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PREFACE

This is an interdisciplinary study between mathematics, philosophy,
computer science, logic and linguistics. No knowledge of specific results
in these fields is presupposed, although occasionally terminology or results
from them are mentioned. Throughout the book it is assumed that the reader
is acquainted with fundamental principles of logic, in particular of model
theory, and that he is used to mathematical argumentation (e.g. indirect
proofs, inductive definitions, and refutation by counterexample). The con—
tent of this book has a lineair structure: first the approach is motivated,
next the theory is developed, then consequences of this theory are illu-
strated, and finally it is applied.to practical problems.

This interdisciplinairy study deals with many facets of syntax and
semantics, discussing rather different kinds of subjects. They range from
abstract universal algebra to linguistic observations, from the history of
philosophy to formal language theory, and from idealized computers to human
psychology. Hence not all readers might be interested to read everything.
For them, here are some alternatives. Readers only interested in applica-
tions to computer science might read chapters 1, 2, 3 and 10, and appendix
I, but they will miss several arguments in other chapters which are taken
from computer science. Readers only interested in matural language might
read chapters 1-9, and the appendices, but they will miss several remarks
about the connection between the study of the semantics of programming lan~
guages and natural languages. Readers familiar with Montague grammar, and
mainly interested in practical consequences of the framework, might read
chapters 1, 5, 6, 7, 8 and 9, but they will miss several new arguments and
results concerning aspects of Montague grammar. Theorems and proofs are
found in chapters 2-7, in chapter 10 and in appendices 1 and 3. Passages of
philosophical interest might be found in chapters 1, 3, 4, 5 and 10. A
glimpse of the approach of this book might be obtained by reading the texts
of following sections: I-1,3,4,5,6, V-1,2,3, VI-1,3,4 and X-3.

Each chapter starts with an abstract. Theorems etc. are numbered
(e.g. 2.3 Theorem). Such a unit ends where the next starts, or where the
end of the unit is announced (2.3 end). References to collected work are
made by naming the first editor. Sometimes the references not only mention
the original publication, but also a later reprint. Page numbers given in
the text refer to the reprint last mentioned, except for some of Frege's

publications (when the reprinted version gives the original page numbering).







CHAPTER I

THE PRINCIPLE OF COMPOSITIONALITY OF MEANING

ABSTRACT .

This chapter deals with various aspects of the principle of composi-
tionality of meaning. The role of the principle in the literature is inves-
tigated, and the relation of the principle to Frege's works is discussed. A
formalization of the principle is outlined, and several arguments are given

in support of this formalizatiomn.




1. AN ATTRACTIVE PRINCIPLE

The starting point of the investigations in this book is the principle
of compositionality of meaning. This principle says:

The meaning of a compound expression

s butlt up from the meanings of its parts.

This is an attractive principle which pops up at a diversity of places in
the literature. The principle can be applied to a variety of languages:
natural, logical and programming languages. I would not know of a competing
principle. In this section the attractiveness of the principle will be il-
lustrated by means of many quotations.

In the philosophical literature the principle is well known, and gener—
ally attributed to the mathematician and philosopher Gottlob Grege. An ex-
ample is the following quotation. It gives a formulation of the principle
which is about the same as the formulation given above. THOMASON (1974,p.55)
says:

Senterices 1,..] such as 'The square root of two is irrational’, and
'Two is even'’, ' .] ought to be substitutable salva veritate in all
contexts obeying Frege's principle that the meaning of a phrase is a
function of the meanings of its parts.

Another illustration of the fame of the principle is given by DAVIDSON -
(1967, p.306):

If we want a theory that gives the meaning (as distinet from refer-—
ence) of each sentence, we must start with the meaning (as distinct
from reference) of the parts.

. Next he says:

Up to here we have been following Frege's footsteps; thawks to him the
path is well known and even well worn.

Popper mentions a version of the principle which applies to whole theories
(POPPER ]926, p.22):

[..] the meaning of a theory [ ..] is a funetion of the meanings of the
words in which the theory is formulated.

Thereafter he says (ibid. p.22):

This view of the meaning of a theory seems almost obvious; it is wide-
ly held, and often unconseiously taken for granted.

(For completeness of informationithere is, ahcording to Popper, hardly any
truth in the principle). Concerning the origin of the principle, Popper
remarks in - a footnote (ibid. p.198):

Not even Gottlob Frege states it quite explicitly, though this doctrine
18 certarnly zmplwt in his 'Sinn und Bedeutung', and he even produces
there arguments in its support.




In the field of semantics of natural languages, the principle is found
implicitly in the works of Katz and Fodor concerning thé treatment of se-
mantics in transformational grammars. An explicit statement of the principle
is KATZ (1966, p.152):

The hypothesis on which we will base our model of the semantic compo-
nent i¢ that the process by which a speaker interprets each of the in-
finitely many sentences is a compositional process in which the meaning
of any syntactically compound constituent of a sentence is obtained as
a function of the meanings of the parts of the constituent.

Katz does not attribute the principle to Frege; his motivation is of a tech-
nical nature (ibid. p.152):

Accordingly, we again face the task of formulating an hypothesis about
the nature of a finite mechanism with an infinite output.

The principle is mentioned explicitly in important work on the seman-—
tics of natural languages by logicians, and it is related there with Frege.
Cresswell develops a mathematical framework for dealing with semantics, and
having presented his framework he says (CRESSWELL 1973, p.19):

These rules rveflect an important general principle which we shall dis-
cuss later under the name 'Frege's principle', that the meaning of the
whole sentence is a function of the meanings of it parts.

For another logician, Montague, the principle seems to be a line of conduct
(MONTAGUE 1970a; p.217):

Like Frege, we seek to do this [..] in such a way that [..] the as-
stigrment to a compound will be a function of the entities assigned to
its components [..].

The principle is implicitly followed by all logic textbooks when they
define, for instance, the truth value of p A q as a function of the truth-
values of p and of g. In logic the enormous technical advantages of treat-
ing semantics in accordance with the principle are demonstrated frequently.
For instance, one may use the power of inducation: theorems with a semantic
content can be proven by using induction on the construction of the expres—
sion under consideration. Logic textbooks usually do not say much about the
motivation for their approach or about the principles of logic. In any case,
I have not succeeded in finding a quotation in logic textbooks concerning
the background of their compositional approach. Therefore, here is one from
another source. In a remark concerning the work of Montague, Partee says
the following about the role of compositionality in logic (PARTEE 1975,
p.203):

A central working premise of Montague's theory [..] is that the syn—
tactic rules that determine how a sentence is built up out of smaller
syntactic parts should correspond one—to-one with the semantic rules
that tell how the meaning of a sentence is a function of the meanings




of ite parts. This idea is not new in either linguistics or philosophy;
in philosophy it has its basis im the work of Frege, Tarski, and Carnap,
and it is standard in the treatment of formalized languages [..]

Since almost all semantic work in mathematical logic is based upon Tarski,
mathematical logic is indirectly based upon this principle of composition-
ality of meaning.

In the field of semantics of programming languages compositiomality is
implicit in most of the publications, but it is mentioned explicitly omnly by
few authors. In a standard work for the approach called 'denotational se-
mantics', the author says (STOY 1977, pp.12-13):

We give 'semantic valuation functioms' which map syntactic constructs
in the program to. the abstract values (numbers, truth values, . functions
ete.) which they denote. These valuation funcmons are usually recur—
stvely defined: the value denoted by a construct is specified in terms
of the values denoted by its syntactic subcomponents [..].

It becomes clear that this aspect is a basic principle of this approach
from a remark of Temment in a discussion of some proposals concerning the
semantics of procedures. Tennent states about a certain proposal the fol=-
lowing (NEUHOLD 1978,p.163).

Your first two semantics ave not 'denotational' inm the sense of Scott/
Stracheyﬂwilne because the meaning of the procedure call construct is
not defined in terms of the meanings of its components, they are thus
partly operational in nature.

Milner explicitly mentions compositionality as basic principle (MILNER 1975,
p.167):

If we accept that any abstract semantics should give a way of composing
the meanings of parts into the meaning of the whole [..].

As motivation for this approach, he gives a very practical argument (ibid.
p.158):

The designer of a computing system should be able to think of his
system as a composite of behaviours, in order that he may factor his
design problem into smaller problems [..].

Mazurkiewics mentions naturalness as a motivation for following the prin-
ciple (MAZURKIEWICS 1975, p.75).

One of the most watural methods of assigning meantngs to programs is to
define the meaning of the whole program by the meanings of its con—
stituents [..].

We observe that the principle arises in connection with semantics in
many fields. In the philosophical literature the principle is almost always
attributed to Frege, whereas in the fields of programming and natural lan-
guage semantics this is not the case. Authors in these fields give a prac-

tical motivation for obeying the principle: one whishes to deal with an




infinity of possibilities in some reasonable, practical, understandable,

and (therefore) finite way.
2. FREGE AND THE PRINCIPLE

"2.1. Introduction

In the previous section we observed that several philosophers attribute
the principle of compositionality to Frege. But it is not made clear what
the relationship is of the principle to Frege, and especially on what grounds
the principle is attributed to him.

In his standard work on Frege, Dummett devotes a chapter to 'Some
theses of Frege on sense and reference'. The first thesis he considers is
(DUMMETT 1973, p.152):

The sense of a complex is compounded out of the senses of the consti-
tuents.

Since sense is about the same as meaning (this will be explained later),
the thesis expresses the principle of compositionality of meaning. Unfor-
tunately, Dummett does not relate this thesis to statements in the work of
Frege, so it remains unclear on what writings the claim is based that it is
a thesis of Frege. The authors quoted in the previous section who attribute
the principle to Frege, do not refer to his writings either.

In the previous section we met a remark by Popper stating that the
principle is not explicit in Frege's work, but that it is certainly impli-
cit. The connection with Frege is, according to Cresswell, even looser. He
says (CRESSWELL 1973, p.75):

For historical reasons we call this Frege's principle. This name must
not be taken to imply that the principle is explicitly stated in Frege.

And in a footnote he adds to this:

The ascription to Frege is more a tribute to the general tewor of his
views on the analysis of language.

However, Creswell does not explain these remarks any further. So we
have to conclude that the literature gives no decisive answer to the ques—
tion what the relationship is of the principle to Frege. I will try to
answer the question by considering Frege's publications and investigating

what he explicitly says about this subject.




2.2. Grundlagen

The study of Frege's publications brings us to the point of terminolo-
gy . Frege has introduced some notions associated with meaning, but his ter-
minology is not the same in all his papers. Dummett says about 'Die .Grund-
lagen der Arithmetic' (FREGE 1884) the following (DUMMEIT 1973, p.193):

When Frege wrote 'Grundlagen', he had not yet formulated his distine-—
tion between sense and reference, and so it is quite possible that the
words 'Bedeutung' and 'bedeuten'’, as they occur in the various state-
ments L..] have the more general senses of 'meaning' and 'mean’ [..].

This means that in 'Grundlagen' we have to look for Frege's remarks
concerning the 'Bedeutung' of parts. He is quite decided on the role of
their Bedeutung (FREGE 1884, p.XXII):

Als Grundsitze habe ich in dieser Untersuchung folgende festgehalten:
L..3 nach der Bedeutung der Worter muss in Satzzusammenhiinge, wnicht
in threr Vereinzelung gefragt werden [..]

He also says (FREGE 1884, p.73):

Nur im Zusammevhange eines Satzes bedeuten die Worter etwas.

Remarks like these ones arerepeatéd, heavily underlined, several times in
'Grundlagen' (e.g. on p.71 and p.116). The idea expressed by them is some-
times called the principle of contextuality. Contextuality seems to be in
conflict with compositionality for the following reason. The principle of
compositionality requires that words in isolation have a meaning, since
otherwise there is nothing from which the meaning of a compound expression
can be built. A principle of contextuality would deny that words in isola-
tion have a meaning.

Dummett discusses the remarks from 'Grundlagen', and he provides an
interpretation in which they are mot in conflict with compositionality
(DUMMETT 1973, pp.196-196). A summary of his interpretation is as follows.
The statements express that it has no significance to consider first the
meaning of a word in isolation, and next some unrelated other question.
Speaking about the meaning of a word makes only significance ‘as preparation
for considering the meaning of a sentence. The meaning of a word is deter-—
mined by the role it plays in the meaning of the sentence.

Following Dummett's interpretation, the remarks from Grundlagen have
not to be considered as being in conflict with the principle of composi-
tionality. It is quite well possible to build the meaning of a sentence
from the meanings of its parts, and to base at the same time the judge-
ments about the meanings of these parts on the role they play in the sen—

tences in which they may occur. As a matter of fact, this approach is often




followed (for instance in the field of Montague grammars). In this way a
bridge is led between compositionality and contextualit&. But even with this
interpretation, the statements formulated in Grundlagen cannot be considered
as propagating compositionality: nothing is said about building meanings of
sentences from meanings of words.

Dummett's interpretation weakens the statements from 'Grundlagen' con-
siderably. Unfortunately, Dummett hardly explains on which grounds he thinks
that his interpretation coincides with Frege's intentions when writing
'Grundlagen'. He provides, for instance, no references to writings of Frege.
I tried to do so, but did not find passages supporting Dummett's opinion.
Dumme tt makes the remark that statements like the ones from 'Grundlagen'
make no subsequent appearence in Ffege's works. This is probably correct
with respect to Frege's published works, but I found some statements which
are close to those 'Grundlagen' in Frege's correspondence and in his posthu-
mous writings. They do not express the whole context principle, but repeat
the relevant aspect: that expressions outside the context of a sentence have
no meaning. In a letter to E.V. Huntington, probably dating from 1902, Frege
says the following (GABRIEL 1976, p.90).

Solehe Zeichenverbindungen wie "a+b", "f(a,b)" bedeuten also wnichts,
und haben fiir sich allein keinen Sinn [..]

In 'Einleitung in die Logik', dating from 1906, he says (HERMES 1969,
p.204):

Durch Zerlegung der singuliren Gedanken erhdllt man Bestandteile der
abgeschlossenen und der ungesdttigten Avt, die freilich abgesondert
nicht vorkommen.

In an earlier paper (from 1880), called 'Booles rechmende Logik und die
Begriffsschrift', he compares the situation with the behaviour of atoms
(HERMES 1969, p.19).

Ich mbchte dies mit dem Verhalten der Atome vergleichen, von denen man
annwimmt, dass nie eins allein vorkommt, sondern nur in einer Verbin—
dung mit andern, die es nur verlisst, um sofort in eine andere ein-
zugehen.

The formulation of the statements from 'Grundlagen' is evidently in
conflicet with the principle of compositionality. From our investigations it
appears that related remarks occur in other writings of Frege. This shows
that the formulation used in 'Grundlagen' is not just an accidental, and
maybe unfelicitous expression of his thoughts. For this reason, and for the
lack of evidence for Dummett's interpretation, I am not convinced that
Frege's clear statements have to be understood in a weakened way. I think

that they should be understood as they are formulated. Therefore I conclude




that in the days of 'Grundlagen' Frege probably would have rejected the

principle of compositionality, and, in any case, the formulation we use.

2.3. Sinn und Bedeutung

In 'Ueber Sinn und Bedeutung' (FREGE 1892) the notions 'Sinn' and 'Be-
deutung' are introduced. Frege uses these two already existing German words
to name two notions he wished to discriminate. The subtle differences in
the original meaning of these two words do not cover the different use Frege
makes of them. For instance, it is very difficult to account for their dif-
ferences in meaning in a translation. Frege himself has been confronted with
these problems as appears from a letter to Peano (GABRIEL 1976, p.196):

[..] Sie [..] sagen, dass zwei deutschen Worterwn, die i{ch verschieden
gebrauche, dasselbe italienische nach den Worterbiichern entspreche.
Am ndchsten scheint mir dem Worte 'Sinn' das italienische 'semso' und
dem Worte 'Bedeutung' das italienische 'significaszione' zu kommen.

Concerning the terminology DUMMETT (1973, p.84) gives the following infor-—
mation. The term 'Bedeutung' has come to be conventionally translated as
'reference'. Since 'Bedeutung' is simply the German word for 'meaning', one
cannot render 'Bedeutung' as it occurs in Frege by 'meaning', without a
special warning. The word 'reference' does not belie Frege's intention,
though it gives it a much more explicit expression. Concerﬁing 'Sinn', which
is alwéys translated 'sense', Dummett says that to the sense of a word or
expression only those features of meaning belong which are relevant to the
truth-value of some sentence in which it may occur. Differences in meaning
which are mot relevant in this way, are relegated by Frege to the 'tone'

of the word or expression. In this way Dummett has given an indication what
Freage intended with sense. It is not possible to be more precise about the
meaning of 'Sinn'. As van Heyenoort says (Van HEYENOORT 1977, p.93):

As for the 'Simn' Frege gzves examples, but never presents a precise
definition.

And Thiel states (THIEL 1965, p.165):

What Frege understood as the 'sense' of an expression is a problem
that is so dijficult that one generally weakens 1t to the question
of when in Frege s semantics two expressiors are tdenﬁzcal in sense
(syronymous) ¢

I will not try to give a definition; it suffices for our purposes to con-
clude that the notion 'Simn' is very close to the notion 'meaning'. There-
fore we have to investigate Frege's publications after 1892 to see what he
says about the compositionality of Sinn. What he says about compositionali-

ty of 'Bedeutung' is a different story (as illustration: he explicitly




rejected that in 1919 (HERMES 1969, p.275), but this is not the case for
compositionality of 'Sinn', as will appear in the sequél).

In 'Ueber Sinn und Bedeutung', I found one remark concerning the rela-
tion between the senses of parts and the sense of the whole sentence. Frege
discusses the question whether a sentence has a reference, and, as an ex-
ample, he considers the sentence Odysseus wurde tief schlafend in Ithaka
ans Land gesetzt. Frege says that if someone considers this sentence as true
or false, he assigns the name Odysseus a reference (Bedeutung). Next he
says (FREGE 1892, p.33).

Nun wére aber das Vordringen bis zur Bedeutung des Namens filberflilssig:
man kénnte sich mit dem Siwnne begniigen, wenn man beim Gedanken stehen—
bletben wollte. Kime es nur auf den Sinn des Satzes, den Gedanken, an,
so wére es unnbtig sich um die Bedeutung eines Satzteils zu Kilmmern;
filr den Sinn des Satzes kann ja nur der Simn, nicht die Bedeutung
dieses Teils in Betracht kommen.

So Frege states that there is a connection between. the sense of the whole
sentence, and the senses of the parts. He does, however, not say anything
about a compositional way of building the sense of the sentence. More in
particular, the quotation is neither in conflict with the compositionality
principle, nor with the statements from 'Grundlagen'.Therefore I agree with
BARTSCH (19782a), who says that, in 'Ueber Sinn und Bedeutung', Frege does
not speak, as is often supposed, about the contribution of the senses of

parts to the senses of the compound expression.
2.4. The principle

Up till now we have not found any statement expressing the principle
of compositionality. But there are such fragments. The most impressive one
is from 'Logik in der Mathematik', an unpublished manuscript from 1914
(HERMES 1969, p.243).

Die Leistungen der Sprache sind wunderbar. Mittels wewiger Laute und
Lautverbindungen ist ste imstande, ungeheuer viele Gedanken auszudriick—
en, und gwar auch solche, die noch nie vorher ven einem Menschen gefasst
wnd ausgedriickt worden gind. Wodurch weraen diese Léistungen mbglich?
Dadurch, dass die Gedanken aus Gedankerbausteinen aufgebaut werden.

Und diese Bausteine entsprechen Lautgruppen, aus denen der Satz aufge—
baut wird, der den Gedanken ausdriickt, sodass dem Aufbau des Satzes

aus Satzteilen der Aufbau des Gedavkens aus Gedankenteilewn entspricht.
Und den Gedankentetil karm man den Sinn des entsprechendes Satzteils
nennen, so wie man den Gedanken als Sinn des Satzes aufassen wird.

This fragment expresses the compositionality principle. However, the frag-
ment is not presented as a fragment expressing a basic principle. It is

used as argument in a discussion, and does not get any special attention.




The quotation from 'Logik in der Mathematik', presented above, is con-
sidered very remarkable by the editors of Frege's posthhmous works. They
have added the following footnote in which they call attention to other
statements of Frege which seem to conflict with the quotation in considera~
tion (HERMES 1969, p.243)

An anderen Stellen schrinkt Frege diesen Gedanken—Atomismus allerdivgs
in dem Sinne ein, dass man sich die Gedanketeile nicht als van den Ge-
darken, in denen sie vorkommen, urnabhivngige Bausteine vorstellen dilrfe.

They give two references to such statements in Frege's posthumous writings
(i.e. the book they are editors of). One is from 'Booles rechnende Logik..'
(1880), the other from 'Einleitung in die Logik' (1906). I have quoted these
fragments in the discussion of 'Grundlagen'. In this way the editors suggest
that the fragment from 'Logik in der Mathematik' is a slip of the pen, and
a rather incomplete formulation of Frege's opinion concerning these matters.
The fragment under discussion does, however, not stand on its own. Al-
most the same fragment can be found in 'Gedankefiige' (FREGE 1923). I present
the fragment here in its English translation from 'Compound thoughts' by
Geach and Stoothoff (p.55).

It zs asto_m’shin% what language can do. With a few syllables it can ex-
press an tnealeulable number of thoughts, so that even a thought grasped

by a terrestrial being for the very first time can be put into a form of

words which will be understood by someone to whom the thought is en—
tirely new. This would be impossible, were we not able to distinguish
parts in the thought corresponding to the parits of a sentence, so that
the structure of the sentence serves as an image of the structure of
the thought.

Moreover, in a letter to Jourdain, written about 1914, Frege says (GABRIEL
1976, p.127):

Die Mbglichkeit fiir uns, Sdtze zu verstehen, die wir noch nie gehdrt
haben, beruht offerbar darauf, dass wir den Siwmn eines Satzes aufbauen
aus Teilen, die den Wortern entsprechen.

It is a remarkable fact that all quotations propagating compositionali-
ty are written after 1910: '"Gedankenfige' (1923), 'Logik in der Mathematik'
(1914), letter to Jourdain (1914). I have not succeeded in finding such
quotations in earlier papers. But the statements which seem to conflict
with compositionality are from an earlier period: 'Booles rechnende Logik
«..."(1880), 'Grundlagen' (1884), letter to Huntington (1902), 'Einleitung
in die Logik' (1906). This shows that, say after 1910, Frege has written
about these matters in a completely different way than before. From this T
conclude that his opinion concerning these matters changed. On the other

hand, Frege never put forward the idea of compositionality as a principle.
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It was rather an argument, although an important one, in his discussions.
I would therefore not conclude to a break in his thoughfs; rather it seems
me to be a shift in conception concerning a detail.

In the light of this change, the following information appears relevant.
In 1902 Frege received a letter from Russell in which the discovery was
mentioned of the famous contradiction in naive set theory, and, in parti-
cular, in the theory of classes in Frege's 'Grundgesetze'. About the in-
fluence of this discovery on Frege, Dummett says the following (DUMMETT 1973,
p.657): ‘

It thus seems highly probable that Frege came quickly to regard his
whole programme of deriving arithmetic from logic as having failed.
Such a supposition is not only probable in itself: it is in complete
harmony with what we know of his subsequent carveer. The fourth period
of his life may be regarded as rumning from 1905 to 1913, and it was
almost entirvely unproductive. )

For this reason I consider it as very likely that in this period Frege was
not concerned with issues related to compositionality. Then it is under-
standable that after this period he writes in a different way about the de—
tail of compositionality (remind that it never was a principle, but just an

argument) .
2.5. Conclusion

My conclusions are as follows. Before 1910, and in any case especially
in the years when he wrote his most important and influential works, Frege
would probably have rejected the compositionality principle, in any case
the formulation we use nowadays. After 1910 his opinion appears to have
changed, and he would probably have accepted the principle, in any case the
basic idea expressed in it. However, Frege never put forward such an idea
as a basic principle, it is rather an argument in his discussions. There-
fore, calling the compositionality principle 'Frege's principle' is above
all, honouring his contributions to the study of semantics. But it is also

an expression of his final opinion on these matters.
3. TOWARDS A FORMALIZATION

In this section, I will give the motivation for a formalized version
of the compositionality principle. It is not my purpose to formalize what
Frege or other authors might have intended to say when uttering something

like the principle. I rather take the principle in the given formulation
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as a starting point and proceed along the following lines: the (formalized
version of) the principle should have as much content as possible. This
means that the principle should make it possible to derive interesting con-—
sequences about those grammars which are in accordance with the principle,
and at the same time it should be sufficiently abstract and universal to be
applicable to a wide variety of languages. From the formalization it must be
possible to obtain necessary and sufficient conditions for a grammar to be
in agreement with the compositionality principle.

Consider a language L which is to be interpreted in some domain D of
meanings. The kind of objects D consists of depends on the language under
consideration, and the use on wishes to make of the semantics. In this sec-—
tion such aspects are left unspecified. Defining the semantics of a lan-
guage consists in defining a suitable relation between expressions in L and
semantic objects in D. Then the compositionality principle says something
about the way in which this relation between L and D has to be defined
properly.

In the formulation of the principle given in section 1, we encounter
the phrase 'its parts'. Clearly we should not allow the expressions of L to
be split in some random way. In the light of the standard priority conven-—
tions, the expression y+8 is not to be considered as a part of the expres=
sion 7.y + 8.x; so the meaning of 7.y + 8.x does not have to be built up
from the meaning of y 1+ g. It would also be pointless to try to build the
meaning of some compound expression directly from the meanings of its atomic
symbols (the terminal symbols of the alphabet used to represent the lan-
guage) . Since distinct expressions consist of distinct strings of symbols,
there is always some dependence of the meanings of the basic symbols. Con=
sequently such an interpretation would trivialize the principle. Another

“ trivialization results by taking all expressions of the language to be
'basic', and interpreting them individually. The principle is interesting
only in case the 'parts' are not trivial parts. Traditionally, the true de-
composition of an expression into parts is described in the syntax for the
language. Thus a language, the semantics of which is defined in accordance
with the principle, should have a syntax which clearly expresses what the
parts of the compound expressions are.

Let the language L, together with the set of expressions we wish to
consider as parts, be denoted by E. In order to give the principle a non-
trivial content, we assume that the syntax of the language consists of

rules of the following form:
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If one has expressions ElseeE then one can build the compound ex—
pression Sj(El""’En)' :

Here Sj is some operation on expressions, and Sj(El""’En) denotes the re-

sult of application of Sj to the arguments E ""’En' If the rules have the

i
above format, we define the notion 'parts of' as follows.

If expression E is built by a rule S. from arguments E ,...,E_, then
L 1 n
the parts of E are the expressions Ey,...,Ej.

It often is the case that a rule does not apply to all expressions in
E, and that certain groups of expressions behave the same in this respect.
Therefore the set of expressions is divided into subsets. The names of these
subsets are called types or sorts in logic, eategories in linguistics, and
types or modes in programming languages. Often the name of a set and the
set itself are identified and I will follow this practice. Instead of speak-
ing about elements of the subset of a certain type, I will speak about the
elements of a certain type, etc. The use of names for subsets allows us to
specify in each rule from which category its arguments have to be taken,
and to which category the resulting expression belongs. Thus, a syntactic
rule Sj has the following form:

If one has empressions Ei,...,E, of the categories Cy,...,C, respec-
tively, then one can form the expression Sj(E],...,En) of category
“Cn+l' ’

An equivalent formulation is:
Rule Sj 18 a function from "Cyx...xCy to Chyuys

.. ,Sjt C1 X o ea. X Cn hd Cn+1.
Suppose that a certain rule Si is defined as follows:
. = B
8;: ¢y x €y > Cg, where Si(El’EZ) E.E,.
This means that Si concatenates its arguments. Then our interpretation of

the principle says that the meaning of E has to be built up from the

%2
meanings of E1 and EZ' A case like this comstitutes the most elementary
version of the principle. A compound expression is divided into real sub-
expressions, and the meaning of the compound expression is built up from
the meanings of these subexpressions. In such a case the formalization
coincides with the simplest, most intuitive conception of the principle:
parts are visible as parts. But in some situations one might wish to con-
sider as part an expression which is not visible as a part. We will meet
several examples in later chapters. One example is the phenomenon of dis-
continuous constituents. The phrase take away is not a subphrase of take

the apple away; it is not visible as a part. Never the less, one might
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wish to consider it as a unit which contributes to the meaning of tgke the
apple away, i.e. as a part in the sense of the principie. The above defini-
tion of 'part' gives the possibility to do so. If the phrase take the apple
away is produced by means of a rule which takes as arguments the phrases

the apple and take away, then take away is indeed a part in the semnse of the
definition. The definition generalizes the principle for rules which are

not just a concatenation operation, and consequently the parts need not be
visible in the expression itself.

There are no restrictions on the possible effect of the rules S.. They
may concatenate, insert, permute, delete, or alter (sub)expressions of their
arguments in an arbitrary way. A rule may even introduce symbols which do
not occur in its arguments. Such symbols are called syncategorematic sym—
bols. These are not considered as parts of the resulting expression in the
sense of the principle, and therefore they do not contribute a meaning from
which the meaning of the compound can be formed. I will assume in general
that the rules are total (i.e. they are defined for all expressions of the
required categories). In chapter 6 partial rules will be discussed.

The just illustrated abstraction means that we have lost the most in-
tuitive conception of the principle. But it is not unlikely that several
authors who mention Frege's principle only have the most ihtuitive version
in mind. In order to avoid confusion, I will call the more abstract version
not 'Frege's principle', but 'the compositionality principle'. As for the
simple rules, where only concatenation is used, our interpretation of the
principle coincides with the most intuitive interpretation. In more complex
cases, where it might not be intuitively clear what the parts are, our in-
terpretation can be applied as well. If one wishes to stick to the most in-
tuitive interpretation of the principle, one must use only concatenation
rules. In that way one would restrict considerably the applicability of
grammars satisfying the framework (see chapter 2, section 5).

So far we have not considered the possibility of ambiguities. It is
not excluded that some expression E can be obtained both as E = Si(EI""’En)
and as E = Sj(E;""’E;R' In practice such ambiguities frequently arise. In
a programming language (e.g. in Algol 68), the procedure identifier random
can be used to denote the process of randomly selecting a number, as well as
to denote the number thus obtained. The information needed to decide which
interpretation is intended, is present in the production tree of the program,
where the expression random is either of type 'real' or not. In natural

languages ambiguities arise even among expressions of the same category.




15

Consider for instance the sentence JoAn runs or walks and talks. I1ts meaning
depends on whether talks is combined with walks, or with rums or walks. Al-
so here, the information needed to solve the ambiguity is hidden in the pro-
duction tree, In the light of such ambiguities, we cannot speak in general
of the meaning of some expression, but only of its meaning with respect to
a certain derivational history. If we want to apply the compositionality
principle to some language with ambiguities, we should not apply it to the
language itself, but to the corresponding language of derivational histories.
In computer science it is generally accepted that the derivational
histories form the real input for the semantical interpretation. SCHWARTZ
(1972, p.2) state:

We have sufficient confidence in our understanding of syntactic analysis
to be willing to make the outcome of syntactic analysis, namely the syn—
tax tree representation of the program into a standard starting point
for our thinking on program semantics. Therefore we may take the se—
mantic problem to be that of associating a value [..] with each ab-
stract program, i.e. parse tree.

In the field of semantics of natural languages, it is also common practice
not to take the expressions of the language themselves as input to the se-—
mantical interpretation, but structured versions of them. KATZ & FODOR
(1963, p.503) write:

Pig. 6 shows the imput to a semantic theory to be a sentence S together
with a structural description consisting of the n~derivations of S,
dy,dy,...,d,, one for each of the n ways that S is grammatically ambi-
guous.

L¢3

The book of Katz and Fodor is one of the early publications about the posi-
tion of semantics in transformational grammars. There has been a lot of
discussion in that field concerning the part of the derivational history
which may actually be used for the semantic interpretation. In the so-called
'standard theory' only a small part of the information is used: the 'deep
structure'. In the 'extended standard theory', one also uses the informa-
tion which 'transformations' are applied, and what the final outcome, the
tsurface structure', is. In the most recent proposals, the view on syntax
and its relation with semantics is rather different.

As a matter of fact, neither Schwartz, nor Katz and Fodor use the same
(semantic) framework we have. They are quoted here to illustrate that the
idea of using information from the derivational history as input to the
semantic component is not unusual.

Let us now turn to the phrase 'composed from the meanings of its

parts'. Consider again a rule Si which allows us to form the compound
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expression Si(El"'°’En) from the expressions El""’En' Agsume ﬁoreover
that the meanings of ‘the Ek are the semantical objects Dk' According to the
principle, the information we are allowed to use for building the meaning of
the compound expression consists in the meanings of the parts of the expres—
sion and the information which rule was applied. As usual, 'rule' is inten—
ded to take into account the order of its arguments. So the meaning of a
compound expression is determined by an n-tuple of meanings (of its parts)
and the information of the identity of the rule. This is in fact the only
information which may be used. If it would be allowed to use other informa-
tion (e.g. syntactic information concerning the parts), the principle would
not express the whole truth, and not provide a sufficient condition. Thus
the principle would tend to become a hollow phrase.

As argued for above, I interpret the compositionality principle as
Sfating that the meaning of a compound expression is determined completely
by the meanings of its parts and the information which syntactic rule is
used. This means that for each syntactic rule there is a function on meanings
which yields the meaning of a compound expression when it is applied to the
meanings of the parts of that expression. So for each syntactic rule there
is a corresponding semantic operation. Such a correspondence is not unusual;
it can be found everywhere in mathematics and computer science. If one en-
counters for instance a definition of the style 'the function fxg is defined
by performing the following calculations using f and g...', then one sees
in fact a:syntactic and a semantic rule. The syntactic rule introduces the
operator * between functions and states that the result is again . a function,
whereas the semantic rule tells us how the function should be evaluated

If we use the freedom allowed by the principle at most, we may asso~
ciate with each syntactic rule Si a distinct semantic operation Ti. So the
most general description of the situation is as follows. The meaning of an
expression formed by application of Si to (El""’En) can be obtained by
application of operator Ti to (Dl""’Dn)’ where Dj is the meaning of E..
These semantic operators Ti may be partially defined fumctions on the set D
of meanings, since Ti has to be defined only for those tuples from D which
may arise as argument of Ti' These are those tuples which can arise as
meanings of arguments of the syntactic rule Si which corresponds with Ti'

In this way the set E leaves a trace in the set D. The set of meanings of
the expressions of some category forms a subset of D which becomes the set
of possible arguments for some semantic rule. Thus the domain D obtains a

structure which is closely related to the structure of the syntactic domain
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E. Our formalization of the compositionality principle may at this stage be
summarized as follows.

Let 8;: C ) *...x C_ ~+C be a syntactic rule, and M: E ~ D be a fune-
tion bhicﬁ assignsna megning to an expression with given derivational
history. Then there is a function T.: M(Cl) X...0x M(C) + M(C +1) such
that M(S, (E ,...,E ))=T, (M(E ), ..., HE ). n v

In the process of formalizing the principle of compositionality we have
now obtained a special framework. The form of the syntactic rules and the
use of sorts give the syntax the structure of, what is called, a 'many-
sorted algebra'. The correspondence between syntax and semantics implicates
that the semantic domain is a many-sorted algebra of the same kind as the
syntactic algebra. The meaning assignment is not based upon the syntactic
algebra itself, but on the associated algebra of derivational histories. The
principle of compositionality requires that meaning assignment is a homo-
morphism from that algebra to the semantic algebra. Note that the principle,
which . is formulated as a principle for semantics, has important consequences
not only for the semantics, but also for the syntax.

The approach described here, is closely related to the framework devel-
oped by the logician Richard Montague for the treatment of syntax and se-
mantics of natural languages (MONTAGUE 1970b). It is also closely related
to the approach propagated by the group called 'Adj’ for the treatment of
syntax and semantics of programming languages (ADJ 1977, 1979). Comnsequent-—
ly frameworks related to the one described here can be found in the publi-
cations of authors following Adj (for references see ADJ 1979), or follow-—
ing Montague (for references see DOWTY, WALL & PETERS 1981, or the present
book) . The conclusion that the principle of compositionality requires an
algebraic approach is also given by MAZURKIEWICS (1975) and MILNER (1975),
without, however, developing some framework. The observation that there is
a close relationship between the frameworks of Adj and Montague, was in-

dependently made by MARKUSZ & SZOTS (1981), ANDREKA & SAIN (1981), and
Van - EMDE BOAS & JANSSEN (1979).

4, AN ALGEBRAIC FRAMEWORK

In this section I will develop the framework sketched in section 3.
Arguments concerning the practical use of the framework will influence this
further development. The mathematical theory of the framework will be in-
vestigated in chapter 3.

The central notiomns in our formalization of the principle of




is

compositionality are 'many-sorted algebra' and 'homomorphism'. An algebra
consists of some set (fhe elements of the algebra)] and a set of operations
defined on those elements. A many-sorted algebra is a generalization of this.
It consists of a non—empty set S of sorts (types, modes, or categories), for
each sort s € § a set AS of elements of that sort (AS is called the carrier

of sort s), and a collection (FY)Y of operations which are mappings from

el
cartesian products of specified carriers to a specified carrier. So in order
to determine a many-sorted algebra, one has to determine a 'sorted' family
of sets and a collection of operators. This should explain the following

definition.

4.1. DEFINITION. A many-sorted algebra A is a pair <(AS)S€S,§>, where

1. S is a non-empty set, its elements are called the sorts of A.

2. AS is a set (for each se€S8), the carrier of sort s.

3. F is a collection of operators defined on certain n-tuples of sets As,
where n>0.

4.1. END.

Structures of this kind have been defined by several authors, using differ-

ent names; the name 'many-sorted algebra' is borrowed from ADJ(1977). Notice

that in the above definition there are hardly any restrictions on the sets

and operators. The carriers may be non-disjunct, the operators may perform

any ‘action, and the sets involved (except for S) may be empty.

In order to illustrate the notion 'many-sorted algebra', I will pre-
sent three examples in an informal way. I assume that these examples are
familiar, andvI will, therefore, not describe them in detail. The main in-
terest of these examples is that they illustrate the notion of a many-sorted
algebra. The examples are of a divergent nature, thus illustrating the

generality of this notion.

4.2, EXAMPLE: Real numbers. . 7

Let us consider the set of real numbers as consisting of two sorts.
Neg and Pos. The carrier RNeg of sort Neg consists of the negative real
numbers, the carrier RPos of sort Pos of the positive real numbers, zero
included. An example of an operation is sqrt: RPOS - RPos’ where sqrt yields
the square root of a positive number. For Rneg there is no corresponding
operation. Since we consider (in this example) the real numbers as a two-
sorted algebra, there are two operations for squaring a number. One for

squaring a positive number (sqpos: RPos - RPos) and one for squaring a
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negative number (sgneg: RN RP ). Since these two operatlons are close-

ly related, we may use the same symbol for both operations: ( )

4.3, EXAMPLE: Monadic Predicate Logic

Sorts are Atom, Pred and Form. The carrier AAtom of sort Atom consists
of the symbols 215859 .- and the carrier APred of the sort Pred consists of
the predicate letters PisPoses - The carrier AForm consists of formulas
1ike‘Pf(a1), Wpl(al), and Pl(az)VPZ(aB). Two examples of operators are as
follows.

1. The operation Apl: A?red AFor ..Apl assigns to predicate P and

Atom
atom .2 the formula where P is applied to a; viz. p(a).

2. The operation Disj: AForm +>AForm > AForm' Disj assigns totwo formulas ¢
and ¢ their disjunction ¢ VvV y¥.

Notice that (in the present algebraization) the brackets (,); and the disjunc~

tion symbol V are syncategorematic symbols.

4.4, EXAMPLE: English

Examples of sorts are Sentence, Verb phrase, and Noun phrase. The car-
rier of sort Sentence consists of the analysis trees of English sentences,
and the carriers of other sorts of trees for expressions of other sorts.
An example of an operator is TNeg: Sentence - Sentence. The operator Tﬁég
assigns to an analysis tree of an English sentence the analysis tree of the
negated version of that sentence. An explicit and complete description of
this algebra I cannot provide. This example is mentioned to illustrate that

complex objects like trees can be elements of an algebra.

4.4, END.

As explained in the previous section, we do not assign meanings to the
elements of the syntactic algebra itself, but to the derivational histories
associated with that algebra. These derivational histories form an algebra:

if expressions E, and E, can be combined to expression E then the deri-

1 3?

vational histories of E1 and E2 can be combined to a derivational history

of E3. So the derivational histories comstitute a (many-sorted) set in

which certain operations are defined. Hence it is an algebra. The nature

of the operations of this algebra will become evident when we consider be-

low representations of derivational histories. ‘
Suppose that a certain derivational history consists of first an ap-

plication of operator S, to basic expressions E, and E,, and of next an

1 1
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application of 32 to E3 and the result of the first step. A description
like this of a derivational history is not suited to be used in practice
(e.g. because of its verbosity). Therefore formal representations for deri-
vational histories will be used (certain trees or certain mathematical ex-—
pressions).

In Montague grammar one usually finds trees as representation of a de-
rivational history. The history described above is represented in figure 1.
Variants of such trees are used as well. Often .the names of the rules are
not mentioned (e.g. SI’SZ)’ but their indices (viz. 1,2). Sometimes the rule,
or its index is not mentioned, but the category of the resulting expression.
Even the resulting expressions are sometimes left out, especially when the
rules are concatenation rules (figure 2). The relation between the repre-
sentations of derivational histories and the expressions of the languages
is obvious. In figure 1 one has to take the expression labelling the root
of the tree, and in figure 2 one has to perform the mentioned operations.
(For this kind of trees, it usually amounts to a concatenation of the ex-—

pressions mentioned at the leaves (i.e. end-nodes)).

w[szj s,
AN N
¢[\si] E, S, Ey
/
oo S
Figure 1. Representation of -a Figure 2, Alternative representation

derivational history

An alternative representation originates from the field of algebra.
Derivational histories are represented by a compound expressions, consisting
of basic expressions, symbols for the operators, and brackets. The deriva-
tional history from figure | is represented by the expressiom:

SZ(SI(EI’EZ)’EZ)' »

Such expressions are called terms. The algebra of terms corresponding with
algebra A is called the term algebra TA. From a term one obtaines an ex-—
pression of the actual language by evaluating the term, i.e. by applica-
tion of the operators (corresponding with the operator symbols) to the men-

tioned ‘arguments. The representations we have met of derivational histories

are, from a mathematical viewpoint, equivalent to each other. In theoretical
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discussions the term representation will be used.

MONTAGUE (1970b) introduced the name 'disambiguatéd language' for the
algebra of derivational histories. The relation between the disambiguated
language and the language under consideration (he calls it R) is completely
arbitrary in his approach. The only information he provides is that it is a
binary relation with domain included in the disambiguated language (MONTAGUE
1970b, p.226). From an algebraic viewpoint this arbitrariness is very un-—
natural, and therefore I restrict this relation in the way described above
(evaluating the term, or taking the expression mentioned at the root). This
is a restriction on the framework, but not on the class of languages that
can be described by the framework (see chapter 2).

The tree representations are the most suggestive representations; and
they are most suitable to show complex derivational histories. The term
representations take less space and are suitable for simple histories and
in theoretical discussions. In the first chapters I will mainly use terms,
in later chapters trees. According to the framework we have to speak about
the meaning of an expression relative to a derivational history. In.prac-
tice one often is sloppy and speaks about the meaning of an expression
(when the history is clear from the context, or when there is only one).

After this description of the notion of a many-sorted algebra, I will
introduce the other central notion in our formalization of the principle of
compositionality: the notion 'homomorphism'. It is a special kind of mapping

between algebras, and therefore first mappings are introduced.

4.5. DEFINITION. By a mapping m from an algebra A to an algebra B is under-
stood a mapping from the carriers of A to the carriers of B. Thus:
m: U ‘AS >~ U BS.
seSA seSB

4.,5. END.

A mapping is:called a homomorphism if it respects the structures of the al-
gebras involved. This is only possible if the two algebras have a similar
structure. By this is understood that there is a one-one correspondence be-
tween the sorts in the one algebra and in the other algebra, and between
the operators in the onme algebra and in the other algebra. The latter means
that if an opérator is defined for certain sorts in the one algebra, then
the corresponding operator is defined for the corresponding sorts in the

other algebra. This should describe the essential aspects of the technical
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notion of 'similarity' of two algebras; a formal definition will be given
in chapter 2. Then the definition of a homomorphism given below, will be
adapted accordingly, and the slight differences with the definitions in the

literature (Montague, Adj) will be discussed.

4,6. DEFINITION. Let A = <(AS)S€S,E? and B = <(Bt) G> be similar algebras.

s

A mapping h from A to B is called a homomorphism izezhe following two con-

ditions are satisfied

1. h respects the sorts, i.e. h(AS) S Bt’ where t is the sort of B which
corresponds to sort § of A.

2. h respects the operators, i.e. h(F(al,...,an) = G(h(al),...,h(an).) where
G € .G is the operator of B which corresponds to F ¢ F.

4.6. END

Now that the notions of a many sorted algebra and of a homomorphism

are introduced, I will present two detailed examples.
4.7. EXAMPLE : Fragment of English.

Syntactic Algebra

The syntactic algebra E consists of some English words and sentences

I. Sorts
8y = {Sent,Subj,Verb}
II. Carriers
ESubj = {John, Mary,Bill}
Evarb = {runs, talks}
ESent = {John runs, Mary runs, Bill runs, John talks, Mary talks, BZlLl
talks}
ITI. Operations
C: E x E -5E

Subj Verb Sent
defined by C(a,B) = oB

So C(John, runs) is obtained by concatenating Jokn and rums, thus

yielding John runs.

Semantic Algebra

The semantic Algebra M consists of model-theoretic entities, such as

truth values and functions.
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Sorts

SM = {e, t,<e,t>}

So there are three sorts: two sorts being simple symbols (e ~ entity,
t ~ truthvalue), and the compound symbol <e,t> (function from e to t).
Carriers

M

{true,false} The carrier Mt consists of two elements, the truth-

values ¥rue and false.

e, and e, .

" 2 3

i
-
0]
-
o]

se.} The set Me consists of three elements: e

M = (M) The carrier M<e > consists of all functions from
>
Me to Mt' This set has 8 elements.

Operations
There is one operation in M: the operation F of function application.
F: M x + M ’
e M<e,t> t’
where F(o,B) is the result of application of 8 to argument a.

The algebras E and M are similar. The correspondence of sorts is

~ e, Verb ~ <e,t>, Sent ~ t,‘and operation C corresponds to F. Although

the algebras F and M are similar, they are not the same. For instance, the

number of elements in Ev differs from the number of elements in E

erb <e,t>"

There are a lot of homorphisms from T (the derivational histories in

E

E), to M. An example is as follows.

Let h be defined by

h{John) = e h(BZIl) = ey h(Mary) = ey
h(runs) is the function f1 which has value true for all e ¢ Mé

h(talks) is the function f, which has value false for all e ¢ Mé

2

Furthermore we define h for the compound terms.

h(C(John,runs)) = h(CMary,runs)) = h(C(BLLll,runs)) = true
h(C(John, talks)) = h{(C(Mary,talks)) = h(C(BLLL,talks)) = false

The function h, thus defined, is a homomorphism because

1. h(T

M, h(T ) cM

E,Subj) < Ve E,Verb <e,t>’ h(TE,sent) © ME

2. h(C(a,B)) = F(h(a),h(B)) for all subjects o and verbs 8.

h is defined for T

It is easy to define other homomorphisms frmmTF to M. Notice that once

and for T then there is no choice left for

E,Subj E,Verb’

the definition of h for T (provided that we want h to be a homo~-

E,Sent

morphism) .
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4.8.

EXAMPLE : Number denotations

Syntactic Algebra

Ir.

III.

The algebra Den of natural number denotations is defined as follows
Sorts

Spen = {digit,num}

Carriers

Dyigit = {0,1,2,3,4,5,6,7,8,9}

D om = {0,1,2,8,...10,11,...01,02,..010,..001,..007,..... }

So D m is the set of all number denotations, including denotations

digit “ Dnum'

with leading zero's. Notice that D
Operators

There is one operation.

C: D pum * D.idigit - Dﬂum

where C is defined by C(a,8) = af.

So C concatenates a number with a digit.

Semantic Algebra

II.

III.

The algebra Nat of natural numbers is defined as follows

Sorts
S gt = {dsuk.
Carriers

N consists of the natural numbers up to nine (zero and nine included)

d
Nn consists of all natural numbers.

Operations
There is one operation:

F: N x N, >N
n n

d
where F is defined as multiplication of the element from Nn by ten,

followed by addition of the element from Nd.

A natural homomorphism h from Den to Nat is the mapping which associates

with a digit or number denotation the corresponding number. Then h(C(2,7))

«hi{7) becaise both denotations are mapped onto the number seven. That this

h is a homomorphism is clear since F describes the semantic effect of C,

e.g:

4.8.

h(Cc(82,7)) = F(h(82), h(7)).
END




25

Syntax is an algebra, semantics is an algebra, and meaning assignment
is a homomorphism; that is the aim of our enterprise. Bht much work has to
be done in order to proceed in this way. Consider the two examples given
above. The carriers were defined by specifying all their elements, the ho-
momorphisms were defined by specifying the image of each element, and the
operations in the semantic algebra were described by means of full English
sentences. For larger, more complicated algebras this approach will be very
impractical. Therefore a lot of technical tools will have to be introduced
before we can deal with an interesting fragment of natural language or pro-—
gramming language. Consider again the first example (i.e. 4.7). The semantic
operation corresponding to the concatenation of a Subj and a Verb was de-
scribed as the application of the function corresponding to the verb to the
element corresponding to the subject. One would like to use standard nota-
tion from logic and write something like Verb(Subj). Thus omne is tempted to
use some already known language in order to describe a semantic operation.
This is the method we will employ in the sequel. If we wish to define the
meaning of some fragment of a natural language, or of a programming language,
we will not describe the semantic operations in the meta-language (for in-
stance a mathematical dialect of English), but use some formal language, the
meaning of which has already been defined somehow: we will use some formal
or logical language. Thus the meaning of an expression is defined in two

steps: byitranslating first, and next interpreting, see figure 3.

Natural or Programming Language

J translation

Logical or Formal Language j

1 interpretation

Meanings for the natural or programming language

Figure 3. Meaning assignment in two steps.

Figure 3 illustrates that the semantics of the fragment of English is
defined in a process with two stages. But is this approach in accordance

with our algebraic aim? Is the mapping from the term algebra corresponding




26

with the syntax of English o the algebra of meanings indeed a homomorphism?
The answer is that we have to obey certain restrictioné, in order to be sure
that the two-stage process indeed determines a homomorphism. The translation
should be a homomorphism from the term algebra for English to the logical
language and the interpretation of the logical language should be a homo-
morphism as well. Then, as is expressed in the theorem below, the composi-

tion of these two mappings is a homomorphism.

4.9. THEOREM. Let A,B, and C be similar algebras, and h: A > B and g: B +~ C
homomorphisms. Define the mapping heg: A + C by (heg)(a) = g(h(a)). Then
hog Zs a homomorphism.

PROOE.

1. (heg)(AS) c g(h(AS)) S g(BS,) c Cs"’ where s' and s" are the sorts in B
and C corresponding with s.

2, Let Gy’ HY be the operators in B and C corresponding with F . Then
(heg) (FY(al,...,an)) = g(h(FY(a],---,an))) = g(GAY(h(a]) »--+5b(a ) =
= HY(g(h(au),...,g(h(an))) = HY((h°g) (al) ,,~.-,(h°g)(ah))

4,9. END.

The semantical language does not always contain basic operators which
correspond to the operators in the syntax. In the example concerning natu-
ral number denotations there is no basic arithmetical operator which cor-
responds to the syntactic operation of concatenating with a digit. I de~
scribed the semantic operator by means of the phrase 'multiplication of the
element from Nn with ten; followed by an addition with the element of Né.
One is tempted to indicate this operation not with this compound phrase,
but with something like '10 X number + digit'. One wishes to use a compound
expression from the language of arithmetic for the semantic operation which
corresponds to the concatenation operation, i.e. to build new operations
from old omnes.

The situation I have just described, is the one which almost always
arises in practice. One wishes to define the semantics of some language.
The set of semantic objects has some 'natural' structure of its own, and
a 'natural' semantical language which reflects this structure. So this
"natural' semantical language has not the same algebraic structure as the
language for which we wish to describe the semantics. Therefore we use the
semantical language (usually some kind of formal or logical language) to

build a new algebra, called a derived algebra. We make new operations by
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forming compound expressions which correspond with the syntactic operations
of the language for which we wish to describe the semantics. This situation
is presented in figure 4; the closed arrows denote mappings, the dotted ar-
rows indicate the construction of a new algebra by means of the introduction

of new operations (built from old ones).

Syntactic Term—algebra of the lan-

guage under consideration

l translation homomorphism

Syntactic algebra of Derived syntactic algebra of the
______ - o

logical language adapted logical language

l interpretation homo- l interpretation homomor—:

morphism phism
Meanings for logical Derived meanings for logical lan-
language | - guage (and for language under con-
sideration)

Figure 4. Meaning assignment using derived algebras

In this way, we have derived a new syntactic algebra from the syntac-—
tic algebra of the logical language. The syntactic algebra of which we wish
to define the semantics is translated into this derived algebra. Now the
question arises whether this approach is in accordance with our aim of de-
fining some homomorphism from the syntactic algebra to the collection of
meanings. The theorem that will be mentioned below guarantees that under
certain conditions this is the case. The interpretation of the logical lan-
guage has to be a homomorphism, and the method by which we obtain the de-
rived algebra is restricted to the introduction of new operators by compo-
sition of old operators. Such operators are called polynomials; for a for-
mal description see chapter 2. If these conditions are satisfied, then the
interpretation homomorphism for the logical language is also an interpre-
tation homomorphism of the derived algebra (when restricted to this algebra).
Composition of this interpretation homomorphism with the translation homo-
morphism gives the desired homomorphism from the language under considera-
tion to its meanings. The theorem is based upon MONTAGUE (1970b), for its

proof see chapter 2.




28 -

4.10. THEOREM. Let A and B be similar algebras and h: A +~ B a homomorphism
onto B. Let A' be an algebra obtained from A by means of introduction of
polynomially defined operators over A.

Then there is a unique algebra B' such that h is a homomorphism from A' on—
to B'.

4.10. END

Finally I wish to make some remarks about the translation into some
logical language. As I explained when introducing this intermediate step,
it is used as a tool for defining the homomorphism from the syntactic al-
gebra to the semantic one. If we would appreciate complicated definitions in
the meta language, we might omit the level of a translation. It plays no es-
sential role in the system, it is there for convenience only. If convenient,
we may replace a translation by another translation which gets the same in-
terpretation. We might even use another logical language. So in a Montague
grammar there is nothing which deserves the name of the logical form of an
expression. The obtained translation is just one representation of a seman-—
tical object, and might freely be interchanged with some other representa-
tion. KEENAN & FALTZ (1978), in criticizing the logical form obtained in a
Montague grammar, criticize a notion which does not exist in Montague gram-

mar .
5. MEANINGS

5.1. Introduction

In this section some consequences are considered of the requirement of
a homomorphic mapping from the syntactic term algebra to the semantic al-
gebra. These consequences are considered for three kinds of language: na-
tural languages, programming languages and logical languages. It will ap-
pear that the requirement of associating a single meaning with each expres-
sion of the language helps us, in all three cases, to find a suitable for-
malization of the notion of meaning. Furthermore, an example will be con-—
sidered of an approach where the requirement of a homomorphic relation be-

tween syntax and semantics is not obeyed.
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5.2. Natural Language

Consider the phrase the queen of Holland, and assume that it is used
to denote some person (and not an institution). Which person is denoted, de-
pends on the moment of time one is speaking about. This information can
usually be derived from the linguistic context in which the expression oc-—
curs. In
(1) The queen of Holland is married to Prince Claus.
Queen Beatrix is meant, since she is the present queen. But in
(2) In 1910 the queen of Holland was married to Prince Hendrik.
Queen Wilhelmina is meant, since she was the queen in the year mentioned.
So one is tempted to say that the meaning of the phrase the queen of Holland
varies with the time one is speaking about. Such an opinion is, however,
not in accordance with our algebraic (compositional) framework. The approach
which leads to a single meaning for the phrase under discussion is to in-
corporate the source of variation into the notion of meaning. In this way
we arrive at the conception that the meaning of the phrase the queen of
Holland is a function from moments of time to persons. For other expressions
(and probably alsec for this one) there are more factors of influence (place
of utterance, speaker,..). Such factors are called indices; a function with
the indices as domain is called an intension. So the meaning of an expres-—
sion is formalized by an intension: our framework leads to an intensional
conception of meaning for natural language. For a more detailed discussion
concerning this conception, see LEWIS 1970, A logical language for dealing
with intensions is the language of 'intensional logic'. This language will

be considered in detail in chapter 3.

5.3. Programming Language

Consider the expression z+I1. This kind of expressions occurs in almost
every programming language. It is used to denote some number. Which number
is denoted depends on the internal situation in the computer at the moment
of consideration. For instance, in case the internal situation of the com—
puter associates with x the value seven, then x+1 denotes the number eight.
So one is tempted to say that the meaning of x+] varies. But this is not
in accordance with the framework. As in example 1, the conflict is resolved
by incorporating'the source of variation into the notion of meaning. As
the meaning of an expression like x+7 we take a function from computer

states to numbers. On the basis of this conception a compositional treatment




30

can be given of meanings of computer languages (See chapter 10). States of
the computer can be considered as an example of an indéx, so also in this

case we use an intensional approach to meaning. In the publications of Adj
a related conception of the meaning of such expressions is given, although
without it calling an intension (see e.g. ADJ 1977, 1979).

Interesting in the light of the present approach is a discussion in
PRATT 1979. Pratt discusses two notions of meaning: a static notion (an ex-
pressions obtains once and for all a meaning), and a dynamic notion (the
meaning of an expression varies). He argues that (what he takes as) a static
notion of meaning has no practical purpose because we frequently use expres-—
sions which are associated with different semantic objects in the course
of time. Therefore he develops a special logic for the treatment of seman-—
tics of programming languages, called 'dynamic logic'. But on the basis of
our framework, we have to take a 'static' notion of meaning. By means of
intensions we can incorporate all dynamics into such a framework. Pratt's
dynamic meanings might be considered as a non-static version of intensional

logic.

5.4. Predicate logic

It is probably not immediately clear how predicate logic fits into the
algebraic framework. PRATT (1979,p.55) even says that 'there is no funéfion
F such that the meaning of Vxp can be specified with a constraint of the
form u(Vxp) = F(u(p))'. In our algebraic approach we have to provide for
such a meaning function u and operator F.

Let us consgider the standard (Tarskian) way of interpreting logic. It
roughly proceeds as follows. Let @ be a model and g be an @-assignment. The
interpretation in @ of a formula ¢ with respect to g, denoted ¢g, is then
recursively defined. One clause of this definition is as follows (here 1
denotes the truth value for truth).

(¢ A I8 is 1, if ¢B is 1 and v& is 1.

This suggest that the meaning of ¢ A ¥ is a truth value, which is obtained
out of the truth values for ¢ and for Y. Another clause of the standard way
of interpretation is not compatible with this idea.

[3X¢(x)]g is 1,1f there is a g’ 38 such that [¢(x)]g' is 1.

(Here g' 7 g means that g' is the same assignment as g except for the

possible difference that g'(x) # g(x)).

This clause shows that the concept of meaning being a truth value is too

simple for our algebraic framework. One cannot obtain the truth value of
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'3x¢(x) (for a certain value of g) out of the truth value of ¢(x) (for the

same g). If we wish to treat predicate logic in our frémework, we have to
find a more sophisticated notion of meaning for it.

Note that there is not a single truth value in the semantic domain which
corresponds with ¢(x). Its interpretation depends on the interpretation of
x, and in general on the interpretation of the free variables in ¢, and
therefore on g. In analogy with the previous examples, we incorporate the
variable assignment into the concéption of meaning. The meaning of a formula
is a function from variable assignments to truthvalues, namely the function
which yields 1 for an assignment in case the expression is true for that
assignment. With this conception, we can easily build the meaning of ¢ A ¢
out of the meaning of ¢ and of P: a function which yields 1 for an assign-
ment iff both the meanings of ¢ and of ¢ yield 1 for that assignment. The
formulation becomes simpler by adopting a different view of the same si-
tuation. A function from assignments to truthvalues can be considered as
the characteristic function of a set of assignments. Using this, we may
formulate an alternative definition: the meaning of a formula is a set of
variable assignments (namely those for which the formula gets the truth
value 1). Let M denote the meaning assignment function. Then we can write:

M(pAY) = M(¢) n M(P).

For the other connectives there are related setitheoretical operations.
Thus this part of the semantic domain gets the structure of a Boolean al-
gebra.

For quantified formulas we have the following formulation.

M(3x4) = {h | h ;g and g M(9)].

Let CX denote the semantical operation described at the right hand side of
the = sign, i.e. CX is the operation 'extend the set of assignments with all
x variants', The syntactic operation of writing 3x in front of a formula
now has a semantic interpretation: namely apply CX to the meaning of ¢.

M(3x¢) = M(3x) (M($)) = C_M(¢) .

In this algebraization there are infinitely many operations which introduce
the existential quantifier. One might wish to go one step further and pro-
duce 3x from 3 and x. This would require that given the meaning of a vari-
able (being a function from assignments to values) we are able to deter-
mine of which variable it is a meaning. This is not an attractive algebraic
operation, and therefore this last step is not made. I conclude that we have
obtained a compositional interpretation of predicate logic: a homomorphism

to some semantic algebra. One might say that it shows how we have to look
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at the Tarskian interpretation of logic in oxrder to give it a compositional
perspective.

The view on the semantics of predicate logic presented here is not new.
Some logic books are based on this approach in which the meaning of a quan-
tified formula is a set of assignments (MONK 1976, p.196, KREISEL &
KRIVINE 1976, p.17). The investigations on the algebraic structure of pre-~
dicate logic constitute a special branch of logic: the theory of cylindric
algebras. It requires a shift of terminology to see that the kinds of struc-
tures studied there is the same as those introduced here. An assignment can
be considered as an infinite tuple of elements in the model: the first ele-
ment of the tuple is the value for the first variable, etcetera. Thus an
assignment: can be considered as a point in an infinite dimensional space.
So if ¢ holds for a set of assignments, then ¢ is interpreted as the set of
corresponding points in this universe. The operator Cx applied to a point p
causes that all points are added which differ from p only in their x-coor=-
dinate. Geometrically speaking, a single point extends to an infinite stick.
1f Cx is applied to a set consisting of a circle area, then this is extended
to a cylinder. Because of this effect, CX is called a cylindrification oper-
ator, and in particular, the x~-th cylindrification. (see figLS) The alge-
braic structure obtained in connection with predicate logic is called =
cylindric set-algebra. These algebras and their conmnmection with logic are
studied in the théory of cylindric algebras (see HENKIN, MONK & TARSKI 1971).

The original motivation for studying cylindric algebras was a technical
one. Cylindric algebras were introduced to make the application of the power-—
ful tools of algebra possible in studying logics, as can be read in HENKIN,
MONK & TARSKI (1971, p.1): '

| This theory [..] was originally designed to provide an apparatus for
an algebraic study of first order, predicate logic.

New in the above discussion was the motivation which led us towards cylin-
dric algebras. In my opinion, the compositional approach gives rise to a
more direct introduction to this field than the existing one. Moreover, on
the basis of the approach given above, it is not too difficult to find al=-
gebras for other order logics, such as intensional logic.

It cannot be said that the theory of cylindric algebras itself is a
flourishing branch of logic nowadays. But the use of algebra is widespread
in model theory (i.e. the branch of logic which deals with interpretations):
Often one uses the terminology and techmniques from universal algebra, as is

evidenced by the amount of universal algebra in 'Model theory' by CHANG &
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KEISLER (1973), and by the amount of model theory in 'Universal algebra' by
GRAETZER (1968). Results from one field are proven using methods from the
other field in Van BENTHEM (1979b). Algebraic interpretations of several non-
classical logics are given by RASIOWA (1974). Important results concerning

modal logics are obtained, using algebraic techniques, by Blok (e.g. BLOK
1980) .

{g|[3X3¢]g=true}

{g¥¢g=true}

Figure 5. A cylindrification

The present discussion should not be understood as claiming that the
only legitimate way of studying (predicate) logic is by means of (cylindric)
algebras. There are a lot of topics concerning logic that can be studied,
and each has a natural viewpoint. For instance, if one is studying deduc—
tion systems, a syntactic point of view is the natural approach. One should
take that view which is the best for one's current aims. What I claim is

that, if one is studying semantics, then there has to be an algebraic
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interpretation existing in the background, and one should take care that

this interpretation is not violated by what one is doiﬁg.
5.5. Strategy

In all three examples :discussed above, we followed the strategy of
first investigating what a meaning should do, and then defining such an en~
tity as the formalized notion of meaning which does that and which satis-—
fies the compositionality principle. In all examples such an entity was ob-
tained by giving the notion of meaning a sufficient degree of abstraction.
By proceeding in this way (first investigating, then defining) we follow
the advice of LEWIS (1970,p.5)

In order to say what a meaning is,we may first ask what a meaning does
and then find something that does that.

5.6. Substitutional Interpretation

Next I will discuss an approach to the semantics of predicate logic
which is not compositional with respect to the interpretation of quanti-
fiers. For the interpretation of Ix[¢(x)] an alternative has been proposed
which is called the 'substitutional interpretation’. It says:

Ix ¢(x) Zs true iff there is some substitution a for x such that oL a)
is true.

Whether this definition is semantically equivalent to the Tarskian defini-
tion depends, of course, on whether the logical language contains a name
for every element of the semantic domain or not. A definition like the
above one can be found in two rather divergent branches of logic: in philo-
sophical logic, and in proof theory.

In philosphical logic the substitutional interpretation has been put
forward by R. Marcus (e.g. MARCUS 1962). Her motivation was of an ontologi-
cal nature. Consider sentence (3).

(3) Pegasus is a winged horse.

According to standard logic, (4) is a consequence of (3), and Marcus ac-
cepts this consequence.

(4) 3x(x is a winged horse) .

She argues, however, that one might believe (3), without believing (5).

(5) There exists at least one thing which 1s a winged horse.

This opinion has as a consequence that the quantification used in (4) can-
not be considered as an existential quantification in the ontological sense.

The substitutional interpretation of quantifiers allows her to have (4) as
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a consequence of (3), without being forced to accept (5) as a consequence.
KRIPKE (1976) discusses this approach in a more formal way. As syntax
for the logic he gives the traditional syntax: 3Ix¢(x) is produced from ¢(x)
by placing 3x in front of it. According to such a grammar ¢(a) .certainly is
not a part of Ix¢(x). This means that the substitution interpretation is
not a compositional interpretation (this was noticed by Tarski, as appears

from a footnote in PARTEE (1973,p.74)).

In proof theory the substitutional interpretation is given e.g. in
SCHUETTE 1977. In his syntax he constructs Vx¢(x) from ¢(a), where a is ar-
bitrary. So the formula Vx¢(x) is syntactically rather ambiguous: It has as
many derivations as there are expressions of the form ¢(2). Given one such
production, it is impossible to define the interpretation of Vx4(x) on the
basis of the interpretation of the formula ¢(a) ffom which Vx¢ (%) was built
in the parse under consideration. It may be the case that Vx¢(x) is false,
and ¢(a) is true for some a, but false for another one. So we see that the
truth value of Vx¢(x) cannot depend on the truth value of ¢{a) for any single
a, Hence in this case the substitutional interpretation does not satisfy the
compositionality principle.

If one wishes to define the semantics in a compositional way, and to
follow at the same time the substitutional interpretation of quantifiers,
then the syntax has to contain an infinitistic rule which says that all ex-
pressions of the form ¢(a) are part of Vx¢(x). Such an infinitistic rule
has not been proposed by authors which follow the substitutional interpre-

tation.
6. MOTIVATION

In this section I will give several arguments for accepting the com—
positionality principle and the formalization given for it. I will give
three kinds of arguments. The first kind is very general and argues for
working within some mathematically defined framework. The second kind of
arguments lists benefits of working with the present framework, and is
based upon the properties of the framework. The third kind concerns the
principle itself. As a matter of fact, this entire book is intended as a
support for the algebraic formalization of the compositionality primciple,
and many of the arguments will be worked out in the remainder of this book.

Regarding the first kind of argumewnts: it is very useful to work with-
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in some mathematically well defined framework. Such a standard framework
gives rise to a language in which one can formulate obéervatibns, relations
and géneralizations. It is a point of departure for formulating extensions, -
restrictions and deviations. If one has no standard framework, then when~-
ever one considers a new proposal, one has to start anew in obtaining in-
tuitions concerning properties of the system, and to check whether old
knowledge still holds. It is then difficult to see whether the proposals
within some framework are in accordance with those in other frameworks, and
whether they can be combined into a coherent treatment. If one wishes to
design a computer program for Montague grammars, then one has to design for
each proposed extension or variant a completely new program, unless all
proposals fit into a single framework. This experience was my original mo-
tivation for the whole research presented in this book. But the final result
ig independent of this motivation: only at a few places programming con-
siderations are mentioned (viz. here and in chapters 6 and 7).

The second kind of arguments is based upon the quality of the frame-
work.
a) Elegance

The framework presented here is mathematically rather elegant. This is
appearent especially from the fact that it is based upon two simple mathe-
matical notions: many-sorted algebra and homomorphism. The important tool
of a logical language is combined in an elegant way with these algebraic
notions. One should, however, not confuse the notion of 'elegant' with 'ele~-
mentary' or 'easy to understand'. That the system is elegant, is due to its
abstractness, and this abstractness might be a source of difficulties in
understanding the system. The insight obtained from the abstract view on the
framework led to an answer to a question of PARTEE 1973 concerning restric-—
tions on relative clause formation, see chapter 8 or JANSSEN 198la. It also
led to an application in a rather different direction by providing a seman-
tics for Dik's functional grammar, see JANSSEN 1981b.
b) Generality

The framework can be applied to a wide variety of languages: natural,
programming and logical languages. See chapter 3 for an application to logic,
éhapter'lo for an application to programming lamguages, and the other chap—
ters of this book for applications to natural languages.
¢) Restrictiveness

The framework gives rise to rather strong restrictions concerning the

organization of syntax and semantics, and their mutual relation. The use
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of polynomial operators especially constitutes a concrete, practical re-
striction. For a discussion of several deviations from the present frame-—
work, see chapters 5 and 6.
d) Comprehensibility

The argument given by Milner (see section 1) for designers of computing
systems can be genmeralized to: 'if someone describes the semantics of some
language, he should be able to think of the description as a composite of
descriptions, in order that he may factor a semantic problem into smaller
problems'. And what is said here for the designer of a system, holds at
least as much for someone trying to understand the system. This property of
the system is employed in the presentation of the fragment in chapter 4.
e) Power

The recursive definitions used in the framework allow us to apply the
technique of induction. Statements concerning structures and expressions
can be proved by using induction to the complexity of the elements involved.
Especially in chapters 2 and 3 this power is employed.
f) Heuristic tool

A most valuable argument in favor of the principle and its formaliza-

“tion is its benefit for the practice of describing semantics of languages.

Examples of this benefit, however, would require a detailed knowledge of
certain proposals. Therefore some quotations have to suffice. )
ADJ 1979 (p.85) say about the algebraic approach:

The belief that the ideas presented heve are key, comes from our ex-—
perience over the last eight years in developing and applying these
concepts.

Furthermore they say (op.cit.p.88):

When one becomes familiar with such concepts (and the results concern—
ing them) they provide a guide as to what ome should look for, and as
to how to formulate one's defiwnitions and results.

Van EMDE BOAS & JANSSEN 1979 (p.112) claim:

It will turn out that quite often some complicated description in a
semantic treatment actually hides a deviation from the principle. Con-
fronted with such a violation the principle sometimes suggests an al-
ternative approach to the problematic situation which does obey the
principle and solves the problem easier than thought to be possible.
Such cases establish the value of the principle as a heuristic tool.

Both papers contain a lot of evidence for their claims. I will present
several examples supporting them: concerning programming languages in
chapter 10, and concerning natural languages in the other chapters.

The last kind of arguments concerns the principle itself.
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g) No alternative

An important argument in favor of ‘the principle is that there is no
competing principle. Authors not working in accordance with the principle
do not, as far as I know, put forward an alternative general principle with
a mathematical formalization. The principles one finds in the literature
are language-specific, or specific for a certain theory of languages, but
never principles concerning a framework.
h) Widespread

As demonstrated in section 1, the principle of compositionality is
widespread in sciences dealing with semantics; it arises in philosophy,
linguistics, logic and computer science.
i) Psychology

An argument sometimes put forward is that the principle reflects some-
thing of the way in which human beings understand natural language. The
principle explains how it is possible that a human being, with his finite
brain, can understand a potentially infinite set of sentences. Or to say
it in Frege's words (as translated by Geach & Stoothof (FREGE 1923, p.35)):

[..] even a thought grasped by a terrestrial being for the first time
can be put into a form of words which will be understood by someomne to
whom the thought is entirely new. This would be impossible, were we
not able to distinguish parts in the though correspornding to the parts
of a sentence [..].

The last two arguments I do mot consider as very strong. As for argu-
ment h), I think that the principle is so popular because it is so vague.
There are many undefined words in the formulation of the principle, so that
everybody can find his own interpretation in it. As for argument i), we
know so little about the process in the human brain associated with learning
or understanding matural language, that arguments concerning psychological
relevance are no more than speculations. I would not like to have the mathe-
matical attractiveness of the framework disturbed by further speculations
of this nature. The most valuable arguments are, in my opinion, those con-
cerning the elegance and power of the framework, its heuristic value, and
the lack of a mathematically well defined alternative. So I adhere to the
principle for the technical qualities of its formalization.

An argument not found above is the truth of the principle: a statement
like 'The semantics of English is compositiomal'. Such an argument would
not be convincing since it is circular. In section 5, I gave examples which
illustrated that the principle, and especially the requirement of similarity,

may lead us to a certain conception of meaning. And in section 3 I gave a
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definition of the notion 'parts' which made it possible to have 'abstract
parts'. So there is a large freedom: we may choose whaf the parts are of an
expression, and what the meanings are of those parts. In such a situation
it is not surprising that there is some choice which gives rise to a compo-—
sitional treatment of the semantics. In the next chapter I will prove that
it is possible within this framework to generate every recursively enumerable
language, and to relate with every sentence any meaning we would like. If
someone wishes to doubt the principle, this only seems possible if he has
some judgements at forehand about what the parts of an expression are, and
what their meanings are. In the light of the power and flexibility of the
framework, it cannot be refuted by pointing out in some language a phenome-
non which requires a non-compositional treatment. I expect that problematic
cases can always be dealt with by means of another organization of the syn-
tax, resulting in more abstract parts, or by means of a more abstract con-
ception of meaning. The principle only has to be abandoned if it leads too
often to unnecessarily complicated treatments.

As appears from this discussion, the principle of compositionality is
not a principle about languages. It is a principle concerning the organiza-
tion of grammars dealing both with syntax and semantics., The arguments given
above for adhering to the principle, are not based on phenomena in languages,
but on properties of grammars satisfying the framework. If ome is not pleased
with the power of the grammars, one might formulate severe restrictions
within the framework. In' the light of the examples to be given in chapter 5,
it seems that the framework as it is, gives, from a practical viewpoint,

already more than enough restrictions.
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CHAPTER II

THE ALGEBRAIC FRAMEWORK

ABSTRACT

In this chapter a formal framework is defined for the description of
the syntax and semantics of languages. The theory of many-sorted algebra
which is needed for this framework is explained, and special attention is
paid to the motivation and mathematical justification of the framework. The
framework is a synthesis of the approaches of Montague and Adj and it con-

stitutes a formalization of the principle of compositionality of meaning.

unicorn

lTr

unicorn
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I'. INTRODUCTION

The aim of this chapter is to present a mathematical description of a
framework for the description of syntax and semantics of languages. The
framework is a formalization of the principle of compositionality of meaning.
The framework is based upon universal algebra: a branch of mathematics which
is concerned with the general theory of algebraic structures (the standard
work in this field is GRAETZER 1968). Universal algebra deals with the gen-
eral structures we need, and it provides a language which allows us to speak
with precision about such abstract structures. The most important contribu-
tion of universal algebra to this book consists of the concepts it provides.
I will hardly use any deep mathematical results from universal algebra, but
mainly rather elementary notions ‘such as '"subalgebra', 'homomorphism' and
'polynomial’ (here generalized to the case of many sorted algebras).

The framework I will present is designed with two predecessors in mind:
'Universal Grammar' (MONTAGUE 1970b), and 'Initial algebra semantics' (ADJ
1977) . Montague did not use many sorted algebras, although it is the natural
mathematical notion for his purposes. The group Adj was not primarily in-
terested in developing a general framework, but in its practical applica-
tions. The present framework is based upon the ideas of Montague, and on
the techniques of Adj, and as such it is new. In a few cases, a definition
or theorem concerning this framework deviates considerably from what can be
found in the literature. The present framework is developed for practical
purposes, and I constantly kept PIQ (MONTAGUE 1973) and its successors in
mind. As often happens in applying mathematics, the available theory was
not applicable in its original form. I had to invent definitions myself,
with the literature as a source of analogous notions (this point is also
made in Van BENTHEM 1979a,p.l17). In the presentation much attention is paid
to the motivation of the definitions: if one understands why definitions
are the way they are, then it is possible to predict what happens when the
conditions in the definitions are violated. The insights developed in this
chapter will also be useful in the discussion of several deviations from
the framework (see chapter 5). My aim is to give a comprehensible'descrip—
tion of an elegant, very abstract mathematical system. In one respect this
attempt probably has not been successful: the description of how to obtain
new algebras out of old ones. There is no general theory which I could use

here, and T had to apply 'ad hoc' methods (see sections 6 and 7).
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2. ALCEBRAS AND SUBALGEBRAS

In chapter 1 it was explained that the key notions in our formalization
- of the compositionality principle are the motions 'many=-sorted algebra' and
"homomorphism'. For several reasons these definitions have to be refined.
The definition of 'many sorted algebra' is given below; the definition of

'homomorphism' will be given in section 6.

2.1. DEFINITION. A many-sorted algebra of signature (S,T,t1) is a pair
<(As)ses’(FY)veF i
a) S is a non—empty set; its elements are called sorts.
b) (As)ses

of sort s.

> such that
is an indexed family of sets. The set AS is called the carrier

c) T is a set; its elements are called operator indices.
d) Tt is a function such that
1:T>3" xS wherene N and n > 0.
Thus the function T assigns to each operator index y a pair <w,s>, where
s is a sort, and w = DETERRRTE e is an n-tuple of sorts. Such a pair de-
notes the type of the operator with index y. Therefore the pair is called

an operator type, and the function t is called a type assigning function.

e) (Fy)yef is an indexed family of operators such that if
T(y) = <<8,,...,8 >,5_ > then F Aslx"'XAsn - Asn+]
2.1, END

The definition given above is due to J. Zucker (pers.comm.); it is
very close to the one given in ADJ 1977. The main difference is that we
have no restrictions on the carriers: they may have an overlap, be included
in each other or some may be equal. Another, minor, difference is that we
have no nullary operators (i.e. it is not allowed in clause d) that n=0).
For a motivation and discussion of these differences, see sections 8 and 9.
Structures like many sorted algebras are introduced, under different names,
in BIRKHOFF & LIPSON 1970 (heterogeneous algebras) and HIGGINS 1963 (alge-
bras with a scheme of operators).

The different components of the above definition are illustrated in

the following example

2.2. EXAMPLE. I describe an algebra E consisting of some English words and

sentences.
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a) The set of sorts § = {Sent, Term, Verb}

b) The carriers are

ETerm = {John, Mary}
EVerb = {run}
ESent = {John runs, Mary runs}

¢) The set of operator indices I = {1}

d) The type assigning function 7 is defined by t(1) = <<Term,Verb>,Sent>.

e) The set of operators is {Fl}' This operator consists of first adding an
g to its first argument, followed by a concatenation of its first argu-

ment with its thus changed second argument. So

Fl(a,s) = ao Bs (e.g. Fl(John, run) = John runs)
2.2. END

In this example I have followed the definition in order to illustrate
the definition. It is, however, not the most efficient way to represent the
required information. There are several conventions which facilitate these
matters. The sorts may be used to denote the carriers as well: we will write

a € s instead of a ¢ A. We often will write A when (AS)S€S or UseS(As) is
meant, but we will use A for the algebra itself as well. By a I-algebra we
understand an algebra with signature %. We will avoid to mention S,F and T
when they become clear from the context (or are arbitrary). These conveh—
tions are employed in the example which will be given below. A final remark
about the notation in MONTAGUE 1970b. There an algebra is denoted as
<AS’FY>s€S,YeF' I agree with LINK & VARGA (1975) that this is not a correct
notation for what is intended: an algebra is not a collection of pairs, but

a pair consisting of two collections (the carriers and the operators).

2.3. EXAMPLE. The algebra <A,F> is defined as follows.
Its sorts are
Nat = {0,1,2,3..} (the natural numbers)
Boo].={£5233§§l§g} (the truth values)

Its operators are

F<: Nat x Nat - Bool where F(a,B) = true if o < B
{EEEEEE otherwise
F>: Nat x Nat - Bool where F(a,B) ={E§1§i if o > 8B
false otherwise

So <As’FY> is a two sorted algebra with two operators of the same type.
S,T and 1 are implicitly defined by the above description.

2.3. END
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It is useful to have some methods to define a new algebra out of an
old one. An important method is by means of subalgebras. A subalgebra is,
roughly, a collection of subsets of the carriers of an algebra which are
closed under the operations of the original algebra. The theorems and defi-
nitions which follow, are generalizations of those for the one-sorted case
in GRAETZER 1968.

2.4. DEFINITION. Let A = <(A)

<) ses’ (FY)Y€T> be an algebra. A subalgebra of

A is an algebra
B = <(BS)
such that

(F!)

' >
se€S’ Ty yel
1) for each s € S it holds that BS c AS
2) for each y € T it holds that F; = FY+B. (i.e. F; is the restriction of
F  to B).
Y

2.4, END

Note that from the requirement that B is an algebra, it immediately
follows that F;(bl,...,bn) € B. In the sequel we will not distinguish
operators of the original algebra and operators of its subalgebras (e.g.
we will not use primes to distinguish them). The next example illustrates

this.

2.5. EXAMPLES. Let E be the algebra from example 2.2. Hence E is defined by:

E = <(Es)se{Term;Verb;Sent}’{F1}>
where ETerm = {John,Mary}, EVerb = {run},
ESent = {John runs, Mary runs}
and F.: E

1 Term * EVerb > ESent

is defined by F( aBs.

a,8)

Some examples of subalgebras are:
I. E itself is a subalgebra of E.
II. Let B, = {Joln}, B

= {run}, and B = {John runs}.

Ter Verb Sent
Then B = <(BS)S€S,{F1}> is a subalgebra of E.
III. Let Cp = {Maryl, Cyerb = {run}, and Coent = g.

Then C = <(Cs)ses’{Fi}> is not a subalgebra of E.
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IV. Let DTerm = {John}, DVerb = (¢, and DSent = {Mary rqns}.
Then D = <(Ds)ses’{F1}> is a subalgebra of E, although a rather strange
one.

2.5. END

A sorted collection of subsets of an algebra may be contained in sever-
al subalgebras. There is a smallest one among them, namely the intersection
of these subalgebras. This is proven in the next theorem, this probably cor-
responds with the mysterious 'theorem due to Perry Smith' mentioned in

MONTAGUE 1973 (p.253).
2.6. THEOREM. Let <(B(l)) S,(F )Y€T ieT be a collection subalgebras of the
algebra <(A )ses’(F >. For each s we define, Cs (B(l)) Then

yeT 1eI
<Cs’Fy> 18 a subalgebra of A.

PROOF. We have to prove that <C FY> is closed under the operations FY

Let t(y) = DACTPRRRPLNE k+l> and ¢y € Cs sereac, € Cs .

. k
Then for all i ¢ I: ¢, € B(l),..., c, € Bkl).
1 $4 k S
So for all i: F (cl,...,c ) € B( i , and consequently
) L
F (c seeraCp ) € N, B =C .
1 iel "8 Skl

k+l1
2.6. END

We will often be interested in the smallest algebra containing a given

collection of subsets. Then the following terminology is used.

2.7. DEFINITIONS. Let <A,F> be an algebra, and H a sorted collection of
subsets of A. The smallest subalgebra of A containing H is called the sub-
algebra generated by H. This algebra is denoted by <[H],F>, and its ele-
ments are denoted by [H]. A sorted collection H of subsets of an algebra
<A,F> is called a generating set if <[H1,F> = <A,F>. The elements of the
sets in H are called generators.

2.7. END

Theorem 2.6. characterizes the algebra <[GJ],F> as the intersection of
all subalgebras containing G. Another characterization will be given in
section 4.

An important consequence of theorem 2.6 is that it allows us to use
the power of induction. A property P can be proved to hold for all elements

of an algebra <A,F> by proving that:
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1) Property P holds for a generating set G of A :
2y The set B = {a ¢ A I P(a)} is closed under all FY e F.
(i.e. if bl""’bn € B and FY is defined for them, then FY(bl,...,bn)e B).

From theorem 2.6 follows: [G] c {a € A | P(a)}, and since <[G1,F> = A, the

two algebras are equal.
Theorem 2.6 provides us an easier way to present subalgebras than the
method used in example 2.5. The theorem shows that it is sufficient to give

a set of generators.

2.8. EXAMPLES. The subalgebra mentioned in example 2.5, case II, can be de-
noted as:
<[{JOhn}Term, {run}verb], {F1}>
where F]: Term x Verb = Sent 1is defined by Fl(a,s) = o Bs.
Note that the sorts of the generators are mentioned in the subscripts.
The subalgebra mentioned in example 2.5, case IILI, can be denoted as:

<[ {John} » {Mary runs}t I>.
Term

Sent
This algebra is 'generated' in the formal sense; it is however intuitively
strange to have a compound expression (Mary rumns) as generator.

2.8 END

If the 'super' algebra within which we define a subalgebra is clear
from the context, we need not to mention this algebra explicitly. This
gives a simplification of the presentation of the subalgebra. Such a situa-
tion arises when we wish to define some language, i.e. a subset of all
strings over some alphabeth. In this situation one may conclude from the
generators what the elements of the alphabeth are, and the 'super' algebra
is the algebra with as carrier all finite strings over this alphabeth. An

example is given below.

2.9. EXAMPLE. We define an algebra N; the carrier of this algebra consists
of denotations for numbers. Leading zero's are not accepted, so 700 is an

element of N, whereas 007 is not. This algebra is described by:




48

N = <[{0,1,.. "Q}Num]’{F}>

where F: Num x Num - Num is defined by

F(a,B) = {s if g =0

af otherwise.
Now it is implicitly assumed that N determines a subalgebra of

A=<{0,1,...,9}"

Num’{F}>

where F is as just defined, and {0,1,...,9}* is the set of

all strings formed of symbols in the set {0,1,...,9}.

The difference between A and N is that A contains all strings (007 included),
whereas this is not the case for A. Notice that N is highly ambiguous in the

sense that its elements can be obtained from the generators in several ways
e.g. F¢1,7) = 17 but also F(0,F(1,7)) = 17.

2.9. END

The above example concerns an algebra with only one sort. In 2.2 and
2.5 we defined algebras with several sorts, and when we consider a subalge-—
bra of such algebras, we can also avoid writing explicitly the 'super' al-
gebra. In that case the most simple algebra we may take as the 'super' al-
gebra, is the one in which all carriers consist of all possible finite
strings.

An example as illustration:

2.10 EXAMPLE. We define an algebra M for number denotations, in which lead-
ing zero's are accepted, and in which each element can be obtained from the
generators in only one way.

M= <0{0,2,...,0) gy 1,{FLF D>

where F]: dig ~ num is defined by Fl(a) =
and F,: num x dig -~ num is defined by Fz(a,s) = of.
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So F1 says that all digits are number denotations, and FZ

tains a new denotation by concatenating the old denotation with a digit (in

says that one ob-

this order) .

e.g. FZ(FI(7)’Z) = 71 and FZ(FZ(F1(0>’0)’7) = 007.
The implicit 'super' algebra is

<(10,1,... »9}§ig’{0’1= .. .,9};um},{Fl,F2}>

2.11. EXAMPLE. Another algebra for number denotations is one which differs
from the above one in only one respect. Digits are concatenated with numbers

for obtaining new numbers (and not in the opposite order as in 2.10).

M' = <[{0,1,.. .,Q}dig],{GI,sz
where Gl: dig ~ num defined by Gl(u) = o

and GZ: num % dig - num defined by Gz(a,B) = BRa.

2.11.END

In the examples 2.8/2.11 subalgebras are defined by mentioning a
generating set. In all these examples this was a special set: one which was
minimal in the sense that none of the generators can be obtained from the
other generators. The following terminology can be used to describe thisg

situation.

2.12, DEFINITIONS. A collection B of generators of algebra <A,F> is called
A-independent if for all b e B holds that b ¢ <[B-{b}1,F>.

An algebra <A,F> is called finitely generated if A = <B,F> where B is some
finite A-independent generating set of A.

An algebra is called infinitely generated if it is not finitely generated.
A collection of generators G is called the generating set of the algebra
if the algebra is generated by that set and if all generating collections
contain G as subcollection.

2.12, END
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3. ALGEBRAS FOR SYNTAX

In most examples we have considered, the carriers consisted of strings
of symbols. Such algebras can be used to describe languages, and in fact we
did so in the previous section. The set we were interested in was the car-
rier of a certain sort. This should explain the following definition (the

epithet 'general' will be dropped in a more restrictive variant).

3.1. DEFINITION. A general algebraic grammar is a pair <A,s>, where A is a
many-sorted algebra, s is a sort of A, and all carriers of A consist of
;strings over some alphabeth. The sort s is called the distinguished sort,
and the carrier of sort s is called the lamguage generated by G, denoted
L(G).

3.2, EXAMPLE. Let E be the algebra <[{Mary, thn}Term,{run}Verb],{Fl}>,
where FI: Term x Verb - Sent is defined by Fl(a,B) = gfS.

Then the general algebraic grammar <E,Sent> generates the language
{Mary runs, John runs}; and the general algebraic grammar <E,Verb> generates
the language {run}.

3.2. END

First a warning. In the French literature one finds the notion 'gram-
maire algebraique'. This notion has nothing to do with the algebraic gram-—
mars we will consider here: 'grammaire algebraique' means the same as 'con-
text free grammar'. In the definition above, I have not used the name al-
gebraic grammar because I will use it for a subclass of the general alge-
braic grammars. Most general algebraic grammars are not interesting (be-
cause they do not provide the information needed to generate expressions of
the language). This is illustrated by the trivial proof of the statement
that there is for any language L (even for non-recursively enumerable ones)
a general algebraic grammar generating L. Take the grammar which has as al-
gebra the one with no operators, one sort and L as carrier of that sort.
This is an uninteresting grammar. It is not sufficient to add the require-

ment 'finitely generated'; this is illustrated by the following example.

3.3. EXAMPLE. Let L be some nonempty language over some finite vocabulary

V. Let w be an arbitrary element of L. Consider now algebra A
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A= <[V81],{F1,F2}>

where F,: s, X 8, > s defined by Fl(a,B) = aBf
and FZ: s, > s defined by Fz(u) = {a if o ¢ L

w otherwise.

So F1 generates all strings over V, whereas F2 selects those strings which

belong to L. The definition of an algebra requires that F, be a function,

2
so that FZ delivers some element of sort S, even-in case its argument is
not in L. For this purpose we use the expression w from L. Now <A,82> is a

finitely generated algebraic grammar with generated language L.

3.3. END

In case L is empty, then we may take a grammar with an empty generating
set: <<[¢S ],{FI,F2}>,SI>.
The crux of the above example lies in the operation F,. There is no al-

2

gorithm which for every argument yields its image under F,. So the general

2
algebraic grammar does not provide us with the information which allows us
to generate expressions of the language. The absurdity of such a grammar

becomes evident if we replace F, by the function F

2 3°

F3(u) =qo if o is an English sentence, and F3(a) = w otherwise.

The above example shows that for certain generalized algebraic gram-
mars there exists no algorithm which produces the expressions of the lan-
guage defined by the grammar. The example also illustrates that such gram—
mars are uninteresting for practical purposes. Therefore we will restrict
our attention to those algebraic grammars for which there is an algorithm
for producing the expressions of the grammar. For this purpose I require
that the operators of the grammars by recursive (the notion 'recursive' is
the formal counterpart of the intuitive notion 'constructive', see e.g.
ROGERS 1967) . But this requirement is not sufficient: a grammar might have
only recursive operators, whereas the definition of the set of operators
is not recursive. Then we would not know of an arbitrary operator whether
it an operator of the grammar, i.e. we do not effectively have the tools
to produce the expressions of the language of that grammar, although the
tools themselves are recursive. Therefore I also require that there has to

exist a recursive function which decides whether a given operator belongs
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to the set of operators of the grammar, in other words, that the set of
operators be recursive. For similar reasons it is required that the sets of
sorts and generators be recursive. In section 5 it will be prévem that for
such grammars there indeed exists an algorithm generating the expressions

of the language defined by the grammar. A more liberal notion is 'enumerable
algebraic grammar'. Also for these grammars there exists a generating algo-
rithm, but they have some unattractive properties (e.g. it is undecidable
whether a given derivational history is a derivational history which can be
obtained from a given grammar). A restricted kind of grammar is the 'finite

algebraic grammar'.

3.4. DEFINITION. An algebraic grammar is a general algebraic grammar such

that . ‘

1. its set of operators and its set of sorts are recursive, and it has a
recursive generating set

2. all its operators are recursive.

3.5. DEFINITION. An enumerable algebraic grammar is a general algebraic

grammar such that

1. its set of operators and its set of sorts are recursively enumerable,
and it has a recursively enumerable generating set

2. all its operators are recursive.

3.6. DEFINITION. A finite algebraic grammar is an algebraic grammar such

that

1. its set of operators, and its set of sorts are finite, and it has a
finite generating set

2. all its operators are recursive.

3.6. END

1 have formally described what kind of language definition device we
will use. Next it will be investigated whether our device restricts the
class of languages which can be dealt with. The theorem below is of great
theoretical impact. It says that, even when using finite algebraic grammars
we can deal with the same class of languages as can be generated by the
most powerful language definition devices (Turing machines, Chomsky type
0 languages, van Wijngaarden grammars, recursive functions). This means
that the requirement of using an algebraic grammar, which was one of the

consequences of the compositionality principle, is a restriction only on
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the organisation of the syntax, but not on the class of languages which ¢an
be described by means of an algebraic grammar. The theorem, however, is,
from a practical point of view not useful because it does not help us in
any way to find a grammar for a given language; this appears from the fact
that the proof neglects all insights one might have about the structure of
the language: the sorts in the proof have nothing to do with intrinsic

properties of the language under consideration.

3.7. THEOREM. For each recursively enumerable language over some finite
alphabeth there exists a finite algebraic grammar that generates the same

language.
PROOF. Let G be a type-0 grammar. So, following the definition in HOPCROFT
& ULLMAN (1969) we have:

G = (VN,V P,S)

T’

where V VT,P, and S are respectively the auxiliary symbols of the grammar,

s
the terﬂinal symbols, the production rules and the start symbol. The set P
consists of a finite list of rules PyseeesP of the form y - v where
U € (VNUVT)+ and v € (VNUVT)*. So 1 is a nonempty string of symbols ovér
VN u VT’ and v 1s a possibly empty string over this set.

We have to prove that there is a finite algebraic grammar A such that
L(A) = L(G). I distinguish two cases. I) L{(G) = ¢ and II) L(G) # ¢. In case
I we take an algebra with an empty set of generators, and that gives us a
finite algebraic grammar. In case II we know that there is at least one ex-—
pression in L(G). Let e € L{(G). Then the finite algebraic grammar A for L(G)
is defined below.

There are three sorts in A:
In : the sort which contains the only generator of the algebra: the symbol S.
Mid: the sort of intermediate expressions

OQut: the sort of resulting expressions; i.e. the sort of the generated lan-

guage.

The operations of the algebra will simulate derivations of G. The sym-—
bol $ is used to focus our attention on that part of the string on which an
operator of algebra A is applied which simulates some rule of G. If o is some
string, we understand by a' the result of deleting from a all occurrences

of §.
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The algebra A is defined as follows:

A= <<[SIn]’(FY)Y€P>’OUt>
where T = {1,2,3,4} u P.

The operators are defined as follows:

Flz In > Mid

F (@) = $o
FZ: Mid - Mid
Fz(u1$va2) = alv$u2 where a0, € (VNUVT)* apd v e VN U VT
Fz(u) = o if o is not of the form a]$va2
F3: Mid ~ Mid
F3(a]v$a2) = a1$vu2 where a0, € (VNUVT)* and v € VN U VT
F3(a) = g if o is not of the form u1v$a2
FA: Mid ~» Out
Fh(u) = q' if a € (VTU{$})*, so F4 deletes the occurrences
in a of §
F4(u) = @ if o ¢ (VTU{$})*; remember that e € L(G) .
Fp.: Mid =+ Mid
* Fpi(a]$uu2) = al$vu2 where P; is u > v
Fpi(u) =q . if a is not of the form just mentioned.

Note that FPi is a function since the $-—mark indicates to which expression

P; is applied.

The proof that L(G) is generated by this grammar follows from the two
lemmas below. But first some definitions.
W is the set of all finite strings over VU V, U {$} in which at most

one $ symbol occurs

w$ is the subset of W of strings in which precisely one $ symbol occurs
o= g iff B = FY(u) for some y € T
o ﬁ B 1ff o = Sue, B = 8ve and 4 > v ¢ P

% is the transitive and reflexive closure of 2

% is the transitive and reflexive closure of 2

Recall that we defined o' as the result of deleting all $ marks from o.

LEMMA. L(G) < L(A).
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PROOF. First we prove that o’ 2 B' implies o % B for all «,B € W$.

Consider the following three cases:

1. o' = B' and o = B. Then o % B.
2. a' = B' and o # B. Then o contains a $ in a different position than

in B. By repeated application of F2 or F3 the §
sign can be moved to that position.
3. a' =908uye and B' =68ve and Y ->+v e D, -
So a % §$ue (using F2 or F3); §$ue X S$ve
(usinf FPi) and §$ve %,Bw(using F3 or F2'
So o 32 B.
Suppose now that w' € L(G), so S % w. Hence ($S)' % ($Z)'. Repeated appli-
cation of the argumentation given above shows that $S i $w. Since S K $A

and $W’X w, 1t follows that w ¢ L(4).

LEMMA. L(A) < L(G).

B' for all a,B ¢ W\{el.

ad*

PROOF. We first prove that a 2 B implies o'

Consider. the following five cases

1. B = Fl(u). Then o = S, B = $S so o' = 8’

2 g = Fz(a). Then o' = B'.

3 B = F3(a). Then o' = B'.

4, B = F4(a). Since B # e we have a' = B'.

5 R = Fp(a) for p = 4 =+ v. Then either o = B, or a = 8%uec and

B = 6$ve. S0 o' % 8'.

Suppose now that w € L(A), so S % w. By repeated application of the above
argumentation we find that § % w. Hence L(A)\{e} < L(G)\{e}. Since e ¢ L(G)
it follows that L(A) < L(G).

LEMMAS END

From the above two lemmas it follows that L(A) = L(G).
3.7. END

Note that the proof of this theorem does not provide an algorithm for
making a finite algebraic grammar for a given type-0 grammar G. The deci-
sion whether we are in case I (L(G) = @), or-in case II (L(G) # @), is not
an effective decision because there exists no algorithm which decides
whether a given type-0 grammar produces an empty language (HOPCROFT &
ULLMAN 1969, p.230 and th.7.1). This non-constructive aspect of the proof
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is unavoidable, as will be proved in the next sectiom.

We aim at a kind of grammar which produces only recursively enumerable
languages. The theorem has as a consequence that in all cases a finite
grammar is sufficient for the syntax. Nevertheless, we will, in the follow-
ing chapters, frequently use infinite grammars. Such a decision is motivated

mainly by semantic considerations.
4. POLYNOMIALS

In this section a method will be presented for describing new opera-
tors: polynomials. I will first present an example that is based upon high
school algebra. Consider the polynomial 7y+I. This polynomial is a compound
symbol that defines a certain function. The value of this function for a
given argument is obtained by substituting the argument in the polynomial
for the variable y and calculating the result. So its value for argument 2
is 7,2+1, being 15, and for argument I it is 8. From the basic operations of
multiplication and addition we have built in this way a new operation. The
fact that the polynomial contains a multiplication operation is not evident
from the notation; it might be emphasized by writing the polynomial as
7.y+1. In less familiar algebras the operation symbols are not written be-
tween their arguments, but in front. Using this function-argument notation
the polynomial gets the form +(.(7,y),1). Functions with several arguments
are obtained from polynomials with several variables. An example is the
polynomial 7y #5Y 4 OF equivalently +(.(7,y1),.(5,y2)). It represents a
function which has for yJZZ and y2:2 the value I17. In order to let the po-—
lynomial denote a unique function on pairs of integers, we need a conven-
tion which determines what the first argument is and what the second. The
convention is that this corresponds with the indices of the variables. For
the last example this means that the value for the pair (0,4) is 20 and not
28.

The notions discussed above are defined abstractly for the one sorted
algebras in GRAETZER 1968. Below I will generalize them to the case of many-
sorted algebras. The definitions are somewhat more complicated than in the
one sorted case because it is not evident what the first argument and what
the second argument is of a polynomial like Pl(yl)' The definition is based

upon a suggestion of Jim Thatcher (pers.comm.).
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4.1. DEFINITIONS. Let A = <(As)seS’(F )_ _.> be a many sorted algebra. For

Y yel
each s ¢ S we introduce a set VARS consisting of countably many variables:

VARS = {x1 2Ky Laven } VAR = Sgs VARS.

’S b4
For each element a of A we introduce a symbol a

con® = {3 | ac A} = U, CON .
S S s

For each operator FY of type <w,s> ¢ s" x s we introduce a symbol ?Y

A -
0 = =
Py, s> {FY ] FY € (FY)YET and T(Y) <w,s>}
A [ A
Op = U Op ).
<w,s>eSnXS \ W, 8>

n .
Let w € S be <sl,...,sn>. Then we define

W
X = Xy g rerXy o }.

p:s
1,s 2 a

1

4.2, DEFINITIONS. Let A be a many—sorted algebra. By POL?w o> Ve understand
- b4

the set of polynomial symbols over A of type <w,s>. These sets are induc-—

tively defined as follows:

I. TIfx, e X, then x, e pOLY
iss iss <w,s>
II. Tf & ¢ CON , then ¢_ e PoL®
s s s <W,s>
= A A A
III. If F ...
Y € Op$<sl”"’sk>sk+x> and py € POL<w,sI>’ ’Pk € POL<W,sk>
- ‘ A
then FY(Pl’"""pk) € P0L<w,sk+l>

The set POLA of polynomial symbols over A is defined by

POLA-= {POLéﬁ o> l W oe Sn,s € S}. The symbols Es are called the parameters
2

of the polynomial symbols.

4.2, END

Definition 4.2 differs from the standard definition by clause II. The
clause is reqﬁired here since our definition of an algebra does not allow
for nullary-operators (they are used in the same way, to denote a specific

element of the algebra). In the sequel I will omit the bar when no confusion
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is likely; so I will write c and FY instead of ¢ and fy. Furthermore the
superscript A will often be omitted. '
A measure for the complexity of a polynomial symbol is its height.

(Other names for the same notion are complexity or depth).

4.3. DEFINITION. The keight h of a polynomial symbol p is defined by the

following clauses

I. h(x) =0 if x is a variable

IT. h(ec) =0 if ¢ is a constant

ITI. h(FY(pl,...,pk)) =1+ maX(h(pl),---,h(pk)).
4.3. END

A polynomial symbol p ¢ POLé& o> determines uniquely a (polynomial) opera-—
’ .

tor p, of type <w,s> in the following way.

4.4, DEFINITION. Suppose w = <8 558> and a € ASI"'ask € Ask‘ Then
pA(a},...,ak) is defined by
I. if p = Xj,s then pA(al,...,ak) = aj.
I1. Ifp SS then pA(al,...,ak) = Cs,A
III. if p = Fy(pl,...,pm)

then PA(al"°"ak) = Fy(pl,A(al""’ak)"’ ngAFal""’ak))
4,4, END

The interpretation of a polynomial does not depend on arguments of

which the corresponding variable does not occur in the polynomial.

W .
4.5. THEOREM. If Xi,si € X does not occur in Py, s> then for all ag; and

bSi from ASi we have p(asl,...,asi,...,asn) = p(asl,...,bsi,...,asn).

PROOF. By induction on the height of p.
4.5. END

The following theorem says that the polynomially definable operations
give rise to a new algebra over the elements of the old algebra. The opera-

tors of the new algebra are the (interpretations of) the polynomial symbols.

4.6. THEOREM. Let A = <(AS)S€S,(FY)Y€F> be an algebra and G = (G6)5€A—a
collection polynomial symbols over A. Then B = <(AS)S€S,(G6)5€A> is an al-
gebra.
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PROOF. Each G

5 defines a function, and (As)S€S is closed under such func-

tions since
I. The polynomials of the form xi’s yield one of the arguments as result.
II. The polynomials of the form cg yield an element of AS as result.

IIT. The collection (AS)S€

4.6. END

g is closed under the operations FY.

Note that for each operator symbol FY from A there is a polynomial

>5W Then the po-

>,
n +1

X Ve, X ).
b 2 E b
W n,w
i >72 >"n

symbol G in B such that FY = G. Let t(y) = W e esW

lynomial symbol corresponding to F_ is F_(x
. Y Yy l,w

4.7. EXAMPLE Formulas from propositional logic
In this example several algebras are presented, of which the last one
is an algebra defining formulas of propositional logic.
Let V = {p,q,r} u {T,v,Aa,>,(,)}.
Consider
A = <[Vt],C>, where C is the two-place concatenation operator; so

C(p,») = p>. Let a,B,y be X respectively. Then we define
2

x bd
s?72,s8°73,s

| S
Al = <[Vt],{C2,C3}>

where C2 and C3 are the following polynomial symbols over A':

c, = C(a,B) and C, = C(C(asB),Y)

<<t,t>, t> <<t t,t>, "
Out of this algebra we define a new one:

B = <[{p,q,r} I,{R ,R ,R R }>

where the R's are polynomial symbols over A':
poly

Ry =C,(1,05((a,))) s0 Rq(a) = (a)

R\

It

C3(C3((,a,)),A,CB((,B,))) so R, (a,8) = (a)A(B)

and analogously for R, and R .
The expressions of B are the formulas from propositional logic with propo-

sition letters p,q and r. One observes that B is step by step defined out
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of a very simple algebra: the algebra of all strings over the vocabulary
with concatenation as operator. Only on the final leveljdoes the algebra
provide interesting information concerning the structures of logical expres-
sions. On the final level we may define the meanings of the formulas. Usual-
ly one will present only the final algebra, the step by step construction
out of the basic algebra is omitted, and the concatenation operators ¢, and
C3 are written as concatenations. An algebra like B will in the sequel be

defined as follows:

B = <[{p,q,r} 1,{T(a), (@)A(B), (@)V(B), (@)+(B) }>.

4.8. EXAMPLE: Nom-polynomially defined operators

In example 2.9 we have met an operator which is not polynomial ome. I
repeat the relevant aspects of that example. The algebra considered there
is one of strings of digits:

N = <[{0,1,...,9} 1,F>

Num

where F: Num X Num -+ Num 1is defined by F(a,8) = (B if a' = 0
{as otherwise.

The operator F is not defined using some polynomial symbol, i.e. it is not
a polynomial operator. By using the if-then~else construction, well known
from programming languages, we obtain something of the format of a poly-

nomial:

F=1%fa=0 then B else oB.
This is a convenient way to write the definition in one line, and I will
use that notation in the sequel. One might be tempted to think that it be-
comes a polynomial if one rewrites it in the function argument notation:

F = if~-then—else (a=0,8,a8).

This is, however, not the case. The if~then—else operator requires as first
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argument a truthvalue. So an algebra over which ¢f~then—else can be an op-
erator, has to contain the sort of truth values, and oﬁerations yielding
truth values (e.g. the two-place predicate =). Since the algebra N of number
denotations does not contain these, F cannot be a polynomial operator over
N. Nevertheless, F is a fully legitimately defined operator in N.

Some other examples of non-polynomial operators are
GI:
GZ: take the digits in even position and concatenate them, so G(2345) = 35
G3: substitute 7 for each occurrence of 3, so G3(S723) = 7727.

4.8. END

take the reversed sequence of symbols, so G1(792) = 297

5. TERM ALGEBRAS

In this section the notion 'term algebra' will be introduced. The car-
riers of a term algebra comsist of polynomial symbols which can be consider-
ed as representations of the productions of a generated algebra. Term alge-
bras play an important role in the formalization of the compositionality
principle. In chapter 1, section 3, it was explained that the meaning of an
expression depends on its derivational history. A term algebra represents
derivational histories, therefore the meanings of the elements of
A=<[@®B)

s’ seS
ing term algebra. Another important aspect of the notion term algebra is

j’(FY)Y€T> will be defined on the elements of the correspond-

that it allows us to describe generated algebras in a way that is more con-—
structive than the description given in section 2 (there they are defined
by means of the intersection of a — possibly infinite — number of algebras).
The new description will be used to obtain an algorithm gemerating the
elements of an algebra, thus justifying the name 'generated algebra'.

Above two arguments are mentioned for considering generated algebras:
semantic interpretation and syntactic production. This means that, in this
context, we do not deal with algebras as such, but with algebras with a
specified set of generators. Therefore we introduce the notion of a I,X-
algebra, being a I-algebra with as collection of generators the sorted collec-

tion X. The term algebra T consists of polynomial symbols which contain

I,X
no variables and which have only parameters that correspond with elements

in X.

5.1. DEFINITIONS. A I,X-algebra A is a L-algebra such that A = <[X],F>.
Let us assume that for A holds that X = (Xs)SES and F = (FY)Yer. The term
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algebra T is the algebra:

X

T
<(TZ,X,A,s)seS’(FY)Y€P>

where
I. T = {p e POLA | P contains no variables and for all con-
Z,X,4A,s <W,5> ~
stants ¢ holds ¢ € X}
and
. = << “o e > > o
II. If t(y) 5> 28 758 and t) € TZ,X,A,S]’ st € TZ,X,A,Sn

T p—
then Fy(tl""’tn) = FY(tl,...,tn).
5.1. END

In the sequel we will often simplify the notation for the term algebra.
We will attach to T a subscript which identifies the intended term algebra
sufficiently. For instance, if in the context the algebra A is given with

a specified collection of generators, we may write TA.

5.2. EXAMPLE. Consider the algebra from example 2.11:

M= <[{0,1,...,9},

ig]’{Fl’F2}>'

Then examples of elements in the term algebra TM are 0,1, FI(O), F2(F1(0),1),
F, (7, (F, (1),2),5)).

5.2. END

The above example shows that each element of TM represents a way of
producing an element of M from the generators by means of successive appli-
cation of the operators. The following theorem says that all elements of
an algebra can be obtained from expressions in the corresponding term al-
gebra, and that only elements of the algebra are obtained in this way (for

the definition of tA’ see def.4.2).

5.3, THEOREM. Let A = <[(BS)S€SJ,(Fy)Y€F> be an algebra. Then a € AS iff

there 1s some t € TA such that t, = a.
PROOF. Let K = {a € A | there is some t ¢ T, such that t, = al.
Since {bi,s I bi,s,A € BS} c TA,s’ we have BS c KS. Hence (KS)SES con~

tains all generators of A.




63

Next we prove that K = <(K) S,(F ) > is a subalgebra of A. It suf-

s’ s€ v yel
fices to show that (K ) is closed under (F ) . Let
s’ seS v yel
t(y) = <<S]""’sn>’sn+1> and let al € KS}""’an € Ksn' By definition of
K we know that there are t, ¢ T 5oyt € T such that
s 1 A,s, n A,sp

=a_. Define t as Fy(tl""’tn)' Then

n+1
€ KSn

tl,A = all""tn,A
tn+1,A = FY’A(a],...,an), so t

Since <[(BS)SES

follows that K = A, and in particular KS = AS.
5.3. END

. Hence K i1s a subalgebra of A.
+1 +1

]’(FY)Y€T> is the smallest algebra containing B, it

This theorem gives the justification for the algorithm used in the next

theorem.

5.4. THEOREM. Let A be an enumerable algebraic grammar. Then there is an al-
gorithm that produces for each sort s of A the elements of A

PROQF. Since the grammar is enumerable, there is an algorithm that produces
the operators of A, and an algorithm that produces the generators of A. Let
Algop and Alggen be two such algorithms. The algorithm generating the sets
AS uses these two algorithms.

The algorithm that produces for each sort s of A the elements of Aé can’
be considered as consisting of a sequence of stages, numbered 1,2,... .
Stage N is described as follows.

Perform the first N steps of the algorithm Algop, thus obtaining a

sorted collection of operators, called F_. Perform the first N steps of the

N

algorithm Alg thus obtaining a sorted collection of generators, called

gen’
B§O>. Since we performed a finite number of steps of Algop and Alggen’ there
are finitely many elements in FN and Béo). So for an f € FN there are finite-

ly many possible arguments in Béo). Perform all these applications of op-

erators in FN to arguments in Béo). In this way finitely many elements are
produced. By addition of these elements to Béo) él)

apply each f € FN to all possible arguments in B , add the new elements

(1)

to BN 5 etc. This process is repeated until we have obtained BéN). This

we obtain B . Next we

(D
N

completes the description of stage N, next stage N+l has to be performed.
Notice that N is used three times as a bound: for Algop’ for Alggen and
for the height of the produced polynomials.

The algorithm is rather inefficient: in stage N+l all elements are

produced again which were already produced in stage N. A more efficient
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algorithm might be designed as a variant of the above algorithm. Our aim,
however, was to prove the existence of a generating algorithm, and not to
design an efficient one. From the description of the algorithm it should be
clear that only elements of the algebra are produced.

It remains to be proven that the algorithm produces all elements of A.
Theorem 5.3 says that for each a € A there is a term t in the corresponding
term algebra such that tA = a. For each term t there is a stage in the above
algorithm in which tA is produced for the first time. This appears from
considering the following two cases.

I. t is a generator:
Since Alggen produces all generators of A, there is a number Nt such
that after Nt steps t, is produced.
II. t = Fy(tl""’tn)'

Assume that t

A

yeeest are produced for the first time in stages
1,A n,A

N, ,...,N_ ‘respectively, and that F_ is produced in stage N, . Then
t = Y FY
tA is produced in stage max(NFo,Nt],...,Ntn)+l.
5.4 . END

Theorem 5.4 says that an enumerable grammar produces a recursively
enumerable language. In theorem 3.7 it is proven that every -recursively
enumerable language over a finite alphabet can be produced by a finite al-
gebraic grammar. So every enumerable algebraic grammar (and every algebraic
grammar) over a finite alphabet can be 'replaced' by a finite algebraic
grammar (this observation is due to Johan van Benthem). As is said before,
our choice of a grammar depends also on semantic considerations, and these
might lead us to the use of an enumerable grammar instead of a finite one.

The proof of theorem 3.6 contains a non-constructive step. This can-

not be avoided, as follows from the next theorem.

5.5. THEOREM. Let A be a finite I,X-grammar. Then for each sort s of A it
18 dectdable whether A = g.

PROOF. The algorithm proceeds as follows:

stage 1:
For all sorts s check whether there is a generator of sort s, i.e. whether
XS = (. If there are no generators at all, then all carriers are empty,

and the algorithm halts here. If generators are found, then it follows

that the corresponding sorts have non—-empty carriers.
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stage 2:
For all operators FY we check whether they give us about new sorts the in-—

formation that they are non-empty. Assume t(y) = <<s If it

>
EERRIL ST
was shown in a previous stage that AS,...,AS are non—empty, then it follows
n
that A is non-empty as well.
Sn+i
stage 3:
If with the results of the previous stage all carriers are shown to be non-
empty, then the algorithm halts here. If in the previous stage no new sort
was found with a non—empty carrier, then it follows that all remaining car-
riers are empty, and the algorithm halts here. If in the previous stage
some new sort was found with a non-empty carrier, then repeat stage 2 and
the present stage.

5.5. END

In theorem 3.7 it is stated that every recursively enumerable language
over some finite alphabet can be produced by means of a finite algebraic
grammar . The proof was based upon the construction of a finite algebraic
grammar simulating a type—0 grammar. This construction was not effective:
the construction depends on the question whether the type-0 grammar pro-
duces an empty language or not. That question is undecidable (HOPCROFT &
ULLMANN 1969, p.230). This has as a consequence that every constmuctiveﬁver—
sion of theorem 3.7 would reduce emptyness of type-0 languages to emptyness
of context~free grammars, as follows from theorem 5.5, and this is not pos-—
sible, for the just mentioned reason.

In chapter 1 an interpretation of Frege's principle was mentioned which
I desctibed as the 'most intuitive' interpretation. It says that the parts
of a compound expression have to be visible parts of the compound expres-—
sion and that a syntactic rule concatenates these parts. The following
theorem concerns such grammars. It is shown that we get such grammars as a

special case of our framework.

5.6. THEOREM. Let A be a finite algebraic grammar with gemerating set B.
Suppose that all operations A are of the form
= Loeeed W
Folapeena) = v a0 8y ragy
where Wy 1s some possthly empty string of
symbols.

Then L(A) Zs a context free language.
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PROOF. We define a context free grammar G as follows:
The set VN of non-terminal symbols of G consists of symbols correspond-
ing with sorts of A:

Vg = {s | s is a sort of A}.

The start symbol of the grammar G is the symbol corresponding with the
distinguished sort s (i.e. the sort such that L(A) = AS).

The set V,_ of terminal symbols of G consists of symbols corresponding

T
with the generators of A:

VT = B.

The collection of rules of G consists of two subcollections

' = {s s s 5w v s W
R={s>b | be BS} u {Sn+l-*w0,yslwl,y32 2,7 5%,y |

>}.

T(Y) = <<SI’SZ""’Sn>’Sn+1
It should be clear that L(G) = L(A). This means that L(A) is context free.
5.6. END

The above theorem could easily be generalized to the case that the ar-
guments of an operation are not concatenated in the given order, but are
permuted first. Theorem 5.6 shows that the most intuitive interpretation of
Frege's principle (all parts have to be visible parts) is a special case of
our framework. It shows moreover that with this interpretation one either
has to accept an infinite number of operators, or to conclude that the
principle can only be applied to context free languages. A restriction to
context free languages is not attractive because that would exclude a large
class of interesting languages (e.g. ALGOL 68 and predicate logic), further-
more it has been claimed that natural languages are not context free (for
a discussion see PULLUM & GAZDAR 1982). An attempt to use only context
free rules for the treatment of natural language, but an infinite num—
ber of them, is given by GAZDAR (1982).

In our approach the generation of a context—-free language is only a
special case of the framework. The group Adj, which works in a similar

framework, seems to have another opinion about context-freedom. They give
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no explicit definition of the notion 'algebraic grammar' nor of its 'gener-
ated language', but the definitién they implicitly use; seems similar to
ours. They suggest, however, that by using algebraic grammars, one can ob-
tain only context—-free languages. Evidence for this is that they comstruct
an algebraic grammar for a context—free language and next state that that

is 'the most important and general example' (ADJ 1977, p.75). Another state-—
ment suggesting this arises when they discuss SCOIT & STRACHEY 1971. Those
authors say (p.29):

Our language .. is no longer context free. But if we may say so, who
cares? .. The last thing we want to be dogmatic about is language.

As a reaction to this, they say (ADJ 1977, p.76)) 'But their semantics does
depend on the context free character of the source language, because the
meaning of a phrase is a function of the meanings of its constituent phrases'.
So.again they take for granted that an algebraic grammar can only generate a
context-free language. The difference of opinion in these matters might be
explained by the fact that they define the semantics of a language on its
syntactic algebra itself, and not on the corresponding terr algebra, as we

do. A consequence of this difference is that they cannot define a semantics

for an ambiguous language (see chapter 1).
6. HOMOMORPHISMS

A homomorphism from algebra A to B is a mapping from the carriers of
A to the carriers of B such that the structure of A and B is respected.
This is only possible if A and B have about the same structure, although it
is not needed that A and B are identical or isomorph. For instance, it is
not needed that the two algebras have the same sorts, but there has to be
a one—one correspondence of the sorts. It is not necessary that the opera-
tors perform the same action, but there has. to be a one-one correspondence
between the operators such that if an operator in A is defined for certain
sorts, then the corresponding operator in B is defined for the correspond-
ing sorts in B. These considerations are expressed formally in the follow-

ing definitions (they are due to J. Zucker, pers. comm.).

6.1. DEFINITION. Let A be an algebra with signature I, = (SA,FA,TA), and B

A

an algebra with signature ZB = (SB,TB,TB). Let o SA - SB and p: TA

be bijections (i.e. mappings which are one-one and onto). Then two. algebras

> FB

A and B are called (o,p)-similar if the following holds:
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TA(Y) = <S8 50058 7,8 > if and only ;f

(P () =<<0(s ), enyols)>u0ls,, )

If o and p are fixed in a certain context, we will omit them and say that

the algebras A and B are gimilar.

6.2. DEFINITIONS. Let A and B be (o,p)-similar algebras. By a (o,p)-homo-
morphism h from A to B we understand a h: mapping bSESA(AS) - UseSB(Bs)
from the carriers of A to the carriers of B such that

D h(a) =B -

2) If TA(Y) = <8 5a.058 258 > and a € As]""’an € Asn

then h(EY(a],...,an» = Fp(y)(h(al)""’h(an))'

The collection of (o,p)-homomorphisms from A to B, where A and B are
(0,p)~similar algebras, is denoted Hom(A,B,0,p). When ¢ and p are clear
from the context, or are arbitrary (but fixed), then we will simply speak
of a homomorphism h; the collection is then denoted by Hom(A,B).

In case h is surjective, it is called a homomorphism onto, or an epi-
morphism. The collection of epimorphisms is denoted Epi(a,B,0,p), or simpli-
fied Epi(A,B). In case h is bijective (one-one and onto), it is called an
Zsomorphism (note that in category theory this term is used with a different
meaning) .

6.2. END

The definition of '"homomorphism' given in 6.2 differs from the one
given by Adj (see e.g. ADJ 1977). One difference is that our definition
can be used in more circumstances: we do not require, for instance, that
the collections of operator indices and sorts are identical. I prefer, in
this respect, our definition for practical reasons. Sometimes algebras have
'natural' sorts, e.g. an algebra generating a language may have a carrier
of the sort sentence, whereas a semantical algebra may have a sort of truth-
values, or of propositions. Then one might wish to define a homomorphism
between these two algebras, although the sorts are not identical. Our de-
finition allows to do so directly, whereas Adj's definition an explicit re-
naming of the sorts has to be done first. This difference of the definitions
is, in theoretical respect, not important, and does not give rise to inter-—

esting theoretical consequences. In the following theoretical investigations
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I will assume;, for the ease of discussion, that similar algebras do have

the same sorts and operator indices; then ¢ and p are assumed to be the
identity mapping. A more fundamental difference of the definitions is that
Adj defines a homomorphism as a sorted collection of mappings (hs)seS’ where
hS: As > BS, and where these operations respect, in a certain sense, the
structure of the algebras involved. Since, according to our definition of a
many sorted algebra, the carriers need not be disjoint, it would under Adj's
definition of homomorphism be possible for an element occurring in two car-
riers to have two different images under h. In section 7 it will be explain-
ed why Adj's definition is not suitable for us in this respect.

A homomorphism respects structure. Therefore it is not surprising that
the homomorphic image of an algebra is a (similar) algebra. This is ex~
pressed in the following theorem.

6.3. THEOREM. Let A = <<AS)S€S,(Fy)Y€I,> and B = <(Bs)ses’(GY)ysF> be gimilar
algebras, and h ¢ Hom(A,B). Then <(h(AS))S€S,(Gy)Y€r> <8 a subalgebra of

<(B) (GY>

>,
s’ seS yel

PROOF. We prove the theorem by proving that the sets h(AS)S€S are closed
under GY. Let I(y) = <<S]’SZ""’Sn>’Sn+1

> and let bi € h(AS.). This means
i
such that bi = h(ai). Consequently ’

that there are a. € A
i Si

Gy(bl""’bn) = GY(h(al),...,h(an)) = h(Fy(al,...,an)).

It is clear from the last expression that it denotes an element of h(A.S )

+1
so of Bg e "
n

6.3. END

In chapter 1 we discussed the way in which the set E of expressions
of the language should be related to the set D of semantic objects. We con-
cluded that, in order to obey the compositionality principle, the syntax
has to be a many sorted algebra and that the meaning of an expression has
to be obtained in the following way. For each syntactic operator Fy’ there
is an operator GY on D, where G_ is defined for the images of the arguments
of FY. For the mapping M which yields the corresponding meaning it is re-

quired that:

M(Fy(el""’ek) = GY(M(eI),...,M(ek)).
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We concluded that these requirements have the consequence that D gets the
same structure as the syntactic algebra. More formally this is stated in

the following theorem.

6.4. THEOREM. Let E = <(ES) (FY)Y€T> be an algebra, D a set and M a

se§’
mapping from E to D. Let (Gy)yer be operators defined on the subsets M(ES)
of D.

Suppose

M(Fy(el, . .-,ek)) = GY(M(el) e s -,M(ek))

for all v € T and for all arguments CITRREPL for which FY 8 defined.

Then D' = <(M(ES)) (GY)Y€T> 18 an algebra simi}ar to E.

seS’

PROOF .
I. (D;)ses is a collection of sets closed under the operations GY since
= = L}
Gy(ml""’mk) Gy(M(el),...?M(ek)) M(FY(e],...,en)) € DS o
II. D is similar to E since the sorts are the same, the operator indices
are the same and

if F:E xE X...E  ~-E
Y s

1 82 n o+l
then G : D' xD' ... D; > Dé .
5 82 n n+l

III. M is a mapping from USD; satisfying the conditions for homomorphisms.
6.4. END

Having introduced the notion 'homomorphism', we may formalize the com—
positionality principle as follows: the syntax is a many sorted algebra A,
the semantic domain is a similar algebra M, and the meaning assignment is
a homomorphism from the term algebra TA to M.

A first consequence of this formalization is the following theorem

concerning the replacement of expressions with the same meaning.

6.5. THEOREM. Let e,e’ ¢ AS, with M(e) = M(e'). Suppose FY(... 3€45004) TO
be defined. Then M(FY(..,e,..) = M(FY(..,e‘,..)).

PROOF . M(FY(..,e,..) = Gy(..,M(e),..) = GY(..,M(e'),..) = M(FY(..,e',..)).
The equalities hold since M is a homomorphism and FY is defined for all
elements of AS.

6.5. END
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The theorem states that in case two expressions of the same category
have the same meaning, they can be interchanged in all contexts without
changing the resulting meaning. The reverse is not true, interchangeable in
all contexts without changing the meaning does not imply that the meanings
are identical, since the language might be too poor to provide for contexts
where the difference becomes visible.

The above theorem is related to the well known principle of Leibniz
concerning substitutions (GERHARDT, 1890, p.228).

Eadem sunt, quorum unum potest substitui alteri, salva veritate.

This principle is rather sloppy formulated since it confuses the thing it-
self with the name used to refer to it (CHURCH 1956, QUINE 1960). It should
be read as saying that two expression refer to the same object if and only
if in all contexts the expressions can be interchanged without changing the
truthvalue. Let us generalize the principle to all expressions, instead of
only referring ones, thus reading 'Eadem sunt' as 'have the same meaning'.
Then the above theorem gives us a formalisation of one direction of Leibniz'
principle. The other direction can then be considered as a restriction on
the selection of a semantical domain. The semantical domain may only give

rise to differences in meaning that are expressible in the language.
An important, although very elementary, property concerning homo-—

morphisms is that the compositions of two homomoprhisms h and g is a homo-—
morphism again. As defined in chapter 1, the composition which consists in
first applying h and next g is denoted hog. This has as a consequence that
(heg) (x) = g(h(x)), note that the order is reversed here. For this reason
one sometimes defines hog as first applying g and next h. Adj follows the
standard definition, but in order to avoid the change of the order, they
have, in some of their papers the convention to write the argument in front
of the opefator (so (x)(heg) = ((x)h)g)!). I will use the standard defini-
tion (heg means first applying h). The announced theorem concerning compo-—

sition of homomorphisms is as follows.

6.6. THEOREM. Let A,B and C be similar algebras and let h ¢ Hom(A,B) and
g € Hom(B,C). Then heog ¢ Hom(A,C).

PROOF. Let Fy’GY and HY denote operators in A,B and C respectively. Then

hog(F (2, .0008)) = g0(C (a),.-,2))) = (€ (alay), .. h(z)))=

HY(g(h(al)), ---g(h(a))) = HY(h°g(a1), -+ -shog(a ).
6.6. END
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In general, it is not necessary to define a homomorphism by stating its
values for all possible arguments, since (as I will noﬁ show) in the same way
that a subalgebra is completely determined by its generators, a homomorphism
is completely determined by its values on these generators.

6.7. THEOREM. Let h,g € Hom(<[A],(FY)YEF>, <B’(Gy)yer>)' ‘
Suppose that h(a) = g(a) holds for all generators a € A. Then h(e) = g(e)

B r
holds: for all elements e of <LA],(Fy)YET>-

1]

PROOF. Let K = {a. e [A] ! h(a) = g(a)}. Now K is closed under the opera~

tions (FY)YET:

Let k]""’kn ¢ K. Then:
BCE (kpseensk)) = F (k) eensh () =
Fy(g(kl)""’h(kn) = g(Fy(kI""’kn))'

So K is a subalgebra with A < K. Since [A] is the smallest subalgebra with
this property, it follows that K = [A].

6.7. END

Suppose that we have defined a mapping from the generators of algebra
A to those of algebra B. Then the above theorem says that there is at most
one extension of this mapping to a homomorphism. But not in all cases such
an extension exists. Suppose that in A two different operators yield for
different arguments the same result (i.e. Fi(al""’an) = Fj(ai,...,aé)),
whereas this is not the case in B for the corresponding operators. Then
there is no homomorphism from A to B. But for the algebras we will work
with, this situation does not arise. In section 5 it was explained why
meanings will be defined on term algebras. The situation described above
does not arise, because in term algebras different operators always yield
different results. Therefore we may define meaning assigning homomorphisms
by providing the meanings for the generators of the syntactic algebra and

semantic operators corresponding to the syntactic operators.

6.8. EXAMPLE. Let M be as in example 2.10, so

M= <[{0,1,2,...,9}dig], {Fl’F2}>
where FI: dig - num Fi(a) = o
and FZ: num x dig - num Fz(a,B) = oB.
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This algebra produces strings of symbols. The meaning of such a string has
to be some natural number. Let us denote natural numbefs by symbols such

as 7, 70 ect. The reader should be aware of the fact that there is (in this
example) a great difference between strings such as 1 and 7 for which e.g.
concatenation is defined, but not addition or multiplication, and numbers
such as 1 and 7 for which addition and multiplication are defined, but not
concatenation. Another difference is that 7,07, and 007 are distinct strings
all corresponding to the same number 7. The meaning algebra N corresponding

to M, consists of numbers and is defined as follows.

N = <[{0’1’""9}dig]’{G1’G2}>
where GI: dig - num defined by Gl(a) = a
and G,: num x dig -+ num defined by Gz(u,B) = 10xa+8.

2
The meaning homomorphism h is defined by h(0) = 0... h(9) = 9.
So

B(F, (1) = 6,(h(D) = 6,(1) = I
and

h(F,(F,(0),7)) = €,(C,(0),7) = 10 X 0 + 7 = 7.

6.9. EXAMPLE. In example 2.11 we considered an algebra which was the same
as the above one, with the difference that the digits are written in front

of the numbers:

F2: num X dig - num defined by FB(a,B) = Bo,.
In this situation it is impossible to find a semantic operation G3 corre-

sponding with F,. For suppose there were such an operation G3. Then, since

3¢
.g. h(7) = h(007) = 7, we would have that on the one hand G3(7,h(2)) =
G3(h(7),h(2)) = h(F3(7,2)) = h(27) = 27, but on the other hand G3(7,h(2))=

= G3(h(007),h(2)) = h(F3(007,2)) = h(2007) = 2007, which is a contradiction.

®

It

So whereas in example 6.8 it was rather easy to find a semantic operatiofl,
it here is impossible since on the level of semantics there is no difference
between the meanings of 7 and 007.

6.9. END
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The last example is a formal illustration of a statement of Montague's
concerning the syntax of natural languages (MONTAGUE 1970b, p.223, fn.2):

It is to be expected, then, that the aim of syntax can be realized in
many different ways, only some of which would provide a suitable basis
for semantics.

Next I will prove a theorem that is important from a theoretical point
of view. The theorem implies that the framework allows for assigning any
meaning to any language. This means that working in accordance with the
framework gives rise to no restriction: neither on the produced languages,
nor on the assigned meanings. Notice that there is no conflict between the
theorem and the example above. The example shows that not every syntax can
be used, whereas the theorem states that there is at least one syntax. The
theorem is, however, from a practical point of view not useful, since it is
based upon the syntax developed in theorem 3.7: the construction does not
reflect the structure of the language. The proof of the theorem just says
that if you know what the intended meanings of the expressions of the lan-

guage are, then this knowledge defines some algebraic operation.

6.10. THEOREM. Let L be a recursively enumerable language over a finite
alphabet, and M a set of meanings for elements of L. Let £: L »~ M be a func—
tion. Then there is a finite algebraic grammar A and an algebra B such that
1) L(A) = L.

2) A and B are similar.

3) There is an h e Epi(A,B) such that h(w) = £(w) for all w e L.

PROOF. In theorem 3.7 we defined an algebraic grammar for a recursively
enumerable language over a finite alphabeth.
Let A be the algebraic grammar obtained in this way for L.
Recall that the last operation of this algebra gives for some strings
as output the same string, but with $ deleted. For other strings it gives
a special string as output. The semantic algebra will differ from the syn-
tactic one only in this last operation: the function h will be incorporated.
More formally, let A be syntactic algebra from theorem 3.7.

So &= <<Is; b P putt,2,3,4,5) A
gebra is transformed into a semantic algebra B as follows:

>,in>, where 8, = {in,mid,out}. This al-

B = <®gs2 ) epuf1,2,3,4,51”

where Bin = Ain’ Bmid = Amid and Bout = M and
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G =F if 5,
Y Yy #

: and
| G5 = Fsof.

The homomorphism h is defined by

w for w ¢ B. u B .,
in mid
hw) =
f(w) for w ¢ B .
out

6.10. END
7. A SAFE DERIVER

In chapter 1, section 4, I have sketched the framework in which we will
work, and I will repeat here some relevant aspects. The syntax of the lan-
guage of which we wish to define the semantics is an algebra A, and the
function which assigns meanings is an homomorphism defined on TA' In order
to define this homomorphism we use a logical algebra L which is interpreted
by homomorphism h in model M. From the algebra L a new algébra L' is de~
fined, using deriver D, where L' is similar with A. The interpretation h
for L should determine uniquely an interpretation h' for L'. This situation

is represented in figure 1. We will return to this framework in section 8.

lA
L - D > L'
1h lh'
M o- 2o

Figure 1. The framework

In this and in the next section I will investigate some methods for
building new algebras out of old ones, in such a way that an interpreta-

tion homomorphism defined on the old algebra determines a unique inter-—
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pretation for the new algebra. Such a method will be called safe.

7.1. DEFINITIONS. Let D be a method to obtain derived algebras, such that
the elements of D(A) form a subset of the elements of A. Such a method is
called a deriver. A deriver is called safe if for all algebras A and B and
all h € Epi(A,B) there is a unique algebra B' such that for the restriction.
h' of h to D(A) it holds that h' ¢ Epi(D(A),B').

7.1. END

The requirement that h' is an epimorphism is important. If we would
not require this, B' would in most cases not be unique. An extreme example
arises when D(A) is an empty algebra. Then there are infinitely many al-
gebras B' such that h' ¢ Hom(D(A),B'), but only one such that
h' ¢ Epi(D(A),B"). ’

In this section I will consider the aspect of the introduction of new
operators. MONTAGUE (1970b) claims that polymomially defined operators are
safe. A proof that for many-sorted algebras polynomial extensions are safe,

will be given below.

7.2, DEFINITION. Let A = <A,F> be an algebra and G a collection operator
symbols such that for all g € G there are Sl""’sn’sn+1 € SA such that
g Ag X...x AL A . Then the algebra <A,FuG> is denoted Add

1 n Sp+l -

7.3. THEOREM. If P <g a collection of polynomial symbols, then Addop,, s
safe.

PROOF. Let A = <(A ) eS’(FY)YeF> and B = <(B )seS’(G )Y€T> be similar al-
gebras. Suppose that h ¢ Epi(A,B) and P ¢ POLA We define h: POLA > poL?
as follows:

I. Each operator symbol fy'is replaced by a symbol EY'

II.Each constant a is replaced by a constant b, where b = h(a).
Define A' = AddopP(A), B' = Addoph(P)(B).

We now prove that h ¢ Epi(A',B'), and that h is unique. That h is surjec-
tive follows from the fact that h € Epi(A,B). Remains to show that
h € Hom(A',B'), so that for all p ¢ P

h(pAv (al""’an)) = pB'(h(al)’...’h(aD)) .
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This is proved by induction on the complexity of p.

I. p-= X: s

B o pr(@peesa)) = ha) =% o (h(@),..oh(a).
II. p=a

h(QA(al,...,an» = h(EA) =b, = EB(h(a]),...,h(an)).

It

III. p

FY(pl,...,pm)

h(pA'(al""’an)) =h(Fy(pl,A"""pm,A')(al""’an)) =
=B () 4 (apsesa )by 4 (apeeia) =
= Gy(h(Pl,A'(al’""an))""’h(pm,A'(al""’an))) =

= G (py groneeapy 50 (18, uh(a)) = ppi (), .esh(a)

The uniqueness of B' is proved as follows. Suppose h € Epi(A',B') and
h € Epi(A',D). Then

1, the carriers of B' and D are equal:

1 = 1 1 ==
Bs {h(a) [ ae AS} DS
2. the operators of B' and D are identical:

Let b, ¢ B ,...,b € B . Then there are a, € A ,...,a_ € A such
1 s n s s n [

1
1 on _ - “n
that h(ai) = bi. Hence pB'(bl""’bn) = pB,(h(al),...,h(an)) =

= Py (ag,-vena)) = ppata), .. ha)) = ppdy,..anb ).

One observes that uniqueness is a direct consequence of existence.
7.3. END

Now the question arises whether the restriction to polynomially de-
fined operations is necessary. We cannot generalize theorem 7.3 to opera-—

tors which are defined in an arbitrary way, as is shown by the next example.

7.4, EXAMPLE. Consider the following algebra of strings of digits:

1

where CI: Ndig X Nnum Q'Nnum is defined by C(a,B) = af.

*
S/ VO SV (ORPO)
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With these strings we associate a somewhat unusual meaning: their length

(it is not that unusual if one remembers the system l-one, ll-two, 111~
three). So the semantic algebra M corresponding to N consists of natural
numbers. Notice that in N we had digits (denoted 0,1,..) with the concate-
nation, but in M we have natural numbers (denoted 0,1 etc.), with the ope-
ration of addition. The interpretation homomorphism h from N to M is defined

as follows
h(0) = h(1) = .. h(9) = 1.

The operation corresponding with C is of course addition of the lengths of

the strings. So the semantic algebra M is defined as

), 4>,

M= <‘({‘1}dig’]N num

Now we extend N with a new operator D, defined as follows:

D: N,. xN + N
dig num num

B if o is the symbol 0
where D(a,B) =

B otherwise.

This operator is not polynomially defined, and it cannot be defined poly-
nomially because there are no truth values in the algebra N (see example
4,8). Let N' be the algebra obtained from N by adding the operator D. Is
there a unique algebra M' such that h ¢ Epi(N',M")?

Suppose that there is such an algebra, called M', with as operator d,
corresponding with D. What is then the value of d4(l,1)?
On the ome hand: d(1,1) = d(h(3),h(?)) = h(D(3,7)) = h(37) = 2.
On the other hand: d(1,1) = d(h(0),h(?)) = h(D(0,7)) = h(7) = 1.
This is a contradiction. So there is no such algebra M'. The source of this
problem is that we make at the syntactic level a distinction which has on
the semantic level no influence: the difference between 0 and the other
digits.
7.4. END

This example has shown the dangers of using a non—polynomially defined

operator. If one introduces an operator which is defined in some arbitrary




79

way, then there is the danger of disturbing the interpretation homomorphism.
In practice the situation often arises that the meaning‘of some language is
defined by translation into a logic. The addition to the logic of an operator
which is not polynomially defined, could invoke the danger that there is no
longer an associated semantics: a translation is defined, but there is no
guarantee of an interpretation for the derived logical algebra (i.e. there
is, in figure 1, no h'). In chapter 5 we will meet several examples of pro-
posals from the literature which are incorrect since there is not such an
interpretation.

The following example shows that in some cases operators which are not
polynomially definable nevertheless may respect homomorphic interpretations.
So in theorem 7.3 the condition ‘polynomially defined' is not a necessary

condition.

7.5. EXAMPLE (W. Peremans, pers. COmm.) .
Consider the algebra of natural numbers with as only operation S, the

successor operation ('add one'). So the algebra we consider is:
N = <N ,S$>

where S: N - N is defined as 'addition with one'. We extend N with the
operator ®, defined by the equalities n ® 0 =n and n ® S(m) = S(ném). This
means that @ is the usual addition operator. This operator is not polyno—
mially definable over N. One sees this as follows. All polynomial symbols
over N are of the form S(S(...S(x)). So a polynomial symbol which corre-
sponds with an operator which takes two arguments, contains only one vari-
able, and is therefore dependent on only one of its arguments. Consequent-
ly the two place operation of addition cannot be defined polynomially.

In spite of the fact that @ is not a polynomially definable operator,
a (variant of) theorem 7.3 holds. For every algebra M and every
h ¢ Epi(N,M) there is an unique M' such that h E<Epi(AddOp$N,M'). This
is proved as follows. Let s™(0) denote the n-times repeated application of
S to 03 so Sn(O) = 5(8(...8{(0)..)). For all n € N we have n = Sn(O). Since
h ¢ Epi(N,M) this means that for all m € M there is an n such that
m = Tn(h(O)),,where T is the operator in M which corresponds with S.

We define an operator * in-M as follows: o +n

ny. ! 1 172

Assume: m, = T \(h(0)) and m, =T 2(h(0)). Then m m, = T = “(h(0)).
1 2 1772 d

This definition is independent of the choice of n, and n

1 5 as 1s shown as
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follows:
n n
Suppose  that m, = T 1(h(O)) =T 3(h(O)), and that
) 15
m, = T “(h(@)) =T “(h()).
Then
n,tn n n n T
T2 Am(0) = T (T *h(0)) = T (T 2@m0)) =
n,+n n,.m n,.+n
T2 2m@) =12 3mo) =12 'QO).

This shows that the definition of * is a correct definition.
Now, let M' be AddOp*(M). Then h ¢ Epi(N',M') since it is a surjective map-
ping and

n n n. +n

h(nen,) = h(s '(0)es 2(0)) = h(s ' 2(0)) =

I11+I1 n

2 By 2 ™ 2
T h@) =T (h(0))*T "(1(0)) = h(S "(0))*h(S “(0)) =
= h(n)*h(n,) .

To prove the unicity of M', we only have to prove the unicity of this de-
finition of *. Suppose that h e Epi(Add Opa(N),M"), where the operation
corresponding with @ in M'' is o.

ne n nj ny
mem, = T (h(0))eT “(h(0)) =h(S (0))°h(s "(0)) = h(S
1'].1"'112 n1+n
0y =7

n n
Loyes 2(0))

2(h(0)) = m,*m,.

= ¥

7.5. END

The characterization of operators which are safe is still an open
question. But for a class of algebras which is relevant for us, such a
characterization can be given. In the sequel we will always work with a
logic which has as syntax a free algebra with infinitely many generators
(all variables and constants are generators). For such algebras all safe
operators are polynomially definable. Note that in example 7.5, were there
was no polynomial definition for @, there is a single generator (viz.0).
Results related to the above one are given in Van- BENTHEM (1979b); the proof

of the above result is given in appendix 1 of this book.
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8. MONTAGUE GRAMMARS

The notion 'Montague grammar' is often used to indicate a class of
grammars which resembles the grammar used in Montague's most influential
publication PTQ (MONTAGUE 1973). It is, however, not always made clear what
is to be understood by 'resembling' in this context. There are a lot of
proposals which deviate from PTQ in important respects. Some proposals have
a rather different syntax, other use a different logic or different models.
The definition of 'Montague grammar' should make clear, which proposals are
covered by this notion and which not.

In my opinion the essentail feature of a Montague grammar consists in
its algebraic structure. The most pure (and most simple) definition would
be that a Montague grammar consists in an algebraic grammar and a homomorphic
interpretation. One always uses, in practice, some formal (logical) lan-u
guage as auxiliary language, and the language of which one wishes to de-~
scribe the meanings is translated into this formal language. Thus the
meaning assignment is performed indirectly. The aspect of translating into
an auxiliary language is, in my opinion, unavoidable for practical reasons,
and I therefore wish to incorporate this aspect in the definition of a
Montague grammar. This decision includes (by suitable interpretation) gram-—
mars in which the interpretation is given directly. The most important ex-
ample of that kind of grammar is the grammar in 'English as a formal lan-
guage' (MONTAGUE 1970a). For such grammars the name simple Montague gram-—
mar seems suitable. These considerations should explain the following defi-

nitions.

8.1. DEFINITION. A simple Montague grammar consists of
1. an algebraic grammar A
2. an algebra M similar to A

3. a homomorphism h ¢ Hom(A,M).

8.2, DEFINITION. A Montague grammar consists of

1. an algebraic grammar A (the 'syntactic algebra')

2. an algebraic grammar L (the 'logical algebra')

3. an algebra M similar to L (the 'semantic algebra')

4, a homomorphism h ¢ Hom(L,M) ' (the 'interpretation of the logic')
5. an algebra D(L), derived from L, which is similar to A, where D is a safe

deriver.
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6. a homomorphism h ¢ Hom(TA,D(L)) (the 'translation').
8.2. END

Definition 8.2 is illustrated by figure 2 (cf. figure 1.)

T

A

Jex
L --~->D®)
Pk
M--~-> M

Figure 2. A Montague grammar

The logical language which we will use is just as in PTQ, the language
of intensional logic. Its (algebraic) grammar L and its (homomorphic) in-—
terpretation will be considered in chapter 3. The grammar A of the PTQ-
fragment and its translation D(L) will be presented in chapter 4. The de-
river D that will be used can be considered as being built from more ele-
mentary ones. I have fount it convenient to define four more elementar§
derivors, but other decisions are possible as well. The most important de-—
river is AddOp which is discussed in the previous section. The other three
are introduced below: first an informal discussion; then a formal defini-
tion.

The first deriver I will discuss is Add Sorts. An application has the

a
T A
function. The effect of this derivor is that a new algebra is formed with

form AddSorts O(A), where T is a collection of sorts, and c: T =+ §

and with as carrier for T € T the set A So this de-~

A’ a(r)’
river introduces new sorts without introducing new elements. This deriver

as sorts T u S

will be used when we need to introduce several new sorts which get their
elements from one single old sort. An example of this as follows. In a
syntax for English, nouns like man and verbs like rum will be in different
categories because they have different syntactic properties. But semantical-
ly both expressions are considered as predicates of the same type. There-
fore we have to build from one old carrier (of predicates) two carriers

(of nouns and of verbs). We may remove from each of these two carriers the

elements which we are not needed for the translation of English, but in
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principle the carriers may still be non-disjoint (e.g. both may contain
variables for predicates). l

The second deriver I will discuss i1s DelOp. An application of this de-
river has the form DelOpA(A). Here is A a subset of the set of operator
symbols of A. The effect of this deriver is that a new algebra is formed
which differs from A in the respect that it does not have the operators
mentioned in A. This deriver is needed for the following reason. The
derived algebra D(L), see figure 2, should only have operators which cor-
respond with operators in A. Not all operators of the logical algebra L will
be operators of D(L). For instance, the introduction of the universal quan-
tifier might not correspond to any of the oﬁerations of the grammar A for
the natural or programming language under consideration. Therefore we need
a deriver which removes operators.

The last deriver is SubAlg. An application of this deriver has the
form SubAlgH(A). Here is H a sorted collection of elements of A. Its effect
is that an algebra is formed which has the same operators as A, but which
has H as a generating set. This deriver is used in the following kind of
situation. The logical algebra L (see figure 2) has for each sort infinite=-
ly many generators. The grammar A might not have this property. For instance,
the sentences of a natural language are all build up from smaller components,
and hence there are no generators of the sort 'sentence'. SubAlg is then
used to reduce the carriers of L to those elements which will be images of
elements in A,

Below these three methods are defined, and their safeness is proven.
It is not surprising that these methods are safe. Nevertheless the proofs
are not elegant, but rather ad-hoc. This is probably due to the fact that
there is hardly any theory about derivers of many-sorted algebras which I
could use here. GOGUEN & BURSTALL (1978) present some category-theoretic
considerations about derivers for many-~sorted algebras in the sense of ADJ
1977. I have already mentioned the work of Van BENTHEM (1979b) concerning
the introduction of new operators in one sorted algebras. That there is a
need for a general theory appears, apart from the present context, in work
in the field of abstract data types in the theory of programming languages,

see e.g. EHRIG, KREOWSKI & PADAWITZ 1978,

8.3. DEFINITION. Let o: T -~ S arbitrary. Then o' = Un(Tus)nx(Tus) - UnSnxs
is defined by
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1. 0'(s) = s for s € S
2. 0"(s) =o(t) for t e T
1 — 1 1 1
3.0 (<<t],...,tn>tn+1>) =.<<g (tl),...,c (tn) el (tn+])>.

In the sequel we will write ¢ for ¢'.

8.4, THEOREM. Let A = <(AS)SES,(F ) _.> be a i-algebra. Let T be some set

Y yel
(SnT=@) and o: T - S some mapping. Then there is an algebra
T 1
A <(At)t€TUs,G> where
L B,
I. At = AG'(t)

I1. The set of operators G is defined as follows: for all vy eT and all
<W,u> € (TuS)nX(TuS) with o(<w,u>) = 1(y) we add a new operator
By, <w,u> of type <w,u>, and define the effect of g
to FY. '

v <w,u> to be equal
bl 3

(So the operator indices are the compound symbols ys<w,u>.

PROOF. The elements of A and A' are equal. Since A is closed under F_, we

have that A' is closed under g .
Y s <W,u>

8.5. DEFINITION. The algebra introduced in 8.4 is denoted Add SortsU 4a).

» T

8.6. THEOREM. AddSorts <s safe.

PROOF. Let A = <(As)ses’(Fy)Y€F> and B = <(BS)SES’(GY)Y€F> be similar al-
gebras, and let h ¢ Epi(A,B). Suppose ¢: T = S. Define A' = Add SortsU T(A)
b
and B' = Add Sorts0 T(B). We now prove that h ¢ Epi(A',B'), and that B' is
k4
(up to isomorphism) the unique algebra with this property.

Since the elements in B' are the same as in B, the mapping h is sur-—
jective. Remains to show that h is a homomorphism. In analogy of theorem
8.4 we denote the operators introduced in AddSortsO,T(B) by gy,<w,u>,B’
and those introduced in AddSorts0 T(A) by g

b

Then

Y, <W,u>,A°

h(g

Y,<w,u>,A(al’°"’an)) = h(Fy(a],...,an)) =

= Gy(h(al),...,h(an)) =g (h(al),...,h(an)).

Y, <W,u>,B
That B' is unique can be proved in the same way as we did in the proof of
7.3 (if there was another algebra, it should have the same carriers and

operations).
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8.7. THEOREM. Let A = <(AS)S€S,E? be an algebra and let A < F. Then

A= <(AS) F\A> s an algebra.

se§’

PROOF. A is closed under all FY from F\A.

8.8. DEFINITION. The algebra introduced in 8.7 is denoted
Del0 .
elOp, (A)

8.9. THEOREM. DelOp Zs safe.

PROOF. Let A and B be similar algebras and h ¢ Epi(A,B). Suppose A < PA.
Define A' = DelOpA(A) and B' = DelOpA(B).'We now prove that h ¢ Epi(A',B")
and that B' is the unique algebra with this property.

Algebras A" and B' are similar since if FY is an operation of A' then GY is
an operation of B'. That h is surjective on B' is evident. Since h respects
all FY from F it also does for those in F\A. That B' is unique is proved in

the same way as in 7.3.

8.10. THEOREM. Let A = <(AS) r be an algebra and H = (H ) a

s’ sef
<[(HS)SES],(FY)Y€T>.'Define

_> ¥ = . -
T = {s ] s € S such that HS # @¢}. Then B <(Bt)teT’(Fy)yeF> is an algebra.

seS’(Fy)

ye
collection sets with HS < AS. Let B =

PROOF. (Bt)tET is closed under FY.

8.11, DEFINITION. The algebra B' from theorem 8.10 is denoted SubAlgH(A).
8.12. THEOREM. SubAlg is safe.

PROOF. Let A = <(AS) (F ) _> and B = <(B ) (G) > be similar alge-

s€8” Uy yeT s'8eS” Ty’ yeT

bras and h ¢ Epi(A,B). Suppose that H = (HS)SES is a collection such that

HS S As' Define A' = SubAlgH(A) and B' = SubAlgh(H)(B). We now prove that

for i = hPA' holds that f « Epi(A',B'), and that B' is the unique algebra

with this property.

First we pfoof that ﬁ(A;) = B;.

I. D =<((h(é;))SEs,(GY)Y€F> is an algebra, see theorem 6.3. Since HS CAAS
we have h(Hs) [ h(As). So the generators of B' are in D, so (B;) IS h(Aé).

II. That h(Aé) c (Bé) is proved by induction:

1
First note that this is true for the generators of As'

Suppose T (y) =<<s --e58 s > let a, e A; seeesd € A; , and assume that
1

1? n+1 1
n
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fia)) € Bl ,....h(a) « B, . Then h(r Japeaa)) = c,(ﬁ(a DsesBia))

because h ¢ Epi(A,B). Since B is an algebra we have h(F (al,...,a ) e Bén+l
From I and II it follows that B' = h(A ), hence h ¢ Epi(A',B'). That

B' is unique can be proved in the same way as in 7.3,

8.1. END

Derivers like the ones defined above are not the only safe derivers.
Taking a cartesian product or taking a projection from such a product are
probably safe in some sense. Such derivers could be relevant for linguistic
purposes. In the treatment of presuppositions (by KARTTUNEN & PETERS 1979)
a phrase is connected with two formulas: one denoting its meaning, and one
denoting its presuppositions. If two phrases are combined in the syntax to
form a new phrase, then the two meanings are combined to form the meaning
of the new phrase, and the presuppositions are combined to form a new pre-
supposition. This situation fits into the framework if the new semantic
algebra would be considered as the product of two copies of the same seman=-
tic algebra.

The derivers described in this section together with AddOp are the on-
ly derivers we will use. They constitute the basis for the way in which I
will introduce derived algebras. A derived algebra will be defined by pro-
viding in some way the following information ”

0) what the old algebra is
1) what the sorts of the new algebra are
2) what the generators of the new algebra are

3) what the operators of the new algebra are.

This information can be used in several ways to build a derived alge-
bra. One might first add the new sorts and then the new operators, or vice
versa. One might use the derivers described above, or variants of them. But
all methods yield the same algebra, as follows from the uniqueness proof
given in the next theorem.

8.13. THEOREM. Let A = <(AJ) ¢»(F ), > and B = <(B) .o ,(C) > be
similar algebras and let h e Epi(A,B). Let furthermore be given

1) a collection of sorts T and a mapping c: T =+ S,

2) a collection of new generators (H )teT’ where Ht c Ao(t)

3) a family of polynomials P = (p ). . and a type giving function

iel
n _ R
f: (pi)iél +U T xT such that f(pi) = <w,t> only if p; € POL<o(w) a(t)>"
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Then there is a unique algebra D = <(Dt) teT,]T> where
1) Dt c Ac(t)’ Z.e. the carviers of D are subsets of the cavriers of A

D W=Ap; s | P B)yp

(dl""’dn) = pA(dl,...,dn)}

f(pi) = <w,v> and

pi,<w,v>,D
3) D is generated by the collection (Ht) te? Lo€- D= <[ (Ht) tET],H>

Moreover, there is a unique algebra ¥ such that for h = bID we have

f e Bpi(D,E).

PROOF I) Existence of D
The derived algebra will be defined in four steps which are indicated

in figure 3.

b
I
I
1
¥
>
[
!
|
¥
>
i
1
1
¥
>
[
I
I
¥
>
1l
=]

Figure 3. Construction of D

The algebras mentioned in figure 3 are obtained using the derivers de-

fined before.

Al = AddOpp(A), so A1 is obtained by adding all polynomial symbols
mentioned in P,
A, = AddSorts (Al) so A2 is obtained from A1 by adding the sorts of T

2 T,0

A3 = DelOpA(Az) where A = {§ [ f is an operator symbol of A2 and
§ ¢ I}
so A, has only operators symbols given in P with the

3
type indicated by £.

A, = SubAlg(H y: (A3) so A

4 is the algebra built from (Ht)
tteT

teT”

From the previous definitions concerning derivers it follows that A4

is an algebra which satisfies the three conditions mentioned in the theorem.

I1. Uniqueness of D
Suppose that D1 and D2 are algebras satisfying the requirements for

D. Define D3t = Dlt n D2t. Then D3 = <(D3t) > is a subalgebra of DI

teT’
cause
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1) D3t c Dlt
2) (D3t)teT is closed under the operations in I
Let the type of m ¢ II be <<t

,...,tn>,t > and suppose

1 n+1
d1 € D3t]""’dn € D3tn. Then w(dl,...,dn) € (D]t . nD2t . ) since w
has the same interpretation in Dl and D2, and both ﬁl and bZ are closed
under #. Hence D3 is closed under w.

Moreover, Ht'c D3t. So D3 is a subalgebra of D containing the generators

of D1, hence D3 = DI. From this follows that D2 = DI.

1I11. Existence and unicity of E

Algebra E is defined by analogy to the definition of D. So
B1 = AddOph(P)(B), B2 = AddSortsT’U(Bl), B3 = DelOpA(Bz) and
B4 = SubAlg(Ht)th(B3). Here h(P) is defined as in theorem 7.3 and A is de-—
fined as above. From the previous theorems about derivers it follows that
h e Epi(Ai,Bi) for i € {1,2,3} and that hPA@ e Epi(A4,B4). It also follows
that each Bi is the unique algebra with this property. In particular B4’

is the unique algebra which satisfies the requirement for E.

8.14, EXAMPLE. This example consists of the syntax and semantics of a small
fragment of English. The meanings of the sentences of the fragment are ob-
tained by translating them into an algebra derived from pfedicate logic.

Its semantics is very primitive: the meaning of a sentence is a truth value.
This aspect is not important because. the purpose of the example is to illu-
strate the derivers described in this section.

The generators of the algebraic syntax are as follows:

BT = {John, Mary}
BIV = {run,walk}
By = {child,professor}.

' The rules of the syntax are as follows

Fl: Tx IV~+S defined by Fl(a,B) = gRs.

FZ: TxCN~>S defined by Fz(a,B)

o i8 a B.
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Examples are:

Fl(John,run) = John runs

Fz(Mbry,proféssor) = Mary 1s a professor.
This information determines the following algebraic grammar

<<[{thn,Mary}T,{run,walk} {childﬁproféssor}CN],{Fl,F2h3s>,

I’
The fragment is translated into a derived algebra which is determined

by the following information.

The elements of BT are translated respectively into John,Mary which are

constants of type e. The’elements of BIV and BCN are translated into the

following constants of type <e,t>: run,walk,child,professor. Notice the dif-

ferent type face used for English words and logical constants. The applica-

tion of operator T, (corresponding to rule F1> is described by the polyno-—

2,<e,t>(x1,e
of o and B respectively, then the translation of the term Fl(u,B) is a'(B").

1
). Consequently, if o' and B' are the translations

mial symbol x
The operator T, {corresponding with rule FZ) is defined by the same polyno-

mial symbol. Examples are:
translation of FI(John,run) is run(john) .
translation of Fz(Mary,proféssor) is professor(mary) .

The description of the derived algebra given above has not the form
used in theorem 8.12. But implicitly all that information is given, as ap-
pears from the following discussion.

1. The sorts of the derived algebra are the same as those of the syntax:
T,IV,CN and S. The mapping o to the old sorts is o(T) = e, o(IV) = <e,t>,
o{(CN) = <e,t>sand-0(S) = t.

2. The generators of the derived algebra are the translations of the genera-
tors of the syntactic algebra.

3. The polynomial operator is & (x] t), and the type=-giving function
3

2,<e,t>

£ says f((x (xl t)) = {<<T,IV>,8>,<<T,CN>,S>}.
k4

2,<e, t>
The process of making a derived algebra as is described in the proof
of theorem 8.12 proceeds as follows.

step 1. The polynomial operator x Cnl t) is added to the algebra of
b

2,<e,t>
predicate logic.
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step 2. The categories T,CN,IV and S are added. Their carriers consist of
the expressions of type e, type <e,t>, type <e,t> and fype t respectively.
Moreover, the operators are multiplied. For instance, the operator
x2,<e¢>0r],e) gets 12 incarnations. Examples of the types of these incarna-
tions are <<s,e>,e>,t>, <<CN,T>S>, <<s,e>,T>S$> and <IV,T>t>.

step 3. Everything that is not needed will be removed. The carriers of sorts
CN and IV are reduced, which has the effect that they become disjunct. Sort
t is removed, and most incarnations .of the polynomial are removed, except

for <<CN,T>S> and <<IV,T>,S>.

The derived algebra which results from this process is the unique al-
gebra guaranteed in theorem 8.13. In the sequel I will present the infor-—
mation needed to apply theorem 8.11 in the implicit way used here. The pro-

cess of forming a derived algebra will not be described explicitly.
9. DISCUSSION

The framework defined in this paper is closely related to two proposals
in the literature. These proposals are developed in two quite different
fields of semantics. The first one is developed by Richard Montague for the
treatment of the semantics of natural languages. It is preéented in "Uni-
versal Grammar' (MONTAGUE 1970b), henceforth UG. The first sentence of
this article reads

There 1s in my opinion no important theoretical difference between
natural languages and the avtificial languages of logicians; indeed,
I consider it possible to comprehend the syntax and semantics of both
kinds of languages within a single natural and mathematical precise
theory.

I is striking to find that this statement can be extended to the languages
of computer scientists. Independent of Montague's work, and independent of
the philosophical tradition this work was based on, the same ideas were
developed in the field of semantics of programming languages by the group
called Adj (Goguen, Thatcher, Wagner, Wright). Their motivation had nothing
to do with the compositionality principle; they have a practical justifi-
cation for their framework. The second sentence of ADJ 1979 reads:

The belief that the ideas presented here are key, comes from our ex—
perience over the last eight years in developing and applying these
concpets.

A more detailed comparision between these proposals and the one described

in this chapter will be given below.
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The basic difference between Montague's framework and the present one, is

that Montague did not have the notion 'many sorted algebra' available. He

worked with a one sorted algebra and his syntax consisted of the descrip-
tion of a very special one~sorted algebra: one with much additional struc-
ture. I have a much more general algebraic concept of syntax and his one-—
sorted algebra is a special case. However, the mathematical object Montague
defines is the same as the object I define. The two frameworks present dif-
ferent views of the same mathematical object. These different views have
some consequences for the details of the framework.

1. In the present framework operators are typed. In Montague's framework
operators are typeless, but rules are typed. This has the following con-
sequence. If we apply the UG framework to PTQ, then not the syntactic
rules (i.e. S4,S5,...) are the operators in the algebraic sense, but the
operations on strings (i.e. FI’FZ"')' The framework requires for each Fa
single corresponding semantic operation. But this is not for all F's the
case (e.g. not for F8: conjunction-operation). This illustrates that the
present framework, in which rules and operators coincide, gives an ap-—

proach which closer to practice than the UG framework.

2. Both frameworks require that the operators be total. In my framework this
means that an operator has to be defined for the whole carrier of the
type of its arguments. In Montague's framework it means that the operators
have to be defined for all elements on the algebra, even for those ele-
ments to which it will never be applied. A similar remark holds for homo-
morphism. For instance the semantic interpretation has to be defined for
expressions which are not expressions of logic such as > + p. In practice
no one actually defines homomorphisms for such arguments. In the present

framework this practice is sanctioned.

3. In the present framework, there is a natural relation between the dis-
ambiguated and the generated language: from an expression in the term
algebra one obtains the corresponding expression in the generated lan-
guage by evaluating the expression. In UG there is a (further unspeci-—
fied) relation R relating the disambiguated language with the generated
language. Such a relation can be used for several purposes: for neat
ones such as deleting brackets, but also for filtering, completely re-
formulating the expression, or building new structures and other obscure
operations. That R can be any such relation is not good. As far as I
know, no one working in Montague grammar actually uses this extreme power

of R. Hence it is attractive to restrict R as we have done.
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4. The present framework has some built in restrictions to guarantee that
the grammar be effective. The restrictions are obeyed by all existing
proposals. The original, unrestricted definitions allow for too unin-—

teresting grammars.

Summarizing, the differences between the present framework and '
Montague's have as a consequence that the present framework is much closer
to practice, and that unwanted, and unused, facilities are no longer avail-
able. )

Next I will consider the relation of our framework to that of Adj. The
basic idea underlying their approach is formulated in ADJ (1977, p.69).

In the cases we examine, syntax is an initial algebra, and any other
algebra A in the class is a possible domain (or semantic algebaa);

the semantic function is the uniquely determined homomorphism hp: S - A,
assigning a meaning hp(s) in A to each syntactic structure s in S.

This statement implies that the group Adj works with what we have called
'simple Montague grammars'. They have, however, not explicitly described
the framework in which they work. They are interested primarily in practi-
cal work concerning the semantics of programming languages. It appears that
their work is in accordance with what we have defined as being a (standard)
Montague grammar. For instance, a central aspect of the present framework
is that polynomial operators are used to define complex operations on
meanings. Adj certainly knew about the benefit of polynomials: their papers
are full of such operators. But no explicit formulation is given of the
role of polynomials in their approach. Since a framework is only implicit,
it is possible, that the algebraic theory developed in this chapter is
hidden in their works. The most fundamental difference between the two ap-
proaches is that they base the semantics on the algebraic grammar for the
language, whereas we base it on the corresponding term algebra (i.e. on
derivational histories). However, since the framework of Adj is not made
explicit, it is difficult to compare their approach with ours. Therefore.l
restrict myself to the general remarks given above. Below I will discuss
some technical differences in the definition of algebra and homomorphism.
In the Adj approach it is required that all similar algebras have the
same operator symbols. I prefer to have the possibility of using different
operator symbols because that is standard in the field of Montague grammars
(the operators from the syntactic algebra are usually denoted Si’ and those
of the logical algebra Ti)' Furthermore, the Adj definition has as a con-

sequence that renaming the sorts gives rise to a completely new algebra:
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an algebra obtained by renaming the sorts is not isomorphic to the original
algebra, it is not even similar! For these reasons I prefer the more general
definition of many sorted algebra and of similar algebras which are used in
this chapter.

In the theory of universal algebras one usually allows for nullary ope-
rations, i.e. for operations which do not take an.argument and which always
yield the same value. In our definition such operations are not allowed.

To consider constants as nullary operators is intuitively difficult, and
practically inconvenient. For, instance, after having presented their de-
finition, which allows for nullary operations, ADJ (1977,p.71) says that
the uniformity is 'mathematically nice', but 'it is often more convenient'
to separate them out from the more general operators. Another difficulty

is the following. Let an algebraic grammar be given for a certain fragment.
Suppose that a new element is added to an existing carrier (a new word is
added of an already present category). Then one would judge intuitively
that nothing essential is added. If a new rule is added (i.e. a non-nullary
operation), then a new type of syntactic constructions is added to the
fragment. In such a situation one would say that something essentially is
added. If nullary operations would be allowed for, then these two kinds of
addition would have the same status, which is not in accordance with prac-—
tice. Also the difference concerning nullary operators does not give rise
to essential differences in the algebraic theory (e.g. because I have
adapted suitably the definition of 'polynomial symbol').

In our approach a homomorphism is a mapping with as domain the elements
of the carriers. In the Adj approach it is a sorted collection of mappings.
For each sort there is a separate mapping. So in case an element occurs in
several carriers it is treated as if there are two different elements. The
images under the homomorphism can be different for the same element in dif-~
ferent sorts. This is not acceptable in our approach. In the process of
making a derivéd algebra we impose a new structure of sorts on the logical
algebra, and the interpretation homomorphism has to determine uniquely the
interpretation of the elements of the new sorts (which are also elements of
the old sorts). If the homomorphism is defined ‘as a sorted collection of
functions, the interpretation of the new carriers is arbitrary. Hence
theorem 8.12 would not be valid. In order to guarantee an unique interpre-—
tation for the derived algebra, the Adj-definition was corrected.

Summarising, the main difference between our approach and that of Adj
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is that we base the semantics on the term algebra, whereas Adj does not.
Another difference is that we have an explicit framewofk. Differences in
technical details are a consequence of this framework or of requirements
from established practice. The present framework might be considered as a

synthesis of the idea's of Montague with technical tools of Adj.
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CHAPTER III

INTENSIONAL LOGIC

ABSTRACT

In this chapter the language of intensional logic is introduced; this
language is a useful tool for representing meanings of e.g. English. The
semantic interpretation of intensional logic is defined by a translation
into the language Ty2 of two-sorted type theory. Several properties of in-

tensional logic are explained using this translation into Ty2.
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I. TWO FACETS

1.1. Introduction

Our aim is to associate in a systematic way the expressions of a lan-
guage with their meanings. Hence we need a method to represent meanings.

The most convenient way to do so, is to use some suitable logical language.

Once the interpretations of that language are defined, its expressions can

be used to represent meanings. The language we will use in this book, is

the language of intensional logic, henceforth IL. This language is especial~

ly suitable for representing the intended meanings because it 'wears its

interpretation upon its sleeves' (Van Benthem, pers.comm.) .

In chapter 1 some consequences of the principle of compositionality

are discussed. Here I will pay special attention to two of them.

I) The meanings associated with expressions of a natural language or a pro-—
gramming language are intensions, i.e. functions on a domain consisting
of a set of 'indices'. The indices formalize several factors which in-
fluence the meaning of an expression.

IT) The meanings form a many sorted algebra which is similar to the syntac-—
tic algebra. Hence we have for each category in the syntactic algebra a

corresponding sort in the semantic algebra: the semantic model is 'typed'.

In the light of the close connection between IL and its models, it is not
surprising that these two facets of meaning are reflected in IL. This lan-
guage contains operators connected with indices (e.g. tense operators), as
well as operators reflecting the typed structure of the semantic domain
(e.g. A abstraction). This means that IL can be considered as the amalgama-
tion of two kinds of languages: type logic and modal tense logic. With this
characterization in mind, many properties of IL can be explained. This will

be done in the sequel.

1.2, Model - part I

The set of indices plays an important role in the formalization of the
notion '"meaning' since meanings are functions with indices as their domain.
The definition of the model will not say much about what indices are: they
are defined as an arbitrary set. This level of abstraction has the advan-
tage that the meanings of such different languages as English and Algol can
be described by them. But one might like to have an intuitive understanding
of what indices are, what they are a formal counterpart of, and which degree

of reality they have. Several views on these issues are possible, and I will
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mention some of them.

1. Our semantic theory gives a model of how the reality is, or might have
been. An index represents one of these possibilities. In application to
natural language this means that an index represents a possible state of
affairs of the reality. In application to programming languages this
means that an index represents a possible internal state of the computer.

2. Oﬁr semantical theory gives a model of a psychologically acceptable way
of dealing with meanings. In this conception an index formalizes a per-—
ceptually possible state of affairs (cf. PARTEE 1977b).

3. Languages describe concepts, and users of a language are equipped with a
battery of identification procedures for such concepts. An index repre-
sents a class of possible outcomes of such procedures (cf. TICHY 1971).

4. Our semantic theory describes how we deal with data. An index represents
a maximal, non—contradictory set of data (cf. VELTMAN 1981).

5. 'In order to say what meaning is, we may first ask what a meaning does,
and then find something that does that.' (LEWIS 1970). We want meanings
to do certain things (e.g. formalize implication relations among sen-—
tences), we define meanings in an appropriate way, and indices form a

technical tool which is useful to this purpose. Indices are not a formal-
ization of something; they are just a tool.

Conception 1 is intuitively very appealing, and most widespread in the
literature. But the interpretations 2,3, and 4 are also intuitively appeal-
ing. The reader is invited to choose that conception he likes best. An in-
tuitively conceivable interpretation might help him to understand how and
why everythings works. But the reader should only stick to his interpreta-—
tion as long as it is of use to him. For the simple cases indices can prob-
ably considered as an adequate formalization of his intuitions. But once
comes the day that his intuition does not help him any more. Then he should
switch to conception 5; no interpretation but a technical tool. Such a si-
tuation arises, for instance, with the treatment of questions. Do you have
an idea of what the meaning of a question should be in the light of concep-
tion 1,2,3, or 4? For instance the treatment of indirect questions given in
GROENENDIJK & STOKHOF (1981) cannot be exlained on the basis of the first
four conceptions. They have chosen as meanings those semantic entities
which do what they wanted them to do: the indices play just a technical

role in this definition.
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1.3. Model - part IT

In the model theory of type-logic the models are constructed from a
few basic sets by adding sets of functions between already a available sets.
Two .kinds of models can be distinguished, depending on how many functioms
are added. In the so called 'standard models', the addition clause says
that if A and B are sets in the model, then the set AB of all functions

- from B to A also is a set in the model. In the so called 'generalized mod-

els'

one needs not to take this whole set, but one may take some subset.

There is a condition on the construction of models which guarantees that

not too few elements are added to the model: every object that can be de-
scribed in the logic should be incorporated in the model.

The laws of type logic which hold in standard models are not axioma+

tizable. In order to escape this situation, the generalized models were
introduced (HENKIN 1950). By extending the class of possible models, the

laws were restricted to an axiomatizable class: the more models the more
possible counter examples, and therefore the fewer laws.

What kind of models will be used for the interpretation of intensional
logic? I mention four optioms.
1. the class of all standard models
2. a subclass of the standard models
3. the class of all genéralized models
4. a subclass of the generalized models.
Which choice is made, depends on the application one has in mind, and what
conception one has about the role of the model (see section 1.2). If one
intends to model certain psychological insights, then one might argue that
the generalized models with countably many elements are the best choice
(cf. PARTEE 1977b, and the discussion in chapter 6). If the model is used
for dealing with the semantics of programming languages then a certain sub-
set of the generalized models is required (see chapter 10). In the applica-
tion of Montague grammar to natural language, one works with option 2. A
subclass of the standard models is characterized by means of meaning postu-—
lates which give restrictions on the interpretation of the constants of the

logic. I will follow this standard approach in the sequel.
1.4, Laws

Most of the proof-theoretic properties of IL can be explained by con-
sidering IL as the union of two systems: type logic and modal tense logic.

The modal laws of IL are the laws of the modal logic S5. Many of the laws
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of type logic are laws of IL, exceptions are variants of the laws which

are not valid in modal logic. The laws of type logic (i.e. those which

hold all standard models) are not axiomatizable. Since IL has (one sorted)
type logic as a sublanguage, IL is not axiomatizable either. For modal logic
there is an axiomatization of the laws which hold in all generalized models.
This is expressed by saying that type logic has the property of generalized
completeness. By combining these two completeness results, the generalized

completeness of IL can be proved (see also section 3).
1.5. Method

I have explained that many aspects of IL can be understood by consider-
ing IL as the amalgamation of type logic and modal tense logic. Nevertheless,
the formal introduction of IL will not proceed along this line. I will first
introduce some other language: Ty2, the language of two sorted type theory.
On the basis of Ty2 I will define IL: the algebraic grammar of IL is an al-
gebra derived from the algebraic grammar for Ty2. The reasons for prefer—:

ring this approach are the following:

1. Model theoretic

In Ty2 the indices are treated as elements of a certain type just like all
elements. This is not the case for IL. In the interpretation of IL indices
occur only as domains of certain functions, but not as range. Therefore the
models for IL become structures in which carriers of certain types are de-
leted, whereas, from the viewpoint of an elegant construction, these car-—
riers should be there. In the models for Ty2 they are there. Remarkable
properties of IL can be explained from the fact that these carriers are not
incorporated in its models. It appears to be better for understanding, and
technically more convenient, to describe first the full model, and to re-
move next certain sets, instead of to start immediately with the remarkable

model.

2. Homomorphisms

From the viewpoint of our framework, it is essential to demonstrate that
the interpretation of IL is a homomorphism. It seems, however, rather dif=-
ficult to show that the interpretation homomorphism for type logic and

that for modal tense logic can be combined to a single homomorphism for IL.
Furthermore, we should, in such an approach, consider first the interpre-—
tations of these two languages separately. It is easier to consider only

Ty2.
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3. Laws

Many of the proof rules for Ty2 are easy to formulate and to understand.
This is not the case with IL. It is for instance much easier to prove lamb-
da conversion first for Ty2, and derive from this the rule for IL, than to

prove the IL rule directly.

4. Speculation

We will use IL for expressing meanings of natural language expressions be-
cause it is a suitable language for that purpose. No explicit reference to
indices is possible in IL, and there is no need to do so for the fragment
we will consider. But one may expect that for larger fragments it is un-
avoidable to have in the logic explicit reference to indices. NEEDHAM
(1975) has given philosophical arguments for this opinion, Van BENTHEM
(1977) has given technical arguments, and GROENENDIJK & STOKHOF (1981)
treat a fragment of natural language where the use of Ty2 turned out to be
required. Furthermore we will consider in chapter 10 a kind of semantics
for programming languages which requires that states can be mentioned ex-

plicitly in the logical language, and we will use Ty2 for that purpose.
2, TWO-SORTED TYPE THEORY

In this section the language Ty2 will be defined: the language of two
- sorted type theory. The name (due to GALLIN 1975) reflects that the lan-
guage has two basic types (besides the type of truth values). It is a gener-—
alization of one sorted type theory which has (besides the type of truth
values) one basic type. The language is defined here by means of an alge-
braic grammar.
Since in logic it is customary to speak of types, rather than of sorts,
I will use this terminology, even in an algebraic context. The collection
of types of Ty2 is the smallest set Ty such that
1. {e,s,t} © Ty (e="entity',s="sense',t="truth value').
2. if 0 € Ty and © ¢ Ty then <o,t> € Ty.
This is the standard notation for types which is used in Montague grammar.
It is, however, not the standard notation in type theory. Following CHURCH
(1940), the standard notation is (o)t instead of <o,t>. I agree with LINK
& VARGA (1975) that if we would adopt that notation and some standard con-—

ventions from type theory, this would give rise to a simpler notation than
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the one defined above. But I prefer not to confuse readers familiar with
Montague grammar, and therefore I will use his notation.

For each type t ¢ Ty we have two denumerable sets of symbols:

CONf = {CI,T,Cz,T,...} the constants of type T
and

VAR = {VI,T’VZ,T""} the variable of type T.
So the constants and variables are indexed by a natural number and a type
symbol. The elements of VART are called variables since they will be used
in Ty2 as variables in the logical sense (they should not be confused with
variables in the algebraic sense which oceur in polynomials over Ty2).

The generators of type T are the variables and constants of type T.

The carrier of type T is denoted as MeT (meaningful expression of type T).
An element of the algebra is called a (meaningful) expression. The standard
convention is to call the meaningful expressions of type t 'formulas', but

I will call all meaningful expressions 'formulas'. (this gives the possibil-—
ity to distinguish them easily from expressions in other languages).

There are denumerable many operators in the algebra of Ty2, because the
operators defined below are rather schemes of operators, in which the types
involved occur as parameters. For instance the operator for equalities
(i.e. R_) corresponds with a whole class of operators: for each type T € Ty
there is an operator R_ o These operators R_ . all have the same effect:

- . . 4 . . 2 .
R_ T(a;B) is defined as being the expression [o=Rl. Therefore we can define

a ;hole class with a single scheme. The scheme for R_ should contain 7 as

a parameter, and other operations should contain two types as parameter.
These types are not explicitly mentioned as parameter, since they can
easily be derived from the context. The proliferation of operators just
sketched is a consequence of the algebraic approach and caused by the fact
that, if two expressions belong to different sorts for one operation (say
for function application), they belong to different sorts for all operations
(so for equality).

The operators of Ty2 are defined as follows

1. Equality
R_: MET X MET - MEt where R=(u,6) = [a=g].

2. Function Application

R x MEcy - MET where R( )(a,B) = [a(B)].

() Mg, o>
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3. Quantification

Rav: MEt > MEt where v ¢ VART and RHV(¢) = 3rle].
For universal quantification (RVV) analogously. Recall that in chapter | ar-
guments were given for not analyzing 3v any further.

4. Abstraction

va: MET -> ME<G’T> where v € VAR0 and va(a) = avlal.
5. Connectives
R,: MEt X MEt > MEt where R“(u,B) = [aAB].

Analogously for R,, R,, and R__.

>

Ryt MEt —>-MEt where Rj(¢) = [M9].

The (syncategorematic) symbols [ and ] are used to guarantee unique
readability of the formulas. They will be omitted when no confusion is
likely. The syncategorematic symbols 3v (existential quantifier), Vv (uni-
versal quantifier) and Av (the lambda-abstraction) are called binders. A
variable is called free when it does not occur within the scope of 3v, Vv,
or Av. The notions 'scope' and 'free' can be defined rigorously in the
usual way.

This completes the definition of the operators of Ty2. For the seman-—
tics of English, two more operators are needed. They introduce ordering

symbols between expressions of type s (i.e. between index expressions).

6. Ordering
Lo < B]

R : ME x ME_ > ME, R _(0,B)

R_: MES‘x ME_ -~ ME_ R, (a,8) [a > BT.
After having described the sets of sorts, generators and operators of
Ty2, I will present the algebraic grammar for Ty2. Let R be the collection
of operators introduced in clauses 1-5. Then al algebraic grammar for Ty2
is
<< (CONTUVART) reTy’5> S, >,
If R is replaced by R U {R<,R>}: then algebraic grammar for Ty2< is ob-

tained.
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3. THE INTERPRETATION OF Ty2

The semantic domain in which Ty2 will be interpreted, comsists of a
large collection of sets, which are built from a few basic ones. These basic
sets are the set A of entities, the set I of indices, and the set {0,1} of
truth values. The sets DT of possible denotations of type T are defined by

1. Dt = {0,1}, De = A, DS =1

2. D =D O,
<0,T> T

In order to deal with logical variables, we need functions which assign
semantical objects to them. The collection AS of variable assignments
(based on A and I) is defined by

VAR
AS =T (o O.
teTy T
Let as, as' € AS. We say that as' 5 as (as' is a v-variant of as) if for
all w € VAR such that w Z v holds that as(w) = as'(w). If as' > as and
as'(v) = d then we write [v+dlas for as'.

Now the necessary preparations are made to say what the elements of

the semantic domains are. Let A and I be non-empty sets, and let DT be de~

fined as above. The sets M (based upon A and I) are defined by

By the semantic domain based upon A and I, we understand the collection

(MT)TETy'

ture is required. The set I has to be the cartesian product of two sets W

In such domains we will interpret Ty2. For Ty2< additiomal struc-

and T, where T is linearly ordered by a relation <. Here W is called the
collection of possible worlds, and T the collection of time points. An
element 1 ¢ W x T is called a reference point or <ndex.

As is suggested by the definition of semantic domain, the interpreta-—
tion homomorphism of Ty2 will assign to an expression of in MET some ele-
ment of MT, i.e. the meaning of ¢ € MET is some function f: AS = Df. In
chapter one we have formalized the meaning of an expression of predicate
logic as a function f: AS » Dt’ and here this approach is generalized to
other types. In the case of predicate logic a geometrical interpretation
of this process was possible, and this led us towards the cylindric alge-

bras. For the case of Ty2 it is not that easy to find a geometrical
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interpretation. In any case, I will not try to give one. But I consider
the interpretation of Ty2 given here as a generalizatién of the interpreta-—
tion of predicate logic with cylindric algebras. Therefore I will call the
interpretation of quantifiers of Ty2 'cylindrifications'.

Analogous to the interpretation of variables, there are functions for
the interpretation of constants. The collection F (based upon A and I) of

functions interpreting constants is defined by:

By a model for Ty2 we understand a pair <M,F> where
1. M is a semantic domain (based on A and I).
2. F € F,hence F is a function for the interpretation of constants (based

on the same sets A and I).

In order to define a homomorphism from Ty2 to some model, the models
should obtain the structure of an algebra similar to the syntactic algebra
of Ty2. That means that I have to say what the carriers, the generators,
and the operators of the models are. The generators and operators will be
defined below, along with the definition of the interpretation homomorphism
V (V = 'valuation'). The carrier of type T is already defined; it is M{.

Sp the value of an element of MET under this interpretation V is a function
from AS to DT. This function will be defined by saying what its value is
for an arbitrary assigmment as € AS. I will write Vas(u) instead of

V(o) (as) because the former notation is the standard one.

The generators of the semantic algebra are the images of: the generators
of the syntactic algebra. These are defined by

a) VaS(VT,n) as(vT’n)

) F(c ).

V. (¢
as ' T,n T,0

fi

b)

As for the last clause, one should remember that we are defining the inter-—
pretation with respect to some model, and that models are defined as con-
sisting of a large collection of sets and a function F which interprets
the constants.

The interpretation of compound expressions of Ty2 will be defined next.
Let R be some operator of the syntactic algebra of Ty2. Then the value
VaS(R(u)) will be defined in terms of Vas(a). In this way it is determined
how V(R(a)) is obtained from V(a). Then it is also determined how the

operator T, which produces V(R(a)) out of V(a) is defined. For each clause
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in the definition of Vas(a), I will informally describe which semantic op-

erator T 1s introduced.

1. Equality
1 if Vas(u) = Vas(B)
Vg (e=B) =

0 otherwise.

So V(a=R) is a function from assignments to truth values yielding 1 if V(a)
and V(B) get the same interpretation for that assignment. Consequently T_
is the assignment-wise evaluated equality. To be completely correct, I have
to say that there is a class of semantic operators described here and not

a single one: for each type T there is an equality operator T_ o
T

2. Function application
Vas(a(B)) = Vas(a)(VaS(B))-

So if V(o M , V ‘ .
(@) € <o,1> (B) € M_, then V(a(B)) € M_. And T((). M?0,1>XM0'*MT’

where M( ) is assignment-wise function application of the assignment-wise

determined function to the assignment-wise determined argument.
3. Quantification

1 1if there is an as' > as such that Vas,(¢) = 1.

Vas(3V¢) =

0 otherwise.

The element V(3Ive) € Mt is obtained from V(9) € Mt by application of THV'

This operation T_  is a cylindrification operation like the ones introduced

v
in chapter 1. Vas(Vv¢) is defined analogously.

4. Abstraction ,

Let v € VAR0 and ¢ € MET. Then Vas(kv¢) is that function f with domain DT
such that whenever d is in that domain, then £(d) is Vas,(a), where as' =

[v+>dlas. In the sequel T will symbolize this rather long phrase as

Vas(lv¢) =2 V[V»d]as(¢)'

Here A might be considered as an abstraction in the meta language, but its

role is mothing more than abbreviating the phrase mentioned above: 'that
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function whic¢h ...'. The semantic operator TAV A is a
. v
function from M_ to M where T, associates with an element e ¢ M
T <g,T> Av T

some function f ¢ M<0 o This function f assigns to an as e AS the function
>

that for argument d has the value e(as'), where as' = [v>d]as.

corresponding to R

5. Connectives

IOAEV, (0 =V () =1
vV, (08p) =

0 otherwise.

So T is the assigmment-wise evaluated conjunction.
The corresponding operators T\/,T_},'I.‘..I and T __ are defined analogously to
T, : assignment-wise evaluated conmnectives.

This completes the interpretation of Ty2. For the interpretation of

Ty2< an additional clause is required.
6. Ordering

1 if the world component of Vas(a) equals the
world component of VaS(B), and the time com—
ponent of Vas(u) is before the time component

V.o @<B) = <
of VaS(B).in the linear ordering of T.

L0 otherwise.
Analogously for Vas(a>6).

This definition means that in case the world components of o and B are dif-
ferent, then Vas(a<8) = 0. The relation-symbol < does not correspond with
" a total ordering, and comsequently 1{(0<B) is not equivalent with

La>B v a=R].
4, PROPERTIES OF Ty2

In the definition of the language Ty2, we introduced a lot of operators
(corresponding with connectives and quantifiers). Abstraction was just one
among them. In a certain sense, however, it is the most important and power-
ful operator. The other operators are unnecessary since they can be defined
in terms of A-operators (and =). Also expressions denoting truth values

can be defined in this way. I will present the definitions (originating
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from HENKIN 1963), without further explications because I will not use
their details in the sequel. They are presented here for illustrating the

central role of A-abstraction in this system.

4.1. EXAMPLE definitions based on A-operators .

Let x,y € VARt and f ¢ VAR<t,t>' Then

T = [ax[x] = xx[x]]

F = [ax[x] = ax[T]]

1= [Ax[F=x1]

A = DAxdylAflF(x) = yl = AfL£(T) 11]
» = [Axagllxayl = x1]

v = [axaylx»yl]

Let T € Ty and z ¢ VART; then:
VzA = [AzA = AxT].

4.1, END

In certain circumstances, we may simplify formulas of the form AvL¢I(a)
by substituting the argument a for the free occurrences of v in ¢. This
kind of simplification is called A-reduction or A-conversion. In the theory
of A-calculi this reduction is known under the name B-reduction (a-reduc—
tion is change of the bound variable v). I described above the central po-
sition of A-operators. This implies that the prooftheory of Ty2 is essen—
tially the prooftheory of A-calculus. Therefore it is of theoretical impor-
tance to know under what circumstances A-conversion is allowed. But there
is also an important practical motivation. In the next chapters we will en~—
counter frequently formulas with many A-operators. Then, by A-conversionm,
these formulas can be reduced to a manageable size. This practical aspect
of reducing formulas is the main motivation for considering A-conversion
here in detail., I start with recalling a theorem which says which kinds of
reductions are allowed in all contexts. Thereafter some theorem will be

given concerning the reduction of formulas containing A-operators.

4.2, THEOREM. Let a,a' € MEG and B,B' € 1?']}3,r such that
a) B is part of o

b) B' Zs part of o'

c) o' Zs obtained from o by substitution of B' for B.
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Suppose that for all as e AS holds VaS(B) = VaS(S').
Then for all as € AS holds Vas(a) = Vas(a').

PROOF. Recall that B is a part of o if in the production process of o some
rule is used which has B as one of its arguments. Hence B is used in a con-
struction step R(..,B,..), where R is an operator from the algebraic gram-
mar for Ty2. That VaS(B) = Vas(B') for all as € AS, means that B' has the
same meaning as B. This means that the present theorem is a reformulation
of theorem 6.4 in chapter two (here adapted for the present algebra and the
present notion of meaning). Hence the same proof applies.

4.2, END

As a consequence of this theorem, two expressions with the same
meaning may be replaced by each other 'salva veritate'. This is a gener-
alization of Leibniz' principle (just as the corresponding theorem in chap-
ter 2) since it applies to formulas of any type to be repléced within$f§r—
mulas of any (other) type. The theorem provides a foundation of all reduc-
tions (simplifications) of IL-formulas we will meet in the sequel. A (sub)=-
formula may be replaced by a formula with the same meaning. This may even
be done even in case it is not yet known in which larger formula they will
occur as subformula. The theorem holds due to the fact thét we have an -al-

gebraic interpretation of Ty,-

4.3. DEFINITION. Let ¢ ¢ MEG, o € MET and v € VART. Then [a/v]1é denotes the
formula obtained from ¢ by substitution of o for all free occurrences of v

in ¢. This substitution is defined recursively as follows

La/vIly = nl 3 [Ta/vIp] = [La/vInl
Ca/vIL¥(n) ] 5 [Lo/vIpI(La/vIn)
La/vIL3we] 5 Iwlla/vie]l ifwiv
[a/vI3ve 5 3ve

analogously for Vw¢ and for Awd
La/viDgapl i [Ca/vied A L[La/vIy]

analogously for the other connectives.

4.3, END
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4.4, THEOREM. Suppose no free variable in o becomes bound by substitution
of a for v in ¢. Then for all as e AS:

VaS(X0[¢](a)) = Vas([a/v]¢).

PROOF. The clause concerning function application in the definition of Ty2

says:
VaS(AV[¢](u)) = Vas(kv[¢])(vas(a)).

By definition Vas(Kv[¢]) is that function which for argument d yields value
v[v»d]as(¢)' So, writing A for Vas(a), we have

vas(wi])(vas(a)) = Vas()\v[(b])(A) =V (6) -

[v+Alas

We first will prove, that for all as € AS.

V[v+A]as(¢) = Vas([u/vj¢)-
From this equality the proof of theorem easily follows. The proof of the
equality proceeds with induction to the construction of ¢.

1. ¢ = ¢, where c € CONT

V[VQAlaS(C) =F(c) = Vas(c) = Vas([u/vjc).

2. ¢ = w, where w ¢ VART.

2.1l.w#v

Ve oadas® = Vo) =V, (La/vw).
2.2. w=Z v

V[v*A]as(V) =A-= Vas(d) = Vas[a/v]V.
3. ¢ z0p=n

V[v+A]as(w=n) =1 iff V[v»A]as(w) = V[v+A]as(n)'
By induction hypothesis, this is true iff
Vas([a/v]w) = Vas([a/v]n),

hence iff Vas([u/V][w=n]) = 1.
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4. ¢ = Awy
41, w=v

Vi ooaTas V9= ¥, Ov) =V [a/vIDivpl.
4.2, wi v.

The conditions of the theorem guarantee that w does not occur in a. This
fact is used in equality I below. Equality II holds since we may apply the
induction hypothesis for assigmment [w>d] as, and equality III follows from

the definition of substitution.

V[v+A]as(kww) = V[v»VaS(u)]as(xww) =

3-dv[vﬁ«i]([V**Vas(cx)]as)(Iw =1

AdV

= v (u)]([w+d]as)(w> 11

Lw+dJas

Adv (Ta/vIp) =

[w>dJas

= Vaskw[a/v]w =11

Vas[u/v]lww.

The proof for Vvy and vy proceeds analogously.
5. =W

V[v»A]as(jw) =1 iff V[v+A]as(w) =0

by induction hypothesis we have

V[v+A]as(w) = VaS[a/VJw.

So y) =1 iff Vasjlh/v]w = 1.

Vivsalas

Analogously for the other conmectives.

4.4, END




From theorem 4.2 it follows that in case A-conversion is allowed on a
certain formula, it is allowed in whatever context the.formula occurs. So,
given a compound formula with several A-operators, one may first reduce the
operators with the smallest scope and so further, but one may reduce also
first the operator with the widest scope, or one may proceed in any other
sequence. Does this have consequences for the final result? In other words,
is there a unique A-reduced form ('a A-normal form')? The answer is affir-—
mative. The only reason which prevents a correct application of the A-con-~
version is the syntactic constraint that a free variable in o should not
become bound by substitution in ¢. Using a-conversion (renaming of bound
variables), this obstruction can be eliminated. It can then be shown that
each formula in Ty2 can be reduced by use of a~ and A-conversion to a A~
reduced form which is unique, up to the naming of bound variables (see the
proof for typed A-calculus in ANDREWS 1971 of PIETRZYKOWSKI 1973, which
proof can be applied to Tt2 as well). This property of reduction system is
known under the name 'Church-Rosser property'.

The theorem we proved concefning A-conversion gives a syntactic de-
scription of situations in which A-conversion is allowed. It is, however,
possible that the condition mentioned in the theorem is not satisfied, but
that nevertheless A—conversion leads to an equivalent formula. A semantic
description of situations in which A-conversion is allowed, is given in the
theorem below. This semantic description is not useful for simplifying Ty2
formulas, since there are no syntactic properties which correspond with the
semantic description in the theorem. In applications for the semantics of
natural languages or programming languages we will have additional infor-
mation (for instance from meaning postulates) which makes it possible to

apply this theorem on the basis of syntactic criteria.

4.5. THEOREM (JANSSEN 1980a). Let Avi¢l(a) € ME, and suppose that for all
as,as' ¢ As: Vas(a) = Vas.(a)-

Then for all as e AS: Vas(kv[¢](a)) = Vas([a/v3¢).

PROOF. Consider the proof of theorem 4.4. The only case where is made use
of the fact that no variable in o becomes bound, is in the equality I in
case 4. Since the condition for the present theorem requires that the in~-
terpretation of o does not depend on the choice of as, we have

Vas(a) =V (o).

[w>d]as
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Consequently the proof of 4.4 applies, using this justification for equality
I.

4.5. END

Ty2 contains typed A-calculus as a sub—theory. Since typed A-calculus
is not axiomatizable, Ty2 is not axiomatizable either. That typed A-calculus
is not axiomatizable becomes evident if one realizes that its models are
very rich: they contain models for the natural numbers. The formal proof of
the non-axiomatizability is based upon standard techniques and seems well
known. GALLIN (1975) does not give a reference when remarking that typed
A-calculus is not axiomatizable, and HENKIN (1950) only gives some hints
concerning a proof. A sketch of a possible proof is as follows. An effective
translation of Peano arithmetic into typed A-calculus is defined (see below
for an example). Then it is proven that every formula ¢ from Peano arith-
metic is true in the standard model of natural numbers iff the translation
of ¢ is true in all standard models for Ty2. Since arithmetic truth is not
axiomatizable, Ty2 cannot be axiomatizable either.

An example of an effective translation of Peano arithmetic into typed
A=-calculus is given in CHURCH (1940). For curiosity I mention the transla-
tions. of some numbers and of the successor operator S. Also the Peanoc—axioms

can be formulated in typed A-~calculus. The formulas translating 0,1,2 and S,

contain  the variables x ¢ VARe, f e VAR<e’e>, and v € VAR<<<e,e>,e>,e>'
One easily checks that S(0) = 1 and S(1) = 2.
arithmetics translation
0 Afax[x]
1 Aeax[£(x)]
2 AEAXLE(F(x))]
S WAL F (v (F) (x)) ].

As T already said in section I, Ty2 is generalized complete: i.e. the
class of formulas valid in all generalized models is axiomatizable. The
proof is a simple generalization of the proof for one-sorted type theory
(HENKIN 1950). I will define below the generalized models and present the

axioms without further proof.

The generalised domains of type T € Ty, denoted GDT, are defined by




113

1. Gb = A, GD =1, GDt = {0,1}

2. GD<0 . < GDT (o,TeTy) .

The generalized meanings of type T denoted GMT, are defined by
AS

GMT = GDT where AS is the set of variable assignments.

A generalized model is a pair <GM,F>, where

i. GM =U_GD
T T
2. F ¢ F where F is the collection of interpretations of constants
3. the pair <GM,F> is such that there exists a function V which assigns
to each formula a meaning, and which satisfies the clauses a,b,1,...6

from the definition of V for Ty2 in section 3.

Without the last requirement concerning generalized models, there might
arise difficulties to defime V for some model: the interpretation of A
might fail because the required function may fail to belong to the model.
The addition of requirement 3 makes that such a situation cammot arise. On
the other hand, the third condition makes that it is not evident that
generalized models exist since the given definition is not an inductive
definition. It can be shown, however, that out of any consistent set of
formulas such a model can be built.

The axioms for Ty2 are as follows (GALLIN 1975, p.60):
A g(T) A g(F) = Vxlg(x)] =x e VARt, g e VAR<‘:,t>
A2) x =g > £(x) = £(y)
A3) Vxlf(x) = g(x)] = [f = gl
AS84) axla(x) 1B = [B/x](a(x)) where the condition of th.4.4 is satisfied.

Furthermore, there is the following rule of interference:

From 2 = 4' and the formula B one may infer formula B', where B' comes
from B by replacing one occurrence of A which is part of B, by the

formula a' (cf. theorem 4.2).
5. INTENSIONAL LOGIC

The language of intensional logic is for the most part the same as the
language Ty2. The collection of types of IL is a subset of the collection

types of Ty2. The set T of types of IL (sorts of IL) is defined as the
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smallest set such that

1. eec Tand t e T

2. if o,T € T then <o,t> € T
3. if t € T then <s,1> ¢ T.

The language IL us defined by the following algebra.

L = <<[c0NT U VARTJTﬁT, R u {RV,RA,RtfRW,RH}>,t>

a. CONT and VART are the same as for Ty2 (as far as the types involved
belong to T)

b. R consists of all the operations of Ty2 (as far as the types involved

belong to T).

The new joperators are as follows

Lo R, MBI defined by R, (o) = Val
2. RA,T: MET > ME<S’T> defined by RA’T(a) = ["a]
3. Ry MEt - MEt defined by RD(¢) = [O¢1
4. R, ME > ME, defined by Ry (¢) = [we]
5. RH: MEt - ME, ‘ defined by RH(¢) = [H¢].

The symbol Viis pronounced as 'extension' or 'down', " as 'intension' or
'up', O as 'necessarily', and W and H are the future tense operator
(W ~ 'will"), and the past tense operator respectively (H ~ 'has'). This
use of the symbols H and W follows Montague's PTQ. It should be observed
that his notation conflicts with the tradition in tense logic, where
P('past’) and F('future') are used for this purpose. The operators W and H
are used in tense logic for regpectively 'it always will be the case' and
'it has always be the case'.

The semantics of IL will be defined indirectly: by means of a trans-—
lation of IL into Ty2<. I will empley the techniques developed in chapter
2 and design a Montague grammar for IL. This means that a homomorphism Tr

will be defined from the term algebra T 1 associated with IL, to an algebra

I
Der(Ty2) which is derived from Ty2< (see figure 1). The meaning of an IL
expression ¢ is than defined as its image under the composition of this

translation Tr and the interpretation homomorphism-V for Ty2 (where V is

restricted to the derived algebra). This composition TroV will be denoted
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V as well, since from the context it will be clear whether the interpreta-

tion of an IL expression or of a Ty2 expression is meant.

TIL

ln

Ty2< —=-22E——os  Der(Ty2<)
M --Der ___. Der (M)

Figure 1. IL as a Montague grammar

The translation Tr will introduce the variables Vl,s and V2,s’ which
will play a special role in the interpretation of IL. Following GROENENDIJK
' & STOKHOF 1981, these variables will be written a and a' respectively. The
translation Tr introduces only variable a as free variable of type s. Since
the expressions of IL contain no variables of type s, this means that the
interpretation of an IL-expression is determined by the interpretation of
the IL-variables and the interpretation of a. Hence the meaning of an IL-
expression can be considered as a function with as domain the assignments

to pairs comsisting of the value of a, and an assignment to IL-variables.

Let the collection G of assignments to IL variables be defined by

VAR
T

The meaning of an IL-formula ¢ € MET is then an element of DIXG, where the
component I determines the value assigned to a. The interpretation of «
with respect to i € I and g ¢ G is denoted by Vi,g(a).

From chapter 2, I recall a special method for the description of de-
(F) >. Then

se§’ Y yeTl
a derived algebra is uniquely determined by the following information (see

rived algebras. Let the original algebra be A = <(As)

chapter 2, theorem 8.13).

1) A collection S' of sorts of the derived algebra and a mapping T: S' ~> S
which associates new sorts with old sorts.

2) A collection (Hs')s’es' of generators for the new algebra, such that
Hs' c AT(S,). R

3) A collection P ¢ POL™ of operators of the new algebra, and a typegiving
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function for these operators which has to satisfy certain requirements.
The interpretation of IL will be defined by means of an algebra which

is derived from Ty2 in the just mentioned way. The specification of the
three components is as follows.
1) The set T of types of IL is a subset ¢f set of types of Ty2<. Hence the
set of types of the derived algebra is T. For the mapping T we take the
identity mapping.
2) There are two kinds of generators in the derived algebra: those which
correspond with variables of IL, and those which correspond with the con-
stants of IL. As generators corresponding with the IL-variables, the same
Ty2-variables are taken. For the constants we do not proceed in this way.
Would we have done so, then a constant of IL would always been associated
with one and the same semantical object, because the Ty2-constants have
this property. For applications this is not desirable. For instance, the
constant walk will be interpreted (at a given index) as a function from en-—
tities to truth values, thus determining the set of entities walking on
that index. We desire, however, that for another index this set may be dif-
ferent. Therefore it 1s not attractive to take constants of Ty2< as genera—
tors of the derived algebra. We will use the variable a € VARS for indi-
cating the current index. The generator corresponding to the IL-constant
Cn,o is the compound formula Cn,<s,o>6a)' Note that this formula contains
the constant with the same index, but of one intension level higher. These

considerations explain the following definition

H

. VARU, u {c (a) I ne N}.

n,<s,0>
3) Note first that the type giving function for the polynomials does not
need to be specified because all types of IL are types of Ty2. There are

two kinds of operators. Some operators of IL are also operators of Ty2<

as well., The polynomial symbols for these operators (see chapter 2, remark
after theorem 4.6) are incorporated in P. The polynomial symbols correspond-

ing with the other operators of IL are as follows

RV,T: Xl,r(a)

R )\a[X1 ]

A’T ’T

R,: Va[Xl,t]
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Rw: 3a'>a[ka[X1’t](a')]
RH: 3a'<a[Aa[X1’t](a')] .

In the polynomials for R and R a binder for a is introduced. In most cases
this does not give rise to vacuous quantification or abstraction since the
variable X will often be replaced by an expression containing a free variable
a introduced by the translation of some constant. The polynomial for Rw
might be read as 3a'>a[[a‘/a]X1’t] and for R, analogously (but these expres-
sions are not polynomial symbols).

The information given above completely determines a unique derived
algebra. Theorems of chapter 2 guarantee that in this indirect way the in-
terpretation of IL is defined as the composition of the translation of IL

into Der(Ty2<) with the interpreation of this derived algebra.
6. PROPERTIES OF IL

Below, and in the next section, some theorems concerning IL will be
presented. The proofs will rely on the way in which the meaning of IL is
defined: as the composition of the translation homomorphism Tr and the
meaning homomorphism V for Ty2<. Hence the interpretation Vi,g(¢) of an IL-
expression ¢ equals the interpretation VaS(Tr(¢)) of its tramslation in
Ty2<, where as is an assignment to Ty2-variables such that as(a) = i and
o
by proving VaS(Tr(¢)) = VaS(Tr(w)) for such a Ty-assignment as. If n is an

as(v) = g(v) for all IL-variables v. Hence we may prove Vi g(cb) =V
b

expression of Ty2, then the notation Vi,g(n) will be used for Vas(n), where
as is an arbitrary assignment to Ty2 variables such that as(a) = i and
as(v) = g(v) for all IL-variables v. If ¢ is of type t, we will often write
i,g F¢ instead of Vi,g(¢) = 1. When i or g are arbitrary, they will be
omitted. Hence F ¢ means that for all i and g it is the case that i,g k¢.
In section 4 we notified the theoretical importance of A-conversion for
Ty2: all quantifiers and connectives can be defined by means of lambda oper-
ators. For Ty2 the same holds, so it is of theoretical importance to know
under which circumstances A-conversion is allowed. But there also is an
important practical motivation. We will frequently use A-conversion for
simplifying formulas. For these reasons I will consider the IL-variants
of the theorems concerning the substitution of equivalents and concerning

A-conversion.
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6.1. THEOREM. Let a,0' € ME0 and B,B' € MET such that
a) B is part of a

b) B is part of o'

¢) o' is obtained from o by substitution of B' for B.
Suppose that for all i ¢ I and g € G V

IARORRARCUE

Then for all i € T and g € G
Vi,g(a) = Vi’g(a').

PROOF. This theorem could be proven in the same way as the corresponding
theorem for Ty2: by reference to theorem 6.4 from chapter 2. I prefer, how-
ever, to prove the theorem by means of translation into Ty2 because this
shows some arguments which will be used (implicitly or explicitly) in the
other proofs.

From (1) we may conclude that (2) holds, from which (3) immediately
follows:
(1) for all i ¢ I, g ¢ G: Vi,g(s) = Vi,g(B')
(2) for all i ¢ I, g ¢ G: Vi,g(Tr(B)) = Vi,g(Tr(B'))
(3) for all as ¢ As: Vas(Tr(B)) = Vas(Tr(B')).
Recall that B is a part of o if there-is in the production of o an applica-
tion R(..,B,..) of an operator R with B as one of its argument. Since Tr is
a homomorphism defined on such production processes, it follows that
Tr(a) = Tr(..,R(.<,B,¢.) ) = ..R"(..,Tr(B),..)... (here is R' the poly-
nomial operator over Ty2 which corresponds with the IL-operator R). This
says that the translation of a part of a is a part of the translation of
a. Consequently we may apply to (3) theorem 4.2 and conclude that (4) holds.
(4) For all as e AS: VaS(Tr(a)) = Vas(Tr(a')).
From this follows
(5) For all i € I, g € G: Vi’g(a) = Vi’g(u').
6.1. END

An important class of expressions are the expressions which contain
. Y .
neither constants, nor the operators ~, H or W. Such expressions are called

modally closed; a formal definition is as follows.
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6.2. DEFINITION. An expression of IL is called modally closed if it is an

element of the subalgebra
<LOARD oo 1o RU (R R D

where R consists of the operators of Ty2.

6.2. END

The theorem for A-conversion which corresponds with theorem 4.4 reads

as follows

6.3. THEOREM. Let Avi¢l(a) € ME and suppose that no free variable in o
becomes bound by substitution of o for v in ¢. Suppose that one of the
following two conditions holds:

1. no occurrence of v in ¢ lies within the scope of A,H,W, or O

2. o 28 modally closed.

Then for all 1 e TLand g € G

i,g F=Av[¢](a) = {a/v]d.

PROOF. Part 1.
Suppose condition 1 is satisfied.
The translation Tr(a) of o contains the same variables as o, except for the
possible introduction of variables of type s. The translation Tr(¢) of ¢
contains the same binders as ¢ since only A,H,W, and O introduce new
binders (see the definition of Tr). Since ¢ itself does not contain binders
for variables of type s, we conclude that:

No free variable in Tr(¢) becomes bound by substitution of Tr(o) for

v in Tr(¢).

Theorem 6.1 allg@s us to conclude from this that for all as e AS.
Vas(kv[Tr(¢)](Tr(a))) = Vas([Tr(a)/v]Tr(¢)).

Note that Tr(¢) has the same occurrences of v as ¢, hence one easily proves

with induction that
[Tr(a) /viTr(9) = Tr(la/vie).

Consequently VaS(Tr(Av[¢](a)) = VaS(Tr([a/v]¢)).




120

So TreV(Avi¢l(a)) = Trov(la/vi¢) .
From this it follows that for all g ¢ G and i € I

g,1 F awlol(@) = La/vle.

Part 2.
Suppose that'condition 2 is satisfied.
The translation of ¢ may introduce binders for variables of type s, but it
does not introduce binders for variables of other types (see the definition
of Tr). The expression a does not contain free variables of type s, and the
translation in this case does not introduce such variables since the only
kind of expressions which give rise to new free variables are constants,
and the operators V,H, and W. So we may conclude that:
No free variable in Tr(a) becomes bound by substitution of Tr(¢) for
v in Tr(¢).
From this we can prove the theorem in the same way as we did for the first
condition.

6.3. END

In theorem 4.5 a semantic description was given of situations in which

A-conversion is allowed. The IL variant of this theorem reads as follows.

6.4. THEOREM (IL). Let ivli¢1(a) € ME and suppose for all i,j € 1. and
g,h € G: Vi g(oc) = Vj h(oc). Then for alli e I and g € G:
Vi’g(kvf¢](u)) = Vi’g([a/vj¢).

PROOF. By translation into Ty2 and application of. theorem 4.5.
6.4. END

In the light of the role of A-comversion, it is interesting to know
whether A-conversion in IL has the Church-Rosser property, i.e. whether
there is an unique lambda~reduced normal form for IL. In much practical ex-—
perience with intensional logic I learned that it does not matter in which
order a formula containing several A-operators is simplified: first apply-
ing A-reduction to the most embedded operators, or first the most outside
ones, the final result was the same. It was a big surprise that FRIEDMAN
& WARREN (1980b) found an IL-expression where different reduction sequences

yield different final results. Their example is
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Ayl Ny = u(x) 1(x) 1(e)

where x and y are variables of some type T, ¢ a constant of type T, and u a
variable of type <1,<s,T>>. For each of the A operators the conditions for

the theorem are satisfied. Reducing first Ax yields
A
MLy = u(e) 1(e)

which cannot be reduced further since the conditions for A-conversion are

are not satisfied. Reducing first Ay yields
A
Axl x = u(x)1(c)

which cannot be reduced either. We end up with two different, although logi-
cal equivalent, formulas; i.e. there is no A-reduced normal form for IL.

The example depends on the particular form for A-contraction: for all
occurrences of the variable the substitution takes place in one and the
same step. FRIEDMAN & WARREN (1980b) remark that each of the reduced forms

is equivalent to
[XXEAX]](C) = u{c).

This formula is in some sense further reduced. They conjecture that for a
certain reformulation of A~conversion the Church-Rosser property could be
provable.

It is interesting to compare the above discussion with the situation
in Ty2, where there is a unique A-reduced form. The Ty2-translation of the
Friedman-Warren formula is (c'eVAR 9]

<g,T>

dxlayglaalyl = u(x) J(x) 1’ (a) .
This reduces to
aylralyd = u(e'(@))Ic'(a) .

After renaming the bound variable a to i, this reduces further to
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rglraile' @)1 = ule' (a))].

Note that this last reduction is possible here (and not in IL) because of
the explicit abstraction Xi, instead of the implicit abstraction in Ay.

A lot of laws of IL are variants of well known laws for predicate logic
and type logic. An exception to this description is formed by alws involving
constants. The constants of IL are interpreted in a remarkable way: their
interpretation is state dependent. Invalid is, for instance, the existential
generalization OA(a) -~ 3x1A(x), whereas Vy(@A(y) - 3Ix3a(x)) is wvalid. In-
valid is Vx[x = ¢ = 0lx = cl], whereas VxVylx = y > 0O[x = y]] is valid.
Other examples of invalid formulas are Iy = ¢] and Vx[0[a(x)1> ¢a(a)l,
where ¢ abbreviates 107,

Since IL contains type theory as a sublanguage, there is no axiomatiza-
tion of IL (see also section 4). But IL is generalized complete as is iy
proved by GALLIN (1975). The proof is obtained by combining the proof of
generalized completeness of type theory (HENKIN 1950), and the completeness
proof for modal logic (see HUGHES & CRESSWELL 1968) . The following axioms
for IL are due to GALLIN (1975); the formulation is adapted

Al [g(T) A g(F)] = ¥x[g(x)] X € VARt, g€ VAR<t,t>

A2 x =y > f(x) = £(y) X € VAR0

A3 Vx[Ff(x) = g(x)] = [f = 4] X € VARO

A4 xxLal(B) = [B/x]a if the conditions of theorem 5.2. are
satisfied

a5 Or=VYgl=10f=gq] £ VAR

L f£= gl = =g g € <s,1>
Ab VAu = q o € MEO.

The rule of interference is:
From A = A' and the formula B one may infer to formula B', where B'

comes from B by replacing one occurrence of A, where A4 is a part of B.

Notice that the translation of axiom A5 into Ty2, would lead to a
formula of the form of A3, and that the translation of A6 into Ty2 would be
of the form of A4. Axiom A6 will be considered in detail in the next sec-—
tion.

I will not consider details of this axiomatization for the following

three reasons.
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1) This axiomatization was designed for constituting a basis for the com~
pleteness proof, and not for proving theorems in practice. To prove the
most simple theorems on the basis of the above axioms would be rather dif-
ficult. All proofs that will be given in the sequel are semantic proofs

and not syntactic proofs: i.e. the proofs will be based upon the interpre-
tation of formulas and not on axio&s.

2) We will work with models which obey certain postulates. These postulates
express many important semantic details, and most of the proofs we are in-
terested in, are based upon these special properties and not on the general
properties described by the axioms.

3) We do not work with generalized models,but with standard models. So the

axiomatization is not complete in this respect.
7. EXTENSION AND INTENSION

In this section special attention is paid to the interaction of the
extension operator and the intension operator. In this way some insight is
obtained in these operators and their sometimes remarkable properties. The
'Bigboss' example, which will be given below, is important since the Bigboss
will figure as (counter)example on several occasions. '

. VA
7.1. THEOREM. For all i,g: V. fal = V. a.
- l’g l’g

v
PROOF. Tr( o) = Tr("a) (a) = ralTr(a)1(a) = [a/alTr(a) = Tr(a).
Note that A-conversion is allowed because the condition of theorem
4.5 is satisfied.

7.1. END

It was widely believed that the extension operator should be the right
inverse of the intension operator as well. This believe is expressed in
PARTEE (1975,p.250) and in GEBAUER (1978,p.47). It is true, however, only
in certain cases. In order to clarify the situation, consider the following
description of the effect of " Let I and D be denumerable, so
DT = {dl’d

yeeot and I = {il’i }. Let o € MET, hence the meaning of «

9 9o vt
is a function with domain I and range DT. We may represent o as a denumer-

able sequence of elements from DT. An example is given in figure 2.
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arguments i] iz i3 i4 ..

Vil,g(a): values for the respective arguments g] d2 d1 d3 ..

V. : i ..
lz’g(oc) values for the respective arguments d2 éz d3 d1

V. (a).: values for the respective arguments d d.4d,4d, ..
13ag 171271

Figure 2. The interpreation of a € MET

The interpretation for index i of Ava is some function with domain I and
range DT. Which function it 1§ does not depend on the choice of i, because
Tr(Avu) which equals AalTr(a)(a)l, contains no free variables of type s.
The function Vi’g(Ava) yields for argument in as value the value of Vi (o)

n’

for argument in. So in the above example for argument i, it yields as

1

value dl’ for i, it yields d2, and for i3 it yields d2 (the underlined ele-

2
v . . .
ments). One observes that " o is. the diagonalization of a. So Ava = o will
hold for all i,g if for all i,j e I: V (a) = VJ g(u). A syntactic descrip-
tion of a class of formulas for which the equality holds, is given in the

following theorem.

7.2. THEOREM. Suppose o is modally closed. Then for all i,g: V. A

) 1,8
= V. Q).
1,8(

. AV . . .
PROOF. The functions Tr( o) and Tr(a) denote functions with domain I, and

their values for an arbitrary argument i are the same:
Tr Vo) (1) = AalTr(a) (2)1(4) = [1/alTr (@) ([i/ala) = Tr(a) (1) .

Notice that [i/alTr(a)(a) = Tr(a) since o is modally closed. So for all
as € AS:VaS Tr(AVa) = VaS(Tr(a)),which proves the theorem.
7.2. END

The insights obtained from the 'diagonalization' point of view, can be
used to obtain a counterexample for the case that o is not modally closed.

It suffices to find an expression o of type T which has at index il as its
denotation a constant function from I to DT, say with constantly value dl’
and at index i2 as its denotation a constant function yielding some other

value, say d2' This situation is represented in figure 3.
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arguments i i, i, i4
Vi (a): values for the respective arguments é& dl d] d1
1>
Viz’g(a): values for the respective arguments d2 92 d2 d2
. AV
Figure 3. A counterexample for a.
AV . AV .
Now Vi g[ a](ll) = d1 # d2 = Viz,g[ u](ll).

\1’
One way to obtain this effect is by means of a constant. I give an ex-
ample of a somewhat artificial nature (due to JANSSEN 1980a) . Let the valua-

tion of the constant Bigboss ¢ CON<S o> for index i be the function con-
2

stantly yielding the object d € D, to which the predicate 'is the most po-
werful man on earth' applies on that index. A possible variant of this ex-—

ample would be the constant Miss-world € CON_ to which the predicate

s,e>’
applies 'is elected as most beautiful woman in the world'.

Assume that for the constant Bigboss holds that for all j ¢ I both

v g[Bigboss](j)

V. [Rreaganl
1° 1.58

1’

and
V. [Bigboss1(j) = V. Bresnjev].
IZ’g g (J) 12ag[ &
Then
AV, . . . . Ly
Vil’g[ Blgboss](lz) = &}[Vi’gEBngoss](l)](lz) =
= Viz,g[Blgboss](lz) = Viz’g[BresnjeV].
So

AV
V. " Bigbossl(i,) # V. [Bigboss](i.).
i .8 g i, i g iy
This effect does not depend on the special interpretations for constants.

Another way to obtain the desired effect is by taking for o the expression

x where x i1s a variable of type <s,<s,e>>. Let g(¥) be defined such that

for all j € I: g(x) () = Vj g[Bigboss]. Then AVVX # Vx
because Vi]’ggAva)(iz) = Aﬁ[g(X)(i)(i)](iz) = Viz’g[Bigboss](iz) =
=V, [Bresnev]

1958

g[Blgboss](lz) = Vi g[Reagan].

whereas V, ’g(vx) (i) =eg@®EE,) =V, ,

1 1’
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. The next example concerns the situation that IL is extended with the Zf- .

then—else construct. Let B be of type t and ¢ and ¢ of type T, and define

By =1
Ty | 1°8
Vi,g(w) otherwise.

V. g[if B then ¢ else w]:’{ V. ’g(¢) if Vi

Let x and y be variables of type <s,e> and assume that g(x) # g(y), but that
for some 1 holds that g(x) (i) = g(y) ().

Then it is not true that for 21l i,g
. AV v v LV v
i,g E [if 'x = 'y then x else yl = [if x = 'y then x else yl.

This kind of expression is rather likely to occur in the description of
semantics of programming languages.

The last example is due to GROENENDIJK & STOKHOF (1981). They consider
the semantics of whether—complements. An example is

John knows whether Mary walks.
The verb know is analysed as a relation between an individual and a propo-
sition. Which proposition is John asserted to know? If it is the case that
Mary walks, then John is asserted to know that Mary Walks.‘And if Mary does
not walk, then he is asserted to know that Mary does not walk. So the pro-
position John knows appears to be

if walk(mary)5992 Awalk(mary) §£§§_A[7walk(mary)].
This example provides for a rather natural example of a formula ¢ for

. AV
which ¢ does not reduce.




CHAPTER IV

THE PTQ-FRAGMENT

ABSTRACT
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In this chapter the fragment of English described in Montague's article

PTQ (MONTAGUE 1973) is presented. The method of exposition consists in

starting with a very small fragment, and expanding it gradually. In each

stage both the syntax and the semantics are discussed extensively. Special

attention is paid to the motivation and justification of the analysis.
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I.. INTRODUCTION

The aim of this chapter is to present in a rigorous way the syntax and
the semantics of a certain fragment of a certain dialect of English. The
fragment is about the same as the one presented in MONTAGUE (1973), hence-
forth PTQ. On all essential points I will follow the treatment given in PTQ,
in the details, however, there are some differences. The presentation, mo-
tivation and justification I will give for the treatment, differs consider-—
ably from PTQ. For the presentation I will employ a method which migh be
called 'concentric'. I will start with a very small fragment, and gradually
expand this. For the fragments in each of the stages both the syntax and
semantics are given, together with an extensive discussion. I hope that
this method will make it easier to understand the sometimes difficult or
subtle details of the PTQ-treatment. Certain details (concerming the prob-
lems of extension and intension) will be discussed in appendix 2 of this
book. A list of the rules of the fragment (useful as a survey) can be found
in chapter 7.

In the exposition I will give special attention to algebraic and al-
gorithmic aspects of the treatment. The algebraic considerations often
provide an explication why a certain detail is as it is, and not otherwise.
The algorithmic aspect concerns the method to obtain simple meaning repre-
sentations. I do not like some rather abstract relation between a sentence
and its meaning. For instance, I am not satisfied with a two—lines-long
formula, if there is a one-line-long-formula which represents the same
meaning, and if a meaning is represented by a formula which has to be in-
terpreted in models satisfying certain meaning postulates, I would like to
have a formula in which these postulates are made explicit. So I prefer
concise and clear meaning representations. In order to reach this aim,
several rules will be given for the reduction of formulas.

The syntax of the fragment in PTQ is treated rather poorly. In this
chapter only minor improvements will be given (for more fundamental changes
see chapter 7). But syntax was not Montague's main interest; he was inter-
ested primarily in semantics. The fragment is rich in semantically inter-— -
esting phenomena, and it deals with several famous semantic puzzles. Below
I will mention some of the sentences dealt with, together with some comments.

A first kind of phenomena dealt with concerns sentences of which it
is clear what their meanings are, and how these should be represented using

standard predicate logic. Their challenge lies in the aim to obtain these
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meanings in a systematic way. Consider (1) and (2).
(1) John runs.
(2) Every man runs.

These two sentences are closely related in form: only the subject differs.
Therefore one would like to produce the sentences along the same lines. The
representations of their meanings, however, are rather different. In stan-—

dard logic it would be as in (3) and (4).
(3) run(john)
(4) Vx[man(x) - run(x)].

This gives rise to the question how to obtain rather divergent formulas
from closely related sentences. A corresponding question arises for the

ambiguity of (5).
(5) Every man loves a woman.

This sentence may be used when one specific woman is loved by every man,
(say Brigitte Bardot), or when for each man there may be anather woman

(say his own mother). Sentence (5) is considered as being ambiguous between
these two possibilities (for arguments, see section 6). This kind of am-—
biguity is called 'scope ambiguity' (of quantifiers). The two readings khat
will be obtained for (5) are (simplified) represented in (6) and (7).

(6) Vx[man(x) - 3ylwoman(y) A love(x,y) 1]
(7) 3Fylwoman(y) A Vx[man(x) -+ love(x,y)l].

A second kind of phenomena dealt with concerns sentences for which it
is difficult to say how their meanings should be represented. Consider (8)
and (9)

(8) John seeks a unicorn.
(9) John finds a unicorn.

These two sentences have about the same form, only the verbs they contain
are different. One is tempted to expect that they have about the same
meanings as well; the only difference being that they express another rela-
tion between John and a unicorn. This is not the case, however. The one
sentence gives information about the existence of unicorns, which the other
sentence does not. So an approach which says that the seek-relation is

always a relation between two individuals would not be acceptable. We have
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to provide a meaning for (8) from which it does not follow that unicorns
exist. However, sentence (8) can also be used in a sitﬁation that unicorns
exigst, and it is ambiguous between these two possibilities. It has a reading
from which it follows that at least one unicorn exists (the referential
reading), and a reading from which this does not follow (the non-referential
reading) .

Some examples of the referential/non-~referential ambiguity are (10),
(11), and (12).

(10) John talks about a unicorn.
(11) John wishes to find a unicorn and eat it.
(12) Mary believes that John finds a unicorn and that he eats it.

Sentence (9) allows only for a referential readiﬁg. The same holds for sen—

tence (13), see MONTAGUE 1973, p.269.
(13) John tries to find a unicorn and wishes to eat it.

The ambiguity we distinguish‘in sentences (8), (10), (11) and (12) is
in the literature also called the 'de-dicto/de-re' ambiguity, or the
'specific/non-specific' ambiguity. This terminology is not felicitous, be-
cause one might associate with it a distinction that is not covered by the
formal analysis that will be provided. Nevertheless, this terminology will
sometimes be used in the sequel, since it is standard for some of the exam~

ples.
2. JOHN RUNS

The fragment in this section consists of very simple sentences like
John runs. It has three categories (=sorts): the category T of terms, the
category IV of intransitive verb phrases, and the category S of sentences
(in PTQ a t is used instead of S). There are basic expressions (=generators)

of the categories T and IV. The set B of generators of the category T con-

T
tains the proper names of the PTQ-fragment, (BT ~ 'Basic expressions of

category T'). Furthermore a special name is added for illustrative purposes:

Bigboss. The sets B, and BI are defined as follows (B, will be extended in

T v T

section 4).

2.1. = {John,Bill,Mary, Bighoss}

BT
2.2. BIVA={run,walk,talk,rise,change}.
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2.2. END

In the logic there is for each element of BT a corresponding constant
of type e, except for Bigboss. In PIQ these constants are called j,m,b re-
spectively, but I will use full names: john etc.. Notice the difference in
the letter type used for English (Mary), and the one used for logic (mary).
One might expect that a proper name translates into the corresponding con-
stant, but for reasons to be explained later, the translation is a complex
expression containing this constant. So among the constants in IL of type

e, we distinguish three special ones.
2.3 {john,bill ;mary} < coN, .

2.3. END

Constants of type e get as interpretation (with respect to a point of
reference) some element in the domain of individuals. This interpretation
has to be restricted, for the following reason. If we will speak tomorrow
abount Johm, then we will mean the same individual as today (although he
may have some other properties). For instance, if the world would have
been different, say, if the Mount Everest would not be the highest mountain,
then John would still be the same individual (although his opinion about
the Mount Everest might be different). This conception about the individual
corresponding with a proper name is expressed by the phrase 'proper names
are rigid designators'. For an extensive discussion of this conception, see
KRIPKE 1972. This idea will be incorporated in our semantics by interpreting
constants like john 'rigidly', i.e. for each index it will denote the same
individual . The name Bigboss is to be understood as a surname of the most
powerful individual on earth. Since this will not always be the same indi-
vidual, Bigboss is not treated as a rigid designator of type e.

The constants of intensional logic are not interpreted rigidly, on the
contrary, they are interpreted index—dependeﬁt. I recall the clause for the
interpretation of constants: ‘

M8 L peyE)  (cecom) .

This means there is no guarantee that the constants corresponding with the
proper names of PTQ are interpreted rigidly. Therefore not all possible
models for the interpretation of IL are reasonable candidates for an inter-—

pretation of English. We will consider only those models in which the
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constants john, bill, and mary are interpreted rigidly. This is formalized
as follows. The requirement of 'rigidity' is expressed‘by means of an IL-
formula, and we will consider only those models in which this formula holds.
The formula is called a Meaning Postulate (an MP). It bears index 1 because
it is the first meaning postulate in PTQ. Notice that this postulate de-

scribes in fact a collection of three formulas.

2.4, Meaning postulate 1:

Juld [u=al where a ¢ {john,bill,mary}.

2.4. END

This meaning postulate requires that there is one individual in the
semantic domain such that the interpretation of john equals that individual
for all indices. For the PTQ fragment this postulate may be considered suf-
ficient. In more subtle situations this formalization of rigidity is probar
bly too absolute. If epistemological verbs like know or believe are analysed
in detail, then the notion of rigidity may have to be weakened to something
like 'in all worlds compatible with the beliefs of some individual such a
constant is rigid'. I will, however, follow the PTQ formalizationm.

An important technical consequence of MP1 is that lambda-conversion is
allowed when one of the constants john, bill or mary occurs as argument.
First I recall the notation for substitution, for a formal definition see

chapter 3, definition 4.3.

2.5. DEFINITION. [a/z]¢ denotes the result of substitution of o for all

occurrences of z in ¢.
2.6. THEQREM.

F AuloJ(a) = La/uls

where

o € {jobn,bill,mary}.
PROOF . MPI says that for all i,g: i,g F Fu [u=al
so there is a g' 7 g such that : i,g' F O lu=a]

hence for all j : isg' F u=q
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Let i1 and iz be arbitrary. Then:

Vi@ =V @ s @@=V @ =V )

Z’g lz’g

=V, o).
i)

i 1

This means that the condition of theorem 6.4 from chapter 3 is satisfied,
hence the theorem allows us to apply A-conversion.

2.6. END

In the sequel A-conversion will be used frequently for reducing a for-
mulas to a simpler form. Besides A-conversion several other rules will be
introduced for this purpose; they are called reduction rules (RR's). To—
gether they will constitute a procedure which simplifies the formulas ob-
tained by translating the expressions of the fragment. For each reduction
rule a correctness proof has to be given, i.e. a proof that the rule trans-—
forms a formula into a logically equivalent one. Theorem 6.1 from chapter 3
then allows us to reduce a formula as soon as it is obtained. The purpose
of the reduction rules is to obtain formulas which express the intended
meaning as clearly and simply as possible. The rules presented in this
chapter are almost identical with the rules presented in JANSSEN 1980a..
Related reduction rules are discussed in FRIEDMAN & WARREN 1980a,b and
INDURKHYA 1981; these authors use the reduction rules for a somewhat dif-
ferent purpose (e.g. to obtain the most extensionalized form), and there-
fore there are some differences.

The first reduction rule concerns A-conversion. With respect to this
rule the following class of formulas is important: the formulas which con-
tain no operators v’ H, or W, and which contain as constants only john,
mary or bill. Extending definition 6.2 from chapter 3, I will call these
expressions modally closed, since they have the same properties with re-

spect to A-conversion.

2.7. DEFINITION. An IL formula is called modally closed if it is an ele-
ment of the IL-subalgebra:

<[{john,mary,bill}], (VART)Te RuU {RA,&D}>

Iy’

where R consists of the operators of Ty2.
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2.8. Reduction rule 1

Let z ¢e VAR , oo e ME ', and B ¢e ME .
" T2 T2
Then replace Az[B1(a) by [a/zl8 if

1) no variable in o becomes bound by substitution of o for z in B
and either

. . e A
2) no occurrence of z in B lies within the scope of " ,H,W or (I
or

3) o is modally closed.

CORRECTNESS PROOF

The difference between this rule and theorem 6.3 from chapter 3 is that
condition 3 allows for the occurrence of the rigid designators john, mary
and bill. Hence if conditions 1) and 2) are satisfied, the correctness of
the A-conversion follows from that theorem. Suppose now that conditions 1)
and 3) are satisfied, and consider the case that a contains of the constants

john, bill and mary only occurrences of john.

Let w be a variable which does not occur in o or B, and let o' and B8’

be obtained from o and B by substitution of w for john. Consider now

(a) awlAz[B8'I(a") 1(john) .

Since o' and B' do not contain occurrences of john the old conditions for
A—conversion on z are satisfied (chapter 3, theorem 6.3). So (A) is equiv-—
alent with:

awlla'/2z18'1(Gohn) .

From theorem 2.6 above, it follows that A-conversion on w is allowed, so

this formula is equivalent with
{jonn/wllla'/2z18'1].
By the definition of substitution, this is equivalent with

La/z1B.
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So (A) is equivalent with this last formula. On the other hand, we may per-
form in (A) A-conversion on w because the condition of theorem 2.6 is satis-—

fied. So (A) is also equivalent with
xzl[Bl(a) .

The combination of these last two, with (A) equivalent, formulas proves the
correctness of A-conversion for the case that conditions 1) and 3) are
satisfied, and that o contains only occurrences of john. For other constants
and for occurrences of more than one constant, the proof proceeds analogous-—
1y.

2.8. END

As said before, at different indices different persons can be Bigboss.
Therefore we cannot translate Bigboss into a rigid constant of type e. We
might translate it into a constant of type <s,e>, or into a constant of
type e and interpret it non-rigidly. I choose the former approach (thus
being consistent with the examples involving bigboss given in section 7 of

chapter 3). This explains the following definition

2.9 bigboss e CON<s,e>'

2.9. END

The interpretation of the constant bigboss 1s a function from indices
to individuals. Such a function is called an individual concept. Also Ajohn
denotes an individual concept. The individual concept denoted by Ajohn is
a constant function, whereas the one denoted by bigboss is not. One might
expect that Bigboss translates into the corresponding constant. But, as
for the other proper names, it will be explained later why this is not the
case.

Suppose that the balance of power changes and Bresjnev becomes Bigboss

instead of Reagari. Then this might be expressed by sentence (15).
(15) Bigboss changes.

The meaning of (15) is not correctly represented by a formula which says
that the predicate change applies to a certain individual. Who would that
be? Maybe there was a change in the absolute power of Reagan (it decreased),
or in the absolute power of Bresjnev (it increased). Probably both persons

changed with respect to power. Sentence (15) rather says that the concept




136

'Bigboss' has changed in the semse that it concerns another person. So the
meaning of (15) can be represented by a formula which says that the predi~
cate change holds for the individual concept related with Bigboss. In such
an analysis change has to be of type <<s,e>;t>, Due to the homomorphic rela-
tion between syntax and semantics, this means that all intransitive verbs
have to be of type <<s,e>,t>.

At this stage of the description of the fragment the only example of
an argument of type <s,e> is the artificial example bigboss. In appendix 2
of this book, other examples will be given where the translation of the ar-
gument of a property has to be of this type. This discussion explains the
introduction of the following constants and translations. The translation
function is indicated by means of a '(prime). Note that this is a different

use of' than in PTQ (there it distinguishes English words from logical con-

stants) .

2.10 {run,walk,talk,rise,change} <« CON<<s,e>,t>

2.11 run' = run, walk' = walk, talk' = talk
rise' = rise, change' = change.

2.11. END

One might be tempted to take the constant john as translation of the
proper name Jokn. In the fragment consisting only of sentences like John
runs there would be no problem in doing so. But there are more terms, and
the similarity of syntax and semantics requires that all terms are trans-
lated into expressions of the same type. We already met the proper name
Bigboss, translating into an expression of type <s,e>. One might expect
Ajohn as translation for Joksn. But in the sequel we will meet more terms:
e.g. every man. If we would translate John into an expression denoting an
individual concept (or alternatively an individual), then every man has to
be translated into such an expression as well. Would that be possible?

The idea is discussed by LEWIS (1970). He tells us that in the dark
ages of logic a story like the following was told. 'The phrase every pig
names a [..] strange thing, called the universlly generic pig, which has
just those properties that every pig has. Since not every pig is dark, pink,
grey or of another color, the universally generic pig is not of an any
color (Yet neither he is colorless, since not every — indeed not any - pig
is colorless)'. (LEWIS 1970, p.35). This illustrates that this approach

is mot sound. Therefore, we will forget the idea of universal generic
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objects (for a proposal for a reconstruction, see Van BENTHEM 1981a), and

we will interprete the term every man as the set of properties every man has.
As a consequence of the similarity of syntax and semantics, all other terms
will denote sets of properties as well.

On the basis of this argumentation one might expect for Jokin the trans-
lation AZ[Z(Ajohn)], where Z is a variable of type <<s,e>,t>. But this is
not adequate for the following reason. A variable of type <<s,e>,t> denotes
(the characteristic function of) a set of individual concepts. What we
usually take to be a property cannot be adequately formalized in this way.
Consider the property 'being a football player'. This would be formalized
as a set of individual concepts. The same holds for the property of ‘being
a member of the football union': this is formalized as a set of individual
concepts as well. Suppose now that (for a certain index) all football
players are members of the football union. Then these two sets would be the
same, so the two properties would be formalized in the same way. But we do
not consider these two properties as being the same. In other circumstances
(for other indices) there might be players who are not a member of the
union. In order to formalize these differences, properties are taken to be
of one intensional level higher. A variable which ranges over properties
has to be of type <s,<<s,e>,t>>. This explains the following translatiqns

of proper mnames.
2.12. Translations

John!

i

AL P1("jonn) 1, BiLl' = Apl['P1("bi11) ]
Mary' = APL[ P1("mary) 1, Bigboss' = A\P[[ P])(bighoss)]

here P ¢ VAR .
<5,<<s,e>,t>>

2.12. END

After this discussion concerning the proper names and intransitive
verbs, the rule for their combination can be given. I first quote the PTQ
formulation, since this way of presentation is in the literature the stan-
dard one. The formulation of the rule contains expressions like 'a ¢ PT',
this should be read as ‘a is a phrase of the category T'. The rule is
called SA’ because it is the fourth syntactic rule of PTQ, and I wish to

follow that numbering when possible.
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2.13. Rule S4

If o € ?T and B e PIV then F4(a,6) € PS’ where F4(a,B) = o8 and B is
the result of replacing the first verb in B by its third person singular
present.

2.13. END

This formulation of the rule contains a lot of redundancy, and there-—
fore I will use a more concise presentation. As one remembers from the pre-
vious chapters, the syntactic rules are operators in an algebraic grammar.
The form of representation I will use, resembles closely the representa-—
tions used in the previous chapters for algebraic operators. First it will
be said what kind of function the rule is; as for S4 it is a function from
T x IV to S (written as T x IV » S). Next it will be described how the
effect of the operator is obtained. I will use a notation that suggests that
some basic operations on strings are available, in particular a concatena-
tion operator which yields the concatenation of two strings as result. The
semi-colon (;) is used to separate the comsecutive stages of the descrip-
tion of the syntactic operator; it could be red as 'and next'. Furthermore
the convention is used that o always denotes the expression which was the
first argument of the syntactic rule. If this expression is changed in some
step of the syntactic operation, it will then denote the thus changed ex-

pression. For the second argument B is used in the same way. Rule S, pre-—

4
sented in this format reads as follows.

2.14, Rule S4

T x IV = S

F4: replace the first verb in B by its third person singular present;

concatenate (a,B).

2.14. END

The occurrence of the name F4 is a relict of the PTQ formulation, and

might be omitted here. But in a context of a long list of rules it is some-

times useful to have a name for an operation on strings, because it can
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then be used in the description of other rules.

The translation rule corresponding with S, reads in PTQ as follows.

4
2.15. T4:
If o € PT, 8 e PIV’ and a,B translate into o',B' respectively, then
FA(Q,B) translates into a'(AB’).
2.15. END

Also the translation rule contains a lot of redundant information.
Let us denote by o' the translation of the first, and by B' the translation
of the second argument of the preceding syntactic rule. Then a translation
rule can fully be described by giving just the relevant logical expression
(polynomial over IL with o' and B' as parameters). What the types of o' and
B' are, follows immediately from the sorts mentioned in the syntactic rule

T4 presented in this format reads:

2.16. Ta:A
a'(B")

2.16. END

Now we come to the production of sentence (15), viz. Bigboss changes.
This sentence, containing the artificial term Bighoss, is given as the .
first example because all information needed for a full treatment of this
sentence is given now; sentences like JoAn changes have to wait for a
moment. Sentence (15) is obtained by application of S4 to the basic term
Bigboss and the basic verb change. This information is presented in the
tree in figure 1. The S in {S,4} stands for the category of the obtained
expression, the 4 for the number of the rule used to produce the expres—

sion.

Bigboss changes {S,4}
/ \

Bigboss {T} cehange {IV}

Figure 1

The translation of Bigboss is AP[VP(bigboss)], and the translation of
change 1s change. 1f we combine Bigboss and change according to rule 84,
thus producing (15), then the translation of the result is obtained by ap-

plication of T, to their respective translations. Since

4
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T4(u',8') = a'(AB'), sentence (15) translétes into (16).
(16) AP[VP(bigboss)](Achange).

Now conditions | and 3 of reduction rule RR1 are satisfied. So this formula

can be reduced to (17).
VA
(17) [ changel(bigboss) .

This formula can be simplified further using the following reduction rule.

2.17. Reduction Rule 2

. v :
Let be given a formula of the form "4. Then replace this formula by a.

CORRECTNESS PROOF. ;=VAoc = o see chapter 3, theorem 7.1.
2.17. END

Using this reduction rule formula (17) reduces to (18).
(18) change(bighboss) .

This formula expresses that the predicate change holds for the individual
concept bighoss.

Instead of all this verbosity, we might present the translations im-
mediately in the tree. Depending on the complexity of the formulas involved,
these may be unreduced, partially reduced or completely reduced formulas.

An example is given in figure 2.

Bigboss changes {S,4}

change(bigboss)\\§\\\\\“K

Bigboss {T} change {1V}
AP[VP(bigboss)] change
Figure 2

Another method to present the production and translation process is to write

this in an algebraic way, of which the following is an example.

[Bigboss changes]' = [SA(Bigboss,change)]' =

Té(Bigboss',change') = Bigboss'(Achange') =

[AP[VP(bigboss)](Achange)] ={RR1} = EVAchange](bigboss) = {RR,} =

2

It

change (bigbhoss)
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The treatment of Mary runs proceeds, in its first stage, analogously to the

treatment of Bigboss changes, see figure 3.

Mary walks {S,4}

A
walk( mary) -
/ \
Mary {T} walk {IV}
XP[VP](Amary) walk

Figure 3

The formula obtained as translation for Mary walks, is mnot completely satis-—
factory. Intuitively one interprets this sentence as stating that a certain
predicate (denoting the property of walking) holds for a certain individual
(Mary). This is not reflected in the obtained translation; in walk(Amary) a
predicate is applied to an individual concept. Since mary is a rigid con-—
stant, Amary denotes a function which yields for all indices the same in-
dividual. Saying that this constant function has a certain property is tan-
tamount with saying that the corresponding individual has a certain proper-—
ty (there is a 1-1 correspondence between individuals and functions yielding
always the same individual). However, one would like to have reflected in
the translation of Mary walks that a predicate holds for an individual.

Therefore the following notation is introduced (see PTQ, p.265).

2.18. DEFINITION. Let 8§ ¢ CON . Then 8§ 1is an abbreviation for
I — <<g,e>, t> *
A u)  (so §, € ME ).

<e,t>
2.18. END
Consequently we have the following rule for simplifying formulas.

2.19. Reduction rule 3

Let be given a formula of the form G(Aa), where § ¢ CON<<s,e>,t> and

o € VARe or o ¢ {john,bill,mary}. Then replace S(Au) by 6*(a).

CORRECTNESS PROOF. 6*(a) = Au[é(Au)](a) ={RR{}= S(Aa). Note that A-conver-

sion is allowed because the mentioned constants of type e are rigid de—
signators.

2.19. END
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Using RR the translation of Mary walks in figure 3, reduces to (19).
(19) walk*(mary).

As last example I present the treatment of the sentence mentioned in
the title of this section. For variation I use not the tree representation,
but the algebraic one.

[dJohn runs]' = [54(John,run)]‘
={RR, }= [V run1("john) ={RR,}

In PTQ more is said about the fragment presented so far. A meaning

Jotn' ("run') = 3p(0"P1("jonn)1("run) =

run(Ajobn) ={RR3}= run*(john).

i

postulate (MT3) is introduced which says that the truth of e.g. walk(x) on-
ly depends on the extension of x, i.e. the subject position of walk is ex-
tensional. In appendix 2 of this book the problems of extension and inten-
sion will be discussed, and this postulate will be considered. For verbs

of other categories the extensionality of the subject position is guaran-

teed by meaning-postulates as well, (see appendix 2).
3. THE WOMANIWALKS

In this section the fragment is extended with the categories of Common
Nouns (CN) and of determiners (Det). The treatment of determiners given
here differs from their PTQ treatment. In PTQ determiners are introducéd
syncategorematically, ‘introducing each determiner by a distinct rule. May-
be the motivation for Montague to do so, was that in logic quantifiers are
usually introduced syncategorematically. From a linguistic point of view it
is more attractive to have determiners in a separate category (they form a
group of expressions which behave syntactically in a regular way). Since I
do not know any argument against treating them categorially, the PTQ ap-
proach is mot followed here. The generators of the two new categories are

as follows

3.1, BCN = {man,woman,park ,fish,pen,unicorn,price, temperature}
3.2. BDet = {every,a,the}
3.2. END

For each element in B, there is a corresponding constant, and the

CN
common nouns translate into these constants. The nouns are treated seman-—
tically in the same way as the intransitive verbs we have met in section

2. Hence the nouns translate into constants of type <<s,e>,t>. This
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explains the following definitions.

3.3. {man,woman , park,fish,pen,unicorn,price, temperature} < CON

<<g,e>, t>
3.4, man' = man, woman' = woman, park' = park, pen' = pen,
unicorn' = unicorn, price' = price, temperature' = temperature.
3.4, END

An example of a formula containing the constant bill is (20), in which

is expressed that Bill is a man.
(20) man("pi11).

The Gk—notation (definition 2.18) is applicable to all constants of type
<<s,e>,t>, so it can be applied to constants translating common nouns as

well. So (20) may be replaced by (21).
(21 man*(bill).

Qut of a CN and a determiner a term can be formed, using the following
rule.
3.5. Rule 52

Det x CN -~ T

F2: concatenate(o,B)
Lot M

T2. at(CB").

Example

Fz(a,woman) = a woman.
3.5. END
We wish to use the terms produced with this rule in the same way as we

used the term John: rule S4 should be applicable to the result of S
yielding sentences like (22), (23) and (24).

2’

(22) A woman runs
(23) Every woman runs

(24) The woman runs.

The meanings associated with determiners are best understood by con-
sidering the meanings that we wish to assign to the above sentences (cf.
the discussion concerning contextuality and compositionality in section 2
of chapter 1). Let us accept (for the moment without explanation) the

quantification over individual concepts; then the translations of (22),
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(23) and (24) are (25), (26) and (27) respectively.
(25) Fx[woman(x) A run(x)]

(26) Vx[woman(x) + run(x)]

(27) 3xvyl[woman(y) <« x=y] A run(x)].

The last formula is somewhat complex. It says that there is an entity
x which is a woman, and that for any entity y which is a woman holds that
it is identical to the entity x. In other words, (27)‘is false when there
is no woman at all, and it is false when there is more than one woman. This
kind of analysis for the is called the Russellian analysis, because it was

proposed by Russell to deal with the famous example (28).
(28) The present Kiwng of France is bald.

The meanings of the terms have to be such that if they take an TV-
translation as argument, the resulting translations are the ones we desired
for the obtained sentences. Hence their translations have to be of the same
kind as the translation of the tefm John: a (characteristic function of a)
set of properties of an individual concept. So we wish to translate (29) by
(30) .

(29) a woman
(30) Ap3xLwoman(x) A Vp(k)].

Formula (30) is interpreted as the characteristic function of those proper-
ties P such that there is at least one woman which has this property P.
Other determiners are treated analogously. As translation for the determiner
a we take formula (30), but with woman replaced by a variable. This variable
is of type <s,<<s,e>,t>> (the reason for this is the same as the reason
given for the type of the variable P, see the translation of JoAn). This

explaing the following translations of determiners.

3.6. Translations of determiners

every' = AQAPVX[VQ(X) - vP(x)]
a' = onp3xl 0(x) A VR(x)]
the'! = AQAPEX[Vy[VQ(y) <+~ x=y] A Vo(x) 1.

3.6. END
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Formulas (25), (26) and (27) are not in all respects a satisfactory
representation of the meanings of sentences (22), (23) and (24) respective-
ly. The formulas contain quantifications over individual concepts, whereas
one would prefer a quantification over individuals. The conditions for ap-—
plication of RRy are not satisfied, so we have no ground for the elimina—'
tion of the individual concepts by means of an application of this rule.

On the contrary: as I will explain, the replacement of (31) by (32) would

replace a formula by a non—equivalent one.
(31) Fxfwoman(x) A run(x)]
(32) Eu[woman*(u) A run*(u)].

A possible choice for the value of x in (31) would be to assign to x the
same interpretation as to bigboss, but in (32) tliere is not a correspond-
ing choice. One would prefer to have (32) as the meaning representation of
the meaning of (25) because intuitively (25) gives information about in-
dividuals, and not about individual concepts. Following Montague, we ob-
tain this effect by means of the introduction of a meaning postulate. Only
those models for intensional logic are possible models for the interpreta-

tion of English in which the following meaning postulate holds.

3.7. Meaning postulate 2

A
O[8(x) » Fulx=ul]
where § ¢ {man,woman,park,fish,pen,unicorn}.

3.7. END

This meaning postulate says that constants such as man can yield true
only for constant individual concepts, i.e. for imndividual concepts which
yield for every index the same individual. Note that the constants price
and temperature are not mentioned in MP, . Arguments for this, and éxamples
involving price and temperature will be given in appendix 2 of this book.
As a consequence of MP,, it can be shown that (31) and (32) are equivalent.
I will not present a proof for this, because it is only one of the situa-
tions in which MP2 will be used. In appendix 2, it will be investigated in
general in which circumstances MP, allows us to replace a quantification
over individual concepts by a quantification over individuals. For the

moment it suffices to know that in all examples we will meet, such a re-

placement is allowed. This is expressed in the following reduction rule.
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3.8. Reduction Rule 4

Let be given a formula of one of the following forms: 3x[8(x) A ¢(x)],
Vx[§(x) » ¢(x)] or Ix[Vyls(y) <> x=y] A ¢(x) 1.

If MP2 holds for §, then replace these formulas by respectively
Fuls("w) A $("w I, Vuls("w) > 6("w) T or Fulvvls ("v) «>u=v] & o("u)].

CORRECTNESS PROOF. See appendix 2.
3.8. END

The production of the sentence mentioned in the title of this section

is given in figure 4.

The woman walks {S,4}

Eu[VV[woman*(V) > u=v] A walk*(u)]
___/——/——- T——
the woman {T,2} walk {1v}

XPEu[VV[nmmmr;(v) > u=v] A VP(Au)] walk

the {Det} woman {CN}

kaP[ExVy[VQ(y) <~ x=y] A vP(y)] woman
Figure &

Note how in this simple example RR4 and RR, are used in order to sim-
plify the translation of the woman, and RR; and RR3 to simplify the trans-—
lation of the woman walks. In the sequel such reductions will often be

performed without any further comment.
4. MARY WALKS AND SHE TALKS

In this section the fragment is extended with rules for disjunction
and conjunction, and with a rule for co-referentiality. The rules for pro-
ducing conjoined sentences are as follows.

4.1. Rule Slla
) : concatenate (o, and, B)

lla

. ' 1
Tlla' a A B
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4.,2. Rule Sllb:

S x 8§ > 8

Fllb: concatenate (a, or, B)

. 1 1
Tips @ VB

4.2. END

Notice that the words and and or are not members of a category of con-
nectives: they are introduced syncategorematically. It would be possible to
have a three~place rule for sentence conjunction, with for the connective
and as translation A¢apld A 1. This categorical approach is not followed
here because there are rules for disjunction and conjunction for other
categories as well. Furthermore, the situation is complicated by the fact
that there is term disjunction in the fragment, but no term conjunction
(in order to avoid plurals). In this situation it would not be a simpli-
fication to use a categorical treatment of connectives. For a categorical
treatment in a somewhat different framework, see GAZDAR 1980.

The rules for forming conjoined phrases of other categories than sen~
tences are as follows.

4.3. Rule SlZa:

IV x IV > IV

F12a: concatenate (o, and B)

TlZa: axla'(x) A B'(x)].

4.4, Rule Sle:

IV x IV > IV

concatenate (o, or B)
axfo'(x) v B8'(x)].

Fropt
Tiopt

4.5, Rule 513:
TxT~>T

concatenate (as or B)

ArLa'(P) v B'(P)].

F13:
T13:
4.5, END
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The production of (33) is given in figure 5.

(33) John walks and talks.

John walks and talk {S,4}
walk*(jobn) A talk*(john)

PR T—
John {T} walk and talk {IV,12a}
2oLV p(" jonn) 1 Axlwalk(x) A talk(x)]
— ~

walk {1V}  talk {1V}
walk talk

Figure 5

Note that the produced sentence is not identical with (33). The treatment
presented in figure 5 obeys the formulation of S4, and, therefore, only the

first verb is conjugated. For an improved treatment see chapter 7, or
FRIEDMAN 1979b. '

An example of term disjunction is given in (34).

(34) John or Mary talks.

First (35) is formed according to 813. Its unreduced translation is (36).

(35)  John or Mary
(36) APLAPL P("jonn)1(2) v APL'P("mary) 1(p) 1.

Formula (36) contains several occurrences of the variable P, and three
binders for P (viz. three occurrences of AP). However, due to the different
scopes of the lambda operators, it is uniquely determined which variables
occur in the scope of each of the lambda operators. The conditions for
A-conversion are satisfied, and after two applications of RR

reduces to (37).

1 formula (36)

37) AP[VP(Ajohn) v AP(Amary)].

Application of S4 to term (35) and the verb talk, yields (34), which has as
unreduced translation (38). This formula reduces by application of RR, and
RR2 to (39), and using RR3 to (40).

(38) AL P("jorn) v 'P(“mary)1("taik)

(39) talk(Ajohn) v talk(Amary)

(40) talk*(john) v talk*(mary).
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In sentences containing conjunctions or disjunctions pronouns occur
often which are coreferential with some other term in that sentence. An

example is the coreferentiality of she and Mary in (41).
(41) Mary walks and she talks.

In order to account for coreferentiality, a collection of new =artificial-
terms i1s introduced. Since they have a relationship with logical variables,
they are called syntactic variables. These variables are not words of
English, and might be represented by means of some artificial symbol. Since
the variables are related to pronouns, it has some advantages, to give

them a representation exhibiting this relationship. The variables are
written as male pronouns provided with an index (e.g. hen). Their trans-—
lations contain logical variables x of type <s,e>. The syntactic variables

hen are generators of sort T.

4.6. {hel,heg,...} c BT.
4.7. hel = 2e0'P(x)1,  hep = AP[VP(XZ)],...
4.7. END

One of the most important rules of PTQ is S As for the syntax it

14°
removes the syntactic variables. As for the translation, it binds the cor-
responding logical variables. This rule enables us to deal with most of

the ambiguities mentioned in the introduction, but in this section we will

only deal with its use for coreferentiality. In fact S is not a rule, but

14
rather a rule-scheme which for each choice of the index n constitutes a
rule. This aspect will be indicated by using the parameter n in the descrip-
tion of the rule scheme.

.

4.8. Rule 814’n

TxS =38

FIA,n: If o = hek then replace all occurrences of hen/himn inB by
hek/himk respectively.
Otherwise replace the first occurrence of hen in B by a, and
replace all other occurrences of hen in B by he/she/it and of
himn by him/her/it according to the gender of the first CN or

T in a.
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A A 1
T14’n: a'( Axn[B D.

4.8. END

An example of the use of (an instance of) 314 n arises in the produc-
2

tion of (41), as presented in figure 6.

Mary walks and she talks {S, 14,1}
Al (M mary) 1 Ax [walk(x) A talk(x,)D)

_— N
Mary{T} Hel walks and hez talks {S, 1la}
AP[VP(Amary)] walk(xl) A talk(x])
-‘/ \\
Hel walks {S,4} Hel talks {S,4}
walk(x ) talk(x,)
PR - 1
He ,{T} walk {1V}  He (T} talk {1V}
APLP(x;) T walk AL P(x)) ] talk
Figure 6

The translation for (41) given in figure 6 can be reduced, using RR , to (42).
(42) [Avkxl[walk(xl) A talk(xl)]](Amary).

By application of RR2 and RR1 this reduces to (43), and by RR , further to
(44).

(43) walk(Amary) A talk(Amary)
(44) walk*(marg) A talk*(mary).

Some syntactic details of S give rise to problems. The rule for term

4
disjunction allows us to produceléézm phrases like hel and Mary, and hel or
he2. In both cases it is not clear what is to be understood by the gender
of the first T or CN in such a term. And if the term John or Mary is formed,
it is not correct to use the pronoun ke, but one should use e or she, wit-

ness the following example (FRIEDMAN, 1979b).
(45) John or Mary walks and he or she talks.

It would require a more sophisiticated syntax than we have available here in
order to account correctly for these problems (see FRIEDMAN [979b for an im—
proved treatment).

The detail of S14 0 that the first occurrence of hen/himn has to be
E]
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replaced, is explained as follows. A pronoun may always be coreferential
with a common noun or term occurring earlier in the seﬁtence, but it may

not always refer forward to terms or nouns occurring later. So it is a safe
strategy to put the coreferential noun phrase always in a position which is
as leftmost as possible. It is a difficult, and not completely solved task,
to characterize the situations in which a pronoun may refer to a term occur-—

ring later in the sentence. Therefore S,, describes only reference to terms

14
’occurring earlier than the pronoun. Even this safe procedure does not avoid
all problems. In some cases a personal pronoun is produced, where a reflexive
pronoun is required. Sentence (46) has, according to the rules described
here, a translation which expresses that John loves himself. This result is,

of course, incorrect.
(46) John loves him.

Our aim was to deal with certain semantic problems, and therefore I will not
consider here proposals for dealing with this syntactic problem (one of the
proposals from the literature, viz. PARTEE 1973, will be comnsidered in chap-

ters 5 and 6 although not from the present point of view).
5. JOHN FINDS A UNICORN

In this section the category TV of transitive verb phrases is intro-
duced. The generators of this category are as follows.

5.1. BTV = {find,loose,eat,love,date,be, seek,conceivel .

5.1. END

Corresponding with these TV's (except for be), there are constants in
the logic. They denote higher order functions which take as argument the
intension of a term translation, and yield an element of the same type as
the translations of IV-phrases. The translations of the basic verbs of the
category TV are the corresponding constants; the translation of be is a
compound expression of the same type. Let us indicate by 1(C) the type of
the translation of an expression of category C. Then
T(TV) = <<5,1(T)>,Tt(IV)>. This explains the following definitions

5.2. {find,loose,eat,love,date,seek,conceive} c CON<<s,r(T)>,T(IV)>
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5.3. find' = find, loose' = loose, eaqt' = eat, Zope' = Jlove,
be' = AP 'Payl'x = "y 1 where Pe VAR

, <s,7(T)>
seek!’ = seek, conceive' = conceive.

5.3. END

Out of a TV and a Term and IV can be formed according to the following

rule.

5.4. Rule 852

TV x T > IV

F5= concatenate (a,B)
» 1 A 1
T: o B".

5.4. END

An example of the use of this rule is the production of (47), partial=-

ly presented in figure 7.

(47) John seeks a unicorn.

John seeks a unicorn {S,4}

seek(AAPEu[unicorn*(u) A vP(Au)])(/\john)

John {T} seek a unicorn {I1V,5}
XP[VP(Ajohn)]’///’/’seek(AAPHu[unicorn*(u) A vP(Au)])

seek {TV} a unicorn {T,2}

vV_ A
seek APHu[unicorn*(u) A PCu)l
Figure 7

The translation obtained in figure 7 is not the traditional one:
one would like to consider seek as a two—place relation. Therefore the

following convention is introduced.

5.5. DEFINITION. y(a,B) = v(B) (a), where y 1s a constant translating
a Tv. '
5.5. END
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In PTQ (p.259) this convention is defined for all y. It is however
only useful for TV's (see section 11). The above definition gives rise to

the following reduction rule.

5.6. Reduction rule 5

Let be given a formula of the form v(B) (a), where vy is the translation

of some transitive verb. Then replace this formula by vy(a,B).

CORRECTNESS PROOF

See definition 5.5.

5.6. END

Using RR5, the formula obtained in figure 7 reduces to (48).
v
(48) seek("john, "“AP3ulunicorn (u) & 'p("w)1).

This translation describes the de-dicto reading of (47). The de-re reading
will be considered in section 6. Below I will discuss whether the formula
expresses a relation between the right kinds of semantic objects.

The first argument of seek is a constant individual concept. One might
wish to have an individual as first argument. In analogy of the S, notation
for intransitive verbs, we might introduce a notation for transitive verbs
in which the " in front of john disappears. PARTEE (1975, p.290) has pro-
posed such a notation, but it is not employed in the literature, therefore
I will not use it here. Notice that the interpretation of (48) is tant-
amount to a relation of which the first component is an individual (see
section 2).

The second argument in (48) is the intension of a collection of proper-—
ties. So seek is not treated as a relation between two individuals, and
therefore (48) does not allow for the conclusion that there is a particular
unicorn which John seeks. In this way the problem mentioned in section 1
is solved, so in this respect the formula is satisfactory. But one might ask
whether this effect could be obtained by means of a simpler formula, viz.
one without the intension sign. In the second argument the need for this
intension is explained as follows (JANSSEN 1978b, p.134). Suppose that seek
is considered as a relation between an individual and (the characteristic
function of) a set of properties. Consider a world in which there exist no
unicorns. Then for no property P it is true that Hu[unicorn*(u) A VP(Au)].

. . . v_A ;
Thus in these circumstances APHu[unlcorn*(u) A P(uwl is the
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characteristic function of the empty set of properties. The semantic inter-
pretation of John seeks a unicorn then states that the seek~relation holds
between John and this empty set. Suppose moreover that in this world also

no centaurs exist. Then the semantic interpretation of
(49) John seeks a centaur

also expresses that the seek-relation holds between John and the empty set
of properties. But this contradicts our intuition that (47) and (49) have
different meanings. When we wish to describe the difference between centaurs
and unicorns we cannot restrict our attention to the present state of the
present world. We should also consider other worlds (or other states of the
present world) for instance, those in which unicorns or centaurs do exist.
In other worlds the set XPHu[unicorn*(u) A VP(Au)] might be different from
XPBu[centaur*(u) A VP(Au)]. Therefore the seek~relation will be considered
as a relation between individuals and intensions of sets of properties.
Since these intensions are different, seek a unicorn will get an interpre-
tation different from the one for seek a centaur.

In the same way as we produced John seeks a unicorn, we may produce (50)

with as reduced translation (51).
(50) John seeks Mary
(51) seek(Ajohn, AAP[VP](Amary)).

This formula expresses that the seek relation holds between an individual

concept and the collection of properties of Mary. But sentence (50) expres—
ses that the seek-relation holds between two individuals: between John and
Mary. One would like to have this aspect expressed by the obtained formula.

Therefore the following definition (PIQ, p.265).

5.7. DEFINITION. §, = Avius("u,"Ael"P("v) 1),  where & ¢ CoN_
5.7. END

(Tv)

On the basis of this definition we have the following reduction rule.

5.8. Reduction rule 6

. ALV
Let be given an expression of the form G(Au, apl P(AB)]), where

a;B € VARe U CONe, and § ¢ CON Then replace this expression by 6*(a,8).

T(TV) ©
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CORRECTNESS PROOQF

5, (,8) = 8, (8 () = Avius ("u," 22l P(") 1) (B) (@) = {RRI} =
= 5", 2002 ("p) ).
Note that A-reduction is allowed because the constants of type e in the
fragment are rigid.

5.8. END
Using RR6 we may reduce (51) to (52).

(52) seek*(john,mary).

In the same way as we produced the sentence Joln seeks a unicorn, we

may produce (53), with translation (54).
(53) John finds a unicorn
(54) find(Ajohn,Akaau unicorn*(u) A VP(Au)]).

This result is not precisely what we would like to have. Sentence (53) gives
the information that there exists at least one unicorn, and (54) does not
express this information. In order to deal with this aspect we restrict

our attention to those models for IL in which the following meaning postu-

late is satisfied.

5.8. Meaning Postulate &

35VxVPO [8(x,P) <> Py s(Vx, o) 10

where § ¢ {find,loose,eat,love,date} and P e VAR
5.8. END

<s,t(T)>"

This meaning postulate expresses that if the relation § holds between
an individual concept and a collection of properties, then there is a cor-
responding relation which holds between individuals. This relation is index
dependent: the set of pairs which consist of a 'finder' and a 'found object',
may be different for different indices. Therefore the existence of a rela-
tion between finders and found objects is formalized by means of an existen-—
tial quantification over a variable which is of one intension level higher
than the relation itself. An equivalent alternative would be (55), where
the quantification 35 is within the scope of O (this variant is due to

P. van Emde Boas).
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(55) O [3sVxVPL6 (x,2) « PCags(Vx, y)) 11,

A notation for the relation between finder and found object is already

provided by the § motation. This notation is introduced in the following

rule.

5.9. Reduction rule 7

Let be given an expression of the form §(x,B) where
§ € {flnd,loose,eat;loxe,iatei aed o € ME<s,e> B € MET(T)' Then, replace
this expression by, B[ iy 6*( a, y)l.

CORRECTNESS PROOF

From MPQ follows that for all g, there is a g' 38 such that
vV v v
g' £ 008, < Pl s(Vx, 'v)11.

This means that for all expressions o € ME s B € ME< holds that

<g,e> s,T(T)>

A,V NV ¥
g' E 8,8 < B(ay sCa, u)).
For this g' the following equalities hold:

B("aws, (e, ) =tbef.5.51= 8("ays, () (‘w)) =(Def.5.7}=
B agavias (u,"ApL P (") 1) (Yy) (o)) ={choice of g')=

B arvnal " ael P (") 1My (M, Y903 1y (o)) =(rR 3=
sCrpmnal May's @, ") (0 1) Can=rry (3=

8 (aavaul Ys(u, v 10y (o)) =(RR, |}=

e(™y’s(a,’y)) ={choice of g'}= 6(a,B).

Since S does not occur in the first and last formula, these expressions are
equivalent for all g. From these equalities the reduction rule follows.

5.9. END

After the introduction of RR7 we return to our discussion of (54). Ap-

plication of RR. to (54) yields (55).

7
(56) VA[XPBu[unicorn*(u) A VP(Au)]](AAy[find*(VAjohn,vy)])
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This reduces further to (57), and that is the kind of formula we were
looking for: it expresses that the find-relation holds between two indivi-

duals
(57) Eu[unicorn*(u) A find*(john,u)].

The fragment contains ome single verb be, which is used both for the
be of identity, and for the copula be. An example of the be of identity is

given in (58).
(58) John is Mary.

The first step in its production is to combine be with Mary according
to SS' This yields the IV—phrase be Mary. The translation of this phrase
reduces by several applications of RRI and RR2 to Ax[vx=mary]. Combining
this with John according to S4 yields (58), and the corresponding transla-
tion reduces by applications of RR, and RR2 to john = mary. One observes
that the final result is an identity on the level of individuals. This
shows why there is no meaning-postulate like MP4 introduced for be: its
translation already applies to the level of -individuals rather than the
level of individual concepts.

Next I give an example of the copula use of be.
(59) John is a man.

First the IV-phrase be g man is formed. Its translation reduces to the for-—
v .. . . . .
mula XXHuEman*(u) A x=u]. Combining this with the translation of Jokn yields

as translation (60), which reduces to (61).
(60) XP[VP(Ajohn)]AXEHU man*(u) A Vx=u]
61) Eu[man*(u) A john=ul.

In this situation one could perform one further simplification replacing

(61) by (62); below I will explain why I will not do so.
(62) man*(john).

It would of course be possible to introduce a new reduction rule per-—
forming this last reduction. But it is difficult to cover the reduction
from (61) to (62) by a general rule. Suppose that a rule R would say whether
the occurrence of a subformula john=u implies that all occurrences of u may
be replaced by john. In order to decide whether reduction is possible, R
has to take the whole formula into consideration. Reduction from (61) to

(62) is allowed, but if in (61) connective A would be replaced by + the
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reduction is not allowed. This supposed rule R would have a different
character than all other reduction rules. The other ruies are 'local': the
question whether they may be applied, can be answered by inspecting a con—
text of fixed length. But R would not be local because the whole formula
has to be taken into account. I will mnot try to design such a rule R be-
cause I prefer to have only local reduction rules. Moreover, the set of re-—
duction rules is incomplete, even with such a rule R, and only a partial
solution of the reduction problem is possible. This one sees as follows.
Suppose that we would define in each class of logically equivalent formulas
one formula as being the simplest one (say some particular formula with
shortest length). Then there exists no algorithm which reduces all formulas
to the simplest in their class, since otherwise we could decide the equiv-—
alence of two formulas by reducing them to their simplest form and looking
whether they are identical. Such a decision procedure would contradicting

the undecidability of IL (see also chapter 5, section 4).

6. EVERY MAN LOVES A WOMAN

The rules introduced in the previous sections allow us to produce

sentence (63).
(63) Every man loves a woman.

In the introduction (section 1) I have described the two readings of this
sentence. On the one reading, the same woman is loved by every man (say
Brigitte Bardot), and on the other reading it might for every man be another
woman (say his own mother). These two readings are represented by (64) and

(65) respectively.
(64) Bv[woman*(v) A Vu[man*(u) +—love*(u,v)]]
(65) Vu[man*(u) +—3v[woman*(v) A love*(u,v)]].

Note that the difference between (64) and (65) is a difference in the scope
of the quantifiers V and 3. Therefore this ambiguity is called a scope am—

biguity. A well known variant of this scope ambiguity is (66).
(66) Every man in this room speaks two languages.

A remarkable aspect of the two readings of (63) is that the one
reading has the other as a special case: from (64) it follows that (65)

holds. Therefore one might doubt whether the two formulas really constitute
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an ambiguity we should deal with. One might say that the weaker formula
(viz. (65)) describes the meaning of (63), and that, with additional infor—
mation from the context, this can be narrowed down to the stronger one.

This argument holds for (63), but T will illustrate, that it is not general-
ly applicable. Consider (67), due to LANDMAN & MOERDIJK (1981,1983).

(67) Every schoolboy believes that a mathematician wrote 'through the
looking glass'.

This sentence is (at least) twofold ambiguous. On the one reading there is
one mathematician of which every schoolboy believes that he wrote 'through
the looking glass', but not every schoolboy necessarily believes that the
person was a mathematician. On the other reading every schoolboy has the
believe that some mathematician wrote the book, without necessarily having
a special mathematician in mind. The rules needed for the production of
sentences like (67) will be given in section 9. The formulas we will obtain
then, are presented below in a somewhat simplified form. Formula (68) cor-
responds with the first reading (the believes concern the same mathemati-

cian), the second reading is represented by (69).

(68) Hv[mathematician*(v) A Vu[schoolboy*(v) -> believe*(u, wrote*(u,
'Through the looking glass'))1l '
(69) Vu[schoolboy*(u) 4—3v{hathematician*(v) A believe*(u,wrote*(v,’Through

the looking glass'))1l.

These two readings are logically independent: the one can be true while the
other is false. The same situation arises for the well known example (66):
if we read in that sentence two as precisely two, then the different scope
readings are logically independent. These examples show that for variants
of the scope ambiguity, both readings have to be produced by the grammar
Then it is not clear why (63) should get only one reading.

A part of the production of reading (65) of sentence (63) is given in
figure 8. This production is called the direct production (because no

quantification rule is used).

Every man loves a woman {5, 4}

Vu[man*(u) +’love(AAP3u[woman*(u) A VP(Au)])(éh)]

Every man {T, 2} love a woman {IV, 5}

XPVu[man*(u) - VP(Au)] love(Akpﬂu[woman*(u) A VP(Au)])

Figure 8
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The translation obtained in figure 8 can be reduced further by an applica-
tion of RRS’ yielding (70). ‘

(70) Vu[man*(u) +>love(Au,AAPBu[woman*(u) A P(Au)])].

Application of RR6 yields (71), and twice application of RR2 yields (72).
an Vu[man*(u) - [VAXPBu[woman*(u) A VP(Au)]](AAy[love*(VAu,Ay)])]

(72) Vu[man*(u) - [APEu[woman*(u) A VP(Au)]](AAy[love*(u,vy)])]-

Further application of lambda conversion is not allowed because this would
. . A . . .

bring the u in love (u, y) under the scope of Fu. In order to simplify this

formula further, we first have to replace the variable u bound by Ju by

another variable.

6.1. Reduction rule 8

Let be given an expression of the form Az¢,3z¢ or Vz¢. Let w be a
variable of the same type as z, but which does not occur in ¢. Then replace

Azé, dz$, Vzd by respectively Awlw/zlé, Iwlw/zle, and Vwlw/zl¢.

CORRECTINESS PROQF

Evident from the interpretation of these formulas.
6.1. END

Application of RR,.to (72) yields (73). Applications of RR, and RR

8 1 2

yield then (74), which reduces further to (75).

(73) Vulman_(a) + [Ap3viwoman, (v) A "P("v)11("y Iove, (u,"y))]
(74) Vulman,(s) » 3vlwoman, (v) A [Ay love (v, v)1("u)1]

(75) Vu[man*(u) > Bv[woman*(v) A love*(v,u)]].

A part of the production of reading (64) of sentence (63) is given in
figure 9. The production uses 814 n’ and it is called (for this reason) an

indirect production of (63).
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Every man loves a woman {S, 14,1}

arl3u woman*(u) A VP(Au)](AXxl[Vu[man*(u) +~lobe*(vx],u)])

/
a woman {T,2} Every man loves him {S,4}
kPHu[woman*(u) A VP(Au)] Vu[man*(u) +—love*(vx1,u)]

Every man {T,2} love him {IV,5}
APVu[man*(u) - VP(Au)] love(AAP{vP(xl)])

Figure 9

The translation obtained in figure 9 reduces by application of RRI and RR2
to (76).

(76) 3u[woman*(u) A AXIEVu[man*(u) - love*(vxl,u)JJ(Au)].
After change of bound variable (RR7) we apply RR], and obtain (77).
(77) Su[woman*(u) A Vv[man*(v) +-love*(v,u)]].

In the introduction I have already said that sentence (78) is ambi-
guous; its ambiguity is called the de-dicto/de-re ambiguity. From the de-
re reading (79) it follows that unicorns exist, whereas this does not

follow from the de—dicto reading (80).

(78) John seeks a unicorn

(79 Hu[unicorn*(u) A seek*(john,u)]

(80) seek(Ajohn, XPBu[unicorn*(u) A P(Au)]).

This ambiguity can be considered as a scope ambiguity: the difference be-
tween (79) and (80) is the difference in scope of the existential quanti-

fier. Note that formulas (79) and (80) are logically independent, hence we

“have to produce both readings.These productions are analogous to .the pro-

ductions of the different scope readings of Every man loves a woman. The
de~dicto reading (80) is obtained by a direct production. We have con-
sidered this production in the previous section. The de-re reading is
(79) is obtained by an indirect production. As a first stage of the in-

direct production sentence (81) is formed, which has (82) as translation.
(81) John seeks him,

(82) seek(Ajohn, AKP[VP(XI)]).
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Combination according to S14 T of (81) with the term a unicorn yields
(78), and combination of their ‘translations according to T14 1 yields (83),

reducing to (84).
' (83) XPBu[unicorn*(u) A VP(Au)](AkxlfAseek(Ajohn, AAP[VP(XI)])])]
(84) Fulunicorn (u) A seek(Ajohn, AAP[VP(Au)])].

Application of RR, reduces this formula to (85).

6
(85) Eu[unicorn*(u) A seek*(john,u)].

Sentence (86) can be produced using the same syntactic rules as in

the production of (78).
(86) Mary finds a unicorn.

This sentence is not ambiguous; it only has a referential reading. In the
previous section it was explained how the translation of the direct pro-
duction reduces to such a reading. The indirect production yields, of
course, a referential reading as well. An interesting aspect of the in-
direct production is the way in which the obtained formulas can be reduced.
For this reason I will consider this production in more detail. A first
stage of the indirect production of (86) is (87), which has (88) as trans-—

lation.
(87) Mary finds himl.
(88) find(Amary, AAP[VP(XI)]).

One method to reduce (88) is to apply the same reduction rules as used in

the reduction of (82). Then as last step RR, is applied, see the reduction

6
of (84). But another reduction process is possible as well. We might apply
RR7 to (88) because meaning postulate 4 holds for find. Thus we obtain (89),

reducing to (90).

(89) "ApL"P(x) 1Nyl £ind, (mary, ") D)
(90) find*(mary, vx]).
Combination, according to SM’1 of (90) with the tranmslation of a unicorn

yields (91), which reduces to (92).
v_ A A v
91) kPBu[unicorn*(u) A p(u)]( Xxl[find*(mary, Xl)])

92) Hu[unicorn*(u) A find*(mary,u)].
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This shows that there are two methods to reduce the formulas obtained in
the indirect production of (86).

In general it makes no difference in which order we apply the reduction
rules. Sooner or later we have to apply the same rule to the same (sub)ex-—
pression. An exception is the introduction of S, for constants to which
meaning postulate 4 applies. Once we have applied the meaning postulate
(i.e. RR7), we cannot apply the definition for 6* (i.e. RR6) any more. The
reason for this is that both applications consume an occurrence of §, and
produce an occurrence of §, - As practice learns, these two ways of reduction
always yield the same result. I have, however, not a formal proof of some
formal version of this observation. The situation is difficult due to the
interaction of RR, and RR with many other reduction rules. In FRIEDMAN &
WARREN (1979) related reduction rules are considered, and they provide
several examples of the complex interactions of the rules (they have no
normal form theorem for their system either).

Finally I consider a sentence which is not ambiguous. For sentence (93)
the de-re reading is the only possible reading, and it is the only reading

produced by the grammar.
(93) John seeks a unicorn and Mary seeks it.

The occurrence of 7t requires an application of 814 nt A part of the pro-
b

duction of (93) is given in figure 10.

John seeks a unicornm and Mary seeks 1t

Bu[unicorn*(u) A Axl[seek(Ajohn, AXP[VP(XI)]) A seek(Amary, AAP[VP(XI)])]]
o

a unicorn John seeks himz and Mary seeks him
v
AP[Hu[unicorn*(u) A vP(Au)] seek(Ajohn,APVP(x])) A seek(Amary,AP P(X]))
John seeks himz Mary seeks himz
seek(Ajohn,AkP[VP(xl)]) seek(Amary, AAP[VP(XI)])
Figure 10

The obtained translation for (93) reduces to (94).

(94) Eu[unicorn*(u) A seek*(john,u) A seek*(mary,u)].
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7. BILL WALKS IN THE GARDEN

In this section the fragment is extended with the categories Prep of
prepositions, and IAV of IV-modifying adverbials. In PTQ the category 'IAV'
is also called 'IV/IV'. For the basic elements of IAV there are correspond-—
ing constants of type <<s,T(IV)>,t(IV)>. The definitions concerning IAV are

as follows.

7.1. Bray = {slowly,voluntarily,allegedly} .
7.2, {slowlysvoluntariliyjsallegedly} < CONT(IAV)
7.3. slowly' = slowly, voluntarily', voluntarily,

allegedly’ = allegedly.
7.3. END

An adverb forms with an IV-phrase, according to S]O’ a new IV-phrase.

7.4. Rule SIO:

IAV x IV » IV

: concatenate (a,B)

Flo N
sa'(BY.

T10
7.4, END

An example of a sentence containing an IAV is (95).

(95) John voluntarily walks.

The production of (95) is presented in figure 11.
John voluntarily walks {S,4}
A AL
[voluntarily( walk)]( john)

John {T} voluntarily walk:-{IV;10}
AP[VP(john)] Voluntarily(éwalkj

/\
voluntarily {IAV} walk {IV}

voluntarily walk
Figure 11

In PTQ the convention was introduced to write all expressions of the

form v(a) (B) as v(B,a). This example ishows that the PTIQ formulation was too




165

liberal: it would allow to write voluntarily as a relation:

, AL A . . o ..
voluntarily( john, ~walk). This result is not attractive because tradition-—
ally one does not consider voluntarily as a relation. Therefore in reduc-
tion rule 5 this convention was only introduced for y being a verb.

The translation obtained for (95) does not allow for the conclusion
that John walks, although this would be a correct conclusion from sentence
(95). Not all adverbs allow for such a conclusion. From (96) it does not

follow that John walks.
(96) John allegedly walks.

This has as a consequence that allegedly creates an intensional context
for the object of a verb. Therefore sentence (96) does not allow to con-—

clude to the existence of a unicorn.
(97) John allegedly loves a unicorn.

One might expect the introduction of a meaning postulate that expresses the
extensional character of slowly and voluntarily. Such a meaning postulate
is not given in PTQ. I expect that it would be of a different nature than
the postulates we have met before: it would be an implication, and I ex~
pect that it would not give rise to simplifications of the formulas in~
volved. '

The fragment contains two prepositions, and from these new adverbial-
phrases can be formed. Prepositions translate into constants of type

<<s,T(T)>,T(TAV)>.

7.5. BPrep = {in,about}

7.6. {in,about} < CONT(IAV)
7.7. in' = in, about' = about.
7.7. END

The rule for creating new adverbs is as follows.

7.8. Rule S6:
Prep X T » TAV
F.: concatenate (a5B)
Tz o' (87

7.8. END
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An example of an application of this rule is given in figure 12, where

sentence (98) is produced.

(98) John talks about a unicorn.

John talks about a unicorn {8,4}
about(AAPHu[unicorn*(u) A VP(Au)])(Atalk)(Ajobn)

John {T} talk about a unicorn {IV,10}
vV_ A
Ap P( john) about(AXPﬂu[unicorn*(u) A vP(Au)])(Atalk)
/ \
about a unicorn {IAV,6} talk {1V}
about(AAPHu[unicorn*(u) A VP(Au)]) talk
about {Prep} a untcorn {T}
about APSu[unicorn*(u) A vP(Au)]
Figure 12

The translation obtained here does not imply that there is a unicorn
John talks about: about creates an intensional context. This is the result
we aimed at (see section 1).

In the same way as we produced (98), we may produce (99) with as trans-
lation (100).

(99) Bill walks in the park
(100) in("APAulvwlpark (v) < u=v] A "p("w)7) (“wa1x) ("bi11).

This result is not completely satisfactory. If Bill walks in the park, then
orie may conclude that there exists a park, and if the park is the Botanical
garden, then from (99) it may be concluded that Bill walks in the Botanical
garden. So the locative preposition in does not create an intensional con~’

text. This property of Zm is formalized in the following meaning postulate.

7.9. Meaning postulate 8

IeVPHEVD [in(P) (0) (x) < PCayll'e1("y) (@ o 1
7.9. END

In order to be able to give a reduction rule on the basis of this

. . V. .
meaning postulate, a notation for the predicate denoted by & in MP8 is
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introduced (such a notation for prepositions is not defined in PTQ). This

notation is chosen in analogy of the notation §, for verbs.
7.10. DEFINITION:
A, VA
8, = axxQauls CAPL PCw) D (0)(x))] where § ¢ CON .
* T(Prep)
7.10. END

On the basis of this definition we have the following reduction rule.

7.11. Reduction rule 9

Let be given an expression of the form in(a) (B) (y), where

o€ ME<s,T(T)$’ BeME s rans>’ ¥ € Mg s
by a{ aylin (") (B) (v D).

Then replace this expression

CORRECTNESS PROOF. Let v € VARe, X € VAR<S and Q € VAR Then

<s, T(IV)>"

s€>
for all g

g b in M@ = inp2(v) @ @)

We now apply MP8 to the right hand side of the equality: this meaning pos—
tulate says that there is a g' o8 such that

gk in, (M@ G = "2 I 61w @ D).

The expression to the right of the equality sign reduces by means of sever—

al applications of RR, and RRZ' Thus we obtain

g F in (D (@@ =61 (0 ).

Consequently g' F in = vG. This means that from MP8 it follows that

E vPVovd [in(P) (@) (x) <> P("ylin, (") (@ () D 7.

7.11. END

Formula (100) can be reduced, using RR9, to (101) and further to (102)

(101) [V \pl3uwvpark, (@) <> u=v] A 2w 11(Chglin, (y) Cwaix) (pi1n) D)
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(102) Ju¥vlpark (v) <> u=v] A in (@) ("walk) ("bi11)].

In PTQ no examples concerning the meaning postulate for in are given. This
example illustrates the consequence of the meaning postulate: if one stands
in the relation of walking in with 'a collection of properties', then there

is an "individual' with which one has this relation.
8. JOHN TRIES TO FIND A UNICORN

In this section a new category of IV-modifiers is. introduced. This new
category is called IWIV (IV modifying verbs) and contains verbs taking verbs
as complements. The fragment has only two of such verbs (fry to, wish to),
although there are a lot more in English. The syntactic treatment of these
verbs is rather primitive: try to is considered as a single word containing
a space (so to is not treated as a word). But our main interest is seman-
tics, and the verbs are interesting in this respect. They create inten—
sional contexts even when the sentence without such a verb would only have
a de-re reading. An example is (103); from this sentence it does not fol-

low that unicorns exist.
(103) John tries to find a unicorn.

Corresponding with the verbs of category IV IV there are constants in the

logic of the type <<s,t(IV)>,T7(IV)>. The verbs translate into these con-

stants.

8.1. Bovl TV = {twy to, wish to}

8.2. {try to, wish to} c CONT(IVWIV)

8.3. try to' = try to, wish to' = wish to.
8.3. END

The members of IWIV are used in the following rule.

8.4. Rule S8:

IVIV x IV » IV

concatenate (a,B)
at ("8").

=]

8.4. END
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The production of (103) is partially presented in figure 13.

John tries to find a unicorn {S,4}

try to(Ajohn, Afind(AAPABu[unicorn*(u) A VP(Au)]))
=

//
John try to find a unicorn {IV,8}
XPVP(Ajohn) try to(Afind(Akpﬂu[unicorn*(u) A vP(Au)]))
. \
try to find a unicorn {IV,5}
try to find(AAPﬂu[unicorn*(u) A VP(Au)])
Figure 13

The formula obtained in this production process does not reduce further,
and it does not allow to conclude for the existence of a unicorn which John
tries to find. So the de-dicto aspect is dealt with adequately. But sen-—
tence (103) can also be used in a situation in which there is a unicorn
which John tries to find. For reasons related to the ones given concerning
John seeks a unicorn, the reading involving a particular unicorn has to be
obtained as an alternative translation for (103). That reading can be ob-
tained using Sl4,n'

The translation obtained for (103) in figure 13 is, however, not in all

regpects satisfactory. We do not get information concerning the relation
between John and the property expressed in the second argument of try to.
In particular it is not expressed that what John tries to achieve is that
John (he himself) finds the unicorn, and not that someone else finds the
unicorn. For verbs like promise and permit the relation between the subject
and the complement is much more complex. A correction of this disadvantage
of the PTIQ treatment can be found along the lines of DOWTY (1978) and
BARTSCH (1978b), see also section 4.1 in chapter VI.

In section 4 we introduced the rules for IV conjunction and disjunc—

tion. The verb phrases involved may concern two coreferential terms as in

(104) .
(104) John finds a unicorn and eats 1t.

The coreferentiality can be dealt with by means of quantifying in the term

a unicorn. This yields the reading (105).

(105) Eu[unicorn*(u) A find*(john,u) A eat*(john,u)]-
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This formula expresses that there is a pafticular unicorn which John finds
and eats. »
The conjoined verb phrase underlying (106) can be embedded in a try to

construction.
(106) John tries to find a unicorn and eat it.

This sentence does not allow for the conclusion that there is a unicorn.
The occurrence of a pronoun, however, invites us to produce this sentence
with quantification rule 514, and that would result in a referential reading,

viz. (107)

(107) Hu[unicorn*(u) A try to(Ajohn,A[find(AP[VP(Au)]) A eat(AP[vP(Au)])])].
A new quantification rule makes it possible to produce (106) in a reading
which does not imply the existence of a unicorn. The following rule scheme
describes the quantification of a Term into an IV-phrase.

8.5. Rule SlG,n

T x IV » IV

F : If o does not have the form he

16,n k

then replace in 8 the first occurrence of hen or himn
by @, and all other occurrences of hen by he/she/it and of
himn by him/her/it according to the gender of the first T
or CN in o

else replace all occurrences of hen by hek and of himn by himk.

Tie.nt Mla' (axl8' ) DI

8.5. END

In order to produce (106) we first produce the verbphrase (108).
(108) find a unicorn and eat it.

The production of (108) is partially given in figure 14.




find a unicorn and eat it {IV, 16,1}

kaPHu[unicorn*(u) A VP(Au)](AAxlffind(y, AAPVP(XI)) A eat(y, AXPVP(XX))])
Tk

- \\
a untcorn {T,2} find him; and eat himg {IV,12a}
AP[Hu[unicorn*(u) A vP(Au)]] Ax{find(x,AkPVP(xl)) A eat(x,AkaP(XI))]

Find himz {1v} eat him; {1V}
find(AXPVP(xl)) eat(AAPVP(xl))

Figure 14

Now we return to the production of sentence (106). Its production from

(108) is presented in figure 15.

Joln tries to find a unicorn and eat it {5,4}

A A v v
try to( john, Ayau[unicorn*(u) A find*( ygsu) A eat*( y,u) )

—
John {T} try to find a unicorn and eat it {IV,8}
APVP(Ajohn) try to(AAyﬂu[unicorn*(u) A find*(vy,u) A eat*(vy,wj)
/ . . .
try to {IVWIV}  find a unicorn and eat it {IV}
try to Ay3ulunicorn (u) Afind*(vgtﬂ Aeat;(vgu)]
Figure 15

A sentence related with (106) is (109).
(109) John tries to find a unicorn and wishes to eat it.

Montague argues that only a referential reading of this sentence is possible
(except for the case that the pronoun 7% is considered as a pronoun of
laziness). A production of sentence (109) might be given in which 514 is
used. Then it is not surprising that a referential reading is obtained.
But this is also the case for a production using 816’ as will be shown

below. The first step is to form verb phrase (110), with translation (111).
(110) try to find himl and eat himl
(111D axlery tolx, "£ind("3p'P(x))) A wish to(x, Aeat<Axpr(x1)))].

Combination of (110) with a unicorn according to S16 1 yields (112). The
L

translation is (113), which reduces to (114).

(112) try to find a unicorn and eat it
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(113) Xy[kPBu[unicorn*(u) A VP(Au)](AAxl[try—tO(y, Afind(A)\PvP(Xl))) A
wish to(y, Aeat(A)PVP(x])))])]
. A A, V_ A
(114) AyEu[unlcorn*(u) A try to(y, f£find( AP P(u))) A
wish to(y, Aeat(AXPVP(AU)))]-
Combination of (114) with Jokn according to S4 yields sentence (111). The
translation is (117).
(115) Eu[unicorn*(u) A try—to(Ajohn, Afind(AAPvP(Au))) A
wish—to(Ajohn, Aeat(A)\PvP(Au)))].
The formula obtained here can be simplified by replacing 6(AAPVP(Au)) by

VA .
Ay G(AXP P( u))(y), where § is the translation of a transitive verb. The

advantage of this replacement is that now RR5 and RR6 can be used. In this
way (115) reduces to (116).

(116) au[unicorn*(u) A try—to(Ajohn, Axy find*(vy,u)) A
wish to(Ajohn, Aky eat*(vy,u))]

This method is formulated in a reduction rule as follows.

8.6. Reduction rule 10

Let be given an expression of the form G(AXPVP(Au)), where § is the
translation of a TV for which MP., holds. Then replace this expression by

3
\
Ags, Cy,u).

CORRECTNESS PROOF. By definition of interpretation the two expressions are

equivalent.,

8.6. END

The possibilities for application of RR., are limited by mentioning

10
explicitly the argument of §. One might omit this argument; then the rule
would be applicable in many more circumstances, for instance to the formula
obtained in figure 13. I have not used this more general version because

it would not give rise to simpler formulas (in the sense of more concise
formulas), but one might judge that the general rule would give rise to

more understandable formulas.
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9. JOHN BELIEVES THAT MARY WILL RUN
A new construction considered in this section arises from verbs of the

category IV/S; I.e. verbs taking a sentence as complement. There are several

such verbs, but only two of them are incorporated in the fragment.

9.1. BIV/S = {believe that, assert that}

9.2. {believe that, assert that} < CON<s,<T(S),T(IV)>>

9.3. believe that' = believe that, assert that' = assert that.
9.3. END

The rule producing IV phrases from these verbs reads as follows.

9.4. Rule S7:
IV/S x § - IV

F7: concatenate (a,B)
.'Al
T7. a'C8").
9.4. END
An example of a sentence with a verb of category IV/S is (117).
(117) John believes that Mary runs.

Part of the production of (117) is given in figure 16.

John believes that Mary runs {S,4}
believe~that( john, Arun*(mary))

// \\
John believe that mary runs {IV,7}
AP[VP(Ajohn)] believe that(Arun*(mary))
/ \
believe that {1V/S} Mary runs {S,4}
believe that run*(mary)
Figure 16

Believe is considered as a relation between an individual concept and a
proposition (i.e. a function from individuals to truth values). It is not

said what kind of relation this is. There are several proposals in the




174

literature analyzing the believe relation in motre detail (e.g. LEWIS 1970),
but Montague did not analyze it any further.

The formula obtained in figure 16 expresses that believe is a relation
with as first argument Ajohn. To this, the same comment applies as to the
first argument of the seek-relation: there is no generally accepted nota-
tion which expresses that for this argument believe can be considered as a
relation with as first argument an individual. The second argument is an
expression of type <s,t>. Would it have been an expression of type t, then
we could replace it by any other expression which denotes (for the current
index) the same truth value. So if someone would believe a truth, he would
believe all truths (for the current index). Now that the second argument
of ‘the believe-relation is a proposition, this is not the case. If John
and Mary walk, then one may believe that John walks, without having the
formal implication that one believes that Mary walks. Nevertheless, the
use of a proposition is not completely satisfactory. It implies that in
case John believes a tautology, he believes all tautologies. This is a
fundamental shortcoming of this kind of approach; there is, however, not a
generally accepted alternative.

Tﬁe aspect that makes the introduction of believe and assert interest—
ing in the present fragment, even with the present semantics, is that these
verbs introduce intensional contexts in which a de—dicto reading is possible.
Sentence (118) does not allow for the conclusion that there exists a uni-

corn.
(118) Mary believes that John finds a unicorn and he eats it.

The relevant part of the production of sentence (120) is given in figure 17.

Mary believes that John finds a unicorn and he eats it

believe that(Amary, Aau[unicorn*(u) A find*(john,u) A eat*(john,u)])
Mary believe that John finds a unicorn and he eats it

v A
apL P(Amary)] believe that( Eu[unicorn*(u) A find*(john,u)A eat*(john,u)])
Figure 17

A further extension of the fragment are the restrictive relative
clauses: terms will be produced like Every man such that he runs. This such
that form is not the standard form of relative clauses, but it avoids the

syntactic complications arising from the use of relative pronouns. The




following rule scheme describes how relative clause constructions are
formed out of a CN and a sentence.

9.5. Rule SB,n:

CN x § » CN

F3 0’ replace in B all occurrences of hen by he/she/it and himn by
him/her/it according to the gender of the first CN in «.
. 1 ]
T3,n lxn[a (xn) AB'].
9.5. END

An example is the production of term (119) is given in figure 18.

(119) a man such that he runs.

A man such that he runs {T,2}
 AP3x[man(x) A run(x) A Vp(x)]

/\

a man such that he runs {CN,3,1}
XQAPBX[VQ(X) A VP(X)] Axl[man(xl) A run(xy)]
/\
man hez rUns
man run(xl)
Figure 18

The obtained translation can be reduced, using RR,, to (120).

42
vV_ A
(120) APBu[man*(u) A run*(u) A PCwd.
Rule S3 0 takes a CN as one of its arguments, and yields a CN as re-
3

sult. This means that the rule can be applied more than one time in suc-—

cession. Then terms are obtained like the one in (121)
(121) Every man such that-he walks such that he talks.

In (121) both the relative clauses are attached to the head man; this
phenomenon is called 'stacking'. A situation that may arise in connection
with stacking is as follows. The second relative clause contains a pronoun
which is coreferential with a term in the first relative clause, whereas
the pronoun is (semantically) within the scope of the determiner of the

whole term. An example, due to Bresnan (PARTEE 1975, p.263) is (124).

175
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(122) Every girl who attended a womans college who gave a donation to it,

was put on the list.

Sentence (124) exhibits co-reference within the compound CN phrase: it
in the second realtive clause refers to the college in the first relative
clause. The whole term has a reading in which the college needs not to be
the same for all girls. Suppose that we obtained coreferentiality by means

of quantifying in the term a womans college for himI in sentence (123).

(123) Every girl who attended himz who gave a donation to him
the list.

7 was put on

In that production process a reading would be obtained with for the existen-
tial quantifier wider scope than for the universal quantifier. That is not
the intended reading. In order to obtain the intended reading, a new quan-
tification rule is introduced: quantification into a CN phrase.

9.6. Rule SlS,n:

T x CN +~ CN

F15 n: Replace the first occurrence of hen/himn in 8 by a.
9

Replace all other occurrences of hen by he/she/it, and of him

by him/her/it, according to the gender of the first CN or T ina.

1 A 1
TlS,n: Aga! Cax LB' (9 1) .

9.6. END

An extensive discussion of relative clause formation will be given in

chapter 8; examples in which rule S . is used, will be considered in appen-—

15
dix 2. There also will be solved a problem that I neglected above: reduc-—

tion rule RR4 applies to the translation of terms like (120}, but not to
such terms with the determiners every or the.

In the remainder of this section I mention some rules which are intro-
duced only to incorporate the complete PIQ fragment. The first rule con-

cerns the sentence modifier necessarily.

9.7. B = necessarily

s/s
9.8. necessarily' = apld ¥pl.
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9.9. Rule Sg:

S/S x S+ 8

Fg: concatenate (a,B)

T9: a'(AB').

9.9. END

An example is the production of (124) which gets as its tramslation (127).
(124) Necessarily John runs.
(123) O run*(john).

This example illustrates how sentence modifiers can be incorporated in the
fragment. The translation of (126) is not correct since that sentence cannot
mean that John always runs. For an alternative of the semantics of necessari-
Iy see e.g. VELTIMAN 1980.

Up till now we have met sentences in the positive present tense. PTQ
has rules for some other tenses as well. These rules have several short~
comings, and I will mention them without further discussion.

9.10 Rule S]7a:

Tx IV ~>S§

Float replace the first verb in B by its negative third person singular
present; concatenate (o,B)

A

N '

Ti7g% " CBY

9.11 Rule Sl7b:

T xIV~>S

Fl7b: replace the first verb in 8 by its third person singular future;
concatenate {(a,B)

» 1 A 1

T17b' Wa'(BY)

9.12 Rule Sl7c:

T x IV >~ S

F17c: replace the first verb in B by its negative third person singular
future; concatenate (o,B)
- T A 1
Ti90t Wla' CB") 1




178

9.13 Rule Sl7d:

T x IV~> S

F17d: replace the first verb in B by its third person singular perfect.
concatenate (a,B)
: TAry)
Ty74 Hla"(B") 1]

9.14 Rule Sl7e:

T x IV > §

F17e= replace the first verb in B by its negative person singular
present perfect; concatenate (a,B)
: v (Mar
T 7e THLa'(CB")I.

9.14. END

This completes the exposition of the PTQ fragment. One should realize
that the sentences we have discussed, constitute a special selection of the
sentences of the fragment. Besides those rather natural examples, there

are a lot of remarkable sentences in the fragment. An example is (128).
(126) The park walks in John.

Whether this is a shortcoming or not, depends on the opinibn one has about
the acceptability of (126). And how this should be dealt with, depends on
the opinion one has about the question which component of the grammar
should deal with such phenomena. Since these questions are completely in-
dependent of the problems we were interested in, I have not discussed this
aspect. Several more fundamental aspects of the system which were not com—
pletely satisfactory, have been mentioned in the discussions. Other such
aspects will arise in the discussion in later chapters, for instance in
appendix 2. As for the main aim of the enterprise, I conclude that Montague
has for the problematic sentences mentioned in section ! indeed provided
an analysis which has the desired semantic properties, and which is in ac-

cordance with the compositional framework.
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CHAPTER V

VARIANTS AND DEVIATIONS

ABSTRACT

In this chapter the impact of the algebraic framework on the design of
grammars, is illustrated by considering several proposals from the litera-
ture. Most of these proposals contain details which are not in accordance
with the framework. It will be shown that these proposals can be improved
by adopting an approach which is in accordance with the framework, without
losing the semantic effect the proposal was designed for. Other proposals

present acceptable variants for certain details of the framework.
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1. INTRODUCTION

On the basis of several proposals from the literature, I will illustrate
in this chapter what the practical consequences are of the framework we
have developed in chapters ! and 2. Some of the proposals were already dis-
cussed: in JANSSEN 1978a. The rules from the proposals will not be adapted to
the way of presentation used up till now, but they are quoted in the way
they were formulated in the original papers. I expect that this will cause
no problems. Only the formulas of IL are sometimes adapted to our notations
(e.g. AX instead of ). Some of the proposals concern variants which are in
accordance with the framework, but most are not. The objections against
these proposals, however, concern in most cases only a minor detail of the
paper, and my cricism should not be taken as a criticism on the paper as a
whole. On the contrary, most of the papers I like very much, and that was a
reason for studying them in detail. I will not consider proposals which are
presented in such a way that it is evident that they are intended as a non-
compositional component of the system (e.g. the indexing component for vari-
ables of COOPER & PARSONS 1976, and the interpretation strategy for pronouns
of BARTSCH 1979). Rather I will discuss aspects of proposals which seem at
first glance to be in accordance with the framework, but which at closer in-
vestigation appear not to be. Such examples exhibit that the practical con-~
sequences -of the framework are sometimes not well understood. These examples
are collected here to provide as illustrations of the framework: non—examples
too can be very instructive. I hope that the examples give the reader an
improved understanding of what it means to design a Montague grammar. As a
" matter of fact, my personal experience with the examples discussed here,
was a great stimulans for the research presented in this book: discovering
the foundations of Montague grammar, and investigating the practical con-
sequences of these fundamental properties.

The structure of our framework, as developed in chapters 1 and 2, is
presented in figure 1. The arrows 2,5, and 7, are homomorphisms, and the
arrows 3 and 6 are derivers. The examples we will consider are grouped ac-
cording to the arrow representing the component where the deviation from
the framework can be located. The number of the arrow indicates the section

where that group of examples will be considered.
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TE TE : Term algebra of grammar for English
JZ IL : Intensional Logic

IL': Translation of English into algebra derived
L - S SN IL’ from intensional logic
5J t7 M
¥

L M'

Meanings for intensional logic

M' : Meanings for English

Figure 1. The framework

The framework of Montague grammar constitutes a framework which guaran-
tees that one is working in accordance with the principle of compositionali-
ty. Deviations from this framework are not just deviations from some arbi-
trary mathematical system, but from a framework that is designed with the
purpose of both obeying the principle, and being at the same time as gener-
al as possible. If one violates this framework, then there is a great risk
that one does not only disturbe the framework, but also the underlying
principle of compositionality. The ultimate consequence may be that one
does not describe a semantics at all. In the discussion it will turn out
that the practical examples of violations of the framework in most cas€s
indeed yield an incorrect (i.e. unintended) semantics, or no semantics at
all. In such cases the framework guides us toward a correct solution. In
other cases, where the proposal did not give rise to an incorrect semantics,
the principle suggests another kind of solution that is simpler than the
original proposal. These aspects exhibit the value of (the formalization
of) the principle of compositionality as an heuristic tool.

In the light of the above remarks, it is useful to give a characteri-
zation of what are harmful deviations of Montague's framework, and what
are harmless variants. This characterization can be given at the hand of
figure 1. It is harmless to change the language of which the semantics is
given; to change the kind of logic used as auliliary language, or to change
the kind of meanings obtained. All algebras in the figure may be replaced
by other algebras. But the algebraic relations between them should not be
changed; the algebraic properties of the arrows should not be disturbed.
Homomorphisms should remain homomorphisms, and derivers should remain de-
rivers. These are the properties which guarantee that the principle of com—

positionality is obeyed.
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2, THE USE OF SYNTACTIC INFORMATION

2.1. Introduction

Some proposals from the literature contain a translation rule which
depends on the actual expression on which the syntactic rule operates. This
means that there are different semantic operations for the various syntac-
tic possibilities. Hence there is a one—many correspondence between the
syntactic operations and the semantic operations. Then the mapping from
the syntactic algebra to the semantic algebra cannot be a homomorphism.
Consequently the framework is mot obeyed: the relation indicated in figure
1 by arrow 2 has to be a homomorphism. But also the principle of composi-
tionality itself is violated. In this situation the meaning of the compound
expression is mnot determined by the information which syntactic rule is used
and what the meanings of the parts of the expression are, but also infor-
mation about the actual expressions operated upon is needed. This situation
is not a source of great practical problems, since, at least in the ex-—
amples considered below, the rule can easily be reformulated in such a way

that the framework is obeyed.
2.2, Easy to please

This example concerns a variant of Montague grammar proposed in PARTEE
1973. The expressions generated by the grammar contain labelled brackets
which indicate the syntactic structure of the expressions. Partee wants to
account for the occurrence of verb phrases in conjunctions and infinitives.
Examples are given in (1) and (2)

(1) Few rules are both explicit and easy to read.

(2) John wishes to see himself.

For the production of these sentences a rule called 'derived verb phrase
rule' is used. The rule is so close to a correct formulation that I would
not like to call it a violation of the framework. It is rather an illu-

strative slip of the pen.

Derived verb phrase rule (PARTIEE 1973)
If ¢ € Pt and ¢ has the form t[T[hei]IV[ajj’ then F104(¢) € PIV’ where

F104(¢)=ui, and o' comes from o by replacing each occurrence of hei,

himi, himiself by he*, himf,him*self respectively.
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Examples:

FIOA(hel sees himzself) = gee him*self

Flo4
Translation rule

(he7 18 easy to please) = be easy to please.

If ¢ ¢ L and ¢ translates into ¢', then F104(¢) translates into Axi¢'.

From the formulation of the translation rule it might not be evident
that the translation rule uses syntactic information. But this becomes
clear if one realizes that in order to decide what the actual translation
ig (Ax1¢ or XX2¢ or ...), one needs to know the index of the first word of
¢. So syntactic information is used. The correction of this rule is rather
simple, in analogy of term—-substitution in PTQ we give the syntactic oper-—
In a later

ation an index as parameter: so F is replaced by F

104 104,i°
paper (PARTEE 1977a) the rule is corrected in this way.

2.3. The horse Cannonero

DELACRUZ (1976) considers expressions like the horse Cannonero. Such
expressions belong to a category T and they are generated by the following
rule:

S3.1 If a € BT and ¢ € BCN then FZl(c,a) € Pz, provided that whenever o is
of the form hen, FZI(C,a) = o otherwise FZI(;,a) = the ¢ a. )
Examples:
FZI(horse,Cannonero) = the horse Cannonero
FZI(horse,hez) = hel.
Translation rule:
T3.1 If o € Bt’ e BCN

FZl(c,a) translates into o' if a is of the form‘hen; otherwise

and o, translate into o',7' respectively, then
FZl(c,a) translates into
(3) APYLVRILL' (x) A APAzL PI(AxL Y 2="%x1) (M) (x) 1 <> x=yIAL P1(x) 1.

Translation rule T3.1 depends on the form of the input expressions of
the syntactic rule, so it violates the framework. An attempt to formulate
the translation rule as a single polynomial in which no syntactic informa-—
tion is used, would require an extension of IL with an if-then-else con-
struction, and with a predicate which discriminates on semantic grounds
between variables and constants. I doubt whether the latter is possible.

But a simple solution can be found in the syntax. The construction
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described by Delacruz provides evidence that we should distinguish among
the terms the (sub)categories Proper Names and Indexed.Pronouns. Rule S3.1
applies only to the category of Proper Names, or alternatively, rule $3.1
is a partial rule which only applies to the subcategory of Proper Names.
This approach describes more clearly what the situation is, than the origi-
nal rule does, or a semantic reformulation would do. A final remark about
the formula (3) given by Delacruz. It is not the simplest polynomial ex~

pressing the intended semantic operation. I would use instead:
] ] A v v v

(&) AP () A o' ( Azl x=zD) <« x=yIal PI(y)].

3. NON-POLYNOMIALLY DEFINED OPERATORS

3.1. Introduction

The algebra of formulas into which we translate, is obtained from the
algebra of IL-expressions by means of restructuring this algebra. This
méans that new operations may be added, another type structure may be put
on the elements, old operations may be omitted. Following MONTAGUE 1970b,
we require that in this process of restructuring, all operations are poly-
nomial operations over IL. This restriction ensures that the interpret;tion
homomorphism for IL determines a unique interpretation for the derived al-
gebra. If one uses operations on IL expressions which are not defined as a
polynomial, then there is a great risk of disturbing the homomorphic inter-
pretation. This would mean that we have no interpretation for the derived
algebra, thus we are not doing semantics at all! Therefore it is advisable
to use only polynomially defined operators.

When we consider examples of operators which are not polynomially de-
fined, it will turn out that in all cases the operator can be replaced by
a polynomially defined operator which has the desired properties. Replace-
ment of a non-polynomially defined operator by a polynomially defined one,
is (in all these cases at least) a simplification. Thus the requirement
of working in accordance with the framework guides us toward a simpler
treatment than originally was proposed. This consequence illustrates the
heuristic value of the principle of compositionality. So there is, from a
practical point of view, no reason to use nonpolynomially defined operators.
Theoretical aspects of non-polynomially defined operators will be discussed

in section 4.
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3.2. John who runs

The approach to natural language followed in BARTSCH 1979 is closely
related with the approach followed in the field of Montague grammars. The
differences which appear in this and the next example are that the treat-
ment of intensions is different, and that the generated language is some-—
what more abstract since it contains brackets and other auxiliary symbols.
These differences do not influence the aspect I wish to discuss. Bartsch
presents a rule for the formation of term phrases containing non-restric-—
tive relative clauses. Such expressions are formed from a term and a rela-
tive sentence by the following rule (BARTSCH 1979, p.45).

S4. If o is a term and B a relative sentence, then B(a) is a term. [...].

The corresponding translation rule reads )

T4, If o' is the translation of the term o and RELT(Ax B'(x)) is the trans-
lation of the relative clause B from S4, then (RELT(Ax B'(x)))(a') is
the translation of 8(a), and for all terms a with ¢' = Ap(...P(V)...)
we have: (RELT(Ax B8'(x))) (AP(...P(W)...})) = AP(...B"(v) & P(V)...).

The translation rule evidently is no polynomial over IL. The rule works well

for the translation one usually obtains for term phrases. For every man

the standard translation is (5)
(5) AP Vv[man'(v) ~ P(v)].

In case an alphabetical variant of formula (5) is used, the situation

changes. Consider (6).
(6) AQ Vulman' () » o(w)J.

Translation rule T4 as formulated above does not apply: it is not defined
for this representation. Probably we have to be more liberal and consider
T4 to be defined for all expression of the indicated form. But there are
also formulas which are equivalent to (5) and which are certainly not of
the same form. Let R be a variable of the same type as the translation of

terms, and consider (7)
) 20 WEAR[R(man') -~ R(@)J(pLr(v)D].

Rule T4 is not defined for this representation. Moreover, application of
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the rule to the subexpression AP[P(v)] would yield a semantically incorrect
resul t. .

This discussion shows the consequence of T4 that it is no longer al-
lowed to exchange logically equivalent formulas. The rule defines a partial
function between IL formulas; it is an instruction for formula manipulation,
not for compositional semantics. A reaction to these objections against a
rule like T4 might be that one adds to the rule a clause stating that in
case a formula is not of the mentioned form, it must be reduced to that for-
mat. This instruction obscures a lot of problems since it does not say how
such a reduction is to be performed. A discussion of the problems arising
with this attempt to correct in this way a non-polynomial rule, will be
given in section 4.

Can the basic idea of the operation be described in a polynomial way?
The desired effect is the replacement of P(v) by B'(v)AP(v). This can be
obtained giving Az[B'(2)AP(2z)] as argument of AP[...P(Vv)...]. We must take
care furthermore of the binding of the variable P. Thus we come to a
version of T4 which 1s in accordance with our formalisation of the semantic
compositionality principle:

T4', Let o' be the translation of the term o and y' the translation of the
relative clause y. Then the translation of the compound expression

y(a) is:
(8) ro(a' (zly'(2) A 0(2)D)).

One observes that it is not needed to follow the method hinted at above: to
define the intended semantic operator by defining an operator on specially
selected representations. The formulation of T4' uses the polynomial ex-—
pression (8). It is more exact and simpler than the original formulation,
and it works well for all formulas equivalent with a' or v'.

RODMAN (1976) also considers the formation of terms containing a non-
restrictive relative clause. He presents a rule which produces such terms
out of a term and a sentence, where the sentence contains a suitable vari-
able. His translation rule reads:

If o € PT’ ¢ € Pt and o,¢ translate into a',¢' respectively, then

Fy o(e:4) translates into APAL P [97A VoG ) D 1.

This is not the simplest formulation of the polynomial. By one time A-re-

duction one obtains
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) aola’ (ax Lot ot )11,

One observes that this rule is almost identical with the version given
above of Bartsch' rule. The differences are due to a different treatment of
intensions, and the fact that Bartsch uses the intermediate stage of a re-
lative sentence. Concerning the meaning of the relative clause construction
the two solutions are essentially the same. This shows another advantage of
the restriction of using polynomials. It gives a uniform way of representa-
tion, and different polynomials can be compared with each other by using

known methods.

3.3. Das Madchen gibt den Apfel dem Vater

BARTSCH (1979) represents a rule which combines an n-place verb-phrase
with a term to produce an (n—1)-place verb-phrase. The rule does not in ad-
vance fix the order in which the term positions should be filled in: a rule
has as parameter a number indicating which position is to be filled. By
varying the sequence of 'filling in' one can generate the German versions
of The girl gives the father the apple, The girl the apple the father gives,
etc. (the German versions all seem to be parts of correct sentences). The
result of substituting the term o on the Z~th place of a vérb B is indi~-
cated by (o,7)8. The syntactic rule reads (BARTSCH 1979, p.27)

(S1) If B' is a Vn(n—place verb) with the set of n term-places, K,7 ¢ X,
and if a' is a T(term), then (a',Z)(B') is a Vn_1 with the set of
term—-places K — {Z}.

For this we write (u%(i)(B'Vn)Vn—l);

(T1) If o' is the translation of o' as a T, and ij,...,xm
B"(xj,...,xm), with n places, the translation of B' as a Vn; then the

translation of (a',Z)(B') is
fy " " v 1
Xxj,...,xi Xi,...,xm(a (Axi(B (xj,...,xm)))), with x}

as the variable that precedes X, and 'xi as the variable that follows
X,
i

This rule is defined only for special representations of the meaning of the
term, and, for reasons related to the ones mentionmed in the previous ex-—
ample, it is not acceptable as a rule for compositional semantics. Again
the idea behind the formulation of the rule can be formulated by means of
a polynomial. Thus becoming an acceptable rule and obtaining a shorter

formulation:
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If a" is the translation of o' as a T and y" is the tramslation of y'

as a Vn, then the translation of (a',Z)R' is
e " "
AYjreeeryy yi,.--,ym(oc (lin (yl,-..,ym)))

with yl as the variable that precedes y; and 'yi as the wvariable that

follows y,-

3.4. Woman such that she loves him

Below we have the rule for the formation of restrictive relative
clauses from PTQ (MONTAGUE (1973)). This rule reads as follows (notation
adapted)
$3,n: CN x § = CN
F3,n: Replace hen in B by he/she/it and himn by him/her/it, according to

the gender of the first CN in a3
Concatenate (a, such that, B)
T3,n: Axn[a'(xn) AB'].

This rule gives rise to amn incorrect translation in case B' contains an oc-
currence of x which should not be bound by the A-operator which is intro-
duced by the translation rule. An example is the production presented in

figure 2.

woman such that she loves himz such that she runs {CN, 3,2}

Ax,[hxyLwomanGeg) A love, (Y3, "x)1(x)) A run(x,)]

woman such that she loves him2 {CN, 3,3} hez rUNS
v v
Ax3[ijf§n(x3) A love*( X35 xz)] run(xz)
woman he, loves him
3 v v 2
woman love*( Xqs XZ)

Figure 2. Incorrect binding of X,

The translation obtained reduces to (10).

(10) Xxé[woman(xz) A love*(vxz,vxz) A run(xz)].

The produced CN-phrase may be used in the production of some sentence, and
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in this process John might be substituted for 4im,. Then the sentence con-

tains a CN-phrase woman who loves John. But the tianslation contains (10),
expressing at the woman loves herself.

In order to avoid this collision of variables, Thomason has presented
the following translation rule (footnote to PTQ, THOMASON 1974, p.261,
presentation adapted)

T3',n: Axm[a'(xm) Ayl
where § is the result of replacing all occurrences of X in 8" by
occurrences of X where m is the least even number such that X has
no occurrence in either o' or B8'.
One observes that T3' uses an operation on expressions which is not an oper-
ation of IL: the replacement of certain variables by a variable with a spe-
cial index. We might try to describe the required change by means of IL
operators. It is easy to obtain the replacement: conversion does the job:
3" Axm[a‘(xm) A XXn[S'](xm)].
Where m is as in T3'
It is, however, impossible to extend IL with a operator Gr which yields the
greatest non-used even index. This can be shown by providing two equivalent
formulas for which this operator would yield non-equivalent results. Let ¢
be an arbitrary formula. Gr(¢Ax2=x2) would be Xy whereas Cr(¢Ax4=x4) would
be Xg 5 what contradicts the law concerning substitution of equivalents.

We just observed that Thomason's rule contains instructions which es—
sentially use the particular IL representation of the meaning of the rela-
tive clause. Nevertheless the rule as a whole is correct in the sense that
it corresponds with an operation on the set of meanings. If the translation
of the common noun or of the sentence is replaced by an equivalent formula,
the application of T3' (or T3") gives for all cases an equivalent result.
This is due to the fact that the syntactic operation we called Gr is used
only in the context of renaming bound variables. So T3', although violating
the framework, does not violate the compositionality principle.

But there is a more direct solution to the problem raised by Montague's
rule. A translation rule for relative clause formation which does obey the
restirction of using polynomially defined operators is
3! kPAxn[P(xn) ABTI(a").

This translation rule yields a correct result for the problematic case
presented in figure 2, due to the conditions for A-conversion. In case o'

does not contain free occurrences of X s then T3"' reduces to T3, otherwise
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A-conversion evokes change of bound variables. One observes that the for-
mulation of T3"'is simpler and much more elegant than the formulation of
T3' (or T3"). Moreover T3"' is in accordance with the variable principle,
whereas T3" and T3' are not (see chapter 8). The simple formulation of T3'
is possible because the syntactic problem of collission of variables is not
‘dealt with in.the translation rule, but on a more appropriate level: in

the rules for A-conversion which, by their nature, are syntactic operations

on IL expressions.
4 . OPERATORS DEFINED ON REPRESENTANTS

In all examples from section 3, a rule was defined which works well in
the situations one usually meets in practice. In two of the examples the
rule does not work well in unusual situations. Often one is tempted to de~
sign rules in such a way that as a consequence they have this character.
One defines a rule for the formulas one is familiar with, using well known
properties of these formulas. Then one hopes that an operation defined on
these special formulas in fact defines an operation on the associated
meanings. In the present section it will be investigated under which cir-
cumstances this hope will become reality. It will be shown that it is not
easy to create such circumstances.

Besides the practical motivation given above for considering non-poly-
nomially defined operators, there is a theoretical argument. In the intro-—
duction of section 3 I mentioned that an operator which is not defined by
means of a polynomial over IL violates the framework, and bears the risk of
violating the compositionality principle itself as well. But not all non-
polynomial operators do so. In 3.4 we have met a non—polynomially defined
operator which could be replaced by a polynomially defined one. From chap-
ter 2, section 7, we know that an operator which is defined on the language
IL, and which respects all homomorphic interpretations can be described by
means of a polynomial. But this does not imply that all non-—polynomially
defined operators which respect the interpretation of IL, indeed can be
described by means of a polynomial. This is due to the rather strong con-
dition of the theorem that all homomorphic interpretations are respected.
We are not interested in all meaning algebras we might associate with IL,
but only in some of them. We want to interpret P(x) as the application of a
function to an argument, we want that the interpreation of ¢ A ¢ and of

Y A ¢ are the same, and we want that several meaning postulates are
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satisfied. Therefore the theorem does not give us the guarantee that every
operation on IL which respects the usual interpretations of IL indeed can
be defined by means of a polynomial. These considerations constitute a
theoretical argument for considering non-polynomially defined operators.
But the practical argument given above is, in my opinion a more interesting
reason for doing so.

The definition of an operation on IL formulas is acceptable if (and
only if) it does not disturb the compositionality principle, i.e. if with
the operation on formulas we can associate an operation on meanings. This
can only be done if for logically equivalent formulas the operation yields
equivalent results. So when defining an operation by defining it for special
formulas, every special formula ¢ has to be considered as a representant of
the class of formulas equivalent to ¢.

A mathematical description of the situation is as follows. The set of
formulas (of a certain type) is divided into equivalence classes. A class
consists of formulas which have the same meaning in all models. Remember
that we defined the meaning of an IL formula of type T as a function which
assigns to an index and a variable assigmment some element in DT (so ex~
pressions in the same class represent the same function). In each class
representants are defined, and we wish to define an operation on the whole
class by defining an operation for the representants. If in each class
there is only one representant, we are in the situation presented in figure
2a, if there are more, then we are in the situation of figure 2b. We want

to know when a definition on representant defines an operation on the whole

class.
Figure 2a Several representants Figure 2b One representant

When defining an operation on an equivalence class by a defintion on
its representant, two aspects can be distinguished.

A) the definition of an operation on the representants
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B) A proof that this defines an operation on the whole class.
As for A) we have to fulfill the following two réquirements.
Al) One has to describe exactly the set of formulas for which the operation
is defined, i.e. one has to define a recursive set of representants.
A2) One has to define for all representants what the effect of the opera—
tion is, i.e. we have to define an effective operation on the set of
representants.

This kind of requirements we have met before: define a set and opera-
tions on this set (e.g. define a language and a translation of this lan-—:
guage) . Therefore it seems attractive, in the present context, to define
the set of representants by means of a grammar generating the expressions
in the subset. In order to be sure that the operation is defined for all
formulas in the subset, one might formulate the clauses of the operation
parallel to the grammatical rules generating the subset. This will probably
be more complicated than a polynomial definition. But other techniques for
defining the set of representants and the operation are possible as well.

As for B) I will consider first the situation described in figure 2a:
one representant in each class. Here the definition of an operation on the
representant automatically determines a semantic operation on the whole
class: the interpretation of the operation on the representant is the se-
mantic operation on the interpretations of all expression in the class.

But how can we be sure that we are in the situation of figure 2a? Proving
that we are in such a situation means that we have to prove the existence
and unicity of a representant for each class. I do not know whether there
exists for each type a recursive set of unique representants. Assuming the
possibility of such a set, it remains the question how to prove the existence
and unicity of such representants., It seems attractive to do this by pro-
viding an algorithm which transforms a given formula into the representant
of its equivalence class. This expresses the idea we met in section 3.1:

if a formula is not in the required form, it should be transformed into the
required form. This approach is, however, in the relevant cases impossible,

as follows from the following theorem.

4.1. THEOREM, Let o,T ¢ Ty. Define the equivalence relation ~ on Mg
by ¢ ~¥ iff B b=y let ReME oo

tants such that for each equivalence class there is one element in R. Let

<O,<T, t>>
be a (recursive) set of represen—

: > be unction which igns to each formul
£ ME<O,<T,t>> ME<0,<T,t>> a f on which assig 0 fo a

the representant of its equivalence class. Then £ is not recursive. The
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same result holds if the expressions are from ME_ oo
R :

PROOF. Let ¢,p € MEt, P e VARO, 0 € VART. Then the following statements are

equivalent

(1 E ¢ (¢ is logically true)
(12) Earaolo] = APAQLVx[x=x]]

(13) E£Opaole]) = £OPAOIVxLx=x1]) .

Note that in (13) semantic equality of the formulas is expressed. Since for

each class there is one representant, (13) is equivalent with (14)
(14) f(APA0L0]) = £(APAOLVx[x=x]1]) .

Note that in (14) syntactic identity of the by f obtained formula is ex-—
pressed. So, if f is recursive, the question whether ¢ is logically true is
decidable: calculate f(APAQL$]) and F(APAQLVx[x=x]]), and see whether they
are identical. Since IL is undecidable, f cannot be recursive. For ME<T,t>
analogously. Note that we did not use the recursivity of the set of repre-
sentants.

4.1. END

The translations of expressions of the PTQ fragment are all of the
form <o,<t,t>> or <T,t>. The same holds for the expressions of the frag-
ments considered in all examples. The theorem says that there is no algorithm
which transforms a formula into its representant. If one tries to define an
operation on a class by an operation defined on its representants, then
one has to find some other way of proving the existence and uniqueness of
a representant.

Next we will consider the situation described in figure 2b: a multiple
set of representants is allowed for. There is no doubt that such a set
exists: MET itself is a recursive set of multiple representants of~MET. But

also here a complication arises.

4.2. THEOREM. Define ~ as in the previous theorem. Let R be a (recursive)
set such that for every equivalence class there is at least one equivalent

el 3 . : > ME be a recursive )
ement in R. Let f ME<G,<T,t>> <0,<T,t>> a Ffunetion that
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assigns to every formula an equivalent formula in R. T@en for r ,r, € R t
is undecidable whether - =T,

PROOF. As observed in the proof of the previous theorem F ¢ is equivalent
with F £0OPALo]) = £APAOLVx[x=x]]) . If equality is decidable for elements
of R, then the equality is decidable for these two formulas, so it is de-
cidable whether ¢ holds. This gives rise to a contradiction since IL is un-
decidable. Note that we did not use the recursiveness of the set of repre-
sentants.

4.2, END

This result means that we have to prove that an operation defined for
representants yields for equivalent formulas an equivalent result, without
knowing what the equivalent formulas look like.

The above discussion shows that it is, generally spoken, a complicated
and extensive task to define a function by defining a function on specially
selected representations. Probably this can only be done in practice, if
one considers a situation with a special structure which has the effect
that all proofs become drastically simplified. But if the situation is such
a special one, it may be expected that the same effect can be obtained in
a more direct way: by using polynomials. This is illustrated in the examples
considered in section 3. So far there is no evidence that there is an ad-

vantage in defining operations in a non-polynomial way.
5. NEW SYMBOLS IN IL

5.1. Introduction

Some authors extend the language of IL with new symbols. These symbols
should obtain an interpretation by means of an extension of the interpre-
tation homomorphism for IL. For each point of reference some semantic ob-
ject of the right type has to be associated with the new symbol. If the new
symbol is an operator, its interpretation has to be a function operating on
the interpretation of its argument. If these requirements are not met, then
the interpretation homomorphism of IL cannot be extended to an interpreta-
tion homomorphism for the extension of IL. Consequently arrow 5 in figure 1
is no longer a homomorphism. Hence .arrow 7 is not a homomorphism either.
Then the translation homomorphism 2 cannot be continued to an interpreta-

tion homomorphism, and this means that the principle of compositionality
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is violated. Below we will consider two examples of new symbols.

5.2. Shake John awake

DOWTY (1976) treats, among others, the semantics of factive construc-
tions such as shake Johwn awake. In order to do so, he extends the language
of intensional logic with two operators: CAUSE and BECOME. Interesting for
our discussion is his treatment of CAUSE. In order to define its interpre-
tation Dowty adds "to the semantic apparatus of PIQ a selection function f
that assigns to each wff ¢ and each i ¢ I a member f(¢,i) of I. [Intuitive-
ly £(¢,1) is to be that i'! most like i with the (possible) exception that
¢ is the case [..]]". Then the interpretation of CAUSE reads:

"If 0 ¢ ME then (¢ CAUSE »)12328 5 1 if and only if Conp1oia3o8 5o
and [Tw]A’f<1¢’i)’j’g is 1."

The function f is defined on IL-expressions and not on the interpreta-—
tions of these expressions. As a consequence CAUSE is an operator on IL-ex-
pressions and not on the meanings they represent. This is illustrated as
follows. The definition of f allows that for some ¢,n,i holds that
£(1L¢Anl,1) # £(Clnr¢l,1). This may have as a consequence that
[ (¢An)CAUSE w]A,i,j,g = 1 whereas [(nAd¢)CAUSE w]a,i,j,g = 0. The main
features of an example of such a situation are as follows. Let
[(¢An)Aw]A’i’j’g =1, so [(nA¢)A¢]A’i’j’g = 1. Suppose that £([¢Anl,i) = i
and [7WJA’i’j’g = 1. Then [ (¢An)CAUSE w]A,i,j,g = 1., Suppose moreover that
£(Cnadl,i) = i" and [H1* 1 2328 = 0. Then [ (na¢)cavsE y12>1328 = ¢,

In the above example the principle of compositionality is not obeyed:
two equivalent formulas cannot be interchanged 'salva veritate'. Moreover
the meaning of CAUSE described above is incorrect since, intuitively,

[ (panycAUSE p1 12328 o [ (nag)cause 91212398, A correction is possible by
taking as domain for f the intensions of formulas: f assigns to each

deD
<§,t>
above is automatically excluded. The interpreation of CAUSE now becomes as

and i € T a member £(d,i) ¢ I. Then a situation as described

follows.

[¢ cauSE p1* %2328 = | if and only if

[¢A¢]A’l’3’g = 1 and [jw]A’l’J’g = 1, where

[ (RS RN LD
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This definition has the property that if ¢ CAUSE y, then for all tautologies
n holds that (¢An)CAUSE ¢, a problem of the same nature as the problem we

met in chapter 4 concerning the complements of belief-sentences.
5.3. I and You

GROENENDIJK & STOKHOF (1976) give a treatment of the pronouns I and
You. For this purpose, they extend the model for IL. Usually the denotation
of an IL expression is defined with respect to a world i and a time j; these
i and j are called 'indices'. Groenendijk & Stokhof extend the set of in-
dices with three components: jo,s and h. Here jo € J is the moment 'now',
i.e. the moment of utterance, s € AIX is a function which for a point of
reference (i,j) yields the speaker at that moment, and h ¢ AIXJ is a func-
tion yielding the hearer. The interpretation of o may depend on 1,3,30, s

4,1,3,8,8,h, 30 for the 1nterpretat10n of a. The lan-

and h, and we write o
guage of IL is extended with the constants i and y of type <s,e>; these con-
stants ocecur in the translations of the pronouns I and you respectively.

The goal they wish to reach is described as follows. (op.cit.p.308). 'What
we want our interpretations to express is that the extension of the con-
stants %, y are the possible individuals which are speaking now, spoken to
now respectively. This would explain the tautological character of a sen-

tence like (15) and the contingent character of sentences like (16)'.:

(15) I am the speaker
(16) I will not be the speaker

Groenendijk & Stokhof define F(i) = s and F(y) = h. Furthermore they define

B IESI0 S Gy 6,50 (=sLig)
and

yAsi’j’g’sshajO

[}

FW .3 (h(,3)

So for any point of reference the interpretation of i is the speaker now,
and the interpretation of y is the hearer now.
The corresponding intensions, however, are separately defined: as

(A )A »1,3.8 = F(i) and (Ay)A 21,358 = F(y) respectively. One observes that

no longer holds that for all a: (Aa)A’l’J’g = A(i,3) aA’l’J’g. This combi-
A A .
nation of the definition of interpretation of i and vy with the interpre-

tation of i and y violates the recursive interpretation of the IL, thus
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disturbing its homomorphic interpretation. This has drastic consequences:

several tautologies become unvalid. It is no longer true that for constants
AV v v, .

of type <s,e> holds that ¢ = ¢, nor that ¢« = 8 > «o = B is valid

(for a,B € ME ). The interpretation of the logic is not a homomorphism

(since h(Aa) ;Si?jj[h(a)]); therefore the interpretation of the natural
language is not a homomorphism either. This means that the principle of com—
positionality is violated. L

Let us consider the first goal of the approach of Groenendijk &
Stokhof. Sentence (15) is true when evaluated with respect to the moment
'now', but not with respect to a point of reference where the speaker is
someone else. The sentence expresses not a tautology (as a matter of fact,
this is not claimed by Groenendijk & Stokhof). What they probably wish to
express by the phrase 'tautological character' is that for every choice of
the moment 'now', the sentence is true when evaluated with respect to this
moment, whereas not the same can be said about the second sentence. This
effect can be obtained in a compositional way by stipulating that
F(i) = Ai,j[s(i,jo)] and F(y) = Xi,j[h(i,jo)]. Then the tramslation of (16),
being something like Vi = vs, becomes true for the point of reference (i,jo),
no matter what j0 is, whereas this is not the case for the translation of

(16), being something like W[vi=vs].
6. COUNTING ELEMENTS

6.1. Introduction

In the present section I will consider two examples of counting the
number of elements in the model. In the first example this is donme in a way
which suggests a misunderstanding of the framework. As contrast I present
the second example in which the counting proceeds correctly. These examples
illustrate the role of the derived algebra.M' which is obtained from the

algebra M in which we interpret intensional logic.

6.2. Keenan & Faltz count

KEENAN & FALTZ (1978) present a system for the description of syntax
and semantics that is related with Montague's system. An important dif-—
ference is that they obtain their semantic domain by application of alge-
braic operations (join, meet, homomorphism) on certain basic elements.

One way in which they compare their system with Montague's is by ways of
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counting the number of elements in the semantic domain of their system and
Montague's sets Dr' They base an argument in favour of their system on the
fact that a certain domain DT contains many more elements than the corre-
sponding set in their own system. There are several objections against this
comparison. The stage at which Keenan & Faltz carry out their comparison
(viz.p.130) does not do justice to Montague's enterprise. They compare their
model for an extensional fragment of English with Montague's domains de-
veloped for an intensional fragment. Furthermore they do not take Montague's
meaning-postulates into account. So the numbers they obtain are not the
relevant numbers. I will, however, not correct their calculations, since I
am primarily interested in the method of comparison. This method will be
discussed below.

Keenan & Faltz have a theory which says e.g. how many verb phrase
meanings are possible (for a given domain of individuals): it is the num-—
ber of homomorphisms betweén certain sets (which are built from the set of
individuals). Keenan and Faltz count in their framework the number of ele-
ments in some of such sets, i.e. they count the number of possible deno-
tations of certain types. In Montague's framework they count the number of
elements in DT for the corresponding types. I have fundamental objections
against this comparison since in this way sets are compared that are in-
comparable. The sets DT in Montague's system are sets in the algebra M (see
figure 1). Out of algebra M a derived algebra is defined. This derived al~-
gebra M' consists precisely of the elements which are used for the inter-
pretations of expressions produced by the grammar for the fragment. In the
process of forming the derived algebra M' elements of DT may be thrown out;
e.g. a set DT may consist of all functions of a certain type, whereas in M'
only the homomorphisms may be left over. If one wants to count the number
of possible denotations for the expressions of a certain category, then
one has to count the number of elements of the corresponding type in the
union of all derived algebras. One should not count the auxiliary set DT
instead. The method of counting of Keenan & Faltz neglects the role of
arrow 6 in figure 1. )

The number of elements in a derived algebra can easily be counted. The
derived algebra M' is the image of the syntactic algebra for the fragment.
Therefore the number of elements in M' cannot be larger than the number of
expressions in the syntax. Since the latter is denumerable, the former is.

And for a given category, say the verb phrases, the number of expressions
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of this category gives an upperbound for the number of elements of the cor-

responding type in the semantic algebra.
6.3. Partee counts

As contrast with the previous example, I would like to consider PARTEE
(1977b), where the difference between M and M' is taken into account. Partee
discusses the psychological plausability of possible world semantics. She
argues that the finiteness of our brains requires that the theory of lin-—
guistic information we have should be finitely representable. The possible
world semantics, however, gives rise to sets of rather éarge cardinalities

0

and |I] = 8, then D, =2 and D

(For instance if [A] = N ,
0 s,e> <<s,e>,<s,e>>

R 0
0
_,20

. These cardinalities make it impossible to assume that we have
finite representations of all sets DT in our braiﬁs. Partee gives a way out
of this dilemma: assume that we have finite representations of the form

of the sets DT, but not of all their elements. PARTEE (1977b,p.317-318)
says: 'In the acquisition of any particular language, not all of the in-
principle possible denotations need to be considered as an hypothesis about
the actual denotation of an actual expression of the language. The inten-—
sional logic into which the natural language is translated, will contain at
most denumerable many expressions of any given type, and the finite percep-
tual and cognitive apparatus will make at most denumerable many members of
Da,A,I,J finitely representable, and it will only be correspondences be-
tween these two at most denumerable sets that will have to be empirically
determined by the language learner'.

It is striking to compare these psychologically motivated opinions
with the mathematical properties of the framework. These predict that in
an interpretation of a particular language there are only denumerable many
meanings because there are only denumerable expressions in the language of
which we give the meaning. So for any particular language the number of
meanings in the model, and the number found on psychological considerations
agrees.

In relation with the previous discussion Partee considers the -follow-—
ing question (PARTEE 1977b p.318). 'One might ask at this point, if the

'available' members of D are always going to form a denumerable set,

a,A,I,J
A
why shouldn't all the sets Da,A,I,J

semantic theory?' The answer Partee would argue for is 'that there is no

be constrained to be denumerable by the

telling in advance which possible world the native speaker will find her-
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self iny [..] her semantic component must equip her for a language in any of
them. l

An alternative is to consider the psychological arguments as an invi-
tation to change one of the algebras of the framework in figure 1. It seems
to be .an argument against taking the standard model for intensional logic
because of the large cardinality of its sets, in favor of taking as seman-
tic algebra some generalized model with denumerable many elements (general-
ized model in the sense of HENKIN 1950, see sections 1 and 3 of ch.3). This
would have the interesting consequence that the axiomatization of inten-
sional logic (given in chapter 3) would be a complete axiomatization for
this class of models. This is a direct consequence of lemma 3.3.1 in GALLIN
1975. But no matter which conelusion is drawn from the psychological argu-
ments, this whole discussion remains an interesting excursion because

Montague's system was not designed, as I explained in chapter 1 and 3, to:

formalize any psychological theory.
7. THE TRANSLATION LANGUAGE

7.1. Introduction

An intensional language is a language of which the denotation of an
expression depends on an index, and an extensional language is a language
where this is not the case. An example of an extensional language is pre-~
dicate logic, an example of an intensional language is IL. Our approach
makes English an intensional language: a sentence denotes a truth value;
which one this is depends on the current index (point of reference). In
an extensional approach we would say that a sentence denoctes an function
from indices to truth values (an intension). Is it possible to give an ex—
tensional treatment of English, and what are the consequences? In other
words, is it possible to change the relation indicated in figure 1 by arrow
77

It will turn out that the answer to the above question is positive.
This gives us the choice between (at least) two different approaches. When
making a choice, we have to realize what the role is of the translation
level in the whole framework. We aim at defining a systematic relation be-
tween English expressions and their meanings. In order to be able to ex-
press this relation conveniently, we use the translation into intensional

logic. In chapter 2 is explained how this logic is interpreted
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homomorphically: e.g. an expression of type t has as its homomorphic

image (has as its meaning) some function in {O,I}IXJXG; Fundamental to this
whole approach is the relation between expressions and meanings. If a trans-—
lation into an extensional language gives rise to the same relatiomn, it is
acceptable as well. Another translation is just another tool, and a choice

has to be made on the basis of technical arguments.

7.2. Hausser translates

As an introductory step of treating English as an extensional language,
I consider an approach which is very close to the PTIQ translation: translate
into an IL expression denoting the meaning of that expression. Let the in-
tensionalised translations of two sentences be A and B respectively. Then
the translation of their conjunction has to be A[VAAVB]. Most of the trans—
lation rules have the format a(AB). With the new translations this becomes
A[[VA](B)]. These examples illustrate that this approach does give rise to
somewhat more complex formulas. A next step is to use a logical language in
which the operators on elements of type <s,t> are defined. For instance A,
where A A B is interpreted as the coemplex conjunction formula given above,
so as indexwise evaluation of the parts of the conjunction. For function
application is used A(B); to be interpreted as denoting the same as
A[[vA](B)]. Such operators are used in JANSSEN & VAN EMDE BOAS 1977a for
dealing with semantics of programming languages.

Following TICHY 1971, HAUSSER (1980) argues for an extensional approach
to English. In HAUSSER (1979b) this idea is worked out further. He does not
use the standard logical operators (e.g. conjunction on truth values) any
more, and this gives him the opportunity to use the standard symbols with
a new meaning. Now ¢ A ¥ means indexwise valuation of the parts of the con-
junction, and a(B) is the variant of function application which is described
above as a(B). In this way one obtains a simplification of the formulation
of the translation rules since no intension symbols have to be used. The
price one has to pay for this, is that the logical symbols obtain a some-
what deviant interpretation, what is the normal price, and what is quite
acceptable. But the presentation of the translation rules is not the only
aspect of a new translation. What happens if one wishes to take the meaning
postulates into account, or if one wishes to simplify the formulas one ob-
tains? To understand the dangers, one should realize that the new trans—

lation causes that the intension operators to be invisible. This makes that
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there is no VA-reduction, so we cannot get rid of v operators. Furthermore,
the usual conditions for A-conversion cannot be used since these conditions
mention the operator. All these considerations lead us to the conclusion
that further investigations are required before it is evident whether this

extensional approach gives a simplification.

7.3. Lewis translates

A simplification I expect from the approach in LEWIS 1974. He discusses
the consequences of another kind of extensionalised translation. He con-
siders using the extra possiblities given by an extensionalised translation:
namely the possibility to relate to an expression a meaning that is not an
intension (i.e. not a function in DIXJXG). The verb rum gets in the PTQ ap—
proach a translation of type <<s,e>,t>, In the Hausser approach it is trans-
lated into an expression of type <s,<<s,e>t>>, But in the Lewis approach its
translation would be of type <<s,e>,<s,t>>. So the translation of rumn would be
a function which assigns to an individual concept a proposition. In this
way one gets rid of the remarkable non-constant interpretation of constants
A,i,j,g

of IL, where run = F(run)(i,j). In Lewis approach it would be just

runA’l’J’g = F(run). The translation of He_, runs would be run(xl) being an

expression of type <s,t>. Note that here tée function application has its
standard meaning. This illustrates the advantage of Lewis approach, but
further investigations are required in order to decide whether it is a real
simplification. A remarkable aspect of Lewis approach is that it gives a
completely different relation between expressions and meanings than we
considered up till now, so investigating these matters would might bring

us far from the current work in the field of Montague grammar.

7.4 . Groenendijk & Stokhof translate

A last version of what might be called an extensionalised translation
is used in GROENENDIJK & STOKHOF 1981. They do not translate into IL, but
into Ty2 (see GALLIN 1975). Such a translation can be called extensional
since the interpretation of a TyZ—expressibn does not depend on an index,
but only on the variable assignment (including the assignment to 'index'
variables) . Also in this translation we get rid of the non—constant inter—
pretation of constants since the index dependency of predicates as runm is
made explicit by translating rum into an expression containing an index-

variable. The phenomena described by Groenendijk & Stokhof seem to require
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the expressive power of Ty2, and it is to be expected that will this power

be required for the treatment of other phenomena as weil (e.g. VAN BENTHEM
(1977) argues that explicit reference to moments of time is needed for

tense phenomena). Since we will not consider these phenomena, we will not in-
vestigate the details of such a translation. From the way in which we intro-
duced IL in chapter 3 (using a translation into Ty2), it is evident that

this would cause no problems at all (on the contrary, several aspects would

become simplified).

7.5. Keenan & Faltz-on-translations

In KEENAN & FALTZ 1978, several requirements are given concerning the
logical form of a natural language, e.g. criteria comcerning the correspon-
dence between a natural language expression and its logical form. They cri-
ticize the logical form which is obtained in a Montague Grammar. An example
is their comment on the translation of John which is in an extensional
fragment Ap[P(j)]. They say (p.18) '... this assignment of logical struc-—
ture fails the Constituent Correspondence Criterion, since it contains three
logical elements, namely j, P and AP, none of which corresponds to a con-

stituent of John.'

Such criticism plays an important role in the argumenta-
tion in favour of their framework.

The argumentation of Keenan & Faltz is, however, based upon a miscon-
ception of the framework. I assume that they understand by 'logical form',
that level of description at which the meaning of an expression is completer
ly determined. In fact, there is no unique level of description in Montague
Grammar for which this holds. The analysis tree of an expression, its imme-—
diate, unreduced translation, its reduced translation (and all the stages
in between), all determine the meaning of that expression completely. That,
in particular, the translation of an expression into IL cannot be claimed
to have a special status as the logical structure of that expression, be-
comes clear if one realizes that this level of representation, in principle,
can be dispensed with altogether. Grammar provides a correlation between
syntactic structures and meanings. In Montague Grammar this is done by pro-
viding a homomorphism from the set of syntactic structures into the set of
abstract settheoretical entities, modeling the meanings. In the PTQ-system
this homomorphism is defined in two steps. First a homomorphic translation
from syntactic structures into logical expressions is provided, second the

logical expressions are interpreted, i.e. related in the usual homomorphic
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way to the abstract entities defined in the model. These two homomorphisms
together determine one homomorphism from the syntactic‘structures into the
meanings, viz. the composition of the two. This two-step approach is chosen
for reasons of convenience only, it is not necessary. As a matter of fact,
the EFL~system (MONTAGUE 1970a) is an example of a system in which the homo-
morphism from syntactic structures into abstract meanings is defined in one
fell swoop, without an intermediate stage of translation into a logical lan-
guage. All this means that within the PTQ-framework it is not possible to
talk of the logical structure, or the logical from, of an expression. So

Keenan & Faltz criticize a non—existing aspect of Montague grammar.




CHAPTER VI

PARTIAL RULES

ABSTRACT

In the framework the syntactic and semantic rules are considered as
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algebraic operators. As a consequence of the defimitions given in the first

chapters, the syntactic rules have to be total. This is investigated and

compared with linguistic requirements. Partial syntactic rules from the

literature are considered and alternatives for them are presented. One of

the methods to avoid partial rules is the use of rule schemes. It turns out

that the requirement of using total rules is a valuable heuristic tool. Con-

sequences of this requirement are compared to conseduences of Partee’s well-

formedness constraint.
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1. RESTRICTIONS OF THE FRAMEWORK

Based upon the principle of compositionality, we have developed an al-
gebraic framework for the description cf syntax and semantics. The algebras
of the framework have'operators: i.e. functions from carriers to carriers.
This implicates that an operator can be applied without any further restric-
tion to any element of the sorts required by the operator. In this chapter
I will consider consequences of this aspect of the framework, and especially
its consaquences for the syntactic algebra. Some of these consequences are
closely related with those of the 'well-formedness constraint', (PARTEE
1979b), which will be considered in section 6.

In linguistics one often conceives of a grammar as a generating device
for producing all and only the expressions of a language. With this concep-
tion it is rather natural to think of restrictions on this production pro-—
cess. One might think of restriction on the order of application of the
rules. Two examples are the following. One might have rules of which the
applicability depends on the way in which an expression is produced (such
conditions are called 'global constraints'). One might have a filter which
throws away some of the produced elements (e.g. one which filters out all
expressions which contain a certain symbel). The description cof the possible
sequences of application of the rules constitutes an important component of
a transformatiomal grammar (for instance certain rules might be obligatory,
others ordered cyclically), and filters are also often used in that field.
If one wishes to use the syntactic knowledge from the field of transforma-
tional grammar in the field of Montague grammar, then one is tempted to in-
corporate these restrictions on the generation process in Montague grammars.
Would that be possible, and at what price?

In our framework the syntax has to be a many-sorted algebra, i.e. a
set of carriers with operations defined on these carriers. An algebra is
not a generating device, it rather is the description 'of a situation. By
describing what the syntactic algebra is, it is said what the relevant ex—
pressions are, and what the functions are which describe the relations be+
tween these expressions. The expressions can be determined in any way one
likes, and nothing has to be said about their production. One might for
instance define an algebra by mentioning all the elements and describing
the effects of all operators (we did so in the beginning of chapter 2).

A simpler méthod is to give a collection of generators, and tell what the

operators are. Several choices of generators may be possible, one more
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clever than the other. But no matter how the algebra is defined, the ele-
ments remain the same elements, the operators remain the same operators,
and the algebra remains the same algebra.

The operators of the algebra are mappings from carriers to carriers.
The range of an operator (the expressions obtained as results of an appli-
cation of the rule) are by definition elements of a carrier of the algebra.
Therefore it is in our framework not possible to have a filter which says
that certain outcomes are not acceptable. The domain of an operator (the
expressions it operates upon) is some n—tuple of carriers. How we obtained
the information that an expression belongs to a carrier is of no influence.
The applicability of an operator cannot depend on the information which
rules were applied previously, because there are mo 'previously applied
rules' for an element of an algebra. For this reason, there cannot be a
prescribed ordering on the rules, there cannot be rules that are explicitly
required to be used in all derivations, and the derivational history cannot
influence the applicability of the-rules.

Of course, the generation of expressions is an important aspect of
syntax, and therefore we paid special attention to it. The mnotion of a
geénerated algebra was defined, and theorems were proved about such algebra
In a generated algebra it might be meaningful to speak about filtering,
ordering of the application of rules, the influence of derivational his-
tory, and obligatory rules. But if we would allow this, we would describe
a generation mechanism, and not operators of an algebra: in an algebra @

there is no place for such aspects. So this discussion brings us to reject

certain methods which are customary in the tradition of transformational gram-

mars. But the rejection only concerns the method, mot the ideas. It is pos-—
sible to organize an algebra in such a way that the same effects are ob-
tained in another way. Below I will give some examples.

An explicit ordering of rules is not possible in an algebra. But in a
generated algebra there is a certain natural ordering among the operators.
If an operator R takes as its argument an expression of category C, then
the operators which yield expressions of the category C are used before R.
In this way the categorial system of the algebra has as effect a certain
implicit ordering of the operators.

If one wants a certain ordering on the rules, this effect can be ob-
tained by a suitable refinement of the categorial system. Let Ra and Rb be

two rules, both operating on sentences and yielding sentences. Suppose that




208

we want that Ra is applied precisely one time before Rb' This effect can be
obtained by distinguishing among the sentences two categories: S] and SZ'
Here S1 is the category of sentences to which R, has not yet been applied,
and S2 of sentences to which Ra has applied. Then Ra can be defined as a

rule which operates on expressions of category S, and yields expressions of

1
category SZ’ whereas Rb is defined to operate on expressions of category S

s
yielding expressions of this category again. The definitions of the other :
rules have to be adapted for these categories as well. I expect that by
means of a refined categorization system the effect of any ordering can be
obtained. Since in the field of Montague grammars explicit rule ordering
hardly is employed, I will not consider this topic any further.

As explained above, the applicability of a syntactic rule to an expres-—
sion cannot depend on the derivational history of that expression. Notice
that, on another level, we already met a situation where it was important
to have derivational histories available. The meaning of an expression may
depend on the derivational history of that expression. We did not define the
translation homomorphism on the algebraic grammar for a language because in
that grammar such histories are not available. The translation homomorphism
is defined on the associated term-algebra, i.e. the algebra of derivatiomal
histories. This suggests on what to do when derivational histories would be
important in syntax: use an algebra in which the elements represent deriva-—
tional histories. But in the field of Montague grammars I know of only one
rule which uses information about the derivational history (rule 3 of
THOMASON 1976), so the issue does not seem to be important. Moreover, this
aspect’ of Thomason's rule can probably be avoided by following the proposal
of PARTEE (1973) to let a grammar produce not unstructured strings, but
labelled bracketings. For these reasons the role of derivational histories
in the syntax will not be considered here any further.

Above we have considered some restrictions on the circumstances in
which a rule may be used. The conclusion was that such rules violate basic
aspects of our framework. Another request from linguistics is to allow re-
strictions on the expressions to which a rule is applied. In the field of
transformational grammars it is standard to put conditions on the ﬁossible
inputs of a transformation. In the field of Monéague grammar many rules are
proposed as well which do not apply to all expressions of the category re-
quired be the rule, but only to some of them. In the field of semantics one
has proposed to use functions which are not defined for all arguments of

the required type (see section 2.2). In contrast to the constraints on
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applicability discussed above, one might argue that our framework should
allow for operators which are not defined for all arguﬁents of the required
sort. Such partial operators are known in the theory of universal algebras;
the algebras in which they occur are called partial algebras. In the next
sections it will be investigated whether we could be more liberal than we
have been, and whether we should allow for partial algebras within our

framework .

2. PARTIAL ALGEBRAS

2.1. Partial grammars

Contrary to what one might expect, it is not just a minor variation of
the system to allow for partial algebras (i.e. algebras with partial opera-
tions). Such a step would disturbe important parts of theory we have devel-
oped so far. I will illustrate this by means of two examples which show
that certain theorems we proved concerning properties of the syntax are not
valid when partial rules are allowed, In 2.2 it will be shown that certain
theorems of intensional logic loose their validity when partial operators

are allowed in the logic.
2.1. EXAMPLE.
G = <<[{aA},{bB},{cC}J, {Fa’Fb’Fc’F}>’D>‘

Here Fa: A »> A is defined by Fa(a) = aa

Fb:

F : C~»C is defined by Fc(y)

gb

B » B is defined by Fb(B)

il

ya.

So by repeated application of Fa strings of arbitrary length consisting of
a's are produced. Analogously for Fb and Fc' Furthermore the partial rule F

is defined as follows:

F: AxBxC=>D
where
F(o,B,v) = |aBy if the lengths of a,B and y are equal.

undefined otherwise
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The language L(G) generated by G:is {a"p"c" | n e WN}. This is a non-con-
text~free language (see HOPCROFT & ULLMANN 1969 probleﬁ 4.15). So when par~
tial operations are allowed in the syntax, theorem 5.7 from chapter 2 does
not hold.

2.2. EXAMPLE. Let L be some recursively enumerable language over alphabet
A. According to theorem 3.6 from chapter 2, there is an algebraic grammar
G such thit L(G) = L. Suppose that G = <<[BS]S€S, (FY)Y€T>’SO
Let ¢ ¢ A be arbitrary, and define the algebraic grammar H0 by
Hc = <<[Bs]ses’ (Fy)yeTU{f}>’Sl>

where s is a new sort (SI¢SU{SO}), and where f is a partial operation de-

fined by

>.

f: s

07 % where f(a) = {o if o = 0

undefined otherwise.

Note that H0 produces a language which is either empty (if o ¢ L(G)) or con-—
sists of o (if o ¢ L(G)). So L(Ho) # @ iff 0 € L(G).

Suppose now that it was decidable whether L(Hq) =.@; then it was de-
cidable as well whether o € L(G). Since L(G) is an arbitrary recursively
enumerable language, the latter is not decidable, and consequently it is
not decidable whether L(Hg) = (. This means that theorem 5.6 from chapter 2
(which states the decidability of the emptiness of L(G)) is not valid if

we allow for partial operations.
2.2, Partial models

The following example concerns the use of partially defined operations
in the semantics. They arise, for instance, if one wishes to deal with
sortal incorrectness: certain combinations of a verb phrase with a subject
do not fit well together, although most expressions of their categories

give no rise to problems. An example (THOMASON 1972) is (1).

(1) The velocity of light is shiny

It is not attractive to say of such a sentence that it is 'false', since
then its negation would be 'true'. Either, one should consider (1) as being
syntactically incorrect, or the strangeness should be dealt with in the

semantics. THOMASON (1972) followed the latter approach and has proposed

.
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to assign to such sentences no truth values. This idea is worked out in the
framework of Montague grammar by WALDO (1979). In his proposal several se-
mantic domains contain partial functions, and the function corresponding
with shiny is not defined for arguments such as '"the velocity of light'.

So (1) is not associated with a truth wvalue.

Waldo's approach gives rise to strange consequences. Formulas which
one might expect to be equivalent, are not. I will discuss two examples,
and indicate how the problems could be solved by using total functions in
the model.

The first example concerns formula (2), where ¢ ¢ MEt.

(2) ¢ =¢.

Suppose that the interpretation of ¢ is undefined (e.g. because it is the
translation of (1)). Then, due to the interpretation of =, also (2) is un-
defined. However, due to the interpretation of connectives (which uses
'extended interpretations'), formula (3) gets the interpretation true:

This difference in interpretation is, in my opinion, a strange result.
(3 b =0¢ A ¢ =29.

The second example is based upon a suggestion of R. Scha (pers.comm.).

It concerns formula (4), where z ¢ VARt, and where ¢ ¢ MEt is as in (2).
(4) rzlz=zJ(¢) .

The possible assignments to z are, in Waldo's partial model, the truth
values true and false. Therefore the expression z = z is equivalent with

some tautology not containing z, for instance Vwlw=w]. Hence (4) is equiv-

alent with (5)
(5) Az[Vwlw=wl1(s) .

According to the standard conditions for A-conversion, formula (5) can be

reduced to (6), which clearly gets the interpretation true.

(6) Yl w=w]l.
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Also in (4) XA=conversion is, according to the standard conditions, an al-
lowed operation. Then formula (2) is obtained, but the‘interpretation of
that is undefined. So the formulas (6) and (2), obtained by reduction of
(4) are not equivalent, an unacceptable result. We have to conclude that
one of the reductions steps is not allowed. This problem is, in my opinion
due to the fact that for the variable z in (4), there are two possibilities
(true and false), whereas for the arguments ¢ there are three possibilities
(true, false, and undefined). Note that the variable z cannot be undefined,
because its range consists of all elements in the model of the correct type,
and undefined is no value in the model.

The above examples show that the laws of logic we have met before,
cannot be used in this system without further investigations. In any case
the conditions for A-conversion have to be changed. Unfortunately, Waldo
does not provide laws for his system. This causes a difficulty in the
study of his proposal. He presents several examples, and each comsists of
a sentence accompagnied by its reduced translation. Since I do not know
which reduction rules hold in an approach with partial functions in the
semantics, I cannot check the correctness of the examples. Also other
authors who describe a fragment with the use partial functions in the se-
mantic domains, do not present reduction rules (HAUSSER (1976a), COOPER
(1975)). The last author mentions at least that not all standard reductions
remain valid. I expect that it will be very difficult to reformulate the
reduction rules. An obvious attempt to improve the conditions for A-conver—
sion would be to require that the reduction of Az[aJ(B) is allowed only if
Bis defined. This is, however, not a syntactic condition on B, and T doubt
whether it is possible to give a syntactic characterization of 'undefined'.

I already explained that the problem is due to the fact that a variable
cannot take the value undefimned, whereas an argument ¢ (which might be
substituted for that variable) can be undefined. Therefore I expect that the
problems will be solved when a third truth value is introduced, say a
value error. In any case, the two problems mentioned above disappear. If
the value error is assigned to z, then the interpretation of z = z is al-
ways the same as the interpretation of ¢ = ¢, even on case ¢ is undefined.
Now A~convetrsien is allewed both in (4) and in (5), and furthermore, all
formulas (i.e. (2)-(6)) get the same interpretation for all values of ¢.
Note that this plea for using a third value is not an argument for using

some of the existing tables for three proposition logic. Waldo uses super-—

valuations (Van FRAASSEN 1969), and one might try to reformulate super-—
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valuations for an approach with a third truth value.

The idea of using a third truth value is not new; it goes back to
VUCKASIEWICS (1920), who gives tables for the conmnectives in a three-—
valued system. In the theory of topoli one introduces a value representing
'undefined' (GOLDBLATT 1979, p.268). In the theory of semantics of program-
ming languages the problems of working with 'undefined' are well~known. Un~
definedness arises, for instance, when a process is defined for calculating
the value of a function, whereas the process does not terminate normally
because not enough memory capacity is available. The standard approach in
this field is to use no partial functions, but to make the functions total
by means of the introduction of an extra element in the semantic domain,
called 'errorvalue' or 'bottom' (SCOTT & STRACHEY 1971, GOGUEN 1978). In
the field of Montague grammars the situation is as follows. A model for in-
tensional logic with undefined as possible value, is presented in Von
KUTSCHERA (1975). It is however common practice to consider undefinedness
not as a value (see KAMP 1975, COOPER 1975, HAUSSER 1976a, WALDO 1979,
KLEIN 1981). I know of only one author who presents a treatment of a cer-

tain fragment and uses a model with undefined as value: Ter MEULEN (1980).
2.3. Discussion

The examples given in sections 2.1 and 2.2 show that it will be a con-
siderable change of the framework to allow for algebras with partial ope-
rations. Moreover, it is not obvious in which way we have to proceed.
GRAETZER (1968,p.80) says the following. 'For algebras there is only one
reasonable way to define the concepts of subalgebra, homomorphism, and
congruence relation. For partial algebras we will define three different
types of subalgebra, three types of homomorphism, and two types of con-—
gruence relation .[..] all these concepts have their merits and drawbacks'.
This situation constitutes an argument for my expectation that it will be
a considerable task to develop a framework based upon the use of partial
algebras. What I have seen of the literature concerning partial algebras
did not give me the confidence that an elegant framework can be built using
this notion (e.g. ANDREKA & NEMETI (1982), MIKENBERG (1977), ANDREKA,
BURMEISTER & NEMETI (1980)). The example concerning partial functions in
the semantics gives me the conviction that it is not a good idea to base
a semantic theory on partial functions. For these three reasons I do not

sympathize with the idea of basing the framework on partial algebras.
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As for the introduction of partial rules in the syntax only, the situa-
tion seems to be different. It is just a minor change of the framework be-
cause the homomorphic relations between the algebras of the framework are
hardly disturbed. An argument in favor of the introduction of partial rules
is that such rules are used frequently in practice. But there also are ar-
guments  against the introduction of partial rules in the syntax. Below I

will mention some of them, thereafter they will be discussed.
1. Consistency of argumentation

The first argument concerns the consistency of our argumentation. In
a Montague grammar we distinguish categories, and the rules give the infor-
mation in which way the expressions of certain categories combine to form
expressions of other categories. An argument for distinguishing such cate-
gories (given e.g. in chapter 1) was that certain groups of expressions be-
have differently from other groups in syntactic or semantic respects. De-
signing partial rules would mean that among a single category we distin-
guish two subgroups (these expressions of a category to which the rule can
be applied, and those to which the rule cannot be applied). A comsistent
reaction in such a situation would be to conclude that the system of cate~
gories was not refined enough, and that the system has to be refimed in

such a way that the partial rules are no longer partial.
2. Filtering power

A partial rule introduces a kind of filter in the grammar, and filters
form a powerful tool which can easily be abused. In a Montague grammar the
syntactic rules provide the information which kinds of expressions may be
combined to form new expressions. But partial rules would make it possible
that the syntactic rules combine rubbish to rubbish, whereas a final par~
tial rule would filter out the undesired expressions. In this way, the
other rules would not give information about the combinations which make
sense and which not. The filtering power of partial rules in syntax is

employed in the first two examples given above.
3. Generation of expressions

Often one wishes to conceive a grammar as a generating device. The
rules of the fragment presented in chapter 4 can easily be conceived in
this way. A rule like S, is considered as an instruction stating that if

one wants to generate a sentence, one has to generate a term and an
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IV-phrase, and next combine them. The rules for term-formation and IV-for-—
mation are, in the same way, considered as instructions for a generating
process. The processes of generating a term and of generating an IV-phrase
may be carried out independently, and every outcome of the processes is ac-
ceptable. Details of a computer program based upon these ideas can be found
in JANSSEN (1980a) .~Suppose now that the grammar contains a partial variant
of 54, say a rule which imposes restrictions on the possible combinations
of a term with an IV-phrase. Then the simple algorithm just sketched cannot
be used. One has to design an algorithm that gives the guarantee that after
a finite amount of time an acceptable combination is found (provided that
there is one). This requirement would make the algorithm rather inefficient:
the only possibility I see for such an algorithm is one which tries out all
possible combinations of a term with an IV-phrase. So in the perspective of

a generation process partial rules are unattractive.
4, Consequences

An important argument in favor of total rules is that this requirement
has attractive consequences. On a more theoretical level it gives rise to
an interesting restriction on the possibility to incorporate transforma-
tions in a Montague grammar (see section 3). On a more practical level the
requirement of using total rules turns out to be a valuable heuristic tool.
Several partial rules from the literature can be reformulated or eliminated,
and the requirement suggests how this can be done. Thus several proposals

from the literature can be replaced by a simpler treatment (see section 4).
5. No theory

The introduction of partial rules, even if only in the syntax, con-
stitutes a considerable change of the framework. As the given examples have
shown, the theory, which we have developed, cannot be used without correc-
tions. Since a theory about partial syntactic algebras is not available,

there is no guarantee that all consequences are acceptable.

None of these five arguments is decisive. As for 'comsistency', it is
indeed more elegant to use the argument for the introduction of categories
in all situations with the same conclusion. But with respect to other con-
siderations there might be arguments of elegance in favor of partial rules
(e.g. that in that way linguistic generalizations can be captured). That
partial rules introduce a powerful filter, is not an impressive theoretical

argument since the algebraic grammars have a universal generative capacity
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anyhow. As for the argument of 'generation', it is not a primary aim of

our grammar to develop an efficient generating device. From a practical
point of view, a parser might even be of more importancy than a generator.
The fact that the practical consequences of using total rules turns out to
be attractive in the situations considered, is not a guarantee that in

other cases this will be the case as well, and that there is no theory about

partial algebraic grammars might be a challenge to develop such a theory.

The arguments against the introduction of partial rules and the argu-
ments in favor of doing so, have to be weighted against each other. The
arguments given above show that there are several unattractive aspects re-
lated with the introduction of partial rules. I do not know of convincing
arguments for the need or attractiveness of partial rules. In the remainder
of this chapter I will show that there are several alternatives for the
introduction of partial rules. These alternatives are: reformulating as a
total rule (section 3), reformulating as a rule operating on another cate-
gory (section 4) and a refined system of subcategories (section 5). It will
turn out that the use of these alternatives gives, in most cases, rise to a
simpler treatment than originally proposed: the requirement of using total
rules turns out to be a valuable heuristic tool. So the situation can be
summarized as follows: there are arguments against the introduction of par—
tial rules, and attractive alternatives are available. Therefore I do not
feel enthousiastic about the introduction of partial rules in the syntax. I
do not state that I will never use partial rules myself, but I would first

try to use total rules.
3. INCORPORATING TRANSFORMATIONS

In the field of transformational grammars, the use of partial rules is
standard. As part of their specification the transformations always contain
a restriction on the inputs to which they may be applied (a SC: i.e. struc-
tural condition). One might wish to incorporate transformations in Montague
grammar in order to benefit from the syntactic insights obtained in that
field. In this section I will present a general method for the incorpora-
tion of a class of transformations in a Montague grammar in which all rules

have to be total.
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Some characteristics of transformations are as follows

1. Transformations define mappings from trees to trees; these trees repre-
sent constituent analyses of sentences.

2. If several transformations can be applied, then their order of applica-~
tion may be prescribed.

3. A transformation is applied to one input tree at a time.

4. A transformation imposes structural conditions determining the possible

input trees.

In order to take care of the first point, it is required that a Montague
grammar does not produce plain strings, but trees, (or, equivalently, label-
led bracketings). Let us assume that Montague's framework is adapted in the
way proposed by PARTEE (1973). So the grammar produces trees. This change
of the system turns all rules into rules which operate on trees, so in a
certain sense all the rules in the grammar become transformations. In order
to avoid confusion of terminology, I will use the name C—transformation
(*Chomskyan') for transformations used in transformational grammars. Once
that they are incorporated in a Montague grammar, they are called M~trans-
formations.

The second characteristic point is not acceptable in our framework. As
explained in section 1, explicit rule ordering does not fit into the aige—
braic approach. But an implicit rule ordering which has the same effects
might be possible. The third point does not give rise to problems. Although
the rules in a Montague grammar mostly take two arguments, there is no ob-
jection against rules taking one argument. The fourth point is problematic
since it implies that C-transformations are partial rules. This is an im—
portant characteristic of C-transformations which makes them very attrac-—
tive for practical use. It makes it possible to indicate in a simple way
what the relevant input trees are, without the need to bother about irrele-
vant inputs.

I will incorporate a class of C-transformations in a Montague grammar
which requires total rules, by reformulating them in a way which makes
them total. The reader might be surprised by this reformulation and at
first glance consider it as a sneaky trick employed in order to obey the
letter of the principle. This is not completely true. The reformulation
expresses a different view on transformations than the standard one, and
it has interesting consequences.

The reformulation proceeds as follows. Suppose that a C-transformation




218

is given in the following form.

If the input sentence satisfies structural condition SC, then we may
apply transformation T in order to obtain a new sentence, otherwise T
cannot be applied.

Its reformulation as a total rule has the following form.

To the input sentence we apply operation T'. Operation T' is defined
as follows. If the input sentence satisfies the structural condition
SC, then transformation T is applied, and otherwise the 'do nothing'
transformation is applied.

By the "do-nothing' transformation is understood an operation which does
not produce another expression, but which gives its input unchanged as out-—
put. The reformulation expresses the view that an M-transformation applies
to all expressions of the required category, and that its application yields
always a result.

Corresponding with a M-transformation T' there has to be a translation
rule t. For the cases that we did 'nothing' in the syntax, we do 'nothing'
in the semantics: the input formula is given unchanged as output. This means
that for these cases the translation rule T can be represented as the poly-
nomial Xt,l' Since in our framework T has to be represented by means of a
single polynomial expression, T yields for each input formula, that formula
as output. So the M-transformations (obtained with the me thod described
here) do not change meanings. Consequently, if one wants to incorporate C-—
transformations in this way in a Montague grammar, then these transforma-
tions have to be meaning preserving! This requirement is a well~known hypo-
thesis in the so called standard theory of transformational grammars (see
PAR%EE 1971 for a discussion); it is, however, nowadays not generally ac-
cepted.

The conclusion that transformations have to be meaning preserving,
holds only for the method described above. But I do not know of any other
uniform method for incorporating transformations in a Montague grammar with
total rules. To illustrate this, I consider one attempt. Instead of re-
quiring that the translation rule corresponding with a do—nothing transfor-
mation is the identity operation on formulas, we might require that it is
the identity operation on meanings (but not necessarily the identity on
formulas). This would make it possible that the polynomial is not the iden-
tity when interpreted for the real transformation. Such a rule 1 has the

following effect:
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(¢) = (p(¢) if ¢ is the translation of an expression which sa-
tisfies the conditions for application of the trans-
formation (p formalizes the semantic effect of the
transformation)

¢ otherwise.

The first objection is that this effect cannot be obtained by means of poly-
nomial over IL. In order to obtain the effect of such a choice, IL has to
be extended with something like the ¢f-then-else construction. There would
be, however, no problem in doing so. A more essential objection is that in
the description of the translation rule T information about the (syntactic)
expressions is used. This has to be replaced by information concerning
their meanings. For most transformations there is probably no semantic
property corresponding to the condition on the transformation. In any case,
we have no uniform method for obtaining a logical condition which is equiv-
alent with the structural condition of the transformation. So a uniform
method for finding the polynomial cannot be given.

I described a uniform method for the incorporation of a class of trans-
formations in Montague grammar by means of a do—nothing transformation. This
method might be generalized to a method to eliminate certain partial rules
from a Montague grammar. For rules with one argument the method can be used
if the rule is meaning preserving. For rules with more than one argument
the use of a kind of do-nothing transformations implies that (at least) one
of the inputs should have the same category as the output. The do-nothing
transformation has to correspond to a translation rule which is the identity
on formulas. Therefore the translation rule which corresponds with the ori-
ginal partial rule has to be the identity translation for one of its argu-
ments. So this method can be used only for very limited class of the partial

rules with more than one argument.
4. DEFINED FOR ANOTHER CATEGORY

4.1. Introduction

In this section I will consider several rules from the literature which
are partial, and for which the corresponding translation rule is not mean-
ing preserving. This implicates that the method developed in the previous

section cannot be used for them. The method employed in this section is to
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reformulate the rule for another category than where it was originally for~
mulated for. It turns out that in all cases the new version of the rule is
simpler than the original formulation of the rule, and sometimes the origi-~
nal rule was incorrect whereas the new rule is correct. This shows the
heuristic value of the framework, and of the requirement of using total

rules in particular. The examples are presented in the notation of the origi-
nal proposal; most examples were already mentioned in JANSSEN (1978a).

4.2, Hel is loved

PARTEE (1973) considers the M-transformation 'Passive Agent Deletion'.

An example is
FIOZ(hel 18 loved by htmg) = hel s loved.
Translation:

If ¢ ¢ Pt and ¢ translates into ¢', then F (¢) translates

102
into Exj¢'.

On the one hand this transformation applies only to input trees of a
special form, on the other hand the translation rule is not the identity
mapping. This means that we cannot reformulate this transformation as a
total rule, and that Partee's way of dealing with agentless passive is dis-
allowed by the requirement of using total rules. For the example under dis-
cussion, the literature provides an altermative. THOMASON (1976) presents
rules for generating passive directly, i.e. without a passive transforma-

tion and without a passive agent deletion.

4.3. Give John a book

The C-transformation of dative shift changes sentence (7) into (8).

7 Mary serves the cake to John

(8) Mary serves John the cake.

A refined category system for sentences in which dative-shift would be a
total rule is very difficult to design (since each new subcategory would

require rules producing expressions of that subcategory). Also here the
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literature contains an alternative DOWTY (1979a) shows that the partial

rule of dative shift on the level of sentences, can be.replaced by a rule
on the level of lexical elements. That rule changes the category of the
verb serve from DTV (verbs which take a Dative and a Term) to TTV (verbs
which take two Terms). By having a sufficiently refined category system,
these lexical rules become total 4rules. Many examples of transformations
which are reformulated on the lexical level can be found in DOWTY 1978, ‘
1979a, and in BARTSCH 1978b, thus they can easily be reformulated as total

rules.

4.4, Mary shakes John awake again

In chapter 5, section 5.2, we considered some semantic aspects of the
proposals of DOWTY (1976) concerning the treatment of factives. Now I will
consider some syntactic aspects (of course, in doing this, the semantic
aspects cannot be neglected). Dowty produces the factive sentence Mary
shakes Johwn awake from the term Mary and the IV-phrase shake John awake.
This IV-phrase in its turn is obtained from the TV-phrase shake awake. The

first rule Dowty presents for generating this TV-phrase is as follows.

S30¢ If o G.PIV and ¢ € Pt and ¢ has the form.hen 18 y
then F3O,n(a,¢) € PTV where F30’n(u,¢) = ay.
An example is:
F3O,](shake, hel 18 awake) = shake awake.
The corresponding translation rule reads:

T3O: If a translates into o' and ¢

translates into ¢' then F (a,¢') translates into:

30,n
v A,V
APAx P("hx_[a' (x,"\PL P(x_)]) CAUSELBECOMEL4'11J).
This rule is a partial rule which is not meaning preserving, so we
have to find another approach. Can the above result be obtained by means of
a total rule? For generating expressions like shake awake one only needs an

adjective and a TV-phrase. So it lies at hand to try the following rule

: If 0o e P and B € Pa . then F (a,B) € P,_. where F (a,B8) =0B.

S601 v dj 601 v 601

The corresponding translation rule would be

T = If o translates into o' and ¢ translates into ¢' then F (a,B)

601 601

translates into
AP P(Maylat (x, 220 P(y) 1) CAUSELBECOME(8' (v)) 1D ] .
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Why did Dowty propose a production of shake awake, with as intermediate
stage the sentence Hez 78 awake? This has probably to do with the ambiguity
of Mary shakes John awake again. On the one reading Mary has done it before,
on the other John has been awake before. Dowty treats agaim as a sentence
modifier and he needs two different sentences in the derivation in order to
deal with the ambiguity. He starts his investigations along this line prob-
ably for historical reasons: it is the way in which such constructions are
treated in generative semantics. But, as in the previous examples, we need
not to follow the old pattern. By rule R601 we are guided to another ap-—
proach to this ambiguity. The one reading can be obtained by combining again
with Mary shakes John awake, the other by combining it with shake awake. I
do not go into details of this approach for the following reason. After con-
sidering several phenomena concerning factives, Dowty observes that his
first approach is not completely adequate. He discusses extensively several
alternatives and escapes. Finally he concludes 'there would be no reason
why we should not then take the step of simplifying rules S30-S32 drastical-
ly by omitting the intermediate stage in which a sentence is produced'. Next
he presents as the rule which he considers as the best one, a rule which is
identical with S601' So the framework has led us immediately to the solution
which is the simplest and best one. This example suggests that we might de-
rive from the framework the advice 'when designing a syntactic rule, ask for

what you need as input and not for more'.
4.5. See himself

In chapter 5, section 2.1, we considered the derived verb phrase rule
of PARTEE (1973). This rule makes verb phrases out of sentences. An example

18

. . *
FIOA(hel sees html self) = see him self.

The syntactic part of this rule reads as follows:

If ¢ € P, and ¢ has the form t[T[hei]IV[a]]’ then F104(¢) € PIV’ where
F104(¢) =o', and o' comes from a by replacing each occurrence of hei,

himi, himiself by he*, him* him*se&f respectively.

At the one hand the derived verb phrase rule is a partial rule, at the
other hand its output belongs to a different category than its input.
Therefore we cannot reformulate this rule as a total one using a do-nothing

transformation. The derived verb phrase rule is disallowed by the requirement
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of using total rules, and we have to find another treatment for the cases
where Partee uses this rule. Let us, in accordance with the advice given in
section 4.4, just ask for what we actually need and not for more. In the

above example we only need a TV-phrase. So we might try the following rule.

S 5 If o € P

60 then Féoz(u) € PIv where F602(a) = g him*self.

TV

The corresponding translation rule reads:

. . .
'1‘602 If o translates into a', then F602(a) translates into

axLa' (x, " APLVP(x) ) ]
Would this rule be an acceptable alternative?

Let us consider why one would like to generate see himself from the
source sentence ke sees himself. There are semantic arguments for doing so.
The sentence John sees himself is obviously semantically related to the
sentences John sees John and He, sees himz. In transformational grammar this
might be an argument for producing these sentences from the same source:
no other formal tool is available. The effect of Partee's rules is that such
a transformation is split up into several stages; it amounts to the same
relations. Montague grammar has a semantic component in which semantic re-
lations can be laid formally. So if we do not have to ask for a sentence as
source for syntactic reasons, we are not forced to do so on semantical ~
grounds. So this cannot be an argument against 8602.
PARTEE (1975) provides as an explicit argument for the derived verb

Phrase rule the treatment of sentence (9)
(9) John tries to see himself.

This sentence is generated, using the derived verb phrase rule, from sen~

tence (10)

(10) h35 tries to see him_self.

3
The translation of (9) becomes in this case (11)
(1D ey to("john, A Lsee (xy, " Ael  P(x) D D)

Sentence (9) can also be generated according to the rules of PTQ. If we do
not change the syntactic details of the rule the following sentence is pro-—

duced:
(12) John tries to see him.

In (12) him is coreferential with Jokn. The tramslation is
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(13) try tO(AJohn,Asee(AP[VP(AJohn)])).

Partee provides arguments for her opinion that interpretation (11) might be
preferable to (13). Let us assume that her arguments hold and consider

whe ther 8602 is compatible with that. The combination of try to with the
translation of see him*self (obtained by T602) yields

(14) try to(AAX[see(x,AAP[vP(X)]).

So the translation of John tries to see himself is, as desired, equivalent
with (11). As Partee notices, the derived verb phrase rule does not prohi-
bit the unwanted reading (13). Rule S602 is an improvement since it only al-
lows forvreading (11) . Of course, S602 does not give a complete treatment
of’reflexives, and I am not sure whether I would like to treat them in this
way. For the purpose of the discussion this aspect is irrelevant: I just
would like to demonstrate that the requirement of using total rules, and in
particular the advice 'ask for what you need', guides us to a better rule

than originally proposedi
4.6. Easy to see

PARTEE (1975) presents another example for the derived verb phrase
rule:

FIOA(he7 18 easy to please) = be easy to please.

This example may seem somewhat strange since it produces the IV-phrase be
easy to please from a sentence containing this IV-phrase. The reason is

that the sentence is obtained by some transformation from the source
(15) To please him7 18 easy.

This transformation is not sufficient for producing all sentences contain-

ing the phrase be easy to please. Phrases resulting from F have to be

104
produced as such, in order to generate (16) and (17).

(16) few rules are both explicit and easy to read
(17) try to be easy to please.

In PARTEE (1977a) other constructions are considered which contain expres—

sions of this kind, such as
(18) John is being hard to please.

In order to deal with such expressions Partee needs another rule, called
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the derived adjective rule, which has the following effect

Iv[be easy to pleasel] - [easy to pleasel.

ADJ'
This is again a partial rule which cannot be brought in accordance with the
restriction of total rules. So for (15)-(18) an altermative has to be given.
The advice given in section 3.4 stimulates us to ask just for what we

need for generating easy to please. We need an expression like easy and

some TV-phrase. Let us, following PARTEE 1977a, assume that we have a :

special category ADJ which contains easy, though etc. The resulting expres—
sion easy to please will be of the category ADJ'. Then we are guided to the

following rule:

S603: If a € PKBE and B ¢ PTV then F603 ADJ

F603(a,8) = o to B.

(a,8) € P, _,: where

The translation of (this) easy must be such that it may be combined with an
TV-translation in order to obtain an expression of the type of translatiomns

of adjective. Then the translation rule reads

T If o translates as o' and B as B' then F (a,B) tramslates into

axa' (AyB' (g, APl P(x) 1)) .

603" 603
Rule S6O3 makes it possible to generate the expressions containing

easy to please we mentioned above. Unfortunately, Partee does mot provide

an expliclt semantics for the source of all her comstructions, sentence (15)

so we cannot compare it with the semantic consequences of § but I ex-—

5
pect that she will finally end up with something close to tSZBresult of
T603' Concerning the syntax, it is demonstrated that our requirement guides
us to a much simpler treatment.

In section 3.5 and 3.6 we have considered two examples concerning the
derived verb phrase rule. These examples do not cover all possible applica-
tions of the rule. But the treatment given here shows that in any case the
two kinds of examples for which Partee has used the derived verb phrases rule

can be dealt with in a better way by means of total rules.
5. SUBCATEGORIZATION AND RULE SCHEMES

5.1. Hyperrules

An argument for distinguishing categories (given for instance in
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chapter 1, section 1.3) is that certain groups of expressions behave (syn-
tactically or semantically) differently than other groﬁps of expressions.
If for some rule it turns out that the rule can only be applied to a subset
of the expressions of its input category, then this can be considered aé an
indication that the system of categories is to coarse. A method to avoid
partial rules consists of refining the system of categories. In this sec-
tion we will consider examples of this method, and present tools which are
useful when it is employed.

There are several arguments for distinguishing among the category of
nouns the groups of mass nouns and of count nouns. One of the differences
between the expressions of these two groups is their behéviour with re-
spect to determiners. Let us compare, as an example, the count noun ring
with the mass noun gold. Well-formed are a ring and every ring, whereas
ill-formed are a gold, and every gold. In larger expressions the same dif-
ferences arise: well-formed are aq beautiful ring and every ring from China,
whereas ill-formed are a beautiful gold and every gcld from China. These
differences constitute an argument for introducing in the grammar the sep—
arate categories 'Mass Noun' and 'Count Noun'.

In many respects, however, mass- nouns and count nouns behave analogous-—
ly. Expressions of both the categories can be combined with relative
clauses and both with adjectives. If we tre;t mass nouns and count nouns as
two independent categories, then the consequence is that the rules for rela-
tive clause formation and for adjective addition are duplicated. Thus the
grammar will contain a lot of closely related rules. This effect will be
multiplied if more categories are distinguished among the nouns. Therefore
it is useful to have a tool for controlling this proliferation. Such a
tool are‘rule schemata.

Rule schemes are not new in Montague grammars; recall the rule for

relative clause formation given in chapter 4.

S : CN x § >~ (CN
3sm

F3 ' replace in a all occurrences of hen by him/she/it, and of himn

>
by him/her/it, according to the. gender of the first noun or term
in B; concatenate (o, such that, B).

This cannot be considered as a rule because F deals with occurrences of

3,n
hen, whereas this expression does not occur in the lexicon of the fragment:

examples of relevant expressions of the fragment for this rule are hel, heZ,

30 we have to consider 83 , 38 2 rule scheme out which rules can be obtained.
’
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This can done by replacing all occurrences of n in the scheme by some num-
ber. Thus S3,n stands for an infinite collection of acfual rules.

In SS,n three characteristic features are illustrated of the kind of
rule schemes that I will use. The first one is that a rule scheme differs

from a real rule by the occurrence of a parameter. S contains the para-

3,n
meter n, which stands for a number. Schemes may contain several occurrences
of one or more parameters, and I will put no restrictions on where a param—
eter stands for. The second characteristic feature is that out of a scheme
an actual rule can be formed by means of substituting the same expression
for all occurrences of a parameter. If it is not required that all occur-
rences are replaced by the same expression then the occurrences of the
parameter will be indexed (e.g. with nz,ng,...), and then occurrences with
different indices may be replaced by different expressions. The third fea-
ture is that a parameter may stand for a part of a (formally simple) symbol.
The expression hen is, formally spoken, a single generator in the syntactic
algebra, but in the scheme given above it is treated as a compound symbol
with ke and n as parts. This does not change the role of hel in the alge-
bra; it remains a simple generator. One should distinguish the formal posi-
tion in the algebra, and the presentation of an infinite collection opera-
tors (or generators) by means of schemes.

A rule scheme involving nouns is the following.

S604,n: Adj X cm Noun - ¢m Noun

F604,n: Concatenate (a,B).

From this scheme two actual rules can be obtained. If om is replaced by
'Count', then we obtain a rule which says that an adjective in combination
with a Count Noun forms a new Count Noun. If ¢m is replaced by 'Mass', then
we obtain a rule which says that an adjective in combination with a Mass
Noun forms a new Mass Noun. This scheme exhibits again the feature that a
compound symbol in the sense of the scheme, can be a single symbol in the
algebraic sense. Algebraically 'Count Noun' is a category symbol, whereas
in S604,n it is a compound with 'Count' and 'Noun' as individual parts.
Notice that the above scheme contains two parameters: »n and Gm.

The new formal aspects introduced in this section are the use of com—
pound category symbols and the possibility to use parameters for parts of
these symbols. The practical impact of this is that partial rules can be
avoided by increasing the number of categories, and that rule schemes can

be used for handling these categories.
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Now I will introduce some terminology. The parameters in the rule
schemes are called metavariables. To distinguish the rule schemes of the
kind just described, from others, the forms are called Ayperrules (i.e.
they are rules containing metavariables). Hyperrules without the occurrence
of a variable are considered as a special case; by means of an 'empty' sub-
stitution they become actual rules. I will give the hyperrules a 'name'
which starts with an H, and its parameters will not be included in the name.

So rule S6O4 a mentioned above will be called H604’ The distinction between

b
Count Nouns and Mass Nouns is in linguistics called subcategorization. I
will use this term with the following formal interpretation. A category C1
is called a subcategory of a category C2 if the carrier of sort C1 is a sub-

set of the carrier of sort CZ'

5.2. Metarules

Suppose that we have a hyperrule which contains some metavariable. In
the example from section 4.1 concerning nouns, I explicitly listed the two
possible substitutions. But often the situation will be more complex. There
are arguments for distinguishing among the nouns many more subcategories,
and we will meet examples were infinitely many substitutions are possible.
Therefore it is useful to have a handsome tool for telling what the possible
substitutions for a metavariable are. The tool to be used in the sequel for
this purpose are rewriting rules. Besides the grammar consisting of hyper-—
rules I will give a second grammar, called metagrammar. This grammar con-
sists of a collection context-sensitive rewriting rules, and in these rules
the metavariables of the grammar occur as auxiliary symbols. If we take
some metavariable as start symbol, then the metagrammar determines a lan-
guage: the set conmsisting of all strings which can be produced from the
metavariable which was taken as start symbol. The possible substitutions
for a metavariable in some hyperrule are all strings from the language
generated by the metagrammar using that metavariable as starting symbol.

The benefit of using a metagrammar becomes especially clear in cases
were there are several levels of subcategorization and crosslinks in the
category system. As example I present the metagrammar for the subcategori-
zation system given in CHOMSKY (1965, p.85); it is striking to observe
that Chomsky used rewriting rules as well for the presentation of the

subcategorization.
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common. > sgn count

sgn - I+
1

- count > sggn Abstract CN
count - {— Animate CN
anim

anim +  8gn Human CN

According to the convention for substitution, this metagrammar implicates
that a hyperrule containing anim as metavariable represents two actual
rules (for the subcategories + Human CN and —Human CN), and that a hyper-~
rule containing common represents 5 actual rules.

A grammar designed in the way sketched above is a system with two levels
in the grammar: the level of metarules and the level of the (hyper)rules..
The conception of a grammar with two levels is due to Van Wijngaarden, and
was developed for the formal description of the syntax of the programming
language ALGOL 68 (see VAN WIJNGAARDEN 1975). He used these notions hyper—
rule and metarule with about the same meaning (for a linguistically orient-
ed example see VAN WIJNGAARDEN 1970). The same terminology although with a-
somewhat different meaning, is used in GAZDAR & SAG 1981 and GAZDAR 1982.
The concept of a two-levelled grammar gives rise to an elegant me thod
handling a lot of rules, even an infinite number. The method could easily
be generalized to multi-level grammars. In Van Wijngaarden's original
system the metarules have to be context—free, whereas I allowed for context
sensitive rules. This liberty has no consequences since the generative
power of system lies in the rules, and not in the metarules. In the example
given above (Chomsky's subcategorization) the context sensitive rules

“turned out to be useful. If we would be more liberal, and allow to use
a type-0 grammar as metagrammar instead of a context sensitive grammar,

then this would have the consequence that the by the metagrammar produced
language would be undecidable. Then it would not be decidable, whether a
substitution for a metavariable is allowed, and consequently the set of
actual rules would not be recursive. Therefore type-0 grammars are in our

framework not acceptable in the metagrammar.

5.3. Variables

The use of variables in a Montague grammar giveées rise to certain prob-

lems. I will consider here two of them. A more extensive discussion will be
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given in chapter 8.
1. '"Left over'

According to the PTQ rules we may generate the sentence He, runs. This

3
is not a correct English sentence because it contains heg, which is not

a correct English word. -
2, 'Not there'

One might apply a rule which involves variables in a situation in which
such variables are not there. In this way one obtains relative clauses,
which do not contain a reflexive pronoun. An example is the man such

that Mary seeks a unicorn.

In order to eliminate these two problems, in chapter 8 a restriction will

be proposed that contains the following two conditions:

(I) The production of a sentence is only considered as completed if each
syntactic variable has been removed by some syntactic rule.

(II) If a syntactic rule is used which contains instructions which have the
effect of removing all occurrences of a certain variable from one of

its arguments, then there indeed have to be such occurrences.

It is evident that requirement (II) can be guaranteed by means of a
partial rule. To this aspect I will return later. Requirement (I) says that
all stages of the derivation process have to meet a certain condition. So
is appears to be a global filter. Since one can tell from the final result
whether the condition is met, it reduces however to a final filter. As I
explained in chapter-V, filters are not acceptable in our framework. But
the effect of (I) can be obtained by means of a partial rule as follows.
Replace everywhere in the grammar the category of Sentences by the catego—
ry of Protosentence (so the grammar produces Protosentences). Then we add
an extra rule which produces a sentence out of a protosentence in case re-
quirement (II) is fulfilled, and which is not applicable when this require-
ment is not fulfilled. Thus only sentences obying (I) are produced. Since
I aim at avoiding partial rules, I have to provide an alternative method
for the incorporation of the above two restrictions. This will be given be-
low.

Categoriés are defined to be complex symbols consisting of two parts:
a category name as we used before (e.g. S), and a representation of a set

of integers. The set indicates which indices occur in the expressions of
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that (complex) category. So heZ or hes is an expressions of the category

(T,{2,3}). Other examples are He A rums of the category (S,{4}), and John of

4
the category (T,@). The language generated by the grammar is defined as the
set of expressions of the category (S,¢).

The hyperrules of the grammar contain variables for integers (n) and

variables for sets (setl,setg,...). The following notations are used.

setl U setZ denotes the set obtained as uniom of the sets setz and set2
set with n is a compound expression indicating that set contains element n
set - n is a compound expression denoting the set obtained by removing
the element 7 from set.
The hyperrule corresponding with S4 reads
H4: (T,setl) x (IV,setZ) »»(S,setl U setg)
F,: replace the first verb in B by its third person present singular,

4

concatenate (a,B).

This hyperrule states that set of the syntactiec variables in the sentence is
the union of the syntactic variables in the T-phrase and the IV-phrase. An

example of an actual rule obtained from H4 is

H,: (T,{1,2}) x (Iv,0) » (8,{1,2})

4t

F4: see above.

This rule may be used in the production of He, or hez runs. Corresponding

1

with 32,55,...,813 and Si7 we have analogous hyperrules. The hyperrules

corresponding with the rules S]4 and 33 are:

H , : (T,setl) x (S,set, with n) —r(S,setZ U [setg—n])

14 2
F14: substitute (o, first occurrence of hen in B);
replace all ocecurrences of hen in B by he/she/it and of himn by

him/her/it according to the gender of the first noun or term in a-

2 with n) > (CN,setJ u [setz -nl.

F, : Replace hen in B by he/she/it and himn by Wim/her/it, according

H, : (CN,setl) x (S8,set

to the gender of the first CN in o}
concatenate (a, such that, B).
is

An actual rulé obtained from Hl4

Hy (T,0) x (5,{2,3)  (5,03D).

An application of this rule is the production of John loves him3 from John
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and he2 Loves hims. :

A formalist might object to the hyperrules given above since they im-
plicitly assume that the reader knows what sets are, and what is meant by
the symbols U, with and ~. This is, however, not knowledge about operations
of the grammatical system, but set theoretical knowledge, and the rules
should not be dependent on this knowledge. In appendix 3 of this book it
will be shown how these notions can be described by means of purely gram—
matical tools (viz. by rewriting rules).

Clause (I) required that the expressions of the generated language do
not contain any occurrences of syntactic variables. In my approach this
requirement is not formalized as a filter or as a condition in a partial
rule, but within the system of categories. This is theoretically more at-
tractive, and practically somewhat simpler. Clause (II) requires that in
case a rule is applied which removes variables, then there are .such occur-
rences. This clause is also dealt with in the categorial system, as one
can see from the following. Let us suppose that the categorial information
given in the rules corresponds with the syntactic operations performed by
these rules (i.e. if the rule removes all occurrences of a variable, its
index is removed from the set mentioned in the category of the produced
expression). This assymption can easily be checked from the rules. Assuming
this correspondence, the condition set2 with n in H, and H3 guarantee that
these rules are applied only to expressions containing the required occur-
rences of variables. So instead of formalizing (1) as a condition in a par-
tial rule, it is formalized within the categorial system. This is theore-
tically more attractive, but practically somewhat more complex.

One observes that the requirements concerning variables can be dealt
with in accordance with the aim of using total rules. This is made manageable
by using a two-level grammar. Within this system the requirements can be
handled about as easy as in a system with partial rules. But the introduc~
tion of two levels did not make the system simpler. Therefore I would not
say that the requirement of using total rules has led us here to a simpler
treatment. In order to see practical advantages of using a two-levellled
grammar, one has to consider a much more complicated situation. Such a
gsituation will be described in chapter 9: the interaction of tense scope,
and quantifier scope. But in the present situation the advantage is only of
theoretical importancy. Therefore one might take in practice the following
position. It has been shown that the requirements concerning variables

can be incorporated within a system with only total rules. This implicates
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thdt in practical cases there is no need to treat the requirements explicit-
ly in this way. One might use requirements (I) and (II) as they are formu-

lated, assuming the present formalizatiom.

5.4. A theoretical result

The method introduced in this section for eliminating partial rules
consists in refining the system of categories. For nouns I gave an example
with five subcategories, and for the treatment of variables even an in-
finite number. One might consider the possibility of applying this method
up to the very limit (every expression constituting a single category on
its own). By proceeding that far, all partial rules are eliminated from the
grammar. This simple idea is followed in the proof of the following theorem

(LANDSBERGEN 1981).

5.1. THEOREM. For every enumerable algebraic grammar G with partial rules,
there is a general algebraic grammar G' with total rules, such that
L(G) = L(G").

PROOF. We obtain G' as follows. For each category C of G and each expression
w of this category, we define a new category in G', denoted by the compound
symbol (C,w). The only expression of this category is w. Since for each
sort of G, the expressions are recursively enumerable, the sorts of G' are
recursively enumerable as well (but in general not recursive). For each
rule R in G there is a collection of rules in G'. If according to a rule of
G the expression v (of category CO) is formed out of the expressions
WysWgs oot of the categories C]""’Cn’ then there is in G' a rule pro-
ducing expressions of the category (Co,wo) out of expressions of the cate-
gories (Cl’w1> (Cn’wn)' Of course, this rule can be used in only one pro-
duction, but it is a total rule. Since the rules of G and the expressions
of L(G) are recursively enumerable, the rules of G' are recursively enumer-
able as well., Suppose that the distinguished category of G is S (so

L(G) = GS). Then we add for each category (S,w), where w is arbitrary, a
new rule which takes as input an expression of category (S,w) and yields

as output the expression w of category S. From this construction it is evi-
dent that L(G) = L(G').

5.1. END

The theorem states that every language generated by a grammar with
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partial rules can be generated by a grammar with total rules. As such the
theorem is not surprising: even finite grammars have a.universal generating
capacity. The merit of the theorem lays in the method used in its. proof.
The grammars G and G' do not only generate the same language, but they do
so in the same way. The derivational history of a given expression has in
G and in G' the same structure. Several properties of G are carried over to
G'; for instance, if G consists of concatenation rules only (i.e. if the
rules” correspond with a context free rules), then the same holds for G'.
This correspondence between G and G' means that the theorem can be used for
restricted classes of grammars as well,

One might be tempted to conclude from the theorem that grammars with
partial rules are just notational variants of grammars with total rules,
and that it constitutes a justification for writing partial rules in a
framework that requires total rules. This is however not the case, since
an important property of G can be lost by transforming it to G'. If G is
a ‘recursive grammar, where its generated language L(G) is not recursive,
then G' is not a recursive grammar. In chapter 2 we have restricted our at-
tention to the class of recursive grammars. Hence the method used in the
theorem may bring us outside the class of grammars we are working with.

For this class the grammars with partial rules canmnot be considered as a
notational variant of the grammars with total rules. So the requirement to
use total rules is a substantial ome. It has a comsequence that not every
condition on the applicability is acceptable: only those are acceptéble
which can be reformulated as total rules in a recursive algebraic grammar.
In this chapter it has been demonstrated that such a reformulation gives

rise to a simpler, a better grammar.
6. THE WELL-FORMEDNESS CONSTRAINT

In this section I will discuss some aspects of a principle for syntax
due to Partee. It is called 'the well-formedness constraint', and it reads
as follows (PARTEE 1979b, p.276):

Each syntactic rule operates on well-formed expressions of specified
categories to produce a well-formed expression of a specified category.

The motivation for this principle is related with the aim 'to pursue the
linguists goal of defining as narrowly as possible the class of possible
grammars of natural languages' (op. cit. p.276). Although this is a com-

pletely different aim than the theme of the present chapter, it turns out
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that the well-formedness constraint has practical consequences which can be
compared with consequences of our algebraic approach, in particular with the
requirement of using total rules. I will restrict the discussion of the
well-formedness constrain to these aspects.

Our investigations started from algebraic considerations, and the re-
quirement of using total rules constitutes a formal restrictions. The value
of the requirement was its impact on heuristics. What is the position of
the well~formedness constraint in this respect? Is it a formal restriction,
heuristic guideline, or something in between these two? I will:first try
to answer this question by considering the constraint as it is formulated;
Partee's interpretation will considered thereafter. In order to answer the
question concerning the formal position of the well-formedness constraint,
it is important to have a formal interpretation for the phrase 'well-formed
expression'. I will consider two optioms.

One might decide to associate the phrase 'well-formed expression' with
the meaning that this phrase has in formal language theory. The rules of a
grammar produce strings over some alphabet, and these strings are called
the well-formed expressions over this alphabet. The epithet 'well-formed' is
used to distinguish these strings from the other strings over this alphabet.
Un-well-formed generated expressions do mnot exist by definition. It is pos#
sible to tell what the well-formed formulas of predicate logic are, but it
is not possible to give examples of un-well-formed formulas of predicate
logic: if a string is not well-formed, it is no formula at all. If we apply
this interpretation to the PTQ grammar, then we have to conclude that.love
himz is a well-formed expression (of the category IV) because it is a string
produced by the grammar, whereas love her is not well-formed (because it
is not produced as IV-Phrase). With this interpretation the phrase in the
constraint stating that the rules produce well-formed expressions is a
pleonasm. The same holds for the input: the only possible expressions of
specified categories are the expressions generated by the grammar. With this
interpretation the well-formedness constraint just describes how the frame-
work operates, and it is no constraint at all.

One might relate the notion well-formedness with the language generated
by the grammar. Then the generated language consists of well-formed expres-—
sions, and also all substrings of well-formed expressions are considered as
well-formed. Following this interpretation, the constraint says that all
intermediate stages in the production process have to be substrings of the

produced language. So an acceptable grammar for English has not only to be
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adequate (i.e. produce the correct language), but also all the intermediate
stages arising from the grammar have to be adequate in:a certain sense.
This mixture of the notions 'possible grammar' and 'adequate grammar' makes
the constraint an unusable one. Suppose that a list of rules of a grammar
for English is presented, and one is asked whether they conform the con-
straint. In order to answer this question one may start to produce some
strings by means of the rules, and ask for each application of a rule,
whether it is applied to well-formed expressions of English. Suppose that
this is the case, then one cannot thereby conclude that all rules from the
list obey the constraint, since not all possible derivations have been con-
sidered. One has to try and try again, but the definite answer 'yes' can-
not be given. It may be undecidable whether an arbitrary grammar satisfies
the constraint or not. Of course, this is not a mathematical proof. Such

a proof cannot be provided, since the set of English sentences is not a
mathematically defined set, but related questions in formal language theory
are khown to be recursively undecidable. Since the constraint is an unde-
cidable constraint, it cannot be accepted as a restriction on the class of
possible grammars (otherwise a more attractive, undecidable, constraint
would be 'is an adequate grammar for English').

Partee gives no formal definition of the notion 'well-formed expres~
sion’. Conclusions about her interpretation have to be based upon the exam-—:
ples she gives concerning the constraint; As an illustration of the con-
straint she presents a rule which forms adnominal adjectives from relative
clauses. (PARTEE 1979b,p.277). Its syntactic function Fi has the effect
that:

Fi(immigrant who 18 recent) = recent immigrant.

The input for this operation is an ill-formed expression (Zmmigrant who s
recent), and therefore she judges that this rule is prohibited by the well-
formedness constrain. From this example is clear that she does not follow
the first interpretation given above, the second one is closer to her in-
tentions. But she would not consider all substrings of well-formed expres-—
sions as being well-formed as well (Partee, personal communication). I ex-
pect that John and Peter is well-formed, whereas John and is not. Probably
the judgement what well-formed expressions are, is to be based upon lin-
guistic4intuitions. In any case, Partee does not give a formal interpreta-
tion for the notion 'well-formed expression'. If this notion is not for-

mally interpreted, then the constraint itself cannot be a formal
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restriction either. Furthermore, both our attempts to give a formal inter-
pretation were not successful.

I conclude that the constraint has to be considered as a guideline for
designing rules. As such it might be useful for its heuristic value, but it
has not the position of a formal constraint on the possible kinds for gram—
mars. As a guideline it is a very appealing one, since it aims at a natural
way of production; in which no artificial expressions occur as intermediate
forms. However, following this interpretation is not without problems. As
HAUSSER (1978) remarks, the intuitions concerning the well-formedness of
incomplete expressions are rather weak. Hausser gives as example and about
the seven dwarfs quickly; well-formed or not? Furthermore, the well-formed-
ness constraint does, even in clear cases, not guarantee that only natural
production processes are obtained. Hausser gives as example an operation

with the following effect.
Fn(John kissed Mary) = BLLll walks.

This operator Fn is according to the well-formedness constraint an accept-
able operator: an intuitively well-formed expression is transformed into
well-formed expression. In order to give real content to the principle, re-
strictions have to be put on the possible effects of a rule. PARTEE (1979a)
gives some proposals for such constraints, and her ideas will be followed
in chapter 8.

A consequence of Partee's interpretation of the well-formedness con~
straint brings us back to the discussion of this chapter. Her interpreta-
says that in all stages of the production process only well-formed expres-—
sions are formed. So there is no need to filter out some of them. Neither
there is a need to have obligatory rules which have in transformational
grammars the task to transform ill-formed expressiomns into well-formed
ones. So in a grammar satisfying the constraint obligatory rules and filters
are not needed. Partee even goes further and interprete the constraint in
such a way that they are disallowed. As we found in section 1, such require-
ments are a direct consequence of the algebraic framework.

Partee's proposal deviates in an important aspect from our framework.
Following linguistic practice, she allows for partial rules. As explained
in the previous sections, I would not like to follow this idea and I would
prefer to use total rules. Some effects of the well-formedness constraint
can be dealt with by means of the requirement of using total rules, as will

be shown below.
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Suppose that in a grammar with total rules there is a rule Si of which

the syntactic operation Fi has the following effect.
Fi(immigrant who i8 recent = recent immigrant.

So the rule operates on a common noun phrase which, according to rule SB,n
must be constructed from the common noun Zmmigrant and a sentence of the
form hen 18 recent. This sentence has to come from the IV-phrase be recent.
Since we require that the rules are total, we may also combine this IV-
phrase with other term-phrases. So the sentence Jokn is recent also is
generated by the grammar, and this is not a correct sentence of English.
This example suggests that an adequate grammar for English with total rules
cannot contain a rule which generates recent immigrant in the way Si does,
because one cannot get rid of the phrase be recent. But an easy solution
for the production of recent immigrant is available. Follow the advice
given in section 4.3, and ask for what we need to produce this phrase. This
advice suggests us to ask for an adjective (recent) and a noun phrase
(Zmmigrant) . So the requirement of using total rules has the same practical
impact here as the well-formedness constraint: it is a guideline for ob-
taining a non-artificial production process. (Note that I did not prove
that it is impossible to have a rule like Fi in a system with total rules;
I expect that a refined subcategorization might make this possible). h

PARTEE (1979b) discusses certain aspects of the formation of (13).
(13) Fewer of the women came to the party than of the men.

Following BRESNAN (1973), this sentence is derived from the (ill-formed)

sentence (14) by means of an operation called Comparative Ellipsis.
(14) Fewer of the women came to the party than of the men came to the party.
This is in its turn derived from (15) by Comparative Deletion.

(15) Fewer of the women came to the party than x many of the men came to the
party.

As Partee says, the production of (13) is a difficult case for the well-
formedness constraint since it uses the ill-formed source (14). Partee
says: 'Unless further analysis of these constructions leads to a different
kind of solution, they would seem to require the admissibility of ungram-—
matical intermediate stages. (Note that the derivations in question give
semantically reasonable sources, so any reanalysis has a strong semantic

as well as syntactic challenge to meet).' (PARTEE 1979b,p.303,304).
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For our requirement of using total rules this production process is
problematic as well. It is no problem that the rules of comparative deletion
and comparative elipsis are partial rules, since they are meaning preserving.
But the production of the ill-formed sentence (14) is problematic since we
cannot get rid of this sentence: we cannot filter this sentence out, we may
not have it as an expression of the generated language, and we may not use
it embeddings (cf. the discussion concerning recent <mmigrant). But why
follow this approach? Maybe one judges that a source like (14) or (15) ex—
presses the semantic content of the comparatives more completely than com—
paratives. Or one wishes to explain the semantic relations between all
variants of comparatives by generating them from the same kind of source.

In transformational grammar this might be valid arguments, no other formal
tools than transformations are available. In a Montague grammar there is
semantic component in which such semantic relations can be formally ex-
pressed. So if we do not need such a source for syntactic reasons we may
try another approach. The requirement of using total rules guides us toward
asking what we need. In order to make a sentence of which the kernel con-
sists of two terms and a verb phrase, we need two terms and a verb phrase.

Therefore we should introduce a three place rule

F605 (John,BLll, see women) = Jolhn sees more women than BLll.

The semantic component has to express what is compared; the syntax needs no
to do so.
Another rule might compare of two nouns in which degree they are in~

volved in a certain property.

(man,boy,come to the party) = fewer of the men come to the party
6
than of the boys.

Fso

One may also compare two terms for two verb phrases

F607 (John,Bill, see men,meet women) = John sees more men than Brll

meets women.
These examples do not provide for a treatment of the comparative. They just
illustrate the kind of solution one might search for in a framework with
total rules. Variants are possible: for instance, one might introduce com—
pound quantifier phrases like fewer of the man than of the boys, and use

instead of F a rule with two arguments. Note that all these attempts to

606

find total rules, are in accordance with well-formedness constraint.
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CHAPTER VII

CONSTITUENT STRUCTURES

ABSTRACT

Some proposals from the literature for assigning constituent structures
to the expressions produced by a Montague grammar are shown to violate the
framework. A treatment of the syntax of the PTQ fragment is presented which
assigns constituent structures to the produced expressions and which meets
the requirements of the framework. Furthermore a restricted set of syntac-—

tic operations is introduced for the description of the syntactic rules.
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1. STRUCTURE - WHY?

The syntactic rules of PTQ make a primitive impression in comparison
to the kind of rules used in transformational grammars. A first point of
difference is that the syntactic operations make no referemce to the con-
stituent structure of the involved expressions. A second one is that the
syntactic operations are described without any formalism: the desired ef~
fects are described by English sentences. On the one hand English is a
rather poor tool since in this way the description of the syntactic opera-
tion can hardly use any abstract syntactic information. At the other hand
it is a very unrestricted tool, since it allows any operation that can be
described in the English language. Since the earliest times of Montague
grammar, it has been tried to bring the syntax of Montague grammar closer
to that of transformational grammar. This would open the possibility to in-
corporate syntactic knowledge from transformational grammars in Montague
grammar, and to discuss the differences. In this chapter I will present the
first steps of an approach which makes the syntax of Montague grammar less
primitive: by developing a formalism for the formulation of the syntactic
rules, and by introducing constituent structures in the syntax.

An example of the kind of structure used in transformational grammars
is given in figure 1. The tree is not taken from any proposal in that field
(then several details would be different), but it can be used to illustrate
what kind of information is provided by such trees. The words attached to
the end nodes of the tree yield, when read in the given order, the sen-—
tence of which the tree represents the constituent analysis. Constituents
are groups of words which have a certain coherence. This appears for in-
stance from the fact that it is rather easy to replace a constituent of a
sentence by another group of words, whereas this is not the case for ar-
bitrary groups of words from the sentence. The tree in figure 1 indicates
what the constituents of the sentence are: all words of a certain con-
stituent are connected to the same node in the tree. This node is labelled
by a symbol: the name of the category of the constituent. Thus the tree
gives the information that each word is a constituent, and that e.g.

a unicorn is a constituent, whereas seeks a is not.
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/\
JOLn //////, k\\\\\\
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seeks T

a

UNLCoOrn.

Figure 1 Tree like those in transformational grammar

A first argument for the introduction of constituent structures in the
syntax of Montague grammars is that it would make it possible to incorporate
ideas, or even particular rules, from transformational grammars into
Montague grammar. I will not try to sketch the role such structures play in
the syntax of transformational grammars; the reader should accept that con-
stituent structures have proven their usefulness. A second argument is that,
even without the aim of incorporating ideas from transformational grammar,
it is useful to have structural information available about the expressions
dealt with. An example, based upon a phenomenon from the PTQ grammar, is
the following (PARTEE 1973).

Rule S from PTQ, the rule for verb-phrase conjunction, produces the

ila
IV-phrase

(1) walk and talk.

Rule SS produces from (1) and the verb iry to the IV-phrase

(2) try to walk and talk.

From the term Jo’n and the IV-phrase (2) we can produce, according to rule
54, the sentence

(3) John tries to walk and talk.

Another derivation is to produce first (using SS)
(&) try to walk.

Next we produce (5), using Sll'
(5) try to walk and talk.
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Application of 84 to (5) yields (3), but the correct form of a sentence

with the intended conjunction would be
(6)  John tries to walk and talks.

In order to correct rule S4 for this, it is useful to distinguish the con-
junction of try to walk and talk form the IV phrase try to walk and talk.
So it is useful to assign structure to the strings (5) and (6).

This second argument shows that it is useful to have some kind of
structure available, not that it has to be the kind of structures used in
transformational grammars. As has been shown by FRIEDMAN (1979), the kind
of problems mentioned above can be dealt with by un-labelled trees. A com-
pletely different kind of syntactic structures is used in JANSSEN 1981b,
where the present framework is combined with the structures used in Dik's
'functional grammar' (DIK 1978,1980). However, the kind of structures I
will consider in this chapter are constituent structures of the kind de-

scribed above.
2. THEQRETICAL ASPECTS

2.1. Trees in Montague grammary

The rules of a Montague grammar determine how basic syntactic units
are combined to larger ones. Such production processes can be represented
by a tree. The tree for the de—dicto reading of John seeks a unicorn is

given in figure 2.

John seeks a unicorn

/\

John seek a unicorn
seek a unicorn
a unicorn

Figure 2 tree from Montague grammar

Such trees are representations of derivational histories. For this reason
PARTEE(1975) compares themwith the T-markers from transformational grammar,
and not with the producad trees themselves. In transformational grammars trees

are produced, and if one wishes to compare the approach of Montague grammar
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to the approach of transformational grammar, then one has to compare trees.
Trees like the one in figure 2 are the only trees one fknds in publications
of Montague. Therefore one is tempted to compare such trees with the trees
obtained in transformational grammars.

The tree in figure 2 is not of the form of the trees of transforma-

tional grammars. The main difference is that in transformational grammars
the nodes are not labelled with expressions, but with category symbols
(except for the end-nodes). Therefore one considers the tree from figure 2
as an unusual representation of the tree given in figure 1. Then the tree
from figure 2 is taken as the syntactic structure assigned to the sentence
by the PTQ grammar. Proceeding in this way, using the only trees available
in Montague grammars, it becomes poésible to compare the structures in
Montague grammar with the structures in transformational grammars. This
view on syntactic structure in Montague grammar can be found in work of
several authors. In the next chapter we will see that PARTEE (1973) has
compared the relative clause formation in Montague grammar and in transfor-
mational grammar by comparing trees like the one in figure 2, with those
of transformational grammars. This way of discussion was followed up in
by BACH & COOPER (1978). The same approach can be found in COOPER &
PARSONS (1976), they describe a transformational grammar that is claimed
to be equivalent with the PTQ system. The base rules of their transforma-
tional grammar produce (roughly) the same trees as the derivational his-—
tories of PTQ.

If one just compares the trees in the two approaches one soon will
find great differences, and problems arise if one wishes to take the trees
from Montague grammar as serious proposals for the syntactic structure as-
signed to a sentence. Consider the tree for the de-re reading of John seeks

a unicorn, given in figure 3, or alternatively the one in figure 4.

John seeks a unéggf? ‘ ) ///S\\\ .
a unieorn John seek himl N [~
PN g ™~ Det CN T v
a unicorn John seek him, | | | ~
N a untcorn John S
seek hel | |
seek  he

1

Figure 3: de-re reading Figure 4: variant of figure 3
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This tree cannot be taken as a serious analysis of the constituent structure
of the sentence since it does not even fulfill the weakest requirement: that
the lexical material is presented in the correct sequence.

Cooper has developed a variant of Montague grammar in which no quanti-
fication rules are used, and which seems to eliminate the problem just men-
tioned. I give an example from COOPER 1978 (the idea originates from COOPER
1975) . Consider the tree in figure 2. The interpretation of this tree fol-
lows its structure. The lexical items are interpreted first, and next the
interpretations of larger constituents are formed. The usual interpretation
yields the de—dicto reading, roughly presented as John'(seek'(a unicorn')).
The de-re interpretation is obtained by means of a mechanism which gives
the translation of the unicorn wide scope. This mechanism simply is a
storage mechanism which allows the translation of the noun phrase a unicorn
to be stored, putting a variable placeholder in the regular translation.

The stored translation of a unicorn is carried up the tree, until it can be
retrieved at a suitable point where quantifying in is allowed. The store is
a set of pairs consisting of an interpretation of a term and a variable.

The way of processing is as follows.

. v .
a unitcorn oy AP p(xo), <aq un@corn’,xo>>
. v . ,
seek a unicorn ey <goek ! (OP P(XO))’ <a unmcorn’,xo>>
] A v .
John seeks a unicorm ~~~s <Johm'( seek'(\P P(X0)>): <a un@corn',xo>>

retrieve from store, yielding

<a unicorn'(AxO(JOhn'(Aseek(XPVP(XO))))),¢>.

Cooper is not very explicit about the details of his proposal, and
therefore it is difficult to evaluate it. Nevertheless, I have serious
doubts about the acceptability of his proposal in any approach which ac-
cepts the principle of compositionality of meaning. The reason for this
is as follows. The phrase seek a unicorn has two parts: seek and g unicorn.
The contribution of the latter part to the meaning of the whole phrase con—'
sists in three components, one of them being the variable x,. We have

0

formalized meanings as abstract functions (intensions), and the symbol X,

is not an element in this formalization. I assume that Cooper does not in-—

tend to define meanings as something which has the symbol x. as a component.

0
So the mechanism does not build meanings from meanings, and therefore it
violates the principle of compositionality of meaning. A more explicit

description of a storage mechanism is given in PARTEE & BACH (1981); that




247

proposal is discussed in LANDMAN & MOERDIJK (1983), where is shown that
related objections apply.

The above discussion shows that we cannot get rid of trees like the
one given in figure 3 by using Cooper storage. This has the following con-
sequence. If one takes the tree representing the derivational history of a
sentence in a Montague grammar to be the syntactic structure assigned to
that sentence, then one has to conclude that in certain cases they are un-
acceptable as constituent structures. This is a practical reason against
identifying the derivational histories with constitutent structures. As

will be explained below, there are also algebraic reasons against it.

2.2. Algebraic considerations

In our framework the syntax is an algebra, i.e. a collection of car-
riers with operations defined on them. An algebra can be defined in many
ways. For instance, one can enumerate all the elements of each carrier, and
state what the operators are. But we have developed a more efficient way of
defining an algebra: state what the generators and the operators are. In
this way with each element of the algebra (at least one) derivational his-
tory can be associated. Such derivational histories are important for the
semantics, because this process is mirrored when building the corresponding
meanings. We have met several examples where the choice of a certain gener-
ated algebra was determined by semantic considerations. If we consider only
the syntactic side of the situation, the generation process is just some
method to define the algebra. If we would replace a given definition by
another definition of the same algebra, the elements and the operators
would remain the same. More in particular, an element of an algebra by it-
self does not have a derivational history. Only if one has additional in-—
formation concerning the way in which the algebra is defined, it becomes
possible to associate with an element some derivational history, and with
the algebra itself an algebra of derivational histories (a term algebra).
The operators of a syntactic algebra are functions defined on the elements
of that algebra, and since the information how the algebra is defined,
cannot be read off from these elements, the operators of the syntactic al-
gebra cannot interfer with derivational histories. In section 2 I argued
that we need syntactic structures in order to design more sophisticated
rules. As argued above, the syntactic rules are completely independent of

such histories. Hence we cannot consider derivational histories to be the
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structures we are looking for. This means that the only available trees
cannot be used as a kind of syntactic structures. So the conclusion has to
‘be that the PTQ grammar assigns no structure at all to the expressions it
deals with.

If one wants the elements of an algebra to Zqve a structure, then these
elements should be structures! So in order to obtain a syntactic structure
for the expression of a Montague grammar, this grammar should produce struc-—
tures: trees, or, equivalently, labelled bracketings. This brings us to an
approach dating from the first years of Montague grammar: PARTEE 1973. That
proposal follows the sound approach to structure in Montague grammar. It
distinguishes between the structure of the derivational history and the
structure of the produced element itself. A remark about the relevance of
distinguishing these two levels in a grammar for natural language can al-
ready be found in CURRY (1961), who calles the level of history 'tecto-
grammatics', and the level of produced expressions 'phenogrammatics'. DOWTY
1982 ‘claims that rather different languages (such as Japanese and English)
may have the same tectogrammatic structures, whereas the differences be-
tween the languages are due to phenogrammatical differences. This idea can
also be found in LANDSBERGEN 1982, where it constitutes the basic idea for
a computer program for automatic translation. In figure 5 the two kinds of
structure are presented for the de-re reading of Jolm seeks a unicorn: the
trees within the squares are the constituent structures produced by the
grammar, and the tree consisting of double lines with squares as nodes is

the tree representing the derivational history.

2.3. Practical differences

Above I argued on algebraic grounds for distinguishing the structure
an element has, from the derivational history assigned to it in some genera-
tive definition of the algebra. A practical aspect of this distinction is
that there are completely different criteria for the design of these two
kinds of structures. The derivational history is mapped homomorphically to
the semantic algebra and determines the meaning of the expression. Seman-
tic considerations play a decisive role in the design of the operators, and
considerations concerning efficiency of definition determine the choice of
the generators. The inherent constituent structure of the expressions is
determined by syntactic considerations, e.g. the role such a structure has

to play in the description of the syntactic effect of an operation. These
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two different kinds of argument may yield different kinds of structures.
Below I will give some examples which show that the derivational history
may sometimes differ considerably from what an acceptable constituent struc-—
ture might be.

a) The PTQ rule 514 produces e.g. John runs out of Jokn and He, runs. This

1
is not an acceptable syntactic structure since it contains at an end node

a word that does not occur in the sentence (cf. the discussion concerning
figure 3).

b) In the grammar for questions by GROENENDIJK &STOKHOF (1981), there is a
rule which substitutes a common noun into phrases of a certain kind. Thus
which man walks is produced out of man and which one walks. Here the same
argument applies as for the quantification rule of PTQ: it contains at an
end node an argument that does not occur in the sentence.

¢) In HAUSSER (1979c) another variant is presented of the substitution of

a common noun for an occurrence of one in some phrase. Here the same conclu-
sion holds.

d) BACH (1979a) presents rules which produce persuade Bill to leave out of
BZll and persuade to leave. The operation which performs this task, called
'right-wrap', is a kind of substitution operation. It disturbs the sequence
of words, and therefore it gives rise to a derivational history in which

the order of the words does not correspond with the order of the words in
the phrase. Therefore the derivational history is different from any pos-—
sible syntactic structure.

e) DOWTY (1978) gives a very elegant categorial treatment of phenomena which
are traditionally treated by transformations. Examples are dative movement
and object deletion. His rules shift serve from the category DIV (takes a
dative and a term), to the category ITV(takes two terms), and next to TV and
IV. This history is presented in figure 6. As far as I know, such a struc-
ture has not been proposed in transformational grammars, which is an indi-
cation that there is no syntactic motivation for this structural analysis.
All steps in this production process are semantically relevant, and I con-—
sider it as a prime example of a semantically motivated elegant design of

a derivational history.
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John serves {S}

™~
John {T} seﬁve {1v}

serve {TV}
|

seﬁve {TTV}

serve {DTV}

Figure 6: History @ la Dowty

3. TECHNICAL ASPECTS

3.1. Introduction

In this section I will sketch some tools which are useful in a version
of Montague grammar in which the syntax produces structured expressions.
The desire to provide handsome tools for a certain limited purpose leads
to restricted tools (all-purpose tools are usually not very handsome: I
would not like to describe a language by means of a Turing machine). So,
whereas I do not have the aim of Partee ('defining as narrowly as possible
the class of possibie grammars of natural languages' (PARTEE 1979b, p-276)),
the practical work is closely related. The tools I will use originate main-
ly from Partee (ibid); in the details there are some différences. It is not
my aim to develop a complete theory about structured syntax, but I will use
the opportunity to make some theoretical and practical remarks about the
available techniques. For more ambitious proposals which use the same ap—
proach to structure, see BACH 1979b, PARTEE 197%a, 1979b, and LANDMAN &
MOERDIJK 1981.

The basic change I will make here in comparison with previous chapters,
is a change of the algebra on the background, which is always assumed when
we define a generated algebra. In the previous chapters this was mostly the
algebra consisting of all string over the alphabeth involved with concate-
nation as operator. In the present chapter this is replaced by a background
algebra which consists of all trees, labelled in an appropriate way, and

which has the basic operations which will be described in the sequel.
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3.2. Operations on trees

It is not very convenient to describe operations on trees by means of
English sentences. Following Partee, I describe such operations as
the composition of a few basic ones. These are described in the sequel.

The operation root gives a new common root to the members of a list of
trees. The new root is labelled with a given category name. Let o and 8
denote trees, and let (a,B) denote the list consisting of these two trees.
The effect of root((a,B),IV) is that the roots of the trees o and B are

connected with a new root, labelled IV, see figure 7.

A\ /6\

Figure 7: root ({a,B))

The operation Zmsert substitutes a tree for a given node in some other
tree. Let us accept the phrase 'first he2 in (a)' as a correct description
of the node marked with x in tree a, see figure 8. Then thé effect of
insert (B, first hen in (a)) is given in figure 9. As single word is con-
sidered as the denotation of a tree consisting of one node, labelled with
that word. So the root operation can be applied to it. The effect of root

(and, Con) is shown in figure 10.

AA R .

Figure 8: situation Figure 9: insert(a,B8,x) Figure 10: root(and, Con)
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These two operations for tree manipulation, together with operations
for feature manipulation and index manipulation, suffice for the treatment
of the PTQ fragment. For larger fragments other operations might be re-

quired. An example is 'everywhere-substitution', which has the effect of

substitution for all occurrences of a variable. This effect cannot be ob-
tained by means of a repetition of the Imsert operator since one and the
same tree cannot be at the same time the daughter of different nodes. So
everywhere—substitution requires a copy operation which might be added as
a primitive operation. PARTEE 1979b has no copy operation, but considers
everywhere—substitution as a basic operation (we do not need everywhere-
substitution since we deal with Sf&,n by means of an operation on features).
As an example I present the rule for verb-phrase conjunction. If we
stay close to PTQ, it gets the following form, and yields the result given

in figure 11.

SII: Iv x IV - IV

Fll: root((a, and, B),IV).

One might prefer to give the connective and a categorial status in the syn-
tactic structure; the status of a connective. Then the operation could read

as follows, yielding the result given in figure 12.

S..: IV x IV » IV

11"

Fll: root((a,root(and, Con),B),IV)

KT \ N
oo A{ ot

Figure 1l: root((a,-and, B8),IV) Figure 12: root((a,root(and, Comn),B),IV)

3.3. Features and lexicon

Rule S4 of PTQ tells that the subject—verb agreement in a sentence is
obtained by replacing the first verb by its third person singular present.
This is not an explicit formulation of what the effect of the rule is sup-
posed to be. In an explicit form it would say that the verb rum is to be

replaced by runs and that try to (in PTQ a single word with a space inside)
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is to be repléced by tries to. Rule S4 can have its short readable form on-
ly since it is not explicit about such details. In order to obtain an ex-
plicit syntactic rule which is not full with details, we have to abstract
from the inflection behaviour of the individual verbs. So it is useful to
let the syntactic rules deal with more abstract lexical elements. By in-
corporating features in Montague grammar, rule S4 may for the PTQ fragment
simply attach the features like present and third person singular to an
elementary form of the verb without being concerned with the effect of these
details for every individual verb. The information about morphological be-
haviour of the verb can be given in the lexicon or in a separate morphologi-
cal component.

Features originate from transformational grammar. They were used, as
far as T know, for the first time in Montague grammar by GROENENDIJK &
STOKHQOF 1976b for a phenomenon like the one above. Features are also use-
ful if one incorporates transformations into Montague grammar. PARTEE 1979b
gives several examples of transformations which require features; an example
is the Subject—Aux inversion process for questions which requires isolation
of the tense morpheme.

As an example of the use of features I give a reformulation of rule 8,
using features. Of course, the rule has in other respects the same short-

comings as the original PTQ rule, but it is fully explicit now.

S4: T x IV~>S

F4: add features((pres,sing 3), first verb in (a));
root((a,B),S).
The details of the regular formation of the word forms can be given on
a separate morphological component, whereas details about irregular word

forms can be given in the lexicon. So the function verbform in the morpho-

logical component will be such that

verbform((pres, sing3),a) = as (e.g.walks)

verbform((pst, sing3) ,a) = aed (e.g.walked) .
The morphological component also contains a function pronomen such that

pronomen(sing3,ace,masec) = him

it.

il

pronomen 11y 3, nom, neut)

Resides morphological details, the lexicon also contains the information

which features are inherent to the word (e.g. Jokn always bears the feature
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stng3) and information about kinds of features for which the word may be
specified (e.g. Jokn may not be specified for tense). ‘
On the basis on the above considerations I define a lexical element as
a list consisting of the following five components.
1. a string being the basic form of the word
2. a category symbol, being the category of the lexical element
3. a list of inherent features
4. a list of kinds of features for which the lexical element can be speci-
fied.

5. a description of the procedure for making derived forms of the word.

The above definition says that a lexical element is denoted by a list
of five elements, of which some are lists themselves. We already introduced
a notation for lists. Let furthermore ( ) denote an empty list. The examples
of lexical elements presented below are somewhat simplified with respect to

PTQ since they only consider past and present time.

("John",T, (masc,,sing3),(), wordform: “"john'")
("walk",IV, (), (tense,pres) , wordform: verbform((tense,pres)walk™), )

("run",Iv, ), (tense,pres),

if value of tense = past then wordform: "ran"

else wordform: verbform((presysing3),"run") ).

Up till now we only considered kinds of features which are well known.
But nothing in the feature definition prohibits us to define unusual ones.
We might define a feature kind "mainverb' with values # and —. The instruc-
tions for introduction or deletion of this feature can be the same as the
instructions for Bennetts # mark which indicates the main verbs of a phrase
(BENNETT 1976). In this way we can use the features as syntactic markers.
Following Partee, I would not like to do so. Features are introduced for
isolating morphological phenomena, not for syntactic marking. So I would
like to restrict features to morphological relevant ones, just as PARTEE
(1979b) proposed. This restriction requires, however, a formal definition
of this notion (Partee gives no definition).

The notion 'morphologically relevant feature' is clearly word depen-
dent. The case feature is relevant for Ae but not for JohAn. So we might
call a featurebmorphologically relevant if it is relevant for at least some
word in the grammar. But what does this notion mean? Something like that

the feature influences the form of the word? It is to be required further-
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more that this influence can be observed in real sentences: it is not enough
that it occurs in some morphological rule since this leaves open the possi=-
bility of a fake feature which influences the form of some 'external' word
what does not occur in a produced sentence. We want a feature to create an
opposition of wordforms in the produced language. Based upon these consider-

ations I would define the notion as follows.

3.1. DEFINITION. A feature F is called morphologically relevant in grammar
G if the following two conditions are satisfied.
1. There is a sentence S, € L(G) containing a lexical element W which bears

1

feature F and which has wordform Wl.

2. There is a sentence 82 € L(G) containing an occurrence of W which does

not bear feature F and which has wordform W2 where W2 is different from
Wl.

3.1. END

Note that this definition uses quantification over the sentences in the
language L(G). This quantification makes the notion 'morphologically rele-
vant' to an undecidable notion. Suppose a list of syntactic rules, a lexi-
con containing features, and a list of morphological rules is given. Then
one might try to show that a feature is not morphologically relevant by.
producing a lot of sentences and checking the conditions. However, one
never reaches a stage that one can say for sure that such a feature is un-

acceptable. A formal proof is given in the following theorem.

3.2. THEOREM. There exists no algorithm which decides for all grammars G
and feature F whether F 18 morphologically relevant in G.

PROOF. Suppose that such an algorithm would exist. Then this would give
rise to a decision procedure for algebraic grammars, as will be shown below.
Let G be an arbitrary algebraic grammar, with distinguished symbol S, and
suppose L(G) is a language over the alphabeth A. Let o be an arbitrary
string over this alphabeth, and let w € A be the first symbol of a. Let

w' ¢ A be a new symbol, and F a new feature not occurring in G. Define the
wordform of w when bearing feature F as being w'. Extend now grammar G to

G' by adding the following rule:
R: S - S is defined by
R(a)
R(¢)

i

o' where a' is obtained from o by attaching F to w

¢ if ¢ is not equal to a.
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The only way to introduce w' in some expression of L(G') is by means of this
new rule R. Hence F is morphologically relevant in G' if and only if

a' € L(G'). From the definition of R it follows that a' ¢ L(G) iff a ¢ L(G).
So if it would be decidable whether F is morphologically relevant, it would
be decidable whether o is generated by grammar C. Since L(G) can be any re-
cursively enumerable language, this question is undecidable.

3.2. END

The undecidability of the notion 'morphologically relevant' has as a
consequence that it can not be considered as a formal constraint, and it
cannot be incorporated in the definition of the notion 'grammar'. This does
not mean that the property is worthless. It could play about the same role
as the well-formedness constraint, being an important practical guideline

for designing and evaluating grammars.

3.4. Queries for information

In syntax one often uses information about the grammatical function of
words and groups of words. The grammatical tradition has constituted names
for most of these functions, e.g. mainverb, subject and object. That the
information for determining these functions is present in the syntactic
structure assigned to them, has already been stated in CHOMSKY 1965. He de~
fines the subject of a sentence as the NP which is immediately dominated by
the main S node. In spite of this approach to grammatical functions, the
tradition of transformational grammar never uses such information explicit-

ly. PARTEE 1979b proposes to incorporate this information in Montague gram-—

mar and to make explicit use of it in the syntactic rules.

On the question what the main verbs of a sentence are, an answer like
run is not good enough since that verb might occur more than once. An ans-
wer has to consist of a list of occurrences of verbs; or formulated other-
wise a list of nodes of the tree which are labelled with a verb. Functions
used to obtain syntactic information such as mainverb are functions from
trees to lists of nodes of that tree. The first use of functions of this
kind in Montague grammar is in FRIEDMAN 1979. This kind of functions is
called queries by KLEIN (1979) ; PARTEE (1979b) uses the name properties for
a related kind of functions. The different name covers a different approach
to such functions. It is a property of each individual occurrence of a

verb whether it is a mainverb or not so: a property is a boolean valued
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function, but a query is not. Since it is not convenient to use properties
in syntactic rules, I use queries. .

PARTEE (1979b) defines queries by means of rules parallel to the for-
mation rules of the syntax. This has as a consequence that she in fact per-
forms induction on the trees which represent derivational histories. Thus
properties of derivational histories can be defined by means of her queries.
It allows, for instance to define a query which tells us what the terms are
which are introduced by means of a quantification rule. This query which I
call 'substitued terms', can be defined as follows:

1. add to rule S the clause

substituteé4;2rms (siA,n(a’B)) = {a} u substituted terms (B)
2. do the same for the other quantification rules
3. add to the other rules the clause

substituted terms (S;(a,B)) = substituted terms{a) u

substituted terms (8)

Since we do not consider the derivational histories as representations of
syntactic structures, we do not want information about the derivational
history to be available in the syntax. Therefore I will not define queries
in this way.

FRIEDMAN (1979) defines queries separately from the rules. She defines
them for all constituent structures by means of a recursive definition with
several clauses; each clause deals with a different configuration at the
node under consideration. So Friedman performs induction on the constituent
trees, and not on the derivational histories. Consequently, the query 'sub-—
stituted terms' cannot be defined in Friedman's approach. In principle I
will follow Friedman's method, but some modifications are useful.

Friedman's method has a minor practical disadvantage. If one adds a
rule to the grammar, then at several places the grammar has to be changed:
not only a rule is added, but all query definitions have to be adapted. In
order to concentrate all these changes on one place in the grammar, I will
mention the clauses of the definitions of a query within the operation
which creates a new node, so within the operation root. In this way it is
for each node determined how the answer to a query is built up from the
answers to the query at its subnodes. If a root operation contains no
specifications for a query, this is to be understood as that the answer
to the query always consists of an empty list of nodes. As an example, I

present rule Slla’ in which a clause of the query mainverb is defined.
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S.,: IV x IV » IV

F.,: root((a,root(and, Con),B), IV,

mainverbs = mainverbs(a) U mainverbs(B) ).

The basis of the recursion for a query is formed by its application to a
node only dominating an end node of the tree. Then a query yields as result
that end node. So is the query mainverbs is applied to the root of the tree

in figure 13, then the result is that occurrence of rum.

v

run

Figure 13: basis of recursion

4. PTQ SYNTAX

Below I will present a syntax for the PTQ fragment. The purpose of
this sectiom is to provide an explicit example what a Montague grammar in
which structures are used, might look like. It is not my aim to improve all
syntactic shortcomings of PTQ; only some (concerning conjoined phrases) are
corrected. For more ambitious proposals see PARTEE 1979b and BACH 1979.

In the formulation of the rules, several syntactic functions and oper-
ations will be used. Below the terminology for them is explained, thereafter
they will be described.

1. Queries
Functions which have a tree as argument and yield a list of nodes in the

tree. They are defined within the root operations.

2. Primitive functions
Functions of several types which yield information, but do not change any-

thing.

3. Primitive operation
Operations of several types which perform some change of the tree or lists

involved.

4. Composed operations

As for 3, but now built from other operations and functions.
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QUERIES
Mainverbs
Yields a list of those occurrences of verbs in the tree which are the

mainverbs of the construction.

Headnouns
Yields a list if those occurrences of nouns pronouns and proper names

which are the heads of the construction.

PRIMITIVE FUNCTIONS
Index of (w)

yields the index of the word w (provided that w is a variable)
First of (1)

yields the first element of list 1.

All occurrences of (hen,t)

yields a list of all occurrences of hen in tree t.

Gender of (w)
yields the gender of word w, and of the first word of w if w is a list.

Is a variable (w)

determines whether term w is a variable (of the form hen).
PRIMITIVE OPERATIONS
root((t],...,tn),C, query:...).
Creates a new nodz which is the mother of the trees tl""’tn'
This new node is labelled with category symbol C.
For all queries a clause of their recursive definitions is determined:
either explicitly, or implicitly (in case the query yields an empty list).
Add features (f,1)

Attaches to all elements of list 1 the features in feature list f.
Delete index (n,1)

Deletes index n from all elements in list 1.
Replace index (1,m)

Replaces the index of all variables in list I by index m.
Insert (r,t)

Replaces node r by tree t, thus inserting a tree in another tree.
Union (11,12)

Yields one list, being the concatenation of lists 1 and 12.
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COMPOSED OPERATIONS

Termsubstitution (t,n,r)

Substitutes term t in tree r for the first occurrence of hen. The ope-
ration is defined by:
if is a variable (t)
then replace index (all occurrences of (hen,r), index of (t))

else insert (t, first of (all occurrences of (hen,r)))

define list=all occurrences of (hen,r)
delete index(list)

add features ((sing,pers3,gender of (first of (main nouns (t))), list).

End definition.

Below the rules for the PTQ-fragment are given with exception of the
rules for tense. Their formulation resembles the formulation they would get

in ALGOL 68 computer program I once thought of.

SZ: Det x CN - T
root ((a,B),T,

head nouns = head nouns (B)).

: CNx § > CN
define: list = all occurrences of (hen,B);
delete index (n, list);
add features (gender of (head nouns (o), list)):
root ((a, root (such-that,Rel),B),CN,

head nouns = head nouns (a)).

S : T x IV > 8
add features ((pres,sing3), main verbs (B));
add features (nom, bead nouns (a));
root ((a,B),S,

main verbs = main verbs (B)).
S : TV T~ 1V
add features (ace, head nouns (B));
root ((a,B),IV,
main verbs = main verbs (a)).
S ¢ Prep x T » IAV
add features (ace, head nouns (R));

root ((a,B8), IAV),
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S_: IV/S x § » IV
root ((u,B), IV,

main verbs = main verbs (a)).

S,: IV//IV x IV » IV
root ((a,B),IV,

main verbs = main verbs (a)).

S.: S/S xS ~+S8
root ((OL’B) s S,

main verbs = main verbs (B)).

S,n: TAV x IV » IV
root ((8,a), IV,

main verbs = main verbs (B)).

Slla: S x 8>S

root ((a, root (and, Con),B), S,

main verbs = union (main verbs (a), main verbs (B)).

Sl]b: Sx 8-S

root ((a, root (or, Con),B), S

main verbs = union (main verbs (a), main verbs (B)).
Slza IV x IV > IV

root ({(a, root (and, Comn),B), IV,

main verbs = union (main verbs (o), main verbs (B)).
Sle: IV x IV > IV

root ((a, root (or, Con),B), IV,

main verbs = union (main verbs (o), main verbs (B)).
813 : T X T=>T

root ((a, root (and, Com),B), T,

head noun = union (head nouns (a), head nouns (B)).

Sl4,nf Tx8~>58

termsubstitution (o,-m, B).
SIS,n: T x CN >~ CN

termsubstitution (¢, n, B8).
Slé,n: T x IV » IV

termsubstitution (&, n, B).
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CHAPTER VIII

RELATIVE CLAUSE FORMATION

ABSTRACT

Does the principle of compositionality compel us to a certain analysis
of relative clause constructions? Answers given by Partee and Bach & Cooper
will be investigated, and new arguments will be put forward. The question
will be generalized and answered on the basis of algebraic properties of
the framework. The investigations give rise to a restriction on the use of

variables in Montague grammar: the variable principle.
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1. INTRODUCTION

Our framework, which formalizes the principle of compositionality of
meaning, says that the syntax and semantics are similar algebras, and that
the meaning assignment function is a homomorphism. Now one may ask to what
extend this organization of the grammar restricts the options we have in
the syntax to describe a particular phenomenon. This question was raised by
PARTEE (1973) with respect to relative clause constructions, and her answer
was that we have to use a particular analysis. She concluded that the frame-
work puts very strong constraints on the syntax, with the consequence that
'it is a serious open question whether natural language can be so described’
(PARTEE 1973, p.55). Her argumentation is used by CHOMSKY (1975) to support
his ideas of an autonomous syntax in transformational grammars. Partee's
conclusion about relative clause formation has been disputed by BACH &
COOPER (1978), who give an alternative construction.

In chapter 2 it has been proven that every recursively enumerable lan-
guage can be described by means of a finite algebraic grammar. Hence Partee's
question, as quoted above, has already been answered positively. But we
will curtail it to the question whether the framework constrains the way in
which natural language phenomena can be described. More in-particular, we
will investigate the thematic question: does the framework of Montague éram—
mar compel us to a particular syntactic analysis of restrictive relative
clauses? The arguments given in the literature will be considered, and new
arguments will be put forward. In the course of the discussion positive and
negative answers to the thematic question will alternate. An answer to the
general version of the gquestion is obtained as well. It will turn out that
syntactic variables (like hen) play an important role in relative clause
constructions. This role is investigated, and this gives rise to the intro-
duction of a new principle for Montague grammar: the variable principle.

This chapter is a slightly revised version of JANSSEN (1981a).
2. THE CN-S ANALYSIS

2.1. The discussion by Partee

PARTEE (1973) considers three kinds of analyses of relative clause
constructions which were proposed in the literature in the framework of

transformational grammar. She investigates which of them constitutes a good
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basis for a compositional semantics. The comparison is carried out in the
way described in chapter 7, section 2.1: the derivationmal histories from
Montague grammar are compared with the constituent structures proposed in
transformational grammars. As was explained there, this is not the most
felicitous way to compare the two approaches. Our thematic question, how-
ever, does not concern a comparison but is a question about the present
framework itself: the structures from transformational grammar merely con-
stitute a starting point. Hence all trees under discussion have to be taken
as representing derivational histories, even in case they originate from
transformational grammar as constituent structures. In the sequel I will
use the categorial terminology from the previous chapters, and not the
transformational terminology used in the proposals under discussion.

Below I summarize Partee's argumentation. She discusses three kinds
of analysis for the restrictive relative clause construction. They are named
after the configuration in which the relative clause in instroduced. These
analysés (of which the second was the most popular among transformational
grammarians) are
1. CN-S : the Common Noun-Sentence analysis (Figure 1)
2. T-S : the Term-Sentence analysis (Figure 2)

2. Det-S: the Determiner-Sentence analysis (Figure 3).

T

N

9 1
o« N ]l
AN

the boy who runs the boy who runs the who runs boy

T T {
G WA

Figure 1: CN-S Figure 2: T-S Figure 3: Det-S

In the analysis presented in Figure 1, the common noun boy can be in-
terpreted as expressing the property of being a boy, and the phrase who runs
as expressing the property of running. The conjunction of these properties
is expressed by the noun phrase boy who runs. The determiner the expresses
that there is one and only one individual which has these two properties.

So the CN-S analysis provides a good basis for obtaining the desired

meaning in a compositional way.
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In the T-S analysis as presented in Figure 2,'the term the boy is in-
terpreted as expressing that there is one and only ome individual with the
property of being a boy. Then the information that the individual is running
can only be additional. Se in a compositional approach to semantiecs who runs
has to be a non-restrictive relative clause. Therefore Partee's conclusion
is that the T-S analysis does not provide a good basis for a compositional
semantics of restrictive relative clauses.

The Det—S analysis from Figure 3 does not provide a good basis either.
The phrase dominated by the uppermost Det~node (i.e. the who rums), expres-—
ses that there is one and only one individual withthe property of running,
and the information that this individual is a boy, can.only be additional.

Of course, these arguments do not constitute a proof that it is impos-—
sible to obtain the desired meanings from the T-S. and Det-S analyses. It
is, in gemneral, very difficult to prove that a given approach is not pos—
sible, because it is unlikely that one can be sure that all variants of a
certain approach have been considered. This is noted by Partee when she
says: 'I realize that negative arguments such as given against analyses 2.
and 3 can never by full conclusive. [...]' (PARIEE 1973, p.74 - numbers
adapted T.J.). She proceeds: 'The argument against 3. is weaker than that
against 2., since only in 2 the intermediate constituent is called a T.'
(ibid.). Her carefully formulated conclusion is 'that a structure like 1,
can provide a direct basis for the semantic interpretation in a way that
2 and 3 cannot' (ibid. p.54).

2.2. The PTQ-rules

Accepting the argumentation given in Section 2.1, is not sufficient
to accept the claim that one should use the CN-S analysis. It remains to
be shown that such an analysis is indeed possible, and this means providing
explicit syntactic and semantic rules. Partee does not need to do so be-
cause in her discussion she assumes the rules for relative clause forma-
tion which are given in PTQ. Although these rules do not produce literarely
the same string as she discusses, the same argumentation applies to them.

I recall the rule for relative clause formation given in chapter 4.

S3 at CN x S =+ CN

s .

F3 o' Replace hen in B by he/she/it and himn by him/her/it, according
s

to the gender of the first CN in o; concatenate (a, such that, B)

. 1 1]
T3,n' Xxn[u (xn) A B'].




267

According to this rule, the derivational history of boy who runs has the
structure presented in figure 1. The phrase can be prodhced from the noun
boy and the sentence hes runs by an application of instance S of the

3,3
above scheme. The corresponding translation reads

N Ax3[boy(x3) A run(x3)].

This expression is interpreted as the property which holds for an individual
if he both is a boy and is running. This is completely in accordance with
the interpretation sketched for figure 1.

I recall that S3,n can be applied two times in succession (or even
more). Then sentences are obtained like (2) (due to Bresman, see PARTEE

1975, p.263) and (3) (due to PARTEE - ibid).

(2) Every girl who attended a women's college who made a large donation
to 1t was tneluded in the list.

(3) Every man who has lost a pen who does not find it will walk slowly.

In these sentences two relative clauses are attachéd to a single head noun.
This construction is known under the name stacking (of relative clauses).
In Dutch and German stacking is not a grammatical construction.

Rules SB,n and T3,n do not give a correct treatment of all phenomena
which arise in connection with relative clauses. Some examples are:

1. The rule produces the such-that form of relative clauses, and this is
not their standard form. A rule which produces a form with relative
pronouns cannot be obtained by means of a straightforward reformulation
of S3’n, since complications arise (see RODMAN 1976).

2. In certain circumstances T3,n may give rise to an, unintended, collision
of variables. This problem was discussed in section 5.3 of chapter 6;

- see also section 6.1.

3. Some famous problematic sentences do not get a proper treatment with
this rule. Examples are the so called 'Bach-Peters sentences' and the
'Donkey sentences'. There are several proposals for dealing with them.
For instance HAUSSER (1979c) presents a treatment for the Bach-Peters sen-
tence (4), and COOPER (1979). for the donkey sentence (5).

(4) The man who deserves it gets the price he wants.
(5) Every man who owns a donkey beats <it.

For a large class of sentences, however, the PTQ rule yields correct

results, and I will restrict the discussion to this class. The class
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contains the relative clause constructions in the such-that form, the rela-
tive clause is a single (i.e. unconjoined) sentence, and stacking is al-
lowed. Bach-Peters sentences and Donkey sentences are not included. For this
class, the CN-S analysis gives a correct treatment in a compositional way,
whereas for the T-S and Det-S analyses it is argued that this is not the
case. So in this stage of our investigations, the answer to the thematic
question has to be positive: the compositionality principle compels us to

a certain analysis of relative clause constructions.

2.3. Fundamental problems

The PTQ rule for relative clause formation is essentially based on
the use of variables in the syntax (hen), and the use of unbound variables
in the logic (xn). This device gives rise to two problems which are of a
more fundamental nature than the problems mentioned in Section 2.2. The
latter concerned phenomena which were not described correctly by the given
rule, but it is thinkable that some ingenious reformulation might deal with
them. The fundamental problems T have in mind are problems which arise from
the use of variables as such. It is essential for the entire approach to
obtain a solution for these problems, since in case they are not solved
satisfactory we cannot use the tool at all. This aspect distinguishes them
from the problems mentioned in Section 2.2. The problems also arise in con-—

nection with other rules dealing with variables (S ). Note

14,n°" " *517,n
that the epithet 'fundamental' is not used to make a suggestion about the
degree of difficulty of the problem, but to indicate the importance that

some answer to it is given. The two fundamental problems are the following.

1) 'left-over'

The first problem is: what happens in case a variable is introduced
that is never dealt with by S3,n or any other rule. On the syntactic side
it means that we may end up with a sentence like he7 runs. Since he7 is
not an English word, this is not a well-formed sentence, and something has
to be done about it. On the semantic side it means that we may end up with
an expressioﬁ containing an unbound logical variable. From the discussion
in Section 5 it will appear that it is not obvious how we should interpret

the formulas thus obtained.

2} "not-there'
The second problem is: what happens when a rule involving variables

with a given index is applied in case such variables are not there. I give
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two examples of such situations. The first is obtained if one applies 53 1

3
to the common noun man, and the sentence Mary talks. Then the noun-phrase
(6) is produced, which is ill-formed because there is no pronoun which is

relativized.
(6) man such that Mary talks.

On the semantic side (6) gives rise to a lambda operator which does not
bind a variable. The second example (GROENENDIJK & STOKHOF 1976b) is obtain-

ed by an application of S to man and heg walks. Then the common noun

3,1
phrase (7) is formed, out of which (8) can be obtained.

(7) man such that hez walks.

(8) Heg loves the man such that hez walks.
By an application of 314’2 we finally obtain
(9) Jolm loves the man such that he walks.

This sentence has just one reading, viz. that John loves a running man. The
translation rules of PTQ however, yield (10) as reduced translation for

9.
(10) ﬂu[Vv[[man*(v) A walk*(john)] >y =v] A love*(john,u)] .

This formula expresses that the one who walks is John. THOMASON (1976) makes

a related observation by counting the number of ambiguities of (I1).
(11) Bill tells his father that John resembles a man such that he shaves him.

For the first problem it is evident that it is the use of variables
which creates it, and that it are not the phenomena themselves: if there
were no variables in the syntax, they could not be 'left—over', nor remain
'unbound' in their translation. For the second problem it is rather & mat-—
ter of conviction that it is the use of variables that creates the problem.
Even 1f (6) would be well~formed, I would consider its production in the
way sketched above, as an undesirable side effect of the use of variables,
because it does not exhibit a phenomenon for which variables are required.

In the literature there are some proposals for dealing with these two
fundamental problems. One proposal (implicitly given in RODMAN 1976) is of
a purely syntactic nature and simply says: the 'left-over' and 'not-there’
constructions are not acceptable, and in case such a construction threatens
to arise, it is filtered out. This approach is not considered here in de-

tail, because it played no role in the discussion concerning our thematic
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question. In the approach of COOPER (1975) the 'left-over' comstructions

are accepted, an answer is given to the semantic questions, and the 'not-
there' constructions are dealt with in the semantics. In the next sections
his proposal will be discussed in detail. A proposal combining syntactic and

semantic aspects (JANSSEN 1980b) will be considered in Section 5.

3. THE T-S ANALYSIS

3.1. Cooper on Hittite

COOPER (1975) considers the construction in Hittite which corresponds
to the relative clause construction in English. In Hittite the relative
clause is a sentence which is adjoined to the left or the right of the
main sentence. For this and other reasons, Cooper wishes to obtain such
constructions by first producing two sentences and then concatenating them.
A simplified example is the Hittite sentence which might be translated as
(12), and has surface realization (13). The sentence is produced with the
structure given in figure 4. For ease of discussion English lexical items
are used instead of Hittite ones. 'Genitive' is abbreviated as 'gen',
'plural' as 'pl', 'particle' as 'pte', and 'which' as 'wh'. The example is
taken from BACH & COOPER (1978) (here and in the sequel category names are
adapted) .

(12) And every hearth which is made of stones costs 1 shekel.

(13) 54 NA4  HI.A-ia kuiles GUNNI.MES wnu  kuissa 1 GIN
gen.stone-pl.-and which hearth-pl. ptc. each(one) 1 shekel

s]/g\
e ~. —

Pte T

32\\\\\\\\
T v
- /N
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l l

wh hearths be of stones nu each(one) cost 1 shekel

Figure 4
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Sentence (13) is assumed to have the same meaning as the corresponding
English sentence (12). There seems to be a conflict between the arguments
in favor of a CN-S analysis is given in section 2, and the wish to use the
S-S analysis for Hittite. Cooper's solution is to allow the Term-phrase
each(one) "to denote the set of properties possessed by every entity having
property R' (BACH & COOPER 1978, p.147). Which property R is, is specified
by the relative clause Sl' The translations of S, and S, are (14) and (15),

i 2
respectively (here and in the sequel V,A and symbols are added).

(14) Vx[VR(X) - Cost-one-shekel (x)]
(15) Hearth(z) A Made-of-stone(z).

The syntactic rule which combines S1 and S2 to a phrase of the cate-

gory S, has as corresponding translation rule
A
ARLS )" 1 azls ') .

Here Sl' and SZ‘ are the translations of S1 and SZ’ respectively. When this

rule is applied to (14) and (15), we obtain (16) as reduced tramslation.
(16) Vx[hearth(x) A made-of-stone(x) - cost-one-shekel(x)].
Since S is of another category than S1 and SZ’ this production process does

not allow for stacking, which is claimed to be correct for Hittite.

3.2. Bach & Cooper on English

BACH & COOPER (1978) argue that the treatment of COOPER (1975) of
Hittite relative clauses can be used to obtain a T-S analysis for English
relative clause constructions which is consistent with the compositionality
principle. Terms are treated analogously to (the Hittite version of) each
(one). The term every man is assumed to denote, in addition to the PTQ in-
terpretation, the set of properties possessed by every man which has the
property R. Then the term-phrase every man who loves Mary is obtained from

the structure given in figure 5.

.
| | e N
every man who Loves Mary

Figure 5
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The rule for combining the translation of the term and the relative

clause is:
AR[T 15Ty .

Here T' and S' are the translations of the term phrase and the relative
clause, respectively. If we take (17) as translation of every man, and (18)
as translation of the relative clause §, then we obtain (19) as translation

of the whole term (after reduction). :
(17) AP[¥xlman(x) A 'R(x)1 > P(x)]

(18) Arzllove, ('z,mary) ]

(19) AP[¥x[man(xy A love, ('x,mary)] ~ "P(x)].

Thus a T-S analysis is obtained for relative clause constructions, of which
the translation is equivalent to the translation in the case of a CN-S
analysis.

As Bach and Cooper notice, if we follow this approach, a complication
has to be solved, since English allows for indefinite stacking of relative
clauses. The proposal sketched so far, provides for ome relative clause for
each T. The complication can be taken care of by allowing an alternative
interpretation not only for Terms, but also for relative clauses. 'Thus,
for example, the relative clause who loves Mary can denote not only the
property of loving Mary but also the property of loving Mary and having
property R' (BACH & COOPER 1978, p.149).

Bach and Cooper remark that their compositional treatment of the T-S
analysis clearly is less elegant and simple than the alternative CN-S anal~
ysis. They conclude: 'Our results seem to indicate, however, that such an
analysis cannot be ruled out in principle, since any constraint on the
theory that would exclude the T-S analysis, would seem to exclude the
Hittite analysis as well. [...] or the happy discovery of some as yet un-
known principles will allow the one, but not other.' (ibid. p.149).

The conclusion which prompts itself in this stage of our investiga—
tions is that the answer to the thématic question is a negative one: the
principle of compositionality does not compel us to a special analysis of

English relative clauses.




273

3.3. Fundamental problems

As a matter of fact, the discussion in BACH & COOPER (1978) does not
provide the evidence that a T-S analysis is indeed possible for English
relative clauses. They do not present explicit rules, and neither is it
immediately clear what the details would look like (e.g. what is the role
of S and COMP in the system-of categories, and what is the translation rule
which combines the translations of S and COMP) . Nevertheless, the main point
of their approach has become clear from their exposition.

The kernel of the approach of Bach and Cooper is to let the transla-
tions of terms and relative clauses contain a free variable R. For this
variable the translation of some relative clause will be substituted. How-—
ever, this variable R gives rise to the same kind of problems as mentioned

in section 1 with respect to the variables X -

1. '"Left-over'

We may select for a term the translation with free variable R, whereas we
do not use in the remainder of the production a rule which deals with this
variable. Since R has no syntactic counterpart, the produced sentences are
not per se ill-formed, but the question concerning the interpretation of

unbound variables remains to be answered.

2. 'Not-there'
There may be an occurrence of the term-phrase every man with the transla-
tion without R, nevertheless appearing in a structure where a relative

clause is attached to it. Then an incorrect meaning is obtained.

Only when these fundamental problems are solved, we may hope that the
idea of Bach and Cooper leads to rules for the T-S analysis. Notice that
the proposal of RODMAN (1976) for solving the two fundamental problems by
filtering them out, cannot be followed here because in the syntactic ex-—
pressions there is no variable which may control the filter. A solution has
to be found on the semantic side. These problems for the Bach-Cooper idea,
are signalized for the case of Hittite by COOPER (1975). He has proposed
some solutions which are assumed by Bach and Cooper. In order to obtain
further justification for the answer to the thematic question given in
Section 3.2, we have to check the details of Cooper's proposals for these

problems. This will be done in the mext section.
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4. THE PROPOSALS OF COOPER
4.1, Not-there

A translation rule which usually binds a certain variable, may be used
in a situation where no occurrences of such a variable are present. To
avoid problems, Cooper proposes to give no semantic interpretation to ex-—
pressions of intensional logic which contain a vacuous abstraction. Accord-
ing to his proposal the interpretation of ARa is undefined in case o has no
occurrences of R.

Let us first consider in which way this idea might be formalised. At
first glance it seems easy to obtain the desired effect. One just has to
look into the expression o in order to decide whether ARy is defined or not.
However, this is not acceptable. Such an approach would disturb the homo-
morphic interpreation of intensional logic: for each construction of the
logical language there is a corresponding interpretation instruction. To
obtain the interpretation of a compound logical expression, the interpre-
tations of the parts of that compound are relevant, but not their actual
forms. An important consequence of this is that two semantically equivalent
expressions are interchangeable in all contexts. If we would have a condi-
tion like 'look into a' in the definition of interpretation, this basic,
property of logic would no longer be valid. Two IL-expressions o and B
might be semantically equivalent, whereas o satisfies the 'look into’'-con-
dition, and B not. Consequently, the interpretation of just one of ARn and
ARB would be defined. Such a violation of the fundamental law of substitu-
tion of equivalents is of course not acceptable, and therefore, a 'look in-
to' clause has to be rejected. One has to respect the homomorphic interpre-
tation of logic, and therefore, the situations in which ARo should receive
no interpretation have to be characterized in terms of the semantic proper-—
ties of a (i.e. in terms of the interpretation of o with respect to a point
of reference and a variable assignment). Cooper follows this strategy.

Cooper's first step towards a characterization consists of adding a
restriction to the usual definition of the interpretation of Aua.

'[..] the function denoted by the abstraction expression Auac is only de-
fined for entities within its domain if a different assignment to the

variable u will yield a different denotation for a' (COOPER 1975, p.246).
As he notes, this definition has as a consequence that Aua is 'undefined

not only if o does not contain a free occurrence of u, but also if o is
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a tautology. Thus for instance, according to this definition Aulu=ul re-
presents a function which is undefined for any entity. However, the tech-
nique of supervaluation [...] will show these expressions to be defined but
not those where a is not a tautology' (ibid.). This definition is Cooper's
final one, but it is not the one we need. It implies that now ARLx=x] is
defined. This has the following consequence for relative clause formation.
One might produce some sentence expressing a tautology, while its transla-
tion does not contain an occurrence of the variable R. Syntactically there
needs not, in Cooper's approach, to be anything which prevents us from
using this sentence in a relative clause construction, whereas, contrary to
his intention, the interpretation of the translation is defined. So Cooper's
definition does not provide a solution to the 'not-there' problem.

Cooper's aim was to give a semantic characterization of the IL-syntac-
tic property 'contains an occurrence of the variable R'. I expect that there
is no semantic property coinciding with the syntactic one. This is suggested
by the observation that almost always a semantic irrelevant occurrence of a
certain variable can be added to a given IL-expression. (¢ and R=R A ¢ are
semantically indiscernable). Therefore, I expect that no solution in this
direction can be found. Moreover, I consider the whole idea underlying
Cooper's approach to be unsound. The standard interpretation of ARa is, in
case o does not contain an occurrence of R, a function that delivers for
any argument of the right type, the interpretation of o as value. So ARo
denotes a constant function. Following Cooper's idea, one would loose this
part of the expressive power of IL, a consequence I consider to be unde-

sirable.

4.2, Left—over, proposal 1

The translation of a completed syntactic production of a sentence may
contain an occurrence of a free variable. The second fundamental problem
was what to do with variables that are 'left over'. Cooper proposes to as-—
sign no interpretation to such an expression, and to follow this approach
for special variables only. Let z be such a variable (of the type of indi-
viduals). As was the case with the first problem, discussed in Section
4.1, one has to respect the homomorphic interpretation of IL. The desired
effect should not be obtained by looking into the formula, but by changing
the definition of interpretation. Cooper claims that the desired effect is

obtained 'by restricting the assigmments to variables so that z is always
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assigned some particular non-entity for which no predicate is defined'
(COOPER 1975, p.257). This proposal gives rise to a considerable deviation
from the model for IL as it is defined in PTQ. In that model; there are for
every entity predicates which hold for it, e.g. the predicate of being
equal to itself (viz. Aulu=ul). This property is lost in Cooper's approach.
He does not define a model which has the desired properties, nor does he
give other details. For the discussion concerning the thematic question,
this point is not that relevant, because BACH & COOPER (1978) do not pro-
pose to follow this proposal in the case of English relative clause con-

structions, but another one, which will be discussed in Section 4.3.

4,3, Left—over, Proposal 2

A second proposal of COOPER (1975) for the treatment of unbound vari-
ables which occur in the translation of a completed production of a sen-—
tence is to let the unbound variables be interpreted by the variable assign-—
ment function, and to give some linguistic explanation of how to understand
the results thus obtained. This approach assumes that in complete sentences
indices of variables can be neglected, or that there is some final 'clean—
ing—up' rule which deletes the indices. For our discussion of relative
clause formation the syntactic details of this proposal are irrelevant be—
cause the variable R leaves no trace in the syntax.

The unbound relative clause variable R only occurs in subexpressions
of the form R(x). These subexpressions are understood by Cooper as 'a way
of representing pragmatic limitations on the scope of the quantifier
[binding x].[...]. Thus assigning a value to R in this case has the same
effect as adding an unexpressed relative clause to show which particular
set we are quantifying over' (COOPER 1975, p.258-259). The same strategy
is employed in COOPER (1979a,b) for indexed pronouns. A pronoun hen that
has not been dealt with by a relative clause formation rule or some other
rule, is considered as a personal pronoun referring to some contextually
determined individual. Its translation has introduced a variable X s which
remains unbound, and is interpreted by the variable assignment. This idea
for dealing with free variables is also employed in GROENENDIJK & STOKHOF
(1976b). In one respect the idea leads to a deviation from PTQ. There, an
expression of type t’is defined to be true in case it denotes 1 for every
variable assignment (MONTAGUE 1973, p.259). So, run(x) would mean the same

as its universal closure. In the proposal under discussion this definition
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has to be dropped, but this does not cause any difficulties.
I have several objections against this proposal of Cooper. The first
one is that it yields incorrect results; the other four argue that the

whole approach is unsound. My objections are explained below.

1. If the translation of a phrase contains two occurrence of R, and a re-
lative clause is combined with that phrase, then the translation of the re-
lative clause is, by A-conversion, substituted for both occurrences of R.
As Cooper mentions, this phenomenon arises in his grammar for Hittite for

(the Hittite variant of):
(20) That(one) adorns that(one).

Here the translation of both occurrences of that(one) contain an occurrence
of the variable R. If this sentence is combined with a sentence containing
two occurrences of a wh-phrase, semantically strange things happen. Cooper
notes this problem and he says: 'My intuition is, however, that if there
were such sentences, they would not receive the interpretation assigned in
this fragment. [...] As it is not clear to me what exactly the facts of
Hittite are here T shall make no suggestions for improving the strange
predictions of the fragment as it is.' (COOPER 1975, p.260).

Unfortunately, the proposal for English of BACH & COOPER (1978) runs
into a related problem. Consider the structure for the term phrase given in
Figure 6. It is an example taken from their article, and exhibits stacking

of relative clauses (the structure is simplified by omitting Comp's).

T
'1‘/ T
T

o~
every man who loves a girl who lives in Amherst

Figure 6

The translation of every man has to contain a variable for the relative
clause. Recall that, in the conception of Bach & Cooper, the proposal dis-
cussed in Section 4.1 deals with the situation that we have the translation
not containing R. Let us assume that we have taken the tramslation (21),

which contains an unbound variable R.
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(21) APVx[man(x) A "R(x) + 'P(x)].

Suppose now that the referent of g girl is to be contextually determined
(this possibility is not comsidered by Bach & Cooper). Then the transla-
tion of a girl has to contain the variable R. Besides this variable the
translation of (22) has to contain a variable R for the second relative

clause. So the translation (22) has to be (23).

(22) who loves a girl

(23) rzaylgiri(y) A vR(y) A love*(vz,vy) A vR(z)].

Consequently, the translation of (24) has to be (25).

(24) every man who loves a girl

(25) APVx[man(x) A 3ylgirl(y) A VR(y) A love*(vx,yy) A VRGOT+ VP(x)].
The translation of who lives in Amherst roughly is indicated in (26).
(26) Azllive-in-Amherst(z)].

The translation of the entire term—phrase in figure 6 is described by
(27) rRlevery man who loves a girl'] (who lives in Amherst').

This yields a logical expression which says that both the man and the girl
live in Amherst, which is not the intended reading of the construction with
stacked relative clauses.

These incorrect predictions are not restricted to stacking. The same
problems arise in case a relative clause like who runs s combined with a
disjoined term phrase like the man or the woman. Then semantically both
terms are restricted, whereas syntactically only the second one is. The
source of all these problems is that a single variable is used for relative
clauses and for contextual restrictions. These two functions should, in my
opinion, be separated. But then the left-over/mot~there problem for rela-

tive clause variables arises with full force again.

2. As a motivation for interpreting the R's as contextual restrictions,
the argument was given that when we speak about every man, we in fact in-
tend every man from a contextually determined set. But this argument applies
with the same force in case we speak about every man who runs. It is not
true that terms sometimes are contextually determined, and sometimes not.

If one wishes to formalize contextual influence, then every term should be

restricted. This suggests (as under 1) a system of variables for context
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restrictions which is independent of the system of variables for relative

clauses.

3. Variables of which the interpretation is derived from the context have
to receive a very special treatment. This can be shown most clearly by con-
sidering a sentence which has as translation a formula containing an occur-
rence of an unbound variable of the type of individuals or individual con-
cepts: ke runs, obtained from the sentence hen runs. These sentences have
as tramslation run(xn). For every variable assignment this translation gets
an interpretation. One of the possible assignments is that x is the person
spoken to, sc He runs would have the same truth conditions as You run. Some
female person might be assigned to X 5 80 the sentence may have the same
truth~conditions as she rums. These are incorrect results, so there has to
be some restriction on the variable assignments for X - There are also se-
mantic arguments for such a restriction. A pronoun ke usually refers to in-
dividuals from a rather small group (e.g. the person mentioned in the last
sentence, or the person pointed at by.the speaker). So again some: restric-—
tion has to be given. These two sources of inadequacy can be dealt with by
not evaluating a complete sentence with respect to all variable assignments,
but only to a subset thereof. In the light of the arguments given above,
this subset is rather small. So the contextually determined variables are

not so variable at all; they behave more like constants.

4. A rather fundamental argument against the use of variables for for-
malizing contextual influence is the following. In PTQ the contextual fac-
tor of the reference point under consideration (a time world pair), is
formalized by means of the so called indices I and J. Several authors have
proposed to incorporate other factors in the indices. LEWIS (1970), for in-
stance, mentions as possible indices: speaker, audience, segment of sur-
rounding discourse, and things capable of being pointed at. These indices
constitute an obvious way to formalize contextual influence. In the light
of this, it is very important to realize that in IL the interpretation of
constants is 'index dependent', whereas variables have an 'index indepen-—

dent' interpretation:
Mid i pey,p, HUIE g,

This means that in IL it is very strange to use logical variables for the

purpose of encoding contextual restrictions. The obvious method is by means
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of constants., This is precisely the method employed in MONTAGUE  (1968) and
BENNETT (1978). :

4.4, Conclusion

We considered:Cooper's proposals concerning the solution of the 'not-
there/left-over' problems. His idea to give a semantic treatment of the
"not~there' problem was not successfully formalized. His treatment of the
variables 'left—over' led to incorrect results for English sentences. We
have to comnclude that the technical details of the Bach & Cooper proposal
are such that their approach does not work correctly. This means that at
the present stage of our investigations concerning the thematic question
we are back at the situation of the end of Section 2: only the CN-S analysis
seems to be possible.

I have not formally proved that it is impossible to find some treat—
ment in accordance with Cooper's aims. As I said in Section 2, such a proof
is, in general, difficult to give. But I have not only showed that the pro~
posals by Bach & Cooper do not wofk correctly, I have also argued that they
have to be considered as unsound. They constitute a very unnatural approach,
and in my opinion one should not try to correct the proposals, but rather
give up the idea underlying them altogether. Since I consider such proposals
as unsound, I will in the next section put forward a principle which pro=

hibits proposals of these kinds.
5. THE VARIABLE PRINCIPLE

In the previous section we have considered some attempts to deal with
the "not~there/left—over' problems. These attempts do not give me the im-—
pression that the considered situations they deal with are welcome; rather
they seem to be escapes from situations one would prefer not to encounter
at all. In my opinion these attempts arise from a neglect of the special
character of syntactic variables. Syntactic variables differ from other
words in the lexicon since they are introduced for a special purpose: viz.
to deal with coreferentiality and scope. In this respect they are like
logical variables, and in fact they can be considered as their syntactic
counterpart. One would like to encounter syntactic variables only if they
are used for such purposes. This special character of syntactic variables
is expressed by the variable principle, of which a first tentative version

is ‘given in (29).
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(29) Syntactic variables correspond closely to logical variables.

The intuition behind this statement is not complefely new. THOMASON
(1976) draws attention to the analogy between 'that-complement' construc-—
tions in English, and the A-abstraction operator in logic. PARTEE (1979b)
proposes the constraint that any syntactic variable must be translated into
an expression of the logic containing an unbound logical variable. Partee
does not accept this constraint the other way around, precisely because she
does not want to disallow Cooper’s treatment of free variables.

The formulation of the principle given in (29) is vague, and one might

be tempted to strengthen it to (30).

(30) 4n expression contains a syntactic variable if and only if its unre-

duced translation contains a corresponding unbound logical variable.

This is intuitively an attractive formulation. However, a major drawback
is that it does not fit into the framework of Montague grammar. It would
give the unreduced translation of an expression a special status which it
does not have in the framework as it is. The unreduced translation, would
no longer be just one representation among others, all freely interchange-
able. It would become an essential stage since the principle would have to
function as a filter on it. It would no longer be allowed to reduce the in-
termediate steps in the translation process since then a semantically ir-
relevant occurrence of a logical variable might disappear, and thereby a
translation that had to be rejected, might become acceptable. Therefore,
I will give a formulation which turns the principle into a restriction on
possible Montague grammars. The formulation below has the same consequences
for the unreduced translation as (30), but it is not a filter on the unre-
duced translations and it leaves the framework untouched. This formulation
is slightly more restrictive than (30), and than the fqrmulation in
JANSSEN (1980b) .

The VARIABLE PRINCIPLE is defined as consisting of the following 6 re-—

quirements:

la) A syntactic variable translates into an expression which contains a
free occurrence of a logical variable, and which does not contain oc—
currences of constants.

1b) This is the only way to introduce a free occurrence of a logical vari—
able.
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2a)  If a syntactic rule removes all occurrences of a certain syntactic
variable in one of its arguments, then the corresponding translation
rule binds all occurrences of the corresponding logical variable in the
translation of that argument.

2b) If a translation rule places one of its arguments within the scope of
a binder for a certain variable, then its corresponding syntactic rule
removes all the occurrences of the corrvesponding syntactic variable
from the syntactic counterpart of that argument.

3a) The production of a sentence is only considered as completed Lf each
syntactic variable has been removed by some syntactic rule.

3b) If a syntactic rule is used which contains instructions which have the
effect of removing all occurvences of a certain variable from one of

its arguments, then there indeed have to be such occurrences.

This formulation of the variable principle is not what I would like to
call 'simple and elegant'. I hope that such a formulation will be possible
when the algebraic theory of the organization of the syntax is further
developed. Suppose that we have found which basic operations on strings are
required in the syntax (following PARTEE (1979a,b.see chapter 7)), and that
a syntactic rule can be described as a polynomial over these basic opera-
tions. Then we may hope to formulate the variable principle as a restrig-
tion on the relation between the syntactic and semantic polynomials. We
might then require that these polynomials are isomorphic with respect to
operations removing/binding variables.

Requirement la) is a restriction on the translation of lexical elements.
It can easily be checked whether a given grammar satisfies the requirement.
It is met by all proposals in the field of Montague grammar that I know of}
e.g. the PIQ translation of hen is XP[VP(xn)], and the translation of the
commen noun variable one, (HAUSSER 1979c¢) is the variable Pn'

For reasons of elegance, one might like to have formulation la') in-

stead of formulation la).
1a') 4 syntactic variable translates into a logical variable.

In order to meet la') in the PTQ fragment, one could introduce a category

of Proper Names containing John, Mary, hel, he (with translations

PYRRD
john, mary, Xpr Xos respectively) . Out of these Proper Names, Terms could
. . . v .

be produced which obtain the standard translation (APl P(john)], etc.).
Since I do not know of a phenomenon, the treatment of which would be sim-—

plified using this approach, and since the variable principle then still
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would not have a simple formulation anyhow, I will not use it here. Re-
quirement la) has as a consequence that the translation of a syntactic
variable is logically equivalent to a logical variable. If constants are
allowed to occur, then this would no longer be true (e.g. it is not true
that for every c¢ the formula Ix[x=c] is valid).

Requirement 1b) is a restriction both on the translatiom of lexical
elements, and on the translation rules. This requirement is met by PIQ.

It is not met by the proposals of BACH & COOPER (1978) which allow logical
variables to occur which do not have a syntactic counterpart. Since they
do not present explicit rules, I do now know at which stage the context
variable R is introduced, as a lexical ambiguity of the noun, or by means
of some syntactic rule.

Requirements 2a) and 2b) are conditions on the possible combinations
of a syntactic rule with a translation rule. Whether a grammar actually
meets them is easily checked by inspection (PTQ does). Requirement 2b) is
not met by the Bach & Cooper proposal since their approach in some cases
gives rise to the introduction and binding of logical variables without
any visible syntactic effect.

Requirements 3a) and 3b) we have already mentioned in chapter 6. They
are not met by PTQ, nor by Bach & Cooper. In a certain sense they con-
stitute the kernel of the principle. They express that certain configuré—
tions (described with respect to occurrences of variables) should not arise.
When these requirements are met, the fundamental problems described in
Section 1 disappear. As such, the two requirements are closely related to
two instructions in JANSSEN (1980a, p.366), and to two conventions in
RODMAN (1976, one mentioned there on p.176, and one implicitly used on
p.170) . Requirements 3a) and 3b) alone, i.e. without 1) and 2), would suf-
fice to eliminate the syntactic side of the two fundamental problems, but
then the close relationship between syntactic and logical variables would
not be enforced. That freedom would give us the possibility to abuse syn-
tactic variables for other purposes than coreferentiality and scope. An ex—
treme case is given in JANSSEN (1980b), where some rules which obey 3a) and
3b), but violate 1) and 2), are defined in such a way that the information
that a rule is obligatory is encoded in the syntactic variables. T intend
to prohibit this and other kinds of abuse of variables by combining the
third requirement with the first and second. In chapter 6, section 5.3,

it is discussed how we might incorporate requirements 3a) and 3b) by filters
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by partial rules or by total rules (using a refined system of categories).
For the present discussion it is irrelevant how these requirements are
exactly incorporated in the system. Since we are primarily interested in
the effects of the principle, it suffices to know that it can be done in
some way.

Let me emphasize that the principle is inteded to apply to the stan-—
dard variables of intensional logic and their corresponding syntactic
variables. For instance, the argument concerning the use of unbound vari-
ables for contextual influence does not apply if we do not translate into
IL but into Ty2. If Ty2 is used, the variable principle does not simply
apply to all the variables of type s. Neither does the principle apply to
so called 'context variables' of HAUSSER (1979c), or the 'context expressions
of GROENENDIJK & STOKHOF (1979), which both are added to IL for the special
purpose of dealing with contextual influence.

The principle eliminates the basic problems from section 2 and dis-
allows the treatment of variables aimed at in COOPER (1975), and COOPER
(1979a,b) . Another example of a treatment which is disallowed is the pro-
posal of OH (1977). For a sentence without discourse or deictic pronouns
he gives a translation containing a unbound variable! A consequence of the
principle is that the denotation of a sentence is determined completely by
the choice of the model and the index with respect to which we determine
its denotation. In other words, the denotation is completely determined by
the choice of the set of basic entities, the meaning postulates, the index,
and the interpretation function for constants (i.e. the interpretations of
the lexical elements in the sentence). In determining the denotation the
non-linguistic aspect of an assignment to logical variables plays no role.
This I consider to be an attractive aspect of the principle. What the im—
pact of the principle is for the answer on the thematic question will be

investigated in the next section.
6. MANY ANALYSES

6.1. The CN-S analysis for English

Do the rules for the CN-S analysis of relative clauses obey the vari-
able principlé?

Recall the PTQ rules from Section 2.1.
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S CN x § » CN

¥ Replace hen in B by he/she/it and himn by him/her/it, according to
the gender of the first CN in o; concatenate (o, such that, B).

TB’H (PTQ) xXn[a'(xn) A B'].

This combination of S3,n and T3,n does not obey the variable principle since
possible occurrences of x in a' are, by kxn, bound in the translation,
whereas the occurrences of the corresponding syntactic variable hen in o

are not removed. This aspect is the source of the 'collision of variables'
mentioned in Section 3.1. (for details see section 3.4 of chapter 5). A
reformulation of T n which avoids such a collision is given by THOMASON

3,
(1974, p.261).

T3,n (THOMASON) .
1 1
Aﬁga,9ﬁ)A g8']
where B' is the result of replacing all occurrences of X in B' by
occurrences of X where m is the least even number such that X has

n occurrences in either o' or B8'.

The syntactic rule S3 4

3
reformulation has the effect that the unbound logical variables x in B'

removes the occurrences of hen in B. Thomason's

do not occur free in the translation of the whole construction, whereas the
same variables in o remain unbound. Nevertheless, Thomason's reformulation
does not obey the variable principle since in the syntax occurrences of
hen in B are removed, whereas in the translation the occurrences of the
corresponding variable (i.e.xn) are not bound, but of a variable X (where
n#m.

Another kind of objection against Thomason's rule is that it is not a
polynomial over IL. This objection was considered in chapter 5, section 3.4.

The formulation proposed there for the translation rule is the following.

T3n )\P[Axn[vP(xn) A g 1N 1.

This formulation has as a consequence that only those occurrences of x  are

bound, of which the syntactic counterparts are removed in S3 0
3

6.2. The S-S analysis for Hittite

Is an analysis of Hittite relative clause comnstructions possible which
on the one hand satisfies the variable principle, and on the other hand pro-

duces such a construection out of two sentences?
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Below I will describe an analysis which shows that the answer is af-
firmative. I will only deal with the example discussed in Section 3, and
not with all other cases of Hittite relative clauses which are treated by
COOPER (1975). My analysis is intended mainly as an illustration of the
kinds of technique which are available if one obeys the variable principle.

The treatment described in Section 3 violates the variable principle
because both subsentences in Figure 4 have a translation which contains an
unbound variable, whereas the sentences themselves do not contain a syntac-—
tic variable. Given the principle, in both sentences there has to be anvoc—
currence of a syntactic variable as well. The English variant of sentence
S2 gives a hint on how to do this. It contains in a CN-position the word
(one) ~ probably added for explanatory reasons. This word suggests the in-
troduction in the syntax of CN variables ONe 150MEgs v s which are trans-—
lated into logical variables PsPysesns respectively (such CN-variables are
discussed in HAUSSER (1979c¢)). The rule which combines S1 with 32 will then
give rise to a translation in which (by A-conversion) the relevant property
is substituted for Pn' In case one prefers not to introduce a new consti-
tuent one , a new variable of category T might be introduced alternatively:

(31), translating as (32).
3n eachn
(32) ALVal P () + "0(x) 1.

The variable in the translation of the relative clause can be intro-
duced by the translation of the determiner wh. Therefore, the category of
determiners (which contains the Hittite version of every, etc.) is extended

with a variable (33), translating as (34).
(33) whn

34) AAPL'0(z ) A 'P(z )]

(34) AQM\P an Pzn.

We have to combine a relative clause containing a free variable z, with
a main sentence containing a free variable P - This can be done by means of
a single rule binding both logical variables and performing the relevant
operations on both syntactic variables, or by means of two rules, each
dealing with one variable at a time. The former method would yield the tree
from figure 4, but it would implicate that a new kind of rules is introduced
(rules with two indices). I will follow the two-rules approach.

First the relative clause is transformed into an expression of the new
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category Prop (=t//e), being a set of expressions denoting properties.
We do this by means of the following rule (the numbers in the 800-series

are numbers of new proposed rules).

SSOl,n S - Prop

F801,n Replace whn in o by wh
1]

TSOl,n Azn[a 1.

The rule combining a property with a sentence is

SSOZ,n Prop x S » S

F802,n delete all occurrences of one, from B8;
concatenate (o,B)

Tgoo,n (228" 3"

Using these rules, the Bach & Cooper example is obtained in the way
indicated in figure 7. Its translation is equivalent to the ome given in
Section 3 for figure 4. Since we assume that it is guaranteed that the vari-
able principle is obeyed, no problems arise with the syntactic variables.

The principle guarantees that rule § is applied only in case the main

802,1

sentence contains an occurrence of one, and that rule § is applied

8012
only when the sentence contains an occurrence of the variable wh2. Further-
more, it guarantees that all syntactic variables finally will have disap-—

peared.

—— 5{802,1}
Prop{801,2} T
1 =

T

— Ty
A CN

PR
{4

///// S\\\\\\ Pt ///A
T Iv D
Det/// \\\CN "
I |
whz hearth  be of stone nu  each one, cost 1 shekel
Figure 7

6.3. The T-S analysis for English

As shown in Section 6.2, an S-S analysis can be obtained simply by

introducing a variable in the syntax, when such a variable is required in




288 .

the translation. The same idea can be used to obtain a T-S analysis for
relative clauses. In this case; we need a variable of the category Prop,
written as of kindn. It translates into the variable K -

A property and a common noun phrase combine to a new common noun

phrase as follows:

8803 CN x Prop = CN

F803 concatenate (o,B)
Tgpz Mgla'(w) A 8" () 1.

A category RC of relative clauses (RC = t///e) is introduced because RC's
and Prop's will occur in different positions. The expressions of the cate-

gory RC are made out of sentences as follows:

Sgo4,n 5 7 RC

F8O4,n delete the index n from all pronouns in a;

concatenate (such that, o)

A
T804,n Axn[a 1.
A relative clause may be quantified into a term phrase by substituting the

relative clause for a property variable:

SSOS,n Tx RC~>T

F805,n substitute B for okatndn in a
¥ A 1

T805,n AKn[a 1¢08").

An example of a production using these rules is given in figure 8.

////’///,,—T: every boy . such that he runs {805,3}

RC: such that he runs {804,2}

S |

Det //// CN\\\\ S
CN Pfop
i
every boy of'—kind3 h22 runs

Figure 8

The translation of the lower term phrase in figure 8 is (35), the

translation of the RC phrase (36), and of the upper term phrase (after
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reduction) is (37).

(35) 2o¥x[boy(x) A VK3(X) > VQ(X)]

(36) sz[run(xz)]

(37) aQ¥xlboy(x) A run(x) - VQ(x)].

is a

Note that the intermediate stage of an RC is not required if 8805

double indexed rule, dealing both with hen and of>kinéﬂ.

6.4. The Det—S analysis for English

Is a Det-S analysis possible which obeys the variable principle?
Recalling the pattern underlying the S-S and T-S analyses, ome might try
to find such an analysis as a variant of the CN-S analysis by introducing
new variables. It appeared, to my surprise, that it is possible to obtain
a Det—S analysis which is not a variant of the CN-$ analysis, but which is
a pure Det-S analysis (recall the proviso by Partee for her argumentation
concerning the Det-S analysis). I will not discuss the heuristics of this

analysis, but present the rules immediately.

SSO6,n Det x S - Det

F806 , remove all indices »n from pronouns in B;
b4
concatenate (&, such that, B)

T306,n ArLo' ("l VR(9) A Ax [8'1() DI.

Maybe the following explanation of the translation is useful. A determiner

§ is, semantically, a function which takes as argument the property n ex-—
pressed by a noun and delivers a collection of properties which have a cer-
tain relation with n. SSO6 produces a determiner which takes a noun property
n and delivers a set of properties which has that relation with the conjunc-
tion of n and the property expressed by the relative clause.

The combination of a CN with a Det-phrase, requires that the CN is
placed at a suitable position in the determiner phrase. In the present
fragment this position is the second position (if we had determiners like
all the, then also other positions might under certain circumstances be

suitable). The rule for this reads as follows:

SSO7 Det x CN - CN

F807 insert B after the first word of «

Tgo; o' (8.
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The combination of the determiner every with the sentence h62 rUns

yields determiner (38), with (39) as unreduced, and (40) as reduced trans-

lation.

(38) every such that hez rUns

(39) ARDAGAELVAL 0(x) + "P(0) 11yl R(y) A Ax,[run(x,)T(») 1]
(40) ARAPVxL"R(x) A run(x) + 'P(x)]-

The combination of (38) the common noun man yields the term phrase (41),

which has the (usual) reduced translation (42).
(41) every man such that he runs
(42) ApPVx[man(x) A run(x) 9-VP(x)].

The techniques which are used to obtain a T-S analysis from a CN-S
analysis can be used as well to obtain a T-S analysis which is a variant of
the Det-S analysis: introduce in the Det-S analysis the variable of;kindn,
but now within the determiner. This means that at least two kinds of T-§

analyses are available.
6.5. Conclusion

In Section 5 a new principle was introduced: the variéble principle.

Obeying this principle we designed rules for relative clause constructions.
" It turned out that for English besides the CN-S analysis both the T-S and
the Det-S analysis are possible in at least two essentially different
variants. And for Hittite an S-S analysis is possible. So at the present
stage of our investigations a negative answer to the thematic question has
to be given: several analyses of felative clauses are possible.

Consider the CN-S analysis of 6.2 again., Is it the kind of T-S analysis

meant by Partee? I do not think so. At a certain level we indeed have a
T-S analysis, but on another level in the production tree there is a CN-
Prop analysis which is nothing but a variant of the CN-S analysis. The op-
position between the two analyses was, however, the main point in the dis-—
cussion of PARTEE (1973). So one could say. that her conclusion that the
pure T-S analysis cannot be used, in a certain sense still holds. For the
case of Hittite however, the discussion primarily aimed at obtaining an
S-S analysis at some level, rather than at avoiding the CN-S analysis on
all levels. In Section 2 I quoted Bach & Cooper who expressed the hope for

the '"happy discovery of yet unknown principles' which exclude the
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T-S—analysis, but allow for the S-S—analysis. It seems reasonable to inter-
pret this as the desire for a principle which prohibits’ the pure T-S analy-
sis, but allows some variant of the S-S analysis. The variable principle
has such an effect. But if it is interpreted as the hope for a principle
which excludes all kinds of T-S analyses, or which allows a pure S-S analy-
sis, then the variable principle is not such a principle. So the answer to
the thematic question I gave above, has to be relativized: although several
analyses are available, not all analyses are possible.

The answer to the thematic question obtained in this section, was
based upon an investigation of the relative clause construction as such.
Interaction with other phenomena was not taken into consideration. In the
next section I will leave this isolation and consider the interaction of

relative clause formation with some other phenomena.

7. OTHER ARGUMENTS

7.1. Syntax: gender agreement

The relative pronoun has to agree in gender with the antecedent noun-
phrase. In the Det-S analysis, this poses a problem. The rule which com-
bines a determiner with a relative clause has to specify what is to be -
done with the syntactic variable. The formulation I géve of rule 8806,n
just deletes the index, so it gives a correct result if the noun has male

gender. But in the same way as we produced every boy such that he runs, we

‘may produce every girl such that he runs. It is not possible to formulate

SSO6 in such a way that this kind of ill-formedness is avoided, because the
information which gender the noun has, is not available at the stage at
which the determiner and the relative clause are combined. Not removing the
index would, according to the variable principle, require a free variable
in the translation of the term phrase; but I do not see how this approach
might work.

The T-S analysis gives rise to a similar problem. The rule which makes
the relative clause (RC) out of a sentence (8), has to specify what has to
be done with hen. The formulation I gave of 8804 works correctly for mascu-—
line nouns only. Again, information about the gender of the noun is not yet
available, and not removing the index would constitute a break with the
principle. This argument does not apply to the T-S analysis in which a

double indexed rule is used. In the CN-S analysis, no problems arise from
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gender agreement, since at the stage at which the index has to be removed,
the gender of the noun is known.

One should not conclude from this discussion that it is impossible to
obtain correct gender agreement in case of the Det—S or T-S analysis under
discussion. I expect that it can be done by means of further subcategoriza-
tion. One has to distinguish feminine, masculine, and neuter relative
clauses, and feminine, masculine, and neuter determiners, and probably one
needs to make similar distinctions in other categories. Then the subcate-
gory system provides the information needed to obtain precisely the correct
combinations of relative clause, determiner and noun.

There is the hidden assumption in this discussion that gender agreement
has to be handled within the syntax. If we do not assume this, then a phrase
as a girl such that he runs, is no longer considered to be syntactically
ill-formed. COOPER (1975) argues in favor of dealing with gender in the se-
mantics (at least for English). Others might prefer to handle gender in
pragmatics (Karttunen, according to PARTEE (1979a)). Then the arguments
given here are no longer relevant: But in languages with grammatical gender
(e.g. Dutch, German), this escape is not available. Here one might adopt
one of the solutions I mentioned: refined subcategorization, a T-S analysis
with a double indexed Fule, or simply the CN-S analysis for relative

clauses.

7.2. Semantics: scope

Consider the following sentence (exhibiting stacking on the head man):
(43) Every man such that he loves a girl such that he kisses her is happy.

This sentence has a possible reading in which every has wider scope than a.
In a PTQ like approach (so with the CN~S construction for relative clauses),

this reading is obtained by quantification of a gZrl into the CN phrase
(44) man such that he loves himn such that he kisses himn.

The corresponding translation of the sentence (44) reduces to

(45) Vyl3x[girli(x) A man(y) A love*(vy,vx) A kiss*(vy,vx)] -+ happy(y)J.

Can this reading be obtained in other analyses of relative clauses?
In the T-$ analysis this stacking of relative clauses can be obtained
by means of a process indicated in figure 9. In order to obtain coreferen-

tiality between both occurrences of the term him , the term a girl has
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to be substituted at a stage in which both relative clauses are present.
The earliest moment at which this is the case, is immediately after the
uppermost term has been formed. Using a rule analogous to the standard
quantification rules would assign the existential quantifier wider scope
than the universal quantifier, thus not yielding the desired reading. So it
seems to be impossible to obtain in such a T-S analysis coreferentiality

and correct scope at the same time.

/T{Sgo3,2}

o — H803,,!
~ ——

Det _CN . RC RC

| 7 T~ | |

) CN ) Prop S : S

CN Prop
every man of kind of kind such that such that
1 2 8 . 8
he loves 7’17,m3 he kisses h7,m3
Figure 9

In the Det-S analysis the earliest stage at which the coreferentiality
of she and g girl can be accounted for, is when the determiner phrase (46)

has been formed.
(46) every such that he loves him3 such that he kisses himg.

Some later stage (e.g. the term level), might be selected as well. But in
all these options, the quantification rule would give wider scope to a than
to every, thus not yielding the desired reading.

Underlying this discussion is the assumption that there is something
like stacking of relative clauses. If there is stacking, then the rule for
quantification into a CN is essential for the PTQ fragment (FRIEDMAN &
WARREN (1979)). But is stacking indeed a phenomenon of natural language?

As for Hittite, BACH & COOPER (1975) inform us that no stacking occurs, and
in Dutch and German stacking is not possible. As for English, no author ex-—
presses doubts, except for PARTEE (1979b). She states that the evidence

for stacking is spurious. If we accept this, it would leave a rather small
basis for our argumentation concerning an answer on the thematic question.

There is another phenomenon, however, that requires quantification
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into CN's. It might be the kind of examples meant by PARTEE (1975, p.236).

Example (47) assumes that there are common nouns in the fragment of the form

friend of.

(47) Every picture of a woman which is owned by a man who loves her is a

valuable object.

Here the intended reading is the one in which every has wider scope than

a, and in which there is coreferentiality between g woman and her. This
reading can easily be obtained by means of substitution of @ woman into the
CN-phrase (48).

(48) picture of hel such that it is owned by a man such that he loves himz.

So even if we do not accept stacking as a phenomenon of English, a CN-S
analysis would be required.

It is remarkable to observe that the variable principle plays mno role
in the discussion concerning scope. The occurrences of the Prop variables,
which form a practical consequence of the principle, were not relevant. If
they were omitted, which would bring us back to the original Bach & Cooper
approach, then still the same problems would arise with respect to scope.
So even without the variable principle a CN-S8 analysis appears to be re-~
quired. This conclusion has to be relativized immediately. I have not given
a formal proof that it is impossible to obtain a correct treatment of scope
in the other analyses. I just showed that the CN-S analysis provides a di-
rect basis for a semantic treatment of scope phenomena in a way that the
considered T-S and Det-S analyses can not. This conclusion mentions an-
other argument for relativizing. We only considered the three analyses which
had our main interest. A lot more analyses are possible, and for some a
correct treatment of scope may be possible. For instance, a correct treat-
ment of scope might be possible if the category of determiners contains

variables for which a determiner can be substituted in a later stage.
7.3. Conclusion

In the previous section we observed that the framework of Montague
grammar hardly restricts the possible syntactic analyses of relative
clauses. In this section we investigated the possibilities for incorporating
the available options in a somewhat larger fragment. It turned out that
from the three main options only one was suitable. From this we learn that

it is important to consider phenomena not only in isolation, but to design
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grammars for larger fragments. The fact that for each isolated phenomenon
there are many syntactic options available, gives us a firm basis for the
hope that it is indeed possible to find a combination of syntactic comstruc—
tions that fits together in a system yielding the correct semantics for the
constructions involved. Thus we see that extending fragments is a fruitful
step which has impact on the description of isolated phenomena. This can be
considered as a reaction a remark of Van BENTHEM (1981, p.31) who denies

the use of generalization and the combination of partial theories.
8. THE GENERAL QUESTION

In this section I answer the general version of the thematic question.
We employ a framework in which the syntax and semantics have to be algebras,
and in which meaning assignment is a homomorphism. The general version of
the thematic question was to what extent this organization of the grammar
restricts the options we have available for describing a particular pheno-
menon in the syntax.

For the special case of relative clause formation we obtained in sec-
tion 6 the answer that any kind of analysis can be obtained, but that cer-
tain kinds of analysis cannot be avoided. This practical result will be ex-
plained below on the basis of the algebraic properties of the framework; and
the result will be generalized to an answer on the general question.

Let us suppose that we have found a semantic operation T888 which
takes two arguments, and delivers the meaning of a certain construction. So
in the semantics we have the construction step T888 (a',8"). Due to the
homomorphism relation, there has to be a corresponding operation F888(u,8)
in the syntax, and the two semantic arguments have to correspond with
the two syntactic arguments. Instead of the semantic step T888 (a',B"),
several variants are possible, each with its own consequences for the syn-—
tax. These variants amount to a construction process with two stages. We
may first have T888 (a',R), where R is a variable, and introduce in a later

stage a A-operator for R taking B' as argument:

1 t
XR[...T888(a SR)...J(BY).
This means that the syntactic expression B can be introduced in an arbitrary
later stage of the syntactic production process. Consequently, a lot of

variants of the original syntactic construction can be formed. These variants




296

are based on the use of the construction step T sR) in the logic. Due

ggs (o'
to the variable principle, the variable R has to be introduced by the trans-—
lation ‘of some syntactic variable. Let us suppose that V is such a variable.
Due to the homomorphic relation between syntax and semantics, this means that
in the syntax there has to be a step F888 (0,V) . So whereas we have gained
the freedom to introduce B in a later stage of the syntactic construction
process, step F888 is not avoided. The same argumentation applies when the
first argument of T888 is replaced by a variable. It is even possible to
replace both arguments by a variable, thus obtaining a large freedom in the
syntax concerning the stage at which o and B are introduced. But in all

these variants F888 is not avoided. Application of this argumentation to

the case of relative clauses (where two basic constructions are found) means
that we cannot avoid both the CN-S and the Det-S construction at the same
time.

So on the basis of the compositionality principle, formalized in an
algebraic way, many relative clause constructions are possible. This is due
to the power of A-abstraction. This operation makes it possible that on the
semantic side the effect is obtained of substituting the translation of one
argument on a sultable position within the other argument, whereas in the
syntax a completely different operation is performed. Referring to thig
power Partee once said 'Lambdas really changed my life' (Lecture for the
Dutch Association for Logic, Amsterdam, 1980).

The above argumentation is not completely compelling: there is (at
least) one exception to the claim that it is not possible to make a variant
of a given semantic construction which avoids the corresponding syntactic
construction step. An example of such an exception arose in the S-S analy-
sis for Hittite. In the main sentence we had the Det—CN construction each
one, where one, was a variable. We obtained a variant in which there is no
Det-CN construction: the logical variable introduced by one,, could be in-
troduced by a new variable eachn (see (34)). The algebraic description of
this method is as follows. Consider again T888 (a',R). The variable R might,
under certain circumstances, be introduced by the translation of a, thus
allowing to replace T888 by a related semantic operation which takes only
one argument. That the translation of o introduced the variable R, means
that in the syntax a is to be replaced by some variable, say an indexed
variant of a. Its translation is then a compound expression (being a com~

bination of the old translation o' with the variable R). This process,
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which avoids to have F888 in the syntax, is possible only if o is a single
word with a translation which does not contain a constant (e.g. if o is a
determiner). If the translation of a would contain a constant, then require-
ment la) of the variable principle would prohibit that its translation in-
troduces a variable. If o is not a single word, then it cannot be replaced
by a syntactic variable (maybe one of its parts can then be indexed). This
method of creating exceptions would be prohibited when requirement la) of
the variable principle would be replaced by the more restrictive version
1a'). In order to prove that the exception described here is the only one

by which a given analysis can be avoided, the details of the relation be-
tween operations in the semantics or in the syntax have to be formalized
algebraically (see also Section 3).

These algebraic considerations explain the results of our practical
work. On the basis of these considerations it would be possible to explain
that a Det-S analysis which is variant of the CN-S analysis, is not to be
expected (in any case the described method for obtaining variants does not
work). The algebraic considerations also answer the general question whether
the principle of compositionality restricts the options available for
descriptive work. Oh the basis of a given construction step, a lot of
variants are possible, but due to the variable principle and the homomorphic
relation between syntax and semantics, this construction step cannot be
avoided in these variants. So the answer to the general question is that
there are indeed restrictions on the syntactic possibilities, but omly in
the sense that a basic step cannot, generally speaking, be avoided. But
these restrictions are not that strong that only a single analysis is pos-—
sible. Formal proofs for these considerations would require, as I said be-

fore, a further algebraization of the syntax.
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CHAPTER IX

SCOPE AMBIGUITIES OF TENSE, ASPECT AND NEGATION

ABSTRACT

In this chapter verbal constructions with will, have, with negation,
and with the past tense are considered. The meanings of these syntactic
constructions are expressed by semantic operators. These operators have a
certain scope, and differences in scope give rise to semantic ambiguities.
These scope ambiguities are investigated, and a grammar dealing with these
phenomena is presented. In this grammar features and queries are used, and

the grammar produces labeled bracketings.
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1. INTRODUCTION Dordrecht, Holland

Verbal constructions with will, haqve, with negation, or with the past
tense, give rise to semantic operators: negation, tense operators and aspect
operators. The syntactic counterparts of such operators I will call 'verb-
modifiers'. So a basic verb modifier consists sometimes of a single word
will, have), sometimes of two words (do not), and sometimes of a verb af-
fix (for the past). Compound verb modifiers are combinations of basic modi-
fiers; they may consist of several words. (WZll not have) .

The semantic operators which correspond with basic verb modifiers have
a certain scope, and a sentence can be ambiguous with respect to the scope
of such an operator. The aim of the present chapter is to present a treat-
ment of scope phenomena involving terms and verb modifiers. Examples of
such ambiguities are provided by sentences (I) and (2). Both are ambiguous;
each sentence may concern either the present president or the future presi-

dent.
(1) The president will talk
(2) John will hate the president.

It is not may aim to analyse in detail the semantic interpretation of
operators corresponding with verb modifiers. I will not present proposais
for the formal semantics of tense or aspect; there is, in my treatment, no
semantic difference between past and perfect (there is a syntactic differen=-
ce). It is my aim to investigate only scope phenomena of operators and not
to consider the operators themselves.

The main conclusion concerning the treatment of scope will be that
the introduction of verb modifiers has to be possible both on the level of
verb phrases and on the level of sentences. Another conclusion will be that
compound verb modifiers have to be introduced in a step by step process:
each step introducing one semantical operator. The treatment that I will

present does not deal with all scope phenomena correctly (see section 5).
2. THE PTQ APPROACH

2.1. Introduction

As starting point for my investigations I take the treatment of verb

modifiers as presented in MONTAGUE 1973 (henceforth PTQ). I will discuss
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syntactic and semantic aspects of that proposal and compare these with re-

lated aspects of my approach.
2.2. Syntax of PTQ

The grammar of PTQ has six operations for the treatment of verb modi-
fiers: rules for present, perfect and future, and for the negated variants

of these tenses. Some examples:

F]4 (John, walk) = John has walked

F15 (John, walk) = John has not walked

Fiy (John, walk)

fl

John does not walk.

These operations are completely independent. The operation 'make a sentence
in the perfect temse' is independent of the operaiion 'make a sentence in
the negative perfect tense'. One would like to have here another situation.
My treatment aims at a so-called 'orthogonal' syntax: each phenomenon will
be treated by its own collection of rules (e.g. 'negating' will be treated
by means of a rules which just deal with negation), and all such collections
of rules will have the same structure as much as possible.

The PTQ rules do not treat conjoined correctly verb phrases since only

the first verb is conjugated. So the PTQ syntax produces (3) instead of (4).

(3) John has walked and talk
(4) John has walked and talked

FRIEDMAN (1979) has given a treatment of this kind of error, and the treat-
ment in this article of these problems will be about the same as hers.

The rules of PTQ deal with only three verb-modifiers: future, perfect
and negation. Compound modifiers such as past perfect (in kad walked) are
not treated, nor the simple past (walked). These modifiers will be incor-
porated in the fragment of the present chapter. Furthermore, compound
verb phrases will be incorporated of which the conjuncts (disjuncts) may

be modified in different ways (has walked and will talk).
2.3. Ambiguities

The grammar of PTQ deals with several scope ambiguities. I will recall
two of them because variants of them will return in the discussion. The
most famous example is (5). This sentence has a de~re reading (6) and a de-

dicto reading (7).
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(5) John seeks a unicorn
(6) Hu[unicorn*(u) A seek*(john,u)]
(7 seek(Ajohn,Akpﬂu[unicorn*(u) A VP(u)]).

Another example is the scope ambiguity in (8); this sentence has

readings (9) and (10)

(8) Every man loves a woman

(9) Vu[man*(u) - Bv[woman*(v) A love*(u,V)JJ
(10) Fvlwoman (v) A Vulman (u) + love (u,v)]].

The readings of (8) have a remarkable property. Reading (10) logically im-—
plies (9). This means that there is no situation in which (10) is true,
while (9) is false. For this reason one might doubt whether this scope am-
biguity is an ambiguity we have to account for: reading (9) seems to be
always acceptable. I will give two arguments explaining why (8) is consider-
ed ambiguous. Both arguments are due to Martin Stokhof (personal communi-
cation); see also chapter 4, section 6.

The first argument is that for slight variants of (8) the two readings
are logically independent. Consider sentence (11), in which we understand

one as precisely one.
(11) Every man loves one woman.

This sentence has readings (12) and (13), where neither (12) follows from
(13), nor (13) from (12).

(12) Vu[man*(u) > Alv woman*(v) A love, (u,v) 1]
(13) EiV[woman*(v) A Vu[man*(u) +~love*(u,v)]].

A more well-known variant of the scope ambiguities of (18) and (11) is sen-

tence (14). Also here the two readings are independent.
(14) Every man in this room speaks two languages.

These considerations show that sentences closely resembling (8) exhibit in-

dependent ambiguities.

The second argument is that in certain contexts the weaker reading of

(8) is required. Consider (15) or (16).
(15) It is not the case that every man loves a woman

(16) John does not believe that every man loves a woman.
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Sentence (15) can be used in situations in which it means (17), as well as

in situations where it means (18).
a7 7 [Vu[man*(u) > HV[woman*(V) A love*(u,v)]]]
(18) M Bv[woman*(v) A Vu[man*(u) é'love*(u,v)]].

Here the implication goes in the other direction: reading (17) implies (18).
So if we prefered to have only one reading for (15), it would have to be
(18). 1t is very likely that (15) is obtained by building (8), and next ne-
gating it. This construction requires that reading (18) of (15) be produced
from reading (10) of (8). So sentences like (15) require that reading (10)
is available. Hence (8) should get both reading (9) and (10).

2.4, Model

In several recent proposals arguments are put forward in favor of an-
other model for time than the one used in PTQ. Such proposals are based up-
on a model with an interval semantics for time, rather than one with time
point semantics (DOWTY 1979b, many contributions in ROHRER 1980). I will not
incorporate these innovations, but follow the PTQ logic and semantics since
it was not my aim to improve the PTQ interpretation of modifiers. This means
that the logic does not provide for the tools to discriminate semantically
between simple past and perfect, and therefore I will assign the same
meanings to them. The use of the PTQ model has as a consequence that, for-
mally spoken, I only deal with a limited use of tense: the reportive use
(see BENNETT 1977).

Using such a 'primitive' semantics is, for the present purposes, not
a great drawback. The scope phenomena under discussion will arise within
any semantic treatment of tenses, no matter what kind of a model is used.

I expect that my treatment can be adopted for another model (by taking the
same derivational history, but changing the translations or their inter-—

pretations).
3. BASIC VERB MODIFIERS

In this section sentences will be considered which contain basic verb
modifiers. First such sentences will be considered from a syntactic point
of view. The PTQ rules produce such modifiers in few contexts only, but

there are more situations in which they may occur. Next we will consider
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such sentences from a semantic point of view and investigate their scope
ambiguities. Finally we will consider which kind of rules might be used to
produce such sentences and to obtain the desired meanings.

The first kind of situation we will consider are the complements of
verbs like try, assert and regret. The rules of PTQ allow for unmodified

verb phrases as complement. An example is (19).
(19) John tries to run.

PTQ does not allow for negated verbs as complement. Such complements are
possible as is pointed out by BENNETT (1976); see example (20). The sen-—

tence is intended in the reading that what John tries, is not to rum.
(20) John tries not to run.

As sentence (21) shows, complements in the perfect are also possible (un-

like the PTQ predictions).
(21) John hopes to have finished.

Future is not possible in these complements (but in Dutch it is possible).
The second kind of situations where the PTQ rules are inadequate is

provided by sentences with conjoined verb phrases. The PTQ syntax states

that the first verb has to be conjugated. If we assume that the rule is

changed to mark all relevant verbs, then sentences like (22) are produced.
(22) John has walked and talked.

In the PTQ approach it is not possible to obtain differently modified
verbs in the conjuncts to the verb phrase; yet was notified by BACH (1980)
and JANSSEN (1980b) that they can be combined freely. Some examples, due to

Bach (op. cit.) are (23) and (24).
(23) Harry left at three and is here now.
(24) John lives in New York and has always lived there.

These examples can easily be adaptéd for other verb modifiers. In (25)

negation occurs and in (26) future.

(25) Harry left at three but is not here now.

(26) John has always lived in New York and will always stay there.
So the PTQ syntax has to be extended for complements and conjuncts.

Now we come to the semantic aspect. Sentences which contain a modifier

exhibit scope ambiguities with respect to the corresponding operator. An
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example 1is (27).
(27) The president will talk.

This sentence has a reading which says that the present president will speak
at a moment in the future (maybe after his presidency). It also has a read-
ing which says that on a future moment the then president will speak. So

sentence (27) has readings (28) and (29).

(28) EuEVV[president*(v) “—u=v]A W[talk*(u)]]

]

(29) WEiu[\7’v[president*(V)-<——> u=vl]A talk*(u)].

Notice that I consider president a predicate which may apply for dif-
ferent reference points to different persons. In some cases an index in-
dependent interpretation of an in principle index-dependent noun seems to
be required. The American hostages in Iran will probably always be called
hostages although they are no longer hostages. This means that this noun in

sentence (30) is used with an index independent interpretation.
(30) The hostages were received by the president.

I assume that even the president can be used in an index independent way;

in a biography about Eisenhower one might say
(31) The president studied at West-Point.

With an index independent interpretation of president formulas (28) and (29)
are equivalent. An example of a term for which only an index—dependent in-
terpretation is possible is 70-years—old-man. Sentence (32) only has
readings (33) and (34).

(32) 4 70 years old man will visit China.
(33) WBu[70—years*(u) A man*(u) A visit*(u,china)]
(34) Jul70-years, (u) A man_(u) A W[Visit*(u China)]].

For past tense and for negation ambiguities arise which are related
to the ambiguities for future discussed above. For perfect the opinions
vary. Some native speakers have claimed that perfect can only have narrow

scope, whereas others have mno problems with two readings for sentence (35).
(35) The president has talked.

The grammar I wil present, assigns two readings to (35), but a slight mo-

dification would give only one reading.
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For sentences with differently modified verb phrases there is no

scope ambiguity. Sentence (36) only has reading (37), see BACH 1980.
(36) 4 woman has walked and will run
37 Julwoman (u) A Hlwalk (u)] A Wlrun (u)1].

The above examples concerning embeddings and conjunctions suggest that
it is useful to have rules which produce modified verb phrases. This is the
approach that will be followed in this article. But the examples do not
prove that it is impossible to design a system in which only sentences with
verb modifiers are produced, and no modified verb phrases. I will sketch
below some problematical aspects of such approaches.

One might think of introducing the perfect on the level of sentences,

thus obtaining (39) from (38). Combination with (40) then yields (41).
(38) Harry leaves at three

(39) Harry has left at three

(40) Harry is here now

(41) Harry has left at three and Harry is here now.

From (41) we obtain (42) by means of a deletion rule.

(42) Harry has left at three and is here now.

For these sentences there arise no problems with this approach. But for

(43) it is problematic since (43) does not have the same meaning as (44).
(43) A man left at three and is here now
(44) A men left at three and a man is here now.

Our framework requires that there be a semantic operation which corresponds
with the rule that produces (42) from (41) and (43) from (44). I do not
know of a semantic operator which has the desired effect, and therefore it
is questionable whether this approach can be followed.

A variant of this method, due to Van Benthem (personal communication)

is to produce (42) from (45).
(45) Hez has left at three and is here now.

Sentence (45) is produced in the way sketched above, so obtained from (46)

by means of a deletion rule.

(46) Hel has left at three and hez 18 here now.
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The semantic problem mentioned above does not arise because (45) and (46)
are equivalent. I expect that an approach like this will require rules which
are far more complex than the rules which produce modified verb phrases in

this chapter.

If we HaVe.rules introducing verb modifiers at the level of verb
phrases do we then still need rules introducing them at the level of sen-
tences? The answer of BACH (1980) seems to be that only rules for verb
phrases are needed. He presents a new translation rule corresponding with
the syntactic rule which produces a sentence from a term and a verb phrase.
His translation rule has the effect that in the translation of the sentence
the operator in the IV-translation gets wider scope than the subject. So
the basic situation is that subjects obtain narrow scope, and subjects can
obtain wide scope by quantifying in. In this way the two readings of (47)

are obtained.
(47) The president will walk.

An exception to this pattern is the conjunction (disjunction) of different-
ly modified verb phrases. As we observed above, the subject can only have

wide scope. Recall (36)
(36) A woman has walked and will run.

In order to deal with such constructions, Bach presents translation rules
for conjunction and disjunction of verb phrases which have the effect that
for such constructions the subject gets wide scope.

Bach's approach is insufficient because there are examples where one
whishes to quantify a term in, but where nevertheless this term should be
within the scope of the tense operator. I will give three examples. Each
exhibits in the future tense a phenomenon for which quantification rules
are commonly used in the present tense. The first example concerns scope

ambiguity of quantifiers: sentence (48) with reading (49).
(48) Every catholic will follow a man
(49) WEu[man*(u) A Vv[catholic*(v) +>fbllow*(v,u)]].

In order to obtain reading (49) one wishes to quantify a man into Every
catholic follows him and only after that, assign the tense. The second ex-
ample concerns the de-dicto/de-re ambiguity: sentence (50) with reading

(5.
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(50) John will seek a unicorn
(51) Wau[unicorn*(u) A seek*(john,u)].

Here John seeks a future 'de—re unicorn'. Again one wishes to quantify in,
and then assign tense. The third example concerns coreferentiality of terms

inside the scope of the tense operator: sentence (52) with reading (53).
(52) The president will love a woman who kisses him
(53) WBu[Vv[president*(v) > u=v]A Ew[woman*(WO A kiss*(w,u) Alove*(u,w)]].

This translation represents the reading in which the loving and kissing
happen on the same moment in the future. Again one wishes to produce this
sentence by means of first quantifying in at the sentence level, followed
by tense assignment on that level. Related examples can be given for other

tenses and aspects.

For the introduction of negation on the sentence level related examples
can be given: situations where one wished to quantify in, but where nega-
tion has wide scope. Examples are the quantifier scope in (54), the de-re

reading of (55) and the coreferentiality in (56).

(54) Every woman does not love a man

(55) John does not seek a unicorn

(56) The president does not love the woman who kisses him.

The main conclusion of this section is that rules are needed which in-
troduce modifiers on the level of verb phrases, but that also rules are
needed which do so on the level of sentences. This aspect constitutes the
fundamental difference between the present approach and the approach of
BACH (1980). Notice that an important part of the argumentation is based
upon the fact that phenomena like scope of terms, de-dicto/de-re ambiguity

and coreferentiality, are dealt with by means of quantification rules.

The last part of this section consists of two examples of sentences
which are produced according to the ideas I have just sketched. The details
of the rules will not be given here, but the sequence of stages of the pro-
cess (and the respective translations) are the same as the ones obtained

by using the rules of the grammar from section 7.
The first example is sentence (57), with reading (58).

(57) John will seek a unicorn
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(58) Wl3u unicorn*(u) A seek*(john,u)].

First sentence (59) is produced, it has (60) as translation.
(59) John seeks himl

(60) seek(Ajohn,AXPAP(xl)).

The next step is to quantify in the term g unicorn. Then sentence (61) is

obtained, with translation (62).
(61) John seeks a unicorn
(62) Bu[unicorn*(u) A seek*(john,u)].

The last step is the introduction of future tense in (61). This gives us

sentence (57), with (58) as tramslation.

The second example concerns the sentence John tries not to run. This
sentence contains the verb phrase not to rum, and this raises the question
which kind of translation we use for verb phrases. BACH (1980) has given
several arguments for considering verb phrases as functions operating on
subject terms. This approach has as a consequence that a new, somewhat
complex tramslation rule has to be used for S4 (the rule which combines a T
and an IV to make an S). One of Bach's arguments in favor of considering
verb phrases as functions was his treatment of tense and aspect. As we con-
cluded, his proposal is in this respect not satisfactory. His other argu-
ments in favor of verb phrases as functions, concern phenomena I do not
deal with in this article (such as 'Montague phonology' and constructions
like A unfcorn seems to be approaching). Since in our fragment we will not
have any of the advantages of that approach, I will use the simpler PTQ
translation. But no matter which translation is chosen, the conclusion

that modifiers have to be introduced on two levels remains valid.

Let us return to the example, sentence (63) with translation (64).
(63) John tries not to run
(64) try to(Ajohn,Xx 7[(run(vx)]§.

The first stage in the production of this sentence is to produce verb phrase

(65). Its translation as explained above, is (66).
(65) do not runm

(66) Ax 1 Lrun ("x) 1.
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The next step is the addition of ¢ry to, yielding (67), with (68) as trans-

lation.
(67) try not to run
(68) try to(rx,”1 [run*(vx)]).

Combination with the term John gives sentence (63), with translation (64);
4. COMPOUND VERB MODIFIERS

In this section I will consider sentences in which verbs occur which
are accompanied by compound modifiers: comstructions with will not, will
have, had, would, etc. The sentences exhibit ambiguities which give us sug-

gestions as to how to deal with compound modifiers.

The first example concerns the combination of negation and future.

Sentence (69) has three readings, viz. (70), (71) and (72).
(69) Every woman will not talk

(70) Vu[woman;(u) -7 W[talk*(u)]]<

(71) 71 WVu[woman*(u) +-talk*(u)]

(72) 71 Vu[woman*(u) > W talk*(u)]].

Notice that in all readings negation has wider scope than future. The first
two readings are the most likely ones. A situation in which the relative
scope of the third reading seems to be intended arises in HOPKINS (1972,
P.789). Hopkins argues that it is not necessary to always design elegant

computer programs because
(73) Every program will not be published. Many will be used only once.

In the PTQ approach only readings (70) and (71) can be obtained. This is
due to the fact that in PTQ tense and negation are treated as an indivisible
unitbwhich is introduced by one single step.

For sentence (74) related ambiguities arise. The sentence is three

ways ambiguous.
(74) The president will have talked.

This sentence may concern
(i) An action of the present president (maybe after his presidency).
(ii) An action of some president during his presidency (maybe a future

president) .
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(iii) An action of a future president (maybe before his presidency).
This readings are presented in (75), (76) and (77) respectively.
(75) Hu[Vv[president*(v) Au=v]A WH[talk*(u)]]

(76) WHEu[Vv[president*(v) > u=v]A talk*(u)]

(77) WEu[Vv[president*(v) “~ru=v]A H[talk*(u)]].

I assume that (75) is the most likely reading of (74). The relative scope
of the temse operators and president as indicated in (76) is, however, the

most likely reading of (78)
(78) {In 2000 the political situation will be different since}
An USA president will have visited Cuba.
The relative scope as indicated in (77) is the moét likely reading of (79).
(79) The president will have learmed Montague grammar at high school.

These examples show that the two tense operators corresponding with the
compound modifier 'future perfect' may have different scope. For the other
compound modifiers related examples can be given. I will give some examples
of the reading in which the scope of the two operators is not the same.

Sentence (80) with reading (81) can be said about Eisenhower.

(80) The president had been a general. {Therefore he knew about the power

of the militair-industrial complex}
(81) HSu[Vv[president*(v) “~>u=v]A H[general*(u)]].
Sentence (82) gives information about the former Dutch queen Wilhelmina.

(82) {In May 1940 Wilhelmina had to leave her country but}
The queen would return to Holland.

(83) HBu[Vv[queen*(v) ~—u=v]A W[return*(u)]].

Notice that in sentence (82) would is used to indicate a certain temporal
sequence. At the moment in the past under consideration, the return was
still in the future. Also the construction would have can be used to de-
scribe a certain temporal sequence. The information about queen Wilhelmina

given above can be extended by (84).

(84) At her departure she was just the queen, at the moment of her return
she would have become a symbol of patriotism.
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The use of would and would have described above is somewhat exceptional.

More frequently they are used in constructions like (85) and (86).
(85) John would come, but he ig not here.
(86) If John had come, we would have won the game.

I do not intend to deal with constructions like (85) and (86), but only

with the 'temporal' constructions.

For simple modifiers ambiguities of the kind considered above do not
arise. (87) does not have reading (88), which would express the fact that

the action may take place after the presidency of a future president.
(87) The prestdent will visit Holland
(88) WEu[Vv[president*(v) “~+u=v]A W[Visit*(u,Holland)]].

The ambiguities considered in this section suggest that the compound
modifiers have, for semantic reasons, to be introduced in a process with
several stages, each stage introducing one operator in the translation. For
instance, a sentence containing will hqve is obtained by first introducing
perfect and next introducing future. Analogously had is analyzed as past +
perfect and would as past + future. The semantic ambiguities can easily be
accounted for since for an operator we have the options of‘introducing.it

on the level of verb phrases and of introducing it on the level of sentences.

Besides the semantic arguments there is also syntactic evidence for
the introduction of compound modifiers by means of a process with several
stages. Some compound modifiers.can be split up when they occur in connec-—

tion with a conjoined verb phrase. An example is (89).
(89) The president will have talked and have walked.

In (89) the verb phrases fave talked and have walked share the auxiliary
verb wilZl.

The main conclusion of this section is that compound modifiers have to
be introduced by a process with several stages, each stage introducing a
new operator in the translation. An example illustrating this process is

sentence (90) with reading (91).
(90) The president will have talked
o1 WBu[Vv[president*(v) <~ u =v] A H[talk*(u)]].

The first step is the production of the verb phrase (92), which has
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translation (93).

(92) have talked

(93) AxHltalk, ('x) 1.

Next sentence (94) is formed with translation (95).
(94) The president has talked.

(95) Fulvv president*(v) > u=v] A H[talk*(u)]].

The last step is the introduction of the future, this yields sentence (90)

with translation (91).
5. COMPLEX CONSTRUCTIONS

5.1. Introduction

In the previous sections we considered scope phenomena of simple and
of compound verb modifiers. In this section scope phenomena will be con~
sidered in connection with more complex constructions than considered be-
fore. The most important ones are conjoined and disjoined phrases and com-
binations of them. I will use the name conjoined phrases to cover such con-
junctions and disjunctions except where the difference is relevant. This
section has a somewhat different character than the previous two, because
conjoined constructions give rise to phenomena which do not constitute a
clear and simple pattern. The acceptability of the sentences or interpre-
tations is sometimes marginal and the judgements may have to be changed in
some cases. The present discussion is intended primarily to point out some

interesting phenomena.

5.2. Conjoined verb phrases with positive verbs

Conjoined verb phrases which consist of umnmodified verbs give rise to
the same phenomena as single verbs. The conjoined phrases can be modified
as if they were simple verbs and they exhibit the same ambiguities. An ex-~

ample is sentence (96), which has readings (97) and (98).
(96) The president will walk and talk

97 WEu[Vv[president*(v) —u=v]A [walk*(u)'A talk*(u)]](
(98) FulVvlpresident (v) <> u = v] A Wlwalk (u) A talk (u)1].

The formulas (97) and (98) present the possible readings as far as the
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position of president with respect to the future operator is concerned.
Both readings, however, say that on a moment on the future a certain person
will both walk and talk. Probably this is too precise, and a better inter-
pretation would be that there is a future interval of time in which both
the walking and the talking are performed, possibly on different moments in
that inverval, So this kind of objections against (97) and (98) might be
solved by using another model relative to which the formulas are inter- .
preted. But concerning the scope aspect, the formulas seem correct, and
therefore the rules will produce only (97) and (98) as translations for
(96) .

Conjoined verb phrases with verbs which are modified differently only
have a reading in which both operators have narrow scope. We have already

met example (99) with reading (100).
(99) A woman has walked and will run.
(100) Eu[woman*(u) A H[walk*(u)] A W[run*(u)]]-

If the verbs of the conjoined phrase are modified in the same way, there is
a reading which corresponds with the above example: sentence (101) has a

reading (102)
(101) The president will walk and will talk
(102) Hu[VV[president*(v) «~>u=v]A W[walk*(u)] A W[talk*(u)]].

Sentence (101) can, however, be considered as dealing with a future presi-

dent, so it also has reading (103).
(103) WBu[Vv[president*(v) ~>u=v]A walk*(u)] A talk*(u)].

The possibility that the walking and talking are performed on the same
moment in the future can be dealt with in the same way as I suggested for
sentence (96). The fact that sentence (101) has reading (103) (= 97!) sug-
gests us that we consider sentence (101) as a syntactic variant of (96) and
assign it, too, reading (98). The same treatment will be given of the per-

fect.

For the past tense the same pattern applies: sentence (104) not only

has reading (105) but also readings (106) and (107).
(104) The preéident walked and talked.

(105) Eu[VV[president*(v) >+ u=v]A H[walk*(u)] A H[talk*(u)]]
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(106) HEu[Vv[president*(v) “~>u = vy] A walk*(u) A talk*(u)]
(107) 3uVV[president*(v) > u=v]A H[walk*(u) A talk*(u)].

Conjoined negated verbs do not follow this pattern. Sentence (108) has

reading (109), but it has no reading with only one negation sign.
(108) The president does not walk and does not talk.
(109) Su[VV[president*(V) “~ru=v] Al [walk*(u>] ATl [talk*(u)]].

A conjoined verb phrase which consists of equally modified verbs can,
in some cases, be modified further. An example is (110), where a modifier

is applied to a conjunction of verbs in the perfect.
(110) The president will have visited Rome or have visited Tokyo.

Conjoined verb phrases with equally modified verbs cannot be negated, as
(111) illustrates. That example cannot be interpreted as a negation of a
conjunction of perfect verb phrases, but only as a negated verb phrase con-

joined with a non-negated one.
(111) The president has not visited Rome or has visited Tokyo.

If another modifier is applied first, the phrase behaves as a simple con-

struction and can be negated, see (112).

(112) The president will not have visited Rome or have visited Tokyo.

5.3. Conjoined verb phrases with negated verbs

If in a conjoined verb phrase the first verb is not modified and the
other verbs are negated, then the whole construction behaves as a verb
phrase with unmodified verbs. This means that such a construction can be

modified further; an example is (113) with reading (114).
(113) John will walk and not talk
(114) W[walk*(john) A 1 [talk (john)1].

Note that sentence (113) is not ambiguous with respect to the scope of W
because the interpretation of John is index independent. Were Jokn be re-
placed by the president, then ambiguities would arise of the kind we have

discussed before.

If in a conjoined verb phrase the first phrase is negated and the

others are not negated, then the situation is different. A modifier
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'absorbs' the negation: sentence (115) only has reading (116).
(115) John will not walk and talk
(116) 71 W[walk*(john) A talk*(john)].

If all the verbs in a conjoined verb phrase are negated, then the two pat-
terns give rise to an ambiguity. Sentence (117) has both reading (118) and
(119).

(117) John will not walk and not talk
(118) W[l walk*(john) ATl talk*(john)]
(119) Wiwalk, (john) A _Italk_k( john) ].

For conjoined verb phrases with verbs in the perfect a related situation
arises. Sentences (120) and (121) seem to have one reading, whereas (122)

has two readings.

(120) Johm will not have walked and have talked
(121) John will have walked and not have talked
(122) Johm will wnot have walked and not have talked.

Corresponding with the above sentences there are sentences with the con-
tracted forms like won't. Sentence (123) has the same reading as its un*

contracted variant (120).
(123) John won't have walked and have talked.

Sentence (124), however, is not equivalent with the corresponding uncon-

tracted form (117): it only has reading (119), but not reading (118).
(124) John won't walk and not talk.

The way in which we may treat contracted forms depends on the organi-
zation of the morphological component. Suppose that one decides that the
input of the morphological component has to consist of a string of words
(where the words may bear features). Then the contraction of will not to
won't cannot be dealt with in the morphological component because sentence
(118) gives no syntactic information about the intended reading. This means
that the contraction has to be described within the rules: the rule intro-
ducing negation should have the option of producing contracted forms like
won't. If one has the opinion that the input of the morphological component

has to be a syntactic structure, then the situation is different. I assume
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that sentence (117) will have a structure in which wiZZ is directly con-
nected with not and a structure in which walk is direcfly connected with
not. This structural information desambiguates sentence (117) and provides
sufficient information to deal with contracted forms: will not only reduces

in case it is a constituent.
5.4, Terms

The PIQ fragment only has terms which require a third singular form of
the finite verb. This is probably caused by the desire to keep the syntax
simple. Incorporating pronouns for the first and second person singular
would not be interesting in the light of our investigations for the follow-
ing reason. The pronouns I and you get an index independent interpretation

and therefore (125) and (126) are not ambiguous.

(125) I will have visited China

(126) You have discovered the solution.

In what follows we will only consider 'third-person' terms.

Disjoined terms give rise to the same scope phenomena as simple terms.
Sentence (127) has a reading that says that the present president or the
present vice president will go, and a reading that says that the future

president or future vice-president will go.
(127) The president or the vice-president will visit Holland.

A complication may arise from quantifying in. One might first produce (128)

and obtain (127) from this by means of quantifying in.
(128) The president or hel will visit Hollard.

This might result in a reading in which the present vice-president or the
future president will visit Holland. Such mixed readings are not possible
for sentence (127). This means that we have to constrain the possible ap-
plications of the quantification rule. I have not investigated these mat-
ters and I will therefore simply assume the (ad hoc) restriction that
there are no terms of the form TI or T2 in the fragment, where one or both
terms are indexed pronouns.

In the ekamples above the determiners the and g are most frequent.

For the term every president corresponding results are obtained: sentence

(129) gets readings (139) and (131).
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(129) Every president will talk
(130) Wlvu president*(u) - talk*(u)]
(131) Vu[president*(u) %-W[talk*(u)]].

If (129) concerns future presidents, it is unlikely that they have to be
presidents at the same moment. One might try to represent such a meaning
by formula (132).

(132) VuW[president*(u) »»talk*(u)].

This is, however, not correct, since (132) would (vacuously) be true in
situations such that for everyone there is a future moment at which he is
not a president. I expect that the desired reading can be obtained by in-
terpreting formula (130) in some model with interval semantics for time.
Then (131) might get the interpretation that there is an interval in the
future during which all individuals who are president in that interval will
talk during that interval. The scope aspect of the meaning of (129) is then
adequately represented by formulas (130) and (131).

For conjoined terms the same ambiguities will be obtained as for dis-
joined terms. Sentence (133) has a reading about present statesmen and one

about future statesmen.
(133) The president and the vice president will visit Cuba.

The problem of 'mixed' readings, noticed with respect for disjunctions, al-
so arises here, and for conjoined terms a corresponding (ad hoc) restriction
on quantifying in is required. Furthermore there is the same difficulty as
for the term every president. It is not necessary that the two statesmen of
sentence (133) will visit Cuba together. A solution might be found follow-

ing the suggestions concerning the interpretation of (129).
5.5. Embeddings

An important source of scope phenomena are the embedded sentences (in
verb complements and in relative clauses). LADUSAW (1974) and EJERHED (1981)
point out several sentences that are not treated correctly in PTQ. A variant

of an example of Ladusaw is (133).
(133) Mary has found the unicorn that walks.

The rules produce the possible reading in which the unicorn presently walks.

But they also produce a reading in which the unicorn walks on the moment of
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discovery (which is not a possible reading). For the future tense this am-—

biguity seems to be correct, see sentence (134).
(134) Mary will find the unicorn that walks.
An example from EJERHED (1981) is

(135) BZll will assert that John Loves Mary.

She argues that this sentence is ambiguous. On the one reading John loves
Mary at the moment of asserting, and on the other reading he loves her now.
PTQ cannot distinguish between these readings, nor can the present treat-

ment.

In order to deal with embeddings, Ladusaw makes his syntactic rules
rather complex (using e.g. dominance relations) and his success is partial.
I would try to find a solution in the logic. Priorian tense logic is not a
suitable logical language to deal with the semantics of embedded sentences.

This is illustrated by example (136).
(136) A child was born that will become ruler of the world.

The will of the embedded sentence takes as 'starting point' the reference
point used for the interpretation of the whole sentence, and not the re-
ference point introduced by the past tense. Sentence (136) was one of
Kamp's arguments for introducing the 'Now'-operator (RKAMP 1971). However,
more power is required. The 'now'=-operator keeps trace of the first point
of reference one encounters during the evaluation of the sentence: the
point of utterance. SAARINEN (1978) gives examples which show that one .
needs to be able to keep trace of all points of reference one encounters

in evaluating the sentence. One of his examples is (137).

(137) Bob mentioned that Joe has said that a c¢hild had been born who would

become ruler of the world.

Saarinen argues that the would can have as starting point for its evalua-
tion any of the reference points introduced by the previous past tense
operators. So each operator introduces its own variant of "'now'. This means
that considerable expressive power has to be added to the logic we use for
representing meanings. Since I use the logic of PTQ, with its Priorian

tense operators, it is not surprising that embedded comstructions in general

are not treated correctly by my grammar.
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6. ONE OF THE RULES

Most of the scope phenomena discussed in the previous sections will be
treated explicitly: in section 7 by providing a grammar. That grammar is in
some respects different from the grammar used for the PTQ fragment. The dif-
ferences are already introduced in chapter 7: some of the words may bear
features, information provided by queries is used, the rules produce labeled
bracketings (or, equivalently, labeled trees), and in the formulation of
the rules certain basic operations can be mentioned. These aspects of the
grammar will be considered below, thereafter one of the rules will be dis-
cussed extensively.

The features are used mainly to facilitate the explicit formulation of
the rules. It is, for instance, shorter to write formulation (A) instead of
(B), and probably easier to understand.

(A) add features ((past, sing 3),6)

(B) replace § by its third person singular past tense form.

The features are not intended as a part of a general theory about features,
and therefore I will only introduce those features which I find useful for
the treatment of the present fragment. These are: past, pe (for participles)
and sing 3 (for the third person singular). Other features are not needed

(e.g. there is no feature pres since walk ~> walked, and

sing3,past

walk ., ~> walks) .
si

Tgiamost important query that will be used is Fin. The Fins of a sen-
tence or verb phrase are its finite verbs, i.e. the verbs which agree (in
person and number) with the subject of the sentence. So it is about the
same as the query Mainverb introduced in chapter 7. I prefer to avoid the
name mainverb in the present context, because auliliary verbs (such as
will and do) can be used as finite verbs, and maybe not everyone would be
happy to call those auxiliary verbs 'mainverbs'. The other query that will
be used is Verbphrase. It gives the information what the verbphrase of a
given sentence is. For the present fragment it turned out to be the most
simple to define the queries directly on all trees, and not within the
root operation (as was the method employed’in chapter 7).

The labeled bracketing are used mainly to give a correct treatment
of cénjoined phrases. FRIEDMAN (1979) has shown that for dealing correct-
ly with the conjoined and embedded phrases of the PTQ fragment, it is suf-

ficient to have the bracketing available: the labels are not needed.
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For the fragment under discussion the same holds: no rule needs the infor-
mation provided by the labels. The choice of the labels is, for our purposes,
arbitrary. Which labels actually have to be chosen, can only be decided if
larger fragments of English are considered, then we might decide which rules
need which information. The decision to call will in John will run an auxil~
iary is arbitrary from my point of view, I have no arguments pro or contra
this choice. Since labels play no essential role in the discussion, I will
simplify the presentation of the grammar by omitting the labels, e.g. in

the presentation of the produced expressions and in the formulation of the
root operations. Furthermore, I will omit brackets around simple lexical
items. (e.g. using run instead of [runl]). These simplifications allow me

to write (139) instead of (138).

(138) [[John]T[Zovesing3]Tv[Mdry]T]IV]S

(139) [John[lovesing3

The basic operations we will use are root and adjoin. The operation

Mary]].

root takes a sequence of trees as argument, and connects them with a new
common root, labeled with a given category (see chapter 7). The operation
adjoin takes two trees as argument, and connects them with a mew root,
which bears the same label as the root of the second argument.

As introduction to the presentation of the grammar I will exténsi#ély
consider one of the rules. It is the rule which has the effect that the
modifier for future tense is introduced into sentence (151), thus obtaining
(152).

(140) John walksing3 and taZkSing3

(141) John will _, walk and talk.
sing3

Every sentence cannot be used as input for this rule; for instance a sen-
tence in the future tense cannot be futurized again. There have to be re-
strictions on the possible applications of a rule introducing future. For
other modifiers the same holds: not every sentence can be modified. One
might wish to have in the grammar a single rule for the introduction on
sentence level of all modifiers. This rule has to mention under which cir-
cumstances a future may be introduced, and the same for other modifiers.
Moreover for each modifier it has to describe precisely in which way it has
to be introduced. In this way we would obtain one great rule with a lot of
subclauses. For reasons of elegancy and understandability I prefer to have

for each modifier a separate rule.
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We have to characterize the sentences to which a certain modifier can
be added. There is a hierarchy which accounts for the relative scopes of
modifiers as we observed this in sections 3 and 4 (conjoined phrases give

rise to complications). The hierarchy is
[neglpastlfutlperf11]].

This hierarchy claims, for instance, that negation always had wider scope
than the perfect. It also says that future can be added to a positive per-—
fect sentence and to a positive sentence in the present tense. It says
moreovef that future cannot be added to a negated sentence because that

would give rise to an incorrect order of scope.

The hierarchy suggest to us how the possible applications of the rule
introducing future has to be restricted. It can only be applied to sentences
in the positive present perfect and in the positive present tense. The rule
introducing future then has to contain a specification of what such sen—
tences look like. One might expect as characterization of sentences in the
positive present perfect that the sentence has as finite verb the auxil-
iary have, and as characterization of a present tensed sentence that its
finite verb is in the present tense. Such a description is not sufficient.
In the description of the present tensed sentences one has to exclude finite
verbs which are modifiers themselves (has,will,do). Furthermore we have to
exclude negations. If conjoined verb phrases are involved, further caution
is required. These considerations show that the desired characterizations
will become rather complex. I do mot doubt that such characterizations are

possible, but I prefer to use a somewhat different method.

The method I prefer consists of subcategorization of the sentences
and verb phrases. This subcategorization is not obtained by describing ex—
plicitly which sentences belong to a certain subcategory, but indirectly
by means of the rules. The rule which introduces the perfect gives the in-
formation that the sentence obtained belongs to the subcategory of sen-—
tences in the perfect tense and the rule which introduces negation gives
the information that if the rule is applied to a perfect sentence the re—
sulting sentence is the subcategory of negated perfect sentences. In this
approach the rules take expressions of specified subcategories and produce
expressions of specified subcategories. In this way we avoid complex con-—
ditions in the rules: the grammar does the job.

I have already mentioned two subcategories of expressions to which
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future tense can be added: the positive sentences in the present tense and
those in the present perfect. For these subcategories I will use the names
perf S and S respectively. For the category of all sentences I will use the
name full §, so S in this chapter has a different meaning than in PTQ. In
the rules many more subcategories are relevant than the ones mentioned here.
The names of almost all subcategories that will be used, are indicated by

the following scheme of names:

(neg) (past) (fut) (perf)s.

The names of subcategories are obtained from this scheme by replacing each
subexpression of the form (a) by the expression o or by the empty string.

Some examples of subcategories are as follows:

name intuitive characterization

S sentences in the positive present tense
neg past S negated sentences in the past tense
past perf S unnegated sentence in the past perfect

For verb phrases a related system of subcategories will be used. The
system is somewhat larger because there are some categories for conjoined
phrases, e.g. the category of conjoined phrases consisting of verbs in the

perfect. The names which can be used are given by the following scheme
(conj) (neg) (past) (fut) (perf)IV.

Whether a conjoined phrase belongs to a subcategory of conjoined phrases is
determined by the rules. This might have as a consequence, however, that the
subcategorization of a phrase and the intuitive expectation about this do
not always coincide. One might, for instance, expect that will have walked
and have talked is a conjoined phrase. Since it behaves as a single verb in
the future tense it is considered as an expression of the subcategory fut
IV. For the set of all verb phrases we use the name full IV, the subcate-

gory IV consists (in principle) of ummodified verbs.

Now I return to the rule under discussion: the one which introduces
future tense. One might design a two-place rule which combines the modifier
will with a sentence of the subcategory S or perf S. Then the rule yields
4 sentence of_(respectively) the subcategory fut S or fut perf §. The trans-—
lation of will introduced on the level of sentences has to be ApW[Vp],
where p is a variable of type <s,t>, and the translation rule corresponding

with this syntactic rule could then be MOD'(AS'). Such a rule exhibits a
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a remarkable property: there is just one expression which can be used as
first argument of the rule. Since only one argument is possible one could

as well incorporate all information about this argument in the rule. In this
way the rule with two arguments is replaced by a rule with one argument. I
consider such a one-place rule as simpler and therefore I will follow this

approach.

A one-place rule which introduces future in a given sentence has to
contain some syntactic operation which has the effect of introducing will.
In this way will becomes a syncategorematic symbol. This wzll, when con-
sidered in isolation, does not get a translation. But this does not mean
that its introduction has no semantic effect: its effect is accounted for
by the translation rule (which introduces the future tense operator IV).
Nor does the syncategorematic introduction of wZll mean that it has no
syntactic status. The role of will in the syntax can be accounted for in
the surface structure which is produced by the rule. There it can be given
the position it should get on syntactic grounds and there it can get the
label it should bear.

For other verb modifiers the same approach will be followed. There is
no semantic or syntactic reason to have essentially different derivational
histories for past sentences and sentences with future. Both verb modifiers
can be introduced by means of one—place rules. That there is a great syn-
tactic difference (in English) between past and future can be accounted for
in the produced bracketing: there the introduction of past has the effect
of the introduction of an affix and the introduction of future the effect of
introducing an (auxiliary) verb. Also the difference between future tense
in French (where it is affix) and in English can be accounted for in the
labeled bracketing. Notice that the decision to introduce verb modifiers
syncategorematically is not made for principled reasons, but just because
it gives rise to a more elegant grammar.

Next I will consider the formulation of the rule introducing future
on the level of sentences. This rule can be considered as consisting of
two rules: one producing expressions of subcategory fut S (from expressions
in the subcategory S) and one producing expressions of the subcategory
fut perf S (from perf S expressions). The subcategorical information is
combined in the following scheme (or hyperrule, see the discussion on Van

Wijngaarden grammars in chapter 6, section 5):

Rfut' (perf)S ~ fut(perf)s.
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From this scheme we obtain information about actual rules by replacing
(perf) on both sides of the arrow consistently either b& perf or by the
empty string. The scheme says that there is a rule (function) from the sub-
category S to the subcategory fut S and a function from the subcategory
perf S to the subcategory fut perf S. Which particular rules there are is

determined by the syntactic operation F . It consists of two syntactic

fut
subfunctions which have to be performed consecutively.

Ffut: delete (sing 3,Fin(S));

adjoin (willsing3,verb phrase(S)).
Agreement is dealt with in a primitive way: the rule is correct only for
subjects which require the third person singular form of the verb. This is
sufficient because our fragment contains only such terms. Notice that there
is for both rules indicated in éhe scheme, one single syntactic operation.
For the corresponding translation rule the same holds: there is one trans—

lation rule which reads as follows:

. 1
Tfut' Wla'].

7. THE GRAMMAR
7.1. Introduction

Now we come to the kermel of the proposal: the rules. Presenting an
discussion on how to treat a certain phenomenon is one step, but providing
for explicit rules is another important step. The rules presented here are
not just a formalization of the previous discussion. They contain more in—
formation because I have to be explicit about details I did not discuss
(see also section 7.5). The rules do not deal with all phenomena mentioned
in section 2 (simple modifiers) and in section 3 (compound modifiers).
Furthermore the rules deal with all phenomena concerning conjoined verb
phrases discussed in 4.2 and 4.3, except for the contracted forms. As for
4.4, the fragment contains disjuncted terms, but no conjuncted ones. Al-
though embedded constructions are in the fragment, the predictions of the
rules are in several cases incorrect.

The fragment described by the rules is an extension and variation of
the PTQ fragmént. The lexical elements are supposed to be the same as in
PTQ, except for verbs like try to, which loose their to. The rules (schemes)

presented below, replace the PTQ rules SB(relative clauses), SA(IV+T),
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Ss(IV/IV+IV), SQ(S/S), SIO(IV//IV+IV), Slh(quantificat%on of T into S),
Sls(quantification into IV), and Sl7(variants of S4). Other rules are as-
sumed to be as in PTQ, with the change that now bracketings are produced.
The rules will be presented in the form described in the previous
section; i.e. by presenting their S,F, and T compoment. Furthermore, some
of the rules are accompanied by comments or examples. In the examples the
subcategory of. the produced expression is mentioned between braces. The
rules are divided into six groups. Each rule bears an index in the 900-

series.
7.2. Rules

I. Rules modifying verb phrases

8901 : (conj)IV » perf IV
F901 : if do is among Fin(o) then delete this do;
add feat (pc,Fin(a)); adjoin (have,a)
Tyo1 : AxH[a' ]
example: Foo1 (Lwalk andlldo notltalkl) = [have[walkpc andlnot ﬁakaC]]] =
have walked and not talked {perf IV}.

comment |: The subcategory indication conj is not mentioned in the output
subcategory because the resulting phrase behaves as an simplex

verbphrase in.the perfect.

8902 : (conj) (perf)IV » fut(perf)IV

F902 : if do occurs in Fin(a), then delete this do; adjoin (Will,a)

T902 2 AxWla'(x)]

example: Foo, (lwalk andlldo notltalkll) = [willlwalk andlnot talkl]]
{fut IV}

8903 : (fut) (perf)IV - past(fut) (perf) IV

F903 : add features (past,Fin(a))

T903 : AxHla' (x) ]

examples: (Lwalk andlldo notltalkl]) = [walkpast and[[dopast notltalk1)=
walked and did not talk {past IV}

Fy03 (Cwill walk]) = [wiZZPa

Fo03
ot walk] = would walk {past fut IV}
comment: Notice that this rule has the same translation rule as the rule

introducing perfect (S,,,). In case we use a logic which allows

901
for dealing with the semantic differences between past and perfect,

the translation rules would be different.
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II. Rules producing tensed sentences

5904 : S > perf S
F904 : delete features (sing 3,Fin(a)); F9Ol (verb phrase(a));
add feat (sing 3,Fin(a))
. g
Too4 : Hla']
example : F904 (LJohn waZkSing3]) = [John havesing3 waZch] =

John has walked {perf S}

comment : If one decided that hque cannot have wide scope (see section 3),

then this rule would have to be removed from the syntax.

8905 : (perf)S - fut(perf)s
F905 : delete features (sing 3,Fin(a)); F902 (verbphrase(a));
add features (sing 3,Fin(a))
. 1
Tggs @ Wa'l
5906 : (fut) (perf)S - past(fut) (perf)s
F906 : add features (past,Fin(a))
. ]
T906 : Hfa'l.

III. Rules for negation

8907 (conj) (past) (fut) (perf) IV + neg(past) (fut) (perf) IV

F907 : case 1 there is one verb in Fin(a):
let f be the list of features of Fin(a)

if Fin(a) is be, will or have then replace it by [be, notl,

Lwill . not] or Lhave_, notl] respectively; d
otherwise adjoin (root(dof,not),a).
case 2 there is more than ome verb in Fin(a).
if do is in Fin(IV) then delete this do;
adjoin (root(do,not),a).
T907 : Ax 1 [a' (%) ]
examples : F907 (Lwill walk]) = [[will notwalk] = will not walk {neg fut IV}
([trylnotlto walkll)) = [ldo notlltrylnotito walklll] =
do not try not to walk {neg IV}
Fog7 ([walk andl[do notltalkl) = [[do notllwalk andlnot talkll] =

do not walk and not talk {neg IV}

F907

5908 (past) (fut) (perf)S - neg(past) (fut) (perf)s

F908 : F907 (verb phrase(a))

. 1
T908 : la'.
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1V. IV-complements and adverbs

8909 : IV//IV x (conj) (neg) (perf) IV » IV
F909 : 1if do is the only element of Fin(B) then produce
root(a,root(not,root(to,R))), where B is obtained from B by
deleting do not
otherwise
if there are occurrences of do in Fin(B) then delete these do's;
root(a,root(to,B))
Tyog ¢ o' (8"
examples: Fy o (try,[ldo notlrunl) = [trylnotlto runlll {1V}
Fo09 (hope, Lhave talkpc]) = [hopel tol have takaC]]] {1V}
wish,lwalk andlldo notltalk]lD) =lwishl tolwalk andlnot talkl11]
{1v}.

Fa09

comment: The resulting phrases are of the subcategory IV because all verb
v modifiers can be added to them. The possible inputs of the rule

are characterized as (conj) (neg) (perf)IV, predicting that all verb

phrases of the corresponding categories can be input for the rule.

This prediction is incorrect witmess (153).
(142) John regrets to have talked.

Further investigations are required in order to decide which verbs

take which modified complements.

S910 : IAV x (neg) (conj)IV = IV
F910 H roo:(s,a)
Tgpo  * @ CBY
examples: F910 (slowly,talk) = talk slowly
Fa10 (woluntarily [dolnotltalkl]]) = [ldolnot talk]llwoluntarily]
{1V},

V. Rules for conjoined phrases

In section 5 we observed that conjoined phrases behave in various ways.
This means that they are in various subcategories and that they have to be
produced by several rules. The first two rules mentioned below do not
create a conjoined phrase, but say that all modified verb phrases and sen—
tences are members of the categories full IV and full S respectively. Most

conjunction and disjunction rules are defined on these categories.




S911
Fo11
To11

.

5913
Fo13
T913

5914
Fo14
To14
S915  *
5916  °

(conj) (neg) (past) (fut) (perf) IV = full IV

: no change of the expression

1

T

: full IV x full IV » full IV
¢ root(a,and B)

s Aaxfa'(x) A B'(%)]

: full § x full S » full S

: root(o,and,B)

a' A B!

as 8913 but now for disjunction

as Sg14

but not for disjunction.

329

The following two rules produce verb phrases which can be modified further.

S917 ¢
For7 ¢
Tgy7 ¢
S918

The following rules produce constructions with an exceptional character.

S919
Foi9 ¢
T919 ¢
example :
$920
Fg20
T920
example :

: IV x(neg)IV » conj IV

root(a,and,B)

: Axla'(x) A 87 (x)]

: as 5917 but now for disjunction.

: neg IV x neg IV » conj perf IV

delete do from o; add feature(pc,Fin(a));

delete do from 8; add feature(pc,Fin(B));
root(have,root(a,and,B))

AxHla" (x) A B'(x)]

((Ldo notlwalk],lldo notltalkl) =

Lhavel Lnot wakacJ and [not talkll] {conj perf IV}
The corresponding translation is

axHlwalk(x) A talk(x)].

5919

Note that the output of 89]9 can be used as input for 8902, i.e.

future tense can be added to the output of 8919.

: perf IV x (meg)perf IV - fut perf IV
: delete do from B; adjoin (have,root(o,and,B))
: AxWla'(x) A B'(x)]

F920 (have walkpc,[[do not L have talkpc]])
Lwilll have walkpc] and [not have talkpc]]]
will have walked and not have talked {fut perf IV}
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5921
Foo1

Tgo1

example: F 5. ([Ldo notllhave wakac]],[[do notLhave talkpc]])

¢ neg perf IV x neg perf IV - neg fut perf IV

: delete do from o; delete do from B}
adjoin(will,root(a,and,B))

s AWla'(x) A BT (¥)]

1t

921

[}

Lwilll[notl have wakaC]] and [notlhave takaC]]]]
will not have walked and not have talked {meg fut perf IV}.

comment: If the example given with rule 5920 is negated, the resulting

phrase is identical with the example given for rule 5921. The
respective translations are different, thus accounting for the am-

biguity noted in section 5.

3922,8923,8924 as 5919,8920,8921, but now for disjunction.

VI. Other rules

Sg25
Fgos5

T925

8926
Fy06
T926

S927,n
F927.n
T927,n
S928

Foo8
T908

: T x full IV » full S

: add feature (sing3,Fin(B))
root(a,B)

:a' (8"

: T x (neg) (past) (fut) (perf)IV » (neg) (past) (fut) (perf)s

H FQZ;\ (GL,B)

ta' (Y

: CN x full § -~ CN

: see F3,n in PTQ

i see T3,n in PTQ
S$/8 x full § » full S

: adjoin (a,B)

: see T7 in PTQ

comment: The requirement that the sentence is an element of the category

(143)

$929,n
F999,n
T929,n

full S prevents the introduction of a verb modifier after appli-

cation of S928' Hence negation cannot have wide scope in:
Necessarily John does not run.

: T x (neg) (past) (perf)S + (neg) (past) (fut) (perf)S
: see FlO,n in PTQ
: see T14,n in PTQ
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T x (neg) (past) (fut) (perf) IV » (neg) (past) (fut) (perf)IV
in PTQ '

5930,n °

Fo30,n * %% Fio,n

T930,n > see TlS,n in PTQ

S S S and S

931°°932 2% “gg9 930°
respectively.

but now for the categories full S and full IV

7.3. Morphology

I will not explicitly describe a morphological component since that
would be an ad hoc version. I have already sketched (section 4) two views
on what the input for this component could be: either the whole surface
structure or only the string of lexical items (with features). In both ap-
proaches it cannot be determined whether a certain occurrence of will was
introduced on sentence level or on verb phrase level. There is for the
morphological component just one will. Analogously there is just ome have,
whether is was introduced as auxiliary at some stage, or as a main verb

describing the relation between owner and property.

7.4. Fins and verb phrase

In the rules the queries verdb phrase and Fin are used. Below T will
give a definition of these queries. Although I have described the frame-
work as one which produces labeled bracketings, I did not specify labels
because they are not needed in the rules. In the definition of Fin the
labels are useful and I will refer to them. (If the reader has objections
against this situation - not introducing the labels explicitly, but still
using them ~ then he should neglect the labels. It does not lead to dif-
ferent predictions of the grammar.)

In the defintion below V is a parameter which stands for all verbal
categories, i.e. V has to be replaced by IV, IV, IV//IV, or Aux (or what-
ever the label is of will, have and do). The X and Y stand for arbitrary
labels, and ¢ for the empty set.

Fin(o) = g if o is a verb

Fin([a]v and [B]v) = Fin(a) v Fin(B)

Fin([a]v or [B]V) = Fin(a) u Fin(B)

Fin([[al L8110 = Fin(a)

Fin([[a]X[B]SJY]) = Fin(a) if X is not a verbal category

Fin(a) =0 if o does not satisfy one of the above

clauses.
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Verb phrase is defined analogously.

Verb phrase(o) = g if o is a verb

Verb phrase([a]s and [B]s)= verb phrase (o) u verb phrase(B)

Verb phrase([a]

S/S[B]) = verb phrase(B)

Verb phrase([[a]T[B] 1) =8B

Verb phrase(a)

V'S

¢ if o does not satisfy one of the above

clauses.

7.5. Final remarks

I would like to end by saying something about the methodology. I fully

agree with the final remark of PARTEE 1979 (p.94): "It can be very frustra-—

ting to try to specify frameworks and fragments explicitly; this project

has not been entirely rewarding. I would not recommend that one always work

within the constraint of full explicitness. But I feel strongly that it is

important to do so periodically because otherwise it is extremely easy to

think that you have a solution to a problem when in fact you don't.'

1.

Some remarks about my experiences in formulating the rules.
The project was not entirely successful. It was too difficult to do
everything correctly at once. By providing'explicit rules, I am also
explicit in cases where I know the proposals to be incorrect (see sec—
tion 5), or to be ad hoc (e.g. agreement).
The rules are explicit about borderline cases in which it is not evident
that the produced sentences or the obtained readings are possible (e.g.
verb phrase complements with a verb modifier).
The rules describe a rather large system and they make predictions
about a lot of kinds of sentences I never thought of (for instance be-
cause they do not resemble the phenomena I thought of when designing the
rules). I would feel safer about the correctness of the rules if I had
a computer program producing hundreds of sentences of the fragment, to-
gether with their reduced translations.
Writing explicit rules forced me to consider the 'irrelevant' details.
It turned out for instance that of the three methods for defining Fin's
mentioned in JANSSEN 1980, in fact only one was applicable.
Considering some larger fragment explicitly gave me suggestions for
finding arguments. I have presented a related treatment of verb modifiers
in JANSSEN 1980 as well, but most of the arguments given in sections 2,

3 and 4 of this article are new, and these were found when I extended
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the fragment with the quantification rules and conjunction rules.

Although the first three points are not really a recommendation for
the rules presented here, I would not like to call these negative conse-
quences of working explicitly. They are inherent to such a method of working,
and constitute, in my opinion, rather an advantage. Shortcomings of a pro-
posal with explicit rules are easier found than of a proposal without.
Therefore such an approach is, generally speaking, a better starting point

for further research and improvements.
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CHAPTER X

MONTAGUE GRAMMAR AND PROGRAMMING LANGUAGES

ABSTRACT

The present chapter starts with an introduction to the semantics of
programming languages. The semantics of the assignment statement is con-—
sidered in detail, and the traditional approaches which use predicate
transformers are shown to give rise to problems. A solution is presented
according to the algebraic framework defined in the first chapters of this

book; it uses an extension of intemnsional logic.
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1. ASSIGNMENT STATEMENTS

1.1. Introduction

Programs are pieces of text, written in some programming language.
These languages are designed for the special purpose of instructing com-—
puters. They also are used in communication among human beings for telling
them how to instruct computers or for communicating algorithms which are not
intended for computer execution. So for programming languages we are in the
same situation as for natural languages. We have a syntax and we have in-
tended meanings, and we wish to relate these two aspects in a systematic
way. Since we are in the same situation, we may apply the same framework.
In this chapter we will do so for a certain fragment of the programming
language ALGOL 68. 7

There exists nowadays several thousands of mutually incompatible pro-—
gramming languages. They are formal languages with a complete formal defi-
nition of the syntax of the language. Such a definition specifies exactly
when a string of symbols over the alphabet of the language is a program
and when not. The definition of a programming language also specifies how
a program should be executed on a computer, or, formulated more generally,
what the program is intended to do. In fact, however, several programming
languages are not adequately documented in this respect. Each programming
language has its own set of strange ideosyncracies, design errors, perfect-
ly good ideas and clumsy conventions. However, there are a few standard
types of instructions present in most of the languages. The present chapter
deals mainly with the semantics of one of those instructions: the assign-
ment statement which assigns a value to a name.

It appears that assignment statements exhibit the same phenomena as
intensional operators in natural languages. A certain position in the con-
text of an assignment statement is transparent (certain substitutions for
names are allowed), whereas another position is opaque (such substitutions
are not allowed). The traditional ways of treating the semantics of pro-
gramming languages do mot provide tools for dealing with intensional pheno—
mena. A correct treatment of simple cases of the assigmment statement .can
be given, but for the more complex cases the traditional approaches fail.
I’will demonstrate that the treatment of intensional operators in natural
language, as given in the previous chapters, may also be applied to pro-

gramming languages, and that in this way a formalized semantics of
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assignment statements can be given which deals correctly with the more com—
plex cases as well. Hence we will use the same logic: intensiomal logic
(see chapter 3). The idea to use this logic goes back to JANSSEN &

Van EMDE BOAS (1977a,b). We will however, not only use the same logic, but
also the same compositional, algebraic framework. In chapter 1 the back-
ground of this framework was discussed, and in chapter 2 it was defined
formally and compared with the algebraic approach of Adj. For a biblio-
graphy of universal algebraic and logical approaches in computer science
see ANDREKA & NEMETI 1969. The first sections of the present chapter are a
revision of JANSSEN & Van EMDE BOAS (1981).

1.2. Simple assignments

One may think of a computer as a large collection of cells each con-—
taining a value (usually a number). For some of these cells names are avail-
able in the programming language. Such names are called Zdentifiers or,
equivalently, variables. The term 'identifier' is mainly used in contexts
dealing with syntax, 'variable' in contexts dealing with semantics. The
connection of a variable with a cell is fixed at the start of the execution
of a program and remains further unchanged. So in this respect a variable
does mnot vary. However, the cell associated with a variablé stores a value,
and this value may be changed several times during the execution of a pro-
gram. So in this indirect way a variable can vary. The assignment statement
is an instruction to change the value stored in a cell.

An example of an assignment statement is: x := 7, read as 'x becomes
7'. Execution of this assignment has the effect that the value 7 is placed
in the cell associated with x. Let us assume that initially the cells asso-—
ciated with x, y and w contain the values I, 2 and 4 respectively (figure
la). The execution of & := 7 results in the situation shown in figure Ib.
Execution of y := x has the effect that the value stored in the cell asso-
ciated with x is copied in the cell associated with y (figure lc). The as-
signment w := w + I applied in turn to this situation, has the effect that

the value associated with w is increased by one (figure 1d).

x > }1 x > Ii x > li x > ii

y > |2 y+ y |z y > 17
w > |4 w > !! w > !! w > !!
Figure la Figure 1b Figure lc Figure 1d

Initial Situation After x := 7 After y :=7 Afterw :=w + 1
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Now the necessary preparations are made for demonstrating the relation
with natural language phenomena. Suppose that we are in a situation where
the identifiers x and y are both associated with value 7. Consider now the

assignment
(1) x =y + 1.

The effect of (1) is that the value associated with x becomes 8. Now replace

identifier y in (1) by x:
(2) x:=a+ 1.

Again, the effect is that the value associated with x becomes 8. So an iden-

tifier on the right hand side of ':='

may be replaced by another which is
associated with an equal value, without changing the effect of the assign—

ment. One may even replace the identifier by (a notation for) its value:
3) o =7+ 1.

Replacing an identifier on the left hand side of ':=' has more drastic con-—

sequences. Replacing & by y in (1) yields:
4) y =y + 1.

The value of y is increased by one, whereas the value associated with x re-
mains unchanged. Assigmment (1), on the other hand, had the effect of iha-
creasing the value of x by one; likewise both (2) and (3). So on the left
hand side the replacement of one identifier by another having the same
value is not allowed. While (2) and (3) are in a certain sense equivalent
with (1), assignment (4) certainly is not. Identifiers (variables) behave
differently on the two sides of ':='.

It is striking to see the analogy with natural language. I mention an
example due to QUINE (1960). Suppose that, perhaps as result of a recent ap-
pointment, it holds that

(5) the dean = the chairman of the hospital board.
Consider now the following sentence:
(6) The commisioner 18 looking for the chaivman of the hospital board.

The meaning of ¢6) would not be essentially changed if we replaced the com-—
missioner by another identification of the same person; a thus changed sen-—
tence would be true in the same situations as the original sentence. But

consider now (7).
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(7) The commissioner 1s looking for the dean.

Changing (6) into (7) does make a difference: it is conéeivable that the
commissioner affirms (6) and simultaneously denies (7) because of the fact
that he has not been informed that (5) recently has become a truth. Sen-
tence (7) is true in other situations than sentence (5). Hence they have a
different meaning. In the terminology for substitution phenomena, the sub-
ject position of Zg looking for is called (referentially) transparent, and
its object position (referentially) opaque or intemsional position. Because
of the close analogy, we will use the same terminology for programming lan-—
guages, and call the right hand side of the assignment 'transparent', and
its left hand side 'opaque' or 'intensional'.

The observation concerning substitutions in assignments statements, as
considered above, is not original. It is, for instance, described in TENNENT
1976 and STOY 1977 (where the term 'transparent' is used) and in PRATT 1976
(who used both '"transparent' and 'opaque'). The semantic treatments of these
phenomena which have been proposed, are, however, far from ideal, and in
fact not suitable for assignments which are less simple than the ones above.
The authors just mentioned, like many others, avoid these difficulties by

considering a language without the more complex constructions.

1.3, Other assignments

Above we only considered assignments involving cells which contain an
integer as value. In this section I will describe two other situations:
cells containing an identifier as value (pointers) and rows of cells (ar-
rays) .

Some programming languages also allow for handling cells which contain
a variable (identifier) as value (e.g. the languages Pascal and Algol-68).
Names of such cells are called pointer <dentifiers or equivalently pointer
variables, shortly pointers. The situation that pointer p has the identi-
fier & as its value, is shown in figure 2a. In this situation, p is indi-
rectly related to the value of x, i.e. 7. The assigmment p := w has the
effect indirectly related to the value of w: the integer 5. When next the
assigoment w := 6 is executed, the integer value indirectly associated with
p becomes 6 (figure 2c). So an assignment can have consequences for pointers
which are not mentioned in the assignment statement itself: the value of the

variable associated with the pointer may change.
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b [z p~ (3] b+ [3]
x > |7 x - li x -+ |7
¥y~ li ¥y~ II y = II
w > !i w - !! w - l!
Figure 2a Figure 2b Figure 2c¢
Initial Situation After p = w After v := 6

In a real computer, a cell does not contain an integer or a variable,
but rather a code for an integer or an code for a variable. For most real
computers it is not possible to derive from the contents of a cell, whether
it should be interpreted as an integer code or a variable code. In order to
prevent the unintended use of an integer code for a variable code, or vice
versa, some programming languages (e.g. Pascal) require for each identifier
a specification of the kind of values to be stored in the corresponding
cells. The syntax of such a programming language then prevents unintended
use of an integer code for an identifier code (etc.) by permitting only
programs in which each identifier is used for a single kind of value. Other
languages leave it to the discretion of the programmer whether to use an
identifier for only one kind of value (e.g. Snobol-4). Our examples are
from a language of the former type: ALGOL 68. )

The programming language ALGOL 68 also allows for higher order pointers,
such as pointers to pointers to variables for integer values. They are re-
lated to cells which contain as value (the code of) a pointer of the kind
just described. These higher order pointers will be treated analogously to
the pointers to integer identifiers.

Several programming languages have names for rows of cells (arrays of
cells). Names of such rows are called array identifiers, or equivalently
array variables. An individual cell can be indicated by attaching a sub-—
script to the array identifier. The element of an array q associated with
subscript 7 is indicated by alZ1. The cells of an array contain values of
a certain kind: the cells of an integer array contain integers (see figure
3a), and the cells of an array of pointers contain pointers. The execution
of the assignment q[2] := 2 has the effect that in the cell indicated by
al2] the value 2 is stored (see figure 3b). The subscript may be a complex
integer expression. The effect of the assigmment alall1] := 2 is that the
value in.ql7] is determined, it is checked whether the value obtained

(i.e. I) is an acceptable index for the array and the assigmment a[1] := 2
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is performed (figure 3c). In the sequel I, will assume that all integers
are acceptable indices for subscripts for an array, i.e. that all arrays
are of infinite length (of course an unrealistic assumption. but I am in-
terested in formalizing other aspects of arrays). Other kinds of assignment
which involve arrays are in the fragment (e.g. the assignment of the whole
array in a single action), but I will deal primarlily with assignments of

the form just discussed.

al1] + al1l -+ al1] ~
al2] > af21 al2] >
a a a
af31 -+ |8) af31 > (8] als1 > |8
al4] ~ al4] » al4] -
Figure 3a Figure 3b Figure 3c
Initial Situation After a[2] := 2 After alal1]] := 2

2. SEMANTICS OF PROGRAMS

2.1, Why?

Let us consider, as an example, a program which computes solutions of

the quadratic equation axz + bz + ¢ = 0. The program is based upon the well-

t
—biVé2—4ac
(8) @ [ S ——

1,2 2a

known formula

The program reads as follows:

1.  begin real a, b, ¢, disc, d, x1, x2;
2. read ({a,b,e));
disc := bxb — 4xaxc;

4. d := sqrt (dise);
5. xl 1= ~b + d; x1 = x2/(2%a);
x2 1= -b - d; x2 := 22/(2*a) ;

7. print ((a,b,c,xl,x2,newline))
8. end.
The first line of the program says that the identifiers mentioned there,

will only be used as names of locations containing real numbers as values

(e.g. 3.14159). The second and seventh line illustrate that the computer
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may obtain data from outside (input) and communicate results to the outside
world (output). The program also shows that the mathematical formula looks
much more compacter than the program, but that this compactness is made
possible by the use of some conventions which have to be made explicit for
the computer. For example, in the program we must write 4xgxc for 4 times &
times ¢, while in the formula 4ac suffices. In the formula we use two di-
mensional features, which are eliminated in the program (sqrt(..) instead
of V...). This linear character is necessitated by the fact that programs
have to be communicated by way of a sequential channel; for example, the
wire connecting the computer with a card reader. The symbol reql indicates
that the identifiers mentioned may only be associated with real values,
and the symbols begin and end indicate the begin and the end of the program.
There exists a considerable confusion among programmers, theoreticians,
and designers as to what we should understand by the semantics of a program-—
ming language. There are, however, some properties of programs for which
there is a measure of agreement on the need for a treatment within the
field of semantics. These properties are:
correctness: A program should perform the task it is intended to perform.
For example the program given above is incorrect! it does not account for
a = 0 or dise < 0.
equivalence: Two different programs may yield the same results in all cir-
cums tances. For example, in the program under discussion we may interchange
the order of the computation of xI and 22, but we cannot compute d before
we compute disc.
termination: If we start the execution of a program, will it ever stop? It
might be the case that the computer keeps on trying to find the square root
of -1, and thus for certain values of a, b and ¢ never halts.
Each of the above properties tells us something about the possible com-
putations the program will perform when provided with input data. We want
to predict what may happen in case ...; more specifically, we want to prove
that our predictions about the capabilities of the program are correct. How
can we achieve this goal? Clearly it is impossible to try out all possible
computations of the program, instead one is tempted to run the program on
a 'representative' set of input data. This activity is known as program
debugging. This way one may discover errors, but one can never prove the
program to be correct. Still, in practice, most programs used nowadays have

been verified only in this way. One might alternatively try to understand
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the program simply by reading its text. Again this is not of great help,
since mistakes made by the programmer can be remade by the reader. The only
way out is the invention of a mathematical theory for proving correctness,
equivalence, termination etc.. We need a formalized semantics on which such

a theory can be based.
2.2. How?

What does a formal semantics for a program look like? The most common
approach is a so-called operational semantics. One defines the meaning of
a program by first describing some abstract machine (a mathematical model
of an idealized computer) and next specifying how the program is to be
executed on the abstract machine. Needless to say the problem is transfer-
red in this way from the real world to some idealistic world. The possibly
infinitely many computations of the program remain as complex as before. On
the other hand, it is by use of an operational semantiecs that the meaning
of most of the existiﬁg programming languages is specified. Examples are
the programming languages PL/1 in LUCAS & WALK 1971, and, underneath its
special description method, ALGOL 68 in Van WIJNGAARDEN 1975.

For about 15 years so-called dewnotational semantics have been provided
for programming languages (see e.g. TENNENT 1976, STOY 1977, De BARKER 1980)
of a program is given as a mathematical object in a model; usually some
function which describes the input-output behaviour of the program. By ab-
stracting from the intermediate stages of the computation, the model has
far less resemblance to a real computer than the abstract machines used in
operational semantics. The programs are not considered so much to be trans-—
forming values into values, but rather as transforming the entire initial
state of a computer into some final state. In this approach, states are
highly complex descriptions of all information present in the computer.

Mostly, we are not interested in all aspects of a computer state, but
only in a small part (for instance the values of the input and output vari-
ables). This leads to a third approach to semantics, which uses so-called
predicate transformers (FLOYD 1967, HOARE 1969, DIJKSTRA 1974, 1976 and
De Bakker 1980). A (state) predicate is a proposition about states. So a
predicate specifies a set of states: all states for which the proposition
holds true. We needito correlate propositions about the state before the
execution of the program (preconditions) with propositions about the state

afterwards (postconditions). This is the approach to semantics that we will
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follow in the sequel. Her one distinguishes between approaches which asso-
ciate preconditions and postconditions, but do not consider termination of
the execution of the program, and approaches which consider termination as
well. The former approaches are said to deal with partial correctness, and
the latter with total correctness. Since all programs we will discuss are

terminating programs, the distinction is for our fragment not relevant and
will not be mentioned any further.

As an example we consider the program from Section 2.1. An initial
state may be described by specifying that on the input channel three num—
bers a, b and ¢ are present such that g # 0, and b2 ~ 4ac z 0. The execu-
tion of the program will lead such a state to a state where xI and 22 con-
tain the solutions to the equation axz + bx + ¢ = 0. Conversely, we observe
that, if one wants the program to stop in a state where xI and x2 repre-
sent the solutions of the equation ax2 + bx + ¢ =0, it suffices to require
that the coefficients g, b and ¢ are present on the input channel (in this
order!) before the execution of the program, and that moreover g # 0 and
b2 ~ 4dae =z 0. In the semantics we will restrict our attention to the real
computation, and therefore consider a reduced version of the program from
which the input and output instructions and the specifications of the iden-
tifiers such as real are removed. Let us call this reduced program 'prog'.
In presenting the relation between predicates and programs, we follow a
notational convention due to HOARE 1969. Let 7 be a program, and ¢ and ¥
predicates expressing properties of states. Then {¢}w{¢} means that if we
execute T starting in a state where ¢ holds true, and the execution of the
program terminates, then predicate ¥ holds in the resulting state. Qur ob-

servations concerning the program are now expressed by:

9) (o # 0 A (BP~2ac) = 0} prog la@D)Z + b@D) + ¢ = 0 A

a(x2)2 + b(x2) +e =0 n Vz[a32 +bhbz+e=0-»z3=x1vz=yx2]}.

There are two variants of predicate transformer semantics. The aim of
the first variant, the forward approach or (Floyd-approach) can be described
as follows. For any program m, find, according to the structure of w, a pre-
dicate transformer which for any state predicate ¢ yields a state predicate
¥, such that if ¢ holds before the execution of w, then ¢ gives all infor-—
mation about the final state which can be concluded from ¢ and 7. Such a

predicate ¥ is called a strowngest postecondition with respect to ¢ and .
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Mathematically a strongest postcondition sp (with respect to ¢ and =) is
defined by

(I1) {¢} 7 {sp} and

(I1) 1f {¢} 7 {n} then from sp we can conclude n.

Suppose that we have two predicates sp, and 8Py» both satisfying (I)
and (II). Then they are equivalent. From (I) follows that {¢} = {spz} and
{$} = {spg}. Then from (II) follows that sp, implies sp, and vice versa.
Since all strongest postcondition with respect to ¢ and w, are equivalent,
we may speak about the strongest postcondition with respect to ¢ and mw. For
this the notation sp(w,$) is used.

Instead of this approeach, one frequently follows an approach which re-
verses the précess: the backward-approach or Hoare—approach. For a program
m and a predicate Y one wants to find the weakest predicate which still
ensures that, after execution of w, predicate y holds. Such a predicate is
called a weakest precondition. Mathematically a weakest precondition wp
(with respect to 7 and ¥) is defined by
I {sp} © {y}

1I If {n} v {y} then from n we can conclude wp.

Analogously to the proof for postconditions, it can be shown that all
weakest preconditions are equivalent. Therefore we may speak about the -
weakest precondition with respect to 7 and ¢. For this the notation
wp(w,$) is used (see DIJKSTRA 1974, 1976 for more on this approach).

Above, I used the phrase 'based upon the structure of 7w'. This was re-
quired since it would be useless to have a semantics which attaches to each
program and predicate a strongest postcondition in an ad-hoc way, in parti-
cular because there are infinitely many programs. One has to use the fact
that programs are formed in a structured way according to the syntax of
the programming language, and according to our framework, we aim at ob-
taining these predicate transformers by means of a method which employs

this structure.
3. PREDICATE TRANSFORMERS

3.1. Floyd's forward predicate transformer

Below, Floyd's description is given of the strongest postcondition for

the assigmment statement. But before doing so, I give some suggestive
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heuristics. Suppose that & = 0 holds before the execution of x := I. Then
afterwards x = 1 should hold instead of © = 0. As a fifst guess at a gener-—
alization one might suppose that always after execution of v := § it holds
that v = 6. But this is not generally correct, as can be seen from inspec-
tion of the assigmment % := & + I. One must not confuse the old value of a
variable with the new one. To capture this old value versus new-value dis-
tinction, the information about the old value is remembered using a variable
(in the logical sense!) bound by some existential quantifier and using the
operation of substitution. So after v := § one should have that v equals

'S with the old value of v substituted (where necessary) for v in &'. This
expression is described by the expression v = [2/v]§, where 2z stands for
the old value of v and [z/v] is the substitution operator. Thus we have ob-
tained information about the final situation from the assignment statement
itself. Furthermore we can obtain information from the information we have
about the situation before the execution of the assignment. Suppose that

¢ holds true before the execution of the assignment. From the discussion

in Section 2 we know that the execution of v := § changes only the value

of v. All information in ¢ which is independent of v remains true. So after
the execution of the assignment [z/v]¢ holds true. If we combine these two
sources of information into one formula, we obtain Floyd's forward predi-

cate transformation vule for the assigmment statement (FLOYD 1967).
(10) {¢} v:=6 {3=llz/v1d A v = [z/v]18]}.

Here ¢ denotes an assertion on the state of the computer, i.e., the values
of the relevant variables in the program before execution of the assigmment,
and the more complex assertion 3z[[z/v]é A v = [2/v]6] describes the situa=
tion afterwards.
The examples below illustrate how the assignment rule works in prac-—

tice.
1) assignment: x := 1; precondition: & = 0

obtained postcondition:

Fzllz/x](x=0) A x = [z2/x]1]1, i.e. 3z[2=0 A x=1], which is equivalent to

x = 1.
2) assignment: x := x + 1; precondition: x > 0

obtained postcondition:

a[[a/x1(x>0) A x = [z2/xl(x+1)], i.e. 32[2>0 A x=2+1], which is equiv-

alent to x > 1.
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3) Assignment: q[1] := al1] + 1; precondition: qL7] = ol 2].
Obtained postcondition: :
zllz/al11Mal1] = al2]) A alll = [2z/al1]1(al1]+1) ], i.e.
Izlz = gl2] A ql1] = 8+1], which is equivalent to gl1] = q[2] + 1.

3.2. Hoare's backward predicate transformer

Below Hoare's description will be given of the weakest precondition
for the assigmment statement. First I will give some heuristics. Suppose
we want & = 4 to hold after the execution of & := y + I. Then it has to be
the case that before the execution of the assigmment, y + I = ¢ holds.
More gemerally, every statement about x holding after the assignment has
to be true about y + I before its execution. This observation is described

in the following rule for the backward predicate transformer (HOARE 1969)
(aan {[8/v1¢} v := 6 {¢}.

Some examples illustrate how the rule works in practice.
1) Assigmment: x := I1; postcondition: & = I.
Obtained precondition:
[1/x)(x=1), i.e. 1 = 1, or true.
This result says that for qll initial states x = I holds after the exe-
cution of the assignment. If the postcondition had been x = 2, the ob-
tained precondition would have been 1 = 2 or false, thus formalizing
that for no initial state does x = 2 hold after execution of x := 1.
2) Assignment: x := 2 + 1; postcondition x > I,
Obtained precondition:
fx+l/x)(x>1), i.e.  + I > 1 which is equivalent to & > 0.
3) Assigmment: al1] := al1] + 1, postcondition qt1] = al[2] + 1.
Obtained precondition:
Lal1l + 1/al113(al1]

equivalent with al1]

(@l21+1)), i.e. all1]l + 1 =al2] + 1, which is
al2].

3.3. Problems with Floyd's rule

Since 1974 it has been noticed by several authors that the assignment
rules of Floyd and Hoare lead to incorrect results when applied to cases
where the identifier is not directly associated with a cell storing an in-

teger value. Examples are given in Van EMDE BOAS (1974), (thesis 13),
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De BAKKER (1976), GRIES (1977), JANSSEN & Van EMDE BOAS (1977a,b). The
examples concern assignments involving an identifier of an integer array,
or a pointer to an integer identifier. In this section I will consider only
examples concerning Floyd's rule.

An example concerning assignment to a subscripted array identifier is
(12) alal11] := 2.

Suppose that the assertion which holds before the execution of the assign-—

ment is

(13) al1l =1 A al2] = 1.

Then Floyd's rule implies that after the execution of the assignment holds
(14) 3zllz/alal111](al11=1 A al23=1) A alal11] = [z/alal7]1]323

i.e.

(15) 3zlalil =1 A al2) =1 A alal11] = 2]

which is equi&alent to

(16) alIl =1 A al2] =1 A alal1]] = 2.

This formula is a contradiction, whereas the assignment is a correctly
terminating action. Compare this result with the situations in figure 3,
where this assignment is performed in a situation satisfying the given

precondition. Then it is clear that the postcondition should be
(17) al[1] = 2 A~ a[2] = 1.

It turns out that problems also arise in the case of pointers
(JANSSEN & Van EMDE BOAS 1977a). An example is the following program con-
sisting of three comsecutive assignment statements. The identifier p is a

pointer and & an integer variable.
(18) x = 63 p 1= x; © = 6.

Suppose that we have no information about the state before the exe-
cution of this program. This can be expressed by saying that the predicate
true holds in the initial state. By application of Floyd's rule, we find
that after the first assignment & = 5 holds (analogously to the first exam-
ple above). Note that the state presented in figure 2a (Section 1) satis-—
fies this predicate. For the state after the second assignment Floyd's rule

yvields:

(19) 3z[Lz/pl(x=5) A p = [z/plx]
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i.e.

(20) 3zla=5 A p=x]
which is equivalent to
(21) x =5 Ap = .

It is indeed the case that after the second assignment the integer value
related with p equals 5 (of figure 2b). According to Floyd's rule, after

the third assignment the following is true:
(22) 3z[[z/xd(x=5 A p=x) A x = [2/2]6]

i.e.

(23) 33z = 5Aap =2z Azx=6].

This formula says that the integer value related with p equals 5. But as
the reader may remember from the discussion in Section 2, the integer value

related with p is changed as well (figure 2¢).

3.4, Predicate transformers as meanings

Floyd's assignment rule is one rule from a collection of proof rules:
for each conmstruction of the programming language there is a rule which
describes a relation between precondition and post condition. The meaning
of a construction is defined in a completely different way. A computer—like
model is defined, and the meaning of a statement (e.g. the assignment
statement) is described as a certain state—transition function (a function
from computer states to computer states). The proof rule corresponding to
the construction can be used to prove properties of programs containing
this construction. A prime example of this approach is De BAKKER -(1980).

It is, however, not precisely the approach that I will follow in this
chapter.

In the discussion in section 2.2 I have mentioned arguments why pre-
dicate transformers are attractive from a semantic viewpoint, and why
state~transition function are less attractive. I will give predicate trans-
formers a central position in my treatment: .the meaning of a program, and
in particular of an assigmment statement, will be defined by means of a
predicate transformer.

In theory I could define the meaning of an assignment by any predicate
transformer I would like. But then there is a great danger of loosing con-

tact with the behaviour of computer programs in practice. Therefore I will
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give a justification of my choice of the predicate transformers. This will
be done by defining a state~transition function that resembles the usual
state-transition semantics. Then it will be proven that the defined predi-
cate transformers are correct and yield strongest postconditions (or weakest
preconditions). In the light of this connection with practice, it is not
surprising that there is a resemblence between Floyd's (Hoare's) predicate
transformer and the one I will define. But the formal position of the pre-
‘dicate transformers is essentially different in this approach. Actually, I
shall argue that Floyd's (Hoare's) predicate transformer canmot be used for
our purposes the way they are. The problems with the standard formulation
are mentioned below; they are solvable by some modifications which will be
discussed in the next section. The discussion will be restricted to the
Floyd-approach; for the Hoare approach similar remarks apply.

In the Floyd-approach the predicate—transformation rule for the as-
signment is an axiom in a system of proof rules. It can be considered as an
instruction how to change a given predicate into its strongest postcondi-
tion. In our approach an assignment statement has to be considered seman-
tically as a predicate transformer. Hence it has to correspond with a single
expression which is interpreted in the model as a predicate transformer.
This requires that Floyd's rule has to be reformulated into such an ex-
pression. This can be done by means of a suitable A-abstraction. The pre-

dicate transformer corresponding with assignment x := § will look like (24).
(24) x¢3z[[z/xJ¢ A x = [z/x]18].

This expression is not quite correct because of an inconsistency in the
types of ¢. The subexpression [z/x]¢ is part of a conjunction. Therefore
both [z/xJ¢ and ¢ have to denote a truth-value. But in the abstraction ¢
the ¢ is not intended as an abstraction over truth-values (there are only
two of them), but as an abstraction over predicates (there are a lot of
them) . This means that the types of ¢ in (24) are not consistent, so it
cannot be the predicate-transformer which we will use.

A second problem is the occurrence of the substitution operator in
Floyd's rule (and in (24)). It is an operator which operates on strings of
symbols. The operator does not belong to the language of logic and there
is no semantic interpretation for it. Hence expressions containing the
operator have no interpretation. To say it in the terminology of our
framework : expressions like (24) are not a polynomial operator over the

logic used. Remember that mo logical language has the substitution operator
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as one of its operators. Substitution belongs to the meta-language, and is
used there to indicate how an expression of the logic has to be changed in
order to obtain a certain other expression. Since proof rules and axioms
are, by their nature, rules concerning syntactic objects, there is no ob-
jection against a substitution operator occurring in a proof rule. But we
wish to use predicate transformers to determine meanings. If we would use
substitution operators in predicate-transformers, then our transformers
would be instructions for formula manipulation, and we would not do seman-
tics. The same observation is made by Tennent with respect to another rule.
He stated in a discussion (NEUHOLD 1978, p.69):

Substitution ig purely synmtactic, function modification semantic.

The third problem can be illustrated by considering the assigmment
x =y + 1. The identifier x is used in the execution of the program in an
essentially different way than the identifier y. The y is used to indicate
a certain value. The x is used as the name of a cell, and not to indicate
a value. This different use corresponds with the semantic difference : in
section 1.2 we observed that the left-hand side of the assignment statement
is referentially opaque, whereas the right-hand side is transparent. Floyd's
rule does not reflect these differences. The rule makes no clear distinction
between a name and the value associated with that name. In my opinion this
is the main source of the problems with Floyd's rule. Remember that all
problems we considered above, arose precisely in those situations where
there are several ways available for referring to a certain value in the
computer: one may use an identifier or a pointer to that identifier; one
may use an array identifier subscriptdd with an integer, or subscripted
with an‘compound expression referring to the same value.

In the field of semantics of natural languages an approach which iden-
tified name and object-referred-to was employed in the beginnings of this
century. Ryle epitomizes this feature of these theories in his name for
them: 'Fido'-Fido theories! The word 'Fido' means Fido, the dog, which is
its meaning (see STEINBERG & JAKOBOVITS 1971, p.7). The approach was
abandoned, because it turned out to be too simple for treating the less
elementary cases. In view of the analogy of the behaviour of neames in na-
tural languages and in programming languages we observed in section 1, it

is not too surprising that Floyd's rule is not completely successful either.
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4. SEMANTICAL CONSIDERATIONS

4.1. The model

In section 5 the syntax and semantics of a small fragment of a pro-
gramming language will be presented; in section 7 a larger fragment will be
dealt with. The treatment will fit the framework developed in the first
chapter. So we will translate the programming language into some logical
language, which is interpreted in some model. In the present section the
semantical aspects (model, logic) will be discussed which are relevant for
the treatment of the first fragment. In sections 6 and 7 this discussion
will be continued.

In section 2.1 we observed that the assignment statement creates an
intensional context. Therefore it is tempting to try to apply in the field
of programming languages the notions developed for intensional phenomena
in natural languages. The basiq step for such an application is the trans-
fer of the notion 'possible world' to the context of programming languages.
It turns out that possible worlds can be interpreted as internal states of
the computer. Since this is a rather concrete interpretation, I expect that
the ontological objections which are sometimes raised against the use of
possible world semantics for natural languages (e.g. POTTIS 1976), do not ap-
ply here. The idea to use a possible world semantics and some kind of modal
logic can be found with several authors. An influencing article in this
direction was PRATT 1976; for a survey, see Van EMDE BOAS 1978 or PRATT
1980.

An important set in the model is the set of possible worlds, which in
the present context will be called set of states. This set will be intro-
duced in the same way as possible worlds were introduced in the treatment
of natural languages. It is just some non-empty set (denoted by ST). They
are not further analysed; so we do not build explicitly in our semantic
domains some abstract model of the computer. But this does not mean that
every model for intensional logic is an acceptable candidate for the inter-—
pretaticon of programming languages. Below I will formulate some restrictions
on these models, and these restrictions on these models; and these restric-
tions have, of course consequences for the set ST as well. In this indirect
way certain properties of the computer are incorporated in the model. The
formulation of the restrictions only concern the simple assigmment state-

ment, and they will be generalized in section 7.
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An integer identifier is associated with some cell in the computer,
and for each state we may ask which value is containedyin this cell. The
semantic property of an integer identifier we are interested in, is the
function which relates a state with the value contained (in that state) in
the cell corresponding to that identifier. So we wish to associate with an
identifier a function from states to values, see chapter ! for a discussion
(the same idea can be found in ADJ 1977 or 1979). In order to obtain this
effect, integer identifiers are translated into constants of type <s,e>
(e.g. the identifiers x,y and w are translated into the constants x,y and
w of type <s,e>). But something more can be said about their interpretation.
The standard interpretation of constants of intensional logic allows that
for a given constant we obtain for different states different functions
from states to values as interpretation. But we assume that on the computers
on which the programs are executed, the relation between an identifier and
the corresponding cell is never changed, so that for all states the func—
tion associated with an identifier is the same. The interpretations of x,y
and w have to be state independent (in chapter 4, section 2 a related situa-
tion arose for natural language, and we used there for such constants the
name 'rigid designators'). This requirement implies that not all models for
intensional logic are acceptable as candidates for formalizing the meaning
of programming languages. We are only interested in those models in which

the following postulate holds.

4.1. Rigidness Postulate

and v ¢ VAR< . Then the following formula holds:

s,e>

Let ¢ € CON
<s,e>

Ivid Le=v].

4.1. END

The above argumentation in favour of the rigidness postulate is not
completely compelling. For a fragment containing only simple assignment
statements one might alternatively translate integer identifiers into con-
stants of type e which are interpreted non-rigidly. In such an approach
the constant felation between an identifier and a cell would not have been
formalized. This aspect will, however, become essentail if the fragment is
extended with pointers. Although there are no essentially non-rigid con-

stants in the fragment under consideration, it is also possible to consider
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such constructs e.g. the integer identifier xory which denotes the same as
the integer identifier x or the integer identifier y, depending on which of
both currently has the greatest integer value. The rigidness postulate
guarantees that the interpretation of constants is state independent. There-
fore we may replace the usual notation for their interpretation, being
F(c)(s), by some notation not mentioning the current state. I will use

V(c) as the notation for the interpretation of a constant with respect to

an arbitrary state.

Two states which agree in the values of all identifiers should not be
distinguishable, since on a real computer such states (should) behave alike.
Two states only count as different if they are different with respect to
the value of at least one identifier. This is expressed in the following

postulate.

4.2. Distinctness Postulate

Let s,t € ST. If for all ¢ € CON, V{(c)(s) = V(c)(t), then s = t.
4.2, END

The execution of an assignment modifies the state of the computer in
a specific way: the value of a single identifier is changed, while the
values of all other identifiers are kept intact. This property is expressed
by the update postulate, which requires that the model to be rich enough to
allow for such a change. The term 'update' should not be interpreted as
stating that we change the model in some way; the model is required to havea

structure allowing for such a transition of states.

4.3, Update Postulate

os? n € N there is a t ¢ ST such that

For all s ¢ ST, ¢ ¢ CON
<s,

V(i) (t) = n
Vi) (t) = V(") (s) if c' # c.

4.3. END

The update postulate requires the existence of a certain new state,
and the distinctness postulate guarantees the uniqueness of this new state.

This state is denoted <c<n>s.
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I formulated the update postulate for constants of type <s,e> only, but
in section 7 it will be generalized to constants of maﬁy other types as

well. If the update postulate holds for a constant ¢ and a value d, then
the (unique) state required by the postulate is denoted <c+d>s.

Note that the postulates differ from the meaning postulates given for
natural languages in the sense that they are formulated in the meta-lan-
guage and not in intensional logic itself. This allowed us to use quanti-
fication over states and over constants in the formulation of the postulates.

One might wish to construct a model which satisfies these three postu—
lates. It turns out that the easiest way is to give the states an internal
structure. The rigidness postulate and the distinctness postulate say that
we may take for elements of ST sets of functions from (translations of)
identifiers to integers. The update postulate says that ST has to be a suf-
ficiently large set. Let ID be the set of integer identifiers. Then we might
take ST = IIID. Another possibility (suggested by J. Zucker) is
ST = {s ¢ IIID ] s(x) # 0 for only finitely many x}. Sets of states with a
completely different structure are, in principle, possible as well.

In the introduction I have said that the set of states (set of pos—
sible worlds) is just some set. This means that states are, in our approach,
a primitive notion and that no internal structure is required for them. But
the models just described correspond closely with the models know from the
literature {e.g. the one defined by De BAKKER (1980, p.21)); for the larger
fragment we will consider this correspondence is less obvious (see section
7). The difference between these two approaches is that here we started
with requiring certain properties, whereas usually one starts defining a
model. A consequence is that we are only allowed to use the properties we
explicitly required, and that we are not allowed to use the accidental
properties of a particular model. This is an advantage when a model has to
be explicit about a certain aspect, whereas a theory is required to be
neutral in this respect. An example could be the way of initialization of
identifiers as discussed in De BAKKER (1980, p.218). He says about a cer-
tain kind of examples that it: '[..] indicates an overspecification in our
semantics [..], it also leads to an incomplete proof theory'. He avoids
the problem by eliminating them from his fragment. By means of the present

approach such-an overspecification could probably avoided.
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4.2, The logic

We will use a possible-world semantics for dealing with phenomena of
opaque and transparant contexts. Therefore it is tempting to use as logical
language the same language as we used in the previous chapters: intensional
logic. Since we deal with a programming language, some of the semantic
phenomena will differ considerably from the ones we considered before. In~
tensional logic will be extended with some new operators which allow us to
cope these new phenomena.

The programs deal with numbers, and this induces some changes. The con-

stants of type e (v ) will be written in the form 0,1,2,3 ..

1,e?¥2,e%"""
and interpreted as the corresponding numbers. The logic is extended with
operators on numbers: +, X, =, <, 2, =, The symbols true and féifg_abbre—
viate 1 = 1 and .1 # 1 respectively. The programming language has an Zf-
then—else—fi construction (the fZ plays the role of a closing bracket; it
eliminates syntactic ambiguities). A related construction is introduced in

the logic. Its syntax and semantics are as follows:

4.4, DEFINITION. For all 7 ¢ Ty, a € MEt’ B e MET and vy € MET we have
if o then B else vy fi ¢ MET.

The interpretation is defined by:
v B if v a) = 1

v if o then B else vy fi =
S, — @ —r—r @ — =

Vs,g(Y) otherwise.

4.4. END

The update postulate and the distinctness postulate guarantee for
nelN and ¢ ¢ CONe existence and uniqueness of a state <c<m>s. It 1s use-
ful to have in the logic an operator which corresponds with the semantic
operator <c<n>. These operators, which I will call state switchers, are
modal operators (since they change the state, (i.e. world) with respect to
which its argument is interpreted). The syntax and semantics of state

switchers is defined as follows.

> o € MET we have

4.5. DEFINITION. For all o,7 € CAT, ¢ € MEG, c € CON<S
T b4
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{a/Vcle e ME .

The interpretation is defined by:

V<c<—VS g(a)>s,g(¢) if <C+Vs,g(u)>s
9
v, el o) = is defined,

. Vs’g(¢) otherwise.

Note that in the present stage of exposition, the 'defined' case only ap-
plied for ¢ ¢ CON
4.5, END

<s,e>"

One might wonder why the state-switcher contains an extension operator,
for only the constant ¢ and the expression o are relevant for determing
which state-switcher is intended. The reason is that state-switchers have
many properties in common with the well-known substitution operators. The
state-switcher determined by ¢ and o behaves almost the same as the substi-
tution operator [a/vc]. This will be proven in section 4.3.

The meaning of a program will be defined as a predica;e transformer.
Since we will represent meanings in intensional logic, we have to find a
representation of predicate transformers in intensional logic. Let us first
consider state-predicates. These are properties of states. For some states
the predicate holds, for others it does not hold, so a state predicate is
a function f£: S » {0,1}. Since the interpretation of intensional logic is
state—dependent, such a state predicate can be represented by means of an
expression of type t.

A predicate transformer should, in the present approach, not be an
operation on expressions, but a semantic function which relates state-
predicates with state-predicates. So it should be a function
£: (5+{0,1}) > (S+{0,1}). This means that it is a function which yields a
truth-value, and which takes two arguments: a state-predicate, and a state.
Changing the order of the arguments does not. change the function essentially.
We may consider a state-predicate as a function which takes a state and a
state-predicate, and yields a truth-value. Hence we may say that a predi~
cate transforﬁer is a function f: S > ({8+{0,1}) - {0,1}). This view is,
in a certain sense, equivalent to the one we started with. A formula of

type <<s,t>,s> has as its meaning such a function, hence formulas of type
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<<g, t>,t> are suitable as representations of predicate transformers. There-
fore programs and assignments can be translated into ekpressions of this
type.

One might have expected that programs and assignments are translated
into expressions of type <<s,t>,<s,t>>. This was the type of the transla-
tions of programs and assignments in JANSSEN & Van EMDE BOAS (1977a,b). The
first argument for using the type <<s,t>,t> of theoretical nature. An ex-—
pression of type <<s,t>,<s,t>> has as its meaning a function
£: S » ((5+{0,1}) » (S+{0,1})), and this is not a predicate transformer
(although it is closely connected, and could be used for that purpose).

The second argument is of practical nature: the type of the present trans-—
lation gives rise to less occurrences of the " ana ” signs.

A consequence of the representations which we use for (state-)predi-
cates and predicate transformers is the following. Suppose that program
is translated into predicate transformer =n', and that this program is exe-
cuted in a state which satisfies predicate ¢. Then in the resulting state
the predicate denoted by n'(A¢) holds; it is intended as the strongest

condition with respect to program 7 and predicate ¢ (i.e. sp(m,¢)).

4.3, Theorems

The substitution theorem says that the state-switcher behaves almost
the same as the ordinary substitution operator. The iteration theorem

describes a property of the iteration of state-switchers.

4.6. SUBSTITUTION THEOREM. The following equalities hold with respect to all

variable assigmments and states.

1. {a/¥ele' = & for all c' e CON.
2. {alVelv =v for all v e VAR.

{a/Vcto A {af ey

analogously for V,+,«>,7, if-then-else~fi constructs.

3. {a/ e} (4Ap)

Sx{a/vc}¢ Zf x does not oceur free in o

4. {a/Ve}(3xe)
analogously for Vxé, Axé.

5. {a/Vel () = [{a/ 1ol cy) .

6. {a/Ver's =" analogously for O .

7. {a/Ye} e

(o)
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Consequence

The state switcher {a/vc} behaves as the substitution operator [u/vc],
. . v
except if applied to AS,DB or B (where B # ¢). The formulas {a/vc}AB and
{a/vc}DB reduce to AB and 0B respectively, whereas {a/vc}VB cannot be re-

duced any further.

PROOF. Let t be the state <c<—VS g(u)>s, s0 VS g{a/vc}¢ =V, ¢.

> 8

v " = y = 1
1. Vs’g({a/ clc') = v(c") Vs,g(c ).
The equalities hold because of the Rigidness Postulate.
v
2. vs,g {a/ c}(v) = Vt,g(v) = g(v) = Vs,g(v)'
v
3. Vs’g{a/ clgnp) = 1 &= Vt’g(¢A¢) =] e AVt’g(¢) =1 and
Vt’g(w) =1 <= Vs’g({a/vc}¢) =1 and Vs’g({u/vc}w) =1 =
v, (ol el A el ch) = 1.
58
Analogously for the other connectives.
4, VS’g({a/vc}3x¢) =1 & Vt’g(3x¢) =1 <> there is a g' ~ 8 such
that Vt g,(c1>) =1 ¢ {x not free in o'} <> there is a g' ~ B such
that Vs’g({alvc}¢) =] <= Vs’g(ax{a/vc}¢) = 1.
» v
5. Vs’g{a/ cH(B(Y)) = Vt,g(B(Y)) = Vt’g(B)(Vt’g(Y)) =

v, e/ (v fal'ely) = v, (a/'clsas el .

vV A ' - A
6. Vg alickg) =V, (B) =2t v, (B =V (8.

> 8
V(c)(<c+Vs’g(a)>s) =V, g(u).

3

]
<
~
e

]

Y
7. Vs’g({a/ cl c)

4.7. ITERATION THEOREM.

oy /el ayl e}e) = Lo /Vela, /el (o) .

PROOF. Note that also here the state switcher behaves as a substitution
operator: first a substitution of o, for all occurrences of Vc, and next a
substitution of o, for the new occurrences of Vc, is equivalent with an im-—
medaite substitution of [allvc]az for all occurrences of 'c. The proof of
the theorem is as follows.

First consider <c+d1>(<c+d2>)s, where d] and d2 are possible values
of ¢. This denotes a state in which all identifiers have the same value as

in s, except for c¢ which has value dl' So it is the same state as <c+d1>s
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(due to the distinctness postulate). This equivalence is used in the proof

below.

v, Gloy/ e ay ety = v {a,/ e} (9) =

<C+Vs’g(u1)>s,g

Vecev )>(éc;vs’g(a1)>)s’g(¢) -

@) =

<c+Vs,g(a1)>s,g(az

V<c+-V

(a,)>s,g
<c+Vs,g(al)>s,g 2

v @) =V, o/ cla,y/er (@)

v
<c+Vs’g({u1/ c}a2)>s,g

4.7. END
5. FIRST FRAGMENT

5.1. The rules

In this section the syntax and semantics will be presented of a small
fragment of a programming language. The fragment contains only programs
which consist of a sequence of simple assignment statements; many program-
ming languages have a fragment like the one presented here. The treatment
will be in accordance with the framework developed in the first chapters
of this book. This means that for each basic expression (genmerator of the
syntactic algebra) there has to be a translation into the logic, and that
for each syntactic rule there has to be a corresponding semantic rule which
says how the translations of the parts of a syntactic construction have to
be combined in order to obtain the meaning of the compound construction.

The syntax of the fragment has the following five categories:
1. INT The set of representations of integers. Basic expressions in

this category are: 1,2,38,...,12,...,666,... .

2, Ip The set of integer identifiers. Basic expressions are &,y and 3.
3. ASS The set of assignments.
4, PROG The set of programs.
5. BOOL The set of boolean expressions.
The basic expressions of the category INT translate into corresponding con-
stants of type e; the translation of I is I etc. The identifiers z,y and w
translate into corresponding constants of type <s,e>: the tramslation of x
is x.

The syntactic rules are presented in the same way as in previous chap-—

ters. In the clause called 'rule', the categories involved are mentioned;
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first the categories of the input expressions, then the category of the re-
sulting expression. The F-clause describes the operatién which is performed
on the input expressions; here o always stands for the first input expres-
sion, B for the second, and y for the third. The T-clause describes how the
translation of the resulting expression is built up from the translations

of the input expressions. Here o' denotes the translation of the first in—

put expression, B' of the second, and y' of the third.

Rule 7§la: INT x INT - BOOL
Fla: o =8
e Nl = @t
Tla' 43 B'.
Exanmple Sla: Out of the integer expressions I and 2, we may build the

boolean expression I < 2, with as translation 1 < 2.

Rules S, . ..S. : Analogously for the relations >,<,2, =.

1b le
Rule SZa: INT x INT - INT
an: a + B
. ] 1
T2a' o' + B

Example : (I+2)' =1 + 2

Rules SZb’ Szc: Analogously for the operations x and =+

Rule S3 ¢ ID » INT

F3 He
T, : 'a'
3¢
Example : The integer identifier x can be used to denote an integer.
Rule : ID x INT » ASS
F, : 0 :=8
4 VoLV v v
T, ap[3zl{z/ a'} P A a' ={z/ a'"}B']] (z € VARe)

Example ~: See below. Notice the similarity and differences between
this predicate transformer and Floyd's original rule. Some
extension operators have been added, and the substitution
operator is replaced by an operator with a semantical in-
terpretation.

Rule 55 : ASS -+ PROG

F.-:a
o'
Example : Every assignment statement can be used as a (reduced) pro-

gram.
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Rule S6 : PROG x PROG - PROG
F6 : 3B
T, : apLa' (8T (P)) .
Rule S7 : BOOL x PROG x PROG - PROG

F, : 2f o then B else vy fi
7 A v A v
T7 : APIBY (@' A P vY' (o' A 'P)]

5.2. Examples
5.1. EXAMPLE: z := y.

The derivational history of this assignment is presented in figure 4.
Also the successive steps of the translation process are presented in the
tree. At each stage the number of the rule used and the category of the

produced expression are mentioned between braces.

{y =z {Prog,5;}

Zp320{z/ g} e a Yy = 12V (V012
{y = x {Ass,SA}
APL3x[{z/ v} P A Yy = 12/ 93 ') 17
R ~
y{ID} m{INT,S3}
{ {
y X

|

{ z{ID}
X

Figure 4: y :=x

The obtained translation of the program can be reduced, using the sub-

stitution theorem, to (25)
(25) ap(3zl{z/ 9} P A 'y="x11.

Now suppose that before the execution of the assignment x equals 7 and y
equals 2 (cf. Section 1, Figure 2¢). So the initial state satisfies predi-
cate (26) holds

(26) "z =7 Ay = 2.




363

Then after the execution of the assignment the followigg holds:
(27) APL320{z/"y} P A Vy="x11C"1Vx=7 A Vy=27).

This reduces to (28), and further to (29) and (30).

(28) 320{z/"y} ("x=7 & Yy=2) A Vy="x]

(29) Hz[vx=7 A z=2 A Vy=VX]

(30) vx=7 A Vy=vx.

5.2, EXAMPLE: y :=z; y :=y + 1.

The translation of the second assignment statement is obtained in the same
way as the translation of y := x in example 5.1. Its translation is (31),

which reduces to (32).

It

(31) Ap3zl{z/"y1 e A Yy = {2/ v1 V1) ]

(32) APEz[{z/Vy}VP A Vg z+1].

The translation of the whole program is therefore
AQ[y:=y+1]‘(A[[y:=x]'(Q)]) =
ANPL3z[{z/ g} e A Vy = 2+111("320{z/ 9} 0 A Vy="x) =
kQaz[{z/vy}(Elw[{w/vy}VQ A vy=vxj) A vy = z+l] =
r03z3ul {12/ yhw/ 5} 0 A z="x A Yy = 2411 =

XQEsz[{w/Vy}VQ A z=vx A vy = z+]1].

Suppose now that before the execution of the program x > 0 holds. Then af-

terwards (33) holds, which reduces in turn to (34) and further to (35).
(33) Szaw[{wlvy}(vx>0) A z="% A vy=z+1]

(34) Bz[vx>0 A z=vx A vy=z+1]

(35) Vx>0 A vy=vx+l.

In the treatment of this program we first determined the translation
of the program, and then considered some specific precondition. If we knew
the precondition beforehand, and were only interested in obtaining the post-
condition (and not in obtaining the translation of the whole program),
we could first calculate the postcondition after the first assignment. This

postcondition could then be taken as precondition for the second assignment.
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5.3, EXAMPLE: Zf y < 0 then y := x else y := y+1 fi.

The predicate transformer corresponding with this program is
(36) AgLAPL3z{z/"y} P A Vy="x1"("y<0o A Vo) v ar(3z2(z/"5}"P A
r Vy=z+12" 1 0y<01 A Vo) 1.
This reduces to
(37) 20[3zlz<0 A {z/ 9} 0 A “y="x1 v 3zl z<0In{z/ "y} 0 A Vy=z+11.

Suppose that we have no information about the state before the execution of
the assigmment. This is expressed by the precondition I=I. Then afterwards

(38) holds, which reduces to (39).
(38) 3z[z<0 A Vy=vx] v 3z[[z<0] A vy=z+l]
(39) vy=vx v vy > 1.

5.3. END
6. POINTERS AND ARRAYS

6.1. Pointers

An application of Floyd's rule to assignments containing pointers may
give rise to problems, see the example in section 3. In preceding section I
have developed a compositional, algebraic approach for simple assignments.
This algebraic approach can be generalized in a straightforward way to the
case of pointers. I will consider at this moment only pointers to integer
identifiers; a more general and formal treatment will be given in section 7.
Pointers to integer identifiers are expressions which have as value
in a given state some integer identifier. In another state they may have
another identifier as value. Therefore we associate with a pointer some
function from states to interpretations of integer identifiers. In analogy
to the treatment of integer identifiers, this is done by translating the
pointer into a rigid constant; so pointer p translates into constants
pe C0N<s,<s,e>>' The execution of the assignment p := y has as an effect
that the current state is changed in such a way that in the new state all
identifiers have the same value as before, except for p which now has
value y. This effect can be described by means of a state switcher like the

ones we introduced in relation with simple assignments. Below I will
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. . . v
introduce some postulates which guarantee that the state switchers {z/ p}
can be interpreted in the way we intend, and satisfies.equalities analogous
to the substitution theorem (4.6). Let us assume for the moment that the

predicate transformer corresponding with the assignment p := § reads:

(40) APL32[{z/"p} P A 'p = {2/ P}s1] (z ¢ VAR 0,0~

6.1. EXAMPLE. % := 6; p :=x; X := 6.

Let us assume that this program is executed in an arbitrary state, so the
precondition is true. We are interested in the postcondition after the last
assigmment. That postcondition is obtained by calculating the postcondition
of each assignment in turn, and taking that postcondition as input for the
predicate transformer of the next assignment. The postcondition of the

first assignment for precondition true reduces as follows.
v v
APL3zL {2/ %} P A “x=511("tzue) = 32l x=51 = 'x=5.

The postcondition of the second assignment (using the predicate transformer

described above) reduces as follows
AP[HZ[{Z/VP}VP vbvp=x](A[vx=5]) = Ez[{z/vp}(vx=5) A
A vp=x] = [Vx=5 AV =x1.
Finally, the postcondition of the last assignment reduces as follows:
APEZ[{z/vx}VP A vx=6](A[vx=5 A Vp=x]) = Ez[{z/vx}(vx=5 A vp=x) A Vx=6]=

v
[3z[z=5 A vp=x] A x=6] = [Vp=x A Vx=61.

R vv ..
From this formule follows p=6, so the postcondition has as consequence

that the integer value related with p is 6. This is as it should be (see
figure 2).

If we compare the treatment of this program with the treatment using
Floyd's rule see (18)-(23), then we observe that this success is due to a
careful distinction between the representation of the interpretation of
identifier x, namely x, and the representation of the value of that identi-
fier, namely Vx. This has as its effect that in the calculation of the last
postcondition the x in the identity p=x is not replaced by z as would be
the case if Floyd's rule were used.

6.1. END

For the constants which translate pointers, we have postulates analogous

to the ones we have for constants translating integer identifiers (rigidness
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postulate, distinctness postulate, update postulate). Something more, how-
ever, has to be said about the possible values of pointer comstants. Con-

sider p e CON This constant is interpreted as a function from

<g,<g,e>>"
states to objects of type <s,e>. Not all such objects are possible values

of pointers. In a given state the extenmsion of p has to be the interpreta-
tion of some integer identifier and we have already formulated some require-
ments concerning such interpretations (update postulate etc.). For instance,
the interpretation of an integer identifier cannot be a constant function
yielding for all states the same value. Consequently the extension of p
cannot be such an object. Thus we arrive at the following postulate con-
cerning the constants of type <s,<s,e>> (for higher order pointers analo-

gous requirements will be given).

6.2. Properness postulate

For all ¢ ¢ CON s ¢ ST

<s,<s,e>>’

V(c)(s) e {V(c") ] c' e CON<s e>}'

6.2. END
6.2. Arrays

In section 3 it was shown that a straightforward application of Floyd's
rule to assignments containing subscripted array identifiers may yield in-~
correct results. Here a compositional treatment of the semantics of such
assigmments will be developed (the formal treatment will be given in 7).
In order to have a comparision for the treatment, I will first sketeh a
treatment due to De BAKKER (1976, 1980). ‘

De BAKKER presents an extension of Floyd's proof rule for the case of
assigmment statements. His treatment is based on the definition of a new
kind of substitution operator [oa/8]. In most cases this operator behaves
as the ordinary substitution operator, but not in the case that both o
and B are of the form array-identifier-with-subscript. Then this substi-
tution may result in a compound expression containing an if-then-else con-
struction. The relevant clause of the definition of the operator is as

follows.
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]

(41) [t/a[sllj(b[szl) b[[t/a[slll(sz)]

Ct/als 1(als,]) = if [t/als,1]s, = s, then t else allt/als ls,].

1
Using this operator, De Bakker gives a variant of Floyd's rule for as-—

signment statements:

(42) {¢} als] := t {3yFzlly/alz]I(®) A z = [y/alz]]1(s)
A alz] = [y/alz]1(e) 1},

6.3. EXAMPIE.

Assigmnment: alal11] := 2. Precondition: all1] =1 A al2] = 1.
Postcondition:

Ayaz[ly/alz]1(al1] = 1 A al2] = 1) A z = [y/alz11(@[1]) A alz] = [y al211(2)].
By the definition of substitution this reduces to

y3z[if 1=z then y else al1] £fi = 1 A if 2=z then y else al2] fi = 1 A

z = if I=z then y else all] fi A alzl=2].

From the second and the third boolean expression in the conjunction, we
see that we must take z=I1, and the whole expression reduces to:

Ayly=1 A al2]=1 A 1=y A al1l=2].

This is in turn equivalent to al1]=2 A a[2]=i, from which it follows that
alal1]11=2.

This proof rule works correctly: It is not easy to undersfand why the rule
works, but De Bakker has proven its correctness.

6.3. END

From our methodological point of view this solution has the same dis-
advantages as Floyd's original proposal, the main one being that the sub-
stitution operator defined in (41) has no semantic interpretation. In order
to obtain a solution within the limits of our framework, let us comsider
the 'parts" of the assigmment als] := £. The usual syntax says that there
are two parts: the left hand side, (i.e. als]), and the right hand side
(i.e. t). The left hand side has as its parts an array identifier (i.e. a)
and an integer expression (i.e. s). This analysis has as a consequence that,
in our algebraic approach, we have to associate with the array identifier
a some semantic object. In the papers by ﬁe Bakker this is not done, nor is
this done by several other authors in the field. One usually employs a
model which is an abstract computer model with cells, and it is not pos-
sible to associate some cell with ¢. In our model, on the other hand, it
is not difficult to associate some semantic object with a. For each state

an array identifier determines a function from integers (subscripts) to
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integers (the value contained in the cell with that subscript). In analogy

to the treatment of integer identifiers, this relation between an identi-

fier and the associated function, i1s given by translating the array identi-
" fier into a rigid constant of type <s,<e,e,>>.

Using the fact that it makes sense to speak about the value of (the
translation of) an array identifier ¢, we can easily describe the effect of
the execution of an assignment alB] := y. By this assignment a state is
reached in which the value associated with a differs for one argument from
its old value. If the old value of a is denoted by z, then the new value
of a is, roughly, described by: Anlif n=8 then v else z(n) £fi]. I said
'roughly' since it is not yet expressed, for B and y, to take here the old
value of a. These considerations give rise to the following predicate trans-—

former associated with a[B] := y:
: Y v v . v .
(43) AP[3z{z/ a} P A "a = {z/ a}(\nlif n = B then v else aln] £i]) 1.

Notice the direct analogy of this predicate transformer with the predicate
transformer for the simple assignment. The correctness of (43).1is, I believe,
much clearer than of the one given by De Bakker. This perspicuity is due

to the fact that we treat the array identifiers as having a meaning. In a
model based upon the use of 'cells', such an apporach does not come natural-
ly. The main point of the present approach (arrays as functions) is the
basis for the treatment of arrays in GRIES 1977. It turned out that already
in HOARE & WIRTH 1973 arrays are considered as denoting functions (however

not in the context of the problems under discussion).

6.4. EXAMPLE. Consider the assigmment alalZ]] := 2, executed in a state in
which a[1] = 1 and a[2] = 1. We wish to find the strongest postcondition
in this situation. This is found by application of the predicate trans-
former (associated with the assigmment) to the precondition expressing the
mentioned property of the state. In the logical formulas given below I
should write a(l) etc., since we interpret a as a function. But in order
to keep in mind what we are modelling, I, prefer the notation alil
[alal11] :=21' ("[al1=1 A al2]=1]) =

Ap(3z{z/'a} P A a = {2/'a}On if n="al1] then 2 else

, Valnl£1) 1"tV al13=1 A Yal23=11)
3z[z[1]=1 A 2[2]=1 A 'a = An if n=2[1] then 2 else z[nlfi]
3z[z[11=1 A 2[2]=1 A a

An if n=1 then 2 else zlnlfil.
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From this postcondition the value of alal1]] can be calculated:
V. .V v . v
lal"al1]]1 = "alin if n=1 then 2 else z[nl £i [111 = "al2] = z[2] = 1.

6.4, END

Now that we know which predicate transformer should be used, let us
look at how it was obtained. We could have tried to find some translation
for the left hand side of the assignment (i.e. for alnl), out of which the
predicate transformer could be formed. It turned out to be preferable to
use the insights obtained from considerations based on the principle of
compositionality. We observed that als] := ¢ is a notation for changing the
function associated with a. This suggests to consider such an assignment as
a three-place syntactic operation which takes as inputs the array identi-
fier, the subscript expression, and the expression at the right hand side
of the := sign. In such an approach it is easy to obtain the desired predi-
cate transformer, and therefore this approach will be followed. This shows
that semantic considerations may influence the design of the syntactic
rules.

In JANSSEN & Van EMDE BOAS (1977a) assignments to multi-dimensional
arrays are treated. Since the proposal given there, is not strictly in ac-—
cordance with the principle of compositionality, it is not'mentioned here.
One could incorporate assignments te n—dimensional arrays by introducing a
separate rule for each choice of n; then an n-dimensional array is con-

sidered as a function of n arguments.
7. SECOND FRAGMENT

7.1. The rules

In this section I will present the syntax and semantics of a fragment
of the programming language ALGOL-68 (Van WIJNGAARDEN 1975). The fragment
contains integer identifiers, pointers to integer identifiers, pointers to
such pointers, etc., so there is in principle an infinite hierarchy of
pointers. The fragment alsc contains arrafs of integers, arrays of integer
identifiers, arrays of pointers to integer identifiers, etc., so in prin-
ciple an infinite hierarchy of arrays. In order to deal with such infinite
sets, the syntax will contain rule schemata. These schemata are like the
hyperrules used in the official ALGOL-68 report (VAN WIJNGAARDEN 1975);

for an explication see chapter 6. The semantics of the fragment will be
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described by means of a translation into intensional logic. As explained
in the ‘previous section, this logic has to be interprefed in a restricted
class of models. The models have to satisfy certain postulates; these will
be presented in section 7.3. In section 7.4 a model will be constructed
that satisfies these postulates.

The names of the categories used in section 5 have to be changed in
order to follow the ALGOL-68 terminology. The category of integers will be
called "int id' (d.e. integer identifier) and the category of integer iden-
tifiers ID will be called 'ref int id' (i.e. reference to integer identi-
fier). As explained above there will be an infinite set of categories. In
the description of a category names we may use the meta notion mode. The
possible substitutions for this metanotion are described by the following

meta rules;

mode =+ int
mode -+ ref mode

mode - row of mode.

These modes correspond with types of intensional logic; this correspondence

is formalized by the mapping t which is defined as follows.

T(int) =e
7(bool) =t
T(ref mode) = <s,1(mode) >

T(row of mode) = <e,T(mode)>.

For each 'mode' there is a category 'mode id' which contains denumer-

able many expressions: the identifiers of that mode. Examples are:

Category Typical identifiers
int id 1,2,8,...,666,...
ref int id L3Y 5Ws2 5L g5 e

ref ref int id PsqsPysPgs e+

row of int id CICPPLITRRR

The rule schemata of the fragment are presented in the same way as the
rules presented in section 5. The main difference is that in section 5 we
had actual rules, whereas we here have schemata which become actual rules
by means of a substitution for mode. Remember that throughout one scheme

the same substitution for mode has to be used.
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Rule B "BS : int exp x int exp - bool exp
FB,..FB. : o ¥ B where % stands for <,>,<,2, or =.

TBI..TB5 o' % B' idem for =x.

Rule I,..I : int exp x int exp - int exp
FII..FI :0®pB where & stands for +,x,+ respectively

TI,..TI, : o' @ B' idem for ®.

Rule E] : mode id + mode unit
FE] o
]
) a
Rule E2 : mode unit - mode exp
FE2 o
1
TE2 o
Rule E3 : ref mode exp -+ mode exp
FE3 o
TE : Vo
3 : .
Rule E4 : bool exp x mode unit x mode unit » mode unit
FE4 : 2f o then B else v f2
s ot ,
T, : if o' then 8" else Y' fi

comment : The rule is defined for units and not for exp's in order to

avoid the problems of 'balancing' (see e.g. Van WIJNGAARDEN

1975).
Rule E5 : ref row of mode unit X int exp - ref mode unit
FE, : a'lB']
TE : “rVarrs' 1.
Rule A1 : ref mode id x mode exp + ass
FA ta =B
! Vo A v v
N 1 LI 1 '
TA1 : AP3z[{z/ '} P A {z/ a'}B"1] where z ¢ VART(mode)'
Rule A2 : ref row of mode id X int exp x mode exp - ass
TA, : alBl = vy
. (Y v v
FA, : ap[3z{z/ o'} P A o' = {z/ "} An if n=R' then y' else

z[n] £i1].
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Rule P1 : ‘ass + simple prog
FP1 Lo
. 1
TP1 o,
Rule P2 : simple prog - prog
FP2 T a
. 1
TP2 o,
Rule P3 ¢ prog X simple prog - prog
FP, : 03B
™, A (T D).
Rule P4 : bool exp X prog x prog =+ prog
FP4 t if o then B else y fi '
TP, : AP8' (Lo A YPD) v v (Mt A VED) 1.

7.1. EXAMPLE, In section 5 I have given several examples of assignment

statements. Therefore now as example a somewhat more complex program
p :=alll; all1] := 2 precondition alll=1 A al2]3=2.

The postcondition after the first assigmment is:
[p = al111 (Val13=1 A Yal21=2]) =

2p3zi{z/ 0} & Vp = {2/ p¥ 1 Val1771C" 0 Val13=1 A Yal21=2]) =

\

[Val1l=1 A Yal23=2 A "p = “[Yal1111.

Then the postcondition after the second assignment is:

A

3z{z/ ar (" Val11=1 A Val2l=2 & Vp = “[Val111D) A

va = {z/va}[An if n = 1 then 2 else aln] fi]=

= 32[2017=1 A 2[21=2 A 'p = "[Val111 A

v -
a = An if n =1 then 2 else z[n] fil.

From this we conclude that va = va[l] = 2.

7.1. END
7.2. The postulates

In order to formulate the postulates, I will first define the set AT
of achievable types. This set consists of the types which are achievable

by translating expressions of categories which have a name obtained from
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the name-scheme 'mode exp'.

7.2. DEFINITION. The set AT c Ty is defined by the following clauses:

1. e € AT
2, If 1 ¢ AT then <s,7> ¢ AT and <e,t> ¢ AT.
7.2. END

The rigidness postulate says that all constants are rigid designators.

7.3. Rigidness Postulate

For all t € AT and ¢ ¢ CON : 30 [e=v].
<8,T>
7.3. END

The distinctness postulate says that two states are different only if

they give rise to a different extension of some constant.

7.4. Distinctness Postulate

we have V(c)(s) =

Let s,t ¢ ST. If for all t ¢ AT and ¢ € CON
<8, T>

= V(c)(t), then s = t.
7.4. END

The properness postulate says, roughly, that the extension of a con-—
stant has to be a value that can be achieved by executing instructions
from the programming language. First we define these sets AVT of achievable

values of type t.

7.5. DEFINITION. The sets AVT(TEAT) of achievable values of type T are de-
fined as the smallest sets satisfying the following clauses.
I AV =N
e
II {V(e) | ce CON__ .} cav

™ <5,T>

IITI if p € AV<s,<e,r>> and n € N then As[{p(s)I(n)] ¢ AV,

= AyN
v AV<e,T> AVT .

S,T> N

7.6. Properness Postulate

For all s € ST,t ¢ AT, ¢ ¢ CON<s
7.6. END

> we have V(c)(s) € AVT.
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The update postulate says that the model should have such a richness
that the value of one identifier can be changed into arbitrary achievable

value, without changing the values of other identifiers.

7.8. Update Postulate .

For all s € ST,T € AT, ¢ ¢ CON<S d e AVT, there is a state t ¢ ST

»T>7
such that

1. V()(t) =d

2. V(") (t) =V(c')(s) for all comstants ¢' % c.

7.8. END

The update postulate only requires 'updating' to an achievable value.

This means that the interpretation of {a/vc} can be defined as follows.
7.9. DEFINITION.

v if i i
<<V avs,g ¢ Vs,g(a) is achievable
v S,8
V. {af clp =
S,8

\Y ¢ otherwise.
7.9. END

.7.3. A model

The postulates concerning the model can be distinguished in two groups.
Some of the postulates require a certain richness of the model (the dis—
tinctness postulate and the update pcstulate), other postulates limit this
richness (rigidness postulate and properness postulate). I will show that
it is possible to steer a course between this Scylla and Charibdis by con-
structing a model which satisfies all these postulates.

The model will be built from the natural numbers and from a set of
states. This set of states should have a certain richness since the model
has to fulfill the update postulate (every constant can take every achiev-
able value). In order to obtain this effect one would like to take as set
of states the cartesian product of the sets AVT of achievable values of
type T. This method cannot be used since the achievable values themselves
are defined uéing the set of states (clause III of their definition).
Therefore we will first introduce a collection of expressions which will

turn out to be in a one-one correspondence with the achievable values. The
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set of states will be defined as the cartesian product of the sets of these

expressions.

7.11. DEFINITION. The sets AET(TeAT) of achievable value expressions of

type T are defined as the smallest sets satisfying the following clauses:

(1) ¥V i ¢ CON i e AE
e = e
(2) Ve CON<s,r> c € AE<S,T>
(3) Vie AEe Y. p e AE<s,<e,T>> oli] e AE<3’T>
(4) TIf for all n e N: ¢n € AET then (¢n)neE1€ AE<e,T>'
7.10.:END

Clause (4) introduced infinite sequences of symbols. They arise since
we did not formalize the finiteness of arrays. The above definition has as
a consequence that corresponding to each achievable value given by the
definition of AV, there is an expression in AE.

A model for IL satisfying the postulates is now constructed as follows.
We use the sets AET of achievable value denotations and define the set of

states by

s =T m AE .
TeAT CON T
<g,T>
For ¢ ¢ CON
<s
s by Hc(s).

Having chosen the set S, the sets DT are determined for each type T.

o Ve denote the projection on the c—th coordinate of a state
b ]

To complete the description of the model we must explain how F(e¢) is de-~
fined for constants. This function is defined simultaneously with a mapping

G: UTEAT AET Q‘UTsAT AVT'

(1) F@) =6(1) =i for iec AR
i.e. a number denotations are mapped onto the integers denoted by them.

(2) F(c) G(c) = AFEG(HC(S))] for c € CON<s,T>

(3) G(eLil) = AslG(p)(s)[G(i)I] for p c AE__ .

(4) G((¢n)neni) = Ap[G(¢n)] for (¢n)neliﬁ AE

fl

<g,T1>"

Clearly the map G: UTEAT AET Q-UTeAT AVT in this way becomes a bijec—
tion. So all elements in the model which are of an achievable type, are
achievable values. Moreover the model satisfies all postulates, due to the

definition of the set S.
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8. CORRECTNESS AND COMPLETENESS

8.1. State transition semantics

In the previous section the meaning a program is defined, and one
might expect that the story ends there. But the kind of meanings (predi-
cate transformers) are far removed from the behaviour of a computer while
executing a program. One might ask whether we did not loose the connection
with a notion of meaning that is more connected with the behaviour of com-—
puters. In order to answer this question another kind of semantics will be
considered; one in which the meanings of assignments and programs are de-—
fined as mappings from states to states, rather than as predicate trans—
formers. I will call it a state-transition semantics; it is related with
the standard denotational semantics.

In order to express such a state transition semantics, we need a lan-
guage in which states can be represented. In the present context the best
choice seems to be Ty2: two sorted type theory (see chapter 3, or GALLIN
1975, for a definition). For our purposes this language is extended with

state switchers:

8.1. DEFINITION. If T ¢ AT, ¢ ¢ CON ,B ¢ AV and s ¢ ME , then
JEFANLLIOR <s,> T s

<c+f>s € MES. The interpretation of such an expression is defined by

Vg(<c+8>s) = Vg,(s), where g' T8 and g'(s) is the unique state t,
such that V{(c)(t) = V(B) and V(c')(t) = V(c") (s)
if ¢' £ c.
(Note that the update postulate guaranteed the existence and unicity of t).
8.1. END

The state—transition semantics of the fragment is defined by means of
providing for a translation into Ty2. The translation function will be

denoted as "

. For the identifiers the translation into Ty2 is the same as
the translation into IL, so x' = x" for all identifiers Y.

For most of the translation rules into Ty2 the formulation can easily
be obtained from the translation rules into IL using the standard formu-
lation of IL in Ty2 (see chapter 3). Therefore I will present here only
those rules which are essentially different: the rules concerning assign-

ments and programs.
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Rule P. : Ass - Simple Prog

Rule P, : Simple Prog - Prog

Rule P3 : Prog x Simple Prog -+ Prog
FP3 : ofB
OP3 + asfa" (B"(s)) 1.

Rule P4 : Bool Exp x Prog X Prog - Prog
EPA : Zf o then B else v fi
OP, : Aslif o"(s) then B" else y" fil.

Rule A, : Ref mode Id x mode Exp - Ass
FA. : a =8
O0A, : As[<a"«B">(s) 1.

Rule A2 : Ref Row of mode Id x Int Exp x mode Exp -+ Ass
TA2 s alB] =y

0A, : xs[<a"eAn if n = B" then y" else o"[n] £i>(s)].

8.2. Strongest postconditions

Our aim is to prove that the predicate transformers we have defined in
the previous section, are correct with respect to the operational semantics",
and that these predicate transformers give as much information about the

final state as possible. The relevant notions are defined as follows.
8.2. DEFINITION. A forward predicate transformer w' is called correct with
respect to program m if for all state predicates ¢ and all sates s:

. A

if s F ¢ then n"(s) k n'("¢).
8.3. DEFINITION. A forward predicate transformer w' is called maximal with
respect to program m if for all pairs of state predicates ¢,y holds:

if for all states s: s F ¢ implies w"(s) F [/
then F n'(A¢) > P.
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8.4. THEOREM. Let m be a program, and ™ and T, be forward predicate trans-
formers which are correct and maximal with vespect to w. Then for all ¢:
SRR NS
1 2 :
PROOF. Since m, is' correct we have:

2
if s F ¢ then #"(s) FE WZ(A¢).

Since . is maximal, from the above implication follows:
F oGy >, ().

Analogously we prove
E o, > (o

8.4. END

A consequence of this theorem is that all predicate transformers which
are correct and maximal with respect to a certain program yield equivalent

postconditions. This justifies the following definition.

8.5. DEFINITION. Let 7w be a program and ¢ an expression of type t. Now
sp(m,¢) is a new expression of type t, called the stromgest postcondition
with respect to w and ¢. The interpretation of sp(w,¢) is equal to the in-—
terpretation of n'(A¢), where n' is a forward predicate transformer whiéh
is correct and maximal with respect to 7.

8.5.-END

A notion which turns out to be useful for proving properties of predi-

cate transformers is

8.6. DEFINITION. A predicate transformer w' is called recoverable with re-

spect to program m if for all states t and state-predicates ¢

if t F n'(A¢) then there is a state s such that s F ¢ and 7''(s) = t.
8.7. THEOREM. If 7' <s recoverable, then w' is maximal.

PROOF. Suppose that w' is recoverable and assume that s F ¢ implies that
' (s) F ¥, but that not F ﬂ'(A¢) + . Then there is a state t such that
t F 'n(%) and t % Ty. Since n' is recoverable there is a state s such

that s F ¢ and " (s) = t. By assumption we also have 7" (s) F Y. Contra—

diction.
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8.8. THEOREM. The tramslatron function ! defined in section 7 yields

strongest postconditions.

PROOF. By induction to the structure of the possible programs. We only con-

sider the case ¥ := § because for other cases the proof is straightforward.

Part 1: Correctness. Let s £ ¢ and t = T1"(s). Thus t = <y < &§">s. We have

to prove that
(48) t F Elz[{z/vx'}¢ A Vx' = {z/vx'}é'].

Let h be such that h(z) =rVS(VX). Then for every formula y:

45) V_ . (z/'x" 1) = v W =V_. .
t,h <x"«h(z)>t,h syh
Therefore
46) t,b k {z/'x"}e.
Moreover
v 1 | — | - ) 1
(YD) Ut,h({z/ x'}8") = V<x+h(z)>t,h §' = Vs,h §' = Vt,h x'.

This means that ' is correct.

Part 2: Recoverability. Let

“48) t E Elz[{z/vx}¢ A Vx = {z/vx'}ﬁ'].
Thus there is a g such that (49) and (50) hold
v

(49) t,g F {z/'x"}¢
0y V. (x") =V, _({z/ x"}s")

t t,g X v
We define s = <y<«g(z)>t, then we immediately conclude that s F ¢. We prove
now that the value of vx' is the same in 7'"(s) and in t. Since this is the

only identifier in which they might differ we conclude that the states are

the same (the update postulate guaranteed uniqueness!)

I

v T — v 1 - T ] =
(51) VT\'”(S) ( X ) = V ( X ) = VS(6 ) U<x<—g(2)>t(6 ) =

Ve,gla/ X118 = v CX.

<X+6">s

Notice that this proof also holds in case that § is an A-expression, or in
case g(z) is not achievable. This means that n' is recoverable, hence 7'
is maximal.

8.8. END
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8.3. Completeness

The notions 'completeness' and 'soundness' of a collection proof rules
play an important role in the literature concerning the semantics of pro-
gramming languages. Such collections are intended to be used for proving
properties of programs. Qur main aim was not to prove properties, but to
define meanings. However, in the discussions about our approach the possi-
bility to prove properties of programs played an important role. In the ex~
amples several proofs concerning effect of programs were given, and one of
the arguments for using predicate transformers was their usefulness in
proofs. Therefore it is interesting to consider our approach in the light
of the notions 'soundness' and 'completeness'. First I will informally dis—
cuss these notions in their relation to the traditional approach (for a
survey see APT 1981), there after I will try to transfer them to our ap-
proach.

In the traditional approaches one describes the relation between the
assertions (state predicates) ¢ and ¢ and the program w by means of the
correctness formula {¢}n{y}. This formula should be read as stating that if
¢ holds before the execution of program m, then ¢ holds afterwards (for a
discussion see section 2). Formula ¢ is called a precondition, and § a
posteondition. collection C of proof rules for such formulas consists of
axioms, and of proof rules which allow to derive new formulas from already
derived ones. For the basic constructions of the programming language cer—
tain formulas are given as axioms (e.g. Floyd's axiom for the assignment
statement). An important proof rule is (52); the so called rule of conse~
quence, It allows us to replace a precondition by a stronger statement, and

a postcondition by a weaker statement.

(52) 1If PPy {pl}S{gl}’ g, > q are derived, then {p}S{g} follows.

The notion ch (derivable in C) is then defined as usual. Hence (53) means
that the formula {¢}m{¢} can be derived from the axioms by using only rules

from C.
(53) I-C {o}n{y}.

Besides the syntactic notion F.C’ the semantic notion F:M of satisfac-
tion in a model M is used. A model M is defined, in which assertions ¢ and
Y can be interpreted and in which the execution of w7 is modelled. Then (54)

says that it is true in M that if ¢ holds before the execution of =, then




381

Y holds afterwards.
(54) oy {6}niyl.

The notions soundness and completeness of collection C of proof rules
relate the syntactic notion F'C with the semantic notion F=M. The collec-

tion C is called sound if for all ¢,y and 7

(55) |, {¢}n{y} implies F, {¢}n{y}.

The collection C is called complete if for all ¢,y and w
(56) F (¢}n{y} implies | {o}nly}.

Most identifiers in computer programs have to be associated with num-—
bers, and the assertions in correctness formulas may say something about
the numerical values of these identifiers. We may consider a trivial pro-
gram o (e.g. & := &) a trivial assertion B (e.g. true), and an arbitrary

assertion B from number theory. Then (57) holds.
(57) F {Blaly} if and only if F=M Y.

Suppose now that we had a complete collection C of proof rules for correct-—
ness formulas. Then combination of (56) with (57) would learn us that (58)
holds

(58) F {Blafy} if and only if }=M Y.

Thus a complete proof system for correctness formulas would give us a com-—
plete proof system for arithmetic. Since arithmetic is not completely
axiomatizable, there cannot be such a complete system C for correctness
formulas. Concerning this situation De BAKKER (1980, p.61) says the fol-
lowing: k

'[..] we want to concentrate on the programming aspects of our language,
and [..] pay little attention to questions about assertions which do
not interact with lassigrnment] statements (so that even if an axtoma-
tization of validity were to exist, we might not be interested in
using 1tJ).

For this reason De Bakker takes all valid assertions as axioms of C, i.e.

if F=M ¢, then by definition F.C ¢. This notion of completeness, viz. where
certain assertions are taken as axioms, is called complete in the sense of
Cook. For a formal definition see COOK (1978), or APT (1981). This notion
is defined only for logical languages which are expressive: languages in
which all strongest postconditions can be expressed (for the class of pro-
grams under consideration). From the results in 8.2 follows that our ex-—

tension of IL is expressive.
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In order to define the notions 'soundness' and 'completeness' for our
approach, we have to find notions that can be compared‘with F‘C and with
F:M' First I will consider the syntactic notion F'C' In our approach the
logical deductions are performed on the level of intensional logic. So if
we would introduce a system S of proof rules, it would be proof rules of
intensional logic. Hence we have to find an expression of IL which corre-
sponds with (52).

We have characterized (in intensional logic) the meaning of a program
T by means of a predicate transformer w', and we have proven that this trans-—

former yields strongest postconditions. Consider now (59)
A
(59) 7' C¢) > 9.

Formula (59) expresses that if ¢ holds before the execution of 7, then
holds afterwards. So (59) corresponds with the correctness formula {¢}n{y}.
An alternative approach would of course be to use the corresponding back-
ward predicate transformer. The discussion below will be restricted to for-
ward predicate transformers; for backward predicate transformers related
remarks could be made. Suppose now that we have a system S of proof rules
of intensional logic. The notion F'S can be defined as usual. Then (60)
says about S the same as (53) says about C. Therefore I will comsider (60)

as the counterpart of (53).
60) g ' ('e) > .

In section 7 we have defined a class of models. Let F denote the in-
terpretation in these models. In the light of the above discussion (61)

can be considered as the counterpart in our system of (54).
A
61) F o' (¢) >y,

A system of proof rules for IL is called sound if for all ¢,y and 7 (62)
holds.

(62) P.S v'(A¢) > ¢ implies k n'(A¢) > P

A system S of proof rules is called complete if for all ¢,y and 7 (63)
holds

(63) F ﬂ'(A¢) =+ implies P'S ﬂ'(A¢) > Y.

We might consider again trivial program o, trivial condition B, and

an arbitrary IL formula §. Then (64) holds

(64) kE o' (8) » & if and only if F &.
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Suppose now that proof system S contains modus ponens. Then (65) holds

(65) +-S a'("8) > & if and only if P.S s.

Suppose moreover that S is complete. Then from (64) and (65) it follows
that (66) holds

(66) F § if and only if P'S s8.

Thus a complete system of proof rules would give us a complete axiomatiza-
tion of IL. Such an axiomatization does not exist (see chapter 3). Hence S
cannot be complete either. In this situation we might follow De Bakker,

and make the notion of completeness independent of the incompleteness of

the logic we use. So we might take all formulas of our extension of IL as
axioms. But then S is complete (in the sense of Cook) in a trivial way since
all correctness formulas are formulas of our extemsion of IL.

This completeness nesult is not very exciting, and one might try to
find another notion of completeness. A restriction of the axioms to only
arithmetical assertions seems me to be unnatural for the fragment under
discussion because our programs do not only deal with natural numbers, but
also with pointers of different kinds. From a logical viewpoint it is at-
tractive to try to prove for our extension a kind of generalized complete-
ness (see chapter 3). This would require that Gallin's axiom system for IL
(see chapter 3) is extended with rules concerning state-switchers. Thus we
might show that a system S is generalized complete, i.e. that it is com~
plete with respect to the formulas which are true in all generalized models.
The models defined in section 7 constitute a subclass of the set of gener—
alized models, I do not know any reason to expect that the formulas valid
in all models of this subclass are the same as those valid in all gener-
alized models (because our subclass does not contain an important class:
the standard models). Hence generalized completeness would be an interest—
ing result that proves a certain degree of completeness, but it would not
correspond with the traditional completeness results in computer science. I
doubt whether computer scientists would be happy with such a completeness
result. v

Another concept between 'incomplete' and trivially ‘complete', is sug-
gested by Peter van Emde Boas. The formula w'(A¢) + ¢ was intended to be
the analogue of the Hoare formula {¢}n{y}. The language in which we express
¢ and ¢ contains state switchers, but in most cases a programmer will be

interested in cases were ¢ and Y are state-switcher free. However, our
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analogue of the Hoare formula, viz. ﬂ'(A¢) =~ ¢, will always contain a state-
switcher introduced by the predicate transformer w'. Now one might hope for
a result which says that this state-switcher can always be eliminated. In
the examples we described this was indeed the case. There are however si=-
tuations where no reduction rule is applicable (if values of pointers are
involved, where these values are unknown). This makes it unlikely that it
will always be possible to eliminate the state-switcher from a formula ob-
tained by application of a predicate transformer to a state-switcher free
formula (i.e. such an expressibility result is not te be expected). It
would however, be interesting to know whether the reduction formulas are
sufficient to eliminate the state-switchers from those translations of
Hoare formulas which are valid. This gives the following intermediate con-—
cept of 'completeness'.

If ¢ and § are state-switcher free and F w'(A¢) - ¢ then }-ﬂ'(A¢) > Y.

9. THE BACKWARD APPROACH

9.1. Problems with Hoare's rule

Besides the approach discussed up till now, there is the approach
based on backward predicate transformers. In section 3 we have already met

Hoare's rule for the assignment statement
(67) {L8/v] ¥} v = § {v}.

Hoare's rule may yield incorrect results when applied to assignment con-
taining pointers or arrays, just as was the case with Floyd's rule. I men-

tion three examples.
De BAKKER (1976) presents for Hoare's rule the following example
(69) {L1/alal2]1](alal2]11=1)} alal2]] := I {alal2]3=1}.

The precondition in (68) reduces to I=I1. That would imply that, for any
initial state, the execution of alal2]] := I has the effect that afterwards
alal2]] = 1 holds. This is incorrect (consider e.g. an initial state satis~
fying the equality al21=2 A a[1]=2).

GRIESS (1977) presents the following example
(69) {I1=aljl} alz] := 1 {ali] = alj1}.

Whereas in example (68) the obtained precondition was too weak, in the
present example the obtained precondition is too restrictive. The postcon=-

dition holds also in case the initial state satisfies i=j.
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An example of the failure of Hoare's rule for the treatment of pointers

is (JANSSEN & VAN EMDE BOAS 1977b):
(70) {x=x+1} p := x3 {p=x+1} x := x+1 {p=x}.

It is impossible to satisfy the precondition mentioned in (70), whereas for
any initial state the postcondition will be satisfied.

Besides the objection that (67) gives incorrect results in certain
cases, the same more fundamental problems arise as were mentioned in sec-

tion 3 for Floyd's rule (e.g. the use of textual substitution).

9.2. Backward predicate transformers

Using a state switcher a formulation can be given for the backward pre-
dicate transformers which satisfies our algebraic framework. The transfor-

mer corresponding to v := § is
v .V
ApL{8*/ v} P].
The transformer corresponding with alB] := v is
. . . v A
APL{\n if n = B' then v' else alnl £fi/ a} P].

9.1. EXAMPLE. Assignment a[Z] := I; Postcondition al<] = alj].

Precondition: {An if n = i then I glgg_va[n]fé/va}(va[i]=va[j]) rgduciﬁg to:
1= (if j =1 then I else aljI1fi)[j] and

further to: j = i v alj] = 1 (compare this with (69)).

9.2, EXAMPLE. Assignment alal2]] := 1; postcondition alal2]] = I.
s : v A2 Y
Precondition: {An if n = "al2] then 1 else aln] Ei/ a}t(al al[2]11=1).
We have to apply the state switcher to both occurrences of Va in the post-

P . \4 .
condition. If we apply it to al2] then we obtain
. v v .
if 2 = al2] then 1 else al2] fi.

This leads us to consider the following two cases.
I. 2=al2].

Then the precondition reduces to

]

({in if n = al2] then 1 else aln] f_i_/va}va)[lj
al1]l = 1.

II. 2 # al2].
Then the precondition reduces to
({An if n = al2] then 1 else alnl £i/ a} al2])
1=1.

1 which reduces to

I which reduces to
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So the precondition is (al2]=2 A al1l=1) v (al2J#2). (Compare this result
with (68)). ‘
9.2. END

9.3. Weakest. preconditions

We aim at obtaining backward predicate transformers which yield a re-
sult that is correct with respect to the operational semantics ", and which
require assumptions as weak as possible about the initial state (i.e. dual
to the requirements concerning the forward predicate transformers). The

relevant notions are defined as follows.

9.3. DEFINITION. A backward predicate transformer 'w is called correct with

respect to a program m if for all state predicates ¢ and all states s

if s k 'r(*e) then m™(s) E ¢.

9.4, DEFINITION. A backward predicate transformer 'w is called minimal with
respect to a program m if for all pairs of state predicates n and ¢, the

followingiholds:

if for all states s: s F n implies 7"(s) F ¢,
then F n » ‘ﬂ(A¢).

9.5. THEOREM. Let m be a program, and ™ and T, be backward predicate trans-—

formers which are correct and minimal with respect to w. Then for all ¢:
A
IENEORE NN

PROOF. Since m, is correct, we have:

1
if s }= n](Acf)) then " (s) |= ¢.

Since L is minimal, from this implication follows

E nl(A¢) - ﬂz(A¢)-
Analogously we prove E FZ(A¢) Q-WI(A¢)-
9.5. END

A consequence of this theorem is that all backward predicate trans-
formers which are correct and minimal with respect to a certain program,

yield equivalent preconditions. This justifies the following definition.
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9.6. DEFINITION. Let 7 be a program and ¢ a state predicate. Then wp(w,¢)
is a new expression of type t, called the weakest precéndition with respect
to m and ¢. The interpretation of wp(m,¢$) is equal to the interpretation
of 'n(A¢), where 'm is a backward predicate transformer which is correct
and minimal with respect to w. If a state predicate is equivalent with
wp(m,$) it is called a weakest precondition with respect to 7 and ¢.

9.6. END

In 9.2 backward predicate transformers are defined for the assignment
statements. We wish to prove that they yield a weakest precondition. This
will not be proven in a direct way because it turns out that backward and
forward predicate transformers are closely related. The one can be defined
from the other, and correctness and maximality of the forward predicate
transformers implicate correctness and minimality of the backward predicate

transformers. These results will be proven in the next subsections.

9.4. Strongest and weakest

Strongest postconditions and weakest preconditions can syntactically
be defined in terms of each other. This connection is proved in the follow-

ing theorem.

9.7. THEOREM. Let Q ¢ VAR<s,t> and let

(1) be 3000 A O Lsp(r, 0) + ¢71]
and
(II) be VO[Ol [¢ + wp(m, o)1 ~ ‘o1.

Then it holds that
Fformula (1) Zs equivalent to wp(w,$), and formula (II) Zs equivalent to
sp(m, ).

PROQOF .
part A
I show that (I) is correct (Al) and minimal (AZ) with respect to ¢,w and ".

From this follows that (I) is equivalent to wp(w,¢).

part AJ

Suppose that s satisfies (I), so

s k HQ[VQ A0 [sp(ﬂ,vQ) + ¢11.
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Then for some g (71) and (72) holds
(70 s,g E o
(72) s.g F Olsplr, o) ~ ¢1.
By definition of sp, from (71) follows
(s),g F sp(n,0).
By definition of O from (72) follows
™(s),g F sp(r,’0) + ¢.
Therefore
(s),g F ¢, or equivalently 7" (s) F ¢. -
This means that (I) is correct.

part A2
Suppose that for all s holds

(73) s F n implies w"(s) F ¢.
By definition of sp from (73) follows
E sp(r,n) + ¢.
So for all s
s F O Lsp(m,m) ~ ¢1.
Let g be an assignment such that g,s F= Q= An. Then
s,g F OLsp(m, 0) ~ ¢1. |
So (for the choice Q= An)
s F on~>300'0 a0 Cspn,’0) » 1.
This means that (IL) is minimal.

part B
I show that (II) is correct (Bl) and maximal (B2) with respect to ¢,m, and".

From this it follows that (II) is equivalent with sp(w,¢).

part Bl
Let

s F ¢.

Suppose that for variable assignment g holds

(72) 5 £ O Lo + wplr, o) 1.




Then from (74) follows
v
s,g F wo(m, 0).
So
" v
(75) m™(s),g F ‘0.
From (74) and (75) it follows that for all g holds
v v
™(s),g F OL¢ > wp(r, 0)] > 0.
So
" v v
" (s) |= volO [¢ + wp(m, 01 > 0].
This means that (II) is correct.

part B2

Suppose that for all s holds

(76) s F ¢ implies w''(s) F n.

Then, by definition of wp it follows that
an kE ¢ > wolr,n).

Suppose that t satisfies (II), so

(78) t F VolO [ > wp(n, 001 > '0I.

Let g be an assignment such that g,t % Q= An. Then:
(79) t,g F OL¢ + wp(r, 0)1 > "0.

Then from (77) and (79) follows

(80) t,g F 'o.

So

(81) F Vol[O Lo + wp(r, 0)1 » ‘01 > “ol.

This means that II is maximal.

9.7. END

That wp($,m) and sp(mw,$) are closely connmected is also observed by
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RAULEFS (1977). He gives a semantic connection. Theorem 9.7 goes further,

because an explicit syntactic relation is given.
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9.5. Correctness proof

The theorem 9.7 has as a consequence that weakest preconditions and
strongest postconditions can be defined in terms of each other. Now it is
unlikely that the formulas with quantification over intensions of predi-
cates are the kind of expressions one would like to handle in practice. The
importance of the theorem is that given some expression equivalent with
sp(m,9), it allows us to prove that some expression (found on intultive
considerations) is equivalent with wp(w,¢). From the correctness and maxi-—
mality of the predicate transformers defined in section 5 and 7, it follows
that the backward predicate transformers defined in this section are cor-

rect and minimal.
9.8. THEOREM. The following two statements are equivalent

320{z/ x}o A 'x' = {z/'x'}6"]

= {5'/x}¢.

(I) sp(x :

]
(o)
-
-©-
~
fl

(II) wp(x :=

I
O
™
-
~
|

PROOQF .
part I: (I) = (II).
Assume that (I) holds. Then from theorem 9.7 follows:

(82) F wp(x := 6,¢) = 300”0 A O [3a{z/"x"Y o a X' = {=/"x"}6" 1 + ¢70.
So we have to prove that for arbitrary assertion ¢ and state s holds that
(83) s £ {8/ %"}

if and only if

84) s F 3or¥0 A O 32l{z/"x"Y o A 'x' = {2/ 'x"}s" 1 > 13

part Ia: (83) = (84)

Assume that (83) holds. Let g be a variable assignment such that

(85 g F o= "6/ .

Then (due to (83)) we have

(86) s,g F o

In order to prove (84) we have next to prove the necessary validity of the
formula mentioned after the O for this choice of Q. So we have to prove

that for arbitrary state t (87) implies (88).

@8Ntk Ez[{Z/vx'}{S'/vx'}¢ A Vx' = {z/Vx'}S']
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(88) t £ .

Let h be a variable assignment for which (87) holds. Then using the itera-

tion theorem, we find
v v v v
(89) t,h E {{z/"x'}8"/ '} A 'x' ={z/ x"}6".
. . . . v . .
The second conjunct gives us information about the value of x' in this
state. The state switcher says that we have to interpret ¢ with respect to

v . .
the state where x' precisely has that value. So the state switcher does

not change the state! This means that
90) t E ¢.
So (87) implies (88), and therefore (84) holds.

part 1b: (84) = (83)
Assume (84) holds. Then there is a variable assignment g such that (91)
and (92) hold

O s,g ko
(92) s,g B O[32{z/"x' Yo a 'x' = {2/ %" 36" 3 > ¢1.

In (92) it is said that a certain formula is necessarily valid. Application

of this to state <y'<«8§'>s gives
(93) <x'<8">s,g k Fzl{z/"x"3 0 a Yx' = (2/"x'16'1 + 4.

Let g' ~ & be such that g'(z) = Vs(vx') so <x'«z><x'<«8'>s = s. Since (91)

holds, we have

(94) <x'<z><x'<«6'>s,8' F 0.
Consequently

(95) <x'<«8">s,g' E {Z/Vx'}vQ-

Moreover

(96) <x'<8'>s,g" F X'

{z/'x" 16"
because V (s') =V

Vory 1y o Votyet
<y'<§'>s Cx') = Vs(6 ) = V<X'+z><x'+6'>s <x'+6'>s{z/ X yel.
From (94) and (95) follows that the antecedent of the implication in (93)

holds. Therefore the consequent of the implication holds
(97) <x'«8">s;8" F ¢
s0

(98) s,g' E {8'/x'}¢.
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This means that (83) holds, so (84) = (83). And this completes the proof of
(I) = (II). :

part 2: (I1I) = (I)
The proof of (II) = (I) uses a related kind of arguments. Therefore this
proof will be presented in a more concise way. Assume that (II) holds. Then

we have to prove that for arbitrary s and ¢:
(99) s F volO o > {8'/"x'} 01 » '0l

if and only if

(100) s E Hz[{z/vx'}¢ A Vx' = {z/vx'}d'].

part 2a
Assume (99). Take for ¢ in (99) the assertion in (100). We now prove that
the antecedent of (99) holds, then (100) is an immediate consequent. So sup-

pose t = ¢. We have to prove that

o1y t F 32048/ Hz/ %" A 4687/ % VX" = {2/ %" 38" 1]
or equivalently '

(102) £ F 32[{z'/"x"}o A &' = {2/ x"18" 1.

This is true for g(z) = Vt(vx'), so the antecedent of (99) holds, and from
this follows that (100) holds.

part 2b

Assume (100). Let g be arbitrary and assume
Y
(103) s,g F ¢ > {6/ x'} 0.

This is the antecedent of (99). We now prove that the consequent holds, so

that

(104) s,g F ‘0.

From (100) follows that for some g' P
(105) <x'<z>s,g' F ¢.

Using (103), from (105) follows

(106) <x'<z>s,g' F 16"/ x"}'0.
"Consequently -

(107 s,g' £ (z/"x"38'/"x"Yo.

From (100) also follows
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(108) s,g' E Vx' = {z/vx'}é'-

From (108 and (107) we may conclude

(109) s,g" F “o.

This proves (104), so (99) follows from (100).

9.8. END

9.9. THEOREM. The following two statements are equivalent

(D) F sp(alB] = 8,¢) Bz[{z/vq'}¢ A va' = {z/va'}kn if n = B' then §'

v
else o [n] fi]

il

(I1) F wp(alB8] := 8,¢) {An if n = B' then §' else Va'[n] {i/va}¢.

PROOF. The expressions at the right hand side of the equality signs are a
special case of the corresponding expressions in the previous theorem. So
théorem 9.9 follows from theorem 9.8.

9.9. END

From theorems 9.9 and 9.10 it follows that the predicate transforma-
tions for the assignment as defined in section 9.2, yield weakest precon-

ditions.
10. MUTUAL RELEVANCE

In this section I will mention some aspects of the relevance of the
study of semantics of programming languages to the study of semantics of
natural languages, and vice versa. Most of the remarks have a speculative
character.

The present chapter constitutes a concrete example of the relevance of
the theory of semantics of natural languages to the study of programming
languages. Montague's framework was developed for natural languages, but
it is used here for programming languages. The notions 'opaque' and 'trans-
parant’, well known in the field of semantics of natural languages, turn
out to be useful for the study of semantics of programming languages, see
section !. And the logic developed for the semantics of natural languages
turned out to be useful for programming languages as well.

In the semantics of natural languages the principle of compositionali-
ty was not only the basis of the framework, but also, as turned out, a

valuable heuristic tool. It helped us to understand already existing
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solutions. It gave rise to suggestions how to deal with certain problems,
and it was useful in finding weak points in proposals from the literature.
I expect that the principle can play the same role in the semantics of
programming languages. The treatment of arrays in this chapter (see sec—
tion 6) is an example of the influence of the principle. Below I will give
some further suggestions concerning possible relevance of the principle.

Consider the treatment of 'labels' and 'goto-statements' by
A. de Bruyn (chapter 7 in De BAKKER 1980). The treatment is rather complex,
and not much motivation for it is given. I expect, however, that these
phenomena are susceptible to the technique explained in chapter 1: if the
meaning of some statement seems to depend on certain factors, then incor-—
porate these factors into the notion of meaning. In this way the notion of
'continuation' (used by de Bruyn) might be more éasily explained, and thus
the proposal more easily understood.

In De BAKKER 1980, the proof rules for certain constructions make use
of devices which are, from a compositional point of view, mot attractive.
These constructions are assignments to subscripted array identifiers, pro-
cedures with parameters, and declarations of identifiers at the beginning
of blocks. In the proof rules for these constructions mainly syntactic sub-
stitution is used. From a compositional point of view it is not surprising
that the semantic treatment of these phenomena is not completely satisfac—
tory. For assignments to array elements an alternative was proposed in
section 6, and for blocks a suggestion was made in section 4. A composi-
tional approach to the semantics of procedures with parameters would de-
scribe the meaning of a procedure-call as being built from the meaning of
the procedure and the meaning of its argument. If this argument is a re-
ference parameter (call by variable), then the argument position is opaque.
This suggests that the meaning of such a procedure should be a functipn . i
which takes as argument an intension.

In the semantics of natural language ideas from the semantics of pro-
gramming languages can be used. The basic expression in a programming lan-
guage is the assignment statement., For the computer the assignment state-
ment is a command to perform a certain action. I have demonstrated how the
semantics of such commands is dealt with by means of predicate transformers.
Inspired by this approach, we might do the same for commands in natural
language. Some examples (taken from Van EMDE BOAS & JANSSEN 1978) are given

below. Consider the imperative
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(110) John, drink tea.

Its translation as a predicate transformer would become something like
A \ AL

(111) APl (B( P) A drink-tea( john)].

This expression describes the change of the state of the world if the com-
mand is obeyed. The operator B is a kind of state-switcher, it indicates
the moment of utterance of the command. A similar approach can be used to
describe the semantics of actions. One might describe the smenatics of per=—

formative sentences like
(112) We crown Charles emperor

by means of an predicate transformer.
Often a sequence of sentences is used to perform an action rather than
to make a some assertions: sentences can be used to give information to the

hearer. Consider the text
(113) Mary seeks John. John is a unicorn.

These sentences might be translated into the predicate transformers (114)

and (115).
(114) XP[VP A seek*(mary,john)]
(115) AP[VP A unicorn*(jobn)].

Suppose that the information the hearer has in the beginning is denoted by

¢. Then by the first sentence this information is changed into
(116) ¢ A seek*(mary,john)

and by the second sentence into

(117) ¢ A seek*(mary,john) A unicorn*(john).

From the final expression the hearer may conclude that Mary seeks a unicorn.
Also on a more theoretical level the semantics of programming languages
can be useful for the study of semantics of natural languages. In the study
of natural languages the need for partial functions often arises. In the
semantics one wants to use partially defined predicates in order to deal
with sortal incorrectness and presuppositions, and in the syntax one wishes
to have rules.that are not applicable to every expression of the category
for which the rule is defined. In the field of programming languages pheno-
mena arise for which one might wish to use partial functions. In this field

techniques are used which make it possible to use nevertheless total
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functions. The basic idea is to introduce in the semantic domain an extra
element. Since this approach is, from an algebraic point of view, very at-
tractive, I would like to use this technique in the field of natural lan-

guages as well (see chapter 6).
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APPENDIX 1
SAFE AND POLYNOMIAL

In this appendix the theorem will be presented which was announced in
chapter 2, at the end of section 7. The theorem states that in an infinite-
ly generated free algebra all safe operations are polynomially definable
(free algebras are algebras which are isomorphic to a term algebra). Remind

that f: ASl R Asn > A is safe in I-algebra <A,F> if for every Z-al-

Sn+1l
gebra <D,G> and every h ¢ Epi(<A,P>,<D,G>) there is a unique

£: Dsl X...X DSn,+ D such that h ¢ Epi(<A,F u-{£}>,<D,G v {£}>). The

Sn+1]
proof originates from F. Wiedijk (pers. comm.).

THEOREM. Let A = <(AS)SES,(Fy)YEF> be a free algebra, that has a generating

set (BS)S€S where each B i8 infinite. Let £: ASl XX Asn-> Asn+] be

a safe operator. Then £ 18 a polynomially definable over A.

HEURISTICS. First I will give some heuristic considerations, there after the
theorem will be proved by proving two Lemmas.

Let us assume for the moment that the theorem holds and let us try to
reconstruct from f the polynomial p that defines f. Let <bi""’bn> be a
possible argument for £, where bl,...,bn are generators of A. There is a
term t € TZ,A such that tA = f(bl""’bn)' Since’A is free, this term is
unique., Hence t is obtained from the polynomial p we are looking for, by
means of substituting, for the respective variables in p constants cor-—
responding to bl""’bn' Term t (probably) contains constants for bl”"’bn’
but it is not yet clear for any given occurrence of such a constant in t»
whether it occurs in p as parameter, or due to substitution for a variable.
In order to decide in these matters, we consider the value of £ for gener-—
ators <CyseeesC > which are different. from <b1,
stants in t. Suppose that for term u we have u, = f(cl,...,cn). Then u can

""bn> and from the con-

also be obtained from p by substituting constants. We already know that all
constants in p also occur in t. Since CpseesCy do not occur in t, all
their occurrences in u are due to of their substitution for variables. So
if we replace in u all occurrences of (constants corresponding with)
Cpoevesly by variables, we have found the polynomial p we were looking for.
This idea is followed in the next lemma. We perform these steps and prove

that the polynomial so obtained has the desired properties.




398

LEMMA 1. There is an infinite sequence (Zk> of disjoint n—tuples

k=1,2,...
of generators of A, and a polynomial p such that for each z,5 f(zk) = p(zk).

PROOF. We define by induction a sequence (zk) Let

ke{0,1,...}"
BO,sl = Bs ""’BO,s = BS , and take zg € BO,sl X% BO,sn arbitrary.
This n-tuple is used for the first attempt to recomnstruct the polynomial p
which corresponds with £. Below I will define an infinite sequence of at-
tempts to reconstruct p, and there after it will be proved that from the
second attempt always the same polynomial is found; this polynomial is the
polynomial p we were looking for, as will be proven in lemma 2.

Assume that Zgs e eesZy and Pys---sPy are already defined. Then we obtain
Zyal and Py, a8 follows.

Let Ck,s be the set of generators of sort s which corresponds with
constants in P> and let {zk S} be the set of components of z_ of sort s.

s k

Define Bk,s = Bk,s/(ck,s U {zk,s}), and let z

Since A is generated by (BS)

kel € Brar,sp 0% Brays

n
ses? f(zk+1) can be represented by a term t
with parameters from (Bs)ses’ including Zyyre This term t can be expressed

as a polynomial expression in Zyyps SaY Pk+1( ), where, moreover, no

z
component of %, 41 Occurs as parameter in pk+l.k§;nce for all k the sets
Ck,s and {Zk,s} are finite, and B was infinite, it follows that B is in~
finite. Hence this construction can be repeated for all k.

Next it will be proven that the polynomials P;sPys+.., are identical,

thus proving the theorem for the sequence z)»2 .5 (note that Py and z

2" 0
are not included). The basic idea of the proof is that we introduce for each
k a homomorphism which maps z, on z4, and then apply the assumptions of the
theorem.

Consider the mapping h defined by

=

(

b) =D if b ¢ (Bs/{zk,s}) for some s
a, _ W
(z,77) = 24

(1)
k

=nd

, where z is the i-th component of =z

<
Since A is free, the mapping h determines uniquely a homomorphism
h: <A,F> —>»<[(BS/{zk s})seS]’F>' Moreover, h is an epimorphism since all

’
generators of the 'range'-algebra occur in the range of h. The polynomials
pk were chosen to contain no constants corresponding to components of Zk’
therefore h(Pk(zk)) = pk(h(zk)) holds for all k.

Since operator f is safe, there is a unique % such that
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h e Epi(<A,F u {f}>’<[Bs’{zk,s})seSJ’F U {f}f)-

Now the following equalities hold:

I h(EG)) = Bh(z)) = Bz = Elilzy)) = h(E(zy) = h(py(z)) =
P (h(z)) = pylzy) .
II  h(f(z)) =hip (z)) =p (h(z)) = p (2 -
From I and II follows po(zo) = Pk(ZO)' Analogously we can prove that
p(z)) =p ().
Since A is free, there is a unique term t such that pk(zo) =t = PO(ZO)'
So if we replace the variables in py and Py by constants corresponding to

the components of Zg> We obtain the same expression. From this, and the fact

that no components of z, occur as constants in Py> it follows that the con-

0
stants in 129 consigts of:

al) all the constants in Pg-

a2) possibly some constants corresponding to components of Zg+
Analogously it follows that the constants in Py consist of

bl) all the constants in P,

b2) possibly some constants corresponding to components of 2y

We have chosen Z in such a way that no constant in pb corresponds. to

, and no component of z. equals a component of z, . So if

1
this would conflict with al)

a component of z, 0

Py contained constants for components of Zs
and a2). Therefore we have to conclude that the constants in p, are the

same as the constants in Py» and none of these, moreover, corresponds to

components of z,. So for all k = 1 we have P = P;- Call this polynomial

z
p. Then f(zk) = p(zk) for all k = 1.

LEMMA 2. Let p be the polynomial guaranteed by lemma 1. Then for all
ae Asl X...X Asn, f(a) = p(a).

1€)) (m)

PROOF. Let a = <a P >, and assume that a

@ LD O,
()

(i),
J
be the infinite sequence of dis-

where t is a polynomial without constants, and the b s are generators

of A. Assume moreover that f(a) = t. Let zy

joint n-tuples of generators given by lemma 1. Since there are only finite-
(1),
3
the components of z are all different from the constants in t and the
bgl)'s.

3

ly many constants in t and finitely many b s, there is an m such that




400 -

Define
h by ﬁ(b) =b if b € B /{z_ } for some s
s’ ""m,s
ﬁ(zél)) = a(l) where zél> is the i-th component of z .

This mapping h defines an epimorphism h € Epi(<A,F>,<[(BS\{zm S})] ).
b

seS
Since f is safe, there is a unique operation f such that

b e Bpi(<A,F u {£1>,<[B Mz, JOLF {£}>) .
Now the following equalities hold

f(a(]),...,a<n)) =t

- - m (m)y
5 T R(t) =hf(ar,..a) =

aeee 8y, e 3™ 5 BV @y, L ne™® @™y -

o), one™) = neE, L) -

m

a2 ™) = pmET), G P = pED, L),

m

Equalities 1 and 2 hold since z, has no components which oecur in t or b.
END LEMMAS.

From lemma 1 and lemma 2 the theorem follows

END THEORM.
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APPENDIX 2
INDIVIDUAL CONCEPTS IN PTQ

In chapter 4 the syntax and semantics of the PTQ fragment were pre-—
sented. The common nouns and intransitive verbs of the fragment were trans-—
lated into constants which denote predicates on individual concepts. Re~
duction rules allowed us to replace them by predicates on individuals. What
is then the benefit of using such concepts? The argument given in chapter 4
was based upon the artificial name Bigboss. In PTQ two less artificial ex-
amples are given as justification for the translation into predicates on
individual concepts.

Consider the sentences (1) and (2).
(1) The temperature is ninety
(2) The temperature is rising.

A naive analysis of (1) and (2), using standard logic, might allow to con-
clude for (3).

(3) DNinety rises.

This would not be correct since intuitively sentence (3) does not follow
from (1) and (2). So we have to provide some analysis not having this con-
sequence. This example is known as the temperature paradox.

Montague's second example is a variation of the temperature paradox.
Sentence (6) does not follow from sentences (4) and (5), whereas a naive

analysis might implicate this.
(4) Bvery price is a number
(5) A price rises

(6) A number rises.

The solutions of these problems is based upon the use of individual
concepts. The idea of the solution is explained as follows. Imagine the
situation that the price of oil is $ 40, and becomes $ 50. In this situa-—

tion one might say:
(7) The price of oil changes.

By uttering (7) one does not intend to say that $ 40 changes, or that $ 50

changes. It is intended to express a property of the oil price, considered
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as a function from moments of time to amounts of ‘dollars. Therefore (7)
could be translated into a formula expressing a property of an individual
concept: the oil price concept. Formally spoken, prices are considered as
functions from indices to numbers, and the same for temperatures. Numbers
are considered as elements in De’ so prices and temperatures are of type
<s,e> they are individual concepts.
The technical details of the solution of the temperature paradox can

be illustrated by the treatment of sentence (1). The first step of its pro-
duction is application of SS to be and ninety. This yields (8); the cor-

responding translation reduces to (9).
(8) be ninety
(€] Ax[vx = ninety].

The next step is to combine (8) with term (10), which has (11) as transla-

tion.
(10) the temperature
(11) apl3xVyltemperature(y) <> x = yl A VP(X)].

Since the meaning postulate for common nouns (MP2) does not hold for tem-

perature, its translation (11) cannot be reduced to a formula with quanti-

fication over individuals. Combination of (8) with (11) according to S4

yields sentence (1); the corresponding translation reduces to (12).

(12) 3x[Vyl temperature(y) <> x = yJ A Vg = ninety].

The translation of sentences (2) and (3) are respectively (13) and (14).
(13) 3x[Vyltemperature(y) <+ x = yl A rise(x)]

(14) rise(Aninety).

From (12) and (13) it does not follow that (14) is true.

Montague's treatment of the temperature paradox has been criticized for
his analysis of the notion temperature. But there are examples of the same
phenomenon which are not based upon temperatures (or prices). Several ex—

amples are given by LINK (1979) and LOEBNER (1976). One of their examples
is the German version of (15).

(15) The trainer changes.

On the reading that a certain club gets another trainer, it would not be

correct to tramnslate (15) by a formula which states that the property of
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changing holds for a certain individual.

The temperature paradox (and related phenomena) explain why individual
concepts are useful. But in most circumstances we want to reduce them to
individuals. In the remainder of this appendix it will be investigated when
such a reduction is allowed. First we will do so for tramslations of intran-
sitive verbs, then for other verbs, and finally for translation of common
nouns.

The only intransitive verbs in the PTQ fragment which do not express a
property of an individual, but of an individual concept, are rise and change.
Therefore we restrict our attention to those models of IL in which the con-
stants corresponding with the other intransitive verbs are interpreted as
expressing properties of individuals. This is expressed by the following

meaning postulate.

1. Meaning Postualte 3

mvxd [6(x) < [ m1("x)] (MeVAR )

<g,<e, >

where M ¢ VAR<s,<e,t>> and § translates any member of BIV other than rise

or change.

1. END

This meaning postulate states that for all involved predicates on individual
concepts there is for each index an equivalent predicate on individuals.
This predicate is index dependent: the set of walkers now may differ from
the set of walkers yesterday. MP3 expresses the existence of such an equiv-
alent predicate by the existential quantification 3IM. This M is of type
<s,<e,t>> because variables get an index independent interpretation, and
as argued before, the predicate on individuals corresponding with § has to
be index dependent.

In chapter 4 section 2, the §_ notation was introduced as an abbrevia-
tion for Xu[G(Au)], so as an abbreviation for those cases where it could
be said that § was applied to an individual. The above meaning postulate
says that for certain constants § the argument always is an individual,
even if this is not appearent from the formula. Therefore it might be ex-
pected that MP3 allows us to introduce the s, notation for those constants
in all contexts. The following theorems allow us to replace a formula with
an occurrence of § (where MP3 holds for 8), by a formula with an occurrence
of 6*.
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2. THEOREM. MP3 <s equivalent with
v
F 0 68(x) «— 6*( x).

PROOF part 1. Suppose that MP3 holds, so F 3Imvxd [§(x) <> [VM](VX)].

Then there is a g such that g F= vxO [8(x) <> [VM](VX)].

Now for all g' S8 g' F 5*(V) = Au[é(Au)](v) = 5(AV) = [VM](VAV) = [VM](V).
Consequently g' F 8, = Vu.

So there is a g g' F Vxd [§(x) <> 6*(Vx)].

Since there are no free variables in this formula, we have
v
]= O [8(x) <« 6*( x) 1.

REMARK. The following more direct approach is incorrect because the condi-
tions for A-conversion are not satisfied.

AV

gk 6*(Vx) = luS(Au)(Vx) = 8"V = 8@x) = [vM]<vx).

PROOF part 2. Suppose F[] [§(x) «—> 5*(Vx)]. .
Let g,i be arbitrary and define g' 78 by g'(M) = [AAuS(Au)]A’l’g.
Then i,g' k 8(x) < s (w1 x) « s 1o (n1x) .
Since g,i were arbitrary, MP2 follows.

2. END

On the basis of this theorem, we have besides RR3, another reduction

rule introducing the *,

3. Reduction rule 10

Let be given an expression of the form 6(x), where § is the transla-
tion of an intransitive verb other than rise or change.

Then replace §(x) by 6(Vx).
CORRECTNESS PROOF

Apply theorem 2.
3. END

Now we have two rules for the introduction of 6*: RR3 and RRII' The
one requires that the argument is of a certain form, the other that the

function is of a certain nature. They have different conditions for
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application, and none makes the other superfluous. In case both reduction
rules are applicable, they yield the same result. It is' not clear to me
why MP3 is formulated as it is, and not directly in the form given in
theorem 1.

For verbs of other categories there are related meaning postulates.
For instance the transitive verb find should be interpreted as a relation
between individuals. The meaning postulate for the transitive verbs were
already given in chapter 4 (MP4). Exceptions to that meaning postulate
were seek and conceive because these verbs do not express a relation be-
tween individuals. But also about these verbs something can be said in
this respect. The first arguments have to be (intensions of) individuals:
it is an individual that seeks, and not an individual concept. This is ex-—
pressed by meaning postulate 5, that will be given below. For verbs of
other categories a related postulate expresses that their subjects are not

individual concepts, but individuals.

4. Meaning postulate 5

VPIHOIL8 (x,P) < [ w1 x) ]

where 8§ ¢ {seek, conceive}.

5. Meaning postulate 6

VpaMYx O L8 (x,p) <> [ a1 %) ]

where 8 ¢ {believe that, assert that}.

6. Meaning postulate 7

vPAxO[6(x,P) < [ 11 %) ]

where § ¢ {try to, wish to}.
6. END

These three meaning postulates do not give rise to new reduction rules
because there are no generally accepted notations for the corresponding
predicates wiﬁh an individual as first argument.

The treatment of the temperature paradox was essentially based on the

use of individual concepts.
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This explains why all common nouns are translated into constants denoting
predicates on individual concepts. Most common nouns express a predicate
on individuals. This is formulated in a meaning postulate which I recall

from chapter 4.

7. Meaning postulate 2

0800 » Julx="ul]

where § ¢ {man, woman, park, fish, pen, unicorn}.

7. END

The meaning postulates for nouns and for verbs have a related aim:
they both aim at excluding arbitrary individual concepts as argument and
guarantying an individual as argument. So one might expect that there is a
close relation between the consequences of the two meaning postulates. One
might for instance expect that for nouns something holds like the formula

in MP3. This is not the case, as is expressed in the following theorem.

8. THEOREM. Let § ¢ CON<<S,e>,t>'

Let (I) be the formula O [§(x) ~ 3u[x=Au]]
and (11) the formula O [8(x) <> 6*(vx)]-
Then (1) (I) 2 (II)

and (ii) (A1) # (I).

PROOF. (i) In chapter 3 we introduced the constant bigboss, which will be
used here. Suppose that

. , AL . , A .
11 F bigboss = nixon and 12 F bigboss = bresjnev.

Then
VA A’il,g A’il’g A,iz,g R
[ bigboss] (iz) = Ai[bigboss (i)](iz) = bigboss (12) =
bresjnev
and
AV Asilsg A9i1,g] A:ilyg
[ " bigboss] (il) = Ailbigboss (i)](il) = bigboss (il) =
nixon.

. AV_ . . . .
This means that  bigboss is an expression of type <s,e> which does not

denote a constant function. Since [Au]A’ll’g(iz) = [Au]A’ll’g(il) = Aig(u)
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we have that for no g: g,iI F Au = Avbigboss. Suppose furthermore that §

is a comstant for which MP, holds, say man. '

Then (I) is satisfied.

So g,il F= man(AVbigboss) - Eu[Avbigboss = Au].

Due to the just proved property of Avbigboss, the consequence is never true.
So for mo g g,il = nmn(Avbigboss).

Suppose moreover that the predicate man_ holds for Nixon.

So g,il F man*(nixon).

Since g,il k vbigboss = nixon

we have g,i1 F nmn*(vbigboss). Consequently

. VA v,
for mo g g,i F= man( bigboss) ++-man*( bigboss) .

1 H
X AV . .

So if g(x) = [ bigboss]A’ll’g statement (II) is not true. Finally, note
that it is easy to design aimodel in which bigboss and man have the assumed

properties. Hence we have proven (i).

PROQF. (ii) Let bigboss be as above. Assume now that § is a constant for
which MP holds, say walk. Then (II) holds for §.
Suppose now il k walk, (nixon) .

So ig F walk*KYbigboss).

Let g(x) = [ bigboss]A’l’g.

Then it is not true that
i B walk (x) > Fulx="u]
*

because the antecedence is true, whereas the consequence is false. A model
in which walk and bigboss have the desired properties can easily be defined
and that is a counterexample to the implication (I) = (II).

8. END

Consequences of the above theorem are:

1. The formulations of the meaning postulates for Common Nouns and for In-
transitive Verbs cannot be transformed into each other.

2. The following statement from PTQ (MONTAGUE 1973, p.265,+19) is incorrect:
O [s8(x) ++-6*(Vx)] if § tramslates a basic common noun other than price
or temperature.

3. The meaning postulate for common nouns does not allow for replacing in
all contexts a individual concept variable by the extension of this

variable. This result was independently found by LINK (1979, p.224).
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Next I will prove that in certain contexts the meaning postulate for
common nouns does allow us to replace bound variables of type <s,e> by
variables of type e. It are contexts created by the translation rules of
the PTQ-fragment, the translation rule for the determiner CN and the deter-
miner-CN~rel.clause constructions. In the sequel § stands for the transla-
tion of a CN for which MP2 holds, and ¢ for the translation of a relative

clause. This ¢ may be omitted in the formulation of the theorems.

9. LEMMA. If A,i,g F Vxy then A,i,g F vul"u/xy
if Ayi,g E 3ulu/xTp then A,i,g F 3xy.

Au]A’l’g} c {m ¢ D Ilm = xA’l’g}.

PROOF. {m ¢ D
—_ <s,e>

9. END

lm =

<g,e>

The next theorem deals with terms in which the determiner is a«.

10. THEOREM. A,i,g F 3x[8(x) A ¢ A 'P(x)]
Iff Avi,g B 3ulsCw) A ¢ A pCw.

PROOF. Suppose that

(n Ai,g F 3x[6(x) A ¢ A "P(x)].

Then there is am ¢ D such that
<g,e>

(2) Ailxomlg F 6(x) A ¢ A 'P(x).

From MP2 and (2) follows

(3) Ai,[xomlg F Fulx="ul.
So there is a a € D, such that

(4) A,i,[x>m,uralg F x = "u.

From (4) and (2) follows

(5) AiLemurals B 6wy & Nu/xde & 2Cu).
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So
(6 Ad,g B oFuls('w) A [u/xls A 2w 1.

Reversely (6) implies (1), as follows from the above lemma.

10. END
The terms with determiner every are dealt with in theorem 12.

11, THEOREM. A,i,g E vx[s(x) A ¢ > Vp(x) 1
iff Aig B ovuls("w) A6 > p(Cw) 1.

PROOF. One direction of the theorem follows immediately from Lemma 9.
The other direction is proved by contra-position.. Assume that was not true
that

m Avi,g F VX[8(x) A ¢ + B(x) 1.

This means

(2) Ayi,g F 1Vx[6(x) A ¢ ~ "P(x)].

This is equivalent with

(3) Ai,g B 3x[6(x) A ¢ A7 V() 1.

Application of theorem 3.3 gives

(4) Ai,g b Fuls(*w) A [u/xls a1 VPG 1.

Therefore it is not true that

(5) Avi,g B vale("w) A [Mu/xle 1 'p("w) 1.

So (5) implicates (1).
11. END

The next two theorems deal with terms with determiner the.
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12. THEOREM. If A,i,g k 3yIVxl[6(x) A ¢ <> x=y] A ' 2(y) 7.
Then A,i,g B 3ulvol[8("v) A [Mu/x16] <> u=v] A 'B("v) 1

PROOF. Suppose
(1 Ayi,g B Fylvx[6(x) A ¢ <> x=y] A VP(y)].

This means that there is an m ¢ D, such that (2) and (3) hold

s,e>

(2 Ai,lyemlg B Vx[6(x) A ¢ <> x=y]
3) A,i,lpmlg B PR

From (2) follows (4), and therefore (5) holds.
(4) Ai,[yomlg kB 8(y) A [y/xlp <>y =1y
(5) A,iLy»mlg E 8(y) A [Q/x]#:.

From (5) and MP, follows that there is an a e,De such that (6)

2

(6) A,i,[ysm,uvalg F y = M.
From (2) and (6) follows (7)
%) A i [ymuralg F ().

Apply lemma 9 to (2) and substitute Au for y. Since (6) holds it follows
that (8) holds

(8) Ai,Lyemural B Wls(Mv) A [Mv/yls — “v="ul.

) . . ) A
Since [u=V]A’l’g equals [Au=Av]A’l’g, we may replace in (8) v = " by

v = u. Combination of (8) with (7) yields (9)

(9) Ai,Lyrmusal b Wls(™v) A [Mv/yle < v = ul A PCw) ]




From this the theorem follows.

12, END

13. THEOREM. If A,i,g F Fvival[6("u) & [Mu/x19] < u=v] & "p("») 1
then Ayi,g B Bylvall6(x) A ¢1 « x=y] A "P(x)].

PROOF. Suppose

n Avi,g B avivals(Cu) A [Mu/x1s <> u=v]l A 2N 1.
Then there is an a ¢ De such that (2) and (3) hold

(2) Ai,lvsalg F vale("w) A [Mu/x16 <> u=v] A 'p("v)]
3) Ai[vealg B VR

Let mce D<s,e> be such that (4) holds.

(4) AyiLxomlg B 8(x) A 4.

Then from MP, follows that there is a b such that

2
(5) A,i,[xom,usblg B ox = Mu.
From (5) and (2) follows (6)
(6) A,i,[x*m,v>a,u+blg F §(x) A > x = Mo

Since (4) holds, it follows from (6).

) A,i,Lxom,valg B ox = vl

It follows from (4) and (7) that (8) holds
(8) Ai[vealg B Vx[6(x) A ¢ » x="v].

Let nowm ¢ D such that (9) holds
<s,e>

411
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9) A,i,[vra,xmlg F x = "v.
From (2) 1t then follows that (10) holds
(10) A,i,[vra,xomlg E 6(x) A b.
From (9) and (10) follows (11)

(1) Ai,[vealg B Valx="v > 6(x) A ¢1.

From (3), (8) and (11) the theorem follows.
13. END

The above theorems constitute the justification for the following re-

duction rule.

14. REDUCTION RULE 11

Let § be the translation of a common noun for which meaning postulate

MPZ holds. Let be given a formula of one of the following forms,
ILS(x) A ¢ A P(x)]
Vx[6(x) A ¢ > "P(x)]
VA6 (x) A ¢ <> x=y] A 'P(y) .
Then replace this formula by respectively
3l ") A [Mu/xde A 2wy ]
vals"w) A [u/xds ~ Vp("m)]
wIval 6 (") A ["u/x1p < v=v] A Yp("v)]

(provided that ¢ does not contain a free occurrence of u or v).

CORRECTNESS PROOF
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See the theorems.

14. END

The theorems mentioned above, allow us to change the types of bound
variables in a lot of contexts which arise if one deals with sentences
from the PTQ-fragment. But they do not cover all contexts arising in this
fragment. If the rule of quantification into a €N phrase (i.e. SlS,n) is
used, then no reduction rule is applicable. An example is (14) in the
reading in which every has wider scope than g. The corresponding transla-
tion is (15), and although none of the reduction rules is applicable, it

is equivalent with (16).

(14) Every man such that he looses a pen such that he finds it, runs.
(15) Vx[Bu[pen*(u) A man(x) A loose*(vx,u) A find*(vx,u)] -> run*(vx)]
(16) Vv[ﬂu[pen*(u) A man*(v) A loose*(v,u) A find*(v,u)] > run*(v)ﬂ.

One would like to have a reduction rule which is applicable to con-
structions in which quantification into a CN is used. However, not in all
such contexts reduction is possible. This was discovered by FRIEDMAN &
WARREN (1980a). Consider sentence (17)

(17) A unicorn such that every woman loves it changes.

Suppose that 17 is obtained by quantification of every woman into unicorn
such that hel loves it. Then the translation of (17) reduces to (18);

Friedman & Warren call this 'a rather unusual reading'.

v
(18) Hx[Vu[woman*(u) + unicorn(x) A love*(u, y) A change(x)1].
This translation is, however mnot equivalent with (19).

(19) HV[Vu[woman*(u) - unicorn*(v) A love*(u,v) A change*(v)]].
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APPENDIX 3
SET MANTIPULATION IN SYNTAX

In chapter 6 I provided a system of categories for dealing, with syn-
tactic variables. The rules given there implicitly assume that the reader
knows what sets are, and what u, yifgyand - mean. This is set theoretical
knowledge, and not knowledge of the grammatical system. In the present sec—
tion I will formulate syntactic rules which allow for replacing expressions
like {1,2} -1 by {2} and {1,2} u 3 by {1,2,3}. So we aim at rules which re=-
move the symbols u, with and - from the formulation of the rules. The col-
lection of rules performing this task is rather complex. I wish to empha-
size that the rules do not arise from the requiremeﬁt of using total rules,
but from grammatical formalism. A related situation would arise when using
partial rules. Such rules would mention a condition like 'contains an oc-

currence of hen'

. Since 'containing' is not a notion defined by grammatical
means, a formalist might wish to do so. Then rules are needed which are re-
lated to the rules below since they have to perform related tasks. Once it
is shown that the set-theoretical notions y, with and - are definable by
means of grammatical tools, there is no objection against using them in the
grammar even when not explicitly defined in this way.

Let G be a grammar with a collection hyperrules H, and let the elements
of H contain expressions like set - w. Then the actual rules of the grammar
are defined as the result of performing the following actions in order.

1. replace the metavariables in the hyperrules by some terminal metaproduc—
tion of the meta—-grammar

2. replace subexpressions in the rules by other expressions, according to
the rules given below, until there are no occurrences of the non-accept-—
able symbols (U, with, -).

The rules eliminating the non acceptable symbols introduce some non-
acceptable symbols themselves. These are +, is, unless, true and false;
these symbols have to be added to those mentioned in point 2 above. The
collection of rules performing the task of eliminating these symbols is in-
finite, and will be defined by means of a two-level grammar. The hyperrules
describing the elimination of the unacceptable symbols are unrestricted re-
writing rules with metavariables. These variables mentioned below, together

with some examples of their terminal productions. Different examples are
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separated by a bar symbol: /, and ¢ denotes the empty string.

set + {1,2} / {3,1} / @&.
seq + 1,2 [/ 3,1
lseq: 1, [ 3,1, [ e.
regeq: 2 [ ,1,5 [ e.
n o 1 / 5.

The metarules for these metavariables are as follows (again a bar / sepa-

rates alternatives, the non-terminal symbols are in italics).

set =+ seq |/ @.

seq - n | n, seq.
1/2/3/4/5/6/7/8/9/nn/n0.
lseq ~ seq, / e.

¥

n

rseq -~ ,seq [/ e.

The rules for with have to allow for replacing {1,2} with 1 by {1,2},
whereas they should not allow for replacing {2,3} with 1 by {2,3}. The hy-
perrule describing such replacements is

{lseq,n,rseq}t with n -~ {lseq,n,rseq}.
An example of a rule derived from this hyperrule is

{1,3,5} with 3 » {1,3,5}.

Thus the expression with 3 is eliminated. In case one meets the subexpres—

sion {2,3} with 1 there is no rule which can be obtained from this hyper-
rule and which can be applied to this subexpression. So we cannot geét rid
of the non-acceptable symbol with, as was required in point 2. So we do not
obtain an actual rule and the derivation cannot continue. This 'blind alley'
technique is due to SINTZOFF (1967).

The rules for eliminating the - sign have to replace {1,2} - 2 by {1},
and {1,2} - 3 by {1,2}. The rules have to check whether the number pre-:
ceeded by the — sign occurs in the set mentioned before the sign. For this
purpose, we need grammatical means to check whether two numbers are equal
or different. It is easy to design a rule which can be applied only if two
numbers are equal: a hyperrule with two occurrences of the meta-variable »n

can be transformed into a real rule only by substituting for both occurrences
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the same number. If a hyperrule contains metavariables ny and Mos then it

can be transformed into a real rule by substituting for:nl and ny different

numbers. But nothing prevents us to substitute the same number. It is dif-
ficult to guarantee that two numbers are different, but we need such rules.

The rules which do so use the blind alley technique again, now on the sym-

bol unless. The hyperrules are as follows.

0 is 0 - true 1 is 0 » false 2 is 0 » false ees
0 is 1 + false 1 is 1 - true 2 is 1 » false

- . .

0 is 9 » false 1 is 9 - false

in, is In, » n 2n

1 2 1 2
lnl iE.Z”Z -+ false an 12.2”2 +~n1 is n

is n is 1n2 + false

2

.

1n1 i§_9n2 -+ false e

unless true ~ false

unless false - true

true - €.

The above rules have the effect that an expression of the form unless a is
b reduces to unless true and next to unless in case a equals b. This unless
constitutes a blind alley. If a is not equal to b, the expression reduces to
unless false and through true to the empty string. Then the test is elimi-
nated, and the production may proceed.

The rules for the - sign have to check for all elements of the men=
tioned set whether they are equal to the element that has to be removed. The
element for which equality is tested (in a step of the testing process) is
the last element of the sequence describing the set. If equality is found,
the element is removed. If a check shows that the numbers are different,
then the element which has been checked, is put at the beginnings of the
sequence, and the new 'last element' is checked. By means of the * sign
the numbers are separated which are already checked from the numbers which
are not yet checked. This rotation technique is due to Van WIJNGAARDEN

(1974) . The hyperrules introducing and removing the * sign are as follows.
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{seq} — n > {*, seql ~ n

¢ ~n-~>¢
{seq, *} — n » {seq}
{x} - n~>g.

The hyperrule removing an element is
{lseq * reseq, n} - n ~ {lseq x rseq} - n.
The rule rotating the sequence is

{lseq * rseq, nl} -n 9’{n1,Zseq *x rseql - n

P unless nl is Ny

2
We use the unless phrase to guarantee that ny and n, are different. If the
numbers are different, then the phrase reduces to the empty string. If they
are equal the unless phrase reduces to the expression unless, and we cannot
get rid of this phrase. This means that we are in a blind alley: we do not

get an actual rule.

The rules for U use the - sign. It would be easy to reduce {1,2} u {2}
to {1,2,2} but, in order to avoid this repetition of elements, I first re-
move the 2 from the leftmost set and then add 2 to the set thus obtained.

The rules are as follows.

set U {n,rseq} » set — n + n v {rseq}
{seq} + n > {seq,n}

¢ +n->n
set u {¢} - set

set u { } » set.

This completes the description of the set of rules needed for dealing with

set—theoretical notions by grammatical means.
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SAMENVATTING

In 1973 publiceerde de logicus Richard Montague een beschrijving van
de syntaxis en semantiek van een klein fragment van het Engels. Hijslegde
met wiskundige methodes een systematisch verband tussen syntaxis en seman-—
tiek, Daarna zijn vele voorstellen gepubliceerd die op een of andere wijze
voortbouwen op Montague's werk. De voorstellen varieren sterk, en het is
niet duidelijk waaruit‘hun gemeenschappelijke kern bestaat. Dit proefschrift
stelt zich in de eerste plaats ten doel om een wiskundig geformaliseerd
systeem te presenteren voor de beschrijving van een syntaxis en semantiek
in hun onderling verband. Hierbij wordt gestreefd naar een zo groot moge-
lijke helderheid en een zo nauwkeurig mogelijke uitwerking van het onder-
liggende wiskundige kader. Het tweede doel van het proefschrift is dit
systeem te confronteren met voorbeelden uit de praktijk: verschijnselen uit
natuurlijke talen, logische talen en programmeertalen. Op deze manier kan
de praktische toepasbaarheid van het systeem getoetst worden, en kunnen,
in het licht van deze benadering, voorstellen beoordeeld worden op hun me-
thodologische kwaliteiten en tekortkomingen.

Uitgangspunt van het proefschrift is het principe van compositionali-
teit van betekenis (ook wel Frege's principe gencemd). Dit luidt: de be-
tekenis van een samengestelde uitdrukking wordt opgebouwd uit de betekenis
van zijn delen. In hoofdstuk ! wordt de achtergrond van dit principe ge-
schetst, en een eerste stap naar een formalisatie gezet. In hoofdstuk 2
wordt de formalisatie uitgewerkt tot een universeel-algebraisch systeem.
De bijbehorende theorie wordt bestudeerd, en een definitie van 'Montague
grammatica' gegeven. In hoofdstuk 3 wordt het systeem toegepast voor de
beschrijving van enige logische talen die in latere hoofdstukken gebruikt
worden. In hoofdstuk 4 wordt de aanpak gevolgd voor de beschrijving van
een fragment van het Engels (Montague's PTQ-fragment). Daarna worden-in
hoofdstuk 5 en 6 vele voorstellen uit de literatuur beschouwd in het licht
van de gevolgde benadering. Het wiskundig kader blijkt een belangrijke
heuristische rol te kunnen vervullen. In hoofdstuk 7 wordt nagegaan hoe
binnen deze algebraische benadering een betere aansluiting kan worden ge-
kregen bij het taalkundig streven om zinnen als gestructureerde objecten
op te vatten. In hoofdstuk 8 wordt het systeem toegepast op de construc—
tie van beperkende betrekkelijke bijzinnen, en in hoofdstuk 9 op bepaalde
betekenis verschijnselen met betrekking tot werkwoordstijden. In hoofdstuk

10 wordt, na een inleidende paragraaf, deze benadering gevolgd bij de
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behandeling van enige problemen uit de semantiek van programmeertalen.
Naast de technische inhoud presenteert dit proefschrift een visie op
de behandeling van syntaxis en semantiek die samengevat zou kunnen worden

als 'werk compositioneel!’




STELLINGEN
bij het proefschrift Foundations and applications of fMontague gramman

van Theo M.V. Janssen.

1.
Er is geen belangrijk theoretisch verschil tussen natuurlijke talen,
de kunstmatige talen van logici en programmeertalen; het is mijns
inziens mogelijk om de syntaxis en semantiek van deze drie soorten
taal in één enkele natuurlijke en mathematisch nauwkeurige theorie
te vatten.

vgl. R. Montague, 1970, Univensal grammar, Theoria 36, 373-398,

2.
Het principe van compositionaliteit van betekenis treedt als zodanig
bij Frege niet op.

Hoofdstuk 1 van dit proefschrift

3.

In de literatuur worden dikwijls syntactische regels voorgesteld waar-

bij het doorslaggevende principe voor de keuze van het domein van de

regel de analogie 1ijkt te zijn met regels in anderssoortige gramma-

tica's. Een compositionele aanpak is meer gebaat bij toepassing van

het ontwerpprincipe 'vraag wat je nodig hebt, en niets meer?'.
Hoofdstuk 6 van dit proefschrift

4.
Als er tussen twee zinnen een verband in betekenis bestaat, dan moet
dit verband in de semantiek gelegd worden. Er is geen dwingende reden
om dit ook in de syntaxis te doen.

Hoofdstuk 6 van dit proefschrift

5.
Het voor de hand liggende vermoeden dat een door een Van Wijngaarden
grammatica gegenereerde taal recursief opsombaar is, laat zich met
standaard methoden bewijzen.
T.M.V. Janssen, 1975, An arithmetization of Van Wijngaarden
gaammar, report ZW 24/75, Mathematical Center, Amsterdam



6.

Iedere volledige eindige bipartite graph minus een matching is te re-

presenteren met lijn segmenten in het platte vliak.
P. van Emde Boas, T.M.V. Janssen, A.:Schrijver, 1976, Each 4i-
partite graph minus a matching {s representalle By line segmenis,
report ZW73/76, Mathematical Center, Amsterdam.

7.
Er bestaat geen effectieve beperking op transformationele grammatica's
die tot gevolg heeft dat enerzijds het uniform beslisbaar is of een
gegeven grammatica een gegeven zin genereert, terwijl anderzijds de
klasse van gegenereerde talen gelijk is aan de klasse der recursieve
talen.
T. Janssen, G. Kok, L. Meertens, 1977, On resirictions on trans-
fornational grammanrs reducing the generative powen, Linguistics
and Philosophy 1, 111~118.

8.
Aan een functionele grammatica kan op heomomorfe wijze een semantiek
gekoppeld worden. Voor transformationele grammatica's is dit tot nu
toe niet gebeurd. Dit is een belangrijke aanwijzing dat een functionele
grammatica géén notationele variant is van transformationele gram-
matica (dit in tegenstelling tot wat Koster beweert).
T.M.V. Janssen, 1980, flontague grammar and funciional gramman,
GLOT 3/4, 273-297.
J. Koster, 1982, boekbeoordeling van 3.C. Dik: 'Studies in
functional grammaf‘, de Nieuwe Taalgids 75, 360-369.

9.
De moderne programmeertalen zijn 'getypt'. Het is daarom merkwaardig
dat voor de 'ongetypte' lambda calculus zo'n belangrijke rol . wordt

opgeeist in de semantiek van programmeertalen.

10.

Bij computer simulatie van Montague grammatica is partiéle parametri-
satie een aantrekkelijk hulpmiddel. Het valt te betreuren dat dit
aantrekkelijke concept in Algol 68 syntactisch is toegelaten, doch
bij executie in verreweg de meeste gevallen aanleiding geeft tot een

foutmelding.



1.
Het taalkundig begrip 'paradigmatische relatie' is een voorbeeld van
een equivalentie relatie.
8.C. Dik, J.G. Kooy, 1970, Beginselen van de algemene taalweten-
schap, het Spectrum, Utrecht.

12.
Het onderwijs in de geschiedenis van de filosofie aan de Universiteit

van Amsterdam geeft geen historisch beeld van de filosofie.

13.
In kookboeken vindt men geen goede algorithmen; met name de beschrij-

ving van afhankelijke parallelle processen is vaak verwarrend.

14.
Het relatief grote aantal psychiatrische spoedopnames op vrijdag kan
niet verklaard worden uit veranderingen in de toestand van betrokken

patignten.

15.

Het huidige bezuinigingsbeleid leidt er toe dat er voor de wetenschap-
pelijke onderzoekers die de komende decennia hun opleiding voltooien
geen reeel toekomstperspectief in het wetenschappelijk onderzoek is.

16.
Het gebruik van voetnoten1 wijst erop dat de auteur niet de moeite heeft

genomen om zijn tekst op de juiste2 wijze te structureren.

1. anders dan voor bronvermelding
2. dergelijke voetnoten maken een tekst slecht leesbaar








