to longer comput-
ing times.

As already pointed out by Charnes and Lemke [ 8 ] and Dant-
zig [12] it is equally well possible to work with an m by n tableau
in which we indicate for each non-basic variable whether it is at
its upper bound or not (i.e, if x; +X; = ¢;;, we consider either x;
or ¥%j; these two variables have the same upper bounds and, i
x; = ¢j;, then the non-basic variable X will be considered). Pivot
columns will be determined in the normal way. The determination
of the pivot element will be more complicated, however. If for
the iteration considered the basic variables, denoted by y;* have
b values b;* and upper bounds c¢(y; *) and if the variable to be in-
troduced in the basis is x* with column & * and upper bound
c(x,*), then we shall increase x* from 0 to

N = min (A, A%, AgH), (6.2.2)
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where
A% = max [A] b* - A@.s* = 0}, (6.2.3)
Ao = o(xe¥), (6.2.4)
Ag* = max [A]b¥ - Mg * < o(y¥)} (6.2.5)

(e{y*) is the vector with components c(y;*)).

If, as will be assumed, none of the variables in the initial basis
exceeds its upper bound, then the described way of choosing A will
guarantee that this will never happen. If A* = N *, the transforma-
tion formulae are the same as in the normal simplex method. If
A¥ = Ag¥, we shall put x¢* at its upper bound, i.e. we replace b*
by b* - ¢(x,*¥)8.*, T.s* and dy* by -Bg* and -dg* and consider
X, * instead of x¢* as non-basic variable. In this case there is no
further transformation, If A* = Ag¥* and row r is the chosen row,
then y* will leave the basis. After the normal transformation
with a negative pivot element, we shall then put y; * at its upper
bound.

Proceeding in this way we shall arrive at the optimum solution
in a finite number of iterations. This number will not be reduced
by the application of a special bounded-variables technique. Some
of the transformations (if A* = Ag*) will be very simple, however,
and a great computational advantage will arise if we select more
negative d; figures and their columns at the same time, This will
avoid search operations on tape for the second-best main col-
umn. There will then be no transformation of the matrix or the
inverse and no "calculate oY (y, V)" or "pricing' operation while
no new 1 ~vector will be made. V

Wagner [38] has pointed out that the dual simplex method is
perhaps more suited to solving bounded-variables problems, the
reason being that we can avoid a phase 1 if we start with putting
all variables at their upper bounds the p;-values of which are
positive. In that case the first d row will be non-negative. The
criterion for selecting a main row will now be: any row r with
either b *< 0 or c(y:*) - by* < 0 (usually the row belonging to
the smallest of these figures is taken). In the former case we can
select a pivot element by the normal criterion and perform the
transformation; in the latter case we first multiply row r by -1,
replace b,* by ¢(y,;*) - b, * and replace y;* by ¥ *. Next we can
select the pivot element in the normal way and perform the trans-
formation, It is worth mentioning, however, that, if the variable
to be introduced in the basis would get a'b value > c(x*) (so that
it. could be removed in the next iteration), we do better to reject
A, * as a pivot element,. put %* at its upper bound and choose a
second pivot element in the same row, using the normal criterion
but ignoring the s-th column. If the new candidate for introduction
should again exceed its upper bound in the basis, we also reject
this variable, put it at its upper bound and choose a third one in
the same row, etc. The rejection of pivot elements in a row and
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upper bounding of the corresponding variables will lead to d; fig-
ures =:0 but the final transformation with a pivot element in that
row will make them all non- negatlve again as can be easily veri-
fied.

This procedure will again be finite, whereas some of the iter -
ations will be very simple: the updating of the main column will
be the only major operation that has to be done in the dual explicit
inverse or dual revised product-form algorithm, whereas search
operations on tape can be preventedto a large extentby the selec-
tion of more presumptive main columns,

As an example and for later use we shall consider the problem

Max {pTx IAX<O A2x~0—1<x ].lfJF’J,

O=x;=1ifjedy -1Sx=0if je Jg; (6.2.86)
_01f3eJ4§,
where J; + Jo + J3+ 3y = J ={1,...,nl, and A; and Ay are mi by

n and mg by n matrices, respectively.

In this problem we also have variables which are not restricted
by a zero lower bound; it is profitable to increase such a variable
if its d; value is less than zero and to decrease it if this d; value
is greater than zero. v

Writing Ax+y =0, y =0; Aygx + 2z = 0,z = 0, we havenew
variables y; with upper bound cc and artificial variables z; .
Although the primal bounded-variables technique can be applied to
this problem we prefer a description by means of the dual bound-
ed-variables technique Here we proceed as follows:

1. If je Jy and p; = 0, put x; at its upper bound (i.e. substract
a,j from b, replace a, by -a:);

if j €Jy and p; < 0, put x; at its lower bound (i.e. add a
to b); '

lfJ € Jg and pj= 0, put x; at its upper bound;

if je J3 and p;, < 0 put x] at its lower bound;
neglect columns x., j e J; throughout the calculation (theycould
be omitted comple ely)
From now on all variables are required to be non-negative, The
upper bounds are c(x;) = 2 if j € Jy, ¢(x) = 1 ifjedy + Ja.

2. Remove the ar’c1f1c1a1s from the basis in successive itera-
tions using the described method for selecting pivot elements in a .
row (with rejection, if possible) and excluding columns with j € J4.

3. Apply the dual bounded-variables technique,

6.3 The Absolute-Value Problem

Dualizing (6.2.6) we obtain (see also theorem 8, section 2. 5):
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Min{z vt o+ zvj'+ ZVj++ z v

§erly jel i€k i€

‘AlTul +AgTup + vt - v =p, w20, v'Z0, viZ 0}, - (6.3.1)

or, writing v; = »* - v, so that the v; will not be restricted:

Max § - Zlvjl—‘z max (v, 0) + Zrﬁin(\fj,O)l

i€y i€, j'e]3
]AlTul + ATug +v = p, u;= 0}, (6.3.2)

The vector u; will consist of variables uy;, i ¢ Iy; the vector
up of variables ug, i € I, We shall write u(I) = fu;| ie I3}, i.e.
the set of all uy; variables. In the same way u(ly), v(J1), v(Jy),
v(J3) and v(J,) are defined. Note that the rows are now denoted by
the index j and the columns by the index i, The main column will
obtain the index r, the main row the index s. The elements of the
matrix (A;T, AT, E) will be denoted by &j; .

If Jy, J3 and J; are empty, so that Jj = J, this problem reduces
to a problem in which the sum of the absolute values of the "slack"
variables of a set of linear inequalities must be minimized,
Therefore we shall call it an absolute-value problem,

For this problem a technique can be developed which is closely
related to the dual simplex bounded-variables technique with re-
jection of pivot elements. Since the variables v; are free we im-
mediately have an initial basis: v = p. We can further calculate
an initial d row by using the following coefficients in the objective
function for the v;.
jeJltq(Vj)'—1ifpj;03nd+lifpj<0;
jeJg:alvi) —1ifpngand+Oifpj<O;

j e daa(vy) —Oifpngand+lifpj<0;

jedysalvy) =0,

Hence, if Py = 0, vj+ is in the basis and, if pj< 0, - vy is in it in
accordance with (6.73.1).

For later use we also put q(uy;) = - Oforalliel; and = 0 if
i eIy (sign unimportant in the latter case). We see that, if p; 7 0
and j ¢ Jy, p; and g(vy) will always have opposite signs (we distin-
guish between + 0 and - 0).

We shall introduce:

(N L (]

O(vj) =2if je I, 8(v) = Lif je Jp + Js. (6.3.3)

Suppose that we have performed a number of iterations, The
data obtained will be denoted by an asterisk. The technique will
be such that the following two conditions are always satisfied:

1. The d*(v,) of a non-basic variable v, will be the d*(vt), We

i i i
then know that
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ax(vim) = 8(vy) - d¥(vi*). (6.3. 4)

2, The v; variables in the basis will always be: '
if p*(v;) >0, a vy* variable (coefficient q(v;*) in the objective
function),
if p¥(v;) € 0, a -vj variable (coefficient q(-v;") = q(w*) + & (v;)in
the objective function),
if p¥(v;) = 0, either a y* or a -v;~ variable,
As main column we can now choose:
. any non-basic uy; column with d*(uq;) < 0 or
. any non-basic uy; column with d*(ug) # 0 or
. any non-basic v; column with d*(v; ) < 0 or
. any non-basic v; column with d*(v; ) > & (v;).
If no column exists with this property the problem will.be solved.
We shall usually start with putting the uy;; in the basis in succes-
sive iterations. If all the ug; are in the basis we shall continue
with choosing the 'best" column among the admitted ones, Let r
be the number of the chosen main column and u, * be the variable
entering the basis (this may be a v;variable). If u * is a v; vari-
able and d*(vj)>'-.é (vj) we replace d¥(v;) by 6 (v;) - d¥(vy).Conse-
quently - v;~ will be introduced instead of v;* (u/* = -vj7).

The choice of the pivot element in the pivot column will be
such that:

1. The property that sgn q(v;) = - sgn p*(v;) for all v; in the
basis with j ¢iJs and p*(v;) # 0 will be retained,

2. If a v; variable will leave the basis it will always get a d-
value between 0 and &(v;), If a vy variable corresponding to a
chosen pivot row does no% satisfy this requirement, the pivot ele-
ment will be rejected.

These two requirements lead to the following procedurer

1. I u* e u(ly), vi{JIy, vi(Jy) or vi(J;),
or if u,* e u(lg) and d(u,*) <.0:

2.0 T

determine s by

N N
P = minf Pi” f7 ¢ 40, sgn q(vj) = - sgn 7,6 vk ¢ u(ly) + vl
R '

if —u* e vi(J), v (Jy) or v {J3),
or if u* eu(ly) and d(u, *) >0 :
determine s by
p¥ . BF - .
—— = mjlni _J ~ jr* 7 0, sgn q(vj*)=+ sgn ajr*;vj * ¢ u(ly) + v(J4) }
Ay * -ajr *
2. T v,* eru(l;) we shall perform the transformation;
if vk e v(J) + v(Jy) + v(J;) we calculate dp* + S(vyk) | ag*|[:
if dp* + O(vy*) | B * | 20 we perform the transformation,
i d*+o(v¥) | Be* ) <0:

a. g * will be rejected as a pivot element;

I
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b. we replace q(vy*) by a(v;*) - {6(v,*) + 0} sgn q(v; ¥)

(the term +0 ensures that the new q(v; *) will have the desired

sign);

c. we replace d;* by d;* + S(v*). aSl *, sgn g, *;
do* by do¥* + 8(v,*).p, *.sgn &, *

(dy* is the value of the objective functlon)
d. we repeat steps 1 and 2.

A rejection of a pivotelement will finally lead to atransforma-
tion with another pivot element and this transformation may
change the sign of the p* figure in the rejected row. This will al-
ways happen in the non-degenerate case, In the degenerate case
such a p* figure may become zero after the transformation. In
the former case condition 1 will only be satisfied after the trans-
formation if we change the g¥(v;) figure of the variable in the re-
jected row. In the latter case such a change does notdo any harm.
Therefore we perform operaticn 2b. This will result in a change
of the whole d* row. After the change the new d(u;*) figure is
still negative, so that a second pivot element can be chosen in
that column. Since, for the rejected pivot elements, the signs of
the g and p* figures do not match any longer we shallautomati-
cally leave these variables out of consideration when choosing a
second pivot element., Moreover the procedure guarantees that
a vj* variable will enter the basis at a non-negative level and
a -v;" variable at a non-positive level, It is clear that a pivot
element in the main column will be found after a finite number of
rejections (note that this problem will always have a maximum
solution = 0, so that infinite solutions cannot occur). The trans-
formation will then lead to a new situation where condition 1 is
satisfied. If a -v;~ variable leaves the basis we replace its d-
value -d(v;") by d(v") after the transformation, i.e. we add 6(V)
to -d(vy). Consequently condition 2 will also be satlsfled

Proceeding in this way we see that we can solve (6.3.1) by
means of the special technique developed for (6. 3. 2). This special
technique is essentiallythe simplex method with some very simple
iterations, With an anti-degeneracy precaution we are sure that
the problem will be solved after a finite number of iterations.

Since (6.3.1) is dual to (6.2.6) we shall immediately, by theo-
rems 7 and 8, section 2.5, have the solution of (6. 2. 8):

% = -d'(v].‘*’) - q(vj*')_‘ (6.3.5)
¥, =d'(ug). (6.3.86)
(the prime indicates the optimum solution),
so that
xj = +1 if v;* in the final basis and j e J; + Jy;

0 if v;* in the final basis and J € J3;
0 if v.” in the final basis and j € Jg;

-1 i v;~ in the final basis and j e J1 + J3;
0 if je J,. '

oo o ou
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The revised product-form algorithm can easily be applied to
the solution of the absolute-value problem'
The operation "find pivot element in main column* will be differ-
ent and more complicated but this is only a minor operation.
The changes in the d row if a pivot element has been rejected can
be postponed and combined with the next 'y-operation”. We only
havs 1to start this operation with a vector ys; V!, defined by:
Y sy =@V (vs,, -1}, where VSVV lis the variable which ultimate-
ly 1eft the basis in iteration v-1;if this is
a v;~ variable, then we mean the -adV(v;")
v.i vo1 value (hence before we change itin d"’(v+))
fYsy *1i = 8wV sgn aﬁvv“l if vj¥-1 is a rejected variable,
= 0 otherwise.
During the y-operation the d\’(v]“) figures are calculated together
with the dV(ui;) of the non-virgin uy; variables, Note herethat if
a vj vamable leaves the basis its 7n-vector will always belong to
the vy* variable. The dV(vj~) can easilybe derived from the dV(vyt).
From the foregoing 1t follows that iterations consisting of the
rejection of a pr‘Ot element are very cheap ones. Almost theéir
only consequence is that the next complete iteration will start with
an initial vector in the y-operation having more non-zero's.

The absolute-value problem willoccur as sub-problem in some
of the non-linear programming techniques- to be described in
chapters 7 - 11. A sequence of problems of this kind must then
be solved and two consecutive problems only differ in one or more

of the following respects:

1. The sets_J;, Jy, J3 and J, change to I, T5, J, and J but
we still have J; + 3, + J3 + J4 = J (the sets are always mutually
exclusive),

2. The sets I; and L, may change to I; and I, Here we only
have the following possible changes:

a, iel;and €

‘b. iel;and ¢ Tl (only if" u1; is not in the final basis),

.i¢li+Iyand €T; (d(y) < 0 will then always hold for the
- new d figure),
d. i¢1I;+1I; and €1y,

3. The vector p may change to P.

4, For some values of ithe vector a.; may change to 8.;.

We shall now investigate how we can use the final solution and
set of n-vectors of one problem to start solving the next one with
the help of the revised product-form algorithm. A prime will
denote the final figures of the first problem.

1. These changes are simple; we introduce the new qg(v;} and
&(vj) figures. The coefficients in the objective function can now be
substituted using the final vector p' instead of p, provided p does
not change itself, Otherwise we first perform point 3.

A recalculation of the d row is necessary,

2. a., Make the changes in Il and I,. Variable uj will no longer
be neglected as possible candidate for leaving the basis. If it is
negative in the basis, p'(u;) <0, we shall give it a high penalty +M
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in the objective function, qu;)} = +M (high enough to be sure that
it will not stay in the basis at a negative value), introduce &(u;) =
=M and treat u; in the same way as the vj variables in the basis
when choosing a pivot element, It will then either leave the basis
in one of the following iterations after which we mustdelete the
penalty or it will stay in the basis, loose its penalty (pivot element
rejected) and get a non-negative p value,

A recalculation of the d row is necessary in this case.

b. We only have to omitthe column a.; from the original ma-
trix, and the d{u;) figure from the d row.

¢, d. We have to add column a,; to the original matrix, to
update it with the help of the n-vectors and to calculate its d fig-
ure. ..

3. We calculate ' with the help of the n-vectors, Two things
may happen now:

(iyP'(uy) < 0 for some i, We then give uy; a penalty +M in the
objective function, qfu;;) = +M, introduce &(uy;) = M and treat uq
in the same way as the v; variables in the basis when choosing a
pivot element.

(i) sgn q(vj) . P'(vj) = 0 does no longer hold for some j. Wemust
then replace q(v] ) by a(vy) - {&(vy) + 01sgn a(v;).

In both cases a recalculation of the d row is necessary.

4. If a.y is not in the final basis we can easily replace it in the
original matrix by &.; and recalculate its d figure.

If a; is in the final basis we add i; to the original matrix,
remove a.; from it, introduce variable T; and make u;artificial
(by giving it a penalty -M if P(u;)= 0 and +M if Py )< 0; such a
variable must be removed from the basis as soon as poss1b1e S0
that there is no rejection possibility here).

It is clear that too many changes of type 3 or 4 will make any
restart with a final solution of a previous problem a hardly, if at
all, profitable operatlon Another possibility is to start the new
problem with a pre-inversion as described in section 4.5, The
variables to be taken for the pre-inversion can then follow from
the previous problem. If even this pre-inversion does not seem to
be profitable, hence if the two problems have hardlyany resem-
blance, we can of course start the second problem in the conven-
tional way.
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7. METHODS OF FEASIBLE DIRECTIONS

7.1 Introdiuction

Let F(x) be a concave function of the n-component vector
x € B, let f;(X) be convex functions of x € E, and for i e Ig,
I.c I =1}1,...,m{ being a set of integers; let a; be n-component
vectors for 1 e Iy = I - Ig; let further c and p be n-component
vectors and b be an m-component vector (some or all components
of ¢ may be infinite). Then we shall consider the problem:

Max {F(x) | fi(x)=b;, ielgaTxsb, iel; 0Sx = c].
’ (7.1.1

The region R defined by the constraints in (7.1.1) will be con-
vex. Therefore a problem of type (7.1.1) will be called a convex
programming problem. We shall suppose that the non-linear con-
straints f;(x) = b; satisfy the regularity condition C 1 of section
2.6. Moreover we assume the functions F(x) and {;{x) to be dif-
ferentiable with continuous partial derivatives and shall define:

9F .
=== i=1,..., ; 7.1.2
509 ={35 n}: (7.1.2)
af. .
0,00 ={2, j=1,..,m), telg (7.1.3)
]

We shall also introduce non-negative variables i defined by

v = vi(x) = by - £(x)  ifielg

=b; -afx ifiel,.

(7.1.4)

Let m be the maximum of F(x) on R, We shall assume that the
concave function F({x) is either unbounded on R (m =29) or that

R
Theorem 1: I F(x) satisfies condition C 3 on R and m <&, then

R, = IxeR l F(x)= 2} will be bounded for all «.

Proof: Ry = 0 if x >m; RD Ry and convex if o =m (section 2.4,
theorem 8). Suppose R, is unbounded for some a, so that, forany
x € R, a vector s can be found, such that x + 7 s = By for atiA>0.
Take ; so large that x; = x + ;s ¢ R_. Hence F(x;) <« m = F(x),
so that g(xl)T(x - X7 > 0 by corotlary 1 of theorem 3, section 2.4,
Consequently g(x)Ts < 0 holds. Now x + As = x1 + (K - Ay) s,
F(x + As) £ F(xg) + (M = A)g(x))Ts < 2 if A is large enough. Hence
x + As € R, for all'A >0 cannot hold, '

={xe R| F(x) = m! is bounded. (condition C 3).

i 3
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Corollary: If m <, then,for any y: R, the set {x e R|FX)ZF(y)}
will be bounded.

A method of solution for the convex programming problem
(7.1.1) will be called a method of feasible directions if it has the
following properties: .

1. The starting point will be feasible: x° ¢ R.

2. Having obtained points x%, x!,...,x* ¢ R satisfying F(x) >

>FxP1) for h = 1,...,k. a point x¥! ¢ R is determined with
F(xk*ly > F(x¥) or it is concluded either that no better point xk+l
exists, so that xX is a maximum solution of (7.1.1)or that F(x)
will be unbounded on R, The determination of x**! will consist of
two parts:
a. In xk a usable feasible direction skis determined (see section
2.6 for the definition of feasible and usable feasible directions).
b, A step length Ny is determined, so that xk1 = xk+ A, gk e R
and F(xk+l) > F(xk),

3. The choice of the directions sk and scalars Ay, hence of the
points xX e R is such that convergence to the maximum m of F(x)
on R is obtained:

lim  F(x) = m, (7.1.5)

k —»00

or that F(¥) is unbounded. In the latter case (7.1.1) will have an
infinite solution.

Methods of feasible directions can be considered to be large-
step gradient methods and differ from the small-step gradient
methods, for instance those considered by Arrow and Hurwitz
[1], chapters 6, 7 and 8, Many methods for solving linear or
non-linear programming problems will appear to be methods of
feasible directions. They only differ in the extra requirements
for fixing the starting point %0, the directions sf or the step
lengths Ay, Among them are the simplex method, the primal-dual
method, Rosen's gradient projection method [34],Beale's quad-
ratic programming method, [ 3] and [ 4 ], and Frank and Wolfe's
method for non-linear programming with linear constraints [20].
In section 7,2 we shall discuss the problem of obtaining an initial
feasible point x@. Section 7.3 and chapter 8§ will be devoted to the
different ways of obtaining usable feasible directions. The deter-
mination of the step lengths will be considered in section 7.4. In
section 7.5 the procedures will be summarized, Their conver
gence will be studied in section 7,6. Finally in section 7.7 we
shall discuss what will happen if the concavity assumption for
F(x) or the convexity assumptions for f;(x) are not fulfilled,
Chapter 9 will be devoted to the linear programming problem,
chapter 10 to the quadratic programming problem and chapter 11
to the problem of maximizing a concave function subject to either
a set of linear constraints orto a setof non-linear andlinear con-
straints (which determine a convex region).I{ willthere be studied
how the convergence of the procedures can be improved.




66

7.2 Finding an Initial Feasible Solution

In many practical problems a point x® ¢ R will immediately
follow from the prior knowledge of the problem. If an initial
feasible point x° € R is not available, however, we can take any
point x0 satisfying 0 < x% <c., We then imjroduce an extra varia-
ble £,, and non-negative numbers @1, i € I;, with p; = 0 if 3 (x")= 0
and pj> 0 if yy(x )< 0,

We first solve the problem:

Max {- & |aTx - p; E1=b;, iel; 0Sx<c;E,20]. (7.2.1)

This is a linear programming problem which can be solved by the
simplex method but also by any other method of feasible direc-

—v: (%0
tions. An initial feasible point is then x = %%, £; = max | %X)

. PRt

‘pi >0{. These methods can all be devised in such a way that they
are finite in the linear case (see chapter 9). If the region R is
non-empty we .shall obtain £3= 0 after a finite number of steps.
The point x,° which solves (7, 2. 1) will satisfy all the linear con-
straints in (7.1.1). If y,(x,°) = 0 for all i € I it follows that
x;9e R, so that we have obtained an initial feasible point. If
yi(xlo) < 0 for some i eI, we introduce an extra variable £, and
non-negative numbers p;, i € I, with g = 0 if y;(x;9 = 0 and
g > 0ify; (xlo) << 0, and solve the problem

Max {- E5 | £i(x) - p;Ea= by, i€l aTx by, iely;

0= x=c;E,2 0], (7.2.2)

An initial feasible solution fog‘ the problem (7. 2. 2) is easily ob-
tained: x = x0, &, = max{-yb—-—gl.)l f >0}, Since (7.2.2) is also a
. 1

convex programming problem of the type (7.1.1) we can apply the
same method to its solution,

Theorem 1: If R is non-empty and satisfies condition C 1,then
any method of feasible directions applied to the solution of (7. 2, 2)
will lead to £ 9= 0 after a finite number of iterations.

Proof: Condition C 1 will guarantee the existence of a vector x
satisfying f,(x) <b;, 1 € Ig; a;Tx =b;, i e [}, and 0= x =c. Hence,
if the condition £, =2 0 was not imposed in (7.2.2) we shouldbe
sure of convergence to a £,< 0, so that £, would pass zero after
a finite number of iterations (property 3, section 7.1, of a method
of feasible directions). Consequently with the condition £,=0 we
shall obtain £, 0 after a finite number of iterations. This proves
the theorem. ™

Instead of solving (7.2.1) first and then (7. 2. 2) we could also
.solve the problem
Max{- E}f;(x) - ;& Sby, ielg a x-pE b, iel;
0Sx<c: & =0} (7.2.3)
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where p = 0 and > 0 if and only if y; (x%) < 0. For this problem we

should have the initial solution x = x%, § = max :yié(—}ﬁ),‘ p; > 01,
¢ ;

so that we could immediately apply the method of feé\sible direc-

tions we have chosen. But, whereas (7.2,1) and (7. 2. 2) guarantee

finiteness, this may not always be the case in (7. 2. 3).
It is also possible to solve the following problem:

Max {F(x) - ME [ £;(x) - p;& =b;, i elg; ,Tx - 0;E Sb, el ;
0O=x=c; §=0], (7.2.4)

where M is a large positive number, We have

Theorem 2: If (7.1.1) has a finite maximum x', F(x") <o, it fol-
lows that a number M; exists; so that for M = M, problem (7. 2, 4)
is also solved by x',

Proof: Since x' is a maximum of (7.1.1) we know from Section
(2. 6), theorem 6 and (2.86.6), that non-negative numbers u} , vﬁj
and v % exist such that

g(x") =Z u; qi(x") + Zu ai - Zv‘lj e; + Lvy e,

]’
u'Ty'=O,viT =0, viT (c - x") =

Onthe other hand problem (7.2.4) will be solved by x, y, £ if this
solution is feasible and the system

g(x) = Zu; qy(x) + Zu; a; - Zvyye; + Ly e

- M

]

_Zui Pi _VE:

uly =0, vTx = 0, vT(c - x) = 0, Evg =0

u=z0, vi20, vy= 0, V@'

is consistent. This system will be solved by x =x', y=vy', £ =0,
u=u',vi=vy, vop=vy and vg = M= Z pl,prov1ded1\/[>2u Py
holds. Hence taking My = Zu p; we have proved the theorem.

The two-phases approach will be preferred if F(x) is a non-
linear function since in the first phase we shall then have the
simpler linear objective function, hence no recalculation of the
gradient vector. The second procedure can for instance be ap-
plied if, as a consequence of rounding-off error, we have obtained
a point xk somewhere in the calculation which is slightly non-
feasible.

Up to now we have said nothing about the choice of the p; .
possible choice would be @ = 0 if % (x%.=Z 0 and p; = 1 if y,(xY< 0
Anocther possibility is p; = 0 1f yi(x% = 0 and p; = ~y;(x%) if y(x0).
< 0, In the latter case x = x% £ = 1 will be a feasible solution of
the modified problem and for this initial solution equality holds in
all constraints violated by x? in the original problem. This may
be of use when the E-procedure is used to correct rounding-off




68

errors. (With the choice p; = 1 if y‘i(x°) <. 0, the trial solution
would no longer lie in some of .the constraints in whichit would.
presumably have been if there had not been rounding-off errors).

7.3 Determination of Usable Feasible Directions

Let for any x e R Ig(x) c I, I (%) c I, J7(x) ¢ J and 3% (x) c J
be defined in such a. way that

ie ﬂlc(x)‘ if and only if f (x) = by, 7(7’_ 3.1)
iel (x) if and only if aTx = by, (7.3.2)
je J(x) if and only if x;-=0 and (7.3.3)
jeJfx) if and only if x =q. (7.3.4)

Let further

Sx) ={slqx)Ts=0, iel (x); aTs=0, ie I (x);

5520, je I (x); 8;=0; j eI (x)] . (7.3.9)

ILet 0 be an extra variable and let 8; be posxtlve numbers, then we
define:

S'(x) = {(s, 0)| q;(x)Ts + 0, 0=0, ieIx); aTs =0, ie I (x);
5,20, jel (x); 5,50, je Irx)} . (7.3.6)

We shall now look for a.vector (s, o)which satisfies the re-
quirements:

1. (s, 0) € S'(x), | | (7.3.7)
2. -g(x)Ts + 0 =0, (7.3.8)
3. normalization requirement, (7.3.9)
4, 0 to be maximized. : (7.3.10)

The problem defined by these four requirements will be called a
direction-finding problem. Any (s, o), satisfying (7.3.7)with 0 >0
will be a ussble feasible direction since, if 0 >0, we shall have
q (x}Ts<0ifiel o(x), and g(x)Ts > 0. By means of the normali-
zation requlremen’c we can preventa method for solving the direc-
tion-finding problem from producing an infinite solution. The
normalization is such that if (s, o) satisfies (7.3.7) and (7.3.,8),
then there is a B > 0, so that for 0 < g = f the vector (8s, g o)
will satisfy (7.3.7 - 9) and that, if s; and s, are normalized vec-
tors, A sy + {1 - A)sg will also satisfy the normalization ‘require-
ment for allh, 0=\ =1,
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If o' = O for the optimum solution s', ¢'of (7.3.7 - 10), it follows
that the system of linear inequalities, given by (7.3.7), (7.3.8)
and o > 0 will be inconsistent, so that, by theorem 3, section 2, 2,

there will exist non-negative quantities u, Vi v}' and uy, such

that:
Z u;q;(x) + Z %a; - Z Vi€ * ﬁz v e+
ie I.(%) eI (x) je I (x) je JHx)
- upg(x) = 0, (7.3.11)
> w8 +fug=1. (7.3.12)
ielo(x)

If ug > 0 it follows from (7.3.11) and theorem 6, section (2.86)
that x is a maximum of F(x) on R.

If ug= 0, (7.3.12) tells us that u;> 0 will hold for at least one
ieI(x), sothatfrom (7.3.11) it follows that condition C 1 would
not be satisfied. Hence with condition C 1 we know that we have
arrived at the optimum of F(x) on R as soon as 0 =0 holds for all
(s, o) satisfying (7.3.7) and (7. 3.8).

Hence we have proved:

Theorem 1: Under condition C 1 a point x € R will be a maximum
of F(x) on R if and only if 0 =0 holds for all (s, 0) € S'(x) satis-
fying -g(x)'s + ¢ =0,

The choice of the 8; may be arbitrary. We can for instance
take ©; = 1 for all i ¢ Ig(x) but we can also increase 8; when we
arrive in a certain hypersurface again and again,

If I = O, hence if there are no non-linear constraints, then the
direction-finding problem reduces to:

1. s e 3(x), (7.3.13)
2. normalization requirement, (7.3.14)
3. g(x)Ts to be maximized. (7.3.15)

Any s satisfying (7.3.13) with g(x)Ts > 0 will be a usable fea-
sible direction. If, for the maximum vector s', we have g(x)Ts' =
= 0, x will be a maximum of F(x) on R.

The requirement (7.3,10) or (7.3.15) will lead to the best
usable feasible direction among those which satisfy the normali-
zation requirement. It is an astonishing fact that many methods
for solving the linear, quadratic or convex programming problem,
although they seem to be quite different at first sight, only differ
in the way they fix the directions s by a.normalizationrequire-
ment and in the computational consequences of such a fixation.

Examples of possible normalizations are:
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N.-1: sTs <1;
N2: -1=s; =1 for all j;
N3: s;=1 if gi(x)> 0,
5= -1 if gj(x)<0;
N 4 : c=1 in (7.3.7 - 10),
gx)Ts=1 in (7.3.13 - 15);

. N5 qi'(x)Ts+®i 0= y4(x) ifiels,
g s yi(x)  ifielp,
XS =0 -x jed.

For the convergence of the procedures to be studied in section
7.6 it will be necessary that the directions sk are bounded. This
will always be the case if procedure N 1 or N 2 is used. In the
other cases we can for instance require that the absolute largest
component of sk -may not exceed a given number and, if it does,
we can consider a vector o g%, where a <1 is such that the abso-
lute largest component is at the required bound. The normaliza-
tions N 1~ N 5 will be studied in chapter 8.

Normalization N 5 differs from the other ones in that it also
takes into account the constraints in which the trial solution x
does not lie. Let us fix the point x € R by putting a bar over it and
let us write s = x - ¥ (X fixed and x variable) and ¢ = x,. Then
(7.3.7), (7.3.8), N 5 and (7.3.10) lead to the following problem:

Max {Xoi qiTx +0;x,= EliTi +b - (%), ielg aiTxébi, iely ;

0=x=¢, jed; ~gTx +x,= -gTx}, (7.3.16)
where we have written ¢; and g for g, (x) and g(X). Since (7.3.16)
can still have an infinite solution, normalization N..5 is not a nor-
malization in the proper sense of the word, In the case of an in-
finite solution of (7. 3. 16) we shall derive the usable vector s from
the extreme ray of the constiraint set which led to the infinite so-
lution and which can easily be obtained from the final data of
(7.3.16). See section 3.2, the paragraph following formula (3. 2. 5).

7.4 Determination of the Length of the Steps

Having found a usable feasible direction s in x, we want to im-~
prove the trial solution X by making a move in the direction s.
Defining

M= max{\|x+NseR], (7.4.1)

we are sure that the length A of the move must be = A, (A' =00 is
possible if some of the ¢; are =), Let A'' be the smallest A such
that
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Flx+A's) = m)a\xx F(x + As), (7.4.2).
hence

A = max{}\] F(x+ps)<F(x+Ais) forallp<il
then 0 < A" < o0 will hold and we shall choose

A = min (A", A", : (7.4.3)
so that
F(x + As) = Max [F(x + ps) | p =2} (7. 4. 4)

If A = o0, then regularity condition C 3 for F(x} ensures that
m =09 will hold, so thatthere is no finite maximum.For, if m < e,
then {y ¢ R ] F(y) 2 F(x)} is bounded, so that A = cannot hold.

Problem (7.4.4) is one-dimensional and can easily be solved
if all the constraints are linear and if the objective function is
linear or quadratic. In the general case the problems of finding
A and A" are of the same type: In (7.4.1) we must, for each i,
find the largest root of the equation {;(x + As) = b;, and takethen
the smallest of the figures obtained. For each i € I this can for
instance be done by Newton's method (note that A is the only vari-
able in the equation; x and s are known vectors). For the linear
constraints we simply have

A'=min (M, AL, ALY (7. 4.5)
with

Al =miin{_¥_i7§.iﬁ ]ti< 0, iel -1 (x)], (7.4.6)
where

t; = -aTs; (7.4.7)

AL =rr;in{% lsj<0, jeg-u @i (7.4.8)

A, =min {35 s> 0, je - I (7. 4.9)

i i
To find X we can proceed as follows:
if g(x +A's)Ts =0, A =2" will hold (F(x) is concave);
if g{x + X's)Ts < 0, then we can apply the regula falsi to find the
point A" where g(x + A"s)Ts = 0 will hold (A is the only variable,
x and s are known vectors),

7.5 Procedures

In this section we shall summarize the procedures which are
based on the different normalizations. Procedure P 1 will use one
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of the normalizations N 1 - N 4; procedure P 2 will be based on
normalization N 5. In order to ensure convergence of F(xK) to
m = max {F(x) | x € R} it is necessary in procedure P 1 to apply
a so-called anti-zigzagging precaution. Without such a precaution
examples can be constructed in which lim F(xX} < m would hold.
Examples of such precautions are:

AZ 1:
a, L.et ¢ > 0 be an arbitrary number,
b. ’Define for x € R:

Ig(x, €) ={ielg|b; - € S£(x) = by}, ‘ (7.5.1)
I(x, ey=fiel |b, - eéaiTxgbi}, (7.5.2)
J(x, e)={jed |0=x=¢e}, (7.5.3)
Tx, €)= [jed |¢ -e=x = ¢, (7. 5. 4)
H(x, €) = I(x, €) + I (x, €) + J7(x, € + J¥(x, €), - (7.5.5)
H(x) = H(x, 0). (7. 5.6)

We see that for € = 0 we have . .
Io(x, 0) = I(x), I (x, 0) = I (x), I7(x, 0) = J°(x) and J¥(x, 0) =J¥(x).

c. Define

S'(x, €) ={ (s, 0) lqi(x)Ts +0 050, i€l (x, €);
aTs =0, ieIn(x, €);8;20, je J(x, €);
s;=0, jeJ(x, €)}. (7.5.7)

d. Replace S'(x) in (7.3, 7T), hence inthe direction-finding prob-
lems by S'(x, €).

e. If for the final bounded vector sy, of a direction-finding
problem Ogpy is less than €, then we replace € by %, hence S'(x, ¢)
by S'(x,§) and solve the direction-finding problem again. (If
Ogpt = 0 and S'(x, €) = S'(x), then we know already that x is a
maximum of F(x) on R).

AZ 2:

a. Let € >0 be an arbitrary number.

b. Let xk have just been determined, so that we have to solve
the k-th direction-finding problem; let h e H(xX) be such that
h e HE), h ¢ HE1) and h € H(x¢) for some £=k-2. ‘For such
values of h we shall retain the requirement n;'s + 8, 0 <0 in all
direction-finding problems (7,3.7-10) or (7.3.13-15)followingthe
k-th one until condition c. is met. Hence even if h ¢'H(x51) we
nevertheless require n,'s + 8, ¢ < 0 in the (k+1) -th direction-find-
ing ‘problem (n; is the outward pointing normal in xk of the h-th

hypersurface, so that n = qi(xk), a, -e; or e;; B,=0if h ¢ I;).




73

c. These extra requirements will be omitted in the next di-
rection-finding problem if Ay < Ay has to be chosen; they will be
omitted in the direction-finding problem itself if oo, < € for
the final bounded vector Sopt Of it, so that we then solve the prob-
lem again without extra requirements in it. Moreover we replace
€ by -%for the new direction-finding problems.

In AZ 1 we also take into account hypersurfaces for which the
variable y, (x), %; or c; - %y, though non-zero, is less thane, so
that we try to prevent making very small steps by the extra re-
quirements (& may be considered as a small number which is
moreover gradually reduced, so that it will not hinder us in the
neighbourhood of the true optimum). In AZ 2 we add an exira re-
quirement if we arrive in a hypersurface for the second time, so
that we try to avoid a third arrival in it. In AZ 2 we may have an
extra requirement n,'s + 8, 0 =0 even though we are rather far
from the corresponding hypersurface, ThHis danger will be reduced
by the rule that the exira requirement will be omitted if Ap << A}
has to be chosen. Precaution AZ 1 is the simplest one but AZ 2
seems to be somewhat more effective since we shall soonerbe
forced: to leave a certain combination of hypersurfaces if it is not
the correct one.

For future use we moreover formulate in the case of only
linear constraints:

AZ 3: :
a. Require nhTs = 0 instead of =0 if we arrive for the second
time in a certain constraining hyperplane, Retainthis requirement
until
b. g(xk)Tsopt = 0 holds in some direction-finding problem. We
then replace at least one of the requirements nyTs = 0 by nyls =0;
Precaution AZ 3 will be used in the quadratic programming pro-
cedures to be discussed in chapter 10;its main functionis to make
the method finite, In chapter 11 we shall show how it can also be
used to speed up convergence in the case ofa general convex pro-
gramming problem. It can then be combined with AZ 1.
Summarizing we have the following two convex programming
procedures:

Procedure P 1:

1. Start with x® ¢ R, See section 7.2 if such a point is not im-
mediately available. Take & >0 small but arbitrarily and ' > 0
very small.

2. Suppose x, xL,.....,xK have already been determined,
Solve now the k-th direction-finding problem:

a. (s, o) € S'(xX, €), or (s, o) e S'(x), together with anti-zig-
zagging requirements as used in AZ 2;

b. normalization N1, N2, N3 or N4;

c. g(x)Ts + 0 =0;

d. oto be maximized. .

. 3, If for the bounded maximum solution o] < € holds, replace
eby s, S'E, €) by S'(xk, £)in AZ 1, omit the extrarequirements
in AZ 2, and solve the direction-finding problem-again;
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if, however, of = 0 and if S'(x, €) = S'(x¥) in AZ 1, or if there
are no extra requirements in AZ 2, stop, since the problem has
been solved (assuming R satisfies C 1; if not, we add small quan-
tities Ab; to the b; for those i, i € I, where u; > 0 held in
(7.3.11), see section 2. 6);
if of 2 € holds, perform 4.

4. Determine A\, using (7.4.1) and (7.4.4). If Ay = =, stop;
F(x) is unbounded on R by condition C 3, If \y<< A} and AZ 2 is
applied, omit all anti-zigzagging requirements in the next direc-
tion-finding problem.

5. Determine

Xk+l= Xk +}\'ksk’ (7,5,8)
and
F(Xk+1) .

6. If F(¥*) - F(xK) < g! and the k-th direction=finding prob-
lem did not contain anti-zigzagging requirements, stop. As a
check on the near-optimality we could now solve the linear pro-
gramming problem given by the right-hand member of (2.6.7).
This will show us what might be the maximum possible further
increase of F(x). If this is sufficiently small we can be sure that
xK is near-optimal. In all other cases we shall repeat steps 2-5.

Procedure P 2:
1. Start with x’ e R, Let €! be a predetermined small number.
2. Suppose x°, x!,.....,xK have already been determined.
Solve the linear programming sub-problem,

Max {xolqi(xk)Tx +8;x,= qi(xk)Txk +b; - £ (=), ie Ic

T : . . .
3 x=hy, iel; 0=x=¢, jed;

-g()Tx + x, = -g(x4TxX},

3. If Xgmax = 0, stop, x* will be a maximum solution;
if Xg max >0, but <oo, let sf =x_ . - xX
if Xg . =%, derive sX from the extreme ray of the feasible
region of the sub-problem which leads to infinity.

4. Determine Ay, using (7.4.1) and (7.4.4). If Ay =, stop;
F(x) is unbounded on R by condition C 3.

5. Determine

xhl o gk oy, gk (7.5.8)
and
F(Xk+1),

6. If F(xkly - F(xK) < &', stop. The linearized problem (2. 6, 7)
may show us whether x¥*1is a near-optimal solution or not,
If F(x1) - F(xX)= ¢!, repeat steps 2-5.
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It is realized that the linearized problem (2.86.7) may have an
infinite or very large solution whereas x¥*! is nevertheless near-
optimal, This is not very satisfactory. In chapter 11 we shall in-
vestigate how this check on near-optimally could be improved.
Moreover some new procedures will be described in this chapter
which are derived from P 1 and P 2 but converge much faster in
most cases,

7.6 Convevgence of the Proceduves
We shall first prove three lemmas:

Lemma 1: If x € R then either x is a maximum of F(x) on R or
there exists a scalar § >0 and a vector se 5(x) such that q (x)fs =
=-08;8 for all i e Ig(x), and g(x)Ts = 8.

Proof: Suppose x is not a maximum of F(x)on R. From theorem 1,
section 7.3, we then know that the direction-finding problem
(7.3.7-10) will lead to an optimum. solution with oy > 0. Hence

we can take & = Oax 20d 8 = 8.

Lemma 2: Let F(x) be an arbitrary function with continuous gra-
dient vector g(x), defined on a closed convex region R.

Let xkeR, k=0,1,2,... be a bounded sequence of points, let sk,
k=0,1,2,... be a bounded sequence of vectors and A, a sequence
of scalars such that x¥*1 = x¥ + A\ s¥ holds for all k and that
g(xk + A skTsk > 0 holds for '0 = A < Ay. Suppose that for some

& > 0 and sub-Sequences y? = x4, t¥= & and yy = A, we have
that g(yHTt{ Z 6 for all £, then I py will be convergent.

Proof: Define Jiy = max [y <y | gyl + pt[)T tf= g—} We have that for
each p >0:

k p
F(x9™Y) - F(x% = ZE [P - P = /z [F (¢4 - F(yhi=
= =0
P p
> £+ td) - Fyd)123 o,
zlzoiF(y + Tt - F(y9) 7120 By

so that it follows from the boundedness of F&X) tiat Ly, converges.
If iy <y, we shall have that g(y4 + Tetf)Tt¥= £ If 5 pgdiverges
this will hold an infinite number of times. Let us only consider
these values of £ (/ ¢ L;). The sequence v£ is bounded, hence hasa
point of accumulation y'. It follows that, for some sub-sequence
of the points y4, (£ e Ly C L) we have that [iy <y, limy'(: y', so

that scalars &;, 04and /£, exist such that%- <&, <8y <& and, for
£eLy,and 24, gy)'t! =8, and gly' + TH)TtY <6, hold. The

sequence tl, Z ¢ Lg is also bounded, hence some sub-sequence of
it converges to some vector t', say the sequence with felscly
(t¢ = t' a finite or infinite number of times is also possible). It fol-
lows that scalars 84, 64 and £, = £ exist such that 6; < 63< 5, <&y
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and, forZe Ly and 22, g(y')'t'= & and g(y' + BTt = &,
But this is impossible by virtue of the continuity of g(x) and the
convergence of I iy, Consequently X py must be convergent which
proves the theorem.

Corollary: If sk, k=0,1,2,... is a bounded sequence of usable
vectors, if the sequence of Eoints x¥ ¢ R is bounded and if, for
some & > 0 and all k, g(x¥)Tsk = & holds, then Ay = A} <A, will
only hold a finite number of times. :
Proof: Since the conditions of lemma 2 are fulfilled Z Ay will
converge, so that Ay= Ay will always hold for k large enough (Ay
corresponds to the {i of the proof of lemmma 2). Hence

g(xk + 2 s Tsk= ¢ > 0 if k large enough, sothath, =A} < A}
cannot hold.

Lemma 3: Let F(x) be an arbitrary function with continuous gra-
dient vector g(x); let{x¥|k e K] be a finite or bounded infinite set
of points. Suppose a scalar 6 >0 can be found so thatfor each
k e K a bounded vector sk = s(x¥ exists such that g(x¥)Tsk= 8,
If, for k e K, Ay = max { M F(xX+ usk) > F(X) for all p <], then
inf }\k> O.

k

Proof: From the definition it follows that Ay will be either infinite
or the first value of A for which F(xk+ As¥ equals F(xN. Let
uk = max {plgxk+ pshTsk= Lfor all p =p,}, then F(xk+py sk
- F(xh = By 5, sothat A= py holds. Suppose a sequence of points
exists such that puy tends to zero., For this sequence we then have
g(xTsk = & and g(x* + pysTsk = 2for all k. In the same way
as in the proof of lemma 2 it can be shown, however, that this is
impossible, Hence ilrgf gy >0, so that ilz(lf A, > 0 holds.

Corollary: If fi(x¥ < b,, q;)Ts* < -8, & for all k, sk bounded,

gkl = gk Mg sk and T N convergent, then an index k; exists such
that f; (x¥) <b; for k = k.

Proof: Take F(x) = - f;(x), g(x) = - q;(x) and 6 = 6, & and apply
lemma 3,

We now prove:
Theorem 1: Procedure P 1 withone ofthe normalizations N1 - N 5
for the directions, AZ 1 or AZ 2 and &' = 0 will generate a se-
quence of points Xi(, such that lim F(x¥) = m = max |F(x) | x e R,
k——pa
provided R and F(x) satisfy conditions C 1 and C 3, respectively.
Proof: If the total number of steps is finite and the final solution
is finite the theorem is obviously true; if a stop is obtained for an
infinite solution, (A = o for some k), then m = by condition C 3
and theorem 1, section 7.1. Suppose therefore that the number of
steps is infinite, If the sequence of points x¥ is unbounded, then
condition C 3 will ensure that lim F(xK) =29, so that the theorem
also holds in that case. Suppose therefore that the sequence xK,
hence also the sequence F(xX) is bounded. Let (sk, ok) be the
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bounded sequence of vectors - proportional to the optimal solutions
of the corresponding direction-finding problems (anti-zigzagging.
requirements, if any, included). If o%, hence g(x¥Tsk = & holds
for some 6§ >0 and all k (a finite number excluded perhaps), then
we can apply lemma 1: If Ay is such that xk*1= xk+ AsX " then
LA, will be convergent. Let ¥ = lim xXand define, for € > 0
R(X, €) = {xeR ilxj - % 1= Efor all §; |y (x) - 1 (®) | < E for all i}
Take € so small that for any x € R(X, E) we have that H(x) ¢ H(x),
i.e. no x e R(X, £) will be in a constraining hypersurface in which
%X does not lie. The relation ok = § will entail that after a finite
number of steps the e of AZ1 or AZ 2 will no longer be decreased.
We take k(g) so large that, for k =k(€), € is no longer decreased,
that xX € R(X, £), and that A, = A} <A} does not hold any longer
(possible by the corollary of lemma 2). When using AZ 1 we shall
also take € < g, the final € of AZ 1 which is no longer decreased.
We then have for k = k(€) that H(xX, &) o H(X), so that we can
apply the corollary of lemma 3 which shows that fi(xk) <Db; for all
iel (%) ¢ Ic(xk, g) if k is large enough. Hence we can not arrive
in such a non-linear constraining hypersurface, nor can we return
in a linear constraining hyperplane, owing to AZ 1, if we have
left it, nor can we obtain aAy< A} . We have thus arrived at an
impossibility. With AZ 2 and k 2 k(€) the argument is that, if k is
large enough, we can not return in a constraining hypersurface
once we have been in it twice, so that we shall also have no choice
after a finite number of steps which leads to the same impossibil-
ity. Consequently ok will become arbitrarily small and at regular -
times we shall replace ¢ by §. Let y¢= xX¢be the sub-sequence of
the sequence x¥ for which this holds and let ¥ be a point of accu-
mulation of the sequence y€ By taking an appropriate sub-se-
quence, if necessary, we can assume that the sequence y4con-
verges to . Let t¢= sk and py= Ay, If F(§) = m, thetheorem
will hold. Hence suppose F(§) < m lgolds, so that by lemma 1 a
scalar & > 0 and a feasible vector § in y exist such that

A (FTSS-8,8ifie (), af5=0if ieI (F),
5z 0ifjed (), §=0ifje J*(¥), 3 bounded and g(3)Ts = 6.
It follows that an € >0 can be found sothat for all x € R(Y, ©):

1. H(x) c H{}),
2. qx75=- 08,8 ifie I (), and
3. gx)’szd

Let £, be so large that y% R(y, €)forsz ¢ and thatH(y4 €) = H(Y)
if AZ 1 is appli%d (this is possible since € is gradually reduced).
Then g(y#)Tt#= Dif£ =4, so that by lemma 2 E uwill be conver-
gent, hence 22221% exists so that x¥¢'1 ¢ R(¥, €) holds for £=/,.
‘Consequently g(x¥)Tsk*t = & from which we derive that
k2 ¢ R(§, E) for £ =45 2¢,, etc, From the corollary of lemma
% it is clear that the points x¥*" e R(y, €), h=1,2,...are al-
ways obtained by hitting a new constraining v_thersurface from the
set determining §. But AZ 1 or AZ 2, g(xk™)Tsk/M = g—and the
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corollary of lemma 3 will cause such a hyperplane to be nolonger
available after a finite number of steps, so that we have arrived
at a contradiction. The assumption F(¥) < m was wrong, which
proves the theorem.

Without anti-zigzagging precaution we could not have proved
that ok = & for all k and F(x) bounded is impossible. Since N 5 is
a normalization like the other ones we have also proved the con-
vergence of P 2 with AZ 1 or AZ 2. In P 2, however, it is not
necessary to have an anti-zigzagging precaution since we have:
Theorem 2: If R and F(x) satisfy conditions C 1 and C 3 respec-
tively and if €' = 0, procedure P 2 will generate a seguence of
points xk ¢ R with lim F(xk) = m.

Proof: If the sequence x* is finite the theorem is obviously true,
if it is not finite and unbounded lim F(x¥ =0 will hold by virtue of
condition C 3. Hence suppose the sequence xK is infinite and
bounded., Let ¥ be a point of accumulation of the sequence and
y< = x¥ be a sub-sequence converging to y. Suppose F(§)< m, so
that (7.3.16) will have a solution Xy = & > 0 in y, Consequently
£ > 0 exists so that for all y € R(y, €) problem (7.3.16) willhave
so that, for ally e R(y, &),

1

a solution x,= -%-in y. Choose € =

we have b, ~f,(y) = ®26 for all i € I(¥). Choose £(€) solarge that,
for £ Z£%), yée R(F, ) holds. From (7.3.16) it thenfollows that

qi(y£5T (Xopt = v = - @iz holds forZ = g(g) and i € I.(¥). From

xo(yl) = gwe can derive that the series L Ay, is convergent since
otherwise F(x¥) would not be bounded. Hencé A, will tend:ta zero
and Ak, = Mk, will always hold for £ large enotigh. After a finite
numbe? of sfeps we can only hit non-linear constraining hyper-
surfaces of the set determining ¥ but qi(y‘)T (Xopt - yH= - 0; $if
i e I;(¥) and the corollary of lemma 3 will make this impossible,
Hence F(¥) = m holds, which proves the theorem.

7.7 Non-linear Programming without Convexity Assumptions

Many mathematical programming problems are of the type in
which a differentiable function F(x) with continuous partial deriv-
atives has to be maximized in a closed connected region R, which
is then given by a set of linear and non-linear inequalities. The
question arises what will happen if a method of feasible directions
is applied to such a 'continuous' non-linear programming prob-
lem., This is an important question since in most practical prob-
lems we shall not know beforehand whether F(x) is concave or
fi(x) convex., Hence let the problem be:

Max {F(x) | (x) Sb;, i ek a"x =bs, i€l Oéxép}';” -
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with F(x) and f;(x) differentiable with continuous partial deriva-
tives satisfying some regularity conditions like
C 1: for all x € R there is an s e S(x) such that qi(x)Ts < 0if
ie I(x),
C 3: R, ={xe R|F(x) = a} is bounded for each finite o.
The first problem is that there may now be more local maxima
and that in the best case we shall only find one of these local
maxima, There are no general methods at the moment which can
deal with this difficulty. In some practical problems the danger of
arriving at a local optimum can be reduced by using either the
prior knowledge of the problem or many different starting points.
A second difficulty is that it is no longer true that any point x
with the property that g(x)Ts =0 for all s € 3(x) is a (local) maxi-
mum of F(x) on R, Such a point, to be called a stationary point,
can also be a local minimum or local saddle-point. The. first pos-
sibility can only occur in the starting point x0 if g(x% = 0 and is
therefore of no practical importance. The second possibility is
also rather unlikely to occur in practical problems but cannot be
excluded. It is clear that, if x is such a local saddle-point, there
will exist at least one s € S'(x) with g(x)'s = 0 and s #0 and it is
perhaps possible to explore these directions.
Finally it should be remarked that the choice of X gan be either

A= Max {A S\ |F(x + As) >F(x + us) for all p<A},
or ,
A ==Max (A=A g(x + ps)Ts= 0 for all p <A, and > 0 for all y,

0=N=p<hr

where A; is some scalar <A,

The first choice will lead to the maximum of F(x + A s) under the
condition A =AY, the second choice will give the first (local) maxi-
mum of F(x + As) under the condition A =A' and may be preferred
if it is believed that x is already near to the maximum. Itcan
easily be proved that any point of accumulation of procedure P 1
with AZ 1 or AZ 2 and one of the normalizations N1 - N 5 or of
procedure P 2 will be a stationary point, Actually the proofs of
section 7.6 do not change at all since lemmas 1 - 3 hold for ge-
neral functions F(x) and f;(x).

It can thus be concluded that a method of feasible directions
can be applied equally well to more general mathematical pro-
gramming problems of the "continuous' type but that we shall in
general not know whether the solution obtained is the global maxi-
mum or not, If the problem satisfies the regularity conditions and
the requirements that R, ={x|x e R, F(x) = a} isclosedand
connected for each o and that g(x)Ts > 0 if g(x +As)Ts > 0 for all
A, 0< N < A, where A is some positive number, then it is clear
that a method of feasible directions will lead to a global maximum
of F(x) on R.
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8. NORMALIZATIONS OF THE FEASIBLE DIRECTIONS

8.1 Introduction

;- In this chapter we shall study the different normalizations
N 1 - N 5 of the feasible directions which have been mentioned in
section ‘7.3, Normalization N 1 will require most attention. The
computational features of N.3 do not differ very much from those
of N 2. Normalization N 4 seems to be the simplest one, whereas
N 5 leads to a different procedure. Section 8.5 will be devoted to
a brief comparison of the various possible normalizations.

8.2 Normalizalion N 1

Let x ¢ R and Q = Q(x) be a matrix Wlth rows q;(x), i€ Ig(x);
a;, ie I (x); -e;, jed(¥);e je J* (x) and possibly having
some more rows due to anti-zigzagging requirements. Then the
direction-finding problem is of the type:

Max{les+o® <0, -gTs + 0=0, sTs =1}, (8.2.1)

where 0 is a vector with components 8; = 0, and with 6; > 0if

the corresponding row comes from a non-linear constraint, and

@; = 0 if the corresponding row comes from a linear constralnt‘
We have:

Theorem 1: (8.2.1) has an optimum solution s;, 03 proportional
to the optimum solution sy, 0, of the problem

Max [0]Qs + 0850, -gTs + 00, sTs+02=1}{. (8.2.2)
S1 . . .
Proof: It is clear that is a feasible solution of
o0 vrrz Vitor

(8.2.2) and that \/—2 ; Vl =, ; is a feasible solution of (8.2.1).

Hence, if o; = 0, thengg= 0 and conversely so that in that case

s; =6 0, = 0 and 83 = 0, 09 = 0 are proportional optimum solu-
tions.

2 2 2
o o o
, hence »% 2 or -1 =02z 2

Q09 25
0= === and 0g= =l _—
1T Vigp 27 Vivop 1g?  1to2 2 l+op

2 1

o1

Vieo 2

It follows that 0y = This proves the theorem.
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This theorem showsthat (8.2.1)aswell as (7.3.13-15) with N 1
are of the type

Max {pTx | Px £ 0, xTx £1}, (8.2.3)

where P is a mairix with m rows. This problem will be further
studied. It is a convex programming problem itself with a linear
objective function and one quadratic constraint. As long as p'x >0
holds for a vector x satisfying Px =0 and xTx =1, we shall have
(x)Tx' = 1 for the vector x' which solves (8.2.3). This solution
will be the vector of unit length from the conef x|Px = 0} which
makes the smallest angle with the vector p, hence it will be pro-
portional to the projection of ponto this cone. This suggests

Theorem 2: If pTx' > 0 then the optimum solution x' is unique:
Proof: Suppose x' is another oIptimum solution. Let x = 3 (x' +x") ,
then pTx’_; pTx', Px = 0 and x*x <1 so that A >1 would exist such
that A x is still feasible. But A pTx = pTx' = pTx", so that neither
x!' nor x" would be optimal.

Theorem 3: If x' solves (8.2.3) and p*x' > 0, then for some A > 0
A x' will solve the problem

Min {xTx |Px <0, pTx = 1}, (8.2.4)
Proof: Since Px'= 0 and pTx' > 0, (8.2. 4) will have feasible solu-
tions. Let A be such that A pTx' = 1. ‘Suppose x' solves (8. 2. 4),
"Tx" = a2 =N Tk = A2, If o < A, then%—-would be feasible
i T 1A T‘ 1 N
in (8.2.3) and .pjs{—>p—:<—— = pTx' would hold, so that x' would
not be optimal in (8. 2. 3).

From this theorem it follows that any standard method for
solving quadratic programming problems could be applied to solve
(8.2.3). But for the special problem (8.2.3) we recommend the
method which will now be described:

Let us introduce:

y = - Px, hence y= 0. (8.2.5)

Suppose x' solves (8.2.3). From (2.6.6) it then follows that a
vector u' and a scalar B exist such that

p=Plu'+8x', u'=0, 8 =0, (u)y' =0, (8.2.8)
Multiplying (8. 2. 6) by the matrix -P and introducing
» vi=-BPx'=8vy'Z0, (8.2.7)
we obtain that u' and v' satisfy the following relations:

-PPTu+v = -P p, (8.2.8)

u=0, v=0, ulv =0, (8.2.9)
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On the other hand, i{f B » 0, then any solution u, v of (8.2.8),
(8.2.9) will by virtue of (8.2.6) and (8.2.7) lead to vectors x and
y which solve (8.2.3). If 8 = 0 it follows from (8.2.6) that pr x =0
- for any x satisfying Px = 0, so that there is no feasible x with
pTx > 0. :

Our method will consist of the following steps:

1. Form and solve (8,2.8), (8.2.9).

2. Calculate B x by means of (8. 2, 6) (normalizing is not neces-
sary since we-are not interested in normalized but in bounded di-
rections. Therefore we only have to prevent that the absolute
largest component of § x exceeds a given bound).

For solving (8.2.8) and (8.2.9) we shall start with the basic
solution v = -Pp, u = 0 and choose a v; <2 0. If such a vi < 0 does
not exist we have a u and a v satisfying (8.2.8) and (8. 2.9). But
if v, << 0, for instance, we replace v, by u, in the basis, This
will entail a transformation of the matrix by means of transfor-
mation formulae equivalent to those used in the simplex or dual
simplex method. In general if after v iterations variables vy are
in the basis and variables u;V in the non-basis(v;¥ or u¥ may be
a vi- or a u;-variable) and if v{¥ < 0 for some values of i, then
we choose one of the corresponding rows and replace v;” in the
basis by u;”. This procedure will be justified by the following
theorems:

Theorem 4: The diagonal elements of the transformed non-basis

matrix are always non-positive.

Proof; The basis B of the v-th iteration is a square submatrix of

the matrix (-PPT, E). Now let PP' = (Rl R3) with R; and Ry
R3TRg

square and symmetric, Ry reactangular of appropriate size and

R, positive definite (R; and Rjyare always positive semi-definite

by theorems 4 and 1 of section 2.3) and suppose B = (:E;T gz, so
that )
-1 Ry © 4ot T
B = T 1 and B° (-PP°, E) =
-Ry'R;T B,
-R; ! o) T E, O
"\ SR, B, /T \-R,T Ry o B
E, R, 'Ry -R;! o
"o RyT R, Rg-Ry  -RyT Ry E, |

where E; and EQ are unit matrices of appropriate size with

E =(E1 O).
0 E,
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The diagonal elements of the transformed non-basic matrixare
the diagonal elements of -R;"! and (~R3TR1‘1 Ry + Ry. These
matrices, however, are negative semi-definite by theorems 3 and
6, section 2.3, so that they have non-positive diagonal elements
(-R;"! is of course negative definite).

Theorem 5: If the i-th diagonal element of the transformed non-
basic matrix is zero, then the corresponding element in the right-
hand member will be zero,

Proof: —Rl‘l will always have negative diagonal elements since it
is negative definite. Suppose e,T (-RyTRyR3 + Ry) e, = 0 for
some r, i;e., suppose the r-th diagonal element of the bracketed
matrix vanishes. Let the matrix P be partitioned row-wise in two
matrices P, and P, so that P,P,T = Ry, B,P,T = Ry and P, P,T = Ry,

Hence erT(—P2P1TR1'1P1 P2T + PQPQT)Gr =0or erT Pz(‘PlT R1~1 P+

+ EQ)PZTer = 0. The bracketed matrix is symmetric and idempo-
tent, hence positive semi-definite by theorem 5, section 2.3, so
that, by theorem 2, section 2.3 we have that (-PTR,"'P; + E))
P,Te, = 0, hence that e (R7R;'Pip - Py p) = 0. This is exactly
the element of the right-hand member involved since

-1 -
Blp -R O Pip Ry Pip
- p = -_— =
Tp -1 Ty -1
-Rg" R Ey Pop Ry B Pp - Pgp

This proves the theorem,

From theorems 4 and 5 it follows that, if viV < 0 holds, we can
always replace v;V by u;V, and uV¥*™' > 0 will hold since the cor-
responding diagonal element is negative. Note that the require-
ment uly = 0 is always satisfied in this way. As soon as we ob-
tain v;¥ =0 for all i, the optimum solution will therefore be ob-
tained,

The last question is how the choice of the main row from the
rows with vi\’ < 0 should be made, so that the method is finite.
We shall indicate two possible choices based on the anti-degene-
racy proposals of Charnes [ 7 ] and Dantzig, Orden and Wolfe [15]
respectively, which will lead to finite methods but do not seem to
be very efficient, After the proof of finiteness we shall then in-
dicate two other possible choices which may perhaps not always
lead to finite methods but seem to be more efficient in practical
problems. Let A = - PPT have columns.a;, i =1,...,m, ar\%d let
a.y = EBV}“l'.a.i (this may be a unit column). Let b.Y={B g'lei
(this may be a non-unit column) and let pV = {BY}! (-Pp), hence
p’ = -Pp. We shall consider the following two ways of selecting
av¥Y< 0, if any:

1. Let 1Y ={i] pY < 0}. If I,V is empty, the problem will be
solved; if it consists of one element r, take the r-th row as main
row; otherwise consider
. v bi1” o bt
IV =41, € = min
1 g 1 0 —pil\) ie IO\) ‘—pi\)

;.
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Suppose 1yY, L1V, ..... ,Ih.1Y have already been chosen, If I;_ ;Y
consists of one element we take the corresponding row as main
row; if it consists of more elements we define:

bin" ~ biy
= . min _—p—\) i. (8.2.10)
i

LY={iel_{
h h-1 | ———
“Pih qe g Y

This procedure will be continued until a unique choice is obtained,
This will happen for some h =m since no two rows of the inverse
can be dependent.

2. The definition of the sets IV is:

IV = {i]p;” < 04
‘ pj_hv . ‘ pihv

; vi B
iy € I g DY IRy vl (8.2.11)

i

LY

where p.pY = an’ fh=m, and pp’ = bhm’ if h>m.

Theorem 6. If in each iteration the variable vr,,;Y, to be replaced
by urWV in the basis, is determined in one of the described ways,
then a finife number of replacements will suffice to solve (8. 2. 8)
and (8.2.9). :

Proof: Let us solve the quadratic programming problem

Max {pTPTu - + PP u ] u 20} (8.2.12)

by applying Wolfe's simplex method for quadratic programming
[39], so that we must corsider the problem

Max {A|-PFPu+APp+v=0, uz0, vz0, A=1, uTv = 0].
: (8.2.13)

Apart from the relation ufv = 0 this is a linear programming
problem for which the initial basic feasible solution v = 0,
A=1-x=1;u=0, A = 0is immediately available and satisfies
uly = 0. Wolfe uses the simplex method for solving (8.2, 13) with
an extra exclusion rule interdicting, for each i, u; (vy) to enter
the basis if v; (w;) is already there. This exclusion rule will limit
the choice of pivot columns, Nevertheless the procedure will lead
to the optimum solution A = 1 in a finite number of steps provided
an anti-degeneracy precaution is taken.The correspondingvectors
u and v will then solve (8. 2.8) and (8. 2.9). In this special prob-
lem the variable A will enter the basis in the first iteration. The
slack variable A will stay in the basis until the last iteration. As
soon at it leaves the basis A will assume the value 1 and the prob-
lem will be solved. As long as A is in the basis M will stay there
at zero level. Until the last iteration all variables in the basis
except A, hence also the variable belonging to the main row, will
have zero values. Therefore an anti-degeneracy procedure has to
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be applied for which we choose the second one of section 3.2, due
to Dantzig, Orden and Wolfe [15]. Let the pivot column be P.s Y,
i,e. one of the columns P.)¥ of the transformed matrix (-PPT,E)
For the selection of the pivot element we introduce sets

I,y oL,Vo ... oLV by

v v v v Toihhv by
IV =ilp. >0 LY =§i, el = = min —
0 { }PIS g\ h { h € th-1 pihSV ie Ih-lv piSVE ’
where bV = Ppa¥,h = 1,2, ... . If I is empty A will leave

the basis. If it is non-empty we shall obtain a set I’ con-
sisting of only one element for some h =m, so that the choice of
the pivot element is always unique. After the first iteration we
shall always have bases consisting of the variables A, X and m-1
variables u or v;, whereas there will be m+1 non-basic variables
u; or vi, From this and the exclusion rule it follows that for exact-
ly one r,, u,, and Viy will both be in the non~basis at the end of
the v-th iterdtion, v = 1,2,... .One of these wvariables will
have left the basis in iteration v, the other one will enter the
basis in iteration v+1, since the exclusion rule will give us no
other choice, Now suppose that we have performed v iterations of
our method for solving (8. 2. 8) and (8. 2.9) using (8.2.10) for the
choice of the sets determining the main rows, Let us consider
minus the right-hand member pY as an extra column of the non-
basic matrix and let us a581gn a variable A to it and carry out an
artificial iteration with -p, V as pivot element, so that the vari-
able Ur,, OT V¢ which just entered the basis Will leave ‘it again
whereas A Wlﬁ} enter it., We then obtain a tableau with v, and Vi,
both in the non-basis and A at place r,, in the basis. Our point is
that this tableau is exactly the same as the tableau after the v-th
iteration of Wolfe s method apart from the missing row associated
with A, If ayY, bUV are the elements of the new tableau, then

Vv a.r
A v 1 . Vo vJ
i = 34 _ar\),j pr\):l?/rv’arvj = pV’
\Y
pi\) br j\)
TV .V V—= ; P R .
by" = by" - bryj pv;l#rv,brvj =5 v
v rv
and we must prove that alJ = alJV and b Vs b . This will be the
case if the same variables are 1n the basm in bo’ch tableaus, hence
if the choice of the variables v; V™! to be removed from the basis

is the same in both methods. In the first iteration in Wolfe's
method A enters the basis and r; is determined by sets

ol (enin ) (en)s
= min
_piho ie Ih-lo _pio

o .. 0_ ..
I ‘51‘P10<0§and1h ={iy e Ing
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in our method this choice is exactly the same, so that Vi is
the same in both methods and Eijl' = Eijl , Eijl' = 51j1 will hold.
Now suppose that ;¥ = &;V, b;V = B;;Y, so that for the same
value r,, U, and Vi, will ‘be in the non-basis in both tableaus.r In
our method 4, and Viy will have interchanged in the v-th itera-
tion; in Wolfe's method Ur,, (va) will enter the basis initeration
v+l if S (urv) has left it in iteration v. In Wolfe's method r,; is
then determined with the help of sets

Iy ={ 1}By,,,” >0}

— \) . . — \) g \)
(pisv+1 is either i, Or bir\, , dependent on whether U, enters
or vrv);

SN -
bi h . b Y

= = min sy
AR v 3

P01 te v Pisyy

In our method these sets are

LY ={ieL 4

v v

IV={i|pV<!0§-1V={iel Vbi_hh = in _bf“}

0 i > ~h h h-1 -pih\) iEIh-lV _pi\)

—\)V TV =phV bV'.Ri_V # 45 V o F V. —Fii-v
But bﬁ =bij —bij - i pr\v i rv) an pisv+1 = pi:\, = -,_,IVV
~ Vv o v ~ v N
(p].:v = airv or b“\) ),
so that

P,V
- v b.\) - b AV 1
by, ih ,h pfvv bV
min =7, =min D =p Vm%n v +brhv .
i Byl 1 i \Y i i \Y
Y
PIV
Py
Since p, Y >0 always holds anp,, V = - —IV it follows that the
v By+i P

. . v
sets I,V are the same in boths cases, so that the choice of ry,

will be the same and @Vl = &1, bV+1 = B¥+1 will hold for
all v =20, Consequently in our method the same variable will be
removed from the basis in each iteration as in Wolfe's method,
so that the finiteness of our method follows from the finiteness of
Wolfe's method. This proves theorem 6 in the case that anti-de-
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generacy precaution (8. 2.10) is applied. Anti-degeneracy precau-
tion (8.2.11) is equivalent to Charnes' procedure for breakingties
applied to Wolfe's method for solving (8.2.12).

In some direction-finding problems we shall require y; = 0 in
(8.2.3) for some values of i (see chapters 9,10 and 11). In that
case vy = 0 and u; unrestricted will hold for these values of i in
(8.2.8}), (8.2.9). We can then start with the elimination of all
these v; from the basis in successive iterations after which these
rows will never be chosen as pivot row,

We shall now consider some computational aspects of normaliza-
tion N 1:

1. Although by theorem 6 we can choose the ,_\(’rwl\) variables
such that a finite method arises, the proposed choice does not
seem to be the best one in practical cases. Other possibilities
are:

a, m%n {p;V ] pyY <o}
v

min { 1
S A

pY <0},

where pyY is the diagonalelement of the non-basis matrix at iter-
ation v.

Except perhaps in hypothetical cases, these choices seem to lead
to fewer iterations whereas they are much simpler,.

2. Suppose the components of u; with i € I; c I are in the basis
after a number of iterations and those with 1 € I, are in the non-
basis., It is no restriction to assume that I; consists of the first
m; values of i (m; < m). From the proof of theorem 4 it follows
that the transformed non-basis matrix always has the form:

- Rt Ri! Ry

- Ry R RgTRTURg - Ry

Vo= oV i s . o . .
pij pji if ie I1 and j e 11 or if ie 12 and j € 12, (6.2.14)
pijV = —pji\’ if iel, and jel orif iel, and jel.

It is therefore not necessary to store the whole non-basic tableau
but we can restrict ourselves to the part below the main diagonal.
Assuming column storage and assuming that the main column
p.s¥V"! (hence also the main row) is available, we then obtain the
following computational scheme:
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V-1
pis
. pSS\)”v1
b. If p;¥Y =0 for all i, stop, since the problem has been solved;
if pj\’ < 0 for some i and the next main row number is selected by
rule a of point 1, find

V-1

a. Calculate pV: pV = in-l - b,

P, = min [p [py <oi;

(hence r, =8y =sandr,, =Sy, =71);
if the next main row number is selected by rule b of point 1,
calculate ’
1 p. V-1
Vee———pV =p V-1 - p Vvl 2 g
P = p vir Py B Psi" 7 5 V1
RN . . 88

- (ifi and s bothbelongto I;Y ! or LV-1, then p,¥-! = p, V-1 ; otherwise
P,” Py’

V-1l o _ Vel ; , = mi —
Py - Pi 7). Find r by _pHV miln { “pY

B <04

c. Transform the part below the diagonal of all columns of the
non-basis matrix. If i< r, select at the same time the r-th ele -
ment; if i = r, select the remaining part of the next main column
(always taking (8. 2. 14) into account).

Not only does this save storage but it will also lead to fewer
multiplications since we only calculate one of the two elements
pi.\) and p;Y. It is better to store the diagonal elements them-
sélves separately (this is certainly necessary if rule b of point 1
is used for the selection of the next main row).

3. In the general non-linear programming problem we shall
have a sequence of direction-finding problems. The next one will
differ from the previous one in the following respects:

a. le I(xX), i¢ I(¥1). In that case v/ >0 will hold .for the
final solution of the k-th problem and we can simply delete the
i~th column and row,.

b. New constraints have to be added to (8. 2. 3), This entails the
addition of columns and rows to the matrix -PPT of (8.2.8).
From this enlarged initial tableau and the final basis B of the
previous problem we can immediately derive a good basis forthe

new problem: Q E)’ where @ is the part of the newly calculated

rows of the initial tableau belonging to the variables in the final
basis of the previous problem. Since the final basis B-! of the
previous problem is contained in the final problem we can by
means of the formula

-1 -1
B Oy i O) (8.2.15)
Q E -QBT E
find the enlarged inverse of the basis, the enlarged transformed
tableau and the new right-hand member, so that we can start the
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new . direction-finding problem with this tableau as initial tableau.

c. Some of the rows of the matrix P change, e.g. q(x*") 7 q(x),
ie I(xX) and i e I(x*1), or g(x*) 4 g(xX), see section 7.5.

If the i-th row changes we can add a newrow and column to the
final tableau of the previous problem in the way described in
point 3 b and must then distinguish three cases:

(i ) in the final tableau of the previous problem v; was in the ba-
sis. We can then simply delete the i-th column and row;

(ii ) in the final tableau u; is in the basis and p}; < 0. We canper-
form one iteration to replace u; by v; in the basis after which the
i-th row and column can be deleted;

(iii) in the final tableau u; is in the basis and p}; = 0. We cannot
immediately remove u; from the basis but must prevent u; from
becoming non-zero in the basis. As soon as this happens we re-
move u; in the next iteration after which the i-th row and column
can be deleted. It is clear, however, that we can hardly expect a
computational advantage from such an approach compared with a
complete restart.

The problem (8.2.8), (8.2.9) can also be solved by Hildreth's
univariate method [26]. This is an infinite procedure for maxi-
mizing a concave quadratic function of n variables which arere-
stricted to non-negative values. It is also a method of feasible
directions, At the k-th step we take & = + ef where k = £ (modn),
the sign being determined such that g(x¥)Tsk= 0, If >0 we deter-
mine Agx (which may be zero) and xk*l, There are no direction-
finding problems, so that the procedure is very simple. Unfortu-
nately it seems to converge rather slowly.

Instead we could apply the following infinite procedure, which
is justified by the fact that if vectors x', y' and u' satisfy (8.2, 6)
and (8.2.7) with § = 1, x' will be proportional to the solution of
(8.2.3).

The procedure is:

1. Start with x% = p and u%= 0.

2. Take i =1, 1.

3. Calculate y; =
matrix P).

4, £y V-1=0o0rifyV!>0andu’!=0gotos6;

Vo=
V-1 = - p. T x¥1 (p, being the i-th row of the

if y.V-1>0 and u-! >0 take r, = i and
T V?vl ! v
‘prv. XU
A= - min <—'—’T—_, u; >;
v Prv. PIV. v
if yiv'1< 0, take r,, = iand
T V-1

Pr,,. %X

A= =

e e
v prv”{ Py
5. Calculate
A VS |
xV = x - >\v Prv. s
Voo V-1
uv 4+ }‘v erv

6. Step up V and i (modulo n) and repeat steps 3-6.
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It can easily be verified that xTx will decrease monotonously.
In fact the A,, of this procedure are equal to the A, of Hildreth's
procedure from which the convergence follows immediately. The
advantage of this procedure is that it is notnecessary to calculate
first the matrix PPT, which mostly has considerably more non-
zero elements than the matrix P. On the other hand we always
have to calculate the inner products pi_Tx which are immediately
available in Hildreth's procedure. .

The possibility of finding usable feasible directions by means
of problems of type (8.2.3) and the equivalence between (8.2, 3)
and a quadratic programming problem has been discovered inde-
pendently by Dennis (see [17], chapter 7).

8.3 Novmalization N 2
Let x € R, then the direction-finding problem becomes:
Max{o!q; (x)Ts +6; 0 0, ieIgx); 3 s =<0, iecl(x);
-gx)\s+0=0; 0=s; =1, jeJ (x);
-l1=8;=0, je J¥(x); 1= sj =1, je Ji(x)}, (8.3.1)

where Ji(x) = J - (J7(x) + I (x)).

This is a bounded-variables problem of type (6. 2.86) if we in-
troduce the lower bound 0 and the upper bound Z }gj lfor o and re~
place ¢ by %—. It can be solved by means of the dualbounded-
variables techrllique as has been shown.in section 6.2 bt we prefer
to dualize it, so that the absolute-value technique can be applied
to it. The problem will then be of the form (6.3.2):

Max - Z }Vj l - z max (vy, 0) + z min (v, O)l
jeJx) jed(x) j e It(x)

. Z W qi(x) + Z u; a5 - ugg(x) +v=0;

iely(x) iel(x)
Z ui@i + Ug = 1: u‘(}z 0: ujg OE- (8/.3.2)
iel(x)

The procedure of section 6.3 can immediately be applied. In
the last paragraph of section 6.3 we have already described how
we can proceed from one direction-finding problem to the next
one, The application of the revised product-form algorithm makes
that the changes to be made are usually rather simple and do not
require many calculations.
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8.4 Novmalization N 3
The direction-finding problem is now:
Max [o]q;(x)'s +8; 050, i elg(x); & s =0, i €Iy (x);
- g(x)Ts + 0 =0;

0=s8; =1, jeJ (%) and g;(x) >0;

0 =s; , J€J7(x) and g;(x)=-0;
-1= 5 =0, je JT(x) and g;(x) < 0;
5.=0, je J"(x) and g,(x) = 0;

5= 1, je J;(x) and g;(x)> 0;
-1= 8, , JeJd (x) and gj(x)‘< 01. (8.4.1)
This is again a bounded-variables problem but many of the
variables only have one bound, so that by means of a simple
transformation a problem will be obtained with all variables re-
-quired to be non-negative and only a few bounded, so that the
direction-finding problems will be somewhat easiertosolve than
those of N 2, If we dualize (8.4.1) we shall obtain a problem
having the same constraints as (8.3, 2), extended, however, with
requirements
v; 20 if g;(x)= 0 and j e J(x) + Jy(x)
and
vi = 0if gi(x)=0and je J (x) + Jy(x).
The objective function will be
- Z max (v, 0} + ""Z min (v;, 0},
j c JI J = JH
where
J'={je I (x)+ Jl(x)‘ g;(x) >0}
and

J'=fie I + 5| g(x) <0].

For this dual problem a technique can be developed which is
nearly the same as the absolute-value technique of section 6. 3.
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Remark: With normalization N 3 it may be possible that the se-
quence of usable feasible vectors is unbounded. Since boundedness
is required in procedure P 1 (see section 7.6) we can consider
As instead of s if the absolute largest component of s exceeds a
given limit, The scalars A <1 will then be determined such that
this absolute largest component is exactly at the limit,

8.5 Othey Novmalizations

N 4:0 =1, or g(x)'s = 1 if there are only linear constraints.
The direction-finding problems becomes:

Max {o|q;(x)'s +8; 6=0, iel(x) ' s =0, iel (x);
-g(x)Ts +0S0; 820, j eI (x); 5;=0, j eI (x); 05

(8.5.1)

This normalization is a very simple one since only one extra
constraint has to_be added to the tableau. The variables s; with
jedix) = J - (J7(x) + JT(x)) will be free, hence may assume neg-
ative values. For the solution of (8.5.1) we propose the follow-
ing special method (which is essentially the simplex method):

1. Make an 1n1tia1 tableau, consisting of a non-basis matrix
with rows (ql(x) , 80, (- g(x)T 1) and (a;T, 0). The constraint
—g(x% s + 0 =0 will be considered as one of the constraints
q(x)'s+8;0 S 0, so that Io(x) is extended with one element. The
slack variables of these constraints will be denoted by t;. Omit
the right-hand member (which is completely zero), the constraint
0 =1 and an initial d row. Introduce sets

t(1) = iti | e I(x) = Ig(x) +IL(x)}; s(I) ={s5]j e 70}
s(d7) 'J e J(x)}

and
s(J;) IJ e J (x)].

2. Introduce the variable o in the basis in the-first itération.,.
The variable which leaves the basis will be determined in the way
described in point 3 b.

3. Suppose a number of iterations has already been performed
and a non-basic tableau with columnsa.p* has been obtained. The
variable o is still in the basis and the corresponding row of tthe
non-basic matrix will consist of elements agy*. The non-basic
variables will be denoted by sy*¥, the basic variables by t;*. The
procedure is now:

a. dSelection of the variable sp*, to be introduced in the basis:
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(i ) Determine H* = {h ‘ agp* # 0 and sp* € s(Jy), or
agp* <0 and sp* € s(J7) + £(I), or
a ¥ >0and s* e s(J% }

(ii ) If B* = 0, stop, s 0 is the optimum solution of (8. 5. 1).
(iii) If H* # 0, determme p € H* such that |a *[ la(m*‘ for all
h e H*.

b. Selection of the variable t;* which will leave the basis:

(i ) Determine I* ={i|- ap* sgn agy* >0 and tj* < t(I) + s{JYor
~ *sgnaOPF<Oandt«*es(J)

()T T% 4 0, choose r e B such ihat | ap* =)ag* | for all i e Ix
and perform the transformation. During the transformation the
main column for the next iteration is selected.
(iii) If I* = 0, stop and take as usable feasible direction:

sp* = - A sgn 3gp* ;
Sj* = 0; J # ps

% o= e *
T A ap® sgn ag,*;

¢ . %
o =>\aop Sgn agp*,

where A could be determined such that o=1, i,e. \ = (El—;&[.Since

we need bounded vectors, however, we prefer to determine A =1
such that the absolute largest component of the solution veclor s
does not exceed a given bound.

This proceduré is justified by the following facts:

a, dy* = ag* always holds since ¢ is the only variable contrib-
uting to the objective function and does not leave the basis after
-its arrival there in the first iteration (the set I* of point 3 b never
contains the row number belonging to the variable ¢). It follows
that the rules 3 a, (i) and (ii) are the normal rules for the selec-
tion of a main column in the case of some variables being unre-
stricted or being restricted by an upper bound instead of a lower
bound.

b. As long as I* # 0, all right-hand member figures will al-
ways be zero, so thatr is chosen by the usual simplex criterion
(the factor - sgn aO * takes the fact into account that we wantto
increase sp* if aop‘ <0 and to decrease it if a5p* > 0 holds. Var-
iables t;* e s(J ) are not allowed to assume positive values;
variables t;* e s(J;) need not be considered since they are unre-
stricted. Ties are broken by taking the absolute largest of pos-
sible pivot elements. This is the usual criterion in computer
codes, which does not guarantee finiteness in all cases but is
more eificient in practiece.

c. If I* = 0 in some iteration we should obtain an infinite solu-
tion if there were no relation 0 =1, With this relation we could
now perform a final iteration with pivot element ag,* to eliminate
o from the basis by putting it at its upper bound in the non-basis
but we prefer to omit this final iteration and to act as described
in point 3 b, (iii) of the procedure. It follows that N 4 is equiva-




.94

lent to a procedure without any normalization but with a stop at an
infinite solution, where we then derive the usable feasible direc-
tion from the extreme ray leading to infinity.

The next direction-finding problem will be of the same form.
Since we have not performed the last iteration, we shall be sure
that a new constraint will also have a zero right-hand member if
it is added to the final tableau of the previous problem.

The revised product-form algorithm can be applied to the so-
lution of (8.5.1) but then it is hardly possible to use the final set
of n-vectors for the next problem, the number of constraints not
being constant. But instead we can apply the dual revised product-
form algorithm to the dual problem (section 4.6, point c), Alter-
natively we could apply the explicit inverse algorithm to the pri-
‘mal problem since in this algorithm addition of constraints is
possible,

N 5: This normalization also takes into account the constraints in
which the trial solution x does not lie. It leads to a linear pro-
gramming problem of type (7.3.16) which can be solved by means
of the simplex method. It can of course also be solved by one of
the methods of feasible directions already described, which will
then be applied to a linear programming problem, Chapter 9 will
be devoted to this application.

It is not difficult to find still other normalizations, leading to
new convex programming procedures. Instead of N 3 we could for
instance require g = gj(x) if gj(x) >0 and gj(x) = 57 if gj(x) < 0.

8.6 Comparison of the Different Normalizalions

Without computational experience it is very difficult to make a
comparison of the different normalizations. Therefore we shall
only briefly indicate what can be expected from a theoretical point
of view:

1. Normalization N 1 will in general lead to fewer steps than
N 2, N 3 of N 4, the reason being that it gives the feasible direc -
tion which makes the smallest possible angle with the gradient
vector, '

2. The amount of work to be expected in a step with normali-
zation N 1 will be considerably greater than with any of the other
normalizations N 2 - N 4. For, we always have to calculate the
matrix PPT which entails many multiplications but also leads to a
matrix with more non-zero elements. It is less easy with N 1 to
start with the final tableau of the previous direction-finding prob-
lem. If many rows in the matrix change, then the very fast re-
inversion feature of the revised product-form algorithm makes it
possible to restart with a re-inversion, so that a restart is rela-
tively cheap. Since the revised product-form algorithm can hardly
be applied in the case of N 1, a procedure with this normalization
will have worse restart possibilities, This is especially of im-
portance if some of the active constraints are non-linear.

In normalization N 2 - N 4 the simple constraints s;= 0 (if
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jeJ (%)) or s;= 0 (if j e J¥(x)) do not add to the size of the direc-
tion-finding problems but in N 1 they do. This is another big dis-
advantage of nermalization N 1.

3. In the order N 2 - N3 - N 4 we can on the average expect
more steps but less calculating per step. What dominates can only
be established computationally and will depend on the problem.

4. Normalization N 5 will lead to larger problems. In some
trial examples the procedure P 2, based on it, appeared to con-
verge slowly in the case of linear constraints and a non-linear
objective function (optimum not in a vertex) but rather fast in the
case of non-linear (quadratic) constraints and a linear objective
function (optimum in a ''vertex'). It can certainly be expected to
lead to the most rapid procedure if the problem is only slightly
non-linear, i,e, if most of the constraints are linear and the non-
linear ones as well as the objective function consist for the
greater part of linear terms, owing to the fact that the number of
steps can be expected to be less, so that there will not be so many
recalculations of the gradient vector and normals,

In chapter 11 we shall see how the convergence can be speeded
up in the case of a non-linear objective function. When using N 5
it is hardly possible, if there are many non-linear constraints, to
start a direction-finding problem with the final tableau of the
previous problem but when applying the revised product-form al-
gorithm we can of course start with a re-inversion.
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9. THE LINEAR PROGRAMMING PROBLEM AND THE METHODS
OF FEASIBLE DIRECTIONS

9.1 Introduction

In this chapter the methods of feasible directions will be ap-
plied to the linear programming problem. In section 9.2 the dif-
ferent procedures will be summarized and proofs of finiteness will
be given, the computational aspects being dealt with in section
9.3. Section 9. 4 will be devoted to a discussion of the procedures.
We shall show that the simplex method itself and also the primal-
dual method are methods of feasible directions. In section 9.5
we shall study an application of a method of feasible directions to
the problem of large-scale linear programs.

9.2 Survey of the Procedures
.Let the linear programming problem be
Max {p'x|Ax<b, 0Ex=c|. (9.2.1)

The rows of the matrix A will be denoted by aiT. If, for some i,
aiTx = b; is required instead of =b;, then we can either eliminate
some of the variables beforehand or we can consider each equa-
tion as two inequalities and, as soon as we have found an xX satis-
fying aiT xX = b; for this i, require a;’s = 0 instead of = 0 in all
direction-finding problems. '

Procedure P 1 will now be as follows:

1. We start with x° € R (see section 7.2 if such a point is not
available),

2. Let x0, xL...,x* have already been determined. Then
solve the k-th direction-finding problem

T

Max {pTs lai s =0, ieI(x"; s; =0, je I (xN;
s; =0, jeJHxN; N1,2,3 or 4] (9.2.2)

3. If pTgk = 0, stop, xkis an optimum solution;
if pTsk> 0, determine:
A, = max E?\.!aiT(XLHL Ask)y =b.

i’

0=xK+Ask=c]. (9.2.3)
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4, If A= = stop, the problem has an infinite solution (this is
only possible if some of the c; are oq);
if A < oo determine

xkrl = gk 4 AL gk, (9.2.4)

and repeat steps 2-4.

Theorem 1: Procedure P 1 with normalization N 1 leads to a
finite number of steps.
Proof: Suppose sk is the solution of (9.2.2) with N 1. Let a7 = 0

for i e Li(¥) c I(x), and < 0 if i e Iy(x) = I(xX) - I;(xN). In the
same way s = 0 if j e J (=) ¢ J(¥), and > 0if jeJy (x) =
JT(xK) - J7 (%), and s* = 0 ifje J (%), and < 0if je JF (x4 =
JHEN - JF (%), If the sets I(x), J™(xX) and J*(xX) in (9.2.2) are
replaced by I,(x%), J; () and J (¥X), then the solution sk will
remain the same. If 0 < A <Ay we have I(xK + Asf) = I (x),
Jo(xk + A) = 37 (%) and JTK + A sk = JF (X). Hence, for
A <A, we have sk e S(xX + A sk while, for any other normalized
s e S(x* + A &) we have: pTs < pTsk. The latter follows from the
uniqueness theorem 3 of section 8.2. If Ay< 0o, so that xX*1 is
defined by (9. 2. 4), then I(xk*1) o I(xX + A sK), J7(x+1) o J-(xk + AsK)
and JY(x1) o Jhxk+ As¥ for all A, 0 < A < Ay. It follows that
S(xkly ¢ S(xK+ AsK) for all A, 0 < N < A\, whereas sK ¢ S(xk+l),

Hence sk*! e S(x¥1) satisfies p'sk*! < plsk. No two direction-
finding problems can thus be the same. The total number of sets
I(x), J7(x) and J¥(x) to be selected from I and J respectively,
hence the total number of possible direction-finding problems,
is finite, from which the finiteness of the procedure follows.

With normalizations N2, N3 or N4, it is possible that pTsktl =
pTsk, since no uniqueness theorem holds now. This will always
be the case when N 4 is applied since pTsk = 1 will hold here for
all k (bounding afterwards of the vectors sk is notnecessary in the
linear programming case since there is no anti-zigzagging pre-
caution AZ 1 or AZ 2). If N 2 or N 3 is applied, this difficulty can
be overcome by adding €} to the components pj, where € is a very
small positive number, If £is small enough, we shall be sure that
the vector p will never be dependent on less than n of the rows of
the direction-finding problem, so that there will never be alterna-
tive solutions in such a problem. Consequently we shall always
have pTskt® < pT'st from which the finiteness of the method fol-
lows as in the case of normalization N 1. The addition of € leads
to an order of preference for the variables s; the rules of which
can easily be determined, so that the actual addition of € is not
necessary. If N 4 is applied, this €-procedure can not be used.
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Theorem 2, section 9. 4 shows us, however, that with N 4 a linear
programming procedure is obtained which is completely equiva-
lent to the simplex method itself, so that we can apply any anti-
degeneracy precaution which works for the simplex method. It
follows that we have: :

Theorem 2: Procedure B 1 with one of the normalizations N 2,
N 3 or N 4 and an anti-degeneracy precaution will lead to a finite
number of steps.

The degeneracy in the case of P 1 with N 2, N 3 or N 4 and no
precaution may lead to zigzagging between hyperplanes, This
zigzagging can also be prevented by the anti-zigzagging precaution
AZ 3 (see section 7.5),

Theorem 3: Procedure P1 with N 2, N3 or N 4 and AZ 3 leads to
a finite number of steps.

Proof: AZ 3 will guarantee that after a finite number of steps we
shall obtain pTsk = 0 and shall have to replace one or more of the
requirements nTs = 0 by ny's = O(ny = aj, e; or -ej). We have
then arrived at a point xX belonging to a certain set of hyperplanes
and are sure that pTx = pT xXwill hold for any x, belonging to the
same set of constraining hyperplanes. Hence, if the calculation
can be continued, we shall never return in the same set of hyper-
planes, From this the finiteness easily follows,

Procedure P 2 will give the original linear programming prob-
lem, so that this procedure does not lead to a new method in the
linear case,

9.3 Compulational Aspects

1. In the linear case the change from a direction-finding prob-
lem to the next one will always be rather simple. We have to
delete and to add some constraints. This can easily be done. If
the direction-finding problems are solved by means of their dual
problems to which the revised product-form algorithm is applied,
then we only have some trivial changes in the original matrix of
the direction-finding problem but no changes in the n-vectors ob-
tained from the previous problems. Re-inversions can be per-
formed at regular times to speed up future operations and to im-
prove accuracy.

2. If we introduce tik = - a;Tsk, then (9.2.3) is equivalent to
M = min (A, Ao, Agy), (9.3.1)
with -
X
i - . I— . k
Klk-mln[-_—{:—k lEI—I(Xk), ti <0§, (9.3.2)
i .

it

ooif tX Z 0 foralliel;
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X‘k

) i
Ag, = min § ey
i

=0 if sk 20 for all j e J;

je J-J(), st <oy (9.3.3)

_v.k
G =X

Ay = min {-—S—jk— jed - JtEN, s >0y (9.3.4)

=00 if 5% =0 for all j « J.

Hence we must calculate the variables t; for alli belongingto rows
which are not in the direction-finding problem. From this and the
fact that rows must be added to or deleted from our direction
finding problems it follows that the original matrix must be stored
row-wise, If, in a computer, the matrix is stored on magnetic
tape and read for the calculatkion of Ay, then the row afcan be
.
kept in store if tik < 0 and *_—tl-k is not greater than the smallest
1

quotient obtained up to then. For this calculation yik has to be
available so that these quantities will also be calculated in each
iteration: '

VD A D W AN S T (9.3.5)

Obviously yX = 0 if i e I(x¥).

3. The methods of feasible directions described in this section
essentially work with rows instead of columns. Since in many
problems n > m, these rows may be relatively long which seems
to be a rather unfavourable situation. By column partitioning,
however, we can solve a sequence of restricted problems as will
be shown in section 9.5. These restricted problems will have
rows with fewer elements,

9.4 Discussion of the Procedures

Normalizations N1 - N 4 all lead to different methods for solv-
ing the linear programming problem. These methods consist of a
sequence of direction-finding problems connectedby rather simple
determinations of the step length. Two consecutive direction-
finding problems have a great resemblance which can be used by
starting the solution of such a problem with the optimal solution
of the previous one. If N 2, 3 or 4 is applied, the number of rows
in a direction-finding problem will always equal the number of
active constraints with h e I(x) and will never be more, usually
considerably less than the number of rows of the matrix A, If N 1
is applied the number of rows in the direction~finding problem
will generally be not more than n.

We shall first prove the following theorems:
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Theorem 1: The method of feasible directions with normalization
N 3 applied to the dual of a linear programmmg problem is equi-
valent to the primal-dual method,

Proof: Let us apply the primal-dual method to a problem of type
(3.4.1), then we obtain a sequence of restricted primal problems
of type (3.4.4). Let us now apply the method of feasible direc-
tions with N 3 to the dual problem (3. 4. 2) in which the u; variables
are unrestricted, It follows from (8. 4. 1) that a sequence of direc-
tion-finding problems will be obtained of the type

Max {-bTs ' - Tays; S0, jed(u); -8 S1, iell,
where
Jw ={j|v, =0}  (see (3.4.3)).

But the dual of this direction-finding problem is exactly (3. 4.4),
so-that both methods lead to restricted problems of the same type.
It can further easily be verified that s{ =d'(z;) - 1, where s' is
the optimum solution of the direction-finding problem and d'(z;) is
the final d value of variable z; in (3. 4, 4). Comparison of the for-
mulae (3.4.7) and (3. 4. 8), and the formulae (9. 2. 3), (9.3.2)and
(9.2, 4) shows that the determination of A is also completely equi-
valent. This proves the theorem.

Theorem 2: The method of feasible directions with normalization
N 4 and with the initial solution x° = 0, y® = b 20, leads to the
same intermediate solutions ¥ as the simplex method does.
Proof: If we start with x% = 0, y°=b, then all variables s will be
restricted in the first direction-finding problem. Since an s; vari-
able in the basis will only leave it if x; is at one of its bounds, we
shall be sure that no unrestricted s; will everbe in the non-basis,
Hence, the rules 3a, (i), (ii) and (iii) of section 8. 5. are exactly
the same as in the simplex method for bounded variables (see
section 6.2, the bounds are on the variables x;, not on thes;).
The direction-finding problems are of the type

Max Est’aiTs =0, ie I(x); 8,20, jeJ (x)
s S0, jeJ (x); pTs=11.

In the first one we have J¥(x) = 0, J7(x) = J and I(x) = {il‘bi =0}
Since there are no unrestricted variables the rules 3b, (i) and (ii)
of section 8.5 for the finding of pivot elements in the direction-
finding problem will be the same as the rules of the simplex
method until in some iteration a pivot element will be chosen in
the simplex method which does not correspond to a zero b-figure.
But in that case our direction-finding problem will be solved. The
choice of A >0 in the simplex method is determinedby the formu-
lae (6.2.2), (6.2.3), (6.2.4) and (6.2.5). But since we have g;* =

a; ¥ as solution of the direction-finding problem  (the asterlsk
deno}%es the matrix elements at the moment that I* = 0 held, p is
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the main column number at that moment), the choice of our step
length A\ with the help of (9.3.1), (9.3.2), (9.3.3) and (9.3.4) is
exactly the same, In the simplex method a pivot element will now
be.chosen in the row determining A. (In case of ties we can take
the absolute largest possible pivot element which is only-a prac-
tical but not an anti-degeneracy device), In our method the rows
which determine A will be added to the direction-finding problem
and in the first iteration of the new problem the choice ofthe pivot
element will be in exactly the same row (provided the procedure
for breaking ties is the same). Now suppose that we have already
performed v-1 iterations and that there is still complete equiva-
lence, so that in the final solution of the direction-finding problem
s; will be in the basis if ¥; is in the basis in the simplex method,

ariable t; will be in the direction-finding problem if y; = 0 and it
willbe in the basis if y; = 0 is still in the basis.It is clear that the
choice of pivot elements in the simplex method and the direction-
finding problem will be the same as long as there is no increase in
value in the simplex method. As soon as there is an increase the
direction-finding problem will be solved. The choice of the step
length A will again be the same, as in the first iteration. In the
simplex method one of the x; variables may now be removed from
the basis. In that case the new A\ will be determined by the con-
straint x; = 0 or = ¢y, sothat s =0 (=0) will be added to the di-
rection-finding problem. In the next direction-finding problem s;
will then be removed from the basis in the first iteration, Hence,
there will be complete equivalence after v steps. This proves the
theorem.

The equivalence will also hold if we startin an arbitrary vertex
of the feasible region. There will then be a pre-inversion in the
simplex method which is equivalent to the introduction of all un-
restricted variables in the basis in our method. The direction-
finding problems will always have a number of rows equal to the
number of xj variables in the basis of the simplex method plus the
number of y; variables which are in the basis at zero level,

Theorems 1 and 2 show that the simplex method itself and the
primal-dual method are special cases of the more general method
of feasible directions. The latter method uses the simplex change
of basis for finding directions rather thanthe trial solutions them-
selves and is therefore capable of going inside the feasible re-
gion, This makes the extension to non-linear programming pos-
sible. We can state:

1, The primal-dual method is a large-step gradient method in
the dual feasible region. Therefore the technique of section 7.2
can be applied if an initial feasible solution of the dual problem is
not available, ,

"2, The method of feasible directions with normalization N 3
and applied to non-linear programming problems can be consider-
ed as an extension of the primal-dual method to non-~linear (con-
vex) programming,

3. The method of feasible directions with normalization N 4
can be considered as an extension of the simplex method to non-
linear (convex) programming.
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4, Also in the case of linear programming the method of fea-
sible directions with normalization N 4 is more general than the
simplex method since it can be started in any feasible point, so
that prior knowledge of the solution can be used.

5. The organizational difference between the simplex method
and P 1 with N 4 is that the simplex method considers all con-
straints whereas in the method of feasible directions only those
constraints are considered inthe direction-finding problems which
are active at that moment of the calculation, This makes for more
work between steps in our method but reduces the size of the di-
rection-finding problems.

6. Computationally it seems cheapest in the method of feasible
directions to apply the revised product-form algorithm to the dual
of the direction-finding problem (in the case of N 2 or N 3 we
shall then apply the primal RPFA; in the case of N 4 the dual
RPFA whereas in the case of N 1 we must apply the special tech-
nique of section 8.2; with normalization N 4 the explicit inverse
algorithm, applied to the primal problem, will be the chief com-
petitor). ‘

7. A comparison between the various methods for the linear
programming problem can hardly be made without computational
experience but we shall have:

a. In the methods of feasible directions the number of steps will
usually decrease in the order N4 - N3 - N 2 - N 1 but the amount
of work per step will increase. Especially N 1 will be more ex-
pensive than N 2, 3 or 4 (see section 8. 6).

b. The methods of feasible directions can make very good use
of prior knowledge of the final solution and this will certainly lead
to a computational advantage.

c. The simplex method will require the simplest computer
code, even if the revised product-form algorithm is used as com-
putational version.

d. All methods will give the final dual variables together with
the primal solution, so that post-optimal studies can easily be
made.

e, The methods of feasible directions can easily deal with
bounded-variables problems as can the simplex method.

f. Parametric programming, post-optimal changes in the
right-hand member, the objective function or the matrix elements
can be accomplished as easily in the methods of feasible direc~
tions as in the simplex method, provided normalization N 2, 3 or
4 is used. This is a consequence of the fact that the final tableau
of the last direction-finding problem is equivalent to a part of the
last simplex tableau.

9.5 Large-Scale Linear Programming Problems
In this section we shall briefly outline how a method of feasible

directions could be applied to the solution of a very large linear
programming problem. If the problem becomes large because of




103

the fact that m is much greater than n, then the advantage of the
methods of feasible directions is immediately clear. For, it may
be expected that many of the rows will be inactive in that case, so
that the direction-finding problems do not grow so large. In the
more likely case of n >>m a row-wise approach does not seem to
be advantageous, We can partition the set J, however, in two sub-
sets J; and Jy and form the matrices A; and A, consisting of the
columns a ; with j e J; and j e Jp, respectively. We then solve the
restricted problem,

Max {plTx1 lAlxléb, x, =0}, (9.5.1)
In other words we assume that x; = 0 if j € Jy will hold in the final
solution of (9.2.1). Instead we can also start with x; = x;9 if j ¢ Jp
and replace b in (9. 5. 1) by b- A,

The solution of the restrlcted problem will be denoted by Xl)
and x5 = Xy 0, Next we calculate the d values of the Xgj. This
can easﬂy be done with the help of the final data of the last direc-
tion~finding problem. If uj is the dual variable corresponding to
the i-th constraint we simply have d'(xg) = I uj aj; - pgj. We
now make a new partitioning J3, Jis €.g. in the following way:
if j ey, x5 = 0 and d'(xy) =0, orifxy =c¢ and d'(xy) =0
or if 0 <xy; < ¢y, assign j to Jg;
if j eJg Xy = 0 and d'(%55) >0, orifxh =c; and d'(xy) <0,
assign j to Jy;
if jed and xj; = 0 or = ¢; with d'(xy;) # 0, assign j to Jy; the
other j e J; will belong to J;. :

In this way be obtain a new restricted problem

Max {p %, 1A3x3§b - Agx}, x3 =0} (9.5.2)

Since x}, x; is a feasible solution of (9.5, 2) we shall obtain
a solution x" o% (9.5.2), satlsfylng pTx!" = pTx and with a non-
degeneracy assumption pTx" > pTx'. Each new restricted prob-
lem equals the primal problem under the additional assumption
that x; = 0 or = ¢; for some values of j.

Since the total value of the objective function will not decrease
we can, relying on the existence of anti-degeneracy precautions,
conclude that the same set of variables will never be at the same
bounds from which the finiteness of the procedure follows. If the
revised product-form algorithm is applied to the dual of the di-
rection-finding problems, then we shall start each restricted
problem of type (9.5.2) with a pre-inversion leading to the same
variables in the basis as there were in the basis of the last di-
rection-finding problem.

We shall apply this procedure to the following block-triangular
system: r
T'x +Z p.lx |A X, + Apx =b;

0" o1 TR ThlTho hh™h h?

Max {p,
%, Z0, h=1,...,r; x, 20}, (9.5.3)
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where, for each h 20, py, and x, are vectors with the same num-
ber ny, of components, by is a vector with m, components and Ay
and Ay, are my by n, and my by n, matrices, respectively, We
now propose the following procedure which, except in the initial
step, equals the procedure already deqcrlbed in this section.

1. Initial step:

a, Fix the values of the linking variables xy by using some
estimate for them: x4 = xoJ (the better the estimate, the smaller
the number of steps to be performed).

b. Solve r different small linear programming problems

Max {p,"x, ,Ahhxh = by - Apgxo’)
leading to the final solution (y,*, x*), the final matrix Ahh* and

the final inverse of the basis {B*{ L

c. Transform A, : Apg* = [By*l-t A,
We now have a neW linear programmmg problem, still block-
triangular:
r
. VAR % < ] sk
Max { (p,*)" %, + ;1 (Py%) X ¥ | Apg* Xy + Ay ¥ x % Sby*

Xp* 2 0, %)= 0}, (9.5. 4)

2. Apply the method of feasible directions to (9. 5. 4) starting
with xg = x,° and xp* = 0 and taking the initial partitioning j e Jy
if j belongs to an x, variable, j e Jy otherwise, i, e. find the best
solution x; assuming that xg¢ = 0 is correct,

3. Calculate dual varlables and make a new partitioning J,, J
in the way described, etc.

The initial step is only proposed since it will lead to a final
tableau which 1s still block-triangular but is such that, if the ini-
tial estimate Xo for xgis good, many variables x; may be ex-
pected to be rightly in the basis at the end of step 1 so that the
direction-finding problems of steps 2 and 3 will contain relatively
few constraints.

The same partitioning idea can be apphed to other special
structures.

4
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10. QUADRATIC PROGRAMMING

10.1 Imtroduction

In this chapter we shall derive some finite quadratic program-
ming procedures based on the idea of feasible directions and on
the idea of conjugated directions, In section 10.2 the different
procedures will be described and proofs of finiteness will be
given: Section 10.3 will be devoted to a discussion of the quadrat-
ic programming methods. Here we shall state that Beale's qua-
dratic programming method is also a method of feasible direc-
tions.

10.2 Description of the Procedures
Let the quadratic programming problem be given by
Max fpTx - § xTCx |Ax =Db, 0 = x =S¢}, (10,2.1)

where p, ¢ and x are n-component vectors, C is an n by n sym-
metric positive semi-definite matrix, A an m by n matrix, and b
an m-component vector.

If some of the linear constraints are equations instead of ine-
qualities we can either eliminate some of the variables or we can
always require aiT s = 0 instead of =0 provided x ¢ R holds. In the
former case the number of variables will be reduced but a spe-
cial, simple structure of the matrices A and C may get lost, It
will thus depend on the problem which procedure is preferable,

Let x ¢ R. We always have:

g(x) = p - Cx. - (10.2.2)
Let s € S(x) and g(x)' s > 0.
1t

M= max [\ x+ s e R} (10.2.3)
and

A= max i?\l g(x+ As)Ts 20}
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i, e,

T
A= _T“‘gs(xéss if sTCs >0,

(10.2.4)
=00 if sTCs =0,
then
A =min (A!, A™). (10.2.5)
We further have:
xktl = xk 4+, sk (10.2.86)
gxktl) = g(xK) -7, Csk; (10.2.7)
AF(K) = A g )T sk - 3 A2 (9T Csk, (10. 2. 8)
= 7 N {8 sk + g(xhTsky,
so that
AF(xK) = A, g(x)Tsk if A = A} . (10.2.9)

We now propose the following extra requirements for the di-
rection-finding problems:
1. AZ 3 (see section 7, 5),
2. a If A = A} <A} we shall add the requirement sTC sk=0 to
the next direction-finding problem and retain all constraints
of this kind which were already present in the previous di-
rection-finding problem.
b If A, = A, all extra requirements of the form sT C sk = 0 will
be omitted in the next direction-finding problem.

The relation sTC sk = 0is a linear one (sX is a known vector),
so that it will not lead to difficulties in the direction-finding prob-
lem. It is equivalent to the relation {g(x**!) - g(xX§Ts = 0. It ex-
presses the requirement that the new vector s shall be conjugated
to sk with respect to the matrix C.

Suppose A = N/ <A} holds for h =2r. Hence we always add a
constraint of the form sICsP = 0 tothe direction-finding problem.
By section 2.3, theorem 7, the vectors sk will be linearly inde-
pendent for h 2 r, so that we shall get gTsopt = 0 in some direc-
tion-finding problem after a finite number of steps. Let this be

k-1

at the k-th step. We have xX = x + Z Aps® and
h=r

Theorem 1: Suppose A, =A{| <M} for h = r, so that (sHTC sf= 0
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for h Zr, 2 Zr and h #4, where s! ¢ S(x). Let xM = x0 +3,s"
and suppose that xX, k >r, is such that g(x*)Ts = 0 for all s e S(x}),
satisfying sTC sh = Oforh=r, r+ 1,...,k - 1. Then g(x)Ts =0
for all s e S(xK).
Proof: Suppose for some s e S(xX), g(xk)Ts > 0. Define the vector
t by

k-1 -

. h . (s")'C s
s = ups +t with Uy = X"
her (sHTC s

Hence (sATCt = 0 for 2=r,r+1,...,k-1 and gxXTs = g(x¥Tt >0
(see the proof of theorem 8, section 2.3), so that t is conjugated
to sffor £ = v, v+ 1,...,k-1, and g(xX)Tt > 0. Moreover, if
i e I(xX), we have i e I(x?) for allh, r<h =k - 1 (otherwise Ay, =
Af would hold for someh, r =h =k - 1). It follows that, for all
ie I(xX), we have a;"s? = 0, r=h=k -1 (if <0 we should have
left the i-th hyperplane and could not have returned in it, hence
i e I{xK) could not hold). The same holds for J(xK): if j e J(xK) +
JT(xX), then si? = 0 holds for r = h = k - 1. Hence t e S(x¥), so
that t would be a usable feasible direction conjugated to all vec-
tors &', r=h =k - 1, contrary to the assumption that such a vec-
tor does not exist, This proves the theorem.

Before proving the finiteness we shall first summarize one
step in the procedure:

1. Suppose x¥e¢ R has already been determined and the final
data of the last direction-finding problem are available, Suppose
further that a set Z of indices i and j as well as an index r =k - 1
has already been determined (Z may be empty).

2. If Ay 1 = MJ; < Aj.1, add the constraint (s*})TC s =0 to
the direction~finding problem; so that this becomes:
als=0,ieZ;als=0, ieI(x) - Z;

1

Max {g(x")Ts

s;=0,jeZ; s 20, jed (=xN-2;
5 S0, je IHE) - Z;(sHTC s = 0,
I=r,..... ,k-1; N1, 2, 3, 4or 5]. (10.2.10)

If Ayq = Mo, add ito Z if aTx% < by, aTxK =b;and aTx" =1y

for some v < k-1; add j to Z if x*1 >0, %* = 0 and x;V = 0 for

j
some v < k-1, or if xjk‘l < ¢j, xjk = g and xj\’ = ¢ for some

v<k-1; take r = k and calculate g(x¥), The direction-finding prob-

lem becomes:
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Max [g(x)7s |aTs =0, ic2;2,Ts S0, i e (=) - Z;

8, =0, je Z; § 20, jeJ (¥ - Z;

5, =0, jeJ(x)-Z;N1, 2, 3, 4or 5].
(10.2.11)

3. Solve the direction-finding problem, so that the solution sX
is obtained.

4, If g(x)Ts* > 0, calculate C s¥, A} and A} by means of
(10.2.3) and (10.2.4). Determine Ay = min (N, Af). IfA, = =
stop (infinite solution).

If g(x*Tsk = 0 and Z = O (empty set), stop: the problem has been
solved; if g(*)Tsk = 0 and Z # O, replace Z by O and solve the di-
rection-finding problem again.

5. Calculate x¥*1 by means of (10. 2. 6) and F(xk*]) from (10, 2.8).

Theorem 2: The method of feasible directions with normalization
N1, 2, 3, 4or 5, AZ 3 and the conjugation principle will solve
the quadratic programming problem in a finite number of steps.
Proof: If A}/ = o« for some k, (10,2.4) implies that (kI C sk= 0,
hence C sk = 0 (theorem 2, section 2.3), so that g(xX + A sk) = g(xX)
for all A and F(xk+ Ask) = F(xK) + Ag(x¥)Tsk, so that F(xX+ Ask)
is unbounded as a function of A, It follows that, if Ay =0, hence
Ay = for some k, F(x) will be unbounded on R, so that the theo-
rem holds. (Note that no condition C 3 is necessary here). Sup-
pose therefore that A, < cofor all k, AZ 3 and the conjugation prin-
ciple will lead to g(x¥7Ts,; = 0 in some direction-finding prob-
lem after a finite number of steps. We shall then, by theorem 1,
have obtained the maximum of F(x) under the additional condition
that equality will hold for a certain set of constraining hyper-
planes, If, by replacing the equality sign in some constraints
a; 8 = 0 or 5j = 0 by the inequality sign, a restart is possible, we
shall be able to increase F(x) further, so that we shall never re-
turn in the same set of constraining hyperplanes. A second stop
will be obtained after a number of steps that is again finite, etc.
Finiteness then follows from the fact that the number of sets of
constraining hyperplanes to be obtained from the set of all con-
straining hyperplanes is finite.

3

Since normalization N 5 differs from the other ones in some
respects, we shall also summarize procedure P 2, based on N 5
(procedure P 1 will then be concerned with normalizationN 1, N 2,
N 3, or N 4): : ‘ .

1. Suppose xk ¢ R has already been determined and the final
data of the ITast linear programming sub-problem are available.
Suppose further that a set Z of indices i and j-as well as an index
r =k - 1 have already been determined.

2. If Ay = ANy <MLy, add the constraint (sk")TC(x-x¥) = 0
to the tableau. The new linear programming sub-problem be-
comes:
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Max {g(x")Tx

aiTX=biifieZ; alx<b; ifi ¢ Z;
OExSq ifjeZ;x =xrif jeZ;
HTCx=(BTC =k, P=r,...,k-1}. (10.2.12)

If Mg = Mg, add ito Z if a,"x* < by, aTxk =D and aTxY = b;

for some v < k-1; add j to Z if x**>0, x5= 0 and x;Y = 0for

]
k-1

some v < k-1, or if x;°7" <c¢j, xjk = ¢y and ij = ¢; for some V<

< k-1; take r = k and calculate g(xX). The linear programming

sub-problem becomes;
Max [g(x)Tx |af x = by ifieZ; afxSb ifi¢ Z;

0=x;Sc¢ifj¢zZx=x"ifjezl. (10.2.13)

3. Solve the linear programming sub-problem, so that the so-
lution (xX)' is obtained and form sk = (xK)! - xk ((¥)' may be in-
finite in which case sk is an extreme ray to be derived from the
final tableau),

4, If g(x¥)Tsk > 0, calculate C sk, A} and A} (A} =1if (x}!
finite, A follows from (10.2.4)). Determine A, = min (A}, A} ).
If A\, = w, stop (infinite solution). If g(x¥)Tsk =0 and Z = O (empty
set), stop: the problem has been solved; if g(x*)Tsk = 0 and Z 40,
replace Z by O and restart, if possible.

5. Calculate x**1 by means of (10. 2. 6) and F(x**1)from (10. 2. 8).

Both procedures, P'1 and P 2, start with x° ¢ R and Z = O (see
section 7.2 if such an %% is not available), By introducing an arbi-
trary Ay = A!l; we can use the same scheme for the determina-
tion of 80, i.e. the first direction-finding problem does not con-
tain conjugation-principle constraints., If A, ; = Ay, <A, , a
recalculation of the gradient vector is notnecessary since for any
s satisfying (sX)TC s = 0, we shall have g(x*)Ts = g(xk-1)Ts,
Therefore we can use g(x') instead of g(x4 as objective vector in
(10.2.10) and (10.2.12). As soon as A, = A, ; we need g(x)
itself as objective vector and since, if Ap o= A 5 < A} g, g(xX1)
will not be available it will not be possible to use (10, 2, 7) for it,
There is another possibility, however. Suppose we have the final
data of the (k-1)-st direction-finding problem of type (10. 2,10) or
(10.2,12), especially the inverse of the dual basis (which follows
immediately from the mn-vectors if the primal or dual revised
product-form algorithm is applied to the dual problem of (10.2,10)
or (10.2.12)). Let this dual basis be denoted by B. If sTC st = 0
holds in this direction-finding problem (st being a known vector,
s the vector looked for), the dual variable of this constraint will
be unrestricted, so that it is in the dual basis, say at place j,.
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k-2

Since g(x*1) = g(x') - 2 ‘A, C st we shall have Blg(xky) =
h=r :

k-2
= B'lg(x‘) - hz A ejhA, so that we obtain B'lg(xk'l), i.e. the
=r

transformed g(x*-1), by subtracting Ay, from B! g(x') at place j, for
h=r,...,k~ 2. Moreover we have

Blg(x¥ = BlgrY - A}, BlCsK L .
Since C k-1 has already been calculated we only have to multiply
it by the n-vectors.

10,3 Discussion of the Quadratic Programming Methods

Normalizations N 1 - N 5 lead to different methods for solving
the quadratic programming problem. Apart from these 5 different
methods, there are already available a number of well-known
quadratic programming methods, e.g. those of Beale [3], [4],
Frank and Wolfe [20], Markowitz [30], and Wolfe [39].

Theorem 1: Beale's quadratic programming method is also a
method of feasible directions using the same conjugation prin-
ciple, It is equivalent to our method with normalization N 4 but
without AZ 3.

The proof will be omitted. It is not difficult but would entail a
detailed explanation of Beale's method, It should be remarked that
organizationally and computationally Beale's method is quite dif-
ferent. The matrix C is gradually transformed in it, whereas in
our method we always refer to the original matrix C.

In our normalizations N 1 - N 4, the direction-finding prob-
lems are relatively small but between two problems of this kind
the determination of the step length requires an additional opera-
tion C s. The direction-finding problems themselves require in
general less work for their solution in the order N 1 - N 4 but the
number of steps will mostly increase in that order. It may be ex-
pected that the decrease of this number when using normalization
N 1 will not balance the extra work per step except perhaps in
special cases, Procedure P 2 (normalization N 5) will usually
lead to a further decrease of the number of steps but at the cost
of larger direction-finding problems. If the quadratic function is
nearly linear, e, g. if there are only a few quadratic terms, it may
be expected that this procedure is fastest, The number of con-
straints of the linear programming sub-problems will gradually
grow if more constraints have to be added of the form (sX)TCs = 0
but it will never exceed and usually be considerably less than
m + n. The number of non-basis variables will always be n,

When using P 1 with normalization N 2, 3 or 4 the number of
constraints will usually be less than n. It equals the number of
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active hyperplanes plus the number of conjugation-principle con-
straints. If many of the constraints x; = 0 or x; = ¢; are active,
this number will be considerably less than n(except in highly de-
generate cases). In all our methods it will always be necessary to
do the matrix-times-vector multiplication C s in each iteration,
This is not necessary in the other methods but these methods will
have to work with much larger linear programming sub-problems,
For instance, in Frank and Wolfe's method as well as in Wolfe's
method we shall have m + n constraints whereas the number of
non-basic variables will be m + 2n. In Beale's method the number
of constraints will also be m + n but the number of non-basicvari-
ables will be n., In all these methods the matrix-times-vector
multiplication can be avoided but is done implicity by means of a
gradual transformation of the matrix C. Therefore it can be ex-
pected that these methods are superior if the matrix C is full but
that the organization of our methods of feasible directions is to be
preferred if the objective function contains only a few quadratic
terms, a situation which may be expected in most practical prob-
lems.

Wolfe's method will require the simplest computer code; only
a few changes have to be made in an existing simplex linear pro-
gramming code, Beale's, and Frank and Wolfe's methods do not
have this organizational simplicity but this will be compensated
in Beale's method by smaller linear programming sub-problems,
The methods of feasible directions will require a still more com-
plicated code but on the other hand smaller sub-problems where-
as the possibility of starting at any feasible point may lead to a
considerable computational advantage,




112

11. CONVEX PROGRAMMING

11.1 Intvoduction

In this chapter the general convex programming problem will
be considered, It will be shown in section 11,2 how the conver-
gence of the procedures described in section 7.5 can be im-
proved. Section 11.3 will be devoted to the computational aspects
of the procedures. In section 11,4 the procedures will be dis-
cussed and some attention will be paid to two other methods for
maximizing a concave non-linear function subject to linear con-’
straints, namely Frank and Wolfe's method and Rosen's gradient-
projection method. They will be shown to be equivalent to methods
of feasible directions.

11.2 Convex Programming Procedures

In section 7.5 we have given a number of convex programming
procedures, The procedures were different in the way the nor-
malization of the feasible directions was chosen and in the way
zigzagging was prevented. In section 7.6 we have seen that all
these procedures will lead to a sequence of trial solutions xX with
monotonously increasing values for the objective function F(x)
which moreover will converge to the maximum of F(x) on the con-
vex set R. It may be expected, however, that, if the objective
function is highly non-linear, the convergence of the procedures
will sometimes be rather slow, In the case of a quadratic objec-
tive function it appeared to be possible to obtain a finite method
by using the principle of conjugated directions and by using another
anti-zigzagging precaution (AZ 3). If the objective function is an
arbitrary concave function, it may be expected that application of
the same principles will improve the convergence,

In the quadratic case we added the relation (sK)TC s = 0 to the
direction-finding problem if Ay = AL < Ak had to be chosen and
dropped these extra constraints at a new choice Ay = A!p for some
#> k. The relation (skTC s = 0 is equivalent to{ g(x¥*}) - g(xK}Ts = 0
and this constraint can equally well be added inthe case of a more
general non-linear objective function. It may be expected that
such an addition will prevent a great number of relatively small
steps far from the optimum caused by rapid changes of the gra-
dient vector.

Another way of efficiently preventingthis zigzagging if normal-
ization N 1, 2, 3 or 4 is applied is by an anti-zigzagging precau-
tion and AZ 3 seems to be the most efficient procedure in this re-
spect. But it can not easily be applied in the case of non-linear
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constraints while moreover it does not seem to guarantee con-
vergence to a maximum in all possible cases. Therefore we pro-
pose to use a combination of AZ 2 and AZ 3.

The two convex programming procedures finally proposed for
the problem of maximizing a concave function in a convex region
are the following:

Procedure P 3:

1. Find some x° ¢ R (see section 7.2 if such a point is not
available), take €4 > 0 arbitrarilyand let €' > 0 be chosen so small
that it is reasonable to stop if the increase in value for the ob-
jective function is less than ¢'.Take further Z = O (empty set) and
g > 0.

2. Suppose points x% xI,...,x* (x! € R, F(x") > Fx"»1)), a
number €, and a set Z c I (xX) + J7(x¥) + J*(xK) of indices i and
j have already .been determined. We now perform the following
operations to find xk*L

a. Calculate gk= g(xX).

b. If Ajer = Ml < Ay (A =A!y by definition), add the con-
straint (gk - gk-1)Ts = 0 to the direction-finding problem, -so
that this becomes:

Max {o|(s, 0) € $'(#, €); n,Ts = 0if h e Z;
(gt -ghTs=0forl=r,...,k-1;
~(g9Ts +0 S0; N1, 2, 3 or 4], (11.2.1)

where S'(xX, €,) is defined by (7.5.7); n, = a;, e; or -, andris
—_ t 1t t
such that A,_; =A% butiy = AJ <A} for r =h =k-1,

If Ay .y = Ajy, add h to Z if n,Tx*t < by, nTx* = by and n;TxY =by,

for some v <k-1 (i ny=-e;, thenby, =0, if ny=¢;, thenb, = ¢).
The direction-finding problem becomes:

Max{c'(s,o) eS' (%, e, );nTs=0ifhe Z;
~(g9Ts + 0S0; N1, 2, 3 or 4}, (11, 2. 2)

c. Solve the direction-finding problem, so that the bounded so-
lution sk, o, is obtained (bounding must be performed afterwards,
if necessary).

d. If o <&" and Z #0O, replace Z by O and solve (11.2.1) or
(11. 2. 2) again; :
if gy <e", Z =0 and there are relations of the type (gh+1- ghTs = 0
in the direction-finding problem, drop these relations and solve
the direction-finding problem again;
if oy < €™, Z =0 and there are no relations of the type
(g1 - g/fT s = 0, or if o, > €", perform step 2 e.

e. If o, <¢g,, replace S'(xX ¢, in (11.2.1) or (11.2.2) by

St(xK, %), write g, for —82—1‘ and solve (11.2,1) or (11.2,2) again,
if possible, but
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if o= 0 and S'(x¥, g) = S'(xY), stop since x¥ will be a maximum
solution; :
if oy =g, take g, = g and perform step 2 f,

f . Determine Ay by means of (7.4.1) and (7.4.4). If A= oo,
stop (infinite solution),

g. Calculate x¥1 =" xk + N8, AF(xX) and F(x¥).

h. If AF(xX) < €', Z =0 and the direction-finding problem does
not contain any relations (gé*! - g/)Ts = 0, stop;
if AF(x¥ < €', Z # O or .the direction-finding problem contains
relations of the type (g/*l - g/)Ts = 0, replace Z by O, omitthe
relations (gl+1 - g\Ts = 0 in the next direction-finding problem
(i.e. act as if Ay = A} holds) and repeat steps 2 a-h;
if AF(xX) 2 €', repeat steps 2 a-h.

Procedure P 4:

1. Find some x° e R (section 7.2), choose &' > 0 so smallthat
it is reasonable to stop if the increase in value for the objective
function is less than €'.

2, Suppose x9, x,...,xX [z} ¢ R, F(EN > F(MY)have already
been determined, We now perform the following operations to find
xk+1.

a. Calculate gk = g(xk),

S b IE A B MGy < Apg (A = Ay by definition), solve the
- linear programming sub-problem:

Max §x, l qi(xk)Tx +O,x,S qi(xk)Txk +b, - fi(xk), iels;

Tx=
a; x=h,,

iel; 0% =c, je J;

(gl+1 _ gZ)TX = (gl+l - gZ)TXk, l=r,, ..;k—l;

-g(xl)Tx + x, £ -g(=)T =k}, (11.2.3)
where r is such that A,y = A}y but M, = A} < 7\}'1 forr=h = k-1,
If >‘~k-1,= M1 » Solve the linear programming sub-problem:

Max {x, l q(x9Tx +0,x = qi(xk)T xk+ b, - £,(x, ie Ies

af x=b;, iel; 0Sx;=¢, je J;

-g(x)Tx + x, = -g(x)TxX], (11.2.4)

c. If the linear programming sub-problem has an infinite solu-
tion, derive sX from the extreme ray which leads to infinity and
perform step 2 d;
if the linear programming sub-problem has a finite solution (x*)',
(29" and (x¢8' = 0:
stop if there were no relations of the type (g/*! - g/)T(x - xK) = 0
(x¥ will be a maximum solution), but
omit all relations of this type if there were any in the linear pro-
gramming sub-problem and solve the linear programming sub-

_problem again;
if (x)' > 0, take sk = ()t - xK,
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d. Determine Ay by means of (7.4.1) and (7.4.4). If Ay = 9,
stop (infinite solution), ’

e. Calculate x¥*1 = xk+ A, g¥, AF(¥) and F(*Y),

f. If AF(x¥) <¢&! and the sub-problem did not contain relations
of the type (g’** - g/)Ts = 0, stop;
if AF(xX < ' and the sub-problem contains relations of this type,
repeat steps 2 a-f assuming Ay = Ak (so that the next sub-prob-
lem is of the type (11.2.4);
if AF(xX) 2 g', repeat steps 2 a-f.

Theorem 1:If F(x) and R satisfy conditions C 3 and C 1 respective-
ly, and if €' = 0, then procediure P 3 will generate a sequence of
points xX ¢ R with lim F(x*) = m = max {F(x) |x e R}.

Proof: Condition C 3 will ensure that, if Ay =0 for some k,
F(xk + Ask) will be unbounded as a function of A, If the sequence
of points xX is infinite and either unbounded or oy 2 & for 6 >0 and
some infinite sub-sequence, then lim F(xK) =9, so that the theorem
holds. Hence, if m <, gy will tend to zero, so that g, < g will
hold for all k > some number k(&'"), Consequently, if k >k(g'")
there will be no difference between procedures P 3 and P 1, so
that the proof is equivalent to the proof of theorem 1, section 7,86.

Theorem 2: If F(x) and R satisfy conditions C 3 and C 1 respective-
ly and if g' = 0, then procedure P 4 will generate a sequence of
points xX € R with lim F(x¥ = m = max {F(x)|x e R}.

Proof: Suppose, .-for h 2 r, that MN_; = Aj; <Af; and that

quantities u, can be found such that Z u,st = 0. It follows that
h=r.

Z u, (g™ - g)Tsh = 0 or u, (g7 ~ g)7Ts® = 0. Since
hzr

(g5¥'st > 0 and (gr!)Ts' = 0 we have that u, = 0. In the same
way U,; = 0, u,s =0 etc. Hence the vectors sk are linearly in-
dependent, so that A1 = A}.;1 < A{.; cannot hold indefinitely.
Therefore, the conjugation-principle constraints will be dropped
at regular times since we obtain either (x0' = 0 or Ay = A} for
some k, If we only consider this sub-sequence, then we can follow
the proof of theorem 2, section 7. 6.

Theorem 3: If F(x) satisfying condition C 3 is bounded on R and
if €' > 0, then the procedures P 3 and P 4 lead to a finite number
of steps (i.e. after a finite number of steps AF(xK <& is ob-
tained, while the direction-finding problem does not containextra
reqluirements due to AZ 3 - only in P 3 - or the conjugation prin-
ciple).

Proof: If F(x) is bounded, AF(x¥ 2 ¢' cannot hold indefinitively.
If AF(xy) < €' and the direction-finding problem contains-extra
requirements due to AZ 3 or the conjugation principle, then the
next direction-finding problem will not contain such requirements.
It follows that after a finite number of steps we shall be sure that
A F(xK) < ¢! while the direction-finding problem does not contain
extra requirements due to AZ 3 or the conjugation principle,
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Hence the calculation stops after a finite number of steps, This
proves the theorem.

The question arises how the near-optimality of the final solu-
tion ¥ canbe checked. This can be done by linearizing the prob-
lem in the point xX, so that we obtain the linear programming
problem:

Max {g(x}Tx ‘ 9 ) Tx =q (M) Tk + 1 - £ (2N, ieI;
a x=b, iel;0=x=c} (11. 2. 5)

Let the optimal solution of this problem be denoted by x'. By
virtue of theorem 8, section 2.8 we know that

Max | F{x)

x e R] - F(x) = g(xTx' - g(x¥TxX (11, 2. 8)

Hence, if a point X ¢ R is considered to be near-optimal if
m - F(X) =€ for some predetermined € >0, then xk will be near-
optimal if g(x¥Tx' - g(xKTxX =% holds. This condition is suffi-
cient but not necessary. In fact, it is easy to construct examples
in which (11.2.5) has an infinite solution for each k although it
may be doubted whether this will ever happen in a practical prob-
lem {c¢ = o for some j must hold in that case). The following
theorem holds, however:

Theorem 4:If the sequence xX converges toa point X with F(%X) = m
and if s¥is a sequence of vectors of unit length directed for each
k from x* to the solution (x¥' of (11.2.5) {or, if (xX)! is infinite,
directed along the exireme ray of (11. 2, 5) which indicates the in-
finite solution), then g(x®Tsk will tend to zero.

Proof: Since X is optimal we know that non-negative numbers u;,
¥;~ and ¥;7 can be found such thatg(X) = ZT;q;(X) + Z0a; - ¥ ¥ ¢ +

+ 2%, e, 0, =081 ele(X) + I (®), 9,7 = 0if X >0, and¥,+= 0 if

'}Ej< <. We canwrite for each k: g(xk) =Zaiq1(xk) + 43 - ZVj‘ e; +

+ I%71 e; +h(xY). From the continuity of g(x) and q (x¥) it fol-

lows that the vectors h(x¥) are such that lim h(xk) = 0, so that
— k—e?o

h(x¥Tsk tends to zero. For each small positive number € a k(&)

can be found so that, for all k= k(g) we have nhTsk = e for h ¢ H(X).
Hence 0 < g(xTs“ e {5l + 2% + £¥"}+ h(&T sk This proves

the theorem.

Hence, if g(x¥)Tsk = ¢ holds for the final solution xXof the
convex pregramming procedure, where sk is defined as- in theo-
remn 4 and £; is some predetermined number, then we do betfter
to continue the calculation after replacing €' by, say %— If
g(x¥Tsk < £, there are two possibilities: ) '

1. We know beforehand that, if \ and the vector § of unit length
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are such that ¥ = XX+ A§, then A, is an upper limit for A, Inthat
case we can take g = —}\E—and are sure of the near-optimality if
1
g(x®)Tsk < £,.If ¢; < wafor all j, for instance, we can take A’ =c’c.
2. We cannot find A1 beforehand (this can hardly be expected to
occur in any practical problem). Instead of (11.2.5) we could now
solve the problem:
Max {g(xK) Tx lqi(xk)TX < q,(=TxR + b, - £, Pelg

aiTx_—<—_bi, iFIL; Oéxéc;

q, (x)Tx sq(x)yTx/for 7 =1,2,...,k-1 and
ieI-(xf);

-gx)Tx £ -g(x/)Tx for 7 = 1,2,...,k-11,
(11.2.7)

i.e. we retain all tangent planes to the hypersurfaces f;(x) = b; in

the points x/ and all tangent planes to the hypersurfaces F(x) =

= F(x!). Clearly X satisfies all constraints in (11.2.7). If (11.2.7)

has an optimum solution (xX'", then:

if g Tk - g(=)Txk <€, we can stop the calculation;

if g(xk) T)" - g(xk)Txk 2 €, we shall continue the calculation.
Problem (11.2.7) is a .linear programming problem with a

great number of rows but with n non-basic variables. The dual

revised product-form algorithm can therefore easily be applied to

it.

11.3 Computational Aspects

Several remarks can be made with respect tothe computational
aspects of the two procedures described in the previous section.

1. If there are equations among the linear constraints of the
convex programming problem, then we can either eliminate some
of the variables beforehand or we can start with a point x° ¢ R and
require aiT s = 0 instead of =0 in all direction-finding problems.
In the former case the number of variables will be reduced but on
the other hand a special, simple structure of the functions F(x),
f,(x) and aiT ¥ may be destroyed or there may be more non-zero
coefficients in these functions. Equations among the non-linear
constraints can hardly be handled since in that case the feasible
region R will no longer be convex (except in exceptional cases,
where it will be convex but without satisfying regularity condition
Cc 1.

2. When all constraints are linear, the introduction of the extra
variable ¢ is not necessary, Instead of 0 we then maximize g(xkTs.
The procedures become computationally much simpler since there
are no recalculations of vectors q;(x), so that the transition from
one direction-finding problem to the next one is easier, and since
the determination of A} is much quicker,
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3. If Meq = Mg <Mip, i.e. if the relation {g(x*) - g(x¥)}Ts =
= 0 is added to the direction-finding problem, it is notnecessary
to change the relation -g(x*"1YTs + 0 <0 into -g(x)Ts + 0 £ 0, so
that the gradient vector need not be recalculated.

4, If in P 3 b; - €, £ (xX) < b; holds for some i, so that the
extra requirement q; (xs + 8; 0 =0 should be added, and if the
previous direction -finding problem contained the constraint
qi(xz)Ts + 8; 0 =0 for some ! < k-1 and the same i, then we need .
not calculate the normal qjl(xk) but can maintain the requirement
qi(xz)Ts +8; 0 £0. A recalculation is only necessary if £;(xX) =b;
holds, This will reduce the number of rows to be recalculated and
makes an application of AZ 1 less time-consuming.

5. Convergence of the procedures can be speeded up by an ap-
- propriate choice of the guantities 8;. These quantities can be
changed during the calculation. Computational experience with a
certain type of problems will undoubtedly show how they can most
efficiently be changed.

6. The final data of a direction-finding problem can always be
used as initial data for the next problem. If the revised product-
form algorithm is applied to the dual of the direction-finding
problem, either in its primal form (with N 2 or N 3) or in its dual
form (with N 4 or N 5), then it is not difficult to use the final set
of n-vectors of the previous problem as an initial set for the next
problem. But, the greater the number of changes that have to be
made in the direction-finding problem, the more advantageous it
becomes to start the next problem with a pre-inversion. See fur-
ther section 6.3 where the various possible changes are described
in the last two paragraphs.

7. When applying procedure P 4 convergence may be speeded
up by taking the following linear programming sub-problems:

Max {xg | q; (<) Tx + 8;x0 = q; () xk + by - £ (x4, 1e Igs

T

a; xEb;, iel; 05x =c;

-g(x4Tx + x = -g(xk)Txk;

qi(xl)TX _S_qi(XZ)TXI for?=1,2,...,k-1 and i e I5(x’);

—e(x)Tx S -g(x\Tx/for? = 1,2,...,k-1}. (11.3.1)

"The constraint set, defined by (11.3.1), contains the set{x e R
F(x) 2 F(x¥)}, so that the extra constraints cannot do any harm.
Anti-zigzagging requirements of the type {g(x Yy og(x)1T(x -xK) = 0
can also easily be added here, If a problem of type (11.3.1) has
been solved, it is not difficult to obtain the solution of (11,2.7).
We only have to replace all the @; by 0 and can easily find the cor-
responding changes in the final data of (11.3,1). This makes the
near-optimality check less expensive.

We finally remark that it is not necessary to take all con-
straints f;(x) =b; into account when making a sub-problem in P 4.
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We could restrict ourselves to those for which b; - ¢ Sf;(xX) = by,
€ being some small positive number.

11.4 Discussion of the Procedures

Depending on the normalization we have proposed five different
methods for solving the convex programming problem. In this
section we shall try to make a brief comparison, We must then
distinguish between the case of only linear constraints and the
general case of an arbitrary constraint set, In the latter case the
determination of the step lengths A, will be a considerably more
expensive operation since }\{( cannot be obtained as easily as in
the case of only linear constraints. It will therefore be advan-
tageous to have a method which will generally lead to fewer steps
even if the amount of work per step will be more, Therefore pro-
cedure P 3 with normalization N 1 may be preferred in some
cases, especially in those non-linear programming problems in
which the number of constraints is relatively small and in which
these constraints are highly non-linear and are composed of many
non-zero terms. But in most problems we can expect that the
extra amount of work per step does not balance the reduction in
the number of steps, owing to the rather bad restart possibilities
of this normalization. . If there are many constraints which con-
tain a few terms, if the non-linear constraints are mainly com-
posed of linear terms and if the objective function does not con-
tain many non-linear terms, hence if the greater part of the prob-
lem is linear then procedure P 4, hence normalization N 5, may
be the best. This procedure can moreover be modified as ex-
plained in section 11.3, point 7. If the constraints and the objec-
tive function are non-linear to a larger extent, then procedure P 3
with normalization N 2, N 3 or N 4 may have to be preferred. In
this order the number of steps will usually increase but the amount
of work per step will decrease,

If all constraints are linear but the objective function is non-
linear, then we can compare our methods with some existing ones,
for instance those developed by Frank and Wolfe [ 20], Rosen [34]
and Dennis [17], chapter 7.

We shall have:

Theorem 1: Procedure P 2, applied to a problem with only linear
constraints, is equivalent to Frank and Wolfe's non-linear pro-
gramming method,

Proof: In Frank and Wolfe's method two sequences of feasible
points are distinguished: a sequence zX and a sequence xX, The
starting point is a vertex x0 = z0 e R, At the k-th stepthe linear
programming sub-problem Max {g(x*)Tx |x ¢ R}is solved by ap-
plying the simplex method to it, so that the optimum solution xk+l
is obtained (or an extreme ray leading to infinity). Then
Fiz* + A(x¥1 - 28)} is maximized under the condition that zK'! =
= zR+ N (%K1 - z] e R, i.e. under the condition A =1 if xKk*! is
finite, It is clear that this procedure is exactly equivalent to our
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procedure P 2, where the points zX and xX are called x¥and (x¥)',
respectively, ‘

Our procedure P 2 will solve the linear programming sub-
problems by taking the point z¥ of Wolfe's method as starting
point for the next problem and by thenapplying a method of feasible
directions to the sub-problems (e.g. the one with normalization
N 4, which is a direct extension of the simplex method). Itcan
also be applied to problems with non-linear constraints; its con-
vergence can considerably be improved by the conjugation prin-
ciple, - so that we obtain procedure P 4, and possibly by the ex-
tensions of section 11,3, point 7; it will moreover be finite in the
case of a quadratic objective function as we have seen in chapter
10. Therefore it may be considered as an extension of Frank and
Wolfe's method.

Rosen's gradient-projection method can also be considered as
a method of feasible directions. In this method the projection s?
of the gradient vector g onto the cone
is'als=0, ielx); s;=0, jeJ(x)+ IJ"(x)] is obtained, If
gTs' >0, s' is taken as usable feasible direction. If gTs' = 0,
then one of the equations, chosen by considering the dual varia-
bles, is replaced by the weaker inequality which will then in the
non-degenerate case lead to a feasible vector s; with gTsl’ > 0.
Step lengths are determined in the same way as in our procedures.
Convergence of F(x*) to m can be proved if the sets I(x), J™(x) and
J*(x) which determine the cones are replaced by I(x, €), J (x,€ )
and J+(x, £), where € > 0 is gradually reduced as in our proce-
dures. The computational work needed to find the vector s' is of
the same nature as: in our P 1 with normalization N 1. Hence,
the discussions in section 8.6 about normalization N 1 also apply
to the gradient-projection procedure. The only additional remark
is that the vectors s' of the gradient-projection method are not
the feasible directions making the smallest possible angle with the
gradient vector, so that it can be expected that the number of
steps in the gradient projection method is higher than in P 1 with
N 1. This will especially be true if, owing to the requirements
a;'s = 0ors; = 0instead of a;' s £0 or sj 20 (£0), we are forced
to. stay in a hyperplane and to make many small steps in it,
whereas this hyperplane does not contain the optimum point.

Dennis' method is completely equivalent to our P 1 with N 1.
However, Dennis does not mention an extension.to problems in-
volving non-linear constraints and does not give an efficient com-
putational scheme for solving the quadratic direction-finding
problems of type (8.2.1).

Still another method which uses a principle comparable to our
P 1 with normalization N 1 is Frisch's multiplex method [21].
This method has primarilybeen developed for the linear program-
ming problem. The problem of projecting the gradient vector onto
the cone of feasible vectors is not fully discussed in it.
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SAMENVATTING

METHODEN VAN TOELAATBARE RICHTINGEN, EEN STUDIE IN
LINEAIRE EN NIET-LINEAIRE PROGRAMMERING

Het probleem dat in het laatste deelvan dit proefschrift (hoofd-
stuk 7-11) bestudeerd wordt betreft het maximaliseren van een
concave, differentieerbare functie in een gesloten convex gebied.
Voor dit zogenaamde convexe programmeringsprobleem worden
een aantal oplossingsprocedures gegeven die Methoden van Toe-
laatbare Richtingen genoemd worden. Het zijn iteratieve proce-
dures die de volgende eigenschappen bezitten:

1, Gestart wordt met een punt binnen het convexe gebied. Aange-
geven wordt hoe een dergelijk punt verkregen kan worden in -

. dien het niet onmiddellijk beschikbaar is.

2. In iedere iteratie wordt een nieuw punt binnen het convexe ge-
bied bepaald met een hogere waarde voor de té¢ maximaliseren
functie. Een iteratie bestaat uit twee gedeelten:

a. de bepaling van een bruikbare toelaatbare richting, d.i. een
richting waarin men vanuit het reeds verkregen punt een stap
kan maken zodanig dat het convexe gebied niet verlaten wordt
en de waarde van de functie stijgt;

b, de bepaling van de lengte van de stap die in de gevonden rich-
ting gemaakt zal worden.

3. De verkregen rij vanpunten is zodanig dat de corresponderende
functiewaarden convergeren naar het maximum binnen het con-
vexe gebied (zo dit bestaat).

De methoden van toelaatbare richtingen zijn speciaal ontwik-~
keld om de oplossing van grote convexe programmeringsproble-
men met behulp van elektronische rekenmachines mogelijk te ma-~
ken. Veel aandacht is derhalve besteed aan de numerieke aspec-
ten. De verschillende methoden verschillen onderling in de wijze
waarop de bruikbare toelaatbare richtingen gevonden worden,
Deze richtingsproblemen blijken in bijna alle methoden lineaire
programmeringsproblemen te zijn, Daarom is in deel twee,
hoofdstuk 3 - 6, van het proefschrift een uitgebreide studie ge-
maakt van de welbekende simplex methode, Van deze methode be-
stonden reeds drie numerieke versies waaraan een vierde wordt
toegevoegd, De vier versies worden vergeleken aan de hand van
een aantal veronderstellingen aangaande het gedrag van in de
praktijk voorkomende grote lineaire programmeringsproblemen.
Duidelijk blijkt dat de nieuwe algoritme totde kleinste rekentijden
leidt. Deze algoritme is derhalve gekozen ter oplossing van de
richtingsproblemen in de methoden van toelaatbare richtingen. In
hoofdstuk 6 wordt in het bijzonder bestudeerd tot welke soort pro-
blemen dit leidt.




Van alle methoden van toelaatbare richtingen wordt de conver-
gentie bewezen. Zij blijken eindig te zijn in het geval van een li-
neaire of kwadratische functie welke gemaximaliseerd moet wor-
den onder een aantal lineaire bijvoorwaarden., In het eerste geval
hebben we te maken met een lineair programmeringsprobleem,
In hoofdstuk 9 dat hieraan gewijd is wordt aangetoond dat de sim-
plex methode en de z,g. "primal-dual” methode equivalent zijn
met methoden van toelaatbare richtingen, Tevens wordi in dit
hoofdstuk aangegevenhoe een methode van toelaaibare ric¢htingen
van dienst kan zijn bij het oplossen van zeer grote lineaire pro-
grammeringsproblemen,

In het geval van een kwadratische functie en lineaire bijvoor-
waarden blijkt de methode van Beale beschouwd te kunnen worden
als een methode van toelaatbare richtingen; in geval van een alge-
mene concave, differentieerbare functie en lineaire bijvoorwaar-
den blijkt dit met de methode van Frank and Wolfe het geval te
zijn,

De beide genoemde delen van het proefschrift worden vooraf-
gegaan door een algemeen inleidend hoofdstuk en een hoofdstuk
waarin de mathematische theorie der convexe programmering be-
handeld wordt,

Resumerend kan gesteld worden dat de belangrijkste onder -
werpen welke in dit proefschrifi ter sprake komen, zijn:

1, de ontwikkeling van een nieuwe numerieke versie van de sim-
plex methode welke voor grote problemen tot veel kleinere
rekentijden zal leiden;

2. de ontwikkeling van de methoden van toelaatbare richtingen
voor het convexe programmeringsprobleem, welke methoden
eindig zijn bij een lineaire of kwadratische waardefunctie en
lineaire beperkingen;

3. het vaststellen van een equivalentie tussen sommige bestaande
oplossingsmethoden en de methodenvan toelaatbare richtingen.







STELLINGEN

1. De door D.van Dantzig ontwikkelde methode van de collectieve
kenmerken kan ook gebruikt worden voor de berekening van
waarschijnlijkheidsmatrices van 'runs" in continue Markof
processen,

D. van Dantzig et G, Zoutendijk, Itérations markoviennes dans les ensembles abstraits,
J. de Mathématique pure et appliquée, 38 (1959) 183-200.

2. De door Schlesinger ingevoerde produktintegralen kunnen te-
vens worden gedefinieerd voor van Dantzigs gegeneraliseerde
matrices. Zij kunnen toegepast worden in de theorie der sto-
chastische processen.

L, Schlesinger, Neue Grundlagenflir einen Infinitesimalkalkul der Matrizen,
Math, Zeitschrift 33 (1931) 33-61,

3. Laat P(t)de matrix der overgangswaarschijnlijkheden zijnvoor
een stationair, separabel Markof proces.

o

Als L(&) = / e-&t p(t)dt en M = lim E%EE— (E is een een-
t—0
0

heidsmatrix), dan geldt:
(1) L(®) = (EE - My voor |E| > [| M|,

(2) L®E) = (-1fn! {LE)"T' en

3) L(E+ 1) = E—%%{(—avoor )< el

4. Laat een netwerk gegeven zijn met n knooppunten waarbij ¢y
het geleidingsvermogen aangeeft van de tak die de knooppunten
P, en P verbindt. Laat [¢;] de som zijn van de geleidingsver-
mogens van alle takken die P, met enig ander knooppunt ver-
binden. Beschouw de substitutieweerstand ry van dit netwerk
indien P, op .potentiaal 1 en Py, Py, ....... ,Pm, (m< n), op
potentiaal 0 gehouden worden. Definieer een stochastische
wandeling op dit netwerk met kansen Py = 0 als P, en Pj niet

verbonden en Py = [—Ccll]— als P; en P; wel verbonden zijn. Be-
1

séhouw de kans p, dat een in P, startend springend punt in
{ Pi,...,Pyp} komt Zonder in Py, 'te Zijn teruggeweest. Nash-
Williams heeft aangetoond dat voor eindige netwerken

r Deze relatie geldt tevens voor oneindige, re-

1
g Pg™ [col”
currente netwerken,

C.St.J.A.Nash-Williams, Random Walk and Electric Currents in Networks,
Proc. Cambr, Phil, Soc., 55 (1959) 181-194,




5.

10,

‘De  substitutieweerstand van een niet-recurrent netwerk kan

alleen berekend worden indien wordt aangegeven hoe het on-
eindige netwerk als limiet van een eindig netwerk is ontstaan.

. De relatie van stelhng 4 maakt het mogelijk veel "stochasti-

sche-wandeling"problemen door elektrische analoga op te
lossen.,

. Als, voor i e I, de functies f;(x) en F(x) convex en differen-

tieerbaar zijn en als R = X|f(x)+y1 =bj, iel; x20,y = 0}
begrensd is en voldoet aan de eis dat 3, , V;; % > 0,y > 0,
dan geldt voor alle a > 0 dat m(a)<oo, waarbij m(a) =

= Min {F(x) -a X logx - aZ logy ly; = b; - £;(x)}, en voor
j i
de oplossing x(a), y(a)dat lim x(e) #x', lim y(a) =y', lim m(a) =
a0 alo oo

=m'=F(x") = max {F(x)[x e R}

. Als, voor & >0, de problemen Max {Zp;x; + aZlog x; +aZlog ¥ |

| Ax + y =b}en Min{Zbju; - aLlogu; - a Llog vi|ATu -v = pj
eindige oplossing x;{®), y;(®), respectievelijku;(a), v; () hebben,
dan geldt:

(1) X—J(— =V (), 5 (a) = uj(®);

(2) llm xj(a) = x{ yi, lim u(a) =
0 oo

] 1lm yl(a) =
Y alo

llm vi(o) = v de optimale oplossingenvan de duale lineaire
O;)f:oogrammerlngsproblemen Max {pTx | Ax+y = b; x=20; y= 0}
en Min {bTu |ATu - v =p; u=0; v=0}

(3) Zbjug(e) = Zp; x;(%) + (m + n) &,

Uit (1), (2) en (3) volgen door limietovergang de bekende duali-
teitsrelaties van de lineaire programmering.

. De door G.B.Dantzig voorgestelde procedure om lineaire on-

gelijkheden toe te voegen ter oplossing van een discreet pro-
grammeringsprobleem leidt in het algemeen niet tot een con-
vergente methode,
G, B, Dantzig, Note on Solving Linear Programs in Integers, Naval Res. Log, Quart.
6 (1959) 15-16.
Bij het maken van efficinte lineaire programmeringsroutines
voor zeer grote problemen is het gewenst te beschikken over
een elektronische rekenmachine die:
a. een grote woordlengte heeft;
b. een zeer groot snel geheugen bezit;
c. magnetische banden bezit, welke in beide richtingen gelezen
kunnen worden;
d. zoveel 1n1eeskana1en bezit dat de snelheid der banden geen
beperkende factor is,




11.

12,
13.

14.

Het bindend voorschrijven van een algemene symbolische ma-
chinetaal werkt verstarrend op de ontwikkeling van nieuwe
elektronische rekenmachines en moet derhalve ontraden wor-
dern.

Nagegaan moet worden in hoeverre het zin heeft in Nederland
een aparte vereniging en een apart tijdschrift op te richten
voor "Operational Research'.

De verschoolsing van de universiteit heeft het gevaar dat
creatieve intelligentie minder mogelijkheid heeft tot ont-
plooiing te komen en moet daarom niet aangemoedigd worden.

Bij het vaststellen der inkomstenbelasting moet niet alleen
gelet worden op het totale belastbare inkomen doch tevens op
de totale tijd dat voor dit inkomen gewerkt is,







