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Abstract. We consider the sum-of-squares hierarchy of approximations
for the problem of minimizing a polynomial f over the boolean hyper-
cube B™ = {0, 1}". This hierarchy provides for each integer r € N a lower
bound f(,) on the minimum fmin of f, given by the largest scalar A for
which the polynomial f— ) is a sum-of-squares on B" with degree at most
2r. We analyze the quality of these bounds by estimating the worst-case
erTor fmin — f(r) in terms of the least roots of the Krawtchouk polyno-
mials. As a consequence, for fixed ¢t € [0,1/2], we can show that this
worst-case error in the regime r =~ ¢ -n is of the order 1/2 — \/t(1 — t) as
n tends to co. Our proof combines classical Fourier analysis on B™ with
the polynomial kernel technique and existing results on the extremal
roots of Krawtchouk polynomials. This link to roots of orthogonal poly-
nomials relies on a connection between the hierarchy of lower bounds
[y and another hierarchy of upper bounds f (") for which we are also
able to establish the same error analysis. Our analysis extends to the
minimization of a polynomial over the g-ary cube (Z/qZ)".

Keywords: Binary polynomial optimization - Lasserre hierarchy -
Sum-of-squares polynomials + Fourier analysis - Krawtchouk
polynomials - Polynomial kernels - Semidefinite programming

1 Introduction

We consider the problem of minimizing a polynomial f € R[z| of degree d < n
over the n-dimensional boolean hypercube B™ = {0, 1}", i.e., of computing

min -— i . 1
f min f(z) (1)
This optimization problem is NP-hard in general, already for d = 2. Indeed, as
is well-known, one can model an instance of MAX-CUT on the complete graph
K, with edge weights w = (w;;) as a problem of the form (1) by setting:

2
fla)=— 3wz — ;)7
1<i<yi<n
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As another example one can compute the stability number a(G) of a graph
G = (V, F) via the program

a(G) = max i — Z Tixj.
zeBIVI “
eV {i,j}€E
One may replace the boolean cube B™ = {0, 1}" by the discrete cube {£1}", in
which case maximizing a quadratic polynomial 27 Az has many other applica-
tions, e.g., to MAX-CUT [13], to the cut norm [1], or to correlation clustering [4].
Approximation algorithms are known depending on the structure of the matrix
A (see [1,6,13]), but the problem is known to be NP-hard to approximate within
any factor less than 13/11 [2].

Problem (1) also permits to capture polynomial optimization over a general
region of the form B N P where P is a polyhedron [17] and thus a broad range of
combinatorial optimization problems. The general intractability of problem (1)
motivates the search for tractable bounds on the minimum value in (1). For this,
several lift-and-project methods have been proposed, based on lifting the prob-
lem to higher dimension by introducing new variables modelling higher degree
monomials. Such methods also apply to constrained problems on B" where the
constraints can be linear or polynomial; see, e.g., [3,18,27,33,36,40]. In [21] it is
shown that the sum-of-squares hierarchy of Lasserre [18] in fact refines the other
proposed hierarchies. As a consequence the sum-of-squares approach for poly-
nomial optimization over B" has received a great deal of attention in the recent
years and there is a vast literature on this topic. Among many other results, let
us just mention its use to show lower bounds on the size of semidefinite pro-
gramming relaxations for combinatorial problems such as max-cut, maximum
stable sets and TSP in [25], and the links to the Unique Game Conjecture in [5].
For background about the sum-of-squares hierarchy applied to polynomial opti-
mization over general semi-algebraic sets we refer to [16,19,23,30] and further
references therein.

This motivates the interest in gaining a better understanding of the quality
of the bounds produced by the sum-of-squares hierarchy. Our objective in this
paper is to investigate such an error analysis for this hierarchy applied to binary
polynomial optimization as in (1).

1.1 The Sum-of-Squares Hierarchy on the Boolean Cube

The sum-of-squares hierarchy was introduced by Lasserre [16,18] and Parrilo
[30] as a tool to produce tractable lower bounds for polynomial optimization
problems. When applied to problem (1) it provides for any integer r» € N a lower
bound f(r) < fmin on fmin> given by:

foy ==sup {f(x) — X\ is a sum-of-squares of degree at most 2r on B"}. (2)
AER

Throughout, Y. denotes the set of sum-of-squares polynomials with degree at
most 27, i.e., of the form Y. p? with p; € R[z],. In program (2), the condition
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‘f(x)— A is a sum-of-squares of degree at most 2r on B’ means that there exists
a sum-of-squares polynomial s € X, such that f(z) — A\ = s(x) for all z € B",
or, equivalently, that the polynomial f — X\ — s belongs to the ideal generated by
the polynomials z1 — %, ...,z, — z2.

As sums of squares of polynomials can be modelled using semidefinite pro-
gramming, problem (2) can be reformulated as a semidefinite program of size
polynomial in n for fixed r [16,30]. In the case of unconstrained boolean optimiza-
tion, the resulting semidefinite program is known to have an optimum solution
with small coefficients (see [29] and [31]). For fixed r, the parameter f(,) may
therefore be computed efficiently (up to any precision).

The bounds f(,) have finite convergence: f,y = fumin for r > n [18]. In fact,
it has been shown in [34] that the bound f,) is exact already for 2r > n+d — 1.
That is,
fr) = fmin for r > Ldl (3)
In addition, it is shown in [34] that the bound f, is exact for 2r > n+d—2 when
the polynomial f has only monomials of even degree. This extends an earlier
result of [12] shown for quadratic forms (d = 2), which applies in particular
to the case of MAX-cUT. Furthermore, this result is tight for MAX-CUT, since
one needs to go up to order 2r > n in order to reach finite convergence (in the
cardinality case when all edge weights are 1) [22]. Similarly, the result (3) is tight
when d is even and n is odd [15].

The main contribution of this work is an analysis of the quality of the bounds
Jry when 2r < n +d — 1. The following is our main result, which expresses the
error of the bound f(,) in terms of the least roots of Krawtchouk polynomials.

Theorem 1. Fiz d < n and let f € Rlz] be a polynomial of degree d. For
r,n €N, let " be the least root of the degree r Krawtchouk polynomial (11) with
parameter n. Then, if (r +1)/n <1/2 and d(d+1) - (§,/n) < 1/2, we have:

Jmin — f(r)
[ £l oo

Here Cq > 0 is an absolute constant depending only on d and we set ||f||c :=
maXg;cpnr |f(:C)|

<2Cq-§lyq/n. (4)

The extremal roots of Krawtchouk polynomials are well-studied in the litera-
ture. The following result of Levenshtein [26] shows their asymptotic behaviour.

Theorem 2 ([26], Sect.5). Fort € [0,1/2], define the function

o(t) =1/2 — V(1 —1). (5)

Then the least root &' of the degree r Krawtchouk polynomial with parameter n
satisfies
& /n < o(r/n) + e (r/n) M8 0723 -

for some universal constant ¢ > 0.
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Applying (6) to (4), we find that the relative error of the bound f,) in the
regime r & t - n behaves as the function ¢(t) = 1/2 — \/t(1 —t), up to a noise
term in O(1/n?/3), which vanishes as n tends to oo.

1.2 A Second Hierarchy of Bounds

In addition to the lower bound f,, Lasserre [20] also defines an upper bound
f) > fin on fmin as follows:

seX,.

1= inf { [ f@)s@in): [ stadute) =1}, 7)

where p is the uniform probability measure on B™. For fixed r, similarly to f,,
one may compute f(") (up to any precision) efficiently by reformulating (7) as a
semidefinite program [20]. Furthermore, as shown in [20] the bound is exact for
some order r, and it is not difficult to see that the bound f(") is exact at order
r =n and that this is tight.

Essentially as a side result in the proof of our main Theorem 1, we get the
following analog of Theorem 1 for the upper bounds f(").

Theorem 3. Fix d <n and let f € R[z| be a polynomial of degree d. Then, for
any r,n € N with (r+1)/n <1/2, we have:

(r) _ £ .
I = fmin < Cq- &'y /n,

£ 1o
where Cyq > 0 is the constant of Theorem 1.

So we have the same estimate of the relative error for the upper bounds f()
as for the lower bounds f(,) (up to a constant factor 2) and indeed we will see
that our proof relies on an intimate connection between both hierarchies. Note
that the above analysis of f(") does not require any condition on the size of £,
as was necessary for the analysis of f,) in Theorem 1. Indeed, this condition
on &, follows from a technical argument which is not required in the proof of
Theorem 3 (namely, the condition A < 1/2 above relation (16) in Sect. 2.3).

1.3 Asymptotic Analysis for Both Hierarchies

The results above imply that the relative error of both hierarchies is bounded
asymptotically by the function ¢(t) from (5) in the regime r ~ ¢ - n. This is
summarized in the following corollary which can be seen as an asymptotic version
of Theorem 1 and Theorem 3.

Corollary 1. Fiz d <n and for n,r € N write
E(T)(n) ‘= sup {fmin - f(r) N flloo = 1}7
fGR[:l}]d

E(’")(n) = sup {f(T) — fuin || flloo = 1}-
fER[z]q
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Let Cy be the constant of Theorem 1 and let p(t) be the function from (5). Then,
for any t € [0,1/2], we have:

lim EM(n) < Cq-o(t)

r/n—t
and, if d(d+1) - @(t) < 1/2, we also have:

lim E(T)(TL) <2-Cy-t).

r/n—t

Here, the limit notation r/n — t means that the claimed convergence holds
for all sequences (nj); and (rj); of integers such that lim; ..o n; = oo and
limjﬂoo rj/nj =t.

We close with some remarks. First, note that ¢(1/2) = 0. Hence Corollary 1
tells us that the relative error of both hierarchies tends to 0 as r/n — 1/2. We
thus ‘asymptotically’ recover the exactness result (3) of [34].

Our results in Theorems 1 and 3 and Corollary 1 extend directly to the case
of polynomial optimization over the discrete cube {£1}" instead of the boolean
cube B" = {0,1}", as can easily be seen by applying a change of variables
z € {0,1} — 2x — 1 € {£1}. In addition, our results extend to the case of
polynomial optimization over the g-ary cube {0,1,...,g—1}" for ¢ > 2 (see the
extended version of this work in [38]).

Clearly, we may also obtain upper (resp., lower) bounds on the mazimum
Jmax of f over B" by using f(,y (resp., £ applied to —f. To avoid possible
confusion we will also refer to f(,) as the outer Lasserre hierarchy, whereas we
will refer to f() as the inner Lasserre hierarchy. This terminology (borrowed
from [7]) is motivated by the following observations. One can reformulate fiin
via optimization over the set M of Borel measures on B":

Jmin = min{ - fx)dv(z) v e M, dv(x) = 1}.

BTL
If we replace the set M by its inner approximation consisting of all measures
v(z) = s(z)du(x) with polynomial density s € X, with respect to a given fixed
measure p, then we obtain the bound f("). On the other hand, any v € M gives a
linear functional L, : p € R[z]s, — [5, p(x)dv(z) which is nonnegative on sum-
of-squares on B™. These linear functionals thus provide an outer approximation
for M and maximizing L, (p) over it gives the bound f(,y (in dual formulation).

1.4 Related Work

As mentioned above, the bounds f(, from (2) are exact when 2r > n+d—1. The
case d = 2 (which includes MAX-CUT) was treated in [12], positively answering
a question posed in [22]. Extending the strategy of [12], the general case was
settled in [34]. These exactness results are best possible for d even and n odd
[15].
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In [14], the sum-of-squares hierarchy is considered for approximating
instances of KNAPSACK. This can be seen as a variation on the problem (1),
restricting to a linear polynomial objective with positive coefficients, but intro-
ducing a single, linear constraint, of the form a1z + ...+ anx, < b with a; > 0.
There, the authors show that the outer hierarchy has relative error at most
1/(r—1) for any r > 2. To the best of our knowledge this is the only known case
where one can analyze the quality of the outer bounds for all orders r < n.

For optimization over sets other than the boolean cube, the following results
on the quality of the outer hierarchy f,) are available. When considering general
semi-algebraic sets (satisfying a compactness condition), it has been shown in
[28] that there exists a constant ¢ > 0 (depending on the semi-algebraic set)
such that f(,) converges to fmin at a rate in O(1/log(r/c)'/¢) as r tends to occ.
This rate can be improved to O(1/r'/¢) if one considers a variation of the sum-
of-squares hierarchy which is stronger (based on the preordering instead of the
quadratic module), but much more computationally intensive [35]. Specializing
to the hypersphere S™~!, better rates in O(1/r) were shown in [10,32], and
recently improved to O(1/r?) in [11]. Similar improved results exist also for the
case of polynomial optimization on the simplex and the continuous hypercube
[—1,1]™; we refer, e.g., to [7] for an overview.

The results for semi-algebraic sets other than B™ mentioned above all apply
in the asymptotic regime where the dimension n is fixed and r — oo. This
makes it difficult to compare them directly to our new results. Indeed, we have
to consider a different regime in the case of the boolean cube B"™, as the hierarchy
always converges in at most n steps. The regime where we are able to provide
an analysis in this paper is when r ~ ¢ -n with 0 <t < 1/2.

Turning now to the inner hierarchy (7), as far as we are aware, nothing
is known about the behaviour of the bounds f(™ on B™. For full-dimensional
compact sets, however, results are available. It has been shown that, on the
hypersphere [8], the unit ball and the simplex [37], and the unit box [9], the
bound f(") converges at a rate in O(1/r2). A slightly weaker convergence rate in
O(log® r/r?) is known for general (full-dimensional) semi-algebraic sets [24,37].
Again, these results are all asymptotic in 7, and thus hard to compare directly
to our analysis on B".

1.5 Overview of the Proof

We give here a broad overview of the main ideas that we use to show our results.
Our broad strategy follows the one employed in [11] to obtain information on
the sum-of-squares hierarchy on the hypersphere. The following four ingredients
will play a key role in our proof:

1. we use the polynomial kernel technique in order to produce low-degree sum-of-
squares representations of polynomials that are positive on B™, thus allowing
an analysis of fumin — f(r);

2. using classical Fourier analysis on the boolean cube B™ we are able to exploit
symmetry and reduce the search for a multivariate kernel to a univariate
sum-of-squares polynomial on the discrete set [0 : n] := {0,1,...,n};
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3. we find this univariate sum-of-squares by applying the inner Lasserre hierar-
chy to an appropriate univariate optimization problem on [0 : n];

4. finally, we exploit a known connection between the inner hierarchy and the
extremal roots of corresponding orthogonal polynomials (in our case, the
Krawtchouk polynomials).

Following these steps we are able to analyze the sum-of-squares hierarchy f,) as
well as the inner hierarchy f("). In the next section we will sketch in some more
detail how our proof articulates along these four main steps.

2 Sketch of Proof

Here we sketch the main arguments needed to prove Theorem 1. It turns out
that the proof for Theorem 3 follows essentially from some of these arguments.
For a complete detailed proof we refer to the extended version [38] of this work.
This section is organized along the four main steps outlined in Sect. 1.5.

2.1 The Polynomial Kernel Technique

Let f € R[z|4 be the polynomial with degree d for which we wish to analyze the
bounds f(,) and f (). After rescaling, and up to a change of coordinates, we may
assume w.l.o.g. that f attains its minimum over B" at 0 € B™ and that f,;, =0
and fmax = 1. So we have || f||coc = 1. To simplify notation, we will make these
assumptions throughout.

The first key idea is to consider a polynomial kernel K on B™ of the form:

K(z,y) = u*(d(z,y)) (z,y €B"), (8)

where u € R[t], is a univariate polynomial of degree at most r and d(zx,y) is the
Hamming distance between x and y. Such a kernel K induces an operator K,
which acts linearly on the space of polynomials on B" by:

p € Rlal = Kp(e) i= [ p)K(@p)du(y) = 57 > p0)K(w.0)
yeBn

Recall that g is the uniform probability distribution on B™. An easy but impor-
tant observation is that, if p is nonnegative on B”, then Kp is a sum-of-squares
(on B™) of degree at most 2r. We use this observation as follows.

Given a scalar ¢ > 0, define the polynomial f=f+04. Assuming that
the operator K is non-singular, we can express fasf= K(K™! f ). Therefore,
if K-!f is nonnegative on B™, we find that f is a sum-of-squares on B™ with
degree at most 2r, and thus that fui, — f) < 0.

One way to guarantee that K—!f is indeed nonnegative on B" is to select
the operator K in such a way that K(1) = 1 and

K 'p-—
||K71 _ IH ‘= sup H p pHOO
perials  [Plloo

< 9. (9)

We collect this as a lemma for further reference.
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Lemma 1. If the kernel operator K associated to u € R[t], via relation (8)
satisfies K(1) = 1 and |[K™' —I|| < 6, then we have fuin — f(r) < 0.

Proof. With f = f + 6, we have: [[K™'f = flloc = [K™'f = flloo < 8[| flloc = 0.

Therefore we obtain that K= f(z) > f(2) =0 = f(2) > fuin = 0 on B". O

In light of Lemma 1, we want to choose u € R[t], in such a way that the operator
K~! (and thus K) is ‘close to the identity operator’ in a certain sense. In other
words, we want the eigenvalues of K to be as close as possible to 1.

2.2 Fourier Analysis on B” and the Funk-Hecke Formula

As kernels of the form (8) are invariant under the symmetries of B", we are
able to use classical Fourier analysis on the boolean cube to express the eigen-
values of K in terms of the polynomial u. More precisely, it turns out that the
eigenvalues of K are given by the coefficients of the expansion of u? in the basis
of Krawtchouk polynomials. This link is known as the Funk-Hecke formula (cf.
Theorem 4 below).

The Character Basis. Consider the space R[z| of polynomials on B", defined
as the quotient of R[x], under the relation p ~ ¢ if p(x) = q(z) for all z € B".
Equip this space R[z]| with the inner product: (p,q), = [ p(z)q(x)du(z), where
1t is the uniform probability measure on B™. W.r.t. this inner product the space
R[z] has an orthonormal basis given by the set of characters:

Xao(z) := (=1)** (a € B").

The group Aut(B") of automorphisms of B™ is generated by the coordinate
permutations, of the form z — o(x) := (2,(1),...,Tom)) for o € Sym(n), and
the permutations corresponding to bit-flips, of the form x € B" — = ® a € B"
for any a € B”. If we set

Hy == spanfxa : la| =k} (0 <k <n),

then each Hy, is an irreducible, Aut(B")-invariant subspace of R|[x] of dimension
(7). We may then decompose R[z] as the direct sum

where the subspaces Hj, are pairwise orthogonal w.r.t. (-,-),. In fact, we have
that R[z]q = Hy L Hy L --- L Hy for all d < n, and we may thus write any
p € R[z]4 (in a unique way) as

p=po+p1+--+ps (pr € Hg). (10)



Sum-of-Squares Hierarchies for Binary Polynomial Optimization 51

The Funk-Hecke Formula. For k € N, the Krawtchouk polynomial of degree
k (and with parameter n) is the univariate polynomial in ¢ given by:

k
ki =3 (1) (3 2)) (1)
— i i
(see, e.g. [39]). Here (%) :==t(t—1)...(t—i+1)/i!. The Krawtchouk polynomials
form an orthogonal basis for R[t] with respect to the inner product (-,-),, given
by the following discrete probability measure on the set [0:n] ={0,1,...,n}:

1 n
W= — (n> Ot (12)
2n t
t=0

The following lemma explains the connection between the Krawtchouk polyno-
mials and the character basis on R[z].

Lemma 2. Lett € [0 : n] and choose x,y € B™ so that d(x,y) = t. Then for
any 0 < k < n we have:

Ki() = Y Xa(®)xa(y). (13)

la|=k
Using Lemma 2, one is then able to show the Funk-Hecke formula.

Theorem 4 (Funk-Hecke). Given u € R[t],, decompose u? in the basis of

Krawtchouk polynomials as u? = Z?Lo N K and consider the kernel operator

K associated to u via (8). For any p € R[z]q with harmonic decomposition
p=po+p1+---+pq asin (10), we have:

Kp = XAopo + A\ip1 + -+ - + Aapa- (14)

2.3 Optimizing the Choice of the Univariate Polynomial u

Recall that in light of Lemma 1 we wish to bound the quantity |[K~! — I||
from (9). To define such K we need to suitably select the polynomial u € R]t],.
Assume we choose u € R[t], such that u? = >""_ ;K" with A\ =1 and X; #0
for all 4. Then, for any p = pg + - - - + pg with ||p|lec = 1, we find that

d d
K9 = plloc < D11 =271 Ipillos < va Y11= AT (15)
=1

=1

where 74 > 0 is a constant depending only on d. The left most inequality follows
after an application of the Funk-Hecke formula (14). The right most inequality
is a result of the following technical lemma (see [38] for the proof).

Lemma 3. There exists a constant yq > 0, depending only on d, such that for
any p=po+p1+ ... +pa € Rix]a, we have:

12k lse < Yallplloe for all 0 < k < d.
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The key fact here is that the constant 74 in Lemma 3 does not depend on the
dimension n.

The quantity Zle |1—\; ] in (15) is still difficult to analyze. Following [11],
we therefore consider the following ‘linearized’ version instead:

d

A=) "(1-N).

i=1
It turns out that, as long as A < 1/2, we have ijl 11— )| <24, implying:
K™t = 1] < 274 - A (16)

Recall that the Krawtchouk polynomials are orthogonal w.r.t. the inner prod-
uct (-, )., where w is the discrete probability measure on [0 : n] of (12). There-
fore, we may express the scalars \; as:

Ai = (KP,u?),, with K := K7/|| K72

2

We thus wish to find a univariate polynomial u € R[t], for which:

= (1,u*), =1, and

d
— Z =d— Z ) is small.

1=1

Unpacking the definition of (-, )., we thus need to solve the following optimiza-
tion problem:

inf A:= -2d:/ 2dw =1}, wh y:i=d— )Y KI(t). (17)
uellg[t]r{ /g u“dw u“dw } where g(t Z (t)

We recognize this program to be the analog of the program (7), where we now
consider the inner Lasserre bound of order r for the minimum g¢,;, = g(0) =0
of the polynomial g over the set [0 : n], computed with respect to the measure
dw(t) =27"(7) on [0 : n]. Hence the optimal value of (17) is equal to ¢{") and,
using (16), we may conclude the following result, which tells us how to select
the polynomial v (and thus K).

Theorem 5. Let g be as in (17). Assume that ¢ — gmin < 1/2. Then there
exists a polynomial u € R[t], such that A\g =1 and

||K_1 - IH < 2vg - (Q(T) - gmin)-

Here, ¢\") is the inner Lasserre bound on gmin of order v, computed on [0 : n]
w.r.t. w, via the program (17), and ~4 is the constant of Lemma 3.
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2.4 The Inner Lasserre Hierarchy and Orthogonal Polynomials

In order to finish the proof of Theorem 1, it now remains to analyze the range
") — gmin for the polynomial g in (17).

We recall a technique that may be used to perform such an analysis, which
was developed in [9] and further employed for this purpose, e.g., in [8,37]. We
present it here for the special case for optimization over [0 : n] w.r.t. the measure
w, but it actually applies to univariate optimization w.r.t. general measures.

First, we observe that we may replace g by a suitable upper estimator g which
satisfies Gmin = gmin and g(t) > g(t) for all t € [0 : n]. Indeed, then we have:

g(r) — Gmin S /g\(r) — Jmin = /g(r) - /gmin-

Next, we use the following crucial link to the roots of Krawtchouk polynomials.
This is a special case of a result by de Klerk and Laurent [9], applied to optimiza-
tion over the set [0 : n] equipped with the measure w, so that the corresponding
orthogonal polynomials are given by the Krawtchouk polynomials K.

Theorem 6 ([9]). Suppose g(t) = ct is a linear polynomial with ¢ > 0. Then
the Lasserre inner bound g\ of order r for minimization of g(t) on [0 : n] w.r.t.
the measure w can be reformulated in terms of the smallest root ', | of K"\ | as:

lg\(r) =cC: §?+1-

The upshot is that if we can upper bound the function g in (17) by some linear
polynomial g(t) = ¢t with ¢ > 0, we then find:

(r) (r)

9" — Gmin < /g\ - /g\min <c- 51?4_1-

Indeed, g can be upper bounded on [0 : n] by its linear approximation at ¢ = 0:
g(t) <g(t):=d(d+1)-(t/n) Vtel[0:n].

This inequality can be obtained by combining basic identities and inequalities
concerning Krawtchouk polynomials (see [38]). We have thus shown that:

g(r) — Gmin < d(d + 1) ’ (fg—l—l/n) (18)
We have now gathered all the tools required to prove Theorem 1.

Theorem 7 (Restatement of Theorem 1). Fix d < n and let f € R[x] be a
polynomial of degree d. Then we have:

Jmin — f(r)
£ ll o

whenever d(d+ 1) - (1 /n) < 1/2. Here, §_, is the smallest root of K'\ | and
va 1S the constant of Lemma 3.

< 2ya-d(d+1) - (§1/n),
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Proof. Combining Theorem 5 with (18), we find that we may choose u € R][t],
such that A\g = 1 and:

HK_I - IH < 27d : (g(r) - gmin) < 2’7d : d(d+ 1) | (€?+1/n)

Using the Funk-Hecke formula (14), we see that Ay = 1 implies that K(1) = 1.
We may thus use Lemma 1 to conclude the proof, obtaining Theorem 1 with
Cy = ’)/d-d(d+1). O

3 Concluding Remarks

Summary. We have shown a theoretical guarantee on the quality of the sum-of-
squares hierarchy f(,) < fuin for approximating the minimum of a polynomial f
of degree d over the boolean cube B". As far as we are aware, this is the first such
analysis that applies to values of r smaller than (n+d)/2, i.e., when the hierarchy
is not exact. Additionally, our guarantee applies to a second, measure-based
hierarchy of bounds f (r) > fmin- Our result may therefore also be interpreted as
bounding the range (") — Jr)-

A limitation of the present work is that no information is gained for low levels
of the hierarchy, when r is fixed and the dimension n grows. Indeed, our results
apply only in the regime r ~ ¢ - n, where t € [0,1/2] is a fixed fraction. They are
therefore of limited practical value, as computation beyond the first few levels
of the hierarchy is currently infeasible.

Our analysis also applies to polynomial optimization over the cube {+1}" (by
a simple change of variables). Furthermore, the techniques we use on the binary
cube B" generalize naturally to the g-ary cube (Z/qZ)" = {0,1,...,q — 1}" for
q > 2. As a result we are able to show close analogs of our results on B" in
this more general setting as well. We present this generalization in the expanded
version [38] of this work.

The Constant «4. The strength of our results depends in large part on the
size of the constant 4 appearing in Theorem 1 and Theorem 3, where we may
set Cq = d(d + 1)7v4. In [38] we show the existence of this constant 7,4, but the
resulting dependence on d there is quite bad. This dependence, however, seems
to be mostly an artifact of our proof. As we explain in [38], it is possible to
compute explicit upper bounds on 74 for small values of d. Table 1 lists some of
these upper bounds, which appear much more reasonable than our theoretical
guarantee would suggest.

Table 1. Upper bounds on 4. Values rounded to indicated precision.

d |1 2 3 4 5 6 7 |8 9 10 11 12
Y4 [1.00{2.00|4.00|8.00{20.0{48.1|112|258|578|1306 2992|6377
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Computing Extremal Roots of Krawtchouk Polynomials. Although The-
orem 2 provides only an asymptotic bound on the least root & of £, it should
be noted that &' can be computed explicitely for small values of r, n, thus allow-
ing for a concrete estimate of the error of both Lasserre hierarchies via Theorem
1 and Theorem 3, respectively. Indeed, as is well-known, the root &, ; is equal
to the smallest eigenvalue of the (r+ 1) x (r 4 1) matrix A (aka Jacobi matrix),
whose entries are given by A; ; = <tl€?(t),ﬁ?(t)>w for i,5 € {0,1,...,7}. See,
e.g., [39] for more details.

Connecting the Hierarchies. Our analysis of the outer hierarchy f(,) on
B relies essentially on knowledge of the inner hierarchy f("). Although not
explicitely mentioned there, this is the case for the analysis on S"~1 in [11] as
well. As the behaviour of (") is generally quite well understood, this suggests a
potential avenue for proving further results on f(,) in other settings.

For instance, the inner hierarchy f(") is known to converge at a rate in
O(1/r?) on the unit ball B"™ or the unit box [—1,1]", but matching results
on the outer hierarchy f(,) are not available. The question is thus whether the
strategy used for the hypersphere S"~1 in [11] and for the boolean cube B™ here
might be extended to these cases as well.

Although B™ and [—1,1]" have similar symmetric structure to S®~! and
B™, respectively, the accompanying Fourier analysis is significantly more com-
plicated. In particular, a direct analog of the Funk-Hecke formula (14) is not
available. New ideas are therefore needed to define the kernel K (z,y) (cf. (8))
and analyze its eigenvalues.
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