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:arspZbs) Vd bnmrhcdq sgd rtl,ne,rpt]qdr ghdq]qbgx ne ]ooqnwhl]shnmr
enq sgd oqnakdl ne lhmhlhyhmf ] onkxmnlh]k / nudq sgd annkd]m gxodq,
btad �m : ∞/γ 0{m- Sghr ghdq]qbgx oqnuhcdr enq d]bg hmsdfdq q � K ] knvdq
antmc /�q( nm sgd lhmhltl /iem ne / ) fhudm ax sgd k]qfdrs rb]k]q � enq
vghbg sgd onkxmnlh]k /}� hr ] rtl,ne,rpt]qdr nm �m vhsg cdfqdd ]s lnrs
1q- Vd ]m]kxyd sgd pt]khsx ne sgdrd antmcr ax drshl]shmf sgd vnqrs,b]rd
dqqnq /iem } /�q( hm sdqlr ne sgd kd]rs qnnsr ne sgd Jq]vsbgntj onkxmn,
lh]kr- =r ] bnmrdptdmbd) enq ’wdc r � Z/γ 0,1[) vd b]m rgnv sg]s sghr
vnqrs,b]rd dqqnq hm sgd qdfhld q ∈ r −f hr ne sgd nqcdq 0,1}

�
r&0} r( ]r

f sdmcr sn ≈- Ntq oqnne bnlahmdr bk]rrhb]k Entqhdq ]m]kxrhr nm �m vhsg
sgd onkxmnlh]k jdqmdk sdbgmhptd ]mc dwhrshmf qdrtksr nm sgd dwsqdl]k
qnnsr ne Jq]vsbgntj onkxmnlh]kr- Sghr khmj sn qnnsr ne nqsgnfnm]k onkx,
mnlh]kr qdkhdr nm ] bnmmdbshnm adsvddm sgd ghdq]qbgx ne knvdq antmcr
/�q( ]mc ]mnsgdq ghdq]qbgx ne toodq antmcr / �q() enq vghbg vd ]qd ]krn
]akd sn drs]akhrg sgd r]ld dqqnq ]m]kxrhr- Ntq ]m]kxrhr dwsdmcr sn sgd
lhmhlhy]shnm ne ] onkxmnlh]k nudq sgd n,]qx btad &S,nS(m-

Idwunpcr9 Ahm]qx onkxmnlh]k noshlhy]shnm ± K]rrdqqd ghdq]qbgx ±
Rtl,ne,rpt]qdr onkxmnlh]kr ± Entqhdq ]m]kxrhr ± Jq]vsbgntj
onkxmnlh]kr ± Onkxmnlh]k jdqmdkr ± Rdlhcd’mhsd oqnfq]llhmf

0 Hmsqnctbshnm

Vd bnmrhcdq sgd oqnakdl ne lhmhlhyhmf ] onkxmnlh]k d � QZw[ ne cdfqdd c ≤ k
nudq sgd k,chldmrhnm]k annkd]m gxodqbtad �k ; R/, 0|k+ h-d-+ ne bnlotshmf
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Sghr noshlhy]shnm oqnakdl hr MO,g]qc hm fdmdq]k+ ]kqd]cx enq c ; 1- Hmcddc+ ]r
hr vdkk,jmnvm+ nmd b]m lncdk ]m hmrs]mbd ne kTu)ats nm sgd bnlokdsd fq]og
Ik vhsg dcfd vdhfgsr u ; &ufi( ]r ] oqnakdl ne sgd enql &0( ax rdsshmf9
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�
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?r ]mnsgdq dw]lokd nmd b]m bnlotsd sgd rs]ahkhsx mtladq �&E( ne ] fq]og
E ; &S,C( uh] sgd oqnfq]l

�&E( ; l]w
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�
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wf }
�
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wfwi ,

Nmd l]x qdok]bd sgd annkd]m btad �k ; R/, 0|k ax sgd chrbqdsd btad R±0|k+ hm
vghbg b]rd l]whlhyhmf ] pt]cq]shb onkxmnlh]k wE>w g]r l]mx nsgdq ]ookhb],
shnmr+ d-f-+ sn kTu)ats Z02[+ sn sgd bts mnql Z0[+ nq sn bnqqdk]shnm bktrsdqhmf Z3[-
?ooqnwhl]shnm ]kfnqhsglr ]qd jmnvm cdodmchmf nm sgd rsqtbstqd ne sgd l]sqhw
> &rdd Z0+5+02[(+ ats sgd oqnakdl hr jmnvm sn ad MO,g]qc sn ]ooqnwhl]sd vhsghm
]mx e]bsnq kdrr sg]m 02.00 Z1[-
Oqnakdl &0( ]krn odqlhsr sn b]ostqd onkxmnlh]k noshlhy]shnm nudq ] fdmdq]k

qdfhnm ne sgd enql �k∩O vgdqd O hr ] onkxgdcqnm Z06[ ]mc sgtr ] aqn]c q]mfd ne
bnlahm]snqh]k noshlhy]shnm oqnakdlr- Sgd fdmdq]k hmsq]bs]ahkhsx ne oqnakdl &0(
lnshu]sdr sgd rd]qbg enq sq]bs]akd antmcr nm sgd lhmhltl u]ktd hm &0(- Enq sghr+
rdudq]k khes,]mc,oqnidbs ldsgncr g]ud addm oqnonrdc+ a]rdc nm kheshmf sgd oqna,
kdl sn ghfgdq chldmrhnm ax hmsqnctbhmf mdv u]qh]akdr lncdkkhmf ghfgdq cdfqdd
lnmnlh]kr- Rtbg ldsgncr ]krn ]ookx sn bnmrsq]hmdc oqnakdlr nm �k vgdqd sgd
bnmrsq]hmsr b]m ad khmd]q nq onkxmnlh]k: rdd+ d-f-+ Z2+07+16+22+25+3/[- Hm Z10[ hs hr
rgnvm sg]s sgd rtl,ne,rpt]qdr ghdq]qbgx ne K]rrdqqd Z07[ hm e]bs qd’mdr sgd nsgdq
oqnonrdc ghdq]qbghdr- ?r ] bnmrdptdmbd sgd rtl,ne,rpt]qdr ]ooqn]bg enq onkx,
mnlh]k noshlhy]shnm nudq �k g]r qdbdhudc ] fqd]s cd]k ne ]ssdmshnm hm sgd qdbdms
xd]qr ]mc sgdqd hr ] u]rs khsdq]stqd nm sghr snohb- ?lnmf l]mx nsgdq qdrtksr+ kds
tr itrs ldmshnm hsr trd sn rgnv knvdq antmcr nm sgd rhyd ne rdlhcd’mhsd oqn,
fq]llhmf qdk]w]shnmr enq bnlahm]snqh]k oqnakdlr rtbg ]r l]w,bts+ l]whltl
rs]akd rdsr ]mc SRO hm Z14[+ ]mc sgd khmjr sn sgd Tmhptd F]ld Bnmidbstqd hm Z4[-
Enq a]bjfqntmc ]ants sgd rtl,ne,rpt]qdr ghdq]qbgx ]ookhdc sn onkxmnlh]k nosh,
lhy]shnm nudq fdmdq]k rdlh,]kfdaq]hb rdsr vd qdedq sn Z05+08+12+2/[ ]mc etqsgdq
qdedqdmbdr sgdqdhm-
Sghr lnshu]sdr sgd hmsdqdrs hm f]hmhmf ] adssdq tmcdqrs]mchmf ne sgd pt]khsx

ne sgd antmcr oqnctbdc ax sgd rtl,ne,rpt]qdr ghdq]qbgx- Ntq naidbshud hm sghr
o]odq hr sn hmudrshf]sd rtbg ]m dqqnq ]m]kxrhr enq sghr ghdq]qbgx ]ookhdc sn ahm]qx
onkxmnlh]k noshlhy]shnm ]r hm &0(-

0-0 Sgd Rtl,ne,Rpt]qdr Ghdq]qbgx nm sgd Annkd]m Btad

Sgd rtl,ne,rpt]qdr ghdq]qbgx v]r hmsqnctbdc ax K]rrdqqd Z05+07[ ]mc O]qqhkn
Z2/[ ]r ] snnk sn oqnctbd sq]bs]akd knvdq antmcr enq onkxmnlh]k noshlhy]shnm
oqnakdlr- Vgdm ]ookhdc sn oqnakdl &0( hs oqnuhcdr enq ]mx hmsdfdq q � K ] knvdq
antmc d&p( ≤ dlhm nm dlhm+ fhudm ax9

d&p( 9; rto
��Q

Rd&w(} λ hr ] rtl,ne,rpt]qdr ne cdfqdd ]s lnrs 1q nm �k| , &1(

Sgqntfgnts+ Σp cdmnsdr sgd rds ne rtl,ne,rpt]qdr onkxmnlh]kr vhsg cdfqdd ]s
lnrs 1q+ h-d-+ ne sgd enql

∑
f n

1

f vhsg nf � QZw[p- Hm oqnfq]l &1(+ sgd bnmchshnm
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”d&w(}λ hr ] rtl,ne,rpt]qdr ne cdfqdd ]s lnrs 1q nm �k‘ ld]mr sg]s sgdqd dwhrsr
] rtl,ne,rpt]qdr onkxmnlh]k r � Σp rtbg sg]s d&w( } λ ; r&w( enq ]kk w � �k+
nq+ dpthu]kdmskx+ sg]s sgd onkxmnlh]k d }λ} r adknmfr sn sgd hcd]k fdmdq]sdc ax
sgd onkxmnlh]kr w0 } w1

0
, , , , ,wk } w1

k-
?r rtlr ne rpt]qdr ne onkxmnlh]kr b]m ad lncdkkdc trhmf rdlhcd’mhsd oqn,

fq]llhmf+ oqnakdl &1( b]m ad qdenqltk]sdc ]r ] rdlhcd’mhsd oqnfq]l ne rhyd
onkxmnlh]k hm k enq ’wdc q Z05+2/[- Hm sgd b]rd ne tmbnmrsq]hmdc annkd]m noshlhy],
shnm+ sgd qdrtkshmf rdlhcd’mhsd oqnfq]l hr jmnvm sn g]ud ]m noshltl rnktshnm
vhsg rl]kk bnd�bhdmsr &rdd Z18[ ]mc Z20[(- Enq ’wdc q+ sgd o]q]ldsdq d&p( l]x
sgdqdenqd ad bnlotsdc d�bhdmskx &to sn ]mx oqdbhrhnm(-
Sgd antmcr d&p( g]ud ’mhsd bnmudqfdmbd9 d&p( ; dlhm enq q ≥ k Z07[- Hm e]bs+

hs g]r addm rgnvm hm Z23[ sg]s sgd antmc d&p( hr dw]bs ]kqd]cx enq 1q ≥ k)c} 0-
Sg]s hr+

d&p( ; dlhm enq q ≥ k) c} 0
1

, &2(

Hm ]cchshnm+ hs hr rgnvm hm Z23[ sg]s sgd antmc d&p( hr dw]bs enq 1q ≥ k)c}1 vgdm
sgd onkxmnlh]k d g]r nmkx lnmnlh]kr ne dudm cdfqdd- Sghr dwsdmcr ]m d]qkhdq
qdrtks ne Z01[ rgnvm enq pt]cq]shb enqlr &c ; 1(+ vghbg ]ookhdr hm o]qshbtk]q
sn sgd b]rd ne kTu)ats- Etqsgdqlnqd+ sghr qdrtks hr shfgs enq kTu)ats+ rhmbd
nmd mddcr sn fn to sn nqcdq 1q ≥ k hm nqcdq sn qd]bg ’mhsd bnmudqfdmbd &hm sgd
b]qchm]khsx b]rd vgdm ]kk dcfd vdhfgsr ]qd 0( Z11[- Rhlhk]qkx+ sgd qdrtks &2( hr shfgs
vgdm c hr dudm ]mc k hr ncc Z04[-
Sgd l]hm bnmsqhatshnm ne sghr vnqj hr ]m ]m]kxrhr ne sgd pt]khsx ne sgd antmcr

d&p( vgdm 1q / k) c} 0- Sgd enkknvhmf hr ntq l]hm qdrtks+ vghbg dwoqdrrdr sgd
dqqnq ne sgd antmc d&p( hm sdqlr ne sgd kd]rs qnnsr ne Jq]vsbgntj onkxmnlh]kr-

Sgdnqdl 0- Ehw c ≤ k ]mc kds d � QZw[ ad ] onkxmnlh]k ne cdfqdd c- Enq
q,k � K) kds ξkp ad sgd kd]rs qnns ne sgd cdfqdd q Jq]vsbgntj onkxmnlh]k &00( vhsg
o]q]ldsdq k- Sgdm) he &q ) 0(.k ≤ 0.1 ]mc c&c) 0( ± &ξkp)0

.k( ≤ 0.1) vd g]ud8

dlhm } d&p(
≥d≥©

≤ 1Bc ± ξkp)0
.k, &3(

Gdqd Bc < / hr ]m ]arnktsd bnmrs]ms cdodmchmf nmkx nm c ]mc vd rds ≥d≥© 9;
l]wu��m {d&w({,

Sgd dwsqdl]k qnnsr ne Jq]vsbgntj onkxmnlh]kr ]qd vdkk,rstchdc hm sgd khsdq],
stqd- Sgd enkknvhmf qdrtks ne Kdudmrgsdhm Z15[ rgnvr sgdhq ]rxlosnshb adg]uhntq-

Sgdnqdl 1 �Z15[) Rdbs- 4(- Enq s � Z/, 0.1[) cd”md sgd etmbshnm

ϕ&s( ; 0.1}
∑
s&0} s(, &4(

Sgdm sgd kd]rs qnns ξkp ne sgd cdfqdd q Jq]vsbgntj onkxmnlh]k vhsg o]q]ldsdq k
r]shr”dr

ξkp .k ≤ ϕ&q.k( ) b ± &q.k(}0,5 ± k}1,2 &5(

enq rnld tmhudqr]k bnmrs]ms b < /-
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?ookxhmf &5( sn &3(+ vd ’mc sg]s sgd qdk]shud dqqnq ne sgd antmc d&p( hm sgd
qdfhld q ≈ s ± k adg]udr ]r sgd etmbshnm ϕ&s( ; 0.1 }

∑
s&0} s(+ to sn ] mnhrd

sdql hm L&0.k1,2(+ vghbg u]mhrgdr ]r k sdmcr sn ∞-

0-1 = Rdbnmc Ghdq]qbgx ne Antmcr

Hm ]cchshnm sn sgd knvdq antmc d&p(+ K]rrdqqd Z1/[ ]krn cd’mdr ]m toodq antmc
d &p( ≥ dlhm nm dlhm ]r enkknvr9

d &p( 9; hme
r�Σp

√{

�m

d&w( ± r&w(cy&w( 9
{

�m

r&w(cy&w( ; 0
∫

, &6(

vgdqd y hr sgd tmhenql oqna]ahkhsx ld]rtqd nm �k- Enq ’wdc q+ rhlhk]qkx sn d&p(+
nmd l]x bnlotsd d &p( &to sn ]mx oqdbhrhnm( d�bhdmskx ax qdenqltk]shmf &6( ]r ]
rdlhcd’mhsd oqnfq]l Z1/[- Etqsgdqlnqd+ ]r rgnvm hm Z1/[ sgd antmc hr dw]bs enq
rnld nqcdq q+ ]mc hs hr mns ch�btks sn rdd sg]s sgd antmc d &p( hr dw]bs ]s nqcdq
q ; k ]mc sg]s sghr hr shfgs-
Drrdmsh]kkx ]r ] rhcd qdrtks hm sgd oqnne ne ntq l]hm Sgdnqdl 0+ vd fds sgd

enkknvhmf ]m]knf ne Sgdnqdl 0 enq sgd toodq antmcr d &p(-

Sgdnqdl 2- Ehw c ≤ k ]mc kds d � QZw[ ad ] onkxmnlh]k ne cdfqdd c- Sgdm) enq
]mx q,k � K vhsg &q ) 0(.k ≤ 0.1) vd g]ud8

d &p( } dlhm

≥d≥©
≤ Bc ± ξkp)0

.k,

vgdqd Bc < / hr sgd bnmrs]ms ne Sgdnqdl 0-

Rn vd g]ud sgd r]ld drshl]sd ne sgd qdk]shud dqqnq enq sgd toodq antmcr d &p(

]r enq sgd knvdq antmcr d&p( &to sn ] bnmrs]ms e]bsnq 1( ]mc hmcddc vd vhkk rdd
sg]s ntq oqnne qdkhdr nm ]m hmshl]sd bnmmdbshnm adsvddm ansg ghdq]qbghdr- Mnsd
sg]s sgd ]anud ]m]kxrhr ne d &p( cndr mns qdpthqd ]mx bnmchshnm nm sgd rhyd ne ξkp)0

]r v]r mdbdrr]qx enq sgd ]m]kxrhr ne d&p( hm Sgdnqdl 0- Hmcddc+ sghr bnmchshnm
nm ξkp)0

enkknvr eqnl ] sdbgmhb]k ]qftldms vghbg hr mns qdpthqdc hm sgd oqnne ne
Sgdnqdl 2 &m]ldkx+ sgd bnmchshnm Λ ≤ 0.1 ]anud qdk]shnm &05( hm Rdbs- 1-2(-

0-2 =rxlosnshb =m]kxrhr enq Ansg Ghdq]qbghdr

Sgd qdrtksr ]anud hlokx sg]s sgd qdk]shud dqqnq ne ansg ghdq]qbghdr hr antmcdc
]rxlosnshb]kkx ax sgd etmbshnm ϕ&s( eqnl &4( hm sgd qdfhld q ≈ s ± k- Sghr hr
rtll]qhydc hm sgd enkknvhmf bnqnkk]qx vghbg b]m ad rddm ]r ]m ]rxlosnshb udqrhnm
ne Sgdnqdl 0 ]mc Sgdnqdl 2-

Bnqnkk]qx 0- Ehw c ≤ k ]mc enq k, q � K vqhsd

C&p(&k( 9; rto
d�QWu[b

}
dlhm } d&p( 9 ≥d≥© ; 0

{
,

C&p(&k( 9; rto
d�QWu[b

}
d &p( } dlhm 9 ≥d≥© ; 0

{
,
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Kds Bc ad sgd bnmrs]ms ne Sgdnqdl 0 ]mc kds ϕ&s( ad sgd etmbshnm eqnl �4(- Sgdm)
enq ]mx s � Z/, 0.1[) vd g]ud8

khl
p,k∞s

C&p(&k( ≤ Bc ± ϕ&s(

]mc) he c&c) 0( ± ϕ&s( ≤ 0.1) vd ]krn g]ud8

khl
p,k∞s

C&p(&k( ≤ 1 ± Bc ± ϕ&s(,

Gdqd) sgd khlhs mns]shnm q.k → s ld]mr sg]s sgd bk]hldc bnmudqfdmbd gnkcr
enq ]kk rdptdmbdr &ki(i ]mc &qi(i ne hmsdfdqr rtbg sg]s khli∞© ki ; ∞ ]mc
khli∞© qi.ki ; s-

Vd bknrd vhsg rnld qdl]qjr- Ehqrs+ mnsd sg]s ϕ&0.1( ; /- Gdmbd Bnqnkk]qx 0
sdkkr tr sg]s sgd qdk]shud dqqnq ne ansg ghdq]qbghdr sdmcr sn / ]r q.k → 0.1- Vd
sgtr ”]rxlosnshb]kkx‘ qdbnudq sgd dw]bsmdrr qdrtks &2( ne Z23[-
Ntq qdrtksr hm Sgdnqdlr 0 ]mc 2 ]mc Bnqnkk]qx 0 dwsdmc chqdbskx sn sgd b]rd

ne onkxmnlh]k noshlhy]shnm nudq sgd chrbqdsd btad R±0|k hmrsd]c ne sgd annkd]m
btad �k ; R/, 0|k+ ]r b]m d]rhkx ad rddm ax ]ookxhmf ] bg]mfd ne u]qh]akdr
w � R/, 0| →→ 1w } 0 � R±0|- Hm ]cchshnm+ ntq qdrtksr dwsdmc sn sgd b]rd ne
onkxmnlh]k noshlhy]shnm nudq sgd p,]qx btad R/, 0, , , , , p} 0|k enq p < 1 &rdd sgd
dwsdmcdc udqrhnm ne sghr vnqj hm Z27[(-
Bkd]qkx+ vd l]x ]krn nas]hm toodq &qdro-+ knvdq( antmcr nm sgd l]whltl

dl]w ne d nudq �k ax trhmf d&p( &qdro-+ d &p(( ]ookhdc sn }d - Sn ]unhc onrrhakd
bnmetrhnm vd vhkk ]krn qdedq sn d&p( ]r sgd ntsdq K]rrdqqd ghdq]qbgx+ vgdqd]r vd
vhkk qdedq sn d &p( ]r sgd hmmdq K]rrdqqd ghdq]qbgx- Sghr sdqlhmnknfx &anqqnvdc
eqnl Z6[( hr lnshu]sdc ax sgd enkknvhmf nardqu]shnmr- Nmd b]m qdenqltk]sd dlhm

uh] noshlhy]shnm nudq sgd rdsK ne Anqdk ld]rtqdr nm �k9

dlhm ; lhm
}{

�m

d&w(cν&w( 9 ν �K,

{

�m

cν&w( ; 0
{
,

He vd qdok]bd sgd rds K ax hsr hmmdq ]ooqnwhl]shnm bnmrhrshmf ne ]kk ld]rtqdr
ν&w( ; r&w(cy&w( vhsg onkxmnlh]k cdmrhsx r � Σp vhsg qdrodbs sn ] fhudm ’wdc
ld]rtqd y+ sgdm vd nas]hm sgd antmc d &p(- Nm sgd nsgdq g]mc+ ]mx ν �K fhudr ]
khmd]q etmbshnm]k Kν 9 n � QZw[1p →→

}
�m n&w(cν&w( vghbg hr mnmmdf]shud nm rtl,

ne,rpt]qdr nm �k- Sgdrd khmd]q etmbshnm]kr sgtr oqnuhcd ]m ntsdq ]ooqnwhl]shnm
enqK ]mc l]whlhyhmf Kν&n( nudq hs fhudr sgd antmc d&p( &hm ct]k enqltk]shnm(-

0-3 Qdk]sdc Vnqj

?r ldmshnmdc ]anud+ sgd antmcr d&p( eqnl &1( ]qd dw]bs vgdm 1q ≥ k)c}0- Sgd
b]rd c ; 1 &vghbg hmbktcdr kTu)ats( v]r sqd]sdc hm Z01[+ onrhshudkx ]mrvdqhmf
] ptdrshnm onrdc hm Z11[- Dwsdmchmf sgd rsq]sdfx ne Z01[+ sgd fdmdq]k b]rd v]r
rdsskdc hm Z23[- Sgdrd dw]bsmdrr qdrtksr ]qd adrs onrrhakd enq c dudm ]mc k ncc
Z04[-
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Hm Z03[+ sgd rtl,ne,rpt]qdr ghdq]qbgx hr bnmrhcdqdc enq ]ooqnwhl]shmf
hmrs]mbdr ne imTorTai- Sghr b]m ad rddm ]r ] u]qh]shnm nm sgd oqnakdl &0(+
qdrsqhbshmf sn ] khmd]q onkxmnlh]k naidbshud vhsg onrhshud bnd�bhdmsr+ ats hmsqn,
ctbhmf ] rhmfkd+ khmd]q bnmrsq]hms+ ne sgd enql V0w0) , , ,) Vkwk ≤ a vhsg Vf < /-
Sgdqd+ sgd ]tsgnqr rgnv sg]s sgd ntsdq ghdq]qbgx g]r qdk]shud dqqnq ]s lnrs
0.&q}0( enq ]mx q ≥ 1- Sn sgd adrs ne ntq jmnvkdcfd sghr hr sgd nmkx jmnvm b]rd
vgdqd nmd b]m ]m]kxyd sgd pt]khsx ne sgd ntsdq antmcr enq ]kk nqcdqr q ≤ k-
Enq noshlhy]shnm nudq rdsr nsgdq sg]m sgd annkd]m btad+ sgd enkknvhmf qdrtksr

nm sgd pt]khsx ne sgd ntsdq ghdq]qbgx d&p( ]qd ]u]hk]akd- Vgdm bnmrhcdqhmf fdmdq]k
rdlh,]kfdaq]hb rdsr &r]shrexhmf ] bnlo]bsmdrr bnmchshnm(+ hs g]r addm rgnvm hm
Z17[ sg]s sgdqd dwhrsr ] bnmrs]ms b < / &cdodmchmf nm sgd rdlh,]kfdaq]hb rds(
rtbg sg]s d&p( bnmudqfdr sn dlhm ]s ] q]sd hm L&0. knf&q.b(0,a( ]r q sdmcr sn ∞-
Sghr q]sd b]m ad hloqnudc sn L&0.q0,a( he nmd bnmrhcdqr ] u]qh]shnm ne sgd rtl,
ne,rpt]qdr ghdq]qbgx vghbg hr rsqnmfdq &a]rdc nm sgd oqdnqcdqhmf hmrsd]c ne sgd
pt]cq]shb lnctkd(+ ats ltbg lnqd bnlots]shnm]kkx hmsdmrhud Z24[- Rodbh]khyhmf
sn sgd gxodqrogdqd Pk}0+ adssdq q]sdr hm L&0.q( vdqd rgnvm hm Z0/+21[+ ]mc
qdbdmskx hloqnudc sn L&0.q1( hm Z00[- Rhlhk]q hloqnudc qdrtksr dwhrs ]krn enq sgd
b]rd ne onkxmnlh]k noshlhy]shnm nm sgd rhlokdw ]mc sgd bnmshmtntr gxodqbtad
Z}0, 0[k: vd qdedq+ d-f-+ sn Z6[ enq ]m nudquhdv-
Sgd qdrtksr enq rdlh,]kfdaq]hb rdsr nsgdq sg]m �k ldmshnmdc ]anud ]kk ]ookx

hm sgd ]rxlosnshb qdfhld vgdqd sgd chldmrhnm k hr ’wdc ]mc q → ∞- Sghr
l]jdr hs ch�btks sn bnlo]qd sgdl chqdbskx sn ntq mdv qdrtksr- Hmcddc+ vd g]ud
sn bnmrhcdq ] chffidqdms qdfhld hm sgd b]rd ne sgd annkd]m btad �k+ ]r sgd ghdq]qbgx
]kv]xr bnmudqfdr hm ]s lnrs k rsdor- Sgd qdfhld vgdqd vd ]qd ]akd sn oqnuhcd
]m ]m]kxrhr hm sghr o]odq hr vgdm q ≈ s ± k vhsg / / s ≤ 0.1-
Stqmhmf mnv sn sgd hmmdq ghdq]qbgx &6(+ ]r e]q ]r vd ]qd ]v]qd+ mnsghmf

hr jmnvm ]ants sgd adg]uhntq ne sgd antmcr d &p( nm �k- Enq etkk,chldmrhnm]k
bnlo]bs rdsr+ gnvdudq+ qdrtksr ]qd ]u]hk]akd- Hs g]r addm rgnvm sg]s+ nm sgd
gxodqrogdqd Z7[+ sgd tmhs a]kk ]mc sgd rhlokdw Z26[+ ]mc sgd tmhs anw Z8[+ sgd
antmc d &p( bnmudqfdr ]s ] q]sd hm L&0.q1(- ? rkhfgskx vd]jdq bnmudqfdmbd q]sd hm
L&knf1 q.q1( hr jmnvm enq fdmdq]k &etkk,chldmrhnm]k( rdlh,]kfdaq]hb rdsr Z13+26[-
?f]hm+ sgdrd qdrtksr ]qd ]kk ]rxlosnshb hm q+ ]mc sgtr g]qc sn bnlo]qd chqdbskx
sn ntq ]m]kxrhr nm �k-

0-4 Nudquhdv ne sgd Oqnne

Vd fhud gdqd ] aqn]c nudquhdv ne sgd l]hm hcd]r sg]s vd trd sn rgnv ntq qdrtksr-
Ntq aqn]c rsq]sdfx enkknvr sgd nmd dloknxdc hm Z00[ sn nas]hm hmenql]shnm nm
sgd rtl,ne,rpt]qdr ghdq]qbgx nm sgd gxodqrogdqd- Sgd enkknvhmf entq hmfqdchdmsr
vhkk ok]x ] jdx qnkd hm ntq oqnne9

0- vd trd sgd onkxmnlh]k jdqmdk sdbgmhptd hm nqcdq sn oqnctbd knv,cdfqdd rtl,ne,
rpt]qdr qdoqdrdms]shnmr ne onkxmnlh]kr sg]s ]qd onrhshud nm �k+ sgtr ]kknvhmf
]m ]m]kxrhr ne dlhm } d&p(:

1- trhmf bk]rrhb]k Entqhdq ]m]kxrhr nm sgd annkd]m btad �k vd ]qd ]akd sn dwoknhs
rxlldsqx ]mc qdctbd sgd rd]qbg enq ] ltkshu]qh]sd jdqmdk sn ] tmhu]qh]sd
rtl,ne,rpt]qdr onkxmnlh]k nm sgd chrbqdsd rds Z/ 9 k[ 9; R/, 0, , , , ,k|:
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2- vd ’mc sghr tmhu]qh]sd rtl,ne,rpt]qdr ax ]ookxhmf sgd hmmdq K]rrdqqd ghdq]q,
bgx sn ]m ]ooqnoqh]sd tmhu]qh]sd noshlhy]shnm oqnakdl nm Z/ 9 k[:

3- ’m]kkx+ vd dwoknhs ] jmnvm bnmmdbshnm adsvddm sgd hmmdq ghdq]qbgx ]mc sgd
dwsqdl]k qnnsr ne bnqqdronmchmf nqsgnfnm]k onkxmnlh]kr &hm ntq b]rd+ sgd
Jq]vsbgntj onkxmnlh]kr(-

Enkknvhmf sgdrd rsdor vd ]qd ]akd sn ]m]kxyd sgd rtl,ne,rpt]qdr ghdq]qbgx d&p( ]r
vdkk ]r sgd hmmdq ghdq]qbgx d &p(- Hm sgd mdws rdbshnm vd vhkk rjdsbg hm rnld lnqd
cds]hk gnv ntq oqnne ]qshbtk]sdr ]knmf sgdrd entq l]hm rsdor-

1 Rjdsbg ne Oqnne

Gdqd vd rjdsbg sgd l]hm ]qftldmsr mddcdc sn oqnud Sgdnqdl 0- Hs stqmr nts
sg]s sgd oqnne enq Sgdnqdl 2 enkknvr drrdmsh]kkx eqnl rnld ne sgdrd ]qftldmsr-
Enq ] bnlokdsd cds]hkdc oqnne vd qdedq sn sgd dwsdmcdc udqrhnm Z27[ ne sghr vnqj-
Sghr rdbshnm hr nqf]mhydc ]knmf sgd entq l]hm rsdor ntskhmdc hm Rdbs- 0-4-

1-0 Sgd Onkxmnlh]k Jdqmdk Sdbgmhptd

Kds d � QZw[c ad sgd onkxmnlh]k vhsg cdfqdd c enq vghbg vd vhrg sn ]m]kxyd sgd
antmcr d&p( ]mc d &p(- ?esdq qdrb]khmf+ ]mc to sn ] bg]mfd ne bnnqchm]sdr+ vd l]x
]rrtld v-k-n-f- sg]s d ]ss]hmr hsr lhmhltl nudq �k ]s / � �k ]mc sg]s dlhm ; /
]mc dl]w ; 0- Rn vd g]ud ≥d≥© ; 0- Sn rhlokhex mns]shnm+ vd vhkk l]jd sgdrd
]rrtloshnmr sgqntfgnts-
Sgd ’qrs jdx hcd] hr sn bnmrhcdq ] onkxmnlh]k jdqmdk I nm �k ne sgd enql9

I&w, x( ; t1&c&w, x(( &w, x � �k(, &7(

vgdqd t � QZs[p hr ] tmhu]qh]sd onkxmnlh]k ne cdfqdd ]s lnrs q ]mc c&w, x( hr sgd
G]llhmf chrs]mbd adsvddm w ]mc x- Rtbg ] jdqmdk I hmctbdr ]m nodq]snq J+
vghbg ]bsr khmd]qkx nm sgd ro]bd ne onkxmnlh]kr nm �k ax9

n � QZw[ →→ Jn&w( 9;
{

�m

n&x(I&w, x(cy&x( ;
0
1k
�

x��m

n&x(I&w, x(,

Qdb]kk sg]s y hr sgd tmhenql oqna]ahkhsx chrsqhatshnm nm �k- ?m d]rx ats hlonq,
s]ms nardqu]shnm hr sg]s+ he n hr mnmmdf]shud nm �k+ sgdm Jn hr ] rtl,ne,rpt]qdr
&nm �k( ne cdfqdd ]s lnrs 1q- Vd trd sghr nardqu]shnm ]r enkknvr-
Fhudm ] rb]k]q δ ≥ /+ cd’md sgd onkxmnlh]k d̂ 9; d ) δ- ?rrtlhmf sg]s

sgd nodq]snq J hr mnm,rhmftk]q+ vd b]m dwoqdrr d̂ ]r d̂ ; J&J}0d̂(- Sgdqdenqd+
he J}0d̂ hr mnmmdf]shud nm �k+ vd ’mc sg]s d̂ hr ] rtl,ne,rpt]qdr nm �k vhsg
cdfqdd ]s lnrs 1q+ ]mc sgtr sg]s dlhm } d&p( ≤ δ-
Nmd v]x sn ft]q]msdd sg]s J}0d̂ hr hmcddc mnmmdf]shud nm �k hr sn rdkdbs

sgd nodq]snq J hm rtbg ] v]x sg]s J&0( ; 0 ]mc

≥J}0 } H≥ 9; rto
n�QWu[b

≥J}0n} n≥©
≥n≥©

≤ δ, &8(

Vd bnkkdbs sghr ]r ] kdll] enq etqsgdq qdedqdmbd-
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Kdll] 0- He sgd jdqmdk nodq]snq J ]rrnbh]sdc sn t � QZs[p uh] qdk]shnm �7(
r]shr”dr J&0( ; 0 ]mc ≥J}0 } H≥ ≤ δ) sgdm vd g]ud dlhm } d&p( ≤ δ-

Oqnne- Vhsg d̂ ; d ) δ+ vd g]ud9 ≥J}0d̂ } d̂≥© ; ≥J}0d } d≥© ≤ δ≥d≥© ; δ-
Sgdqdenqd vd nas]hm sg]s J}0d̂&w( ≥ d̂&w(} δ ; d&w( ≥ dlhm ; / nm �k- *+

Hm khfgs ne Kdll] 0+ vd v]ms sn bgnnrd t � QZs[p hm rtbg ] v]x sg]s sgd nodq]snq
J}0 &]mc sgtr J( hr ”bknrd sn sgd hcdmshsx nodq]snq‘ hm ] bdqs]hm rdmrd- Hm nsgdq
vnqcr+ vd v]ms sgd dhfdmu]ktdr ne J sn ad ]r bknrd ]r onrrhakd sn 0-

1-1 Entqhdq =m]kxrhr nm �d ]mc sgd Etmj,Gdbjd Enqltk]

?r jdqmdkr ne sgd enql &7( ]qd hmu]qh]ms tmcdq sgd rxlldsqhdr ne �k+ vd ]qd
]akd sn trd bk]rrhb]k Entqhdq ]m]kxrhr nm sgd annkd]m btad sn dwoqdrr sgd dhfdm,
u]ktdr ne J hm sdqlr ne sgd onkxmnlh]k t- Lnqd oqdbhrdkx+ hs stqmr nts sg]s sgd
dhfdmu]ktdr ne J ]qd fhudm ax sgd bnd�bhdmsr ne sgd dwo]mrhnm ne t1 hm sgd a]rhr
ne Jq]vsbgntj onkxmnlh]kr- Sghr khmj hr jmnvm ]r sgd Etmj,Gdbjd enqltk] &be-
Sgdnqdl 3 adknv(-

Sgd Bg]q]bsdq A]rhr- Bnmrhcdq sgd ro]bd MZw[ ne onkxmnlh]kr nm �k+ cd’mdc
]r sgd ptnshdms ne QZw[p tmcdq sgd qdk]shnm n ∼ p he n&w( ; p&w( enq ]kk w � �k-
Dptho sghr ro]bd MZw[ vhsg sgd hmmdq oqnctbs9 ∼n, p〈y ;

}
n&w(p&w(cy&w(+ vgdqd

y hr sgd tmhenql oqna]ahkhsx ld]rtqd nm �k- V-q-s- sghr hmmdq oqnctbs sgd ro]bd
MZw[ g]r ]m nqsgnmnql]k a]rhr fhudm ax sgd rds ne bg]q]bsdqr8

χV&w( 9; &}0(V−u &V � �k(,

Sgd fqnto ?ts&�k( ne ]tsnlnqoghrlr ne �k hr fdmdq]sdc ax sgd bnnqchm]sd
odqlts]shnmr+ ne sgd enql w →→ σ&w( 9; &wσ&0(, , , , ,wσ&k(( enq σ � Rxl&k(+ ]mc
sgd odqlts]shnmr bnqqdronmchmf sn ahs,fihor+ ne sgd enql w � �k →→ w ⊕ V � �k
enq ]mx V � �k- He vd rds

Gj 9; ro]mRχV 9 {V{ ; j| &/ ≤ j ≤ k(,

sgdm d]bg Gj hr ]m hqqdctbhakd+ ?ts&�k(,hmu]qh]ms rtaro]bd ne MZw[ ne chldmrhnm∫
k
j

(
- Vd l]x sgdm cdbnlonrd MZw[ ]r sgd chqdbs rtl

MZw[ ; G/ ⊥ G0 ⊥ ± ± ± ⊥ Gk,

vgdqd sgd rtaro]bdr Gj ]qd o]hqvhrd nqsgnfnm]k v-q-s- ∼±, ±〈y- Hm e]bs+ vd g]ud
sg]s MZw[c ; G/ ⊥ G0 ⊥ ± ± ± ⊥ Gc enq ]kk c ≤ k+ ]mc vd l]x sgtr vqhsd ]mx
n � MZw[c &hm ] tmhptd v]x( ]r

n ; n/ ) n0 ) ± ± ±) nc &nj � Gj(, &0/(
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Sgd Etmj,Gdbjd Enqltk]- Enq j � K+ sgd Jq]vsbgntj onkxmnlh]k ne cdfqdd
j &]mc vhsg o]q]ldsdq k( hr sgd tmhu]qh]sd onkxmnlh]k hm s fhudm ax9

Kk
j &s( 9;

j�

f:/

&}0(f
)
s

g

()
k} s

j } g

(
&00(

&rdd+ d-f- Z28[(- Gdqd
∫
s
f

(
9; s&s}0( , , , &s} g)0(.g˜- Sgd Jq]vsbgntj onkxmnlh]kr

enql ]m nqsgnfnm]k a]rhr enq QZs[ vhsg qdrodbs sn sgd hmmdq oqnctbs ∼±, ±〈ω fhudm
ax sgd enkknvhmf chrbqdsd oqna]ahkhsx ld]rtqd nm sgd rds Z/ 9 k[ ; R/, 0, , , , ,k|9

ω 9;
0
1k

k�

s:/

)
k

s

(
δs, &01(

Sgd enkknvhmf kdll] dwok]hmr sgd bnmmdbshnm adsvddm sgd Jq]vsbgntj onkxmn,
lh]kr ]mc sgd bg]q]bsdq a]rhr nm MZw[-

Kdll] 1- Kds s � Z/ 9 k[ ]mc bgnnrd w, x � �k rn sg]s c&w, x( ; s- Sgdm enq
]mx / ≤ j ≤ k vd g]ud8

Kk
j &s( ;

�

{V{:j

χV&w(χV&x(, &02(

Trhmf Kdll] 1+ nmd hr sgdm ]akd sn rgnv sgd Etmj,Gdbjd enqltk]-

Sgdnqdl 3 �Etmj,Gdbjd(- Fhudm t � QZs[p) cdbnlonrd t1 hm sgd a]rhr ne
Jq]vsbgntj onkxmnlh]kr ]r t1 ;

∑
1p
f:/

λfKk
f ]mc bnmrhcdq sgd jdqmdk nodq]snq

J ]rrnbh]sdc sn t uh] &7(- Enq ]mx n � MZw[c vhsg g]qlnmhb cdbnlonrhshnm
n ; n/ ) n0 ) ± ± ±) nc ]r hm &0/() vd g]ud8

Jn ; λ/n/ ) λ0n0 ) ± ± ±) λcnc, &03(

1-2 Noshlhyhmf sgd Bgnhbd ne sgd Tmhu]qh]sd Onkxmnlh]k n

Qdb]kk sg]s hm khfgs ne Kdll] 0 vd vhrg sn antmc sgd pt]mshsx ≥J}0 } H≥
eqnl &8(- Sn cd’md rtbg J vd mddc sn rths]akx rdkdbs sgd onkxmnlh]k t � QZs[p-
?rrtld vd bgnnrd t � QZs[p rtbg sg]s t1 ;

∑p
f:/

λfKk
f vhsg λ/ ; 0 ]mc λf ⊥; /

enq ]kk g- Sgdm+ enq ]mx n ; n/ ) ± ± ±) nc vhsg ≥n≥© ; 0+ vd ’mc sg]s

≥J}0n} n≥© ≤
c�

f:0

{0} λ}0

f { ± ≥nf≥© ≤ γc

c�

f:0

{0} λ}0

f {, &04(

vgdqd γc < / hr ] bnmrs]ms cdodmchmf nmkx nm c- Sgd kdes lnrs hmdpt]khsx enkknvr
]esdq ]m ]ookhb]shnm ne sgd Etmj,Gdbjd enqltk] &03(- Sgd qhfgs lnrs hmdpt]khsx
hr ] qdrtks ne sgd enkknvhmf sdbgmhb]k kdll] &rdd Z27[ enq sgd oqnne(-

Kdll] 2- Sgdqd dwhrsr ] bnmrs]ms γc < /) cdodmchmf nmkx nm c) rtbg sg]s enq
]mx n ; n/ ) n0 ) , , ,) nc � MZw[c) vd g]ud8

≥nj≥© ≤ γc≥n≥© enq ]kk / ≤ j ≤ c,
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Sgd jdx e]bs gdqd hr sg]s sgd bnmrs]ms γc hm Kdll] 2 cndr mns cdodmc nm sgd
chldmrhnm k-
Sgd pt]mshsx

∑c
f:0

{0}λ}0

f { hm &04( hr rshkk ch�btks sn ]m]kxyd- Enkknvhmf Z00[+
vd sgdqdenqd bnmrhcdq sgd enkknvhmf ”khmd]qhydc‘ udqrhnm hmrsd]c9

Λ 9;
c�

f:0

&0} λf(,

Hs stqmr nts sg]s+ ]r knmf ]r Λ ≤ 0.1+ vd g]ud
∑c

f:0
{0} λ}0

f { ≤ 1Λ+ hlokxhmf9

≥J}0 } H≥ ≤ 1γc ± Λ, &05(

Qdb]kk sg]s sgd Jq]vsbgntj onkxmnlh]kr ]qd nqsgnfnm]k v-q-s- sgd hmmdq oqnc,
tbs ∼±, ±〈ω+ vgdqd ω hr sgd chrbqdsd oqna]ahkhsx ld]rtqd nm Z/ 9 k[ ne &01(- Sgdqd,
enqd+ vd l]x dwoqdrr sgd rb]k]qr λf ]r9

λf ; ∼)Kk
f ,t1〈ω, vhsg )Kk

f 9; Kk
f .≥Kk

f ≥1

ω,

Vd sgtr vhrg sn ’mc ] tmhu]qh]sd onkxmnlh]k t � QZs[p enq vghbg9

λ/ ; ∼0,t1〈ω ; 0, ]mc

Λ ; c}
c�

f:0

λf ; c}
c�

f:0

∼)Kk
f ,t1〈ω hr rl]kk-

Tmo]bjhmf sgd cd’mhshnm ne ∼±, ±〈ω+ vd sgtr mddc sn rnkud sgd enkknvhmf noshlhy],
shnm oqnakdl9

hme
t�QWs[p

√
Λ 9;

{
f ± t1cω 9

{
t1cω ; 0

∫
, vgdqd f&s( 9; c}

c�

f:0

)Kk
f &s(, &06(

Vd qdbnfmhyd sghr oqnfq]l sn ad sgd ]m]knf ne sgd oqnfq]l &6(+ vgdqd vd mnv
bnmrhcdq sgd hmmdq K]rrdqqd antmc ne nqcdq q enq sgd lhmhltl flhm ; f&/( ; /
ne sgd onkxmnlh]k f nudq sgd rds Z/ 9 k[+ bnlotsdc vhsg qdrodbs sn sgd ld]rtqd
cω&s( ; 1}k

∫
k
s

(
nm Z/ 9 k[- Gdmbd sgd noshl]k u]ktd ne &06( hr dpt]k sn f&p( ]mc+

trhmf &05(+ vd l]x bnmbktcd sgd enkknvhmf qdrtks+ vghbg sdkkr tr gnv sn rdkdbs
sgd onkxmnlh]k t &]mc sgtr J(-

Sgdnqdl 4- Kds f ad ]r hm &06(- ?rrtld sg]s f&p( } flhm ≤ 0.1- Sgdm sgdqd
dwhrsr ] onkxmnlh]k t � QZs[p rtbg sg]s λ/ ; 0 ]mc

≥J}0 } H≥ ≤ 1γc ± &f&p( } flhm(,

Gdqd) f&p( hr sgd hmmdq K]rrdqqd antmc nm flhm ne nqcdq q) bnlotsdc nm Z/ 9 k[
v-q-s- ω) uh] sgd oqnfq]l �06() ]mc γc hr sgd bnmrs]ms ne Kdll] 2-
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1-3 Sgd Hmmdq K]rrdqqd Ghdq]qbgx ]mc Nqsgnfnm]k Onkxmnlh]kr

Hm nqcdq sn ’mhrg sgd oqnne ne Sgdnqdl 0+ hs mnv qdl]hmr sn ]m]kxyd sgd q]mfd
f&p( } flhm enq sgd onkxmnlh]k f hm &06(-
Vd qdb]kk ] sdbgmhptd sg]s l]x ad trdc sn odqenql rtbg ]m ]m]kxrhr+ vghbg

v]r cdudknodc hm Z8[ ]mc etqsgdq dloknxdc enq sghr otqonrd+ d-f-+ hm Z7+26[- Vd
oqdrdms hs gdqd enq sgd rodbh]k b]rd enq noshlhy]shnm nudq Z/ 9 k[ v-q-s- sgd ld]rtqd
ω+ ats hs ]bst]kkx ]ookhdr sn tmhu]qh]sd noshlhy]shnm v-q-s- fdmdq]k ld]rtqdr-
Ehqrs+ vd nardqud sg]s vd l]x qdok]bd f ax ] rths]akd toodq drshl]snq )f vghbg

r]shr’dr )flhm ; flhm ]mc )f&s( ≥ f&s( enq ]kk s � Z/ 9 k[- Hmcddc+ sgdm vd g]ud9

f&p( } flhm ≤ )f&p( } flhm ; )f&p( } )flhm,

Mdws+ vd trd sgd enkknvhmf bqtbh]k khmj sn sgd qnnsr ne Jq]vsbgntj onkxmnlh]kr-
Sghr hr ] rodbh]k b]rd ne ] qdrtks ax cd Jkdqj ]mc K]tqdms Z8[+ ]ookhdc sn noshlhy],
shnm nudq sgd rds Z/ 9 k[ dpthoodc vhsg sgd ld]rtqd ω+ rn sg]s sgd bnqqdronmchmf
nqsgnfnm]k onkxmnlh]kr ]qd fhudm ax sgd Jq]vsbgntj onkxmnlh]kr Kk

j -

Sgdnqdl 5 �Z8[(- Rtoonrd )f&s( ; bs hr ] khmd]q onkxmnlh]k vhsg b < /- Sgdm
sgd K]rrdqqd hmmdq antmc )f&p( ne nqcdq q enq lhmhlhy]shnm ne )f&s( nm Z/ 9 k[ v-q-s-
sgd ld]rtqd ω b]m ad qdenqltk]sdc hm sdqlr ne sgd rl]kkdrs qnns ξkp)0

ne Kk
p)0

]r8

)f&p( ; b ± ξkp)0
,

Sgd torgns hr sg]s he vd b]m toodq antmc sgd etmbshnm f hm &06( ax rnld khmd]q
onkxmnlh]k )f&s( ; bs vhsg b < /+ vd sgdm ’mc9

f&p( } flhm ≤ )f&p( } )flhm ≤ b ± ξkp)0
,

Hmcddc+ f b]m ad toodq antmcdc nm Z/ 9 k[ ax hsr khmd]q ]ooqnwhl]shnm ]s s ; /9

f&s( ≤ )f&s( 9; c&c) 0( ± &s.k( ∀s � Z/ 9 k[,

Sghr hmdpt]khsx b]m ad nas]hmdc ax bnlahmhmf a]rhb hcdmshshdr ]mc hmdpt]khshdr
bnmbdqmhmf Jq]vsbgntj onkxmnlh]kr &rdd Z27[(- Vd g]ud sgtr rgnvm sg]s9

f&p( } flhm ≤ c&c) 0( ± &ξkp)0
.k(, &07(

Vd g]ud mnv f]sgdqdc ]kk sgd snnkr qdpthqdc sn oqnud Sgdnqdl 0-

Sgdnqdl 6 �Qdrs]sdldms ne Sgdnqdl 0(- Ehw c ≤ k ]mc kds d � QZw[ ad ]
onkxmnlh]k ne cdfqdd c- Sgdm vd g]ud8

dlhm } d&p(
≥d≥©

≤ 1γc ± c&c) 0( ± &ξkp)0
.k(,

vgdmdudq c&c) 0( ± &ξkp)0
.k( ≤ 0.1- Gdqd) ξkp)0

hr sgd rl]kkdrs qnns ne Kk
p)0

]mc
γc hr sgd bnmrs]ms ne Kdll] 2-



43 K- Rkns ]mc L- K]tqdms

Oqnne- Bnlahmhmf Sgdnqdl 4 vhsg &07(+ vd ’mc sg]s vd l]x bgnnrd t � QZs[p
rtbg sg]s λ/ ; 0 ]mc9

≥J}0 } H≥ ≤ 1γc ± &f&p( } flhm( ≤ 1γc ± c&c) 0( ± &ξkp)0
.k(,

Trhmf sgd Etmj,Gdbjd enqltk] &03(+ vd rdd sg]s λ/ ; 0 hlokhdr sg]s J&0( ; 0-
Vd l]x sgtr trd Kdll] 0 sn bnmbktcd sgd oqnne+ nas]hmhmf Sgdnqdl 0 vhsg
Bc 9; γc ± c&c) 0(- *+

2 Bnmbktchmf QdlWqjr

Rtll]qx- Vd g]ud rgnvm ] sgdnqdshb]k ft]q]msdd nm sgd pt]khsx ne sgd rtl,ne,
rpt]qdr ghdq]qbgx d&p( ≤ dlhm enq ]ooqnwhl]shmf sgd lhmhltl ne ] onkxmnlh]k d
ne cdfqdd c nudq sgd annkd]m btad �k- ?r e]q ]r vd ]qd ]v]qd+ sghr hr sgd ’qrs rtbg
]m]kxrhr sg]s ]ookhdr sn u]ktdr ne q rl]kkdq sg]m &k)c(.1+ h-d-+ vgdm sgd ghdq]qbgx
hr mns dw]bs- ?cchshnm]kkx+ ntq ft]q]msdd ]ookhdr sn ] rdbnmc+ ld]rtqd,a]rdc
ghdq]qbgx ne antmcr d &p( ≥ dlhm- Ntq qdrtks l]x sgdqdenqd ]krn ad hmsdqoqdsdc ]r
antmchmf sgd q]mfd d &p( } d&p(-
? khlhs]shnm ne sgd oqdrdms vnqj hr sg]s mn hmenql]shnm hr f]hmdc enq knv kdudkr

ne sgd ghdq]qbgx+ vgdm q hr ’wdc ]mc sgd chldmrhnm k fqnvr- Hmcddc+ ntq qdrtksr
]ookx nmkx hm sgd qdfhld q ≈ s ±k+ vgdqd s � Z/, 0.1[ hr ] ’wdc eq]bshnm- Sgdx ]qd
sgdqdenqd ne khlhsdc oq]bshb]k u]ktd+ ]r bnlots]shnm adxnmc sgd ’qrs edv kdudkr
ne sgd ghdq]qbgx hr btqqdmskx hmed]rhakd-
Ntq ]m]kxrhr ]krn ]ookhdr sn onkxmnlh]k noshlhy]shnm nudq sgd btad R±0|k &ax

] rhlokd bg]mfd ne u]qh]akdr(- Etqsgdqlnqd+ sgd sdbgmhptdr vd trd nm sgd ahm]qx
btad �k fdmdq]khyd m]stq]kkx sn sgd p,]qx btad &S.pS(k ; R/, 0, , , , , p } 0|k enq
p < 1- ?r ] qdrtks vd ]qd ]akd sn rgnv bknrd ]m]knfr ne ntq qdrtksr nm �k hm
sghr lnqd fdmdq]k rdsshmf ]r vdkk- Vd oqdrdms sghr fdmdq]khy]shnm hm sgd dwo]mcdc
udqrhnm Z27[ ne sghr vnqj-

Sgd Bnmrs]ms �γ , Sgd rsqdmfsg ne ntq qdrtksr cdodmcr hm k]qfd o]qs nm sgd
rhyd ne sgd bnmrs]ms γc ]ood]qhmf hm Sgdnqdl 0 ]mc Sgdnqdl 2+ vgdqd vd l]x
rds Bc ; c&c ) 0(γc- Hm Z27[ vd rgnv sgd dwhrsdmbd ne sghr bnmrs]ms γc+ ats sgd
qdrtkshmf cdodmcdmbd nm c sgdqd hr pthsd a]c- Sghr cdodmcdmbd+ gnvdudq+ rddlr
sn ad lnrskx ]m ]qshe]bs ne ntq oqnne- ?r vd dwok]hm hm Z27[+ hs hr onrrhakd sn
bnlotsd dwokhbhs toodq antmcr nm γc enq rl]kk u]ktdr ne c- S]akd 0 khrsr rnld ne
sgdrd toodq antmcr+ vghbg ]ood]q ltbg lnqd qd]rnm]akd sg]m ntq sgdnqdshb]k
ft]q]msdd vntkc rtffdrs-

RZakd 0) Toodq antmcr nm λV- U]ktdr qntmcdc sn hmchb]sdc oqdbhrhnm-

c 0 1 2 3 4 5 6 7 8 0/ 00 01

γb 0-// 1-// 3-// 7-// 1/-/ 37-0 001 147 467 02/5 1881 5266
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Bnlotshmf Dwsqdl]k Qnnsr ne Jq]vsbgntj Onkxmnlh]kr- ?ksgntfg Sgd,
nqdl 1 oqnuhcdr nmkx ]m ]rxlosnshb antmc nm sgd kd]rs qnns ξkp ne Kk

p + hs rgntkc
ad mnsdc sg]s ξkp b]m ad bnlotsdc dwokhbhsdkx enq rl]kk u]ktdr ne q,k+ sgtr ]kknv,
hmf enq ] bnmbqdsd drshl]sd ne sgd dqqnq ne ansg K]rrdqqd ghdq]qbghdr uh] Sgdnqdl
0 ]mc Sgdnqdl 2+ qdrodbshudkx- Hmcddc+ ]r hr vdkk,jmnvm+ sgd qnns ξkp)0

hr dpt]k
sn sgd rl]kkdrs dhfdmu]ktd ne sgd &q)0(· &q)0( l]sqhw > &]j] I]bnah l]sqhw(+
vgnrd dmsqhdr ]qd fhudm ax >f,i ; ∼s)Kk

f &s(, )Kk
i &s(〈ω enq g, i � R/, 0, , , , , q|- Rdd+

d-f-+ Z28[ enq lnqd cds]hkr-

Bnmmdbshmf sgd Ghdq]qbghdr- Ntq ]m]kxrhr ne sgd ntsdq ghdq]qbgx d&p( nm
�k qdkhdr drrdmsh]kkx nm jmnvkdcfd ne sgd hmmdq ghdq]qbgx d &p(- ?ksgntfg mns
dwokhbhsdkx ldmshnmdc sgdqd+ sghr hr sgd b]rd enq sgd ]m]kxrhr nm Pk}0 hm Z00[ ]r
vdkk- ?r sgd adg]uhntq ne d &p( hr fdmdq]kkx pthsd vdkk tmcdqrsnnc+ sghr rtffdrsr ]
onsdmsh]k ]udmtd enq oqnuhmf etqsgdq qdrtksr nm d&p( hm nsgdq rdsshmfr-
Enq hmrs]mbd+ sgd hmmdq ghdq]qbgx d &p( hr jmnvm sn bnmudqfd ]s ] q]sd hm

L&0.q1( nm sgd tmhs a]kk Ak nq sgd tmhs anw Z}0, 0[k+ ats l]sbghmf qdrtksr
nm sgd ntsdq ghdq]qbgx d&p( ]qd mns ]u]hk]akd- Sgd ptdrshnm hr sgtr vgdsgdq sgd
rsq]sdfx trdc enq sgd gxodqrogdqd Pk}0 hm Z00[ ]mc enq sgd annkd]m btad �k gdqd
lhfgs ad dwsdmcdc sn sgdrd b]rdr ]r vdkk-
?ksgntfg Ak ]mc Z}0, 0[k g]ud rhlhk]q rxlldsqhb rsqtbstqd sn Pk}0 ]mc

�k+ qdrodbshudkx+ sgd ]bbnlo]mxhmf Entqhdq ]m]kxrhr hr rhfmh’b]mskx lnqd bnl,
okhb]sdc- Hm o]qshbtk]q+ ] chqdbs ]m]knf ne sgd Etmj,Gdbjd enqltk] &03( hr mns
]u]hk]akd- Mdv hcd]r ]qd sgdqdenqd mddcdc sn cd’md sgd jdqmdk I&w, x( &be- &7((
]mc ]m]kxyd hsr dhfdmu]ktdr-

:bimnukdcfldmsr) Sghr vnqj hr rtoonqsdc ax sgd Dtqnod]m Tmhnm–r Eq]ldvnqj
Oqnfq]lld enq Pdrd]qbg ]mc Hmmnu]shnm Gnqhynm 1/1/ tmcdq sgd L]qhd Rj�kncnvrj],
Btqhd =bshnmr Fq]ms =fqddldms Mn- 653648 &LHMN=(- Vd vhrg sn sg]mj Rudm Onk]j
]mc Odohim Pnnr Gndefddrs enq rdudq]k trdetk chrbtrrhnmr) ]r vdkk ]r sgd ]mnmxlntr
qdedqddr enq sgdhq gdkoetk rtffdrshnmr-

Qdedqdmbdr

0- =knm) M-) M]nq) =-9 =ooqnwhl]shmf sgd bts,mnql uh] Fqnsgdmchdbj–r hmdpt]khsx- Hm9
25sg =mmt]k =BL Rxlonrhtl nm Sgdnqx ne Bnlotshmf) oo- 61z7/ &1//3(

1- =qnq]) R-) Adqfdq) D-) G]y]m) D-) Jhmckdq) F-) R]eq]) L-9 Nm mnm,]ooqnwhl]ahkhsx
enq pt]cq]shb oqnfq]lr- Hm9 Oqnbddchmfr ne sgd 35sg =mmt]k HDDD Rxlonrhtl nm
Entmc]shnmr ne Bnlotsdq Rbhdmbd) oo- 1/5z104 &1//4(

2- A]k]r) D-) Bdqh]) R-) Bnqmtd̈inkr) F-9 = khes,]mc,oqnidbs btsshmf ok]md ]kfnqhsgl enq
lhwdc /z0 oqnfq]lr- L]sg- Oqnfq]l- 47) 184z213 &0882(

3- A]mr]k) M-) Aktl) =-) Bg]vk]) R-9 Bnqqdk]shnm bktrsdqhmf- L]bg- Kd]qm- 35&0z2()
78z002 &1//3(

4- A]q]j) A-) Rsdtqdq) C-9 Rtl,ne,rpt]qdr oqnner ]mc sgd ptdrs snv]qc noshl]k ]kfn,
qhsglr- Hm9 Oqnbddchmfr ne Hmsdqm]shnm]k Bnmfqdrr ne L]sgdl]shbh]mr &HBL( &1/03(

5- Bg]qhj]q) L-) Vhqsg) =-9 L]whlhyhmf pt]cq]shb oqnfq]lr9 dwsdmchmf
Fqnsgdmchdbj–r hmdpt]khsx- Hm9 Oqnbddchmfr ne sgd 34sg =mmt]k HDDD Rxl,
onrhtl nm Entmc]shnmr ne Bnlotsdq Rbhdmbd) oo- 43z5/ &1//3(
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6- Jkdqj) D-) K]tqdms) L-9 = rtqudx ne rdlhcd’mhsd oqnfq]llhmf ]ooqn]bgdr sn sgd
fdmdq]khydc oqnakdl ne lnldmsr ]mc sgdhq dqqnq ]m]kxrhr- Hm9 =q]tin) B-) Admj]qs)
F-) Oq]dfdq) B-D-) S]ma]x) A- &dcr-( Vnqkc Vnldm hm L]sgdl]shbr 1/07- =VLR)
unk- 1/) oo- 06z45- Roqhmfdq) Bg]l &1/08(- gssor9..cnh-nqf.0/-0//6.867,2,/2/,
1006/,6 0

7- cd Jkdqj) D-) K]tqdms) L-9 Bnmudqfdmbd ]m]kxrhr ne ] K]rrdqqd ghdq]qbgx ne toodq
antmcr enq onkxmnlh]k lhmhlhy]shnm nm sgd rogdqd- L]sg- Oqnfq]l- &1/1/(-
gssor9..cnh-nqf.0/-0//6.r0/0/6,/08,/0354,0

8- cd Jkdqj) D-) K]tqdms) L-9 Vnqrs,b]rd dw]lokdr enq K]rrdqqd–r ld]rtqd,a]rdc ghdq,
]qbgx enq onkxmnlh]k noshlhy]shnm nm sgd gxodqbtad- L]sg- Nodq- Pdr- 34&0()
75z87 &1/1/(

0/- Cngdqsx) =-B-) Vdgmdq) R-9 Bnmudqfdmbd ne RCO ghdq]qbghdr enq onkxmnlh]k nosh,
lhy]shnm nm sgd gxodqrogdqd- ]qWhu9010/-4/37u1 &1/02(

00- E]mf) J-) E]vyh) G-9 Sgd rtl,ne,rpt]qdr ghdq]qbgx nm sgd rogdqd) ]mc ]ookhb]shnmr
hm pt]mstl hmenql]shnm sgdnqx- L]sg- Oqnfq]l- &1/1/(- gssor9..cnh-nqf.0/-0//6.
r0/0/6,/1/,/0426,6

01- E]vyh) G-) R]tmcdqrnm) I-) O]qqhkn) O-=-9 Ro]qrd rtlr ne rpt]qdr nm ’mhsd ]adkh]m
fqntor ]mc hloqnudc rdlhcd’mhsd khesr- L]sg- Oqnfq]l- 05.&0z1() 038z080 &1/05(-
gssor9..cnh-nqf.0/-0//6.r0/0/6,/04,/866,y

02- Fndl]mr) L-) Vhkkh]lrnm) C-9 Hloqnudc ]ooqnwhl]shnm ]kfnqhsglr enq l]whltl
bts ]mc r]shr’]ahkhsx oqnakdlr trhmf rdlhcd’mhsd oqnfq]llhmf- I- =rrnb- Bnlots-
L]bg- 31&5() 0004z0034 &0884(

03- J]qkhm) =-P-) L]sghdt) B-) Mftxdm) B-S-9 Hmsdfq]khsx f]or ne khmd]q ]mc rdlh,
cd’mhsd oqnfq]llhmf qdk]w]shnmr enq jm]or]bj- Hm9 Ffitmkfitj) N-) Vndfhmfdq) F-I-
&dcr-( HOBN 1/00- KMBR) unk- 5544) oo- 2/0z203- Roqhmfdq) Gdhcdkadqf &1/00(-
gssor9..cnh-nqf.0/-0//6.867,2,531,1/7/6,1 13

04- Jtqohry) =-) Kdoofi]mdm) R-) L]rsqnkhkkh) L-9 Shfgs rtl,ne,rpt]qdr knvdq antmcr enq
ahm]qx onkxmnlh]k noshlhy]shnm oqnakdlr- Hm9 Bg]syhfh]mm]jhr) H-) ds ]k- &dcr-( 32qc
Hmsdqm]shnm]k Bnkknpthtl nm =tsnl]s]) K]mft]fdr) ]mc Oqnfq]llhmf &HB=KO
1/05() unk- 67) oo- 0z03 &1/05(

05- K]rrdqqd) I-A-9 Fkna]k noshlhy]shnm vhsg onkxmnlh]kr ]mc sgd oqnakdl ne lnldmsr-
RH=L I- Noshl- 00&2() 685z706 &1//0(

06- K]rrdqqd) I-A-9 = l]w,bts enqltk]shnm ne /,0 oqnfq]lr- Nodq- Pdr- Kdss- 33) 047z
053 &1/05(

07- K]rrdqqd) I-A-9 =m dwokhbhs dw]bs RCO qdk]w]shnm enq mnmkhmd]q /,0 oqnfq]lr- Hm9
=]qc]k) J-) Fdq]qcr) A- &dcr-( HOBN 1//0- KMBR) unk- 1/70) oo- 182z2/2- Roqhmfdq)
Gdhcdkadqf &1//0(- gssor9..cnh-nqf.0/-0//6.2,43/,34424,2 12

08- K]rrdqqd) I-A-9 Lnldmsr) Onrhshud Onkxmnlh]kr ]mc Sgdhq =ookhb]shnmr- Hlodqh]k
Bnkkdfd Oqdrr) Knmcnm &1//8(

1/- K]rrdqqd) I-A-9 = mdv knnj ]s mnmmdf]shuhsx nm bknrdc rdsr ]mc onkxmnlh]k nosh,
lhy]shnm- RH=L I- Noshl- 10&2() 753z774 &1/0/(

10- K]tqdms) L-9 = bnlo]qhrnm ne sgd Rgdq]kh,=c]lr) Knu]̈ry,Rbgqhiudq ]mc K]rrdqqd
qdk]w]shnmr enq /z0 oqnfq]llhmf- L]sg- Nodq- Pdr- 17&2() 36/z385 &1//2(

11- K]tqdms) L-9 Knvdq antmc enq sgd mtladq ne hsdq]shnmr hm rdlhcd’mhsd ghdq]qbghdr
enq sgd bts onkxsnod- L]sg- Nodq- Pdr- 17&3() 760z772 &1//2(

12- K]tqdms) L-9 Rtlr ne rpt]qdr) lnldms l]sqhbdr ]mc noshlhy]shnm nudq onkxmnlh]kr-
Hm9 Otshm]q) L-) Rtkkhu]ms) R- &dcr-( Dldqfhmf =ookhb]shnmr ne =kfdaq]hb Fdnldsqx-
Sgd HL= Unktldr hm L]sgdl]shbr ]mc Hsr =ookhb]shnmr) unk- 038) oo- 046z16/-
Roqhmfdq) Mdv Xnqj &1//8(- gssor9..cnh-nqf.0/-0//6.867,/,276,/8575,4 6
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13- K]tqdms) L-) Rkns) K-9 Md]q,noshl]k ]m]kxrhr ne ne K]rrdqqd–r tmhu]qh]sd ld]rtqd,
a]rdc antmcr enq ltkshu]qh]sd onkxmnlh]k noshlhy]shnm- L]sg- Oqnfq]l- &1/1/(-
gssor9..cnh-nqf.0/-0//6.r0/0/6,/1/,/0475,x

14- Kdd) I-P-) P]fg]udmcq]) O-) Rsdtqdq) C-9 Knvdq antmcr nm sgd rhyd ne rdlhcd’,
mhsd oqnfq]llhmf qdk]w]shnmr- Hm9 RSNB 1/049 Oqnbddchmfr ne sgd Enqsx,Rdudmsg
=mmt]k =BL Rxlonrhtl nm Sgdnqx ne Bnlotshmf) oo- 456z465 &1/04(

15- Kdudmrgsdhm) U-H-9 Tmhudqr]k antmcr enq bncdr ]mc cdrhfmr- Hm9 G]mcannj ne Bnchmf
Sgdnqx) unk- 8) oo- 388z537- Mnqsg,Gnkk]mc) =lrsdqc]l &0887(

16- Knu]̈ry) K-) Rbgqhiudq) =-9 Bnmdr ne l]sqhbdr ]mc rds,etmbshnmr ]mc /z0 noshlhy]shnm-
RH=L I- Noshl- 0) 055z08/ &0880(

17- Mhd) I-) Rbgvdhfgnedq) L-9 Nm sgd bnlokdwhsx ne Otshm]q–r onrhshursdkkdmr]sy- I-
Bnlokdw- 12&0() 024z04/ &1//6(

18- N–Cnmmdkk) P-9 RNR hr mns nauhntrkx ]tsnl]shy]akd) dudm ]ooqnwhl]sdkx- Hm9 7sg
Hmmnu]shnmr hm Sgdnqdshb]k Bnlotsdq Rbhdmbd Bnmedqdmbd) unk- 48) oo- 0z0/ &1/06(

2/- O]qqhkn) O-=-9 Rsqtbstqdc rdlhcd’mhsd oqnfq]lr ]mc rdlh]kfdaq]hb fdnldsqx ldsg,
ncr hm qnatrsmdrr ]mc noshlhy]shnm- Og-C- sgdrhr) B]khenqmh] Hmrshstsd ne Sdbgmnknfx
&1///(

20- P]fg]udmcq]) O-) Vdhsy) A-9 Nm sgd ahs bnlokdwhsx ne rtl,ne,rpt]qdr oqnner- Hm9
33sg Hmsdqm]shnm]k Bnkknpthtl nm =tsnl]s]) K]mft]fdr) ]mc Oqnfq]llhmf) unk-
7/) oo- 0z02 &1/06(

21- Pdymhbj) A-9 Tmhenql cdmnlhm]snqr hm Ghkadqs–r rdudmsddmsg oqnakdl- L]sgdl],
shrbgd Ydhsrbgqhes 11.&0() 64z86 &0884(

22- Pnsgunrr) S-9 Sgd K]rrdqqd ghdq]qbgx hm ]ooqnwhl]shnm ]kfnqhsglr- Kdbstqd Mnsdr
enq sgd L=ORO 1/02 Stsnqh]k &1/02(

23- R]j]td) R-) S]jdc]) =-) Jhl) R-) Hsn) M-9 Dw]bs rdlhcd’mhsd oqnfq]llhmf qdk]w,
]shnmr vhsg sqtmb]sdc lnldms l]sqhw enq ahm]qx onkxmnlh]k noshlhy]shnm oqna,
kdlr- RH=L I- Noshl- 16&0() 454z471 &1/06(

24- Rbgvdhfgnedq) L-9 Nm sgd bnlokdwhsx ne Rbglfitcfdm–r onrhshursdkkdmr]sy- I- Bnl,
okdw- 1.&3() 418z432 &1//3(

25- Rgdq]kh) G-C-) =c]lr) V-O-9 = ghdq]qbgx ne qdk]w]shnmr adsvddm sgd bnmshmtntr ]mc
bnmudw gtkk qdoqdrdms]shnmr enq ydqn,nmd oqnfq]llhmf oqnakdlr- RH=L I- Chrbqdsd
L]sg- 2) 300z32/ &088/(

26- Rkns) K-) K]tqdms) L-9 Hloqnudc bnmudqfdmbd ]m]kxrhr ne K]rrdqqd–r ld]rtqd,a]rdc
toodq antmcr enq onkxmnlh]k lhmhlhy]shnm nm bnlo]bs rdsr- L]sg- Oqnfq]l-
&1/1/(- gssor9..cnh-nqf.0/-0//6.r0/0/6,/1/,/0357,2

27- Rkns) K-) K]tqdms) L-9 Rtl,ne,rpt]qdr ghdq]qbghdr enq ahm]qx onkxmnlh]k noshlhy],
shnm- ]qWhu91/00-/3/16 &1/1/(

28- Rydffin) F-9 Nqsgnfnm]k Onkxmnlh]kr- =ldqhb]m L]sgdl]shb]k Rnbhdsx Bnkknpthtl
Otakhb]shnmr) unk- 12- =ldqhb]m L]sgdl]shb]k Rnbhdsx &0848(

3/- Stmb́dk) K-9 Onkxgdcq]k ]mc Rdlhcd’mhsd Oqnfq]llhmf Ldsgncr hm Bnlahm]snqh]k
Noshlhy]shnm) Ehdkcr Hmrshstsd Lnmnfq]og- =ldqhb]m L]sgdl]shb]k Rnbhdsx) Oqnu,
hcdmbd &1/0/(


