Downloaded 11/16/21 to 192.16.191.40 Redistribution subject to CCBY license

SIAM J. OPTIM. (© 2021 SIAM. Published by SIAM under the terms
Vol. 31, No. 3, pp. 2227-2254 of the Creative Commons 4.0 license

OPTIMIZING HYPERGRAPH-BASED POLYNOMIALS MODELING
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Abstract. We investigate two classes of multivariate polynomials with variables indexed by the
edges of a uniform hypergraph and coefficients depending on certain patterns of unions of edges.
These polynomials arise naturally to model job-occupancy in some queuing problems with redun-
dancy scheduling policies. The question, posed by Cardinaels, Borst, and van Leeuwaarden in [Re-
dundancy Scheduling with Locally Stable Compatibility Graphs, arXiv preprint, 2020], is to decide
whether their global minimum over the standard simplex is attained at the uniform probability dis-
tribution. By exploiting symmetry properties of these polynomials we can give a positive answer
for the first class and partial results for the second one, where we in fact show a stronger convexity
property of these polynomials over the simplex.
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1. Introduction. We consider the minimization of two classes of polynomials
over the standard simplex. These polynomials have their variables labeled by the
edges of a complete uniform hypergraph, and their coefficients are defined in terms
of some cardinality patterns of unions of edges. They arise naturally within the
modeling of job-occupancy in some queuing problems with redundancy scheduling
policies [3]. The question is whether these polynomials attain their minimum value at
the barycenter of the standard simplex, which corresponds to showing optimality of
the uniform distribution for the underlying queuing problem. This paper is devoted
to this question.

We now introduce the classes of polynomials of interest. Given integers n, L > 2,
weset V=1[n]={1,...,n} and E = {e C V : |e|] = L}, so that (V, E) can be seen
as the complete L-uniform hypergraph on n elements. We set m := |E| = (Z), where
we omit the explicit dependence on n, L to simplify notation, and we let

Ap = {x:(me)eeEERm:fZOnye:l}

ecE

denote the standard simplex in R™. The elements of A, correspond to probability
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vectors on m items, and the barycenter * = L (1,...,1) of A, corresponds to the
uniform probability vector.

Given an integer d > 2 we consider the following m-variate polynomial in the
variables = (z. : e € E), which is a main player in the paper:

d
(1.1) fa@y=" ) Hﬁ

(e1,mmea)€ B i=1

So fq is a homogeneous polynomial with degree d. We are interested in the optimiza-
tion problem

* — :
fa = win fo(w),
asking to minimize the polynomial f; over the simplex A,,. The main question, which
is posed in [3] (in the case L = 2), is whether the minimum is attained at the uniform
probability.

QUESTION 1. Given integers n,d, L > 2, is it true that the polynomial fq(x) in
(1.1) attains its minimum over A,, at the barycenter z* of A, ?

As explained in [3], the motivation for this question comes from its relevance to
a problem in queuing theory, which we will briefly describe in the next section. In
this paper we are only able to give a partial positive answer to this question, namely,
in the case d = 2 (which follows from Theorem 1.1 below) and in the case d = 3 and
L =2 (Theorem 1.2 below). As a first step toward understanding the polynomials fy
we investigate a related, easier-to-analyze class of polynomials.

Given an integer d > 2, we consider the related class of polynomials

(12) par)= Y g,

Te
|61 U---u 6d| !
(e1,..,eq)EET

which are also homogeneous with degree d. Note that, for degree d = 2, we have
fo = %pg. For degree d > 3 the structure of the polynomials f; is related to, but
more complicated than, that of the polynomials py (see section 4 for more details on
the links between both classes). Here too we may ask whether the minimum of py
over the standard simplex A,, is attained at the uniform probability vector x*. For
the polynomials p; we are able to give a positive answer in the general case. The
following is the first main result of the paper.

THEOREM 1.1. For any integers n,L,d > 2, the global minimum of the poly-
nomial pg from (1.2) over the standard simplex A, is attained at the barycenter
z*=L1(1,...,1) of Ay

As noted above, fs and py coincide up to positive scaling, and hence it follows
directly that Question 1 has a positive answer in the case d = 2. As a further partial
result we give a positive answer for the case of degree d = 3 and edge size L = 2. The
following is the second main result.

THEOREM 1.2. Forn > 2, d = 3, and L = 2, the global minimum of the poly-
nomial fq from (1.1) over the standard simplex A,, is attained at the barycenter
T* = %(1,...,1) of A,,.

As we will see, the analysis of the polynomials f; is technically much more involved

than for the polynomials pg, and we have only partial results so far. In both cases the

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 11/16/21 to 192.16.191.40 Redistribution subject to CCBY license

OPTIMIZING HYPERGRAPH-BASED POLYNOMIALS 2229

key ingredient is showing that the polynomials are convex on the simplex, i.e., that
they have positive semidefinite Hessians at any vector in A,,. It turns out that the
Hessian of the polynomial py enters in some way as a component of the Hessian of the
polynomial fy. So this forms a natural motivation for the study of the polynomials
P4, though they form a natural class of symmetric polynomials that are interesting in
their own right.

Exploiting symmetry plays a central role in our proofs. Indeed the key idea
is to show that the polynomials are convex, which, combined with their symmetry
properties, implies that the global minimum is attained at the barycenter of the
simplex. For this we show that their Hessian matrices are positive semidefinite at
each point of the simplex, which we do through exploiting again their symmetry
structure and links to Terwilliger algebras.

Symmetry is a widely used ingredient in optimization, in particular in semidefi-
nite optimization and algebraic questions involving polynomials. We mention a few
landmark examples as background information. Symmetry can indeed be used to
formulate equivalent, more compact reformulations for semidefinite programs. The
underlying mathematical fact is Artin—-Wedderburn theory, which shows that matrix
x-algebras can be block-diagonalized (see Theorem 2.3 below). An early well-known
example is the linear programming reformulation from [21] for the Lovdsz theta num-
ber of Hamming graphs, showing the link to the Delsarte bound and Bose—Mesner
algebras of Hamming schemes [5, 6]. Symmetry is used more generally to give tractable
reformulations for the semidefinite bounds arising from the next levels of Lasserre’s
hierarchy in [22] (which gives the explicit block-diagonalization for the Terwilliger
algebra of Hamming schemes; see Theorem 2.4 below) and, e.g., in [9, 10, 12, 13]. For
more examples and a broad exposition about the use of symmetry in semidefinite pro-
gramming, we refer the reader to, e.g., [1, 4] and further references therein. Symmetry
is also a crucial ingredient in the study of algebraic questions about polynomials, like
representations in terms of sums of squares, and in polynomial optimization. We refer
the reader to [8] for a broad exposition and, e.g., to [20] (for compact reformulations of
Lasserre relaxations of symmetric polynomial optimization problems), [19] (for meth-
ods to reduce the number of variables in programs involving symmetric polynomials),
and the recent works [16, 17] (which consider symmetric polynomials with variables
indexed by the k-subsets hypercube (as in our case) and uncover links with the theory
of flag algebras by Razborov [18]).

Ezxample 1. As an illustration let us consider the polynomial p,; for edge size
L = 2. Given asequence ¢ = (e, ...,eq) € E%set ¢, = 1/|e1U- - -Uegy| as shorthand for
the coefficients in the definition (1.2) of the polynomial py. So we need to enumerate
the possible configurations of d-tuples of edges, i.e., the distinct multigraphs with d
edges. Note that their number is given by the OEIS sequence A050535 [14], which
takes the values 1, 3, 8,23, 66,212,686 for d = 1,2,3,4,5,6,7.

For d =1, we have py(z) = %ZeeE Z. For d = 2 we have

pg(x):%ngJr% Z xelx@2+i Z TeyTey-

ecE (e1.ep)EE2: (e1,e0)EE2:
le1Ueq|=3 leqUeg|=4

We show in Figure 1 the three possible patterns for pairs of edges e = (e1, e2) and the
corresponding coefficients c..

In the same way, for d > 3, py(z) = Zidﬂ +qa,k(2), where the summand qq5(2)
is a summation over all d-tuples of edges with a given pattern, depending on the
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F1G. 1. The three patterns of pairs of edges in case (d=2,L =2).
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F1G. 2. The eight patterns of triplets of edges in case (d =3,L = 2).

cardinality of their union:

qap(x) = D Ty T,

[T eq)€E:
leqU---Ueql=k

For the case d = 3 we need to consider the values k = 2,3,4,5,6; as an illustration
we show in Figure 2 all eight possible patterns of triplets of edges e = (e, e2, e3) and
the corresponding coefficients c. that contribute to the summands g3 ;.

Organization of the paper. In the rest of this section we first indicate in sec-
tion 2.1 how the polynomials f; naturally arise within a problem of queuing theory
with redundancy scheduling policies. After that we present in section 2.2 the main
ideas of the proofs, which highly rely on exploiting symmetry properties of the polyno-
mials. This involves in particular using the Terwilliger algebra of the binary Hamming
cube, so we include some preliminaries about these Terwilliger algebras in section 2.3.

In section 3 we give the full proof for Theorem 1.1, showing that the polynomials
pgq attain their global minimum at the barycenter of the simplex, and in section 4 we
investigate the second class of polynomials f;. We prove several properties of these
polynomials, which we use to show Theorem 1.2. We also present a range of values
of (n,d, L) for which the polynomials f; are indeed convex, and thus Question 1 has
a positive answer.

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Some notation. Throughout we let I, J denote the identity matrix and the all-
ones matrix, whose size should be clear from the context. When we want to specify
the size we let I, (resp., J,,) denote the n x n identity matrix (resp., all-ones matrix)
and, given two integers n,m > 1, J,, , denotes the m x n all-ones matrix. For a
symmetric matrix A the notation A > 0 means that A is positive semidefinite. Given
two matrices A, B € R"*" we let Ao B € R"*™ denote their Hadamard product, with
entries (A o B);; = A;;B;; for 4,5 € [n]. It is known that A = 0 and B > 0 imply
Ao B + 0, which follows from the fact that the matrix A o B is a principal submatrix
of the Kronecker product of A and B.

For a sequence a € N™ we set |a| = Y. | a; and, for an integer d € N, we set

" ={a e N":|a| =d}. Given a vector z € R™ and o € N" we set ® = z{* -- - z0".
Throughout we let ug, ..., u,, denote the standard basis of R™, where all entries of
u; are 0 except its ith entry, which is equal to 1. We let Sym(n) denote the set of
permutations of the set V = [n].

2. Preliminaries. In this section we first explain the relevance of the polynomi-
als fg and pg for the problem from queuing theory considered in [3]. Then we present
a sketch of proof for our main results and conclude with some preliminaries about
Terwilliger algebras that we will use in the symmetry reduction.

2.1. Motivation. Our motivation for the study of the polynomials pg; and fy4
comes from their relevance to a problem in queuing theory. The question of whether
they attain their minimum at the uniform probability distribution was posed to us
by the authors of [3], who use a positive answer to this question to establish a result
about the asymptotic behavior of the job-occupancy in a parallel-server system with
redundancy scheduling in the light-traffic regime. In what follows we will give only a
high level sketch of this connection and refer the reader to the paper [3] for a detailed
exposition. An extended review of the relevant literature is also available in [3].

A crucial mechanism that has been considered to improve the performance of
parallel-server systems in queuing theory is redundancy scheduling. The key feature
of this policy is that several replicas are created for each arriving job, which are then
assigned to distinct servers (and then, as soon as the first of these replicas completes
(or enters) service on a server, the remaining ones are stopped). The underlying idea
is that sending replicas of the same job to several servers will increase the chance of
having shorter queuing times. This, however, must be weighted against the risk of
wastage of capacity. An important question is thus to assess the impact of redundancy
scheduling policies. While most papers in the literature of redundant scheduling
assume that the set of servers to which the replicas are sent is selected uniformly at
random, the paper [3] considers the case when the set of servers is selected according
to a given probability distribution, and it investigates the impact of this probability
distribution on the performance of the system. It is shown there that while the impact
remains relatively limited in the heavy-traffic regime, the system occupancy is much
more sensitive to the selected probability distribution in the light-traffic regime.

We will now only introduce a few elements of the model considered in [3], so
that we can make the link to the polynomials studied in this paper. We keep our
presentation high level and refer the reader to [3] for details. The setting is as follows.
There are n parallel servers, with average speed u. Jobs arrive as a Poisson process
at rate nA for some A > 0. When a job arrives, L replicas of it are created that are
sent—with probability z.—to a subset e C [n] of L servers. Here, L > 2 is an integer
and © = (z.)ecp is a probability distribution on the set £ = {e C [n] : |e|] = L} of
possible collections of L servers. As noted in [3] this can be seen as selecting an edge
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e € E with probability z. in the uniform hypergraph (V = [n], E') (with edge size L).

An important performance parameter is the system occupancy at time ¢, which is
represented by a vector (eq,...,en) € EM, where M = M(t) is the total number of
jobs present in the system and e; € F is the collection of servers to which the replicas
of the ith longest job in the system have been assigned. We need three modeling
assumptions. First, one needs to assume suitable stability conditions. Second, all
servers should have the same speed p, and, third, the service requirements of the jobs
are assumed to be independent and exponentially distributed with unit mean. Under
these assumptions, the stationary distribution of the occupancy of the above edge
selection is given by

M

NAZe,
m(er,....en) =CJ] :

bt pler U+ Ue;l

for some constant C' > 0 ([7]; see relation (3) in [3]). Following [3], let Qx(z) be a
random variable with the stationary distribution of the system occupancy when the
edge selection is given by the probability vector = (x.)ecg. It then follows that, for
any integer d > 1, the probability that d jobs are present in the system is given by

P{Qr(z)=d}= > w(er,....eq).

(61,...,€d)EEd
Hence, ]P){Q)\(l‘) = O} = (C and
P(Q:(x) = d} = P{Qa(x) = 0} ("2)" 30 Mt
e M Iz LlleyU---Uel’
(e1,y...,eq)EEd1=1
(See relation (11) in [3].) Therefore, P{Qx(x) = d} is the polynomial f4(z) (up to a

scalar multiple). In [3] the light-traffic regime is considered, i.e., when A | 0, in the
case L = 2. By doing a Taylor expansion one can see that

PIQA) =0} = 1+o(1),  F{Qaa) 2 d) = (") fule) + o(x)

(see relation (13) in [3]). Therefore, with z* = (1,...,1)/|F| denoting the uniform
probability vector, we have

o PO 2 d} L ale) +o(l)
30 B{Qr(@) = d) A fula) +o(1)

Hence, if the polynomial f; attains its minimum at the uniform distribution z*, then
one has
P >
lim {Qxr(z") > d}
Mo P{Qx(z) = d}

This indicates that in the light-traffic regime the system occupancy is minimized when
selecting uniformly at random the assignments to the servers of the job replicas. This
thus motivates Question 1 of showing that the polynomial f; attains its minimum
over the probability simplex at the uniform point x*.

<1
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2.2. Sketch of proof. Here we give a sketch of proof for our main results.
We start by indicating the main steps for proving Theorem 1.1, dealing with the
(simpler) class of polynomials py4, and after that briefly indicate how to deal with the
polynomials fy.

A first easy observation is that in order to show that the polynomial p; attains
its minimum at the barycenter of the standard simplex A,, it suffices to show that
pq is convex over A,,. This follows from a symmetry argument; namely, we exploit
the fact that the polynomial p, is invariant under the permutations of the edge set E
that are induced by permutations of [n].

LEMMA 2.1. Assume the polynomial pg is convex on the simplex A,,. Then the
point z* = (1/m)(1,...,1) € Ay, is a global minimizer of pg over Ap,.

Proof. The key fact we use is that the polynomial p; enjoys some symmetry
property; namely, for any tuple (eq,...,eq) € E¢, the coefficient of the monomial
Tey +*Te, N pg is 1/|eg U--- Ueq|, which depends only on the cardinality of the set
e1U---Ueq. Recall that E={e CV = [n]: |e] = L}. Any permutation ¢ € Sym(n)
of [n] induces a permutation of E (still denoted o) by setting o(e) = {jo(1),- -, Jo(r)}
for e = {j1,...,jr} € E. In turn, o acts on A, by setting o(z) = (Zy(c))ecca,,
for = (ze)ecr € A, We now observe that pg is invariant under this action of
permutations o € Sym(n). Indeed, for any o € Sym(n), we have

1
o(pa)(z) = palo(z)) = N
(61'.§)€Edelu...ued| (e1) (ea)
1
- xr ceer
(f ~-%d:>eEd o~ (f)U-—-Ua i (f)] " fa
1
- T L Ty,
(flv'-%)GEd |f1Ude| ! d
=pd(x).

Let x € A,, be a global minimizer of p;. For any permutation ¢ € Sym(n) the
permuted point o(x) belongs to A,, and pg(x) = pa(co(x)) holds. Hence, for the full
symmetrization of z,

" o€Sym(n)

we have 2* € A,, and all its entries are equal, so that * = (1/m)(1,...,1). Moreover,
as the polynomial py is convex over A,,, we have

1
n.
o€Sym(n)

pa(e*) < = > palo(x)) = pa(z).

This shows that «* is again a global minimizer of p; in A,,. As z* = (1/m)(1,...,1),
the proof is complete. 0

Therefore we are left with the task of showing that the polynomial py is convex
over the simplex A,, or, equivalently, that its Hessian matrix

H(pa)(x) = (0%pa(x)/0xc0xy)e.sep

is positive semidefinite over A,,. This forms the core technical part of the proof. Here
is a rough sketch of our proof technique.
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A first step is to express the Hessian matrix of py as a matrix polynomial, in-
volving a collection of matrices M., which (up to positive scaling) are the coefficients
of the Hessian H(py) in the monomial basis; see Lemma 3.3. The next step is to
show that each of the matrices M., appearing in this decomposition of the Hessian is
positive semidefinite. For this, one first reduces to the task of showing that certain
well-structured matrices are positive semidefinite; see Lemmas 3.4 and 3.5. After that,
the final task is done by showing that these matrices lie in the Terwilliger algebra of the
Hamming cube, which enables us to exploit its explicitly known block-diagonalization.
The proof is then concluded by using an integral representation argument; see sec-
tion 3.3.

The treatment for the polynomials f; has the same starting point: the polynomial
fa is invariant under any permutation of the edge set E induced by permutations of
[n], and thus it suffices to show that fy is convex in order to conclude that it attains
its global minimum at the barycenter of the simplex (i.e., the analogue of Lemma 2.1
holds for f;). After that we again express the Hessian matrix H(f;) as a matrix
polynomial, involving a collection of matrices (), that occur as its coefficients in the
monomial basis; see Lemma 4.1. Hence, here too the task boils down to showing
that each of these matrices @), is positive semidefinite. This task turns out to be
considerably more difficult than for the matrices M., which occurred in the analysis
of the polynomial pg. As a first step toward the analysis of the matrices ), we give
a recursive reformulation for them, which also makes apparent how the matrices M,
enter their definition (namely, as a factor of a Hadamard product definition of @ );
see Lemma 4.4. Based on this we can show that the matrices @), are indeed positive
semidefinite in the case d = 3 and L = 2, thus showing Theorem 1.2; see section 4.2.

2.3. Preliminaries on the Terwilliger algebra. As mentioned above we need
to exploit the symmetry structure of the polynomial p; in order to show that its
Hessian matrix is positive semidefinite. A crucial ingredient will be that the Hessian
matrix can be decomposed into matrices that (after some reduction steps) all lie in
the Terwilliger algebra of the binary Hamming cube. We begin with introducing the
definition of the Terwilliger algebra A,, of the binary Hamming cube on n elements.

DEFINITION 2.2 (Terwilliger algebra of the binary Hamming cube). Let P,, denote
the collection of all subsets of the set V' = [n]. For every triple of nonnegative integers
i,7,t we define the 2™ x 2" matriz D;j indexed by Py, with entries

1 if|S|=4,|T|=4,|5NT|=t,

e~}

for sets S,T € P,,. Then the Terwilliger algebra of the binary Hamming cube, denoted
by A, is defined as the (real) span of all these matrices:

Ap, = { Z xp D} ap; e R}.

1,3,620

else

It is easy to see that A, is a matriz *-algebra, i.e., A, is closed under taking
linear combinations, matrix multiplications, and transposition. One way to see this
is by realizing that the matrices Di ; are exactly the indicator matrices of the orbits
of pairs in P, x P,, under the elementwise action of the symmetric group Sym(n).

All matrix x-algebras can be block-diagonalized by the Artin—Wedderburn theory
(see [23]; see also [2] for a proof).
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THEOREM 2.3 (Artin-Wedderburn). Let A be a matriz *-algebra. Then there

exist nonnegative integers d and my, ..., mq and a x-algebra isomorphism
d
p: A— @PCmerms,
k=1

The important property here is that ¢ is an algebra isomorphism. Hence we know
that this isomorphism maintains positive semidefiniteness: for any matrix A € A, we
have A = 0 <= ¢(A) = 0. Moreover, the matrix ¢(A) is block-diagonal, with d
diagonal blocks of sizes myq, ..., mg. This is a crucial property which can be exploited
in order to get a more efficient way of encoding positive semidefiniteness of matrices
in A.

The explicit block-diagonalization of the Terwilliger algebra A, was given by
Schrijver [22].

THEOREM 2.4 (Schrijver [22]). The Terwilliger algebra A,, can be block-diagonal-
ized into | 5] 4 1 blocks of sizes my = n — 2k +1 for k = 0,...,|5]. The algebra
isomorphism ¢ sends the matriz

n
_ t t
A= " al,Dj;

§,5,t=0

to the block-matriz ¢(A) = @Ln:/oz] By, where the matriz By, € R *™ js given by

1 1 n—k
n—2k\ 2 /n-—2k\ 2
(2.1) By = << ik ) (j ok > Zﬂf;kﬁg)
t

ij=k
for k=0,1,...,|5]. Here, for any nonnegative integers i,j,t,k, we set
- l n — 2k n—k—0\(n—k—1{
2.2 =) (D) :
e w20 (S () ()
In particular we have
(2.3) > @l Dl =06 B0 fork=0.1....|3].

i,5,t=0

3. Proof of Theorem 1.1. In this section we give the proof of Theorem 1.1.
As a warmup we start with the special case when the degree is d = 2 and the edge
size is L = 2, where we can easily show that the polynomial p, is convex.

After that we proceed to the general case. We follow the steps as sketched earlier.
First, we express the Hessian matrix of py as a matrix polynomial, so that it suffices to
show that a set of matrices are positive semidefinite, namely, the matrices M, in (3.6)
for any v € N' ,, which are (up to scaling) the coefficients of H(pq) in the monomial
basis. After that we indicate some reductions that lead to the task of showing that
another set of smaller, well-structured matrices are positive semidefinite, namely, the
matrices M, in (3.10) for any integer p < L(d — 2). Finally we show the positive
semidefiniteness of these matrices M, by exploiting a link to the Terwilliger algebra
of the Boolean Hamming cube.
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3.1. The case d = 2 and L = 2. Here we consider the polynomial

1
pQ(x): Z T LeXf,

e.f€E eV ]

where E = {e C [n] : |e] = 2}. We show that the polynomial py is convex over the
standard simplex or, equivalently, that its Hessian matrix is positive semidefinite over
A,,. Here, the Hessian matrix of po is given by H(p2) = 2M, where M is the matrix
indexed by E with entries

(3.1) fore, f € E.

M, s =

T Jeur]
Consider the matrices Ao, A3, A4 indexed by E, with entries
(Ag)ep =1 if leU fl=s, (As)e,s =0 otherwise, for s=2,3,4.

Then we have Ay = I and Ay + A3z + Ay = J. Clearly we can express the matrix M
as a linear combination of these matrices:
1 1 1 1 1 1 1 1 1
2 M=-1T+-A —Ay=-1+—A —J=—I4+ = —(A 21).
(3:2) gl Fgdst A= gl s+ ) = i+ 7+ 5 As+20)
We can now conclude that M > 0 (and thus the polynomial p, is convex) in view of
the next lemma, which claims that A3z + 27 > 0.

LEMMA 3.1. Consider the (Z) x n matriz Ty, with entries (T'y)e; = le N {i}| for
e € E andi € [n]. Then Az +2I =T, T'T = 0.

Proof. The proof is obtained by direct verification. 0

Note that the matrices Ay = I, A3, A4 generate the Bose—Mesner algebra of the
Johnson scheme J3', with length n and weight 2, and thus the matrix M belongs to
this Bose—Mesner algebra (see [6] for details on the Johnson scheme). For arbitrary
degree d > 3 and edge size L = 2 one could proceed to show that the Hessian matrix
of pg is convex by using a similar symmetry reduction based on the Bose-Mesner
algebra of the Johnson scheme J¥ for suitable values of p. However, for general edge
size L > 3 we will need to use a richer algebra, namely, the Terwilliger algebra of the
Hamming cube. Hence we will treat in the rest of the section the general case d > 2
and L > 2.

3.2. Computing the Hessian matrix of pg. In this section we indicate how
to compute the Hessian matrix of the polynomial

(3.3) pale)= S — e,

Te,,
B |€i1 U--~Ue¢d|
(€iqseenr€iy)EE

where as before E = {e CV =[n]: |e| = L} with L > 2. We begin with getting the
explicit coefficients of the polynomial p; expressed in the standard monomial basis.
The basic fact we will now use is that the coefficients depend only on the set of distinct
edges that are present in the tuple (e;,,...,¢€;,) € E4 and not on their multiplicities.

To formalize this, recall that m = |E|, and let us label the edges as ey, ..., em, so
that £ = {ey,..., e, }. For a d-tuple e := (e;,,...,¢e;,) € BE? with iy,...,iq € [m],
define the sequence a(e) € N™, where, for £ € [m], a(e), is the number of indices
among 41, ..., that are equal to £. Then we have

— g pale)m — nale)
Te,, Te;, = T, T ™ =2
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and |a(e)| = d so that a(e) € N7, This justifies the following definition. For o € N7}’
consider a d-tuple e = (e;,, .. eld) € E such that a(e) = a and define

1

3.4 =_—
(8:4) Co lei, U---Ue,|

As an example, for d = n =m = 3, if a = (1,0,2), then ¢, = and if o =

1
lerUes|?

(2,0,1), then we also have ¢, = m

We can now reformulate the polynomial py in the (usual) monomial basis.

LEMMA 3.2. The polynomial pg from (3.3) can be reformulated as follows:
a
(3.5) pa(x) = Z Caax )
aeNT

setting a! = a1l - apy! and where ¢y, is as defined in (3.4).
Proof. Using the definition of the coefficients ¢, we can rewrite pg as

n=Y (X g (X w)e

a€ND N e=(ej s i )€EL: aeNT “ecEd:ae)=a

which is equal to ZaeNQL ca%xa. Here, for this last equality, we use the monomial
theorem, which claims the identity

d
= d
doai| =2
: (6%
=1 aeN:l”

or, equivalently, that the number of d-tuples e € E¢ for which a(e) = a is equal to
dl/al. |
We now proceed to compute the Hessian matrix of pg.

LEMMA 3.3. The Hessian of the polynomial py is the matriz

2 m
)@ = (28" = 3 o,

0z, 0, e
where, for any v € N} ,, we set
(3.6) M, = (07+ui+uj)%:1
and where the vectors uy,...,u, € R™ denote the standard basis of R™.

Proof. The partial derivatives of py are

8pd(x) - d! O
0re, Z (oz—ui)' Z 5'%““

a€NTa;>1 BENT |

Similarly we see that

>p(z) d! d
Dz, 00, > W%W Z Crbuitu ]

BENT :B;>1 77 yENT

This concludes the proof. 0
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Hence, if we can show that the matrices M., in (3.6) are all positive semidefinite,
then it follows directly that the Hessian matrix of py is positive semidefinite on the
standard simplex. In the rest of this section we indicate two successive simplifications
that reduce the task of checking positive semidefiniteness of the matrices M, (for
v € N7' ) to the same task for a smaller set of simpler matrices: first for the matrices
My (for W C V), and second for the matrices M, (for 0 < p < n integer). In
section 3.3 we will make a final reduction to show that the matrices M, are positive
semidefinite, exploiting the fact that they belong to Terwilliger algebras.

We begin with the first reduction. For v € N™,  define its support as the set

Sy ={e€ E:v.>1} and let
W, = U e

ecS,
denote the subset of elements of V' = [n] that are covered by some edge in the support
of . Then, for any i, j € [m], the support of v + u; + u; is the set S, U {e;,e;}, and

we have
1

B W, Ue; Ue,|
Hence the matrix M., depends only on the set W, (and not on the specific choice of

the sequence 7). This justifies defining the matrices

1
|WU6Uf|>e,f€E

(My)eise; = Crtuitu

(3.7) My = (

for any set W C V = [n]. Hence, for any v € N ,, we have
(3.8) M, = My,
Summarizing, we have shown the following.

LEMMA 3.4. Assume that the matrices My, from (3.7) are positive semidefinite
for all W CV with |W| > L (ifd > 3) and |W| < L(d — 2). Then the polynomial pq
is conver over the standard simplex.

If d = 2, then there is only one matrix to check, namely, the matrix My (for
W = (). Note that the matrix My coincides with the matrix in (3.1), so we already
know that it is positive semidefinite when L = 2. However, if d > 3, then one needs
to check all the matrices of the form My in (3.7).

Now comes the second reduction, which will be useful to link these matrices My,
to the Terwilliger algebra. We observe that in the matrix My, there are identical
rows and columns and the reduction consists simply in removing duplicate rows and
columns in My, and keeping just one copy. For this, set p := |W|and U := V \ W,
so that |U| = n — p. In addition set

(3.9 F.={e\W:ecE}={eCU:L—-p<le| <L}

which consists of the intersections with U of the edges in E. Then F' = F when p =0
and the condition |e| > L—p is redundant when p > L. Now we consider the following
matrix M, which is indexed by F', with entries

1
(3.10) (Mp)e,; = AT

Note that for p = 0 the matrix My coincides with the matrix Mp in (3.7) (and with
the matrix in (3.1)). The next lemma links the matrices My and M, and relies on
showing that M, is obtained from My by deleting duplicate rows and columns.

for e, f € F.
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LEMMA 3.5. Let L > 2 and d > 2. Consider the matrices My in (3.7) and M,
in (3.10). The following assertions are equivalent:

(i) Mw =0 forallW =e1U---Ueq_o with e1,...,eq—2 € E.

(ii) M, >0 for all p < L(d — 2) such that p > L if d > 3.

Proof. If d = 2, then the result holds since My = Mj as observed above. So
assume now that d > 3. Let W =e; U---Ueg_a, where e1,...,eq_2 € F, and set
p = |W|. Consider the partition of the set E into E = UL E;, where E; = {e € E :
le\ W| = i}. With respect to this partition of its index set, the matrix My, has the
following block-form:

0,0 0,1 0,L
M‘{Vo MI{V1 M‘{VL
MW = . . . . )
0 1 T
My | My~ | -+ | My,

where the block M‘Z/VJ has its rows indexed by F; and its columns by F;. Note that
if two edges e, e’ € F satisfy e \ W = ¢’ \ W, then the two rows of My indexed by e
and €’ coincide: for any f € F we have

i _ 1 _ 1 _ i
Mot = T O N W]~ W+ @]~ Mi)er

In fact, after removing these duplicate rows (and columns) and keeping only one copy
for each subset of U = V' \ W, we obtain the matrix

0,0 0,1 .. 0,L
M]i ’ MZi 1 M]i :
MIOTMIT My
b
L,0 L1711 ... L,L
MO M] M]

which coincides with the matrix M, in (3.10). Indeed, the above matrix is indexed
by the set F in (3.9), and its block-form is with respect to the partition F = UL F;,
where F; = {e C U : |e| = i}. So the block M} has its rows indexed by Fj, its
columns indexed by F;, and its entries are

1 1
S p+leUf] pHit+j—lenf]

(3.11) (M2, ¢

» forec F;, f € F}.

As the matrices M, arise from My, by removing its duplicate rows and columns, it
is clear that the matrices My, are positive semidefinite if and only if the same holds
for the matrices M,,. This concludes the proof. 0

In the next section we show that the matrices M, are positive semidefinite for all
0 < p < n by exploiting their link to Terwilliger algebras.
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3.3. The general case d > 2 and L > 2. In section 2.3 we gave preliminary
results on the Terwilliger algebra, which we will now use to prove that the matrices
M, in (3.10) are positive semidefinite. Fix an integer 0 < p < n and consider the
matrix M, in (3.10), which has a block-form with blocks as in (3.11). We start by
observing that M, belongs to the Terwilliger algebra A,,_,. This is clear since relation
(3.11) provides the explicit correspondence between the blocks M7 of M, and the
generating matrices D} . of the algebra A,_,:

i,j
L L min{ij} 1 L L min{ij}
Mp:Z > p—l—i—i—j—th’j:ZZ 2 Dl
i=0 j=0 =0 i=0 j=0 t=0
after setting
(3.12) zl = !

W ptit gt
Let By, be the corresponding matrices from (2.1) (replacing n by n—p). Then, in view
of Theorem 2.4, we know that M, > 0if and only if By, > Oforall0 < k < |(n — p)/2].

In what follows p, k are fixed integers. We now proceed to show that By = 0.
To simplify the notation we introduce the following parameters:

ali) == (n _z]i; Qk)_é, b(l,i) == (n _f:f a é), c(l) == (nn__pp__kz_kg)

for any integers i, £. Note that we may omit the obvious bounding conditions on ¢ and
¢ since the corresponding parameters are zero if these conditions are not satisfied; for
instance, a(i) = 0 if i < k and b(¢,7) = 0 if £ > 4. Then we have

min{%,5} n—p—~k
(3.13) By, = (a(i)a(j) > 5f,j,k$f,j>
t=0

i,j=Fk

and

(3.14) L= (=)t (€> c(O)b(l,i)b(L, 7).

£=0 t

We now give an integral reformulation for the entries of the matrix By from (3.13).
It is based on the fact that

1 iy
(3.15) - = / 27ldz  for any integer i > 1,

¢ 0
which permits us to give an integral reformulation for the scalars z! i1 n (3.12). This
simple but powerful fact will be very useful to show B > 0. Note that this is
similar to the classical argument used by Hilbert [11] to show that the Hilbert matrix
( iﬂ%l)ﬁjzl is positive semidefinite for any n € N.
LEMMA 3.6. We have

min{,5} min{s,5}

1
Z Bf,j,kmzj = Z c(f)b((,i)b(&j)/ g(f,z)z’“dz,
t=0 0

£=0

where we define the function g({,z) = 2P~ (122)¢ for z € (0,1].
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Proof. First we use the expressions of §; ;, in (3.14) and of z{ ; in (3.12) and
exchange the summations in ¢ and ¢ to obtain

min{i,j} min{i,j} Vi 1 - i
319 3 fty= Y (;WH) @)e(f) (€. 0(0.5).

£=0

Now we use (3.15), which gives the following integral representation:

1 1
—_— = / ZeriJrjitile.
p+i+j—t 0

Using this integral representation (and the binomial theorem for the equality marked
(*) below), we can reformulate the inner summation appearing in (3.16) as follows:

14 / 4 / 1
L—t _ Vet pFitj—t—1
ZP+Z+J—t b <t> Z( D (t>/o : o

t=0 t=0
1 4 1 t [
[ (£ ()
/0 ; z t
1 ¢
* i 1
® / Zpﬂﬂ*l(—l)(Z (1 - > dz
0 z
1 ¢
- / Zp+i+j71(_1)l <Z - 1) d
0 z
1 [
:/ -1 (1_2> ity
O Z
This concludes the proof. 0

We can now proceed to show that the matrices By, in (3.13) are positive semidef-
inite.
LEMMA 3.7. We have By, = 0.

Proof. We use Lemma 3.6 to reformulate the matrix Bj. First, note that in the
result of Lemma 3.6, since b({,4)b(¢,5) = 0 if ¢ > min{é,j}, we may replace the
summation on £ from 0 < ¢ < min{i,j} to 0 < ¢ < n — p. This implies

Bk:(a Zﬁmkxw>
1,j=k

/ (; (t.2)e a(z’)b(e,z‘»<zja<j>b<e,j>>)"_p_kdz

n—p—k

b=k
=:h(l,z,i) =:h(4,z,5) ’
- n—p—k
-y et) (h(t 2 )bt 2, ) " " de
1,)=

—H(8,2,k)
Y / H(, 2, k) dz = 0.
>0 H—’H/_/
2 >0 >0
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Here we used the fact that, for any ¢ € [0,n — p|, the function g(¢, z) is nonnegative
on (0,1] and that the matrix H (¢, z, k) is positive semidefinite for any z € [0, 1] since
it is the outer product of the vector (h(£, z,4))7—F ™" with itself. O

Therefore we have shown that the matrices Bj are positive semidefinite and thus
that the following result holds.

COROLLARY 3.8. The matrices M, from (3.10) are positive semidefinite for all
0<p<n.

In view of Lemmas 3.4 and 3.5 we can conclude that the polynomial py is convex
on A,,, which concludes the proof of Theorem 1.1.

4. Investigating the polynomials f;. Here we consider the second class of
polynomials fg from (1.1), namely,

d
fa(x) = Z Hm

(e1,...,eq)EET i=1

We address Question 1, which asks whether f; attains its minimum value on the
simplex A,, at the barycenter of A,,. Here too this question has a positive answer if
one can show that fy is convex over A,,. This follows since the analogue of Lemma 2.1
extends easily for the polynomial f;. We conjecture that convexity holds in general.

CONJECTURE 1. For any integers n, L,d > 2 the polynomial fq is conver over
the simplex A,,.

For degree d = 2, we have fo = %pg, and thus we know from Theorem 1.1 that f;
is convex. We will prove in section 4.2 that Conjecture 1 holds for degree d = 3 and
edge size L = 2, and in section 4.3 and Appendix A we will give a range of values for
(n, L, d) that were numerically tested and support Conjecture 1.

In what follows we begin in section 4.1 by giving a polynomial matrix decompo-
sition for the Hessian of f;. Hence, convexity of f; over A,, follows if we can show
that certain well-structured matrices @), arising as the coefficients of H(fq) in the
monomial basis, are positive semidefinite (see Lemmas 4.1). Then we give a recursive
reformulation for the matrices @), which makes apparent some links to the matri-
ces M, arising in the Hessian of py (see Lemma 4.4). Using this reformulation we
can show positive semidefiniteness of the matrices ()., in the case d = 3 and L = 2
(see section 4.2). However, understanding the general case is technically involved and
would require developing new tools for exploiting the symmetry structure present in
the matrices @ (which is now not captured by the Terwilliger algebra). This goes
beyond the scope of this paper, and we leave it for further research. In very recent
work Polak [15] carried out this symmetry reduction, which enabled him to show that
Conjecture 1 holds in the case when d < 8 and L = 2.

4.1. Computing the Hessian of f;. We begin by expressing the polynomial
fa in the standard monomial basis:

d
@y =Y Y Jlegigag s O e

aeNgr e=(e1,...,eq)e B =1 a€eNT
a(e)=a
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where we set

d
1

e=(e1,..,eq)€EY =1
a(e)=a

Next we compute the Hessian of f; and give a matrix polynomial reformulation for it.

LEMMA 4.1. The Hessian of the polynomial fq is given by

an(J)) — { ZWEN;[2 (% + 1)(’7j =+ 1)I’Yb’y+u,;+uj 'LfZ 7A j,

Oe, O, ZWENT_Q (vi + 1) (% +2)27byq2u,  ifi =1,
where, as before, uy,...,u, denote the standard basis of R™. In other words,
H(fa)(x)= > 27Q,
YeENT ,

where, for v € N ,, we define the symmetric m x m matriz Q with entries

(4.3)  (@Qy)ij = (vi + (v + Dbysuitu, 175, (Qy)ii = (i + 1) (v + 2)byr2u,

fori,j € m]. Hence, H(fq)(z) = 0 for all x € A, if Q4 = 0 for all v € N .
Proof. The proof is obtained by direct verification. ]

We now give a recursive reformulation for the coefficients of the polynomial fy
and for its Hessian matrix, which may possibly be helpful for a proof by induction.
Recall the definition of the coefficients b, of fq in (4.2). Fix a € N7*. There are
% distinct tuples e such that a(e) = «. For any such sequence e = (e;,...,€;,)
with i1,...,iq € [m], @« = a(e) means that, for any ¢ € [m], a, is the number of
occurrences of ¢ within the multiset {i1,...,44}; so ap > 1 if £ € {i1,...,94} and
ap=0if £ & {iy,...,iq}. For instance, for e = (e, ea,€3,€3,€1), d =5, m = 4, we
have (i1,...,i5) = (1,2,3,2,1) and a(e) = (2,2,1,0).

To reformulate b, we exploit the fact that b, enjoys some invariance property
under permutations of [d], namely,

d
1
(4.4) bo = > Ilﬁiiififéﬂ

e=(eiy ..eiy )BT k=1
a(e)=a

1 1
(4.5) = Z Z H l€iyy U Uei gl

" oeSym(d) e=(eq 7...,eid)EE"l: k=1
a(e)=a

d
1 1
! g:(eil .... eid)EEd o€Sym(d) k=1 Lo (1) Lo (k)
ale)=a

=:S

Observe that the inner summation S in (4.6) does not depend on the choice of the
sequence e such that a(e) = «; thus we may consider it fixed, denoted by (e;,, ..., €;,).
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Since there are % possible choices for selecting this sequence, using relation (4.6) we
can reformulate b, as follows:

d d

1 d! 1 1 1
I ! . - . | . e .
d! o! reSym(d) kol |ezg(1) U---u e%(m\ al cetym(d) kol |elg(1) U---Ue;

|

Next we pull out the factor | = ¢, which occurs for k = d and get

1
ei1U~~-Ueid\

d—1

Co 1
ba—az H|6i U---Ue; |
r=1geSym(d):o(d)=rk=1"'"'oM o (k)

d
= c—a' Z ba—u,;, (00— ;)
al
r=1

(;) Ca Z ba—uk-

ke[m]:ap>1

Here, in the last equality marked (*), we use the fact that ay of the elements in the
multiset {i1,...,iq} are equal to k. Summarizing we have shown the following.

LEMMA 4.2. For any o € N' we have

bo=Ca Y. bou,

ke[m]:ar>1

We now proceed to give a recursive reformulation for the matrices @, in (4.3).
First we reformulate them using the scaled parameters

(4.7) by == ol by,

which satisfy the recursive relation:
(4.8) bo = Ca Z by, -
k‘ZOlk-Zl

Indeed, by Lemma 4.2 we have

o~

~ ba—u,, >
bo =al b, =al c, Z bo—u, = ! cq Z AR — ¢, Z akbo—u, -
o — uy!

kiap>1 kiap>1 ko >1

LEMMA 4.3. For any v € N’ , we have Q, = %(gwruﬁuj)?fj:l.

Proof. We obtain the proof by direct verification: for ¢ # j we have (Q4)i; =

~ ~

(vi + 1) (v + 1)b7+ui+uj = bytuituy (i +1) (5 + 1)//\(’7 +u; +uj)! = byt tuy /7! and,

for i = j, we have (Q+ )i = (7 +1) (Vi +2)byt2u; = byrou, (vi +1) (7 +2) /(7 4 2wi)! =
b'Y+2U7:/’Y!' ]
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LEMMA 4.4. For d > 3 and v € N}’ , we have

QV = (C'Y"l‘ui"!‘uj);?j:l O( Z Qv up ( ytu; T b7+u;)z j= 1)
T keE[m]ive>1 ~
=R,

=M, o ( Z Qi + R'y>’

ke[m]:yp>1
where the matrices M, were introduced in (3.6).

Proof. Combining Lemmas 4.2 and 4.4 we obtain

1 3 1 ~
(Q'y) = Al 'y+u1+u] = ?C'y-&-uqz-&-uj Z b’y+u,;+uj—uk, (’Y +u; + Uj)k
’ kr(y+uitu;)p>1

1 - R R
= —'C~y+ui+uj ( E b»y+ui+uj—uk7k + b,hLu]. ('yi + 1) + b'y+uj (%_ + 1))
v ki >1

1 ~ ~ N
= 1% tuitu; ( Z by —utuitu; Ve T Oytu; + bv-&-uj)
t k=1

[ -~
= Cytuity, ( Z s a(b’v-&-ui + b'y+uj))

pody (7~ w)!

1 ~ ~
= Cytuituy ( Z (Q’Y*uk,)ij + %(b"ﬂrui + b“/+uj))a

ki >1
which shows the claim. 0

4.2. The polynomial f; in the case d = 3, L = 2. Here we show that the
polynomial f; is convex in the case d = 3 and L = 2. In view of Lemma 4.1 it suffices
to show that the matrix @, is positive semidefinite for any v € N7*. Up to symmetry
it suffices to show that @ = 0 for v = uy. In view of Lemma 4.4 we have

Qui = (Cuy+u; +u;)” 1 O(QO +( uy+u; bul-&-u]) i,j= 1)
—_—

=My, =Ruy

We have shown earlier that the matrix M, is positive semidefinite, which follows
from the fact that the matrix Ms is positive semidefinite (in view of relation (3.8),
Lemma 3.5, and Corollary 3.8). Hence, if we can show that Qg + Ry, > 0, then this
will imply that Q,, >~ 0 and conclude the proof of Theorem 1.2. In the rest of this
section we show that Qo + R,, > 0.

We begin by describing the entries of the matrix Q¢ + R,,. By definition, the
entries of Qo (case v = 0) are

2
(Qo) 2u; = 7 Qo)1 it e Ul or i # j € [m]
Moreover, Egul = 2bgy, = % and guﬁ_ui = by qu; = W for ¢ > 2. Using this, we
obtain that
1 1 1 m
Ry, =2- ( ) —. 9B,
Qo + Fu, ler U g + le; U e + ler Ue;|/ =1
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where we define the matrix B as

1 1 1
49 B~ ( + + )
(4.9) leUf] letUe|l lerU f|/ereE
The main result of this section is the next lemma, which shows that the matrix B
(and thus Qo + R,,) is positive semidefinite. As observed above, this implies that
the polynomial f3 is convex for L = 2 and thus settles Conjecture 1 for the case
d=3,L=2.

PROPOSITION 4.5. Assume L = 2. The matriz B in (4.9) is positive semidefinite.

Before proceeding to the proof, let us make a few observations. Note that the
matrix B from (4.9) can be decomposed as

2= (i571)..ses* (o * o)
leU f|/efee \legUe| |er U f|/efeE’

=M, =:R

So, B = My + R, where My = My has been shown earlier to be positive semidefinite
(recall Corollary 3.8, or note that My is the matrix M from (3.1) as we are in the case
L = 2). On the other hand, the matrix R is not positive semidefinite. In fact, R has
rank 2 and has a negative eigenvalue. One can infer from the results in section 3.1
that Apin(Mo) = 1/12, while one can check that Apin(R) < —1/12 = —0.0833... when
n > 6 (see Table 1 below). Hence in general one cannot argue that B > 0 by simply
looking at the smallest eigenvalues of its summands My and R. On a very high level,
we will show positive semidefiniteness of the matrix B by observing that it has a simple
block structure, which we can exploit by taking several successive Schur complements;
in this way we obtain well-structured matrices that can be directly shown to be
positive semidefinite. The exact details are not difficult, but a bit technically involved.

In the rest of the section we prove Proposition 4.5. To fix ideas we let e; be the
edge e; = {1, 2}, and to simplify notation we set p = n—2 and ¢ = (”52) Then the in-
dex set of B can be partitioned into {e; }UI; Ul Uy, setting I, = {{k,i} : 3 <i <n}
for k=1,2,and Iy = {{7,5} : 3 <i < j <n}. So || = |Iz| =p and |Iy] = g. With
respect to this partition one can verify that the matrix B has the following block-form:

€1 I1 12 IO

3 7 7
e1 3 sJ1p 5J1p J1,q

B = L %Jp,l Jp + %Ip %Jp + %Ip gjp,q + lerT
L |20 | Bdp+ 5L, | Jp+il, | 3Jpq+ SIT
Iy Jq,l %Jq,p+1*12r %Jq,p+1*12r MJF%JQ

Here M is the matrix from (3.1) (replacing n with p = n — 2). We have shown in
section 3.1 (see relation (3.2) and Lemma 3.1) that M can be decomposed as

1 1 1
M= _—I,+-J,+—=IT"
12714 + 41 + 12 ’
where I' =T, is the (§) x p matrix whose (f,7)th entry is [{i} N f|.

We now proceed to show that the matrix B is positive semidefinite. Note that its
lower right diagonal block indexed by the set Iy is positive semidefinite (since M > 0).
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Our strategy is now to “eliminate” the three borders indexed by the sets {e;}, I3,
and I, successively, one by one, by taking Schur complements, until reaching a final
matrix (indexed by Iy) whose positive semidefiniteness can be seen directly. To do the
Schur complement operations we will need to invert matrices of the form al+b.J. The
next lemma indicates how to do that; its proof is straightforward and thus omitted.

LEMMA 4.6. Fora,b € R such that a+pb # 0, the matriz al,+0bJ, is nonsingular
with inverse

1 b
11 v
(alp +bJ,) " = (Ip 5 )Jp.

Now come three steps where we successively eliminate the three borders of B
indexed by {e1}, I, and I, by taking successive Schur complements with respect to
the upper left corner.

Step 1: We take a first Schur complement with respect to the upper left corner of
B (indexed by e1). We call By the resulting matrix, which reads

Jp+ &1

11 1 5 17T
20 + 13 lp 6/pa T 2l

11 1
ﬁjp + ﬁjp

Jp+ 51y

5 17T
6/pa + 151

5 1
§Jap T 21

5 1
6Jap T 21

7
éJp,l

Jq71

5 1
51Jp T 51p

1 1
10sdp T 121p

1 1 T 3

3 %Jp,l (%Jlm %Jl,p Jl,q)

1 AT
18 Jp»(l + 12F

1 1
108Jp + 13 lp

5 1
51Jp + 5

1 ipT
18 Jpwq + 12F

1 1
igdap + 131

1 1
5dap + 131

1 1 T 1
Elq + ﬁFF + ﬁ‘]q

Setting By = 6§17 we obtain B > 0 < El = 0 <= B; = 0, where

By

Step 2: We now take the Schur complement with respect to the upper left corner

S+l | 150+ 3k 3pq + 307
whp+3h | 3+, 3Tpa + 307

1 1 1 1 1 1 T 1
§qup+§1—‘ 5Jq,p+§F EIq+§FP +§Jq

of By (indexed by I), where we use Lemma 4.6 to invert it:
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After taking this Schur complement the resulting matrix By reads

N ( ng+Iq ‘ %Jp7q+%FT \
PG+ 40 [ 31 44007 4 30
L, + i 5
_ [T ( _7J)(LJ +in, 1 +1FT)
P i8Yp T 3dp 3Ypg T 3
Sptir) N ()
3 11p+23 1T 3p+7
(*I +4(5pp+9 Jp ‘ il + (Eﬁi+9 Jpa \
= 3p+7 1 1 3p+7
\ r + 2(5pp+g) J‘LP ‘ I + FFT + 2(517 +9) J /

Setting Bs = 4§2 we obtain B = 0 <= By = 0 <= By = 0, where

11p+23 2(3p+7
/3I + 5p19 Ip I+ (55+9)Jp,q \

2=\ 4 26040 ‘ 91, + TT7 + 26247 7 |-

5p+9 5p+9

Step 3: Inverting the top left block of By via Lemma 4.6 gives

11p+23 -1 1 (11p + 23)
B) =

31, 4 P23 1
(37, + 5p+ 9

T3P 3(11p2+38p+27)°7

Taking the third and final Schur complement with respect to this block in By we get
the matrix

23p+17)
By :=2I,+ITT + 2 ]
8= gty g
23p+7) 1 (11p +23) r 203p+7)
—(rT 4+ 22T -1, — J,) (1T 4+ 2222
( + 5p+9 q)(3p 3(11p% + 38p + 27) )( + 5p+9 pq)
2 2(9p + 25)
=2l + =117 4 2T
et +3(11p—|—27) ?

It is now clear that Bs = 0. In turn, this implies that By > 0 and thus B > 0,
which concludes the proof of Proposition 4.5.

We conclude with an indication as to why the above proof seems difficult to
extend to the general case L. > 3. The biggest hurdle lies in the richness of the
possible intersections between edges of large size. More concretely, recall that the
(e, f)th entry of the matrix B in (4.9) depends on |e U f], leUey|, and |f Ues|. So
one has to take into account how the two edges e, f pairwise interact within e; and
outside of it, which becomes technically involved when |e;| = L is large. So the matrix
B has an increasingly involved block structure when L grows. In addition some of
the blocks in B may have a form that requires an additional symmetry reduction to
become amenable.
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TABLE 1
Cased=3,L=2.

H d L n v )‘min(Qv) /\min(B'Y) )‘min(R'Y) H
3 2 3 [1,2] 0.0556 0.1667 -0.0236
3 2 4 [1,2] 0.0347 0.0833 -0.0478
3 2 5 [1,2] 0.0347 0.0833 -0.0729
3 2 6 [1,2] 0.0347 0.0833 -0.0987
3 2 7 [41,2] 0.0347 0.0833 -0.1249
3 2 8 [1,2] 0.0347 0.0833 -0.1514

4.3. Some numerical justification for convexity of f;. We have carried
out some numerical experiments for a range of values of d, L,n and verified that the
matrices ) are positive semidefinite for all v € NJ;_, in these cases. Hence for these
values the polynomial f; is convex and Conjecture 1 holds. Recall from Lemma 4.4
that the matrix ), can be decomposed as

Q'y = M'y o ( Z Q'y—uk +R’Y> = M’Y © (B’Y + R’Y)'

ke[m]:ye>1

=:B,

By the results in section 3 we already know that the matrix M., is positive semidef-
inite. Hence it now suffices to show that the matrix B, + R, is positive semidefinite
for each v € NI ,. We did this in the previous section for the case d = 3 (and
L = 2). We have computed the minimum eigenvalues of the matrices @, By, and
R, for different values of n, d, and L and give this information for the case L = 2
in Table 1 below (for d = 3) and in Tables 2-6 in Appendix A (for d > 4). (Further
numerical results for L > 3 can be found in the arXiv version of this paper.) In each
case we consider the possible different cases for selecting v € NJj_, up to symmetry;
the different instances of v are indicated in the column labeled ~. For instance, for
d = 3, L = 2 there is only one possibility, say v = u; corresponding to edge e; = {1, 2}
(see Table 1). For d = 4, L = 2 there are three possibilities: v = 2e; with e; = {1,2};
v = w1 +ug with e; = {1,2} and e; = {1,3}; and v = w3 + uy with e; = {1,2} and
e = {3,4} (see Table 2).

In all cases we find that Q. is positive semidefinite (in fact, positive definite).
As already mentioned in section 4.2 for the case d = 3, we see that in general this
cannot be deduced by considering its summands separately, since R, has a negative
smallest eigenvalue and \in(B,) + Amin (Ry) < 0 from a certain n (which depends on
d and L). In addition we observe that Amin(B,) stays constant from a certain n while
Amin(R+) keeps decreasing. It remains an open problem to show that the property
@~ = 0 holds in general.

For recent progress on this problem we refer the reader to Polak [15], who proved
that all the matrices () are positive semidefinite in the case d < 8 and L = 2. One of
the difficulties is that one needs to enumerate the distinct patterns for v € NJ* ,, i.e.,
the number of multigraphs with d — 2 edges. As mentioned earlier in Example 1 this
number is given by the OEIS sequence A050535 [14], and it grows quickly with d.

Appendix A. Numerical results for the polynomials f;.
We group here Table 2 through Table 6, which show the eigenvalues of the matrices
Q~, By, and R, for L = 2 and small values of n,d. To see that these are indeed
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TABLE 2
Cased=4,L = 2.

H d L n vy )\min(Q’y) )‘min(B’Y) )‘mi’n(R’Y) H
4 2 3 [[1, 2], [1, 2]] 0.0185 0.0556 -0.0415
4 2 4 (1, 2], 1, 2]] 0.0133 0.0347 -0.0805
4 2 5 (1, 2], 1, 2]] 0.0133 0.0347 -0.1189
4 2 6 1, 2], 1, 2]] 0.0133 0.0347 -0.1572
4 2 3 (1, 3], [1, 2]] 0.0593 0.1778 -0.0028
4 2 4 (1, 3], [1, 2]] 0.0238 0.0802 -0.0478
4 2 5 (1, 3], [1, 2]] 0.0214 0.0743 -0.092
4 2 6 (1, 3], [1, 2]] 0.0214 0.0741 -0.1359
4 2 7 [[1, 3]7 [17 2]] 0.0214 0.074 -0.1798
4 2 4 113, 4], 1, 2]] 0.0174 0.0694 -0.0012
4 2 5 13, 4], 1, 2]] 0.0174 0.0694 -0.029
4 2 6 [[3, 4], [1, 2]] 0.0174 0.0694 -0.0565
4 2 7 13, 4], 1, 2]] 0.0174 0.0694 -0.084
4 2 8 [[3, 4]7 [1, 2]] 0.0174 0.0694 -0.1115
4 2 9 13, 4], 1, 2]] 0.0174 0.0694 -0.139

TABLE 3
Case d=5,L = 2.

H d L n Y )\min(Q’y) )\mzn(B'y) )\min(R'y) H
5 2 3 1, 2], 1, 2], [1, 2]] 0.0062 0.0185 -0.0425
5 2 4 [[17 2], [1, 2], [1, 2]] 0.0049 0.0133 -0.0804
5 2 5 1, 2], 1, 2], [1, 2]] 0.0049 0.0133 -0.1163
5 2 3 1, 3], 1, 2], [1, 2]] 0.0298 0.0894 -0.0062
5 2 4 [[17 3]7 [1, 2], [1, 2]] 0.0111 0.0396 -0.0605
5 2 5 (1, 3], [1, 2], [1, 2]] 0.0098 0.0358 -0.112
5 2 6 1, 3], [1, 2], [1, 2]] 0.0098 0.0358 -0.162
5 2 4 [[37 4]7 [1, 2], [1, 2]] 0.0077 0.0307 -0.0085
5 2 5 (3, 4], [1, 2], [1, 2]] 0.0072 0.0307 -0.038
5 2 6 (3, 4], [1, 2], [1, 2]] 0.0067 0.0307 -0.0667
5 2 7 (13, 4], 1, 2], [1, 2]] 0.0067 0.0307 -0.0948
5 2 4 (1, 4], [1, 3], [1, 2]] 0.0263 0.1052 -0.009
5 2 5 (1, 4], [1, 3], [1, 2]] 0.0162 0.0716 -0.0681
5 2 6 [[1, 4], [17 3]7 [17 2]] 0.0151 0.0676 -0.1255
5 2 7 (1, 4], [1, 3], [1, 2]] 0.015 0.0675 -0.1819
5 2 8 [17 4], [1, 3], [1, 2] 0.015 0.0675 -0.2374
5 2 4 [2, 4], [1, 3], [1, 2] 0.0188 0.0753 -0.0063
5 2 5 12, 4], 1, 3], [1, 2]] 0.0151 0.0678 -0.0613
5 2 6 [[2, 4]7 [1, 3], [1, 2]] 0.0139 0.0635 -0.1147
5 2 7 (12, 4], 1, 3], [1, 2]] 0.0139 0.0635 -0.167
5 2 8 [2, 4], [1, 3], [1, 2] 0.0139 0.0635 -0.2186
5 2 5 [2, 3], [1, 5], [1, 4] 0.0114 0.0571 -0.0053
5 2 6 (12, 3], 1, 5], [1, 4]] 0.0113 0.0569 -0.0395
5 2 7 [[2, 3], [1, 5], [1, 4]] 0.0107 0.0569 -0.0731
5 2 8 (12, 3], [1, 5], [1, 4]] 0.0107 0.0569 -0.1062
5 2 9 (12, 3], [1, 5], [1, 4]] 0.0107 0.0569 -0.1391
5 2 3 12, 3], 1, 3], [1, 2]] 0.0926 0.2778 -0.0
5 2 4 (12, 3], [1, 3], [1, 2]] 0.0237 0.085 -0.0967
5 2 5 (12, 3], [1, 3], [1, 2]] 0.0212 0.0764 -0.1882
5 2 6 [[2, 3]7 [1, 3], [1, 2]] 0.0212 0.0764 -0.2766
5 2 6 (5, 6], [3, 4], [1, 2]] 0.0087 0.0521 -0.0011
5 2 7 (5, 6], [3, 4], [1, 2]] 0.0087 0.0521 -0.0233
5 2 8 [[57 6], [3, 4]7 [1, 2]] 0.0087 0.0521 -0.0452
5 2 9 (5, 6], [3, 4], [1, 2]] 0.0087 0.0521 -0.067
5 2 10 [[5, 6], [3, 4]7 [1, 2]] 0.0087 0.0521 -0.0885
5 2 11 (5, 6], [3, 4], [1, 2]] 0.0087 0.0521 -0.11
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TABLE 4
Case d = 6,L =2 (first part).

H d L n Y )\mln(Q’Y) )‘min(B’Y) )‘min(R’Y) H
6 2 3 [[1,2,[1,2,11,2],]1,2] 0.0021 0.0062 -0.0349
6 2 4 [[1,2,[12,1L 21 2] 0.0017 0.0049 -0.0652
6 2 5 [[1,2,[1,2,[1,2],[1,2] 00017 0.0049 -0.0931
6 2 3 [[1,3],[1,2,[1,2],[1,2] 00124 0.0371 -0.0094
6 2 4 [[1,3],[1,2,1,2,[1,2]  0.0044 0.0165 -0.0579
6 2 5 [[1,3],[1 2,121 2] 0.004 0.0148 -0.1029
6 2 6 [[1,3],1,2),1,2]11, 2] 0.004 0.0148 -0.1457
6 2 3 [[1,3],[1,3],[1,2],[1,2] 00261 0.0785 -0.0016
6 2 4 [[1,3],[1,3],1,2,[1,2]  0.0064 0.0237 -0.0626
6 2 5 [1,3,01,3,[1,2,[1,2]  0.0057 0.0211 -0.1193
6 2 6 [[1,3],[1,3],[1,2,[1,2]  0.0057 0.0211 -0.1732
6 2 4 [[3,4,[1,2,[1,2,[1,2]  0.0031 0.0125 -0.0141
6 2 5 [3,4],[1,2,12,[12]  0.0026 0.0124 -0.0384
6 2 6 [[3,4],[1,2], 121 2] 0.0024 0.0115 -0.0616
6 2 4 [[3,4],[3 4], 1,2, [1, 2] 0.0038 0.0153 -0.0007
6 2 5 [[3,4],[3 4] (12,1 2] 0.0036 0.0153 -0.0255
6 2 6 [[3,4,[34],[1,2,[1,2] 00033 0.0153 -0.0492
6 2 7 [[34],3 4], 11,2],1,2] 0.0033 0.0153 -0.0721
6 2 4 [[1,4],[1,3]1,2],]1,2] 0.0147 0.0589 -0.0142
6 2 5 [[1,4,[1,3],[1,2,[1,2]  0.0084 0.0386 -0.0771
6 2 6 [[1,4,[1,3],[1,2,[1,2] 00078 0.036 -0.1372
6 2 7 [[1,4],01,3],11,2],]1,2] 0.0078 0.036 -0.1952
6 2 4 [[2,4],[1,3],1,2],]1,2] 0.0129 0.0514 -0.0151
6 2 5 [2,4,[1,3],[1,2,[1,2]  0.0079 0.037 -0.0766
6 2 6 [24],1,3),[1,2,[1,2] 00073 0.0344 -0.1352
6 2 7 [[2,4],1,3]11,2],]11,2] 0.0073 0.0344 -0.1919
6 2 4 [[2,4],[1,3]1,3]]1,2] 0.0102 0.0407 -0.0089
6 2 5 [24],[13]][1,3],[12] 0.0074 0.0343 -0.064
6 2 6 [[2,4,1,3],[1,3],[1,2]  0.0068 0.0318 -0.1167
6 2 7 [2,4],[13],1,3],[1,2]  0.0068 0.0318 -0.1675
6 2 5 [23],[L5],14],[L4]]  0.0059 0.0294 -0.0148
6 2 6 [2,3),1,5],[1,4],[1,4]  0.0052 0.0293 -0.0485
6 2 7 [23],[1,5],[1,4],[1,4]  0.0049 0.0278 -0.0813
6 2 8 [23],[15],1,4],[14]  0.0049 0.0278 -0.1132
6 2 5 [23],[23],]L5],[L4]]  0.0053 0.0266 -0.0055
6 2 6 [2,3,[23],[1,5],[1,4]  0.0047 0.0259 -0.0344
6 2 7 [23],[23],1,5),[1,4]  0.0044 0.0249 -0.0623
6 2 8 [23],[23],15],[1,4]]  0.0044 0.0249 -0.0897

exhaustive, we again refer to the OEIS sequence A050535 [14] giving the number of
multigraphs with up to four edges. Note that some of the multigraphs can only appear
if the number n of vertices is large enough.
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TABLE 5
Case d = 6,L =2 (second part).

/\min (B’Y)
0.1574
0.0467
0.0416
0.0416

-0.0017
-0.1176
-0.2252
-0.3274
-0.0086
-0.0278
-0.0466

0.0525
0.0125
0.0112
0.0112
0.0038
0.0035
0.0033

(2, 3], [1, 3], 1, 2], [, 2]]

3
4
5
6
6
7
8

(2, 3], [1, 3], [1, 2], [1, 2]]

(2, 3], 11, 3], [1, 2], [1, 2]]

(2, 3], [1, 3], [1, 2], [1, 2]]

0.023
0.0229

(5, 6, [3, 4], 1, 2], [1, 2]]

(5, 6], [3, 4], 1, 2], [, 2]]

0.022

(5, 6], 3, 4], [1, 2], [1, 2]]
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-0.0096

-0.0451

-0.0799
-0.114

0.0461
0.0461
0.0457
0.0457

0.0077
0.0073
0.007
0.007

(5, 6], 2, 4], [1, 3], 1, 2]]

6
7
8
9

(5, 6, [2, 4], 1, 3], [1, 2]]

(5, 6], [2, 4], 1, 3], [, 2]]
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TABLE 6
Case d =6,L =2 (last part).

H d L n ¥ )\min(Q’Y) )\min(B’Y) )‘min(R’Y) H
6 2 7 (4, 5], [2, 3], [1, 7], [1, 6]] 0.0057 0.0399 -0.0047
6 2 8 (4, 5], [2, 3], [1, 7], [1, 6]] 0.0056 0.0399 -0.0276
6 2 9 (4, 5], [2, 3], [1, 7], [1, 6]] 0.0053 0.0398 -0.0501
6 2 10 [[4,5],[2, 3], [1, 7], [1, 6]] 0.0053 0.0398 -0.0723
6 2 5 (4, 5], [2, 3], [1, 3], [1, 2]] 0.0121 0.0606 -0.0192
6 2 6 (4, 5], [2, 3], [1, 3], [1, 2]] 0.0112 0.0606 -0.0784
6 2 7 (4, 5], [2, 3], [1, 3], [1, 2]] 0.0106 0.0594 -0.1359
6 2 8 (4, 5], [2, 3], [1, 3], [1, 2]] 0.0106 0.0594 -0.1919
6 2 8 (7, 8, [5, 6], [3, 4], [1, 2]] 0.0043 0.0347 -0.0008
6 2 9 (7, 8], [5, 6], [3, 4], [1, 2]] 0.0043 0.0347 -0.0161
6 2 10 [[7,8],[5, 6], [3, 4], [1, 2]] 0.0043 0.0347 -0.0312
6 2 11 [[7,8],[5, 6], [3, 4], [1, 2]] 0.0043 0.0347 -0.0462
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