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Abstract—We present a retrospective joint motion correction
and reconstruction scheme for magnetic resonance imaging to
reduce the imprint of subject motion on the reconstructed images.
In multi-contrast imaging, reconstructions pertaining to distinct
acquisition sequences (e.g., T1 or T2 weighted images) might not
be equally affected by motion, due to the sequential nature of the
data acquisition process or the specific sequence design. To avoid
repeating the corrupted scan, we can leverage the uncorrupted
reconstructions to post-process the contrasts that are most
severely affected by motion, by assuming a shared underlying
anatomy. Only rigid motion is considered here, but no further
assumptions are required. Classical motion correction schemes
are combined with weighted total-variation regularization, whose
weight is defined by the structure of the well-resolved contrasts.
We will particularly focus on brain imaging with conventional
Cartesian sampling. We envision a practical workflow that can
easily fit into the existing clinical practice without the need for
changing the MRI acquisition protocols.

Index Terms—Magnetic resonance imaging, motion correction,
compressed sensing, structure-guided regularization

I. INTRODUCTION

AGNETIC resonance imaging (MRI) is a traditional

medical imaging technique that utilizes non-ionizing
magnetic fields to form detailed pictures of the human body.
Compared to other imaging modalities (such as computed
tomography, ultrasound, or photoacoustic imaging), MRI is es-
pecially apt at detecting and characterizing soft-tissue patholo-
gies, but the data collection requires lengthier sessions (which
last several minutes, as opposed to, e.g., several seconds for
computed tomography). Since the timescale of patient motion
is much smaller than the data acquisition process, MRI is
highly sensitive to bulk motion. Moreover, the hardware and
procedures involved in an MRI examination are an important
cause for patient discomfort, and contribute sensibly to motion
effects. Many overview papers discuss the impact of motion
artifacts on MRI, here we will chiefly refer to [22, 53].

A. Motion corruption in MRI

Subject motion produces artifacts in the reconstructed im-
ages, which may be challenging for a correct radiologic
interpretation and with important repercussions for the patient
health. Depending on the severity of the artifacts, further
scans may be needed, leading to considerable waste of time

and financial resources for the provider, and extend the time
and discomfort of the MR exam. It is estimated that almost
20% of MR examinations need scan repetition owing to
motion artifacts, with potential hospital revenue forgone of
approximately $115.000 per scanner per year, as per [2].

Preventive techniques for motion reduction, such as physical
restraints or sedation, are sometime impractical. A different
strategy altogether is to directly estimate the motion, and com-
pensate for it in the reconstruction phase. Motion estimation
can be aided by periodically acquiring additional data, known
as MR navigators, that encode the spatial position of the object
[18, 517 at the cost of longer acquisition or processing times.
Alternatively, “self-navigating” sequences can be designed
from which the position of the object can be determined
directly from the data (often based on over-sampling the low-
frequency region of the k-space, as in [48, 12, 52]). Motion
correction can be applied prospectively [36], which means that
the position of the object at a given time is used to dynamically
adjust the scan parameters (such as the radiofrequency pulse or
frequency and phase encoding) in order to keep the acquisition
consistent throughout the MR session. In this paper, we will
focus on retrospective motion correction, that is we seek to
correct the data in a post-processing step, once the acquisition
phase have been completed.

B. Prior art on retrospective motion correction

The technique proposed in the present work belongs to
the class of retrospective motion correction schemes, where
the removal of motion effects is applied entirely in the
reconstruction phase. Retrospective techniques can be broadly
characterized based on the level of prior information about
the motion (direct of indirect) during the scan, ranging from
exact knowledge to ignorance thereof (“blind” correction).
Typically, the lack of information about the motion must
be supplanted by reconstruction regularization priors, which
assess the level of motion corruption with carefully designed
cost functions. In a mixed approach, both priors can be
exploited. Blind retrospective techniques are compelling in that
they do not require additional hardware, scanner modifications,
or markers. However, they typically rely on computationally
expensive and hence time-consuming iterative reconstruction
schemes, which is the primary obstacle to their integration



in the clinical practice. Despite the focus on rigid motion
in this paper, it is important mentioning that one distinct
advantage of retrospective correction over prospective methods
is the freedom in choosing the type of motion considered
(see, for example, [9, 34]). In [42], for example, non-rigid
motion parameters and reconstruction volumes are jointly
estimated in order to remove free-breathing motion artifacts.
Even though this uses a more general motion model than what
considered here, our proposed method (discussed in the next
sections) can be applied there as well. We note, however,
that generality comes at the cost of estimating the motion
parameter unknowns on a higher dimensional space.

Examples of retrospective techniques for rigid motion based
on extra navigator echoes can be found in [17, 39, 12, 49].
These methods rely on elementary properties of translations
and rotations under the Fourier transform. Markers can further
improve the estimation of rotational motion [27].

Blind retrospective correction schemes (also referred to as
auto-focusing methods, [22]) attempt at estimating motion
directly from the data by enforcing some degree of desired
regularity on the reconstructed image. This class of methods
are typically setup as a non-linear optimization problem, where
the unknowns that describe the motion and the reconstruction
image are jointly optimized. One of the earliest solution for
rigid motion based on entropy regularization is due to [6, 5].
Other works that use entropy or gradient-entropy regulariza-
tion can be found in [37, 31, 33]. Sparsity constraints are
also a traditional choice in MRI, see for example [40]. The
latter type of regularization is perhaps more widespread in
the closely related field of dynamic MRI [44, 43]. While the
goal of dynamic MRI is an accurate estimation of the motion
evolution in time and retrospective motion correction rather
aims at motion artifact removal, they are formally equivalent.
Due to its objective, dynamic MRI is characterized by a non-
standard sampling pattern and a less severely undersampled
problem per time frame, and the techniques employed reflect
this underlying assumption. Other hybrid approaches include
prior information of various nature for further improvement,
e.g. navigator data, as in [38, 14], or reference images, as
in [4] or [32], as a calibration device for motion estimation.
A more recent work by [16] employs a bi-level optimization
scheme for rigid motion correction. It is characterized by
a motion-resilient acquisition scheme based on distributed
(e.g., spanning low- and high-frequency regions of the k-
space for each shot) and pseudo-incoherent sampling order
(DISORDER).

Lately, many data-driven approaches have been proposed for
retrospective motion correction [46, 28, 25, 30, 21]. The work
by [29] is closer in spirit to our contribution, as it leverages
multi-contrast information for motion artifact removal. As-
suming that enough data is available, retrospective techniques
based on deep learning may potentially outperform the existing
model-based methods, included the one presented in this work.
However, hybrid strategies have been recently advanced that
combine model-based algorithms with deep learning [I], in
order to enhance robustness with respect to generalization
and computational feasibility (hence, achieving the best of
both worlds). We foresee that our work could also inform an

analogous strategy.

C. Contributions

In this paper, we aim at retrospective methods. We will
not consider special acquisition schemes designed for motion
resilience (as DISORDER, previously discussed), since most
clinical exams are still based on Cartesian acquisition. In
Cartesian sampling, the acquisition follows standard filling
patterns such as linear or low-to-high frequency ordering.

Our work consists in the combination of blind retrospec-
tive correction techniques with structural total-variation (TV)
regularization. The abstract mathematical framework results
in the joint optimization of the rigid motion parameters and
reconstructed image, and follows the quite classical setup
of, e.g., [33]. The major novelty of our approach is the
adoption of the structure-guided TV regularization within the
context of blind retrospective correction, which was originally
proposed by [19] to tackle under-sampling for classical MRI
(see also [13, 20]). Other versions of TV can also accommo-
date structural information [26]. This type of regularization
is based on a weighted TV term that forces the gradient
of the reconstructed image to align with the gradient of a
reference (normalized) picture. The reference image ideally
consists of a contrast devoid of motion artifacts, and possibly
unregistered with respect to the target contrast. We also note
that the reference image can be acquired with any arbitrary
sequence, and interpolated on the grid of the target contrast.
We assume that, in a multi-contrast setting, motion artifacts
do not affect all the contrasts equally badly and well-resolved
contrasts are available within the same MRI session for at
least one contrast acquisition. The use of a reference for
regularization is close in spirit to the proposal of [4], but
very different in the way we exploit it (namely the reference
and the target are not necessarily related to the same contrast,
and the reference is used implicitly as a regularization term
in an optimization setting). A novel aspect of our approach,
compared to the existing literature, is resorting to a non-
smooth variable projection scheme as optimization algorithm,
recently proposed in [50]. Variable projection schemes results
in better-conditioned problems and often benefit from faster
convergence [23]. Lastly, as advocated in [47], we implement
the TV regularization as a constraint rather than an addi-
tive penalty term. The goal is to simplify hyper-parameter
tuning, which is typically complicated by non-trivial cross-
dependency, and provide a practical workflow. A schematic
overview of the method is depicted in Figure 1.

II. METHOD

In this section, we lay out the mathematical framework
of joint motion correction and reconstruction with structural
priors. We first present the algebraic formalism describing
how the Fourier transform behaves under time-dependent rigid
motions. We formulate a non-linear variational problem aimed
at the joint optimization of motion parameters and the recon-
structed image, under constraints that take into account prior
knowledge obtained from well-resolved contrasts. The basic
assumption, here, is that all contrasts are structurally similar
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Fig. 1: Schematic overview of the joint retrospective method
based on motion-free reference contrasts. After a multi-
contrast MR session, a trained radiologist or technician select a
contrast affected by motion artifacts (red) and a reference con-
trast not corrupted by motion (green). The corrupted contrast
undergoes further post-processing, and, with the help of the
reference, the motion artifacts may be removed. The technical
description of this post-processing step is in Section II.

under a rigid transformation, e.g. the associated gradient vector
fields are parallel to each other. We finally discuss sensible
optimization strategies to tackle the problem.

A. Data model under rigid motion transformations

We start by describing the data corruption model caused by
motion, and introduce the related notation. A target contrast
image is represented by a square-integrable complex-valued
function u € L2(R% C), where d = 2 in 2D or d = 3 in
3D. The contrast v will undergo a time-dependent distortion
u! due to motion, here formalized as

ut =wuo (TH™!, (1)

by means of a differentiable coordinate transformation 7% :
R? — R4 (the symbol “o” indicates composition of functions).
The contrasts u! are labeled by a time-related index ¢. Under
the rigid motion assumption, each transformation can be sum-
marized by translation and rotation parameters encapsulated in
a small vector 8" € R"», where n, = 3 in 2D and n, = 6 in
3D. We explicitly denote this dependency with T = T(8*).
For each t, we distinguish translation 7¢ and rotation ¢*
parameters such that the related rigid transformation is given
by:

T(6")(x) = Rlp")x+71, 6'=(r"¢"), @
where R is a d X d matrix that corresponds to the rotation
about the angles ¢! (with respect to the origin).

The data acquisition process in MRI is mathematically
equivalent to evaluating the Fourier transform F for some
selected wave-number k. We assume, now, that u? is sampled
at a particular subset of the k-space,

Kfz{ﬂy.wk%}cRﬂ (3)

of cardinality |K"*| = n}. The data at time ¢ is then indicated
by:
d' = S Flu'l, 4)

where
S'a = (a(ky), ... ikl ) ®

is the (unbounded) sampling operator S* : L?(R¢; C) — cr,
whose domain is the set of continuous functions. Implicitly,
we are assuming that no intra-set motion distortion occurs
while measuring the data associated to K, for each t. For
example, it is natural to consider K as the set of wave-
numbers acquired during a readout line for Cartesian or radial
acquisition schemes, which happens in few milliseconds. We
now briefly review how the Fourier transform behave under
rigid motions, that is:

Flue)(k) = exp (—ik - 7") F[u](R(¢") k). (6)

The symbol T denotes transposition. In other words, trans-
lations in the z-space correspond to phase shifts in the k-
space and rotations in the x-space (with respect to the origin)
correspond to rotations in the k-space (with respect to the
origin). Note that, in principle, (global) affine transformations
also can be easily analyzed under the Fourier transform and
accommodated in our model.

By means of a Cartesian grid {x1,...,X,_ } spanning the
rectangular field of view 2 C R? the target contrast u is
discretized and represented by the vector u = (uy,...,uy,,) €
C"=, with components u; ~ u(x;). The Fourier transform
can be efficiently approximated by the nonuniform discrete
Fourier transform (NUDFT) discussed in [8, 7], which is
readily available as a software library interface or natively
for many programming languages'. Note that the NUDFT
transform was made necessary by the rotation of the k-space
in equation (6). We can now define the motion-induced data
model:

d! = S'Flu; 0", (7)
where F is the perturbed Fourier transform:
Flu;0)(k) = exp (—ik - 7) F[u](R(9) k), 8= (,9).
®)

Note that the NUDFT is an analytical function, and the
selection operator S is then well-defined in equation (7).

For ease of exposition in the remainder of this paper,
we stack all the equations (7), labeled by ¢, into a single
expression. We obtain the aggregated data model

D = SF[u; 6], ©)

where the rigid motion parameters are summarized into the
unknown

e=@0,. ..0m. (10)

The unknown © is an array in R"»*"t  where n; denotes
the number of time samples considered. The vector-valued
perturbed Fourier transform F[u; ©] € L?(R¢; C™t) is defined
by

Flu;O](k) = (Fw;8'](k), ..., Flw;6™](k)), (1)
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while the overall selection operator S is given by

Lat) = (Stat, ..., Smram). (12)

B. The joint motion parameter estimation and reconstruction
problem

Given the data perturbation model discussed in the previous
section, we can now establish the optimization framework
for jointly recovering the motion parameters © and the re-
constructed image u. We aim at the following minimization
problem:

L(SF[u;©] - D) + AR, (w) + 1Ry (6),
(13)
with given data D, where A\ and p are appropriate weighting
parameters. In this formulation, we are distinguishing a data
misfit term, measured by a loss function £, and additive
regularization terms for the reconstruction unknowns, R, and
the rigid motion parameters, Ry. The loss and regularization
functions are assumed to be convex. The overall functional J
is then also convex in u, allowing efficient convex optimization
tools. However, J is non-convex in © and strongly multi-
modal. The regularization strategy for Ry will generally
aim to enforce smoothness of the motion parameters as a
function of time, when appropriate. Note that the temporal
evolution is defined by the phase-encoding ordering of the
acquisition sequence, as described in Section II-A. We refer
to Appendix A for some important considerations related to
motion parameter regularization and phase wrapping.
1) The data misfit loss function: A conventional choice for
the loss function is the least-squares norm:

1
LR) =SR], = Z|Rf|2

1111171611 j(uae) =

(14)

for a given array R € C" x ... x C"'. Other sensi-
ble options may involve mixed norms, such as ||R[,, =
> (30, | REI?)Y/2, which is particularly compelling for outlier
robustness when the motion causes signal loss due to spin
de-phasing or undesired magnetization evolution for few time
samples t [53]. Note that this noise mechanism cannot be
accounted for in the data model in equation (7), and the mixed-
norm loss ensures that the optimization will not be impaired
by few out-of-distribution data samples [3]. In this paper,
however, we will exclusively deal with synthetic examples
devoid of this sort of problems. Additional complications
involve the non-differentiability of ||-|[; .

2) Regularization for image reconstruction: Regularization
for the reconstruction unknowns u is fundamental for avoiding
data overfit. For example, when the wave-number samples are
distinct and n, = Y, n}, the data model operator SF|- ;6]
in equation (9) is invertible and a trivial solution for the joint-
recovery problem in equation (13) is u = (SF[-;6])"'D,
with © = 0, when no regularization term R, is applied to u
and for any regularization term Ry that admits © = 0 as a
global minimum. However, this result is undesirable since it
will be heavily affected by motion distortions.

A classical regularization strategy for MRI is related to com-
pressed sensing [35]. Compressed sensing aims at fast imag-
ing by acquiring data corresponding to fewer k-space wave-
numbers, compared to conventional Cartesian acquisition, but
randomly located to avoid coherent noise such as aliasing. This
under-determined problem is regularized by enforcing sparsity
for u in some domain (e.g. via the wavelet transform or the
gradient operator). Note that the problem of motion-corrected
reconstruction here considered does not necessarily suffer from
under-sampling (as the sampling is nominally dense), however
some effective under-sampling might be induced by rotational
motion, since spatial rotations correspond to rotation in k-
space (see equation 8). For the same reasons, the motion may
induce effective randomized acquisition even when we employ
a regular Cartesian sampling.

In this work, we will focus on TV regularization:

Ru(w) = [Vull o =D (D lomwf*)"/?,

i l

5)

where the linear operator V : C" — C™*? stems from

the discretization of the continuous gradient operator, which
collects the partial derivatives J; of u at each grid point
x;. Weighted TV schemes were analyzed in [19] in the
context of multi-contrast imaging. In particular, they proposed
a structure-guided TV regularization defined by

Ru(w;v) = [[P(v)Vull, 5, P(v)=1-¢W)EW)T, (16)

where [ is the identity and P(v) is the projection operator
on the linear space that is orthogonal to the vector £(v).
The symbol H indicates the adjoint operation. The vector
&(v) corresponds to the normalized gradient of a pre-selected
contrast v, e.g. £(v) &~ Vv/|Vv|. To avoid singularities, £(v)
is rather defined as

§(v)i= AL

where £(v) € C"*4, for some constant 7 > 0. The effect
of the regularization term in equation (16) is to promote a
contrast u whose gradient aligns with the gradient of v, hence
enforcing the “structure” of v onto u. Other types of weighted
regularization were also compared in [19], but the choice in
equation (16) was demonstrated to perform better.

Whenever a prior contrast v is available, the structural
regularization in equation (17) defines a better-constrained
problem than conventional TV in equation (15). Indeed, the
joint reconstruction problem in equation (13) with conven-
tional TV regularization — or any rigid-motion invariant
regularization, for that matter — is fundamentally ambiguous,
since any two solutions that differ by a global rigid trans-
formation are equivalent (at least when no regularization for
the motion parameters is applied). Therefore, a more rigorous
definition for a solution of the problem (13) is by means of
equivalence classes modulo a global rigid-motion registration.
Structural TV, on the contrary, is not invariant for rigid motion
transformations, and implicitly defines an absolute position for
the target contrast based on the structural prior. We remark
that v does not necessarily need to be pre-registered with
the target contrast u, since the optimization of the motion

a7



parameters will ideally compensate for the prior and target
contrast misalignment.

In this paper, we apply the structural regularization in
equation (16) as a constraint rather than a penalty term. That
means that we replace the variational problem in equation (13)
with the constrained formulation

min 7 (u,0) = L(SF[u;0] — D) + uRe(6), (18)
ueC(v),®
where the constraint set is
C(v) ={u:[|P(v)Vul,, <e}, 19

for a prescribed noise level €. Generally speaking, penalty and
constrained formulations are equivalent for convex objectives
in the following sense: given a noise level ¢, there exists a
unique weighting parameter A such that the constrained and
penalty formulations admit the same solution (and vice versa,
[11]). We note, however, that the problem here considered
is not convex. One important practical advantage of the
constrained formulation (18) over the penalty formulation (17)
is a more straightforward hyper-parameter choice. In [47],
for example, it is argued that the effect of multiple hyper-
parameters on the solution is highly non-trivial due to cross-
talk, and the tuning phase results in a lengthy process. A
constraint like in equation (18), instead, forces the solution
to lie on a set with predefined regularity at each step of a
chosen iterative method. The choice of the hyper-parameters
involved in the constraint set, like €, can be easily determined
given the knowledge of the true solution of the problem, or
calibrated based on a surrogate solution. Simply put, given
a reconstruction u* ideally close to the solution, one can
set ¢ = [[P(v)Vu*||; , or a fraction thereof. Notably, this
choice is independent of all the other hyper-parameters that
appear in the problem (13) (such as the weighting p for the
regularization for the rigid motion unknowns).

C. Optimization strategy

We now discuss the optimization strategy to solve the joint
motion estimation and reconstruction problem in equation
(13). In the literature, it is common to employ an alternating
minimization scheme, where the reconstruction and motion
unknowns u and © are updated in a leap-frog fashion. Here,
we resort to a variable projection scheme, as discussed in
the review of [23]. In other words, we introduce the reduced
objective

J(8) = min J(u,®), (20)

function only of motion parameters ©, where the inner variable
u has been implicitly “projected-out” of the problem. Variable
projection schemes are typically superior to joint optimization
in terms of conditioning, i.e. the convergence to the solution
is faster, but they usually hinge on closed-form expression for
the inner variable u. In practice, since this is not attainable
due to computational costs, we ran a fixed number of iteration
as a stopping criterion. This falls under the category of inexact
non-smooth variable projection methods, as discussed in [50].

In the following, we briefly discuss how the inner problem
in equation (20) is iteratively solved (Section II-Cl), and

which optimization algorithm is employed for J (Section
II-C2). All the computational step involved in the solution of
the problem are detailed in Algorithm 3.

1) Solution of the reconstruction unknowns: In this section,
we present a solution scheme for solving the minimization
problem in equation (20). We start by remarking that the
functional J (equation 13) is convex in u for any fixed ©,
so that fast convex optimization methods can be employed.
We resort, in particular, to the general formulation of the fast
iterative shrinkage threshold algorithm (FISTA, [10]), which is
summarized in the reconstruction Algorithm 1. For practical

Algorithm 1 FISTA for image reconstruction

Input: D,0,uy, N, «
step-length
Output: u
u < g
forn=1,...,N do
gu — VuL(SF[u;0] — D)
u ¢ proxy, g, (u - ag,)
end for

> Data, motion par., init., iters,

> Gradient computation
> See Algorithm 2

purposes, the reconstruction process will be inexact, which
means that we control the solution accuracy indirectly by
fixing the number of iterations N and updating the initial
estimate ug at each pass of Algorithm 1. The step length « is,
ideally, the inverse of the Lipschitz constant of the objective
u — L(SF[u;0] — D). When L is the least-squares norm,
o is the maximum singular value of SF[-;6] and can be
estimated, for instance, by the power method.

An important detail of Algorithm 1 is the computation of
the proximal operator of the regularization term R,:

1
proxy e, (w) = argmin 5 [ju — w3 + R ().

For a general introduction on proximal operators, we refer to
[45]. When R, is the penalty TV regularization in equation
(16), its proximal operator can be computed according to [19].
For the constrained formulation in equation (18), we exploit
the saddle-point problem stemming from the dualization of
Ry, €.8.:

o1
max min 5 [lu— W||§ +P(v)Vu-p—¢|pl,o-

The dual variable p € C"*¢ is a vector field with d
components for each grid point. The mixed norm is given by
[Pl o = max; (3, p%)'/2. The inner minimization is solved
by

u=w + div(P(v)"p), (21)

where div = —V7T is the divergence operator. Everything boils
down to a convex minimization problem in the dual variable
p?

1
min = ||div(P(v)"p) + w][> + < |pl| 22)

p 2
which can be iteratively solved with the FISTA, since the
proximal operator for the norm ||-|| 5 is known. Indeed, one
can prove that

00,27

proxy._,(P) =p — I, ,<c(P), (23)



where IT indicates the projection onto the ||-||; ,-ball. Further-
more,

Iy, ,<e(P) = PfOXY,\H.nM(p)v (24)

where )\ satisfies

[proxy .y, ,(P)ll2 =& (25)

The threshold A can be determined via root-finding algorithms.
The resulting algorithm is collected in Algorithm 2. Note that
the step-length can be chosen as 5 < 1/8.

Algorithm 2 Proximal operator for structural-TV projection

Input: v,e,w, N, 3 > Prior, threshold, data, iters,
step-length
QOutput: u
p<0
forn=1,...,N do
u « w+div(P(v)Tp) > Primal variable
gp < P(v)Vu > Gradient computation
P+ proxyBH,Hm_Q(p + 3 gp) > See equations (21)—(24)
end for '

2) Update of motion parameters: The optimization of the
reduced objective in equation (20) is carried out by gradient-
based methods. The gradient of 7, owing to the nature of
variable projection, is given by

Vej - vej(ﬁae)a

where @ = 0(O) has been obtained from the reconstruction
algorithm depicted in the previous section (see Algorithm I).
In other words, one can treat the variable u as fixed in the
gradient calculation of J. We observe that since @ is the
solution of a non-smooth problem, the method belongs to the
unconventional class of non-smooth variable projection. The
rigorous justification for (26) can be found in [50].

The update rule for the motion parameters © will simply
follow quasi-Newton methods [41]:

6%6*7H71V9j,

where H is the Hessian of the objective 8 — J(u,O),
with fixed u. We highlight the fact that the reduced objective
J is smooth but not necessarily twice differentiable due to
the regularization term R, so that its Hessian is ill-defined.
However, the joint objective J is twice differentiable in ©,
hence we will use its Hessian merely as a pre-conditioner
to accelerate the gradient descent. In our experimentation,
the step-length is conveniently set at v = 1, with no need
for line searches. The overall joint optimization strategy is
schematically reported in Algorithm 3. A block diagram of
the method is reported in Figure 1.

3) Convergence of the joint scheme: The optimization
strategy here delineated boils down to an alternating update
of image reconstruction and motion-parameter unknowns, ac-
cording to the inexact non-smooth variable projection method
described in [50].

To the best of our knowledge, little is known for the
convergence of alternating schemes to a global minimum for
non-convex optimization problems as the one considered here,

(26)

27)

Algorithm 3 Joint motion estimation and reconstruction

Input: D,6q, N,,, Ng,~
Output: u,6
u<+0
O «+ 60
forn=1,..., Ny do
Estimate «,, > See Section II-C1
u « image_recon(D,©,u, N, a,,) > See Algorithm 1
go < V{0 — J(u,0)} > Gradient computation
Hy + V3{6 — J(u,0)} > pseudo-Hessian
computation
006 —~vH, lgy
end for

> Data, init., iters, step-length

and local minimum stagnation might occur. Note that many
global minima exist for the problem in question, as discussed
in the Appendix A (see equation 30), but these are entirely
equivalent for our purposes since we are ultimately interested
only in the motion-free reconstruction.

In order to avoid sub-optimal local minima, we advocate for
a multiscale strategy, which recursively exploits the solution of
the problem reformulated on a coarser grid and then refined
on the original grid. This is a standard procedure in image
registration, for example. Alternatively, one may solve the
problem for small values of the regularization parameter ¢ in
equation (19) and gradually relax this choice by continuation
methods.

Regarding the local convergence of the scheme, some
formal guarantees are discussed in [50], Theorem 2.5, in the
context of non-smooth variable projection. The theorem states
that some degree of accuracy must be achieved for the solution
of the inner problem in equation (20) to achieve convergence.
However, in the Algorithm 3, we adopt a more practical
approach based on a fixed number of iterations for the solution
of the inner problem (Algorithm 1), which was effective for
all the numerical experiments presented here.

III. NUMERICAL EXPERIMENTS

In this section, we compare 2D reconstruction results ob-
tained with different methods, namely:

e conventional: 1 = (SF[-;0])"D with fixed motion
parameters © = 0, which corresponds to a basic inverse
Fourier transform;

e TV: u = argmin, J(u,0) in equation (13) with fixed
motion parameters © = 0 and standard TV regulariza-
tion;

e sTV: @ = arg min, J(u,O) in equation (13) with fixed
motion parameters © = 0 and structure-guided TV
regularization (Section I1I-B2);

o joint-TV: u,0 = argming e J(u,0) in equation (13)
with standard TV regularization;

o joint-sTV: 1,0 = argmin, g J(u,O) in equation (13)
with structure-guided TV regularization (Section II-B2).

We analyze the performance with respect to synthetic (Section
III-A) and in-vivo contrasts (Section III-B). The methods are
tested on different simulated motion types, that is:



o sudden motion, where the phantom assumes two distinct
positions during the measurements (the change in position
happens roughly halfway through the scan, see Figures 11
or 14 in Appendix B for a depiction of the true motion);

« periodic motion: the phantom is continuously moving in
periodic fashion (Figures 12 or 15 in Appendix B, the
corresponding period is a fifth of the total scan time);

« random smooth motion obtained from a Gaussian process
with squared exponential covariance function (Figures
13 or 16 in Appendix B, the corresponding covariance
function is defined as r(t,t') = exp (—|t —t'|?/(202)
with o0 = 4 for all the motion parameters. The realizations
of the Gaussian process for the translational parameter are
multiplied by the factor 2, while the realization for the
angle of rotation is scaled by 27/180).

In this set of experiments, no out-of-plane motion is assumed.
The sampling scheme considered here is dense Cartesian,
which consists of time-ordered readout segments

K'={(kL,ky) : ky = jAk,j = —ny/2,...,n,/2}.

Hence, the readout is performed along the k, direction,
and the phase-encoding along the k, direction, e.g. ki =
tAk,t = —n,/2,...,n,/2, from negative to positive wave-
numbers (which is aligned to the horizontal axis of the reported
images, or “left-right” in radiological convention). The k-space
spacing Ak is chosen accordingly to the field of view. The
motion-corrupted data have been obtained synthetically from
the data model described in Section II-A, equation (9). To
reduce the “inverse crime”, we add artificial Gaussian white
noise corresponding to SNR (signal-to-noise ratio) equal to
70 dB. Beside a qualitative comparison, we assess the results
according to the following performance metrics: PSNR (peak
signal-to-noise ratio, measured in dB) and SSIM (structural
similarity). Due to the reconstruction ambiguity related to
bulk rigid motion, mentioned in Section A and equation (30),
we compute these quantities after rigid registration with the
ground truth.

The experiments are carried on a laptop with the follow-
ing processor specification: Intel Core i7-10750H CPU @
2.60GHz x 12. The method has been implemented in the
programming language Julia. Computational times are around
3 minutes per experiment. Note that we are not resorting to
GPUs. The code will be publicly available upon acceptance
of this manuscript.

A. BrainWeb

This numerical experiment is based on the synthetic phan-
tom BrainWeb? [15]. We select T2- and T1-weighted 2D axial
slices, respectively, as ground truth and structural prior images
(see Figure 2). Note that, for this example, the ground truth and
the prior images are perfectly registered. The reconstruction
results are collected in Figures 3, 4, and 5, respectively,
for sudden, periodic, and random smooth motions. For the
joint reconstructions, we also compare the estimated motion
parameters in Appendix B, Figures 11, 12, and 13.

2https://brainweb.bic.mni.mcgill.ca/

(a) T2-weighted

(b) T1-weighted

Fig. 2: BrainWeb contrast phantom: (a) ground-truth, (b)
structural prior

B. In-vivo data with simulated motion

In the second experiment, we consider ground truth and
prior contrasts selected from in-house in-vivo data (see Figure
6). Note that, for the following tests, we keep the same
resolution (224 %224, 1mm?) and field-of-view of the original
data. As for the BrainWeb phantom, we choose T2- and T1-
weighted contrasts. We aim at assessing the effect of the prior
on the reconstruction in the realistic case where it is not
registered with the target contrast and was originally acquired
on a different field of view before being interpolated on the
target contrast grid. More specifically, the structural prior is
slightly mis-registered with the ground truth by a bulk rigid
motion corresponding to 7, = 0.68 pixels, 7, = —0.52 pixels,
o = 0.56 degrees (according to the model in equation 2). The
results are summarized in Figures 7, 8, and 9, for sudden, peri-
odic, and random smooth motions, respectively. The estimated
motion parameters for the joint reconstructions are compared
in Appendix B, Figures 11, 12, and 13, respectively.

IV. DISCUSSION

The numerical experiments presented in the previous sec-
tion demonstrate the need for motion estimation schemes
to effectively remove the motion imprint from the recon-
struction results. Conventional methods based only on reg-
ularization of the reconstruction are fundamentally defec-
tive when moderate or severe motion occurs (e.g. for non-
cooperative patients). Total-variation regularization, even com-
prising structure-informed weights, do not sensibly improve
the results compared to the basic Fourier inversion according
to qualitative inspection and performance metrics based on
least-squares error or structural similarity.

On the contrary, as widely reported in the literature and our
own experimentation, joint motion estimation and reconstruc-
tion methods provide a reconstruction quality that is superior
by several dB’s in PSNR to conventional, TV, or sTV results.
The typical ghosting and blurring artifacts caused by motion
are greatly reduced or even removed for both synthetic and
realistic brain phantoms. These findings are consistent over a
wide range of motion types.

Our proposal consists in the combination of joint mo-
tion and estimation and reconstruction with structure-guided
regularization, originally advanced by [19] for compressed
sensing MRI. Motion artifacts do not affect all the contrasts
equally badly and well-resolved contrasts are often available
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Fig. 3: Reconstruction results for sudden motion (BrainWeb phantom). We compare the motion-corrupted image (conventional)
with several reconstruction methods that ignore motion-parameter estimation (TV and sTV) and that estimate motion parameter
unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers to the use of conventional TV regularization
(equation 15), while sTV employs reference-guided TV regularization (equation 16).
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Fig. 4: Reconstruction results for periodic motion (BrainWeb phantom). We compare the motion-corrupted image (conventional)
with several reconstruction methods that ignore motion-parameter estimation (TV and sTV) and that estimate motion parameter
unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers to the use of conventional TV regularization
(equation 15), while sTV employs reference-guided TV regularization (equation 16).

within the same MRI session. For brain imaging, in particular, same anatomy (i.e. structure) and focus on rigid motion. The
we can reasonably assume that all the contrasts share the numerical results presented in the previous section validate the
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Fig. 5: Reconstruction results for random smooth motion (BrainWeb phantom). We compare the motion-corrupted image
(conventional) with several reconstruction methods that ignore motion-parameter estimation (TV and sTV) and that estimate
motion parameter unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers to the use of conventional
TV regularization (equation 15), while sTV employs reference-guided TV regularization (equation 16).

(a) T2-weighted

(b) T1-weighted

Fig. 6: In-vivo contrast data: (a) ground-truth, (b) structural
prior

use of contrast prior for both synthetic and realistic scenarios.
In particular, we are able to consistently improve on the
plain joint reconstruction results (not using structure-guided
regularization) by several dB’s in PSNR, with higher resolution
and less motion defects. We note that the prior and the target
contrasts do not need to be co-registered.

Retrospective motion correction schemes are notoriously
demanding in terms of computational resources, especially in
view of 3D applications. The method proposed in this work
is no exception, and will likely require a GPU implemen-
tation to be effectively adopted in the clinical setting. The
current CPU implementation requires about 3 minutes for
each of the experiments discussed in this paper. For 3D, a
2D multi-slice reconstruction approach can also be a sensible
choice. Note that, contrary to many retrospective techniques,
we implemented rigid motions directly in the k-space by

means of the NUDFT. Direct interpolation in the k-space
allows to reduce the complexity of the image-to-data forward
operator to O(nglogn,) (in big-O notation), while rigid
motion via interpolation in the spatial domain corresponds
to O(ngn, logn,) (since a Fourier transform evaluation is
required for each time sample). A minor drawback of this
approach is that for parallel imaging the complexity increases
to O(nen, logn,), where n. is the number of coil channels.
This will still compare favorably to O(nsn, logn,) when the
number of channels remains limited. In practice, it is more
convenient to rely on classical pre-processing steps that either
perform a preliminary (corrupted) reconstruction via parallel
imaging or interpolate multi-coil data on the full k-space (e.g.
via GRAPPA-like methods, [24]). We also note that the choice
of NUDFT is tied to the rigid motion assumption, and more
complex models will have to resort to classical DFT. Further
improvements from a computational point of view can be
achieved by simplifying the objective functional in equation
(13) from L(SF[u;0] — D) to L(u — (SF[;0])"D), as
advocated in [33], since the reconstruction step for u boils
down to a single TV proximal or projection evaluation. Alas,
per [33], this might limit the magnitude of the motion that can
be reasonably resolved.

An important issue is related to the bias introduced by the
structural prior when the basic assumption of shared anatomy
fails, with strong implications for image quality. Beside the
situation where prior and target contrasts are strongly mis-
registered, which can be in principle solved by a more careful
choice and pre-processing, this issue might arise when the
contrast prior and target come from different MRI sessions
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Fig. 7: Reconstruction results for sudden motion (in-vivo data with simulated motion experiment). We compare the motion-
corrupted image (conventional) with several reconstruction methods that ignore motion-parameter estimation (TV and sTV)
and that estimate motion parameter unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers to the
use of conventional TV regularization (equation 15), while sTV employs reference-guided TV regularization (equation 16).
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Fig. 8: Reconstruction results for periodic motion (in-vivo data with simulated motion experiment). We compare the motion-
corrupted image (conventional) with several reconstruction methods that ignore motion-parameter estimation (TV and sTV)
and that estimate motion parameter unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers to the
use of conventional TV regularization (equation 15), while sTV employs reference-guided TV regularization (equation 16).

and the patient is affected by an evolving pathology. When can be easily mitigated by selecting the affected region and
structural changes involve a limited region, the adverse bias devising a mask for the regularization weight that defines the
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Fig. 9: Reconstruction results for random smooth motion (in-vivo data with simulated motion experiment). We compare the
motion-corrupted image (conventional) with several reconstruction methods that ignore motion-parameter estimation (TV and
sTV) and that estimate motion parameter unknowns (Joint-TV and Joint-sTV). The proposed method is Joint-sTV. TV refers
to the use of conventional TV regularization (equation 15), while sTV employs reference-guided TV regularization (equation

16).

structure-guided TV. The effect of this bias and remedies will
be investigated in the future for synthetic and in-vivo data.

The primary aim of this work is to provide a solution for
reducing motion artifacts in MRI for relevant and practical
clinical scenarios. For these reasons, we focused on clinically
used Cartesian acquisition in a retrospective fashion. Note that
arbitrary acquisition sequences can also be trivially incorpo-
rated in our scheme, and motion-resilient sampling (such as
[16]) can greatly benefit from structure-guided regularization.
This paper lays the foundation for such goals, but many impor-
tant practical details (such as different resolution or field-of-
view for different scans, multi-slice 2D vs 3D implementation,
etc.) are left to future work.

The clinical implementation may be challenged by the dif-
ferent reconstruction geometries and field of view of structure-
guided priors and motion-corrupted images, but this can be
trivially address by interpolation and proper masking. We
note that a motion-free structure-guided prior could have been
acquired in a past MR session or by other imaging modalities.
In this case, some extra care is required in using this prior
information when evolving pathologies are involved, as the
structural identity between the prior and the motion-corrupted
image underlying our proposal will be violated. However,
when the region affected by the pathology is known, we
can limit its adverse effect by a simple masking procedure.
We emphasize that the 2D implementation of the motion
correction scheme discussed here is not designed to handle
out-of-plane motion, and a 3D extension is likely required
for a realistic scenario. Lastly, potential issues are related to

the gap arising from the idealized rigid motion model and
the actual non-rigid motion. Since we are focusing on brain
imaging, the relevant literature on motion correction suggests
that these issues may be minor.

V. CONCLUSIONS

We demonstrated that blind retrospective motion correction
methods have the potential to reduce the imprint of motion
artifacts on the MRI reconstruction. When prior information
about the target structure is also included, we can achieve
further improvements. For brain imaging, where motion can
be effectively limited to time-dependent rigid transformations,
such priors can be obtained from other contrasts, within
the same MRI session, that are less affected by motion. In
principle, a trained MRI technician can select well-resolved
contrasts as a candidate for structure-guided prior and post-
process the target contrast, without the need for repeating
the corrupted scan. Such workflow fits naturally in a clinical
setting. Whether the proposed methodology can be applied to
realistic 3D imaging is subject to future in-vivo studies.

DATA AND SOFTWARE

The Julia implementation of the method described in this pa-
per consists of the following packages: FastSolversForWeight-
edTV,jl for the structure-guided total variation utilities, and
UtilitiesForMRIjI for the motion-perturbed Fourier transform
and other MRI-specific utilities.


https://github.com/grizzuti/FastSolversForWeightedTV
https://github.com/grizzuti/FastSolversForWeightedTV
https://github.com/grizzuti/UtilitiesForMRI
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APPENDIX A
PHASE WRAPPING AND REGULARIZATION FOR MOTION
PARAMETER ESTIMATION

In blind motion correction, the a priori knowledge about the
motion evolution in time is limited by definition. However, one
might reasonably assume that these variations occur smoothly
in time, and choose a regularization term according to

A2 2
Re(®@) =35 D6, - (28)
The least-squares norm for motion unknowns is ||6||§ 5 =
dip 1011, and the derivative operator is, for instance, 7
1

(DO)' = 1, (6" 6",

for a given time spacing At. Alternatively, one can choose
higher order derivative operators, or restrict @ € R"»*"™t to
a lower-dimensional space by means of interpolation, e.g. by
the change of variable

0=76, 6 cRw*", (29)

where 7 is an interpolation operator. Ideally, n; < n;. Even
when dealing with motion artifacts caused by smooth motion,
the naive choices in equations (28) and (29) are, however,
subject to phase wrapping and should be adapted accordingly.
In the following, we will detail the issue.

The definition of the perturbed data model in equation
(9), for a fixed image u, reveals that the same data can be
obtained with different rigid motion parameters, as phase-shift
and rotation are periodic functions. The respective periods
depend on the type of acquisition scheme. In general, for any
0! = (1%, ") we have that

Flu; 0! + A8 = Flu; 07, (30)

where AB' = (A7l Apl) satisfies the following (time-
dependent) conditions:

k-AtteZ, VkeK' and (2n) 'A¢'e€Z. (31)

Here, Z is the set of relative integers. It follows that infinite
different values for © are equivalent solutions for our problem
when no prior information is enforced over ©. Note, however,
that the periodic behavior of the rotation angle ! in equation
(31) can be neglected, since rotations of this magnitude are
unlikely in practice, and will not be addressed in this work.
As a concrete example, we might consider 2D Cartesian
sampling, where each time segment K* is defined by

K'={(k' k) : ky = jAk,j = —ny/2,...,n,/2}. (32)

According to this notation, the readout is performed along the
k, direction, and the phase-encoding coordinate is

kL =tAk, t=-n./2,...,n./2. (33)

The k-space spacing is determined by Ak = 1/L, where L
is the size of the region of interest |Q2| = L2. The solution of
the periodic conditions in equation (31) is:

A‘rt:(n m)? n,m € 7Z.

E’ N (34)

The horizontal period T = 1/k! depends on the phase
encoding value, and decreases as a function of k;, which
makes the phase-wrapping ambiguity more severe for high
frequencies. On the other hand, the vertical period Tyt =1/Ak
is constant in time and is large enough (comparable to the
imaging object size) that its effect can be safely ignored
(similarly to the rotation angle). To illustrate the consequences
of phase wrapping for Cartesian sampling, we setup the fol-
lowing experiment: we assume that the ideal reconstruction u
(corresponding to the ground truth) is available, and we solve
the optimization problem in equation (13) by estimating the
motion parameter © with initialization © = 0 (corresponding
to no motion). No noise is artificially added to the simulated
data. The estimated parameters are depicted in Figure 10. The

No reg.

With reg.
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Fig. 10: Estimated rigid motion parameters © for the 2D
Cartesian sampling scheme under ideal conditions: we assume
perfect reconstruction u and noiseless data. The horizontal
axis represents the phase encoding wave-numbers k, ordered
according to their temporal sequence (from negative to positive
wave-numbers). Due to phase wrapping and poor initial esti-
mate, the result will not match the known solution. Enforcing
smoothness improves the fit (mostly for 7, and ¢), but does
not resolve the phase wrapping effects on 7, and eventually
leads to poorer data misfit.

solution, especially 7,, presents sharp discontinuities across
time. This phenomenon happens whenever it has converged
to different values in contiguous time segments that differ
by a multiple of the period corresponding to the transition.
These results clearly indicate that enforcing smoothness for all
the rigid motion parameters does not adequately address the
phase wrapping issue, and an aggressive regularization strategy
might instead deteriorate the data fit.

A notable alternative to Cartesian sampling is radial sam-
pling, which corresponds, in 2D, to:

K'={j Ro:(Ak,0): 5= —n/2,...,n/2}, (35)
where o denotes the angle of the line intersecting the k-space
origin:

al =tAa,

t=1,2,...,7/Aa. (36)



The phase wrapping ambiguities defined by the conditions in
equation (31) are explicitly given by

e
ATt = R, (Ak,c), nezceR 37)

While the component of the translation parameters perpendic-
ular to K, here parameterized by c, cannot be fundamentally
resolved, the parallel component of A7r? has a long period
T} = 1/Ak and will not be affected by phase wrapping as
much as for Cartesian sampling. In this work, however, we
focus on scenarios more relevant for the clinical practice.

Cartesian schemes can be modified to include jittered sam-
pling, as employed in compressed sensing. While, in principle,
combining these conventional schemes with jittered sampling
removes the periodic behavior of © (since the conditions in
equation (31) are only satisfied for ATt = (), the problem will
still admit many local minima unless one adopts impractical
randomization strategies.

In conclusion, we remark that the estimation of the rigid
motion parameters is purely instrumental in improving the
image quality of u, so that the absolute values of © are of
relative importance. Mathematically, we are only interested
in the equivalence class of © modulo the respective period.
Even though this ambiguity is, by itself, inconsequential for
our scopes, it gives rise to some challenges for conventional
regularization schemes that seek to enforce regularity over ©
across time (as depicted by the experiment in Figure 10).
A practical strategy, for 2D Cartesian sampling, is to avoid
regularization for 7,, which is the rigid motion parameter
most affected by phase wrapping, and enforce regularity only
for 7, and ¢. We will adopt this approach in our numerical
experimentation.

APPENDIX B
ESTIMATED MOTION PARAMETERS IN JOINT
RECONSTRUCTION

The joint schemes here discussed produce estimated motion
parameters as a function of “time”, which for Cartesian
sampling is encoded by the horizontal wave-number k, (here
conventionally aligned with the phase-encoding direction). As
argued in Appendix A, the quality of these estimations is
difficult to assess due to phase wrapping, which makes the
comparison with the ground truth motion quite deceiving
(that is, unfairly negative). As predicted theoretically, this
is particularly pronounced for horizontal translation 7., but
vertical translation 7, and rotation angle ¢ are also affected
because of cross-talk effects. One fair conclusion stemming
from Figures 11, 12, 13, 14, 15, 16 is that the high-frequency
components of the reconstruction are relatively more difficult
to retrieve than the low-resolution components. At any rate,
including structural priors in the joint scheme clearly widens
the spectrum interval where the ground truth and the estimated
motion parameters match.

Joint-sTV

Joint-TV

Fig. 11: Estimated motion parameters for sudden motion
(BrainWeb phantom). The horizontal axis represents the phase
encoding wave-numbers k, ordered according to their tempo-
ral sequence (from negative to positive wave-numbers).
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Fig. 12: Estimated motion parameters for periodic motion
(BrainWeb phantom). The horizontal axis represents the phase
encoding wave-numbers k, ordered according to their tempo-
ral sequence (from negative to positive wave-numbers).
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Fig. 13: Estimated motion parameters for random motion
(BrainWeb phantom). The horizontal axis represents the phase
encoding wave-numbers k, ordered according to their tempo-
ral sequence (from negative to positive wave-numbers).
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Fig. 14: Estimated motion parameters for sudden motion (in-
vivo data with simulated motion experiment). The horizontal
axis represents the phase encoding wave-numbers k, ordered
according to their temporal sequence (from negative to positive
wave-numbers).
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Fig. 15: Estimated motion parameters for periodic motion (in-
vivo data with simulated motion experiment). The horizontal
axis represents the phase encoding wave-numbers k, ordered
according to their temporal sequence (from negative to positive
wave-numbers).
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Fig. 16: Estimated motion parameters for random motion (in-
vivo data with simulated motion experiment). The horizontal
axis represents the phase encoding wave-numbers k, ordered
according to their temporal sequence (from negative to positive
wave-numbers).
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