;') Available online at www.sciencedirect.com _
. . stochastic
reck for ScienceDirect processes
. e and their
£ applications
ELSEVIER Stochastic Processes and their Applications 136 (2021) 145-191 —_—

www.elsevier.com/locate/spa

Characterizing limits and opportunities in speeding up
Markov chain mixing

Simon Apers“**, Alain Sarlette*, Francesco Ticozzi®'

2 CWI, The Netherlands
> QuIC, Université Libre de Bruxelles, Belgium
¢ Inria Paris, France
4 Department of Electronics and Information Systems, Ghent University, Belgium
¢ Dipartimento di Ingegneria dell’Informazione, Universita di Padova, Italy
f Department of Physics and Astronomy, Dartmouth College, NH, USA

Received 29 September 2019; received in revised form 8 March 2021; accepted 14 March 2021
Available online 22 March 2021

Abstract

A variety of paradigms have been proposed to speed up Markov chain mixing, ranging from
non-backtracking random walks to simulated annealing and lifted Metropolis—Hastings. We provide a
general characterization of the limits and opportunities of different approaches for designing fast mixing
dynamics on graphs using the framework of “lifted Markov chains”. This common framework allows
to prove lower and upper bounds on the mixing behavior of these approaches, depending on a limited
set of assumptions on the dynamics. We find that some approaches can speed up the mixing time to
diameter time, or a time inversely proportional to the graph conductance, while others allow for no
speedup at all.
© 2021 Elsevier B.V. Allrights reserved.
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1. Introduction

The importance of algorithms based on Markov chains is widely appreciated. In computer
science, random walks and Markov chain Monte Carlo form the backbone of many randomized
algorithms to solve tasks such as approximating the volume of convex bodies [21] or the
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permanent of a non-negative matrix [32], or to solve combinatorial optimization problems using
simulated annealing methods [37]. In physics, Markov chain Monte Carlo is an indispensable
tool for sampling and simulation of many-body systems. Some examples are the use of Glauber
dynamics to simulate the Ising model [44] or the Metropolis—Hastings algorithm [27,45] to
sample from the Gibbs distribution.

In general, a Markov chain can be used to sample from a probability distribution 7 that is not
directly available nor explicitly known. Instead, known properties of the target distribution are
translated into a stochastic evolution that is engineered to converge, or mix, to an equilibrium
distribution which coincides with the target one. In various contexts, such Markov chain
is easier to obtain or to implement rather than direct sampling from m. Under rather mild
conditions, running this Markov chain from any starting position and stopping after a sufficient
number of steps T, the resulting state will be approximately distributed according to the target
equilibrium distribution . Critical to these applications is how fast the stochastic process
converges, and estimating this convergence speed or mixing time is often a difficult task [3,40].
Approaches include estimating the spectral radius of the transition map [20,39], or using
advanced coupling and stopping time arguments [43].

1.1. Speeding up Markov chains

In order to decrease the number of required steps 7, thus accelerating the convergence
towards m, a wide range of approaches has been proposed. The following are some examples,
which will be treated in more detail in Section 4. All approaches describe local dynamics over
the node set of a graph, in which the dynamics can only move from a node to any of its
neighboring nodes (i.e., nodes that have an edge to the present node).

e Stopping rules: The simple Markov chain scheme has a deterministic stopping time T,
i.e. the transitions specified by the Markov chain are run for a fixed number of steps
T, upon which its state is returned. As an extension, one can choose the stopping time
randomly, according to some predefined distribution or dependent on the nodes that have
been visited [34,40,43]. Such choice is formally described by a stopping rule. For instance,
if the stopping time is uniformly distributed over some fixed time interval [0, 7], then
the output is called the Cesaro average. A more advanced stopping rule could say, e.g. go
on until you have seen each node at least once (this relates to the Markov chain cover
time [40]). By returning a sample obtained through a stopping rule, it is possible to
converge faster to the target distribution 7. More precisely, one specifies a stopping rule
such that the distribution over nodes, conditioned on having stopped, is e-close to 7; and
the mixing performance is measured by the expectation of the stopping time.

e Non-backtracking random walks: Consider that we want a sample from m, which is the
stationary distribution of a random walk on an undirected graph, moving from a given
node to any neighbor with equal probability. When applying the random walk from a
given starting node, there is a probability that the walker moves from node a to node b
and then directly back to a; such a move is generally detrimental for spreading on the
graph. A non-backtracking random walk therefore assigns a decreased probability o < 1
of traversing the same edge twice in a row. That is, the probability of choosing at time
t + 1 the same node where one was at time ¢t — 1 is decreased to o < 1 with respect to
a uniform choice among available neighbors, and the probability of choosing any of the
other available neighbors uniformly is accordingly increased. This process has the same
stationary distribution 7 over the nodes, and [4,19,22,36] have shown that this approach
generally speeds up mixing as compared to a simple random walk.

146



S. Apers, A. Sarlette and F. Ticozzi Stochastic Processes and their Applications 136 (2021) 145-191

e Simulated annealing or slowly-varying Markov chains: Markov chains are sometimes
used to find the minimum of a function g over the graph nodes. The target stationary
distribution should thus be much larger at a minimum than at other places, and this can
be achieved by choosing the probability of jumping from i to j larger than the probability
of jumping from j to i if g(j) < g(i). If a jump towards higher values of g is assigned a
tiny probability, then this Markov chain has a high probability to get stuck for a long time
in local minima that are not the global one. In contrast if the influence of g on jumping
probabilities is made too weak, the stationary distribution is essentially random over all
nodes. As a remedy, a time-dependent sequence of Markov chains can be proposed, whose
transition probabilities and stationary distributions converge gradually to the “irregular”
goal distribution concentrated on local minima, such that during the early steps of the
sequence one can efficiently jump out of local minima. See for instance [37].

o Gather-and-distribute strategies: This method was originally proposed in a consensus
setting [24], where a given load must be distributed as fast as possible over nodes of a
network in a distributed way. The gather-and-distribute strategy is a time-varying proce-
dure, using a sequence of two time intervals. In terms of Markov chain mixing, during the
first intervals, transition probabilities are chosen so as to move all the probability mass to a
single predefined node. Thus after this first time interval, whatever the initial distribution,
the Markov chain ends up in a single predefined situation. Knowing that the second
time interval starts from this particular probability distribution, its transition probabilities
are then designed to redistribute the probability according to the goal distribution. As
an example, on a complete binary tree of depth D, one could choose the transition
probabilities during the first D time steps so that all the probability mass moves onto
the root node. From this known situation, common to all initial distributions, it is not
hard to design transition probabilities over the next D time steps (e.g. using a “stochastic
bridge”, see Section 5.2) in order to redistribute the probability mass towards the target
stationary distribution. The mixing time of this approach is thus 2D on the binary tree
example, exponentially improving over the simple random walk mixing time 2(2°).

e Data-augmented and lifted Markov chains: Consider again the problem of obtaining a
sample from some (indirectly specified) goal distribution 7 over the nodes. Sometimes
this distribution is easier to obtain as the marginal of a distribution on a larger sample
space. In this case, one can obtain a sample by using a Markov chain that evolves on an
augmented state space, consisting of the original variable and some latent variables, and
just discarding the value of the latent variable in the obtained sample, see e.g. [60,62]. A
related strategy is to use latent variables and augmented graphs not only for an easier
specification of the target, but also to possibly accelerate the convergence thanks to
memory or momentum effects, see e.g. [12,15,18,19] and the next sections for details
on Markov chains on lifted graphs.

This list of seemingly distinct ideas provides a range of speedups over the use of a simple
random walk. From the literature cited above, non-backtracking random walks are shown to
provide (at least) a constant factor speedup, lifted Markov chains can provide up to a quadratic
speedup, and gather-and-distribute strategies can provide exponential speedup or even more,
on certain graphs.

Example 1.1 (Mixing on a Cycle). For illustration we consider the toy example of sampling
from the uniform distribution on a cycle graph. This example lies at the basis of several speedup
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ideas like [15,18,35]. The possible walker positions are the integers 0, 1,2,...,n — 1, and at
each discrete time step, the walker can decide to stay put, to add 1 or to subtract 1 to its
position (modulo r).

A standard random walk would add +1 or —1 to the current position, each with probability
1/2. After t > 1 steps the standard deviation from the original position of the walker is of order
J/(®). As a consequence, it will take approximately n> steps for the random walk to converge
to the uniform distribution.

A stopping rule could say: always add +1 to your position, but at time # > 0 stop the
process there with probability min(ﬁ, 1) for 6 = 1/n. Effectively this means that there is
a probability § to stop the process at each time ¢t € {0, 1,...,n — 1} and hence after n — 1
time steps we have a uniform distribution. (Note that the time-dependence of the stopping rule
is needed: a constant probability to decide and stop once having performed any ¢ time steps
would not achieve the same distribution, not even approximately.)

A non-backtracking walk, and also the lifted Markov chains introduced in [15,18], would
say: start with a given value v and a given sign o € {4, —}. At each time-step, add ol to the
current position, and change o with a probability § < 1. In this way, the walker will preferably
keep moving in the same direction, while occasionally turning around and then keep moving
in the other direction. This can be loosely viewed as a random walk with effective moves of
order 1/5 over time steps 1/8, and therefore its long-term diffusive behavior rather involves a
Gaussian of standard deviation %\/g = /t/8 > /t. It is shown in [18] that for § ~ 1/n this
walk has mixing time O(n).

A slowly varying Markov chain could start with adding 41 at each position v. This
introduces a deterministic drift on the cycle, but it will not lead to a uniform distribution.
To resolve this, the chain is slowly varied towards a standard random walk. Similarly to the
lifted Markov chain, the state will have a tendency to explore more of the circle thanks to the
initial deterministic walk dynamics, but ultimately it will converge to the uniform distribution
thanks to the final random walk dynamics.

A gather-and-distribute strategy could implement the following moves. During the first n
steps, gather all probability mass on position 0. After this the state of the system is perfectly
known, and we can efficiently disperse it uniformly,' independent of the initial distribution.
These dynamics exactly map any initial distribution to the uniform distribution after O(n)
steps. [

1.2. Aim and contributions of the present paper

One must note that not all the above speed-up approaches build on the same prior knowledge
of the graph and target distribution, e.g. gather-and-distribute appears to require more prior
insight to design an efficient algorithm — at least in its most basic implementation. In the
present paper, we set this point aside and instead ask the question: what speedup can we
ultimately expect from each one of these approaches?

To our knowledge, indeed, no classification or clear comparison of the achievable speedups
for this variety of approaches is known, so that it is not exactly clear which ones are more

! Here is a detailed example of how to do this. First, over the time steps t = 1,2,...,n — 1 make move —1
from every position except for position 0, and at position O just stand still. Then at times t =n,n+1,..., 2n —2,
at position 0 make move +1 with probability (21 —r)/n? and otherwise stand still, and at all other positions make
move +1.
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promising to pursue towards more advanced e.g. adaptive design versions, and which ones will
quickly hit a hard limit.

In this paper, we show how the attainable speedups can be categorized on the basis of fun-
damental properties of the stochastic processes resulting from such algorithms, like invariance
of the target distribution or the initialization of auxiliary variables. This can allow to quickly
assess the potential of a technique before digging into its deeper details and possible variations.
Such results add to the recently revived interest in irreversible and beyond-Metropolis—Hastings
techniques, some interesting results of which are presented in [11,12,54,55,61]. Our analysis
builds on the fact that a wide set of speedup approaches, including all the ones listed above,
can be cast into the overarching framework of lifted Markov chains (LMCs). This allows us
to use mixing time bounds in the LMC framework, in order to derive bounds on the speedup
achievable within each individual approach. The translation into an LMC is not unique, and
therefore it is important to consider the best achievable performance under more abstract
properties of LMC classes. The results are also of independent interest for the LMC literature
itself, as they clarify how the mixing time bound depends precisely on the assumptions of
the setting, and how some traditional assumptions relate to existing algorithmic approaches.
Finally, one of the motivations for the present work is to pave the way towards a quantitative
and fair comparison between lifted chains and quantum walks: although very different from
an internal dynamics perspective, both these models rely on non-Markovian effects and share
many similarities that can be made precise within the proposed framework [8].

The remainder of the paper can be summarized as follows. We first introduce the LMC
model in Section 2, along with several particular LMC constructions which will be used in our
discussion. The associated properties or constraints that we consider on an LMC are presented
in Section 3. Section 4 is dedicated to translate into LMCs and to discuss the above defined
properties for some key classes of algorithms. This will allow us to properly collocate our
results with respect to existing ones and to highlight among others the importance of two
aspects that have a key role: the ability of locally initializing the latent variables of the lifted
chain, and whether or not we impose invariance of the target distribution during the whole
evolution of the LMC. These two properties allow us to immediately identify some “extreme”
scenarios, described in Section 5, where either lifting does not yield any advantage over a
standard Markov chain, or it potentially allows for reaching the target in the trivial minimum
time, corresponding to the diameter of the graph. For the latter, we explicitly provide an LMC
that mixes in diameter time, building on stochastic bridges [23,52] which can be efficiently
set up provided one has a full knowledge of the graph. This is still different from a practical
construction based on local knowledge only, yet we recall that both in [15] and in our paper,
the purpose is to research the ultimate potential of a method, not to design new practical
algorithms. A summarized version of the results of Section 5 can be found in the conference
proceedings [7].

In Section 6, we establish lower bounds on the mixing time in intermediate scenarios,
i.e. when only one of the above constraints is requested, together with constraints on the
reducibility of the LMC, the mixing of the LMC towards its own lifted stationary distribution,
and its ergodic flows. These bounds depend on the conductance of the graph, which provides
a richer description of the graph topology than the diameter. In particular, we show that a
conductance bound for the mixing time of lifted Markov chains holds under either of two
seemingly unconnected constraints: (i) if we impose that the lifted chain mixes from any initial
state in the entire lifted state space, i.e. without allowing to choose the initial values of the latent
variables (this is essentially extending the scope of the result in [15]); or (ii) if we impose that
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the lifted dynamics keeps the target distribution invariant, i.e. when the system starts well-mixed
it must stay so for all times. Conductance bounds are typically stricter than the diameter-time
bound, yet examples show how they still allow for the lifted chains to significantly outperform
the best possible standard Markov chain. Furthermore, we show that the other constraints —
i.e. obeying imposed ergodic flows, irreducibility of the LMC, and considering the mixing
properties of the lifted distribution vs. the marginal on the original nodes — do not significantly
modify the achievable mixing time.

In Section 7 we provide some further observations: we show that most of the bounds that
we prove are tight up to log-factors, we further illustrate how particular properties can be
deduced indirectly from our scenarios and bounds, and we discuss possible extensions of our
results to other settings. To conclude, a summary of the results and a brief outlook on future
developments are provided in Section 8.

2. Setting: mixing dynamics on graphs and their lifts

Consider a graph G = (V, &), with V a set of N nodes, which we label as V = {1, ..., N}
and & the set of directed edges, i.e. ordered pairs of nodes. Throughout the paper, graphs are
assumed to be connected and a real function on the node space V will be represented as a vector
in RY. In particular, we denote by e; the canonical basis vector, with all elements zero except
its i’th element equal to one. The notation e; will also be used more generally for canonical
basis vectors whose dimension is clear from the context. We thus write

f=Y fl)e eRr"

and the value f(i) of the function f on node i is obtained as (¢;, f) = e}L f, where t indicates
the transpose (adjoint) of a vector or matrix. We will use the shorthand notation f; = f(i) for
components of vectors and matrices, except thus for the particular case e; which denotes the
canonical basis vector. For any two vectors v and w, we use the convention that v w' is the
outer product, yielding a rank-one matrix, whereas v w would be the inner product, yielding
a scalar. (Usually this is represented by v being a column vector and v’ a row vector.)

Let Py be the set of probability vectors in RV, i.e. each p € Py satisfies p; > 0
Vi =1,2,...,N and ) ,.,, p; = 1. Each component p; represents the probability of node
i € V. In particular, p = ¢; denotes a probability distribution with all weight on node i € V.

Throughout the paper, we analyze dynamics designed for the following task:

Problem 1 (Design of Mixing Dynamics). Design a discrete-time stochastic dynamical system
that converges towards a target probability distribution 7 on V, as fast as possible from any
initial condition on ), while respecting the locality associated to the graph G.

By respecting the locality of the graph, we mean that the evolution over one time step
can only involve transitions between nodes connected by an edge. One may envision to relax
this assumption in an algorithmic framework, in association with further constraints on how
to navigate between the nodes and at which algorithmic cost. For instance, allowing moves
between just a few non-connected nodes can sometimes dramatically improve the mixing
time [26]. In the absence of a canonical way to relax the graph locality criterion, we do not
explore this here and thus make the central assumption of a fixed graph G encoding all the
allowed transitions. A number of further constraints on the stochastic process, which precisely
specify the design problem at hand, will be discussed in Section 3. The main message of the
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paper is that, as we shall see, the performance of the best possible solution will critically depend
on these assumptions.

A common approach to address the mixing problem is to make 7 the attractive steady-state
distribution of a Markov chain on the graph. More explicitly, consider a Markov discrete-time
stochastic process {v(f)};>0 on the node space, entirely specified by conditional probabilities
Proba(v(t +1) =ilv@) = j) = P, j for i and j € V. The locality constraints induced by G
impose P; ; = 0 if £ contains no edge from j to i. Notice that in probability theory, what we
call P is often called PT. If p(z) is the probability vector associated to the distribution of state
of the Markov chain at time ¢, then its evolution is generated by its one-step transition matrix
P = (P,"j), via:

pt+1)=Pp@).

In order for p(¢r + 1) to be a probability vector we need P to be a column-stochastic matrix,
ie. Y. j P;; = 1 for all i. Furthermore, to solve Problem 1, it should have 7 as its unique,
globally attractive steady-state distribution. For instance, if ; > 0 for all i, then P should be
irreducible in order to allow p(t) to converge to  from any initial p(0) € Py. Solving Problem
1 can then be viewed as accelerating the convergence towards the stationary distribution,
compared to just iterating P.

The Markov chain convergence can be accelerated by adding memory to the process, beyond
just the current position in V, see e.g. [15,18]. Formally, this leads to Markov chains on lifted
graphs or, for short, lifted Markov chains (LMCs).

Definition 1. A graph G =, &) on N nodes is called a lift of G if there exists a surjective
map ¢ : V +— V, such that:

(i, j) € & implies (c(i), ¢(j)) € €.

We denote by ¢! the map that takes as input a single node k € V and outputs the set of nodes
j €V for which ¢(j) = k.

We will denote by x € Py a distribution over the lifted graph nodes V. The associated
marginal distribution over V is given by p; = Y jeclgy Xj- In vector representation, this
induces the linear map

p=Cx, (D

with C a matrix of zeros and ones. In a lifted Markov chain for G, the distribution p(t) on
V at time ¢ is deduced as the marginal of x(¢), while the evolution of x(¢) is generated by a
linear, stochastic, discrete-time map on the lifted graph:

x(t+1)=Ax(@). (2)

Here A satisfies the locality constraints on G induced by the underlying G, i.e. A;, # O only
if (¢(j), c(£)) is an edge of G. The locality of the lifted chain equivalently means that for each
x there exists a stochastic matrix P™) satisfying the locality constraints of G and such that (2)
corresponds to p(t 4+ 1) = P™) p(1), with p(r) = Cx(¢) as in (1). Explicitly, P® = C A B®
where B™ is a linear stochastic map from R" to R, with

By — M0 _ %0
Y Dkeeip X pi(0)

it (@)=,
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and Bi(,xj) = 0 otherwise. From the point of view of V), the applied transition matrix changes
over time, in a supposedly smart way governed by x(#). The notation (A, C) is taken over from
systems theory and hints at p = Cx being the “output” of interest, whose evolution can be
induced by the evolution of some larger “state” x. In Markov modeling, A would be called a
hidden Markov chain [53].

In algorithmic applications, which motivate our setting, the pair (G, A) is to be designed in
order to accelerate the convergence towards w with respect to the (best) Markov chain P on
the original graph G. Of course, all algorithms that are meant to achieve a mixing speedup need
not be designed as an LMC. However, in most cases, they can be translated (non-uniquely) into
an LMC — see e.g. the examples in the introduction and their discussion in Section 4. Bounds
on the best mixing time achievable with the set of LMCs associated to a given algorithmic
technique, then translate into essential mixing time bounds for the underlying algorithm.

Before pursuing the mixing time analysis, we present some particular lift constructions
which will be useful in the proofs and examples.

2.1. LMCs with product graphs

From G = V1, &) and G, = (Vs, &) two graphs with node sets of cardinality Ny and N,
respectively, we can construct a graph on the cartesian product V= Vi x V,, whose nodes are
pairs (i, j), with i € V| and j € V,. The edges £ will be all the quadruples ((i, j), (k, £)) such
that (i, k) € & and (j,£) € &. Recall that, in agreement with the mixing task, we assume
that the graph edges always contain all self-loops. If e;;, e, ; are the canonical basis vectors
associated to i € V; and j € V,, respectively, we must associate to the corresponding product
node (i, j) the Kronecker product vector e;; ® e, ; (see e.g. [31] for more details). Those
Kronecker products form a basis for the real space associated tof/, that is RV = RM @ RNz,
and we denote by x € Py, n, a probability distribution over V. The product graph G of G
with any other graph G, is always a valid lifted graph of G;, with the associated surjective map
c:V— V1 where ¢(vy, v3) = v;. Indeed by construction, an edge ((Z, j), (k,[)) can be present
in G only if (i, k) is an edge of G, so graph locality is respected. In particular, the product
graph of G; with a complete graph is a valid lift of G;.

The product graph G of G with an auxiliary graph G, is a valuable tool towards designing
lifted Markov chains. Indeed, a time-homogeneous Markov chain on é can be defined by
specifying any NiN, x NN stochastic matrix A, with nonzero elements only in positions
corresponding to pairs of nodes € V connected by an edge € £. Replacing the dynamics of
P on p by the dynamics of any such A on x, yields a valid LMC on G. Note that in general,
x and A take a more general form than a Kronecker product over G and G,. Indeed, we a
priori allow the step taken on the V coordinate to depend on the value of the V), coordinate
(sometimes called the “coin coordinate”). This conditioning should add memory to the process,
possibly accelerating its mixing behavior.

The following constructions of LMCs with product graphs are used as building blocks in
our examples and in the proofs of the main results.

2.2. Some particular LMC tools

Clock lift: The following construction, which we call a clock-lift, allows us to construct
a time-homogeneous lifted chain, whose marginal follows the evolution of some specified
time-inhomogeneous Markov chain represented by a finite sequence of T stochastic matrices
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€2 X €y(2) €3 @ ey(3)

Fey(0)) = €0 ® ey(0) e1® ey

Fig. 1. Illustrating the clock-lift: The initial graph G, here a path on 4 nodes depicted on the left, is lifted to a 4 x 4
grid G via a product with the path on {0, 1,2, 3}. The latter is meant to allow applying a sequence of transition
matrices P(1), P(2), P(3) consecutively to the nodes of G. We have depicted 4 copies of Q along the times axis
(i.e. towards the right) to illustrate the evolution associated to an initial distribution e,y on V. This distribution is
first mapped to V in a natural way by F, with the first coordinate associated to the sequence {0, 1,2, 3} (vertical
axis) and the second coordinate associated to the original V' (depth axis). At the kth time-step, the transition matrix
A implies that the first coordinate on Vs deterministically incremented by +1 (vertical motion on the figure),
while an update v(k) for the second coordinate is selected probabilistically by applying P(k) to v(k — 1).

P@), P(2), ..., P(T). This is attained by including the time variable in the node space, in a
way that is reminiscent of the inclusion of time as a state variable in dynamical systems theory,
in order to replace time-dependence by dependence on this additional coordinate.

Explicitly, consider the product graph G of the original graph G = (V, &) with the path
graph associated to the time interval [0, T']. The latter thus has node set {0, 1, ..., T} and
edges (s,s + 1) for s = 0,1,..., T — 1. The product graph produces a lift that effectively
introduces 7T additional copies of each original node, indexed by time. The basic idea is
depicted in Fig. 1 for G a path graph of 4 nodes. As a lifted node space we thus consider
V= {(s,v) : s €{0,1,..., T} and v € V}, and as edges the ones of the product graph. This
yields a valid lift of G with the surjective map ¢ : V — V defined as c((s, v)) = v. We then
construct a lifted Markov chain on G by choosing a matrix on R+ @ R¥ of the form:

T
A= Zesei_l ® P(s) + ere} 1y,

s=1

where Iy is the identity on RIVI. When this LMC is initialized with
x(0) = e ® p(0),

the lifted distribution indeed follows
x(t)=Ax(0)=¢, @ PO)P(t —1)... P(1)p(0),

so that Cx(¢) = P(t)P(t — 1)... P(1)p(0) = p(¢t) for all 0 <t < T and Cx(t) = p(T) for all
t > T. We note that the clock-lift is reducible: all initial distributions are eventually mapped
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to the set {(T,v) : v € V}, and remain there. The stationary distribution is hence supported
only on that set.

Periodic clock lift: A periodic clock-lift is a variant of the clock-lift where the product graph
is constructed by replacing the path in time by a cycle, obtained by connecting the time-index
er—1 back to ep. The corresponding transition matrix is now:

T—1

A=) eel | ®@PW) + eel_ ® P(T).

s=1
For an initial state x(0) = ey ® p(0), the output p(¢) is then given by periodically applying
the time-varying Markov chain transitions P(1), P(2), ..., P(T), P(1), P(2), .... Sometimes,
towards further modifications, it is handy to introduce a “special” step after the T first transition
matrices and before re-applying the sequence again. This formally corresponds to applying
the above periodic clock-lift to the sequence P(1), P(2),..., P(T), P(T 4+ 1), with P(T + 1)
encoding the “special” step. In contrast to the regular clock-lift, the periodic clock-lift can be
irreducible, and have a stationary distribution that is nonzero on the full (lifted) node set.

Node-clock lift: Assume that for each initial node p(0) = ¢; with i € )V, we have built target
stochastic evolutions p¥(z) = PO@)PO(t — 1)...PD(1)e;, with all the sequences { PP (k)}
satisfying the locality constraints of G. We would then like to merge these N independent
evolutions such that, starting from an initial distribution p(0), the system follows the whole
trajectory of the particular chain p”(z) with a probability p;(0). In other words, we know
what to do when we start at any individual node — it is not always the same — and we want to
formally build a single LMC which indeed ensures that the appropriate sequences are followed.
We can indeed combine these target sequences for different i independently, into an LMC
which we call a node-clock lift. As depicted on Fig. 2, the lifted graph is now the product
between a path encoding the time index, like in the clock-lift, a complete graph on V encoding
the index i from the above set of sequences, and the original graph. The lifted node space
becomes V = {(s,vg,v) : s € {0,1,...,T} and both vy, v € V}. This is a valid lift of G
with the surjective map c : Y — V where ¢((s, vo, v)) = v. To ensure the target evolution, we
propose the transition matrix on the lifted graph:
T-1
A= Z Z e,e;r_1 (X)eie;r ® P(i)(s) + Z ere;_l ®p ej ® P(i)(T) —l—eTe; Ry, (3)
s=1 ieV iev
with the same notation as for the clock-lift. Here p denotes any fixed distribution over V; the
motivation for the corresponding term will be explained shortly. When the lift is initialized
with

x(0)=eo® Y _ py(0)(ev @),
veV

the system indeed follows the target stochastic evolution p’(t) with a probability p;(0). In
particular, for a distribution p(0) = e; concentrated on a node i of the original graph, the initial
state for the lift is x(0) = ey®e; ®e;. By applying A, the state then follows x(t) = e, ®e; ® p(1)
over the first T — 1 time steps. The operation with p serves to induce convergence on the vy
coordinate of (s, vg, v): when sitting at a lifted node of type (T — 1, vy, v), the corresponding
term in A ensures that besides applying the correct transition P®(T) to v, we also “erase” the
no longer necessary information of vy, towards p for any vy. Note that on the vy coordinate
of G we have a complete graph so this operation can be implemented at will. Thanks to this
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€3 X 6,0(0) X T

F(ev(0)) = €0 ® €y(0) @ €y(0)

Fig. 2. Ilustrating the node-clock-lift, in which the assigned map sequences P)(1), ..., PY)(T) that were given for
each extreme initial distribution p(0) = ¢;, are combined into a single time-homogeneous lifted chain by essentially
combining N clock lifts. The same initial graph G as on Fig. 1 (a path on 4 nodes) is depicted on the left. The
lifted graph now corresponds to the product of the 4 x 4 grid, depicted on Fig. 1, with a complete graph on 4
nodes; to avoid clutter, we have just represented this in the depth direction as 4 versions of the grid, and subsumed

all the possible edges for jumping between those versions. We have depicted 4 copies of this G along the times
axis (i.e. towards the right) to illustrate the evolution associated to an initial distribution on V. This distribution
is first mapped to V in a natural way, with weight p(0); associated to each node (0,i,i) € V. where the first
coordinate is associated to the time sequence {0, 1,2, 3} (vertical axis), the second coordinate is associated to the
map sequence index (here grid-version on the depth axis) and the third coordinate is associated to the original
(here position along depth axis on the selected grid). At the kth time-step, the transition matrix A implies that
the first coordinate of (s, vg, v) € V is deterministically incremented by +1 (vertical motion on the figure), the
second coordinate i.e. selection of grid version does not change (except possibly via p on the very last step, not
represented here), while an update v(k) for the third coordinate is selected probabilistically by applying P2 (k) to
vk —1).

operation, if p@(T) = 7 for all i and provided the lift is accordingly initialized, the node-
clock-lift converges to a unique distribution not only over V (this would be ) but also over v
(this would be 7 = er ® p ® 7). Note that some of the lifted nodes will never be populated
(e.g. (0, v, v) € V with Vg # v), so in fact G can be slightly reduced at the cost of losing the
compact description as a product graph.

Similarly to the periodic clock-lift, we can construct a periodic node-clock-lift, where we
identify er ® e, ® e, with ¢y ® e, ® e,. Le., the nodes of type (T, vy, v) are dropped and
each node of type (T — 1, vy, j) now jumps to (0, v(j), v(j)), where v(j) is selected among
the neighbors of j in V according to the transition matrix PY)(T). This ensures that after such
step the sequences P)(¢) are applied repeatedly. The “erasure” operation is dropped in this
construction, but the new transition matrix applies another convergence on the vy coordinate
of a lifted node (s, vy, v), namely making it equal to the v coordinate whenever jumping from
s =T —1tos =0. Thus if the v coordinate converges, the vy coordinate ought to as well.

Example 1.1 mentions mixing speedups which can be obtained for instance with time-
dependent Markov chains; those can thus be reformulated as an LMC using a clock-lift. This
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hints at how the LMC tools introduced here will allow to study mixing time bounds for general
algorithms, reformulated as LMCs.

3. Mixing time and design scenarios

The overarching message of this paper is that the achievable mixing performance is critically
dependent on some constraints and insensitive to some others, besides the locality associated
to the graph G. We now specify those constraints and emerging design scenarios considered
here, in the LMC framework. It will appear that even the definition of mixing time depends
on the imposed constraints.

3.1. Initialization of the lift

When a stochastic dynamics is seen as an algorithm, one must specify how to initialize it.
The unmovable part of the initialization is a distribution p(0) = po over the nodes of V. We
follow the standard mixing literature by assuming that the designer has no insightful control
on this distribution, so the algorithm has to treat all distributions p(0) € Py. For further inputs
to the algorithm, we will consider two possible scenarios and the associated sets of initial
distributions S:

(S) In a first scenario, the algorithm designer is allowed to tune the initial values of the latent
variables in the LMC. More precisely, in addition to G and A, the algorithm designer
can choose how to lift the weight p;(0) attributed to each node k € V of the original
graph G, onto a distribution over its associated lifted nodes x -14,(0) in agreement with
the locality constraints. We further require that the designed initialization is a linear map
F : p(0) — x(0). These constraints imply that

CFp0) = p0) for all p(0).

This last condition avoids exchanges among nodes through F before starting the actual
algorithm, namely imposing F; ; = 0 whenever c(k) # j. Such initialization map is
compatible with the clock-lift and node-clock-lift constructions proposed in Section 2.2.
In this scenario, the set S of relevant initial conditions for the LMC does not comprise all
possible distributions x(0) on V, but only those of the form x(0) = Fp(0), for all initial
distributions p(0) on V and a fixed designed map F.

(s) In other cases, there might be no insightful control over the initialization of the lifted
dynamics. The set of relevant initial conditions & for the LMC is then the whole Py.

3.2. Invariance of the target marginal

For a Markov chain on G, mixing is necessarily towards its unique invariant distribution,
i.e. Pm = m. For a lifted Markov chain, however, even if the marginal converges to w, having
Cx(t) = m at some time does not necessarily imply Cx(f + 1) = w. While imposing such
property at all intermediate times turns out to restrict the potential role of any additional
memory slots too much, one may reasonably request that at least the system does not leave
the target m when it starts there at + = 0. It arguably imposes to “avoid unnecessary work™;
it can also play an essential role towards interfacing the Markov chain with other algorithmic
elements, in particular implementing the key task of amplification, i.e., boosting the success
probability of a randomized algorithm (in our case the closeness to the stationary distribution)
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by rerunning the algorithm on its own output, see e.g. [48]; and in a similar spirit it allows
to ensure that the LMC stabilizes the system towards m, even in presence of perturbations
(see [8]). We thus identify two possible scenarios:

(1) We impose Cx(t) = & for all t+ > 0 whenever Cx(0) = x, for all x(0) € S.
(I) We allow Cx(t) # m even when Cx(0) = .

3.3. Marginal vs lift mixing time

In the examples from the introduction, we have encountered two different ways to define
the mixing time of a Markov chain or LMC. The “Monte-Carlo” interpretation considers the
smallest possible 7' that guarantees we are close to the target distribution over the nodes. On the
other hand, the “Las-Vegas” viewpoint considers the expectation of some probabilistic stopping
time ¢ such that, conditioned on having stopped, we are close to the target distribution over the
nodes. We refer the interested reader to the book [40]. In this paper, we analyze the mixing
time in the Monte-Carlo sense, which we define next. An equivalence exists between the two
settings, as we discuss at the end of Example 4.1.

A Markov chain on G associated to a transition matrix P is said to mix to & if Pm = 7
and if for all € > O there exists t(¢) > 0 such that, for all p € Py, we have:

|P'p—ml|ry <€ forall t> ().

We call 7(e) its e-mixing time.” It is typical to consider t(1/4) as a reference mixing time.
Since LMCs are themselves Markov chains, this can be directly translated to the mixing time
of x on the lifted space towards its stationary value x — with the obvious slight modification
that in scenarios with initialization (S) the convergence property must hold only for all x € S,
instead of all x € IP;. Thus, the LMC represented by A mixes to x with mixing time (¢) if
and only if, for all x € S and all € > 0, we have:

A'x — X||7y <€ forall t > t(€).

Most papers which propose bounds on LMC mixing time (see Section 3.7) do indeed consider
this convergence criterion. Our original algorithmic task however is to accelerate convergence
of the marginal p(t) = Cx(t), compared to the performance of the original chain P. To this
aim, we define the marginal mixing time.

Definition 2 (Marginal Mixing Time). A lifted chain on G associated to a transition matrix A
is said to mix to the marginal 7 on G from initial conditions &, if for all € > 0 there exists
Ty (€) > 0 such that for all x € S we have:

ICA'x —m|7y <€ forall t> ty(e).
We call ty(€) its e-marginal mixing time.
Of course, ty(e) < t(€) for all . While the convergence of x is a sufficient proxy for
the convergence of p = Cx, it is not truly necessary. The distinction could be especially

relevant because LMCs specifically designed to speed up convergence may be all but generic.
For instance, some typical designs that involve constructions where the lifted Markov chain x

2 We recall that the total variation distance between two distributions p and p’ is 1/2 times the 1-norm of their
. N
difference [p — p'llh = 25,2, Ipi — pil.
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in fact does not even converge to a stationary value, but the projected state p does — see the
clock lifts in 2.2. Furthermore, it is easy to find lifted walks where p converges much faster
than x, see e.g. Example 4.1. One could wonder whether conversely, a Markov chain with
quickly converging p can always be adapted to also have quickly converging x, or whether
sometimes there is a strict advantage to be gained when we are only interested in p. We
therefore distinguish which type of convergence we are requesting:

(M) The aim is to optimize convergence of the marginal p(¢) towards 7, as measured by
Ty (€).
(m) The aim is to optimize convergence of x(¢) towards x, as measured by 7(€).

We will focus mainly on the mixing time for ¢ = 1/4. This usually represents a good
quantification of the general e-mixing time, and is therefore commonly referred to as the
main mixing time parameter in the literature [40]. For completeness we do mention that
this restriction is not perfect. Indeed, the motivation is that typically the bound t(e) €
O(z(1/4)1log(1/€)) holds for any € > 0. On the one hand, the actual e-mixing time might
be better (by a log-factor). For instance on the cycle graph, we can have that actually t(¢) €
O(t(1/4)) (see Section 6). On the other hand, as we will see in Section 6.4, the bound does not
always hold for LMCs. Initial dynamics may bring the LMC quickly to € = 1/4 distance, but
after this the convergence speed may slow down. Nonetheless, in general the 7(1/4) mixing
time remains a good indicator, and we will use it as a reference throughout the paper.

3.4. Reducibility of the lift

Irreducibility means that there cannot exist a partition of V into subsets X and V \ & such
that P; ; = O for all (i, j) withi € & and j € V \ X. Several related robustness properties
can motivate the use of irreducible Markov chains instead of reducible ones. For instance,
irreducible processes keep mixing all nodes for all times, such that the effect of an occasional
erroneous transition at some time step could always be corrected in the future.

In order to converge, starting from any initial state, to a unique stationary distribution 7
with 7; > 0 Vi, the original Markov chain P must be irreducible. However, the same need not
necessarily apply to a lifted Markov chain A, depending on the rest of the setting. Hence two
scenarios emerge, when P is irreducible:

(R) The lifted Markov chain A is allowed to be reducible.
(r) The lifted Markov chain A must be irreducible (if P is).

From a mixing viewpoint, one could wonder whether reducible lifts could lead to singularly
fast behavior.

When the graph associated to P is itself reducible, the lifted graph will always be reducible
too.

3.5. Matching ergodic flows

When G and 7 are given, one can think about the optimization problem of computing
the compatible Markov chain P with fastest convergence towards m, see for instance [14]
for symmetric P. For the lifted Markov chain, one could perform a similar optimization on
A — with the added difficulties that (i) the discrete structure Q is to be designed too and
(i1) accelerating convergence has been shown to require irreversibility (thus not symmetric
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A) [15]. Yet in some cases, one may be given not only G and 7 but also a reference P, whose
associated typical or “ergodic flows” between distinct nodes, for some reason, should not be
exceeded by the transitions induced by the lifted chain [15]. This could be relevant when for
instance certain transitions should not be overloaded. Note that the flow from a node to itself is
usually not constrained; therefore, when considering ergodic flows, we discard what happens
fori =j.

More precisely, for a given Markov chain P, the associated ergodic flows are defined by
QE? = P, jm;, i.e. the weight that flows from j to i when the system is on the steady state 7.
For a lifted chain A and (one of) its steady state(s) 7, one can similarly define ergodic flows

ng};ﬁ) = A; ;j7;. To compare ergodic flows in A and P, one then compares Q;Z) and
A(A;7) _ A (A7)
Qc’l(i),c’l(j) B Z Qe,k :
kie(0)=i, c(k)=j
The Markov chain P on G defined by 155?”% ;= Q(cff;’i)) o1 i called the induced chain

on G by the lift A and distribution 7t [3]. The ergodic flows of A with respect to the stationary
distribution 7 are equal to the ergodic flows of P if the induced chain P(4™) = P; they do
not exceed the ergodic flows of P if 155‘?;”) < P, ; for all j # i. This leads to the following
scenarios.

(e) A reference Markov chain P is given and the ergodic flows of A cannot exceed the ergodic
flows of P. When A has several steady states 7 and hence several ergodic flows Q)
corresponding to the same 7 and accessible from S, this must hold for each of them.

(E) No constraint is imposed on the ergodic flows of the lifted Markov chain.

Note that the definition of ergodic flows for the case of non-unique 7 is an extension of the
traditional definition, see for instance [3].

3.6. On combinations of constraints and relations between lift design problems

In the following, in order to compactly refer to a set of requirements in the statements
and comparisons, we shall specify an alternative (upper- or lower-case letter) for each of the
properties described in the previous subsections, and denote the set of dynamics allowed by a
design scenario by the corresponding string of 5 letters, e.g. (sImrE). A shorter string may be
used to indicate properties that hold for all the compatible alternatives: e.g. (sImE) includes
the scenarios (sImrE) and (sImRE).

The lower- and upper-case letters in the previous subsections have been chosen so that the
upper-case are less constraining than the corresponding lower-case letter. This implies that a
scenario associated to some capital letters always includes all lifts available in a scenario where
some of those letters are substituted by their lowercase versions, i.e.:

G)lx 2 ()l 5 (Dl 2 Dlx “
My 2 @l 3 ®)x 2 @x 3 E)lx 2 (e)lx-

Here |, denotes arbitrary choices, equal on the left and right hand sides of the inclusion symbol,
for the other four letters. The inclusion symbol expresses that all algorithms allowed by the
right-hand side, are also allowed by the left-hand side. From this it follows that we obtain
lower or at most equal optimal mixing times when relaxing the constraints from lowercase
to uppercase. The comparison of E, e scenarios with non-lifted chains needs particular care.
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Indeed, requiring no particular ergodic flows allows to select better lifted walks, but it
simultaneously gives more freedom to optimize P for the non-lifted process.

In regard of these scenarios, our investigation thus aims at answering questions like: how
much can be gained by relaxing a constraint, e.g. from (r) to (R) or from (e) to (E)? Conversely,
how constraining are such requirements, usually made as basic assumptions of the setting in
the literature like [15], on ultimately achievable mixing speed? How much are differences in
mixing speedup, found in the literature, tied to the constraints/properties imposed sometimes
implicitly on the setting?

In this paper, we will a priori not pose any definite judgment on the relevance of one or the
other combination of constraints, and thus just report the bounds on the mixing speed for all
scenarios.

Remark. In addition to general properties on the process as we list above, an important aspect
of engineered mixing dynamics is the amount of resources they require for implementation.
Following other abstract work on mixing bounds, we will not consider this aspect in detail,
as it further depends on the specific application and the information available at the algorithm
design stage. All the constructions we employ in the proofs, while having mostly existential
rather than practical value, have a number of lifted nodes polynomial in N. Their main goal
however is not so much constructive, but rather to assess the ultimate potential of various
algorithms for accelerated mixing on the basis of their fundamental properties.

3.7. Directly related previous work

Previous work by [18,19] and [15] have considered the (sImr) or (sImre) context. In
particular, [15] has established the conductance bound that we derive in Theorem 3, for the
particular scenario (sImre). More recently, this result was extended to the continuous-time
case [54], which we will not treat here. In the following sections, however, we will prove that
such bounds can be derived from just the (s) and (se) constraints, and that (s) is also in some
sense necessary: if we relax the setting to any scenario of (SI), then the diameter becomes the
trivial yet tight lower bound.

Our upcoming Theorem 2 on diameter-time mixing is reminiscent of finite-time consensus
results such as those in [29]. Here we have a more restricted setting, including positivity
constraints and time-invariant dynamics. The lift takes care of the time-dependence of the
algorithm, as we shall see, while positivity is intrinsically built in our framework, apparently
without affecting the fast convergence. Our results show that diameter-time convergence is
obtained at the cost of loosening some of the above properties with respect to [15,18,19].

4. LMC:s for existing algorithms and their properties

Before getting to the results, we illustrate the different LMC constraints by showing how
the speedup approaches mentioned in the introduction can be cast into the LMC framework.
The resulting LMCs will be used as a basis to apply the bounds that we derive in the upcoming
sections, in order to deduce mixing time properties for the algorithms themselves. Note that
the translation of a given algorithm into an LMC is not unique. A trivial example is that one
can always construct a new LMC by adding, to an existing LMC, dummy nodes which the
lifted walker never reaches but which could change some lift properties. Less trivial variations
can arise though. In fact, this ambiguity goes back to Markov chain modeling itself. We try
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below to give, for each example, a lift with reasonably small number of lifted nodes and which
follows in a reasonably direct way from the algorithm description.

When investigating the constraints satisfied by an algorithm, the translation into the LMC
framework merits two remarks.

e Some LMC properties are a direct and unambiguous consequence of the algorithm itself:
e.g. whether the algorithm keeps the target invariant when it starts there, thus property
(1).

e The satisfaction of other constraints might depend on the aforementioned non-unique
translation into an LMC. In this case, the different LMC translations will give different
lower bounds on the algorithm’s mixing time; the algorithm itself would of course satisfy
the most stringent of these bounds.

The selection of examples provided here is nowhere close to exhaustive, and serves mainly to
illustrate the variety of general ideas.

Example 4.1 (Blind Stopping Rules and Cesaro Mixing). In this example, we explicitly
construct a lift for algorithms with blind stopping rules, and further discuss the difference
between (m) and (M) in a concrete case.

Consider a stopping rule associated to a Markov chain P that chooses a stopping time
according to some distribution v over a finite interval [0, T — 1]. We call this a blind stopping
rule. Cesaro averaging corresponds to a special blind stopping rule where v is the uniform
distribution. We implement such rule as an LMC by adding to the original node set a binary
register {run, stop} and a register keeping the timestep {0, ..., T} (see Section 2.2 for details
on the standard clock-lift construction), resulting in the lifted node set

V= {run, stop} x {0, ..., T} x V.

By linearity, the associated LMC is entirely defined by its action on x = ¢; for all i € V. It
can then be described as follows:

“When x = eyu;,; for some t < T and i € V, g0 t0 egtop,s+1,; With probability v(¢) and
tO €run;+1,; With probability (1 — v(#))P; ;. Otherwise, stand still”.

Here ¥ is a rescaled probability distribution over [0, T'] defined such that (1 — v(¢r + 1))(1 —
Sh_ov@) =1-— ile o V(t'), i.e. it expresses the conditional probability of stopping at ¢,
knowing that we have not stopped before. We can describe this LMC by the transition matrix
below, where we “®” denotes the Kronecker product (see Section 2.1):
T-1
A= Z [(1 - i}(t))erun,t+leiun,t ® P
=0

+i(t)estop,t+1elun,t ® [V + eStOp,tJrleZtOp,t b IV]

T T
+ (estop,Testop,T + estop,Tenm,T) Iy,

initialized with Firun 0,4, = 1, and zero elsewhere. Note that some choices are arbitrary in this
construction, e.g. how the ¢ part of the lifted nodes evolves when we are on stop and what
happens in the case run, T, which has no incoming edges and thus will never be populated
with initialization F.

This procedure has a finite running time 7' and consequently, it will only exceptionally reach
a unique final distribution for all initial conditions. A standard procedure to induce convergence,
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as proposed in [43], is to apply amplification, that is, after having run the algorithm once, it
is run again on its own output. This amplification is easy to incorporate into the above LMC
with the following modification:

T-1

A=Y [ = 50)ernnsiehn, © P
t=0

+ﬁ(t)estop,t+1eiun,t ® IV + estop,tJrlerrtop,t b2 IV] (5)

+ ((1 - V)estop,TeZtop,T + estop,TeIun,T) 02y IV
+ Verun,oeltop,'r 1y,

for some y € [0, 1).

The algorithm clearly falls under the (S) scenarios, i.e. it corresponds to an imposed
initialization of the LMC. The LMC is still reducible (R) because of the nodes of the form
(run, T, v). By dropping those unnecessary nodes, it becomes irreducible (r) provided P was
irreducible, for all y € (0, 1].

For y = 1 the chain is periodic and x does not converge to a unique steady state (consider
the ¢ part of the lifted nodes), but the marginal p = Cx in general does converge to the unique
stationary distribution  of P, possibly faster than with the Markov chain P alone, so this is
(M). For y < 1, the whole LMC is irreducible and aperiodic, and thus it converges to a unique
7 (m), but this is not really the initial focus of the algorithm. Since only P or I, are applied
altogether to the 1V component of the lifted nodes, it is easy to check that with the initialization
F the situation x(0) = C Fr maintains Cx(¢) = 7 for all r > 0, i.e. invariance holds (i); this
also confirms that C7t = m, i.e. the algorithm reaches the correct limit distribution. Finally, the
ergodic flows of A do not exceed the ergodic flows of P since, by construction, P will in
fact correspond to (1 — )P + «l for some « € [0, 1]; in other words, the lift only contains
additional weight on the self-loops, caused by the probability of stopping for some steps before
running P again.

Interestingly, the convergence rates for p and x with this algorithm can be very different
indeed. For instance for (1 — y) « 1, the marginal p converges quite fast to 7, according
to the stopping time algorithm with amplification [40,43]; but the ¢ component of the lifted
nodes in x evolves essentially periodically, with only order (I — y) mixing at each step, and
thus it converges slowly. The (m) scenario as considered in [15] and related papers, would
thus suggest to avoid y >~ 1 with this LMC. But this, and more importantly the lower bounds
of [15] and related papers on the mixing time for scenarios with (m), might just be related to the
particular LMC translation. In particular, spectral approaches to estimate the LMC convergence
rate would automatically examine (m). We thus have a first concrete question: may the focus
on (M) instead of (m) allow to break some known bounds on mixing time?

A more concrete example with Cesaro mixing on the cycle graph is discussed in
Example 6.2.

To finalize this example we note that more general (non-blind) stopping rules also exist to
reach the Markov chain stationary distribution. These may depend on the specific nodes that
have been visited, rather than only on the number of steps. However, in
[43, Theorem 4.26] and related material it is shown that an equivalence can be established, at
least as long as the stopping condition does not modify the limit distribution. Namely, if such
a general stopping rule has an expected stopping time 7', then the amplified Cesaro average of
the Markov chain over O(T log 1/¢) steps will also be e-close to the stationary distribution. As
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a consequence, we can achieve the same mixing performance using the blind Cesaro stopping
rule. The lower bounds on the Cesaro mixing time will therefore carry over to lower-bound
the expected stopping time for general stopping rules. When the stopping rule is instrumental
in modifying the limit distribution, our bounds would not carry over though. [l

Example 4.2 (Non-Backtracking Random Walks). Non-backtracking random walks on undi-
rected graphs as in [4,19,22,36], can be translated rather directly to the following LMC. The
lifted nodes V = & correspond to the directed edges of the original graph, such that (i, j) € v
means that the walker is on node i € V, and coming from node j € V. Then the non-
backtracking transition matrix is defined by Aq ) xn = (1 —a)/(dy — 1) for i # [, and
AG .y = o, where di is the degree i.e. the number of edges incident on node k, and « is
supposed to be small.
In the literature, this algorithm has been considered with two types of initialization.

e In [4,22,36], the lift is initialized with “all nodes treated equally” in the graph. This
corresponds to the initialization map F{; j; = 1/d; for (i, j) € E and zero otherwise, i.e. a
uniform superposition over all possible “previous node” assumptions. It is straightforward
to check that this lift is invariant, thus resulting in the setting (Si).

e In [19], they do not specify an initialization, i.e. we are in a situation (s). However, in
that case the LMC does not satisfy invariance, so we are in (sI). Indeed, consider for
instance 7 being the uniform distribution over the cycle on N nodes, and an initialization
where Cx(0) = 7 and x(12(0) = x32(0) = 1/N, ie. by some chance we assume
initially that both nodes 1 and 3 were reached coming from node 2. In the next step, the
algorithm will avoid going back to node 2, from any of its neighbors, so we will have
p2(1) =2a/N K< 1/N = m,, implying Cx(1) # «.

One could thus wonder which setting gives the most promising convergence speed, more
generally: can we go faster with an algorithm that satisfies (Si), or one that satisfies (sI)? Apart
from this distinction, the LMC associated to the non-backtracking random walk is irreducible
and by keeping the symmetry on graphs it also matches the ergodic flows of the simple random
walk. The object of interest is clearly the marginal over V. [J

Example 4.3 (Time-Dependent Markov Chains, Simulated Annealing and Gather-and-
Distribute Strategies). Applying a different transition matrix P at each time step can speed
up convergence. To cast this into the LMC setting, we use a clock-lift (see Section 2.2): the
lifted nodes are taken of the form (i, s) withi € YV and s € {0, 1, ..., T}. The transition matrix
is defined by Ag 1)) = PI(? for 0 < s < T — 1, the action of A on ¢; 7 to be defined,
and zero elsewhere. The LMC is initialized with F(; g); = 1, and zero elsewhere. The LMC
leaves some freedom about the action of A on e; 7, i.e. the course of action after the end of
the provided sequence P*). The properties of the related LMC can depend on this choice and
on the sequence P®).

As an example, choose the action of A on e;7 to be Agjo.i1r) = P( ). This choice
would imply that effectively the LMC periodically applies the sequence P‘ ) PO e,
it corresponds to a time-dependent Markov chain P with P(*) = p(mod (T+‘>). This yields a
scenario (Mr). If furthermore each P® has the same stationary distribution , then we can be
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in a scenario (Si). An example of such algorithm on the cycle graph is

N
PO =pt= Z e(k+1)mod(N)eZa
k=1
N/2 N2 N (6)
PO =(1-a) Z e(2k+l)mod(N)eZk +( -0 Z eZke(TZk-H)mod(N) to Zekelt 8
k=1 k=1 k=1

for some parameter o € [0, 1]. This procedure is inspired by the LMC of [15,18], further
discussed in Example 6.1. It improves the mixing time to O(N), compared to the random
walk O(N?).

With the choice of A o).u,r) = P;?, i.e. periodically repeating the sequence of transition
matrices, one can relax the initialization F(;; = 1 and instead allow to start with any
distribution over the lifted nodes (i, s). In this case, even if all the P%® have the same
stationary distribution 7, invariance is in general lost. Indeed, consider e.g. the periodically
repeating LMC associated to (6) and initialized with x(2k,0) = x(2k + 1,1) = %, thus
satisfying p(j) = m(j) = 1/N for all nodes j; then after the first time step, we have
p(2k) = x(2k, 1) = =% while p(2k + 1) = x(2k + 1,0) = 42, thus p # 7. Thus there
appears to be a choice between (Si) and (sI), to which we will come back. The following are
general and concrete algorithms that fall under the framework of time-varying Markov chains.

Both simulated annealing and gather-and-distribute schemes over any finite time 7" can also
be represented by a time-dependent sequence of Markov chains P, but now typically with
each a different stationary distribution 77 (¢). For simulated annealing, P and 7 (¢) converge
progressively towards the desired P and m. For gather-and-distribute, the sequence results
from an “intuitively simple” way of moving probability mass around, mostly in a deterministic
way, during two consecutive time intervals: (i) during the “gather” time interval, we choose
PWM .., PP 5o that all the probability mass moves onto a single designated root node,
p(Dg) = e, (e.g., using a shortest-path tree of the graph, with all transition probabilities
aimed towards this designated root node r); (ii) then, during the “distribute” time interval,
we have the advantage to start from a known distribution p(Dg) = e, and we can therefore
easily design a sequence PP9+D . P@P9) from e, to 7 to redistribute this probability mass
according to the target stationary distribution 7. Note that unlike in the previous paragraph or
in Example 4.1, simulated annealing and gather-and-distribute do not come with the idea of
re-applying the same algorithm on its own output. The algorithmic idea is thus rather to take
A1), = 1 for all j. Then the LMC is reducible, because lifted nodes of the form (i, s1)
cannot reach any lifted nodes of the form (j, s,) with s, < s1. Due to the time-varying stationary
distribution 7 (¢) of P® in the original algorithm, it is clear that CAFm = PM"7 # 7 in most
cases, so we are in a scenario with (SIM). Since the steady state in fact involves no probability
flows, we trivially do not exceed the ergodic flows of P. [J

Example 4.4 (Lifted and Data-Augmented Markov Chains). Lifted Markov chains, in the
restricted sense of [15,18], enlarge the state space to introduce memory or momentum effects
into the dynamics of some Markov chain P, without assuming further control elements. The
mixing time of this enlarged chain is therefore determined without initialization, (s), so with
respect to arbitrary initial states on the lifted state space, and mixing is required on the entire
lifted state space (m). In addition the lifted Markov chain is required to be irreducible (r),
to respect the ergodic flows (e) and can violate invariance of 7 (I). Other designs of lifted
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Markov chains in this explicit sense have been proposed in [17,28,41] on the basis of spatial
directionality on the graph, and in [10,41] inspired by network communication ideas.
Data-augmentation, as in [60], is implemented in situations where a Markov chain P over a
node set V' is more naturally or easily formulated in a factorized way: P; ; = ) . PI/’/( j’Z)P(’j’Z)’ j
with z € V' some latent variable. Thus first P’ maps j to some (j, z), with z a random
auxiliary state value, then P” maps back (j, z) to a random node i € V, the original node
set.’ For examples in the settings of genetics or statistical inference we refer the interested
reader to [60]. Although this formulation will of course converge on V with exactly as many
iterations of the product P” P’ as the underlying random walk with iterations of P itself, we
show for illustration how it can be reformulated as an LMC. In some contexts, this analysis
might also suggest how the original data-augmentation algorithm could be modified towards
speeding up convergence. For the LMC, we introduce the lifted nodes V =V ® V'. The lifted
transition matrix A satisfies Az, .2 = P/ ;) F; ) ; (so the arrival lifted nodes distribution
does not depend on z’). The output map C corresponds to summing over z, and the induced
Markov chain will be equal to P. Data-augmented Markov chains fall in the class (siMRe).
Indeed, the algorithm comes with no clear way to initialize the z latent variables of the lift.

The lift keeps an initial state Cx(0) = 7 invariant, since the component i of C A x is given by

Z Z AGi,0),(,)Xj 2 = Z Z Pi/,/(j,z) P(/j,z),jxj,z’
z 7 j.Z oz
= ZPz’,j ij,z’ = Zpi.jﬂj =,
i 7 i

whenever ), x; . = m; i.e. whenever Cx = 7. One is interested only in the marginal output
after discarding the V' register. Irreducibility might depend on the factorization P” P’ and may
not be known a priori, so let us say that it is not imposed. By an argument similar to the one
for invariance, the lift does respect the ergodic flows of P. [

The following table summarizes the constraints satisfied by the examples. We recall that
these properties are those of the LMC that we have associated above to each algorithm; while
some properties are unambiguous, others can thus depend on the considered LMC as we have
explained. The table illustrates that the variety of proposed algorithms also satisfy different
constraints around the basic Problem 1. The ergodic flows appear to be matched (e) in all cases,
although for some approaches, like gather-and-distribute, this may look somewhat artificial.
We will rigorously establish how relaxing (e) to (E) may or may not lead to more efficient
algorithms.

random walk s
stopping rules S
non-backtracking RW [4] S
non-backtracking RW [19] s
simulated annealing S
gather-and-distribute S
lifted MC a la [15,18] s
data-augmented MC [60,62] s

HeoH H o H e e e
=2EEB E2E=E2===8
WH WO KR KKK
® ® O ® O O O O

3 To gain some intuition, imagine that V is a set of train stations and V' enumerates the train platforms. A
random walk between train stations, starting from train station j, can then be factorized as follows. At each train
station j, first pick a random departing train z € V' with probability P(/,gz) i then pick a random stop i along the

train line (j, z) with probability P/, i
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In the following sections, we investigate the mixing properties of LMCs as a function of
the associated constraints scenario. This allows us to conclude with implications for the mixing
times of the algorithms themselves.

5. Minimal and maximal acceleration of mixing: invariance and initialization, both or
none

We start by identifying the scenarios for which the lift cannot provide any advantage in
mixing time with respect to a simple Markov chain, and those that allow for the fastest
(diameter time) mixing. Remarkably, the only constraints that are relevant to determine these
“extreme” behaviors concern the capability of initializing the lift, and the invariance of .

5.1. Scenarios where lifting does not speed up mixing

We first show that, with (si), the lifted Markov chain cannot go faster than the best non-
lifted chain P compatible with the graph, even if we relax the other constraints, e.g. only
looking at the marginal mixing time.

Theorem 1. In all scenarios featuring (si), for any lifted Markov chain (é, A) whose
marginal p(t) = Cx(t) mixes to w, there exists a (time-invariant) stochastic matrix P9 such
that p(t + 1) = PIp(¢) for all t.

Proof. Since we have (s), the lift can start from any distribution x over V. Invariance (1) then
requires that for any x for which Cx = m, we have CAx = m. The main idea of the proof
is that, with these constraints, it is necessary that any two xD x@ for which Cx™ = Cx®,
induce the same flow on G.

Given a lifted Markov chain satisfying (si), consider a map q : V +— V that maps every
J € V to a single node k; € V for which c(k;) = j. Let x = g(p) denote the distribution with
Xq) = pj forall j € V, and x; = O for all remaining i € V. Defining

Pif]j = Z At.q0) »
tec=1(i)
we will show that for any x(¢) with p(t) = Cx(¢), the lifted Markov chain satisfies
pt+1)=Pip(), (7

i.e. the LMC behaves like the non-lifted Markov chain P9. Proving (7) amounts to proving
that

CAx = PICx ®)
for all x € Pg. For any x of the form x = g¢(p), with p € Py, we indeed have
(8) by construction. For any other x, defining x> = g(Cx), there remains to show that

CAx = CAxYD. To do so, select some ¢ > O such that aw; > p; for all j € V and
define 7’ = n(awr — p) € Py, with 1/n = Zjev(a”j —pj)=a—1lie.a=1+1/n.
Now select any distribution x’ over V such that Cx’ = 7/ and let xV = (x + x'/n)/a,
x@ = (x9 4 x'/n)/a, which are properly normalized distributions. We then have by
construction a(x" — x?) = x — x@, and with Cx"V = Cx® = x. Invariance (i) requires that
CAx"D = CAx® = 7, which readily implies CA(x —x@)=0. O
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The data-augmented Markov chains in the sense of [60,62] fall into this category. We had
already anticipated that these chains do not converge faster than the simple Markov chain
would. We here can see that this is implied by the properties (si) and that any attempt at
proposing accelerated versions of this algorithm must consider breaking one of these two
constraints at least.

5.2. Scenarios where lifting allows for diameter-time mixing

A basic bound on mixing time is that, under locality constraints, the equilibrium distribution
cannot be reached in a time that is shorter than the graph diameter Dg. This directly implies
a similar bound for the formal definition of € mixing time, e.g. t(1/4) > Dg/2 [40]. The
diameter bound holds for time-inhomogeneous Markov chains too, and it is easy to see that
lifted dynamics must satisfy it as well, even in absence of any constraints besides graph locality.
We next characterize a class of scenarios that do allow for mixing in diameter time. Remarkably,
this is possible for any graph, as soon as we are allowed to smartly initialize the additional
degrees of freedom introduced by the LMC and we do not impose invariance of Cx(0) = .

Theorem 2. For any given € > 0, all scenarios in (SI) admit a lifted Markov chain for which
Ty(€) < t(e) < Dg + 1, with Dg the graph diameter; the associated lifted graph has of order
DgN? nodes.

Proof. The proof uses a node-clock-lift construction, see Section 2.2, where each sequence
{PD(t)} is designed to induce fast convergence from p = ¢; towards p = m for an initial
node i.

More precisely, consider any two distributions p and p’ over the nodes V of a graph
G with diameter Dg. There always exists a time-varying Markov chain {P(t)}t'f1 such that
p' = P(Dg)P(Dg — 1)... P(1) p, where all the P(¢) satisfy the locality constraints imposed
by G, see e.g. [8,16,23,52]. We call this sequence {P(t)}ig1 a stochastic bridge from p to p’.
The existence of such a bridge, as well as its construction, can be derived using a max-flow
min-cut argument [8]. A concrete example of such construction can be found in Example 1.1
in relation with the gather-and-distribute technique: during the time steps 7'/2 to T, we use a
bridge that maps ey onto the target uniform distribution.

Now given any G and 7, for each node i € V we start by building such a stochastic bridge
from p(0) = e; towards the target p(Dg) = m. We then combine these bridges via a node-
clock-lift into a single LMC. More precisely, the construction of Section 2.2 is applied as
follows. Denoting P*? the matrix P(s) of the stochastic bridge associated to e;, we define
the lifted nodes V = {(s,i,v) : s =0,1,2,...,Dg;i € V;v € V} where the original graph
corresponds to marginalizing over the indices (s, /). Then we let the (s, i) act as conditional
variables to apply the transition matrix P¢*+1) to the original nodes, for all s < Dg; the i
variable does not change during this step, while the s variable is incremented by +1 like in
the construction of Example 4.3 for instance. For the moment we leave open what happens to
nodes of the form (Dg, i, v). This LMC, in the (S) scenarios, is associated to the initialization
map Fi—o,yy=iv=i),i = 1 Vi € V and all other F; ; = 0. By construction, the weight p;(0)
associated to k € V then just follows the associated stochastic bridge and gets distributed into
a fraction py(0) -  of the distribution Cx(Dg). Thus, the marginal converges exactly (¢ = 0)
to mr, within Dg time steps. There remains, at least, to specify the action of the LMC on nodes
of the form (Dg, i, v) and to analyze the related constraints.
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If we just impose Aeppg.iv) = €ng.iv for all i, v, then all the probability weight stops
moving and we have indeed p(t) = w for all #+ > Dg in the scenario (SIMRE). This however
is the weakest in terms of constraints, and we must show that we can do better. The issue for
(m) with the constructed lift is that x(1) = ep; ® p(0) ® 7 for all 1 > Dg, i.e. it depends
on po. This can be solved at least formally in a single additional step by applying an erasure
operator* locally at each node v € V: slightly enlarge % by adding nodes of type (s, i, v) with
s = Dg + 1, and let AE(DQ!,"U) = €pg+1 ® T ® e, with Ae(Dg+l,i,v) = €(Dg+1,i,v) for all i, v
€ V. With this LMC we have x(7) = ep;+1 ®7 @ for all 1 > Dg+1 in the scenario (SImRE).
Next, it is easy to treat the satisfaction of ergodic flows, thanks to their singular definition in
(R) scenarios. Indeed, ergodic flows only depend on the action of A on 7 and 7 has support
on nodes of type (s, i, v) with s = Dg 4+ 1 only. With this, it is sufficient for (e) to let A act
like Iy, ® P instead of Iy, ® Iy, on the subspace spanned by {epg+1.iv) : i, v € V}, proving the
theorem for (SIR).

When irreducibility is required, a first point is to drop the nodes which are obviously never
populated in the full node-clock-lift, like e.g. the nodes e,y with i # v. In addition, to
ensure that the LMC is irreducible (provided P was), the main idea is to link each node of type
€(Dg+1.i.v) back to an associated node of type e(,»,.). However, because invariance of 7 is not
ensured, we must do this with a lifted edge of small probability weight y < 1. Furthermore,
again due to (I), this modification possibly leads to a modified steady state with C7 # =
as soon as ¥ # (. The technical point then is to slightly adapt some transition probabilities
in the LMC such that (i) the new steady-state does satisfy C7 = 7 exactly; (ii) for small
y the corrections are so small that 7 remains €/2-close to the former stationary distribution
epg+1®m @7r; (iii) the modifications are made such that ergodic flows of the new construction
do not exceed those of P; and (iv) the state of the LMC, after having followed a path essentially
equal to the reducible one for the Dg + 1 first steps, remains €/2 close to epg+1 @ 7 @  (and
thus e-close to 77) for all # > Dg+ 1. The technical irreducible approximation Lemma, detailed
in Appendix, proves that such construction is possible. [

Examples of existing strategies in the (SI) setting are simulated annealing and gather-and-
distribute approaches. Indeed, the latter was designed so as to allow for diameter-time mixing.
A priori, simulated annealing schemes could allow for the same speedup. However, simulated
annealing type algorithms of course correspond to a subclass of these (SI) scenarios, designed
with a particular structure, mostly a sequence of reversible Markov chains P® derived from
limited knowledge/analysis, e.g. not knowing the target w. Our analysis does certainly not
answer the question whether simulated annealing, with its design constraints, can be efficiently
tuned to converge in the order of the diameter; but at least a priori such appreciable speedup
is not excluded.

6. Results on conductance bounds

In this section we discuss conductance bounds for LMC scenarios. Section 6.1 discusses
the known conductance bounds which, as we show in Section 6.2, lies intermediate to the
diameter and random walk bounds derived in the previous section. In Section 6.3 we prove
that the bound holds for a number of scenarios beyond what was known, and in Section 6.4
we relativize the relevance of ergodic flows in the light of these results.
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6.1. Existing conductance bounds on the mixing time

A key quantity, widely used in obtaining bounds on the mixing time [2,39,46], is the
conductance of a stochastic transition matrix P on G. For a subset X C V let 7(X) = Zi cx i
where we recall that  is the stationary distribution under P. The conductance ®(P) of P is
defined as [40]:

ZieX,j¢X Pj; i

P(P) = min ()

XCV:0<n(X)<]

This characterizes the minimal steady-state probability flow that is cut when separating the
nodes into two disjoint sets. Given only a graph G and a target stationary distribution 7 over
V, we define the conductance @ of G towards  as

¢ = max d(P),
P:P~G,Pr=m

where the maximization runs over all stochastic P satisfying the locality constraints of G
(denoted by P ~ G) and whose stationary distribution is 7. If 7 is the uniform distribution, then
& is upper bounded by the edge expansion of G. If a graph family has bounded degree, then
¢ € O(P(P)) for P the simple random walk, i.e., the simple random walk gives approximately
the best conductance. The Barbell graph (see Example 6.3) proves that this does not hold if
the degree is unbounded.

The conductance can be used to bound how the minimum time for the convergence of a
mixing process is constrained. Loosely speaking, it is known that t(1/4) is of the order of
1/ ® or larger, for any Markov chain P (Conductance bound, see e.g. [40]); and [15] among
others have proved that the same bound holds for lifted Markov chains. However, these bounds
are proven only in the scenario (sImre), which is a quite restrictive setting among those we
consider; for instance, one might wonder why a lifted walk designed to help converge on V
would really care about (m). Clarifying whether such a bound, or a variation thereof, would
hold for other scenarios was one of the main motivations for this paper.

Before going on, let us briefly comment on the conductance ¢ when no P is imposed.
This expresses how the mixing time is constrained by the graph topology and the stationary
distribution 7 alone and it is natural to anticipate that it will play a role in lift scenarios with
(E). In this context, the same caveat as after (4) is in order: when relaxing the scenario from (e)
to (E), better lifts are admitted but also possibly a more favorable conductance, since dropping
(e) implies dropping any reference to a particular P. In particular, a fair treatment in scenario
(E) shall compare for each graph G, the fastest possible lifted Markov chain A (in terms of
7(1/4)) with the best possible conductance @(P) over all admissible P, where the optimal P
may differ from the P®) obtained as an induced Markov chain of the fastest lift.

6.2. Conductance: examples

The following examples illustrate that the conductance bound sits typically in between the
two cases considered in Section 5. On the one hand, the very reason why LMCs were introduced
in the line of work related to [15], is that the conductance bound is not strict for random walks:
on some graphs and 7, the mixing time of any compatible P is in fact > 1/®?, while an LMC
in the sense of [15] can reach t(1/4) = @(1/ ®); see [15] for details, and Example 6.1. On the
other hand, the diameter Dg can sometimes be much smaller than 1/®, see e.g. Example 6.3.
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Fig. 3. The transitions for the non-backtracking RW [18] on the cycle with N nodes, see Example 6.1.

Example 6.1 (Non-Backtracking and LMC on the Cycle). Consider a stochastic process on the
finite cycle graph, i.e. the graph with nodes V = {1, ..., N}, and where node k is connected by
an edge to nodes k £y 1, where &, denotes addition or subtraction modulo N. As introduced
in Section 4, a non-backtracking random walk on the cycle can be described as an LMC with
lifted nodes V = {(s,i) : s € {+, —} and i € V}, with transition matrix A; +)G+y1,+) =1 —a
and A +)i+y1,7) = «. The allowed transitions and the relative probabilities are depicted on
Fig. 3 for o = 1/N. We initialize the walk with the map F; 1); = F;—); =1/2foralli € V,
and zero otherwise.

This construction is introduced in [18], without the initialization map. They show that: if «
is of order 1/N, so keeping rotating around the cycle in the same direction is preferred, but
the probability to reverse direction at least once per round around the cycle is significant; then
the mixing time 7(1/4) of x on V is of order N. In contrast, the mixing time 7(1/4) towards
the uniform 7 of any non-lifted walk on the cycle would be of order N2 (see e.g. [25], which
proves that the optimum is achieved with the simple walk, i.e. probability 1/2 to take each
edge).

For large N, this speedup becomes significant. The LMC of [18] thus achieves accelerated
mixing in the (sImrE) scenario, or (sImre) under the reasonable constraint of imposing ergodic
flows with circular symmetry. Yet without initialization map the lift does not satisfy invariance,
i.e. starting at x with Cx = 7 would not necessarily imply CAx = . Indeed, consider
xi(0)=1/Nfori =@3,4+)andi =(1,—-) € f); and for each k € V \ {1, 3}, any distribution
satisfying x,+)(0) + xx,—(0) = 1/N. When applying one step of the LMC to this x(0), no
weight can flow to the nodes {(2, —), (2, )}, while the latter lose their own weight to neighbors
(1, %) and (3, £). Le., we have Cx(0) = 7 but (CAx(0)), = 0. This loss of invariance is
consistent with the fact that else, i.e. with (si), the setting would have to satisfy Theorem |1
and hence could not feature any speedup over the best random walk.

Alternatively, the non-backtracking construction with a circular-symmetric initialization
map [4] achieves the same speedup in the (SiMrE) or (SiMre) scenario. We thus find an
interplay between the (sI) and the (Si) scenarios. [J

Example 6.2 (Blind Stopping Rule on the Cycle). For mixing on the cycle, a similar speedup
as in Example 6.1 can be attained by using a blind stopping rule or Cesaro mixing. This
corresponds to a concrete illustration of the construction described in Example 4.1.

The idea is to let the walk turn deterministically around the cycle, say clockwise at each step;
and stop the process at a random time ¢ sampled uniformly over 1,2, ..., T. In the language
of Section 4, the original Markov chain follows P = P, where Pt as in (6) is the clockwise
permutation matrix over N nodes. If we stop this Markov chain at a uniformly chosen timestep
in [0, N — 1], it is clear that the final state is distributed uniformly over the cycle. In a less
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Fig. 4. The Dumbbell graph on 3n = 15 nodes, see Example 6.3. For this graph the diameter is ©(n), both the
random walk conductance ®(P) and the graph conductance Pg are A(n~2) and the random walk mixing time is
©(n?). This graph clearly separates the lower bounds determined by the diameter, the conductance and the random
walk mixing time.

stripped-down setting where the exact value of N is unknown at the design stage, one could
sample the stopping time uniformly over [0, T —1] for some guess T, and apply amplification as
explained in Example 4.1. Interestingly, this maintains accelerated convergence. For instance,
after the first 7' steps when starting say from node 1 with N < T < 2N, the distribution is
p(T)=2/T forallk < T—N and py(T) = 1/T for all k > N, thus having already distributed
a weight 1/T uniformly on each node. Thanks to invariance (i) of this algorithmic procedure
(see Section 4), this success is booked for all future times and by applying amplification we get
a 7(e) of order N log(1/¢€). In general, with such stopping rule, p converges asymptotically to
the uniform distribution over the cycle at a rate of order 7', in a scenario from (SiMrE), while
x converges more slowly, with characteristic time 72, as a scenario from (SimrE). One might
thus wonder whether this is a fundamental difference between scenarios, or only due to the
particular algorithm. Example 6.1 suggests the latter, since on the cycle the algorithm of [18]
converges with a fast rate even as a scenario from (SimrE). In the following we provide the
answer to this question for general graphs. [

For the cycle graph, because Dg = 1/® = N /2, the diameter and conductance bounds on
mixing time are of the same order. The next example shows that for some graphs, 1/® can
significantly differ from Dg.

Example 6.3 (Dumbbell and Barbell Graph). The 2n-node Barbell graph K, — K, consists of
two completely connected subgraphs on n nodes, connected to each other by a single “central”
edge (n,n + 1) € £. For visualization, it is a particular case of Fig. 4 where the central path
would reduce to a single edge. This graph is a notable example in mixing time studies because
of the clear bottleneck behavior of this central edge [3,13]. As a consequence, we can show
that the inverse conductance 1/ @ associated to the uniform distribution 7z on the Barbell graph
will be significantly larger than the diameter Dg = 3. To see this, first consider the random
walk P on this graph (i.e. when sitting at a node, we have equal probabilities to take any of
its edges). For technical reasons, we add self-loops to all nodes except for the central nodes
— this ensures the graph is regular. Then the stationary distribution is uniform, and the central
edge (n,n + 1) has a transition probability 1/n. Now consider the cut X = X, where X,
contains all the nodes on one side of the central edge (n,n + 1); the latter is thus the only
one to be cut. Then this results in a random walk conductance $(P) < 1/(n> —n + 1), so
that 1/@(P) is significantly larger than Dg. Towards estimating the optimal conductance &
over all Markov chains P, we note that we can actually improve the conductance by choosing
smarter weights, as mentioned earlier. To this end, add self-loops of strength 1/2 to all nodes
except for the central 2 nodes, and increase the transition probability of the central edge to
1/2. Then the stationary distribution remains uniform (the transition matrix is symmetric), yet
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the conductance is improved to 1/(2n). We can easily show that this is nearly optimal: for the
aforementioned central cut X = X,

Ziex,jgx Pj i i

® = max ¢(P) = max min
P XCV:0<m()<1 (&)
. . P;;m P 1/2 1
< max Dicx, jex, Pri T — max Frt] (1/2n) !

P 7(X,) B 1/2 n’

From first to second line, we have replaced the minimum by the particular cut X = &,,, and to
conclude we have used that the central edge can at most have P, ,4+; = 1. This bound clearly
shows that also 1/¢ can be unboundedly larger than Dg.

The Dumbbell graph, see Fig. 4, is a variation of the above, where two completely connected
subgraphs K, on n nodes are connected by a path of length n. Its diameter is n + 2. The
random walk P on the Dumbbell graph has a steady state = with weight of order 1/n on each
node of the completely connected subgraphs K, and a weight of order 1/n* on each node
of the central path. This random walk is known to converge towards 7 in order n® [40]. The
associated conductance ¢(P), obtained by cutting in the middle of the central path, is of order
1/ n?. Thus in this example, 1/ associated to the stationary distribution of the random walk,

is both strictly larger than the diameter and strictly smaller than the mixing time of the random
walk. [

The previous examples put mixing times of order 1/ strictly between the convergence
speed of non-lifted walks, as in Theorem 1, and the diameter bound of Theorem 2. The aim
of this section is precisely to identify scenarios where, while a lifted Markov chain could
outperform the non-lifted chains, it can never significantly beat the conductance bound. The
present section focuses on establishing lower bounds on the mixing time. The next section will
comment on the speedup, from Theorem | to conductance bound, indeed being attainable for
those scenarios.

6.3. Identifying scenarios which provide an advantage within the conductance bound

We start with some preliminary results. We note that the gist of the following lemma is
well-known, and appears in for instance [40,59].

Lemma 1. Consider a stochastic matrix P, not necessarily irreducible, on a node set V and
one of its stationary distributions w. Take any X C V such that 71(X) # 0 and define the
distribution 7'V by

(0 _ nm; fori € X
i 7 ) Ofori¢Xx
Then for all t > 1 we have

D P FN); <t By (P,
JjgX

. 1 _ o
with 1 = an = 7(X).
ieX

where Py (P) = (ZieX,j¢X P;;m;)/m(X), can be viewed as a conductance associated to 7
and the particular subset X.
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Proof. We will first prove and later use the following facts:

S (PR, = P70 2, ®
JEX
D P EFY); < PRV -7V, ve=o.
j¢x
To obtain the equality in (9), we rewrite the total variation distance:
|Pa® =50, = T A A,

ueVi(P# (X)), =7

We then observe that (P7‘Y), > 7Y = 0 trivially for all u ¢ X, while the following
computations yield the opposite conclusion for all u € X. Indeed, by the definition of 7 (1),
we have

P P, 7 ~(X) P, ; Tj
(P u Z Z ’jn(X)

Jjevy jeXx
Zjev P”’jn]' _ Tw 7
m(X) 7 (X) “

Thus the rewritten total variation distance reduces to Y-, ((P7Y)); —0).
To obtain the inequality in (9), we expand the total variation distance:

1
~ (X X ~ (X ~ (X
|PF =70y = 2 1P FRY), -7

ueV
1 . 1 . .
=5 2 PR+ 2 3 P A ), — 7]
u¢ X ueX
> _Z(p (X)) + = Z(pt~(/\f)) ~15X)
ug¢X ueX
1 . 1 .
=2 2 PR+ 3 (1 - Z(P’n“))L,) -
u¢ X ug¢X
=D (Pa™M),,
ug¢ X

thus proving (9).
Next we obtain (see justifications below):
[ P'7 — 7O 7y

<P = P 7Oy + | PTIZD — POy o+ | PERD = 7O 1y
<t [|PFY —7Dpy =1 Sy 1 (P).

From the first to second line we have used the triangle inequality on the £; norm; from
second to third line, we have used repeatedly that any stochastic matrix P contracts the
¢, norm [40], i.e. for arbitrary distributions p¥ and p® we have |Pp") — Pp@|y <
| pY — p@|7y : for the last equality, we have used the equality in (9) and the explicit
computation 3 (PE™M); = 3 oy oy PiuY = e jex 2w Where the last
expression is the definition of @y ,(P). The stated result then follows by using inequality
(9) in front of the first line. [
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Lemma 2. Consider a lifted Markov chain A on V and one of its steady states 7. Then the
mixing time ty(1/4) for scenarios with (sM) satisfies Ty (1/4) > 1/(4@(P(A;”))), where P4
is the induced chain on V associated to A and 7.

Proof. Take a subset & C V such that 7(X) = A(c1(X)) < 1/2 and denote X = ).
Define 7#*) similarly to 7‘*) in Lemma 1, except now we are constructing it on the lifted
space x, T, X = ¢~ 1(X) instead of on vy, w, X. We then get:

A (X A 1 N A
ICAZ D = Callry =53 | D (AF™); — 3
i€V |jec ()
1 N . 1 T .
Z5 Z D AR - +3 Z D AR — 7
i€X jec—1(i) i¢X jec1(i)
= |C'A'Z® — C'R gy
where we define C" by C;, = 1 if ¢(v) € X, Cj, = 1 if ¢(v) ¢ X, all other C/ = 0.

That is, C’ projects the dlStI‘lbuthI’l x on )V onto a dlstnbutlon among the two options, X and
its complementary. With the reverse triangle inequality and using the same notation @ as in
Lemma 1, we further develop:

IC' AR — C'itllgy 2 ICAD = C'Rllpy — 1CA RS — 7Dy (10)
= (1—m(X)) = Y (A7),
jex

1 1
=5 1Py (A) =510 A (PAT),

The first equality follows by noting that C’fz(Xz and C'7 have weight 1 resp. 7(X) on X,
whereas C’A'7Y) has weight 1 — 2 jen(A A)); on X. To get the last inequality, for the
first term we have used our assumptlon that m(X) < 1/2. For the second term we have used
Lemma 1, for which the only condition was that n(X ) > 0; the latter holds since n(X ) =m(X)
and the paper throughout assumes 7 (i) > 0 for all i. The final equahty is obtained by recalhng
that the induced chain is defined precisely such that ﬁ(A'” P = Zuec Hi)pee ! DAy TS
this readily implies that for the particular preimage subsets X = (X)) Cc V we do have
Dy 1 (A) = D (PAD)

If the mixing time 7(1/4) is equal to T, then in particular the initial condition 7#*) must

converge close enough to w within T steps, i.e. we need

ICATZ® — CR Yy < 1/4.

By (10) this requires 1/2 — T &x(PAM) < 1/4 ie. T > 1/(4Px(PA)) . Since this is
true for all X C VY with m(X) < 1/2, itis in p~articular true for the X for which the minimum
value of & (PA™), i.e. the conductance $(PAM), is attained. [J

Note that the above results hold irrespective of having invariance property (i) or (I). The
following result extends the bound from [15] in the (sImre) setting to all the (s) and (se)
settings, i.e., allowing for reducible lifts and for situations where we only care about the mixing
time 7, of the marginal distribution.
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Theorem 3. The scenarios including (s) satisfy a conductance bound of the form t(1/4) >
w(1/4) = 1/4 D), or t(1/4) = ty(1/4) = 1/(4DP(P)) in scenarios with (e) and ergodic
flows specified by P.

Proof. Lemma 2 applies directly to (sMe), where (e) imposes that P(%) = P for all (A; 7)
and thus $(PA1) = @(P). Regarding (sME), assume that the claim would not hold i.e. a
particular A, 7 would allow t,(1/4) < 1/(4®) with & the largest ¢(P) among all admissible
P. This particular lift satisfies, as any other, that  7),(1/4) > 1/(4P(P“)), where the
induced chain P is by construction an admissible P, yielding an admissible conductance
@(P) on G. This directly gives a contradiction. The corresponding scenarios with (m) instead
of (M) follow by (4). O

There remains to treat the scenarios with (Si). We next show that, when looking at the
convergence of the marginals in absence of requirements about irreducibility and ergodic flows,
as in (MRE), one can trade the constraint (i) for the constraint (s) by paying a small price in
the mixing time.

Lemma 3. Let A be a lift in (SiMRE) with mixing time ty(1/4) = t. Then there exists a lift
A, in (sIMRE) that has t(1/4) = 27.

Proof. Consider the given lift A; in (SiMRE): we can construct the periodic node-clock lift
(see Section 2.2) which, modulo proper initialization, first follows A;’s evolution from t = 0
tot =T = 1)4(1/4), and then periodically repeats this evolution. The proper initialization F
associates the weight p; to the lifted node (¢, vy, v) = (0, i, i). To see how this allows to trade
(1) for (s), we examine the evolution of an initial state (#;, vy, v) with this periodic node-clock
lift A, (equivalent to considering a Kronecker delta distribution as initial distribution x(0)).
After T —1; steps with A,, each such state is mapped to the set of nodes Fy := {(0, v, v)}. From
there, it follows the periodic evolution generated by A;. This implies that after 7 = t),(1/4)
more steps with A,, i.e. at t =, = 2T — ¢;, for any vy, v defining the initial marginal x(0),
the distribution x(t,) satisfies |[Cx(t,) — m|lry < 1/4 and has support on the image of the
initialization map F. By construction we can thus write x(z,) = Fp(t,) for some distribution
p(t,) over V. For the next T steps, we thus have x(z, + 1) = (A;) Fp(t,). Invariance (I) of 7
under A; means C(A,)'Fr = CFn = . Therefore we can write:

ICx(te +1) — 7liry = |C(A) Fp(t,) — C(A) Frrliry
< (A Fp(t,) — (A) Fr v
<\ Fp(t) — Frlry = [l p(ts) — wl7y.

The second inequality holds because the stochastic matrix A; contracts the £; norm. The last
equality holds since the F associated to our bridge is just a relabeling of nodes, from )V
to a subset of V. Since we had ICx(ty) — |7y < 1/4 already, we have just shown that
ICx(t)—m|ry < 1/4 for all t > t,, when we start A, with all the weight of x(0) concentrated
on a single node € V.

For an arbitrary x(0), the state after 27 steps is a convex combination of cases with
x;(0) = 1, so the property |Cx(¢) — |7y < 1/4 for all ¢t > 2T > t, is maintained. The
periodic node-clock-lift A, is thus a chain in (sIMRE), whose 7,,(1/4) mixing time is at most
twice the one of the chain A, in (SiMRE). [I
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We note that we already encountered this interplay between (sI) and (Si) scenarios in the
two formulations of the LMC on the cycle in Example 6.1.

Remark. The lift constructed in the proof (potentially) loses invariance. This is the case because
A, is built to follow Aj, and thus leave 7 invariant, only if initialized in the set Fy = {(0, v, v)};
as soon as in trading (S) towards (s) we relax this initialization and allow starting at nodes
(ti, vo, v) with #; # 0, we have no guarantee anymore about what happens when Cx(0) = .
We also note that through the periodic node-clock-lift construction, we could lose any matching
ergodic flows that were present in Aj, so scenarios with (Sie) are not covered by this result.

Theorem 4. Settings with (SiE) satisfy t(1/4) > tyy(1/4) > 1/(89).

Proof. Since we have shown in Theorem 3 that 7,,(1/4) > 1/(4®) for (sIMRE), by Lemma 3
we have 14/(1/4) > 1/(89) for (SiMRE). The same bound then holds for all scenarios with
(SiE), since they are all more constrained than (SiMRE) and with the same conductance. [

We cannot strengthen (E) to (e) directly in the above proof, since this would affect both
sides of the inequality: the allowed lifts, and the allowed P for computing the conductance.

6.4. On an equivocal role of ergodic flows

We conclude our characterization of lower bounds on mixing time by treating the scenarios
of type (Sie) on their own. We argue that this setting appears like one of the most natural
scenarios: a tailored initialization of auxiliary states is allowed, and invariance of the target
under such initialization is required. Caring about irreducibility or about the full distribution
including auxiliary states will play no key role. There thus remains to investigate how ergodic
flows fare under this setting.

In accordance with Theorem 3, and keeping in mind the (1) <> (s) duality, one could expect
a 2(1/9(P)) lower bound similar to the (se) setting. In the following example however we
show that this does not hold.

Example 6.4 (Dumbbell Graph). Starting with a random walk on the dumbbell graph K, — K,
on 2n nodes, we define P by adding a self-loop of weight 1/n to all nodes except the two
middle nodes — this ensures that the stationary distribution 7 of P is the uniform one. The
conductance @(P) = 1/n? is obtained by considering a cut over the middle edge. We will
show that a lifted walk satisfying (Sie), with ergodic flows as imposed by the random walk,
can significantly beat the associated conductance bound 1/®(P), and in fact reach 1/ where
@ corresponds to another Markov chain that converges to the uniform distribution = on the
Dumbbell graph; in particular, this Markov chain would have a much higher weight on the
middle edge. This shows that a statement similar to Theorem 3 in the (se) setting does not
hold in this (ie) setting.

To construct the LMC, we start from a sequence of transition matrices {P;}’_, that induces
convergence in finite time and leaves the target distribution invariant, i.e. such that:

PTPT—I'HPZPlev = Vv GV,
PtPt_]...PZP]JTZT[ VISIST.
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An easy solution goes as follows:

1. Mix the probability mass on the left cluster and right cluster individually, corresponding
to the transition matrix

1117
P = - -
! n|: 11T]’

with T the all-ones vector;
2. Equilibrate the two middle nodes, corresponding to the transition matrix P, defined by

_In—l

_ 0 172 )

P, = 12 0 ’
Infl

3. Perform a clockwise permutation on the left and on the right cluster individually, i.e.,

Pt
P3: P+j|»

with P the clockwise permutation matrix over n nodes;
4.-T. Repeat steps 2. and 3. another n — 1 times; thus 7 = 2n + 1.

It is straightforward to check that this sequence of transition matrices satisfies invariance and
that indeed (P; P,)" Pie, = m for all v € V.

Building a clock-lift on basis of this sequence {P,}”_,, the ergodic flows reduce to self-loops
and thus (e) is trivially satisfied, such that we obtain an LMC in the (SiRe) setting that exactly
converges towards 7 in 2n 4 1 steps. We here see how the setting is “cheated”: while possibly
large flows occur during the transient phase, in stationary regime they vanish such that any
imposed ergodic flows are not exceeded. The same idea can be pursued for the other settings.

Indeed, consider the LMC that modifies the previous construction by replacing ey e; ®1 in
the transition matrix A by

(1-— y)ere; ®1+ yeoe; ®1,

for some small probability y > O to restart the sequence. The resulting LMC is irreducible, and
it still satisfies invariance of 7 when initialized with S as previously. In addition, we can prove
that for sufficiently small y it will not violate the ergodic flows, and the (1/4)-mixing time
will remain unchanged. For any choice of y, the stationary distribution over lifted nodes takes

the form 7 = ¢ ® 7, where ¢ is the distribution over 0, 1, ..., T with weight ﬁ on T and
# on0,1,...,T—1. When y < 1/T, the stationary distribution is essentially localized on

the T'th level, with a total probability of order ¥y 7 < 1 on the other levels. Since the ergodic
flows on the T'th level are zero (we apply the identity on the node space), we get that the
total amount of ergodic flow through any edge is at most y T, which will obey the ergodicity
condition provided that we choose y sufficiently small. To analyze the mixing time, notice that
we initialize the chain on the O-th level. By construction of our sequence {P,}’_,, the chain
will be exactly distributed as er ® m after T steps, after which the V degree of freedom will
remain in the distribution 7 (thanks to the invariance property of the sequence {P;}"_,).
What remains to be proven is that the clock degrees of freedom will also mix in time O(T),
for any y « T. The clock degree of freedom evolves on a cycle with 7 + 1 nodes, with
transitions s + s + 1 with probability 1 for all s = 0, 1,..., T and a probability (1 — y) to
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stay at node T and probability y to move from node 7 to node 0. The corresponding mixing
time easily follows from a coupling argument [40].* To summarize, this construction yields an
LMC with mixing time T = 2n+ 1 towards the uniform distribution, in the setting (Simre) and
thus in all the settings (Sie), while satisfying the ergodic flows of a random walk for which
1/®(P)=n? 0O

The above example shows that when ergodic flows are imposed, the lift in a scenario (Sie)
can nevertheless significantly beat the conductance bound associated to these ergodic flows.
The actual bound becomes the conductance bound associated to @, the highest conductance
over all possible P compatible with G, 7. In this sense, in (Sie) scenarios the lifts can serve
as a way to circumvent the limitations imposed by (overly-constraining) ergodic flows.

Theorem 5. Any lifted Markov chain satisfying (Sie), has its mixing time bounded by
©(1/4) > tyy(1/4) > 1/(8 D), the conductance bound associated to the graph G and 7.

Proof. This follows from Theorem 4. Indeed, assume the opposite i.e. that we can make
Ty (1/4) arbitrarily smaller than 1/(8¢) by choosing an appropriate lift. This particular lift
A of course remains a valid option when relaxing the ergodic flow constraint, i.e. for the
corresponding setting in (SiE). Therefore we would also have 7(1/4) < 1/(89) for (SiE)
which is a contradiction with Theorem 4. [

The most important message for (Sie) is not the bound of Theorem 5, but rather the fact
that it cannot be tightened by replacing ® with ®(P). The latter is indeed the point of the
academic Example 6.4, and is further elaborated in the next section. By comparing this result
with Theorem 3, it becomes apparent that trading (s) for (i) does have an effect when (e) is
also part of the scenario.

Imposing ergodic flows (e) is rather standard in the literature on lifted Markov chains, like
in the (sImre) scenario of [15]. In this scenario, like for the original random walk P, ergodic
flow constraints may directly impose slow mixing. However, when initialization is allowed for
the lifted Markov chain, which after all appears natural in algorithmic settings, it appears that
matching ergodic flows do not impose a hard limit on the mixing time. From the construction
of Example 6.4, this happens by inducing fast mixing during a transient phase, before reaching
the subspace where ergodic flows do constrain the convergence. Such transient may arguably
not be the behavior one wishes to encourage in practice. Note that when excluding the overly
bad (si) scenarios, it is not exactly clear how one could specify that “transients are not what
we want to look at” in a stabilizing lifted Markov chain (i.e. when relaxing (S) to maintain
the constraint (i)). Also, the academic example above might not be the only way to break the
conductance bound associated to a particular ergodic flow. From this insight, we would not
claim to have found a particularly relevant speed-up strategy. However, this observation does
point to the fact that issues with ergodic flows, and more generally transient behaviors, should
be treated with caution in the (Si) scenarios.

From the examples of Section 4, the blind stopping rule and non-backtracking algorithms
fall under these (Si) scenarios and thus have a mixing time bounded by 1/®. By keeping the
symmetry of the graph, the non-backtracking algorithms match the ergodic flows of the simple

4 Consider a pair of independent runs of this Markov chain, starting from nodes x # y. The probability that
each chain is at node T after T steps is at least (1 — )7, and hence the probability that they collide after T
steps is at least (1 — ¥)*T. This will be at least 3/4 if for instance y < 1/(10T), and by a standard argument
[40, Theorem 5.2] this implies that 7(1/4) <T.
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random walk @(P). Note that for bounded degree graphs and taking for P the random walk,
@(P) is of the same order as @ so the difference just mentioned has no effect; while for graphs
with large degrees, the effect of simple non-backtracking as described in Example 4.2 almost
vanishes.

7. Tightness and complementary observations

In this section we present some further results and observations, related to the lower bounds
on mixing time. The mixing time bounds for the scenarios of Section 5 are obviously tight,
i.e. they can indeed be achieved by an appropriate LMC on any graph. In Section 7.1 we
establish tightness as well for most of the scenarios involving a conductance bound; this builds
rather directly on the result of [15]. In Section 7.2, we observe how some graph properties
can also be directly derived from our bounds on the mixing performance. In Section 7.3 we
mention some extensions of our results.

7.1. On the tightness of the conductance bounds

Theorems 3-5 provide lower bounds for the scenarios of type (sI) and (Si). In order to
complete the picture and claim a truly relevant classification, we have to establish how tight
these bounds can be. This question can be settled to a great extent rather quickly. For random
walks, and thus the (si) scenarios, we have already mentioned that the conductance bound is
not tight: the mixing time can be quadratically larger. This gap was the main motivation for
introducing LMC:s in [15], which allowed them to prove the following:

Given an irreducible P (and thus m; > 0 for all i), one can construct an LMC A
in (sImre) with a stopping rule whose expected running time reaches the conductance

bound up to a factor log —— i.e., T(1/4) € 0(# log —

min; 7; D(P) min; 7; J°

By our discussion on general stopping rules at the end of Example 4.1, we can replace the
stopping rule by a Cesaro average. Combined with the LMC construction in the same example
for simulating Cesaro averaging, this allows us to prove tightness of certain conductance
bounds. We are in fact convinced that all the conductance bounds are tight (up to a log-factor),
yet for brevity and clarity we limit the proofs to the most direct cases. In particular, the results
are restricted to irreducible P and the bounds get worse as some 7; get close to zero. We do
not believe that this feature is essential, but developing tighter bounds as some m; go to zero
is beyond the scope of this work.

We start with the (sI) case.

Lemma 4. Given a graph G, an irreducible Markov chain P and a stationary distribution 7,

e for scenarios in (sle) there exists an LMC with a mixing time

1/4) € O ——1og — )
vd/9 e (@(P) Ogminini)’

e for scenarios in (sIE) there exists an LMC with a mixing time

1 1
r(1/4) € 0(5 log — n').
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Proof. We prove the first bullet by constructing an LMC in (sImre), which is the most
constraingd setting. As mentioned before the Lemma, we start with transition matrix A; over
node set V corresponding to the LMC constructed in [15]. This LMC is in (sImre) and, with a

particular stopping rule, has a mixing time equal to the promised one. We replace this particular
stopping rule by the amplified Cesaro average stopping rule, for 7' € 0(# log m) By
our remark in Example 4.1, for y = 1, the mixing time associated to A; with Cesaro average
stopping rule equals the mixing time associated to A; with the original stopping rule. Then we
can cast this Cesaro average as a new LMC, as we do in Section 4. 4.1 but now using A; instead
of P in the construction. This yields a larger LMC A’ over V' = {run, stop} x{0,..., T}xV.
If now the LMC associated to A’ starts from any node in {run} x {0} x V, then the marginal
evolution correctly follows the evolution of the amplified Cesaro average of the LMC A, hence
inheriting the promised mixing time. To see that the same holds when starting from an arbitrary

node of the LMC associated to A’, note that after at most T € O(ﬁ log ﬁ
LMC will necessarily visit a node in {run} x {0} x V, after which it will mix as promised, thus
adding at most a factor 2 to the mixing time. This proves the claim for the scenario (sIMe).

To prove the claim for (sIme), we modify the LMC similarly to Example 6.4 by adding
a holding probability (1 — y) at the T'th clock level. As argued in that example, if we set
y = 1/(10T), then the mixing time over the node and clock degrees-of-freedom remains O(T').
We must discuss two adaptations compared to this example. A first difference is that here we
do not necessarily start from the O-th clock level. However, after at most 7 steps we pass
through the T'th level, from which we jump to the O-th level with probability 1/(107"). Hence
after O(T) steps we will pass through the O-th clock level with high probability, so that we are
in the setting of Example 6.4. A second difference is that we must also mix on the {run, stop}
degree-of-freedom. This is just a binary variable, but coupled to the other degrees of freedom.
However, both the stopping rule transitions and the clock transitions are independent of the
1% degree of freedom, and furthermore the clock transitions are independent of the stopping
rule. This allows to efficiently check that A’ indeed does mix towards a stationary distribution
including the {run, stop} degree-of-freedom.

To prove the second bullet, we instead start from the LMC constructed according to [15]
for the Markov chain P’ maximizing the conductance ¢(P’) = &. On this LMC we can then
apply the same reasoning as above. [

) steps the

Next we study tightness of the conductance bounds for the scenarios (Si).

Lemma 5. Given a graph G, an irreducible Markov chain P and a stationary distribution ,

for every scenario in (Si) there exists an LMC with a mixing time t(1/4) € O(%5 log minli - )
Proof. It suffices to prove the statement for an LMC in (Simr). Similarly to Lemma 4, we start
from the LMC A constructed in [15]. In the proof of Lemma 4 we show how to incorporate this
LMC into a larger LMC in (sIMe), described by a transfer matrix A" having the appropriate
mixing time. To obtain the same mixing time with A’ in a scenario (SimrE), we make two
adaptations.

First, we choose a suitable initialization that would satisfy invariance. Thereto let 77 be the
stationary distribution of the LMC A’ from the proof of Lemma 4; by irreducibility of A’, we
know that such a unique distribution exists. Now we can simply choose the unique local and
linear initialization map F which maps 7 to the distribution {run} x {0} x & over the lifted
node space, and this will necessarily result in an invariant LMC.
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Next, we change the amplification parameter y = 1 to some y « 1/T with T as in the
proof of Lemma 4. This adaptation is equal to the adaptation in Example 6.4. As is argued in
that example, if we pick y sufficiently small then (i) the LMC will also mix over the clock
degree-of-freedoms, (ii) the mixing time is unchanged (even with the additional run/stop
degrees-of-freedom, see proof of Lemma 4), and (iii) the ergodic flows will not be violated. [J

7.2. Deriving other properties from mixing scenarios bounds

We conclude this section with a few examples of reasonings based on our classification
and mixing time bounds. We do not claim that this is the easiest way to obtain the following
properties, but at least once our results are known they follow as rather direct implications.

Example 7.1 (Symmetry Implications). If a fast design that ensures diameter-time convergence
in an (SI) scenario also gives (i) for free, e.g. thanks to some symmetry property, then due
to (Si) satisfying the conductance bound, we deduce in an indirect way that the diameter
Dg € ©(1/®). This happens for instance on the cycle graph, as follows. Having developed a
sequence of transition matrices {P,}’_; to reach diameter-time convergence when starting from
node 1, it is clear that the corresponding sequence for node k can be obtained just by translation,
i.e. whenever the sequence for starting on node 1 has a transition probability pgii,j+1) =
between two nodes i + 1, j + 1, the sequence for starting on node k has transition probability
Dii+k,j+k) = o (all additions of node labels are modulo N of course). With this we build an
LMC as for the standard (SI) scenario, but it is obvious that when starting from p(0) = 7, by
symmetry, the LMC will keep p(t) = 7 at all times, i.e. we satisfy in fact (Si). In this case
the conductance bound should hold, but the LMC by construction converges in diameter time.
This is consistent with Dg = N/2 and @ = 2/N for the uniform distribution over the cycle.

Conversely, on graphs where Dg € ©(1/®), one does not lose in mixing speed potential
by imposing a constraint like (s) or (i) a priori; this enables e.g. to keep design possibilities
in check. As a concrete example, on the cycle, the mixing algorithms of Examples 6.1 and 6.2
already achieve diameter-time mixing. [

Finally, we can formulate a trade-off where allowing an error on the steady state enables
accelerated mixing. This is reminiscent of a result by Batu et al. [9] about possible improvement
of the mixing time when considering “e-close Markov chains” with respect to some metric.
Such e-close convergence is also playing a role more recently in examining the speedup enabled
by quantum algorithms as compared to stochastic non-quantum algorithms for sampling from
distributions with specified properties [1].

Example 7.2 (Changing 7 to mw + €). For any graph G and target distribution , consider the
LMC construction as we use in the proof of Theorem 2 for the scenario (SImRE): a node-clock-
lift with erasure operator (see Section 2.2). Starting from S, the probability distribution thus
follows some unknown trajectory until reaching x(¢) = epg+1 ® p ® 7 after Dg + 1 steps, and
then staying there (we recall that p is an arbitrary distribution over VV imposed via the erasure
operator). If we start on a node outside S, we are not guaranteed much.

The goal is to construct a related LMC where we do know, or bound, what happens when
starting at any node. For this we first drop from the above LMC all nodes that would never
be reached when starting from S. Next, without any other modification, we assign that each
lifted node epg+1 @ ey ® ey jumps to ey ® e, ® e, with probability y « 1, and stays put
with probability 1 — y. This is similar to our construction for (SIr) in the proof of Theorem 2,
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except that now we will not perform any other tuning. When starting from an arbitrary node
eqs ® ey ® ey, over the first Dg + 1 — d time steps, the behavior is not really controlled,
except: the clock-index in the lifted node gets incremented by 1; and the “starting-node” index
remains put during the Dg — d first steps, and in the last step it gets projected to p provided
d # (Dg + 1). After this time, we thus reach a distribution ep; 1 ® T ® 7 with 7 arbitrary
and 7 € {ey9, p}. From here, at each further time step, a fraction y will jump back to & and
thus correctly converge towards the original 7 in Dg + 1 additional steps. In the end, the LMC
will thus converge towards a distribution

x=€ex+(1—€ep,41 QT T, (11)

where  is a distribution over V orthogonal to ep,+1, and € is a small scalar which we will
compute below. The corresponding steady state on ) is thus at a total variation distance €
from 7. The just constructed Markov chain is ergodic, so this steady state is unique and indeed
attracts any initial conditions.

Similarly to Example 6.4, the ‘clock’ coordinate of the lifted nodes follows a Markov chain

that does not depend on the other coordinates, with V' = {0, 1,..., Dg + 1} and transition
matrix
Dg
p = Zesﬂej + )/eQeTDg+1 +(1 - )/)ep(dﬁleTDgJrl )
s=0
The steady state of this Markov chain is p’(s) =( H(ﬁ% fors = 0,1,..., Dg and
Dg+1)y

. This gives the value € = . The bottleneck in this Markov

P'(Dg + 1) = ooy THDg+y
chain is the jump from s = Dg + 1 to s = 0 with probability y. In the LMC, we are ensured
to have converged to a steady state like (11), if we condition on having gone at least once
through this bottleneck and then again up the chain on ). A significant part of the trajectories
will have done this for t > 1/y, and thus taking t = m/y + 2(Dg + 1) for some small integer
m, we can guarantee that the LMC will have converged close to its steady state (11), from
any starting node, and thus 7(1/4) < m/y + 2(Dg + 1) in the sense (sIm). Taking all things
together, we conclude:

For any G and 7, there exists an LMC in the sense (sIm) converging to a steady state at
a total-variation distance € from w with a mixing time t(1/4) < O(é Dg). By Theorem 3,
this implies that for any G and 7, there exists a steady state at a total-variation distance
€ from w and whose associated conductance ® satisfies 1/ P < O(é Dg). O

Before concluding, we mention that the constructive nature of our results may allow them
to identify graphs with good mixing properties. For instance, as could already be said with
the result of [15] (in adapted form with our mixing time definition), the LMC constructions
which achieve tightness to the conductance bound in a (m) setting, actually provide graphs
on node set V for which the conductance bound can be reached without lifting. As another
example, the LMC constructed in Theorem 2 provides a graph and a subset of nodes such that,
when starting from that subset, the stationary distribution is reached in diameter-time. While
such observations are elementary consequences of our investigation, they might turn out to be
useful in other contexts.

182



S. Apers, A. Sarlette and F. Ticozzi Stochastic Processes and their Applications 136 (2021) 145-191

7.3. Extensions of our results’ scope

The generality of the LMC framework seems eligible to cover more general dynamics and
algorithms. In [6] we had noted that the conductance bound holds for any stochastic process
that satisfies graph locality and invariance. In this section we discuss the possible extension of
our results to consensus algorithms and pseudo-lifting.

1. Consensus Algorithms: Markov chains can be viewed as the dual of consensus algorithms
for e.g. load balancing or rumor spreading. Reaching consensus among nodes of a graph means
converging towards the same value on each node. Linear algorithms which propose speedups
for reaching consensus can be found for instance in [30,33,42,49,51,58]. The presence of local
memory bears resemblance to LMCs, and it would be interesting to carry over our results to
bound the achievable speedup for consensus. This involves two points.

e Value knowledge: In a stochastic process, the probability x; or p; of being at node k
describe the algorithm’s state, but it is a priori not accessible to the walker. In a consensus
algorithm instead, p; represents a workload, sensor measurement, or a similar concrete
value known to node k. Decision processes for consensus can thus depend on the value
of pg, i.e. as if in a Markov Chain the decision of the walker sitting at k& would depend
on its probability to have ended up there. Remarkably, the LMC framework allows to
encode such knowledge in the lifted nodes, at least in a (S) setting with large memory.
Regarding this point, our LMC results would thus carry over, e.g. for the (SiM) setting in
a way similar to [6].

e Positivity: Linear consensus algorithms a priori do not have to satisfy positivity: e.g. a
memoryless linear consensus update pi(t + 1) = )" ay jp;(t) must satisfy jak; =1
for each k, but they do not need to be positive. It has been shown that higher-order
consensus algorithms accelerate convergence precisely when the weights attributed are
not all positive. Hence one might wonder how the bounds derived in our paper fare when
relaxing positivity. A concrete example of a linear algorithm for accelerated consensus
that does not obey positivity is proposed in [50], achieving convergence in O(N) steps on
any graph. Apart from this positivity condition however, it can be seen to fit the scenario
(Si). And, since for any graph the conductance associated to the uniform distribution is
at least of order 1/N, it does satisfy the O(1/®) convergence time bound for LMCs. The
following result shows that this is not pure coincidence, as our LMC results do apply to
consensus algorithms, at least for the local convergence close to the consensus situation.

Proposition 1. Consider any bounded consensus algorithm, satisfying invariance (i.e. p; =
p»=---= py = p att = 0 implies the same property for all t > 0) and linearity (if two
initial conditions p(0) and p'(0) evolve as p(t) and p'(t) respectively, then for any a,a’ € R
the initial condition a p(0) + a’ p’(0) evolves as a p(t) + a’ p'(t) for all t > 0). Consider the
set of initial conditions R, ={q € RY : qt = (1 —a) +a pr, p € Py). There exists a value
of a > 0 such that for all o« € (0, al, the consensus algorithm needs a time lower bounded by
O(1/®) to converge from the worst state in R, towards a total-variation distance a/4 from
consensus.

Proof. By boundedness and linearity of the algorithm, there exists a finite a such that for all
initial states in R, the evolution under the consensus algorithm satisfies the positive locality
constraint of an LMC; this is very clear e.g. from the abstract formulation of locality in [6].
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Hence we can write a stochastic bridge (see the proof of Theorem 2) starting at each of the
extrema of R, (corresponding to p = ¢ in its definition), and combine them into an LMC
of type (Si). For initial conditions in R, the evolution and convergence of the consensus
algorithm thus equals the evolution and convergence of the LMC. There remains to bound the
convergence of an LMC for restricted initial conditions.

Consider any LMC in the scenario (SiM) and converging towards the uniform distribution.
By linearity and invariance, if the mixing time t(1/4) = T, then the time requested for all
states in R, to reach a total-variation distance «/4 from the uniform equals 7. Together with
the previous paragraph and the lower bound on the mixing time of an LMC in the scenario
(SiM), this implies the announced result. [

This result provides a bound for a range of consensus algorithms, like [50] or so-called
polynomial filters [5,38,47,56,57], where linearity and invariance are standard. The restriction
of initial states to some set is always necessary for consensus algorithms, admittedly we cannot
claim to have the least constraining one regarding global convergence speed.

2. Pseudo-Lifting: In [34] the concept of “pseudo-lifting” a Markov chain is introduced.
This comes down to creating a lifted Markov chain whose probability distribution does not
on itself converge to the appropriate limit distribution, and neither does its marginal. They
however use a generalized stopping rule, conditioning on being on a certain subset of the lifted
nodes, to ensure a correct limit distribution conditioned on stopping. Although motivated by
several other reasons, the name “pseudo-lift” can ultimately be linked to the fact that, unlike
in the LMC analysis of [15] and in Example 4.1, the stopping rule does change the limit
distribution. Moreover, contrary to the latter’s typical conductance bound, the pseudo-lifting
algorithm allows to achieve diameter-time convergence on general graphs. This seems to hint
at the fact that reformulating so general stopping rules in the pure LMC framework would lead
to (SI) scenarios.

8. Summary and perspective

We show how a wide range of approaches to accelerate the mixing time of random walks can
be cast as lifted Markov chains (LMCs) in different scenarios — see examples throughout the
text and further ones in the appendix. We provide an extensive classification of these scenarios,
and show that the limits and opportunities of acceleration approaches feature a subtle yet clear
dependency on the scenario in which they can be cast. This allows us to put the specific results
on LMC:s, such as the conductance bounds of [15], into perspective, and extend them directly to
different algorithms. In order to identify the relevant scenarios, we introduce and investigate 5
possible constraints on a LMC, motivated by existing examples, and we show that fundamental
bounds on its mixing time can be attributed to merely two of these: (s) — impossibility of
locally initializing the lift, or (i) — demanding invariance of the target distribution. Importantly,
these are properties which can be directly checked on an algorithm itself — without needing
to actually translate it as an LMC.

More precisely, we show that as soon as either (s) or (i) are imposed, the mixing time is
subject to a conductance bound; the case with (s) appears closer to existing literature like [15],
while the case with (i) we would argue is closer to actual algorithmic formulations. We
further invigorate this claim by proving that requiring neither (s) nor (i) allows to mix in
diameter time, whereas requiring both (s) and (i) is too restrictive: a lift in this scenario
cannot accelerate the mixing time as compared to a non-lifted Markov chain. These results are
summarized in Fig. 5.
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e.g. simulated annealing, gather-and-distribute

Fig. 5. Summary of the main bounds on mixing time 7(1/4), mentioning only the most relevant constraints and up
to small constant factors. By Tarkov W€ mean the mixing time of the non-lifted Markov chain p(t + 1) = P p(t),
where in case (E) the transition matrix P can be optimized and in case (e) it is given. All bounds are — essentially
tight, in the sense that for all scenarios and all graphs there exists an LMC attaining the lower bound up to a log
factor; — essentially significant, in the sense that there exist graphs where the various bounds differ by polynomial
factors.

A main message of this analysis is that one should be careful with specifying scenarios
for accelerated mixing. The relevance of imposing ergodic flows for instance, becomes rather
questionable when one allows for algorithm initialization. The invariance requirement (i)
may appear like a natural “stabilizing” requirement in an algorithmic setting, but it differs
from the typical LMC setting in [15], and if added to the (s) assumption of [15] it would
allow no speedup at all. Properly identifying such properties gains particular importance when
lifted Markov chains are to be compared to other acceleration strategies, like the discrete-
time quantum walks [35] which we are addressing elsewhere [8]. On the positive side, our
results clarify, with explicit lift constructions, that some properties come essentially for free.
For instance, converging on the full state space (m) rather than only on the output variable is
not much more demanding. We also clarify an explicit tradeoff where allowing for an error on
the steady state, enables to attain a 7(1/4) closer to the graph diameter despite being in the
conditions of the conductance bound.

A question that is not touched by our classification is the complexity of algorithm design.
Our proofs are constructive and thus also indicate the potential in the use of lifted Markov
chains to speed up mixing. However, as in [15], from an algorithmic viewpoint the value of the
processes we construct is more existential than practical. Our proof of Theorem 2 for instance
heavily builds on a non-distributed, extensive optimization of the edge weights and, as such,
it is certainly not a viable option for e.g. Markov chains used for Monte-Carlo sampling in
large systems. In the light of this, a most important open problem regards the development
of heuristics or suboptimal versions of our algorithms that would restrict the information
used not only for online implementation but also for algorithm design. To the best of our
knowledge, except for particular graphs exhibiting strong symmetries, a general way to build
such a process and obtain significant mixing speedup remains an open issue for lifted Markov
chains, consensus algorithms, and quantum walks. In this sense, our classification provided in
Fig. 5 could at least clarify the potential of different scenarios, or suggest a way to conveniently
modify existing approaches.
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Appendix. Irreducible approximation lemma

We here provide a technically rigorous proof that a reducible LMC can be adapted into
an irreducible one with the same mixing scenario properties. We specifically address the lift
construction of Section 2.2, as used at the end of the proof of Theorem 2, and prove that it can
be made to satisfy the four properties stated there. This is essentially a somewhat technical yet
uncomplicated €, § type argument.

Lemma 6. Consider a node-clock-lift LMC with canonical initialization which converges in
finite time T to a unique limit distribution ey @ T ® m, on which it acts like eTeTT QIR P,
where P is irreducible and P = m. Then for any € > 0, there exists a non-empty set of
small enough y € (0, y) and associated transition matrices P over V such that: replacing
eTeT ®IyQ® P by

(1—y)eTeT®IV®P+yeoeT Zev v0®evv,

v,v9eV

yields an irreducible LMC, with unique limit distribution satisfying Ct = m, mixing time
7(e) < T, and not exceeding the ergodic flows of P.

Proof. In essence the point is to construct an LMC which:

(i) implements a stochastic bridge towards some 7’ that is e-close to the target r; thus after
T steps we have a state er ® p(0) ® 7’ and we have mixed appropriately;

(i) at the same time, due to y # 0, the steady state is not e7 ® p(0) ® 7’ but another close
distribution 7 which does satisfy C# = 7 exactly.

The proof is organized as follows. a) We begin by formally computing the adjusted P to
ensure C7 = 7 for any fixed value of y € (0, y), for some yy > 0; b) we prove that there
exists y; € (0, yp) to ensure that Pisa proper transition matrix for all y < y,, in particular
it is positive; c¢) a simple continuity argument ensures that there exists 3, € (0, ;) such that
moreover the implied ergodic flows will not exceed those of P, for all y < y»; d) then we
analyze the mixing time and prove that for any € > 0, there exists y € (0, y») such that the
mixing time result holds for all y < y.

a) To compute P, we first note that, with P, the steady state 7 will be of the form

A'F7 | (A1)

Mﬂ

T = erQm QT +

1+Ty +Ty

t=0

where 7 =y + (1 — y)f’fr. We will al) first, compute a 7 close to = and such that C7 = 7
in the expression (A.1), without caring about its relation to P; a2) next, show how to construct
a corresponding P (without caring for positivity yet.)

al) Let Y CA'F = T B. We thus want that (7 + 15B) # = m. There

obviously exists a yy > 0 such that this equation is invertible for all y € (0, y), and gives a
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solution 7 that equals 7 up to terms of order y. In particular, there exist , ¥y > 0 such that
7 > a > 0 for all k, and for all y > 0 smaller than yy.

a2) There remains to find P such that P7 = ﬁ(ﬁ — ym). Since P is irreducible, there
must exist some B > 0 such that the edges (i, j) of G for which P;; > B/(1 — B), contain a
rooted spanning tree Gg. Then the matrix P%#) = (1 — B)P + BI will have self-loops larger
than g, i.e. P,{(fg,() > g for all k, and also weights Piﬁ) > p for all edges of the spanning tree Gg.
(The value of B will only be used in part b) of the proof.) We write P = P® 4+ P’ with P’ to
be identified but only covering the spanning tree Gg; then defining y = (ﬁ — PPy (7 — ),
the equation to solve becomes:

N
Pr=y, P,él:O fort=1,2,...,N

k=1

Pl,=0forall k #¢: (k€ ¢Gs,

knowing that Z,ivzl ye = 0. We can construct a solution P’ with the following algo-
rithm:

1: Grem == Gp; P’ 1= zeros(N x N);

2: while |G,.,| > 1 do

3:  select j € leaves of Gep;
k :=parent(j);
P,/k = - P]/',jﬁj)/ﬁk >
Piy=Poe—Piis
7 Grem = Grem \ {J} 3

8: end while

SANENATEE

Line 5 ensures to satisfy P'm = y for row j. Indeed, since any j’ for which we have added
a nondiagonal element on row j’ of P’ at a previous iteration has been thrown out of G,
the only nonzero element on row j so far can be ij' ;> in the future we will have thrown
out j of Gep» SO ij’ j will not further change; this makes the solution of the linear equation
trivial. Line 6 ensures to maintain Z?’:l P}, = 0 despite the change on ijq  on line 5. One
node is thrown out of G,.,, at each iteration, and the algorithm stops when G,.,, comes down
to a single isolated node r (root of the spanning tree). At this point all rows of P'# = y
have been treated, except row r. Writing >, #[P’fr]k — yr = 0 and from our problem setting
> P 7ty = S vk =0, we see that in fact P'7 = y is satisfied for row r as well, and
we have constructed a solution P’, i.e. some P such that C7t = 7.

b) To ensure that P is positive, a sufficient condition is to show that the elements of P’, in
absolute value, are smaller than §. Indeed, P=P#H 4P and P}i) > B by construction for all
Jj, k for which we allow ij, « 7 0 (i.e., the off-diagonal elements corresponding to edges of Gg
and the diagonal elements corresponding to self-loops of P®). For any fixed B, we observe
that the components of P’ can in fact be made arbitrarily small by taking y small enough. This
follows because

e P =0 for y = 0, as we then have 7 = 7 so y = 0 and the above algorithm keeps
setting values to O; and

e P’ is continuous in y around 0: indeed, everything in the construction is linear except
the division by 77;, but we have shown that 7, > « for all y < y,.
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Therefore there exists a y; > 0 such that, for any y < yy, there is a (positive) stochastic matrix
P yielding an irreducible LMC whose steady state 7 satisfies C# = 7 exactly.

c¢) For any fixed 8 > 0 in a), b), the ergodic flows of the LMC are continuous in y, and for
y = 0 they are exactly equal to those of P’ (by the very same argument as in b)). Therefore,
for any fixed 8 > 0 and § > O, there exists a yg € (0, y;) such that the proposed LMC
construction adds no more than § to the ergodic flows of P®®). Note that for two nodes j, k
with P, = P}i) = 0 (no edge in P), we will also keep zero ergodic flows in any LMC. For
P;r # 0, the ergodic flows of P;i) are strictly smaller than those of P, and deviating from
P® by no more than a sufficiently small § will ensure that also the final LMC has ergodic
flows at most equal to those of P, for all y € (0, y») with y» < y; guaranteeing a sufficiently
small § for all edges. We have thus constructed an LMC satisfying all the properties of the
statement, except possibly the mixing time.

d) To analyze the mixing time, we will further restrict y, now making it dependent on the
value € to which we want to approximate the target 77 (recall that we must prove the statement
with constraint (m), not just the convergence of the marginal). This might suggest a not very
practical construction, but it suffices for the purpose of our existence proof. Since we did not
modify the steps that the walk will take during the T first time steps (i.e. before it reaches a
node of type (T, i, v)), we still have x;7 = e; ® T ® w for any y > 0 and all initial states Fp(0).
By a similar continuity argument as in b), for any given € > 0, there exists a y3 € (0, y») such
that |7 — ZT|lry < |7 —er @ @ |7y < €/2. Indeed for y = 0 we have 7 = x7; and for
y # 0 the isolated eigenvector solution of Ax = x changes continuously, with y influencing A
continuously. So we have proved the mixing time condition for ¢+ = T, there remains to prove
that x(¢) will not move away from 7 too much for any ¢ > T.

dl) This can be seen by first observing that the “clock” degrees of freedom undergo an

independent Markov chain on V°®) = {5 = 0, 1, ..., T} with transition matrix
T-1
PER =3 "eiiie] + (1= ylere) + yeoer. (A2)
i=0

This is a particular Markov chain on a path or cycle graph, which is independent of the original
problem and G, except for its length 7', and with stationary distribution 7 “/*®) of the form (this
is just the marginal of (A.1)):

Y =@ == =y Ay Ty Y = 104y T).

Writing the distribution over clock states at time ¢ as w(t) = 7 “/°°® 4-4(t), with ¢ the deviation
from the stationary distribution 7(/°®) of P(lock) 3 few computations give:

g+ Dlirv <2TyllgOllrv -

Selecting y < (n€)/(2T) =: y, ensures that the deviation from the stationary distribution
lg(t + T)|l7y < ne for all + > 0. Moreover, the stationary distribution itself will then satisfy
(clock)

Ty > 1/(1 + ne/2).

d2) The other degrees of freedom (vg, v) of the LMC undergo a motion conditioned on the
“clock” evolution. Consider the actions applied on (vg, v) for a given evolution of the clock
value for t > T time steps. The walker has first moved up to x7 = e7 ® T ® 7, then stayed
on e for some ry steps, thus applying I ® P, then applied J to jump back to a state of type
F P07, then possibly moved up again towards x, = er ® 7 ® 7, again stayed there for some
r1 steps, and so on. The resulting distribution over (vy, v) associated to the clock value s = T
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is thus a convex combination of distributions 7 ® 13’71, forr =0,1,2,.... Therefore, for any
t > T, the state takes the form

T ~+00
O =Y we @K@+ wrer@r® (Y uhr),
k=0 r=0

for some distributions j; and y; over V), a distribution w over {0, 1,..., T}, and a distribution

u over N. In part d1) we have shown that ||w(t) — 7|7, < ne and that 7"*" > w

2
%:: l—m, forally <y, andallt > T.

X(s,09,v)> WE then have:

which together implies w(t)r > 1 —

. 2
Denoting x*? = 3", .y,

1
A 2 A (V2 V2 A (V2
lx@) = #llry = D Ix@F ) =23 Ny + 1x0F =72 7y

s=0
1 2 2
< SO+ 1@ — T @ Al
gﬂ—i—max w(t)wr@(Zu P ) ToFT ®T
uelPy TV

2
We have here replaced fr;v ) by its expression ; o Tn®rr from (A.1), and in the last line x(t)(v )
by its worst-case expression from our analysis just above. We next decompose as standard,
replacing the convex combination of P” by the symbol W:

lw®)rn @ Wrr — iz @7 liry < lw®)r — 7l lr ® Ty
+lw®rllr ® (W —)llry
< lw®Or — 7 /2+ W = Zllry
<ne+[[Wr —7lrv.

The last inequality follows from ||w(t) — 7/°“F ||, < ne proved in d1). We can treat its last
terms as
+o0

max E u,P'm— J'N[H = max
TV

uelPy

400
Subm-m| slw-7lry e/
uelPy TV

for all y < y3, as settled at the beginning of point d). Taking all things together, we have
shown that for any fixed € and n, there exists y3 > 0 and y, > 0 such that:
R 5n€/2 + (ne)? €
t)—m < — €+ -
llx() lry < 2 e +7 +2
for all y < min(y,, y3) and all t > T. Selecting n such that
that |x(¢) — 7 ||lrv < € for all ¢+ > T, thus ensuring a mixing time t(€) =
This concludes the proof, as it suffices to take y smaller than min(y,, y3) with the
corresponding value of 7, to ensure that all statements of the lemma are satisfied. [

5'76/2# + ne < 1/2 ensures
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