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ABSTRACT
With the emergence of energy communities, where a number of
prosumers invest in shared renewable generation capacity and bat-
tery storage, the issue of fair allocation of benefits and costs has
become increasingly important. The Shapley value has attracted
increasing interest for redistribution in energy settings - however,
computing it exactly is intractable beyond a few dozen prosumers.
In this paper, we examine a number of methods for approximating
the Shapley value in realistic community energy settings, and pro-
pose a new one. To compare the performances of these methods, we
also design a novel method to compute the Shapley value exactly,
for communities of up to several hundred agents by clustering con-
sumers into a smaller number of demand profiles. We compare the
methods in a large-scale case study of a community of up to 200
household consumers in the UK, and show that our method can
achieve very close redistribution to the exact Shapley values but at
a much lower (and practically feasible) computation cost.

CCS CONCEPTS
•Hardware→ Smart grid; • Theory of computation→ Algo-
rithmic game theory; Approximation algorithms analysis.
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1 INTRODUCTION
Recent years have seen a shift towards decentralised energy sys-
tems, where prosumers (consumers with their own local renewable
generation capacity and storage) satisfy more of their own energy
needs from renewable energy generated from local sources. This
led to the renewed interest in energy communities, where group of
prosumers buy a shared generation resource (such as wind turbine)
or a community battery. Such communities are often located on the
low-voltage (LV) network behind a local transformer, interacting
with the utility provider as a single entity. The prosumers share the
outputs of jointly-owned energy assets, as well as the energy bill
for the aggregate residual demand. Clearly, one key challenge in
this setting is the redistribution of costs and benefits in a fair way.

Coalitional game theory has long studied such redistribution
problems in a wide variety of systems [1]. A key concept is the
Shapley value [13], which has recently received substantial atten-
tion in energy applications. However, a key challenge is that its
computation is intractable beyond a small number of agents.

Prior papers dealt with this in several ways. Most consider ex-
perimental models with up to ∼20 agents to keep computations
tractable [2, 12, 14]. Yet, realistically sized energy communities have
more members, e.g., there are usually 50-200 consumers behind a
substation/LV transformer in Europe [11], or potentially even more
sharing an asset such as a large community wind turbine.

Another approach is to approximate Shapley value by sampling.
Sampling-based approaches do have merit, and in this paper, we
implemented the most advanced sampling-based method we are
aware of, that of O’Brien et al. [10]. However, time complexity is
still an issue; the larger the setting, the more samples are needed
for a reasonable approximation. Hence, new methods to approx-
imate the Shapley value in larger settings are clearly needed. As
one of the contributions of this paper, we introduce a novel redis-
tribution method that approximates the Shapley value well within
polynomial time, and compare it to existing methods.

Determining the “ground truth”, i.e. computing the exact Shap-
ley value, to compare methods still remains a challenge. Prior ap-
proaches, like O’Brien et al. [10], use a setting of only 20 agents to
compute the true Shapley value, as it becomes infeasible for larger
communities. Yet, an approximation method that does poorly for
a small number of agents may actually do well for a realistically
sized setting of 100-200 agents. Another important contribution
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of this paper is that we develop a method to efficiently compute
the exact Shapley value for larger communities by clustering the
agents in a much smaller number of consumption profiles.

Finally, as part of our contributions, we implemented our method
in a realistic community case study, both in terms of demand, gen-
eration and battery data used, and in terms of size, granularity
and duration. We used the community model in Norbu et al. [9],
which draws data from the Thames Valley vision trial and provides
a highly realistic case study to provide confidence in the robustness
of our experimental comparison results.

2 COMMUNITY ENERGY MODEL
Community model. An energy community N consists of a set of
|N | = 𝑁 prosumers, a shared battery and renewable energy source
(RES). In this study, a lithium-ion battery and Enercon E-33 wind
turbines [3] were considered as the community’s energy storage
system and RES, respectively. Each prosumer 𝑖 in the community
has a half-hourly power demand profile represented as 𝑑𝑖 (𝑡) at
time step 𝑡 . The final time step of the operation is denoted as 𝑇 . In
this study, the data contains half-hourly demands and generation
during a 1 year period, and hence𝑇 = 365×48 = 17520. The demand
of the community at time 𝑡 , 𝑑N (𝑡), is the sum of the demands of
the agents in the community at 𝑡 . Furthermore, a community has
a generated power by the jointly owned local RES, 𝑔(𝑡), and the
power of the battery, 𝑝bat (𝑡), which is negative when charging and
positive when discharging. Finally, a community buys power from
the utility grid if the assets do not meet the power demand, else it
sells any excess power generated to the grid.

Community cost calculation. The total cost of the community
during time {1, ...,𝑇 }, 𝑐

𝑇
(N) is the sum of the three components:

𝑐𝑇 (N) = 𝑐grid
𝑇

(N) + 𝑐wind
𝑇

(N) + 𝑐bat
𝑇

(N) (1)

where 𝑐grid
𝑇

(N) is the cost of importing energy from the grid, de-
termined by the battery control algorithm by Norbu et al. [9] given
the inputs 𝑑N (𝑡), 𝑔(𝑡), and 𝑝bat (𝑡 − 1). The variables 𝑐wind

𝑇
(N) and

𝑐bat
𝑇

(N) represent the costs of the community wind turbine and
battery respectively, and are calculated similarly to [9]. Maximum
capacities of the wind turbine and the battery both increase linearly
with the community size, hence the costs also increase linearly.
Furthermore, a battery depreciation model is used to estimate the
community battery lifetime more precisely.

The community cost can be computed for any subset of agents,
and thus the cost contribution of an agent to a group can be deter-
mined by comparing the cost of the group with and without the
agent. Furthermore, the community cost calculation can be seen as
a cost function for a set of prosumers with demands. The notation
of the community cost is simplified to 𝑐 (N) w.l.o.g., because time
horizon𝑇 = 1 year is used to compute costs in the rest of the paper.

3 REDISTRIBUTION METHODS
One way to express the Shapley value that is particularly useful for
our approach is by using the concept of stratum, given as follows.

𝜙𝑖 (𝑐) =
1
𝑁

𝑁−1∑︁
𝑗=0

∑︁
S⊆N\{𝑖 },

|S |=𝑗

𝑗 !(𝑁 − 1 − 𝑗)!
(𝑁 − 1)! (𝑐 (S ∪ {𝑖}) − 𝑐 (S)) (2)

Here, the marginal contribution of agent 𝑖 to the subcoalition S is
denoted as 𝑐 (S ∪ {𝑖}) − 𝑐 (S), which is how much 𝑖 adds to the cost
of S by joining. Then, the marginal contribution is multiplied by
the relative frequency of S in the stratum. A stratum 𝑗 is a set of
all possible subcoalition with size 𝑗 . From this, the expected mar-
ginal contribution of agent 𝑖 to a stratum 0 (empty subcoalition)
up to stratum 𝑁 − 1 (the whole community except 𝑖) can be com-
puted. Finally, the Shapley value is equivalent to averaged expected
marginal contributions over the strata.

Yet, computing Shapley exactly has a very large time complexity
(exponential to the number of agents in the community), which
makes it intractable very quickly as the community size increases.

3.1 Last Marginal Contribution
While the Shapley value requires exponential number of steps to
compute the marginal contributions of every possible subcoalition,
it is possible to use the marginal contribution principle to design a
much simpler scheme that considers the marginal contribution of
each agent w.r.t to the other 𝑁 − 1 [6, 9]. Formally, let the cost of an
agent 𝑖 in the community N be simply the marginal contribution
of agent 𝑖 to the rest of the community, defined as the following.

𝑀𝐶𝑖 = 𝑐 (N) − 𝑐 (N \ {𝑖}) (3)
Costs based on the above equation do not hold the same property

as the Shapley values in which the sum of individual cost is equiva-
lent to the total community cost [13]. Hence, the last marginal cost
needs to be normalised. The final redistributed cost𝑀𝐶𝑖 of agent 𝑖
according to the marginal contribution method is given as:

𝑀𝐶𝑖 = 𝑐 (N) 𝑀𝐶𝑖∑
𝑞∈N 𝑀𝐶𝑞

(4)

The time complexity of this method is O(𝑁 ), so, while simple, it
is a very computationally efficient method.

3.2 Stratified Expected Values
The marginal contribution method only takes into account the
marginal contribution of the last stratum. Here, we propose a novel
Shapley redistribution scheme that goes a step further and considers
the expected marginal contribution for every stratum while still
avoiding the huge combinatorial cost of the exact Shapley method.
We call this the stratified expected values method.

Formally, for each agent 𝑖 , an agent profile 𝑝−𝑖 that has average
demands from the rest of the agents in the community is created.
The main idea is that, since 𝑝−𝑖 has the average demand of the
rest of the community for every time step, computing the marginal
contribution from a set of agents with such a demand profile can
approximate the expected marginal contribution of that stratum.

The cost of agent 𝑖 based on the stratified expected values method
𝑆𝐸𝑉𝑖 is calculated as the following.

𝑆𝐸𝑉𝑖 =
1
𝑁

𝑁−1∑︁
𝑗=0

𝑐 ({1, ..., 𝑗} ∪ {𝑖}) − 𝑐 ({1, ..., 𝑗})

such that 𝑑1 = ... = 𝑑 𝑗 = 𝑑𝑝−𝑖

(5)

Like the marginal contribution method, the sum of individual
costs does not equal the community’s total cost. Hence, a normali-
sation step is required to compute 𝑆𝐸𝑉 𝑖 , similarly to Eq. 4.
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Figure 1: Average daily energy demands of consumer profiles, work at office, work from home, and night owl

The time complexity of computing the individual costs with this
method is O(𝑁 2). While this is more than that of the marginal con-
tribution method, it is still tractable for relatively large community
sizes and potentially gives us a better approximation.

3.3 Adaptive Sampling Shapley Approximation
The previous redistribution methods were deterministic, providing
the same numerical results every time the redistributed costs are
calculated, given the demands of the agents remain the same. We
also compared the performance of a state-of-the-art, random sam-
pling Shapley approximation method. Specifically, we implemented
the adaptive sampling method introduced by O’Brien et al. [10].
This method samples a subcoalition randomly from a stratum and
computes the marginal contribution, repeating this step for𝑀 sam-
ples preset by the user. After every sample, the expected marginal
contribution and its estimated standard deviation (SD) of the stra-
tum are updated. The selection of the stratum at the next sample is
dependent on the SDs of the strata, where strata with larger spread
are more likely chosen. Finally, the mean of all expected marginal
contributions of the strata is computed as the cost.

The time complexity of this redistribution scheme is O(𝑁 ·𝑀).
Note that, in principle, the number of samples required to approxi-
mate the Shapley value well increases faster as the community size
increases, hence it is the case that 𝑀 ≫ 𝑁 . 𝑀 was set to 1000 in
this study, assuring multiple samples from each stratum.

4 EXACT SHAPLEY VALUES FOR K CLASSES
In order to have the “ground truth” consisting of the exact Shapley
values for the redistribution methods above, we present a method
that significantly reduces the computation time by limiting the
number of classes of agents in the community. Such a method
allows to compute the exact Shapley values for a large community
as a benchmark to compare the performances of the redistribution
methods, which previous works have not looked at.

Assume that a community N still consists of 𝑁 agents, with
now 𝐾 classes of demand profiles in the community such that
every agent belongs to one class, and all the agents in the same
class have equal half-hourly demands. Given that 𝑁𝑘 is the size
of class 𝑘 , the number of unique subcoalition in the community is
(𝑁1 + 1) × ... × (𝑁𝐾 + 1), since from each class 𝑘 you can have 0 to
𝑁𝑘 agents being part of the subcoalition. This reduces the number

of cost calculations compared to the original settings of 𝑁 unique
agents of 2𝑁 , when 𝐾 is small.

What allows to compute the Shapley values efficiently for a
limited number of classes is the (multivariate) hypergeometric dis-
tribution [4]. The probability mass function of the hypergeometric
distribution allows to compute the probability of a certain set of
agents from the 𝐾 classes to be selected ahead of the chosen agent
at the specific stratum. The Shapley value of an agent can then be
computed by replacing the relative frequency of a subcoalition in
Eq. 2, with the hypergeometric function. Additionally, the Shapley
value is only required to be computed once per class due to the
symmetry axiom [13], making it much more tractable for the com-
putation of the whole community. More detailed time complexity
comparisons of exact Shapley computation and the redistribution
methods are presented in Appendix A.

5 EXPERIMENTAL COMPARISON
5.1 Experimental Setup
Dataset and parameters. For the experimental comparison, the en-
ergy demands of 200 households in a realistically-sized energy com-
munity in the UK sharing a wind turbine and battery from Norbu
et al. [9] were used. This data was collected in the Thames Valley
Vision project1. The demands and generation data correspond to a
whole year, with a half-hour time step. An import tariff of 16 UK
pence/kWh and an export tariff of 0 pence/kWh were used.

Demand profiles. Clustering energy consumers into a number
of classes according to their daily consumption profile is a well-
established practice in energy demand modelling [5, 7, 15]. Here,
prosumers were grouped using k-means clustering into a limited
number of classes from their consumption behaviours over a day
during the winter weekdays. From these clusters, three groups
showed distinct behaviours, which are presented in Fig. 1. The
“work at office” class shows a small morning consumption peak
followed by minimal consumption during the day and a final large
peak in the evening, representing households that are absent during
the day. The “work from home” class shows a flatter consumption
during the day followed by a large evening peak, resembling house-
holds that are home during the day. The last class, named “night
owl”, has almost no demand during the day, but has high demand

1https://ukerc.rl.ac.uk/DC/cgi-bin/edc_search.pl?WantComp=147
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(a) Different Community Size (b) Different Compositions

Figure 2: Performances of redistribution methods with varying (a) community size, and (b) composition of the consumer profile.

overnight. This behaviour is also observed in the work by Jeong
et al. [5], and only makes up a very small fraction of the community.

Setup and performance measure. Communities with three
consumer profiles were used to compare howwell the redistribution
methods approximate the Shapley values. In the first setting, the
composition of the consumer profiles in the community was kept
constant with increasing size of the community 𝑁 . In the second
setting, 𝑁 was kept constant, but the composition changed.

The performances of the methods were compared using the per-
centage relative difference to the Shapley value, defined as follows.

𝑅𝐷𝜙 (𝜙𝑘 ) =
|𝜙𝑘 − 𝜙𝑘 |
𝜙𝑘

× 100 (6)

where 𝜙𝑘 is the energy cost of agent of class 𝑘 from a particular
redistribution method. The variable 𝜙𝑘 is the cost redistributed to
class 𝑘 according to the Shapley value. Given the relative difference
of individual agents in the community, the relative difference to
the exact Shapley of the whole community is simply computed as
the average relative difference of all the agents in the community.

5.2 Results
Fig. 2 shows the results of the experiments described previously.
Fig. 2a shows the performances with increasing community size,
from 𝑁 = 10 up to 𝑁 = 200, and the composition of the community
set to “work at office” 70%, “work from home” 20%, and “night owl”
10%. Fig. 2b shows the performances with different compositions of
the community. 𝑁 was set to 100, and the ratio of “night owl” class
in the community was set to 10%. Initially, “work at office” was
the majority of the community with 85% belonging to this class.
Then, the ratio was decreased after each step and “work from home”
increased, until it was the majority with 85% belonging to this class.

The results indicate that, while marginal contribution method
performs poorly for small community size, all three methods ap-
proximate Shapley well for a large community size (100-200 agents).

As expected, the stratified expected values method outperforms
the marginal contribution method. Furthermore, there is a minimal

difference in the performances between the stratified expected val-
ues and the adaptive sampling methods, even though the sampling
method have a larger time complexity (assuming𝑀 ≫ 𝑁 ).

Although it approximates the exact Shapley values very well, a
potential disadvantage of samplingmethods is that the redistributed
costs can vary every time the algorithm is run. In practice, the
random output of the method can have an undesirable effect on the
perceived fairness of the redistribution, as prosumers with the same
demand profile can result in being assigned slightly different costs.

6 CONCLUSIONS & FURTHERWORK
While the use of Shapley value is popular in redistributing costs in
energy communities, previous works tend to overlook its applicabil-
ity in a large, realistically-sized setting. We proposed a new method
that efficiently approximates the Shapley value and compared its
complexity and performance with two existing methods in a large
setting. Additionally, to develop a “ground truth” benchmark for
comparing these approximations, we proposed a novel method to
compute the Shapley value exactly even for large population sizes
by clustering agents into a smaller number of consumption profiles.

Our results showed that all three cost redistribution methods
approximated the Shapley values well for large communities. Fur-
thermore, our proposed stratified expected values method outper-
formed the simpler marginal contribution method, and performed
comparatively with the adaptive sampling method which requires
more computational resources.

Many promising directions exist for future explorations. On
the experimental side, we plan to investigate a greater demand
dataset of ∼6000 households and corresponding renewable genera-
tion in the London area2. This will allow for further validation of
the robustness of the approximation methods. On the modelling
side, looking into the case of physical capacity constraints (voltage,
power) on the local distribution network, similarly to [8], would be
interesting. Such a case can lead to changes in coalitional games and
the computation of fairly redistributed costs with Shapley value.

2https://www.kaggle.com/datasets/jeanmidev/smart-meters-in-london
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APPENDICES
A COMPUTATIONAL COMPLEXITIES OF

REDISTRIBUTION METHODS

Time Complexity

Algorithm Unique 𝐾 Classes

Exact Shapley O(2𝑁 · (𝑁 − 1)) O(𝑁𝐾 · (𝐾 − 1))*
Marginal Contribution O(𝑁 ) O(𝐾)
Stratified Expected Values O(𝑁 2) O(𝐾 · 𝑁 )
Approx. Shapley RL O(𝑁 ·𝑀) O(𝐾 ·𝑀)
*Upper bound time complexity

Table 1: Time complexity per algorithm

Table 1 shows the time complexities of exact Shapley values
and the three approximation methods used in this study for two

scenarios; when the community of size𝑁 consists of unique demand
profiles and when the number of demand profiles is limited to 𝐾
classes.

In the case of𝑁 unique demands, it was explained previously that
it requires 2𝑁 steps to compute the Shapley value of an agent. To
compute the Shapley values of the whole community, it is required
for 𝑁 − 1 agents since the value of the last agent can be determined
by simply subtracting the sum of the rest of the agents’ values from
the total cost. This is due to the efficiency property of the Shapley
value, in which the sum of the redistributed values equals the total
value [13].

When the community is restricted to 𝐾 classes, the number of
unique subcoalition in the community is (𝑁1 + 1) × ... × (𝑁𝐾 + 1).
Considering w.l.o.g that the classes are ordered by the size, i.e.,
𝑁1 ≥ 𝑁2 ≥ ... ≥ 𝑁𝐾 , and assuming there are at least two non-
empty classes, i.e. 𝐾 ≥ 2, then it holds that 𝑁𝑖 + 1 ≤ 𝑁, ∀𝑖 =

1, ..., 𝐾 . The time complexity of the Shapley value for the agent is
hence upper bounded by 𝑁𝐾 . Due to the symmetry property of
the Shapley value [13], it is only required to be computed once per
class. Furthermore, it is required to compute 𝐾 − 1 times with the
same reasoning as in the unique demand profiles scenario.

For the approximation methods, the cost needs to compute once
for each class when limited to 𝐾 classes, and hence the time com-
plexities of the methods drop by the factor of replacing 𝑁 with
𝐾 .
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