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TOCH EEN POGING ......

In het voorwoord van ons proefschrift staat dat wij aan vele mensen helaas nooit
duidelijk hebben kunnen maken waar wij, wiskundig gezien, eigenlijk mee bezig
waren. We willen hier toch een poging wagen om het wel te doen. Wij hopen dat u, ook
al weet u weinig of niets van wiskunde, na de volgende vijf bladzijden toch een idee
heeft wat er zoal in ons boekje gebeurt. Misschien begrijpt u dan zelfs iets meer van al
die "rare tekens", zoals iemand uitriep toen zij ons proefschrift kreeg en opensloeg.

Laten we eerst eens iets vertellen over de wiskunde in het algemeen. Eén van de be-
langrijkste begrippen uit de wiskunde is het woord "verzameling". Een verzameling is
in feite niets anders dan een groep objecten die op een bepaalde manier bij elkaar
horen. In het dagelijks leven komen we ook regelmatig verzamelingen tegen: Een ge-
zin is al een verzameling, namelijk een verzameling mensen, die op een voor de hand
liggende manier bij elkaar horen. Andere voorbeelden zijn "Alle Nederlanders", "Een
verzameling postzegels", "Uw boeken". In de wiskunde bekijken we meestal verzame-
lingen die bestaan uit getallen. Bijvoorbeeld:

1,2,3,4,5,6,7,8,9, 10.

Dit is de verzameling van de gehele getallen van 1 tot en met 10, en die verzameling
bestaat uit tien objecten. De objecten van een verzameling worden de elementen van
die verzameling genoemd. lets lastiger is de verzameling

1,2,3,4,56,7,89,10, -,

de verzameling van alle positieve gehele getallen. Merk op dat deze uit oneindig veel
elementen bestaat.

Omdat het in een tekst soms lastig te zien is wat de verzameling nu precies is, ba-
kenen we hem af met behulp van accolades. De verzameling van alle positieve gehele
getallen schrijven we dan als volgt:

{1,2,3,4,5,6,7,8,9,10, - - }

(zie bijvoorbeeld pagina 118 bovenaan). Verder geven we regelmatig terugkerende
verzamelingen vaak een naam. In de wiskunde houden we van korte namen, meestal
zijn ze slechts één hoofdletter of symbool lang. Zo is de naam van de verzameling van
alle positieve gehele getallen IN (zie pagina 13 van het proefschrift). Laten we nog
twee verzamelingen invoeren:

E={(2,4,6,8,10, ---}



(E is dus de verzameling van alle positieve even getallen), en
Z2={(---,-3,-2,-1,0,1,2,3, --- }.

We noemen Z de verzameling van alle gehele getallen. Hiertoe behoren ook negatieve
getallen. Als u hier niet bekend mee bent, denk dan aan een thermometer.

Ondertussen vraagt u zich waarschijnlijk af wat die rare wiskundigen toch allemaal
doen met die verzamelingen. Laten we voor het antwoord op deze vraag eerst eens
teruggaan naar een simpele praktijksituatic. We bekijken drie gezinnen, die we op
wiskundige manier een naam geven, namelijk G |, G, en G 3. De G staat uiteraard voor
gezin, en de "indices" 1, 2 en 3 spreken waarschijnlijk voor zich, in feite zijn het een
soort tellertjes. Deze naamgeving is tamelijk saai, maar uiterst handig. Veronderstel nu
dat

G | = {moeder Hermine, vader Frans, José, Jacqueline},
G 7 = {moeder Iris, vader Hans, Louise, Cynthia},
G 3 = {moeder Astrid, vader Hein, Robert, Maurice}.

Dit zijn duidelijk drie verschillende gezinnen. Als we alleen op het aantal kinderen in
een gezin letten, dan zijn G |, G, en G 3 gelijk. We letten dan eigenlijk op één bepaalde
structuur van het gezin en vergeten daarbij de meeste eigenschappen van de personen
van het gezin (dus van de elementen van de verzameling). Zo kunnen we ook op de
samenstelling van het gezin letten, dus op de vader, de moeder, het aantal zoons en het
aantal dochters. In dit geval zijn G| en G, gelijk, maar G, en G niet.

We willen nu op een wiskundig werkbare manier aangeven dat G| en G, gelijk
zijn. Dit wordt dan als volgt gedaan:

We maken een koppeling tussen G ; en G, door bij elk element van G| precies één
element van G, aan te wijzen en andersom, zo dat de gegeven structuur behouden
blijft.

Laten we eens kijken hoe dit werkt. We gaan de gezinnen G, en G, als volgt kop-
pelen:

G, G,
moeder Hermine < moeder Iris
vader Frans ¢  vader Hans
Jos¢ & Louise
Jacqueline &  Cynthia



Deze koppeling behoudt inderdaad de structuur "samenstelling van het gezin": Als je
bijvoorbeeld in G| de vader hebt, krijg je via de koppeling in G, ook de vader en als je
bijvoorbeeld in G, een dochter hebt, dan krijg je in G | ook een dochter. Merk op dat er
meerdere koppelingen mogelijk zijn. Kunt u nog een andere koppeling bedenken?

In de wiskunde noemen we zo’n koppeling een isomorfisme. Evenals verzamelin-
gen geven we ook isomorfismen vaak een éénletterige naam, bijvoorbeeld f, g of h. Het
zijn meestal kleine letters. Ook worden vaak Griekse letters gebruikt, zoals ¢ (phi) of 6
(theta). Laten we het isomorfisme tussen G, en G, dat we net gegeven hebben, nu
eens f noemen. Om aan te geven dat f de verzamelingen G, en G, koppelt, schrijven
we f:G,—G,. (zie bijvoorbeeld corollary 1.2.21 op pagina 29). Als een
isomorfisme tussen twee verzamelingen A en B bestaat, dan zeggen we dat A en B iso-
morf zijn.

Bij een bepaalde structuur kan men zich afvragen of er algemene wetmatigheden
zijn af te leiden. Dit zijn uitspraken die betrekking hebben op die structuur en die voor
alle verzamelingen met zo’n structuur waar zijn. Deze wetmatigheden heten dan stel-
lingen (in het Engels theorems), proposities of lemma’s. U kunt deze op vrijwel
iedere pagina van het proefschrift terugvinden. In het geval dat we letten op de samen-
stelling van een gezin, kunnen we bijvoorbeeld de volgende eenvoudige stelling
uitspreken:

STELLING: Als het aantal leden van het ene gezin niet gelijk is aan het aantal
leden van het andere gezin, dan zijn deze gezinnen niet isomorf (met betrekking tot de

structuur "samenstelling van het gezin").

Laten we eens een ander voorbeeld geven, dat van iets meer wiskundige aard is.
Daartoe gaan we terug naar de verzamelingen IN, E en Z (kent u ze nog?). Het is weer
duidelijk dat dit drie verschillende verzamelingen zijn. We gaan nu echter niet meer
kijken naar de waarden van de getallen in deze verzamelingen, maar we letten nu alleen
nog maar op de "ordestructuur”. De elementen van de verzamelingen IN en E hebben
namelijk een natuurlijke volgorde: 1 is kleiner dan 2 is kleiner dan 3, enzovoort. We
schrijven dit als

1€2<3 <4 o
In E geldt

2<4<6<8< -,
eninZ

cre<-2<-1<0<1<2< -+



De vraag is nu uiteraard: Zijn IN, E en Z, gelet op de ordestructuur, isomorf? Denk
eens na over het antwoord, want misschien komt u er zelf achter. Laten we eerst eens
kijken naar IN en E. Het antwoord is dan ja. We gaan het isomorfisme maken:

N E

S W N~
1311
0w N AN

enz.

(het rechtergetal is dus twee maal het linkergetal). Laten we deze koppeling ¢ noemen.
We formuleren nu de volgende stelling:

STELLING: ¢: IN — E is een isomorfisme dat de ordestructuur bewaart.

Een stelling moet bewezen worden. Het voert te ver om hier het precieze bewijs van
deze stelling te geven, maar we kunnen het u wel aannemelijk maken. Dit doen we als
volgt:

BEWIJS: (in het Engels is dit "PROOF:", zie bijna elke pagina van het proefschrift).
Neem eens twee getallen in IN, bijvoorbeeld 3 en 1081. Via ¢ wordt 3 aan 6 gekoppeld
en 1081 aan 2162 (we schrijven dan ¢(3) =6 en $(1081) =2162, zie bijvoorbeeld pagina
44 de vierde regel van onderen). Nu geldt in IN dat 3 < 1081. Wat we nu willen is dat
de corresponderende combinatie in E in dezelfde volgorde geordend is als de
oorspronkelijke in IN. Dit is zo, want we hebben gezien dat de getallen die aan 3 en
1081 gekoppeld zijn, de getallen 6 en 2162 zijn. En in E geldt 6 < 2162, zodat de orde
van N via ¢ inderdaad overgebracht wordt op de orde van E.

We moeten het ook nog andersom controleren. Neem daarom twee willekeurige
elementen in E, bijvoorbeeld 28 en 146. Deze komen van de getallen 14 en 73 in N,
want ¢(14)=28 en ¢(73)=146. In E geldt 28 < 146 en in IN geldt 14 <73 en opnieuw
wordt de orde behouden. Hiermee hebben we de stelling bewezen (we zetten dan mees-
tal het symbool O neer, wat betekent "einde bewijs". U kunt dit op bijna iedere pagina
van het proefschrift terugvinden).

Zoals we reeds hebben opgemerkt, is het voorgaande geen echt bewijs. We hebben
het namelijk gecontroleerd voor een beperkt aantal getallen en we zouden het moeten
controleren voor elk getal (oneindig vele dus). Dit is ook echt mogelijk, we zullen u
hier echter niet mee lastig vallen.

Nu we hebben aangetoond dat IN en E isomorf zijn, rijst de vraag of IN en Z dit ook



zijn. Het antwoord staat in de volgende stelling.

STELLING: Als we letten op de ordestructuur, dan zijn N en Z niet isomorf.

BEWILJS: Het argument is nu natuurlijk heel anders, want we kunnen geen
isomorfisme bouwen, omdat er blijkbaar geen isomorfisme is. Realiseert u zich nu dat
IN een kleinste element heeft (welke?) en Z niet. Als IN en Z dezelfde ordestructuur
zouden hebben, dan moeten ze ook alle twee een kleinste element hebben. Omdat dit
blijkbaar niet zo is, kunnen IN en Z niet isomorf zijn. O

We zijn nu aanbeland op het punt waar we u een idee kunnen geven wat wij in ons
proefschrift doen. Wij bekijken namelijk bepaalde verzamelingen die bepaalde struc-
turen hebben. Deze structuren zijn allemaal zogenaamde topologische structuren. Het
voert helaas te ver om uit te leggen wat topologische structuren precies zijn. Een ver-
zameling X die zo’n topologische structuur heeft noemen we een ruimte. Nu kunnen
we bij deze ruimte X op een bepaalde manier een grote verzameling maken die we
schrijven als C,(X) (zie pagina 16). U kunt dit vergelijken met het maken van een
stamboom bij een gezin. We noemen de verzameling C,(X) de functieruimte
behorende bij de verzameling X. De verzameling Cp,(X) blijkt twee structuren te heb-
ben, die voor ons interessant zijn. De ene structuur is weer een topologische en de an-
dere is een zogenaamde lineaire structuur (het voert ook te ver om uit te leggen wat dat
VOOT structuur is).

Laten we voor de verandering weer eens een nieuw begrip invoeren (in de wiskunde
heet dit het geven van een definitie). Als C,(X) en Cp(Y) isomorf zijn met betrekking
tot de topologische structuur, dan zeggen we dat C,(X) en C,(Y) homeomorf zijn. We
schrijven dan C,(X)=C,(Y) (zie bijvoorbeeld pagina 128) en zeggen ook wel dat
C,(X) en Cp(Y) topologisch equivalent zijn (dit is eigenlijk de meest voor de hand lig-
gende naam, want equivalent is een ander woord voor gelijk en verder letten we juist
op de topologische structuur). In hoofdstuk 3 kijken we vooral naar het topologisch
equivalent zijn (zoals de titel van dat hoofdstuk al verraadt).

Als Cp(X) en C,(Y) isomorf zijn met betrekking tot zowel de topologische als de
lineaire structuur, dan zeggen we dat C,(X) en C,(Y) lineair homeomorf zijn en
schrijven C,(X) ~ C,(Y) (zie bijvoorbeeld pagina 14 en 69). We noemen lineair homeo-
morfe ruimten ook wel lineair equivalent. In de hoofdstukken 1, 2 en 4 zijn we hier
vooral mee bezig.

Wat wij nu proberen in het proefschrift is antwoord te geven op de volgende proble-
men (zie pagina 11):



PROBLEEM 1: Laat X en Y twee ruimten zijn waarvan we weten dat Cp(X) en
C,(Y) homeomorf of lineair homeomorf zijn. Kunnen we dan iets zeggen over het ver-

band van de topologische structuren van X en Y?

PROBLEEM 2: Voor welke ruimten X en Y geldt dat Cy(X) en C,(Y) homeomorf
of lineair homeomorf zijn?

U kunt na deze uitleg niet inzien hoe veelomvattend deze problemen zijn. Een volledig
antwoord is (voorlopig) niet te geven. Wij hebben in ons proefschrift deze problemen
voor speciale gevallen opgelost.

Nu we de titel van het proefschrift en een aantal van die "rare tekens" voor u hebben
getracht te verklaren is uw interesse misschien gewekt om het proefschrift te gaan
lezen. Onthoud dan het volgende: Voor vragen kunt u altijd bij ons terecht.

Dank u voor uw aandacht en interesse,

Jan en Joost.
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CHAPTER 0

Introduction and notation

§0.1. Introduction

For a Tychonov space X, C (X) is the set of all real-valued continuous functions on
X. The set C (X) endowed with the topology of pointwise convergence will be denoted
Cp(X) (for more precise definitions see section 1.1). The spaces C,(X) are of interest to
topologists and functional analysts for various reasons.

One can consider C,(X) as a topological ring (with the usual addition and multipli-
cation of functions). In [40], J. Nagata proved the following

0.1.1 THEOREM: Let X and Y be Tychonov spaces. The spaces CP(X ) and Cp(Y)
are topologically isomorphic as topological rings if and only if X and Y are
homeomorphic.

In this theorem it is essential to consider topological isomorphisms. There are non-
homeomorphic spaces X and Y such that the rings C (X) and C (Y) are algebraically iso-
morphic (see [25]). Once we have J. Nagata’s result it is natu}al to consider C,(X) as a
topological vector space (with the usual addition and scalar multiplication) or just as a
topological space. In view of this we can state two general problems.

0.1.2 PROBLEM: Let X and Y be Tychonov spaces and suppose that C,(X) and
Cp(Y) are linearly homeomorphic or just homeomorphic. Which topological properties

P satisfy: X has property ® if and only Y has property P?

0.1.3 PROBLEM: Let X and Y be Tychonov spaces. Under what conditions on X
and Y are C,(X) and Cp(Y) linearly homeomorphic or just homeomorphic?

Many topologists have worked on both problems. We will mention a few results that
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are in the same spirit as the ones that will be derived in this monograph. (for a survey
of recently obtained results we refer to [2]).

For example, concerning problem 0.1.2 we have for linear homeomorphisms a posi-
tive answer for pseudocompactness, compactness, o-compactness (Arhangelskil [1]),
and dimension (Pestov [44]). A negative answer can be obtained for local compactness,
first countability, second countability, metrizability, weight and character (cf. example
2.4.10 in this monograph). A useful strategy is to find pairs (#, 2) of topological pro-
perties such that a Tychonov space X satisfies # if and only if C,(X) satisfies 2. In this
way it is proved that for density (Guthrie [29]) and cardinality (Arhangelskil [2]) prob-
lem 0.1.2 has a positive answer. On the other hand there exist a compact space X and a
non-compact space Y such that C,(X) and C,(Y) are homeomorphic (cf. chapter 3 in
this monograph).

In this monograph we present our contributions to problems 0.1.2 and 0.1.3 and re-
lated problems. We do not restrict ourselves to the topology of pointwise convergence.
We also consider other topologies on C (X) (mainly the compact-open topology on
C (X)) and on C'(X ), the set of all bounded real-valued continuous functions. Our
results depend strongly on the results obtained by Arhangelskil in [1]. We discuss [1] in
detail in section 1.2.

In chapter 1 we mainly develop tools that will be important in later chapters. How-
ever, we also present some new results. In section 1.5 we prove for normal first count-
able spaces X and Y such that C,,(X) and C,(Y) are linearly homeomorphic, that the set
of accumulation points of X is countably compact if and only if the set of accumulation
points of Y is countably compact. The first countability assumption is essential. This
result is joint work with J. van Mill [5]. Furthermore we prove in this section for metric
spaces X and Y such that there is a continuous linear surjection from C,, (X) onto C,,(Y),
that Y is completely metrizable whenever X is. This result is joint work with J. Pelant
[7], and answers a well-known research problem of Arhangelskil.

In chapter 2 we deal with function spaces of locally compact spaces. We give a
complete isomorphical classification of the function spaces C,(X) and Co(X) (as topo-
logical vector spaces) where X is a member of one of the following classes:

(a) compact zero-dimensional metric spaces  (section 2.4)
(b) compact ordinals (section 2.5)
(c) o-compact ordinals (section 2.6)
(d) separable metric zero-dimensional

locally compact spaces (section 2.7).

The isomorphical classification of the function spaces C ((X), for X an element of class
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(a) or (c) is an old result (cf. [10] and [34]). The first three sections contain prelim-
inaries which are of particular importance in this chapter. They deal with ordinals (in
particular the for us important notion of a prime component), scattered spaces and fac-
torizing lemmas on function spaces.

After the results in chapter 2, it is natural to consider non-locally compact spaces. In
chapter 3 we prove for non-locally compact countable metric spaces X and Y that C,,(X)
and Cp(Y) are homeomorphic. This result is joint work with J. van Mill and J. Pelant
[6]. It was later extended to non-discrete countable metric spaces (see [16] or [20]), by
different techniques.

In chapter 4 we consider linear homeomorphisms between function spaces Cp(X) for
metric spaces X. A new tool is developed there, namely the notion of 4,-equivalent pair.
This notion provides us with many properties for which problem 0.1.2 can be positively
answered in the class of zero-dimensional separable metric spaces (sections 4.1 and
4.3). A complete isomorphical classification will be given for function spaces C,(X)
(as topological vector spaces) of countable metric spaces X with scattered height less
than or equal to w (section 4.2). We indicate in section 4.4 that an isomorphical
classification for function spaces C,(X) for all countable metric spaces X seems beyond
reach. Finally in this chapter some results will be given concerning the compact-open
topology (section 4.5) and concerning the set of bounded continuous real-valued func-
tions (section 4.6). We construct locally compact countable metric spaces X and Y such
that C,(X) and C,(Y) are linearly homeomorphic, while C,(X) and C,(Y) are not
linearly homeomorphic.

Acknowledgment: We would like to thank J. van Mill and J. Pelant for the pleasant
cooperation and their valuable contributions.

§0.2. Notation

For all undefined notions and results on general topology without explicit reference we
refer to [23] and [24].

Notation Meaning
IN the set of natural numbers
Q the set of rationals numbers

R the set of real numbers
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C the Cantor set
X=Y X and Y are homeomorphic
X-~Y X and Y are linearly homeomorphic
A the closure of A in X
IntA the interior of A in X
minA the minimum of A
maxA the maximum of A
infA the infimum of A
supA the supremum of A
B (x, €) {(yeX:d(x,y)<e}
diam A sup {d(x, y):x,ye A}
dX) the density of X
I1X 1 the cardinality of X
P(X) the power set of X
XeY the topological sum of the spaces X and Y
D=1 X; the topological sum of the spaces X;
f-g the composition of two functions fand g
idy, 1x, 1 the identity function of X
;I X - X; the projection on the i-th coordinate
X4 the characteristic function of A
I the norm on a Banach space
Ker F the kernel of a linear function F
span {vy,..., v,;} the linear span of {vy,..., v,}
conv (vy,...,v,} theconvex hullof {v{,...,v,]
s" the unit sphere in R**!
g the unit ball in R™*!
W(o) the set of all ordinals smaller than o
[1, a] the space of ordinals {: 1 <P <a} with the order topology
[1, o) the space of ordinals {B: 1< < o} with the order topology
(0] the first infinite ordinal
w; the first uncountable ordinal

Ro the cardinality of @



CHAPTER 1

Tools and first applications

All spaces considered in this chapter are Tychonov.

In this chapter we introduce function spaces endowed with several topologies. Our
main interest will be the topology of pointwise convergence and the compact open to-
pology. In section 2 we present important results of Arhangelskil [1] which are among
the main tools in this monograph. Section 3 deals with the topological dual of a func-
tion space endowed with the topology of pointwise convergence, and section 4 gives
some more details about the results of section 2, when dealing with the topology of
pointwise convergence. Finally in section 5 we give some first applications. We
present topological properties which are preserved by ,, { or {y-equivalence (resp. il
lo or l;-equivalence), and properties which are not preserved by 4,, 4 or {,-equivalence
(resp. t;, {y or {-equivalence). For definitions of these notions see section 1.5.

§1.1. Topologies on function spaces

For a space X we define C (X) to be the set of all real-valued continuous functions on
X and C ‘(X ) to be the set of all bounded real-valued continuous functions on X. C (X)
and C ‘(X ) are vector spaces with the natural addition and scalar multiplication. For a
covering X of X we define a topology on C (X) by taking the family of all sets

<f,K,e>={geCX): If(x)-g(x)| <eforevery xe K},

where fe C(X), Ke X and € >0, as a subbase. If X is a covering of X consisting of
compacta, C (X) endowed with this topology is easily seen to be a topological group,
whence in this case it generally suffices to consider open sets <0, K, €>, where K € X
and € > 0.

A subset A of a space X is said to be bounded whenever for every fe C(X), f (A) is
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bounded in R. Note that if A is a bounded subset of X, then A is also a bounded subset
of X. If X consists of all finite, compact or bounded subsets of X, respectively, we
denote C (X) endowed with this topology by C,(X), Co(X) or C(X), respectively. The
topology on C,(X) or Co(X), respectively, is often called the topology of pointwise
convergence or the compact-open topology, respectively. We have that C,(X) and
Co(X) are topological vector spaces.

For spaces X and Y, the notation X <Y means that X and Y have the same underlying
set and the topology on Y is finer than or equal to the topology on X. With this notation
we have

Cp(X)<Co(X) <Cp(X).

1.1.1 LEMMA: Let X be a space and let X be a covering of X consisting of com-
pacta. Let Ay, ..., A,eX, f1,...,f,eC(X) and €y, ..., €,>0. Then for every
feMii<fi, Ai, &>, there is 8> 0 such that <f, U A;, 8> c O <f;, Ai €.

PROOF: For i <n, let y;=max{|f (x)—fi(x)| :x e A;}. Then ¥; <g;. Let §;=¢;-7;,
and d=min{J; : i <n}. We claim that this § suffices. Let g € <f, U?zlA,-, 8>, i<n and
X € A,‘. Then

lg(X)=fit)l <lgx)=f )+ 1f @) =filx)!
<d+7;<g;,

hence g € <f;, A;, €,>.0

1.1.2 COROLLARY: Let X be a space and let X be the covering of X consisting of
all finite or compact subsets. Then
(@) {<f,K,e>:fe C(X),K e X, and € > 0} is a base for C (X), and
(b) {<f, K, e>:K e X, and € > 0} is a neighborhoodbase at ffor fe C(X).0O

1.1.3 EXAMPLE: Lemma 1.1.1, and corollary 1.1.2, do not hold if X consists of
all bounded subsets of X.

For example let X =IR. Consider the identity id: R — IR. Note that [0, 1) is bounded
in R and that Oe <id, [0, 1), 1>. Suppose there are a bounded A cR and € >0 such
that <0,A, e>c<id, [0,1),1>. Let feC(R) be defined by f=-€/2. Then
fe<0,A,e>,but If(1-€/2)-(1-€/2)| =1, so f¢<id, [0, 1), 1>. Contradiction.

For a covering X of X, a topology on C (X) can also be generated by the subbase
consisting of all sets
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AKK,U)={geCX):g(K)cU},

where K € X and U is open in R.

1.1.4 LEMMA: Let X be a space and let X be the covering of all finite (resp. com-
pact) subsets of X. Then

{A(K, U):K e X and U open in R}

is a subbase for C(X) (resp. Co(X)).

PROOF: First let K e X, U open in R and fe A (K, U). For every x € K, there is a
neighborhood U, of x and €, > 0 such that

fWUNCE 0=, f @)+ ) S () =8 f X)+E) .

Since K is compact, there are x;,...,x,e K such that KCULlUX‘.. Let
e=min(g,, :i <n}. We claim that <f, K, /2> cA (K, U). Indeed let g € <f, K, €/2>,
and let x € K. There is i <n such that x e U,,. Then obviously |g (x)—f (x;)| <&,. So
g (x) e U. This implies g € A (K, U).

Second let feC(X), KeX and €>0. For every xeK let
U,=f1(f (x)-¢€/3, f (x)+€/3)) and let C,=U, K. Then each C, is compact. Let
Vi=(f (x)—¢€/2, f (x)+€/2). There are xy,..., x,€ K such that KcU,’-’lexi. We
claim  that fe M A(Cy,Vi)C<f, K, > Indeed, for every i<n,
f(Cy)f WUyg)CVy,. For ge Mi—1A(Cy,,Vy,) and xeK, there is i <n such that
x € Cy,, Then obviously If (x)-g(x)| <e.Soge <f, K, e>.0

1.1.5 EXAMPLE: Lemma 1.1.4 does not hold in case X consists of all bounded
subsets. As in example 1.1.3 consider <id, [0, 1), 1>. Let K4, ..., K, be bounded sub-

sets of R and let U,y,..., U, be open subsets of R such that Oe ﬁ?zlA(Ki, U;).
There is € > 0 such that (-¢, €) M., U;. Again let f=—¢/2. Then fe M-, A (K;, U;)
and as in example 1.1.3, f ¢ <id, [0, 1), 1>.

When dealing with the topology of pointwise convergence or the compact-open to-
pology we will use corollary 1.1.2 and lemma 1.1.4 without explicitly referring to it.

1.1.6 LEMMA: C,(X) is a dense subspace of R* with the product topology.



18 Chapter 1. Tools and first applications

PROOF: That C,(X) is a subspace of RX is easily seen. Let fe RX, x;,...,x,e X
and € > 0. We have to show that for

U={geRX:If(x))-g(x;)| <eforeveryi<n}

we have UnC,(X)#@. For i<n, let fie C(X) be a Urysohn function such that
fi(x)=f(x;) and f;(x;)=0 for j<n and j#i. Let g=Zf,f;. Then for every i<n,
g(x)=f(x;),s0ge UnCp(X).0O

We define C,(X), Co(X) and Cp(X) similar to C,(X), Co(X) and Cp(X) using
C '(X ) instead of C (X). All the observation made above for C (X) endowed with one
of the defined topologies are also valid for C *(X) endowed with this topology.

On C*(X), we define the topology of uniform convergence by the metric

d(f,g)=sup{If(x)-gx)l:xe X},

where f, ge C*(X). We denote C"(X) endowed with this topology by Cy(X). It is
well-known that C:(X ) is a Banach space ([47, Prop. 4.1.2 ]). It is easily seen that
Co(X)<Cu(X). For a compact space X the topology of uniform convergence and the
compact-open topology coincide ([24, Th. 4.2.17]).

All results in this section are well-known. The easy examples 1.1.3 and 1.1.5 were
constructed by us. For more information about topologies on function spaces we refer
to [24], [37] and [47].

§1.2. Linear functions between function spaces

In this section we present results which are of fundamental importance in this mono-
graph. In particular we present results of Arhangelskil [1] (corollaries 1.2.15 and
1.2.21).

Let X and Y be spaces and let ¢: C (X) = C (Y) (resp. ¢: C*(X) = C*(Y)) be a linear
function. For every y € Y, the support of y in X with respect to ¢ is defined to be the set
supp () of all x e X satisfying the condition that for every neighborhood U of x, there is
feC(X) (resp. fe C"(X)) such that fX\U)c {0} and ¢6(f)(y)#0. Note that it
suffices that the condition holds for arbitrarily small neighborhoods of x. For a subset A
of ¥ we denote \U{supp (y):y € A} by suppA. Whenever ¢ is a linear bijection we can
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consider the support of a point in Y with respect to ¢ and the support of a point in X
with respect to ¢~!. It will always be clear from the context which support we mean.
The following lemma is obvious, and is stated for reference purposes.

1.2.1LEMMA: Let X and Y be spaces and let ¢:C(X)—>C(Y) (resp.
¢: e* X)—> C’(Y)) be a linear function. Lety € Y. Then
(a) x ¢supp (y) if and only if x has a neighborhood U such that for fe C(X)
(resp. fe o' e with f (X \U) c {0} we have ¢(f )(y) =0, and
(b) supp () is closed in X. O

1.2.2 EXAMPLES: (1) Let X be a space. Define ¢: C (X) - C(X) by ¢$=0. Obvi-
ously ¢ is linear. By lemma 1.2.1 (a), supp (x) =@, for every x € X.

(2) Let X be a space and let Ae R\ {0}. Define ¢: C (X) > C (X) by ¢(f)=Af for
every fe C(X). Obviously ¢ is linear. We claim that for every x e X, supp (x)={x}.
First let U be any neighborhood of x. Let fe C(X) be a Urysohn function such that
f(x)=1and f (X\U)c {0}. Then ¢(f)(x)=A#0, hence x e supp (x). Second for y #x
let U be a neighborhood of y missing x. Then for fe C (X) with f(X\U)c (0}, we
have ¢(f)(x)=0. By lemma 1.2.1 (a), y ¢ supp (x).

(3) Let X be a space and let xge X be fixed. Define ¢:C(X)—>C(X) by
O(f)=f+f (xg) for every fe C(X). Obviously ¢ is linear. We claim that for every
x e X, supp (x)={x, xo}. Let U be any neighborhood of x. Let V c U be a neighborhood
of x such that if x #x(, xo ¢ V. Find a Urysohn function fe C (X) such that f (x) =1 and
fFX\V)c{0}. Then f (X\U) < {0} and ¢(f)(x)#0. Hence x € supp (x). In a similar
way one can prove that xge supp(x). As in (2) one can prove that for y ¢ {x, xo},
y ¢supp (x). .

Each linear function above can also be defined from C'(X) to C'(Y).

The following definitions are due to Arhangelskii [1]. Let X and Y be spaces. We
say that a linear function ¢: C (X) = C (Y) (resp. ¢: C'X) ——)C'(Y)) is effective if for
every f, ge C(X) (resp. f, g € C'(X)) and y e Y such that fand g coincide on a neigh-
borhood of supp (), d(f )(y) =¢(g)(y). The linear function ¢ is of bounded type if ¢ is
effective and for every y € Y, supp () is bounded in X.

1.2.3LEMMA: Let X and Y be spaces and let ¢:C(X)—>C(Y) (resp.
o:C *(X) > C*(Y)) be a linear function which is not effective. Then there are ye Y, a
neighborhood U of supp (y) and fe C(X) (resp. fe C* (X)) such that f (U)=(0) and
o)) =0.
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PROOF: Since ¢ is not effective, there are y € Y, a neighborhood U of supp (y) and
fi,f2e C(X) (resp. f1.freC*(X)) such that f, and f, coincide on U and
O(f)O)#0(f2)(y). Let f=f1 —f,. Then fe C(X) (resp. fe C'(X)). For x € U we have
f (0)=f1(x) = f2(x)=0 and by linearity of ¢, $(f)(¥) =0(f1)(¥) —¢(f2)(»)#0. O

1.2.4 EXAMPLES: (1) The linear functions in example 1.2.2 have the property that
for every xe X and for every f, ge C(X) such that f and g coincide on supp (x),
O(f )(x)=0(g)(x), hence they are effective.

(2) Let X =[1, ®;) and let Y =[1, ®;]. Since every fe C (X) is eventually constant,
i.e., there is o < w; such that for each B>a, f (a)=f (B) [24, example 3.1.27], f has a
natural extension f e C (Y). The function ¢: C (X) — C (Y) defined by ¢(f )= f is easily
seen to be linear. We claim that ¢ is not effective. It is enough to show that
supp (w;) =@, since in this situation any two functions in C (X) coincide on a neighbor-
hood of supp (w;). Let x € X. then U =[1, x] is a neighborhood of x. Let fe C (X) be
any mapping satisfying f (X \U) c {0}. Then ¢(f )(w;)=0, hence by lemma 1.2.1 (a),
X ¢supp ().

Note that in this situation we have C(X)=C"(X) and C(Y)=C"(¥).

We will now give some general properties of effective linear functions between

function spaces.

1.25LEMMA: Let X and Y be spaces and let ¢:C(X)—>C(Y) (resp.
o: C* ) ~»C '(Y)) be an effective linear injection. Then suppY =X.

PROOF: Suppose there is x ¢supp Y. Then there is O open in X such that supp Y cO
and x ¢0. Find a Urysohn function f e C'(X) such that f (x)=1 andf(5) < {0}. Since
O is a neighborhood of supp Y and ¢ is effective we then have ¢(f)(Y) < {0}. This im-
plies f#0 and ¢(f) =0, contradicting the injectivity of ¢. O

1.2.6 LEMMA: Let X and Y be spaces and let ¢:C(X)—>C(Y) (resp.
¢):C'(X)—>C '(Y)) be an effective linear function. Then for AcCY we have
suppA C suppA.

PROOF: Suppose there is x € suppA\suppA. Suppose x € supp (y) for y € A. Find O
open in X such that x cO C5CX\W. Since x e supp (y) there is fe C (X) (resp.
fe C*(X)) with f (X\O)c (0} and ¢(f)(y)#0. Since X\Ois a neighborhood of supp A
and £=0 on X\O, by effectiveness of ¢, ¢(f)=0 on A. But this implies ¢(f)(y)=0.
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Contradiction. O

Let X and Y be spaces. A set-valued function F: X = P(Y)\ (@} such that for every
xeX, F(x) is closed in Y is said to be Lower Semi Continuous (abbreviated LSC)
whenever for every open U CY the set {xe X :F(x)nU #@} is open in X. Conse-
quently F is LSC if and only if for every closed A CY the set {xe X :F(x)cA} is
closed in X. Furthermore F is said to be Upper Semi Continuous (abbreviated USC)
whenever for every open U Y the set {x e X : F (x) cU} is open in X. Consequently F
is USC if and only if for every closed A Y the set {xe X : F(x)nA #@} is closed in
X.

If $: CX)>C(Y) (resp. ¢: C'(X) — C‘(Y)) is a linear function we can consider
supp: Y - 2P(X) as a set-valued function. We have

1.27LEMMA: Let X and Y be spaces and let ¢:C(X)—>C((Y) (resp.
o:C '(X )»C ‘(Y)) be an effective linear function such that for each yeY,
supp (y) #@. Then supp is LSC.

PROOF: By lemma 1.2.1 (b), supp (y) is closed in X for every y € Y. Let U be an open
subset of X. Put O={yeY:supp(y)nU=#@)}, and let ye O. Then there is
xesupp(y)nU. Let V be open in X such that xe VcVcU. Let fe C(X) (resp.
fe C*(X)) be such that £ (X\V)c {0} and ¢(f)(y)#0. Let W=(ze Y :0(f)(z)%0).
Then W is an open neighborhood of y. We claim that W cO. Suppose there is
ze W\O, ie, ¢(f)(z)#0 and supp(z)nU=@. Then X\V is a neighborhood of
supp (z) and f(X\‘_/)C {0}, so ¢(f)(z)=0. Contradiction. So W O and hence the
lemma is proved. O

REMARK: If the function ¢ in lemma 1.2.7 is surjective, then surely supp (y) #@
for every y € Y. Indeed, if supp (y)=@ for some y € ¥, then let fe C*(Y) be such that
S ()#0. Choose g e C(X) (resp. g € C'(X)), such that ¢(g)=f. We have that g=0 on
a neighborhood of supp (y), so by effectiveness of ¢, f (y)=0. This gives a contradic-
tion. We conclude that for any effective linear surjection, supp is LSC.

In section 2.4 we will give an example of an effective linear surjection
¢: C(X) > C(Y), such that supp is not USC.

1.2.8 PROPOSITION ([1]): Let X and Y be spaces and ¢: C (X) > C (Y) a linear
function of bounded type. Let A be a bounded subset of Y. Then supp A is bounded in X.
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PROOQF: Suppose to the contrary that suppA is not bounded in X. Then there is
fe C(X) such that f(suppA) is unbounded in IR, so there is {x, :n e IN} CcsuppA such
that {f (x,):n e IN} is closed and discrete in IR. Hence we can find an open family
{V,:ne N} in X such that x, € V,, for each ne IN and {f (V,):ne IN} is a discrete
family in IR. Then obviously {V, : n € IN} is a discrete family in X.

By induction we construct a subset {y;:ke IN} of A, a subfamily {Uj :k € IN} of
{(V,:ne N}, and a subset {f; : k € IN} of C (X) such that

(1) fiX\Uy) < {0} for every k e IN,
(2) fori#jwehave U;#Uj,
(3) supp {¥1,.- ., Yk_1) N Uy =0 for every k > 1, and
@) 0(fi)k)=k+ I by | for every k e IN,
where by =Z; ,0(f;)(ve) for k > 1 and hy =0.

Let y, € A be such that x, e supp(y;). Let U, =V,. Since U is a neighborhood of
x1, and x; e supp (y1), there is h e C (X) such that A(X\U ;)< {0} and ¢(h)(y1)#0.
Let

b
A= oD
Let fi=Ah. Then fie C(X) and f;(X\U,)c{0). Furthermore by linearity of ¢,
OO =20y 1)=1.

Let k>1 and suppose we found yy,...,¥k_1, U1,..., Ux_1 and fy,..., fi_1-
Let Py =supp (y1,..., Yk-1). Since ¢ is of bounded type, P is bounded in X. So there
is n e IN such that f(V,)) n f (Px) = and hence V, ~ P, =@. Since x, supp A, there is
Yk € A such that x, e supp (yx). Let Uy=V,. Since Uy is a neighborhood of x, and
Xp € supp (i), there is h e C (X) with h(X \U;) < {0} and ¢(h)(y;) #0. Let

_ kRl
O

and fy =Ah. Then fi,(X \U;) < {0} and by linearity of ¢, ¢(fy)(yx) =k + | h; |. To com-
plete the inductive construction we observe that by (3) and the fact that
Xpesupp ) N Uy, U; 2 U for i #.

Since (Uy:k e IN} is a subfamily of {V,:n e IN} we have by (2) that {Uj :k e IN}
is a discrete open family in X. Let f=X72,f;. For x e X we have a neighborhood U,
which intersects at most one member of {U,:k e IN}. Then by (1) f |U, is a finite
sum, hence fe C(X). Forevery k e IN, let g, =3k, f and

W,=X \Jukf]i(]R\ {0}

j >
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By (1) we have for every je N, f}l(lR\[O})ch. So {fj-l(lR\[O}):je IN} is a
discrete family, hence W is open in X. By (3), we have for j >k, supp (yk)nU,- =0.
This implies supp (yx) nfj-‘(lR\ {0})=@. We conclude that supp (yx) C Wy, so Wy is a
neighborhood of supp (y;). For j >k, and x € W,, f;(x)=0, hence f and g, coincide on
Wi, Since ¢ is effective, we then have ¢(f)()=0@g)(k). But
0@0K) = hi + 0(fi) (i), so that by (4),

1080 | 20Ui) i) = T hel =k + T | = Ty | =k.

We conclude that 1¢(f)(yx) | 2k for every k e IN. But this implies that A is not bound-
ed in Y. Contradiction. O

1.2.9 COROLLARY: Let X and Y be spaces and let ¢: C (X) - C (Y) be a linear
injection of bounded type. If Y is pseudocompact, then X is pseudocompact.

PROOF: If Y is pseudocompact it is bounded, hence by proposition 1.2.8, supp?Y is
bounded. By lemma 1.2.5, supp Y =X. This implies that X is pseudocompact. O

We will now give two other applications of proposition 1.2.8. The first one will be a
very important tool in chapter 4. The second one will be used in section 1.5.

1.2.10 LEMMA: Ler X and Y be normal spaces. Let K be compact and non-empty
in'Y and suppose {V, :ne IN} is a decreasing base at K in Y. Let {A;:5€ S) be a lo-
cally finite family in X. Furthermore let ¢: C (X) — C (Y) be a linear function of bound-
ed type. Then there are meIN and s,,...,5,€S such that
(supp Vi) n s g (s, . )
PROOF: If § is finite the lemma is obvious. Suppose the lemma is false for infinite S.
Then there are distinct 5;€ S (i e IN) and points x; € supp V; nA;,. Suppose x; € supp y;
with y;e V. Since (A :ieIN} is locally finite, {x;:ieIN} is infinite. Let
L={y;:ie N} UK and let U be an open cover of L. Then there are Uy, ..., U, in U
such that K ¢ U?=1 U;. Since {V,:ne N} is a base at K in Y, there is m € IN such that
Vi CU:;] U;. SoKuly:iz2m)c U:;l U;. We conclude that L is compact.

By proposition 1.2.8, supp L is bounded. It follows that {x; :i e IN} is also bounded.
However since {Ay, :ie IN} is locally finite, {x;:ie IN} is a closed and discrete set.
Contradiction. O
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Let X and Y be metric spaces and ¢: C (X) — C (Y) a linear surjection of bounded
type. For UcX, let Ty ={ye Y :supp (y) nU #@}. For a family U of subsets of X, let
Ty={(Ty:Uel).

1.2.11 LEMMA: If U is a locally finite open cover of X, then Ty is a locally finite
open cover of Y.

PROOF: By the remark following lemma 1.2.7, we have for each y € Y, supp (y) #@.
So Ty, covers Y. Furthermore by lemma 1.2.7, supp is LSC, so for U € U, Ty is open in
Y. If Ty is not locally finite there are y € Y, a sequence y, =y (n — o), and distinct
U,’s in U such that y, e Ty, . Let x,, € supp (¥,) n U,,. Since {y, : n e IN} is bounded, by
proposition 1.2.8, supp {y, : n € IN} is bounded. Hence {x,:n e IN} is bounded. Since
X is metric we then obtain that {x,:ne IN} is compact. Since U is locally finite,
{x, :ne IN} intersects only finitely many elements of %. Contradiction. This proves
the lemma. O

Proposition 1.2.8, corollary 1.2.9, lemmas 1.2.10 and 1.2.11 are the first results in
this section which are only formulated for linear functions from C (X) to C(Y) and
which are not formulated for linear functions from C '(X Yto C '(Y). In the following
example we show that proposition 1.2.8, lemmas 1.2.10 and 1.2.11 are not true for
linear functions between function spaces c'x).

1.2.12 EXAMPLE: Let (x,),.n be a convergent sequence, say X, =X (n — o).
LetY ={x,:ne N} U {(x},and let X =Y @ IN. Define ¢: C*(X) = C"(Y) by

f (Xn)+%f (n) if z=x, for some ne N,

o0(f)(z)= f x)

if 2=x.

We first show that ¢ is well-defined. It suffices to show that ¢(f) is continuous at x.
Let € > 0. Since fis bounded there is ¢ € R such that f (X) c(—c, ¢). Find m € IN such
that forn2m, |f (x,)—f (x)| <€/2 and 1/m < ¢&/(2c). Then for n 2m we have

100)(xa) =001 = 1f (k) + f (m)=f ()1

SIf @) =f @1+ 1f )]
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<£+iC<E.
2 n

So ¢(f) is continuous at x. Note that since Y is compact, ¢(f)e C ). Obviously ¢ is
linear. As in example 1.2.2 we can show that for each n e IN, supp (x,,) ={n, x,} and
supp (x) = {x}. Furthermore for any two functions f, ge C *(X) which coincide on
supp (z) for some ze Y, we have ¢(f)(z)=d(g)(z). Hence ¢ is a linear function of
bounded type.

Since Y is compact, Y is bounded. However supp Y =X is not bounded. This implies
that proposition 1.2.8 is not true when dealing with bounded functions. Note also that if
U={Y}u {{n}):neIN}, then U is a locally finite open cover of X. However T is not
locally finite, hence lemma 1.2.11 is also not valid when dealing with bounded func-
tions. Similarly lemma 1.2.10 does not hold. The question remains whether corollary
1.2.9 holds. The above example does not give a counterexample since ¢ is not injective.

We will now search for linear functions of bounded type.

1.2.13LEMMA: Let X and Y be spaces. Suppose ¢:Co(X)— Cp(Y) (resp.
¢: Co(X )—)C;(Y)) is a continuous linear function. Then for every y e Y, supp(y) is

compact.

PROOF: Since ¢ is continuous at 0, there are a compact B cX and € >0 such that
0(<0, B, e>)c <0, {y}, 1>. Suppose there is x € supp (y)\B. In this situation X \ B is a
neighborhood of x, so there is fe C(X) (resp. fe C'(X)) satisfying f (B)c {0} and
o(f)(y)#0. By linearity of ¢ we may assume ¢(f)(y) > 1. Obviously fe <0, B, €>,
hence ¢(f)e <0, {y}, 1>. This implies ¢(f)(y) < 1. Contradiction. We conclude that
supp (y) ©€B. By lemma 1.2.1 (b) supp () is closed and hence compact. O

1.2.14 PROPOSITION ([1]): Let X and Y be spaces. Suppose ¢: Co(X)— C,(Y)
(resp. ¢: C 8 X)—> C;(Y)) is a continuous linear function. Then ¢ is of bounded type.

PROOF: By lemma 1.2.13, supp (y) is bounded for every y € Y, so it remains to prove
that ¢ is effective. If ¢ is not effective, then by lemma 1.2.3 there are y € Y, a neighbor-
hood U of supp (y) and f e C (X) (resp. fe C* (X)) with f (U)= (0} and ¢(f )(y) #0. Let
8= 10(f)(y)!. Since ¢ is continuous, there are a compact subset A of X and € > 0 such
that ¢(<f, A, €>) C<0(f), {y}, 8>. Then for every g € C(X) (resp. g € C (X)) which
coincides with fon A, ¢(g)(y) #0.

LetB=A\U.If B=@, A cU. Since f (U)={0}, 0 coincides with fon A. This gives
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0(0)(y)#0. Contradiction, so B is a non-empty compactum and B nsupp (y) =@. Then
by lemma 1.2.1 (a), there are open sets Uy, ..., U,, V1, ..., V, such that

(D) U,-cl_];cV,- forevery i<n

(2)BcU!_U;, and

3)ifge C(X) (resp. g € C‘(X)) with g (X \V;)={0} for some i <n, then
6(g)()=0.

Since B is compact, there are ay,...,0,eC"(X) such that for every i<n,
o;(U;nB)=1 and o;(X\V;)c {0} [24, Th. 3.1.7]. Let a=max(E’; o;, 1) and
h; =o;/a. Then we have

(4) hy(X\V;)={0}, and
(5) _Z.“,lh,-(x) =1foreveryxe B

Let h; =h;f and h* =X h;. By (4) we have h;(X\V;)=(0) so that by (3),
&(h} )(»)=0. This means ¢(k*)(y)=0.

By (5), for every x e B we have h'(x)= f (x). Furthermore for every x e U we have
h‘(x)=0=f (x), so h* and f coincide on A. But then ¢(k")(y) #0. Contradiction. We
conclude that ¢ is effective. O

1.2.15 COROLLARY ([1]): Let X and Y be spaces. Suppose §: Co(X) > Cp(Y) or
¢: Co(X) > Co(Y) is a continuous linear function. Then
(a) ¢ is of bounded type, and
(b) if A is bounded in Y, then supp A is bounded in X.
If moreover in X every closed and bounded subset is compact, then W is
compact.

PROOF: Since C,(X)<Co(X), any linear mapping ¢:C,(X)—>C,(Y) or
9: Co(X) > Co(Y) is also continuous considered as a function from Co(X) to C,(Y).
Now apply propositions 1.2.8 and 1.2.14.0

By example 1.2.12 we have for bounded functions only the following corollary the
proof of which is similar to the one of corollary 1.2.15 (a).

1.2.16 COROLLARY: Let X and Y be spaces. Suppose ¢: Cp(X)—C,(Y) or
o: CoX) > C(') (Y) is a continuous linear function. Then ¢ is of bounded type. O
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1.2.17 REMARK: The question remains whether a result such as corollary 1.2.15
holds for continuous linear functions between the function spaces Cp(X). In example
1.2.4 (2) we found spaces X and Y and a linear function ¢: C (X) — C (Y) which is not
effective. From corollary 1.2.15 we have that ¢ considered as a function from C,(X) to
Cp(Y) (resp. from Co(X) to C(Y)) is not continuous (this can also be verified directly).
Unfortunately ¢ considered as a function from Cp(X) to C,(Y) is also not continuous.

Corollary 1.2.15 will be one of the main tools in this monograph. Another important
tool will be corollary 1.2.21. Before we can prove this corollary we need some other

lemmas.

1.2.18 LEMMA ([1]): Let X and Y be spaces, and suppose ¢: C:(X) —=C,(Y)isa
continuous linear function. Then ¢ considered as a function from C:(X )to Co(Y) is

also continuous.

PROOF: By linearity of ¢ and since Cy(Y) is a topological vector space it suffices to
prove continuity at 0, i.e., we have to prove for a compact AcY and €>0 that
¢71(<0, A, £>) is a neighborhood of 0 in Cj;(X). We will show that for

V={(ge Cc*'X): lo(g)(x) | <e/2 forevery xe A}

we have Qe Int V.,
Since ¢: C4(X) = C,(Y) is continuous, {ge C*(X): 10(g)(x)| <e/2} is closed in
C:(X) for every x € X. This means that

V=Nlge C (X): 10(g)(x) | <&/2)

is closed in C ,:(X ).
CLAIM: C*'(X)= U n'V.
nelN

Let he C*(X). Since A is compact, there is nge IN such that ¢(h)(A) < [-ng, ngl.
Find n, € IN such that ny 22ny/e. Then for every x € A we have

I¢(ﬁh)(x)l = TIT lo(h(x)) | < :—" <<

1

This means h € n -V and hence the claim is proved.

Since for every ne IN, n-V is closed in C:(X )Yand C :(X ) is a Banach space, there is
n e IN such that Int (n-V) #@. This means IntV #@. Take an arbitrary g € IntV. Since
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0: Ci(X) - Cy(X) defined by 6(h)=—h is a homeomorphism such that 8(V)=V, we
have —g € IntV. Since y: Cu(X)— Cy(X) defined by y(h)=(g +h)/2 is a homeomor-
phism such that y(Int V) cInt V we have y(-g)=0e IntV.O

1.2.19 PROPOSITION ([1]): Let X and Y be spaces such that in X every closed
and bounded subset is compact. Let ¢: Co(X) — C,(Y) be a continuous linear function.
Then ¢ considered as a function from Cy(X) to C(Y) is also continuous.

PROOF: Let ¢° be the restriction of ¢ to the set of bounded functions. Since
Co(X)<Cu(X), ¢* considered as a function from C(X) to C,(Y) is continuous. Then
by lemma 1.2.18, ¢" considered as a map from C(X) to Co(Y) is continuous. To prove
continuity of ¢ considered as a map from C¢(X) to Co(Y) it is by linearity of ¢ enough
to prove continuity at 0. To this end let A be a compact subset of Y and let € >0. By
propositions 1.2.8 and 1.2.14 and the assumption on the space X, B =W is a com-
pact subset of X. By the above there is >0 such that for every fe C(X) with
If(x)I <& for every xeX we have O(f)e<0,4,e>. We claim that
(<0, B, 8/2>)c <0, A, €>. To this end let ge C(X) with lg(x)!| <&/2 for every
xeB.
Define g,: X - R by

g (%) iflg(x)|<%

| o

si={3  ifg)z

5 . 3
e il G
5 ifg(x)< 7

Then g; e C(X) and g, coincides on a neighborhood of B with g. By proposition
1.2.14, ¢ is effective, and hence ¢(g)=¢(g;) on A. Furthermore for every xe X,
lg1(x)! <9, so ¢(g1)e <0, A, €>. This means ¢(g)e <0, A, €>. This proves that ¢ is
continuous at 0.0

As with proposition 1.2.8 we have that proposition 1.2.19 does not hold for linear
functions between function spaces C '(X ). We have the following

1.2.20 EXAMPLE: Consider X, Y and ¢: C*(X) - C"(Y) as in example 1.2.12. We
claim that ¢ considered as a function from C;(X ) to C;(Y) is continuous and con-

sidered as a function from C(‘) X) to C(') (Y) is not continuous.
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First let P Y be finite, € > 0 and put Q =supp P. Then

0(<0,0, =>)C<0,P, &>

Second consider the open subset <0, ¥, 1> of Cq(Y). If ¢ considered as a function
from CS X) to C(') (Y) is continuous, there is a compact subset A of X and € >0 such
that

0(<0,A, e>)c<0,Y, 1>.

Find n e X \A. Let f=nX,, where X,, denotes the characteristic function of the set {n}.
Then fe <0, A, €> and ¢(f )(x,) = 1. But this implies that ¢(f) ¢<0, Y, 1>.

From proposition 1.2.19 we have the following important

1.2.21 COROLLARY ([1]): Let X and Y be spaces in which every closed and
bounded subset is compact, and suppose ¢: Cp(X)— C,(Y) is a linear homeomor-
phism. Then ¢ considered as a function from Cy(X) to Co(Y) is also a linear

homeomorphism. O

The converse implication in corollary 1.2.21 is not true. By Miljutin’s theorem (for
any two uncountable metrizable compact spaces we have that Cy(X) and Cy(Y) are
linearly homeomorphic, [47, Th. 21.5.10]), Cy(I) and C 0(12) are linearly homeomorph-
ic (here I denotes the unit interval). However Cp(D) and Cp(Iz) are not linearly
homeomorphic, since Pestov proved in [44] that whenever C,(X) and Cp(Y) are linear-
ly homeomorphic then dimX =dimY.

REMARK: Note that in a compact or metric space the closed and bounded subsets
are exactly the compacta. It is not clear to us how this property is related to other topo-
logical properties.

For linear mappings between function spaces C"(X) we can derive a result in the
spirit of proposition 1.2.19. This result (corollary 1.2.23) is a consequence of

1.2.22 THE CLOSED GRAPH THEOREM: Let E and F be Banach spaces and
let ¢: E = F be a linear function such that the set {(x, ¢(x)):x e E} is closed in E XF.

Then ¢ is continuous.
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For a proof of The Closed Graph Theorem we refer to [26].

1.2.23 COROLLARY: Let X and Y be spaces and let ¢: C;(X) — C;(Y) be a con-
tinuous linear function. Then ¢ considered as a function from Cu(X) to Cu(Y) is also

continuous.

PROOF: Since C,(X)<Cy(X) and C,(¥) SC4(Y), it follows directly from The Closed
Graph Theorem. O

In corollary 1.2.23 we can replace the topology of pointwise convergence by other
topologies. However as stated above it is the only corollary we need in the sequel of
this monograph.

REMARK: The results in this section due to Arhangelskil are not formulated in the
most general form as they are in [1]. We adjusted these results and their proofs to the
form in which we need them in this monograph. The original proof of lemma 1.2.18
used notions like absorbing, convex, circled and balanced spaces (for definitions see
[45]). For us these notions are of no importance. Arhangelskil did not define supports
for linear functions between function spaces C*(X). We do not know whether all other
results in this section were already known to Arhangelskil.

§1.3. The dual of C,(X) and C, (X)

For a space X let L(X) be the dual of C,(X), i.e., the set of all continuous linear
functionals on C,(X). For x € X we define &:: C,(X) = R the evaluation mapping at x

by &(f)=f x).
1.3.1 LEMMA: Foreveryxe X, &, e L(X).

PROOF: It is easily seen that &, is linear. To prove that &, is continuous let U c R be
open and let fe&;'(U). Then &(f)=f(x)eU. Find €>0 such that
(f(x)-& f(x)+e)cU. We claim that <f, {x}, e>c§;1(U). Indeed for
ge<f,(x}),e>, 1gx)-f(x)l <€, sothat g(x)=&,(g)e U.O

By identifying x and &, we regard X as a subset of L (X) (notice that for x #y,
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&x#&y). As L(X) is a vector space we are interested in a Hamel basis for L (X) (i.e., a
maximal independent subset). It turns out that X is a Hamel basis for L (X), i.e.,

(HB1) X is an independent subset of L (X) and
(HB2) forevery Fe L(X)therearexy,...,x,eXandAy,..., X, e R
such that F =E,-=1'7k,-x,-.

To verify (HB1) suppose £_;A;x; =0 forx;,...,x,e Xand A, ..., A, € R. Then for
every fe C(X), Z'_1A;f (x;)=0. For every i <n let f; be a Urysohn function such that
fix)=1 and fi(x;)=0 for i#j. So 0=Zf_;Afi(x;)=A;, which proves (HB1). For
(HB2) we have to do some more work.

1.3.2 LEMMA ([45, p. 124]): Let V be a vector space and o, .y, . .., &, linear
functionals on V. Then the following statements are equivalent:

(1) M Kero; cKera.

(2) aespanf{oy,..., a,}.
PROOF: The implication (2)=(1), is a triviality. We prove the implication (1)=(2) by
induction on n. First suppose n=1. If a; =0, a =0 so we certainly have cce span {a }.

So suppose there is xg € V such that o; (xg) #0. Let A; =a(xg)/o; (xg). We claim that
o =A;0y. To prove this, let x € V. If o (x) =0 we are done, so suppose o1 (x) #0. Then

oy (x) a; (x)

oy (x— al(xO)x0)=a1 (x)- o) a;(x) =0,
SO
- :(:)) xo € Kera; cKera.
This gives
L. . | L
0y (xo) 0 (xo)

So a(x) =A; oy (x). This finishes the case n =1.
Suppose we proved the implication for every n <m with m > 1.

Case 1: there is j <m with (MKer o; cKer a..
i#j

Then by the inductive hypothesis, o e span {a, ..., &, }.

Case 2: for every j <m, (MKer o; ¢ Kera.
l*j
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Then for every j <m there is x; e V such that o;(x;)=0 for i #j and a;(x;)#0. Let
Aj=o(x;)/a(x;). We claim that a=Z7_;A;;. To prove this let xe V. For j<m we

have
g e ) a;(x) .
a,(x i:lmx,)—aj(x) ma,(x,)—o.
This gives
m o m
x—X Sekx) x; € MKer o; cKera.
i=1 0;(x;) i=1
Hence

e R . o hea . oaa
olx Elmx‘)—a(x) i)jll,a‘(x)—o.

This finishes the proof of this lemma. O
1.3.3 THEOREM: X is a Hamel basis for L (X).

PROOF: As mentioned above it is enough to prove condition (HB2). So let
F:C,(X) >R be a continuous linear functional. There is a finite subset P of X and
8>0 such that F(<0,P, 8>)c(-1,1). Suppose P=({xy,..., x,}. We claim that
f\:;lKer €, cKerF. Indeed let fe ﬁ:;ll(er E,,- Then for every i <n, f (x;)=0. Let
€>0. Clearly (l/g)fe<0,P, 8>, so that F((1/e)f)c(-1,1) or, equivalently
F (f) c (¢, €). Since € was arbitrary we have F (f)=0 which implies fe Ker F. Now
by lemma 1.3.2, F e span (& ,,..., & ). O

We can define a topology on L (X) as follows. For fe C(X) let L(f): L(X)—> R be
defined by L(f)(F)=F (f). The topology on L (X) is the weakest topology which
makes all L (f) (fe Cp(X)) continuous, i.e., the topology which has as a subbase the

family,
{L(f)Y'(U):fe C(X)and U open in R).
With this topology, L (X) is called the topological dual of C,(X). Clearly L (X) is then

a locally convex topological vector space.

1.3.4 LEMMA: Let fe C,(X). Then L(f):L(X)—> R is the unique continuous
linear functional that extends f.

PROOF: That L(f) is a continuous linear functional is obvious. For x € X we have
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L(f)(x)=x(f)=f (x), so that L (f) extends f. Since X is a Hamel basis for L (X) it fol-
lows that L (f) is unique. O

In theorem 1.3.3 we derived that X is algebraically a special subset of L (X). Topo-
logically we have

1.3.5 PROPOSITION: X is homeomorphic to X as subspace of L (X), and X as a
subspace of L (X) is closed in L (X).

PROOF: First of all we show that X is homeomorphic to X as subspace of L (X). Let U
be open in X and x e U. Let fe C(X) be a Urysohn function such that f (x)=1 and
fX\U)={0}. By lemma 13.4, f extends to a continuous linear functional
L(f):L(X)>R. Let V=L(f)'l(0, o), Then V is open in L(X) and xe VnX cU.
Now let V be open in L(X) and let xe VnX. There are fi,..., f,e Cp(X) and
Uy,..., U, openin Rwithxe M, L(f;) (U;)cV. Thenxe Mo fi'(U) cV AX.
We conclude that X is a subspace of L (X).

Second we show that X as subspace of L (X) is closed in L (X). To this end let
F e L(X)\X. By theorem 1.3.3 there are x;,...,x,€ X and Aq, ..., A, € IR such that
F =X Nix; with x; 2 x; for i # j.

Case I: n>2and A; #0 for all i <n.

For each i <n find V; open in X and U; open in R such that V;nV;=@ (i #)), x;e V;,
A;e U; and 0¢U;. For each i<n there is a Urysohn function f;: X - R such that
filx))=1 and f;(X\V;)=0. By lemma 1.3.4, f; has a continuous linear extension

L(f;): L(X) > R. We claim that F € ('\:;,L (f,‘)‘1 (U;)cL(X)\X. Indeed for each i <n,
n n
L(f)(F) =j§17»jL f)x;)) =j§l7~jfz(xj) =AieU;
and for x € X there is i <n with x ¢V; (since n >2) so that L (f;)(x) =f;(x) =0¢U;. This
implies X n M, L ()"} (U;) =@, which proves case 1.
Case2: F =\ x;.

Since F ¢X, A, # 1. Hence there is U open in R with A; e U and 1¢U. Let f=1 and
L(f):L(X)>R be its continuous linear extension. We claim that
FeL(f)'(U)cL(X)\X. Indeed

L(fYF)=ML(f)x1)=Af(x1)=MeU
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and for x e X we have L (f)(x)=f (x)=1¢U. This proves case 2 and the proposition. O
The following proposition will be of importance in the last section of this chapter.

1.3.6 PROPOSITION: Ler X and Y be spaces. Then C,(X)~Cp(Y) if and only if
L(X)~L(Y).

PROOF: First suppose ¢:C,(X)—>C,(Y) is a linear homeomorphism. Define
Y:LX)—>LY)by yF)=F - ¢'l. Then v is obviously a well-defined linear function.
To see that  is continuous notice that for fe C,(Y) and U C R open we have

VvICEHTTON=CE) W W)=C @ N W)

is open in L (X).

Define 6: L (Y) > L(X) by 6(G)=G -¢. In the same way we can prove that 0 is a
well-defined linear mapping. As is easily seen 6=y, so that y is a linear homeomor-
phism.

Second, suppose W:L(X)—L(Y) is a linear homeomorphism. Define
0: C,(X) > Cp(Y) by 0(f)=(L() - \V‘l) |Y. Then ¢ is obviously a well-defined linear
function. In order to prove that ¢ is continuous at 0 let P cY be finite and € > 0. For
everyy e Ytherearex{,...,x!’,y eXandAd,..., M’,ye IR\{0} such that

ny
V)= T A

Let N=max{Z}2;I1A}|:yeP), let 8=¢/N and let Q={x):ye P and i<n,}. We
claim that ¢(<0, Q, 8>) c <0, P, €>. Indeed, if fe <0, Q, 8> we have fory e P

Ny %
101 =1L -y = ILEEMI =1 EMS D)
e d By
STIMIFGDI<BE M I<e

By linearity of ¢ we conclude that ¢ is continuous.

Define 6: CP(Y)—>C,,(X) by 6(g)=(L(g) - y)I|X. In the same way we can prove
that 8 is a well-defined linear mapping and as is easily seen, =¢"! so that ¢ is a linear
homeomorphism. O

We define L‘(X ) similar to L (X) using C;(X ) instead of Cp(X). All observations
made above for L (X) are also valid for L " (X).
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REMARK: The results in this section are often used in the literature on function
spaces with the topology of pointwise convergence (for example [41] and [44]). We
were not able to find an explicit reference for their proofs, so we provided them our-
selves. For more information on dual spaces of topological vector spaces we refer to
[45].

§1.4. Supports and the topology of pointwise convergence

When dealing with continuous linear functions between function spaces endowed
with the topology of pointwise convergence, it is possible to give a precise description
of supports (cf. lemma 1.4.1).

Let X and Y be spaces, let ¢: C,(X) = Cp(Y) (resp. ¢: C;,(X) —)C;,(Y)) be a con-
tinuous linear function and let y e Y be fixed. Notice that the function y,: C,(X) > R
(resp. y: C;(X) — R) defined by Yy =§, ¢ is continuous and linear. So yy e L (X)
(resp. \VyeL'(X)), the dual of CP(X) (resp. C;(X)). For every fe C(X) (resp.
fe C*(X)) we have vy (f)=6(f)(y). By theorem 1.3.3 there are for w, =0,
Xi,...,X,€Xand Ay, ..., A, € R\ {0} such that y, =7 ;A;x; (notice that whenever
¢ is a bijection, y, #0 for every y e Y). This means that for every fe C(X) (resp.
fe €T ), 0 )¥) = £ Aif (). Then

1.4.1 LEMMA: supp(y)={x1,..., X,}.

PROOF: Let x € supp (y) and suppose that x ¢ {xy, ..., x,}. Since X\ {xq, ..., x,} is
open, there is fe C(X) (resp. fe C‘(X)) such that f(x;)=0 for every i<n and
o(f)(»)#0. But 0(f)(y) =L A;f (x;)=0. Contradiction.

Now let i<n be fixed and U an open neighborhood of x; such that
Un {xj :j<nand j#i}=@. Let fe C'(X) be a Urysohn function with f (X\U)=0
and f (x;)=1. Then 6(f)(y) =Zi Aif (x;)=X;#0.0

From lemma 1.4.1 we have the following corollary of which part (b) simplifies the
notion of effectiveness in the case of the topology of pointwise convergence

1.4.2 COROLLARY: Let X and Y be spaces, and let ¢: C,(X) — Cp(Y) (resp.
O: C; Xx)-»C ;(Y)), be a continuous linear function. Then fory e Y,
(a) for every z € supp (y), there is A, € R such that ¢(f)(y)=2mupp(y)k,f (2),
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for every fe C(X) (resp. fe C* (X)), and
b)if f.geCX) (resp. f,ge€ C*'(X)), coincide on supp(y), then
o) =0)»).

Another useful property of supports with respect to the topology of pointwise con-
vergence is given in the following:

1.4.3 PROPOSITION: Let X and Y be spaces and let ¢: C,(X)— C,(Y) (resp.
o: C;(X)—+C$(Y)) be a linear homeomorphism. Then for every xeX we have
x e suppsupp (x) (in other words, for every x € X there is ye supp(x) such that
x € supp (v)). In particular suppY =X.

PROOF: Let x € X and suppose x ¢ supp supp (x). Since supp supp (x) is finite (lemma
1.4.1), there is a Urysohn function fe C'(X) such that f(x)=1 and
f (supp supp (x))=0. By corollary 1.4.2 (b) it follows that ¢(f)=0 on supp (x) and
again by corollary 1.4.2 (b) it then follows that f (x) =¢)'1(¢(f ))(x)=0, and we arrived
at a contradiction. O

1.4.4 PROPOSITION: Let X and Y be spaces and let ¢: Cp(X) > Cp(Y) ( resp.
¢: C,(X) > Cp(Y) be a continuous linear surjection. Then supp:Y — P(X)\ (@) is
LSC.

PROOF: This follows from corollary 1.2.15 (a) (resp. corollary 1.2.16), lemma 1.2.7
and the remark following lemma 1.2.7.0

In section 1.5 we need the following

1.4.5 LEMMA: Let X and Y be normal spaces, and let ¢: C,(X) — C,(Y) be a con-
tinuous linear surjection. Then for each closed and bounded K CX, the set
L=(yeY :supp(y)cK} is closed and bounded in Y.

PROOF: By proposition 1.4.4, supp is LSC hence L is closed. If L is not bounded, L
contains a closed discrete subset {y,:neIN}. For each nelN, let
th=n"Z;equpp(y,) | Az |. Then t, >0. Let g e C(Y) be such that g (y,)=t,. Since ¢ is a
surjection, there is fe C (X) such that ¢(f)=g. Since K is bounded, there is ¢ € R such
that f (K) c[-c, c].

Let n e IN be such that n > ¢. Then
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10 )O) | = 1 Zzesupp ) Aaf (2) ]
< Zreauppon e 1 @)1
< C'Zzesupp(y,) 1A, |
<ty

Contradiction. This proves the lemma. O
If we consider function spaces C; (X) we have the weaker

1.4.6 LEMMA: Let X and Y be metric spaces and let ¢: Cp(X) = C,(Y) be a con-
tinuous  linear  surjection. Then for each compact KcX, the set
L={yeY :supp(y)cK} is compact.

PROOF: By proposition 1.4.4, supp is LSC, hence L is closed in Y. For fe C*(K), let
fe C*(X) be an extension of f. Define

8: C,(K) = C,(L) by 8(f)=0(f)IL.

If geC *(X) is another extension of f, then f and g coincides on supp L, hence by
corollary 1.4.2 (b) ¢(f) =¢(g) on L. This implies that 8 is well-defined. It follows that 6
is a continuous linear function. By corollary 1.2.23 we then have that 6 considered as a
function from C:(K ) to C:(L) is also continuous. We claim that 6 is surjective. Let
geC*(L) and let § e C"(Y) be an extension of g. Since ¢ is surjective, there is
he C*(X) with ¢(h) = g. Let f=h |K. Since h extends f, 6(f)=g, so 6 is a surjection.
By [47, Prop. 7.6.2] we have for a space Z that C :(Z) is separable if and only if Z is
compact and metrizable. This implies that C :(K ) is separable and hence C:(L) is
separable. So L is compact. O

The proofs of lemma 1.4.5 and lemma 1.4.6 are different and not reversible.

REMARK: Jan Pelant provided us with the description of supports when dealing
with the topology of pointwise convergence. We were informed that Arhangelskil
knew of this description of supports.

§1.5. First applications

Let X and Y be spaces. We define X and Y to be ¢,, { or {,-equivalent whenever
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Cp(X) and C,(Y), Co(X) and Cy(Y) or Cp(X) and Cp(Y) are linearly homeomorphic.
We say that a topological property 2 is preserved by {,, { or ly-equivalence (resp. b,
t(') or t;-equivalence) if for 4,, {o or {y-equivalent (resp. t;, t(‘) or t,‘,-cquivalent) spaces X
and Y we have X has property 2 iff Y has property 2. In this section we give some to-
pological properties which are or which are not preserved by ¢,, {4 or {,-equivalence
(resp. l;, {o or lp-equivalence) and we state some questions.

1.5.1 THEOREM [1]: The following topological properties are preserved by {,-
equivalence:
(a) pseudocompactness,
(b) compactness, and
(c) o-compactness.

PROOF: Let X and Y be {,-equivalent spaces.

By corollary 1.2.9 and 1.2.15 (a) we have that pseudocompactness is preserved by
{,-equivalence.

For (b) and (c) we use that by proposition 1.3.6 L(X) and L(Y) are linearly
homeomorphic. For every n e IN define h,: X" x[-n, n]" - L(X) by

n
Ra(Xqs o5 Xy Oy .eny Oy)= .Ela,-x,-.
i=

By proposition 1.3.5, X is homeomorphic to X as subspace of the topological vector
space L (X), hence h, is continuous. Furthermore L (X )=UT=1 hy (X x[-n, n]").
Suppose X is o-compact. Then we have that L (X) is 6-compact, and hence that L (Y) is
o-compact. By proposition 1.3.5, Y is closed in L (Y) so Y is 6-compact. This finishes
the proof of (c). When X is compact we again have that ¥ is o-compact and hence
Lindelof. Furthermore by (a) we have that Y is pseudocompact. Since each Lindelof
space is normal, and each normal pseudocompact space is countably compact, we have
that Y is a Lindelof countably compact space, hence Y is compact. O

This theorem and the proof of (b) and (c) are due to Arhangelskil. It follows that for
normal spaces countable compactness is preserved by {,-equivalence. Whether this is
true for all spaces is still an open question. By the observations in section 1.2 it was
possible to give an easier proof of (a), than the original one. For (b) and (c) this is not
possible unless we assume that in X and Y every closed and bounded subset is compact.
For such spaces we will now derive in theorem 1.5.2 a result in the same spirit as the
previous one.
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For a space X let X(X) be the family of all compact subsets of X. We regard X(X) as
a poset under inclusion. Then a subset B is cofinal in X(X) whenever for each K € X(X)
there is B € 8 with K c B. The cofinality of X(X) is the cardinal defined by

cof X(X)=min{ | B | : B is cofinal in X(X)}

(cf. [21]). A space X is said to be hemicompact whenever cof X(X) < w.

1.5.2 THEOREM: The cofinality of the family of compact subsets of a space is
preserved by (,-equivalence in the class of spaces in which every closed and bounded
subset is compact.

PROOF: Let X and Y be ¢,-equivalent spaces in which every closed and bounded sub-
set is compact and let ¢: C,(X) — C,(Y) be a linear homeomorphism. Without loss of
generality we assume cof X(X) <cof X(Y). Let {(K;:i eI} be cofinal in X(X) such that
II'l =cof X(X). By corollary 1.2.15 (b) and the assumption on Y we have that m is
compact for every i e /. It suffices to prove that {(suppK; :i e 1} is cofinal in X(Y). For
this let A cY be compact. Again by corollary 1.2.15 (b) and the assumption on X,

suppA is compact in X. So there is i e / with suppA cK;. Then by proposition 1.4.3,
A csupp suppA csuppK;.O

It remains open whether in general the cofinality of the family of compact subsets is
preserved by {,-equivalence. The results in section 1.4 allow us to obtain stronger
results for an even more restricted class of spaces.

1.5.3 THEOREM: Let X and Y be normal spaces and let ¢: Cp X)—>C,(Y) be a
continuous linear surjection.
(a) If X is pseudocompact, then Y is pseudocompact.
If moreover in 'Y every closed and bounded subset is compact, then
(b) if X is compact, then Y is compact,
(¢) if X is o-compact, then Y is 6-compact, and
(d) cof X(Y) <cof X(X).

PROOF: For part (a) we have by lemma 1.4.5 that the set {ye Y :supp(y)cX}=Yis
pseudocompact whenever X is pseudocompact. Part (b) follows from part (a) and the
assumption on Y.

For (c) let X=\U,_;X, with for each ne N, X, cX,,; and X, compact. Let
Y,={yeY:supp(y)cX,}. By lemma 1.4.5 and the assumption on ¥ we have that ¥,
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is compact. Since for each y e Y, supp (y) is finite we also have that ¥ =U:=1 )

For (d) let ({K;:iel} be cofinal in X(X). For each iel let
L;={yeY :supp(y)cK;)}. Then L; is compact. We claim that {L;:i e I'} is cofinal in
X(Y). Let A Y be compact. Then by corollary 1.2.15 (b), suppA is compact. Hence

suppA cK; for some i € /. This implies A cL;. O

By using lemma 1.4.6 instead of lemma 1.4.5 we obtain for metric spaces the fol-

lowing

1.5.4 THEOREM: Let X and Y be metric spaces and let ¢: C;(X) —)C;(Y) be a
continuous linear surjection. Then
(a) if X is compact, then Y is compact, and
(b) if X is o-compact, then Y is 6-compact. O

1.5.5 COROLLARY: Compactness and o-compactness are preserved by l;-
equivalence in the class of metric spaces. O

The proof of theorem 1.5.3 (d) makes use of corollary 1.2.15 (b). Since we do not
have such a result for continuous linear functions between function spaces C; X) we
cannot copy the proof of theorem 1.5.3 (d) to this case.

Now that we have the above theorems for ¢, and l;-equivalcnce, we become in-
terested whether the same result hold for 4 and ta—equivalence (resp. ¢, and 1
equivalence). First we deal with {, and la-equivalencc.

156 LEMMA: Let X and Y be spaces and let ¢: Coy(X)—>Co(Y) (resp.
¢: Co(X) = Co (Y)) a continuous linear function. Then for every compact B CY, suppB

is compact.

PROOF: There are non-empty compacta Cq, ..., C, in X and open Uy, ..., U, inY

such that
n

Oe QA(C,-, U)cd A, (-1, 1)).

Let C =U?=1 C;. Then C is compact. We claim that suppB c C. To the contrary sup-
pose there are ye B and x e supp(y)\C. Since X\C is a neighborhood of x and
x € supp (y) there is fe C(X) (resp. fe C*(X)) such that f (C)=0 and ¢(f)(y)#0. By

linearity of ¢ we may assume O(f)(y)=1. Since Oe ﬁ?zlA(C,-,U,-) we have
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0e M- Ui, so fe Mi_A(C;, U;). This gives &(f) e A (B, (-1, 1)) which implies that
o)) e (-1, 1). Contradiction. We now have suppB cC, so that supp B c C, which
implies that supp B is compact. O

1.5.7 THEOREM: Pseudocompactness is preserved by ly-equivalence. Compact-
ness is preserved by {, and l(') -equivalence.

PROOF: Let X and Y be 4-equivalent spaces By corollary 1.2.9 and 1.2.15 (a) we have
that pseudocompactness is preserved by {y-equivalence.

Let ¢: Co(X) — Co(Y) (resp. ¢: Co(X) = C(Y)) be a linear homeomorphism. Sup-
pose X is compact. By lemma 1.2.5 and corollary 1.2.15 (a) (resp. corollary 1.2.16),
suppX =Y, and hence by lemma 1.5.6, Y is compact. O

The proof that pseudocompactness is preserved by {-equivalence cannot be copied
for {y-equivalence since the proof of corollary 1.2.9 makes use of corollary 1.2.15 (b).
From theorem 1.5.7 and corollary 1.2.21, theorem 1.5.1 (a) and (b) follow for the class
of spaces in which every closed and bounded subset is compact.

For ¢, and l,‘,-cquivalencc we have
1.5.8 THEOREM: Pseudocompactness is preserved by {, and l,-equivalence.

PROOF: Let X and Y be [,-equivalent (resp. {,-equivalent) spaces and let
O: Cp(X) > Cp(Y) (resp. ¢: Cp(X) > Cp(Y)) be a linear homeomorphism. Suppose Y is
pseudocompact and X is not pseudocompact. Since <0, Y, 1> is open in Cp(Y) (resp.
Cp(Y)) there are fi,..., f, in C(X) (resp. C*(X)), bounded A4,..., A, in X and
€1,..., €, >0 such that 0e M <f,, A;, &> and &(Miey <fi, A, €;>) <0, Y, 1>,
Let A =U?=1A;. Then A is bounded. Since X is not pseudocompact there is x € X \A.
Let fe C*'(X) be a Urysohn function such that f(A)=0 and f (x)=1. Since f#0,
o(f)#0. Let y e Y be such that ¢(f)(y)#0. Define g: X >R by g =f/¢(f)(y). Since
g(A)=(0}), ge Mi_ <f, Ai, &>, s0 d(g) € <0, Y, 1>. However ¢(g)(y)=1. Contrad-
iction. O

Question 1: Is pseudocompactness preserved by /y-equivalence? Is compactness
preserved by ¢, or {,-equivalence? Are G-compactness or the cofinality of the family of

compact subsets of a space preserved by &, {5,y or l,‘,—equivalcnce?



42 Chapter 1. Tools and first applications

From now on in this section we only deal with function spaces endowed with the to-
pology of pointwise convergence.

It is well-known that cardinality and density are preserved by 4,-equivalence [2]. By
the above techniques, we can give an alternative proof which is also valid for t;—

equivalence:

1.5.9 THEOREM: The following cardinal invariants are preserved by /(-
equivalence (resp. l;, -equivalence),
(a) cardinality, and
(b) density.

PROOF: Let X and Y be {,-equivalent (resp. l;-cquivalent) spaces and let
9: Cp(X) > Cp(Y) (resp ¢: C;(X)—)C;(Y)) be a linear homeomorphism. For (a), no-
tice that if 1X | =n, the algebraic dimension of C,(X) is equal to n, hence we have that
IY | =n. So without loss of generality we assume Rp<I|X [ <Y |. By lemma 1.4.1,
IsuppX | £ 1X |, so by proposition 1.4.3, 1Y | <X |. We conclude that 1X | =1Y [.
For (b) notice that if d(X) is finite, then since cardinality is preserved by ¢,-
equivalence, d(X)=1X|=1Y |1 =d(Y). So without loss of generality we assume
Ro<d(X)<d(Y). Let D cX be such that D =X and |D | =d(X). Let E =suppD. By
lemma 1.4.1, |E | < 1D |. To prove that d (X)=d (Y) it suffices to prove that E=Y. By
proposition 1.4.3, lemma 1.2.6 and corollary 1.2.15 (a) (resp. corollary 1.2.16),

Y =suppX = suppB CsuppD =EcY.
We conclude that density is preserved by {,-equivalence. O

As a corollary we see that separability is preserved by {, and t;,-equivalcnce S0
Lindeldfness is preserved by 4, and l;, -equivalence in the class of metric spaces.

Question 2: Are density or cardinality preserved by & or {o-equivalence (resp. {, or
l,',-cquivalence)?

1.5.10 THEOREM: Local compactness is preserved by {,-equivalence in the class
of paracompact first countable spaces.

PROOQF: Let X and Y be {,-equivalent paracompact first countable spaces. Suppose X
is locally compact and Y is not locally compact. Since X is a locally compact paracom-
pact space, there is a locally finite open cover {X;:s e S} of X such that for each s € S,
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X, is compact. Lety e Y be a point without compact neighborhood and let {U,, : n € IN}
be a decreasing neighborhood base at y. Then for each n e IN, U, is not compact.

By lemma 1.2.10 and corollary 1.2.15 (a) there is ke IN and {s{,..., s¢} €S such
that supp U, C Uf-;lx,‘.. Let L=\U;_1X,. Then L is compact.

We now have by lemma 1.2.6 and corollary 1.2.15 (a), supp Uy  supp Ui CL so by
proposition 1.4.3, Uy C supp supp Uy csuppL. Since each countably compact
paracompact space is compact [24, Th 5.1.20], we have that U, is not countably com-
pact. Since each paracompact space is normal [24, Th 5.1.18], Y is normal, and since
each pseudocompact normal space is countably compact [24, Th. 3.10.21], Uy is not
pseudocompact. Hence by normality of Y, U, is not bounded in Y. However L is com-
pact so by corollary 1.2.15 (b), supp L is bounded in Y. Contradiction. O

Theorem 1.5.10 is due to S.P. Gulko and O.G. Okunev [2]. Their proof was by dif-
ferent methods than ours. In section 2.4 we show that the first countability assumption

is essential in this result.
Question 3: Is paracompactness essential in theorem 1.5.10?

Question 4: Does theorem 1.5.10 hold for 4 or {,-equivalence? Does it hold for ¢,
{g or t,',—cquivalence?

Before we state our next theorem we first need the following

L5.11 LEMMA: Let X and Y be spaces and ¢: C,(X) — C,(Y) a homeomorphism.
Suppose that (fu), N is a sequence in C,(X) such that f, converges pointwise to a
discontinuous function f e RX. Suppose g:Y 5 R is an accumulation point of the set
{0(f,) | ne IN). Then g is not continuous.

PROOF: Since {f, | ne N} is closed and discrete in C,(X) we have (¢(f,) | n e IN} is
closed and discrete in C,(Y). O

For a space X let X" = (x € X : x is an accumulation point of X }. We have the fol-

lowing

1.5.12 THEOREM: Let X and Y be {,-equivalent spaces which are both normal
and first countable. Then XV is countably compact if and only if YD is countably
compact.
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PROOF: Suppose X1 is not countably compact and Y‘? is countably compact. Since
X® is not sequentially compact, there exists a closed discrete set F ={x, | ne N} in
XD, For every ne IN let [U;-‘ | je IN} be a decreasing open base at x, and fj‘ a
Urysohn function such that f7(x,)=1 and fj(X\U})=0. Then f] —>X,, pointwise,
where X, is the characteristic function of x,,. Notice that X, is discontinuous. Further-

more let ¢: C,(X) — C,(Y) be a linear homeomorphism and let g7 =¢(f7).
CLAIM: For every y € Y and n € IN, the set {g7(y) | j € IN} is bounded in RR.

Suppose not. Then there are y € Y and n € IN, such that without loss of generality for
every ke N there is jie IN, with g ()22, The function f=£§.,127%f}, € C,(X), so
o(f )=Z°[=12"‘g7-k € Cp(Y). But then we have a contradiction since

0 =271 27 g () =

For every yeY, let Ay be compact in IR such that {g}(y) | je IN} cA,. Then
Iy yA, is a compact subset of RY. Since {g] | je N} cIl,.yA,, (g] | je IN} has an
accumulation point 6,. By lemma 1.5.11, o, is discontinuous, say at y,. Notice that
yne Y Since YU is sequentially compact, without loss of generality we may assume
that there is y e Y such that y, —y. Let {V, | ne IN} be a decreasing open base at y.
Without loss of generality y, e V,,.

Since Y is first countable, for every n e IN there is a sequence (y%)x in V,, such that
Yk —yn and

Gn(.)’Z) + cn(yn)‘ (*)

Let K =\U N Ukew (Vs Y2} U (). Then K is compact. Indeed, let V* be an open cov-
er of K. There is VeV with ye V. There is nge IN such that ye V, cV. Then
Un 2ng UkeN{ym y’kl’ v [y} cV. Since U <ng Uch {(Yn> y'k'} is compact, we are

done.

Since K is compact, we have by corollary 1.2.15 (b) that m is bounded in X.
Since F is closed and discrete and X is normal, F is not bounded. This implies that there
is n € IN such that x,, ¢ W Then there is jo € IN such that U7, ~supp K =@. So for
every ze K and j 2o, f7 and the zero function on X are equal on supp (z). Then by
corollary 1.4.2, we have that g7(z)=0 for every j 2>, and z € K. But then for every
ke IN we have that 0,(y¥)=0 and ©,(y,)=0, which gives a contradiction with (¥).
This completes the proof of the theorem. O

In section 2.4 we show that the first countability assumption in theorem 1.5.12 is
essential. The question remains whether normality is essential.
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Our last result in this section deals with the class of metric spaces. Let X be a metric
space and U a family of subsets of X. We define diam U to be sup {diam U : U e U}.
We first need the following

1.5.13 LEMMA: Let X be a metric space which is not completely metrizable and
let {U,:neIN} be a collection of open covers of X such that for each ne N,
diam U, < 1/n. Then there is a strictly increasing sequence (i,)ncN Of natural numbers

and for each n € IN, there is U, € U; such that Upn+1 € U, and moreover ('\:=1 U,=0.

PROOF: Let X be the completion of X. For each U € U, there is V open in X such
that diamVy <3/n and VynX=U. Let V,=U{Vy:Ue U,}. Then V, is open in X

and X cV,. So V=('\:=1V,, is a G §-subset of X such that X c V. Since X is not com-
pletely metrizable and V is completely metrizable ([24, Th. 4.3.23]), there isx € V \X.

CLAIM: There is a strictly increasing sequence (i,),.n Of natural numbers and there
are for eachne IN, U, € U;_ such that xe Vy_and ‘_/U“, cVy,.

Leti;=1and let U, € U be such that x e Vy . Let m > 1 and suppose iy, . . ., in-1
and Uy,..., U,_; are found. Let d=d(x, X\VUM_I) and let i,, >i,_; be such that
1/ip <8/3. There is U,e U; such that xe Vy_. Since diam‘—/U“S3/i,,,<8 and

xeVy,, \7(/_ cVy,,_,- This proves the claim.

Since diam Vy_ —0 (n — ), ﬂ:zl Vy,, = {x}. This implies

N\Un=NVy, nX=0.

m=1

Furthermore for m € IN, we have

Upn1 =Vy,, nX cVy, nX=Up,.

This proves the lemma. O

Recall from section 1.2 that for metric spaces X and Y and a linear function
¢: C(X) > C(Y) we defined for U cX, the set Ty={ye Y :supp(y)nU %@}, and for
a family U of subsets of X the collection Ty =(Ty:U e U}. We now state our last
theorem in this section.
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1.5.14 THEOREM: Let X and Y be metric spaces and let ¢: C,(X) > Cp(Y) be a
continuous linear surjection. If X is completely metrizable, then Y is completely metriz-
able.

PROOF: Suppose X is completely metrizable and Y is not completely metrizable.
Since X and Y are metric spaces, by lemma 1.2.11 there are locally finite open covers
U, of X and V¥, of Y, (n € IN), such that

(1) diamU,, < i diam ¥, < i, Uy, 41 refines U,, and
n n

(2) each V e U, intersects only finitely many elements of Ty .

By lemma 1.5.13, we may assume that for each ne IN, there is V,e U}, such that
ﬁ:=1V,, =@ and for each ne IN, V,,; cV,. By (2), for each n e IN, there is a finite
subset (U7, ..., Up,_} of U, such that

(3)forU e U,, V,nTy#DBifandonlyif Ue (UT,...,Up ).

We claim that for each n € IN,
My 41 my

@ VUt cuur.
j=1 j=1

Indeed, since U,,, refines U,, there are for each j<m,, , UjeU, such that
U}*! cU;. Since Vpy1 €V, and Vg NTys #@, we have V, Ty, #@. So by (3),
Uje (U%,. .., Ul ). This gives\U oy U U)o U”. This proves (4).

Notice that by (3), for every n e IN, suppV, c U;’:l U}.Foreach ne N, let y, e V,,.
Then ’

mu

(5) supp (yn)clglU}'-

Let K =\U,_;supp (y,). Since K is a closed subset of X, K is complete.
CLAIM: K is compact.

Since K is complete, it remains to prove that K is totally bounded. To this end it
suffices to prove that U:=1 supp (y,) is totally bounded. Let € >0 and let j € IN be such
that 1/j <€/2. For k <m;, let z; € U}. Since diam Uf < 1/j, U{ c B (%, €). Then by (4)
and (5), U:::jsupp (0’9 = U:Z,B (zx, €). Since U{,=1 supp (v,,) is finite, we are done.
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By lemma 1.4.5, L={ye Y :supp(y)cK} is a closed and bounded subset of Y,

hence L is compact. Since M), _; V=0, 0n)neN CL is a sequence without convergent

subsequence. Contradiction. This proves the theorem. O

1.5.15 COROLLARY: Complete metrizability is preserved by (,-equivalence in
the class of metric spaces. O

In [52], Uspenskil proved that for {,-equivalent spaces X and Y, we have that if X is
metric, then Y is a 6-metrizable paracompact space, where 6-metrizable means a count-
able union of closed metrizable subspaces. In view of theorem 1.5.14, one could con-
jecture that if X is moreover completely metrizable, then Y is also éech—complete. This
is however not the case. In example 2.4.10 we give two {,-equivalent spaces X and Y
with X countable metric locally compact and Y paracompact o-metrizable but not
éech-complcte.

In general if ¢: C;(X ) C;(Y) is a continuous linear surjection, for metric spaces X
and Y, the proof of theorem 1.5.14 does not work. By example 1.2.12 we cannot make

use of a lemma such as lemma 1.2.11.

Most of the proofs in this section concering the topology of pointwise convergence
depend strongly on corollary 1.2.15 (b). Since we do not have such a result for continu-
ous linear functions between function spaces C;(X ), we cannot copy these proofs. The
question remains whether the results for /,-equivalence are also valid for l;,-
equivalence. Of course there are many more questions to ask. We made a selection in
this section and we did not have the intention to be complete.

REMARK: For a recent survey on results obtained for {,-equivalence we refer to
[2]. Theorem 1.5.12 can be found in [5] and theorem 1.5.14 can be found in [7]. As far
as we know all other results in this section (except for theorems 1.5.1, 1.5.9 and 1.5.10)

are new.






CHAPTER 2

On the {, and {y-equivalence of locally compact spaces

The purpose of this chapter is to present isomorphical classifications of function
spaces of some locally compact spaces endowed with the topology of pointwise con-
vergence and with the compact open topology. Since ordinals play an important role in
the proofs of these classifications, in section 1 we derive some (well-known) properties
of ordinals. Other important notions are derivatives of spaces and scatteredness. In sec-
tion 2 we will give the relevant definitions and present some preliminary results, for ex-
ample the theorems of Cantor-Bendixson and Sierpinski-Mazurkiewicz. In section 3 we
prove some rather general results concerning linear homeomorphisms between certain
function spaces.

After these three sections we are in a position to present the first isomorphical
classification. In section 4 we present a complete classification of the function spaces
C,(X) for separable metric zero-dimensional compact spaces X. It turns out that this
classification is similar to the one Bessaga and Pelczyfiski gave in [10] for the spaces
Co(X). In section 5 we present a complete isomorphical classification of the function
spaces C,,(X), for compact ordinal spaces. This classification is also similar to one for
the spaces C ((X) (viz. the one Kislyakov gave in [34]). In a sense, it is an extension of
the classification found in section 4. In section 6 we present a classification of the
spaces Co(X) and C,(X) for non-compact c-compact ordinal spaces X. Finally in sec-
tion 7 we present a complete isomorphical classification of the spaces Co(X) and C,(X)
for separable metric zero-dimensional locally compact spaces X. This result uses the
classifications found in sections 4 and 6.

We already proved that for spaces X and Y having the property that each closed and
bounded subset is compact, C,(X) ~C,(Y) implies Co(X)~Co(Y). It turns out that in
each of the classes mentioned above we also have the converse implication. Recall that
the converse implication does not hold in general (cf. page 29).
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§2.1. Ordinals

Ordinals play an important role in this thesis, in particular prime components. In this
section we will present some facts about ordinals, we will give the definitions of initial,
regular and singular ordinals and of prime components, and we prove some (well-
known) results. Most of these can be found in [48] and [35]. For definitions of ordinals,
cardinals and related topics which are not defined or proved in this section, we refer to
[48], [35] and [32]. In this section, every greek letter denotes an ordinal, and finite ordi-
nals will be denoted by n or m occasionally.

We begin with stating some basic properties of addition, multiplication and ex-
ponentation of ordinals. Recall that addition of ordinals is associative but not commuta-
tive. If o and P are ordinals, then o+ B> and if & >0, then B+ a > p. Observe that not
always o+ > because 1+m=0w. Another important property of addition is the fol-
lowing: If a> B, then there is exactly one ordinal y such that a.=+7y. We denote this
number y by o — . With these properties one can easily derive the following

2.1.1 PROPOSITION: Let a, B, yand 8 be ordinals. Then
(a) B<yimplies a+B<a+7,
(b) B<yimplies B+o<y+a, and
(c)u<yandB<dimplies a+B<y+5.0

Like addition, multiplication is associative but not commutative (for example
2:0=w#n2). Now let o, B, and y be ordinals. Then a-(B+7)=0o-B+a-y, but in gen-
eral (B+y)-a#p-a+ya (for example (1+1)w=02w02=1'0+1-0). One can now
easily deduce that if & >0 and B>, then o-B > a-y, however, if B>y then B-a2ya
(notice that 2-w=1-m).

We also have the following important

2.1.2 PROPOSITION: Letr o and B be ordinals. If a.> 0 then there are ordinals |
and v such that B=a-lL+V with v < .

2.1.3 COROLLARY: Let o, B and y be ordinals such that B<o-y. If a.>0 then
there are ordinals |1 and v such that B=op+v withu<yand v < c.

PROOF: By proposition 2.1.2 there are ordinals p and v such that B=a-u+v with
v < a. By proposition 2.1.1 (a) B2 op. So if u>4, then B> o> -y, which is a con-
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tradiction. Hence p<vy.0O

Exponentation of ordinals o and B is defined by transfinite induction as follows:

a)If p=0thenaf =1,
b) if B is a successor, say B=v+ 1, then o =a"-a,
¢) if B is a limit ordinal, then o =sup (" : y< B}.

With this definition one can easily prove the following

2.1.4 PROPOSITION: Let o, B and y be ordinals. Then
(@) ifou>1and B<Y, then af <a?,
(b) ifou>1 then oP 2B, and
() oP*T=aP-a¥.0

The following lemma will be used in section 2.5.

2.1.5LEMMA: Let o> 1 and B21 be ordinals. Then there are Y<P, 1<A<a and
8 < a¥ such that B=o"-AL+3.

PROOF: By proposition 2.1.4 (a) and (b), B<aP <aB*!, so the set A ={v:a¥ > B} is
non-empty. Let p=minA. Notice that 1<pu<B+1. If p is a limit ordinal, then
B<a*=sup(a¥:v<p) implies there is v <y with B <. This is a contradiction, so
p=v+1 for some y. Since p<P+1, y<P.

Since B < a¥-a, by corollary 2.1.3, there is 8 < & and A < @ such that B=aY-A+8. If
A =0, then B=38 < a” which is impossible, soA>1.0

Let o be an ordinal. By a we denote the cardinality of a (i.e., a= |W(a)!) and we
call & the power of . An ordinal ¢ 2 is called an initial ordinal if ¢ is the smallest
ordinal B such that B=9, i.e., y< ¢ implies Y< . To every initial ordinal ¢ we assign
the index i (¢) of ¢ as the ordertype of the set P (¢) = {y < ¢ : y is initial}. For example
i(w)=0and i (m;)=1. Notice that for every initial ordinal ¢, i ($) <¢.

The following theorem easily follows from the above definitions.

2.1.6 THEOREM ([35, Th. 3, p273]): If v and ¢ are initial ordinals with y < ¢,
then i (y)<i(¢).0

As a direct consequence of this theorem we remark that to distinct initial ordinals
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correspond distinct indices. So we may denote the initial ordinal ¢ with index & by ®.
Since i (§) <9, it follows that a <. The following theorem states that w, is defined
for every ordinal .

2.1.7 THEOREM ([35, Th. 5, p273]): Every ordinal is the index of some initial or-
dinal.

An a-sequence is a function ¢ with domain W (a), whose values are ordinals. If
Y<B<a implies ¢(y)<¢(B), then ¢ is an increasing o-sequence. The limit
limg < o 0(§) of an increasing o-sequence ¢ is the ordinal sup (¢(€):§ < a}. We say
that an ordinal A is cofinal with a limit ordinal a, if A is the limit of an increasing o-
sequence ¢, i.e., A= lim¢(§).

E<a

2.1.8 THEOREM ([35, Th. 8, p274]): If A is a limit ordinal, then w; =éinim€'
<

2.1.9 THEOREM ([35, Th. 10, p274]): Let A >0 be a limit ordinal. The smallest
ordinal o such that \ is cofinal with o is an initial ordinal.

If we now define for every limit ordinal A, the ordinal ¢f (A) as the smallest o such
that A is cofinal with a, then by theorem 2.1.9, ¢f (A) is an initial ordinal. For example
of (W)=, ¢f (01)=0y, ¢f (0y) = and ¢f (W, ) =w,;. Since A=limg <3P, A is cofinal
with itself, hence ¢f (A) <A

This observation leads us to the following definition. If ¢f (wy) =Wy, we call wy a
regular initial ordinal or shortly regular. Otherwise it is called a singular initial ordi-
nal or shortly singular. For example, o and w; are regular and ®y, is singular. This is
standard terminology of course.

We are going to prove that if wy is singular, then y is a limit ordinal (cf. theorem
2.1.10). For that we first recall the following well-known fact: If m and n are cardinals
which are not both finite, then m + n=max(m, n) =m-n. This allows us to derive some
important corollaries.

2.1.10 THEOREM ([35, Th. 9, p278]): If o is a successor, then 0 is regular.

PROOF: Let a=B+1 and wy=cf (0y). That means there is an increasing -
sequence ¢ such that lim§<u,y¢(§)=(oa. But then W(ma)cU§<m’W(¢(§)). Notice

that |W (¢(§)) | S(_o; . So we have by the above remark and theorem 2.1.6
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0y = [W(wg)! < |U§<m,W(¢(§))| <L, IW($EN!
S Tt < o, 0p = By O = Onax(p, y)-

It follows by theorem 2.1.6 that o <max(B, y), so a<Y. Since wy=cf (Wy) Wy, by
theorem 2.1.6 Y<a and thus y=0a. O

2.1.11 COROLLARY: If w, is singular, then o is a limit ordinal. O
The next two results are going to be used in section 2.5.
2.1.12 PROPOSITION: a-wg =wg for every 0 < o < wg.

PROOF: By the remark on page 52, m =‘°_B , so we are done if we prove that a-wg
is initial. To this end, let 8 < x-wg. By corollary 2.1.3 there are p < wg and v < a such
that d=apu+v. So 3=6-ﬁ+ V=max(Q, {I, V}. Since a,},v<wg it follows that
5< ‘TB , and therefore a-wg is initial. O

Notice that proposition 2.1.12 is not true for a=wg. For example, o’ 2.
2.1.13 PROPOSITION: Let a.2 be an ordinal. IfY<Q then a7 =@.

PROOF: We prove this by induction on y. If y=1 then it is a triviality, so let y>1 and
suppose the proposition is true for every 8 <.
Case 1: yis a successor, say Y=98+ 1.

Then by the the remark on page 52, &7 = o®-@ = &0 = Q.
Case 2: vyis a limit ordinal.

Then

a’

]

limg <00 = 1Uj ;W (%) | SZ5 oy I W (a®) |

T5< 0 =Y0=0

(by the fact that Y<&). O

Notice that o” need not be equal to @". For example, @“ > @, but @” = ®.

2.1.14 EXAMPLE: There is a singular ordinal wy such that @ =wy. Indeed, define
the sequence (B,) of ordinals inductively as follows: Bo=0 and B,,;=wg_ . Let
o =sup {B, : n e IN}. Then 0y =1im, . ,B,, hence ¢f (wy) = w. Furthermore o=y
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We now come to the following definition. An ordinal p is a prime component if it

satisfies the following condition:
If p=P+ for some ordinals § and v, then y=0 or y=p.

Examples of prime components are @ and ®;. The ordinals 3, ®+ 1 and @2 are exam-
ples of ordinals which are not prime components. Furthermore, O and 1 are the only
finite prime components. Since prime components play a very important role in this
monograph and since their properties are not well-known, we prove all the properties

that we need.

2.1.15 THEOREM ([48, Th. 1, p279]): An ordinal p is a prime component if and
only if for every ordinal B<p, p=B+p.

PROOF: Suppose that the ordinal p is a prime component, and let B < p. There is an
ordinal ¥ such that p=P+7 (see page 50). From the definition of prime component it
follows that y=0 or y=p. Since B < p, we have y=p.

Now suppose that p satisfies the condition mentioned and that p=B+7. Assume
¥> 0. By proposition 2.1.1 (a) it follows that f < B+y=p. But then p=B+p and we
may conclude that y=p and so p is a prime component. O

The next theorem plays an important role in section 2.6.

2.1.16 THEOREM ([48, Th. 2, p278]): For every ordinal a.> 0, there is an ordinal
B and a prime component p > 0 such that o.=p+p, where p=0or p2p.

PROOF: Let a > 0 be an ordinal and A = {1 > 0: there is B suéh that =B +1). Notice
that Te A implies T<a (because by proposition 2.1.1 (b) a=B+12>1). Let p=minA
(which exists because A is a non-empty subset of W (o) and the last set is well-ordered)
and pick B such that a =B +p.

We prove that p is a prime component. Indeed, suppose that p=p+v, with v>0.
Then a=B+W+Vv)=(B+u)+vV, so ve A and thus v2p. Since p+Vv2Vv (proposition
2.1.1 (b)) we have v<p, so v=p and hence p is a prime component.

Finally, if B < p, then by theorem 2.1.15, a =P +p=p, so in that case we can choose
B=0.0

2.1.17 LEMMA ([48, lemma p282]): Let P be a set of prime components. Then
sup P is a prime component.
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PROOF: Let B=supP. We prove that B is a prime component. Let Y< . Then there
is a prime component p € P with y< p < B. Let = —p (see page 50). Then by theorem
2.1.15;

Y+B=y+(p+d)=(y+p)+3=p+3=P.

So by theorem 2.1.15, B is a prime component. O

By applying this lemma to the set P ={p<o:p is a prime component}, we get the
following important

2.1.18 COROLLARY ([48, lemma p282]): Let o be an ordinal. Then there is a
largest prime component which is less than or equal to a. O

In the sequel we denote the largest prime component which is less than or equal to a
given ordinal a by o’

2.1.19 LEMMA ([48, Cor. p305])): If a >0 is an ordinal, then aw is the smallest
prime component larger than o.

PROOF: We first prove that auw is a prime component. So suppose oW =p+V with
v#0 and v#aw. By proposition 2.1.1 (a) and (b) it then follows that p, v < aw. By
corollary 2.1.3 there are ordinals m, n, ¥, and ¥, such that p=am+7y;, v=an+y,,
m, n <, and y;, ¥, <.

From proposition 2.1.1 (a) it follows that p<om+a and v<an+a. Now with
proposition 2.1.1 (c) it follows that aw=p+V < oun +a+on +a, so by the remark on
page 50, aw < a(m +n +2) < aw. This is a contradiction and we conclude that ow is a
prime component.

Now suppose that there is a prime component p such that & < p < aw. By corollary
2.1.3 there are ordinals n and y with n finite and y< o such that p=an +7. Since pisa
prime component, Y=0 and it follows that p=oan. Since a<p, n>1, so
p=a(n—1)+a. Since p is a prime component and 0 < & < p we arrived at a contradic-
tion. O

2.1.20 COROLLARY: Let o be an ordinal. Then there is ne IN and y< o such
that a=a'-n +Y.

PROOF: Since o is the smallest prime component larger than o’ (lemma 2.1.19),
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o’<a<o’®. So by corollary 2.1.3 there are ordinals n <® and y< o  such that
a=a'n+Yy. Since a>a’ we have n %0, hence n e IN.

The following theorem will often be used in this monograph.

2.1.21 THEOREM ([48, Th. 1, p320]): An ordinal p >0 is a prime component if
and only if there is an ordinal |\ such that p=*.

PROOF: Let p > 0 be a prime component.
CLAIM: There is o such that o® <p < @**1.

Indeed, by lemma 2.1.5 there are a<p, 1 <A< ® and & < ®* such that p=w*-A+8.

o+ 1

Thus ©* <p < ®**', and the claim is proved.

Since p is a prime component and since the smallest prime component larger than
0% is @*-0=w**! (lemma 2.1.19), it follows by the claim that p=®

For the converse implication suppose there is v such that @" is not a prime com-
ponent. Let u be the smallest among them. Suppose that p=v+1. Then by lemma
2.1.19 o* ="' is a prime component, which is not true, hence W is a limit ordinal.
But then w* =sup {w":v<p}. Since for v<y, @’ is a prime component, by lemma
2.1.17, o* is a prime component. Contradiction. O

The next lemma will be used in section 2.4,

2.1.22 LEMMA: Let o and B be ordinals such that 0.2 ® and o <P <a®. Then
o' <B < (a)®.

PROOF: Since a<B<a®, there is ne IN such that a<B<a”. Furthermore by
theorem 2.1.21 ((JL')2 is a prime component, from which we may conclude that
o’ <a < (a)?. Since o< (a)?, it is easily seen that " < (a')?* (by induction and the
remarks on page 50). Whence (by proposition 2.1.4 (a)) a’<f < @) < (@)®.0

2.1.23 THEOREM ([35, Th. 9, p274]): Every initial ordinal is a prime component.

PROOF: Let ¢ be an initial ordinal. By corollary 2.1.20 there are n € IN and y< ¢’ such
that $=¢"n +7. So by proposition 2.1.1 (a), ¢’ < < ¢"(n + 1). By theorem 2.1.21, there
is an ordinal p such that ¢’ =w". Notice that u> 1 (since ¢ > ), so there is 3, such that

1+8

u=1+38. By proposition 2.1.4 (c), ®'*3 =w®® and therefore
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¢:.(n +1) =(1)1+8‘(’l+1)=(n + 1).0).0)5 =m1+6 =67.

It follows that ¢ =¢’ and since ¢ is initial, ¢’ =¢. 0
2.1.24 COROLLARY: If 0" is initial then T is a prime component.

PROOF: Let v< 1. Then 0" <@ (proposition 2.1.4 (a)), so ®"-w*=w" (proposition
2.1.12). So by proposition 2.1.4 (c), v+t=1, hence by theorem 2.1.15 T is a prime
component. O

Finally we remark that the proofs of proposition 2.1.12, corollary 2.1.13 and propo-
sition 2.1.24 are due to us and were included because we could not find a reference.

§2.2. Derivatives and scattered spaces

In this section we briefly discuss some properties of derivatives of sets and scat-
teredness. Furthermore we formulate the well-known theorems of Cantor-Bendixson
and Sierpifnski-Mazurkiewicz and we present some results which we need in section 2.3
and in chapter 4.

Let X be a topological space and let A cX. The derived set A% of A in X is defined to
be the set of all x € X satisfying the condition that for every neighborhood U of x (in X),
UnA\{x}#@ (ie., the set of all accumulation points of A in X). Notice that not
necessarily A% cA: for example let X =R and A = (0, 1). It is well-known that A4 cA
and that A? is closed in X. Now for every ordinal a we define X (@) the a-th derivative,
by transfinite induction as follows:

a)XO=x,
b) if o is a successor, say o.=B+ 1, then X @ = X ®yd,
¢) if o is a limit ordinal then X ® = Bﬁ x®

<a

Notice that X is the derived set of X in X. Furthermore we get X!) from X by
"throwing away" all isolated points of X. The above is standard notation of course.

2.2.1 REMARK: If A is a subspace of a topological space X, then A(") is the
derived set of A in A (so A’V cA) and we put A“ the derived set of A in X. Since not
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necessarily A4 C A it follows that in general AV #A4. We claim that AV =49 A A. In
particular, if A is closed, then AV =44,

Indeed, let xe A, Since A™Y c A, x e A. Let U be a neighborhood of x in X. Then
U ~A is a neighborhood of x in A. Since xe AV, 32U AnA nA\ {x}=U nA\(x) and
hence x € A?. For the reverse inclusion let x e A nA“ and let U be a neighborhood of x
in A. Let V be a neighborhood of x in X such that VAnA=U. Since xe A9,
B2VAA\(x)=UnA\(x},soxe AD.

2.2.2 PROPOSITION: Let X be a space. Then for every ordinal o and B with o <[
(@) X® js closed in X, and
) X® =x©@

PROOF: We prove (a) by transfinite induction. For =0 it is trivial. So let a.> 0 and
suppose (a) is proved for every Bp<a. If a is a successor, say a=P+1, then
X@ =x®) ig closed in X. If a is a limit ordinal then by the inductive hypothesis,
X@ =g oX® is closed in X, and (a) is proved.

We prove (b) by transfinite induction an B. Notice that (b) is obviously true if B=ca,
so suppose that B> o and (b) is proved for every y with a<y< fB. If B=y+1 for some
ordinal Y, then by the inductive hypothesis X (ﬁ)=(X ("))"'c)?(‘77 cX@_ Since by (a),
X@ is closed, we have the desired result.

If B is a limit ordinal, then X® =M\, gX¥ cx@. 0

From remark 2.2.1 and proposition 2.2.2 (a) we easily get the following

2.2.3 COROLLARY: Let X be a space and o. an ordinal. -
Then X @*D =(x(@)® g

2.2.4 PROPOSITION: Let X be a space and A a subspace of X. Then for each or-
dinal a.,
@)A®cX®, gnd
(b) ifAis openthen A® =A AX @,

PROOF: We prove this proposition by transfinite induction on . If a=0, the proposi-
tion is obviously true, so suppose that a > 0 and that the proposition is proved for every
B < o First suppose that o is a successor, say o=+ 1.

For (a), since by the inductive hypothesis A ®cx®, by [24, Th. 1.3.4 (ii)]
A©@ = (A (B))d c (X(B))d =x©@
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For (b)letxe AnX® and let U be a neighborhood of x in A. Since A is open, U is
a neighborhood of x in X, hence UnAnX®\(x)=U~X®\(x}#0 (because
x € X@). So by the inductive hypothesis 3= U nA nX®\ (x}) cU ~A®\ (x), hence
x e A The reverse inclusion follows directly from (a).

If o is a limit ordinal (a) and (b) easily follow from the inductive hypothesis and the
definitions of A® and X@ .0

2.2.5 PROPOSITION: Let o be an ordinal and X =[1, ®*]. Then X @ = {0*).

PROOF: If a=0 the proposition is obviously true, so suppose that a > 0 and that the
proposition has been proved for every P < a. First suppose that o is a successor, say
a=B+1.If fori e NU (0}, X; =[wP"i + 1, @P-(i +1)], then

X=L_)OX,-u{n)°‘},

X; is open in X and X; =[1, @P], so by the inductive hypothesis (X;)® = (0P +1)}.
By proposition 2.2.4 (b), X;nX ® =(X‘-)(ﬂ). Since @* is an accumulation point of
{wP-Gi+1):i20}, we conclude that X®={wP-i+1):i20)u{0*)} and so
X©@ = {@%).

Now suppose  is a limit ordinal. Fix B < a and let B<y< a. Let A =[1, ®"]. By the
inductive hypothesis and propositions 2.2.4 (a) and 2.2.2 (a), {0} =A@ cXP cx®,
Since w® is an accumulation point of {®Y:B<y<a}, it follows that ©® e X® X @,
For the reverse inclusion let £ e X \ {@®}. Then there is P < o such that £ <®®. Then
Ee (1,wP], which is open in X, so by proposition 2.2.4 (b) and the inductive hypothesis
we have {0P} =[1, @®]® =[1, 0P]~AX®. S0 &£ ¢X® and hence £ ¢X@.0

Let A be a subspace of X. A is dense in itself if AcA? or equivalently A =AM,
This means that A contains no isolated points. A is scattered if A contains no dense in
itself subsets, i.e., every subset of A contains isolated points. Again this is standard ter-
minology.

After these definitions we can state the theorem of Cantor-Bendixson (cf. [24, p85]
or [47, p148]).

2.2.6 THEOREM (Cantor-Bendixson): Let X be a topological space. Then there
exists an ordinal o such that X® =X©*D  For this a, X@ is closed and dense in it-
self and S =X \X® is scattered. In particular, X is scattered if and only if X @-g
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Furthermore, if X is second countable then S is countable.

Let X be a scattered space. By theorem 2.2.6, there is an ordinal a such that
X@® =@ Now the scattered height x(X) of X is defined to be the smallest ordinal o
such that X® =@, It is easy to see that if X is compact and scattered, then k(X) is a
successor, say o+ 1 and X® contains only finitely many points. If X is second count-
able and scattered then x(X) is countable. Notice that by proposition 2.2.5,
(1, ®*])=a+1.

2.2.7 REMARK: Every countable compact Hausdorff space is scattered. Indeed,
let X be a countable compact Hausdorff space. Then X is second countable ([24, th
3.1.21]) and regular, hence X is metrizable ([24, th 4.2.9]). So since X is countable, it is
also zero-dimensional. Now suppose X is not scattered. Then by theorem 2.2.6 there is
P cX closed, non-empty and dense in itself. Then P is separable metric zero-
dimensional and compact without isolated points. Thus X = C [15], so P is uncountable,
which is a contradiction.

We can now formulate the theorem of Sierpinski-Mazurkiewicz (cf. [47, p155] or
[36]).

2.2.8 THEOREM (Sierpinski-Mazurkiewicz): Let X be a countable compact Haus-
dorff space. If x(X)=o+1 and X® contains m points (m finite), then X =[1, ®*m .

Notice that by proposition 2.2.5 it easily follows that if X =[1, @*-m], with a count-
able and m € IN, then k(X)=a+1 and X ¥ = {@*1,..., @%m).

Now we will prove some simple results, which we will need in section 2.3. Let X be
a topological space and A a nonempty closed subset of X. Let X/A be the quotient
space obtained from X by identifying A to a single point, say e and let p: X -5 X/A be
the quotient map. Notice that p is closed.

The next lemma gives some results on the derivatives of X/A in terms of the deriva-
tives of X, if A is of a special form.

2.2.9 LEMMA: Let X be a space, o an ordinal such that A=X® # @, and Y =X/A.
Then
(a) for every B<a, andp X®)=Y® ang
(b) Y@ = ().
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PROOF: We first prove (a). Notice that by propositions 2.2.4 (b) and 2.2.2 (b),
XP=x®~x\2)ox®na)=x\4)® uA4,

for every B<a. In the same way Y® =¥\ {ec))® L (¥® ~(e0}). Since
pIX\A:X\A 5Y\ () is a homeomorphism, p((X\A)P)=(¥\{=})® for every
B<a.

We prove (a) by induction on B. For B=0 this is a triviality, so let 0 < B < and as-
sume it is true for every y < f.
Case I: B is a successor, say p=7+1.

Suppose ¢ Y ®_ By the inductive hypothesis and since A X, coe Y, thus {eo}
is open in Y, But then A is open in X, so by proposition 2.2.4 (b) and corollary
223

A =4 r\(X(Y))(l) =A~X® =A,
which gives a contradiction. Hence o€ Y(B), so by the above remarks

PP =px\4)P ua)
=Y\ {))® § (o))
=\ (=P ¥ P (=)
=y®.
Case 2: B is a limit ordinal.
Then
Y® = yYM= map (X(Y)) =p( mX(Y)) =p (X(B)).
y<B ¥< Y<B
This finishes the proof of (a).
By (a) we have Y® =p (X @) =p (A) = (e}, which proves (b). O

With this lemma we can give a classification of X/A, for X is a countable compact

space.

2.2.10 COROLLARY: Let X be a countable compact space and let A=X® for
some o< x(X). Then X/A =[1, ®*]. In other words, if X =[1, ®*:n] for certain ne N
and < @y (so A=X®={w%1,.., 0" n)) then X/A =[1, @"].

PROOF: The first part follows from theorem 2.2.8 and lemma 2.2.9 (b). From propo-
sition 2.2.5 it follows that if X =[1, ®*-n], then X ® = {@®'1,.., @*-n}, which proves
the second part. O
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We finish this section with the remark that the second statement of corollary 2.2.10
is not true if we take a>w®,. For example take X =[1, o®2), ie., a=w;. We first
show that ®”' =w,;. By proposition 2.1.4 (b), ®; <™. Since , is a prime com-
ponent (theorem 2.1.23) there is pu such that w; =@*. If ; < ®™ then by proposition
2.1.4 (a), L < @1, hence ®* < ®; and we arrived at a contradiction.

Now put A =X® = (@, -2}, We prove that X/A and [1, ®"']=[1, ®;] are not
homeomorphic. To this end, notice that (X/A)\ {e} contains two disjoint closed sub-
sets E and F (namely E =p ([1, w;)) and F =p ([0 + 1, ®;-2))), such that the closures E
and F in X/A have non-empty intersection. In [1, @, ] for every pair E and F of disjoint
closed subsets of [1, w,), the closures Eand F in [1, wy] are disjoint ([24, Ex. 3.1.27]).
Hence X/A and [1, ;] are not homeomorphic (see also [8, Ex. 1]).

§2.3. Factorizing function spaces

In this section we prove some results, which will be important tools later on. First
we fix some notation and give some definitions. Let X be a space and A c X closed. By
Cp, A(X) we denote the subspace of CP(X ) of all functions vanishing on A. Whenever
A ={a) for some ae A, Cp, (a)(X) will be denoted by Cp, 4(X), s0 Cp (X/A) is the
subspace of C,(X/A) of all functions vanishing at c. For this kind of subspaces of
C;(X) we use a similar notation. Furthermore, let {X,:7e T} and {Y;:5€ S} be two
families of spaces. For each r e T and s € S let E, be a linear subspace of Cp(X,) and let
F; be a linear subspace of C,(Y;) and let ke IN. We call a linear function
O: I, 7E, oIl . sFs a linear k-mapping if for all (f)),.rell,.7E, with

f,(X,)c(—%, %) for every te T we have (, «0)((f;)« 7)(¥s) (=1, 1) for every s e S.

We define ¢ to be a linear k-homeomorphism whenever ¢ is a homeomorphism such
that both ¢ and ¢' are linear k-mappings. Whenever there is a linear k-

homeomorphism between I1, rE, and Il gF; we write I'I,ETE,-EI'I“SF,. Notice
that the composition of a linear k-homeomorphism and a linear /-homeomorphism is a
linear k/-homeomorphism. The definition of linear k-mapping and linear k-
homeomorphism can be found in [3] and can also be given for spaces of bounded con-
tinuous functions.

We now prove the following well-known theorem which will be used in the proof of
the proposition 2.3.2 and which will also be useful in chapter 4.
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2.3.1 THEOREM (Dugundji [22]): Let X be a metric space and A a closed sub-
space of X. Then there is a continuous linear function ¢: C,(A) — C,(X) such that for
each fe C(A), 0(f) A =fand &(f)(X) cconv (f (A)).

PROOF: First suppose X \A contains more than one point. Then for every x e X \A,
there is a neighborhood V, of x such that diamV, < 1/2d(x, A) and V, #X \ A. Let U be
a locally finite open refinement of the covering {V,:xe X\A} of X \A. Notice that by
construction (X \A)\U #@.

CLAIM: If a € A and V is a neighborhood of a, then there exists a neighborhood W of a
such that if U nW # @ for some U € U, then U V.

Let e=d(a, X\V) and let W =B (a, €/2). Suppose that U nW =@ for some U € U,
say ze UnW. Choose x e X\A such that U cV, and lety e U. Now

d(x,a)<d(x, z)+d(z, a) < —;—d(x, A)+d(z, a)S%d(x, a)+d(z, a),

hence d(x, a) < 2d (z, a). This implies

d(y, a)<d(y, 2)+d(z, a) < %d(x, a)+d(z, a)<2d(z, a) <k,

hence y e V. This proves the claim.
For each U € U, define Ay: X \A -5 R by

d(x, X\A)\U)

MO =g o XANY)

First notice that d(x, (X\A)\U) is defined for every U e U, because (X\A)\U)#@.
Second for each x € X \ A, there is a neighborhood W of x which intersects only finitely
many elements of U. Hence if we restrict Ay to W, the sum in the denominator is finite,
and since U covers X \ A, this sum is non-zero. We conclude that Ay is a well-defined
continuous function. Notice that Zy yAy =1.

For each Ue U, let xye U and aye A be such that d(xy, ay) <2d(xy,A). Let
fe C(A). Define f: X - R by

Tuaulu@)f (ay) if xe X\A
F@O=1f @) fxed
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By similar arguments as above it is easily seen that f is well-defined and that fIX \A is
continuous. So continuity of f need only be verified at points of A. Let x € A and € > 0.
There is 8 > 0 such that for y € A with d(x, y) <98, we have |f (x)—f (y)| <€. By the
claim, there is a neighborhood W c B (x, 8) of x such that if U nW # @ for some U € U,
then U c B (x, 8/3). We claim that for y e W, | f(x) - f(y)| < €. For y € A, this is clear.
Solet ye WnX\A. Find U,, ..., U,e U such that for Ue U we have y e U if and
onlyif Ue {Uy,..., U,). Then f(y)=EAy.(»)f (ay,). For i <n, U; nW #@, hence
d(xy,, x) < 8/3. This implies

dx, ay,)<d(x, xy,)+d(xy,, ay,)
Sd(x, xU‘.)+2d(xU‘.,A)
<3d(x, xy,) < 6.

Hence |f (x)-f (ay,)| <&, so

@) -7 =1f ) -ZkAy,0)f (ay)!
= 12 Ay, ) @)~ f (ay))|
<SEL Ay, If ) - (ay,)!
<IfAy,(n)e=¢.

We conclude that f is continuous. Obviously f(X) cconv (f (A)) and fIA =f.

Define ¢: C,(A) = C,(X) by 0(f) = 7. By the above we have that ¢ is a well-defined
function with the property that for each feC(A), o¢(f)IA=f and
O(f )(X) cconv (f (A)). The linearity of ¢ is a triviality. To prove that ¢ is continuous,
it suffices to prove continuity at 0. Let PcX be finite and €>0. Let
Q=PnA)ufay:Uel, UnP=@B). Then Q is a finite subset of A. It is easily seen
that ¢(<0, Q, £>) c <0, P, €>.

Now assume X \ A is empty or contains only one point. If it is empty, the theorem is
obvious, so suppose X \ A contains only one point x. Since A is closed, x is isolated in
X. Fix xy;eA and define ¢: Cp,(A)>Cp(X) by O(f)x)=f(x) if x#xo and
O(f)(xg)=f (x1). Then ¢ is a well-defined linear function. In addition ¢(f)|A =f and
O(f )(X)cconv(f (A)). We prove that ¢ is continuous. Take P cX finite, € >0 and
feCA).Ifwelet Q=(PnA)u (x,}, then ¢(<f, Q, e>)c<d(f), P, e>. O

We now come to the important
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2.3.2 PROPOSITION: Let X be a metric space and let A be a closed subset of X.
Then Cp(X) 2 C,, 4 (X)X C, (A).

PROOF: Define p: C,(X) — C,(A) by p(f)=f |A. Notice that p is a continuous linear
function. Because X is metric, by theorem 2.3.1 there is a continuous linear function
&: Cp(A) > Cp(X) such that for each fe C,(A), E(f) A =1 and §(f)(X) Cconv (f (A)).
Notice that p - =idc, ().
Now define ¢: C,(X) = C, 4(X)x Cp(A) by
o) =(f-E-P)), ().

We have to prove that ¢ is well-defined. Take an arbitrary fe Cp(X). It is obvious that
p(f)e Cp(A) and that f— E-p)f)e Cp(X). Furthermore

F-C-pUNIA=p(f-E-P)FN=p()—(P-E-pP))=p(f)-p(f)=0,
so f=(E-p)(f)e Cp a(X).

That ¢ is continuous and linear is a triviality. We show that ¢ is a linear homeomor-
phism. For that define y: C, 4(X)xCp(A) = Cp(X) by
V£, 8)=f+8().
It is trivial that y is well-defined, continuous and linear. Furthermore, as is easily seen,
Y -¢=idc,x). We show that ¢ -y =idc, ,x)xc,@)- Take fe Cp 2(X) and g e Cp(A).
Notice that p(f)=f |A =0, hence by linearity of £, (§ -p)(f)=£(0)=0. So
-y, 8)=0(f+E&(8))
=(f+8@) - -p)F+E@)), pF+E()))
=(f+8@) - E-P)N)-E-p-E)®). p()+(p-5)(®))
=(f+8&()-0-&(2). 0+8)
=, 8),

i.e., ¢ is a linear homeomorphism.

The only thing left to prove is that ¢ and y are linear 2-mappings. We first prove it
for ¢. Let fe Cp(X) with 1f (x)| < 1/2 for every x € X. Then p(f)(A) c(-1/2, 1/2) and
hence (§ -p)(f)(X) cconv p(f)(A) c(-1/2, 1/2). Letx € X. Then

17y <0 @) = 1f @)= E-P)HHO I <If D)+ 1E-p)HD) <1,

and forae A,



66 Chapter 2. On the |, and L-equivalence of locally compact spaces

Imy <0(f)a)l = lp(f)a)l =1f (@)l <1/2,

so ¢ is a linear 2-mapping. Now take fe Cp o(X) and ge C,(A) such that
fX)c(=1/2,1/2) and f (A) ©(-1/2, 1/2). Then &(g)(X) cconv (g (A)) = (-1/2, 1/2),

soforxe X,
Iy(f, )X) I =1f(x)+E@)X) I < If () 1+ 1E@)x) <1/2+1/2=1,

hence  is a linear 2-mapping. This completes the proof of the proposition. O

2.3.3 LEMMA: Let X be a space and let A be a closed subset of X. Then
Cp aX)2Cp. o (X/A).

PROOF: For every function fe Cp, 4(X) there is a unique function fe Cp, (X/A)
such that f-p=f[24, p124]. If we now define ¢: C, 4(X) > C,, ~(X/A) by 6(f)=F,
then ¢ is a well-defined linear bijection. Since for fe C, 4(X), y1,...., ya€ X/A, €>0
and x; e p 1 (y;) (i <n) it is easily seen that

¢<f’ [xl"""xn}’e>=<¢(f)r {yli----vyn}r €>,

it follows that ¢ is a linear homeomorphism. That ¢ is a linear 1-homeomorphism is a
triviality. O

From the last lemma and proposition we have the useful

2.3.4 COROLLARY: Ler X be a metric space and let A be a closed subset of X.
Then C,(X) 2 C,, o (X/A)x Cp(A). O

The next three lemmas are used often in this thesis. The proofs are easy and left to
the reader.

2.3.5 LEMMA: If X and Y are homeomorphic spaces, then Cp,(X) ! C,(Y). O

23.6 LEMMA: If X and Y are spaces and A is a subspace of X, then
Cp AK)XCp() 1 Cp aX ®Y).00

Notice that all the given facts so far are also valid for spaces of bounded continuous
functions. In lemma 2.3.7, this is only the case for the second statement as is shown in
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section 4.6 (cf. example 4.6.6).

237LEMMA: If X=07.X; and Y=@®7,Y; such that for every ie,
Cp(X;)~Cp(Y), then Cp(X) ~C,(Y). Moreover, if for every i e N CP(X,-)£ Cp(Yy), then
c,X)%c,(v).0

We now prove some properties of function spaces of ordinals. We use the following
notation. For an ordinal o we denote by Cp, o([1, a]) the subspace of C,([1, a]) of all
continuous functions vanishing at « (i.e., C,,‘ o1, a]) =Cp_ o1, a)).

2.3.8 LEMMA: Let a>1 and B2 1 be ordinals. Then

Cp([1, a+ BN L C, (11, @) x C, (1, B 2 C, (1, B X C, ([ 1, &) 2 C, ([1, B+01))
and

Cp.o([1, a+ BN L C,([1, al) xC,, o([1, BD).

PROOF: Since [1,a+B]=[1,a]®[1, p] (notice that h:[1,a+B]—>[1,a] ®[1, ]
defined by h(y)=7yif y<a and h(y)=y—a if Y> @, is a homeomorphism) we have by
lemmas 2.3.5 and 2.3.6

Cp([1, a+B]) le([L al ®[1, B lCp([l, al) xCp([1, B))
and

Cp.o((1, 2+ B]) = C,([1, a) X C,, o([1, B).O

2.3.9 LEMMA: Let a2 be an ordinal. Then C,([1, a]) 2 Cp, o([1, a]).

PROOF: Define ¢: Cp([1, a]) = Cp, o([1, &]) by ¢(F)B)=f B-1)-f (o) if I <P<a
and ¢(f)(1)=f (o). Since B—1=P for B> w, it easily follows that ¢ is well-defined.
That ¢ is linear is a triviality. Now take P c[1, ] finite, €>0 and fe C,([1, a]). Let
Q0={B-1:BeP\{1}}ufa). It is easily seen that ¢(<f, Q, €/2>)c<d(f), P, €>,
hence ¢ is continuous.

Now define y: C,, o([1, a]) = C,([1, a]) by yA)PB)=f1+P)+f(1). An easy
verification shows that y is a well-defined continuous linear function.

We are done if we prove that y=¢"". Let fe C,, o([1, «]) and Be [1, a]. Notice that
1+(B-1)=p, soif B#1 then
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@-WEOB =y B-1 -y )
=fA+@-D)+f ) -fA+)—-f (1)
=f ).

Furthermore,

@O D)=y ))=f 1+)+f (1)=F (1),
which implies that ¢ °§=idcp_o([1. ap)- Now let fe C,([1, a]) and e [1, a]. Notice that
(1+B)-1=B,s0
(W -0)B) =0 )1 +P)+6( (1)
=f(1+B)-D-f(@)+f (@)
=f B,

which proves that y -¢ = idc, (1, a) and the lemma is proved. O

Notice that [1, a] is a metric space if & < @y, so in that case lemma 2.3.9 is an easy
consequence of proposition 2.3.2 and lemma 2.3.8.

2.3.10 REMARK: All results stated in this section, are also valid for function
spaces endowed with the compact-open topology, with the exception of lemma 2.3.3
and corollary 2.3.4. They are true for function spaces endowed with the compact-open
topology under the additional assumption that A is compact.

§2.4. Separable metric zero-dimensional compact spaces

In [10] Bessaga and Pelczyfski presented the following isomorphical classification
of the spaces C (X), for separable metric zero-dimensional compact spaces:

2.4.1 THEOREM (Bessaga and Pelczyfski): Let X and Y be separable metric
zero-dimensional compact spaces. Then C o(X)~Co(Y) if and only if one of the follow-
ing holds:

(a) X and 'Y are finite and have the same number of elements.
(b) There are countable infinite ordinals o and B such that X =[1, o, Y =[1, B]
and max(a, B) < [min(c, B)]®.
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(c) X and Y are uncountable.

Notice that for a compact space X, we always have that X is finite, or is uncountable
or is homeomorphic to [1, a] for some countable infinite ordinal a (by theorem 2.2.8).
Also, case (c) is a direct consequence of Miljutin’s theorem ([47, page 379]). Bessaga
and Pelczyfski’s proof of (c) is different, because they were not aware of Miljutin’s
result (see [47, page 380]).

In this section we prove that a similar classification can be derived if we replace
Co(X) by C,(X). We first need to prove some properties of function spaces of ordinals.

242 LEMMA: Let w<a<w, be a prime component and neIN. Then
Cpo([1, vn])~Cp([1, a).

PROOF: By theorem 2.1.21 there is an ordinal p such that o=, so
Co([1, an])~Cp({a-l,..., a-n})xCp o([1,a])  corollaries 2.2.10 and 2.3.4

~Cp, o([1, a]) lemma 2.3.8

~Cp([1, a]) lemma 2.3.9.0

It is essential in this lemma that o < @, (cf. the remark after corollary 2.2.10). In
section 2.5 we will show that C,([1, ®;-2]) and Cp([l, ®;]) are not linearly
homeomorphic (cf. theorem 2.5.13).

243 LEMMA: Let <0 < w; be an ordinal. Then Cp([1, a])~Cp([1, &').
PROOF: By corollary 2.1.20, a=a’-n+7y for some ne IN and y<a'. By theorem
2.1.15 y+ o’ =/, which implies that y+ o -n =y+ o'+ o-(n—1)=a"n. So

Cp([1, a)=Cp([1, " n +7])
~Co([1, v+ a’n]) lemma 2.3.8 for y=0
=Cp([1,a"n))
~Cy([1, a]) lemma 2.4.2.0

We now come to the following result:

2.4.4 PROPOSITION: Let w<a <, be an ordinal and let o <p<a®. Then
Cp([1, a]) ~Cp([1, BD).
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PROOF: By lemma 2.1.22 and lemma 2.4.3 we may assume that o and [ are prime
components. By theorem 2.1.21 there are ordinals [ and v such that a=w* and B=w".
Since a <P < a®, by proposition 2.1.10a, p <V < p-@.

We prove the lemma by transfinite induction on v. If v=p it is a triviality, so let
v > u and suppose the lemma is true for every ordinal y such that p <y <v.

Let X =[1, B]=[1, @] and A =X®. By proposition 2.2.5 k(X)=v+1, so p < k(X).
Hence by corollary 2.2.10 X/A =[1, o*]=[1, a].

CLAIM: There are ordinals 1 <y<vand ne IN such that A =[1, ®''n].

Indeed, since p<v<pw, there is ke IN\ {1} such that p:(k—1) <v<pk. So by
proposition 2.2.5 and proposition 2.2.4 (a),

AWE=1) = Wy tk=1) = y (k) =1, @ k)R = (@PFy,
and
AD =x W+ 5 (1, mu+1](u+l) #0,

hence 2<k(A)<p(k—-1)+1. Since x(A) is a successor, there is 1<y<p(k—1)<v
such that (A )=7y+ 1. So by theorem 2.2.8 there is n € IN such that A =[1, @"-n], which
proves the claim.

By corollary 2.3.4, lemma 2.3.9 and the claim it follows that
Cp([1, B~ C,([1, @"r]) x C, (1, 1))
~Cp([1, @"]) x Cp([1, ) (since Y21 and by lemma 2.4.3).
If y< y then by lemma 2.3.8 and theorem 2.1.15
Cp([1, BD ~Cp (1, ¥ +a]) =G, ([1, ).

If Y2 then by the inductive hypothesis C,([1, 0)7])~Cp([l, a]), so by lemma 2.3.8
and lemma 2.4.2

Cp([1, BD ~Cp([1, al) x Cp([1, al) ~ Cp([1, a2~ Cp([1, @]). O
We can now easily derive the following:

2.4.5 COROLLARY: Let w<a<PB < w; be ordinals. Then
Co([1, a]) ~C,([1, B)) if and only if P < a®.

(In particular if a=o* and B=w" with u<v, then Cp([1, a]) ~ Cp([1, B)) if and only if
V< H®).
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PROOF: If B <a® then apply proposition 2.4.4. Suppose Co([1, a]) ~Cp((1, B1). By
corollary 1.2.21, it follows that Co([1, a]) ~Co([1, B]). By theorem 2.4.1 this implies
B<a®.O

2.4.6 REMARK: If X is a separable metric compact space and A is a closed subset
of X, then X/A is a separable metric compact space. This follows from the fact that the
quotient map p : X — X/A is perfect because X is compact.

We are now able to prove the classification we mentioned at the beginning of this
section.

24.7 THEOREM: Let X and Y be separable metric zero-dimensional compact
spaces. Then C,(X)~ C,(Y) if and only if one of the following holds:
(a) X and Y are finite and have the same number of elements.
(b) There are countable infinite ordinals o and B such that X =[1, a], Y =[1, B]
and max (o, B) < [min (a, B)]1°.
(c) X and Y are uncountable.

PROOF: If C,(X)~C,(Y) then by corollary 1.2.21 we have Co(X)~Co(Y). So by
theorem 2.4.1, (a), (b) or (c) holds.

Now suppose that (a), (b) or (c) holds.

Case I: (a) holds.

Suppose X and Y both contain m points. Then C,(X) ~R™ ~C,(Y).
Case 2: (b) holds.

By corollary 2.4.5 we have the desired equivalence.

Case 3: (c) holds.

It is enough to prove that for every uncountable separable metric zero-dimensional
compact space X we have C,(X)~C,(C) where C is the Cantor discontinuum. Let X be
such a space.

By the Cantor-Bendixson Theorem (theorem 2.2.6) and the fact that X is second
countable, X =D u S with D closed and dense in itself and S countable. Since X is un-
countable, D is non-empty, so by the fact that C is the unique non-empty separable
metric zero-dimensional compact space without isolated points ([15]), we have D =C.
By the same characterization of C, we also have that (X x[1, ®])xC =C, so we can
find a closed copy E of X x[1, ®] in D. Now

Co(X)~Cp, pX)xCp(D) by proposition 2.3.2
~Cp,pX)xC,(D ®D) sinceD ®D=CO®C=C=D



72 Chapter 2. On the {, and ly-equivalence of locally compact spaces

~Cp, p(X)XCp(D)XCp(D) by lemma 23.6
~Cp(X)xCp(D) by proposition 2.3.2
~Cp(X)xCp (D)X Cy(E) by proposition 2.3.2

~C,(X®E)xC, (D) by lemma 2.3.6
~C,(E)xCp g(D) since X ®E=FE
~Cp(D) by proposition 2.3.2.0

2.4.8 REMARK: From theorem 2.4.1 and theorem 2.4.7 it follows that the
classification is such that for any two separable metric compact zero-dimensional
spaces X and Y it follows that C,(X) is linearly homeomorphic to C,(Y) if and only if
Co(X) is linearly homeomorphic to C¢(Y). In general this is not the case (see the re-
mark after corollary 1.2.21 on page 29).

One of the steps in the proof Bessaga and Pelczynski gave of theorem 2.4.1 is propo-
sition 2.4.4 for function spaces endowed with the compact-open topology (or the topol-
ogy of uniform convergence) (cf. lemma 1 in [10]). Their proof of this result is quite
different from ours. They used for example the fact that if a Banach space (and C((X)
is a Banach space if X is a compact ordinal) is the direct sum of two closed linear sub-
spaces E and F, then it is isomorphic to E X F. Recall that our spaces C,,(X ) are not
Banach. Also, they did not use an inductive argument.

It is also possible to prove proposition 2.4.4 following the pattern of the proof of
Bessaga and Pelczynski: They used the above property of Banach spaces to conclude,
that if B<a < w; then Co([1, a-B]) ~Co([1, a]). However, for the topology of point-
wise convergence we can prove this directly by the method of corollary 2.3.4, using the
fact that (oB)’=a’-B’. All the other statements that Bessaga and Pelczyfski proved,
are also valid for function spaces endowed with the topology of pointwise convergence.
So then we are in a position from which we can derive proposition 2.4.4 with the same
arguments as the ones of Bessaga and Pelczyiiski.

We now give some examples which were already announced in chapter 1.

2.4.9 EXAMPLE: We show as announced on page 21 that in general for spaces X
and Y, and an effective linear function ¢: C (X)—> C(Y) such that for each ye?,
supp (v) # @, supp: ¥ = P(X)\ {@) need not be USC.

Let X =[1, ®?] and Y =[1, @]. By theorem 2.4.7 there is a linear homeomorphism
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9: C,(X) > C,(Y). By corollary 1.2.15 (a), ¢ is effective and by proposition 1.4.3, for
eachy e Y, supp (y) #@. We claim that supp: ¥ = P(X)\ {@} is not USC.

Since supp () is finite (lemma 1.4.1), there is an infinite clopen subset U of X which
misses supp (w). Let V=X\U. Then supp (w)cV. If supp:Y = PX)\ (D) is USC,
then there is n € IN such that supp [, @] V. We now have by proposition 1.4.3,

X =suppY =supp {1, ..., n} usupp [n, @] Csupp (1, ..,n} UV,

hence U csupp (1, ..., n}. Since U is infinite and supp {1, ..., n} is finite, we have a
contradiction. We conclude that supp: ¥ = £(X)\ (@} is not USC.

2.4.10 EXAMPLE: In this example we show that the first countability condition in
theorems 1.5.10 and 1.5.12 is essential.

Let X =[1, 0] xIN, A=X" = (@} xIN and Y =X/A. Then X is clearly first countable
and normal. Since the quotient map p between X and Y is closed (cf. page 60), Y is nor-
mal ([24, th 1.5.20]). The proof of the following claim is standard. For the sake of com-
pleteness it will be included.

CLAIM: Y is not first countable.

Indeed, suppose {U,:neIN} is a countable base at « in Y. Let ne IN. Then
p~ N (U,) is open in X and {w} x]Ncp'l(U,,). So for every i € IN there is a] < ® such
that [af, @]x (i} cp™'(U,). Now let U=\U;_[ai+1,0]x{i}. Since AcU,
woep(U) and p~'(p (U))=U, so p(U) is a neighborhood of e in Y. Hence there is
n e IN such that U, cp (U), so p‘l(U,.)cU. Hence Urzl[a?, w]x (i} cU. But then
[or, ®] < [ah + 1, ®], which is a contradiction.

Notice that for every space Z and for every z € Z, C,(Z)~Cp, ,(Z) xR (It is easily
seen that the function ¢: C,(Z) = C, ,(Z) xR defined by ¢(f)=f-f (z) is a linear
homeomorphism), so Cp‘ «(¥)XR~Cp(Y). Hence

C,(X)~Cp([1, 0] ®X) because X =[1, 0] ®X
~Cp([1, 0]) x Cp(X) by lemma 2.3.6
~Cp([1, o) xRxCp(X) by proposition 2.3.2 and lemma 2.3.9
~Cp(X)xIR as above
~Cp, aX) xR by lemma 2.3.7 and 2.3.9
~Cp, «(Y) xR by lemma 2.3.3

~C,(Y).
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For theorem 1.5.12 notice that X is not countably compact, and Y(1)=[oo] is
countably compact. For theorem 1.5.10 notice that X and Y are paracompact (by [24, Th
5.1.3 and 5.1.33]), X is locally compact and Y is not locally compact.

Furthermore, notice that this example is a counterexample for the following state-
ment (see also section 0.1): If X and Y are {,-equivalent spaces, then X has property # if
and only if Y has property #, where 2 is one of the properties: local compactness, first
countability, second countability, metrizability, weight, or character.

2.4.11 EXAMPLE: In this example we show that theorem 1.5.12 is not true for the
a-th derivative if a is not a prime component.

Let oo < w; be an ordinal which is not a prime component. Observe that in this situa-
tion 1Sa’<a<o’-® (lemma 2.1.19). Hence 0% < 0® < (0*)® and so by theorem
247 Co([1, ") ~Cp([1,@*])). So if we now let X=@7[1,0*); and
Y=@®[1, ®*];, then Cp(X)~C,(Y) (lemma 2.3.7). In addition, X and Y are normal
and first countable, but ¥ (® =N (this follows easy from proposition 2.2.5) which is not
countably compact, and X (*) =@ which is countably compact.

This observation leads us to the following

Question: Let X and Y be {,-equivalent spaces which are both normal and first
countable. Let > be a prime component. Is it true that X ® is countably compact if
and only if Y@ is countably compact?

Finally we remark that the first part of this section (until theorem 2.4.7) is taken
from [3]. The examples 2.4.10 and 2.4.11 can be found in [5].

§2.5. Compact ordinals

In this section we present an isomorphical classification of the function spaces
Cp(X), where X =[1, a] for some ordinal a. We call such spaces compact ordinal
spaces. It turns out that this classification is similar to the one Kislyakov gave for the
spaces C ((X) (with X a compact ordinal space) in [34]. Our proof is similar to his, only
some modifications are necessary.

It turns out that Kislyakov made a mistake in his proof. In this section we will iden-
tify this mistake and correct it.

Let us first present the classification of Kislyakov. For that we need some
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definitions. Let X and Y be Banach spaces. We say that X and Y have the same linear
dimension, if each of them is isomorphic to a subspace of the other. X has smaller
linear dimension than Y if X is isomorphic to a subspace of Y, but Y is not isomorphic
to any subspace of X. Notice that isomorphic spaces have the same linear dimension.

2.5.1 THEOREM: Let o and B be ordinals.
If a and B have different power, then
(a) Co([1, a]) and Co([1, B]) do not have the same linear dimension and so
they are not linearly homeomorphic.
If a.and B have the same power and & is the initial ordinal of that power, then
(b)((34)) If E=w, or & is a singular ordinal or both o, B=E?, then
Co([1, a]) ~Co((1, B) if and only if max(cx, B) < [min(a, B)1® if and only if
Co([1, a]) and Cy([1, B]) have the same linear dimension.
(¢) ((34)) If & is an uncountable regular ordinal and o, Be (&, E?], fix ordinals
oy, B1 <€ and v, 8<E& such that a=Ea,+y and B=E&P,+8. Then
Co((1, &)~ Co((1, B) if and only if a;=PBy if and only Co((1, o)) and
Co([1, B]) have the same linear dimension.
(d) If & is an uncountable regular ordinal, a < &* and B2, then Co((1, a])
and C o([1, B]) are not linearly homeomorphic.

Notice that the case =0 in theorem 2.5.1 (b) is just Bessaga and Pelczynski’s
result stated in theorem 2.4.1. Furthermore theorem 2.5.1 (c) was proved by Semadeni
in [46] for ordinals o and P satisfying 0 <, B<w; .

In fact Kislyakov only stated theorem 2.5.1 (b) and (c), so we will now prove part
(a) and part (d). Before being able to prove this, we need to formulate the following
lemma proved by Bessaga and Pelczynski in [10].

2.5.2 LEMMA: Let a be an ordinal. If for every y<a, Cy([1,Y]) has smaller
linear dimension than Co([1, a]), then Cy([1, &]) has smaller linear dimension than
Co((1, a®]).

The following corollary to lemma 2.5.2 is also useful in section 2.6, and is stated
without proof by Bessaga and Pelczyfski in [10] and by Kislyakov in [34]. For the sake
of completeness, we will present its proof.
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2.5.3 COROLLARY ([34, lemma 1.3]): Let o and B be ordinals. If B2a®, then
Co([1, al) has smaller linear dimension than Cy([1, B]).

PROOF: Let a; be the smallest ordinal such that Co([1, o;]) and Co([1, a]) have the
same linear dimension. Then for every y< o, Co([1, ¥]) has smaller linear dimension
than C([1, ay]). By lemma 2.5.2 it follows that Cy([1, &;]) has smaller linear dimen-
sion than Co([1, a]). Since a; <a, it follows that af <a® <. But then it easily fol-
lows that Cy([1, a]) has smaller linear dimension than Co([1, B]). O

We are now able to prove theorem 2.5.1 (a) and (d).

PROOF of theorem 2.5.1 (a): Without loss of generality we may assume that &@ < P.
First suppose o> . Since a®=a (proposition 2.1.13), it follows that a® <. So by
corollary 2.5.3 it follows that Co([1, a]) has smaller linear dimension than Cy([1, B]),
which implies that C([1, a]) is not linearly homeomorphic to Co([1, B]).

Now suppose that o is finite. As is easily seen, the algebraic dimension of
Co([1, a]) is finite and smaller than the algebraic dimension of C([1, B]), hence
Co([1, a]) and C([1, B]) are not linearly homeomorphic. O

PROOF of theorem 2.5.1 (d): First suppose that P < £©. Since £2 <P < E9=(E2)®, by
theorem 2.5.1, C([1, B]) ~ Co([1, &2]). Let a=&-a; +7y with y< & (proposition 2.1.2).
Notice that at; <&, so o < &, because & is initial. From theorem 2.5.1 (c) it now fol-
lows that C([1, a]) and Co([1, §2]) are not linearly homeomorphic.

Now suppose B>E®. Since a<&2, a®<(E2)®=E9<B. So by corollary 2.5.3,
Co([1, a]) has smaller linear dimension than C([1, B]), which implies that C([1, a])
and C([1, B]) are not linearly homeomorphic. O

Now we are going to prove that the same classification holds for the spaces
Cp([1, a]). For that we first have to give some definitions.

For a compact space X and fe C,(X), let Ifl=sup,.x|f (x)|. Let (X,;:teT) be a
family of compact spaces and for each ¢ € T, let E, be a linear subspace of C,(X,). By
I'I,' <TE; we denote the linear subspace of I, . rE, consisting of all points f=(f;);eT
such that for each € >0, the set {te T:lf,I2¢€} is finite. If E,=F for every te T, we
write TT,E instead of II;. 7E, where m=IT|. Notice that if T is finite, then
M, 7E, =TI;  7E;.

The notion of linear k-mapping (cf. section 2.3) can also be defined for the spaces
I1;. 7E,. We then have the following
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254 LEMMA: Foreachiellet (X, ;:teT) and (Y ;:s € S) be two families of
compact spaces and let for eachiel, te T ands e S, E, ; and F ; be linear subspaces
of Cp(X, ;) and C,(Y;), respectively. Suppose that for each iel,

I} 7E, i ~ Ty o sFs, i ThenTI, iyerxiEr, i =TI, iye sxiFs, i
PROOF: For each i€/ let ¢;: I1;, TE; i > I, sFs i be a linear k-homeomorphism.
Define ¢: T, iye 7xsEr, i 2 T(s, iye s xiFs, i by
O, i), iyeTx1) = (s 20 (1, i)t e T) s, iye SxI-
We prove that ¢ is a linear k.-homeomorphism.
CLAIM 1: ¢ is well-defined.

Indeed, let €>0 and (f(, i) iyeTxr € I, iyexiEri- It is a triviality that
(15 <) ((fu, iy)ieT) € F (5, iy- Notice that J=(ie I:(3te T)(If, yl=€/k)} is finite. Let
ielI\J. Then for every teT, fq (X, ;)< (-€/k, €/k). Since ¢; is a linear k-
homeomorphism, for every s € S

(s =0 (S r, iy e )X, i) C (=€, ©).
So {iel:3seS)(ms-0)((f(r, iy)re )IZE)} is finite. Since
0:((fe, iyher) € My e sFs, i
foreveryiel, (s e S:I(ms <0;)((f(, i) T2 €} is finite. But this implies that
{Gs, ) e ST :U(rg i) (e, iy e TI2E)
is finite as well, which proves the claim.
Since m; and ¢; are linear and continuous, it is clear that ¢ is linear and continuous.
CLAIM 2: ¢ is a linear k-mapping.

Indeed, let (f(, i), iye Tx1 € TI(s iye TxiEr, i be such that fg (X, ;) <(~1/k, 1/k)
for each pair (¢, i)e T xI. Then

(1, iy O e, iy)ee, iye TxDX g, i) = (Rs 20N fr, iy)ee X, ) (-1, 1)

for each pair (s, i) e S %/, because ¢; is a linear k-homeomorphism. This proves claim
2.

Now define y: T1(;, iye s x1Fs, i = T(r, iyerx1Es, i by
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V(& s, i)s, iye sx1) = (T 07 )& (s, iy)s  $))at, iye TxI-

The proof that y is a well-defined continuous linear k-mapping is exactly the same as
the proof for ¢. Furthermore it is easily seen that y=0¢", so ¢ is a linear k-

homeomorphism. O

In the sequel we denote 1'1(',_ iye Tx1E:, i also by ;. 11;. 1E; i or by I} 10, . TE; ;.
Notice that this is not the same as IT;_7(IT;. J1E; i), because the latter product is not
defined. Lemma 2.5.4 now gives us the following: If for eachi e/,

* k *
e 7E, i ~TlgsFs i,
then

* * Kk *
e /e TEs i ~ e s e sEs, ;-

25.5LEMMA: Let {X,:teT)} be a family of compact spaces and let for each
teT, E, be a linear subspace of C,(X,). Let S T. Then T1; . 1E, LI BT skl

PROOF: Define ¢: I/ 7E, = 15 sE; X Il 1\sE; by 00 e1)=((Fdees, Drers):
It is a triviality that ¢ is a well-defined continuous linear 1-mapping as well. The in-
verse ¢~ of ¢ can also be defined canonically and is a continuous linear 1-mapping as
well. So ¢ is a linear 1-homeomorphism. O

The next lemma is the main tool in this section.

2.5.6 LEMMA: Let Y be a limit ordinal. Let (Ag)o<t<y be a strictly increasing se-
quence such that ‘
D2y —-Ag2w e [0,y),
2) Ag =limy <gAy (&€ (0, Y] a limit ordinal),
3) A =0.

Then Cp, o([1, A1) 2C,, o([1, YD) XTTE <Cp. o([1, Ag 41 —Ael).

PROOF: Let

X ={fe Cp,o([1, \4]): f is constant on each interval (Ag, Ag+1] (§€ [0, )}
and

Y={fe Cp oL, [y :f (Re)=0 (§ e (0, YD}

CLAIM 1: C, o([1, Ay)) 2X xY.
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Indeed, define ¢,: C, o([1,Ay]) =X by

01051 (hex Ag11=1 (he41) e [0, 7).

and

61(F)Ae) =1 (Ag) (§ e (0, ] a limit ordinal).

To prove that ¢, is well-defined, we need to show that ¢, (f) is continuous at Ag
with € € (0, y] a limit ordinal. So let € >0. Since Ag =limy cgAy and since fis continu-
ous at Ag, there is N < & such that f (Ay, Ae]) € (—€+f (Ag), €+ f (Ag)). But then also

010 ), Ae]) (=64 F (Re), €+ £ (Ae)).

That ¢; is linear is a triviality. We prove that ¢; is continuous. Let
P={o;:i<n}c[l,Ay] be finite, €>0, and fe Cp o([1,Ay]). For i <n, if a; =Ag for
some &, put f; =a;, otherwise let Ag be such that a; € (Ag, Ag41] and put B; =Ag, ;. Let
Q =(B;:i<n). Then a simple calculation shows that ¢,(<f, Q, €>)c<¢;(f), P, €>,
which proves that ¢; is continuous.

Now define ¢;: Cp, o([1,Ay]) Y by ¢2(f)=f—¢1(f). It is easily seen that ¢ is
well-defined, continuous and linear. It follows that the map ¢: Cp, o([1, ky])——)X xY
defined by ¢(f) = (¢1(f), ¢2(f)) is also well-defined, linear and continuous .

We prove that ¢ is a linear 2-mapping. For that let fe Cp o([1,Ay]) with
£, L,])c(—l/Z, 1/2). Letae [1 ,L,]. Then 19;(f)(a)| < 1/2 and therefore

102(F)(@) | = 1f (0) =01 (F)(@) | < 1f (o)1 + 10 (F) )| < 1/2+1/2=1,

which proves that ¢ is a linear 2-mapping.

Now define y: X xY = Cp, o([1, Ay]) by y(f, g)=f+g. It is evident that y is a
well-defined continuous linear 2-mapping. Furthermore one can simply derive that
y=¢"", and so we conclude that ¢ is a linear 2-homeomorphism, which proves claim 1.

CLAIM 2: X £ C, o((1, Y)).

Indeed, define ¢: X —C, o([1,7]) by ¢(f)E)=f (Ag). Since by (2) the function
§ = Ag is continuous, ¢ is well-defined. It is easily seen that ¢ is a continuous, linear
1-mapping. Define y: Cp, o([1, Y1) = X by W(f) | (Ag, A+ 1]1=f (§+1) for Ee [0, y) and
Y(f)Ag)=f (§) for Ee (0, ] a limit ordinal. It is a triviality that  is a well-defined,
continuous, linear 1-mapping, which is the inverse of ¢. Whence ¢ is a linear 1-
homeomorphism.

CLAIM 3: Y LTI .,C,, o([1, Mg 1 —Ae).

Indeed, define ¢: ¥ =TIz <4Cp, o((Ae, Ags1]) by (Re -0)F)=f 1(Ae, Aga] (<)
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To see that ¢ is well-defined, we assume there are fe Y, €>0and §; <&, < -+ <y
such that li(mg, <¢)(f)I2€ for each ne IN. Let §=lim, n&,. Then §E<y. For each
ne NN find a, e (kg_, X;H] with |f (at,)| 2€. Then If()\g) | > €, which is a contradic-
tion, because fe Y. It is easily seen that ¢ is a continuous linear 1-mapping.

Define : ITg <4Cp, o((Ag, Ag+1]) = ¥ by W((fe)e <)(B) =S¢ (B) if Be (A, Az 1] and
\v((fg)gq)(lg):O if £€ (0,7] is a limit ordinal. It is evident that y is a well-defined
continuous linear 1-mapping, which is the inverse of ¢. Thus ¢ is a linear 1-
homeomorphism. The claim is now proved since (Ag, Ag41]=[1, g1 —Ag].

It is clear that the claims 1, 2, and 3 establish the proof of lemma 2.5.6.0

2.5.7 LEMMA: Let u be an infinite ordinal and y a limit ordinal such that y=W or
Y+R=H. Then Cy, o([1, k4D *T3Cp, o([1, 1.

PROOF: By lemma 2.5.6, applied to the sequence Ag =g for § <, we have

Cp, o1, V) 2 Cp, 011, YD X TTE 4 Cp, o([1, &+ D)—p-E])
=Cp, o([1, Y1) XTI5C,, o([1, M)

Now suppose y=u. Then by lemma 2.5.5 C, o([1, u'Y])Zrl%Cp' o((1, u]). If y+pu=u,
then

Cp. oL, 1D 2y, ol WX Cp, o1, KD XTTCy, o([1, H])  (lemma 2.5.5)
2¢,. o(l1, L) XTEC,, o([1, 1) (lemma 2.3.8, 2.3.9)
= T15C,, o([1, 1) (lemma 2.5.5).0

2.5.8 LEMMA: Let o be an initial ordinal and y a limit ordinal with Y<Q. Then
there exists a subset M of 2, Y) consisting of successors such that

Cp. o1, 0D 211}, 4 C,, o((1, 0M]).

PROOF: Let B=c¢f (y). Since B is initial, ¢f (Y) <7, and Y<@, we have B<a.

CLAIM: There is a strictly increasing sequence {pg : §<B} in [2, y] such that pg is a
successor for each successor & <, pg =limy, < gy for a limit ordinal £ <P, and pg =7,

Indeed, let ¢ be an increasing B-sequence such that limg . g¢(§) =y and ¢(1)> 1. Let
£ <P and take pg =¢(§) + 1 if § is a limit ordinal, otherwise take g =limy, <¢0). Itisa
triviality that {pg : & <P} is as required.
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Since o is a prime component (theorem 2.1.23), of**!—o* =a**' and
B+ o' =a™ (by theorem 2.1.15 and the facts that p; >2 and B<a). By applying lem-
ma 2.5.6 to the sequence Ag =a" for E e (0, B] and Ay =0, we get

Cp, o([1, 0" 2C,, o([1, B XTIE <3C,, o([1, a5+ —a])

=C,, o([1, BY XTIz < gCp, o([1, &***'])

2¢,, 011, B+ 1) xTT} g < gCp. o([1, @' ])

=Cp, o([1, ™' ) x M <g < pCp, o([1, 0*¥*'])
~TIE <Cp, o([1, 0*1)).

We applied lemma 2.5.6 for the first equivalence, lemmas 2.5.5, 2.3.9 and 2.3.8 for the
third one and lemma 2.5.5 for the last one. Now take M = (g, :§<B}.O

2.5.9 LEMMA: Let wy be a singular ordinal. Then there exist B < @y and a strictly
increasing B-sequence ¢ such that

(@) limg < p0(E) =Y,
(b) wye) 2P for every & < B,
(©) Cp, o[1, &) 2TIE (pCp. 01, Vo4 1y))-

PROOF: Since , is singular, y is a limit ordinal (corollary 2.1.11). Furthermore
Yoy

CLAIM: There is an ordinal § and a strictly increasing B-sequence ¢ such that < wy,
limg < gO(8) =, Wy(e) 2 P for every § < B, and limg < ¢(§) =¢(n) if N is a limit ordinal.

For the proof of the claim we consider two cases.
Case 1: Y< .

Let & =min({§ :Y< wg <y} and notice that & <. Put B=y—&; and ¢(§) =& +&.
Then B<y< wy, limg cg¢(§) =& +P =7, and by the definition of ¢, wye) 2 g, > Y2 P.
That limg <1]cp(ﬁ) =¢(n) if 1 is a limit ordinal is a triviality.

Case 2: Y=wy.

Let B=cf (wy). Since w, is singular, B<®,. Let ¢; be a strictly increasing -
sequence such that limg . g¢;(§) =w, =Y. As in the proof of lemma 2.5.8, we may as-
sume that limg < 4 ¢(§) =0¢(n) if 7 is a limit ordinal. Now put ¢(&)=p+¢,(§) for § < p.
Then limg . g¢(§) =P+ wy=w, (theorem 2.1.15 and 2.1.23) and wy)2wg 2. This
proves the claim.
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For the following notice that Wg 4+ 1) — WeE) =Wyt + 1) (theorems 2.1.15 and 2.1.23)
and that B+ g1y =We(1) (because B<wyg) < We(1y). By applying lemma 2.5.6 to the
sequence Ag =Wy for § e (0, B] and A9 =0 and by lemmas 2.5.6, 2.3.8 and 2.3.9 we

obtain
Cp.o(l1, @D =y, ol 1, BD XTI <4y, oL, Gce.1) ~ o))
= Cp.oll1. BDXCy,o((1 @y D XM 55 <Gy, o1 @oce )
2 2, 0([1, B+0e1y]) XM <& < pCp, o([1, Wz +1y])
=Cp, o([1, Wo1y]) XTT1 <2 <C,p, 0([1, et + 1))
~TIE <Gy, o1, Do+ 1))

We applied lemma 2.5.5 to get the second and fifth equivalence and lemmas 2.3.8 and
2.3.9 for the third one. O

2.5.10 LEMMA: Let a be an initial ordinal and y an ordinal such that Y<@, Y>2.
4 *
Then Cp, o((1, o)) X TT5C,, o([1, a]).

PROOF: First suppose that 7y is a successor, say Y=B+ 1. By lemmas 2.5.6 (applied to
the sequence Ag =aP-&, Ee [0, a), 2.5.5, 2.3.8, 2.3.9 and the fact that a+aP =P if
B=2 (because of is a prime component larger than a), we have

Cp.o((1, &) 2T15C,, o([1, o). By lemma 2.5.4 we now have
5C,. o([1, &) 2MEM15C,, o(1, &P =T132C,, o([1, 0P)).

s . " *
Since @=a (page 52), it follows that C, o([1, a']) lfﬂacp"o([l, «']), which is as
desired.
Now let v be a limit ordinal. Find M c[2, ) as in lemma 2.5.8. Then

Cp. o1, 0D 2T} 4G, o((1, 0*]) (lemma 2.5.8)
“M} . uTI5C,, o([1,a*])  (by the above and lemma 2.5.4)
=M. 4 Cp, o[1, o*1)
415G, o([1, o)) (lemma 2.5.8).0

5
2.5.11 LEMMA: Let o be a singular ordinal. Then Cp, 0([1, a]) .2 H&Cp' o([1, al).
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PROOF: Put a=w,. By lemma 2.5.9, there are B <o and a strictly increasing B-
sequence ¢ with limit y, such that Wy, 2 B for every § < B and

Cp, o1, &) 2TIE 5 Cp. o([1, @ +1))- *)

Fix § < B. Notice that Wy )0 =0 (proposition 2.1.12). By lemma 2.5.6, applied to
the sequence A, = Wye)'N (M < @), we obtain

2 *
Cp, o([1, a) = Cp, o([1, a]) XTI < Cp, o([1, W&+ 1) M+ 1) = Wycz +1)N))
=Cp, o([1, a]) XTI5C,, o([1, Wt +1y))-
We now have
TI§Cy, o([1, @) 2T < gTT3 <aCp, 011, Wgce+ 1)) XTTFC,, o([1, )
=T <aTTg <pCp, o([1, Wo+ 1)) X TTFC,, o([1, @)
4 % *
~I5 <aCp, o1, ) XIT§Cp o([1, a])
2TIECp, o1, @l).
We applied lemma 2.5.4 to get the first equivalence, and (*) and lemma 2.5.4 to get the
third one. The last equivalence follows from lemma 2.5.5 and the fact that E< a.
Let B={§<pB:&is a limit ordinal} U {0}. Notice that for every i e IN and e B,
0)¢(§+,'_1)'B=0.)¢(§+,'_1) < WyE+i) (by the choice of the sequence ¢), hence

(0¢(§+,'_1)‘B<(D¢(§+,'), N¢J ﬂ)¢(§+i._1)‘ﬁ+&)¢(§+i)=(D¢(§+,') (by theorems 2.1.23 and
2.1.15). Then

Cp, o([1, &) 2TIE <pC,, o([1, Wy 1))

=g, ieNCp, o(l1, Oge+])

lngeBCp, o([1, e+ 1)) XTTE ¢ B, i>2Cp, o([1, Vo +i)))

=Tz 5Cp, o([1, Wo+ DX TTE 5, i52Cp, o([1, W +i—1)"B+Woe+i)])

3n£eBCp, o1, @o+ 1y XTTE ¢ 5, i>2Cp, 0([1, Oece+i-1)B)) X
xTl . g, i22Cp, o([1, @y +iyD)

inée 8Cp, o([1, @e+1y)) XITg 3, i22TTECp, o([1, Wee+i—1y]) X
XTIz g, i>2Cp, o([1, Woce+i)))

=TI 3Cp, o([1, Op+ 1)) XTTIRIIE B, i e NCp, 0([1, Do +y]) X
XHE; B,i22Cp, o([1, Wy +i)])
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I 5, i NCp, o[, Gog+i)) X TTHITE < 5, i NCp, 0([L, Dog+i)))
=TI§Mz B, i e NCp, o[ 1, Vo +iy))

=H§HE< BCp, 0([1, ®e+1)])

LHFC,, o(11, o).

Here we applied (*) for the first equivalence, lemma 2.5.5 for the third, lemmas 2.3.8,
2.3.9, 2.5.4 and 2.5.5 for the fifth, and lemmas 2.5.4 and 2.5.7 for the sixth, respective-
ly. To get the eighth and ninth equivalence we used lemma 2.5.5. Finally we used (*)

s *
for the last equivalence. We conclude that C,, o([1, a]) 5 [I5Cp, o1, a]).O

2.5.12LEMMA: Let & be an initial ordinal, a.e [E,E?], say a=Ea;+B with
1<ay <E&and B<&. Then Cp o((1, al)~Tg Cp o((1, ED).

PROOF: First notice that by lemmas 2.3.8 and 2.3.9

Cp, o1, @) ~Cp, o([1, &0t +B1) ~ Cp, o[ 1, B+E& 01 1)~ Cp, o([1, §a1]).

Then by lemma 2.5.7 we have C, o([1, §~a1])~l'1:;—le'0([l,§]). This finishes the

proof of the lemma. O

At this moment we are able to prove the announced classification. The following
theorem states it. The reader should compare it with theorem 2.5.1.

2.5.13 THEOREM: Let o and B be ordinals.
If o and B have different power, then
(@) Cp([1, a]) and Cp ([ 1, B1) are not linearly homeomorphic.
If o and B have the same power and & is the initial ordinal of that power, then
B)If E=w, or & is a singular ordinal or both a,P=E%, then
Cp([1, a]) ~ Cp([1, B) if and only if max(a,, B) < [min(cx, B)]®.
(¢) If & is an uncountable regular ordinal and «, Be [E, &2], fix ordinals
oy, B1<E and v, 8<& such that a=&a;+Y and B=EP;+8. Then
Cp (1, ) ~ Gy (1, B) if and only if oty =B
(d) If € is an uncountable regular ordinal, o < &* and P2>E2, then Cp((1, a])
and C,((1, B]) are not linearly homeomorphic.

PROOF: Suppose (a) or (d) does not hold for some ordinals a and B. Then by corol-
lary 1.2.21 it also does not hold for C([1, a]) and Cy([1, B]). This contradicts theorem
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2.5.1 (a) or (d).

We now prove (b). If C,([1, a]) ~C,([1, B]), then Co([1, a]) ~ Co([1, B]) (corollary
1.2.21). So by theorem 2.5.1 max(ct, B) < [min(c, B)]®.

We now prove the converse implication. Without loss of generality we may assume
that o <3, so suppose that B < o®.

Case 1: E=w.

Then we can apply theorem 2.4.7 (b).
Case2: o, P2E2.

By lemma 2.1.5 a=&Y-A+ 8 for some y>2 with y<a, 1<A <& and 8 < &Y. Notice
that then Y<a=E and o< EY*!, thus B < a® <EY* DO =¥ (lemma 2.1.19). This im-
plies that B=E"-p+¢ for some ie IN, p <& with p>0 and € <EY (corollary 2.1.3).
Thus

Cp([1, a])~Cp, o([1, §"A+38])  (lemma 2.3.9)
~Cp, o([1,3+EYA])  (lemma 2.3.8)

=Cp, o([1, EYA]) (€Y is a prime component and A #0)
In the same way
Cp([1, B ~Cp, o([1, E¥-p).
CLAIM 1: For every p e N and 1<v < &Y we have C,, o((1, §”-v])~l’I§Cp‘ o1, EYD).

First suppose p e IN and v=1. We prove by induction on p that
4p+3
Cp, 0((1, 8¥]) "~ TIEC,, o((1, E'D). *)

The case p =1 follows from lemma 2.5.10. So let p > 1. We then have

Cp, o1, g‘v(p- 1).@1])
EC,, o([1, £ D)) (lemma 2.5.7)

Cp, o((1, EPD)

&

I'IEC,,‘ o((1,EX¢ -1y (proposition 2.1.13)

Y2 IENEC, o((1,8Y)  (by induction and lemma 2.5.4)
= TIEC,, o([1, 8D (page 52).
Now suppose p e IN and 1 < v < w. Then by induction on v,
Cp, 0([1, EP-V])~Cp, o([1, EP-(v =1 X Cp, o([1, EF])  (lemmas 2.3.8 and 2.3.9)
~TIEC,, o([1, &) (by induction).
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Finally suppose p € IN and v=p+n with p#0 a limit ordinal and » finite. Then
Cp, o1, EP-V])~Cp, o([1, EP-uD) X Cp o([1, EP-n])  (lemmas 2.3.8 and 2.3.9)
~T15Cp, o((1, EPN) X Cp, o([1,E¥-n])  (lemma 2.5.7)
~II5C,p, o((1, EPY)
~TIGTTEC,, o((1, &) (lemma 2.5.4 and (*))
=TIEC,, o([1, E") @E=D),
and the claim is proved.

By the claim we immediately get

Cp, o([1, B ~Cp, o([1, E¥-u]) ~TIEC, o([1, E'])
and
Cp, o([1, @) ~C, o([1, EY-A]) ~TIEC,, o((1, EYD),

which proves case 2.
Case 3: E is singular and ace [E, E2].

CLAIM 2: If ae [E, E2], then Cp, 0([1, a]) ~Cp, o([1, E]).
Indeed, by lemma 2.5.12 we have

Cp, o(([1, a]) ~ 15, o([1, E])
with m<E. By lemma 2.5.11, C,, o([1, £]) L IIEC,, o([1, E)), s0

Cp, o1, &) ~TT5 G, 0([1, €])
~MLTEC, o((1,€])  (lemma 2.5.4)
=ITEC,, o((1, €]) mE=F)
~Cp, o([1, E])
This proves claim 2.
CLAIM 3: If B2 2 then C,, o([1, B]) ~C, o([1, €.

Indeed, notice that B < a® <(§%)®. So by case 2, Cp, o([1, B])~Cp, o([1, E*]). But by
claim 2, Cp, o([1, 52]) ~Cp, o([1, €]), which proves claim 3.

By claims 2 and 3 we finished the proof of case 3, and therefore also the proof of (b).
For (c) first suppose that C,([1, a])~C,([1,B]). Then Co([1, a])~Co([1, B])
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(corollary 1.2.21) and thus o, =B, (theorem 2.5.1 (c)).
Now suppose on_l = E By lemma 2.5.12

Cp. o1, o)) ~TT5C, o([1, EN=TT5C,, o([1, ED ~ C,, o([1, B)

and (c) is proved. O

The last theorem gives a complete isomorphical classification of the spaces C,(X),
where X is a compact ordinal space. As announced in the introduction of this section,
Kislyakov gave the same classification for the spaces C o(X) (with X a compact ordinal
space). However, he made a mistake in his proof. We now will point out his mistake,
and indicate how it can be corrected.

Kislyakov states the following: "Let a=@,. Since a is singular, it follows that y< a
and ...." (cf. [34, lemma 3.3]). But in example 2.1.14 we gave an example of a singular
ordinal @, such that y=w,.

An examination of our proofs tells us that if lemmas 2.5.4, 2.5.5 and 2.5.6 hold for
function spaces endowed with the topology of uniform convergence, then all the other
lemmas and theorems also hold for function spaces with this topology. Kislyakov
proved lemmas 2.5.4 and 2.5.6 for those function spaces (cf. resp. lemma 1.2 and lem-
ma 3.1 in [34]). In addition, lemma 2.5.5 is very easy to prove for function spaces en-
dowed with the topology of uniform convergence. So our proof can be copied to get a
correct proof of the classification of Kislyakov. It turns out that the proof one gets in
this way differs from the proof of Kislyakov at two places. First of all corollary 3.3 in
[34] has to be stated in a more general form (it becomes our lemma 2.5.9 for function
spaces endowed with the topology of uniform convergence) and second, the proof of
lemma 3.3 of [34] (which is our lemma 2.5.11 for function spaces endowed with the to-
pology of uniform convergence) has to be fixed (the proof for the case y< @, remains
the same but the case Y= @y has to be added).

Finally we remark that Gulko and Oskin also proved theorem 2.5.1 (b) and (d) (in

[28]), independently from Kislyakov. We were inspired by [34] because [28] contains
no proofs. The other results in this section are new and were never published.

§2.6. c-compact ordinals

In this section we give a complete isomorphical classification of the spaces C,(X)
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and Cy(X) where X =[1, a), for ordinals o cofinal with ®. Notice that these spaces are
exactly the non-compact spaces which are a countable union of compact ordinal spaces.
Therefore we call such an ordinal a -ordinal. If a is also a prime component or an in-
itial ordinal, we call it a G-prime component or a c-initial ordinal, respectively.

2.6.1 LEMMA: If o is a G-ordinal, then every closed and bounded subset of [1, o)

is compact.

PROOF: Let (a,), be a strictly increasing sequence of ordinals with limit c. Let A be
a closed and bounded subset of [1, ). Then there is n € IN such that A c[1, a,]. For if
not, then A would contain a closed discrete subset, which is not possible because A is
bounded. Since A is closed in [1, a,] it is compact. O

2.6.2 REMARK: From lemma 2.6.1 and corollary 1.2.21 we have for g-ordinals o
and B that a linear homeomorphism ¢: Co((1, a)) = Cp([1, B)) considered as a map
from Co([1, ) to Co([1, B)) is also a linear homeomorphism.

Furthermore, let B be an ordinal with ¢f (B) > . By the methods of [24, Ex 3.1.27]
it easily follows that every continuous function f: [1, B) > R is eventually constant.
But this implies that [1, B) is pseudocompact. By this observation it follows that lemma
2.6.1 does not hold for B and that @ is a o-ordinal if and only if [1, &) is a non-compact
non-pseudocompact space

The following lemma is the key lemma in the proof of the classification mentioned
above.

26.3LEMMA: Let X and Y be spaces such that X=X, ®X,®X; and
Y=Y, ®Y,®Y;. Suppose ¢: Cy(X)— C(Y) is a linear homeomorphism such that
suppX;cY, and suppY,cX,®X,. Then there is a linear embedding
8: Co(Y2) =5 Co(X ).

PROOF: For each fe Co(Y;) we define f* e Co(Y) by f'(y)=f(y) if ye Y, and
f*(»)=0elsewhere. In a similar way we define for every g e Co(X3), g* € Co(X).
Define 6: Co(Y2) > Co(X2) by 8(f)=¢"'(f)IXs and y:Co(X2)—>Co(Y2) by
v(@)=0(g*) 1Y,

Then 0 and  are continuous linear functions. Furthermore for every he Co(Y3), we
have y(0(h))=h. Indeed, assume to the contrary that ¢(8(h)*)IY,#h * 1Y,. Then
o)t 1(X, @Xz);&q)'](h‘)l(xl ®X,) since X, DX, is a neighborhood of supp¥,
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and ¢ is effective (corollary 1.2.15 (a)). Now h*=0onY,,s0¢ ' (h*)=0o0n X, since
Y, is a neighborhood of suppX, and ¢! is effective. Furthermore 8(k)* =0 on Xy, so
that O(h)* =¢""(h") on X ;. This implies 8(h)* 1X, #¢™(h*)1X ,, which is impossible
because both the left-hand side and the right-hand side are equal to 6(h). This is a con-
tradiction and we conclude that 6 is a linear embedding. O

2.6.4 COROLLARY: Let X and Y be spaces such that X=X,®X, and
Y=Y,®Y,. Suppose ¢:Cy(X)—>Cy(Y) is a linear homeomorphism such that
suppY cX . Then there is a linear embedding 0: Co(Y,) = Co(X1).

PROOF: Take X; =Y =@ in lemma 2.6.3.0

Notice that lemma 2.6.3 and corollary 2.6.4 also hold for the spaces C,(X) and
C, 7).
p

The strategy of the proof of the classification is as follows: First we define a class of
spaces, and we prove that for every c-ordinal « there is a space Y in this class such that
Cp([1, 0)) ~C,(Y) (lemma 2.6.6). Then we prove that if X and Y are two spaces in this
class, then Cp,(X)~C,(Y) if and only if Co(X)~Co(Y) if and only if X =Y (corollary
2.6.15 and lemma 2.6.16). From these results we then easily derive our classification
(theorem 2.6.17).

For initial ordinals a and P with o2 > w we define the following classes of spaces:
Case 1: If o is singular or @ and B is singular or @ then
A@B = (1, 0"]®[1,0%): 1 a prime component, T a o-prime component or
1=1,pu2121, 0F =@, @ =B},
Case 2: If o is uncountable regular and B is singular or @ then
AP = ([1, H®[1,0%): W a prime component, T a G-prime component or
t=1, 08>0, F=6,5°=p}
U {[1, a-€] ®[1,0%) : T a o-prime component or T=1, & initial, 1 <E<a,
o' =p).
Case 3: If a is singular or @ and B is uncountable regular then
LB = ([1, 0*]®[1,0%): 1 a prime component, T a O-prime component,
o' > B2, F=a, o' =p)
u {[1,0*]®[1, BM): 1 a prime component, 1 =p-® with p initial or N
o-initial, ® <N <P, OF =a).
Case 4: If o and [ are uncountable regular then
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AP = ([1, 0*]®[1,0"): 1 a prime component, T a O-prime component,

pt, ot > of, o > P, F=a, o =p)

u {[1,a€]®[1,0"):t a o-prime component, § initial, 1<§<a,
af2 0", o > p2, o =p)

u {[1,o*]®[1, BM): Y a prime component, N =p-® with p initial or N
o-initial, @ <N <P, w* 2B, OF =)

u {[1,a-]®[1,BM): & initial, n=p-@ with p initial or M o-initial,
1<E<a, o< <P, a&2Pn).

Now let B> ® be an initial ordinal.
Case 5: If B is singular or B = then
3® = ([1,0%) : T a o-prime component or t=1, ©° =f}.
Case 6: If B is uncountable regular then
8® = ([1,0%): 1 a o—prime component, ®* > B2, @° =P}
v {[1, BM) :n=p o with p initial or N o—initial, ® <n <B}.
Now let

A=U(L%P : (a, B) asin case 1,2, 3 or 4},
and
B=U(3P . B as in case 5 or 6).

The class of spaces that we are currently interested in is 4 U $B. Notice that whenever
X =[1,01®[1, y)e o, then p2y.

For every space X e 4 U®B we need to fix a certain decomposition. First we will as-
sign to certain ordinals p a fixed sequence (W;); of ordinals. If p=1, put u; =0 for each
ieIN. If p=1-w for some T, put y; =1-i for each i € IN, and if p is a o-ordinal not of
the form T-w, let (Y;); be a strictly increasing sequence of ordinals such that p; — p and
1 <y; < for each i e IN. We now define the desired decompositions:

If X=[1,0]®[1,0") e, then X=[1,0]D[1, 0" ]®[1,®?]D - - - (this is true be-
cause for every i, @" is a prime component).

IfX=[1,0]®[1, fn)e o, then X =[1, ] ®[1, N1 S[1, fn2]® - -

IfX=[1,0%e %, thenX=[1,0" D[, 0?]® - -

IfX=[1,Nn)e B, then X =[1, B ] D[1, N ]D ---

If for Xe 4 UB we write X =@;2;X;, then we implicitly mean that the X; are as
above.

Now we are going to prove that for every o-ordinal ¢ there is a space ¥ € £ U % and
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a decomposition @;=1X; of [1, ¢) such that C,(X;) ~C,(Y;). We first need the follow-
ing

2.6.5 LEMMA: Let B>w be an initial ordinal and t a successor or a G-ordinal,
such that @ =p.
(@) If B=w, B is singular, or @* 2P? and if T is not a prime component, then
there is a decomposition @®;~1X; of [1,®"), such that for every i,
Cp(Xi)~Cp([1, @ ). In particular C,([1, @")) ~ Cp([1, @ ).
(b) If B is uncountable regular and o* € [B, P%) then one of the following holds:
(i) ®°=PBn withn c-initial and ®<N <P, or
(ii) there is an initial ordinal M| such that ® <M <P and there is a decompo-
sition @i~ X; of [1, "), such that for every i, C, X)) ~Cp((1, Bnil). In
particular C,([1, @%)) ~ Cp([1, BN'w)). Furthermore pPn-w<w'.

PROOF: First notice that [1, %) =@, [1, ®"], where t;=V if t=v+1 and (T;); is a
strictly increasing sequence (not necessary equal to the fixed sequence associated with
1) with limit 7 if T is a o-ordinal. Both in (a) and (b)(ii) we will get X; =[1, ")

We first prove (a). Since T is not a prime component, we have t’' <1< 1" (lemma

2.1.19), and we can assume T’ <7; for each i. Now @® <@" < ®® < (@*)®. With the

help of proposition 2.1.13 it now easily follows that 0?:07=E. Since B=w, B is
singular, or @¥ > B2, we can apply theorem 2.5.13 (b) to obtain

Cp([1, @D~ Cp([1, ©])
By a similar argument

Cp([1, 0" N ~Cp([1, 0™,

whence by lemma 2.3.7,
Cpl1, N =Cp (@1, 0" D ~Cp(@ 1, 0" N=Cp (1, 0" )).

For (b) we distinguish two cases.
Case I: o > B2.

Since P is initial, it is a prime component, so by theorem 2.1.21 B=w® for some or-
dinal p. Then p-2<t and we can assume that p-2<7t; for each i. We conclude that
0" 2p% Since oF <p? we have T <p2<T, so T<p'® by lemma 2.1.19. Thus
B2 <w" < (B*)®. By proposition 2.1.13 it now easily follows that @" =P, so by
theorem 2.5.13 (b)
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Cp([1, 0“1~ Cy((1, B2
and similarly

C,p((1, B2~ Cp((1, P21
Consequently,

C,p((1, @) ~C,([1, B2-)).

Since P2-w is the smallest prime component larger than B2 (lemma 2.1.19), o 2 B?-@,
and so we have established (ii) for n=p.
Case 2: * <p2.

If ©* =B?, o' satisfies (i), so we may assume " < B2. There are ordinals §, n' <B
such that ®* =Bn" +8. Since 8 <" and w* is a prime component, §=0. In addition,
since P is regular and ¢f (@%)=w, n" 2. If n* is initial we are done, so suppose n’is
not initial. Let 1 be the initial ordinal of the same power as n'. Then @<M < n', hence
Bn<Bn"=w’, so we can assume Bn<w" for each i. Write ®" =pm;+8; with
Ni, 8 < B. Then &;=0 since " is a prime component, and p1 <Pm; < Bn’, whence
N=™;. Since " =Bn;, Bne B, Bz], it follows by theorem 2.5.13 (c) that
C,([1, @%1)~ C,([1, B Since C,([1, BNI) ~C,([1, B1-il), (ii) can be established as
incase 1.0

2.6.6 LEMMA: Let ¢ be a c-ordinal. Then there is a decomposition @;=1X; of
[1,¢) and a space Y € 4 U B such that C,(X;)~Cp(Y;) (where Y; is the i " term in the
fixed decomposition of Y). In particular Cp([1, 0)) ~Cp(Y) and Co([1, §)) ~ Co(Y).

PROOF: By theorems 2.1.16 and 2.1.21 there are ordinals y and t such that
o=y +o", with T>0 and y=0 or y > w". Notice that T is a successor or a o-ordinal.
Let o and P be initial such that @=V and B=". Notice that * # P2, because if not
then @* =B% =wP? for some prime component p which implies that T'=p-2 is not a
prime component.

Case 1: y=0,7=1.

If B is singular, B=o or @ > %, we have [1, ¢)=[1, ®%) e B.

If B is uncountable regular and ®® e [B, B?), then by lemma 2.6.5 we have either
[1, @) e B or there is Y € B such that Co([1, 9)=Cp([1, 0)"))~CP(Y) with the desired
decomposition and such that if Y =[1, 8) then § < w".

Case2: y=0,7#1.

If B is singular, B=w or ®* > P2, we have by lemma 2.6.5 (a) that there exists a

space Y € 8 such that C,([1, $)) =C,([1, ®")) ~ C,(Y) with the desired decomposition
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(Y € B because Y =[1, ®* ®) and T is a o-prime component).

If B is uncountable regular and " < Bz, by lemma 2.6.5 (b) there is a space Y € 8
such that C,([1, ¢)) ~ C,(Y) and which has the desired decomposition.
Case3: y20', T=1.

There is an ordinal pu>7 such that W =w". Notice that T <. By case 1, there is a
space Y'=[1,8)e B with §<w", such that Cp([1, 0)1')) ~C,,(Y') and which has the
desired decomposition.

If a is singular, = or @ >a?, by theorem 2.5.13 (b) C,((1, @*'1)~C,([1, ¥])
(because @* <@t <y < 0t < (0*)?). Since * 2 0¥ =023,

[1, 0*1®[1, 8)=[1, ?*]®Y e «.

If a is uncountable regular and ®* < o we have to consider two subcases
Subcase 3.1: y>o?.

Then a? <y < (@*)®<(a?)®, so by theorem 2.5.13 (b), C,([1, ¥])~C,([1, o?]).
Since o> " 2" 28, the space Y=[1,0’]®Y’ed and C,((1,)~C,(¥) and
moreover has the desired decomposition.

Subcase 3.2: y < a2,

Then y=a-£* +8 with 1<E" <a and 8 < a. If we let & the initial ordinal with the
same power as &, then by theorem 2.5.13 (c), Cp([1, yD) ~Cp([1, av&]). Now let
Y=[1, xE] @Y’ Itis easily seen that if - < §, then Y =¥’ e & and otherwise Y € .
Case4: y20', T#1T.

This is a combination of the cases 2 and 3.

Notice that the last remark in the lemma easily follows from lemma 2.3.7 and corol-
lary 1.2.21.0

Now we are going to prove that for every X, Y e 4 UB we have C,(X)~C,(Y) if
and only if C((X)~C(Y) if and only if X =Y. For that we first have to do some pre-
patory work.

2.6.7 LEMMA:
@) If6: Co([1, 0*]) = Co([1, ")) is a linear embedding with 1, v 21, then
(i) p<v-w, hence * < (@")®, and
(i) if W is a prime component, then L <V, hence " <®".
(b) Let o be an uncountable regular ordinal and €, € [1, a].
If6: Co((1, aE]) > Co([1, an]) is a linear embedding, then & <.

PROOF: We first prove (a). Suppose w2 v-w. Then o* 2 (w")®, so by corollary 2.5.3
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Co([1, ®"]) has smaller linear dimension than C([1, ®"]), which contradicts the fact
that 8: Co([1, @*]) = Co([1, ®"]) is a linear embedding. This proves (i). For (ii) let p
be a prime component. Since pL < v-®, by lemma 2.1.19, u<v’'<v.

For (b) suppose TN <& Then m<E& so there is a linear embedding
¢: Co([1, an]) > Co([1, -&]). This gives that Co([1, @) and Co([1, a-E]) have the
same linear dimension, so by theorem 2.5.1 (c) =E. Contradiction. O

2.6.8 LEMMA:

(a) Let X =Z ®[1, o) with Z a compact space, and Y =@;~,Z; where each Z; is
an infinite compact space. Then Cy(X) and Co(Y) are not linearly
homeomorphic.

(b)Let X=Z,®Z, with Z| an infinite compact space. Then Cy(X) is not
linearly homeomorphic to C ¢([1, w)).

PROOF: For (a) suppose that Cy(X) is linearly homeomorphic to Co(Y). Then by
corollary 1.2.15 (b) there is ne IN such that suppZ c@®/-;Z;. Again by corollary
1.2.15 (b) there is m € IN such that suppZ,,; cZ ®[1, m]. By lemma 2.6.3, there is a
linear embedding 6: C((Z,,1) = Co([1, m])=R™. Since Z,,, is infinite we have a
contradiction, because the algebraic dimension of C ((Z,,,) is infinite.

For (b) suppose that C((X) is linearly homeomorphic to C(([1, )). Then by corol-
lary 1.2.15 (b), there is m € IN such that suppZ, c[1, m]. By corollary 2.6.4, there is a
linear embedding 6: C((Z,) - Cy[1, m]=IR™. Again we have a contradiction. O

2.6.9LEMMA: Let X=[1,&,1®[1,&,) and Y =[1,M]1D[1, ;) where &; and 1,
are o-prime components, &, 2&, and M; 2M,. Then Co(X)~Co(Y) implies E; =n;
andé_2=1i.

PROOF: Suppose &; <M, and Co(X)~Co(Y). By corollary 1.2.15 (b) there is 8§ < &,
such that supp[1,n;]1<c[1, & + 8], which implies by corollary 2.6.4 that there is a
linear embedding : Co([1, n;1) = Co([1, &; +8]). Since &; +5=E,, &, +6 <M, and so
€1 +8 < 1. But then there is also a linear embedding ¢: C([1, &; +8]) = Co([1, 1))
and we conclude that C([1, &; +8]) and Co([1, n;]) have the same linear dimension.
This contradicts theorem 2.5.1 (a). By symmetry we conclude that &, =1.

Now suppose é—z <11_2 . By corollary 1.2.15 (b) there is 8<m; such that
supp[1, &;1<[1, n; +8]. Since 13, is a prime component, ¥ =[1,n; +8] ®[1, 7).

CLAIM: There is an ordinal T <1, such that T> &,.
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Indeed, choose wy and wg such that €, =g and 71_2=(n_|5 Notice that a+1<f
(theorem 2.1.6). If ac+1 < B, then T=wq satisfies the claim. If o+ 1=, then wg is
regular (theorem 2.1.10). Since M is a 6-ordinal, it follows that wg < M3, so let T=wg.

Now choose 6 < &, such that supp[1, t] c[1, &;]1®[1, 6]. By lemma 2.6.3, there is
a linear embedding 6: C(([1, t]) = Co([1, ©]). Since 655 < T, 0 < T. But then there is
also a linear embedding ¢: Co([1, 6]) > Co([1, T]) and we may conclude that
Co([1, o]) and Cy([1, 1]) have the same linear dimension. This contradicts theorem
2.5.1 (a). By symmetry we conclude that E,=1,.0

2.6.10 LEMMA: Let o be an initial ordinal.
(@)Let X=[1,0*1®[1,B) and Y =[1, @°] ®[1,y), where 1 <pu <G are prime
components, O 2B and w® 2y. Then Co(X)~Cy(Y), implies L=0.
(b)Let X=[1,a-§]®[1,B) and Y=[1,an]D[1,Y) where o is uncountable
regular, 1<E<n<a, & and M are initial, 2P, and an2y. Then
Co(X)~Co(Y) implies E=n.

PROOF: For (a), by corollary 1.2.15 (b) there is &<P such that
supp[1, ®°]c[1, @*]®[1,8]. Since «" is a prime component, we have
[1, o*]1®[1,8]=[1, ®"]. Hence by corollary 2.6.4, there is a linear embedding
0: Co([1, ®°]) > Co([1, @*]). Then by lemma 2.6.7 (a) we have o <. Since by as-
sumption G2 U, G=H.

For the proof of (b), let 8< B be such that supp[l, an]c[1, a-E] @[], 8]. Since
8 < a-§ we have d+a-§=a-§ and so [1, €] ®[1, 8] =[1, a-&]. But then by corollary
2.6.4 there is a linear embedding 6: Co([1, an]) = [1, a-§]). Hence by lemma 2.6.7
(b), N <E. Since 1 and  are initial, N <& and so n = (because by assumption n>E). O

2.6.11 LEMMA: Ler o be an initial ordinal.

(@) Let X=Z,®[1, 0% and Y =Z, ®[1, @*®), where Z, and Z, are compact
spaces, 8, T are prime components, 8=1 or § is a 6-ordinal, 1<8<1, and
o®=a'=a. If a is singular, a=w or @®>a2, then Co(X) and Co(Y) are
not linearly homeomorphic.

(b)Let X=Z,®[1,0&) and Y=Z, ®[1, an-w), where Z, and Z, are com-
pact spaces, & is o-initial, 1 is initial, and ® <E <M <. If & is uncountable
regular, then C o(X) and C (Y ) are not linearly homeomorphic.

PROOF: For (a) suppose the Co(X)~Co(Y). Then by lemma 2.6.8 (a), §>1. By
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corollary 1.2.15 (b) there is n e IN such that suppZ; cZ, ®[1, ®*"]. Again by corol-
lary 1.2.15 (b) there is §; in the fixed sequence associated with & such that
supp[1, o*"*D1cZ, (1, ms‘]. By lemma 263 and the fact that
Co([1, @™V ~Co([1, ®*]) (theorem 2.5.13 (b)), there is a linear embedding
0: Co([1, " ]) = Co([1, ma"]). Then by lemma 2.6.7 (a), T<9; <8, which is a contrad-
iction.

For (b) suppose Co(X)~Co(Y). There is n € IN such that suppZ; cZ, ®[1, ann]
and §; in the fixed sequence associated with & such that
supp[l,an(n+1)]cZ, ®[1,x§;]. By lemma 263 and the fact that
Co([1, an-(n+1)))~Co([1, an] (theorem 2.5.13 (c)), there is a linear embedding
8: Co([1, an]) = Co([1, aw&;]), so by lemma 2.6.7 (b), | <E; <&, which is a contrad-
iction. O

2.6.12 LEMMA: Let a be an initial ordinal.

(@)Let X=Z,®[1, 0% and Y =Z, ®[1, 0"), where Z, and Z, are compact
spaces, d, T are G-prime components or 1, 1 <3<, and o’ =0'=a. If ais
singular, o= or ®® 2 a2, then C o(X)~Co(Y) implies 5=1.

b)Let X=Z,®[1,a:E) and Y =Z, ®[1, am), where Z and Z, are compact
spaces, & and m are o-initial or of the form T with T initial, and
w<&<n<a. If o is uncountable regular, then Cy(X)~Co(Y) implies
§=n.

PROOF: For (a) suppose 8 <t. By lemma 2.6.8 (a), 8 > 1. By corollary 1.2.15 (b),
there is T; in the fixed sequence associated with T such that suppZ, cZ, ®[1, ®"].
Now let j > i. Again by corollary 1.2.15 (b), there is §; in the fixed sequence associated
with & such that supp [1, ®”]cZ, &1, o™ ]. By lemma 2.6.3 there is a linear embed-
ding 8: Co([1, ®7]) > Co((1, ms"]). So by lemma 2.6.7 (a), we have 1; < - 0w<dw,
which implies 8 <T<8w. So since 8 and T are prime components, we have T=8 .
But this contradicts lemma 2.6.11.

For (b) suppose & <™. There is n; 21 in the fixed sequence associated with 1 such
that suppZ, cZ, ®[1, a-n;]. For j >, there is £, 21 in the fixed sequence associated
with § such that supp[1, an;]cZ; ®[1, ag]. By lemma 2.6.3, there is a linear
embedding 6: Co([1, an;]) > Co([1, -E;]). By lemma 2.6.7 (b), n;<E <& So
N <E<7 and hence 1| =E. Now we have four cases:

Case 1: €, n are initial.

Since & <1, we then have £ < 1. Contradiction.

Case 2: £ is initial, 1 =T-@ with 7 initial.
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Then &=1=T, so t=£. But then we have a contradiction with lemma 2.6.11 (b).
Case 3: £=1- with T initial and 7 is initial.

By the same arguments as in case 3 we can derive a contradiction.
Case 4: =10 and =38 with T and § initial.

Then T=23 and so T=3J, so £ =", which is a contradiction. O

2.6.13 LEMMA: Let o be an uncountable regular ordinal, and X =[1, o*]®[1, B),
where W is a prime component, B<o*, B a c-ordinal, o* >o? and F=0a. Let
Y=[1, xE] ®[1, ), where & is initial, 1 <E<a, ya c-ordinal and y<o-&. Then Cy(X)
and Cy(Y) are not linearly homeomorphic.

PROOF: To the contrary suppose Co(X)~Co(Y). There is 8<7y such that
supp[1, @*]1c[1, €] ®[1, 8] =[1, a-€]. By corollary 2.6.4, there is a linear embed-
ding 8: Co([1, @*]) > Co([1, o-E]). But then by lemma 2.6.7 (a), o* <a-£ <a?, which
contradicts the fact that o* > 2.0

2.6.14 LEMMA: Let o be an uncountable regular ordinal, and X =Z, ®[1, a-§)
andY=Z, ®[1, w"), where Z| and Z, are compact spaces, & <o is o-initial or of the
form T-® with T initial, | is a 6-prime component, " > a? and OF =a. Then C oX)
and Cy(Y) are not linearly homeomorphic.

PROOF: To the contrary suppose C¢(X)~Co(Y). By corollary 1.2.15 (b) there is y; in
the fixed sequence associated with u such that suppZ; cZ, ®[1, @"]. Let j > i such
that " >a?. By corollary 1215 (b) there is keIN such that
supp[1, @] cZ, ®[1, w-E;]. Notice that &, < &£ <c. By lemma 2.6.3 there is a linear
embedding from Cy([1, (o”/']) into Co([1, a-&,]). Since a? < ", there is also a linear
embedding from Cy([1, a2]) into Co([1, o 71), thus there is a linear embedding
0: Co([1, 02]) = Co([1, o-E,]). So by lemma 2.6.7 (b), @ <&, and hence a<&;. Con-

tradiction. O
We now come to the announced

2.6.15 COROLLARY:
(@)Let Xe A and Y e 4. Then C,(X)~Cp(Y) if and only if Co(X)~Co(Y) if
andonly if X =Y.
(b)Let X e B and Y e B. Then Cp(X)~C,(Y) if and only if Co(X)~Co(Y) if
and only ifX =Y.
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PROOF: If C,(X)~C,(Y), then by remark 2.6.2, Co(X)~Co(Y). Now suppose
Co(X)~Co(Y). Let a and B be ordinals such that X € 4 ®_ But then by lemma 2.6.9,
Y e 4B By lemmas 2.6.10, 2.6.12, 2.6.13 and 2.6.14 it then follows that X =Y. If
X =Y, then evidently C,(X)~C,(Y) and (a) is proved.

Similarly (b) follows from lemmas 2.6.9, 2,6,12 and 2.6.14.

2.6.16 LEMMA: Let Xed andY € 8. Then Cy(X) is not linearly homeomorphic
to Co(Y).

PROOF: X =[1,0]1®[1,y) and Y=[1,&) with ¢ a prime component, ¥ and § o-
ordinals and ¢ 2. Suppose Cy(X)~Co(Y). By theorem 2.5.1 (a), X =Y and therefore
¥ <E. As in lemma 2.6.9 we can derive y=E. Let o be the initial ordinal such that
¥ =E=0. By lemma 2.6.14 we have to consider two cases:

Case 1: ais singular, a. = or y, £ > a2,

Then y=" and £ =w" with i and T o-prime components or 1. By lemma 2.6.12
(a), p=7 and by lemma 2.6.8 (b) T> 1. There is T; < T such that supp[1, ] <[], m“'].
So there is a linear embedding 6: Cy([1, ¢]) = Co([1, ) (corollary 2.6.4). By lem-
ma 2.6.7,¢<w"® <w*=y. Contradiction.

Case 2: a is uncountable and regular.

Then y=on and &=t with 1 and T G-initial or of the form initial-®w, ® <N, T<a.
By lemma 2.6.12 (b), n=t. There is i e IN such that supp[l, ¢]<[1, an;]. So by
corollary 2.6.4, there is a linear embedding 6: C(([1, ¢]) = Co([1, a1;]). Since
oan; <oan=y<¢, there is a linear embedding 6”: Co([1, amn;]) = Co([1, ¢]). This
means that Cy([1, vn;]) and Co([1, ¢]) have the same linear dimension. So by
theorem 2.5.1 (c) ¢=0a-y+3 for some y<a and 8 < & with Y=7;. But then ¥<1, so
Y <M, which implies ¢ < an =w. Contradiction. O

The following theorem gives the classification announced in the introduction of this
section.

2.6.17 THEOREM: Let a and B be G-ordinals Then the following statements are
equivalent:
(1) Cp([1, ) ~Cp([1, B))
(2) Co([1, a)) ~Co([1, B)
(3) There are compacta X; and Y; (ieIN) such that [1,a)=@i2X;
(1, B)=@@i=1Y; and for every i e N, C,(X;) ~ C,p(Y)).
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(4) There are compacta X; and Y; (ie N) such that [1,a)=@®;=1X;,
[1, B)=@i=1Y; and for every i e N, Co(X;) ~ Co(Y)).
(In fact the X; and the Y; are compact ordinal spaces.)

PROOF: For (1) = (2) apply corollary 1.2.21. Furthermore (2) = (4) easily follows
from lemma 2.6.6, corollary 2.6.15 and lemma 2.6.16. For (4) = (3) notice that for
compact ordinals we have the same isomorphical classification for the topology of
pointwise convergence and the compact-open topology (section 2.5), so
Co(X;) ~Co(Y;) implies Cp(X;) ~Cp(Y;). Finally (3) = (1) follows from lemma 2.3.7,
and the theorem is proved. O

2.6.18 EXAMPLE: Notice that [1, ®®)=@®{>;[1, ®"] and [1, ®*)=@=[1, ®].
By theorem 2.4.7, C,([1, 0"]) ~C,([1, ®]) for each n e IN (because @ <" < o®). So
by theorem 2.6.17, C,([1, ®?)) ~Cp([1, @™)).

With the next lemma and theorems 2.6.17, 2.4.1 and 2.4.7, we have obtained a com-
plete isomorphical classification for the spaces C »(X) and C o(X) for o-compact ordinal
spaces X. Notice that from the classification it follows that for these spaces
Cp(X)~C,(Y) if and only if C(X)~Co(Y).

2.6.19 LEMMA: Let a and P be ordinals such that Co([1, o)) ~Co([1, B)). Then
(a) o is a successor if and only if B is a successor, and
(b) o is a 6-ordinal if and only if B is a 6-ordinal.

PROOF: For (a), if o is a successor, then [1, @) is compact. So by theorem 1.5.7
[1, B) is compact and thus B is a successor.

For (b), let a be a o-ordinal. By remark 2.6.2 [1, ) is a non-compact non-
pseudocompact space, so by theorem 1.5.7 [1, B) is a non-compact non-pseudocompact
space. But then by remark 2.6.2, B is a ¢-ordinal. O

By the obtained classification theorems we conclude that for locally compact spaces
X and Y and their respective one-point compactifications @X and wY, the fact that
Cp(X )~C,(Y) does not necessarily imply that C,(@X)~C,(wY), and vica versa. For
example, Cp([1, ®®)) is linearly homeomorphic to Cp((1, mz)) (example 2.6.18), how-
ever Cp([l, ®®]) is not linearly homeomorphic to Co([1, (02]). Furthermore, C,([1, ®])
is linearly homeomorphic to C,([1, ®?]), but C,([1, w)) is not linearly homeomorphic
to Cp([1, ®?)) (lemma 2.6.8).
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The same remark applies to the compact-open topology.

The question now arises whether we can derive a similar classification for the spaces
of bounded continuous functions. This seems impossible by the methods of this sec-
tion. Simply observe that corollary 1.2.15 (b) plays a fundamental role, and that it does
not hold for spaces of bounded continuous functions (example 1.2.12). In section 4.6
we will come back to this and we will show there that for o-ordinals o, theorem 2.6.17
does not hold for the spaces C;([l, )).

Another question is whether a similar classification can be derived for arbitrary ordi-
nal spaces. Again it seems that this is impossible by the methods of this section, be-
cause we essentially used that every closed and bounded subset of [1, &) is compact
(with o a 0-ordinal), and by remark 2.6.2 this is not true for the spaces [1, ) if o is an
ordinal with ¢f (o) > .

Finally we remark that the results in this section are new. They are extensions of the
results in [3] for the countable case.

§2.7. Separable metric zero-dimensional locally compact
spaces

In this section we will give a complete isomorphical classification of the function
spaces C,(X) and C(X) with X a separable metric zero-dimensional locally compact
space. Notice that for separable metric zero-dimensional compact spaces X we already
have a complete classification of the spaces Co(X) (cf. theorem 2.4.1) and C,,(X ) (cf.
theorem 2.4.7). This classification is such that for two spaces X and Y it follows that
Cp(X) is linearly homeomorphic to C,(Y) if and only if Co(X) is linearly
homeomorphic to Cy(Y) (cf. remark 2.4.8). By theorems 1.5.1 and 1.5.4 it remains to
present a complete classification of the spaces Co(X) and C,(X) with X separable
metric zero-dimensional locally compact but not compact. For convenience in this sec-
tion every space is separable metric.

2.7.1 LEMMA: Let X be a countable space which is locally compact but not com-
pact. Then there is a 6-limit ordinal o such that X =[1, o).

PROOF: Let wX be the Alexandroff one-point compactification of X. By proposition
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2.2.7 and theorem 2.2.8, there is a limit ordinal A such that X =[1, A]. So X is a dense
subset of [1, A] such that [1, A]\ X contains only one point, say W. Since X is dense in
[1,A], W is a limit ordinal. So

X=[LAN\ () =[L WS M+LA=[u+LAS[1, W=[n+1,A+p)=[1, @)

for some limit ordinal .. Since o is countable, o is a o-limit ordinal. O

By lemma 2.7.1 countable spaces which are locally compact but not compact are
homeomorphic to ordinal spaces. Since these ordinals are ¢-ordinals we already have a
complete classification for their function spaces C,(X) and Co(X) (cf. theorem 2.6.17).
We shall now consider the case of uncountable locally compact spaces which are not
compact. The proof of their classification is similar to the one in section 2.6. We define
a class of spaces such that for every uncountable zero-dimensional space X which is lo-
cally compact but not compact, C,(X) is linearly homeomorphic to a space in this
class. After that, we prove that two different spaces in this class are not linearly
homeomorphic, which gives the classification.

2.7.2 LEMMA: Let X be an uncountable zero-dimensional space which is locally
compact but not compact. Then there is a decomposition @;=1X; of X consisting of
compacta such that either every X; is uncountable or X; is uncountable iff i =1.

PROOF: Let X =@®;~;Z; be a decomposition of X consisting of compacta (this is pos-
sible because X is zero-dimensional).
Case 1: Only finitely many Z; are uncountable.

Let n =max{ i :Z;is uncountable}. LetX,=Z2,® --- ®Z, and X;=2Z, ;1 (i 22).
Case 2: Infinitely many Z; are uncountable.

Suppose Z;,,Z;,,... are uncountable. Let X,=Z; 1@ - ®Z; (i9=0). Since

X, is compact and uncountable we are done. O

We now define the class 8 U D of spaces as follows:

8 ={C®[1,®"):C is the Cantor set and 1 <T< ®, is a prime component},
9D ={®;=C;:C; is a copy of the Cantor set}.

Observe the following:
If Xe 6, say X=C®[1, 0"), then X=C®[],0" ]®[1, 2] D.... where (;); is the
fixed sequence cofinal with T which was chosen on page 90. If for X e € we write
X =@;21X;, then we implicitly mean that the X; are as above. If X e D then we consid-
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er the fixed decomposition ®;=; C;.

2.7.3 LEMMA: Let X be an uncountable zero-dimensional space which is locally
compact but not compact. Then there is a decomposition @;-1X; of X and a space
Y e 60D such that C,(X;)~C,(Y;) (where Y; is the i-th component of the decomposi-
tion of Y stated as above). In particular C,(X)~C,(Y) and C o(X) ~Co(Y).

PROOF: By lemma 2.7.2 there is a decomposition @;=; X of X consisting of compac-
ta, such that either every X/ is uncountable or X is uncountable iff i =1.
Case 1: X[ is uncountable iff i =1.

Since X’=@;=,X is a countable space which is locally compact but not compact,
by lemma 2.7.1 and lemma 2.6.6 there is a decomposition @;=;Z; of X’ and a space
Y’ e 4 UB such that C,(Z;)~C,(Y). By lemma 2.69 ¥ e 4> LB *, because X’
is countable.

IfY €A™ then Y'=[1, "] ®[1, @*), where p and T are prime components such
that 1<y, T<o;. Then Cp(Z;)~Cp([1,@"]). Let X;=X{®Z; and for i22 let
X;=Z;. Since X; is zero-dimensional, uncountable and compact, by theorem 2.4.7
CpX1)~Cp(C). Soif weletY=C (1, *) we are done.

If e 3“®, say Y'=[1,w") with T a prime component, 1<T<w,, then let
Y=C®[1l,0"),X;=X{andfori22,X;=Z2;.

Case 2: Every X is uncountable.
Define Y =@®;Z, C;. By theorem 2.4.7 C,(X;) ~ C,(C;), so let X; =X .0

2.7.4 LEMMA:
@IfX,Ye®8, then C,(X)~C,(Y) if and only if Co(X)~Co(Y) if and only if
X =Y.
Bb)IfXeBandY e D, then Cy(X) and C(Y) are not linearly homeomorphic.

PROQF: Part (a) follows directly from lemma 2.6.12 (a).

For (b), suppose that X=C®[l, ®") and Y =@i=;C;. Assume Cy(X)~Co(Y).
There is ne IN such that suppCcC;® -+ @C, (corollary 1.2.15 (b)). There is
i € IN such that suppC,,,; cC®[1,®"]. So by lemma 2.6.3, there is an embedding
¢: Co(C)—>Co([1, " D. Since by theorem 24.1 (©) we have
Co(C)~Co(C®[1, ")), we have a linear embedding
8: Co([1, ®"°]) = Co([1, ®"1). But then by lemma 2.6.7 (a), T:® < T;-w. This is a con-
tradiction. O
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2.7.5 THEOREM: Let X and Y be uncountable zero-dimensional spaces which are
both locally compact but not compact. Then the following statements are equivalent:
(1) C,(X) ~C,p(¥)
(2) Co(X)~Co(Y)
(3) There are compacta X; and Y; (i e IN) such that X =@®;-1X;, Y =®;-Y; and
Co (X))~ Cp(Y)).
(4) There are compacta X; and Y; (i e IN) such that X =@®;1 X;, Y =@®;-,Y; and
Co(Xi)~Co(Y)).

PROOF: For (1) = (2) apply corollary 1.2.21. Furthermore (2) = (4) follows easily
from lemmas 2.7.3 and 2.7.4. For (4) = (3) notice that for compact zero-dimensional
spaces we have the same isomorphical classification for the topology of pointwise con-
vergence and the compact-open topology (section 2.5), so Co(X;)~Co(Y;) implies
Cp(X;)~Cp(Y)). Finally (3) = (1) follows from lemma 2.3.7.0

REMARK: In view of the remark after theorem 2.6.17 we have the following: Let
X and Y be spaces such as in theorem 2.7.5 and let wX and wY be their respective one
point compactifications. By theorem 2.4.7, C,(wX) is linearly homeomorphic to
Cp(@Y), irrespective of whether C,(X) and C,(Y) are linearly homeomorphic.

Again, the same remark applies to the compact-open topology.

We almost completed the isomorphical classification of the function spaces C,(X)
and Cy(X) of locally compact zero-dimensional spaces X. It remains to distinguish
between "countable” and "uncountable". For the pointwise topology, if C,(X) and
Cp(Y) are linearly homeomorphic, we have that X is countable if and only if Y is count-
able (by theorem 1.5.9). The same holds for the compact open topology as is shown by

the following

2.7.6 PROPOSITION: Let X and Y be locally compact zero-dimensional spaces
such that Cy(X) and Cy(Y) are linearly homeomorphic. Then X is countable if and
only if Y is countable.

PROOF: Suppose that X is countable and Y is uncountable. By theorem 1.5.4b and
theorem 2.4.1 we may assume that X and Y are not compact. By lemma 2.6.6 and lem-
ma 2.7.3 we may assume that X e 4 % and Y € § U D. There is a clopen copy of C in
Y. Then supp C is contained in a clopen copy of [1, a] in X for some countable ordinal
o. So by corollary 2.6.4 there is a linear embedding from C ((C) into C([1, a]). Since
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Co(C®[1,a®])~Co(C) (theorem 24.1) we then have a linear embedding
0: Co([1, a®]) = Co([1, a]). But this is impossible by corollary 2.5.3.0

Notice that by lemma 1.4.1, proposition 1.4.3, theorems 1.5.1, 1.5.4, 2.4.1, 2.4.7,
2.6.17, 2.7.5 and proposition 2.7.6 we have as announced in the introduction of this
chapter that for locally compact zero-dimensional spaces X and Y, C,(X) is linearly
homeomorphic to C,(Y) if and only if C¢(X) is linearly homeomorphic to Co(Y).

Finally we remark that the main results of this section were published in [3].



CHAPTER 3

On topological equivalence of function spaces

All spaces considered in this chapter are separable and metrizable.

Let h be a homeomorphism between R and (-1, 1). Then for each space X and each
bounded f: X — R, there is m € IN such that (h-f)(X)c[-1+1/m, 1-1/m]. This al-
lows us to identify C,(X) and the subspace

{f:X > (-1, 1):fis continuous}

of (-1, 1)X; similarly we can identify C;(X) and
(fe C,(X): there is m € IN such that £ (X) < [-1 +7:‘-, 1~ %]].

In particular if X is countable, C,(X) and C;(X ) can be regarded as subspaces of the
Hilbert cube.

Let X ={xg,x1, X2,...} be a countable space, Cp o(X)={fe Cp(X):f (x9)=0} and
C;_ oX)=(fe C; (X): f(xp)=0}. In this chapter we mainly consider non-locally com-
pact countable spaces. For X = {x(, x1, x3,...} not locally compact, we assume that X is
not locally compact at x.

In [38], van Mill showed that for a non-locally compact countable space X, C ; X) is
homeomorphic to G, where

Cp= (t})"’ and t} =(xel :x; =0 for all but finitely many i }

(2 denotes separable Hilbert space).

One of our main results in this chapter is that for a non-locally compact countable
space X, C,(X) is homeomorphic to G,. We will give two proofs. The first proof in
section 3.2 is quite technical: Among other things we prove that whenever Y is any oth-
er non-locally compact countable space, then there exists a homeomorphism from the
Hilbert cube onto itself arbitrary close to the identity which maps C, o(X) onto
Cp,0(Y). The second proof in section 3.3 is in the spirit of van Mill’s proof that C ; X)
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and G, are homeomorphic [38]. The strategy followed depends strongly on results of
Toruniczyk [50], [51]. It is less technical than the proof in section 3.2, but it gives only
that C,,(X) and G, are homeomorphic.

Section 3.1 contains preliminaries from infinite-dimensional topology which will be
used to prove our main results. In that section we also present some results on Q-
matrices

The question remains whether for non-locally compact countable spaces X and Y,
there is a homeomorphism from the Hilbert cube onto itself arbitrary close to the iden-
tity which maps C;, o(X) onto C,, o (¥). In section 3.2 we give a positive answer to this
question.

In section 3.4 we give some final remarks. We state recent theorems of Dobrowol-
ski, Gulko and Mogilski [20] and Cauty [16] from which can be concluded that for a
non-discrete countable space X, C,(X) and C;(X ) are homeomorphic to Gg,. Since for
any countable discrete space X, C,(X) is homeomorphic to R", where ne INuU (o} is
the cardinality of X, we obtain a complete topological classification of the spaces
Cp(X), for countable spaces X. Furthermore in that section we state the uniform
classification derived by Gulko [27] of the uniform spaces C,(X), for countable infinite
compact spaces X.

§3.1. Preliminaries and Q-matrices

In this chapter we consider products of spaces at several places. It will be con-
venient to explicitly define an admissible metric on such a product. For every i € IN, let
P; be a space with an admissible metric d; such that each d; is bounded by c for a fixed
c e R. If we have a finite product of spaces P =II/_; P; then the specific admissible
metric d on P is defined by d=max{d,, ..., d,}, and if we have a countable infinite

oo

product of spaces P =II;Z; P; then the specific admissible metric d on P is defined by
dex, y)= £ 27di(x;, ),
1=

where x =(x;)ieN, Y = (Vi)icin € P. Whenever for each i e IN, P;=X for some space X,
we denote P by X .

Consider the Hilbert cube Q =IT;2,[-1, 1);, where [-1, 1];=[~1, 1] for every i ¢ IN.
Then the topology of Q is given by the metric

&, y)= 27 1% -yil,
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where x=(x;)icN,Y=0iene Q. The subset s=IIZ;(-1,1); of Q, where
(-1, 1);=(=1, 1) for every i e IN, is called the pseudo-interior of Q. B(Q)=Q\s is
called the pseudo-boundary of Q. A space which is homeomorphic to Q is called a
Hilbert cube.

A subspace A of separable Hilbert space £ will be called a Keller space whenever it
is compact, convex and infinite dimensional. In [33] it is proved that a Keller space is a
Hilbert cube (see also [39]). Since there is an affine embedding from Q into £, we ob-
tain the following

3.1.1 THEOREM: A Keller space in Q is a Hilbert cube.

For spaces X and Y let

CX,Y)={f:X—>Y:fiscontinuous}
and
HX,Y)={(f:X >Y:fis a homeomorphism}.

Whenever X =Y we write #(X) for #(X, X). For f, ge C(X, Y) we define

d(f, g)=sup [ d(f (x), g (X)) :x € X} € [0, =],

where d is an admissible metric on Y. As is easily seen we have the following

3.1.2LEMMA: Let X, Y and Z be spaces. Let f,ge C(Y,Z) and he C(X,Y).
Then d(f <h, g -h) <d(f, g). If moreover h is surjective, then d(f - h, g -h)=d(f, g).

Let X be a compact space and let A be a closed subspace of X. Then A is a Z-set in X
if and only if for every fe C(Q, X) and for every € >0, there is a g € C(Q, X) such
that

(a) a(f, g) <g, and
(b)g(Q)nA=0.

The definition of a Z-set is independent from the chosen metric on X. By Z(X) we
denote the family of all Z-sets in X. A countable union of Z-sets is called a 6Z-set. The
family of all 6Z-sets in X is denoted by Z5(X). An embedding f:X —Y, where Y is
another compact space, is called a Z-embedding whenever f (X)e J(Y).

3.1.3 LEMMA ([39, Lemma 6.2.2]): Let X be a space. Then
(@)IfA e 4(X)and B cA is closed, then B € 4(X).
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(b) If A € (X)), then A has empty interior in X.

PROOF: (a) follows directly from the definition of a Z-set. For (b) suppose that
IntA#@. Let x e IntA and put e=d(x, X\IntA). Let fe C(Q, X) be the constant func-
tion with value x. If g e C(Q, X) satisfies a(f , §) <€/2, then obviously g (Q)nA #@.
Hence A is not a Z-set in X. O

3.1.4 LEMMA ([39, Lemma 6.2.3]): Let P =I1;Z, P; be a countable infinite product
of compact spaces. Let A C P be closed such that 7j(A)# P; for infinitely many j. Then
Aed(P).

PROOF: Let f=(f1, f2,...)€ C(Q, P) and € > 0. For each i e IN, let d; be an admissi-
ble metric on P; bounded by 1. Find j € IN such that 277 < €. By assumption there are
k>jandte P, \mi(A). Define g e C(Q, P) by

g)=(f1x)s ..., fim1 () 1, fir1(x),..)
Then g (Q) nA =@ and

d(f, &) =sup (d(f @), £(@)):q € Q)
=sup (2721274 (fi(q). 8:(@)) :q € Q)
=sup (27*d(fi(@). 1) :q € O}
<2k <2V<eO

3.1.5THEOREM ([39, Th. 6.4.6]): Let E,Fe 9(Q) and let f:E —>F be a
homeomorphism such that a(f , 1g) <€. Then f can be extended to a homeomorphism
7: 0 - Q such that &(F, 1) <.

3.1.6 THEOREM ([39, Th. 6.4.8]): Let X be a compact space, let A cX be closed
and let f : X — Q be continuous such that f | A is a -embedding. Then for every € >0
there is a 9-embedding g : X — Q such that d(f, g)<€eand g |A=f |A.

Let {A, },cn be an increasing family of Z-sets in a compact space X. Then
{ A, }neN is a skeleton in X whenever for every € >0, ne IN and Z e Z(X), there are
h e #(X) and m € IN such that

(@) d(h, 1)<k,
() k1A, =1, and
© h(Z)CA,,
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The definition of a skeleton is independent from the chosen metric on X. A subset A of
X is called a skeletoid in X if there is a skeleton {A,},.n in X such that A =U:=1A,,.
Note that if A is a skeletoid in X and h € X#(X, Y), then h(A) is a skeletoid in Y. In the
following theorem sufficient conditions are given for an increasing sequence of Z-sets
in a Keller space to be a skeleton.

3.1.7 THEOREM: If { A; },.IN is an increasing family of Z-sets in a Keller space P
such that,
(a) foreveryie N, A;e 2(A; 1),
(b) for every i € IN, A; is convex and infinite-dimensional, and
(¢) \UiL1A; is dense in P,
then { A; };. N is a skeleton in P.

PROOF: Let Z € Z(P), ne IN and € > 0. Since P is a Hilbert cube, there is by theorem
3.1.5, §>0 such that if E, Fe Z(P) and if f:E —F is a homeomorphism with
a(f , 1g) <8, then f can be extended to a homeomorphism f:P — P such that
&( f , 1) < € (we use that a homeomorphism between P and Q is uniformly continuous).

Find {x{,..., xx} P such that P=U;=18(xj, 6/4). There is m 2 n such that for
each j <k, B (xj, 8/4)nA,, #D. By [39, Cor. 8.2.2] there is a retraction r: P — A,, such
that for each x € P, d(x, r (x))=d(x, A,,). We claim that a(r, 1) < 8/2. Indeed let x € P.
Let j <k be such that x € B (x;, 8/4). Find y € B (x;, 8/4) nA,. Then

d(x, r x))=d(x, Ap) <d(x, y) <d(x, xj+d(x;, y) < %

Let ¥=rl(ZuA,):ZUuA,—>A,. Then r|A, is a Z-embedding. Note that A,, is a
Keller space, hence a Hilbert cube. So by theorem 3.1.6 there is a J-embedding
§:ZUA, > Ay, suchthat s 1A, =r"1A, =1, and a(s, r’) < 8/2. Hence a(s, 1) < 8. Note
that ZUA,e Z(P) and s(ZUA,)e Z(P) and 5s: ZUA, >s(ZuUA,) is a homeomor-
phism. Hence there is h e #(P) with a(h, 1)<e and h1Z UA,=s. This implies that
h(Z)cA,andhlA,=1.0

3.1.8 EXAMPLE: For every nelN, let Z,=[-1+1/n,1-1/n]", and let
Z=U:=1Z,,. By lemma 3.1.4 we have for ie IN, Z;e Z(Q) and Z; € Z(Z;4;). Since
each Z; is convex and infinite-dimensional and X is dense in Q it follows from theorem
3.1.7 that {Z, },. is a skeleton in Q, so that X is a skeletoid in Q.

Another well-known example of a skeletoid in Q is B (Q).
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There are interesting theorems on skeletoids. We mention a few which we will use

in the sequel.

3.1.9 THEOREM ([17, Lemma 4.3]): Let A and B be skeletoids in a Hilbert cube
P.Let Ze 4(P) such that Z ~n(A UB)=@. Then for every € >0, there is h € #(P) such
that

(@) h(A)=B,
(b)h|Z=1,and
(c) d(h, 1) <E.

3.1.10 THEOREM ([17, Th. 6.7; 39, Th. 6.5.3 (2)]): Let A be a skeletoid in a Hil-
bert cube P, B € I(P) and C € 45(P). Then A\B and A u C are skeletoids in P.

3.1.11 COROLLARY: Let A be a skeletoid in Q, Be 2(Q) and C € 5(Q) such
that C c B. Then for every € >0 there is h € #(Q) such that
(@) d(h, 1) <€, and
(b) h(B)nA=h(C).

PROOF: By theorem 3.1.10, (A\B)uC is a skeletoid. By theorem 3.1.9 there is
h € #(Q) such that

(1) d(h, 1) <e, and
() h((A\B)UC)=A.

Then we have

h(B)nA=h(B)~h((A\B)uC)
=h(Bn((A\B)u())
=h(BnC)
=h(C).0

We now presents the notions of a Z-matrix and a Q-matrix. These notions were in-
troduced by van Mill in [38].

A Z-matrix in a compact space X is a collection 4 ={ A}, : n, m € IN} of Z-sets in X
such that for every m, n e IN,

(@) AT =0,
(b) Ay cAp iy, and
() AN AR,
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Define the kernel of 4 by kerA:('\:zl U:=1A£',.. Then clearly ker.d is an Fg5-
subset of X.

Letd={A}, :n, me N} be a Z-matrix in a compact space X. Then A is a Q-matrix
if and only if .4 has the following properties:

(a) Forevery ne IN, { A}, },,>1 is a skeleton in X,

and foreveryn; < *+* <npeNandiy,...,i,eN\{1},

(b) M= A* is a Hilbert cube,
(c) foreverype IN, { ﬁ:;ﬂf:" ~A™P ), is a skeleton in ﬁrzlA::", and
(d) for every s, t € IN such that f\:':lAf;" ¢ AS we have

M= AlF NAT e LV AR).

k

Note that if 4={A},:n,me N} is a Q-matrix in X and he X(X,Y), then
h(d)={h(A},):n, me IN} is a Q-matrix in Y (we use that A is uniformly continuous).

Let 4={A),:n, me IN} be a Z-matrix and let A;‘l and A,':,Zz be in 4 such that
ni<n, and m;2m,. Then A, CAp so Ay nApl =A;l. So for
ny<---<npelNandiy,...,i,eIN\{1} we may assume i; < *-* <i, if we are

. .om
interested in M- ALX.

3.1.12 THEOREM ([38]): If £ and B are Q-matrices in Q, then
(a) ker A is homeomorphic to G, and
(b) for every € >0 there is h € #(Q) such that a(h, 1) < € and h (ker d) =ker B.

3.1.13 COROLLARY: Let P, and P, be Hilbert cubes and let 4 and B be Q-
matrices in P | resp. P,. Then
(a) ker 4 is homeomorphic to G, and
(b) for every he X(P,P;) and €>0, there is ge H(P,,P,) such that
d(h, g) <€ and g (kerd)=ker B.

PROOF: Observe that (a) is a triviality. For (b), let A;: @ — P be a homeomorphism.
Then €=h7' (4) and D=(h -h;) }(B) are Q-matrices in Q. Since k -h, is uniformly
continuous, there is & >0 such that if d(x, y) <9, then d((h °h,)(x), (h-h1)(¥)) <€/2.
By theorem 3.1.12 (b) there is ace #(Q) such that &(a, 1) < 6 and a(ker €)=ker D. Let
g=h<hy-a-hi!. Then g: P; — P, is a homeomorphism and g (ker.d)=ker 8. Furth-



112 Chapter 3. On topological equivalence of function spaces

ermore by lemma 3.1.2 and the choice of 3,

d(h, g) =d(h, h +hy ~a-h7")
=d(h +hy, hh; -0)<e. O

Van Mill used theorem 3.1.12 to prove that if X is a non-locally compact countable
space, then C;,(X ) is homeomorphic to Gg,. The strategy of the proof is the following:
First a test space T of X is constructed and a Q-matrix B is found such that
ker 8=C,(T). So by theorem 3.1.12 (a) it follows that C,(T) is homeomorphic to G,.
Then by applying strong results of Torunczyk [50], [51] he derives that C;(X ) is
homeomorphic to G,. In section 3.3 we will use the same strategy to prove that C,(X)
is homeomorphic to G ,.

3.1.14 EXAMPLE: Let X, and X be as in example 3.1.8. Let P =II;Z, Q;, where
Q; =0 for every i e IN. Clearly P is a Hilbert cube. For every n, m € IN define A, cP
as follows

(1) AT =@ for every n e IN and
Q)AL =(Z,)"xQxQ xQ x--- foreveryne IN and m 22.

We claim that £ ={A},:n, me N} is a Q-matrix in P. By lemma 3.1.4 for each
n,meIN, A}, e Z(P) and A}, € (A}, ). For each ne IN, A}, is convex and infinite-
dimensional, and U:=1A:‘,, is dense in P, so by theorem 3.1.7 we have that {A}, },, 51 1S
a skeleton in P for every ne IN. Now letn; < - - <nye Nandiq,...,i,e IN\{1}.
By the observation made above we may assume i| < *** <i,. Then

m
kf_\lA,'-;" =(Z,)" X (@) T x e x (G )T xQXQXQ X

is a product of Hilbert cubes and hence a Hilbert cube itself.
Forpe Nandi2i,,

m
QA?: AATP =(Z )M x s X (BT X (S XQXQ XQ X

and for pe N and i < i, ﬁ:':lA,'-:" NAT"P =A7"*P By the above formulas and by
lemma 3.1.4, for each i ¢ IN,

m m m m

QA;;' NAP"P ¢ fz(QA;;*) and QA?" NAM? ¢ .7(QA,’-': NAMP).

k

m . . s % .
Furthermore we have that (M;_;A7* nA7"" is convex and infinite-dimensional, and
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U;l(ﬁ:;]A;:' ~A™"P) is dense in (\ZLIA:':. So again by theorem 3.1.7, for every

peNN, {('\ZLIA;:* AAM™*),., is a skeleton in ('\:;1,4,'-;*.

Finally let s, r € IN be such that ﬁ:‘zlAﬁ* & A;. Then by the above formulas we can
write forz > 1

m m

" _E M as _F.
DA} =I1E; and NA} 4] = TIF,,

where all but finitely many E;’s and F;’s are equal to Q and the remaining finitely many
E;’s and F;’s are elements of the family {X,},-;. Since II;Z,F; is a proper subset of
IT;Z, E;, there is i e IN such that F; is a proper subset of E;. Since F; =X, for some
n e IN or Q and F; also, it follows that each factor space of F; is a proper subset of the
corresponding factor space of E;. Hence by lemma 3.1.4 it follows that
72, Fi e I(IT, Ey).

It is easily seen that ker.d =X, so that by theorem 3.1.12 (a) Z~ is homeomorphic
to O,.

COROLLARY 3.1.15: Let {P;:ieIN} be a family of Hilbert cubes, and
P =II;2,P;. Then

(a) if B and 8 are Q-matrices in P, resp. P,, then there is a Q-matrix A in
Py X Py such that ker 4 =ker 8 x ker 8,

(b) if for each i e N, A; is a Q-matrix in P;, then there is a Q-matrix A in P
such that ker 4 =T1;2  ker A;,

(c) if for each i € IN, A; is a skeletoid in P;, then there is a Q-matrix A in P such
that ker o =HT=1A",

(@) if B is a Q-matrix in Py and A is a skeletoid in P 5, then there is a Q-matrix
A in P X P, such that ker 4 =ker 8 XA, and

(e) if B is a Q-matrix in P |, then there is a Q-matrix A in [-1, 1] X P such that
kerd =(-1, 1) xker B.

PROOF: If « is a Q-matrix in a Hilbert cube Q, there is by corollary 3.1.13 (b) and
example 3.1.14, a homeomorphism h: Q* — Q@ such that h(Z~”)=kerd. Moreover
by theorem 3.1.9 and example 3.1.8, there is for each skeletoid A in a Hilbert cube Q
a homeomorphism g : Q — Q such that g (£) =A. It is easily seen that

(1) there is a homeomorphism h;: 0~ — (Q0*)? such that hi(Z™)= (B

(2) there is a homeomorphism h,: Q~ —(Q )™ such that h,(Z7)=(Z7)~,
(3) there is a homeomorphism A3: Q= = Q xQ such that h3(Z”)=ZxZ",
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and
(4) there is a homeomorphism h4: Q= —[-1, 1] xQ~ such that
ha(E=)=(-1, 1) xZ™.

Taking the right combinations of the obtained homeomorphisms one can prove (a)
through (e). We outline (e). The other proofs are similar.

Let h:Q~” 5P, be a homeomorphism such that h(Z”)=ker®. Define
a: Py —[-1,11xP; by a=(1xh)<hs-h~!. Then a is clearly a well-defined
homeomorphism. Furthermore

aker B)=((1 xh)<hg -h')(ker B)
=((1xh)-hgy)(E")
=(1xh)(-1, 1) xX%)
=(-1, 1) xker 3.

Then A4 =a(®B) is a Q-matrix in [-1, 1] X P; such that ker (d) =(-1, 1) xker 8.0

In contrast to the theory of skeletoids, the theory of Q-matrices is hardly developed.
In view of theorem 3.1.10, a first question to ask, is whether for a Q-matrix 4 in a Hil-
bert cube P and F € Z(P), there is a Q-matrix & such that ker 8 =ker4 \F. We were
not able to prove this straight from the definition of a Q-matrix. However we can prove
the weaker statement that ker.d and kerd \ F are homeomorphic (theorem 3.1.21). As
will be clear in the sequel, the proof of this statement unfortunately has nothing to do
with Q-matrices. Before the proof can be given we have to present some more
definitions and known theorems.

A space X is said to be a G -manifold if there is an open cover of X consisting of
sets homeomorphic to open subsets of G. Two spaces X and Y have the same homo-
topy type whenever there are fe C (X, Y) and g € C (Y, X) such that f-g is homotopic
to 1y and g - fis homotopic to 1xy. We have the following theorem of Henderson.

3.1.16 THEOREM ([30]): If X and Y are Oy -manifolds, then X is homeomorphic
to Y if and only if X and Y have the same homotopy type.

A space X is an absolute retract (abbreviated AR), resp. an absolute neigborhood
retract (abbreviated ANR), whenever for every space Y and for every closed subspace
A of Y, every continuous function f : A — X has an extension f: Y — X, resp. an exten-
sion f: U =X over a neigborhood U of A in Y. By the Dugundji Extension Theorem,
O, is an AR. A space X which admits an open cover consisting of ANR’s, is itself an
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ANR ([39, Th. 5.4.5]). A space X is contractible whenever the identity 1y is homotopic
to a constant mapping. Note that two contractible spaces have the same homotopy type.
A space X is homotopically trivial whenever for every ne IN and every continuous
f: 8™ > X, there is a continuous extension g: B"*! - X. The above notions are related

by the following

3.1.17 THEOREM ([39, Th. 5.2.15)): For a space X are equivalent
(1) X is an AR,
(2) X is an ANR and contractible, and
(3) X is an ANR and homotopically trivial.

We proceed by proving the announced statement from the previous page (cf.
Theorem 3.1.21). We start with three lemmas.

3.1.18 LEMMA: Let K c X be compact. Then for every € >0, there is an embed-
ding f : Q@ — Z such that
(@) f |IK=1,and
() d(f, 1) <e

PROOF: By lemma 3.1.4, K € (Q) and by example 3.1.8, (£, },. v is a skeleton in Q,
so there are n e IN and h e #(Q) such that

(1) h(K)cZ,, and
(2) d(h, 1) < e/6.

By lemma 3.1.4, h(K) e Z(Q). By theorem 3.1.10, Z\ h (K) is a skeletoid in Q. Further-
more h(Z\K) is a skeletoid in Q and A (K) misses £\ h(K) and A(Z\K) so that by
theorem 3.1.9, there is ae #(Q) such that

(3) ah (E\K)) =Z\ h(K),
@) alh(K)=1, and
(5) d(at, 1) < /6.

Since h(K)cZ, we have by (3) and (4) that a has the additional property that
a(h(Z))=Z. Let B=a-h. Find m € IN and a homeomorphism &: Q — Z,, such that

(6)EIZ,=1,and
(M dE, 1) <e/3.

Let f=P7! <E<B: Q — Z. Then fis clearly a well-defined embedding. Furthermore for
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xek,
f)=@B" §-ah)x)
=B E-m)(x) by(4)
=(h7! ! «h)(x) by (1) and (6)
=X by (4),

and by (2), (5), (7), and lemma 3.1.2,

d(f, 1)<d(B -& B, &) +d(E B, B)+d(B, 1)
<dB7, D+dE, 1)+d@, 1)
=2d(B, 1)+d(E, 1)
<2d(a, 1)+2d(h, 1)+d(E, 1) <e.0

3.1.19 LEMMA: Let K c X~ be compact. Then for every € >0, there is an embed-
ding f: Q% — X% such that
(a) fIK=1, and
() d(f, 1) <E.

PROOF: For every ne IN, n,(K)CZ, so by lemma 3.1.18, there is an embedding
fn:Q—Z such that f,In,(K)=1 and d(f,,1)<e. Define f:Q0"—>Z" by
f=(f1, f2,...) Then fis easily seen to be as required. O

3.1.20 LEMMA: Let K X~ be compact and Z € 4(Q ") such that K nZ =@. Then
for every € >0 there is an embedding f : Q= — X~ such that
(@fIlK=1,
B)FQR™)NZ=0, and
(c) a(f, 1)<e.

PROOF: There is a continuous h;: 0~ —= Q% such that h;(Q*)nZ=@ and
&(h1,1)<e/8. Let n=d(h,;(Q%),Z). By theorem 3.1.6 there is a Z-embedding
hy: Q= —Q= such that d(hy, h;)<min{n,e/8). Then hy(Q<)e I(Q~) and
ho(@T)nZ=@.

Define g: hy(K)uZ - K UZ by

h3' (x) if x € hy(K)
8=y ifxez
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Then g is a homeomorphism between Z-sets in Q* such that a(g, Lp,(kyz) < €/4, so by
theorem 3.1.5, g extends to a homeomorphism g: 0 — QO such that &(E, 1)< e/4. Let
h=g <h;. Then h satisfies

() hIK=1,
() h(Q=)~Z =0, and
(3) d(h, 1) <e/2.

Let §=d(h(Q*), Z). By lemma 3.1.19, there is an embedding o: Q= — ™ such that
olK=1and d(o, 1) <min{e/2, £}. Let f=o -h. Then fis easily seen to be as required.
O

We are now in a position to prove the announced

3.1.21 THEOREM: Let 4={A}, :n, me IN} be a Q-matrix in a Hilbert cube P
and Z € 4(P). Then ker A and ker 4\ Z are homeomorphic.

PROOF: By corollary 3.1.13 (b) and example 3.1.14, there is a homeomorphism
h:P — Q such that h(kerd)=ZX>. It suffices to prove that for Ze Z(Q*), £°\Z is
homeomorphic to 7.

By corollary 3.1.13 (a), £ is homeomorphic to Gy, so Z~ is an AR. Obviously
X™\Zis a Oy-manifold and hence an ANR.

CLAIM: £”\Z is homotopically trivial.

Let f:S™ — Z~\Z be a continuous function. Then since £~ is an AR, fextends to a
continuous function g: B"*! - X=, Then f (§") is a compact subset of £~ such that
f (" NZ=@. By lemma 3.1.20 we then have an embedding g,: O — X such that
g21f (8™ =1 and g,(Q=)nZ=@. Let g=g,-g,: B"*1 5T=\Z. Then g is easily
seen to be an extension of f.

By theorem 3.1.17 and the claim we now have that £ and £~ \ Z are both contracti-
ble and hence they have the same homotopy type. By theorem 3.1.16 we then have that
Z” is homeomorphic to Z*\Z. O

We finish this section with the remark that we did not prove all results in this sec-
tion. Their proofs are beyond the scope of this monograph. For more information on
infinite-dimensional topology we refer to [11], [17], [18] and [39]. For more informa-
tion on AR theory we refer to [14], [31] and [39].
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Let X ={xq, x1,X2,...} be a countable space which fails to be locally compact at x.
We shall prove that C, ¢(X) can be written as the kernel of a Q-matrix in some Hilbert
cube.

Let y: N> X xIN be a bijection and define ¢:IN—X by ¢=m; -y, where
7y: X xIN - X is the projection. The following lemma is of fundamental importance in
the process of describing C,, o(X) as the kernel of a Q-matrix.

3.2.1 LEMMA: There exists a decreasing clopen base { U;° }icw at xo and for
each x #x there exists a clopen neighborhood U* of x such that for every ne IN,
(@) if ¢(n)#xq, then U™ AU’ =@, and
(b) for s, ne N, we have U3 \[ U3, u\J (U®D : j <n, ¢(j)#x0) ] is infinite.

PROOF: Since no neighborhood of x( is compact, there exists a decreasing clopen
base {V;°};cn at xo such that for every i e IN, V;°\V;? contains an infinite closed
discrete subset D;.

We construct inductively a strictly increasing sequence (i), Of natural numbers
and for each n e IN such that ¢(n) #x( a clopen neighborhood V,, of ¢(n) satisfying

(1) VanVi® =@, and

(2) Vo n\Us ¢, D;s contains at most one point.

Suppose we found for ne IN, iy, ..., i,—1 and V; for j <n such that ¢(j)#xq. If
o(n)=xq let i, >i,_; be arbitrary. If ¢(n)=9(j)#x( for some j <n, let V,=V; and
in > i, arbitrary. Since we deal with a decreasing base at xo we have V,nV;° =@
and V, nUszijDs=G, hence also V,n\U;; Ds contains at most one point. If
o) ¢{0¢):j<n, d()#xp) u{xg), we can find a clopen neighborhood U of ¢(n) and
in >i,—1 such that U nV‘Zf =@. Since U, ; Dy is closed and discrete we can find a

clopen neighborhood V), of ¢(n) contained in U such that V, n\U;; D, contains at
most one point. This completes the inductive construction.
For ne N, let U,° =V;°. For x #x¢, let k (x)=min ¢! (x), and let U*=Vj . Let

n e IN with ¢(n) #xo. Then k(¢(n)) <n, so by (1), U™ A U® =@. In addition we have
that for s>i,, U®"AD,=@ Hence by (2) we have for s, neIN that
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UP\[U3S o U (UPD : j<n, ¢(j)#xo) ] is infinite. This proves the lemma. O

As mentioned in the introduction of this chapter, C,(X)={f:X — (-1, 1): f is con-
tinuous}. Recall that Cp o(X)={ fe C,(X):f (x9)=0}. We look at these spaces as sub-
spaces of [-1, 17X endowed with the product topology. [-1, 11X is obviously a Hilbert
cube. Recall that on [-1, 1]X we use the metric

d(f, )= 227 1f () -g (x|,
i=0
for f, ge [-1, 1]x.
We will now give another description of the space C, ¢(X), in terms of the kernel of
a Q-matrix. Let Y=X\{xg} and P ={0} x[-1, 1]Y. Evidently there is a convexity
preserving homeomorphism between P and Q. Hence by theorem 3.1.1 each Keller
space in P is a Hilbert cube. Let (U’ },epv and {U* :x #x() be as in lemma 3.2.1. For

x#xg let {Uy),n be a clopen decreasing base at x such that U =U*. For every
x € X and n, m e IN, we define

(A)BE™ =(geP:gUn)clg®)-—,g(x)+1).

Furthermore for every n, m e IN we define
(B) CA=B%*" nM}_, B,

(© L% ={0) x[—1+%, 1-%1"‘1 ----- ¥ et BYxf-L, ] +=+, and

(D) AT =@, and A}, =Cp, nL}, form22.
It will turn out that the family £ ={A), :n, me IN, n > 1} is a Q-matrix in P such that

kerd =C, o(X).

3.2.2 LEMMA: For every n, m e IN, we have
(a) A}, is closed in P,
(b) A% cA™,,, and
ey AR AL,

PROOF: It is easily seen that for every x e X and for every n, m e IN we have,

(1) B&™ and L%, are closed in [-1, 1%,
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@ BG " B, BE "D B,
G)LE LAy and LAY L.
Now the lemma follows from (1), (2) and (3). O

We first prove that kerd =C, o(X) (lemma 3.2.4). Define F={fe[-], 1]x :fis
continuous and f (xg)=0)}. Then F c P. Observe that by the definition of continuity,

F=Nyex Mo\ I BE ™ (see [19]).

323LEMMA: F=N UCp.

n=2m=1

PROOF: First suppose that fe F and n22. Then fe P. Because f is continuous, there
exists m e IN such that for each j <n,
i P 1 . 1
f WU SLf @UN =~ f GUN+T,
and

fUmel-+, 1)

This implies fe Ba"™ AMj,BSD™ =CJ. We conclude that fe MU Ch.
Secondly suppose fe ﬁ:=2 U::l Cpn. Let xe X and n e IN. Because v is a bijec-

tion, there exists n, € IN such that k =\y'1(x, ny) > n. Then ¢(k) =x. There exists m e IN
such that fe CX, hence

feChcB&B cp&m,
So fe My.x f\;l U:le,(,,’f' ™ =F. This completes the proof of the lemma. O

o0 oo

324 LEMMA: C, o(X)=N UA%L.
n=2m=1

PROOF: First suppose f e Cp, o(X) and n 2. There exists k 22 such that

1

(£, fEel-1+4,1-2],

hence fe L}. Since f e F, there exists m 2k such that fe Ch,. So fe Ch,nLh =Al. We
conclude that fe ﬁ:=2u:=1Af',,.
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Secondly suppose fe M, Un_jA%. Since for every n,me N, Al cCPhL, we
have by lemma 3.2.3, fe F. Since for every ne IN there is me IN such that
feAp Ly, we have that {f (xy),....f (x,)} ©(=1,1). So fe Cp o(X). This proves
the lemma. O

3.2.5 LEMMA: For every ni< --- <nnpelN and iy, ..., i,e IN\{1} we have
that (WZLIAE;’ is a Keller space in P, hence a Hilbert cube.

PROOF: To prove that (\:;,AT: is a Keller space, we have to verify that ﬁ’::lAT: is
compact, convex and infinite-dimensional.

By lemma 3.2.2 (a), f\:;lA;;" is closed in P, hence it is compact. To prove that

ﬁ;":lAﬁ" is convex we first claim that for every x e X and for every n, m e IN, B&™ s
convex. Indeed, let f, g e B&™, A€ [0, 1] and h =Af+(1-A)g. Since P is convex, we
have h € P. Furthermore if y e U},, then

lh@)—h @) SAf @) -f ) +(1-R)Igx)-gO)!

it el-pl=l,
n n n

So he BE™, so BE™ is convex. It is easily seen that for every n, m € IN, L, is con-
5 ¥ g g 7 m ng .
vex. Since the intersection of convex sets is again convex, (M- A ,~: is convex.

Finally, to see that ﬁkzlA,’-;* is infinite-dimensional notice that for every x € X and

for every n, m e IN,
_ L 1w _p&n
(0} x[-5-, 51" B ™.

and for every n e IN and m € IN\ (1}, {0} x[—%, %]YCL;',,, 50

m
_1 1y o
{0} X[ 2n,.’2n,,,] CQA,..

We conclude that M-, A7 is a Keller space in P, hence by theorem 3.1.1 M= Al is
a Hilbert cube. O

For every i, k e IN we define h (i, k): P — P by

fx) ifx#x;
h G, k) )(x)=

< if x=x;
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Notice that since x; #x, h (i, k) is well-defined.

3.2.6 LEMMA: Leti, ke IN. Then
(a) h(i, k) is continuous and a(h (i, k), 1) <27 and
B)ifi>1,k<p<iandseIN are such that
X e U\ U v U(URD 1j <p, 0()#x0) ], then
(i) forn<kandme IN, h(i, k)(An,) CAp,
@ii) forn<pandm >s, h(i, k)(A}) CAp,, and
(iii) for n >k, h (i, k)(P)n A% =@.

PROOF: For every x € X, let m,: P —[-1, 1] be the projection onto the x-th coordi-
nate. Then for x # x;, we have m, -h (i, k) =m, and for x =x;, we have n, -h(i, k)=1/k,
so that for each x € X, m, A (i, k) is continuous. So we have that 4 (i, k) is continuous.

Furthermore we have

d(h G, k), D=sup (d(h (i, O)), f): fe P)
=sup (Z72127 1h G, ()X = ()| : fe P)
=sup (27 11/k-f (x;)| :f e P}
e S

We prove (b)(i) and (b)(ii) simultaneously. Let n, m e IN be such that n <k and
m e IN or such that n <p and m >s. If m =1 there is nothing to prove, so let m > 1 and
fe Ap,. We have to prove that h (i, k)(f)e Al =L} A Ch.

Since fe Ly, and n<p < i, we have for j <n

h(i, E)Yf)x)=f (x;)e [-1 +%' “%]‘

Hence h(i, k)(f)eLy,. To prove that h(i, k)(f)e Ch, we take ye Uk, where
xe {x9} u{d():j<n}. Notice that x #x; because

X ¢USSH o U(UD : j <p, 6(j)#x0),

and n <p.
If y #x;, then since fe B& ™,

LA, YO —h G D)) =1f ) f ()] S%-

Now assume that y =x;. If x #x¢, then x = ¢(j) for some j <n with ¢(j) #x¢. Then

x;=y e U cU{D,
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which is a contradiction. Hence x =x¢. If m > s, then U}° c U3%,, so x; ¢ U,Y. But this
means that y ¢ Uy,, which gives a contradiction. So n <k and we get

Lh (i, K)()) =k G, K )x)| = |%—0| =%s%.
We conclude that & (i, k)(f) e B ™, hence

h(, k)(f)e BG®™ AN BO- =7,
So h(i, k)(f)e C% AL% =A". This proves (b)(i) and (b)(ii).

For (b)(iii), let n > k. Since x; € U3°, we have for fe P,

h(Q, YA =h (G, K)()xo) | =

i
k n

We conclude that & (i, k)(f) ¢B§x°' "), hence h (i, k)(f) ¢A%. This proves the lemma. O

3.2.7 COROLLARY: For every n, m e IN with n >1 we have that A}, € 9(P) and
n n
Am € -q(Am+l )

PROOF: By lemma 3.2.2, we have that A}, is closed in P and A}, c A}, .1, hence A}, is
closed in A}, ;.
Let fe C(Q, P)orfe C(Q, Ap41) and let € > 0. By lemma 3.2.1 (b),

U \[Upla v I{UD 2 j<n, ¢()#x0) ]

is infinite so we can choose x; in this set such that i > n, and 27 < €/2. Define g:0-HP
by g =h(i, 1) -f. Then g is well-defined. By lemma 3.2.6 (a), g is continuous and

d(g, £)<d(hG, 1), 1)<27+ <¢
If fe C(Q, A}, +1), we have by lemma 3.2.6 (b)(ii),

g@)ch(, N Ani)CAp .

Furthermore because n > 1, we have by lemma 3.2.6 (b)(ii), g (Q)nAp, =@. We con-
clude that A%, € I(P) and A%, € I(A% ;). O

3.2.8 COROLLARY: For every n; < --* <npeN, iy,...,i,e N\(1}, pe N
and i e IN we have that

M1 Al A AT € (M= AT
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and
N1 A AAPY? € AN AT AATE).

PROOF: By lemma 3.2.2, we have that M- 1ATE nAT™P s closed in ﬁ:‘:lAf': and
Mi=1Al AAP™*? is closed in My AT AATT?.

Letf:Q —)ﬁk=1A,- orf: QM- AL ~A™? be continuous and let € > 0. By
lemma 3.2.1 (b),

UP\[UTYH o U 2 j<npm+p, 0G)#x0) ]

is infinite, so we can choose x;, in this set, such that ig > n,+p, and 270 <¢/2. Define
g:0—>P by g=h(ig,n,)f. Then g is a well-defined continuous function and
d(g, f)<e

Smccf(Q)cﬁk IA“t , we have by lemma 3.2.6 (b)(i), g (Q)CﬁZ':lA,'-':. Further-
more 1ff(Q)cAf'1'1+p, then by lemma 3.2.6 (b)(ii), g(Q)cA,,,l By lemma 3.2.6
(b)(iii), g(Q) AP =@. We conclude that My Al AP € (M- A}) and

N1 A AP € AN AT nATP).O
3.2.9 LEMMA: For every n>1: { A}, }u>1 is a skeleton in P.

PROOF: Observe that P is a Keller space. To prove the lemma we shall verify the
conditions in theorem 3.1.7. By corollary 3.2.7 and lemma 3.2.2, { A}, },»>1 iS an in-
creasing family of Z-sets in P. Again by corollary 3.2.7, we have for every m e IN,
An e d(An41). By lemma 3.2.5, A, is convex and infinite-dimensional. So we only
have to verify that U:zzA’,:, is dense in P. Notice that CP'O(X) is dense in
{0} x (-1, l)y which is dense in P, hence C,o(X) is dense in P. Since
U:zzAﬁ, 2Cp, 0(X), U:=2A,’; is dense in P. We obtain that {A},},, > is a skeleton in
pP.O

3.2.10 LEMMA: Foreveryn < -+ <nnpeIN,iy,...,ine N\{1}) andp e IN we
have that { (M- 1AL NAT™P )5y is a skeleton in g 1Al

PROOF: By lemma 3.2.5, ﬂ:’zlAa" is a Keller space. To prove the lemma we again

shall verify the conditions in theorem 3.1.7. As mentioned in section 3.1 we may as-
sume iy < * - <i,. By corollary 3.2.8, we have for every i € IN,
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m
Najt AAFP e (Mpo AT,
and

m
m
QA::" nA?’"wE.‘Z(f\/ml/“:::t AT

By lemma 3.2. 5 ﬁ,, IA"" ~A™*? is convex and infinite dimensional, so we only have
m

to verify that UA""‘ P ﬁA is dense in kf\lA 7*. To this end we have to prove that
for arbitrary g € ﬁk=1Af:“,y1, ..., Yn€ X and £ >0, we have for

U=(feP:1f(y)-gO)! <eforevery /<n}

that (U n ﬁTzlA;:" )AU; A" 2@, Since we deal with decreasing clopen bases it
is possible to find iy > n,, +p such that 1/iy <€ and

D)UY UK =@if 6G1) #6G2) and j1, o <t

@) U?o""” AUSD =@ if (o) USD, k <m, j <ny and jo Snp+p,

3) UW“) —Qlf¢Uo)¢U,k ,k<mand jo<n,+p,

(4)forae (0():j<nu+p}u{xo) and y,#a we have y, ¢ U{, (I <n), and
(5) for ¢(j) ¢ { x0,.., X, } we have U?y) N (X050 Xn, } =D (J Snptp).

Now define f: X —[-1, 1] by

r
(1_%)5; ©U)) if xe Ujcn 1y UL,
f(x)=10 ifxe U

o>

(1—%)g (x)  elsewhere.
0

\

By lemma 32.1 (a) and (1) there is for every xeX at most one
ae {0():j<n,+p)u{xo} with xe U}, and since g (X)<[-1, 1], f X)c[-1, 1], so
we conclude that fis a well-defined mapping. Furthermore f (xo)=0, hence fe P. To

g

prove the claim we will show that fe (U n(My= A7) A Ui, AP™". For that we first
prove fe U. To this end let [ <n. If y;¢{0():j<n,+p}u(xo]} then by (4) and by
definition of f, f (y;)=(1-1/ig)g (y;) so
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If )-8 001 =18 01 S <€

0 o

Ify;e {0():j<n,+p}u{xo} then by the definition of f,
lf(w)—g(w)lsﬁ«.

So we indeed have fe U.

To prove that fe My Af*, we first show that fe M=, C¥. To this end let k <m
and be {0():j<m}u{xg). Notice that be Uf’o, hence f (b)=(1-1/ig)g(b). Let
Xe Uﬁ. First suppose there is ae { ¢(/):/<n,+p} u{xp} such that x e U{-’o. In this
case f (x)=(1-1/ig)g (a). If a=x then by lemma 3.2.1 (a),a=be Uf:, and if a #xg
then by (2) and (3), a € U,. Since

geCt ch:" m

we now have

2
’lg'

If G)—f B =(1-L)lg@)-gb) <(1-1)L <
iy o M

Secondly suppose for every a e { ¢(/): I <n,+p}u(xo)} we have x ¢ Uf,. Then

R
Ny

If ) =f B) 1 =(1- =) 1g () -g ()| (1 - L)<
i bo My
We conclude that fe (WZI:lC:-':. Now let k <m and j <n;. By (5) we have
If @)1 =1(1--)g ()| S g (xj) | S1-—.
lg Iy

m n m m #)
S0 fe Mp=1Ciy NNzt Lif =My Aj

Finally we have to prove that fe \U;_;A[""?. In fact we show that fe AJ"P. Let

ae{¢0():jSn,+p}u{xg),andletxe U?o.Thenf(x):(l—llio)g(a)=f(a), )

1
Rmtp

If(x)=f(a)l=0<

So fe Cv™. Since for every x e X, |f (x)| <1-1/io we have fe Ai~". This proves

the lemma. O
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3.2.11 LEMMA: For every n1< - <npeIN,iy,...,i,e N\{1} and s,te N
such that s > 1 and My AT & Af, we have M ATt Af € (M1 AT).
PROOF: Let n1< -+ <nuelN, iy,..., i,e IN\{1} and suppose f\Z;lAE:‘ ¢ Al
As mentioned in section 3.1 we may assume i < *** <ip.

If s > n,, we have by corollary 3.2.8,

m

m
kﬁlAf;" nAfe .‘Z(kﬁlAf:‘ ).

So from now on we assume that s <n,,. If there exists / <m such that s <n; and t 2ij,
then by lemma 3.2.2,

m

kr_\lA,’-‘: cA}! cA}

and we have a contradiction. So for every k <m, s >ny or t <i;. There exists r <m
such that n,_; <s<n,. (Letng=1).
Let f:Q — My Al and € > 0. By lemma 3.2.1 (b),

UP\[UT v (URD 2 <, 0G)#X0) ]
is infinite. Choose x; in this set, such that i>n,, 2 <e/2. Notice that
x;¢{0():j<n,}. Define g: Q 5P by g=h(i, n,_;)-f. Then g is well-defined and
a(f, g) <&. We claim that g (Q) c ﬁZ':lAﬁ". To this end let k <m. If ny <n,_;, then by
lemma 3.2.6 (b)(i),

h(i, n,_ 1 XADF) CARE.
If n,_y <ng<n,, thens <n, <n;. Sot <iy. Then by lemma 3.2.6 (b)(ii),

h(i, n,_ AT )AL,

Sog(@)e My Al
To finish the proof of this lemma, notice that by lemma 3.2.6 (b)(iii), g (Q)nAf =@
(because s > n,_y), so that M| AT Af e -‘Z(m:;lA;? ).0

k

3.2.12 THEOREM: A is a Q-matrix in P.

PROOF: By lemma 3.2.2 and corollary 3.2.7, « is a Z-matrix. The theorem now fol-
lows directly from the lemmas 3.2.5, 3.2.9, 3.2.10 and 3.2.11.0
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We now come to the main result of this section.

3.2.13 THEOREM: Let X be a non-locally compact countable space. Then
(a) C,(X) is homeomorphic to G, and
(b) If Y is another non-locally compact countable space, then for every €>0
there is h € #(Q) such that h(Cp, o(X))=Cp, o(Y) and &(h, 1)<e.

PROOF: By lemma 3.2.2 and lemma 3.2.4 it follows that C,, o(X)=kerd, so by corol-
lary 3.1.13 (a), Cp o(X) is homeomorphic to Gg. By proposition 2.3.2, C,(X) is
homeomorphic to Cp o(X) X IR, hence

Cp(X)=Cp,0(X) xR =G x R=Gy).

Now let Y be another non-locally compact countable space and let € > 0. Then by corol-
lary 3.1.13 (b), there is h € #(Q) such that 1 (Cp, ¢(X))=Cp, o(Y) and d(h, 1) <€.O

In [38] it was proved that for a non-locally compact countable space X, C;(X ) is
homeomorphic to G. He did not prove theorem 3.2.13 (b) for C;, 0(X). To show that
in this case theorem 3.2.13 (b) is also valid we will give, for a non-locally compact
countable space X, a Q-matrix 4 such that C;'O(X ) =ker«d. Since the calculations are
more or less the same as in the case of Cp_ 0(X) we will be brief.

Let X be a countable space which fails to be locally compact at some point xg € X.
Again let X ={xq,x1,X2, ...}, Y={x1,x2,...}, P={0} x[-1,1]¥ and let ¢ be the
map 7, -y: IN - X. We consider the same clopen bases as above. As mentioned in the
introduction, C;,O(X)= {feCpoX):fX)c[-1+1/m, 1-1/m] for some m e IN}.

For every x € X and n, m € IN, define

BE M =(ge (0)x[-1+—, 1- L) g (UR) Clg ) -1, g )+ 21).

For every n, m € IN, define A7 =@, and form > 1,

n
AR =B%om _mlgggw. n).
j:

As in lemma 3.2.4 we have the following:

3.2.14 LEMMA: C,',_()(X)=('\l UIA",,,. o
n=lm=



§3.3. Homeomorphic function spaces part 2 129

One can prove that 4 ={A}, :n, me IN} is a Q-matrix in P. The proof is more or
less the same as the proof of theorem 3.2.12 and we will only give some remarks.

It is not necessary to copy the proof of corollary 3.2.7. We have A, € Z(P) because
of lemma 3.1.4. Furthermore we can simplify the proof of the claim in lemma 3.2.10:
The condition in (5) can be skipped but we need i > i,, to prove fe A?g‘+p . The func-

tion f can be defined as follows:

g0() ifxe UNY (j<nu+p),
f@x)=10 ifxe U;?,

g(x) elsewhere.
As in theorem 3.2.13, we have

3.2.15 THEOREM: Let X be a non-locally compact countable space. Then
(a) C;, (X) is homeomorphic to O, and
(b) If Y is another non-locally compact countable space, then for every €>0
there is h e #(Q) such that h(C}, (X)) =C},o(Y) and d(h, 1) <E.

The question remains whether for non-locally compact countable spaces X and Y
there is a homeomorphism from the Hilbert cube onto itself arbitrary close to the iden-
tity which maps C,(X) onto C,(Y) resp. C;(X ) onto C;,(Y). By theorem 3.2.13, we
have for € >0, h € X([-1, 1] P) such that d(h, 1) <€, and

h((=1, 1) xCp 0(X)) = (=1, 1) X Cp, o(Y).

By proposition 2.3.2, (-1, 1) xCp, ¢(X) is homeomorphic to Cp(X). This is not what we
need to solve the above question. We actually need a homeomorphism from [-1, 1] xQ
to Q which maps (-1, 1) XC, ¢(X) onto C,,(X ). Whether such a homeomorphism exists

remains unsolved.

§3.3. Homeomorphic function spaces part 2

In this section we give another proof of the statement that for a non-locally compact
countable space X the function space C,,(X) is homeomorphic to Og. We first compare
the strategies followed in this section and section 3.2. In section 3.2 we found a Q-
matrix 4 such that kerd =C o(X). Using corollary 3.1.13, it was then easily deduced
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that C,(X) and G, are homeomorphic. The Q-matrix involved asked for a lot of techn-
ical calculations. However this was not a waste of time, since this strategy also gives
the result stated in theorem 3.2.13 (b). The strategy in this section starts with a test
space T. One could say that T is the "simplest” non-locally compact countable space:
moreover T is a closed subspace of any non-locally compact countable space (lemma
3.3.1). Next a Q-matrix £ will be given such that ker 8 =C,, o(T). This Q-matrix is
much easier to deal with than the one in section 3.2. It follows that C,(T) is
homeomorphic to G¢,. To get this also for arbitrary non-locally compact spaces X we
use strong results of Torunczyk [S0], [S1], which gives the necessary connection
between Cp,(X) and Cp(T). The method of this section was used by van Mill in [38],
where he proved that C ; (X) is homeomorphic to G,.

We first define the test space 7. The underlying set of T is IN? U {e=}. Each point of
IN? is isolated and {({n, n+1, -+ } xIN) U {e=}}, < is a local open base at eo. Then T
is obviously a countable space which is not locally compact at eo. Among the non-
locally compact countable spaces, T is a special one as is shown in the following

3.3.1LEMMA: Let X be a non-locally compact space. Then X contains a closed
copy of T

PROOF: Let x( be a point where X fails to be locally compact. Let {U,:ne IN} be a
decreasing open base at x¢. Since no U, is compact we may assume that for each
ne N, (7,,\ U, 1 contains an infinite closed discrete subset D,,. Let S ={x} u U:=1D,..
Then § is obviously closed in X and homeomorphic to 7.0

Recall from the introduction that C,(T)={f:T —(-1,1):fis continuous} and

Cp.0(T)={fe Cp(T): f (=) =0}.
For convenience let I=[-1, 1], I,,=[-1+1/m, 1-1/m] for every m ¢ IN and

B(e)= l'I1 [-€, €]; for every € > 0.
=

For every i e IN, let Q; =II7;I;;, where I;;=I for every je IN. Let P =II;Z,Q;, where
Q;=Q for every i e IN. Observe that there is a convexity preserving homeomorphism
between P and Q, hence by theorem 3.1.1 each Keller space in P is a Hilbert cube.
Define ¢: C,, o(T) = P by

O(f)i=(f ((i./))jen. for every i e IN.
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Then ¢ is easily seen to be an embedding.
For every n, m e IN define A}, C P by

(1) AT =@ for every n e IN and
m oo

)AL= _I'Il((I,,,)" XIxIx ~«~Yx II lB,-(2"") for every ne IN and m > 2.
= i=m+

It will turn out that £ = { A}, : n, m € IN} is a Q-matrix in P such that its kernel is equal
to ¢(Cp, o(T)). As will be clear in the sequel the calculations involved are not so
comprehensive as the ones in section 3.2.

3.3.2 LEMMA: A is a Z-matrix in P.

PROOF: By lemma 3.1.4 we have for every n, m e IN, that A}, e Z(P). It is clear that
for every n, me IN, A% CcA% ., and AL cAZ.O

3.3.3 LEMMA: kerod =0(Cp, o(T)).

PROOF: Let f=(fij);j)en? € kerd and (i, j)e IN2. Define f: T—->(-1,1) by
F(G, ) =f; for (i, j)e N? and f(=)=0. Since fe\U,,_ AL, there is me N with
fe AL Ifi<mthen fjje I, (-1, 1) and if i >m then f; e [-27,27] (-1, 1), hence
f is well-defined. We will prove that f is continuous. To this end we only have to
prove that f is continuous at . Let € >0 and n e IN such that 2" <¢. Let me IN be
such that feAj. Then If;jl<2™<e for i>m and jelN. So
fm+1,m+2, -+ )} xIN)u {=}) c(-€, €), hence fe Cp, o(T). Obviously &(f)=f,
s0 fe &(Cp, o(T)).

Conversely let fe Cp o(T) and n e IN. Since f is continuous at o, there is m; e IN
with |f (i, j)| <27 for i >m; and je IN. There is m >m such that for every i<m
and j<n we have If(i, j)I<1-1/m. Then ¢(f)eA) and we conclude that
0(f)e kerd.O

3.3.4LEMMA: A isa Q-matrixinP.

PROOF: By lemma 3.3.2 4 is a Z-matrix in P. Notice that by lemma 3.1.4 we have for
every €>0 and 8<e that B (8) € (B (g)).
CLAIM 1: Forevery ne N, {A},,},»>1 is a skeleton in P.

Notice that P is a Keller space. To prove this claim we verify the conditions in
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theorem 3.1.7. By lemma 3.1.4 we have for every n, me IN that Ay e Z(P) and
Al e (A .1). Because each A, (m > 1) is a product of non-degenerate intervals, it is
convex and infinite-dimensional. To prove that for every n e IN, Um=1A,,, is dense in
P, let fe P and U =TI;; j)c N2U;; a standard neighborhood of fin P. There ismyeIN
such that i >m implies U;; =1 for every j e IN. There is m 2m such that Uijnly 0
for every i, je IN. We claim that U nAj, #@. Indeed, let (i, j)e IN2. If i <m then
(U nAR)DUiinl, #@. If i >m then m;;(U NAR)=1NnB(Q2™)#@. We conclude
that {A},},. > is a skeleton in P.

Now let ny< -+- <np,eNandiq,...,i,eN\{1}. As mentioned in section 3.1
we may assume i) < * - <l
m

CLAIM 2: IQAT: is is a Keller space in P, hence a Hilbert cube.

Since each AJ* is a product of closed intervals, (M, _;A}* is a product of closed in-

m i . m :
tervals. Hence (M_;A;* is compact and convex. Since A;™ cM_;Aj* and i #1,
M1 A is infinite-dimensional. We conclude that M-, A* is a Keller space in P.

Hence by theorem 3.1.1, M- A is a Hilbert cube.

m m

CLAIM 3: Forevery pe IN, {QAE:‘ AA™P); . is a skeleton in /QAE“

By claim 2, ﬂTzlAﬁ* is a Keller space in P. We prove this claim by verifying the
conditions in theorem 3.1.7. Let pe IN and ie IN\{1}. Let j be greater than
max(i, i,,). The j-th factor space of M-, A% is B(2™") and the j-th factor space of
MNi=1A AAP™* is BQ2™), so we have M- A AAPP € TN ATY) (by lem-
ma 3.1.4).

If i 2i,, then the (i + 1)-th factor space of My A A is B@7™P) and the
(i + 1)-th factor space of M- 1A% ~AT7? is B(27™). Hence by lemma 3.1.4 we have
for every i2ip, M1 Al AAT? € IV AT AATH?). Since

Uisi, (Mi=1A7 A AP is dense in Mj-,AT%, we have by theorem 3.1.7 that

US4
(M= A AAT™*);5, s a skeleton in Mi=1A7. Hence by the definition of skele-

tons, (Mg=1 A7 A A7), is a skeleton in M- AR

CLAIM 4: For every s e IN and for every e IN such that ﬁ:;]AE:" ¢ A7 we have
N1 A N AT € Iy VAT
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If 5 > n,y, then by claim 3, M- A% A AS € I(Vg=1Al¥). If 5 <n,p,, there is p<m
such that n,_; <5 <n, (let ng=0). This implies 7 < i,, otherwise ﬁ:‘zlAa" cA] cAj
So there is r <p such that i,_; <t+1<i, (let ig=0). The (r+1)-th factor space of
m;":lA,’-;* is B(2™™') and the (¢t + 1)-th factor space of mZ;,Aﬁ* AAS is B(27%). Be-

cause s > n,_; 2 nsunr—1, by lemma 3.1.4 Mg AT A Af € (M1 ATF).

By claims 1-4 we have that « is a Q-matrix in P.O
3.3.5 COROLLARY: C,(T) is homeomorphic to C.

PROOF: By lemmas 3.3.3, 3.3.4 and corollary 3.1.13 (a), we have that C, o(T) is
homeomorphic to G. As in theorem 3.2.13 we can prove that C,(T) is homeomorphic
to G(l) a

In [38] van Mill constructed a Q-matrix .4 such that Cp, o(T)=ker.d, hence C;(T)
and G are homeomorphic. From this result he derived for an arbitrary non-locally
compact countable space X, that C; (X) and G, are homeomorphic. We proceed in the
same way to derive that C,(X) and G, are homeomorphic. We first need results of
Torunczyk (cf. theorem 3.3.6).

For a linear space E we define ZE = {x € E™ : x; =0 for all but finitely many i }.

3.3.6 THEOREM: Let E be a locally convex linear space. Then
(a) ([50]) for a closed AR X in E we have X XxXLE = XE, and
(b) ([51]) Z(ET)=ZIR XE™.

This theorem will be used in the proof of theorem 3.3.9, which formulates in a sense
the connection between C,(T) and C,(X) for an arbitrary non-locally compact space X.
Before we come to this theorem we have to prove some lemmas. Recall from exam-
ples 3.1.8 and 3.1.14 that Z={xe Q:TIne INVie N, Ix;| £1-1/n} is a skeletoid in
Q and that £ is homeomorphic to Gg,.

3.3.7LEMMA: Let X be a 6-compact space. Then Z contains a closed copy of X.

PROOF: Since every space admits an embedding in the Hilbert cube, and
[-1/2, 1/2]% is a Hilbert cube, X has a compactification aX c Q such that oX € Z(Q)
(cf. lemma 3.1.4). Since X is o-compact we then have by lemma 3.1.3 (a), X € Z5(Q).
Then by corollary 3.1.11, there is a homeomorphism h:Q —Q such that
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h(eX)nZ=h(X). Consequently h (X) is a closed copy of X in £.0

A space X is called an absolute F 4 if X is an F 45 in Y, for every space Y in which X
is embedded. It is well-known that a space X is an absolute F 55 whenever it is an F 45

in some completely metrizable space.

3.3.8 COROLLARY: Ler X be an absolute F 55. Then Gy, contains a closed copy
of X.

PROOF: We may assume that X is a subspace of Q. Let X =ﬁ:°=1F i, where each F; is
a F 5-subspace of Q. Then each F; is o-compact. So by lemma 3.3.7 there exists for
every ieIN a closed embedding f;:F;—Z. Now define f:X—-Z" by
f@)=(f1(x), f2(x), - --). Itis easily seen that fis a continuous injection.

Define ¢:X »II[L,F; by o¢6x)=(,x, *-+) and g:I[[;;F;—>Z" by
8 ((x)ieN)=(fi(xi))iew. Then f=g -0 and g is easily seen to be a closed embedding.
Hence to prove that fis a closed embedding it suffices to prove that ¢(X) is closed in
IT;Z Fi. Let y =(i)ieN € ITZ1 F\O(X). Then there are i, j e IN with y; #y;. There are
U open in F; and V open in F; such that y;e U and y;e Vand U nV =@. Let

0=F1>< ceo Fi i XUXF4q < XFj_IXVXFj+1X
Then y € O and O n ¢(X)=@. We conclude that fis a closed embedding. Since £ and

O are homeomorphic, we are done. O

3.3.9 THEOREM: Let X be an absolute F g5 which moreover is an AR. Then
X X O is homeomorphic to G,.

PROOF: By corollary 3.3.8, we may assume that X is closed in G. Then by theorem
3.3.6 (a), X x X0, and O, are homeomorphic. By theorem 3.3.6 (b) we have
0, =X0p)” = IR X(C)™ = X (Cy)™ =Oy.
So we conclude X x G, is homeomorphic to G. O
In the proof of theorem 3.3.11 it will be clear how this theorem connects Cp(T) with
Cp(X), for arbitrary non-locally compact countable spaces X. We need one more lem-

ma.

3.3.10 LEMMA ([19)): If X is a countable space, then C,, (X) is an absolute F 5.
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PROOF: For every x € X, let {U}},.n be a decreasing clopen base at x. Then by the
definition of continuity,

oo oo

C=N N U (ge RN :igUh)clg -1, g ®)+-1).

xeXn=1m=1

Since each set {g e RX : g (U%) clg (x)—%,g(x)+%]] is closed in R¥, C,(X) is an

F 55 in RX and hence an absolute F 5. O

3.3.11 THEOREM: Let X be a non-locally compact countable space. Then C,(X)
is homeomorphic to O,.

PROOF: By lemma 3.3.1 we may assume that T is a closed subspace of X. Then by
proposition 2.3.2, C,(X) and C,, 1(X)x Cp(T) are homeomorphic. Since C, r(X) is a
linear subspace of the locally convex space C,(X) it is locally convex as well. By The
Dugundji Extension Theorem [39, Th. 1.4.13], C, 7(X) is an AR. It is easily seen that
Cp, 7(X) is closed in C,(X), hence by lemma 3.3.10, C,, 7(X) is an absolute F 5. So by
theorem 3.3.9, C, 1(X)X G, and O, are homeomorphic. We conclude that by corol-
lary 3.3.5

Cp(X)=Cp. 7(X)X Gy =Gy O

Theorem 3.3.11 can be found in [6].

§3.4. Remarks

Van Mill conjectured in [38] that for a non-discrete countable space X, C ;(X ) and
O, are homeomorphic. In the preceding sections, it became clear that Q-matrices were
a handy tool to prove for non-locally compact countable spaces X, that C,(X) and
C;(X ) are homeomorphic to Gg,. The question remains whether this also holds for ar-
bitrary non-discrete countable spaces. Recently Dobrowolski, Gulko and Mogilski in
[20] and Cauty in [16] independently answered this question in the affirmative. In this
section we shortly discuss both papers.

In section 3.3 the test space T plays an important role. It is the "simplest" non-
locally compact countable space, which is a closed subspace of any non-locally com-
pact countable space. In the class of non-discrete countable spaces, the role of T is
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played by [1, ®] because any non-discrete countable space contains a closed copy of
[1, w]. Following the strategy in section 3.3, we have to prove that Cp([l,co]) is
homeomorphic to O, to obtain for arbitrary non-discrete countable spaces X, that
Cp(X) and C;(X ) are homeomorphic to Gg. Both in [16] and [20] it is proved that
Cp.0([1, ®])={fe Cp([1, ®]) : f (0)=0} is homeomorphic to O (hence Cp([1, w]) is
homeomorphic to Gg,). The approaches in both papers are in a sense the same: they
both rely on theorems of Bestvina and Mogilski [13].

First we discuss the proof in [20]. For a space X and x € X, let
WX, x)={x e X~ :x, =x for all but finitely many n}.

We have the following characterization of O,

3.4.1 THEOREM ([20]): An AR X is homeomorphic to Oy, iff the following condi-
tions are satisfied,
(@)X= U;;lXj, where each X is an absolute F g5 and a Z-set in X,
(b) there is x € X and there is a copy Y of X such that W (X, x)cY cX* and,
(¢) X contains a closed copy of X .

The proof of this theorem depends strongly on results derived by Bestvina and
Mogilski in [13]. In [20] it is proved that Cp.0([1, ]) satisfies the conditions in
theorem 3.4.1, so that Cp.0([1, ®]) is homeomorphic to G,. Hence following the stra-
tegy of section 3.3, for non-discrete countable spaces X, C,(X) and C:,(X) are
homeomorphic to G,.

The proof in [16] depends on a theorem derived by Bestvina and Mogilski in [13].
Before we can formulate this theorem we have to give some definitions.

Let X and Y be spaces and let & be an open cover of Y. Two functions
f,8e€C(X,Y) are said to be U-close if for every xe X, there is U e U such that
{f (x),g(x)} cU. We have to extend the definition of a Z-set to arbitrary spaces. A
closed subspace A of X is called a Z-set in X, whenever for every open cover U of X and
for every fe C(Q, X), there is g € C(Q, X) U-close to f and g(Q) A =@. For com-
pact spaces, this definition coincides with the one given in section 3.1. For an ANR X,
we have by [39, Th. 7.2.5]:

A closed subset A of X is a Z-set in X iff for every open cover U of X there ex-
ists fe C (X, X) such that fand 1y are U-close and f (X)nA =@.
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For an ANR X, a closed subset A of X is said to be a strong Z-set if for every open cov-
er U of X there exists a continuous function f : X — X such that f and 1y are U-close
and m NA =0. A Z-set need not to be a strong Z-set (an example is given in [12]).

A space X is strongly F5-universal if for every fe C (A, X), where A is an absolute
Fgs, for every B c A closed such that f |1B: B - X is a Z-embedding, and for every
open cover U of X, there exists a Z-embedding h: A =5 X such that h |1B=f |B and f
and A are U-close.

We can now state the announced theorem of Bestvina and Mogilski,

3.4.2 THEOREM ([13]): An AR X which is an absolute F 55 is homeomorphic to
O, iff the following conditions are satisfied
(a) X is strongly F s5-universal, and
Bb)X= U:=1X,,, where each X,, is a strong Z-set in X.

In [16] it is proved that C, o([1, ®]) satisfies the conditions of theorem 3.4.2 and
hence C, ¢([1, ®]) is homeomorphic to G,. So again we have that for non-discrete
countable spaces X, C,(X) and C; (X) are homeomorphic to Gg,.

Let X ={xg,x1,Xx3, -} be a countable space which is not discrete at xy. Now that
we have that Cp,(X) and C; (X) are homeomorphic to G, the question remains whether
theorem 3.2.13 (b) also holds for this X. That is if Y is another non-discrete countable
space, is it true then that there is h e #(Q) arbitrary close to the identity which maps
Cp, 0(X) onto Cp, o(Y). For this purpose we actually would like to write Cp, o(X) as the
kernel of a Q-matrix. The Q-matrix in section 3.2 essentially uses the non-locally com-
pactness of X, and as far as we see it cannot be used for non-discrete countable spaces.
A weaker question is whether Cp| o([1, ®]) can be written as the kernel of a Q-matrix.
As with the test space T, there is a natural candidate. However this candidate unfor-
tunately is not a Q-matrix. We shall present it and prove that it is not a Q-matrix.

We identify Cp, o([1, ®]) with the following subspace of O,

{xp)neN € §: limx, =0}.
n—oo
For convenience for every n, m e IN, let

el e s, o =[~1-Ly" a-Lyp
In=[-1+—, 1-—] and L, =[~(1 - —)27", (1-—)27"].

For every n, m e IN, let
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(1) A} =0, and
Q)AL =L)X Lin XL XL X <+ - if m22.
Letd={A} :n, me IN}. By lemma 3.1.4 it is easily seen that { is a Z-matrix in Q.

Again by lemma 3.1.4 we have for every n, m e IN that A}, € (A}, ). Since each Ay,
is convex and infinite-dimensional and since \U, .NAy, is dense in Q, we have by

theorem 3.1.7, that {A}, },,>1 is a skeleton in Q.

Now fixn; < - <n,eNandiy,...,i,eIN\{1}. By the observation in section
3.1 we assume iy < * - <lip,. Then it is easily seen that
m
,QlAf:' =By X =+ XBy %5 XL XL

where each B; is a non-degenerate closed subinterval of L,. So ﬁ:;lAa" is a Keller

space, hence a Hilbert cube. Furthermore for p e IN and i 2i,,,

m
AR AT =By x - XBiy X (i)™ XTingp X lingsp XLinep X

By lemma 314 we have (pyA™ nAMP e I(Mp AT and

k k

m + m + g, m +j 5
Ni=1AT NAT™P € TN LA nATTP). Since My A nA]™"? is convex and

infinite-dimensional, and U;;l(f\:;lA,'-;" NA]

theorem 3.1.7 that (M=, A% A A7™*} is a skeleton in My A7,

=*P) is dense in ﬁ:;lA,'f, we have by

It seems that we are on the right way to prove that « is a Q-matrix. Unfortunately
condition (d) in the definition of a Q-matrix is not satisfied. Indeed for

be-b Lispd Lyl Lysepedl Lyspl L
A2-[ 2& ]X[ 29 2])([ 4) 4])([ 4v ]X[ 4) 4]X
and
=2 L=, At Ll Yyx-t. L
A3_[ 373])([ 3r ]X[ 3s ]X[ 6’ ]x[ 6' ]x
we have
}nad =1, Ly, Lyx-L, Lyx-L, Lyxp=L Ly -
AZﬁA:!—[ 3’ 3])([ 37 3])([ 4) 4])([ 67 6])([ 69 6]x

Furthermore A% ¢ A}. However by lemma 3.1.3 (b), A} nA} ¢9(A%). So this natural
description of C, o([1, ®]) fails to be a Q-matrix, hence the question remains open
whether C,, ([1, ®]) can be described as the kernel of a Q-matrix.

Our last remark in this section concerns uniform spaces. At this moment there ex-
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ists a topological classification of function spaces C,(X), for countable non-discrete
spaces X and an isomorphical classification of function spaces C,(X), for countable
infinite compact spaces X (cf. chapter 2). We can also consider C,(X) as a uniform
space. The uniformity on C,(X) is given by the subbase (U (P, €) : P X finite, € >0},
where

UP, e)={(f, 8)e C,(X)XCp(X): If (x)—g(x)| <egforeveryxe P}.

Since every linear homeomorphism is a uniform homeomorphism and every uniform
homeomorphism is a homeomorphism, it is interesting to find a uniform classification
of the function spaces C,(X), for countable infinite compact spaces X. In [27], Gulko
derived the following

3.4.3 THEOREM ([27]): Let X be a countable infinite compact space. Then Cp(X)
is uniformly homeomorphic to C,([1, w]).

So for countable infinite compact spaces the topological and uniform classification
coincide. As a corollary we also have that there are spaces X and Y such that C,(X) and
Cp(Y) are uniformly homeomorphic but not linearly homeomorphic. In [27] Gulko an-
nounces a complete uniform classification of C,(X) for all countable metric spaces.






CHAPTER 4

On the /,-equivalence of metric spaces

All spaces considered in this chapter are Tychonov.

In chapter 3 we stated a topological classification result for the spaces C,(X), where
X is any countable metric space. In the light of this result the question naturally arises
which of these function spaces are in fact linearly homeomorphic, i.e., isomorphic as
linear spaces. In chapter 2, we already obtained an isomorphical classification of the
spaces Cp(X), where X is any locally compact zero-dimensional separable metric space.
In this chapter we also consider non-locally compact zero-dimensional separable metric
spaces.

In section 4.1, we introduce the notion of ¢,-equivalent pairs, which is a useful tool
in deriving topological properties of metric spaces which are preserved by {,-
equivalence. In section 4.2 we show that the topological properties preserved by {,-
equivalence, found in section 4.1, are sufficient to give an isomorphical classification of
the function spaces C,(X), where X is any countable metric space with scattered height
less than or equal to . Unfortunately these properties are not sufficient to give a com-
plete isomorphical classification for the class of all countable metric spaces X. The
results in sections 4.1 and 4.2 can be found in [4]. In section 4.3, we present other to-
pological properties preserved by {,-equivalence. In section 4.4, we state a conjecture
on a complete isomorphical classification for the function spaces considered. Some re-
marks are made concerning the difficulties one encounters when one attempts to prove
the conjecture. Finally, some partial results are given on {-equivalence (section 4.5)

and {,-equivalence (section 4.6).

§4.1. {,-equivalent properties of metric spaces

In this section we present {,-equivalent properties of metric spaces. The notion of
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{p-equivalent pairs provides us with these properties. Before we give the definition of

¢

p-equivalent pairs, we first need the following:

Let X be a space and X ¢ cX. For every ordinal we define the set X (@) with respect
to the pair (X, X () by transfinite induction as follows:

M x O =x,.

(2) If o is a successor, say a=B+1, then xe x @) if and only if for every
neighborhood U of x, U ~X® s not compact.

(3) If a is a limit ordinal, then X (*) = M x (8]

B<a

The construction of the sets X (*) is a special case of a construction in [49]. Note
that, whereas taking the derivative of a space means "throwing away all isolated
points", the above procedure throws away all points with a compact neighborhood.
There are also some similarities between both operations which are formulated in the
following two lemmas. They will be used frequently but will not always be mentioned.
For a subset U of X, we define as above for every ordinal c, the set U (@) with respect
to the pair (U, Ug), where Uy =U nX(. Compare the following two lemmas with pro-
position 2.2.2, corollary 2.2.3 and proposition 2.2.4.

4.1.1 LEMMA: Let X be a space and Xy a closed subspace of X. Then for every
ordinal a.,
(@) X'®) is closed in X,
b)) X cx@,
() forB<o, X cx® gng
(d)X(aH] ___(X{al)lllh

PROOF: We prove each case by transfinite induction on .

For (a), the case oe=0 is a triviality. First suppose that o >0 is a successor, say
a=B+1. Let xe X\X® Then there is an open neighborhood U of x such that
Unx® s compact. So U ~nX(* =@, hence X (%) is closed. Secondly, if a is a limit
ordinal, then X (*) =f\B<.,X””, so by our inductive hypothesis, X ) js closed in X.
For (b), the case a=0 is a triviality. If a >0 is a successor, say o=+ 1, then for no
neighborhood U of a point x € X @ Tnx® s compact. By the inductive hypothesis
we have U nX® is not compact, hence Unx®\ {x) #@. We conclude that x e X @,
For o a limit ordinal, part (b) is clear.

For (c), first let o= 1. If x ¢ X ¢, there is a neighborhood U of x such that U nX o =@,
hence x ¢X V. So XM cx® If > 1 is a successor, say a=7Y+1, then for every
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x e X @) and for every neighborhood U of x, U nX " is not compact. Hence U nX (P}
is not compact and so x € X (B} For a a limit ordinal part (c) is a triviality.

For (d), let x € X {**1) Then for each neighborhood U of x, U nX (*} is not compact
if and only if U nX {*) ~ X is not compact if and only if x e (X (*)(1) O

One can now easily see that if Xy and Y are closed in X and Y o € X, then for each
ordinal o the set X {*} with respect to the pair (X, Yg) is a subset of the set X (*) with
respect to the pair (X, Xg).

4.1.2 LEMMA: Let X be a space and U a subset of X, and X ¢ a closed subset of X.
Then for each ordinal a,
(@) if U is closed, then U'® cU ~nX % | and
(b) if U is open, then U nX @ cu (@),

PROOF: We prove this proposition by transfinite induction on c. If a=0, the lemma
is obviously true, so suppose that o >0 and that for each B < a the lemma has been
proved. First suppose that a is a successor, say &=+ 1.

For (a), suppose U is closed, let x e U (@} and let V be a neighborhood of x. Then by
the inductive hypothesis

VAU Cl_/r\(Uan))C‘—/nX“”.

By lemma 4.1.1, VAU ®) is a closed subset of U and because U is closed in X,
VAU® is a closed subset of VAX®) . Since VAU® is not compact, we then have
that V ~ X ®) is not compact. Sox e X (® A U.

For (b), suppose U is open and let x e U ~AX @ LetVbea neighborhood of x in X
such that V c U. Then V ~ X (B is not compact. So by the inductive hypothesis

VaxBl =V ~AUun~x® C‘_/f\U[B),

hence V AU P is not compact. We conclude that x e U (%,
If o is a limit ordinal, then by the inductive hypothesis we have for closed U that

vl =NyB < m(Unx“”)=Uanx”” =U X,
<o

B<a B<a
and for open U

UnX®=urnNxB=Nw~xBhcnub =yl
B<a B<a B<a

This completes the proof of the lemma. O
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This lemma implies that whenever U is a clopen subset of a space X, then for each
ordinal o, U~X® =y(®); furthermore by proposition 2.2.4, U® =U ~X®. We
will use this frequently without explicit reference.

4.1.3 LEMMA: Let X be a paracompact space, X o closed in X and a.2 1 an ordi-
nal. Let VcX be open such that VX ® =@ Then there is a locally finite family
{Vs:5€e S} consisting of open sets such that V=\U;_ sV and for every s € S, there is

B < withV,nX (B) compact.

PROOF: Case I: o is a successor, say o=+ 1.

Since VX% =@, for every x e V, there is a neighborhood U, of x such that
(7,nX(B’ is compact. Since (U, :x € V}u {X\V) is an open cover of X, there is a lo-
cally finite open refinement {O:5e S} of it. For every se S, let V;=0;,nV. Then
{Vs:5€ S} is a locally finite family consisting of open sets such that V= sV;. In

addition, if s € S and V, #@ there is x € V with V, cU,. Then V;nX® c U, ~x ®,
SoV,nX (B js compact.
Case 2: a is a limit ordinal.

Then u={X\x”" :B<a}u(X\‘7} is an open cover of X, so there is a locally
finite open covering {O;:se S} of X such that [5, :s5 € S) refines U. For every se §
put Vo=V O, Then {Vs:se S} is a locally finite family of open sets such that
V=UkisVs. Now fix se S and suppose Vy#@. Then there is B<a such that

V,cXx\X B which implies V,nX ¥ =@.0

Let X be a space. There are several possibilities to combine the two operations X (©
and X . The one that is important for our purposes is the case where X=X ® for
some ordinal a. In the sequel the set X (B} with respect to X o =X @ will be denoted by
X @B Another subset of X we need in section 4.3 is X <% P> defined for limit ordinals
a by

X<:B> - A\ x ™ B)
y<a

Note that the sets X“P and X<%P> are closed in X, and if B=0, then
X<%B>_x@ A5 in lemma 4.12 one can prove that for U clopen in X,
UnX@P=y©@P anq U nx<*b>-py<=p>

In this chapter it will be made clear that the isomorphical classification of C,(X) for
countable metric X depends upon the behaviour of X with respect to the above opera-
tions and that neither of the operations is redundant. We need the following lemma in
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this section and also in section 4.3.

4.1.4 LEMMA: Let X be a zero-dimensional separable metric space. Let 21 and
B be ordinals and let V be an open subset of X. Suppose that
@VAX®=@, or
B VAXBD=g o
(c) o is a limit ordinal and V A X <*P> =@,
Then there is a discrete clopen family {A; :i e IN} such that V c\U; NA; and for each

i e IN, there is y< o such that
if (@) holds, then A" is finite and if moreover o is a limit, then A" =@,
if (b) holds, then AfB"’) is compact and if moreover  is a limit, then AEB'Y) =0,
if (¢) holds, then AP =@

PROOF: The proof is almost the same as the proof of lemma 4.1.3, hence we will be
brief and present a proof of case (a) only.

If =7+ 1 is a successor, there is for each x € V a clopen neighborhood U, of x such
that U is finite. The open cover {Uy:xe V}uUX\V of X has a clopen disjoint
refinement {A;:ie IN}. Put /={ie IN:A; nV#@)}. Then {A;:iel} is a discrete clo-
pen family which is as required.

If & is a limit ordinal, then U= (X \X® : B<a}u{X\ V}isan open cover of X. Let
{A;:i e IN} be a disjoint clopen refinement of &, and put/ ={ie IN:A; nV #@}. Then
{A;:ie 1} is a discrete clopen family which satisfies the desired conditions. O

4.1.5 COROLLARY: Let X be a zero-dimensional separable metric space. Let
o>1 and B be ordinals and let V be an clopen subset of X. Suppose that
@ V@ =g, or
) VED =g or
(¢) auis a limit ordinal and V<> =@
Then there is a discrete clopen family {A; :i e IN} such that V =\U,; . NA; and for each
i € IN, there is 'y < & such that
if () holds, then A is finite and if moreover . is a limit, then AV = @,
if (b) holds, then A®Y is compact and if moreover o is a limit, then AP = @;
if () holds, then AP =@ O

We now define some additional notions. Let X and Y be spaces. Let X be closed in
X and Y be closed in Y. Let ¢: C,(X) — Cp(Y) be a linear bijection and o an ordinal.
We define the pair (X, X() to be (¢, a)-relative to the pair (Y, Yy) if the following
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holds:

If U and V are open in X and W is open in Y such that (suppU) "W =@ and
suppW cU UV, then W nY (*) 2@ implies VA X 2@

We define (X, X) and (Y, Y ) to be 4,-equivalent pairs if there is a linear homeomor-
phism ¢: C,(X) — C,(Y) such that (X, Xg) is (¢, 0)-relative to (¥, Yo) and (Y, Yp) is
(¢‘1, 0)-relative to (X, X (). Note that two spaces X and Y are /,-equivalent if and only
if (X, ¥) and (Y, @) are {,-equivalent pairs.

The importance of 4,-equivalent pairs will become clear in proposition 4.1.9 and
proposition 4.1.12.

4.1.6 LEMMA: Let X and Y be metric spaces, X ¢ closed in X and Y ( closed in'Y.
Let ¢: C,(X)—>C,(Y) be a continuous linear bijection such that (X, Xg) is (9, 0)-
relative to (Y, Y). Then for every ordinal a, (X, X ) is (¢, a)-relative to (Y, Y ).

PROOF: We prove the lemma by transfinite induction on a. Since (X, X) is (¢, 0)-
relative to (Y, Yy), the case a=0 is clear. So assume the lemma to be true for every or-
dinal B < a with > 1. Suppose that the lemma is false for a. Then there are U and V
open in X and W open in Y such that (suppU)nW =@, suppW cU UV, WAy @ zg
and VA X =@ By lemma 4.1.3, there is a locally finite family {V,:se S} consist-
ing of open sets such that V=\U,_¢V; and for every se S there is B <o such that

‘_/, ~Xx B} s compact. Choose y e W n Y@ anda neighborhoodbase {W,, :m e IN} aty
in W such that for every m € IN, W,, ;1 CW,,. By corollary 1.2.15 (a) and lemma 1.2.10,
thereare me N and sy, ..., 5, € S with

Supp Wi nUs g (s, . 5y Vs =9. 1)

Now let A=\U,_,V;,. Fix p<a such that A nX® is compact. Also, notice the
following: A and U are open in X, W,, is open in Y, (suppU)nW,,=@ (because
WnpcW and (suppU)nW=@) and suppW,,cU A (by (1) and the fact that
suppW cU uV). Since ye W, nY®) our inductive hypothesis implies that
AnX® £@ We have that X is a metric space, so there is an open neighborhoodbase
{A;:se N} at A X ®) in X such that A,,; cA, for every s € IN. Since y e Y{® and
W,,,+1 is a neighborhood of y, W,,,+1 AY®) is not compact, so in Y there is a closed
discrete subset {y;:se IN} contained in W,,,nY””. Let {Os;:5€ N} be an open
discrete family in W), such that y; € O;. Then by corollary 1.2.15 (a) and lemma 1.2.10,
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there is s € IN with

suppA; n\JO; =@. )
125

Now put U’'=U UA,, V'=A\A,,, and W =0,. Then U’ and V' are open in X and
W’ is openin Y. We also have

(supp U) n W’ =(supp U usuppA;) nOs=@ (by 2)
and
suppW csuppW,,cUuAcCU UV

Furthermore, y; € W ~YB) and
VAaX® (A \A, ) nXB c@\A ) nXx Bl =g,

This contradicts our inductive assumption. O

4.1.7 THEOREM: Let X and Y be metric spaces, X o closed in X and Y closed in
Y. Suppose that (X, X¢) and (Y, Yy) are {,-equivalent pairs. Then for every ordinal o
we have
(@) X' =@ if and only if Y * =g,
(b) X'*) is compact if and only if Y'*) is compact, and
(¢) X is locally compact if and only if Y \*) is locally compact.

PROOF: Let ¢: Cp(X) > Cp(Y) be a linear homeomorphism such that (X, Xg) is
(¢, 0)-relative to (Y, Yo) and (Y, Yy) is (¢'1, 0)-relative to (X, X¢). For (a), by apply-
ing lemma 4.1.6 and the definition of (¢, ct)-relativeness to U=@, V=X and W =Y, we
gt X =gify® =g

For (b) suppose that ¥ (*} is compact and X (*) is not. Since X (%) 2@, by (a) we
have Y(® 2@, Let {W,, :m € IN} be an open decreasing base in Y at ¥ {*} such that for
every me N, W,,,H cW,,. Furthermore, let {x, :m e IN} be closed and discrete in
X Let {O,, :m e IN} be an open discrete family in X such that x,, € O,,. Then by
corollary 1.2.15 (a) and lemma 1.2.10, there is m € IN such that

supp Wy, 0 Upp 0, =9.

Now let U=W,,, V=Y\W,,,; and W=0,,. Then U and V are open, W is open,
(suppU)nW =@ and suppW cY =U u V. In addition

Var@W=y\w,, nrY® =g
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and
Wnax @ =0, nx® 2@

This contradicts lemma 4.1.6.
For (c) notice that X (®) s locally compact if and only if X (**!) =@. So (c) follows
directly from (a). O

Theorem 4.1.7 is a useful theorem. In the remaining part of this section we give
some applications of it. We will prove for {,-equivalent spaces X and Y that if o is a
finite prime component, then (X, X®) and (¥, Y®) are {,-equivalent pairs (proposi-
tion 4.1.9), and if a is an infinite countable prime component and X and Y are zero-
dimensional separable metric spaces, then (X, X®) and (Y, Y®) are {,-equivalent
pairs (proposition 4.1.12). We will distinguish between the cases of finite and infinite
prime components. Although the result for finite prime components is much stronger
than the result for countable infinite prime components, the latter case requires most of
the work. We first need the following

4.1.8 LEMMA: Let X be a first countable space and o<, an ordinal such that
X@ @ Then there is K X such that K =[1, o).

PROOF: We prove the lemma by transfinite induction on o.. For a =0, it is a triviality.
Now suppose the lemma is true for every ordinal B < o, with x> 1. Fix xe X®.
Case I: a is a successor, say =0+ 1.

Choose a sequence (X,)nN in X ® such that X, =X, and a decreasing open base
{U, :ne IN} at x such that for eachne IN, x, e V, =U,,\(7,,+1. Notice that V,, is open,
so V® =v, ~X® _ Hence, x,e V®. So by the inductive hypothesis, there are K, <V,
such that K,=[1, ®]. Notice that for every n#m, K,nK,=@. Let
K =\U,_;K, U (x). Then by theorem 2.2.8, K =[1,0%].

Case 2: o is a limit ordinal.

Let (B,), be an increasing sequence converging to a.. Since x € X @, there is a de-
creasing open base {U, :n e IN} at x such that if V,, =U,\U,,;, then VE.B“) #@. By the
inductive hypothesis there are K, cV,, such that K,, =[1, u)B"]. Then by theorem 2.2.8,
K=\, _K,u (x) is as required. O

In [9], J.W. Baker gives conditions for a space to have an ordinal interval as a sub-
space.
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We first deal with finite prime components, i.e., the numbers 0 and 1.

4.1.9 PROPOSITION: Let ae {0,1} and let X and Y be {p-equivalent metric
spaces. Then (X, X (")) and (Y, Y(“)) are t,-equivalent pairs.

PROOF: By proposition 2.2.2 (a), X® is closed in X. Let ¢: C,(X) > C,(Y) be a
linear homeomorphism. It suffices to prove that (X, X (")) is (¢, 0)-relative to (Y, Y(“)).
To this end let U and V be open disjoint in X and W open in Y such that

(suppU)nW =@, and
suppW cU uV.

Suppose that W nY @ 2@ and VAX® =0
Case 1: a=0.
Since V =@, we have supp W c U. So by proposition 1.4.3,

W < supp supp W c supp U.

Since (supp U) nW =@ this gives W =@, hence we arrived at a contradiction.
Case2: a=1.

Since VAXW =@, V=V consists of isolated points, say V ={x,:s€ S}. Choose
yeWnY® and let {W,, :m e IN} be a decreasing open base at y in W. By corollary
1.2.15 (a) and lemma 1.2.10, there ism e INand 54, . . ., S, € S such that

suppW, 0 {xs:s¢{s1,...,5m}}=0.
Now let V'={xy,, ..., X, }. Since supp W, cU u V', it follows that
W,, < supp supp W,,, < supp (U u V") =supp U usupp V".
Since W,, nsupp U =@, we have W,, csupp V'. Because V' is finite, we have by lemma

1.4.1 that W, is finite. This contradicts the fact thaty e wid .o

4.1.10 THEOREM: Let X and Y be L,-equivalent metric spaces, let o.e {0, 1}, and
let B be an ordinal. Then
@) X@P =@ ifand only if Y *P =g,
() X% B is compact if and only if Y*® is compact, and
(c) X B is locally compact if and only if Y @B s locally compact.

PROOF: This follows directly from proposition 4.1.9 and theorem 4.1.7.0
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In section 4.2, we prove that the conditions (a) and (b) are sufficient to obtain an iso-
morphical classification for countable metric spaces with scattered height less than or
equal to @, i.e., if two such spaces satisfy conditions (a) and (b) in theorem 4.1.10 for
all ordinals oce {0, 1} and B, then they are {,-equivalent.

In our search for {,-equivalent pairs we now consider pairs (X, X (@) for infinite
countable prime components o.. We start with the following

4.1.11 LEMMA: Let X be a metric space and A a closed subspace of X. Let O be
an open neighborhood of A in X. Then there is a continuous linear function
¢: Co(A) > Co(X) such that for each fe C(A),

o)A =£ 0(f)X) cconv (f (A) U {0}), and O(f )X \O)={0}.

PROOF: We will construct a continuous linear function ¢: C,,(A) — C,(X) with the re-
quired properties. Then by proposition 1.2.19, ¢ considered as a function from
Co(A) - C(X) is also continuous, and hence is as required.

Since A U(X\0) is a closed subset of X, there is by theorem 2.3.1, a continuous
linear function y: C,,(A u(X\0)) —-)C,,(X) such that for each fe C(Au(X\0)) we
have y(f) (A u(X\0))=fand y(f)(X) cconv f (A uX\O)).

For each fe C(A), define f*: A U(X\0) > R by

. fix) fxed
f (")={0 ifxeX\O

Then f' is a well-defined continuous function. Define 6: C,(A) = C,(A U (X \0)) by
0(f)=f *. Then O is a well-defined continuous linear function. Finally define
¢: Cp(A) > Cp(X) by =y -6. Then ¢ is a continuous linear function, and we claim
that it is as required. Let fe C(A). Then

O(N)IA=y@O()IA=0(f)IA =],
(X)) =y (B(f))(X) cconv (B(f XA uX\0))=conv (f (A)u (0}), and
OUHXNO)=y(OU)NX\0)=08(f )X \0)={0}.

This proves the lemma. O

4.1.12 PROPOSITION: Let o< w, be a prime component and let X and Y be (,-
equivalent zero-dimensional separable metric spaces. Then (X, X @) and (Y, Y®) are
lp-equivalent pairs.

PROOF: By proposition 2.2.2 (a), X is closed in X. Let ¢: Co,(X)>Cp(Y) be a
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linear homeomorphism. Then by corollary 1.2.21, ¢ considered as a function from
Co(X) to Co(Y) is also a linear homeomorphism. It suffices to prove that (X, X (“)) is
(6, 0)-relative to (¥, ¥ (). To this end let U and V be open in X and W open in Y such
that

(suppU)nW =@, and
suppWcUuUV.

Suppose that W A Y@ %@ and V ~n X @ =@. By proposition 4.1.9 we must have o> .
Letye WAY® and let (W,,:me N} be a decreasing clopen base aty in W. By lem-
ma 4.1.4 (a), there is a discrete clopen family {V,, :m e IN} such that Vc\U,,.nVna
and for each m e IN, there is B < @ such that (V,,,)(ﬂ) =@. By corollary 1.2.15 (a) and
lemma 1.2.10, there is m e IN such that

supp Wy "5 Vin =0.

Let V'= U:”:I V§, Notice that V" is clopen and supp W,, cU u V". Fix B < « such that
(V)P =@, Since WP =W,, nY® 2@, by lemma 4.1.8 there is a set K = W,, such that
K ~[1, ®®]. Let L=suppK nV’. Then by corollary 1.2.15 (b), L is compact. Further-
more L cV’. We also have that L is non-empty. Indeed, if (suppK)nV’'=@, then
supp K c U, and so by proposition 1.4.3,

K csupp supp K < supp U.

Since (supp U) nK =@, we then have K =@. Contradiction.
By lemma 4.1.11, there is a continuous linear function y;: Co(K) — Co(Y) such
that for each fe C (K),

Vi) 1K =fand y, (f )Y \Wp,) = (0}.

Again by lemma 4.1.11, there is a continuous linear function y;: Co(L) = C¢(X) such
that for each fe C (L),

W2(f)IL =fand yo (F )X \ V) = {0).
Define

y: Co(K) = Co(L) by y(f)=6""(y1(f)) I L, and

8: Co(L) = Co(K) by 8(f) =d(y2(f)) IK.

Observe that y and 0 are linear.
CLAIM: For each fe C(K), 0(y(f))=f.

Suppose there is fe C (K) such that 6(y(f)) #f. Then
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Oy (W) 1K = f=y1 (f) IK.
So by corollary 1.4.2 (b),

V2 (W(f)) I supp K # 67 (w1 (f)) | supp K.

Since y(f)(Y\W,,)={0} and suppU cY\W,,, it follows from corollary 1.4.2 (b),
that ¢~ (y, (f))(U) = {0}. Since U\V' <X \ V', w2 (Ww(f))((supp K \ V") = {0). Hence

V) =y (W) IL =67 (Y1 () IL =y(f).
Contradiction and the claim is proved.

From the claim we conclude that y is a linear embedding. Since L V', we have
L® =g Since L is separable metric, it is countable by the Cantor-Bendixson theorem
and so by theorem 2.2.8, there is Y<P and n e IN such that L =[1, @''n]. Since by
theorem 24.1 Co([l, ®"n])~Co([l,®']), we have a linear embedding
v: Co([1, ®*]) > Co([1, @]). By lemma 2.6.7 and the fact that a is a prime com-
ponent it follows that o <7. This gives a contradiction since Y<f < . O

REMARK: a) For o < ®; not a prirhe component, there are /,-equivalent countable
metric spaces X and Y such that X @ =@, Y® 2@ So (X, X®) and (¥, Y®) are not
b
247, X and Y are {,-equivalent. Since o is not a prime component, a’< o hence
X©@ =@ However Y® 2@,

b) The question arises whether "being {,-equivalent pairs” is independent from the

-equivalent pairs. For example let X =[1, ®*] and let ¥ =[1, ®*]. Then by theorem

choice of the linear homeomorphism. From the proof of proposition 4.1.12 it follows
that for any linear homeomorphism ¢ between C,(X) and C,(Y) we have that (X, X (“))
and (Y, Y) are 4,-equivalent pairs.

4.1.13 THEOREM: Let X and Y be l,-equivalent zero-dimensional separable
metric spaces and let o, B be ordinals with & < , a prime component. Then
@) X“® =g ifand only if Y P =g,
(b) X @B is compact if and only if Y*® is compact, and
(¢) X*® is locally compact if and only if Y*® is locally compact.

PROOF: This follows directly from proposition 4.1.12 and theorem 4.1.7.0

4.1.14 COROLLARY: Let X and Y be l,-equivalent zero-dimensional separable
metric spaces and let . < w, be a prime component. Then



§4.1. ,-equivalent properties of metric spaces 153

(@)X =@ if and only if Y@ =@,
(b) X@ is compact if and only if Y® is compact, and
(€) X® is locally compact if and only if Y@ is locally compact.

PROQF: This is an application of theorem 4.1.13: take $=0.0

The strength of theorem 4.1.7 has now become clear. Once we have {,-equivalent
pairs such as in propositions 4.1.9 and 4.1.12, we immediately get ; 4,-equivalent pro-
perties.

Although we were not able to prove proposition 4.1.12 for arbitrary metric spaces,
we can give for this class of spaces a direct proof of corollary 4.1.14 (a).

4.1.15 THEOREM: Let X andY be {,-equivalent metric spaces and let o < w; be a
prime component. Then X® =@ if and only if Y =@.

PROOF: By theorem 4.1.10 we may assume that a>. Suppose X® =@ and
Y@ 2@ Choose y e Y™ and let (W, : n e IN} be an open decreasing base at y.

CLAIM 1: There is a locally finite open covering {Vs:se€ S} of X such that for each
s e S, there is B < o such that V,n X® =g

Since X@ =@, u=(X\X® :B <« is an open covering of X. Let (V,:se S} be a
locally finite open covering of X such that {(V,:s€S) refines U. Then for s e S there is
B < o such that V; cX\X®_ Hence V,nX® =@,

Fix B as in the claim. Let {Fs:se S} be a closed covering of X such that for each
seS, FscV,. By corollary 1.2.15 (a) and lemma 1.2.10, there are me IN and
{S15 2555 85:) €8 such that

suppWp, N Us#(:; ..... Sm) Vi=0.

Let V'=\U/_,V,, and F'=\U]_,F,,. Then V" is open, F’ is closed and F'cV". Find a
copy K of [1, ®*] in W,, (lemma 4.1.8). Let L =W. Note that supp K c F’, hence
L cV’. Furthermore L is compact. If L =@, then suppK =@, hence K =@. This gives a
contradiction, so L=#@. Let wy;:CoK)>Co(Y), wyi:CoL)—->CoX),
y: Co(K)—> Co(L) and 0: Co(L) = Co(K) be continuous linear functions such as in
the proof of proposition 4.1.12.

CLAIM 2: For each fe C (K), 8(y(f)) =f.
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Suppose there is fe C (K) such that 8(y(f)) #f. Then

o2 (W) IK = f=y1 () IK,
so by corollary 1.4.2 (b),

V2(W() Isupp K # 67! (y1(f)) I supp K.
This implies that

V@) =2 (WD IL =67 (Wi () 1L =y(f).
Contradiction, and the claim is proved.

From the claim we conclude that W is a linear embedding. Since L < V’, we have by

proposition 2.2.4,

B

LB LAV cLAVAX® =g

As in proposition 4.1.12, we arrive at a contradiction. O

By the Cantor-Bendixson theorem, each scattered separable metric space has scat-
tered height less than ;. Hence we have the following

4.1.16 COROLLARY: Let X and Y be {,-equivalent separable metric spaces. Then
X is scattered if and only if Y is scattered.

The question arises whether corollary 4.1.16 holds in the class of metric spaces, or
whether theorem 4.1.15 holds for all prime components. In the proof of theorem 4.1.15
we used the isomorphical classification of function spaces of countable compact spaces
(cf. section 2.4). For prime components larger than or equal to ®; we cannot use this
result. Moreover, we are not able to use larger compact ordinal intervals (cf section
2.6) because they are not metric. There is one case in which we can overcome these
technical problems.

4.1.17 THEOREM: Let X and Y be l,-equivalent metric spaces. Then
XD =@ if and only if YV = @.

PROOF: The proof is almost the same as the proof of theorem 4.1.15. Replace o in
the proof of theorem 4.1.15 by ®;. Copy this proof until the set K is introduced. We
have V'~ X® =@ for some B < ;. Find a prime component o < ®;, such that p < a.
Find a copy K of [1, ®*] in W,, and let L =suppK. As in theorem 4.1.15 we obtain a
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contradiction. O
We finish this section by posing the following

Question: Let X and Y be ,-equivalent metric spaces. For which ordinals a is
theorem 4.1.15 true? Is it true for prime components? Is it only true for prime com-
ponents? Is it true for w;-2?

§4.2. An isomorphical classification

In this section we present an isomorphical classification of function spaces of count-
able metric spaces which have scattered height less than or equal to ®. In chapter 2 we
have considered finite spaces. We will assume in this section that all spaces are

infinite.

Let X be a space. For ordinals a and 3, we define the following:

X (a, B)=0if and only if X‘*P =@,
X (o, B)=1 if and only if X P js non-empty and compact, and
X (o, B)=2 if and only if X ®P) is not compact.

With this notation, part of the results in section 4.1 can be reformulated as follows:

(D Let X and Y be ,-equivalent spaces zero-dimensional separable metric
spaces. Then for every pair of ordinals a,  with & < ®; a prime component,
we have X (o, B)=Y (a, B).

As mentioned above we restrict ourselves in this section to countable metric spaces X
which have scattered height less than or equal to w. In this class of spaces, (I) takes the
following form (note that for such X, we have X (©) = @, so the ordinals we have to con-
sider here are the finite ordinals):

(I) Let X and Y be {,-equivalent countable metric spaces which have scattered
height less than or equal to w. Then for every n e INu {0}, X (0, n)=Y (0, n)
and X (1,n)=Y (1, n).

In this section we will show that the necessary conditions in (II) are also sufficient, i.e.,
if for two infinite countable metric spaces X and Y which have scattered height less than
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or equal to @, X (0, n)=Y (0, n) and X (1, n)=Y (1, n) for every n e INu {0}, then X and
Y are {,-equivalent.

Before we consider function spaces of countable metric spaces, we first deal with
the countable metric spaces itself. Some of the next lemmas are formulated in a more
general form in case their proofs do not use special properties of countable metric

spaces.

4.2.1 LEMMA: Let X be a space. Then for every n e IN,
x©.n) —xn-1) —x©n-1)

PROOF: It is easily seen that
XODcxWex=xO,

from which it follows that for every n e IN,

(x(o, l))(O, n-1) c (X(l))(o. n-1) Cx(o. n—l).

This completes the proof of this lemma. O

4.2.2 COROLLARY: Let X be a space, such that there is ne IN with X (0, n)=0.
Let ng=min{n:X(0,n)=0}. Then ny=min{n:X(1,n)=0} is well-defined and
no=njorng=n;+1.0

PROOF: By lemma 4.2.1, X" cx©"0) 5 that n, <ng. Again by lemma 4.2.1,
x‘°"‘1”)cx“"">, sothatng<n;+1.0

We can distinguish the spaces X with scattered height less than or equal to ® into
two types. The first type consists of those X such that for each n € IN, X (0, n) =2; then
also X (1, n) =2 for each ne IN, by lemma 4.2.1. For the other spaces, there is ne IN
such that X (0, n)=1or X (0, n)=0; if X (0, n)=1, then X (0, n + 1)=0, so in both cases
X (0, n)=0 for some n e IN. For spaces of the second type we have

4.2.3 LEMMA: Let X be a space such that there is m € IN with X (0, m)=0. Then
there is n € IN such that X satisfies one of the following conditions:
@), X0,n)=0,XO0,n-1)=1,andX(1,n-1)=1,
b), X(0,n)=0,X0,n-1)=2,and X (1,n-1)=1,
), X(0,n)=0,X0,n-1)=2,andX(1,n-1)=2,
@, X(1,n)=0,X(1,n-1)=1,and X (0, n)=1,
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€)nX1,n)=0,X(1,n-1)=2,andX 0, n)=1,
F)nX1,n)=0,X(1,n-1)=2,and X0, n)=2, or
(g) X(©0,1)=0,X(0,0)=2,andX (1, 0)=0,

(i.e., X is an infinite discrete space).

PROOF: As in corollary 4.2.2, let
no=min{n :X (0, n)=0}, and n; =min{n : X (1, n)=0}.

Thenng=n;orng=n;+1.Since X #@, nye IN.
case I: ng=n,.

In this case X(0,n¢)=X(1,np)=0, X(0,ny—1)#20 and X(1,ng—-1)0. If
X(0,n9—1)=1, then by lemma 4.2.1, X(1,no—1)=1, so X satisfies (a),,.
X (0, ng—1)=2, then X satisfies D)y 01 (€)nyy-
case2:ng=n;+1, where ny e IN.

In this case X(0,n;+1)=X(1,n1)=0, X(O,n;)#0 and X(1,n;-1)0. If
X(,n;—-1)=1, then by lemma 42.1, X(0,n,)=1, so X satisfies (d),,. If
X (1, n; —1)=2, then X satisfies (e),, or (f),,.
case3:n;=0,and ng=1.

Since X (1, 0)=0, X has no accumulation points, so in this case, X is an infinite

=

discrete space. O

At the end of this section we will show that for each case, there exist countable
metric spaces with scattered height less than or equal to w satisfying the corresponding
conditions. We will now present a special decomposition of the spaces of interest in
this section. (cf. corollaries 4.2.5, 4.2.7 and 4.2.9). We restrict ourselves to countable
metric spaces.

4.2.4 LEMMA: Let X be a countable metric space. Let A and B be closed in X with
A CB and suppose that A (0, 1)=B (0, 1)=1. Then there is a decreasing clopen base
{Up,:ne N} at BV in X such that U,=X and (U,\U,,1)nA is not compact for
every n e IN.

PROOF: Since B® 1 is compact, there is a decreasing clopen base {V,:ne IN} at
BOD in X. We now inductively find the U,. Let U, =X and suppose we have chosen
Ui,..., U, for some neIN. Since A%DcB©@D y, is a neighborhood of A@ D,
But then U, nA is not compact, from which it follows that there is an infinite closed
discrete set E in U, nA. Since B® 1 is compact, without loss of generality we may as-
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sume that E AnB© VD =@ so there is i > n such that V; cX \E. If we now let U, ,; =V},
then Ec(U,\U,4+1)nA.O

4.2.5 COROLLARY: Let X be a countable metric space, and let m € IN.

@1If XO,m)=X(1,m)=1, then there is a clopen decreasing base
(Up:ne N} at XO™ in X, such that U, =X and (U,\Up41)(1, m—1)=2
for every n e IN.

B)If X(1,m)=X(0,m+1)=1, then there is a clopen decreasing base
(Up:ne N} at X™ in X, such that Uy =X and (U \ Uy, 41)(©0, m)=2 for
every n e IN.

PROOF: This is a direct consequence of lemmas 4.2.1 and 4.2.4. O

4.2.6 LEMMA: Let X be a countable metric space. Let A and B be closed in X with
A CB. If A and B are locally compact but not compact, then X can be written as a clo-

pen disjoint union X =U‘;1X ; such that for each i, X; nA and X; nB are compact and
non-empty.

PROOF: Since B is locally compact but not compact and X is zero-dimensional, we
can write X as a clopen disjoint union X =U?=1K,~ such that for every ie IN, K; nB is
compact. Since A B, for every i e IN, A nK; is compact as well. Since A is not com-
pact we can find a strictly increasing sequence (i,),.n such that for each ne IN,
A nK; is not empty. Taking X,,=U::"=,-__1K,~ (where ig=1) we obtain the desired

decomposition. O

4.2.7 COROLLARY: Let X be a countable metric space and let m € IN.
@) IfX(0,m)=0and X (1, m—1)=2, then X can be written as a clopen disjoint
union X =\U;_, A; such that for every i e N, A;(0,m—1)=A;(1,m—-1)=1.
B)If X(1,m)=0 and X (0, m)=2, then X can be written as a clopen disjoint
union X =\U;-, A; such that for every i € N, A;(0, m)=A;(1, m—1)=1.

PROOF: This a direct consequence of lemmas 4.2.1 and 4.2.6.0
4.2.8 LEMMA: Let X be a countable metric space. Let A and B be closed in X with

A cB. If A is compact and non-empty and B is locally compact but not compact, then X
can be written as a clopen disjoint union X =X  uX , such that
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(1) X1 n B is compact and non-empty and
2)X,nA=0.

PROOF: As in the proof of lemma 4.2.6, X can be written as a clopen disjoint union
X= U?:lK ; with for each i e IN, K; n B is compact and non-empty. Since A is compact,

there is ig such that A U, »;, K; =@. Now let X; =\, 2, K; and X, =\, ;,K;. O

4.2.9 COROLLARY: Let X be a countable metric space and let m e IN U {0}.
@IfX@O0,m)=2,X0,m+1)=0 and X (1, m)=1, then X can be written as a
clopen disjoint union X =X uX 5 such that X (0, m)=1and X (1, m)=0.
B)YIFX(1,m)=2,X(1,m+1)=0and X (0, m+1)=1, then X can be written as a
clopen disjoint union X=X,uX, such that X,(1,m)=1 and
X,(0,m+1)=0.

PROOF: This is a direct consequence of lemmas 4.2.1 and 4.2.8. O

REMARK: Notice that in corollary 4.2.9 (a) we also have that X;(1, m)=1 be-
cause X 1™ =x (L™  x§™) - Similarly we have X 5(0, m+1)=0, X,(0, m)=2 and if
m#0, X,(1, m—1)=2. In addition, in corollary 4.2.9 (b) we have X (0, m+1)=1,
X,(1,m+1)=0,X,(1, m)=2 and X ,(0, m)=2.

We return to the subject of function spaces. The following lemma together with the
"decomposition" lemmas above will play a fundamental role in proving the announced
isomorphical classification of function spaces of infinite countable metric spaces which
have scattered height less than or equal to .

4.2.10 LEMMA: Let X be a countable metric space, A a non-empty compact sub-
space of X, and (U, :n e IN} a clopen decreasing base at A in X such that U, =X. Let
Y be a countable metric space, B a non-empty compact subspace of Y, and {V, :n e IN}
a clopen decreasing base at B in Y such that V| =X. Let k e IN. Suppose that for every
nelN, 0,:Cp(Us\Ups1)2Co(Va\Vypy) is a linear k-mapping. Define
¢: Cp, aX) > Cp, p(Y) by

OV \Vpi1 =0n(f 1Un\Upns1) and ¢(f)18 =0.

Then ¢ is a well-defined linear k-mapping. If moreover each ¢, is a linear k-

homeomorphism, then ¢ is a linear k-homeomorphism.
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PROOF: To prove that ¢ is well-defined it suffices to prove that ¢(f) is continuous at
points of B. Let £ >0. Since f (A)=0, there is an open neighborhood W of A with

f W) c(-%, %). There is ng € IN such that A cU,, cW, so

f W) )

Then it easily follows by k-linearity of ¢, for every n, that ¢(f )(V,,) € (=€, €), so that
®(f) is continuous at points of B.

To prove continuity of ¢, it suffices to prove that ¢ is continuous at 0. Let P CY be
finite and € >0. For each ne N, let P,=P n(V,\V,,1). Since P is finite, there is
ng € IN such that for each n > ny, P, =@. Let n <n. Since ¢, is continuous, there are a
finite 0, cU,\U,,; and 8, > 0 such that

0,(<0, Q,, 8,>) <0, P, £>.
Let Q =U:11Q,, and 8=min{J;: 1<i<ng}. Then it is easily seen that
0(<0, Q, 6>)c <0, P, £>.

The k-linearity of ¢ is an easy exercise.
Now suppose each ¢, is a linear k-homeomorphism. Define y: C, p(¥Y) — Cp 4(X)
by

V) 1 Up\Ups1 =075" (f |V \Vpy1) and y(f) 1A =0.

Then vy is a well-defined linear k-mapping which is easily seen to be equal to 07!,
hence ¢ is a linear k-homeomorphism. O

We are now in a position to prove an isomorphical classification of function spaces
of countable metric spaces which have scattered height less than or equal to ®. First we
consider the case of countable metric spaces which have scattered height strictly less
than . The proof will be an inductive one. In the following two lemmas we deal with
spaces at a "low level". The space T in lemma 4.2.12 is the one defined in section 3.3.

4.2.11 LEMMA: Let g e IN. There is k, € IN such that if X and Y are infinite count-

able compact spaces with x(X),x(Y) <q, then C,(X) ke Cp(Y).

PROOF: Let X be an infinite countable compact metric space with x(X)<gq. By
theorem 2.2.8, there are 1 <m <q and n € IN such that X =[1, ®™-n]. Let a=w™ and
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A =X Notice that A = {@™i: 1<i<n}. Then

Cp(X) 2 Cp, a([1, @™])xCp(A)  (corollaries 2.2.10 and 2.3.4)

- p.a(A ®[1, @™]) (lemma 2.3.6)
16,411, ™)) (lemma 2.3.5)
2 Cp((1, @™ (lemma 2.3.9).

So that C,(X) 2 C, (1, @™)).
To finish the lemma it suffices to prove the following
CLAIM: There is / € IN such that for every 1 <r <q we have
Co((L ' DL C, (1, ).
Let 1<r<q. By theorem 2.4.7, there is a linear homeomorphism
¢: Cp([1,0']) > Cp([1, ®]). Then by corollary 1.2.21, ¢: Co([1,@"]) = Co([1, ®]) is

also a linear homeomorphism. Since these two function spaces are Banach spaces,

there is / (r) e IN such that for every fe Co([1, ®"]) we have
1
mﬂﬂl < lo(Hl < I(r)ifL.
Then [ =max({/(r):r <q} is as required. O

From now on we fix for each g € IN, k, as in lemma 4.2.11.

4.2.12LEMMA: Let ge IN. There is I;2k, such that if X and Y are countable
metric spaces with x(X), x(Y)<q,X (0, 1)=Y (0, 1)=1and X (1,0)=Y (1, 0)=1, then

I
Cpo(X)2C,(Y).
PROOF: Let X be a countable metric space with k(X)<q and X (0, 1)=X (1, 0)=1. Let
A =X1_Then by assumption A is compact. Since X/A is a perfect image of X, and X is
not locally compact, we have that X /A is a non-locally compact countable metric

space with exactly one non-isolated point. It then easily follows that X/A is
homeomorphic to the space T. Then by corollary 2.3.4,

C,(X)2C,, (T)XC,(A).

If A is finite, then T @ A is homeomorphic to T, so C,,(X) 2 Cp, «(T). Now suppose that
A is infinite. We have by lemma 4.2.11, CP(A)k~' C,([1, @]). Note that by the above ar-

gument C,(T)2C,, o(T), so that C,(X)"~"C,T®[1,w]). Since (TB[1, @)® is
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finite, the same argument gives Cp(T@[l,m])ECp_w(T). We conclude that

Cp(X) 24 C,(T). Then I, =(8+k,)? is as required. O

From now on we fix for each g € IN, lq as in lemma 4.2.12.

The isomorphical classification for countable metric spaces with scattered height
less than o will be given after the following lemma, in which all the tools developed in
this section are used.

4.2.13 LEMMA: For every q € IN, there is ry € IN, such that if X and Y are infinite
countable metric spaces with x(X)<q, x(Y)<q and for every ne IN, X (0, n)=Y (0, n),

and X (1, n)=Y (1, n), then C,(X) 2 C,(Y).

PROOF: Let g € IN and for every m <gq, let 5,, =4™:/,. Let X and Y be infinite count-
able metric spaces with x(X)<gq, x(Y)<gq and for every ne IN, X (0, n)=Y (0, n), and
X(1,n)=Y(1,n).Since XV =Y@ =@, X (0, ¢)=Y (0, ¢) =0, hence X and Y both satis-
fy the condition in lemma 4.2.3. If X and Y do not satisfy (g), find m € IN such that X
and Y both satisfy one of the cases (a),, through (f),,. Notice that 1<m <q. We will

prove that C,(X )S-T Cp(Y) by induction on m. Then r, =5, is as required. The induc-
tive proof is organized as follows: We prove case (a),, for m =1 and for m > 1 we use
(¢)m-1- The proof of case (b),, makes use of case (a),, and for m > 1 it makes use of
case (f )n-1. We prove case (c),, using case (a),,. We prove case (d),, for m=1 and
for m > 1 we use (f),,—; For case (e),, we use (d),, and if m > 1 we use (c),,. Finally
in case (f),, we use (d),.

case (a),: X(0,m)=Y (0, m)=0,X (0, m-1)=Y (0,m-1)=1, and
X1, m-1)=Y(1,m-1)=1.

Notice that in this case we have X (1, m)=Y (1, m)=0. For m=1 we have that X

k,
and Y are infinite countable compact spaces, so by lemma 4.2.11, Cp(X) 2 Cp(Y). Note
thatk, </, <s;. Form >1,letA =X©0.m-1 and B =y @™~ By proposition 2.3.2,

C,(X)2C,, 4(X)XC,(A) and C,(Y) 2 C,, p(¥)xCy(B). )
Define Z, =X @A and Z, =Y @© B. Notice that since m > 1,

ZiO.m—l) =X(0.m—l) Zil.m—l) =X(1, m-1)
Z&O,m—l) =Y(0.m—l), and Z&l.m—l) =Y(1.m—1).
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Let C=Z™V and D =Z$™D. Then by (1) and by lemma 2.3.6,
G2 G, c(21) and G, (1) 2C,, p(Z).

By corollary 4.2.5 (a), there are clopen decreasing bases {U,:ne IN} and
{V,:ne N} at C and D, respectively such that U =Z,V =25,

(Un\Up+1)(1, m=2)=2and (V,\Vp41)(1, m-2)=2.
Notice that then also

WUn\Up41)0, m=2)=(Vy\ Vp41)(0, m—2)=2.
It is easily seen that

(Un\Up41)(0, m=1)=0and (V,\V,41)(0, m-1)=0.

Then (¢)m-1 gives Cp(Up\Upyy) gt Cp(Va\Vpyy) for every n e IN, whence by lemma

4.2.10,Cp c(Z 1)1"1—_1 Cp, p(Z3). In conclusion we have C,(X )Si' Cp(Y). This completes
the proof of case (a),,.

case (b),,: X(0,m)=Y (0, m)=0,X(0,m-1)=Y (0, m-1)=2, and
X(1,m-1)=Y(1,m-1)=1.

Again in this case we have X (1, m)=Y (1, m)=0. By corollary 4.2.9 (a), X and Y
can be written as clopen disjoint unions, X=AuB and Y=CuD such that
AO,m-1)=C(0,m-1)=1and B(1,m-1)=D (1, m—1)=0. By the remark following

corollary 4.2.9 we now have by case (a),,, CP(A)SSCP(C) and for m > 1, by (f )1,
C,,(B)S"':l CP(D). If m=1 then B and D are infinite discrete and so CP(B)}—CP(D).

With lemma 2.3.7 it now follows that C,,(X) = C,(Y). This completes the proof of case

®)m-

case (¢): X(0,m)=Y (0, m)=0,X (0, m-1)=Y (0, m—1)=2, and
X(1,m-1)=Y({1,m-1)=2.

Again X (1, m)=Y (1, m)=0. We have by corollary 4.2.7 (a), X and Y can be written
as clopen disjoint unions, X =U?=1A,~ and Y =U?=IB,~ such that for each ie IN,
A;(0,m-1)=B;(0,m-1)=A;(1, m-1)=B;(1, m—1)=1. By case (a),,, we then have
Cp(A,-)&' C,(B;), so that by lemma 2.3.7, C,(X )Si'Cp(Y). This completes the proof of

case (C),-
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case (@)p: X(1,m)=Y(1,m)=0,X(1,m-1)=Y(1,m-1)=1, and
XO,m)=Y(0,m)=1.

The proof of this case is almost the same as the proof of case (a),,. Instead of (¢),—;
we use (f )p,—1, instead of lemma 4.2.11, we use lemma 4.2.12 and instead of corollary
4.2.5 (a), we use corollary 4.2.5 (b).

case (€),: X(1,m)=Y(1,m)=0,X(1,m-1)=Y(1,m-1)=2, and
X(0,m)=Y(0,m)=1.

The proof is almost the same as the proof of case (b),,. Instead of corollary 4.2.9 (a),
we use corollary 4.2.9 (b), instead of (a),, we use (d),, and instead of (f),,—; we use

(©)m-

case (f): X(1,m)=Y(1,m)=0,X(1,m-1)=Y(1,m-1)=2, and
X0,m)=Y(0,m)=2.

The proof is almost the same as the proof of case (c),,. Instead of corollary 4.2.7 (a),
we use corollary 4.2.7 (b), and instead of (a),, we use (d),,.

case (g): X and Y are infinite discrete spaces.

Since X and Y are countable we have that X and Y are both homeomomorphic to IN.
Now apply lemma 2.3.5.

This completes the proof of this lemma. O

4.2.14 THEOREM: Let X and Y be infinite countable metric spaces with
K(X), x(Y) < @ such that for every ne IN, X (0, n)=Y (0, n) and X (1, n)=Y (1, n). Then
Cp(X)~Cp(Y).

PROOF: Let g =max(x(X), x(Y)) and apply lemma 4.2.13.0

We have completed the case of countable metric spaces with scattered height less
than , so from now on we consider spaces with scattered height equal to ®. So let X
be a countable metric space with x(X)=w. As mentioned in the beginning of this sec-
tion, there are two cases:

(a) there is n € IN, such that X (0, n) =0,
(b) for every ne IN, X (0, n) =2.

Note that if a space X satisfies condition (b), then k(X) 2> .
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We will first deal with spaces for which case (a) holds. We need another decomposi-

tion lemma.

4.2.15LEMMA: Let X and Y be countable metric spaces such that x(X)=w,
kY)<w, X(0,n)=Y(0,n) and X(1,n)=Y (1, n) for every ne INu (0} and such that
case (a) holds for X. Then X and Y can be written as clopen disjoint unions,
X=U;X; and Y=\U,.,Y; such that x(X;),x(Y;)<@ and for every i,ne NN,
X;(0, n)=Y;(0, n) and X;(1, n)=Y;(1, n).

PROOF: Since X satisfies (a), and k(X )=, there is by lemma 4.2.3, k € IN such that X
and Y both satisfy one of the cases (a), through (f),. We prove the lemma by induction
on k and the inductive proof is organized as the inductive proof in lemma 4.2.13.

case (@),: X (0,m)=Y (0, m)=0,X (0, m-1)=Y (0, m-1)=1, and
X(1I,m-1)=Y({,m-1)=1.

Since x(X)=w, X is not compact. This implies m > 1. By corollary 4.2.5 (a), there
are clopen decreasing bases {U,:ne IN} and {V,:ne IN} at X ©m-1) ap4 y© m-1

respectively, such that Uy =X and V, =Y,
Un\Up+1)(A, m=-2)=2and (V,\ V41 X1, m-2)=2.
CLAIM: There is / € IN such that x(U;) < @.

Since xX)=w, U={X\X ™ .ne IN} is an open cover of X without finite subcover.
Since X is zero-dimensional, there is a disjoint clopen refinement {A;:ie IN} of U.

Since X @™~ 5 compact, there is n such that X O.m-1) CULIA;. There is / € IN such

that U; ULIA,-, and this / satisfies the claim.

Without loss of generality we may assume that also k(V;) < . Now let X; =U; and
Y, =V,. Notice that

X,00,n)=Y,(0,n)and X (1, n)=Y (1, n) for every n e IN,
X\U)(A,m-2)=X\V)(1, m-2)=2 and
X\UHNO, m-1)=X\V))©O, m-1)=0.

So by (¢),-1 we have that X and Y can be written as clopen disjoint unions,
X\U;=\U;pX; and Y\V,=U;,Y; such that for every i22 and neNN,
X;(0, n)=Y;(0, n) and X;(1, n)=Y;(1, n) and the lemma has been proved in this case.

case (b),,: X(0,m)=Y (0, m)=0,X (0, m-1)=Y (0, m-1)=2, and
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X(1,m-1)=Y({1,m-1)=1.

By corollary 4.2.9 (a), X and Y can be written as clopen disjoint unions X =A uB
and Y=CuD such that A(0,m-1)=C(0,m-1)=1 and B(1, m-1)=D (1, m-1)=0.
By the remark following corollary 4.2.9 we now have in cases of scattered height by
case (a),, or by case (f),,_1, the desired decomposition of X and Y.

case (€)y: X0, m)=Y(0,m)=0,X(0,m-1)=Y (0, m-1)=2, and
X(1,m-1)=Y({1,m-1)=2.

We have by corollary 4.2.7 (a), X and Y are clopen disjoint unions X =U;1A,~ and
Y =UT=1B‘- such that A;(0, m—1)=B;(0,m-1)=A;(1, m—1)=B;(1, m—1)=1. By case
(a), (applied in cases where A; or B; has scattered height w), we have the desired
decomposition of X and Y.

case (d)p: X(1,m)=Y(1,m)=0,X(1,m-1)=Y(1,m-1)=1, and
XO0,m)=Y(0,m)=1.

The proof of this case is almost the same as the proof of case (a),,. Instead of corol-
lary 4.2.5 (a), we use corollary 4.2.5 (b), and instead of (c),,—; we use (f ) —1-

case (€),,: X(1,m)=Y(1,m)=0,X(1,m-1)=Y(1,m-1)=2, and
X0,m)=Y(0,m)=1.

The proof is almost the same as the proof of case (b),,. Instead of corollary 4.2.9 (a),
we use corollary 4.2.9 (b), instead of (a),, we use (d),, and instead of (f),,_; we use
©)m-

case (f )n: X(1,m)=Y(1,m)=0,X(1,m-1)=Y (1, m—1)=2, and
X(0,m)=Y (0, m)=2.

The proof is almost the same as the proof of case (c),,. Instead of corollary 4.2.7 (a),
we use corollary 4.2.7 (b) and instead of (a),, we use (d),,.

This completes the proof of this lemma. O
4.2.16 THEOREM: Let X and Y be countable metric spaces such that x(X)=w,

K(Y)<w and for every ne Nu {0}, X(0,n)=Y (0, n) and X(1, n)=Y(1,n). If X is a
space satisfying (a), then X and'Y are {,-equivalent.

PROOF: This follows directly from theorem 4.2.14, lemmas 2.3.7 and 4.2.15. O
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This theorem completes the case for spaces satisfying (a). So now we only have to
consider spaces satisfying (b). Again a decomposition of these spaces is needed. This
will be given in a claim in the following:

4.2.17 THEOREM: Let X and Y be countable metric spaces such that
K(X)=x(Y)=w and both satisfying (b). Then X and Y are {,-equivalent.

PROOF: We begin with the following:

CLAIM: We can write X = U,ZlX,- and Y = U}:l Y; as clopen disjoint unions, such that
there are sequences (n;);.n and (m;);cn such that nm;+1<m;, m;+1<n;,,
X,'(l, n,-) #0, X,‘(l, n"+1)=0, Y,'(l, m,‘) #0 and Y,'(l, m;4 ) =0.

It is easily seen that {X \X "™ : n € IN} is an open cover of X without finite subcov-
er. Since X is countable, there is a clopen disjoint refinement {A; :i e IN} of this cover.
We may assume that there exists a strictly increasing sequence (k;);cn of natural
numbers such that for each i € IN, A;(1, k;)#0 and A;(1, k; + 1) =0 (note that X satisfies
condition (b), so take unions of the A;’s). In the same way Y can be written as a clopen
disjoint union Y=UT=IB‘- such that there are /<[, --- with By(1,/;)#0 and
B;(1,1;+1)=0 for each ie IN. Now let (n;);.w and (m;);. N be subsequences of
(ki)i e v and (/;); c N, respectively, such that n; +1 <m;, m; +1 < n;,;. By letting X; be a
appropriate finite union of the A;’s and the same for the Y;’s, we are done.

LetZ=X,0Y,®X, @Y, D ---.
Because n;+1<m;, X;®Y;)(0,n)=Y;(0,n) and (X;DY;)(1, n)=Y;(1, n) for every
ne INU({0}. Both X; ®Y; and Y; satisfy (a), so by theorem 4.2.14 or theorem 4.2.16,
Co(X; ®Y)~Cp(Y)), so that Cp(Z)~Cp(Y). By interchanging the role of X and Y we
also have C,(Z) ~ C,(X). We conclude that C,(X)~Cp(Y).0O

Since we have considered all possible cases we can now formally state the result an-
nounced at the beginning of this section.

4.2.18 THEOREM: Let X and Y be infinite countable metric spaces, such that
KX),x(Y)<w. Then X and Y are lp-equivalent if and only if for every ne Nu {0},
X(@0,n)=Y(O,n)andX (1,n)=Y(1, n).

PROOF: This follows immediately from theorems 4.2.14, 4.2.16,4.2.17 and 4.1.13.0
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The question naturally arises whether theorem 4.2.18 can be generalized to all
countable metric spaces. One is tempted to conjecture the following:

Let X and Y be countable metric spaces. Then X and Y are ¢,-equivalent if and
only if for every prime component o and ordinal B we have X (a, B) =Y (a, B).

In section 4.3 we will show that this conjecture is false.

In this section we saw that an infinite countable metric space X, with scattered
height less than or equal to , satisfies one of the conditions in lemma 4.2.3 or for
every ne IN, X (0, n)=X (1, n)=2. The question remains whether each of the con-
sidered classes is non-empty. We will prove that in each case there are ®-many spaces
satisfying the given conditions (except for case (g) in lemma 4.2.3 of course).

For convenience, for every n e IN define S, =[1, ®"]. Let X be a space. We define
T (X) to be the space obtained from T by replacing each isolated point of T by a copy of
X. Each copy of X will then be clopen in T(X). Inductively we define
T*X)=T (T* 1 (X)) for k > 1, and let T°(X)=X. Similarly S;(X) will be the space ob-
tained from S; by replacing each isolated point of Sy by a copy of X.

4.2.19 LEMMA: Let X be a non-discrete space. Then for every ne N and
me INu (0}, S,(X)(0, m)=X (0, m) and S,(X)(1, m)=X (1, m).

PROOF: Since X is non-empty we have for every n e N, (S,(X)) =S,(X?). Since
X is non-discrete, we have

Sa(X)(0, 0)=X (0, 0) and S,(X)(1, 0)=X (1, 0).
Since S, is compact, we also have for every m e IN,

Sa(X)(0, m)=X (0, m) and S,(X)(1, m)=X (1, m).O

If X is a scattered space we have for n#m that S,(X) and S,,(X) are not
homeomorphic. So this lemma implies that we only have to give one countable metric
space for each of the cases mentioned above, since the lemma then immediately gives
o-many. For every n e IN define X, =T""}(T), and ¥, =T""(S,). Let X be any one-
point space.

4.2.20 PROPOSITION: For every n € IN, we have
(a) Y, satisfies the conditions in lemma 42.3 (a),,
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b)Y, ® (X,_1 XxIN) satisfies the conditions in lemma 4.2.3 (b),,
(c) Y, xIN satisfies the conditions in lemma 4.2.3 (c),,

(d) X, satisfies the conditions in lemma 4.2.3 (d),,

(e) X, @ (Y, xIN) satisfies the conditions in lemma 4.2.3 (e),,
(f) X,, xIN satisfies the conditions in lemma 42.3 (f ),, and

(@) Y=®,-1Y, satisfies Y (0, m)=Y (1, m)=2 for eachm e IN.

PROOF: We start this proof with the following

CLAIM: Let X be a non-discrete space, and let me INu {0}). If X (0, m)=1, then
TX)O0,m+1)=1,andif X(1,m)=1,then T(X)(1,m+1)=1.

Notice that since X is non-empty, T(X)(O"")=T(X (0'"')). Furthermore because
xO0m g compact and non-empty, T (X )@ m+D contains only one point, hence
T(X)(0,m+1)=1. Since X is a non-discrete space, T(X)(l) =T(X(”), so the second
part follows from the fist part. This proves the claim.

Since Y =8 satisfies the conditions in lemma 4.2.3 (a),, we have by the claim that
Y, satisfies the conditions in lemma 4.2.3 (a),. We can prove (d) similarly. Case (c)
follows easily from (a) and case (f) easily follows from (d). It is easily seen that
Y, @ (X o xIN) satisfies the conditions in lemma 4.2.3 (b),. For n > 1, case (b) follows
from (a) and (f). Case (e) is a combination of (d) and (c). Finally (g) follows from (d)
since foreachn >2,Y,(0,n-2)=Y,(1,n-2)=2.0

Of course the spaces constructed above are not the only possible ones. In fact one
can replace isolated points in T by other countable metric spaces to obtain more exam-
ples.

§4.3. More ¢,-equivalent properties of metric spaces

The {,-equivalent pairs found in section 4.1 do not provide a complete isomorphical
classification for the function spaces C,(X), with X countable and metric. In this sec-
tion we present two different types of {,-equivalent properties which show that an iso-
morphical classification for these function spaces must be more complicated than the
one derived in section 4.2, where we dealt with countable metric spaces of scattered
height less than or equal to w.
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Let o> be a countable prime component and let B be a countable ordinal. Recall

from section 4.1 that for any space X,

X< B> _ A\ x 0B
y<a
Let a.=>® be a countable prime component and let v, B be countable ordinals. By
X<%B. 7> we denote the set X [V with respect to the pair (X, X <*P>). Notice that if y
is a successor, say y=8+ 1, then we have X <* B.y> = (x <. 820 1)
The numbers X<, B, > are defined for ordinals o, B and y similarly to the
numbers X (ct, B) as follows:

X <a, B, y»=0if and only if X <*B ™ =g,
X<a, B, y»>=1if and only if X <* By i non-empty and compact, and
X <o, B, y»=2 if and only if X <*PB-¥ is not compact.

For a subset A of a space X we will denote by Cg4(X) the subspace
(fe CX):f(A)={0}} of Co(X).

4.3.1 PROPOSITION: Let X and Y be zero-dimensional separable metric (-
equivalent spaces and a>w a countable prime component. Then (X, X<*'*) and

Y, Y% 1>) gre {p-equivalent pairs.

PROOF: Let ¢: C,(X) — C,(Y) be a linear homeomorphism. It suffices to prove that
(X, X <*1>) is (¢, 0)-relative to (¥, Y <* ™). Let U and V be open subsets of X and W
an open subset of Y, such that

(suppU) nW =@, and
suppWcUuUV,

Suppose W A Y <% 2 GFand V AX<* 1> =@,

Let (Y,)new be a strictly increasing sequence of ordinals such that y, — o (n — o).
Letye WY <* ' and let (W, | ne IN} be a clopen decreasing base at y in W. For
eachnelN,ye Wf,y"‘l), hence we may assume that for each n € IN we can find a closed
copy of [1, ®™]1xIN in W,\W,,;. By lemma 4.1.4, there is a discrete clopen family
{A;:ie IN} such that VCUT:IA,- and such that for every i e IN, there is y; < a with
A,(Y"l) =@. By corollary 1.2.15 (a) and lemma 1.2.10, there is p € IN such that

supp W, n UA; =0.
i>p

Let A =U’,-J=1A,~. Then there is y< a such that A =@ By corollary 4.1.5, there is a
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discrete clopen family {B;:i e IN} such that A =UT=IB,~ and such that for every i € IN,
B{ is compact. By corollary 1.2.15 (a) and lemma 1.2.10 there is k > p such that

supp W, nUB; =@.
i>k

k
Let B =\U;_,B;. Then B is compact. We now have

(suppU) "Wy =@, and
suppW, cU uUB,

Since W{® # @, we have by proposition 4.1.12, that B # @, so that B #@. This im-
plies that W is a non-empty compactum in Y.

Since supp B ™ is compact, this implies that there exists a closed copy L, of [1, o™
in W, such that WnLn =@. If suppL, nB =@, then supp L, c U hence by pro-
position 1.4.3, L, csupp supp L, Csupp U. This implies L, =@, contradiction. Hence
suppL, nB #@. Let

M =(suppBD W)U (y),
Lo=\Upsilnu iy},
L=LyuM, and

K =(suppL nB)UB .

By lemma 4.1.11, there is a continuous linear function 1;: Co(L) = Co(Y) such that
for each fe C (L),

M () IL =fand N (F)Y \ W)= (0).

Again by lemma 4.1.11, there is a continuous linear function 1n;: C¢(K) = C¢(X) such
that for each fe C (K),

N2(f) 1K =fand Ny (f )X \ B) = (0}.
Define

8: Com(L) = Copm (K) by 6(f)=0""(m1(f)) K, and

y: Co(K) = Co(L) by y(f ) =¢M2(f)) I L.

Let fe Copm(L). Then My (f)(Y \W,)={0}. Since suppBMan cM, we have that
M (F)suppBP)={0). So by corollary 14.2, ¢~'M(F)HBP)=(0}, hence
8(f)(B™)={0). Now it is easily seen that both 8 and \ are well-defined continuous

linear functions.

CLAIM: 6 is a linear embedding.
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It suffices to prove that for fe Cg p(L), we have y(8(f)) =f. Suppose to the con-
trary that for some f e Cq p(L), we have y(6(f)) # f. This implies that

oM20¢ ) IL# N, (f) IL.
Then by corollary 1.4.2,

N28(f)) Isupp L #¢~ (ny (f)) I supp L.

Now 1,(8(f))=00on X \B, and n;(f)=0 on Y\ W,. Since supp U cY \ W;, we have by
corollary 1.4.2 that ¢~ (n;(f))=0 on U. Since suppL c U uB, we have

28 1K =67 (M1 () IK.
Hence 0(f) #6(f). Contradiction. This proves the claim.

Since LynM={y} it follows that Cgp(L) is linearly homeomorphic to
Co,(y)(Lo). Note that Ly =[1, ®”]. By lemma 2.3.9 and remark 2.3.10, Co,iy)(La)is
linearly homeomorphic to Cy(L4). By lemma 2.2.9, the space B/B @ obtained from B
by identifying B™ to a single point a has scattered height y+ 1. Let Z=K/B™. Then
K(Z)<y+1, so there are B<yand m e IN such that Z=[1, ®®-m]. By lemma 2.3.3 and
remark 2.3.10, Cy,(4)(Z) is linearly homeomorphic to C g g (K). Furthermore by lem-
ma 2.3.9 and remark 2.3.10, Cg, (4)(Z) is linearly homeomorphic to C¢(Z). Now the
claim implies that we have a linear embedding from Cy(L ) to Cy(Z), or equivalently
a linear embedding from Cg[1, ®*] to C[1, ®"]. Since y< a we have a contradiction
by lemma 2.6.7.0

4.3.2 COROLLARY: Let X and Y be (,-equivalent zero-dimensional separable
metric spaces, let .2 W be a countable prime component and let 'y be a countable ordi-
nal. Then

(@) XL =0 ifand only if Y <* 1.7 =@,
(b) X<* " is compact if and only if Y <* " is compact, and
(c) X <% 1" js locally compact if and only if Y <% 1Y is locally compact.

PROOF: This follows directly from proposition 4.3.1 and theorem 4.1.7.0

We will now give an example of two countable metric metric spaces X and Y such
that for every pair of ordinals «, with o a countable prime component,
X (a, B)=Y (a, B), and such that X and Y are not {,-equivalent.

Let X be the space obtained from T by replacing each (i, j)e T by [1, o'] (i, je N)
and let Y=T([1, ®]) ®[1, ®®] (for definitions see section 4.2). Let p be any point.
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Then

XD=Xand YD =T @[1, 0®],
XOD=(p)andY®V=(p),
XD =(p}and YY"V =(p},and
X@=(p}and Y= (p).

So for every pair of ordinals a, B with o a countable prime component, we have
X (a, B)=Y (a, B). However by corollary 4.3.2, X and Y are not {,-equivalent since

X<*1><(p)and Y>> =0,

Note that the scattered height of X and Y is w+ 1, so a classification such as in section
4.2 does not hold when we consider countable metric spaces with scattered height one
higher than @. In this example only =0, a=1, a=w, =0 and B=1 are necessary. It
is possible to build more complex examples in which higher ordinals are involved.

Question 1: Let > be a countable prime component, and let X and Y be {,-
equivalent zero-dimensional separable metric spaces. For which ordinals B do we have
that (X, X <*P>) and (¥, ¥ <*P>) are (,-equivalent pairs?

By propositions 4.1.12 and 4.3.1 we have a positive answer to this question for B=0
and B =1. We conjecture that this question has a positive answer for all ordinals B.

By corollary 4.3.2 and question 1 one could think that for two countable metric
spaces X and Y which satisfy X (c, B)=Y (o, B) and X <, B, y» =Y <, B, y=», for all
ordinals a, B and y with & a prime component, we have that X and Y are {,-equivalent.
In the sequel we will give an example which shows that this is not the case. We first
need a new notion which will be used in proposition 4.3.7. We present it in a general
setting since it seems to be interesting in itself.

Let X and Y be spaces and let ¢: C,(X) = C,(Y) be a linear function. Let A be a
non-empty closed subset of X and U a neighborhood of A in X. Let B be a non-empty
closed subset of Y and V a neighborhood of B in Y. Finally let m e IN. We say that the
triple (U, V, m) is relatively bounded with respect to the triple (A, B, ¢) whenever for
each g e C (X) satisfying

(@) g (X\U)uvA)=(0},
(b)g(U)c(-1/m, 1/m), and
(c) o(g)(B)={0},

we have
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@ ¢@@)V) (-1, D).

4.3.3 LEMMA: Let X and Y be spaces and let ¢: C,(X) — C,(Y) be a continuous
linear function. Let A be a non-empty closed subset of X and U a neighborhood of A in
X. Let B be a non-empty closed subset of Y and V a neighborhood of Bin'Y. Let m € IN.
Suppose (U, V, m) is relatively bounded with respect to (A, B, ¢). If U, is a neighbor-
hood of A such that U, c U, Vy is a neighborhood of B such that V, cV and k2>m,
then (U, Vy, k) is also relatively bounded with respect to (A, B, ¢).

PROOF: Let g e C(X) be such that g((X\U,)uA)=(0}, g(U,)c=(-1/k, 1/k), and
®(g)(B)={0}. Then obviously g(X\U)uA)={(0}. For ze U\U,, g(z)=0, hence
gU)c(=1/m, 1/m). So ¢(g)(V)c (-1, 1), hence ¢(g)(V,)c (-1, 1).0

4.3.4 LEMMA: Let X and Y be metric spaces and let ¢: C,(X) — C,(Y) be a con-
tinuous linear function. Let A be a non-empty compact subset of X and let B be a non-
empty compact subset of Y. Then there are a neighborhood U of A in X, a neighborhood
Vof BinY and me N such that (U, V,m) is relatively bounded with respect to
(A, B, ¢).

PROOF: Suppose the lemma is false. Let {U, },.n be an open base at A in X such that
for each ne IN, l_],,+1 cU,. Let {V,},.n be an open decreasing base at B in Y. By in-
duction we construct {k;:ie N}cIN, {g;:ie N}cC(X) and {y;:ie IN}CY such
that

(1) 1=k, <ky<k3< -,
and for every i € IN,

@) (X \Ug) uA) = (0),

(3) for every J <i, g(Uk) < (-, ),

@) 6(g)(B)=(0),

(5) i Vi, and 10(g) ()| 21,

(6) for every j < i, (g )(V) & (o5 gy and

(7) for every j <i, 0(8:)(7;) =O.

Let ky=1. By assumption there is g, e C(X) such that g{((X\U,)uA)={0},
81WU))c(-1,1), ¢(g1)(B)={0} and ¢(g1)(Vk,) & (-1, 1). Let y; € Vi, be such that
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1o 01121

Letm 21 and suppose we found kq, ..., kpy, 81,-.., 8n and yq, ..., yn. Foreach
J<m we have g;(A)=0 and ¢(g,)(B)={0}. By continuity of g,,..., g, there is
kpm+1 > kpy such that

1 i
(m+1)? " (m+1)?

(8) for each j<m, g;j(Uy,, ) < ( ),

%) Ug,,,, nsupp(y1,-..5¥m} CA, and

1 1

(10) for each j <m, ¢(g;)(Vy o

1) € (

).

Again by assumption there is g,,,1 € C (X) such that g, .1 (X \U,_..)uA)={0},

m+1

1 1
(m+1)? " (m+1)?

8m+1(WUg,,, ) c(

¢@m+1)B)={0} and O@m+1)(Vi,, )& (1,1). Let yn41€Vi,, be such that
16(gm+1)Um+1) | 2 1. To complete the inductive construction we have to verify (7) for
i=m+l. Since gn41(supp(y;)))={0} for j<m, we have by corollary 142,
0(gm+1)0)) = 0. This completes the inductive construction.

Now let g =Z72; g;. We will show that ge C(X). Forie Nand z ¢ I_J-k‘.
), g(z)=):j~=1 gj(z). So g IX\A is well-defined and continuous. It remains to prove
that g is continuous at points of A. Since g(A)=0 this follows from the fact that for
every i e IN, g(Uy)c(=1/i, 1/i). Indeed let z e U, \A. Then there is j2>i such that
z€ U \Uy,,, . Then by (2), g (z) =L}, ;(z), and hence by (3),

1> We have by

j
8IS £ 164! < fm s

J i

We conclude that g e C (X). So ¢(g)=Z;Z;¢(g;) e C(Y). Since B is compact we may
assume that y, > b (n — ) for some b € B. By (4), ¢(g)(b)=0, hence ¢(g)(y,) =0
(n — «=). However for every i e IN, we have
16@)) ! = 127198 |
= 1 Z5210(8)) ) + 0(8) 0 + Z7Zi410(8,)0) |

= 12521 0(g)) ) + 0(8:)0) | by (7)
2 10(g) ) | —Z521 10(g)H)) |
PP, N RS | by (5) and (6)

26-1) 2
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This contradiction proves the lemma. O

4.3.5 COROLLARY: Let X and Y be metric spaces and let ¢: C,(X) > Cp(Y) be a
linear homeomorphism. Let A be a non-empty compact subset of X and let B be a non-
empty compact subset of Y. Then there are a neighborhood U of A in X, a neighborhood
V of B in Y and me IN such that (U, V,m) is relatively bounded with respect to
(A, B, ¢) and (V, U, m) is relatively bounded with respect to (B, A, ¢'1 ¥

PROOF: By lemma 4.3.4, there are neighborhoods U, and U, of A in X, neighbor-
hoods V| and V, of Bin Y, and m, m, e IN such that (U,, V, m) is relatively bound-
ed with respect to (A, B, ¢) and (Vy, U, m) is relatively bounded with respect to
(B, A, ¢7Y). Let m=max(m,,mp), U=U U, and V=V;~V,. Then by lemma
4.3.3, this U, V and m satisfy the conditions in the lemma. O

Let X and Y be spaces. Let E and F be linear subspaces of Cy(X) resp. Co(Y). Let
m e IN. A linear function ¢: E = F is said to be a linear m-embedding whenever ¢ is
an embedding and

(1) if fe E satisfies f (X) < (—1/m, 1/m), then ¢(f)(Y) < (-1, 1), and
(2) if f e E satisfies ¢(f)(Y) c(=1/m, 1/m), then f (X) c (-1, 1).

This definition is comparable with the notion of a linear k-mapping introduced in
section 2.3. Since we need linear m-embeddings only in a very specific situation our

definition is not in the most general form as was the case in section 2.3.

4.3.6 LEMMA: Let X and Y be compact spaces. Let x € X and let {U, :n e IN} be a
clopen decreasing base at x € X such that U, =X. Let ye Y and let {V,:ne N} be a
clopen decreasing base at 'y € Y such that V=Y. Let ke IN. Suppose that for every
neN,

On: CoUn\Upn+1) 2 Co(Va\Vayi1)

is a linear k-embedding. Define ¢: Cg (x)(X) = C,y)(Y) by
OU) Va\Vns1 =05(f 1Up\Up+1) and ¢(f )(y)=0.
Then ¢ is a well-defined linear k-embedding.

PROOF: As in lemma 4.2.10, ¢ is well-defined and linear. To prove continuity of ¢ it
suffices to prove that ¢ is continuous at 0. To this end let P Y be compact, let £ >0
and observe that by linearity of ¢,
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6(<0, X, €e/k>)c<0, P, £>.
To prove that ¢ is an embedding, let P X be compact, let € > 0 and observe that

<0,7Y, e/k>n¢(Co,(x) (X)) (<0, P, €>).0

We will now give an example of two countable metric metric spaces X and Y such
that for all ordinals o, B and y with o a countable prime component, we have
X(a, B)=Y (a, B), X «a, B, y»=Y<a, B, ¥, and X and Y are not {,-equivalent.

Let X be the space obtained from T by replacing each (i, j)e T by [1, '] (i, j € IN).
Let Y=S([1, ®®)). Let x be the unique point in X® and y the unique point in Y.
Then

XD <Xand YD =y

XOD=(x) and YOV = (y),
XUD=(x) and YO D =(y),
X@={(x)and Y@ =(y}, and
X<(o. l>=(x] and y <o I» _ {y}

However we have
4.3.7 PROPOSITION: X andY are not {,-equivalent.

PROOF: Suppose ¢: C,(X) — C,(Y) is a linear homeomorphism. Let {W, :n e IN} be
a clopen decreasing base at y in Y such that for each n e IN, W, \ W, contains a clo-
pen copy of [1, ®®) and let {V, :n e IN} be a clopen decreasing base at {x} usupp (y)
in X. By corollary 4.3.5, there is m € IN such that

(Vin, Wy, m) is relatively bounded with respect to ({x} usupp (¥), {y}, 9),
and
(Wi, Vyn, m) is relatively bounded with respect to ({y}, {x} usupp (), ¢™1),

Notice that X \'V,, is locally compact. So X \V,, =UT=1A,- a clopen disjoint union such
that for each i e IN, A; is compact. By corollary 1.2.15 (a) and lemma 1.2.10, there is
k 2m such that

supp Wi n\U;5 A =0.
k ;
Let A=\U;_;A;. Then A is compact. Let K be a clopen copy of [1, ®®) in W, \W,;.

Write K=U:°=1K‘~ as a clopen disjoint union such that for each ie IN, K,-=[l,mi].
Since A usupp (y) is compact, there is by corollary 1.2.15 (a) and lemma 1.2.10, p >k
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such that
supp (V, WA Usupp () n\U;5 K =0.

Note that the scattered height of X \'V,, is less than . Let s € IN be the scattered height
of X\V,.
Fix i > p. We have

supp (A uV,)nK; =@, and
suppK; C(A U V) U (Vy \V)p).

Let L; =suppK; n (V,,\V,,). Then L; is compact. If L; =@, then suppK; A UV, so by
proposition 1.4.3,

K; c supp supp K; csupp (A U V}),

hence K; =@. Contradiction. So L; is a non-empty compactum.
By lemma 4.1.11, there is a continuous linear embedding 1;: Co(K;) = Co(Y) such
that for each fe C(K;) we have

m) K=,
M (F)(Y) cconv (f (Ki) v {0}), and
mOHTK)=(0}).

Again by lemma 4.1.11 there is a continuous linear function n5: Co(K;) = C¢(X) such
that for each fe C (L;) we have

n2()IL;=f,
N2 (f)X) ceonv (f (L;) U (0}), and
M )(X\V,) U V,)=(0).
Define
6: Co(K;) > Co(L;) by 8(f)=¢"" (1 (f)) I L;, and
v: Co(Ly) - Co(Ky) by W(f) =Mz (f)) I K;.

Then 6 and y are clearly well-defined continuous linear functions.
CLAIM: 6 is a linear m-embedding.

We first prove that 6 is an embedding. It suffices to prove that for each fe C(K;) we
have y(6(f)) =f. Suppose there is f e C (K;) such that y(8(f)) # f. Then

oM28¢ ) 1K; =1 (F) K.

By corollary 1.4.2, we then have
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N2(8(F)) Isupp K; # 6™ (M (f)) | supp K.

Now m(0(f)=0 on (X\V,)uV, ad mn(f)=0 on X\K;. Since
supp (A UV,)cX\K;, it follows from corollary 1.4.2, that oM (f)=0on A uVp.
So

n2O)) 1L #¢7 i (F) 1L;,

which implies that 6(f)#0(f), contradiction. We conclude that 6 is a linear embed-
ding.

To prove that © is a linear m-embedding, first let fe C(K;) be such that
f(K;)c(-1/m, 1/m). Then

Mm@ )Y)cconv (f (K)u{0})c(-1/m, 1/m), and
MENT\W,) U {y})={0}.

Since supp ({x} usupp (y)) nK; =@, we have

M1 (F)(supp ({x} usupp (¥))) = {0},

so by corollary 1.4.2, ¢~ (n; (f))({x} usupp (¥)) = {0}. Since (W,,, Vm, m) is relatively
bounded with respect to ({y}, (x} usupp (), $1), we have ¢ (M (f (V) S (=1, 1).
Since L; cV,,, we have 8(f)(L;) c (-1, 1).

Secondly let f e C (K;) be such that 6(f )(L;) (-1, 1). Then

N2(8(f ))(X) cconv (B(f (L;) v (0)) = (~1/m, 1/m), and
20X\ Vi) U {x} Usupp (¥)) = {0}).

Since N2 (8(f))(supp (¥)) = {0}, we have by corollary 1.4.2, $(M2(6(f)))(y)=0. Since
(Vin, W, m) is relatively bounded with respect to ({x} usupp (y), (¥}, $), we have
oM N)W,,) (-1, 1). Since K;cW,,, we have y(8(f))(K;)c(-1,1). By the
above y(8(f)) =1, so f (K;) (-1, 1). We conclude that 6 is a linear m-embedding.

Since L;cX\V, and k(X \V,)=s, there is a linear 1-embedding from Cg(L;) into
Co(l1, n)’“]). By the claim we have for each ie IN a linear m-embedding from
Co(l1, mi]) into Co([1, @**1]). then by lemma 4.3.6 we have a linear embedding from
Co([1, ®®]) into Co([1, @’ *2]). This is a contradiction with lemma 2.6.7. We conclude
that X and Y are not {,-equivalent. O

If we look at the spaces X and Y we see that each neighborhood of y € Y contains a
closed copy of [1, ®®) and that no neighborhood of x e X contains a closed copy of
[1, ®®).
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For a space X, let
X <®> = (x e X : each neighborhood of x contains a closed copy of [1, ®*)}.

Obviously X <*> is a closed subspace of X. If X <*> =@, then X @ is locally compact.
Indeed if x e X®, then each neighborhood contains a closed copy of [1, ®*] xIN (cf.
lemma 4.1.8). But then each neighborhood also contains a closed copy of [1, @*).

Let a2 be a countable prime component and let B be a countable ordinal. By
X <%PB> we denote the set X P} with respect to the pair (X, X <®>). Notice that if B is a
successor, say B=y+ 1, then we have X <% B> = (x <& 7). D

The numbers X <a., B> are defined for ordinals o and B similarly to the numbers
X (o, B) as follows:

X <a, B>=0 if and only if X <* P> =g,
X <a, B>=1if and only if X <*P> is non-empty and compact, and
X<a, B> =2 if and only if X <®P> is not compact.

Question 2: Let a2 be a countable prime component and let X and Y be ¢,-
equivalent separable metric zero-dimensional spaces. Are (X, X <*>) and (Y, Y <%%) {,-
equivalent pairs?

We conjecture that this question has a positive answer.

§4.4. Remarks on a conjecture

In sections 4.1 and 4.3 we found several {,-equivalent pairs. In this section we con-
jecture that these ,-equivalent pairs together with the conjectured 4,-equivalent pairs in
question 1 and 2 in section 4.3 are sufficient to obtain an isomorphical classification for
the function spaces C,(X), for countable metric X. In this section we indicate among
other things difficulties that one encounters if one tries to prove the conjecture along
the lines of the proof of theorem 4.2.18.

4.4.1 CONJECTURE: Let X andY be infinite countable metric spaces. Then X and
Y are {,-equivalent if and only if for all countable ordinals ., B and v, where a. is a
prime component, we have

(@)X (o, B)=Y(a, B),
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(b) X<a, B>=Y<a, B>, for a2 w, and
(c) X<a, B, y»=Y<a, B, y», for a2 .

Note that conditions (b) and (c) are trivially true when X and Y are countable metric
spaces with scattered height less than or equal to ®, so the conjecture is in agreement
with theorem 4.2.18 when we restrict ourselves to this class of spaces.

Part of the proof of theorem 4.2.18 depends in a rough way on lemma 4.2.10 and on
the decomposition theorems at the beginning of section 4.2. If we want to prove for
countable metric spaces satisfying conditions (a), (b) and (c) in the above conjecture,
that they are /,-equivalent, and we want to follow the same strategy as in section 4.2,
some problems appear. For example, it is not clear how to decompose each countable
metric space such that lemma 4.2.10 becomes applicable. Such a decomposition should
have the property that between "building blocks" we have "linear k-homeomorphisms".
A second problem is how we should start an inductive proof such as in the proof of
lemma 4.2.13. We will try to show why these problems are real obstacles in the process
of proving the conjecture. We first present a lemma which gives connections between
the operations that are involved in the conjecture. One could say that this lemma is the
"replacement” of lemma 4.2.1.

4.4.2 LEMMA: Let X be a space. Let o, oy, 0y, By and B, be ordinals with o, o,
and o prime components. Then
@) XD cx<e> cx@,
(b)x(al-(lz—al) CX((!z) CX(Gl) (o <),
() X <PuPrBi> _y<a. B> y<aBi> 3 <8, a>w), and
(d) X% cX %12 (a2 w).

PROOF: For (a) let x e X* V. Then each neighborhood of x in X contains a closed
copy of [1, ®*]xIN, hence a closed copy of [1, ®*). So x e X <*>. For x € X <*> each
neighborhood of x contains a closed copy of [1, ®*), hence x € X @,

For (b) we have by proposition 2.2.2, X ©@2) - x @) Eyrthermore

X(al- 0p—0ty) c (X(Gl))(az-an) = (X(al+(a2—al))) =X(a2).

This completes the proof of (b).

For (c), observe that the second inclusion is a triviality, so we only have to prove
that for & < a, X <% Pr-PrP> -y BB we win prove this by transfinite induction on
B,. If B, =0, B; =0 and we are done. Suppose for all B < B, the inclusion is true. If
B; =B, there is nothing to prove, so suppose PB; <P,. If B, is a successor, say
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B,=B+1, we have B, —B; =(B-PB;)+1, so
X < B, Ba—B1> _ & <a, By, B—Bl>)(0. ¢ (X(a_ B))(o, 1) CX(& 52).

If B is a limit ordinal we have

. 3,
X< B1, B2—B1> =mﬂl <7<BZX<0.. B, ¥-B1> =mﬁ1 <7<B';X(8' ) CX( Bz)'

This completes the proof of case (c).

For (d) we have to prove for 8 < o that X <> cX @1, So let x e X<*>. Then each
neighborhood U, of x contains a closed copy of [1, ®*). Hence Uﬁs), cannot be com-
pact,soxe X @.1)_ This completes the proof of (e) and hence the proof of this lemma. O

4.4.3 COROLLARY: Let X be a space. Let o, oy, 0y, B, By and B, be ordinals
with a, o, and o, prime components. Then
(@) X 14B) c x <. B> —x (. B),
) x @1 0201 +B) _ (2. B) _y (1, B (0 <o),
(©) b G B1. B2—B1 +B> X% B2, B> X B1. B> (Bl < le o> ), and
(d) X<®B> cx < 1L.B> (o> ).

From the lemma it also follows that some of the inclusions are in fact equalities. For
example we have the following

4.4.4 COROLLARY: Let X be a space and let a, B be countable ordinals with o a
prime component and B> . Then X @B =x < B>,

PROQOF: This follows directly from corollary 4.4.3 (a). O

Comparing corollary 4.4.3 with lemma 4.2.1, we see that the general situation
(countable metric spaces) gives rise to many more cases than the specific situation in
section 4.2 (countable metric spaces with scattered height less than or equal to ®). Our
next task is to find substitutes for corollary 4.2.2 and lemma 4.2.3. This is almost im-
possible. To make this clear we will restrict ourselves from now on to a specific class
of spaces, which is the most natural one to consider after the results in section 4.2. We
will consider countable metric spaces X with o < x(X) < . Many of the conditions in
our conjecture become empty in this situation. The only ordinals we have to consider
are a=0, =1, o= and B, y< ?. If we reformulate corollary 4.4.3 we get
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4.4.5 LEMMA: Let X be a space. Let B, By, P, < ? be ordinals. Then
(@) x (@ 14B) — y<o.B> — y (o 5)‘
®) G) x© 148) — x (1LB) = x O B),
i) x© o+B) — y (@.B) —x O B,
Gii) X & o) —x(@.B) - x(1.B),
() X <> Bi. B2-Pi+p> _ y <0, By, B> _ 5 < By, B> (B1 <By), and
(d)X«n‘ B> cX <o 1.B>. o

In analogy with corollary 4.2.2 we define
no=min{n:X (0, ) =0},
my =min{n:X (1, 1)=0},
Yo =min{y: X<, y>=0},
T, =min{n: X<, T, 0»>=0},
and for every n<m,,

Br=min{P: X<, x, B>=0).

Of course all these ordinals are well-defined and less than or equal to k(X). Note that
T, > 0 because of our choice of X. So B, is well-defined.

4.4.6 LEMMA: We have the following relations
@) m <my<l+m,
b)) Yo<P1<Po<1+Yp<mu<m <My <w+Py,
(€) 0=PBx, <P <Ps<t-0+P; (0<T<Ty,), and
@) forallt<my, Br21.

PROOF: As in corollary 4.2.2, part (a) follows from lemma 4.4.5 (b)(i). For (b), notice
that by lemma 4.4.5 (d),

X <@ B> X< LB> =@,

hence Y, <B,;. That B, <Bg follows from (c) and will be proved there. By lemma 4.4.5
(a), we have

x<“’- 0, 1+19> =X(m' 1+Ye) CX<(“~ Yo> =@

hence By <1+7,. Since Ty, >0, we have by lemma 4.4.5 (c) and (d),

X<m. Me—1> Cx<a>, 1, my—-1> CX(m.n,,p:Q
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hence Y, <, — 1. This implies 1+, <®,,. Since
X<0).1t1> =mn<mX(u' ) CX(l. ;) =@,

we have T, <m;. That t; <1y was proved under (a). Finally by lemma 4.4.5 (b)(ii) we
have

x @ @Bo) _ y(@.Bo) _ y<a.0.Bo> _ o

’

hence 1ty €W+ Bg. This completes the proof of (b).
For (c), we have by lemma 4.4.5 (c),

X <o 0. T-0+B> cXx<n B> =@

hence Bg <T—0+p,, and

X<m, T, B> CX<a). S, Bg> =g

’

hence B <. Obviously By =0. This proves (c).
Part (d) follows immediately by the definition of m,. This completes the proof of
this lemma. O

4.4.7 COROLLARY: If G <, then
(@) Bor1 SPo <1+Bg41, and
(b) Bs <My —o.
Furthermore we have By > 1, and for n 21y, B =0.

PROOF: Part (a) and (b) are special cases of lemma 4.4.6 (c). By lemma 4.4.6 (b) we
have gy 21+, 21> 0, hence by lemma 4.4.6 (d), Py 2 1. Since n, <7y, we have for

n2my, fr=0.0

Comparing lemma 4.4.6 with corollary 4.2.2 we notice that lemma 4.4.6 covers
more cases than corollary 4.2.2. If we want to follow the same strategy as in section
4.2, our next step should be to find a substitute for lemma 4.2.3. In this lemma we had
for each natural number exactly six possible cases. This made the situation there suit-
able for the inductive proof in lemma 4.2.13. The role of that natural number is now
played by my. However if we increase m, the number of possibilities will also increase.
This makes it difficult to find a suitable replacement for lemma 4.2.3. To make this
clear we will now look at some specific values of mg. If mg is fixed, Yo, Mg, ®1 and Py
for ® < my are the only defined ordinals that can possibly be non-zero (cf. lemma 4.4.6
and corollary 4.4.7).
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First let my = 1. Then we have to consider Y, Ty, T; and By. By lemma 4.4.6 (b) and
corollary 4.4.7 we then have 1=y <1+7, <7, <m; <. This gives

=1
Yo | Bo | o | M
0 1 1 1

A space X satisfying this condition can be one of the following types (cf. lemma
4.2.3).

MXO,0=X(1,0=X(w,0)=1,
(2)X(0,0)=2,and X (1, 0)=X (w, 0)=1,
3)X(0,0)=X(1,0)=2, and X (w, 0)=1, and
4X0,0=X(1,0=X(w,0)=2,

Spaces of each of these four types in fact exist. We will give the examples, but leave all
calculations to the reader. For case (1) let X=[1,®®], and for case (2) let
X =[1, ®®] ® IN. The space [1, ®°] @ ([1, ®] xIN) satisfies the conditions of (3) and
[1, ®®] xIN satisfies the conditions of (4).

Let us now consider the case that my =2. We then have to consider Y, g, 71, B1
and 9. Lemma 4.4.6 and corollary 4.4.7 give us the following possibilities

nH=2
Yo | Bi [ Bo | Me | M
1 0 0 1 1 1
21 0 0 1 1 2
30 1 1 2 2
41 1 1 1 2 2
S 1 1 2 2 2

Each possibility gives rise to several cases in the same way as for mp=1. The
number of these possibilities increases since there is one more variable. We will not try
to explicitly describe all these cases, but instead we shall give one example for each of
the five cases in the above table, to make clear that the relations in lemma 4.4.6 are at
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least in this case sharp.

A space satisfying the conditions in (1) is 7 @[1, ®”] and a space satisfying the
conditions in (2) is T ([1, ®]) @ [1, @®]. Let X be the space obtained from T by replac-
ing each (i, j) e T by a copy of [1, o' ]. Then X satisfies the conditions in (3). For case
(4) we can take X =S ([1, ®®)) and for case (5) we can take X =T ([1, ®®°]). Again we
leave all calculations to the reader.

One can see that for My =2, the situation involves a lot more possibilities then for
mo = 1. If we consider my =3, we get another new variable B;, and by lemma 4.4.6 and
corollary 4.4.7 the following table:

mo=3

Yo [ B2 [B1 | Bo | M0 | M
1 o0 ]| O 1 1 2
2 0 0 1 1 2 2
3 0 0 0 1 1 3
4 0 0 1 1 2 3
5 0 1 1 1 3 3
6 1 0 1 1 2 2
7 1 0 1 2 2 2
8 1 0 1 1 2 3
9 1 0 1 2 2 3
10 [ 1 1 1 1 3 3
11 1 1 1 2 3 3
12 | 1 1 2 | 2 3 3
13 2 1 2 2 3 3
14 || 2 1 2 3 3 3

Hence mp =3 yields 14 possibilities and each of them can be dealt with as in the
proof of lemma 4.2.3. It is also possible to describe for each of the above cases an ex-
ample of a space satisfying the corresponding conditions. It goes too far to present
them here.

For mtp =4, the number of cases has increased to 32, and things get even worse if g
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is infinite. Then there are infinitely many variables to consider, and the number of pos-
sibilities will also be infinite. But if we want to follow the same strategy as in section
4.2, we need an explicit description of all possibilities and that is exactly the problem
when one wants to find "decomposition lemmas" which can be used in a lemma such as
lemma 4.2.13. It is also not obvious that the relations in lemma 4.4.6 are sharp. Can one
find for each possibility a space satisfying the corresponding condition?

Another problem in connection with lemma 4.2.13 is to find "linear k-
homeomorphisms". In section 4.2 we were in the pleasant situation that for each pair of
{p-equivalent spaces both with scattered height less than w, we actually had a linear k-
homeomorphism for some k e IN. That property is lost if we consider spaces X with
® < k(X) < ®*. This problem already occurs in the case of spaces satisfying my=1.
These spaces should be the "building blocks" for spaces with my =2 (if we want to start
a proof by induction on my). If we let X=[1,0°]® (1, ®]xIN) and
Y =[1, o®] ®[1, ©®), then both spaces have scattered height w+ 1, and they both have
7o = 1. By theorem 2.6.17 they are moreover /,-equivalent. However, we cannot use X
and Y as building blocks for obtaining linear homeomorphisms between function spaces
of spaces with 1y =2 using lemma 4.2.10 because of the following

4.4.8 LEMMA: There is no linear k-homeomorphism between C,(X) and C,(Y) for
any k € IN.

PROOF: Suppose there is k € IN and a linear k-homeomorphism between C,(X) and
Cp(Y). Then by lemma 4.2.10, S;(X) and S,(Y) are 4,-equivalent. However
(S1(X)® > =@ and (S, (Y))<* > £ @. This contradicts corollary 4.3.2. O

Comparing the situation here to the one in section 4.2, we see that if we want to
"decompose" spaces into spaces of a "lower level", we are forced to avoid situations as
above in order to make it possible to apply lemma 4.2.10.

Summarizing we conclude that a proof of the conjecture, even in the case of the re-
latively simple spaces X with @ < x(X) < ®?, will be a hard job and will certainly not
be as "simple" as the proof given in section 4.2.

We will finish this section by giving a relatively simple result concering the {,-
equivalence of non-scattered countable metric spaces.

4.4.9 PROPOSITION: Let X be a non-scattered countable metric space. Then X
and Qare l,-equivalent.
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PROOF: Since X is a non-scattered countable metric space, X contains a closed copy
D of Q Since X is a countable metric space, Q contains a closed copy E of X xIN. Then

Cp(X)~CppX)XCp(Q by proposition 2.3.2
~CppX)xCp(QxCp(Q Q=Q8Q
~Cp(X)XCp p(QXIT;Z; Cp(X) by proposition 2.3.2
~Cp @ XTI Cp(X)
~C,(Q by proposition 2.3.20

§4.5. Partial results on {y-equivalence

In the previous section we saw that a complete isomorphical classification for the
function spaces C,(X), for X countable and metric, seems beyond reach. Only for
countable metric spaces with scattered height less than or equal to @ the situation is
clear. In this section we deal with the compact-open topology instead of the topology
of pointwise convergence and we try to make clear that an isomorphical classification
for the function spaces C((X), where X is countable and metric, seems even more
beyond reach. First we notice that from theorem 4.2.18 and corollary 1.2.21 we have
the following

4.5.1 THEOREM: Ler X and Y be infinite countable metric spaces, such that
KX), x(Y)<w, and for every ne N, X (0, n)=Y (0, n) and X (1, n)=Y (1, n). Then X
and Y are ly-equivalent. O

In the proof of the converse implication for ¢,-equivalence, we used the notion of
{p-equivalent pairs. Of course we can define in a similar way the notion of /y-equivalent
pairs, and it is then possible to prove a theorem such as theorem 4.1.7. The problem
however lies in propositions 4.1.9 and 4.1.12, where we used the precise description of
supports obtained in section 1.4 for the topology of pointwise convergence. We were
unable to derive such a precise description of supports in the case of the compact-open
topology. This complicates the situation quite a bit. We will now derive two theorems
that should be compared with corollary 4.1.14.
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4.5.2 THEOREM: Let X andY be zero-dimensional separable metric {y-equivalent
spaces. Then
(@)X =@ ifand only if Y =0,
(b) X is compact if and only if Y is compact, and
(c) X is locally compact if and only if Y is locally compact.

PROOF: Part (a) is a triviality. Part (b) follows from theorem 1.5.7. For (c) let
¢: Co(X) > Co(Y) be a linear homeomorphism and suppose that X is locally compact
and Y is not locally compact. Then X can be written as a clopen disjoint union
X =UT=1A,- such that for each i e IN, A; is compact. Let y € Y be such that y has no
compact neighborhood and let {U, : n € IN} be a decreasing clopen base at y. By corol-
lary 1.2.15 (a) and lemma 1.2.10, there is n € IN such that

(Sllpp Un) N Ui >nAi =g'

Let A =U?=,A‘-. Then A is compact. So suppA is compact as well. Since U, is not
compact, there is a non-empty clopen O cU,\suppA. Now let f#0 be a Urysohn
function such that f (Y \0)={0). Since Y\ O is a neighborhood of supp A, by corollary
1.2.15 (a), ¢‘1 (f)(A)={0}. Since A is a neighborhood of supp O, we consequently have
f(0)={0}. But then f=0, which is a contradiction. This proves the theorem. O

4.5.3 THEOREM: Let X and Y be zero-dimensional separable metric {y-equivalent
spaces. Then
@)XV =@ ifand only if YV =,
(b) XV is compact if and only if YV is compact, and
(c) XV is locally compact if and only if YV is locally compact.

PROOF: Let ¢: Co(X) > Cy(Y) be a linear homeomorphism. For (a) suppose X D=9
and YV 2@, Let K be a copy of [1,®] in Y and let L =suppK. Then L is non-empty
and compact and hence is finite. By lemma 4.1.11, there is a continuous linear function
N1: Co(K)— Co(Y) such that for each fe C(K), N1 (f)|K =fand there is a continuous
linear function 1n;: Co(L) = Co(X) such that for each fe C (L), N2(f) |L =f. Define

8: Co(K)— Co(L) by 8(f)=0""(M1(f)) L, and
y: Co(L) = Co(K) by y(g) =6(M2(8)) K.

CLAIM: For every fe C(K), y(6(f)) =F.

To the contrary suppose there is fe C(K) such that y(8(f))#f Then
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OdM2(8(f))IK#n,(f)IK. Since L is open, L is a neighborhood of supp K. Hence by
corollary 1.2.15 (a), N2(8(f)) IL #¢™ (M1 (f)) IL, which gives 8(f)#6(f). Contradic-
tion. This proves the claim.

We conclude that 0 is a linear embedding. So we have a linear embedding from
Co([1, ]) into some IR” for n € IN. This is not possible since the algebraic dimension
of Co([1, w]) is infinite. This proves (a).

For (b) suppose X 1 is compact and Y is not compact. By (a) we have X O}
Let {y, :n e IN} be a closed discrete subset of Y consisting of non-isolated points. Let
{O,:ne N} be a clopen discrete family such that for each ne N, y,e O,. Let
{U,:ne IN} be a clopen decreasing base at XD jn X. By corollary 1.2.15 (a) and lem-
ma 1.2.10, there is k € IN such that

supp Un U,'Z/‘O,' =0.

Find a copy K of [1, ] in Oy containing y,. Let L =WAX\ Ug. Then L is com-
pact, and hence is finite. If L =@, then U} is a neighborhood of supp K. Furthermore
Y\ Oy is a neighborhood of supp Uj. Let f be a Urysohn function such that f (y;)=1
and f (Y\O,)=1{0}. Since ¢_1 is effective, ¢‘1(f)(Uk)= {0}. By effectiveness of ¢, we
then have f (K)={0}. But this gives a contradiction since y, € K. We conclude that
L#@. By lemma 4.1.11 and proposition 1.2.19, there is a continuous linear function
N1: Co(K) = Co(Y) such that for each fe C(K), \y(f)IK=fand n;(f )Y \Oy)={0},
and there is a continuous linear function mM,: Co(L) = Co(X) such that for each
feCL), M(f)IL=f and mMa(f)(Ur)={0}. Define 6:Co(K)—>Co(L) by
8(F)=¢"" M () L, and y: Co(L) - Co(K) by W(g)=0(n2(2)) IK.

CLAIM: For every fe C (K), y(8(f)) =f.

To the contrary suppose there is fe Co(K) such that y(B(f))#f Then
OoM2(B(f ) IK#n,(f)IK. Since U, UL is a neighborhood of L, we have by effective-
ness of ¢ that M, (0(f)) | (Ux UL) #07 (M;(f)) | (U UL). Now n2(8(f))=0 on Uy and
N1(f)=0 on Y\O,. Since Y\Oy is a neighborhood of supp U; we have by effective-
ness of =1, ¢~ (M, (f)) =0 on U;. We conclude that 1, (8(f)) IL #¢~'(; (f) | L, hence
0(f)#0(f). Contradiction. This proves the claim.

From the claim it follows that 0 is a linear embedding. Again we have a linear
embedding from C(([1, ®]) into some R" for n € IN, which gives a contradiction. This
proves case (b).

For (c) suppose that X is locally compact and ¥ is not locally compact. By (b)
we have that X1 is not compact. Hence X can be written as a clopen disjoint union
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X =\U;_,A; such that for each i e IN, A{" is a non-empty compactum. Let y e Y be a
point and let {U,:ne IN} be a clopen decreasing base at y such that for each n e IN,
UP is not compact. By corollary 1.2.15 (a) and lemma 1.2.10, there is k € IN such that

supp Ug n\U;5A; = 0.

Let A =U:~‘=1A,-. Then A® is a non-empty compactum. Let {V, :ne IN} be a clopen
decreasing base at A" in A. Let (y,:n e IN) be a closed discrete set of non-isolated
points in Uy and let {O, :n e IN} be a clopen discrete family in Uy such that for each
nelN,y, e O,. By corollary 1.2.15 (a) and lemma 1.2.10, there is p € IN such that

supp V, n\U;»,0,=0.

Find a copy K of [1, ] in Oy containing y;. Let L =suppK nX \V,. As under case (b)
we can derive a contradiction. This proves the theorem. O

In the above theorems the proofs are similar to the proofs in section 4.1. The next
prime component to consider is ®. The specific problems that we encounter when deal-
ing with the compact-open topology now become clear. We are able to prove the fol-
lowing theorem which is much weaker than the result we have for ,-equivalence. It is
a generalization of a result in [6].

4.54 THEOREM: Let X and Y be zero-dimensional separable metric spaces. Sup-
pose XY is discrete and Y™ #@. Then X and Y are not ly-equivalent.

PROOF: To the contrary suppose there is a linear homeomorphism
¢: Co(X) > Cy(Y). Write X as a clopen disjoint union X =UT=1X,- such that for each
i e IN, X{! contains at most one point. By theorem 4.5.3, there is at least one i € IN with
X %@, Let K be a copy of [1,®®] in Y and let L =W. Then L is compact, hence
there is p € IN such that L <\U’_, X;. We may assume that for each i ¢ IN, X{!) # @, and
we let x; denote the unique point in X{V.

CLAIM 1: For every f,geCo(Y) with fIK#glIK it follows that
oM (HIL#o7 (@) IL.

Let y e K be such that f (y)#g (y) and let Wy and W, be disjoint open neighbor-
hoods of f (y) and g (y) in R, respectively. Then A ({y}, W) and A ({y}, W) are dis-
joint open neighborhoods of f and g in Co(¥). So ¢~ '(A({y},Wp)) and
o '(A({y}, W,)) are disjoint open neighborhoods of ¢~'(f) and ¢ '(g) in Co(X).
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There consequently exist compact subsets Ky,..., K,,L1,..., L, of X and open sub-
setsUy,...,U,, Vy,...,V, of R such that

o1(f)e DA K, Udco Ay}, Wo))

and
m

07 @) e DAL, V<o (Aly), W)).

We claim there is a z e supp (y) L such that ¢ (f)(z) #¢ ' (g)(z) (and then we are
done). Striving for a  contradiction, assume the  contrary. Let
M={k<p |x esupp(y)}. Then by assumption we have that for every ke M,
O (F)x) =0"1(g)(xx). For every ke M let Iy ={i<n|x; ¢K;}, Jx={i<m | x; ¢L;)
and

Pk = U(K‘ th) v U(L,' f\Xk).
iely ieJy

Then Py is compact in Ty and x; ¢ Py, so Py is finite. Let P =\UyPi. Then P is finite
andPn{x:keM)=0.
Define f: X - R by

o' (fHx) ifxePu X,

f,(-x)= Q_l(f)(xk) ifxEXk\Pk forkeM

and define g”: X - R by

i . :
o (g)x) ifxe PUMLK’X,,

EI= Vg g)n) ifx e Xp\Py forke M.

Then f” and g’ are continuous since for each k € M, X \ P, is a neighborhood of x;.
Let U="Uy . yXi \ Py usupp (y). Then U is a neighborhood of supp (y) on which f*

and g’ coincide. Since ¢ is effective we have ¢(f")(y) =6(g")(y).

On the other hand f’e M., A(K;,U;). Indeed let i<n and xeK; If
xePUUjyX;, then f'(x)=¢"'(f)x)eU; since ¢ (f)e N AKK;,Up). If
X ¢P Uy X; we have x e X, \ P, for some k e M. Since x € K; nX; and x ¢ P, we
have x;eK;, so f'(x)=¢"'(f)xx)e U;. Similarly one can prove that
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g'e ﬁ;'l:lA (L;, V;). We then have 0(f")e A({y}, Wo) and ¢(g") e A ({y}, W1). But this
means ¢(f")(y) # ¢(g")(y), which gives a contradiction. This completes the proof of the
claim.

By lemma 4.1.11, there is a continuous linear function n;: C¢(K) —= C(Y) such that
for each fe C(K), Mmi(f)IK=f and there is a continuous linear function
N2: Co(L) — Co(X) such that for each fe C (L), N,(f) |L =f. Define

8: Co(K)— Co(L) by 6(f)=0""(M1(f)) 1L, and
y: Co(L) > Co(K) by y(g)=0(M2(2)) K.

CLAIM 2: 6 is a linear embedding.

It is easy to see that  and 6 are well-defined continuous functions. We claim that for
every heCo(K) we have y(O(h))=h. To the contrary suppose
®(M2(8(h))) IK #1; (k) IK. By claim 1 we have n(8(h))IL #¢~'(n,(h))|L. But this
implies 6(h) #0(h). Contradiction. Hence 8 is a linear embedding.

By claim 2, we have a linear embedding from Cg([1, ®®]) into Cy([1, a]), where
a < @?. However this contradicts theorem 2.4.1. This proves the theorem. O

§4.6. Partial results on t; -equivalence

We would like to have classification results for the spaces C;(X ) as we had for the
spaces C,(X) in the previous sections of this chapter. The theory developed there
depends strongly on results derived in chapter 1 (corollary 1.2.15 (b)). Example 1.2.12
shows that the method for C,(X) cannot be used for C ;,(X ), i.e., we cannot prove a
theorem such as theorem 4.1.7 for " ;-equivalcnt pairs". We have to find another way
to prove results for the function spaces C; X).

In this section we will prove for l;,-equivalem metric spaces X and Y, that x(X) < ®
if and only if x(Y) < @. The proof of this result is a generalization of Pelant’s proof
that C;, (T) and C; (Q) are not linearly homeomorphic (cf. [42]). The reader should com-
pare this result with theorem 4.1.15, which states that for {,-equivalent metric spaces X
and Y, x(X) <o if and only if x(Y) < ®.

We first need the following definition, which can be found in [23]. A family
F cC(X) is equicontinuous if for every x e X and € > 0, there is a neighborhood U of x
in X such that for each fe ¥ and ye U, |f (x)-f (y)! <€. The following result is
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well-known.
4.6.1 PROPOSITION: If ¥ cC,(X) is compact, then ¥ is equicontinuous.

PROOF: Let x € X and € > 0. The family {<f, X, €/3>: fe ¥} is an open cover of ¥.
Since ¥ is compact, there are fq,..., f,e€ ¥ (ne IN) such that {<f;, X, €/3>:i<n}
covers ¥. Since each f; is continuous, there is a neighborhood U of x such that for all
ye U and for every i <n, |f;(y)—fi(x)| <€/3. Now let fe F and y e U. There is i <n
such that fe <f;, X, €/3>. This implies |f;(x)—f (x)| <€/3 and If;(y)—f (y)| <€/3.
Since y € U, we now have

If @) =f O <If @) -fi) I+ 1) =i+ 1) -f )| <e.0

4.6.2 THEOREM: Let X and Y be first countable t;-equivalent spaces. Then
(a) x(X)< 1ifandonly if x(Y) < 1,
(b) x(X)<2ifandonly if x(Y) < 2.

PROOF: For (a) observe that k(X) < 1 if and only if X =@.

For (b) suppose x(X) <2 and k(Y)22. Then by (a), x(X)=1, which gives that X is
discrete. Since x(Y) 22 there is y € Y which is non-isolated. Let {U, :n e IN} be a de-
creasing open base at y in Y. For every ne IN let f, be an Urysohn function with
fa)=1 and f,(Y\U,)=0. Then f, —X(,) pointwise in RY. Since Xy) ¢C;(Y),
{f, :n e N} is closed and discrete in C,(Y).

Now let ¢: C;,(X )—> C;(Y) be a linear homeomorphism. Then by The Closed Graph
Theorem, ¢: C(X) — Cy(Y) is also a linear homeomorphism. Since C,(X) and C(Y)
are Banach spaces, there is k € IN such that for every fe C*(X) we have

FIAISIOE KA

Let g, ="' (f,). Then lig, I <klif,l=k. Hence (g, :n e IN} c [k, k1X. Since [k, k1¥ is
compact, {g,:neIN} has an accumulation point g e [k, k1X. Since X is discrete
[k, k¥ ©Cp(X) and so g € C,(X). However, since {f, :n € N} is closed and discrete
in C;(Y), {gn :n € IN} is closed and discrete in C;(X). Contradiction. O

Before we prove our announced result we need two fairly simple lemmas. One

deals with function spaces and the other one deals with nets.
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4.6.3 LEMMA: Let X be a metric space with x(X) < w. There is a metric space Y
such that x(Y) =x(X) and Cp(X)~Cp, o(Y) where A=Y

PROOF: We prove the lemma by induction on x(X). If x(X) =1, let Y =X. So suppose
the lemma has been proved for metric spaces X with x(X)<n (n>1). Let X be a
metric space with k(X)=n and let B =X @, Then by proposition 2.3.2, the remark fol-
lowing lemma 2.3.6, and proposition 2.2.2 (a) C,(X)~C,(B)xCp p(X). Since
K(B)=n —1 (corollary 2.2.3), there is by the inductive hypothesis a metric space Z such
that  k(Z)=x(B) and C,(B)~C, c(Z) where C=Z®.  Then
C,(X)~C,, c(2)XC, p(X)=Cp p,c(Z®X). Let Y=Z®X. Then YV=B uC and
K(Y)=x(X). This finishes the proof of the lemma. O

4.6.4 LEMMA: Ler X be a space and B an infinite set. For every b e B let f, € RX
such that for every x e X, {b e B : fy(x) #0) is finite. Furthermore let ¥={ScB:S is
finite)} and define a relation < on ¥ as follows: If S1,S,e ¥ then S1 <S5, if S;1cS;.
For every Se¥ define fs=Zy.sfs. Then (fs:Se¥) is a net in RX and

limg . vfs =2y Bfp-

PROQOF: 1t is easily seen that & is directed by <. Since every S e ¢ is finite, fs e RX,
hence {fs:S € ) is a net in R,

Now let €>0 and P cX finite. For every pe P let S,={be B :fy(p)#0} and
So =UpePSp' Then Sge &. Let $2Sg,pe Pand f=Z,_pfp. Then

If @) -fs@) =12 BfoP) Lo e sfo®P)| = 1 Zp e 5, /(@) —Zpes, fo(p)| =0<e.

Hence limg . »fs=f.0
We now come to the result announced in the introduction of this section.

4.6.5 THEOREM: Let X and Y be l;-equivalent metric spaces. Then X(X) < w if
and only if x(Y) < 0.

PROOF: Suppose x(X)<®w and x(Y)2w. By lemma 4.6.3 we may assume
Cp, a(X)~Cp(Y) where A=XD. Let ¢: C,, 4(X) - C,(¥) be a linear homeomorphism.
Then by The Closed Graph Theorem, ¢: C : A(X) > Cu(Y) is also a linear homeomor-
phism (C:‘ A(X) has its obvious meaning). So there is ke IN such that for every
fe Cu a(X) we have
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%uﬂ <IN KN,

Let B=X\A. Since every element of B is an isolated point in X, we have for each x ¢ B
that f, =Xy e C ;_ A(X), where X,y is the characteristic function of x. Notice that for
each fe C;,' A(X), f=Z, . pa,fy, where a, =f (x). For each x e B, let g, =¢(f,).

For every yeY, let Cy={xeB:g,(y)#0}. Since Cycsupp(y), Cy is finite for
every ye Y. Now define b:Y >R by b(y)=Z,.plg:(y)|. Notice that for every
yeY,b(y)=X,, g, 1gx(») |, hence b is well-defined.

CLAIM 1: bl <2k.

For yeY, let Cy={xeB:g,(y)>0} and Cj={xeB:g,(y)<0}. Notice that
II}:“C;gxll=II¢(Z“C;f,)llsk-llZ“C;thk. Similarly we can prove that
IZ;  c; 8xII<k. So

b))l = 'zxeC;gx(y)_zxeC;gx()’)' < szeC;gx(y)l +1Z,, C;gx(y)l <2k,
which proves the claim.

Now for P cB finite let Mp={Z, po,f,:la,| <k for xeP}. Notice that
Mp =Tl p[—k, k]xTL . x\p{0}.

CLAIM 2: For every y € Y, P c B finite and € > 0, there is a neighborhood U (y, P, €) of
y in Y such that foreach ze U (y, P, €) and fe ¢(lp), | f(¥)-f(2)| <E.

Notice that Mp is compact in C ;_ AX). It is easily seen that for every fe Mp and
€>0, <f,X,e>nMp=<f, P, e>nMp. Since P is finite it now follows that Mp is
compact in C :' A(X) and so ¢(Up) is compact in C,(Y). Hence by proposition 4.6.1,
d(Mp) is equicontinuous, from which the claim follows.

Now find N e IN such that %(N+ )22k

CLAIM 3: There are yg,...,yveVY, Pg,..., PyCB finite and Uy, ..., Uy neigh-
borhoods of respectively yg, ..., yn, such that

(1) for every i <N: Cy, CP;,
QQ)PocP,c -+ CPy,

B)UodU;D -+ DUy,

(4) for every i <N: U; c U (y;, P;, 1/4), and
(5) forevery i <N: y; € yN-i
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We will prove this claim by induction. Since x(Y)2w®, we can find yge Y™, Let
Po=Cy, and Ug=U (yo, Po, 1/4). Suppose yo, ..., ¥n, Po,..., Prand Uy, ..., U,
are found for 0<n<N. Since y,eY¥ ™ and N-n>1, we can find
Yn+1€ U\ yi:iSn) aYN -0+ Letp, =P, uC,  and

a+l

1
Uns1=UnnUQn+15 Prsrs '4—)

This completes the inductive construction and hence the proof of the claim.

Now let g: Y —[—1, 1] be a continuous function such that g (y;) = (—1)‘ for 0<i<N.
Then ligh=1, so lo'(g)I<k. So ¢ '(g)=Z,.p0f, with la,l <k Notice that
Zyep,Ocfy € Mp, for every 0<i <N.

CLAIM 4: g =%, _ p0, g,

Indeed, let ¥={S cB : S is finite} and for every S € & let fg =X, 50 f;. By lemma
4.6.4 ¢_1 @)= liI'nSe.sffS and Z, BOxgx =limg  y2, 50 gy. SO

8 =007 () =0(limg . 4fs) =limg . p&(fs) =limg . # Ty c 5085 =x « B0z
and the claim is proved.

Let 0<i <N. Since Cy, CP; (claim 3 (1)), we have by claim 4,

(_l)i =L, 0L (Vi) =2 P;axgx()’i)-

By claim 3 (3) and (4), yv € U (y;, P;, 1/4). Furthermore Z, . p, 0,8, € O(Up,), so by

claim 2,

1
sze P;axgx()’N) _ExeP,-axgx(y") I < T

If i > 0, we have by claim 3 (2)

IerP;\P.-_laxgx(yN)l = lngP,-axgx(yN)—ExeP;_laxgx(yN)I
= 15 ¢ 08 ON) = ) + (1) T = E, p, 0 N) 121
22— IerP,-axgx(yN)_}:XeP,-azng’i)I -

3
szeP;-l axgx(yN)_zxeP,»_laxgx(yi)l > L

Ifi=0and P_; =@, then

&lw

1
lZXEPi\P;_lang(yN)l = IerPoaxgx(yN)—ZXePoaxgx(YO)+ 1> 1—'4—=
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So by claim 3 (2)

N
3
Exe Py Iaxgx(YN)l ZiE'OlExePi\P,-_laxgx(yN)' > T(N+ 1):

hence

o 3
bON)=Zrepy |8xON) | 2Zxcpy | 180N 1 > (N + 1) 22k,
which gives a contradiction. O

The isomorphical classification of the function spaces in section 2.6 and the first part
of lemma 2.3.7 are not valid for the function spaces of bounded continuous functions as
is shown in the following

4.6.6 EXAMPLE: There are {,-equivalent countable metric locally compact spaces

which are not t;-equivalent.

PROOF: Let X =[1, ®?) and Y =[1, ®®). Since X is an open subspace of [1, ®?],
X@ =X ~[1, ®*]® (proposition 2.2.4). Hence by proposition 2.2.5 k(X)=2. Similar-
ly, x(Y)=w, so by theorem 4.6.5, X and Y are not t;-equivalcnt spaces. However, by
example 2.6.18, X and Y are {,-equivalent. O

4.6.7 REMARK: Ler 2 <n < w. By proposition 2.4 4 there is k € IN such that
Cy([1, @) =C,((1, @) £ C,([1, "' D=C([1, "1
So by lemma 2.3.7 (and the remark just before lemma 2.3.7),
Cp((1, w?)= Cp(@ 1, ) £ Cp(@[1, ™) =Cp((1, @").

This implies that the following is not true: If X and Y are t;-equivalent spaces and
n >2, then x(X) < nifand only if x(Y) < n.

Motivated by theorems 4.6.2 and 4.6.5 and remark 4.6.7 we state the following:

4.6.8 CONJECTURE: Let X and Y be t; -equivalent metric spaces and let o be a
prime component. Then
(a) x(X) <aifand only if x(Y) < o, and
(b) x(X)<a+1ifandonly if x(Y) <o+ 1.
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Nederlandse Samenvatting
Lineaire en Topologische Equivalentie van zekere Functieruimten

We beschouwen voor een Tychonov ruimte X de verzameling C (X) bestaande uit
alle continue reéelwaardige functies. Op deze verzameling leggen we de topologie van
puntsgewijze convergentie en we noteren C (X) dan als Cp(X). In [40] bewees J. Naga-
ta de stelling die zegt dat twee functieruimten C,(X) en C,(Y) als topologische ringen
isomorf zijn dan en slechts dan als X en ¥ homeomorf zijn. Na deze stelling werd het
interessant C,(X) te bekijken als topologische vectorruimte of gewoon als topologische
ruimte. Wij houden ons in dit proefschrift voornamelijk bezig met de vraag onder
welke voorwaarden deze functieruimten lineair homeomorf dan wel homeomorf zijn.
Artikel [1] speelt daarbij een belangrijke rol.

We beperken ons niet tot de topologie van puntsgewijze convergentie, maar we
beschouwen ook andere topologieén op C (X) (voornamelijk de compact-open topolo-
gie op C (X), die we noteren als C (X)) en op C ‘(X ) de verzameling van continue be-
grensde reéelwaardige functies.

We geven nu een opsomming van de belangrijkste resultaten. In hoofdstuk 1
bewijzen we voor normale ruimten X en Y die aan het eerste aftelbaarheidsaxioma vol-
doen het volgende:

Als Cp(X ) en C,,(Y) lineair homeomorf zijn dan is de verzameling verdich-
tingspunten van X aftelbaar compact dan en slechts dan als de verzameling ver-
dichtingspunten van Y aftelbaar compact is.

Dit resultaat is verkregen in samenwerking met J. van Mill [5]. De eerste-
aftelbaarheidsaxioma-eis is hier essentieel. Verder bewijzen we voor metrische ruimten

X en Y het volgende:

Als er een continue lineaire surjectie van C,(X) op C,(Y) bestaat dan is Y vol-
ledig metriseerbaar wanneer X dat is.

Dit resultaat is verkregen in samenwerking met J. Pelant [7] en lost een bekend pro-
bleem van Arhangelskii op.

In hoofdstuk 2 beschrijven we een volledige isomorfe classificatie van de func-
tieruimten Cp(X) en Co(X) (gezien als topologische vectorruimten), waarbij X een ele-

ment is van een van de volgende klassen:

(a) nul-dimensionale compacte metrische ruimten,
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(b) compacte ordinaalruimten,
(c) o-compacte ordinaalruimten en
(d) locaal compacte nul-dimensionale separabel metrische ruimten.

De isomorfe classificatie van de functieruimten C((X), waarbij X een element van
klasse (a) of (b) is, was al bekend (zie [10] en [34]). Na deze resultaten is het interes-
sant om functieruimten van niet locaal compacte ruimten te bekijken. In hoofdstuk 3
bewijzen we voor niet locaal compacte aftelbare metrische ruimten X en Y, dat C,(X)
en C,(Y) homeomorf zijn. Dit resultaat is verkregen in samenwerking met J. van Mill
en J. Pelant [6]. Het is later ook afgeleid voor niet discrete aftelbare metrische ruimten
([16] of [20]), maar met andere methodes.

In hoofdstuk 4 bekijken we de functieruimten C,(X) voor metrische X. Een vol-
ledige isomorfe classificatie van de ruimten C,(X) (als topologische vectoruimten)
wordt beschreven voor aftelbare metrische ruimten X van "scattered height" hoogstens
. Er wordt een poging gedaan duidelijk te maken waarom een isomorfe classificatie
met betrekking tot alle aftelbare metrische ruimten nauwelijks haalbaar lijkt. Verder
worden in dit hoofdstuk nog enkele hiermee verband houdende resultaten afgeleid voor
Co(X) en Cp(X).
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STELLINGEN

Stelling 1: Laat X en Y metrische ruimten zijn, zo dat de functieruimten C;(X ) en

C;(Y) lineair homeomorf zijn. Dan is X volledig als en alleen als Y volledig is.

Stelling 2: Propositie 1 van het artikel "On linear homeomorphisms of function
spaces" van A.V. Arhangelskil (Soviet Math. Dokl. 25 (1982) 852-855) is onjuist.

Stelling 3: Stelling 2 van het artikel "Spaces of continuous functions IV (on iso-
morphical classification of spaces of continuous functions)" van C. Bessaga en A.

Pelczynski (Studia Math. 19 (1960) 53-62) is onjuist.

Stelling 4: Het bewijs van stelling 1 van het artikel "Classification of spaces of con-
tinuous functions of ordinals" van S.V. Kislyakov (Siber. Math. J. 16 (1975) 226-231)

is onvolledig.

Stelling 5: Er is een classificatie van de klasse van alle verstrooide aftelbare
metrische ruimten, die een uitbreiding is van de stelling van Sierpinski-Mazurkiewicz
voor compacte aftelbare metrische ruimten.

S. Mazurkiewicz and W. Sierpifiski, Contributions a la topologie des ensembles dénomerables,
Fund. Math. 1 (1920) 17-27.

Stelling 6: Zij C de verzameling van Cantor, en zij X een willekeurige nuldimen-
sionale compacte metrische ruimte. Dan zijn de vrije groepen van C en C @ X topolo-

gisch isomorf.

Stelling 7: Troff geeft een mooier resultaat dan TgX.
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