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Abstract—Classical regret minimization in a bandit frame-
work involves a number of probability distributions or arms
that are not known to the learner but that can be sampled
from or pulled. The learner’s aim is to sequentially pull these
arms so as to maximize the number of times the best arm is
pulled, or equivalently, minimize the regret associated with the
sub-optimal pulls. Best is classically defined as the arm with the
largest mean. Lower bounds on expected regret are well known,
and lately, in great generality, efficient algorithms that match
the lower bounds have been developed. In this paper we extend
this methodology to a more general risk-reward set-up where
the best arm corresponds to the one with the lowest average
loss (negative of reward), with a multiple of Conditional-
Value-at-Risk (CVaR) of the loss distribution added to it.
CVaR is a popular tail risk measure. The settings where risk
becomes an important consideration, typically involve heavy-
tailed distributions. Unlike in most of the previous literature,
we allow for all the distributions with a known uniform bound
on the moment of order (1+¢), allowing for heavy-tailed bandits.
We extend the lower bound of the classical regret minimization
setup to this setting and develop an index-based algorithm. Like
the popular KL-UCB algorithm for the mean setting, our index
is derived from the proposed lower bound, and is based on the
empirical likelihood principle. We also propose anytime-valid
confidence intervals for the mean-CVaR trade-off metric. En
route, we develop concentration inequalities, which may be of
independent interest.

I. INTRODUCTION

A multi-armed bandit (MAB) problem is a sequential
decision-making problem in which a learner is presented with
K unknown probability distributions, or arms, denoted by
= (u1,...,K). At each time ¢, it samples or pulls one
of the arms, A;, and observes an independent sample, X;,
generated from the corresponding distribution, g1 4,. These
samples correspond to rewards, and the learner’s aim is to
maximize the cumulative average reward. This can also be
modelled using a loss-version, i.e., when each sample is
viewed as a loss. Here, the aim is to minimize the cumulative
average loss. These objectives can be equivalently formulated
as minimizing the cumulative average regret defined as the
absolute difference between the average reward/loss gathered
by learner, and the policy playing the best-arm (one with
maximum mean-reward or minimum mean-loss) in all the
rounds.

Typically, in both these formulations, metric associated
with measuring the “goodness” or “badness” of an arm
is mean of the associated distribution. However, in many
applications, for example, in finance, health-care, insurance,
etc., the expected reward/loss is typically not the primary
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desirable objective, as the learners are sensitive to the worst-
case outcomes. In these settings, along with this average
metric, it is important to understand the behavior of tails
of the distributions (possibility of extreme events). In clinical
trials, for example, there may be a high variability associated
with a treatment, meaning that the treatment with good av-
erage performance may result in adverse outcomes for some
patients. While investing in financial securities, an investor
typically looks for a low-risk investment that also generates
good returns. Thus, it is important to include a reasonable
formulation of “tail risk” in the performance metric, together
with the mean.

Tail risk has been an important topic in finance, and
related fields. Popular measures of tail-risk include value-
at-risk (VaR) and conditional value-at-risk (CVaR), which
are widely used (see, [1], [2] for applications in finance
and optimization). CVaR is a coherent risk measure that
can be used to mathematically formalize the idea of risk-
awareness, whence, preferred over VaR (see, [3] for definition
of coherent risk measures). We therefore use CVaR as a
measure of tail-risk in our formulation (see Section II for
the definition and alternative formulations of CVaR).

The regret-minimization MAB problem with mean as the
performance metric is well studied in literature. Tight lower
bound on the expected regret, and algorithms asymptotically
matching the lower bound, exist in literature. A lower bound
on the problem was first proposed in [4] for parametric family
of arm-distributions and later generalized in [5]. Since then,
this problem with mean performance metric has been solved
under different classes of allowed arm-distributions. See [6]
for the popular UCB-1 algorithm for bounded support dis-
tributions, [7] for an optimal algorithm for single parameter
family of distributions, [8] for bounded support distributions,
and [9] for that in the heavy-tailed setting. Also see [10],
[11] for a survey of the extensive literature on this problem
and its variants.

Lately, there has been some interest in the MAB problems
with the metric measuring the quality of an arm being a
measure of tail-risk. For the best-arm identification (BAI)
variant of the prolem, where the aim is to identify the arm
with the best performance metric, see [12]-[14]. [15] recently
proposed an optimal algorithm for this problem. [16], [17]
study the regret-minimization variant with the CVaR metric,
when the underlying distributions have a bounded support.

Typically, in applications, one is interested in maximizing
the average return while minimizing the extreme losses.



Viewing the samples as losses, this translates to minimizing a
conic combination of mean and CVaR. [18] and [15] studied
the best-arm variant with this objective in great generality,
allowing for arm-distributions to be heavy-tailed (i.e., having
infinite moment generating function for all § > 0).

Applications where tail-risk becomes an important consid-
eration typically involve distributions that are heavy tailed.
Building upon recent works in [15] and [9], in this work, we
consider the regret-minimization MAB problem with a mild
restriction on the arm-distributions (allowing for heavy tails).
The performance metric we consider is a conic combination
of mean and CVaR, and is similar to that in [15]. We tackle
the regret-minimization MAB problem with this risk-averse
performance metric, i.e., the best arm is the one with the
minimum value of a conic combination of mean and CVaR.
We propose a lower bound on the average cumulative regret
incurred by an algorithm (Theorem 1) and also develop an
algorithm that we conjecture to be asymptotically optimal.
See Assumption (Al) in Section IV, that has been shown
to be true in the mean performance metric setting. [19]
study a related problem, in which they include the risk-
sensitivity, measured using CVaR, in the constraints instead
of in the objective, thus formulating it as a constrained regret-
minimization problem. We develop anytime-valid confidence
intervals for the mean-CVaR performance metric that are
based on the empirical likelihood method. Analysis of our
algorithm and the proposed confidence intervals relies on
new concentration inequalities (Proposition 3), that may be
of independent interest.

Roadmap: The rest of the paper is structured as follows.
In Section II, we first define VaR and CVaR and provide their
alternative formulations that will be useful in our analysis
and in the proposed algorithm. In this section we also
formally introduce the problem setup and give the proposed
lower bound on the quantity of interest. In Section III, we
present our proposed index-based algorithm. Its theoretical
guarantees are presented in Section IV. In this section, we
also review the simpler dual representations for the KL-
projection functions that appear in the lower bound. These
are crucial for our algorithm and its analysis. Section V has
our proposed anytime-valid confidence intervals for a conic
combination of mean and CVaR. We also present some useful
concentration inequalities in this section, and give a brief
outline of their proofs. We conclude in Section VI.

II. PROBLEM SETUP AND LOWER BOUND

In this section, we formally introduce the problem and give
the necessary background. Let P(R) denote the collection
of all probability measures on R. For n € P(R), let m(n)
denote its mean. We denote the CDF function associated with
n by Fy(.), ie., F,(y) = n((—o0,y]), for y € R. Throughout
this paper, samples will correspond to random losses from a
loss-distribution (for example, from an investment).

VaR, CVaR: With this notation, for 7 € (0,1), VaR at
level 7, denoted as z,(n), represents the 7' quantile of 7
and is defined as

Tx(n) =min{z: F,(2) > n}.

CVaR at level 7, denoted as ¢, (1), represents the average loss
conditioned on losses being greater than x, (7). Formally,

Fy(zz(n) —m
1—m

o

xw(n)+ﬁ / ydF,(y).

(1)

er(n) =

It has many equivalent formulations (see [1] for a compre-
hensive tutorial), most relevant to us being the minimization
form, given in (1) below. The minimizer in (1) is z.(n), the
VaR at 7.

ex(n) = min {z+1E,,((X—z)+)}. )

zER 1—m
Observe from the above formulation that CVaR is min of
linear functions of 1. Whence, ¢, (7) is concave in 7.
Recall that the arms correspond to loss-distributions.
Hence the arm with a small mean as well as a small CVaR
is preferable. Given a bandit instance, i = (1, ..., ix ), for
fixed constants 1 > 0, ap > 0, and 7 € (0, 1), we associate

0r (fta) := cxm(pa) + azcr (fta)

as a measure of “badness” of arm a.
Without loss of generality, for simplicity of presentation,
we assume henceforth that arm 1 is the unique best arm, i.e.,

p1 = argmin o, (fig)-
a€[K]
The average regret associated with pulling a sub-optimal arm
a # 1 is denoted by

Ay = Oﬂ(ﬂa) - OW(MI)'

Let N,(t) denote the number of pulls of arm a in time ¢ — 1.
Then, the cumulative expected regret of the algorithm till
time T, E (Rr), is given by

E(Rr) =) E(Nu(t)) Aq. ©)
a#1

Notice that in order to bound E (Rr), it is sufficient to bound
the average number of pulls for each of the sub-optimal arms.
As in the mean-regret-minimization setting (see [9]), it
can be shown that without any restriction on the arm-
distributions, the lower bound on expected regret incurred
by an algorithm will be unbounded. We hence impose a
very mild restriction on the allowed arm-distributions. In
particular, we focus on the class £ of all distributions with a
known uniform bound on (1+ €)' moment, for some € > 0.
For n € P(RN), let

EanlHGZ/%IyIHE dn(y)

denote its (1 + ¢)** moment. In particular,

L:={neP®): E,J|X|"° < B},



for positive constants € > 0, and B. Observe that higher
moments may not exist for distributions in this class and that
it includes many heavy-tailed distributions.

This bound on (1 + €)** moment restricts the possible
values for x,(-), ¢ (), and o,(-). In particular, define

Z = {— (Br!) T 7 (B(l —w)‘l) @} 7
¢= |-, (Bu-m") } |

0O := {—Bﬁ(al + ag),Bﬁc} ,

for some ¢ > 0. Then, it can be shown that for distributions
neL, xz(n) €Z, cr(n) € C, and or(n) € O. See [15] for
a proof.

Next, for n € P(R) and =z € R, we define the KL-
projection function,

KLint(n, z) := inf {KL(n, k) : k€ L, ox(k) <zx}. (3)

See [5], [8], [20] for related quantities in the mean setting.
This, and the related KL-projection functionals introduced
later, will be crucial for the proposed lower bound, our
algorithm and its analysis, and the proposed confidence
intervals. Let us look at some of its properties.

Observe that for n € £ and = > o0,(n), KLint(n, )
equals 0 as 7 is a feasible solution to the KL;,; optimization
problem. Moreover, it is monotonically non-increasing in the
second argument for x < o,(n).

Recall that ¢, (n) is concave in 7). This follows from the
formulation in (1) which shows that ¢,(-) is a minimum
of linear functions. Thus, the mean-CVaR constraint, i.c.,
or(k) < constraint, in KL;,¢ renders the corresponding
optimization problem non-convex.

One can similarly define KL;,¢, with o, (x) > « constraint,
ie.,

KLint (1, ) := inf {KL(1, k) : K € L, on(k)>a}. (4)

However, this optimization problem is a convex optimiza-
ti/oy_/problem. Furthermore, for n € £ and z < o0,(n),
KLin¢(n,z) = 0, and it is monotonically non-decreasing in
the second argument for & > o, (n).

One can similarly define KLj,¢ functionals with either
m(n) or ¢;(n) less than or greater than constraints. While
these functionals with the mean constraints are symmetric
(see, [20]), they are_not symmetric for the CVaR case.
Whence, KL;,¢ and KL;¢ are not symmetric. In particular,
as observed earlier, while KL;,s is a convex optimization
problem, KL;,¢ is not. See [15] for/a\_si/milar discussion in
the CVaR setting. Both KL;,s and KL;,s will be crucial to
our analysis.

Extending the lower bound for the mean-regret-
minimization problem to the mean-risk setting, using
the change of measure argument, we get the following lower
bound for our problem.

Theorem 1 (Lower bound): Fix 7 € (0,1), a7 > 0, g >
0. Let A be an algorithm which, when acted on p € LX,
satisfies

RT = O(T'y)’ V’y > 0.
Then,
.. E(NL(T)) 1
lim inf > .
T—oo  logT = KLint(fta, 0 (1))

The proof of Theorem 1 above, uses standard change of mea-
sure arguments. It can also be proven using the Transportation
Lemma of [21]. This proof is similar to those developed in
[4], [5], and is omitted for space considerations.

Using (2) and Theorem 1, we get a lower bound on
E (Rr).

Next, building upon the asymptotically optimal algorithm
of [9] in the mean-setting, we porpose an algorithm which
we conjecture to be asymptotically optimal. We present the
proposed algorithm and its analysis first. We also develop
concellz@on inequalities for empirical versions of KLi,¢
and KL;,s. These are used in developing anytime-valid
confidence intervals for the conic combination of mean-CVaR
under consideration and may be of independent interest.
These are presented towards the end.

III. THE ALGORITHM: RA-KL;,;-LCB

The algorithm we propose is a UCB-like algorithm that
derives its index using the KL;,¢-functional that appears
in the lower bound. KL-based UCB algorithms have been
shown to be optimal in the mean-regret setting (see, [7],
[9]). Our algorithm differs from those in literature in 2 ways.
First, we work with a practically more relavant risk-averse
objective. Second, in our setting, the samples correspond to
losses. Hence we construct a lower confidence bound (LCB)
on the true mean-risk measure, o, (i, ), for each arm a, and
at each time, select the arm with the minimum value of the
corresponding LCB.

For ;1 € LXK, let fi,(n) denote the empirical distribution
corresponding to N,(n) samples from arm a, and let L, (n)
denote the LCB associated with arm a at time n. For
thresholds g, (n):

ga(n) =logn + 2loglogn + 2log(1 + Ng(n)) + 1,
define
Ly(n) :=inf {z € R : Ny(n) KLins(fia(n), ) < go(n)} .
Using the definition of KLj,¢, L,(n) can be reformulated as
inf {ox (k) : kK € L, Ng(n)KL(f1q(n), k) < go(n)}.

In particular, our lower confidence bound for o, (1) at time
n is the minimum mean-risk metric of distributions in £
which are within a KL-ball of the empirical distribution,
fia ().

The proposed algorithm, ‘RA-KL;,¢-LCB’ takes as input
the number of arms (K), the class-parameters (B,¢), and



the threshold functions (g, (-)). It begins by pulling each arm
once. At time n, it computes L,(n) for each arm, and pulls

A, € argmin L,(n),
a€[K]

breaking ties randomly. It then sets
Na,(n) <= Na,(n—1)+1,

and updates fi,(n), for each arm.

Computing the index: [15, Appendix H.1] give an
alternate min-max formulation for KL;,¢, which is related
to its Lagrangian dual. We review these in Section IV.
The inner maximization problem in this represenstation is
a convex-optimization problem over 2 variables, and can
be solved using, for example, ellipsoid method. The outer
minimization problem, which corresponds to that in (1), may
not be convex. Further work is needed to understand this
optimization problem.

IV. THEORETICAL GUARANTEES

Assumption (A1): For a # 1, the following summation
is o(log T'):

Z P (KLinf(,&a (n)7 Ox (:Ul)) < KLinf(Nav Or (/1'1)) - 5) -

n=1

It has been shown to be true in the mean setting (see [9,
Lemma 6] and [8, Theorem 12]). We expect this to be true
although we do not have a proof at this time.

Conjecture 2 (Asymptotic optimality): Let 7" > K > 2,
e LX, and

ga(n) =logn + 2loglogn + 2log(1 4+ Ny(n)) + 1.
Then, under Assumption (Al), for each sub-optimal arm a,

E(No(T)) _ I

li .
T = KLint (tta, 0x (111))

T—o0 IOg T

Proof for Theorem 2 proceeds by analysing the events leading
to selection of a sub-optimal arm. This can occur either due
to index of the sub-optimal arm taking a lower deviation, or
that for the optimal arm taking a higher deviation. These can
be viewed as deviations of either KLin¢(fiq(n), 0 (11)) or
KLing(f11(n), ox (p11)).

The index for a sub-optimal arm can be small until it has
been pulled sufficient number of times. This contributes to the
main term in the regret. Assumption (A1) essentially says that
the index for the sub-optimal arm evaluating to something
below o, (u1) is a rare event. Proposition 3 below shows
that the RA-KLj,;-LCB index for optimal arm evaluating
higher than the true value, o, (1) is rare, i.e., our index is
a high probability lower bound on the true value of mean-
CVaR metric of the associated distribution. In fact, we show
later in Section V, that anytime valid confidence intervals for
the conic combination of mean and CVaR can be constructed
using the KL;,¢ and KL;,s functionals.

Let us now review alternate representations for both these
functionals. These correspond to their dual formulations, and
will be used later in our analysis. We borrow these from [15,
Appendix H], and state here for completeness.

For n € P(R), z € O°,

KLip¢(n,2) = min  max
2€Z AER(z,z)

IE7] (1Og f(Xa )‘7 Z,Z)) ) (5)

where f(X, A, z,x) equals

(X*Z)+,

A
1= (B=| X[\ —dartarde X +aghpz+- 2’_“;

and R(z,z) C R? is

R(x,z) = {)\1 > 0,22 >0, an
yES

min f(y, A, z,2) > 0} .

Recall that KL;,s optimization problem is non-convex.
However, using formulation (1) for CVaR in the o,(-) con-
straint, and writing the dual for the optimization problem with
fixed z, we get the inner maximization problem in (3). The
outer minimization corresponds to that in the minimization
formulation for CVaR in (1). See [15] for details.

Similarly,

—~—

KLiIlf(na 33) = max ]E"] (log g(X7 p)) ’ (6)

pES(x)
where g(X, p) equals
1= p1(B = |X]"") + pa(z — 01 X)
as X
_p4(1—7T)_<p122_p4> )
—x N
and S(x) C R3 is
S(x) = {Pl > Oap? > 07P3 € R: min g(y7p> > 0} .

yeR

These dual formulations for the two KL-projection func-
tionals are crucial in proving the concentration inequalities
proposed in the next section.

V. CONFIDENCE INTERVAL FOR 0 (+)

We propose a KL-based anytime-valid confidence intervals
for a conic combination of mean and CVaR for distributions
in £. Our confidence intervals are derived from the KL;,¢
functional that appears in the lower bound, and a related

KL;,¢ functional.
Let § > 0, n € L, and let 7, denote the empirical
distribution corresponding to n samples from 7. Let

Ly = inf{z : n KLijn¢ (70, z) < log 6t +2log(n+1) +1}
and

Uy = sup{z : nm(ﬁn, z) <logé™t + 3log(n +1) + 1}.
Observe that the event {07, (n) < L:‘,} is same as

{n KLint (7, 0x(n)) > log ol 4+ 2log(n+ 1)+ 1} ,



and {oﬂ(n) > U};ﬂ} equals
{nﬁ;(ﬁmoﬂ(n)) >log ™t +3log(n+1) + 1} .
Proposition 3: For n € £ and 6 > 0,

P (Hn : n KLing (in, 0x(n)) > log 6™ + 21og(n + 1) + 1)

is at most ¢, and

P <3n : nKLing (M, 02 (1)) > log 671 + 3log(n +1) + 1)
is bounded by 4.

It follows from Proposition 3 that o (n) € [L} U | with
probability at least 1—24. Moreover, [L} , U | are anytime-
valid confidence intervals.

Proof of Proposition 3 relies on constructing mixtures of
non-negative super-martingales. To see this, let X;,..., X,
denote i.i.d. samples from 7. Using the dual formulation for
KLiy¢ from (3), and using a sub-optimal choice (= z.(n))
for the outer minimization, we have n KLin¢ (7, 0 (7)) is at
most

max
AER (0= (),

Z log f(Xm >‘a xﬂ'(n)a Oﬂ(n))
=(m) =1

Since R(ox(n),xx(n)) is compact (see [15, Appendix H]),
and

gi(A) == log f(Xi, X, (1), 0x(1))

satisfies the conditions of [15, Lemma E.1], we have that
nKLint (A, 05 (7)) is at most

log Eang | [ [ £(Xis Az (n), 0x(m) | +2l0g(n + 1) + 1.
i=1

Moreover, since nn € L, it is easy to see that
E, (f(Xi, X, z(n),0x(n))) is at most 1, and hence, expo-
nential of the first term in the above bound is a mixture of
non-negative super-martingales. Using this bound in the first
expression in Proposition 3, exponentiating, and using Ville’s
inequality, we get the desired bound of §. Bound for KL,¢
can be established similarly.

VI. CONCLUSION

We consider regret-minimization problem with the met-
ric of performance being a conic combination of mean
and CVaR, a tail-risk measure. Since tail-risk becomes an
important consideration in settings where the underlying
distributions have heavy-tails, we allow for a very general
class of arm-distributions. We propose a lower bound on
cumulative expected regret of an algorithm, and develop an
index-based algorithm that derives its index from the lower
bound. This is similar to the optimal KL-UCB algorithm in
a much simpler mean setting. We conjecture it to be optimal
in the setting considered in this paper.

Typically, analysis of regret-minimization algorithms relies
on controlling 2 types of deviations, one for the best-arm,

and second for the sub-optimal arms. This requires develop-
ing new concentration inequalities. While our concentration
inequalities in Proposition 3 handle one of these, we assume
that the other deviation is rare. It has been established to
be true in the mean-setting. Under this assumption, it can
be shown that the proposed algorithm is asymptotically opti-
mal. We also develop anytime-valid confidence intervals for
the mean-CVaR metric using the functionals of probability
measures that appear in the lower bound for the regret-
minimization problem.

An important next step is proving the Assumption Al. It
requires developing concentration inequality for min-max of
empirical averages. Computing RA-KL;,;-LCB index may
be time consuming. Hence, understanding the structure and
solutions of KLi,¢ optimization problem can be useful in
developing both, the concentration inequalities for min-max,
as well as efficient algorithms for computing the index.
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