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Necessary and sufficient conditions are given for the convergence of the first moment
of functionals of Markov chains.

stationary Markov chain convergence of moments

1. Introduction

Let {x(z)}7_, be an irreducible positive recurrent Markov chain with
countable state space and with standard semigroup {P(z)} r=q Of transi
tion probabilities. If 7(j) := lim,_, . p;;(¢) and f is a functional of the
chain, is it true that

lim E{()} = 22 7)) ()7 (1.1)

Here E stands for expectation.

If Z;7() If (NI < = and the chain is not started too badly, it is reason-
able to suppose relation (1.1) to be correct. In applications it is com-
mon practice to take (1.1) for granted and to take for example for the
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mean “‘in the long run” the mean with respect to the stationary distri-
bution {m(j)}. However, it turhs out to be difficult to find an expli-
cit discussion of the problem in the literature. As far as we know the
only place where a proof of (1.1) (for chains with discrete time param-
eter) is presented is a paper by Kesten and Runnenburg [3, Theorem
4.3].

In this paper we give a very simple proof of (1.1) and consider some
additional and related questions, yielding a simplified proof of a well-
known theorem due to Chung (cf. [2, Theorem 3, p. 93]).

For the terminology we refer to Chung [2].

2. Results

2.1. Theorem. Cownsider an irreducible positive recurrent Markov chain
with one-step transition matrix (p;;), 1,j=1,2,... . Let

n
7(j) ;= lim n~! kZ=}1 p(k)

17 3
11> oo i

with p® the k-step transition probabilities. Let xo = iy and let f> 0 be
ij 0 0

a functional of the chain with X;-, w(j) f(j) < o. Then

lim n-1 3;1 E{f(x;)} =]231 () )

Nn—>

foreachiy=1,2,..,and if the chain is aperiodic,

lim E{f(x,)} =]21 7() £G7)

n—»oo

foreachiy=1,2,...

Proof. Fix iy. Since 272, ﬂ(i)pl(j") =n(j) foreachn =1, 2, ..., we have

(i) p{) < 7(h),
and hence

. n .
) < T0)_ -1 *) < T0)
o) 1{([0)’ n k§l p’o] 71'(1.0)'

Both assertions follow now by the bounded convergence theorem. O
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2.2. Remarks

(1) Theorem 2.1 remains true if we start the chain with a distribution
with finite support.

(2)If f= 0 and 2;‘;1 () () = =, it follows from Fatou’s lemma that
the assertions are true if the chain is started with arbitrary initial distri-
bution.

(3) Theorem 2.1 is also correct for arbitrary f, provided that

o0

2 () 1 ()1 < =
j=

(4) The proof of Theorem 2.1 applies verbatim in case the chain has
continuous time parameter and is standard (in this case the phenomenon
of periodicity does not occur).

In the next theorem we consider relation (1.1) in case the chain is
null- or non-recurrent and obtain at the same time an alternative proof
of the aperiodic part of Theorem 2.1. We write ; p{J”) for

Plx, =j, x, #iy, 1 <v<nlxy=il.

2.3. Theorem. Let the Markov chain {x,}; -, with discrete time param-
eter n be irreducible and null- or non-recurrent with xq =1i,. Let T
stand for the return time to state i, i.e.

7:=inf{n>0: x, =iy} .
If f > Qs a functional of the chain with E{Z} _,f(x, )} <o, then

lim E{f(x,)}=0.

n—> oo

Proof. We apply the “‘last exit decomposition” of state i;. We find
(with p{®) :=1):

iolo
n-1
(n) = ®) (n-v) >1.i>
Do VZQO Pty 1oPin; foralln=1,j= 1.

It follows that
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P £() = '23 pfgzo(‘g) Py £0)

lo]
3 3 )] -0
= o ( (n—
Z(Z p ro0) i) 2.1)
We write
=y 1 - .
4 .-lg f0)1 10, b pl(o)lo [=1,
so that by hypothesis
2 a = E(E D fo)) < oo, (2.2)
I=1 I=1\j= of
According to (2.1) we have E{f(x,,)} < e for all n > 1. As lim,_,_, b, =0,

clearly

lim E{f(x,)} = hm Eal

n—roco n-— l

=0.0

2.4. Remark. If the conditions of Theorem 2.1 apply, we obtain

a9 4 W(lo)f(’)’
since then

o =70

I=1 iO ioj Tf(lo)

(cf. [2,p.51]),and lim,,_, ., b, = w(iy) if the chain is assumed to be
aperiodic. We then find

lim E{f(x,)} = E wOIing

n— oo

an alternative proof of the aperiodic part of Theorem 2.1.

In general, Theorem 2.1 fails to be true if the chain is started arbi-
trarily. This will be illustrated by the following example.
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2.5. Example. Consider the Markov chain on the non-negative integers
{0, 1,2,...}with

Do, :=qu forj=0,1,2, ...,
P =1 fori=1,2,..,
py; =0 otherwise,

for 0< p < 1and g =1-p. A simple calculation shows that

pi =g/p forj=0,1,2,..,i=0,.,n-1,
pf,,n_)lq,.k’k_l =1, fork=1,2,..,

pf.j’.“ =0  otherwise.
This chain is irreducible, aperiodic and positive recurrent with

lim p® =¢/p, j=0,1,2,...

n—oe
If Z;;o g’ If(j)| < e, we have with initial distribution {p(n)};_, that

zl

> p05") 1) = (p(0)+ . *p(=1) 23 24 1)+ 2 pls) 1)

1

and we have convergence to E;‘;Oquf(j) as n = o if and only if
lim 2o p(n+j)fG)=0.
n—ro j=0

If now

) ==j2  forj=0,
p(0):= 0, p(j) = 61r‘2j“2 forj>1,

we have

oo

E{f(x,)} = Z% p(n+))f()=o foralln> 0.
=

In the next theorem we give necessary and sufficient conditions for
the convergence of moments in a stationary chain.
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2.6. Theorem. Consider an irreducible, aperiodic, positive recurrent
chain with initial distribution {p(i)} and stationary distribution {w(j)}.
Let f = 0 be a functional of the chain with Z; (/) f(j) < «. Let

PO =p() PN = Lp@pP. n> 1
Let 1 stand for the entrance time in state iy, i.e.
7:=inf{n>0: x, =iy }.
Then in order that

lim 2 p"()FG) = 20 7()HF (),

n—oo ] ]
it is necessary and sufficient that

lim E{(,) X5y } =0, (2.3)

n-—roo

where X stands for the iMdicator function.
Proof. With the “last exit decomposition™ of state i, we find
n=1
D 0= T o) (T ,pl7 0 10) + Tow) (2 ,p50).
j k=1 j o o/ i j o ]

As in the proof of Theorem 2.3, it follows that the first term on the right-
hand side tends to Z; (/) f(/) as n - °=. Since

E{f(x,) Xy )} = Z p() (2]3 ,.op,(;”f(f)),
the assertion follows. O

2.7. Remark. One easily verifies that condition (2.3) is satisfied if a con-
stant ¢ and an ny > 0 exist such that

p"@)/r)<c¢ foralli

For, with n > ng,
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z?p(i)(;iopg’)f(j)) 25 phoi) (E pi ”"’JU))

l#lo

<c T w) (E .0p§;’"'°>f(f>)

I# lO

-e I wi)(Z 7)) (2, e mos0)

i* i =1 fo!

=cmliy) 2 (?]3 ,-Opgfj,-f(f)), 2.4

I=n - }’l0+1
since

@ S o
m(iy) 1=1 o ol

The right-hand term in (2.4) tends to zero as n - <. It should be noted,
however, that this result is also immediate from the bounded conver-
gence theorem. For p"¢(j) < ¢ 7(j) for all j implies by iteration that

p" () < cn(j) for alljand n > ny, and hence

lim ‘]zJ p" () £G) = ]E 7G) £(7).

As an application we now show that a well-known theorem due to
Chung [2, Theorem 3, p. 93]) is an immediate consequence of Theo-
rem 2.1 and a strong law of large numbers. To be complete, we first
state this strong law in the next lemma.

2.7. Lemma (cf. [2, Theorem 2, p. 921). Let the chain {x, };":0 with
xXg =iy be irreducible and positive recurrent with stationary distribu-
tion {n())}, so that

7(j) := lim »n~! E (k),

n—r oo lO]

and let f be a functional of the chain with Zm() If ()| < eo. Then

N

lim n=! 27 f(x)—Zv(/)f(]) as. (2.5)

Nn—>oe =
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Proof. We may restrict to the case f= 0. Define 7, = 0 and
7, :=inf{k: x; =i, for the n'® time}, n>1,

Tl(n) sn< Tl(n)'f' 1> nz 07
i.e. Ty, is the time of last visit to state iy before or at time n (n > 0)

and /(n) is the number of visits to i after time 0 and before or at time
n. We now have

I(n)-1 Tk+1 L n In) Th+1 "1
Y fa)<Lfx)<2 2 fx), n>1. (2.6)
k=0 Tk i=1 k=0 'rk

The random variables

Tk+1 7!
Ve = 2 fix), k=0,
Tk

are independent and identically distributed and have finite mean

7T(J)
since
71 —1 ) .
=1 {5 =
o k-1
=flg) + E: =1 j#ig pf?] lopl(ﬁ) i)
—f(lo) j#io z; k=Zi>+1 p’(g)l lop;!:)-i)f(i)
D N PN SN ()
L2 w00 =25 0,
since

Y o0 =1, B 010

=1 W% Jjio i=1 ool m(iy)
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We further have (recurrence) that /(n) > e (1 - o) a.s., so that (Kol-
mogorov’s law of large numbers)

I(n) 1 I(n)—-1

ST e T T & v
=E{y,;} as

and with (2.6) we conclude

_ 7(j)
hmw l( j Ef( D= E——(—)f(z) a.s.

If we choose, in particular, f= 1 it follows that
n 1
_— -

In) w(iy)

which proves (2.5). O

a.8. ash > oo,

2.8. Theorem. Let the chain {x, };’:0 with x = iy be irreducible and
positive recurrent with stationary distribution {m(j)}, and let f be a func-
tional of the chain with 2]- () 1f()| < . Then

lim |E

n— oo

n

nt D fx) - 2 ﬂ(f)f(/')l =
= j

Proof. From Theorem 2.1 we know that

lim E

n—r oo

n-1 E fx; )I} Zno‘) o)1 (2.7

(2.7) and (2.5) imply that the sequence {n~! E”  f(x)1}, and a fortiori
the sequence {n~ 12” _1 f(x;)} , is uniformly mtegrable This fact
and (2.5) finally 1mp1y the assertion (cf. [1, pp. 91, 94]). O
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