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CHAPTER 1

The fundamental stochastic process

1. General properties

In this chapter we shall consider a class of stochastic processes

with a common state space X*.

The state space X* with points x is an M-dimensional Borel set.
Since X* is also the parameter set of the class of stochastic proces-
ses considered, we denote the latter by {S: i cx“}.

The stochastic processes S; are defined by means of the following
tools:

1) the state space x™ with points x;

2) a space Q* with points w ;

3) a family of w-functions {x:(m); te|0,»)}, defined on Q*, such
that for each t € [0,=) the w-function x:(w) maps 2% into X“;

4) the o-field G* of M-dimensional Borel sets in X*;

5) the smallest o-field H* with respect to which the w-functions
{x:(w); te [0,»)} are measurable.

6) the function P*[K;x] of sets K EH* and points x EX*, satisfying
the properties:
a) for each x¢€ X*, the set function P*[K;x] assigns a probability

measure to the sets KCH*;

b) for each K€ H“, the x-function P*[K;xj is measurable with res-

pect to G*.

A stochastic process S: is defined by a family of stochastic variables

{x;

—t;x
o

; te [O,@)), the grobability distributions of which are given by
* eal=p [A
Prob {Et;xo =P [ t;A’xéj 5 (1.:1)

A . .
where ;A is defined by

def
Ay - {wlx:(w)eA} (1.2)



>*
and AeG .
For each x the set function P*[K;xj represents a probability
measure P* defined on H*. Consequently, for each x €X we have a

triple {@*,H*,P"} . Such a triple is called a probability space. The

»*
stochastic processes Sx are defined by means of probability spaces

with identical Q™ and H*, but with different probability measures P*.

¥
The points x €X” and we Q are called the states and the real-
izations of the stochastic processes respectively. The space Q¥ is
called the sample space, while the functions xt(w) are named sample

functions. Finally, the points te [0,») represent points of time.

Usually in the theory of stochastic processes the o-field H“ is
completed with all subsets of sets of probability measure O. In this
section, however, we consider various probability measures P“[?;x];
one for each x€X . So,if we want an "x-free' extension of H', we need

to be more selective in completing the o0-field H*.

Let A: be an w-set with the following properties:
1) for each wsX:, the t-function x:(w) is continuous from the right;
2) in each bounded time interval in [b,W) and for each w eiﬁ, the

t-function x:(w) has only a finite number of discontinuities.

Assumption 1

For each x¢€ X*, a set Kxe H* can be found such that
a) A*c K -
o X
b) P*[Kx;x] = 0.

The o-field F* is the smallest o-field of w-sets that contains H*
and includes all subsets of A:.
The demain of definition of the set function P*[K;x] is from now

on regarded as extended to F . This extension is unique (cf.[1] p.90).

Lemma 1.1

For each K¢ F*, the x-function P*[K;x] is measurable with respect
>

to G .



Proof:

If K eH*, the x-function P*[K;x] is measurable with respect to
*® . . »* *
G (cf. tool 6 of Sx). Further, if KCAO, we have P [K;x] = 0 for all
XE X*.
Let J be the class of w-sets K¢ F* for which the assertion is
true.

We have now proved that
»*
a) JoOH ;
»*
b)KchchAd
The following points can easily be verified:

c) Ked if K€ J;

o
d) _U K e€J if K. eJ and if K. c K. (j=1,2,...).
J=1 J J J J#l

These properties of J imply that J is a o-field, which contains
H* and includes all subsets of A: (Eﬂ p.599) . Hence, J=F .
Now we are in a position to prove the following lemma:

Lemma 1.2.1

If I is any open time interval and if B is a closed set in X*,

then for
def »*
= w w) €
W.p = WV, ., x @ eB) 1.3)
we have -
MI;BEF 8 (1.4)
Proof :

Let {tj;j=1,2,...} be the set of all rational numbers in [b,w),

Obviously, we have

A o M_ 1.5)

and thus
e =
Aontjﬂ“.\j_ SAXAM . (1.6)



The left hand sides of (1.5) and (1.6) belong to F*. We now prove
the converse of (1.6).
For each te I a monotone decreasing subsequence {sm;m=1,2,...}

of (tj;j=1,2,...} can be found such that

lim 8. = t . @.7)
m- ®

. = A ; .
Hence, if w EAO N t(l.l tj;B’ we find (B is closed)

»* »
x,(w) = 1lim x_ (w) €B. (1.8)
% Sp¥v t Sy

This result can be obtained for each t el and therefore

1)
e -
D P ETI L G.2)
J
From (1.6) and (1.9) it follows that
Y 3 _ * 04
e MI;B =A% N tQI AtA;B € F. (1.10)
J d
Since F* includes all subsets of A: we have
kol
M eF . (1.4)

This terminates the proof.

Let i1 and i2 be the left and the right boundary point of an open

interval I respectively. If B is a closed set in X*, we have

td

1) M{i JoI;B = A, ;Bn MI;BEF ; (1.11)
1 1
>
e T Tl b T LR .12
2 2
3) M 2 *
) {il}qu{iz};B Ail;BnMI;BnAiz;BEF' (1.13)

1) The identity (1.10) implies the separability of the stochastic processes
{S:;x EX“} with respect to the class of all closed sets (cf.[?] p.51).



So we have proved the following lemma:

Lemma 1,2

If B is a closed set in X and if I is any interval in [b,m),

then
¥

€
MI;B F .

Lemma 1.3

(1.14)

»*
If B is a closed set in X , there exists a sequence of open sets

{Bn; n=1,2,...} and a sequence of closed sets {B: ; n=1,2,...} satis-

fying :
e L
1) Bn_lb Bn 2 Bn: Bn+1 H
oo o 5
2) N B =N B =38B.
n=l n n=l n
Proof :

Let B_ and B: be defined by

def i |
B = {x|3xleB; lx—x1|<E}
and
x def X 1
B = {xiax € B; |x-x1|:;}
1
respectively.

The assertion will now be obvious.

Lemma 1.4.1

(1.15)

(1.16)

(1.17)

(1.18)

If B is any open set in X* and if I is any interval in [O,m),

for def »*
AI;B = {w |3t g, xt(m) € B}
we have >*
A
I;B eF .
Proof :

By lemma 1.2

Lemma 1.4.2

(1.19)

(1.20)

(1.21)

If B is any closed set in el and I is a bounded closed interval



[il,iz'_] in [0,), then

A eEF . (1.22)

Proof ;:

We consider the sequence T = {tj; j=1,2,...} consisting of

a) the points i1 and iz;

b) the rational points in I.

If
mgX:n Mg o (1.23)
then
c x:(w)cB. (1.24)

Since the t-function x:(w) is continuous from the right, the following

statements are true:

£ 3 >» R
vV.3,..3. V. & [t t+_§\_]xt(w)cB&xs(w)eBk £1.25)
l Rl ; >* L
Ve du Va 3t ETvsa[t + =] Zx, S e B, Ex e B, .
g 4 (1.26)
Hence, (1.23) implies
™ U
wEAonkrz\l m=1l n= t,eTAt_;Bn M"t ]B (1.27)
J J n
Thus,
Id *n N U U
AoﬂAI;BcAo i k=1 m=1 n=1 e e ;Bn Ml:t t+l-_];B .
J i’ n m
(1.28)
We shall now prove the converse of (1.28).
If (1.27) is true, then
m, 2 >2 \7/ 1
{m, k12,...} {tk o [ T B ssl'_t +—m-k 1]
>* e & >*
w w) €
By (w) Bn xs( ) Bk' (1.29)

kn



For each k we consider the sequence of points {tkn;n=1,2,...}.
If n;no, we find
>* >
Xy (W) eB ¢ B_ . (1.30)
n n
kn o o
Since I is closed and bounded, the points of accumulation
{t; ; a=1,2,...)} of {t, ;n=1,2,...} belong to I. If (1.27) is true,
one of the following cases will arise:
a) At least one of the points {t;; a=1,2,...} , say ti, is a point

>*»*
of continuity of the t-function xt(w);

b) All points {ts; a=1,2,...} are points of discontinuity of the

t-function x:(w).

In case a) it follows from (1.30) that for the point w considered

we find * (T -
xg(we 11, B =B. (1:81)
k (6] o
Hence,
weh _nART, (1.32)
I;B o

In case b), because of assumption 1, the number of accumulation points
must be finite (w € Kﬁ).

o
If s is defined by

k
a a 1
s, =t +— ; k=1,2,... , (1.33)
m
k k 2 k
then, since —Elfr- > 0, for each o an integer n can be found such
k
that = “ 1
Sk € l:tkn ’tkn + —-mk—_f] . (1.34)
a a 2
Consequently,

*

*
X o WYe B ; k=1,2;.:s 1.85
sa k ) ( )

k

If té denotes the superior of {ti; a=1,2,...} and if we consider the

sequence {tL;k=1,2,...}, then we can easily verify that this sequence
runs through a finite number of points in I (points of discontinuity

of x:(w)). So a subsequence of {tk;k:l,Z,...}, say {t h=1,2,...},

K(h)’



exists that satisfies

tk(h) = t' = lim inf {tk;k=l,2,...}. (1.36)
Now let sk be defined by
n
8, = ti * oy k=1,2,... (1.37)
2
Since k(h)> h and thus Bk(h) B*, it follows from (1.35) that
x: (w) eBh ; h=1,2,3,... . (1.38)
k (h)
Further, we can easily verify that 1lim Sk(h)‘ t' and thus for each
h+ e
h (v e N
o o
t,(w) = lim xS (w) eB; . (1.39)
h-+w k (h) o
Consequently,
Yowe N B; = B. (1.40)
o
Hence,
A, _naR™
wE gt s (1.41)

We have now proved that both case a) and case b) lead to (1.41).

This implies that the converse of (1.28) is also true.

Thus N o © ©
T e N u
A e L L T Mre e+ 3];3*
J J’n m k
e F. (1.42)
and therefore »*
AI'B EF . (1.43)

This ends the proof.

The following lemma can easily be proved (cf. (1.11), (1.12) and
(1:13))1

Lemma 1.4.3

IfI is any interval in [Q,m) and if B is a closed set, then

A F
;B eF . (1.44)



Lemmas 1.2, 1,4.1 and 1.4.3 imply:

Lemma 1.4

If T is any interval in [O,m) and if B is either closed or open,

new A eF" (1.45)

and M = A EF (1.46)

I;B I;E
>
If C is a closed set in X and if w is a realization of a stoch-
astic process S:, let t(w;C) be the moment that the system is for the
>
first time in C. If the initial state of the stochastic process Sx be-
longs to C, then t(w;C) = O,

This point of time can also be defined by

t(w;C)

i S < * _—
def inf {t:|xt(w) eCil; it xt(w) € C for some finite t.
N (1.47)

», otherwise.

Let the w-set EI-C be defined by
)

. fgt {w|t(w;C) e I}, (1.48)

where I is an interval in [O,m).

Lemma 1.5.1
For any interval I in EO,w) and for each closed set C we have
*

:I;CEF s (1.49)

o3
(Thus, t(w;C) is measurable with respect to F .)
Proof :
Let us consider a closed interval I = Eil,iz]. It can easily be

verified that for this choice of I the w-set -A—:nE is given by

IC

(1
|

7% o o



10

The proofs for other types of intervals are obvious. This ends

the proof.

»*
Let us introduce the w-functions x (w;C), defined by

»*
X Ly (W), if t(w;C) < =,

x*(w;c) dgf I: £ w30 (1.51)
x:(m), if t(w;C) = o,

Note that by this definition the state at the end of the period
[O,t(w;C)] is given by x*(w;C) if t(w;C) <.
ka2
The function x*(m;C) is defined for each w €Q.

Let the w-set AB'C be defined by

’

>
Ao def fwlx (w:C) B} . (1.52)

Lemma 1.5.2
»*
For each B €¢G and for cach closed set C we have

A € F . (1.53)

»*
(Thus, x (w;C) is an w-function which is measurable with respect to
Lol
F.)
Proof :

Let for a fixed m the w-function x?m) (w) be defined by (k=1,2,...)

X, . (uy 9T oWy I weh Vs 0 e
) x. (W, if wez, . ATE. (1.54)
That is o
X, W= L x, . (W) Fo(w), (1.55)
(m) keo M)k k-
zl'ﬂ
where 5
(w)dgf 1, If wcl\oU :[O,w);c
X(m) ;0 B (1.56)

o, otherwise

and for k=1,2,...
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. = _*
1, if wet= k-1 k., 8l Ao
def [ m ’ —;)’C
Xmysk (@ = 2 P (1.57)
Q5 otherwise .
Obviously, the w-functions {x(m)_k(w);k=0,1,...} are measurable with

respect to F*.
Consequently, the w-functions x;;)(w) are measurable with respect to
Fr.
It can easily be verified that for m » « the sequence of w-functions
{x:ﬁ)(w);mzl,z,...} converges everywhere to an w-function, let us say
x:;)(w). From this it follows that the w-function x?w)(w) is measur-
able with respect to F*.
Since for w 5K§ the t-function x:(m) is continuous from the right,

we find for these points

*

Xy (W) = x7(w;0). (1.58)

Consequently, if B CG*}

T _ * . e *
bg.c N AT = {w |x(w)(w)€ B} n A% ¢ F . (1.59)
Thus,
Red
AB;C e F . (1.60)

This ends the proof.

Let us assume that the set C has been chosen in such a way that

for each x EX* we have
> 2
3 [‘[o,m);c’x] =1, (1.61)

Since each combination of a measurable w-function and the probability
space {Q*;F*;P*} generates a stochastic variable, the w-functions

t d x5 .
—Cix an EC;X

The probability distributions of these variables are given by

t(w;C) and x"(w;C) lead us to the stochastic variables

def s .
Prob{t, eI}'=" P [_I;C,x] (1.62)
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and

> def 3
€ = g 1.63
Prob{§c;x B} P [AB;C’x] ( )
respectively.
The stochastic variable Ec'x represents the length of the time
)

period preceding the moment at which the system first is in C, while

§;:x denotes the state at the end of this period if (1.61) is true.

Summarizing:
Lemma 1.5

If assumption 1 and condition (1.61) are satisfied, the probabil-
ity distribution of the length Ec;x of the period preceding the moment

at which the system first is in C and that of the state §;:x at that
’

point of time are defined. They are given by (1.62) and (1.63) respect-
ively.
Let B be a closed set in X* and let us define a family of w-

functions {x:(w;B); t e[O,m)} by

> R . &
- def %y ot AT TLBY <
xt(w;B) = * (1.64)
xt(w), if t(w;B) = o,

Lemma 1.6

>
The w-functions (xt(w;B); te [O,w)} are measurable with respect
ko3

to F .

Proof:

Let us consider the w-functions x (w), for k=1,2,..., de-
(m);t ’ )

fined by

2 def 'I:O,w);B

Ry g™ = - _ (1.65)
’ x (W), if ae* n = .
k o

t+ —

m

»* ) 2
xt(w), if w EAO V]

N
[\V)

Then

(w), (1.66)
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where

»*
1, if UV E
y 1 NCAO [O,W);B

X, €t l: (1.67)
: e
0, if w cAo N [O,m);B

(43

and for k=1,2,;...

if welA* n =
def ’ “r-k-1 k

X, (@) £ ° [—m. —)iB

2 2 (1.68)
0, otherwise,

The remainder of the proof is identical with that of lemma 1.5.2 and
is therefore omitted.

This ends the proof.

It follows from (1.64) that for each w € Kz

»*
1) the t-function xt(w;B) is continuous from the right;
%
2) in each finite time interval in [p,m) the t-function xt(w;B)

has only a finite number of discontinuities.

If B and C are closed sets, let us introduce the w-functions

t(w;B;C) and x*(m;B;C), defined by

inf {t|x:(w;B) eEC); if x:(w;B) € C for some
finit
t(w;B;C) dgf inite t
©, otherwise (1.69)

and
>

. sor xt(w;B;C)(w;B)' if t(w;B;C) < =
x (W;B;C) = 2 (1.70)
xo(w;B), if t(w;B;C) = =

respectively.

Lemma 1.7
If B and C are closed sets in X*, the w-functions t(w;B;C) and
»*
x (w;B;C), defined by (1.69) and (1.70), are measurable with respect
I
to F .
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Proof:
The function x:(m;B) has the same properties as the function
x:(w). Therefore, lemma 1.7 is a direct consequence of lemmas 1.5.1

and 1.5.2.,

If C is a closed set in X*, a sequence of open sets {En;n=1,2,...}

can be found such that (cf. lemma 1.3)

B 2B . DiisesDC (1.71)
n n+l
and ‘; _
B = C. .
LR C 1.72)

Consequently, the sequence of Closed sets {Bn;n=1,2,...} satisfies

Bnc Bmlc.....cc (1.73)
and ©
U B =T
aeq e C. (1.74)

If C is a closed set in X and if w is a realization of a stochastic
process S:, let t(w;Bﬂ) be the moment that the system enters into C
for the first time.

If the initial state of the stochastic process S: belongs to E,

then we obviously have

tw; [C]) = t(w;0). 1..75)

If the initial state is an element of C, then t(w;C) = O but the first
entry in C does not occur before a state of C has been assumed.

Let us consider the sequence {tn(w);n=1,2,...}, defined by
def
tn(w) = t(w;Bn) + t(w;Bn;C). (1.76)

Obviously, the w-functions tn(w) are measurable with respect to F*.
The function tn(w) represents the time needed for being first in Bn

and then in C., Consequently, by (1.73)

t(w; [c]) < tn(w). 1..77)



15

Since

0t (Wt (w, (1.78)

-1
we can define an w-function tm(w) by
lim tn(w), if tn(w) <o for some n.

t, (W) = I:“ = (1.79)

», otherwise.

»*
It can easily be verified that t_(w) is measurable with respect to F .
It follows from the definition of t(w;[C]) that for each § >0 and
for some t ¢ [O,t(w;[C]) + §) we have

x:(w) eC. (1.80)
Thus for some t €[0,t(m; rC])+ §) and a sufficient large n

»*
x,(w)e B . (1.81)
€ n

Hence, for each § >0 and a sufficient large n
L]
t(w; [C]) = t(w;B ) + t(w;B ;C) +§ . (1.82)

Thus, by (1.77) and (1.82)

t(w; [C]) = t (w). (1.83)

So we have proved the following lemma:

Lemma 1.8.1

¥
The w-function t(m;[C]) is measurable with respect to F .

»*
Let us introduce the w-function x (w; [C:l), defined by

s ) i -
[ xt(w;[C])(w)’ if t(w,[C]) <

< [c] %t (1.84)

* .

xo(w), if t(w;[C]) = 0o
Note, that by this definition the state at the end of the period
[O,t(w; [C])] is given by x*(w; [C-_I) unless t(w; [CJ) = ™,

»*
We shall now demonstrate that the w-function x (w;[C]) is measur-

able with respect to F*. To this end we introduce the sequence of w-
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functions {x?n)(w);n=l,2,...}, where
> »* >
X (w) = X(w) x (w;B ;C) + (1- X (w)) x (W) (1.85)
(n) n o

with

1, if t(w;[C]) <w and w € A% .
o
x(w) = |:

. »*
0, if t(w;[C]) = wor if we A . (1.86)

It can easily be verified that the w-functions {x:(w);n=1,2,...} are

Rad
measurable with respect to F .

Since
t(m;&ﬂ) = 1im (t(w;B ) + t(w;B ;C)) , (1.82)
N> «© n n
we find for w EA*
o »* ‘[] - * 1
x (w;|C|) = x(n)(w). (1.87)
»*

This implies that for all w the sequences {x (@) in=1,2;:..)

(n)
>
converge to a limit, say xm(w).
»*
The w-function xm(w) is measurable with respect to Fr.

Obviously, we have for w € Kz

x (w3 [€]) = x(w). (1.88)

So we have proved the following lemma:

Lemma 1.8.2

»* »*
The w-function x (w;Bﬂ) is measurable with respect to F .

Let us introduce the w-sets EI-[
’

C] and AB'[CJ' defined by
51-[c] et (u|tw;[ch € 1} (1.89)
and
AB'[C] gt {wlx*(w;[c]) € B} (1.90)
respectively.

We now assume that the closed set C is chosen in such a way that

for each x
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P [EEO,‘”);I:C];X] = L (1.91)

The w-functions t(w;Bﬂ) and x(m;Bﬂ) together with the probability
¥ K K
spaces {8 ;F ;P } generate the stochastic variables_EBﬂ.x and

>*
E[p]'x; the corresponding probability distributions are given by

Prob {l[c] S 8 def p* [EI_[C];x] (1.92)
and

Prob {')_:EC:I - B} def P [AB'[CJ ;x:] (1.93)
respectively.

The stochastic variable tBﬂ represents the length of the time
period preceding the first entry in C, while x[ ] denotes the state

at the end of that period if (1.91) is true.
Summarizing:

Lemma 1.8

If assumption 1 and condition (1.86) are satisfied, the probabil-
ity distribution of the length E[C o5t of the period preceding the first
entry in C and that of the state Etd];x at that point of time are de-
fined. They are given by (1.92) and (1.93) respectively.

We now consider the w-functions x:(w;Bﬂ), defined by

»* . . -
* def Xt (w; [C])+t(“’)’ if t(w; [C]) <.
x, (w; [€]) g . (1.94)
xt(w), if t(w;Bﬂ) =

Repeating the arguments made in the proof of lemma 1.6 we can prove:

Lemma 1.9

>
ghe w-functions {xt (M;Eﬂ);t e[O,w)}are measurable with respect
to F .
Our future discussions are based on the following assumption:

Assumption 2
>
If x (t) is any mapping of the time axis [b,w) into the state

>
space X , one and only one point w can be found such that
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x:(uo = x*(t). (1.95)

We introduce the following notation:

ok def *
Xt(w,to) = Xt (w). (1.96)
o
Lemma 1.10
* »*
For each WE{ and t0 € [O,E), one and only one point w € ¥ can
be found such that for t 20

»* »*
xt(wl) = xt(w,to). (1.97)

Proof :

»* »*
If we write x (t) = xt(w;to) the assertion follows at once from

assumption 2.
The point transformation, defined by (1.97), will be denoted by

w =T, (w). (1.98)

The point transformation (1.98) also introduces a transformation
of w-sets.

The wl—set Kl will be called the to-image of K if

K, = {w, |w =T, (W, weK}, (1.99)

We write!
K. =T, (K). (1.100)

=1
Conversely, we can define a set transformation K = Tt (Kl) by
o

-1 def
Tto(Kl) = {mlm1 = Tto(w), weK}. (1.101)

¥
If Kle F , let us introduce the class

* def -1 »*
Fto = {Tto(Kl)|KlsF }ou (1.102)
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Lemma 1,11

-1
The set transformation K = Tt (Kl) generates an isomorphism of
> >
F with Ft . ©
o

Proof:

kol
We first prove that Ft is a o0-field. This can easily be done

by verifying the following groperties:
)y 2 e B
€
- t
o

= | >
T, (K,) €F_, then
o o

b) if K

i L3 _1 _1 % »*
= - = Q - € o
K Tt (Kl) Tt ( Kl) Ft y

o o o
i -1 (k €F, i=1,2
c) if Ki = T, ( 1:1) Ft (i=1,2,...), we also have
o o
- . - L .2
'U K, = U T, W 0 =T (.U Ky € Fp -
i=1 i=1 o o i=1 o
>*
Consequently, Ft is a o0-field.
o
Since
-1 =1
T = &= T € =
T, (T, (X)) {‘“1"“1 ¢ W5 weT ")}
o o o o
= € =
{w o, €K} =K, (1.103)
‘ : =1 >
the set transformation K = Tt (Kl) generates an isomorphism of F
»*
with Ft . ©

o
This proves the lemma completely.

Lemma 1,12
¥ ¥ L
The o-field Ft satisfies Ft CF.
o o
Proof :

Let J be the class of sets K belonging to both F* and F: . Ob-

viously, J is a 0 -field. °

Let J1 be the class of sets Kle F satisfying Tzl(Kl) € J.
o
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The following properties of J, can easily be verified:

i

e =
a) If K. €J then T 1(K ) Tt (Kl)€ J. Thus, K _€J

s M t 1 i~ 943
o o
-1, () 0 ot
€ T = K J.
b) If Kl;im J1 , then to(i=1 Kl;i) i1 Tto( 1;i)e
U €
Thus, Y, Kl;i I
Hence, J1 is a O-field.
) 1t K. € A~, then T.2(K.) < A~ and thus T. (K ) €J
¢ 1 e en to( 1 < s an us to( 1 .
Consequently, Kl eJl;
d) I1f K, = A ith B € G, then T.L(K,) = A €J. Th
1 - "¢ M p BER Be WP N Bpuw g v SoHDy
o o
A &3 5
t:iB Jl
Hence, J1 is a 0 -field that contains the sets At'B and the subsets
»* > " * 7
of Ao' Thus, J1 = F . Consequently, J = Ft EF .,
o

This ends the proof.

Lemma 1.13
* »*
For each wefl and for each closed set C €G one and only one point

*
w1€ ¢ can be found such that

* *
xt(wl) = xt(w;Bﬂ); t>0. (1.104)
Proof :
> >
If we write x (t) = xt(w;Bﬂ), the assertion follows at once from

assumption 2.

The point transformation, defined by (1.104) will be denoted by
W =T w). .
1 Bﬂ( ) (1.105)
This point transformation also introduces a trnasformation of w-sets
B
in @ . The w -set K, will be called the [C]-image of K if

K = (oo = T[CJ(w); w e K} . (1.106)
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Lemma 1.14
1f

Q[C] is defined by

* def 3,
Q[C] = T[C](Q Y, (1.107)
then
. = E
]
Proof :

©,*;[c]" “0;c *

(1.108)
If we have either t(w; [C])

= 0 or t(w;[C]) =
(1.104) we find wl‘ = TI:C] (w) = w, Consequently, t(wl;[C]) = t(w;[C]).
Hence, wl € :(O,m);[CJ'

® by (1.94) and

If O <t(w;[C:|) <®  then t(wl;C) = 0. Therefore, w
So we have proved that

€ g B
1 0;C
Trq @ c = U =
[C]( ) (O,m);[C] 0;c (1.109)
We shall now demonstrate that the converse of (1.109) is also true.
If w' € :(O,"’) : [C] , then
w' = T[C] (w") (1.110)
and thus -
w' € Trpa(2 ). (1.111)
[]
If w' e E ., if w'" satisfies
tw";[c]) >0 (1.112)
and if w'' is given by
* m" "
xt(w ), if t<t(w ;[:C])
»*
Xt(w"') = l: - (1.113)
ot (u"; [y (W) A T2t (e
then

w' = T[C] (U”') P

(1.114)
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Consequently, if w' € EO-C’ we also have
’

. .
w € T[C](Q ). (1.115)

i zi if w' € 8 g i
Summarizing, if (O:m);Bﬂ U 0;c’ we find

»
and thus
« .
T & =
[C](Q ) D ’(o,m);[c]U 0:c* (1.117)
The relations (1.109) and (1.117) imply
T sl = E, uE . (1.118)
(c] 0,=);[c] © To;c

This ends the proof.
: s =1
Conversely, we can define a set transformation K = TBﬂ(Kl) by
-1 def
= = : " 1.
T[C](Kl) {wlw T[C](w), w ek ) (1.119)

Let us consider the following classes:

p[C]  det (K, 0 Q'EcjlxleF*} (1.120)
F*[C:[ dgt {T—[é](}{l) | ¥, a2 (1.121)

Repeating the arguments made in the proofs of lemmas 1.11 and 1.12 we
find:

Lemma 1.15

The set transformation K = TT;](KI) generates an isomorphism of
*Bﬂ . ol
F with F

(]’
Lemma 1.16
The o-field Fr tisfies Frq € F
e o-fie satisfies Y
[€] []
In future we shall use the point transformations w o= T%b](w),

defined by
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T1 (w) =T (w) (1.122)

@ e
g O = g O O 35

The point transformation w = TJ (w) introduces a transformation of

€]

and
(1.123)

w-Sets.
e write K, = TV . (K) (1.124)
]
AL p
K = {u le = T[C](w), w € K}. (1.125)
We obviously have
1
T _(K) =T__(K). (1.126)
(€] (c]
Conversely, we can define a set transformation K = [](K ) by
-j —1 -Jj+1 ;
T _(K) = (T (K)); §=1,2,... (1.127)
[] 1]
with o
T[C] (Kl) = Kl' (1.128)
By means of lemmas 1.15 and 1.16 we can easily verify:
Lemma 1.17
If KeF, then T[](K) eF.. (1.129)
If K € F, then T ° (k) € F. (1.130)

€
Consider a closed set C in X*, satisfying the following assump-
tion:
>

For each j 21 and for each x€X we have

p* [1 9" = );x] =1 (1.131)

g x| = 1 .
[c] ,=;[c]"’

Let us define the w-function tj(w;ﬁﬂ) by

, S Y
ti(w; [€]) = t(T[C](w),[C]). (1.132)
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By lemma 1.17 the w-function tj(m;Bﬂ) is measurable with respect to

Fr.

" st th
By (1.131) the length of the period between the (j-1) and the j

entry in C is almost surely defined and equal to tj(w;Bﬂ).

*
Let us define the w-function xj(w;Bﬂ) by

x @i e = x * ;[ (1.133)

[€]

By lemma 1.17 the w-function xj(w;Bﬂ) is measurable with respect to

>
E .

th
By (1.131) the state at the j entry in C is almost surely defined

and equal to xj(w;Bﬂ).

Summarizing:
Lemma 1.18

The w-functions t (w; [€]) and x (m Bﬂ) (j=1,2,...), defined by
(1.132) and (1.333) respectlvely, are measurable with respect to F

The w-functions t_ (w; Bﬂ) and x (w Bﬂ) together with the pro-
bability spaces {Q ;F P } generate the stochastic variables
kel
t . and x .; the correspondin robability distributions
=[€] 5x;3 =[c]sx;3° g & P ¥

are given by

def -
Prob {1[c];x;3' eI} = P [T[C] (“1;[c:|)"‘] (1.134)
and
»* def J+1
Prob {f[c];x;j €B} = P [T (8, I:C]) %] (1.135)
The stochastic variable tBﬂ 3 represents almost surely the

st th
length of the period between the (j- 1) and the j entry in C, while

x . denotes the state at the jth entry.
=[c]sx;3

So we have proved the following lemma:

Lemma 1.19
If the assumptions 1 and 2 and the condition (1.131) are satis-

fied, the probability distributions of the lengths_EBﬂ_x.j of the
) b
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periods between successive entries in C and those of the entry states

>
x . are defined. They are given by (1.134) and (1.135).
=[c]ix;3 ¥ & s

2. Random losses

The considerations in this section do not longer start from the
assumption that almost all t-functions x:(w) are continuous from the
right. On the other hand we still assume that almost all t-functions
x:(w) have only a finite number of discontinuities in a finite inter-
val. Moreover, the assertions, stated in lemmas 1.5 ff.,, are supposed
to be true. In chapter 2 of this part we shall show that in a special
case these lemmas can be proved without the continuity assumption,

A stochastic process S: is also called a random*yalk in X*. Let
us assume that losses are incurred during walks in X , We distinguish
the following types of losses:

a) The "first type' loss is defined by means of a closed set A and

a bounded real valued function Y (x), which is measurable

5 disc 5
with respect to G . If the initial state xo(w) of the random
walk belongs to A, a loss Ydisc(x:(w)) is incurred at the start.
Moreover, each entry x;(w;[}]) in A costs Ydisc(x:(w;Bq))'
In our future discussions we shall make use of a constant Yd’

>
that satisfies for each xeX

)| 2y, <= (1.136)

[y d

disc
b) The "second type' loss is defined by means of a bounded con-
tinuous function Y (x). The "second type' loss incurred

cont
during the period [sl,sz) is then given by the Riemann integral

S

2 »*
[ Ycont(xt(m))dt. (1.137)
1
In our future discussions we shall make use of a constant Yo that

>
satisfies for each xeX



26

)| v, <= (1.138)

|y 2 Y

cont

In this section we consider random losses, which will be incur-

red in the periods [o,to), [0,t(w;B)] and [0,t(w;[C])).
Let the w-functions {%n(w;[A]); n=1,2,...} be defined by
- def ¢
t (w;[a]D = 1 to(w;[AD. (1.139)
=1
Note that set A has been used in the definition of the "first type"
loss.
We now assume that the closed set A satisfies for each x

lim P [2, ix] = 0, (1.140)
o [A]sn

n-o

where
= def 2
"t ;[A]n SERCH R CHUY PR R IR
(o]

Let n(w;to;Dﬂ) be the number of entries in A during the period
fo.t. ),
o

According to this definition

n(m;to;[A:l) = f, if En(w;[A]) <tO:£n+1(w;[A]).
(1.141)

Obviously, the following lemma is true:

Lemma 1.20

»*
The w-function n(w;to;Bq) is measurable with respect to F .

We now start our discussion with the losses of the first type.

A real valued W-function k.. (w;t ) is defined by
disc o

n(w;to;Dﬂ)
21 Togs (x’.‘(w;[A])), if weZ - and n(w;t s < w .
= 1iC o n(w;to;[A]) ) . o

G @) + ] Yaise ;@i (A1, it

disc

J

¥ s
kdisc(w’to) = disc Pl

w EEO;A and n(m;to;EQ)<m, (1.142)
0, otherwise.
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Lemma 1.21

»*
The w-function k Sc(w;to) is measurable with respect to F .

di

Proof :
Since

>4
a) Ydisc(x) is Borel measurable with respect to G ,
»* ¥
b) xj(w;EA]) are measurable with respect to F (j=1,2,...),

we find that both (i=1,2,...)

»* »*
Ydisc(¥J(w;Dq)) and ydisc(xo(m))

o
|| -1
(=

»*
are measurable with respect to F .

Let us introduce the w-functions Xo(w) and Xi(w;to), defined

by
1, if weE,
X_ (W) . I: 0;4 (1.143)
0, otherwise
and
dor [1rif LA <t <t w;[a]
Xi(w;to) = (1.144)
0, otherwise
respectively.

It can easily be verified that the w-functions

m i
»* »*
(L %ty g vy, o) + J-Zl Yaise 3w (AN

i=1
;m=1,2,...} (1.145)

>*
are measurable with respect to F .
Since the sequence (1.145) converges everywhere to kdisc(w;to),
»*
this w-function is measurable with respect to F .

This ends the proof.

By (1.140) and (1.142) kdisc(w;to) represents almost surely the

"first type" loss incurred in the period [O,to).

We now consider a closed set B, satisfying
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Rl
lim P g sx] =10, (1.146)
pum P Lo ]
where
*p; [4] ;n %t | t ;A < tw;B)} . (1.147)

Let n(w;B; [A:l) be the number of entries in A during the period
[0,t(w;B)].

According to this definition

n(w;B; [A]) = n, if tn(m;[A]) StwB) <t ) (w; [A]. .148)
The proof of the following lemma is obvious.

Lemma 1.22

¢
The w-function n(w;B; [A]) is measurable with respect to F .

A real valued w-function kdisc(w;B) is defined by

_ nGB;[A] _
pY Ydisc(xj(w;[A])), if w € :O;K and
n(w;B;[A]) <
n(w;B; [A])
k.. (w;B) = * * .
di =1 Ydisc(xj(w’[A])) * Ydisc(xo(w))’ =
wE EO;A and n(w;B; [A]) < =,
—0, otherwise. (1.149)

The following lemma can easily be proved (cf. lemma 1.21):

Lemma 1.23
»*
The w-function kdisc(w;B) is measurable with respect to F .
By (1.146) and (1.149) kdisc(w;B) represents almost surely the ''first
loss incurred in the period E),t(w;B)J "

"

type

Next we consider a closed set C, satisfying

lim P*[-E[c]; [A];n;x] =0, (1.150)

n >

where
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" def | (=
“[c]; Bsn = (ot ;D <t €D ) (1.151)

Let n(w; [C]; [A]) be the number of entries in A during the period
[0,tCw; [€]).

According to this definition

n(w; [c]; [A]) = n, if zn(m; AD <t [ED =t (w; [AD. @.152)

n+l
The proof of the following lemma is obvious.

Lemma 1.24
ol
The w-function n(w; I:C] 3 [A]) is measurable with respect to F .

A real valued w-function k c(m; [C]) is now defined by

dis
n(w; [€]; A
) c(x;(w;[A])), if n(uw; [C]; [A]) <= and

ol :O;A_.

j=1 Ydis

def
ki 00 i €] < n(w; [c]; [AD

* *
j=1 Ydisc(xj(w;[A])) " ydisc(xo(m))’ A%
n(w; I:C] 5 E‘\]) <o and wE EO;A'
-0, otherwise. (1.153)

The following lemma can easily be proved (cf. lemma 1.21):

Lemma 1.25

s e
The w-function k c(w;[C]) is measurable with respect to F .

dis
By (1.150) and (1.153) kdisc(w;[C]) represents almost surely the '"first
type' loss incurred in the period [O,t(w;[C])).

Let us introduce the w-function x:*(w), defined by

»* p—
lim x| (w), if we A* |
n >~ t+ = o

x**(w) b= % *
t xo(w), if wel\o . (1.154)

Lemma 1,26
The w-functions {x:*(w) 1 € I:O,w)} are measurable with respect to

%
F .
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€ »*
The t-functions {xt (w;w € Q } are continuous from the right
and have almost surely in each finite interval only a finite number

of discontinuities.

Proof:
I
Consider the sequence of w-functions (xn.t(w); n=1,2,...}, de-
fined by
»* -
X (w), if w € A*,
il def t+ A ©
b'q (w) = n (1.155)
n;t

>
x (W, if w € N,
o o

IO
The w-functions xn.t(w) are measurable with respect to F*. It can
7

easily be verified that the sequence converges everywhere to x:*(w).
Consequently, the w-function x:*(w) is measurable with respect to Fr.
Since x:(w) has only a finite number of discontinuities in a finite
interval, the second part of the assertion is obvious.

This ends the proof.

Lemma 1.27

Rz k.3
The w-functions Yco ( (w)) are measurable with respect to F .

X
nt t
Razad

The t-functions Yeo (xt (w)) are continuous from the right and

nt
have almost surely only a finite number of discontinuities in a finite

interval.
Proof :
Since Ycont(x) is a continuous function, the assertions are im-

mediate.

Lemma 1.28

The Riemann integral

s
k (w;s) dgff Y
cont o

cont(x:*(w))dt (1.156)

exists for each s < «» and represents an w-function which is measurable
with respect to F~.

Proof :

By lemma 1.27 we obviously have
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S 2
R 1 Bl
Y (x, (w))dt = 1im — ) vy (X, (WS sy <=,
IO cont "t - 2n 21 cont  js c
oh

(1.157)

Consequently, kco

This ends the proof.

»
nt(w;s) exists and is measurable with respect to F .

The w-function kc t(w;to) represents almost surely the ''second

on
type" costs incurred in the period [p,to).

Next we introduce the w-functions k (w;B) and k (m;Eﬂ),
cont cont

defined by
k(w;t(w;B)), if t(w;B) < =

def [
kcont(w’B) B 0, otherwise (1.158)
and

k(w;t(w; [C€])), if t(w;[C]) <=

def
koone @i D 2° [
0, otherwise (1.159)

respectively.

Lemma 1,29
The w-functions kcont(w;B) and kcont(w;Bﬂ) are measurable with

>
respect to F .

Proof :
Let us introduce the w-functions {wn(w); n=1,2,...} , defined
for each j by . ‘o .
k(w; 3), if = <t(w;B)<d |
def n n n
Wn(m) = [
0, otherwise (1.160)
Obviously, the w-functions (wn(m); n=1,2,...} are measurable with
>
respect to F .
The sequence {wn(w); n=1,2,...} converges everywhere to the w-function

k ont(w;B). Consequently, the w-function kcont(w;B) is measurable with

>
respect to F .

The proof for kcont(w;Bﬂ) goes along the same lines and is therefore
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omitted.

This ends the proof.

If the sets B and C satisfy for each x

P [E[O’m);B;x] =1 (1.161)
and

Lol —

P [“[o,w);[c];x] =1 (1.162)

the w-function kcont(w;B) represents almost surely the ''second type'
loss incurred in the period [O,t(w;B)], while with regard to the
period [O,t(w;[C])) this loss almost surely is given by kcont(w;[C]).

Under (1.140), (1.146), (1.150), (1.161) and (1.162) the total costs
incurred in the period [O,to), [O,t(w;B)] and [O,t(u,;[C])) are almost

surely given by

. def . .
k(w,to) = kdisc(w’to) - kcont(w’to)’ (1.163)
def
k(w;B) = kdisc(w,B) + kcont(w,B) (1.164)
and
def
k(w; [€]) =" kg, i [E]) + kL i [CD (1.165)
respectively.
Remark that
a)|k(w;to)| Sty Y, t n(w;to;[A]) Yy (1.166)
b)|k(w;B)|ét(w;B) Ny, & n(m;B;Dﬂ) Ygi (1.167)
o) [k(w; [e]) | £t; [€]) v, + new; [c]5[AD v, - (1.168)

Obviously, we have:

Lemma 1.30
The w-functions k(m;to), k(w;B) and k(w;[C]) are measurable with
>*

respect to F .

The w-functions k(w;to) , k(w;B), k(w; [C] p 3 n(w;to; [A] P
n(w;B;[A]) and n(w;[c:[ ;[A]) together with the probability spaces

3 ¥ . X
{Q ;F ;P } generate the stochastic variables k, __,k_ _,k 5
—to,x =Bsx —[C] 3 X°
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and E[J'X; the corresponding probability distributions
)

LB ;x’-’lB;x Cc
o

are given by

def _
Prob {k, . €I} "= P [Kl;t %] 5 (1.169)
(o] (o]
def *
Prob {gB;x €I} [KI B,x] (1.170)
Prob {E[C]' er) %t p* I:KI_[C];x] " (1 ,171)
Prob {Et - = n'} dgf P* [Nn;t ;x] 5 (1.172)
o
- def .
Prob {EB;x =n} = P [Nn;B’x] ) (1.173)
and def
Prob {B[C]-x =n} S p [Nn_[C];x] : (1.174)
where
K et (w | k(uw;t ) eT} (1.175)
It - "o } :
K .p et (4 | k(w;B) €1}, (1.176)
def
K1 [€] {w]| k(; [C]) €1}, (1.177)
def |
Nt {w InCu;t, ;[A]) = n} , (1.178)
o
N def {w | “Ps }
0B - n(w;B; [A]) = n} , (1.179)
N def{ | . s [ _
;] = M n(w; [€]; [A]) = n} , (1.180)

and I is any interval in (-®,+®),
So we have proved:

Lemma 1.31
Under (1.140), (1.146), (1.150), (1.161) and (1.162) the probabil-

ity distributions of the random losses k ,k and k[] incurred

t
in the periods [0 t ) [:O,tB x:| and [0 t[C] ) respectlvely as well as

t
those of the number of entries Bt - —B; and n[C] in A during the

same periods are defined. They are given by (1.169) through (1.174).
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Finally, let us define the w-functions n, (w;to; [:A]),
n (w; [c]; [a]), kj (w;to) and kj(w; €]) vy

nj(w;to;[A]) = n(T(j-l)t Wt ; [AD (1.181)
n,(w; [c]; [A]) = n(m ) ; [6]; [AD (1.182)
[c]
Wit = KTy 1y, @t) (1.183)
and
k(w; [c]) = k(TJ[](w) ;[ (1.184)

By means of lemmas 1.11 and 1.17 we can easily verify that the w-
functions n (w;t ‘[A]) n (w; [C] [A]) kj(w;to) and kJ,(w;[C]) are

measurable w1th respect to F .

We now assume that for each j 21 and for each x we have

lim P [T eF, i) =0 (1.185)
L [ ¢-Dt "t ;[A]n %
s =J+1
T = ); = ) .
lim Pl <] (8 175 [A]in x] =0 (1.186)

and
* romJ+l o i _
P [T G w; [C]),x] = L, (1.187)

[c]

The w-functions nj(w;to; [A]) and nJ. (w; [C] 3 [A]) represent the num-

ber of entries in A during the periods Uj—l)to,jto) and [t(J_l)(m;[CJ),

t.(w;[C])) respectively.
B3k fe] P ’

By (1.185) the costs incurred in the period [(j-l)to,jto) are almost

surely given by kj (w;to). By (1.186) and (1.187) the costs incurred

between the (j-1)°' and the j'® entry in C are almost surely given b
y y

kJ.(w;[C]).

The w-functions ng Wit ; [a], n; (w; [€] 5 D, k (w;t ) and
kj (w;[c]) together with the probability spaces {Q F P } generate
the stochastic variables n . and k .; the
%5372 %5575t x5 =€l sx33°

corresponding probability dlStrlbutlonS are given by
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} def

Prob {n . . =8} S P ‘:T(J Dt N,

3 X5

% );x]  (1.188)

Prob {nre ..y = 0} dgt g [T[] TR ;ix]  (1.189)

def % = ~1
k E =
Prob {k, — 1} L GOt

(KI;to);x:l (1.190)
and
def -j+1 i
Prob {E[CJ;x;j”} = p [T (kI;[:C]),x] . (1.191)

€]

Let the stochastic variables{i[cj \v.n b D=1,2,...} be defined by

j=1,2,... (1.192)

g min ™ L ) imi

The stochastic variables nt i3 and nDﬂ j represent the number of

entries in A durlng the perlods [(J 1)t Jto) and

[ Bﬂ L Bﬂ ) respectively.

The stochastic variables k . and k . represent almost
=t 3% [€]:x;3
surely the costs incurred in the periods [(J l)t jto) and
t 5
[tBﬂ e AL Bﬂ ) respectively

So we have proved the following lemma:

Lemma 1.32
Under (1.185), (1.186) and (1.187) the probability distributions

of n

j and kI:C:| j are defined; they are given

k
=t ,X;J’E[C] X337t 5
by (1.188) through (1.191).

3. Stationary strong Markov processes

A ~H
Let us consider the w-functions x (w;t ) and xt(w;Bﬂ) defined by

>
x, (W), if t<t
o

- t
= tazt, 5 98t |: . (1.193)
Ll x, (W), if t >t
£ =0
o
and * []
(w), if t<t(w;[C])
A% def & ’
xt(w;[:C]) = [: - (1.194)

x (w;[C]), if t2t(w;[C])
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We can easily prove the following lemma:

Lemma 1.33
% ~
If C is a closed set in X , the w-functions xt(w;to) and

s 3 >
xt(w; [C]) are measurable with respect to F .

We now introduce the following notation:

AN
The class of w-sets H is the smallest o-field with respect to which

aYe
the w-functions {xt(m;%o);t E[O,co)} are measurable,

The class of w-sets ﬁ*c is the smallest O0-field with respect to which
.
the w-functions (xt(w;é]) ;t €[0,=)} are measurable.

I
The class of w-sets Ht is the smallest O-field with respect to which

the w-functions [x:(w;?o) st € [0,00)} are measurable.

The class of w-sets H*(E-J is the smallest 0-field with respect to which

the w-functions {x:(w; C]) 5 ol [0,@)} are measurable.

»* *
Let F1 be a o-field of w-sets in @ that satisfies

>
F1C (1.195)
& »*
Let y(w) be a measurable (F ) and integrable w-function satisfying
»*
for some K €F. and for each A EFl

1

P (kN ax] = [P*[dw;x] y(w). (1.196)
A

>
Then the conditional probability of K relative to F , denoted by

p* [%;x | F:] ) (1.197)

is defined as any w-function y(w) which is almost surely equal to
y(W).

By the Radon-Nicodym theorem (l—_l]’p.132) a family of such w-functions
exists of which

>

a) each one is measurable with respect to Fl’

b) each two are identical except for an w-set of probability meas-

ure O,
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Note that the expression (1.197) is an w-function which is meas-
6
urable with respect to Fl'
ol >
The w-function P EK;x |F1 ] is called a regular conditional pro-
bability measure, if
»* »* »*
1) for each we? the set function P EK;x]FIJ is a probability
>
measure defined on F ;
»* »* 5 \ H
2) for each K € F the w-function P [?;x|F;] is measurable with

»*
respect to Fl.

> * %
In this book the probability space {Q ;F ;P } will be called

strongly Markovian if and only if

»* »*
1) for each to € EO,@), for each Ke Ht and for each x€ X we
have °

Pr kxR ] = P [T, ®);x, (@]; (1.198)
o o o
2) for each x eX”, for each closed set C in X* satisfying
o [: ¥ =
P 'Eo,m);[c]'x] =1, (1.199)
for each K EHE?] we have
Sad AN % *
P [K;x | H[C]]= 3 [T[C] x®);x (w;[€]] .
(1.200)

If {Q*;F*;P*} is a strongly Markovian probability space, the basic

stochastic process S: is called a ''stationary strong Markov process'.

In ﬁj on p.577 and in Bﬂ on p.91 condition (1.200) is replaced

by a more stringent one.

The equations (1.198) and (1.200) are equivalent to

P (k0 A 5x] = J P* [dw;x] P° Cr, (Kl);x: (w)] (1.201)
A o o
1

and

P [k, 0 Ay3x]

J P [dw;x] p* [T [c] (Kz) X (w; [C])] s
Ay (1.202)
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where /\1 € Ht , Kl EH: s A2 sﬁEC] and K2 € HECJ.
o o

Let the class of w-sets f‘: be the smallest o-field of w-sets

-~ »*
containing Ht and including al? subsets of I\O.

o

~
Let the class of w-sets F[C] be the smallest o-field of w-wets

containing ﬁEC] and including all subsets of A:.

The following lemma can easily be proved:

Lemma 1,34
If the probability space is strongly Markovian, then for each

»*
x €X ,toc [O,m) and closed set C satisfying (1.199), we have

Pk, x| Fy J= PYMr, (K))5x) (W] (1.203)
o o o
and
> A »*
P [xz;x|p[C]j= p"‘TT[C] ®,)5x (w3 [€D], (1.204)
>* »*
where K1 € Ft and K2 € F[C]'
o

Let Y (wl) and y(w) be two w-functions, satisfying
o
a) O;y,c (wl) g ¢ (1.205)

o
b) y(w) = : (Tt (w)). (1.206)
o o

Lemma 1,35
1) If y(w) is measurable with respect to F: , then ¥ (wl) is
measurable with respect to F*. = -
2) 1f T (wl) is measurable with respect to F*, then y(w) is
measugable with respect to F: .

~ »*
3) If A eFt , if y(w) is measuraBle with respect to Ft and if
o

* %
{Q ;F ;P } is strongly Markovian, then

- »* * S
JAP [dw;x] yw) = IAP [:dw;x] JQE [dwl;xto(w)] yto(wl).
(1.207)

Proof

We first consider the cases 1) and 2). If Mr and Mx" are defined
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by
M et (uly ) <r} (1.208)

and def
MU= {w|yt0(w1) <r} (1.209)

respectively, then we can easily verify that

M' =T, (M) (1.210)
r to r
and
-1,
Mr = Tto(Mr). (1.211)

The assertions are now a simple consequence of lemma 1.11.

We consider the third case.

Let the sets M and M' be defined by

k;m k;m
Mo | Loy <) (1.212)
i 2"
and
' dgf k-1 < .k_
Mk;m = 4 wll m =Yt (w1)< m } (1.213)
2 o 2

respectively.

We can easily verify that

Mk;m = Tt (Mk;ng (1.214)
o
and
Mk;m = (Mk,ng. (1:215)
Thus, ae »
M' €F . (1.216)
k;m

Moreover, by lemma 1.34
m

IP* [de;x] y(w) = 1im ) k1 p% [AnM ix] =
A n-+o p-q 2
m

2
k-1 * A
= 1lim z — JAP [dw;x] P [Mk;m;x lFt;] =

m+oe p-1 2
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m

2m k-1 el Rl »*
= lim ) = J P [awsx] P [M) 5x. (@] =
m-+eo k=1 2 A ’ o

2m
> k-1 »* »*
= | P [dw;x] { 1im — P M ;x_ (W]} =
I/\ - m>w k21 2™ D b -
= I P* [dw;x] I P [dwl;x: (w):l ¥ (wl). (1.217)
A Q* o o

This ends the proof.
Finally, let y[:C] (wl) and y(w) be two w-functions, satisfying

a) O;y[C] (wl);1 ; (1.218)

b) y(w) = y[C](T[C](w)). (1.219)

Using similar arguments as in the proof of lemma 1.35, we can prove:
Lemma 1,36

: : »* .
1) If y(w) is measurable with respect to F[C]’ then y[C](ml) is meas-

»
urable with respect to F .

2) If y[C] (w) is measurable with respect to F*, then y(w) is measurable

with respect to FEC] :

3) If A e F , if y(w) is measurable with respect to FEC] and if

e e 1ol . ¢
{Q ;F ;P }is strongly Markovian, then

IAP* [dw;x] y(w) = IAP* [dm;x] JE* [dml;x*(w; [C])] y[C](wl).

¥ (1.220)

4, Stationary Markov processes and random losses

In this section our discussions are based on the following as-

sumption:

Assumption 3

>
For each x €X we have

>
P [AO;X;XJ =1 . (1.221)
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If w represents a realization of the basic stochastic process,
let kT(w) denote the costs incurred during the period [p,T).
We shall show that, under conditions to be mentioned below, the
limit k_(w)
N i)
lim
T >

(1.222)

almost surely exists.

¥*
Let us define the random variables {5t iy j=1,2,...} by
o) )J
5 (1.223)

* »*

X . = X,
"to;X;J —Jto;x

If the functions {pi (B;x); j=1,2,...} are defined by
o
i k.
pJ (B;x) dgf P [A. ;x] , (1.224)
to Jto;B

then

Prob {x, eB} = p) (B;x) 1.225
rob {xy ... = py (B;x). (1.225)

)

o o

»* A ¥
Let us assume that for each j 21, x€X , A ¢ F. and K € Ft the Mar-

kov property ° °

P [AnK;x]= [p* [awix] P* [T, (0)5x) (w5t )] (1.226)
A o

is true.

»*
This property implies for each j, x and B €G

j 1 j=1 .
p‘z (B;x) = J P, (dxl;x)p‘: (B;xl); 32132, 006 « (@227)
o X* o o

Since the functions pi (B;x) are
*0 ¥
a) for each BEG and for each j 21 measurable with respect to G ,

»*
b) for each x€ X and for each j21 a probability measure defined
>*
on G ,

*
the relations (1.227) imply that the sequence of states {Et 'X'j;
’ ’
j=1,2,...} constitutes a stationary Markov process with a discrete

time parameter (cf. Eﬂ p.190 ff). So we have proved:
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Lemma 1,37

Under (1.226) the sequence of states (5: sxy
1%

stitutes a stationary Markov process with a dgscrete time parameter.

j=1,2,...} con-

Let us make the following assumption:
There is a finite valued measure Q(C) of sets C € G* with Q(X*) 0, an
integer k21 and a positive N, such that for each x EX*(cf. Eﬂ s Pe
192)

p’t‘ (C;x) £1-nif Q(C) £ n. (1.228)
o

This assumption is called the "Doeblin condition". The following lemma

can be proved (cf. [2] , p.214):

Lemma 1,38
Under (1.226) and (1.228) the function Py (C;x), given by
def 1 ¢ i
p, (€:x) = 1lim = 2 pi (Csx) , (1.229)
o

% n+e T 4o

»*
defines for each x€X a stationary absolute probability distribution.
For the meaning of the concepts: "ergodic sets', "cyclically

moving subsets" etc., the reader is referred to [2] . In this book,

however, we prefer the name "simple ergodic set" to the term "ergodic

set . The latter can be mixed up with the set of all ergodic states,
In Eﬂ on p.207 ff, the following lemma is proved:
Lemma 1,39

If the initial state x belongs to a simple ergodic set Ei and if
the number of cyclically moving subsets of Ei is ci’ then, under
nc. +j
(1.226) and (1.228), the sequences {pt : (C;x); n=1,2,...}
(j=1,2,...ci) converge for n > = expongntially fast and uniformly in C

®C. +]j
and x to a limit, denoted by P, T Tex).
o
We now introduce an (M+l)-dimensional Cartesian space, which is

»*
the product space of X and the line I' = (~w,+w).

Let us consider the w-functions yj(w;to), given by
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def ;
yiit) "= Gplest ), nadest 5 [A]D)531,2,... .

(1.230)

As we know the w-function nj(w;to; Bq ) represents the number of en-
tries in A during the period [(j—l)to,jto).

¥ >*
The w-functions yj(w;to) map Q into the product space X xT.

Lemma 1.40
The w -functions {yj(w;to); j=1,2,...} are measurable with res-

*
pect to F .

Proof:
Let L be a linear Borel field of sets in I' ., If Uls G* and if

U2 eL we have for each j

{w ij(w;to)e U1 xU2} =

(1.231)
= {mlxj(m;to)c Ul} n {mlnj(w;to;E&])e Uz} .

Let Jk be the class of (M+l)-dimensional Borel sets U, satisfying

{w |y, @;t) eu €EF.. (1.232)

So, Jk contains all (M+l)-dimensional intervals, In addition, we have

a) if UeJ , then ﬁeJk;

©

; i . 34
b) if U sJk (i=1,2,...), then ;ﬁl U EJk.

Consequently, Jk is a o0-field that includes the (M+l)-dimensional

intervals,.

Hence, Jk is the class of (M+l)-dimensional Borel sets,

This ends the proof.

If U is an (M+l)-dimensional Borel set, let the w-set Ok_U be
)

defined by
def

Oy = {u |y (it ) €U} . (1.233)

Obviously,
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0 (1.234)

€
k;U F(k—l)to'

k
We now define the set functions {'pt (U;x); k=1,2,44) DBy

o
- def _
pto(U;x) = P [Ol;U;x] s (1.235)
, k def k-1 L1
Py U;x) = I w Py (dxl;x) Py (U;xl); k=2,3,...
o X o o

(1.236)

By means of (1.226) we can easily verify that
»» had ¥ »*
P [ok;U,x] = I *p [dw;x] P [ol;u,xk_l(w,toij =

k-1 - *
_fx* pto (dxl,x) P [pl;U’xk-l(w’to)] =

(1.237)

k-1 g — . ko

—J w Py (dxl,x) Py (U.xl) = "p, (U;x) .
X o o o
If a€l and if y = (x,a), let ”pt (U;y) be defined by
o]
w k def , k
P, (U;y) g 'pt (Usx) . (1.238)
o o

»*
We can easily verify, that for Ule G we have

n k k k
xT. = ! x[. - .
p, (U ;y) P, CH ;%) Py (Ul’X)'
o o o
(1.239)
Consequently, (1.237) can be rewritten as follows:
" k " k-l " 1
p, (U;y) = J x P (dyy5y) Tp Uiy ).
# * ° (1.240)

It can easily be proved that
a) for a given (M+l)-dimensional Borel set U the y-functions
1 k
'pto(U;y) are measurable with respect to the class of all

(M+1)-dimensional Borel sets;
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. . " k . s .
b) for a given y the set function Py (U;y) is a probability
o
measure defined on the class of all (M+l)-dimensional Borel

sets.

We now consider the stochastic variables {y k=1,2;.e0}s

t ;x;k;
generated by the w-functions {yk(w;to); k=1,2,..Joand the probability

spaces {Q*;F*;P*}.

¥
Obviously, for each k21 and x€X

, k
Prob Ezto;x_kelﬂ =P [ok;u;x] = pto(U;X). (1.241)

The relations (1.241), (1.238) and (1.240) imply the following lemma:

Lemma 1,41
Under (1.226) the sequence of stochastic variables

{y s P k=1,2,...} constitutes a stationary Markov process with a
L )

. .0 "
discrete time parameter,

»*
Let us return to the Markov process {x 5
=t _gxsk

belongs to a simple ergodic set Ei and if ci is the number of cyclic-

k=1,2,...} . If x

ally moving sets of Ei’ then,according to lemma 1.39,the limits for

c.+j
n >~ of the sequences {p = (U;x); n=1,2,...} converge to

wc, +J E =
P (U;x) exponentially fast and uniformly in U € G and x¢€ Ei'
® It follows from (1.239) and (1.240) that
nci+j
lim "pt (U;y) =
o

n-> o

= lim
n-»>o

nci+j—1 1
J « Pt (dxl;x) P (U;x,) =
X o o

t t

occi+j—1 1
= J WP (dxl;x) 'p (U;xl).
£ ® = (1.242)

Consequently, the limit exists.

" mci+j i
Now let Py (U,y) be defined by
o y .
©C, +]J nc.+j
" b def 1
P, W;y) =" 1im py WU;y). (1.243)

o 1 = @ o
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By means of (1.240) we can easily verify that
wci+j wci+j—1 1
Py Usy) = I » Py (dy,5y) "py (Usy,). (1.244)
o X o o

Lemma 1,42 )
LT nc. +j

Under (1.226) and (1.228) the sequences {"pt = Wsy); n=1,2,...}

k.3
converge uniformly in y EEi xI' and UeG (j:1,2,..?,ci).

Proof:
Let the x-set Bgr be given by
U d - 1
B g {x |£;l-<'p (U;x) < o }. (1.245)
hr 2h to = 2h

It follows from (1.242), (1.240) and (1.245) that
h

wC_+j 2 wC,+j—1
" L r X U -h
| Pto w;y) - r§1 ;H pto (Bhr,x)|5:2
. (1.246)
— nci+j 2h 5 nci+j—1 U -h
|"p W;y) - 1 =op (B, ;x)|<s2 .,
Ys p=t, 20 g b
B (1.247)
Consequently,
©C_ +j nc, +j
| P, W;y) - "py w;y)| =
o o
Zh wc, +j-1 nc. +j-1
< x i U el o i U,
= Z n Pt (B i¥) - Py (B i) +
r=1 2 o o
4 g7 (1.248)

For each n >0 we can find an integer h such that forl1;h0 we have

- nc.+j-1
2 ThEL < % . Since the sequences {pt = (Bgr;x); el 2. e}

U
converge uniformly in B

" and x, an integgr Nij can be found such that

for n>N, .

=743 N
2 T mci+3—1(BU . nci-m—l(BU ‘ )| .
D LN hr’ Py hri¥/l =
r=1 2 o o

Nz

(1.249)
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Thus, for each n >0 an integer Nij can be found such that uniformly

J

®oC . +J nci+j
(U;X) _ npt

o o

in U and x we have forrlgNi

"

P, U;x)| 2 . (1.250)

This ends the proof,.

Lemma 1,43

If (1.226) and (1.228) hold, there is a finite valued measure
Q*(U) of (M+l)-dimensional Borel sets U with Q*(X* xT) > 0, satisfying
for each n >0, each simple ergodic set Ei’ each y sEi x 'y each j and

some k, . < =
1]

ki,ci+j -
"pt J U;y) £Q(U) + n . (1.251)
o
Proof :
Suppose that the stochastic process {§: - k=1,2,...} has m
b 2
simple ergodic sets Ei' For each pair (i,j) %he set functions
oC. +j
{"pt T wy); y €E; x T} are identical.
o
>
We now define Q (U) by
m i ®C, +]
* def " i
QW =} ] et Wiy, (1.252)

where Yy is some point of Eix T

The assertion is an immediate consequence of lemma 1.42,

This ends the proof.

The following lemma can be proved (cf. [2] , p.207):

Lemma 1,44

>
h tochasti :
If the stochastic process {Et siegie®

godic sets Ei and if (1.226) and (1.228) hold, then for some p< 1

k=1,2,...} has m simple er-

m

n n
1 - pto(iga Ei;x) < const. p; n=1,2,...

(1.253)
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Now we shall prove that the stochastic process {Xt k=1,2,...}
o

s’
satisfies the Doeblin condition,

Lemma 1.45
If (1.226) and (1.,228) hold, there is a finite valued measure

Q™ (U) of (M+l)-dimensional Borel sets U, with Q (X” xT) >0, an integer

*
k 21 and an n' >0 such that for each yeX x T

" k »*
P, (Us;y) 1 - n', if Q (U) £ n'. (1.254)
o
Proof:
Let the stochastic process {E: x k) k=1,2,...}have m simple er-
’ 1
godic sets E; and let Q*(U) be given by
2 m [ mci+j
QW =1 1 "p U;y.), (1.255)
" 8 t i
i=z1 j=1 o

where y, is some point of E, x K

Let k, and k,_, be two integers, such that for some positive n< :

1 2
a) for each x
k1 (D
1- P, (i=lEi;x) <n; (1.256)
o
b) k2 = max kij(ci+1) (cf. lemma 1,43). (1.257)

i,J
Obviously, by (1.251), (1.256) and (1.257) we have for each Borel set

U and y

k. +k k k
"o b Zeuyy Leax, ;0 'p.2wix,) + W) + 2
pt 3 e m pto l'x pto :xl n Q + 2n
° iL:JlEi (1.258)

ItA

>
For sets U, with Q (U) < 3-n, we find by means of (1.258)
. kl+k2

Py
(o]

U;y) <3+n=1-(3-n). (1.259)

»*
Consequently, the triple (Q ,k,n'), given by
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% m i mci+j
QW=7 ] "p w;y), (1.260)

k =k +k (1.261)

and n' = % = %) (1.262)

satisfies,

This ends the proof.

We now introduce for each x the assumption!
oo

) [ w Py (A% 5X) P [Et (I8 s ;% Jco (1.263)
n=l <X o o’ ynt I

If x is the initial state of the stochastic process

{Et 'x*k;k=1’2"°'}’ the expected number of entries n in A during
) )

a period of length to in the steady state is given by

t 5x

Lo el
-— »*
n, _ = 2 f p, (dx, ;x)j P E N. ;x ] =
to,x §=1 X* to 1 J,to 1

I
le~8 11

apt = g
j=1 Jx* pto(dxl;X)J{P [:-to;[AJ;j,x].] ®

P |:Eto;l_-A];‘]#l;xl]} -

@
¥* .
= 2 p, (dx_;x) P [Z . - ]<w .
=i J* t,1 to,[A],J'l
(1.264)
Let a function f(y) be real valued and measurable with respect

to the class of all (M+l)-dimensional Borel sets and let the w-set FI

be defined by
F def

. {ul£(y@ust ) € 1} . (1.265)

The following lemma can be proved (cf. Eﬂ, p:220) !
Lemma 1.46
If (1.226) and (1.228) hold and if for each initial state x
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+oo
) .
fx* pto(dxl,x) I |f| P [Fdf;xlj < =, (1.266)

then for almost all w the limit

r
1
lim = ) f(y.(w;t ) (1.267)
r ., J o
r > J:l

exists and is equal to
+ o0

o
fx* pto(dxl;X) [.m P [Fdf;xlj (1.268)

if x belongs to a simple ergodic set of the stochastic process

{ * j=1,2 }
Eto;x;jy J=l,45,.007.

It follows from (1.230) that nj(w;to;[k]) is a measurable func-

tion of yj(w;to). By lemma 1.46 and (1.264) we find:

Lemma 1,47
Under (1.226), (1.228) and (1.263), for almost all w the limit

by
i 1 -- «
lim 2 ] ngits[AD (1.269)
r-+w Jj=1
exists and is equal to

% *

p, (dx ;x)P" [ ra..3% (1.270)
jo1 L(~ t,o1 E to,[A] iJ 1]

if x belongs to a simple ergodic set of the stochastic process

¥* :
5 3e1,2,.0.
—O;X’J

We now consider the sequence of w-functions {kj(w;to);J=l,2,...}.
If (1.185) holds, the w-function kj(w;to) represents the losses in-

curred in the period [(J—l)to,Jto).

Obviously, we have

+ o
ol -
- . < @
f . Py (dxl,x) I || P de;t ,x1] Sty + A o Y4 < o,
X o o o

- 00

(1,271)
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Using similar arguments as above, we can prove the following lem-

ma:

Lemma 1,48
Under (1.226), (1.228) and (1,263), for almost all w the limit

-
.
=
R+
Il o~

. kj(w;to) (1.272)
r+w j=1
exists and is equal to

¥

f* p, (dxl;x)f kp” [k (1.273)
o

ak;t %1
X "o

-0

if x belongs to a simple ergodic set of the stochastic process
{x, o N
X .3 J= eeslte
__to;x;J’ ’ bl
As we know the (w,T)-function kT(w) represents the losses incur-

red in the period [0,T). We now prove:

Lemma 1,49
Under (1.226), (1.228) and (1.263), for almost all w the limit
kT(w)
lim (1.274)
i
T+ o

exists and is equal to

L i st R (1.275)

T | % Py X L dk;t ix, ] .

o ‘X o - o

if x belongs to a simple ergodic set of the stochastic process

>* o
&y jxsg7 ILi2aeeed:

Proof:

It follows from lemma 1.47 that almost surely
n_(w;t ;[A])

lim _14_____ =

Ir->ow r

Qs (1.276)
Let the numbers n(T;to) be given by

(Tt ) = [l] . (1.277)
o to
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Obviously, we have almost surely

ATt )
' kj(w;to)—to'yc_nn(T;t )+1(w;to;[}])Yd
J=1 o "
(n(T;t ) + 1)+ t -
o o
n(T;to)
kj(m;to)+t6Yc+nn(T;t )+l(w;to;Dq)wd
k, (w) . o
< T Jj=1
- - (T;t ) t
T (1.278)
and thus
1 n(T;t ) tch nn(T;to)+1(w;to;[A]).Yd
e k (w;t )= : - -
n(T,tO) je1 J o n(T,to) n(T,to) )
1 =
té(l * n(T;t ))
o
k. (w)
< T <
= T -
% nfT;t ) £y, nn(T;t0)+1(w;to;[A] M4
= k (w;t ) + : + -
. n(T,to) -1 J o n(T,to) n(T,to)
t
© (1.279)

If T + » , then the assertion is an immediate consequence of lemma

1.48 and the relations (1.276) and (1.279).
This ends the proof.

We shall now show that under certain conditions the limit
kT(w)

T

(1.274)

1lim
T>ow

can also be expressed in a different form.

To this end we consider the random variables {5Eé]'X'j; by =3 - R
’ )

again,
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If the functions {p‘f-—c] (B;x); j=1,2,...} are defined by
[](B sxy V8t & [T[Jifl 13;[C]);x] (1.280)
and if for j=1,2,
P [T'[ii“l o, o; 6] ix] =1, (1.281)
then
Prob {{EC];X;J. eB} = pj[c] (B;x). (1.282)

> A %
Let us assume that for each j21, xeX , Ae F[C] and K€ F[C] the
Markov property

P [ AnK;x] = JAP* [aw;x] P° [T[C] (X) ;x:(w;to)]
(1.283)

is true.

Since
(1.284)

T (a )
" O o) = Ty i
it follows from (1.280) and (1.283) that for j=2,3,

p‘j (B;x) (dxl;x)p‘j_l(B;xl). (1.285)

1
[ i f x* ' [d (]

Since the function p[.](B ;x) is

a) for each B eG and for each j >1 measurable with respect to G*
»*
b) for each x €X and for each j >1 a probability measure defined

>
on G ,

the equations (1.285) imply that the sequence of states

{x*
=[c]5x;3

discrete time parameter.

3 j=l,2,...} constitutes a stationary Markov process with a

Lemma 1,50
*
Under (1.283), the sequence of states {itd]’x'J; j=1,2,...} con-
’ ’

stitutes a stationary Markov process with a discrete time parameter.
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Let us make the following assumption:
>
There is a finite valued measure Q(B) of sets B €¢G with Q(X*)> 0, an
>*
integer k 21 and a positive n, such that for each x€X (cf. Bﬂ, P

192)
k

Id

The following lemma can be proved (cf. Eﬂ , P.214):

(B;x) £1-n , if Q(B) £ n, (1.286)

Lemma 1.51
Under (1.283) and (1.286) the function p[p](B;x), given by

n >

- TR B . S
p[C](B,x) e 1im ;jzl p[C](B,x), (1.287)

»*
defines for each x €X a stationary absolute probability distribution.

We now introduce an (M+l)-dimensional Cartesian space, which is
»*
the product space of X and the line T = B),m).

Let us consider the w-functions yj(w;Bﬂ), given by

def , * ,
v ch “¢ (xJ_(w;[C]), tj(w;[C])); By se
(1.288)
If for each x
* - =j+1, _
P T (= Jexl =14, (1.289)
e N

the w-function t_(w;Bﬂ) represents the length of the period between

the (J'-l)St and the jth entry in C.

The w-functions yk(w;ﬁﬂ) (k=1,2,...) together with the probabil-
>* »* >
ity spaces {Q ;F ;P } generate the stochastic variables
{XEQJ'x'k; k=1,2,...} . Using similar arguments as above, we can prove
b b

the following lemma!

Lemma 1,52
Under (1.283), (1.286) and (1.289) the stochastic process

{X[C];x;k; k=l .25 554}
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a) is a stationary Markov process with a discrete time parameter;

b) satisfies the Doeblin condition.

Let us assume that for each x EX*
0 < (dx, ;x) mtp* LE 1.290)
R Rt o fat; [c]%d < = s

The following lemma can be proved (cf. lemma 1.48):
Lemma 1.53
Under (1.283), (1.286) and (1.290) for almost all w the limit

r
lim % .2 t w;[c]) (1.291)
r+ o J=1

exists and is equal to
@
»»*
p (dx, :x) J tP . i (1.292)
L(* [c]* L [ dt; [c]’ 1]
if x1 belongs to a simple ergodic set,.
Lemma 1,54
We now consider the w-functions {nj(w;Bﬂ; Bﬂ); 3212, 5 es ) The
w-function n_(w;Bﬂ;[}]) represents the number of entries in A during

the period [zj_l(w;ﬁﬂ), €J(w;ﬂﬂ)).

Next we assume that
v ¥
le L{* Ple] (ax, jx3 B [E[C];[A];j;x1]< w, (1.293)

If x is the initial state of the stochastic process
{x 3 j=1,2,...}, the expected number of entries n in A be-
=[c];x;3° " ’ [c];x
tween two successive entries in C in the steady state is then given by

E[c];x - jzl L(* p[C](dxl;x)j p* [NJ,;[C] %] =
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S [E[C];[A];J+1‘x1 1 =

- 1 e rpg e o7 Lo gl <

(1.294)

We can prove the following lemma (cf. lemma 1,47):

Lemma 1.55
Under (1.283), (1.286) and (1.293) for almost all w the limit
r
. 3
lim 2 ] n (w; [c]; ] (1.295)
r > F=1,

exists and is equal to

jzl IX* P[C] (dx, ;%) p* L E[C] ; [A] ;j;xlj (1.296)

if x belongs to a simple ergodic set of the stochastic process

{xr 5 o§=1,2,...0 .
=[c]sx;3

We now consider the sequence of w-functions {kj (w; [C]); 3=1,2,54s}s
If (1.290) and (1.293) hold, the w-function kj (w;[C]) represents the
losses incurred in the period [Ej-l w;[c], §J (w; [€])).

Obviously, we have

fx* p [c] (dx, ;%) [

+

[x | Pr [de;[c];"l] 2

© " )
X Yc Ix*p[C](dxl;X) JO tP [:dt;[C];xlj +
+ n[C] ix Yd < m.(1.297)

The following lemma can be proved (cf. lemma 1.48):

Lemma 1.56
Under (1.283), (1.286), (1.290) and (1.293) for almost all w the
limit

m LT k(e
RELE jzl k([ (1.298)
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exists and is equal to

I +o &
L(* P[c] (dx, ;%) B kP [de;[C];xlj (1.299)

if x belongs to a simple ergodic set of the stochastic process

{xr - PR N
=[c]sx;3

Finally, we prove:

Lemma 1,57
Under (1.283), (1.286), (1.290) and (1.293), for almost all w the

limit . kT(w)
lim (1.300)
T >
exists and is equal to
+o0 %
JX* p[C] (dxl;x)f_w kP [ de; [C] ;le
(1.301)

+o

L(* p[CJ (dxl ;x)J_m tp" [ Edt; [c] ;xlj

if x belongs to a simple ergodic set of the stochastic process

> .
{E[C];x;j; 321,206

Proof :

It follows from lemmas 1,53 and 1.55 that almost surely

tr(w; [C])
lim r— = 0 (1.302)
r > ®
and n_(w; [c]; [A])
lim = 0, (1.303)
Ir > r

Let n(T;w) be the number of entries in C during the period [:O,T).

Obviously, we have almost surely



58

[[E

n(T;w)

!

j=1

kj(w;Bﬂ)—tn(T;w)+l(w;Bﬂ)wc— nn(T;w)+1(w;[C];|:'ﬂ)'Yd

n(T;w)+1
tj(w;Dﬂ)

J=

k,_(w)
< T <
= T ==
kJ kg [C] ¥t (T;w)+1 (@ [C] )'Yc+nn(T;w)+1 G [C] ;[A] )'Yd

n(T;w)

)

Jj=1
n(T;w)
) L FCHIY

J=1

(1.304)

nn(T;uu)le(W;[C:| ;Dq)'Yd

n(T;w)

A

tn(T;w)+1(w;[C])'Yc
n(T;w)
tn(T;w)+£(m;EU)

(T;w)
k. (w;[c])-
J
n(T;w)

n
1
n(T;w) jzl

n(T;w)
1 ) tj(w;Bﬂ) +

n(T;w) j=1

k(W)
nn(T;w)+1(w;Bﬂ ;Dg).yd
n(T;w)

<
= T

S
1 n(T;w)k w; [+ tn(T;w)+1(w;[C:|)'Yc
n(T;w) . g & n(T;w)
J=1
1 n(T;w)
—_— t. (w:lc
n(T;w) ‘Zl j( ’[])
= (1.305)
then the assertion is an immediate consequence of the lem-

A

If T>»> o,
mas 1,56 and 1.53 and the relations (1.302) and (1.303).

This ends the proof.



CHAPTER 2

The decision process

1. The basic probability space

In this section we consider a family of stochastic processes

{Sz; x €X} . For the definition of these stochastic processes the
1)

reader is referred to chapter 1 (% =0, M=N).
Let Ao be an wo—set with the following properties!

- o
1) For each w® € Ao’ the t-function xt(wo)is continuous from the right;

2) In each bounded time interval in E),m) and for each wo € Ko' the t-

6., 0,
function xt(w ) has only a finite number of discontinuities.

Assumption 1
For each x €X, a set Kx CHO can be found such that
a) A cK ;
o X
b) P°[xx;xﬂ = 1

Assumption 2
If x(t) is any mapping of the time axis [b,m) into the state space

X, one and only one point w® can be found such that

x‘t’(w"): x(t), (2.1)

These assumptions imply that the probability spaces {Q°;F°;P°} have the

properties of {Q*;F*;P*}. These properties have been considered in

chapter 1 of this part.

1) It is convenient to index the points w and to suppress the index O in
X© and Go; *=0 means read O where we wrote % in chapter 1.
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Moreover, we assume the following:

Assumption 3

For each x ¢X we have (cf. p.1l)

o
P [Ao;x;x] = Ly (2.2)

This assumption implies that the initial state of the stochastic pro-
cess s: is x with probability 1.
In part I a strategy z is given by means of a function z(B;x) of
sets BEG and points x € X with the following properties!’
1) For each x € X the set function z(B;x) is a probability measure
defined on Gj;
2) For each B € G the x-function z(B;x) is measurable with respect
to G;
3) A closed set Az can be found such that (cf.p.9)

a) z(Az;x) = O and thus z(Kz;x) =1 4f x EAZ;
b) z({xkx)=1 if x EK; and if the set {x} only contains the

c) for each x €eX we have single point x.

o = . —_—
P [:CO,w);Az’x] = 4 (2.3)

and ® 8
f tp [sdt;A ;x| < . (2.4)
0 z

The application of a strategy z involves extra transitions. As soon as
a state of Az’ say xl, is assumed, an instantaneogs transition will
happen with transition probabilities z(B;xl).

In order to be able to describe the resulting random walk in X,
the extra transitions have to be incorporated in the original stochas-
tic process Si. To this end we assume that, if the transition in ques-

tion leads to a state x the process goes on like a ng—process.

2’
Note that by point 3a) of z(B;x) the state 52 almost surely belongs to
A_.
z
Let us now consider the set functions

{pJ(B;x;z); 3=0,1;.0:35 (2.5)



61

defined by (cf.p.10)

o def o
(Bixzz) = P 5 2.6
P [AB;AZ’] ; (2.6)
(o)
z (dy;x)P [A I ;y] , if xeA
pl(B;x;z) def L( BjA, z
o . . - o .
JA p (dI ;x;2) I z(dy;I )P [AB;A %] »
Z X _z
if xel .
z
2.7
and
pk(B;x;z) dgff pk_l(dlk;x;z)pl(B;Ik;z); k=2,3,...
Az (2.8)
recursively. 2

The following lemma can easily be proved:

Lemma 2.1
The functions {pk(B;x;z); k=0,1,...} satisfy:
k
1) For each x €eX the set function p (B;x;z) is a probability

measure defined on G with

pk(Az;x;z) = 13 (2.9)

2) For each set B eG, the x-function pk(B;x;z) is measurable with

respect to G.

It follows from the construction of the set function pk(B;x;z),
that it represents the probability distribution of the initial point
£k+1 of the (k+1)St added transition,

We now consider a sequence of spaces {Qk; k=1,2,...} . These
spaces are isomorphic with Qo. Consequently, there exist 1-1 point

transformations

h
= Tkh(w Y5 keyh=1 .2, .04 (in (2.10))

from Qh onto Qk satisfying:

2) States in Az are denoted by I’Il"" etc.



62

k 'k
a) w = Tkk(w Yy k=0,0, 0005 (2.11)

k J :
b) W = Ty, (T (W)); k,h,3=0,1,... . (2.12)

These point transformations induce set transformations, denoted

by
k h
K = Tkh(K ); k,h=0,1,... (2.13)

and defined by

T (K)

h, def {mklwk
kh B

h h _h
= Tkh(w ); w eK } . (2.14)

The set transformation (2.13) has the following properties:

k

a) K = Tkk(K), k=0,1, 0.3 (2.15)
b) K = Tkh(Thj(K‘j)), it K = Tkj(K‘j)
k,h,j=0,1,2,... . (2.16)
Let the class Fk of sets Kk be defined by
R S SRS PR S (2.17)

k
Obviously, the class F 1is isomorphic with Fo. Consequently, the fol-

lowing lemma is true:
Lemma 2.2

The class Fk is a o-field of wk—sets.

In order to simplify the notation, from now on we drop the space-
k
index k in the notation of the sets K . Corresponding sets in different

spaces will be denoted by the same symbol.

k k
Next we introduce the w -functions {xt(mk); t @ Eo,m)}, defined by
k, k o k
xt(w ) = xt(Tok(w )); k=0,1,... . (2.18)

If BEG and if At'B is defined by

)
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def o 0, O
Ap = v |x{ ) e B}, (2.19)

- o
€
then At-B F~ and thus

y

o gk 3 = |x2(wk)€ B} ¢ FX, (2.20)

So we have proved:

Lemma 2.3

k k, k
The w -functions {xt(w i T € Eo,m)} are measurable with respect

to Fk (k=1,2, ...).

Finally, we introduce the set functions {Pk [K;x;z] k=1 Dsaenl 5

k
defined on F by

Pk [K;x;z] dgf

def f pk-l(dI X %) J z(dy;I )po[y;y] . (z.21)
A K X )

z
The proof of the following lemma is left to the reader:

Lemma 2.4
k
For each x and k the set function P [K;x:z] is a probability

k . .
measure. For each set K the x-function P [K;x;z] is measurable with

respect to G.

The w-functions {xt(wk);t E[b,m)} together with the probability space
{Qk;Fk

k
5"} generate the stochastic process S (k=0,1,...).
! x

The initial state of this process is not x (cf. assumption 3), but

obeys the probability distribution

q(B:x;z) = Pk [AO;B;X;;] =

k-1
= p (dI, ;x;z)z(B;I, ). (2.22)
k k
A
z
It can easily be verified that the set function q(B;x;z) repre-

sents the probability distribution of the state into which the system
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is transferred by the kth added transition. Note that apart from the
initial distribution the process S: does not depend on the strategy
applied.

By (2.18) and (2.21) the set Ao € Fk and has the following pro-

perties:

1) For each wk Eﬁo’ the t-function xt(wk) is continuous from the
right;

2) In each bounded time interval in B),m) and for each u# CTQ,
the t-function xi(wk) has only a finite number of discontin-
uities;

3) For each x €X, we have

Pk [Ao;x;z] = 0 (2.23)

If x(t) is any mapping of the time axis [b,m) into the state space
X, then it follows from assumption 2 and (2.18) that one and only one

k
point w can be found such that

W = x(0). (2.24)

So we have proved the following lemma:

Lemma 2.5
k
The stochastic processes Sx (k=1,2,...) satisfy the assumptions 1

>
and 2 of the Sx process (% =k; M=N) and have initial probability dis-

tributions.

Up to now the probability spaces {Qk;Fk;Pk} have been considered
separately. In the remainder of this section, however, we shall con-
struct one single probability space {Q;F;P} which is in fact the Car-
tesian product of the probability spaces {Qk;Fk;Pk] v

Let  be the product space of the spaces Qk (k=0,1,...) and let H
be the smallest 0-field of sets K that contains the cylinder sets

K = KO xK1 X.o. = Jj; Ki' (2.25)

where
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o [
a) Ki eF , d=0,1;::23
b) only a finite number of w'-sets Ki are different from 9.

X 1
The points of { are denoted by w= (wo,w ,...). We now consider the

point transformation

= w
w T(k)( ), (2.26)
defined by
o) =T oo, (2.27)

The definition of the point transformation T(k)(w) implies:

Lemma 2.6

For each wefl one and only one point w, € ) can be found such that

w, =T (w). (2.28)

1 (k)
By means of the point transformation (2.26) we can define a set trans-

formation 'K = T (K), given by

(k)

| w o= T(k)(w); weK} .
(2.29)

Next we consider a set transformation of sets K e H, denoted by

K=Tyu0.. k=15 (2.30)
and defined by
def o k-1
T(k);wo...wk'l(x) =} T(k)(K N {wlx...x{w } x ;E& Qi)’
(2.31)

where {wJ} is the point set in QJ containing the single point mJ.
We now prove the following lemma:

Lemma 2.7
For each w e the set transformation T(k)'wo wk—l(K) induces a
T R

o-homomorphism of H onto H.
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Proof:
If K is a product set of the type
r ©
= Q9
K 520 Kj x FL , (2.32)

with K. ¢ F) and r 2k, then
3 : .
TTx x T ad, i¢ I ex; § <k-l
J=k J J:I‘+1 J
T K —]
(k);wo...mk'l( )

. iz
g, if 3j;k—1 wl e, (2.33)

Cons tly, T K) €H.
onsequently; Tay ., ., 1t )

From the definition of T wk-l(K) it follows that

(k) ;wO.. bt
W ET(k)'hﬂ wk-l(K) implies (w°,...,w ,wl) € K and conversely.
Hence,
T 00, . wk-1® = Ty o, k-1 B (2.34)
and

U« - U
kilysy K ) = =

i
i=1 T(k);uO...uk-1¢K 2. (2.35)

T
(k);wl...0
Let J be the class of w-sets K €eH which satisfy

T(k);wo...wk'l(x) e 8.

Then, by (2.33) the class J contains the product sets (2.32). Because

of (2.34) and (2.35) J is a o-field and therefore, J = H.

Let J1 be the class of wl—sets "K, defined by

3 dgf

A {("k|"K =T

k—l(K); KeH} .
(2.36)

(k) ;uwl...w

We have just proved that ch H.

On the other hand, if "K € H, then
k_.
"

1
= TP, . 1% R * 8 (230
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and thus

Hence
' J. = H. (2.38)
This proves the lemma completely.

k -
1r ch F', let us introduce the w-functions Pk(Kk;wo...wk 1),

defined by (cf.p.10)
k k-1- def k=1_ k-1
P [Kk;wo...w ] g I z({dy ;x (w ;Az)) p° [Kk;y]
# (2.39)
The following lemma can easily be proved:

Lemma 2.8
k -1
For each Kk e F the w-function Pk [Kk;wo...wk ] is measurable
k k-1
with respect to H. For each wthe set function P [Kk;mo...w ] is a

k
probability measure, defined on F .
Next we prove:

Lemma 2.9

If Kk eFk, we have

Pk EKk;x;z] =

o o 1 1 o k .o k-1- |
JQO P [do ;XJJQl P [do 5w ... sz Pr K w.w ]

k=1,2,... & (2.40)

Proof :
This lemma is proved by induction.

If k=1, then according to (2.6), (2.21) and (2.39) we find

1
P EKl;x;z] = JA po(dll;x;z) Jx z(dy ;II)PO [Kl;y:] =

J ?° [ao®;x] P [k, ;6°] . (2.41)
Qo 1

Thus, the assertion is true for k=1.

Let us now assume that the assertion is also true for k=n-1 and let
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M, be defined by
J;m

’

def n-1 , j-1 ..n-1, n-1 o J
Mj;m =" {w |—2m <Ix z(dy;x (w ,Az))p [Kn,y]:—m} =
2
_ g1 ,3-1 n ) n-1 j
= {w I? <P [Ku...w ]sg-21. (2.42)

According to (2.21)

-1
p" [Kn;x;é] = IA pn (dIn;x;z) Jx z(dy;In)Po [Kn;y] =

n
S———y
Q
ae)
[¢}
o
e
(e}
»
{
—
Q
=
I
-
G-
=}
!
-
!
=
I
[
o
=
1
N
L

. P [xn;w°...wn'1] . (2.43)

Hence the assertion is also true for k=n.

This ends the proof.
We now consider the cylinder set K € H, given by
-]
K i—o & (2.44)

with
a) Ki eFl;

b) only a finite number of wl—sets Ki different from Ql.

For each cylinder set K of the type (2.44) we can define

1) a number m, by

K



69

def . . j
m, ‘< inf {1'\13 scti B = oy, (2.45)
m
g o K
2) functions IK(w oo ) by my
m
o K
i e []
0 My dof 1, if (w ...w ) i-o Ki'
IK(U) sowld ) =
0, otherwise. (2.46)

Now we are in a position to define a set function P [K;x;z] on the

class of all sets of the type (2.44).
Let P [K;x;z ] be defined by

P [K;x;z] =

m m m -1
= J " P0 [dwo;x]J 1 P1 [dul;wo] ¥ J i P R [dw K;up...w " ]'
Q Q Q K
-IK(uP...w ). (2.47)

It can easily be verified that the right hand side of (2.47) exists.

Lemma 2.10
a) The domain of definition of the set function P [K;x;z] , can be
extended to H. For each x €X the set function P [K;x;z:]is a pro-
bability measure defined on H. For each Ke F the x-function

P [K;x;z] is measurable with respect to G.

b) If K_eF" and if K;’;’ is given by

k
k-1 o
c J I J
= Q
Kk 3§20 ka xj=k+1 Q, (2.48)
then
k k c
P [K;x;z]=P [Kk;x;z] y (2.49)
Proof:

Point a) has been proved by I. Tulcea (cf. [1] p.137).

We now consider point b). The proof runs as follows (cf. (2.40)):
c
P [Kk;x;z] =

- f p° [dwo;x] - I % X [dwk;up...uk_lj 1 c(uP...uk) =
Q° & K,
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- J o P [dw’5x] ... J " p* [Kk;(uo...uk-lj =
Q Q
k
= P [Kk;x;z] . (2.50)

So we have obtained a probability space ({$;H;P} with {ul;Fl;Pl} as
factor probability spaces.
k k k
Since w is the kth component of w, the w -functions (xt(wk);t E[b,W)}
k
can also be defined on . We define the w-functions {xt (wW;te B),m)}

by
x:(w) gk x:(wk). (2.51)

It follows from (2.50) and (2.51), that the stochastic processes

{Si;k=0,1,...} can also be defined by means of the w-functions
{xt(w);t € B),m)} and the probability spaces {§;H;P} .

In the final part of this section we shall discuss some proper-

ties of the probability measure P [K;x;z] .

Lemma 2.11
If K €H, the w-function

D D . —
JX z (dy ;x (m,AZ))P [T(J);wo...wJ_l(K)'}’Z] p JElBsana

(2.52)
is measurable with respect to H.
Proof:
Let K be the product set
=g
K = AE% Kj’ (2.53)
with K € F?

h
Then, we have

N L y —
Z(dy,x (W’Az))P [T(j);wo..'wJ_l(K))y,z] e
X 5

._1 i
J z(dy;xJ (w;AZ))P [h=j Kh;y;z] , if w € Ki;
X
1=0); 65 oy J~1
0, otherwise. (2.54)
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Hence,
[x z(dx;xi'l(m;Az))P [T(j);wo'..wj_l(K);x;zj =
= x(w) JX z(dx;xJ-l(w;Az))P [;EE K ix32] , (2.55)
where

. i . "
def 1, if w sKi for i=0,1,. .. yJj-1
X(w) "=

0, otherwise. (2.56)

Thus, if K is of the form (2.53), the w-function (2.52) is measurable
with respect to H.

Let J be the class of w-sets KeH which satisfy the assertion. So
J includes the product sets (2.53). It can easily be verified that J
also contains:

a) the complements of J-sets;

b) the limit of any monotone sequence of J-sets.
Consequently, J=H.

This ends the proof.

Lemma 2.12

If K eH, we have for each x¢X and j 21

P [K;x;z] = J P [dw ;x;;] J z(dy;xj-l(m;Az)).
Q X

i Ei(i);wo...wj—l(x);y;z] =

JQ } Edw;x;é] . [T(J){wo...wj_l(K);xg(w);Z] '

(2.57)

Proof:

Let us consider the cylinder set K e H, given by

©

i=0
with
a) K. sFl;
X

b) only a finite number of sets Ki different from wl.
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If m, is defined by

K
def . " o wl
m, = inf {3 I\lh>i K o=@} (2.59)
and if x(w) is defined by
: i ; :
1, if w eKi; 120515 60w =l
X(w) = [
0, otherwise (2.60)
then for each j we have
P [K;x;z] =
_ o o J=1 j-1 -© Jj-2 ’
_Jop [dw ;%] ... Ilf [do” "5u”.ciw?™ ] o x(w)
“ o™t o
J-1, d-1
. . A . =
Ix z(dxl,x (w :A)) P [QEE Kh x1 z]

[ P [dw;x;z ] I z(dxl;xj_l(wj_l;Az))°
Q X
P [Ty, 0., -1 @ix52] . (2.61)

From (2.61) we deduce that the product sets K satisfy the assertion.
By using similar arguments as in the proof of lemma 2,11 we can com-

plete the proof of this lemma.

We now consider the w-set M , defined by

w j-1 © =
det U T i T i
s~ 0 s K R Ay B (2.62)

Obviously, we have for each x €X
o
P[M ;x;z] = 0. (2.63)

By completing the measure, the domain of definition of P [K;x;z ]
is from now on extended to the g-field F, the smallest o-field in-

cluding H and containing all subsets of Mo.
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The proof of the following lemma is left to the reader (cf. lemma

1.1)%

Lemma 2.13
For each set K e F, the x-function P [K;x;{] is measurable with

respect to G.

2. The probabilistic foundation of the decision process

In section 1 we have stipulafed that the application of a strate-
gy involves extra transitions. We assumed that an instantaneous trans-
ition with transition probabilities z(B;xl) occurs if a state, say xl,
of a closed set AZ is reached. If such a transition leads to a state

Xy then the process goes on like a S: -process. The resulting random

walk is called the decision process an% is denoted by Sx-z if x is the
initial state. ’

Since the initial distribution of the S;-process represents the
probability distribution of the state into which the system is trans-
ferred by the kth added transition (cf. p.60), the stochastic pro-
cess Si can be used for the description of that part of the decision
process which will take place between the kth and the (k+1)St added
transition. Hereafter this part is called the (k+1)St stretch of the

decision process.,

In such a presentation the points wkc Qk determine realizations
of the (k+1)St stretch. Hence the points w ¢ ) determine realizations
of the whole decision process.

In this section we shall demonstrate that decision processes can

also be defined by means of probability spaces {Q;F;P}

Obviously, the successive states.in Az’ reached by the system, can
for almost all w be represented by {xJ(w;AZ); j=0,1,...}. The lengths
{tj(w;AZ); j=0,1,...} of the time intervals between the added trans-
itions are defined and measurable with respect to Fj (cf. lemmas 1.5.1
and 1.5.2 with *=j).

The sequence of w-functions {xj(w;Az); Jj=0,1,...} together with a

probability space {Q;F;P} generate a sequence of stochastic variables,
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denoted by {1j+1; §=0,1,.5:)s
We already know that the applied strategy z effects an extra
transition in the random states {lj; 321525005 )

Obviously, we have for j=1,2,... (cf. (2.6), (2.7) and (2.8))

Prob {_I_J,+IEB Ill =1, = IJ.} =
= z(dy;1 )P° [a 3y] = pl(B'I SZ) (2.64)
J B;A ’ ’ J’
X z
and
J J
= A o5 = s5pe .
Prob {1, , €B} = P C B;Az,x,z:] p? (B;x;2) (2.65)
with
3 -1 i
p”(B;x;z) = p (dIJ;x;z)p (B;IJ;z). (2.66)
A

z

The following theorem is an immediate consequence of lemma 2.1 and the

equations (2.64) through (2.66) (cf. [2] p.190 ff.):

Theorem 1
The stochastic variables (lk; k=1,2,...} constitute a stationary

Markov process with a discrete time parameter.

This stochastic process is called the decision process on Az'

Henceforth our considerations are based on the following assump-
tion:
Assumption 4

'There is a finite valued measure Q(U) of sets UeG with Q(X) >0,
an integer k21 and a positive n, such that for each Ie AZ (cf. [2] p
p. 192)

pk(U;I;z);l-n , if QU) &n . (2.67)

We can now prove (cf. Dﬂ , p.214):

Lemma 2.14

Under (2.67), the function p(U;Il;z), given by
def .. 1 ¢ j
p(U;Il;z) = Lim o z p(U;Il;Z), (2.68)
. J:l
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defines for each Ile AZ a stationary absolute probability distribution.

The sequence of w-functions {tJ(w;Az); j=0,1,...} together with
the probability space {{;F;P} also generate a sequence of stochastic

variables. These stochastic variables are denoted by {Ej; 3=0,1,2, ...}

Using similar arguments as in the proof of lemma 1.47 we can

prove:
Lemma 2.15
Under (2.4) and (2.67) the limit

1 v
lim = E tJ(w;A') (2.69)
r 300 r jZl 2

exists for almost all w and is equal to

-

p(dI;I ;z)J z(dy;I)J e’ [ ;y](2.70)
fA Uk 0 dtif,

z

if the initial state I1 belongs to a simple ergodic set of the stochas-

tic process {lk; B=1.,25 506 i
Lemma 2.16
Under the assumptions 1,3 and 4 and by property 3a) of the func-

tion z(B;x), we have for each I1 EAZ

L]
O
J p(dI,Il,z)J z(dx;1) J tp [_dt;A ;x] > o.
AZ X (0} z
(2.71)
Proof:
Obviously, we have by assumption 3 for each x

O “ . - 0o - .
. [:Eo,lﬁ);Az’x] 7 [“EO,%:);AZn Aop] » RT3

Let us consider the limit

3 o - - — o - -
1lim P [—EO,%‘);AZ’XJ =P [nol _EO,%);AZn Ao;x,x] 5

n -+«

(2.73)

If x aKZ, by the definition of AO we find
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8

E naA A . .
n=1 [O,lﬁ);Az 0;Xx = o (2.74)

Hence, if x c_A_Z,

0 ‘T
lim P | Z ;x| =0 2,75)
L WO :
and thus
1im PO [E ix] = 1. (2.76)
n »>o Elﬁ,“') ;AZ
Therefore, if x CKZ,
tp° [ 2 ;x] > .0, (2.77)
0 dt;A7

a
The assertion now is an immediate consequence of property 3 ) of the
function z(B;x).

This ends the proof.

Now we are in a position to prove the following theorem:

Theorem 2
Under the assumptions 1,3 and 4 and by property 3a) of the func-

tion z(B;x), the limit

r
. 1 i g
lim — z t) ;A ) (2.78)

exists and is positive for almost all w. In particular, if the initial
state I1 belongs to a simple ergodic set of the stochastic process
{lk; k=1,2,...}, the limit (2.78) is almost surely equal to
roa
f p(dI;Il;z)j z(dx;I)J
A X
Z

O r= :
tp [_dt;AZ,x] ;

(2.79)

0o

Proof:

If the initial state I1 is an ergodic state, then the assertion is

an immediate consequence of lemmas 2.15 and 2.16.
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If the initial state is a transient state then for almost all w
the system will stay outside all simple ergodic sets only a finite
number of times in its transitions (cf. Eﬂ , P.207). Consequently,
for almost all w an integer n(w) can be found such that for n 2 n(w)
the states xn(w;Az) are ergodic. Hence, for almost all w

Im A& Z tJ(wA)
r +x __1

= p(dl;i;z)] z(dx;I)[ te° [ 2. . ;x] >0,
JAZ X (o] dt’Az

(2.80)
n(w)

where I stands for x (u;AZ).

This completes the proof.

Let us now consider the w-functions {u (w) t € [0,=)} and {ut .2 (w);
t e[0,#)}  for k=0,1,..., defined by
o def o
'1(w) = ut;z(m) = xt(w), (2.81)

(W), if t < t (w;A)
= 'k z

tisd.
X _tk(w;AZ)(w), if & >tk(m;Az)
(2.82)
and
uk l(m), if t<t (W34 )
t;2 k z
k " def
Ueptd = K i 20
xt—Ek(w;Az)(w)’ if © 2 t (w; A )
(2.83)
where k-
£, (wA) def ¥ £ (w;A ). (2.84)
Jj=0

k
Note that the t-functions Uy (w) and u (m) only differ if
I !

t = tj(w;Az) (i=1,2;:5+:K).
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Lemma 2.17
k
The w-functions {ut_l(w);k=1,2,...; t € [0,)} are measurable
)

with respect to H.

Proof:
This lemma will be proved by induction. It follows from (2.81),.

that the assertion is true for k=O.

Let us assume the assertion to be true for k=n-1 and let us con-
sider the sequence of w-functions {u . (w), m=1,2,...}, defined for

k=1,...,2" by

O ), i SERIE o § guny 5o EE
n daf . (k-1)t oM n z o
um_t(w) = 0
’ n-1 -
i . &>
ut;l(w), i¥f tn(w,Az) 2t s (2.85)
Let the w-functions {Xk(w);k=0,...,2m} be defined by

% n
1, if t (W;A )2t orw €A
f ) ’ =
X (w) dg [ n z o
0, otherwise 5 (2.86)
and
def B 22 iﬁ:%lﬁ = En(u;Az) ) E% and @' ¢ &
X, (w) = [ 2 2
0, otherwise ’ (2.87)

t
where w" is the n h component of w .
It can easily be verified that the w-functions {Xk(w);k:O,...,zm}
are measurable with respect to H.

Consequently, the w-functions

m
2
mt(“” x(w)u (w) ) xk(w)xn NPT O TR & e
k=1 t——m—
2 (2.88)

are measurable with respect to H.

It can easily be verified that for each wthe sequence {un.t(m);

m=1,2,...} converges to a limit, which is by consequence measurable
with respect to H. Since for w € TT Sﬂ XAO XJII+1 QJ this limit is

equal to un (w), the latter is measurable with respect to H.

31
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By a similar reasoning, we can prove:

Lemma 2.18

k
The w-functions {ut_z(w);k=0,1,...;t € E),m)} are measurable with

respect to H.

For each fixed k the w-functions {ut_l(w);t € E),w)} together with
i J

the probability space {Q;F;P} generate a stochastic process

{uk

Yexi1’ te[0,)} . (2.89)

Let the stochastic variables {ij; j=1,2,...} be defined by

2 Jil
t, = t. . (2.90)
J k2o ¥

The stochastic process (2.89) describes the state of the system in X
t
if after the k h extra transition no more extra transitions are added

and if at {EJ,- j=1,2,...,k} only the initial point of the correspond-

ing extra transition is recorded.
k
Similarly, we find that for each k the w-functions {ut_z(w);t E[b,m)}
’
together with the probability space {Q;F;P} generate a stochastic pro-

cess

k e
CRNPY tef[o,=)} . (2.91)

The stochastic processes (2.89) and (2.91) are identical with the ex-
ception of the random points of time {EJ;j:l,z,...,k} . In (2.91) the

state after the effectuation of the extra transition is presented at

~

t..
-

In order to evade difficulties in determining the state at Ej we
introduce the product space X' of two N-dimensional Cartesian spaces
Xl and XZ' The o-fields of all 2N-dimensional Borelsets in X' is deno-

ted by G', while the corresponding o-fields in X1 and X2 are called G1

and G2 respectively. Note that the spaces X, X1 and X2 are isomorphic.

Next let for each k and t e EO,W) the w-functions ui‘l(w) and

k : ;
ut;z(w) map  into X1 and Xz respectively.
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From now on states are represented by points x' €X',

the x, -component of the "state' x' determines the

2’ 1
initial point of the extra transition, while the x

If x' €A xX
z

z—component describes

the state just after the effectuation of the transition.

If x’ EK;><X then the x, and the x_-components of x' are equal.

2v 1 2
k
Obviously, the w-functions {ut(w);kzo,l,...;t € [0,=)} , defined

by
ulz(w) agt (ult(.l(w);ul::_z(w)), (2.92)

map { into X'.
The proofs of the following lemmas are obvious.

Lemma 2.19
k
The w-functions {ut(w);k:O,l,...;t € [0,2)} are measurable with

respect to F.

Lemma 2,20
k
The w-functions {ut(w);kzo,l,...;t € B),w)} have the following pro-
perties:

= k
a) For each w EMO the t-function u_ _(w) is continuous from the

t;2
right;
b) For each w cﬁo the t-function ut(w) has only a finite number of

discontinuities in each finite time interval.

We now consider the w-functions xt‘l(w) and xt'z(w) T8 K=1,2, .04y
’ )
defined by
def k-1 ~
= i < b
xt;1(‘”) “t;l(“’)’ if t,=tk(w,Az) and
lim t (w;A ) = = . (2.93)
h—)w h z
def k-1 -
= w i < >
xt;z(w) “t;z( ), if t tk(w,Az) and

lim t (WA ) = (2.94)

hs o

x (w) = x (w) = xo(w), if 1lim t A ) < o
t;1 t;2 t R p (WA,
(2.95)
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Note that the w-functions xt~1(w) and xt_z(w) only differ at the
) )

points of time {%k(w;Az); k=1,2.::s} =
The following lemmas can easily be verified:

Lemma 2.21 .
The w-functions {xt_l(m);t € [O,w)} and {xt.z(w);t € [O,m)} are

measurable with respect to H.

Lemma 2,22
The w-functions {xt(m);t € B),w)} , defined by

x, @ B G @x, W), (2.96)

map ! into X' and are measurable with respect to F.

Lemma 2.23
The w-functions (xt(w);t E[O,W)} have the following properties:

a) For each w eﬁo the t-function x ‘2(w) is continuous from the

t )
right;
b) For each w cﬁo the t-function xt(w) has only a finite number of

discontinuities in each finite time interval.

The w-functions {xt(w);te ma)) together with a probability space
{Q;F;P} generate a stochastic process

{it;x;t € 0,2} (2.97)
in X',
Since

a) by theorem 2 we have almost surely

lim th(w;Az) = ® 3 (2.98)
hoso
b) the stochastic processes {uk it € |:0 )} and {uk jt e [0 ) }
=t ;x3l’® ’ —t;x;2’ :

describe the evolution in the state of the system if only k

extra transitions are added,

it follows from (2.93), (2.94) and (2.95) that the stochastic process

{zt'x;t € B),m)} describes the whole decision process in X'.
)
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- t i
If zt;x 59 the Xy component of the state Et;x determines

the initial point of the extra transition, while the xz—component des-

EA xX
b/

cribes the state just after the effectuation of this transition. The

. € &7 x
two components are equal if it;x AZ X2'
Note that by virtue of assumption 3 the xl—component of the ini-

tial state is equal to x with probability 1.

X
—0;3;X

If x CAZ, then the x_-component of theinitial state x also is

2 05X
equal to x with probability 1.

The xz-component of io;x obeys the probability distribution
z(B;x) if x EAZ. Consequently, for xe AZ the decision process has an
initial distribution.

So we have proved:

Lemma 2.24
Under assumptions 1,3 and 4, the decision process in X' can be de-

fined by means of a stochastic process.

3. Properties of the decision process

In this section we shall show that, notwithstanding the decision
process does not satisfy assumption 1 (cf. chapter 1 of this part), the
assertions stated in lemmas 1.5.1 through 1.9 can still be proved.

As we noted at the end of section 2 the decision process

{Et-x;t e[o,m)} has an initial probability distribution if x, €A . In
’

1
the coming discussion we shall demonstrate that decision processes with
given initial x'-states can also be defined.

For that purpose we have to define set functions
{p [K;x';z] ;x"€ X' }, Properties of these set functions are investi-

gated at the end of this section.

Let us start with introducing the y-functions {vt(w);t g[o,w)} y
defined by

v ) % CHNOENNON (2.99)

The assertion stated in thg following lemma can easily be proved.
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Lemma 2.25
The w-functions {vt(w);t e[b,M)} have the following properties:
a) For each t e[b,m) the w-function vt(m) is measurable with
respect to F;
b) For each w Eﬁo the t-function vt(m) is continuous from. the
right;
c) For each wéiﬁo the t-function vt(w) has only a finite number

of discontinuities in each finite interval.

Next we consider the w-functions {x . (w;A x X_);j=1,2,...} , de-
J Zz 2
fined by

f

x ;A xx) %€F I Ay, xdw).  (2.100)
Jj zZ 2 z o

We easily verify:

Lemma 2.26
The w-functions {x (w;A xX_);j=1,2,...} are measurable with
J z 2

respect to F.

It follows from (2.99) and (2.100) that

. xJ.(w;AZ xxz), if t = tj(w;Az)
xt(w) =

vt(w), if t # tj(m;Az);jzl,Z,... . (2.101)

If C is a closed set in X', the w-function t(w;C) represents the
moment that the system is for the first, time in C.

In other words (cf. (1.47))

— def inf {tlxt(w) Q) , it xt(m)s C for some
. - . finite t
otherwise. (2.102)

@iy

If 't(w;C) and "t(w;C) are defined by

t (w;A), if x (A xXD)eC (k=1,...3-1)
def % ’ k ) 2 3
"t(w;C) ¢ = “

and x . (w;A_xX_ ) eC
z 2

® otherwise (2.103)

? |
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and

def

inf {t[vt(w) ec} , if vt(w) € C for some
"t(w;C) = [

finite t
o, otherwise SRR
,(2.104)

respectively, then we obviously have

tW;C) = min('t(w;C), "t(w;C)). (2.105)

Since the w-functions Ej(w;Az) and xk(w;Azx X2) are measurable with
respect to F, it follows from (2.103) that the w-function 't(w;C) is
measurable with respect to F. Moreover, lemmas 2.25 and 1.5.1 imply
that the w-function "t(w;C) is measurable with respect to F. (M0=A:!)

Consequently, we find:

Lemma 2.27.1
If C is a closed set in X', then the w-function t(w;C), defined

by (2.102), is measurable with respect to F.

We now consider the w-function x(w;C), defined by (cf. (1.51))

X W), if t(w;C) < =
x(w;C) e [ Bu;C
xo(w), if t(w;C) = =, (2.106)

By (2.103) and (2.104)
x (A xX.), if €. _(u;A ) <t(u;C) = t.(w;A )<w
v(w;C), if t(w;C) = "t(w;C) , (2.107)

where
Vi (w), if "t(w;C) < =
f o ’ £
v(w;C) dg [ siascs
xo(w), if "ug) = * , (2.108)

Using similar arguments as in the proof of lemma 1.5.2 we can prove
that the w-function v(w;C) is measurable with respect to F.

Obviously, we have:

Lemma 2,27,2
If C is a closed set in X', then the w-function x(w;C), defined

by (2.106), is measurable with respect to F.
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If B is a 2N-dimensional Borelset, if C is a 2N-dimensional

closed set and if I is an interval in [p,m), the w-sets At

iB;2z’
:I;C;z and AB;C;z are defined by
def
Mg — W|wSEmd, (2.109)
= def
*riciz - {w| tw;ey e}, (2.110)
and
def
bgepsm {w [ x(u;c) € B} (2.111)
respectively.

We now assume the set C to be chosen in such a way that for each

€
x1 X1 we have

P (2.112)

[O,m);C;z;xl;z] = A

Since each combination of a measurable w-function and the proba-

bility space {Q;F;P} generates a stochastic variable, the w-functions

t(w;C) and x(w;C) lead us to the stochastic variables t and x .
—C;x1 —C;x1
The probability distributions of these stochastic variables are given
by
Prob {t ex} % p [= s%. j2 ] (2.113)
—C;xy - “I;C:z’ 1" :
and
Prob { e B} Hge p[a X ;2] (2.114)
—c;x1 B;C:z 1"
respectively.
The stochastic variable EC_X represents the length of the time
)
period preceding the moment at which the system first is in C, while
§C'x denotes ‘the state at the end of this period if (2.112) is true.
b
1
Summarizing:
Lemma 2,27

If the assumptions 1,2,3 and 4 and condition (2.112) are satis-

fied, the probability distribution of the length EC'x of the period

’

preceding the moment at which the system first is in C and that of

the state Xo.x at that point of time are defined. They are given by
)
(2.113) and (2%114) respectively.
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Let B be a closed set in X' and let us define a family of w-

functions {xt(w;B);t e [0,=)} by

X . (w), if t(w;B) < =
x, (0;B) def [ t(w;B)+t

xt(w), if t(w;B) = . (2.115)

Lemma 2,28

The w-functions {xt(w;B);te [Q,m)} are measurable with respect
to F.
Proof.

We first consider the w-functions {vt(w;B);tc.[p,m)}, defined by

v . (w), if t(w;B) < =
v, @;B) def [ t(w;B)+t

xt(w), if t(w;B) = o, (2.116)

L3
It follows from lemma 2.25 and 1.6 (I\o = Mo) that the y-function
vt(w;B) is measurable with respect to F.

We obviously have

vt(w;B), if t(w;B) = » or if for each k

x, (w;B) = t(w;B) + t # & (w;A)
t k Z
xk(w;Az xXz), if t(w;B) + t = tk(w;Az)>
t : 2.117
> tk—l (u,AZ). ( )

We now define the w-functions {Xk(w);kzo,l,...} by

1, if t(w;B)= = or if for each k

def Py
Xo(w) = t(w;B)+t # tk(w;Az)
- 0, otherwise (2.118)
and & ~
o i - — . > .
o def 1, if t(w;B) + t = tk(m,Az) tk_l(m,Az)
" =

0, otherwise. (2.119)

Next we consider the sequence

n
X, (@ v, (w;B) + | X (W) x, (@;A_x X,);n=1,2,...} .
k=1
(2.120)



87

Since the w-functions Xk(w), vt(w;B) and xk(w;Az xX2) are measurable
with respect to F, all elements of (2.120) are measurable.
Consequently, the limit xt(m;B) of this sequence is measurable with
respect to F.

This ends the proof.

If B and C are closed sets, let us introduce the w-functions t(w;B;C)

and x(w;B;C), defined by

—— det ~ inf {t|xt(w;B)c cl , if xt(w;B) € C for some
n - © otherwise Tipite &
- )
(2.121)
and
- X (w;B), if t(w;B;C) < =
def ‘. 3’ ’ y Dy
x(0;B;C) e t(w;B;C)
- xo(w;B), if t(w;B;C) = = (2.122)
respectively.
Lemma 2,29

If B and C are closed sets in X', the w-functions t(w;B;C) and
x(w;B;C), defined by (2.121) and (2.122), are measurable with respect
to F.

Proof: |
The t-function xt(w;B) has the same properties as the function
xt(w). Therefore, lemma 2.29 is a direct consequence of lemmas 2.27.1
and 2.27.2,
This ends the proof.

If C is a closed set in X' and if w is a realization of a stoch-
astic process Sz;x’ let t(w;Dﬂ) be the moment that the system enters
into C for the first time.

Repeating the arguments used in the proof of lemma 1.8.1, we can
prove the following lemma'!

Lemma 2.30.1

The w-function t(w;[Q]) i's 'measurable with respect to F.
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Let us introduce the w-function x(w; [C]) , defined by

. Ny W), if t(w;[C]) < =
x(;[c]) % [ t(; (e

x (W), if t(;[C]) == - (2.123)
o
Note that by this definition the state at the end of the period
[O,t(w;[C])] is given by x(w;[C]) unless t(w;[C]) = =.

Lemma 2.30.2

The w-function x(w; [C]) is measurable with respect to F.

Proof:

We first consider the function v(w; [C]), defined by

v, . (W), if tw;[c]) < =
vw; [c]) ¢ [ ks (6]

x (W, if t@;[C]) == - (2.124)

By using similar arguments as in the proof of lemma 1.82 we can prove
that the w-function v(w;[CJ) is measurable with respect to F.

Obviously, we have

v(w;[C]), if t(w; [C]) £ Ek(w;Az) for each k

< D = | '
xk(w;Azxxz), if t(w; [C]) = tk(w;AZ)>
t . 2.125
> tk_l(w,Az). ( )
The proof is immediate.

Let us introduce the w-sets = and A defined b
I;[C];2 B; [C] ; 2’ y

- def .
e - wlt@ilDen (2.126)
and
%8; [c] ;2 9t (w]x(w; [c]) € B) (2.127)

respectively.

We now assume the closed set C to be chosen in such a way that for

each x1 € Xl
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P [E[o w)_[:c]_z;xl;z] =1, (2.128)

The w-functions t(w; [C]) and x(w; [C]) together with the probability
space {{;F;P} generate the stochastic variables E[C]'x and
E[C] x ; the corresponding probability distributions arelgiven by
’
1

def -
Prob {E[C];xlcl} = P[:I;[C];z;xl;z] (2.129)

and
Prob {x € B} - p[a X3z ] (2.130)
—|:C:];x1 B;[C];z’ 1?
respectively.
The stochastic variable E[C] - represents the length of the time
)
1
period preceding the first entry in C, while EEC] - denotes the state
)
1

at the end of that period if (2.128) is true.

Summarizing:

Lemma 2.30
If the assumptions 1,2,3 and 4 and condition (2.128) are satis-

fied, the probability distribution of the lengtﬁ t of the period

[€] 5
preceding the first entry in C and that of the state x X at that

’

point of time are defined. They are given by (2.129) and (2.130) res-

pectively.

We now consider the w-functions

(x4 (w; [C:], te [O,m)) , defined by

Xt (s I:C])+t(“’)' if t(w; [c]) ¢ o

x (0, if t(;[C]) = =

(2.131)

D [

Repeating the arguments used in the proof of lemma 2.28, we can prove:

Lemma 2.31
The w-functions {xt(w; [C]);t 3 [O,oo)} are measurable with respect

to F.
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We shall now demonstrate that decision processes with a given
initial x'-state can also be defined. To this end we introduce the
o-field ﬁo’ the smallest o-field of w-sets with respect to which the

w-function xo(w) is measurable.

Lemma 2,32
A conditional probability measure P [K;xl;z |ﬁ;] can be defined

on F.

Proof:

We first consider a set K of the following type!
K =K x'K (2.132)
3)

with K_ e F and 'K eF.

We can easily verify that the w-function p(K;w), defined by

Fes z i = A
def [ P l_K,xo;z(m),z] , 1LE xo;l(w) xo,z(w)e Az

u(K;w) = . ?
P EKo;xo;l(w);z] P [-K;xo;z(w);z] , otherwise
) c 3) (2.133)
with K- = K x @,
o o ~
is measurable with respect to Ho.
Since for Ble G1 and Bze G2 (cf. lemma 2.12)
N 2 = =
& P [K Ao;B x B ;z’xl’z]
1 2
=P|KNnA Nn A o A +
[ o;le Bz;z o;AZ xxz;z’ 1 ]
A NnA _ ox .
o [K(1 o;B1 XB2;z O;Azxxz;z'xl’zj ; (2.134)

©

3) Really, F is a o-field of sets in Q= IL @Y and not in ' Q= Ul ad,
But,since the spaces f and '? are isomorphic, isomorphic 0-fields,

denoted with the same symbol, do not cause confusion.



b) P

c) P

we find
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K. A N A sz ) =
[ o;leBz;z o;AZxXZ;z L ]
Pk N A LiE s ] =
0,(Blf\AZ)XBZ,z 1
o
fAP [dw;xl;z] . z(dxz;x (m;Az)) P [Tl;mo(l();xz;z] =
o;(AZn Bl)xxz;z 2
. P@w;xl;z:] IB z(dxz;xl) P [Tl;wo(K);xz;z] =
o;(AZf\ Bl)x X2;z 2
o;(Azﬂ Bl) xXz;z 2
Cc "W . 5 -
P [Ao;(A NB.)x X,z n Ko,xl,z] J z(dxz,xl) P[ K,xz,z] =
z 1 2 82
c iie 5 .
\ P Edw;xl;z] P [Ko;xo;l(w);z] p[ K,xo;z(w),z] ;
o; (Azn Bl) x B,z (2.135)
[:Kf\/\ *B, xB'znAO'K XX'z;xl;Z]
@iy * s o B
P [dw;xl;z] P [K;xo;z(w);z_] R
o;(Az(\ Bl)sz;z (2.136)
P [K N Ao;le Bz;z;xl;z] =

F

P [dw;xl;z:] P [Kz;xo_l(u);z:l P ['K;xo.z(w);z__] +
o;(Azn Bl) XBz;z

\ P Edw;xl;z:l P [K;xo;z(m);z] = IA P Edw;xl;z:] H(K;w).
o;(Azr\Bl) sz;z o;le Bz;z
(2.137)
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The class of all finite unions of disjunct proguct sets le Bz, with

i i = U B
B1 eGl and 82 EGZ, is a field of x'-sets., If 25

union, then we obviously have

- "
14 B2i is such a

P EK N A ‘z;xl;zjz

033918y ¥ Boys

1]

n
= z J P [du;xl;;] W(K;w)
i=1 A
L T T
= JA P Edw;xl;%] u(K, w)
. B -
°'1Q1 Blix 2i’Z 2.138)

Now let JK be the class of sets BeG' with the following property:

P [K n Ao;B;z;xl;Z] = JA P [dm;xl;Z] u(K;w).
0;B;z (2.139)

By (2.138) the class JK includes the field of all finite unions of dis-
junct product sets.: Moreover, we can easily prove that JK contains all

-sets. Consequently, J  includes the

limits of monotone sequences of J K

K

o-field G'. Hence JK = L

Since the o-field ﬁo consists of sets of the form AO'B'Z with BeG',
? )

we have now proved that

P[KN A;xl;z] = JAP [dw;xl;%] H(K; w) (2.140)

if K satisfies (2.132) and A eﬁo.

The set function u(K;w) is for each w a product probability
measure, defined on the class of all product sets of the type (2.132),
and therefore the domain of definition can be extended to H and F
uniquely.

Henceforth the set function HM(K;w) is defined on F.
Now let J be the class of w-sets Ke F with the following proper-

ties:
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a) the w-function u(K;w) is measurable with respect to H ;

b) for each A eﬁo

P[KN A;xl;z] = [ P [dw;xl;z:] u(K; w) . (2.141)
A

It can easily be verified that

a) f €J;
b) if K€J, then K€ J;

c) if K, €J and if K. C K, sws  (1=1,2,.+:); then .U K. € J.
i i i+ i=1l T4

L
Consequently, J is a 0-field..
According to (2.140) the class J includes product sets. Thus, J DH.
- oo
s 1] @l j o
It follows from (2.133) that K = | QY x A x Q° satisfies
Jj=0 o Jj=k+1
for each w e
H(K;w) = O, (2.142)

Therefore, for each we Q (cf. (2.62))

u(Mo;w) = 10, (2.143)

This implies that all subsets of Mo belong to J. Hence, J = F,

Finally, let us define P [K;xl;z lﬁo] by
P [K;x, ;2 |ﬁo] = u(K;w). (2.144)

The proof is complete.

-~

The following properties of P [K;xl;z I Ho] can easily be proved
and are stated for later reference:
1) for each weQ and KEF
P [K;xl;z |H°] =P [K;xo;z(w);z] g Bf xo;l(w) = xo_z(w)s AZ;

(2.145)



94

2) for each w € Q and x' €X'

1, if x (w) = (x,,x,)
ﬁ]_{ o 1’72

P [:A i . iz |
o,{xl}x{xz},z 1 o B, if % (o) £ fx 23
o 12

(2.146)

where the product set {xl} x {xz} is the point set containing

the single point x' = (xl,xz).

Let us define a family of probability measures {P[K;x';z] ;x'eX'} ,

with F as domain of definition, by
. def - .
P [K;x ;z] = P [K;xl;z I Ho:] 3 (2.147)

where w satisfies x (w) = x' = (x,,x,.).
Ko} 1772

The decision process {Et'x"z;t C[O,w)} with initial state x' is

now defined by means of the w-functions {xt(u);t 3 [O,m)} and the pro-

bability space {Q;F;P} , where P is given by (2.147).

Let Hz be the smallest o-field of w-sets with respect to which
the w-functions {xt(w);t € [0,)} are measurable.

Presently, we need the following result:

Lenna 2.33
1f KEHZ’ then
B [K;xl;z ‘f[o] ) P.[K;Xo;z(w);Z] 5 LE xo;l(w) = xo;Z(w)E Az
P [Ty oz, pludin] , A% (e,
(2.148)

Let us first consider a set K, given by

t;le Bz;z y

with Bl eGl and B2 er.

Obviousl'y, we have
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Xt i >
Ao;A At;’le Bz;z’ if t>0
A n A = e
t;B. % B2 0;A xX_ sz
1 2 z 2 ” .
Aosh np™ Posm xx jur 1T 0
e By ) 2’
(2.150)
where 'A and 'A are
t,leBz,z . o,B2XX2,z
a) sets in 'Q = JE QJ;
3 : ’ A g
b) isomorphic with B, x B, 32 and AO;B % X, iz respectively.
1 2 2 2
Thus, if t >0,
u(A_ sw o= u(A LnA sw) +
t,B1 xBz,z t,le Bz,z o,AZx x2,z
+ u(A_ N A - W) =
t,leBz,z o,Azxxz,z
= u(A_, x'A ;W) 4 (A n A Jw) .
0;A t;BliB2;z t;leBz;z O;szxz;z’
(2.151)
By (2.133) and (2.145) we find, if t >0,
LI(A i X ’(AJ) =
t,31XB2,z
F.[---At;B x B ;z;xo;Z(w);Z] M xo;l(w) CAz
1 2
(<)
P [Ao;A ,xo;l(w),z:l PD\t;B _— ;Z,xo;2 (w),z:l i
z 1 2
if x _(weA (2.152)
o;1 z
and consequently,
. > A . - . .153
u(/\t;B1 XBZ;Z,N) P t;leBZ;z'xo;z(‘“)’Z] (2.153)

However, if t=0, we find by (2.150)



u(A ;W) = WA A A JW o+
t;81XB2;z 0;A o;leBz;z
+ ulh —n A L) =
o,AZ o,le Bz,z

= (A x ' ;w) + u(h N A jw) .

n . . ’ . . ’

;A B1 o,Bzxxz, o,AZ o,leBz,z

(2.154)

By (2.133) and (2.145)

U(AO;Bl XBZ;Z;w) =
A . . h : e_
[ P E ;B x B ;z,xo;z(w),z_J s 1f xo;l(w) Az
= 1 2
c
PrA Bz JoBL & x o (w);z
L o;AZr\Bl;xo;l( ;2] 0;B,* X ;2" 0;27777 ]
if x _(weA (2.155)
o3l Z
and consequently,
A . . ; A
¥ [ o;Bl x Bz;z’xo;z(w)’zj p 3 Xo;l(w)EAz
‘W) = i B.N
u(Ao,Bl xB2;z’w) 0, if xo;l(w) EBl AZ
A o .
P[ 0;B, sz;z,xo;z(w),z:] :
if xo-l(w)EBln AZ. (2.156)

’

From (2.153) and (2.156) it follows that for any t

P [At;Bl XBZ;Z;XO;l(w);Z]’ if xo;l(m)eAZ
M(At;B x B ;z;w) =

5 R p[ T A

();uo’ t;Bl"132;2)'Xo;2(w)'z:l ’

if xo;l(m) eAz. (2.157)

Hence, the w-sets of the type (2.149) satisfy the assertion.
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Let J be the class of sets K with the following properties:
a) JecH ;
z
b) the sets K satisfy (2.148).

The following points can easily be verified:

a) A, .. EJ;
t,B1 sz,z
b) if KeJ, then K €J; ”
c) if K, €J and if K CK, swm (B=1.2, 5.0, then U k ey,
i i i+l i=1 i

Consequently, J is a 0-field that includes the sets At-B

x B_;z"°
1 ’
Hence, J = H_. A

z
Lemma 2,34

If X eH, we have for each x'e X' and j>1

P [ﬁ;x';z]

f P [du;x';;] f z(dy;xj-l(m;Az)) .
Q X

I'QP [avix'i2] PLTj) 0 5t ixy@e]

(2.158)

Proof :

The proof of this lemma is similar to that of lemma 2,12,

We now make the following assumption!
Assumption 5

(0]
The basic probability space {Q ;FO;PO} is strongly Markovian.

In the final part of this section we shall prove two additional
properties of the set function P [K;x';z] . In virtue of these proper-
ties the decision process is a stationary strong Markov process, as we
shall see in section 4.

Let us consider the w-functions {Qt(m;to);t g[p,w)}, defined by
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i <
. def xt(w), if tot)
xt(w;to) =
x, (wy, if t>t . (2.159)
to o

The following lemma can easily be proved:!

Lemma 2.35
The w-functions (;(t(w;to) it € [0,°°)} are measurable with respect

to F.

Let the class of w-sets ﬁt be the smallest 0-field with respect
A o )
to which the w-functions {xt(w;to);t € B),m)) are measurable.
Note that ﬁt also represents the smallest 0-field with respect

o
to which the w-functions {xt(w);t ;to} are measurable,

Next we consider the uw-sets {Eg't~z;j=1’2""} and
2 . . » Yy

{_j;t;z,J—O,l,...} , defined by
o : 4 & ~
:%,t.z .- {wlt.(w;Az) = t; tk(w;AZ) £t if k#j}
J5 45 J (2.160)
-2 def - -
= e . < 3
CHIN (w|tj(w,Az) <t (wA)) (2.161)

with t (w;A ) = O.

o Z
Obviously, we have
E?_t_z € H; i=1,2, (2.162)

Lemma 2,36
If A ef{t , the w-sets

o
AN (2.163)
ost sz
o
and
2
y AN = s =
T(j);wo...wJ'l( j;to;z),J 1,2,... (2.164)
are cylinder sets of the respective forms
o h
(A" n ) x TT £ (2.165)

“(t_,»);A h=1
o z
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oo

j - h
l\‘]f\ = 3 Tr Q: j=
( (e o580 *net B8 320, (2.166)

and

where A oe I;o' (cf. p.38 with »* =0) and t‘] =T -E.(M;A ).
- tg o o j z

Proof!

Obviously, we have

A i it
a :B:z’ =Ly
{w w: € = t' *
Ixt( it,) € B} , if t>t . (2.167)
to;B;z o
We first consider the case
A=A (2.168)
t;Bl XBZ;Z
It can easily be verified that for t;to, we find
=]
w2 = J
a) A = = (A nE:z ) x| Q
t;B1 x Bz;z 0 o;to;z t;Bln B2 (to,w) ;AZ j=1
(2.169)
Hence for t;to the set At'B % B 52 satisfies the assertion;
) 1 2’
b) T i1 (A N =2 ) =
(§);w°. . .wi1 LB *Bags | st
2
=T ; A T, ; 2 =
(j);wo...wJ'l( t;Bl x Bz;z) (J);wo_..w.]‘l( J;to;z)
; 5 . _— or it t=t_ (w;A ) and
- B, if t <tJ(w,Az) and w € At;le Bz;z i
w e At 5 -
B % .
& i ! 2°

~ G >
L = 5 x . Q if t<t.(w:A ) and
(to—tj(m;Az),w);AZ J=1 ’ Jo Tz

€
= - v At;B x Bz;z
= J 2
- (A _nE 2 . Ao xS, if t:t.(w;AZ) and
0;B, (t, tj(w,AZ),”),AZ Jj=1 J
weAl
t;B xXz;z
o
L (A n

t.(w;A );B,NB E(t -T . (w;A )®) ;A ) x II Qj’
1:_j’z)’l 2 oj’z)”z J=

if t 2t>t, (WA ).

o J < (2.170)
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Since the w-function zj(m;Az) only depends on the components

j=1
(wo w? ), it follows from (2.170) that sets of the type (2.168)

jasss
with t ;to satisfy the assertion,
Now let J be the class of w-sets A with the following properties:
a) A Eﬁt ;

o
b) the w-sets A satisfy the assertion.

The following points can easily be verified:

a) A eJ it tEt ;
t;B1 sz;z ~ ="0?
b) if K €J, then K €J;

¢) if K, €J and if K, <€ K, (i=1,2,...) then YU Kk eJ.
i i i+ i=l 1

10
Consequently, J is a O-field that includes the sets A with
R t;B1 sz;z
tSt . Hence J=H
o t
(o]
This ends the proof.

Lemma 2,37
If AEF: and if BeG', ‘then, under the assumptions 1 through 5,

for each s € [b,m) and Xy € Xl we have

) o : o, o
f —P [dw ;x1] JX z(du;x (w ;Az)) P [T(l);wo(As+t1;B;z)’U;z]

AN E 2
(ty,=) A,
0 [o) o 0
=I P [dw ,xlj P [AS;B;z’xtl(m ),z] " (2.171)
An:(tl’w) ;Az

Proof:

Let us consider the functions Ve (m;) and y(wo), defined by (cf.

(1.205) and (1.206)) ¥
o, def o, 0
ytl(wl) = IX z(du;x (wl;AZ)) P [T(l);wg(As;B;z);u;z]
. (2.172)
and (cf. (1.98))
v’ =y, (1 @M. (2.173)

1 1
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By lemmas 1.35 and 2.12

[ F° ] v -
Anz
(ty,) A,
B o o, o o o , o0 o, _
_JAA:P [aw ,xljj ] 3 [:dwl,xtl(m )] ytl(wl) =
'(tl,w);Az Q

=J p° [dwo;x] P [I\ ;x0 (wo);z] : (2.174)
= 1 s;B;z" t
Anz= t. =);A 1
( 11®) i,
Q. . . o o . .
If w €2 and if w, = T, (w ), then we can easily verify that
(t, ,»);A 1 t
1 zZ 1
x2w%a ) = x°W;A). (2.175)
z 1"z
Since for woe = and w® = T, (&%) holds
(t,,=);A 1 t
b z i |
o o
t(w ,Az) = t(wl,Az) + tl, (2.176)
we find
T oCh . D ( ). (2.177)

(1),(»1 s;B;z - T(l);wo As+t1;B;z
Consequently, by (2.172), (2.173), (2.175) and (2.177),

(A ) -

o o (o]
y (2 = I z(du;x’ (W ;A ) P [T(l);wo s+t 383

X

;u;z] 5 (2.178)

Hence, by (2.174) and (2.178)

JAA_PO [dwo;xlj J Z(du;xo(mo;Az))

X
@) -« 2
(tl’ )’Az
A R
Pl---T(l);wO( s+t1;B;z)’u’z:]
J P° [dmo;xl:] P EA . ;x0 (wo);z]. (2.179)
Anz mjBpE" Tty
(t, s @)a
1 z
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This ends the proof.

Lemma 2.38
If Ae ﬁ't , under the assumptions 1 through 5, for each sEe& [0,°°),

o
x €X' and Beg G' we have

P[AnAs+t ;B;z;x';z ]:
o
= J P[dw;x';z:l Pl:l\s_B_z;xt (w);z]. (2.180)
’ ) o
Q

Proof:
It can easily be verified that for each x'e X' and to> O we have

(cf. (2.76), (2.160) and (2.161))

o o
sl U -2 .
p[ J_Lle Lt Y o Tyt geixizle 1 (2.181)
o o
So that, by lemma 2,34,
An A sing § =
P[ s+t ;B;z’ " ,z]
o
U U .2
= :l g = . L —
P [An(le TJit sz J=0"~34;t ;z)n Msit Bz’ iz ]
o o o
=P [/\n52 N A -x"z:]+

o:t @ s+t ;B;z’" '’
o o

+
|~ 8

2 ¢
z J P l:dw;x' ;z] J z(du;x‘]_l(w;A )) .
170 X “

=1 d= 2
i

. : A AN = TR
£ [:T(J);mo...m.]'l( \j;to;znAs+to;B;z)’u’z:| :

(2.182)

2

W i i A= A wgl .

e first consider the term P[: o;to;z n s+to;B;z’x ,z] of the right

hand side of (2.182).
By lemmas 2.36 and 2.37 we find



103

_2 — -
¥ [An'o;to;zn As+to;B;z’x ’z] B

P [(°n =

e 2] h .
(t ,»);A )xhril . )nAs+t ;B;z’x ’z]
o z o

Po [dwo;xl] J z(du;xo(wo;A )) -
X z

A°N =
n—(t ,m);A 2
o z
% & [T(l);mo(AS+to;B;z)'u’i] B
0 o o, o0
= [ op [d“’ ’Xl:l p [As;B;z’xto(“’ ),z] B
A NE et o0 ) ;A
o z
=J 2 P [:dw;x ;z] P I:As;B;z;xt ;z(w);zj. (2.183)
An= (o]
o;t sz
o
. 2 = 2
Since for we = holds x (w) = x (w) e A, we find by means
o;to;z to;l to;z s
of (2.145) and (2.147)
P [AS;B;Z;xto;z(w);z:] = P [:AS;B;Z;xto(m);z].
(2.184)
Hence, by (2.183) and (2.184)
P[Anzz nA 'x""z] = P [dm'x"z:] J
o;t ;2 s+t ;B;z’" ’ v
o o i .2
T ot 2
o
- P As;B;z;xt (u);’z;] . (2.185)
o
Next we consider the term
i j-1
P [dm;x ;z:] z(du;x (w;Az)) #
Q X2
p [T T nA )iusz ]
(3) 500, . w71 Jit iz s+t ;Bjz
(2.186)

of the right hand side of (2.182).
By means of lemmas 2.34 and 2.36 the expression (2.186) can be

rewritten in
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X

J P [_-dm;x';z] J z(du;x‘j-l(w;AZ))
Q
2

J P [aw]sy] fx z(dv;x° @ 5A ) P [T

(1) ;wg(A s+td ;B;z
rda 2 °©

2 e ah s
(t)5=) A, iviz] . (2.187)

By means of lemma 2.37, we find for (2.187)

f P [dw;x';2] J z(du;xd ™ ;A ) -
Q X, “

[ p° I:dw;);u] - P [AS;B;Z;ng(wf);z] =

=1
(SR
> |
|

:(tg;“’) A,

:f P [dw;x';2] p[ Ky p:g i ow);z] . (2.188)
2 B3 o’

Since, by (2.145) and (2.147),

B [/\S;B.Z;Xto;z(w);z:l =P EAS;B;Z;xtO(w);z] (2.189)

¥

2
for each we =, , (2.186) becomes
Jit_;z
o
J L [dw;x';2] P [:/\S;B;z;xt ();z] . (2.190)
An=", o
Jit iz
Thus,

f P [du;x';2] J z(du;xd ;A ) -
Q X, o

2
« PIT, . - =7 -
[T (53 0. Wi @0 Jit iz heve ;mie) i wie] =

= I P [dw;x';z] P [AS-B'z;xt (w);z] ‘ (2.191)
2 ) )

o
Ans,
Jitg;z
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We now consider the term

J P [ﬁw;x';é] I z(du;xj—l(w;A )) -
Q X, =

.p[r ha =t nA

(§);wo.. . .wi"1 j;to;z s+t _;B;z
jusz] . (2.192)

Since for each we§¥_ we have Ej(w;Az) = to’ (2.192) becomes

J,to;z
! cd eIy
J P [dm’x ,Z] P E(T(J);wo---wj_l(As+to;B;z),x°(w ),Z:l :
ko “Jitgiz (2.193)

According to assumption 2 to each we @ corresponds one and only one

. o 1 .
point w = (wl,wl,...)g Q , given by
) = F . G (2.194)
t 1 t+t -t. _(w;A)
o J-1 zZ
and :
xt(wl) = x:+J Lwy; k=1,2,... . (2.195)
We obviously have
& w) = %W (2.196)
o 1 o
and
; A = A %
T(j);wo__,wJ'l( s+t ;B;z) T(l);wo( s+t -t (w;A );B;z)
o 1 o J zZ
(2.197)
Thus, if Ej(w;Az) = B
. N, [P [N, A
& [i(j);mo...wJ‘l(As+to;B;z)’xo(w )iz ]
ol gl
=P [T(l);mg(AS;B;Z),xo(wl),z] . (2.198)

By (2.147) and (2.148)

p [T );xi(mJ);é] =

; A
(j);wo...wJ-l( s+t0;B;z

);
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. 1 1 - - 0 . -
=& I:T(l);wf(As;B;z)’xo(wl)’Z] - Pl:As;B;z’xo(ml)’z:l_

=¢[ As;B;z;xto(‘”);Z]' (2.199)

Consequently, the expression (2.193) turns out to be equal to

I ) P Edw;x';z] P [/\S;B;z;xto(w);z]. (2.200)

Hence, by (2.192), (2.193) and (2.200)

J PI: dw;x‘;z] f z(du;x‘j_l(w;A )) .
Q X “

2
.p [r 1(ha Al )
(§);we. . wlmt ™" j;t ;z s+t ;B;z’?
o o
;u;z:] =
:J P[dw;x';z] P[:AS;B;Z;xt (tu);Z] ¥ (2.201)
1 o
ANz’
Jit 2z

o

Finally, it follows from (2.185), (2.191) and (2.201) that

P[An As+t0;B;z;x';z:l :J ) P [dw;x';z] P [AS;B;Z;xt (w);z_] +

o
Ao Eo;t 32
o
2 ©
+ Z 2 J P [dw;x';z:] P [l\ B2 %t (w);z:] =
i=d J=l 8, 1 SiBizs b,
“Jit sz
o
= [AP [dw;x';z] P [AS;B;Z;XtO(w);Z]' (2.202)

This ends the proof.

Let C be a closed set in X', satisfying for each x'e X'

p[= [0, [c] %'zl =1, (2.203)
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We now introduce the functions {it(m;[(lj);te [O,w)} , defined by

- def x W), if tgt;[]])
Xt(w;[C]) =
x@;[d), if t2 tw;[dh. (2.204)

The following lemma can easily be proved!

Lemma 2.39
The w-functions {;t(w;[c:] ) stE Eo,m)} are measurable with respect

to F.

Let the class of w-sets ﬁ‘tj be the smallest o-field with respect

to which the w-functions {it(w; (ﬂ);te [O,w)} are measurable,

If C is a closed set in X', let the xl—set C be defined by

~ def .
c = {x; |(x1,x1)€C} . (2.205)

The proof of the following lemma is left to the reader.

Lemma 2.40
If CeG', then C €G, .

. =1
Let us consider the w-sets {=°
J;[c]

)

'z;j=1,2,...} and

P

{Ei.[C:].z;j:O,l,...} , defined by
) )

=t def N 2 ) )
-j;[CJ;Z = {wlt(u,,[C]) = tj(w,Az)’

£ (WA ) # t(w;[c]),k#j} (2.206)
and 9 def R R
:j;[C] - = {ml tJ.(w;AZ) < t(w;[C:] ) < tj+1(w;Az)}
(2.207)

with £ (w;A ) = O.
o z
Obviously, we have
i .
- e . =
*3;[d) ;2 H; i=1,2 (2.208)

Finally, the wo—set E(t , defined by

g+
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def
< {wolt(mo;A )>t(wo;|:C:|)}
(t = ,cn) ;A z
(€] "= |
will be used in the coming discussion.

Clearly, (cf.p.38)

= ¢ *°
-(t[éj @) A, [ -
‘.'
Lemma 2,41
If he ﬁ[c] , the w-sets

_2
AN :O,[C] iz

and
& an :2 )=t 2
(3);w°. . .1 5;[q ;22 9%
are cylinder sets of the respective forms

o B S h
h-n :(t[é] ,°°);Az) *h=1 g

and

h .
1 Q ;le,zy'-- z

)
n

(A )"h«

J n =
(tLeJ )m) ;AZ

where /\j € f‘o[é] )

Proof:

(2.209)

(2.210)

(2.111)

(2.112)

(2.213)

(2.214)

The proof of this lemma is similar to that of lemma 2.36.

. _ A .
Let us introduce the w-set s;B;[C] - defined by (cf.(2.131))

def
As;B;[C];z - {“’lxs(“’;[c])E B}

Lemma 2 .42

(2.215)

If Ae f“o and if B€ G', then, under the assumptions 1 through 5

and (2.203), for each s¢ [0,‘”) and X, € Xl we have
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J . P° [a®;x ] J

o
i e (w;Az)) P l:Tl;mo(/\s;B;[Cj;z);‘”zz] -

An = X
(t[é],w);AZ 2
=JA PPLawx ] P [, 5 %% [ED;2] . (2.216)
n: ) [

- (t[é] »°) ;Az

Proof:

The proof of this lemma is similar to that of lemma 2,37,

Lemma 2.43
If Mg ﬁ[cﬂ , under the assumptions 1 through 5 and (2.203), for

each s e[O,m), x'e X' and Be G' we have

P[/\ n As;B;[C] ;Z;x' ;z] =

= JA P [dw;x';z] P I:/\S;B;z;x(w;[C]);z] 5 (2.217)

Proof:

The proof is similar to that of lemma 2.38.

4, A new foundation of the decision process

In this section we shall give a formulation of the decision pro-
cess which is similar to that of the fundamental stochastic process in

chapter 1. Next we shall show that these two stochastic processes have
nearly equal properties.

Let the class Hz be the smallest o-field of w-sets with respect to
which the w-functions {xt(w);te [O,“)} are measurable.

We now introduce the w-set Mo-z’ the smallest set with the follow-
)

ing properties:

1) for each w€e ﬁo the t-function x 2(u) is continuous from the

A t;
right;
2) in each bounded time interval in EO,“) and for each‘»ﬁﬁg_z the
)
t-function xt(w) has only a finite number of discontinuities.
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Since M cM we have for each x
0:;2 o 4 4

]

P EMo;z;xl;ﬂ = (2.218)

Let the class Fz be the smallest o-field of w-sets with the following
properties:
1) P DH :
z z
2) F_ contains all subsets of M s
z 0;2
3) the w-functions t(w;C), t(m;[d ), x(w;C) and x(w;[d ) are
measurable with respect to Fz if C is any closed set in X'.
We now consider
1) a space Q% with points wz;
2) a family of w?-functions {x:(wz);ts [O,m)},defined on QZ, such
that
a) for each te Eo,m) the w”-function xi(mz) maps 2% into X2
b) if x'(t) is any mapping of the time axis into the state space

X', one and only one point wz can be found such that
xs (W) = x'(); te [0,@). . (2.219)

Consequently, a 1-1 correspondence exists between realizations of the
decision process and points w? e @,
»* *
Similar to the w-functions t(w;C),t(w;&ﬂ), x (w;C) and x (w;&ﬂ)
in chapter 1 of this part, we can define wz—functions tz(wz;C),
zZ, A6 Z z,6  z z, 6 z 4
t7 (w ;Bﬂ), x (w;C) and x (w ;Eﬂ). )
Since each point wef corresponds to one and only one realization
{x'(t);te B):”)} of the decision process, (2.219) also defines a point

transformation

oZ = T () (2.220)

from Q onto QZ_

If w° = T_(u), then

4) In order to save confusion the w’-functions t(wz;C) and t(wz;[Cj) have
been indexed.
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x, W) = x5 (T, ), (2.221)
tliC) = tz(TZ(w);C), (2.222)
t(w; [ = P (T (w); €], (2.223)
x(w;C) = x” (T, (w);C), (2.224)
*19 xw;[d = < w;[d). (2.225)

Let Az be the smallest uz—set with the following properties:

1) for each wzeiz, the t-function xi.z(wz) is continuous from
the right; ’

2) in each bounded time interval in [:O,“‘) and for each wzeW2
the t-function xi(wz) has only a finite number of discontinu-
ities.

Z z -Z ~Z z z
i the w' - A = = A A
Nezext we define e sets t;B’ 1;C’ I;[C] » Pgic B;[C and
A by
s:B; [CJ

z def z . 2

At;B = {0 x (W) e B} , (2.226)

E§~c def 1o? |2 e 1Y , (2.227)

_z def & z z[] }

I;[c] - {w® | t7W™;[cher1l, (2.228)

Z def z Z , 2

o = {w” ] x"(u";C) e B) (2.229)

% def zZ Z . 2

%;[c] - {w" | x“("; [c]) e B} (2.230)
A z def z z. &

A, .. €] - {w | x (u;[cheB) . (2.231)

Obviously, if we define the set transformations

K =T (K,) (2.232)

and
y TZ(K) (2.333)

by
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T-l(K ) dgf {w|wz = T (uj); ujZEK } (2.234)
1 z 1
and dor Z i
Tz(K) € {w |w = Tz(w);m € K} (2.235)
respectively,
then ;
R = T8 ) (2.236)
o z 0;z
_1 z
Mosz = Tz (o) (2.237)
03z z o :
z
At;B - TZ(At;B;z)’ (2.238)
=1 oo
At;B;z =T, (At;B)' (2.239)
z
AS;B;[C] - Tz(As;B;[c] sz (2.240)
and o,
As;B;[ iz = Tz Ps;m;[q]- (2.241)

Let the class Hz be the smallest o-field of wz-sets with respect
to which the w”-functions {xi(m);tc [O,w)} are measurable,

We now introduce FZ, the smallest o-field with the following pro-
perties:

1) F'o H;

Z . z
2) F contains all subsets of Ao;
3) the w-functions tz(wz;C), tz(wz;fé]), xz(wZ;C) and xz(mz;[q )

z
are measurable with respect to F if C is any closed set in X',

The following lemma can easily be proved:

Lemma 2.44

The set transformation K = T;l(Kl) generates an isomorphism of Fo
with Fz'

Now we are in a position to define probability measures on Fz.

These set functions,

{p* [K =] s mex) , (2.242)
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are defined on F by
Z def -1
P [Kx] = P [T,k xg 5] (2.243)

Hence, the w?-functions {xi(wz);te [O,m)} and the probability space
{QZ;FZ;PZ[;;X£]) provide us with an alternative description of the
decision process in X'.

Decision processes, defined in this way, are denoted by

SZ
X

i

z
(x ;te[0,} . (2.244)
—=tix
1 1
We already know that, if a decision process is described by means of a
set function P [K;xl;é] , the xz—component of the initial state obeys
an initial distribution. In section 3 we found a set function
P [K;x';i] that describes the decision process in case the initial x2—
state has also been given.

If on FZ the set functions
{Pz [Kl;xﬂ § x'e_X'} (2.245)

are defined by
Z A def =1 s ol
P° [k5x] "= e [T k) x'5g] (2.246)

then the w”-functions {Xi(mz);tt [O,W)} together with the probability
space {QZ;FZ;PZ[-;xj } generate the decision process with initial
state x'.

Decision processes, defined in this way, are denoted by

z __ z i
S = {x ite [0,=)} . (2.247)
Finally, let us compare the fundamental stochastic processes
¥» »*
{Sx;x €X } , described in chapter 1, with the decision processes
{Sz,;x'e X'}.
X
It follows from lemma 2.23 and (2.221) that the decision processes

z
{Sx,;x'EAX'} do not satisfy assumption 1 completely. (Cf. chapter 1,
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p.2 ,%=z and M=2N). 5

In the points {EJ(mZ;AZ);jzl,Z,...} almost all t-functions
{xi(wz);wz = Qz} are not continuous from the right. Therefore the
proofs of lemmas 1.1 through 1.9 do not apply to decision processes.
However, in this chapter (lemma 2.22 ff.) we have demonstrated that
the assertions stated in lemmas 1.1 through 1.9 remain true for these
processes.

By the choice of Q% the decision processes {Si,;x'e X'} satisfy
assumption 2. (Cf. chapter 1,p.17 , %=z and M=2N). According to (2.146),
(2.147), (2.238) and (2.246) assumption 3 (cf. chapter 1,p.40 , »=z) is
also fulfilled. This implies that the results obtained in chapter 1 of

this part also apply to decision processes.

5. Stationary strong Markovian decision processes

In this section we shall show, that if the basic probability
space {QO;FO;PO} is strongly Markovian the decision processes
{Si,;x'e X'} are stationary strong Markov processes.

It follows from lemma 2.38, (2.226) and (2.246) that for each
pair of non-negative values (to,s), BeG', x'€X' and A cﬁi (et

chapter 1,p.37 , *=z) ©

p” [AZ ] = j/\ PZ[dwz;x'] p” [_/\.Z;B;xio(wz)] :
(2.248)

Lemma 2.45.1
If A€ ﬁz st € [O,W),x'e X' and B €G' then, under the assumptions
to < z
1 through 5, we have for each KeH (cf. chapter 1,p. 37, *=z)

t
o

p* [Kf\l\;x'] =J p* [dwz;x'] p” [Tt (K);xi (wz)].
A o

o
(2.249)

3) %=0 means: read O where we wrote »'
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Proof:

Let J be the class of mz-sets K with the following properties:

Z
a) Kth 3

o
b) the sets K satisfy (2.249).

Obviously, by (2.248)

Ai +s:g€ s $20. (2.250)
o ’

We can easily verify that

a) QZEJ;
b) if K €J, then K€ J; N

: & . ; c U €
c) if Ki J (i=1,2,...) and if KiC Ki+l ..., then 194 Ki J.

Consequently, J is a o-field that contains the sets Ai — with s> O.
Hence, J=ﬁi ©
o
This ends the proof.

If follows from lemma 2.43, (2.231) and (2.246) that for each
g€ [Q,w), BeG', x"'eX', As ﬁzd] (cf. chapter 1 p. 36, »=2z) and closed
C :

[

set C in X', satisfying
z z
= 'l =2 2,251
P L pmipgixd = ( :

we have
z

VA

P A 0 Apx'l =
[ s;B; [c] ]
z Z z z | Z,Z.
e L\ P° [do”;x'] P [/\S;B,x W5 [EP] .
(2.252)

Lemma 2.45.2

If pefi2- , x' €X', BEG' and C is a closed set in X', then,

under the assumptions 1 through 5 and (2.251), we have for KE:HEQ]
(cf. chapter 1,p.36, »=z)
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p- Kix'| = p- d»z;x' p° [T (K);xz(wz; cly| .
) [d
(2.253)

Proof:

The proof is similar to that of lemma 2.45.1.

Lemma 2 .45

Under the assumptions 1 through 5,

1) for each tog BLGO, K cHio and x' € X' the conditional probabil-

ity measure p” [K;x' |ﬁ: ] can be defined by
' o

P* x| B0 ] = P° [, (05x
o

. W] ; (2.254)
o (o]

2) for each x'€ X', closed set C in X', satisfying
z 2 om
P [:[o,m);[c] '] =1, (2.255)
Ke HZC , the conditional probability measure PZ[K;x’I ﬁiﬂ] can
be defined by ‘
p* [K;x'| ﬁEC]] - p* [T[C] (K) ;x“ (w*; [€] )] (2.256)

Proof:

The assertions are immediate consequences of (2.249) and (2.253).

Finally, lemma 2.45 implies (cf. chapter 1 p.37 ):

Theorem 3
Under the assumptions 1 through 5, the decision processes

z
{Sx,;x'e X'} are stationary strong Markov processes.
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SAMENVATTING

Recente publicaties van R. BELLMAN, R.A. HOWARD en anderen heb-
ben het stochastische ~-staps beslissingsprobleem in het centrum van
de belangstelling gebracht.

Een aantal voortreffelijke technieken staan thans ter beschik-
king van de besliskundige. Dit neemt niet weg, dat nog vele stochas-
tische «~—-staps beslissingsproblemen op een oplossing wachten. In dit
proefschrift is een poging gedaan om voor een aantal hiervan een me-
thode te ontwerpen.

In de dynamische programmering aanpak van Bellman kan de beslis-
ser slechts op equidistante tijdstippen een beslissing nemen. In de
mathematische modellen van Howard neemt het beschouwde systeem slechts
een eindig aantal verschillende toestanden aan.

Het is duidelijk dat strategicén, welke slechts beslissingen
voorschrijven op equidistante tijdstippen, niet optimaal behoeven te
zijn., Bellman beperkt dus de verzameling van strategieén, waaruit ge-
kozen kan worden. Howard's technieken zijn daarentegen niet toepas-
baar in geval het gedrag van een systeem moet worden beschreven met
meer dan eindig veel mogelijke toestanden. In deze studie worden bo-
venstaande beperkingen opgeheven. Uiteraard komen daar andere veron-
derstellingen voor in de plaats. Hieraan is echter in Howard's model-
len altijd voldaan. Men kan de nieuwe methoden derhalve beschouwen als
generalisaties van de technieken van Howard. Opgemerkt dient te worden
dat in tegenstelling tot die van Howard de mathematische modellen in
dit proefschrift niet tot in details worden beschreven. Dientengevolge
wordt de uiteindelijke vorm van de oplossingstechniek bepaald door de
structuur van het te beschouwen beslissingsprobleem. Het zijn dus geen
"kant en klaar' methoden, maar veeleer oplossingsprincipen. In een
groot aantal situaties leidt deze aanpak tot eenvoudige oplossingspro-
cedures.

In hoofdstuk 1 van deel I wordt een gemeenschappelijk mathema-

tisch model opgesteld voor een groot aantal beslissingsproblemen,waar-
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onder voorraad-, productie-, en vervangingsproblemen. Nagegaan wordt
tot welk type van strategieén men zich kan beperken. Tevens wordt aan-
dacht besteed aan de beschrijving van het gedrag van het beschouwde
systeem indien één van deze strategieén wordt toegepast.

In hoofdstuk 2 van deel I wordt een criterium opgesteld met be-

hulp waarvan strategieén kunnen worden vergeleken.

Eigenschappen van optimale strategieén vindt men beschreven in
hoofdstuk 3. Iteratieve procedures voor het opsporen van optimale
strategieén worden ook in dit hoofdstuk behandeld.

Hoofdstuk 4 bevat naast een samenvatting van de ontworpen tech-
nieken een bespreking van de methoden van Beflman en Howard.

Tenslotte vindt men in deel II de kanstheoretische verantwoor-

ding van de gevolgde werkwijze.
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STELLINGEN

Indien een automobilist een all risk verzekering heeft gesloten
met een eigen risico en met kortingen voor één, twee en drie
Jjaar schadevrij rijden, dan zal de beslissing of hij een even-
tuele schade al of niet bij zijn verzekeraar zal claimen afhan-
gen van

1) de omvang van de schade;
2) de reeds bereikte premiereductie;
3) het tijdstip in het premiejaar.

Met behulp van de methoden ontwikkeld in dit proefschrift kan
onder zekere onderstellingen, voor ieder tijdstip en elke schade
cen optimale beslissing worden verkregen.

In onderstaande figuur wordt de optimale strategie aangegeven
voor een onhandige rijder. Tenzij in het premiejaar reeds een
schade is aangemeld, worden alleen schaden geclaimd welke cor-
responderen met punten boven de getrokken 1ijn.

De premién voor 0,1,2 en 3 jaar schadevrij rijden bedragen res-
pectieveli jk f 320,-, f 280,-, f 240,- en f 220,- Het eigen ri-
sico is f80,-. De gemiddelde schade per ongeval is f 200,-. Het
gemiddelde aantal ongevallen per jaar bedraagt twee.

JV,

tijdstip in premiejaar

§ 320~ § 290;- f 240;~ f 220,- ————» laatst betaalde premie

/G. de Leve, Generalized Markovian Decision Processes,
Part III Applications, Mathematisch Centrum 1964.

R 11
Bellman en 4arlin menen ten onrechte, dat het opnemen van vaste
kosten in (s,S)-voorraadmodellen tot onoverkomelijke moeili jk-
heden aanleiding geeft. Deze vermeende moeilijkheden zijn slechts
het gevolg van de keuze van oplossingsmethode.



R. Bellman, Dynamic Programming, Princeton '57, blz.
153.

K.J. Arrow, S. Karlin and H. Scarf, Studies in the
mathematical theory of inventory and production,
Stanford University Press, 1958, blz.142.

I11

In dit proefschrift is de natuur de tegenspeler van de beslisser.
Indien echter naast de natuur ook nog een tweede beslisser op-
treedt met tegengestelde belangen kunnen overeenkomstige resul-
taten worden verkregen.

Iv

Zij R een nxn matrix van reéle getallen en zij A een mxm deel-
matrix met k diagonaal elementen uit R, waarbij 2m+l-n<k <m-1.
Een matrix B heet verwant met A als

1) B een mxm deelmatrix is met k diagonaal elementen uit R;
2) A en B ten hoogste in één kolom, één rij, of beide ver-
schillen.

Zij K, de klasse van alle met A verwante deelmatrices. Zij L, de
klasse van alle (m+l) x (m+1) deelmatrices met k+1 diagonaal ele-
menten uit R, die door randen van een matrix uit K, ontstaan.
Indien alle matrices van K, en LA de rang m bezitten, dan is de
rang van R ook gelijk aan m.

v
a) De bepaling van de rang van een matrix kan geschieden met
behulp van "gemengde lineaire programmering'.

b) Zij R een nxn correlatiematrix en zij K de klasse van alle
nxn diagonaal matrices X, waarvan de diagonaal elementen
X, (i=1,2,...,n) voldoen aan O<x. <1l. Zij %{op K gedefini-
eerd door
fR(X) = rang(R-X).

Het minimaliseren van f_ is equivalent met het oplossen van
een bepaald gemengd programmeringsprobleem.

VI

K.J. Arrow e.a. beschouwen het volgende probleem: Bepaal met

betrekking tot n (n=1,2,...) en Xy (i=1,2,...) het minimum van
" 2
Z {xi b(xi) +ex "+ c2}

i=1

onder de bijvoorwaarden



waarbij

1) b(x) gedefinigerd is op [0,%);

2) b(x) tweemaal differentieerbaar is;

3) b(x) monotoon niet stijgend is;

4) xb(x) monotoon stijgend is;

5) cl,c2 en c3 positieve constanten zijn.

a) De door Arrow e.a. gegeven beschouwing is onjuist. Ten onrech-

te wordt aangenomen, dat onafhankelijk van de waarden cl,c2 en
Cq de oplossing de volgende gedaante heeft
c
3
= = . = — . 1
X X, cee X - (1)

b) Als de tweede afgeleide van b(x) monotoon niet stijgend is
dan zullen de oplossingen wel altijd van de vorm (1) zijn.

K.J. Arrow, Th. Harris and J. Marschak, Optimal in-
ventory policy, Econometrica 51, blz.250 e.v.

VII
a) In het "traveling salesman problem' keert de handelsreiziger
van het bezoeken van zijn klanten op zijn uitgangspunt terug.
De bepaling van de kortste niet gesloten route langs deze
klanten is equivalent met het oplossen van een ander 'travel-
ing salesman problem”. Een toepassing hiervan is het volgende:

b) De twee steekproeventoets van F. Wilcoxon voor één-dimensio-
nale verdelingen kan worden gegeneraliseerd tot meer-dimen-
sionale continue verdelingen. Men dient daartoe

1) de variabelen voor de kenmerken te standaardiseren en
wel zo dat de gemiddelden en spreidingen in de gezamen-
1i jke steekproef O en 1 worden;

2) de waarnemingen uit te zetten en te ordenen door de
kortste niet gesloten route langs deze punten te be-
palen (zie a));

3) op de geordende waarnemingen de normale toets van Wil-
coxon toe te passen.

VIII

Voor de Poissonverdeling met verdelingsfunctie

(a?)xe-aT

X.

X
FX|T) = §
x=0

en de Gammaverdeling met verdelingsfunctie



T X, ,X-1
G(T|X) = f L

0 (X-1)!
gelden de volgende bekende relaties:
rw
: dG(t[X) = %
(0]

T

J (T-t) dG(t| X) f (x-X) dF (x| T)

0 X

Y s b, 9

J (t-T)dG(t|X) = J (X-x)dF (x| T)
0

T

Deze relaties zijn bijzondere gevallen van identiteiten, welke
gelden voor een uitgebreide klasse van paren van verdelingen.

IX

De regel van Camp voor de bepaling van de optimale bestelgrootte
is in zijn huidige vorm niet geldig als levertijden in de be-
schouwingen moeten worden betrokken. Met behulp van stelling
VIII kan zowel voor het boetemodel als voor het noodinkoopmodel
de correctieterm worden bepaald. Uit deze correctie volgt, dat
de introductie van levertijden niet alleen leidt tot vervroeging
van het besteltijdstip, maar ook tot vergroting van de optimale
ordergrootte.
J. Kriens en G. de Leve, Leergang mathematische beslis-
kunde, hoofdstuk 11, Mathematisch Centrum.

X

Indien een optimale strategie moet worden ontworpen voor een
eindige tijdsperiode en indien voor iedere toegelaten strategie
het systeem is onderworpen aan een beslissingsproces met conti-
nue tijdsparameter (continuous decision process), dan kan het
desbetreffende beslissingsprobleem herleid worden tot een ein-
dig meerstaps-beslissingsprobleem (multi stage decision problem)
en als zodanig worden opgelost.

XI

Uit een oogpunt van didactiek is het wenselijk een onderscheid
te maken. tussen het mathematische en het niet-mathematische be-
slissingsprobleem.

XII

De tot dusver aangevoerde bezwaren tegen het gebruik van de naam
besliskunde, voor die activiteiten welke in de Verenigde Staten
worden aangeduid met Operations Research, zijn niet overtuigend.
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