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INTRODUCTION

The purpose of this book is to introduce a new approach to an
extensive class of decision problems. Of the problems we have in mind,
a large number refer to inventories, productions and replacements, It
appears that problems of this type can be formulated as stochastic ®-

stage decision problems.

In CHAPTER 1 of PART I common characteristics of a number of
decision-situations are investigated. The insight gained into the
structure of decision mechanisms is used for attributing basic pro-
perties to a common mathematical model. In each situation we have a
physical system of which the state can be represented by a point of
an N-dimensional Cartesian space X. The space X is called the state
space.

Moreover, we observe that there is a random change in the state of
the system. In case no decisions are made, this evolution is called

the natural process. In the mathematical model natural processes are

defined by means of stationary strong Markov processes in X. In ad-

dition to this it is assumed that almost all sample functions of the
natural process are continuous from the right in the time variable t
and have in each finite time interval only a finite number of dis-
continuities. For the definitions of these concepts the reader is re-
ferred to chapter 1 in part II.

Oviously, reflections on losses and gains play a prominent part in

the determination of a decision. It is no restriction to assume that
only losses occur. In general two types of losses are distinguished.
First, losses of which the extent changes continuously in the course
of time (e.g. interest) and secondly, losses which have in- and de-
crements at discrete points of time (e.g. sales and costs of repair).
These costs are defined in such a way that for each time interval
they are completely fixed by the walk of the system (cf. section 2
in chapter 1 of part II). It will be clear that the decisionmaker,

who is in charge, wants to prevent, or at least wants to make impro-
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bable, the most expensive excursions through the state space.

By analysing physical decision situations we discover that decisions
effect transitions in the state of the system. Moreover, it appears
that in many situations decisions result in a random transition in

the state of the system. For that reason decisions are defined by
means of probability distributions on the states into which the sys-
tem may be transferred at the moment of the decision. It is convenient
to assume that at each point of time a decision is made. In this stu-

dy, however, we make a distinction between interventions and null-

decisions. By a null-decision the system is '"transferred" with pro-
bability 1 in its present state, Both intervention and null-decision

are represented by a point d of a so called decision space D.

It follows from the nature of many a decision problem that in some
states certain decisions are not feasible. Consequently, to each

state x ¢X a set of feasible decisions D(x) is assigned.

The solution of the decision problem is given in the form of a stra-
tegy. Such a strategy dictates at each point of time a feasible de-
cision on the basis of the available information.

Obviously, because of the extra transitions, the natural process is
no longer appropriate to describe the behaviour of the system if a
strategy is applied. We restrict ourselves to strategies which have
the property that the evolution in the state of the system can still
be described by means of a stochastic process. In case the dictated
decisions also depend on states assumed in the past, these processes
in general are not Markovian.

In order to find out which strategy is the best one, we need a cri-
terion. In lemma 1.2 of chapter 1 in part I we prove that, if the
criterion has a number of specified properties, if certain additional
conditions are imposed on the class of strategies to be considered,
and if an optimal strategy exists, then there is at least one optimal
strategy, which assigns to each state x in X one and only one feas-
ible decision d in D. In case these conditions are fulfilled it is no
restriction to consider only strategies z which map the state space X

into the decision space D. Such strategies are represented by func-
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tions d = z(x) and constitute the class Z. Since we have only inter-
ventions and null-decisions the strategies z€ Z divide the state space
X into two disjunct sets, one denoted by Az, comprising states in
which always interventions are made, the other consisting of the
states in which always null-decisions are dictated.

In chapter 2 of part II, under rather weak conditions, we prove that,
if a strategy z €Z is applied, the evolution in the state of the sys-
tem can still be described by means of a stationary strong Markov pro-
cess (theorem 3). This stochastic process is called the decision pro-
cess and is defined for each initial state x.

In chapter 2 of part II, theorem 2, we demonstrate that almost surely
a finite number of interventions are made in a finite time interval,
That is the reason why decision problems of this type can be formul-
ated like stochastic »-stage decision problems,

In chapter 2 of part II, theorem 1, we prove that the sequence of in-

1)

tervention states, denoted by

& . PP S @

constitutes a stationary Markov process with a discrete time parame-

ter,

We now come to the explicit form of our criterion for optimality. If

W represents a realization of the decision process, let kT(w;z) de-
note the total loss incurred during the period [O,T). In CHAPTER 2 of
PART I, under certain conditions, it is proved that for almost all

realizations @ the limit
kT(w;Z)
lim —F— (2)
T>®
exists. Note that this 1limit represents the mean costs per unit of

time. In order to show that (2) can be expressed in a usable form we

introduce the sequence of random states

{zto;x;j ; 32041 unn } (3)

1) Throughout this study random variables are underlined.
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which represents the states of the system at the times

{jto;j=0,1,... } if x is the initial state.

Let us assume that this sequence constitutes a stationary Markov pro-
cess which satisfies the Doeblin condition ( [2] , p.192). We further
assume that with respect to the steady state probability distribution

of (3) we have

E{|k(2;to)| |x} < =, (4)

where k(u;to) denotes the expected costs for the interval [O,to) if u
is the initial state. Then, by using known ergodic theorems, it is
proved that for all ergodic initial states x we have almost surely
w.
iy B &
n T Tt

E{k(u;t )|x }, (5)
=’"0o
T e o

where u obevs the steady state probapility distribution corresponding
to x (cf. theorem 4 in chapter 2 of part II). If the initial state x
is transient, then (2) almost surely depends on the first ergodic
state assumed. Consequently, if x is transient, the mean costs per
unit of time is as yet a random variable. On the set of all ergodic

states x an x-function r(z;x) is defined by

r(zix) € E kst )| x ), (6)
(o]

where u obeys the steady state probability distribution corresponding
to x. Note that the x-function r(z;x) is constant on the states of a
simple ergodic set 2 and represents the mean costs per unit of time
with probability 1. The domain of definition of the x-function r(z;x)
is extended to the transient states and thus to X as a whole by ta-
king

r(z;x) aetf 5y r(z;uw|x }, (7)

where u obeys the steady state probability distribution corresponding

to x.

2) We prefer the name simple ergodic set to ergodic set, because the latter
can be mixed up with the set of all ergodic states.
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Note that, by (4), (5) and (6), the x-function r(z;x), representing
the expected mean costs per unit of time, has now been defined for
all initial states x. Obviously, the z-function r(z;x) is a good cri-
terion for optimality.

In chapter 2 of part I it is also shown that there are two more ways
to define the criterion function r(z;x). The third one will be discus-
sed now. To this end we consider the sequence (1) of intervention
states in Az' Let us suppose that the Markov process (1) satisfies
the Doeblin condition ( [2] , p.192), Let k(v;[Aé]) represent the ex-
pected value of the costs incurred between two successive interven-—
tions if the intervention state of the first one is v. Next let
t(v;EAZ]) represent the expected duration of the time interval be-
tween these interventions.

We now assume for each initial state x

Elkw;[a D] [x} <o (8)

and
0 <E{t(x;[AZ])|x}< ©, (9)

where v obeys the steady state probability distribution of (1) cor-
responding to x.
It is proved that, if x is an ergodic state of (1), we have

Elk(v;[a ])|x}
rzx) = § (10)
E{t(XitAZ])IX}

where v obeys the steady state probability distribution of (1) cor-
responding to x (cf. theorem 5 in chapter 2 of part I with C = Az).

Obviously, we have for all x

r(z;x) = E{r(z;z)lx }, (11)

where v obeys the steady state probability distribution corresponding

to x.
It can easily be verified that the functions k(u;[AZ]) and t(u;[A;])

are determined by
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a) the decision d = z(u);
b) the natural process;

c) the set Az'

In chapter 2 we introduce (x;d)-functions k(x;d) and t(x;d), which
are determined by

a) the decision d;

b) the natural process;

c) the non-empty intersection Ao - N A .

Note that the (x;d)-functions k(x;d) and t(x;d) do not refer to any
particular strategy z. In section 3 of chapter 2 (part I) we prove
that for ergodic initial states x of (1) the x-function r(z;x) can
also be defined by

E{k(z;z(v))lx?
E{t(v;z(v)Ix] "’

ri(z;x) = 12)
where v obeys the steady state probability distribution corresponding
to x. The domain of definition is extended to X by means of (11). This
result implies that, if we want to compare different strategies by
means of the criterion function r(z;x) we have to determine

a) the (x;d)-functions k(x;d) and t(x;d) once for all;

b) the steady state probability distributions of the processes

(1) for each of strategies individually.

The introduction of the (x;d)-functions k(x;d) and t(x;d) thus leads
to a considerable simplification.

We have already stated that the expected mean costs per unit of time
r(z;x) is constant on a simple ergodic set of the decision process in
X. In this chapter we also show that the effect of the initial state
on the total expected loss is limited to a finite amount if only
states of one simple ergodic set of the decision process in X are con-
sidered.

An x-function c(z;x) is introduced which,in a sense, evaluates the
initial state with respect to the total expected loss. The x-functions

r(z;x) and c(z;x) satisfy the functional equations
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r(z;x) = J pi (dI;x;z)r(z;I) (13)
A 4
and “
c(z;x) = k(x;z(x)) - r(z;x)t(x;z(x)) +
y |
+ f p, (dI;x;z)e(z;1), (14)
Az Z

where pi (B;x;z) represents the probability distribution of the first
future ifitervention state if x is the initial state,

In order to be able to describe an important property of the optimal
strategy we need a number of concepts which are defined now.

Let the mixed strategy (i*)z mean that all but the first intervention

are made in accordance with strategy z; the first one conforms to i*.
> >*
Let the functions r((z )z;x) and c((z )z;x) be defined by

r((z*)z;x) dgt Elr(z;I )[z*;x } (15)

and

alile yuixy BT

> > > >*
= E{k(1; 52 (1)) - r((z)z;1))t(L 52 (1)) + elz;1,) [x 527 ).
(16)

Let the subclass Zz of Z be defined by e

z dgf

r((i*)z;x) = inf r((z)z;x)}.
z X -

{z*] ze z; ¥
x z€Z
a7)

&

Y

In CHAPTER 3 of PART I we prove that if a strategy z, satisfies for

all xeX
c(z ;x) = min c((z)z ;x), (18)
o o
zeZ
z
o

it is an optimal strategy.

Let the mixed strategy d.z mean that after the effectuation of de-
cision d in the initial state decisions are made in accordance with

strategy z. We define x-functions r(d.z;x) and c(d.z;x) by

3) ¥xe X means: for all x€ X we have .... .

JIx e X means: there exists at least one x€ X such that .... .
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ri(d.z;x) aas E{r(z;y) |a} (19)

and def
c(d.z;x) = k(x;d) - r(d.z;x)t(x;d) +

+ E{c(z;x)ld} . (20)

where y obeys the probability distribution corresponding to d.

The subset DZ(x) of D(x) in D is defined by

Dz(x) dgf {d|d£ D(x); r(d;x) = min r(d'z;x)} . (21)
d'e D(x)

Let the mixed strategy A.z interdict any intervention up to the mo-
ment that the system assumes a state in A for the first time. From
that time onwards decisions are made in accordance with z.

The x-functions r(A.z;x) and c(A.z;x) are defined by

r(a.z;x) °€T E(r(z;y)| x;Al (22)

and
c(A.z;x) gt E{c(z;x)lx;A} 5 (23)

where y obeys the probability distribution of the first state in A
assumed.

We further consider the class Kz of all closed sets A satisfying:

1) ADA_ = zQz A (24)
2) A ={x|r(A.z;x)< r(z;x)} Uix|r(a.z;x) = r(z;x);c(A.z;x) <
Selzsx)} . Ny

Finally, we introduce the set A;, defined by
ar = N 4, (26)

In chapter 3 of part I we also prove that, if a strategy zo satisfies
for all x

c(zo;x) = min c(d.z ;x) (27)
d EDZ (x) @
o
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and
A; = A (28)
it is an optimal strategy.

In addition to this we consider two iteration procedures which may

lead to an optimal strategy. The first one, called strategy improve-
ment routine I, has reference to (18), while the second one, the stra-
tegy improvement routine II, may solve (27) and (28) in an iterative
way. It is proved that, under certain conditions, these procedures are
effective.

CHAPTER 4 in PART I contains a summary of the new method.
Moreover, this method is compared with some known methods in this
field. In section 3 the Dynamic Programming approach of RICHARD BELL-
MAN is discussed, while section 4 is devoted to RONALD A. HOWARD's
techniques,

The new method is not a "ready-made' technique. Its final form depends
heavily on the structure of the decision problem concerned. In PART III
of M.C. TRACT No 3 we shall show that in several decision situations
this approach leads to rather simple techniques.

The purpose of PART II is to show that there are no objections of pro-
babilistic nature. We demonstrate that probability spaces can be con-
structed which cover all the requirements., Moreover, the strong Mar-
kov property of the decision process is proved in that part.

Both BELLMAN ( [3], p.317 ff.) and HOWARD [4] have considered
decision processes which are markovian. These processes pass under
the name of MARKOVIAN DECISION PROCESSES. The state spaces concerned
consist of a finite number of states, while in addition to this al-
most all sample functions of the decision process are step functions.
In this study, however, more general state spaces and decision pro-
cesses are treated. Therefore, this book comes out under the title of

GENERALIZED MARKOVIAN DECISION PROCESSES,






CHAPTER 1

The mathematical model

1, State, evolution and natural process

In physical decision problems the choice of a decision depends on
the state of the physical system concerned. In a replacement problem
e.g. the system may be a machine, while in an inventory problem the
system is the inventory or the inventory and the quantities on order.
The corresponding mathematical concepts will also be called "state"

and "'system"; they will have the following property: D

Property 1

In a mathematical model the state of the system is determined by
M real-valued variables; thus by a point of an M-dimensional Cartesian

space (M <),

The set of all possible states x will be called the state space
X*. We consider physical systems which change their states if the time
passes.

In the model this corresponds to a walk of the system through the

state space. If the variable t runs through the time axis T,
T = [0, ,

*
each walk in the state space can be identified with a function x=x (t).
Often an evolution in the state of the system can be described by

a stochastic process. Such a stochastic process is defined by means of

> ¥
1) the state space X with the 0-field G of the M-dimensional Borel

sets.

1) Throughout this book the properties imposed on the model will be
indicated by "Property', followed by a number.
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2) a space @ of points w . The points w are called realizations,

> >
while the space 2 is named the sample space. The space £ is
chosen in such a way that a 1-1 correspondence exists between
>
points we  and elements x=x*(t) of the collection of all walks
. * 2)
in X .

3) a family of w-functions {x:(m); te ED,N)}. Each w-function x:(w)

% S
maps € into the space X . These functions are called sample
functions and are defined as follows:

*
If the walk x=x (t) corresponds to w (cf. point 2), the t-func-

»*
tion xt(w) satisfies
* *
x (W) = x () ; te[0,@). (1.1)

¢
4) the smallest 0-field H of w-sets with respect to which the w-

»* »*
functions xt(“D are measurable. Consequently, if A€ G and if

t e b,ﬂo, then
{w|x(weaten, 1.2)

»* *
5) a probability measure P [A] of sets AeH .

H W
The triple {Q ;H ;P } is called a Probability space.

The stochastic process is defined as the family of random varia-

%
bles {it i E E[O,“)} , whose probability distributions are given by
> > >
Prob {x €A }= P [{u]x (b cAl] ; AeG . (1.3)

If the stochastic process {gl; te[0,@)} describes the behaviour
of the system,'the left hand side of (1.3) denotes the probability
that at time t the system will be in a state of A. Such a stochastic
process is also called a random walk in X*:

If A is any closed set in X*’and if we consider the walk repre-
sented by the point w € QT let t(w;A) be the moment that the system
is for the first time in A and let t(uul}]) be the time of the first

entry into A.

2) In this chapter only walks of infinite length are considered.



. *
If the initial state xo(w) does not belong to A, we obviously

have
t(w;A) = t(w;[a]) . (1.4)

* ”»*
Next let us introduce the states x (w;A) and x (w;[AJ), defined

by 5 .
. s xt(w;A)(“’); if t(w;A) < e
x w;A) € " (1.5)
xo(m) 3 if t(w;A) = =

N ; 3 (]

. dor xt(w;Dﬂ)(w) ; if t(w;]|A]) < =

x (w[A]) "= “ . (1.86)
xo(w) ;i if t(w; [A]) =

In this chapter we shall consider different families of probabil-
ity measures. In each family {P*[A;x]; X E Xu} we find for each ini-
tial state x of the random walk one probability measure. This probabil-
ity measure has the following properties:

1) If the w-set At.

is defined by
;B

def *
- £ {u]x}(w € B} 1.7

and if x is the initial state of the random walk, then
»*
P [A

where {x} denotes the set consisting of x only.

o;{x} ’ x] =k a (1.8)

»»
2) The domain of definition of P [A;x] can be extended to a o-field
»»*
F with respect to which the w-functions t(w;A), t(m;[@]); x*(w;A)

»*
and x (W;Dﬂ) are measurable.

3) If the w-set A is defined by
£
= dg {w|t(w;A) €T } (1.9)
I;A
and if
AN x]=1 (1.10)
[0,‘”) ;A, ) .

»*
then almost surely x (w;A)€A.



4) If the w-set EI;[A] is defined by

*1;[4] det {w| tw;[A])e 1} (1.11)

and if
1, (1.12)

* -
P Lo, fa )
*
then almost surely x (w; [A])e A.

The following three situations will be of importance for our dis-

cussion!

I) The initial part of the walk x*(t) up to and including to is de-
fined as x = x(t); t E[o'to] (1.13)

Suppose we want to describe the rest of this walk from t0 onwards.
>* >
Then,if W€ corresponds to the whole walk, by the definition of Q a

point w € Q*ban be found such that

*
xt+to(w); te[0,»). (1.14)

»*
xt(“i)

e
The relation (1.14) represents a mapping of { on Q*. This mapping will

be denoted by w =T, (w). (1.15)

1 to

”*
II) If A is a closed set in X and if tA is the moment that the sys-
tem is for the first time in A, let the initial part of the walk up to

and including tA< © be defined as

x = x (£); te[o5t, ] . (1.16)

Suppose we want to describe the rest of this walk from tA onwards.
Then, if wcorresponds to the whole walk, by the definition of QF a

adt
point uiEZQ can be found such that

>, >
xt(wl) = xt+t(w;A)(w)’ : 5[0, ). 1.17)
Ix tA = ®, we define wy by
w=w. (1.18)

The relations (1.17) and (1.18) represent a mapping of @ on ., This

mapping will be denoted by

s TA(w). (1.19)



»*
III) If A is a closed set in X and if tEA]is the time of first
entry into A, let the initial part of the walk up to and including

t[A] <o bhe defined as
X = x*(t); t E[o,t[A]] . (1.20)

Suppose we want to describe the rest of this walk from tDﬂ onwards.
Then, if wcorresponds to the whole walk, by the definition of 9 a

point U& eq” can be found such that

* *
X () =X [A])(w); te[0,=. (1.21)

If tEA]= ®, we define w by
w o= w . (1.22)

»* L3
The relations (1.21) and (1.22) represent a mapping of 2 on Q

This mapping will be denoted by

w =T (w). (1.23
[a] © :

Convention

If the remaining part % of a walk has to be described in this
study, it is tacitly assumed that
a) the time axis has been shifted in such a way that its origin
coincides with the new starting point;
b) in accordance with the situation concerned one of the relevant
point transformations (1.15), (1.19) and (1.23) has been exe-

cuted.

> L3
Since each complete walk x = x (t) in X can be identified with

»*
a point w € Q, we can state that

3) If t(w;A) =®or if t(uw; [A:I) =w , by (1.18) and (1.22) the corresponding
"remaining parts' are the whole walk.



1) in the first situation the initial part of the walk x = x*(t),
with t E[b,t;] , can also be represented by means of the point
(u;to) eﬂ*x'r, where T =[0,»); .

2) in the second situation the initial part of the walk x = x (t),
with t E[O,tA] , can also be represented by means of the point
(w,t(w;A)) € Q xT;

3) in the third situation the initial part of the walk x = x*(t),
with t E[b,t A ], can also be represented by means of the point
(w,t(w; [A])) € Q"xT.

Since different realizations w may have a common initial part,
the representation of that initial part by points like (w,to),
(w,t(w;A)) and (w,t(w;ﬂﬂ)) is not unique.

If the whole random walk has been defined by means of the proba-
bility space {9*;F*;P*}, if the initial part of that random walk is
given and if the remaining part can be defined, then this part can be
described by means of a probability space {9*;5“;3*}, where 3* is an
appropriate probability measure defined on H*. The use of Q* and H*

for this description is a consequence of the convention.

We further introduce the terms past, present and future in the

following sense:

ws
a) The past Pa it of the system at t' is given by

X = x:(w) i t e[O,t'] 5 (1.24)

w:t ) »*
Thus the past Pa ’ is a realized walk in X up to and including

B

w-
b) The present Pr i of the system at t' is given by

*

x = xt,(w). (1..25)

w;t
Thus the present Pr ’ is the state of the system at t'; i.e. a

»*
point of X .
w;t
c) The future Fu ’ of the system at t' is given by the probability

measure



P [A] = p™[A| Pait']; AeH” (1.26)

W
Thus the future Fu i of the system is a probability measure

L
defined on H .

Note that:
1) both present and future are determined by the corresponding
past;
2) different pasts may generate identical presents and identical

futures.

In this chapter the time t' is either a fixed time to or given by
t(w;A) or t(w;[é]), where A is a closed set in X*.

If the initial part of the random walk is unknown, the future
P*[ﬁ IPam;t'J is an w-function. In chapter 1 of part II this W-func-

tion will be called a conditional probability measure.

* »*
A family of stochastic processes {Sx;x ex } , one for each ini-

tial state, is called a stationary Markov process if the corresponding

»*
probability measures {P [A;x]; X EX*} have the following properties:

*
1) the x-function P [ A;x] is for each A eF* measurable with res-

tt G*
pect to ; wit,
2) for each to and for each past Pa we have
5% w;t o w;t > »*
p [A;x | Pa °l=p [A;er © 1 AeH, xeX . (1.27)

It is called, in this book, a stationary strong Markov process if, in

addition to 1) and 2):
* *

3) for each closed set A in X , satisfying for each x€ X

wt(w;@])

and. for each past Pa we have

P [A;X|Paw;t(w; EA]):|= P [A ;pr“”t(“’; E‘\])];

AeH*, b'e eX*. (1.29)
(If t Iw;[A]) = @, we take wa;t(u;[AJ)zx,)



Physical systems will be considered, which change their states

even if no decisions are made.
If no decisions are made, the evolution in the state of the sys-

tem is called a natural process.

In a natural process the state of the system can at each point of
time be uniquely represented by a point x of an N-dimensional Carte-

sian space.

Property 2 (natural process)

1) In the mathematical model a natural process is defined by

means of a stochastic process.

Notations:
¥* > % »* o
M=N, X =X, Q= 90, G =Go,x(t)=x(t),

»* & * »*
w) = = =
xt( ? xt(uD, H Ho and F Fo.

In this study we consider a family of natural processes; i.e. one
for each initial state of the system. If LR x2(0) is the initial
state of the system, the probability measure corresponding to the na-
tural process concerned is denoted by Po[-A;xoj . The natural process
is defined by means of the w -functions {xz(uﬂ;t e[b,ub} and the pro-
bability space

(QO;HO;Po[A;xo(Oﬂ) ; hNeH .

Property 2 (natural process)
2) Almost all walks x:(ub are continuous from the right in t.
In each finite time interval almost all t-functions xi(ub have only a

finite number of discontinuities.

This property enables us to extend the domain of definition of
the set-function Po[h;x] from Ho to Fo. (Cf. Part II, chapter 1). Thus,
if A is a closed set in Xo, the w-functions H(w;A), t(w;DQ), x (w;A)

and x(w;Bﬂ) are measurable with respect to FO.



Property 2 (natural process)
3) In the mathematical model the natural processes are defined

by means of stationary strong Markov processes.

2. Decisions and losses

The natural process, however, is not the only source of changes
in the state of the system. For instance, if in a replacement problem
at some point of time the decisionmaker decides to replace an old ma-
chine by a new one, such a decision certainly affects the state of the
system. If the initial states of a new machine are not always identi-
cal, then the decision to buy anyone of a set of new machines will be

represented in the mathematical model by a random transition in Xo.

Property 3 (decisions)
1) In the mathematical model a decision d is a random transition
in Xo. This transition is defined by the probability distribution

pd [a] ; AEG

o]

of the state into which the system will be transferred at the moment

of the decision.

So decisions are defined independently of the state at the moment
of decision. They only refer to the state into which the system is
transferred. A transition is assumed to take no time. Consequently,the
system will be in two states at the moment of a decision.

It is convenient to assume that at each point of time a decision
is made, but that only some of these decisions lead to an intervention
in the natural process. In this study we shall make a distinction be-

tween "'interventions'' on the one hand and "'null-decisions' on the other

hand. In the latter case the system is transferred with probability 1

into its present state.
Decisions (probability distributions in Xo) will be represented

by points d of a so called decision space D.
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Property 3 (decisions)

2) In the mathematical model a decision can be represented by a

point d of a K-dimensional Cartesian space D with the following pro-

perties:
a) If p1> o, p2> o, p1+p2 =1 and if the probability distributions
PdIEA] and sz[d] correspond to the points d1 and d2 respective-
ly, then the point d = pld1 + p2d2 corresponds to the probabil-

2
ity distribution (decision) ) piPdi[A] .
i=1

b) If the sequence of points (di; i=1,2,...} converges to a point d
and if this sequence of points corresponds to the sequence of
probability distributions {Pdi[é]; i=1,2,...} , then for each
A CGO we have

lim Pd [A]=Pd[a] . (1.30)
i e A
Because decisions are concerned with the states into which the
system is transferred, it follows from the physical structure of many
decision problems that in some states certain decisions are not feas-

ible. The decisionmaker may be restricted in his choice of a decision.

Property 3 (decisions)
3) Whether a decision is feasible or not, depends only on the

state of the system at the moment of the decision.

4) For each x Exo the set of feasible decisions denoted by D(x)

4)

is a bounded, closed and convex set in D.

5) In each state x€ X, the "null decision" is feasible.

A realization of an intervention, i.e. a random drawing from the

probability distribution PdDﬂ , Will be called an intervention-trans-

ition.

4) Randomisations of feasible decisions are also feasible.
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In the mathematical model we have now stipulated what happens at
the moment of a decision and how the behaviour of the system can be
described by a natural process. We have still to state how the beha-
viour of the system is to be represented when interventions take place.

To this end we introduce the following property:

Property 4

In the mathematical model the behaviour of the system in each
time interval between two interventions is described by a natural pro-
cess. The initial state of that process will be the state into which
the system is transferred by the intervention at the beginning of the

interval concerned.

As we have stated already, the state of the system at the moments
of intervention is not uniquely defined in Xo. Therefore we introduce

a product space X' of two spaces X, and Xz, both congruent to Xo. So

)
we have
XY = X1 xxz . (1.31)
The points of X' are represented by x' = (xl,xz). The space X' is a

2N-dimensional Cartesian space; thus M = 2N.

At each point of time the xl-component fixes the state of the
system before the decision is made, while the xz-component describes
the state at the same moment but now after the intervention-transition
has been effected.

If only one decision is made at a time and if the space X' is
used instead of Xo for representing the state of the system, then this
state is again defined unambiguously at each point of time. At the mo-

ments of a null-decision we have x, = xz.

Let a space @ of points w be chosen in such a way that a 1-1 cor-
respondence exists between points ® € and the elements x' = x(t) of
the collection of all walks in X', Let {xt(w); t eEO,m)} be a family

of w-functions defined on Q .
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These functions are defined as follows: If the walk x' = x(t)

corresponds to @, the t-function xt(w) satisfies

x, (W = x(t) ; t e[0,=). (1.32)
Henceforth the X - and the X,- component of the function xt(w)
will be denoted by xt.l(“D and xt.z(uo respectively.
’ )

The natural process can also be defined in the space X' instead
of Xo. If the system is subjected to a natural process in X', at each
point of time we have x1 = x2.

For the time being we shall consider the product-state space

- %
X X1 X2 only.

Notations 2:

W, x, (W), ) = x(v),

»* ¥
H=H and F = F.

Let us suppose that, even if interventions are made, the beha-
viour of the system can still be described by a stochastic process.
Then there must be a probability space {Q;H;P} .

For the state space X' we now give, in addition to the above

definitions, special definitions of past, present and future as fol-

lows:
w;t' g i
a') The past Pa1 of the system at t' is given by
- - N N
X, = xt;l(w) ; t e [0,t']
(1.33)
X, = xt;z(w) 5 t e [O,t’).
wipt® . ’ .
Thus the past Pa1 is a realized walk in X' up to t' and
including the xl—state at t'.

w;t'
b') The present Prl 2 of the system at t' is given by

X = Xy @, (1.34)
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w;t’
1

1°

Thus the present Pr

is the xl—state of the system at t';

i.e. a point of X

[

w;t
c') The future Ful 4 of the system at t' is given by the pro-

bability measure

POJ =p[alp it ] ; AeH (1.35)

w - L}
Thus the future Fu it

1 of the system is a probability measure

defined on H.

From t' onwards the remaining part of the random walk in X' is
defined by means of the probability space {Q;H;P }. Note that the new
initial x_-state may have an initial probability distribution. This

2
probability distribution corresponds to the decision to be made at t'.

The most important features of physical decision problems are

losses and gains. It will be no restriction to suppose that only loss-

es occur. Gains are negative losses. Generally in decision problems

three types of losses occur.

First, losses which increase or decrease continuously in the
course of time; e.g. (loss of) interest or consumption of fuel.

Secondly, losses which increcase or decrease at discrete points of
time; e.g. owing to sales or repairs.

Finally, losses which are effected by decisions.

Let us consider how these losses are to be defined in the mathe-
matical model. This is done by means of three functions.
The first kind of costs can be represented by an x'-function
(x'). It represents the losses of the first type that would be suf-

Y
cont
fered if the system were in the state x' during one unit of time. The

x'function Ycont(x') is called the "loss density function'.

The x'-function Y Sc(x') fixes the losses of the second type in-

di
curred in x', if in that state the system enters a given closed set A .
Y

Each time the system enters AY , losses of this type will be suffered.

The function Ydisc(x') is called the "discrete loss function'.
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The third function is the (d,x')-function Ydec(d;x'); it repre-
sents the costs incurred if the decision d made in X, leads to a

transition into x,. The function Ydec(d;x') is called the '"decision

cost function".

Property 5 (costs)

1) The loss density function Ycont(x') is bounded, real valued and
continuous in x'e X';

2) The discrete loss function Ydisc(x') is bounded, real valued
and measurable with respect to the 0-field G'. The set AY is a
closed set in X'. For each initial state x' in the natural pro-
cess almost surely there will be a finite number of entries into
A in a finite time interval. If x'e K, we have Ydisc(x‘)=0;

3) The decision cost function Y ec(d;x') is a bounded, real-valued

d
function of (d,x'). Moreover, for each x'e X' it is a continuous

function of d. For each d €D the x'-function Y c(d;x') is meas-

de
urable with respect to G'. For null-decisions we have

Ydec(d;x ) = 0.

This property implies the following statement:

Statement no 1
In each time interval the losses incurred are completely fixed by
a) the walk made by the system in that time interval,

b) the interventions made by the decision maker in that period.

The losses are independent of the position of the time interval on the

time axis.

3. Strategies and decision processes

The solution of the stochastic ® -stage decision problem is given
in the form of a strategy. Such a strategy dictates at each point of
time a feasible decision.

If a strategy is applied, the evolution in the state of the sys-
tem can still be described by a walk in X. Thus the past of the system
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w;t'
1

1°

Thus the present Pr

is the xl—state of the system at t';

i.e. a point of X

w;t
c') The future Fu1 ’ of the system at t' is given by the pro-

bability measure

B [A] =p[/\|pa1""t'] ; AeH (1.35)

m- ]
Thus the future Fu it

1 of the system is a probability measure

defined on H.

From t' onwards the remaining part of the random walk in X' is
defined by means of the probability space {Q;H;P }. Note that the new
initial x_-state may have an initial probability distribution. This
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probability distribution corresponds to the decision to be made at t'.

The most important features of physical decision problems are

losses and gains. It will be no restriction to suppose that only loss-

es occur. Gains are negative losses. Generally in decision problems

three types of losses occur.

First, losses which increase or decrease continuously in the
course of time; e.g. (loss of) interest or consumption of fuel.

Secondly, losses which increcase or decrease at discrete points of
time; e.g. owing to sales or repairs.

Finally, losses which are effected by decisions.

Let us consider how these losses are to be defined in the mathe-
matical model. This is done by means of three functions.
The first kind of costs can be represented by an x-function
(x'). It represents the losses of the first type that would be suf-

Y
cont
fered if the system were in the state x' during one unit of time. The

x'function Ycont(x') is called the "loss density function'.
The x'-function Ydisc(x') fixes the losses of the second type in-
curred in x', if in that state the system enters a given closed set A .
Y

Each time the system enters AY , losses of this type will be suffered.

The function Ydisc(x') is called the "discrete loss function'.
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The third function is the (d,x')-function Ydec(d;x'); it repre-
sents the costs incurred if the decision d made in Xy leads to a

transition into x,. The function Ydec(d;x') is called the 'decision

cost function".

Property 5 (costs)

1) The loss density function Ycont(x') is bounded, real valued and
continuous in x'e X';

2) The discrete loss function Ydisc(x') is bounded, real valued
and measurable with respect to the 0-field G'. The set AY is a
closed set in X'. For each initial state x' in the natural pro-
cess almost surely there will be a finite number of entries into
A in a finite time interval. If x'e K, we have Ydisc(x')zo;

3) The decision cost function Y ec(d;x') is a bounded, real-valued

d
function of (d,x'). Moreover, for each x'e X' it is a continuous

function of d. For each d €D the x'-function Y (d;x') is meas-

dec
urable with respect to G'. For null-decisions we have

Ydec(d;x ) =0,

This property implies the following statement:

Statement no 1
In each time interval the losses incurred are completely fixed by
a) the walk made by the system in that time interval,

b) the interventions made by the decision maker in that period.

The losses are independent of the position of the time interval on the

time axis.

3. Strategies and decision processes

The solution of the stochastic ® -stage decision problem is given
in the form of a strategy. Such a strategy dictates at each point of
time a feasible decision.

If a strategy is applied, the evolution in the state of the sys-
tem can still be described by a walk in X. Thus the past of the system
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can be defined at each point of time.

The past does not necessarily include all information about the
decisions made. It does, however, inform us about the realization of
the past interventions, because at those moments X # xz. Thus the
past describes everything which has really happened to the system. It
is therefore reasonable to restrict ourselves to the strategies of
which the decisions are based on the past Palm;t only.

Consequently, each strategy z to be considered maps the space
2 X T into the decision space D.

After introducing some properties of the strategies to be con-
sidered, we shall show that there is sense in restricting ourselves to
strategies dictating decisions based on the present Prlm;t only. The
reader who is willing to accept this statement without comment, may
pass over these considerations and can take up the discussion again

just after the proof of lemma 1.2.

o D)
Property 6 (strategies)
1) Whether or not it has been applied before, a strategy z at any
point of time t dictates a feasible decision d dependent on the past
it

Pa.lm;t only. Notation: d = z(Palw’ Y

If decisions are made in accordance with a given strategy, very
often the evolution in the state of the system can still be described
by means of a random walk.

If W, w'eR, let the point transformation in &

w=T_ , (w")

w;to
be defined by (cf. (1.32))
x, (W) = x_(w; t e [0,t)
t t o (1.36)
xt(w) = xt_to(w'), te [fo,“)

Wi
1 ito is given and if w' corresponds to the

realization of the random walk from to onwards (cf. convention), then

If at to the past Pa

5) This property will be reformulated at the end of this chapter.
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w= Tﬁ;t (w') represents the complete walk.
()

Note that W' = Tt (w) (cf. (1.15)).
) o

Notation 3:
The remaining part of the random walk to be considered starts at
to and can be identified with the point ', The past at to is given

w;t

by (E,to) and is denoted by Pal O, The time t0 is not always a fixed

point of time.

Hence, if z is the strategy applied during the whole walk and if
the past at to is given by Palm;to, then after to (convention!) the
strategy z__t given by

o

W)
T.. (w');t+t
o

z- (1=a‘1"';'c dgk Wito X (1.37)
will evidently be used.

If strategy z is applied, if ilis the initial xl-state of the
system and if the evolution in the state of the system can be des-
cribed by a random walk, the appropriate probability measure is deno-
ted by P [l\;z;)’el__l .

W
1f Pa1 ito is the past at to and if the remaining past of the
random walk starting at to can be described by a stochastic process,

the corresponding probability measure is denoted by
P [A-z-i | Pa E;toj
) ’ 1 1 e

Note that the future also depends on the strategy applied. Consequent-

=t
ly, we introduce the notation Fulw’ O(z).
Let us consider a class Z, of strategies z satisfying:

>
Property 6 (strategies)

2) If a strategy ze€ Zo is applied, for each initial x_-state 21

1
the evolution in the state of the system can be described by means of

a random walk. The corresponding probability measure will be denoted

byP[MzﬁJ.



17

Property 6

3) If = EZo, for each W, for each to and hence for each Pal“’;to
we have
a) z € Z

w;t o
o

b) P[ﬁ;z;ﬁllpalm;to ] exists and satisfies (cf. notation 3)

w;t
P[A;z;21|Pa1w’ °:| = P[A;ZTu;to

pr, V0] | (1.38)

PlA;z_ ;
(s Bt 1

4) If =z eZo, for each t and for each w the strategy z given by
(cf. (1.15)) o ger Tt(hD;O
i z(Pa1 )

t’

w
zt(Pa1 (1.39)

is an element of Zo.

€
5) If z, and z, Zo’ the strategy

defined by
ot ); if te[o,t)
) 2 (1.40)

wpty . o
z,(Pa, ")y if t €[to, )

m;t
z(Pa1
also belongs to Zo'

6) If 2y and z, EZO, the strategy

“ =T§ ¢ (%)

1’ o
defined by -
z,(Pa, %) ir tefo,t)
w;t £
z(Pa1 ’7) .- Ty (w);t-t, (1.41)
z2(1>a1 o ); if te [to,“’)

also belongs to Z .
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Point Sb) implies for t.?,t0

= 6)
. Tet-
Fu, %) = R Y 0@ ) (1.42)
1 1 w;t
o
The strategy z = Ti _t»(zz) can be described in words by saying
: 1’7o

from to onwards.

that z, is applied before to and z,

The strategy z = T2 (z_,) can be described in words by saying

zl;to 2

that z1 is applied before toand z, from to onwards neglecting the walk

made before to.

If z EZO is the strategy applied, then by point 3b of property 6"
from to onwards the evolution in the state of the system can be des-
cribed by a random walk in X'. The corresponding probability measure

is given by P[/\;z._ ; Pr w;to].
w;to
Now we shall prove the following lemma:

Lemma 1.1

For each strategy z EZo and for each past Palm;t with t Lto, the

. s
decision d=z(Pa ’t) can be deduced from the set function

1

w;t
P[A;zm-.t ;Prl 0] .
"o
Proof.
e

If 2z EZQL by point 3 of property 6 the set function
P[A;Zm't ;Prlm;to lPalw ;t_toj is defined for each w' and t.
s w; t
1 ?
°:| determines the initial x

If the past at t is given by Pa the set function

it w';t-t
A- . w;ty H _ B
P[ ’z(—n;t ,Prl l Pal 2 probability
distribu%ion of the random walks that start at t. This initial pro-

bability distribution represents the decision to be made at t. Hence

-t
from t onwards for each given Palw’ O the probability measure

! t

p[h;zm-t .prlw;to ] reproduces the strategy z (and D P
'Yy ’“o

This ends the proof.

6) This means that the past minus the present influences the future only
through the strategy applied.
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Suppose we want to compare strategies. Then, because of state-
ment 1 and lemma 1.1, it is reasonable that we restrict ourselves to
. ; . ; w; g
criterion functions which depend only on the future Fu1 ’to(z), given

by P[A;zu,.t ;Prlm;t°] .
’“o

In connection with this we introduce the following property:

> T
Property 7 (criterion function) )

i o
1) The criterion function c(Fulw’ (z)) is a function of probabil-

ity measures, defined on H. The domain of definition is a class K of

probability measures.

2) If during the first part of a random walk a strategy zle Zo
has been applied, if for the remaining part that starts at to two stra-

tegies z_ and z. are under consideration and if

2 2
0t ;;t
c(Fu, ' 70(2)) < c(Fu, ' "0(z")), (1.43)
2 i 2 i .
where z = T (z,) and 2' =T (z!), then at t_ strategy z is to
;to 2 zl;to 2 o

be preferred,

k.
Property 6 (strategies)

7) If z€ ZO, for each W and for each t0 we have

Fulw;to(z) ¢ K. (1.44)

Definitions:
z;t

1) If z EZO, the class Z0 exists of strategies z eZo satis-

fying for each w and t <t

st t

z(pal“’ ) = E(Pal“” ¥ (1.45)

2) A strategy z, is called optimal from t, onwards if, for t2 to’

c(Fulw;t(zo» = min .t c(Fulm;t(z)). (1.46?

)
z eZo o

7) This property will be dropped later.
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3) A strate z, is called optimal, if it is optimal from t=0

onwards.

w;ty
1 ’
called optimal if there exists a strategy z, which is optimal from t

4) A decision d, made at to and based on the past Pa is

onwards and which satisfies

d =z (pa %) . (1.47)
o 1

Since more than one strategy may be optimal, at to there may exist a

number of optimal decisions.

*
Property 7 (criterion function)

3) A strategy z ¢ Zo that dictates at each point of time an op-

timal decision, is itself optimal.

Lemma 1.2

If the strategy zoe Zo is optimal, the strategy Zog is also op-
timal (cf. (1.39)).

Proof.

*
Let zo be defined by

z =T (z ), (1.48)
o

where to is a fixed point (cf. (1.41)).
It follows from (1.48), (1.37), (1.41) and notation 3 that

»»*
zZ =% (1.49)
o_ o
wity

Consequently, by (1.42), (1.48) and point 6 of property 6™ we find

¥ LI o .3 ' et
e, Ut )= cru, Vit P ) = cFu, ¥ Ttz y) =
1 o 1 0. 1 o
W;t
o
=min , c(Ful“’ i"%502)) = min L c(Fulm;t(z)),
zez “oito z €20

if tat . (1.50)
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Thus from to onwards the strategy z: dictates optimal decisions. It
follows from (1.48) that the strategy z§' also dictates optimal de-
cisions before to. Hence, z: is an optimal strategy. In particular,
the decision to be dictated at to is optimal. This decision will also
be dictated by the strategy Zog- Because (1.50) is true for each to'
the strategy Zoy always dictates optimal decisions. Hence Zoy is op-
timal.

This ends the proof.

If a strategy zot is applied, then the decisions to be made de-
pend only on the present Prlw;t. We emphasize that the proof of lemma
1.2 is based among other things on the rather complex conditions for-
mulated in point 3b) of property 6* and on point 3 of property 7*.
The latter seems acceptable and agrees with our practical notion of
optimality. At first sight point 3b of property 6* seems to be a con-
sequence of the strong Markov property of the natural process on the
one hand and of property 4 on the other hand. However, this does not
seem to be true; possibly condition 3b of property 6*'might be broken
down into a number of less complex conditions, but for two reasons we
have not tried to do so. First the practical implications of the con-
dition are clear enough from its present formulation. Secondly, after
introducing a reformulation of property 67 we shall be able to prove
this condition for a smaller class of strategies (theorem 3).

Because of the lemma just proved, it is reasonable to restrict

ourselves to the class Z of strategies z with the following property:

Property 6 (strategies)

1) Each strategy z € Z maps the state space X1 into the decision

space D.

This relation between xl—states and decisions will be denoted by
d =-z(x1). (1.51)

Consequently, strategies z €Z divide the state space X1 into two

disjunct sets, one denoted by Az and comprising states in which always
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interventions are made, the other consisting of the states in which
always null-decisions are made. The set AZ is called the intervention

set.

Property 6 (strategies)

2) The xl—function d = z(xl) is measurable with respect to Gl'

3) The x'-function Y
G'.

dec(z(xl);x ) is measurable with respect to

4) For each strategy z € Z the intervention set Az is a closed set.

5) The intersection Ao of all sets Az (z€ Z) is not empty and
satisfies for x, eX, P, [:EO,“’);AO;XIJ =1 and

©
f tP_ [Edt;Ao;xlj < . (1.52)
(0]

By point 1 of property 6 the strategies z ¢ Z map the state space
Xlinto the decision space D. We have stipulated that decisions shall
correspond to probability distributions in the space XZ' So we can
state that each strategy z corresponds to a family of transition pro-
babilities

{ z(B,xl); xle Xl, Be G2}

which, for d = z(xl), are given by

z(Bjx)) = pz(xl) (8] ; BeG, (1.53)

where GZ is the 0-field of Borelsets in Xz.

Property 6 (strategies)

6) 1If strategy z€ Z, then

a) for each x, € A  we have z(AZ;xl) = 0.

1

b) for each B EGZ the xl-function z(B;xl) is measurable with

respect to Gl'
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If one of the strategies ze Z is applied, the system is said to

be subjected to a decision process.

By lemma 2.24 of part II the decision process can be defined by
a stochastic process. Each decision process effects a walk of the
system through the state space X' = Xlx Xz. If z is the strategy ap-
plied and if x' is the initial state, then the decision process is
denoted by Sz;x"

In part II, ch.2-4, we prove that the domain of definition of
P[ A;xl;é] can be extended to a o-field F, with respect to which the
w -functions t(w;A), t(w;Bq), x(w;A) and x(w;E{]) are measurable.
From now on we shall use the probability space {Q;F;P} .

Let us consider the sequence of stochastic xl—states
{lj; j=1,2,...} at the moments of intervention. Since the set AZ is a

closed set in X it follows from point 2 of property 2, property 4

1!
and (1.52) that these states almost surely belong to Az'

In theorem 1 of chapter 2 in Part II we prove

Theorem 1
If a strategy z€ Z is applied, the sequence of states
{lj; j=1,2,...} at the moments of intervention can be described by a

stationary Markov process in AZ with a discrete time parameter.

Property 6 (strategies)

7) For each strategy z €Z the Markov process in Az with discrete

time parameter satisfies the Doeblin condition (cf.[ 2 ], p.192).

Point 7 of property 6 implies that the stationary Markov process
in A_ has for each initial state a stationary absolute probability
distribution (cf.[ 2], p.192 ff.).

In theorem 2 of chapter 2 in part II we prove

Theorem 2.
If a strategy z€Z is applied, then in each finite time interval

almost surely only a finite number of interventions will be made.
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We also prove in that chapter

Theorem 3

If a strategy z€Z is applied, the decision process in X' can be

described by means of a stationary strong Markov process.

From theorem 3 we can deduce

P[A;z;ﬁllPalm;toj = P[A;z;Pr Tn‘;to]. (1.54)

1

If z €Z, then we can easily verify that z=z- o (et {1..37)).
)
Hence, if z€ 2, it follows from (1.54) that =

;Prlw;toj . (1.55)
o

- w;t
P[A;z;xllpalw 0] = P[A;zm;t

Thus, the strategies z €Z satisfy point 3b of property 6*.



CHAPTER 2

A criterion for optimality

1. Introduction

In this chapter we shall construct a criterion function for stra-

tegies.
If z €eZ is the strategy applied and if in the initial xl—state
the decision transition has not been effected, then the xz-component

obeys the initial distribution z(B;xl). Decision processes with such

an initial distribution are denoted by {Sz.x Xy cxl} . They are de-

’

fined by means of stationary strong Markov processes in X' with initial
probability distributions (cf. theorem 3).

If only the x -states of the decision process S are recorded,

1 Zi
1 also is a stationary strong Markov process. This

process is called the decision process Sz- in Xl'

the random walk in X

In chapter 1 we have determined the way in which losses enter the
model. Obviously, the choice of a strategy depends on these losses in
one way or another.

If z €Z is the strategy applied and if w denotes a realization of
the decision process S

z;%x)
the period [0,T).

Using certain additional properties of the mathematical model, we

, let kT(m;z) be the costs incurred during

shall prove that for almost all w € Q

kT(w;z)
1lim T (2.1)
T >
exists.
3
Moreover, if the set E in X1 is a simple ergodic set ) of the

: " : i
decision process sz;xl in Xl and if ml,wz €  satisfy

xo;l(ua)e Bs 1=1.2,

1) Simple ergodic sets can not be divided into more than one ergodic set;

% (1) is the x_ -component of x (w).
o;1 1 o
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then almost surely

. kT(ml ;2) _ kT(mz;Z)
i = e
T T

Consequently, an xl—function r(z;xl) can be defined on the set Y of

all ergodic states 2)_of Sz-x in Xl such that, if @ satisfies
)
1
xo;l(m) = %
kT(m;z)
r(z;x,) = lim —— (2.2)
1 T
T-)m

for almost all w €9,

Note that the xl—function r(z;xl) is constant on a simple ergodic

set of SZ'x in Xl. The domain of definition of r(z;xl) is extended to
- ;
the whole space X1 by
def
r(z;xl) = E{r(Z;l)lxl} R (2.3)

where the random state y is the first ergodic state in Y taken on in

the decision process S_ in Xl.
’

1
realizations the mean costs per unit of time if the initial xl-state

Roughly speaking, the x_ - function r(z;xl) represents for almost all

is ergodic. In case that the initial xl-state is not ergodic the mean
costs depend on thé first ergodic state assumed, and, therefore, they
are random,

Hence, by (2.3), the function r(z;xl) determines the expected
mean costs per unit of time for all initial xl-states.

Obviously, the z-function r(z;xl) is a good criterion for optimal-
ity. It will be demonstrated that the function r(z;xl) can also be ex-

pressed in a more usable form.

If C is a closed set in X' of the form

it can be proved that, under obvious conditions, the sequence of xl-
components of the successive entry states in C constitutes a stationary

Markov process with a discrete time parameter. This process is called

2) An ergodic state is a state of a simple ergodic set.
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the Markov process in [&].

Although almost all entry states belong to C, the state space of

the Markov process in [6] is not C but X Thus the first and higher

1t
order transition probabilities, are defined for each initial xl-state.
If the Markov process in Eﬂ satisfies the Doeblin condition (cf.

Eﬂ, p.192), then for each initial x ,-state x, a stationary absolute

v § i 8
probability distribution praq(B;x, ;z) exists.
= (€] 1
Let Sz now denote the decision process in X1 which starts in a
random x_ -state obeying the steady state probability distribution

1
p[e] (B;xl sZ)

In section 4 we shall prove that on the class of all finite time
intervals the difference in expected costs between the decision process-
es Sz;xl and Sle is uniformly bounded in X

This result implies that the effect of the initial state on the
expected loss is limited to a finite amount if only states of one sim-
ple ergodic set in X1 are considered.

Finally, an x -function c(z;xl) is introduced which in a sense

enables us to valut the initial state with respect to the total expect-
ed loss.

The xl-functions c(z;xl) and r(z;xl) which jointly satisfy a pair
of functional equations, are used in an iteration procedure for obtain-

ing optimal strategies (chapter 3).

2. The criterion function

We first consider the decision processes {Sz_x,;x'E X} . For the
’

time being the state of the system in X' is only recorded at the points

of time {jto;j=0,1,...} . They are represented by the stochastic varia-
bles
{§£ ;x';j; J=0,15:5:5F ; (2.4)
o
where Eé %" -0 stands for the initial state x'. Since the decision pro-
’ )

cess Sz_o, is a stationary Markov process, the sequence (2.4) consti-
)

tues a stationary Markov process with a discrete time parameter (cf.

part II, chapter 1, lemma 1.,37). The first and higher order transition
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probabilities are denoted by {pi (B;x';z);j=1,2,...} .
o
We now assume:

>*
Assumption 1
The Markov processes {ﬁé -x'-j;jzo’l""} with x' e X' satisfy
) )
the Doeblin condition (cf.[z]? p.192).
Consequently, for each x'e€ X' there exists a stationary absolute
probability distribution Py (B;x';z) that satisfies (cf. [2], p.214)
N 1 B :
p, (B;x';z) = lim = z pJ (Bix"';2). (2.5)
t n t
o n-+>ow Jj=1 o

We can easily verify that, if x' is an ergodic state of the Sz-x'
’

process, it is also an ergodic state of the process (2.4) and converse-

1y,
Next let the x'-set A be given by

A = AY u (Azx Xz). (2.6)

With respect to the decision processes {Sz'x,;x'c X'} we assume:
’
Property 6 (strategies)

8) If z€Z, a finite number of entries in A almost surely occur in a

finite time interval.

According to lemma 1.31 in chapter 1 of part II:
a) the random losses, incurred during [Q,to), can be represented by
a stochastic variable Eé ! with mean k'(x';to);
o!
b) the number of entries into A during [Q,to) can be represented by

a stochastic variable n; , with mean n'(x';to).
¥
Assumption 2
For each initial state x' e X' we have
E {n'(l;to)l x'} < w 2.7)

where y obeys the stationary absolute probability distribution of the

Markov process (2.4).
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The following theorem is an immediate consequence of lemma 1.49

in chapter 1 of part II.

Theorem 4.1

»* »*
Under the assumptions 1 and 2 , for almost all realizations w of

the decision process Sz- , the limit
)
kT(w;z)
lim ————— (2.1)
T+ ® %
exists and is 1
z; E {k'(l;t°)| %) (2.8)

if the initial state x' is an ergodic state of the process (2.4) and
if y obeys the corresponding stationary absolute probability distri-

bution.
Let the Xl—components of (2.4) be denoted by

X -3 =0 1 S o (2.9)
{—to;xl;‘] j=0,1,...}
If only the xl-components of (2.4) are recorded at {jto;j=0,l,...}

and if the x_-component of the initial state obéys the probability

distributionzz(B;xl), then the sequence (2.9) also constitutes a sta-
tionary Markov process with a discrete time parameter (in Xl). The
first and higher order transition probabilities of this process are
then given by

*52) 5

J (Bex -2) = . J .
Py (B,xl{z) -J Z(dxz,xl)p,c (B x X, ;x
o X o

2
3=1,2, 45 (2.10)

| S
where x' = (xl,xz) and BeGl.
Tpe stationary absolute probability distribution pt (B;xl;z) of
' o

this discrete time process in X1 satisfies

pto(B;xl;z) = fx z(dxz;xl)pto(B><X2;x ;2), (2.11)

2

where x' = (xl,xz) and B eGl.
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Next we define the xl-function k(xl;to) by

def ¥ 7l
k(xl;to) = Jx z(dxz;xl)k (x ,to), (2.12)

2
where x' = (xl,xz).

Obviously, if x, is an ergodic state of the stochastic process

1
(2.9), the state x' = (xl,xz) is an ergodic state of the process (2.4)
with probability 1.

Provided that the initial state x' belongs to one given simple
ergodic state with probability 1, it follows from (2.8) that theorem
4.1 remains true if x' has an initial probability distribution. We now
consider the decision process Sz_ . As we know this process has such

’
an initial distribution if x, is ergodic.

1
Since
-
—_ z (dx, ;x,) J p, (dy;x';z)k'(y;t ) =
t, Ix LR bo °© (2.13)

o (du;x, ;z)k(u;t )

- t pt ’ 1’ u, o ’

o X o
2

the following theorem has been proved:

Theorem 4

3 »*
Under the assumptions 1 and 2 for almost all realizations w of

the decision process S the limit
z;%)

kT(w;z)
lim T (2.1)
T >
exists and is 1
BN E{kQu;t)| x} (2.14)

if the initial xl—state Xy is an ergodic state of the process (2.9) and
if u obeys the corresponding stationary absolute probability distribu-

tion.

On the set Yt of all ergodic states of the process (2.9), the

criterion function® r(z;xl) is now defined by
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r(z;xl) Agt E {k(g;to)lxl} . (2.15)

The domain of definition of the x_ -function r(z;xl) is extended to X

1 1

by taking def
r(z;x)) 2 E {r(z;w|x} , (2.16)

where u obeys the stationary absolute probability distribution of the
process (2.9).
Let us return to the decision processes {Sz_x,;x' ex'} .
)

A similar result can be obtained by means of a closed set C in

X' satisfying:

Assumption 1
The length of the period preceding the first entry into C is

finite with probability 1.

If x' is the initial state of the decision process Sz;x" the
length of the period preceding the first entry into C is represented
by a stochastic variable E'Bﬂ;x, (cf. lemma 2.30 in chapter 2 of part
I1). The expected duration of this period is denoted by t'(x'; Bﬂ).
Since the decision process is a stationary strong Markov process, the

sequence of entry states

! 33=0,1, ... 2.17
{E[C] ;x';j"] =y } ( )
in C constitutes a stationary Markov process with a discrete time pa-
rameter (cf. lemma 1.50 in chapter 1 of part II).

We further impose:
Assumption 2

The Markov processes {x' c -x'~j;j=o’1""} with x' € X' satisfy
][ ,p.192) .

the Doeblin condition (cf. [2

Consequently, for each x' €X' there exists a stationary absolute

probability distribution p[q](B;x';z) that satisfies (cf.[g],p.214)

Z pfkﬂ(B;x';z). (2.18)
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Assumption 3
During the period_EEﬂ_x, a finite number of entries into A occur

with probability 1.

According to lemma 1.31 in chapter 1 of part II!

a) the random losses, incurred during [p,i' ,), can be represented

[] i=
by a stochastic variablelg'@];x, with mean k'(x';Bﬂ);
b) the number of entries into A during [O,E'@

’
by a stochastic variable E'Bﬂ'x' with mean n'(x';Bﬂ).
)

] 'x') can be represented

Assumption 4

For each initial state x' €X'

E (n'(z;Dﬂ)lx'} < »

and
o< E{t'(l;[C])lx'} < @

where y obeys the corresponding stationary absolute probability dis-

tribution of the Markov process (2.17).

The following theorem follows at once from lemma 1.57 in chapter 1

of part II.

Theorem 5.1

Under the assumptions 1,2,3 and 4 for almost all realizations w

of the decision process Sz-x' the limit

kT(m;z)
lim —— (2.1)
T> @ T

exists and is
E{k' (y;[C])]x"}

E{t"(y;[CD][x"} s

if the initial state x' is an ergodic state of the process (2.17) and
if y obeys the corresponding stationary absolute probability distribu-

tion.
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We now consider a closed set C of the form

c = Cxx (2.20)

2°

The xl-components of the entry states in C are denoted by

{im;xl;j;po,l,...} . (2.21)

If only the x, -components of (2.17) are recorded at the successive

entry states 1n C and if the x2—component of the initialstate obeys
the probability distribution z(B;xl), then the sequence (2.21) also
constitutes a stationary Markov process with a discrete time parame-
ter. This process is called the Markov process in [é] The first and

higher order transition probabilities of this process are then given

by
J v o) = . J e o) s i
P [E:] (B,xl,z) & fx z(dxz,xl)p [C] (B xxz,x o) 5321, aw 5
¥ (2.22)
where x' = (xl,xz) and B EGl.

The stationary absolute probability distribution p[é:l (B;xl;z) of

the Markov process in [é] satisfies

P[¢] (B;x, ;2) =f z(dxz;xl)p[C] (B xX,;x";z), (2.23)
xz
t =
where x' = (xl,xz) and BeGl.
Next we define the xl—functions k(xl;EQ) and t(xl;[(?_]) by

k(x,;[€]) 9€f Ix z(ax,5x k' ("5 [c]) (2.24)
2
and
t(Xl;[é:]) dgf[ Z(dxz;xl)t'(x';[(S]), (2.25)
X
2
where x' = (xl,xz).

Obviously, if Xy is an ergodic state of the stochastic process
(2.21) ; x'= (xl,xz) is an ergodic state of the process (2.17) with pro-
bability 1. Provided that the initial state x' belongs to one given

simple ergodic set with probability 1, it follows from (2.19) that
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theorem 5.1 remains true if x' has an initial probability distribution.
We now consider the decision process Sz_x . Since for each ergo-
{
dic xl—state of the Markov process in Eﬂ ¥

(dy;x';z)k'(y; |C])
x'pBﬂ yi;X ;2 Y []

J zildx_:x. )
217 (dy;x";2)t'(y;[C])
L [Tl ST

2
[ p[C] (du;xl;z)k(u;[é:l)
Xl

(2.26)

= [x plcl(du;xl;z)t(u;ICl)

1
the following theorem has been proved:

Theorem 5
Under the assumptions 1,2,3 and 4 for almost all realizations wof

the decision process Sz'x the limit

kT(w;z)
lim T (2.1)

T > o

exists and is
E(k(g;[é])lxl}
(2i.27)

E{t(g;[ﬁ])lxl}

if the initial state x, is an ergodic state of the process (2.21) and

1
it u obeys the corresponding stationary absolute probability distribu-

tion.

On the set Y[a] of all ergodic states of the process (2.21), the

criterion function r(z;xl) can also be defined by
E{k(u; [C])|x,)
E(t(u; [CD]x;)

r(z;x,) ek (2.28)

where u obeys the stationary absolute probability distribution corre-

sponding to xl.
The domain of definition of the xl—function r(z;xl) is extended

to X, by taking
4 def
r(z;xl) = E {r(z;g)lxl} " (2.29)
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where u obeys the stationary absolute probability distribution cor-

responding to x

1 of the Markov process in [C].

Finally, we shall give a third expression for the function
r(Z;xl).
To this end we consider the natural processes {SO‘X ;xle Xl} :
. )
As we know the natural processes can also be described by means of
the state space X'. In that case we always have X = X,

Let B be a closed set in X' satisfying:

Assumption 5 (natural process)
The length of the period, preceding the moment at which the sys-

tem first assumes a state of B, is finite with probability 1.

By lemma 1.5 in part II,this moment can be represented by a sto-
chastic variable Eg_x, with mean to(xl;B) if x' is the initial state.
)
Assumption 6 (natural process)

o =3 : 5
a finite number of entries in A occur

During the period EB;x' ¥

with probability 1.

Note that during a natural process no decision costs are incurred
(cf. point 8 of property 6).
According to lemma 1.31 in chapter 1 of part II:

a) the random losses incurred during lb,£° ,) can be represented

B;x

o
by a stochastic variable k , with mean ko(xl;B);

B;x
b) the number of entries into A during [O,Eg.x,) can be repre-
’

sented by a stochastic variable 20' , with mean no(xl;B),

B;x

Assumption 7 (natural process)

For each initial state x' of the natural process

ﬁo(xl;B) < o

and to(x ;B) < » |

From assumption 7 it follows that ko(xl;B)< o for each X € Xl'

We now return to the decision processes {SZ_x X, € Xl} and con-
’
1
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sider the xl-functions k(xl;z) and t(xl;z), defined by

def 1
k(xl;z) < k(xl;[é]) + L{ p[é] (dv;xl;Z)ko(v;B) - ko(xl;B)

2.30)
and ¢
def ~ 1 o o
t(xl,z) = t(xl,[C]) + fx p Eﬂ (dv,xl,z)t (v;B) - t (xl,B)
1 (2,31)

respectively.
Obviously, we have for each Xy € X1

I p[é] (du;xl;z)k(u;z) = f p[é] (du;xl;z)k(u;[C]) (2.32)

x1 x1

and

Ix p[é] (du;xl;z)t(u;z) = fx p[é] (du;xl;z)t(u;[CJ). (2.33)
1 1

The following theorem is an immediate consequence of (2,28), (2.32)

and (2.33).

Theorem 6
Under the assumptions 1 through 7, the criterion function r(z;xl)
can be defined by

E{k(g;z)lxll
r(z;xl) = — (2.34)
E{t(g;z)lxl}

on the set of all ergodic states of the Markov process in [é] ¢

3. Two important choices of the sets C and B

1. Sometimes it is possible to choose the set C in such a way that

the entry states in C always have the same x,6-component, say X In

1 n I
that case the criterion function r(z;xl) becomes
kx5 [e)
r(z;xl) = — (2.35)

t(x;;[c])
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2., In most cases, however, we choose

C=A xX_. (2.36)
Z 2
B = on Xz,
where A is defined by A 05t A (cf.(1.52))
o Y8y T 2 €EZ z s :

Since the decision process between two entries into Azx Xz can be des-
cribed by means of a natural process, it follows from the definitions

of k(x;;[C]), k%(x;3B), t(x ;[C]) and t°(x,;B) that (2.36) implies:

. - . ', ' o .
k(x;;[A]) = IX z(axy ;%) {yy ((52(x)) + vy, (X)) + K (x,5A )}

2
o i
and (2.37)
o
t(xl,[A;]) = I z(dxz,xl)t (x2,Az), (2.38)
x2
. o . = 12 . -
where x' = (xl,xz) and k+(x2,Az) = k (xz,Az) Ydisc(xz,xz)).

Since A_CA_, by (2.30), (2.31), (2.37) and (2.38),

k(xl;z) = Jx z(dxz;xl) {ydec(x';z(xl)) + ydisc(x') +
2

0 1 - . o - _o . —,
+ k+(x2;Az)} + J pl};](du,xl,Az)k (u,Ao) k (xl’Ao) =
x1
. Al o . _O .
= JX z(qx2;x1) {Ydec(x ,z(xl)) * Ydisc(x )+k+(x2,A0)} k (xl'Ao)'
2

(2.39)
t(xl;z) = Ix z(dxz;xl)t(xz;Az) +
’ , (du;x, ;A )t%(u;a )-t%(x, ;A4 ) =
+ P @ ] u,xl, - u; s xl' 3 =
X z
1
= (ax, ;%) t%(x, 34 )-t%(x, ;A ) (2.40)
Tl T2 *2:% X 37 .

2
We now introduce the (xl;d)—functions k(xl;d) and t(xl;d), defined by
(cf. p.88)

+

| P 1 o . - o .
k(x,;d) = J Py [ax,] (o5 + vy (4K Gey3A ) -k (xp5A )
X5 (2.41)

and

t(xl;d)

o o, .
L{ P [ax,] t20ey5a)-t%Cx 58 ) (2.42)

respectively.
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Clearly, if d is a null decision

k(xl;d) = (2.43)
t(xl;d) = 0,
Moreover, if x €A ,
1 %
k(xl;Z(xl)) = k(xl;Z) (2.45)
t(x]_;Z(xl)) = t(xl;z). (2.46)

If X is an ergodic state of the Markov process in [A;] , then by

(2.34), (2.45) and (2.46) the criterion function r(z;xl) is also given

by J
p (du;x, ;z)k(u;z(u))
x. (A s

1 (2.47)
p (du;x, ;z)t(u;z(u))
T3

r(z;xl) = J

Note that the (xl;d)—functions k(xl;d) and t(xl;d) depend only on
a) the structure of the natural process

b) the stopping set Ao

and not on a particular strategy z.
Thus, if we have to compare different strategies z, the (xl;d)—func—
tions k(xl;d) and t(xl;d) used in (2.47) can be determined once for all.
In order to determine the criterion function r(z;xl), we then only need
to know the stationary absolute probability distributions of the Mar-
kov process in [A;] . This stochastic process has a discrete time para-
meter. This justifies the introduction of the rather complex functions
k(xl;z) and t(xl;z).

By point 62) of property 6 the Markov process in [A;] and the Mar-

kov process in AZ (cf. theorem 1) are identical.

4, An additional property of the decision process

~

Let us return to the sets C and B, given by C = C><X2 and
B =38 xX,, with B and C unspecified.

It follows from (2.47) that the criterion function is a function
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of z and the x,-component of the initial state only. Therefore we

1
state:
Statement 2

If the x_ -functions k(xl;z)’and t(xl;z) are known, then to find

1

out the optimal strategy only the x ,-states of the system need to be

1
considered.
For that reason our future discussions will refer to the state

space X1 only.

Notation 4:
In order to simplify the notation we write X (x€ X) instead of X1

and G instead of Gl'

Let Sz; denote the decision process with initial state x and let
Szx denote the decision process'which starts in a random state obeying
the steady state probability distribution p[a](B;x;Z).

In theorem 5 we have proved that, if the state x belongs to a
simple ergodic set, then for the decision processes Sz; and SZx the
mean costs per unit of time over an infinite period are equal.

In this section we shall prove a result which will enable us to
state the following:

"If a strategy z€ Z is applied the difference in expected costs
between the decision processes Sz;x and SZx is uniformly bounded in x
on the class of all finite time intervals'.

Let us consider the Markov process in [C] and let us introduce

the following notations:

Notation 5:
1) The entry states in C will be denoted by {lj; §=1.2, ... }
2) If z is the strategy applied and if x is the initial state,

then

p™ Wexsmy o2 Prob {1 e Blx;z} ; n=1,2,...; BeG. (2.48)

(€]

Let us reformulate assumptions 2 through 7.
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Assumption 2'

The Markov process in [é]satisfies the Doeblin condition.

Assumption 3'
For each z € Z the x-functions t(x;z) and k(x;z) are bounded.

Moreover, we have for each x t(x;z) >O0.

if C = Az’ by point 7 of property 6 assumption 2' is satisfied.
In chapter 2 of part II, (3.77) and ff., we prove for each xg X

0
t(x;z) = [ z (d%;x) J’t po[zdt;A %] » 6. (2.49)
X 0 zZ
In order to satisfy assumption 3' completely for C = AZ we shall

introduce the following property:

Property 5 (costs)
4) For d € D(x) the (x;d)-functions k(x;d) and t(x;d), defined by

(2.41) and (2.42), are bounded.

If z €Z is applied, there exists a decomposition of ¢ into s dis-
junct simple ergodic sets Eie G (i=1,2,...,s) and one set of transient
states 0 €G,

The ith simple ergodic set E, can be subdidived into ¢, cyclical-

1y moving subsets M, ;e G (3=1,2,...,¢) (c£.[2], p.206 £f.).

We shall now prove that from assumption 2' it follows that
a) the number of disjunct simple ergodic sets is finite;
b) for each simple ergodic set the number of cyclically moving

subsets is finite.

Using Doob's notation, if s= o then for each 6> O a simple ergodic

set E, can be found such that (cf. [i], p.192)

1) ¢(E®) <€ ; (2.50)

2) 1X32) = 1; x.EEk; 1 1B (2.51)

n
°[g ™
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This contradicts the Doeblin condition and thus s<w ,
Using Doob's notation again, if ci=u° then for each €> O and for
each nO; O an integer n ;no, a cyclically moving subset Mi-n can be

’
found such that (cf. [2 ],p.192)

1) ¢(Mi;n) £ €; (2.52)

2) poa (Mi ;%x;z) = 1; xe M, . (2.53)

" m :

This contradicts the Doeblin condition and thus ci<<n,

[

Since there are only a finite number of simple ergodic sets it
follows from assumption 3' that the x-function r(z;x) is bounded.
Let us now introduce the x-function v(x;z) defined by

def
vixsz) = kix;z) = r(z;x)tix;z). (2.54)

By assumption 3' the x-function v(x;z) is bounded. For later refer-

ence we state

Lemma 2.1

If z€Z, the x-functions r(z;x) and v(x;z) are bounded.

In the remainder of this section we shall prove that, for n-+ o

the sequences
n <
{v(x;z) + Z [ pJA (A ;x;z)vi(Il;z); n=1,2,... (2.55)
j=1'¢ |C
oscillate between finite bounds.

To this end we introduce an x-set C' which is a union of cyclic-
ally moving subsets; i.e. one for each simple ergodic set of the Mar-
kov process in [é].

If the initial state Ile € is a state of a simple ergodic set Ei
and if m(Il) is the number of entries to be made before a state of C'

will be taken on, let cn(z;Il;é') be defined by
nci+m(11)

:C") det v(Il;z) - 2 . pj (dI;Il;z)v(I;z).

=1 ¢ [l (2.56)
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Lemma 2.2

If I1 is an ergodic state, the sequences

{Cn(z;ll;é'); A=l ;25 06 } (2.87)

converge uniformly in 11 to a 1limit denoted by c(z;Il;é').

Proof:
It can be proved that (cf. [ZJ , p.208 ff,) for Be G the sequen-

ces
nc, +J
{ p[c] (B;I,52); n=1,2,...}; J=1,2,...,¢;

(2.58)

converge, exponentlally fast, and uniformly in B and I to a probabil-

+J
ity distribution p[c] (B,Il,z).

The stationary absolute probability distribution of the Markov

process in [é] corresponding to the initial state Il satisfies (cf.[z] ’

p.192 ff.)
Bl s B T o Oud w8
p[é](B,Il,z) —nlimm = le p[é](B,Il,z). (2.
From (2.59) we deduce for Ile Ei
p[é] (B;1;2) =nlimm z p[c] (B;1,;2) =
nc,

i
y 1 J
=1 —_— ~1(B;I,;2) =
n -];meo Gy J-Zl p[c] 1

=}

C. ;
1 n-1 i kci+3
= lim — Pra (B;I,;z) =
n-> ney kZo §=1 [C] 1 i
G5 n-1 ke, +J il mc
1 im L T sl Y,
= °_1 321 S}im“n 2 p[C] (B,Il,z))— e E lp[c] :B,Il),z)
2,60

Consequently, by the definitions of r(z;x) and v(x;z) we have for

IleEi
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C.

Z1 J ®©C, +J
p (AL;I. ;2)v(l;z) = C.I Praq (dI;I. 52)v(l;z) = O,
[c] ] i)s [€] 1

(2.61)
Now let
def I
a) 9 = suE,v(I;z)l < « (2.62)
I €C
def 3
o) A 98F (1] B2 ¢ y(ppay e iR, (2.63)
;v 5V - 9V !
; w=2"...42Y; v=1,2,...
and let us consider the integral
' nc, +J
f‘ p[c] (a1;1 52)v(L;2) (2.64)
and the sum
+2v
(A 3T 52) 5 (2.65)
u—-z" [C] uiv 1’
Obviously,
I ne, +J oV ne, +j 3
(dI;I_;z)v(I;z) - (A ;I.32) |« — .
[ p[c] 1 ’ uz—z"z [cJ VHR i I =5V
(2.66)
Let the x-set B - be defined by
B . T {1|va;2)» By, (2.67)

s Vv 2\)

From (2.63), (2.65) and (2.67) it follows that

+2" i nci+j
uz_zz" 2vp[é] (A“; vipiz) =
+2\) a_nc +J nec +J
22\) oV [.E] (Bu;v;ll;z) [c] (Bu+l;v;11;z)] -
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v "
+2 3 nci+3
=-23+ ) S Pa B . 5L

y=-aV oY €] p+l;v’ ol

z). (2.68)

The relations (2.66) and (2.68) imply that the corresponding elements

of the sequences

nc, +J
{ L p[C] (dI;Il;Z)v(I;z); n=1,2,... } (2.69)
and
+2" ne, +j
(ulz" [c] (B g 1 120 = 5 82153000 ) (2.70)

differ 2 at the most.
2V

Because the sequen%s+§2.58) converge exponentially fast and uni-
i
formly in B and 11 to p[é (B;Il;z) we can find for each j a triple
(No;p;n) with p<1 and k <= such that for n> No

nc; +J oC +J N
I 1;z) - p[c:' (B;Il;z)lsxcp . (2.71)

This implies

+2V 3 nc, +J +2" C +J
B -1 : - S
l z [C] E ptl;v’ 7l o uZ-Z [C_'] " p+l;v’ 132
+2” n »* n
< z i\-) Kp =K§p (2.72)
u=-2" 2

where K*= 29 «k.

Consequently ,the sequences (2.70) converge exponentially fast and uni-

formly in 11 to

+2V 3 ooci+j

y = (B . .31 ;2)-3; 3=1,2,...,¢, . (2.73)

_2v 2v [C] u+l; v’ 1 i
Obviously,(2.73) differs from

®c, +]
L p[c] (dI;Il;z)v(I;z) (2.74)
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at the most Ji .
\Y
2
Now we have for each j

mci+.j nci+j
o (dI;I, ;z)v(I;z) - I = (dI;I_;z)v(I;z)]| =
fa P [CJ ¥ ’ a P I:C] 1ty
wci+j 2V s °Dci+j
< o (dI;I, ;z)v(I;z) - — pra (B ;I.:2) + 6
= Ié pBﬂ e ) uz_zv R p&ﬂ pl;vi1?
%V s mci+j %V 5 nci+j
+ — Pra (B .. ;I ;z) - — P (B, . I %2)
e L 2" &ﬂ u+l;v’71 U='2v oV Bﬂ u+l;v’ 71
g v +
nci+3 +2 5 nci+J
+ P.. (d1;1_;2z)v(I;z) - 2 — p (B CsIsz) + 0§
JC [CJ 1 u=_2v 2V [6] u+l; v’ 1
< as , e = L s K*Dn : U=, 2 ven @ (2.75)
= 2V P Tt

Consequently, for each j there exists a triple (No,p,x*) with p <1

and K*<°" such that for n_>lNo

wci+j nci+j -
(dI;I, ;2)v(I;z) - Pirw (dI;I_;z)v(I;2)|S k p .
¢ [e ! ¢ [c] !
(2.76)
Thus the sequences
nci+j
{ I‘ p (a1 52)v(I;2) 5 n=l,2,... (2.77)
¢ e
converge exponentially fast and uniformly in I1 to
mci+j
I‘ Pra (dI;Il;z)v(I;z) " (2.78)
¢ [
Obviously, by (2.61) the sequences
ci nci+j
{ Z I~ Prg QL1 ;2)v(I;2); 0=1,2,.0.} (2.79)
j=1 ‘C [c]

converge exponentially fast and uniformly in I1 to
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ci ooci+j
J_El I@ Pray CaLilyi=)wili=) = O . (2.80)

Now we are able to prove that the sequences (2.58) converge uni-

formly in I1 to an Il—function c(z;Il;é').

Let us consider the limit

nci+m(11)+1

lim ) X pf‘é](dl;ll;z)v(l;z) A (2.81)
n-+> « Noci+m(11)+l C

which is equal to

n 4 hci+m(1 )+j
lim Pra (dI;I_;z)v(I;z) . (2.82)
n+e hz%o j):=1 jé [C] Lo | ’

Since the sequences (2.79) converge exponentially fast and uniformly
in Il to zero we can find a triple (No;p ;k) with p<1 and K <® such
that for h_>_No

. he, +m(I.)+j
l fl f Pla 1T dn;1 52)va;2) | <x ph (2.83)
21 Je Plel 1 E

and hence, uniformly in Il’

C. : N
n i hci+m(11)+3 g o
lim | ] ) f Pra (d1;152)v(1;2)| g . (2.84)
n>e h=N_ j=1'C (€] 1-p
By (2.58) and (2.62) uniformly 112 Ei we have
| cy (z;Il;é')|_<_(No+1)ciG < w, (2.85)

[e]

Hence, by (2.84) and (2.85) the sequences (2.57) converge uniformly in
s -~
Ile iL=JlEi to c(z;Il;C ). This function satisfies
N
kp ©

| c(z;158") |5 (N +1)cé Frmes £ (2.86)

where c = max c; - (2.87)
i
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This ends the proof.

Finally, we consider the case that I1 is a transient state.

It can be proved (cf. [2] ,P.207) that for some p< 1

© N

J o P
};N p[é](o,ll,z) < const ip * (2.88)

where O is the set of transient states.

Consequently,

L)

J .1 N
» fo ploitily vzl <

j=N
*® " N

| 2 f piﬁ](dl;ll;Z) v(I;z)|: const {%; (2.89)
j=N‘’0

and thus a positive value k' < can be found such that

@
| vaa,;z) + 1 | plaq(dI;I,;2)v(I;2) | <k ' <o, (2.90)
1 : (€] 1 =
j=1’0
It can easily be verified that the probability distribution of
the first ergodic state reached in C can be defined. Let us denote this
probability distribution by pEe](B;x;z).

So far the function c(z;I C') has only been defined for ergodic states

1;
Il' The domain of definition will now be extended to X by taking

c(z;x;C") = vix;z) + z I pj~ (dI;x;z)v(I;z) +
j=1lo (]

E ”
+f Prat(dl;x;z)c(z;I;C') . (2.91)
a LC]

By means of (2.86) and (2.90) we can easily find a positive «'" <=

such that for each x€X
| e(z;x;C") [ K" <, (2.92)

For later reference we state:
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Lemma 2.3
The domain of definition of the x-function c(z;x;é'), defined on
the set of all ergodic states as the limit of (2.58) can be extended

to X by means of (2.91).
Note that for each choice of C' we find an x-function c(z;x;é').

Obviously, for n +» | the sequences

n )
{ vix;z) + |} f p’ (dI;x;z)v(I;z); n=1,2,...} (2.55)
j=1'e [¢]

oscillate between the bounds
c(z;x;C") + (c+1) 6 . (2.93)

So we have proved the following lemma:

Lemma 2.4

If a strategy z€ Z is applied, for n »=» the sequences

n 5
vix;z) + ZJA p’) (dI;x;z)v(I;2z); n=1,2,... (2.55)
C

J=1 ¢]

oscillate uniformly in x between finite bounds.

From (2.90) we deduce

c(z;x;C") = v(x;z) + E{ c(z;ll;é') x5z} . (2.94)

5. The x-functions r(z;x) and c(z;x)

In chapter 3 we shall only consider the case C = A, and B = A -

By point Ga)of property 6 the Markov process in [AZ] and the
Markov process in AZ (cf. theorem 1) are identical.

From now on the intervention states are denoted by I. (j=1,2,...).

By point 53) of property 6 the intervention states glj;j=2,...}
are almost surely entry states in [Az] . If the initial state x¢ Az,

then the first intervention state I. is x itself and thus is no entry

1

state. On the other hand, if xe,Kz, I

1 is an entry state.
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It follows from (2.94) that, if

C=a4a

zZ
B =Ag (2.95)
C'= A",

we have

c(z;x;Az) = k(x;z(x)) - r(z;x)t(x;z(x)) + E {c(z;l;Az)lx;z} 3
(2.96)

where I is the first intervention state after the state x. (Thus, if

1° Otherwise: l=l2')

Since for null decisions we have

x €A , I=I
g0 151

k(x;d) (2.97)
t(x;d) = 0 (2.98)

we find
c(z;x;AZ) =
: z
. - . . E{ S 3 % . 4 =
k(Il,z(Il)) r(z,Il)t(Il,z(Il))+ \c(z,Iz,A )IIl,z} i & Ile Az.

{c(z;ll;Az)Ix;z }; if xe Kz' (2.99)
Further, we have for Ile Az (ef. (2.33))

r(z;1.) =J p (dX; Y. 52)riz;1) =
1 " [AZ] 1
z

1
= p (di, ;I ;z)J p (A1;I1,. :2)r(z;:1) =
J P S R VR R

z z

I ;z)r(z;Iz). (2.100)

1
=I P (a1,;1
2771
A, [Az]

Notation 6:

If z is the strategy applied, and if x is the initial state,then

pX (B;x;2) det Prob {lze B|x;z} ¢ gi= L2 e d Be G, (2.101)
z

* th
where ln stands for the n future intervention state,
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Consequently, we have for Ils Az
r(z;1,) —f L o(d1;1, 2)r(z;1) (2.102)
)1 _A pAZ 2,1,zrz,2, o
z

c(z;Il;Az) = k(I ;2(1))) - r(z;1,)t(1,2(1,)) +

+I p1 (dI_:I_:z)c(z:1 ;Az). (2.103)
A 2771 2
A z
z
It follows from (2.102) and (2.103) that the set of functional equa-

tions

1
r(z;Il) =f pAZ(dIZ;Il;z)r(z;Iz), (2.102)

A
z

c(z;Il) = k(Il;z(Il))—r(z;Il)t(ll;z(Il)) +

+I pi (dlz;ll;z)c(z;lz) (2.104)
A z

z

has at least as many solutions as different choices of Az exist.

Let us consider the functional equations(2.102) and (2.104) more
carefully.

Suppose that the Markov process in AZ has m simple ergodic sets
E, (1=1,2,..,,0). If éi (i=1,2,...) are arbitrary real numbers, let
the x-function c*(z;x) be defined by (cf. (2.90))
T c(z;x;AZ)+ 8. ; if xe E,

i i

©

- def vix;z) + 2 J pj
c (z;x) = j=tlo [*3]

(dI;x;z)v(I;z) +

+J p?k ](dI;x;z)c*(z;I); if xe€ O
A z

E{ c*(z;ll)lx;z} ; 4f Xe Kz . (2.105)

We can now easily verify that the Il—functions r(z;Il) and
4
c (z;Il) also constitute a solution of the set of functional equations
(2.102) and (2.104).

In chapter 3 an x-function c(z;x) will be considered that satis-

fies (2.104). This function needs not to be one of the functions
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c(z;x;Az). The functions c(z;x;Az) have already proved their useful-
ness in proving the existence of a solution of the set of functional

equations (2.102) and (2.104).



CHAPTER 3

Optimal strategies

1. Introduction and definitions

In this chapter we only consider the case

C = Az (3.1)

A, - (3.2)

o>
[}

Let the x-function c(z;x) be one of the functions which satisfy

the equation

c(z;x) = k(x;z(x))-r(z;x)t(x;z(x)) +

+J p; (dl;x;2z)ec(z;1) (3.3)
A 4
with

r{z;x) =J pi (dI:x;2)r(z:1). (3.4)

A 2
z

We shall discuss three decision problems. The solutions of these
problems enable us to formulate properties of the optimal strategy.
Next we shall construct an iteration procedure that yields a se-

quence of strategies {zl;i=1,2,...} satisfying for each x

r(zi;x);r(z‘j;x); Ja2i, (3.5)

Under conditions (properties of the mathematical model) to be

stated below we prove for each x¢X

lim r(z';x) = inf r(z;x). (3.6)
i 5> %€ 2

Let us first introduce some tools needed for the description of the

three decision problems mentioned above.
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Tool a) The extended class Z>Z of all strategies z satisfying AZD Ao

and points 1,2,3,4 and 6b) of property 6.

Tool b) The mixed strategies of the form (za)n(zb)’“zc with z_ec 2,

zbe Z and Zce Z. Such a mixed strategy dictates successively
1) n interventions in accordance with za;
2) m interventions in accordance with zb;
3) = interventions in accordance with zc

If m>0 and if zb # zc or if n>0 and if za £z the mixed stra-

b!
tegy z' = (za)n(zb)mzc does not belong to Z. Note that, conversely,
each strategy ze Z is a mixed strategy (n=m=0). Let us consider the
case n=0; i.e. the strategy z' = (zb)mzc. We then define the functions
1)

r(z";x) and c(z";x) by

ri{z'sx) = r((zb)mzc;x) dgf

m b b
= J pA (dIm'x’zb)I Zb(dymglm)r(zcrym) =
A Zz X

b
= E{r(zc,zm)|x;zb} s (3.7)

c(z":;x) = c((zb)mzc;x) dgt

def T
= z E{k(lj;zb(lj))-r((zb)

J=1

m-j+1 i .
zc,lj)t(lj,zb(lj))lx,zb}+

m b b
+JA p (dIm,x,zb) J zb(dym,lm)c(zc,ym) =

A
z, Z5 X
y m-j+1
- jzl E{k(lj;zb(lj))-r((zb) zc;_I_J.)t(lj;zb(lj))|x;zb)+
b
+ E{c(zc;gm)lx;zb} , —_—

where Xz is the state into which the system is transferred by the

decision z_ (I ).
b —m

1) The states X: (i=1,2,...) belong to X.
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Next we consider the case n#0 and define the functions r(z';x)

and c(z';x) by

', = n m_ def
r(z'ox) = r((za) (zb) zc,x) =
def m i a X
= E(r((zb) zc,zn)lx,za} , (3.9)
e(z';x) = c((za)n(zb)mzc;x) def
ot rf E{k(I.;z (I1.))-r((z )“'j“(z YWz ;1) t(1 ;2 (1))
Rt —3'as a BT Tetef” TSy

| %32 3+
m__a . a

+ Blelln) gy d|x=,} (3.10)

where z: is the state into which the system is transferred by the de-

cision z (I ).
a —n

Tool c) The mixed strategies of the form dz', where z' is a mixed

strategy of the form (za)n(zb)mzc (cf. tool b)). The mixed

strategy dz' dictates

1) the decision d in the initial state and after that

2) decisions in accordance with z'.

We now define for d e D(x)

r(dz"';x) dng Pd(dy)r(z';y) (3.11)
X

c(dz';x) det k(x;d) - r(dz';x)t(x;d) + J Pd(dy)c(z';y).
= (3.12)

Tool d) The mixed strategies of the form Az', where z' is a mixed

strategy of the form (za)n(zb)mzc and A is a closed set in X.
The mixed strategy Az' interdicts any intervention up to the
moment that for the first time a state of A is taken on by the
system. From that time onwards decisions are made in accord-

ance with z'.
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We now define

r(Az';x) ogt [ pi(dy;x)r(z';y) (3.13)
A

c(Az';x) dgf f pi(dy;x)c(z';y), (3.14)
A

1.
where pA(B;x) denotes the probability distribution of the first state
of A which is taken on if x is the initial state. Note that the pro-

bability distribution pi(B;x) depends only on the natural process.

Notation 7:
If z' is a mixed strategy (za)n(zb)mzc and if n> 0, then Az, is
given by
A = A 5 (3.15)

Tool e) Minimizing subset of Az" If z' is a mixed strategy

(z )z )"z , consider the class K _, of all closed sets A
a b e z
satisfying

1) ADA ;
o
2) A = {x|r(Az';x) <r(z';x)}k){x|r(Az';x) = rlz"ix);
c(Az';x) 2c(z';x)} . (3.16)

Obviously, we have X and Az' EKZ,.
The minimizing subset of Az' is now defined by the inter-
section A', of all sets A€K_,.

z z"

Thus,

A'. = N
€

i A K’.\' (3.17)

Z
Property 2 (natural process)
4) If A is a closed set in X, a finite number of entries into A

occur with probability 1 in a finite time interval.

Lemma 3.1

If the x-sets A1 and A, are closed and contain the set Ao,then

2
for each bounded measurable x-function q(x)
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1
J p (dx, ;x)q(x,) =
ANA 1 1
AjNA, 1072
=I pi (dxl;X)q(xl) +I_ pi (dx, ;%)
A 1 A, "1

- [ f pi (dx,;%,)a(xy)-q(x,)] +
A, "2

1 1 3 &
+eoo |_ P, (dx ;x) [_ p, (dx ;x)...f_ Py gy (dx 5x ) x
IA A 1 a A 2’71 A(k) A(k 1) k’ k-1

2 * 1 "
[ N ]
b s . -
200 P00 oy S, )-aix)
(3.18)
+. ,
where
A, ; if k = even
Alk) def 2 . (3.19)
A2 ; 1f k = odd
Proof:

Point 4 of property 2) and point 5 of property 6) imply

1 ey = o " L R .
Pr Ana (B;x) = N (BnAz,x) + I_ Py (dxl,x)pA (BnAl,xl)
1 2 1 A2 b i 2

1 . 1 , 1 :
+ JK pAl(dxl’x) JK pAz(dXZ'xl) pAl(BnAz,xz) F swsiss
2 1 (3.20)

Consequently,

1 1
Pp A (@x5xalx)) = I Py (ax ;x)qlx;) +

I A 1
Aln A2 1 2 2

1 | )

+ I_ Py (dxl,x) J Py (dxz,xl)q(xz) +

A 1 A 2

2 1
1 1 1
+ J_ Py (dxl;X) f_ A (dxz;xl) I Py (dx3;x2)q(x3)+... v

A2 1 A1 2 A2 i

(3.21)
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Obviously, the right hand sides of (3.18) and (3.21) are equal.

Lemma 3.2

If A ,A, €K ,, then

2

ANA, €K , . (3.22)

Proof:

In lemma 3.1 the substitution q(x) = r(z';x) yields for xeKlz

1 1
P (dx, ;x)r(z';x.) = J p, (dx,;x)r(z';x,) +
JAln Az Aln A2 1 1 Al Al 1 1

1 1
+ I_ P, (dxl;x) [f Py (dxz;xl)r(z';xz)-r(z';xl):]+
A g ¥ A2 2

1 1 1,
+|_ p, (dx ;x) j p, (dx,;x )[J p, (dx,;x )r(z';x,)-r(z';x )J+
IA A1 5 Ay 2, A T¥aiT2 2

2 1 1
+ e vie @ (8.23)

By the definition of the class Kz, we find that

1 -
a) p, (dx ;x)r(z';x ) Sr(z';x); xeA, (3.24)
A 1 3= = 1
A 4.
1
b) the remaining terms of the right hand side of (3.23) are

smaller than or equal to zero.

Hence, for xe A

1
1 ¥ | 1 - L < .
I PA nA (dxl,x)r(z ,xl);J Py (dxl,x)r(z ,xl)ﬂr(z ;X)) .
Ana 172 A1
1 2 (3.25)

The proof of (3.25) for xeKz is similar and is therefore omitted.

Thus, for xeAln A2 (3.25) is true.

Now let us consider the case that chlr\ A2 and

1
p (dx_ ;x)r(z';x.) = r(z';x). (3.26)
JAln A, S b M 1

By (3.23) and (3.26) we find that
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Py

a) I k (dxl;x)r(z';xl) = p (2" i%) (3.27)
Al 1

b) the remaining terms of the right hand side of (3.23) are

equal to zero.

Consequently, almost surely (cf. 3.23)

1 , P . -_—
J Py (dxk+1,§k)r(z ,xk+1), k = even
A 1
' 5 |
r(z ;3<_k) = 1
J Py (dxk+1;§k)r(z ;xk+1); k = odd . (3.28)
A 2
2
If X € Al (k=even) or if EkCAZ (k=odd), then since Al eKZ. and
A2 € Kz' , we have almost surely

X € (x| I pi (dy;x)r(z';y) = v(z';x);
A 1
1
J pz (dy;x)c(z';y) Sc(zix)} ; k = even (3.29)
A 1
1
1 1 1
X € {XIJ py (dy;x)r(z';y) = r(z';x);
A 2
2
I pl]; (dy;x)c(z';y) Sc(z';x)}; k = odd. (3.30)
A 2
2
By substituting q(x) = c(z';x) in (3.18) we find for xeKl

p1
Alr\A2

. L ey l P -
(dxl,x)c(z ,xl) = IA Py (dxl,x)c(z ,xl) +

IAnA 1

1 2

+ I_ p“]i (dxl;x) EJ p}\ (dxz;xl)c(z';xz)—c(z';xl)] +
A2 1 A2 2

1 1 1 '
+ IK Pa (dxl’x) J_ Py (dxz,xl) [I N (dxs,xz)c(z ,x3) -
2 Al 2 A1 1

- C(z';xz)]+ (8.31)

If (3.26) is true, by (3.29) and (3.30) we find for xsK1
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1 1
p (dx, ;x)c(z';x );f p, (dx, ;x)c(z';x.) Lec(z';x).
JAlnA Alr'\A2 1 1 A A1 1 1

2 % (3.32)

It xt»:K2 and if x satisfies (3.26), then the proof of (3.32) is
similar.

Thus, if x €A N A we have either

1 27
f p1 (dx, ;x)r(z';:x,) <r(z';x) (3.33)
Aln A2 Alr\A2 1 1

1
or J Pp np (axg5x)r(z! ;xl) =r(z';x) (3.34)
A.n A 1 2
1 2
and J 1
p (dx, ;x)c(z';x ) Sc(z';x). (3.35)
ANA AlﬂA2 1 1,

Hence, Aln A2 € Kz, .

This ends the proof.

Note that lemma 3.2 does not imply A;, € Kz

Tool f) If ze Z,the minimizing subset Dz(x) of D(x) is defined by

Dz(x) agt {d|deD(x); r(dz;x) = min r(d'z;x)} .

d' € D(x) (3.36)

Lemma 3.3

If z €Z, the minimizing subset Dz(x) is a closed non empty set.

Proof:
From lemma 2.1 and point 2b of property 3, it follows that the
d-function r(dz;x) is bounded and continuous in d. Since the set D(x)

is closed, the assertion is obvious.

Tool g) If ze Z, the A-compressed strategy of [A]z of z is defined by
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z(x), if xeA

def
[A] z = ) (3.37)
null decisions, if xeA .

Tool h) If ze€Z and if x€X, the minimizing subset Zz(x) of Z is

defined by

g {z* Iz*ei;r((z*)z;x) = inf r((z)z;x)} . (3.38)

z€eld

Z (x)
z

2. The basic problems and theorems

In this section we consider three decision problems.

First problem

To minimize the d-function c(dz;x) for each x subject to the

constraint d eDz(x).

By lemma 3.3 the set Dz(x) is a closed set. By point 2b of pro-
perty 3 and by the points 3) and 4) of property 5 it follows from the
definitions that the d-functions k(x;d) and t(x;d) are bounded and
continuous in d. Now it can easily be verified (cf.(2.94),(2.105),(3.12))
that the d-function c(dz;x) is also bounded and continuous in d. This
implies that for each x at least one decision d ch(x) can be found

that minimizes c(dz;x). Such a decision is called a minimizing deci-

sion.
The solution of the first problem is not necessarily unique.

Therefore, we introduce the following property:

Property 6 (strategies)
9) If z€Z, a selection procedure exists such that

a) to each x one and only one minimizing decision dz_x is as-
)

signed;
b) if for some x the decision d=z(x) is a minimizing decision,
then d = Z(x);
Z;x

)

c) the strategy Zy defined by

zl(x) = dz;x (3.39)
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belongs to 2.

Lemma 3.4

If z€Z and if for some x the null decision is a minimizing de-

cision, then the decision z(x) is also a minimizing decision.

Proof :

If d is a null decision, then

r(dz;x) = r(z;x) = r(z(x)z;x) (3.40)
c(dz;x) = c(z;x) = c(z(x)z;x). (3.41)

The assertion follows now at once.

Lemma 3.4 and point 9b) of property 6 imply

A DA ., (3.42)
z

Lemma 3.5

If zy is the solution of the first problem, then for each x we

have either

r((zl)z;x)< r(z;x) (3.43)
or

r((zl)z;x)= r(z;x) (3.44)
and

c((zl)z;x)i c(z;:x). (3.45)
Proot:

Let the set B be defined by

e {xlr((zl)z;x)< r(z;x)} v

v {x|r((z1)z;x)=r(z;x) ;c((zl)z;x) Sc(z;x)} . (3.46)

If follows from the definition of the strategy zy that

Bo>A_ DA_. (3.47)
z,” Tz
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If x €B, then by (3.47)

r(z;x) J p: (dy;x)r(z;y) 2
A b4

z1 1

il
JA pAz (dy;x)r((zl)Z;y) = r((zl)z;x). (3.48)

z1 1

v

If x€B and if r(z:;x) = r((zl)z;x), then

cl(z;x) J pz (dy;x)c(z;y) 2
A 2z

zl 1

1
IA pAz (dy;X)C((zl)Z;y) = C((zl)Z;x). (3.49)

%1

v

Consequently, if x SE, we have either

r(z:x) > r((zl)z;x) (3.50)
or

b r((zl)z;x) (3.51)
and c(z;x) 2 c((z;)z;x). (3.52)

It follows from (3.46), (3.50), (3.51) and (3.52) that B = @.
This ends the proof.

Second problem

To determine for the strategy z' = (zl)z the subset A;, of Az "
1

Property 6 (strategies)
10) I1f z€2Z, if 2y
if z' = (zl)z, then (cf. tool e)

is the solution of the first problem with z and

z, € [a!] z ¢z, (3.53)

Lemma 3.6

If z1 is the solution of the first problem with z and if the sets

A1 and A2 belong to Kz' (z'=(z1)z) then we have either

r(Aln A,z ;%) < r(Aiz sx) ;3 di=1,2 (3.54)
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or

r(Alf\Azz';x) = r(Aiz';x) ; i=1,2 (3.55)
and c(Alf)Azz';x) < c(Aiz';x) 3 1=1,2 (3.56)
Proof:

Let us first consider the case i=1.

If x €A1, then
r(Alz';x) = r(z';x) (3.57)
c(Alz';x) = e(z";%) . (3.58)

The assertion is a direct consequence of Aln A2 eKz, (lemma 3.2)., If
x EKi, the assertion follows at once from (3.25) and (3.32).
The proof for i=2 is similar and is therefore omitted.

This ends the proof.

Property 6 (strategies)
11) 1f z€Z, if zy is the solution of the first problem with z and
if z' = (zl)z, then
A' EK . (3.59)
Z z
Lemma 3.7
If zy is the solution of the first problem with z, if z, is the
solution of the second problem with z':(zl)z and if A€ Kz, then we

have either

r((zz)Z;x);r(AZ';X) <r(z';x) (3.60)
or

r((zz)z;x) = Az " ;x) = v(z2':x) (3.61)
and c((zz)z;x)f.c(Az';x).f,c(z';x). (3.62)
Proof :

Since for each A€ Kz, we have

z' = Xz' (3.63)
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Az' = AnXz' (3.64)
- ' . — ' £ = ' '
(zz)z =Al,z' =A0Az' =A 0 AnZXz
(3.65)
the assertion follows at once from lemma 3.6.

This ends the proof.

Lemma 3.8

It z1 is the solution of the first problem with z and if 22 is

the solution of the second problem with z'=(zl)z, then we have either

r((zz)z;x)< r(z;x) (3.66)
= r((2,)2;x) = r(z;x) (3.67)
and c((zz)z;x) Lc(z;x). (3.68)

Proof :

The assertion follows at once from lemmas (3.5) and (3.7).

Lemma 3.9

If zy is the solution of the first problem with z and if z2 is

the solution of the sécond problem with z':(zl)z, then for each x we

have

r(z,;x) 2 r(z;x). (3.69)

-
Proof:
It follows from (3.66) and (3.67) that for all x we have

r((zz)z;x) Sr(z;x). (3.70)

Consequently, (cf.(3.7)) for all x

k
r((z,)7z;%) = E{r((z,)z;y, )|x;z,} <

S El{r(z )|x;2,) = r((zz)k_lz;x), (3.71)

Y1

where Xk-l is the state into which the system is transferred by the

th . .
(k-1) intervention according to z Hence, for all x and k21

9
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r((zz)kZ;X)ir((zz)z;x)ir(Z;x). (3.72)

First we shall prove that, if for some x EAzwe have

1
r((zz)kZ;xl) = r((zz)z;xl); k=12, 5+ (3.73)

we also have

c((2,)%2;%)) S e((z,)zix,) (3.70)
and
r((zz)zz;xl) = E{r((zz)z;lm)lxl;zz} ; (8..75)

where lw obeys the stationary absolute probability distribution of

the Markov process in AZ corresponding to xl.

Let us suppose that2(3.73) holds, then
2, (dy;x, ) r((z,)  1z;y) =
X 2 1 2

= Ix zz(dy;xl)r(z;y). (3.76)

It follows from (3.72) and (3.76) that with respect to the pro-

bability distribution zz(xl) we have almost surely

r((zz)k-IZ;_,z) = ¥i@;g) ;3 k=2,3,... . (3.77)

By (3.67) and (3.68) we find with respect to the probability dis-

tribution zz(xl) almost surely

c((z,)z;y) Selz;y) (3.78)
and thus

E{c((zz)Z;x)le;zzlgE{c(z;l)|x1;z2} . (3.79)

By (3.73) we have for k=2

r((zz)zz;xl) = r((zz)Z;xl) (3.80)

and thus
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k(xl;zz(xl)) - r((zz)zz;xl)t(xl;zz(xl)) =

= k(xl;zz(xl)) - r((zz)z;xl)t(xl;zz(xl)). (3.81)

By adding (3.79) and (3.81) we find (cf. (3.10))
clzN?2ix)) = cl(z) (2)25x) Sel(z,)2ix)) . (3.82)

Consequently, (3.74) is true.
Further it follows from (3.73) that (cf. lemma 2.1)

n

r((z )zz;x ¥ e idm = I r((z)%z;x) =
2 1 n . 2 1
n > Jj=1
i = j
= 1lim 3 2 J Py (dI;xl;zz)r((zz)z;I) =
n-+ow j=1 ‘A z
z2 2

IA pAz (dI;xl;z)r((zz)z;I) = E{r((zz)z;lw)lxl;zz} .

29 < (3.83)

which gives us (3.75).
Let us now return to (3.72). Obviously we have for all x

n z

m = ) rz)zix) £r((z)z;x). (3.84)
5 2 2

n-> o i=1

For each integer j21 and for all x we have

17 i i+j-1
lim = ) r(z)'z;x) = lim = § r((z )" 7z5x) =
5+ S 2 n . 2
n-»>ow i=1 n-+ow 1 =1
1 B i
" i i
= lim o z J Py (dI;x;zz)r((zz)Jz;I) =
n- o i=1 A LA
%y

= f Py (dI;x;zz)r((zz)Jz;I) = E {r((zz)Jz;lw)|x;z2} y
A
z, 2 (3.85)
where Lﬂ now obeys the stationary absolute probability distribution

in Az corresponding to x.
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From (3.72), (3.84) and (3.85) we can easily deduce for all x
E{r((zz)z;lw)lx;zz}:r(z;x). (3.86)
By taking j=k and j=1 in (3.85) for all x
k
E > . = G i
{r((zz) z,_I_w)Ix,zz} E{r((zz)z,lm)|x,zz} . (3.87)

By (3.72) and (3.87) with respect to the probability distribution of

I almost surely
—a0

k
r((z,)72;1 ) = r((z,)z;1 ). (3.88)

Since (3.73) implies (3.74) and (3.75) we obtain from (3.88) almost

surely

c((zz)ZZ;lm) Y c((zz)z;lw) (3.89)

r((zz)zz;lm) E{r((zz)z;l;)llm;zz} " (3.90)

where l; obeys the stationary absolute probability distribution of
the Markov process in AZz with initial state Ico . The expected value
of r((zz)z;l;) is then a function of Ioo and if we substitute the ran-
dom state I _ in this function the random variable in the right hand
side of (3.90) is obtained.

If the original initial state of the Markov process in AZ is an
ergodic state, then 1; has the same distribution as lw for almost all

I, EAz and thus we have almost surely
2

r((zz)zzg«,) E{r((zz)Z;l;)llm;zz} =

]

E {r((zz)z;lm)]x;zz} . (3.91)

Now it follows from (3.89) that for all x almost surely

c((zz)ZZ;_I_m) =
= k(L 52, (L)) -1 ((2) %2, ) 6T ;2, (1)) +

+E{c((zz)z;_1_')l_1m;z };c((zz)z;lw), (3.92)
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where l' obeys the probability distribution of the second intervent-

2
ion state in Az 1f Im is the initial (intervention) state.
2
If the original initial state x of the Markov process in AZ is
2
an ergodic state, then (3.92) becomes almost surely (cf,(3.91))
k(I 32, (1 ))- E{r((z))z;1 ) [x;2,} t(I_ ;2,(1)) +
+E{c((z)z;1) |1 52,) < e((zy)z;1). (3.93)
It can easily be verified that for x ergodic
E 1 {glé {c((zz)z;l')llm;zz} ]x;zz} =
=E I {C((zz)z33w)IX;zz} . (3.94)

—c

Consequently, by taking expectations in (3.93) we find for x ergodic
E . .
(k(X 52, (X)) |x;2,) +

- E{r((z,)z;1 ) |x;2,} E{t(I_;z,(I ))|x;2,} S 0. (3.95)
By (2.46), (2.47), (2.49) and (3.53) we have
E{t(_;z (lm))|x;zz} >0 (3.96)
and thus for x ergodic
E{k(lw?zz(l.,)”xizg}

;) = :E{r((zz)z;lw)lx;z }
E(t(I ;2,1 ) |x;2,)

r(z2

(3.97)

Now let x be an arbitrary state. Then the state lm will neverthe-
less almost surely be ergodic. Hence, by (3.97) with respect to the
stationary absolute probability distribution of the Markov process in

Az with initial state x we find almost surely
2

r(zy;1 ) < E{r((zz)z;l;)llm;z } o, (3.98)
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where L; obeys the stationary absolute probability distribution of

the Markov process in AZ with initial state I ,
2 ]

By taking expectations in (3.98) we obtain
r(zz;x) = E{r(zz;lm)[x;z } £
< ?lm{El;{r((zz)z;l; )Ilm;z2}|x;z2} = E {r((zz)z;lm)lx;zz} ;

(3.99)

thus (3.97) also holds for non-ergodic states x. Hence by (3.86) and
(3.99) for all x

r(z,;x) SE{r((z,)z;1 ) [x;2,} <r(z;x). (3.100)
This ends the proof.

As a third problem we consider the following:

Third problem
To minimize the z -function c((z“)z;x) for each x subject to the

”»
constraint z ¢ Zz(x).

After introducing an additional property of the mathematical
model we shall demonstrate that the solution of the second problem

also solves the third problem.

Property 6 (strategies)

12) There exists a strategy z, € 2, which is for each x a solution

3
of the third problem.

Lemma 3.9

If 2y is the solution of the first problem with z and if z, is

the solution of the second problem with z' = (zl)z, then z, is for

each x also a solution of the third problem.

Proof:

If Zy satisfies point 12) of property 6 and if for some x the

decision 23(X) is an intervention, then we have
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r((z3)Z;x) r((z,)z;x) = r((zz)Z;x) (3.101)
C((ZS)Z;x) = 0((z1)Z;x) = c((zz)z;x). (3.102)

If z3(x) is a null decision we have either

r((z3)z;x) <r((z1)z;x) (3.103)
or

r((zs)z;x) = r((zl)z;x) (3.104)
and c((zs)z;x) ;c((zl)z;x). (3.105)

If (3.103) is true, then by (3.101)

r(z';x) >r((z3)z;x) = J (dy;x)r((zs)z;y) =

= f pi (dy;x)r(z';y). (3.106)
A

If

r(z';x) = r((zs)z;x) = J pl (dy;x)r(z';y),

Az

A 3 (3.107)
%3

then by (3.102), (3.104) and (3.105)

C(z';x),;C((zs)z;x) IA pkz (dy;x)C((zs)Z;y) =

Zq 3
= J pi (dy;x)c(z';y). (3.108)
A 23
_ 3
Consequently, if x EAZ , then we have either
3
1
r(z';x) > f p, (dy;x)r(z';y) (3.109)
Az Z3
3
or
: 1
r(z';x) = p, (dy;x)r(z';y) (3.110)
A 23
“3
and c(z';x) 2 I pi‘ (dy;x)c(z';y). (3.111)
Az 3
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Thus A €K ,.
Zg z

Hence, we have either (cf. lemma 3.7)

r((zs)z;x) = J pl (dy;x)r(z';y) >r((z,)z;x) (3.112)
A Az “
23 3
or

r((zs)z;x) £ J pi (dy;x)r(z';y) = r((zz)z;x) (3.113)

A Z

z3 3
and c((z3)z;x) = J Py (dy;x)c(z';y);cﬂ(zz)z;x). (3.114)

A z

23 3
Thus r((zs)z;x) = r((zz)z;x) (3.115)
c((z5)z;x) = c((zz)Z;x). (3.116)

This ends the proof.

Since only one solution of the second problem exists the converse

of lemma 3.9 is not true in general.

Theorem 8

If Z5.3 is a solution of the third problem with z=z and if
’
z0;3=z0, then for each x
r(z ;x) = min r(z;x). (3.117)
& z€Z
Proof:
Since 2, .372, We find for each z €Z and x €X either
)
r((z)zo;x) >r(zo;x) (3.118)
or r{(z)z _;x) = r(z ix) (3.119)
o o
and c((z)zo;x) > c(zo;x). (3.120)

By (3.118) and (3.119) we have
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r((z)kzo;X) = E(r(z_;y)|x;z} 2
k+1
< E{r((z)zo;_gk)lx;z} =r((2)" "z ;x), (3.121)

where 7% is the state into which the system is transferred by the kth

intervention. Thus

r(zo;x) 2 r((z)zo;x) < r((z)kzo;x) 5 (3.122)
1 = K
r(z ;x) <1lim = z r((z)°z ;x) =
o = n o
N+ o k=1
1 3:‘ K
= lim — I p, (AI;x;z)r((z)z ;I) =
nosow o k=1 ‘A Az > B
=E{r((z)zo;lm)[x;z} , (3.123)

where Ln obeys the stationary absolute probability distribution of

the Markov process in AZ corresponding to x.

First we shall prove that, if for some X eAiwe have

r(@%2_ix) = r(@zix);  ke1,2,...,  (3.129)
we also have
2
c((z) zo,xl) .’.c((z)zo,xl) (3.125)
and 2
r((z) zo;xl) = E{r((z)zo;lm)|x1;z} . (3.126)

where Em obeys the stationary absolute probability distribution of

the Markov process in AZ corresponding to X
Let us suppose that (3.124) holds, then

J z(dy;xl)r((z)k_lzo;y) =I Z(dy;xl)r(zo;y). (3.127)
X X

It follows from (3.122) and (3.127) that with respect to the pro-

bability distribution z(xl) we have almost surely

r((z)k_lzo;z) = r(zo;_y_); k=2.8;500 = (3.128)
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Since Zg.3 = %, it follows from (3.128) with k=2 that almost surely
’
c((z)z ;y) 2 ¢z ;y) (3.129)
and thus
E{c((z)zo;_}i)lxl;z}:E{c(zo;l)|x1;z} . (3.130)

By (3.124) we have for k=2

r((Z)zzo;xl) = r((z)zo;xl) (3.131)

and thus
k(xl;z(xl)) - r((z)zzo;xl)t(xl;z(xl)) =
= k(x;52(x))) - r((2)z ;x ) tlx;;2(x)). (3.132)
By adding (3.130) and (3.132) we find (cf. 3.10)

c((@%2_;x)) 2 ez ;%)) . (3.133)

Consequently, (3.125) is true.

Further it follows from (3.124) that (cf. lemma 2.2)

r((z)zzo;xl) = 1lim % r((z)jzo;xl) =

n->ow J

Nes1s

1

n <
= lim % 2 J pi (dI;xl;z)r((z)zo;I)
n-> Jj=1 Az z

= {A pAz(dI;xl;z)r((z)zo;I) = E{r((z)zo;lm)lxl;z} :
“ (3.134)
which gives us (3.126).

Let us return to (3.120). Obviously we have for all x

n
lim 2 z r((z)iz ix) 2 r(z)z_;x). (3.135)
n (o] o
n-+ow i=1

For each integer j21 and for all x we have

&
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n

n
. {4iol
lim = Z r((z)'z ;X) = lim = r((z) 72 iX) =
nseo o i=1 = n o n izl 2
1 rz’ I i 3
= 1lim ~— p, (Al;x:;z)x((=2) 2z ;I) =
nsw o i=1 A Az °
4
- —— J, . _ J, . .
= IA pAz(dI,X,Z)r((Z) zo,I) = E {r((2) zo,lw)|x,z}, (3.136)
z

where I now obeys the stationary absolute probability distribution in
—
Az corresponding to x.

By taking j=k and j=1 for all x

E{r((z)kzo;lm)lx;z} = E {r((z)zo;lm)|x;z) . (3.137)

By (3.122) and (3.137) with respect to the probability distribu-

tion of I almost Surely
1((2) z ;1 ) = 1((Z)Z ,'I ). (3.138)
Q”'—u s el

Since (3.124) implies (3.125), we obtain from (3.138) almost sure-

1y
(2?2 ;1) 2 e((2)z ;1) (3.139)

r((z)zzo;lm) = E{r((z)zo;l; )Ilw;z} i (3.140)

where l; obeys the stationary absolute probability distribution of the
Markov process in AZ, with initial state I_ . The expected value of
r((z)zo;l;) is then a function of I_ and if we substitute the random
state lw in this function the random variable in the right hand side
of (3.140) is obtained.

If the original initial state x of the Markov process in AZ is an
ergodic state, then I has the same distribution as lw for almost all

Im € Az and thus we have almost surely

r((z)zzo;l )

—00'

E{r((z)zo;l;)llm;z} =

E{r((2)z;I)|x;z} . (3.141)
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Now it follows from (3.139) that for all x almost surely
)2z 1) = k(I ;201 )2z 51t _;2(1)
c(z) z 51,) = k(1,;2(L ))-r((2) z ;I )t ;2(1)) +
+ E{C((Z)zo;ié)|1m;z} > C((Z)Zo;lm)’ (3.142)

where lé obeys the probability distribution of the second intervention

state in Az if Iw is theinitial (intervention) state.
If the original initial state x of the Markov process in AZ is an

ergodic state, then (3.142) becomes almost surely (cf. (3.141))

k(1,;2(1)) - E{r((2)z ;I )|x;2} t(I ;2(I1)) +
+ E{C((Z)Zoilé)llm5z}::C((Z)zo;l@)- (3.143)

It can be easily verified that for x ergodic

E {EI, {c((z)zo;lé)llw;z}|x;z} =

— =2

= Elm(c((z)zo;lm)lx;z} ’ (3.144)

Consequently, by taking expectations in (3.143) we find for x ergodic

E{k(I_;z(I))|x;z} +

- E{r((z)zo;£®)|x;z} . E{t(_;z(I ))[x;2} 20 (3.145)
or
E(k(I_;z(I))|x;2}
r{z:x) = >
E{t(I_;z(I))|x;z}
2 E{r((2)z ;L) |x;z} . (3.146)

Now let x be an arbitrary state. Then the state lm will neverthe-
less almost surely be ergodic. Hence, by (3.146) with respect to the
absolute stationary probability distribution of the Markov process in

Az with initial state x we find almost surely
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Ar(z;Z_lw)zE{r((z)z‘)' )|_£Q;z.) 5 (3.147)

7 9
where l; obeys the stationary absolute probability distribution of the

Markov process in Az with initial state Im.

By taking expectations in (3.147) we obtain
r(z;x) = E{r(z;lm)|x;z} 2

= EI {EI' {r((z)z°;£; )|lm;z} |x;z} =

—oo —o

E{r((z)zo;lm)|x;z}. (3.148)

Thus (3.146) also holds for non-ergodic states x. It follows from

(3.123) and (3.148) that for all x
r(zo;x) < E{r((z)zo;lc)lx;z}:11z;x). (3.149)

This ends the proof.

By lemma 3.9 and theorem 8 we also have :

Theorem 9
If z is the solution of the first problem with z , if z is
0;1 o 0;2
the solution of the second problem with z° = (zo;l)zO and if 20;2=zo’

then for each x

r(zo;x) = min r(z:x). (3.150)
z2€Z

3. Optimal strategies and the strategy improvement routines

The most plausible definition of an optimal strategy is the fol-
lowing:
A strategy zo is called optimal if it minimizes for each x the

z-function r(z;x). In other words:

r(z ;x) = min r(z;x). (3.151)
o z €272

By theorem 8 a strategy zé is optimal if it satisfies
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c(z';x) = min c((z)z';x). (3.152)
o o
z eZz,(x)
o

By theorem 9 a strategy zg is optimal if it satisfies

0(z;;x) = min c((d)z'";x) (3.153)
d€D_ (x) 2

and
A;" = A, . (3.154)

Note that z; also satisfies (3.152) and (3.151), while in general zé
does not satisfy (3.153) and (3.154).

Without more detailed information about the mathematical model we
cannot prove the existence and the uniqueness of the solution of the
above equations.

If an optimal strategy z, can be obtained neither from (3.151),
nor from (3.152) and nor from (3.153) and (3.154), for practical pur-
poses an iteration procedure is required, that yields a sequence of

strategies {zl;i=1,2,...} such that for each x

lim r(zn;x) = 4nf p(zsx). (3.155)
n-oeo z€e Z
The functional equation (3.152) suggests the following iteration

procedure. This iteration procedure, called the strategy improvement
i~1
method I, starts with an arbitrary strategy z° €z, 1If 2 is the stra-

th th
tegy obtained at the end of the (i-1) cycle, the i cycle runs as

follows:

First step

Determine a solution of the functional equations (3.3) and (3.4)
with z=z1_1.
Second step

Solve the third problem with z=z1_1 and determine a strategy
i-1
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i-1

The strategy z1 is given by z3 .

%
End of the i h cycle.

The equations (3.153) and (3.154) suggest the following iteration
procedure. This iteration procedure, called the strategy improvement
method II, starts with an arbitrary strategy 2%¢ez, If zi_1 is the
strategy obtained at the end of the (i—l)th cycle the ith cycle runs

as follows:

First step

Determine 2 solution of the functional equations (3.3) and (3.4)

il g,

Second step
i-1
Solve the first problem with z=z and determine the strategy
i-1

21 T2 »

Third step

Determine the x-functions r((zi_l)zl_l;x) and c((z;_l)zl_l;x).
Fourth step
i-1, i-1
Solve the second problem with z‘=(z; )z1 and determine the
strate zZ -zi_1
gy 2,5z, .

=1

The strategy z' is given by z2 .

End of the ith cycle.

Note that the strategy improvement method II is a special case of
strategy improvement method I. In the second routine the third problem

is solved in a prescribed way.

In order to prove the effectiveness of these iteration routines

we introduce the following property :

Property 6 (strategies)
13) There is at least one initial strategy 2°€ Z and an integer Mo

such that for each z € Z, for each x and for each i ;Mo we have
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r((z)zi;x);r(zi;x). (3.156)

If for all z €Z the decision process has only one simple ergodic
set,point 13) of property 6 is always satisfied with the equality sign.
In that case the x-function r(zi;x) is a constant. This holds for every
zo €7,

Theorem 10

If z€Z is an arbitrary strategy and if z° obeys point 13) of

property 6, the strategy improvement method starting from z° generates

a sequence of strategies {zl;i=1,2,...} , satisfying for each x

r(z;x) 2 lim r(zn;x). (3.157)
n-owo
Proof :

B ip 3 i:Mo, by point 13) of property 6 we have for each x

r((Z)zi;x)z_r(zi;x). (3.158)

Consequently, for all x and k22

r((2)%2' ;%) = E{r((2)2* ) =521 2

Y1

2 E{r(zi Y|z} = r((z)k—lzi;x), (3.159)

Y1

where -Zk—l is the state into which the system is transferred owing to
the (k-1)*P intervention according to z.

Hence, for all x and k21

r((z)kzi;x) :r((z)zi;x) ;r(zi;x). (3.160)
Consequently ,
n :
1am Y r((z)%z ;%) =
n
n-»>ow k=1
= E[r((z)zi;lm)|x;z};r(zi;x), (3.161)

where lm obeys the stationary absolute probability distribution in AZ
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with initial state x.
First we shall prove that, if for some xle AZ

r(@%2hx) = r(@z'ix); k1,2, , (3.162)

we also have

1

1+1)z -

ct@?x) 2 c@ 2 ) (3.163)

1

and
r((z)zzl;xl) = E{r((z)zl;lm)lxl;z} ; (3.164)

where 1@ obeys the stationary absolute probability distribution of the
Markov process in Az corresponding to xl.
Let us suppose that (3.162) holds, then

J z(dy;x )r((z)k_lzl;y) = I z(dy;x )r(zl;y). (3.165)
1 1
X X
It follows from (3.160) and (3.165) that with respect to the pro-

bability distribution z(xl) we have almost surely

r((z)k_lzi;x) = r(zi;l); k=2,3,... (3.166)

and thus almost surely z e Z i(X).
z

It follows from the solution of the third problem that we have

almost surely (z1+1=2;)

c((2)z" iy) =2,C((zi+1)zi

5l) (3.167)
and thus
E{c((z)zi;z)le;z};E{c((ziu)Zijz) %52} .
(3.168)
By point 13 of property 6 we have for all x
i+l

r((z )zi;x) = r(zi;x) (3.169)
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and thus by (3.162) and (3.169)

r((Z)zzi;xl) = r((Z)(zi+1)zi;x1). (3.170)

So we find

k(xl;Z(xl)) - r((z)zzi;xl)t(xl;z(xl)) =

. . i+l i, 3

= k(xl,z (xl)) r((z)(z" Mz ,xl)t(xl,Z(xl)).
(3.171)

By adding (3.168) and (3.171) we find

C((z)zzi;xl) 2 C((Z)(zi+1)zi;x1). (3.172)

Consequently, (3.163) is true.
Further it follows from (3.162) that

r((z)zzi;x ) = 1lim

5 %
r((z)7z ;x ) =
i ’ 1

S
1 e~

1

1]

n ; g
lim i z J (dI;x ;z)r((z)zl;l) =
n A 1
n-+w j=1 ‘A z

- . . i- -— i. .
= IA pAz(dI.xl,Z)r((z)z 1) = EfE((z2)z ,lu)lxl,z} .

- (3.173)
which gives us (3.164).
Let us return to (3.160). Obviously we have for all x
1 % h i i
lim = J r((z) 2z ;x) 2r((z)z ;x). (3.174)
n -+ o h=1

For each integer j21 and for all x we have

n
i 1 h i X i1 n " i
1im o = r((z)'z ;x) = lim = h+j-1 i _
n+w N hzl n+o n hzl r((z) z7;x) =
n
. 1 h i i
= lim 5 z J Py (dI;x;z)r((z)le;I) =
n+o h=1 ‘A

= f Py (dI;x;z)r((z)jzi;I) = E{r((z)jzi;lw)lx;z}, (3.175)
A Z
z
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where lw now obeys the stationary absolute probability distribution
in Az corresponding to x.

By taking j=k and j=1 for all x
k i ;!
E{r((z) z ;lm)lx;z} = E{r((z)z ;lm)lx;z} . (3.176)

By (3.160) and (3.176) with respect to the probability distri-

bution of lm almost surely
k i i
r((z) "z ;1) = r((2)z ;lw). (3.177)

Since (3.162) implies (3.163) we obtain from (3.177) almost sure-

1y
c(@?2'51) 2 c@ ' ™hzti1) (3.178)

r((z)zzi;lm) = E{r((z)zi;l;)|lm;z} 5 (3.179)

where 1; obeys the stationary absolute probability distribution of

the Markov process in AZ with initial state I _ . The expected value

of r((z)zi;l;) is then a function of I°° and if we substitute the ran-
dom state lw in this function the random variable in the right hand
side of (3.179) is obtained. If the original initial state of the Mar-
kov process in Az is an ergodic state, then 1; has the same distribu-

tion as I for almost all Iw € Az and thus we have almost surely

r((z)zzi;lm) E{r((z)zi;l;)lle;z} =

Elr((2)2' 1) |x;2) . (3.180)

Now it follows from (3.178) that for all x almost surely

c(@?%2h51) = k@ ;2 ) -r(@ 2% 1)t _;2)) +

+ Ble(@251) 152} 2 (@ 'z, (3.181)

where lé obeys the probability distribution of the second intervention
state in Az if I_ is the initial (intervention) state.
If the original initial state x of the Markov process in Az is an

ergodic state then (3.181) becomes almost surely (cf. (3.180))
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k(L ; 2(I)-E{r((2)z" ;1 )| x;2}t(1_ ; 2(1))

+ Ele(@z2 10| 1 521 2 c(@) 1z 1 ). (3.182)
27! —o0 - L
By taking expectations in (3.182) we find for x ergodic

E{k(I_;z(I1))|x;2} +

- E{r((z)zi;lw)lx;z} E{t(lm;z(lw))lx;z} >

2 E{c((Z)&?+l)zi;1@)-c((z)zi;1m)IX;Z) (3.183)

or
E{k(I_;z(I))|x;z} i
riz;x) = 2 E{r((2)z ;£¢)]X;Z} +
E{(t(I_;z(1))|x;z}

E{C((Z)(zi+1)zi;1m)—c((2)zi;1m)|x;z)
+ . (3.184)

E(t(L_;z(1))|x;z}

Now let x be an arbitrary state. Then the state I_ will neverthe-
less almost surely be ergodic. Hence, by (3.184) with respect to the
stationary absolute probability distribution of the Markov process in

Az with initial state x we find almost surely
r(z;I )> E{r((Z)zl;I')lI ;z} +
= —c0 =00
E{C((Z)(zl+1)zl;1;)—c((z)z1;l;)Ilm;z}

N . (3.185)
E{t(l;;z(};))|lm;z}

where l; obeys the stationary absolute probability distribution of
the Markov process in AZ with initial state I .
4

By taking expectations in (3.185) we find

r{z:x) = E{r(z;lm)|x;z};E{E{r((z)zi;l;)[lw;z}lx;z} +

E{c((z)(zi“)zi;g)—c«z)zi;g;)uw;z}l }
Kz

E{t(X;2(I)) |1 sz}

= E{r((z)zi;lm)|x;z} -
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E(c((2) (2 ™zt 1) (@251 |1 52 )
| x;z} - (3.186)

+ E{
E{t(1 ;22X )| ;2}
By (3.161) and (3.186) we have for any x' and i;Mo

Flzix") > r(zi;x') +

E{c((2) z*H)z* ;1;)-—0((2)zi A1 32)

+ E{ | x;z} (3.187)
E{t(I ;z(X ) |I_;z}
and thus
) M0+n-1 _
r(z;x') > = 2 r(zl;x') +
n -
o
Mol e P ht 1) -c ()2t 1)) 1 52)
1 —c0 —o" | —a '
. z E{ X ;z}
i=M E{t(I1;2(I))|1I_;z} (3.188)
M +n-1
¥ o i
r(z;x') > = 2 r(z ;x') +
=n .
i=M
i Bgrot E{c((z)(21)21—1;1;)_0((2)21 ;ID|I 2}
* 2 E{ x';z} +
i=M +1 E{t(I';z(1'))|I ;z}
o —o0 —c —c0
Mo+n Mo+n—1 Mo
1 E{c((2)(z )z s ID-el@z)z ;1Y) |1z}
* & E{ | x';z}
E{t(I';2(1'))|1 ;z}
—o0 —c0 —c0
(3.189)
If the x-functions {c(zl;x); i=1,2,...} are any set of functions
satisfying
r(z ;x) = I P, (AI;x;2)rGEHD) (3.190)
A . i
i 2
z
c(z5x) = k(x;z' () -r(z ;0 tlx;z" (x)) +
p X i i
+ Py (dIsx;z de(z ;1) , (3.191)
A z1
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Lt ki (i=1,2,...) are arbitrary constants and if the x-functions

¢'(z1;x) are defined by

c'(zl;x) o c(zl;x) + ki' (3.192)
then the set of x-functions {c'(zl;x); i=1,2,...} also satisfies
(3.190) and (3.191).

Using the functions c'(zl;x) instead of c(zl;x), the strategies

g1+l (1> 0) are still solutions of the third problem with z .
Consequently,
M +n-1
1 o i
r(z;x') > = z r(z ;x') +
L s
i=M
o
Mo+n-1 E{c'((z)(zl)zl—l;l')-c'((z)zl;I')|I 72}
1 —C0 —00 —00
- 2 E{ Ix‘;z}+
i=M_+1 E{t(1 ;2(1))|I ;z}
Mo+n Mo+n—1 M0
1 E{c' ((2) (z )z L=’ ((2)z ;1') | I 52}
+ _I; E{ | x';z}'
E{t(lg;z(l;))llm;z)
(3.193)
Now let the constants ki (i=Mo,...,Mo+n-1) be chosen in such a
way that

E{C'((Z)(Zi)zi_l;l;)—c'((z)zi;l;)|lm;z}

E{ |x';z} = O3

E{t(I ;z(I))|1 ;z}
; i=Mo+1,...,M0+n-1. (3.194)
This implies

k. -k,
E{ L=l |x';z}=
E(t(I;2(I))|I_;z)

E{c((2) 2Dz 1) e (@251 1_52)
= E{ |x';z} 3
E{t(1 ;2@ ))|I_;z}

; i=M_+1,...,M +n-1. (3.195)
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If we choose kM = 0, then the remaining constants
o

ki (i=Mo+1,...,Mo+n-1) are unambiguously determined by (3.195).
Hence,by this choice of the constants ki the relation (3.193)

becomes

Mo+n—1
r(z;x') 2 = 2 r(zi;x') +
) +
i=M
o
Mo+n Mo+n—1 Mo
1 E{c'((2) (z )z s I~ ((z)z ;I Y ;=)
—0 —o0 | —oo
+;E{ l.

E{(t(1 ;z(I)))|I_;z}

.|x';z} . (3.196)

Finally, if n » « , we find
Mo+n—1

1 i . ,
r(z;x')> 1lim = z r(z';x') = lim r(z";x"). (3.197)
= hnow I i=M n-+ o
o

This ends the proof.



CHAPTER 4

A new method and some related techniques

1. Introduction

The results obtained in the preceding chapters furnish us with a
new method for solving stochastic «-stage decision problems. Two
formulations of this method will be described in section 2.

In some books the theory dealing with problems of this type is

considered as a part of dynamic programming. In this book, however,

the term dynamic programming is reserved for techniques treated by
RICHARD BELLMAN in his book ''Dynamic Programming" Eﬂ . In section 3
of this chapter we shall give a brief description of a dynamic pro-
gramming approach to the problems considered in this book.

Two decision problems of this type have been solved by RONALD
A. HOWARD [4] . In section 4 we shall show that his first policy im-
provement technique follows from the second formulation of the new
method. With respect to his second problem, however, our method leads

to a technique different from his.

2. Summary of the new method

In this section we shall outline the new method for solving
stochastic « -stage decision problems. We do not pretend that this
method never fails. But, if the mathematical model has the properties
mentioned in chapter 1,2 and 3, the method will be effective. These
properties are sufficient, but not always necessary.

Now we merely stipulate the properties as stated below.

The state of the system can be represented by a point of a so-called
state space. The state space, denoted by X, consists of points of an
M-dimensional Cartesian space. The decisions can be represented by

points d of a decision space D. We differentiate between decisions

called null-decisions and decisions called interventions.
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An intervention corresponds to a random transition in the state of

the system. A null-decision "transfers' the system with probability1lin-
to its present state. Decisions are defined by the probability dis-
tributions of the state into which the system is transferred.

For each state x of the system we have a set D(x) of feasible

decisions d in D.

A class of stationary Markov processes in X is defined; i.e. one

for each initial state. This class of processes is called the natural

process. In each particular problem a class Z of strategies z with

corresponding intervention sets Az in X is given. Each strategy ze 2
dictates interventions in states of Az and null-decisions elsewhere

(d=z(x)). The stopping set Ao is defined by

A, det zf'lz A . (4.1)
To each state x and decision d e D(x) two random walks, denoted by !o
and !d,can be assigned. During the random walk !0 the system is sub-
jected to the natural process having x as initial state. The walk ends
as soon as the system takes on a state of the stopping set Ao. At the
start of the walk !d the system is transferred into a random state y
with the probability distribution of d.
After this transition the system is subjected to the natural process
having y as initial state and will end the random walk !d as soon as
it assumes a state of the stopping set Ao.

The (x;d)-function k(x;d) represents the difference in expected

losses incurred during xd and !o' The costs of the decision d are
included in k(x;d).
The (x;d)-function t(x;d) represents the difference in expected

durations of !d and !o. If d is a null-decision, we obviously have

0 (4.2)
5 (4.3)

k(x;d)
t(x;d)

If z is the strategy applied and if x is the current state, the

probability distribution of the first future intervention state I1 is
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denoted by pi (A;x;z).
z

Further we consider the functional equations

r(z;x) = J pi (dI;x;z) r(z;I) (4.4)
A Z

z
(= E{r(z;1) |x,z})

and

c(z;x) = k(x;2(x)) - r(z;x)t(x;2(x)) +

+ [ pi (dI;x;z) c(z;I). (4.5)
A z

z
(= k(x;z2(x)) - r(z;x) t(x;z(x)) + E{c(z;ll)lx,z})
In the sequel the x-functions r(z;x) and c(z;x) denote some

solution of the equations (4.4) and (4.5).

We now introduce mixed strategies of the following types:

a) The mixed strategy of the form (za{gb with z, and zy €Z,

dictating
1) first an intervention in accordance with z,;

2) then interventions in accordance with Zy .

If z2' = (za)zb, the x-functions r(z';x) and c(z';x) are defined by
r(z';x) & E{r(zb;z)lx;za) (4.6)
and
c(z';x) ot E{k(I ;z (I,))- r(z';I)t(I, ;z (I,Nk;z }+
) =1’"a -1 =] =1’"a"—-1 ’“a

+ E{c(zb;1)|x;za} ” 4.7)

where y is the state into which the system is transferred by the de-

cision za(ll).

b) The mixed strategy of the form de<z with z €Z, dictating

1) the decision d in the initial state and

2) then decisions in accordance with z.

We define r(dez;x) and c(d.z;x) by
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r(dez;x) fgs E{r(z;y) |d} (4.8)

and

c(dez;x) dgt k(x;d) - r(dez;x) t(x;d) +

+ E{c(z;y) |d} , (4.9)

where now y obeys the probability distribution corresponding to d.

c) The mixed strategy of the form Az', where z' is a mixed strate-

gy of the form (za)zb and A is a closed set in X.
This strategy interdicts any intervention up to (but not in-
cluding) the moment that for the first time a state of A is

taken on by the system.

From that time onwards decisions are made in accordance with z'.
The x-functions r(Az';x) and c(Az';x) are defined by

r{Az" ;x) dgf E{r(z'ix)lx;A} (4.10)

and def
c(Az';x) 2 E{c(z'Lz)|x;A} ; (4.11)

where y obeys the probability distribution of the first state of A
taken on if x is the initial state. Note that this probability dis-
tribution depends only on the natural process.

If z' is a mixed strategy (za)zb, the set Az' is defined by

det A, (4.12)
a

A
z

Further we consider the class Kz' of all intervention sets A
satisfying:
A = {x|r(Az";x) <r(@';x)} U
{x|r(Az';x) = r(z';x);c(Az';x) < c(z';x)} .
(4.13)

Obviously, we have Az,e Kz"

Next we consider minimizing subsets of the following types:

a) If z e€Z, the minimizing subset Dz(x) of D(x) is defined by

D (x) dgf {d|d ED(x); r(dez;x) = min r(d'.z;x)} . (4.14)
z
d' e D(x)
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b) The minimizing subset A;, of Az, is defined by the intersection
of all sets A EKZ,.

Thus
A, = N A. (4.15)

c) If zeZ and if x € X, the minimizing subset Zz(x) of Z is de-

fined by

dgf{z* |z*'EZ;r((z*)z;x) = inf r((;)z;x)} .(4.16)
ZeZ

z, (x)

d) If z €Z, the minimizing subset Zz of Z is defined by

def
ZZ = xfgx Zz(x). (4.17)

If z €Z, the A-compressed strategy Dﬂ z of z is defined by

def

z(x), if x €A,
(] =00 % |

null-decisions, if x €A.(4.18)
A strategy z, €Z is called optimal if it satisfies for each x

¥{z_:x) = min ¥(z;x). (4.19)
o Z2€Z

We now consider the following problem:

"To determine an optimal strategy z of 7

Several approaches are possible for solving this problem. The
seemingly more simple approaches are in general only practicable in
the most simple cases, butlead to impracticable problems in more com-
plicated cases. Therefore a number of alternative approaches is des-
cribed, of increasing complexity but also applicable to cases of in-

creasing difficulty.

First formulation

I. Preparatory part

Determine the (x;d)-functions k(x;d) and t(x;d).

II.Determination of the optimal strategy
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A. Direct approach

a) Determine a strategy z, that satisfies for each x

¥z %) = min T(Z;x). (4.19)
© Z €%

b) Determine a strategy zo EZz that satisfies for each x
o

c(z ;x) = min c((z)z ;x), (4.20)
o o
z€Z
%o

where c(zo;x) satisfies (4.4) and (4.5), while c((z)zo;x) and
Zz are given by (4.7) and (4.17) respectively.

o

B. Iterative approach

If zo €Z is an arbitrary initial strategy and if zl—1 is the
strategy obtained at the end of the (i—l)St cycle, the ith cycle
runs as follows:

a) function-determination operation

Determine a solution of the functional equations (cf. (4.4) and

(4.5))
r(zi-l;x) = J pi (dI;x;zi_l) r(zi_l;l) (4.21)
A i-1
i-1 A
z
and
c(zl-l;x) = k(x;zi_l(x)) - r(zi-l;x) t(x;zl-l(x)) +
+ I pi (an;x;zt e ™. (4.22)
Ai—1 zi—l

A

b) strategy improvement routine

1) Determine the minimizing subset Z i-1 of Z.
z

2) Minimize uniformly in x the z-function c((z)zl_l;x) subject

. Select one of the solutions.

to the constraint zeZ i-1

The selected strategy is denoted by zl.

End of the ith cycle.
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The second part of the new method can also be formulated in a more

specified way; the complete formulation then becomes as follows:

Second formulation

I. Preparatory part

Determine the (x;d)-functions k(x;d) and t(x;d).

II.Determination of the optimal strategy

A. Direct approach

Determine a strategy z, that satisfies for each x zo(x)e DZ x);

[
c(zo;x) = min c(d-zo;x) (4.23)
deD (x)
%o
and
A; = Az : (4.24)
o o

where c(zo;x) satisfies (4.4) and (4.5), while c(d-zo;x), Dz (x)

and Aé are given by (4.9), (4.14) and (4.15) respectively.
o

B. Iterative approach

If zo €Z is an arbitrary initial strategy and if zl-1 is the stra-
t t
tegy obtained at the end of the (1—1)S cycle, the i o cycle runs

as follows:

a) function-determination operation

Determine a solution of the functional equations

r(zi_l;x) = I p; (dI;x;zi_l) r(zi-l;l) (4.25)
A i-1
1~1 z
z
and
c(zl_l;x) — k(x;zi_l(x)) - r(zi_l;x) t(x;zi_l(x))
1 i-1 i-1
& J Py (dIsx;z- ) €=z 3L) . (4.26)
‘. i-1 i-1
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b) strategy improvement routine

1)

2)

3)

End

Finally,

k
Let Py (B;x;z) denote the probability distribution of the k

future i

(x).

Determine for each x the minimizing subset D i-1

Minimize the d-function c(d.z;x) for each x subject to the
constraint d €D i_l(x). Select for each x one of the mini-
z
mizing decisions. The selected decision, d i-1 ? is chosen
i-1 -1 " A
equal to z (x) if z (x) is a minimizing decision. The

strategy z =1 is defined by

1

i-1
X

def

(x) d . . (4.27)

Determine for the strategy z' = (211-1)21_1 the minimizing
subset A', of A ,. The strategy z' is the A' -compressed
2 z 2

strategy of zli'l.
t
of the i h cycle.

some remarks about the usefulness of this method.
th

nte%vention state in Az and let the strategies z €Z have the

following properties:

Property A

1) The functional equations (4.4) and (4.5) have at least one

solution;

2) The Markov process in Az has stationary absolute probability

distributions given by

1 ¢ k

(B;x;z) = lim = 2 D, (B;xyZz); (4.28)
n A
k=1 Z

Py

z n -+ o

3) The function r(z;x) is bounded and the expected values of

C

(z;lm) with respect to the stationary absolute probability

distributions pA (B;x;z) exist.

It

z
follows from (4.4) that

rlzpx) = 3

[ e =

J pX (dI;x;z) r(z;I). (4.29)
1 A 2

z

k=
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Hence, by point 3) and (4.28)

10 K
r(z;x) = 1im = 2 J (Al:xzz) r(z231) =
= A

P
nsw k=1 Az

= J p, (dI;x;z) r(z;I). (4.30)
A z
z
Consequently, r(z;x) is constant on simple ergodic sets in Az' If x

is an ergodic state,it follows from (4.5) and (4.30) that
E{c(z;I ) |x;2} = E{k(I ;z(I)) - r(z;x) t(I_;z(I))|x;z} +

¥ B (I pi (dI;lm;z) c(z;I)lx;z} ; (4.31)
A z

where la has the absolute stationary probability distribution cor-
responding to x.
We can easily verify that
1
E{c(z;lm)lx;z} = E{jA Py (dI;lw;z) c(z;I) |x;z) » (4.32)
z

z

By (4.31) and (4.32)
E{k(lm;z(lw)) - r(z;x) t(lm;z(lm))lx;z} =0 (4.33)

and thus if x is a state of a simple ergodic set

E{k(lm;z(lm))lx;z}
riz;x) = ” (4.34)
E{t(lm;z(lm))lx;z}

By (4.30) and (4.34) we find for an arbitrary x

Bz [1,52)
r(z;x) = E { | x;2} , (4.35)
E{(t(X;z(A |1 _;z}

where lw has the absolute stationary probability distribution in Az
corresponding to x and z. The distribution of 1; is obtained as fol-
lows: let l; have the absolute stationary distribution in Az cor-

responding to I _ and z; substituting I for I then I" becomes I'.
© —o0 o —00 —00
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Repeating the arguments made in the proof of theorem 8 in chapter 3
we can demonstrate that, if z, satisfies either (4.20) or (4.23) and

(4.24), we have for each x

r(z_;x) = min r(z;x). (4.36)
= z € Z

In addition to property A we also introduce:

Property B

1) The strategies z1 (i=1,2,...), yielded by one of the iteration
procedures, belong to Z;
s g i - .
2) The minimizing subsets A i-1 i—le K i-1. i-1 (1=1,2,. o)}
(zl )z (z1 )z

3) An integer Mo can be found such that for each z €Z, for each

x €X and for each i '>-Mo we have

r(()zt ;%) 2 rztix. (4.37)

Repeating the arguments made in the proof of theorem 10 in chap-

ter 3 we can demonstrate that

lim r(zi;x) = inf r(z;x). (4.38)
isw z€eZ
By means of properties A and B, however, we cannot prove that the z-
function r(z;x) is a good criterion for optimality (cf. section 2 of
chapter 2). Unlike the properties of the mathematical model introduced
in chapters 1,2 and 3, the properties A and B do not provide us with a
deeper understanding of the structure of the decision process., But for

practical purposes this need not always be necessary.

3. Dynamic programming

Many stochastic »-stage decision problems can be solved by means
of dynamic programming. According to BELLMAN ([3], p.81) the corre-
sponding decision processes have the following features in common:

a) In each case we have a physical system characterized at any

stage by a small set of parameters, the state variables;
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b) At each stage of either process we have a choice of a number of
— 1)
decisions;
c) The effect of a decision is a transformation of the state varia-
bles;
d) The past history of the system is of no importance in determin-
ing future actions;

e) The purpose of the process is to maximize some function of the

state variables.

BELLMAN considers an infinite sequence of stages. The state of the

th
system at the k stage is denoted by I . At every stage a decision

is taken. The properties mentioned abovg imply that at each stage the
decisionmaker can make as if the process starts at this stage in its
actual state.

The set of feasible decisions corresponding to the state I is
indicated by D(I). If at a stage the state is I and if the decision
is d, then a loss k(I;d) will be incurred.

The solution of the stochastic =-stage dynamic programming pro-
blem is given by a policy. Quoting BELLMAN (cf. [3] ,p.82): "A policy
is any rule for making decisions which yields an allowable sequence
of decisions; and an optimal policy is a policy which maximizes a pre-
assigned function of the final state variables."

In this formulation one of the state variables is the total gain.

The method is based on the following principle (cf. [3] ,p.83):

Principle of optimality

An optimal policy has the property that whatever the initial state
and initial decision are, the remaining decisions must constitute an
optimal policy with regard to the state resulting from the first de-
cision.

In BELLMAN's dynamic programming approach of x-stage problems
losses are discounted. Therefore, if a policy z is applied, the ex-
pected value of the loss to be incurred at the nth stage with regard
to the kth stage is given by

1) Ine.uding the null-decision,
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o F Bk _;2(1 )| 1,52} ; n=k,kel,..., (4,39

where the discount factor a satisfies O < a <1 and z(ln) is the de-
cision to be made at the nth stage.

If a policy z is applied, let the total expected loss to be in-
curred since the kth decision and discounted with regard to the kth
stage be given by f(z;Ik). Hence, for each I1 and for each z to be

considered we find

£(z;1)) = k(I ;2(I; )+ CE{f(z;1,) [I;;2(I))}.
(4.40)

Now it follows from the principle of optimality that the optimal

policy zo satisfies for each I1

f(zo;I ) = min [k(I

d + o E{f(z ;I )|I,;d}] . (4.41)
den(,) 022 11i¢]

1

The optimal policy zo can be determined from the solution of
the functional equation (4.41).

A detailed discussion of the existence and the uniqueness of
the solution can be found in Eﬂ‘

One of the iteration procedures which may yield the optimal
policy is closely related to the strategy improvement routines con-

sidered in section 2. This iteration procedure will now be described.

Determination of the optimal policy (BELLMAN). Iterative approach

1f z° €7 is an arbitrary initial strategy and if zl—1 is the

strategy obtained at the end of the (i—1)St cycle, the ith cycle
runs as follows:

a) function-determination operation

Determine the solution of the functional equation

#r s ) = k(11§Zi—1(11))+ o E {f(zi'l;lz)“ﬁzi_l“l”'

(4.42)
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b) policy improvement routine

Minimize the d-function

1

i-
k(Il;d) + a E{f(z ;lz)lll;d} (4.43)

for each 11 subject to the constraint d eD(Il). In this way we
find for each I1 at least one decision d.From these decisions we
select an arbitrary one with this restriction: if for a partic-

ular state I1 we have

f(z ;I.) = min [k(I ;d) + aE{f(zl-l;I ) |1 ;d}] »
1 -2 1
deD(Il)
(4.44)
then the decision zl_l(ll) must be selected. The selected de-

cisions constitute a policy zl.
t
End of the i - cycle,

Under certain conditions, the effectiveness of this iteration proce-

dure can be proved (cf. [3]).

4. HOWARD's policy improvement methods

In E{] R.A. HOWARD considers two different types of stochastic
o-stage decision problems. Using HOWARD's terminology, we shall form-
ulate these problems and the corresponding solutions. Then, we shall
show that with respect to these problems methods for solution can

also be derived from the strategy improvement routines of section 2.

HOWARD's first problem

Let us consider a system that can be in N different states.
These states are numbered from 1 to N. At equidistant points of time
8 (6=1,2,...) decisions can be made. For each state a finite number
of feasible decisions are given. Thus, the decisions dT which are
feasible in at least one state, can also be numbered (dt= Ly e MY
If the system at 6 is in the state j and if at that time decision a”

is made, then
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a) a loss qj will be incurred;
b) at 6+1 t§e system will be in the state h with probability
2 ¢ 2 =13,
Jh hop IR
If to each state of the system one and only one feasible decision
has been assigned, this relation between states and decisions is
called a policy.
It is assumed that, if decisions are made in accordance with a policy,
the behaviour of the system can be described by means of a Markov
chain without cyclically moving subsets.
If j is the initial state of the system and if a given policy is
applied, then
» a* a*
a) we drop the index d in pjh and qj s
b) the expected loss per stage in the steady state is denoted by

gj’

c) the expected loss to be incurred in the first n stages is de-
noted by v.(n) (v.(1) =gq.);
¥ J : J qJ
d) the value vy is defined by

def
v. %€ 1im (v.(n)-ng.). (4.45)
J - Jd J
-+ o

A policy is called optimal, if it minimizes for each initial
state j the expected loss gJ in the steady state.

The problem is how to determine an optimal policy.

HOWARD proves in [}] that an optimal policy can be found by

means of the following iteration procedure (cf. [4] p.64):

Determination of the optimal policy (HOWARD I). Iterative approach

If z° is an arbitrary initial policy and if zl_1 is the policy
t
obtained at the end of the (i—l)S cycle, the ith cycle runs as fol-
lows:

a) value-determination operation

Use pjh and qj for a given policy zl_1 to solve the double set

of equations
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N
g% ) Do B I51E N (4.46)
LI ="
and
N
vitgs = ag + Y Pip Vp 5 9=1,2,..00N (4.47)

J J h=1

for all v.j and gj, by setting the value of one vj in each simple

ergodic set zero.

b) policy improvement routine

1) Determine for each j the set D;'of decisions d* which mini-

mize
N -n-
E Jh g, - (4.48)
2) Minimize
¢ N 2
d d
qJ h§1 pjh vh (4.49)

for each j subject to the constraint d € D

For each j this yields at least one dec151on d . From these
decisions we select an arbitrary one with this restriction:
if for a particular state j the decision dictated by the
given policy belongs to D;' and if in addition to this we

have

v.+g. = min (q (4.50)
J d* en*

d

then this decision is chosen. The selected decisions, one

»*
d

& =
J

2 th h

for each state, constitute a new policy. In the next cycle
this policy will be the given policy zl.
End of the cycle.

It can be proved that an optimal policy will be found after a finite

number of iterations. For proofs the reader is referred to [4] .

HOWARD's second problem

Again a system that can be in N different states (1,...,N) is

considered. Suppose that the decision maker can influence the evolu-
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tion in the state of the system by means of M different actions.
If the system is at t in the state j and if the action d” is
undertaken, then -
a) for each unit of time the system is in the state j a loss r§J
will be incurred; 5
b) for a transition from state j into state h a loss r?h will be

incurred;
c) at*t+ At the system will be in state h with probability
d

2
ajh At + o(AtT) (h#jF).

If to each state of the system one and only one action has been as-
signed, the relation between states and actions is called a policy.
It is assumed that, if actions are carried out in accordance with a
policy, the bghaviour of the system can be described by means of a
Markov process with a continuous time parameter.

If j is the initial state of the system and if a given policy is

applied, then

* a 4" g
a) we drop the index d in ajh’ rjj and rjh;
b) the expected loss per unit of time in the steady state is de-
noted by gj;
c) the expected loss for the period (O,t] is denoted by vj(t);

d) the value vj is now defined by

v def o im (v (0)-tg) . (4.51)

t >+

A policy is called optimal, if it minimizes for each initial
state j the expected loss gj per unit of time in the steady state.

The problem is how to determine the optimal policy.

Let us try to solve this problem along the same lines as above.
To this end we split up the time axis into periods of length At.
If at the beginning of the interval (t',t'+ At] the system is in the
state j and if during that interval the decision maker will carry out

the action d*, then
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a) we say that he makes the decision a¥at t';

b) the corresponding loss qq is given by 2
ar a* a* d 2
q; = (5, + Y af r) At + o(at“). (4.52)
J 3 . Jh jh
h#j
Notation 8:
' a” a”
We now define a__. and q_. by
JJ J
»* »*
d def d p
ajj = - z aJh 2 5125004, N (4.53)
h#j
and * 3 »* %
a? e rqj + ) agh rﬁh; j=1,2,...,N (4.54)
J h#j
respectively.

If a given policy is applied, the following relation is obvious

(cf. (4.46)):

2
g.= ) a, Atg + (1- ) a_ Ot)g, + o(st?), (4.55)
I ndj Jh h bt Jh J

and thus by (4.53)

2
o= ) n Atg, - Z' 2n AtgJ + o(at?) =

h#j h#j
1 2
= z a. g Ot + o(at?). (4.56)
h “h
h=1
Conséquently, N
! a_ g =0. (4.57)
he1 jh "h

Further we have (cf. (4.47))

v, = (q,-g.) At + a. Ot v, + (1- a. At)v,
J (qJ gJ) hgj Jjh h hgj jh 3
(4.58)

and thus by (4.53) + o(at?),

N
gj Q= hzl ajh Vo (4.59)

2) The summation Z means that h runs through the numbers 1,...,N with

h#j
the exception J of j.
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In the first step of the policy improvement routine correspond-
ing to HOWARD's first problem we had to determine for each j the set

Sad £ i »* 5 % o il
D, of decisions d which minimize

N &
! p, a  (4.48)
he1 jh "h
This corresponds to seeking out the decisions d” which minimize

»* *

d 2
(] a g + a- ] ale}at+ oat?h (4.60)
n€j J néj I* J
or
T & 2
{ z a.. g + g.} Ot + o(Ath) (4.61)
Jh “h 3
h=1
and thus
N d*
Y al g + o), (4.62)
he=1 jh "h

In the second step of the policy improvement routine corresponding to
HOWARD's first problem we had to minimize for each j

¥ »*

N
d d
qj + z pjh v (4.49)
h=1
»* »*
subject to the constraint d EDJ.
This corresponds to minimizing, with respect to d*E:D:,
d a* ar 2
q. At + Z a.hAt vy * (1- Z a.hAt)v. + o(atY) (4.63)
htj hj 9 G
or d* N d* 2
Q% at+ § a% v At + v, + o(at?) (4.64)
J p=y J0 R J

and thus the minimization of (4.63) is equivalent with that of
> N %
~d d
a + h§1 ajy vy + o). (4.65)

Obviously, the following iteration procedure yields an optimal strate-

gy (cf. [4], p.108):
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Determination of the optimal policy (HOWARD II). Iterative approach

1f 2z° is an arbitrary initial policy and if zl—1 is the policy

obtained at the end of the (i—l)St cycle, the ith cycle runs as fol-

lows:

a)

b)

value-determination operation

Use ajh and aj for a given policy to solve the double set of equa-

tions (cf. (4.57) and (4.59))

N

y a_g =0 ; J=1,2,...,N (4.66)
het jh "h
and

N
g. =q, + 2 a. v v Gl 2 iwasN (4.67)
J J 42 dhh

for all Vj and gj, by setting the value of one vj in each simple

ergodic set to zero,

policy improvement routine

»* I
1) Determine for each j the set Dj of actions d which minimize

N d*
Y & g. (4.68)
h=l jh "h
2) Minimize o N o
a; + z 25n Yn (4.69)
h=1

for each j subject to the constraint d*c D:. For each j this

yields at least one action d*. From these actions we select an
arbitrary one with this restriction: if for a particular state
j the action dictated by the given policy belongs to D; and if

in addition to this we have

(4.70)

this action is chosen. The selected actions, one for each state,

constitute a new policy z*. In the next cycle this policy will

be the given policy.
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End of the cycle.
It can be proved that an optimal policy will be found after a finite

number of iterations. For proofs the reader is referred to Eq .

We shall now demonstrate that HOWARD's first technique can also

be derived from the second routine of section 2. To this end we intro-
duce a new state variable e. If at HOWARD's equidistant points of time
6 a ("HOWARD-") decision still has to be made, then e=O. In all other
cases e denotes the last (''HOWARD-'") decision made (e=1,...,M).

In our model the state space X consists of points x=(j,e) of a
twodimensional lattice.

Because in our model decisions are defined by means of the pro-
bability distributions of the state into which the system is transfer-
red, it follows from the construction of X that in our model a ''HOWARD'-
decision df made in J can be denoted by (j,d~3. The (decision-) pro-
bability di§tribution is now concentrated in the state (j,d*). In our
model the decision space D consists of points d = (j,d*) of a two
dimensional lattice. 5

We now stipulate that

a) the sets D(j,e) of feasible decisions d only consist of null-
decisions if e#0;

b) the strategies z to be considered dictate interventions if e=0,

Hence, for all =z eZ the intervention sets Az consist of the states

{(G,0); j=1,...,N}. Thus, for all zeZ

A =A . (4.71)

Using HOWARD's notations, but with the applied strategy indicated
1
by z, we easily verify that Py (B;x;2z), k(x;d) and t(x;d) (cf. section
z

2) are given by
1

Pp
z

((h,0);(j,0);2) = pjh(z), (4.72)

3) This decision space does not satisfy points 2% and 4 of property 3 in
chapter 1. With respect to these properties an M x N-dimensional Car-
tesian space is needed. In that space thg_end points of the MN unit
vectors correspond to the decisions (j,d ).
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e d*
k((j,0);(3,d)) = q; (4.73)
and -

It follows from (4.4), (4.5), (4.46) and (4.47) that the functions

r(z;x) and c(z;x) (cf. section 2) satisfy the equations

N
r(z;(3,00) = g(2) = hzl P i (208, (2) (4.75)

and

c(z;(j,0))

N
Vj(z) qj(Z)-qJ(Z) + hzl pjh(Z)vh(z)'

(4.76)
Further it follows from (4.8), (4.9), (4.72), (4.73) and (4.74) that

the functions r(dez;x) and c(d+z;x) satisfy the equations

N 3¢

) _ga ~ d
r((j,d9z;(j,0) = hzl Pin &, (2) (4.77)
and

N > N 3

" a* d d
c((j,d)z;(,0)) =q. - 2 p., g (z) + 2 p., v. (2).

J h=1 jh "h ey jh h

(4.78)

The second formulation of the new method (p.93) provides us with the

following iteration procedure:

I) Preparatory part

Determine the (x;d)-functions
k(x;d) and t(x;d).

These functions are given by (cf.(4.73) and (4.74))

& ) ; if e#0
k((j,e);(j,d)) = P (4.79)
La. ; if e=0
J
and
) ; if e#0
t((3,e);(3,d™) = (4.80)

L 1 : if e=0,
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II) Determination of the optimal strategy

B. Iterative approach

If 2% €7 is an arbitrary initial strategy and if zl_1 is

it
the strategy obtained at the end of the (i—l)S cycle, the
ith cycle runs as follows:

a) function-determination operation

Determine a solution of the functional equations (cf.

(4.75) and (4.76)) 4)
N
i-1 i-1 i-1
gz ) = hzl Pz g ) (4.81)
and N
i-1 i-1 i-1 i-1 i-1
vj(z ) = qj(z )—gj(z ) * h£1 pjh(z )yh(z s

(4.82)

b) strategy-improvement routine

1) Determine for each x=(j,e) the minimizing subset
D i_l(j,e) of decisions d=(j,d“) which minimize (cf.
Z
(4.77)) N & »
L Po gh(z1 ) (4.83)
h=1

2) Minimize the (j,d*)—function (cf. (4.78))

N
L

h=1

¥*

d
Pjh vh(Z) (4.84)

d*_l§

q.
- SIS

E .3
d
5 Pip 8,(2) +

for each j subject to the constraint (j,d*)e D i_l(j,e).
z
Since (4.83) is constant for (j,d*)s D ;_1(j,e) we may
z.

replace (4.84) by
» N *
d d
q. + z Pin vh(Z). (4.85)
3 p=1
Select for each (j,e) one of the minimizing decisions.

If zl-l(j,e) is a minimizing decision, then the selected

4) gj(z) and vj(z) are "j-functions' defined on (1,2,...,N).
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decision d ,_, is chosen equal to zl_l(j,e)-
z ;(3,e)
i-1

The strategy Zl is defined by

i-1
z T g,6 € a . (4.86)
1 s s (S
z- " 5(jse)
- : i-1, i-1 S
3) Determine for the strategy z' = (z1 )z the minimizing
subset A', of A .
z & i-1
1
Since the class KZ, only consists of the set Ao (cf.(4.71))
we find
Az' = A gug = Ao. (4.87)
Z
Consequently,
z5 = 211-1' (4.88)

Comparing this routine with that of HOWARD for the first problem we

easily verify that the two techniques are identical.

We now return to Howard's second problem. First we remark that at

each point of time an action is going on,
Without restricting the generality we now add to the description of
the problem the following two points:
1) After each alteration in the j-state of the system the de-
cision maker decides whether the running action will be con-
tinued or not;

2) If j is the actual s&ate of the system, if d* is the running
d

a
héj jh
after each unit of time whether the running action will be

action and if =0, then the decision maker decides

continued or not.

In order to incorporate these points in the mathematical model we in-

troduce an additional state-variable e.

>
The e-component of the state is equal to d
k3
a) if with respect to the present action d and state j we have

hﬁj a?h = 0 and if in addition to this the length of the period
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elapsed since the last decision (cf. points 1 and 2) is less
than one unit of time;
b) if wita respect to the present action d* and state j we have
héj ajh >0 and if in addition to this the present action has
been started or continued after the last alteration in the j-

state of the system.

The e-component of the state is equal to O

c) if wita respect to the present action d* and state j we have
d

5y %4n
elapsed since the last decision (cf. points 1 and 2) is larger

= 0 and if in addition to this the length of the period

than or equal to one unit of time;
b) if no decision has been made since the last alteration in the

state of the system (cf. point 1).

In our model (cf. section 2) the state space X consists of points
x=(j,e) of a two-dimensional lattice.
Since in our model decisions d are defined by means of probability
distributions of the state into which the system is transferred, it
follows from the construction of X that a (''Howard'-) action d" un-
dertaken in j can be denoted by (j,d*). In our model the decision
space D consists of a two-dimensional lattice.
We now stipulate that
a) the sets D(j,e) of feasible decisions only concist of null-
decisions if e#0;
b) the strategies z to be considered dictate only interventions

if e=0 (cf. points 1 and 2).

By a) and b) all intervention sets AZ consist of the states
x e {(j,0);3=1,...,N} .
Thus for all z €Z
A =A_. (4.89)

Using HOWARD's notation but with the applied strategy indicated by z,
1
we easily verify that pA((j,O);(k,O);z) (cf. section 2) satisfies
z
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=1, .
ajk(z)(héj ajh(z)) ; Af héj ajh(z) >0

1. . .
pA;(J,O),(k,O),z) = 1, I hﬁj ajh(z) 0 and if k=j.

a. (z) = 0 and if k#j.

i L
% XL 434 F5n

(4.90)

It follows from the formulation of Howard's second problem that the
length of the period between two successive alterations in the j-state
of the system obeys the negative exponential distribution. If j is the

initial ('HOWARD'"-) state and if d is the action to carry out, then

the parameter of this distribution is given by h# j ajh. =
Consequently, if j is the initial (''Howard'-) state and if hij ajh >0,
d
the expscted duration of the walk w (cf. section 2) is equal to
(L. a%)t
h#j ~jh :

If the initial state of the walk !0 is given by (j,0), then by
(4.89) the expected duration of this walk is equal to zero (cf.section

2). Therefore, we find (cf. section 2)

e >
d . -1 d
Z 2
(h2y Bgp? » 11 hﬁj &y O
£((3,0);(3,4™)) = N (4.91)
. i d _
1, if hij ajh 0.

Obviously, we have t((j,e);(j,d*)) = 0 if e#0. Hence, the function
t(x;d) has been determined.

Next we consider the function k(x;d). By (4.89) the expected loss

d
to incur during wo is zero if e=0. With regard to the walk w thg ex-
N at a* 4" a* -1 T4
. . i f >

pected loss is given by (hgj 85p Tip * rjj)(h;j ajh) i hﬁj 8 0o
and otherwise by r. ..

JJ
Therefore, we find (cf. section 2)

R d a*-1 .
(h£J o Fqp rjj)(h£3 jh , if
>
. . d
k((j,0);(j,d™) = héjajh>o'
»* d*
i x =
r 3 if néj ajh = 0,

(4.92)
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Obviously, we have k((J,e);(j,d*)) = 0 if e#0. This determines the
function k(x;d).
It follows from (4.4), (4.5), (4.90), (4.91) and (4.92) that the

functions r(z;x) and c(z;x) satisfy

B th L (2)r(z;(h,0))] (h£ h(Z))
r(z;(j,0)) = if 2 (z) £ 0,
L r(z;(,0)), if hfzj ajh(z) (4.93)
and
[nZ; 24 (@ {rjp (@+elz; (1,00 }4ry (2) = r(2;5(5,00) ]
c(z;(j,0)) = -(h§_j a N7, it hgj a_h(z)>0.
Lory - r(z;(j,0) + c(z;(j,0)), if h£ (z)
(4.94)
respectively.
From (4.53) and (4.93) we obtain
N
z a_ (z)r(z;(,0)) =0, (4.95)
n=1 "
while by means of (4.54) the equation (4.94) becomes
R N
r(z;(3,0)) = q_ (2) + Z a . (z)c(z;(h,0)).
J p=1 P
(4.96)

It follows from (4.8) and (4.9) that the functions r(dez;x) and
c(dez;x) satisfy

a* d* =1 a*
i z
[M jh TEIMON]GE a0, it b >0
r((.j’d*)z;(.jso))— . d*
s #lmg (3,000, L hij T (4.97)
and d* d* *
i % -
[h:-‘j ajh{ 5h +c(z (h,ON}+ r P r(z; (J,Oi)]
g LAl
Gy By ¥ 1 U
> d*
c((j,dNz;(j,0))= L a, >0.
h#j 7
a* . : a* _
Lrjj—r(z,(J,O)), if ha§-j ay, = 0. (4.98)
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It follows from (4.57) and (4.59) on the one hand and from (4.95) and
(4.96) on the other hand that the functions r(z;(j,0)) and c(z;(j,0))

So we write

r(z;(j,0))

and
c(z;(j,0))

In order to simplify the notations let

r((j,d)z;(j,0))

and

c((j,d92z;(,0))

can also be represented by gj(z) and vj(z) respectively.

gj(z) (4.99)

vj(z). (4.100)

us introduce the notations

(4.101)

1l
[}

(4.,102)

]
<

By (4.99) through (4.102) the equations (4.95) through (4.98) become

N
hzl a,(2)g, (@) =0, (4.103)
N
g;(2) = 4;(2) + h£1 NOINCOP (4.104)
5 . E .2
- d d -1 d
L b3 :
. [hﬁj % gh(z)] (héj ajh) 5 1E hgj 2n >0,
gj(z) = a* (4.105)
. T _
L gj(z), if hj ajh 0.
and d* d* d* d* 1
= 5 B ¥ <
g * adi Pn Vh(Z) 8 (z)](hfj ajh) g
d; a
V. (Z) = it . L a. >0.
j o - h#j " jh
Lr -g. (z), if L a_ =0, 4,106
ij gJ(Z 3 hé‘] jh ( )

The method, discussed

iteration procedure:

I. Preparatory part

in section 2, provides us with the following

Determine the (x;d)-functions k(x;d) and t(x;d).

These functions are given by

1y

(4.92) and (4.91) respective-
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Hence,

0, if e#0.
¥ H
. . " ¢, - £ d -1 o - . z d
t((j,e);(G,d)) (héj ajh) , if e=0 and*lf b aJ.h>o.
d
1, if e=0 and if L a. = O.
h£3 “Jh (4.107)
and
0, if e#0.
»»* *» > *
d” d d d,-1
( 2. a.,. r. +1r..)( E. a_) if e=0
" % h h ~jh h h® ?
K((§,0);(3,d) = SRR R
d
and if L. a._ >0
a hjg' -
N = . z a
rjj' if e=0 and if he j ajh 0. (4.108)

II. Determination of the optimal strategy

B. Iterative approach

i-1
If z° €Z is an arbitrary initial strategy and if z1 is the
T
strategy obtained at the end of the (i—l)s cycle, the ith
cycle runs as follows:

a) function determination operation

Determine a solution of the functional equations (cf.

(4.103) and (4.104))

(4.109)

Il 2
0
~
N
=
U
[y
~
wn
=
~
N
~r
]
o

and
i1 . .
g.(z1 ) = q.(z1 ) +

i-1 i-1
3 j . (z )vh(z ) (4.110)

b) strategy improvement routine

1) Determine for each (j,0) the minimizing subset

D . _,(3,0) of decisions d=(j,d") which minimize (cf.

* »*
(4.105)) d i-1 a* -1
z
" Ehﬁj S A C) (W25 %50 > &
a i-1 )
g, (=% = . if h&j 2h >0,
-1 d

if -
g;(z" 1), 1 hﬁj B = % (4.111)
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2) Minimize for each (j,0) the function

>* L *
d d i-1 d i-1
L -
[&J. * gy Bgp pE )ogy ).
L3 >»* e
d d -1 d
= . ): i Z
vj (2) (h£j ajh) , if hej ajh >0,
a* da*
r, -g.(z if .a,. =0,
N g.]( by hvEJ jh (4.112)

subject to the constraint d €D i-1 (j,0). Select for each
z
(j,e) one of the minimizing decCisions. The selected decision
: i-1_ . i-1,.
d fom is equal to z (j,e) if z (j,e) is a minimiz-
z" 7;(3,e)
ing decision.

The strategy z ik is defined by

1
i- def
2 ey ey 96 g . (4.113)
1 =1 .
“ i (Jved
. . i-1, i-1 .
3) Determine for the strategy z' = (z1 )z the minimiz-

ing subset A;, of Az i=1
Since the class K , o%ly consists of the set AO (cf. (4.89))
z

we find
A;, = A . =A . (4.114)

Consequently,
2zl = z Ak (4.115)

End of the ith cycle.

By comparing the object functions (4.111) and (4.112) with
(4.68) and (4.69) we can easily verify that this routine is closely
related to that of HOWARD for the second problem. They lead to the
same minimum of the expected costs per unit of time in the steady

state. Each optimum solution of the one is an optimum solution of the

other and vice versa,
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