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Abstract—Tilt-series alignment is crucial to obtaining high-
resolution reconstructions in cryo-electron tomography. Beam-
induced local deformation of the sample is hard to estimate from
the low-contrast sample alone, and often requires fiducial gold
bead markers. The state-of-the-art approach for deformation
estimation uses (semi-)manually labelled marker locations in
projection data to fit the parameters of a polynomial deformation
model. Manually-labelled marker locations are difficult to obtain
when data are noisy or markers overlap in projection data. We
propose an alternative mathematical approach for simultaneous
marker localization and deformation estimation by extending
a grid-free algorithm first proposed in the context of super-
resolution single-molecule localization microscopy. Our approach
does not require labelled marker locations; instead, we use an
image-based loss where we compare the forward projection
of markers with the observed data. We equip this marker
localization scheme with an additional deformation estimation
component and solve for a reduced number of deformation
parameters. Using extensive numerical studies on marker-only
samples, we show that our approach automatically finds mark-
ers and reliably estimates sample deformation without labelled
marker data. We further demonstrate the applicability of our
approach for a broad range of model mismatch scenarios, in-
cluding experimental electron tomography data of gold markers
on ice.

Index Terms—Mathematical super-resolution, parallel-beam
tomography, conditional gradient method, marker-based align-
ment.

I. INTRODUCTION

Cryo-electron tomography (cryoET) is a powerful imaging
technique to resolve the structures of biomolecules and cellular
components in situ using an electron microscope [1]. In
recent years, advancements in detector technology and image
processing methods have greatly improved the resolution of
structure determination routines using cryoET, down to near-
atomic resolution [2].

A typical cryoET workflow consists of tilt-series acquisi-
tion, tilt-series alignment and reconstruction, followed by post-
processing steps such as per-particle reconstruction refinement,
segmentation and sub-tomogram averaging [J3], [4].

The image formation process in cryoET is as follows. A
frozen sample is inserted into a transmission electron micro-

scope (TEM) where it is irradiated with an electron beam, and
the resulting transmitted beam lands on the camera to form
a TEM image. For biological samples, the observed image
contrast is mainly phase contrast because such samples are
made up of light materials and thus are weak scatterers [3[]. In
contrast, gold markers are strong scatterers and show clear
image contrast even under low-dose acquisition conditions.
In order to obtain a tomographic #ilt series (i.e. a series
of projection images for consecutive angles), images of the
sample are acquired at different view angles by tilting the
sample with respect to the electron beam.

Aspects of cryoET that distinguish it from other CT setups
are as follows. Firstly, the geometry of the experimental
system limits the extent to which the sample can be tilted.
Moreover, the increase in apparent sample thickness with
increasing tilt allows projection images to only be acquired
for a limited angular range in cryoET, usually in [—60°,60°],
resulting in a missing wedge of information that is not available
during reconstruction [6]]. Secondly, cryoET samples are dose-
sensitive, which limits the total dose during acquisition and
leads to very noisy projection images when a large number
are acquired. Thirdly, the sample undergoes local and global
movements during the acquisition procedure, making it diffi-
cult to reconstruct with a constant sample assumption. For a
detailed discussion on the mathematics of electron tomography
we refer the reader to [7].

The acquired tomographic tilt series must be corrected for
global and local sample motion during tilt-series acquisition
[8]l. Types of global motion include rotations and shifts of the
sample with respect to the field-of-view (FoV) captured by the
camera. Local motion includes sample deformation induced by
the electron beam. In addition, a build up of surface charges
due to irradiation can lead to apparent sample motion due to a
microlensing effect [9]. When not corrected, sample motion
leads to blurred reconstructions and poor resolution of the
biological structures extracted by further post-processing [[10].
Tilt-series alignment, the process of figuring out geometric
relationships between projections in the tilt series, provides a
way to correct for these effects so that the highest possible
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resolution can be achieved in subsequent reconstructions.

Beam-induced local sample deformation is a crucial limiting
factor in high-resolution cryoET studies [11]]. In particular, as
shown in Fig.[I(a), compensation of local motion during align-
ment leads to sharper reconstructions and thus more reliable
structure determination. In [[11]], the authors propose a method
to extend currently used alignment methods with a sample
deformation term that takes into account local sample motion
induced by the electron beam. It has previously been observed
that cryoET samples undergo “doming” motion, where the
sample exhibits an upward deformation perpendicular to the
sample plane (Fig. [I{b)). The authors of [I1] model this
motion using polynomial surfaces with coefficients that can
be estimated as part of a minimization scheme. In addition to
global shifts and rotations, the parameters of the doming model
are fitted by solving a non-linear least-squares problem.

One of the drawbacks of the doming model approach is
that it requires labelled marker locations in the tilt series as
input, where the same marker has to be identified in all tilt
images such that its locations can be connected to a trace.
Markers are usually identified and traced in tilt-series images
by template matching, a procedure that is prone to errors when
the signal-to-noise ratio in tilt images is low, when markers
cluster together or when they overlap in projection while being
separate in 3D [{8]. Other, state-of-the-art approaches in local
sample deformation correction such as emClarity [12] and M
[13] rely on detecting features from reconstructed tomograms
and using these as fiducials, and are computationally expen-
sive.

An additional disadvantage of the doming model method
is the large number of parameters that must be estimated
because no additional prior information on the deformation
field is incorporated. Without smoothness constraints on the
time evolution of the deformation field, the model allows
deformation parameters to vary freely over the tilt series and
does not penalize unphysical deformations.

Though not always appropriate, smoothness constraints
on local sample motion are reasonable in the context of
continuous-tilt cryoET (CTT) data collection, where thousands
of very noisy projection images are captured continuously
while the stage is tilted with a constant rotation speed [14].
This allows for a reduction in the number of doming model
parameters.

We propose extensions to the doming model approach that
make it possible to align tilt-series images without labelling
markers in the tilt series. Taking inspiration from algorithms
proposed in the context of single-molecule localization mi-
croscopy [15]], we use a continuous formulation of the marker
localization problem, which enables us to formulate an image-
based loss and identify marker locations with a localiza-
tion precision greater than the pixel spacing of the acquired
tilt-series data. We equip the localization scheme with an
additional deformation estimation routine and solve for the
parameters of the doming model.

In addition, we incorporate a polynomial time dependence
of the deformation field, which assumes smoothness of the
local sample motion after global motion correction. This
assumption is motivated by the fact that local sample motion is

the result of positive-charge accumulation on the sample due
to irradiation with a high-energy electron beam [10], [16]. As
charge accumulation happens continuously and smoothly over
the acquisition time, we can assume that local sample motion
is also smooth. This assumption helps us reduce the number of
deformation parameters by orders of magnitude. An important
aspect of our approach, however, is that it is independent of
the choice of deformation field parametrization.

To validate our proposed method, we apply it to simulated
data in 2D and 3D as well as experimental data containing
gold markers on ice. As the main focus of our paper is on
testing the properties and robustness of our proposed method,
we focus on simulation studies with ground-truth marker
locations and deformation fields. In experimental studies, we
restrict ourselves to data of gold markers on ice to disentangle
the marker localization and deformation estimation problem
from the later image reconstruction problem. We study the
robustness of our approach with respect to noise, forward
model mismatch and deformation model mismatch. We show
that we are able to estimate deformation fields and marker
locations with similar accuracy as the doming model approach
without the need for labelled marker data, and that our method
estimates deformation parameters accurately despite model
mismatch.

This paper is structured as follows. In Section [[I] we review
the mathematical formulation of the alignment problem and
discuss a unifying framework for solving it. We derive the
doming model approach in [11] as one possible choice of
alignment method. We also present the main contribution of
our paper: a method that localizes markers and estimates
deformation fields without marker labelling. In Section we
give details of the optimization techniques used to solve our
extended problem. In Section we describe the numerical
experiments performed, and discuss our results on 2D and 3D
simulated data as well as experimental data in Section [V] We
end our paper with a critical discussion of our approach and
point to possible extensions in Section

II. MATHEMATICAL FORMULATION

We consider an initial sample ug(p), with p € Q C R?
(d = 2,3 for simulated data and d = 3 for experimental
data), which consists of two distinct components with non-
overlapping supports:

uo(p) = ug' (p) + ug(p), (1)

where u{'(p) represents markers and u(p) represents the
biological sample in the background.
This initial sample deforms over time, in the sense

u(p) = uo(p — Di(P)(p)) =2 Wp,(pyuo(p),  (2)

where Di(P,p) : P x @ — R? is a time- and space-
dependent deformation field parametrized by global param-
eters P € P. The action of this deformation field can be
represented by a linear warping operator Wp, (p). The global
deformation parameters couple the reconstruction problems for
individual markers. Later in this section we discuss appropriate
parametrizations for the deformation field.
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(a) Reconstructions of a gold marker

t=10

Electron beam

'\f\/'\/\f\/:r,,
Projection data

(b) Forward models

Fig. 1: (a) Reconstructions of a gold bead marker using (top two rows) standard alignment without sample deformation
compensation and (bottom two rows) with sample deformation compensation. Images reproduced with permission from [I1].
(b) Forward models used in SparseAlign and the doming model method. At ¢ = 0 the sample with markers is not deformed.
Projected marker locations (red dots) are convolved with a known shape function to yield projection data (blue line). As the
sample is tilted, it undergoes doming deformation. At time ¢ = ¢/, the change in marker locations caused by doming (purple

upward arrows) leads to a change in the projection data.

Projection data U, of the deforming configuration are gen-
erated by applying the continuous Radon transform to u(p):

Uy = R, ut(p) = Ro,Wp,(p) (ug' + ug), (3)

where 6, is the projection angle and the Radon transform for
d = 2 is defined as a line integral over rays:

Roful(s) = [ ulp)dp
1(s,0+)
I(5,0;) = {(z,y) € R* |z cos; +ysinb, = s}.

Projection in 3D for a parallel beam geometry, as in the case
for cryoET, can be decomposed into a series of 2D projections
[17].

The full tomographic data, obtained over discrete time
points ¢ € {tg,t1,...,tr} is a stack of individual projections:

v, Ro, Wp,(P)
o [T = O ) @)
Ur RorWpy(p)

Solving the set of equations @) when all the variables - u{",
ug and Dy - are unknown amounts to solving a joint image
reconstruction and alignment problem. Most approaches for
solving the joint problem alternate between solving (@) for
one of the three variables while keeping the others fixed. In
such schemes, determining a good order for these updates is
crucial.

As markers are designed to have a significantly higher
contrast compared to the sample, we can often obtain rea-
sonable first estimates for the marker configuration ;' and
deformations D; while ignoring the sample contribution. This
corresponds to solving @) by setting u§ = 0.

One way to parametrize the initial marker configuration ug’
is to represent it using the continuous locations of markers at
t = 0. Here we represent a single marker as a delta function at
the location of its centre convolved with a fixed, known shape

function; the marker configuration is then a sum of convolved
delta functions in Q C R<:

M
=3 (G, 0), 5)

j=1

where r; are the initial marker locations, M is the total number
of markers and GG is a known shape function, for instance a
Gaussian.

For parallel beam projection, Theorem 1.2 in states
that:

RalG %01, (p)) = (RaG) « (Rodr, (7)) = G (Radr, 0)).
(6)

Furthermore, the Radon transform of a delta function is a delta
function in projection space:

RG(ST]' (P) = 51487‘1‘ (S)a @)

where Ay € R(=1)*4 is a projection matrix that maps marker
locations in configuration space to locations in projection
space. We denote the resulting projected marker locations by
qj = Apr;.

We can assume that in contrast to the sample, markers
are displaced over time, not deformed. Furthermore, when
variations in the global deformation field D, over the area
covered by a marker are small, we can make the following
approximation by commuting the deformation operator with
convolution with the shape function:

(G 0,)(p— D(P,p))
P,p) (p)

Thus, the deformed marker configuration is given by:

Wp,(p)(G *6:)(p) =

~ G % 0p(p— Dy(P,p) = G % 6,4.py(

M
Wo g (@) = 3 (G 0 sp,pry(0) - ®)

j=1
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This assumption is accurate when the support of G is small
and the deformation D;(P,p) is smooth over the support of
(G *d,;). Setting ug = 0 and inserting the ansatz above into

(@) yields

M
U, = RgtWDt(p)ugL ~ Z (th * 6Agt (’I"jJrDt(P,T‘]‘)))
j=1

M
=9 (th % 5%.), )

j=1
where
= Ap, (1 + De(P,1y)).

Using equation (9) amounts to localizing markers by matching
their projection data U, € R(NexNa) (in 2D), where Ny is the
number of projection angles and N is the discretisation of the
detector plane. A schematic of this forward model is shown
in Fig. [I{b), where we indicate 1D projected data with blue
lines.

In [11f], the authors use projected marker locations over time
as the input instead of image data (indicated with red dots
in Fig. [I(b)) and use the following optimization problem for
deformation estimation and marker localization:

ZZH(‘IW Ag, (rj + Di(P, 7“;)))

t=0 j=1

G, (10)

2

. (1D
2

mlnlmlze
rj,P

Such an approach assumes that we can identify the projected
marker locations ¢; ; directly, despite convolution with Gp
Here and elsewhere, we use symbols with a tilde (e.g. ¢;,;) to
denote measured data and symbols without a tilde (e.g. ¢; ;)
to denote model predictions.

Comparing equations (9) and (T0), we find that for each ¢
the dimensions of 2D data for (T0) are d x M and those of the
data for (9) are Ny x N,. Typical values for d, M, Ny and N,
are 3,20, 100 and 4096, respectively, such that dx M = 3 x 20
and Ny x Ng = 100 x 4096, the latter being approximately
6000 times the former. Thus, is a much lower-dimensional
problem. Furthermore, the deformation field can be extracted
from (T0) in a more direct fashion as it directly describes the
corresponding projected marker displacement, not the change
in the projection image caused by it.

However, identifying markers robustly from data is not
a trivial problem [8]. It involves solving an optimization
problem of the form: minimize,, ; >, ||\17t—2j (G, %04, ;)13
Marker labelling is generally performed using normalized
cross-correlation-based schemes or template matching algo-
rithms. Such methods are error-prone when projection data are
noisy or when gold beads are occluded or cluster together in
projection data. In such situations, users must manually anno-
tate markers, or manually inspect and correct for incorrect and
failed detection in one or more images in the tilt series. This
manual intervention leads to time-consuming and subjective
labelling.

To avoid solving the marker identification problem, we take
a step back and start directly from (9). We solve for marker
locations and the deformation field in a least-squares sense.
In addition, we do not assume that we know the number of

markers beforehand. The resulting optimization problem is as
follows:

minimize
’l‘]' ,P7M

T ~ M 2
Z H\I’t_z (th *5A9t(Tj+Dt(PaTj))) H2 (12)
=0 i

The optimization problem above assumes a model for the
markers, uses an image-based loss and does not need labelled
marker locations like the problem in (TI). In the following
section, we discuss optimisation schemes for solving (12).

The deformation field D; can be represented using different
basis functions. If one uses localized basis functions, e.g. the
B-spline basis functions often used in non-rigid image reg-
istration, one either needs a sufficiently dense sampling of
the domain with markers or include suitable regularization
constraints [18]. Global basis functions that are supported in
the entire domain will only lead to a compact, low-dimensional
description of the deformation field with sufficient accuracy if
they are chosen based on a priori knowledge about the sample
deformation.

In this paper, we use the global basis functions proposed in
[11], where the beam-induced sample deformation is modeled
with a set of polynomial surfaces. The parametrized sample
deformation D;(P, ;) := [Dy 4, Dy, Dy -] is modelled with
polynomials in (x,y,z) such that the deformation in each
direction is given by

Dy y(r, P) = Z (Pagv(t)) TP ke {a,y, 2},

(13)
where P,s, are the coefficients of the polynomial and d,,
is the degree of the polynomial. In [11]], these polynomials
are allowed to vary freely over the tilt series, resulting in a
large number of free parameters. In 3D, we must estimate
18 parameters for each tilt for a quadratic deformation model,
which amounts to thousands of parameters when the number of
tilts is high. One way to reduce the number of parameters, used
in [11]], is by assuming that the deformation field is constant
along the depth (z direction) of the sample. with w
free parameters.

To further reduce the number of free parameters, we intro-
duce a temporal dependence in (T3], which reduces the number
of parameters from 18 for each tilt to 18 for the entire tilt
series, assuming a quadratic deformation model. Our time-
dependent deformation field is given by:

Dy i (r, P) Z Z (Paﬁwc) k:r"‘y Dt te [0, 1].

¢=1 a,,720
C¥+B+"/Sdp
(14

As we reconstruct the first image, there is no way to recover a
zeroth order deformation in time. For simplicity, we consider
linear time dependence in our experiments, which amounts to
setting d; = 1.

Our method is independent of the choice of parametrization
of the deformation field. Other parametrizations, which take
advantage of the possible symmetries of the deformation field
or additional understanding of the physics underlying the
sample behaviour, could also be suitable choices.
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III. OPTIMIZATION

In [15], [[19], [20], convex approximations to the minimiza-
tion problem (I2Z) have been devised by mapping the problem
onto the space of measures M (2). We interpret the marker
configuration as a measure p := Z;\il w;ib,, € M(RQ),
where the weights w; are introduced as a means of relaxing
the optimization problem (I2). The weights determine the
relative “importance” of the markers and, as we show later, can
be used to remove candidate markers that do not contribute
significantly to the data. Mapping the problem to measure
space enables us to express the forward operation shown in
@©) in terms of a linear operator, ®; : M(Q) — RV4:

¢y
M o
vy = ij (Gza)t * 5qt,j) =: ®up, U= || p=u
Jj=1 Dy
(15)

The minimization problem (I2) can then be rewritten as the
following problem in the space of measures, where the loss is
convex in the measure y:

e . - L 2
minimize UPp—V),  L()=]"lz 16

In [15]], the authors devised an effective numerical scheme
for solving infinite-dimensional convex problems of the type
shown above by using a variant of the conditional gradient or
Frank-Wolfe method [21]]. They also showed that interleaving
the convex Frank-Wolfe iterations with nonconvex local op-
timization steps improved the convergence of the algorithm.
This algorithm, known as the alternating descent conditional
gradient (ADCG) method, has been subsequently extended for
and applied to a range of application areas [15], [[19]], [20].

In this paper, we adapt the ADCG algorithm to solve
the marker localization and deformation estimation problems
simultaneously. To do this, we perform the Frank-Wolfe itera-
tions as-is but modify the block coordinate descent routine to
include an additional deformation estimation step. At each it-
eration of the algorithm, we place a new marker at a candidate
initial location by solving a linearized approximation of our
optimisation problem. Then, we solve a linear optimisation
problem to obtain estimates for the weights of all current
markers. Local optimisation routines are used to solve for the
parameters for the deformation field and to refine the marker
support in a bounded region. Our modified ADCG routine,
which we call SparseAlign, is shown in Algorithm [T} Below
we describe each step in our method in detail.

a) Adding candidate marker locations: We use the con-
ditional gradient method to obtain candidate marker locations
in steps 2-3. The conditional gradient or Frank-Wolfe method
[21] can be used to solve constrained optimization problems
of the type minimize,cc f(x) iteratively, where C' is a convex
set. The first step in each iteration is to minimize a linearized
version of the loss within a specified domain. The linear
approximation to a function f(z) at xy is given by

fin(s) = f(xr) +(Vf(xr),s — zx).
Minimizing fj,(s) over a domain D, thus amounts to solving

minimize (Vf(zk),s — xg)-

Algorithm 1 SparseAlign

for n = 1: ny. do B
1) Compute current residual: g,, < ®p,, — ¥
2) Find next marker: r} « argmin,cgria(V£(0n), ¥(r))

3) Update support: 7,1  [7n, 7]
4) Block coordinate descent:
Repeat:
(a) Compute weights:
Wy p1 4 argming £(Pp,q — V)
(b) Prune support:
(wn-‘rl; 7"n—i—l) «— prune(wn+17 7"n-l-l)
(c) Fit deformation parameters: ~
Py« argminpep {(Ppipi1 — W)
(d) Improve support:
Trp1 — argmingee £(Ppp i — V)
end for

Using our forward model (I3) and the loss function in (T6)),
we can compute that the linear minimisation step at iteration
n is the following optimisation problem over measures s €
M () C M(Q)

minimize

Vi(on), ®s),
ninimize  (V(on), ®s)

a7

where o, == Pu,, — U is the residual at iteration n.

An optimal solution of the above problem is the addition a
single new marker with positive weight to the current support
of . This ensures that, at iteration n of the algorithm the
measure p is supported at n points. Adding only one location
at a time has been shown to give the sparsest possible solution
[15].

Practically, we solve by gridding the domain of marker
locations coarsely. The contribution of a single marker at each
grid point, 7g44, is computed for a current guess of deformation
parameters:

th * 5A91(Tgrid+D1(rg,m))
w(rgrid) = Gaf * 5‘492 (reia+D2(reia))

4
GQ,, * 5A9T (rgia+Dr (Teria))

Then, the inner product of the current residual with the
forward projection of a marker located at each grid location
is calculated. The grid location 7,y with the smallest inner
product with the residual is chosen as the next candidate
location:

(Ve(en),(r)).

* .
Torq — aArg 11111
grid g reerid

(18)

b) Optimizing weights: Once we have optimized for
marker locations, we can optimize the weights of each marker
as shown in steps 4(a)-(b). Note that the model (I3) depends
linearly on the weights w;, j € {1,2,...,M}. Thus, with
the number of markers, marker locations and deformation
parameters fixed, the weights w; can be estimated by solving
the following linear least-squares problem

16(@pn — D)3

minimize
we[0,1]™

19)
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All weights w; are constrained to lie in [0, 1] and represent
the relative importance of marker contributions to the data.
Markers with weights close to zero can be removed by an
additional prune routine that removes all markers with a
weight lower than a predefined threshold. In some cases an
additional prune routine can be used to remove markers with
small weights at the end of a full algorithm run. This further
ensures that the solution obtained is the sparsest possible
marker configuration required to explain the data 0.

c) Refining initial marker locations: At each iteration,
we perform the nonconvex local optimization step shown in
4(d) to refine our estimates for the initial marker locations.
This step was first proposed in [[I5] as a way to speed up
convergence of the conditional gradient method.

Refining the support of the current measure p, without
changing the number of markers ensures that markers are
moved off the grid locations used in steps 2-3. It also imparts
some of the rapid local convergence qualities of nonconvex
optimisation [15]]. In our implementation, we use the L-BFGS-
B algorithm to perform local optimisation over initial marker
locations.

d) Estimating deformation parameters: The optimization
problem behind step 4(c) is given by

T M
migier%ize Z H\Ilt - Z wj (G’e’t *04,, (rj+Dt(,‘j,P))> ’ K
t=0 j=1

(20)
which is a difficult nonconvex problem that is often studied in
the context of image correspondence problems such as image
registration or optical flow estimation [22]]. We use L-BFGS-B
initialized at the current P, to compute a local update P,
for the parameters of the deformation field.

e) Coarse-to-fine scheme for large data: One of the
challenges of solving (20) is that the objective function is flat
if the forward projection of the current marker configuration
and the data do not share the same support, and gradient-
based optimization schemes such as L-BFGS-B have a hard
time locating a minima. This easily happens for small objects,
such as markers, embedded in large projection images. The
remedy is typically to smooth both images with a Gaussian,
compute a deformation field on the smoothed problem, and
use the solution of the smoothed problem to initialize the
optimization of the original problem.

Gaussian smoothing followed by downsampling removes
high image frequencies and one starts matching only the low
frequencies. For noisy data, downsampling has the additional
advantage of denoising the data. Furthermore, for large ex-
perimental data, where each tilt image has pixel dimensions
4096 <4096, warm-starting the optimization at high resolutions
with good initial values ensures that not many expensive
iterations have to be performed.

For realistic simulation data and experimental data, we
use a coarse-to-fine scheme where the marker localization
and deformation estimation problem is solved at successively
finer resolutions using the results at the coarser resolutions as
initialization.

At full resolution, we generate the forward projection of
a single marker using (6) followed by sampling on a spatial

2

grid Xy with Ny grid points. Thus, the discretized forward
projection of the full marker configuration can be written as

U, = ijsfg(qtﬂf), 1)
J

where S7 is the sampling operator associated with the spatial
grid Xy and G, ;) is a Gaussian centred at ¢;; with
standard deviation 7y.

For obtaining measured data at coarse resolutions, we down-
sampled the full-resolution measured data 0, at each time after
Gaussian convolution to prevent aliasing artefacts [23]]. Thus,
the coarse-resolution data were given by ¥§ := H¢(G,, *U,),
where H° is a downsampling operator associated with a coarse
grid X. and G, is an anti-aliasing Gaussian. For integer
downsampling factors 1 := |X.|/|Xf|, H® only keeps pixels
separated by 7 in the coarse-resolution image.

We approximated matching forward projection data Uy
directly from marker locations using our forward model (9) by
sampling the Gaussian-convolved projected marker locations
on the coarse grid X_:

Ui = wiSGlg,mp)s (22)
J

where S€ is the sampling operator associated with the coarse
grid X..

IV. NUMERICAL EXPERIMENTS

In this section we describe our experiments with simulated
and real data. Implementation notes with details of software
packages used are provided in Section [ST] of the Supplemen-
tary Materials.

A. llustrative 2D example

a) Ground truth: We used a simple simulated sample
to elucidate properties of our algorithm in 2D. The FoV was
taken to be [—L/2, L/2] along both axes, with the canonical
length scale L = 1. The ground truth sample consisted of 10
gold bead markers confined to a thin rectangular region: x €
[-2L/5,2L/5],z € [-L/10,L/10]. We chose this geometry
for our 2D sample to mimic the geometry of experimental
cryoET samples.

For simplicity, we considered deformation field components
to be zero along the horizontal (z) direction. In the vertical
() direction, we assumed the deformation to be given by a
quadratic polynomial of x and z:

Dy (1, P) = (Py+Pyx+ Poz+Pya®+ Py2* + Psx2)t =: Dy .t,

(23)
with Pp=0L, P =P, =—-1, Ps=Py,=P; = -1 Lil,
and ¢ taking values in [0, 1]

b) Projection data: We generated projection data using
the forward model in (I3) over a set of discrete projection
angles 6 € [-70°,70°), Ny = 20. Practically, we computed
the continuous Radon transform of each marker, followed by
a continuous 1D Gaussian convolution in projection space.
The Gaussian-convolved projection was then discretized on a
detector grid with Ny = 64. At each projection angle, the
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projection was then a 1D profile. All the projections were
rearranged in a sinogram with dimensions Ny x Ny .

For comparison, we also generated input data for the doming
model method in [11]]. These data were the projected locations
of each marker over the same series of projection angles.

B. Simulated 3D examples

a) Ground truth: We used a 3D configuration of markers
to test the robustness of our method to noise and to mismatches
in the forward model. We used 20 randomly placed markers in
a thin region in 3D with dimensions 819.2 nm x 819.2 nm X
100.0 nm. The sample used was the same as that described in

We considered deformation field components to be non-zero
only along the z direction; this component was then given by:

D.(z,y,z,t) = (Po + Pia® + Py)t, (24)

with Py = 200 nm, P, =
values in [0, 1].

b) Projection data: We generated projection data along
140 equispaced projection angles in [—70°, 70°] using a Gaus-
sian with standard deviation 15nm as the shape function of
individual markers. Each projection image was discretized on
a 64 x 64 pixel grid.

To convert the intensities in these generated images to
meaningful electron counts, we used that the expected electron
count in any pixel is given by I = Ipe™VCX9%  where
Iy is the incoming electron count, Vs is the absorption
potential of gold nanoparticles (5.39V for a 300keV electron
beam, treating the gold as amorphous), C' is the interaction
constant (0.00653V "'nm~! at 300keV) and dz is the path
length travelled by electrons through a gold marker. This path
length is equal to the product of the diameter of the gold
bead, which we take to be 15nm, and the intensity in our
generated images. For our experiments, we generated data with
Iy =2"n¢€{6,7,8,10,12,14}.

¢) Gaussian noise: To test the properties of our approach
for noisy data, we performed experiments with data corrupted
with additive Gaussian noise, such that

\I]noisy = Welean + N(O, 050155)7

where WU,, are the data scaled to physical electron counts
and o2, is the variance of the noise added.
We performed experiments using 02> = 2" n €
{7,8,10,12,14}. For each noise setting, multiple independent
experiments were performed and the results were averaged
to obtain mean values for the metrics. Each independent
experiment was initialized with a with a different random seed.

d) Poisson noise: We also generated a series of Poisson
noise-corrupted data by varying the electron count per pixel
per frame, Iy. For Iy = 2", n € {6,8,10,12,13,14}, we
generated Poisson-distributed electron counts at each pixel
using:

P, = —100 nm™!, and ¢ taking

‘Ilnoisy = POi(\I’clean)7 (25)

where W ., are the data scaled to physical electron counts and
Poi(-) denotes a Poisson random variable. The Poisson-noise
data were generated to have comparable signal-to-noise ratios

as those of the Gaussian-noise data. For each noise instance,
we performed multiple independent experiments with different
random seeds and averaged over the obtained metrics.

C. Realistic TEM simulations

We used the TEM-simulator software [24] to generate
physically plausible simulations of TEM images from a spec-
ification of a 3D sample (see example projection images in
Fig. 2(a) and (b)). To simplify matters, the sample consisted
purely of gold particles in vacuum, thus disregarding the
ice buffer and other sample structures. The purpose of this
numerical experiment was to test our algorithm in situations
where its forward model did not match the one used for data
generation. In particular, the explicit assumption of Gaussian
shape of gold particles and the implicit assumption of additive
uncorrelated noise characteristics were violated.

The test sample consisted of 20 gold particles of 15nm
diameter, randomly distributed in a slab of dimensions
819.2nm x 819.2nm x 100.0nm in z,y, z space. Over time,
this sample was simulated to undergo a deformation described
by the vector field

D.(x,y,2,t) = (Po+ Prx® + Pyy®)t, D, =D, =0 (26)

with Py = 200 nm, P, = P, = —100 nm~!, and ¢ taking
values in [0, 1]. This amount of deformation (200 nm at = =
y =0, t = 1) is an exaggerated version of a doming motion
observed in practice. The large amplitude was chosen to make
the effects under investigation easier to observe.

Assuming constant tilt speed, the time ¢ was mapped to
a tilt angle 0 according to 0; = —70° + ¢; - 140°, t; =
1%‘;0 ,© =10,...,140. At each tilt angle, a projection image was
simulated according to the weak phase object approximation
model [5]], taking the contrast transfer function (CTF) of
the optical system into account (see [24] for details). We
used electrostatic potential values of V' = 0 for vacuum and
V = (29.87 + 1 - 5.39) Volt for (amorphous) gold. The CTF
parameters were chosen as Az = 8 um (defocus), Cc = 2.7
mm (chromatic aberration) and Cs = 2.7 mm (spherical
aberration).

The size of each projection image was chosen equal to the
x — y dimensions of the sample, subdivided into (N, N,) =
(512,512) pixels, each of size 1.6 nm. Simulated data were
generated with 8x binning, with the full resolution pixel
size equal to 0.19 nm. Binning was performed because of
computational convenience.

a) Noiseless data: The noiseless images generated by
TEM-Simulator correspond to probability densities of detect-
ing an electron at a given location in the detector plane.
Therefore, scaling with the average number of incoming
electrons per pixel area results in each pixel value representing
the expected number of electrons measured in that pixel, also
referred to as “infinite dose” case.

b) Noise generation: In a real experiment, a finite num-
ber of electrons interacts with the sample and is detected at
the camera. This process was modeled with a Poisson random
variable Poi()\g) per pixel, where the parameter A\, = [0y
equals the intensity of the k—th pixel in the scaled noiseless
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(a) Noise-free simulated
tilt image

(b) Noisy simulated tilt image

(c) Experimental tilt image

Fig. 2: Example tilt images generated using TEM-simulator (a) without noise and (b) with added correlated noise; (c) an

experimental TEM image showing gold beads on vitrified ice.

image. This noise model applies to a perfect counting camera.
However, cameras operating in integration mode have a non-
trivial point spread function because charge from one incident
electron can leak into neighboring pixels, triggering multiple
detection events. Furthermore, signal and noise transfer vary
with spatial frequency. These two effects are characterized by
the MTF (modulation transfer function) and DQE (detective
quantum efficiency) of the camera and lead to signal blur and
noise correlation [5]. The noisy images in these numerical
experiments made use of this model.

c) Pre-processing for noisy data: For data with cor-
related Poisson noise, we performed the following pre-
processing steps. First, we used noiseless data to perform
segmentation with Otsu’s method [25]]. We obtained a mask for
the markers in the tilt series from this segmentation procedure,
which we used to compute average background and marker
intensities in the noisy tilt series. Second, we shifted the range
of the noisy data by subtracting its minimum value and applied
the Anscombe transform to our shifted data. Our forward
model (T3) assumes that the intensity in the background of
a projection image is mean zero with constant variance and
the intensity at gold beads is mean one with constant variance.
The variance of data with Poisson noise varies with the mean,
and thus differs from the assumption in our forward model.
To reduce the discrepancy between our model assumptions and
the simulated data, we used the Anscombe transform

Anscombe (V) := 21/ W + 3/8

as a variance-stabilizing transformation to obtain data with an
approximately constant variance and standard deviation [26].
Finally, we subtracted the average background intensity and
divided by the average bead intensity in the data.

D. Experimental data

For our experimental data we used a sample with gold
beads as the only prominent features. We deposited 20nm gold
particles on a lacey carbon grid, which was plunge-frozen in
liquid ethane using a Thermo Scientific Vitrobot. An example
tilt image is shown in Fig. 2c).

We acquired a tomographic tilt series using the Thermo
Scientific Tomography 5.5 software package on a Thermo

Scientific Titan Krios electron microscope equipped with a
Thermo Scientific Falcon 3EC camera. An area in a hole with
15 gold beads was selected. A magnification of 37000x was
chosen for a pixel size of 1.949A4 and a field of view of
800 nm. The sample was tilted from -60 to +60 degrees with
a tilt step of 2 degrees. Each image in the tilt series had an
electron dose of 0.198 e~ /A2

a) Cross-correlation-based global alignment: Projection
images were globally shift-aligned using the cross-correlation-
based routine in Thermo Scientific Inspect3D.

b) Data pre-processing: Not all projections were glob-
ally aligned correctly using the cross-correlation-based align-
ment routine. We inspected the tilt series visually for any
misaligned projections and removed these. This resulted in
a total of 27 projections that were then used for estimating
local sample deformation. Next, we deleted 256 pixels from
each of the four borders of the tilt series images to get rid
of missing image data added by the cross-correlation-based
alignment routine. Only one marker, near the top edge of the
tilt series images, was discarded because of edge removal.
As we expected correlated Poisson noise in these data, we
applied the Anscombe transform to the raw tilt series to obtain
data with approximately constant variance. After applying the
Anscombe transform, we subtracted the mean of the tilt series;
because most pixels were background pixels, this ensured that
the average background intensity was close to 0. Finally, all tilt
series pixels were divided by the average marker intensity to
ensure that, in accordance with our forward model, the markers
had an average intensity of approximately 1. To determine the
average bead intensity in experimental data, we inspected the
tilt series visually and used the average intensity in three small
square regions around three beads.

E. Evaluation criteria

To quantify the accuracy of our estimated deformation
fields with respect to the ground truth, where available, we
used the following evaluation criteria. First, the estimated and
ground truth deformation parameters were used to compute the
deformation field at ¢ = 1 on a gridded FoV of dimensions
1000 x 1000 (for 2D) and 1000 x 1000 x 1000 (for 3D), using
equation @ Next, the vectorial difference between estimated
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and ground truth deformation fields at ¢ = 1 was computed at
each grid point:

E(rga) = | DY, (rgria) — DY (rgria) Il

This deformation estimation error was averaged over the whole
grid to obtain the global deformation estimation error and
averaged only at the ground-truth marker locations to obtain
the deformation estimation error at markers:

27)

1
Egiobat = N Z E(rgia) (28)
grid grid
1 M
Earkers = M Z E(rj) (29)

Jj=1

where Ngig = 109 for 3D and Ngig = 10° for 2D.

V. RESULTS

a) SparseAlign adds markers with small displacements
first: In Fig. B(a) and (b), we show how SparseAlign localizes
markers. At each iteration, markers are added by solving the
linearized problem (I8) on a coarse grid. We show the values
of the objective function at each grid location in Fig. [3(a). The
first marker added is a marker close to the centre of the field
of view, where the displacement of markers is smallest. This
corresponds with the fact that all deformation parameters are
set to zero for the first iteration. After the first iteration, when
we start optimizing for the deformation parameters, markers
that show larger displacements are added. In Fig. 3(b), we
show two examples of marker location refinement. The two
plots on the left show marker addition and refinement at
iteration 3; a new marker, indicated with a red star, is added
at a grid location. Local optimization then allows us to move
this marker as well as all currently placed markers (blue plus
signs) off the grid and closer to the ground truth locations
(green crosses). The two plots on the right show another step
of marker addition and local optimization at iteration 7. In both
cases, local optimization helps to improve the solution close
to the region where the new marker is added. We indicate this
region with a red rectangle in the plots.

b) SparseAlign’s image-based loss is not convex with
respect to deformation parameters: In Fig. 3(c), we plot the
image-based loss in (I2) as a function of each deformation
parameter separately, while holding other parameters and
marker locations fixed at their respective ground truth values.
For comparison we also plot the marker-based loss in (TI).
Finally, each plot is normalized with a different normalization
constant, equal to the maximum value of the loss for that
parameter. For each parameter, the marker-based loss is a near-
perfect quadratic function with a minimum at the ground truth
parameter value. The image-based loss function shares the
same minima but differs from the marker-based loss at higher
parameter values. In general, the image-based loss function is
only convex in a small region around the global minimum. As
we move away from the minimum, the loss function increases
for each parameter until, at large parameter values, markers
move out of the field of view and the loss shows other minima
(as in the plot for Fp) or flattens and dips (as in the plots for

P, through Ps). Gradient-based schemes can thus get caught
in local minima if parameter values are very far away from
the true minimum at initialization.

c) SparseAlign estimates deformation parameters with
an accuracy comparable to that of the doming model: In
Fig. @] we illustrate the differences between the doming model
optimization used in [11] and our method. We use the simple
2D sample shown in Fig. [3| with a quadratic deformation field
along the vertical (z) direction.

Input data for the doming model (‘DM’) optimization are
indicated with red dots in Fig. [[b); projection data for
SparseAlign is a 1D profile indicated with a blue line. The
set of line profiles can be rearranged to give a sinogram for
the SparseAlign data.

In Fig. ffc), we show the reconstructed deformation fields
obtained using the two methods. In Fig. f}d), we illustrate
the vectorial deformation field error in both cases. We
observe that the error in the convex hull of the markers is
comparable using both methods. This is true despite the fact
that our method does not need labelled marker locations and
minimizes a more complicated image-based loss function. In
regions without markers, our method shows larger errors. This
is an indication of the greater ill-posedness of our deformation
estimation problem (20).

In Fig. fe-f), we compare mean deformation estimation er-
rors (29) and (28) for both methods at the ground truth marker
locations and in the entire FoV. Mean deformation estimation
errors at marker locations are comparable for both methods
although the global mean error is higher for SparseAlign. The
larger global error, however, is not significant because the
major contribution comes from boundaries where no sample is
present. Marker localization using SparseAlign and DM gives
comparable results, as illustrated in Fig. fg).

d) Deformation estimation accuracy reduces almost lin-
early for additive Gaussian noise: In Fig. 5] we perform a
quantitative analysis of the robustness of our method with
respect to noise in projection data. The ground truth marker
configuration and deformation field are shown in Fig. [5(a).
We used different noise settings to probe the properties of
our method for data corrupted with Gaussian and Poisson
noise, and for each noise level we performed 100 independent
experiments by randomizing both the initial marker locations
as well as using different noise realizations. The mean de-
formation estimation error plots for Gaussian noise show an
almost linear decrease in deformation estimation accuracy for
increasing signal-to-noise ratio (SNR, given by the standard
deviation of the Gaussian noise). Moreover the spread of the
distribution narrows for high SNRs, indicating that there are
fewer catastrophic failure cases for deformation estimation.

The dependence of deformation estimation error on noise
is more complicated in the case of Poisson noise. As shown
in the plots in Fig. [5(c), we do not see a linear dependence
as in the case of Gaussian noise. The difference in accuracy
between deformation estimation results for low and high
electron counts is also smaller. This suggests that the mismatch
between Poisson noise data and data generated from our
forward model is greater than the mismatch in the case of
comparable Gaussian noise.
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(c) Sensitivity of loss functions to changes in deformation parameters

Fig. 3: Three steps in SparseAlign. (a) Addition of new markers is performed on a coarse grid using the optimisation problem
(T8). The grid location with the smallest pixel intensity in the heatmap is chosen as the next candidate location, which is
indicated with a red star. (b) Refinement of initial marker locations is performed using L-BFGS-B. The two leftmost plots
show one step of marker addition followed by local optimization; the two rightmost plots show another step of marker addition
and local optimization. In both cases, after addition of a new marker (red star), local optimization ensures that all current
markers (blue plus signs) are brought closer to the ground truth locations (green crosses). We indicate the areas where this
improvement is clearest with red rectangles. (c) Sensitivity of the marker-based loss (black line) used in the doming model
approach and our image-based loss (red line) to changes in deformation parameter values. For each plot, the loss was normalized

independently with respect to its maximum value.

e) Model mismatch does not affect deformation estima-
tion significantly: We used physically plausible TEM simula-
tions to generate data where the forward model of SparseAlign
did not match the data generation model.

In these data, the shape function of a gold bead marker is not
a Gaussian. In Fig. [6(a), we show the profile of a marker in
projection data generated using the TEM-simulator package
and the profile of a marker using our forward model.
We assumed that the size of gold bead markers and the pixel
size of projection images are known, so that the width of the
Gaussian can be computed.

We used binned simulated data, as detailed in for
these experiments. In Fig. [6[b), we show results on marker
localization and deformation estimation using noiseless data.
The ground truth marker configuration and deformation field
are the same as those shown in Fig. [5(a). The results we show
in Fig. [6[b) are those obtained at the final step of a coarse-
to-fine scheme, where we solved for marker localizations and
deformation parameters at increasing resolutions using down-
sampling factors n = 1/16,1/8,1/4,1/2. The final result of

such a scheme shows a good qualitative match between recon-
structed and ground truth marker locations and deformation
fields. We stopped at = 1/2 because the effect of model
mismatch, which we discuss in the next paragraph, is greatest
at high resolutions. Moreover, our current implementation is
unable to handle very large data sizes, an area we plan to
improve in a future work. Nevertheless, our results indicate a
good qualitative match between ground truth and estimated
deformation fields, suggesting that the absence of higher-
resolution data might not impact deformation estimation for
the cases considered.

In Fig. [6fc), we show the effect of model mismatch at
different resolutions using plots of the difference between
our forward projected reconstructed markers and the observed
data. We see that the effect of model mismatch is most
pronounced at the finest resolutions. This indicates why using
a coarse-to-fine scheme, where we obtain initial guesses for
marker locations and deformation parameters by solving the
problem in a coarse resolution first, leads to reasonable results
despite the difference in forward models.
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Fig. 4: Marker localization and deformation estimation using SpaseAlign and the doming model method (DM). (a) Ground
truth initial marker locations and deformation field component along the z-axis at ¢t = ¢y, D; ,. (b) Input data for DM are the
projected marker locations indicated with red dots. Projection data for SparseAlign at 0° is a 1D profile that is a superposition
of Gaussians; we indicate this data in blue. The full sinogram data is a stack of projections taken along tilt angles in [-60°,
60°). (c) Reconstructed deformation fields using DM and SparseAlign. In both cases, errors are largest at the boundaries of the
field of view (FoV), where no markers are present. (d) Deformation estimation error (27) obtained using DM and SparseAlign.
Errors are comparable in the convex hull of markers; errors outside the convex hull are larger when using SparseAlign. (e)-(f)
Mean local and global deformation estimation errors (28)-(29) as a function of DM and SparseAlign iterations. (g) Localized
initial marker locations using SparseAlign (blue circles) and DM (red circles) overlaid with the ground truth marker locations

(green crosses).

We plot mean deformation estimation errors (29) and (28)
for each iteration in Fig. [§(d). Jumps in resolution are indi-
cated with dotted lines. Here we observe that the maximum
reduction in deformation estimation error is achieved at the
coarsest resolution. The initial guesses obtained are then
refined subsequently at each finer resolution. The stopping
criterion we used to jump to a higher resolution was to check
whether the absolute difference in loss at each new iteration
was greater than a pre-set tolerance value (here, 1075).

Finally, in Fig.[6{e), we illustrate the deformation estimation
error (27) at each resolution. Here we observe that, at the

coarsest resolution, the error is already small near the centre
of the FoV, where a majority of markers is present. At higher
resolutions, the refinement in deformation parameters ensures
smaller errors at the boundaries and indicates improvements
in the values of estimated parameters.

f) Marker localization is poor for data with correlated
Poisson noise: In Fig. ST} we show results of our method on
data with realistic markers and realistic correlated noise using
the ground truth marker configuration and deformation field
in Fig. 3

We observe that marker localization for correlated noise-

689

690

691

692

693

694

695

696

697

698

699

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



700

701

702

704

705

706

707

709

710

711

712

718

714

715

716

77

718

719

This article has been accepted for publication in IEEE Transactions on Computational Imaging. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TCI.2022.3194719

)
*(nmy 200

400400

(a) Ground truth

Gaussian noise
o7 =1024

o? =128 o’ = 16384

1
1
0.
0.

(b) Noisy projection data

Gaussian noise

2.0
2.5
1.5 2.0
£ T 3 154
E 1.04 uiﬁ' I
w
1.0
097 05
T i &
001 : : : : 0.0+— : : . -
235 24 25 26 27 215 2t 25 26 Py
SNR SNR

80
60
z ¥
40
20
X X [}

Poisson noise

Iy = 256 Iy=1024 I, = 16384

n

o

n

=)

e
o

Poisson noise

25 =
2,04
§os ;31‘5_
4 g.a W4 T T
1 D=0l
(L I : - 0.0 -

T T T T
2 2 25 ra 2 2 2 25 2 27
SNR SNR

(c) Mean deformation estimation errors

Fig. 5: Deformation estimation in 3D with Gaussian and Poisson noise-corrupted data. (a) Ground truth configuration of markers
(left) and ground truth deformation field in nm (right). (b) Projection image at 0° with different Gaussian noise and Poisson
noise settings. The variance of Gaussian noise (02) and the photon flux (Iy) were chosen to simulate comparable Gaussian
noise and Poisson noise realizations. (¢) Deformation field estimation errors as a function of iteration at markers (Fyarkers) and
in the entire field-of-view (Egjopa) for various Gaussian and Poisson noise settings.

corrupted data is poorer than that for noiseless data (shown in
Fig. |§|) At the end of a coarse-to-fine scheme, two markers
are not localized and a few markers with small weights are
added to the reconstruction domain. These small weighted
markers were removed with a further thresholding step, where
markers with weights less than 0.1 were discarded. Improving
marker localization might need changes to the forward model
used, an aspect that needs further research; however, in our
experiments, marker localization did not have a significant
effect on deformation estimation accuracy, as seen from the
reconstructed deformation field shown in Fig. [STfa).

In Fig. [ST[b), we show plots of mean deformation estima-
tion errors. Note that the same stopping criterion as that used
for noiseless data ensured that more iterations were performed
at finer resolutions for data with realistic noise.

In Fig. [ST|c), we plot the deformation estimation error at
different resolutions. Comparing these plots with those for
noiseless data in Fig.[6] we see that the errors at the boundaries
are higher for noisy data, which is most clearly observed at
the coarse resolutions.

g) Deformation estimation is limited by the model basis:
We performed experiments with realistic 3D simulated data
where the ground truth deformation field along the z direction
contained cubic terms in x and y in addition to the quadratic
terms in (26). The ground truth deformation field used in these
experiments was given by:

Dz(xaya Zat) = (‘PO4>131372 +P2y2 +-Pi?oxyz‘FPAL:L’Q:U)t (30)

with Pp = 200 nm, P, = P, = =50 nm~!, P; = P, =
25 nm~2. Although the ground truth contained cubic terms,
we restricted the deformation terms used in our forward model
to be quadratic in x and y. We performed experiments for
both noiseless data and data corrupted with correlated Poisson
noise. For both noiseless and noisy data, our algorithm was
able to identify the quadratic terms in the deformation field
(Fig. [S2[a-b)). As there were no cubic terms in the forward
model, the reconstructed deformation fields did not contain
any cubic components. The effect of this mismatch is greatest
at the two corners of the FoV where the contribution of cubic
terms was the highest.

When we included cubic terms in the forward model, we
found that both marker localization and deformation estima-
tion improved as both quadratic and cubic terms were now
estimated. The recovered deformation field in Fig. [{c) is
much closer to the ground truth. These results indicate that
the accuracy of SparseAlign is limited by the basis used for
deformation modelling.

h) SparseAlign locates markers reasonably in experimen-
tal data: We used an experimental dataset of gold beads
embedded in ice to test the applicability of our method to
experimental datasets. We used a coarse-to-fine scheme with
downsampling factors n = 1/128,1/64,1/32,1/16,1/8 to
localize gold bead markers and estimate the deformation field.
We show an example tilt image in Fig.[7[a) and the same image
at different downsampling factors in Fig. [7[b).
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Fig. 6: (a) Mismatch in shape function. (left) 2D projection of a single marker generated using the TEM simulator. (centre)
Projection of a Gaussian marker used in our forward model. (right) Profiles of both shape functions. (b) Marker localization
results (left) and deformation estimation results in nm (right) for noiseless realistic data. (c) Difference between forward
projected marker locations and observed data (a small region around a single marker is shown). The difference due to model
mismatch is largest at the fine resolutions. (d) Mean deformation estimation error at ground truth marker locations and in the
entire FoV for different iterations. Resolution changes in the coarse-to-fine scheme are indicated with black dotted lines. (d)
Absolute error of estimated deformation field with respect to the ground truth at different values of the downsampling factor

n.

Using a coarse-to-fine scheme we were able to localize
several, but not all, markers. In Fig. |ch), we show our marker
localization results. We thresholded the localized markers
according to their reconstructed weights. Here we show 15
markers with the highest weights. We estimated deformation
along the z direction using a quadratic model:

Dy .(r, P) = (Py+ Piz+ Py + Psz® + Pyy* + Pszy)t (31)

Additionally, we set the = and y components of the deforma-
tion field to zero. It is probable that our assumed deformation
field was insufficient to model sample deformation in the
experimental data.

Our algorithm predicted a deformation field that is quadratic
in z but constant in y, a model that could not be experimentally
validated. Plugging the estimated deformation field and marker
locations into our forward model, we computed the forward
projection shown in Fig. [/(d). Comparing this image to the
data, we see that not all markers have been localized correctly,
but at least one marker was localized in each of location with
a cluster of markers. Markers throughout the FoV were local-
ized; this suggests that the deformation estimation routine did
not do worse for certain spatial regions. Moreover, mismatch
in the shapes of actual markers and the Gaussian used in our
forward model did not hinder the localization of most markers.
Using localized marker locations and setting deformation to

zero leads to projection images that are qualitatively different
from the experimental data (Fig. [7(d)).

VI. CONCLUSION AND DISCUSSION

Marker-based alignment is a important step for reconstruc-
tion improvement in cryoET. We have developed a mathemat-
ical approach called SparseAlign for modeling beam-induced
local sample motion. In contrast to current approaches, our
method does not need labelled marker locations, and directly
uses projection data to localize markers and solve for the
parameters of a polynomial deformation model. As a conse-
quence, our method is more suited to data with low signal-to-
noise ratios where markers cannot be reliably identified. The
deformation fields estimated using our method can be used in a
subsequent routine to compute a motion-compensated sample
reconstruction.

Despite solving a more ill-posed problem for deformation
estimation, SparseAlign localizes markers and estimates defor-
mation parameters with an accuracy comparable to that of the
doming model approach. Moreover, SparseAlign estimates de-
formation accurately even when the forward model for markers
shows discrepancies with respect to marker projections in
observed data.

The image-based loss (12) in this paper can be improved
upon by using a more canonical loss as the objective function
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Fig. 7: Results on experimental data. (a) A raw projection image in the acquired tilt series. (b) One image from pre-processed
data used for deformation estimation and marker localization with downsampling factor n = 1/8,1/16,1/32,1/64,1/128. (c)
Localized markers (left) and estimated deformation along z (in nm). (d) One experimental projection image downsampled by
n = 1/8 (left), forward projection of localized markers with estimated deformation field (centre) and forward projection of

markers with deformation field set to zero (right).

for marker localization and deformation estimation. Unlike
the ¢2 loss used in this paper, the Wasserstein loss measures
distances between distributions and has non-zero gradients
even when the supports of the ground truth and current
solution do not overlap [27].

The application of our approach to experimental data is
limited by the deformation model used. One way to choose
the most suitable, sparse basis for deformation modelling is to
optimize over a library of basis functions using the data-driven
approach in [28].

In this paper, we have ignored the image contrast of the
biological sample while estimating deformation parameters.
Ideally, our approach would be the first step in an iterative
scheme where we alternate between sample reconstruction
and tilt-series alignment, taking both sample and marker
contributions into account during deformation estimation.
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