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Het doel van de conferentie is hen die betrokken zijn bij onderzoek 

en/of onderwijs in de numerieke wiskunde de gelegenheid te geven kennis te 

nemen van de stand van zaken op enkele gebieden van de numerieke wiskunde 

en de gelegenheid te geven met elkaar en met buitenlandse sprekers inten­

sief van gedachte te wisselen. 

THEMA 
Het conferentiethema is "Numerieke behandeling van slecht gestelde 

problemen in analyse en algebra". 

ORGAN I SA TIE 
De organisatie is in handen van de voorbereidingscommissie bestaande 

uit de heren Dekker (UvA), Slagt (MC), van de Vooren (RUG) en Wesseling 

(THD), en van het Mathematisch Centrum. 
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SPREKERS 

H. BRUNNER, Dalhousie University, Halifax, Canada en MC. 

L. ELDEN, Link6ping University, Link6ping, Sweden. 

K.P. HADELER, Universitat Tubingen, Tubingen, BRO. 

F. NATTERER, Universitat des Saarlandes , Saarbrucken, BRO. 

J.H. WILKINSON, National Physical Laboratory, Teddington, UK. 

Bovendien hebben 3 deelnemers zich bereid verklaard in een korte bijdrage 

een schets van hun onderzoek op het gebied van het conferentiethema te 

geven, t.w: 

J.J.M. CUPPEN, Universiteit van Amsterdam, Amsterdam. 

R. VAN DER HOUT, AKZO Research, Arnhem. 

A.I. VAN DE VOOREN, Rijksuniversiteit, Groningen. 

PROGRAMMA 

maandag_15_oktober 

10.00-11.15 aankomst en koffie 

11.15-12.30 opening, Wilkinson 

12.45 lunch 

14.15-15.15 Natterer 

dinsdag_16_oktober 

8.00 ontbijt 

9.00-10.00 Hadeler 

10.00-10.30 koffie 

10.30-11.30 Brunner 

11.30-12.00 van de Vooren 

12.00-12.30 Cuppen 

15.15-15.45 thee 

15.45-16.45 Elden 

17.00-18.00 borrel 

18.15 diner 

12.45 lunch 

15-15-15-45 thee 

15.45-16.45 Elden 

16.45-17.45 Natterer 

18.15 diner 

-
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woensdag_17_oktober 

8.00 ontbijt 

9.00-10.00 Wilkinson 

10.00-10.30 koffie 

10.30-11.30 Brunner 

11.30-12.00 van der Hout 

TITELS EN SAMENVATTINGEN VOORORACHTEN 

Monday, 15 october 

11.15 opening 

12.30 lunch 

13.45-14.45 Hadeler 

14.45 sluiting, thee 

vertrek 

J.H. Wilkinson: The generalized eigenvalue problem Ax 

pencil A - AB is (almost) singular I. 

ABX when the 

14.15 F. Natterer: Regularization of ill-posed problems by optimal discreti­

zation. 

15.45 L. Elden: The numerical solution of parabolic problems backwards in 

time (theory and methods). 

Tuesday, 16 october 

9.00 K.P. Hadeler: Numerical approaches to non-linear delay equations I. 

10.30 H. Brunner: Some basic aspects of numerical methods for Volterra and 

Abel integral equations of the first kind. 

11.30 A.I. van de Vooren: The numerical solution of the Orr-Sommerfeld 

equation. 

12.00 J.J.M. Cuppen: Some methods for the estimation of an optimal regular­

ization parameter. 

15.45 L. Elden: The numerical solution of parabolic problems backwards in 

time (algorithms for problems in two space dimensions). 

16.45 F. Natterer: The ill-posedness of Radon's integral equation. 
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Wednesday, 17 october 

9.00 J.H. Wilkinson: The generalized eigenvalue problem Ax 

pencil A - AB is (almost) singular II. 

ABX when the 

10.30 H. Brunner: Collocation methods for first-kind integral equations of 

Volterra type. 

11.30 R. van der Hout: Extension of the Gauss-Newton method to under­

determined systems of non-linear equations. 

13.45 K.P. Hadeler: Numerical approaches to non-linear delay equations II. 
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SOME BASIC ASPECTS OF THE NUMERICAL METHODS FOR VOLTERRA AND ABEL INI'EGRAL 

EQUATIONS OF THE FIRST KIND 

H. Brunner, 

Dalhousie University, Halifax (Canada) and 

MC, Amsterdam 

ABSTRACT 

First-kind integral equations of the form 

(1) (Ty) (t) g(t)' t E I := [a,b] 

where the integral operator Tis given by 

t K(t,s) 
(la) (Tf) (t) := J ---a f(s)ds (0 $ a < 1) , 

(t-s) 
a 

or by 
t 

(1b) (Tf) (t) I f(s)ds 
:= 

(t2-s2)~ ' 
a 

arise in many physical problems (compare, for example [1]). A large variety 

of methods for the numerical solution of (1) exists ([3]; [1], [2], [4], 

[6] - [13]}; our discussion will concentrate on a number of aspects (conti­

nuous versus weakly singular. kernels; convergence and accuracy; change of 

stepsize; noisy data; computational efficiency) common to such methods, in 

order to exhibit their respective advantage and weakness. Numerical examples 

will serve to illustrate the analysis. 
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COLLOCATION METHODS FOR FIRST-KIND INTEGRAL EQUATIONS OF VOLTERRA TYPE 

H. Brunner, 

Dalhousie University, Halifax (Canada) and 

MC, Amsterdam 

ABSTRACT 

Collocation methods which are based on piecewise polynomial spaces (of 

a given degree of continuity) have proved to be rather powerful and flexible 

tools for the numerical solution of (1), both for continuous and for weakly 

singular kernels. Among the topics discussed in this talk will be: (i) choice 

of collocation points and discretization of the collocation equation; (ii) 

degree of continuity of the approximating space versus convergence, (iii) ill­

posedness of the discrete problem; (iv) implementation and open problems. 

REFERENCES (for both talks) 

1. R.S. Anderson, Application and numerical solution of Abel-type integral 
equations, MRC Tech. Summ. Report No. 1787, University of Wisconsin, 
/,,;adison, 1977. 

2. R.S. Anderssen and P. Bloomfield, Numerical differentiation procedures 
for non-exact data, Numer. Math. 22(1974), 157-182. 

3. C.T.H. Baker, The Numerical Treatment of Integral Equations, Clarendon 
Press, Oxford, 1977. 

4. H. Brunner, Discretization of Volterra integral equations of the first 
kind (II), Numer. Math., 30(1978) , 117-136. 

5. H. Brunner, A note on collocation methods for Volterra integral equa­
tions of the first kind, Computing, 22(1979) (to appear). 

6. F. de Hoog and R. Weiss, On the solution of Volterra integral equations 
of the first kind, Numer. Math., 21(1973), 22-32. 

7. J. Douglas, Jr., Mathematical programming and integral equations, in: 

-
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Sympos. Numerical Treatment of Ordinary Differential Equations, 
Integral and Integro-Differential Equations (Rome 1960), pp.269-
274; Birkhauser Verlag, Basel, 1960. 

8. C.J. Gladwin, Quadrature rule methods for Volterra integral equations 
of the first kind, Math. Comp., 33(1979), 705-716. 

9. M.S. Keech, A third order, semi-explicit method in the numerical solution 
of the first kind Volterra integral equations, BIT, 17(1977), 312-320. 

10. H.-S. Hung, Error analysis of a linear spline method for solving an 
Abel integral equation , MRC Tech. Summ. Report No. 1904, Univer­
sity of Wisconsin, Madison, 1978. 

11. H.-s. Hung, Spline approximation to the solution of a class of Abel 
integral equations, MRC Tech. Summ. Report No. 1933, University 
of Wisconsin, Madison, 1979. 

12. H.J.J. te Riele, Regularisatiemethoden voor integraalvergelijkingen van 
de eerste soort , in: Colloquium Numerieke Programmatuur (Deel 2), 
Mathematisch Centrum, Amsterdam, 1977: pp.147-176. 

13. P.J. Taylor, The solution of Volterra integral equations of the first 
kind by using inverted differentiation formulae, BIT, 16(1976), 
416-425. 
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SOME METHODS FOR THE ESTIMATION OF AN OPTIMAL REGULARIZATION PARAMETER 

J.J.M. Cuppen 

University of Amsterdam, Amsterdam 

ABSTRACT 

Consider the linear Fredholm integral equation of the first kind 

1 

J k(s,t)f(t)dt 

0 

g(s), SE [Q,1], 

where the kernel k is smooth and the right hand side g is subject to noise. 

We shall consider regularised solutions to this problem obtained by three 

methods: 

1) Tychonov's method, 

2) Filtered least squares minimal C-norm approximation (based on 

truncation of the S.V.D.), 

3) Regularisation by coarse discretisation in cooperation with 

method 2. 

For all these methods the selection of the amount of regularisation, usual­

ly governed by some regularisation parameter, in crucial. Three methods of 

estimating the optimal choice of the regularisation parameter shall be given: 

a) regularising as much as possible while keeping the residue below a 

prescribed bound. 

b) regularising as little as possible while holding the regularised 

solution to a prescribed level of smoothness, 

c) minimizing an error bound for the singularised solution. 

The results of a number of numerical experiments show that especially b) 

and c) lead to rather good results if a good estimate is known of, respect­

ively, the smoothness of the exact solution or its ratio to the residue of 

-

-
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the exact solution in the perturbed equation. The experiments also show that 

the regularisation method 3) can achieve results competitive with those of 

method 1) while working with a much lower order discretisation. 

REFERENCES 

Natterer, F.: Regulariserung schlecht gestellter Probleme durch Projektions 
verfahren, Numer. Math. 28(1977) 329-341. 

Kockler, N.: Parameterwahl und Fehlerabschatzung bei der regularisierten 
Losung von inkorrekt gestellten Problemen, Dissertation, Johannes 
Gutenberg - Universitat, Mainz, 1974. 

Cuppen, J.J.M.: Regularisation methods and parameter estimation methods for 
the solution of Fredholm integral equations of the first kind. To 
appear in Syllabus Colloquium Numerical Treatment of Integral Equa­
tions, Mathematical Centre, Amsterdam, 1979. 
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THE NUMERICAL SOLUTION OF PARABOLIC PROBLEMS BACKWARDS IN TIME 

Lars Elden 

Department of Mathematics 

Linkoping University 

S-581 83 Likoping 

Sweden 

ABSTRACT 

We consider the partial differential equation 

{

ut = -Lu inn x [0, 1], 

u = O on the boundary an x [0 ,1 ], 

u(x,1) w(x), 

where Lis a selfadjoint, elliptic operator with smooth coefficients in­

dependent oft. This is the problem of solving a parabolic equation back­

ward in time and it is improperly posed in the sense that the solution (if 

it exists) does not depend continuously on the data. Using logarithmic con­

vexity (see e.g. [7]) a stability estimate can be derived for the following 

constrainted problem 

ut = -Lu inn x [0,1], 

u = 0 on an x [0,1], 
(1) 

llu(•,1) - w(•)U:,; o, 

where o and Mare some known positive constants. Suppose that u
1 

and u
2 

are 

two arbitrary solutions of (1). Then 

(2) 
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It is difficult to compute a solution of (1) (in general there is no unique 

solution), and various numerical methods have been devised, which produce 

solutions close to any solution of (1). A number of such methods are con­

sidered : 

a) Fourier methods; 

b) the regularization method [BJ, [4J, [6J ; 

c) the backward beam method [lJ; 

d) quasi-reversibility methods [SJ; 

e) the pseudo-parabolic equation method [3J; 

fl iterative methods. 

These methods are discussed from the point of view of efficient numerical 

computations. When a problem in two (or more) space dimensions is solved 

by any of the above methods, it is necessary to take advantage of the struc­

ture of the problem in order to save arithmetic operations and computer stor­

age. By structure we here mean the sparseness of discretizations of the el­

liptic operator. 

In the methods el and f) above sparseness can easily be utilized, since 

these methods can be implemented by marching procedures (as in forward para­

bolic equations). In the discrete versions of bl - d) the solutions can be 

written essentially in the form [2J , [SJ , 

u (Q(C) )-lP(C)w, 

where Q and Pare polynomials, and C is a discretization of L. In two-dimen­

sional problems the matrix Q(C) is a huge, dense matrix, and therefore it 

should never be formed explicitly. Instead the solution can be computed by 

factorizing Qin quadratic £'actors, and by solving a sequence of linear sys­

tems [2J 

2 
(aC + 8C + yI)xi (3) 

Even if the matrix c2 
is not as sparse as C, its structure can be utilized 

(solving (3) is about as complicated as solving a fourth order elliptic 

equation). Algorithm for solving (3) are discussed, especially in the case 

when separation of variables can be applied. 
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REFERENCES 

1. B.L. Buzbee, A. Carasso, On the numerical computation of parabolic prob­
lems for preceding times, Math. Comp. 27(1973), pp.237-266. 

2 . L. Elden, Regularization of the backward solution of parabolic problems, 
Inverse and improperly posed problems in differential equations, ed. 
G. Anger, Akademie-Verlag, Berlin, 1979. 

3 . R.E. Ewing, The approximation of certain parabolic equations backward in 
time by Sobolev equations, SIAM J. Math. Anal. 6(1975) , pp.283-294. 

4. K. Miller, Least squares methods for ill-posed problems with a prescribed 
bound, SIAM J. Math. 1(1970), pp.52-74. 

5. K. Miller, Stabilized quasi-reversibilite and other nearly~best-possible 
methods for non-well-posed problems, Symposium on Non-well-posed 
problems and Logarithmic Convexity, Ed. R.J. Knops, Lecture Notes 
in Mathematics 316, Springer, Berlin 1973 

6 . K. Miller, Efficient numerical methods for backward solution of parabolic 
problems with variable coefficients, Improperly Posed Boundary Value 
Problems, Carasso, Stone (Eds.), Pitman Pub~ishing, London 1975. 

7. L.E. Payne, Improperly posed problems in partial differential equations, 
Society for Industrial and Applied Mathematics, Philadelphia, 1975. 

8. A.N. Tikhonov, V.Y. Arsenin, Solutions of ill-posed problems, Winston, 
Wiley, New York, 1977. 

-
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NUMERICAL APPROACHES TO NON-LINEAR DELAY EQUATIONS 

K.P. Hadeler, 

Tiibingen 

ABSTRACT 

A delay equation (retarded differential equation, differential differ­

ence equation) is a differential equation, where the derivative x(t) at time 

tis a function not only oft and x(t), but also of values x(s) for s < t. 

Such equations occur quite naturally, whenever in a system the present change 

of the state variable depends on the history of the system or if state vari­

ables act with delays upon each other. 

A typical example is the scalar equation 

i(t) f(t,x{t), x(t-1)). 

More general equations may contain several retarded arguments or even dis­

tributed delays. 

In particular Biology provides many examples of delay equations des­

cribing e.g. the evolution of single or interacting populations, the pro­

duction of blood cells, the action of enzymes, or the transmission of sensory 

inputs. 

Most models from Biology describe oscillatory phenomena. It is easy to 

conceive that sufficiently long delays may cause oscillations in an other­

wise non-oscillatory system ("bicycle rider with slow reaction"). In many 

cases oscillations attenuate to a stable periodic oscillation. 

For this reason the existence and the stability properties of periodic 

solutions have been studied recently with great intensity. In the first lec­

ture we shall give an outline of some basic approaches and results: The sta­

bility of the non-linear equation via linearization, characteristic equations, 
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shift operator, periodic solutions as fixed points of the shift operator, 

existence of fixed points, stability of periodic solutions. Bifurcation of 

periodic solutions. 

In the second part of the lecture we shall concentrate on the numerical 

solution of delay equations. In a way every method for ordinary differential 

equations gives rise to a class of methods for delay equations, and the major 

part of the convergence theory for discrete methods can be formally carried 

over to delay equations. 

However, the actual application of such methods causes great difficul­

ties, since usually additional interpolations are necessary. 

Of course the periodic solution mentioned earlier should be computed 

numerically. Here serious problems arise from the infinite-dimensional state 

space and from the fact that the trajectories of delay equations cannot be 

followed backward. Possible approaches are discussed . in detail. 

-
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EXTENSION OF THE GAUSS-NEWI'ON METHOD TO UNDERDETERMINED SYSTEMS OF NONLINEAR 

EQUATIONS 

R. van der Hout 

Akzo Research, Arnhem 

f n k . { n
1 Let : lR -->- lR be continuously differentiable and let K = x E lR 

f(x) = O} be nonempty. We adopt the following conventions and notations: 

(i) The Jacobian of f 
n 

at X E lR is denoted by J 
X 

(ii) X E lRn i s called f-regular if the rank of J is constant over a 
y 

neighbourhood of x. 

(iii) For x E lRn, x is a point E K such that Ix - x I is minimal; we also 

write d(x,K) instead of Ix-xi. Note that x is · not necessarily unique. 

Le t x
0 

EK be f-regular and suppose that x
0 

has a neighbourhood W together 
l+T 

with c onstants y > 0 and T > 0 such that lf(x) -f(y)-Jx(x-y)I $ y lx-yl 

for all x, y E W. Let P be a positive definite, symmetric n x n 

f . ·t t · b l ' (JT K + a P)-l ine an i e ra ive process y xk+l = xk - a !~ xk xk 

We shall prove the following results: 

(i) The proces s is well-define. 

(2 ) The r e e xis t s a n €> 0 s u c h that the p rocess , if s t a rte d in x
1 

sati s ­

fying I x
1 

- x
0 

I < £ , c?nverges to some a E K. There are constants B > 0 

and C > 0 such that BT E < 1 and 

(a) d(xk+l'K) 

(bl lxk-al $ 

As a corollary we have quadratic convergence if J satisfies a Lipschits­

condition in W. Our method is more general than the one contained in [1 ] , 

which is restricted to the case where the Jac obians Jxk have fu l l r a nk. 

We plan to incorporate inequalities in our method as well as a modi­

fication for stepsizes in "far" points, such as to enlarge the range of 

convergence 
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REFERENCES 

[1] Daniel, James W.- Newton's Method for Nonlinear Inequalities. Numer. 
Math. ~(1973), 381-387. 
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REGULARIZATION OF ILL-POSED PROBLEMS BY OPTIMAL DISCRETIZATION 

Frank Natterer, 

Universitat des Saarlandes, 

Saarbrucken, Germany 

ABSTRACT 

Consider the problem Ax= y where A: X + Y is a linear bounded operator 

and X, Y are normed linear spaces. Assume that A has an inverse A-l which is 

unbounded. Then our problem is ill-posed in the X-Y-setting. 

Consider a discrete version¾¾= yh of our problem where his the dis­

cretization parameter. For h small¾ approximates A. closely, and we expect 

the condition number K(¾) to be large. For h large¾ approximates A poorly, 

but K(¾l need not be large. Thus we see that discretization has a regular­

izing side-effect and h plays the role of the regularization parameter which 

has to be chosen in an optimal way. The question is whether or not the ac­

curacy obtained by choosing an optimal his comparable to the accuracy of 

other regularization techniques such as the Tikhonov-Phillips method. The 

answer is affirmative for some discretization methods of the projective type. 

REFERENCES 

Franklin, J.N.: On Tikhonov's Method for Ill-Posed Problems, Math. Comp.~, 
889-907 (1974). 

Natterer, F.: The Finite Element Method for Ill-Posed Problems, RAIRO Anal­
yse Numerique, .!.!_, 271-278 (1977). 

Natterer, F.: Regularisierung schlecht gestellter Probleme durch Projektions­
verfahren, Numer. Math.~, 329-241 (1977). 

Richter, G.R.: Numerical Solution of Integral Equations of the First Kind 
with Nonsmooth Kernels, SIAM J. Numer. Anal . .!2_, 511-522 (1978). 
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THE ILL-POSEDNESS OF RADON'S INTEGRAL EQUATION 

Frank Natterer, 

Universitat des Saarlandes, 

Saarbrucken, Germany 

The Radon transform 

ABSTRACT 

(Rf(s,w) J f(sw + tw.l)dt 

(s E JR
1

, w E lR
2

, lwl = 1, w•w.l = 0) is considered as an operator from 

L
2 

(Q), n the unit disk, into L
2 

(Z), Z the unit cylinder in JR
3 

Using the 

equivalence of the norms 

(Ha Sobolev-space) 

(which shows that the equation Rf= g is ill-posed in the L
2

(n)-L
2

(z)­

setting), several theorems concerning the solution of Rf= g with incom­

plete and noisy data are proved. 

Another series of theorems makes use of the fact that the range of R 

and related operators is rather pecular. This has applications to the solu­

tion of Rf= g if g is known only on a section of z and to the inversion of 

the attenuated Radon transform Rµ without knowing the attenuationµ. 

REFERENCES 

[1] SMITH, K.T. - SOLMON, D.C. - WAGNER, S.L. Practical and Mathematical 
Aspects of the Problem of Reconstructing Objects from Radiographs. 
Bul. AMS (1977). 

[2] NATTERER, F.: Numerical Inversion of the Radon Transform. Numer. Math., 
lQ_, 81-91 (1978) 
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THE NUMERICAL SOLUTION OF THE ORR-SOMMERFELD EQUATION 

A.I. van de Vooren 

University of Groningen, Groningen 

ABSTRACT 

Usual methods applied to the fourth-order Orr-Sommerfeld ordinary 

differential equation give use to exponentially growing solutions (in both 

directions) which are physically incorrect. We shall give an outline of a 

newly developed method which does not suffer from this phenomenon. 



20 

THE GENERALIZED EIGENVALUE PROBLEM Ax 

(ALMOST) SINGULAR 

J.H. WILKINSON 

ABX WHEN THE PENCIL A-AB IS 

The material in the two lectures is closely related and the break-point 

will be made as proves convenient. 

The solution of the generalized eigenvalue problem 

Ax ABX ( 1) 

arises in many branches of applied mathematics, using that term in its broad­

est sense. The problem is of importance primarily because its close relation­

ship with that of solving the differential system 

dx 
Bdt Ax+ f, (2) 

where f is a vector of (forcing) functions oft. When Bis I equation (1) 

reduces to 

Ax AX (3) 

usually referred to as the standard eigenvalue problem, while (2) reduces 

to 

dx 
dt 

Ax+ f (4) 

usually referred to as an explicit system of D.E.'s. The theoretical back­

ground to these problems is provided by similarity theory and an understand­

ing of the structure of the general solution of (4) is provided by the Schur 

canonical form and the Jordan canonical form. The former can be obtained by 

stable (unitary) transformations but the latter is inherently unstable and 

may be regarded as ill-posed. 

In problem (4) we may investigate the existence of solutions and, when 

they exist, the general structure of such solutions even when A and Bare 

m x n matrices. Even when the given system involves square matrices, related 

-
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reduced systems may be rectangular and hence the rectangular case is of 

general relevance. 

When A and Bare square Stewart has shown that there are unitary trans­

formations such that QAZ and QBZ are both upper-triangular. (This may be 

regarded as a generalization of Schur's canonical form). This theorem is the 

basis of the elegant and powerful QZ algorithm of Moler and Stewart [4]. This 

algorithm is backward stable in practice and this desirable feature has led 

to a widespread misunderstanding of the significance of the results given 

by the QZ algorithm. The misunderstanding arises chiefly from a lack of ap­

preciation of the potentially ill-posed nature of the generalized eigenvalue 

problem. 

The classical background [1] for the general problem is provided by the 

Weierstrass and Kronecker canonical forms under strict equiv.alence of the 

linear pencil A-AB. Although the Jordan canonical form (J.c.f.) is widely 

referred to by numerical analysts discussion of the W.c.f. and K.c.f. is com­

paratively rare. The Weierstrass canonical form covers the case of regular 

pencils, ie when A and Bare square and det(A-AB) ~ 0. There are then non­

singular P and Q, independent of A, such that A-AB = P(A-AB)Q is block dia­

gonal each diagonal block being of one or other of the forms Jki (Ai) -Alki 

or Imi -AJmi (O); here Js(a) denotes an elementary Jordan block of orders 

associated with a. Diagonal blocks of the first form are associated with 

finite eigenvalues of Ax= ABX, while blocks of the second form are associat­

ed with 'infinite' eigenvalues, ie zero eigenvalues of Bx= µAx. Assuming a 

knowledge of the J.c.f. the existence of the W.c.f. is comparatively straight­

forward. 

When A and Bare rectangular or are square with det(A-AB) = 0 the pencil 

is said to be singular. Kronecker showed that in this case there still exist 

nonsingular P and Q (independent of A) such that A-AB is block diagonal but 

additional blocks to those existing in the W.c.f. are required. These addi-
T 

tional blocks are denoted by Lk and Lk where eg 

0 
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T 
In general Lk is a k x (k+l) matrix and Lk is a (k+l) x k matrix. Obviously 

T 
when m > n there must be m-n more blocks of type Lk than of type Lk in or-

der to give the right dimension and conversely when m < n. When m = n there 

must be the same number of each. The dimensions of the Lk and L~ in the 

K.c.f. are characteristic of the pencil and are known as the minimal indices 

of A-AB. The K.c.f. reduces to the J.c.f. when A-AB is A-AI. The existence 

or non-existence of solutions of (4) and their structure is completely ex­

posed by the K.c.f. The classical proofs of the K.c.f. are based on consi­

derations of the left-hand and righ-hand null vectors (with polynomial ele­

ments in A) of A-AB but the techniques used do not provide a basis for prac­

tical algorithms. 

When the QZ is used the final product is two upper triangular matrices 

A and Band the eigenvalues are;, ./b ... When both a . . and b .. are 'small' 
11 11 11 11 

then the corresponding eigenvalue is obviously poorly determined. However it 

is not generally realised that when for any one value of i both a .. and b .. 
11 11 

are small then in general even the A. given by ratios of other a .. and b .. , 
J JJ JJ 

neither of which is small, are poorly determined. This will be illustrated 

by a constructive proof of Stewart's ·theorem which shows that when the pencil 

A-AB is exactly singular, then in general there are no true eigenvalues (or 

rather, elementary divisors of A-AB). (This is discussed in references [5]. 

I shall bring preprints.) An understanding of this phenomenon is best prov­

ided by the K.c.f. 

A proof of the K.c.f. which lends itself to an algorithmic development 

is provided quite naturally by consideration of the differential system (2) 

when m and n are possibly different. The attempts to determine compatibility 

conditions which are necessary for the existence of the solution and also 

the number of arbitrary functions in the solutions when it exists lead im­

mediately to the concept of the minimal indices. (This is discussed in ref­

erence [3]. Again I shall bring copies.) These considerations lead naturally 

to a quasi-K.c.f. which is simpler, gives the minimal indices and can be 

achieved by unitary transformations and is therefore at least backward stable. 
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