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Abstract

Many real-world physical processes, such as fluid flows and molecular dynamics, are understood well
enough that their behaviour can be accurately translated into mathematical systems of equations,
which can then be solved by a computer algorithm. This process forms the basis of the research field
of Scientific Computing and although it is very successful, performing accurate simulations can be
computationally expensive. As a result, techniques have been developed for Model Order Reduction
(MOR), which aim to drastically reduce the complexity of such systems of equations while sacrificing
only little accuracy compared to the original Full-Order Model (FOM). The resulting Reduced-Order
Models (ROMs) often need to include a correction (or ‘closure’) term to account for the error that
was introduced when performing the reduction. In recent years, Machine Learning (ML) has become
a popular way to obtain such closure terms. However, the research on ML for closure terms differs
from more general ML research in that relevant domain knowledge (i.e. applicable laws of physics
or statistical observations) can be used to design the ML model. Moreover, ML closure models do
not need to learn the entire dynamics of the underlying system but only the error between the real
dynamics of the FOM and the approximate dynamics of the ROM.

In this thesis, several sets of experiments are performed that aim to assess the efficacy of simple ML
closure models for a number of problems in the form of ordinary or partial differential equations, and
to inform future uses of ML in ROM by comparing several ML architectures and training procedures.
Even simple ML closure models are found to perform drastically better than models without closure
term, while also outperforming ‘pure’ ML models that do not use prior knowledge as an approximation.
Furthermore, models that are formulated to be continuous in time (as the underlying processes are)
outperform models that are discrete in time, and models with domain knowledge embedded in their
designs outperform models without such properties.

As for training procedures, several methods are compared and although one method clearly outper-
forms the others, the specific problem considered determines which ODE solvers are applicable, which
in turn influences the suitability of different training procedures. Finally, some models are compared
that allow for a memory effect, in which future states depend not only on the current state but also
on past states. While models with memory effects have been found to perform well in other works,
they do not outperform simpler memoryless models on the problem considered in this thesis.

Nevertheless, the value of ML for closure terms is clear since the accuracy of a numerical method
can be improved significantly by supplementing the method with a relatively small neural network.
However, more research should be done to examine the performance of such closure terms compared
to purely numerical methods, preferably using more complex problems for testing. Finally, ML closure
models with memory should be examined more critically to see how models can be obtained that do
not suffer from overfitting.
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Chapter 1

Introduction

1.1 Model order reduction and closure terms

A major area of research in Scientific Computing is the numerical solution of Ordinary Differential
Equations (ODEs) and Partial Differential Equations (PDEs). Such equations appear in many different
contexts including molecular dynamics, fluid flows, celestial mechanics, chemical reactions, quantum
mechanics, and others. For many such differential equations, it is not possible to compute exact
solutions and as such solutions are usually approximated using numerical methods. In particular,
some types of PDEs usually require a discretisation step which transforms them into ODEs that
approximate the original PDE. This is typically the case for PDEs of the form

ou ou 5%u
— t)=F t — fi D.t 1.1
0% 2,1 ( u(a)(axax) ) otz €Dt >0, (L.1)

where D C R* and u : D x Rsg — R%,
Discretisation of a PDE yields an ODE of the form

du
dt = f(u7t)v (1'2)

where u(t) is an approximation to u(x,t) and the function f(u,t) approximates F'(...).

1.1.1 Model order reduction

The approximation of u(z,t) by a vector u(t) can be done in different ways, but clearly the form
of f depends on the way in which u approximates u. In general, the exact solution u of
(supplemented with suitable initial and boundary conditions) will contain behaviour that is not visible
in the approximation u. This may be sub-grid variations of w, its high-frequency components, or
something else depending on the type of approximation used. As such, the solution u is considered
to consist of two components: the resolved component, which can be reconstructed from u, and
the unresolved component, which cannot. Since in many discretisations, the resolved component
consists of the large-scale behaviour of u and the unresolved component consists of the small-scale
behaviour, the resolved and unresolved components are also referred to as resolved and unresolved
scales. From here onward, the resolved component of the solution u will be written as @ or in vector
form as u, and the unresolved component as u. In all cases, it is assumed that there is a bijection
between the space of resolved components and RY, so that the resolved component % can be written
as a function of u and vice versa.

A common and simple way to approximate u by a vector is to define the components of u as
approximations of the values of u at discrete points in D, i.e. u; ~ u(x;). This is typical for a number
of numerical methods, such as the method of lines, the finite element method, and the finite volume
method. Then the resolved component u may be a piecewise linear or piecewise constant function
with u(z;) = u;. The function f will approximate partial derivatives of u at the points z; using finite

differences, and use those to compute % for i =1,..., N. Generally, achieving an accurate model

7



8 CHAPTER 1. INTRODUCTION

using such a discretisation requires a very fine discretisation, i.e. one that yields an ODE over a very
high-dimensional vector u(t). Such models are often referred to as full-order models (FOMs).

Alternatively, w can be related through a set of basis functions as u(z) = Zf\i L wipi(x). For
example, for Proper Orthogonal Decomposition (POD) methods, the function ¢; is chosen to
minimise the error of projecting exact solutions of the PDE onto the span of ¢1. Then, ¢ is chosen to
be orthogonal to ¢; and to minimise error of projecting solutions onto the span of {¢1, p2}, and so on.
Proper orthogonal decomposition is one of many techniques in the field of Model Order Reduction
(MOR). An overview of many different MOR methods is given by Ahmed et al. [1].

1.1.2 Filters

The resolved and unresolved components of u can also be defined directly, as opposed to being defined
through a discretisation. This typically happens when a PDE is filtered, for example by convolving
the entire PDE with a kernel. The point of filtering a PDE is to obtain a new PDE that only describes
the large-scale behaviour @ of the original solution u, and ignores the small scales %. Then, the large-
scale behaviour w is known to be relatively smooth, and can therefore be approximated well by a
discretisation onto a relatively coarse grid.

As an example, consider the non-linear Burgers’ equation in one dimension:

ou 10 , o
o Faor (=0 -

When convolving (1.3 with a filter G : R — R (such as a Gaussian filter), one obtains

ou 32
G8—+Ga$()

where (G x ¢) ( /Gm— y)dy.

Since convolutions commute with derivatives (under some regularity assumptions), this can be written
as

0 10
8t(G*u)+§87(G*u):0’ (1.4)
which is almost a PDE in the filtered variable % := G * u. For brevity, define ¢ := G ¢ for arbitrary
z-dependent functions ¢, so that (1.4) can be written as

By adding the term %a@ (E2 — ﬁ) on both sides, one obtains

0_ 10 4, 10 ([, —
a3 873“_5075(“ “)'

Note that now, the left-hand side is a function of @, but the right-hand side depends not only on @
but also on @ (since u? can equivalently be written as (7 4 u)?).

1.1.3 Model closures

Thus, regardless of how accurately the discretised system is solved, its solution will generally
only yield information about the resolved component of u. Unfortunately, in many PDEs there is
an interaction between the resolved and unresolved components of u, meaning that the solution to
will not be very accurate. To remedy this, the ODE system must be modified by adding one or
more terms to the right-hand side that model the effects of the unresolved component on the resolved
component. Such terms are called closure terms, and must be approximated since the exact closure
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term, such as %% (HQ — ﬁ) for Burgers’ equation, cannot be computed exactly. A discretised PDE

with closure term generally has the form

du_ —|—]§:LCL-(u)
dt — e

consisting of the discrete approximation f of the original differential operator as well as N¢r, separate
closure terms. Note that one could equivalently define a single closure term CL(u) := SN CL;(u).
Discretisations with multiple closure terms are occasionally used when each closure term has a separate
physical interpretation, but only cases with a single closure term will be considered in this work:

du
T f(u) 4+ CL(u). (1.5)

A common occurrence of closure terms is in the Large Eddy Simulation (LES) method for incompress-
ible fluid flows. Here, the Navier-Stokes equations for the momentum are filtered and discretised on a
grid, and closure terms are added to represent the effect of small scales on the large-scale behaviour
of the flow. Since the closure term represents the effects of solution features that are too small to be
noticed on the grid, closure terms for LES are also called subgrid-scale (SGS) models. Note that
in LES and most other PDE discretisations that contain closure terms, the closure term itself is a
function of u so that the entire system is still a system of ODEs.

1.2 The Mori-Zwanzig formalism and memory effects

Related to closure problems is the Mori-Zwanzig formalism, named after the seminal works of
Mori [53] and Zwanzig [86]. This formalism states that projection of an ODE onto a lower-dimensional
subspace leads to memory and noise terms.

As a concrete example, consider the following linear ODE system on R™:

d
£ =Ax, x(0)= x©). (1.6)

Suppose that, similar to a PDE, the solution x consists of a resolved component and an unresolved
component. Splitting up x into into these two components, (1.6) can be written as

d

dy _By+C

‘iity v+ Z, WhereA:[B C], x:<y>.
&z =Dy + Ez, D E z

The second ODE system can be integrated, yielding the solution

z(t) = B <z(0) - /Ot e_SEDy(S)ds> ,

which can be substituted back into the equation for y; to yield:

d t
oY= By + Ce'® <z(0) + / eSEDy(s)ds>
0

t

=By + / Ce"EDy(s) ds + Ce'®z(0).

0 N—— ——
M(t=5,y(s)) N{(2(0),t)

More generally, for a non-linear ODE system %—;‘ = f(x), the state x can be split up into arbitrary

‘resolved’” and ‘unresolved’ components y, z, such that y(¢) is the ezact solution of:

T =)+ [ Myle = s). s+ Nt = 0).0) (L.7)

for correctly chosen f, M, N . Note that this is an ODE system with two extra terms:
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e The term fg M(y(t — s),s)ds depends only on the resolved component y. However, it depends
on the entire history of y rather than its current value. Therefore, this term is known as the
memory term.

e The term N (z(t = 0),¢) depends on the unresolved component, but only its initial conditions.
Since this component is typically not known but may follow some probability distribution, this
term is known as the noise term.

The function f in the first term of the right-hand side of represents the effect of the resolved
scales on the dynamics of the resolved scales, and can be thought of as a ‘truncation’ of the original
function f, similar to the linear case where f corresponds to the matrix A and f to a submatrix
B of A. Importantly, is not an approximation, but is equivalent to the original ODE. In theory,
solving this ODE system exactly would result in an exact solution for the resolved component of x.
However, is also not any easier to solve than the original ODE;, since finding exact expressions for
the functions M and N is generally not tractable (see Chorin et al. [10] for a more detailed derivation
of the MZ formalism). Nevertheless, this formulation of the problem can serve as a different starting
point for creating closure terms. Specifically, it shows that the solution to be obtained can be more
accurate if the closure term is allowed to depend on the history of y, rather than just its current value.

Note that while the two above examples are ODEs, in practice a similar reasoning can be used
for PDEs. After all, one can accurately discretise a PDE such as into an ODE of arbitrarily
high dimension using the method of lines, after which the Mori-Zwanzig formalism allows for an ODE
in far fewer variables which is still equivalent to the high-dimensional ODE, and therefore arbitrarily
close to the original PDE.

1.3 Machine learning for closure terms

Regardless of whether or not the closure term contains a memory effect, finding accurate expressions
for closure terms can be difficult. This is not surprising, given that the part of the behaviour that
is easy to model is by definition included in the term f(u). In some cases, notably LES, the closure
term can be given a physical interpretation (see for example Sagaut |68] for an extensive overview).
In general, however, analytical expressions for closure terms are not easy to find, as the extra terms
introduced by the MZ formalism are generally not tractable. This has resulted in increased interest
for the use of Machine Learning (ML) for modelling of closure terms. ML models for closure terms
will be referred to as neural closure models and are a specific example of the field of Scientific
Machine Learning (SciML), which aims to combine scientific computing with machine learning
approaches. An overview of goals and challenges in SciML is given by Baker et al. [3]. General
problems in the field of neural closure modelling, and SciML in general, include:

e What prior knowledge to include in the model: if the underlying dynamics are continuous
in time (usually as an ODE or PDE), the ML model can also be chosen to be continuous in
time as well. ML models that use neural networks in the definition of an ODE system are
called Neural ODEs (NODESs). Such models preserve the ODE structure of the underlying
problem, although models that are discrete in time may be simpler to create and train. Similarly,
in neural closure modelling the inclusion of the ‘approximate’ derivative term f(u) can be seen
as inclusion of prior knowledge.

For models that include memory effects derived from the Mori-Zwanzig formalism, there are
multiple ways to include such memory effects which in turn affect the types of training procedures
that can be used to train such a model.

e How to enforce physical behaviour: if the underlying dynamics satisfy certain physical laws,
such as conservation laws, the ML model should preferably satisfy those same laws. However,
enforcing such behaviour in the model can be difficult, depending on the complexity of the
model and the form of law that is enforced. Models that preserve certain physical properties
of the underlying model are referred to as structure preserving. Structure preservation is an
important area of research in both the fields of machine learning and model order reduction.
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e How to train the resulting ML model: whatever the specific structure of a machine learning
model is, training the model can often be done in different ways. For example, when training
any model to predict a time series, the length of the predictions made during training may affect
the training speed, convergence rate, and accuracy of the model.

Different strategies for the above three problems lead to different ML models.

1.4 Limitations of related work

While there is a wide variety of work available that approaches closure modelling and related problems
both from Scientific Computing and Machine Learning perspectives (see Chapter [2)), a number of
limitations affect the usefulness of this work for drawing more general conclusions:

e First, a significant portion of ML research for ODEs evaluates models on relatively small ODE
systems such as the three-variable Lorenz system. These systems are much simpler than many
real-world problems such as discretised PDEs and as such conclusions drawn from such models
do not necessarily generalise to real-world problems.

e Second, existing ML research for neural ODEs considers problems where less domain knowl-
edge is available than is the case for SciML applications. For example, a neural ODE for an
image recognition task may be informed by translation and rotation invariances, but not by
approximate ODE dynamics or conservation laws.

e Third, many related works consider a single ML model architecture, which is tested on a couple
of data sets and typically compared to a much simpler ‘baseline’ model. As a result, related
work rarely gives general insights regarding the effects of individual model features.

1.5 Contributions of this thesis

This thesis aims to investigate ways to address the three problems listed in Section (including
prior knowledge, enforcing physical behaviour, and training) in a way that overcomes the limitations
of other works outlined above. This is done by comparing a variety of different models on non-trivial
scientific computing problems. Firstly, the effect of including different kinds of prior knowledge is
investigated. This is done by training a cartesian product of different ML models, each characterised
by inclusion/exclusion of different kinds of prior knowledge, on the same data set.

Second, different training methods for continuous-time models are compared since training such
models is less straightforward than training discrete models. A known theorem on ODEs is re-
interpreted in a way that explains why some training methods may not be suitable since they may
yield models that make highly inaccurate predictions despite achieving a low training error.

Finally, a number of different ML models are considered that include a memory effect, motivated
by the Mori-Zwanzig formalism. However, these models do not significantly outperform models that
do not include memory effects, indicating that for models with memory, a more sophisticated approach
may be required in order to obtain accurate models.

1.6 Structure of this thesis

The remainder of this thesis is structured as follows. Chapter [ lists related research in the field of
Machine Learning for Scientific Computing problems. Chapter [3]lists and compares the main different
training procedures that can be used for training Neural ODEs. In Chapters and [6] numerical
experiments are performed that compare different model architectures and training procedures.
Chapter [4] investigates the effect of including different kinds of prior knowledge on the accuracy of
ML models, addressing the first two challenges listed in Section To address the third challenge,
Chapter [5| empirically evaluates different training procedures by using them to train the same model
on the same data set. Chapter [6]extends the previous chapters to models that include a memory effect.
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Finally, Chapter [7] summarises the conclusions from previous chapters and makes recommendations
regarding directions for future research.



Chapter 2

Related work

2.1 Physics-informed Machine Learning

The use of machine learning to find solutions to differential equations has been the subject of extensive
research. In some cases, a neural network is trained to directly output the solution of a differential
equation. For example, this is the approach taken by Lagaris et al. [45]. There, an ODE %‘ =
f(u),u(0) = u® is solved by training a neural network NN(-;9) such that u(t) ~ u(® +¢t-NN(u®, ¢; 9).
This form is chosen so that the initial conditions are satisfied by construction. Similarly, a PDE over
a function u(z),z € [0,1] with Dirichlet boundary conditions u(0) = wu(1) = 0 can be trained as
u(x) = z-(1—x)-NN(x;9). Then, the neural network NN can be trained by minimising a loss function
that uses the difference between the expected value of 9% and its prediction 2 [z - (1 — ) - NN(z; 9)].
Similarly, Raissi et al. [67] treat neural networks directly as functions that are trained to satisfy a
given PDE. However, in that work boundary conditions are trained by including them in the loss
function, rather than by enforcing them in the design of the neural network.

2.2 Neural closure terms for reduced-order models

The inclusion of prior knowledge in such models is typically done in the form of a neural closure model,
so that the neural network only has to model the behaviour that is ‘missed’ by the prior knowledge.
For example, Park and Choi [61] train neural networks to create the subgrid-scale model in LES, and
a similar approach is taken by List et al. [48]. A similar but distinct problem is considered by San and
Maulik [69]: there, Burgers’ equation is solved using a Model Order Reduction (MOR) technique
called Proper Orthogonal Decomposition (POD), resulting in an approximate ODE for which the
closure term is approximated by a neural network.

2.3 Mori-Zwanzig and models with memory

Supported by the Mori-Zwanzig formalism, Ma et al. [50] use Recurrent Neural Networks (RNNs)
and Long Short-Term Memory models (LSTMs, see Hochreiter |29]) to model the closure term in
a number of one-dimensional and two-dimensional PDEs., with good results. Wang et al. [80] use
similar neural network architectures in the context of closure terms for POD models. Note that RNNs
and LSTMs allow for a memory effect by updating a hidden (or latent) vector with each iteration,
thereby allowing information to be remembered in between time steps. Another approach is to use a
neural network which is given a finite history of the ODE/PDE solution as input, rather than just the
most recent state. This approach is taken by Pawar et al. [63] and Fu et al. [22]. Both papers find
that even a small amount of memory (i.e. a small number of past states being passed to the neural
network) can significantly increase accuracy of the resulting model.

13



14 CHAPTER 2. RELATED WORK

2.4 Auto-encoders and fully latent models

As mentioned, RNNs and LSTMs can incorporate memory effects by keeping a latent vector that
can store memory over multiple time steps, in addition to the ‘visible’ state u(¢) that approximates
the ODE/PDE solution. An alternative approach is to forgo the visible state altogether, resulting
in models that work completely in latent space. The resulting model typically consists of three
ML models: an encoder/decoder pair NNgpc, NNgo. that translates the visible state u(t) into the
hidden state h(t) and back (i.e. NNgp. and NNy are approximately each other’s inverse), and a
third model that is used to perform time stepping over the vector h(¢). The encode-decode pair is
known as an auto-encoder, introduced by Kramer [43]. This technique is referred to as “non-linear
principal component analysis”, since in the special case that NNge. and NNge. are linear functions,
the resulting auto-encoder can be found by (linear) principal component analysis. Wiewel et al. [82]
use this approach to learn solutions to three-dimensional fluid flow problems. Erichson et al. [18]
take a similar approach, but with the additional restriction that the update map h(t) — h(t + At) is
linear, allowing them to easily ‘encourage’ Lyapunov stability of the resulting iteration by considering
the eigenvalues of this linear map in the loss function. At first sight, it may appear unlikely that
non-linear dynamical systems can be turned into linear systems through a non-linear transformation.
However, there are cases in which this can be done. For example, the Cole-Hopf transformation,
named after the works of Cole [11] and Hopf [30], transforms the non-linear viscous Burgers equation
into the linear heat equation:
Ou 10 , 4 0u ov 9%
o~ 20 )T T o~ e

1 x
where v(z,t) = exp [_25/ u(s,t),ds] , u(z,t) = —25aalogv(x,t).
0 xXr

Supported by this example, Gin et al. [23] train neural networks to find non-linear transformations that
linearise PDEs, in the same way that the above transformation u +— v linearises Burgers’ equation. A
similar approach is taken by Lusch et al. [49].

An interesting variant on fully latent-space models is the approach called reservoir computing;:
here, the time stepping function h(¢) — h(t + At) is not trained, but simply chosen randomly, leaving
only the auto-encoder to be trained. Vlachas et al. [79] and Pathak et al. [62] apply reservoir computing
approaches to high-dimensional dynamical systems with good results.

2.5 Structure preservation

An overview of model order reduction techniques for fluid dynamics problems is given by Ahmed
et al. [1]. Doing model order reduction in a structure preserving way is typically very problem-
dependent. An example of structure preserving MOR for incompressible fluid flows is given by
Sanderse |70]. Note that preserving stability, momentum conservation, and energy conservation re-
quires specific choices for the data-driven decomposition, the spatial discretisation of the PDE, and
the ODE solver used for the resulting ODE.

An overview of structure preservation for deep learning is given by Celledoni et al. [7]. For dy-
namical systems that have a Hamiltonian structure, preserving this structure in a machine learning
model has been done with Symplectic Neural Networks (Jin et al. [34]), Hamiltonian Neural Networks
(Greydanus et al. [25]) and Lagrangian Neural Networks (Cranmer et al. [13]).

Note that structure in a PDE can be in the form of conservation laws, but also in the form of
symmetries such as translational or rotational invariance. Ling et al. [46] show two ways to enforce
rotational invariance in a neural network: either by training the neural network on rotated copies
of the training data, or by modifying the neural network to take inputs that are transformed to
be rotationally invariant. The latter approach is found to be much more computationally efficient,
and furthermore has the advantage that the rotational invariance is satisfied exactly (or at least up
to numerical precision), rather than only being satisfied approximately as a result of the training
procedure. The same strategy is used by Ling et al. [47] with positive results.
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2.6 Neural networks and ordinary differential equations

The combination of neural networks and ODEs has been the subject of research even from a purely
machine learning perspective. Since Neural ODEs (NODEs) were described by Chen et al. [9] as a
continuous-time analogue of Residual Neural Networks (ResNets, see He et al. [27]), many variants
and extensions have been proposed that include latent spaces (Augmented Neural ODEs or ANODEs,
Dupont et al. [16]), control signals (Neural Controlled DEs, see Kidger et al. [41]), noise (Neural
Stochastic Differential Equations, see Tzen and Raginsky [77]), and memory effects (Neural Delay
Differential Equations, Zhuet al. [85]). The previously mentioned Hamiltonian and Lagrangian Neural
Networks are also extensions of NODEs, and are themselves special cases of Second Order NODEs
(SONODEs, see Norcliffe et al. [55]). However, a comparison study by Botev et al. [6] indicates that
enforcing Hamiltonian or Lagrangian structure does not result in significantly improved accuracy over
simpler neural ODEs.
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Chapter 3

Background on training procedures for
neural ODEs

As described in Chapter [2] one type of model that is of specific interest for machine learning appli-
cations is the Neural ODE, or NODE. Such models are also particularly interesting to consider for
closure modelling, since in such applications the dynamics that the ML model aims to learn are often
already written in the form of ODEs. However, while neural ODEs are an attractive way to incorporate
machine learning elements into scientific computing, training such models is somewhat complicated.
In this chapter, different methods of training NODEs are described, and their theoretical properties
are compared. While this chapter only summarises existing work, knowledge of different training pro-
cedures and their properties is important since the performance of different methods (both in terms
of computational efficiency and accuracy of the resulting model) varies between training methods.

For now, the focus will be on NODEs without any memory effect, meaning that the model can be
expressed as an ODE system over the vector u € RV=:

du
= flus), (3.1)

where the function f combines the original ODE function (if present) with the neural closure term.
This covers both ‘pure’ neural ODEs of the form %‘ = NN(u;9), and neural closure models of the
form Ccll—;‘ = foriginal(1) + NN(u;9). The vector ¥ € RN contains the trainable parameters of the
neural network. In order to train this neural ODE, i.e. to find a vector of parameters ¥ that minimises
some loss function £, it is usually required that there is a way to compute g—g so that some variant of
gradient descent can be used for optimisation.

The loss function £ can be chosen in multiple ways, and the choice of loss function determines the

training procedure. Two common choices for loss functions are as follows.

e Derivative fitting. In derivative fitting, the output of the function f is directly compared to
reference data. In this case, the training data consists of reference states u,. and their time
derivatives [%‘]ref. Then, given N, of such states and derivatives, as well as some loss function
L, such as a mean-square error, the training procedure aims to solve the following minimisation

problem:

min 3 <f<uref,i; 0), [‘;‘] f) . (3.2)

e Trajectory fitting. In trajectory fitting, also referred to as a solver-in-the-loop setup, is
solved using an ODE solver, and the resulting trajectory Upredict,i(t) is compared to a reference
trajectory using some loss function £. For this training procedure, the training data consists of
initial states uyef;(0) and corresponding trajectories Uyer;(t), and the training procedure solves

17
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the following minimisation problem:

N,

P
Hgn Z L (upredict,i(')7 uref,i(')) (33)
=1
dupredict,i
where —a - f (Wpredict;i; ) and Upredict,i(0) = Urer,i (0). (34)

Note that the loss function £ compares two trajectories rather than two vectors. Thus, the
objective function of (3.3) depends on the parameters 9 through the ODE problem (3.4). The
specific form of £ can be arbitrary, but some examples are:

T
integral loss: 'C(uref(')a upredict(')) = / ||uref(t> — Upredict (75)”2 di
0

Ny
summation 1oss: £(Uref(-), Upredict () = > [[Uret(ti) — Upredict (£3)]|”
=1

end-point loss: L£(Uref(+), Upredict (+)) = [[Uret(17) — upredict(T)||2.

In [50], these two strategies are referred to as direct training and coupled training, respectively.

If derivative fitting is used, the training procedure is relatively straightforward: given an input ues
and desired output [%‘]ref from the training data, the gradient of the loss function can be computed
easily by applying the chain rule. However, for trajectory fitting the gradient computation is not so
simple, since it depends on the derivatives of the predicted state u(t;) with respect to the parameters.
Existing research has resulted in several known methods for performing the gradient computation step,
some of which will be described here. A more extensive overview including detailed performance char-
acteristics is given by Rackauckas et al. [66]. This section will use the same terminology as the above
paper, which is also the terminology used by the DifferentialEquations.j1l [65] software package.
Note that differentiating the solution u(t) of an ODE, or some function of u(t), with respect to the
parameters ¢ is a form of local sensitivity analysis, and as such methods for gradient computation are
also referred to as sensitivity methods. Rackauckas et al. [66] compares five major sensitivity meth-
ods. The first three, called the backsolve adjoint method, the interpolating adjoint method,
and the quadrature adjoint method, compute the gradients as the solution of a second ODE and
will be described in Section The fourth method, called the forward-mode method, instead
augments the first ODE with additional variables to allow computing the gradients. This method is
described in Section The fifth method, called discrete sensitivity analysis via automatic
differentiation, treats the ODE solver as a discrete process and differentiates through them in the
same way as differentiation through layers of a neural network is done. This method is described in

Section B.3

3.1 Adjoint sensitivity methods

The gradient computation method used by Chen et al. [9], as well as many variations on it, perform
gradient computation using an adjoint sensitivity method, in which the gradient % is computed as
the solution of a second ODE. While the procedure given there assumes that the loss function depends
only on the final state u(T), it can be extended to loss functions that depend on the entire predicted
trajectory, either through an integral or a summation (for example by Massaroli et al. [51]). In this
section, the emphasis will be on loss functions that are defined as a sum of expressions depending on
the predicted and actual trajectories at discrete points in time, such as the example in :

L=>"L(ult;), uer(t:)) .-

=1

The adjoint sensitivity methods all use the adjoint ODE [64] to compute gradients. This adjoint
ODE involves the state vector u, but also two time-dependent vectors y ' € RN+ zT € RNv,
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3.1.1 Backsolve adjoint method
The backsolve method is described in Algorithm

Algorithm 1 Gradient computation with the backsolve adjoint method
1: procedure BACKSOLVE_ADJOINT(f, 9, T, L,t1..n,, Uret(to.-, )

2: Solve 48 = f(u;9),u(0) = u,er(0) from ¢t =0 to t = T.

3: Solve the adjoint ODE system

Su= ), um) =) (3.59)
T =y ), y(1) =0, (3.5b)
- ) (3.50)

from t = T to t = 0. At each t = t;, update y(t) < y(t) + 2& (u(t;), wper(t;)).
4: Then 4% is given by z(0).

There are a number of important things to note about this algorithm:

e First, although the vector y(t) is the solution of an ODE, it is also subject to discrete jumps at
time points ¢;. Since not all ODE solvers support such jumps, it may be necessary to perform
some passes by solving each time interval [t;,¢;+1] separately. However, some ODE software
libraries, including DifferentialEquations. jl, support callbacks [19] which can be used to
run arbitrary code at the given time points ;.

e Second, both the forward and adjoint ODEs can be solved by any ODE solvers and with any time
step. Importantly, since only the values u(7") are required, the time step used for the forward
ODE can be chosen to as large as the accuracy and stability requirements allow. For the adjoint
ODE, the time step can still be mostly arbitrary although since the vector y(¢) must be updated
at each t;, the time step cannot be greater than the time difference between subsequent ¢;’s.

e Third, this algorithm solves the original ODE %—;‘ = f(u;9) forward in time, and then again
backwards in time together with y and z to compute the gradients. While the solution u(t)
of the forward ODE could also be stored and re-used (see Section [3.1.2)), the formulation as in
Algorithm [I| has the advantage that the solution of the forward ODE does not need to be stored.
As a result, the backsolve method requires O (N, + Ny) memory regardless of the number of
time steps taken to solve the ODE.

Unfortunately, the fact that the ODE for u must be solved in reverse makes this method unsuitable
for many ODE problems that are discretised PDEs. This is because many PDEs are ill-posed when
simulated backwards in time. For example, the diffusion equation %—? = % has the property that
small irregularities in u are smoothed out as time progresses. When solving this PDE backwards,
small irregularities will instead be amplified. As a result, small irregularities that exist in u(7T") due
to rounding errors will often result in a solution u(0) that is essentially meaningless, containing many
spurious oscillations.

An example of this problem is shown in Figure Here, the diffusion equation % = 1/‘32772‘ with v =
0.001 and boundary conditions u(0,t) = —1,u(1,¢) = 1 is discretised into an ODE over a vector u(t) €
R190 ysing the simple second-order finite-difference approximation %(zl) ~ ﬁ (wi—1 — 2u; + uiyq).
The ODE is solved forwards in time until ¢ = 10, and then from u(10) backwards in time until ¢t = 9.
Both solutions were computed using the fourth-order, five-stage SSPRK method from Spiteri and
Ruuth [73] (in their work, the algorithm is referred to as SSP(5,4)), with a time step of At = 1074
Notice that in the forward solution, the solution becomes smoother over time as sharp changes in u
are dampened. In the reverse solution, however, these sharp changes are instead amplified yielding a
meaningless solution that is dominated by spurious oscillations.



20 CHAPTER 3. BACKGROUND ON TRAINING PROCEDURES FOR NEURAL ODES

Forward solution, t =0 Forward solution, ¢t = 10
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Figure 3.1: Four snapshots of solutions of the diffusion equation % = l/% with v = 0.001, discretised
into 100 finite volumes. Top left: the initial state u(0). Top right: the state u(t) at t = 10 obtained
by solving the discretised PDE. Bottom left: the state at ¢ = 9.1 by solving the ODE backwards from
t = 10. Bottom right: the state at ¢t = 9 by solving the ODE backwards from ¢ = 10.
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3.1.2 Interpolating adjoint method

The fact that reverse solutions can be unstable means that the backsolve method is not suitable for all
types of ODEs. The interpolating adjoint method adapts the backsolve method to avoid computing
reverse solutions of u(t) altogether (i.e. omitting from the adjoint ODE), instead using the
solution from the forward pass. This is shown in Algorithm

Algorithm 2 Gradient computation with the interpolating adjoint method
1: procedure INTERPOLATING_ADJOINT(f, 9, T, L, t1...N,, Uret(to.--N, )

2: Solve %—;‘ = f(u;9),u(0) = uer(0) fromt =0tot =1T.

3: Solve the adjoint ODE system

= D), ym=o (3.64)
St =y P ), w0 (3.6)

from t =T to t = 0. At each ¢t = ¢;, update y(t) < y(t) + % (u(t;), ure(t))-
4: Then % is given by z(0).

Note that since the forward solution u(t) is now re-used, the adjoint ODE system is actually linear:

specifically, (3.6al) and (3.6b)) can be written as

% (Z) = —A(t)y, where A(t)= [%(u(t);ﬁ) %(u(t);z?)
Under the assumption that the Jacobian of f (with respect to both u and ¥) is bounded for all
t € [0,7], the adjoint ODE system from Algorithm [2| is well-posed. As a result, the interpolating
adjoint method is suitable for more ODEs (including discretisations of the diffusion equation such
as the example in Figure , at the cost of higher memory usage due to the fact that the solution
u(t) of the forward ODE must be stored. Note that many ODE solvers support dense output, in
which additional data is kept so that values of u(t) in between time steps can be reconstructed using
a higher-order (i.e. better than linear) interpolation. If only a linear interpolation of u(t) is available,
more snapshots of the forward solution will need to be kept to offset the loss in accuracy due to the
lower-order accuracy of this interpolation.

3.1.3 Quadrature adjoint method

The quadrature method adapts the interpolation method in a way that further increases memory
usage but can be faster. This method utilises the fact that z does not appear in the right-hand side of
or (3.6D]). This means that it is possible to first compute the trajectory y(t) of the adjoint ODE
by solving only (3.6al), after which z(0) can be computed as an integral (using e.g. Gauss quadrature),
resulting in Algorithm Computing the integral using a quadrature requires the solution y(t) at
specific points t corresponding to the quadrature nodes. This can be done by choosing the time steps
such that the ODE solution is computed at exactly these times, or by interpolating the solution from
nearby snapshots.

While the quadrature method requires more memory since both the trajectories u(¢) and y(¢) must
be kept in memory, this method can be faster in many cases due to the much smaller adjoint ODE
(note that this ODE is now only over N, variables, rather than N, + Ny for the interpolating adjoint
method and 2N, + Ny for the backsolve method).

Also, although the integral of equation can in theory be computed by any algorithm for
integrating functions, the fact that y(¢) has discontinuities at each ¢; means that it may be beneficial
to split the integral up over the interval (t;,¢;41),i=1,2,..., Ny — 1

Ny—1

T tit1
[ v g =30 [Ty Gt (3.9
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Algorithm 3 Gradient computation with the quadrature adjoint method
1: procedure QUADRATURE_ADJOINT(f, 9, T, L, t1...n,, Uret(fo... N, ))

2: Solve 4 = f(u;99),u(0) = w,ef(0) from ¢t =0 to t = T.

3: Solve the adjoint ODE system
d +_ __79f _
from ¢t =T to t = 0. At each ¢t = ¢;, update y(t) < y(t) + g—ﬁ (u(t;), upet(ti))-
4: Then % is given by
dc r 10
T |y s, (33)

3.2 Forward-mode sensitivity

While the above three methods all use the adjoint ODE, another possibility is to compute gradients
using only a single ‘forward’ pass. For this, define

vit) =) 1ti§tg§ (u(ti), urer(ti)) ,
=1
Wi(t) = a‘a‘f;)

In words, v € RM accumulates the gradient of the loss function with respect to 9 as ¢ increases, and
W € RNe*No stores the derivative of the current state u(t) with respect to the parameters 9. Then
W (t) is the solution of another ODE, which can be solved simultaneously with u. At each time point
ti, the vector v can be updated using the chain rule:

O (e, m(0)) = 5 (e, mer()) P
oL

= 9a (u(ti), urer(ti)) W(t:).

This results in Algorithm

Algorithm 4 Gradient computation with the forward method
1. procedure FORWARD_SENSITIVITY(f, 9, T, L, t;...N,, Uret(to..-N,))
2: Set v+ 0
3: Solve the forward ODE system

d
wv= f(u;9), u(0) = uyer(0), (3.10a)
d . Of(w0) of _
from ¢t =0to ¢t =T. At each ¢t =¢;, update v < v + g—ﬁ (u(ti), upet(ti)) W(t:).
4: | Then % is given by v.

Note that similar to the adjoint ODE methods, this algorithm requires solving an ODE system
with discrete jumps at set time points, which may need to be replaced by a sequence of ODEs over
the individual time intervals (¢;,¢;11) if such discrete jumps are not supported by the software library
that is used.

Similar to the backsolve adjoint method, the forward sensitivity method does not require storing
any trajectories in order to compute the gradients, making the total memory usage independent of the
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number of time steps taken by the ODE solver. Furthermore, since the forward sensitivity method
only solves a forward ODE, it avoids the stability problems of the backsolve adjoint method. As a
result, the forward sensitivity method is the only method described here that can compute gradients
for irreversible ODEs with constant memory usage. The main disadvantage of this method, however,
is that while the memory usage may be constant, the ODE system is much larger than for any of the
adjoint methods due to the inclusion of the N, x Ny matrix W.

3.3 Discrete optimisation for neural ODEs

The above training methods all work either by solving an additional adjoint ODE system, or by
augmenting the existing ODE in order to compute gradients. These strategies are also called “optimise-
then-discretise”, since the gradient computation (as used in the optimisation procedure) is formulated
as an ODE which is then discretised in time by an ODE solver. A problem with this approach is that
the gradients are not computed exactly, since their computation is subject to the discretisation error
of the adjoint ODE. In practice, this negatively affects the accuracy of the trained model since the
loss function is never minimised exactly, even after training for arbitrarily long time. One solution
is to decrease the step size of the ODE solver as training progresses, increasing the accuracy of the
computed gradients but also slowing down the training procedure.

Another option is to compute gradients by directly differentiating through the ODE solver, also
called “discretise-then-optimise”. In this setting, the function f is ‘embedded’ into an ODE solver,
usually (although not necessarily) with a fixed time step At, resulting in a model that directly predicts
u(t+ At) from input u(¢). Gradient computation is then done by back-propagating through the ODE
solver instead of solving the adjoint ODE.

As mentioned by Kidger [40], the use of adjoint ODEs for training sacrifices some accuracy in
the gradient, since the adjoint ODE is not solved exactly. The largest benefit of the adjoint ODE
methods is typically listed as the lower memory usage, although this is only the case for the backsolve
adjoint method. For neural closure models, however, the adjoint ODE methods have the additional
advantage that they do not require the use of a differentiable solver. Back-propagating through an
ODE solver may not be possible if the ODE solver is used as a ‘black-box’ algorithm. Furthermore,
training neural closure models for stiff ODEs may require an implicit ODE solver, i.e. a solver that
solves one or multiple linear on non-linear systems of equations in each time step. Back-propagating
through such implicit solvers is possible as a result of the implicit function theorem and is of interest
in the general Machine Learning space (see for example Kolter et al. |[15] and Kawaguchi [38]). While
back-propagating through implicit layers using the implicit function theorem is faster than back-
propagating through the iterations of whatever numerical algorithm is used to compute the solution,
it is still slower than explicit layers due to the need to solve linear systems of equations during
back-propagation. Furthermore, differentiating through non-linear solves may not be possible if the
non-linear solver used is a black-box algorithm for which no back-propagation procedure exists.

Nevertheless, the discretise-then-optimise approach has the potential to yield more accurate models
than the optimise-then-discretise method, due to two factors:

e As mentioned, the optimise-then-discretise approach only yields approximations for the gradi-
ents, due to the temporal discretisation of the adjoint ODE. By contrast, discretise-then-optimise
yields gradients that are correct up to perturbations due to rounding.

o Intuitively, when training with the discretise-then-optimise approach, the time step is usually
fixed meaning that the error due to temporal discretisation of the (forward) ODE may be pre-
dictable, and therefore that the neural network may be able to correct for this error.

Onkel et al. [57] compare the two approaches to two problems, including a time series regression
similar to the trajectory fitting problem described earlier in this section. Their findings indicate that
training with discretise-then-optimise results in more computationally efficient training (fewer seconds
per epoch), as well as faster convergence (fewer epochs required to reach a given level of accuracy).
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Table 3.1:  An overview showing the ODE sizes and memory requirements of the four sensitivity
methods described above. Here, Np is the number of time steps taken by the ODE solver in the
forward or adjoint ODEs.

Algorithm Forward ODE size | Adjoint ODE size | Memory footprint
Backsolve adjoint N, 2N, + Ny 2N, + Ny
Interpolating adjoint | N, N, + Ny N7t N, + Ny
Quadrature adjoint N, Ny 2N7 N, + Ny
Forward sensitivity N, + NNy - Nz + Ny Ny
Discrete sensitivity N, - NN,

3.4 Algorithm comparison

Table shows how the five methods described above compare in their ODE sizes and total memory
requirements. Note that Np, the number of time steps taken by the ODE solver, is not known a
priori but depends on the stiffness of the ODE, the length of the time interval [0, 7] over which the
ODE solution is computed, and the ODE solver used. In the performance testing done by Rack-
auckas et al. [66], it is concluded that the forward sensitivity method is only competitive for small
ODEs (N, + Ny < 100), although in those cases even better performance can be achieved simply by
differentiating through the ODE solver directly. For larger systems, the quadrature adjoint method
is preferable for stiff ODEs, whereas for non-stiff ODEs the interpolating adjoint method performs
better.

As for accuracy, the three adjoint methods as well as the forward sensitivity method are approxi-
mately equally accurate: all four methods introduce error due to the fact that the systems of ODEs
are not solved exactly, and this error is expected to be approximately equal for different methods.
The discrete sensitivity method is expected to yield more accurate gradients than the other four algo-
rithms, due to the absence of temporal discretisation errors in the gradient computation. While not
all methods are applicable in all situations, Chapter [5| will test the interpolating adjoint and discrete

sensitivity methods in Sections and respectively.

3.5 Notes on automatic differentiation

Note that both derivative fitting and trajectory fitting require derivatives of several functions. Rather
than specifying these derivatives manually, an increasingly popular method is to define them using
automatic differentiation (AD), which has applications in machine learning and optimisation, but
also in non-linear equation solvers, stiff ODE solvers, and other applications that involve derivatives
of functions. For a survey of AD techniques and applications in machine learning, see [4]. While the
use of AD is largely an implementation detail, the specific type of AD used can have a large effect on
performance. Specifically, AD techniques broadly fall into two categories, called forward-mode [35]
and reverse-mode |[72].

e When computing a derivative J = % f(u) (whether this is a scalar, vector, gradient, or Jaco-
bian), forward-mode AD works by computing the gradient V7 for each scalar sub-expression r
that occurs in the function f. By composing these gradients using standard differentiation rules
(product rule, chain rule, and so on), the derivative % can be computed. These gradients are

computed in the same order as the sub-expressions themselves.

e In reverse-mode AD, derivatives are computed by computing i—i’ for each sub-expression r, where
y = f(u). This is done by first computing f(u) as usual, but storing the values of all intermediate

expressions r (forward pass). Then, the derivatives i—i’ are computed in reverse order, eventually

leading to the Jacobian % (backward pass). This can be seen as a generalisation of back-
propagation for multi-layer perceptrons. In fact, reverse-mode AD is also sometimes referred to
as simply ‘back-propagation’.
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To differentiate a function f : R™ — R™, the number of forward-mode AD operations required to
compute the Jacobian is approximately n times the number of operations required to compute f(u)
itself. This is due to the fact that when differentiating, each operation on scalars r1, 79 that appears in
f also involves operations on their gradients, which are vectors in R™. By contrast, reverse-mode AD
requires approximately m times more work to differentiate than to just evaluate f, since each scalar
sub-expression is now extended with the derivative of y € R with respect to this sub-expression.
Additionally, reverse-mode AD requires more memory to differentiate, since the sub-expressions that
occur in f must be saved in order to perform a backward pass.

As a result, when computing a Jacobian (fiu (u), which type of automatic differentiation is more
efficient depends on the dimensions of the Jacobian, with forward-mode being more efficient if the
Jacobian has far fewer columns than rows (meaning f has far more outputs than inputs), and reverse
mode being more efficient if the opposite holds. In particular, for machine learning applications (and
optimisation in general), the output is often a scalar loss function, meaning that reverse-mode AD
will generally be much faster than forward-mode AD for such applications. However, computing the
entire Jacobian is often not required, and one of the AD methods may be much more efficient than
the other depending on the way the Jacobian is used.

e If the Jacobian is used in a matrix-vector product, forward-mode AD can be used much more
efficiently, since

Jv (u+ vt).

dt
In words, computing this Jacobian-vector product can be seen as computing the derivative of
the function R — R™, ¢t +— f(u + vt), which is a function with just one input meaning that
forward-mode AD can be used to compute the entire matrix-vector product without forming the
entire Jacobian.

e Conversely, if the Jacobian is used in a vector-matrix product, reverse-mode AD can be used
much more efficiently, since

VII= S (v ),

so computing a vector-Jacobian product is equivalent to computing the gradient of the function
R™ — R,u + v' f(u). This is a function with just one output and as such, reverse-mode AD
can compute this vector-Jacobian product without forming the entire Jacobian. This method is
also sometimes called the (linearised) adjoint model, since the backward pass of reverse-mode
AD is essentially a linear function v — J'v, which is the adjoint of the Jacobian itself.

Importantly, such vector-Jacobian products appear in the adjoint sensitivity method (Algorithms
and [3). As found by Rackauckas et al. [66], using reverse-mode AD to compute vector-Jacobian
products results in better performance than computing the entire Jacobian and performing the vector-
matrix multiplication, even if the Jacobian is computed using a highly-optimised manual implemen-
tation.

In Chapters and [0] of this thesis, numerical experiments perform reverse-mode AD using the
auto-differentiation library Zygote [32]. Zygote defines the derivative of a function through the pull-
back, which is a linear function that maps vectors v to v'J using the reverse pass. These pull-backs
can be composed, which makes it possible to compute gradients of nested functions h(g(f(u))) without
explicitly computing any Jacobians.

3.6 Neural closure models for stiff ODEs

While the above methods can be used to perform back-propagation for any neural ODE, there is a
special case that deserves to be handled separately: the case of a stiff ODE, so that the right-hand
side is defined as the sum of a function fyg and a closure term defined by a neural network.

Y fuir(u(t)) + NN(u(1);). (3.11)
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It is assumed that the function fg;g is computationally cheap to evaluate, and that the neural network
function NN(+; ) is not stiff. In such cases, the neural ODE back-propagation may suffer from poor
performance:

e If the ODE (3.11) is integrated using an explicit method, this method will require a comparatively
small time step and therefore a large number of iterations, which implies a large number of
evaluations of NN.

e By contrast, implicit methods that are able to handle stiff ODEs efficiently typically do so by
computing the Jacobian % (fstie(u(t)) + NN(u(t);9)) at least once per time step, which again
is computationally expensive for large neural networks.

A possible solution to this poor performance is to solve the neural ODE using an implicit-explicit
(IMEX) ODE solver (see pages 383 — 397 of Hundsdorfer and Verwer [31]): such solvers treat fuig
and NN as separate functions, allowing them to be implicit in fg;g but explicit in NN. The advantage
of such methods is that due to being implicit in fy;g, they can take larger time steps which reduces
the required number of evaluations of NN. This is also the approach taken by Wang et al. [80]. The
use of IMEX algorithms for neural closure models will be tested in Section [5.5.3

3.7 Other methods for time series prediction

Apart from neural ODEs, using neural networks to predict time series arising from an ODE can also
be done in other ways. One such way is the “Physics-Informed Neural Network” (PINN) approach
suggested by Raissi et al. [67]. Here, rather than predicting the right-hand side of the ODE or some
more general evolution operator, a neural network is trained to approximate the solution directly,
i.e. u(x,t) = NN(z,t;¢9). The neural network can then be trained to satisfy the given PDE by
minimising a loss function. Such models can be trained to directly satisfy the PDE, rather than being
trained to match training data. Hence, PINNs can be trained based on just the relevant PDE, and
do not require reference solutions to the PDE (hence the name physics-informed). For example, for
the PDE % = 2%u with boundary conditions u(0,¢) = 0,u(1,t) = 1, the neural network is trained to

— Ox2
minimise a loss function of the form

2 2

0 0

2z - [INN(O, 9)|> + [NN(1, 9) — 1]’
+)\3 : ||NN(:E,t; 19) - uref(xat)H2 :

In words, the loss function contains three terms that train the network to satisfy the PDE, to satisfy
the boundary conditions, and to fit existing training data, respectively.



Chapter 4

Effect of including prior knowledge in
ML models

4.1 Introduction

The goal of this section is to study how including prior knowledge about the training data in a machine
learning model affects the performance of the resulting model. For this, consider a scalar PDE in one
dimension with periodic boundary conditions, of the following form:

ou 0

a(z,t) = aF(u(x,t)) for t > 0,2 € (0,1), (4.1)
u(z,0) = ug(x) for x € [0,1), (4.2)
u(0,t) = u(1,t) and 3u((),t) = 3u(l,t) for t > 0. (4.3)

ox ox

PDE:s of this form often appear in fluid dynamics (although often over more than one variable), and are
suitable for investigating the efficacy of different ML models. In this chapter, it is assumed that this
PDE can be discretised into an ODE of the form %u = f(u) over the variables u € RV=. The solution
of this ODE approximates that of but does not match it exactly. Then, a variety methods for
constructing ML models are available.

Without any prior knowledge, the simplest model simply treats the neural network output as the
next snapshot:

u(t + At) = NN (u(t): 9). (4.4)

Note that this model, as well as other models described later, iterate by feeding the model output
from one step back into the model’s input for the next step. Such models are typically called autore-
gressive.

Assuming that the underlying data is continuous in time, i.e. u(t+ At) ~ u(t), it may be beneficial
to take an approach resembling ResNets (He et al. [27]), in which the neural network output is used
as the difference between subsequent snapshots:

u(t + At) = u(t) + At - NN (u(t); 9) . (4.5)

The following four properties of the underlying PDE can be used to further inform the machine

learning model (4.5)):

i) Approximate ODE definition. The trajectories u(t) are approximated by the ODE %‘ =
f(u), in the sense that solving ‘(11—;‘ = f(u) is expected to yield solutions u(¢) that approximate
solutions to the original PDE . With this in mind, it may be advantageous to use the
function f(u) in the model in such a way that the neural network is used only to learn the error
in this approximation, resulting in a neural closure model. In the discrete-time setting, this can
be done by taking a forward Euler step combined with a neural network correction term:

u(t + At) = u(t) + At - [f (u(t)) + NN (u(t); 9)] .

27
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ii)

iii)

iv)
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Note that using forward Euler to take time steps results in limited accuracy and may be unstable.
Using a higher-order ODE solver such as Runge-Kutta 4 may be preferable.

Continuity in time. While the discretised trajectory u(t) is not exactly the solution of an
ODE, it is still continuous in time. This property can be enforced in the model by choosing a
Neural ODE (NODE) in which a neural network is used to approximate the right-hand side of
an ODE:

du

T NN(u; 9).
By contrast, in discrete-time models, a neural network is used to predict a fixed time step, i.e. to
approximate u(t + At) from u(¢). However, note that using a NODE model allows for different
ODE solvers as well as different training procedures as outlined in Chapter Training the
NODE with forward Euler as ODE solver and using a discretise-then-optimise training method,
the resulting model is equivalent to the discrete model . However, formulating the model
as a NODE allows using more accurate ODE solvers, as well as possibly more efficient training
procedures.

Conservation of momentum. The underlying PDE satisfies conservation of momentum,
meaning that the quantity fol u(x, t)dx is constant. Analogously, many discretisations of the PDE
satisfy that vajl u;(t) is constant. The ML model can be modified to conserve momentum
by modifying the neural network output in such a way that the resulting vector entries sum to
zero. Here, the way this is done is by taking differences of the output:

u(t + At) = u(t) + At - ApggNN (u(t); 9) .
Here, Agyq is the linear operator that takes differences between subsequent entries of a vector:

(Afwav); =vigr —vifori=1,2,..., N, — 1,
(AfwaV)y, = V1 — VN,

This model can be interpreted as using the neural network to predict the fluxes between grid
cells, rather than the derivatives of the grid cells directly, i.e. [NN(u(t);9)]; = F(u(zi41/2,t))-
Instead of taking forward differences, backward or central differences could be used to enforce
conservation of momentum. However, since this differencing is only done to the neural network
output, there is no clear reason to favour one differencing scheme over another.

Translation invariance. Finally, the PDE (4.1 is translation invariant, meaning that if u(z,t)
is a solution of (4.1)), then so is v(x,t) := u(z + r,t) for any r € R. Discretising this PDE then
typically yields an ODE %u = f(u) that is also translation invariant, now with respect to
discrete translations u; — ;4 for fixed k € Z. In the ODE, this translation invariance can be
enforced by using a Convolutional Neural Network (CNN) for the function NN(+;-). This is also
done in existing work such as that by List et al. [48] and Beck et al. [5]. Convolutional Neural
Networks are a common model choice for discretised PDEs, and require far fewer parameters than
a non-convolutional network with the same hidden layers. As such, the performance difference
between CNNs and dense NNs will not be investigated here, and all tested models will make use
of CNNs.

Of course, PDEs can have more properties beyond the ones listed here. For example, many PDEs are
either energy-conserving or dissipative, meaning that the energy fol u(w,t)?dx is constant or decreasing,
respectively. PDEs in multiple dimensions may also satisfy additional invariances such as rotational
invariance. However, enforcing such properties in the ML model is more complicated than the simple
properties listed above, and as such the tests here will be limited to properties i-iii. Property iv will
be used in all tested ML models.

Properties i-iii can be combined, yielding eight different models that each correspond to a different
subset of properties enforced in the model. These models are shown in Table Figures and
visually depict some of the same model architectures.
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Table 4.1: The eight different ML model types tested in Chapter [4] based on which prior knowledge
is included or excluded.

i) | ii) | iii) Form

1 A (u(t+At)—u(t) = NN (u(t); 9)
2 /| L an —u@) = AgwaNN (u(t); 9)
3 v du = NN (u(t); 9)
4 v v df;l = AfdeN (u(t); 19)
51 v ar(ut+ A —u(t) = f(u®) + NN (u(t); 9)
6|V V| ut+A) —u@) = fu®) + ApaNN(u(t);d)
TV Vv u = flu®) + NN (u(t); 9)
8|1 v | Vv |V G = f(u(t) + ApaNN(u(t);9)

u(t) u(t + At)

u(t) u(t + At)

u(t) u(t + At)

Figure 4.1: The architectures of models 1, 5, and 6.
f(u)
w @,
dt
u(t) > Tsit5 ODE solver > u(t+ At)

Figure 4.2: The architecture of model 8.



30 CHAPTER 4. EFFECT OF INCLUDING PRIOR KNOWLEDGE IN ML MODELS

4.2 Burgers’ equation

In order to test the effects of embedding the above properties into an ML model, a specific PDE of
the form (4.1) must be chosen. Here, the PDE used is Burgers’ equation. Burgers’ equation is a
PDE over one variable, the flow speed u(z,t), as a function of space and time. Its general form is as
follows:

ou Pu 10 ,,

where v > 0 is a constant. The PDE can be seen as a highly simplified one-dimensional version of a
fluid flow problem, with a linear second-order diffusion term that models the effects of fluid viscosity,
and a quadratic convection term that resembles the convection term in the Navier-Stokes equation. In
this section, Burgers’ equation will be used with periodic boundary conditions and a domain length
of 1, i.e. u(z +1,t) = u(x,t) for all z,t.

To numerically compute solutions to this equation, the PDE can be discretised in space using the
finite volume method, where the function u(z,t) is replaced by a time-dependent vector u(t) € N,.
Each component of u(t) represents the average value of u over a small subinterval, or cell, of the
domain:

1 1Az
u;(t) ~ Ar /(i—l)Ax u(x,t)de,

where Az = N%c Then, the behaviour of u(t) is approximated by an ODE of the form 9% = f(u),
where the function f approximates the right-hand side of the PDE. This ODE can then be solved by
standard methods, yielding an approximation for the solution u(x,t). The error in this approximation

is the result of two separate errors:

e The spatial discretisation error, which is introduced when the function u(z,t) is replaced by
a vector u(t). In this step, the PDE, which is continuous in time and space, is turned into an

ODE of the form %‘ = f(u), which is continuous in time but discrete in space.

The magnitude of the spatial discretisation error depends on the grid size N, as well as the

chosen discretisation of the PDE. In this section, the function f is as given by Jameson [33],

which is first-order accurate, meaning the error is proportional to the cell size Az = NL:

du; v 1
dtZ = f(u); = A2 (Wi—1 —2u; + i) — Ar (fi+1/2 - fze1/2) ) (4.7)
1
where f;,1/5 = G (uz2 +uuiq + u%_H) —a; (w1 — ), (4.8)
1 1
and o 1/9 = 1 lu; + wipq] — D (w1 —wy). (4.9)

e The temporal discretisation error, which is introduced when the ODE is solved. ODE solvers
find solutions at specific points in time tg, %1, ..., thus approximating the continuous-time ODE
by a discrete-time computation.

The magnitude of the temporal discretisation error depends on the chosen ODE solver and the
size of the time steps, At. In this section, the ODEs are solved using the Tsit5 algorithm [76],
which is the default ODE solver used by DifferentialEquations.jl [65]. Tsit5 is a fourth-order,
five-stage Runge-Kutta method with embedded error estimator.

4.3 Data generation

To create training data for the neural networks, 128 solutions are generated to Burgers’ equation with
v = 0.0005. The PDE is discretised into N, = 4096 finite volumes and the initial states u(0) are
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randomly generated as the sum of random sine and cosine waves with wave numbers 1 < k < 10:

10 10
u;(0) = Re (Z iy, exp(2mik /Ny) + > di_y, exp(—QWik/Nx)> : (4.10)

k=1 k=1

where 4_19...—1 and 7. 19 are randomly generated complex numbers with real and imaginary parts
sampled from a unit Gaussian distribution. The resulting initial state is then multiplied by a scalar
chosen such that max; |u;(0)| = 2. This way, the initial states are random but are all smooth and have
zero net momentum.

The resulting ODEs are solved for ¢ € [0,0.5]. Snapshots of the solution u(t) are saved at 2049
points in time, i.e. with a time of At, = 272 in between snapshots. Note that since Tsit5 selects the
time step automatically, the actual time steps used by the ODE solver may be smaller or larger than
2712,

In total, 128 solutions are obtained, each from a random initial state. Of these solutions, 96 are
used for training and the remaining 32 are used for testing. The solutions are then down-sampled by
a factor of 64 in both space and time. This way, training data is created to allow a neural network
to work on the low-fidelity (downsampled) initial conditions, but to approximate the original high-
fidelity solution. In the spatial dimension, the downsampling is performed by averaging the solution
over chunks of 64 finite volumes. In the temporal dimension, the downsampling is performed by simply
taking every 64" snapshot, leading to a new time step of At; = 276,

This process is illustrated in Figure This figure also shows the result of solving the coarsely
discretised ODE starting from the downsampled initial state u(0) € R% (bottom left figure). Crucially,
this is not equal to the downsampled fine-grid solution (top left). The downsampled fine-grid solution
is by definition the most accurate low-fidelity approximation to the original high-fidelity data. The
solution of the low-fidelity ODE introduces additional error (bottom right figure), and is therefore a
less accurate approximation to the original data than the downsampled high-fidelity solution.

4.4 Experiments

4.4.1 Neural network architecture

To ensure that the experiments only test the effect of including prior knowledge, all nine models
are trained using the same neural network architecture. However, since larger neural networks are
generally expected to perform better than smaller neural networks, all nine models are trained twice:
once using a small neural network, and again using a larger network.

The small neural network NN(u(¢); ) is defined as follows:

1. First, the vector u € R is extended with the component-wise square of u, i.e. the matrix
U € RM*2 where U;1 = u; and U;5 = u?. This is done since the original PDE contains
quadratic terms, and therefore the inclusion of quadratic terms in the inputs can help to create
more accurate neural networks with fewer parameters. This is similar to the example in [54],
where a neural ODE to fit a cubic function is given cubed values as inputs. However, the neural

network here is also allowed to depend on the inputs u; directly.

2. Then, the neural network uses two convolutional layers with filter width equal to 9. The first
filter returns another IV, X 2 matrix V, defined as

4 2
Vz’j = tanh ( Z Z Al,k,jUi+k,l + bj) ,

k=—41=1

where the tensor A € R9%2%2 and the vector b € R? are formed from the parameters ¥ of the
neural network. This layer therefore uses 9 x 2 x 2 + 2 = 38 parameters. Since the PDE uses
periodic boundary conditions, the vector u is seen as periodic (i.e. ug4n, = up,) and the matrix
U is seen as periodic in its first dimension. Note that this convolution operation corresponds to
a convolution only in the first (spatial) dimension, and is also periodic in that dimension.
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Figure 4.3: Top to bottom, left to right: (1) a numerical solution to Burgers’ equation on the fine
grid (N, = 4096). (2) this same solution, downsampled to the coarse grid (N, = 64). (3) the solution
of the ODE on the coarse grid, starting from the downsampled initial condition. (4) the error between
the downsampled fine-grid solution (2) and the coarse grid solution (3).
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Table 4.2: A description of the small neural network structure used for the experiments on Burgers’
equation.

Layer Description o Parameters
1 u [(u); (uf),] - 0
2 9-wide conv, 2 — 2 channels | tanh | 38 (9 x 2 x 2 weights and 2 biases)
3 9-wide conv, 2 — 1 channels - 19 (9 x 2 x 1 weights and 1 bias)
Total 57

Table 4.3: A description of the large neural network structure used for the experiments on Burgers’
equation.

Layer Description o Parameters
N R (TP () 8 R R
2 5-wide conv, 2 — 4 channels | tanh | 44 (5 x 2 x 4 weights and 4 biases)
3 5-wide conv, 4 — 6 channels | tanh | 126 (5 x 4 x 6 weights and 6 biases)
4 5-wide conv, 6 — 6 channels | tanh | 186 (5 x 6 x 6 weights and 6 biases)
5 5-wide conv, 6 — 4 channels | tanh | 124 (5 X 6 x 4 weights and 4 biases)
6 5-wide conv, 4 — 2 channels | tanh | 42 (5 x 4 x 2 weights and 2 biases)
7 5-wide conv, 2 — 1 channels | — 11 (5 x 2 x 1 weights and 1 bias)
8 u— Agygqu — 0

Total 533

The second convolutional layer is similar to the first, but does not use a smoothing function and
only has a single ‘channel’, meaning that the output is a single vector with the same dimension
as u itself. Therefore, the second layer has a 9 x 2 x 1 weight matrix and only a single scalar
bias, leading to 19 parameters for this layer and Ny = 57 for the entire network.

The larger neural network uses a similar structure, but with more internal layers. The neural net-
work structures are summarised in Tables and A schematic representation of the small neural
network is shown in Figure Note both neural networks, especially the small neural network, are
very small compared to networks used in modern machine learning applications. This is intentional,
and small neural networks were chosen since the Burgers equation is a relatively simple test problem.
Specifically, Burgers’ equation always yields relatively simple solutions containing travelling and dis-
sipating waves. Any reasonably large neural network is assumed to be able to learn this behaviour,
thus reducing the utility of including prior knowledge. The large neural network (which is still small
by modern standards) is included in these experiments to test this assumption.

4.4.2 Training procedure

For the continuous models (neural ODEs), a comparison of training procedures has already been made
in Chapter [3] Here, the neural ODEs are trained by trajectory fitting, using the interpolating adjoint
method with the same Tsit5 ODE solver that was used to generate the training data. For discrete
models, there are two immediate ways to train neural networks on this data:

e Single-step fitting: here, the neural network is given a state u(t) as input, and returns a
prediction for u(t + At) which is compared to the real value of u(t + At) from the training data.

e Trajectory fitting: here, the neural network is given an initial state u(0) and called k& > 1
times to predict the next k£ snapshots, which can then be compared to the next k snapshots
of the training data. For the experiments done here, k is chosen as 32 which is the number of
snapshots in the training data. This means that the entire trajectories are predicted. Training
by predicting multiple time steps is also referred to as unrolling.
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Figure 4.4: A depiction of the small CNN used in this chapter. For simplicity, the kernel widths are
shown as 5 instead of 9 and the vector u is shown with a length of 15 instead of 32.

In either case, the actual and predicted data can be compared using a Mean Squared Error (MSE)
loss function, which can then be used to perform back-propagation to update the parameters of the
model.

Since the end goal is to obtain neural networks that accurately predict entire trajectories rather
than single time steps, trajectory fitting appears to be a more logical choice. Indeed, in similar
research, such as that done by List et al. [48], unrolling multiple time steps is found to be crucial in
obtaining models that make accurate predictions. This is motivated by the following theorem:

Theorem 4.1. Let uyf(t;),i = 0,1,...,N; be a sequence of vectors in RNz where t; = iAt and let
f:RNe — RN be a function such that:

a) Huref(ti—l—l) - f(uref(tl))H <e fO’f’ all © = 17 27 v 7Nt7
b) |f(a) = f(b)]| <Clla—bl| foralla,b e R,
for fized constants C > 1, > 0. Define the sequence u(t;y1) = f(u(t;)) with u(0) = u,ef(0). Then the
following error bound holds:
ck—1
C-1"
Proof. For arbitrary k > 1, the following holds:

[u(tr) — wer(te)l| = [|f(a(tk-1)) — rer(ts)|l
< Nf(u(th-1)) = f(ret(te—1) || + | f (Wres(tr—1)) — Wret(ts)
< Cllu(tp-1) — wpet(tp—1)[| + €.

lu(ty) — weep(te)|| < e

Now, define i, = ||u(tx) — Wet(ts)|| + z=5. Then ro = 7% and for k > 1:

g
C—1
3
< Clu(tp-1) = Ures(ts-1)l| + &+ ~—

Cc-1
€ Ce
_C<r’”_0—1>+0—1

= C’I“k_l.

T = ||u(tk:) - uref(tk:)H +
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k
As a result, r, < CFrg = gfl, So:

€ ck—1

_ — _ < )
”u(tk) uref(tk)H Tk c_1- £ C—1

O]

Note that the Lipschitz constant C' is not always greater than one, although it is always positive.
If C = 1, then proof can be adapted to show that |[u(ty) — uper(tx)| < ek. If C < 1 then f is a
contraction and the sequence u(t) will converge to a fixed point.

The interpretation of this theorem is as follows: if f is a machine learning model trained to predict
u(t + At) from u(t) and can do so with uniformly low error (at most € for all training data), then
this does not necessarily translate to accurate predictions for larger number of steps. In fact, the
error after k steps can grow exponentially in &, where the exponential growth factor is given by C,
the Lipschitz constant of f. During single-step fitting, only & is minimised: as a result, as training
progresses the model achieves progressively lower €, but possibly at the cost of increased C'. The result
is that models trained for longer time may yield more accurate predictions in the very short term, but
much worse in the long term.

Note that this result is likely not new: the fact that autoregressive models trained on single steps
perform poorly has been known for at least a decade, and methods to mitigate this problem have
been studied extensively. One such method is to add noise to the neural network’s inputs (the vectors
Uypef(+)) during training, which trains the model to be less sensitive to small perturbations in its input
(see for example Chapter 7.4 of Goodfellow et al. [24]). Since the input to the model is equal to the
output of the previous step, this regularisation technique is therefore expected to decrease the rate at
which the approximation error increases per step, meaning it has a similar effect to reducing C'.

Another option is to simply use trajectory fitting, which directly trains the model to make ac-
curate predictions over multiple time steps. However, trajectory fitting can perform poorly due to
the exploding gradients problem: when the network is still untrained, the later time steps of the
predicted trajectory will likely be much more sensitive to the network parameters (due to the repeated
application of the network to predict later time steps), and the later time steps will likely be much
less accurate. These two facts combined mean that the direction taken by the training algorithm
(i.e. the update made to the network parameters, whether it be computed by gradient descent or a
more advanced method) is mostly determined by the error in the tail of the predicted trajectory. The
result is then that the network parameters may converge to a local minimum. Such local minima
often correspond to neural networks that predict trajectories that quickly tend toward the long-term
average of the solution, or, more generally, predicts trajectories that show significantly less variation
than the actual trajectory.

An example of this phenomenon is shown in Figure Here, a simple neural network consisting
of two fully connected layers was trained to predict the trajectory (cost,sint) of an oscillator using the
time stepping method u(t + At) = u(t) + NN(u(t); ). After training, the neural network essentially
predicts a heavily damped oscillator instead, quickly converging to the long-term average value of u(t)
which is (0, 0).

The exploding gradient problem (as well as the similar vanishing gradient problem) is also present
in the context of recurrent neural networks, as well as in very deep feed-forward neural networks. Since
the formal identification of these problems by Hochreiter [28], many solutions to it have been proposed.
These include updated training procedures such as Truncated Back-Propagation Through Time
(TBPTT) [83] (note that this paper actually predates Hochreiter’s work, and primarily suggests the
use of TBPTT due to its greater computational efficiency), modified neural network structures such
as LSTMs [29], or the use of different activation functions such as ReLU (Rectified Linear Unit).
Here, exploding gradients are caused by the way the neural network is used to predict time series
and is therefore unlikely to be mitigated by changing the neural network architecture. Instead, the
exploding gradients problem is solved through the use of teacher forcing, which can be seen as an
interpolation between single-step fitting and trajectory fitting. With teacher forcing, the network is
still used to predict entire trajectories. However, after each step the predicted state is replaced by a
linear interpolation between the predicted state and the actual state. This is a variant of the teacher
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Figure 4.5: An example of unsuccessfully training a neural network to predict a simple trajectory.
Left: the initial prediction before any training has taken place. The error is largest for large t. Right:
the prediction after training has converged to a local minimum.

forcing introduced by Williams and Zipser [84], where the actual state is only partially known and
only the known components of the output vector are modified after each iteration. In pseudocode, the
algorithm to predict a trajectory using teacher forcing is as follows:

Algorithm 5 Trajectory prediction with teacher forcing
1: procedure PREDICT_TRAJECTORY (model, u(0), rf, (wpef(t;),7 = 1,2,..., Ny))
for ¢ from 1 to N; do
L u(t;) = model (u(t;—1))
u(t;) = (1 —ree) - a(li) + ree - arer(ts)
return (u(t;),i=1,2,...,N)

Here, u(0) is the initial state and uee(t;),7 = 1,2, ..., Ny is the real trajectory in the training data.
The parameter 1y controls the amount of teacher forcing that is done. Note that single-step fitting
and trajectory fitting can be done with the same algorithm by setting i = 1 or iy = 0, respectively.

For all models (discrete and continuous), after the trajectories u(¢;),s = 1,..., Ny are computed,
the loss value is computed as the mean squared error with a small regularisation term:

1
N, N

Ny
N 1 _
Loss = z; 1@(t;) — Wree(t) || + A - o [9]|*, where A = 1074
1=

The training is done using the ADAM optimiser [42] with a learning rate n = 0.001, using a batch size
of 8. All models are trained for 50000 epochs, where at epoch ¢ the teacher forcing rate for discrete
models is ry¢(i) = & — 5 tanh (%0 — 2). A plot of this function for the first 750 epochs is shown in
Figure This teacher forcing rate is chosen so that the training effectively contains three stages: an
initial stage in which the teacher forcing rate is close to 1 so that the models are effectively predicting
single steps, followed by a stage in which the teacher forcing rate decreases and finally a long ‘tail’ in
which it is close to zero so the neural network is trained to predict entire trajectories accurately. The
number of epochs was chosen to be large enough that all models were approximately trained until

convergence. A summary of the parameters used for training is shown in Table

4.5 Results

After training, all models are evaluated on some testing data that was not used during training. The
testing data consists of N, = 32 trajectories which, like the training data, are sampled at an initial

condition and Ny = 32 subsequent time points. For each of the evaluated models, initial conditions
()

uref

(0) for j = 1,..., N, were given to the ML model. The model then uses these initial conditions
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Figure 4.6: The teacher forcing rate as a function of the epoch number.

Table 4.4: The additional parameters of the training procedure from Chapter [4

Property

Value

Training data
Optimiser
Batch size
Epochs

Loss function
Penalty term

96 trajectories, 33 snapshots per trajectory
ADAM, learning rate = 1073

8

50000

Mean-square error

105 L 9

Testing data

32 trajectories, 33 snapshots per trajectory
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Table 4.5:  The Root-Mean-Square Error (RMSE) for each of the tested models on the 32 testing
trajectories of the Burgers equation.

i) | ii) iii) Testing error (RMSE)
Small NN | Large NN
1 0.0871 0.0134
2 v 0.0431 0.0082
3 v 0.0407 0.0123
4 v v 0.0193 0.0074
5|V NaN 0.0066
6| Vv v NaN 0.0053
TV |V 0.0287 0.0094
8|V | V v 0.0259 0.0050
(Coarse ODE solution) 0.104
(Direct model (4.4)) 0.0788 0.0807
to make predictions for the trajectories ul([frldict(ti) for j =1,...,Npand i = 1,...,N;. These are

then compared to the actual trajectories ufi%(tz) by taking the root mean square, summing over all

components of the vector u, all time points ¢;, and all 32 testing trajectories:

1/2

Ne Np . . 2
RMSE = m > Hugr)edict(ti) —ui(t) ,

i=1 j=1
The RMS errors on the testing data for all models are shown in Table Note that two of the models
failed to train, since they yielded NaN values during training. Training these models was attempted
five times, each time with different randomly initialised weights, but training failed all five times.
The likely reason for this is that iterating a forward-Euler discretisation of an ODE can be unstable,
meaning that the neural network has to ‘learn’ not only to correct for the error in the iteration, but
even to stabilise it. This instability could be avoided by using a more stable iteration method as a base
approximation, such as the midpoint rule or Runge-Kutta 4. However, doing so brings the resulting
model much closer to neural ODEs, and such models will be evaluated in Chapter |5l Figure 4.7 shows
an example of a reference trajectory, a model prediction, and the difference (prediction error) from
the testing data. The prediction in this figure was made by the small NN with properties i, ii, and iii,
which yields an RMSE of 0.0259 over all 32 testing trajectories.

4.6 Conclusion

Firstly, it must be noted that the RMSE values must be treated as approximate values: one effect of
training with mini-batching is that the RMSE, both on the training and testing data sets, is expected
to fluctuate during training, adding a small amount of ‘noise’ to the resulting RMSE. For example,
this can be seen in that the larger NN, when used as a direct model, performs slightly worse than the
smaller NN which is not expected to happen.

Nonetheless, a number of conclusions can still be drawn from these results.

e Firstly, enforcing momentum conservation (property iii) always improves performance of the
neural network. While this is expected since the training data satisfies conservation of momentum
exactly, enforcing this in the model makes a very large difference in some cases. This is somewhat
surprising, since the last layer of both NN designs is linear, and momentum conservation is done
by adding a linear layer Agyq to the NN. This means that for each parameter vector 1¥; there
is a parameter vector ¥2 such that AggNN(u; 1) = NN(u;93), i.e. each model is theoretically
able to learn to satisfy conservation of momentum.
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Figure 4.7: Top left: one reference solution to Burgers’ equation from the testing data. Top right:
the predicted solution made by the small NN with properties i, ii, and iii. Bottom: the difference
between the predicted and actual trajectories.

e Secondly, for small NNs the inclusion of prior knowledge has a much greater positive effect
than for large NNs. Most notably, for small NNs all time-continuous models (neural ODEs)
outperform all time-discrete models, and neural ODEs that use the approximation f(u) perform
better on average than those that do not. For closure models, this can be explained by noting
that the discrete models, which iterate u(t + At) = u(t) + At f(u(t)) + [closure term], introduce
an additional error since the ODE ‘31—;‘ = f(u) is only solved with forward Euler instead of a more
accurate ODE solver. This extra error needs to be ‘corrected’ by the neural network, which is
not the case for NODEs. However, this logic does not hold for the non-closure models.

For large NNs, however, the differences are much smaller. The most likely explanation for this
is that the larger NNs are simply able to learn much more complicated behaviour allowing them
to achieve much lower error even when used in very simple models. Then, the inclusion of prior
knowledge results in smaller benefits, as the accuracy of the resulting model becomes limited
by the information lost when down-sampling the training data to a coarser grid. By contrast,
the accuracy of small NNs may be limited due to underfitting, i.e. the small NNs are simply
not large enough to learn the entire dynamics of Burgers’ equation. As such, including prior
knowledge may increase the accuracy of the model by reducing the ‘amount of information’ that
the neural network needs to learn.

e Overall, including more prior information can significantly increase the accuracy of ML models,
especially for models with relatively few parameters that suffer from underfitting when used
without prior knowledge.

Note that models that are continuous in time and use the approximation f(u) are essentially
closure models, and these models also perform the best out of the models tested here. As such, closure
models will be the subject of further research in the next section. Models that do not include the term
f(u), i.e. purely neural network-based models, will be referred to as direct models to distinguish
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them from closure models, which do make use of f(u).

While the results obtained in this chapter are meaningful, one problem with the methodology is
that different NODE-like models were trained using different methods from Chapter [8] Specifically,
the four NODE models were trained with back-propagation using the interpolating adjoint method,
whereas the discrete models, which can be seen as forward Euler discretisations of NODEs, were
trained using the discrete optimisation method. Furthermore, Burgers’ equation is still a relatively
simple test case since solutions of this equation are very predictable, always resulting in travelling and
dissipating waves. In particular, the long-term behaviour of the viscous Burgers equation is essentially
trivial due to the dissipative effect of the diffusion term. These two limitations will be overcome in
the next chapter, where different neural ODE training methods are considered on a more difficult test
case with more complex long-term behaviour.



Chapter 5

Training procedures for neural ODEs

From the numerical results obtained using Burgers’ equation, one can draw three conclusions:
e neural networks are able to increase the accuracy of numerical solutions to PDEs on coarse grids;

e using neural networks in the form of neural ODEs yields better results than using neural networks
to advance the solution by a specific amount in time;

e using neural networks in the form of a closure term, i.e. correcting for the ‘standard’ discretised
ODE, yields better results than predicting the entire time series using only the neural network.

However, the use of neural ODEs, and especially neural closure models, requires more complicated
training procedures. In the previous experiments, neural ODEs were trained using the interpolating
adjoint method, but as described in Chapter (3] other training methods are available. In this section,
different training methods for neural ODEs will be compared by using multiple training methods to
train the same neural network on the same training data. The goal is to find how these methods
compare in terms of accuracy of the resulting model.

5.1 Overview

When training a neural ODE ‘21—;‘ = NN(u;9), there are two ways to train the neural network:

e derivative fitting: the neural network is trained to accurately replicate the derivatives of the

system, e.g. using the loss function H (i—;‘) NN (uyef; 19)H2.

ref

e trajectory fitting: the neural ODE is integrated yielding a trajectory u(¢) which is compared
to the reference trajectory, for example with a loss function such as

Ny
du
Loss = ; |u(t;) — wpee(ts)||*, where 3 = NN(w;9).
Trajectory fitting itself can be done in two different ways: training can be done using one of the
adjoint ODE methods described in Section Alternatively, the back-propagation step can be
done by directly differentiating through the solver as described in Section

5.1.1 Derivative fitting

The main advantage of derivative fitting is that in order to compute the gradient of the loss function
with respect to 9, one only has to differentiate through the neural network itself. By contrast, in order
to train by trajectory fitting one also has to differentiate through the function f(u), and through
the ODE solving process either by back-propagating through the ODE solver or using the adjoint
sensitivity method as described by Chen et al. [9]. The most immediate disadvantage of derivative
fitting is that the training data must consist of not just the values u, but also their time derivatives
%‘ This data is not always available, for example in cases where the trajectories u(t) are obtained as

41
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measurements from a physical experiment. Fortunately, in the cases considered here the training data
is obtained through a high-resolution numerical algorithm, meaning that the derivatives are available
to be used for training. Nevertheless, training methods that only require snapshots of u(t) itself are
preferable since they can be used in a wider range of applications.

However, another problem with derivative training is that a neural network that accurately approx-
imates the derivatives may not yield accurate trajectories when the resulting neural ODE is solved. In
practice, when NN is trained using derivative fitting, the resulting trajectory u(t) may diverge from
the training data extremely quickly, even if the neural network approximates the derivatives with a
very high accuracy.

This phenomenon is illustrated by Theorem 10.2 of Hairer et al. [26], which is referred to there as
the ‘fundamental lemma’. This theorem can be seen as the continuous equivalent to Theorem and
is repeated here:

Theorem 5.1. Let X,ef(t),t > 0 be given, and let x(t),t > 0 be the solution of the ODE ?ij = f(t,x).
If the following hold:

a)  [[%ref(0) = x(0)]| <o
Hdtxref ) f(t7xref(t))
c) |If(t,a) = f(t,b)| <Clla—D,

<e

then the following error bound holds:

[%ef(t) — x(8)]| < 0" + % (€t~ 1)

In the case that the initial condition is known exactly, it holds that ¢ = 0 so only the second term
in the error bound is relevant. Important to note is that this theorem does not require that x,ef(t) is
itself the solution of an ODE. This is an important detail, since in our applications X,c¢(t) results from
downsampling the solution of an ODE, and is therefore not necessarily the solution of an ODE itself.

The interpretation of Theorem is as follows: suppose that a neural ODE is trained to approx-
imate a trajectory Xe(t) as the solution of ‘é—;‘ = NN(x;¥). The result of the training procedure is
a neural network that accurately predicts the time derivatives of the training data, i.e. NN (Xref(t) 79) ~
%Xref(t). If this approximation has an error which is at most € everywhere, so that HNN(Xref(t) d T Xret (1 H
g, and the initial state x,e¢(0) is known (i.e. ¢ = 0), then the error in the predicted trajectories at time
t is bounded by & (e“* — 1), where C is the Lipschitz constant of the function x — NN(x; ). Note
that expanding the exponential e“* — 1 = Ct + $(Ct)? + ... shows that & (e“t —1) met for Ct < 1,
meaning that if the derivative has an error of at most €, then the trajectories x also have an error
which is O (g) for small ¢. Nevertheless, for larger ¢ the difference between the actual and predicted
trajectories may grow exponentially as eCt

For a slightly more intuitive explanation of this result, note that the time derivative of the error
can be split up as follows (this is again analogous to the discrete case of Theorem [4.1):

S oa®) — (1) = | 5

Xref(t) — NN(Xet(t); ) | 4 [NN(xrer(£); ) — NN(x(2); 7)] -

The first of these two terms is at most €, whereas the second is only bounded by C'||x;ef(t) — x(t)]|.
At t = 0, the second term is zero but the first term is approximately &, causing a small but non-zero
difference between the actual and predicted trajectories for small t. As ||x.f(t) — x(¢)|| increases, the
second term becomes dominant and results in the exponential growth in error between the actual and
predicted trajectories.

Furthermore, the exponential growth rate of the trajectory error xf(t) — x(¢) is equal to the
Lipschitz constant of the neural network, which may not decrease as the neural network is trained. As
a result, training a neural network to minimise the error in the derivatives essentially aims to minimise €
while allowing Lip(NN(+; ¥)) to become arbitrarily large unless large Lipschitz constants are specifically
penalised by a regularisation term in the loss function. However, even with regularisation C' will be
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positive meaning that the exponential error increase can not be avoided in the general case. Therefore,
training the neural network this way can be expected to decrease the local error in the approximation,
but at the cost of rapidly increasing global error.

This problem is encountered by Beck et al. [5]: they train neural networks to predict the closure
term in three-dimensional fluid flows, and find that neural networks that predict this closure term with
high accuracy nonetheless result in completely wrong predicted trajectories. See for example Fig. 10
in [5].

Interestingly, in Hairer et al. Theorem is used in a completely different setting: there, x(t) is
the exact solution of a given ODE, and X,.(¢) is the approximation to this solution obtained by an
ODE solver such as forward Euler. Furthermore, the exponential upper bound is not interpreted as a
problem that may need to be worked around, but rather as a positive result that guarantees a certain
level of accuracy of the approximate ODE solution.

Similar to the discrete case, improving the long-term accuracy of neural ODEs may be possible by
using derivative fitting in combination with a regularisation technique such as input perturbation, but
another approach is to use a training strategy that does not suffer from the problem described above.

5.1.2 Trajectory fitting

In the case that derivative fitting is not sufficient for obtaining models that make accurate predictions,
trajectory fitting may give better results. The main disadvantage of this method is that training on
trajectories is computationally more expensive than training on just derivatives, resulting in slower
training. This problem can be mitigated by adopting a two-stage training approach: first, the
network is trained using derivative fitting. After a certain number of iterations or when some stopping
criterion is met, the derivative fitting stops and the network is then trained using trajectory fitting.
Importantly, if the derivative fitting step is only used to obtain a semi-accurate model which is then
further refined by trajectory fitting, approximations for the derivatives %‘ may be substituted for
the real derivatives. For example, such approximations can be obtained through a finite difference
approximation on the trajectory. This is similar to the two-stage training method described in Lec-
ture 11 of the MIT course Parallel Computing and Scientific Machine Learning |60]. As mentioned
there, approximations for the time derivative can even be created in the case that the trajectories are
irregularly sampled, for example using a spline interpolation.

In a two-stage training context, the remaining problem is to choose for how long to train a model
on derivative fitting. Training on derivative fitting should be done for long enough to reduce the
required number of iterations for the slower trajectory fitting, but derivative fitting for too long may
result in overfitting, in which the model continues to decrease the training error but starts to become
worse at predicting trajectories. A simple but effective method for avoiding overfitting is to use
early stopping, see for example Algorithm 7.1 of Goodfellow et al. [24]. In early stopping, the
model is evaluated on some validation data (i.e. data not included in the loss function and back-
propagation). When the accuracy on this data stops improving, the training procedure is stopped.
Since many optimisers do not guarantee monotonic convergence, both the training and validation
accuracy may fluctuate during training while still trending downward overall. To ensure that such
fluctuations do not cause the training procedure to be stopped prematurely, early stopping is usually
done with a patience parameter, which is the largest number of iterations allowed without improving
the validation accuracy over the best accuracy achieved so far. In other words, then the best accuracy
on the validation data set occurred more than patience epochs ago, the training is stopped and the
parameters corresponding to the best validation accuracy are restored. In the context of two-stage
training, early stopping can be implemented by using derivative fitting for training, but trajectory
fitting for validation.

As mentioned, trajectory fitting itself can be done in two ways: back-propagation using the adjoint
ODE, or back-propagation by differentiating through the ODE solver. These two methods are also
referred to as optimise-then-discretise and discretise-then-optimise, respectively. The optimise-then-
discretise method has the advantage of not requiring a differentiable solver, allowing a wider variety
of ODE solvers to be used. However, the training procedure ignores errors introduced by the inexact
ODE solver, leading to gradients that are inexact. This inexactness is absent for the discretise-then-
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optimise method, although this comes at the cost of requiring a differentiable solver. Note that a
neural ODE embedded into an ODE solver with a fixed time step At can be interpreted as a discrete
model that computes u(t + At) as a function of u(¢) by performing one time step of the chosen ODE
solver on the neural ODE.

An overview of the advantages and disadvantages is shown below.

e Derivative fitting

+ Simple: only back-propagation through NN required.

— No long-term behaviour can be learned.

— Time-derivatives of u,.¢(t) are required or must be approximated.

e Trajectory fitting with adjoint ODEs

+ Long-term behaviour can be learned.

+ Does not require differentiable ODE solvers.

— Length of trajectories used for training must be chosen.

Gradient computation is inexact.

Requires approximation f(u) to be differentiable.

e Trajectory fitting with differentiable solvers

+ Long-term behaviour can be learned.

+ Gradients are exact.

Length of trajectories used for training must be chosen.

Requires differentiating through neural network, f, and ODE solver.

— Explicit ODE solvers are preferable for differentiation, but not always suitable.

5.2 The Kuramoto-Sivashinsky equation

Since Burgers’ equation is relatively predictable (resulting in shock waves which then dissipate over
time while moving through the domain), it is useful to consider a more challenging case. For this
reason, experiments are performed using the Kuramoto-Sivashinsky equation, named after the two
researchers who derived the equation in Kuramoto [44] and Sivashinsky [71]. This PDE is taken with
periodic boundary conditions:

ou 19 , 5, 0*u 0
— = - - — 5.1
ot~ 200 )T g (5.1)
u(z+ L,t) = u(x,t). (5.2)
In this PDE, the time-dependent behaviour of u is governed by three terms:
e A non-linear convection term —%(% (u2), the same as in Burgers’ equation.

e A destabilising anti-diffusion term —%. Note that this term appears on the right-hand with a
minus sign, which is unusual for diffusion terms.

e A stabilising hyper-diffusion term —%. Without this term, the equation would be ill-posed
since the anti-diffusion term would cause solutions to blow up in a finite amount of time. After
all, solving a PDE with negative diffusion is similar to solving a PDE with positive diffusion

forwards in time, which is ill-posed as was illustrated in Figure (3.1

Like Burgers’ equation, the Kuramoto-Sivashinsky equation satisfies conservation of momentum. Since
enforcing this conservation law in ML models was found to result in a small but consistent improvement
in accuracy, all models considered in this section are chosen to conserve momentum by definition.
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5.3 Data generation

Again, the function u(z,t) is discretised as a time-dependent vector u(t). Since the non-linear con-
vection term is the same as in Burgers’ equation, it is discretised in the same way (see (4.7))) with the
exception that the artificial diffusion term (given by the vector « in ) is no longer needed since
the Kuramoto-Sivashinsky equation does not yield discontinuities. The linear diffusion and hyper-
diffusion terms are discretised using simple 3-wide and 5-wide stencils, respectively, leading to the
following discretisation for the three different terms:

10 1
(2(% (Uz)) (xi) ~ N (fiv12 —fii12)

1
where fi+1/2 = 6 (uZQ + u;u;41 + u?+1) 5
0%u 1
@(Xi) ~ N (Wi—1 — 2u; +wi41),
0*u 1

@(Xi) N A (wj—o —4u;_q + 6u; — 4u;41 + uiy2) .

Since the PDE was chosen with periodic boundary conditions, the stencils shown here are also applied
with periodic boundary conditions, i.e. u;4+n, = u;. Written out fully, the resulting ODE is:

dui 1

& = f(ll)z = —@ (1122_,’_1 — u?_l + w; (uiJrl — 111;1))
1 1
T A2 (Wim1 — 20 + i) — AL (wj—o —4u;_1 + 6u; — 4u;1 +uiy2). (5.3)

The PDE is discretised with N, = 1024 finite volumes, and solved from ¢t = 0 to ¢t = 256 while saving
a snapshot every At = i, yielding 1025 snapshots for each initial condition. The initial conditions
are generated in the same way as for Burgers’ equation, see . The fourth-order derivative in the
PDE yields a highly stiff ODE system, for which the default Tsit5 integrator is not suitable. Instead,
the 3"d-order accurate stiff ODE solver Rodas4P [74] is used, following the recommendations from the
DifferentialEquations.jl documentation [56]. Note that Rodas4P is a modified version of the rodas
method created by Wanner et al. [81]. Ostermann et al. [58] shows that rodas and other Rosenbrock
methods undergo a reduction in their order of accuracy when applied to discretised partial differential
equations. The Rodas4P algorithm was constructed by modifying the coefficient set of rodas to
mitigate this order reduction. The resulting solutions are downsampled to 128 finite volumes in space,
and every other snapshot is discarded resulting in 513 snapshots with a time step of At = % in between
snapshots.

In total, 100 trajectories are computed in this manner. To avoid the effects of initial transients,
the first 32 snapshots of the trajectories are not used for training. An example trajectory from the
resulting training data is shown in Figure [5.1

5.4 Evaluation of neural networks for chaotic systems

There is an important difference between Burgers’ equation and the Kuramoto-Sivashinsky equation
that requires some changes in the setup: the K-S equation produces chaotic behaviour, meaning that
arbitrarily small differences in the state u(¢) will eventually lead to a completely different solution.
As a result, all methods of approximating this PDE are expected to diverge from the training data
at some point, meaning that simply taking the RMSE between the predicted and actual trajectories
is not a very useful metric for accuracy. Instead, the accuracy of a method can be evaluated using
the Valid Prediction Time (VPT), which is the time until the error between the approximation and
the training data exceeds some pre-defined threshold. Here, the VPT of a prediction u(t) to a real
trajectory ugf(t) is computed following the procedure used by Pathak et al. [62]: first, the average
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Example solution to K-S, downscaled

/T e

Figure 5.1: An example trajectory from the Kuramoto-Sivashinsky equation used for training models.

energy of the real trajectory is computed as

1 )
Eavg = Ft Z ||uref(ti)|| :
=1

Then, the valid prediction time is
VPT (Urer, , t1 2, N,) = min{t; | [Ju(ts) — Urer(ti)|| > 0.4Fq0g ) - (5.4)

One property shared among many chaotic processes including the Kuramoto-Sivashinsky equation
is that the difference between two solutions u,ef, & grows approximately exponentially in time:

Huref(t) - u(t)H ~ eAmaXt ||uref(0) - 11(0)” . (5'5)

In this equation, Apax is the Lyapunov exponent of the ODE, which determines the growth rate
of the error between two solutions. This can be generalised to a sequence of real eigenvalues: Apax =
A1 > A9 > ..., but only the largest eigenvalue is of interest here. The Lyapunov exponent of
depends on the length L of the domain. Edson et al. found the following approximation for the
Lyapunov eigenvalues for varying L:

0.94 .

N(L) & 0.093 = == (i = 039), i =1,2,...
0.57
— )\maX(L) ~ 0.093 — T

The training data is created with L = 64, leading to a Lyapunov exponent of Apa.x &~ 0.084. The
inverse of the Lyapunov exponent is the Lyapunov time Tiy,,, which can be loosely interpreted as
the time it takes for the error between to trajectories to grow by a factor e. Taking L = 64 yields
Tiyap ~ 12.

Since the Lyapunov time represents the time scale on which trajectories diverge, it is common to
express the valid prediction times of models as multiples of Tiyap.

5.5 Experiments

5.5.1 Derivative fitting

As described above, simply training a neural network to accurately predict derivatives may not guaran-
tee accurate trajectories, and this can be mitigated by two-stage training, where training on derivatives
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Table 5.1: The additional parameters of the training procedure from Section [5.5.1

Property Value

Training data | Trajectories 1 — 80, snapshots 33 — 97
Optimiser ADAM, learning rate = 103

Batch size 64

Epochs 1000

Penalty term | 1074 - N%g 9%
Testing data | Trajectories 91 — 100, snapshots 33 — 273

is only the first of two training stages, with the second stage being done with trajectory fitting. In
this case, it may be possible to use approximations for the derivatives obtained using finite differences,
which would make this two-stage training approach suitable even for cases where the derivatives are
not available.

In order to test whether the derivatives in the training data can be replaced by finite differences,
two identical models are trained in the same way, on different training data:

e the first model is trained on the real time derivatives of the training data, i.e. the training data
consisted of pairs (uyef(t), %uref(t));

e for the second model, the derivatives are replaced by finite differences using the following 4*-
order accurate discretisation:
d

Eu(t) AT (u(t — 2At) — 8u(t — At) + 8u(t + At) — u(t + 2At)). (5.6)

Unless otherwise specified, all models trained in this chapter use the ‘large’ neural network from
Chapter [4, shown in Table Parameters used in training are given in Table

5.5.2 Derivative fitting with Lipschitz regularisation

As a result of Theorem training a neural network to approximate the derivatives of a neural ODE
will not result in good long-term accuracy, unless a penalty term is added to ‘steer’ the neural network
towards smaller values of C. Note that for a function g(x) = NN(x;9), one can define the Lipschitz
constant as

xyekr  [x =yl
Xy

However, one can also use a different method of error analysis: suppose that ¢ is relatively small, so
that Xpef(t) ~ x(t). Then:

(;it (Xref ) f(xref) - g(X)
f(xref) (Xref)) + (g(xref) - g(X))

f(Xref) (Xref)) + diiz() (Xref — X) .

Left-multiplying this equation by (Xyef — X)

1d dg(x

5 dt ”Xref XH2 ~ (Xref - X)T (f(xref) - g(xref)) + (Xref - X)T dg( )
The first term on the right-hand side again stems from the fact that ¢ is only an approximation for
the real derivative f, but the second term is now different from the one in Theorem From this
new approximation, it follows that the growth in error for small ¢ can be decreased by limiting
y'Jy dg(x)

sup , where J=
yern Y1y dx

=
~ (

T

(Xpef — X) .
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Figure 5.2:  An illustration of the spectral radius and spectral abscissa for a given set of complex
eigenvalues.

In fact, the Lipschitz constant Lip(g) can also be expressed in terms of the Jacobian. Federer [21]
has shown that

d
&9(

Lip(g) = sup x)

xER™

9

where ||J|| is the operator norm of a matrix J:

[RES
11 =

0xeRNs [|x]| -
Note that as a result of this, it may be possible to penalise large values of C' during training by
adding a regularisation term based on ‘ %g(u) H for each state vector u. However, the operator norm
is still difficult to compute numerically, and may instead be replaced by another matrix norm, such

as the Frobenius norm || J||p = />0, J?j. This is similar to the approach taken by Pan et al. [59],

where it is indeed found that adding such a regularisation term can lead to better long-term prediction
accuracy.
Note that in the case that the Jacobian is diagonalisable with an orthonormal basis of eigenvectors,
both properties can be computed easily as a function of the eigenvalues A\, of the Jacobian:
[Ix| x ' Jx

= max | Ak, sup 4 = mkaxRe (Ak) -

0#£xeRNz || 0#£xeRNz X X

The quantities maxy, |\x| and maxy Re (\;) are known as the spectral radius and spectral abscissa
of the Jacobian J, respectively. An example of how the spectral radius and abscissa depend on the
eigenvalues Ay is shown in Figure [5.2

In general, adding a regularisation term based on the eigenvalues of the Jacobian of a neural
network may be computationally expensive: for example, for the neural ODE ‘é—;‘ = NN(u;¥) where
u € R+ the Jacobian is an N, x N, matrix. One then needs to compute the eigenvalues of this
matrix using some numerical algorithm, and the entire procedure must be differentiable in order
to use a standard gradient-based optimiser. In particular, optimising a loss function that includes
such a regularisation term involves the second partial derivatives %%NN(U; 1), which not all auto-
differentiation libraries are able to handle efficiently.

However, in the case that the network consists only of convolutional layers, one can make a number
of simplifying assumptions that allow for approximating the eigenvalues of the Jacobian much more
quickly. This is shown in the following theorem:
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Theorem 5.2. Let NNy, : RNs — RN+ be o neural network consisting only of convolutional layers
with periodic boundary conditions, without any bias vectors or smoothing functions. Then NNy, is a
linear operator whose eigenvalues are given by:

AL..N, = FFT(NNyy(e1))
where ey is the vector (1,0,0,...,0)T € RNz,

Proof. For this proof, a discrete convolution with periodic boundary conditions will be written using
a (ﬂ*” .

K

(cxu), = E cju;tj, where u;1y, = u;.
=K

Now, define the cyclic right-shift matrix P:

0 0 ... 0 1]
1 0 ... 00
P=1[0 . . i 1| eRNxNe
: . ... 00
0 ... 0 1 0]

This matrix performs a cyclic right-shift, i.e. (Pu), = u;— for 1 < i < N, and (Pu); = uy,. The
eigenvectors and -values of P can be seen to be:

Pyl = A ),

1
wk—l
_ 271
where v(#) = w1 , A= w_(k_l), w = exp <]\7;Z> .

w(erl)(kfl)
As a result, matrix powers of P have the same eigenvectors and similar eigenvalues:
Pvk) = )\kv(k), where A\ = w~*=1m,
Now, note that since NNy, consists only of convolutional layers, it commutes with cyclic shifts:
NNy, (Pku> — P*NNy, (u), for all u € Rk € Z.

Combining this with the fact that NNy, is linear, it follows that NNy, is entirely defined by the output
it gives for input e™):

No
u= ]Z:; P’ <uje(1))

Ny
— NNy, (w) = NNy, [ 3P (uje“))
j=1
Ng

=Y wPINNy, (e(1)> .

Jj=1
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From this, it follows that the matrix representation of NNy, can also be expressed entirely in terms
of P and v := NNhn(e(l)):

NNijip (u) = Au,
where A = [V Pv P3v ... PNm_lv]
V1 VN, e V3 Vo
AP \2! VN, V3
= V9 Vi
VN,—1 e - VN,
L VN, VN,—1 c. V9 V1 ]
Ny
= VjP]_l.

1

<.
Il

Since A can be written as a linear combination of powers of P, the eigenvectors of A are still v(*) and
the eigenvalues can be computed:

Av) — ),

Ng
where A\, = Zvjw_(k_l)(j_l).
j=1

This last equality can be expressed as A\, = Z;V:ﬁ ij(kfl)(j ~1: w lies on the complex unit circle and

1

therefore w™ = w. This means that the entire vector A\; 2 _n, can be computed by simply taking

the Fast Fourier Transform of the vector v: Aj..y, = FFT (NNy,(e1)). However, even the complex
conjugation can be omitted if only the eigenvalues are of interest: after all, since all the coefficients
of the neural network are real, the matrix A is also real meaning that its eigenvalues A\; 2 . N, come
in complex conjugate pairs. Therefore, omitting the complex conjugation only changes the order
of the eigenvalues, which is not important if only the eigenvalues are used, and their corresponding
eigenvectors are not. 0

Thus, the eigenvalues of the weights-only model can be computed efficiently. Based on these eigen-
values, one can add a regularisation term that punishes large absolute values, or large real components.
The advantages of this approach are that the computation of the eigenvalues can be done very effi-
ciently, and does not depend on the input vector (unlike the eigenvalues of the Jacobian %NN(u; )
of the original non-linear model). The main disadvantage is that the eigenvalues of the original model
and of the weights-only model are not necessarily the same, and if this difference is significant the
regularisation using the eigenvalues of the linearised model may not have a large effect on the eigenval-
ues of the actual model. Of course, the discrepancy between original and linearised eigenvalues may
completely invalidate this approach to regularisation. Nevertheless, regularisation using the linearised
eigenvalues is attractive due to the computational efficiency with which the linearised eigenvalues can
be computed, making this regularisation technique worth investigating.

In total, six models are tested to evaluate the efficacy of these eigenvalue-based regularisation
terms. The layer structure of the neural networks is shown in Table and the details of the training
procedure are shown in Table Note that this is not the same layer structure as used in earlier
experiments, since those experiments used a quadratic layer that is not compatible with Theorem [5.2]
The final layer computes forward differences, which is compatible with this theorem since it can be
thought of as a convolution with fixed parameters cg = —1, ¢y = 1. All six models have identical layer
structure and the same initial parameters. Furthermore, all models are trained on the same data set
in the same order. As such, the only differences between models are in the loss function, specifically
the penalty term that is added.

e Models 1 and 2 are trained without regularisation based on eigenvalues: the first model uses
no regularisation at all, and the second uses a simple sum-of-squares regularisation over all
parameters.
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Table 5.2: A description of the neural network structure used for the numerical experiments regarding
eigenvalue-based regularisation on the K-S equation.

Layer Description o Parameters
1 5-wide conv, 1 — 2 channels | tanh | 12 (5 x 1 x 2 weights and 2 biases)
2 5-wide conv, 2 — 4 channels | tanh | 44 (5 x 2 x 4 weights and 4 biases)
3 5-wide conv, 4 — 6 channels | tanh | 126 (5 x 4 x 6 weights and 6 biases)
4 5-wide conv, 6 — 8 channels | tanh | 248 (5 x 6 x 8 weights and 8 biases)
5 5-wide conv, 8 — 6 channels | tanh | 246 (5 x 8 x 6 weights and 6 biases)
6 5-wide conv, 6 — 4 channels | tanh | 124 (5 x 6 x 4 weights and 4 biases)
7 5-wide conv, 4 — 2 channels | tanh | 42 (5 x 4 x 2 weights and 2 biases)
8 5-wide conv, 2 — 1 channels | — 11 (5 x 2 x 1 weights and 1 biases)
8 u — Apgqu — 0

Total 853

Table 5.3: The additional parameters of the training procedure.

Property Value

Training data | Trajectories 1 — 80, snapshots 33 — 97
Optimiser ADAM, learning rate = 5- 1074

Batch size 64

Epochs 4000

Testing data | Trajectories 91 — 100, starting from snapshot 33

e Models 3 and 4 use regularisation terms based on the spectral radius and spectral abscissa,
respectively. These two properties correspond closely to the notions of stiffness and instability
in the neural ODE, but since they are both defined as maxima they are formally not differentiable
everywhere.

e To avoid issues due to lack of smoothness in the regularisation, models 5 and 6 are trained
with regularisation terms that penalise large absolute eigenvalues or large real components in a
differentiable way.

After training on finite differences, the VPT on 10 testing trajectories was computed.

5.5.3 Optimise-then-discretise
Stiff ODEs and IMEX methods

When discretising the Kuramoto-Sivashinsky PDE using the method of lines, the 4*™® derivative
in x yields a term with a leading factor ﬁ in the ODE (5.3)). For fine discretisations, Az is small
resulting in a highly stiff ODE for which standard explicit methods are not suitable. Normally, one
would therefore use an implicit method instead, such as the Rodas4P solver used to generate training
data. However, such implicit methods typically require the computation of Jacobians of the right-hand
side function, which in this case is computationally expensive if the neural network is large. Since the
stiff ODE terms are contained in f(u), the neural network term is not expected to be stiff and as such
it is preferable to solve ODEs using a method that is implicit in f(-) but explicit in NN(-;4). Such
ODE solvers are called implicit-explicit (IMEX) methods.

The DifferentialEquations. j1 software library contains implementations of a number of IMEX
ODE solvers. After some benchmarking, good results were obtained using the KenCarp47 algorithm
created by Kennedy and Carpenter [39] (in their paper, this algorithm is referred to as ARK4 (3) 7L[2]SA;).
The KenCarp47 algorithm combines an Explicit-first-stage Singly-Diagonally Implicit Runge-Kutta
(ESDIRK) scheme with an explicit Runge-Kutta scheme. Both the implicit and explicit schemes are
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7-stage 4"-order accurate with embedded 3'-order methods for error estimation. Like most implicit
ODE solvers, KenCarp47 solves non-linear systems of equations in order to perform a time step. While
typically Newton’s method is used to solve such systems of equations, in this case it was found that
Anderson’s acceleration [2] yielded better performance, and also more accurate gradients. This is due
to the following reasons:

e While Newton’s method is typically very efficient, a single Newton iteration is often quadratic
(or worse) in the size of the non-linear system, which is NgN, when solving an ODE over N,
variables in a batch of Np trajectories simultaneously. This results in a running time that scales
with N%, making Newton’s method inefficient when running on a batch of multiple ODEs.

e [t was found that because Newton’s method is more stable than Anderson’s acceleration, it
results in larger time steps being taken when solving the forward ODE. While this is usually
good, it also results in a less accurate interpolation for u(¢) used in the adjoint ODE solution
(Algorithm . This can be mitigated by forcing the time step to be smaller, but doing so also
removes any performance benefit that KenCarp47+Newton’s method had.

Note that all tests are done using the interpolating adjoint method (Algorithm , rather than
the backsolve or quadrature adjoint methods (Algorithms |1| and . The backsolve method is not
suitable for ODEs that are not well-posed when solved backwards in time, and the quadrature adjoint
method was found to be less efficient than the interpolating adjoint method. The reason for this is that
computing the terms y " gf and yT 9/ as in (3.6a) and (3.6b) involves a lot of shared work, namely
the back-propagation through all 1ayers of the neural network. Thus, computing both derivatives
simultaneously as in the interpolating method is more efficient than computing them in two separate

passes as in the quadrature method.

Chaotic systems and error weight decay

A second problem encountered for the K-S equation is that its chaotic nature results in exploding
gradients (see Section . In the case of chaotic systems (including the Kuramoto-Sivashinsky
PDE and its discretisations), the exploding gradients problem can be derived theoretically: given the
exponential growth rate in the difference between two initially similar trajectories:

[rer(t) — u(t)[| & e [[uer(0) — u(0)]],

one can conclude that the Jacobian gz(%g should grow at approximately the same rate:
du(t) eAmaxt
du(0) |, '

(t)

This can be checked numerically, since the g::(o) corresponds to the matrix W in algorithm and
can therefore be computed by solving the augmented ODE of (3.10a)) and (3.10bf). This was done
for one initial condition u(®) from the training data, resulting in the plot shown in Figure This
shows that the norm of the Jacobian indeed grows exponentially. Computing the slope on this graph
between ¢t = 50 and ¢ = 240 yields the approximation

' du(t)

du(0)

and the exponential growth factor 0.093 is indeed close to the Lyapunov exponent Ay =~ 0.084.

The exponential increase in sensitivity also results in an exponential increase in the gradients. This
can be seen by investigating the vectors y(¢) and z(t) of the adjoint ODE ( m ) and (| - The
norms of these vectors are shown in Figure Note that since the adjoint ODE is solved for t =T
down to t = 0 (i.e. from right to left in the figure), they actually increase exponentially although the
graph appears to show a decrease.

As claimed in Section another effect of exploding gradients is that the total computed
gradient dLOSS depends mostly on the prediction error later in the time series. This claim can also

0.093t

i

2
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Operator norm of Jacobian (t)
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Figure 5.3: The operator norm of dd;l(%g as a function of ¢.
Norms of adjoint ODE components
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t

Figure 5.4: The norms of the vectors y(t),z(t) of the adjoint ODE as a function of ¢.

593



54 CHAPTER 5. TRAINING PROCEDURES FOR NEURAL ODES

Norm of gradli] Correlation between gradl[i] and complete gradient
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Figure 5.5: Left: the norm of the individual gradients grad; as a function of time. As described, the
gradients become exponentially larger as ¢ increases. Right: the correlation of the individual gradients
with the full gradient that is given to the optimisation algorithm.

be tested, by computing the solution of the adjoint ODE with Algorithm [2] but only performing the
update to y(t) at one time point ;. This way, gradients can be computed of the error at one time
step with respect to the parameters:

dLOSS_gt: d h d = iL( (t) (z))
10 —iZIgrai where grad, := - L (x(t:;),u™ ) .

Figure shows the norms of the individual gradients, as well as the correlations (as (5.7])) of the
individual gradients with the complete gradient that is used for optimisation.
(v, w)

corr(v,w) := ™I Wi (5.7)

From this, the following becomes clear:
1. Indeed, the individual gradients of the error at time ¢ with respect to ¥ grow exponentially in t.

2. As a result, the full gradient, which is simply the sum of individual gradients, is strongly cor-
related with the individual gradients for large ¢, and much less so for small t. Note that the
correlation is still large for some smaller values of ¢, but this is likely just due to the chaotic
nature of the ODE solution.

Due to the exploding gradients problem, training on long trajectories is not expected to work well
without modifications. One alternative is to only train on relatively short trajectories. Another option
is to train on long trajectories with a different loss function, that puts more ‘weight’ on the error for
small ¢ and less weight for large t. Since the Jacobian g:((ég is known to grow as e
choice is to take a loss function such as:

maxt 3 reasonable

Nt
1
Loss, = -, z;exp(—%/\maxti) ) — ues(t:)||?, (5.8)
1=
N
where Z = Ny » _ exp(—2cAmaxti). (5.9)
1=1

This loss function generalises the Mean Square Error by allowing the prediction error at time ¢; to be
weighted by a factor exp(—2cA\maxti). Here, the constant ¢ can be chosen arbitrarily, and taking ¢ = 0
recovers the standard MSE. Note that the sum is over squared errors, which grow as exp(2Amaxt),
meaning that the reasonable choice according to the above theory is ¢ = 1.

Note that the use of such an exponentially decaying loss function is not new: it is also mentioned as
a strategy to avoid local minima in ODE parameter estimation in the documentation of the DiffEqFlux
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Table 5.4: The training parameters used when training on short trajectories. Parameters that were
different for training on long trajectories are shown in parentheses.

Property Value

Training data Trajectories 1 — 80, snapshots 33 — 57 (33 — 177)

Penalty term None

Optimiser ADAM, learning rate = 10~3 with gradient clipping to r = 1072
Batch size 10

Epochs 1000 (100)

Validation data | Trajectories 81 — 90, snapshots 33 — 129, evaluated every 10 epochs
Testing data Trajectories 91 — 100, starting from snapshot 33

software library [75]. Furthermore, weighted MSE loss functions can be seen as a special case of
minimising a negative log-likelihood. If, from the chaotic nature of the K-S equation, one makes
the assumption that the individual components of the vector u(t) are distributed as a Gaussian
distribution with mean u.f(¢) and standard deviation (proportional to) o; := exp(cAmaxt), then the
negative log-likelihood is given by:

Nt T

N,
NLL = — log H Hpt ((ts) | wrer(ti))

i=1j=1

TN, N, e (2
= —log HH : exp <_[u1(tz) Uzreﬁg@z)])

oV 2T

| i=1j=1"" ;
Ny Ni Ng 9
[ ] (t:) — (¢
=N, Zlog O'i\/% + Z Z [uj( i) U‘;refd( i)l
i=1 i T =1 =1 i

Nt Nt N:E
1
=N, Z log |o;V27 | + Z o Z [ (t:) — et (£:)]?
i=1 i=1 "t j=1

Ny _ _ N
=N, log oiV2m | + > exp(—2cAmaxt) [[u(ts) — Urer(ts) ]|
=1 =1

which is equal to equation up to a linear transformation, meaning that both loss functions result
in equivalent optimisation problems. However, not only is the use of such a loss function necessary
in this context, the underlying theory can here be used to find a good exponential decay rate, which
would otherwise have to be found by trial-and-error.

Table shows the training setup for the optimise-then-discretise training tests. In order to avoid
very large gradients causing the training to fail, gradient clipping is applied to the gradients
before applying the optimiser. This way, gradients whose norm exceeds some constant r are scaled
such that their norm is exactly r, thereby avoiding very large gradients while leaving small gradients
unchanged.

v if |v|| <,

clipnorm(v,r) = { (5.10)

ry i vl > r.

5.5.4 Discretise-then-optimise

As mentioned in Section training neural ODEs for time series regression can also be done without
solving adjoint ODEs to compute gradients. Instead, gradients can be computed simply by back-
propagating directly through the ODE solver. This approach is called “discretise-then-optimise”,
referring to the fact that by embedding the neural network into an ODE solver with a fixed time step,
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the time-continuous ODE formulation is turned into a discrete formulation before training (i.e. weight
optimisation) takes place.

The advantage of the discretise-then-optimise approach is that back-propagation through the ODE
solver yields exact gradients of the computations that are performed, but this comes at the cost of
requiring a differentiable ODE solver. While many standard ODE solvers such as explicit Runge-
Kutta methods and explicit linear multi-step (Adams-Bashforth) methods are trivially differentiable,
the same is not true for semi-explicit and implicit methods. Note that even semi-explicit methods
that are explicit in the neural closure term, as described in Section [5.5.3] are not trivial to back-
propagate through since even back-propagating through a single time step also requires computing
gradients with respect to internal approximations for intermediate values of u(¢). It is also important
to note that back-propagating through implicit methods is possible, since the gradient of an implicitly
defined function (i.e. a function that involves solving systems of equations) can be computed by the
Implicit Function Theorem, as demonstrated by Kolter et al. [15]. Nevertheless, explicit ODE solvers
are preferable over implicit methods whenever they are applicable, due to their simplicity and speed,
as well as the property that back-propagation through explicit methods is comparatively easy. This
poses a problem for the K-S equation, since discretising this PDE yields a stiff ODE, for which many
explicit methods are not suitable:

e Most explicit methods, including Runge-Kutta methods and linear multi-step methods, only
produce stable solutions to stiff ODEs when taking very small time steps, which negatively
impacts performance.

e Some other explicit methods, such as Runge-Kutta-Chebyshev (RKC) methods (see pages 31—36
of Wanner and Hairer [81] and pages 419 — 438 of Hundsdorfer and Verwer [31]), are more stable
than standard explicit methods thus allowing larger time steps, but such methods are often only
first- or second-order accurate.

Finally, there is a class of ‘exponential’ time integration methods that assume that the stiff terms
in the ODE are linear. Under that assumption, exponential time integrators compute the effect of
those terms exactly while approximating the effect of the non-stiff non-linear terms using a standard
Runge-Kutta method. Such methods can be used to solve the discretised K-S equation since
such ODEs are stiff mainly due to the anti-diffusion and hyper-diffusion terms, which are both linear.
Exponential integrators of orders 2, 3, and 4 are derived by Cox and Matthews [12]. Their algorithms
require coefficients that are difficult to compute numerically, but these issues were overcome by Kassam
and Trefethen [37], resulting in ETDRK4, a numerically stable and efficient fourth-order time stepping
method for ODEs with stiff linear terms and non-stiff non-linear terms. The resulting algorithm was
found to perform very well on a variety of problems including the Kuramoto-Sivashinsky equation. As
such, this algorithm can be used to take large time steps efficiently and differentiably, and is therefore
suitable for training neural ODEs with a discretise-then-optimise approach.

To avoid performing costly matrix operations, the ODE is solved in the pseudo-spectral domain,
meaning that the ODE is not over the variables u(t), but over their Discrete Fourier Transform
u(t) := Fu(t). Transforming the K-S equation in this way yields the following ODE system:

d L 2 4\ A 1 —14\2
Su= (AT =AY a- AT ((F 7)), (5.11)
where A is a diagonal matrix A = diag (Ao, A1,..., An,—1) Where
nk for 0 < k < &,
A =10 for k = %,
Z(k— N,) for fx <k < Ny —1.

Note that when adding a closure term to this ODE, it is natural to express the closure term in
terms of 01 as well. However, in order to be able to compare more directly to the previous models, the
closure term will be given by the same neural network as used in earlier experiments, meaning that
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Trajectory (120 time steps) Trajectory (30 time steps x4)
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Figure 5.6: A visual representation of how the training data is split up into smaller trajectories. In
this example, the trajectories consisting of an initial condition followed by 120 additional snapshots
is split up into four trajectories, each consisting of an initial condition followed by 30 additional
snapshots. The last snapshot of one trajectory is equal to the initial condition of the next trajectory.

Table 5.5: The additional parameters of the training procedure from Section [5.5.4]

Property Value

Training data | Trajectories 1 — 80, snapshots 33 — 153, split up into smaller trajectories
Optimiser ADAM, learning rate = 103

Batch size 32

Epochs 5000

Penalty term | None

Testing data | Trajectories 91 — 100, snapshots 33 — 273

its input and output are in the physical domain. As such, the neural network term is preceded by an
inverse Fourier transform and followed by a Fourier transform:

%ﬁ = (A2- AYa-— %A]—“ ((F'9)") + F (NN (F ). (5.12)

Also, note that the Fourier transform of a real vector u is a complex vector, and the inverse
Fourier transform is again a complex vector. To avoid using complex numbers in the convection and
closure terms, inverse Fourier transforms are always followed by converting the complex arrays to real
arrays, i.e. by removing the imaginary components of the vector. This does not significantly affect the
accuracy of the resulting model, since 1 should always be such that F ! is real and in practice this
is also the case up to rounding error.

While the new training method involves making discrete time steps, the internal neural network is
still used to compute the closure term in the ODE. When training with differentiable solvers, one must
choose the number of time steps that are predicted with the model. In their experiments with neural
closure models for two-dimensional incompressible fluid flow problems, List et al. refer to this as the
number of unrolled steps Nynrol1, and find that this has a significant effect on the stability of the result-
ing model. As such, a number of different models are trained by unrolling by a varying number of time
steps. Specifically, 11 different models are trained with Nynon € {1,2,4,8, 15, 30, 60, 90, 00,110, 120}.
The model with Nyuron = 120 is trained on snapshots 33 — 153 of each of the 80 training trajectories.
For the models with Nynron € {90,100,110}, the same 80 trajectories are truncated to the desired
number of steps. For the remaining models, the training trajectories are split up into multiple shorter
trajectories as shown in Figure In this way, each training trajectory of 121 snapshots (an initial
condition followed by 120 additional time steps) can be split up into 4 trajectories of 31 snapshots
each, or 15 trajectories of 9 snapshots each, and so on.

While the method of training neural ODEs by back-propagating through a differentiable ODE
solver allows for faster training and results in more accurate models, in theory it is tied to a specific
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Table 5.6:  An overview of the performance characteristics of different ODE solvers for solving the
ODE 4% = f(u) + NN(u; 9).

Batch size | ODE solver (+NL solver) | Pass Time taken | Time steps | f calls | NN calls
Tsith Forward 6.45s 4924 | 29559 29559
KenCarp47+Newton Forward 0.48s 38 3788 205

1 | KenCarp47+Anderson Forward 2.47s 1252 | 35474 7323
Tsith Backward 46.56s 5022 | 30302 30302
KenCarp47+Anderson Backward 18.46s 1572 | 41499 8919
Tsitd Forward 15.98s 4926 | 29571 29571
KenCarp47+Newton Forward 15.08s 45 | 34118 255

10 | KenCarp47+Anderson Forward 6.57s 1362 | 35338 7531
Tsith Backward 70.53s 5025 | 30308 30308
KenCarp47+Anderson Backward 30.31s 1490 | 39591 8388

Table 5.7: A comparison of the valid prediction times of the models trained on derivatives and finite
differences.

Training data Valid prediction time

Min | Avg Max
Reference 1.17 | 1.93 3.00
Derivatives 1.79 | 3.42 4.88
Finite differences | 2.17 | 3.06 4.25

ODE solver with a specific time step. This means that when taking the same neural network and
embedding it into a different ODE solver, the performance is expected to deteriorate. To investigate
the effect of changing the ODE solver and time step, one of the 11 trained models is tested with
different combinations of ODE solvers and time steps. The tested ODE solvers include not only the
ETDRK4 method that is used for training, but also the lower order ETDRK1-3 methods, described by
Cox and Matthews [12]. These methods were used with a time step of At = 1, as used for training,

2
but also with At = ¢, 1, 1.

5.6 Results

5.6.1 IMEX schemes

Table shows the performance results of different ODE solvers for the neural closure model ‘é—;‘ =
f(u) + NN(u;9). The tests using the KenCarp47 ODE solver also mention the algorithm used for
solving the internal non-linear systems of equations. Note that the IMEX methods still require a large
number of time steps, indicating that the neural network term also contributes to the stiffness of the
ODE. However, some fully implicit methods were tested as well, which took significantly longer than
the IMEX methods. Implicit methods failed completely for the adjoint ODE, since such methods
require computing second derivatives of the neural network term which is not supported by the used
AD library. Even Rosenbrock-W methods (see pages 114 — 116 of [81]), which can produce ODE
solutions using only finite-difference approximations to the Jacobian, were found to be much slower
than KenCarp47 due to the need to evaluate the neural network many more times per step in order
to approximate the Jacobian.

5.6.2 Training methods

Table shows the results of training a simple neural ODE on derivatives and finite difference ap-
proximations for those derivatives.
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Table 5.8: The six different penalty terms that were tested, and the results of training with those
penalty terms.

Model | Penalty term Valid Prediction Time

Min | Avg Max
1 | None 3.29 [ 429 | 571
2 | 1075 g |9)? 3.29 | 429 | 571
3 107 - max; |\, 321|372 | 4.33
4 107 - max; R ())) 1.96 | 3.14 | 417
510753, A0 212 | 3.54 | 525
6 | 10703 max(R(\;),0)% | 2.58 [ 3.72 |  4.96

Table 5.9: The predicted and actual spectral radius and abscissa for each of the six models trained
with varying regularisation terms.

Model Spectral radius Spectral abscissa

Predicted | Actual | Predicted | Actual
1 53.34 7.36 6.12 0.47
2 53.19 7.36 6.10 0.47
3 0.39 6.40 0.39 0.47
4 41.04 7.31 0.01 0.47
5 0.03 7.04 0.03 0.47
6 41.03 7.39 0.05 0.47

Table [5.8| shows the performance of models trained with different spectrum-based regularisation
terms. From these results, it is clear that this approach to regularisation does not work. To see why,
the exact spectral radius and abscissa of the models are computed by computing the eigenvalues of
the Jacobian of each model on each vector u from the training data. The resulting spectral radius p
and spectral abscissa 7 are compared to their approximations from the weights-only models. These
results are shown in Table Note that models 3 and 5, which were trained with a regularisation
term penalising large absolute eigenvalues, indeed have a very small predicted spectral radius. The
actual spectral radius is also somewhat smaller than that of the other models but not much. Similarly,
models 4 and 6 were trained to have a small spectral abscissa, but the actual spectral abscissae are
equal (up to two decimal places) to those of other models. Overall, Table shows that using the
weights-only neural network to approximate eigenvalues can drastically over- and under-estimate the
actual eigenvalues. Thus, these methods are not effective at reducing the spectral radius or spectral
abscissae of neural networks.

Table shows the minimum, average, and maximum valid prediction times (VPTs) of neural
ODEs with different training methods, and some example trajectories and predictions are shown in
Figure From this table, it can be seen that closure models indeed perform better than direct
neural ODEs, since each closure model performs better than the direct model trained in the same
way. Furthermore, performing trajectory fitting works best on short trajectories, where the resulting
models slightly outperform models trained by derivative fitting. Training on long trajectories results in
worse performance, even if the loss function is weighted to mitigate the exploding gradients problem.
This is likely due to the fact that the adjoint ODE methods introduce an error in the gradients used
during training. As is generally the case for ODE solutions, this error increases with the time interval
over which the ODE is solved. Thus, training on longer trajectories introduces a greater error in the
gradients, thus reducing the accuracy of the resulting model even if the error function is weighted to
mitigate the exploding gradients problem.

Table [5.11] and Figure [5.8] show the minimum, average, and maximum VPTs of the 11 models
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Table 5.10: An overview of the performance of many different tested models, sorted by training
method and whether or not the model includes the term f(u).

.. o VPT
Training method Description Min | Avg | Max
- Coarse ODE 1.17 | 1.93 | 3.00
o . Last model 3.21 | 4.39 | 542
, | Derivative fitting Best model 2.54 | 4.30 | 5.92
Fqg') Trajectory fitting Short tra'jector'ies 2.42 | 3.63 | 5.42
s Long trajectories | 0.38 | 0.45 | 0.54
§ c=0.5 0.92 | 1.55 | 2.88
5 Long trajectories, c=1.0 1.08 | 1.73 | 2.46
decaying error weights | ¢ = 1.5 1.88 | 2.75 | 4.46
c=2.0 1.42 | 2.55 | 3.96
. . Last model 3.67 | 5.26 | 6.54
g | Derivative fitting Best model 404 | 515 | 654
g . . Short trajectories | 4.08 | 5.84 | 8.29
g Trajectory fitting Long trajectories | 2.38 | 3.38 | 4.67
= c=05 2.42 | 4.20 | 5.38
& | Long trajectories, c=1.0 2.96 | 4.38 | 6.29
O | decaying error weights | ¢ = 1.5 3.29 | 4.58 | 5.88
c=2.0 2.71 | 4.29 | 5.75

trained using discretise-then-optimise on varying number of unrolling steps. It can be seen that models
trained on 60 or more steps perform worse than models trained on fewer steps, although performance
continues to improve after 1000 epochs.

After 5000 epochs, the model trained on 30 steps performed the best. This model is then re-used
with different ODE solvers and time steps. Note that this model is not re-trained: the neural network
is simply used to make new trajectory predictions in combination with different ODE solvers and
time steps than those used during training. The average VPTs of the resulting models are shown in
Table The bold-faced entry for the combination (ETDRK4, A= %) is the configuration used for
training, and unsurprisingly performs the best. Interestingly, while using 15t-order methods or large
time steps gives very poor performance, the models with 3'- and 4""-order methods and At € {%, %
yield VPTs that are similar to the VPTs of other models. This supports the hypothesis that the
increased accuracy of the discretise-then-optimise strategy is due to the model’s ability to correct for
both the spatial and temporal discretisation error, rather than just the spatial discretisation error as
is the case for derivative fitting or optimise-then-discretise.

Finally, the best result from each training method is shown in the table below:

Training method Avg VPT

Finite differences 5.15

Optimise-then-discretise

> Short trajectories 5.84

> Long trajectories 3.38
> Weighted error function 4.29

Discretise-then-optimise 7.10

5.7 Conclusions

From the above results, the following can be concluded:

1. As is the case for Burgers’ equation, neural closure models (which include the approximation
f(u) for the time-derivative) outperform direct ML models (which do not use f(u)) on the K-S
equation.
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Table 5.11: The minimum, average, and maximum valid prediction times of each of the eleven models,
after 1000 and 5000 epochs. The same data is shown visually in Figure

VPT
Trajectory lengths 1000 epochs 5000 epochs
Min | Avg | Max | Min | Avg | Max

11442 16.00| 7.96 | 4.62 | 6.10 | 7.92
21517642 | 792 | 5.12 | 6.70 | 8.96
4 1504|655 | 833 | 462 | 6.63 | 8.42
8| 458|647 | 829 | 4.38 | 6.18 | 7.42
151 5.04 | 635 | 838 | 4.88 | 6.95 | 8.54

30 | 438 | 6.32 | 879 | 492 | 7.10 | 9.12
60 | 3.62 | 4.97 | 6.83 | 3.62 | 5.01 | 6.25
90 | 3.67 | 5.07 | 7.17 | 4.38 | 5.42 | 6.88
100 | 2.79 | 4.18 | 5.46 | 3.54 | 5.05 | 8.71
110 | 3.42 | 4.38 | 5.42 | 3.54 | 5.00 | 6.29
120 | 0.25 | 0.28 | 0.33 | 4.12 | 5.33 | 7.38

Actual trajectory Prediction 1

i
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Prediction 1 error Prediction 2
. _ 5.0 2.5
60 ‘A - 60
’ 2.0
50 | ’/% as 50 15
- / o
40 -4 40
- — Lo -
30 ‘ 30 0
q -0.5
20 20
— ‘ -2.5 -1.0
10 “ 10 -15
\( -
0! - -5.0 0
0 2 4 6 8 10 0.0 2.5 5.0 7.5 10.0
/Ty, /Ty

Figure 5.7: Top left: a trajectory of the K-S equation from the testing data. Top right: the prediction
for this trajectory made by the closure model trained on short trajectories. Bottom left: the prediction
error of the same model. The black vertical line indicates the valid prediction time for this trajectory.
Bottom right: the prediction made by the direct model trained on long trajectories. Note how the
trajectory is steered toward the long-term average, similar to the right plot in Figure [£.5]
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Effect of training trajectory length on VPT

10

VPT

@ 1000 epochs
@ 5000 epochs
e

0 1 1 1 1 1 1 1 1 1 1 1

1 2 4 8 15 30 60 90 100 110 120
Trajectory length

Figure 5.8: Chart showing the minimum, average, and maximum VPT across the 10 testing trajectories
for models trained on the given trajectory length.

Table 5.12: The average valid prediction time over the 10 testing trajectories for various combinations
of time steps and ODE solvers. The bold face entry corresponds to the combination of time step and
solver that was used for training.

ODE solver | At = % At = % At = % At =1
ETDRK1 1.48 0.88 0.48 0.29
. ETDRK?2 4.18 3.30 2.99 0.73
Without NN | prhpks 4.47 4.06 3.29 2.05
ETDRKA 4.57 4.55 4.16 3.28
ETDRK1 1.59 1.04 0.52 0.15
. ETDRK?2 4.89 3.66 2.41 0.50
With NN} erpRK3 523 | 558 | 350 | 1.10
ETDRKA 5.08 5.20 7.10 1.81
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2. Replacing time-derivatives by finite differences for derivative fitting can be done at the expense
of only a small loss in accuracy. In the experiments done here, the model trained on finite
differences instead of derivatives results in only slightly lower VPTs, although the long-term
stability is more severely impacted. Nevertheless, when adopting a two-stage training approach,
finite difference training can produce approximately trained models well.

3. For trajectory fitting the preferable approach is to use discretise-then-optimise strategies, rather
than optimise-then-discretise. The reason for this is likely that the discretise-then-optimise ap-
proach can train models that correct for the error in the ODE solver, whereas the optimise-then-
discretise approach cannot. However, discretise-then-optimise requires a differentiable solver,
which may not always be easy to implement depending on the ODE.

However, note that in the tests performed here, the spectral ODE solvers used in the discretise-
then-optimise approach are also more accurate than the IMEX methods used for optimise-then-
discretise, making it less clear how much of the difference in performance is due to the different
training method, and how much is due to the different ODE solver. Unfortunately, this appears
to be a fundamental issue that arises when comparing neural ODE training procedures. After
all, making effective use of optimise-then-discretise training requires that the given testing ODE
is either well-posed in reverse-time (for backsolve adjoint) or can be efficiently solved using an
ODE solver that supports dense output (for interpolating/quadrature adjoint). Simultaneously,
making effective use of discretise-then-optimise requires that there is an ODE solver that is
differentiable, and therefore preferably explicit. While simple ODEs such as that of a non-linear
pendulum, or the three-variable chaotic Lorenz system (sometimes referred to as L63, not to be
confused with the Lorenz 96 model) satisfy all these properties, many real-world problems do
not. Thus finding a test problem that is both non-trivial and suitable for testing a wide variety
of training procedures is itself a challenge.

4. When training by trajectory fitting, training on relatively short trajectories is preferable to very
long trajectories, both for optimise-then-discretise and discretise-then-optimise. For optimise-
then-discretise, training on long trajectories results in less accurate models due to the exploding
gradients problem. This can be mitigated by introducing a weighted error function, although
the resulting training procedure still produces less accurate models than derivative fitting or
discretise-then-optimise trajectory fitting due to the increased error in the gradient computa-
tion. Better results are obtained by simply training on shorter trajectories or even by derivative
fitting. For discretise-then-optimise, decently accurate models can be obtained by training on
long trajectories, although the convergence is much slower than when training on shorter tra-
jectories.
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Chapter 6

Extending ML models with memory

In the previous two sections, the training data and ML models were both ‘Markovian’, meaning that
the future behaviour is is conditionally independent of past states given the present state. This
assumption is visible in the resulting models, since in all cases the future behaviour, i.e. u(t + At)
(for time-discrete models) or %u (for neural ODEs) depends only on u(t) and not on u(t — 7) for any
7 > 0. Such models can also be thought of as ‘memoryless’, since all history of u is immediately
forgotten.

For Burgers’ equation and the Kuramoto-Sivashinsky equation, this approach worked reasonably
well. However, purely memoryless models may in general not be able to predict trajectories as accu-
rately as models with memory. This follows from the Mori-Zwanzig formalism (see Section , which
shows how an ODE or PDE can be rewritten into a differential equation over a smaller number of
variables, where the right-hand side depends on the entire history of the solution rather than just the
current state.

In this section, different ways of including memory effects in machine learning models will be
compared.

6.1 Ways to include memory effects

There are multiple ways to create a machine learning model that can take memory effects into account.
Here, the term ‘memory effect’ is used to indicate that the behaviour of u(t) is not Markovian, i.e. that
future states are not conditionally independent of past states given the present state. Two methods
to create models with a memory effect are:

e Models with earlier states as input. One simple way is to create ML models in which the
input consists of a number of earlier states of the solution, rather than just the most recent. In
the discrete setting, this could be a model used in the following way:

u(t+ At) = model (u (t),u(t — At),u(t — 2At),--- ,u(t — NyAL);9), (6.1)

where Ny, is a fixed integer describing how many past states are fed into the model in addition to
the most recent state (i.e. taking N, = 0 yields a memoryless model again). Models of this form
are investigated by Fu et al. [22] and Pawar et al. [63], who find that such models can indeed
create more accurate predictions than memoryless models for partially observed ODEs. They
also conclude that, as expected, models with a longer memory (larger Nj) perform better than
models with less memory.

e Models with latent space. A second approach to modelling memory effects is by augmenting
the state vector u with a number of variables that are not compared to training data. Such
variables are often called latent variables, and the vector space that contains them is called
a latent space. Examples of discrete models with a latent space include Recurrent Neural
Networks (RNNs) and Long-Short Term Memory networks (LSTMs [29]). Both of these models

65
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can generally be written as
(o(t), h(t)) = model <i(t), h(=1, 79) )

1,2,-+) 2,) 0,1,2,-)

where i is a sequence of inputs, o*: is the sequence of outputs, and h( is a vector
of latent variables. The memory effect in such models results from the fact that the output o(®)
is not a pure function of the corresponding input i®, but also depends on h*~Y. The latent
vector h(=1) depends on i®~Y and h®*=2), which in turn depends on i®=2), and so on. As a
result, h() depends on the entire history i("%+!) thus giving rise to a memory effect. In the
types of time series prediction considered here, there is no sequence of inputs, resulting in the
following, slightly different formulation:

(u(t+ At),h(t + At)) = model (u(t), h(t); ). (6.2)

When training a model of this type, training data is available for u(t) but not for h(¢). Note that
as described in Section including the ‘visible’ state u in the input and output of the model
is not necessary: an alternative is to use a ‘fully latent’ model that iterates in the latent space h
only, and uses other fixed or learned mappings between the latent vector and the visible state.
However, such models generally do not allow for the inclusion of prior knowledge since nothing
is known a priori about the behaviour of the latent vector h. As such, fully latent models will
not be considered here.

Both types of memory model listed above are discrete in time. However, both have continuous-time
variants as well:

e A time-continuous model with history results in a Neural Delay Differential Equation

(DDE) [85]:
%u — model (u(t), ut — At),--- ,u(t — NyAL): 9. (6.3)

e A time-continuous model with a latent space results in an Augmented Neural ODE (AN-
ODE) [16]:

% (E) = model (u, h; ¥) . (6.4)

In all of the above model descriptions, the memory effect is a result of the inputs and outputs of the
machine learning model, meaning that the function model (- - - ;) itself is still a pure function. As
such, all these models can also be seen as applying a memoryless model to an augmented state, either
X(t) := [u(t) u(t—At) --- u(t— NpAt)| for history models, or Y(¢) := [u(t) h(t)] for latent
space models. In this chapter, the focus will be on time-discrete delay models and time-continuous
ANODE models . Figure shows both model architectures. The specific features of these two
models will be discussed in Sections [6.2] and [6.3 RNNs and LSTMs are not considered here since
time-continuous models were already found to be preferable over discrete models, and neural DDEs
will not be considered due to the increased complexity in their training procedure (see Section .

6.2 Discrete delay models

The first type of model that will be considered is the discrete delay model as in equation . Models
of this form are relatively easy to train, since they can be seen as iterating a memoryless model over
the state [u(t) u(t—At) --- u(t— NpAt)].

Note that as was the case in Chapter [4], including prior knowledge from an ODE or PDE into a
discrete model must be done by discretising the underlying differential equation. In Chapter [4 this
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Figure 6.1: Schematic representations of the discrete delay model (top) and ANODE model (bottom)

architectures that will be used in this Chapter.
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was done by taking a forward Euler step using the approximate time-derivative f(u), and adding a
neural closure term.

u(t + At) = u(t) + At [f(u(t)) + NN(u(t), u(t — At), - ,u(t — NyAt); 9)] .

As was the case for Burgers’ equation, this model can be ineffective in some cases due to the fact that
forward Euler may be unstable when using a large time step. A solution is to use a higher-order ODE
solver to perform the ‘prediction’ term, while still using a forward Euler form for the neural network
‘correction’ term:

u(t + At) = stepRK4(u(t), f, At) + AtNN(u(t),u(t — At),--- ,u(t — N,At); 9).

While this form resembles a neural ODE to a greater extent than the forward Euler model, it is still
fundamentally different. Importantly, the neural network term is still only used in a forward Euler
way, and is therefore not included in the computations of the ODE solver. Including the NN term
inside the Runge-Kutta 4 update would indeed result in a model that resembles a neural DDE. This
is not done here since creating such a DDE model is significantly more complicated. Specifically,
almost all ODE solvers with a reasonably high order of accuracy require evaluating the right-hand
side function of the ODE at time points in between ¢ and £+ At. The Runge-Kutta 4 solver used here
evaluates the RHS of the ODE on two different approximations for u(t + At). In the neural network
term, these evaluations would also require the inputs u(t — %At), u(t — %At), and so on, which must
therefore be approximated from the neighbouring snapshots of u(-).

6.3 ANODE models

The second kind of model that will be tested in this chapter is the ANODE model as in equation .
Compared to discrete delay models, ANODE models may be able to obtain better accuracy due to
the fact that the entire system is written as an ODE, similar to the original dynamics which are
also continuous in time. Furthermore, in these models the vector h(¢) can be seen as a latent space
representation of the unresolved component of the dynamics, meaning that ANODE models are a
more ‘direct’ translation of the underlying problem into an ML model. Since closure models are of
particular interest, some prior approximation f(u) for the dynamics can be included in the model:

% (E) _ (f (Ou)) - NN (u, hi ). (6.5)

The use of a latent vector instead of a finite history means that ANODE models, like RNNs and
LSTMs, can exhibit memory over arbitrarily long time spans, whereas the memory of delay models is
limited to the number of previous states included in the model input. However, this also complicates
the training procedure since h(0), the initial value of the latent vector, must be chosen in some way
and this choice affects the predictions made by the model. This is done using teacher forcing,
although this time teacher forcing is used in the same way as described by Williams and Zipser [84],
whereas in Chapter [4] it was formulated differently. The teacher forcing is used as follows: first, the

ANODE model & (E)

is here again chosen as RK4:

= model(u, h) is discretised in time using an appropriate ODE solver, which

(Eg : ﬁg) — stepRK4 <<EE3> ‘model, At> — discretemodel(u(#), h(t)).

Then, each time the model is used to predict a time series based on a finite history, the vector h(t)
is initialised by running the model on that history, but substituting the reference snapshots uyes(t)
for the vector u(t) instead of using those predicted by the model. This procedure is described in
Algorithm [6] The notation (~,h(iAt)) = ... is used to mean that the first output of the discrete

model, which is the prediction for u(iAt), is not used in further computations but is simply discarded.
Instead, the exact state u(iAt) is used in the next iteration of the loop.
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Algorithm 6 Gradient computation with the forward method

1. procedure INITIAL_LATENT_STATE(discretemodel, (u(iAt),7 =0,1,..., N¢))
2 h(0)=0

3: for i from 1 to N; do

4: . (~,h(iAt)) = discretemodel (u((i — 1)At), h((i — 1)At)).

5: return h(t)

While this algorithm can be used to initialise h, it is not obvious for how many steps this teacher
forcing should be done in order to ensure that h is ‘correctly’ initialised. Note that in the limit as
Ny, the number of teacher forcing steps, approaches infinity, it is expected that the sensitivity with
respect to the initial condition, here h(0) = 0, goes to zero. As such, one way to initialise is to perform
Algorithm [6] with multiple different (possibly random) choices for h(0) in parallel, and iterating the
teacher forcing loop until the variance between the different results for h(t) drops below some small
threshold. However, this is impractical since it requires multiple parallel teacher forcing procedures,
and since the number of teacher forcing steps performed is variable and could be arbitrarily large.

Instead, a novel technique is used in which the ANODE model is regularised by adding a
decay rate to the latent state h:

% (E) = (i(;}D + NN(u, h; ), (6.6)

where A is a positive constant. This decay rate has the effect that the sensitivity of h(t) with respect
to h(t — 7) decreases exponentially as exp(—A7). As a result, the number of teacher forcing steps Ny
can be chosen in advance so that 7 = N;At is sufficiently small.

While for discrete delay models the ‘amount’ of memory included can be varied by changing N,
the number of past states given to the model, for ANODE models this is done by changing the size of
the latent vector h.

6.4 The Lorenz 96 model

To test the efficacy of different models with memory effects, it is important to choose training data
that requires such a memory effect to yield good predictions. As was seen from previous experi-
ments, neither Burgers’ equation nor the Kuramoto-Sivashinsky equation require a memory effect to
be modelled accurately, meaning that a different equation is required. Here, the chosen equation is
the Lorenz ’96 (L96) model:

dx
7dtk = TE_1 (fl'k+1 — l‘k_g) — Tk + f + bk, (673“)
dy;k 1
djf = Witk (Yi—1.k — Yjrak) — Yik + hyTr], (6.7b)
ho
where by, := 796 ;yjyk. (6.7¢)

The variables xj, and y; ;. are periodic:

Tk = Thi K> Yjk = Yjht K>  Yjtdk = Yjk+1- (6.7d)

Essentially, x1..x and yi...51...x are coarse and fine discretisations of the same periodic domain. Ma-
chine learning models will be trained to predict trajectories consisting only of the coarse variables xy,
meaning that the term by, which depends on the fine variables y; x, will be approximated by a neural
closure term.

The parameters of the model are:

e f>0is a forcing term that applies to all elements x.
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Example L96 solution, variables = Example L96 solution, variables y
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Figure 6.2: An example solution of the Lorenz 96 model with the parameter settings as in .

e ¢ is the separation of time scales: note that the characteristic time scale of y;; is approxi-
mately e.

e Ny and hy are the effects of x;, and y; on each other.

For the experiments done here, the parameter settings are the same as those taken by Crommelin and
Vanden-Eijnden :

1
(K, J, f,, by, hy) = <18, 20,10, 7, 1, 1> . (6.8)

An example solution of the Lorenz '96 model with these parameter settings is shown in Figure [6.2]
Note that while £ represents the amount of separation of time scales, taking ¢ < 1 is actually not
necessarily the best choice for these experiments: for such extreme time scale separation, other efficient
algorithms for computing solutions to the model are available, see for example the work by Fatkullin
et al. .

Similar to the K-S equation, the L96 equation with these parameters is chaotic meaning models
will be evaluated in terms of their Valid Prediction Time (equation ) With the chosen parameter
settings, the Lyapunov exponent is empirically estimated as Amax ~ 1.25 and therefore Tiy,, ~ 0.8,
which is approximately in accordance with the results of Karimi et al. .

6.5 Data generation

Using the parameter settings from equation , 100 trajectories are generated. Each trajectory is
computed by solving the ODE system with the ODE solver Vern7, a 7*-order 10-stage explicit
Runge-Kutta method by Verner [78], with a time step At = 0.01 for ¢t = 0 to ¢ = 25.6. For each
trajectory, the variables xj and y; are initialised randomly according to independent unit Gaussian
distributions (i.e. with zero mean and unit variance). The training data is obtained by discarding
the variables y;, and down-sampling the ODE solution by a factor 4, i.e. taking snapshots every
At = 0.04. To ensure that the initial transients due to the random initialisation of the variables don’t
affect the training, the training data starts at ¢t = 1.6.

The reason for the higher-order ODE solver than in previous methods is that since the Lorenz '96
model is an ODE system rather than a PDE, the accuracy is only limited by the ODE solver and
time step. Thus it is worthwhile to use a high-order accurate method and small time step to obtain
near-exact solutions, whereas for PDEs this would require a prohibitively fine spatial discretisation.
Indeed, the obtained trajectories are essentially exact: solving the same ODE system with the same
initial conditions using both Vern7 and RK4 shows that the two methods yield approximately the
same solution for 20 Lyapunov times, showing that the error in the generation of the training data
is negligible. However, neural ODEs for this problem will use the lower-order RK4 method, which is
computationally more efficient due to the lower number of stages while still being accurate enough
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that the prediction errors of ML models is due to the inexactness of the ML model itself rather than
the ODE solver.

6.6 Experiments

In order to test the efficacy of the described model architectures, a total of nine models are trained
including four discrete delay models, four ANODE models, and one memoryless closure model (NODE)
used as a baseline. All models use convolutional neural networks internally, due to the translation
invariance and periodicity of the L96 ODE system. All CNNs use convolution kernels of width 5.

The NODE model is integrated using Runge-Kutta 4 with fixed time step At = 0.04 and trained
by back-propagating through the ODE solver. The discrete delay models are chosen with Nj €
{1,3,7,15}, i.e. with 2,4,8,16 input states. The input states are treated as separate ‘channels’ in the
CNN, meaning the neural network layers are convolutional over the space coordinate but not over
the time coordinate. The four ANODE models are created with the same values of Nj. The layer
structure of the resulting neural networks is summarised in Table The memory decay parameter
A in the ANODE models is chosen as 3.0, and the initial latent vector is computed using Algorithm [f]
with a warmup period of N; = 40 states. This way, the sensitivity with respect to h(0) is expected to
be approximately exp(—3.0 x 0.04 x 40) ~ 0.0082, which should be small enough to lead to noticeably
improved accuracy with respect to the memoryless baseline model.

To train the models, 80 of the 100 generated trajectories are split up into chunks of 40 subsequent
snapshots, similar to Figure Now, however, the models are trained on pairs of subsequent chunks,
where the first pair is used for initialising the model and the second chunk is compared with the
model prediction. For example, to train an ANODE model it is first initialised on snapshots 1 — 40 of
some trajectory, then used to predict 40 additional snapshots which are then compared to reference
snapshots 41 — 80 of that same trajectory. The same is done with snapshots 41 — 80 for warmup and
81 — 120 for predicting, and so on. A similar process is done for the testing data, although there the
‘prediction’ chunks are longer so that the valid prediction time of the trained models can be measured.
For discrete delay models, the training is done in the same way except of course that of the ‘warmup’
data, only the last N 4+ 1 snapshots are used and these directly form the input for the first model
prediction. Other parameters of the training procedure are shown in Table Note that the training
is done for a smaller number of epochs, but this training duration is found to be sufficient.

6.7 Results

During training, all models are found to overfit relatively quickly, meaning that the models continue
to improve their accuracy on the training data, but without improving on testing data. Figure [6.3
shows this phenomenon for the second ANODE model.

Table shows the valid prediction times (expressed in Lyapunov times) of the four discrete delay
models, the four ANODE models, and the two reference models. The results are perhaps unexpected,
since:

e the inclusion of memory effects has a positive but small on the VPTs;

e inclusion of more memory, i.e. including more past states as input or using a bigger latent space,
does not significantly improve the VPTs;

e unlike tests on previous equations, no models are able to achieve consistent prediction perfor-
mance, i.e. the minimum VPT is much lower than was the case for models on the K-S equation.

Figure shows the RMSE over all testing trajectories as a function of time. From these figures,
it can be seen that for all models, the prediction error immediately increases, with a similar rate of
increase near ¢t = 0 for all models. This means that the models with memory are not able to predict
the closure term by more accurately than the memoryless model.

Several possible reasons exist why these models do not perform as expected.
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Table 6.1: The layer structure of the CNNs used in the models trained in Chapter [6]
Model type Np, Convolution channels Total params
ODE without closure model - - 0
Memoryless closure model 0 1-2—-4—-58—-8—>4—->2—1 769

1 2+4—-28—-8—=>4—-2—1 757

Discrete dela 3 4—-106—-12—-8—=4—-2—-1 2013
e Y 7 832516584521 4753
15)116—+64—+32—=-16—=-8—=4—=2—=1 18897

1 23458+ 8—-4—-2 746

3 4—-16—-16—-12—+8—=14 3256

ANODE 7 8§—=+32—=+32—-16—-12 =38 10500
15 16 -+ 64 — 64 — 32 — 24 — 16 41800

Table 6.2: The additional parameters of the training procedure from Chapter [6]

Property

Value

Training data
Validation data
Optimiser
Batch size
Epochs
Patience
Penalty term

Trajectories 1 — 80, snapshots 1 — 600, split into smaller trajectories
Trajectories 81 — 90, snapshots 1 — 80

ADAM, learning rate = 1073

16

500

100 epochs

None

Testing data

10

Trajectories 91 — 100, snapshots 1 — 600, split into smaller trajectories

RMSE during training of ANODE model, Nn=3

0.00 _

Training
Validation

0 20 40 60 80 100 120
Epoch

Figure 6.3: The loss curve of the second ANODE model. Note how as training progresses, the error
on the training data continues to decrease whereas the error on validation data does not.
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Table 6.3: The valid prediction time of all trained models on the testing data.

Model type Np, VPT
Min | Avg | Max
ODE without closure model -10.85 ] 1.31 2.85
Memoryless closure model - | 1.10 | 3.20 | 10.70
1] 1.20 | 3.43 | 10.60
. 31 1.45 | 3.27 | 8.85
Discrete delay 71 1.30 | 3.59 | 10.00
15| 1.15 | 3.42 | 9.15
1] 1.25 | 345 | 8.60
31145 3.72 | 9.50
ANODE 71145 1| 3.63 | 9.50
15| 1.15 | 3.54 9.10

RMSE over time RMSE over time

w w
(2] 192}
= =
o o
2+ 2k
1k Memoryless closure model 1k Memoryless closure model
delay(Nn=1) — ANODE(Nn=1)
delay(Nn=3) ——— ANODE(N»=3)
delay(Nn=7) ANODE(Nn=7)
delay(Nn=15) ——— ANODE(N»=15)
o, j ‘ ‘ o, j : ‘
0 5 10 15 0 5 10 15

/Ty, /Ty,

Figure 6.4: The Root-Mean-Square Error (RMSE) over time of the discrete delay models (left) and
ANODE models (right). Both plots show the RMSE over time of the memoryless closure model for
reference.
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Standard deviation of u(t) and h(t)

10"

10°
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t/leap

Figure 6.5: The standard deviation in u(t) and h(¢) as a result of different choices for h(0) for the
second ANODE model.

Firstly, a common reason for poor model performance is overfitting. However, this was avoided
by using the early stopping algorithm. Note that in the early stopping algorithm, the final model
parameters are not those after the last epoch, but those with the best accuracy on the validation set.
For example, in Figure[6.3]the best accuracy on the validation set was achieved after 30 epochs. After
not achieving better performance for another 100 epochs, the training was stopped having trained for
130 epochs in total. The model was then tested with parameters after 30, not 130, epochs of training.
This way the training procedure is stopped when overfitting begins to appear and indeed, none of the
models were found to perform significantly better on the training data meaning that the final models
do not suffer from overfitting.

Secondly, for ANODE models it was assumed that the warmup period is long enough to ensure
that the initial value for h(0) does not significantly affect the model predictions. To check that
this is the case, the second ANODE model is used on the testing trajectories (Algorithm [6] followed
by solving ), this time with h(0) not initialised to zero, but randomly according to a standard
Gaussian distribution. This is done Ny = 100 times, resulting in 100 different predicted trajectories
u®(t),h(®(t). Based on these 100 samples, the ‘mean trajectories’ @(t) and h(t) are computed,
followed by the standard deviations of the trajectories:

1 &
a(t) = > u(),
S =1

NS
stddev u(t) = ﬁ Z Hu(i) (t) — ﬁ(t)}lg,
ST =1

and similarly for h. Figure [6.5] shows the standard deviation of these predictions for the second
ANODE model. As can be seen from the figure, during the warmup period (indicated as t/Tjyqp < 0
in the figure), the variance in h(¢) decreases exponentially in ¢t. Then, during prediction (positive
t/Tiyap), the variance in h(t) actually continues to decrease for a short amount of time, but the
differences in h(t) across different runs cause differences in the resulting predicted trajectories u(t).
Since the Lorenz 96 model is chaotic, it is expected that different initialisations of h(0) cause different
predicted trajectories. However, the standard deviation in u(t) actually stays much smaller than the
error between u and u,.(t). For example, after 5 Lyapunov times, the standard deviation in u(t) is
roughly 0.30, but the prediction error at that point (see Figure is more than 10x larger. This
shows that while the initialisation of h(0) does have an effect on the resulting prediction, this effect
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Sensitivity of delay models in their inputs
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Figure 6.6: Average sensitivity of the four discrete delay models with respect to their different inputs.

is not significant enough to explain the prediction error of the model, meaning that eliminating or
mitigating this source of error (by extending the warmup period) will not result in significantly more
accurate predictions.

Thirdly, it is possible that the models ‘learn’ to behave as memoryless models, essentially ignoring
the earlier states u(t — kAt) or latent vector h(t) for delay models and ANODE models, respectively.
This can be checked by evaluating the sensitivity of the models’ outputs with respect to their inputs.
For delay models, this is done by taking Nj, + 1 subsequent states u(t —kAt), k = 0,1,..., Nj, from the
predicted trajectories, perturbing one of the states u(t — kAt) by a small amount, and measuring the
difference in the resulting output u(t + At). This process is described in pseudocode in Algorithm
Analogously, the sensitivity of ANODE models can be estimated by perturbing either u(¢) or h(t),
and measuring the difference in model output. Importantly, for ANODE models only the sensitivity
of the u-component of the model’s output is measured with respect to the model’s inputs. After all,
if changing the value of h(¢) changes the model’s output for h(¢ + At) but not for u(¢ + At), then the
model still produces effectively memoryless behaviour in u(t).

Algorithm 7 Sensitivity analysis for discrete delay models

1: procedure DISCRETE_DELAY_SENSITIVITY (model, [u®(¢)...])

2 for 10000 samples do

3 Xief ¢ [u(t),u(t — At),...,u(t — NpAt)], randomly sampled from given data
4: Compute Y ef = model(Xief; 1)

5: for each £ =0,1,..., N, do

6 X*) « X, .+ a small perturbation to u(t — kAt)

7 Y ®) « model(X*); )

8 Compute sensitivity s = M
9 return the averages of s; for each k

The sensitivities of the discrete models are shown in Figure[6.6] and the sensitivities of the ANODE
models are given in Table As can be seen from these data, the discrete delay models are sensitive
to changes in the input other than the most recent state u(t), meaning that the models do not learn
to behave as memoryless models. The ANODE models, however, do appear to behave as memoryless
models: the ANODE models’ output for u(t + At) depends heavily on u(t) but is almost completely
independent of h(t). As such, these models do indeed behave almost as memoryless models, which
may explain their poor accuracy. However, it is not clear what causes this behaviour or how it can be
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Table 6.4: Average sensitivity of the four trained ANODE models with respect to inputs u and h.

Ny, | Sensitivity in u | Sensitivity in h

1 0.9792 0.0239
3 0.9789 0.0158
7 0.9796 0.0087
15 0.9747 0.0046

avoided. One possibility is that the warmup strategy for h (Algorithm [6) is not sufficiently accurate,
causing the model to ignore the latent space in making predictions. The accuracy of the warmup
strategy can be improved by increasing the warmup period Ny, the memory decay rate A, or both.
However, this explanation is not entirely satisfactory: as shown in Figure the standard deviation
in h(¢) at the end of the warmup period is small enough that one would expect the model to at least
be capable of making better short-term predictions. Even this is not the case, though, as indicated
by the short-term error in Figure which is similar to the short-term error of other methods.

6.8 Conclusions

From the above results, it appears that training models with memory is not as straightforward as
training memoryless models. In particular, as seen in the loss curve of Figure [6.3] even small models
are prone to overfitting when memory effects are included. For reference, the ANODE model whose
loss curve is shown in that figure has 3256 parameters in total, while the training data consists of
865440 numbers in total. This is particularly relevant for the work by Fu et al. |22], who keep the
number of training data between 5 and 10 times the number of model parameters, arguing that this is
sufficient to avoid overfitting. Wiewel et al. [82] use a similar argument. Both papers evaluate models
only on training data, since they assume that keeping the models small is sufficient to avoid models
that overfit. However, this assumption does not appear to hold for models with memory effects.

Thus, in order to train models that learn memory effects while also generalising to unseen data,
more advanced training techniques may be necessary. For example, the training in this chapter was
done with early stopping, and while this successfully avoided overfitting it also yielded poor accuracy
on the testing data set. Furthermore, since discrete delay models and ANODE models perform about
equally well no, recommendations can be made about which model type is more suitable for including
memory effects. Thus, a different strategy to avoid overfitting may be required to obtain better results,
such as dropout regularisation or input perturbation.

Another possibility is to use more advanced models to avoid overfitting, rather than the relatively
straightforward CNNs used here. For example, discrete delay models use neural networks that are
convolutional in space, but dense in time. It may be useful to instead consider models that are
convolutional in both space and time. For ANODE models it may also be useful to consider models
that are convolutional in the visible state u but dense in h. With such techniques being used, it may
be possible to effectively train models with more memory, i.e. larger values of N, without overfitting
becoming a problem. LSTMs may also be a more suitable model type for these problems. However,
including prior knowledge into an LSTM model is not as trivial as it is for ANODE models or discrete
delay models due to the relatively complex internal structure of an LSTM cell. The same holds for
fully latent models. Fully latent models may nevertheless work well on the L96 system as found by
Chattopadhyay et al. [8], who test three different models on a similar ODE system as , although
with a third ‘layer’ of variables z; ;. There, the models tested include a reservoir computing model,
an LSTM model, and a memoryless NN model. Of these three models, the reservoir computing model
yields the best performance while having the smallest number of trainable parameters.

Finally, it is useful to note that the Lorenz 96 model is also a relatively difficult case for machine
learning models to learn. Particularly, the choice € = 0.5 resulting in only a weak separation of time
scales may be an important cause of the poor model performance. For reference, Fu et al. [22] only
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consider simple linear ODE systems and a small non-linear ODE system with separation of time scales:

%m = —Z2 — T3,
%1’2 =1+ %1’2,
%1}3 = % + Yy— 5[173,
Ty =L@ —y),

where the ‘fast’ variable y is omitted from the training data, so that a model with memory effect is
required to accurately model the effect of y(t) on z3(t). However, the aforementioned paper considers
this ODE system with ¢ = 0.01, i.e. a very strong separation of time scales. As mentioned earlier, very
small values for ¢ in the Lorenz '96 model are easier to deal with, see for example Fatkullin et al. [20].
As a result, the positive results obtained by Fu et al. may not generalise to non-trivial test problems.
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Chapter 7

Conclusions and recommendations

7.1 Conclusions

For this thesis, many different neural networks have been trained to perform regression tasks based
on one-dimensional PDEs, or ODEs of which not all variables are resolved. These neural networks
were either used to predict the full dynamics of the underlying equation, or only as a closure term.
The aim of this work was to find how the inclusion of prior knowledge into a machine learning model
affects the model’s accuracy, how neural ODEs for such problems are best trained, and how memory
effects can be included in such models.

As for the inclusion of prior knowledge, three types of prior knowledge were considered: approxi-
mate ODE definitions, continuity in time, and conservation of momentum. It was found that inclusion
of any of these types of prior knowledge generally leads to an improvement in the accuracy of the re-
sulting model, provided that the neural network used is not too large. For Burgers’ equation, it was
found that a very small neural closure model with just 57 parameters yields roughly 3 — 4x lower
error than either the coarsely discretised ODE without neural closure term, or the neural network
without inclusion of prior knowledge. For larger NNs, the effect of including prior knowledge has a
much smaller effect, since larger NNs are able to learn the underlying dynamics more accurately even
without prior knowledge included.

As for training procedures for neural ODEs, the discretise-then-optimise approach (i.e. gradient
computation by back-propagation through the ODE solver directly) was found to be preferable to
the optimise-then-discretise approach (i.e. gradient computation by solving an adjoint ODE). This
comparison was not entirely fair, since the discretise-then-optimise approach was also tested using a
more accurate discretisation of the original PDE. As such, it is not clear how well this result generalises
to other problems. Nevertheless, training with differentiable solvers has shown to be preferable over
training with adjoint ODEs for more general ML tasks (see for example Onken and Ruthotto [57])
which is in line with the results obtained in this work.

A significant drawback of the adjoint ODE methods is that their gradient computation is inexact,
limiting the accuracy of the resulting training procedure unless the tolerances for the ODE solver are
decreased, which in turn comes with a hefty performance penalty. Furthermore, this gradient error
increases with the length of the trajectories used for training, meaning that training this way would
require carefully choosing the trajectory length to ensure that the model learns long-term behaviour
without sacrificing too much accuracy in the gradients. Additionally, while performance differences
between training methods were not investigated in this thesis, the theoretical performance advantage
of adjoint ODE methods were found not to apply to the problems considered in this thesis. This is
due to two reasons:

e The reduced memory usage of adjoint ODE training was not observed since this advantage is
only present when the backsolve adjoint algorithm can be used, which could not be used since
the problems considered are not backward-stable.

e The speed advantage due to not having to differentiate through the ODE solver also did not
materialise, since the differentiation is replaced by solving an adjoint ODE, which is compu-
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tationally even more expensive. Specifically, if the forward ODE is solved using an implicit or
implicit-explicit ODE solver (i.e. solving non-linear systems of equations for each time step), then
back-propagation using discretise-then-optimise requires solving linear systems of equations to
compute gradients which are generally computationally easier to solve than non-linear systems.
Back-propagation using the adjoint method, however, applies the same ODE solver again which
must solve non-linear equations for each time step.

As a result, the adjoint ODE training procedures are only useful in two scenarios. Firstly, if the neural
ODEs are solved using an external software library for which auto-differentiation is not available,
manually computing gradients using the adjoint ODE method requires less programming work than
manually writing back-propagation code for the ODE solver. Secondly, if the training procedure is
heavily memory-constrained and the relevant ODE is backward-stable, the backsolve adjoint algorithm
can be used which requires less memory to work.

The simplest training method, derivative fitting, was found to perform reasonably well for the
Kuramoto-Sivashinsky equation. While training by trajectory fitting with differentiable solvers was
still found to perform better, a two-stage approach where derivative fitting is used to provide an
approximate model which is then refined by trajectory fitting, may result in a speed-up in training.

Finally, different ways to model memory effects in neural closure models were tested on the L.96
ODE system. The resulting models were largely unsuccessful in the sense that they did not significantly
outperform much simpler models. The exact reasons for this are not entirely clear, although it was
found that the ANODE models do not appear to use the information in the latent space, hence they
essentially act as memoryless models. It is possible that using more advanced regularisation techniques
to avoid overfitting may allow training the models for longer times, and may result in better accuracy
of the models, as well as more significant differences between models.

7.2 Future work

Based on the results of this thesis, there are a number of directions in which further research can be
done.

Firstly, in order to draw stronger conclusions regarding different neural ODE training methods,
it would be beneficial to test all these methods on the same underlying problem, using the same
ODE solver, such that the training method is the only difference between experiments. Finding such
problems is non-trivial, since many real-world ODEs and PDEs have properties that make certain
training methods unsuitable. For example, the fact that the K-S equation is stiff makes most explicit
ODE solvers methods unsuitable, and the fact that it is not backward-stable means that the backsolve
adjoint training method cannot be applied. While comparing training methods fairly is possible
on simpler ODE systems (a popular example being the chaotic three-variable Lorenz system), such
systems are in turn less representative of complex real-world problems.

Second, the problem that training on single time steps (for discrete models) or on derivatives
(for continuous models) leads to ML models with poor forecasting abilities, as encountered by Beck
et al. [5] and by List et al. [48], was not encountered for the K-S equation. Some crude regularisation
techniques were compared, but none of them resulted in an improvement in accuracy, primarily since
the model trained with derivative fitting without regularisation was already reasonably accurate. Since
derivative fitting and single-step fitting are computationally efficient training strategies, making them
work on a wider variety of problems is a relevant problem for future research. However, this would
require a different equation for generating training data (for example a two-dimensional fluid flow)
where derivative fitting without regularisation is not effective.

Third, this thesis made no attempt to compare computational performance of different ML models
or training methods. The reason for this is that for one-dimensional PDEs, computing high-accuracy
solutions using a purely numerical method on a fine grid is computationally feasible. For both Burgers’
equation and the K-S equation, the dynamics are approximated by a function f(u) that is very cheap
to compute, whereas the NNs with convolutional layers are significantly more expensive to compute.
As a result, for PDEs in one dimension enhancing the accuracy of a model by adding a neural net-
work closure term is generally less effective (in terms of speed and accuracy) than simply taking a
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finer discretisation of the PDE. Furthermore, all equations tested are one-dimensional with periodic
boundary conditions, meaning that convolutional neural networks for such problems are efficiently
implemented using FFTs (see Mathieu et al. [52]). Implementing CNNs this way is a prerequisite
for making meaningful comparisons between training procedures. More generally, performance com-
parisons are only useful if all methods are near-optimal implementations, which includes FFT-based
CNNs but also more general techniques such as efficient GPU acceleration. Such techniques were not
used here, making performance comparisons essentially meaningless.

Related to performance is the possibility of ‘hybrid’ ODE models. In Chapter [4] it was found that
NODE:s discretised using forward Euler did not always train properly due to stability issues, but could
achieve good accuracy if they did converge. This makes it appealing to consider models in which the
approximate dynamics are integrated using a high-order ODE solver, in which a neural closure term
is simply added to the result, for example, using Runge-Kutta 4:

u(t + At) = steprké(u(t), f, At) + At - NN(u(t); 9).

Such models may be computationally more efficient since the neural network term is only evaluated
once per time step as opposed to four times per time step if the NN term is also integrated using RK4.
However, further research needs to be done to see if this does not come at the cost of reduced stability
or accuracy of the resulting model.
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Appendix A

Notation

Rn

Rnxm

Ran---Xnk

a,b,...

a;

a®

la|| where a € R™
|all, where a € R"
AB,...

||A| where A € R™>™

|All 7 where A € R"*™

ar—b
A— Ba—b

The space of vectors of length n.

The space of matrices with n rows and m columns.
The space of tensors of shape (ni,...,ng).

Vectors.

The i*" component of vector a.

The it" vector in a finite or infinite sequence of vectors a), a()

Vector 2-norm (Euclidean norm) /37 |a;|*.
Vector p-norm (Y7, la;|P) /P

Matrices.

A
IEml = ma,cpen oy =1 | AX].

Matrix Frobenius norm \/ D1 D A%
Anonymous function definition, equivalent to “f where f(a) ="
Equivalent to “f where f(a) =b¢€ B for a € A”.

Matrix operator norm supycgn
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Appendix B

Terminology

Trajectory: Time-dependent solution u(t) of an ODE Cé—;‘ = .... This can be either as a function
u(t) or a sequence of states u®® = u(t;).

Snapshot: Value of a trajectory u(t) at a specific point in time.

Derivative: Unless otherwise specified: time-derivative of a the trajectory of an ODE (i.e. right-hand
side of that same ODE), or finite-difference approximation thereof.

Training data: Input/output pairs where the difference between the predicted and actual output is
used to train the parameters of a neural network.

Validation data: Input/output pairs where the difference between the predicted and actual output
is not used to train parameters, but is used to inform the training procedure in another way, such as
early stopping.

Testing data: Input/output pairs that are used to test the accuracy of a neural network after training
has been completed.
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Appendix C

Abbreviations

AD Automatic differentiation

ADAM Adaptive moment estimation (stochastic optimisation algorithm)
ANODE Augmented Neural ODE

CNN Convolutional neural network

ESDIRK Explicit-first-stage singly diagonally implicit Runge-Kutta
FFT Fast Fourier Transform

IMEX Implicit-explicit

LSTM Long short-term memory

ML Machine Learning

MSE Mean-square error

NN Neural network

NODE Neural Ordinary Differential Equation
ODE Ordinary differential equation

PDE Partial differential equation

PINN Physics-informed neural network

RK4 Runge-Kutta 4, 4""-order accurate ODE solver
RMS Root-mean-square

RMSE Root-mean-square error

RNN Recurrent neural network

SciML Scientific Machine Learning
SSPRK  Strong-stability preserving Runge-Kutta
VPT Valid prediction time
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