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CHAPTER 1

INTRODUCTION |

In this monograph we study dynamic programming models in which the
transition law is specified by a set of nonnegative matrices. These models
include e.g. Markov decision processes with additive and multiplicative
utility function , input—output systems with substitution, controlled
multitype branching processes, etc. The main objective of this monograph
is to show that all these models can be studied within one general
matrix-theoretical framework. This framework will be built up by using
dynamic programming methods and will be based on the theory of sets of
general nonnegative matrices, This explains the title.

Methods which have been developed to determine an optimal comtrol in
the above mentioned models with respect to various types of criterion
functions, will follow as special cases from such a general framework, As
an example we may think of a policy iteration method for a Markov decision
process with respect to some "sensitive optimality" criterion or of methods
to determine equilibrium prices in a Leontief substitution system. This
indicates the generality of our model, a model in which the theory of
generalized eigenvectors and generalized (sub)invariant vectors for sets of
nonnegative matrices plays a central role.

In this introduction chapfer we first give a short historical review
of the problem field and a summary of our objectives (section 1.1). After
that a more formal description is given of the model to be studied in this
volume (section 1.2).

Section 1.3 lists a number of examples of models, arising from various
fields in mathematics an in mathematical economics, which can be written in,
or easily be transformed into our problem formulation. The contents of the
subsequent chapters are summarized in section 1.4 and a list of notations

is given in section 1.5.




1.1, A short history; main objectives

Since the publication of Bellman's "Dynamic Programming" in 1957
(BELLMAN [ 51]), interest in dynamic programming has expénded rapidly. In
his book Bellman formalized the technique of backward induction which
appeared to be fundamental for the analysis of sequential decision processes.
In ‘the last chapter of this volume some attention is paid to Markov decision
processes. A deeper investigation of the use of dynamic programming for the
control of Markov decision processes appeared three years later (HOWARD {29]).
Also Shapley's paper on stochastic games is now recognized as fundamental
to this field (SHAPLEY [53]). But, as Denardo remarked, the modern era
started with the work of Blackwell (compare Denardo's contribution to the -
panel discussion in PUTERMAN [47]; see also BLACKWELL [81, [91]).

Markov decision processes with additive reward function have been
studied with respect to several criteria, the classical ones being:
the expected total reward criterion and the expected average reward criterion.
More sensitive optimality criteria have been investigated by VEINOTT [64],
SLADKY [54], and DENARDO AND ROTHBLUM [16]. Often the transition probability
matrices in these models are allowed to be substochastic, i.e., a positive
probability for fading of the system is allowed (cf. VEINOTT [64],

ROTHBLUM [50], [51], HORDIJK [27] and WESSELS [71]).

Multiplicative Markov decision processes have been studied by HOWARD
AND MATHESON [30] and by ROTHBLUM [49]. Other models which are in fact
closely related (as far as structure is concerned), can be found in e.g.
MORTSHIMA [42] or BURMEISTER AND DOBELL [12] (Leontief substitution systems)
and in PLISKA [46] (controlled multitype branching processes).

One of the objectives of this monograph is to analyze these models
by using nonmegative matrix theory instead of probabilistic arguments (note
that several models, which have been mentioned above, have no probabilistic
interpretation at all, and that the associated nonnegative matrices are
not stochastic in general). This takes us to our second subject. Nonnegative
matrices and more general nommnegative operators play an important role in
various fields of applied mathematics, e.g. probability theory, demography,
numerical analysis and mathematical economics. Since the publication of the
basic work of PERRON [ 45] and FROBENIUS [24], [25] an overwhelming number
of papers appeared in the literagure. To mention only a few important omes:
BIRKHOFF [7 1, KARLIN [33] and VERE-JONES [65], [66]. Excellent overviews
may be found in SENETA [52] and in BERMAN AND PLEMMONS [6 ]. Finally, some




results concerning sets of finite-dimensional nonnegative matrices, closely
related to some of our own work in part I of this monograph, are given
im:SLADKY [56], [58].

We conclude this section with a sketch of problems we examine and
objectives we pursue in this momograph. The book is divided into two parts,
the first one dealing with finite-dimensional systems, the second one with
models of countably infinite dimension. Our main objective will be to give
a systematic treatment of the theory of sets of nonnegative matrices in
dynamic programming problems and to give a fairly complete analysis of the
asymptotic behaviour of dynamic programming recursions. In order to keep
the exposition lucid and reasonably simple we shall first treat the
finite-dimensional case. In this case it is possible to develop explicit
policy-iteration methods, which end after a finite number of steps, in
order to characterize and to determine matrices which maximizes the growth
of the system. Brief attention will be paid to the continuous—time analogue
of the above sketched models.

The second part of this book is devoted to the development of a
theory for sets of countably infinite nonnegative matrices. Questions
concerning invariant vectors and optimal contraction factors then arise and
we shall try to answer them. The reader familiar with CHUNG [13] will
recognize that some of our results are extensive generalizations of results
in that volume. Our results are also related to well-known facts in potential
theory for Markov chains (cf. KEMENY, SNELL AND KNAPP [35], and HORDIJK
[27]1). At several places we shall indicate applications of the results,
e.g. in the theory of Markov decision processes and strongly excessive
functions (cf. VAN HEE AND WESSELS [70]), and in the investigation of

sensitive optimality criteria in controlled Markov chains (cf. SLADKY [541).




1.2, Description of the model

In this section a formal description is given of the dynamic systems
to be studied in this monograph. For notations the reader is referred to
section 1.5.

Central in the book is the concept of a set of matrices with . .the

product property. Let us first give the formal definitiom.

DEFINITION 1.1. Let K be a set of kx m matrices (k,m ¢ IN) and let P,
denote the i-th row of a matrix P ¢ K. Then K has the product property if
for each subset V of {1,2,...,k} and for each pair of matrices

P(1), P(2) € K the following holds:

The matrix P(3), defined by

P(l)i for i e V
P(3)i 1=
P(Z)i for i € {1,2,...,k}\V,
is also an element of K. i 0

Roughly speaking this means that for i = 1,2,...,k there exists a collection
Ci of row vectors of lenght m. K is the set of all kx m matrices with the

property that their i-th row is an element of Ci’ for 1 = 1,...,k.

Next we describe the finite-dimensional models to be studied in part I.
Let nfq denote the N-dimensional Euclidean space. The set {1,2,...,N} will
often be called the state space and is then denoted by S. A nonnegative
matrix P is a matrix with all its entries real and nonnegative, Let K now
denote ‘a finite set of nonnegative Nx N matrices with the product property.
One of our objectives is to obtain information about the asymptotic behaviour
of the utility vector x(n) (an N-dimensional column vector), obeying the

dynamic programming recursion-

(1.2.1) x(n+1) = max P x(n) n=20,1,2,...
PeK

where the maximum is taken component-wise and x(0) denotes a fixed strictly




positive vector. For interpretations of (1.2.1) we refer to sectionm 1.3.
Here we only remark that the fact that K has the product property implies

for each n the existence of a matrix P(n) e K such that
x(n+l) = P(n) x(n) n=0,1,2,...

In chapter 6 we briefly treat the continuous-time analogue of the
discrete dynamic programming recursion defined above. A central role is then
played by a collection of so-called ML-matrices with the product property.
An ML-matrix 1s a square matrix with all its nondiagonal entries nonnega-
tive. Let M denote a finite set of ML-matrices with the product property.

We are now interested in the asymptotic behaviour of the vector function

z(t), defined by

(1.2.2) %(t) = max Q z(t) t e [0,%),
Qe M )

with z(0) fixed, strictly positive (again the maximum is taken component-—
wise). Note that, since M has the product property, there exist matrices

Q(t) € M such that

dz

rraC A Q(t) z(x) t e [0,%).
For an example we refer to section 1.3,

The analysis of these models requires a detailed study of sets of
nonnegative matrices (resp. sets of ML~matrices) with the product property.
In part I we shall develop a theory for sets of finite-dimensional matrices,
in part IT infinite-dimensional models are investigated. The results in the
second part may be viewed as rather far-reaching extensions of the R-theory

for nonnegative matrices, initiated by VERE-JONES [65], [66].

1.3, Examples

In this section, we list as examples a number of special cases of the

general models, sketched in the preceding section.




a. The discrete time case

Markov decision processes have been studied initially by BELLMAN
[ 41, [ 5] and HOWARD [29]. Suppose a' system is observed at discrete points
of time. At each time point the system may be in one of a finite number of
states, labeled by 1,2,...,N. If, at time t, the system is in state i, one
may choose an action, a say, from a finite action space Aj; this action re-
sults in a probability p?j of finding the system in state j at time t+].
Furthermore a reward r?j is earned when in state i action a is taken and

the system moves to state j. Suppose
¥ .

3 1 Py < i,j = 1,52 ch

i.e., a positive probability that the process terminates is allowed.

Let V(O)i denote the terminal reward in state i and let v(n)i be the
maximal expected return for the n~period problem (i.e., with n periods to

go), when starting in state i. For convenience define
P.. .. i=1,..,N; a € A,

Bellman's optimality principle implies that the following recursion holds
for v(n):.L (cf. BELLMAN [5]):

N
(1.3.1)  v(), =mx {r; + )} po, vo-D,} i=1,..,8; acA.
i i . ij J :
aehA j=1

Recursion (1.3.1) can be written in vector notation when policies
are introduced. A policy f is a function from {1,...,N} to A. The set of

all possible policies is denoted by F. Let P(f) be the (substochastic) ma-
(&) £(1)
i i

i,j=1,2,...,N 3 f ¢ F. From these definitions, it immediately follows

trix with entries pf and r(f) the vector with components r for
that the collection of Nx(N+1) matrices

(), (D)) | £ e F}

has the product property. Instead of (1.3.1) we may write




(1.3.2) v(n) = max {r(f) + P(f) v(n-1)} - n e I
feF
where v(n) denotes the vector with components v(n)i, i=1,...,N. By in~

troducing a simple dummy variable we obtain

(1.3.3) B4V R P(f) r(f) v(a-1) e
I feF | 0 1 1

which is an example of the recursion (1.2.1), to be studied in part I of

this monograph.

b. The continuocus-time case.

As in the previous example we consider a system with a finite state
space, {1,2,...,N} say, and a finite action space A. Suppose now the system
is observed continuously. At each time point t e [0,») the system is allowed
to make a transition from one state to amother one. It will be clear that
the significant parameters are transition rates rather than transition

probabilities (cf. CHUNG [13]).

We assume that a coﬁtroller‘is allowed to react at each time point
t € [0,°). If at time t the system is in state 1, and action a € A is taken
the system is supposed to make a transition to state j in a short time in-
terval At with probability a;z At (i, =1,...,N). The probability of two
or more transitions is of order o(At) if At is sufficiently small (we say
that a function h(t) is of order ¢(t) for t small if %ig t_lh(t) = 0). The
probability of making no transition in a short time interval At is then
equal to 1- g E?j At

j=1
Suppose furthermore that, if the system is in state i at time t and

action a is chosen, a reward of ?;; per unit time is earned during the time
that the system remains in state i. If the system moves from state i to
state } a reward r{? is received (i,] = 1,...,N). Now, if v(t)i denotes the
maximal expected return in a time interval of length t when starting in
state 1 and v(O)i denotes the terminal reward in state i, it follows from
Bellman's optimality principle that for i = 1,...,N and t ¢ [0,):

N N
w(e#dt) .= max { (1- 3 E?j At)(?!iAt-+v(t)i)+-Z’q?j At(r?j+ V(t)j)} +0(At)
j=1

ael i=1




Define for i,j = l,...,Nand a € A

N
a “~a a _~a ;.. a _n~a ~a _a
q., = - z q.. 3 9.: =q.. (3FL) ; ., = 1., + z q.. T,..
ii j4i i ij ij ii i .0y i3
Then, for i = 1,...,N and t ¢ [0,»), we obtain
, v(t+ht), - v(t). N '
(1.3.4) 2 L = max {ri + 7 ¢l v} » S40)
At ach 521 1 i At

Again, a policy f is defined as a function from {1,...,N} to A. Let F de-

note the set of 'all possible policies, Q(f) the matrix with entries qigl)
and r(f) the vector with components rg(l). If we take the limit in (1.3.4)

as At - 0 we obtain, in vector-notation:

(1.3.5) %%(t) = max {r(£) + Q(f) v(£)} , t e [0,).
feF

Define a scalar function vN+](t) =1 for t € [0,2). Then we may write

[ 2o wn (0] [ v
(1.3.6) dv = max t e [0,0),
: .dtN+1 (t) feF 0 0 VN+1 (t)

which is an example of the model to be studied in chapter 6. Note that the

collection of matrices

Q(f) ()

0 0 fePF

is a collection of ML-matrices with the product property.

1.3.2. Risk-sensitive Markov decision processes

Consider once again the discrete~time Markov decision process which




has been described in part a of example 1.3.1., Suppose now that a decision
maker represents his risk preference by a utility function u that assigns
a real number to each of a number of possible outcomes. Thus, if r? is the
expected reward when in state i action a is chosen, the value for the de-
cision maker is equal to u(r?); if v(n)i is the maximal expected return
for the n—-period problem, then the utility for the decision maker equals

u(v(n)i).

In example 1.3.1, part a, we treated the case in which u(x) = x for
each possible return x, which implies risk-indifference. HOWARD AND MATHE-
SON [30] treated the case in which the utility function has the following

form:

(1.3.7)  u(x) = -(sgn y) exp(-vx)

where Y # 0 is called the risk aversion coefficient and sgny denotes the
sign of v. A positive value of y indicates risk aversion, a negative value
indicates risk preference. Note that the function u(.), defined in (1.3.7),

is increasing.

It follows that a stream of rewards Tyos Ty oseeesTy has a utility
1 2 n

-(sgn v) exp(—y(ri]+ri2+...+rin))
. Now, let v(n)i denote the utility of staying in the system for n periods
when starting in state i. Using the concept of "certain equivalent",
HOWARD AND MATHESON [30] showed:

N .
(1.3.8) v(n)i = max z p{% exp(—yr?.) vin—-1). i=1,..,N;yme WN.
aedA j=I J 13 J
Defining
~a _ _a _..a
piJ = pij exp ( Yrij)

we obtain

N
(1.3.9) v(n)i = max z D

. vin-1), i=1,..,N;me W,
aeA j=1 J

a
ij
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or, defining f, F, B(f) and v(n) as usual,
(1.3.10) v(n) = max g(f) v(n-1) n e W,

feF.

1.3.3. Controlled multitype branching processes

'

Consider a population consisting of individuals of N types, labeled
1,2,...,N, which is observed at time points 0,1,2,... . Each individual
lives from one such time point to the next, at which moment he produces a
random number of offspring; all these numbers are supposed to be independent.
At time t an action is chosen (from a finite set A) fof each individual.
Different actions may be chosen for different individuals (possibly of
the same type).

At each time point the state of the system is described by a vector
(sl,...,sN), where s; denotes the number of individuals of type i. Let
pi(tl""’tN ] a ) denote the probability that (as a result of action aed)
one individual of type i produces exactly tj individuals of type j,

i = 1,2,...,N. Suppose furthermore, that, if for an individual of type i
action a is chosen, a reward ri is earmed. It is not hard to verify that
this system may be described by a Markov decision process with a countable
state space (cf. PLISKA [46]).

Note that, .in general, different actions may be selected for different
individuals of the same type. A decision rule that seélects the same
action for all individuals of the same type and such that this selection
is independent of the state (Sl""’SN) is called static. PLISKA [46]
showed that the multitype branching process, described above, can be con-
trolled by considering only static decision rules, and a collection of
nonnegative NxN -matrices with the product property. Let uf? denote the
expected number of individuals of type j among the offspring of one indi-

vidual of type i when action a is chosen. Assume

< o i,j = 1,...,N; a € A,

o
Y
s

[

Let, furthermore, x(n):.L denote the maximal expected return when we start
with exactly one individual of type i, no individuals of other types, when
only static decision rules are considered, and with n periods to go. Then

obviously
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a

a .
(1.3.11) x(n)i = max {r; + i x(n—l)j} i=1,..,N;ne IN,

aeA * ]

u
1

It~

where x(O)i is a terminal reward. If we define a static policy f as a func-
tion from {1,...,N} to A, and U(f) denotes the matrix with entries ufgl),

while r(f), resp. x(n), are the vectors with components ri(l), resp. X(n)i’

then we may write

'(1.3.12) x(n) = max {r(f) + U(f) x(n-1)} n e W,
feF

where F denotes the set of all static policies. As before, (1.3.12) can be

transformed into a recursion of the form (1.2.1):
x(n) - max U(f) r(f) x(n-1) neN.
1 feF o] 1 1

It is interesting to note that PLISKA [46] showed that, if both static and
nonstatic decision rules are considered, the maximal expected return for

an n-period controlled multitype branching process, when starting in state
(s],...,sN), and summed over the total number of indiwiduals at the start,

is equal to
N
Z s. x(n). .
. i i
i=1

Hence there exists a static decision rule which is optimal. It follows that
these problems can be handled either as a Markov decision process with a
countable state space or as a more general dynamic programming problem with

a set of finite-dimensional nonnegative matrices with the product property.

1.3.4. An input-output system with substitution

An economic system, consisting of N industries (or resources), is
controlled at discrete points of time. We assume presence of a sufficient
amount of labour (of homogeneous type). Each industry i produces a single
commodity, also indicated by i (no joint production is allowed). Further-
more, there exists a finite set A of alternative technologies for each in-
dustry i. If industry i chooses technology acA, we denote by p{? the num-

ber of units of commodity j (produced in the previous period) which is
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necessary for the production 'of one unit of commodity i. Furthermore, Z;
denotes the amount of labour, necessary for the production of one unit of
commodity i, when technology a is chosen.

Let w be the (constant) wage rate and let c(n)i denote the cost of
the production of one unit of commodity i at time point n. We assume
c(O)i >0 for i = 1,...,N. Since we may expect that each industry is inte-

rested in minimizing its costs, we find

N
(1.3.13) c(n). = min {wi? + z p.% c(n-1).} i=1,..05N: ne W
i i . ij j
acA j=1
(here we assumed that the production costs of one unit of a commodity is
equal to its price on the market).
A technology vector £ is a function from {1l,...,N} to A, which spe-

cifies for each industry a particular technology. The set of all technology
£(1)

.. and

13

s, for all i,j,f. With these defini-

vectors is denoted by F, P(f) denotes the matrix with entries p
(i)

2(£f) the vector with components li

tions, (1.3.13) can be written as

(1.3.14)  c(n) = min {w &(f) + P(f) c(n-1)} ne N,
feF
where c(n) denotes the vector with components c(n)i, i=1,...,N.

As before, we find a recursion of the form (1.2.1):

c(n) = min P(£) wi (f) c(n-1) —
1 feF 0 1 1

"max" replaced by "min". These models can be

Here, we have an. example with
treated in essentially the same way as the one, introduced in section 1.2.
The model, described above, is an example of a Leontief substitution system

(cf. MORISHIMA [41], BURMEISTER AND DOBELL [12]).

1.3.5. A terminating decision process

In BELLMAN [ 3], a multistage decision process is considered where,
at each stage, one has the choice of one of a finite number of actions,
1,2,...,K say. The choice of action a ¢ {1,...,K} results in a probability
distribution with the following properties:

. P a . . .
a. There is a probability 1 that one receives i units and the pro-




cess continues (i = 1,2,...,N); i

b. There is a probability pg that one receives nothing and the pro-
cess terminates. '

Now let n be.a fixed integer and suppose a decision maker wants to
maximize the probability that he receives at least a total number of n
units before the process terminates. Let uj denote the maximal probability

of obtaining at least j units before termination of the process, then

N
max p? uj~i jizo0
(1.3.15) u; = a i=l

Applying a simple transformation, this problem can again be written in the

formulation, introduced in section 1.2, For j = 1,2,...,n we have

[ \ a ay (4 3
5 Py +eeeneeeePy 5-1
1 0 -vvene 0
-1 o : 32
. = max 9 ]3 . . . s
. a . R : :
\ uj_N+1 J \ 0----0 10 J N J

where we start with (uO”"’ul—N))T = (l,...,l)T.
It follows that the decision maker has to solve an n-step sequential deci-

sion problem of type (1.2.1).

1.4. Summary of the subsequent chapters

As mentioned already, one of the main objectives of this monograph
is to analyze the asymptotic behaviour of dynamic programming recursions
(or quasi-linear equations, cf. BELLMAN [ 3]) of type (1.2.1), based on a
set K of nonnegative square matrices with the product property. It will be clear
that some insight in the structure of such sets of matrices is fundamental.
In chapter 2 we first briefly repeat some well~known results concerning
structure and properties of a single nonnegative matrix. A relatively

large part of this chapter is devoted to what we will call a generalized
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eigenvector theory for square nonnegative matrices (cf. ROTHBLUM [481).
Chapters 3,4 and 5 deal with sets of finite-dimensional nonnegative ma-
trices. In chapter 3 it is shown that a particular block-triangular struc-
ture exists for sets of nonregative matrices which is closely related to
the behaviour of dynamic programming recursions of type (1.2.1). In chap-
ter 4, convergence results for these recursions are proved under rather
special conditions. Indispensable for the analysis‘'in this chapter is a
result, recently proved by SCHWEITZER AND FEDERGRUEN [61], concerning geo-
metric¢ convergence in undiscounted Markov decision processes.. The original
proof of this result is extremely complicated; in appendix 4.A we present
a new, relatively simple proof, together with some extensions. This geo-
metric convergence result plays a key role again in chapter 5, where both
convergence results for recursions of type (1.2.1) in the most general case
are proved, and a theory concerning generalized eigenvectors for sets of
nonnegative matrices with the product property is completed. Key words in
the analysis are spectral radius, index and generalized eigenvectors. Brief
attention will be paid to estimation methods for these characteristics.
Typical for the finite case is that all proofs can be given in a comstruc-
tive way; in particular it is possible to develop policy iteration methods
for the construction of matrices which maximize the "growth" of systems

of type (1.2.1).

In chapter 6 we briefly treat the continuous-time analogue of the
model, studied in chapters 3,4 and 5. There we deal with a set of ML-ma-
trices with the product property. Special attention is paid to an expo-
nential convergence result for undiscounted continuous—time Markov decision
processes (appendix 6.A), which may be viewed as an analogue of the main
result of appendix 4.A in the discrete-time case.

Although a theory for sets of nonnegative matrices with the product
property has been developed mainly for its usefulness in the analysis of
dynamic programming recursions, the results are interesting in themselves;
they provide é considerable generalization of the classical Perron~Frobe-
nius theory. In part II (starting with chapter 7) an attempt is made to
extend this theory to sets of countably infinite nonnegative matrices. Such
an extension is relevant in connection with the study of denumerable Markov
decision processes, invariant vectors for sets of nonnegative matrices etc.
Chapter 7 is an introductory one in which Markov chains with a countable
state space are discussed. Strong ergodicity and the Doeblin condition are

some of the key concepts in the analysis. Although interesting in itself,




the results mainly serve to explain and motivate the conditions of the
theorems, proved in chapter 8. In that chapter the structure of countably
infinite nonnegative matrices is analyzed; it turns out that a beautiful
extension of the generalized eigenvector theory, treated in chapter 2,
exists. Vere-Jones's R-theory (which deals only with irreducible nonnega-
tive matrices of countably infinite dimension) is used as a starting point
(cf. VERE~-JONES [65], [66]). The results obtained are related to results
in potential theory for Markov chains (cf. KEMENY, SNELL AND KNAPP [35]).
In chapter 9, finally, we return to sets of (countably infinite) nonnega-
tive matrices and show how results, similar to those in chapter 3 can be
obtained. As a by-product of our analysis we obtain a semi-probabilistic
interpretation of (generalized) eigenvectors and (generalized) invariant

vectors which seems to be new even in the finite case.

1.5. Notational conventions

We shall be concerned with sets of nonnegative matrices with the pro-
duct property (cf. definition 1.1). Unless stated otherwise all matrices
will be square and of a fixed dimension., Throughout part I ~ N denotes the
dimension of these matrices. Motivated by the theory of Markov processes
the set {1,2,...,N} is called the state space and denoted by S. Part II
deals with matrices of countably infinite dimension; in this case
S = {1,2,...}.

Matrices will be denoted by capitals P,Q,..., (column) vectors by
lower case letters x,y,u,w,... . The identity matrix (omes on the diagonal,
zeros elsewhere) is denoted by I, the vector with all components equal to
one by e. The null matrix is denoted by 0, the null vector by 0.

(n)
1]

The n~th power of a matrix P is denoted by Pn; p,. denotes the ij-th

entry of P" . Instead of p§;) we usually write pij' Pi denotes the i-th
rgw of P, The i-th component of a vector x is denoted by X . We define
P = I.

As usual IN denotes the set of positive integers, N = Wuie},
N, = WUu{0}, ﬁ]o =W, u{=}. R is the set of real numbers, R the set
of positive real numbers, R := Rul=}, ]RS :=IR+U{O}. ]Rk denotes the
k~fold cartesian product R x R x ... x R (k ¢ IN).

A nomnegative square matrix P is a function from S x § to Rg. If
p]._j > 0 for all i,j € S the matrix P is called positive. If P is nonnega-

tive (positive) we write P 2 9 (P > 2). We say that P is semi-positive and
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write P > 0, if P 2 0 and P # Q. Furthermore we write P> Q (2 Q, > Q) if
P-Q 2 0 (=90, >0). Similar definitions apply to vectors. Instead of "pos-
itive vector" often the words "strictly positive vector" will be used.

The transpose of a matrix P ié denoted by PT; the transpose of a
(column) vector x is written as XT. Subsets of the state space S will be
denoted by A,B,C,D,... . If C ¢ S then by PC the restriction of the square
matrix P to C x C is denoted. Simiiarly, XC is the restriction of the
(column) vector x to C. If {I(1), I(2),...,I(n)} denotes a partition of the

(k, £) for the restriction of P to
(k) PI(k), k=1,...,1.

If P is a square matrix of finite dimension then the spectral radius

state space S then we often write P

I(k) x I(8), k2 = 1,...,r. Note that P

of P is defined as the modulus of its largest eigenvalue. Throughout this
monograph the spectral radius of P is denoted by o(P).

In chapter 6 ML-matrices of finite dimension are considered. An ML-
matrix is a square matrix with all its nondiagonal entries nonnegative. The
name is adopted from SENETA [52], who uses the word in connection with the
work of Metzler and Leontief in mathematical economics.

Lexicographical order symbols are used in several chapters. Let
(x(1),...,x(m)) and (y(1),...,y(n)) be two sequences of real-valued vectors.
We say that (x(1),...,x(n)) ¥ (y(1),...,y(n)) if x(1) > y(1) or if for some
k € {1,...,n~1} holds that x(2) = y(8) for & = 1,2,...,k and x(k+1)>y(k+1).
Similar definitioms hold for ¥, }, 4, 3 and 4.

Let f(t) and g(t) be real-valued (vector) fumctions such that g(t)>0
for t € R. Then £(t) = o(g(t)) for t + a (a € ®) if lim (g(t)i)_lf_(t)i=0
for all i. Furthermore £(t) = 0(g(t)) for t » a if there exists 'a constant
¢ such that ‘f(t)| <ec (g(t)) for t close to a.

The symbol := is used to define concepts. The symbol ~ is used for
asymptotic equality; for instance x(n) ~ y(n) for n » « means that for each
€ > 0 there exists an integer n, such that (l1-¢) y(n) < x(n) < (1+e) y(n) for
nng. The symbol [ denotes. the end of a proof, or the end of the formulation of
a proposition, lemma or theorem if no proof is given. Also the end of a def-
inition is marked by 0. The Kronecker delta Gi. is defined by 6ij =1

if i = 3, aij := 0 if i # j. By || ..|| the usual sup-norm is demoted.
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CHAPTER 2

NONNEGATIVE MATRICES: A STRUCTURE ANALYSIS

Any investigation of dynamic programming recursions of the type

(1.2.1) =x(n) = max P x(n~1) n=1,2,...; x(0) >0
PeK -
with K a set of nonnegative square matrices with the product property, en~
tails the study of products of nonnegative matrices, or, in the case that
K contains only one matrix, of powers of that matrix. Clearly, powers of a
square nonnegative matrix can be studied by familiar matrix-theoretical
methods such as Jordan decomposition. The disadvantage of these methods how-
ever is that the nonnegativity of the entries is completely ignored. A -graph-
theoretical, rather than a matrix-theoretical, approach appears to be the
natural answer to this objection (cf. SENETA [52], p. 9-12 and ROTHBLUM
[48]). The authors mentioned exploit the idea that a square nonnegative
matrix P of dimension N can be represented by a directed graph with N nodes
in which a transition from node i to node j is possible if and only if
pij >0 (1,7 = 1,...,N).

In this chapter a rather detailed analysis of the structure of a single
square nonnegative matrix is presented. We follow the (graph-theoretical)
terminology of ROTHBLUM [48], which is strongly motivated by the theory of
Markov chains. In section 2.1, a brief review of some well-known definitions
and results will be given (most of them without proof) which can be found,
for instance, in SENETA [52] or BERMAN AND PLEMMONS [ 6 ]. We also give some
immediate corollaries which will be needed later. In section 2.2, a funda-
mental decomposition result for one square nonnegative matrix is presented
which describes the hierarchical structure of the underlying graph; this
decomposition proves to be extremely useful for the analysis of the be-

haviour of powers of that matrix (cf. SLADKY [58], zIJM [761). Section’2.3
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is devoted to an analysis of the structure of so-called generalized eigen—
vectors, associated with the spectral radius of a square nonnegative matrix,
whereas section 2.4 relates these results to more familiar concepts in ma-
trix theory.

The results obtained in this chapter imply some immediate corollaries

on the behaviour of the vector x(n), defined by
x(n) = p x(0) ne W; x(0) > 0,

where P denotes a square nonnegative matrix. However, the great advantage
of the methods developed here is that they can be extended to sets of non-
negative matrices with the product property, where they yield analogous
results for dynamic programming recursions of the type (1.2.1). In order
to facilitate the proofs of these extensions, state classifications are
introduced in section 2.5, and the results of chapter 2 are reformulated in
terms of these state classifications. In fact, state classifications relate
in a very precise way the hierarchical structure of the graph, associated
with a nonnegative matrix, to the behaviour of its powers; they will prove
to play a key role in the forthcoming analysis.

Throughout this chapter P denotes a nonnegative Nx N matrix; the

state space S is defined by S := {1,2,...,N}.

2.1. Basic tools and definitions

In this section we briefly review some (mostly well-known) definitions
and results concerning the structure of nonnegative matrices.

We start with a definition.

DEFINITION 2.1. We say that state 1 has aqccess to state j under P if

P].(_IJ}) > 0 for some n ¢ INO (i,j¢€898). O

©)_
ii
2.1, reflects the idea that the positive—zero configuration of P can be re~

Note that, since p 1, state i has always access to state i. Definition

presented by a directed graph. Accordingly, we consider P as a function from

. N N
S xS to ]R; rather than as a linear operator from R  to R .-

Powers of square matrices are usually studied in terms of their eigen-

value structure (Jordan decomposition). For nonnegative square matrices an-

other approach exists, based on accessibility relations between the states
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(cf. SENETA [52]1). It can be shown that an analysis of the behaviour of
powers of a square nonnegative matrix becomes much easier if in the under-

lying graph any two states have access to each other.

DEFINITION 2.2. P is called Zrreductble if any two states have access to each

other. In all other classes we call P reducible. |

This definition implies that a square reducible nonnegative matrix
can be written in block-triangular form, possibly after a permutation of
the states. In other words: using the accessibility relations a hierarchical
structure of the state space can be shown.

Irreducible nonnegative matrices can be either periodic or aperiodic.

We need the following definition:

DEFINITION 2,3, Let P be irreducible. The period di of a state i1 with res-
pect to P is defined by

.= (n) .
d; := g.c.d {n’pii >0, ne W} ie8, 0
A proof of the following result can be found in SENETA [52]:

PROPOSITION 2.1, Let P be irreducible. Then all states have the same period,

d say, with respect to P. There exists a unique partition {C(1),...,C(d)}
of S such that 1 e€ C(k) and pij > 0 implies j e C(k+1) if k < d and j ¢ C(1)
if k = d. 1]

P is said to be aperfodic if d = 1, otherwise it is periodic with period d,
Some authors use the word (a)cyclic instead of (a)periodic.

Powers of square matrices are usually studied by eigenvalue methods.
The eigenvalues on the spectral circle, i.e., the eigenvalues with largest
absolute value, play a special role, in fact they characterize the first-
order asymptotic behaviour of P" for n + w, If P is nonnegative, these ei-
genvalues and their associated eigenvectors possess very nice properties;

these properties are summarized below in the famous Perron-Frobenius theorem.

PROPOSITION 2.2, Let P be a square nonnegative matrix and let o(P) denote

its spectral radius, i.e., o(P):= max { |A] | A an eigenvalue of P}. Then

o(P) itself is an eigenvalue of P with which can be associated semi-posi-
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tive left~ and right-eigenvectors. If P is irreducible these eigenvectors
are unique up to multiplicative constants; furthermore they can be chosen
strictly positive in this case. If P is irreducible, o(P) is simple. If
P is irreducible with period d then there éxist = precisely d eigenvalues

Al,...,ld with |Ak| = 1, namely A = o(P) exp(i.2nk/d) for k =1,...,d.

k
These eigenvalues are all simple. u

For a proof we refer to GANTMACHER [26] or SENETA [52]. Note that o(P)>|x]
for any eigenvalue A # o(P), if P is irreducible and aperiodic.

The existence of strictly positive eigenvectors associated with' the
spectral radius o(P) of a square nonnegative matrix P immediately provides
us with bounds for the vector x(n) = Pt x(0), n=1,2,..., where x(0) is
any positive vector. Let u be a strictly positive right—eigenvector, asso~

ciated with ¢(P), and choose constants ¢, ,c, > 0 with ¢

12S2 u < x(0) < c,u. Then

1 2

¢ (@)™ u g xm) < ey (0@Nu ne N,

This result suggests the question: what nonnegative matrices possess strict-
ly positive eigenvectors. Irreducibility is a sufficient (but certainly not
necessary) condition. Before answering this question, we need a few defini-

tions.

DEFINITION 2.4, Let D be a proper subset of S. The restriction PD of P to

D x D is called a principal minor of P. 0
For principal minors the following result holds.

PROPOSITION 2.3. The spectral radius o(P') of any principal minor P' of P.

does not exceed the spectral radius o(P) of P. If P is irreducible, we have
o(P') < o(P); if P is reducible, then o(P') = o(P) for at least one irre-

ducible principal minor P', ; O

For a proof see GANTMACHER [ 26].

Reducible nonnegative matrices can be written in block-triangular
form (possibly after permutation of the states) in such a way that the
blocks on the diagonal are irreducible. This defines a partially hierarchic-
al structure in the underlying graph. The irreducible blocks correspond

to classes., More formally:
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DEFINITION 2.5. A elass C of P is a subset C of S such that PC is irredu-

cible and such that C cannot be enlarged without destroying the irreduci-
bility. C is called basic if o(B°) = o(P), otherwise C is called nombasic

. . Cc . P
(in which case o(P") < o(P), according to proposition 2.3). a.

The reader may mote that P partitions the state space S into classes,
c(1),c(2),...,C(n) say. If P(l’J) denotes the restriction of P to C(i)x C(j),
i,j = 1,...,n, then, possibly after permutation of the states, P can be

written in the following form:

r P(],l) P(I’Z)--H P(l’n%
p(2:2) L2
(2.1.1) P =
- I',(n,n)
7/
with P(l’J) =0 for i > j, i,j = 1,...,n. Hence classes can be partially

ordered by accessibility relations. We may speak of access to (from) a class

if there is access to (from) some (or equivalently : any) state in that class.

DEFINITION 2.6. A class C, associated with P, is called final, if C has no

access to any other class. A class C is called Znitial, if no other class

has access to C. 0

The question which class has access to which class is fundamental for
the investigation of powers of nonnegative matrices. The existence of strict-
ly positive eigenvectors also depends completely on the accessibility struc-

ture. We have

PROPOSITION 2.4. P possesses a strictly positive right- (left-) eigenvector

if and only if its basic classes are precisely its final (initial) classes.
g
For a proof we refer to GANTMACHER [26] again.
Matrices with strictly positive eigenvectors (and especially their
powers) have very nice properties as has already been indicated above.

The following lemma is fundamental for the analysis in the forthcoming sec-
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tions. We have:

LEMMA 2.5. Let P have spectral radius o+> 0, and let there exist.a strict-
ly positive right-eigenvector, u say, associated with o. Then there exists a
nonnegative matrix P*, defined by

n
P* := lim . g k Pk.

n-o ntl k=0

We have PP* = P*P = oP* and (P*)2 = p*, Furthermore, pzj > 0 if and only if
j is contained in a basic class of P and i has access to 3 under P. If the
restriction of P to each of its basic classes is aperiodic¢, then

P* = lim o © p°

n->eo

Finally the matrix (cI~P+P*)=is nonsingular.
PROOF. The matrix P, defined by
(%) P.. =0  u., p.,. u i,j €S

is stochastic (i.e., P >0, Pe = e). For stochastic matrices the results
are well known (cf. KEMENY AND SNELL [341). By the inverse transformation
of (%) all results for P are translated into the corresponding results for

P. 0

The matrix P* is the projector on the null-space of (cI-P), along
the range of 0I-P. The matrix (cI-P+P*) - is often called the fundamental
matrixs corresponding to P (KEMENY AND SNELL [34]). Note that the restric-
tion of P* to each basic class of P is strictly positive.

Even if a nonnegative reducible matrix P does not possess a strictly
positive eigenvector, associated with its spectral radius o, it is easy to
understand the fundamental role of o with respect to the behaviour of P",

The following characterization is useful.

LEMMA 2.6, Let P have spectral radius o. Then
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Lim || B%)['/® = ing |27
nie n

Y
Q
fl

sup {A|Zw>Q : Pw > dw} = inf (A|Fw>0 : Pw < Aw}

ot
Q
1

c. For each A > o there exists a vector w > 0 such that Pw < Jw.

PROOF. a. follows from DUNFORD AND SCHWARTZ [21], p.567, b. follows from
a. To establish c., take w = (AI—P)_Ie. 1

If X > o, w > 0 such that Pw < Aw one immediately sees that 2% dom-
inates an(O) if x(0) < w. A vector w, satisfying w > 2 and Pw < Aw,
is often called A-subinvariant (cf. chapter 8 of this monograph) or strongly
excessive (cf. VAN HEE AND WESSELS [70]); these vectors play an important
role in stochastic analysis and in potential theory for Markov chains (cf.
KEMENY, SNELL AND KNAPP [35] or HORDIJK [27]).

A more detailed analysis of the role of the spectral radius with res-
pect to powers of a nonnegative matrix will be given in the next section.
Accessibility relations between basic (and nonbasic) classes will play a fun-
damental role again., We now conclude this section with two lemmas which are

needed in the sequel.

LEMMA 2.7. Let P be irreducible, let o be its spectral radius and let x > 0.

Then Px > ox implies Px = ox. Analogously, Px < ox implies Px = ox.

PROOF. Multiplying Px > ox by the strictly positive left-eigenvector of P,
associated with o, yields ¢ > o, a contradiction. Hence Px = ox. Similarly,

if Px < x. 0

LEMMA 2.8. Let P have spectral radius ¢ and suppose Px > Ax for some real

X and some real vector x with at least one positive component. Then o > A.
PROOF. Let y := (AI-P)x. Then y < 9: If A > o then AI-P is nonsingular and
x=Q-p7ly = 7 aT@ ey o,
n=0

which gives a contradiction. Hence ¢ > A, 0
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In the next section, the structure analysis of reducible nonnegative matri-
ces is continued. The concepts introduced there are less familiar; again

they have a strongly graph-theoretical interpretation.

2.2. Block;triangular decompositions

In this section a rather specific decomposition result for nonnegative
matrices is presented, which is based on the already mentioned hierarchical
structure in the underlying graph. Recall that classes are partially ordered
by accessibility relations,cf. (2.1.1). We shall show the existence of a
particular hierarchical order of basic and nonbasic classes, which is strong-
ly related to the behaviour of powers of the associated nonnegative matrix.

Let P be a square nonnegative matrix (of finite dimension) and let S
be the state space. Obviously, there must be a strong connection between
the familiar Jordan canonical form of P and the partitioning of S in basic
and nonbasic classes. The number of basic classes for instance is precisely
equal to the algebraic multiplicity of the eigenvalue o(P). Namely, if C
is a basic class of P, then o(P) is a simple eigenvalue of PC, and further-
more each eigenvalue of PC is an eigenvalue of P (use (2.1.1)). We shall
show that there also exists a relationship between certain chain-structures
of basic and nonbasic classes and the size of ‘the Jordan-block, associated
with the spectral radius o(P), if o(P) is degenerated (cf. PEASE [44]).

Consider the following example:

Example 2.1,

X, 0
P = x(0) = x, > 1o

[ ]
N

P® x(0), n = 1,2,... . Then

and define x(n)

x(n) a2l % + 2n.x2

Notice the difference in behaviour between x(n)] and x(n)z, caused by the
fact that state 1 has access to state 2 and Pry and Py, are both equal to

the spectral radius. In terms of classes : the matrix P possesses two basic
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classes : {1} and {2}, the first ome having access to the second one, which

implies an asymptotic behaviour of the vector x(n) of the form

~ 2" . on
x(n)] ~ n2 < x(n)2 2 c,

where ¢y and cy depend on the starting vector x(0).

The next example is an extension of the previous one.

Example 2.2.

2 4 0 X, 0
=) 0 100 x(@= | %2 | > | ©
0 0 2 X 0

{ 3 | J

Now it is easy to verify that for n > = x(n) = an(O) obeys

x(n)1 ~ n2nd1 x(n)2 ~ 2nd2 ) x(n)3 ~ an3

where again d], d2 and d3 are constants, depending on x(0).
Apparently, the presence of a nonbasic class in a '"chain between two

basic classes'" (definition follows below) does not really influence the

asymptotic behaviour of x(n) (note that still the first basic class has

access to the second one, but now via a nonbasic class). It is this rela-

‘tionship, between the position of basic and nonbasic classes and the beha-

viour of powers of a nonnegative matrix, that will be studied in this section,
What we need first is a quantitative indication of the position of a

class. We start with the definition of a chain.

DEFINITION 2.7. By a chain of classes of P we mean a collection of classes

{c(1), €(2),...,C(n)}, such that P; jk> 0 for some pair of states (ik,jk)
with ik e C(k), jk € C(k+1), k = 1,2,...,n~1, We say that the chain starts
with C(1) and ends with C(n). The length of a chain is the number of basic

classes it contains. |

The position of a class is now defined as follows.
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DEFINITION 2.8. The height (depth) of a class € of P is the length of the
longest chain which ends (starts) with C. O

To illustrate these definitions consider the following example.

Eaxmple 2.3.

N
o
[

0 0 0

P= 1 1 4
2 4

2

Here the lower triangle:;of P contains only zeros. Each class of P contains
exactly one state. The following graph shows the positions of these classes
(B = basic):

Q Q ®)
1 > 3 > 4 B
| |
2 B 5 B
O O

Classifying the classes according to their position, we obtain:

Basic classes {2} {4} {5} ll Nonbasic classes {1} {3}

Height 1 1 2 0 0
Depth 1 2 1 2 2

Finally,we define the degree of a nonnegative matrix.

DEFINITION 2.9. The degree v(P) of P is the length of its longest chain, [

In all the examples v(P) = 2,

The following decomposition result is now easily established.




29

LEMMA 2.9. . Let P have spectral radius ¢ and degree v. There exists a parti-
tion {D(v),...,D(1),D(0)} of the state spacé S such that D(k) is the union

of all classes with depth k, for k = 0,1,...,v. If P(k’z)

triction of P to D(k) x D(R), then P(k’2)= 0 for k < £ (ko = 0,1,...,V).

denotes the res-

After possibly permuting the states we may write

P(v,]) P(v,O) 1

pO7Lv=D) [ pO- D (01,0
(2.2.1) P = : :
T P(l,l) P(l’o).

£(0,0)

J

We have U(P(k’k)) =¢g for k =1,...,v and c(P(O’O)) <o (if D(0) is not
(x)

empty). Furthermore, there exist vectors u > 0 such that

2.2.2y B G _ ) X

= 1,004V

PROOF. Since the degree of P is v, there exist classes with depth k, for
k=1,...,v, and possibly classes with depth zero (nonmbasic classes which
do not have acces to any basic class). Obviously, a class of depth k has
no acces to a class of depth 2 > k, hence P(k’z) = 0 for k < 2. Basic
classes with depth k do not have access to any other class of depth k,
whereas nonbasic classes with depth k must have access to at least ome ba-
sic class of depth k., Furthermore, o(P(k’k)) =¢g for k =1,...,v and
G(P(O’o)) < ¢ by proposition 2,3. and definition 2.5. Proposition 2.4. now
implies the existence of vectors u(k) > g such that (2.2.2) holds for

k= 1,100,V 0

Remark. Note that each state in D(k) has access to some state in D(k~1),

for k = v, v-1,...,2,

DEFINITION 2.10. The partition {D(v), D(v-1),...,D(1), D(0)}, such that
D(k) contains all classes with depth k (k = v, v~1,...,1,0), is called the

principal partition of S with respect to P. 0

Consider, once again, the matrix of example 2.3. We find D(2)={1,3,4},

D(1) = {2,5}, D(0) = @. In other words, after permuting the states we have
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the following structure:

(11 0 4 0 ) ( )
1 1 0 4 P(2,2) P(z’l?
2 0
P = =

2.0 P(l,l)

L J L J

,(2,2) (1,n , e e

Both P and P possess a strictly positive right-eigenvector, asso-

ciated with eigenvalué 2. If we define an "aggregated" state space
§' = {1',2'} with 1' = D(1) and 2' = D(2), and an "aggregated" matrix P'
on S' x S' by

aE

then the behaviour of powers of P' is in essence the same as the behaviour
of powers of P. Note that P' has been investigated in example J); there we
saw that the position of the basic classes determined the asymptotit beha-

viour of x(n) = " x(0) as n » =, More generally we have

LEMMA 2.10. Let P have spectral radius ¢ and degree v and let
D), D(v-1),...,D(1),D(0)} be the principal partition of S with respect to P.

Choose x(0) > 0 and let x(n) =
(k)

" x(0), n = 1,2,... . Then there exist con-

stants ¢, ¢, and vectors u > 0, satisfying (2.2.2), such that for n ¢ W
(k) n{-1 -n (k) .
(%) ¢ uy h k=1 o x(n)i < cyuy ieD®); k=1,...,v,
and
lim o " x(n), = 0 i e D(0). o
o0 1 7

The proof of lemma 2,10 is postponed until section 2.3, where it
follows immediately from a general result concerning the structure of gener-
alized eigenvectors, associated with the spectral radius of a square non-

negative matrix. For a direct proof of lemma 2.10,, see ZIJM [76].
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Lemma 2.10. shows the desired relationship between the behaviour of

x(n) = P" x(0) and the position of the classes of P. The concept of "depth
of a class C" appears to play a key role, which means that the maximal num—
ber of basic classes which can be found in a chain, starting with C, is
relevant. A relationship, completely analogous to (%), exists between the
height of a class and the behaviour of x(O)TPn, restricted to that class,
as n >+ @ (note that the depth of C with respect to P is equal to the height
of C with respect to PT).

~We conclude this section with an extension of lemmas 2.9. and 2.10.
which will be needed in the sequel. Note that the concepts "basic
class", "depth" and "degree" are defined with respect to o(P). However, if
D(0) # ¢ and G(P(O’O)) # 0, we may repeat the procedure, i.e. decompose

P(O’O) in exactly the same way. Continuing in this way we finally obtain

LEMMA 2.11. Let P be a square nonnegative matrix. There exist an integer
r = r(P) and a partition {I(1), I(2),...,I(r)} of the state space S, such
that the following properties hold:

a. Let P(k’l)
Then P(k’g)

denote the restriction of P to I(k) x I(R).
=0 if k > 2; k,2 = 1,...,r.

(k’k)) b4 G(P(g’k)) with equality if and

b. For k < 2,we have o(P
only if each state in I(k) has access to some state in I(%),
ko2 = ly..a,r,

&)

c. There exist strictly positive vectors u such that

) (K | (k) ()

(2.2.3) = o(P k= 1,2,..0,T.
d. Choose x(0) > 0 and let x(n) = ° x(0) forn=1,2,...

For each k ¢ {1,2,...,r} define the integer t by

t, = min {2 [ 0 <2< rk, U(P(k+2,k+£)) < 0.(]E,(k,k))}

and t 3= r-k+1 if the minimum does not exist.

Then, if c(P(r’r)) # 0, there exist positive constants Cps Cys depending

on x(0) only, such that
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n
c ugk)< (tk—1> U(P(k’k))_n x(n)i <e, ufk)

1 1 = 1

for i € I(k), k =1,...,rand n ¢ W. 0

DEFINITION 2.11, The partition {I(1),I(2),...,I{r)}, discussed in lemma 2.11
is called the spectral partition of S with respect to P.

In the next section we discuss generalized eigenvectors, associated
with the spectral radius of a square nonnegative matrix. It will appear

that a strong relationship exists with the decomposition result of lemma 2.9.

2.3 Generalized eigenvectors

In the preceding sections we have seen that nonnegative matrices with
strictly positive eigenvectors have nice properties, in particular with res-—
pect to their powers (note that for these matrices the integer r(P), defined
in lemma-.2.11, is equal to one). One of the most important cases where such
a strictly positive eigenvector does not exist is the case with the degree
of P.larger than one., In this case the spectral radius o(P) is degenerated
as an eigenvalue (i.e., the number of independent eigenvectors associated
with o(P) is smaller than its algebraic multiplicity), which implies the
existence of generalized eigenvectors (cf. PEASE [44]). In this section,
the structure of these generalized eigenvectors is studied and related to
accessibility relations between basic classes and so to the decomposition
result of lemma 2.9.

Let us start with a formal definitionm.

DEFINITION 2.12. Let P have spectral radius ¢ and for k ¢ IN let Nk(P) be

the null space of (P—cIfc. The Zndex n(P) of P is the smallest nonnegative
integer k such that Nk(P) = Nk+1(P). O

If P is an N x N matrix with spectral radius ¢ and index n, then n <N and
l ;
N@ W@ g g (@ =N (B  forkzn
(compare e.g. DUNFORD AND SCHWARTZ [21], p.556). The elements of N"(P) are

called generalized etgenvectors. If x ¢ Nk(P)\ Nk—l(P), we call x a gene-

ralized eigenvector of order k.
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ROTHBLUM [48] showed that generalized eigenvectors, associated with
the spectral radius of a square nonnegative matrix, have nice properties.
Before discussing his results we consider once again the matrix of example

2.1.

Example 2.1. (continued). Define P, w(1) and w(2) by

P=[g§]’w(])={g]’w(2)=[:)

Then, clearly,
Pw(2) = 2w(2) + w(l) , P w(l) = 2w(l) .

Hence w(2) 1is a generalized eigenvector of order 2, Note that w(2) is strict~

1y positive.

One may wonder whether in general the generalized eigenvector of
highest order can be chosen strictly positive. It is intuitively clear that
the position of the zeros in any generalized eigenvector must be related to
the block~triangular structure, presented in lemma 2.9. The following result
can be established (ROTHBLUM [48]).

THEOREM 2.12, Let P have spectral radius ¢ and degree v. Then for k=1,..,v

there exist generalized eigenvectors w(k) of order k such that

(2.3.1) P w(v) g w(v)

(2.3.2) P wk) o w(k) + w(k+l) k=1,...,v-1,

Let {D(v), D(v-1),...,D(1), D(0)} be the principal partition of S with res-
pect to P. Then the vectors w(k) can be chosen in such a way that for

k=1,...,V
v
w(k), >0 for i € \[J D(Q),
1
2=k
and

k-1
w(k)i =0 - for i € \_/ D(R).
2=0
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PROOF. As before, let P(k’l) denote the restriction of P to D(k) x D(2),

and for k = 1,2,...,v define

(plok) pOk-1) oD (k,0)
P(‘k—l,k-!)”“ P11 L (k-1,0)
R(K) := : :
t- P(l,l) P(I’o)
L 5(0,0)

Noth that R(v) = P. We shall prove, by induction with respect to k, that
for k = 1,2,...,v there exists a sequence of generalized eigenvectors

y(1),..s5y5) such that

R(k) y(2) = o y(2) + y(2+1) L= 1,...,k-1
(2.3.3)
R(k) y(k) = o y(k),
-1 k
with y(2); = 0 for i e \_/ D(m), y(8),; > 0 for i ¢ Ubw).
n=0 =9

By lemma 2.9 there exists a vector y(1), defined on D(0) u D(1), such
that

R(1) y(1) =0 y(1),

with y(l)i =0 for i e D(0), y(l)i > 0 for i € D(1). k=1
Suppose, there exist vectors x(1), x(2),...,x(k), defined on U/ D(n),

. =0
such that o
(2.3.4) Rk=1) x(2) = o x(2) + x(2+1) = 1,.0.,k=1,
2-1 k-1
with x(z)i =0 for i € \_/J D(n) and x(z)i >0 for i e \V} D(n) (& = 1,..,k-1).
n=0 n=%
k-1
We want to find vectors y(1), y{(2),..,y(k), defined on \Nj D(n) , such
: n=k
that (2.3.3) holds. It seems natural to take
. k-1
y(0); = x(2),; ie\UDm,r =1,...,k.

n=0
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“®
Note that x(k) = 0. If x(n)( ) denotes the restriction of x(n) to D(R)
forn = 1,...,k and £ = 0,1,...,k~1, and y(n)(k) the restriction of y(n) to
D(k) for n = 1,...,k, then (2.3.3) reduces to

P(k’k)y(k)(k) -5 y(k)(k)
k,k k - -
2.3.5) p¢ )y(k-l)( ), P(k,k l)x(k_l)(k n _ cy(k—l)(k) 30 (k)
w0 S e, @ L
2y () ¥ 221 Pt x(1) = ay() ry@®
Note that P(k’k) possesses a strictly positive eigenvector, associated with

0. By lemma 2.a.l in the appendix to this chapter, there exists a solution
e ®, Ly ™3 of (2.3.5) with

(k’k))*P(k,k_l) )(k"’).

vy ® - x (k-1

(k,k))* (k,k)

Since the restriction of (P to the basic classes of P is strict-

ly positive (lemma 2.5) and since each state in D(k) has access to some

state in D(k-1), it follows from x(k- > 0 that

v ® 50

°

We now have found a solution {y(1),...,y(k)} of (2.3.3). Note that,
if {y(1),...,y(k)} satisfies (2.3.3), then this holds also for
{w(1)ye..,w(k)}, defined by

w(k) = y(k)
w(2) = y(2) + o w(gtl) 2= k-1,k-2,...,1; acR.
Since y(k)(k) > 0, we can choose & so large, that w(l)i >0 for i € D(k),

2.=1,...,k. This proves the desired results for R(k). The proof can now

be completed by induction. 0

COROLLARY. Let P have spectral radius ¢ and index v and suppose that each
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nonbasic class has access to some basic class. Then there exists a general-

ized eigenvector w(v) of order v, associated with o, such that w(v) > 0. 0

It is easily verified that the generalized eigenvector of order 2,
associated with the matrix P of example 3 in section 2.2, can be chosen
strictly positive; take e.g. w(2) = e.

Theorem 2.12 enables us to show a relationship between the position
of basic and nonbasic classes of P and the behaviour of the powers of P.

The following result holds.

THEOREM 2.13. Let P have spectral radius ¢ and degree v, let
{D(v), D(v-1),..., D(1), D(0)} be the principal partition of § with respect
to P, and let {w(v), w(v-1),...,w(1)} be defined as in theorem 2.12. Choose

n
x(0) > 0 and let x(n) := P x(0), n=1,2,... . Then there exist constants
CysCy > 0, such that

Vv Voo
-, mn n~k+1 -n n-k+1

c; YGIpo w(k); sx(@; ge, L (Do (k)

k=1 k=1

ieS\D(0), ne W,
and
limo " x(n), =0 i e D(0).
N> .
(k,2)

PROOF. Let, as before, P denote the restriction of P to D(k) x D(®)
and w(k)(l) the restriction of w(k) to D(L), for all k,%. Hence P
for k < ¢ and w(k)(z) =0 for k > £, Since o(P(O’O)) < g

(by lemma 2.6.c) anonnegative real number X < ¢ and a vector w(i) > 0, de-

, there exist

fined on D(0), such that

p(®:0 40y < xwn.

Choose w()) such that P(k’o) w(X) < wék) for k = 1,...,v and let ¢ > O be
chosen such that x(O)i sec w(l)i for i € S\D(0) and x(O)i <e w(l)i for

i € D(0). Then, by induction, it is easily shown that
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x(n)i el w()\)i . i e D(O)

A

n—k+1

x(n) ; Wi, + P oo "’)"lw(fwi}

LA

\Z) n
c{) ¢ D)o
k=1 k-1

ieDM), 2 =1,...,v.

The other inequalities are proved similarly. By choosing approciate <y and

¢, the theorem follows. il
Lemma 2.10 in section 2.2 is an immediate corollary of theorem 2.13.
Theorems 2.12 and 2.13 can be extended in the same way as lemmas 2.9

and 2.10 (which were extended to lemma 2.11) by decomposition of the matrix

P(O,O) if D(0) # @. Details are left to the reader.

The results in sections 2.2 and 2.3 and particularly theorem 2.12 can

be viewed as extensions of the Perron-Frobenius theorem. Instead of using

familiar matrix-theoretical arguments,we preferred another approach, leading
to these results. The advantage of a chéracterization of nonnegative eigen-—
vectors and generalized eigenvectors in terms of classes and accessibility
relations between these classes is that it can be extended to sets of nom-
negative matrices (cf. chapters 3 until 5). Once having proved these exten—
sions, convergence results for dynamic programming recursions of the type

(1.2.1) are easily established. These convergence results then also hold

for the "one-matrix" case; we do not discuss them here, since they follow

immediately from results in the forthcoming chapters.

2.4, Some further results

In this section, we relate some of the preceding results to concepts
in more familiar matrix theory. We saw already that the number of basic
classes of a square nonnegative matrix P is equal to the algebraic multi-
plicity of its eigenvalue o(P). In this section it is shown that the degree
v(P) of a nonnegative matrix P is equal to its index n(P). Moreover, a
basis, consisting of nonnegative vectors only, for the algebraic eigenspace
Nn(P)(P) is constructed. Some of these results have been proved in ROTH-
BLUM [48]; however, the proofs given here are completely different. The
results are not used in the analysis in the forthcoming chapters; we merely
state them for completeness.

Theorem 2,12 implies the existence of a generalized eigenvector of
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order v = v(P) for a nonnegative matrix P with spectral radius o(P) and
degree v(P) (i.e. the vector w(l), defined by (2.3.2)). It follows from
definition 2.12 and theorem 2.12 that v(P) < n(P), the index of P. It is
not hard to show that n(P) = v(P). First we need

LEMMA 2.14, Let P have spectral radius o and let {x(1),...,x(m)} be a set

of generalized eigenvectors such that

P x(m)

o x(m)
(2.4.1)
P x(k)

o x(k) + x(k+1) k=1,.0.,m1,

Let D(0) <« S be the union of all classes with depth zero. Suppose D(0) # @.
Then ) '

x(k):.L =0 ieD(0), k=1,...,m

PROOF. We proceed by backward induction. Note that D(0) # ¢ implies ¢ > O.
If P.x(m) = 0 x(m) then

p.. x(m), = ¢ x(m), i e D(O),
jen(oy *

which implies x(m)i = 0 for i € D(0), since U(P(O’O)) < 0.

Suppose x(k)i= 0
for ¥ ¢ D) and k = m, m~1,..., n+l (with n > 1). Then

P x(n) = o0 x(n) + x(n+!1) implies
p.. x(n). = ¢ x(n), i e D(O).
jen(o) M J *

Hence x(n)i =0 for i € D(0). |

Now, let P, ¢ and {x(1),...;x(m)} be defined as in lemma 2.14. From
(2.4.1) it easily follows that

. n -1 mn-I
(2.4.2) lim (m—l)

P® x(1) = x(m).
n-Heo R

Using this, we shall prove:
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THEOREM 2.15. Let P have spectral radius ¢, degree v and index 7.

Then n = v.

PROOF. Suppose n > v (recall that n < v is impossible). Let
{x(1), 2(2),...,x(v), x(v+1)} be a set of vectors satisfying (2.4.1) for

m = v+, By lemma 2.14 we may choose a constant ¢ > 0 such that
(2.4.3) —ex(1) < x(1) < ex(1)

with w(1) defined as in theorem 2.12. Since w(l) is a generalized eigenvector
of order v, we have

=1

tim )7 o ™ 2" w(1) = 0.

n-w

Hence, by (2.4.3) and (2.4.2),

-1 -n+v _n
o

lim () P" x(1) = x(v+1) = 0.

il

The conclusion is : n = v. 0

Finally, we show how a basis, consisting of semi-positive generalized
eigenvectors, can be constructed for the algebraic eigenspace Nn(P)(P).
Recall that the number of basic classes of a square nonnegative matrix P
is equal to the algebraic multiplicity o of its eigenvalue o(P). Choose one
particular basic class C and let B be the set of states which have access
to C. Note that C < B, G(PB) = g(P) and v(PB) = k, where k denotes the
height of C with respect to P. According to theorem 2.12, there exists a
generalized eigenvector uB of order k for PB, associated with U(PB) = g(P),
which is stricetly positive on B (each class in B has access to C). The

vector u, defined by

u ieB
* 0 ie S\B
is then a semi-positive generalized eigenvector of order k for P, with

respect to 0(P). Repeating this procedure for all basic classes of P, we

obtain a set of a semi-positive generalized eigenvectors. The proof of the
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fact that these generalized eigenvectors are independent (and hence form

a basis) is trivial.

2.5, State classifications

Before turning to sets of nonnegative matrices with the product
property we introduce the concept of state classifications, which enables
us. to simplify the proofs in the next chapter considerably. We start with

two definitions.

DEFINITION 2.13. Let C be a class of states, associated with P. The

accessibility set A(C) is then the set of all states to which C has access.

0
DEFINITION 2,14, We say that a class C associated with P has growth rate

o and growth index k, if o(P®) = p and v(P%) = k, where A is the
accessibility set of C. g

Note that, if G(PA) = o(P), then the growth index k of C is precisely
equal to its depth. In fact, in lemma 2.11 the classes of P are ordered
according to their growth rate and growth index. The reader may verify that
a class in I(k) has growth rate G(P(k k)) and growth index t (compare the

p (kKD

definitions of I(k), and tk in lemma 2.11).

A state classification is now defined as follows.

DEFINITION 2.15. A state ieS has growth rate p and growth index k, with

respect to P, if this is so for the class that contains i.

Notation: (Gi(P)’ vi(P)) = (p,k). 0

Hence,in lemma 2. 11 we have (0 (P, v. (P)) > (UJ(P), v.(P)) for
ieI(m), jeI(n) withm<mn <r (here % means 1ex1cograph1ca11y greater)

The following assertions are easily verified.

P possesses a strictly positive generalized eigenvector of highest
order if and only if cj(P) = o(P) for all jeS. There exists a strictly
positive right-eigenvector, associated with o(®), if and only if
(cj(P), vj(P)) = (o(P), 1) for all jeS.
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The names "growth rate" and "growth index" are suggested by the
following : let P be a square nonnegative matrix, x(0) be a strictly

positive vector and let x(n) := P" x(0). Then

0.(P) =sup {A ] x>0 ; limsup A ™ x(n), > 0},
3 n->w J
vj(P) = sup {k ] k ¢ N; limsup (kfl)_](oj(P))_nx(n)j > 0}

n-->o

(compare lemma 2.11).
In the next chapter, state classifications will be used in order to
develop iteration prodedures for a set K of nonnegative matrices with the

product property. The objective then is to find a matrix P such that
o.(®), v.(® ¥ (0.(P), v.(P
( J( ), J( N ok« J( ) J())

_for all PeK, i.e., a matrix that maximizes the growth of the dynamic system
(1.2.1).
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Appendix 2.A. A fundamental set of equations.

In this appendix we treat a(technicai detail, needed for the proof

of lemma 2.12.

LEMMA 2.a.l. Let P have spectral radius ¢ and a strictly positive right-eigen-—
vector associated with o. Let, furthermore (r(1),...,r(k=1)) be a given
sequence of vectors. Then there exists a solution (y(1),...,y(k)) of the

set of equations

L]

Py (k) o y(k)

Py(k=1) + r(k-1)
(2.a.1) : :

. .
.
.

o y(k-1) + y(k)

Py(1) + r(1) o y(k) +y(2)

PROOF. By lemma 2.5, P* exists and (I-P+P*) is non-singular. Iteration

of the first equation yields
o "Rt y(k) =y n e N,
so, by definition of P*,
(2.2.2) Py =y®.
Multiplying both sides of the equalities (2.a.1) with P¥*, we obtain
(2.a.3)  P* r(a-1) = P* y(). L= 2,...,k.
Now, add the equation
(2.a.8)  P* y(1) = 0.
Then, by combination of (2.a.1), (2.a.2), (2.a.3) and (2.a.4) it is easy

to verify that a unique solution (y(1),...,y(k)) of (2.a.1) - (2.a.4)

exists, namely




y(k) =P r-1)

y(&=1) = (@I-P+P*) ! (x(k=1) + P* r(k-2) - y(k))
y(2) = @I-P+PN ! (x()  + P* (1) - y(3))
y() = I-p+e" 7 () - y2)).

Hence, certainly a (not nécessarily unique) solution of (2.a.l!) exists.
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CHAPTER 3

SETS OF NONNEGATIVE MATRICES:
BLOCK-TRIANGULAR STRUCTURES

In this chapter we deal with a finite set K of nonnegative N xN
matrices with the product property. In other words: for each i e¢ {1,2,..,N}
there exists a finite set, Ai say, of N-dimensional nonnegative vectors,
and K is the set of all NxNmatrices P with Pi € Ai’ i=1,...,N (cf.
definition 1.1). The set {1,...,N} 1is called the state space and denoted
by S.

In particular, we are concerned with the properties of a nonlinear
mapping which often appears in a dynamic programming context and which for

each vector x ¢ H{N is defined by

(3.0.1) X - max Px
PeK

\J
From definition 1.1 it follows that, for each x ¢ ]Rh

P = P(x) e K such that

, there exists a matrix

Px = max Px,
PeK

a property, which is usually referred to as the optimal choice property
(cf. SENETA [52]). The main objective of this chapter is to show that a
decomposition result, similar to the one presented in lemma 2.1}, exists
for the nonlinear mapping, defined by (3.0.1). This result will prove to be
fundamental for the whole monograph. It will be exploited in chapter 4

in order to analyze the asymptotic behaviour of the dynamic programming

recursion

(3.0.2) x(n) = max Px(n-1) n
PeK

1,2,..-; x(0) > 9’
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under some restrictions on the set K. In chapter 5 the most general case
will be treated. Simultaneously, a generalized eigenvector theory, similar
to the results of theorem 2.12, will be developed for the nonlinear mapping,
defined by (3.0.1). '

Intuitively, it will be clear that matrices with maximal spectral
radius and maximal: index will play a special role in recursions of the type
(3.0.2). Recalling the definitions of growth rate and growth index (cf.
section 2.5) and the results of lemma 2.11, one may even conjecture that

matrices P ¢ K, for which
(3.0.3) (0, (B), v.(®) & (@, (®), v.(®) ies,Pek

maximize the asymptotic growth of the vector x(n), defined by (3.0.2), as

n tends to infinity. In section 3.2, we show how such matrices can be found
in a constructive way (by developing an iterative procedure). In order to
keep the exposition transparent (and to demonstrate the techniques that
will be used), we start with the simple case where all matrices are
irreducible (section 3.1). The results of this chapter mainly stem from

SLADKY [581 and ZzIJM [75].

3.1. Sets of irreducible nonnegative matrices

Since, by the Perron-Frobenius theorem, a square irreducible non-
negative matrix P possesses a strictly positive right eigenvector u,
associated with its spectral radius o, it is possible to establish bounds

for the vector x(n), defined by
x(n) = Px(n~-1) ne W, x(0) >0,

This has been observed already in section 2.1; we saw that

c,o’u < x(n) <ecou ne N,

if c],c2 are chosen such that

cu < x(®) < c u.

2
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The question we want to investigate in this section is whether similar

results can be obtained for dynamic programming recursions of the type

(3.0.2) x(n) = max Px(n~1) ne W; x(0) >0,
PeK

if we assume that K consists of irreducible nonnegative matrices only.

In other words: one may wonder whether there exists a strictly positive

vector u and a nonnegative real number ¢ such that

max Pu = ou

PeK
If the answer is affirmative, then immediately the question arises whether
a generalized eigenvector theory, analogous to the theory presented in
chapter 2, can be developed for sets of reducible nonnegative matrices.

This section is meant to give an indication that such extensions are

indeed possible. The following result has been proved by MANDL AND SENETA
[39].

LEMMA 3.1. Let K contain only irreducible matrices and let
o := max {o(P) | PeK}. Then there exists a P ¢ K, with spectral radius o

and associated right eigenvector T > 0. such that

(3.1.1) §G = max Pa = ou
PeK
PROOF. Consider the following iteration procedure:
a. Choose P(0) ¢ K arbitrary.
. bs For m = 0,1,2,..., choose P(m+1) ¢ K such that

P(m+1)u(m) = max Pu(m),
PeK
with
P(m+l)i 1= P(m)i if (P(m)u(m))i = (g:z Pu(m))i.

Here u(m) denotes the strictly positive right eigenvector,
associated with the spectral radius % of P{m).

¢. Stop, if P(m+l) = P(m). Define o i= Um,ﬁ := u{m) and P= P(m).
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Obviously P(m+1)u(m) > P(mu(m) = omu(m) hence el 2 O by lemma 2.6,

whereas O a1 = Op implies P(m+1)u(m) = o u(m) = P(m)u(m) by lemma 2.7.

In the latter case we have P(m+l1) = P(m). In other words: P(m+1) # P(m)

implies o >0 which means that the procedure does not cycle and,

m+1
hence, ends after a finite number of steps, since K is finite. 0

It follows from lemma 3.1 that for

(3.0.2) x(m) = max Px(n-1) ne W; x(0) >0
PeK
we have
c18n a < x(n) < czgn a ne N,
if ¢,,c, are chosen such that

1°72

Hence, upper and lower bounds for x(n), defined by (3.0.2), exists. A more
precise description of the asymptotic behaviour of x(n) , for n»», will be
given in chapter 4.

Lemma 3.1 shows that it is possible to extend results for ome square
nonnegative matrix to the nonlinear mapping defined by (3.0.1), at least
under special conditions. In the next section we shall attempt to generalize
lemma 3.1 to the case where K is a finite set of (possible) reducible
nonnegative matrices with the product property; the procedure in the proof

of lemma 3.1 then appears as a special case of a general iteration procedure,

3.2. Sets of reducible nonnegative matrices

In section 2.2, lemma 2.11, we presented a decomposition result for
square nonnegative matrices which was strongly related to the behaviour
of their powers. In this section, the extension of this result to sets of
square nonmnegative matrices with the product property is given. The
existence of such an extension implies that it is possible to establish
bounds, similar to those in lemma 2.11.d, for the vector x(n), defined by
(3.0.2).

The precise formulation of the main result of this section reads as
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follows:

THEOREM 3.2, Let K be a finite set of square nonnegative matrices with the

product property. There exists an integer r and a partition {I{1),...,I(r)}

of the state space S, such that the following properties hold:

a. Let P(k’l) denote the restriction of P to I(k) x I(1).
Then P(k’l) =0if k> 2 (k,% = 1,...,r) for each P ¢ K.

b. There exists a matrix P ¢ K and strictly positive vectors G(k),

defined on I(k), such that

3.2.1) §(k’k)ﬁ(k) = max P(k’k)ﬁ(k) =a G(k) k=1,2,...,r,
k
PeK
where
Gk 1= c(ﬁ(k’k)) k=1,2,...,r.
For k < £ we have Gk > 82 with equality.if and only if each state

in I(k) has access to some state in I(L) under 5.

c. Let x(0) > 0 and let x(n) be defined by (3.0.2). For each
ke {1,2,...,r} let the integer t, be defined by

< g, } if such a j exists

min {J’l j>o, Gk+j X

r-k+l otherwise.

Then there exist positive constants c_ ,c; > 0 such that

1’72
(k) n -1 ~-n (k)
et Sl O g sepy
for i e T(k), k= 1,2,...,r and n ¢ IN. O

The proof of theorem 3.2 will be split up into several lemmas. Recalling
the definitions of growth rate and growth index (section 2.5) one easily

verifies that the matrix ﬁ, introduced in theorem 3.2.b, satisfies

(3.2.2) <°i(§)’ vi(ﬁ)) ’ (a,()s v (p)) ieI(k);k=1,...,r;P ek,
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since, by lemma 2.6,

(k,k)

o (P ) 2 o k=1,...,r; PeK,

(k,2)

and P = 0 for k > % and for all P ¢ K.

This section will be devoted to the development of an iterative
procedure for finding such a matrix P in a comstructive way. Note that we
have to determine both a "simultaneous block-triangular structure" for all
matrices in K and a set of vectors ﬁ(k) (k = 1,2,...,r) such that (3.2.1)
holds. Analogous to the irreducible case we can construct these vectors by

(k,k) are not irreducible

an iterative procedure (although the matrices P
in general); however, difficulties arise, if, during an improvement step,
the block-triangular structure changes. For this reason, we first apply
a so- called completion procedure: starting with an arbitrary matrix we
reach, after a finite number of steps, some kind of ultimate block—triangular
structure. Once having obtained this ultimate structure, we may try to
improve the eigenvectors. With the resulting matrix we again start a completion
procedure, etc.

So theorem 3.2 will be established by constructing an iteration
algorithm each step of which consists of a completion procedure and an
improvement procedure. The proof of the fact that these procedures do not

cycle is rather complicated, therefore it is divided into a number of steps.

Let us start with a description of the completion procedure.

Completion procedure

Start: Let P(0) ¢ K be given.

For m = 0,1,2,... , apply the following iteration step until the stopping
condition is satisfied.

Iteration step: By permuting the states, we may write P(m) (the outcome of
the m—th iteration step) in the block-triangular form of lemma 2.11. Let
{Il(m),...,Irm(m)} be the spectral partition of $ with respect to P(m) (cf.
definition 2.11).

Now,there are two possibilities.

a., If, for k = 1,2,...,rm—1 and for all P € K

T
m
P.. =0 for a}l ie ;:iilIl(m) and all j € Ik(m),
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then we define P(m+1) := P(m);

If, on the contrary, there exists an integer t, 1 < t < r_, such
that, for 1 <k < t and for all P ¢ K

r

-m
p:: =0 for all i e \UJ Io(m) and all j € I, (m),
1 ke k

whereas, for k = t, there is a P ¢ K such that

*m
Pi >0 fo; some i € ;5i1111(m) and some j € Ik(m),

then we proceed-as follows. P
For P ¢ K, let D(m,P) denote the set of all states which have

access to Ik(m) under P and let
D(m) := \UJ D(m,P).
PeK

Since K has the product property, there exists a matrix,? say, such
that all states in D(m)\It(m) have access to It(m) under P. Now,

determine P(m+1) such that

Fi ie D(m)\It(uo

P(m+l)i =
P(m)i otherwise .

Stop: if P(m+1) = P(m). Define P(0) := P(m). P(0) is called a completion

of P(0).

That the completion procedure does not cycle, and hence ends after a

finite number of steps, is a consequence of the following result.

LEMMA 3.3. Let P(m) be the matrix, resulting from the m-th iteration step

in a completion procedure (m = 0,1,2,...). Then

(3.2.3)

(o; (R(m+1)), v, (B(m+1))) & (o, (P(m), v, (P(m))) Vi e S,

with equality for all states if and only if P(m+!) = P(m).
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PROOF. Suppose P(m+1) # P(m). Let (Oi(P(m)), Vi(P(m))) =: (p,n) for

i€ It(m). In order to simplify notations we define

A =T (m D := D(m) E := (@Il(m))\D(m)
L=t
Now each state in D has access to some state in A under P(m+1). Since
P(m+l)i = P(m)i for i € A it follows that each final class C of P(m+1)D
contains a final (and hence basic) class B of P(m)A. Now, there are two
possibilities:
either: B < C, in which case G(P(m+l)c) > c(P(m#l)B) =jo(P(m)B) = p by .
proposition 2.3 and the fact that P(mtl);= P(m)i for i € B,
or : B = C, in which case G(P(m+])c) = g (P(m)B) = p.
C has access only to classes in E (under P(m+1)). If 0(P(m+1)c) =p, it
follows that C = B, in which case vi(P(m+1)) =vi(P(m)) for 1 € C. It follows
that

.

(0; (Rm+1)), v (P@+1))) £ (o,n)

at_léast for all states i im a final class of P(m+l)D and hence, immediately
for all states in D. Since P(m+1)i = P(m)i for 1 € E, it follows that (3.2.3)
holds for all states in E. Finally, one easily verifies that (3.2.3) now
holds for all i € S, again since P(m+l)i = P(m):.L for i e S\D.

Equality in (3.2.3) for all states holds if and only if
A\D = It(HD \D(m) = @, in which case P(m+l) = P(m). 0

Once having obtained a completion 5(0) of P(0) (i.e. an ultimate
block-triangular structure) we try to improve the eigenvectors. This

improvement procedure reads as follows.

Improvement procedure

Start: Let P(0) be the result of a completion procedure and let
{II(O),...,Ir (0) } denote the spectral partition of S with respect to P(0).
Finally, let '{u(O)(k); k = ],2,...,r0 } be the set of associated right
eigenvectors, given by (2.2.3).

Set P(r0+l) = P(0). For m =‘r0,r0-1,...,2,], apply the following improvement
step:

Improvement step: Suppose we have obtained P(m+l). Determine P ¢ K such that
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= (m) (m) .
(3.2.4) 3 p.. u(0),™ =max ) .. u(0); ie I (0)
jeI (0 1 I Rk jeE_(0) M i L
with
P, := ?(0). if z 5(0).. u(O)gm) = max 2 pP.. u(O)gm?
t * jeI_(0) 1 J PeK jeI_(0) 1 J

Define P(m) by

- m-1

P(0); ie ) Ik(O)
k=1

P(m), =4 P, ieI (0
r.
(w+1) e\ 1,
P(m+l) ., 1€
t k=m+1 k
Stop: P(1) is called an Zmprovement of P(0). 0

That P(1) is really an improvement of 5(0) follows from a combination of

the following two results, First we have
LEMMA 3.4. In the improvement procedure we have for m = ro,ro—l,...,Z,l:
(3.2.5) (o, (Rm), v, (Bm))) £ (o, (Rm+1)), v, (P@+1))) ie s,

PROOF. Let (ci(ﬁ(O)), vi(ﬁ(O))) =: (p,n) for i € Im(O). For notational

convenience define

r
A := T_(0) E = \ Y 1 (0).
b k=]

Now, let C be a final class of P(m)A. Since, by (3.2.4),

I py; w@ ™ 5 ] 50

] ] jeA

w(©@ ™ = 5 woy™ iec,
jeA J i

ij

it follows that c(P(m)C) o (cf. lemma 2.6). If o(P(m)C) = p, then by

v

lemma 2.7
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(m) _ (m)_ (m) _ - (m)
jzA P, w0 J-Zc'p(m)ii HONSENON jzA p(0);; u(0);
for all-i € C, which implies that
P, = P(0); = P(m+l), iec.

Furthermore, C has possible access only to classes in E under P(m). Since
the same arguments hold for any final class of P(m)A, it follows that (3.2.5)
holds for all states in A. By arguments, similar to those in the proof of
lemma 3.3, (3.2.5) now holds for all i e S. ' 0

The following lemma is useful in the case that equality holds in

(3.2.5) for all states,
LEMMA 3.5. Let K be a finite set of nonnegative square matrices with the
product property. Let P(0) be a matrix with spectral radius ¢, having a

strictly positive eigenvector u(0). Determine P(1) such that

P(1) u(0) = max P u(0),

PeK
with
P(l)i = P(O)i if (P(O)u(O))i = (max P u(O))i.
PeK
Suppose
(3.2.6) (oi(P(l)), vi(P(l))) = (o,1) Vies.

Then there exists a strictly positive eigenvector u(l) for P(1), associated
with o, such that u(l)i = u(O)i for i belonging to a basic class of P(1),
Furthermore

u(l) > u(0),

with equality if and only if P(1) = P(0).

PROOF. Since (3.2.6) holds, the basic classes of P(l) are precisely its
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final classes. Hence, a strictly positive eigenvector u(l), associated with
0, exists for P(1). As in the proof of lemma 3.4, one has P(l)i = P(O)i for
i in a final class of P(1). Hence, a final, basic class of P(l) is also a
final, basic class of P(0). It follows that u(l) may be chosen such that
u(‘l)i = u(O)i for i belonging to a basic class of P(1).

Now let A denote the set of states that do not belong to a basic class
of P(1). As

P(1) (u(®-u(1)) > p(u(0)-u(l)),

it follows from u(l)i = u(O)i for i € S\A, that
p(DA @@ w1 >0 @O -um?

Tf u(1), < u(0), for some i ¢ A, then lemma 2.8 implies
em® >0,

contradicting the definition of A. Hence u(l) > u(0) if u(l)i = u(O)i for

i e S\A. Finally, u(l) = u(0) implies

(3.2.7) max Pu(0) = P(1)u(0) = ou(0d) = P(0)u(0),
PeK

i.e., P(1) = P(0). This completes the proof. a

Translating this result back to the situation of lemma 3.4, it follows
that, if equality holds in (3.2.5) for some m ¢ {ro,rO—l,...,Z,l} and for
all 1 ¢ S, then there exists a vector u(l)(m), defined on Im(O), which is

strictly positive and which obeys

ek o P w0 = ™ e 1,00,
jul
and
™ 2w ™ ie1 O,

with equality for all states i which belong to any class C ¢ Im(O) of P(m)
satisfying c(P(m)C) = p (here p is defined as in the proof of lemma 3.4).
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We have P(m) = P(m+!) if and only if u(l)(m)= u(O)(m), in which case

(3.2.8 7§ p(m)iju(0)§m)= max ]

w0 ™= pu©@ ™ i e 1 (0.
jeI (0) PeK jeI (0) J n

The reader may notice that the proof of lemma 3.l consists of an
iterative procedure each step of which is in fact an improvement procedure.
A completion procedure is not needed at all in the irreducible case where
the state space cannot be decomposed.

" After finishing an improvement procedure, it may be necessary that
again a completion procedure is started, since the speétral partition of S
with respect to the preceding completion does not correspond in general
to the spectral partition of S with respect to the improvement of this
preceding completion.

It is now easy to verify that parts a and b of theorem 3.2 follows by

applying the algorithm, described below.

Optimal growth iteration procedure

Start: Choose P(0) ¢ K.
For m = 0,1,2,... , find a matrix P(m+1) as follows:
Iteration step: Calculate §(m), the completion of P(m).
Find P(m+1), an improvement of P(m).
Stop: if P(m+l) = P(m). Let {Il(m)""’lr (m)} denote the spectral

,u(rﬂp} be the set of

partition of S with respect to P(m) and 12t {u(l),...
associated strictly positive eigenvectors, described in lemma 2.11 (formula
(2.2.3)). Define P := P(m), r := rm,{I(l),...,I(r)'}:={Il(m),...,Ir (m)} and
TN LS S SO IR "D

It follows immediately from the lemmas 3.3, 3.4 and 3.5 that this iterative
procedure does not cycle and, hence, ends after a finite number of steps.
One easily verifies that the resulting matrix B, the partition {1¢1),...,1(0)}

(n

and the collection of vectors {u ,...,u(r)} are precisely those described
in theorem 3.2, It follows from (3.2.,2) that P is indeed an "optimal growth"
matrix. We mow call {I(1),...,I(r)} the spectral partition of S with respect to
the set K.

The proof of part ¢ of theorem 3.2 is postpomned until chapter 5,
where it follows from a more general result. The reason for including part

¢ in the formulation of theorem 3.2 is that it shows exactly the relationship
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between the spectral partition of S with respect to K and the first order
asymptotic behaviour of the sequence {x(n); n = 0,1,...}, defined by the
dynamic programming recursion (3.0.2).

Theorem 3.2 is the generalization of lemma 2.11 to sets of square
nonnegative matrices with the product property or, more precisely, to the
nonlinear operator defined by (3.0.1). Lemma 2.11 in turn has been
formulated as a slight extension of lemmas 2.9 and 2.10 where we only
considered the principal decomposition of S with respect to P. Although it
may seem superfluous, we also give the direct generalization of lemma 2.9
to sets of square nonnegative matrices with the product property. This
formulation will be used as a starting point in the forthcoming analysis
concerning generalized eigenvectors for sets of nonnegative matrices. We
first presented theorem 3.2 because we preferred to givg a constructive
proof by means of an iterative method (which implies that the complete
state space has to be considered). The following result is the analogue
of lemma 2.9 for the set K; it follows, of course, iﬁmediately from

theorem 3.2.

THEOREM 3.6. Let K be a finite set of square nonnegative matrices with the
product property. Let ¢ := max {0(P)|PeK} and let v := max‘{v(P)IPeK,.c(P)=a}.
Then there exists a partition {D(v), D(v-1),...,D(1),D(0)} of the state

space S such that the following properties hold:

(k,2)

a. Let P denote the restriction of P to D(k) x D(R).

Then P(k’2)= 0 for k < 2, k,2 =0,1,...,v, P e K,

b. There exist a matrix P e K, with c(ﬁ) =g and v(P) = v, and

strictly positive vectors G(k), defined on D(k), such that

sk, k) ~(k) (k,k) ~(k) _ ~ ~k)

= max P u =0u k=1,2,..,v.
PeK

For k = 0,1,...,v, the set D(k) is the union of all classes with

depth k, with respect to P. Furthermore

max U(P(O’O)) < aq.

PeK

c. Choose x(0) > 0 and let x(n) be defined by




57

x(n) = max P x(n-1) n e NN,
P
Then there exist constants CysCy > 0 such that
~(k) n -1 ~_.n ~(k .

cus < (k-l) o x(n)i 3 c2u£ ) i eDdEX); k=1,...,v,
whereas

lim ¢ ™x(n), = 0 i e D(0). 0

n-e '

DEFINITION 3.1. The partition {D(v),D(v-1),...,D(1),D(0)}, introduced in

theorem 3.6, is called the principal partition of S with respect to K. [0

A direct proof of theorem 3.6 can be found in ZIJM [75]. The proof given
there is less constructive than the one presented here; the author starts
with the principal partition of S with respect to K and then applies the
improvement procedure a number of times until no further improvement is
possible. Theorem 3.2 is then obtained as an immediate extension of theorem
3.6.

Theorem 3.2 has also heen proved by SLADKY [58], using different
methods. The proof presented here may be viewed as a combination of ideas
in SLADKY [58] and Z1IJM [75]. The idea of using state classificatioms can
be found in SLADKY [58]. The proofs of lemmas 3.3, 3.4 and 3.5 (i.e. the
fact that the two subroutines do not cycle) in their present form are
taken mainly from ZIJM [75].

The existence of the principal partition of S with respect to K and
its connection with the asymptotic behaviour of certain dynamic programming
recursions (expressed in part ¢ of theorem 3.6) will appear to be fundamental
throughout this monograph. In the next two chapters, we shall use this
partition extensively in order to establish convergence results for dynamic

programming recursions of the type (3.0.2).




CHAPTER 4

CONVERGENCE OF DYNAMIC
PROGRAMMING RECURSIONS: THE CASE v=1

In the preceding chapter we obtained a decomposition result for the
finite state space S with respect to a set K of square nonnegative matrices
with the product property. Its importance derives from the fact (not yet
proved) that there exists a connection (cf. theorem 3.6.c) with the first

order asymptotic behaviour of dynamic programming recursions of the type

(4.0.1) = x(n) = max P x(n-1) ne W; x(0) > 0.

PeK
In particular, if {D(v),D(v-1),...,D(1),D(0)} denotes the principal partition
of S with respect to K (cf. definition 3.1) and ¢ is defined by

g := max o(P)
PeK

then we claim that positive upper and lower bounds exist for the sequence

<] A :
(kgl> o nx(n)i 1eDX); k=1,.00,V.

Now, although boundedness gives at least a first idea concerning the
asymptotic properties of x(n), it is well known that in the "one matrix"
case much stronger results can be proved. Consider — for instance — a square
irreducible nonnegative matrix P, with spectral radius o, that is aperiodic.

Then
lim o O p" x(0)
N

exists and is strictly positive if x(0) = QO (exploit the Jordan canonical

form of P, or lemma 2.5).
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" Also, when dealing with reducible matrices, more detailed results concerning
the asymptotic behaviour of P%(0) for n-w are known (compare e.g.

PEASE [44]). The question arises whether these results can be extended to
dynamic programming recursions of the type (4.0.1).

To answer this question is one of the objectives of part I of this
monograph. In this chapter we make a first attempt; we treat the case v = 1
or, in other words, the case where the principal partition of S with respect
to K takes the form {D(1),D(0)}. This means that we assume

(4.0.2) max { v(®) | P eK, o(P) =5} = 1

b

where ¢ is defined by
(4.0.3) G := max {o(P) | P ¢ K}.

As usual, we start with the case where all P ¢ K are irreducible (section
4.1). In section 4.2, we first establish boundedness of dynamic programming
recursions, based on a finite set K of general square nonnegative matrices
with the product property, satisfying assumption (4.0.2)., The boundedness
is then used to prove convergence results for dynamic programming recursionms,
again under condition (4.0.2).

It turns out that in this second section we need some results from
the theory of nonstationary Markov decision processes. In particular a
geometric convergence result for undiscounted Markov decision processes,
recently proved by SCHWEITZER AND FEDERGRUEN [61], appears to be useful.
In the appendix new proofs for these results are presented (compare also
z1M [78]),

As in the preceding chapter, it turns out that, in order to gain
some insight in the methods to be used, a separate treatment of the
irreducible case is most helpful. Moreover, the results of this section

~will prove to be fundamental in the forthcoming analysis.

. . . . . A-n .
In this section, it will be shown that 1lim ¢  x(n) exists (where
e

x(n) and 0 are defined by (4.0.1) and (4.0.3), respectively), when K is a

set of aperiodic, irreducible nonnegative matrices. Next, brief attention
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is paid to the periodic case. These cases have been analyzed already

by SLADKY [55]. The following result will be useful.

LEMMA 4.1. Let P be a square irreducible aperiodic nonnegative matrix with
spectral radius o and let {x(n); n = 0,1,2,...} be a .set of vectors, such

that c-nx(n) is bounded (uniformly for n ¢ IN). Suppose
(4.1.1) x(n+l) > P x(n) ne N.

Then, there exists a vector x, which satisfies

(4.1.2) limo x(n) = x = 0_1 Px.
>

Furthermore, x(0) = 0 implies x > g.

PROOF. Since {c_nx(n); n=0,1,2,...} is bounded, we may assume the
existence of finite limit-points for this sequence. Suppose two different
limit-points a and b exist. Iterating (4.1.1) yields

— (e - -
o (n+m) x(n+m) >0 ot nx(n) n,m € IN,

Choose n fixed and let m ,m be a sequence such that

g3vee
1lim o (n+mk) x(n+mk) = a, By lemma 2.5 we find

koo

a > P* o Px(n).

The ‘same conclusion can be obtained for each n € IN. Choosing DysTysee.

such that lim o "k x(nk) = b we find
ko

a > P'b,

Analogously it is proved that
b>P a.
Hence, a > P*P*a = P*a. Since P* > 0, a2 P*a implies

8 < P*(a—P*a) = P*a - P*a.= 0 (compare lemma 2.5), a contradiction. Hence

a=pa < b. Analogously, we find a > b. Hence a = b. Since a 2 P*x(0), we
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find a > Q if x(0) 2 Q. 0

THEOREM 4.2. Let K be a finite set of square irreducible nonnegative
matrices with the product property. Let o = max {o(P) [ P € K} and assume
that at least one matrix P ¢ K exists, with o(P) = 8, that is aperiodic,
Choose x(0) > 0 and let x(n) be defined by (4.0.1) for n = 1,2,... . Then

lim & " x(n)
>0

exists. Let x denote this limit, then x > Q and

(4.1.3) max Px = ox.
PeK

PROOF. By lemma 3.1, there exists a vector a > 0 such that

~ ~
max Pu = ou.
PeK

Without restriction we may take u > x(0). It follows that

8025 x(m <1 ne .
Since x(n+1) 2 Px(n) for all n, lemma 4.1 implies the existence -of

x = lim c;-nx(n). Formula (4.1.3) now follows from
n-eo

. 8"(“”) x(n+1) = max P a_nx(n) n e ]NO,
PeK
by letting n» in both sides of this equality. It has already been

established in lemma 4.1 that x > 0. ]

The reader can easily verify that x = ¢ u for some constant c > 0,

where x = lim 6 "x(n) and 1 is defined in lemma 3.1.
oo
The periodic case will not be treated extensively throughout this

~monograph. The proofs follow essentially the same lines, the only
difficulties arising are of technical or notational type. The proof of the

following, periodic, analogue of theorem 4.1 is left to the reader.

THEOREM 4.3. Let K be a finite set of square irreducible nonnegative
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matrices with the product property. Let g = max {a(P) | P ¢ K}, let
d(P) denote the period of P and define d by

d :=g.c.d {d@) | P e K, o(P) =5}

Choose x(0) >
Then, for %

and let x{(n) be defined by (4.0.1) forn=1,2,... .
1,000,541,

9
0,

tim o ~ D L oiid)
k>

exists and is strictly positive. 0

Theorems 4.2 and 4.3 show that it is indeed possible to establish
convergence results for dynamic programming recursions of type (4.0.1).
If K consists of exactly one matrix these results are well known. The
results of this section will prove to be useful in the treatment of more

complicated, reducible cases.

.......................

In this section we prove that dynamic programming recursions of type
(4.0.1), based on a finite set K of possibly reducible nonnegative square
matrices with the product property, are bounded in some sense if condition

(4.0.2) holds. To be more precise, if

(6.0.2) max {v(P) | P eK, o =05} =1,
PeK

with o = max {o(P) l P ¢ K}, then for x(n), defined by (4.0.1), we have

sup g“nx(n)i < o ‘ ieS.
n
Note that this assertion is in fact part ¢ of theorem 3.6 for the case
v = 1, Once having obtained boundedness, convergence results are proved
. for recursions of type (4.0.1), again under condition (4.0.2).
One lemma is needed, which may be viewed as the analogue of part c

of lemma 2.6. We have
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LEMMA 4.4. Let K be finite and let 0 := max {0(P) | P ¢ K}. Then

a. 6 =1inf {2 ] 3w> 0 such that max P w < X w}.
PeK
b. For each A > o there exists a vector w(}) > 0 such that

max P w(}l) < A w(}d).
PeK

PROOF, Part a follows immediately from lemma 2.6. To establish part b, take

w(A) := max‘(AI—P)—le (component-wfseh‘ g

PeK
The following lemma establishes boundedness of the sequence S-Tlx(n).

We have

LEMMA 4.5. Let K be a finite set of square nonnegative matrices with the
product property, let 0 < 0 := max {o(P) | P e K} and let the principal
partition of S with respect to K be {D(1),D(0)} (i.e., (4.0.2) is assumed
to hold). Then for x(n), defined by (4.0.1), we have

(4.2.1)  lim o “x(n), = 0 i € D(O),
n>o 1
~(D ~-n ~(1) .
(4.2.2) Uy g0 x(n)i < c2ui, ne W; i e D(1),

n

for some positive constants € sCy and u defined as in theorem 3.6.

(k2 denote the restriction of P to

PROOF. As usual, for P ¢ K let P
0,1

D(k) x D(2), for k,2 = 0,1, Then P
max {G(P(O’O)) | Pek} < 8, there exists a A < o and a vector w(}) > 0,

defined on D(0), such that

= 0 for all P. Since

max P(O,O)

w(d) < Aw(d) .
PeK -

_Choosing ¢ > 0 such that x(O)i < cw()\)i for i € D(0), we find
~ - n»~ -0t

5 Px(n); £ A W) ne N;ie D),

which establish (4.2.1), since x(n)} > 0 for all n.
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Choosing ¢, > 0 such that

1

claél) < x(0); i € D(D),

and recalling that

max P
PeK

(1,1) =) _ 2 ()

the left inequality in (4.2.2) follows immediately from

x(n)(l) > max P(l’l)x(n—l)(l) n =(1,2,...,
~ PeK
where x(n)(]) denotes the restriction of x(n) to D(I). Finally, if we choose

w(d) > 0 and o such that

max P(]’O)W(A) < G(l),

PeK N

X(O)i < aw()\)i i € D(O),
x(O)i < aa§l) i e D(D),

then, by induction, we obtain

x@),; < ole "+ 6™ a2 THY R <o, 8D i e (1),

for an appropriate choice of Cye ' 0

A natural way to prove convergence of a sequence of (finite-dimensional)
vectors (or scalars) is to establish boundedness first, after which 'one has
to show that no two different limit-points exist. This method was followed
in the proof of theorem 4.2 and will also prove to be useful here. Before
we can formulate the main result of this section it is necessary to extend

the definition of aperiodicity to reducible nonnegative square matrices.

DEFINITION 4.1. A square nonnegative matrix P is called aperiodic if the

restriction of P to each of its basic classes is aperiodic. O
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The following result is now fundamental.

THEOREM 4.6. Let K be a finite set of square nonnegative matrices with the
product property, let o := max {o(P) ' P ¢ K} and let {D(1),D(0)} be the
principal partition of S with respect to K. Finally, assume that each
matrix P € K, for which o(P) = 8, is aperiodic. Then there exists a vector

x 20, with X, = 0 for i € D(0) and X > Ornfor i € D(1), such that

(4.2.3) lim o “x(n) = x,
n->o
where x(n) is defined by (4.0.1). Furthermore, thexvecfor x obeys

-~

(4.2.4) max Px = ox.
PeK
PROOF. For convenience we define x(n) := a.ﬂlx(n). We know from lemma 4.5

that

lim x(n), = 0 i e D(O).
e .
Hence we concentrate on the states of D(1). Since (4.2.2) holds, we can

define finite-valued vectors a and b (component-wise) by

a := limsup x(n),
e

b := liminf x(n).
T
Suppose a 2 b (note that b > 0 and that a; = bi = 0 for 1 € D(0)). Choose
a sequence'{nk 3 k=0,1,2,...} such that

lim x(n,) = b
Lin

and such that %is x(nk-l) exists. Define x := lim x(nk—l).

Then x > b and ;i = bi =0 for i € D(0). Since K is finite, there exist

- a matrix P and a subsequence {nk(g) s £=0,1,2,...} of {nk 3 k =0,1,2...}
such that for £ = 0,1,2,...

-1

P i(nk(g)"]) = Gl—lmax P i(nk(z)—l).

(4.2.5) §(nk(z)) =g x
Pe




66

For %+, we obtain

“lsz

nv
Q)

?

Since P was found as an optimal matrix in (4.2.5), we also have

b>o 8% >0 'Po.

v
v

Combining these results we conclude

(4.2.6) a-b < 3% (a-b),

A

and, since a; = bi =0 for 1 € D(0), (4.2.6) reduces to
NOINOIEEY S RO INO N
where a(l) and b(l) denote the restriction of a and b to D(1). Since we

assumed b < a, it follows from lemma 2.8 that 0(3(1’1)) = g. Furthermore,

since there exists a vector G(l) > 0, defined on D(1), such that

31, D= < max P(l’l){i(]) =35 ey
PeK
(cf. theorem 3.6.b), it follows that each basic class of F(l’l) is final
5(1,1)

(compare the proof of lemma 2.7). Let C be any basic class of P . Since

x(n)C gC x(n—l)c n e W,

v

and since o(gc) = 3, it follows from lemma 4.1 that a(i) = b(i) for i ¢ C.

Let, finally E ¢ D(1) denote the set of states im D(1) which are not
_contained in a basic class of 3(1’1)

b < a implies bE < aE, and from (4.2.6):

. Then, by the results just obtained,

EbF < 5T (D)
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which implies O(EE) > o by lemma 2.8. Since this contradicts the definition
of E, we must conclude that a = b.

It follows immediately from (4.2.2) that a; > 0 for i e D(1).
Finally, (4.2.4) follows from

- §(n+l) = max P x(n)
PeK

by letting n tend to infinity. 0

It is well known that in the "one-matrix" case the convergence of
~-n . . . . . . b,
[¢) x(n) to its limit vector x is geometric, i.e, there exist constants
p <1 and ¢ > 0 such that for all n

EN

Il o_nx(n)-x” <c "

(a lower bound for gp is given by the modulus of the subdominant eigenvalue
of the matrix involved). It turns out that the same result holds for a

set K of square nonnegative matrices with the product property, the proof
however is essentially harder; it is related to a geometric convergence
result for undiscounted Markov decision processes (cf. SCHWEITZER AND
FEDERGRUEN [61]), which will be treated extensively in the appendix to this
chapter. The next theorem can be proved by using the results of this

appendix. We have

THEOREM 4.7. Under the conditions of theorem 4.6 there exist constants '
p <1 and ¢ > 0 such that

n

H a—nx(n)~x|l Seop ne N,
. ~-n
where x := lim o  x(n).
noe
PROOF. Let x(n) := a-Tlx(n) and let §(n)(k), x(k) denote the restriction

of E(n), x to D(k), k = 0,1, Since, for some X < o and some w(ir) > 0,

vdefined on D(0), we have (cf. lemma 4.4)

max P(O’O)w(l) < xw(d),
PeK -
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it follows that §(n)(0) tends to 0 geometrically (choose ¢ > 0 such that

x(0); < ew(l); for i e D(0), then x(n); s & A" " w(d), for i e D(0).
Furthermore, since lim x(n) = X and since (4.2.4) holds, it is easy
N~

to verify that for n > n,s say, we have

x(n+l) = max P x(n),
PeK]

where Kl is defined by
K. :={P e K|Px=0x}.
For states i € D(1), recursion (4.0.1) can be written as

- ~—1 - ] - ’
(4.2.7) x(n+1)., = max { Z o p.. x(n), + z o p.. x(@).}.
bk, jeb(ny M P ()) e 3

By (4.2.4) and the fact that x(]) > 0, the following transformation can be
applied. Define

~ -1 ~-1 P

Pij =x 0 Pij Xj i,j € D(1), P e K,

~ -1 = .

x(n)i = x; x(n)i ied(), n2 0,

Tew, =0 ] by x(n), ieD(), nzny, P ek
L 5oy 1

Then (4.2.7) can be written as

Z(n+1). = max { z ;.. x(n), + ;(P,n).} ieDdD(), n>n.
Rk, jen(y M 3 1 =0
Since ;(P,n)i tends to zero geometrically, for n-+w«, for each P ¢ K1 and for

each i € D(1), and since
B9 e ek

" is a set of stochastic matrices, theorem 4.a.5 of the appendix can be

applied now to establish geometrlc convergence of x(n) to 1 for n-ow,

n

i ¢ D(1). Hence x(n)( ) tends to x geometrically. ]
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" Periodic analogues of these theorems can be proved again. Let, as

before,

o i= max {o(@ | P e K},
and défine

K= (Pek]|o@ =05}.

Now, let some P e K have k basic classes, B(1),...,B(k), and let dl(P)

B(R), for ¢ = 1,...,k. Definé

denote the period of P
(4.2.8) d(P) := f.c.m. {dl(P)""’dk(P)}'
This can be done for each P e K. Finally, let

(4.2.9) d := g.c.d. {d(®) | P € K}.

Then the following theorem may be formulated (the proof is left to the

reader).

THEOREM 4.8. Let ?, o and d be defined as above. Suppose condition (4.0.2)
holds. Then there exist vectors w(2) 2 9.(2 =0,1,...5d-1) such that for
x(n), defined by (4.0,1), the following holds:

(4.2.10) 1im 6 ~ D Lopid) = w(n) % =0,1,...,d-1.

ke

Furthermore, the following relationship holds:

(4.2.11) max P w(®) = ¢ w(2+1) 2 =0,1,...,4d-1
PeK
where w(d) := w(0). 0

‘ Again, it can be proved that the convergence in (4.2.10) is geometric.
In chapter 5, more general results concerning the asymptotic behaviour of
x(n) for fi+= will be proved. The results of this section (in particular
theofems 4.6 and 4.7) will serve as a first step in the analysis of the

general case.
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‘Markov -decision processes.

In this appendix we deal with a finite set K of stochastic N x N
matrices. As before the state space is denoted by S. With each P ¢ K a
sequence of vectors {r(n,P) | n=0,1,2,...} is associated such that the

set of matrices
(4.a.1) {(®, r(0,P), r(1,P),...) | P e K}

has the product property. Furthermore, it is assumed that for.each P the

sequence r(n,P) has a limit r(P), and that

A

(4.2.2) . || r(o,P) - r @] < ap” PekK,ne LI

for some a > 0, and some p, 0 < p < I. It follows that the set of N x (N+1)

matrices
(4.2.3)  {(@, (@) | P e K}

also has the product property.

Now consider the following dynamic programming recursion:

(4.a.4) v(ot+l) = max {r(n,P) + P v(n)} ‘ n e Bﬁ),
PeK
where v(0) is arbitrary.
The problem, to be solved in this appendix, can be stated as follows:

what is the asymptotic behaviour of ¥(n) for n>» ?

In the case that r(n,P) = r(P) for ne D%

answer to this question can be found in SCHEITZER AND FEDERGRUEN [60], [611.

and for each P ¢ K, the

By a slight extension of their results also the more general problem
(concerning the asymptotic behaviour of v(n), defined by (4.a.4)) can be
“solved. Nevertheless, we prefer to give ‘a separate treatment of the problem
in this appendix, especially because the proofs in the two references
mentioned above are relatively complicated and can be simplified considerably.
The proofs in this appendix are mainly based on ZIJM [78],
The following lemma is needed (cf. DERMAN [171]).
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LEMMA 4.a.1. Let K and {r(?) | P ¢ K} be defined as above. Define g* by
(4.a.5) g} := max (P*r(®)); ies,

PekK

where P* is defined as in lemma 2.5. Then there exists a P ¢ K such that

g¥ = E*r(P). Furthermore
(4.2.6) max pg* = Pg* = g* g
PeK

Now consider the dynamic programming recursion

(4.a.7) x(n+1) = max {r(P) + P x(n)} nelN
PeK

where x(0) is arbitrary. BROWN [11] proved

LEMMA 4.a.2. For x(n), defined by (4.a.7), and g¥, defined by (4.a.5),

there exists a constant 8 > 0 such that

I| x(n) - ng*|| <8 ne I, . 0

Now, if we compare the recursions (4.a.4) and (4.a.7) and if we take

v(0) = x(0), then it is easy to see (cf. (4.a.2)) that
ncl g -l
(4.2.8) [|v) - x@|l ca ] o <oa(-p),
k=0

which, together with lemma 4.a.2, implies that {v(n)-ng* | n = 0,1,...}
is also bounded.

The following result will be proved.

LEMMA 4.a.3. Let each P ¢ K be aperiodic. Then there exists a vector w¥,

depending on v (0), such that

(4.a.9) lim (v(n) - ng¥*) = w*
n-o
Define K1 t= {P e K | Pg* = g*}. Then w* obeys

max {r(P) + Pw*} = w* + g*,
PeK]
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PROOF. We have seen that the vector w(n), defined by
w(n) := v(n) - ng* ne N
is bounded. Note that (4.a.4) can be written as

(n+1) g* + w(n+1) = max {r(n,P) + nPg* + P w(n)} ne N
PeK

Obvioﬁsly, for n sufficiently large, n 2 n, say, only matrices P eKl, can

0
be optimal in the n-th step. By (4.a.6) and the definition of Kl,the

equation above reduces to
(4.a.11) g* + w(n+l) = max {r(n,P) + P w(n)} n>n
PeKl
Define
b := limsup w(n),
nHe

a = liminf w(n).
oo

Now, let nl,nz,... be a sequence such that
lim w(n, +1) = b,
ko nk

and such that x := lim w(nk) exists. Then x < b. Putting n = o, in (4.a.1l1)
kevoo - :

and letting ke we obtain (using 4.a.2)

g¥+b < max {r(P) + P b}.
PeK
1
Determine P ¢ Kl’ such that
r(®) + P b = max {r(®) + P bl
PeKl
Then, by induction, it follows that

o m-1 - -
(4.4.12) mg* +b < ¥ Pkr(P) + P me IN,
T k=0
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On the other hand, by iteration of (4.a.11), we find
m-1 ~k N ~m

(4.2.13) mg* + w(ntm) > z P r{ntmk-1, P) + P w(n) n2ny, me Nj.
k=0 N

Combining (4.a.2), (4.a.12) and (4.a2.13), it is easily shown that

am am n e mk-1 a2k
b=P b<w(ntm) -P win) + op }:p P"e n>n, me W,,
s =0 0
k=0
Choose a sequence (ml,mz,...) such that lim w o = @+ Then, obviously,
. k% n
b—f’*bfa-f‘*w(n) +apn z pkf’ke 1 nzno.
= oo =

Finally, taking n = n1+1, n2+1,... we obtain

-~

b - P* < a ~ P*p,

HA

hence b ga. It follows that a = b. Define w¥ := a. Then, (4.a.10) follows

immediately from (4.a.11), if n tends to infinity. : 0

The main objective of this appendix is to show that, under the
aperiodicity assumption, the convergence of v(n) - ng* to w* is geometric.

Since (4.a.10) holds, we may define
K2 = {P ¢ Kl ! r(P) + P w¥ = w¥ + g¥},

Furthermore, let

e(n) :=w(n) - w* = v{n) - ng* - w* ne N,.

Since 1lim e(n) = 0 by lemma 4.a.3 and since (4.a.2) holds, it follows that
n o
for n sufficiently large, n * n say, (4.a.11) reduces to.

v
=R

(b.a.14) e(n+l) = max {r(n,P) -~ r(P)) + P e(n)} n
PeK )
2
We have to prove that the convergence of {e(n) I n =1, ntl,...} to zero
is geometric. In order to simplify this proof, we first treat the case

where r(n,P) = r(P) for all n ¢ ]No and for all P ¢ K. We have
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LEMMA 4.a.4. Let g* be defined by (4.a.5). Let r(n,P) = r(P) for n ¢ IN
Choose x(0) € ng afid let x(n) be defined by (4.a.7). If each P ¢ K is

aperiodic, then

0"

x* = lim (x(n) = ng*)
o

exists, and convergence of (x(n) - ng¥) to x* (forn»>=) is geometric.

PROOF. The existence of lim (x(n) - ng) follows from lemma 4.a.3 with
—_ oo

x(n) = v(n), r(n;P) = r(P) for all n e W

case (4.a.14) becomes

0 and for all:P ¢ K. In this

(4.a.15) e(n+l) = max P e(nm) n
PeK2

v
=R

with lim-e(n) = 0. We have to prove that this convergence is geometric.
>0

Since all matrices are stochastic, it follows immediately from

lim e(n) = 0 and (4.a.15) that e(n) cannot be strictly positive or strictly
n->o

negative for n > n., Now, define

C(n)

{ies | e(n), > 0} C(n) = S\C(n),

D(n)

It
(]

{ies| e(n); < 0} D(n) = S\D(n).

. . +
We shall prove that there exists an integer t and a constant € € 1RO s

with 0 <e< 1, such that

1. max e{(n+t). < (I-¢) max e(n). n > n,
. i= . i =
1eS ieS

2. min e(n+t), > (1-¢) min e(n). n > n,
. i= . i =
ieS 1eS

Proof of 1.
Suppose C(n) # # (otherwise the result holds trivially). Define R(n)= C(n)

and for n > n recursively

R(n) :={ies|3Pek: ) p;: = 11
j;R(n—]) J
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Clearly R(n) < C(n). If R(n) # § for n = n + 2N, then R(k) = R(2) for some
k,2 ¢ N withn <k <8

subsets of S. Define R

o+ ZN, since there exist at most ZN—I nonempty
R(k) = R(2). By definition of R(n) there exists
a finite sequence of matrices P(k+l1), P(k+2),...,P(2) such that for Q,
defined by Q := P(2) P(2-1)...P(k+1), we have

HnA

T oq.. =1 ieR.
jeR 1

Let § := min e(k). Then § > 0, From the definition of e(n) it follows
ieR

immediately that

e(k+m(l—k))i >8>0 i eR,me W,

contradicting the fact that lim e(n) = 0. It follows that R(n) = ¢ for
Ny

n=n+ 2N. Now define t := ZN; and let e(P(1)P(2)...P(t)) be defined as

the smallest positive entry of the matrix
P(1)P(2)...P(L).
Finally, define
(4.2.16) ¢ := min {e(P(1)P(2)...P(t)) | P(1),P(D),...,P(t) € KZ}'
Then 0 < e < 1 and, since R(n+t) = ¢,
max e(n+t). < (1-¢) max e(n)..
. i= . i
1eS 1€8

The same result can be obtained when starting with C(E+l), C(n+2),...

Since t and € do not depend on E, part 1 follows.

Proof of 2.

Suppose D(H) # ¢ (otherwise the result holds trivially). Define U(E) = D(E)

and for n > n recursively

Un) = {ie s | ) p.. =1 for all P ¢ Kz}.
jeUln-1)

Then U(n) < D(n) and U(n) = @ for n > 2N by arguments similar to those
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used in the proof of 1 (however, notice the difference in the definitions

of R(n) and U(n)). It follows that, for t := 2N, there exists a sequence
P(1), P(2),...,P(t) such that the matrix Q, defined by Q := P(t)P(t-1)..P(1)"
obeys '

~

qi. > 0
jén(m) M

for all. i ¢ S. Defining € as in (4.a.16), it follows that
min e(n+t)., > (l1-¢) min e(n),.
. i= . i
ieS ieS

Since t and ¢ do not depend on n, 2 follows.
Combining 1 and 2 we obtain

(max e(n+mt) .-min e(n+mt)i) < (l—e)m(max e(n).-min e(n)i)
ieS ieS N ie$S ieS

for n > n, me INO. This completes the proof since 0 < eg 1. B
Once having proved lemma 4.a.4, we are ready to handle the more
general case where we deal with a sequence {r(n,P); n = 0,1,...} which

converges to r(P) geometrically for each P ¢ K. Recall that we have to show

that e(n), defined by
e(n) := v(n) -‘ng* - w¥,

tends to zero geometrically (where each P ¢ K2 is assumed to be aperiodic).

By lemma 4.a.3 it is known that lim e(n) = 0. Furthermore, it has been

observed that e
(t.a.14) e(n+l) = max {r(n,P) - r(P) + P e(n)} n > n
PeK
2
Choose k > n. Define g(k,n) by
g(k,n) = max P g(k,n—l) k > E, ne N,

PeK2

with E(k,O) s= e(k). It follows from lemma 4.a.3 and the fact that all

matrices in K2 are aperiodic that lim g(k,n) exists (take r(n,P) = 0 in
n->co
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lemma 4.a.3 for all n and P). Denote this limit by e(k), then lemma 4.a.4

implies the existence of constants ¢ > 0 and 8 < 1 such that

(4.2.17) || ek,n) - €| n

A

c§ k > E, ne W,
with ¢ and § independent of k (compare the proof of lemma 4.a.4). Using
(4.a.2), it follows that

(4.2.18) |l elorn) - SG,m || < a® § o* K
S 4=0

n, n e WN.

v

Hence, for n tending to infinity, we find

(4.2.19) Jlew)| ;apk(l-p)_l k

nv
j=]

For k = n and n > n, combination of (4.a.17), (4.a.18) and (4.a.19) yields

leCo) |l < [le2n)-e@ |l + [[e@m-em]| + [|e@]|

A
AN

1

apn(l-o)-1+ ¢ 8™ op"(1-p)~ n > n.

A
v

With v := {max(p,8)} and ¢y = 2a(1-p)_1'*c we obtain

]le(Zn)I[ < c Y n>m,

which ‘establishes the geometric convergence of {e(n); n = 0,1,2,...} to
zero (note that || e(2n+1) ]| < || e(2n)]] ). Formally, summing up we have

the following theorem.

THEOREM 4.a.5. Let each P € K be aperiodic. Let r(n,P), r(P) be defined as

in the beginning of this appendix and let (4.a.2) hold. Then there exist

vectors g* and w* such that for v(n), defined by (4.a.4),

lim (v(n) = ng*) = w*,

1>

and the convergence is geometric.

Theorem 4.a.5 has proved its usefulness already in the proof of

theorem 4.7. It will play a key role in the analysis in chapter 5 where

convergence results for general recursions of type (4.0.1) will be proved.




CHAPTER 5

SENSITIVE ANALYSIS OF GROWTH

In chapter 3, it has been shown that a fundamental partition
{p(v), D(Vv-1),...,D(1), D(0)} of the state space S exists, with respect to
a finite set K of square nonnegative matrices with the product property.
Theorem 3.6.c expresses the relationship between this fundamental partitiom

and the first order asymptotic behaviour of x(n), defined by

(5.0.1) x(n+1) = max P x(n) x(0) > 0; ne W.

PeK
In chapter 4, the behaviour of x(n) for n == has been analyzed in more
detail; convergence results have been proved for the case v=1. The general
case (with no restrictions on v) will be treated in this chapter. It turns
out that in this general case there exist vectors y(I), y(2),...,y(v) such
that, under some aperiodicity assumptions,

~ n-v+]

(5.0.2) || x(m)-{(2ps .

y(v)+...+(‘;)3n_ly(2) + oy} 2 eo

for some constants ¢ > 0 and p < 8, with 0 := max {o(P) | P € K}. In order

"nested" functional equations,

to prove (5.0.2), we have to solve a set of
a technical detail which will be treated in the appendix of this chapter.

Section 5.1 is devoted to the proof of (5.0.2). In séction 5.2, this
result will be used to prove structural properties of generalized

eigenvectors of the mapping, defined by

' (5.0.3) x —> max Px X € ]RN .
PeK :

In particular, an analogue of theorem 2.12 will be proved for this mapping.

Section 5.3 is devoted to some procedures for estimating o,v, and the
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vectors y(1),y(2),...,y(v) in (5.0.2).

general case.

In the special cases, treated in the preceding chapter, the .limit

vector x, defined by x := lim G-TIX(n), obeys
-
max Px = (;x,
PeK

This result is completely in accordance with the "one-matrix" case with
index equal to ome. It is well known that in the general case (without
restrictions on the index) generalized eigenvectors also play a role in

the asymptotic expansion of P'x(0) for n—+w. If P is aperiodic, then

n

n) 0n—v+1 ;

2 Jo ™ y@) + o) + QD o)

PPx(0) = ( YO +. . H(
with 0 = g(P), v = v(P), p < 0 and y(k) a generalized eigenvector of
order k, associated with o (exploit the Jordan canonical form of P; compare.
e.g. PEASE [44].

In this section we show that analogous results can be obtained for

dynamic programming recursions of the form

(5.0.1) x(n+1) = max P x(n) ) x(0) >0; ne I,
PeK
with K a finite set of square nonnegative matrices with the product property.

The main result of this section can be formulated as follows (cf. ZIJM [76]):

THEOREM 5.1. Let ¢ := max {o(P) | P e K} and let {D(v),...,D(1),D(0)} be
the fundamental partition of S with respect to K (v € ). Suppose that all
matrices P ¢ K with 6(P) = 0 and w(P) = v are aperiodic. Then there exist
unique wvectors y(1),y(2),...,y(v), and constants c.> 0, p < 8, such that
for the sequence x(n), defined by (5.0.1), the following holds

G [ x@-1 DT o+ (DT g @+ Sy < eo” ne N

The vectors y(k) satisfy
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y(k)i >0

y), =0

Furthermore, the following relationship

ieD®, k= 1,.0.,v,
k-1

iel\) D, k=1,...,v.
%=0

holds :

(5.1.2.9) max P y(») = 0 y(v)
PeK
(5.1.2.8) max P y(2) =0 y(2) + y(2#1) 2 = v=1,v-2,...,1,
PeKo i
with
K, = {Peck|Pyw =0y},
€3]
R, = {P ek, | | 2y =06 y(2) +y(+1)} % =v=1,v-2,...,2,1,

PROOF. The proof will be given by induction with respect to v. For v=1 the

results follow from theorem 4.6, Now assume that theorem 5.1 holds for

v =1,2,...,t-1 and let the fundamental partition of S with respect to K
be given by {D(t),...,D(1),D(0)}. As before, we define for each P ¢ K and

form= 1,2,...,¢t

[p@m oD @D @0
plo-l,m D). p(1,1) 5 (@-1,0)
p(m _ : :
'“".Pix,l) P'(1,0)
{ 0
)

where, as usual, P

k,2 =0,1,.

..st. Note that P

denotes the restriction of P to D(k) x D(2), for

() _ P for all P ¢ K.

By the induction hypothesis there exist vectors w(l),w(2),...,w(t-1),

with
w(k)i >0

w(k)i =0

ieD®, k=1,...,t-1,

k-1
ie\U D), k=1,...,t-1,
2=0
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such that for some constants c,,c, and p, with p < o, the following holds

1°72
n n |~ n-t+2 ~n n
(5.1.3) e < x(n)i {(t_z)c w(t I)i+"+ o w(l)i} S0,
t-1
ie \UDM, ne W.
2=0
These vectors w(1),w(2),...,w(t~1) satisfy
(5.1.4.(tc=1))  max P 5 Pue=1) = § we-1)
PeK
(5.1.4.2) max P(t_!)w(z) =g w(2) + w(a+l) L= t=2,..452,1,
Peflp L

where Hz c K denotes the set of matrices that maximize the left-hand side
of (5.1.4.8) (8 = t=1,t=2,...,2,1).

We want to find vectors y(1), y(2),...y(t) such that (5.1.1) and
(5.1.2) hold for v = t. Since the asymptotic behaviour of x(n)i, for nww,
is already completely determined by (5.1.3), for i e S\D(t), it follows
that we must choose

t-1

w(k). ie \J DM@, k=1,2,..t-1,
. 2=0

t-1
ie \J D).
2=0

(5.1.5) y(k)i :

il
(o]

(5.1.6)  y(v), :

Then, obviously, Kl C'H'Q for £ = 1,2,,..,t=1 (K!L is defined by (*)). What
remains, is the determination of y(k)i for 1 e D(t), k = 1,2,...,t.
Using (5.1.5), (5.1.6) and

k-1
w(k)i =0 ie\J D)), k=1,,.,t-1,
2=0
it follows that we must have
(5:1.7.8) nax (6B gy (V)4 - 5y 9,
Pe
t=1
(5.1.7.0) max 250500 P47 pOY5a0 P25y Py yarn

PeK 2=k

k=t-1,...,1,
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where y(k)(t) denotes the restriction of y(k) to D(t), for k = 1,2,...,t,
and W(k)(g) the restriction of w(k) to D(2), for k,2 = 1,...,t~1.

By the induction hypothesis w(t~ > 0. Furthermore, by theorem

3.6, there exists a matrix P € K such that each state in D(t) has access
s(t, 1)

to some state in D(t-1) under P. Note that P possesses a strictly

positive right-eigenvector, associated with g (cf. theorem 3.6.b). Applying

lemma 2.5 we obtain
(ﬁ(t,t))* ﬁ(t’t’1>~w(t—1)(t") s 0

It now follows from theorem 5.a.1, in the appendix of this chapter,

)(t),.--,y(Z)(t), y(l)(t)} of (5.1.7),

that there exists a solution {y(t

with y(t)(t) >0, y(k)(t) uniquely determined for 2 = 2,...,t, whereas
there is some freedom in the choice of y(l)(t). -1
Recalling the definitions of y(k)i for i € W] D(L) and k = 1,...,t
2=0

(cf. (5.1.5) and (5.1.6)), it follows that we have found a solution
{y (), y(t=-1) ..., 7y(2),y(1)} of (5.1.2),

Next, we must show that this solution satisfies (5.1.1), where we
allow a possible change in the value of y(l)(t).

Define

n | ~n—t+l ~p= .
z(n) = ()0 y(t) +...+ (?)o-“ Yy + 8% n e IN,.

First, the boundedness of the Sequence'{a —n(x(n)—z(n)); n=0,1,2,...} will
be established. Note that by (5.1.2)

(5.1.8) max P z(n) = z(n+l).

PeK2
Since lim (E) /(kf]) = =, there exists an integer s such that
n->o
(5.1.9) max P z(n) = max P z(n) n > n.

PeK P€K2

Furthermore, it is possible to choose a comstant o > 0 such that
ATl .
(5.1.10) x(no)i < z(no) + a0 Y y(t)i i e D(t),

since y(t)i >0 for i € D(t). Obviously, we also have for n > n0
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(5.1.11) max P(z(n)+ ad “y(t)) = max P(z(n)+ ao “y(t)) =
PeK PeK2

+Iy(t)

= z(n+l)+ ac *

(note that y(t)i = 0 for i € S\D(t)).

Finally, we choose B such that

(5.1.12) max {P(t’t_l)e(t_1)+...+ P(t’o)e(o)} < B; y(t)(t)
PeKZ

€3]

(where e is the restriction of e to D(2), £ = 0,1,...,t~1).
Combining (5.1.3), (5.1.10), (5.1.11) and (5.1.12), it is easy to

show (by induction) that, for i € D(t) and n > n

0’
~n I T
(5.1.13) x(n)i < z(n)i + ag y(t)i+ Bczp o (1-po ) y(t)i'
On the other hand, we may choose a constant § > 0, such that
(5.1.14) x(O)i > y(l):.L -8 y(t)i = z(O)i -8 y(t)i i e D(t),

v
(=)

and since for n >

(5.1.15) max P(z(n) - 65 “y(t)) > max P(z(n)=66 “y(t)) = z(n+1)-80 " y(b),
PeK PeK2

it follows inductively, by combining (5.1.3), (5.1.8), (5.1.12), (5.1.14)

and (5.1.15) that '

-1
(5.1.16) x(n), > z(n),- 65 y(0)-Be,0 " Um0a 1)y (o) ieD(D), nz

Combination of (5.1.13) and (5.1.16) yields the boundedness of
o M (x(m)mz(@,) 3 = 0,1,2,...}, for i e D(t).

If we define

(5.1.17) Z(n) := z(n) - ¢ "y(1) ne N,
then it follows immediately thatv{amn(x(n)i - E(n)i);n =0,1,...} is
also bounded for i e D(t).

Up to now we have determined unique vectors y(t),y(t~1),...,v(2),

as part of a solution of (5.1.2) for v = t, such that for some ¢ > 0
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G.1.18) =@ - 1 DF Ty D y@ ) s 0 ne N.
Now define, for n ¢ ]NO .
(5.1.19) v == x@ - (D5 y@ M @) = x) -Fw.

From the induction hypothesis we know that

t-1
s ~=n _ .
lim ¢ v(n)i = y(l)i ie U o).
nre . 2=0

Furthermore, the sequence {8 _nv(n)i; n=0,1,2,...} is bounded for

i € D(t). What remains is the proof that the sequences converge geometrically
to some Vis for niw,

Note that (5.1.18) implies that for some n, ¢ N, and n > n,, we have

1

max P(z(n)+v(n)) = max P(z(n)+v(n)) = E(n+l)—8ny(2) + max Pv(n).
PeK PeK2 PeK2

Since for n > O,

nv

z(n+1)+v(n+l) = x(n+l) = max Px(n) = max P(z(n)+v(n)),

PeK PeK
we find
v(n+l) = max {Pv(n) - gny(Z)} n > n,.
PeK
2
Let
- ~-n
v(n) =0 “v(n) ne¢ ]NO'
Then we obtain
- N - ~-1
v(n+l) =max {o P¥(n) - o " y(2)} n2n.
PeK
2
* Let v(n) () denote the restriction of v(n) to D(k) (k = 1,2,...,t; n € W).

Then in particular

(5.1.20) x—r(n+1)(t) = max “{a_lP(t’t)w—l(n) ® + r(n,P)} n>n
PeK2
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where, for each P « K2 and n ¢ N, r(n,P) is defined by

r(n,p) 1= o 1p(B DGy (7D o =T (e D5y (D5 =159y (B)

It follows from the definition of v(n) and the induction hypothesis that,
for each P ¢ K2’ r(n,P) converges geometrically to r(P) for n+e, where

r(P) is for each P ¢ K2 defined by

~ -1

r(P) 1= g TplBETD gy (D a6 D gy (2T 0y ()

Since K2 c Kt it follows that, for all P ¢ K2,

8 -1 P(t,t)y(t) (t) = y(t) (t)

(recall that y(t)(t) > 9). From (5.1.5) and multiplication of (5.1.7.1)

with @{EY* it follows that
5.1.21) max @ H* £ = 0.
PeK2

By a transformation, similar to the one used in the proof of theorem 4.7,
K2 is transformed in a set of stochastic matrices. By combination of
(5.1.20) and (5.1.21) with the geometric convergence result of appendix
4,A (theorem 4.a.5), it follows that there exists a vector v(t), defined
on D(t), such that'{V(n)(t); n=0,1,2,...} converges to v(t) geometrically,
for n -+ Recalling the definitions of v(n) and v(n) (cf. (5.1.19)), we find
that for some constants cg > 0and § <0

5.1.22) =@ P = 1 2pa T y0 el DMy P 2O < cgo®

for all n ¢ W,

For n»o, (5.1.20) becomes

v(t) = max {a‘_]P(t’t)v(t) + r(P)},

PeK2

or, recalling the definition of r(P),
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(5.1.23) maz (6O O 6By (D), (B Dy Dy | 500 09y (0)-
Pe
2
)(t)’ y(t)(t_l),...y(t) (2)
y (D, ,®

Recall that the vectors y(t are uniquely determined

already by (5.1.7). Choosing y(t and y(k)(l) according to
(5.1.5) and (5.1.6) for k,% = 1,...,t-1, it follows from (5.1.22) and
(5.1.23), together with the induction hypothesis, that theorem 5.1 holds
for v = t.

By induction the theorem holds for each v. 0

Theorem 5.1 yields rather strong results concerning the asymptotic

behaviour of dynamic programming recursions of the type

(5.0.1) x(n+l) := max Px(n) x(0) >0, ne N,
PeK

at least under suitable aperiodicity assumptions. The reader may note that

part ¢ of theorem 3.6 follows immediately from theorem 5.1, since

nax 250500 ® 500 ® s o

PeK

k=1,2,.0.,v.

A number of well-known results concerning the asymptotic behaviour
of value functions of Markov decision processes follow as special cases
from theorem 5.1. As an example, we consider a model, arising from the
study of sensitive optimality criteria in Markov decision processes. This
model has been studied in VAN DER WAL [68] (compare also VAN DER WAL AND
z1aM [69], and 21JM [77]).

Consider (for fixzed k € ]NO) the following dynamic programming recursion

(5.1.24) v(n+!) = max {(;‘) £(P) + Pv(n)} nelN

PeK 0

where K denotes a finite set of stochastic Nx N matrices, r(P) and v(n) are
vectors in ﬂg{ (ne ]NO). We assume v(0) > 0, r(P) > 0. Furthermore, the
set of Nx (N+1) matrices

{, r®) | P ek}

is supposed to have the product property.
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VAN DER WAL [68] showed that there exist vectors y(D,5(2),..,y(k+2),

and a constant p <1, such that
(5.1.25) v(m) = (v @)+ 4Dy @D+ y(1) + 00" ().

However, by a simple trick, (5.1.24) can be reformulated as

(v(n+1)) [P x(p) 1 [ v@
n+l n
( k) I 1 (k?
. = max . n € W,
. PeK : : .
n+1l n
( 1) 1 1 (])
L) \ Ly 1)

Hence, (5.1.25) follows immediately from theorem 5.1 (with v = k+2).
Recursions of type (5.1.24) play an important role in the study of
so-called k-average optimality criteria in Markov decision processes, a
concept introduced by SLADKY [54], as an extension of Veinotts' overtaking
optimality criterion (VEINOTT [63], compare also SLADKY [57]). Note that
for k = 0, we obtain the geometric convergence result of SCHWEITZER AND
FEDERGRUEN [61] again (cf. appendix 4.A). Furthermore, the reader may
verify that, for this example, equations (5.1.2) turn into éhe well-known
policy-iteration equations for k—average optimal policies (cf. also
SLADKY [541).

The reader may note that theorem 5.1 can be extended by decomposing
D(0) again, etc. etc. We then obtain results concerning the asymptotic
behaviour of x(n) with respect to the spectral partition of S (compare
theorem 3.2).
Also "periodic analogues" of theorem 5.1 may be formulated. Details
will not be given here. However, the reader may note, that a set K of
square nonnegative matrices with the product property can easily be transformed
into an equivalent set k, in which the aperiodicity assumptions of theorem
5.1 are fulfilled for each matrix. Apply the following data transformation
(cf. SCHWEITZER [59]):
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P =6P+ (1-8)a(P)I 0 <8< 1),

Clearly, class—structures and chain-structures of P and P are completely
identical, but each P is aperiodic. P possesses the same (generalized)

eigenvectors as P, and

o{(P) = o(P)

~

. . * . ~
Furthermore, if P* exists, P exists and P¥ = p¥,

The results concerning the asymptotic behaviour 6f x(n), for now,
can be used to obtain estimates for 8, as well as for the vectors
y(1),y(2)y...,y(v), determined in theorem 5.1. This topic will be treated
in section 5.3. First, some attention is paid to an analogue of theorem 2.12

for sets of nonnegative matrices with the product property.

5.2. The structure of generalized eigenvectors.

As part of theorem 5.1 a solution {y(1),y(2),...,y(v)} of the. system

of equations (5.1.2) was obtained with

(5.2.1)  y@&); >0 ieDX), k=1,2,..,v,
; k-1
(5.2.2) y@), =0 ie\J D), k =1,2,..,v.
2=0

However, note that, if {y(1),y(2),...,y(V)} is a solution of (5.1.2),
then so is {w(1),w(2),...,w(v)}, defined by

w(v) = y(v)
(5.2.3)
w(k) = y(k) + ow(k+1) k= v-1,v-2,...,1,

where o can be chosen arbitrarily. In view of (5.1.1) and (5.2.2) o can be

chosen so large, that

\Y
(5.2.4) vwk); >0 ie\J D), k
o=k
k-1
(5.2.5)  w(k); =0 ie\J DM,k
2=0

1,2,0.0,v,

1,250V,
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Furthermore, the reader may verify that for o sufficiently large

(5.2.6) max P w(2) = max P w(®) = ... = max P w(g) L= ly00.,v.
P€K£+1 P5K2+2 Pek

Combination of (5.2.3), (5.2.4), (5.2.5) and (5.2.6) yields the

following theorem:

THEOREM 5.2. Let G := max {0(® | P e K} and let {D(V),...,D(1),D(0)}
be the fundamental partition of S with respect to K. Then there exists a

set of semi-positive vectors {w(v),...,w(2),w(1)}, such that
max P w(k) = aw(v)
PeK

max Pw(k) = gw(k) + w(k+1) k
PeK

v=1,...,2,1.

For k = v,v-1,...,2,1 we have

A
w(k), > 0 ie U p),
2=k
k-1
w(k); =0 ie\J D(O). 0
2=0

Theorem 5.2 is the analogue of theorem 2.12, for the set K. A direct
proof (without using theorem 5.1) has been given by ZIJM [75]. The proof
given there is constructive; it uses an iteration method which is also the
basis of the results in appendix 5.A. The aperiodicity assumption (cf.

theorem 5.1) can be removed.

5.3. Estimation of growth characteristics.

We have seen that the consecutive generalized eigenvectors appearing
in the asymptotic expansion of x(n) (defined by (5.0.1)), for n-w, can
be obtained from functional equations of the type (5.1.2). However, in
large scale systems, it requires an enormous amount of work to solve these
equations. One wonders whether cheap approximation methods exist for
obtaining these generalized eigenvectors. By cheap we mean relatively cheap
compared with exact methods.

The most important grbwth characteristic to be estimated is the

spectral radius ¢ = max {o(P) | P e K}. Several methods have been developed.
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MANDL [38], for instance, developed a bisection procedure, of which each
step results into an upperbound Bn and a lowerbound o for G. Defining
An i= %(an+8n) he examines, whether there exists a strictly positive, finite

solution x = x(An) of

(5.3.1) Anx = max {e+Px}.
PeK
If such a solution exists then clearly 8 < An (lemma 2.6), otherwise

5 > A.. In the first case we take B = A, 0
='mn n+l :

1= q in the second
n’ “n+l n’

Fase:§n+l":='6n’ “pe1 T An' :

ZIIM [74] also uses (5.3.1) to determine a sequence {An; n=1,2,...},
which tends to ¢ from above. Using in each step the solution x(Xn), a better
approximation An+l is calculated. Instead of x(ln), also approximatiqns of
x(ln) can be used for updating An (see also zIJM [73]).

SLADKY [55] gives upper~ and lowerbounds for o when K contains only
aperiodic, irreducible matrices. These bounds are based on theorem 4.2,

To be precise we have:

LEMMA 5.3. Let all matrices in K be irreducible, let o := max {o(P) l P e K}
and let a P ¢ K exist,with o(P) = 8, which is aperiodic. Let x{(n) be defimned
by (5.0.1), with x(0) > 0. Then, for @ and Bn’ defined by

o i= ?in (x(n+1)i/x(n)i) ne N,
1e$S
Bn i= max (x(n+l)i/x(n)i) ne N,
ieS
we have
an+1 > an Bn+1 < Bn ne W,
and

(5.3.2) lim o lim Bn = 0.
noo now

PROOF.' Since

x(n+2)

max Px(n+l) > o max Px(n) = @ x(n+l)
PeK PeK
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< B .

it follows that a zoa . Similarly, one has 8 ., < 8

n+l

Furthermore, by theorem 4.2,

(5.3.3) limo "x(n) = x>0,

1100

and this convergence is geometric. This implies (5.3.2). . 0

. The reader may verify that the proof of lemma 5.3 only depends on the
existence of a strictly positive vector x, such that (5.3.3) holds, rather
than on the irreducibility assumption. As a consequence, (5.3.2) remains
valid whenever (5.3.3) holds. An important case, in which (5.3.3) is

fulfilled, is the case of a communicating set (cf. BATHER [ 1]).

DEFINITION 5.1. K is said to be communicating if for each i,j e S there

exists a P ¢ K (depending on i and j), such that i has access to j under P. [

LEMMA 5.4, If K is communicating, and if there exists an aperiodic matrix

P ¢ K, with o(P) = 8, then lim G'T‘X(n) = x > 0, where x(n) satisfies (5.0.1).
n->o

PROOF. Let {D(v),...,D(1),D(0)} be the principal partition of S with

respect to K. Ifv'>1 or if D(0) # @, K .is not communicating. Hence v = 1

and D(0) = ¢ . By theorem 4.6 the result follows. ]

A communicating set can also be defined in terms of the Zncidence matrix
of K.

DEFINITION 5,2, The Zncidence matriz T of K is defined by

1 if pij > 0, for some P € K
L. = i,j € S.
tIJ v »] €
0 otherwise 0
It follows immediately that K is communicating if and only if its
incidence matrix T is irreducible.
The corollary implies that also in the communicating case one can
obtain upper—- and lowerbounds for 5. In general, we can determine all
classes of the incidence matrix T, C(1),C(2),...,C(m) say. With each P ¢ K

we may assoclate a matrix P, as follows
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- Pis if i,j € C(k), for some k ¢ {1,2,...,n}

'p P
1l 0 otherwise
for all i,j € S.
Note that P and P possess the same eigenvalues (P ¢ K). Let
K :={P | P e K}. It is easily verified that max (v(3) | P ¢ K, o(P) =.0)
(compare the proof of lemma 5.4)

Choose X(0) > 0 and define
;(n+1) := max P x(n) né N
Pek
Clearly, the restriction of all P e K to C(k) x C(k) gives a

communicating set, for k = 1,2,...,m. Define

aik) := min (§(n+l)i/ 3@m).) k=1,...,m; ne Ny,
ieC(k) b
. > ~ -
B, = max (x(n+l)i/ x(n).) k=1,...,mne I,
ieC(k) L
and
k
a = max at(l) Bn i= max Bt(lk) nelN
k=1,..,m k=1,..,m
Then, clearly,
(5.3.4) & <028 ne N,

and

(5.3.5) lima_=1limB_=g0.

o T g
In this way, sharp estimates for o are obtained. Note that the convergencé
in (5.3.5) is geometric (although the original matrices P e K may have

~ index larger than one).

Lét us return to the original set K of square nonnegative matrices

with the product property. Choose x(0) > 0, and let
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(5.0.1)  x(n) := max Px(n-1) n e N.
PeK

Define, for n e W differences on(n), Alx(n), Azx(n),... by

0°
on(n) = x(n)
Akx(n) := Ak—lx(n+l) - Aknlx(n) k ¢ W,
Undefvappropriate aperiodicity assumptions x(n) obeys

~ n-v+]

x@ = (PP Ty M Ty @45 Py (406D (o)

witth p < o and y(),y(2),...,y(V) as in theorem 5.1. Furthermore, define

7@ = 6 My k= 1,2,000,v,
X(n) =0 "x(n) ne NN .
Then, clearly
2@ = (PO D@+ y(D+0(05 H ().

It is readily verified that

5@ = ) + 005 TH ().
In the same way we find from

2@ = DIFTE-1+065HY (),
that

2 %@ - k@) = FmD+0(6s TH ™ ().

In general, if we define for n ¢ W
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h(v_l) (n) := A\)_1 X(n)
and for k > 1
vk -

nO) () i a

n v=k+] -
x(m) - {(}) n' )(n—l)+..+(k_t_11)h(v ])(n—k+l)},
then a simple calculation shows that

2O () = Fokel) + 0(Gs THP K= 1yeensv (n>=s).
In order to determine how good a particular estimate is and to
specify upper— and lowerbounds for the vectors y(k), k = 1,...,V, one
should have an upperbound for p., A rough upperbound can be obtained from
the proof of lemma 4.a.4 in appendix 4.A. In general, however, the
determination of sharp upperbounds for p still remains an open problem.

Furthermore, estimation methods like the one described above are not very

efficient in numerical sense if v is large (caused by the loss of significant

digits). It seems to us that large parts of an "estimation theory" for the
asymptotic expansion of x(n) still have to be developed; this section is
only meant as a first attempt. The topic, however, appears to be of
increasing importance, e.g., in studying sensitive optimality criteria in

Markov decision processes (cf. SLADKY [57], VAN DER WAL [68]).
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The proof of theorem 5.1 requires the existence of a solution of a
set of "mested" functional equations (cf. (5.1.7)). In this appendix it is
proved that such a solution does indeed exist and that it can be found in
a constructive way. The proof is based on a generalization of Howard's
policy iteration algorithm for the average reward criterion in Markov
decision processes (cf. HOWARD [29]).

.We now state the problem to be solved in this appendix. Let K denote
a finite set of nonnegative N-x N matrices with the product property,
let 0 := max {0(P) | P e K} and suppose that therekexists a vector u > o,
such that

~n

(5.a.1) max Pu = Pu = gu
PeK
for some P ¢ K with o(P) = g.
Let t ¢ W, t > 2 and suppose that for each P ¢ K there exists a set
of vectors {r(1,P), r(2,P),...,r(t-1,P)}. It is assumed that the set of

N x (N+t-1) matrices
(5.a.2) {(p, r(1,P),...,x(t~1,P)) | P ¢ K}

also possesses the product property.

Finally, suppose that
¥ -
(5.2.3) P r(e-1,8) >0
(note that B* is well defined, by lemma 2.5).

The problem we investigate in this appendix is whether a solution of

the following set of functional equations exists.

(5.a.4.t)  max {Px(t)} = ox(t)
PeK
(5.a.4(t=1)) max {Px(t-1) + r(t-1,P)} = ox(t-1) + x(t)
: Pek : : : :
. t . . . .
(5.a.4.1) max Px(1) + r(1,B)} = ox() + x(2)

PeK2
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where K2 c K denotes the set of all matrices that maximize the left hand
side of (5.a2.4.2) (2 = t,t-1,...,2,1). Hence Kt > Kt—l D....D Kl'
The following result holds:

THEOREM 5.a.1. Let K, ﬁ, 5, U and t be given as above. Let for each P ¢ K
a set {r(1,P),...,r(t-1,P)} be defined, again as above. Suppose (5.a.l)
and (5.a2.3) are fulfilled, and assume that the set of matrices, given in
(5.a.2), has the product property.

Then there exists a solution (x(t), §(t—l),...,§(])) of (5.a.4), with
§(t); x(t-1),...,%(2) unique, whereas there is some freedom in the choice

of x(1). Furthermore, the vector x(t) is strictly positive.

PROOF. The existence will be proved by means of an iterative procedure.

Define P(0) := P. The set of equations

Sx(t)
ox(t=1) + x(t)

P(0O)x(t)
P(O)x(t-1) + r(t-1,P(0))

. o

PO)x(1)  + r(1,P(0)) ox(1)  + %(2)
P(0) *x(1) 0

[

il

possesses -a unique solution (x(t,0), x(t-1,0),...,x(1,0)), with
x(t,0)= P(O)*r(t—l,P(O)) >0 (compare the proof of lemma 2.a.l1).
Determine P(1) ¢ K such that

(5.a.5.t) P(1)x(t,0) = max {Px(t,0)}
. PeK

(5.a.5.t-1) P(D)x(t~1,0) + r(t~1,P(1)) max {Px(t-1,0) + r(t-l,P)}

. . . ‘Pth . .
(5.a.5.1)  P(Dx(1,0) + r(1,B(1)) = max (Px(1,0) + r(1,P)},
PeH2

where Hg €K denotes the set of all matrices that maximize the right-hand
side of (5.a.5.2) (& = t,t-1,...,2,1). We choose P(1) := P(0) if P(0) € HI'
Define vectors ¢(t,0), ¢(t-1,0),...,¥(1,0), such that




(5.2.6.t) P(1)x(k,0) ox(t,0) + ¥(t,0)

(5.a.6.(t~1) P(D)x(t-1,0) + r(t=1,P(1)) 8x(t—1,0)+ x(t,0) + ¥(t-1,0)

. . ° . .
° ° . . °

(5.a.6.1)  P(Dx(1,0) + r(1,P(1)) = ox(1,0) +x(2,0) + v(1,0).

f

From P(0)x(t,0) E,ax(t,O) and (5.a.5.t) it follows that $(t,0)
If $(2,0); = 0 for & = t,t=1,...,k+], then ¥(k,0), 2 0 (i ¢ 8,

- v

Furthermore,

P(1)x(t,0) > ox(t,0) > 0,

v

which implies that ¢(P(1)) = ¢, and,moreover, that each nonbasic class of

P(1) has access to some basic class. Since 1 > 0 and

P()u < o 1,
each basic class of P(1) must be final. Hence, by proposition 2.4, P(1)
possesses a strictly positive right eigenvector associated with G. As in
the proof of lemma 2.a.1, it follows that a unique solution

{x(t, 1), x(t-1,1),...,%x(1,1)} of the following equations exists:

;x(t)

(5.a.7.t) P(1)x(t)

(5.2.7.(t-1)) P(Dx(t-1) + r(t=1,P(1)) = ox(t-1) + x(t)

(5.2.7.1) P()x(1)  + £(1,P(1)) = ox(1)  + %(2)
(5.2.7.0) p(1)*x(1) = 0.

It will be proved that
(5.a.8) (x(t, 1), x(t=1,1),..,x(1,1)) & (x(t,0), x(t-1,0),..,x(1,0)),

with equality if and only if P(1) = P(0).

The proof of (5.a.8) consists of three steps. First we prove

(%) x(t, 1) > x(t,0). '
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PROOF of (*¥): Let D ¢ S be the set of states, which belong to a basic class
of P(1). Since x(t,0) > 0, we have w(t,O)i =0 for 1 ¢ D (by lemma 2.7).
Hence tb(t—l,O)i 2 0 for i € D. Multiplying (5.a.6.(t-1)) by P(D)* vields
*
(5.a.9) PQ) r(t-1,P(1)) = P(I)*x(t,O) + P(1)*y(t-1,0) > P(1)*xz(t,0)
(cf. lemma 2.5). From (5.a.7.t) and (5.a2.7.(t~1)) we derive
(5.2.10) x(t,1) = P() x(t,1) = P r(e-1,P(1)).
Since P(t,0) 20, (5.a.6.t) yields
*
(5.a.11) P(1) x(t,0) > x(t,0).
A combination of (5.a2.9), (5.2.10) and (5.a.11) shows (*).
The second assertion to be proved is the following:
(%) x(2,1) = x(2,0) for k+l 2 & < t=>x(k,1) > x(k,0) k=t-1,..,2,1,

PROOF of (¥%): Define y(%) := x(%,1) - x(£,0) for ¢ = t,t-1,...,1. Combining
(5.a.6.2) and (5.a.7.2) we find

P(D)y() = Sy(z) + y(o+1) - w(z;O) L= t,t-1,...,1.

Hence, y(2) =0 for k+! < 2 < ¢ implies ¥(2,0) = 0 for k+l £ £ < t and
.hence P(0) ¢ Hk+l' It follows that ¥(k,0) > 0, while furthermore

(5.a.12) P(Dy(&) = oy(k) - ¥(k,0).

Multiplying both sides of (5.a.12) with P(l)* yields P(l)*w(k,O) = 0.
Since P(k,0) > 0, we find (cf. lemma 2.5)

(5.2.13) ¥(k,0), = 0 ieD.
For k > 2 we reason as follows: w(k,O)i =0 for i € D implies w(k—l,O)i >0
for i € D, hence P(l)* ¥(k-1,0) > 0. Multiplying (5.a.6.(k~1)) and

*
(5.a.7.(k~1)) by P(1) and subtracting the two resulting equations yields
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* *
P(D)*y(k) - P(1)*p(x-1,0) = 0.
On the other hand, (5.a:12) implies (recall that y(k,0) > 0)

P(1) y(k) ¢ y(k).

v
%]
.

Hence, y(k) > P(l)*y(k) > P(l)*w(k-l) > 2. This proves (**) for k >

For k = 1, (5.a.13) implies that we may choose P(l)i 1= P(O)i for i € D.
In that case P(l)z = P(O); for i € D, hence x(],l)i = x(l,O)i for i € D
(since the values of x(l,l)i for i € D are completely determined by P(l)i,
P(l)z and r(l,P(l))i for i € D). Using lemma 2.5, it follows that

P()*x(1,1) = P(1)*x(1,0).

Combining (5.a.12), the fact that ¥ (1,0) > 0, and the definition of y(1),
we find that

y(1) 2 P()*y(1) = 0.
This proves (*%x) for k = 1.
Finally, we need
(k) x(2,1) = x(2,0) for ¢ = t,t-1,..,2,1 if and only if P(1) = P(0).

PROOF of (#*%): As above, y(2) = 0 for £ = t,t-1,..,! implies ¥(2,0) =0
for £ = t,t~1,...,1, in which case P(0) € Hl’ hence P(1) := P(0). The

inverse implication is trivial.

Combination of (%), (¥*) and (*%*¥) now shows that (5.a.8) holds, with
equality if and omly if P(1) = P(0). ;

It is now easy to define 'an iterative procedure, based on a repeated
application of equations of the kind (5.a.5) and (5.a.7). In fact we studied
the first step of such a procedure. Since Kis finite, this procedure stops
after a finite number of steps, m say, if we use P(m) = P(m—1) as the
stopping condition. The final solution {x(t,m),...,x(1,m)}, say, certainly

satisfies (5.a.4), and x(t,m) > 0. ) u




CHAPTER 6

CONTINUOUS-TIME DYNAMIC PROGRAMMING MODELS

In the preceding chapters we studied discrete-time systems, specified
by a finite set K of square nomnegative matrices with the product property.

In particular, the following dynamic programming recursion was analyzed:

(6.0.1) x(n) = max Px(n-1) ne W, x(0) > 0.
PeK

By subtracting x(n-1) on both sides of the equation, we obtain

(6.0.2) x(n)-x(n~1) = max (P-I)x(n-1) ne N, x(0) > 0.
PeK

Note that the set of matrices
(6.0.3) {(p-1) | P e K}

also has the product property. Each matrix P-I is an exémple of a so-called
ML-matrixz (note that P > 0). An Mi-matrix is a square matrix with all its
nondiagonal entries nonnegative (cf. definition 6.1).

In this chapter we study the continuous-time analogue of the nonlinear
difference equation (6.0.2). This continuous—time analogue reads as follows
(cf. HOWARD [29], MTLLER [40], [41]):

(6.0.4)  $E(©) = max Qx() t e [0,2), x(0) > 0,
QeM
. . N
" where M is a set of ML-matrices with the product property and x(.) : [0,°)>R".
Note that we do not assume that Q+I > 0 for all Q € M. However, since M is
finite and since each Q € M is a ML-matrix (the formal definition is given

in section 6.1), there exists an a™> 0 such that Q+al > O for all Q € M.
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As expected, we have to study nonlinear differential equatioms,
instead of nonlinear difference equations. For an example the reader is
referred to section 1.3 (example 1.3.1.b).

In section 6.1 we briefly review some basic theory of ML-matrices.
Section 6.2 is devoted to the model in which all matrices are irreducible.
Results for the more general case are given in section 6.3. Not all proofs
are given in detail (since the techniques are more or less analogous to the
discrete-time case), we only indicate the essential steps. One of these

essential steps, exponential convergence in continuous~time, undiscounted
Markov decision processes will be treated in more detail (appendix 6.A);

the result given there can be viewed as the continuous-time analogue of

the geometric convergence result of appendix &4.A.
6.1. ML-matrices

In this section we present some results concerning ML-matrices which

will be needed later. First the formal definitionm.
DEFINITION 6,1, An Nx N matrix Q is called an Ml-matrix if
>0 for i # j; i,j € S,

where, as usual, S denotes the state space (S := {1,2,...,N}). O

+

If Q is an ML-matrix, it follows that there exists a (nonunique) o e]RO

such that Q+al > Q.

ML-matrices play a role in a wide variety of areas, for instance,
input —output models in mathematical economics, Markov processes and
especially queueing problems in probability theory. They are named after
Metzler and Leontief in connection with their work in mathematical economics
(cf. SENETA [52]).

Let Q be an ML-matrix. Consider the following differential equation
dx .
(6.1.1) E?(t) = Qx(t) te [0,2); x(0) > 0,

with x(t) a vector function from [0,®) to ngq‘ It is well known that the

solution of (6.1.1) can be written as
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(6.1.2) x(t) = exp(tQ)x(0) t e [0,»),

with

(6.1.3) e T L [0,%)
1. exp(tQ) ;= Z ET t e s®) .

k=0

Since I and Q commute, it follows easily from (6.1.3) that
exp(tQ) /= exp{(-otI)exp(t(Q+aI)) = exp(~at)exp(t(Q+al)).
By choosing o sufficiently large, it follows that
exp(tQ) > Q t e [0,),

Moreover, if all row-sums of Q are equal to zero, then exp(tQ) is stochastic.

Furthermore, note that
exp({t+s)Q) = exp(tQ)exp(sQ) s,t e [0,»),
In the discrete-time case we have seen that the spectral radius of
a square nonnegative matrix P plays a dominant role in recursions of type
x(n) = Px(n-1), x(0) > 0.and n € W. In connection with differential

equations of type (6.1.1), a different eigenvalue becomes important. Let

Q be an ML-matrix. Define
(6.1.4) - 1(Q) := max {Re(}) [ X an eigenvalue of Q},

where Re()) denotes the real part of A. Let Q+oI > 2 for somea >0, It
 follows immediately that

T(Q) = o(Q+aI) - a.

This shows that T(Q) is an eigenvalue of Q and, moreover, that Re(d) < 1(Q)

for any eigenvalue A of Q with A # T(Q).

DEFINITION 6.2. Let Q be an ML-matrix and let T(Q) be defined by (6.1.4).
The value T(Q) is called the dominant eigenvalue of Q. O
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In general, T = 1(Q) is not the spectral radius of Q, however, exp(tt)
is the spectral radius of exp(tQ). Therefore, we may expect T to play a
dominant role in the asymptotic behaviour of x(t), given in (6.1.1),

for t -,

DEFINITION 6.3. An ML-matrix Q is called <rreducible if for each pair
i,j € S there exist states il’iz""’ik € S, with i # i] F oo F ik # 3,
such that

SRR

. gq. . >0, , 0
1 N1t T Mg ,

The following result is an immediate consequence of the Perron-
Frobenius theorem and the relationship between ML-matrices and square

nonnegative matrices. We have:

PROPOSITION 6.1. Let Q be an ML-matrix with dominant eigenvalue T. With T

can be associated nonnegative left- and right-eigenvectors. If Q is
irreducible, these eigenvectors are unique up to multiplicative constants

and can be chosen strictly positive. ]

The index of an ML-matrix is defined in an analogous way as for a

nonnegative matrix (cf. definition 2.12).

DEFINITION 6.4, Let Q be an ML-matrix with dominant eigenvalue T and let
Nk(Q) be the null space of (Q—TI)k for k € Ng- The Zndex v(Q) of Q is the

smallest k € I, such that Nk(Q) = Nk+1(Q). g

0

It will be clear that all results concerning block-triangular
structure, eigenvectors and generalized eigenvectors of a square nonnegative
matrix (with respect to its spectral radius) can be translated
straightforwardly into corresponding results for ML-matrices (with respect
to its dominant eigenvalue). The same holds for all results concerning sets
of nonnegative matrices with the product property (cf. chapter 3 and section
5.2). The reformulation of these results will be left to the reader.

Now let Q be an irreducible ML-matrix and suppose Q+alI > 0.

If Q is irreducible, then clearly

g k
1 (@+an® >0
k=1 -
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for n sufficiently large. Since

Ll k
exp(tQ) = explot) -t-:—,—(Q'i'aI)k,
k=0 k-

it follows that exp(tQ) > 0 if Q is irreducible and t > 0. Hence, the
period of exp(tQ) is 1.

The following result is important (compare also lemma 2.5).

PROPOSITION 6.2. If Q is an ML-matrix with dominant eigenvalue T and index

equal to one, then
1im {exp(~tT)exp(tQ)}
t-o

exists. If this limit is demoted by Q¥, then @* > 0 and QQ* = @*Q = TQ*.

If Q is irreducible, we have Q* > Q. 0

A proof of proposition 6.2 is easily given by transforming Q into its

Jordan canonical form (cf. PEASE [44]). The following corollary holds:
COROLLARY . G*exp(tQ) = exp(tQ)Q* = exp(tr)Q*,
2
Q" = Q*. O

Finally, we prove a side result which will be needed in the next

section.

"LEMMA 6.3. Let Q be an ML-matrix and let x(.) be a differentiable vector

function, satisfying
X4y > Qx(t) t el 0)
dt " = ’0) .
Then

x(t) > exp(tQ)x(0) telo,=)

PmmmlkﬁneuC):EOﬁ)+Rbe
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u(t) = g%(t) - Qx(t) telOm).

Then u(t) >0 for t > 0 and

]

t
x(t) = exp(tQ)x(0) + f exp((t-s)Qu(s)ds telo,«).

Since , ufs)

\2
lo

and exp((t-s)Q) > 0 for s < t, the result follows, f]

In the next section, we turn to continuous—time dynamic programming
models and study the asymptotic behaviour of the vector function x(t),

for toe, where x(t) is defined by

(6.0.4)  LE(®) = max ox(1) e [0,%); x(0) > 0,
QeM .

with M a finite set of ML-matrices with the product property. The following

result deals with the question of existence and uniqueness of a solution

%(.) of (6.0.4). For a proof, see BELLMAN [5].

N

PROPOSITION 6.4. There exists a unique function x(.) : [0,») +R" that is

continuous and satisfies (6.0.4) almost everywhere. 0
In fact, Bellman established this result for a more general situation.
For our model, it can be proved that on each finite time interval there
exist only a finite number of time points where x(.) is not differentiable
(cf. ZIIM [80D).
One more remark has to be made. Let x(.) on [0,®) be defined by
(6.0.4) and let o be such that
(6.1.5) Q+wI >0 for all Q e M.
Define y(.) on [0,») by
(6.1.6) y(t) = exp(at)x(t) t e [0,2).

Then

F(©) = explar) (ax(t) + (8)) = max (Q+aDy(t)  t e [0,)
QeM
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Hence, instead of (6.0.4), we may study a system which is specified by a

set of nonpegative matrices with the product property. Sometimes, this

obvious observation simplifies proofs considerably.

6.2, Systems with irreducible ML-matrices.

In this section M denotes a finite set of irreducible ML-matrices

with the product property. Furthermore, T is defined by
(6.2,1) T := max {1 | QeM},

where 7(Q) denotes the dominant eigenvalue of Q, Q ¢ M.

As in the preceding chapters, the analysis of systems of the kind

(6.0.4) Xty = pax Qu(t) t e [0,2); x(0) >0,
dt -
QeM
is relatively simple, if M contains only irreducible matrices. The
methodology, used to prove convergence results in the general case, can be
made completely transparent already in this case.

A first result is the following:

LEMMA 6.5. Let x(.) be given by (6.0.4) and let T be defined as in (6.2.1).
Then the function exp(—t?)x(t) is bounded for t ¢ [0,»).

PROOF. Recall that, without loss of generality, we may assume Q > 0 for all
Q. ¢ M Since, by lemma 3.1, there exist a a € M and a vector u > 0, such

that
(6.2.2) aﬁ = max Qu = ?G,
QeM

it follows from lemma 6.3 and the fact that exp(t() > 0 for t > 0 that
x(t) 2 exp(tQ)x(0) 2 c,exp ()T = c exp(tT)T t e [0,),

if x(0) 3 c,u.

On the other hand, let x(0) cza. Since x(.) is continuous, there

vV itA

exists for eache>(Q a t1= tl(e) 0 such that
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(6.2.3) t; :=sup {t | x(t) ¢ (c2+e>exp(t?)a }.
Suppose t) < e Since Q 2 0 for all Q ¢ M it follows that
QZ(t) = max Qx(t) < (c +e)exp(t;);a £ < t,.
dt = 2 i = 1
QeM
Hence
x(£) = x(0) g (e *e)exp(tD)T - (e *e)u £st.
In other words, since x(0) < cza, we find
x(t) < (c2+e)exp(t?)ﬁ - e t <t
By the continuity of x(.), we conclude that ty=, hence
(6.2.4)  x(t) g (e +e)exp(tD for t e [0,%).
Since (6.2.4) holds for each € >0, the result follows. ]

Convergence of exp(-tT)x(t) for t>» can be proved along the same lines
as in the discrete case, by using proposition 6.2, its corollary and lemma

6.5. We have

THEOREM 6.6. Let x(.) and T be defined as in lemma 6.5. Then
1lim exp(—t?)x(t)
toroo

exists and is strictly positive.
PROOF. Since exp(—t?)x(t) is bounded on [0,®), we may define
a := liminf exp(-tT)x(t),
{00

b := limsup exp(-t?)x(t).
oo

Let § €M satisfy (6.2.2), hence 1(Q) = T. For t,s ¢ [0,») with t > s

we have
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exp(~tT)x(t) = exp (- (t-s)T)exp (-sT) x(t) >
> exp(—(t—s)?)exp((t—s)a)exp(—s?)x(s).

Choosing a sequence (tl’tZ”") with lim t = and
ke

lim exp(-t Dx(t,) = a
Koo k k ’

we find (cf. proposition 6.2):
a > a* exp(-?s)x(s).

By choosing a sequence (8,,S,,..s) Wwith lim s, = © and
1’72 Kesoo k

1im exp(~s, T)x(s, ) = b,
oo k k

we conclude
a> ¢*b.

Analogously, we find b > a*a. As in the proof of lemma 4.1, we conclude
a=b (note that G* > 0). The property a > 0 follows from x(0) > O, a* >0

and a > §*x(0).

One may wonder whether the convergence, proved in theorem 6.6, is
exponential, analogously to the geometric convergence result in the
discrete—time case. If M contains only one matrix, the answer to this
question is clearly affirmative. It turns out that also in general such an
exponential convergence result exists for continuous—time Markov decision
processes. Details will be given in appendix 6.A. The translation from
the stochastic case to our more general situation is straightforward. We
return to this question in the next section where we deal with systems
specified by a set of (possibly) reducible ML~matrices with the product
property.
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6.3. Systems with ML-matrices: the general case.

In this section we formulate the continuous—time analogues of the
results of section 4.2 and section 5.1. The proofs of the results in this
section will not be given in detail: they proceed along the same lines as
in the discrete-time case.

In this section, M denotes a set of general (i.e. possibly reducible)

Ml-matrices with the product property. Let T be defined by
(6.3.1) 7 := max {t(Q) | Q e M},

and define v by

(6.3.2) v :=max {v(Q) | QeM, T(Q =7}

(cf. definition 6.4).
We are interested in the asymptotic behaviour of x(t), for t-x, where

x(t) obeys

6.0.6) (o) = max Qx () t e [0,%); x(0) > 0.
Qe

Let us first treat the case v = 1,

THEOREM 6.7. Let M, ;, v and x(.) be given as above. Suppose v =1, Then

there exists a semi~positive vector x, such that

lim exp(-tT)x(t) = x.

it
PROOF. Without loss of gemerality, we may assume that Q > 0, for all Q e M.
Let {D(1),D(0)} be the principal partition of S with respect to M. By theorem
3.6, there exists a vector u 2 0, with u, = 0 for i ¢ D(0), u; > 0 for

i € D(1), such that

{6.3.3) max Qu = Tu
QeM

Let Q(k’l) denote the restriction of Q to D(k) xD(2), for k,2 = 0,1, Then

Q(O’]) =0 for all Q € M and
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max (Q(O’o)) < T,

QeM

Moreover, there exist a A<t and a strictly positive vector w(o), such that

(6.3.4)  max Q(O’O)w(o) < w(o).
QeM N

Choose ¢ > 0 such that x(O)i < cui for 1 e D(1) and x(O)i < cwﬁo) for i e D(O).

As in the proof of lemma 6.5, one can show that

(0)

(6.3.5)  x(t); < c exp(At)w; ieD(0), te [0,%),

which implies that

lim exp(-tT)x(t); = 0 i e D(0),

oo

and that this convergence is exponential (of order at least exp(t(k-?)).

(1 (1

Let u be the restriction of u to D(1) (hence u > 9) and choose

o ‘such that

max Q(I’O)ﬁ(o) au(l).

QeM

A

Again, by methods analogous to those in the proof of lemma 6.5, and by use

of (6.3.5), it can be shown that

(6.3.6) x(t)i

‘A

(exp(tD)) (c + ﬁ‘; (1-exp((A-T)t)))u, ieD(1).
Combining (6.3.5) and (6.3.6), we have established boundedness of
exp(—t;)x(t) on [0,»). Convergence to a vector x can be proved in exactly
the same way as in the proof of theorem 4.6, by using the results of the
preceding section for the basic classes (cf. theorem 6.6). As in the proof
of theorem 4.6, it follows from x(0) > 0 that x, > 0 for i e D(1). 0

In chapter 4 we showed that for discrete systems the convergence is
geometric (cf. theorem 4.7), by exploiting a result from the theory of
controlled Markov processes (appendix 4.A). An analogous result exists
for continuous~time Markov decision processes; the main difficulty in its
proof appears to be the fact that no upperbound exists for the number of

changes of the maximizing matrix in a fixed, finite time interval. This
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implies that one has to determine a contraction factor which is independent
of this number of changes. In the appendix to this chapter, we present a
rather detailed treatment of the subject; here we only show how this
exponential convergence result can be exploited in order to establish
exponential convergence of exp(—t;)x(t), for t+=, in the situation,
described in theorem 6.7.

Let x denote the limit vector, obtained in theorem 6.7. Hence

(6.3.7) lim exp(~tT)x(t) = x.

troo
Note that
(6.3.8) ~é%(exp(—t%)x(t» +Texp(~tT)x(t)=max Qexp(-tD)x(t) t e [0,%).
QeM
From (6.3.7) and (6.3.8) it follows that
. d -~ .
1lim E—(exp(—tT)x(t))
t
tro

exists. Since x is a fixed vector, we conclude
. d ~
lim — (exp(-tT)x(t)) = 0,
dt ° —_
toroo
Let t>~ in (6.3.8). Then we find

(6.3.9) max Qx = Tx.
QeM

Now, (6.3.8) and (6.3.9) together imply that for t sufficiently:large,

t > t. say, we only deal with matrices Q ¢ M such that

1

(6.3.10)  Qx = Tx.

Let M] c M denote the set of matrices that satisfy (6.3.10). Let x(t)(l)
(i)

be the restriction of x(t) to D(i), and x the restriction of x to D(i),

i = 0,1. Recall that x(l) > 0. Obviously, we have
ax(P (1,10 (1), (1,00 +(0)
(6.3.11) Ic () =max {Q ° “x(£)" 7+4Q" ? 'x(t) } t> .

QEM]
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(1,1

Now define Q ), x(t) and F(t,Q) by

ﬁg;-’]) = X?(qij - ;‘Sij)xj Qe M3 i,j e D(1),
x(6){ = exp(—t;)lex(t)il) t e [0,0); i€ D(I),
- _ A -1 ' 0) .

T(t,Q);:= exp(~tr)x, ( )y q--X(t)j ) te [0,); ie D),

jen(o) *J

Using these transformations, (6.3.11) can be written as

6.3.12) £ &) = nax 2,0 + 3 Ve Py £,

t = 1
Qle

where {6(1’]) I Qe Ml} is now a set of generators for a continuous-time

Markov decision process (i.e., a(l’l)e = 0, for all Q ¢ M]). Since

lim ¥(t,Q) = 0 QeM

t>c0

1,

the results of appendix 6.A now immediately imply exponential convergence

of i(t)(l) to a constant vector, for t»=. Translating back, we obtain
THEOREM 6.8. The convergence, proved in theorem 6.7, is exponential. 0

Once having obtained this exponential convergence result, the most general
case (with no restrictions on the size of v) can be analyzed along the
Iines of section 5.1 (compare the proof of theorem 5.1). Below we formulate
the final result concerning the asymptotic behaviour of x(t) for t>=. The

proof is left to the reader.

THEOREM 6.9. Let M, ;,\’and x(.) be given as above. Then there exist a
partition {D(V),D(v-1),...,D(1),D(0)} of the state space S and a collection

of vectors {x(v),x(v-1),...,x(1)}, with

x(k)i >0 for i € D(k), k = v;v-1,...,1,
and
k-1
x(k)i =0 for i e \./ D(R), k = v,v-1,..,1,

2=0
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such that

v-1 N " R
£ exp (tT)x(V) +. .+ 5= exp (£7)x(2)+exp (tT)x(1)+0 (exp (At))

x(0) = oy I

for to~, where A<rT.

Furthermore, the vectors x(v),x(v-1),...,x(1) satisfy

(6.3.13.v) max Qx(v) = tx(v),
QeM

(6.3.13.%) max  Qx(k) = tx(k) + x(k+l) ko= v-1,...,2,1,
QEMk+1 '

where Mk denotes the set of matrices that maximize the left-hand side in

(6.3.13.k), for k = v, v-1,...,1. 0

With theorem 6.9 we have completed the analysis of the asymptotic
behaviour of x(t), for t»». It will be clear that no iteration methods for
finding a matrix Q € M maximizing the growth of the system need to be
developed; these methods can be copied almost directly from the results in
chapter 3. We emphasize the fact that results for average reward and total
discounted reward Markov decision processes with finite state space, finite
action space and continuous time axis can be established immediately by
applying the results of the present chapter. Also sensitive optimality
criteria in continuous-time Markov decision processes can be analyzed by
methods developed here (in a forthcoming publication attention will be
paid to these matters). What remains to be done is the proof of exponential
convergence in continuous—time Markov decision processes with the average
reward criterion. Appendix 6.A will be devoted to a derivation of this
result, which is indispensible in the proof of theorem 6.9 (compare also

the proof of theorem 5.1).
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decision processes.

This appendix deals with undiscounted, continuous-time Markov decision
processes. These processes have been studied by a large number 6f authors,
compare e.g. HOWARD [29], MILLER [40], [41], BATHER [ 2], DOSHI [20], DE
LEVE, FEDERGRUEN AND TIJMS [14], [15] and VAN DER DUYN SCHOUTEN [67].

In this appendix, both the state space S and the action space A are supposed
to be finite. Our objective is to prove an exponential convergence result,
analogous to the geometric convergence result for discrete-time Markov
decision processes (cf. SCHWEITZER AND FEDERGRUEN [61] ‘and appendix 4.A).

A detailed description of a continuous~time Markov decision process
has been given in section 1.3 (examples 1.3.1.b). Here we only recall the

fact that the optimal return v(t) for an interval of length t obeys

(6.a.1) g-‘g(t) = max {r(Q) + Qu(t)} t e [0,%),
QeM

with v(0) chosen arbitrarily. M is a finite set of ML-matrices, such that
(6.a.2) z q.. =20 iesS, Qe M

. ij

jes
Furthermore, r(Q) denotes a reward vector, associated with Q (Q € M). The

set of Nx (N+1) matrices

{@Qr@) |QeMt
is assumed to have the product property.
We are interested in the asymptotic behaviour of v(t), for to=.
A few preliminary results are needed.
LEMMA 6.a.l. Let Q be an ML-matrix such that Qe = 0. The solution of
dy
(6.2.3)  FH(B) = x(Q + Qy(t) te[0,)

(with y(0) given) can be written as

(6.a.4)  y(t) = tg - (exp(tQ)-Dw + (exp(tQ))y(0),
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where g and w satisfy

Qg

It
|©

(6.a.5)
r(Q) + Qw

[
10}

Remark. As in appendix 2.A it follows that a solution of (6.a.5) exists.
The reader easily verifies that, if (g,w) is a solution of (6.a.5), then

g is uniquely determined by
g = Q*r(Q
(use proposition 6.2 with T = 0). Obviously, w is not unique, since, if

% is an eigenvector of Q associated with T = 0, then w+ox also satisfies

the second equation of (6.a.5). However, since

(exp(tQ)-D)x = 0

y(t) is still uniquely determined by (6.a.4).

PROOF OF LEMMA 6.a.l. A constructive proof of (6.a.4) can be given by

matrix-~theoretical methods and will not be carried out in detail here,

Note that the vector (w],w ,wN,l)T is in fact a generalized eigenvector

goe i
of order 2, associated with the eigenvalue 0 of the matrix Q, defined by

5:={Q r(Q))
0 0

Exploiting the Jordan canonical form of Q, it can be shown that

~exp(tQ) . tg - (exp(tQ)-Dlw
exp(ta) = .

Since (6.a.3) can be written as

%(t) Q r(Q) y(t)

= t e [0,“’)9
0 0 0 1
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the result follows immediately. ) 0

LEMMA 6.a.2. There exists a unique solution v(.) of (6.a.1) on [0,») which

is continuous and satisfies the differential equation almost everywhere.
PROOF. See BELLMAN [ 51]. 0
LEMMA 6.a.3. Let v(.) be the solution of (6.a.1). Then

v(t) 2 y(t,Q QeM; t e [0,0),
there y(.,Q) is the solution of (6.a.3) with y(0) := v(0).
PROOF. The result follows from lemma 6.3, y(0)-v(0) = 0 and

FE®-y(®) 2 Qv (B-y(D) Qe telom. O

LEMMA 6.a.4, There exists a solution (g,w) of the set of equations

max {Qg} =0
(6.a.6) Q<M
max {r(Q) + Qw} = g .

QeM1

with M1 i={Qe M| qQg= 0}. The vector g is unique, and

g = max Q*r(Q) (component-wise) .

QeM

PROOF. The result follows, after some transformations, from the corresponding
result for stochastic matrices (compare (4.a.6) and (4.a.10) in appendix

4.4). O

LEMMA 6.a.5. Let (g,w) be a solution of (6.a.6) and let v(.) be the solution

of (6.a.1). Then there exists a constant ¢ > 0 such that
vo-tgll < e t e [0,®).

PROOF. Choose 6 € M such that
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Then

exp(t)r (@) + exp(tDqv = exp(t)g = g t e [0,2).
For t>~ we find (cf. proposition 6.2)

g =@,
Lemma 6.a.] and lemma 6.a.3 now imply

v(t)-tg > exp(tQ)v(0) - (exp(tH-Dw(Q) =

exp(tQ)v(0) - (exp(tQ)-Dw,

which shows that v(t)-tg is bounded from below.
In order to find an upperbound, we reason as follows. Note that for

B8 sufficiently large we have

(6.a.7) max {r(Q+Q(w+8g)} = max {r(Q+Q(w+gg)} = g.
QeM QeM,

Choose o >0 such that Q+oI b4 2 for all Q € M. By a simple transformation

of (6.a.1), we obtain for t ¢ [0,®)
(6.a.8) é%(exp(at)v(t)) = max {exp(ot)r(Q)+(Q+al)explat)v(t)}.
QeM

Finally choose vy such that

(6.a.9) v(0)

A

w + Bg + ve

Combining (6.2.7), (6.2.8) and (6.a.9), it is easy to verify, by a method

analogous to that in the proof of lemma 6.5, that

v(t) < w + Bg + ye + tg t e [0,=),
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By choosing c¢ appropriately, the result follows. 0

Lemma 6.a.5 is the continuous-time analogue of lemma 4.a.2 (compare also
BROWN [11]). As in the discrete-time case, a stronger result can be proved.

Namely

LEMMA 6.a.6. Let v(.) be the solution of (6.a2.1) and let g := max Q*r(Q).
Then QeM

lim (v(t)-tg)
too

exists.

PROOF. Choose a € Mas in the preceding proof. For s < t we find from

lemma 6.a.] and lemma 6.a.3
v(t) > (t-s)g - ((exp((t-s)QD-Dw + exp((t-8)Qv(s)
(note that g = §*r(Q)). It follows that

v(t)-tg-w > exp((t—s)a)(v(s)-sg—w).

If a and b are two different limit-points of v(t)-tg for t»~ , then, as

in the proof of theorem 6.6, we find

a~w > a*(b—w)

b-w > 6*(a—w)
which implies a-w = b-w, hence a=b. This proves the lemma. O
We have now established the existence of vectors g¥ and w*, with

(6.a.10) g* := max Q*r(Q),
QeM
and sﬁch that

lim (v(t)-tg*) = w*,
to0
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where v(.) satisfies (6.a.1), Clearly, (g*, w*) is a solution of (6.a.6).
Now let

M, :={QeM | Qg* = 0, r(Q+Qw* = g*},
and define

e(t) := v(t)-tgk-w* t e [0,0).
For t.sufficiently large, t > t say, (6.a.1) reduces to

(6.a.11) g%(t) = max Qe(t),
QEM2

where

(6.a.12) 1lim e(t) = 0.
oo -
Our objective is to show that this convergence is exponential. The following

result, essentially due to MILLER [40], will prove to be helpful.

LEMMA 6.a.7. Let M be a finite set of ML-matrices with the product property,
such that Qe = 0 for all Q e M Let x(.) satisfy

——(t) = max Qx(t) t e [0,2),
QeM
with x(0) chosen arbitrarily.

Then, for each t, there exist a positive integer n (depending om t),
numbers tO’tl""’tn with 0 = to < tl < wees < tn—l < tn = t, and matrices
Q(1),Q(2),...,Q(n) € M, such that for k = 1,2,...,n:

x(t) = exp((t, -t )QU)x(t_p). 0

MILLER [ 40] proves that, for a continuous—time Markov decision process,

"switching

there exists an optimal decision rule with only a finite number of
points" (i.e. time points where the optimal matrix changes) on each finite
time interval. For our purpose the lemma as formulated above is sufficient.

Now, let us return to the equations (6.a.ll) and (6.a.12). Define
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c(t) :={ies | e(t); > 0} C'(t) = S\C(t),

D(t) :={i e s | e(t); <0} D' (t) = S\D(t).

Clearly, (6.a.11) and (6.a.12) together imply that C(t) # S,D(t) # S for

t 2 t (since e(t) > 0 would imply lim e(t) > 0; compare the proof of
>0
lemma 6.5 with ¥ = 0 and u = e). The next lemma shows that max e(t):.L
: ieS
decreases exponentially to zero.

LEMMA 6.a.8. There exist positive numbers o and € such that

N
max e(t+s), < (l-exp(~as) =5 )max e(t), s >0, t>¢t
. is= N' 7. i = =
ie8 °  1e€S )
(where N denotes the number of states in S). ]

PROOF. If C(t) = @, the lemma follows trivially. Suppose C{t) # §. Choose
o such that atqg. > 0 for all Q ¢ MZ’ i.e S, Define R(n) recursively by
R(0) = C(t) and

R(n) :={i eS| 3Qek, : (0d, .+q..) = 0} n e W,
2 ﬂ&mn 13743

If R(n) # ¢, then, since M2 has the product property, there exists a Q¢ Mz

such that, simultaneously for all i ¢ R(n), we have
(6.2.13) Y (@8,.+q..) =0 .
jR@-n M

From the choice of o it follows that R(n) < R(n~1). If for some n > 1 we
have R(n) = R(n-1) and R(n) # ¢ then (6.a.13) becomes

jertw Y557 L Lere,
which implies (by 6.a.2)
(6.a.14) ) (exp (£ = 1 ieRM; te 0,9,
jeR(n)

But, if (6.a.14) holds for Q € M2, then, since R(n) < R(0) and R(0) = C(t),

max e(t)i cannot converge to zero for t- o . We conclude
ieS
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R(n) < R(n~-1) n.e M.
4

But then, R(n) = ¢ for n > N. By definition of R{(n) we find

v
<

ies,

Y ((@I+Q(1)) . ... (@I+Q(m)) . .
JER(O) 1

for each n—-tuple (Q(1),Q(2),...,Q(n}) with n

exists a constant € >0 such that

nv

N. Since MZ is finite, there

nv
ol

) ((aI+Q(I))....(aI+Q(N)))ij

i¢R (0) ies;Q),..,Q) eM,.
j

For n > N we have furthermore

eXP(tlQ(l))eXP(tzQ(Z)).....exp(th(n)) >

> exp(—a(tl+...+tn))exp(t](aI+Q(1)))...exp(tn(aI+Q(n))) >
kl k k1 k
(@T+Q(1)) ... (eI+Q@) Mt L.t "
: n
2 exp(-alt +.. .4t )) ) .

1 1
k1+"'+kn=N kl""kn'

Hence, for each n > N and each n-tuple (Q(1),...,Q(n)), it follows that

] (exp(t Q(D)...em(t Q@) =

j€R(0) ' K, k_
Epeneety
= exp(—a(t1+...+tn)) z £ ——— =
k,+...+k_=N k,t..k !
1 n 1 n*
N
(tl+...+tn)

iesS8.

exp(—a(tl+...+tn))€

Using lemma 6.a.7 and the fact that R(0) = C(E), it follows that

N
E£S

max e(t+s). < (1-exp(-as) Ymax e(E). s
. i= ' . i
ie8S . ieS

v
o

Since the same result can be obtained for every starting point t, with

t > t, the lemma now follows. 0

By similar arguments, one may show (compare the second part of the
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proof of lemma 4.a.4):

LEMMA 6.a.9. There exist positive numbers a,§ such that

N
min e(t+s)i > (1-exp(-as) 8s Ymin e(t). s >0, t
ieS N 1e€8 t a

nv
1
()

Now, choose § ¢ R* and B8 eR' such that

GsN
B := . max {min(exp(-as)
O<g<» .

» exp(-as)

SN
=1
1

6§N - egN
s exp(~as) — ).
1 T

= min(exp (~oE)
Then s > 0, §>0 and for t > t

max e(t+s), - min e(t+s). < (1-B) (max e(t). — min e(t).),
o i . i= . . i
ie$S ieS ieS. ieS

which shows that the convergence in (6.a.12) is exponential. Combining the

results, we have found:

THEQOREM 6.a.10. Let v(.) be the solution of (6.a.1). Then there exist vectors
g¥ and w* such that

lim (v(t)-tg*) = w*,
o0

and this convergence is exponential. 0

Up to now we have considered Markov decision processes with a fixed
reward vector r(Q), associated with each Q ¢ M. Let us now suppose that
. N . .
for each Q a vector function r(Q,.) : [0,») + R is defined such that for

some ¢ > 0 and vy>0
(6.a.15) |l r(Q,t) - r (@] < c exp(-vt) QeM, t e [0,0).
Furthermore, for each t € [0,»), the set of Nx(N+l) matrices

{(Q,r(Q,T)) | q e M}
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is assumed to have the product property.

Consider the following nonlinear differential equation

(6.a.16) %%(t) = max {r(Q,t) + Qu(t)} t e [0,0),
QeM
where u(0) is arbitrarily chosen.
Then, by methods similar to those used in appendix 4.A, and taking

into account (6.a.15), the following theorem can be proved.

THEOREM 6.a.1!. There exists a unique, continucus solution u(.) of (6.a.16)
which satisfies the differential equation almost everywhere. Furthermore

there exist vectors g* and w*, with g* defined by (6.a.10), such that

lim (u(t) - tg*) = w*,
to0

and this convergence is exponential. |

It is this final result which has to be used in the proofs of

theorem 6.8 and, especially, theorem 6.9.







PART 1l

COUNTABLY INFINITE-DIMENSIONAL SYSTEMS




CHAPTER 7

COUNTABLE STOCHASTIC MATRICES:
STRONG ERGODICITY AND THE DOEBLIN CONDITION

This chapter is introductory. Its objective is to introduce some
important characterizations of stochastic matrices of countably infinite
dimension (or, shortly, countable stochastic matrices). The introduction
of these characterizations is felt to be fundamental for a good appreciation
of the conditions needed to establish a theory for countable nonnegative
matrices, analogous to the one for finite matrices developed in chapter 2.
These conditions are related to the concept of strong ergodicity in a
Markov process with one recurrent class, and to the Doeblin condition in
a Markov process with more than one recurrent class. In section 7.1 these
concepts are introduced and some important features of Markov processes,
satisfying these conditions, are discussed. In section 7.2 we pay special
attention to the relationship between strong ergodicity, the Doeblin B
condition and the mean recurrence time. Also relationships with higher

recurrence moments are investigated.

7.1. Strong ergodicity and the Doeblin condition.

We start with a brief review of the main ideas in the theory of
homogeneous Markov processes on a countable state space that are important
in the sequel. All these ideas are treated extensively in CHUNG [13].
Next, the concepts of strong ergodicity and the Doeblin condition are
discussed. Important references with respect to these notions are DOEBLIN
[18], pooB [19], HORDIJK [27], ISAACSON AND LUECKE [31], ISAACSON AND
MADSEN [32], NEVEU [43] and WIJNGAARD [72], and some of the references
given there.

Consider the following stochastic process. An autonomous system may

be in any state of a countable state space S. At time points t €]NO the
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system moves from state i to state j with probability Pij (independent

of t). We assume

jgs Pyjj =1 eS8,

Hence, the transition law of the process is specified by a countable

stochastic matrix P. Such a process is called a homogeneous discrete—time

Markov process or (in this chapter) shortly: a Markov process.

(Q),= s

ij © ij°
is the probzbility of being in state j after n transitions,

_As usual, pi?) denotes the ij-th entry of p" (n eimo), and p
Note that pgq)
1]

when starting in state i. Furthermore, by definition

(n) (n) .
(7.1.1) . := z P:: ies,
1A jeA 1]
for a subset A < 8.
An important concept, extremely helpful in characterizing the structure

of a Markov process, is a taboo probability. Let H be a subset of the state

space S. Define the taboo probability Hpi?) by
312 p(o) g 51j iftiéH, jes

.1, P55

0 if i eH, jesS,
and for n > 1t
(n) . .
(7.1.3) p..’ = 2 Pss Ps & eoesDs . i,j € S.
H'1j 11,001 40 Iy 4 =13

)

Hence, for n > 0, Hpi? denotes the probability of a transition from i to j
in n steps, without entering H in the meantime (note that i,j € H is allowed).

H is called a taboo set. If H is empty, it is omitted from the notation;

if H consists of a single state, H = {8} say, we write Qpég) instead of
(n)
(2¥Pij *

Choose j € S fixed and define

(n) ,_ _(n)
(7.1.4) £ = Py

ij jp neINO;leS,

or, more generally,
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.15 £ ® . 0 ) (m)

i T wPim T L ®Pij ne lNj5 1esS.
jeH

These values are often called first—entrance probabilities. A first-
entrance taboo probability Hfi?) can be defined by

@ ._ (1 L.
(7.1.6) Hfij '= ijij . n eINO, i,jeS,

where jH denotes {j} uH., Notice that

AR ) Hfi?) neW,;ics.
jelH

First—-entrance probabilities are useful tools for characterizing
the state space S of a Markov process. Let FiH denote the probability that

the system reaches the set H, when starting in state i. Then obviously

_v @ .
(7.1.8)  Fyp= ) f£5 s
n=0

(0)

(note that fiH = 0). Clearly, F,

im is a probability.

<1 since FiH
DEFINITION 7.1, A state 1 € S is called recurrent if Fii = 1, and transient
if Foi < 1. 0

A further classification can be obtained by considering LI defined

by

N ¢
i= z nfiH

n=1

(7.1.9) m.

S ieS.

DEFINITION 7.2. A state i € S is called posttive recurrent if F;; =1 and
m. < it is called null recurrent if Fii =1 and m . o= e, 0
Definitions of (Zr)reducibility, (a)periodicity, classes, etc. can

be copied directly from the cofrresponding definitions in the finite-
dimensional case. A Markov process is called (Zr)reducible, {(al)periodic,
etc., if this is so for its corresponding stochastic matrix.

A proof of the mext result can be found in CHUNG [13].

PROPOSITION 7.1. With respect to an irreducible Markov process either

all states are recurrent or all states are transient. In case of recurrence,
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either all states are positive recurrent or all states are null recurrent. [J

In view of proposition 7.1 we speak of a recurrent and transient
process, respectively. In case of recurrence, we speak of a positive
recurrent and a null recurrent process, respectively.

If F., > 0 for some i € S, H c¢ S, then
1H

[
_ (n)
mg/ Fig = 1 gy [ Fp,
n=1
. ) -1 .. . .
i.e., miHFiH can be seen as the conditional expectation of the time,
necessary to reach H from i, under the condition that H will indeed be

reached, If Fo.= 1 (i.e., if state 1 is recurrent), then m is called the

mean recurrence time. In this case we have

N (I LW T (n)
m,, =) 3 f.o0= 3 (-3 £ =14+ . Dy
020 k=n+1 Y 450 kZO 1 nzl jgﬁi ti

Remark. In order to avoid possible confusion, we remark that several authors

(e.g. HORDIJK [27]) define m, by

5 () .
m, ., = Z 2 P, 1 eS8, HcS,
1H n=0 j¢H H 13

The reader may note that this definition is equal to our definition (7.1.9)

if and only if FiH =1 and i ¢ H. In the sequel m is defined as in (7.1.9).

Higher moments will also be needed in the sequel. Let

() T (m)(n+1-k) :
(7.1.10) w2’ == ] () . keNy,ies,Hcs.
n=k
Note that m(O) =F m(])= m,. for i € S, H ¢ S. Clearly these moments can
iH iR’ "iH iH ?

be used for more detailed classifications of the states.

Well known is the following property (cf. CHUNG [131):

PROPOSITION 7.2. Let P be irreducible. Then

1T ok
(7.1.11) 1imm z P
n+e k=0
exists (element-wise). Let Q denote this limit, then Q = 0 if the Markov
process with transition matrix P is transient or null recurrent, If this

process is positive recurrent, then
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qs., =m.,., >0 i,j €8 0

Let P be a countable stochastic matrix. The definition of the period
of a state i € S can be copied from definition 2.3. As in the finite case
one can prove that all states have the same period if P is irreducible
(¢f. proposition 2.1). Hence we may speak of a (a)periodic, irreducible
matrix P and of the (a)periodic, irreducible Markov process, induced by P.
If P is irreducible and aperiodic, then the matrix Q, defined in proposition

7.2, satisfies

(7.1.12) Q = lim P".
N
Note that Q is a matrix with equal rows.

If P is reducible, then the state space S can be partitioned uniquely
into a collection of subsets {C(1), C(2),...}, where C(k) denotes an
irreducible set of states which cannot be enlarged without destroying its
irreducibility (k € W). As before C(k) is called a class; we say that C(k)
is final if Py~ 0 for all i € C(k), j € S\C(k) (k ¢ W), Furthermore, a
class C(k) is called recurrent if Fii =1 for gome (and hence each) state
i € C(k), otherwise C(k) is called transient. Positive recurrent and
null recurrent classes are defined analogously. Note that a recurrent class
C must be final, since pij > 0 for some i ¢ C and some j e S\C implies
¥,. < |, contradicting the recurrence of i (recall that P is stochastic).

ii
A proof of the next result can be found in CHUNG [13].

PROPQSITION 7.3. Let P be a countable stochastic matrix. Then

1. lim pg?)
e I

= 0 if j is transient or null recurrent (i,j € S).

2. If j is positive recurrent, then

n

lim ;%T z ig) = Fi.m.! i,j e S.
n-e k=0 ] 333

If in addition j is aperiodic, then

lim pf?) = F..mt! i,j e S.
e, 1 1333

Finally, Fij = 1 if i and j belong to the same recurrent class. l
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Let us take a closer look at a special type of Markov process, namely
a process that has exactly one final class. Such a process is called ergodic
if this final class is aperiodic and positive recurrent. The same adjective
is used to describe the associated transition matrix P. The following,

stronger, definition can be found in ISAACSON AND LUECKE [31].
DEFINITION 7.3. A stochastic matrix P is called strongly ergodic if

(7.1.13) 1lim || P"-q|| = 0,

nHe

where Q is a stochastic matrix with identical rows and ]L.H denotes the

usual sup-norm. 0

DEFINITION 7.4. The delta coefficient of a stochastic matrix P is defined
by

$ := 1 - inf i . . .
(P 1 -1nf .anln(%J, ka) 0
1,keS jes

ISAACSON AND MADSEN [ 32] proved

LEMMA 7.4. A stochastic matrix P is strongly ergodic if and only if G(Pn) <1

for some n ¢ WN. 0

Another characterization of strong ergodicity follows from

LEMMA 7.5. A stochastic matrix P is strongly ergodic if and only if there

exists a state s € S, a constant € >0 and an n, € W, such that

(7.1.14) inf p

v
o]
o

v
j=]

PROOF. If P is strongly ergodic then

sup [p{2 -, | s ow J 1p{Tayl = Il 2l
1 ; i jeS

Hence (7.1.14) holds for each state s with Agg ~ 0 (take ¢ = %qss).

On the other hand, if (7.1.14) holds for the triple (s,e,n then

0)’

G(Pn) < l-e n>n
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which implies strong ergodicity, according to lemma 7.4. 0

The characterization of strong ergodicity, given in lemma 7.5, will
prove to be very useful in the sequel. Analogously we define Cesaro strong
ergodicity.

DEFINITION 7.5. ‘A stochastic matrix P is called Cesaro strongly ergodic

if there exists a state s ¢ S, a constant € >0 and ann, ¢ N, such that

0

I
inf-—%f ) pgk)
ies ™ k=0 *S

[

€ n>n

Strong ergodicity and Cesaro strong ergodicity are important tools
for analyzing Markov processes with one final class. For processes with
more than one final class there exists an analogue of the concept of

strong ergodicity (cf. DOEBLIN [18]).

DEFINITION 7.6. A stochastic matrix P is said to satisfy the Doeblin

‘condition if for some finite subset A ¢ S, some € > O and some n € W

(n) c

inf P, 2 e

ie$S
Clearly, a Markov process with a transition probability matrix satisfying
the Doeblin condition possesses at most a finite number of final classes.
One may wonder how small the set A can be chosen. The next definition is

relevant.

DEFINITION 7.7. A set of reference states of a Markov process is a subset
B < S which contains exactly ome state from each recurrent class and no

other states. O
The above-mentioned question can now be answered in the aperiodic case.

LEMMA 7.6. Let P be the transition matrix, associated with a Markov chain
each recurrent class of which is aperiodic. Then P satisfies the Doeblin

condition if and only if

(7.1.15) inf pgn) > € n>n
fes B = -
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for some finite set of reference states B, some € > 0 and some integer
ny > 0.
PROOF. Obviously we only have to prove the "only if" part. Suppose P

satisfies the Doeblin condition, i.e., suppose

(7.1.16) inf pii)

1

> 8§

for some finite set A, some § > 0 and some k ¢ W, Clearly P possesses at
least one, and at most a finite number of final classes C(1), C(2),...,C(r),

say. Let A(L) := A n C(2) (2 =1,2,...,7). Then

) p(k+n) -

n) (k)
.. P §
jea(s) heC(2)

(
P, )
hoseay M

v

iec(), ne]NO,
which implies that each class C(%) is positive recurrent (2 =1,2,...,1),
by proposition 7.2 and (7.1.12), Furthermore, S\(C(1) uU ...u C(r)) contains
no recurrent class, since each recurrent class is final. Choose tl e C(R)

for £ = 1,2,...,7, then B := {t ,t_ ,...,t_} is a set of reference states.
1 r

2
Each state i € S has access to B. This certainly holds for each state in
the finite set A. Hence, by the aperiodicity, there exists a constant p > 0

and an integer n > 0 such that (cf. proposition 7.3)

e} - . -
p§B) >0 JehA, n>mn,
Since
(n+k) k) (m .
P > z 0 p. ie8S, ne N,
iB jeA 1] iB 0
(7.1.15) follows immediately with n, := & + k and € = pé. 0

0

Lemma 7.6 shows that, in the aperiodic case, the Doeblin condition
is the analogue of strong ergodicity in the case that more than one final
class exists (cf. lemma 7.5). When assuming the Doeblin condition we may
restrict ourselves to a set of reference states. If the aperiodicity

assumption is removed, we obtain

LEMMA 7.7. A stochastic matrix P satisfies the Doeblim condition if and

only if there exists a finite set of reference states B, a constant € > O
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and an n € IN, such that

n
(7.1.17) inf —%T _pég) > € n > 1,
ies ™' k=0 =

PROQF. Suppose (7.1.17) holds. It is easy to construct a finite set A such
that

(7.1.18) péz) > i ieB;n=0,1,...,10.

Combining (7.1.17) and (7.1.18) we find

n)

( .
Pia € S.

Itv
[
m
™

Hence, the Doeblin condition holds. The proof of the inverse implicaﬁion

is gimilar to that of lemma 7.6 and will be left to the reader. 0

Hence, also in the periodic case, we may restrict ourselves to a set
of reference states when assuming the Doeblin condition. Note that (7.1.17)
is the analogue of Cesaro strong ergodicity for the case of more than one
final class. In the next section the notion of a set of reference states
B is used to study relations between the Doeblin condition and the moments

mi(g) (cf. (7.1.10)). ;

7.2, Doeblin condition and mean recurrence time.

In this section it is shown that the Doeblin condition is equivalent
to uniform boundedness of the expected time, necessary to enter a set of
reference states. Relations with higher moments are also investigated.

First we have:

THEOREM 7.8. Let P be a countable stochastic matrix. Then P satisfies the
Doeblin condition if and only if there exists a nonempty, finite set of

reference states B, such that

1?f FiB =1
i

and
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sup myp < -
i
PROOF. "only if", Suppose P satisfies the Doeblin condition. By lemma 7.7
we know that there exists a nonempty, finite set of reference states B such

that for some € > 0 and some n, ¢ IN, we have

0 0
n
. 1 k)
inf — 2 . > € n>n..
i n+l k=0 iB = = 0
It follows that
sup z Bpi?) < I-e n > Dgs
i 3¢ 0 Y =
hence
(7.1.19) 1lim sup Z Bpikn) < lim (l—e)k =0 n > ng.
ko i j¢B -~ *J koo
Since, for each 1 ¢ S,
(n)
DI
i BTHI
is nonincreasing in n, it follows that
lim sup z BPE?) =0,
> 1 j¢B J
From
n
) fig) ) Bpg?) = 1 n>1,ies,
k=0 j¢p ° 13
it now follows that FiB = 1 for all 1 ¢ S. Furthermore
(7.1.20) m= § ne® o § 7 B oaa ) ] LW ies
n=1 n=0 k=n+1 n=1 j#B ° I
since FiB =1 for all 1 € S. Using (7.1.19) and the fact that
(n)
L oopes
jép B 1

is mornincreasing in n, we conclude:
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sup m., < o,
ip 1B

"if", Suppose now that Fop = 1 and mp < C for all 1 € S and for some
constant ¢ > 0 and a nonempty, finite set of reference states B. Since,

for each i € S,

o

) f(k)

k=n+] 1B

is nonincreasing in n, it follows that for each §, 0 < 8 < 1, there exists

an integer n, = no(é) > 0, such that

sup 2 Bpig) = sup z fgg) h n > n,
i j¢p - 1 i ken+l
(use (7.1.20) and the fact that FiB =1, oo < ¢ for all ie 8).
It follows that
n
. (k) _
inf 2 fiB > 18 n 2 ng.

i k=0

In particular, for each i € S there exists a nomnegative integer k = k(i),

k < n,, such that

(k)

aa2n p% > -6)/m,.

Furthermore, it is easy to find a finite set A, such that

(2)

(71.1.22) p;, 2} ieB; 2=0,1,...,m.

Combining (7.1.21) and (7.1.22), we conclude

(no)
Pip 2 (1—6)/(2n0) for all 1 € S.
Hence, the Doeblin condition holds (cf. definition 7.6). g

The following result relates the Doeblin condition to higher moments.

THEOREM 7.9. Let B be a set of reference states. Let FiB = } for all i € S.
Then
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s?p moa < o <=> sgp m§§) < o for all k ¢ WN.

PROOF¥. Suppose

sup m,, < «,
ip 1B

Since Fi = 1, this implies (cf. 7.1.20))

B

sup z z p(n) < oo,

i n=1 j¢éB BUij
Choose o ¢ N and let
(o)
sup miy <

1

Then

@, 7 7 oM ey
B

o > gup (m,. . P .
i B nay g BH
T k. (k+l-a) (m) ¢ (k. (k+l-a)
=sup () ()£, + 3 2 p.w § ()£
i k=a B n=1 jéB B 1 k2o @ JB
00 © k : (n+k+1-0c)
K, (ntk+1-a) S MR .
= sup ) (o) fip = sup I 1 () fip -
i n=0 k=a i n+k=a f=a
T /ntk+]) _(ntk+l-a) v r \ ((r+1)-(a+1))
= sup E ( )f. = sup z ( )f. =
i n+k=a a+l iB i r=o+l a+1771B
_ (a+1)
= Sgp Mg

k-1

a -
(here we used(n;9= ¥ ( , ) for k > 1, n > k-1),
L=k+1 - -

By induction it is proved that

sup mgk) < = for all k- e W.
. 1B
i
The reverse implication is trivial. ' 0

COROLLARY. A stochastic matrix P satisfies the Doeblin condition if and only

if there exists a nonempty finite set of reference states B such that

(7.1.23) FiB = 1 . for all i ¢ S,
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and
(7.1.24) sup mgg) < © for all k e W,
PR
PROOF. Immediately from theorem 7.8 and theorem 7.9. ‘ {1

Note that a finite stochastic matrix trivially satisfies the Doeblin
condition and hence (7.1.23), (7.1.24). Roughly speaking, one might say
that a countable stochastic matrix satisfying the Doeblin condition behaves
more or less the same as a finite stochastic matrix.

It will appear that many of the definitions given in this chapter
can be extended to general (i.e. not necessarily stochastic) matrices of
countably infinite dimension (compare the mnext two chapters). Moreover, we
will meet several conditions which, translated to the stochastic case,
take the form (7.1.23), (7.1.24). The notion of a "set of reference states"
will play a basic role again in chapter 8. Once being familiar with the
analysis of countable stochastic matrices, we hope that the results for
general nonnegative matrices of countably infinite dimension will become
more transparent. This has been the main reason for writing this introductory
chapter, in spite of the fact that most of the results will be well known
to readers familiar with stochastic analysis; as far as we know only the
notion of a set of reference states, lemmas 7.6 and 7.7, and theorem 2.9

(and its corollary) are new.




CHAPTER 8

R-THEORY FOR COUNTABLE NONNEGATIVE MATRICES

In this chapter we investigate the possibility of extending the
results of chapter 2 to matrices of countably infinite dimension.‘Apaftb
from being interesting in itself such an extension would be important in
several fields of application that require the assumption of a countable
state space (e.g., in queueing theory). Moreover, once having established
an extension to systems with countable state space one may hope that. at
least some light is shed on systems with a more general state space, i.e.,
systems where we deal with general nonnegative linear operators.

VERE~JONES [65], [66] showed that the Perron-Frobenius theorem can
be extended to irreducible nonnegative matrices of countably infinite
dimension. A basic role in his analysis is played by the parameter R,

the common convergence radius of the series
o

I e

0

n=

n) n ..
ij) z i,] € 8,

where P is a countable irreducible nonnegative matrix and S a countable
set of states. In section 8.1 we review the fundamental results of this
R-theory (SENETA [52]). Next, the theory is extended to general nonnegative

"generalized eigenvector theory", analogous to the

matrices; we show how a
one in chapter 2, can be developed (section 8.2). The results will prove

to be of particular importance in the use of certain contraction properties
of monnegative matrices and for the construction of so-called R-subinvariant
vectors. The construction of generalized eigenvectors, in this chapter
called generalized R-invariant vectors, requires some assumptions on the
nonnegative matrix P; in section 8.3 we will give a separate discussion of
these assumptions and relate them to results of the preceding chapter:

The methodology, used in chapter 8, has been deeply influenced by the




140

treatment of countable Markov chains in CHUNG [13]. As in the preceding
chapter, concepts like first-entrance transition, recurrence, etc. will
appear to play a fundamental role. In addition, semi-probabilistic
interpretations of invariant vectors and generalized invariant vectors can

be given.

8.1. Countable irreducible nonnegative matrices.

. This section is devoted to a brief exposition of the main ideas of
Vere-Jones' treatment of countable irreducible nonnegative matrices. In
addition we give some preliminary results which will be needed in the sequel.

Throughout this chapter we work under the following assumption.

Assumption 1. For each nonnegative matrix P we suppose

n L. :
pi(j)<°° 1,7 € S, n e W,
Let P be a countable irreducible nonnegative matrix. Consider the

following power series

~ SN CY
P,.(z) := } p.u 2" i,j € s.
Let Rij denote the convergence radius of Pij(z)' One can show that for all

i,j,s,t € S we have

Rij st ’

if P is irreducible. The proof uses inequalities of the kind

s

(n+k+2) &) () (%)
(8.1.1) Py 2B Por Py

and the fact that for some fixed k and %

(k) (2)
P > 0, ptj >0
by the irreducibility of P. Hence Rij < Rst' The inverse inequality is
proved similarly. This shows the desired result.

It follows that the series Pij(z)’ i,j € S have a common convergence
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radius R. R will be called the convergence parameter of P. Throughout this

séction we assume
Assumption 2. R > 0.

The reader may note that for finite nonnegative matrices R is equal
to the reciprocal of the spectral radius. SENETA [52] shows that R <
by applying a theorem on supermultiplicative functions, due to KINGMAN [37].
We follow another way by introducing so-called first-entrance transition

power series; the finiteness of R then follows as a by—product.
(n) () _(n)
wPij » fij> Tim and
in exactly the same way as in chapter 7 (compare (7.1.2) until (7.1.6))

Let H be a subset of S. We define quantities
(n)
Hfij

for i,j € S, n € W, . We speak of taboo~transition values and first-entrance

0
transttion values (note that the use of the word "probability" is not allowed

in the present context). Now consider the power series Fij(z)’ defined by
v (@ n ..
F..(z) := ) £..) z i,j € s.
+ n=0 3
Obviously, F..(z) has convergence radius at least equal to R since

fé?) < pi?) for all n € ]NO’ i,j € S. Furthermore, it follows from

n

p(n) - £k (n=k)

ij kZO ij "33

i,j € S, ne I
(this is the first—entrance decomposition, cf. CHUNG [13]), that
(8.1.2) Pij(z) =6,. + Fij(z)ij(z) i,ij € S,lz| <R.

1]

In particular

il

(8.1.3)  F.,(2) = (B, (2)-1)/P,(2) i<es, |z] <R,

which implies that
(8.1.4) Fii(R—) := 1im Fii(z) < 1.
z>R

The next lemma follows immediately from (8.1.4).

LEMMA 8.1. The convergence parameter R of a countable irreducible nonnegative

matrix P is finite. 0
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We use (8.1.4) to classify the states, as follows:
DEFINITION 8.1. Let P be a countable, irreducible, nonnegative matrix with
convergence parameter R, Then state i ¢ S is called R-recurrent if
F..(R-) = 1 and R-transient if F,,(R-) < 1. 0
ii ii
It follows from (8.1.3) that i is R-transient if and only if
Pii(R—) < w, Using this result and inequalities of the kind (8.1.1), one
easily establishes the following lemma.
LEMMA 8.2. Let P be countable and irreducible with convergence parameter R.
Then, either all states are R-recurrent or all states are R—transient.
The matrix P is then called R-recurrent, or R-transient, respectively. [J
The reader easily verifies the following equality:

(8.1.5) Fij(z) =z ggj 1 79 sz(z) + zpij i,j s, |z| < R.

Since for 0 < z < R the series Fij(z) is increasing in z for all i,j ¢ S,

we have
Fij(z) <R 'Z. Pig F£j(R—) + Rpy ; i,j €8, 0<z <R,
2#j
hence
Fij(R—) <R n;j Py, ij(R—) + Rp; s i,j e S.

Using the same argument, we find

Fij(R‘) >z z_ Py sz(z) + zPij i,j €8, 0z <R,
24]
hence
Fij(R—) >R xgj Piy sz(R-) + Rpg 4 i,j e 8.

Combining these results yields
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(8.1.6) Fij(R—) =R z;j 1799 ng(R—) + Rpij i,j € S,

and in particular

n_(n) .
> . (R~ 2D . . (R- .
1> FjJ(R ) > RJle FQJ(R ) js% €S, ne I

(Obviously, (8.1.6) follows immediately from (8.1.5) by the Monotone
Convergence Theorem. The proof of (8.1.6) is given in detail since it is
typical for several proofs to follow).
Using the irreducibility of P, we conclude

0 < F () < 2,j € S. .

The following result is fundamental.

THEQREM 8.3. Let P be irreducible with convergence parameter R. Fix some

state s € S and define the vector u by

[=1
I

;¢ sis + (I—GiS)FiS(R~) ie S.

Then -

RPu < u

with equality if and only if P is R-recurrent. If x is any semi-positive

vector such that BPx < x for some 8 > 0, then x > 0 and B < R. Moreover

X.

(8.1.7) ;{i F. (B) ies.

is

[}
flv

PROOF. RPu < u follows immediately from (8.1.6). If P is R-recurrent then
RPu = u since FSS(R~) =1 = u in that case. If BPx £ x for some x > 0 and
B > 0, then x > 0 by the irreducibility of P. Suppose B > R. Choose a such

that R <'a < 8. Then

] o"Px < ) o8 "x = (1-aB ) x,
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hence in particular
I o <o i,jes,

contradicting the fact that o > R. Hence 8 < R.

Finally we prove (8.1.7). Clearly the result holds for i = s. Suppose

i # s. By induction we show that for all m ¢ ]NO and 1 # s
X, m
@.1.8) =Lz ] fg) gk,
s k=0
which implies the desired result. For m = 1 the result holds since f£2)= 0
and
= 2D
X 2 Bpis x, = Bfis X i€ S.
Suppose (8.1.8) holds form = m > 1. Then
m
(k) .k
X, > BZ P,.X. > Bp, x_ + B z P.. z £. 7 Bx =
i E ii7j is”s 3ds ij 2y Is s
m+1 m+1
k=2 k=1
hence (8.1.8) holds for all m. -0

The proof of theorem 8.3 follows also from a combination of several
results in SENETA [52]. The method used above will also prove to be useful
in the next section.

The reader may note that the vector u plays the role of a strictly
positive eigenvector, associated with R‘l, if P is R-recurrent (recall that
for finite matrices R_1 is equal to the spectral radius). Theorem 8.3 also
shows the nature of these eigenvectors (their elements being power series
of first-entrance transition values, calculated at the convergence

parameter R).

DEFINITION 8.2. Let P be a countable nonnegative matrix and let x be a

semi-positive vector such that for some constant B > 0

BPx < x.
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Then the vector x is called B-subinvariant. If BPx = x then x is called

g=invariant. 0

It is well known that a strictly positive eigenvector of a finite
nonnegative square matrix must be associated with its spectral radius
(cf. BRAUER [10]). The reader may wonder whether it is possible for a
countable irreducible nonnegative matrix P to have values in its point
spectrum with modulus larger than R-I. The answer is affirmative as the

following example shows.

Example 8.1. Let S := {1,2,...} and let P be a stochastic matrix defined
by

_ _ l+pl+l . _ . . .
= 1—pi | ST 3 Pj; = 0 for j # 1,i+l ies,

pi,i+1 . 1+p1 ij

with 0 < p < I, Obviously, P is irreducible and aperiodic. We have

f(n) - l+pn pn—pn+] _Ip =n ne MW,
1,1 l+p ]+pn 1+p
- § n_ _ (1-p)pz
Fia@ =15 L 02 = myassy

1 _ (1+p) (1-pz)

(2))" 14+p-2pz

14

P 1(z) = (1—]?1,1

1+p

hence R = 7 Furthermore, F (R-) = 1, hence P is R-recurrent. It is

1,1
not hard to verify that the vector x, defined by

i—1+ i

Xi=—P————i—P——' ie$s

I+p
is a strictly positive solution of

e ) )
Px =R x = T+p X

-1 . . P .
If p< 1, then R < 1, Hence, there exists a strictly positive eigenvector
associated with R_l, although R‘] is smaller than the spectral radius of P,

This is impossible for finite-dimensional nonnegative matrices. 0

A further classification of the states can be obtained by taking
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into account the series mi.(z), defined by

m,.(z) = J nfg?)zn i.j es, |z] <R
i3 13

n=1 .
DEFINITION 8.3. Let P be an irreducible R-rectuirrent nonnegative matrix.

Then state i ¢ S is called R-positive if

mli(R—) = 1lim mii(z) < oo,
z-R

otherwise i is called R—null. ! -0

As before one may prove that either all states of an irreducible
R-recurrent nonnegative matrix are R-positive or all states are R-null
(cf. VERE-JONES [65]). We speak of an R-positive (R-null) matrix. The reader
may verify that the matrix P of example 8.1 is R-positive for 0 < p < 1.

For the analysis in the next section also higher moments are needed.
5 (2) by

Define m

®,\_ v (n+1-k) n+l-k L _
i3 (z) = nZk<k> ij ke Nys i,jeS; [z[ <R.

Note that m(o)(z) = Fij(z)’ mgg)(z) = mij(z). The following result holds.

LEMMA 8.4. Let P be irreducible with convergence parameter R. Let
(k)(R—) <o for k € W; i,j € S. Then for k > 1

8.1.9) m§§)<R—> -0 P @)+ » z by P @) i e s,

PROOF. As in the proof of theorem 7.9 we find for k > 1

(k)( ) = (k 1)(2) + z Z 2", (E) (k ])(z) i,j eS,|z| €R,
n=1 2#]j 3
from which it is immediately deduced that
(k) (k D (k) . .
(z) = i3 (z) + z géj P, m 03 (z) i,] eS,Izl <R.

The proof is completed in the same way as the proof of (8.1.6). O
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The moments miﬁ)(R—) will play a crucial role in the construction of
so-called generalized R-invariant vectors (the equivalent of generalized
eigenvectors, associated with the spectral radius, in the infinite
dimensional case). Moreover, they are "minimal" in a sense, similar to the

quantities Fij(R—) (compare 8.1.8), as .is shown by the next theorem.

THEOREM 8.5. Let P be irreducible with convergence parameter R and let there
exist nonnegative vectors y(0), y(1), y(2),... such that for some B > O the

following holds

y(0), > .B'Zs Py v ies,
(8.1.10) J
y(k); 2 y(-1), + Bjés Pss y(k)j ke N, ies,

where y(0) 2 0 and s is some fixed chosen state in S. Then y(k) > 0 for
k € ]NO and 8 < R. Furthermore, if y(Q) is normalized in such a way that
y(O)S = 1, then

8.1.1D) (0, 2z n (8) ieS, ke N,

PROOF. By theorem 8.3 it follows that y(0) > 0 and 8 <R Since y(k) > y(k-1)
for k > I, it follows by induction that y&) >0, k ¢ ]NO. By (8.1.7)_

we have
_ (0 .
y(0); 2 Fij(s) =m; " (8 ies,

if y(O)S = 1. Suppose (8.1.11) holds for k = o. Iteration of (8.1.10)
yields (recall that y(a+l) > 0)

(o) T n (0 (@), _ (a+])
ylat, 2m 7B + [ ] 8 Py myg (B) = m ™ ()
n=1 j#s
(compare the proof of lemma 8.4). Hence (8.1.11) holds for k = a+l. By

induction the proof is completed. O

The reader may note that, if the conditions of theorem 8.5 are

fulfilled for B = R, the result implies the existence of all moments
k .

mgs)(R—) for i,s €8, k ¢ ]NO.

where vectors y(0), y(1), v(2),... are relatively easy to obtain, whereas

This may become important in applications
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. k
calculation of the moments m§s

job. The functions y(0), y(1), y(2),... are often called Lyapunov functions;

)(R—) may become a hard, or even impossible

HORDIJK [ 27] uses these functions to analyze (sets of) stochastic matrices.
In addition, equations of the kind (8.1.10) are usually called a Lyapunov
functién eriterion.

With theorem 8.5 we conclude the analysis of countable irreducible
nonnegative matrices and turn to the reducible case. In particular we will
make an attempt to extend the generalized eigenvector theory of chapter 2
to the infinite-dimensional situation. The moments mgk)(R-) will play a

13
fundamental role in this analysis.

8.2. Countable reducible nonnegative matrices.

In this section we shall discuss countable reducible nonnegative
matrices and give conditions guaranteeing the existence of strictly
positive R-subinvariant vectors. Moreover, we discuss B-subinvariant vectors
and generalized R-invariant vectors (the equivalent of the generalized
eigenvectors; considered in chapter 2, for the infinite dimensional case).
The formal definition follows below. Under some special conditions, related
to the Doeblin condition for stochastic matrices, these generalized
R-invariant vectors can be chosen nomnegative. All conditions needed appear
to hold trivially in the finite case so that the results of this section
extend those of chapter 2.

Before continuing, we have to specify what we mean by the convergence
parameter R of a reducible nonnegative matrix P. As before, consider the
power series

(n) i . .

Pij(Z) = Z ij 1’3 € S’

n=0
and let Rij be the convergence radius of Pij(z)' Define the convergence

parameter R of P by

We have seen that in the irreducible case Rij =R all i,j ¢ S. Obviously,
this does not hold in general for reducible matrices. As in the finite case,
we may partition the state space S into a number of subsets C(1), C(2),...,

such that the restriction of P to C(k) xC(k) is irreducible and such that
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the C(X) cannot be enlarged without destroying this irreducibility. As.
before, the subsets C(k) are called classes; these classes are partially
ordered by accessibility relations and we may speak of a common convergence

(k)

radius R of all Pij(z)’ i,j € €(k) (k € W). Moreover, it is easy to
show, by methods similar to those of the preceding section, that for two

classes C(k) and C(2) with k # 2 we have

R.. =R i, € C(k); j,t € C(R).

(k,0)

Hence we may speak of a common convergence radius R . This has been

noticed by TWEEDIE [62], who also proved
@.2.0) RV <min @™, W),

As usual, we say that a class C is fiZnal if no state in C has access
to any state in S\C. Furthermore, we say that a class in C is R-transient,
R-null or R-positive if this holds for some (and hence each) state in C.

In this section we will work under some restrictions concerning the
structure of the nonnegative matrix P (which may be considerably relaxed;
compare the last section of this chapter), in order to simplify the proofs.
Assumptions 1 and 2 of the preceding section are supposed to hold, together

with _
Assumption 3. P partitions S in a finite number of classes.

First, the structure of B-subinvariant vectors of P is investigated.

Analogous to theorem 8.3 the following result holds.

THEOREM 8.6. Let P be a countable nonnegative matrix with convergence
parameter R. Let C(1), C(2),...,C(k) be the final classes with respect to P.
Choose a state t, € c(L) (2 =1,2,...,k) and suppose

(8.2.2) Fit (R-) < o for all 1 € S, % = 1,..,k,
Let the vector u(R-) be defined by

u(R-)

i

I 1%

{ait + (1-5it2)F.

(R-)} ieS.
1 3 ity

4
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Then

(8.2.3) RPu (R-) g u(R~),

with strict equality if and only if all final classes are R-recurrent.
Furthermore, if x is a semi-positive B-subinvariant vector with X, > 0

(g =1,2,...,k), then B < R and L

(8.2.4) x; 2

| aer b

{8.. + (1—6it2)Fitz(B)} X, ies. 0

g=1 1%y 3

The proof of theorem 8.6 is completely analogous to that of theorem
8.3 and is left to the reader. Note that Ft N (B) =0 for # #n, 2,m=1,..,k.

£™n

In the next section a separate discussion will be devoted to condition
(8.2.2); in particular it will be shown that this condition, and hence the
theorem, is independent of the choice of the set {tl, tz,...,tk}; we only
must have %'e C(2) for L = 1,...,k.

The question arises what can be said if the conditions of theorem 8.6
are not fulfilled, i.e., if (8.2.2) does mnot hold. In the finite case this
question has been answered in terms of structural properties of generalized
eigenvectors (cf. theorem 2.12). In order to develop a theory for generalized
eigenvectors, chain-structures of the underlying graph associated with the
nonnegative matrix have been investigated. It seems reasonable to conjecture
that such a structure can also be exploited in the case, where we deal
with a countable state space.

Let {C(1), C(2),...,C(n)} be a set of classes of a nonnegative matrix
P of countably infinite dimemsion, such that for each k ¢ {1,...,n=1} there
exists a pair of states i,j (depending on k), with i € C(k), j € C(k+l)
and pij > 0. Analogous. to the finite case we call such a sequence a chain,
that starts with C(1) and ends with C(n). The length of a chain is now

defined as the number of R-recurrent classes it contains. As before we have

DEFINITION 8.4. The Zndex v of a nonnegative matrix P with convergence
parameter R is defined as the length of its longest chain. The depth of a
class C is the length of the longest chain which starts with C. The depth

2 of a state © is the depth of the class to which i belongs. 0

The notion of a set of reference states will appear to be useful in
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the forthcoming analysis. For general nonnegative matrices this concept

is defined as follows:

DEFINITION 8.5. Let P be a countable nonnegative matrix with convergence
parameter R. A set of reference states B is a subset of S, which contains

exactly one state from each R-recurrent class and no other states. a

Analogous to the concept of generalized eigenvectors we have in

the infinite~dimensional case

DEFINITION 8.6. A generalized R-invariant vector of order k (k ¢ IN) 1is a
vector x such that (I—RP)kx = 0 and (I—RP)k_Ix #0. ) ]

Using these definitions a theorem concerning the existence of
generalized R-invariant vectors, similar to theorem 2.12, can be formulated.

Before establishing this result we need the following

LEMMA 8.7. Let P be a nonnegative matrix with convergence parameter R and

let H ¢ S. Define

v - 1-k ..
Hm£§)(z) = z (E)Hf§?+l k)zn+ k e‘mo; i,j € S, Iz]< R.
k
. . [($)) . -
/ ¢
As(?iual, we write HFij‘z) instead of Hmij (z) and Hmij(z) instead of
Hmij (z).

The following equalities hold (jH denotes {j} UH).

F..(R=) =R } p.,, ,F,.(R-) + Rp,. i,j e s,
H 1] 9éiH 12 H 2] 1]
W oy _ 1) ® . .
Hmij (R-) = Hmij (R-) + R z' Py Hmzj (R-) i,7€8, ke N
2430
(whenever these moments exist).
PROOF. Analogous to the proof of (8.1.6) and that of lemma 8.4. 0

One technical remark has to be made.

Remark. Let H ¢ S and let {t],...,tk} c H, {nl,...,nk} © Wy, and
{al,...,ak} c R . Suppose
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(

nh) . :
Hmit'g (R-) < ie8, 8 =1,...,k,

and define the vector x by

In the proof of theorem 8.8 on generalized R-invariant vectors we will use

the vector x', defined by

% (n£+l) ’
x! = ) a, . m (R-) i'e S.
1 0=1 2 H 1t2

From lemma 8.7 it is easily deduced that

(8.2.5) R z P x! = x! - x. ie S.

Yow we are ready to prove the generalization of theorem 2.12.

THEQREM 8.8. Let P be a countable nonnegative matrix with convergence

parameter R and index v. Let B be a set of reference states and suppose

(8.2.6) ré?(k0<w ieS, teB, k=0,1,..,.

B

Then there exist vectors w(l), w(2),..0,wlv), with‘w(k) >0 if v, = k and

w(k)i =0 if v; < k (k=1,2,,..4v; 1 € S), such that

RPw(v)

w(v)
(8.2.7)
RPw (k)

wik) + w(k+1) k= 1,...,v"1.

PROOF. Let D(k) contain all states with depth k and let B(k) := B n D(k)
(k = 0,1,...,v). Note that B(0) = @, Define y(v,t) by

y(v,t)i := BFit(R_) ieS, te B,
Since BFit(R_) = Fit(R—) and Ftt(R-) =1 for t € B(v) (cf. (8.2.6)) we have

(8.2.8) RPy(v,t) = y(v,t) ’ .t e BM).
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Next, define y(v-1,t) by

y(v-1,t); = F, () - ¥ a, y(v,s); ieS, teB{v-1),
seB(Vv)

where L is determined such that y(v—l,t)i = 0 for 1 € B\{t}. Since

y(v-—l,t)i =0 for i ¢ BA\(B(v) u{t}) and
Y(V,S); = mrS(R-) = mrs(R-) =0 r,s € BOv), r # s,

B

it follows that

Aoy = BFst(R')/y(V,S); s € B(v), t € B(v-1).
It follows from (8.2.5), BFtt(R—) =1 for t ¢ B{v-1), and the choice of
ast that
RPy(v=1,t) = y(v=-1,t) + z o y(v,s) t e B(v-1).
seB(v) °

Hence each y(v-1,t) is a generalized R-invariant vector of order 2.
Continuing in this way, we define for k = v=1,v-2,...,2,1:
v ]
y(k,t)i 1= BFit(R-—) -~ Z 2 L3 y(n,s); ieS, teBk),
n=k+1! seB(n) -

with e chosen such that y(k,t)i =0 for 1 ¢ B\{t}. Hence

_ _ v
a . = BFSt(R )/y(k+l,s)s s € B(k+1), t e B(k),
@, ={F (R) ~ ) o, y(k+l,r) ' y(k+2,s)!
st B st reB (k+1) rt r s
s € B(k+2), t € B(k),
etc, From (8.2.5), BFtt(R—) =1 for t € B(k) and the choice of a s> we find
v
(8.2.9) RPy(k,t) = y(k,t) + Z z Gop y(n,s) teB(k); k = I,..,v-1,

n=k+1 seB(n)

which implies that y(k,t) is a generalized R-invariant vector of order

v-k+1, Finally, define
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W(]) = X y(]st))
teB(1)

and for k = 1,2,...,v-1:

w(k+1) := RPw(k) - w(k).

Then the vectors w(k) satisfy (8.2.7) (combine (8.2.8) and (8.2.9)).

Trivially we have

k-1
w(k):.L =0 ie \V/ D(L).
2=0
Furthermore,
w(l). = } F. (R-) i e D(1),
1 teB (1) B it

hence w(l)i >0 for 1 € D(1). Also notice that for k = 1,2,...,v-1
BFst(R_) = stt(R_) ‘ s € B(k+1), t e B(k),

and since each s ¢ B(k+1) has access to at least one t ¢ B(k), we conclude

that for such a pair (s,t)

dgp = TR ykel,s) ! = F (R-)/m__(R-) > 0.

By induction it then follows immediately that
w(k)i >0 1eDE&); k =1,2,..,v,
and the proof is complete. O

The generalized R-invariant vectors, constructed in the proof of
theorem 8.8, are not necessarily nonnegative. In order to establish the
existence of nonnegative generalized R-invariant vectors, we need one

additional assumption. First a definition:

DEFINITION 8.7. Let H and A be two subsets of S. Define

(n)
£, i= z
H iA jeA

(n)

HUAfij for 1 € S, n € ]NO
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{compare also (7.1.7)), and let

Hmi(:) () :=

(n) c(n+1—k)zn+l—k
n=k

. . q
v ) ufia ie8, ke ]I\o,!zl <R.0
The following result now holds.

THEOREM 8.9. Let P,R,v,B,B{1),B(2),...,B(v) be defined as in theorem 8.8

and its proof, and suppose

(8.2,10) BFi,B(k)(R—) < o ie8; k=1,...,v,
and

B.2.11) m(z) (R-) < ¢ _F. (R-) i€ 8; k,2 =1,...,v
(¢ J B ]’.,B(k)\ = Bl,B(k) H ) ] » Vs

where ¢ 1is some positive constant.
Then the vectors w(1),w(2),...,w(v), satisfying (8.2.7), can be

chosen nonnegative.

PROOF. Since B(k) ¢ B and since two different states in B(k) do not have

access to each other, it follows that

ey y B = ) Bmi(;i“)(R—) i€ S; kyl=1,...,v.

Hence the conditions (8.2.10) and (8.2.11) certainly imply (8.2.6).

Furthermore, note that (8.2.11) implies

, (0 ey o @) o e
(8.2.12) Bmi,B(k)(R ) Zc Bmi,B(k)(R ) 1 ¢ S;h,t = 1’...fv’
since

(h) .
8", 5(k) B 2 pFi, 00 B 1eS, hed.

Finally, if {w(1),w(2),...,w(v)} is a set of vectors satisfying (8.2.7),
then also {x(1),x(2),...,x(v)}, defined by
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x(Vv) = w(v)
x(k) = w(k) + ox{k+l) k= v1l,v-2,..,2,1.

Since (8.2.12) holds, o can be chosen so large that x(k) =z 0 for

k = v,v-1,...,2,1 (compare section 5.2). This proves the theorem. O

Theorem 8.8 and thecrem 8.9 together constitute the natural
generalization of theorem 2.12 to the countably infinite dimensional case.
The results also show the nature of the generalized eigenvectors, discussed
in chapter 2 (i.e., each generalized eigenvector is a linear combination
of certain power series, based on taboo-transition values and calculated
at the convergence parameter). Again, it can be shown that the conditions
do not depend on the particular choice of B(1),B(2),...,B(v). Furthermore,
there exists a strong relationship between assumption (8.2.11) and the
Doeblin condition for stochastic matrices. In the final section of this

chapter some attentiom is paid to this correspondence.

8.3. Discussion of the conditions of the theorems 8.6, 8.8 and 8.9.

In this section we discuss in more detail the conditions
appearing in the theorems of the preceding section. In particular, we discuss
formulas (8.2.2), (8.2.6), (8.2.10), (8.2.11) and aésumption 3. Our objective
is to elucidate the nature of these conditions which, although looking rather
artificial, are in fact natural extensions of properties which hold trivially
in the finite case. Finally, some relaxations of assumption 3 are briefly
discussed.
Before starting this discussion we need one important property of

countable irreducible nonnegative matrices.

LEMMA 8.10. Let P be irreducible with convergence parameter R, and suppose

that for some state t ¢ S and some k eiNO

(8.3.1) m&)(k—) < .

Then
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(8.3.2)

m§§)(R-) < w for all i,j € 8.

PROOF. The proof will be given by induction with respect to k. For k = Q

the result follows from lemma 8.2 and repeated application of

Ft(R—)=RJ§pJF (R)+Rpt;RZleJt(R) ies.

by using the irreducibility of P (note that Ftt(R—) < 1). Suppose the result
holds for n = 0,1,...,k~-1 and let (8.3.1) hold. Define

(), , ._ ¢dp\" . . .
RAORE ( 2 WFi5(@ 1,5, € S5 ne Ny Jzf<r.

It is not hard to verify the equivalence

LY - pm - : .
(8.3.3) o i (R-) < <=3 2 13 (R ) < i,j,2 € S3 neﬁmo.

Also the following relationship is easily established
. = .- .F. . i,] S.
(8.3.4) FiJ(z) RFlJ(z) + JFlg(z) FQJ(Z) i,3,0 €

Differentation of (8.3.4) (k times) yields

K
(8.3.5) (k)( ) = F fk)(z) + 3 <k) (D (2) F(k ™ (2) i,i,9 € S.
i Lol\n/

Now fix s € S, s # t. Take i = j = t and £ = s in (8.3.5). Since

FE @ < 5B @

and

(8.3.6) FS:)(R—) <@ = (“)

(R-) < = for n < k,
we find from (8.3.1), (8.3.3), (8.3.5), and the induction hypothesis, that

8.3.7) 0 <FP @) <,

and
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(9

(8.3.8) 0 < Fre

(R-) < =,

Taking i = 2. = t, J = s in (8.3.5) we find

k

(k) _ Ay o () k > (k~2) ,.
(8.3.9)  F (@ U-F (2)) = F Z(2) + q21£2 Fep (B (@),
Since

Fee(RD) < F R <1,
and

(n) ()
sFer (R-) < Ftt (R-) ne N,

it follows from (8.3.1), (8.3.3), (8.3.6), (8.2.8), (8.3.9), and the

induction hypothesis, that

®
(8.3.10) 0 < Fts < o,
Taking i = 2 = s, j = t-in (8.3.5), we find analogously from (8.3.7), that
x) -
ths ®) <=,
and, finally, by taking i = j = s, £ = t in (8.3.5), we conclude to
® oy .
(8.3.11) FSS (R-) < =,
Now, choose r ¢ S. By taking 1 = j = s, £ =1 in (8.3.5) we find

8.3.12)  FI(Re) < .
rs

Since r and s have been chosen arbitrarily and since (8.3.3) holds, we

conclude
(8.3.2) mé?)(R—) < - for all i,j e S. O

The proof of lemma 8.10 has been given in detail as it is typical

for proofs of this kind of result. Not all proofs of forthcoming results
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will be given in full since they use essentially the same techniques.
Next, we discuss assumption (8.2.2) of theorem 8.6. Recall that

we have chosen one state tl in each final class C(2) (& = 1,...,k) and that

we assumed

(8.2.2) Fitz(R—) < ™ for all ieS, 2 = 1,..,k.

The following lemma states that this condition is independent of the

choice of t, € c() (L =1,...,k).

LEMMA 8.11. Let P have convergence parameter R and let C be a final class

with respect to P. Then for all i ¢ §, s,t € C,
Fis(R—) < o <=> Fit(R_) < o

PROOF. By use of
Fit(z) = sFit(z) * tFis(Z) Fst(z)

and

]

F. (2) tFis(z) + sFit(z) Fts(z)

the result follows immediately, since 0 < Fst(R—) <o and 0 < FtS(R—) < e [

Remark. If 1 and j are elements of an initial class C and t belongs to a

final class D # C, then
Fip (B 2 Fy (o) Fo ().

Since 0 < Fij(R—) < o, it follows that we need (8.2.2) only for one state i

in each initial class of P.
Similar remarks can be made with respect to condition (8.2.6):

LEMMA 8.12, Let P have convergence parameter R and index v. Let A and B

be two different sets of reference states. Suppose that for some k ¢ W
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k
(8.3.13) Amis)(R—) < o for all i €S, s eA.
Then also

k
(8.3.14) Bmi(t)(R—) < for all i €S, teB.

PROOF. The proof can be given by a combination of the methods used in the
proofs of lemma 8.10 and lemma 8.11. We will not present it in detail but
only indicate the essential parts.

If s and t belong to the same R-recurrent class, then

(k)

mst (R-) < 5

by (8.3.13). Lemma 8.10 now implies

(k)

ms (R-) < =,

Furthermore, if s and t belong to an R-recurrent class C, and r to
an R-recurrent class D, such that C has access to D, then, by methods
similar to those used in the proof of lemma 8.10, we obtain

(k) (k)

s,Emir (R-) < o => t,Emir (R-) < = for all i S,

where E is defined by
E:={ieA]i#s, ihas access to s}.

Hence, E contains precisely those states in A with depth larger than the
depth of s (cf. definition 8.4).

The proof of (8.3.14) now follows by consecutive substitution of a
state from A by a state from B (belonging to the same R-recurrent class),

until A is completely replaced by B. O

Remark. As before, it can be shown that (8.2.6) is needed only for one v

state i in each initial class of P.

With respect to the conditions (8.2.10) and (8.2.11) the following

remarks can be made. For each i ¢ § let vy denote the depth of i
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(cf. definition 8.4). For k = 0,1,...,v-1 define

]

B (k) {i eB| v, =k}

E(k)

{ies|wv.
1

v

k and i ¢ B\B(k)}

(the sets B(k) were defined in the proof of theorem 8.8 already).
If for all 1 € S

8¥1, 50 B > 0 k=1,...,v,

then conditions (8.2,10) and (8.2.11) imply that PE(k) (the restriction of

P to E(k) xE(k)) is equivalent to a stochastic matrix satisfying the

Doeblin condition. This can be seen by using the similarity transformation
-1 1

q.. =R (BFi,B(k)(R-)) P

ij (

For k = 1,2,...,v let

D(k) :={i ¢S | v, = k}.

D(k)

Then, in particular, P is equivalent to a stochastic matrix satisfying
the Doeblin condition. Since the Doeblin condition holds trivially in the
finite case, it follows that the conditions (8.2.10) and (8.2.11) are
always fulfilled with respect to finite—dimensional nonnegative matrices.
By theorem 7.8 it is sufficient to assume (instead of (8.2.11))
(8.3.15)

)(R-) S )(R-) ieB;k=1,...,v

BUi,B(k BFi,B(x
for some positive constant c.
However, note that for the construction of generalized R-invariant
vectors assumption (8.2.6) is already sufficient. Condition (8.2.11) or
(8.3.15) (which will be called the uniform boundedness conditions) are omly

needed to obtain semi-positive generalized R-invariant vectors.

Let us take once again a closer look at conditiom (8.2.6) and try to -

explain its meaning. As before, let
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B(k) := {t ¢ B | v, =k} S ko= 1,000,V

Note that (8.2.6) implies that

Fee B <= s € B(W, t e B(v-1)
mss(R-) < o s e B(v).
Since
Fst(z) = stt(z) * Fss(z) Fst(z) Izl <R
or
-1
F (@) = F_ (2) (I-F__(2) 2] <w,

we find, multiplying with R-z and taking limits

lim (R-2) F__(2)
2R St

(1
Foe R/ @) <o

1. Similarly

Here we used (8.3.3) for n

lim (R—z)k F t(z) < @ seB(v), t € B(v-k)s k=1,..,v.
z R s

Since
-1
P(2) =F_(2) P (2) =F_ (2)(I-F__(2)) s #t, |z] <R,
it follows that

(8.3.16) lim.(R—Z)k Pst(z) < @ seB(VW), t e B(v-k+1); k=1,...,v.
z>R

An interpretation of (8.2.16) can also be given in terms of last-exit and
first-entrance transition values. Last exit transition values zé?) are

defined by

(n) (n)

ij t= ipij 1,_]65;1'16]1\10.
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As before, define Lij(z) by
(8.3.17)  1;:(2) := ot 2 i,j €S, |z] <=&.

A complete analysis of countable irreducible nonnegative matrices can be
given by means of the power series Lij(z) instead of Fij(z) (ef. SENETA [52]).
In particular, it can be shown that for an irreducible R-recurrent

nonnegative matrix P the vector yT, defined by

y; = Lti(R—) ies,

(with t .some fixed state) satisfies

yT = yTRP.

More general, it is easy to show that

F_.(R) =R ieB%\i) L; (R Pis th(R-—) s eB(VW, t e B{v=1).
. jeB (v~1)

s

Hence, assumption (8.2.6) (which implies SFst(R—) < o for s € B(v) and
teB(v-1) gives in fact a relationship between the nondiagonal blocks of P

and the left and right R-invariant vectors of the diagonal blocks.

We conclude this section with a few remarks concerning assumption 3
in section 8.2, With respect to theorem 8.6 it is obvious that only the
finiteness of the number of final classes has to be assumed. Similarly,
we need in theorem 8.8 only finiteness of the number of R-recurrent classes
(an infinite number of R-transient classes may be allowed). In fact, even
the case v = » is allowed; in that case we only assume that it is possible

"

to define some "depth-structure" for the matrix P, i.e. to define a depth

for each class.




CHAPTER 9

R-THEORY FOR SETS OF COUNTABLE NONNEGATIVE MATRICES

In ‘this final chapter, some of the results of chapter 8 are extended
to sets of countable nonnegative matrices. The reader may expect a
generalization of the results obtained in chapter 3, concerning strictly
positive eigenvectors and block-triangular structures. Unfortunately, a
generalization of the results of section 5.2, concerning generalized eigen-
vectors, 1s not available at this moment. There are some partial results
which will be given, together with a conjecture concerning the assumptions
under which an extension of theorem 5.2 can be possibly realized.

The results of this chapter are of particular importance for the
analysis of Markov decision processes with a countable state space. For
instance, it is possible to find (almost) optimal contraction factors, which
is useful for determining sharp bounds for the value of such a process
(cf. WESSELS [71], VAN HEE AND WESSELS [70]).

In section 9.1 we treat the relatively simple case, where the system
is communicating (compare also section 5.3). Some results of this section
can also be found in KENNEDY [36]. More general situations are treated in
section 9.2; we show how, under some restrictions, the results of section 3.2
can be generalized. Furthermore, some partial results are given concerning
a possible extension of the generalized eigenvector theory for sets of

nonnegative matrices (cf. section 5.2). We conclude with some comments.

9.1. Communicating systems.

In this section we deal with a set K of countable nonnegative matrices
with the product property. It is assumed that K is commmicating (cf. definition
5.1). Since this notion plays a basic role in this section, we repeat its

definition.
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DEFINITION 2.1. K is called communicating if for i,j € S there exists a

matrix P € K such that i has access to j under P. g
Throughout this chapter we suppose:

Assumption 1. K is compact (regarded as a subset of R~ with the usual

topology of element-wise convergence).
If we define an operatar

X —> sup Px x e R,
PeK
then assumption 1, together with the fact that K has the product property,

implies that for each x there exists a P ¢ K such that

(9.1.1) Px = sup Px,
PeK
a property which is referred to as to the optimal choice property
(cf. SENETA [52], and the introduction of chapter 3).
In order to develop ar R-theory for sets of nonnegative matrices, we
first have to specify what we mean by R. Define a Strategy m as a sequence

of matrices, m := (P(1), P(2),...) with P(2) e¢ K, L e N. The n—th step
(n)
ij
P(1)P(2)...P(n). Let Tl denote the set of all strategies. Define

transition value t,.’ (1) is defined as the ij~th element of the matrix

@.1.2) £ = sup £ () i,ieS, nem,
1 Tenr
and let t(o) := 6,. for i,j € S. In order to avoid trivialities, throughout

ij ij
this chapter we work under

()

Assumption 2. tij <o for all i,j e S, ne WN.

Let Rij denote the convergence radius of the series
©
) t§?>z“ i, €8,
n=0 J

then we define the convergence parameter R of K by
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(9.1.3) R := inf R, ..
. 1]
157
In order to avoid trivialities we suppose (compare also chapter 8):

vAssumption 3. R > 0.

The following result can be proved by methods similar to those used

in the one-matrix case (cf. KENNEDY [361).
LEMMA 9.1. Let K be communicating. Then Rij = R for all i,j € S. 0

For each strategy m we define

-

(9.1.4) Tij(w,z) 1= 2 ti?)(ﬂ) 2" i,j € 8,
n=0
and
(9.1.5) Tij(z) i= sup Tij(n,z) i,j € S.
- ™

Now, it is easy to show (cf. KENNEDY [36]):

LEMMA 9.2. Let K be communicating and let R be defined by (9.1.3). Then

R is the common convergence radius of all series Tij(z)’ i,j € S.

PROOF. Let aij be the convergence radius of Tij(z) for some i,j ¢ S.

Clearly aij > R. If aij > R, then choose B and vy such that

< < <
R Y 8 alJ

Define a constant ¢ > 0 by

c i=sup | tgg)(w) g™,
m n=0 *J

Then certainly

(o)

t.. e W
1]

A
o]
=]

n _ (n) n
B = s$p &5 (m) B
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Hence
v (n) T -n.n 1.1
) ti? " gec } B Y =c(I=yBT) < .
n=0 J n=0
contradicting the fact that y > R. Hence aij = R. 0

Taboo transition values can be defined again. Let H € S be some

taboo set and let m = (P(1), P(2),...) be some strategy. For i,j € S set

Gij ifi dH, jeS
© ,_
(9.1.6) Htij 1=
0 ifieH, jes,
and for n > 1:
(n) o .
9.1.7) Htij (m) := ) Z ) p(l)ii p(2)i i ...p(n)i ; i,j € S.
11,..,1n_1¢H 1 172 n~1

Again we omit the subscript H if H is empty and we write kti?)(ﬂ) if

H = {k}. Furthermore, define

9.1.8) Hf§?>(w) = thi?)(w) i,jes, nem,,

where jH denotes {j} u H. Finally, let

(9.1.9) ¥ (zm) = nZO Hfé?)(w) 2 iies,
(9.1.10) HFij(z) i= sup HFij(z,n) i,j € S.
m

The next result has been proved by KENNEDY [36] in the communicating
case, but it is easy to verify that it holds in general. Since the methodology

is typical for several proofs to follow, we five a complete proof. We have
LEMMA 9.3. Let K have convergence parameter R. Then

(9.1.11)  F i(R-) := sup (R )

(R-) + Rpi.} i,j e S.
PeK 4] J

Pig Fo3

PROOF. For each strategy w = (P(1), P(2),...), we define n(n) by
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©.1.12) 1™ e @), P, ... neN.
Obviously, we have for |z| < R

Flj(z) = sup z f(n)(ﬂ) z =

T n=1

=sup {z )} p e 2 f(n)(ﬂ(Z)) 2"+ zp,.} <

T 243 Pi =1 11 =
< sup {z z P. (z) + z P; }.
= pek o i QJ ij

On the other hand, if we define
F(?)(z) := sup E f(k)(v) zk i,j € S, ne I
ij . & iJ 5] B s

m

then by induction with respect to n, using the optimal choice property,

we find for |z| < R:

(n)(Z)-sup {z Z Py, F (n 1)(z)+zpij} n > 2.
P
Since

IR UG I LT

n k=l T k=1
° k
cowp 1 t0m K T B K
m  k=n+l J k=n+1 i

and since the last term tends to zero for n-+ », we conclude by Fatou's

lemma that for all P ¢ K;

(z) >z z' p. .(z) + 2z P; i,j €S, ]zl < R.

ig 2 ii’®

Combining the results, we conclude
F,.(z) = sup {2 z p., F, .(2) + z p..} i,j e S, Iz} < R,
i] PeK 945 128 23 1]
That this result holds for z = R follows now in the same way as in the

proof of (8.1.6). 0

In: the proof of the next lemma we will meet stationary strategies. A

strategy m is called stationary if w = (P, P, P,...), with P ¢ K. If w is
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()

statlonary, we usually write Py 13 instead of t(u)(v) f(n)(P) .instead of
(n)

13 ij(z,P) instead of Fij(z ,T), etc.

With respect to the power series Fij(z) the following holds:

LEMMA 9.4. Let K be communicating with convergence parameter R. Then for

all i,j e S

PR
11

LY

and

A
8

Flj(R-)
PROOF, Choose ] € S fixed. In the proof of lemma 9.3 we found that

Fl.(z) = sup {z Z Piy 2 (z) + 2z p; } ies, Izl < R.
J PeK  2#j
Hence, by the optimal choice property, there exists a P ¢ K such that
F..(z) =z z P (z) + z p ies, lz! < R.
1] 243 i2 lJ
Iteration yields

n-1 (

]
o~

k) (P) Zk + Zn z jpgn) sz(z).

(2) = ig

1 k=1 J 243

Now, for lzl < a < R, we find

n (n) -
: zgj Pig Fag(® £ Fy(0) <

Hence

Izn ) (n)F (z) | < lzl ) p(n) F .{(a) < (]z'a_l)n F..(a)
o3 j Pig [ 243 ivie T 2] = ij ’

which tends to zero for n-«. We conclude

(9.1.13)  F;.(2) = Z f ) p) 2* = F; i (2,P) ies, |z| <R.
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Now, since
Fjj(z,P) <1 lz] <R,

we find Fjj(z) < 1 for |z[ < R, hence Fjj(R-) < 1. Since j was chosen
arbitrarily, this holds for each j € S. By iterationm of (9.1.11) and by the
communicatingness of K, it now follows immediately that Fij(R_) < o for all

i,j € S. 0
COROLLARY. R < o, 0

The results of lemma 9.4 suggest a classification of the states,

similar to the one given in chapter 8.

DEFINITION 9.2. State i ¢ S is called R-recurrent if Fii(R-) = 1 and
R-transient if Fii(R_) < 1. 0

We point out that the analogue of lemma 8.2 does not hold in general,
i.e., in a communicating system we may have both R-recurrent and R-transient

states. However, the following result is easily verified:

LEMMA 9.5. Let K be communicating with convergence parameter R.

Let s € S be R-recurrent and let K] c K denote the set of matrices P that

obey
F, (R") =R _Z Py Fpo (R + Rp, ies.
j#s
If K1 is still communicating, then all states are R-recurrent. 0

KENNEDY [36] proved lemma 9.5 under the condition that K contains only
irreducible nonnegative matrices. However, his proof remains valid under
our (weaker) condition.

The next theorem is fundamental. It gives a characterization of the
convergence parameter R and of B-(sub)invariant vectors, similar to the one

presented in section 8.1.

THEOREM 9.6. Let K be communicating with convergence parameter R, Choose

s € S and define the vector u > 0 by




Then

(9.1.15) R sup
P
with equality if

If x is a

(9.1.16) g sup
P

then x > 0 and B

X.
1

X.
J

(9.1.17)

v

PROOF. As in chap

§,. + (1—5is) Fis(R—) ieS.

Pu

A

u,

and only if s is R-recurrent.

semi-positive vector such that for some B >0

< R. Furthermore

t=f

iJ-(B) i,j € S.

ter 8. Compare also KENNEDY [36].
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The vector x satisfying (9.1.16) is called a B-subinvariant vector

for the set K. If strict equality holds in (9.1.16) we speak of a

B~invariant vecto
Note that

(compare (9.1.13)). Analogous to the proof of (8.1.6) one can show that

(9.1.18) Fij(R~

Take j € S fixed. One may wonder whether there exists a P € K such that

Fij(R_

r.
for |z| < R:
= sup Fij(z’P) i,j €S

PeK

) = suz Fij(R_’P) i,j e s.
Pe

) = Fij(R—,P) for all i € S.

Moreover, if R(P) denotes the convergence parameter of P, does there exist

a P € K such that

R = R(

Py ?
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The last part of this section is devoted to an investigation of
these questions. We need some results from the theory of countable irreducible
nonnegative matrices.

Let P be irreducible with convergence parameter R'. In section 8.3

we defined

-3

L s (n) n_ (n) n .
(8.3.17) Lsi(z,P) 1= z lsi (P) z = 2 sps? z ies,
n=0 n=0

where s is some fixed chosen state. Completely analogous to the corresponding

results for Fis(R'_’P) we find

—
LSS(R s P)

na
—

and for all i € S

L .(R'-,P) =R'

} L..(R'-,P)p.. +R'p
S1 j"rlS s] J1

si®

Since P is irreducible, it follows that
1. =)
0 < L_;(R'-,B) <
if R' > 0 (cf. SENETA [52]). Moreover we have

LEMMA 9.7. Let P be irreducible with convergence parameter R' > 0. Choose |

s € S and define the (row)vector vT by

o= (1- _ :
7 ¢! sis)léi (R'-,P) + Sis ieS.

Then

VTR'P < VT

with equality if and omly if P is R'-recurrent.

Furthermore, if the (column)vector u is defined by

e (1= "
ug (1 Gis) Fis (R'-,P) + Gis ies,

then vTu < o if and only if P is R'-positive. In this case there exists a




173 -

matrix P*, defined by

* T : s -
pij 1= uivj/v u i,j € S,
such that
n
lim FiT @®HEP* = B
n+eo k=0
Furthermore, if P is R'-positive,
R'P*P = R'PP* = P¥,
and
%72 = p*, 0

For a proof of lemma 9.7 we refer to SENETA [52].
Now, consider a set K of countable irreducible nonnegative matrices.
Let R be its convergence parameter and define, analogous to (9.1.9) and

(9.1.10),

L;.(z,m) = ] li?)(ﬂ) 2" = ) ipé?)(w) z" i,jeS,
. n=0 *J n=0 * 1
Lij(z) = s:p Lij(z,n) i,3 e s.
As before, it can be proved that
Lii(R_) < 1, 0 < Lij(R~) < o i,j € S.

Suppose

9.1.19) ] L ®)F, (R <,
1eS
where s is some fixed state in S.
By the optimal choice property there exists a P ¢ K such that for
all 1 € S (cf. lemma 9.3):

F; (&) =R j;s piijs(Rr) +Rp,_ .
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If s-is R-recurrent we have

(9.1.20) F, (R-) =R z Py F (R-) ie s.

is

On the other hand (cf. SENETA [52])

(9.1.21) L, (R-,P)

v

R § sz(R—,P) Pss ies.

Since Lsi(R—,P) < Lsi(R—) for all i € S, we have

(9.1.22) E L (R-,P)F, (R) < =.

Combining (9.1.20), (9.1.21) and (9.1.22), it is easily deduced that
L;(R-,P) = R Z sz(R-,P) Pjt for all i ¢ S.

3

Hence FSS(R-,P) = LSS(R—,P) = 1. It follows that R(P) = R and that
Fis(R_) = FiS(R—,P) for all i ¢ S.

Conclusion. If K contains only irreducible nonnegative matrices and if
(9.1.19) holds for some R-recurrent state s € S, then there exists a P ¢ K
such that

R(P) = R, FiS(R—) = Fis(R_’P) for all i e S.

9.2, Sets of reducible nonnegative matrices.

In this final section the results of section 3.2 are extended to
sets of countable reducible nonnegative matrices. Furthermore, we discuss
possible extensions of the generalized eigenvector theory for sets of
nonnegative matrices (cf. section 5.2).

Let K be a set of countable nonnegative matrices with the product
property and let R be its convergence parameter {(cf. (9.1.3)). Assumptions

1, 2 and 3 of section 9.! are supposed to hold, together with

Assumption 4. Let a(P) denote the number of classes of P, for all P € K.

Then we suppose
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sup o(P) < o,
PeK
It follows immediately from assumption &4 that the incidence matrix
of K (cf. definition 5.2) has also at most a finite number of classes.
The next theorem deals with the existence of strictly positive
R-(sub)invariant vectors. It can be proved in the same way as theorem 9.6.

We have:

THEOREM 9.8. Let K have convergence parameter R and let C(1), C(2),..., C(n)

be the final class of the incidence matrix of K. Choose s, ¢ C(2) for

L

2 =1,...,n and suppose
(9.2.1) F. (R~) < o ieS, 2=1,...,n.

is

2
Then the vector u, defined by
n

(9.2.2)  u, := ) {6, + (1-8, )F. (»)} ies,

i =1 is, is " "is,

is strictly positive and R-subinvariant for the set K. Furthermore, u is

R-invariant if and only if each state s_ (2 = 1,...,n) is R-recurrent.

2
Let x > 0 be any B-subinvariant vector for the set K, then g < R and

n
(9.2.3) % 2 § {8, o+ (=8, IF. (B} x, ies. o
=1 3 e 5 2

If a strictly positive R-invariant vector for the set K exists, then,
under certain conditions, it is possible to find such a vector by an iterative
procedure similar to the one used in the proof of lemma 3.5. First we need

one additional result,

LEMMA 9.9. Let P be irreducible with convergence parameter R' > 0. Let
furthermore x be a semi-positive vector and B>0 be some constant such that
BPx > x. Finally, let VT be defined as in lemma 9.7 and suppose vTx <

Then 8 > R'. If B = R' then
R'Px =x>0

and P is R'-recurrent.
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PROOF. Since 0 < vTx < o and

BVTx BR'VT Px > R'vTx ,

nv

we find B > R'. B = R' holds if and only if BPx = x and VT = vTR'P. Hence

g = R' implies x > 0 (by the irreducibility of P) and P is R'-recurrent. [J

Now, let K be a set of countable nonnegative matrices with the product
property and with convergence parameter R. Obviously, R < R(P) for all P ¢ K.
Let v(P) denote the index of P (¢f. definition 8.4) and let

(9.2.4) v :=sup {v(P) | P e K, R(P) = R}.

Obviously, assumption 4 implies that v < o,
Let B(P) denote a set of reference states of P (cf. definition 8.5).
Suppose

(9.2.5) )(R—,P) < o,

S‘P‘p FLB(P
Furthermore, let C(s,P)vdenote the class of P which contains the reference

state s (with respect to P) and assume

(9.2.6) sup ¥ L ;(R,P) F, (R-,7') < »
P,P'eK ieC(s,P) :
for all classes C(s,P), P ¢ K.
Note that assumption (9.2.5) implies that v < 1. The following

theorem holds:

THEOREM 9.10. Let K have convergence parameter R and let v = 1. Suppose
(9.2.5) and (9.2.6) hold and let there exist a matrix P(0) ¢ K with convergence
- parameter R(P(0)) = R, and such that each final class of P(0) is R-recurrent.

Then there exists a strictly positive vector u such that
R sup Pu =u
PeK

PROOF. The proof will be given by an iterative procedure. Let B(0) be a set
of reference states of P(0), and define u(0) by
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u(0), = 56123(0) {6, + (1-8;) F. (R-,P(O)}.

Obviously, RP(0) u(0) = u(0) > 0. Now determine P(l) such that

P(1) u(0) = sup P u(0)
PeK

where we choose P(I)i = P(O)i if

(P(0) u(0) ). = (sup Pu(0))..
i i
Pek
By (9.2.6) and lemma 9.9 we find R(P(1)) = R, while furthermore each final
class of P(1) must be R-recurrent. Lemma 9.9 also implies that
(P(1) u(0) )i = (P(0) u(0) )i for i belonging to a final class of P(1), hence
we choose P(l)i = P(O)i for these states i. By (9.2.5) it is now possible

to find a vector u(l), satisfying
RP(1) u(1) = u(1),
and such that u(l)i = u(O)i for i belonging to a final class of P(1) (note

that any nonfinal class.of P(l) must be R-transient, since v = v(P(1)) = 1),

By the same method as used in the proof of lemma 3.5 we find
u(1) > u(0),
with equality if and only if P(1) = P(0).

Continuing in this way we find a sequence of matrices {P(n); n > 0}

and a sequence of vectors {u(n); n > 0}, such that

P(n) u(n-1) = sup Pu(n-1) ne N,
PeK
RP(n) u(n) = u(n) n e ]NO s
and
u(n) 2 u(n-1) ne N.

Furthermore, the sequence {u{n); n > 0} is bounded (component-wise) since
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(9.2.5) holds. It follows that there exists a vector u such that
lim u(n) = u.
n-oo

Since

u(n) = RP(n) u(n)

A

R sup Pu(n)_f_Rsup Pu ne N
PeK PeK

we find
(9.2.7) u <R sup Pu.
PeK

On the other hand

u(n) = RP(n) u(n) > RP(n) u(n=1) =R sup Pu(n-1).

PeK
Hence, by using Fatou's lemma,
(9.2.8) u >R sup Pu
PeK
Combination of (9.2.7) and (9.2.8) yields the desired result. |

The procedure in the proof of theorem 9.10 is the analogue of the
one used in the proof of lemma 3.5. It shows that, also in the countably
infinite-dimensional case, iterative procedures may be useful. However,
the proof of the convergenee of such procedures may be very difficult in
some cases.

Once having proved theorem 9.10 it is not hard to establish the
analogue of theorem 3.6, i.e. the block—-triangular decomposition result.

We first state formally

Assumption 5. Let B(P) denote a set of reference states of P (P ¢ K). For
all i € S and s € B(P), we suppose

(9.2.9) sup (R~,P) < =,

SU B(p)Fis

Furthermore, if C(s,P) denotes the class of P which contains the reference

state s (with respect to P), then we assume
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(9.2.6)  sup ) L ; (R=,P) F, (R=,P") < w,
P,P'eK 1ieC(s,P) 18

The next theorem is the analogue of theorem 3.6.

THEOREM 9.11. Let K have convergence parameter R and let v be defined by
(9.2.4). Suppose v >0, Then there exist a partition {D(v), D(v-1),..,D(1), D(0}}
of the state space S, and strictly positive vectors 3 W) s NG _1),..., u (]),
such that for some P e K

R sup PR30 | pp(al0500 2 (R)
PeK

(k,2) denotes the restriction of P to D(k) xD(8), for all P ¢ K;

(As usual, P
k,2 = 0,...,V).

Furthermore,

pt) _ o for all P e K, k < &,
and E can be chosen such that each state in D(k) has access to some state

in D(k~1) under P (k = v,v-1,...,2).
PROOF. Define for each i ¢ §

v; = sup {vi(P) | P e K, R(P) = R},
where Vi(P) denotes the depth of i under P (cf. definition 8.4).
Let

D(k) :={ie§ | v; =k} k=0,1,...,v.

Obviously, {D(v), D(v-1),...,D(1), D(0)} partitions S uniquely, while
furthermore P(k’g) =0 for k < 25 k,2 = 0,1,...,v.
There exist a matrix P e K and strictly positive vectors

G(l), :(2)’..";(v) such that

g plks k) ~(k) _ ~(k) k=1,2,.00,v

(use (9.2.9)), while furthermore each state in D(k) has access to some state

in D(k-1) under 13 (k = v,v=1,...,2). The proof is now completed by applying
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theorem 9.10. ) O

Theorem 9.1! shows that it is possible to extend the results of
section 3.2 to sets of countable nonnegative matrices. Fundamental is the
iterative procedure, described in the proof of theorem 9.9. Assumption 5
is needed to guarantee that this procedure is not cycling.

One may conjecture that also theorem 5.2 can be extended to . the

infinite dimensional case. Define for all i,j ¢ S, H<c S and P ¢ K:

(k) . v om (n+1-k) n+l-k
Hmij (z,P) := z (k) Hfij (P) z k e N.
n=k
Next we make
Assumption 6. For all i ¢ S and s ¢ B(P), let
&) o o _
(9.2.10) sup B(P)%is (R-,P) < k=1,..0,v,

PeK

where B(P) is a set of reference states of B(P) and v is defimed by (9.2.4).

Furthermore, let

(9.2.11)  sup I L., o @-,p) <o
P,P'ek ieC(s,p) S* is

for all s € B(P), k = 1,2,...,,v (where C(s,P) is defined as in assumption 5).

Without proof we state that, if assumptions 5 and 6 are fulfilled,
an iterative procedure similar to the one described in appendix 5.A ‘is not
cycling. We have not succeeded in proving the analogue of theorem 5.2 for the
countably infinite dimensional case; however, we conjecture that under the
assumptions, made in section 9.1 and section 9.2, such an extension is
possible. '

We remark that, under very special conditions concerning the structure
of the set K , an extension of theorem 5.2 to the countable case has been
proved recently by FEDERGRUEN AND TIJMS [22] and by FEDERGRUEN, HORDIJK AND
TIIJMS [23]. These papers deal with the investigation of the existence of
average optimal strategies in Markov decision processes with a countable

state space. They assume (in our notation): R = 1, v = 2, P(O’o) = 1 for ‘all

a,n

Pe Kand P °° is stochastic for all P ¢ K., Furthermore they suppose that
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each P(]’l)

possesses exactly one final, recurrent class.

A few concluding remarks are in place. With respect to the assumptions
5 and 6 the reader may notice that these conditions are in fact natural ’
extensions of similar conditions in the preceding chapter. All remarks made
in section 8.3 can also be made with respect to these conditions. Furthermore
assumptions (9.2.6) and (9.2.11) are only made to guarantee that all needed
inner-products are indeed finite (compare the proof of lemma 9.9).

Strictly positive B-subinvariant vectors are treated extensively in
a paper by VAN HEE AND WESSELS [70], where they give a lower bound for Bnl
which is, unfortunately, normdependent. The question whether p, defined by

p := sup sup limsup {p.?)} I/n’

PeK i,jeS n-oe 3
is a lower bound for B-], was already answered in the negative by van Hee
and Wessels. It is easily shown that the right answer has to be R_I; wvhere
R is defined by (9.1.3) (compare also theorem 9.8).

Finally, we note that applications of strictly positive B-subinvariant

vectors can be found in WESSELS [71].
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Samenvatting.

Onderwerp van dit proefschrift is de analyse van dynamische program-
meringsmodellen waarvan de struktuur bepaald wordt door een stelsel niet-
negatieve matrices van eindige of aftelbaar oneindige dimensie. Hierbij kan
men denken aan Markov beslissingsprocessen met een additieve opbrengst-
struktuur (met toepassingen in de voorraad- en produktieplanning em in
wachtrijmodellen), multiplicatieve Markov beslissingsmodellen (risico-analyse),
Leontief substitutiesystemen (input-output analyse) en bepaalde soorten ver-
takkingsprocessen (b.v. in de demografie en in de genetica). Aangezien deze
modellen vaak in essentie dezelfde struktuur bezitten, rijst de vraag of zij
ook vanuit €&n centraal gezichtspunt bestudeerd kunnen worden. Door het op-—
zetten van een theorie van stelsels niet-negatieve matrices wordt in dit
proefschrift gepoogd een eerste antwoord op deze vraag te geven.

Alvorens de resultaten van dit onderzoek te bespreken wordt een schets
van het bestudeerde model gegeven. Laat N een natuurlijk getal zijn. Ver-—
onderstel dat voor elke i ¢ {1,2,...,N} is gegeven een collectieve C(i) van
niet-negatieve rijvectoren van lengte N. Laat nu K de verzameling zijn van
alle niet~negatieve N xN matrices waarvan de i€ rij een element is uit C(i).
We zeggen dan dat K de produkteigenschap bezit: als P(1), P(2) ¢ K dan
bevat K ook alle matrices P met als i° rij ofwel de i€ rij van P(1) ofwel
de i® rij van P(2). Deze produkteigenschap, alhoewel wellicht enigszins
gekunsteld lijkend, komt op een natuurlijke wijze naar voren in tal van
bekende beslissingsprocessen (Markov beslissingsmodellen, Leontief sub-
stitutiesystemen).

Beschouw nu de volgende recursieformule

(@) x(n) = sup Px(n~-1) ne W; x(0) > 0.

PeK
Dynamische programmeringsrecursies in bovengenoemde voorbeelden zijn vaak
tot deze eenvoudige formule te herleiden (merk op dat de matrices in K niet
noodzakelijk (sub)stochastisch zijn). De vraag rijst of we uitspraken kunnen
doen omtrent het asymptotisch gedrag van x(n), voor n-+«. Bovendien is het
wenselijk matrices te kunnen karakteriseren die de "groei" van systemen van
type (1) optimaliseren. Hierbij dient het woord "groei' niet letterlijk
te worden genomen; onder bepaalde omstandigheden kan de rij (x{n); n > 0)
bijvoorbeeld naar nul convergeren,

Voor Markov beslissingsprocessen zijn bovengenoemde vragen min of meer
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uitgebreid onderzocht en grotendeels beantwoord. Vaak wordt hierbij gebruik
gemaakt van methoden wit de waarschijnlijkheidstheorie. Voor ons model is
dit niet goed mogelijk (in het algemeen kan geen kanstheoretische interpre-
tatie worden gegeven), reden waarom de theorie der niet-negatieve matrices
als uitgangspunt is gekozen. Gehandhaafd is de graphentheoretische termino-
logie in de benadering van niet-negatieve matrices zoals deze ook in de
theorie van de Markov ketens gebruikelijk is.

Dit proefschrift bestaat uit twee delen. In deel I worden N en K eindig
verondersteld, in deel II is N = = terwijl K verondersteld wordt compact te
zijn. In hoofdstuk 6 wordt tevens kort aandacht geschonken aan eindige
modellen met continue tijdsparameter.

In hoofdstuk 1 worden, na een korte historische schets en een formele
introduktie van de te behandelen modellen, verschillende voorbeelden nader
uitgewerkt. In hoofdstuk 2 worden eerst een aantal bekende resultaten be-
treffende struktuur en eigenschappen van niet-negatieve matrices kort be-
handeld (Perron-Frobenius theorie). Daarna wordt ruime aandacht geschonken
aan de theorie der gegeneralizeerde eigenvectoren, behorende bij de spec~
traalstraal van een niet-negatieve matrix.

.De hoofdstukken 3, 4 en 5 handelen over collecties niet-negatieve
matrices met de produkteigenschap. In hoofdstuk 3 wordt het bestaan van een
fundamentele blokdriehoek-decompositie voor stelsels niet—negatieve ma-
trices bewezen; deze decompositie speelt een belangrijke rol in de analyse
van recursies van type (1). In hoofdstuk 4 worden convergentieresultaten
voor deze dynamische programmeringsrecursies afgeleid onder min of meer
speciale condities. In de appendix van hoofdstuk 4 wordt aandacht geschonken
aan een recent bewezen resultaat, n.l. geometrische convergentie in niet-
verdisconteerde Markov beslissingsprocessen. Nieuwe bewijzen van dit voor
onze analyse onmisbare resultaat worden gegeven. Hoofdstuk 5 behandelt het
asymptotische gedrag van recursies van type (1) zonder verdere voorwaarden.
Verder worden resultaten gegeven betreffende het bestaan van gegeneraliseerde
eigenvectoren voor stelsels niet-négatieve matrices met de produkteigenschap.
Sleutelwoorden in de analyse zijn spectraalstraal, index en gegeneraliseerde
eigenvectoren. Tenslotte wordt in hoofdstuk 5 kort aandacht geschonken aan
enkele schattingsmethoden voor de maximale spectraalstraal en voor bepaalde
gegeneraliseerde eigenvectoren die in de asymptotische ontwikkeling van
recursies van type (1) een rol spelen.

Kenmerkend voor bovengenoemde hoofdstukken (waar K een eindige verza-

meling van eindig-dimensionale niet—negatieve matrices is) is het feit dat
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alle bewijzen op een constructieve manier kunnen worden gegeven. In het
bijzonder is het mogelijk iteratiemethoden te ontwikkelen om een matrix te
vinden die de "groei" van systemen van type (1) maximaliseert. Bekende re-
sultaten als b.v., Howards "policy-iteration algorithms'" in de Markov be-
slissingstheorie volgen als speciale gevallen uit bovengenoemde methoden.
Hetzelfde geldt voor het bewijs van het bestaan van een optimale technolo-
gie-matrix in een Leontief substitutiemodel.

In hoofdstuk 6 wordt het continue analogon van het discrete systeem (1)
behandeld. De volgende niet-lineaire differentiaalvergelijking wordt ge-

analyseerd:

(2) -j—%(t) = max Qz(t) t e [0,), 2z(0) > 0.
QeM
Hierbij is M een verzameling van zogeheten ML-matrices met de produktie—
eigenschap (een ML-matrix is een vierkante matrix met alle niet-diagonaal
elementen niet-negatief). Resultaten, analoog aan die voor het discrete
geval, worden verkregen. Speciale aandacht wordt geschonken aan een
exponentieel convergentieresultaat voor niet-verdisconteerde Markov be-~
slissingsprocessen met continue tijdsparameter.

De resultaten van deel I van dit proefschrift kunnen worden beschouwd
als een niet onbelangrijke uitbreiding van de klassieke Perron-Frobenius
theorie (alhoewel zij in de eerste plaats zijn bedoeld om bepaalde dyna-
mische programmeringsrecursies te kunnen analyseren). In deel II wordt een
poging gedaan deze resultaten uit te breiden naar stelsels niet-negatieve
matrices van aftelbare dimensie. Hoofdstuk 7 is inleidend. Behandeld worden
Markov ketens met aftelbare toestandsruimte. Sterke ergodiciteit en de
Doeblin conditie zijn enkele sleutelwoorden in de analyse in dit hoofdstuk.
De (voor het grootste deel bekende) resultaten dienen voornamelijk als voor-
bereiding op de analyse in hoofdstuk 8.In laatstgenoemd hoofdstuk wordt
de struktuur van aftelbaar dimensionele niet-negatieve matrices geanalyseerd;
de gegeneraliseerde eigenvectoren theorie, behandeld in hoofdstuk 2, blijkt
belangrijk te kunnen worden uitgebreid. In hoofdstuk 9 tenslotte worden
een deel van de resultaten van deel I van dit proefschrift uitgebreid naar
stelsels niet-negatieve matrices van aftelbare dimensie. Als nevenprodukt
van-de analyse in deel II worden semi-probalistische interpretaties van
eigenvectoren en gegeneraliseerde eigenvectoren verkregen die ook voor het

eindige geval nieuw schijnen te zijn.
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STELLINGEN

Laten x en y binomiaal verdeelde stochastische grootheden zijn met pavra-
meters n,p, resp. m,p. Veronderstel 0 < n < m en laat voor zekere

niet-negatieve gehele getallen k en & gelden :
P(x < k) < Py < 9).

Dan geldt ook :
Pz 2 k=1) < P(y £ 2-1).

Een analoge bewering geldt voor twee Poisson verdeelde stochastische groot-

heden x en y, met parameters A, resp. M, waarbij O g A< .
II

Laat p(k,A) gedefinieerd zijn door

Ak +
p(k,2) == exp(-}) XeR , ke N
k!

Voor ieder tweetal gehele getallen n en m, met 0 < n < m, en ieder tweetal
reéle getallen p en A, met 0 < u < )\, waarvoor

-

o
T opk,w) = ) pk,2),
k=0 k=m+1

geldt de volgende ongelijkheid :

o«

n
T ok, > ) plk,u).
k=0 k=m+1

Litt.: ZIJM, W.H.M. and J.J. DIK, Two inequalities for Poisson probabilities,
Proc. of the K.N.A.W., Series A, Volume 82 (1), (1979), p. 87-94.
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Laat P een stochastische N x N - matrix zijn (N > 2). De subradius p(P) van

P is als volgt gedefinieerd :

p(P) := max {IAI !A eigenwaarde van P, X # 1}.

Definieer ak(P) als volgt:

N
ak(P) 1= 1 - omin .2 min (pi]j""’pikj) =2,..,N.
11,12,...,lk J=] ;

N geldt voor elke k ¢ {2,...,N}:

Lim {0, ®}/® = ing (o, @M1/ = (o).
k
e n
Litt. : BRAUER, A., Limits for the characteristic roots of a metrix, IV :

Applications to stochastic matrices, Duke Math. J. 19 (1952),
p. 75-91.
HAINAL, J., Weak ergodicity in non-homogeneous Markov chains, Proc.
Cambridge Phil. Soc. 54 (1958), p. 233-246.

v

Het bewijs van Samuelson's "non-substitution theorem" voor het open statistch
Leontief model, zoals gegeven door Levhari, is in essentie ecen toepassing
van Howard's "policy-iteration algorithm" voor een verdisconteerd Markov

beslissingsproces met eindige toestandsruimte en eindige aktieruimte.

Litt. : HOWARD, R.A., Dynamic programming and Markov processes, M.I.T. Press,
Cambridge, Massachusetts (1960).
LEVHARI, D., 4 nonsuhstitution theorem and switching of techniques,
Quart. J. Economics, LXXIX 1 (1965), p. 98-105.

v

In hoofdstuk 5 van zijn proefschrift toont Steenge aan dat in de even-
wichtssituatie in een gesloten Leontief systeem de output-vector x voldoet

aan .




x = EI(P)X.

Hierbij is P een niet-negatieve irreducibele vierkante matrix met spectraal-
straal 1 en El(P) de projector op de eigenruimte van P, behorende bij
eigenwaarde 1. Steenge neemt hierbij aan dat P diagonaliseerbaar is,

m.a.w. dat alle eigenwaarden index ! hebben. Deze aanname is overbodig.

Litt. : STEENGE, A.E., Stability and standard commodities in multi-sector
input—output models, proefschrift, Groningen (1980).

VI

De derde wet van Hicks kan voor het open statisch Leontief model als volgt
worden geformuleerd :

Indien de input—-output matrix in een open Leontief model irreducibel
is, veroorzaakt een stijging van de exogene vraag naar goed j een produktie-
verhoging in alle sectoren. Deze produktieverhoging is het grootst, in
relatieve zin, in de sector die goed j produceert.

Deze wet is een bijzonder geval van stelling 8.3 van dit proefschrift.

Litt. : MORISHIMA, M., Equilibrium, stability and growth, Oxford Univ. Press,
Oxford (1964).

VII
Laat K een eindige verzameling van niet-negatieve Nx N-matrices met de

produkteigenschap zijn, zoals gedefinieerd in dit proefschrift.

Kies x(0) > 0 en laat

(x) x(n+1) := max Px(n) ne N, .
0
PeK
Definieer
x(n+1). x(n+1).
. i i
a_ = min ————— ; B = max ———— ne N .
n n 0

i x(n?i i x(n)i




~ Laat voor zekere i € {1,...,X}, n, k ¢ W en P ¢ K gelden
-1k
x(n+l) . > (B o °) § pyy X

Dan is de i€ rij van P niet optimaal in de eerstvolgende k stappen,

volgend op de n® stap in de recursie (%). M.a.w. :

x(n++l); > g Pi x(n+JL)j 2= 1,2,...,k.

VIII

Laat K een eindige verzameling van aperiodieke stochastische matrices met

de produkteigenschap zijn. Kies x(0) willekeurig en laat
x(n+1) := max Px(n) new. .
PeK 0

Zoals aangetoond door SCHWEITZER en FEDERGRUEN en in appendix 4A van dit
proefschrift bestaan er een vector x en constanten ¢ > 0, 6§ < 1 2zd dat

voor allene I

I xm)-x|| < cs™.

Laat S(P) het spectrum van P zijn en definieer

p := max {|A] | 2 e US(P), [A] < 13,
PeK

Het lijkt aannemelijk te veronderstellen dat § willekeurig dicht bij p

gekozen kan worden. Deze veronderstelling is echter in het algemeen onjuist.

Litt. : SCHWEITZER, P.J. AND A. FEDERGRUEN, Geometric convergence of value
iteration in multichain Markov decision problems, Adv. Appl. Prob.
11 (1979), p. 188-217. ‘

IX

Laat K een eindige verzameling van niet-negatieve Nx N-matrices met de

produkteigenschap zijn. Een sterk excessieve funktie met excessiviteits-




factor p is een vector u > 0 z8 dat

p := min {8 | max Pu < Bu} < 1,
Pek

Laat o(P) de spectraalstraal van P zijn. Definieer
o := max {o(P) | P e K},

en veronderstel dat o < 1. Duidelijk is dat p > 0.
We noemen een sterk excessieve funktie u e~optimaal indien
O <p < 0+e voor zekere e (0 < & < 1-3).

Kies nu x(0) > 0. Definieer

x(n) := max Px(n-1) ne N,
PeK
Dan geldt : voor iedere € > 0 bestaat een © ¢ I zddat voor n > fi de vector

x(n) een e-optimale sterk excessieve funktie is.

Litt, : VAN HEE, K.M. AND J. WESSELS, Markov decision processes and strongly
excessive functions, Stoch. Proc. Appl. 8 (1978), p. 59-76.

X

Laat P een irreducible niet-negatieve matrix van aftelbare dimensie zijn
met convergentieparameter R (zoals gedefinieerd in hoofdstuk 8 van dit

proefschrift). Laat voor |z| < R

pgq) 2" i,j € S.

P..(z) :=
=0 ™

L3

o~18

Dan geldt voor alle i,j,k € S:

Pij(z)Pkk(z) > Pik(z)ij(z) 0 Lz« R.




X1

Het verdient aanbeveling om in de wiskundeopleiding in het voortgezet
onderwijs meer systematisch aandacht te besteden aan het vertalen van
niet-wiskundige problemen in een mathematisch model. Een eerste vereiste
is dan wel dat in de opleiding van wiskundedocenten meer dan tot nu toe

de nadruk wordt gelegd op toepassingsmogelijkheden van wiskunde.
XI1

Het besluit van het tweede kabinet Van Agt om aan iedere niet-zelfstandige
met een minimuminkomen een uitkering ineens te verstrekken, maar deze
uitkering te onthouden aan zelfstandigen met een inkomen beneden het be-
staansminimum; betekent een ernstige miskenning van de toch zeer zwakke

economische positie van deze laatste groep.
X111

De economische betrekkingen tussen een grote groep voornamelijk in Afrika
gelegen ontwikkelingslanden enerzijds en de EEG anderzijds worden geregeld
in de zgn. Conventie van Lomé. Alhoewel deze Conventie voor de betrokken
ontwikkelingslanden op korte termijn zeker een verbetering betekent in
vergelijking met de vroegere associatieverdragen, vormt zij in feite een
ernstige belemmering voor de totstandkoming van wereldwijde regelingen op

het gebied van ontwikkelingssamenwerking.
XIV

Het feit dat Texel steeds kleiner wordt, doet niets af aan zijn grootheid.




