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INTRODUCTION

§(0.1) The Euclidean algorithm

An algebraic number field is a finite extension of the field of
rational numbers @. One of the subjects of algebraic number theory is to
generalize classical number theory, which deals with the ring Z of ordi~
nary integers, to subrings of algebraic number fields K. Of particular
interest is the ring of integers 0 = O(K) of the field K. This ring 0
is the integral closure of Z in K, i.e. it consists of those o ¢ K
for which there exists a monic polynomial £ ¢ Z[X] with f£(a) = 0.

The ring @ has much in common with Z, but there are differences.

- For instance, the ring Z has unique factorization, which does not hold
in general for rings of integers of algebraic number fields. However there
‘are fields for which the ring 0 does have unique factorizatiom.

The proof that Z has unique factorization depends on an algorithm
given by Euclid (~ 300 B.C.) [Eul book VII prop. 1,2. This algorithm cal-
culates the greatest common divisor gecd(a,b) of two elements a,b ¢ Z.

It consists of repeatedly using division with remainder:

(0.1) For any a,b € Z with b # 0 there exist q,r € Z such that
a=gb+r and [rl < |v].

In general if in a ring (0 we have division with remainder, analo-
gously to (0.1), we can construct an algorithm to compute the greatest com-—
mon divisor of two elements of (. This algorithm is called a FEuclidean
algorithm. 1If a ring has a Euclidean algorithm we can prove that it has
unique factorization.

In order to generalize (0.1) we define a generalization of the abso-

lute value: the norm N(a) of an element o ¢ ¢ is defined by

0.2) N(o) = #0/a0 if o # 0; N(O) = O,




where # denotes the cardinality. If K=®@, then 0= 2Z, and the norm
is equal to the usual absolute value. By multiplicativity we extend the

norm to all of K.

We call O a Euclidean ring (for the norm) if the following condi-
tion is satisfied.

(0.3) For any a,b ¢ 0, with b # 0, there exist gq,r ¢ 0 such
that a = gb + r and N(r) < N(b).

From (0.1) we”see that Z 1is a Euclidean ring.

The first rings that were proven to be Euclidean were among the cy-—
clotomic rings. These rings are the rings of integers 0 = zZ[Z 1 of
the fields Q(cnz. Here Cn is a primitive n-th root of unity, i.e.

QZ ='1 and C; # 1 for 0 < i< n. For example by taking n =1 we
recover the ring Z. Cyclotomic rings were encountered in the 19-th cen-—
tury in the study of higher degree reciprocity laws.

Gauss was the first who proved that certain cyclotomic rings differ-—
ent from Z are Fuclidean. In 1832 he published a paper on biquadratic
reciprocity in which he proved that ' Z[i] is Euclidean ([G3] §§41-45),
where i = /=1 = Ty He also proved that Z[c3] is Fuclidean, c.f. Gauss'
Nachlass [G2], where §3 = L(-1 + ¥~3). In 1844 Kummer [K] proved that
ZEQSJ and Z[c7] are Euclidean. We refer to section (0.6) for more de~

tails about the determination of Euclidean cyclotomic rings.

§(0.2) Euclidean rings of integers in quadratic, cubic and quartic fields

Apart from cyclotomic rings, other rings of integers were investi-
géted as well. In particular attention was paid to the rings of integers
of quadratic fields. The study of these fields was a natural development

in the investigation of binary quadratic forms.
’ Any quadratic number: fieldisof the form X = Q(VA) for some
A € Z. This A 1is uniquely determined by K if we require that
A= 0,1 mod 4, that A 1is not divisible by the square of an integer > 2,
and that A = 8,12 mod 16 if A 1is even. The unique A that satisfies
these restrictions is called the discriminant of the field. In section
(3.1) we will give the precise connection between quadratic fields and

binary quadratic forms of the same discriminant A, in the case that
A < 0. '




The ring of integers of the quadratic field of discriminant A is
equal to O = Z[L(A + VA)]. If A is positive we can embed K = Q(VA)
into R. In this case K 1is called a real quadratic field. If A 1is
negative K = Q(YA) is called an imagimary quadratic field.
The determination of Euclidean rings of integers of imaginary qua-—
dratic fields is easy. In particular the rings with A = -3 or A = -4,
which are equal to the cyclotomic rings Z[C3] and Z[C4], are Euclidean
as we have seen in section (0.1). In a supplement to the book of Dirichlet,
Dedekind showed that Z[i(A + ¥A)] is Euclidean for A e {-3,-4,-7,-8,-11,
5,8,12,13}, cf. [D3] supp. XI §159. 1In fact he gives the proof only for
A = -4 and states that for the other rings the proof is analogous. He
also asserts that the ring of integers of Q(/;IQ) is not Euclidean but
that it does have unique factorization. 1In 1927 Dickson proved that the
only Euclidean rings of integers of imaginary quadratic fields are those
that Dedekind listed, i.e. A € {-3,-4,-7,-8,-11}, cf. [Di] Kap. VIII §93Satz 7.
We will now turn our attention to real quadratic fields. Also in this case
all Buclidean rings of integers have been determined but it was much harder
to establish this. In section (0.6) we describe the steps that led to this
determination. Finally in 1948 Chatland and Davenport [CD] proved that for
positive A the ring Z[}(A+vA)] 1is Euclidean if and only if A assumes

one of the following values:
5,8,12,13,17,21,24,28,29,33,37,41,44,57,73,76.

In fact they stated that Z[}(97 + v97)] 1is also Euclidean, following an
erroneous statement by Rédei [R&3]. The error was later corrected by

Barnes and Swinnerton-Dyer [BSD1].
Davenport showed that the method of Chatland and himself could also

be applied to certain classes of cubic and quartic fields [Da2; Da3; Da4;
Da5], namely, the cubic fields with exactly one embedding in R and the
quartic fields with no embedding in R. Davenport proved that there are,
up to isomorphism, only finitely many such fields for which the ring of
integers is Euclidean.

The discriminant A(K) of an algebraic number field K will be
defined in section (3.2). It is an important invariant of the field,
which generalizes the discriminant of a quadratic number field. In general

the field K is not uniquely determined by A(K) and the degree, as it is

for quadratic fields. However, there are only finitely many fields with a




given discriminant, even if the degree is not specified. Davenport establish-—
ed an upper bound for the absolute value of the discriminant of a cubic ot
quartic field of one of the types mentioned above that has a Euclidean ring
of integers.

Using a different method, Cassels [Cl] obtained in 1951 an improve-—
ment of Davenport results. This implied a drastic reduction of the amount
of work needed to determine all Euclidean rings of integers of real quadra-
tic fields. Also the discriminant bounds for the special classes of cubic
and quartic fields were improved. However in these cases the bounds are
still too large to allow a complete determination of all Euclidean rings.

A description of Cassels' method is given in section (5.3).

§(0,3) Euclidean rings of functions

It has often been observed that function fields of curves defined
over finite fields are in many ways analogous to algebraic number fields.
The role of the ring of integers is played by certain subrings of these
function fields. In 1957 Armitage [Ar!] showed that Davenport's results can
be generalized to several rings of this type.

Armitage considered the integral closure O of the polynomial ring
Fp[t] in certain quadratic and cubic extensions of Fp(t), with p an odd
prime number. For quadratic extensions he determined in which cases the
ring O 1is Fuclidean. For cubic extensions he derived partial results.

There is a more natural way to describe these function fields and
their suBrings. This is also the description that Armitage used in his
later work [Ar2]. We give this description here.

The fields Armitage considered are examples of function fields in
one variable with a finite field Ih, as field of constants. A function
field in one variable with I%_ as field of constants is a finitely gene-
rated field of transcendence degree 1 over Fq, having IFq as it largest
finite subfield. For most assertions in this section about function fields inone
variable we refer to [Cv;Del, for the connection between function fields in
one variable and curves we refer to [Hal ch I §6 and for the definition of
curves over arbitrary fields we refer to [Se] c¢h VI §1; [We2] ch VII §1;
[We3] ». 3.

Let K be a functioﬁ field in one variable with Ty as field of
constants. The field K is the function ffeld of a non-singular projec-

tive curve C defined over Fq. For an extension field F of Fq we




denote by C(F) the set  of points of C defined over F. Each element
of K can be regarded as a function: C(F) » F u {eo}. _
We give two examples to illustrate this. First, the field qu(t)

is the function field of the projective line ]P] over ]Fq‘ For each ex-

tension field F over ]Fq the curve ]P1 (F) is equal to F u {e}. Next

we consider the (elliptic) function field ]Fz(t,u) with u2+u = t3+ t+1.

For an extension field ¥ of ]Fz the curve C(F) 1is equal to

{(ust:2) e IE'Z(F) : uzz+uz2 = t3+ t22+ z3}. In particular C(IE‘Z) con—
sists only of the point (1:0: 0).
Let K be a function field in one variable with constant field ]Fq

corresponding to the curve C. Let fq be the algebraic closure of TF

and let G be the Galois group of fq over ]Fq.

responding to an element P of C(ﬁq) is the set p = {cP:0 ¢ G}. The

q
The prime of X cor~

cardinality of a prime p is called the degree of p, notation: deg(p).
It is equal to the minimal positive integer mn, such that P ¢ C(F.n).
Let f be an element of K and let F be an extension field of
IFq. We regard f as a function £ : C(F) ]PI(F) =Fuyu {=}. Let p be
a prime of K and suppose that all elements of p are in F. We say
that f has a zero or a pole of order n in p if it has such a zero or
pole in some element of p. Because 0, ® ¢ IPI(F) are already defined over
]Fq this definition does not depend on the choice of the element in p.

Let S be a non-empty set of primes of K. We define a ring As by
(0.4) » As = {f e K: £ has no poles in p for p ¢ S}.

For example, if K = ]Fq(t) and S = {o} we get A_ = Fq[t]; if s = {0,o}

S
we get Ag = IE‘q ft,t I]. For another example we take K = ]Fz(t,u), with
u2 +u = t3+ t+ 1. Above we have seen that the corresponding curve C(]Fz)

has only one point. Hence K has a unique prime o of degree 1. We have

over T There are 4

4 2°
points in C(JFA) - C(IFZ) :(@a:0:1), (o+1:0:1), (a:1:1) and

A{w} = Fz[t,u]. Let o be a generator of T

(a+1:1:1). They give rise to two primes of degree 2 in K:
p={:0:1), (0+1:0:1)} and ¢ ={(a:1:1), (a+l:1:1)}. It can be
shown that the elements of ]Fz[t,u] < K that have a zero at p form the
ideal generated by t. This can be used to show that A{m’p}= ]Fz[t,u,t—]].
In section (1.4) we return to this example.

The rings Armitage considered are all of the form AS, with

#S < 2. A quadratic or cubic extension of ]Fp(t) is a function field of




a curve that is a double or triple covering of the projective line P]. For
the rings that Armitage considered the set S always consists of all primes
lying over o ¢ IP](FP).

The genus -g(K) of a function field K 1is an invariant that is anal-
ogous to the discriminant of a number field. It will be defined in section
(3.2). It can be shown that a function field K with finite field of con-
stants in has genus equal to 0 if and only if K = H%l(t), cf. [Del §39.

We may use Hurwitz' theorem [Hal ch.IV §2 cor.2.4 to compute the genus
of extension fields of Fp(t). This computation tells us that the rings AS
that Armitage considered are Euclidean only in the cases that g(K) = 0 and
ged(deg(p) @ p € S) = 1. Thus Armitage's results are consequences of the
following theorem that will be proven in this thesis, cf. theorems (0.18)
and (0.19).

THEOREM (0.5). Let K be a function field in one variable with finite
field of constants. Let S be a set of 1 or 2 primes of K. Then Ag
18 Euclidean i1f and only if g(K) = 0 and ged(deg(p) : p e S) = 1.

The proof will be given in sectionms (4.1) and (5.4). In the case that
#3 = 1 all Euclidean rings are isomorphic to Fq[t] as we will see below.

If the ring A_. has unique factorization we have gcd(deg(p) : p e 8) =1,

cf. [8] prop.lg, hence the condition in (0.5) is a natural one,

y In section (l.4) we show that we cannot expect a theorem as (0.5) for
#S 2 3: whether or not a ring is Euclidean does not only depend on the ge-
nus and the degrees of the primes in 8.

In the case that g(K) = 0 we give an explicit description of the

rings A As we remarked above we have K = Eﬁ(t). We show that there

g
is a matural 1-1 correspondence:

{primes of K} <> {monic irreducible polynomials in IFq[t]}LJ{w}.

Let p be a prime of K not equal to {»}, We have to comstruct a monic
irreducible fp in in[t]. Because K is the function field of EJ “and
El(ﬁg) = iilu{W} we may regard P as a conjugacy class under Gal(ﬁ}/mq)
of elements of IFq. For fp we take the minimal polynomial of some element
of p. This does not depend on the choice of this element. We have deg(p) =
= deg(fp) the correspondence between primes # {»} and monic irreducible

polynomials is bijective.




Let p be a prime of K and let o € Ey (t). First suppose that
p # {o}. Then o has a pole in p if and only if o can be written as
—g with h,g € ]Fq[t], fp [ h and fp | g. The element o has a pole
at {o} if and only if o = h with deg(h) > deg(g). Thus, by using
(0.4) we get the following degcription of Ag.

(0.6) (a) A, = {E : g,h e E&[t], g= 1T £ () for some
) E peS—{eo} P
n(p) € ZZO} ]

if {e} € S

(b) AS = {% : g,h e ]E'q[t], deg(h) < deg(g) and
g= T f n(p)

for some mn(p) € Z_ }
pes -

0
if {e} ¢ S.
As promised after (0.5) we show that for #S =1 in (0.5) we have AS o2
Fq[t]. If S = {{=}} we have AS = ]Fq[t] by (0.6)(a). 1If S = {p}
with p # {o} we have fp = t-0, for some o € ]Fq. Then AS =
1
]Fq [tTOL] o ]Fq[t] by (0.6) (b).
As is common usage we will call a function field with qu as field

of constants a function field over ]Fq.

§(0.4) Valuations ‘

In this section we describe the analogy between the rings of integers
of algeBraic number fields and the rings AS given by (0.4). We state
this analogy in terms of waluations. For the proofs of the assertions
about valuations given in this section we refer to the standard books on
" algebraic number theory, e.g. [BS; CF; Hl; Iy; La2; Wl.

Let K be a field. A valuation on K is a function ¢ : K =+ R

=20
satisfying the following conditions.

0.7) @) = 0= 0o = 0;
©(aB) = @(@)9(B) for a,B € K;
there exists a constant C ¢ R such that

@) £ 1= @(+x) < C.

By taking C = 2 we find that the ordinary absolute value is a valuation

on every subfield of C.




If we can take € =1 in (0.7) the valuation is called non-archime—
dean. - The other valuations are called archimedean. .

Every positive power of a valuation is again a valuation. Two valua-
tions @, and @, are called equivalent if there exists an r € ]R>O with
o] = o,

Each valuation ¢ renders K into a topological field, with
{{o e Kl <€} :e¢ R>O} as a basis for the neighbourhoods of O.

Two valuations are equivalent if and only if they give rise to the same topo-—
logy on K. Every field has a trivial valuation, given by () = 1 when-
ever o # 0. This endows K with the discrete topology.

An equivalence class of non~trivial valuations is called a prime
of K. Two equivalent wvaluations are both archimedean or both non—archime-
dean. Accordingly we may call a prime archimedean or non-archimedean. Below
we will see that the non—archimedean primes of @ are in 1-1 correspondence
to prime numbers. The only archimedean prime of @ is the equivalence class
of the usual absolute value. Also we will see that the primes as defined
here are in 1-1 correspondence to the primes as defined in section (0.3).

Let p be a non—archimedean prime of K, and let @ € p be a valu-

ation. We define the valuation ring Op of p by
(0.8) Op ={x e K: @) <1}

This is a subring of K that does not depend on the choice of © ¢ p. The

ring Op has exactly one maximal ideal, which we also denote by p:
(0.9) pP=1{xeK: o) <1l

Let K be a function field in one variable with finite field of con-
stants., Let p be a prime of K as defined in section (0.3). It gives rise
to a valuation ¢ of K, as follows. Choose y € R with 0 <y < 1. If
fe K we define

@o(£) = y* if f has a zero of order n at P

@(f) =Y ™ if £ has a pole of order n at p;
@©(f) =1 if £ has no zero or pole at p;
©(0) = 0.

The function ¢ is a non-archimedean valuation of K. For example if K =
= Eﬁ(t) and p = {«} then @(f) = Ydeg(f) for all f € IFq[t]-{O}. A dif-

ferent choice of Yy gives an equivalent valuation. All non-trivial valua-




tions of K are of this form and different primes give rise to non-equiva-
lent valuations, c£. [Z8] ch.VII §4bis; [Lall ch.IT §1 ex.2. Hence we may
identify both notions of primes of K. .

Using (0.8) we get a new description of the rings AS defined in

(0.4), as, follows:

(0.10) A= N 0.
5 p¢s P

For example if K = Fq(t), S = {{=}} then AS consists of those
f € K that bhave no poles outside {w}, i.e. AS = Fq[t], accordingly
to (0.6) (a).

Because S consists of the primes where the elements of AS may
have poles we call S the set of primes at infinity of AS.

Now we consider the primes of an algebraic number field K. Such
a field admits archimedean valuations, in contrast to function fields with
a finite field of constants.

As we remarked above every embedding of K in € gives rise to an
archimedean valuation induced by the ordinary absolute value on &. Two
different embeddings give rise to the same prime if and only if they are
complex conjugate. Each archimedean prime is derived from an embedding of
K in T, cf. [W] 1-8, The set of archimedean primes of K will be deno-
ted by S5_. If a prime in 8, corresponds to an embedding with image in
R we call it a real prime. The other archimedean primes are called com-
plex primes., Let r be the number of real primes and let s be the number
of complek primes of XK. 1If the degree [K:Q] equals n there are exact-

ly n embeddings of K into &, hence r+2s =n and jn < #Sw < n.

The non-archimedean primes of X correspond to non—zero prime ideals
of 0 as follows. Let p be a prime ideal of 0 and let y ¢ R be fixed
such that 0 < y < 1. For o € 0 - {0} there exists a unique =n ¢ Zzo
such that a € pn - pn+1. We take @(a) = Yn. By multiplicativity we
extend ¢ to K*, and we take ©@(0) = 0. Then ¢ is a non-archimedean
valuation of K. A different choice of Yy gives an equivalent valuationm.
In this way we get a bijection between the set of non-zero prime ideals of
0 and the set of non-archimedean primes of K, cf. [La2] ch.II §l.

When no confusion arises we denote the prime ideals of 0 and the corres—
ponding primes of K by the same letter.

Using the valuation of K we get a characterization of 0 by

©.1) 0= n 0.
pés P




10

Notice the similarity with (0.10).

By a global field we mean either an algebraic number field or a
function field in one vafiable with finite field of constants. The set
of archimedean primes of a global field K -will be denoted by 5.+ The
set 8 is empty if and only if K is a function field. The similarity
between (0.10) and (0.11) suggests the following definition. Let S » S
be a non—empty set of primes of the global field K. We define a subring
A of K by

(0.12) Ag st OP.
We will call S the set of primes at infinity for Ag. Rings of integers
of algebraic number fields are examples of rings of this form. In this
case the set of primes at infinity is equal to S

If X is a number field and S # S, We encounter rings that we
did not comnsider before. For example if K = @ there is one archimedean

prime, denoted by . If we take S = {2,0} we get
a
AS=Z[§]={—-EQ:a€Z,n€ZZO}.

Let jp Dbe a non-archimedean prime of the global field K. The
residueclass field Op/p is a finite field. Its cardinality is called

the norm of p:
(0.13) " Np = #Op/p.

If the prime § 4dis nmot in S it corresponds to a prime ideal
p N AS of AS. We will denote this prime ideal by p too if no confusion
arises. Every prime ideal # 0 of AS is of this form and different
primes correspond to different prime ideals. We have #As/p = Np.

The »norm of an AS—ideal a 1is defined by

(0.14) Na = #As/a.

This definition agrees with the definition of the norm of a prime p ¢ S.

The norm of an element o € AS is given by
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(0.15) N(a)
N(O)

N(aAS) if o # 0;
0.

This agrees with (0.2). By multiplicativity we can extend the norm to all
of K. Notice that for different choices of § we get different norm
functions. Because we usually deal with only one set § this will not
lead to confusion.
We give some examples. If K = Q@ and S =85 we have AS = Z.
In this case the norm function is equal to the ordinary absolute value. If
we take S = {o,2} we get Ag = ZI {1. Each element of Q* can be written
%2r with a,b,r ¢ Z and a,b odd. For S = {o,2} we have N(%Zr) =
l If K= Fq(t) and S = {w=} we have AS = Fq[t]. In this case
deg(®) if e w el
Finally suppose that K = Fq(t,u) with wlru = t34-t+ 1. If 8§

as

- |

ol

the norm is given by N(f) = ¢

consists of the unique prime of degree 1 we have AS Fq[t,u], cf. sec-

tion (0.3). Let £ # 0 be an element of A,. We may write f = g+u°h.
S 2deg(g) 3+2deg(h)
with g,h ¢ Fq[t]. the norm of f is equal to max{q " 8'8/, q ey,

where we take deg(0) to be -,

§(0.5) The main theorems
We consider a ring AS as defined by (0.12). It is called Euclidean
if the following condition holds. cf. (0.1), (0.3):

with b # 0, there exist q,r € A, such

(Q.16) For any a,b ¢ AS’ S

that a = gb+r and N(r) < N(b).

In the determination of Euclidean subrings of global fields we may restrict

our attention to rings of the form A In fact other subrings with the

same quotient field cannot be Euclidian, cf. [W] 4-1-1.
The rings that were considered by Davenport and Armitage, cf. sections
(0.2) and (0.3), all have #S = 2. In this thesis we consider all rings
with #$ < 2. We distinguish the different cases with #$ < 2 according
to the set S of archimedean primes in 8. This gives the following

complete list:




(0.17) If #S = 1:
(F) K is a function field, S = {p};
(*1) K=0Q, S=S_;
(#2) K =Q(/a) with A<0, S=8_
If #5 = 2:
(F) . K is a function field, 'S = {p,q};
*1) K=0, S = {o,p};
(#2+) K = Q(/A) with A >0, § = S, consists of two real primes;
(#27) K= Q(V/A) with A <0, S = {o,p};
(#3) [K: @l =3, S=5_ consists of one real and one complex prime;
(#4) [K: @] =4, S=5_ consists of two complex primes.

Throughout this thesis we will use the symbols at the left to distin-
guish between the different cases. In (0.17) the letters p and ¢ always
denote non-archimedean primes. If S consists of one prime we dencte it
by .

In this thesis we investigate whether a given ring of the form AS,
with #§ < 2, 1is Euclidean. The following two theorems state what we shall

prove.

THEOREM (0.18). Suppose that #S = 1. Then the ring Ag g Euclidean 1f

and only <if we are in one of the following cases:

® K %as genus O and S = {p}, with p a prime of degree 1;
(*1) . K=0q;
(#2) K= QWn) with A e {-3,~4,-7,-8,-11]}.

For the case (F) we have g(X) =0 and deg(p) =1 if and only
if AS o Eﬁ;t]. The 'if' part of (F) can be found in [vdW] §17. The
'only if' part will be proven in section (4.1). The results about the
cases (#1) : AS = %Z and (#2) : AS = Z[L(A + VA)] were already proven by
Euclid, Dedekind and Dickson, cf. sections (0.1) and (0.2).

THEOREM (0.19). Suppose that #§ = 2, Then the ring Ag s Buclidean if

and only 1f we are in one of the following cases:
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(F) K has genus 0 oand s = {p,q} with gcd(deg(p), deg(q)) = 1;

(#1) K = Q; -

(#2%) K= Q) with A e {5,8,12,13,17,21,24,28,29,33,37,41,44,57,
73,76};

(#27)y . K =Qb), S = {o,p} with A e {-3,-4,-7,-8,~11} and any non—

archimedean p, or A e {-15,-20} and any non-archimedean p
that is non-principal as an 0(R)-ideal, or (A,Np) <Is ome of
the 38 pairs listed in table 1;

(#3) K 48 contained in a finite list of fields, all of which have
discriminant 0 > A(K) = -170520;
(#4) R s contained in a finite list of fields, all of which have

discriminant 0 < A(K) < 230202117.

TABLE 1. FEuclidean rings A, in imaginary quadratic number fields 0 (v/a),

with § =38_u {p}. y

A Np A Np

-19 4 -39 2

-23 2, 3, 13, 29, 31, 41, ~40 2
47, 71, 73, 127, 131, -47 2, 3
163, 193, 233, 239, -55 2
257, 353, 443, 481 -71 2, 3

-24 2, 5, 29 -79 2

-31 2, 5, 7 -87 2

-35 5, 7 -111 2

b

The proof of (0.19) occupies the greater part of this thesis. In section
(1.3) we state two theorems (1.9) and (1.10) that are supplements to (0.18)
and (0.19). 1In that section we also mention where the proofs of the dif-

ferent parts of (0.19) are to be found.

§(0.6) History of the determination of Euclidean rings

Euclid proved that Z is Euclidean. The next ring that was proven
to be Euclidean was R[X]. The proof was given by Simon Stevin in probléme
LIIT of [Sv]. After this the first rings that were proven to bé Euclidean

were cyclotomic rings. Gauss was the first who proved that two of these
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rings, viz. Z[§3] and - Z[i] = ZICAJ, are Fuclidean, cf. [G3] §§41-45;
[G2]. In his paper on quadratic forms over Z[i] of 1842 Dirichlet alse
gave a proof that Z[i] is Euclidean, [D1] §2. 1In 1844, in two letters

to Kronecker [K], Kummer proved that Z[gsj is Euclidean and that his meth-
od would apply to ~Z[C7] as well. Sixty~five years later, before these let~
ters were published, Ouspensky [0] also proved that Z[CSJ is Euclidean.

A proof that Z[Cg] is Euclidean was given in 1850 by Eisenstein [Ei].

Since for odd n we have Z[Cn] = ZICZn] this shows that Z[gn] is
Euclidean for all n < 8.

Until 1975 no other cyclotomic rings were proven tobe Euclidean. 1In
that year Masley [MIl] proved that 2[512] is Euclidean. This was the last
cyclotomic ring with degree [Q(cn) : Q] £ 4 to be treated. In the same
year Lenstra [L2] proved that Z[cﬁ] is Fuclidean for =n ¢ {7,9,11,15,20}.
The last two cyclotomic rings that are proven to be Euclidean are Z[c16]
an Z[CZAJ' The proof for Z[c16] was given by Ojala [0j] in 1977 and the
proof for Z[C24] was given by Lenstra [L4] in 1978. These results show
that Z[;n] is Euclidean whenever the degree [Q(CH) : @1 1is at most 10.

There are however more cyclotomic rings that have unique factoriza-
tion. In fact Masley and Montgomerey {MM] proved in 1976 that for
n#2mod 4 the ring ZEQDJ has unique factorization if and only if
[Q(Cn) : @1 £ 20 or n e {35,45,84}. Among these there are possibly more
rings that can be proven to be Euclidean. In chapter 10 we give a list
of all cyclotomic fings that may be Euclidean, cf. (10.5).

Now we will turn our attention to rings of integers of quadratic
fields. These rings are mentioned in (0.18) (#2) and (0.19)(#2+). Several
methods for determining the Euclidean rings among them are important for
the rest of this thesis. 1In section (0.2) we mentioned that the Euclidean
rings of integers of imaginary quadratic fields were determined by Dede-
kind and Dickson ([D3] sup XI §159; [Di] Kap. VIII §93 satz 7). For the
rest of this section we only consider real quadratic fields.

The proof that the rings asserted to be Euclidean are in fact
Euclidean constituted the easiest part of the work. The proof given by
Hardy and Wright in [HW] §14.8 are models for most other proofs. Hardy
and Wright's arguments are essentially those of Oppenheim [OpJ. Remak [RI;
R2] supplies pictures illustrating the method. In section (5.5) two proofs
of this sort are given.

The first values of A for which a proof was given that Z[1(a+va)]
is Euclidean are 5,8,12 and 13. This was done by Dedekind [D3] Sup XI
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§159, as’we have seen in section (0.2). .In 1933 Perron [P] proved that we

may enlarge this list of A's with 17,21,24,28,29 and 44. Oppenheim

[0p] and Remak [R2] proved independently in 1934 that also 33,37 and 41

are values of A for which the ring is Euclidean. The proof that the

ring is Buclidean for A = 57 was supplied by Hofreiter [Ho] and for

A = 76 by Berg [Bel]. These proofs were given in 1935. A more detailed

proof for A = 76 was given by Behrbohm and Rédei [BR]. The list of (0.19)

(#2+) was completed by Rédei [RE3] who proved in 1942 that also for A = 73

the ring is Euclidean. In the same paper Rédei stated, without proof, that

for A = 97 the ring is Euclidean as well. Later Barnes and Swinnerton-

Dyer [BSD1] showed that this statement is false: the ring is not Euclidean.
The proof that the other rings are not Euclidean was much harder.

It proceeded in several stages. Using the theory of genera of Gauss,

cf. [G1] §§230-287; [D3] sup IV; [HI] ch. 26 §8, Behrbohm and Rédei [BR]

showed that Z[1(A+V/A)] has unique factorization only if A has at most

two different prime factors. In particular this restriction on A must

hold for Euclidean rings.

The first proofs that rings are not Euclidean are of an arithmetical
kind. As we will see below these proofs were not as successful as the
geometrical proofs that were supplied later.

The arithmetical proofs all run as follows. Let A be a discrim-
inant for which it is to be proved that 0 = Z[1(A+/A)] is not Euclidean.
For the special chbice of b=+VAe (O the existence of a ¢ 0 such that
the division of (0.3) is impossible is proven. In many cases this element
a 1is constructed from quadratic residues mod A with special properties.
Prime and composite A and A in different residue classes mod 24 have
to be treated seperately. The existence of the quadratic residues with the
required properties is proven for large A with analytic methods. For
certain small A they are explicitly constructed. The proof, given by
Hardy and Wright in [HW] §14.9 thm. 249 for A # 1 mod 4 1is of this form.
They used the proof of Berg [Bel.

Oppenheim [0p] used in 1934 the arithmetical method to show that for
A e {53,92,124} the ring is not Euclidean. Independently in 1935 Fox
Keston [F] and Berg [Bel proved that for even A the Euclidean rings are
those that are listed in (0.19)(#2+). In the same year Hofreiter [Hol
showed that there does not exist a Euclidean ring with (composite)

A =21 mod 24 and A > 21. Also for A = 77 he proved that the ring is

not Euclidean. The rings with composite discriminant A = 5,13 mod 24 were
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treated by Behrbohm and R&dei [BRI. -They showed that there are no Fuclidean
rings in this case. Also they showed that for prime A = 5 mod 24. the only
Fuclidean rings occur for A =5 and A = 29,
In 1938 Erdds and Chao Ko [ECK] proved that there exists an upper

_bound on A for Fuclidean rings with prime A = 13 mod 24. 'In the same
’year Heilbronn [Hel proved the existence of an upper bound on ‘A for all
Euclidean rings Z[(A+/A)]. These upper bounds were not explicitly com-
puted, but at least it followed that there are only finitely many rings

of this form. - Schuster [Sc] computed such upper bounds for the remaning
cases with composite A, except for A = 1 mod 24. He proved that for
composite odd A the ring can be Euclidean only if A = 33, A = 57, or
A=1mod 24 and A > 10000.

Using the method of Erdds and Chao Ko, Brauetr [Br] computed an upper
bound equal to 3300000 for prime A = 13 mod 24. If in addition 5,7,11
or. 13 is a quadratic residue mod A he got better bounds. With the help of
his mother and his wife he computed for the remaining A = 13 mod 24 «with
109 < A < 3300000 that the ring Z[1(A+/A)] 1is not Euclidean. So in
this case only A = 61 and A = 109 remained uncertain.

From now on also geometrical methods were used. In the long run they
were more effective than the arithmetical methods. A geometrical proof may
be ‘described as follows. In most proofs that ringsare Euclidean one uses
geometrical methods to show that (0.3) holds for pairs (a,b) in several
sets, which are described in geometrical terms. Because these sets cover
all pairs (a,b) the rings is Euclidean, cf. section (5.5). Suppose that
for a. given ring there remain sets of (a,b) for which this proof of (0.3)
does not work, even when it is refined. Then by a limiting process we may
find a pair (a,b) for which the division in (0.3) is impossible. ‘Proofs of
this kind will be used in chapter 5. The application of this method suggests
us to look whether there exists a ¢ 0 such that the division in (0.3) is
impossible for b = nxl, where n 1is a fundamental unit of (0, cf.
sections (1.1), (5.1), (7.1).

Rédei was the first who used a geometrical method. He proved in
1941 that for A = 61 and A = 109 the ring is not Euclidean. Also for
composite A = 1 mod 24 and prime A = 17 mod 41, A > 41 he showed that
the rings are not Euclidean, cf. [RE&1; R&2; R&31.

Using the arithmetical method Hua [Hul managed in 1944 to prove
that there exists an absolute upper bound equal to e250 for the discrim—

inant of Euclidean rings. Independently of Rédei he proved, together with
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Min [HM] that for prime A = 17 mod 24, A > 137 the ring is not Euclidean.
Together with Shih [HS] he proved that the ring is not Euclidean for A = 61.

In 1947 Inkeri [In] used a geometrical method to prove that the only
unknown Euclidean rings must have A > 5000. Davenport [Dal, Da5] used in
1948 a geometrical method to show that all Euclidean rings have A < 16384.
Apparently unaware of Inkeri's work Chatland [Ch] used Davenport's results
to show that a Euclidean ring must have A £ 60!. 1In a joint paper with

‘Davenport [CD] he finished the determination, not using Inkeri's results.

As we have seen above the geometrical method was more successful in
supplying upper bounds and finishing the proof than the arithmetical approach
was. In fact most authors using the geometrical method proved many results
already known with less effort. For example in the papers of Cassels [C1]
and Ennola [E] we find a proof not relying on restrictions obtained by
arithmetical means. The fact that the geometrical and the arithmetical
methods are of a different nature can be illustrated as follows. If we
generalize the methods for higher degree number fields it turns out that the
arithmetical methods are applicable for extensions of @ in which at least
one prime is totally ramified, c¢f. [Ci], and the geometrical methods apply

for fields with #Qw < 2.
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CHAPTER | EUCLIDEAN IDEAL CLASSES

§(1.1) Elementary properties of the ring A

g

In this chapter we study the subrings AS of global fields K defined
in (0.12). Usually we only deal with one ring of this form. In this case we
will denote AS by A.

A finitely generated, non-zero A-submodule of K 1is called a frac-

tional ideal of A, Any non-zero A-ideal is a fractional ideal, and con-
versely for any fractional ideal & of A there exists o ¢ K* such that
ad is a non-zero A-ideal. From now on we will call the non-zero A-ideals
the Zntegral A-ideals, reserving the word 'ideal' for fractional ideals.
It can be shown that the set I of fractional ‘A-ideals forms a group with
respect to the usual ideal product. The unit element of I equals A and
the inverse of a fractional ideal a equals a_l = {0 € K : aa ¢ A}. The
ideal group I 1is freely generated by the set of non-zero prime ideals of
A, cf. [La2] ch. I 86, thm. 2.

A fractionai ideal of the form oA for some o ¢ K is called a
principal ‘ideal. The set P of all principal ideals is a subgroup of I.
The quotient group C1(A) = I/P is called the class group of A. It is a
finite group, cf. W] 5-3~11. The order h(A) of CL(A) is called the
class number of A. The residue classes of I mod P are called the ideal
classes of A. The ideal class of a will be denoted by [al.

If K is a number field and § =58 , i.e. A= 0, then Cl(A) and
h(A) are equal to the class group Cl(K) and the class number h(K) of K
respectively.

Let p be a prime of a global field K. The field K 1is not com—
plete in the topology determined by p, cf. section (0.4). The completion
of Kn in this topology will be denoted by Kp. This is a field, and each
field of this form will be called a local field. By continuity we extend
each valuation in P to a valuation of Kp' The only archimedean local
fields are R and €, cf. [W] 1-8., If p corresponds to an embedding

of K in TR we have Kp ~ R, then we call p a reql prime. If p
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corresponds to a pair of complex conjugate embeddings of K in € we have
Kp =~ ¢, then we call p a complex prime. .

For a non~archimedean local field K _, the valuation ring will be
denoted by 5#, and iFs maximal ideal by ﬁ, cf. (0.8) and (0.9). The
residue class field 0 /P is isomorphic to the field Op/p. In particular

we haye Np = #Op/ﬁ, cf. (0.13). We have K= U Bn. We define the

/4
order function ordp on Kp by ne
(1.1) ordp(x) =n if x ¢ En - En+l;

d (0) =0
orp()

Using the multiplicativity of the valuatiomns, cf. (0.7), we derive that

every valuation in j0 1is of the form Yordp(-) for some Yy with

0 < y < I. The normalized valuation l-lp on Kp is defined as follows.

(1.2) (a) If p 1is non-archimedean then lep = Np—ordp(x);

(b) 1If p 1is real, then [X]p = |x|, the usual absolute
value on R;

(¢) 1f p 1is complex, then ]xlp = ]x[z, the square of the

usual absolute value on €.

For all p the field K 1is a subfield of Kp’ hence the normalized valua-
tions are also defined on K. These normalized valuations satisfy a product
formula ([W] prop. 5-1-2; [Tyl ch. III §6.2 cor.; [HI] ch, 20 IV), which
reads as foilows. For all o € K, o # 0 we have Iaip = 1 for all but

finitely many p and
(1.3) Mlal, =1,
P
where the product <runs over all primes of K. We use this product formula

to get an expression for the norm, different from its definition, cf. (0.2),

(0.15). For each principal fractional ideal oA of A we have

(].4) oA = TI pordp(oc)'
p#s
Using the multiplicativity of the norm we get from (1.2)(a), (1.4) and (1.3):

-1
(1.5) N@) = T |al = T ol
pés P pes P
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The equality N(a) = pgslu]p‘ even holds trivially for o = 0.
As an analogue of (1.4) we define for an arbitrary A-ideal ‘a the
order at a prime -p ¢ S by

(.69 - a= 1 p°rdp(®,
p¢s

Suppose that K is a number field, and S = S, The classical def-

inition of ‘the norm of an element is given by
(1.7) 0(a) = Te(a),

where the product runs over the different embeddings ¢ : K = €, cf. [vdW]

§47. Combining (1.2)(b), (c¢) and (1.5) we see that UN(a) equals N(a)
. to sign.

up

From the definition of the norm (0.15) we derive that the unit group
A" of A equals the set of elements of A with norm equal to 1. By the
Dirichlet—Hasse unit theorem ([CF] ch. II §18; [W] 5-3-10; [La2l ch.V

§1, p. 105) the group A" is isomorphic to Wx Zs_l,where s = #S and

W equals the group of roots of unity of K. 1In particular when #S = 2
the quotient A*/W is isomorphic to Z. In this case any unit n ¢ A

that generates A" mod W is called a fundomental unit of A.

§(1.2) The definifion of Euclidean ideal class

Iﬁ this section we generalize the notion of 'Euclidean ring' to that
of 'ring with Euclidean ideal class'. Below we will see that the rings.of in-
tegers of Q(Y-15) and Q(Y-20) have a Euclidean ideal class. In section
(2.2) we will see that this explains the occurrence of the Euclidean rings
with 4 e {-15,-20} in (0.19) (#27)

The definition of a Euclidean ideal class is due to Lenstra [L5].

We shall recall this definition to our special case, i.e. to subrings of
the form A.S of a global field, and for the norm function.

Let a be an A-ideal. We call a a Euclidean ideal (for the norm)

if the following condition is satisfied.

(1.8) For each o ¢ K there exists vy € a such that N(a~y) < Na.
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Because the norm is multiplicative this condition only depends on
the ideal class of a. The ideal class of a Euclidean ideal will be called
a Euclidean ideal class. By comparing (0.16) and (1.8) we see that A is
a Buclidean ring if and only if the principal ideal class [A] is Euclidean.
This shows that the notion of 'Euclidean ideal class' is only movel for
non-principal classes. As an illustration we show that the rings of inte-—
gers of the fields Q(¥-15) and Q(V-20) have a non-principal Euclidean
ideal class.

If K = @(V-15) we have O = Z[Li(1+/-15)]. We show that ‘@ = Z*2+
Z+4(1+v-15) is a Euclidean ideal. The norm of 4 equals 2. We denote

the archimedean prime of K by <. Through the embedding K c € = K_

4 (1+/-15) / \ L (5+/-15)

fig. 1
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the norm equals ['Im, the square of the usual absolute value on €, cf.
(1.2) (¢) and (1.5). The embedding K ¢ € turns 4 into a lattice of €
for which the parallelogram with vertices 0, 2, $(5+7/-15) and 11+ V-15)
is a fundamental domain, see fig. I. Let r -be the radius of the circle
through.0, 2 and i{(1+v~15). It follows easily that for every o ¢ K
there exists vy e a with [a ~ | < rz. Since r2 = §-< 2 = Na, cf,
(3.4), we derive that a is Euclidean: - 7 }y -

For K % d(/;éb), ;é'have ’O = Z[/-5]. A similar argument as above
shows that the ideal a = Z<2 + Z(1+V/-5) is Euclidean, see fig, 2. In

. 9
this case for every o € K there exists vy ¢ a such that N(a—y) < 5 < 2 =

Na.

fig. 2
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§(1.3) Rings with a Euclidean ideal class

In the course of proving (0.18) and (0.19) we will also obtain re-
sults on rings with a non-principal Euclidean ideal class. These results

are stated in the following two theorems.

THEOREM (1.9). Suppose that #S = 1. Then the ring A, has a non-princi-

S
pal Euclidean ideal class if and only if we are in one of the following

cases:

(F) K has genus 0, S = {p} with deg(p) =h > 1; in this case
the class group 01(AS) 18 cyelic of order h;

(#2) K = Q(/A) with A e {~15,-20}, S = S ; 1in this case the class

number h(AS) = h(R) equals 2.

In case (F) the structure of AS is given by (0.6) (b), because
deg(e) = 1 we do not have ¢ §. Theorems (0.18) (F) and (1.9) (®)
show that for function fields and #$ = 1 the ring A has a Euclidean
jdeal class if and only if K has genus equal to 0, i.e. K=« Fq(t).

The proof will be given in section (4.1).

The 'if' part of (1.9)(#2) was already proved in section (1.2). The

'only if' part will be dealt with in section (4.2).

THEOREM (1.10). Suppose that #s = 2. Then the ring Ag has a non-princi-

pal Buclidean ideal class if and only if we are in one of the following

cases:
(F) R has genus 0, S = {p,q} with gcd(deg(p),deg(qg)) =h > 1;
in this case the class group Cl(AS) 18 eyelic of order hj
#2%) K = Q(/a) with A e {40,60,85}, S = S_; in this case the class
number h(AS) equals 23
(#27) K = Q(/a), S = {o,p} for A e {~15,-20} and any p that is

principal as an ((K)-ideal, or for (A,Np) as listed in table
2; in this case the class number h(AS) equals 2;

(#3) K is contained in a finite list of fields, all of which have
diserimimant 0 > A(K) = —170520; <n this case the class
group is cyclic and 2 < h(AS) = h(K) < 4;

(#4) K s contained in a finite list of fields, all of which have
discriminant 0 < A(K) < 230202117; <n this case the class

group is eyclic and 2 < h(AS) = h(K) < 6.
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TABLE 2. ‘Subrings AS of imaginary quadratic fields Q(vA), with

§ = {»,p}, which have a non-principal ideal class.

-136

In case (F) the structure of As is given by (0.6) (b). Again we
cannot. have o ¢ S. The combination of (0.19) (F) and (1.10) (F) shows
that when K 1is a function field and #S = 2 ‘the ring AS has a Euclidean
ideal class if and only if the genus of K equals O.

We indicate where the proofs of (0.19) and (1.10) can be found. For
case (F) the 'if' part will be proved in theorem (4.4). The 'only if'
part will be proved in theorem (5.19) (F). The facts about the class group
follow from theorem (4.6).

Case (#1) of (0.19) is a directiconsequence of (0.18) (#1) and (2.8).
For part (#2+) the result of (0.19) was proven by Chatland and Davenport
[CD], cf. section (0.6). The result of (1.10) will be proven in section
(5.5).

Therpart of case (#27) which asserts that for A e {-3,-4,-7,-8,-11,

-15,-20} any subring A_ with #S = 2 has a Eulicean ideal class will be

proven in section (2.2).S The rest of the proofs for this case occupies the
chapters 5-9.

The discriminant bounds in the cases (#3) and (#4) will be derived
in (5.19) (#3) and (#4). The fact that Cl(AS) is eyeclic will be proven
in (2.5). The bounds on the class number will be derived in section (10.1).
In the rest of chapter 10 we derive further conditions that rings with a
Euclidean ideal class in the cases (#3) or (#4) must satisfy,

It is easily checked that in case (#2 ) with A e {~15,-20} the

ring A_ 1is principal if and only if Np 1is not a quadratic residue mod 5,

S
including Np = 5 when A = -15.
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§(1.4) Large sets of infinite primes

For #S > 2 the obvious generalizations of (0.18), (0.19), (1.9)
and (1.10) do not hold. We give two examples to support this.

First we consider number fields. In this section we call a ring
AS minimal 1f it has a Euclidean ideal class and AS'
ideal class for any proper subset S' of S, containing S, From (0.18),

has no Euclidean

(0.19), (1.9) and (1.10) we deduce that for #S < 2 the number of minimal
AS is finite up to isomorphism. This does not hold for #S < n with
n 2 3 as is shown by the following example.

The ring of integers 0 = Z[V14] of K = Q(V56) is a principal
ideal domain but it is not Euclidean. This can be proven by checking (0.16)
for b =2 and a = 1+V14 as follows. If 0 is Euclidean there must be
U,V e Z with U=V =1mod 2 and N(U+VYI4) < 4. Since N(U+V/14) =

2 2
|U" = 14V”] we must have Uz— 14V2 e {£1,+3}. By reducing mod 4 we see

1

2 2 . . .
that U= 14V" ¢ {1,-3} 1is not possible. By reducing mod 7 we see that

UZ— 14V2 € {-1,3} is not possible. Hence 0 is not Euclidean (see also

(0.19) (#2+)). Now we consider the rings A, with S =S _u {p} for some
S o

non-archimedean prime p of K. If p, as an O-ideal, is generated by

is Euclidean. This can be derived

b
- 2
from the fact that the so called second inhomogeneous minimum of Xz-—14Y

an element T # 1 mod 2 thenthe ring A

is smaller than 1, cf. [BSD1; BSD2]. By the éebotarev—density theorem,
cf. (€1, [La2] ch. VIII §4; [CF] ch. VIII §2 thm. 4, there are infinitely
many prime ideals p for which 7 # | mod 2. Hence for K = Q(/56) there
are already infinitely many minimal rings with #5 = 3,

Now we consider function fields. For #S < 2 we found that whether
a ring has a Euclidean ideal class only depends on the genus of the field,
i.e. g(K)

example of a field with genus equal to 1 and for which AS has a Euclidean

0. This does not hold for #S = 3 any more. We give an

ideal class for some, but not all sets § with #§ = 3,

We take K = Fz(t,u) with u2+-u = t3+ t+ 1. We encountered this
field already in section (0.2) and (0.4). It can be shown that the genus
of K is equal to 1. We saw that KX has only one prime < of degree 1
and that A{w} = szt,u]. It is a principal ideal domain, cf. [Q] thm. 3.
Let p and g be the two primes of degree 2 of K. As Fz[t,u]—ideals
they are generated by t and t+ 1 respectively. From [L1] thm. (16.1)

we conclude that Ag is Euclidean for S = {p,q,}.
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Let # be the prime of K that as an szt,u]—ideal is generated
by t2+ t+ 1. It is a prime of degree 4, Put S .= {p,Z,o}. We show that
the principal ideal domain AS’ cf. (2.7), is not Euclidean. Every unit
e of AS is a product of powers of t and of t2+ t+1, hence e= lmodg,
where ¢ 1is regarded as an As—ideal. Because szt?u] does not contain
an element of norm 2 the ring AS does not contain an element of norm 2
either. Let a ¢ AS be such that o = u mod ¢. Then o # I mod ¢ so « ’
is not a unit of AS, and N(a) # 1. Also N(o) # 2 as we just have seen

Hence N(o) = 4 = Ng. This shows that AS is not Euclidean.
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CHAPTER 2 PROPERTIES OF RINGS WITH EUCLIDEAN IDEAL CLASSES

In this chapter we investigate the properties of the class group of
a ring with a Euclidean ideal class. We denote by S a non-empty set of
primes of K defined by (0.12). 1If no confusion arises we simply write
A instead of AS'

Most results of this chapter can also be found in [L5].

§(2.1) Connections with the class group

As we have seen in section (1.2) the existence of a Euclidean ideal
class of A does not imply that h(A) = I. 1In this section we show that
a ring A has at most one Euclidean ideal class. Also we find that a

Euclidean ideal class generates the class group.

LEMMA (2.1). Suppose that [cl s a Euclidean ideal class of A. Then for
every integral A-ideal a # A there exists an integral A-<ideal b with
[a]l = [be]l, Nb <'Na and a+b = A,

PROOF. By the strong approximation theorem ([CF], ch.II, §15) there exists
y € Qa-] with y ¢ ¢ such that yA+c = ca—l. Because ¢ 1is Euclidean
there exists x € y+¢ with N(x) < Nc. If we take b = xa(l—1 we get
[a] = [be]l, Nb<Na and a+b=A. 0O

COROLLARY (2.2). Let [c] be a Euclidean ideal class of A. Then for every

integral A-ideal a # A there exists n e Z with 0 < n < Na and
[al = [e1™.

PROOF. Use induction on Na in lemma (2.1). ]

COROLLARY (2.3). Let [cl] be a Euclidean ideal class of A. Then every

integral A-ideal a with Na = min{Nb : b integral A -ideal, b # A}

18 contained in [cl.

PROOF. For any integral a # A with minimal norm, the ideal b of (2.1)

must be equal to A. [
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COROLLARY (2.4). Fach ring A has at most one Euclidean ideal class.

PROOF. If @ # A 1is an integral ideal of minimal norm then by (2.3) the

Euclidean ideal class must be equal to [al. [J
We combine the results above to get the following theorem.

THEOREM (2.5). -Let [el be a Euclidean ideal class of the ring A. Then

[el <s a generator of Cl(A). Moreover the class number h(A) satisfies

h(A) < min{N(a) : o € A, N(a) > 1}.

PROOF. Corollary (2.2) implies that [¢] is a generator of Cl(A). If

o € A with N(a) > 1 we derive from (2.2) that [A] = [aAl = [e1™ for
some n with 0 < n < N(a). Hence the order of [c], which equals h(A),
is less than N(a). N}

This theorem gives a new proof of the fact that a Euclidean ring is
a principal ideal domain, because in that case the generator of the class

group is trivial.

§(2.2) Enlarging the set of infinite primes

Throughout this section we consider two non-empty sets of primes
§ 8" of K that contain S_. We denote AS = A and AS' =A'. We
show that when A has a Euclidean ideal class then also A' has a Euclid-
ean ideal class. The ideal groups of A and A' will be denoted by I
and I', and the norms with respect to A and A' by N and N',
respectively.

The group I is generated as a free abelian group by the primes of
K not in S and similarly the group I' 1is generated by the primes not
in S8'. There is a natural surjection ¢ : I > I', defined by o(a) = aa’
for any a € I. The kernel of ¢ 1is generated by the primes in S'-S.

For an ideal da ¢ I that does not contain prime factors in S' we have
(2.6) Na = N'@(a).

Since ¢ maps principal ideals to principal ideals it induces an exact

sequence
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©
(2.7) 0 » <[plecCl(d) : pesS'~-S> > CL(A) - Cl@A") - O.

THEOREM . (2.8). Let A and A' be as defined above, and let [c] be a
Euclidean ideal class of A. Then @([cl) <s a Euclidean ideal class of

AT,

PROOF. We have to show that for any X ¢ K there exists & e @(c¢) such
that N'(x-£&) < N'@(e). Using the strong approximation theorem ([CF],
ch.II, §15) we find y e ©(¢) such that

~ordp(c)

x-y| < Np for all p e S'-8S.
P

Since ¢ 1is Euclidean, there exists Yy € ¢ with
N(x-y-vy) < Nc.

Because ¢ 1is a subset of @(c) we have £ = y+vy ¢ ¢(c). Since both

—ordp(c) —ordp(c)

and IYIp < Np for pe S8'-8

I

lx-ym Np

we have

-ord_(¢) .
P for all p e 8'-5S.

in

- N
|x Elp P

Using the product formula for the norm (1.5) we get

N'(x~E) = N(x-&) T lx-g| <
pesS'-S P

-ord_ ()
< Ne m Np P =N'o(e). 0O
peS'-S
The 'if' part of case (¥#2') of (0.19) and (1.10) for
A e {-3,~4,-7,-8,-11,-15,-20} now follows from case (#2) of (0.18) and
(1.9). The value of the class number follows from the exact sequence (2.7).
Also the 'if' part of case (F) of (0.19) and (1.10) now follows from case
(F) of (0.18) and (1.9). The value of h(A) in this case will be computed

in section (4.1).
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§(2.3) Restrictions on the class number

In this section we derive upper bounds for the class number of a ring
with a Euclidean ideal class. For number fields and S =5_ a trivial up-
per bound can be derived from (2.5). If [K:@] = n we find that h(0) =
h(K) < N(2) = 2% if 0 has a Euclidean ideal class. A better upper bound

is given by the following proposition.

PROPOSITION (2.9). Let S o S_ be a non-empty set of primes of the global

fZeld XK. Let A = Ag be the corresponding ring. Suppose that [cl <Zs

a Euclidean ideal class of A. Let P denote the set of prime powers # 1

that occur as the norm of an integral A -ideal. Then for every integral
A-ideal a # A we have [al = [c1" for some n € Z with

0<n<f##{qeP:qc<Nal. Moreover

h(a) < #{q e P : q < N(a) for all a € A with N(a) > 1}.

PROOF. For the first assertion we use induction on Na. First suppose that
Na 1is a prime power. This includes the initial step. By (2.1) there ex-—
ists an integral ideal b with [al = [bc] and Wb < Na. By induction we
have [b] = [c]® for some n with 0 <n < #{qe P : q < Nb}. Notice that

we must include n = 0 for the case that b = A. Since Na is a prime

n+]

power we have n+1 < #{qe P : q < Na}, and [al = [c] , which proves

the first assertion in this case.
If Na is not a prime power it is not a prime ideal. Hence there
exists a decomposition a = a, «a, in integral ideals with Na, < Na.

s
By induction we have [ai] = [e]1 for some n, € Z with

# .
0 < n, < {qgeP:qcx Nai}'

nl+n2
This shows that [al] = [c] . We will prove that n, + n, <

5 <
< #{qe P: q < Na}.
Let p be a prime number and let Ei be the set of p-—powers in

P that are < Nai’ for i = 1,2, The contribution of p - powers to o,
is exactly #Ei' Let 95 be the largest element of E2’ Every p - power

of the form ¢, with q € Ez, or of the form 94> with q € E is less

]’
than Na, and all these p-powers, which are in P, are different. So

the contribution of p=-powers to #{q ¢ P : q £ Na} 1is at least
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#E1-+#E2, which proves the first assertion.
The second assertion follows by taking for a an integral ideal oA

such that o € A is of least morm > 1. O

COROLLARY (2.10). Let K be a function field over Eﬁ . Suppose that the

subring A = A_, has a Buclidean ideal class, then

S

log N(a)

Tog q :ae A with N(a) > 117}.

h(A) € min {

PROOF. Every element of P is a q-power. [

In section (4.1) we find that we have equality in (2.10) in the case
that g(K) = 0. »

Now suppose that K/KO is a Galois extension with group G. We call
a set of primes of K G-<invariant if for all o ¢ G we have S =
= {op: p e S}. Analogously we call a prime p of K G-<Znvariant if for

all o € G we have op = p.

PROPOSITION (2.11). Suppose that K/U <s a Galois extension with group G.

Let S >5S_ be a G-invariant set of primes of K. If A= AS has a
Buclidean ideal class [el then h(A) divides n = [K:Ql.

PROOF. TFrom the definition (1.8) we derive that under G- action the
Fuclidean ideals are permuted. So the action of G on the class group is

trivial by (2.3) and (2.4). So

[e1™ = 1 [oel = [Ne-Al=[Al,
geG

ie. n@)|n. O

As an example we will compute an upper bound for the class numbers of
subrings of quadratic number fields with a Euclidean ideal class. This bound

is best possible.

PROPOSITION (2.12). ZLet K be a quadratic number field and let S > S
be a set of primes of K. If A=A, has a Euclidean ideal class we have

S
h(a) < 2.

PROOF. Let q be the smallest prime power such that there exists an ideal
ae A with Na=q (if q does not exist then S consists of all primes

of K, i.e. A=K and h(A) = 1). Since a is an ideal of minimal norm,
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the Euclidean ideal class must be equal to [al. Let p be the prime
number dividing ¢, them ¢=p or q-= pz. If N(pA) = ¢ we must have
pA=a, so a 1is principal, and h(A) = 1. In the other case we must have

Na

p and N(pA) = pz. Then pA = a-a' for some ideal a' of norm p.
By the minimality of Na and by (2.3) we have [al = [a']l. Hence [pAl =
[a]z, which shows that h(A)]Z. 0

Another proof can be given using (2.11) as follows. Let o be the

non-trivial automorphism of K. Take S' =5 u olS], then A' = A has

'
a Euclidean ideal class by (2.8) and h(A')]Z by (2.11). The propgsition
is proven when we show that the map ¢ in (2.7) is an isomorphism. The
kernel of @ is generated by the ideal classes of primes p e S'-8. If
peS'-S8, then op € S, which shows that p = Np-+A, i.e. p 1is prin-

cipal in A. Hence ¢ is an isomorphism. [

LEMMA (2.13). Suppose that [K:@]l =2 and S =35_u {p} for some non-
archimedean p.

If A 1 mod 8 and Np = 2 we have h(A) = 1.

If A= 5mod 24 and Np # 4 we have h(4) = 1.

If A& = 13, 21 mod 24 and Np =3 we have h(A) = 1.

PROOF. In all cases the integral ideal of minimal norm > 1 is generated

by 2 or 3 and thus it is primnecipal. 0O

For fields of degrees 3 and 4 we can use similar arguments as in
(2.12) to get upper bounds for the class numbers. However in these cases
the bound depends on the size of S. 1In section (10.1) we get h(A) < 4
in the case (#3) and h(A) £ 6 1in the case (#4). These bounds are
derived by similar means as the first proof of (2.12). Notice that from
(2.9) with o = 2 we derive h < 6 1in case (#3) and h < 10 1in case

(#4) which is worse than the bounds given above.
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CHAPTER 3 TOOLS FROM TOPOLOGICAL ALGEBRA AND THE GEOMETRY OF NUMBERS

In this chapter we state several results from topological algebra and
the geometry of numbers that are needed in the rest of this thesis. Most of
these results are not new and we often refer to standard texts for the

proofs.

§(3.1) Ideals in subrings of imaginary quadratic fields

In this section we deal with the connection between the ideal classes
of the ring of integers of an imaginary quadratic field, and equivalence
classes of positive definite binary quadratic forms, cf. [BS] Kap.II §7.
With the use of the map ¢, as given by (2.7), this also leads to a de-
scription of the ideal classes of all subrings AS of imaginary quadratic
fields.

Let K = Q(YA) be an imaginary quadratic field and let & be an
0(K) ~ideal. Throughout this section we imagine K to be embedded in its

completion at infinity &. The norm on K with respect to O(K) then

e

equals > Lhe square of the usual absolute value on L. The ideal a
is as an additive group free of rank 2 over Z. Let {a,B8} be a Z-ba-
sis of da. Then N(xo+yB) = (ax2-+bxy-+cy2)Na for x,y € @, where a,
b, ¢ are integers determined by N(a) = aNa, N(B) = cNa and

2a * Re(a/B) = b. The quadratic form ax2~+bxy-+cy2 is positive definite
and its diseriminant b2-—4ac is equal to A, cf. [BS] Kap.II §7. We
will denote this form by the triple (a,b,c). For a different choice of
a,B we may get a different quadratic form. However for every ideal we
will make a choice such that the quadratic form is uniquely defined. First

we take o to be an element of minimal norm in a-{0}. Then we choose

B such that /o lies in the modular region, cf. fig. 3, i.e.
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fig. 3

Im(B/a) > 0

—% < Re(B/a) <

3

D~

Re(B/a) 2 0 if N(a) = N(B).

The third requirement may be established by replacing the pair

(a,B)

by (B,~a), when necessary. With this choice of a,B the quadratic form

satisfies

(3.1) -a<b

A
]
A
0

i.e. it is reduced, cf. [G1] §5171,172.
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LEMMA (3.2). Let K be an tmaginary quadratic field of discriminant A
and let 0 be its ring of integers. There is a bijection between the class
group C1(0) and the set of reduced quadratic forms of discriminant A.
This bijection is given by

b+ VA

[Z""Z T] e (a,b,c),

2
b —A
where c¢ equals vt

PROOF. cf. [BS] Kap.II §7 Satz 4; [L7] §§2,3. ]

Using (3.1) in combination with A = b2—4ac we find that a < /J-—AB—L. So
the class number h(0) can be calculated by considering the finitely many
possibilities ]b] < acs /J%L. Iﬁ the 19th century this was already done
for several values of A, cf. [G1] §303; (cCal.

The group structure on C1(0) can also be described in terms of
quadratic forms, cf. [Sh;L7]. Below we often use the quadratic forms for
a description of the class group. In particular we will use this descrip-
tion to determine for every (-ideal a and every o € K the minimum of
N(y) for Yy € a+a and those vy for which this minimum is attained. For
this we define the covering radius p(a) of the ideal a to be equal to

_acce+(a-|b]+e)
(3.3) p(a) = IA[

if a corresponds to the reduced form (a,b,c). The following theorem
expresses that p(a) measures the minimal radius of discs with centres at

a that cover .

THEOREM (3.4). (Dirichlet 'hexagon lemma', cf. [D2] §3,4; [C2] ch.IX
thm.VII, p.234.) Let K be an imaginary quadratic field of discriminant
A and let a be an 0(K) -ideal. Then for every & e U there exists
a e a such that ]g—a]m < p{a)Na. The inequality is best possible and
there exist elements & of K for which the equality sign is needed.
Pinally the Zdeal a s Euclidean if and only if p(a) < 1.

PROOF. Let (a,b,c) be the reduced quadratic form corresponding to a.

Let {a B} be a basis of a such that N(a) = a+Na, N(B) = c+Na and
b+ VA

2a
b 2 0. Let n be the centre of the circle through 0, ¢ and B, 1i.e.

o . When necessary we reflect the plane in the line Ro to get
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n

\‘/

\

fig. &

_ 2¢c -

= (% + _QTA—IE/A)O"

which is an element of K. Let H be the closed hexagon (or rectangle in

a degenerate case) with vertices n, B-n, —a+n, -n, -B+n and a-n,

cf. fig. 4.

x|, =
Take

Yy is in H.

€

It is equal to the set of those elements x ¢ & such that

x-—y]°° for all vy e a.

e T. Let y e £+a be such that ’Ylm is minimal. Then

Because [n[°° = !B-—n]w = [a-—nlw = p(a)Na we see that

|y|oo < p(a)Na. Also we see that equality is attained at points of #n+a,

which are all in K. This shows that a is Euclidean if and only if

p(a) < 1.

0
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§(3,2) Different, discriminant and genus

As we remarked in section (0.2) the discriminant of an algebraic number
field is an important invariant of the field. For function fields the in-
variant which plays the same role is the genus of the field. In this sec—
tion we define these invariants. First we have to define differents.

Let LPIKP be 33 extension of non-archimedean local fields with val-
uvation rings OP and OP (cf. section (1.1)) and let Tr: LP - KP be

the trace function. The set
a={a € Lp : Tr(aOP) c Op}

is a fractional 5P-idea1. The velative (locall) different D(LP/Kp) is
defined as the inverse of this ideal: D(LP/Kp) = a_l, which is an integral
ideal.

Let K be a number field and let p be a non—archimedean prime of
K. Let p be the prime number such that p|p. The different D(Kp) is
defined as the local different D(Kp/mp). Let § > 8_ be a set of primes
of K and let A = AS be the corresponding subring of K. If p ¢ S we
define the local different of A with respect to p as the ideal Dp = pn,
where n 1is defined by D(Kp> = Zn. Because DP = A for all but finitely
many p ¢ S (cf. [Iy] ch.IIT §6.4, p.240) we may defire the different of

A by

3.5  D@y= T D .
pis P

If s=5_, i.e. A= 0, the ideal D(A)_1 consists of those ele-
ments o € K such that Tr(a0) ¢ Z, where Tr : K> @ is the trace map,
cf. [Iy] Ap.1 §2.1.

The discriminant A(K) is defined to be the integer (—I)SN(U(O)),
where s 1is equal to the number of complex archimedean primes of K. The
sign (—1)S accounts for the archimedean primes, for which the different
is not defined. It can be shown that A(K) = (det(oi(aj))z,j=1)2, where
{aj}?=1 is a basis of (0 over Z and where o, rums over all embeddings
K~ €, cf. [Iy] Ap.1 §8§2.2,2.3.

Now suppose that K 1is a function field over Eﬁ . Choose t € K
such that K/Eq(t) is a finite separable extension. For each prime p

of K we choose a prime element t of 5 . Then K _ = T n ((t the
2 p o o q (( p)),
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field of formal Laurent series in tp over Fqn, with n = deg(p), cf.

[Tyl ch.IT §4.4 thm.4.9. Define

. . dt -1y .
(3.6) Dt ={x eK:xc¢€ (dt ) OP foriall p}.

This is the '"linear system of a differemntial divisor' of K. It is a
finite dimensional vector space over Eq. The dimension of Dt over T

is called the genus g(K) of K:
(3.7) #, = RO

This dimension is independent of the choice of t, cf. (4.1) or [Iy] ch.III
§6.4 pp.240, 243.

§(3.3) Local duality

In this section we investigate the structure of a local field K _ as
a topological group. The following possibilities occur for the field Kp’
cf. [Iy] ch.IT §§3.1, 5.4, 5.5:

(3.8)

(a) if Kp is archimedean, then Kp ~ R or Kp =~ L.

(b) If X is non—archimedean of characteristic 0, then Kp is

a finite extension of the field Qp, for some prime number p.

() If K _ is non—archimedean of positive characteristic, . then
its valuation ring 5% is equal to IFq[[t]], the ring of formal Eower
series over some finite field T . Here t is a prime element of Op' The
field Kp is its quotient field Eﬁ ((t)), the field of formal Laurent

series in t over T

As an additive topological group the field Kp is locally comﬁact.
Its dual in the sense of Pontrjagin is isomorphic to Kp itself, cf. Tate's
thesis [CF] ch.XV; see also [Iy] ch.III thm.3.2. Such an isomorphism is
not canonical, but we make a fixed choice by defining a non—degenerate
inner product < , >P: Kp x K -+ R/Z. Each element a e Kp then corre-
sponds to the character <a,->p: Kp-+iR/Z. The inner product < , > is

P

defined as follows:
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(3.9)

(a) Suppose- that K)O is archimedean of characteristic 0. Let
Tr: K}O + R be the trace map, i.e. if XK = TR then Tr = id and if
K =1 then Tr(z) = 2Re(z). We define the inner product by

<X,Y>p = (-Tr(xy) mod Z) ¢ R/Z .

(b) Suppose K}O is a finite extension of (Qp. Let Tr: K)O > (Qp

be the trace map. The composition of the natural maps
~ 1
— 0 /22— Z[=1/Z “— R/Z
QP mP p P /
will be denoted by A. We define the inner product by

<X’y>}0 = Ao Tr(xy).

(c) Suppose Kp = ]Fq ((tp)),‘ where ¢q 1s a power of the prime

number p. Let Tr: ¥ _ -~ TF be the trace map and let res _: K - F
q P p P q

be the residue map, which sends every element of Kp to its coefficient
at t;. We embed ]Fp in R/Z by A(amodp) = % € R/Z for each

(amod p) € IFP . We define an inner product by

<x,y> = AeTrores (x
’yp p(Y)

In (3.9)(c) the inner product depends on the choice of t)O'

As a topological group, each local field has a Haar measure, which is
defined up to a multiplicative constant. Let G be a locally compact
group with Haar measure p and dual group: G. The duality between G and
¢ will be denoted by an inner product < , >: G X G > R/Z, where we
have <x,®> = ®(x) for all x € G and all characters ®: G = R/Z in
G. For each C-valued f ¢ L](G) the Fourier transform f on G is

defined by

(3.10) 2(®) = | £(x) exp(2ri<x,®>) du, for % ¢ G.
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The dual measure fi of u on G is the unique Haar measure on G  such

that for each T -~valued f ¢ LI(G) for which £ e Ll(é) we have
(3.11) £(x) = | £(®) exp(-2mi<x,®>)dfl,

ef. [Iy] ch.IIT §1.3.

Multiplying u by a constant corresponds to dividing {I by the same con-
stant, i.e. (cu)* = é_lﬁ. Hence for each 1ocal field Kp there is a
unique Haar measure 1y _ that is self dual with respect to the inner product
<, >P' It can be shown, cf. [Iy] ch.III §3.2, that up is fixed by the

following properties.
(3.12)

(a) If K = R, then up is the Haar measure for which
up([O,l]) = 1.
If K =1 , then up is the Haar measure for which

P
up({x+i'yem: 0O<x<l, 0<y<1}) = 2.

(b) If Kp is non~archimedean of characteristic 0, then u is
~ ~1
the Haar measure for which up(Op) = N(D(Kp)) %, where D(Kp) is the

local different.

(c) If Kp = IFq((tp)), then up is the Haar measure for which
0)=1.
up( p) _

§(3.4) Global duality

Let S be a non—empty set of primes of K. We denote by KS the

restricted direct product of the Kp’ for p e S, with respect to the
open sets 6P’ cf. [Iy]l ch.III §4.1:

3.13 K.={xe T K : x_ e 0 for all but finitel
(3.13) s pes P p € % y

many P € S-S},

where we denote the Kp-—coordinate of x by Xp' Notice that for finite

S we have KS=pgS K}O‘ v
By giving a system of neighbourhoods of 0 we give KS the structure

of a topological group. A typical member of this system is gs U

P P’
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where Up is a neighbourhood of 0 in Kp’ and Up = 5p for all but

finitely many p € S. If S consists of all primes of K we have.
KS = AK’ the adéle ring of K, cf. [Iyl ch.III §4.3.

We embed K into KS along the diagonal. The strong approximation

theorem ([CF] ch.II §15) shows that the image of K is dense in KS when-
ever S 1is not the set of all primes of K. By continuity we may extend

the norm on K with respect to AS to KS if S 1is finite. It is given

by

Nx) = 1 [x
pes P

!

P

The dual of KS in the sense of Pontrjagin is isomorphic to KS it-

self. As in the previous section we may fix the isomorphism by giving a

non-degenerate inner product < , > on KS. This inner product is defined

as follows, cf. [Iy] ch.IIT §4.2:

(3.14) <K, ¥, = ) <K _Ly,> .
S pes PP P
This definition makes sense because <Xp’yp>p = 0 for all but finitely many

p € S. The self-dual Haar measure with respect to this inner product is
given by ‘

= N

(3.15) W,.
pesS P

g

§(3.5) Lattices

Let S8 » S be a non-empty set of primes of K. In the next section

we will show that the embedding of X into KS turns every AS-—ideal

into a lattice of K Here we call a subgroup T of a locally compact

g
abelian group G a lattice if it satisfies the following conditions:

T' is discrete in Gj
(3.16)

T is cocompact in G, i.e. G/T 1is compact.

Let G denote the dual group of G, and suppose that u and {i
are dual Haar measures on G and G respectively.

For a lattice T of G we define the polar lattice I as the
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~

annihilator of T in G, i.e.

(3.17) rt = {x ¢ G : <x,y> =0 for all 'y ¢ ¢}.

For each x € G/T and each v « It the value of <x,y> does not
depend on the choice of x ¢ Xx. So we may write <x,y> = <x,y> for
x € x € G/T. In fact this induces an isomorphism between the Pontrjagin

dual of T and G/T . Because I'"' ~T we find that the polar lattice

Fl of T 1is indeed a lattice.

The group G/T has a unique Haar measure y corresponding to u.
It is characterized by ﬁ(E) = u(B) for every measurable set B of G,
which maps injectively onto B < G/T. The determinant v(I) of a lattice

T' 1is given by
(3.18) v(r) = u(G/T),

which is defined because G/T is compact. The determinant depends on the

choice of u.

LEMMA (3.19). Let T be a lattice of G, and let T be its dual. If
v(I) and v(IY) are defined with respect to a pair of dual measures we
have v(r)v(rl) =1,

PROOF. For the proof we introduce several measures. These are:

The counting measure Hp on T and its dual measure ﬁr

on é/rl;

. L . ~
the counting measure u_,1 on T and its dual measure url

T
on G/T.

The measure U 1s equal to the product measure Hp * M, i.e. for a measur-

able f on G we have

[ fdau= [( I<Edur)dﬁ.
G G/T xT

By considering the Fourier transform of a constant function on G/T we find
that ﬁrL(G/F) = 1, hence ﬁrL = \)(I’)_1 ¥ and up -ﬁri = v(T)_] ¥ .. Ana-
1

logously we have url -ﬁr = v(Fl)— fi.. Since Hp -ﬁrl is dual to

ppl » i, cf. [Iy] ch.TII §(1.3), p.187, we find that v(Dv(r') = 1. D




43

§(3.6) 1Ideals as lattices

In this section we study a special kind of lattice in KS, i.e. the
AS-ideals, where S > S_ 1is a non-empty set of primes of K.

LEMMA (3.20). Any AS-—ideaZ a becomes a lattice in Kg via the embed-

ding a < K cK

g
PROOF. It suffices to consider the case that a = A = AS’ because for

. *
arbitrary a there exists o> Oy € K such that a]A cac azA. Let T

be a finite non-empty subset of S, containing S_. The set
U= {xeX, : Ix]p <1 if peT, lxlp 1 if pe S-T}

is an open subset of K By (1.5) we have 1 < N(x) = for any

s’ pos IXIp
x € A with x # 0. Hence U n A = {0}, which proves the discreteness of A.
Now we prove the compactness of KS/A. Consider the surjection

©: AK/K - KS/A, given as follows. Let o be an element of AK/K. By
the strong approximation theorem ([CF] ch.II §15) there exists

| <1 for ¢ S. Ve define o(a) = (o) mod A.
p'p P )= Cpes
This does not depend on the choice of o. The map ¢ is continuous and

o = (ocp)p € o with Iq

surjective. Since AK/K is compact, cf. [CF] ch.II §14; [W] §5-2, we
derive that KS/A is compact. 1

In section (3.4) we have seen that K is self-dual with inner prod—

S
uct <, >q. Hence the polar of a lattice in KS is again a lattice in
KS. Below we determine the polar of A = AS and its determinant with re-

spect to the measure Hgs cf. (3.15). From the definition of the norm and
(3.19) we derive that for every A~ideal a and every a ¢ K; we have
v(a) = v(A) * Na ;

1 ~1

(3.21) viah) = v@a) " ewval

v(aa) = v(a) = N(a) .

il

THEOREM (3.22). The polar lattice A and the determinant v(A) of the
ring A are given as follows:

(a) If X <s a number field then At = DAY ' and v(a) = N(D(A))%.
(b) Suppose that K 1is a function field of genus g over Eq; Let

1
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t € K be such that K is a finite separable extension of Fq(t).

. = * L = .
Write dt (dtp)pes € KS. Then - A dt Dt(A)’ where

Dt(A) =»{x eK:VpésS: xe (%%b)'lﬁp} and v(A) = qg_l.

PROOF. (a) Suppose that K is a number field. From (3.9)(b) and (3.5)

we derive that
D(A)"1 ={xeR: Vp¢é¢Ss, Vye bp : <x,y>p = 0}.

Let P be the set of all primes of K. The annihilator of K in
AK = AP’ with respect to < , >ps is K 1itself, cf. [Iy] ch.III §6.3
thm.6.2; §6.4 (10). Hence for any X € D(A)_] and v € A we have

<X’y>S = z <X,y> = - z <X’y>P = 0,
pes ¢S
which shows that D(A)_lkc A%. Since both A" and D(A)_1 are lattices
in KS we have f‘!AJ'/U(A)_1 < », This shows that AL c
Take x € Al, P¢dS and y e 5?. By the strong approximation
theorem ([CF] ch.II §15) there exists =z € A such that for all

q ¢ Su {p} we have <x,z>q = (0 and <X,y—z>p = 0. Then

0 = <X’Z>S = Z <X,2> = - Z <X’Z>q = -—<x’z>p = _<X’y>p’

Ge$s qé¢s

which shows that A D(A)—l, hence Al = D(A)—l. From (3.21) we derive

1L 1
that v(A) = N@AD? = N(D(A)) 2.
(b) .Suppose that K 1is a function field of genus g over Eﬁ . Let P

n

be the set of all primes of K. The annihilator of K in AK = AP’ with

respect to < , > is ( *K, cf. [Iy] ch.III §6.,3 thm.6.2; §6.4 (12).

P dt
P P

From the definitions of A' and dt we derive that

EX
AT = dt-{x e Kg z <X,y dt p =0 for all y e Al.

A computation as in part (a) gives

A= dt-{xeK: Ypés, Vyed x,y &5 < o).
o dtp P
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Hence

pg
1]

dt{xeX: Vpé¢sS, Vye szop : <X,y>p = 0} =

dt =13 | _ o
dt+{xeK: VpéSs, xc¢ (EE') Op} = dt Dt(A).

From (3.21) we derive that

1 -l 1 1 —
v(d) = N@D T NO ()T = T g% 2 jz 2 o o871,
pes “Fp P pds P

cf. [Iy] ch.ITI §6.4 (13),(21); ch.IT §8, p.174. [

§(3.7) Lattice constants

In this section we generalize some theorems from the geometry of num-—
bers to our situation of lattices in KS. First we state an analogue to
the theorem of Blichfeldt ([C2] ch.III §2 thm.I, p.69).

LEMMA (3.23). Let T be a lattice of KS’ let U be a measurable set
in Ko and let =n e Z:>O. Suppose that uS(U) > nv(I). Then there exists
X € KS such that

#((x+T) nU) 2 n+1.

PROOF. Let «: KS - KS/F be the quotient map. Define the function f
on KS/P by

£GR) = #(@ () n U) for all X e R /T

Then f f d;s equals uS(U), where ES is the unique Haar measure on
KS/F with the property that us(w(B)) = uS(B) for all measurable 3B for
which WIB is injective, ec¢f. section (3.5). Because pS(U) > nu(T) = ‘
= uS(KS/T) there exists x € KS/F such that f(x) > n, i.e. f(x) 2 n+1,

which proves the lemma. [

For the rest of this section we only deal with the case that #S5 = 2,

and S > S . Suppose that 8§ = {p,q}. We consider sets of the form

(3.24) R(a,b) = {x € K ]xl < a, lxl < b}.

S : q
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LEMMA (3.25). Iet a,be R g

®: KS - KS/T is injective when restricted to R(a,b). Then

be such that the quotient map

g (R(A,B) 0 (T+R(a,)))  ug(R(a,b))
WG (R(A,B)) =T

lim inf
min(A,B)»w

PROOF. Even if K}o # T we have lx—y!p 2 (/Ix]p—/[ylp)z for all
X,y € Kp and an analogous inequality holds for K_ . Hence for A > a and
. B >b we have R(A,B) n (F+R(a,b)) o R(a,b) + (T n R((VA-Va)Z, (VB -vb)2)),

thus

(3.26) us(R(A,B) n (T +R(a,b))) =

%m@¢»-ﬂrnmm-ﬁﬁﬁm-%ﬁ».

Because KS/F is compact there exist AO’ Bye R such that wIR(AO,BO)

0 0
is surjective. Suppose that A > (/AO-+¢A)2 and B > (/BO-+¢5)2, then we
write A' = (/A-/AO-/A)Z and B' = (/B-—/BO-/b)z. Applying (3.23) with

U = R(A",B') we find that there exists X e KS such that

ug(R(A',B1)

#((x+T) n R(A'",B")) = STER)

Subtracting some x, € R(AO,BO) that is congruent to x mod I' we obtain

0
| ) ) ng(R(AT,B")
#(r n R(GWA-Va)",(V/B=-vb)7)) = N169)
Combining this with (3.26) we get
Hg(R(A,B) n (T+R(a,b)))  g(R(a,b))  ug(R(A',B")
ug (R(A,5)) 2T T (RG,E)

This proves the lemma since

ug(R(A",B'))

Lin TgREB)

min(A,B)->

Actually we have equality in (3.25) and we may replace 'lim inf' by 'lim'.

However, we will not need this.
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LEMMA (3.27). Suppose that Kp =L, If a,be Bi>0 are such that

ng(R(a,0)) > 55 v,

then there exists x,y ¢ R(a,b) with x-y e T.

PROOF. Suppose on the contrary that there do not exist such x,y € R(a,b).
Then we may apply (3.25) for R(a,b). For each B8 ¢ Kq the set

UB ={ael: (a,B) €' +R(a,b)}

is a disjoint union of discs of radius va in E. By using [Le] ch.3 §22

prop.3 and thm.6 we find that there exists a function f: R_, + R

>0 0
with 1im f(A) = 0 such that
Ao
W {xeu,: |x| =<aAbD
p B P _n
77 < 33t EW)
This shows that
Hg(R(A,B) n (T +R(a,b)))
1i =
min(A,8)- ug(R(4,B))
. | up({x € Uy : Ix[ < AD
lim sup dp <
X 27A - K < B
nin(A,B)-e IY|q<B ™ uq({se ¢ lqu B e
1i Gz + £(8)) = =5
oo sup 23 T 3
min(A,B)-w
. . T
With (3.25) this shows that uS(R(a,b)) < §7§—v(r). |
For each of the possible choices of S, with § o S,s we define a
constant CS by
(3.28) (F) CS =1 if K 1is a function field;
1
(#1) CS = N(D(Kq))2 if Kp ~ R and Kq is non-
archimedean;

#2%) Cg =1 if K, ™ K, = R;

I
;%—N(D(Kq))z if X, ~C and K is non-

It

(#27) ¢

archimedean;
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(#3) C = 73 if K =R and qum;

(#4) Cq = =73 if K =K =~ .

S

b e IK*I are such that ab > Csv(r) then there exists o e T, a # 0

with ]a]p < a and ]a]q <b. If p or q is archimedean it suffices

PROPOSITION. (3.29). Let T be a lattice in K,. If a e IK;;[p and

to assume that ab = CS v(T).

PROOF. First suppose that ab > CS v(I'). Define aO’bO € B{>O by

=1 i o~ . =1 i o :
a, za %f Kp R b0 3b %f Kq R
ag = 1a if Kp ~T ; b0 = 1b if Kq ~F ;
ay = a if Kp is non-archimedean;
b0 =b if Kq is non—archimedean. .

Then for each pair x,y € R(ao,bo) we have x-y € R(a,b). Using (3.12)

() uS(R(aO,bO)) = ab if K 4is a function field;

(#1) uS(R(aO,bO)) = N(D(Kq)) éab if Kp =~ R and

Kq is non-archimedean;

#24) ug(R(ag,bp)) = ab if K =K = R;

ab if Kp ~ L and

l—

P
(#2) ug(R(ag,bp)) = AmN(O(K D)

K. 1is non-archimedean;

q
# =1 ; o~ o~ T
(#3) uS(R(aO,bO)) smab  if Kp R and Kq T;
2

# = 1 i o o2

(F4) uS(R(aO,bO)) im7ab  if Kp Kq t.
From (3.23), with n =1, and (3.27) we derive that there exist
X,y € R(aO,bO) such that x #y and x-y e¢ I'. Then x-y e T n R(a,b),
which proves the first assertion.

If Kp is archimedean it suffices that ab > CS v(I'). To prove this

we apply the previous result to a+e, for e > 0, and let € tend to

0, taking into account that T 1is discrete. i
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CHAPTER 4 FEUCLIDEAN IDEAL CLASSES FOR #S = 1

In this chapter we give the remainder of the proofs of (0.18) and
. (1.9). These theorems deal with the cases for which #S = 1. 1In section
(4.1) we deal with the case (F). Also we compute the class group of sub—
rings AS of Eﬁ(t) for arbitrary non-empty sets S of primes. 1In sec-—
tion (4.2) we treat case (#2) of (1.9). The proofs of (1.9) (¥#1), (#2)

were already given, see sections (0.1) and (0.2).

§(4.1) Function fields

Let K be a function field in one variable over IFq' Let S be a
non~empty set of primes of K. We do not always assume that #S = 1. We
show that A = AS has a Euclidean ideal class if the genus g(X) equals O.
After this we prove that under the assumption that A has a Euclidean ideal
class, with #S =1, we have g(K) = 0. Finally we compute the class
s if g(X) = 0.

First we give two characterizations of the genus.

group of A

LEMMA (4.1). Let K be a function field over ]Fq and let S be a non—
empty set of primes of K. Then

g(®) = dimp, (K/( T 4

+A)).
q pes P S

¥

PROOF. From (3.22)(b), (3.9)(c) and (3.6) we derive that the annihilator

of pgs Op + AS in K

with respect to < , >S is equal to

S’
T 0 ndt-Dt(A)=dt'Dt.
pesS

Because dt is a unit in KS we have

dim, (KS/( m OP+AS)) = dimp, (Dt) =g(®. 0O
q pes q
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COROLLARY (4.2). Let P  De the set of all primes of XK. For each set S

of primes of K for which both S and P-S are non—empty we have
g(K) = dim:F (K/(AS-+AP_S)).
q
PROOF. The composite map

K—> K, — K. /(T 0 +A4)
s 5 e P8

has kernel AS~+AP_S. The image of K 1is dense, and because

K. /(. 0 +A

s’ Yes Yp S) is finite the map is surjective. [J

LEMMA (4.3). Each function field XK over ]Fq which has genus equal to
0 <s isomorphic to Eq(t).

PROOF. See [AT] ch.5 thm.5; [Well ap.V lemma 1; [De] §39. O

THEOREM (4.4). Let K be a function field of genus 0 over Fq. Let
S be a non-empty set of primes of XK. Then Ag has a Euclidean ideal
elass.

PROOF. From lemma (4.3) we know that K = Eﬁ(t) for some t ¢ K. Using

(2.8) we may suppose that S consists of only one prime p. Replacing t
by t_l, if necessary, we may assume that p # ». The description of
A in (0.6) (b) shows that there exists an irreducible f € Eq[t], such

S
that

A, ={g-f"

S € Eﬁ(t) 1 g e Eq[t]; n e Zgo; deg(g) < deg(fn)}.

The norm function with respect to S is given by N(% £ = qnd, with
d = deg(p) = deg(f), if g,h e Fq[t] and f I gh. We show that the prime

ideal

g=o={g-f € Ag : deg(g) < deg(f™}
is Euclidean. Let gf—n be an element of X, with u,v ¢ Eﬁ[t] and
fJv. Because all residue classes mod £ in Eq[t] have representa-
tives of degree less than deg(fn), there exists g e F [t] with
deg(g) < deg(fn) and u = ngnodfn. Then gf_n € q and(l
N(%f’“—g-f"n) <l<gq=Ng. O
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Another proof can be given as follows. Denote by P the set of all
primes of K. We may suppose that P # S, since otherwise the theorem is
trivial. Applying (4.2), with g(K) = 0, we find that K = AS+AP—S'
Let the norm with respect to A_ be denoted by N . and the norm with

)

respect to AP—S by N'. Then for each x ¢ K" we have N(x) = N'(x)_1

by (1.3). From (4.3) we see that at least one of the rings AS or AP—S
has a prime ideal of norm ¢, e.g. .

First suppose that AS has a prime ideal p of norm q. Then
AS = IFq+ P, hence K = AP—S + ]Fq+ P = AP-S + p. Because for each
X € AP-S we have N(x) £ 1 < q =0Np we find that p 1is Euclidean.

Now suppose that AP—S has a prime ideal p of norm gq. Then
AP—S = ]Fq+ P, hence K = ]Fq+ P+ AS =p ilAS. Because for each x e p
we have N'(x) 2 N'"(p) = q, 1i.e.- N(x) < q < 1, we find that AS is a

Euclidean ring. 0O

THEOREM (4.5). Let K be a funetion field over IFq . Suppose that #S =
and that A = Ag has a Euclidean ideal class. Then the genus of K
equals 0.

PROOF. Let p be the prime in S and let @ # A be an integral ideal of
minimal norm. Then a is Euclidean by (2.3). Heunce A = da + AM=a+T
and the norm of a equals ¢q. This shows that the set of elements of K
of norm < Na is equal to O}O' Since @ 1is Euclidean this implies that

K = Op+a = OP+A. Because 0’0 = AP—S the theorem follows from (4.2). O

THEOREM (4.6). Let S be a non—empty set of primes of K = ]Fq(t) and
let. h = ged(deg(p) :+ p € S). There exists an isomorphism

§: Cl(AS) — Z/hZ,

given by 6([ql) = deg(q) modh, for prime ideals ¢q of AS. Moreover

6_1 (1modh) <Zs a Buclidean ideal class.

PROOF. By demanding deg(a «b) = deg(a) +deg(b) we may extend the degree

function to all AS —ideals and we have N(a) = qdeg(a)-

From the product
formula (1.3) we derive that deg(xAS) = Omodh for all x € K'. Hence
6 is a well defined homomorphism and &([al) = deg(a) mod h for any
AS-idea1 a.

If & S we have h =1 and AS o ]F‘q[t] , hence h(AS) =1,
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thus & is an isomorphism and all AS-—ideals are Euclidean.

If ¢ S then « may be regarded as an integral A - ideal of norm

S

q. Hence &([®]) = lmodh and & is surjective. From the description of
. n(p) )

(0.6)(b) we find that deg(pgS fp ) =—ZpeS n(p)deg(p), where

fp € Eq[t] is a generator of the Eq[t] -ideal p. For a suitable

choice of the n(p) we find that AS contains elements of norm qh.

Using the bound of (2.10) we find that h(AS) <h and & 'is an isomor-—

phism. The last assertion follows from (4.4) and (2.3). ]

REMARK (4.8). TFor (4.4) and (4.5) we do not really need that the field of
constants of K 1is finite. Analogous theorems can be given for function
fields with infinite constant fields: if S 1is a set of one prime of K
then As has a Euclidean ideal class if and only if K has genus 0 and

K has a prime of degree 1, cf. [S] prop.19.

This completes the proof of the (F) oparts of (0.18) and (1.9).
Also the "if' ~part of (0.19)(F) and (1.10)(F) and the assertions about

the class numbers are proven by (4.4) and (4.6).

§(4.2) Number fields

In this section we finish the proof of (1.9)(#2). 1In section (1.2)
we have already seen that the rings of integers of Q(v-15) and §(v-20)
have a Euclidean ideal class. )

Suppose that the ring of integers of the imaginary quadratic field
n(v/n) ﬁas a non-principal Euclidean ideal class. We have to show: that
A e {-15,-20}. From (2.12) we know that h(K) = 2.

Let a be a non-principal ideal of 0 = 0(K), corresponding to the
reduced quadratic form (a,b,c). Because a - is non-principal we know that
a is Euclidean and we have a #.1. By (3.4) we have ac(a-—[b]-Pc) < ]A] =
= 4ac-—b2. Because a-|b|+c > ¢ we have ac2 < 4ac, i.e. ¢ £ 3. Since
<3 aswell., If a=3 then c¢=3 and [|b] 23, but

a
then 9(6-—[b|) > 36 —b2, a contradiction; hence a = 2. If b =0 we

A

a < ¢ we have

get 2c(2+c) < 8¢, i.e. e < 2, which is impossible. If [b| =1 we
find ¢ =2 and A = ~15, Finally if |[b] = 2 we find c = 3, since
ged(a,b,c) = 1, and A = -20,

This finishes the proof of (1.9) (#2) and the determination of the

rings with a Euclidean ideal class in the case that #S = 1.
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CHAPTER 5 APPLICATION OF THE GEOMETRY OF NUMBERS

Let K be a global field and let S > S be a non—empty set of
primes of K. In the first section we translate the Euclidean condition
for an AS-—ideal in terms of the geometry of numbers. In the following
sections we assume that #S = 2 and we use the tools of chapter 3 to get

bounds on the discriminant or genus in the case that A, has a Euclidean

. S
ideal class. Finally in the last section we determine the rings in case

(#2+) with a Euclidean ideal class.

§(5.1) Translation of the Euclidean condition into the geometry of numbers

As in chapter 3 we regard K as a dense subset of KS = pgs Kp' For
t e ]R>O we define a subset Vt of KS by
(5.1) Vt = {x ¢ KS | lep < t}.
pes

From the definition of the norm (1.5) we derive that an AS-ideal a is

Euclidean if and only if K < a+ VNa'
For two different cases with #S = 2 a picture of Vt is given in

figures 5 and 6. In figure 5 we are in the case (#2+), where K = Q(/]B)

and t = The elements of AS = 0(K) = zZ[L(1+7V13)] are represented by

1
3 )
dots and Vt is the open region bounded by hyperbolas. Figure 6 depicts

the case (#1), where K=, S = {=,2} and t = 1. The ring AS =zli]
is represented by dots. The shaded regions are background and are not part

of the picture. In this case we have embedded QZ topologically into L

. o0 k oo 9.k . .
by sendln?I Zk=n ak2 to Zk=n ak(—BQ , Wwith a € {0,1}. The regions
Vt and —7~+Vt are given by their boundaries.
In general it is not a trivial problem to decide whether a dense sub-
set of KS, viz. K, is contained in the union of the sets u~+Vt for

o € d. We will illustrate this for the case that K = Q(/IB), §=8_ =
={p,q}, a=0 and t = %. A partial covering of a neighbourhood of 0

is depicted in figure 7. Here only the sets a‘+Vt for a e 0, with
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-3.6 < ap <.5.5 and -3 < aq < 5 are drawn. The black regions are not

yet covered. One can prove that for any finite union U of sets of the form
a-+Vt for o € 0 there are regions in this neighbourhood of 0 that are
contained in KS-U, cf. [BSD1]§9. This shows that there are also elements
of K, 1in this region, not contained in U. But in principle it remains
still possible that K ¢ 0'+Vt. In fact this is not the case, cf. [BSDI]

thm 7. Because KS/O is compact we surely do not have that K_ = O-PVt.

S
If K, = a:*Vt we certainly have that K c anFVt. It is not known

whether thesconverse holds. However we might conjecture that the converse
does hold indeed, analogously to a conjecture of Barnes and Swinnerton-—
Dyer [BSD2] p.313. 1In all situations where we found that KS # a;+vt we
were able to prove that K ¢ anPVt, cf. (6.7) and section (9.1).

In the case that #S = 2 we are able to prove a slightly weaker
property: If Kg # a+v, then K ¢ a+V . for all t' < t. The proof.of
this will be given in the next section. This solves the problem if we can

prove that Ks # an+Vt for some t > Na, because da is not Euclidean in

this case.

§(5.2) The theorem of Barnes and Swinnerton-Dyer

In this section we prove a proposition, which in the case (#2') is
due to Barnes and Swinnerton-Dyer, cf. [BSD2] thm.M. It is an important

tool in disproving.the existence of a Euclidean ideal class, when #S = 2,

PROPOSITION (5.2). Let K be a global field, let S > S_ be a set of 2
primes of K and let a be an AS-ideaZ. If te R,

0 s such that
Keca+V,, then for any t' > t we have Rg = a+V ..

PROOF. Suppose that S = {p,q}. Let T be a fundamental unit of AS

with IT]p > 1 and thus lqu = [Tl;l < 1. Because IT!P # 1 and
IT[q # 1, there exists c¢ ¢ R,, for which
(5.3) [Tm-—llp > ¢ and le-llq >c¢ for any me Z, m# 0.

Let B be the set

B=1{x¢ v, x| =0 and [x]| =<1, or |x| =0 and
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Ixgly

fig. 8

see fig. 8. We have Vt = U_+t"B. Because B is bounded its closure B

T
nezz

in KS is compact. Choose t' e R with t' > t, then §CVt,. By the

compactness of B there exists § ¢ 1R>0 ,» such that for all =z e KS we

have
(5.4) [z| <&, |z] <8§ = z+BcV

Choose x € KS. We show that x € a+Vt,. Consider the sequence

(Tnxmod a)nE in Ks/a. Because KS/a is compact there exist m,n ¢ Z

Z

with m>n and tx-t'x = zmodd for some z € K with !zlp<6-c

n . .
and ]z[ < §e+c. Because T X ¢ a+Vt, implies x € a+Vt, we may assume
that n = 0. Let Yy € d be the element such that ™k = x+y+z, We show
that x 1is very close to the element y ¢ K with 'rmy =y+y, 1l.e. to

y = y(rm- l)—l. In fact by (5.3) we have for 0 < k <m that




]Tkx-rkylp = !Tk(x—y)lp < ]Tm(x—y)]p = ]z(1~1:_m)_1]p < %? =3
aﬂd-

l'rkx—rkqu = !Tk(x—y)lq < Ix—qu = [z(Tm—l)_llq < -(—SEC— = 8.
Because y € K ¢ anPVt = rgZZTrB’ there exist ke Z and B ¢ B with

Tky = Bmoda. We may assume that 0 < k <m since Tmy = ymod a. Because

both Ith-Tky|p and [Tkx-rkqu are less than & we have by (5.4) that
Tkx-—Tky~+B € Vt" Since Tky-B € d we have T X € a:+Vt', Because T
is a unit also x € aant,. 0

COROLLARY (5.5). Suppose that #§ = 2. For an A, -ideal a we define

S
t(a) = inf{t ¢ R,: Kg= a+Vt}.
Then
(a) if t(a) < Na, then [al <Zs a Euclidean ideal class;
(b) Zf t(a) > Na then [al <Zs not a Euclidean ideal class.

PROOF. Part (a) follows directly from the definition of Euclidean ideal

class. Part (b) follows from (5.2), taking t = Na. 0

REMARK (5.6). If K 1is a function field over a finite field we may take
t' =t in (5.2): from the discreteness of the valuations in S we derive
that Vt = Vt—e for ¢ small enough. Then we can use (5.2) with t-¢
instead of t.

§(5.3) The construction of Cassels

In this section and the next we suppose that S consists of two primes
p and ¢. Let a be an ideal of A = AS' In this section we construct
an element x e Ks/a such that for every x ¢ K, with x € X we have

S
x ¢ Vt for some t only depending on K, S and Na. We want t to be
as large as possible because by (5.5) we know that da is mot Euclidean if
t > Na. This means that we want x to be far from & with respect to the

'distance function' N. We will achieve this by demanding that <§_(,y>s
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. . L .
(cf. section (3.5)) is near § for many y ¢ @, which seems a reasonable
. . 1 . L . .
choice since <a,a >, = 0. Using this idea we arrive at the construction

S
that Cassels used in the cases (#2+), (#3) and (#4), cf. [C1].

LEMMA (5.7). (cf. [Cl1], lemmas 4, 12, 16). Define Q =Nq <f ¢ <s non—

avchimedean and Q = 1 othemwise. Let k > 1 be in |K | and let a
be an A-ideal. Finally, let constant Cq be as defined in (8.28). Then
there exists a sequence (a_) in a such that
n‘ne
-1
(a) !unlp <k lan—llp for all ne Z;
L

(b) ]an'q[an—llp < CSka(a ) for all ne Z;
(c lim |o = lim |a = 0;

) lin ol n+_wl nlg
(@) lim lan’p = lim Ianlq = o,

n>—o >0

PROOF. Take any aé # 0 in a'. There exists a sequence (aé)n_> in
1 ' =1y ' 1
a -{0} such that Ian!p <k Iun—llp and Ianlq}an—llp < CgQkv(a™)  for

n > 0. This follows by induction on =n from (3.29) with a = k_llaé_llp

and b = sup{b’ ¢ ]Kq]q : ab' < CSQv(al)}. Let T be a fundamental unit
of A with Irlq <1< lrlp. Put t = CSQv(ai) and define as in (5.2):
"B ={x ¢ vt [xlp =0 and Ix[q <1, or lx[q =0 and
' lx| Il
< < <
[X[p_ I, or 1 _"—X—]—s_m's}.

k3 3 *
Then o' e U_1TB for ne Z hence there exists a unit n_ € A
n meZ n

>0 ?
such that aénn e Ena*. The latter set is finite, because B is bounded

i, . . . .
and @ is discrete. Hence there exist m,n ¢ ZZ>O with m > n for which

a'n. =a'n . For n<i<m we define a. =a!, for i >m we define
n'n m m i i i
inductively a. = a. n_ n and for i < n we define inductively
i. i-m+n'm n
L}

n;l. From the construction of the ai

ey %5 +m-n"m
la&‘p < Iaélp, hence lnmlp > !nnlp' This shows that the sequence

(dn)n€:Z satisfies (a), (b), (c) and (d). 0

we derive that
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For an element a ¢ R/Z we define:
(5.8) lla]] = min{|a] : a e a}.

In the next proposition we construct an element X € Ks/a such that
H<§,un>sll is large for all n ¢ Z . Afterwards we show that N(x) =
= [xlplx’q is large for all x e x.

For each k ¢ IKp]p with k > 1 we define £(k) by

(5.9)
(a) fk) = % if K 1is of characteristic p > 0
k' -1 . ; . n n -1
(b) £(k) = 5  with k' =min{p : [p [p <k }
if Kp is a finite extension of mp;
_ k-2 . _ .
(c) £ (k) = TRy if K)O = R
vk - 2

(d) f(k)=m if Kp-m.

PROPOSITION (5.10). Suppose that k e lelp, with k> 1. Let (a)
be a sequence in al such that (5.7) (a), (b), (c) and (d) hold. Then

there exists X e Ks/a such that

”<§,an>s[] 2 f(k) for all ne Z.

PROOF. Using the compactness of Ks/a we only have to construct for each
pair m,f € Z with m < £, an element X0 € KS/a such that

”<;m,ﬂ’an>sf[ > f(k) for all n with m<n < £, After renumbering we
may suppose that £ =0 and m < 0. Let Bn denote the p=-coordinate of

o . It suffices to find x ¢ K_ such that
n m P
(5.11) ”<Xm’8n>pl[ > £f(k), for msn <=0,

because then we may take Xm,[ = (xm,O)nmdcl.

(a) Suppose that K 1is of characteristic p > 0. Then Kp = Ba((tp))
for some power q of p. Here tp is a prime element of 0 . Let

p
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Tr: Eq - Fp be the trace map. Chdose £ € Fq such that Tr(g) # 0.
As in"(3.9)(c) let resp: K - Eﬁ_ be the map that sends every element of

P
Kp to its coefficient at t;l.
By induction on m € Zso» we construct a sequence (Xm)m:SO in Kp
such that

in
=1

IA
o

if m

It
wy

res (xmBn)

P

Then (5.11) is satisfied. For m = 0 we take Xq = E(Botp)_l. Now we

suppose that m < 0., Then we define

-1
X = € - resp(meBm))(Bmtp) XL

For n € Z we have

o -1,-1
resp(xmsn) = (£ -res (% B ))resp(BnBm tp ) + resp( B ).

pmHl Tm el

-1
If n=m we get resp(xmen) =¢&. If m<n <0 then [Ban [p <1 by

(men) = res (x B =¢&

—-14-1y =
(5.7)(a), hence resp(Ban tp ) 0 and res o 1 By

by induction. g
(b) Suppose that Kp is a finite extension of QP. Define k' as in
(5.9)(). Let « ¢ Kp be an element with IKIP = k.

The function "X o Tr: Kp~+IR/Z is continuous and non-zero. Hence
there exists a minimal integer 1 € Z such that A OTr(pl) = (0, TFor

teZ, we have A °Tr(Kpl) c Z -p_t/Z if and only if pthl < pl which

0
happens if and only if pt > k'. This shows that AoTr(kp') = Z - k' 1/Z.
Wlth‘ induction on m € ZSO we construct a sequence ‘(Xm)mSO in K

P
such that

(5.12) IreTrxp) - %H S if m<n<o.

Then (5.11) is satisfied. If m = 0 we choose Xg € Kp such that

XOBO € Kpl and
A OTr(XOBO) = if p 1is odd;

A OTr(XOBO) = = if p = 2.
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Then clearly (5.12) holds. Now suppose that m < 0. Then we choose
i
Vo € K)O such that ymﬁm € Kp and

]” < 1

l[xoTr(ys)+xoTr(x +18) S T

Bw) " 2

which is possible because A °TI‘(K}01) =77 k'—l/Z. We take x = x +y .
m m+1 m

Then for n ¢ Z we have

)\OTr(xmBn) = )\OTr(y B ) + )\OTr(x 1 B ).

n
i .
If n=m we have [Ao Tr(xmBn) - 5” < —2—112,— by construction. If m <n <0
1 i
we have [Bn[p < e Bm[p by (5.7)(a), so ymBn € po and A °Tr(ym6n) =

By induction this shows that (5.12) holds.
() Suppose that Kp = R . There exists X, € Kp such that XOBO =z

= jmod Z . With induction on m € Z,y we choose X € K}O = IR such that
xmBm = imod Z and [x B m+lelp < 1. Then for m < n < 0 we have
) 1
/ ” (XmBn_E) modZ“ = H(xm—xn)Bnmod ZH
n—1 ]n—l -1
< - < .- X, < = .
ool < L b lylaaly < 11 18,51,
ni i-n 1
W<,
J-m 2(k~1)

hence (5.11) is satisfied.

"t

(d) Suppose that Kp = . There exists X € K)o such that XOSO

= lmod (Z +iR). With induction om m ¢ Z, we choose x € K)o = T  such
. B 1
=1 1 - - .
that XmBm z lmod ({Z +1iR) and lxmBm Xm+18mI)O < e (Recall that p
is the square of the usual absolute value on &.) Notice that this is
possible since the lines }mod ({Z+ iR) are spaced 3} apart. Let
Tr: € -+ IR be the trace function. For m < n < 0 we have
1
” (Tr(xmBn _E) modZH = ”Tr((xm—xn)Bn) modZH
yro 41! 1t 1% G- 1
< zlxm'xnlplsnlpg'ﬁ Z IBnBJ IpS_Z' Z O
j=m Jj=m

hence (5.11) holds. ]
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The construction of x in the last proposition shows that x is a
limit of (gm)m:éo’ where gm is of the form (xm,O)-Pa. The element x
itself is not of the form (x,0) +a, as we will see below. In fact we will
prove that for any x ¢ X we have N(x) # 0, whereas N((xm,O)) = 0.
LEMMA (5.13).  Let (an)né z be a sequence in at such that (5.7) (a),
M), (c) and Q) hold and let % e Rg/a be such that H<§,an>sll > £(k)

for all ne Z. Then for all x ¢ X we have N(x) # O.

PROOF. Suppose on the contrary that N(x) = 0 for some x ¢ x. Then
x- =0 or x_ =0, If Xp = 0 we have %i3”<x:an>s = %ig;<x,un>q =0 by
(5.7)(c), a contradiction to our assumption on x. In a similar way we

derive a contradiction by supposing that Xq =0. 0O

Now we will improve upon (5.13) in the sense that we will give a posi-
tive lower bound on N(x) for x € X where % 1is as constructed in (5.10).

First we prove two lemmas.

LEMMA (5.14). Let wu, v, a and b be positive real numbers such that

u<a, v<a and uv £ b. then

b
u+v € a+-.
a

PROOF. We have 0 < (a-u)(a-v) = az— (u+v)a +uv < az— (u+v)a+b, so

b
u+v < a+5. ]

LEMMA (5.15). Let u, v, a and b be positive real numbers with b > 1.
Suppose that

b2 3 bg-+b 2

2 2+b) and uv2 < a(——".

u < ab”, v =< a(

Then

u+hz£a®2+b+w.

PROOF. By monotonicity we see that for fixed a and b the maximum of

u+ 2v %s attained at one of the points with u = abz, v = a(hglb
v =a E—étbd, u = a. In both points we have u+2v = a(b“+b+1). 0O
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PROPOSITION (5.16). Let 'k be an element of [Kplp with k> 1. Let

(ozn)nEz be a sequence in at such that (5.7) (a), (b), (c) and (d)

hold and let x « Ks/a be such that H<>—c,cxn>SH > f(k) for all ne Z.

Then for all x ¢ x we have

N(x) > g(K,p,k)Na
for the following values of g(K,p,k):
(F) g(&,p,k) = 3P &7

1f K Zs a function field of genus g, defined over ]Fq.

,
#2") g p,l0 = KE-D
4(k"-1)
if K = Q(/A) where A > 0 <is the discriminant of X.
- _ V3 Np,k'-1
(#2) g(K,p,k) = “ﬂ;’j;(~E7—9 /‘A]
if K = Q(/A), where

A < 0 <s the discriminant of K ;

p 18 a non-archimedean prime of X ;

k' =k <f p lies over a splitting prime in K/Q ;
k' = p" if p lies over an inert ora ramifying prime p in K/ with
2n 2n-1
k=p or k=p .

(#3) g(K,p,0) = 2 k() Vs

32 0 72, 1y 0372 - )3
of [R:@l = 3 d K =R, K =LC.
if qQ an P q

3 k@ -2
(#4) g(K,p,k) = gy5 ——7— YAK)

(k-1

f [K:@d =

4 and XK =K = T.
: P q

PROOF. From (5.13) we know that lxlp # 0 and lxlq # 0. This will be
used throughout the proof.

(F)  Suppose that K is a function field of genus g, defined over IFq
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.By (5.7)(c), (d) there exists =n ¢ Z such that °

Ia x]q <1 <‘]anxlq.

n-1

Then ]anx[q > Ng. Also <an_1,x>q =0 by (3.99(c). So (5.10) implies

that <o ’X>p # 0. In particular lan—lxlp > 1, so lan_lxlp z Np. We

n-1
then find that

A

NoNg < Ja_ x| |o x]

A

< CgNakv (@N (%) by (5.7) (b)

Ngkq 18 (way ™!

N(x).

The last equality follows from (3.28), (3.21) and (3.22)(b). Hence
N(x) = %?»qg_]Na.

(#27)  Suppose that K = Q(¥A) with discriminant A > 0. By (5.7)(c), (d)

there exists n € Z such that

1
o x|y = @EW@N? < Jax| .

n-1

Combining the second inequality with (5.7)(b) and (3.28) gives

| < m@kv@))t.

Ian_lx P

Multiplication of (5.7)(a) by (5.7)(b) gives

lop =l plagxl, < wGv@h.

x|, a= (NEkv@))?

Hence we may use (5.14) with u = [an_]x[p,
and b = N(x)v(al) to obtain

oozl # Lo pxl < ME@HNE) K+,

n-

SO
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i) = oy sogll? by (5.10)
2
< (lun_lep-+lan_lxlq)
< wEHNE) &2 +k 2 =
= @ ) NG (k32 by (3.21) and (3.22)(a)
and therefore
Kk(k=2) 2
N(x) = —— VA Na .
4(k" - 1)

(#2_) Suppose that K = Q(/A) wifh discriminant A < 0 and that Kp is
non-archimedean. Then Kq =T. By (5.7)(c), (d) there exists n € Z such
that

lanxlp < N(D(Kp))Np < Ian_lx!p

From the definition of the local different and (3.9)(b) we get <an,x>p = 0.

From the second inequality we get

lox] < CSka(aL)N(D(Kp))_le_lN(x) by (5.7) (b)
~1 -
- 7%-kv(al)N(D(Kp)) 2Np~ N (x) by (3.28)
! -1 -1 ~} -1 by (3.21) and
=73 k(Na) "N(D(A)) 2N(D(Kp)) Np "N(x) (3.22) (a)

It

7% k(Na)—]/{A] Np_]N(x)

The last equality by (3.5) and the definition of the discriminant. Thus

k'-1.2

IA

ll<a_x>g]1® by (5.10)

x>q;|2 < 4]a_x| by (3.9)(b)

n,

1

A

< 7‘% ka) " [a] N NGx) .
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This shows that

V3 k' -1y2

Np
NG) 2 37 3= 57 V|A| Na .
If p is the rational prime in p we have k' = min{p" : [p"] . < k—l}.
If p 1is splitting in K/@ we have [pn] = p_n, which shows that k' = k.
1f p is inert or ramifying in X/ we have [pn| = p—2n, which shows
n . 2n 2n~1 p

that k' =p if k=p or k=p
(#3) Suppose that [K:Q] = 3, with Kp = R and Kq = L. By (5.7) there

exists n € Z such that

1/3
o yxl, < (3 e2v@h ek +1khH 13 < o x|
Combining the second inequality with (5.7)(b) gives
L k2 1/3
|o _1x| < <§CSv(a )N(x)——~—~r—§> .
mhp (1+k%)
Multiplication of (5.7)(a) by (5.7)(b) gives
N .
]an—lx‘plun—lxlq < Csv(a IN(x) .
1
Hence we may use (5.15) with u = [un—lxlp’ v = [an_]xlé,
4C v(a IN(x) 1/3 1
( ) and b = k* to obtain
\ k(a2 K(1+k?)2
| val ¥ 4Cv (@ING)\1/3 .
o x| +2a__ x[® < (~————_—j____) (k+kZ+1),
n-1""'p n-1"'q k(l+k2)2
so
k-2 .3 3
(Z(k_])) < ”<an_1’X>S” by (5.10)
1
3.3
* (]an-lxlp+zlan—lxlz)
< 4CSv(aL)N(x)SEthL—§JJ——
k(l+k )
_ - 3 3
= 2o AT T e S DT
k(1 +k*%)

the last equality by (3.28), (3.21) and (3.22)(a). This shows that
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V3 k(k—2)3
N(x) = == AK)| Na .
32 (k1/2+1)(k3/2_])3

(#4) Suppose that [K:Q] = 4 and Kp = Kq = L. By (5.7)(c), (d) there

exists m € Z such that

’a lq < (CSV(aL)N(x)k)% < ]anx[q.

n-1%

Combining the second inequality with (5.7)(b) gives

lo

n~lxlp < (Csv(al)N(X)k)%.

Multiplication of (5.7)(a) by (5.7)(b) gives

1
lan_]xlplan_]xlq < Cou(a@)N(x) .
1 1 1
Hence we m?yluse (5.14) with u = ]an_lx];, v = [an_lx];, b = (Csv(a'L)N(x))2

and a = k*b? to get

l“n—lxl)%o“‘ l“n—lxlé < (Cs"(“l)N(X))%(khk—%),
thus
1
k-2 4 ”<0L x> “4 b
= —12 Yy (5.10)
(2(1(7—1)) n-1Ps
1 1
< 16(Ja_px|? + [an_1x|3>4

4

IA

L S|
16CSv(a IN(x) (k* +k *)

! 4

NGx) (k¥ + k64,

32 -1 -
=75 (Na) VA (K)
the last equality by (3.28), (3.21) and (3.22)(a). Therefore

4
N(x) 2 == =527 J/A(K) Na. 0O
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REMARK (5.17). The parts (#2'), (#3) and (¥4) of (5.16) were already

proven by Cassels [Cl], although he made an error in the estimate for case
(#4) (IC1] lemmas 16,19). This mistake led to a better bound on the dis-
criminant for quartic fields with a Euclidean ring of integers than we will

derive in (5.19).

REMARK (5.18). There is an asymmetry in the cases (#2—) and (#3). We
can also obtain a value of g(K,p,k) where Kp = €& for those cases. How-
ever the results derived in this way are worse than those found in (5.16).
This is possibly due to the fact that £(k) may not be best possible in

the case that Kp = L. However, we failed to sharpen it.

§(5.4) Bounds on the discriminant and the genus

In this section we use (5.16) to obtain bounds on the discriminant or

the genus in the case that AS has a Euclidean ideal class.

THEOREM (5.19). Let X be a global field and let s > S_ be a set of two

primes of K. If A = A, has a Euclidean ideal class we are in one of the

S
following cases

(F) K is a function field of genus 0 over a finite field;
(#1) K= Q;
(#2+) K = Q(/7) with discriminant 0 < A < 2577;

(#27) K

and p 18 the rational prime in p we have

Q(Va) with diseriminant 0 > A 2 -1364; moreover if S = {p,~}

#

256 , p |4,
[Al < =3 (5:79 3
(#3) [(K:@] =3 and 0 > A(K) > -170520;
(#4) [k:ql = 4

and 0 < A(K) < 230202117,

PROOF. If #S = 2 we are in one of the cases (F), (#1),'(#2+), (#27),
(#3) or (#4), cf. (0.17). We show that when K # @, i.e. when we are
not in case- (#1), the ring A must satisfy the given restrictions. In
all cases we use (5.10) to get for all k e ]K ‘ with k > 1 a residue
class x  of KS/a, such that every element x ¢ x has norm N(x) >

g(K,p,k) for some g(K,p,k) determined in (5.16). If a 1is Buclidean we
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use (5.5) to find that g(K,p,k) < 1. 1In case (F) we even have g(K,p,k) <1
by (5.6). .

(F) Suppose that K is a function field of genus g, defined over TF |,
then g(K,p,k) = %§~qg_l. Because g(K,p,k) < 1 we have g(K,p,k):Sq_lﬁ
qg—l -1

We choose k = Np to get <q , i.e. g=0.

(#2%y Suppose that K = Q(v/A) with A > 0, then

2
g&,p,k) = KEZ2D )

4(k>-1)2

Hence g(K,p,k) <1 1if and only if

L o lea-nt
-2t
The right~hand side has a minimum near k = 5,52, Substituting k = 5,52
gives A £ 2579.97. Because A = O,lmod4 we have A < 2577.
(#27) Suppose that K = Q(¥A), with A <0, and S = {p,»}, with p non-

archimedean. Let p be the rational prime in p. We have

A

Hence g(X,p,k) <1 1if and only if

o < 2 ¢ ‘

k2

k'
ﬁﬁ) (ij:qﬁ

1

We choose k = Np, then k' = p, and we get

[a] < 3?)_6 (2

N

3 <16 = 1365.33... ,

because EgT < 2. Since A = 0,lmod4 and A < 0O we even have IAI < 1364.

(#3) Suppose that [K:Q] = 3, then

/3 k(k-2)>
g(K,p,k) = 75 /TA(K)
32 72, 3T )3
Hence g(X,p,k) <1 if and only if
lay| < 19% &2+ n?ad?-1)°

3 kz(k-2)6

The right~hand side has a minimum near k = 7,46. Substituting k = 7.46
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gives |A(K)| = 170522.95. Since A = 0,1mod4 and A(K) < 0 we even
have |A(R)| < 170520.
(#4) Suppose that [K:Q] = 4, then

1

5 4

/3 k(k? - 2) /A )
512 (k_])4

]

g(K,p,k)

Hence g(K,p,k) <1 1if and only if

262144 (k=1)°

2

A(K) < 7 1
37 k" (k?-2)

8

The right-hand side has a minimum near k = (5.5223)2. Substituting k =
(5.5223)2 gives A(K) < 230202118.0... . Because A(K) = 0,1mod4 we
even have A(K) < 230202117. (O

The latter theorem proves the cases (F), (#3), (#4) of (0.19) and
(1.10), except for the assertions about the class numbers. In case (F)
the value of the class number follows from (4.6). For the cases (#3) and

(#4) the bounds on the class numbers will be derived in section (10.1).

§(5.5) Real quadratic rings of integers with a Euclidean ideal class

In this section we finish the proofs for the case (#2+). Theorem
(0.19) (#2+) is already known, cf. section (0.6), so we only have to
deal with (1.10). From (2.12) we know that we only have to consider rings
with class number equal to 2. Instead of the bound on the discriminant of
(5.19) (#2+) we use a result of Ennola [EJ]. He got a result like (5.16)
(#2+) for a certain series (an)ne 7 in al where g(K,p,k) 1is re-
placed by Tgi}EVE V/A. Hence O(K) has a Fuclidean ideal class only if

the discriminant of K satisfies
(5.20) A< (16 +6/6)% = 942.30...

This is the bound that we use in this section. If we use the bound of
(5.19) (#2+) the method would also work but then we have to do a larger
amount of work.

First we prove the 'if' part.
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THEOREM (5.21). The rings of integers of @Q(/A), with A e {40,60,85}

have a non-principal Euclidean ideal class.

PROOF. In all cases we have h(K) = 2, cf. [1].

First suppose that A = 40, then O = Z[V10]. We prove that a =
= 7ZZ+*3 +‘Z(] +v10) is Euclidean. The norm of a is equal to 3. Let o
be an element of K. Then there exist x,y € @ such that lyt < i,

|3x+yl < % and o = 3x + (1+/10)y mod a. TFor the norm we get

NGx + (1+710)y) = | Bx+y) - 10y2] < max{|3x+y| 2, 1097} <

i.e. a is Euclidean .

Now suppose that A = 60, then ( = Z[V15]. The unit n = 4+ /15

is a fundamental unit of 0. We prove that a = Z +3 + Z - /15 is Eu~

clidean. The norm of a equals 3. Let o be an element of K. There-
| 1

exist x,y ¢ § with [x] < 3 and Iyl < 3 such that o = Bmoda, where

B = 3x +y/15. Since the norm of B does not depend on the sign of x and

y we may suppose that x 20 and y 2 0. If x 2 % we have N(B) =
2 2 9 81 I5 3
= - - e e = < =
[9x“ - 1597| = max{[*, o5 4} <3=Na. If y <3z wehave N(B) <
9 135 3 3
< max{z, —59—} < 3. DNow suppose that x < g5 and y > 5. Then we have
ng = u+v/15, with %Sv=3x+4y5%. If VSl;— or v21—78— we may

shift n8 by an element of a4 to 3x'+y'/i5 with |y'] S%, thus

N(n—1(3x' +y'/15)) < 3 and n_](3x' +y'/15) = amod a. In the remaining

17 18 1 2 225 2 324
case we have = < 3x + 4y < = thus 7 <X <3 and 79 < 9(x~-1)" < 55
3 1 15 2 _ 240 ; .
Because F<ys3 we have < < 15(y=1)" < %9 This gives

225 240 324 15

N(B- (34715)) < max{-52+20 22810

} < 3 and we may conclude that a
is Euclidean.
Finally suppose that A = 85, then 0 = Z[wl], with o =

The unit n = 4+w is a fundamental unit of 0. We prove that

= Z-+*3 + Z-+w 1is Euclidean. For each x,y €¢ @ we have
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[(3X+%y)2_§ 2 = 3%+ Txy - 3y | =

N3z + (3+wy) A

]

N(=3y + (3 +w)x).

Let o be an element of K. Suppose there exists B = 3x+ (3+w)y € a+a
such that [xl < % or Iyl < %. Then there exists such B with
% in the former case and I3x-+%y] <3 in the latter. Then

2
9 85 3,2 . .
N(B) < max{z s G (§) } < 3 =Na and we are done in this case. In the

[3y-—%xl <

remaining case there exists B = 3x+(3+w)y ¢ a+ a with % < Ix] < %
and % < ]y] < %. After applying the substitution (x,y) > (-y,x) sev-—
eral times if necessary we may suppose that x =0 and y 2 0. Then

nB = 3(x+3y) + (3x+8y)(3+w) with g <x+3y < %, in particular

Ix-+3y-—1| < %. Hence by the above computation there exists B' ¢ a+a

with N(B') < 3. O

Now we will prove the 'only if' part. First we derive some arith-
metical restrictions on the discriminant in the case that ( has a non-

principal Euclidean ideal class.

LEMMA (5.22). Suppose that the ring of integers 0 of the real quadratic
Ffield Q(YA) has a non-principal Euclidean ideal class. Then

(@) 0 has a non—principal integral ideal of norm 3;
(b) - If 6|A then 0 has a non-principal integral ideal of nmorm 5;

(¢ O has a non—principal integral ideal of morm 2, 5 or 7.

PROOF. For (a) we use (2.1) with « = 20. This shows the existence.of a
non-principal integral ideal b of odd norm < 4, thus Nb = 3. For (b)
observe that the integral ideal a of norm 6 must be principal, since
the ideals of norms 2 and 3 are not principal by (2.3) and part (a).
Again using (2.1) we obtain a non—-principal integral ideal of norm 5. For

part (c) we use (2.1) with a = 30. [0

Consulting a list of ideals of real quadratic fields, e.g. [I], we

find that only 29 rings satisfy
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(5.20), A ¢ {40,60,85}, hn(0) =2, (5.22)(a), (b), (c) and

the integral ideal of least norm is non~principal.

For all but one of them we can use the next lemma to disprove the existence
of a Euclidean ideal class.
We will use the norm function N as defined in (1.7). TFor an element

x-+y/[ of K we have N(X-Fy/h) = xz-—Ay2 and lN(x-*y/h)l = N(x-Fy/h).

LEMMA (5.23). Let a be an integral O0-<ideal which is a product of dis—
tinet prime ideals of 0 dividing b. Let b be an integral 0 -ideal
such that ab <is non-principal, and such that ged(Wa,Nb) = 1. Write
a=Na and b = Nb. Suppose that there exist n ¢ Z such that 0 <mn < a,
such that x2 Z nbmoda has a solution in Z and such that nb and

(n-a)b are not in the image of N: 0 — Z . Then 0 does not have a

Euclidean ideal class.

PROOF. Suppose on the contrary that 0 has a Euclidean ideal class. . Then
ab must be Euclidean. Choose x ¢ Z such that x2 = nbmoda. Since
ged(a,b) = | we may even suppose that x € bZ . Because ab is Euclidean
there exists a ¢ x+ab such that No = |Na| < ab. The conjugate of a

is equal to da, hence WNo € x>+ (anZ) =nb + aZ . Also o € b, which
implies b]Na, so- No ¢ nb+abZ . But only No = nb and Na = (n-a)b

satisfy |Na] < ab and WNa = nbmod ab, which gives a contradiction. [

in ﬁable 3 we give a list of the fields for which it is possible to
use (5.23) to disprove the existence of a Euclidean ideal class. The proof
that nb and (n-a)b are not norms can be given in all cases by showing
that they are not norms mod p3, where p 1is the least prime number di-
viding A.

It remains to prove that the ring of integers 0 of Q(¥265) does
not have a Euclidean ideal class. A fundamental unit of O is equal to
n = 6072 + 373v265, cf. [I]. The ideal a = Z 22 + zz%u +/265) is
non-principal of norm 22. It suffices to show that a is not Euclidean.
For this we show that there is mo o € 0, such that o = 10moda and
N(a) < 22. Let o0 be a principal ideal of norm less than 22. For any
generator B of ol we have B = 2amoda, since n = lmodd. An easy
check shows that no principal ideal of norm less than 22 has a generator
= #10mod a, cf. Table 4.

This finishes the proof of case (#2+) of (1.10).
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TABLE 3. Real quadratic fields with no non-principal Euclidean ideal

A a b n A a b. n
105 = 3-5-7 5 2 609 = 3+7.29 7 3 6
165 = 3+5-11 11 7 2 616 = 8+7-11 22 3 15
205 = 5-41 41 3 11 636 = 4-3+53 53 1 11
220 = 42511 5 3 2 645 = 395443 43 5 37
232 = 8+29 58 3 17 685 = 5137 137 1 7
280 = 8547 14 3 5 705 = 35447 47 1 14
285 = 3+5-19 19 5 1 744 = 8+3431 62 1 19
345 = 35923 23 1 8 745 = 5-149 149 2 b4
357 = 3-7-17 17 3 5 760 = 8+5+19 38 1 5
385 = 5+7-11 7 6 5 805 = 5+7-23 23 1 8
424 = 8-53 106 3 41 808 = 8101 202 3 41
460 = 42523 23 1 2 861 = 3:7441 41 7 11
465 = 3+5-31 31 3 6 865 = 5+173 173 1 43

565 = 5-113 113 1 30 885 = 395459 59 5 9

TABLE 4. Principal ideals of norm < 22 in Zlwl. with w = %(] +v265)

N generator generators mod a N generator generators mod a4
1 1 ' 1 10 7+w £7
4 2 £2 10 8- w +8
& 23+ 30 1 11 107 + 1w +3
4 26 - 3w +4 11 121 = l4w 11
6 8+uw +8 15 61 + 8w *+5
6 9-uw +9 15 69 - 8u +3
6 84+ 11w +4 16 4 4
6 95— 11w +7 16 46 + 6w £2
9 3 +3 16 52 - 6w +8
9 15+ 20 +7 16 1123 + 147w ]
9 17 - 2w 5 16 1270 - 147w 6
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CHAPTER 6 IMPROVEMENT OF THE DISCRIMINANT BOUND IN THE IMAGINARY
QUADRATIC CASE

Throughout the next four chapters we consider the imaginary quadratic
case (#27). We fix an imaginary quadratic field K and a set § = {w,p}
of primes of K. Here the archimedean prime of K 1is denoted by « and
p is a non-archimedean prime. Since K_= € the ring Kg, as defined by
(3.13), is equal to Kp x €,

We have to deal with two different norm functions. The first one is
the norm function N with respect to the ring of integers 0, which is
defined for O - ideals and for elements of K. For an element o of K
the norm N(a) is equal to its archimedean valuation ]u]m. Usually we
will write ]a!m instead of N(a). The other norm function is the norm
N with respect to A = AS. It is defined for A -ideals and elements of
K. For an element o of K we have N(a) = ]a]p]ulw, cf. (0.14), (0.15)
and (1.5).

To each (~ideal b there corresponds an unique A -ideal a = bA.
All A -ideals are.of this form. Two (O -ideals b and ¢ correspond to
the same A -ideal if and only if b = Qpn for some n e Z, cf. section
(2.2).

§(6.1) A translation of the theorem of Barnes and Swinnerton-Dyer

Let b be an 0 -ideal, and let a = bA be the corresponding A -
ideal. Define

(6.1) t(a) = inf{t e R, K, =a + Vt},

0’ “s
cf. (5.1). From the theorem of Barnes and Swinnerton —Dyer ((5.2) and
(5.5)) we know that in most cases, i.e. if t(a) # Na, the value of

t(a) determines whether @ is Euclidean. In this section we show how we
may use knowledge of the sequence of O -ideals bp", for ne Z, to

determine t{a). In the next two sections we determine lower bounds on
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t(a) in this way. If ‘@ 1is Euclidean this will lead to an upper bound on
the discriminant.
For each n ¢ Z the O0-ideal bpn is a lattice in (, cf. (3.20).

We have a natural surjection of compact groups (D/bpn > m/bpn_l.

LEMMA (6.2). Let b be an 0-~<ideal and let a = bA be the corresponding

A-ideal. There is a natural isomorphism

Ko /a e ng/bpn.

neZ
PROOF. Let m be the projection KS = Kp x L - Kp and let Ty be the
projection K, - L. When restricted to K these projections are injective

S
and equal to the natural embeddings of K into Kp and & respectively.

The inverse of Ty when restricted to ﬂi(K) will be denoted by 19 for
i=1,2.
The 0 -ideals will be regarded as lattices in T and the A -ideals

will be regarded as lattices in K cf. section (3.6).

S’

We may assume that ord (b) = 0. The union of all 12(bpn) is equal
to a and 11(n1(a) n ﬁn) = Iz(bpn). By the strong approximation theorem
([CFJ ch.II §15) nl(a) is a dense subset of Kp' Hence we have a natural

isomorphism

Kp/En'z (w](a) + PN /" = a/lz(bpn).

The embedding = a » € gives rise to an injection a/12(bpn) >

%
E/bpn and thus we have an injection

. ~n . n
f: KP =~ 1im Kp/p — lim T/bp .
neZ neZ
Let g be the natural map
. n
g: T —> lim &/bp".
neZZ
We combine these maps to get a map
h: K, — lim €&/bp"
P Kg m P
neZ

where h(x) = f(wl(x))—g(ﬂz(x)). Because the images of f and g are
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dense in lim E/bpn we find that the image of h is dense in lim E/b)on
neZ ) nez
as well. We show that the kernel of h is equal to a. First notice that
_ n .
for o € 4 we have f(ﬂl(a)) = g(nz(u)) = (nz(a) mod bp )neZZ' This shows
that a 1is contained in the kernel of h. Now suppose that x € KS is
such that h(x) = 0, 1i.e. f(nl(x)) = g(rz(x)). By the definition of f

there exists a sequence in a such that nl(xn) = ﬂl(x) mod Pn

(Xn)ngﬂ
and f(ﬂl(x))n= (ﬂz(xn) mod bp )neZZ' By assumption this is equal to
(m,y(x) mod bp™) .,

= ﬂz(x), then f(w](x—x')) = h(x~x"') = 0. By injectivity of £ this

hence Wz(x) € wz(a). Choose x' ¢ a with wz(x') =
shows that nl(x) = rl(x') and x = x' € a. Because KS/a is compact
and the image of h 1is dense we find that h 1is surjective and thus

. n
K/a =~ lim €/bp~. O

neZ.
For each t eﬁR>O and each 0-ideal ¢ we define a subset of :
(6.3) Wt(c) ={xel: I B e c such that [x-—Blw< tNe},

i.e. Wt(c) is the union of open discs in € with radii v/tNe  and
centres at C.

In most proofs we use (5.5) to decide whether a given A ~ideal is
Euclidean. The next proposition will be used to simplify this decision

for the present case (#2 ). For the definition of Vt see (5.1).

PROPOSITION (6.4). Let b be an 0-ideal and let a = bA be the corre—
2f and only if

sponding A-ideal. For t € R, we have K, =a +V,

_om n
such that € = 2o Wt(bp ).

Na

there exists m ¢ Z>O

PROOF. Since both conditions only depend on the O -ideal class of b we

may assume that ordp(b) = (0., For n e€ Z we define the open set

U =p th(bp) c prm—Ks

then a + U U =a+V

néZ n tNa®
First we prove the 'only if' part. Suppose that KS = a + VtNa =
= + = i
a ngzz Un' Then Ks/a ngZZ(Un mod 4). Because Ks/a is compact

m
there exist £,m ¢ Z such that Ks/a = ngﬂ (Un mod 4). After multiplying
by a suitable unit of A we may suppose that £ =20 and m = 0. Then

m
K,=a+ U
n:

m
S Un' In particular for each x € €& we have (0,x) € a + ngO Un'

0
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Hence there exist a€e a and ne Z with 0 <10 <m such that
(a;x+a) € U, i.e. a € bpn and x+o ¢ Wt(bpn). Thus x € Wt(bpn),
which proves the 'only if' part.

Now we prove the 'if' part. Suppose that T = nEO wt(bpn). Let
(x,y) be an element of K x T = KS. There exists a unit T of A such
that ITX[ < Np_m. By assumption there exist ne Z, with 0 <n <m,
and o ¢ bp” such that [ty -al_ < tN(bp™). Because both ]Tx]p < Np?

and lulp < Np ™ we have ]Tx-—u]b < Np™™. Hence

[ =l lGoy) - Tl = Jx-al lry-al, <

©

< Np ™tN(bp™) = tN(b) = tNa, i.e. (x,y) € a + v, 0

Na*

COROLLARY (6.5). t(a) = inf{t « R> Im e /A such that

0f 0 2 N
c=_Y, wt(bp Y. O

COROLLARY (6.6).
(a) Suppose that there exists ¢ eiR>

such that for all me Z_ we

0 0

m n . ,
have U # ngo w1+€(bp Y. Then a s not Buclidean.

(b) Suppose that there exists m ¢ ZZ

h th = U w, (bp™
0 sue tkat t = ngO wl( o).

Then a 18 Fuclidean.
PROOF. This is only a reformulation of (5.5). [

In certain circumstances we may improve upon (6.6)(a). In these cases
we may take € = 0 and we only have to decide whether the condition is

valid for a given value of m:

PROPOSITION (6.7). Let n be a unit of A, such that ‘”]p < 1. Let
h e EZ>
that

0 be such that n0 = ph. Suppose that there exists x e¢ L such

nx = x mod bph_l
and such that
bh-1 0
x ¢ ngo Wl(bp ).

Then a = bA <8 not Euclidean.
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PROOF. Clearly the condition only depends on the ideal class of b, so we
may assume that ord (b) = 0. ‘

There exists o € bph—] such that x = a(n-])—l, hence x € K. We
will show that N(x-B) = Na for all B ¢ a4, hence @ is not Euclidean.
Since bph_l c a and since n is a unit of A we have

nma = amod A for all me Z.

Np_h+] .

From |n-1] =1 we see that lep < Because x ¢ bph_l

this shows that x ¢ ¢. Let B8 be an element of d. There exists

m,n € Z with 0 < n < h such that
[n™(B-x)| = Np "
P
m m .
Then vy =n B8 + (I-n )x is an element of a and

[v], = lx-+nm<B‘X)lp < Np™",

P
hence vy € bpn. Because X ¢ Wl(bpn)< we have

n"-x)|_ = |v—=x|_ = N(bp™).

Combining these inequalities we find

1]
it

N(B-x) = N(n""(8~x)) ]nm(B—X)lplnm(B~x)|m >

Np PN(bp™) = Nb = Na. [

v

il

Our main tools in the determination whether a given A -ideal is
Euclidean are (6.6) and (6.7). The advantage over (5.5) is that we may

work in € instead of in KS.

§(6.2) An improvement of the theorem of Cassels

In the case (#2_) the theorem of Cassels (5.16) may be sharpened
with the help of the results of the previous section. Essentially we will

use the same proof as in (5.10) and (5.16).
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PROPOSITION (6.8). Let b be an 0-ideal. Let 3 be the maximum of the
integers a occurring as the first coefficient of a reduced quadratic form

corresponding to an ideal of the form bp", for n e %, cf. section (3.1).

Let p be the rational prime with p|p. Take k = Np™ fimed for some
meZ . Let k' be the smallest p-power with k' ¢ p. If a = bA

18 Euclidean then

a Np k'-1,2
a = [a] Gt

REMARK (6.9). Because 3312 < [A] (see the proof of (6.14)) we find that
VIAL < 172— %}o (k—l:lj?-l—)z if a 1is Euclidean, a conclusion we may also derive
from (5.16) (#2 ). However, since 4 1is integral, we may improve the

bound in many cases.

PROOF OF (6.8). For each n € Z the ideal bpn corresponds to a reduced

-~

. . . n
quadratic form (an,bn,cn) with a < 3d. Let {an,Bn} be a basis of bp,

such that

b+ VA

n
2a n’
n

= o = o =
Ianlw = aanp . [Snlw anbp and Bn
cf. section (3.1). We define a map q)n: T — R by

(6.10) (Pn(xocn+y8n) =y for X,y € R,

s0 (pn(z) = Im(ai)/lm(—(;rl). Thus Lp(bpn) = Z and for every r € Z we
n

have n
r T+l r
(6.11) pe (bp™) =@ (bp™"") =@ (bp™).
Choose £ ¢ R with a(l+eg) < ]A] M‘l (k' _])2 With induction on
>0 k 4k’ :
n e Z>0 we prove the existence of v, € T such that

(6.12) (a) [yn—yfw > (l+e:)Nbpr for all r € Z with 0 <r <n

and all vy e bp"

(b) Iyn--‘{[oo > (l+g) Tk%Nb}On for all vy e bp".
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n
Since Y, ¢ rgO W1+E(bpr) the proposition follows from (6.6)(a).

We distinguish 2 cases.

Case 1. (Including the initial step). Suppose that for all r with

0 <r £n we have (Dn(b)or) = 7Z , then we choose v, = %Bn. For all r

with 0 <r <n and for all v ¢ bpr we have cpn(yn—y) z }. Hence

Y Y\ 2 2 | Baf?
vl = (20 gl = @, fim 2 o
n n
.
1 1 {A A n
> ffm g ll = 3o A o Jehe s
n 4an

> (1+g) Nkﬁ (T(-lfl—l)z Nb)on > (l+g) N—];O—Nbpn.

Because k 2 Np and r < n we obtain (6.12).

Case 2. Suppose that there exists t € Z with 0 £ t < n, such that
(pn(b)ot) # Z . Choose t as large as possible, then Lpn(b)ot) = i’)-zz and

i
o (bp™) = z.

For 1 ¢ Zzo we have
(Dn(bpt+l_m) c p—lz -
con(plbptﬂ_m) c Z =
o (bp™ ™40 ¢ z =
pp " e 0 =

i m

P ep .

trlmmy 1

k'
If t+1-m =0 then by the induction hypothesis there exists an

By the definition of k' we derive that (pn(b;o

element vy € T, such that (6.12) is satisfied, with n replaced

T Yt4ln
by t+1-m, whichis <n. If t+1-m < 0 then by the induction hy-

¢ T, such that (6.12) is

pothesis there exists an element y = Y4l m
. . » + —_—
satisfied, with n replaced by 0 and b replaced by b}ot ! ™. These
t+1-m

properties will not be changed if we shift y by an element of bp .
. t+l-m 1 1 1
Since (pn(bp ) = E'_Z we may therefore assume that ](pn(y) _EI < T

|

cf. fig. 9. We show that y satisfies (6.12).
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0,

fig. 9

First, if 0 <r < t+l-m and ¥y € bpr we have ]y-—y[oo > (]+5)Nb)0r
by induction. If t+l-m<r <t and vy € bpr then surely v € bpt+1_m,

and by induction we have
ly-vl, > (1+e)1kWNbpt+l-m = (1+e)Nbp" > (1+e)Nbp'.

Finally if t <r <n and Y ¢ bpr, then mn(Y) € Z , hence mn(y—y) >
k'-1

T This shows that

k'—l 2
ly-vl, =2 Gy l =

'-1.2
= ( KT ) 2 a Nbp z

4a
n
k'—]

> g’ >

\

(1+€) 7\}‘5 Nbp® = (1+e) ﬁ‘ﬁ NbpT.

Since k = Np this proves (6.12). ]




85

REMARK (6.13). 1In section (8.3) we show that in certain cases we do not

need that a < IA]NP( A for all reduced quadratic forms corresponding

L2
k!
to ideals of the form bp . If there are few exceptions we may change the

induction step.

THEOREM (6.14). Let p be the rational prime in p. Suppose that A has
a Fuclidean ideal a. Let b be an 0-ideal such that a = bA and let
A be the maximum of the integers a occurring as the first coefficient of

a reduced quadratic form corrvesponding to an ideal of the form bp™. Then

8] = 16cED % s
~ 16, p 2,

a < j;(S:T) H
[A] < 1344

If moreover p is equal to 2 and A = 1 mod 8, then

IA[ < é%g 3
a s 18;
|a] < 1007.

PROOF. We take m =1 1in (6.8), then k = Np and k' = p. Then we must

have & 1—l{p ! 2. If A = -3 the inequalities are certainly satisfied.
If A # -3 we have for each quadratic form (a,b,c) that ]AI = 4ac-—-b2 >

> 3a2, so certainly |A]| > 332. This gives

Because —£— < 2 we have & < g?—— 21.333 and |A] < 16-5-(p81)2 <

If p=2 and A =1 mod 8 then p splits completely in K/@. We

take m = 2 in (6.8), then k = k' = 4. Hence 3 2 IA '—'(]6) , 1l.e.
512 . 512

[a] < 222 3. Again we use |A] > 352 to get & < 57 = 18.963, 1i.e.

9
3 <18 and |A| < 5;2 18 = 1024. For A = ~1023 and A = -1015 there is

A

no reduced quadratic form (a,b,c) with a = 18, For &

[a] < 532 .17 = 967.111 . This shows that |A| < 1007. O

17 we get
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COROLLARY (6.15). ' Let a be the maximum of the integers a occurring as

the first coefficient of a reduced quadratic form of discriminant A. Let

p be. the rational prime in p. If A has a Euclidean ideal cZasé, then
a -1
p < (1-4 TZT? s
provided that the right-hand side is positive.

PROOF. We have & < a hence also
< 16(-P)%3
|a] s 16(p_1) a,
/a -1
p<(1-4 quﬁ s
when the right-hand side is positive. []

In table 5 we list for certain given values of p the discriminant
bounds that can be derived from (6.14). Notice that for [AI > 80 only

finitely many rings have a Euclidean ideal class.

TABLE 5.

[

N
S

In

21 1344

~N bW T
—
w
\Xe]
=)}

11

wm N N
—
—
[«))

p—-)oo

§(6.3) Bounds depending on the covering radii

In order to show that a given A-ideal a is not Euclidean it
suffices, by (6.6), to find an ¢ ¢ ]R>O and a sequence (yn)nEZ

n
€ such that y_ ¢ U, W (bpr). Here b is an 0 -ideal such that
n r=0

I+e
bA = a. 1In this section we show that such an € and such a sequence exists

if the covering radii of the ideals bpr satisfy certain comstraints,
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cf. (6.17). This will lead to upper bounds on Np for rings with a
Fuclidean ideal class, in case (#2_), whenever A ¢ {-3,-4,-7,-8,-11,
-15,-20}. This shows that in the case (#2), apart from the known rings

with a Euclidean ideal class, there are only finitely many others.

LEMMA (6.16). Let b be an 0-ideal, and let p be its covering radius,
ef. (3.3). Then for each z ¢ T and each u e R with 0 <u <p there
exists v € & such that

(a) [v-alm > uNb for all o e b

uNb.

A

(b) IV'— zloo

PROOF. If u = p we may take for v one of the points for which equality

fig. 10
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is obtained in (3.4). Then (a) is satisfied. By (3.4) we may shift v by
an element of b such that also (b) is satisfied. Denote this point by Voe
If u<p we take v = /E(vo-—z) + z, cf. fig.10, then (a) and (b) are

satisfied. [

Let b be an (0 -ideal. We will denote by o the covering radius
of bpn, cf. (3.3). Since I is completely determined by the correspond-
ing reduced quadratic form it only depends on the ideal class of bpn. This
shows that the sequence (p ) is periodic mod h, where h 1is the

n' neZ
order of [p]l in C1(0).

PROPOSITION (6.17). Suppose there exists e € R, and x € R, for
ne Z, such that for all n e Z

. 2
(a) x 2 mln{/bn, 1 +s-+—§;-xn_l}
1
®) Vo 2 1l4e+———x_ ..
n Mo ™!

Then a = bA 7s not Euclidean.

PROOF. We will show that for n eIE>0 there exists v, € L, such that

for 0 < r < n:

(6.18) |yn4—oz|oo > (l+e)2Nbpr for all o € bpr.

By (6.6) this suffices to show that a is not Euclidean. For given

z ¢ T we prove by induction on n ¢ Zgo that there exists such an ele-
ment 'y € C which satisfies in addition

(6.19) |y -zl < x2Nbp™.

First let n =0, and put u = (I +s-+x_]/va)2. Then u < 0 by
(b), so u< xé by (a). From (6.16) we find Yo € T such that

> uNb (l+e)2Nb for all a € b

<
o
1
Q
8
v
Y

[yo-—zl00 < ulNb < ngb,

as required.
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Now suppose that n > 0. From the initial step with b replaced by

bp™ we find y € T such that

(1 PP xn_])szpn for all o ¢ bp";

ly_alm z /Np
2
ly-—z[OO < (1 +e-+Vnﬁ_xn_1) Nbp™ .

By the induction hypothesis, applied with y 1in the role of 2z, there

exists Vo1 such that
Iyn—l - ulw > (1+e)Nbpr for all r with 0 € r < n-1
and all o ¢ bp';
2 n-1
v,y = l, s x_ Nbp

We show that Vo1 also satisfies (6.18) for r = n. For a ¢ bpn we

have

i 1 2
(y-al2 = Iy, -vID7 =2

v

Yooy — ol

o

n—1
1 n, 1 n-1,4.2 _
(1 +€'+—E; Xn_l)(NbP )2 - XH—I(Nbp )2) =

(1+€)2Nb}0n.

[\

Next we check whether (6.19) holds. We have

: 12
(y=2]2+ |y, -v[D7 <

IA

Iyn—l - zlw

((+e +:£::xn_l)(Nbpn)% + xn_l(Nbpn_l)%)z -

Np

it

2 2
(1 +E+ﬁ’o.xn_l) Nbp™ .

_]/VNp we find that (6.19) holds for Ype1° and we may

Otherwise we have x > /bn by (a). Hence, by the

If x 2 1+e+2x
n n

n-1°
properties of the covering radius (3.4), we may in that case shift Y-

take Vv, =7

by an element of bpn such that (6.19) holds. Such a shift does not
affect (6.18). [
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COROLLARY (6.20). Let p be the minimun of the wnumbers L for ne Z.
If p > 1 and
Np > (2 + 7—1——92
p-1"7
then a <s not Euclidean.
PROOF. Choose € e R . such that Vp > 1+¢ and

1 2
Np>(2+76ﬁ—%—€—) .

For all n € Z we define x = ——ZN—L (1+¢). Then

/Np - 2
1 ’ 1
l+e+—zx .= {+e)(] + ———) < Vp3;
Mo B /Mp - 2 ’
2
Il +e+—x =X ,
/AT);n—l n
so the conditions of (6.17) are satisfied. ]

COROLLARY (6.21). Suppose that A has a Euclidean ideal class. Then

Np < 73 if A= -19;
Np < 2351 if A = -23;
Np < 109  if A = -24;
Np < (24 ——%  if A < =27
r(A) -1 ?
. AL
with r(p) = (27) .
PROOF . Let p be the minimum of the Cp By definition (3.3) there
exist a, b, ¢ € Z>O with b < a < ¢, [Al = 4ac—b2 and p = ac(a;b+c).
If A= ~19, then p = %’ so
25 -1,2
Np < (2 + (/1—9— - 1) )" =77.424
If A= -23, then p = %, so
Np o< 2+ (/22 - THh2 2 2351734




If A= -24, then p 2 >, so

£~

-1,2

No = (2+/§ - 1% < 109.666
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-1
Now suppose that A < -27. As a function of b the value of pla| 2

- —1 -
= ac(a~b+c)(4ac—b2) 3/2 is decreasing, so pIAI 2z acz(Aac—az) 3/2. As
a function of ¢ the value of acz(éac—az)_3/2 is increasing,
_1 _ —1
olal 2 = 33(3a2) 3/2 27 %, i.e. Vp = r(A). Hence
1 2
Np < (2 + ;723—:70 0
PROPOSITION (6.22). Let the on be as defined before (6.17). Suppose
that 09 = min{pn : ne Z} and that oy > 1. Let h be the order of

p in CL(0). Define

*o T JDO;
. 2
x = mln{/bn, I-+;:: Xn—l} for 0 <n £ h.
Np
If 1+ xn_l//NE>< Vo for 0<n<h then a isnot Euclidean.

PROOF. By (6.20) we may suppose that Np < (2 +:§71:7T)2' For e e Ry,
. 0 -

we define

xy(e) = /43

. 2
xn(s) = mln{/pn, 1+e +————xn_1(e)} for 0 < n < h.

vNp
Because the xn(e) are continuous in € there exists € > 0 such
that
Xn—l(e)
I +¢ + ——— < /bn for 0 <n £ h.
/Np

With induction on n, for O <n < h we show that xn(e) > vp

done. Otherwise we have by induction

0°
n =0 this is obvious. Now suppose that n > 0. If xn(e) = /bn

If

we are
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> /po .

In particular this shows that xh(e) = /po = Xo(e). If for all

n € Z we inductively define xn(e) =

satisfy the requirements of (6.17).

The results of the last two sections show that for

X
n+h

g

(¢) we see that the xn(e)

A ¢ {-3,-4,-7,-8,

~11,-15,-20} there are only finitely many rings with a Euclidean ideal

class.
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CHAPTER 7 ARITHMETICAL RESTRICTIONS ON A EUCLIDEAN IDEAL CLASS

As 1in chapter 6 we will only consider the imaginary quadratic case
(#27) in this chapter. We will use the notation explained at the begin-
ning of chapter 6.

Let a@ be an A-ideal. In section (7.1) we derive several neces-—
sary conditions for a to be Euclidean, by using (1.8) for a ¢ ac"l,
where ¢ 1is an integral ideal of small norm. In section (7.2) we check
whether these conditions are satisfied in the case that jp 1is Galois—
invariant, i.e. lies over an inert or ramifying prime in KX/Q. We will
find that in this case at most ten rings have a Euclidean ideal class.

In chapter 9 we will see that all these ten rings do in fact have a Euclid-
ean ideal class. This finishes the determination in this case.

In section (7.3) we list all rings, in case (#2_), for which we
do at this stage not yet know whether or not they have a Euclidean ideal
class. In section (7.4) we apply the methods of section (7.1) to several
rings in this list. In contrast to section (7.2) these are rings for which

p lies over a prime that splits in K/@.

§(7.1) Elements with small denominators

Let a4 be an A -ideal and let ¢ be an integral A -ideal. We may
check the Euclidean condition (1.8) for elements of ac_l in order to de-
termine whether a 1is Euclidean. ’

The unit group A" acts on ac_l/a by multiplication. Whether or
not a residue class of ac_l mod a contains an element of norm less than
Na only depends on the A" —orbit of this residue class. If the number
of A* -orbits is large we may hope that there are residue classes that do

not contain elements of norm less than Na.

PROPOSITION (7.1). Let c¢ be an integral A-<ideal. Denote by k the
order of the subgroup (A" mod ¢) in (a/e)”. Suppose that a is a
Euclidean A-1ideal. Then the number of integral A-<ideals d in the

ideal class [a ‘el with Nd < Ne is at least ch‘ Ly
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PROOF. . Each orbit of A* in (ac"l/a)-—{o} contains at most k elements.
Since #((ac_l/a)-{O}) =Ne-1 the number m of A" —orbits is at least
NCQ-I . Let Qyseser0 € ac_l be such that the ui-fa form a system of

* —
representatives of A -orbits in (ac l/a)-—{O}. Because d is Euclidean

we may suppose that N(ai)*< Na. By construction the residue classes
ui-+a lie in different A -orbits, hence all ideals aiA are different.
This shows that the integral ideals di = aianlc are all different and all
satisfy Ndi < Ne. Also we have di e talel. O

Proposition (7.1) is only useful if k is small. In fact, we only rarely
apply (7.1) with k exceeding 2. In addition, we only consider ideals

¢ of small norm, mnot only to avoid too lengthy computations, but also

for the following reason. For a given ring A the value of Ncg-l is
bounded above by a nggﬁz- for some constant a not depending on ¢,

whereas the number of integral A -ideals in a given ideal class of norm
less than N¢ is asymptotically equal to a linear function of N¢, cf.
[La2] ch.VI §3 thm.3. Hence for ¢ with a large norm (7.1) cannot be
applied.

We will need two special cases of (7.1).

COROLLARY (7.2). Suppose that p } 2 and that for any T € A" we have
T = 1 mod 2A. Also suppose that A has a Euclidean ideal class L[al.

Then A has at least 3 distinet integral ideals of norm < & <n [al.

PROOF. Take ¢ = 2A in (7.1). Then Nc =4 and k = 1. ©Notice that
[al = [a_lj since h(a)|2. O

COROLLARY (7.3). Suppose that p [ 3 and that for each 1 e A" we have
T = ¢1 mod 3A. Also suppose that A has a Euclidean ideal class [al.

Then A has at least & distinct integral ideals of norm < 9 in [al.
PROOF. Take ¢ = 3A in (7.1). Then No =9 and k= 2. [
If h(A) = 2 we have additional information.

LEMMA (7.4). Suppose that h(A) = 2 and that A has a Euclidean ideal
class.

(a) If p /) 2 then A has a non-principal integral ideal of norm 3.

() If 6| A and p [ 6 then A has a non-principal integral ideal

of norm 5.




95

(e) If pJt 3 then A has a non-principal integral ideal of norm 2,

5 or 7.
PROOF. Analogous to the proof of (5.22). O

§(7.2) Primes that are Galois—invariant.

In this section we assume that the Galois group Gal(K/®) acts on A.
This means that for the generator ¢ of Gal(K/®@) we have op = p, i.e.
p lies over a ramifying or an inert prime in K/§. We will use the results
of section (7.1) to show that if A has a Euclidean ideal class it must
be one of the rings listed in theorem (7.6). 1In section (9.2) we show that
all these 10 rings have in fact a Euclidean ideal class.

In the proof of (7.6) we need the following information about rings

0 with principal ideals of small norm.

TABLE 6. Elements of small norms in 0.

Notation: 'h = 2x2' means C1(0) ==V

4
'"h =m' means Cl(0) =~ Z/mZ

n A h n A h
2 - 21 -35 2
3 - -68 4
4 - -84 2x2
5 -19 1 25 -19 1
6 -24 2 =24 2
7 -19 1 ~51 2
-24 2 -84 2x2

9 -35 2 -91 2
10 -24 2 35 -19 1
-39 4 -35 2

=40 2 -40 2

14 -40 2 -91 2
-52 2 ~115 2

~-55 4 -136 4

-56 4 49 -19 1

15 =24 2 -24 2
-35 2 -40 i

=51 2 -52 2

-56 4 -115 2
-132 2x2

-187 2

~195 2x2
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LEMMA (7.5). In table 6 omne finds for each n  in the first column all
values of & < =20 or A = -19 for which there exists o e 0-Z of norm
n, and for which h(0) divides 4.

PROOF. Such a discriminant A must satisfy X2--AY2 = 4n for certain
X,Y € Z, with Y # 0. This gives the bound |A| < 4n. Table 6 is
obtained by checking whether this equation is satisfied for these A. We
use an existing list of class numbers, e.g. [BS], 'to restrict to those
A for which h(0)|4. O

THEOREM (7.6). Let K be an imaginary quadratic number field and let p
be a prime number that is inert or ramifying in K/Q. Let S be equal to
{=,p} where p <s the prime of K lying over p. Suppose that

A £ {-3,-4,-7,-8,-11,-15,~20} and that A = A. has a Euclidean ideal

S
class. Then we are in one of the following cases.

h(A) = 1: h(A) = 2:

A P A P
-19 2 -35 2
=24 2 -56 2
-35 5 -68 2
~-35 7 -84 2
~40 2 -136 2

PROOF. Because the order of [pl in C1(0) is at most 2 and h(4)
divides 2 we have h(0)|4, cf. (2.7) and (2.12). Let n be a fundamen-
tal unit of A with ]n]p < 1.

We 'split the proof into 10 parts:
(a) p#2 and n # 1 mod 2A;

) p#2, n=1mod2A and h(0) =13

(¢) p#2, n=1mod 24 and h(0) = 2;

(d) p#2, n=1mod 24 and CL(0) ~ Z/4Z ;
(e) po#2, n=1mod 2A and C1(0) = Vs

(f) p=2 and n % %1 mod 34

(8 p=2, n==zlmod 34 and h(0) = 1;

(h) p=2, n=%lmod 33 and h(0) = 2

(i) p=2, n =%l mod 34 and C1(0) =~ Z/4Z ;
(3) p=2, n =%l mod 34 and C1(0) =V

4
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Since each unit of A 1is of the form ink for some k € Z we may use
(7.2) for parts (b), (c), (d) and (e) to find that A has at least 3
integral ideals of norm < 4 in the Euclidean ideal class. For parts (g),
(h), (i) and (j) we use (7.3) to find that A has at least 4 integral
ideals of norms < 9 in the Euclidean ideal class. Moreover, since p = 2,

these ideals have odd norms.

(a) Suppose that p # 2 and n # 1 mod 2A. Then p must be ramified in
K/@ and p = n0, since otherwise n is equal to #p = 1 mod 2A. This
shows that h(A) = h(0) and n2 = tp, i.e. n = Y-p. This is only possi-
ble if A =-p or A = -4p. However if A = ~p then p = -1 mod 4A and
thus n = v-p = 1 mod 2A. So A = -4p and also 2 ramifies in K/Q.

Using table 6 we find that the 0 ~ideal of norm 2 cannot be principal hence
h(0) = h(A) = 2. From (7.4)(a) we deduce that A, and hence O, has a
non-principal ideal of morm 3. Multiplying by the non-principal ideal of
norm 2 shows that ( has a principal ideal of norm 6. Inspecting table

6 shows that A = =24, but this is not of the form -4p, a contradiction.

(b) Suppose that p # 2, n = 1 mod 24 and h(0) = 1. Intersecting the
integral A-ideals of norm < 4 with O shows that (0 has at least 3
integral ideals of norm < 4 as well. From table 6 we see that this is

impossible.

(c¢) Suppose that p # 2, n % 1l mod 2A and h(0) = 2. If p is principal,
then also h(A) = 2. Intersecting the 3 non-principal integral A - ideals
of norm < 4 with O shows that 0 has 3 non-principal integral ideals
of norm < 4 as well. By multiplying or squaring them we find an element
of 0 of norm 6 and an element of O0-Z of norm 4 or 9. A look at
table 6 shows that this is not possible.

If p 1is not principal then p must be ramified in K/Q and
h(A) = 1. We intersect the A -ideals of norm < 4 with 0 to obtain at
least 3 integral 0 -ideals of morm < 4. We find by inspecting table 6
that at most one of them can be principal, and then it is equal to 0.
Hence two of them must be non—principal. By multiplying or squaring them
we find an element of 0~Z with norm 4, 6 or 9. From table 6 we find
that A = -24 or A = -35., However if A = -24 then p =3 and A does

not have 3 integral ideals of norm < 4. So A =-35 and p=5o0rp-=7.

H

(d) Suppose that p # 2, n = 1 mod 2A and C1(0) =~ Z/4Z. Then h(A)

= th(0) = 2 and p 1is non-principal, hence p is ramified in K/Q.
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Then O must have at least 3 integral ideals of norms <.4 in ideal
classes of order 4. Because the conjugate of an ideal is in the inverse
ideal class we see that both ideal classes of order 4 contain integral
ideals of norms 2 and 3. By an appropriate multiplication we find that
0 has an element of norm 6. A look at table 6 shows that this is not

possible.

(e) Suppose that p # 2, n 2 1 mod 2A and C1(0) = V4. Again we have
h(A) = th(0) = 2 and p 1is non-principal, hence p . is ramified in X/Q.
Then (0 has at least 3 integral non-principal ideals of norm < 4, By
squaring we find that there exist elements of 0, not in Z, with norm

4 or 9. By inspecting table 6 we find that this is impossible.

(f) Suppose that p =2 and n ¥ %! mod 3A. Then n 1is an element of

0 of norm 2, which is not possible.

(g) Suppose that p =2, n = I mod 34 and h(0) = 1. Then O has 4
integral ideals of odd norms < 9. By inspecting table 6 we find that

A = =19,

(h) Suppose that p =2, n = *l mod 3A and h(0) = 2. If p 1is princi-
pal then h(A) = 2 and 2 1is inert in K/@, since 0 does not contain
elements of norm 2. There are at least 4 non-principal integral 0 -ideals
of odd norms < 9. By multiplying and squaring we find 3 elements of
0~7Z whose norms form one of the sets {9,15,25}, {9,21,49}, {25,35,49},
{15,21,35}. A look at table 6 shows that A = -35,

If p is non-principal then h(A) = | and 2 ramifies in K/Q.
There are at least 4 integral 0 ~ideals of odd norms < 9. This occurs
when A = -24, If A # =24 at least 3 of these ideals must be non-prin-
cipal. By multiplication we find that 0 has an element of norm 15, 21

or 35. A look at table 6 shows that A = -40.

(i) Suppose that p =2, n = %1 mod 3A and C1(0) =~ Z/4Z. Then h(A) =
= th(0) = 2 and p 1is non-principal, hence 2 ramifies in K/@. The
ideal classes of order 4 of ( must contain at least 4 integral ideals
of odd norms < 9. Because the conjugate of an ideal is in the inverse
ideal class we find that each ideal class of order 4 contains two integral
ideals of norms 3, 5 or 7. By multiplication we obtain an element of

0 of norm 15, 21 or 35. From table 6 we derive that A = -56, —68

or —-136.
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(i) Finally suppose that p =2, n = %l mod 3A and C1(0) =~ V4. Then
h(A) = th(0) = 2 and p 1is non-principal, hence 2 ramifies in K/4.
There are 4 integral O -ideals of odd norms < 9 in the two ideal
classes of C1(0) - <[pl>. If there are two pairs of two ideals of the
same norm we find by squaring two elements of 0-Z with different norms
in {9,25,49}. Consulting table 6 shows that this is not possible. Hence
0 has ideals of norms 3, 5 and 7 and there is an ideal class that con-—
tains ideals with two of these norms. Multiplying them shows that O has

an element of norm 15, 21 or 35. We use table 6 to get A = -84, 0

§(7.3) List of unsettled cases

In chapter 6 we found that there are only finitely many rings for
which we have not yet decided whether they have a Euclidean ideal class.
(As remarked at the beginning of this chapter, we are still assuming that
we. are in case (#2_).) All these rings have ]Al < 1007. This follows
from the fact that we found in (6.14) that IA] > 1007 may only occur if
p|2 and 2 is inert in K/@Q. However, we found in the last section that
|a] = 35 for such p.

In the preceding sections we derived several restrictions that rings
with a Euclidean ideal class must satisfy. Table 7 lists all rings for
which the existence of a Euclidean ideal class remains unsettled, when
these restrictions are taken into account. In section (7.4) and in chapters
8 and 9 we will deal with the rings occurring in table 7.

Table 7 is organized as follows. The first column 'A' 1lists the
discriminants A with A = =19 or -23 > A > —1007. The second column

]

'H' gives the class number of 0. The third column 'a gives the lar-

gest a for which there is a reduced quadratic form (a,b,c) of discrim-—

inant A. In the fourth column we find the value p-|A|, which is a pos-
itive integer, where p is the least value of a covering radius of an

0 -ideal. 1In the fifth column 'p<' we find the integral part of

(1 - 4/§7TZT)_1, which is an upper bound on p by (6.15). 1In the sixth
column 'Np<' we find the integral part of (2 + 1/(/b-—1))% In (6.20)

we found that this is an upperbound on Np. In the seventh column 'primes'
we list all rational primes p contained in a prime p of K, such that
p and Np satisfy these bounds and the additional conditions given below.
If there are no primes left in this column we have omitted the whole row

containing A. 1In the last column '#' we find the number of rings in
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this list with discriminant 2 A. 1In particular we see that the table con-
tains 274 rings.

The additional conditions for a prime p to oeccur in the seventh
column of table 7 are as follows. If p is not splitting we must be in
one of the cases listed in (7.6). Also we must have h(A)]Z by (2.12).
If Np‘= 2 we must have IAI < 2%2-3, by (6.14). If h(A) = 2. the condi-
tion of (7.4) must be satisfied. In this case also the upperbounds on p
ana Np may be improved. This is because the values of 3 and p occur-
ring in (6.14) and (6.20) may be different from the values of a and o
listed in table 7. If p does not satisfy these new bounds, but it does
satisfy the conditions given above, then p is not included in table 7,
but it is listed in table 9. 1In fact it did not occur that (6.20) was used
in this way. Possibly this is due to the fact that for most A the bound
of (6.14) is better. Finally (6.22) must be satisfied (we include h(A) =1
again). The primes Jp for which A has no Euclidean ideal class by
(6.22) but that satisfy the earlier conditions are listed in table 10;
they are not included in table 7.

For A = -23 there are 116 primes that satisfy the conditioms.

They are listed separately in table 8.




TABLE 7.

~-19
-23
-24

-103
-104
=107
-111
-116
-119
-127
~131
-136
-143
—-151
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Rings that may have a Euclidean ideal class.
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25
24
30

40
45

48

70

72

75

80

90
105
126
120
160
189
150
168
175
180
224
210
297
240
270
252
352
315
350
336
400

33

13
10

19
10

41

16
12
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Np<

77
2351
109

87
89

124

25
83
44
46
32
24
22
28
19
15
24
20
21
21
16
19
12
17
15
17
12
14
13
15
12

primes

2,5, 7, 11
see table 8

2, 5, 7, 11, 29, 31, 53,
59, 73, 79, 83, 101

2, 5, 7, 19, 41, 59, 71
2, 3,5, 7, 11, 13, 17,
29, 47, 71, 73, 83

2, 5, 11, 41, 47,

59, 71, 83, 89

7

, 3,7, 17

11, 13, 19, 23, 29

, 7, 13, 17, 43

3, 5, 13
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-
19,
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101

120

132
139

151

160
162
166
172
177
181
184
186
190
192
193
196 °
197
198
200
201
203
204
206
207
209
210
211
212

213

214
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TABLE 7. Continued.

A H a o-la | ps Nps  primes ‘ i
-152 6 378 4 13 3 215
-155 5 405 3 13 3 216
-159 10 6 420 4 12 2 217
~164 6 450 4 123 218
-167 11 6 432 4 13 2,3 220
-179 5 585 3 10 3 221
-183 6 528 3 2 222
-191 13 6 540 3 12 2,3 224
-199 7 560 4 12 2 225
-203 4 7 567 3 12 3 226
-212 6 702 3 100 3 227
-215 14 7 660 3 11 2,3 229
-223 7 7 184 3 9 2 230
-227 5 7 693 3 113 231
-239 15 8 720 3 112 232
-247 8 832 3 10 2 233
~248 7 88 3 10 3 234
-251 7 7 95 3 9 3 235
-263 13 8 . 84 3 10 2,3 237
-271 11 8 880 3 10 2 238
-287 14 8 1008 3 9 3 239
-295 8 8 1040 2 9 2 240
-303 10 8 1056 = 2 9 2 241
-311 19 9 1080 3 9 2,3 243
-319 10 10 1100 3 10 2 244
-323 4 9 1377 3 8 3 245
-327 12 8 1232 2 9 2 246
-335 18 9 1248 2 9 2 247
=359 19 10 1320 3 9 2,3 249
-367 9 8 1456 2 9 2 250
-383 17 9 1512 2 9 2 251
-407 16 11 1584 2 9 2 252
-415 10 10 1760 2 8 2 253
-439 15 10 1820 2 8 2 254




TABLE 7.

=447
=471
~479
~519
~535
-543
-551
-559
-583
-591
~599
-607
-647
-671
-703
=719
=727
-839
~863
-1007

14
16
25
18
14
12
26
25

22
25
13
23
30
14
31
13
33
21
30

Continued.
a pe AI
11 1848
10 2080
11 2100
11 2400
11 2464
12 2496
12 2520
12 2548
11 2816
12 2856
12 2880
13 2912
13 3264
14 3360
14 3724
14 3780
14 3808
15 4788
16 - 4896
18 6156
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Np<
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primes
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103

255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
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TABLE 8. Subrings A{p w} of @(/~23) that may have a Euclidean ideal

class.
Np Np Np Np
2 461 1087 1733
3 487 1093 1741
13 491 1129 1777
29 499 1153 1783
31 509 1223 1823
41 541 1237 1933
47 547 1277 1973
71 577 1283 1979
73 587 1289 1987
127 601 1291 2003
131 647 1297 2017
139 653 1301 2063
151 673 1327 2083
163 683 1361 2099
179 739 1373 2111
193 761 1381 2129
197 811 1409 2141
233 823 1427 2203
239 857 1429 2221
257 859 1439 2237
269 863 1499 2239
277 887 1511 2243
311 929 1531 2267
331 947 1543 2281
349 967 1549 2293
353 1013 1559 2341
397 1021 1567
409 1039 1619
439 1051 1637

443 1061 . 1657




TABLE 9.

TABLE 10.

Primes that do not satisfy (6.14).

p we must have p < (1 - 4 /TETJ_

-39
-39

-84
-84

-87

-116
-120

The

1

P a
61 2 10.
79 2 10.
5 3 4
7 3 4
7 3 3
11 3 3
5 3 2
5 3 2
use of (6.22).
No H n o_ - |a]
97 I 0 30
103 1 0 30
107 1 0 30
79 1 0 45
37 5 0 72
1 84
2 84
3 72
4 144
23 2 0 150
i 210

618
618

.097
.097

.888
.458
.803
721

3 -1
(1 - 4/m)

1
1
1

— o b e

For the rational prime

.118
.118
.118
.134

.238
.337
.337
.238
.407

.336
.557

p

105

in
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§(7.4)  Splitting primes

If p 1lies over a splitting prime in K/Q it is in most cases mnot
possible to use (7.1). Usually the primes over 2 and 3 generate already
too many ideals of small norm. However for certain rings we can use (7.2),

i.e. @ = 2A. Table 11 lists those rings.

TABLE 11, Rings A occurring in table 7 with p splitting, n = 1 mod 2A
and less than 3 integral ideals in the generating class of
Cl(A) have norm < 4. If A = O mod 4 we write w = /A,

otherwise w (1 +vA).

A P h(A) n
=24 73 2 7+ 20
-35 71 2 S'FZQ
=40 7 1 3+ 20
-51 29 1 1+ 8w
-84 19 2 5+ 4y
-179 3 1 7+ 20
-227 3 1 3+ 2w
-251 3 1 43 + 2w

For other rings we may use a refinement of (7.1). In fact it is the
same method which has been used in section (5.5) to deal with A = 265.
Let @ be an integral ideal such that n mod @ has small multiplicative
order, where n 1is a fundamental unit of A. In fact we only consider
the case that this order is 1 or 2., By investigating all principal
ideals of norm < Na we find whether there exists a residue class mod a
not containing an element of morm < Na. If we find such a residue class
we know that @ 1is not Euclidean. Although the method should work for
every ring which has no Euclidean ideal class it is only feasible if Na
is small. 1In table 12 we list those rings, occurring in table 7 but not in
table 11, for which the method works for some ideal a with Na < 80.
In all cases the order of n mod 4 is equal to 1 or 2.

Tables 11 and 12 contain 34 rings. Hence for 240 rings we still
do not know whether there is a Euclidean ideal class. These rings will be

dealt with in the next two chapters.
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TABLE 12. 1Integral ideals of small norm in the generating class of Cl(A)
which are not Euclidean. The letter c¢ denotes a residue class
mod & which does not contain an element of norm < Na. If A

is even we write w® = VA, otherwise w = (1 +vA).

A p n a Na c
-24 11 5 + 4y <2> 4 T+
31 5+ w <21,n+1> 21 10

59 5+ 24w <2> 4 140
83 67 + 20w <2> 4 1+w

-35 29 4+ w <7,n-1> 7 3
=51 5 3 +w <ll,n+1> 11 4
13 w <39,n2-1> 39 7
19 2 + <15,n2-1> 75 2+20

=56 3 5+ 2w <2> 4 14w
=59 7 13 + 3w <7,n-1> 7 3
-83 3 2 +w <il,n+i> 11 5
-84 11 10 + w <6,n-1> 6 3
-91 5 Il +w <n-1> 23 7
~107 3 w <n-1> 27 12
-152 3 11 + 4w <2> 4 I+w
-155 3 6 +w <23,n-1> 23 10
-203 3 5+w <31,n+1> 31 13
-212 3 26 + w <17 ,n+1> 17 7
-223 2 8 + w <16> 16 5
-247 2 1 +uw <17,n+l> 17 5
-248 3 19 + 10w <2 4 1+w
-295 2 13 +w <23,n~1> 23 5
-323 3 w <9> 4
-367 2 20 + w <8> 3
~415 2 8 + 3w <3> w
-607 2 24 + 7w <13,n-1> 13 6
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CHAPTER 8 REFINEMENT OF THE METHODS

As in the last two chapters we restrict ourselves in this chapter to
the case (#2_). Also we restrict to the case that p lies over a.split—
ting prime. This is not a severe restriction since in section (7.2) we
considered the other primes. We continue to use the notation as given at
the beginning of chapter 6.

When we consider the lists of unsettled cases in sectiom (7.3) it is
striking that they contain many more rings with A = -23 than with any
other discriminant. Also there are more rings for which the non-archimedean
infinite prime has norm 2 than with any other given norm. For both cases
we will refine Cassels' theorem (5.16). The first refinement also works
for other cases where h(0) is small, but the main gain is for A = -23.
It will be treated in sections (8.1) and (8.2). TFor the cases with Np = 2

we will refine the proof of (6.14) in section (8.3).

§(8.1) Jumping to points in a given ideal

. . . . h .
In this section we take an integer h € Z_ fixed such that p= 1is

0

a principal 0 ~1ideal. We will construct an o € K such that na =
b~ h-1 :
o mod bph 1 for some generator n of ph and for which a ¢ 1Y Wt(bpl)

(For the definition of Wt(bpl) see (6.3).)

il

for some large t ¢ R>O.
Using (6.7) we find that a 1is not Euclidean if t 2 I. The construction
of o is a refinement of the construction used in the proof of (6.17). A

close look at this proof shows that we are constructing a series (un)nell .
20
0" We get LI by

shifting o by some v e & for which Ivn!oo is not larger than

n -1 .
such that o ¢ igo wt(bp ) for some fixed t e R

N(bp_n_l) times some constant depending on the covering radii of the ideals

bpl. Then o 1s taken to be the limit in € of the sequence (o ) .
n neiZZO

The refinement consists of demanding that each ol is in a certain
0=-ideal. This allows us to use arithmetical data to obtain better upper-
bounds on Ivnlm. Also we will choose o in such a way as to get no =

= o mod bph—l. The bounds on ]vnl give us values of t for which

o
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h~1 :
a ¢ igO wt(bpl). This in turn gives us bounds on Np for rings with a

Euclidean ideal class. These bounds may be better than the bounds of

chapter 6.
Let bi be 0 -ideals such that [bi] = [bp*], for 0 <i <h.
With induction we define bi+h = bi for i eIZ>O §nd bi = bi+h for

ie Z_ - Then for all 1 e Z we have [bi] = [bp*]. Let ¢ be an

integral 0 -ideal. For each i € Z we choose an element Y; € bic_l,
such that Yiep = Y
Y far away from bi’ but for the moment this is not needed.

for all 1 ¢ Z . 1In the applications we will take

LEMMA (8.1). There exists a unit n of A with n0 = ph, and for each

ie Z there exist di € K and Bi € bicul, such that for each 1 € Z

we have

i = .
(a) bp~ = Gibi,
(b M8y = S Bian T By

— i -
(e) Bi8; = Yi8; = ¥i4q05yy mod b7
. _ i

(d) IBilw = mln{]BIoo 2 BS, =y, 8.ty 6., mod bp~}.

PROOF. We choose 60 € K such that b = éobo. By induction on n for

0 <n <h we construct én € K and Bn—l € bn~]c I, such that (a) holds

for i = n and such that (¢) and (d) hold for 1 =n-1. TFirst we choose

6! € K such that bp" = Sébn. Then y 8 € bpnc_l c bpn_lc_l and
. . . ) n—-1 ~1 ' n—-1 -1
by induction . Yn—lén—] ilbp "¢ 7, hence Yn-lan—l iynﬁn € bp c .
Choose 8 e b .c such that
n—1 n-1
= ' n-1
Bn—lén--l - Yn—lﬁn—l * Ynsn mod bp ’
[8_ | = min{|8]_ : 86 =y .8 + v §' mod bpn_]}
n-1'e o ° n-1 n-1 n-1 nn :
- _ P n-1 - &t .
If B (6 1 v, 8 ~ Yp, mod bp we take 8 = 8!, otherwise we

take 6n = —6;. Then (a) holds for i =n and (c) and (d) hold for

i=n~-1.

. -1 h . .
Define n = 6,76, , then n0 = p°  since bO = bh' For ie Z , we
define éi+h = néi and Bi+h = Bi and for 1 € Z<0 we define Gi =
= ”_16i+h and Bi = 6i+h' Then for all 1 € Z the conditions (a), (b),

(c) and (d) are satisfied. 0O
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In the remainder of this section we will assume that there exist

r. € R for 1 € Z such that
i >0

(8.2) [B_Yilm z (1 +ri)2Nbi for all B e bi'

Since we may suppose that r. =T for all i e Z. Let B,

Yien =i i+h
<Si and n° be as in (8.1). For each i e Z we define the polynomial

fi e R[X] by

(8.3) £.= ) |8 Ii(Nb

-1 3
D7 v -x.
1 j=0

i+jlet Vivg

PROPOSITION (8.4). Let bi, Yis Bis 8
such that (8.1) and (8.2) are satisfied. Let for 1 e Z the polynomials
£, be given by (8.3). Suppose that for all i e Z, with 0 =<1i < h, we

1
have fi(sz) < 0. Then a = bA <s not Euclidean.

> Ty and n be as given above,

PROOF. Choose o ¢ b}ohc—l such that o =y, 6, mod bph. We define in~

ductively

o, = 0y + Biéi for 1€ Z<h;

o, = o - B for 1e Z

i = %17 Bierio >h*

From (8.1) we derive that

- i ; .
a; = v;8; mod bp for all ie Z ;

(8.5)

na. _ai+l) = for all i e Z.

i Oi¢h T Fi+ht1

Hence o = lim «o. exists in . For all n € Z we have

i+ —=
- h-1 .
(8.6) o =a + ,z CTIPE an_l) =a + 'z (@ sy - a o) A=
=0 i=0
h-1 i, .
ST 'ZO (@ pi ™ Opaisp 0D =’(T10Ln —a G- D .

-0, = 0 mod bph,

Combining this with (8.5) and (8.1) (b) gives no-ao = no, h

hence

(8.7) no = a mod bph.
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h~-1
By (6.7) it suffices to show that a ¢ n!O Wl(bpn). Take n e Z
with O £ n < h. Then from (8.5) and (8.6) we derive that

h-1
_ -1
(8.8) a=oa + ) (a-a o )0-1)
i=0
h~1 - n
= Yndn + iZO Bn+1 n+l(n -1) mod bp .

Take B € bpn. Then from (8.8), (8.2), (8.1)(a) and (8.3) we get

; b7l 1
(L N NN LWL L LR IO L
i=0
T 1,2
= ((t+r )(Nb)*[6 |2 - ] 6 .8 . w([nlz - )=
i=0

y Bl Lo o, —1 ) L
= ((1+r ) (Nbp™) IEO 8 s | 2NBp™ 0 ) ([n]Z-D7HT =
bl ! -3 i/2 . h/2  ~1.2,, n
= (+r - 'Zo I6n+i ZONb_ )Nt SNt T = 1)) “Nbp

1=

T S

i}

1
(1—-fn(Np ) (Np

hence a ¢ Wl(bpn). ]

REMARK (8.9). In (8.4) the ideal ¢ does not play an importanti role.
Whenever»the Y; are in K, for 0 < i < h, there is always an integral
0 -ideal ¢ for which Y; € bic_l. However in the main application (8.10)
we choose Ne as small as possible, such that there exists Y for

which (8.3) holds for certain ro > 0. We do this for the following reason.
For given sequences of bi and Y; we may choose Bi in a way that only
depends on the so called ray class of p mod ¢, ecf. [Iy] AP.2 §2.1. We
will not prove this in general, but for a special case it will be proven
implicitly in (8.10). Hence for rings with a Euclidean ideal class we get
an upper bound on Np only depending on the ray class of pmod c¢. If Nec
is small there is only a small number of ray classes mod ¢ and thus the

computations for getting the upper bounds remain limited.
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§(8.2) Application to rings with small discriminants

In this section we use (8.4) to show that several of the rings listed
in tables 7 and 8 do not have a Euclidean ideal class. We apply (8.4) only
if the order of [pl in C1(0) is small, since otherwise there are too
many poiynomials fi to be calculated. We only consider the ideals ¢
with ¢ = 20 or ¢|/A+0. The latter ideal is the ideal for which the o,
cf. (8.2), are as large as possible, see the proof of (3.4).

For A = -23 we get the largest gain. In table 8 we listed 116
rings with A = =23 for which the existence of a Euclidean ideal class is
still unsettled. We will use (8.4) to reduce this number to 51.

Assume A = -23. We write o« =4(1+V/-23), then 0 = Z+ Zw. We will
apply (8.4) with ¢ = 0<vV-23. Let ¢ = Z+2+Z-w and A= Z-2+Z-(v-1)
be the two integral ideals of morm 2 of (. Then 0, ¢ and % are
represéntatives of the ideal classes of 0. 1In particular we may choose
bi e {c, gqc, #c}. Figure 1l shows, for each a e {0, ¢, 4}, the repre-
sentatives of « mod ac that lie in the fundamental hexagon belonging to
ac. In the case that @ =0 each o e a is = nmod ac for a unique
neZ with |n|] £ 11. In the case that 4 =¢ or a =1 each ae a
is = nmod dc for a unique n ¢ 2Z with |n| < 22. In figure 11 we
find these numbers n. Also the circle {x e €:|x|_ = Nac} 1is drawn.

The minimal values of IB[mN(ZLQ)_1 for B in a given residue class of

a mod ac are listed in table 13. From this table we derive that in order
to satisfy (8.2) we must take Y; = %5, 6, 7 mod bi if bi = ¢ and

Y; = #18 mod bi if bi =gc or b. = nec.

1

THEOREM (8.10). Suppose that K = @(/-23) and that A = Ag has a Euclid-

ean ideal class, with S = {p,=}.

(a) JIf Np = 1mod 23 them Np < 1427 ;
(b) If Np = 2 mod 23 then Np < 1129 ;
(c) If Np = 3 mod 23 then Np < 1153 ;
(d) If Np = 4 mod 23 then Np < 487 ;
(e) If Np = 6 mod 23 then Np < 1409 ;
(£) If Np = 8mod 23  then Np < 491;

Hi
O

() Tf Np = 9mod 23  then Np < 331 ;




7/8 9 10 11 -1 -10-9 -8

86 7 9 10 4 -11-10-9 -8/-7 -6

0 mod ¢

% x x M
2 1w 18 iz
¢ & : ¢
x x
-2 -10 -8 12
22 "2z 20 18 22 22

¢ mod ¢C 2 mod AC
fig. 11

TABLE 13. Minimal value of 23]8[00f\/(a(‘_)_l for B e a,

a=20 a=¢ or a==*n

R mod ¢ ISIOO 8 mod ac %IB!@
0 0 0 0
%1 1 +2 2
+2 4 +4 8
+3 9 +6 18
+4 16 8 9
+5 25 +10 4
+6 36 +12 3
7 26 *14 6
+8 18 16 13
+9 12 t18 24
10 8 +20 16

+11 6 22 12
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(h) If Np = -11 mod 23 then Np < 587 ;
(1) If Np = -10 mod 23 then Np < 151 ;
G If Np = -7 mod 23 then Np < 131;

i
|
ut

(k) ‘ If Np mod 23 them Np < 179 .

PROOF. We use (8.4) with ¢ = 0+v-23. 1In all cases we take h = h(0) = 3.
Suppose that p is an O -ideal such that A = A{p,w} has a Euclidean
ideal class. Notice that h(A) = 1, hence A is a Euclidean ring. Let

G- and /1 be as above. Because the conjugate of p gives rise to an iso-
morphic ring we may assume that [pl = [g]. For i e Z we take bi =cC
if 1 = 0 mod 3; bi =gqgc if 1 =1 mod 3 and bi = 1c 'if i £ 2 mod 3.
Also we take b = . Then for each i ¢ Z we have [bp*] = [bi].

gq , then 70 = pi. Because q3 =

). Because 2Np = [r]|_ = 72 mod c, we

Let 7 € p be such that p
= 0+(2~w) we have p3 = O-(«Z%E
find that 27 mod ¢ only depends on Np mod 23. 1In table 14 we find for

3
™

each value of Np mod 23 a choice of Y; € bic_l, for 1 =10, 1, 2, such
that (8.2) is satisfied for some r, > 0. Suppose that we have Gi, Bi
and n such that (8.1)(a), (b), (c) and (d) are satisfied. Then there

exist e, € {1} such that

(8.11) 63]'. = €3i(—8—’ﬂ') H
_ T o 2=w 3.1
83541 T €3541 2 Ty ")
_ -1,2~w 3,1+l . .
63i+2—€3i+2ﬂ (—é——‘lT) , for all 1 ¢ Z;
- ee 2-w TT3
L ;

= il .
80 = (YO-—eOelyl 2) mod C ;

= - (2-w)m. .
Bl = (y1 €185, A ) mod ¢ ;

= (Yz'—EZEBYO m) mod C .

N
!

From table 13 we see that the minimal value of IB[m for B in a residue

"class of a mod dac uniquely determines the residue class up to sign. Since
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Y; Z0mod ¢ and 7 # 0 mod ¢, we find that the Bi and also the €i€i+1
are uniquely determined by (8.1)(c) and (8.1)(d). Hence the only freedom
of choice in (8.11) consists of changing the sign of all éi and € si-
multaneously. 1In particular we find that the Bi are the same for two
primes Jp with the same norm mod 23. This justifies the fact that we
treat those primes together.

The rest of the proof can be derived from table 14. For the various
possibilities of Np mod 23. we find the value of %7 mod ¢ in the second
column. For 1 =10, 1, 2 we find in the fourth column the value of the
Y mod bi that we have chosen. They are chosen Eo give the best results.
In the fifth column we find the value of 23(1-+ri), which is an integer
that can be derived from table 13. In the sixt?zfziﬁmn we find the values

. - T - -
m, defined by my = €08 3 mod C, m, = eE, ———E——-mod ¢ and m, =

Zeneq T mod ¢. They are used in the computation of the Bi' The residue
classes of Bi mod bi are given in the seventh column. Using table 13

we derive from this the value of 23]Bi]mNb;1, which is listed in the
eighth column. Finally in the last col?mn we find the minimal value Bi
such that Np = B, implies that fi(sz) < 0. The largest of these values
is underlined, because by (8.5) we know that for a ring with a Euclidean

ideal class Np must be less than this bound. [

Notice that, since r, > 0, there are only six possibilities of
Yo mod bO’ viz. 5, %6, 7. TFor Y, mod b1 and Y, mod b2 there are
only the possibilities #£18. Changing the sign of the 1\ only results
in changing the sign of the Bi and the éi. This will give the same
bound on NP.
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TABLE 14.

Np mod 23

Bounds on Np for subrings in Q(v/-23),

Euclidean ideal class.

7 mod C

5

+2

11

10

+9

+4

+8

1

+7

+3

6

i

Yi

18
18

18
18

18
18

18
18

18
18

18
18

18
18

18
18

18
18

18
18

18
18

2
23(1+ri)

25
24
24

25
24
24

26
24
24

25
24
24

26
24
24

26
24
24

25
24
24

26
24
24

36
24
24

25
24
24

26
24
24

-12
-14

~4
20

11
-14
-22

-8
-6
-16
10
-20
-3

-8
6

B.
i

~14
12

2
10
12

-2
-4

N O

-2
i0

-1
12
14

with #S = 2,

=1
2318, | Nb;

16
0
13

N N o W o (e e JiNe) wo o N W O

—

N W o—-

with a

B.
1

65.4
1223.1
174.3

894.8
904.8

50.8
1538.5
640.5

o

™~ -
~ -
~ B~

[«)}
Ny
[
O

92.6
410.8
415.5

40.1
405.7
791.3

6.9
26.6
191.6

110.5
132.1
209.1

77.2
140.0
303.8
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TABLE 15. The subring A, of 0(/-23), with S = {p,»} has a Euclidean

-~ subring only if Np is in the list below.

Np mod 23 Np

1 47, 139, 277, 461, 967, 1013, 1289, 1381, 1427
2 2, 71, 163, 439, 577, 761, 1129
3 3, 233, 509, 601, 647, 739, 1061, 1153
4 73, 257, 349, 487
6 29, 397, 443, 673, 811, 857, 1087, 1409
8 31, 353, 491
9 193, 239, 331

-11 127, 311, 541, 587

-10 13, 151

-7 131

-5 41, 179

Table 15 lists those primes of ‘Q(v-23) for which the existence of a Eu-
clidean ideal class remains unsettled by (8.10). This list contains 51
rings, which is 65 1less than the list in table 8.

For discriminants other than -23 we may also use (8.4). TFor 18
rings we disproved the existence of a Euclidean ideal class in this way.
They are listed in table 16. The values of !Bi!wa;] and (1+ri)2 are
rational numbers with denominator Nc. We only list their numerators.
Instead of the Gi the values of 5i+16;1 are listed. These latter values
are what we need for the computation of the Bi’ cf. (8.1)(c), (d). If

h is the order of [pl in C1(0) we may compute the fundamental unit n

h=1 -1 S
by n = igb 6i+16i . If we take b = bO and 60 =1 we find that
- N
S, = %U §. .87'. We have chosen the b, in such a way that v, € 0 = Zlw],
1 3=0 "j+173 i

where w = VA if A is even and w = ((1+VA) if A is odd.

After this section there are still 157 rings to be investigated.




TABLE 16.

=24

=24

Np

79

101

41

59

71

i3

Rings with no Euclidean ideal class.

h

Ne

24

31

31

31

ZZob + Z+ 20

Z+12+Z+120

224 + Z+12w

Z+31 +Z+31w
7262+ Z+31w

7262+ Z-31(1-w)

Z31 +Z+31w
Z+62 + Z*31w

Z+62+ Z-31(1-w)

ZZ+31 +Z+31w
Z+62+ Z+31w

ZZ62+ Z31(1-w)

ZZe2+ Z+2w

6+ Z-20

I1-w

4 + 5w

11 -w

7 + 3w

12-5w

-7-3w

5+w

-34+2w

Y3

2 +w

645w

12 + 6w

8 - 16w
24+ 14w

38-14w

7 - 1l4w
24+14w

38-14w

8 - 16w
24+14w

38-14w

I +w

3+w

2
(1+ri) Ne

31

30

64
40

40

49
40

40

64
40

40

By

5w

6 + 2w

-3+6w
=2+4w

4 - 8w

5-10w
-22+13w

11+9w

-1+2w
14+3w

-18 + 5w

-1 1
|8, [ N6, e | £, (Np?)

25

-0.

-223.

-64,

-50.

22

.04

.09

.25

.95

.18

.87

.42

.91

60

02

68

.40

.07

811



TABLE 16.

Continued.
Noo n Ne
17 2 4
47 2 4
73 2 4
83 2 4
41 4 39

22+ 72w

Z6+ 2 2w

Z2+ Zo2w

Z6+Z-2w

ZZ+2+ 2w

ZZ6+ 22w

ZLe2+ Z-2w

6+ Z2u

ZZ+39 + Z+39%
Z+78 + Z-3%
Z+117 + Z+39(1+w)

Z+78 + Z+39(1-w)

4~ 5w

-9 +w

13+13w
10-20w
12~24y

30+18w

52

50

48

60

B

-1 L
!BilmNbi ¢ fi(NPZ)

27

~10.

~163,

03

.10

.78

.42

.50

.57

.59

.94

.50

.76

.46

25

611



TABLE 16. Continued.

. -1 2 ) -] !
A No b Ne i b, 8010; e (1+x,)“Ne B, 8,1 Nbs e Vfi(Np)
39 47 4 39 0 Z+39 + Z+39 ‘1—;319 9 - 18w 81 2 = 4y 4 ~727.22
1 Z+78 + Z+3% “g’"‘*’ 10-20w 50 244y 2 -152.92
2 Zel17 + Z+39(14w) '12"‘*’ 12-24u 48 6-120 12 ~148.32
3 Z78+Z-39(1-w)  —1-3w  30+18w 60 -6+ 120 18 ~338.44
-39 59 4 39 0 Z+39 + Z 3% 7'23“’ 10+19 100 0 0 ~1762.21
! Z78+ Z+39% ‘8;5“ 32+14u 4h - =448y 8 ~173.36
2 Zel17+Ze39(l4w) O 220 12-200 48 “21 + 3 4 ~169.92
3 Ze78+Z+39(I-w)  T-3w  10-20w 50 —6+ 120 18 ~287.79
39 71 4 39 0 739 + Z+ 39 —'—‘;—‘-‘3 7 - 14 49 4 - 8y 16 —61.04
] Z78 + Z+3% ﬁgﬂ 3021w 60 6=120 18 ~763.17
2 Ze117 + Z+39 (1+0) ‘6;5‘” 12244 48 0 0 -91.83

3 Z-78 + Z+39(1-w) =11-w 9+ 21w 60 -8 + 16w 32 -1156.81

0t



TABLE 16.

-39

Np

83

89

23

43

Continued.
h Ne
4 39
4 39
2 17
4 11

7Z+39 + Z-39%
ZZ+78 + Z 3%w
Z117 + Z+39(1+w)

ZZ+78 + Z-39(1-w)

Z+39+ Z+-3%w
ZZ78 + Z+39%w
Ze117 + Z+39(1+w)

Z+78 + Z-39 (1~-w)

Z-17+72ZZ+17w

ZZ+51 + Z-17 (1+w)

Z+11 +Z-llz/u
222+ Z~-11w
ZZohb + Z11{(1+w)

Z22+ Z-11(1~w)

7 - lbw
32+14w
12-24w

10-20w

7 - lbw
32+14w
12-24w

10-20w

48w

22 + 7w

443w
8~5w
20 + 4w

3+5w

44

48

50

49

44

48

50

48

25

By

14+ 11w

1549w

1 -2

S5+w

~7+3w

-1 %
8, | NbT e £, (No®)

20

10

~783.

-180.

-184,

-465.

-674,

~245

-349

~444,

87

73

96

78

62

L1
Ny

.40

.80

A4

.29
.03

.61

61

XA
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§(8.3) Primes of norm 2

In this section we assume that Np =2 and A = 1 mod 8, i.e. 2
is splitting in K/@. If each reduced qﬁadratic form (a,b,c) of discrim-
inant A satisfies a < %}é;- we see from (6.14) that A has no Euclidean
ideal class. This result was derived by taking k = k' = 4 in (6.8). In
this section we will improve upon (6.8) for the case that Np = k = k' = 2.
This will lead to a better upper bound for [A| for rings with a Euclidean
ideal class.

Let b be an O-ideal and let a = bA be the corresponding A-
ideal. For n e Z let (an,bn,cn) be the reduced quadratic form corre-
sponding to bpn. 1f a, bn and o for all n e Z, satisfy certain

restrictions, stated in (8.16) we may construct a sequence (yn)

neZzZ
in & such that for some ¢ ¢ IR>O and for all n € Z>O we have =
(8.12) |Y-—yn|w > (1+s)Nbpr for all r ¢ Z with 0<sr <n

and all vy e bp".

This enables us to conclude that a 1is not Euclidean, by (6.6). We will
only congsider A < -23. So for e small enough the existence of Yo is

trivial. For the induction step we need some lemmas..

LEMMA (8.13). Let m ¢ /2 and € € L Suppose that for each n e Z

with 0 < n <m there exists Y, € T such that (8.12) holds, and that
am(1+e) < %%}; Then there exists Yy € T such that (8.18) holds for

n = m.,

PROOF. Essentially this will be the proof of (6.8). Choose a, B ¢ bpm

such that !a! = 3 Nbpm and B = (b +VA)a/2a . Let k be the least
© m Kk o m

integer 2 0 such that bp” = Zoa-2 +ZB; then k <m. If k=20
we take y = Yo = i8. If k > 0, let first y = Y1 € C be such that
(8.12) holds for n = k=1; next shift y by an element of bpk—] in

order to achieve that /|A|/8am < Im g < 3/[AI/8am, cf. fig. 12; this does
not affect (8.12)., We show that y satisfies (8,12) for n = m.
Take v ¢ Z with 0 < r <nm and take v e bpr. If r < k we have

(8.12) by assumption. If k < r sm we have

ly-vl,, 2 JA'? o, = BJL%L Nbp™ > (1+e)Nbp™ = (1+e)Nbp™. O
64a m




123

4B + Ra

N
I
[ ]

fig. 12

LEMMA (8.14). Let m € ZZ>O and € € ]R>O.

with 0 < n <m there exists v, € T such that (8.12) holds. Let
e, f ¢ Z be such that there is a basis a, B Of bpm with

Suppose that for each n € Z

lal, = eNbp™ ;

£+VA
—_— O

B="5"a ;

bp™ ! = Zla+ zs.

If 8<e then there exists v, €T such that (8.12) holds

< A
32(1+2¢)
for n = m.

PROOF. Let k be the least integer = 0 such that b)ok = 7025y ZB;

then k <m. If k =0 we take vy =3y = (3 +;{—é)u. If k >0 1let first
Y= Y be such that (8.12) holds for n = k-1; next shift y by an

element of b)ok—l in order to achieve that
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_‘/_I_A_LS IIle Sl/_Lé_]_‘
8e o be

Finally shift y by a suitable integral multiple of % € b)ok_1 in order
to achieve that also
1 Y .3
A < Re 5 < Z >
cf. fig. 13. We show that y satisfies (8.12) for n = m.
B + IRa
5B + Ra

Y
Ya

////; -%8 + RRa

O
Qe

fig. 13

Take r e Z with O <r £m and take v ¢ apr. If r < k we have

(8.12) by assumption. If k £ r <m we have

ly-vl, 2 "IALE o], = Je% Nop™ > 228 Nbp™ > (1+e)Nbp”.
64e

Let finally r = m. Then

ly=vl, 2 mint2L o], d8L v Lyjal s
16e 6he
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Now

—LA—LZ- la[m = -l—é—i— Nbp™ > 2(1+2e)Nbp™ > (1+e)Nbp™,
16e

and

A 1 A e m
e+ el - il + pnn

1+2e

>(2

+ —12-)Nbpm = (1+E)Nbpm,

hence also |y-v[_ > (1+e)Nbp™. [

LEMMA (8.15). Let meZ>O and € € R with O<€<—1]—6.
for each n e Z with 0 <n <m there exists v, €8 such that (8.12)
holds. Let e, f ¢ Z be such that there is q basis o, B of bp with

Suppose that

la], = eNbp",

_ f+ YA
B = 5o O and

m—1

bp = Ze-io + ZB.

A

If 16 < e < 16(1.+e)

then there exists ¥, €C such that (8.12) holds for

PROOF. First we show that when 4|e we necessarily have apm—Z =
= Ze+ta + ZB. The other two possibilities are apm_z = Z+lo + Z<iB and
apm—Z = Ze+jo + Z-(fa+4B). In the first case we get pz = 20, a contra-
diction. In the latter case we have ]%a-f%ﬁ]m = (-—e-+lf-+%g)Nbpm =
= (%e-+éf-+g)Nbpm_2, where g 1is the integer such that [?]w = ghNbp™.
Because f " -4eg = A we have f = 1 mod 2, also we have Ze-r—f-fg € Z
hence e = 2 mod 4, a contradiction as well.

If e=16 and m=1 we take y = vy, = (%+—2§—)a. In the other
cases we take y = Vo1 € T such that (8.12) holds for n =m-1. Shifting

v by a suitable element of bpm_1 we may suppose that

]Im XI < iléi
o

be

and
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fig. 14

FST.
IA
o
[0}

oM
A

S~

.

cf. fig. 14, We show that y satisfies (8.12) for n

]

m# 1 we only have to check (8.12) for r =m. If e
also have to check (8.12) for r =m=-1 = 0.
>

First assume that e # 16. Then e

then
. A 1
Iy -7l ”“‘{i_lf lal s 2 lal)
e
Now
A A
'J_JE la| = T Nbp™ > (1+e)Nbp™
16e
and
1
TE'Ialw = {%-Nbpm > (1+e)Nbp™,

17 > 16(1+e).

m.
16

B+ IRa

%8 + Ra

-%B + Ra

If e # 16

and m = |

Take v e bp",

or

we
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by assumption, hence also ]y—y’m > (1+E)Nb}9m.

If e=16 and m=1 we have for all vy e b that
IY'"YIw Z-JAJE la!w > (1+e)Nbp.
16e

Since b > bp this finishes the proof for this case.

Finally suppose that e = 16 and m > 2. Above we have seen that

%OL € b)omuz, hence

ly—%oclm > (1+e)Nbp™ 2 > %Nbpm,
by assumption. Similarly we have ly—%a]w > %Nb}om. This shows that
IYIm > ]%a]w + %Nbpm = %Nbpm and similarly ]y—a]m > %Nbpm. Hence

for all y e bp™ we have

ly=vl, > min{—Jé—I? [a]_, Z%Nbpm} > (1+e)Nbp™. O
16e

PROPOSITION (8.16). Suppose that K = Q(YA) with A = 1 mod 8. Let p

be a prime of K of norm 2 and suppose that A = AS with S = {p,=}.

Let b be an 0-ideal. Denote for n e Z the reduced quadratic form

corresponding to b)on by (an,bn,cn). If for all n e Z the following
conditions are satisfied then a = bA <s not Fuclidean.

(a) If AZ]an then

a<-l—é—l-02"8 a<-lAl-or16 a<JAL-

n 64 n 32 n 16 °

IA
IA

(b) If 2[crl then

an<J6A4L or 8 cn<-J—:§l2L or 16 Cn<J1A6L3

A
A

(c¢) If 2)((an+cn) then

a<—!—4—|—oz’8

n 64 -

A
M)
=)
I
o
g.—__
+
[e]
A
Q
53
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PROOF.  Assume that (a), (b) and (c) are satisfied. The sequence of

(an,bn,cn) is periodic modulo the order of [pl in C1(0). Hence there
; 1

exists € € ]R>0 such that € < 16 and all strict inequalities in (a),

(b) and (c¢) remain valid if the left hand sides are multiplied by (1+2g).
It is easily checked that (a), (b) and (c) are not satisfied for A > =23,
so we may dassume that 'A < -23. Then the covering radius of b is greater
than 1. Hence if we have chosen &€ small enough there exists Yo such
that (8.12) is satisfied for n = 0. Therefore it suffices to prove that
for each m ¢ Z>O we may use one of the lemma's (8.13), (8.14) or (8.15).

A
Take m € Z>0. If a < “gj We may use (8.13). So suppose that

JﬁiL mo. _ m
c~ - Choose o , B « bp~ in such a way that Ium]w = amNbp and

o
=}
v

i

(bm-+Vh)am/2am. If bpm"l = zp%ami-ZBm, the a =~ must be even._1
e=a. If bpm =

=:Zam+-Z-§6m, then c. must be even. By (b) we may use (8.14) or (8.15)
c

By (a) we may use (8.14) or (8.15) with a = a and
. . . m—1

with o = Bm and e = Finally if bp = Zotm+ Z'%(am+6m), then

a +b_ +c must be even and thus a +c¢ must be odd. By (c¢) we may use
m m 1 m m

(8.14) or (8.15) with a = um-FBm or o = am-—sm and e = am-]bm|-+cm.

0

REMARK (8.17).  Because A = 1 mod 8 we have for each n € Z that ac, =

= 0 mod 2. This shows that for each n € Z exactly two of (a), (b) and
(c) give a non-empty condition. In the proof of (8.16) we only use one

condition for a given quadratic form. However we need both conditionms,

because when one of them is necessary for (a,b,c) the other is necessary
for (a,-b,c).

COROLLARY (8.18). If |A}l > 448 or A = -407 then A has no Euclidean

ideal class.

PROOF. We show that for these A the conditioms (a), (b) and (c) are sat-
isfied.
First suppose that |A| > 448. Then lél > 7 and léi‘> 14. Take

64 32

ne 7Z. If an < then (a), (b) and (c) are satisfied. Tn the other

A
64
case we have a_ 2> 8. Because a_~-|b_|+c_ is even, if a_+c_ 1is odd,
‘ n n n n n n
and a =< c¢ < a —Ib ! +c , we find that (a), (b) and (c) are satisfied
n n n n n

if a -—]bn]-+cn < |a]|/16. Because |A| > 448 we have

n
A A A
8sa <3< gmg <
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This gives

an_’bnl+cn=an_lbn * b4a 4a ba s
n n n
1ol 18]
N VERST:
Now suppose A = -407. The only reduced quadratic forms (a,b,c)
that satisfy a > Al 6.36 are (8,%£3,13), (9,%5,12) and (11,11,12).

64
It is easily checked that they satisfy (a), (b) and (c). N

At the end of chapter 7 there were 240 rings for which the existence
of a Euclidean ideal class was not yet determined. In section (8.2) we
dealt with 65 rings of discriminant =23 and with 18 other rings., In
this section we dealt with 19 rings with Np = 2. So 138 rings remain

to be investigated.
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CHAPTER 9 THE END OF THE PROOFS FOR THE IMAGINARY QUADRATIC CASE

; As we remarked in chapter 8 there are still 138 rings in case (#27)
for which we have to decide whether there is a Euclidean ideal class. In
this chapter we consider these rings. We show that we may decide, with
the help of a computer, for each individual ring whether or not it has a
Euclidean ideal class. The possibility that none of (6.6)(a), (b) and
(6.7) can be applied did not occur.

In section (9.1) we deal with the rings without Euclidean ideal class.
We give two examples to illustrate the method. Table 17 contains data that
the reader may use to check that 93 rings have no Euclidean ideal class.
In section (9.2) we deal with the remaining 45 rings. These are
the rings with a Euclidean ideal class; they are listed in the tables 1
and 2 and also in table 18. We give examples how we can prove that such
a ring has a Euclidean ideal class. The proofs for the other rings are

not given, but they run along the same lines.

§(9.1) Rings without a Euclidean ideal class

be a subring of an imaginary quadratic field K

Let A = A{p w}
and let a be an A-ideal. Let b be an 0-ideal such that a = bA.
We fix a unit n of A, such that |n[p < 1. Let h e ZZ>O be such that

no = ph. For most applications we take 1n to be a fundamental umit.
However we will not use that explicitly. Notice that h = h(0)/h(A) if
n is a fundamental unit.

In this section we show how we can construct an element o ¢ K with
no £ a mod b, for which it is likely that a ¢ Ul W (bp . If we find
that indeed a ¢ hU W (bp ) we may apply (6. 7) to show that a4 is not
Euclidean. Notlce that we have changed the notation of (6.7) somewhat.
This is for convenience in the discussion below.

First we illustrate by means of two examples how o can be con-—
structed. Then we show that it can be checked by a finite computation

h-1 -
whether o ¢ ngo wl(bp ™. Finally we give a list of all rings for which
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we disproved the existence of a Euclidean ideal class in this way.

EXAMPLE (9.1). A = -19; Np = 11, cf. fig. 15. We have h(0) = i Write
w=30+v~19), We take p = Z-11+Z+(2+w) and b=p2= ZB+ 7Y,
with B = -1+50w and vy = 24+w, cf. fig. 15. Let T be the parallelo-
gram with vertices 0, B, Y and B+y. Then F is a fundamental domain
for b. Figure 15 shows F together with discs contained in Wl(b) and
wl(bp_l) that partially cover it. However F 1is not completely covered
by these discs. 1In particular F, 1is not covered, where F, 1is the

1
parallelogram with vertices. &, €, £ and e+; -6, with & = 15+ 2u,

€ = 13+w and 7 = 8+4w. The parallelogram FI is a fundamental domain
for bp_]. A fundamental unit of A 1is given by n = -2-w. We have
nd = p and Fl =§ +n_1F. Let 1@ be the affine map given by ®(x) =
= 6-+n_]x, then @ maps Wl(bpr) bijectively onto Wl(bpr_l) for all
r e EZSO. Because Fl = @(F) is not completely covered by wl(b) u Wl(bp—l)

we may expect that for all n e Z_ the region @™ (F) 1is not completely

covered by igo Wl(bp_i). Let o %e the fixed point of ¢, i.e. a =

= T%{185-+43w), then we may expect that o ¢ nQO Wl(bp_n). By construction
we have no = o mod b, hence to show that a = bA is not Euclidean we .
only have to show that o ¢ Egé Wl(bp-n) = W](b), cf. (6.7). This is indeed

the case and we will show below how this can be proven.

For several other rings the reasoning proceeds in an analogous way. How-
ever, if h or Np is large we need more than one picture, as we will

see in the next example.

EXAMPLE (9.2). A = -39; Np =11, cf. fig. 16. We have h(0) = 4. Write
w=3(1+/-39). We take p = Z-+11+ Z+(3+w). Consider the 0 -ideals

b, = Z-B.+Z+y., for 0<1i <3, with
1 1 1

80 = 20-19% ; Yo = 17 + 2w 3
Bl = 18 - 5w ; Yy = 16 + 9w 3
82 = 18 - 5w ; Yy = 17 + 2w 3
63 =35 - 3w ; Y3 = ~1+7w,

cf. fig. 16. Notice that [bi] = [p 1. The parallelograms Fi with
vertices 0, B., y. and Bi-FYi are fundamental domains for the ideals

i
bi’ for 0. < < 3. These parallelograms Fi are not completely contained
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in néo wl(bip—n)' In each Fi we have chosen a parallelogram 6i’ which
ig a fundamental domain of bip_l that is not completely covered by

ngO w](bip_n). The 6i are drawn as small parallelograms inside the F
in fig. 16. The parallelograms 6i have vertices Gi’ €;s &y and

€. +g7.=68., where
1 1 1

60 = 14-10w , €y = 22 -11w , EO =15 - 6w 3
61 =12 + 4o, € = 14 +w ;1 = 20 + 3w ;
62 =8 -w €, = 13 - 3w, cz =113

63 =9+ 3u , g = 19 - w , c3 =12 + 4u .

For 0 <1 <3 let wi be the affine map that maps O, Bi, Yi to Gi—l’
€ 1> Simg (in the same order), hence ®; maps Fi onto 6i~1’ where
i-1 1is regarded mod 4. Then ®; also maps bi bijectively onto

-1
b,_;p . We have

_ 7+w
QDO(X) 9+3LU+WX,

7+w

14—10w+ﬁ—x,

wl(X)

If

b-w
Lpz(x) 12+4w+—l—1——x,

8 ~ w+ %i;‘x .

It

¢5(X)'

Let ¢ be the combined map 0,950, then ¢ maps bO bijectively onto
bop—4 and @(FO) is contained in 60' The map @ 1is given by @(x) =

= 7%7(2125 - 1007w) + n-]x, where n = 83 +24m1 is a fundamental unit of A.
The fixed point « of ¢ 1is given by o = 72237(253670-—121378w). By
construction we have na = o mod bO' Also a € 60, @ 6363, 9oy € 62
and O P 0 € 61, so there is a great chance3that a ¢ ngO Wl(bop“n).
Because we are able to show that indeed o ¢ ngo Wl(bop_n), see below, we

conclude from (6.7) that A has no Euclidean ideal class.

For each of the 93 rings we are considering, we found in a similar way
an elﬁment ¢ with na = o mod b for which it is very likely that
o d ngO

computation whether a ¢ W](bp_n) for a given n. Of course it suffices

W](bp_n). Now we will show how we may decide by means of a finite

to compute min{]u-—B]oo : B e bp_n}. This can be done by computing ]et-—B[oo

for only 4 wvalues of B ¢ bp—n.




138

LEMMA (9.3). Let c¢. be an 0-=<ideal and let (a,b,c) be the reduced

quadratic form corresponding to it, cf. section (3.1). Let a, B € ¢ be
such that |a|_ = aNc and B = b ;a'/A o. Let x =ua+vB8 be an element
of & and let m, ne¢ Z be such that mSsu sm+1 and n <vsn+l.

Then

min{|x—y|m: Yy e cl=
min{[x—mu—n5|w, Ix-mon—(n+1)6|m, ]x—-(m+1)a—n6|m, Ix—(m+1)ot—(n+1)61m}.
PROOF. We may assume that m =n = 0. Let wra be the orthogonal projec-—

tion of x on the line MRa. Then, since [bl <a and 0 <u, v<sl we

have —% <w < % Hence

min{|x-y|_: v € Za} =

. 1 2 ]A
= mln{]xlw, ]x-—alm} < (Za + v 4a)Nc .
In an analogous way we get

min{]x—*{lm: Y € B+Zal} =

- minf|x-8] , |x-a-8] } < (%a ¢ (1-v)2 JZA_L)NQ.
0 0o a

Take vy =ka+£B e ¢. If £ < 0 then

lx-v|_> (£-v)? %Nc > (1+v2) Jﬁ—a[-Nc > Ga+ v’ Jz?;]—)NC,
because a2 < |al. If Z>1 then

Ix—ylw > (l’,—v)2 -]Z%I—Nc > (1+ (1—v)2) -IZ%L Ne >

> (-l[;a + (l—v)2 JZA‘;[—)NC.

This proves the lemma. []

The 93 rings for which the method works are listed in table 17. This
table is organized as follows. The first column '#' counts the number of
rings in the table. The second column gives the discriminant A of K.

The third column gives the norm of p. In the fourth column 'h' . we find
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the order of [p] in C1(0). 1In all rings in this list this is equal to
the class number of 0. Because in the next section we show that the re-
maining rings have a FBuclidean ideal class this shows that all rings A,
with h(A) = 2 and for which there is no Euclidean ideal class, were al-
ready comsidered in a previous chapter. In the fifth column we find a fun-
damental unit n of A. For n we have [nlm = Nph. This is the unit for
which the method described above works. In the sixth column we find |n —llm.
The seventh column gives aln -1|_ e 0. Here o is such that na = o mod 0
and a ¢ Zgé Wl(p—n). Because for all rings in the list we have h(A) = 1
this suffices to prove that A has no Euclidean ideal class. The last
column gives the least t ¢ R such that o ¢ :gé Wt(p_n) ; here t 1is
rounded off to 4 decimals. For A =-19 and Np =5 or Np =7 we have
t = 1. This shows that for these cases we need (6.7) with t = 1. These
rings cannot be handled with the theorem of Barnes and Swinnerton-Dyer, cf.

(5.2) and (6.5).

REMARK (9.4). For each choice of A and Np 1in table 17 we considered
only one prime p of this norm. The conjugate ¢ of p gives rise to an
isomorphic ring, hence it need not be considered. The prime j{ can be
distinguished from its conjugate by the value of n, which is in p but

not in ¢.
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TABLE 17. . Rings A{p w} € @Q(Y/A) without Euclidean ideal class. We write

—

— O W o NN~ O W N Yy W N = O W 0Ny W

w

Np

11
139
151

179

277
311
331
349
397

439

461
491
509
541
577
587
601
647
673
739
761
811
857
967
1013
1061
1087
1129
1153

h

W W W Ww W Ww Wwwww Wwwwwwww wwwwwwwwww

W
-1~
-2-u
~133+678w
~1721-174
_1783+8180
~23+1884
~1961-19340
~6025+6u
-3955-18120
7043+9960
5405-35220
3601440760
-9631-14140
6227-44924
-3089+5244u
~9101-3576w
1883-59 140
2909-6144w
16001-339%40
~15797-19924
17995-544 2
~17975-3176w
6485-96064
~18047+87760
1951-12414
25319+6308u
10235-14356
-249914+127740
13403-156484
~15707+160084

3
/A if A is even and o =

fn-1]_

7
11
17
2685208
3446568
5738088
21252096

30086088

36276736
42518272
62555692
84597232
97975308
118391448
131864268
158341356
192121812
202264152
217082128
270811416
304854804
403552872
440750208
533408368
629450112
904239576
1039452252
1194383868
1284402712
1439058532
1532823984

(1 +vYa) if A is odd.

a]n - Ilw

1+3w
4+6w
2+8w
909044+984600w
1039620-16096440
2723916-2386052w
1373592-9583656w
11607648+12369852w
12200844+13395986w
16664728-18629020uw
8619734+30956882w
9440140+39107892w
15109230+41013414w
37633764-59115084w
62541768-63764354w
9064998+71803650w
2053182-91366458w
98902296-82761930w
29989768+103054308w
- 8966310-112754906w
43268922-128980320w
199755312+201382422w
144003264+180874440w
213467624+203782176w
31117960+310574216w
5715492+450610470w
208247874-457567008uw
590320812-595862510w
4906996+530433976w
606793884+716876222w
7450944-765460128w

1
1
1
1
1
1
1
i
1
1
1
1
1
i
1
1
i
1
1
1
1
1
1
1
1
1
1

g

1

.1765
.0017
.0021
.0042
.0203
.0045
.0123
.0004
.0032
.0060
.0002
.0067
.0070
.0096
.0027
.0071
.0095
.0006
.0001
.0173
.0074
.0063
.0101
.0040
.0094
.0087
.0006
.0095
.0080




TABLE 17.
# A
32 -23
33

34

35

36 -24
37 -31
38 -35
39 -39
40

41 -47
42

43 ~51
44 =55
45

46

47 -56
48

49 =59
50

51 -68
52 =71
53

54 =79
55 -95
56

57 =103
58 104
59

60 -111
61 -116
62 ~119

Continued.
Np h n
1289 3 ~-19325-15632w
1381 3 -30785+19524p
1409 3 -42407+16912uw
1427 3 -54673+1934uw
53 2 ~47-10w
19 3 83~10w
3 2 -
5 4 5-8w
11 4 83+24u
7 5 -125-6w
17 5 1085+104w
11 2 ~1-3w
7 4 43-8w
13 4 -101+40w
17 4 -229+56w
5 4 -11+6w
13 4 155+18uw
3 3 -3-w
503 11-y
3 4 8-w
5 7 277+4y
19 7 -8653+6990w
5 5 =55+4y
2 8 -8+3w
3 8 -75+8u
2 5 2+w
5 6 ~109=12w
7 6 307+30w
5 8 579-56w
3 6 245w
3 10 -87-40u

[n-1]

2141754852
2633831388
2797328832
2905948896
2904
6704
11
624
14452
17064
1417584
127
2324
28724
83924
648
28252
35
105
66
77568
893882056
3232
270
6704
28
15844
117036
389524
726
59264

aln —1|oo

423653106-920352444w
585382986~-1125070128w
1143007384+1096105805w
657656268-1286811318w
996+1184w
1968+2508w
145y
92+284w
6590-7082w
5328-7740w
133752-635780w
32+57w
1096+668w
14048-13638u
21342+35808w
36-252u0
1918+13168w
15-17w
48+520
5+290
21104-24680w
424830664-354490388w
376+1272,
18+99w
1224-3208w
8+10w
4404-6674w
22878+50538w
137330+193078w
214-3440
27904-27240w

141

.0070
.0099
.0024
.0013
.0131
.0925
.0909
.0064
.1270
.2581
.0733
.1575
.0568
.1202
.1007
.0463
.2092
.0286
.3048
.0758
.0061
.3313
1894
.1889
.2685
.2143
.2008
.2916
.2240
.3085
.0716
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TABLE 17.
# A
63 -119
64 —127
65 -131
66 —143
67 -151
68 ~159
69 -164
70 -167
71

72 -183
73 -191
74

75 -199
76 =215
77

78 =239
79  -263
80

81 -271
82 -287
83 -303
84 =311
85

86. -319
87 =327
88 -335
89 -359
90

91 -383
92 -439
93  -447

Continued.

Np

RN N W RN N NN WD RN WRN WD D WD DN W R N LD W DN NN WD

10
12
18
19
19
17
15
14

2465+312¢
-w
15-w
28-3w
10-w
8-5w
~40+11w
-2+7w
321-46w
14+
80-7w
1245460
~22+w
58+15u
-1971-112w
-116~-17w
-74+7w
-1239-22w
bhvy
~1791-136w
-20+3w
686-31w
33585+482w
16+3w
-6-7w
236-51w
-178-73w
-32517-914w
352+7w
~-162-7w
-48-11w

[n=1]

9760384
34
215
972
110
1014
6642
2046
176552
228
8040
1591880
556
16254
4787024
33018
8334
1596824
1960
4786688
1062
522948
1162193816
990
4116
261724
524718
1162327416
130362
33100
16492

a[n - llm

4609352-47794320
12+1 1w
101+107w
360-360w
10-40w
152+380w
3977+3659%
736+758w
59008-82880w
68-70w
1368+2478w
718468+770376w
238+213w
2142-6090w
328120+23184520
3124+10199w
236-2672w
233266+767774w
864+604y,
926032-2260048w
144-3300
48888-156806¢
317231080~550275408w
90+3 150
882+1323w
59564+83363w
97596+184114w
564924540-579190000w
11586~45744w
6370-10387w
788+5078uw

.2000
.2059
L4651
.2099
L4545
.1874
.3868
L2473
.1566
L1140
.0276
. 2486
.2752
.0551
.3567
.2357
.4130
L4652
.0510
L1270
.2015
.0208
4224
.8636
.2398
.2026
L1326
L4427
.0458
L4672
.5049
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§(9.2) Rings with a Euclidean ideal class

In this section we describe a method to prove that a given A -ideal
a. is Euclidean. We will give several examples to show how this method
works.

Let b be an 0 -ideal such that a = bA. By (6.6)(b) it suffices
to find n ¢ Z i

20°?

n -3 _
such that T = .U, w](bp ). Because b c bp * for
a >
it suffices to show that F < igo Wl(bp 'y  for some fundamental

1e ZZO

domain F of b. In most cases this will be done by partitioning F into

triangles that have vertices in bp—n. For each of these triangles we show
n C.

that they are contained in igO Wl(bp l). The next lemma is an important

tool to do this.

LEMMA (9.5). Let T be a triangular region in the plane with vertices A,

A, and Ag. For i=1,2,3 let D, be an open dise in the plane with

centre at Ai' If Dlerz nD3 # @8, them T c D1 UDZLJDB.

My

fig. 17
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PROOF. Choose M ¢ D1 nD2 nD3. In the following we regard the indices

mod 3. Because Di nD. # @ there exists Mi € Di nDi on the line

i+l +1
A.A. , between A, and A, .. Since D, 1is convex the triangles T,
1i+] 1 i+l 1 1
with vertices Ai’ M and Mi and Ti with vertices Ai’ M and M.,
are contained in D;. Because Tcig} (Ti u T;) we have T <D, uD,uD

17729 %3
cf. fig. 17. O

EXAMPLE (9.6). A = -84; Np =2, cf. fig. 18. Write w = v¥-21. We have
p=22+Z{w+l). We choose b = Z-o+Z-B, with o =20 and B = 8§ +4u,
cf. fig. 18. We have Nb = 80. The parallelogram F with vertices 0, o, B
and o+B is a fundamental domain of b. We will show that F c igo b)o—i.
Let G be the group generated by the reflection in the line through O

and o+ B and by the reflection in the line through o and 8. The par-
allelogram F is contained in the triangles Ti for i =1, 2, 3 and
their images under G. Here T, . is the triangle with vertices 0, ia ‘and

1

j(a+B), the triangle 'l’2 has vertices i , 1(a+B8) and (a+B8) and

T3 has vertices ja, $(a+B8) and o. By using the symmetries of G we

3 .
only have to show that T] UT,u T3 is contained in igo wl(bp 'y. For this
3 1= .

we use (9.5). As an example we show that T2 c iL=10 W1 (bp“l). We use (9.5)

with A1 = {o, A2 = a+B) and A3 = {(a+8). The disc D, has radius

V20 and is contained in Wl(b}o_z). The disc D2 has radius V10 and is

contained in Wl(bp—3) and the disc D3 has radius V40 and is contained

in W](b)o_l). To show that D1 nDan3 # 0 we only have to show that an

intersection point of the circle with radius V10 and centre at A2 and

the circle with radius v40 and centre at A3 is contained in Dl' Such
an intersection point is 9+gm +§7-—7(3, which has distance 4.162 < '4.472 =
V20 to Al'

EXAMPLE (9.7). A = -23; Np = 131, cf. fig. 19. Write w = 3(1 +v-23).
We have p = Z-131+ Z-(w+48). We choose b = Z+a+ Z-B, with o = 22-5u
and B8 = 4+ 11w, cf. fig. 19, then Nb = 262. We show that

L c W1 b) le(b)o_l). For this it suffices to show that F c W, b le(bp_l),
where F is the parallelogram with vertices 0, a, 8 and a+B. Write

Yy = 14+ 2w. We partition F into 8 regions. These are the triangle
with vertices 0, o and vy, the triangle with vertices o, Y and Yy +2,
the triangle with vertices o, y+2 and o+B, the polygonal region with
vertices 0, v, Y+w, Y—-2+w, y=-2+2w and y-4+2w and the 4 re-

gions obtained by rotating these regions around i(a+B8) over an angle m,
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cf. fig. 19. We can use (9.5) to show that each of the triangular regions
is contained in Wl(b)le](bp—l). The polygonal regions can be divided into
a collection of triangular regions by adding the diagonals from 0 and
a+B. For each of these triangles we may use (9.5) to show that it is
contained in W](b)ljwl(bp_l). As an illustration we show that the triangle
with vertices o, vy and y+2 1is contained in Wl(b)\JWI(bp_]). Take
z=vy+1l-1i, then 2z is on the edge of the discs with radius V2 and
vertices at y and vy + 2. These discs are contained in w](bp_]). To
complete the proof it suffices to show that ]z--oa]oo < 262, In fact:
[z-a] = 261.43 < 262.

EXAMPLE (9.8). A = -136; Np = 2, cf. fig. 20. Write w = v-34. We have
p=Z+2+Z+w. We choose b = Z:a+Z-8, with o =80 and 8 = 16+ 16w,
then Nb = 1280.7 We show.that T = iéo Wl(bp_i). For this it suffices to
show that F c igo Wl(bp—l), where F islthesparallelogram wit? ve§tices
0, o, B and a+B. Write vy = 20+ 10w = ga-kés, § = 26+6w = Za-+§8 and
e = 38+30w = %%u-k%%ﬁ. Then vy ¢ bp—s, 8 e bp—6 and € € bpf7. We
divide F into 7 regions, each of which may be divided into triangles
such that (9.5) may be used. The first two regions are the polygonal
regions with vertices 0, ia, €, %u!F%B, i1(a+B8), § and 4B and its mirror
image in (o +B). By adding the diagonals from (a+B8), resp. (a+B), we
obtain the triangular regions for which (9.5) may be used. Next we have
the region with vertices 4a, €, o+ and o and its mirror image in
{(a+B8). By adding the diagonal from fa to io+ 1B, resp. from ia+8B
to 30+ 2B, we obtain 4 triangles for which (9.5) may be used. Next we
have the triangle with vertices {8, v and B and its mirror image in
s(a+B). For these triangles we may use (9.5). Finally we have a star
shaped region with vertices B, vy, 38, &, i{(a+8), 3a+iB, a, a+8~-v,
a+iB, a+8-08, 3(a+B) and jLa+32B. By adding the lines from §(a+B)

to all vertices of this region we obtain the triangles for which (9.5) may

be used.

EXAMPLE (9.9). A = -79; Np =2, cf. fig. 21. Write w = i(1+vV-79). We
have pp = Z+2+Z-w. We choose b = Zea+Z*B, with o =32 and B = 8u,
then Np = 256. SWe show Fhat Tt = iéo Wl(bpni). For this it suffices to
show that F c igO wl(bp—l), where F is the parallelogram with vertices
0, o, B and a+B. Write vy = 12+4w, & = 14+2w and e = 9+3w, then
Y € bp—B, § € bp—l and € € bp—s. We partition F into 7 regions,

each of which is contained in igo wl(bp—l), as we will show.
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First we have the region with vertices O, ia, e+ id and vy. By adding
the lines from § to the vertices of this region and to € we obtain
triangular regions for which (9.5) may be used. Similarly we may treat
the mirror image of this region in the point 4(a+8). Next we have the
region with vertices ja, o, Y+ioc and e+ lo. By adding the lines from
8§+ ifa to the vertices of this region we obtain triangular regions for
which (9.5) may be used. Similarly we may treat the mirror image of this
region in the point j(a+B8). Next we have the region with vertices v,
e+ia, y+ia and 3a+B-e. By adding the diagonal from y to v+ ia
we obtain two triangular regions for which (9.5) may be used. Finally we
are left with two triangular regions with vertices 0, Yy and B resp.
@, Y+4ia. and a+B. They are mirror images of each other in the point
{(a+8), hence we only have to treat the first of these regions. By
adding the lines from vy~ la to the vertices of this region and to ¢

we obtain triangular regions for which (9.5) may be used, except for the
region with vertices 0, y-ia and B. This triangle may be treated by
observing that the intersection points of the line from 0 to B with
the circle around vy with radius V32 are strictly inside the circles

around 0 and B respectively with radius /256,

EXAMPLE (9.10). A = -23; Np = 233, ecf. fig. 22. Write w = (1 +v/-23).
We have p = Z+233+Z-(103+w). We choose b = Z-a+Z-8, with a =

= 32~-1lw and B'= 22 +7w, cf. fig. 22. We have Nb = 466. We will show
that € = wl(b)Lle(bp—l). For this it suffices to show that F c

c Wl(b)lel(bp—l), where F 1is the parallelogram with vertices 0, a, B8
and o +B8. This example can be treated in a way that is easier than the
previous examples.

The discs with radii V466 and centres at 0, a, 8 and o+B cover
almost all of F. These discs are part of Wl(b). The strip S =
={xeT: |Im(x+2w)| < 1} is completely contained in Wl(bpul). We will
show that the part of F that is not contained in wl(b) is completely
contained in S. Using the symmetry obtained by reflecting in i(a +B8)
we only have to show that

(a) [Im(zl-+2m)] <1, where z is the intersection inside F of the

1
circles with radii V466 and centres at 0 and aj
(b) ]Im(zz-+2m)] < 1, where z, is the intersection inside F of the

circles with radii V466 and centres at 0 and 8.
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fig. 22




152

For (a) we have
= 0,74 < 1.

For (b) we have

21

z

2

11
_+_

li
-~
N
[=2}

1-i
="

3)a = 22.02~2.31w, hence lIm(zI +2w)| =

22.05-1.82w, hence IIm(22+2w)| =.0.44 < 1.

TABLE 18. Rings with a Euclidean ideal class.

A Np

-19 4
=23

29
31
41

47
71
73

127
131
163
193
233
239
257

353

443

487

29

(1,1,5)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,~1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)
(2,~1,3)
(2,-1,3)
(2,-1,3)
(2,-1,3)

(1,0,6)

(2,0,3)

(2,0,3)

(2,0,3)

n A Np b n
1 =31 2 (1,1,8) I
1 5 (2,-1,4) 2
1 7 (2,1,4) 3
1 -35 4 (3,1,3) 1
1 5 (3,1,3) 1
1 7 (3,1,3) 1
1 11 (3,1,3) 1
2 -39 2 (2,-1,5) 1
1 -40 2 (2,0,5) 2
1 -47 2 (3,~1,4) 3
1 3 (3,-1,4) 5
1 -55 2 (2,-1,7) 4
] ~56 2 (3,2,5) 2
1 -68 2 (3,2,6) 3
1 -71 2 (2,1,9) 8
2 3 (2,1,9) 9
3 -79 2 (4,1,5) 5
3 -84 2 (5,4,5) 3
1 -87 2 (4,3,6) 11
1 ~111 2 (3,3,10) 6
1 -136 2 (5,2,7) 7
1

1

2

Table 18 lists the 45 rings that have a Euclidean ideal class., It

gives an ideal b
For the ideal b

proof works for each b

and an integer n € Z

n -i
50 2 such that € = igo wl(bp ).

only the reduced quadratic form is given, because the

corresponding to this quadratic form. TIf there

are two primes of 0 with the given norm, we always used that one for

which the reduced quadratic form (a,b,c) has b = 0. If this does not
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distinguish between the primes one of them is picked at random.  In-all
cases pictures like figures 18 - 22 can be drawn and corresponding proofs
can be given. However it may occur, e.g. if A = -23 and Np = 353,
that the relative sizes of the largest and the smallest circles differ too
much. ‘In these cases one may first draw the largest circles in the picture
and enlarge several regions in which the smallest circles may be drawn.
Only in a few cases we may speed up the argument by using an argument like
(9.10).

This finishes the proof of case (#2_) of (0.19) and (1.10). Only
the class number bounds for the cases (#3) and (#4) remain to be proven.

This will be done in the next chapter.
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CHAPTER 10 CUBIC AND QUARTIC FIELDS

In chapters 6 -9 we completely determined all rings with a Euclidean
ideal class in’the case (#2—). In the present chapter we consider the
cases (#3) and (#4). We do not obtain a complete determination of the
rings with a Euclidean ideal class. This is mainly due to the fact that in
these cases the upper bounds for the discriminants in (5.19) are prohibi-
tively large.

In section (10.1) we obtain restrictions on the class group of 0(K)
if there is a Euclidean ideal class. These restrictions are stronger than
those proved in (2.5) and (2.9). As a diversion from our main topic we
prove that all cyclotomic fields for which the ring of integers has a
Fuclidean ideal class are contained in a given set of 32 fields.

In sections (10.2) and (10.3) we improve the discriminant bounds of
(5.19) for quadratic extensions of quadratic fields. In sections (10.4)
and (10.5) we apply these results to quartic fields that are Galois exten—
sions of @§. We find that for these fields we have h(K) < 2 if QO(K)
hés a Euclidean ideal class. For the case that Gal(K/®) is cyclic we find
that precisely two rings of integers have a Euclidean ideal class.

Finally in section (10.6) we give a list of known rings in the cases

(#3) and (#4) that have a Euclidean ideal class.

§(10.1) Bounds on the class number F

Let A be the ring of integers of a number field K. Suppose that
A has a Euclidean ideal class. We will prove that h(A) < 4 if K is a
cubic field and that h(A) < 6 if X is a quartic field. If K is a

quadratic extension of a number field K, we will prove that

Index[C1(A) : 1Cl(0(K0))] <.2, where 10 is the natural map

1 Cl(O(KO)) + Cl(A). This is a generalization of (2.12). For certain
quartic fields this is an extra restriction on the class group. The same
result can be used to show that we must have h(K) < 2 if K 1is a cyclo-

tomic field.
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THEOREM (10.1). Let X/@ be a cubic extension. Suppose that A = 0(K)

has a Euclidean ideal class, then

(i) h(A) < 4
(ii) if all primes over 2 have norm 2 , then we have h(A)|3 ;
(iidi) if there is no ideal of norm 3, ‘then we have h(A) < 3.

PROOF. We distinguish between the possible prime decompositions of 2A.
Let [al] be a Euclidean ideal class of A.

(a) Suppose that 2A = pgi, with Np = N¢g = Mt = 2. Then [pl =1[q]=
[#] = [al by (2.3), hence a1’ = [A] and h(a) 3.

(b)  Suppose that 2A = pg, with Np =2 and N¢ = 4. Then [pl = [al
by (2.3) and [gq] = [a]_l. From (2.9) we derive that [g] = [a]ﬂ with

1 <& <3, hence h(A)|£+] £ 4. If there is no ideal of norm 3 we even
have £ < 2, hence h(A) =< 3.

(c) Finally suppose that 2A 1is prime. From (2.9) we derive that [2A] =
= [a]ﬂ with 1 £ £ < 4, hence h(A)[ﬂ < 4, If there is no ideal of norm
3 we even have £ < 3, hence h(A) < 3. O

THEOREM (10.2). Suppose [K:Q] = 4. If A= 0(K) has a Euclidean ideal

elass we must have

dy h(A) < 6, and ©f h(A) = 6 there is a prime of norm 7 ;
(ii) if all primes over 2 have norm 2, then h(A)|4 ;
(iii) if all primes over 2 have norm 4, then h(A) < &4
(iv) if K/Q is a Galois extension, then h(A)|4 .

REMARK (10.3). With different techniques we show in sections (10.4) and
(10.5) that (iv) may be improved to h(A)]2.

PROOF. Part (iv) £follows directly from (2.11). To prove parts (i) — (iii)
we distinguish between the possible prime decompositions of 2A and 3A.

Let [a] be a Euclidean ideal class of A.
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(a) ~ Suppose that 2A = pgis, with Np = Ng = Nt = Ns = 2. Then [p] =
= [q] =111 =081 ="(a) by (2.3), hence [a)® = [A] and h(a)|4.

(b)  Suppose that 2A = pgh, with Np = N¢g = 2 and N1 = 4. Then [p]l =
[q] = [al by (2.3) and [4] = [a]_z. From (2.9) we derive that [4] =
= [a]z‘ with 1 < £ £ 3, hence h(A) < 5.

(¢)  Suppose that 2A = pg, with Np =2 and Ng = 8. Then [p] = [a]

I

and  [¢] = [a]—]. Using (2.1) repeatedly we derive that [g] = [a]£ with

I ££ <5, hence h(A) < 6. If there is no ideal of norm 7 we even have
£ < 4, hence h(A) < 5.

(d) Suppose that 2A = pg, with Np = Ng = 4. From (2.9) we derive that
[pl = [aT® and [q] = [a]™ with m, n € {1,2}, hence h(A)|m+n < 4.

(e) Suppose that 2A is prime and 3A = pg/s, with Np = N¢ = N = N§ =
= 3. Then [pl=[ql=1[x]=104]=1"[al and h(A)|4.

(f) Suppose that 2A is prime and 3A = pgi, with Np = N¢ = 3 and

¥ = 9. Then pl = [¢l = [al and [4] = [a]—z. From (2.9) we derive that
nl = [a]£ with 1 < £ <4, hence h(A) < 6. If there is no prime of norm
7 we even have £ < 3, hence h(A) < 5.

(g) Suppose that 2A 1is prime and 3A = pg, with Np =3 and Ng = 27,
then [pl = [al. Using (2.1) repeatedly we find that [2A] = [a]z with

1 <2 £‘6, hence h(A) £ 6. If there is no prime of norm 7 we even have
£ <5, hence h(A) < 5.

(h)  Suppose that 2A is prime and 3A = pg, with Np = N¢g = 9. From
(2.9) we derive that [p] = [al™ and [q] = [al™, with 1 <

hence h(A)Im~+n < 6. If there is no prime of norm 7 we even have

m, n £ 2, hence h(A) < 4.

m, n £ 3,

(i) Finally suppose that 2A and 3A are prime. Then we may use (2.9)
to derive that h(a) < 5. [

REMARK (10.4). ©Notice that the bounds of (10.1) and (10.2) are better than
those that may be derived directly from (2.9), which are 6 and 10 re-~
spectively. Also if we have information about the splitting of 2A, 3A,
5A, 7A, 11A and 13A we may get better bounds on h(A) by inspecting
the proofs of (10.1) and (10.2).

The bounds on the class numbers in (1.10) (#3) and (#4) are implied
by theorems (10.1) and (10.2). This finishes the proof of (1.10).
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PROPOSITION (10.5). Let K/KO be a quadratic extension and let
12 Cl(O(KO)) + CL(O(R)) be the map given by 1([al) = [a0X)]. IFf O(K)
has a Euclidean ideal class, then

Index[C1(0(K)) : 1C1(0(KO))] < 2.

PROOF. Essentially this is the same proof as that of (2.12). Let o be
the generator of Gal(K/KO). If a is an O0(K) ~ideal of least norm # I,
then a is Fuclidean by (2.3). Also oa is Euclidean, hence [a] = [cal.
This shows that [a]2 = [acal e 1C1(O(KO)). Because Cl(0(X)) 1is generated
by [a] we get Index[C1(O(K)) : C1(0(K0))] < 2. 0

As a corollary of (10.5) we get a finite list of cyclotomic fields,
that contain all those fields that have a Euclidean ideal class. For the

definition of ¢, see section (0.1).

PROPOSITION (10.6). Let m € Zgo be such that m # 2 mod 4. If the
cyclotomie field Q(cm) has a Euclidean ideal class then h(Q(cm)) < 2,

and this occurs only for

m=1,3,4,5,7,8,9, 11, 12, 13, 15, 16, 17, 19, 20, 21,

24, 25, 27, 28, 32, 33, 35, 36, 40, 44, 45, 48, 60, 84,
for which h(Q(cm)) =1, aqnd for
m = 39, 56,

for which h(m(;m)) = 2.

PROOF. Write K = Q(cm) and KO =KnIR. Using (10.5) we find that
h < 2, where h is defined by h(X) = h -h(Ko). Masley has shown that
this implies that h(KO) = 1, cf. [M2], Main theorem. In particular we
have h(K) £ 2. The same theorem of Masley shows that h(K) = 2 if and
only if m = 39 or m = 56. Together with Montgomery [MM] he proved that

h(K) = 1 if and only if m is one of the other given values. [J
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In section (0.6) we have seen that for 13 values of m, i.e.
me {1,3,4,5,7,8,9,11,12,15,16,20,24}, the ring of integers is Euclidean.
Furthermore it can be shown that for m = 32 the ring of integers is mnot

Euclidean, cf. [L6]. For the remaining 18 rings the existence of a Euclid-

ean ideal class remains undecided.

§(10.2) Quadratic extensions of imaginary quadratic fields

This section and the subsequent three are devoted to quartic fields that
have a quadratic subfield. We begin by establishing the notation to be used.
By KO we denote a quadratic extension of @ and by K a totally

imaginary quadratic extension of KO' The rings of integers of KO and K

are denoted by A, and A respectively. The element and ideal norms of

0
KO .with respect to S_ are denoted by N

S by N, ecf. (0.14) and (0.15).

]

0° those of K with respect to

Let o be the generator of Gal(K/KO). For an element o of K

0
the relative norm N(a) 1is given by N(o) = a-oa € KO. The relative ideal
norm Na of an A -ideal is given by Na = a-oar1K0. We have N'= NO Oﬁ,

cf. [CF] ch.II app.A. The element norm, as defined by (1.7), will be de-

noted. by ¥ for K and NO for KO respectively. We have N = NO °oN.

Notice that N = N because K 1is totally complex.
The relative different D(K/KO) of K/K0 is the A -ideal defined by

1

D(K/Kb)_ ={x e K: Tr(xa) € AO for all a € A},

where Tr: K > K0 is the trace function. The relative discriminant

A(K/Ky) is defined to be ﬁ(D(K/KO)), cf. [W] 4-8-11. If A is the
discriminant of K and AO is the discriminant of KO we have a product
formula

2
(10.7) A= NO(A(K/KO))-AO

cf. [W] 4-8-12.

In the rest of this section we take K, to be an Zmaginary quadratic

field. Let S = S_ be the set of archimedean primes of K, and

1
the two normalized valuations in S, cf. (1.2) (c). When re-

and

2
~stricted to K, the two valuations

-]1 and 2 coincide with the

archimedean valuation f-]m of KO. The ring KS

cf. (3.13). As before we regard K as being embedded along the diagonal

is isomorphic to ExT,
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in KS. The subfield KO lies dense in the plane {(x,x) e L x & : x ¢ ETJ}.

As we have seen in section (3.6) every A-ideal is a lattice in KS'
For every A-ideal ¢ we will construct X e Ks/c, such that for each

x € x we have N(x) = MeNc for some M « IR>O that tends to « with

max{fA NO(A(K/KO))}- As in section (5.4) this will lead to an upperbound

ol
on A if A has a Buclidean ideal class. The new bound is better than
that of Cassels, cf. (5.19) (#4), but for IAOI + ©» it approaches Cassels'
bound.

For the remainder of this section we take an A_ -ideal a fixed.

0

For our applications the choice a = AO will be sufficient. For x € T

we define
(10.8) x| = min{lx-—mloo :oa € al,

Notice that x|l = PNy for all x e €, where p is the covering radius
of a, cf. (3.4).
Let Tr: K —> K, be the trace function. We extend it to

0

Tr : KS =T x L —T by Tr((xl,xz)) = x1<+x2 for (XI’XZ) e & x €.

For an A-ideal ¢ we define the polar ¢~ with respect to a by

(10.9) ™= {x ¢ KS : Tr(xy) € a for all vy e ¢},
Notice the resemblance with cl, cf. (3.17). Using the results of [W]
§4-8 it can be shown that ¢~ = ac_]D(K/KO)_l. This shows that the deter-
minants satisfy

1 2

(10.10)  v(@v(e™) = Na MDE/KY ™2 = N+ |

of
cf. (3.18), (3.21), (3.22) and (10.7).

be a sequence in

PROPOSITION (10.11). Let k € ]R>1 and let (onn)rlez

¢ satisfying (5.7) with k replaced by kz, Z.e.

-2
l

(a) ]anll <k an—lll for all n e Z;
2k2
(b) ]anlzlan_lll < —mv(e) forall neZ;

(e) lim ]an]] = lim [anlz =03
n—>x n>r—w
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(d) lim |o |, = lim [o |, = =.

-0 N>

Then there exists x e Ks/c such that for all x ¢ x we have

(10.12) ”Tr(xan)ll = pNOa(k_2 2 for all ne Z,

k—l)
PROOF. By the definition of ¢~ we have Tr(yan) e a for all vy € c.

Thus, because Tr is additive, the value of HTr(xan)I’ does not depend
on the choice of x ¢ X. Because Ks/c is compact it suffices to comstruct,
for each pair m, m, € 7Z , an element x € KS such that (10.12) holds

for all n e Z with m, <10 < m,. Shifting the indices we may suppose

that m, = 0 and m =m < 0. Hence it suffices to prove, by induction
on me Z ., that there exists x € K such that
<0 m S
m-n
k-2+k 2
(10.13) ”Tr(xman)II > pNOaG—jz:j——O if m<n < 0.

Because Tr 1is surjective we can find X € KS’ such that (10.13)
holds for m = 0, Now suppose that m < 0. From (3.4) we derive that there
exists y € L sucElthat ]y]°° < pNja and HTr(xm+1am)-+y|] = pNja. Take
X=X + (y,O)am € KS. Then (10.13) holds for n =m by construction.

If m<n <0 we have

e o)l = [ TrGe_, ) + Tr((r,0a o) ||
L 1 -1,4.92
2 (e o) 17 yl2e o "D 2
m—n+1
5 pNOa(k 2;k_1 _ 2
k=2+K" 2

Mt =1 0

PROPOSITION (10.14). Let (ocn)n€ 7
conditions of (10.11) hold and let x e Ks/c‘ . be such that (10.12) holds.
Then for all x e x we have

be a sequence in ¢~ such that the

/3 - 2\* -2, 4
N(x) z%(%) k202]A0] ZIAIZ-NQ.
k-1
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PROOF. Take x € x. As in (5.13) we derive from (10.11)(c) and (d) and
(10.12) that N(x) # 0. Hence there exists n e¢ Z such that

Zkz i

-~ 2
laxl) < Gz vEINGE? < fo_px], .
From (10.11)(b) we derive that

1
H

2k2
lCtnXlz < (m V(CA)N(X)) .
Multiplying (10.11)(a) by (10.11)(b) gives
IQHXII{GHXIZ < F%? v(eTIN(x).
Hence, usipg (5.14), we get
1 1 1.1
o x|t + o x|? < B vene) ).

Because

- 1 1
pNOa(%:%bz < l[Tr(xun)ll < (]anx[; + ]anxlé)z

we get

pZNOaz(le—:—?—)4 < 2 VEMNE)K 2kt 1) 4,

Combining this with (10.10), (3.21), (3.22) and (10.7) gives

4
N(x) 2 1%3- pz(k—z‘—z-> Kyl "Pvee) =
121

/3 2(k-2\* -2, 1
=12, (fij%) ey 2lal e, D

2

As in (5.19) we may derive an upper bound for NO(A(K/KO)) if A
has a Euclidean ideal class. This upper bound will be better if p 1is

larger. The largest value of p 1is obtained by taking a = AO.
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THEOREM (10.15). Let KO be an imaginary quadratic fileld of discriminant

AO’ and K a quadratic extension of K

0 with diseriminant A over Q.

Suppose that A = 0(K) has a Euclidean ideal class. Then
A < K-r(AO),

with « = 230202117.8 and

[a,] \8
( O V' if A is odd

By +1) 0
r(A.)
’ agl v .
( Ao +4)> if AO is even.

1
PROOF., We take a = AO, then p = T%]Aolr(Ao) “. If c¢ is a Euclidean
ideal of A we derive from (10.14) and (5.5)(b) that

V3 k=242 2 -2 3
17—(;5:;9 kp IAO[ lal? <1

i.e
2 2 18 2
_ 4 27 k'-1.8 -4 -4 _ 2 k'~-1,8.-4
a=fal s 8l =5 G K e = T )k x ().
37 37
. . . . _ 16567 _ 16567
As a function of k this has a minimum near k = 3000 ° or k = 3000

we get

A< r(AO)-230202117.8 . O

REMARK (10.16). In (5.19) (#4) we found that A < k. Since r(AO) < 1
our present bound is better., For even and odd AO separately r(Ao) is

monotonically increasing to 1 for AO + o,

COROLLARY (10.17). Let Ko be an imaginary quadratic field of discriminant

4 and K a quadratic extension field of Ky

Q. If A=0K) has a Euclidean ideal class, then

of diseriminant A over

A < 229713301
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if moreover A. <is even and at least ome prime ramifies in K/KO then

0

A < 227897232 .

PROOF, - First suppose that K/K0 is unramified.” Let L be the normal
closure of K/@, then also L/KO. is unramified. Checking the various
possibilities for Gal(L/Q) and using that by Minkowski's theorem ([W]
5-4—10) the inertia groups of the finite primes generate Gal(L/Q) one
finds that K =1L, Gal{®/Q) = V4 and that at least one prime ramifies in

K/KI’ where K., 1is the other imaginary quadratic subfield of K. Hence

1

we may replace KO by K].

one prime ramifies in K/KO. This implies that h(KO)]h(K), cf. [Wal

This shows that we may assume that at least

prop.4.11, hence b(KO) < 6 by (10.2). From [Bul we derive that for

odd AO we have IAOI < 3763 ‘and for even AO we have ]AOI < 1588. By
the monotonicity of r(AO), cf. (10.14), we get A < ker(-3763) =

= 229713301.3 1if AO is odd and A < x-r(-1588) = 227897233.7 if AO is
even. [

Table 19 lists for all AO > =100, except for AO
for NO(A(K/KO)) and A in the case that A has a Euclidean ideal class.

v

= ~71 upper bounds

TABLE 19. Upper bounds for the discriminant A of a quadratic extension of

m(/AO), for which the ring of integers has a Euclidean ideal class.

by Ny(AR/R)) < A < By  Ny(B(K/R) < A<

-3 2560684 23046156 -47 88056 194515704
-4 899225 14387600 -51 75769 197075169
-7 1614272 79099328 -52 63293 171144272
-8 710492 45471488 -55 65884 199299100
-11 948432 114760272 -56 55696 174662656
-15 610504 137363400 -59 57809 201233129
-19 423044 152718884 -67 45533 204397637
-20 277532 111012800 -68 39601 183115024
-23 309588 163772052 -79 33349 208131109
~24 215724 124257024 -83 30333 208964037
-31 185797 178550917 -84 1 7056
-35 149969 183712025 -87 27756 210085164
-39 123596 187989516 -88 24884 192701696
~40 98249 157198400 -91 25469 210908789
-43 103568 191497232 -95 23448 211618200

These bounds are derived from (10.15) and (10.7). We have not included

Ay = -71, because in this case we have h(KO) = 7, hence 7|h(K), which
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implies that A has no Euclidean ideal class, c¢f. (10.2)(i). The bouﬁds
on NO(A(K/KO)) are rounded downwards, keeping in mind that NO(A(K/KO)) =
= 0,1 mod 4 and Vp(A(K/KO)) <1 if p 1is an odd prime of K, cf. [Mal
app.II and [CF] Ch.T §5 thm.2. Notice that for AO = -84 we have
NO(A(K/KG)) < 1, This follows because if NO(A(K/KO)) > 1 we have by class
field theory that N: CL(A) —~+—Cl(AO) is surjective, but in this case

Cl(AO) =V, which is not an image of a cyclic group of order < 6,

§(10.3) Quadratic extensions of real quadratic fields

In this section we use the notation established at the beginning of
section (10.2). 1In contrast to sectiom (10.2) we take K0 to be a real
quadratic field, and we assume that K is a totqlly complex quadratic
extension of KO. Let 8 = S be the set of archimedean primes of K and

let |«

1 ~and [-]2 be the normalized valuations in S, ecf. (1.2). The

restrictions of I-Il and [-[2 to KO give the squares of the normalized
archimedean valuations of KO. As in chapter 3 we regard K as being em-
bedded along the diagonal in K

the plane R x R« @ x L.

g = C x L. The subfield KO lies dense in

The determinant of a lattice T in Kg will be denoted by v(I),
cf, (3.18). We denote the determinant of a lattice Fr ¢ R X R with re~
spect to the usual measure by vr(Fr) and that of a lattice Fi c iR x 1R

by vi(Fi). Becagse Hg is 4 ‘times the usual measure on & x T we get
(10.]?) v(Fr x Pi) = 4vr(rr)vi(ri).

Let L denote the orthogonal projection of T x & onto R X R and let
" denote the orthogonal projection of T x T omnto iR x iR. For an

A-ideal a we write ar=an (R x R) and ai=an (iR x iR).

LEMMA (10.19). Let a be an A-ideal. Then m.a and a_ are Llattices

in R x R and ma and a;, are lattices in iR x iR. Moreover
v(a) = 4vr(ar)vi(nia) = 4vi(ai)vr(nra).

PROOF. Both ma and a, are AO-ideals, hence they are lattices in

R x R, Let d e« KO be such that K = KO(/H), then /d-ai and /H-ﬂia

are AO-ideals, hence a, and m.a  are lattices in iR x iR, Let
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Fr be a fundamental domain for a. and Fi one for m.a. Then Fr x Fi
is a fundamental domain for a, hence v(a) = 4vr(ar)vi(ﬂia). Similarly

we can show that v(a) = 4vi(ai)vr(nra). |

For a given A-ideal a we will construct an element x ¢ KS such
that N(x=-a) 1is large for all o ¢ a. This will be done by choosing nr(x)
and vi(x) far with respect to the norm from Ta and via respectively.

To show that x 1is far from d we need the following lemma.

LEMMA (10.20). ZLet X5 Xgs Y5 Yos 25 b e IR>O be such that
Xy 2 a and ¥, 2 b.
Then

() +y)(xy +y,) 2 (Va+b) 2.

PROOF. Because (Vx]yz-—Vylxz)2 > 0 we have

x]y2-+y1x2 2 2¢x1yzvy1x2 z 2V/ab,
hence

Gy +y )Gy +yy) = XXy +y ¥, + X7, +y X,y >

v

a+b+2/ab = (/a+/b)2. 0

LEMMA (10.21). For any A-ideal a there exists x ¢ Ky = T x T, such

that for each o € a we have

N(x-a) > (16+ 6/6)‘2(vr(nra) + \)i(via))z.

PROOF. Ennola ([E] thm.1) showed that there exists x € R x R and

X, € iR x 1R such that for all Br € ﬂr(a) and all Bi € ni(a) we have

v

lxr_sr[llxr—srlz (16+6/6)—2vr(ﬂr(a))2;

v

Ix. (16+6/6)'2vi(ni(a))2,

1-Siillx' "Bilz

1
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cf. (5.20). Take x ¢ KS’

a = vr(a) x ﬂi(a) it follows from (10.20) that for each o € a4 we have

such that ﬂrx = xr and ﬂix = X.., Because

NGx-o) = [x-af |x-al, > (16+6/6) 2 (v_(n_(@) + v (@)

0

LEMMA (10.22). Let a be an A-ideal that is iTnvariant under Gal(K/KO).
Write

1
q(a) = (Na) ? *Ny(a),

where a_ = anK., and
T 0

= 4(16 +6/6).
If a is a Euclidean A-7ideal we have

Boa(@ +a@ VG BERIEHN <

PROOF. Because @ is invariant under Gal(K/KO) we have for all a € a

that

1 1
wr(u) = iTr(a) € Ear’

where Tr: K —> KO is the trace function. This shows that vr(wr(a)) >

> %vr(ar). If a 1is Euclidean we derive from (10.21) and (10.19) that

(16+6/6) 72 (Fv_(a) + 1 @ 42

Na v (a )

v

K"Z(No(ar)/Ao W (a 5 NG BRIK S 4, )2

'

2 (q@ + @ VGAERYY )28y O
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PROPOSITION (10.23). If A has a Euclidean ideal that is imvariant under
Gal(K/KO), then

A < 14206929,

PROOF. Let da be a Galois—invariant Euclidean. A-ideal. From (10.22) and

the inequality of the means we get
2 R A =
K7 2 4VN (A(R/R)) 0y = 4VA.

Hence A < «%/16 = 14206929.9 . 0O

The bound on A, as given in (10.23), 1is more than a factor 16 better
than the bound of (5.19) (#4). However, it only applies when there is a
Fuclidean ideal class that is invariant under Gal(K/KO).

Now we investigate for which fields (10.23) may be applied.

LEMMA (10.24). Suppose that the prime p of least norm in Ky ramifies

in K/KO’ and that A has a Euclidean ideal class. Then this ideal class
contains an ideal that is inmvariant under Gal(K/KO). We have Nop < 4

and

>
N

< 14197824 Zf Nop =2

>
A

14197824 7f Nop = 3;

>

in
[}

~

14167696 Zf Ngp

PROOF. Let P be the prime ideal of A that lies over p. Then P is an
integral A -ideal of least norm # . If A has a Euclidean ideal class,
then P must be Euclidean by (2.3). élso P is invariant under Gal(K/KO).
Because NP = Noyp  we have q(P) = Nopz. Let % be the AO-—ideal such
that A(K/KO) = pe#, Then from (10.22) we derive that

2, 5 -2
By < K (N0p2-+NOh§) ,

hence

4(/NoP i Nyt -4
A <k N—'}-i' +N—— .
0 o
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Because NO(ZAO) = 4 we have Nop < 4, If NO)O = N/ = 2 we have

0
A< 1884 and A < 4-1884% = 14197824, If NP = 2 and Nyt # 2, then
4 -4

0 0 -1 1
NO(A) > 4 because pzlA(K/KO), cf. [W] 3-7-23, hence A <« (2 *+2%) <
14197824, 1If Nop = NOM = 3 we have AO < 1256 and A < 9'12562

14197824, If Nop =3 and Non # 3, then Nyt 2 7, since Nopn =

1 i
= 0,1 mod 4 (cf. [Ma] app.Il) hence A < K4((3/7)"+(7/3)") 4 < 14197824,

If Nyp = Nyt=4 wehave Ay < 941 and A < 16-941° = 14167696, Finally

if Ngp = 4 and Nyt # 4, then Nyt > 16 because pZIA(K/KO), cf. [W]
-1 ) -
3-7-23, hence A < k7(47T4+45)7% < 14167696, O

A

il

LEMMA (10.25). OSuppose that h(K) s odd. If A has a Buclidean Zdeal
class [al, then there 78 an ideal c¢ e [al that is invariant under
Gal(K/KO).

(h(K)+1)

1
PROOF. Take ¢ = (aca)? O

In the next proposition we will see that the existence of a Galois-
invariant ideal in the Euclidean ideal class depends on the number of primes

ramified in K/K on the quotient h(K)/h(K and on the relation between

0° 0)

* * . . . .
A and AO. We give a more precise result than needed here, with a view

to an application in the next section.

P

If G is the Galois group of K/K0 and M is a G-module we write
c
M ={xeM: ox=x for all o e G}.

PROPOSITION (10.26). Let K, be a real quadratic field and let K be a

totally complex quadratic extension field of Ky» Denote by Ay and A
and K vrespectively. Let W be the group

the rings of integers of K,
of roots of unity of K and Q = Index[A® :WA;]. Let H be the group of
ideal elasses of K that contain an ideal that is imvariant under the
Galois group G of K/KO. Suppose that Cl(A)G = C1(A) and that

Index[C1(A) :1C1(A0)] < 2, then we have the following 6 possibilities:

. h(4) #finite primes
Index[C1(4) : H] TAoj Q ramified in K/K0
(i) 1 1 2 0

(ii) 1 1 1 1
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mesdal RS it T,
(iii) 1 2 ) .
(iv) 1 2 1 9
) 2 ] 1 0
(vi) 2 2 I )

Moreover Zf Index[Cl(A) :H] = 2 then AO has a fundamental unit that is

totally positive.

PROOF. Let I(A) be the ideal group of A and let P(A) be its subgroup

of principal A -ideals. Consider the exact sequence
* *
(10.27) 0 — A — K — P(A) — 0.

The cohomology with respect to G ([CF] ch.IV §8) gives the following

exact sequence

*

b — @)’ — ula*) — o.

O———)-AS——rK

We have HI(A*) - W/A*(O—l)

G. Because K;/AZQP(AO) and I(A)G/I(Ao)ﬁ(ZZ/ZZ)r, where r 1is the

=~ QZ/2Z, where ¢ denotes the generator of

number of ramifying primes in K/KO, we have a diagram with exact rows and

columns
0
}
0 0 C
| l |
0 — P(AO) I(AO) Cl(Ao) —_ 0
} l }
0 — p@A)° 1(8)° H ——0
} }
QZ/2Z (z/2z)* D
| l }
0 0 0
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for certain groups C and D, Using the snake lemma we get Q*Zr_1 =

= #(z/2z)"1#(Qzz/2z) = #D/HC = #H/h(AO) = Index[CI(4) :H]_I-h(A)/h(AO).
Because h(AO)Ih(A), cf. [Wal thm.4.16, 1C1(A0) c H and

Index[C1(A) : 1C1(AO)] < 2 we have h(A)/h(AO) e {1,2}. To prove the pro-
position it remains to show that Q =1 and AO has a totally positive
fundamental unit if Index[C1(A) :H] = 2.

Consider the exact sequence
0 — P(A) —> I(A) —> C1(A) — O
By taking the cohomology with respect to G we get the exact sequence
0 — W% — 1% — amw® — u'enr) — o.

Because ClV(A)G = C1(A) by assumption we have Cl(A)/H = H](P(A)). By
taking the cohomology of (10.27) we get HI(P(A)) o2 (A;; nﬁK*)/EA*. Hence
Tndex[CL(A) : H] = 2 implies that AjnNK' # NA™. This only happens if A,
has a totally positive fundamental unit and Q = 1. ad

Combining the results above we get the following theorem.

THEOREM (10.28). Let K be a totally imaginary quadratic extension of a
real quadratic field K-
A0 be the ring of integers of K- Let W be the group of roots of unity
of K and let nw be a fundamental unit of Age If A has a Euclidean
ideal class and the discriminant A& of X 1is larger than 14206929, then
the following conditions hold.

Let A be the ring of integers of K and let

(a) A £ 230202117 ;
(b) h(A) € {2,4,6};
- (e) at most one finite prime ramifies in K/KO and such a prime is

not of minimal norm ;

@

(d) Index[C1(A) : ‘ICI(AO)] =2, where 1 : Cl(AO) —> C1(A) <s the
natural map; moreover 1 1s injective if and only if exactly

one finite prime ramifies in K/K0 3

* *
(e) A" = WA, and No(n) = 1.
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REMARK (10.29). Presumably there is no tbtally imaginary quartic field with
discriminant > 14206929 for which the ring of integers has a Euclidean

ideal class.

PROOF OF (10.28). The upper bound in (a) is proven in (5.19) (#4). Part (b)

follows from (10.2), (10.23) and (10.25). For (c) and (e) we may apply

(10.24) and (10.26) since by (10.4) we have Index[Cl(A) :1C1(A0)] <2,

Finally for (d) we use (10.26) together with the fact that 1C1(AO) < H.
0

§(10.4) Quartic cyclic extensions of @

In this section we assume that K is a totally imaginary quartic
cyclic extension of @. The quadratic subfield KnIR will be denoted by
K,. For tﬁe extension K/KO we adopt the notation explained at the begin-
ning of section (10.2). Let o be a generator of Gal(X/Q).

We prove the following theorem.

THEOREM (10.30). Let K be a totally imaginary quartic cyclic field. The

ring of integers of K has a Buclidean ideal class if and only if K =
= m(cs) or K <s the quartic subfield of Q(c13). Moreover in both cases

the ring of integers itself is Euclidean.

The proof of (10.30) occupies the whole section. First we prove the

‘only if" part in several stages.

LEMMA (10.31). Suppose that A has a Euclidean ideal class [al, then

there exists an ideal c¢ e [a] that is invariant under Gal(K/Q).

PROOF. From (2.4) we derive that [al 1is invariant under Gal(X/Q).
Because [al = [oal there exists & ¢ K. such that oa = ad, hence
Na = N(a)*Na. Because K is totally complex we have UN(a) = N(a) = 1,
From Hilbert 90 ([CF] Ch.V §2.7) we conclude that there exists B ¢ K*
such that o = BOB—]. Then ¢ = Ba ¢ [a] is invariant under Gal(XK/Q).

d

PROPOSITION (10.32). Suppose that A has a Euclidean ideal class. Then
K s one of the 17 fields listed in table 20.
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TABLE 20. Cyclic totally imaginary quartic fields that may have a Euclidean

ideal class.. The discriminant of K is denoted by A, that of

KO by AO. The conductor of K 1is denoted by £, that of K0
by fO' In the case that h(X) = 4 the field K 1is not deter-
mined uniquely by f and £,. In this case a characterization

0
of a 4-th degree character corresponding to X -is given.

h(K) = 1
A £ By = £
125 = 53 5 5
2048 = 2! 16 8
2197 = 133 ' 13 13
24389 = 29° 29 29
50653 = 37° 37 37
148877 = 53° 53 53
226981 = 61° 61 61
h(K) = 2
A £ By = %4
8000 = 20.53 40 5
18437 = 2'1.3? 48 8
21125 = 57.132 65 5
36125 = 55.17° 85 5
51200 = 2!t.s5? 80 8
54925 = 52.13° 65 13
140608 = 2%.13% 104 13
240737 = 72177 119 17
h(K) = 4
A £ AO = f0 X
256000 = 2'1.53 80 40 Cx(3) = -1

il
]

614125 = 57 °17 85 85 x(3)
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PROOF. From (2.5) and (2.11) we know that the class group CL(A) is
cyclic of order dividing 4. From (10.31) we know that we may use the
bounds of (10.22) and that G acts trivially on Cl(A). Let H be the
Hilbert class field of K. By class field theory we have Gal(H/K) = CI1(4)
and also Gal(K/Q) acts trivially on Gal(H/K). Hence Gal(H/Q) =
~ Gal(K/@) x CL(A) = Z/4Z x C1(A).

Let X be the group of Dirichlet-characters corresponding to K,
cf. [Wal ch.3. Tt is generated by a character x of order 4 for which
x(-1) = -1, Let f be the conductor of x and let f, be the conductor

0

of XZ, then f is the conductor of K and fo is the conductor of KO.

By the conductor discriminant product formula, [Wal thm.3.11, we have

b= £ and Aj = £y, hence Ny(AGK/K)) = 2671 by (10.7). We write

0
X = pr o’ where Xp is a character of which the conductor is a power of
p and the product is taken over the prime divisors p of f. Let Xp
denote the group generated by XP’ then the character group corresponding

to H 1is equal to cf. [Wal ch.3. Because the character group is

m. X,
plf "p
dual, hence isomorphic, to the Galois group we find that at most. two primes
ramify in K/Q.

61, then g ¢ Z>O' Because A has a Euclidean ideal

class we have by (10.22) that fo(q(a)-+q(a)_lg/f0)2 < K2. Below we often

Write g = ff

need a bound on fO for given g or a bound on g for given fo. An

easy computation shows that

(10.33) £, < %q(a)zg'z(-q(a) + (@2 + bgeq@ 1 )2
g < q(a)falK - q(a)zfaé.

Each A-ideal a invariant under Gal(K/KO) is of the form aob, where
@y is an AO—-ideal and b 1is a product of different prime ideals ramify-
ing in K/KO. We have q(a) = q(b) = /b,

For the remainder of the proof we consider the three possibilities
for h(A) separately.
(a) Suppose that h(A) = 1, then H = K and only one prime p divides
f. Because Xp(—]) = x(~1) = ~1 we have p=2 or p = 5 mod 8. If
p=2 we have f =16, £, =8 and A = 2048, This field is included in

0
table 20, If p = 5mod 8 we have f = fO =p and g=1. If A has a
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Euclidean ideal class then A is itself Euclidean. We have q(A) =1,

hence by the first inequality of (10.33) we have

p € (-1 + /) = 112,19,
i.e. p e {5,13,29,37,53,61,101,109}. From the tables of Hasse [H2] and of
Yoshino and Hirabayashi [YH], or by using the analytic class number formula
([Wwal ch.4), we derive that h(A) =1 only if p e {5,13,29,37,53,61}.
(b) Suppose that h(A) = 2, then exactly two primes p and q divide f,
where theyorder of XP is equal to 4 and the order of Xq is equal to
2. By (10.26) at most two primes ramify in K/KO, hence q 1is inert in
KO/Q. Because the order of Xp is 4 we have p = 2 or p = 1 mod 4. We
denote by p and ¢ the primes of K Iying over p and ¢ respectively.

vLet ,Gp and Gq be the inertia groups in Gal (H/®) of the primes
oyer p and q respectively. By Minkowski's theorem ([W] 5-4-10) Gp
and Gq generate Gal(H/®). This shows that Gal(H/(Q)/Gq is cyclic and
that ¢ 1is inert in H/K. Let Hq be the fixed field of Gq. Then Hq
is a quadratic extension of @ in which only q ramifies. From the qua—
dratic reciprocity law we find that p 1is inert in Hq/m (if q =2 we
need the extra information that x(-1) = ~1). Hence p 1is inert in H/K.
This shows ‘that both p and ¢ are non-principal A -ideals,  Because they
are invariant under Gal(K/Q) we may take one of them for the Galois—in-—
variant Euclidean'ideal.

If p=2, then gq = %3 mod 8. The character XP of conductor 16
is up to taking the inverse determined by xp(—l) = —x (=1). We have
£,=8, f=16q and g = 2q. We take da =p, then q(a) = V2. TFrom the

second inequality of (10.33) we derive that
< 2v2ec - L2 = 10,499
9% 76 4 : i

i.e. @ =3 or q= 5. From the tables in [Ha2] we find that in both
cases h(A) = 2.

If q=2 then p = 5 mod 8, because 2 is inert in KO/Q. Hence
xp(—l) = -1 and Xq is the even character of conductor 8. This shows
that fo =p, £=8p and g = 8. We take a =g, then gq(a) = 2. From
the first inequality of (10.33) we derive that

p < (-2 + /iTER)” = 28.049,
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i.e. p=5 or p=13. From the tables of [Ha2] and [YH] we find that
h(A) = 2 1in both cases.

If both p and q are odd we have fO =p, £f=pg and g =q. We
take a4 = p, then q(a) = /p. From the second inequality of (10.33) we

derive that

Since q = 3 we have p < %(-3'+V9+4K)2 = 93.742. Keeping in mind that

(E) = =1 and x(-1) = -1 we find the following possibilities for p and q:
q:

P q = . q

5 52.676 13, 17, 37

13 30.450 5

17 25.657 3, 7, 11, 23

29 17.416 17

37 14,103 5, 13

41 12.773 3, 7, 11

53 9.586 5

61 7.911 -

73 5.827 -

89 3.581 3

From the tables in [Ha2] and [YH] and from the analytic class number formula,
cf. [Wal ch.4, we find that h(2) = 2 only if p=5 and q = 13 or 17;
p=13 and q=5; p=17 and q = 7.
(c) Finally suppose that h(A) = 4. Then exactly two primes p and ¢
divide £. Botﬁ characters and Xq have order 4., For given p and
q the characters xp and Xq are determined up to taking inverse and thus
there are two possibilities for X and for K. Because prq(—l) = -1 we
may assume that p =2 and q =Z I mod 4 or p=Z 5mod 8 and g = I mod 8.
Let p be the A-ideal of norm p and let ¢ be the A-ideal of
norm ¢q. Let a be a Euclidean A -~ ideal that is invariant under
Gal(K/KO), then a = aOb, where ay is an AO-ideal and b e {A, p,
G, pg}. Then q(a) = q(b) = ¥Nb, hence q(a) ¢ {1, vp, vq, vpql.

First suppose that p = 2. Then f = l6q, fO =8qg and g = 2. The
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character Xp of conductor 16 is up to taking the inverse determined by
Xp(—]) = —Xq(-l). We may take a = p, the ideal of minimal norm, and
q(a) = V2., From the first inequality of (10.33) we derive that

q < 2 (=V2 + V2D = 9,749,
hence q = 5. From the table in [Ha2] we find that h(A) = 4 only in the
case that x(3) = -1.
Now suppose that p # 2. Then £ = fo = pq and NO(A(K/KO)) = pq,
hence (q(a)-fq(a)—lVﬁE?Z?E7§5$>) € {1+/Ea;/b+/q}. Because /p*-/q < 14-/55
we have by (10.22) that

pq(/p4~/q)2 < 2.

Because p 2z 5 we have

2
q < 2‘;(—/5 +/s +§'§) = 40.655,

hence ¢q = 17. This gives

2
p < %(—/17 +/17+7‘f]’<7) = 14.228,

hence p =5 or p = 13, From the tables in [Ha2] we find that h(A) = 4
only if p=5 and x(3) =-1. 0O

For the proof of (10.30) it only remains to consider the fields in table 20.
We first deal with the rings that do not have a Euclidean ideal class. The

following lemma is similar to (5.23).

LEMMA (10.34). Let a be a Euclidean A-<ideal that is imwariant under
Gal(R/Q). Let n ¢ Z be an integer that is a 4-th power of an integer
mod anZ . Then there exists o € A such that N(a) = nmod anZ - and
0 € N(a) < Na.

PROOF. Let m e Z be such that m4 = n mod a. Then there exists o ¢ A
with o =mmod 4 and N(a) = ¥(a) = m mod d. Because a is invariant
under Gal(K/Q)) we have WN(w) = m4
0

I
B

mod anZ . Also we have UN(a) = O.

1
=]
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Because the Euclidean ideal class is uniquely determined by (2.3) we may
check (10.34) for the rings of integers of the fields in table 20. For
seven of these rings table 21 lists the ideals and n € Z for which there

is no o as in (10.34).

TABLE 21. Ideals a for which there is a 4-th power nmod anZ and

for which there is no o € A with No = n.

£ £ h Na anz n

0

29 29 1 29 29 z 20
37 37 1 37 37 Z 10
53 53 1 53 53 Z 10
61 61 1 61 61 Z 12
65 13 2 13 13 Z 3
104 13 2 13 13 z 3
119 17 2 17 17 Z 13

Eight other rings may be treated with (7.1), which also applies to
our situation, as the reader may check. In table 22 one finds for a given
field K, with ring of integers A, an integral ideal ¢, the order k
of the subgroup A" mod ¢ in (A/a)* and the number £ of integral A-
ideals of norm < N¢ 1in the ideal class [a—lc]. Here [al] is the ideal
class that contains the integral ideals of minimal norm < 1. Because
kf < Na-1 we find that [da] is not Euclidean. This finishes the proof
of the 'only if' part of (10.30).

*
TABLE 22. Integral ideals ¢ for which the order k of (A mod ¢) 1in
(A/c)* and the number £ of integral ideals in [a_lc] of
norm < Nc satisfy k€ < Ne~-1. Here [a] is the ideal class

that contains the integral ideals of minimal norm > I,

£ fO h Ne k ¥4
16 8 1 4 1 2
40 5 2 16 3 2
48 8 2 4 i 1
65 5 2 16 3 1
85 5 2. 16 3 I
80 8 2 4 1 1
80 40 4 9 2 1
85 85 4 17 4 2




178

It remains to prove that for the fields with conductors 5 and 13
the ring of integers A has a Euclidean ideal class. In both cases
h(A) = 1, hence we have to prove that A is Euclidean. If £ = 5, then
K = Q(cs) and it is already known that A is Euclidean, cf. [K;0] and
section (0.6). Hence we only have to show that the ring of integers A of
the 4~th degree subfield K of Q(CIB) is Euclidean. This can be done
with a method similar to Ojala's method for Q(QIB) in [0j]. Below we
describe this method.

The ring A 1is equal to ZB + ZoB + Zo2B + Zo3B, where B =
= %(—14‘/]3-+/CEEIEJG25 and ‘0 is a generator of Gal(X/@). Notice that
B =17+7 +¢°, where ¢ 1s a primitive 13-th root of unity. The unit

l(3+/13) is a fundamental unit of A. Multiplication by n 1is given
2 g

n =
by
: B -1 -1 -1 -2 8
oB _ 2 4 1 1 o8
"Ve2g J5 -1 -2 -1 -1 o2g ) *
a3 1 1 2 4 o3

This is needed in the computations described below.

We regard K as being embedded in & x &, with V13 > 0 on the first

I be the valuation on the first

be the valuation on the second coordinate. These

factor and V13 < 0 on the second. Let

coordinate and let |- 9

valuations are given by

2 2 5-v13 2 2. 5+/13
2 3 - o 2 [Pl
lagh + ;08 +a,0%8 +a30%8|, = (a5 +ap) ===+ (aj+ag)-=——p—+
3-/13 3+713
(10.35) (aga; +a5a, +ajaq 7 T (a2, tajagtaga) T

|a08-+a108-+a2028-+a3o38[2 = |a18-+a208-+a3028-+aoc38]].
Hence
3 i 3 i
(10.36) IiZO a0 B|] + liZo a;o BIZ =
3 3 3
13 2 3 2
=57 a; -3} a,a.=-2 ) a.-3() a)".
i=o * iy Y3 2450t oo
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To prove that A is Euclidean it suffices to prove that for any

Yy = 21— a.o B, with a; ¢ R and [ai[ < % there exists n ¢ Z and
a e A such that

< 1.

(10.37) lnnv-u[1]nnv-a]2

To prove this we divide the region with ]ai[ < % into 10000 parallel-

epipeds of the form

3 ; T, T, +1
(] a08: 95 <a; <—Fh
with r, e Z, -5sr., <4, We only consider those parallelepipeds for
which ry = max{ri,*ri—l : 0 <1.< 3}, because the others are obtained from
these by action of Gal(L/®) and multiplication by =1, The following

steps are ﬁrocessed for each parallelepiped P,

Step 1. If r, <1 we find that (10.37) is satisfied for o =0 and n =0

0 <
and all y ¢ P since for any Yy ¢ P we have by the inequality of the means
and (10.36) that [v| |v], < 2(|v], + |v]p” < &4t < 1. In this

100
case we stop, otherwise we go to step 2.

Step 2. Now we have Ty € {2,3,4}. 1If max{ri,—ri—l : 1i#0}=0 we find

that (10.37) is satisfied for ¢ =0 and n =0 and all Y € P since for
) 2 1,13 ,1

any Yy € P we have ly] ]Y] 4(]Y{l ]le) AT R 100)) 1 by

(10.36). In this case we stop, otherwise we go to step:3.

Step 3. Let u = Z ~0 ™30 8 be the centre of P, so m, =T, +1. Let. T

be the set of o € A of the form Z a0 B with ]ai-mil = 3 for

0 <1i<3. For the a ¢ T we check whether lo —ull +]b-—u]2 < 2 for all

vertices p of P. If this is the case we know that (10.37) is satisfied

for n=0 and all y € P since for y € P we have
1 2
IY_OLIIIY_O‘IZSZ(IY"&']‘F ly_alz) =
1 2
< max{z(]p-—all + ]p-—u[z) : p vertex of P} <1,

In this case we stop. If the condition is not satisfied we go to step 4.
Notice that steps 1, 2, and 3 can be performed for up to 6 differ—
ent P at once, since the conditions are independent of the ordering of

the r..
i
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Step 4. Let T be as in step 3. For each o ¢ T we compute

5

max{]p-—u|l ¢ p vertex of P};

<l
]

<
fl

max{|p-a]2 : p vertex of P}.

By convexity we have Iy-—al] < Vl and Iy-—alz < V2 for all vy e P. 1If
v, < I we find that (10.37) is satisfied for n =0 and all y ¢ P. In

this case we stop. If VIVZ 2 1 for all choices of o ¢ T we go to step 5.

Step 5. Let u be the centre of P and suppose that nu = zg=0 eiclB.

Let T Dbe the set of elements of A of the form Z§=0 aiolﬁ with

Iai-—ei| < 1. For each o € T we compute

vy = max{lp-—a!l v p vertex of nP};

v, = max{ |p —a|2 : p vertex of nP}.
If VIVZ < 1 we find that (10.37) is satisfied for all y € P and n =1,
In this case we stop.. If V.V, 2 1 for all choices of & ¢ T we perform

12 ~
a similar procedure with n replaced by n_l. If in this case the condi-

tions are not satisfied we go to step 6.

Step 6. We divide P into 16 smaller parallelepipeds by cutting each

edge in two halves. For each of these parallelepipeds we return to step 4.

‘Processing this algorithm on a computer one -finds that it terminates.
In fact after performing steps 1, 2 and 3 omne is left with 378 of the
1800 parallelepipeds with T, = max{ri,—ri—l : i=0,1,2,3}. After step 4
there remain 108 parallelepipeds and after step 5 one is left with 71
parallelepipeds. Step 6 turns this into 1136 smaller parallelepipeds.
After step 4 there are still 87 parallelepipeds left over and after step
5 there remain 3 parallelepipeds. Step 6 turns this into 48 smaller
parallelepipeds and after performing step 4 for the third time no parallel~-
epiped is left over.

This finishes the proof of (10.30).
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§(10.5) Biquadratic bicyclic fields

In this section we consider the case that Gal(K/Q) = V4. Let KO =

=KnR, K1 and K2

ring of integers and Ai the discriminant of Ki' We have A(K) =

be the quadratic subfields of K, let Ai be the

= A]-AZ-A3, cf, [Wal thm.3.11. Let W be the group of roots of unity of
K. From the analytic class number formula ([BS] Kap.V §1 Satz 2) we derive

that

(10.38) h(a)

]

1 if K = Q(V-4,V/8) = Qzg)s

il

h(A) = 30h(A))h(A)-h(A,) else,
where Q = Index[A” :WA;]. We know that A 1is Euclidean in the case that
K = Q(;8),. cf. section (0.6). In the sequel we will not consider this
field anymore, hence we may assume that the second equality of (10.38) is
valid.

In contrast to the cyclic case we do not get a complete determination

of all Euclidean rings in this section. We will prove the following theorem.

THEOREM (10.39). Let K be a totally imaginary field that is a Galois ex—
tension of W with group Ve If A= 0®) has a Euclidean ideal class,
then h(A)|2 and K <s contained in a list of 124 fields all having
digeriminant A(K) < 9591409.

The proof of (10.39) runs as follows. First we show that h(A) = 4
cannot occur., Then we treat the rings A for which the Euclidean ideal
class contains an ideal invariant under Gal(K/Ko) and finally we treat the

remaining rings.

LEMMA (10.40). Suppose that h(A) = 4 and that A has a Euclidean ideal
class. Then Q=1 and h(Ai) =2 for i=0,1,2.

PROOF. From (10.4) we derive that h(Ai) > 2 for 1i=0,1,2, Hence (10.38)
can only be satisfied if h(Ai) =2 for i=20,1,2 and Q=1, [J

LEMMA (10.41). Suppose that h(A) = 4 and that A has a Euclidean ideal
class. Then 2 s not totally ramified in XK/Q.

PROOF. Let H be the Hilbert class field of K. Suppose that 2 is

totally ramified in K/@, then, considering the inertia group of 2 in
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Gal(H/Q), we find that Gal(H/§) is a semidirect product of = Gal(K/@) =

I~ V4 by Gal(H/K) = C1(A) =~ Z/4Z. Since the action of Gal(X/@) - on C1(A)
is trivial we find that this semidirect product is in fact a direct product,
hence H/® 1is abelian. This gives a contradiction because Gal(H/Q) would

be an e€lementary abelian 2 =-group if it were abelian, cf. [Wal] ch.3. [

PROPOSITION (10.42). If A has a Euclidean ideal class then h(A) < 2.

PROOF. Suppose to the contrary that h(A) = 4. Then h(Ai) =2 for 1=

= 0,1,2 by (10,40). Because no prime is totally imert in K/@ there are
ideals of norm 4, and 2A 1is the product of two of them. If these ideals
have minimal norm then h(A)|2 by (2.3), a contradiction. This shows that
we have Ai £ 5mod 24 for 1i=0,1,2,

In [St] all imaginary quadratic fields with class number equal to 2
are determined. Considering pairs of these fields and consulting a list of
class numbers of real quadratic fields (e.g. [I]) we find that the restric-—
tions of (10.40) and (10.41) are satisfied, with Ai # 5 mod 24 only for
the following fields:

8, B, B, A(K)
(1) 40 -15 -24 14400
(2) 65 -20 -52 67600
3) 85 -15 ~51 65025
(4) 136 -24 -51 166464
(5) - 205 -15 -123 378225
(6) 185 -20 -148 547600
(7 481 ~52 -148 3701776
(8) 712 -24 -267 4562496
(9) 1513 -51 -267 20602521

(10) 3649 -123 -267 119836809

The fields (9) and (10) belong to the case (iv) of (10.26) but their
discriminants do not satisfy the bound of (10.23), hence A has no Euclid-
ean ideal class. For the fields (2), (4), (5) and (8) there is an element
o €A with N(o) = nz, where n is the least integer > | that occurs as

~the norm of an integral A -ideal. This shows that (2.3) is not satisfied

and that A has no Euclidean ideal class.




183

For the fields (6) and (7) there are two prime ideals p and ¢ of
norm 2 and there is no ideal of norm 3. Because A" acts trivially on
A/pg we conclude that A has no Euclidean ideal class by (7.1), which
also applies to this situation.

For the field (1) there are 2 primes b, and G, of norm 2 and
two primes 3 and 4 of norm 3, all in the same ideal class that gener—
ates C1(A). The two ideals of norm 5 are in the inverse ideal class.

This enables us to show that there is no element in A of norm < 32 that
i; = 2 mod pg and = [ mod qg. This last observation shows that the ideal
P54, of norm 32, which is in the ideal class of Pos is not Euclidean
and A has no Euclidean ideal class.

Finally we consider the field (3). The integral ideals of minimal norm
> 1 are two ideals p and ¢ of norm 3. The action of A" on A/}O2 has
order 2. There are only 12 ideals of norm < 27 = Np3 in the ideal class
[Pz]. By (7.1), which also applies to this situation, we find that A has

no Euclidean ideal class. ad

PROPOSITION (10.43). Suppose that A has a Euclideon ideal class that

contains an ideal that is invariant under Gal(K/KO), then K 18 contained
in a list of 93 fields all having discriminant A(K) < 9591409.

PROOF. By (10.42) we know that h(A) s 2 and by (10.23) we know that

A(K) < 14206929. We are in one of the cases (i), (ii), (iii) or (iv) of
(10.26). All fieids with h(A) € 2 and A(K) < 14206929 are listed in

[BP] and [BWW]. For these fields we checked the discriminant bound (10.22)
and whether they are in one of the cases (i), (ii), (iii) or (iv) of (10.26).

jhere remained 93 fields all having A(K) < 9591409. ]

PROPOSTTION (10.44). Suppose that A has a Euclidean ideal class that

does not contain an ideal that ig itnvariant under Gal(K/KO), then K <Zs
contained in a list of 31 fields, all having discriminant A(K) <
< 7958041.

PROOF, We are in one of the cases (v) or (vi) of (10.26). Hence Q = 1

and h(A) = %h(AO)°h(A1)-h(A2). Also we have h(A) = 2 by (10.25) and
(10.42). By (10.29)(a) we have A(K) < 230202117. The fields with h(A) = 2
that satisfy this bound are all listed in [BWW]. For these fields we checked
whether they are in one of the cases (v) or (vi) of (10.26) and whether the

fundamental unit of KO is totally positive, cf. (10.26). Also we checked
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whether an integral A -ideal of minimal norm > 1 'is invariant under
Gal(K/KO), since such an ideal must be Euclidean by (2.3). There.remained
31 fields all having A(K) < 7958041, O

The proof of (10.39) now follows by combining (10.42), (10.43) and
(10.44).

§(10.6) Examples

In this section we list all known examples of rings with a Euclidean
ideal class in the cases (#3) and (#4). Most of these examples have
h(0) = 1, i.e. the ring itself is Euclidean. Except the quartic cyclic
field of conductor 13 all examples with h(0) =1 appeared already in the
literature. For each of the cases (#3) and (#4) we have an example with
h(0) = 2. .In the case (#3) this is a new example. In the case (#4) the
example is due to Lenstra [L5].

In table 23 the examples in case (#3) are listed. Also h = h(0)
is given. All fields are determined by their discriminants. The examples
with A 2 ~=152 are due to Godwin [Gol, the other examples, except the
one with A = -283, are due to Taylor [T]. The field with A = -283 has
class number 2. Below we show that its ring of integers has a Euclidean

ideal class.

TABLE 23. Rings with a Euclidean ideal class in the case (#3).

A h A h A h
-23 1 -204 1 ~424 1
-31 1 -211 1 ~431 1
-4t 1 -212 1 -440 1
-59 1 -216 1 =451 1
-76 1 -231 1 -460 1
-83 1 ~239 1 -472 1
-87 1 -243 1 -484 1
-104 1 -244 1 -492 1
-107 1 -247 1 ~499 1
-108 1 -255 1 ~503 1
-116 1 -268 1 -515 1
-135 1 -283 2 -516 1
-139 1 -300 1 -519 1
-140 1 -324 1 -543 1
-152 1 -356 1 -628 1
-172 1 -379 1 -652 1
-175 1 -411 1 -687 1
~200 1 -419 1
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In table 24 the examples in case (#4) are listed. Of these fields
are given the discriminant A, the class number h, the discriminants Ai
of all quadratic subfields and the Galois group G of the normal closure
of the field over @. Imn this list D4 denotes the dihedral group of order
8 and S4 denotes the symmetric group on 4 elements. Notice that we
have not found an example for which this Galois group is equal to the alter-—
nating group A The cyclotomic fields Q(C5)’ Q(CIZ) and Q(cs) are

the fields With4 A = 125, 144 - and 256 respectively. In section (0.6) we
saw that they have a Euclidean ring of integers. The other fields, except
those with A = 229, 1372, 1521, 2048 and 2197 are due to Lakein [Lk].

He used a method that resembles Perron's method for the real quadratic case,
cf. [P]. Cioffari [Ci] has shown that the ring of integers of Q(4/—2) and
Q(A/—7), with discriminants 2048 and 1372, are Euclidean. He also
proved that Q(4/—3), of discriminant 432, has a Euclidean ring of inte-
gers, but that field also occurs in Lakein's list. The examples with

A = 229 and 1521 are due to Lenstra [L3;L5]. For the latter, with

h(0) = 2, he used Lakein's method. The field with A = 2197 is the field

with conductor 13. 1In section (10.5) we proved that its ring of integers is

Euclidean.

TABLE 24, Rings with a Euclidean ideal class in the case (#4).

A h A, G A h A, G
1 . 1
117 1 -3 D, 576 1 -3, =24, 8 v,
125 1 5 747 656 1 =4 D,
144 1 =3, =4, 12 v, 657 1. -3 D,
189 1 -3 D, 784 1 -4, -7, 28 v,
225 1 -3, -15, 5 v, 832 1 -4 D,
229 1 s, 837 1 -3 D,
256 1 -4, -8, 8 v, 873 1 -3 D,
272 1 -4 D, 981 1 -3 D,
320 1 -4 D, 1008 1 -3 D,
333 1 -3 D, 1008 1 -3 D,
392 1 -7 D, 1089 1 =3, -I1, 33V,
400 1 -4, =20, 5 v, 1161 1 -3 D,
432 1 -3 D, 1197 1 -3 D,
441 1 =3, -7, 21 v, 1197 1 =3 D,
512 1 =4 D, 1372 1 =7 D,
513 1 -3 D, 1521 2 -3, -39, 13V,
549 1 -3 D, 2048 1 -8 D/
576 1 -3, -8, 24 v, 2197 1 13 Z/47
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To close this section we show that the ring of integers A of the
cubic field X with discriminant -283 has a Euclidean ideal class. - We
have h(A) = 2. The ring A 1is given by A = Z+ Z6 +Z62, with
83 +48 +1 = 0. The ideal p of norm 2 is non-principal and it is given
by p = Ze2+Z(O+1) +7Z(62+1) .

As usual we embed K in K, = R x L, where S =S5 . The R-coor-

S 0

dinate of an element a € Ks will be denoted by s the & - coordinate by

. We have Or = -0.24626617 and ec = 0.12313309 + ix2,01133917,

The orthogonal projection of KS onto T will be denoted by w. Let

V be the plane in K spanned by ! and 6. The ideal . p intersects

s
V in a lattice T o? V, spanned by 2 and 1+6. The projection T
is ‘a lattice of- € and the fundamental hexagoniof 7l will be denoted by
H, cf. (3.4). The measure u(H) 1is equal to AIImfec[ = 8.04535668, ' where
p. is the measure on & defined by (3.12)(a), i.e. twice the usual measure.
Let - H' be the inverse image of H in V. Consider the set B = H' +
# {(x,0) e R x T: |x| <c}, with c = /283+u(H)”} = 2.09097055. We have
B+T =V+{(x,0) ¢ R xT: |xl < c¢}. Because uS(B) = 2/283 the set B
is a fundamental domain of p.

Figure 23 shows the sets B and H. It is a central projection of
R x T from the point M = (13, 2.8-15i) onto a plane perpendicular to
the line OM. Figure 23 also gives the basis points 2, 6+1 and 62+1 of
p and their projections onto T and onto the real axis of €. The cylinder
depicted in figuré 23 will be discussed below.

We will show that B 1is contained in V2 +p=1{xe KS : Jaep
such that  N(x-o) < 2}. This proves that p 1is Euclidean. For each a e p
let Ta be the largest openvcylinder in KS, of which the axis passes
through o and is parallel to the R -axis, and such that Ta n (B+V) 1is
contained in a+V,, Figure 23 shows how such a cylinder Ta should look

2

like. It will be enough to show that B < T, Let C, be the disc

odp
that is the intersection of Ta with the T -plane. We have B c agp Tu
if and only if H c cxléj}o ch' In figure 24 we see that we already have

Hc agT Ca’ where T consists of the 11 elements of p listed in table

25 and their negatives. We conclude that Jp is Euclidean.
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TABLE 25. Elements and circles

element

0
3+02

5+82

= 8+262
=9-9+282

= 12-9+ 362

= 24 - 20 +682
= 25-6 +66°2

= 29 -26+762
= 40 - 26 + 1082
= 93-60 + 2362

Q
]

2 Q L R R @
O W 0 N Y W N e
1]

[+

=}
—

real

0
3,0606
5.0606
8.1213
9.3676
12.4282
24,8564
25,6101
29.9171
41,0990
95.8725

in figure 24,

complex

0
~1.0303 +0,4953 i
0.9697 +0.4953 1
-0.0606 + 0.9906 i
0.8162 - 1.0207 i
-0.2141 -0.5254 i
-0.4282 -1.0507 i
0.6949 +0.9606 i
0.5415-0,5554 i
-0.5495 +0.9306 i
-0.4362 - 0.6756 i

radius

0.8445
0.5514
0.5514
0.4335
0.4335
0.3680
0.2709
0.2709
0.2523
0.2133
0.1426
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NEDERLANDSE SAMENVATTING

EUCLIDISCHE RINGEN MET TWEE ONEINDIGE PRIEMEN -

In 1948 werd de bepaling van de Euclidische ringen van gehelen van
reéle kwadratische lichamen voltooid. Al spoedig hierna bleek dat de ge-
bruikte methode ook toepasbaar is op ringen van gehelen van zekere 3¢ en
4& graads lichamen. De voor deze ringen verkregen grenzen zijn echter zo
groot dat de volledige bepaling van Euclidische ringen ondoenlijk is. Om—
streeks 1960 werd met succes dezelfde techniek gebruikt voor zekere ringen
in functielichamen over een eindig lichaam.,

De bovengenoemde resultaten zijn alle een gevolg van een algemene
stelling, bewezen in dit proefschrift, die beperkingen oplegt aan Euclidi-
sche ringen met twee oneindige priemen in globale lichamen. De oneindige
priemen van zo'n ring zijn de equivalentieklassen van valuaties van het
quotiéntenlichaam die niet afkomstig zijn van een priemideaal van de ring.
Een groot deel van het proefschrift is gewijd aan de bepaling van de Eucli-
dische ringen met twee oneindige priemen in imaginaire kwadratische lichamen.
Dit is de enige klasse van ringen met twee oneindige priemen die nog niet
eerder onderzocht is. Uiteindelijk komen we met een volledige classificatie
van de Euclidische ringen in deze klasse. In het laatste hoofdstuk behande-
len we ringen van gehelen van enkele speciale klassen van A graads licha-
men., In het bijzonder bepalen we alle Euclidische ringen van gehelen van
totaal imaginaire 4 graads lichamen waarvan de Galois groep over @

cyclisch is.
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STELLINGEN

behorende bij het proefschrift
'Euclidean rings with two infinite primes'
van

F. J. van der Linden.

Zij K = Q(cos(2n/m)), met O <m < 200. Als @(m) < 66 dan geldt

2 als m = 1363
1 als m # 136;

h(X)
h(X)

]

L}

hierbij is ¢ de Euler-functie en h(K) het klassengetal van K.
Stel dat de gegeneraliseerde Riemannhypothese geldt voor het Hilbert-
klassenlichaam van K. Als ©@(m) < 162 dan geldt

h(K) =4 als m= 163 of m= 183;
h(K) = 2 als m= 136 of m = 145;
h(R) =1 voor de andere m.

Lit. F.J. van der Linden, Class number computations of real abelian

number fields. Math. Comput. 39 693-707 (1982).

Zij K = @(cos(2m/256)). Als de gegeneraliseerde Riemannhypothese geldt
voor het Hilbertklassenlichaam van K dan is h(K) = 1. 1In ieder geval

zijn de idealen van norm < 100000 hoofdidealen.

Een kort spel is een spel dat door twee personen gespeeld kan worden en
waarvoor het aantal mogelijke zetten begrensd is, zelfs als de spelers
niet om de beurt zetten. De korte spellen vormen op een natuurlijke
manier een groep. De torsieondergroep hiervan is isomorf met een aftel-
baar oneindige som van copieén van (122/22 ~ U (2_n Z[ZZ).

neZZO
Lit. J.H. Conway, On numbers and games. London, New York, San

Francisco: Academic Press (19772).
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4, Zij P de verzameling priemen van §, i.e. P beéestaat uit « en de

priemgetallen. Zij a(p) ¢ Z_, voor p e P. Beschouw de topologische

0
groep V = pgé ;(P)’ het beperkte directe product met betrekking tot
d Za(p) waarbij ® = Z = R. De groep V bevat roosters (lat-—
p (o] Lol

tices), =zoals gedefinieerd in (3.16) van dit proefschrift, dan en

slechts dan als a(p) < a(x) wvoor alle p € P.

5. Laat P =zijn als in stelling 4 en laat A = A02 de ad&le ring van 0

zijn (zie §(3.4) van dit proefschrift). Voor o = ((xp)pEP e A definiéren

we [ot[ = max Ia | . Het beperkte directe product V = TI' (Qa(p), met
peP ''p'p . peP p

a(p) € 220 , 1is door coordinaatsgewijze vermenigvuldiging een A -mo-

duul. Voor p e P en x € V geven we met xp de coordinaat in

Q;(p) aan.

Zij u een Haarmaat op V ‘en zij B een deelverzameling van V.

We noemen B convex als geldt

(2) Voor alle x,y ¢ B en alle A e A met |[A] <1 en |I-A] =1
- geldt dat xx+ (1-A)y € B; en
Voor alle x,y,z € B met X3 =Yg = 24 geldt dat %(x+y+z) € B.

Er geldt dat een verzameling B convex is dan en slechts dan als B

aan de volgende eigenschap voldoet

(b) B=C x D met CCJRa(m)

deel 7Z -moduul van ! a(p).
Pg‘” P Pg‘” QP

convex en D een nevenklasse van een

6. Laat V zijn als in stelling 4 en laat u een Haarmaat zijn op V.
Een deelverzameling B van V heet symmetrisch als geldt
B={-x: x e B}. De stelling van Minkowski kan als volgt gegenerali-

seerd worden:

Zij T een rooster in V met determinant v(T), zie (3.18) van
dit proefschrift, en zij B een meetbare, convexe, symmetrische deel-

verzameling van V met u(B) > 23(00)\)(1‘). Dan geldt T n B # {0}.

Lit. E. Bombieri - J. Vaaler, On Siegels Lemma, Invent. Math. 73
11-32 (1983).




7.

xilt
Zij - q een priemmacht en zij voor m,n €;E>O de functie @(m,n) ge-
definieerd door

@(m,n) = #{f ¢ ﬂal[x]: f monisch, deg(f) =m, V glf,

g irreducibel = deg(g) < n}.

De Dickman-De Bruijn functie p op R is inductief gedefinieerd door

p(u)

0 wvoor u < 0

po(u) =1 voor 0 <uc<l;

]

u
o(u-1) - | gl;-p(s-l)ds voor u > 1.
u-1

p(u)

Laten c¢,d € R> zijn en n(m) € Z) voor m € Z> zodat

0
m-cen(m)]| < d. Dan geldt

0

lim q—mm(m,n(m)) = p(ec)

>

uniform op gebieden ¢ < D d < d0 en uniform in gq.

Lit. D.E. Knuth, L. Trabb Pardo, Analysis of a simple factorization
algorithm, Theor. Comput. Sci. 3 (1976) 321-348.

N.G. de Bruijn, On the number of positive integers < x and free of
prime factors > y, Indagatiomes Math. 13 (1951) 50-60.

K. Dickman, On the frequency of numbers containing prime factors of a

certain relative magnitude, Ark. Nat. Astr. Fys. 22 (1930), AlO, 1-14.

Zij K een functielichaam van een complete niet singuliere kromme E
van geslacht 1 over een eindig lichaam Eﬁ » waarvoor de 2~torsie
ondergroep van E(Eq) ntet isomorf is met Z/27Z.
Laat S een niet-lege verzameling van priemen van K zijn en
laat AS de ring zijn als gedefinieerd door (0.4) in dit proefschrift.
Dan geldt:

S
, met deg(fi) = 1 dan en slechts dan als de exponent van

De ring {f e K[xI: f[AS] c AS} heeft als A, -moduul een basis

(fi)i € Z>O
de klassengroep Cl(AS) een deler is van #E(Eﬁ).
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Een analoog resultaat geldt voor het geval dat de '2-torsie ondergroep

van E(]Fq) wel isomorf is met Z/27Z.

Lit. H. Zantema, Integer valued polynomials in algebraic number theory,

Proefschrift 1983.

. .- . e . .
Het op authentieke wijze uitvoeren van 18~ eeuwse muziek is in tegen-—
stelling tot wat de naamgeving suggereert een moderne wijze van uit-—

voeren van deze muziek.

Bij het klokkijken komt het vaak niet op een paar minuten aan. Digitale
klokken zijn geen vooruitgang omdat ze nabijgelegen tijdstippen niet

met nabijgelegen visuele beelden aangeven.

"Doch het kon zijn - hij wist het niet stellig - dat het met den musicus
eenigermate ging als met den wiskundige, die voor talen en litteratuur
niet pleegt te voelen, terwijl gewoonlijk de taalkundige het tegendeel

van eenzijdig is."
F. Bordewijk, Eiken van Dodona, Nijgh & Van Ditmar 1946, p.148.

Bordewijk heeft blijkbaar geen wiskundigen gekend.




