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Online Discrepancy Minimization for Stochastic Arrivals
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Abstract
In the stochastic online vector balancing problem, vectors
v1,v2,...,vr chosen independently from an arbitrary distribu-

tion in R™ arrive one-by-one and must be immediately given a
+ sign. The goal is to keep the norm of the discrepancy vector,
i.e., the signed prefix-sum, as small as possible for a given target
norm.

We consider some of the most well-known problems in
discrepancy theory in the above online stochastic setting, and
give algorithms that match the known offline bounds up to
polylog(nT) factors. This substantially generalizes and improves
upon the previous results of Bansal, Jiang, Singla, and Sinha
(STOC’ 20). In particular, for the Komlés problem where
|lvellz < 1 for each t, our algorithm achieves O(1) discrepancy with
high probability, improving upon the previous 5(713/2) bound.
For Tusnady’s problem of minimizing the discrepancy of axis-
aligned boxes, we obtain an O(log?t*T) bound for arbitrary
distribution over points. Previous techniques only worked for
product distributions and gave a weaker O(lodeJrl T) bound. We
also consider the Banaszczyk setting, where given a symmetric
convex body K with Gaussian measure at least 1/2, our algorithm
achieves 6(1) discrepancy with respect to the norm given by K
for input distributions with sub-exponential tails.

Our results are based on a new potential function approach.
Previous techniques consider a potential that penalizes large
discrepancy, and greedily chooses the next color to minimize the
increase in potential. Our key idea is to introduce a potential that
also enforces constraints on how the discrepancy vector evolves,
allowing us to maintain certain anti-concentration properties. We
believe that our techniques to control the evolution of states
could find other applications in stochastic processes and online
algorithms. For the Banaszczyk setting, we further enhance
this potential by combining it with ideas from generic chaining.
Finally, we also extend these results to the setting of online multi-

color discrepancy.
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1 Introduction

We consider the following online vector balancing
question, originally proposed by Spencer [Spe77]:
vectors vy,vs,...,vp € R” arrive online, and upon
the arrival of vy, a sign x; € {#+1} must be chosen
irrevocably, so that the f,,-norm of the discrepancy
vector (signed sum) d; := x1v1 + ... + Xtv¢ remains as
small as possible. That is, find the smallest B such that
maxe(r) [|dt]|cc < B. More generally, one can consider
the problem of minimizing maxser ||d:||x with respect
to arbitrary norms given by a symmetric convex body
K.

Offline setting. The offline version of the prob-
lem, where the vectors vy, ..., vr are given in advance,
has been extensively studied in discrepancy theory, and
has various applications [Mat09, Cha01l, CST*14|. Here
we study three important problems in this vein:

Tusnady’s problem. Given points zi,...,x7 €
[0,1]%, we want to assign + signs to the points,
so that for every axis-parallel box, the difference
between the number of points inside the box that
are assigned a plus sign and those assigned a minus
sign is minimized.

Beck-Fiala and Komlés problem. Given
v1,...,0p € R"™ with Euclidean norm at most
one, we want to minimize maxer ||dil|co. After
scaling, a special case of the Komlos problem is the
Beck-Fiala setting where vq,...,or € [—1,1]" are
s-sparse (with at most s non-zeros).

Banaszczyk’s problem. Given vq,...,op € R"
with Euclidean norm at most one, and a convex
body K € R" with Gaussian measure' ~,(K) >
1 —1/(2T), find the smallest B so that there exist
signs such that d; € B - K for all ¢t € [T].

One of the most general and powerful results here
is due to Banaszczyk [Banl2|: there exist signs such
that d; € O(1) - K for all t € [T] for any convex body

TThe Gaussian measure 7, (8) of a set § C R”™ is defined as

P|G € 8] where G is standard Gaussian in R™.
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K € R™ with Gaussian measure® v, (K) > 1 —1/(2T).
In particular, this gives the best known bounds of
O((log T)'/?) for the Komlés problem; for the Beck-
Fiala setting, when the vectors are s-sparse, the bound
is O((slog T)/?).

An extensively studied case, where sparsity plays
a key role, is that of Tusnady’s problem (see [Mat09]
for a history), where the best known (non-algorithmic)
results, building on a long line of work, are an
O(log Y2 T) upper bound of [Nik17] and an almost
matching Q(log® ! T') lower bound of [MN15].

In general, several powerful techniques have
been developed for offline discrepancy prob-
lems over the last several decades, starting
with initial non-constructive approaches such as
[Bec81, Spe85, Glu89, Gia97, Ban98, Banl2|, and more
recent algorithmic ones such as [Ban10, LM15, Rot14,
MNT14, BDG16, LRR17, ES18, BDGL18, DNTT1§].
However, none of them applies to the online setting
that we consider here.

Online setting. A naive algorithm is to pick each
sign y: randomly and independently, which by stand-
ard tail bounds gives B = O((Tlogn)'/?) with high
probability. In typical interesting settings, we have
T > poly(n), and hence a natural question is whether
the dependence on T can be improved from T%/2 to say,
poly-logarithmic in T, and ideally to even match the
known offline bounds.

Unfortunately, the Q(7"/2) dependence is necessary
if the adversary is adaptive’: at each time ¢, the
adversary can choose the next input vector v; to be
orthogonal to d;_1, causing ||d;2 to grow as Q(T'/?)
(see [Spe87| for an even stronger lower bound). Even
for very special cases, such as for vectors in {—1,1}",
strong Q(2™) lower bounds are known [Bar79|. Hence,
we focus on a natural stochastic model where we relax
the power of the adversary and assume that the arriving
vectors are chosen in an i.i.d. manner from some—
possibly adversarially chosen—distribution p. In this
case, one could hope to exploit that (d;—1,v;) is not
always zero, e.g., due to anti-concentration properties
of the input distribution, and beat the Q(7"/2) bound.

Recently, Bansal and Spencer [BS19], considered
the special case where p is the uniform distribution
on all {—1,1}" vectors, and gave an almost optimal

2We remark that if one only cares about the final discrepancy
dp, the condition in Banaszczyk’s result can be improved to
Y (K) > 1/2 (though, in all applications we are aware of, this
makes no difference if T' = poly(n) and makes a difference of at
most /logT) for general T').

3In the sense that the adversary can choose the next vector vy
based on the current discrepancy vector d¢_1.

O(n'/?1og T) bound for the £, norm that holds with
high probability for all ¢ € [T]. The setting of gen-
eral distributions p turns out to be harder and was con-
sidered recently by [JKS19] and [BJSS20|, motivated
by envy minimization problems and an online version
of Tusnady’s problem. The latter was also considered
independently by Dwivedi, Feldheim, Gurel-Gurevich,
and Ramadas [DFGGR19| motivated by the problem of
placing points uniformly in a grid.

For an arbitrary distribution p supported on vectors
n [—1,1]", [BJSS20] give an algorithm achieving an
O(n%logT) bound for the f.,-norm. In contrast, the
best offline bound is O((nlog T)*/2), and hence Q(n®/2)
factor worse, where ﬁ() ignores poly-logarithmic factors
inn and T.

More significantly, the existing bounds for the on-
line version are much worse than those of the off-
line version for the case of s-sparse vectors (Beck-
Fiala setting) — [BJSS20] obtain a much weaker bound
of O(snlogT) for the online setting while the offline
bound of O((slogT)'/?) is independent of the ambi-
ent dimension n. These technical limitations also carry
over to the online Tusniddy problem, where previous
works [JKS19, DFGGR19, BJSS20] could only handle
product distributions.

To this end, [BJSS20] propose two key problems
in the i.i.d. setting. First, for a general distribu-
tion p on vectors in [—1,1]", can one get an optimal
O(n*/?) or even O(n) dependence? Second, can one
get poly(s,log T') bounds when the vectors are s-sparse.
In particular, as a special case, can one get (log T)O(d)
bounds for the Tusnady problem, when points arrive
from an arbitrary non-product distribution on [0, 1]¢.

1.1 Owur Results In this paper we resolve both the
above questions of [BJSS20], and prove much more gen-
eral results that obtain bounds within poly-logarithmic
factors of those achievable in the offline setting.

Online Komlé6s and Tusnady settings. We first
consider Komlés’ setting for online discrepancy min-
imization where the vectors have fo-norm at most 1.
Recall, the best known offline bound in this setting is
O((log T)'/?) [Ban12]. We achieve the same result, up
to poly-logarithmic factors, in the online setting.

THEOREM 1.1. (ONLINE KOMLOS SETTING) Let p be
a distribution in R™ supported on vectors with Euclidean
norm at most 1. Then, for vectors vy,...,vr sampled
i.i.d. from p, there is an online algorithm that with high
probability maintains a discrepancy vector d; such that
|d¢]|oo = O(log*(nT)) for all t € [T).

In particular, for vectors in [—1,1]™ this gives an
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O(n'/?1log*(nT)) bound, and for s-sparse vectors in
[—1,1]", this gives an O(s'/2log*(nT)) bound, both of
which are optimal up to poly-logarithmic factors.

The above result implies significant savings for the
online Tusnady problem. Call a set B C [0,1]" an
axis-parallel box if B = I} x --- x I, for intervals
I; € [0,1]. In the online Tusnady problem, we see points
T1,...,27 € [0,1]% and need to assign signs x1, ..., X7
in an online manner to minimize the discrepancy of
every axis-parallel box at all times. More precisely, for
an axis-parallel box B, define*

diSCt(B) = X113($1) +...+ thB(SL‘t) .

Our goal is to assign the signs x1,...,X¢ So as to
minimize max;<r disc;(B) for every axis-parallel box B.

There is a standard reduction (see Section 6.2) from
the online Tusnady problem to the case of s-sparse
vectors in RY where s = (logT)¢ but the ambient
dimension N is Oq(T9). Using this reduction, along
with Theorem 1.1, directly gives an O(log>¥/?*4T)
bound for the online Tusnady’s problem that works
for any arbitrary distribution on points, instead of just
product distributions as in [BJSS20]. In fact, we prove
a more general result where we can choose arbitrary
directions to test discrepancy and we use this flexibility
(see Theorem 1.3 below) to improve the exponent of
the bound further, and essentially match the best offline
bound of O((log? /2T [Nik17].

THEOREM 1.2. (ONLINE TUSNADY’S PROBLEM) Let p
be an arbitrary distribution on [0,1]%.  For points
T1,...,xp sampled i.i.d from p, there is an algorithm
which selects signs x: € {x1} such that with high
probability for every axis-parallel box B, we have
max; ¢y disc;(B) = O4(log®™ T).

Theorem 1.1 and Theorem 1.2 follow from the more
general result below about discrepancy in arbitrary test
directions,

THEOREM 1.3. Let 8§ C R"™ be a finite set of test vectors
with Fuclidean norm at most 1 and p be a distribution
in R™ supported on vectors with Fuclidean norm at most
1. Then, for vectors vy,...,vr sampled i.i.d. from p,
there is an online algorithm that with high probability
maintains a discrepancy vector d; satisfying

max|d z| = O((log([$]) +log T) - log*(nT))

for every t € [T].

THere, and henceforth, for a set S, denote 15(x) the indicator
function that is 1 if x € S and 0 otherwise.

In fact, the proof of the above theorem also shows
that given any arbitrary distribution on unit test vectors
z, one can maintain a bound on the exponential moment
E.[exp(|(d:, z)])] at all times.

The key idea involved in proving Theorem 1.3
above, is a novel potential function approach. In
addition to controlling the discrepancy d; in the test
directions, we also control how the distribution of
d; relates to the input vector distribution p. This
leads to better anti-concentration properties, which in
turn gives better bounds on discrepancy in the test
directions. We describe this idea in more detail in
Section 1.2 and Section 2.

Online Banaszczyk setting. Next, we consider
discrepancy with respect to general norms given by
an arbitrary convex body K. To recall, in the offline
setting, Banaszczyk’s seminal result [Ban12| shows that
if K is any convex body with Gaussian measure 1 —
1/(2T), then for any vectors vy,...,vr of fe-norm at
most 1, there exist signs xi1,...,xr such that the
discrepancy vectors d; € O(1) - K for all t € T..

Here we study the online version when the input
distribution p € R”™ has sufficiently good tails. Spe-
cifically, we say a univariate random variable X has
sub-ezponential tails if for all r > 0, P[|X — E[X]| >
ro(X)] < e~ ") where o(X) denotes the standard-
deviation of X. We say a multi-variate distribution p €
R™ has sub-exponential tails if all its one-dimensional
projections have sub-exponential tails. That is,

[EDUNp H<v79> - /LG]’ >0y T} < e~ )
for every € S"~! and every r > 0,

where pg and g9 are the mean and standard devi-
ation® of the scalar random variable Xy = (v, ).

Many natural distributions, such as when v is
chosen uniform over the vertices of the {41}" hypercube
(scaled to have Euclidean norm one), uniform from
a convex body, Gaussian distribution (scaled to have
bounded norm with high probability), or uniform on
the unit sphere, have a sub-exponential tail and in these
cases our bounds match the offline bounds up to poly-
logarithmic factors.

THEOREM 1.4. (ONLINE BANASZCZYK SETTING) Let
K CR"” be a symmetric convex body with v,(K) > 1/2
and p be a distribution with sub-exponential tails
that is supported over wectors of Euclidean mnorm at

5Note that when the input distribution p is a-isotropic, i.e.

the covariance is aly, then o9 = a for every direction 6, but the
above definition is a natural generalization to handle an arbitrary
covariance structure.
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most 1. Then, for vectors vy,...,vpr sampled i.i.d.
from p, there is an online algorithm that with high
probability maintains a discrepancy vector dy satisfying
d; € Clog®(nT) - K for all t € [T] and a universal
constant C'.

The proof of the above theorem, while similar
in spirit to Theorem 1.3, is much more delicate. In
particular, we cannot use that theorem directly as
capturing a general convex body as a polytope may
require exponential number of constraints (the set S of
test vectors).

Online Weighted Multi-Color Discrepancy.
Finally we consider the setting of weighted multi-color
discrepancy, where we are given vectors vy, ...,vpr € R”
sampled i.i.d. from a distribution p on vectors with #5-
norm at most one, an integer R which is the number
of colors available, positive weights w,. € [1,7] for each
color ¢ € [R], and a norm ||-[,. At each time ¢, the
algorithm has to choose a color ¢ € [R] for the arriving
vector, so that the discrepancy disc; with respect to ||-||,,
defined below, is minimized for every t € [T']:

disc:(||]],) := maxdiscs(c, ')
c#c!

dc(t)/wc - dc’ (t)/wc’
1/we + 1/we

)
*

where disc;(c, ') := ‘

with d.(¢) being the sum of all the vectors that have
been given the color c till time t. We note that (up to a
factor of two) the case of unit weights and R = 2 is the
same as assigning + signs to the vectors (v;);<7, and
we will also refer to this setting as signed discrepancy.
We show that the bounds from the previous results
also extend to the setting of multi-color discrepancy.

THEOREM 1.5. (MULTI-COLOR DISCREPANCY)

For any input distribution p and any set § of
poly(nT) test wvectors with Euclidean norm at most
one, there is an online algorithm for the weighted
multi-color discrepancy problem that maintains dis-
crepancy  O(log?(Rn) - log*(nT)) with the norm
|- [l+ = maxzes |-, 2)].

Further, if the input distribution p has sub-
exponential tails then one can maintain multi-color dis-
crepancy O(log®(Rn)-log® (nT)) for any norm |-||, given
by a symmetric convex body K satisfying v, (K) > 1/2.

As an application, the above theorem implies up-
per bounds for multi-player envy minimization in the
online stochastic setting, as defined in [BKPP18|, by
reductions similar to those in [JKS19] and [BJSS20].

We remark that in the offline setting, such a state-
ment with logarithmic dependence in R and 7 is easy

to prove by identifying the various colors with leaves of
a binary tree and recursively using the offline algorithm
for signed discrepancy. It is not clear how to gener-
alize such a strategy to the online stochastic setting,
since the algorithm for signed discrepancy might use
the stochasticity of the inputs quite strongly.

By exploiting the idea of working with the Haar
basis, we show how to implement such a strategy in
the online stochastic setting: we prove that if there
is a greedy strategy for the signed discrepancy setting
that uses a potential satisfying certain requirements,
then it can be converted to the weighted multi-color
discrepancy setting in a black-box manner.

1.2 High-Level Approach Before describing our
ideas, it is useful to discuss the bottlenecks in the
previous approach. In particular, the quantitative
bounds for the online Koml6s problem, as well as for
the case of sparse vectors obtained in [BJSS20] are the
best possible using their approach, and improving them
further required new ideas. We describe these ideas
at a high-level here, and refer to Section 2 for a more
technical overview.

Limitations of previous approach. For intu-
ition, let us first consider the simpler setting, where
we care about minimizing the Euclidean norm of the
discrepancy vector dy — this will already highlight the
main issues. As mentioned before, if the adversary is ad-
aptive in the online setting, then they can always choose
the next input vector v; to be orthogonal to d;_; (i.e.,
(di—1,v:) = 0) causing ||ds|» to grow as T'/2. How-
ever, if (d;_1,v;) is typically large, then one can reduce
||d¢]|2 by choosing x¢ = —sign({(d¢—1,v¢)), as the follow-
ing shows:

Idell3 = lldiall3 = 2x¢ - (dim,00) + llvell3
(1.1) —20(dy—1,v)| + 1.

The key idea in [BJSS20] was that if the vector v,
has uncorrelated coordinates (i.e. Ey,~p[ve(2)ve(5)] = 0
for i # j), then one can exploit anti-concentration prop-
erties to essentially argue that |(di_1,v:)| is typically
large when ||d;_1||2 is somewhat big, and the greedy
choice above works, as it gives a negative drift for the £o-
norm. However, uncorrelated vectors satisfy provably
weaker anti-concentration properties, by up to a nt/?
factor (s/2 for s-sparse vectors), compared to those
with independent coordinates. This leads up to an extra
n'/? loss in general.

Moreover, to ensure uncorrelation one has to work
in the eigenbasis of the covariance matrix of p, which
could destroy sparsity in the input vectors and give
bounds that scale polynomially with n. [BJSS20] also

IN
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show that one can combine the above high-level uncor-
relation idea with a potential function that tracks a soft
version of maximum discrepancy in any coordinate,

n
(1.2) Oy = exp(Adi1(i)),

i=1
to even get bounds on the ¢,-norm of d;. However, this
is also problematic as it might lead to another factor n
loss, due to a change of basis (twice).

To achieve sparsity based bounds in the special
case of online Tusnady’s problem, previous approaches
use the above ideas and exploit the special problem
structure. In particular, when the input distribution p
is a product distribution, [BJSS20] (and [DFGGR19])
observe that one can work with the natural Haar basis
which also has a product structure in [0,1] — this
makes the input vectors uncorrelated, while simul-
taneously preserving the sparsity due to the recursive
structure of the Haar basis. However, this severely
restricts p to product distributions and previously,
it was unclear how to even handle a mixture of two
product distributions.

New potential: anti-concentration from ex-
ponential moments. Our results are based on a new
potential. Typical potential analyses for online prob-
lems show that no matter what the current state is, the
potential does not rise much when the next input ar-
rives. As discussed above, this is typically exploited in
the online discrepancy setting using anti-concentration
properties of the incoming vector v; ~ p — one argues
that no matter the current discrepancy vector d;_1, the
inner product (d;—1,v;) is typically large so that a sign
can be chosen to decrease the potential (recall (1.1)).

However, as in [BJSS20|, such a worst-case ana-
lysis is restrictive as it requires p to have additional
desirable properties such as uncorrelated coordinates.
A key conceptual idea in our work is that instead of
just controlling a suitable proxy for the norm of the
discrepancy vectors d;, we also seek to control struc-
tural properties of the distribution d;. Specifically, we
also seek to evolve the distribution of d; so that it has
better anti-concentration properties with respect to the
input distribution. In particular, one can get much
better anti-concentration for a random variable if one
also has control on the higher moments. For instance,
if we can bound the fourth moment of the random
variable Y; = (d;—1,v¢), in terms of its variance, say
E[Y}] < E[Y?)?, then the Paley-Zygmund inequality
implies that Y; is far from zero. However, working with
E[Y,}] itself is too weak as an invariant and necessitates
looking at even higher moments.

A key idea is that these hurdles can be handled

cleanly by looking at another potential that controls the
exponential moment of Y;. Specifically, all our results
are based on an aggregate potential function based on
combining a potential of the form (1.2), which enforces
discrepancy constraints, together with variants of the
following potential, for a suitable parameter A, which
enforces anti-concentration constraints:

Dy ~ By exp(Al{de, v)])]-

This clearly allows us to control higher moments
of (d¢,v), in turn allowing us to show strong anti-
concentration properties without any assumptions on
p. We believe the above idea of controlling the space of
possible states where the algorithm can be present in,
could potentially be useful for other applications.

To illustrate the idea in the concrete setting of
{o-discrepancy, let us consider the case when the in-
put distribution p is mean-zero and 1/n-isotropic,
meaning the covariance ¥ = E,.p,[ov'] = I,/n.
Here, if we knew that the exponential moment
Ey~plexp(|(di—1,v)|)] < T, then it implies that with
high probability [(di—1,v)| <logT for v ~ p. To avoid
technicalities, let us assume that |(d;_1,v)| < logT
holds with probability one. Therefore, when v; sampled
independently from p arrives, then since E[|AB||] >
E[AB]/||B||s for any coupled random variables A and
B, taking A = (d;_1,v:) and B = (d;_1,v¢)/logT, we
get that

1
E[{di—1,ve)[] > @'Em[djﬂvtv;dt—ﬂ
1 di-1ll3
= dl  Bd,, = 2
logT ! -t nlogT

Therefore, whenever ||d;_1|2 > (nlogT)'/?, then
the drift in ¢5-norm of the discrepancy vector d; is neg-
ative. Thus, we can obtain the optimal /5-discrepancy
bound of O((nlogT)'/?).

Banasaczyk setting. In the Banaszczyk setting, the
algorithm uses a carefully chosen set of test vectors at
different scales that come from generic chaining. In
particular, we use a potential function based on test
vectors derived from the generic chaining decomposition
of the polar K° of the body K.

However, as there can now be exponentially many
such test vectors, more care is needed. First, we use
that the Gaussian measure of K is large to control
the number of test vectors at each scale in the generic
chaining decomposition of K°. Second, to be able to
perform a union bound over the test vectors at each
scale, one needs substantially stronger tail bounds than
in Theorem 1.3. To do this, we scale the test vectors
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to be quite large, but this becomes problematic with
standard tools for potential analysis, such as Taylor
approximation, as the update to each term in the
potential can be much larger than potential itself, and
hard to control. Nevertheless, we show that if the
distribution has sub-exponential tails, then such an
approximation holds “on average” and the growth in
the potential can be bounded.

Concurrent and Independent Work. In a con-
current and independent work, Alweiss, Liu, and
Sawhney [ALS20] obtained online algorithms achiev-
ing poly-logarithmic discrepancy bound for the Kom-
16s and Tusnady’s problems in the more general setting
where the adversary is oblivious. Their techniques, how-
ever, are completely different from the potential func-
tion based techniques of the present paper. In fact, as
noted by the authors of [ALS20], a potential function
analysis encounters significant difficulties here — the
algorithm is required to control the evolution of the dis-
crepancy vectors and such an invariant is difficult to
maintain with a potential function, even for stochastic
inputs. With the techniques and conceptual ideas we in-
troduce, we can overcome this barrier in the stochastic
setting. We believe that our potential-based approach
to control the state space of the algorithm could prove
useful for other stochastic problems.

2 Proof Overview

Recall the setting: the input vectors (v;),<r are
sampled i.i.d. from p and satisfy |jv]s < 1, and we
need to assign signs xi,...,xr in an online manner so
as to minimize some target norm of the discrepancy vec-
tors d; = >, X+vr. Moreover, we may also assume,
without loss of generality that the distribution is mean-
zero as the algorithm can toss a coin and work with
either v or —v. This means that the covariance matrix
¥ =E,[vv"] satisfying 0 < = < I,,.

2.1 Komlos Setting Here our goal is to minim-
ize ||d¢]|oo.  First, comsider the potential function
Ey~plcosh(X df v)] where cosh(a) = % - (e® + e~*). This
however only puts anti-concentration constraints on the
discrepancy vector and does not track the discrepancy
in the coordinate directions. It is natural to add a po-
tential term to enforce discrepancy constraints. In par-
ticular, let p, = %p + %py, where p,, is uniform over the
standard basis vectors (e;)i<n, then the potential

(2.3) ®; = E,p, [cosh(\ d/ )],

allows us to control the exponential moments of
(dy—1,v) as well as the discrepancy in the target test
directions. In particular, if the above potential ®; <

poly(T), then we get a bound of O(A\~!log T') on ||d¢|| oo -
Next we sketch a proof that for the greedy strategy us-
ing the above potential, one can take A = 1/log T, so
that the potential remains bounded by poly(T') at all
times.

Cramv 3. (INFORMAL: BOUNDED DRIFT) If ®;_;1 <
T2, then Evt [A@t] = Evt [(I)t - q)t—l] S 2.

The above implies using standard martingale argu-
ments, that the potential remain bounded by T2 with
high probability and hence ||d;||o = polylog(T) at all
times t € [T7.

To continue, let us first make a simplifying assump-
tion that ¥ = I,/n and that at time ¢, the condition
A|d]_jv| < 2logT holds with probability 1. We give
an almost complete proof below under these conditions.
The first condition can be dealt with by an appropri-
ate decomposition of the covariance matrix as sketched
below. The second condition only holds with high prob-
ability (1—1/poly(T)), because we have a bound on the
exponential moment, but the error event can be handled
straightforwardly.

By Taylor expansion, we have that for all ¢ and

for all || <1,

(3.4)  cosh(A(a+9)) — cosh(Aa)
< Asinh(Xa) - 6 + A?|sinh(Aa)| - 6% + A2,
where sinh(a) = 1 - (e —e™®) and we used that
cosh(a) < |sinh(a)| 4+ 1. Therefore, since d; = d;—1 +
X+Vt, by the above inequality we have
AD, < - AE, [sinh()\d;r_la:) . :rTvt]
+ NE, [|sinh(Ad]_12)| - |2 v [?]
= X AL+ 22Q + N2

Since the algorithm chooses y; to minimize the po-
tential, we have that E,,[A®;] < —AE,,[|L|]+ \2E,, [Q].

Upper bounding the quadratic term: Using

that X = E,, [viv) | = I,,/n, we have
E,,[Q] = Euol sinh(Ad_ 2)|- 2w, 2]
= E,[|sinh(\d/ ,z)| - 27 2]

1 .
— Byl sinh(Ad,_ )] - |=]]
1
n

<~ Eq|sinh(Ad/_,2)]],

where the last inequality used that ||z]2 < 1.
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Lower bounding the linear term: For this we
use the aforementioned coupling trick: E,,[|L|]] >
E,,[LY]/||Y||oc for any coupled random variable Y ©.
Taking Y = |d_;v¢|, we have that [|Y||eo < 2\ !logT.
Therefore,

E,[|[L]] = E,,|E;: [sinh(AdtT_lx) 'xTvt] ‘
> 210)\gT “Ey,z [sinh()\d:_lxﬂ . xTvthdt,l]
= m -E,[sinh(Ad,_,2) - Ad/_ 2]
> m B, | sinh(A2)]] — 2,

using that sinh(a)a > |sinh(a)| — 2 for all a € R.
Therefore, if A\ = 1/(21logT'), we can bound the drift
in the potential

A
< __
By [A%] < 2nlog T

)\2
+ = -E,[|sinh(\d,_,z)|] + 2+ \? < 3.
n

E,[| sinh(Ad, ,z)|]

Non-Isotropic Covariance. To handle the gen-
eral case when the covariance X is not isotropic, let us
assume that all the non-zero eigenvalues are of the form
27F for integers k > 0. One can always rescale the in-
put vectors and any potential set of test vectors, so that
the covariance satisfies the above, while the discrepancy
is affected only by a constant factor. See Section 5 for
details.

With the above assumption ¥ = >, 27*II; where
II;, is the orthogonal projection on to the subspace with
eigenvalues 27%. Since, we only get T vectors, we can
ignore the eigenvalues smaller than (n7)~* and only
need to consider O(log(nT')) different scales. Then, one
can work with the following potential which imposes the
alignment constraint in each such subspace:

o, = ZExwm [cosh(\ d/ TT,z)].
k

As we have O(log(nT')) pairwise orthogonal subspaces,
we can still choose A = 1/polylog(nT’) and with some
care, the drift can be bounded using the aforementioned
ideas. Once the potential is bounded, we can bound
|ldt||so as before along with triangle inequality.

3.1 Banaszczyk Setting Recall that here we are
given a convex body K with Gaussian volume at least
1/2 and our goal is to bound K-norm of the discrepancy
vector ||d¢||x. Here, ||d||x intuitively is the minimum

5Here ||Y||oo denotes the largest value of Y in its support.

scaling v of K so that d € vK. To this end, we will
use the dual characterization of K: Let K° = {y :
sup,e [(2,y)| < 1}, then [[d] x = sup,c o [(d, y).

To approach this first note that the arguments from
previous section allow us not only to bound ||d;||- but
also max,cg(ds, z) for an arbitrary set of test directions
8 (of norm at most 1). As long as |8| < poly(nT), we
can bound max,es{(d;, z) = poly(log(nT)).

However, to handle a norm given by an arbitrary
convex body K, one needs exponentially many test
vectors, and the previous ideas are not enough. To
design a suitable test distribution for an arbitrary
convex body K, we use generic chaining to bound
|d¢|| i = sup,¢ o (dt, z) by choosing epsilon-nets” of K°
at geometrically decreasing scales. Again let us assume
that the 3 = I, /n for simplicity.

First, assuming Gaussian measure of K is at least
1/2, it follows that diam(K°) = O(1) (see Section 4.3).
So, one can choose the coarsest epsilon-net at O(1)-
scale while the finest epsilon-net can be taken at scale
~ 1/4/n since by adding the standard basis vectors
to the test set, one can control ||di||2 < v/n (ignoring
polylog factors) by using the previous ideas in the
Komlos setting.

Now, one can use generic chaining as follows: define
the directed layered graph G (see Figure 1) where the
vertices J, in layer £ are the elements of an optimal €;-
net of K° with ¢, = 27¢. We add a directed edge from
a vertex u € Ty to vertex v € Tpqq if [Ju — v||2 < € and
identify the corresponding edge with the vector v — w.
The length of any such edge v — u, defined as ||v — u/|2,
is at most €y.

Let us denote the set of edges between layer ¢ and
¢+ 1 by 8. Now, one can express any z € K° as
>y W+ Werr Where wy € 84 and ||werr||2 < 1/4/n. Then,
since we can control ||d¢]|2 < +/n, we have

sup (dy, z) < max(d,w) + max (d, Wer)

z€EK° 0 weSe lw|l2<n=1/2

= O(logn) - max max{d, w).
L weSy

Thus, it suffices to control maxyes, (d, w) for each
scale using a suitable test distribution in the potential.

For  example, suppose we knew  that
Eg[cosh(AdTw)] < T for w uniform in r? - 8, for
a scaling factor r2.  Then, it would follow that
maxyes, (d,w) = OA"1r=21og|8| - logT). Standard
results in convex geometry (see Section 4.3) imply
that |8¢| < eO/D) 50 to obtain a polylog(nT') bound,

We remark that one can also work with admissible nets
that come from Talagrand’s majorizing measures theorem and
probably save a logarithmic factor, but for simplicity we work
with epsilon-nets at different scales.
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Figure 1: The chaining graph § showing epsilon-nets of the convex body at various scales. The edges connect near neighbors at
two consecutive scales. Note that any point z € K° can be expressed as the sum of the edge vectors wy where wy = vy — vp_1, and
(ve—1,ve) is an edge between two points at scale 2~ (¢=1) and 2.

one needs to scale the vectors w € §y by a factor of
r = 1/e;. This implies that the fo-norm of scaled vector
r2 - w could be as large as /n.

This makes the drift analysis for the potential more
challenging because now the Taylor expansion in (3.4)
is not always valid as the update § could be as large as
v/n. This is where the sub-exponential tail of the input
distribution is useful for us. Since the input distribution
is 1/n-isotropic and sub-exponential tailed, we know
that if ||w||2 < 4/n , then for a typical choice of v ~ p,
the following holds

_ lwli3

(v, w) = By, [(vy, w)?] = By, [w" vv) w] = - <1

Thus, with some work one can show that, the pre-
vious Taylor expansion essentially holds "on average"
and the drift can be bounded. The case of general co-
variances can be handled by doing a decomposition as
before. Although the full analysis becomes somewhat
technical, all the main ideas are presented above.

3.2 Multi-color Discrepancy For the multi-color
discrepancy setting, we show that if there is an online
algorithm that uses a greedy strategy with respect to
a certain kind of potential ®, then one can adapt the
same potential to the multi-color setting in a black-box
manner.

In particular, let the number of colors R = 2" for
an integer h and all weights be unit. Let us identify
the leaves of a complete binary tree 7 of height h
with a color. Our goal is then to assign the incoming
vector to one of the leaves. In the offline setting, this
is easy to do with a logarithmic dependence of R —
we start at the root and use the algorithm for the
signed discrepancy setting to decide to which sub-tree
the vector be assigned and then we recurse until the
vector is assigned to one of the leaves. Such a strategy
in the online stochastic setting is not obvious, as the

distribution of the incoming vector might change as one
decides which sub-tree it belongs to.

By exploiting the idea used in [BJSS20] and
[DFGGR19] of working with the Haar basis, we can
implement such a strategy if the potential ® satisfies
certain requirements. Let us define dy(t) to be the sum
of all the input vectors assigned to that leaf at time t.
In the same way, for an internal node u of T, we can
define d, (t) to be the sum of the vectors dy(t) for all the
leaves ¢ in the sub-tree rooted at u. The crucial insight
is then, one can track the difference of the discrepancy
vectors of the two children dy, (¥) for every internal node
u of the tree 7. In particular, one can work with the

potential
U, =) @(Bd, (1)),
ueT

for some parameter 3, and assign the incoming vector
to the leaf that minimizes the increase in ¥;. Then,
essentially we show that the analysis for the potential ®
translates to the setting of the potential ¥, if ® satisfies
certain requirements (see Section 12).

4 Preliminaries

4.1 Notation Throughout this paper, log denotes
the natural logarithm unless the base is explicitly men-
tioned. We use [k] to denote the set {1,2,...,k}. Sets
will be denoted by script letters (e.g. 7).

Random variables are denoted by capital letters
(e.g. A) and values they attain are denoted by lower-
case letters possibly with subscripts and superscripts
(e.g. a,a1,a’, etc.). Events in a probability space will be
denoted by calligraphic letters (e.g. £). We also use 1¢
to denote the indicator random variable for the event £.
We write Ap+(1—X)p’ to denote the convex combination
of the two distributions.

Given a distribution p, we use the notation x ~ p
to denote an element x sampled from the distribution p.
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For a real function f, we will write E,,[f(x)] to denote
the expected value of f(z) under = sampled from p. If
the distribution is clear from the context, then we will
abbreviate the above as E,[f(z)].

For a symmetric matrix M, we use M ™ to denote
the Moore-Penrose pseudo-inverse, ||M||op for the oper-
ator norm of M and Tr(M) for the trace of M.

4.2 Sub-exponential Tails Recall that a subexpo-
nential distribution p on R satisfies the following for
every r > 0, Poopllz — pu| > or] < e ") where
pu=E,[z] and 02 = E,[(z — p)?]. A standard property
of a distribution with a sub-exponential tail is hypercon-
tractivity and a bound on the exponential moment (c.f.
§2.7 in [Verl18]).

PROPOSITION 4.1. Let p be a distribution on R that has
a sub-exponential tail with mean zero and variance o?.
Then, for a constant C' > 0, we have that E,,[e®!*!] <
C for all |s| < 1/20. Moreover, for every k > 0, we

have Eyop[|z|*]V/* < C - ko

4.3 Convex Geometry Given a convex body K C
R™, its polar convex body is defined as K° = {y |
sup,cx [(z,y)| < 1}. If K is symmetric, then it defines
anorm | -||x which is defined as || - || = sup,¢ g (-, 9)-

For a linear subspace H C R”, we have that
(KN H)° = Iy(K°) where IIy is the orthogonal
projection on to the subspace H.

Gaussian Measure. We denote by -, the n-
dimensional standard Gaussian measure on R"™. More
precisely, for any measurable set A C R", we have

L leldeg,
W) = o | I

For a k-dimensional linear subspace H of R™ and a
set A C H, we denote by v (A) the Gaussian measure
of the set A where H is taken to be the whole space. For
convenience, we will sometimes write v (A) to denote
Yaim(z) (A N H).

The following is a standard inequality for the Gaus-
sian measure of slices of a convex body. For a proof, see
Lemma 14 in [DGLN16].

PROPOSITION 4.2. Let K C R"™ with v,(K) > 1/2 and
H C R"™ be a linear subspace of dimension k. Then,
(K O H) > ().

Gaussian Width. For a set T C R", let w(7) =
E,[sup,c(g, z)] denote the Gaussian width of T where
g € R™ is sampled from the standard normal distri-
bution. Let diam(T) = sup, ,cq [z — yll2 denote the
diameter of the set 7.

The following lemma is standard up to the exact
constants. For a proof, see Lemmas 26 and 27 in
[DGLN16].

PROPOSITION 4.3. Let K C R™ be a symmetric convex
body with ~v,(K) > 1/2. Then, w(K°) < 32 and
diam(K?°) < 4.

To prevent confusion, we remark that the Gaussian
width is ©(y/n) factor larger than the spherical width
defined as Egy[sup,c5 (0, )] for a randomly chosen 6 from
the unit sphere S*~!. So the above proposition implies
that the spherical width of K° is O(1/y/n).

For a linear subspace H C R™ and a subset T C H,
we will use the notation wg(7T) = Eg[sup,cq(g, )]
to denote the Gaussian width of T in the subspace
H, where ¢ is sampled from the standard normal
distribution on the subspace H. Proposition 4.2 and
Proposition 4.3 also imply that wgy (T) < 3/2.

Covering Numbers. For aset T C R", let N(T,¢€)
denote the size of the smallest e-net of T in the Euclidean
metric, i.e., the smallest number of closed Euclidean
balls of radius € whose union covers J. Then, we have
the following inequality (c.f. [Wail9], §5.5).

PROPOSITION 4.4. (SUDAKOV MINORATION) For any
set T CR™ and any € > 0

w(T) > %\/log N(T,¢e), or equivalently,

N(T, 6) < €4w(7)2/62_

Analogously, for a linear subspace H C R™ and a
subset T C H, we also have wy (T) > §$+/log Nu (T, €),
where Ng(T,¢) denote the covering numbering of T
when H is considered the whole space.

5 Reduction to k-Dyadic Covariance

For all our problems, we may assume without loss of
generality that the distribution p has zero mean, i.e.
Ey~p[v] = 0, since our algorithm can toss an unbiased
random coin and work with either v or —v. Now the
covariance matrix 3 of the input distribution p is given
by ¥ = E,p[vv']. Since |[v]2 < 1, we have that
0xX<T7and Tr(X¥) <1

However, it will be more convenient for the proof
to assume that all the non-zero eigenvalues of the
covariance matrix 3 are of the form 27% for an integer
k. In this section, by slightly rescaling the input
distribution and the test vectors, we show that one can
assume this without any loss of generality.

Consider the spectral decomposition of ¥ =
> o], where 0 < 0, < ... < 07 < 1 and
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U1, ..., U, form an orthonormal basis of R". Moreover,
since we only get T' vectors, we can essentially ignore all
eigenvalues smaller than, say (nT)~8, as this error will
not affect the discrepancy too much.

For a positive integer x denoting the number of
different scales, we say that X is x-dyadic if every non-
zero eigenvalue o is 27% for some k € [x].

LEMMA 5.1. Let § C R™ be an arbitrary set of test
vectors with Fuclidean norm at most n1' and v ~ p
with covariance ¥ = Y, oyuu; . Then, there exists
a positive-semi definite matric M with |M|lep < 1
such that the covariance of Mv is k-dyadic for k =
[8log(nT)|. Moreover, there exists a test set 8' consist-
ing of vectors with Euclidean norm at most maxyes ||y,
such that for any signs (xt)ter, the discrepancy vector
dy = Zf—:l XV satisfies the following with probability
1—(nT)™4,

max |d] y| = 2 - max |(Md,) " z| + O(1).
yeS z€8’

Proof. For notational simplicity, we use d to denote
dy. We construct matrix M to be postive semi-definite
with eigenvectors uy, ..., u,. For any i € [n] such that
o; € (27% 27%F1 for some k € [k], we set Mu; =
(QkUi)_1/2~ui, and for every ¢ € [n] such that o; <27,
we set Mu; = 0. It is easy to check that the covariance
of Mv for v ~ p is k-dyadic.

We define the new test set to be &' = {$ My |
y € S} where M is the pseudo-inverse of M. Note
that |[MT|op < 2, so every z € S’ satisfies [|z|]s <
maxycs ||y|| < nT. To upper bound the discrepancy
with respect to the test set, let Il., be the projector
onto the span of eigenvectors u; with o; < 27% and let
II be the projector onto its orthogonal subspace. Then,
for any y € S, we have

[dTy| < |d"y| + |d " Teny|
< |(Md)T(MTy)| +nT - || Hered|2.

Note that E|Ille,d|3 < (nT)~% . (nT)?, so by
Markov’s inequality, with probability at least 1 —
(nT)~*, we have that ||le,d|2 < (nT)~! and hence,

|d T Heny| = O(1) for every y € 8. It follows that

dTyl<2- Md)" 2|+ O(1).
max|d " y| < 2-max|(Md) 2+ O(1)

This finishes the proof. d

For all applications in this paper, the test vectors
will always have Euclidean norm at most nT', so we can
always assume without loss of generality that the input
distribution p, which is supported over vectors with
Euclidean norm at most one, has mean E,.,[v] = 0,

and its covariance & = E,[vv'] is s-dyadic for k =
8[log(nT')]. We will make this assumption in the rest

of this paper without stating it explicitly sometimes.

6 Discrepancy for Arbitrary Test Vectors

In this section, we consider discrepancy minimization
with respect to an arbitrary set of test vectors with
Fuclidean length at most 1.

THEOREM 1.3. Let S C R™ be a finite set of test vectors
with FEuclidean norm at most 1 and p be a distribution
i R™ supported on vectors with Euclidean norm at most
1. Then, for vectors vi,...,vr sampled i.i.d. from p,
there is an online algorithm that with high probability
maintains a discrepancy vector d; satisfying

max |d{ 2| = O((log(8]) +log T) - log*(nT))
ze
for every t € [T].

Before getting into the details of the proof, we first
give two important applications of Theorem 1.3 to the
Komlés problem in Section 6.1 and to the Tusnady’s
problem in Section 6.2. The proof of Theorem 1.3 will
be discussed in Section 6.3.

6.1 Discrepancy for Online Komlés Setting

THEOREM 1.1. (ONLINE KOMLOS SETTING) Let p be
a distribution in R™ supported on vectors with Euclidean
norm at most 1. Then, for vectors vi,...,vr sampled
i.i.d. from p, there is an online algorithm that with high
probability maintains a discrepancy vector d; such that

|d¢|oo = O(log*(nT)) for all t € [T7.

Proof. [Theorem 1.1] Taking the set of test vectors
8 = {e1, -+ ,en} where ¢;’s are the standard basis
vectors in R™, Theorem 1.3 implies an algorithm that
w.h.p. maintains a discrepancy vector d; such that
|d¢|so = O(log*(nT)) for all t € [T]. ad

6.2 An Application to Online Tusnady’s Prob-
lem

THEOREM 1.2. (ONLINE TUSNADY’S PROBLEM) Let p
be an arbitrary distribution on [0,1]4.  For points
T1,...,x7 sampled i.i.d from p, there is an algorithm
which selects signs x: € {x1} such that with high
probability for every axis-parallel box B, we have
max;ep) disc;(B) = Oq(log™™T).

Firstly, using the probability integral transforma-
tion along each dimension, we may assume without loss
of generality that the marginal of p along each dimen-
sion i € [d], denoted as p;, is the uniform distribution on
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[0,1]. More specifically, we replace each incoming point

€ [0,1]¢ by (Fy(z1),--- , F4(xq)), where F; is the cu-
mulative density function for p;. Note that Fj(x;) is
uniform on [0, 1] when z; ~ p;. We make such an as-
sumption throughout this subsection.

A standard approach in tackling Tusnady’s problem
is to decompose the unit cube [0, 1]¢ into a canonical set
of boxes known as dyadic boxes (see [Mat09]).

Define dyadic intervals I; , = [k277, (k + 1)277) for
j € Zso and 0 < k < 279, A dyadic box is one of the
form

Bj k= Liq)e) X -+ X Lj(a),k(d),

with 7,k € Z% such that 0 < j and 0 < k < 27, and
each side has length at least 1/7. One can handle the
error from the smaller dyadic boxes separately since few
points will land in each such box. Denoting the set of
dyadic boxes as D = {Bj | 0 < j < (logT)1 , 0 <
k < 29}, where 1 € R? is the all ones vector, we note
that |D| = O4(T?).

Usually, one proves a discrepancy upper bound on
the set of dyadic boxes, which implies a discrepancy
upper bound on all axis-parallel boxes since each axis-
parallel box can be expressed roughly as the disjoint
union of Og(log? T') dyadic boxes. This was precisely
the approach used for the online Tusnédy’s problem
in [BJSS20|. However, such an argument has a fun-
damental barrier. Since each arrival lands in approxim-
ately O4(log? T') boxes in D, one can at best obtain a
discrepancy upper bound of Od(logd/ 2T for the set of
dyadic boxes, which leads to Od(log3d/ 2T discrepancy
for all boxes.

Using the idea of test vectors in Theorem 1.3, we
can save a factor of Od(logd/ 2T) over the approach
above. Roughly, this saving comes from the discrep-
ancy of dyadic boxes accumulates in an £, manner as
opposed to directly adding up. A similar idea was
previously exploited by [BG17] for the offline Tusnady’s
problem.

Proof. [Theorem 1.2] We view Tusnady’s problem as
a vector balancing problem in |D|-dimensions with
coordinates indexed by dyadic boxes, where we define
v¢(B) = 1p(x;) for each arrival ¢ € [T] and every dyadic
box B € D. Each coordinate B of the discrepancy
vector d; = Zle Xiv; is exactly disc;(B). Notice that
vell2 < Oa(log®? T) since vy is Og(log? T')-sparse. Note
that v,’s are the input vectors for the vector balancing
problem.

Now we define the set of test vectors 8§ that will
allow us to bound the discrepancy of any axis-parallel
box. For every box B that can be exactly expressed
as the disjoint union of several dyadic boxes, i.e. B =

Uprep' B’ for some subset D’ C D of disjoint dyadic
boxes, we create a test vector zp € {0,1}P! with
zp(B') = 1if and only if B’ € D’. We call such box B a
dyadic-generated box. Since there are multiple choices
of D’ that give the same dyadic-generated box B, we
only take D’ to be the one that contains the smallest
number of dyadic boxes. 8 will be the set of all such
dyadic-generated boxes.

Recalling that |D| = Oq(T?), it follows that |8] <
2|D| = Oq(T?), as each coordinate of a box in § corres-
ponds to an endpoint of one of the dyadic intervals in D.
Moreover, every test vector zp € 8 is Og(log® T')-sparse
and thus |zpll2 < O4(log”?T). Using Theorem 1.3
with both the input and test vectors scaled down by
04(log?? T, we obtain an algorithm that w.h.p. main-
tains discrepancy vector d; such that for all ¢ € [T1],

max |d, z| < Og(log®™ T).
ZBES

Since d/ zp = disc;(B) which follows from B being
a disjoint union of dyadic boxes, we have disc;(B) <
O4(log®™ T) for any dyadic-generated box B.

To upper bound the discrepancy of arbitrary axis-
parallel boxes, we first introduce the notion of stripes.
A stripe in [0,1]¢ is an axis-parallel box that is of the
form I; x --- x I where exactly one of the intervals I;
is allowed to be a proper sub-interval [a,b] C [0,1]. The
width of such a stripe is defined to be b — a. Stripes
whose projection is [a,b] in dimension i satisfying b —
a = 1/T correspond to the smallest dyadic interval
in dimension . We call such stripes minimum dyadic
stripes. There are exactly T" minimum dyadic stripes
for each dimension ¢ € [d|. Since minimum dyadic
stripes have width 1/T and the marginal of p along
any dimension is the uniform distribution over [0, 1],
a standard application of Chernoff bound implies that
w.h.p. the total number of points in all the minimum
dyadic stripes is at most Oy4(log(7T')) points.

For a general axis-parallel box E, it is well-known
that B can be expressed as the disjoint union of a
dyadic-generated box B together with at most k < 2d
boxes Bi,..., By where each B; C S; is a subset of a
minimum dyadic stripe. We can thus upper bound

k k
disci(B) < discy(B) + Zdisct(Bi) < disci(B) + Zri.
i=1 i=1

where r; is the total number of points in the stripe
S;. As mentioned, w.h.p. we can upper bound
Zle r; = Og(log(T")) and thus one obtains disc,(B) =
O4(log®™ T) for any axis-parallel box B. This proves
the theorem. |

6.3 Proof of Theorem 1.3
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Potential Function and Algorithm. By
Lemma 5.1, it is without loss of generality to assume
that p is k-dyadic, where k = 8[log(nT)]. For any
k € [k], we use IIj to denote the projection matrix onto
the eigenspace of ¥ corresponding to the eigenvalue
27% and define IT = Y_7_, Il to be the sum of these
projection matrices.

The algorithm for Theorem 1.3 will use a greedy
strategy that chooses the next sign so that a certain
potential function is minimized. To define the potential,
we first define a distribution where some noise is added
to the input distribution p to account for the test
vectors. Let p, be the uniform distribution over the
set of test vectors 8. We define the noisy distribution
p to be p; := p/2+p,/2, i.e., a random sample from p,
is drawn with probability 1/2 each from p or p,. Note
that any vector x in the support of p, satisfies ||z|2 < 1
since both the input distribution p and the set of test
vectors 8 lie inside the unit Euclidean ball.

At any time step t, let d; = xiv1 + ... + x4
denote the current discrepancy vector after the signs

X1,---sXt € {%1} have been chosen. Set A\~! =
100x log(nT') and define the potential
O, = ®(d) = Y Egep, [cosh (Ad/Tiz)].

k=1

When the vector v; arrives, the algorithm greed-
ily chooses the sign x; that minimizes the increase
b, — Dy,

Analysis. The above potential is useful because
it allows us to give tail bounds on the length of the
discrepancy vectors in most directions given by the
distribution p while simultaneously controlling the
discrepancy in the test directions. In particular, let G,
denote the set of good vectors v in the support of p that
satisfy \|d]TIv| < & - log(4®;/5). Then, we have the
following lemma.

LEMMA 6.1. For any 6 > 0 and any time t, we have

(CL) vap(v ¢ gt) <.

(b) |d[T.z| < A~tlog(4|8|®;) for all z € 8 and k €
(]

Proof. (a) Recall that with probability 1/2 a sample
from p, is drawn from the input distribu-
tion p. Using this and the fact that 0 <
exp(z) < 2cosh(z) for any x € R, we have
> keln) Bvmp [exp(Ald] TTv])] < 4®,. Note that for

any v ¢ Gy, we have \|d/]IIv| > & - log(4®;/6) by

definition, so it follows that A|d, Tyv| > log(4®;/6)
for at least one k € [k]. Thus, applying Markov’s
inequality we get that Pyp,(v ¢ G¢) < 4.

(b) Similarly, a random sample from p, is drawn from
the uniform distribution over § with probability
1/2, so exp (A|d"z|) < 4]8|®, for every z € §
and k € [k].

This implies that |d " TTxz| < A~ log(4]8|®,).
O

The next lemma shows that the expected increase
in the potential is small on average.

LEMMA 6.2. (BOUNDED POSITIVE DRIFT) For any in-
termediate time step t € [T], if ®;,_1 < 3T°, then
Ey, [®:] — 41 < 2.

Using Lemma 6.2, we first finish the proof of
Theorem 1.3.

Proof. |[Theorem 1.3] We first use Lemma 6.2 to prove
that with probability at least 1—7~*, the potential ®, <
3T5 for every t € [T]. Such an argument is standard
and has previously appeared in [JKS19, BJSS20]. In
particular, we consider a truncated random process &)t
which is the same as ®; until ®;, > 37" for some time
step to; for any ¢ from time ¢y to T', we define d, = 375.
It follows that P[®; > 3T°] = P[®; > 3T°]. Lemma 6.2
implies that for any time ¢ € [T], the expected value
of the truncated process <£t over the input sequence
v1,...,vp is at most 37. By Markov’s inequality, with
probability at least 1 — 7~4, the potential ®; < 37 for
every t € [T1].

When the potential ®;, < 37°, part (b) of
Lemma 6.1 implies that |d " II;z| = O(A~! - (log(|8]) +
logT)) for any z € 8§ and k € [k]. Thus, it follows that
for every z € 8,

dT2) < > |d Tzl
ke(k]
= O(kA™" (log(|8|) + log T))
= O((log(|8]) +log T) - log*(nT)),

which completes the proof of the theorem.
d

To finish the proof, we prove the remaining
Lemma 6.2 next.

Proof. [Lemma 6.2]

Let us fix a time ¢t. To simplify the notation, let
S =P, ;1 and AD =d; — d, and let d =d;_1 and v =
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v¢. To bound the change A®, we use Taylor expansion.
Since cosh’(a) = sinh(a) and sinh’(a) = cosh(a), for any
a,b € R satisfying |a — b| < 1, we have

cosh(Aa) — cosh(Ab)
= Asinh(\b) - (a — b) + ;—T cosh(\b) - (a — b)?

3

+%ﬁmmM)@me+u,

< Asinh(Ab) - (a — b) + A% cosh(Ab) - (a — b)?,

< Asinh(Ab) - (a — b) + A?|sinh(\D)] - (a — b)?
+ M (a — b)?,

where the first inequality follows since |sinh(a)| <
cosh(a) for all @ € R, and since |a —b] < 1 and X < 1,
so the higher order terms in the Taylor expansion are
dominated by the first and second order terms. The
second inequality uses that cosh(a) < |sinh(a)|+ 1 for
a €R.

After choosing the sign x;, the discrepancy vector
d; = d + xsv. Defining s;(z) = sinh(\ - d'II2) and
noting that |v'Izz| < 1, the above upper bound on
the Taylor expansion gives us that

AD = Z E, [cosh (A(d + xtv)THk:r)]
kek]

— Z E,. [cosh ()\dTHkx)]
k€E[r]

Z AE; [si(z)

ke(k]

UTHk.’L’]

= x¢L

+Z/\2

ke(k]

x)| - xTHkvaHkx}

=Q

+ > NE,

ke(k]

THkvaHkx},

= Qx

where x:L,Q, and Q. denote the first, second, and
third terms respectively. Recall that our algorithm uses
the greedy strategy by choosing x: to be the sign that
minimizes the potential. Taking expectation over the
random incoming vector v ~ p, we get

E,[A®] < —E,[|L]] + E,[Q] + Ey[Q.].

We will prove the following upper bounds on the
quadratic (in A) terms Q and Q..
CLam 7. E,[Q] < 233, 27"
E,[Q.] < 4X2.

E.[|sk(x)|] and

On the other hand, we will show that the linear (in
A) term L is also large in expectation.

Cram 8. B [|L[] > AB™' 3, (27" Ee
some value B < 2k - log(®%kn).

[lsk(2)l] =1 for

By our assumption that ® < 37°, we have that
2\ < B~!. Therefore, combining the above two claims,
we get that

E,[AQ] < (23 = AB7) | Y 27F Euf|si(x)]

ke[x]
+144X2<2.

This finishes the proof of Lemma 6.2 assuming the
claims which we prove next. 0

Proof. [Claim 7] Recall that E,[vv’] = ¥ and that
I, 211, = 27 *11,. Using linearity of expectation,

E,[Q] = Z A Ee[|sk(a)] - T 2T, 2]
ke(r]
= /\222 lc |3k )|'$THk.”L’]
ke(k]
< 222y 27 Eoflse(o)]],
kelr]

where the last inequality uses that ||z[|, < 1. Similarly,

EfQ] = Y NE

< 2)\2 Z 27k < 4\2.
ke(k]

[T, =, ]

This completes the proof of the claim. 0

Proof. [Claim 8]

To lower bound the linear term, we use the fact
that |L(v)] > ||fll=t - f(v) - L(v) for any real-valued
non-zero function f. We will choose the function
f(v) = d'Tlv - 1g(v) where G will be the event that
|d"TIv| is small, which we know is true because of
Lemma 6.1.

In particular, set 6~! = A®T and let G denote

the set of vectors v in the support of p such that
Ad TIv| < & - log(4®/5) := B.
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Then, f(v) =d'Tlv - 1g(v) satisfies || f|loec < A7'B,
and we can lower bound,

E(11]] > %9 > Bualsia)

ke[r]

= ZE Sk

ke[m

d Ty - v Tz - 1g(v)]

) - dTTIIXI,2]

- d T8 ],

)\2
ke(k]

where Ee, = E,[vv’ (1 — 1g(v))] satisfies | Zen|lop <
Pywp(v ¢ G) < ¢ using Lemma 6.1. To bound the
first term in (8.5), recall that si(z) = sinh(Ad' Ix2).
Using IIX1l;, = 27*II; and the fact that sinh(a)a >
|sinh(a)| — 2 for any a € R, we have

ANEy[sp(z) - d IEMpz] = 27 Ey[sp(z) - Ad' ]
> 2% (Ballsk()]] - 2).

For the second term, we use the bound ||Xer|lop < 6
to obtain

|dTH2erer$| < N ZBerllop - ldll2 - llzllz - < lld]l2-
Since ||d||2 < T always holds, by our choice of §,
ANd T Iz < @71

Plugging the above bounds in (8.5),

\L\>*Z2’“ o[k (@)]] = 2)

ke(k]
A gt
"B ® Z Ea[lsk(x
ke(k]
>*Z27 o[lsk(@ ——22’““_1
- B
ke[l“«' kG Ii]
>3 Y 2t Bullsta)] -
ke[n
where  the second inequality follows  since
2res Bellse(@) <@ 0O

9 Discrepancy with respect to Arbitrary
Convex Bodies

Our main result of this section is the following theorem.

THEOREM 1.4. (ONLINE BANASZCZYK SETTING) Let
K CR"™ be a symmetric convex body with v, (K) > 1/2
and p be a distribution with sub-exponential tails

that is supported over vectors of Fuclidean norm at
most 1. Then, for vectors vy,...,vp sampled i.i.d.
from p, there is an online algorithm that with high
probability maintains a discrepancy vector dy satisfying
d; € Clog’(nT) - K for all t € [T] and a universal
constant C'.

9.1 Potential Function and Algorithm As in the
previous section, it is without loss of generality to
assume that p is k-dyadic, where k = 8[log(nT)]. For
any k € [k], recall that II;, denotes the projection matrix
onto the eigenspace of X corresponding to the eigenvalue
27% and I = Y"7_, II;. Further, let us also recall that
Il is the projection matrix onto the subspace spanned
by eigenvectors corresponding to eigenvalues of ¥ that
are at most 27%. We also note that dim(im(Il;)) <
min{2*,n} since Tr(X) < 1.

Our algorithm to bound the discrepancy with re-
spect to an arbitrary symmetric convex body K C R"
with ~,(K) > 1/2 will use a greedy strategy with a
similar potential function as in §6.

Let p, be a distribution on test vectors in R™ that
will be specified later. Define the noisy distribution
Pz = p/2+p./2, i.e, a random sample from p, is drawn
from p or p, with probability 1/2 each.

At any time step t, let d; = x1v1 + ... + X0t
denote the current discrepancy vector after the signs
X1,---,X¢ € {&1} have been chosen. Set \71 =
100k log(nT), and define the potential

Oy =B(de) == > Eanp, [exp (A d] )] .

kelr]

When the vector v; arrives, the algorithm chooses
the sign x; that minimizes the increase ®; — ®;_;.

Test Distribution. To complete the description of
the algorithm, we need to choose a suitable distribution
p. on test vectors to give us control on the norm
| - lx = sup,ego(-,y). For this, we will use generic
chaining.

First let us denote by Hj = im(Il;) the linear
subspace that is the image of the projection matrix Tl
where the subspaces { H }1¢[) are orthogonal and span
R™. Moreover, recall that dim(Hy) < min{2* n}.

Let us denote by K = K N Hj, the slice of the con-
vex body K with the subspace Hj. Proposition 4.2 im-
plies that v, (K) > 1/2 for each k € [k] and combined
with Proposition 4.3 this implies that K} = (K;)° =
11, (K°) satisfies diam(K}) < 4 and wg, (K}) < 3/2 for
every k.

Consider e-nets of the polar bodies K} at geomet-
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rically decreasing dyadic scales. Let

erin(k) = 27115 (VIR | g

Gmax(k) =9~ log, [1/diam(Ky)] ’

be the finest and the coarsest scales for a fixed k, and
for integers ¢ € [logy(1/€max(k)),10g5(1/€min(k))], define
the scale (£, k) = 27¢. We call these admissible scales
for any fixed k.

Note that for a fixed £ € [k], the number of
admissible scales is at most 2 log, (nT") since diam(K}) <
4. The smallest scale is chosen because with high
probability we can always control the Euclidean norm
of the discrepancy vector in the subspace Hj to be
A~ tlog(nT)+/dim(H},) using a test distribution as used
in Komlos’s setting.

Let T(¢, k) be an optimal €(¢,k)-net of K. For
each k, define the following directed layered graph Gy
(recall Figure 1) where the vertices in layer ¢ are the
elements of T(¢, k). Note that the first layer indexed
by logs(1/emax(k)) consists of a single vertex, the origin.
We add a directed edge from u € T(¢, k) tov € T({+1,k)
if lv—ull2 < e(¢, k). We identify an edge (u,v) with the
vector v —u and define its length as [|[v —ul|2. Let 8(¢, k)
denote the set of edges between layer ¢ and £ + 1. Note
that any edge (u,v) € 8(¢, k) has length at most (¢, k)
and since wy, (Kj5) < 3/2, Proposition 4.4 implies that,

(9.6)  IS(6,K)| < [T(U+1,K)> < 216/ER7,

Pick the final test distribution as p, = px/2+ p,/2
where ps and p, denote the distributions given in
Figure 2.

The above test distribution completes the descrip-
tion of the algorithm. Note that adding the eigenvectors
will allow us to control the Euclidean length of the dis-
crepancy vectors in the subspaces Hy as they form an
orthonormal basis for these subspaces. Also observe
that, as opposed to the previous section, the test vec-
tors chosen above may have large Fuclidean length as
we scaled them. For future reference, we note that the
entire probability mass assigned to length r vectors in
the support of p,, is at most 2727 where r > 1/4.

9.2 Potential Implies Low Discrepancy The test
distribution p, is useful because of the following lemma.
In particular, a poly(n,T) upper bound on the potential
function implies a polylogarithmic discrepancy upper
bound on ||d| k-

LEMMA 9.1. At any time t, we have that

ITkde]|2 < A~ log(4nd,)+/dim(Hy) and,
|di|le < O(k - A% - log(nT) - log(®;)).

Proof. To derive a bound on the FEuclidean length
of Ilxd;, we note that a random sample from p, is
drawn from the uniform distribution over {u;};<, with
probability 1/4, so exp (A|d] Iyu;|) < 4n®, for every
k € [k] and every ¢ € [n]. Since {u;}i<y also form an
eigenbasis for II, we get that |d; TTu;| < A7 log(4n®d,)
which implies that || TIxd¢||2 < A~ log(4n®;)+/dim(Hy).

To see the bound on ||d;||x, we note that

|dil| i = sup (di,y) < Y sup (Tidy,y)
yeK® nepy VKR

97 < Z( sup |d;erZ|+€min(k)|det||2>7
ke[x] z€T(L,k)

where the last inequality holds since T(¢,k) is an
€min(k)-net of K7. By our choice of €min(k) and the
bound on ||Tgd;||2 from the first part of the Lemma,
we have that emin(k)[|Ixd:]|2 < 10log(4nd,).

To upper bound sup,cq g,k (Ilkds, 2), We pick any
arbitrary z € J(¢, k) and consider any path from the
origin to z in the graph Gy. Let (u¢, ug41) be the edges of
this path for ¢ € [logy(1/€min), l0gs(1/€max)] where u, =
0 for £ = logy(1/€max) and uy = z for £ = logy(1/€min)-
Then z = ), wy where wy = (u¢+1 —ug). By our choice
of the test distribution, the bound on the potential
implies the following for any edge w € 8(¢, k),

exp (A r(l,k)? - \d;rﬂkw|)
< 2R S(0, k)| - 4d, < 218/ER” 4,

where the second inequality follows from [8(¢, k)| <
216/¢(k)* in (9.6).
w € 84, k),

This implies that for any edge

|d] w| < A'log(4®,).

Since z = ) ,wy and there are at most log(n)
different scales ¢, we get that |d] zz| < A7! - log(n) -
log(4®;). Since z was arbitrary in T(¢, k), plugging the
above bound in (9.7) completes the proof. O

The next lemma shows that the expected increase
(or drift) in the potential is small on average.

LEMMA 9.2. (BOUNDED POSITIVE DRIFT) Let p be
supported on the unit FEuclidean ball in R™ and has
a sub-exponential tail. There exist an absolute con-
stant C > 0 such that if ®;_; < T° for any t, then
Evtwp[(Pt] - (I)t—l S C.

Analogous to the proof of Theorem 1.3, Lemma 9.2
implies that w.h.p. the potential ®;, < T° for every
t € [T]. Combined with Lemma 9.1, and recalling that
k = O(lognT) and \~! = O(klog(nT)), this proves
Theorem 1.4. To finish the proof, we prove Lemma 9.2
in the next section.
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(a) px is uniform over the eigenvectors uy, . ..

, Un of the covariance matrix X.

(b) py samples a random vector as follows: pick an integer k£ uniformly from [k] and an admissible scale

272/6([,]6)2
¢ >

factor r(£, k) :=1/e(¢, k).

Choose a uniform vector from r (¢, k)?-8(¢, k), where the scaling

Figure 2: Test distributions ps and p,

9.3 Drift Analysis: Proof of Lemma 9.2 The
proof is quite similar to the analysis for Komlos’s
setting. In particular, we have the following tail bound
analogous to Lemma 6.1. Let G; denote the set of good
vectors v in the support of p that satisfy A|d; ITv| <
Kk -log(4®,/9).

LEMMA 9.3. For any 6 > 0 and any time t, we have

Pyp(v ¢ Gi) < 6.

We omit the proof of the above lemma as it is the same
as that of Lemma 6.1.

Proof. [Proof of Lemma 9.2] Recall that our potential
function is defined to be

=" Eanp, [exp (A d] )],
ke(x]

where p, = p/2 + px/4+ p,/4 is a combination of the
input distribution p and test distributions ps and py,
each constituting a constant mass.

Let us fix a time ¢. To simplify the notation, we
denote ® = ®;_1 and AP = P; — &, and denote
d = dy—1 and v = v;. To bound the potential change
A®, we use the following inequality, which follows from
a modification of the Taylor series expansion of cosh(r)
and holds for any a,b € R,

(9.8)
cosh(Aa) — cosh(Ab)

2
< Asinh(Ab) - (a —b) + % cosh(Ab) - el*tl(a — b)2.
Note that when |a —b| < 1, then el*~°l < 2, so one gets
the first two terms of the Taylor expansion as an upper
bound, but here we will also need it when |a — b > 1.

Note that every vector in the support of p and ps
has Euclidean length at most 1, while y ~ p, may
have large Euclidean length due to the scaling factor
of r(¢,k)?. Therefore, we decompose the distribution
p: appearing in the potential as pg = 4pw + 4py7 where
the distribution p,, = 3 2o+ 3pg is supported on vectors
with Euclidean length at most 1.

After choosing the sign x; for v, the discrepancy
vector d; becomes d + x;v. For ease of notation, define
sk(z) = sinh(\-d " I,x) and cx(x) = cosh(A-d ' II;x) for
any € R™. Now (9.8) implies that A® := AD; + Ad,
where

A@lgmg Z)\IE sk (w vﬂkw]
ke(k]
+ - Z A2 ]Ew cp(w wTHkvaka}
kE (k]
= XtLl + Qh a‘nda
1
A(I)ngt~1 Z)\]E Sk ’UHky}
ke(r]
+ - Z A2 E, [ck eM”THky‘yTHkvaHky]
ke [x]
= xtL2 + Q2.

Since our algorithm chooses sign x; to minimize the
potential increase, taking expectation over the incoming
vector v, we get

Ey[A®] < —Ey[|L1 4 Laf] + Ey[Q1 4 Q2).

We will prove the following upper bounds on the
quadratic terms (in A) @7 and Q>.

CLAIM 10. For an absolute constant C' > 0,

Eo[Q1+ Q2] <C- A Y 27% Eyen(x)]z]3].

kelk]

On the other hand, we will show that the linear (in
A) terms Ly + Lo is also large in expectation.

CLAIM 11. For some B < 4klog(®?nk),

Ey[|Ly + Lof] > AB™" Y~ 27% By fer()]z]3] — O(1).
ke(k]

By our assumption of ® < T®, so it follows that
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2\ < B~!. Therefore, combining the above two claims,

E,[A®] < (23 —AB™) 22 k(@)]13]

+C < C,

which finishes the proof of Lemma 9.2 assuming the
claims. 0

To prove the missing claims, we need the following
property that follows from the sub-exponential tail of
the input distribution p.

LEMMA 11.1. There exists a constant C' > 0, such that
for every integer k € [k], and any y € im(Ily) satisfying

[yl < ++/min{2%, n}, the following holds
Eyp [e)‘lval . |va\2} <C-27F |3 for all X < 1.

We remark that this is the only step in the proof
which requires the sub-exponential tail, as otherwise
the exponential term above may be quite large. It
may however be possible to exploit some more structure
from the test vectors y and the discrepancy vector to
prove the above lemma without any sub-exponential tail
requirements from the input distribution.

Proof. As y € im(Ily), we have that v’y = v Iy
which is a scalar sub-exponential random variable with
zero mean and variance at most

o2 = Efo Tl < [E]oplyl3
< My} < 116

Using Cauchy-Schwarz and Proposition 4.1, we get
that

E, [e’\l"T?ﬂ ) |,UTy|2} < \/Ev [62,\|va|] . \/Ev [[oTy[4]
< OB, [Jo Thyl]
<C-27% |y,

where the exponential term is bounded as o, < %. 0

Proof. [Claim 10] Recall that E,[vv'] = 3 which
satisfies I, X1, = 27FII,. Therefore, using linearity
of expectation,

Z )\ E Ck wTHkEka]
ke[m
= Z 27F By [ex (w) - w T ]
kE (]
(11.9) < 2 Z 27" Eyex(w)[[w]3].
ke[m

We next use Lemma 11.1 to bound the second
quadratic term

-
MY Il T o0 Ty |

1= 1 3 RE, [al)

ke(k]

For any k € [k] and any y € im(II;) that is in the
support of p,, we have that

Alkylla < A-lylla < A/eémin(k)

1 1
. i Z i k
™ Vdim(Hy) < 4\/mln{n,Q }.

On the other hand, if y € im(ITy/) for ¥’ # k, then the
above quantity is zero. Lemma 11.1 then implies that
for any y in the support of p,,

E, [ Tl DTy 2] < O - 27| ALy 3
Cix* - 27 Fly|3,

A

where C7 is some absolute constant. Therefore, we

obtain the following bound

(11.10)

E,[Q2) < Ci-A*- ) 27F Eylan(y)|lyll3).

kelk]

Summing up (11.9) and (11.10) finishes the proof of
the claim. 0

Proof. |[Proof of Claim 11| Let L = Ly + Ly. To
lower bound the linear term, we proceed similarly as
in the proof of Claim 8 and use the fact that |L(v)| >
Il - f(v) - L(v) for any real-valued non-zero function
f. We will choose the function f(v) = d'Ilv - 1g(v)
where G will be the event that |d' ITv| is small which we
know is true because of Lemma 9.3.

In particular, set 6=t = A\72n - ® - log(4n®) and let
G denote the set of vectors v in the support of p such
that A|d"TIv| < & - log(4®/0) := B.

Then, f(v) =d v - 1g(v) satisfies || f|leo < A 7!B,
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and we can lower bound,

(11.11)

[|L|]

> )\ 1B Z Eyuw[sx(w) - d Tv - v Taw - 16 (v)]

ke (k]
A
+ 1B 1 Z Evy[sk(y) - d' v - v Ty - 1g(v)]
ke(k]

)\2

3 T
== g{: Eo sk (w) - d X w)]

)\2
A3 > Eulsi(w) - d e ITiw]

B 4
ke(k]
+Ajl E,[sk(y) - d' TTXST,y]
B 4 ySE\Y kY
ke[k]
A1
- 4k§] o5k () - d TTEe, Ty,

where ey = E,Jvv’ (1 — 1g(v))] satisfies ||Zer|lop <
Pyp(v ¢ G) < 6 using Lemma 6.1.

To bound the terms involving ¥ in (11.11), we recall
that s (x) = sinh(A\d " IIxz) and cx(2) = cosh(Ad T2).
Using IIX1l;, = 27FII; and the fact that sinh(a)a >
cosh(a)|a|] — 2 for any a € R, we have

A Eylsk(w) - d" IEIw] = 27% By[sk(w) - Ad pw]
>~k (Ew[ck(w)]AdTkaH -2),

and similarly for y.
The terms with 3¢, can be upper bounded using
| Zerr]lop < 0. In particular, we have

|d" IS e Iz| < [[Hd]l2]|Zerellop 22 < 8|[TLd]|2]|]|2.

Since II = Eke[n] I and (IIx)repe are ortho-
gonal projectors, Lemma 9.1 implies that [|IId||s <
A" 1log(4n®)y/n. Moreover, we have |[w|z < 1 and
[yll2 < ming{1/emin(k)} < 155-v/n- Then, by our choice
of 571 = A72n® - log(4n®), we have

Ad IZe M| < A 'nlog(4nd) = &L

Plugging the above bounds in (11.11), we obtain

A3 —k T
E(Llz 54 > 278 By e (w)[ A Tgw]
ke(k]
(11.12) LAl Z 278 By e (y)|Ad Tyl —
B ke (K]

where we used the upper bound ;¢\, Ex[|sk(2)[] < @
to control the error term involving 3.

To finish the proof, we bound the two terms in
(11.12) separately. We first use the inequality that
cosh(a)a > cosh(a) — 2 for all a« € R and the fact that
|lwlle <1 for every w in the support of p,, to get that

Eycx(w) A Thyw]] > Ey[ex(w)] — 2
>

(11.13) Eyer(w)[wl]3] - 2.

To bound the second term in (11.12), we recall
that the entire probability mass assigned to length r
vectors (i.e. €(/,k) = 1/r) in the support of p, is at
most 2_27”2, where r > 1/4. Let £ be the event that
IAd Ty| < lyll3-

Note that cx(y)|lyl2 < 27 r2
implies that

E, e ()M Tiyl] > By len()lly12] — Ey e ()13
> By len) 2] - / 92 yr2
1/4

(11.14) > Eyer(y)lyl3] —

if ||y]l2 = r. This

Since p, = 3p, + ipy, plugging (11.13)
and (11.14) into (11.12) give that E.[[L|]] >
AB~! 2 kels] 27F E,[ex(2)|z||3] — C, for some constant
C > 0, which completes the proof of the claim. 0

12 Generalization to Weighted Multi-Color
Discrepancy

In this section, we prove Theorem 1.5 which follows
from a black-box way of converting an algorithm for the
signed discrepancy setting to the multi-color setting.
In particular, for a parameter 0 < A < 1, let
® : R™ — Ry be a potential function satisfying
(12.15)
®(d+ av) < (d) + AaLg(v) + N 2a?Qq(v)
for every d,v € R™ and |a] <1, and,
= A Eopl|La(v)[] + A - Eunp[Qa(v)] = O(1)
for any d such that ®(d) < 37°,

where Ly : R — R and Q4 : R® — R, are arbitrary
functions of v that depend on d.

One can verify that the first condition is always sat-
isfied for the potential functions used for proving The-
orem 1.3 and Theorem 1.4, while the second condition
holds for A = O(1/log?(nT)) because of Lemma 6.2 and
Lemma 9.2.

Moreover, for parameters n and T', let By be such
that if the potential ®(d) = @, then the corresponding
norm ||d||, < By, log(nT®). Part (b) of Lemma 6.1
implies that for any test set 8 of poly(nT) vectors
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contained in the unit Euclidean ball, if the norm || - ||, =
max.es [(-, 2)|, then By = O(log®(nT)). Similarly, if
[I]l,, is given by a symmetric convex body with Gaussian
measure at least 1/2, then Lemma 9.1 implies that
By, = O(log*(nT)).

We use the above properties of the potential ® to
give a greedy algorithm for the multi-color discrepancy
setting.

12.1 Weighted Binary Tree Embedding We first
show how to embed the weighted multi-color discrep-
ancy problem into a binary tree T of height O(log(Rn).
For each color ¢, we create |w.| nodes with weight
we/|we| € [1,2] each. The total number of nodes is
thus My = >° ¢ lwe] = O(Rn). In the following, we
place these nodes as the leaves of an (incomplete) binary
tree.

Take the height h = O(log(Rn)) to be the smallest
exponent of 2 such that 2" > M,. We first remove
2" — M, < 2h~1 leaves from the complete binary tree
of height h such that none of the removed leaves are
siblings. Denote the set of remaining leaves as L(7).
Then from left to right, assign the leaves in £(7) to
the R colors so that leaves corresponding to the same
color are consecutive. For each leaf node ¢ € £(T) that
is assigned the color ¢ € [R], we assign it the weight
we = we/|we].

We index the internal nodes of the tree as follows:
for integers 0 < j < h—1and 0 < k < 27, we use
(4,k) to denote the 2*-th node at depth j. Note that
the left and right children of a node (j, k) are the nodes
(j +1,2k) and (j + 1,2k + 1). The weight w;j of an
internal node (j, k) is defined to be sum of weights of all
the leaves in the sub-tree rooted at (j,%). This way of
embedding satisfies certain desirable properties which
we give in the following lemma.

LEMMA 12.1. (BALANCED TREE EMBEDDING) For the
weighted (incomplete) binary tree T defined above, for
any two nodes (§,k) and (j, k') in the same level,

1/4 < wjp/wjp < 4.

Proof. Observe that each leaf node ¢ € £L(T) has weight
wy € [1,2]. Moreover, for each internal node (h—1, k) in
the level just above the leaves, at least one of its children
is not removed in the construction of 7. Therefore, it
follows that w;; = a;,x2"~7 for some aj, € [1/2,2]
and similarly for (j,%’). The lemma now immediately
follows from these observations. 0

Induced random walk on the weighted tree.
Randomly choosing a leaf with probability proportional
to its weight induces a natural random walk on the

tree 7: the walk starts from the root and moves down
the tree until it reaches one of the leaves. Conditioned
on the event that the walk is at some node (j,k) in
the j-th level, it goes to left child (j + 1,2k) with
probability qik = wjt1,2:/w;j; and to the right child
(j + 1,2k + 1) with probability q;,k = wj+172k+1/wj,k.
Note that by Lemma 12.1 above, we have that both
qé‘,ka§7k € [1/5,4/5] for each internal node (7, k) in the
tree. Note that wj /w0 denotes the probability that
the random walk passes through the vertex j, k.

12.2 Algorithm and Analysis Recall that each leaf
¢ € L(T) of the tree T is associated with a color. Our
online algorithm will assign each arriving vector v, to
one of the leaves ¢ € £(T) and its color will then be the
color of the corresponding leaf.

For a leaf ¢ € L(T), let dy(t) denote the sum of all
the input vectors that are associated with the leaf ¢ at
time ¢t. For an internal node (j, k), we define d; ,(t) to
be the sum ZéeL(Tj,k) de(t) where L(T; ) is the set of
all the leaves in the sub-tree rooted at (j, k). Also, let
dé',k(t) = dj+172k(t) and d;’k(t) = dj+172k+1(t) be the
vectors associated with the left and right child of the
node (j, k).

Finally let,

a0/ a5 — 5O/

d=. (t) = =q" d L ()—q . d .,
j,k() 1/Q§’k T 1/q;k q]’k g,k( ) qQ,k j,k

denote the weighted difference between the two children
vectors for the (j, k)-th node of the tree.

Algorithm. For g = 1/(400h), consider the fol-
lowing potential function

U= Y (B d,(1),

J,keT

where the sum is over all the internal nodes (j,k) of T.
The algorithm assigns the incoming vector v; to the
leaf ¢ € L(T), so that the increase in the potential
U, —W,; 4 is minimized. The color assigned to the vector
v; is then the color of the corresponding leaf ¢.
We show that if the potential ® satisfies (12.15),
then the drift for the potential ¥ can be bounded.

LEMMA 12.2. If at any time t, if W,_; < T°, then the
following holds

Evtwp[A\Ilt] = ]EUth[\Ilt - \Ijt—l] = 0(1)

Using standard arguments as used in the proof of
Theorem 1.3, this implies that with high probability
U, < T° at all times t.

Moreover, the above potential also gives a bound on
the discrepancy because of the following lemma.
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LEMMA 12.3. If ¥, < TS, then
disc; = O(B'h - By - log(nT'¥,))
= O(h2 : B”'H* . 10g(nT)).

Combined with part (b) of Lemma 6.1 and
Lemma 9.1, the above implies Theorem 1.5. For proofs
of Lemma 12.3 and Lemma 12.2, we refer to the full
version of this paper [BJM™20].
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