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1. INTRODUCTION

1.1. DEFINITION. Let F be a field containing the rational numbers. An el-
ement £ of F is called algebraic if there is a polynomial P #+ 0 with ra-—
tional coefficients such that P(£) = 0; & is called transcendental if &

is not algebraic.

Transcendental number theory is the branch of number theory that
studies the relationship between transcendental and algebraic elements of
the field of complex numbers, and of certain other fields such as the one
introduced in 6.3 below. Many theorems in transcendental number theory
have the following form: a set X of n-tuples of complex numbers and a
complex function £, defined on X, are given and it is stated that for all
(al,...,an) that belong to X the set {al,...,an,f(al,...,an)} contains at
least one transcendental number. The two most famous examples of such

theorems are:

1.2, THEOREM (Hermite~Lindemann). Let a * 0 be a complex number. Then the

set {a,exp(a)} contains at least one transcendental number.

PROOF. [Waldschmidt 1974], Théoréme 3.1.1. The original memoirs are
[Hermite 1873] and [Lindemann 1882]. o

1.3. THEOREM (Gel'fond-Schneider). Let a and b be complex numbers; sup-
pose that a # 0 and that b is not rational. Let %(a) # 0 be a value of
the logarithm of a and put ab := exp(bi(a)). Then the set {a,b,ab} con-

tains at least one transcendental number.

PROOF. [Waldschmidt 1974], Théoréme 2.1.1. The original memoirs are
[Gel'fond 1934] and [Schneider 1934]. o

The theory of approximation measures provides a quantitative gener-
alization to theorems of this type. This is achieved by introducing the
concepts of degree and height of an algebraic number; instead of merely
stating that some number is transcendental, we are enabled to estimate
how well it can be approximated by algebraic numbers of given degree and

height.

1.4. DEFINITION. (a) Let P be a polynomial in one variable with complex

coefficients. Then the height of P, denoted h(P), is defined as the max-




imum of the absolute values of the coefficients of P.

(b) Let F be a field containing the rational numbers; assume & € F is
algebraic. The minimal polynomial of £ is defined as the unique irreduc-
ible polynomial P with rational integer coefficients and positive leading
coefficient that satisfies P(E) = 0.

(c) Let F be a field containing the rational numbers; assume § € Fis
algebraic. The degree of g, denoted dg(f), is the degree of the minimal
polynomial of £.

(d) Let F be a field containing the rational numbers; assume & € F is
algebraic. The height of &, denoted h(£), is the height of the minimal

polynomial of £.

An approximation measure for a transcendental complex number a is a
positive function g of two positive integer variables, such that for all

d and H the inequality
la - af > gta,m

is satisfied for all o belonging to the set of algebraic complex numbers
of degree at most d and height at most H (note that for fixed 4 and H
this set is finite). Again, many theorems are known of the following
form: a set X of n—tuples of algebraic complex numbers and a complex
function £, defined on X, are given and it is stated that for all
(al,...,an) that belong to X the number f(al,...,an) possesses a certain
approximation measure g. In such results, however, the symmetry between
Agreceray and f(al,...,an) is lost; the object of the following chapters
is to investigate whether analogous theorems that preserve this symmetry
can be derived. Let Byreeeray be transcendental complex numbers; a sim—
ultaneous approximation measure for the set {al,...,an} is a positive
function g of two positive integer variables, such that for all d and H

the inequality
(1.1) max([al—ull,...,]an-un]) > g(d,Hn)

is satisfied for all algebraic complex numbers al,...,an of degree at
most d and height at most H. The results we desire are of the following
form: a set X of n-tuples of complex numbers and a complex function f,

defined on X, are given and it is stated that for all (al,...,an) that




belong to X the set {al,...,an,f(al,...,an)} possesses a certain simul-
taneous approximation measure g. In order to simplify the problem, we
shall limit ourselves to approximation by algebraic numbers of fixed
degree; in other words, only the dependence of g on the second variable
will be considered. Moreover, we relax the definition of a simultaneous
approximation measure in that we allow that (1.1)-is not satisfied for fi-
nitely many n~tuples (ul,...,an); if necessary, the validity of (1.1) may
be extended to all (al,...,un) by multiplying g(d,H) by a sufficiently
large factor that depends only on al”"'an’d and not on H.

The generalization of the Hermite-Lindemann theorem to a result of
this form has essentially been achieved; for instance, Cijsouw [1975]
proved that for every positive number g, positive integer d and complex
number a, there exist only finitely many pairs (a,B8) of algebraic complex
numbers of degree at most d such that

max (|a-al, [exp(a)-B]) < exp(—logZH log;1+€H),

where H = max(2,h(a),h(8)). (The notation log2 is an abbreviation for
loglog.)

The case of the Gel'fond-Schneider theorem presents more diffi-
culties. After some initial results (see [Ricci 1935], [Franklin 1937])
the following statement appeared in [Schneider 1957]: suppose £ is a
positive real number, d is a positive integer and a and b are complex
numbers such that a # 0, a # 1 and b is not rational; suppose that f£(a) is
a value of the logarithm of a. Then there exist only finitely many triples
(a,B8,Y) of algebraic complex numbers of degree at most d such that

max([a—a],]b—B],]ab—yl) < exp(-log5+€H),

where H = max(h(a),h(B),h(y)) and ab = exp(b2(a)). Bundschuh [1973] re-
marked that in Schneider's proof a condition like "B not rational"” is
needed and tried to prove a theorem without such a restriction. His
assertion is that, in the situation described above, there are only fi-
nitely many triples (o,B8,y) with

max(|a—a|,lb—8|,|ab~Y]) < exp(—log4H log;2+€H),




where H = max(2,h(a),h(B),h(Y)). However, there is an error at the begin-
ning of the proof of his Satz 2a, so that his result, too, is only valid
under some extra assumption.

Earlierxr gmelev [1971] had proved that, in the situation described
above, only finitely many triples (o,B,y) with B not rational have the

property
max(]a—u[,[b—B[,[ab-y!) < exp(—log4H log;H).

Cijsouw and Waldschmidt [1977] recently improved upon the above results by

demonstrating the following theorem.

1.5. THEOREM. Let € be a positive real number, d a positive iInteger. Let

a and b be complex numbers with a ¥ 0; let L(a) *# 0 be a value of the
logarithm of a and put ab := exp(bl{(a)). Then there are only finitely many
triples (a,B,Y)., with B not rational, of algebraic complex numbers of

degree at most d for which

1+e

max(la—a],lb—ﬁ[,]ab-y]) < exp(—log3H 1og2

H),

where B = max(2,h(a) ,h(B) ,h(y)).
PROOF. [Cijsouw-Waldschmidt 1977], Theorem 2. O

In [Bijlsma 1977], the present author showed that from all these
theorems the condition that B not be rational cannot be omitted. More

precisely, the following was proved:

1.6. THEOREM. For any fixed positive integer k, there exist irrational
real numbers a and b with 0 < a < 1 and 0 < b < 1 such that for infinite-

ly many triples (o,B8,Y) of rational numbers
b K
max (|a-a|, |b=8|,|a"-y|) < exp(-log H),

where H = max(h(a) ,h(B) ,h(y)).
PROOF., [Bijlsma 1977], Theorem 1. O

In theorems like 1.5, the occurrence of a condition upon the num-




ber B is undesirable and one would naturally want to replace it by a con-
dition upon the given number b. This is certainly possible: for instance,
it is quite easy to see that the estimate in 1.5 holds for arbitrary

triples (a,B,y) if one assumes that, for real b, the convergents pn/qn of

the continued fraction expansion of b satisfy

<< ex (lo3 Y, n > o,
qn+1 P g qn

(Note that the real numbers b for which this condition is not fulfilled,
are U¥-numbers (see [Schneider 1957], III §3) and thus form a set of
Lebesgue measure zero.) A sharper result in the same direction is given

by the next theorem.

1.7. THEOREM. Let € be a positive real number, d a positive integer. Let

a and b be complex numbers; suppose that a * 0 and that b is not rational.
Let %{(a) + 0 be a value of the logarithm of a and put ab := exp(bf(a)). If
b is not real, or if b is real such that the convergents pn/qn of the con-
tinued fraction expansion of b satisfy

(1.2) << exp(qi), n > o,

qn+1

there are only finitely many triples (a,B,y) of algebraic gomplex numbers

of degree at most 4 with

max(]a—a],!b—B!,lab—Y!) < exp(—logBH log;+EH),

where H = max(2,h{a),h(B),h{y)).
PROOF. [Bijlsma 1977], Theorem 2. O

The purpose of Chapter 2 below is to make this last assertion still
more precise: it will be proved that the sufficient condition (1.2) may

be sharpened to

log qn+1

limsup S e = 0,

n-r® qnlog qn

while a necessary condition is given by




log qn+1

i ———— <
q log  q,

In Chapter 3 we consider the question whether these conditions on b may
be replaced by analogous assumptions as to the nature of a,

Chapter 4 is based on the following results of Fel'dman [1964] and
Smelev [19701:

1.8. THEOREM. Let € be a positive real number, d a positive integer. Let
a and b be complex numbers; suppose that a ¥ 0 and that b is algebraic but
not rational. Let %(a) be a value of the logarithm of a; put ab 1=
exp(bf(a)). Let P be an irreducible polynomial of two variables, with
rational integer coefficients, of degree at least one in each variable,
such that P(0,0) # 0 and P(1,1) * 0. If P(a,ab) = (0, there exist only fi-
nitely many algebraic complex numbers o of degree at most d for which

: -1+
Ia - a] < exp(—1092H logz1 EH),

where H = max(2,h(a)).
PROOF. [Fel'dman 1964]. O

1.9. THEOREM. Let € be a positive real number, d a positive integer. Let
a and b be complex numbers; suppose that a + 0, a ¥ 1, a is algebraic and
b is not rational. Let 2(a) be a value of the logarithm of a; put ab 1=
exp(bl(a)). Let P be a polynomial of two variables, with rational integer
coefficients, of degree at least one in each variable, such that P is not
divisible by a polynomial containing only the first variable. If

P(b,ab) = 0, there exist only finitely many algebraic complex numbers B

of degree at most 4 with
+
Ib - S] < exp(—log3H logg €H),

where H = max{2,h(B)).
PROOF. [Smelev 1970], Theorem 1. o

In Chapter 4 below, 1.8 and 1.9 are generalized to obtain simulta-

neous approximation measures for subsets of {a,b,P(a,b,ab)}; we also con-




sider the case that %2(a) = 1 and the case where P does not remain fixed.
Now let a,,...,a_,b,,...,b_ Dbe complex numbers such that none of
1 n'1 n
Byrecsray is zero; let ll(al),...,ln(an) be non~zero values of the loga-

rithms of al,...,an respectively and put
aé := exp(b, 2, (a,)+ +b L (a_ ))
= 7 e R T R i et R U

Wallisser [1973] derived a sifmultaneous approximatioh measure for
{bl,...,bn} in case agrenaray and 29 are algebraic; Bundschuh [1975]
gave a simultaneous approximation measure for {bl,...,bn,éé} in case
al,...,an are algebraic (however, this proof depends on the erroneous
statement in [Bundschuh 19731). Again, Cijsouw and Waldschmidt [1977]

improved upon these results. For non-zero b they established simulta-

OI

neous approximation measures for {bo,bl,...,bn,ééexp(b )} in case of al-

0
. b
gebraic al,...,an and for {al,...,an,bo,bl,...,bn,g—exp(bo)}. Furthermore,

they proved the following theorems.

1.10. THEOREM. Let € be a positive real number, d a positive integer. Let

al""'an'bl""'bn be complex numbers such that al,...,an are algebraic
and none of dyre..ra 1s zero; let zl(al),...,ln(an) be non-zero values
of the logarithms of Byseeerd respectively and put

a2 := exp(b,%, (a,)+...4b L (a))

a7 = expib by ta ) h. . TR R tap ).
Then there are only finitely many (nt+l)-tuples (Bl,...,Bn,Y) of algebraic

complex numbers of degree at most d such that 1,61,...,Bn are linearly

independent over the rationals and
b 2 [>
max(]bl—Bll,...,Ibn—Bn],lé——Yl) <exp(-log™H long),

where H = max(2,h(81),...,h(8n),h(Y)).

PROOF. [Cijsouw-Waldschmidt 1977], Theorem 3 and the remark following
Theorem 4. O
1.11. THEOREM. Let € be a positive real number, d a positive integer. Let

n
zero; let Ql(al),...,ln(an) be non-zero values of the logarithms of

al""’an’bl""’bn be complex numbers such that none of ayreeei is




. b
Byyeeeray respectively and put a= := exp(blll(a1)+...+bn2n(an)). Then
there are only finitely many (2n+l1)~tuples (al,...,an,Bl,...,Bn,y) of
algebraic complex numbers of degree at most d such that 1,81,...,8n are

linearly independent over the rationals and

b
max(]al—all,...,Ian—anl,]bllel,...,]bn—Bnlrlé'—Yl) <

1+
exp(—logn+2H 1og2 EH),

where H = max(2,h(a1),...,h(un),h(Sl),...,h(Bn),h(Y)).
PROOF. [Cijsouw-Waldschmidt 19771, Theorem 5. O

Because of the unnatural condition on the numbers Bi,...,Bn, 1.10
and 1.11 cannot be called simultaneous approximation measures in the
strict sense. Again, it would be preferable if it could be replaced by a
condition on the given numbers. This is achieved in Chapter 5: there
analogues of 1.10 and 1.11 are proved in which the condition that
1,81,...,8n be linearly independent over the rationals is replaced by
conditions depending on Bgresesay and their logarithms and on bl""'bn'
In the case of 1.10, it turns out to be sufficient to demand that
ll(al),...,zn(an) or 1,b1,...,bn be linearly independent over the
rationals. In the case of 1.11, it is sufficient if there exists a C™> 1
such that for rational integer xo,...,xn that are not all zero we have
1 (2n+4)/(n2+n) -1-2/(n+1)

log X

(1.3) |2 tx, b +...+xnbnl > ¢ exp(-X

171 Ve

where X = max(2,[x0l,...,]xn]). The case that b ..,bn are fixed al-

P
gebraic numbers is also considered; the resultslof this chapter enable
us to derive many-variable analogues to the theorems in Chapter 4.
Finally, Chapter 6 gives an analogue to 1,7 in which the complex
numbers have been replaced by an algebraically closed, complete field

with a non-archimedian valuation.




2. A TEST FOR THE SIMULTANEOUS APPROXIMABILITY OF a, b AND ab

As stated in the Introduction, the purpose of the present chapter is
to prove a sharpened version of 1.,7. This is achieved in 2.24 below; be-
fore that, however, we need to give a number of auxiliary results. First
of all we introduce some definitions to simplify the phrasing of what

follows.

2.1. DEFINITION. (a) By N, Z, @, R, € we denote the sets of all pos-
itive integers, of all rational integers, and of all rational, real and
complex numbers respectively. By la,b[ we denote the open, by [a,b] the
closed interval from a to b.

(b) By IAn we denote the set of all algebraic complex numbers, by
I%i the set of all algebraic complex numbers of degree at most d.

(c) 1f F is some field, F[Xl""'xn] denotes the ring of all poly-

nomials in n variables with coefficients from F; instead of F[Xl] we

write F[x].

2.2. DEPINITION. (a) Let F be a field containing ®; assume n € F is al-
gebraic. Then 1 is called an algebraic integer if its minimal polynomial
has leading coefficient 1.

(b) Let F be a field containing @; assume n € F is algebraic. The
denominator of n, denoted den(n), is the least m € N such that mn is an
algebraic integer.

(c) Let F be a field containing @; assume n € F, n' € F are algebra-
ic. Then n and n' are called conjugate if n and n' have the same minimal
polynomial.

(d) For n € A, by rﬁ] we denote the maximum of the absolute values

of the conjugates of n in A .

2.3. DEFINITION. (a) A field F is called a normal extension of ¢ if
@ < F and if every n € F that is algebraic of degree d has exactly d con-
jugates in F; it is called a finite normal extension of @ if it is a norm-
al extension of @ and has finite degree over @.

(b) If F is a finite normal extension of @, Gal(F/@) denctes the set

of automorxrphisms ¢ of F that satisfy o¢(§) = & for all £ € 0.

2.4. LEMMA. (a) Let F be an algebraically closed field containing Q; as-
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sume nl,...,nn € F are algebraic. Then there exists a finite normal exten-

sion F' of @ such that F' <« F and F' containS'nl,...,nn.
(b) Let F be a finite normal extension of Q. Then n,n' € F are conju-

gate if and only if there exists a ¢ € Gal(F/®) with o(n) = n'.

PROOF. [Van der Waerden 19661, §§ 41, 57. o

2.5. LEMMA. (a) Let F be a field containing Q; assume n € F is algebraic.
Then den(n) < h(n).

(b) For n € A we have m < h(n) + 1.

(c) For Nyresesy € A we have n1+...+nn < 0y + ... F nnl
oue < R .
and 1 Tt = 1M T

PROOF. (a) [Schneider 1957], Hilfssatz 2.
(b) [schneider 1957], Hilfssatz 1.
(c) According to 2.4(a), € contains a finite normal extension F of ®

containing n,,...,n ; put G := Gal(F/@). According to 2.4(b),

ve € F: [E] = max  |o(&)].

c€EG
Thus, if n := nl + oee. T nn, we have
] = max |om)| = max |c(n1)+...+c(nn)] <
c€G c€
max Jom)| + ... + max Jom)| = [n. ]+ ... + [n]
GEG ! GEG n ! n

and similarly FﬂTTTE;T Q:TEIT...r:j. o
2.6. LEMMA. For n € B we have either n = 0 or
[nl ;:exp(—ng(n)max(logfﬁT,log den(n))).
PROOF. [Waldschmidt 19741, (1.2.3). o
2.7. LEMMA (Siegel). Let F be a field such that § € F = ¢ and F has

degree d over (. Suppose a, j € Ffori=1,...,nand j =1,...,m such
I
that

a, .| 2A, i=1,...,n, I =1,.../m.

1,3
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If n > dm, there exist Xl""'xn € % , not all zero, such that
n
E 1,95 70 3= Lieom,
and
dm ~dm
max (|x, [soon]x ) £ (/2 na) / (n-Gm)

PROOF. [Waldschmidt 1974], Lemme 1.3.1. o

The next lemma gives a connexion between the rate of growth of an en-
tire function and its number of zeros. Results of such a type are funda-

mental in transcendence proofs.

2.8. LEMMA. Let f be an entire function. Suppose S,T € N, A,R € R such

(t)

that A > 2 and R > 258. If £ (s) =0 for s =0,...,8-1 and t = 0,...,7-1,

it follows that

max |[£(z)| < 2 max lf(z)[GQST'
lzlzr lzlzar

PROOF. [Cijsouw 1974], Lemma 7. o

2.9. DEFINITION. A branch of the logarithm is a function %, defined on a
set K« €~{0}, such that & is holomorphic on K and exp(%(z)) = z for all
z € K.

Now we give two lemmas about vanishing linear forms in the logarithms

of algebraic numbers.

2.10. LEMMA. Suppose d € I, K a compact subset of the complex plane not
containing O, 2 and 2 branches of the logarithm, defined on K, such that
21 does not take the Value 0. Then only finitely many pairs (o,y) € K of
algebraic numbers of degree at most @ have the property that a B € @ ex-

ists with
le(a) - 22(Y) =0

and
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where H = max(h(a) ,h(y)).
PROOF. [Bijlsma 1977], Lemma 3. O

2.11. LEMMA. For every d € W, there exists an effectively computable
C > 1, depending only on 4, with the following property. Let K be a com-
pact subset of the complex plane not containing 0, &, and % _ branches of

1 2

the logarithm, defined on K, such that 21 does not take the value 0. Then
only finitely many pairs (o,y) € K2 of algebraic numbers of degree at most

d have the property that a B € @ exists with
Bll(d) - QZ(Y)'= 0

and

(2.1) C log H < B log B,

where H = max(h(a),h(y)) and B = h(B).

PROOF. I. Suppose the assertion of the lemma to be false. Let C be some
real number greater than 1; additional restrictions on the choice of C
will be formulated at later stages of the proof. Let K,Ql,iz,a,s,y satis~
fy the conditions of the lemma. By cl,cz,... we shall denote real numbers
greater than 1 that depend only on d. Throughout the proof we shall assume

that H is sufficiently large in terms of d,K,Ql,l and C, which will lead

2
to a contradiction. It is clear that Ill(a)l is bounded above and below

by positive constants depending on K and 21; thus we may assume

1/2 1/2

(2.2) log” "“B < |2, (@] < log”’“H.

Similarly, Izz(y)l is bounded above by a constant depending on K and 22;

thus we may assume
1/2
(2.3) IQZ(Y)I < log / H.

Define L := B - 1. We introduce the auxiliary function’




L L Alz Az
°(z) == ] ] pQA)e T, zEe¢,
A, =0 A_=0
1 2
where
A,z XZZ
o = exp(Alzll(u)), Y = exp(lzzlz(y))

and where p(kl,kz) are rational integers to be determined later. We have

L L Az Az
oD@ =2t ] 1 po oty
11=0 A2=O

z € ¢, t €N U {0}

Now put a := den(a), b := den(B), ¢ := den(y),

~1 1/210g1/2

S := [%d B _1/2H]

B log

14

~1 3/2log_1/2

T := [%d B 1/2H]

B log

and consider the system of linear equations

(ac) sttzzt o't

(s) =0, s=0,...,8-1, t =0,...,T1.

These are ST equations in the (L+1)2 unknowns p(Al,Xz); the coefficients
are algebraic integers and lie in a field with degree at most d2 over Q.
The absolute values of the conjugates of the coefficients are less than

or equal to

(ac)LSbTmax(l,IX1+X2B|T)maX(1,f&TLS)max(l,r§TLs)

A

4 2 E2
H LSB TLTC?S T ;zexp(c2B3/zlogl/2B logl/ZH).

As (L+1)2 > %Bz > dst, there exists, by 2.7, a non-trivial choice for

the p(Al,Xz), such that

<I)(t)

(2.4) (s) =0, s=0,...,8-1, £t =0,...,T-1,

while

13
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P := max ]p(kl,AZ)] <
Al,xz
2" 2 2
(C3L2exp(c2B3/2lOg1/2B log1/2H))d ST/ ((1+1) “=d"sT) <
3/2. 1/2 1/2

exp(c4B log B log H) .

II. For k € N U {0} we put T, := 2kT; suppose

k

oF ;=B1/4logl/4B 1og"1/4H.

Then, for our special choice of the p(Al,Az) we have

5 (®)

(2.5) (s) =0, s=20,...,81, t = 0,...,Tk-1.

This is proved by induction; for k = 0 the assertion is precisely (2.4).

Now suppose that (2.5) holds for some k, while

2k+1 §=B1/4logl/4B log_1/4H.

By 2.8 we have

ST,

(2.6) max [®(z)]| £ 2 max IQ(Z)IGQ k-
lzl<2s lzl<2as
1/2
where A = log H. Here (2.2) and (2.3) show
(2.7) max  |0(z) | < (L+1)2P exp(41S log H) <
lzl<2as
exp(c5B3/zlogl/2B log1/2H).
Furthermore,
ST
2 k -1_2 -1_2
(A) ;exp(—c6 B log2H) ;exp(—-c6 B log B),
the last estimate by 2.10. Now (2.1) gives
05B3/2log1/2B log1/2H < cSC—1/2B2log B;




therefore, if we choose C so large that cSC—l/2 < cgl, substitution in
(2.6) shows
-1.2
max |®(z) | ;zexp(—c7 B log B).
lzl1g2s
Using the formula
(t) _tl ?(z)
e =g (z—s) 1 dz.
fz-sl=1
we see that for s = 0,...,8-1, t = O,...,Tk+1—1,
[®(t)(s)l < exp(t log t - cngzlog B) <
exp(c8B7/4log3/4B log1/4H - c;lelog B).
Now (2.1) gives
6887/41093/4B log1/4H < 08C_1/4B210g B;
. -1/4 -1
therefore, if we choose C so large that c8C < c7 , we may conclude

Iq)(t) (s)[ <

(2.8) exp(—c;1B2log B).

(t)

However, l;t(u)é (s) is algebraic and for

t=0,...,T +1—1 we have

k
agr]F e ™ (1) < a?,

-t . (t) 15, Tk+1
den(,Q,1 (a)® (s)) 2 (ac) b =
exp(c10B7/4log3/4B log1/4H),

T T
llzt(“)Q(t)(S) ;:(L+1)ZPH2LSB e+l k+1Cll

7/ 3/4 1/4

exp(chB 4log B log H)

s =0,...,5-1,

T
< HZLSB k+1 <

N
LSy 11

f

15
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(here (2.1) is used), so, by 2.6, either ¢(t)(s) = 0 or
-t 7 2

]li (a)i(t)(s)] ;:exp(—cl3B /4log3/4B log1/4H).
In the latter case, (2.2) shows that
(2.9) Ié(t)(s)[ ;:exp(—c14B7/4log3/4B log1/4H) >

exp (~c C—1/4B2log B).

14
- . -1/4 =1

Combining (2.8) and (2.9), and choosing C so large that c14c < c9 ’

gives ¢(t)(s) =0 for s =0,...,8~-1, t =0,...,T +

" 1—1. This completes the

proof of (2.5).
IITI. Now let k be the largest natural number with

k

) é:B1/410g1/4

B log_1/4H.

From (2.5) it follows that

e (s) =0, s=0,...,5-1, t = .

Once more apply 2.8; this gives (2.6) again and (2.7) also remains un-

changed, but from the maximality of k we now get

2 k - 1 -

&J 2 exp(-c 1B9/4log /4B log 1/4H log H) =
A 15 2
exp(—cIéB9/4log5/4B log"1/4H),

the last estimate by 2.10. Using (2.1) we find

c5B3/210g1/2B logl/zH < cSC_3/4B9/4log5/4B log_1/4H;
. . -3/4 -1
if C is chosen so large that c5C < Cygr We see
max [@(z)] §=exp(—cIéB9/4log5/4B log_1/4H).

lzlz2s

Now




whence for t = 0,1,...,(L+1)2

[Q(t)(0)| L exp(t logt - ¢

exp(c1

By (2.1) we know

2
cl7B

<
log B c17C

7B210g B-oc¢,B

~1 9/4

16

—1/4B9/4

if ¢ is chosen so large that ¢, . C

(2.10)

[ (t

(0)[ < exp(-c g

For these values of t we have

(once more (2.1) is used),

In the latter case,

(2.11)

dg (2

den (%

t(a)@

exp(c2

[ Eaye!

]@

exp (-c,,C

(t)

-t
g (@27 (0))

et o)

(t) o] <

1leog B)

17

log

-1/4

-1 9/4

=1,

<B

(L+1)2PB

og

(L+1)2

(2.2) shows that

1095/4

-1 we have

-1_9/4 5/4

16B log

/4B log

B log

-1

-1/4

B log

H) .

~1/4

H;

<
016, we conclude

5/4 -1/4

B log

;exp(c1

(L+1)2L(L+1)

so according to 2.6 either ¢

(O)] > exp(—czszlog B).

V(0] 2 exp(- o, leog B) >

23

—1/4B9/4log5

/4B log

_1/4H).

H), t

2
9B log B),

(L+1)
€20

(t)

-1/4

H) <

(0) = 0 or

17

= 0,1, ..., (I+1) -
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Combining (2.10) and (2.11), and choosing C so large that c23c—1/4 < c;é,
gives

s () =0, t =0,..., @+1)%-1.

IV. For t = O,...,(L+1)2—1 we now have
L L £
(2.12) YT p(,A) (A AR = 0.
1772 172
Al=0 A2=O

As the p(kl,Az) are not all zero, it follows that the coefficient matrix
of the system (2.12), which is of the Vandermonde type, must be singular.
From this we deduce the existence of Al,kz,ki,ké € {0,...,L} with
p— 1 T
Al + Kzs = Al + XZB, or
L
Al Al

Ay = A

This gives

h(B) <L =3B - 1,

w
]

so we get a contradiction. O

2.12. DEFINITION. For € > 0, b € R~NQ we define

log qn+1
w(e,b) := limsup T die

>
n+e g log  "q,

where pn/qn are the convergents of the continued fraction expansion of b.

2.13. LEMMA (Bertrand's postulate). If n > 1, there is at least one prime
p such that n < p < 2n.

PROOF. [Hardy-wWright 1960], Theorem 418. D
2.14. ILEMMA. If b €E R, v € Z , w € Z~{0} and

1
27

b -3 <
hd 2w




the number v/w is a convergent of the continued fraction expansion of b.
PROOF. [Perron 1954], Satz 2.11. 0O

2.15. LEMMA. Suppose b € R~Q . By (pn/qn):=0 we denote the sequence of
convergents of the continued fraction expansion of b; here P, € =z,
a, € N, (pn,qn) = 1. Then

[ T —

qn qn(qn+qn+1)

, n€ N U {0}.

PROOF. [Perron 1954], § 13, (12). o

2.16. LEMMA. Let €,A > 0 be given. Then there exists an irrational number

bwith 0 <b<1and A £ w(e,b) < 5.

o«
PROOF. I. By induction we define a sequence (Bn)n__1 of rational numbers

in the interval ]0,1[. Take 61 = 1/w1, where w1 is a natural number de-

pending on A, to be determined later. Now suppose Bn has already been

chosen; put B_ = v /w_, where v.,w_ € W and (v_,w ) = 1. Consider the
n n’ n n’’'n n"'n
partition
W -1
1 2 n+1
D = (O, 17 oo 11)
n+l "n+l n+1

of the interval ]0,1[, where w is the smallest prime number greater

3 4+e o+l
than exp(4lwnlog wn). By-2.13, it is clear that

€

3 4+e 3 4+
(2.13) exp(4lwnlog wn) < wn+1 <2 exp(4kwnlog wn).

The width of the partition D is less than exp(~4kwilog4+€wn); thus there

exists a Vo € {1,...,wn+1—1} with
Y+l 3. d+e
(2.14) |8 - 22| < exp(-4rw’log” “w ).
n W n n
n+1
Now define Bn+1 as Vn+1/wn+1' Note that (vn+1,wn+1) = 1 because wn+1 is
prime and 1 §:VD+1 < Worl® If W, is chosen sufficiently large, (2.13) en-

sures that the sequence (wn)n_ is strictly increasing.

1
II. The sequence (Bn)n=1 has the property

3 4+g
(2.15) Vm > n: [sm -~ sn[ < exp(-2Aw_log  w ).

19
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To prove this, put Ik ;= {x € R: IBk - x] < exp(—2kwilog4+€wk)}. Then
(2.15) can be written as Vm > n: B € I . By (2.14) B €1 , so it is

m n m m-1
sufficient to prove Yk > n: Ik « Ik—l' Take x € Ik' which means [Bk - x| <

exp(—2kwilog4+€wk). Then, by (2.13) and (2.14),

Isk—l - Xl = ]Bk - XI + Isk—l - Bkl <

4+¢

3 4+e
exp(—ZAwklog wk) + exp(-4A W _q

3
w..

k 1log

) <

3 3
exp (-2 exp(lzxwk_l)) + exp(—4Awk_1log wk—i) <

3 d+e ] 3
2 exp(—4Awk_1log wk-l) < exp(—Z)\wk_1

if L is chosen sufficiently large in relation to A, so x€1

k-1.
II1. From (2.15) we see that (Bn):=1 is a Cauchy sequence; it con-

verges to a limit, which we shall call b. Then b € [0,1] and

3 4+e
V0 - - -
(2.16) n: [b - 8 | < exp( 2w log W ).

By 2.14, this implies that %1is a convergent of the continued fraction
expansion of b, say

Py

n

Bn = I,
n

Thus b is irrational. Now suppose w(e,b) < A. By 2.15 and the definition

of w(e,b), we then have for sufficiently large n,

1 1
o ~8 | > > >
n q, (g, +a y = 3 d+e =
kn kn kn+1 G (qk +exp()\qk log 9 )
n n n n
exp(—ZAqi log4+€qk ) = exp(—2xwilog4+€wn),
n n

which contradicts (2.16).

If, on the other hand, w(e,b) > 5A, there are infinitely many con-
vergents Pk/qk of b with
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€

(2.17) > exp(SXqilog4+ qk).

Fe+1

As all the Bn are convergents of b and (wn)n is increasing, for every k

=1

satisfying (2.17) we can find an n with

\U =

q, < g b H
== +
n k k+1 n +1

thus

+ a+
> exp(SAqilog4 8qk) ;:exp(SAwi log Ewnk),

A4 2 q
nk+1 k+1 "

which contradicts (2.13). D

2.17. DEPINITION. Suppose ¢ > 0, d € IN. Then the set Pd(s) is defined as
the set of all b € ¢ such that there exist an a € ¢~{0}, a value &(a) # O

of the logarithm of a, and infinitely many triples (a,B8,yv) € lAg with

max(la—al,lb—ﬁ],[ab—yl) < exp(—log3H log;+€H),

where H = max(2,h(a),h(B),h{y)) and ab = exp(bl(a)).

2.18. LEMMA. For every d € N, n € N, there exists an effectively com-
putable C > 1, depending only on d and n, with the following property.
Suppose & ..., 0 € lAd\~{O} s ByreeaiB € B_; let Zl(al),...,ln(an) be
values of the logarithms of Oprever0 respectively. For 1 < j < n, let

Aj > 6 be an upper bound for h(aj) and exp(llj(uj)]). Put
A= BO + slll(al) + ... snkn(an).

Then either A = 0 or
[A] > exp(~CQ log Q'(log B + log 9)),

where Q@ = (log Al)...(log An), Q' = (log Al)...(log An
B = max(6,h(BO),...,h(Bn))-

Ny

PROOF. [Baker 1977]; see also [Cijsouw~Waldschmidt 19771, Theorem 1 and

the remark following it. 0
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2.19. LEMMA. Suppose & reeer0 € A~{0}; let Ql(al),...,ﬂn(an) be values

1

1
linearly independent over @ if and only if they are linearly independent

of the logarithms of o ,...,an respectively. Then zl(ul),...,ln(an) are

over A .
PROOF. [Baker 1967], Theorem 1. o

2.20. LEMMA. For every d € N, there exists an effectively computable
C > 1, depending only on d, such that, if € > 0, no number b € R0
with w(e,b) < C_1 belongs to Pd(s).

PROOF. Suppose b € R~ belongs to Pd(e). This gives the existence of an
a * 0, a value (a) # 0 of the logarithm of a, and infinitely many triples
(@,8,7) € B with

1+e

5 H)

(2.18) max([a—al,lb—Bl,Iab—yl) < exp(-log3H log
where ab = exp(bZ(a)) and H = max{(h(a),h(B),h{y)).

Let (o,B,Y) be such a triple and assume that H is large enough in
terms of d,a,b,%(a) and e. Let % be a branch of the logarithm, defined
on a disk Kl' centred at a, such that E(a) = £(a). Then

3 1+2e/3H

!Q(a) - E(a)l < exp(-log™H log2 );

from %(a) # O we thus get £(0) % O. Let 2* be a branch of the logarithm,

defined on a disk K2, centred at ab, such that

[be(a) - 2¥(v)| < exp(-log’H log;+2€/3H).
Together with (2.18), these formulas show

[BR(a) ~ 2¥(7) | < exp(—log3H log;+€/3H).
In case BL(a) ~ 2%¥(y) # 0, 2.18 would imply

IBE(u) - 2*(Y)[ > exp(—log3H log1+€/3H),

which is a contradiction. Therefore B2 (a) - L¥(y) = 0, so %{a) and
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2*(y) are linearly dependent over B ; 2.19 now states that these numbers
must also be linearly dependent over ¢. This gives the existence of §,n €
®, not both zero, such that Ef(a) + n*(y) = 0. Here n *# 0 because

E(a) + 0, so

Applying 2.11 then shows that
-1
log H > ¢ "B log B,

where B = h(B) and ¢ > 1 depends only on d.
Put g := den(B); then g must tend to infinity with H, so log H >

c—lq log g 2 g for H large enough. This gives

1+

- 4+
9 EH) < exp(-c 3q3log Eq);

(2.19) [b - B[ < exp(—log3H log

thus, by 2.14, B is a convergent of the continued fraction expansion of

b, say B = pn/qn. By 2.15 we have, if w(e,b) < C_l, and n is large

enough,
1 1

(2.20) v - 8] > > >

q{g+q ) = -1 3. 4+e

n- n n+l qn(qn+exp(c qnlog qn))

- +
exp (~2C 1q3log4 Eq).

Comparison of (2.19) and (2.20) gives a contradiction if 2C_1 < c_3. =}

2.21. LEMMA., All rational numbers § satisfy the following inequality:

den(£) < h(E) < max(l,]&|)den(E).

PROOF. If |£]| < 1, we have h(E) = den(); otherwise h(£) = |£|den(§). ©

2.22. LEMMA, Suppose b € R~Q . By (pn/qn):=o we denote the sequence of
convergents of the continued fraction expansion of b; here P, €z,

4, € N, (Pn,qn) = 1. Then
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P
b -2 <« ——— , nen U {0}

Y qnqn+1

PROOF. [Perron 1954], satz 2.10. o

2.23. LEMMA. For every M € I, there exists an effectively computable
C > 1, depending only on M, such that, if ¢ > 0 and d € N, every number

b € RNQ with ]bl < M and w(e,b) > C belongs to Pd(s).

PROOF. I. Let C > 1 be some number depending only on M, to be determined

later; suppose ¢ > O, ‘b] < M and w(e,b) > C. By cl,c s... we shall denote

2
real numbers greater than 1 that depend only on M. By 2.21 and 2.22, we

have for infinitely many n € I,

fﬁil L1 1

<
q 9.9

b -
3 4+e =
n+1 exp(anlog qn)

A

n

-1 .3 4+¢
exp(-c, "Ch™ (p_/q )log h(pn/qn))-

o]
Consequently, there exists a sequence (Bn)n of rational numbers with

=1
the properties

-1 3 4+g
(2.21) |b -8 | < exp(-c "ch™(B )log  "h(B)),
‘ -1 4
(2.22) h(_,,) > explcy Ch3(8n)log +€h(sn)).

Furthermore, it is no restriction to assume that h‘31) is greater than
some bound depending only on M.
II. We now use induction to define a sequence (an):_ of rational

1
numbers in the interval ]0,1[ with the properties

2 1
(2.23) [un - an+1! < exp(-2C1/ logBh(an)log2+€h(un)),
(2.24) h(a )y > hz(a )
: ntl n'’
2h(8n)
(2.25) h(dn) < (2h(8n)) '
1/den(8n)
(2.26) o, € 0.

Choose




—den(Bl)

001 = 2 .

Now suppose o ,...,an have already been chosen and possess the desired

1
properties. By 2.13, there is a prime number u with

den(8n+1)h(8n+1) fux?2 den(Bn+ ).

1)h(Bn+1
We observe

u -1

3 4+e
den(p_ ) = MPaey) 2 ®mey CRTB)log Th)) .

If C is chosen large enough in terms of ¢y s We may write

1

- 3 d+e
(2.27) = Ch (Bn)log h(Sn) >

1 1
16c"/?n® (8_) 1og® (2n(8_)) (1og(2n(8_)) + log, (2n(6_))) "%,

by (2.25) the right hand member of (2.27) is greater than

1/2 3 1+e
2C log h(an)log2 h(un),
so
u 1/2 3 1+e
—_— >
(2.28) don (B 3 exp(2C log h(otn)log2 h(an)).
n+l
Write w := den(8n+1) and consider the partition
SR A S A C DAY
- 14 W’ wt---l W 7
u u u

of the interval 10,1[. Take t € {0,...,u-1}. Then

wier) "L

w

2N

w
u u u

; ’

w
t
—_—<
w =

els

therefore the width of the partition D does not exceed w/u.

By (2.28), the interval

1/2 1

{x € Jo,1l: ]an - x| < exp(-2C log3h(an)log2+€h(un))}
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has a length greater than w/u, so that this interval contains at least one

of the points of D. This proves the existence.of a t € {1,...,u-1} with

w
t 1/2 3 1+
lo_ - F[ < exp(-2¢"%10g h(a_)log, Eh(ozn)).
. o w . A
If one deflnei/$n+1 := (t/u), (2.23) is satisfied, an+1 € ]0,1[ and
furthermore an+1 € @. Finally,
den{B )
_ W n+l
hla ) =u” < (2 den(B , )R(B ,,)) <
h(B_ . .) 2n(B_,.)
2 n+1 n+1
(20" (8 _,,)) < (2n(B_, ) '
and, by 2.21,
w den(8n+1)
h(an+1) =u g:(den(8n+1)h(3n+1)) Ed
-1
e, "h(B_,.)
-1.2 2 n+l’ -1 -1
(e, h%(B_ 1)) = exp(2c, h(B , )log(c, h(B,  ))) 2

exp(2c;1exp(Ch3(Bn));

here (2.22) is used and it is supposed that h(Bl) is large enough in

terms of c1 and 02. As hz(an) < exp(4h(8n)log(2h(8n))), this proves

2 . o .
> .
h(an+1) h (an) The construction of the sequence (ocn)n=1 is now

completed.

IIEX. The sequence (onn):_1 has the property

/2

1+e

1
(2.29) Vm > n: lum - anl < exp(-C 2

log3h(an)log h(an)).

c1/2

. . _ 3 1+e _
To prove this, put lk 1= log h(ock)log2 h(ak) and Ik 1=

{x € R: Iak - x] < exp(—ik)}. Then (2.29) can be written as Vm > n:

a €1 . By (2.23), o €1 ; so it is sufficient to prove Vk > n:
m n m m-

1
Ik < Ik—l' Take x € Ik’ which means ]uk - x| < exp(-i,). Then, by (2.23)

and (2.24),

lak—l - xl ;:luk - xl + lak—l - ak <

exp(—ik) + exp(~2i ) <

k-1
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exp(—61k_1) + exp(—21k_1) < 2 exp(—Zik_l) < exp{-i ),

k-1

if h(Bl) is sufficiently large, so x € Ik—l'

(o]
IV. From (2.29) we see that (otn)n is a Cauchy sequence; it con-

=1
verges to a limit, which we shall call a. Then

1
2

/2

(2.30) Vn: Ia - o ;:exp(—c1 logBh(an)log +€h(an)).

If we define

we have Yn € ¢ and log h(Yn) < c3log h(an). Furthermore, from (2.26) it
follows that h(Bn) < c4log h(an). From this we conclude that, if C is
(2.21) and (2.30) give

large enough in terms of ¢ s, and ¢

1’ 4’

/4 3 1+e
log Hnlog2

- — < -
max(|a anl,]b Bnl) < exp(~C H)
where Hn = max(Z,h(un),h(Bn),h(Yn)). As the function (x,y) k> %Y is con-
tinuously differentiable on every compact subset of 10,1[ x J]-m-1,M+1[,
there is a A > 1, depending only on a and b, such that

Va: |a° - Yol < A max(la—anl,lb—ﬁn[)-

Consequently, if n is large enough in terms of C and A, we have

€

max(]a—an],]b—Bnl,]ab—ynl) < exp(—log3Hnlog;+ Hn),

which proves the lemma. O

2.24, THEOREM. Suppose ¢ > 0, d € N, b € C.
(i) If b € R, then b & Pd(e).
(ii) If b € R~Q and w(e,b) = 0, then b & Pd(e).
(iii) If b € R~NQ and w(e,b) = ©, then b € Pd(s).
(iv) If b € @, then b € P (e).
(v) In case b € R~NQ with 0 < w(e,b) < », no general assertion is

possible.
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PROOF. In case b € ¢, taking z € € such that
4
lz - ;[ < exp(~log "h(Z))

for infinitély many ¢ € I%i (which is possible by 1.6) and writing

- zden(b); (@,B,y) = (Cden(b),b'gb den(b))

shows that b € Pd(s); this proves (iv).
The assertion (i) is a trivial consequence of 1.5. We may therefore
assume that b € R~@®, in which case w(e,b) is defined. According to 2.20,

there exists an effectively computable ¢, > 1 such that if w(e,b) < cnl,

0
then b € Pd(s); this proves (ii). By 2.16, it is also clear that there

exists a b € RN® with 0 < w(g,b) < ¢ and so there is a b with

0 < w({e,b) < « that does not belong toOPd(a).

Furthermore, 2.23 asserts that for every M € NN, there exists an
effectively computable Sy > 1 such that, if Ib[ < M and w(e,b) > Cyp then
b € Pd(e). In case w(e,b) = © we may choose M = ]b[ and (iii) is proved.
Again by 2.16, it is clear that for any M € IN there exists a b with
|b| < M and cM + 1 < w(e,b) < »; go there is a b with 0 < w(e,b) < « that

does belong to Pd(e). a
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3. THE NON-INTERCHANGEABILITY OF a AND b

Let £ > 0, d € W be given. In Chapter 2 our aim was to establish

a criterion to decide for which b € ¢ there exist an a € ¢~ {0} and a

value 2(a) # O of the logarithm of a such that for infinitely many triples

(c,B,Y) € 1%3 the inequality
b 3 1+e
(3.1) max(]a—ul,[b—B[,[a —Y[) < exp(-log™H log2 H)

is satisfied (hexre H denotes the maximum of 2 and the heights of o, B and
Y, and P = exp (bf(a))) .

Let us now consider the converse problem, namely to investigate for
which a € €~ {0} there exist a b € ¢ and a value 2(a) # 0 of the logarithm
of a, such that for infinitely many triples (a,B8,yv) € 133 inequality (3.1)

is satisfied.

3.1. LEMMA, If n € iA and k € W, the following assertions hold:

CRT RN P I o 3
(3.3) den(n) < den(n) < den™(m).

PROOF. ¥. According to 2.4(a}), ¢ contains a finite normal extension F of [0)

that contains n; put G := Gal(F/Q). According to 2.4(b),

vE € F: [E] = max [o(®)].
GEG

Therefore

[ = max Jo®] = (max o )* = @IS
e ot

g€EG g€

II. Ifm := den(nk), the number mnk is an algebraic integer. The same
must then be true for mk_lmnk = (mn)k; therefore there is a monic polynom-
ial P € Z[X] such that P((mn)k) = 0. This shows that mn is an algebraic
integer.

III. The last inequality in (3.3) is trivial. o
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3.2. LEMMA. Suppose n € 1A . Then

h(n) < (2 den(n)max(l,[ﬁT))dg(n)_

PROOF. [Cijsouw-Tijdeman 1973], Lemma 1. o

3.3. LEMMA. Suppose d,j,k € N with j <k, n € JAd. Then

| 24,24, k
n(n?) £ 27" (n").

PROOF. It is clear that den(nj) < den(nk). Indeed, if m := den(nk), the

numbexr mnk is an algebraic integer. The same must then be true for
mk-j(mnk)j = (mnj)k; therefore there is a monic polynomial P € Z[x] such
that P((mnj)k) = 0. This shows that mnj is an algebraic integer.

Applying 3.1.and 3.2, we find

. . : 3
h(n”) < (2 den(n?)max (1, |n’ ))dg(n )

fia

2 dgen(max (1, |75 < @n®) meF)+1)? <

22dh2d(nk

). O

3.4. LEMMA. For each a € B~ {0}, there exists an effectively computable
C > 1, depending only on a, with the following property: if B € @ and

Y € B, while kl(a), ZZ(Y) are values of the logarithms of a and vy re-

spectively with
(3.4) BL (@) - (1) =0,
it follows that
log h(y) < C dg(y)h(B).

PROOF. By Cl'CZ"" we shall denote real numbers greater than 1 depending
only on a. Let B,y,ll(a) and lz(y) be such that (3.4) is satisfied; put

B=v/w, where v E€Z, w€ N, (v,w) =1. If P = Zq %) is the minimal

a.

=0 773

polynomial of y, the minimal polynomial of 1/y is either P¥ :=
a .

Zj=0 ad_ij or ~P*, Thus h(y) = h(1/y); replacing vy if necessary by 1/v




and observing that —lz(y) is a value of the logarithm of 1/y will ensure

that v > 0. We have

w

exp(wh, (Y)) = exp" (£,(1)) =y

and

exp(wlz(y)) exp(wBRl(a)) = exp(vll(a)) = expv(ll(a)) = av;

applying 3.1 gives

(1 = @1
and

den(y) ;zﬁenv(a).
According to 3.2,

h(y) < (2 den(ymax(1, Y] < (2 den” (a)ymax (1, [3]/")¢ <

c.d
v v/w, 3 dv dh (8)
< <
(clc2 ) e, 2oy .
3.5. LEMMA. Suppose d € N, a € A~ {0}, ll(a) * 0 a value of the loga-
rithm of a. Suppose K is a compact subset of the complex plane, not con-

taining O, %&. a branch of the logarithm defined on K. Then only finitely

2
many rational numbers B have the property that an algebraic number Yy € K

of degree at most d exists with

(3.5) BL, (a) - £,(y) = 0.
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PROOF. Suppose the assertion of the lemma to be false. Let B be a rational

number and y € K algebraic with dg(y) £ 4 such that (3.5) holds. By cy
Cores. We shall denote real numbers greater than 1 depending only on d,a,
K,ll(a) and 22; we assume that h(B) is greater than such a number, which
will lead to a contradiction. It is no restriction to assume dg(a) < d.

By 2.11, we see that either
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(3.6) log max(h(a) ,h(y)) 2 c] h(B)1log h(B)
or
(3.7) max(h(a) hiy)) < c,.

As there are only finitely many rationals of the form Zz(y)/ll(a), where
dg(y) < d and h(y) §=c2, we may henceforth assume that (3.6) holds and

even that

(3.8) log h(y) 2 c'h(B)log h().
On the other hand, by 3.4 we see that
(3.9) log h(y) < c3h(B)-

Comparing (3.8) and (3.9) gives a contradiction if h(B) is sufficiently

large. 0O

Now we are able to solve the problem stated in the introduction to
this chapter. If there are infinitely many o € ﬂ%i with

(3.10) la - o] < exp(-log°a log;+€A),

where A = h(a), taking b = B = 1, Yy = o shows that (3.1) holds for in-
finitely many triples (a,B8,Y). Suppose, on the other hand, that infinitely
many such triples satisfy (3.1), yet for only finitely many o € ﬂxi in-
equality (3.10) holds. If H is taken large enough, (3.1) then implies that
a = a. Let K be a closed disk in the complex plane, centred at ab, that
does not contain 0. It is clear that there exists a branch ¥ of the
logarithm, defined on K, such that R*(ab) = bf(a). From (3.1) we deduce
that v € K and that the inequality

[B2(a) - 2*(y)| < exp(-log H loq;+€/2H)

holds. If it were the case that Bf&(a) - 2¥(y) * 0, 2.18 would imply

1+e/2H

[Bo(a) - 2*(m)| > exp(—long log2 Y,
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which gives a contradiction. Therefore
(3.11) BL(a) - 2*(y) = O.

We have now proved that f£(a) and 2*(y) are linearly dependent over the
field of all algebraic numbers; using 2.19, we find that these numbers
must also be linearly dependent over @. In other words, there are &,n € @,
not both zero, such that £2(a) + n&*(y) = 0. Here 1 # 0 because L(a) % O,

SO

Using 3.5, we see that in the triples (a,B,y) satisfying (3.1) occur only
finitely many values of B. From (3.11) we see that the number of values
of y must also be finite and we arrive at a contradiction. Thus we have

proved

3.6. THEOREM. Suppose € > 0, d € W, a € ¢~ {0}. Then the following two
assertions are equivalent:

(i) There exist a b € € and a value %{a) #*# 0 of the logarithm of a,
such that for infinitely many triples (a,B,y) of algebraic numbers of

degree at most d

1+

5 R,

max(!a~a!,|b~8|,|ab—yl) < exp(—log3H log
b
where H = max(2,h(a) h(B8) ,h(y)) and a := exp((bi(a)).

(ii) There exist infinitely many o € ﬂ%i such that

]a - a] < exp(—log3A logé+€A),

where A = max(2,h{(a)). D

A more interesting problem occurs if we demand that the triples
(0,8,Y) contain infinitely many values of B, or, in other words, that

b € 0.

3.7. DEFINITION. Suppose € > 0, d € IN. Then the set Pg(e) is defined

as the set of all a € ¢~{0} such that there exist a b € ¢~@, a value
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2(a) # 0 of the logarithm of a, and infinitely many triples (a,B,y) € 1%3

with
max ([a-a, [b-8| r!ab—Yh < exp(-log°H 1og;+€H) '

where H = max(2,h(a),h(B),h(y)) and ab = exp(bl(a)).

In this case the condition (3.10) turns out to be no longer sufficient
and there appears an extra condition on the nature of the numbers o occur-

ring in (3.10).

3.8. THEOREM. For every fixed 4 € N, there exists an effectively comput-
able C > 1 with the following property. If €¢ > 0, a € ¢~{0} and 21 is a
branch of the logarithm, defined on a neighbourhood of a, such that for

infinitely many k € W an o € B, depending on k, exists with

(3.12) exp(k“lzl(a)) € JAd\{1},

+
(3.13) la - a| < exp(~C log°a log; a),

where A = max(2,h(a)), the number a necessarily belongs to P;(e).

PROOF. I. Let C > 1 be given and suppose € > 0, a € ¢~{0}; let (kn):=1

(o)
and (un)n= be sequences from W and A, respectively, such that

1

lim k_ = =,
n->e
-1
(3.14) Vn: exp(k "%, (a)) € JAd\{l},
3 1+e
(3.15) ¥n: |a - an! < exp(-C log'a_ log, A),

-1
= = H ~
where A max(2,h(an)). Put Sn : éxp(k ll(un)), then 6 €& Iai {1}

and

Furthermore, 3.3 states




2
2dh2d dAZd’

h(8 ) < 2 "

(a ) £ 2
n =
From this it follows that

lim A = «;
n->o

indeed, thebopposite would imply that there is an o € B such that for

infinitely many pairs (k,m) of natural numbers with k ¥ m

(3.16) exp(k’lzl(a)) = exp(m‘lzl(a)) 1,
S0
(3.17) E-Ye @ =0 moa 2mi)

- k m/71 - :

By choosing min(k,m) in such a way that the left hand member of (3.17)
has absolute value less than 2w, one proves that ll(a) = 0 and thus
exp(k_lﬁl(u)) = 1, which contradicts (3.16).

By taking partial sequences if necessary, we can ensure that

3 1+e
(3.18) Vn: kn+1 > exp{(C log Anlog2 An),

2
(3.19) Vn: An+1 > An.

Furthermore, it is no restriction to assume that Al is sufficiently large

in relation to C.
II. Put 81 i= kzl; the sequence (Sn):_1 of rational numbers from the
interval ]0,1[ will be defined inductively. Suppose 81,...,Bn have been

chosen; by (3.18) we see that there is a 3. € {1,...,kn+1—1} with

1

Jn+1

kn+1

3

1+e
(3.20) o< |8, - | < exp(~-C log A log, A ).

Define Bn+1 := It follows from (3.20) that (Bn)n=1 is a Cauchy

j k .
n+1/ n+1
sequence, and that its limit b satisfies

3 1+e

1
(3.21) Vn: lb - Snl ézexp(—ic log Anlog2 An).

35
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To prove this, it will be sufficient to show

3 i+e

1
(3.22) Vm > n: [sm - Bn] < exp(-5C log”a log, A ).

. _ 1 3 1+e _ . _ s
Put i = 5C log™a log, "A . Ir := {x € R: IBr x| < exp( lr)}. Then
{3.22) can be written as Vm > n: 8 € I . By (3.20), B €1 , so it is
m n m m-1

sufficient to prove Vr > n: Ir c Ir—l' Take x € Ir' which means IBr - xI <

exp(—ir). Then, by (3.19) and (3.20),

18,y - xl <8, - x| +[8 ) <

r-1

-1 " Br[ < exp(—lr) + exp(—21r

-1

)

exp(—81r_1) + exp(—21r_1) < 2 exp(—21r_1) < exp(—:l.r_1

if Al is sufficiently large in relation to C. This proves (3.22).

I1I. Define Yn 1= exp(Bnll(an)) = exp(jnkglﬁl(an)); then

3
n
= ~
Y, = 8, € B, {1}.
(o] (o]
. .2 it i

By (3.15) and (3.21), it is clear that the sequences (oun)n=1 and (yn)n=1
are bounded and remain uniformly away from 0; applying 2.10, together with
the fact that 1lim A = » shows h(Sn) < log An for sufficiently large n.

1 > =Y

From (3.20) one sees that (Bn)n_1 does not become eventually constant,

so that !b - Bn[ > 0 for infinitely many n; by (3.21) and 2.14, b must be

irrational.
IV. By 3.3,
jn 24, 2@ kn 2d_24 34
hiy ) =h(8 ") 22" h"7(6_") = 27"A " <A 7;
n n = n = n ='"n
therefore
34

H := max(2,h(an)rh(8n),h(Yn)) <A

for almost all n; hence, if C is sufficiently large in relation to 4,

(3.15) and (3.21) imply

i+e

max([a—an],’b—snl) < exp (-2 log3Hnlog2

H )
n
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for almost all n.
As the function (x,y)l» exp(yll(x))vis continuously differentiable on
a compact neighbourhood of (a,b), there exists a A, independent of n, such

that
|exp(bzl(a)) - exp(snml(un))! <A max(la—un],{b—sn[)

and therefore

3 i+e
|exp(b£1(a)) - Ynl < exp(~log Hnlog2 Hn)

for almost all n. Thus a € Pg(e). o

3.9. THEOREM. If € > 0, d € N and a € ¢~{0} belongs to Pg(e), there is
a branch 21 of the logarithm, defined on a neighbourhood of a, such that
for infinitely many k € N an o € B, depending on k, exists with

(3.23) exp(k—lll(u)) € ﬂ%i\~{1},

€

(3.24) la - a| < exp(-log°a logé+ a),

where A = max(2,h(a)).

PROOF. I. Suppose b € ¢~Q and 2(a) # 0 a value of the logarithm of a,
such that there exist infinitely many triples (ao,8,Y) of algebraic numbers

of degree at most d satisfying
b 3 1+€
(3.25) max(]a—a[,]b—B],]a —y]) < exp(-log™H log2 H) .,

where H = max(2,h{(a),h{(B),h(y)) . and ab = exp(bl(a)).vFrom this it is
immediately clear that (3.24) holds; we now proceed to prove (3.23).

Let £,%* be branches of the logarithm, defined on disks Kl'K2'
centred at a and ab respectively, such that 2(a) = 2(a) and 2*(ab) = bl(a).
Let (a,B,Y) be a triple satisfying (3.25); we suppose H to be greater than
a certain bound depending on €,d,a,b and 2(a). As a *# 0 and ab + 0, we may
assume o ¥ 0 and vy # 0. Clearly

3 1+25/3H

(3.26) [2(a) - %(a)| < exp(-iog™m log, ),
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142
3 €/3H

(3.27) [br(a) - 2*(y)| < exp(~log™m log, );

from %(a) * 0 we thus get E(a) + 0. As a consequence of (3.26), (3.27) and

1+e

b - B| < exp(—log3H log
! | )

H)

we have

3 1+e/3

IBE(a) - 2%(y)| < exp(-log’H log2 H) .

If it were the case that Bi(a) - 2¥(y) # 0, 2.18 would imply

3 1+e/3
) ¢/3y),

[BL(a) - 2%(y)| > exp(-log H log

which is a contradiction. Therefore 8L(a) - 2*(y) = O.

II. We have just proved that %(a) and 2*(y) are linearly dependent
over the field of all algebraic numbers; using 2.19 we find that these
numbers must also be linearly dependent over @. In other words, there are
£,n € 9, not both zero, such that EL{a) + n2*(y) = 0. Here n % 0 because
%(a) # 0, so

*
s Ecy
2 (a) n

Put B = v/w, where v € Z, w € N, (v,w) = 1. Let x,y € Z be defined by

Y

xv + yw = 1 and take 6 := Yxa ; clearly 6 € A_ and

d

6 = exp (x0* () +yZ(a)) = exp(xvw '(a)+yZ(a)) = exp(w ~Z(a)).
As 2(¢) is bounded and unequal to zero, we have now proved
-]
exp(w L(a)) € Ed\{l}

if w is sufficiently large. That the number w occurring in this formula
tends to infinity with H, immediately results from (3.25) and the fact
that b § ¢. D

It could be asked whether the condition (3.23) on the special nature

of the numbers o approximating a might be dispensed with if the approxima-
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tion measure itself is strengthened. That, at least in cade 4@ = 1, such a
result does not even hold when the right hand side of (3.24) is replaced
by a very rapidly decreasing function of the height, follows from 3.12 be-

low.

3.10. LEMMA (Dirichlet's Theorem). If a,b € Z such that b # 0 and
(a,b) = 1, the residue class {a+bn: n € Z} contains infinitely many

prime numbers.
PROOF. [Apostol 1976], Theorem 7.9. O

x>
3.11. LEMMA. Let (an)n be a sequence of positive integers, suppose

=1

aO € Z . Define

Py i 8p7 Py = 8g3 + 1i Ppyy 1S A, Pyt Ry g BEN;

Ao == 1i 4y s= Ay dyyy F A, td g n €N

Then for each n € W U {0} we have 1 €z, qa, € W, (pn,qn) = 1; and
oo

there exists a number b € R~Q such that (p_/q ) is the sequence of
n’ “n’ n=0

convergents of the continued fraction expansion of b.

PROQF. The first assertion follows from Satz 2.1, the second one from

Satz 2.6 of [Perron 1954]. o

3.12. THEOREM. For any £: N - ]0,»[ and € > 0, there exists an

a € R~{0} such that infinitely many rational numbers & satisfy
la - g] < £(m(),

while a € PT(E)-

w0
PROOF. I. By induction we define two sequences (an)n_O and (qn)oo

:= 0, qo :=1 and let a

n=0

of non-negative integers. Take a =q be a

prime number greater than 1/f(1)? Now suppose ao,...,an aid qo,...,qn

have already been defined in such a way that ql,...,qn are prime numbers
and G > 1/f(qk_l) for k = 1,...,n. According to 3.10, the residue class
{qn~1+an: x € Z} contains infinitely many prime numbers, including one

greater than 1/f(qn). This prime number we shall call g the correspond-—

n+1’
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ing value of x will be a

n+l”
The sequence (qn)z_O we have now constructed has the property that
Lo O
a4, > 1/f(qn_1) and q, prime for n € N, while (qn)n=0 and (an)n=0 are

connected by
(3-28) dp = li @ =agr dy =a, 9 v €N,

Using 3.11 we see that the numbers a, are the denominators of the con-
vergents of the continued fraction expansion of some irrational number a.
II. Let P, be the numerator of the n~th convergent of a. According
to 3.11,
Po=0i Py =15 Py =a 4P, * P4 nEN.
Comparison with (3.28) shows that Vn: Pn < qn, so we have h(pn/qn) = qn.
Now 2.22 states that )

— < f£(gq );
qn qnqn+1 qn+1 o

thus, if we define En = Pn/qn'
la - gn[ < f(h(£)), n € N.

III. Now suppose a € PT(E); according to 3.9, there is a branch 21 of
the logarithm such that, for infinitely many positive integers k, an alge-

braic number o exists with

(3.29) exp(k_lll (a)) € o~{13,

(3.30) la - o] < exp(-log°a 1ogé+€A) ,

where A = h(a). By 2.14, (3.30) implies that a is a convergent of the con-
tinued fraction expansion of a; thus Jdn: o = En = pn/qn, where a is prime.
On the cther hand, from (3.29) it follows that o = 6 with 6 € ¢~{1},

which gives a contradiction if k > 1. O
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4. SIMULTANEOUS APPROXIMATION MEASURES FOR SUBSETS OF {a,b,P(a,b,ab)}

The purpose of this chapter is to generalize 1.8 and 1.9 in order to
obtain simultaneous approximation measures for subsets of {a,b,P(a,b,ab)},
where P is a polynomial with rational integer coefficients. As a further
generalization, our results will not depend on thé precise coefficients
of P, but only on the degree and height of P. Our main theorem is 4.12;
the other theorems in this chapter treat various special cases. In 4.8 and
4.10 we consider the case that a is a fixed algebraic number, in 4.11 the
case that this is true for b. In 4.7 we assume that ab = exp(b); this re-
sult was independently proved by Vadndnen [19..], who used the method of
Siegel and gidlovskix.

4.1. LEMMA. Suppose 2 € z[x], its height and degree bounded by H and n,

respectively, with n < log HO' If there exist a real number A > 6 and a

0
transcendental number E such that

[PO(E)[ < exp (- nolog HO),

there also exist a positive integer s sn, and an irreducible divisor
P1 € zI[x] of PO, its height and degree bounded by exp(s_llog Ho-f2s_1no)

and s ng respectively, satisfying
|p (F)[ < exp(-s_l(A—6)n log H. ).
1°7 0 0

PROOF. The assertion is proved as Lemma VI' in Chapter III of [Gel'fond

1952] under the extra assumption that the coefficients of P have greatest

0
common divisoxr 1. This, however, is no restriction; indeed, if this
greatest common divisor is m > 1, the polynomial m_lP has still height

and degree bounded by HO and no respectively, while [m_lPO(E)[ < [PO(E)

Moreover, any irreducible divisor of m—lPO also divides PO. [ul

4.2, LEMMA. Suppose P, € m[x] separable, its height bounded by Hl' its

1

degree exactly k. Let a > O be the leading coefficient of P, and 91,...,9

1 k

its roots; let & be an arbitrary complex number. Then

[P &) 2 a exp(-2k% -k log H,) min le -6, ].
. 1
i=1,...,k




42

PROOF. [Fel'dman 1951], Lemma 5. o

4.3. DEFINITION. By Sén) we denote the set of all polynomials P €

Z[Xl,...,xn]such that the degree of P in each variable does not exceed

4, while for all (E.,...,E .) € B! the degree of P(E,,...,E .,X) €
1 n-1 1 n-1

&)

Alx] is at least one. Instead of Sd

we usually write Sd'

4.4. LEMMA. Let F be a finite normal extension of ®; suppose £ € F. Then
E € @ if and only if 6(§) = & for all ¢ € Gal(F/9).

PROOF. [Van der Waerden 1966], § 57. O

4.5, LEMMA. Suppose d,n € IN, CPRERRTLN €.¢, b € ¢~A . Then there exist
effectively computable C1""’c5’ greater than 1, depending only on
d,n,al,...,an and b, such that the following holds. Suppose al,...,an €

(n+1) ,
lAd,' YyY€ERB, PE Sd with

d

(4.1) H :=max(h(a,),...,h(e ), h{y},b(P)) 2 C/\

(4.2) max(lal—ull,...,]an—an],IP(al,...,an,b)—Y[) < exp(—C2log H).

Then there exists a number B € A of degree at most C, and height at most

3
exp(C,log H) with
4

C
5 .
lb - B[ < max(]al—all,...,]an—an[,]P(al,...,an,b)-yl).
PROOF. Suppose C,,C, > 1, o a € n YyER P E S(n+1) are such
—— 1772 R A 1 a’ a’ d

that (4.1) and (4.2) are satisfied. By CyrCpre-. we shall denote real

numbers greater than 1 depending only on d,n,a reees and b; throughout

1

the proof we shall without further mention assume that C1 and C2 are

greater than such a number. Put
U := -log max(]al—ull,...,[an—an[,lP(al,...,an,b)-Y]).

Remark that the transcendency of b ensures that U is well-defined; from

(4.2) it follows that U > Czlog H.
Denote dj := dg(aj), mj = den(uj) for j = 1,...,n; denote do =
Ag(y), my := den(y), D := dodl"'dn' Then D ;:cl, max(mo,ml,;..,mn) < H.

Let RO be the polynomial




d
9 n (8,) ) (8,)
R, := T ... T (P(a reoerl X)) -y Y
[¢] 1 n-
§ =1 § =1
0 n
where
(d4.)
R SR
J ] J J

are the conjugates of aj for j = 1,...,n, and

W@ (dg)
Y=y "oy ey

are the conjugates of y. Now, if F € ¢ is a finite normal extension of ¢
containing ul,...,an and vy (such an extension always exists by 2.4(a))

and o € Gal(F/Q), the coefficients of R, are clearly invariant under o¢;

0
this implies that R, € ¢[x], by 4.4. Consequently, the polynomial R :=
mgm?D...miDRo has rational integer coefficients; the degree of this poly-

nomial is bounded by dD < ¢, and its height by

2

HD(HdD)nc3(C4H(H+1)dn+H+1)D < exp(c log H).

Furthermore, we have
]P(ul,...,an,b) - Y] <

!P(al,...,an,b) - P(al,...,an,b)[ + |P(a ra b) = vl =

gree-
-1
c6H . max ]aj - uj’ + ]P(al,...,an,b) - y[ < exp(—c7 u)
J=1,...,n
and
Ddp  dp (89 (6 (85
]m m; ...m T (P(a P /b)) - ¥ )I hS
01 n 1 n =
§.8,...86 >1
01 n
72 (5%P) ™ (e (m+1) Pmr1) P < exp(c log H) < explc. C.lU);
8 = 9 1072
thus

-1 -1 -1
[R(b)[ < exp(-c7 U+c C2 U) < exp(ncllU).

10

43
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(n+1)

By the definition of Sd , R cannot be a constant.
» _?oYlapply_?.l with PO = R, nO = Cyr HO = exp(cslog H), A =
¢y cr cllU log "H, £ = b. We deduce the existence of a positive integer

s < c, and an irreducible divisor Q € #Z[x] of R, such that the degree of Q

is bounded by s—lc2 é:cz and its height by exp(s_lc

log H), while

-1
5log H+2s c2) <

exp(c12

[om) | < exp(-st(A-6)c colog H) =

2%5

1 -1

-1
1U+65 02c

exp(-s cI 5log H) <

1

1U-&Gs_lc c C_lU) < exp(—c1

1 - 1
expl=s ¢y 2%5%2 39 -

Apply 4.2 with P1 = Q, H1 = exp(clzlog H), & = b. Note that Q is separable

because Q is irreducible. Let 8 ,...,ek be the zeros of Q; then k <c

1 2°
We find )
. 2
min b - 8,.] < exp(2k” +ke, log H) Q)| <
. il = 12 =
i=1l,...,k
2 -1 -1 -1
exp(2c2-+c201202 U-—c13U) < exp(—c14U).
Moreover, for i = 1,...,k we have h(ﬁi) ézexp(clzlog H), dg(ei) é=02;
thus there exists an algebraic number B of degree at most c, and height

2
at most exp(clzlog H) with

o - B[ < exp(—cIiU).

The lemma follows by taking C3 = Cyr c, =c

4

4.6. LEMMA. Suppose d,M € IN . Then there exists an effectively computable
C > 1, depending only on d and M, such that only finitely many pairs

2
(B,y) € Exi with !BI < M satisfy

lexp(B) - y] < exp(-C log2H log;}H),
o

where H = max(2,h(B),h(y)).

PROOF. [Cijsouw 1975], Theorem 2. g
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4.7. THEOREM. Suppose € > 0, d € N, b € ¢~{0}. Then there are only
2
finitely many triples (B,y,P) € I%i X Sd such that

(4.3) max (|b-8], | P (b,exp (b) -y|) < exp (~log H log;1+€H),

where H = max(2,h(B) ,h{y),h(P)).

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. By cl,cz,... we shall denote real numbers
greater than ! depending only on g, d and b.

First we show that under this assumption exp(b) must be transcen-
dental. Suppose (8,Y.,P) € IA2

4
that H is sufficiently large in terms of ¢, d and b. Suppose also that

X Sd such that (4.3) is satisfied; assume

exp(b) is algebraic; as b is a value of the logarithm of exp(b), applica-
tion of 2.18 shows that either 8 -~ b = 0 or

(4.4) [8 - b| > exp(-log  m).

It is no restriction to assume that ¢ is so small that (4.3) and (4.4)
cannot hold simultaneously; therefore we need only consider the case that
B ~ b = 0. However, in this case the number b is algebraic but unequal to
0; thus exp(b) is transcendental by 1.2.

II. Apply 4.5; this gives the existence of an algebraic number n of

degree at most c, and height at most exp(czlog H) satisfying

1

l+e

(4.5) [exp(b) - nl < exp(~cgllog2H log; H),

which contradicts 4.6. O

4.8. THEOREM. Suppose € > 0, A € W, a € A~{0}, b € ¢~N0. Let %(a) ¥ O
be a value of the logarithm of a. Then there are only finitely many

triples (B,Y,P) € ﬂ\d x Sd such that
b 2 €
(4.6) max ([b-B|,|P(b,a ) ~y|) < exp(-log’H log H),

where H = max(2,h(B),h(y) ,h(P)) and ab = exp(bl(a)).

PROOF. I. Suppose the assertion of the theorem to be false; from this a
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contradiction will be derived. By C rCgree. We shall denote real numbers
greater than 1 depending only on e,d,a,b and %(a).

First we show that ab must be transcendental. Let K be a closed disk
in the complex plane, centred at ab, that does not contain 0. It is clear

that there exists a branch ¥ of the logarithm, defined on K, such that
= g% (aP
(4.7) bl(a) = ¥(a™").

2
Suppose (B,Y,P) € ﬂxi X Sd such that (4.6) is satisfied; assume that H is
sufficiently large in terms of ¢,d,a,b and 2(a). From (4.6) and (4.7) it
is clear that

[2(a) - 2*(a®)| < exp(-log’m log /2g).

Now suppose that ab is algebraic. If it were the case that BL(a) - 2*(a§) ES
0, 2.18 would imply

lg2(a) - 2%(@®) | > exp(-1og"*Cm),

which gives a contradiction, because we may assume € to be arbitrarily
small. Therefore BR(a) = 2*(ab) = 0 and so, by (4.7), we find that B =
accordingiy, b € ANQ and so a]o € ¢~1A by 1.3.

II. Apply 4.5; this gives the existence of an algebraic number n of

degree at most <y and height at most exp(chog H) satisfying
(4.8) 'ab - n[ < exp(—cgllogzﬂ log;H).

From (4.7) and (4.8) we then deduce that n € K and that the inequality

|8%(a) - 2%(n)| < exp(-log’H 10g;/

holds, which, by 2.18, implies B(a) ~ 2*(n) = O.

III. We have proved that %£(a) and 2*(n) are linearly dependent over
B ; using 2.19 we find that these numbers must also be linearly dependent
over ¢. In other words, there are 51,52 € ¢, not both zero, such that

gll(a) + 622*(n) = (. Here 52 + 0 because %2(a) * 0, so
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Using 3.5 we see that h(B) < ¢ from (4.6) it then follows that b = g € ¢.

4i
This contradicts the conditions of the theorem. O

4.9. LEMMA. Suppose A € N, a € IA. Then there exists an effectively com-
putable C > 1, depending only on 4 and a, such that only finitely many
o € ﬂxi satisfy

]a - al < exp(-C log H),

where H = h(a).
PROOF. [Brauer 1929], Satz 1. O

4.10. THEOREM. Suppose € > 0, d € N, a € AR~{0}, b€ ¢, P € Sd. Let

2(a) *# 0 be a value of the logarithm of a. Then there are only finitely
2

many pairs (8,y) € I%i such that

max ([b-8, |P(0,a”) ~y|) < exp(-log’m logoH),

where H = max(2,h(B8) ,h(y)) and ab = exp(bl(a)).

PROOF. The proof is completely analogous to that of 4.8, up to the end of
part I, where the Gel'fond-Schneider theorem was used to establish the
transcendency of ab. This time, having proved that B = b, we deduce that

H = h(y) and that P(b,ab) is algebraic, while from (4.6) we see that
]P(b,ab) - Y! < exp(—long log;H),

which contradicts 4.9. Therefore the assumption that ab be algebraic is
disproved, it follows that b € @ and we may proceed as in the case of

4.8. O

Thus, in case P is taken fixed, the condition that b € ¢ may be
dropped from 4.8. In the same way it is possible to remove the restriction

b #+ 0 from 4.7.

4.11. THEOREM. Suppose € > 0, d € W, a € ¢~{0}, b € ANQ. Let 2(a) * O

v
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be a value of the logarithm of a. Then there are only finitely many

triples (a,Y,P) € lAg x Sd with

2+¢

(4.9) max(la—al,]P(a,ab)—Yl) < exp(—long log2

H)'

where H = max(2,h{a),h(y),h(P)) and ab = exp(bf(a)).

PROOF., I. Suppose the assertion of the theorem to be false; from this a

contradiction will be derived. By CliCoree. WE shall denote real numbers

2
greater than 1 depending only on ¢,d,a,b and £(a).
First we show that ab must be transcendental. Let E,Z* be branches of

the logarithm, defined on disks Kl'K2' centred at a and a° respectively,

such that
(4.10) 2(a) = 2(a),

b
(4.11) bl(a) = *(a ).

Suppose {a,Y,P) € lAg x Sd such that (4.9) is satisfied; assume that H is
sufficiently large in terms of ¢,d,a,b and %2(a). From (4.10) and (4.11) it
is clear that o € K1 and

[bZ(w) - 2%(aP)| < exp(-log’m log§+€/2H)

Now suppose that ab is algebraic. If it were the case that b2 (a) - 2*(ab) *
0, 2.18 would imply

[bT(@) - 2*@®) | > exp(-log *Cm),

which gives a contradiction because we may assume € to be arbitrarily

small. Therefore bf(a) - 2*(ab) = 0 and so, by (4.10) and (4.11), we find

o = a; accordingly, the number a is algebraic and so ab € ¢~NRA by 1.3.
IT. Apply 4.5; this gives the existence of an algebraic number n of

degree at most cy and height at most exp(czlog H) satisfying

2+¢€

(4.12) Iab - nl < exp(—cgllong log2

H).

From (4.11) and (4.12) we deduce that n € K2 and that the inequality
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2+e/2

]b%(a) -] < exp(—long log, H)
holds; comparison with (4.9) and (4.10) gives
- +
]b%(u) - l*(n)l < exp(—log2H log2 6/3H).

2
If it were the cage that bi(a) - 2¥(n) # 0, 2.18 would imply

2+e/3H

[bZ(a) - 2*(m)| > exp(-1092H log, ) e

which gives a contradiction. Therefore bL(a) - L¥(n) = O.

IIT. We have proved that %(a) and &*(n) are linearly dependent over
A ; using 2.19 we find that these numbers must also be linearly dependent
over 9. In other words, there are 51,52 € ¢, not bdth zero, such that

gli(a) + £,4%(n) = 0. Here £, # 0 because, by (4.10), 2(a) # 0, so

2 (a)
This contradicts the conditions of the theorem. O

4,12, THEOREM. Suppose € > 0, A € N, a € €¢~{0}, b € €. Let 2(a) * 0 be
a value of the logarithm of a. If b € R, or if b € RNQ such that the
convergents pn/qn of the continued fraction expansion of b satisfy

(4.13) q,, << exp(@), n -,

n+1
. RN )]
there are only finitely many quadruples (o,B8,Y,P) € I%i X Sd such that

1+e

(4.14) max([a—a],]b—B!,]P(a,b,ab)—Y]) < exp(—log3H log2

H),

where H = max(2,h(a),h(B) ,h(y),h(P)) and ab = exp(bi(a)).

PROOF. I. Suppose that b has the required properties, but that neverthe-
less there exist infinitely many quadruples (a,8,Y,P) € I%z X Sé3) that
satisfy (4.14).

From this it follows that ab must be transcendental. If both a and b

are algebraic, this is precisely the Gel'fond-Schneider theorem 1.3. Now
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suppose that at least one of a and b is transcendental; then (4.14) implies
2
that there are infinitely many pairs (a,B) € By that satisfy

1+e

max([a—ul,[b—sl) < exp(—log3H log2 H),

is algebraic, this contradicts 1.7.

where H > max(2,h(a),h(B)). If a
II. 2Apply 4.5; this gives the existence of infinitely many triples

(0.,B,n) of algebraic numbers, their degrees bounded by some constant de-

pending only on ¢,d,a,b and %(a) such that

+
1 E/ZH'),

3
H 1092

b
max (|a-a|,|b-8],|a"-n|) < exp(-log
where H' > max(2,h(a),h(B),h(n)). Once again we get a contradiction with

1.7. o
It is clear that the use of 2.24 instead of 1.7 would replace con-

dition (4.13) by the slightly sharper w(e,b) = 0.
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5. MANY-VARIABLE ANALOGUES

In the present chapter we give analogues of 1,10 and 1.11 in which
the condition that 1,81,...,8n be linearly independent over @ is replaced
by conditions on al""’an’bl""’bn' As proved in 5.5 and 5.7, the es~
timate of 1.10 holds whenever zl(al),...,zn(an) or 1,b1,...,bn are linear-
ly independent over . In 5.8 and 5.10 it is proved that a similar result
can be obtained in case the rdles of al,...,an and bl”"’bn in 1.10 are
interchanged; here we need the additional restriction that bl""’bn may
not all be rational. Under these conditions, it is also possible to prove
many-variable analogues of 4.8 and 4.11; this is done in 5.11 and 5.12.
Finally, in 5.15 we give an analogue of 1.11 in which the condition that
1,61,...,Bn be linearly independent is replaced by the strong linear in-
dependence condition (1.3). In 5.13 it is shown that 5.15 may also be re-
garded as a generalization of the type of theorem of which 1.7 is an ex-

ample; 5.16 uses 5.15 to give a many-variable analogue of 4.12.

5.1. LEMMA. Suppose d,n € W ; then there exists an effectively computable
C > 1, depending only on d and n, such that for all n-tuples (nl,...,nn)
of algebraic complex numbers of height at most H > 2 the following asser-—
tions hold:

dg(n1+...+nn) <d= h(n1+...+nn) é:HC,

C
dg(nl...nn) <d= h(”1"'”n) < H.

PROOF. Suppose dg(n1+...+nn) <d; putmi=n, + ... F n, € B_ . The

1 d

minimal polynomial of n is

(k)

1
where a € N and where n( {,...,n are the different conjugates of n

(thus k < d). By 2.5(c) we have, for j = 1,...,k,

[n(j)] < In] < nl+ .o+ [_ﬁ;] < n(HE+1) .

According to 2.4(a), ¢ contains a finite normal extension F of @, such

that Myreeerny € F. Put G := Gal(F/Q). By 2.4(b),
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k (3) k
a< T den(n iR < (max den ¢(m) <
j=1 cEG
k
max (den o(nl)'...-den o(nn)) =<
cEG
max denko(nl)-...- max denkc(nn) é:Hdn.
cEG cEG

The first assertion of the lemma follows from the trivial fact that the

height of a product of polynomials is less than the product of their

heights times a constant depending only on their number and their degrees.
The second assertion is proved analogously, with the obvious replace-

ments., O

5.2. LEMMA. Suppose d,n € N . Then there exists an effectively computable
C > 1, depending only on 4 and n, with the following property. Suppose

Upreeeroy € I%i
tl""’tn € Z , not all zero, such that

are multiplicatively dependent; then there exist

and
max(‘tll,...,]tni) <C lOgn—lH,

where H = max(2,h(a1),...,h(un)).
PROOF. [Van der Poorten-Loxton 1977], Theorem 1. O

5.3. LEMMA. Suppose R > 0, Wyreenrtdy € ¢, z, € ¢. Let PiseeesPy € efx]
denote non-trivial polynomials of degree at most d. Define

d(z) := Pk(z)exp(wkz), z € C.

1

il 1=

ki

If ¢ is not identically zero, the number of zeros of 9 in

{z € ¢: |z - z,| <R} does not exceed

0

38(a+1) - 3 + 4R max (o, [,eeerfw ).

PROOF. [Tijdeman 1971], Theorem 1, Corollary. O
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The following lemma is a generalization of 2.10 and 2.11 to an
arbitrary number of logarithms; it has been brought to our attention that
Waldschmidt [19..], in an as vet unpublished paper, proved a slightly

sharper version of the second assertion of the lemma.

5.4, LEMMA. Suppose d,n € I, K a compact subset.of the complex plane not
containing O, 11,...,2n branches of the logarithm, defined on K. Then

there exist effectively computable C,H. > 1, depending only on d,n,K and

0
zl,...,zn, with the following property. Let Ogreverl € K be algebraic of
degree at most d and heights at most Hl""’Hn respectively, such that

ll(al),...,ln(an) are linearly dependent over ¢. If H i:max(Ho,Hl,...,Hn),

then there exist x ERYE N € % , not all zero, such that

1

xlll(al) + ... + xnzn(an) =0

while
n+1 .
fx.[ <Clog, H M logH,, J=1,.0.,n.
it = 2 ‘s i
iFj
In case H1 = .. = Hn, this inequality may be sharpened to

Ile zcC logn_lﬁ logZH, j=1,...,n.

PROOF. I. Let al,...,an € K be algebraic of degree at most d and heights
at most Hl""'Hn respectively, such that ll(al),...,ln(an) are linearly
dependent over @; let H be a number greater than max(Hl,...,Hn). By Cl’
Coree. We shall denote real numbers greater than 1 that depend only on
d,n,K and 21,...,ln. By C we shall denote some number greater than 1;
additional restrictions on the choice of C will be formulated at later

stages of the proof. Throughout the proof we shall assume that H is suf-

ficiently large in terms of d,n,K,ll,...,ln and C.

II. First we shall prove that there exist LT RARERAN € Z , not all
2n—
zero, their absolute values bounded by cllog n 3H, such that
ulkl(ul) + oae. + unln(an) = 0.

It is clear that there exist rl,...,rn € Z , not all zero, such that
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(5.1) rlll(ul) + ... F rnln(ah) = 0.

By 5.2, there exist sl,...,sn € 7 , not all zero, their absolute values

bounded by czlognan, such that

suppose for instance that s, * 0. Thus there is a sn

€ Z with
+1

(5.2) slll(ul) + ...+ snﬂ,n(an) + s «2ri = O.

n+1

. n-1 -
As lﬂj(uj)[ 2c5 for § = 1,...,n, we have Isn+1| < c,log” H. If s = 0,

4 n+1

there is nothing left to prove; assume s + 0. Comparison of (5.1) and

(5.2) yields

n+1

x xr

n
(rl-i sl)kl(ul) + ... (rn -—=s5_ )4 (o

[a}

n .
P sn+1-21TJ. = 0.

B

Again by 5.2, there exist tl""'tn—l € %, not all zero, their absolute

values bounded by c logn_ZH, such that

5

atl atn—l -1
1 7" " Tn-1 .

Thus there is a tn € Z with

(5.3) tlll(al) + ... + tn-lzn—l(an—l) + tn'2ﬁ1 = 0.

; n-2 .
As [xj(aj)] L ey for 3 =1,...,n-1, we have [tn[ §=061og H. If t, = o,
there is nothing left to prove; assume tn * 0. Comparison of (5.2) and

(5.3) yields

(S Sap B &g log) + eee s 8 s b g log )
s t 2 (o) = 0.
nnn n
If we define u. := s.t - s t, for 3 =1,...,n~-1 and u_ := s t , the
3 i n n+lj n nn




numbers ul,...,un possess all the desired properties; in particular un ¥

because s_ # 0 and €t # O.
n n

III.VFor convenience's sake, in the remainder of the proof we shall

assume that u + 0 and write Bj = —uj/un for j =1,...,n~1; we have
+ .. - ) =
Bty (o) Brm1tn-1 (Opay) = Bpleg) =0
and
2n-3
(5.4) B := max(h(Bl),...,h(Bn_l)) ;:cllog H.
Define @ := (log Hl)...(log Hn) and
Q. := T log H,
S .
for 3 =1,...,n. Define
_ A l+1/n n+2 ~n-1
Ly &= [c @ log, “H log, al - 1;
n+l -n .
Lj := [cszj log, "H log, al -1, 3=1,...,n,
where
Hif Hy = ... = H
A := I e ! n
1 e otherwise.
We introduce the auxiliary function
Lo Iy A Az Az
01 n
b(z) := Z e z p(AO,...,X Yz o L.l , z € ¢,
n 1 n
A =0 A_=0
0 n
where
Ajz
aj = exp(Ajzzj(aj)), j=1,...,n,
and where p(lo,...,Xn) are rational integers to be determined later. We
have
T T
(t) _ t! 1 n-1 :
(5.5) 2 (2) = % T T Y el e pe @),

55

0




56

where the summation ranges over all n~-tuples

K]

(TO,...,rn_l) of non-

i

negative integers satisfying 7, + ... + T . t, and where

0 n-1

LZO LG Nl AT Az Az
o _(z) = e PAreeesd ) =t z @, ... X
T 3 o A =0 0 n (AO TO). 1 n

0 n
n-1 Tv
T (A +X B ) .
v=1 v nv

Now put a, := den(a.) for j = 1,...,n, b, = den(B,) for 3 = 1,...,n-1,

4 - J —
;H logzlA], T o= [%d 1C1+1/AQ logn+2H log2n

5 lA], and consider
the system of linear equations

S = [Cl/ log

Ls L s T, T
...a_ b ...bn_1 @T(s) =0, s=0,...,8-1, T € v,

2y n 1

where V(T) is the set of all n-tuples T = (TO,...,Tn_l) of non-negative

integers satisfying T, + ... + Tn < T - 1. These are fewer than st

0 -1

equations in the (L0+1)...(Ln+1) unknowns p (A An); the coefficients

LA
are algebraic integers in the number field Q(al,...,an) of degree at most
dn. The absolute values of the conjugates of the coefficients are less

than or equal to

Lls LnS 7 LO n LjS
a;” ...a’ max (b,...,b _)Lls (jﬁl max (1, [ )) x
max max (1,|A_+X B IT) 2
v nv =
v=1,...,n-1
L. L n 2L.S
+ ) -n-
cLS TL OS OLTBZT H. 3j < expl(c C1+1/nQ log'1+3H log n 1A);
7 0 =1 3 = 8 2 2
here (5.4) is used and 1, := max(Ll,...,Ln). As
1 n+i+i/n n n2+2n+2 —nz—n—l n_ n
(L +1)...(L +1) > =C 0 log H log A > 28T,
0 n =2 2 2 =
2.7 states that there is a non-trivial choice for the p(AO,...,Xn) such
that
(5.6) @T(s) =0, 8=0,...,81, t€ vr),

while
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P o:= \ max \ Ip(ko,...,Xn)I <
o7y
1+1/n n+3 -n-1
C9(Lo+1)"'(Ln+1)eXp(08C Q log2 H log2 a) <

C1+1/nQ logn+3

-n-1
0 , H log2 A).

exp(c1

IV. Define X := [nzlogZH/log 21 + 1. Por k = 0,...,K we put S, :=

k
st, Tk := T - k[T/2K]. Then, for our special choice of the p(AO,...,An),
we have
(5.7) @E(S) =0, s = 0,...,Sk—1, T € V(Tk).

This is proved by induction; for k = 0 the assertion is precisely (5.6).

Now suppose that (5.7) holds for some k < K - 1. Then, for T € V(Tk+ )

1
and m < [T/2K] we have

m!

PSS T N gu— L S P S
u H

T

(o )@ +E(z), z € ¢,

| [ _ -
o! un—l 1 1 n-1 n-~1 T

where the summation ranges over all n-tuples H= (uo,...,un_l) of non-
negative integers satisfying “o + ... t un—l = m, and where T +u =

+u ). Clearly T+ U € V(Tk) and thus, by the induction

(TgtHgre e Tyt g

hypothesis,

(m) _ = -
@T (s) =0, s = O,...,Sk 1, T€ V(T

1) < [T/2x].

By 2.8 we have, for t € ver, ),

k+1
s, [T/2x]
2 k
(5.8) max |®_(z)] <2 max [o_(2) ] (5= .
lzl<s I " lzl<3s, . log A = 3 log A
=K+l x4
Here
max I@T(z)l <
lzlj}sk+1log A -
L +LS log A+ T L T
0 k1 k+1 0 k+1
!
11 (LO+1)...(Ln+1)PL0.(Sk+1log A) (BL) <

+3 1

H log;n— a)
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and

(2 SlT/2K] R T

3 log & =&Xp 13 9 92 i

. -1 1/2n . . R
therefore, if we choose C so large that Cl3c > c12, substitution in
(5.8) shows that

k -1 1+ -n—
max l@T(Z)| < exp (-2 01401 3/2nﬂ log2+3H logzn 1A),

IZIé§k+1 -

€V,
and thus

~1 1+3/2 + -n-

(5.9) [@T(s)! ;exp(—2kclic1 3/ o) logg 3H log2n 1A),

s =0,...,8, -1, T € V(T ).

k+1

However, @T(s) is algebraic and for s = 0,...,S

k+1_1’ T € V(Tk+1) we have

dg(e_(s)) < d”,

den(@z(s)) ;zajls...aiﬁsbzl...bzle ;:Hilsk+1...Hinsk+1BTk+l <
exp(2kc15cl+1/nﬂ logg+3H log;n_lA),

F;;?EYT ;:c?zk+1+Tk+1(Lo+1)...(Ln+1)PLO!Si31(BL)Tk+1 x
Hflsk+1...HinSk+1 é:exp(zkc17cl+1/nﬂ 1og2+3H log;n_lA),

so, by 2.6, either QT(s) = 0 or

1+1/n
18°€

+

(5.10) I@T(s)] gzexp(-zkc Q logg 3H log;n—lA).

-1 1/2n
14€ > Cig
). This completes the

Combining (5.9) and (5.10), and choosing C so large that c
gives @T(s) =0 for s = 0,...,S 1—1, T € VT

proof of (5.7).

k+ k+1

V. Taking k = K in (5.7) yields
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=0, s =0,...,8-1, T € V(T).

® (s) =
I

Substitution in (5.5) shows that

t .
¢( )(s) =0, s = 0,...,SK-1, t = O,...,TK~1.

Thus the number of zeros of ¢ in W := {z € €: lz[ §=SK—1} is at least
2

[nzlogZH/log 2] 1 n
SKTK 22 ST ;=§ST log H 2
1.-1 14+2/n n2 n+4 -n-2
Zd C Q log H log2 H log, A.

we see that the number of

However, if ¢ is not identically zero, from 5.3

zeros of & in (W does not exceed

195 =
nzlong/log 2+1
SL <

3(LO+1)...(Ln+1) + c
2 2
n +2n+2 -n"-n-~1

H log2 A + 019

3Cn+1+1/nﬂnlogz
2 2 2
+1+ - +2n+ ~n“-n-
3Cn 1 1/nQ logn nH logg 2n 2H 1092n n 1A +
c C1+1/nQ lo n2H lo n+3H lo _n_lA <
20 g 92 92 B =

2
1+1/n n n+3 -n
c21C Q log H log2 H log2 A.
In this case, comparison of the two estimates for the number of zeros of

® in W yields

2
-1 142 + -n—
id C /nn logn H logn 4H log n 2A <
4 2 2 =
C1+1/nQ 1o n2H 1 n+3H 1og 1,
€21 9 92 o9y A

SO

-1 n
C ;(4dc21log2 H long) §=C22‘

If C is sufficiently large, there is a contradiction; thus ¢ is identical-
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ly zero, As the p(lo,...,An) are not all zero, it follows that two of the
frequencies of ¢ must be egual. This shows that there exist two non-iden-

tical n-tuples (Al,...,xn) and (Ai,...,AA) of non~negative integers that

satisfy
= ] . 1
Alzl(al) + ... + Anzn(an) Alﬁl(ul) + .. + ann(an),
while
max(A,,A') < L,.
373 =73
Taking xj = Xj - A% proves the lemma. O

5.5. THEOREM. Suppose € > 0, d € I, agreeeid, € »n ~{0}, bi""'bn €c,
ll(al),...,ln(an) values of the logarithms of al,...,an respectively such
that ll(al),...,ln(an) are linearly independent over Q. Put

b

a~ = exp(blzl(a1)+...+bn2n(an)).

Then there are only finitely many (n+l)-tuples (61,...,Bn,y) € P§+1 for
which
(5.11) max (|b, =8, |+....|b_~B |, |a2—y]) < exp(-log’H logtm)

: 171 " Pplttls 27

where H = max(2,h(81),--..h(8n),h(Y))-

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. Let (Bl,...,Bn,y) be an (n+1)~tuple satis-

fying (5.11). By C rCoren. WE shall denote real numbers greater than 1

2
depending only on e,d,n,al,...,an,bl,...,bn and Zl(al),...,ln(an); we
assume H to be greater than such a number. Let £ be a branch of the loga-
rithm, defined on a disk K, centred at gé, such that 2(§9) = blll(al) +
. + bnzn(an). From (5.11) we deduce that y € K and that the inequality

[8.%.(a,) + ... + B & (a) - &(y)| < exp(-log°H 109% %)

171071 nn n 2

holds. If it were the case that slll(al) + ...+ Snln(an) - 2(y) * 0,
2.18 would imply
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2 2
]slzl(al) oo+ B2 (@) - 2(Y)| > exp(-log“H log;/ H),

which gives a contradiction. Therefore
(5.12) Blll(al) + oo.. + Bnln(an) - (y) = 0.

II. We have now proved that zl(al),...,ln(an),l(y) are linearly de-
pendent over IA; using 2.19 we find that these numbers must also be

linearly dependent over ¢. By 5.4, there exist xl,...,xn € Z , not all

+1
zero, such that x % (al) + ... F xnzn(an) + x_,.8(y) = 0, while lx

n+2 1
cllog2 H. Adding x .

n+1 n+1[ <

1 times (5.12) gives

(g T8y xp ) B @)+ e (B xR (B)) = 0.

III. By the conditions of the theorem zl(al),...,ln(an) are linear-~
ly independent over @; 2.19 states that then ll(al),...,ln(an) are linear—
ly independent over A . Thus for all j € {1,...,n} we have Xj + Bjxn+1 =

0. Now x = 0 would imply x, = ... = = 0, which we have assumed to

n+1 1 Fn+1

be not the case; therefore xn+1 + 0. From this it follows that for all

j € {1,...,n} we have

J
B, = = .
J n+1
By 2.21 this implies h(Bj) ;:czden(ej) ézczlxn+1[, and thus
(5.13) h(B.) < c log”™m, § = 1
. 57 £ %3 g, ;y J = 1,...,0.

Apply 5.1 with nj = exp(lej(aj)). We have

n+2
dg(nj) < dg(aj)den(Bj) é=c4log2 H,

so, by 3.4,

2n+4
h(n)) < exp(eydg(n))h(B)) < explcglogy” H),

and thus
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(5.14) h(y) < exp(c7log§n+4H) )

However, (5.13) and (5.14) show that

H = max(2,h(8,),.-.,h(B ),h(¥) < exp(cBlog§n+4H) ,

which gives a contradiction for sufficiently large H. O

5.6. LEMMA. Suppose al,...,an,sl,...,sn € m~{0} such that 1,81,...,8n
are linearly independent over ¢, Zl(al),...,ln(an) non-zero values of the
logarithms of al,...,an respectively. Then exp(Blll(a1)+...+Bn£n(an)) is

transcendental.

PROOF. The lemma is proved as Theorem 2 of [Baker 1967] under the extra
assumption that none of al,...,an equals 1. However, this is not used any-

where in the proof. o

5.7. THEOREM. Suppose € > 0, d € I, ajreeera € m~{0}, bl""'bn € ¢
such that 1,b1,...,bn are linearly independent over @, El(al),..d,ln(an)

non-zero values of the logarithms of Bpreceral respectively. Put

b
a- = exp(blll(a1)+...+bn£n(an)).
Then there are only finitely many (nt+l)-—tuples (81,...,Bn,y) € 1A§+1 for
which
(5.15) max (|b, -8, | [b -8 |,|a2~y]) < exp(-log®a logtH)
- 1 1 GO ] n n e 2 r

where H = max(2,h(61),...,h(Bn),h(Y)).

PROOF. In case n = 1, the assertion of the theorem follows from 5.5. We
now proceed by induction and assume that the assertion has been proved

for all natural numbers less than n, while it does not hold for n itself;
from this a contradiction will be derived. Let (Bl""'Bn'Y) be an (n+l1)-
tuple satisfying (5.15). By CliCphrees We shall denote real numbers greater
than 1 depending only on s,d,n,al,...,an,bl,...,bn and Rl(al),...,ln(an);
we suppose H to be greater than such a number. If ll(al),...,zn(an) are
linearly independent over @, the assertion is proved in 5.5; therefore we

may suppose that there exist ni,...,nn € @, not all zero, their heights

)
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bounded by a constant ¢ such that nlll(al) + ...t nnzn(an) = 0, Tt is

1’
no restriction to assume nn * 0; thus we may write

nilnj
2 (a) = - — f.(a,).
n n 521 M 3
1f, for j = 1,...,n-1, we define
nj nj

(5.16) bl :=b, - ~-—=—Db , B! :=8, - —=8,

J J nn n J J nn n
we have

n-1 b

M exp(b!L.(a.)) = a~

) 33 3 -

J_
and, for j = 1,...,n-1,

J
b! - Bl < |b, - B,| + b~ B 1 <
I P R R |

(1+] [) exp(—logZH logZH).

Furthermore, the numbers 1,bi,...,b$_1

may be seen from (5.16). The numbers Bi""'Bﬂ—l are algebraic of degree

are linearly independent over @, as

2
at most d°, while their heights are bounded by exp(czlog H) (here 5.1 is

used) . Thus

e/2,
(5.17) max(lbi~6i[,...,lbr'l_1—-8n I, [a--y[) < exp(-log°m" log,’ “H"),
where H' := exp(c log H) > max(h(B ),...,h(B' ),h(Y)). From the induction
hypothesis it now follows that
(5.18) max(h(Bi),...,h(Bgml),h(Y)) < cg;
from (5.17) and (5.18) we see that
| - v T — ] - 1_3
B =Dl ever Bn_l = bn—l' Y = é .

b
Thus bi,...,b' and a- are algebraic; however, by means of 5.6 this leads

n-1

to a contradiction with the linear independence of 1,bi,...,b'

n-1" °




64

From the proof it is clear that the theorem remains valid when the

condition that 1,b ,...,bn be linearly independent over @ is replaced by

1

the condition gé ¢ By -

5.8. THEOREM. Suppose € > 0, 4 € I, agreaeia € ¢~{o0}, byyeswsb € n
such that 1,b1,...,bn are linearly independent over @, ll(al),...,ln(an)

non-zero values of the logarithms of Qpreenry respectively. Put

b
a- = exp(blzl(a1)+...+bn2n(an)).

+
ﬂgll

Then there are only finitely many (n+l)-tuples (al,...,an,y) € 3 for
which

) b n+1 2+€
(5.19) max(lal—all,...,]an—an],]é-—yl) < exp(-log H log2 H),

where H = max(2,h(a1),...,h(an).h(Y))-

PROOF. Suppose the assertion of the theorem to be false; from this a con-
tradiction will be derived. Let (al,...,an,y) be an (n+l)-~tuple satisfying
(5.19); assume that H is sufficiently large in terms of s,d,n,al,...,an,
b,re../b and & (a,),;...,%2 (a ). Let ) ,...,E and % be branches of the

1 n 171 n' ' n 1 n b
logarithm, defined on disks Kl""’Kn and K, centred at ajs...,a and a=

respectively, such that

(5.20) Ej(aj> =40, 3= 1,...m,
5.21) 2( 1-2) =Db L (a,) + + b L (a)
- S T L T U

From (5.19), (5.20) and (5.21) we deduce that aj € Kj and Ej(aj) * 0 for
j=1,...,n, that vy € K and that the inequality

- = n+1 2+e/2
Iblzl(ul) ... *+b % (@) - 2(y)| < exp(-log  "H log), H)

holds. If it were the case that blil(al) + el + bnin(an) - 2(y) * 0, 2.18
would imply

1 24+e/2

h 5 n+
]blﬁl(ul) + ... +Db R (a) - L0v)| > exp(-log H log, "),
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which gives a contradiction. Therefore
blll(al) R bnzn(an) - 2(y) =0

and thus exp(blil(a1)+...+bnin(an)) is algebraic. This contradicts 5.6

above. 0O

5.9. LEMMA. Suppose d € W, b € Q. Then there is an effectively computable
C > 1, depending only on 4 and b, with the following property: if o,y €
ﬂxi, while ll(u),lz(Y) are values of the logarithms of o and Yy respective-
ly with

(5.22) bll(a) - lz(y) = 0,
it follows that
log h(y) < C log max(2,h(a)).

PROOF (cf. 3.4). Let a,y,li(a) and lz(y) be such that (5.22) is satisfied;
put b = v/w, where v € Z, w € N, (v,w) = 1. If P = Z?=O ajxJ is the
minimal polynomial of vy, the minimal polynomial of 1/y is either P¥ :=

4 3
Zj=0 ad—jx
and observing that —lz(y) is a value of the logarithm of 1/y shows that it

or -P*¥. Thus .h(y) = h(l/y); replacing y if necessary by 1/y

is sufficient to prove the lemma in case v > 0. We have

w

exp(wlz(Y)) expw(lz(Y)) =Y

and

exp(wb%l(a)) = exp(vﬁl(u)) = expv(ll(a)) = av;

exp (wh, (v))
applying 3.1 gives

N = fa™/"
and

den(y) < den' (a).
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According to 3.2,

h(y) < (2 den(ymax(1, [7[NYTM < (2 den” (@max(1, [5]7"N% <

2n¥ (@) @+ g

5.10. THEOREM. Suppose ¢ > 0, 4 € N, a EREVEN € ¢~{0}, b ,...,bn €En,

1 1

not all rational, ll(al),...,ln(an) values of the logarithms of a,,...,a

1 n
respectively such that Ql(al),...,ln(an) are linearly independent over Q.

Define

b
a- := exp(b1£1(a1)+...+bnln(an)).
Then there are only finitely many (n+l)-tuples (al""'un'y) € 1A2+1 for
which
b n+l 2+€
(5.23) max(lal-ullr---,Ian—unl,lg——yl) < exp(-log H log, H),

where H = max(2,h(a1),...,h(an),h(Y)).

PROOF. I. In case n = 1, the assertion of the theorem follows from 5.8. We
now proceed by induction and assume that the assertion has been proved for
all natural numbers less than n, while it does not hold for n itself; from
this a contradiction will be derived. Let (ul,...,an,y) be an (n+l1)-tuple
satisfying (5.23). By CyrCpra.. We shall denote real numbers greater than

1 depending only on e,d,n,al,...,an,b ..,bn and zl(al),...,zn(an); we

17
suppose H to be greater than such a number. If 1,b1,...,bn are linearly
independent over @, the assertion is proved in 5.8; therefore we may sup-
pose that there exist no,...,nn € @, not all zero, their heights bounded
by a constant cl, such that nO + nlb1 + ee. + nnbn = 0, As nl = ... = nn =
0 would imply no = 0, it is no restriction to assume nn * 0; thus we may

write
n n-1 n,
(5.24) b = - Ly g
A N

Let £ and En be branches of the logarithm, defined on disks Kl and K2,

centred at EQ and a, respectively, such that




b
(5.25) Z(§~) = blkl(al) + ... + bnkn(an),
(5.26) ln(an) = ln(an).

From (5.23) and (5.26) we deduce that un € KZ; from (5.23) and (5.25) we
deduce that vy € Kl and that the ineguality

2+e/2

n+l
—- < -
(5.27) [blzl(al) + ... % b2 (a) L) | < exp(-log  H log, ' “H)
holds. For § = 1,...,n~1 we define
n. n.
P 3 - 1
"= a, - =1 L¥(al) = 2, (a.) - L
a] ajexp( ) n(an)), J(aj) J(aj) n n(an)’
n n
b,

3
' = b.2*@")).
(aj) exp ( J 3(a]))

Then the numbers %T(ai),...,ﬂ* (aA_l) are non-zero values of the loga-

n-1

rithms of ai,...,aﬁn respectively, and are linearly independent over Q.

1
We also define

ﬂO _ no -
T .= — Kty .= —_
Yy eRp G A () RO =R 4 g ()

Then 2*(y') is a value of the logarithm of y'. Using (5.24) we obtain

bl bn—l
@) “..o@ ) -y =

* v
czlblzl(al) + ... tDb 2

* [] - * T =
n-1 n—1(an—1) =y )[

n-1 nj ﬂo _
c,l 1 bj(zj(aj%;r—l—zn(an)) -2 ——n—;znmn)]

Ia

j=1
n-1 ny g
S -— 1 -9
c2]j£1 by(ya =T @) - o 4yl |+
no _
czl;;'(ln(an)—ln(an))] <

czlblzl(al) tooot Dbt (@) - L |+ c3]an -al s

+1 2+e/2H

c exp(—logn H log2

. Ve
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the last inequality by (5.23) and (5.27). Finally, we define

n._
a) &= ajexp(--élxn(an)), j=1,...,n-1.

n
Then, for j = 1,...,n~1, we have
n+1 2+¢€
V- gt < - + - - o
aj aj[ =:CSIaj uj[ c6[an ol §:c7exp( log 'H log2 H)

The numbers ui,...,a;_l,y' are algebraic of degree at most dzlnn[ Lc

while their heights are bounded by exp(cglog H) (here 5.1 and 5.9 are

8’
uged) . Thus

b b
1 ' n-

1

(5.28) max([ai—ai[,...,]aA_l—ag_ll,](ai) @l ) ']y <

exp(—logn+1H'log§+€/2H'),
where H' := exp(cglég H) ;:max(h(ai),...,h(aé_l),h(v')). From the induc-
tion hypothesis it now follows that
(5.29) max(h(ui),...,h(aé_l),h(y')) é=c10;
from (5.28) and (5.29) we see that

bl bn—l
| | [ | IR | 1

(5.30) ul al, ceas an—l an—l' Y (al) ...(an_l) .

II. From (5.30) we see that

%k 1 ' — g% 1 —
(5.31) b #¥(af) + ... + b () ) - 2%(y") = 0.

%
n~1ln—1

Thus Rt(ai),...,2;_1(ag_1),2*(y') are linearly dependent over 1A ; using

2.19 we find that these numbers must also be linearly dependent over Q.
In other words, there are El,...,En € ¢, not all zero, such that

Nk 1 * v sk 1 - . .
EAF(]) + ..o+ E &% (ar )+ E L*(y") = 0. Adding £ times (5.31)

gives

% [] ] —
(5.32) (£, +E b )RK(a]) + ...+ (E +E D )R¥ (o' ) = o.
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By (5.30), Qf(ui),...,ﬁg_l(aé~1) are linearly independent over @; 2.19
states that then lf(ai)""’l:—l(aé—l) are linéarly independent over = .
Thus for all j € {1,...,n-1} we have g + §p; = 0. Now g, = 0 would im-

= L., = gn = 0, which

LT E A =
ply Elll(al) + ... + gn—lzn—l(an—l) 0 and thus El
we have assumed to be not the case; therefore gn + 0. From this it follows

that for all j € {1,...,n-1} we have
(5.33) by = - - €eg.

Substitution in (5.24) gives bn € @, which gives a contradiction with the

conditions of the theorem. DO

5.11. THEOREM. Suppose € > 0, d € N, al,...,an € A~ {0}, bl""'bn € c,
not all rational, Kl(al),...,ln(an) non-zero values of the logarithms of

Ayreo-rdy respectively such that

(5.34) 1,b1,...,bn linearly independent over @

or

(5.35) 21(a1),...,£n(an) linearly independent over Q.
Define

b
a- := exp(blkl(a1)+...+bn£n(an)).

Then there are only finitely many (n+2)-tuples (81""’Bn’Y’P) €

JAEH x Sénﬂ) with
(5.36) max([bl—slj,...,]bn—sni,1P(b1,...,bn,§?)_Y]) <

exp(—log2H log;H),

where H = max(Z,h(Bl),...,h(Bn),h(Y),h(P))-

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. Let (Bl,...,Bn,y,P) be an (n+2)-tuple sat-

isfying (5.36). By Cy1Cpren. we shall denote real numbers greater than 1
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depending only on €,d,n,a ,...,an,b ,...,bn and Ql(al),...,zn(a ); we

1 1
assume H to be greater than such a number. First we show that a- must be

transcendental. Suppose this number to be algebraic; then 5.5 and 5.7,

together with the inequality
b b 2 €
(5.37) max(]bl—sll,...,]bn—snl,lg——§-|) < exp(-log“H log,H),
b .
where H ;max(h(Bl):..-,h(Bn) Ih(g_))l imply

b
max(h(Bl),..-,h(Bn)rh(é')) < ey

Together with (5.37) this shows Bj = bj for j =1,...,n. Accordingly, the
numbers bl""'bn are algebraic. If (5.34) holds, the transcendency of gé
follows from 5.6. Now suppose that (5.35) holds. Define

b
%(a%) :=b 2 (@) + ... +b 2 (a);

b b
then 2(a-) is a value of the logarithm of a- and ll(al),...,ln(an),z(gg)
are linearly dependent over A . Using 2.19, we find that these numbers
must also be linearly dependent over @. In other words, there are
51""'£n+1 € @, not all zero, such that Elll(al) + ... + Enln(an) +

En+12(§—) = 0. Thus

b )L (a

n+tl n’ n n) = 0.

(g1+gn+1b1)21(a1) + ...+ (£n+g

By (5.35) and 2.19, this implies Ej + En+1bj = (0 for all j € {1,...,n}.

Now En+1 = 0 would imply El = .. = & = 0, which we have assumed to be

n+l

not the case; therefore En+ + 0. From this it follows that for all j €

1
{1,...,n} we have

J
b, = - (SN
J En+1

which contradicts the conditions of the theorem.
IT. Apply 4.5; this gives the existence of an algebraic number n of

degree at most ¢, and height at most exp(c3log H) satisfying

2

EE -n| < exp(—cgllong log;H).
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As H may be taken arbitarily large, there exist infinitely many (n+1)-

tuples (81,...,Bn,y) of algebraic numbers of degree at most c_ satisfying

5

max(]bl-sll,...,[bn-snl,Igg—yl) < exp(—logZH'logg/zH'),

where H' > max(2,h(81),...,h(Bn),h(Y)). This contkradicts 5.5 or 5.7. D

5.12. THEOREM. Suppose € > 0, A € N, a reeeray € ¢e~{0}, b ,...,bn €En,

1 1
not all rational, Rl(al),...,kn(an) non~zero values of the logarithms of
al,...,an respectively such that (5.34) or (5.35) holds. Define

b
a- = exp(b121(a1)+...+bn£n(an)).

Then there are only finitely many (n+2)-tuples (al,...,un,y,P) €

E2+1 x Sénﬂ) with
(5.38) max(lal—ull,...,]an—an],[P(al,...,an,gé)—yl) <

+
exp(—logn 1H log§+EH)

where H = max(z,h(al),...,h(an);h(y),h(P)).

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. Let (al,...,an,y,P) be an (n+2)~tuple sat-
isfying (5.38). By 01,02,... we shall denote real numbers greater than 1
depending only on e,d,n,al,...,an,bl,...,bn and ll(al),...,ln(a ); we
assume H to be greater than such a number. First we show that a- must be
transcendental. Suppose this number to be algebraic; then 5.8 and 5.10,
together with the inequality

2+€

5w,

(5.39) max (|a, -o ,...,]an—an],lgé—éél) < exp(-log™ 1H log

|

where H > max(h(al),...,h(an),h(éé)), imply

A

max (h (o), ... h(a ), h(@2) <o
) /b

1°

Together with (5.39) this shows aj = aj for j = 1,...,n. Accordingly,

the numbers al,...,an are algebraic. If (5.34) holds, the transcendency
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of §§ follows from 5.6. Now suppose that (5.35) holds. Define
2( E) :=Db, 2. (a,) + + b & {a);
S e
b, . . b b
then Z(é—) is a value of the logarithm of a= and ll(al),...,ln(an),2(§—)

are linearly dependent over IA . Using 2.19 we find that these numbers

must also be linearly dependent over ¢. In other words, there are

El,...,En+1 € @, not all zero, such that Elll(al) + oea. + Enzn(an) +
En+12(§—) = 0. Thus
(51+En+1b1)21(a1) e F (gn+€n+1bn)zn(an) = 0.

By (5.35) and 2.19, this implies gj + £n+1bj =0 for all j € {1,...,n}.

Now En+1 = 0 would imply El = ... =& = 0, which we have assumed to be

n+1
not the case; therefore En+1 + 0. From this it follows that for all j €

{1,...,n} we have

J
b, = - € 9,
s gn+1

which contradicts the conditions of the theorem.
II. Apply 4.5; this gives the existence of an algebraic number n of

degree at most ¢, and height at most exp(c3log H) satisfying

2

b -1

+1
a= - nj| < exp(-—c4

logn H log§+EH).

As H may be taken arbitrarily large, there exist infinitely many (n+i)-

tuples (al,...,an,n) of algebraic numbers of degree at most cg satisfying
b n+l 2+e/2
max(lal—all,...,[an—anl,[g——nl) < exp(~log H‘log2 H'),

where H' ;zmax(2,h(a1),...,h(an),h(n)). This contradicts 5.8 oxr 5.10. ©O

That a result similar to 5.5, 5.7, 5.8 and 5.10 does not hold with-
out some extra condition if al""'an'bl""'bn and gé are approximated
simultaneously, is evident from 1.6. One approach to obtain such a con-
dition was demonstrated by Wistholz [1976, 19..], who assumed al,...,an to
be U¥*-numbers with a sufficiently dense sequence of algebraic numbers con-

verging to them; here, however, we shall frame a condition that is close-

)
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ly analogous to the one we found for n = 1. Indeed, in case n =1, 1.7
states that (i) in 5.13 is a sufficient condition; in order to generalize
this to arbitrary values of n, it is necessary to bring it into the form

(ii) in 5.13.

5.13. LEMMA. For b € ¢ the following assertions are equivalent:
(i) b § R or b € R~ @ such that the convergents pn/qn of the con-

tinued fraction expansion of b satisfy

(5.40) q

<<ex(3) n - ©;
n+1 P, . !

,x, € Z that are not

(ii) there exists a C > 1 such that for all XXy

both zero we have
-1 3
(5.41) Ixo + xlbl > C exp(~lx1] ).

PROOF. I. Suppose (i) holds. First we consider the case b ¢ R; we have
b = b1 + bzi with b2 + 0. Now for all (XO'Xl) € ZF we have

x,. + x%xb| = |x +x,b, +Xx
0 1 0

IR LOC R PR

and therefore (ii) holds.
Now consider the case that b € R~® such that the convergents pn/qn
of the continued fraction expansion of b satisfy (5.40). Then there is a

number ¢, such that for all n the inequality

1

3
Iy £ €1o¥PL)

holds. Suppose (ii) is not true, thus for all <, > 1 there exist xo,x1 €

% , not both zero, such that

-1 3
(5.42) !xo + xb| <, exp(—[xll ).
If c, is chosen large enough, (5.42) implies %y + 0 and
1
<
xg + %] 2Tx, 1

and thus, by 2.14, —xo/x1 is a continued fraction convergent of b, say

.
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—xo/x1 = pn/qn, SO q ;=Ix1|. Then, by 2.15,

]

p .
lxo + X1b| lei. b - '-n'! Z lel——(—'—_j;___*T

qn qn qn qn+1
q

n 1 ! 3

).

2 =32 “Xp("qi) iii_exp(_lﬂ
IIn+1 “Intt 1

If ¢, is chosen sufficiently large in terms of c this contradicts (5.42).

2 17

Ii. Suppose that (ii) holds. If b € @, we immediately get a contra-
diction; if b § IR, there is nothing left to prove. Thus we may assume
that b € R~Q . Let pn/qn denote the convergents of the continued fraction
expansion of b and suppose that (5.40) does not hold, i.e. for all cy
there exists an n € N such that

3
d g 2 C4exP(a).

For such an n we have, by 2.22,

1 -1 3
ab-p] < <o exp(~q)),
n n qq 3 n

which contradicts (5.41) if c, is chosen sufficiently large in terms of

3
c. @

5.14. LEMMA. Suppose d,n € W, K a compact subset of the complex plane not
containing O, 21,...,£n branches of the logarithm, defined on K. Then
there exist effectively computable C,H. > 1, depending only on 4,n,K and

L

0
1""'2n' with the following property. Let Ogreenrly € K be algebraic of
degree at most d and height at most H, such that Zn(an) is linearly de-

pendent of Zl(al),...,ﬁ (an_l) over A . If H ;=HO’ there exist

n-1
KyreonrX € % , not all zero, such that

xlzl(ul) + ...+ xnﬂn(an) = 0,
while X + 0 and

max({xll,...,lxnl) <C logn_lH long.

PROOF. Choose a linearly independent subset lkl(akl),...,lkm(akm) of
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Ql(al),...,l (an—l) such that all of ll(al),...,ﬂ (an_l) can be ex-

n-1 n-1
pressed as a linear combination of Zkl(akl),..L,lkm(akm) with algebraic

n-1 n—1)
over 1A, ln(an) is also linearly dependent of zkl(akl),...,lkm(akm) over

coefficients. As Qn(an) is linearly dependent of ll(al),...,i (o

B . By 2.19 and 5.4, there exist Yyreor¥ g € Z , not all zero, with

ylzk k m+l n n) =0

ses T
(o, ) + ymlk (ak ) + vy L (o
1 1 m m

and max(]yll,...,]ym+1|) < c logmH long, where c depends only on a,m,K

and the branches of the logarithm involved. If Ypr1 = 0, this would imply

1
yllkl(akl) + ...+ ymkkm(akm) = 0 and thus, by the linear independence of

lkl(ukl),...,lkm(akm), it would follow that ¥y = --- =Y, = 0, which we

m+1
have assumed to be not the case. Therefore Yot + 0. O

5.15. THEOREM. Suppose € > 0, d € I, Ayrenerd € ¢~{0}, bl,...,bn €c,
Qi(al),...,ln(an) non~zero values of the logarithms of al,...,an respect-

ively. Put

b

a= := exp(blll(a1)+...+bn£n(an)).

Suppose that there is a C > 1 such that for all x reserX, € Z , not all

0
zero, we have

2
[x0+x b +...+xnbn[ ;:c_lexp(_x(2n+4)/(n 1) ) om1=2/ (k1)

1°1 )y

where X = max(2,fx ,...,[xn[L Then there are only finitely many (2n+l)-

ol
tuples (al,...,an,sl,...,Bn,y) of algebraic numbers of degree at most 4

for which
b
(5.43) max([a1~a1|,...,[an—an[,]bl—Bll,...,[bn—Bn[,lg——YI) <
exp(—logn+2H log§+€H),

where H = max(2,h(a1),...,h(un),h(Bl),...,h(Bn),h(Y))-

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. Let (ul,...,an,Bl,...,Bn,Y) be a (2n+1) -~

tuple satisfying (5.43). By ¢,,C,,... we shall denote real numbers greater

1772
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than 1 depending only on s,d,n,al,...,an,bl,...,bn,c and Rl(al),...,kn(an).
Throughout the proof we shall without further mention assume that H is suf-
ficiently large in terms of these numbers.

Let 21,...,2n and 2 be branches of the logarithm, defined on disks

Kl,...,Kn and K, centred at al,...,an and 39 respectively, such that
5.44 2.(@.,) =4%.(), 3=1,...,n
( ) J(J JJIJ ’ Dy
(5.45) l(ag) =b L, (a) + + b 2 (a)
. R e | s nn n "

II. First we show that it does not restrict the generality of the
proof to assume that blzl(al) + ... F bnln(an) ¥ 0. Indeed, assume that
this special case of the theorem has been proved and that bill(al) + ... *
bnin(an) = (0. The conditions of the theorem imply that n > 2 and bn + 0;

by (5.43), we may suppose Bn ¥ 0. Define

b. B. b!
by = - 5o By = - 7 aj3 = exp(bit (@), 3 = 1,... .01,
n n
and y' := an. Then Bi,...,Bg_l are algebraic of degree at most d2 and

height at most exp(cllog H), while

2 1+

v o .ot € . _
|bj BjI §=c2exp( log™ "H log2 H), 3 1,..,n-1.

Now bill(al) + ... + bﬁ—lln—l(an-l) - ln(an) = 0 and therefore
Ia?i...ai§11 - Y'I <
cylpj2 @) + oo+ b 2 (e ) - L) <
c3lbi£1(a1) ot b! L (@ ) - zn(an)] +
cylt (a) - En(an)] = c3|2,n(an) - En(an)l <

+2 +
c4exp(—logn H log; €H),

the last inequality by (5.43) and (5.44). Thus
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e P R TN P O PR P S
bl bl
1 n-1 n+2 1+e/2
]al cecd —Y‘[) < exp(-log H'log2 H') .,
LI v ] v
where H' := exp(c,log H) > max(h(a,),...,hla )/ h(B) ..., h(B ) h(y")).
t 1 = Y .
Furthermore blll(al) + ... + bn—lln—l(an—l) ln(an) + 0; and for
XO,...,xn_1 € Z with max(2,[x0!,...,lxn_1¥) = X we have
1
1 ' = - - =
|x0+x1b1+...+xn_1bn_1! lbnl ixobn lel e xn—lbn-l 2
2
c;lc—lexp(_x(2n+4)/(n +n)log_1_2/(n+1)x).
As

2n + 4 < 2(n-1) + 4

n2 + n (n—1)2+n—1

14

from the special case of the theorem we deduce

max(h(“1)""'h(an—l)’h(Bi)""’h(BA—l)'h(Y’)) % G-

Together with (5.43) this shows that

and thus the numbers al,...,an are algebraic. From (5.43) and 5.7 we

deduce

max(h(Bl),---,h(Bn),h(Y)) £ Cqi
so it is seen that the general case of the theorem follows from the
special one. Henceforth we shall assume that blﬁl(al) + ... F bnln(an) *
0.

III. From (5.43), (5.44) and (5.45) we deduce that uj € Kj and
Qj(aj) *+ 0 for j = 1,...,n, that vy € K and &(y) # 0 and that the inequa-
lity

- - n+2_- 1+e/2
lBlll(ul) + ...t Bnln(un) - R(Y)I < exp(-log H log2 H)
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holds. If it were the case that Blil(ul) + ...+ ann(an) - L(y) # 0,
2.18 would imply

+2 1+e/2H

= = n
]slzl(al) * .o+ B 1 (@) - 2| > exp(-log" “H log, Y,

which gives a contradiction. Therefore
(5.46) Blll(al) t el Bnkn(an) - 2(y) = 0.

It will now be our object to prove the existence of xo,...,xn €z,

not all zero, such that

o =
(5.47) XO + X131 + ... + ann 0,
while
(n2+n)/2 n
(5.48) max([xol,...,lxnl) ;zcslog H long.

In order to do so, we suppose that no non-trivial (n+1)-tuple (xo,...,xn)

satisfies both (5.47) and (5.48) and proceed by a method of descent. De-

fine £ as the set of all m € {1,...,n} with the property that there exist
(1) (1) _(2) (2 m) m R

rO ,...,rn T reser¥ ),...,ré ,...,ré ) € Z and a collection

{kl,...,km} of m different numbers from {1,...,n} such that

(1), (1) (1) =
(5.49) (rO +r1 81+...+rn Bn)lkl(akl) + ... +
(m) _ (m) (m), \7 =0
(ro +r, Bl+"'+rn Bn)lk (uk ) = 0;
m m
(5.50) max{lrjfj)l:O;i;n/\l_i_j;m};

2 2
g(n +n-m +m)/2H n-m+1

cglo log2 H;
. Gy, (@) (3) )
(5.51) 35 € {1,...,m}: N +r1 Bl+...+rn Bn + 0;
(H)- (m) =
(5.52) rO Zk (ak Y + ...+ rO Qk (ak } * 0.
1 1 m m

IV. First we investigate whether n € E. From (5.46) and 5.14 it fol-
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lows that there exist s,,...,S € 7Z with
1 n+l

(5.53) slll(al) + ... + snﬁn(an) + Sn+1l(Y) = 0,

while max(!sll,...,] ) lognH long and s, + 0. Comparison of

Sl 20 +1

(5.46) and (5.53) yields

(sl+sn+161)21(a1) + ... + (sn+sn+16n)ln(an) = 0.

Thus (5.49) and (5.50) are satisfied with m = n; as s + 0 and 2{(y) * O,

n+l
the condition corresponding to (5.52) is also fulfilled. To prove that
n € € it is now sufficient to show that (5.51) holds. However, if this

were not the case, we would have s, + s B, = 0 and (5.47) and (5.48)

1 n+l"1

would follow. Thus n € E.

V. Now let m € {2,...,n} be such that m € E; then, in particular,
the logarithms Ekl(akl)""'Ekm(akm) occurring in (5.49) are linearly de-
pendent over JA . According to 2.19 and 5.4, there exist tl""'tm €z,

not all zero, with

(5.54) tllk (ak Y+ ...+t L {a ) =0
1 1 m m

and

(5.55) max ([t [,... ]t ) < 1og™ n log H.

11
It is no restriction to assume tm %+ 0. Comparison of (5.49) and (5.54)

i 2 + ... 2 =0,
yields ulzkl(akl) + um—lzkm—l(akm—l) 0, where

G R B+ ...+ L3y 8

3j 0 m 1 m 1 n m n
(m) _(m) _ _ . (m) .
ro tj r1 tjsl cen rn thn, j=1,...,m1.

Now there are two possibilities: either ul,...,u are all zero, or at

m~-1
least one of them is not zero. In the first case we get m - 1 vanishing
linear combinations of 1,81,...,Bn, the absolute values of whose coeffi-
cients are bounded by

) (m)

max{lrgj t - xr, t.!: 0<i<nAl=<3j<m1},
i m i 3 =T = = =
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which, by (5.50) and (5.55), is less than

2 2
c log(n +n-m +m)/2+m—1H logn—m+1+1H -
12 2
(n2+n—(m—1)2+( -1))/2 n-(m-1)+1
clzlog " H log2 H.

As (n2+n—(m—1)2+(m—1))/2 < (n2+n)/2 and n-(m~1)+1 < n, we have proved

(5.47) and (5.48), unless all the coefficients in all of these linear com-
binations are zero, i.e.

Vi € {0,...,n} Vi € {1,...,m-1}: rfj)t - rFm)t_ = 0.
i m i 3

But this would imply

(1) - (m) = -

T zk (ak )+ ... F N Ek (ak ) =
1 1 m m

t
1 ()¢ m-1 (m)y (m) 7 =
T T0 Mk )t et rg (o ) g (o)

T ) 1 1 m m—1 m—1 m m
rom _ _

= (e (o )+...+tmlk (@, )) =0

m 1 1 m m

by (5.54), which gives a contradiction with (5.52).

Thus there only remains the second case, where

35 € {1,...,m-1}: D T <3¢ g -
0 m 1 w1 n mn
(m) (m) (m)
N tj - tjsl T eee T X thn + 0,

so the conditions corresponding to (5.49), (5.50) and (5.51) hold for

m - 1. To prove the statement corresponding to (5.52) we note that

(1) (m) = (m-1) (m) =
(g ey T BN (o ) F e+ g Ty T O (O
1 1 m~1 m-
(% (m-1) =
tm(rO Zk (ak )+...+r0 Zk (ak )) -
1M m-1 “m-1

(m) = 7
r, (t12k (uk )+...+tm_1SLk (ak )) =
1 1 m-

(1) - (m) =
tm(rO zk (ak )+...+rO Qk (uk )) -
1 1 m m
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(m) 7 = _
ro (t12k (o, JY+...+t L (o, )) =

(> 7
N lk (ak )+...+rO Rk (ak )) * 0;
1 1 m m

t (

m
here (5.52), (5.54) and the fact that tm + 0 are used. This proves that
m~1€E.

VI. Repeating this process, we deduce that 1 € E. As the Ej(aj) are
non-zero, this contradicts (5.49) and (5.51). Thus our assumption that no
non~trivial (n+1)-tuple (xo,...,xn) satisfies (5.47) and (5.48) was erro-
neous.

n+1 . .
Let (xo,...,xn) € 7 be a non~trivial solution of (5.47) and

(5.48) . Then

]xo b+ xnbn]

A

|x  + x161 + ...+ annl + max([xll,...,lxni) x

0

A

max([bl—Bll,..-,!bn-Bnl)

cslog(n2+n)/2H log;H exp(—logn+2H log;+€H) <
exp(—logn+2H logé+€/2H).

Define
X = max(exp((n2+3n)/(2n+4)),]xol,...,]xnl).

As the function

2
N x(2n+4)/(n +n)log--1—2/(n+1)x

is increasing for x > exp((n2+3n)/(2n+4)), (5.48) shows that

2
X(2n+4)/(n +n)log—1—2/(n+1)X ;:c13logn+2H 1og2H

and thus
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g + %oy + o b xp | <

H) <

2 :
—— L (20+4)/ (n +n)log—1—2/(n+1)x log;/2

13

2
C—lexp(_x(2n+4)/(n +n)log—1—2/(n+1)x),

if H is sufficiently large. This contradicts the conditions of the

theorem. @

5.16. THEOREM. Suppose € > 0, 4 € W, a Peaerd € ¢~{0}, b ,...,bn € ¢,

1 1
kl(al),...,ln(an) non-zero values of the logarithms of al,...,an respect-

ively. Put

b
a= := exp(blll(a1)+...+bn£n(an)).

Suppose that there is a C > 1 such that for all x reesr¥, € %, not all

0
zero, we have

2
(5.56) |t b oot b_| > ¢ lexp (x (2 /(nTm)  m1-2/ (ot D)

12 )

where X = max(2,]x0|,...,|xn|). Then there are only finitely many (2n+2)-

; 2n+1 2n+1
tuples (al,...,un,ﬁl,...,Bn,y,P) € Ehn X Sé n+l) such that
(5.57) max(]al—ali,...,]an~unl,]b1-sll,...,Ibn—Bnl,

b n+2 1+€
IP(al,...,an,bl,...,bn,§~)—yl) < exp(-log H log2 H),

where H = max(zrh(u’l) r---rh(d'n) Ih(Bl) l---lh(Bn) Ih(Y) Ih(P)) -

PROOF. I. Suppose the assertion of the theorem to be false; from this a
contradiction will be derived. Let (ul,...,un,Bl,...,Bn,y,P) be a (2n+2) -
tuple satisfying (5.57). By CyrChre.. we shall denote real numbers
greater thanl dependingonly(nle,d,n,al,...,an,bl,...,bn and ll(al),...,
ln(an); we assume H to bebgreater than such a number.

First we show that a~ must be transcendental. Suppose this number to

be algebraic; then 5.15, together with (5.56) and the inequality

b b
(5.58) max(lal—all,...,[an-anl,lbl-sll,...,lbn—sn[,lg—-g-[) <
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+ +
exp(—logn 2H logé €H),

where B > max(h(a,) ... h(a ) h(8,), ... h(B ) h(aD), implies

b
max(h(a,) ... ,h(a ),/ n(B,)),...,0(B ), h(a")) < ¢, .
Together with (5.58) this shows aj = aj and Bj = bj for j = 1,...,0.
Accordingly, the numbers al""'an'bl""'bn are algebraic. As a con-

sequence of (5.56), moreover, 1,b ,...,bn are linearly independent over

1
®; the transcendency of ég now follows from 5.6.

ITI. Apply 4.5; this gives the existence of ‘an algebraic number n of
degree at most ¢y and height at most exp(c3log H) satisfying

29 - n| < exp(—czllogn+2H log;+EH).

As H may be taken arbitrarily large, there exist infinitely many (2n+1)¥
tuples (al,...,an,Bl,...,Bn,Y) of algebraic numbers of degree at most c5

satisfying

b
max([al—all,...,Ian—an],[bl—ﬁll,...,fbn—BnI,lé——n]) <

1+e/2H

+2
exp(—logn H'log2

.

where H' ;=max(Z,h(ul),...,h(an),h(Bl),...,h(Bn),h(y)). This contradicts
5.15. o
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6. THE p—-ADIC CASE

6.1. DEFINITION. (a) Let F be a field. A function v: F -+ R is called a

non-archimedian valuation of F if it satisfies the following requirements:

(i) ¥yn € F: v(m) 2 0;
(ii) Vn € F: v(n) = 0e n = 0;

(iii) ¥Yn,n' € F: v(nn') = v(m)v(n");

(iv) ¥n,n' € F: v(n+n') < max(v(n),v(n")).
(b) Let F be a field, v a non-archimedian valuation of F. The func-

tion (n,n") > v(n-n') is called the distance function induced by v.

A trivial consequence of (i)-(iv), which we shall frequently use, is
that for all n,n' € F such that v(n) #* v(n') we have v(n+n') =
max (v{(n),v(n')).

The distance function induced by v makes it possible to consider F
as a metric space. Thus one can ask whether or not F is complete, and if

not, comstruct the completion of F.

6.2. LEMMA. (a) Let F be a field, v a non-archimedian valuation of F,

F' the completion of F with respect to the distance function induced by V.
Then there exists exactly one non-archimedian valuation w of F' such that
w|F = v; and F' is complete with respect to the distance function induced
by w.

(b) Let F be a field, v a non-archimedian valuation of F; suppose
that F is complete with respect to the distance function induced by v.
Let F' be the algebraic closure of F. Then there exists exactly one non-
archimedian valuation w of F' such that w|F = v.

(c) Let p be a prime number. For & € @ we define vP(E) = p_m, where
£=pm§—,m€2z,x€Z,y€]N,p+x,p+y. Thenthefunctionvpisa
non-archimedian valuation of Q.

(d) Let p be a prime number, vp the non-archimedian valuation of @
defined in (c). Let wp be the unique non-archimedian valuation of the
algebraic closure of the completion of Q with respect to the distance
function induced by vp satisfying wP]Q = vp. Then the completion of this
field with respect to the distance function induced by wp is algebraically

closed. .
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PROOF. (a) [Amice 1975], Proposition 2.3.1. (b) [Amice 1975], Proposi-
tion 2.6.10. (c) Trivial. (d) [Amice 1975], Corollaire 2.7.3. ©

From now on p will denote a fixed prime number; the purpose of this
chapter is to prove an analogue to 1.7 in which the complex numbers have
been replaced by the algebraically closed, complete field described in
6.2(d).

6.3. DEFINITION. (a) Let vp be the non-archimedian valuation of ¢ defined
in 6.2(c), w_ the unique non-archimedian valuation of the algebraic closure
of the completion of ¢ with respect to the distance function induced by
vp satisfying wpIQ = VP, Then the completion of this field with respect to
the distance function induced by wp is denoted by ¢p.

(b) Let v_ be the non-archimedian valuation of @ defined in 6.2(c);
take n € CP. Then [n[p, also called the p-adic valuation of n, denotes
the value at n of the unique non-archimedian valuation of mp satisfying
[glp = vp(E) for all £ € Q.

(c) For a € mp, RE€ R, R> 0 we write

B(a,R) := {z € ¢ : Iz - alp < r},
Ba,R) := {z € ¢ : ]z - a' < R}.
p P~

S

(d) If £ = zk=0 akX
while R € R, R > 0, we denote

is a power series with coefficients in mp,

k
lfIR = sup{[ak[pR : k € W U {0}}.
6.4. LEMMA. Let M,R be positive real numbers. Consider f(z) = z:=0 akzk,
where aO,al,... € QP; suppose the power series converges for all z €

B(0,R). Let r € B(0O,R) be such that [f(z)]p <M for all z € € with

Iz[P = Ir!P. Then

(n)
1E—2) <M _ e U0}, z€B,|x]|).
nl P p

I
R

PROOF. [Adams 19661, Appendix, Theorem 9. ©
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6.5. LEMMA. Let R be a positive real number. Consider f(z) = Z;=O akzk,
where agragr... € cp; suppose the power series converges for all z €

B(0O,R). Take r € B(0,R) and put R' := ]rlp. Then ]fIR' is finite and

(6.1) sup lf(z)lp = [f{R,

lz] <R’
=

. k=0 “k*

!ak]plr]p takes a maximum for some k; thus the right hand member of (6.1)

PROOF. As lr[ < R, the series I converges, and consequently

is finite. If [z[P

fia

[r[p, we have

Y k ik
le@ |, = lkzo A lp < pa ESUNEI
so
k
sup If(z)l < max ]a [ [r[ .
lzl_<lrl PT xr0 KPP
P p =

In particular, the left hand member is finite.

Application of 6.4 shows that for every k € W U {0} and every & > 0,

£ )

k (0) k )
a r = || |T < sup JE(z) + €.
alylely = ey < o s,
—
Therefore
max o | [r|f < sw @],
k20 PP g <l P
o  p

which proves the lemma. O

6.6. LEMMA. Let R be a positive real number, a € Gp. Consider f£(z) =

Z:=O ak(z—a)k, where a_,a € ¢p; suppose the power series converges

(o R
for all z € B(a,R). Take b € B(a,R). Then

£(z) = ) bk(z—b)k, z € B(a,R),
k=0
where
ot n n-k
b = nzk ak(k)(b—a) , k€W U {0}.

PROOF. The proof is based on the obvious fact that a series in CP satis-
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fies Cauchy's condition if and only if the general term tends to zero, and
therefore convergence is conserved under rearrangement of terms. For z €

B(a,R) we have

@ 0

£(z) = ) a (z-a)” = ] a_ (z-btb-a)” =
n=0 n n=0 i
® n © o
I a @ ero-0" - T @ 7 oa (o™ -
ne0 ® k=0 ¥ k=0 nek O K

) bk(z~b)k- o
k=0

6.7. LEMMA, Let R be a positive real number, a € @P. Consider £(z) =

[-<]

k
- oo € ; 1
Zk=0 ak(z a) , where ao,al, CP suppose the power series converges
for all z € B(a,R). Take b € B(a,R) and suppose that £(b) = 0. Then there
exist b_,b. ,... € C_ such that
01 i
(=]
k
£(z) = (z-b) ) b, (z-a)", z € B(a,R),
k
k=0
and
n-k-1 ’
lbklp < sup lan[plb—a[ , k€ W U {0}.

nzk+1 P

PROOF. Applying 6.6 twice, we see that for z € B(a,R) we have

v k s k v go} n-k
£(z) = § a(z-a) = ) (z=b) ) a_ (I)-a) =
k=0 ¥ k=0 nek B K
b ozo® T a (M w-a)F -
k=1 nek 0K
v k v n n-k-1
(z-b) ) (z-Db) 7ooa (%) w-a) =
k=0 n=k+1 DKL
o X o© o n n_j_1 j j_k
(z=b) ) (z=a)" ] )} a (.D,)(b-a) () @y 7F =
k=0 j=k n=3+1 ©It1 k
(2-b) ] b (z-a)",
k=0
where
b = E E a_ (%) -y 37 (3 -y 37K -
k nty+1 k
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® n-1 .

~-k~1 J=krj n
I e -a)” L0700
n=k+1 j= kgt
sSO
n~-k-1
b < sup a b-a . o
oy < e layl,lo-al]

6.8. LEMMA. Consider the power series f = Z:_O aka with coefficients in
¢p. Take 0 < R' < R and suppose {f]R < «, Then f converges on B(0,R") to
a function, which we shall again denote by f. If f has at least h zeros on

EXO,R'), multiplicities included, we have

‘+h
230

PROOF. The first assertion of the lemma is trivial; we now proceed to
prove the second one. Let o € EKO,R') be such that f(o) = 0. By 6.7, we

may write

£(z) = (z-a) 7} bkzk, z € B(O,R"),
k=0
with
~k-1 n-k-1
Ib I L sup [a I [aln < sup [a l R ;
P = oge MPOP nok+l P
thus
k n~-1 1 n
sup ]b ] R < sup sup [a I = — sup [a [ R™ <
k>0 &P k>0 nxk+1 °F Ropr1 °P
1 no_ 1
= ;zgz a1 & = gl£lg- ‘
. o k
Define g := Zk=0 ka ; then
- k1
(6.2) !g[R - kszpo ]bk!pR ; le[R < =
On the other hand, for z € EKO,R') we have f(z) = (z-a)g(z); from the

unicity of power series development we conclude

a =b_, -ab, k20,




where b_1 := 0. Thus
la | < maxdo,_ | lal [o | ). % 20,
and
k X
£ = sup a R < sup Rmax(|b o b ) =
k k
max { sup [b R a[ sup Ib R) =
k20 k"llp 4 P x>o klp
k+1 k
max ( sup [b I R [a[ sup |b ] R} =
ko0 P TR sy | k'p

max(R|g]R,|a|p|giR) = R|g]R'
S0

(6.3) If[R;R[gIR.

From (6.2) and (6.3) we see that f = (X-a)g with

lal, = el < =

Similarly it is proved that

Ig’Rl = E‘If[Rw

If Oyrese,0y are the zeros of £ on B(0,R'), repeating the argument gives
h
£f= T (X-a,) £*,
=1
with
1 1
lex|, = Flely <=0 [e¥ = =l el
R hIT'R R gb R
Thus

89
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6.9. COROLLARY. Let R be a positive real number. Consider f(z) = Z:_O akzk,
where ao,al,... € ¢P; suppose the power series: converges for all z €
B(0,R). If lrllp < !rzlp < R and f has at least h zeros in B(O,]rllp),
multiplicities included, we have
IrllP h .
sup If(z)[p é:[lr I ] sup If(z)[p.
Izl <lr | 2 Izl <lr |
= 1p S s
6.10. LEMMA. The set of all z € ¢P for which Z:=O zn/n! converges, is
exactly B(O,p_l/(p—l)). The set of all z € mp for which Z:_l (—1)n—1zn/n

converges, is exactly B(0,1).

PROOF. [Amice 19751, Proposition 3.5.5(v). O

6.11. DEFINITION. For z € B(0,p +/ ®~1)

For z € B(1,1) define £ (2) := z:=1 1) (2-1) .

. I n
) define ep(z) i= Zn=0 z /nl.

6.12. LEMMA. (a) For Z, /2 € B(O,P_l/(p—“) we have e (zl+22) =e (zl)e (22).
L /%e-1) P :

-1/ (p-1)

€ B(o, -1 = .
(b) For =z (0,p ) we have lep(z) IP [zlp
(c) For z € B(0,p

€ B(1,1) we have % (le
-1/ (p-1) P

) we have L (e (z)) =z, e'(2) = e (z).
P P p P
17%9 o) = lp(zl) + ﬁp(zz).
(e) For z € B(1,p )} we have [2 (z)l = Iz - 1| .
-1/ (p~1) O P
(f) For z € B(l,p ) we have ep(lp(z)) = z.

(d) For z

PROOF. (a) [Amice 1975}, Proposition 3.5.5(ii).

(b) For n € N, n>2, z € B(O,p_l/(pul)) we have
l E zkI IZlE l o~ (k=1)/ (p=1)
— < max < max z Frree——— ey
i = — (k- 1)’
k2 KPP Ty o Ky g L TR g B/ D)

here we use the inequality

- (k-1)/ (p-1)
|
lk-lp zp ’

which follows from Lemme 3.5.6 of [Amice 1975]. We conclude that

n Zk
|3 El = el

thus
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Zk n zk
gl = lim | ETI = |z]_.

le_(2) - 1] =]
P P 1P nse k=1 TP P

I o~18

k

(c) follows from (b) and the formal identity of the power series
involved.

(d) [Amice 1975], Proposition 3.5.5(iii).

(e) Similar to (b), observing that ]k]p > [k!'[p.

(f) follows from (e) and the formal identity of the power series

involved. n

We remark that in 1.4(¢), 1.4(d) and 2.2(b), we have already defined
dg(n), h(n) and den(n) for all algebraic n € ¢p. In order to give p-adic

analogue of our earlier reasoning, it is also necessary to define |nf.

6.13. DEFINITION. Let n € mp be algebraic with minimal polynomial P. Then

(HT denotes the maximum of the absolute values of the zeros of P in C.

6.14. LEMMA, Let F be a finite normal extension of Q; suppose n € F has
minimal polynomial P € Z[X] . Then n' € ¢ has minimal polynomial P if and
only if there exists an injective homomorphism ¢: F - € such that o(n) =

n' and o(g) = £ for all § € Q.
PROOF. [Van der Waerden 1966], § 41. n

6.15. LEMMA. For algebraic nl,...,nn € ¢p we have

n1+...+nn ;:[EIT + ... * rﬁ;T, nl...nn ;:fﬁIT...fﬁ;T.

PROOF. According to 2.4(a), there exists a finite normal extension F of @
such that F < ¢p and F contains Myreeerm « Let G be the set of all injec~-
tive homomorphisms o: F - € such that o(§) = £ for all £ € Q; according to

6.14 we have

vt € F: [g] = max |o(®)].

gEG
Thus, if n := “1 + ... + nn, we have
[0] = max |o(n)| = max |o(n1)+...+0(nn)| <
cEG cEG
max |o(m) | + ... + max [0(nn)[ = fﬁ;T + oot o]

CEG cEG
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and similarly nl...nn < nl e n]. o
6.16. LEMMA. Let n € ¢p be an algebraic integer. Then In[p < 1.

PROOF. Suppose n € QP is an algebraic integer such that !nlp > 1. There
exist a ’al""'ad—l € Z such that

0
nd + ad__lnd—1 + ... * aln + aO = (0.
Now for j = 0,1,...,d~1 we have aj € Z and so iajlp < 1; thus
2’1, < Inl] < InlS.
Therefore
d d-1

0= |n + ag 4" + ...+ an + aO]p = lnlg > 1, .«

and we have arrived at a contradiction. B

6.17. LEMMA. Let n € GP be algebraic of degree at most d. Then either

n =20 or
]nlp > den”%(n) 1<,

PROOF. Put n' := den(n)+n; then n' is an algebraic integer. As Iden(n)lp <
1, we have |n|p ;zln'|p. Let a € Z be the constant term in the minimal
polynomial of n'. Then a is the product of the zeros of this polynomial
in cp (apart from a possible factor -1). By 6.16, we may conclude In'lp >
Ialp. But a is also plus or minus the product of the zeros of this poly-
nomial in €; thus |a] ;:rﬁTTd. Let F be a finite normal extension of @

such that F < CP and F contains n. Then, by 6.14,

[n'] = [den(m *n| = sup |o(den(n)*n)| = den(n)+sup |o(n)| =

g 0]

den(n) [n],

where ¢ runs through the injective homomorphisms of F into € that leave

¢ fixed. The lemma now follows upon observing that ]a|p > ]él_l. ul
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6.18. LEMMA. Let F be a field containing ©; assume n € F is algebraic. Let

the minimal polynomial of n have leading coefficient a, height H, degree d.
(3) (3)

0 reeerdql) € 7z such that

Then, for each 7 € W U {0}, there exist a

j_ ) (N (3)_d-1
(an)~” = ao + ay n+ ...+ ad—ln '
while
(3) (3 3
max([a0 [,...,[ad_ll) < (23)°.

PROOF. [Baker 1975}, § 2.3. O

6.19. LEMMA. Suppose d € N, 0 < 8§ <1, 0 < e < 1, Put A :=
{z € ¢p: § < [z - 1IP < p—l/(p_l)}. Then only finitely many pairs (o,y) €
A2 of algebraic numbers of degree at most d have the property that a B € @

exists with
L (o) = 2 =0
B o ) p(Y)

and

(6.4) B log ~°B > log H,

where H = max{(h(a),h(y)) and B max(2,h{B)).

PROOF. I. Suppose o,y € A, B € @, such that the conditions of the lemma
are fulfilled. By cl,cz,... we shall denote real numbers greater than 1
depending only on p,d,8 and €; we suppose that H is greater than such a

number, which will lead to a contradiction.

Define L := B ~ 1. We introducé the auxiliary function
L L Alz Azz _
o(z) := ) ) alr,r)e vy , z€B0O,1,
1772
A, =0 A_=0
2
where
Xlz Azz
[¢) =e (A, z (a)) =e (A28 (7))
p 177p n Y p 2%

and where q(Xl,Az) are rational integers to be determined later. We have
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I, L Az A,z
D@ =t I ] aopommtty?,
P A,=0 1,=0

z € B(0,1), t € W U {0}.

1 -1 1+e/2

Now put S := [§d log “lp210g717e/2

Bl, T := {%d B“log B] and consider the

system of linear equations

(6.5) ¢(t)(ps) =0, s =0,...,8~1, £t =0,...,7-1

in the (L+1)2 unknowns q(Al,Az); we shall show that it has a non-trivial
integer solution. Multiplying (6.5) by (ac)pLSth;t(a), where a,b,c are
the leading coefficients in the minimal polynomials of a, B and Yy respec-

tively, gives

L L A, ps A ps
Z I a0, Bt@n b oen T
A, =0 A_=0
%L A ?ps (LA )ps

a = 0.

Substitution of

t
t t t -~T
A+,8" = 1 (AT oLt
T:
transforms this into
L L A,ps Aps (L-X,)ps (L-A_.)ps
1 2 1 2
2 Z q(kl,kz)(aa) (cy) a c X
A%—O A,=0
ty, =T, T -T
z (T)A1 A, (bB) BT <o
According to 6.18, for each 7 € W U {0}, there exist aéj),...,aéji,
céj),..., éji € % , their absolute values bounded by (2H)3, such that
j_ ) (3) (J) a-1
(aq)” = ao + a;7 o + ... t agil® ,
j_ (3) (3) (3) _a-1
(ey)” = R AL AR N .

Our set of equations thus becomes




d-1 d4-1 §, 6

z A(61,62,s,t)a 1Y 2 = 0,
61=O 62=O
where
L E t (L—Al)ps (Alps)
A(S,,6,,8,t) = T oar,A)a a x
12 A0 A=0 t=0 2 8,

1 2

(L-A,)ps (A.ps)
2 2 t t-T,T T
() @r )" a, w8 "

c c
62

We see that (6.5) is certainly satisfied if A(61,62,s,t) = 0 for 61 =

0,...,4-1; 62 =0,...,d~1; s =0,...,5-1; £t =0,...,T-1. These are dst

linear equations in the (L+1)2 unknowns q(Al,Az) with rational integer

coefficients, whose absolute values are at most

4pLS T _T_T

2°L'B ;:exp(czBZlog_e/2

T(ClH) B)

(here (6.4) is used). As (L+1)2 < %BZ

non-trivial choice for the q(kl,kz), such that (6.5) holds, while

< dZST, 2.7 states that there is a

Q := max [q(Al,kz)! <

A, A

12 2 2 .2
(C3L2exp(C2leog—e/2B))d ST/ ((L+1) “-da"sT) <

-e/2
exp(c4leog e/ B) .

II. For k € W U {0} we put Tk = 2kT. Then, for our special choice

of the q(ll,kz), we have

(6.6) ™ (s) =0, s=0,...,5-1, t = 0rnenyT, -1

This is proved by induction; for k = 0 the assertion is precisely (6.5).
Now suppose that (6.6) holds for some k; thus & has at least ST, =zeros in
-1/ p—l), the

power series for & converges, by 6.12, on some B(0,r) with r > 1. Now 6.9

F(O,p‘l). Moreover, as [u - 1[P and [y - 1]p are less than p

states that

~st,
swp _, o] <P sup  [o(z)] .
lz] <p P ‘z‘pég P
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Here

sup {@(z)l <1,
lz] <1 P
=

as is evident from 6.12 and the fact that q(xl,Az) € Z . Furthermore

-ST k
io) < exp(-2¢c

1.2
5 B ).

Thus

sup _, [@(z)lp é:exp(—chng2);
lz] <
==

by 6.4 this implies

[¢(t)(ps)|p é:ptexp(—2kc;1B2), s,t € W U {0},

and so

( ngZ), s € NU{0}t=20,...,T ,~1.

(6.7) |o -

® (ps) ]p < exp(-25c

()

However, Z;t(a)é (ps) is algebraic and for s = 0,...,8-1, t =

O,...,Tk+1—1 we have

ngL;t(oc)@(t’ (ps)) < a>,

T
den(ﬁgt(a)Q(t)(ps)) é:(ac)Pstt é:HZPLSB k+1 <

exp(2kc7B210g—£/2B);

LS+Tk+ 2

(t) (ps)| < Qcg

T + T
+
1L k+1 H2pLSB k+1 <

z;t(a) ®

2

B log_E/2

exp(ch9 B).

Applying 6.17 gives Q(t)(ps) = 0 or

(t) k 2. -
(ps) Ip 2 exp(-27c, B log

-t e/2
2 o] .
| o (@) B)
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Furthermore, by 6.12,

t

Il;(ot) ]P = |a - 1[; > 6 ;exp(—ch1 t-e/2

132109_ B).,

so in the latter case we have

k -
(6.8) (ps)[p > exp(-2 ¢ ,B"log B) .

Combining (6.7) and (6.8) gives '™ (ps) = 0 for s = 0,...,8-1, t =
O""'Tk+1_1' This completes the proof of (6.6).

ITI. From (6.6) it follows that 00 (0) = 0 for € = 0,..., (L+1) %=1,
in other words, that

L L t
(6.9) Y Y @A ) (LA B = 0.
A,=0 A =0 et 2
B U ‘

As the q(Al,A2) are not all zero, it follows that the coefficient matrix
of the system (6.9), which is of the Vandermonde type, must be singular.
From this we deduce the existence of_ki,x , i,kﬁ € {0,...,1.} with

. 1] 1)
Ayt MBS A+ AR or

A=A
1
A ——

%

This gives

w
I

h(S) éL=B_1I

so we get the desired contradiction. 0O

6.20. LEMMA. Let R be a positive real number, a € cp. Consider f£(z) =
Z;;O ak(z—a)k, where ao,al,... € mp; suppose the power series converges

for all z € B(a,R). Take b,r € B(a,R) and define

g(z) = HELZEB) ¢ Bla,m) < (b).

Then g is bounded on ?(a,Ir—a[p)~\{b}.

PROOF. For z € B(a,R) we have
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£(z) - £(b) = ) a! (z-a) ¥,

k=0 k
where aé = ag - Z:zo ak(b--a)k and aﬁ =a for k > 1. According to 6.7,
£(z) - £(b) _ k
g(z) = =F =2 = kzo b (z-a)", z € B(a,R) ™ {b},
with
-k-1
b, ] < sup la'] |b-al® k k € N U {0}.
KPP~ ok PP p !
Thus
k n-k-1 k
sup Ib | Ir - al = sup sup !a'] |b - al ]r - a| <
k>0 XP P x>0 nsk#1 7P p p
-1
sup  sup ]a'l max(]b—a[ Ir—a! =
k>0 nxk+1 P P’ P
Z ;221 Ian]pmax([b;a]p,lr—a]p)n_;.

As max(lb—a’p,]r—a]p) < R, the right hand member is finite. Application
of 6.5 shows that g is bounded on E{a,lr—alp)\\{b}. o

6.21. LEMMA. For every d € IN, n € N, there exists an effectively comput-
able C > 1, depending only on d and n, with the following property. Sup-—
, € Bo,n
algebraic of degree at most 4, Bn € Gp algebraic of degree at most d with

pose al,...,an € B(1,1) algebraic of degree at most d, BO,...,Bn_

= 1. = + + ... . ' =
|sn|p L. Put A = B + B2 (o) + 8% (a). Then either A =0 or

[A] > exp(-CQ log 2'(log B+log ),

where Q = (log Al)...(log An), Q' = (log Al)...(log An—l)’ Aj =
max(16,h(aj)) for j =1,...,n, B = max(6,h(BO),...,h(Bn)).

PROOF. See the remark preceding Theorem 3 in [Van der Poorten 1977]. o

6.22. LEMMA. Suppose Uyreenro € B(1,1) algebraic. Then Qp(al),...,zp(un)
are linearly independent over @ if and only if they are linearly independ-

ent over the field of all algebraic numbers in € .




29

PROOF. [Brumer 1967}, Theorem 1. O

6.23. THEOREM. Suppose ¢ > 0, a € N, a € B(l,p-l/(p_l))\~{1}, b € B(0,1).

Suppose that there exists a C > 1 such that for all x 23 € Z that are

0
not both zero we have

(6.10) |xg + x5l 2 ¢ lexp(-x310g%x) ,

O =

where X = max(Z,le[,[xll). Then there are only finitely many triples

(0,B,Y) € m; of algebraic numbers of degree at most d with

max(la—alp,[b—s[p,labuY]P) < exp(-log3H logé+€H),

where H = max(2,h(a),h(B),h(y)) and a° = e (1, @)

PROOF. I. Let (a,B,Y) be a triple satisfying the conditions of the theo-
rem; we suppose H to be greater than a certain bound depending only on

€,d,a and b. This will lead to a contradiction. From 6.20 we see

(6.11) Mp(a) - A, lp < exp(-log H log;%/zﬂ) ,
(6.12) bt @) - 2 (] < exp(-log’n log; "/ m).

As a consequence of (6.11), (6.12) and

(6.13) o - el < exp(~log H log) ")

we have

3 1+e/3
2 (o) - & < exp{~log H lo H
|82 (@) - 2 (M| < exp(-1og7H log,” ")

If it were the case that Bip(a) - Kp(y) * 0, 6.21 would imply

3 1+e/3
L (a) = &_(v) > exp(-log H lo H
|82, oM p(-log 9, ),

which is a contradiction. Therefore Blp(a) - lp(y) = 0.
II. We have just proved that lp(a) and QP(Y) are linearly dependent
over the field of all algebraic numbers in Qp; using 6.22, we find that
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these numbers must also be linearly dependent over @. In other words,

there are &,n € ¢, not both zero, such that E%P(a) + nzp(y) = (0, As
3 l+e
la - a|p < exp(-log’H log, H) < |a - 1]P,
we have
-1/ (p-1)
6.14) a -1 < la -1 < .
( | I, < | I, <p

Thus, by 6.12, Rp(u) + 0 and we may conclude

L_(y)
g B _Eeoy.
L (o) n
p
Using 6.19 with 6 = %1a - 1]P gives that log H > B log_lus/loB, where
B = max(2,h(B)). Then, a fortiori, log H > B1/2, S0 log2H > %iog B; t@us
exp(-log3H log§+€/3H) < exp(~%B3log_2+€/30B)
-2+
exp(—B3lOg 2 E/31B).

From (6.13) we see that

-2+
g 2 5/31B

|b - Blp < exp(—B3lo ),

and so, if we put B = —xO/x1 with XO €z, Xy € W, (xo,xl) =1,

3, -2+e/31
(6.15) |%y + xlblp = |x,| |p - s[p <o - slp < exp(-B31log 2te/31yy

1lp
where B = max(2,|x0|,|x1|). From (6.10) we know thay b cannot be rational;
from (6.13) it then follows that B tends to infinity with H. Therefore
(6.15) contradicts (6.10). o
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INDEX OF SPECIAL SYMBOLS

Symbol: Defined on page:
Bn 9
[a,b] cN
la,bl 9
2y 9
B(a,R) 85
B(a,R) 85
€ 9
¢, 85
den(n) 9
dg (&) 2
Il 85
Fix] 9
F[xl,...,xn] 9
Gal(F/9) 9
h(p) 1
h(g) 2
long 3
N 9
Pd(e) 21
Pg(s) 33
oy 9
R 9
S 42
Szm 42
7z 9
[n] 9, 91
Inlp 85

w(e,b) 18
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SAMENVATTING

In dit proefschrift wordt bewezen dat voor bepaalde functies van twee of
meer complexe variabelen niet tegelijkertijd de functiewaarde en de arqu-
menten zodanig kunnen worden benaderd door algebraische getallen van be-
grensde graad, dat de fout, uitgedrukt in de hoogte van die algebraische
getallen, binnen een zekere grens valt. De beschouwde functies zijn samen-—
gesteld uit polynomen, de exponentiéle functie en de logaritme; ten op-
zichte van de reeds bekende resultaten onderscheiden de hier gegeven stel~-
lingen zich vooral door het ontbreken van beperkende voorwaarden op de
algebraische getallen waarmee wordt benaderd. In het laatste hoofdstuk
wordt een analoge theorie opgezet voor de completering van de algebraische

afsluiting van het lichaam der p-adische getallen.
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STELLINGEN
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Zij ¢ > 0, d € N. Bijna alle b € Z_ , in de zin van de Haar-maat, hebben

pnl/(P_l), bestaan

de voldegde eigenschap: als a € Gp met 0 < Ia - 1|p <
er slechts eindig veel drietallen (a,B,y) € ¢; van algebraische getallen

van graad ten hoogste d met

l+€

o,

b 3
max {|a-a b- a - < exp{-log™H lo
| [P,[ BIP,I Ylp) p (-log g
waar H het maximum van 2 en de hoogten van o, B en y voorstelt, en

ab = ep(bip(a)). Niet alle b € ZE) hebben echter deze eigenschap.

Dit proefschrift, 6.21.

A. Bijlsma, On the simultaneous approxima-
tion of a, b and ab, Compositio Math. 35
(1977) 99-111.

V. Jarnik, Sur les approximations diophan-—
tigques des nombres p-adiques, Rev.Ci.(Lima)
47 (1945) 489-505.

II

De uitspraak van 2.11 van dit proefschrift wordt onwaar zodra het
rechterlid van (2.1) door een wezenlijk sneller stijgende functie van B

wordt vervangen.

ITII

In Satz 1' van [Haldsz 1968] wordt het bestaan ge&ist van een functie
L: ]0,o[ » ¢~{0}, z6, dat
L{(Ax)

;Efi A 1 uniform voor X € [1,2].

Met behulp van een methode van Korevaar, Van Aardenne~Ehrenfest en
De Bruijn [1949] en Balkema [1973] kan men bewijzen dat voor elke
Lebesgue-meetbare L die voldoet aan

lim =——=~=1, A € [1,2],

de convergentie uniform is.
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J. Korevaar, T. van Aardenne-Fhrenfest & N.G.
de Bruijn, A note on slowly oscillating func-
tions, Nieuw Arch.Wisk. (2) 23 (1949) 77-86.
A.A. Balkema, Monotone transformations and
limit laws, MC Tracts 45, Mathematisch Cen-
trum, Amsterdam, 1973.

A. Haldsz, Uber die Mittelwerte multipikati-
ver zahlentheoretischer Funktionen, Acta Math.

Acad.Sci.Hungar. 19 (1968) 365-403.

Iv
Voor elk natuurlijk getal Kk bestaan er positieve reé&le getallen al,az,
z3, dat log a; en log a2 lineair onafhankelijk over @ zijn, terwijl wvoor

oneindig veel viertallen (ul,u2,x1,x2) € Qz X ZF geldt

max(lal—all,[a2—u2|,!glloga1-+x210gazl) < exp(—logKH),

1 1% voorstelt en XI'XZ niet

beide 0 zijn. Hieruit volgt dat Satz 4 van [Wiistholz 1976] niet juist is.

waar H het maximum van de hoogten van o ,az,x /X

G. Wistholz, Simultane Approximationen, die
“mit Potenzen bzw. Logarithmen zusammenhdngen,
proefschrift, Freiburg, 1976.

v

Veronderstel dat Kk en A red8le getallen groter dan 1 zijn. Als A > x, kan
(>3
men een a € ¢ en een rij (un)n_1 van algebraische complexe getallen van

begrensde graad aangeven, zd, dat
K
V! : - < -1
n € N Ia o, exp (~log An)

en

. loglog An+1
Limsup s A,

0 o glog An =
waaxr An de hoogte van an voorstelt. Als echter A < k¥ -~ 1, is dit onmoge-
lijk.

G. Wistholz, Linearformen in Logarithmen

von U-Zahlen mit ganzzahligen Koeffizienten
(ter publicatie voorgedragen) .




VI
k=0 “k”
cp; veronderstel dat de machtreeks convergeert voor elke z € cp met lz

Zij R een positief re@el getal. Beschouw f(z) = X k, waar ao,al,... €

<

R. Zij € > O en 0 < Ir I < ]r I < R. Veronderstel dat er ¢,,...,c_ € €
1'p 2 1 n jo)

bestaan, alle verschillend, met Ci[p < |r1|P voor i =1,...,n, 28, dat

£ )] <e i=1,0e0m 3 = 0,.nnmet.
i 'p
Zij p := min({lci - cjlp: 1<i<jz<n}uy {p_l/(p_l)}). Dan geldt
| | lrllp mn | | Irllp mn
sup £(z) ;:{T——T—} sup £(z) + { } €.
lzl_<lr, | P T2'p) lzl <l p 0
p~ 1p pT 2p

VII

“

Zij d een discriminant. Schrijf 4 = 62A met § € W en A een fundamentaal-
discriminant. De vefzameling F wordt ingeval d < 0 verkregen door uit elke
equivalentieklasse van de primitieve, positieve binaire kwadratische vor-
men met geheel-rationale coé&fficiénten en discriminant d precies &é&n ele-
ment te kiezen, ingeval d > 0 door uit elke equivalentieklasse van de pri-
mitieve binaire kwadratische vormen met geheel-rationale coéfficiénten en
discriminant d precies &&n element met positieve eexrste co&fficiént te
kiezen. Zij nu n een natuurlijk getal met (n,§) = 1. Geef met pd(n) het
aantal geordende drietallen (Q,x,y) aanmet Q € F, x € m, v € Z en
Q(x,y) = n, z6, dat ingeval 4 > 0 is voldaan aan

tO
y 2 0, DlQ(x,y) > =Y
= uO

waar (t.,u. ) de kleinste positieve oplossing van de vergelijking van

2O 0 2
Pell t© - du = 4 is. Dan is

pd(n) = Wd v;n C%)I

=1alsd >0, w, =6alsd=-3, w, =4 alsd =-4, w, = 2 als

waar w a a

a
d §=—7.

A. Bijlsma, Representation of -a natural num-
ber by positive binary quadratic forms of a

‘v




given discriminant, Nieuw Arch.Wisk. (3) 23
(1975) 105-114.

VIII

In tegenstelling tot hetgeen Heilbronn [1934] verklaart, is noch stelling
V, noch het bijzondere geval daarvan dat men verkrijgt door voor d een

negatieve fundamentaaldiscriminant te kiezen, bewezen door Dirichlet.

H. Heilbronn, On the class-number in imagi-
nary quadratic fields, Quart.J.Math.Oxford
Ser. 5 (1934) 150-160.

IX
Zij ()\n):_1 een rij positieve reéle getallen waarvoor geldt
An
. oo - _ >
lim o «, liminf (An+1 An) 0.
n-> o n->o

Zij (dn):~1 een rij complexe getallen en veronderstel dat de algemene
o0
Dirichletreeks Zn=1 dnexp(—kns) voor elke s € ¢ absoluut convergeert;

geef de som aan met f(s). Voor elke verzameling X € IR noteren we

M(0;X) := sup |£(o+it)].
t€X

Dan is M(0;X) eindig voor elke ¢ € R, X © R. Zij nu K een compact deel

van R, § > 0, € > 0. Dan bestaat er een 01 z6 dat voor elke o < 01 geldt

M(0;K) < min M(o;[a,a+s1)M" (20;R).

a€k
P. Turdn, Eine neue Methode in der Analysis
und deren Anwendungen, Akadémiai Kiadé,
Budapest, 1953.
X
ces PR > eae 2 >
Veronderstel kl' ,kn,ll, ,2n € IR met k1 > k2 > ==kn en 21 22 >
.-+ 2 % ; zij 0 een niet-identieke permutatie van {1,...,n}. Dan is
+ ... + 2 >k, % + ...+ .
klzl kn n 170(1) knzc(n)




