LARGE DEVIATIONS FOR
SEMI-EXPONENTIAL DISTRIBUTIONS:
THEORY AND APPLICATIONS

Mihail Bazhba



This work was financially supported by the Netherlands Organization for Scien-
tific Research (NWO) through the VICI grant 639.033.413.

N#O

Netherlands Organisation for Scientific Research

(© Mihail Bazhba, 2021

Large Deviations for Semi-exponential Distributions: Theory and Applications
A catalogue record is available from the Eindhoven University of Technology
Library

ISBN: 978-90-386-5263-4.

Printed by Ipskamp Printing, Amsterdam



Large Deviations for Semi-exponential
Distributions:
Theory and Applications

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Technische Universiteit Eindhoven, op gezag van de
rector magnificus prof.dr.ir. F.P.T. Baaijens, voor een
commissie aangewezen door het College voor Promoties,
in het openbaar te verdedigen op 26 Mei 2021 om 16:00
uur

door

Mihail Bazhba

geboren te Athene, Griekenland



Dit proefschrift is goedgekeurd door de promotoren en de samenstelling van de
promotiecommissie is als volgt:

voorzitter: prof. dr. J.J. Lukkien

promotor: prof. dr. A.P. Zwart

copromotor: dr. C.H. Rhee (Northwestern University)

leden: prof. dr. K. Ramanan (Brown University)
prof. dr. M.R.H. Mandjes (Universiteit van Amsterdam)
prof. dr. ir. S.C. Borst
dr. P.K.U. Nyquist (KTH Royal Institute of Technology )
prof. dr. R.W. van der Hofstad

Het onderzoek of ontwerp dat in dit proefschrift wordt beschreven is uitgevoerd
in overeenstemming met de TU/e Gedragscode Wetenschapsbeoefening.



Acknowledgments

This thesis would not have been possible without the encouragement and support
of many people. To my advisor Bert Zwart and co-advisor Chang-Han Rhee.
I consider myself lucky for having the chance to work with exemplary, and
dedicated scientists. Bert, you gave me the opportunity to carry out my thesis
under your supervision constantly offering the opportunities, and the support
I needed to grow as a scientist. Your drive, and genuine passion about your
work motivated me to become more ambitious and tackle difficult problems.
Chang-Han, your knowledge, and guidance certainly contributed a lot to my
growth as a scientist. You were always willing to discuss math problems and
your precise and intelligent suggestions were invaluable.

I am very grateful to Jose Blanchet for his invitation at Stanford, and his
creative mathematical suggestions throughout our collaboration.

I would like to express my gratitude to my thesis committee: Sem Borst,
Kavita Ramanan, Michel Mandjes, Remco van der Hofstad, and Pierre Nyquist
for their time and effort, and for providing helpful comments on the thesis. T
gratefully acknowledge the financial support for my Ph.D. project provided by
the Netherlands Organization for scientific Research (NWO), and my research
institute Centrum Wiskunde & Informatica (CWI).

Thanks to all of my friends, and all of my colleagues in the Stochastics group
for making my life at work and beyond pleasant. Especially to my friend and
colleague Dima, thank you for all the good company. Stressful days at work
became fun with the life-or-death ping-pong, squash, and backgammon matches.

To Wallie, thank you for being there with me, supporting me, and for making
my life colourful. It means a lot to me.

To my parents, Dimitri, and Margarita. Thank you so much for your
unconditional love and support. Your sacrifices gave me the many chances that
I had in my life. I hope this book will bring some joy to you.






Contents

Acknowledgments

1

Introduction

1.1 Heavytails . . ... ... ...

1.2 The large deviation principle . . . . .. ... ... ... ... ..

1.3 Further background on large deviations . . . ... ... ... ..
1.3.1 One-dimensional large deviation results . . . .. ... ..
1.3.2 Functional large deviations . . . .. ... ... ... ...
1.3.3 Some basic large deviations tools . . . . ... ... ...

1.4 Large deviations and topology . . . . . . . .. ... ... .. ...

1.5 Contribution . . . . .. .. ...

Limit laws with semi-exponential increments

2.1 Imtroduction . . . . . . . . . . ...

2.2 Extended LDP for Lévy processes and random walks . . . . . ..
2.2.1 Useful results on the extended LDP . . . . .. ... ...
2.2.2 Extended LDP for Lévy processes . . .. ... ......
2.2.3 Extended LDP for random walks . . . . . ... ... ...
2.2.4 Extension to multidimensional processes . . . . . . . . ..

2.3 Implications of the extended LDP . . . . ... ... ... ....
2.3.1 A contraction principle . . . ... ...
2.3.2  An application to actuarial science . . . . ... ... ...

2.4 LDP with respect to the M] topology . . . ... ... ......
2.4.1 Nonexistence of LDP in the J; topology . . . . . ... ..
2.4.2 The LDP with the M7 topology . . . . . .. .. ... ...

2.5 Technical proofs . . . . . .. ... ... .
2.5.1 Proofs of Lemma 2.2.3,2.25 . .. ... ... .. .....

vii



CONTENTS

2.5.2 Proof of Lemma 224 . ... ... ... ... .. .....
2.5.3 Proof of Lemma 226 . .. .. ... ... .. .......
2.5.4 Proofs of Lemma 2.2.8, 2.2.9, and 2.2.10 . . . . . . .. ..
2.5.5  Proof of Theorem 2.2.12 . . . . . . . . . ... ... ....
2.5.6 Proof of Proposition 2.4.1 . . . . . ... ... ... ....

3 Large deviations for Markov random walks

3.1 Introduction . . . . . . . . . . . . . ...
3.2 Model description, and preliminary results . . . . . . . ... ...
3.21 Themodel . ... .. .. ... .. .. .. ..
3.2.2 Preliminary results . . . . .. ... ..o
3.3 LDP for functionals of Markov chains . . .. ... ... .. ...
3.3.1 Themainresult . .. ... .. ... ............
3.3.2 Methodology . . ... ... ... ... ... ...
3.4 Busy period asymptotics . . . . .. ..o oL
3.4.1 Methodology . . ... .. ... ... ...
3.4.2 Tailasymtotics . . . . . .. ... ... oL
3.5 Proofs . . . . . ...
3.5.1 Proof of Proposition 3.4.5 . . . . ... ... ... ... ..
3.5.2  Proof of Proposition 3.4.1 . . . .. ... .. ... .. ...
3.5.3 Proof of Proposition 3.4.2, and Lemma 3.2.2 . . . .. ..
3.5.4 Proof of Proposition 3.3.3 . . . ... ... ... ... ...
3.5.5 Proof of Lemma 3.3.3 . ... ................
3.5.6 Proof of Lemma 3.3.2, and 3.34 . .. ... .. ... ...

Asymptotics for the multiple server queue
4.1 Introduction . . . . . . . . . . . ... ...
4.2 Model description and preliminary results . . . . ... ... ...
43 Mainresult . . . . ..o
4.4 Proof of Theorem 4.3.1. . . . . . . .. .. ... ... .. .. ...
4.4.1 Intermediate propositions . . . . .. ... ... ... ...
4.4.2 Large deviations for the queue length . . . . ... .. ..
4.5 Solving the associated variational problem . . . . . . . ... . ..
4.6 Technical proofs . . . . . .. .. ... oL
4.6.1 Proofs of Proposition 4.4.3, Lemma 4.2.2, and 4.2.1
4.6.2 Proof of Proposition 4.4.1 . . . . . ... ... ... ...
4.6.3 Proof of Proposition 4.4.2 . . . . .. ... ... ......

viii



CONTENTS

5 Asymptotics for stochastic networks
5.1 Imtroduction. . . . .. .. ... .. o
5.2 Model description and preliminary results . . . . . .. ... ...
5.2.1 TheModel . ... ... ... .. ... ... . ...,
5.2.2 Preliminary results on the reflection map . . ... .. ..
5.2.3 Some useful tools on large deviations . . . . . . ... ...
5.2.4  The topology of the function space . . . ... ... ...
5.3 Mainresults . . . . . . ..o
5.3.1 Large deviations for the buffer content process . . . . . .
5.3.2  Asymptotics for overflow probabilities . . . .. ... ...
5.3.3  The multiple heavy-tailed on—off sources model . . . . .
5.4 Complementary proofs . . . . . .. .. ... ... ...
5.4.1 Proofs of Lemma 5.3.3, and Lemma 5.3.2 . ... ... ..

5.4.2 Proof of Lemma 5.3.7

5.4.3 Proof of Theorem 5.2.6

Bibliography
Summary

About the author

ix

169
169
172
172
174
175
178
182
182
183
187
189
189
192
199

207

217

219



CONTENTS




Chapter 1

Introduction

The understanding of rare events is extremely important to our society. Rare
events like the 2020 pandemic, the financial crisis in 2008, and the tsunami
in Japan have a major impact on the economy and the individual. It can be
challenging to obtain insights into rare events; usually there is lack of data
from real life-measurements and large scale simulation experiments can be
expensive. For this reason, it is essential that we develop models and theoretical
foundations that can give intuition and accurate estimates for the rare events
under consideration.

A prominent field of research within probability theory is large deviations
theory. Large deviations theory provides physical insights that can be extremely
useful for design and performance evaluation; see [90]. Other application areas
include climatology ([37, 82]), engineering ([75, 90]), finance/insurance ([35, 77]),
communication networks ([74]), and logistics ([91]). Large deviations have been
extremely successful in providing systematic tools for the understanding of rare
events that arise in stochastic systems; large deviations theory can be considered
as the bridge between rare events, optimization theory, and probability theory.
The theory also provides intuition about the most likely realization of a rare
event.

Nevertheless, not all rare events can be modeled in the same way. There
are two different classes of probability distributions that model certain types of
rare events: light-tailed distributions and heavy-tailed distributions. The distin-
guishing feature is that some phenomena are “less extreme”—the probability of
associated extreme values is relatively small (light-tailed)—whereas other events
are “more extreme”—that is to say, the probability of associated extreme values



is relatively big (heavy-tailed). Whether distributions are light or heavy makes a
huge difference. There is a structural difference in the way rare events manifest
themselves when the underlying uncertainties are heavy-tailed or light-tailed. In
light-tailed settings, the system-wide rare events arise because of small deviations
of every component in the system (conspiracy principle), whereas, in heavy-tailed
settings, the system-wide rare events arise because of extreme deviations of a
few components which shock the system (catastrophe principle). The large
deviations theory has been very successful when the underlying uncertainties
are light-tailed. To illustrate how rare events manifest themselves, suppose that
the average height of a group of people is more than two meters. Then it is
highly probable that a considerable number of them have a height exceeding two
meters. On the other hand, if the average wealth of a group of people is in the
billions, then we would expect to have an extremely wealthy individual in the
group. The former example corresponds to the light-tailed (normal) distribution
of height, while the latter one refers to the heavy-tailed (Pareto) distribution of
wealth. Some examples where heavy tails occur are file sizes stored on a server
[83], transmission rates of files [83], social networks [1, 26, 93], and financial
models [62].

While the research line on rare events for heavy-tails is not as mature as its
light-tailed counterpart, there has been a lot of progress regarding the theory
of heavy tails [43, 62, 16]. More specifically, in [71], it is shown that extreme
behaviors of the sum of heavy-tailed random variables are determined by a single
large summand. This phenomenon has been documented as the principle of a
single big jump and relates (intuitively) to the wealth distribution paradigm
where the wealth distribution exhibits a heavy-tailed behavior. Nevertheless,
not all applications can be explained by the principle of a single big jump.
Recent applications in insurance/finance ([6]), communication ([16]), and social
networks ([93]) led to problems that cannot be dealt using the single big jump
phenomenon. It can be that multiple big jumps are necessary to cause a rare
event. For example, it may require the simultaneous download of several big
files to saturate a link in a communication network ([83]).

This thesis aims to contribute to the foundation of heavy-tailed large devia-
tions, allowing scenarios of multiple big jumps. In the next section, we introduce
the reader to the basic definitions and results related to heavy-tails and the
theory of large deviations along with their interactions.
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1.1 Heavy tails

Heavy-tailed distributions (probability measures) play a major role in the analysis
of many stochastic systems. In this section, we present some basic definitions
regarding heavy-tailed random variables and their probability measures. Let
{Xn}n>1 be a sequence of identically distributed and independent random
variables. Denote by F' the dlstrlbutlon of X;. Let F be the tail function so that
F(z) =P(X € (z,00)). Let Mx, (t fR e’ F(dx) be the moment generating
function of the random variable X1 T he precise definition of a heavy-tailed
distribution on Ry is as follows.

Definition 1.1.1. A distribution F' is heavy-tailed if and only if

/ e F(dx) = oo, for all t > 0.
Ry

On the contrary, a distribution F is light-tailed if there exists a neighborhood
around zero where the moment generating function is finite. The above definition
implies that the tail probability of a heavy-tailed distribution decreases with a
slower rate than any exponential rate. There are many examples of heavy-tailed
distributions on R, : the Pareto distributions, the lognormal distributions, and
the Weibull distributions.

An important subclass of heavy-tailed distributions is the class of subexpo-
nential distributions, denoted by S. Let F™* denote the n-fold convolution of F'
ie,

x
F*(z) = / FO=U% (g — t)dF(t).
t=0
Definition 1.1.2. F'is a subexponential distribution if

F™(z) _ PO, X >x)
nF(z) nP(X; > x)

— 1, forsomen >2, aszxz— oo.
Another characterization of subexponential distributions, which can be infor-
mative of their properties, is the following:
Definition 1.1.3. A distribution F is in S, if for some n > 2,
P(X1 +...+ X, > :c) ~P(max{X;,...,X,}), as x— oo.

Intuitively, with regard to subexponential distributions (S), the most likely
way a random walk displays an extreme behavior is through a single big jump.
This phenomenon has been documented as the principle of one big jump [33].
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The framework of subexponential distribution functions was introduced in
[19]. In this paper, the framework of subexponential distributions was used to
derive asymptotic properties of branching processes. One of the first papers
where the importance of subexponential distributions is recognized is [92]. We
list some important subexponential distributions:

1. The Pareto distribution,

T

—k
) ) xminvk > Oa T > Tmin;

Tmin

P(X>x)=(

2. the lognormal distribution,
P(X >z) =P >z1), ncR, 0 €Ry,
and Z is a standard normal random variable;
3. the Weibull distribution,

P(X>z)=e " k>0, 2>0, ac(0,1).

An important class of distributions which serves as a generalization of the
Pareto distribution is the class of regularly varying distributions.

Definition 1.1.4. A non-negative random variable X and its distribution are
said to be regularly varying with index —a, a > 0, if the right tail F'(-) satisfies
the limit _
F(t
lim (tz)

— — 9
z—00 F(gj)

If a = 0, then F is a slowly varying function.

In this thesis, we study large deviations with semi-exponential distribu-
tions (which include the heavy-tailed Weibull distributions). We give a precise
definition of these distributions:

Definition 1.1.5. A distribution F' is semi-exponential if
P(X >2) =e L@ o € (0,1),

and L is a slowly varying function.
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Semi-exponential distributions appear in many applications e.g. [58], and
[52]. To see how semi-exponential distributions appear even in a light-tailed
setting, consider the following example by [33]. Let Y7,...,Y,, be i.i.d. random
variables with a light-tailed distributions F(z) =1 — e=" k> 1. Then, for
n > k, the tail distribution of the product Y7 - --Y,, is heavy tailed:

P(Y]_ . Y'n, > ZL‘) Z HP(}/'L > wl/n) — e—Cnxk'/n-
i=1

1.2 The large deviation principle

In this section, we give an introduction and an intuitive interpretation of the
basic definitions of large deviations theory. We present the definition of the large
deviation principle (LDP).

The scaled random walk with Gaussian increments

Consider a sequence of independent, identically distributed Gaussian random
variables {X,},>1 with mean 0 and unit variance. Now, define the random
walk S,, = Z?:l X;, and subsequently, the scaled random walk S,, £ %Sn. The
weak law of large numbers dictates that the scaled random walk S;, converges in
probability to E(X;) = 0 as n — oco. That is,

for any 6 > 0, P(|S,| > ) — 0 as n — oo.

However, one would like to have more information with regard to the fluctuations
of S, around 0; this can be achieved by the use of the central limit theorem
(CLT). In particular, we have that

= ) 1 2
PlS,>— z—/ e 2 dx.
( Vn ) V2 Js
In view of the above result, the central limit theorem gives information on
the fluctuations of S,, from 0 of size O(1/y/n). Furthermore, the CLT implies
that the probability of O(1/y/n) fluctuations is O(1). On the other hand, what

about larger fluctuations; namely of size O(1), and what about their probability?
Let us draw some intuition from the following elementary calculations:

P(S’n>6):\/%/6 -

_nz? 1 —né?

I2d 1 <z 2d
2 dr < — —e 2 dr = e ,
o \/271'/5 ) nov 2w

5

na
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while

(G > 6) 1o 1 ugsya/my?
P(S,>0) > — e 2 dr> ——e 2 m,
> %/6 > 1

nv2m

% as n — oo. Utilizing the symmetry of
the normal distribution, we also have that %logP (Sn < 75) — 7% as n — oo.
Therefore,

In conclusion, %logP (5‘n > 6) - —

P (IS, >6) = 677“;2/2, for large enough n.

In this example, we see that the probability of large fluctuations (O(1)) decreases
exponentially in n as n goes to infinity. To handle more general cases, we need
to introduce a suitable asymptotic framework, involving a scaling parameter,
which was n in the example.

Definition 1.2.1. Let (S, d) be a metric space with its topology induced by the
metric d, and let X, be a sequence of S-valued random variables. The probability
measures of X, satisfy the LDP in (S, d) with speed a,, and the rate function I
if

— inf I(z) < liminfw < limsupw < —inf I(x)

rEA° n—00 Qg n— 00 Qnp zeA
for any measurable set A.

Here, A° and A are respectively the interior and the closure of the set A; I
is a non-negative lower semi-continuous function on S, and (a,,) is a sequence of
positive real numbers that tends to infinity as n — oo. In the literature is it also
said that the process X,, satisfies the LDP instead of its probability measures. If
the large deviation principle’s upper bound holds for all compact sets instead of
all closed sets, then we say that X, satisfies the weak large deviation principle
(WLDP).

A rough interpretation of the above definition is as follows: for a rare event
A, we can have an estimate of its probability on an exponential scale i.e;

P(X, € A) ~ ¢~ infeca I(§) (1.1)

where infec 4 I(§) is the decay rate of the associated rare event A. The decay
rate leads to a deterministic optimization problem, and it can provide useful
insights about the rare event under consideration.

A simple example that demonstrates the importance of the decay rate is
the following. Let A, B be two disjoint rare events i.e; P(X,, € A) — 0, and
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P(X, € B) — 0. Obviously, AU B is also a rare event. To make the example
technically easier let us assume that

1 1
lim —logP(X, € A) = —a, lim —logP(X, € B)=—-b, anda#b.

n—oo M n—oo N
Then,
P(X, € A)
P(X,eAX, e AUB)= ————F"—
(Xn € AXn €AUB) = 55 =AU B)
e—n'a
~ ———  , for large enough n.

e—na 4 e—nb’

Therefore,

1, ifa<b

P(X, e AlX, € AUB) —~
( | ) {O, if a > 0.

That is, rare events manifest themselves through the most probable way.
With regard to Equation (1.1), every scenario that is associated with the rare
event A is measured by the rate function I; consequently, the large deviation
principle reveals the most dominant—in an asymptotic sense—realization of the
rare event A. For a rigorous treatment of the way rare events occur we refer to
Lemma 4.2 of [39].

We examine the assumptions on the rate function I; in the definition of
the large deviation principle we saw that I is a lower semi-continuous function
mapping a space S to [0, 00]. In addition, if the level sets of I are compact, then
I is a good rate function. These are not merely technical terms. For every rare
event A, its estimation is strongly related to optimization theory through its
associated optimization problem infee 4 I(§). The following result gives insights
on the assumptions made on I.

Result 1.2.1 (Lemma 4.1 of [39]). For any rate function I, if A is a compact
set then the infimum infec 4 I(§) is attained at some & € A. If I is a good rate
function then the infimum is attained on any closed set.

To summarize, the lemma above formalizes the conditions upon which a
solution to optimization problem infec 4 I(§) exists in the set A. We end this
section with a key tool which is used extensively in the asymptotic evaluation of
probabilities.
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Result 1.2.2 (Lemma 1.2.15 of [22]). Let N be a fized integer. Then, for every
cgf) >0, and a,, — o0,

N
1 . 1 )
1imsuplog<g c%”) = 1max 1imsup—logc$f).
a

n—oo QOn put =1,...N psco Qp

1.3 Further background on large deviations

Large deviations can be traced back to the 19th century with the introduction
of the Laplace principle. The Laplace principle gives an asymptotic evaluation
for [ g exp(—nf(z))dz, where f is continuous, and n tends to infinity. In [20],
Créamer, driven by insurance and actuarial applications, determined estimates
for i.i.d. sequences of random variables with finite moment generating function
in a neighborhood of zero. This is now known as Cramer exponential moment
condition.

At the mid 20th century a Russian school of mathematics centered on the
asymptotic estimates of tail probabilities. In particular, a lot of attention was
placed on asymptotic expansions for tail probabilities associated with the random
walk measuring its deviations from the central limit theorem ([69, 68, 36, 49, 76])
examining cases where the Cramer exponential moment condition does not hold.
Seminal works (cf. [67, 8, 7, 9, 13]) provide large deviation results in function
spaces. The formal definition of the large deviation principle was introduced by
Varadhan who was awarded the Abel prize (2007) for his contributions.

In this section, we list some pivotal results on large deviations, which are
also used in this thesis, and we portray the subtle differences that heavy-tailed
and light-tailed distributions induce to their respective LDPs.

1.3.1 One-dimensional large deviation results

We start with Cramer’s theorem.

Result 1.3.1 (Cramer). Let {X,,}n>1 be a sequence of i.i.d. random variables.
Consider the scaled random walk S, = 237" | X;, i > 1. Let A(§) = log Ee®X
, and let A* be the convex conjugate of A where A*(y) £ supyer{fy — A(0)}.
Suppose that A is finite in a neighborhood of zero. Then the sequence of random

variables { Sy }n>1 satisfies an LDP in R with the good convex rate function A*.
That is,



CHAPTER 1. INTRODUCTION

1 _
limsup — logP(S, € F) < — inf A*(y) for every closed set F C R, and

n—oo N yeF
1 _
liminf —logP (S, € G) > — inf A*(z) for every open set G C R.
n—oo n zeG

There exists a multivariate version of Cramer’s theorem where the X;’s are
considered to be i.i.d. vector valued random variables in R¥ for every k > 1.
Another generalization worth mentioning is the Géartner-Ellis theorem (see [22])
where the LDP for weakly dependent sequences is obtained under a mild limiting
assumption on the moment generating function of S,,.

Large deviation principles for light-tailed probability distributions can, usually,
be derived applying Chernoff upper bounds, and an exponential change of
measure. Both of these techniques involve the use of moment generating functions.
On the contrary, moment generating functions are vacuous in the heavy-tailed
case. A pioneering study in large deviations for heavy-tailed distributions can
be seen in [71].

Result 1.3.2 ([71]). Let Y1,Ya,... be i.i.d. random variables with tail distribu-
tion F(y) = l(y)y~" as y — oo, where l(+) is a slowly varying function and t > 2.
If, in addition, EY, =0, var(Y7) = 1, then

P (ZYZ > y) =n(F(y))(1 +o(1)) (1.2)

forn — oo and y > +/(t — 2)nlogn.

If we evaluate the above result, we can see that extreme behaviors of the
random walk are due to large values of one of the summands. Furthermore, we
obtain a relationship on how fast y should grow in relationship with n so that
(1.2) holds.

The investigation of tail estimates of the one-dimensional distributions of
random walks with heavy-tailed step size distribution was initiated in [68, 69].
The state of the art of such results is well summarized in [12], [23], [27], [33].
In particular, [23] describes in detail how fast y needs to grow with n for the
asymptotic relation P(S,, > y) = nP(X; > y)(1 + o(1)) to hold as n — oo, and
for a sufficiently large class of subexponential distributions. With regard to the
asymptotics in the previous equation, (1.2) does not hold for all subexponential
distributions; in particular, when X, has a a Weibull tail e=*", o € (1/2,1),
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the deviation of S,, from the mean described by the CLT makes a non-negligible
contribution to the tail of S5,,. This phenomenon, which is referred to as square
root insensitivity, is due to deviations of order O(y/n) which are induced by
the central limit theorem, see [48, 3, 30, 70]. Therefore, exact asymptotics of
Weibull and more general semi-exponential distributions is not an easy task in
full generality.

1.3.2 Functional large deviations

The finite dimensional LDP considered in the previous subsection allows us to
make estimates of the rare event probabilities associated with the tail behavior
of empirical means. Although these estimates are useful in many cases, this is
not always the most efficient approach. In many situations, we are interested
in the probability that the whole path of the random process belongs to a set.
An example would be the probability a random process is enclosed between two
curves. In this section, we review basic results on sample-path large deviations
(functional large deviations). We start with the random walk. Let

[nt]

- 1

Su(t) =~ X, t€[0.1],
=1

where X;, ¢ > 1, are i.i.d. random variables. Let ID[0, 1] denote the Skorokhod
space, the space of real-valued cadlag functions, with its topology induced by
the usual Skorokhod J; metric (dy,); the precise definition of the Skorokhod
(J1) topology is presented in the next section.

A sample-path LDP for light tails

Result 1.3.3 (Mogulskii [22] ). Let log E(ef%1) < co for every 6 € R. Then the
probability measures of Sy satisfy the large deviation principle in (D0, 1], 77,)
with the good convex rate function Ip : D]0, 1] — [0, co] where

JEA*E@)at, if € € AC[0,1), and £(0) = 0

0, otherwise,

Ip(¢) = {

where AC|0, 1] denotes the subspace of absolutely continuous functions.

In large deviations for light tails, one can often find a convex function I(x) such
that —% log P(S,, € A) ~ infeca I(€), and solve infec 4 I(£) using optimization

10
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techniques tailored for functional optimization, see [56, 42]. As an illustration, let
us examine the random walk, Sy, (¢), ¢ € [0, 1], with i.i.d. light-tailed increments
so that E(X7) = A > 0. We consider the event that the all time supremum of

the random walk is bigger than C' > X > 0 i.e; {sup,¢jg 1] Sn(t) > C'}. We can
rewrite the event as {S,, € E} where

E={¢eD[0,1]: t:ﬁ)pl]f(t) > ChY.

Since Ij is a good rate function and F is a closed set, Result 1.2.1 implies that
the variational problem

inf Io(€) st € € AC(0,1], £(0) =0

has an optimal solution £ € E. In addition, it is not difficult to show that

E(t)=C-t, t €]0,1], is an optimal path to the above optimization problem.
To do so, we mainly utilise Jensen’s inequality. For a rigorous treatment of the
above example, we refer to Section 6.3 in [39], specifically, on the linear geodesics
property.

A large deviation result for heavy tails

In contrast to the above result, we can expect a different outcome under a heavy-
tailed setting. The following theorem is a simplified version of a result in [84]
regarding large deviations for the random walk with regularly varying increments.
Recall the random walk S,,(-), and the scaled random walk S,,(t), t € [0, 1].

Result 1.3.4. Let Xy be a non-negative r.v. such that A\ = E(X;) > 0, and
P (Y1 > y) =y *L(y) for some regularly varying function L. Let

:[Dik[ov 1]
k
£ {{ e D[0,1] : £(t) = At + inl[uhl](t),xi € (0,00); u;’s distinct in (0, 1)}
i=1
and let D2,[0,1] = U.Z{D2,[0,1]. For a set A C D[0,T), if

i) k* = min{k > 0:D2,[0,1] N A # 0}, and

i) infye oyeepr (0,1, ceay dn (§C) >0,

<k*

11



1.3. FURTHER BACKGROUND ON LARGE DEVIATIONS

then there exists a measure M on D[0,T] so that (D2,.[0,T])¢ is a M-null set,
and

o P(S, € A) . P(S, € A) -
M(A°) <1 f < lims < M(A).
(4%) < liminf P(X1 =)~ maee nF P(X; = n)F “

A direct application of Result 1.3.4 implies that the most likely path associated
with the rare event E = {§ € D[0,1] : sup,¢[o 1) §(t) > C} is a one-step function
with step size at least equal to C' — A. The above result solidifies the previously
mentioned difference on how rare events manifest themselves in the heavy-tailed
case.

For the extreme behavior of S, the so-called principle of one big jump
holds. The first functional version of this insight has been derived in [44]—in the
regularly varying case. A significant number of studies investigate the question
of whether and how the principle of a single big jump is influenced by the
structural properties of various random processes. This includes dependence of
the increments, autoregressive processes, and stochastic differential equations
(cf. [18], [29], [45], [53], [64], [65] [66], [88]).

Ideally, we want a framework to study rare events which are caused by
multiple jumps. In [6], [32], and [60], the authors used ad-hoc approaches to
study rare events, in specific models, which can be characterized by the principle
of multiple big jumps. In [84], the first systematic principle of multiple big jumps
was provided. The authors proved functional limit theorems for Lévy processes
and random walks allowing them to study rare events where the principle of
multiple big jumps is said to hold.

1.3.3 Some basic large deviations tools

Although we would prefer to obtain functional LDPs, this is not always an
easy task. An arsenal bridging large deviations in a finite-dimensional setting,
functional large deviations, and applications is presented in this section.

The contraction principle

One particularly useful result in the toolbox of large deviations theory is the
contraction principle. The contraction principle can be used to infer an LDP
for continuous transformations of processes which satisfy a large a deviation
principle. The contraction principle can be used either to infer an LDP in a
space of interest or for applications. The idea is to utilize the representation
Y, = f(X,) where f models the interaction of the uncertainties (X, ) with

12



CHAPTER 1. INTRODUCTION

the desired output (Y,). If the map f is continuous, then the contraction
principle enables one to understand rare events for Y,, from the LDP for X,.
The importance of the contraction principle is evident: a result for X, can be
reused in many other applications that require a different function f.

Result 1.3.5 (Contraction principle; see [22]). Let X and Y be Hausdorff
topological spaces and f : X — Y a continuous function. Consider a good rate
function I : X — [0, 00].

(a) For each y € Y, define
I'(y) =inf{l(z) :x € X,y = f(z)}.

Then I is a good rate function on ), where as usual the infimum over the
empty set is taken as co.

(b) If T controls the LDP associated with a family of probability measures
P, on X, then I' controls the LDP for the family of probability measures

{P,of™1} on ).

The result above holds under the weaker condition that f is continuous over
the effective domain of the rate function I—i.e., on Dy 2 {x € X : I(x) < oo}.
This particular extension of the contraction principle is called the extended
contraction principle (p. 367 of [80]; Theorem 2.1 of [79]). Other sophisticated
extensions of the contraction principle can be found in [22] and [39].

LDP for product spaces

Many applications require a multidimensional setting, for example, the multiple
server queue. The next result can be used to derive LDPs for product spaces.

Result 1.3.6 (Theorem 4.14 of [39]). Let X,, satisfy an LDP in X with good
rate function I and speed a,, let Y, satisfy an LDP in Y with good rate function
J and speed a,,, and suppose that X,, is independent of Y, for each n. Assume
that X and Y are separable spaces. Then the pair (X,,,Y,) satisfies an LDP in
X x Y with good rate function K(x,y) = I(z) + J(y) and with speed a,.

Intuitively, if
P (X, € A) ~ e @ infecal®)  and P (Y, € B) ~ e v JW),

then, due to, independence P ((X,,,Y;,) € (A x B)) ~ e~ Meweaxs(@)+I W),

13



1.4. LARGE DEVIATIONS AND TOPOLOGY

The projective limit approach

In the previous section we presented some tools that allow us to infer probabilistic
estimates in a finite dimensional setting. In some cases one would like to use
these estimates to infer an LDP on the process level. Towards this end, one
of the most important tools in large deviations theory is the projective limit
approach of Dawson and Gértner. It enables us to make probabilistic estimates
in a finite dimensional setting and use these estimates to deduce an LDP in
bigger spaces: that is, we transport a collection of LDPs in “small” spaces into
the LDP in the bigger space S, which is their projective limit. The idea is to
identify S with the projective limit of a collection of spaces {S;};c; with the
intention that the LDP, for any given family P,, of probability measures on S, is
the result of the LDP of P,, to S;—for any j € J.

Result 1.3.7 ([22]). Let P,, be a sequence of probability measures on S, such
that for any j € J the probability measures P, o pj*l on S; satisfy the large
deviation with the good rate function I;(-). Then, P, satisfies the LDP with the
good rate function

I(x) = sup{Z;(p;(x))}
jedJ

Let p;(S) be equipped with the standard topology on R7. The projective
limit topology is the weakest topology which makes every p; continuous, that is
the topology of pointwise convergence. If p;(S) is equipped with the uniform
convergence topology, the projective limit topology is the weakest topology
which makes every p; continuous, which, in this case, is the topology of uniform
convergence on compact sets.

Intuitively, we can relate the projective limit approach to the established
framework used in weak convergence theory. That is, convergence of finite
dimensional distributions and tightness of the distributions implies convergence
of infinite dimensional distributions.

1.4 Large deviations and topology

In addition to measure-theoretic probability, topology is a central concept in the
large deviation theory of stochastic processes. The implementation of basic large
deviation tools like the contraction principle is contingent on the topology of the
space in which processes are defined. Intuitively, a topology of a metrizable space
portrays how elements of this space relate spatially to each other with respect
to the metric (a measure which induces distance in some sense). Intuitively,

14
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a topology is a collection of sets 7 with a certain structure; it enables us to
separate two distinct elements of X' by two distinct elements from the collection
T. For a formal definition of a topology, let X be a set and let T be a family of
subsets of X. Then, 7T is called a topology on X if

i) both the empty set and X" are elements of T;
i) any union of elements of T is an element of T;
iii) any intersection of finitely many elements of 7 is an element of 7.

If T is a topology on X, then the pair (X, 7)) is called a topological space. The
notation (X, 7)) is used to denote a set X endowed with the topology T.

We can define many topologies over a space X, however, not all topologies
provide equal information. For example, we can equip X with the discrete
topology Tg = {0, X'}; nevertheless, this topology provides little to no information
over the spatial relationships between the elements of X', that is to say, we cannot
separate two distinct elements of X by two distinct sets. Therefore, one would
like to have a bigger collection of sets, and hence, a finer topology but also a
well-regulated topology for the large deviation principle.

With regards to sample path large deviations, we interpret a stochastic
process as a random element in a function space equipped with a topology.
Under this interpretation, a sequence of probability measures on a function space
is strongly related to the convergence of their associated stochastic processes.
The space X, and the topology T should be chosen accordingly so that

i) the space X should contain elements that correspond to the irregularities
of our stochastic processes;

ii) the notion of convergence should be meaningful with regard to applications.

Let us give some background on the function space we mainly work with, the
topologies considered in this thesis, and let us discuss their applicability. Let
DI[0, T] denote the Skorokhod space—the space of cadlag functions from [0, T
to R. We can endow D[0,T] with an appropriate topology. The widely used
supremum metric has been extremely useful in the study of continuous stochastic
processes. Let us define the supremum metric. For a function & € D[0,T],
denote the supremum metric with [[€][cc = supepo 77 [€(2)]- That is, the distance
between two functions &,¢ € D[0,7] is equal to || — (||cc- On the subspace
of continuous functions C[0,T], the supremum metric is a sufficiently good
measure of distance but it does not perform well when we consider discontinuous
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functions in D[0,T]. When functions have discontinuities, it is not necessary
that the respective discontinuity times of the converging sequence (&) and the
respective discontinuity times of the limit process (§) are the same: consider
the jump functions &,(-) = 1541/n,1)(-) and the limit function £(-) = 151(+),
0 > 0. The discontinuity of the limit function £ is not synchronized with the
discontinuities of the sequential functions &,. If we consider the supremum
metric, then ||€,, — €|l = 1 for every n > 1.

&n

Figure 1.1: The figure displays the sequence &, = 1[(5+; 1 which we want converging to

&n = 1j5,1). We can see that for every n > 1 the supremum metric of £ — &, is equal to 1,
hence, convergence with respect to the supremum metric is not possible.

However, the two processes are close to each other—with respect to time
deformations—therefore, we need a different topology on D[0, 1] that incorporates
small time deformations. Let T;, denote the J; Skorokhod topology on DJ0, 1].
That is, D[0, 1] is metrized by the Skorokhod J; metric.

Definition 1.4.1. Let d;, denote the Skorokhod J; metric,
47,(6,0) 2 fnf {max{ € = (W)l A = ell o} (13)

where &, ¢ € D[0, 1], A is a non-decreasing homeomorphism of [0, 1] onto itself, A
is the set of such homeomorphisms, and e(t) = ¢ is the identity map.

That is, w.r.t. the J; metric, functions are close if they are uniformly close
over [0, 1] under time perturbations. Remember our previous example, where
§n(-) = Lis41/n,1)(-) and the limit function is £(-) = 1(s4)(-). The use of the
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Skorokhod J; metric implies dj, (§,,&) < 1/n — 0 as n — oo. However, the
J1 topology is too strong for certain applications. What if we want to allow
continuous functions to be arbitrarily close to a discontinuous function or merging
of the jumps?

In particular, a discontinuous element of D(]0,7]) cannot be approximated
in the J; topology by a sequence of continuous functions, which makes the J;
topology unsuitable for some applications. For example, consider a sequence
of continuous functions which are linear interpolations of a pure jump function
(between the jump points). These continuous functions have parts with steep
slope and are close enough to the limit function (see Figure 1.2).

&n

1

n

Figure 1.2: The top graph displays the continuous function &, (t) = n(t —t1 + = )]l[tl—l tl)(t) +
1(¢,,1)(t) which we want converging to § = 1, 1] (graph in the bottom figure).
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1.4. LARGE DEVIATIONS AND TOPOLOGY

Another phenomenon which the J; topology fails to resolve is when jumps
in the limit arise as accumulation of small jumps. That is, a single big jump of
the limit process may correspond to the accumulation of many small jumps of
the converging process which occur close (with respect to time) to each other.

&n

t1 1

Figure 1.3: A display of the two-jump function &, = %]l[tl—l/n,l] + %l[tl,l] which we want to
converge to I, 1.

To establish a large deviation principle with merged jumps in the limit
process, we use the M| topology. We denote the M Skorokhod topology on
DI[0, T] with Taz. The Mj topology is generated by the metric dyy; which is
defined in terms of the extended completed graphs of the functions in D[0, T7.

Definition 1.4.2. For £ € D[0, T, define the extended completed graph I'(&)
of £ as

I'(6) £ {(ut) e R x [0,T] s w € [£(t—) NE(t), £(t—) V E)]}

where £(0—) = 0. Define an order on the graph I''(¢) by setting (u1,t1) < (us,t2),
for every (u1,t1), (ug,t2) € IV(€), if either

e {) <tg;0r

e t; =ty and |€(t1—) —U1| < ‘f(tg—) — u2|.
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We call a continuous non-decreasing function (u,t) = ((u(s),t(s)), s € [0,T])
from [0,7] to R x [0,7] an M| parametrization of I''(§) if I'(§) = {(u(s),t
s € [0,T]}. We also just call it a parametrization of .

The extended completed graph is a connected subset of the plane R? con-
taining the segment [(¢,£(t—)), (¢,£(t))] for all ¢t € [0,T]. The M] topology was
introduced by Whitt and Puhalskii (cf. [80]) for paths defined on the positive
half axis. The M topology is an extension of the M; topology (essentially
we add the vertical segment [(0,0), (0,£(0))] in the completed graph of a path
€), hence, allowing us to treat functions that have discontinuities at time zero.
This property is useful if we want to study inverses of stochastic processes (see
Chapter 4). In Chapter 3 we study large deviations for the Lindley process with
light-tailed increments where a cluster of small jumps of the converging process
correspond to a big jump of the limit process.

Definition 1.4.3. Define the M7 metric on D[0, T] as follows

dag(€,¢) = inf (5){||U_U||00+Ht_7"”00}7

1
(u,t)GHM{
(v.7) €My (€)

where Tl (€) is the set of all M] parametrizations of I"(¢).

Let us demonstrate the applicability of the M] topology. Consider the
sequence &, € D0, 1],

0 teloy 1),
En(t)=qnt—5+2), telz—=3),
1, te[3,1]

However, &, is continuous for each n = 1,..., and £ has a jump at 1/2, and
hence, &, cannot converge to & with respect to the J; topology. On the other
hand, the Mj distance of {,,& i.e; dpy(§n,€) is bounded by 1/n. Thus, &,
converges to £ with respect to the M topology.
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Product topology

Let 7(.) be a topology of the Skorokhod space D[0,T] generated by a metric
dy. We consider Hle D[0, T] the product space equipped with the product
topology Hle 7(.) which is induced by the product metric d,. More precisely,
for £,¢ € [T/_, D[0,T] such that £ = (¢€M),...,6®) and ¢ = (¢V,...,¢®) we

have that .
)£ dy(ED,¢).
i=1

The following definition formally states the convergence of functions with respect
to the 7.y topology.

Definition 1.4.4. Let &, € (ITE, B[O T],TT., 70, ). Then, dy(é,€) = 0 if
fy(f) — £ wrt. the d¢.y metric for every i = 1,..., k.
We use the component-wise partial order on D[0, 7] and R*. That is,

r = (mgl),..., (k))<m2 (scgl),...,xék))ian

if acgi) < xgi) inR forall ¢ € {1,...,k}.
In this regard, ¢ < ¢ in D[0, 7] if £(t) < ¢(¢) in R* for all ¢ € [0, T).

A large deviation principle with semi-exponential increments

In the literature on heavy-tailed distributions (cf. [2]) the three most important
examples of heavy-tailed distributions are the lognormal, regularly varying, and
Weibull distributions. The functional LDP for the lognormal case have not been
obtained; the regularly varying case is studied [84]. In this section, we review
the existing functional LDP for random walks with semi-exponential increments
(140)).

To explain the topology for which this LDP has been derived, let L[0,1] £
{¢€ € LY0,1] : £(0) = 0} denote the space of integrable functions which vanish
at the origin. Let 77, denote the topology induced by the L; metric dLl, the
L, distance of two integrable functions &, ¢ is dr, (&, () fo 1€(s) — ((s)|ds.
Lastly, let {Y;};>1 be ii.d increments. The following result establishes an

LDP in L[O 1], w.r.t. the L; topology, for Z, = Z,(t), t € [0,1], where
Zn(t) = £ U Yot (6 = B Y
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Result 1.4.1. Let Yy satisfy the following conditions:
i) E(Y1) =0 and E(e*?) < oo for all A <0, and

ii) there exist a slowly varying function b with the property that b(t) /t'=% is
non-increasing, and P(Yy > t) = e *M" o € (0,1).

Then, the probability measures of Z,, satisfy the extended large deviation principle
in (L[0,1],Tr,) with speed b(n)n® and the good rate function

Dobe(t)£E(t—) (&(t) —€(t—))" if € is a non-decreasing
I,(&) = pure jump function, (1.4)
00, otherwise.

That is, for any measurable A,

. .. logP(Z, € A) . logP(Z, € A) .
— < e VP T« S o VP T«
2 O ST e S T e = T )

The above large deviation principle has been the first result concerning
asymptotics for semi-exponential increments. Although Result 1.4.1 is sufficient
for the applications examined in [40], it does not provide good estimates for all
potential applications. To illustrate this, let us examine the event

Bi={g € Lo.1): sw &)= C)

With the use of the L; metric the zero function is a limit point of the set Ej.
If we let &, = C'lp_1/pn,), then &, € E; for all n. Since dr, (§,,0) < C/n — 0
as n — oo, the zero function belongs to the closure of F;. Consequently,
inf.c g, 1,(¢) = 0 resulting in a trivial upper bound of the LDP.

The extended LDP

Not in all cases a random process satisfies an LDP. Therefore, it is desirable to
have more tools and establish a connection with the framework of the standard
LDP. With this intention, we present the concept of the extended LDP.

Let (S, d) be a metric space, and T denote the topology induced by the metric
d. Let X,, be a sequence of S-valued random variables. Let I be a non-negative
lower semi-continuous function on S, and (a,) be a sequence of positive real
numbers that tends to infinity as n — oo.
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Definition 1.4.5. The probability measures of X,, satisfy the extended LDP in
(S,T) with speed a,, and rate function I if

logP(X, € A logP(X,, € A o
— inf I(z) < liminfu < limsupu < —lim inf I(x)

TEA° n— o0 an, n—o0 an, e—>0x€Ae
for any measurable set A.

Here we denote A€ £ {£ € S : d(£,A) < €} where d(§, A) = infeead(€, Q).
The notion of the extended LDP was introduced in [14]. This concept of an
LDP was developed to treat cases where the standard large deviation principle
is difficult or impossible to obtain. In the above definition, if we assume that I
has compact level sets, then I is a good rate function and the extended LDP
implies the standard LDP in Definition 1.2.1. Note that lower semi-continuity
and compactness of the level sets depend on the topology of the space S. In
particular, in [14] the authors have examined conditions such that

lim inf I(z) = inf I(z).

e—0z€ A€ €A
Moreover, the definition of the extended LDP can be less strict so that it can
cover cases where I is not a lower semi-continuous function; we do not consider
these alternative definitions in this thesis.

1.5 Contribution

One of the most fundamental contributions of this thesis, developed in Chapter 2,
is the sample path large deviation principle for Lévy processes and random walks
with heavy-tailed Weibull (semi-exponential) increments. This result holds in
the Skorokhod space with respect to the M, topology. In addition, we prove the
extended sample path LDP in the Skorokhod space with the finer J; topology.
Furthermore, we develop theoretical tools for extended LDP and show that
the standard LDP cannot be satisfied for the Lévy processes with heavy-tailed
Weibull increments. This suggests that the extended LDP is the optimal result
one can achieve with respect to the J; topology. We illustrate this by constructing
a counterexample; showing that the LDP in the J; topology is not possible.
These large deviations results have been extended to multidimensional settings
in the case of independent Lévy processes and random walks.

To enhance the applicability of the extended LDP, we have also developed
a form of contraction principle. In particular, we study ruin probabilities in a
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reinsurance example. That is, we consider level crossing probabilities of Lévy
processes where the jump sizes are conditioned to be moderate. These types of
events appear in actuarial models—in case excessively large insurance claims
are reinsured, and therefore, do not play a role in the ruin of an insurance
company. In conclusion, for the random processes treated in this chapter, our
large deviation analysis demonstrates that associated rare events are caused by
big discontinuities of their sample paths; this phenomenon has been characterized
as the principle of multiple big jumps.

The third chapter centers on sample path large deviations for Markov additive
processes. More precisely, we prove the sample path LDP for unbounded additive
functionals of processes with light-tailed increments that are induced by the
Lindley recursion. The LDP holds in the Skorokhod space equipped with the M]
topology and with sub-linear speed. Although the process under consideration
is constructed by light-tailed increments, rare events are caused by “big jumps”.
This result establishes that the structure of light-tailed random processes can
induce (asymptotically) a heavy-tailed behavior. Our technique hinges on a
suitable decomposition of the Markov chain in terms of regeneration cycles. At
each regeneration cycle we study the accumulated area of the Lindley process.
Consequently, the area displays heavy-tailed behavior, and it satisfies an LDP. To
derive tail asymptotics for the area, we use sample path analysis; as a by-product
of our LDP we show that large areas are caused by concave trajectories of our
process.

In the fourth chapter, we focus on one of the most celebrated models in
queueing theory namely, the multiple server queue. The multiple server queue
model (G/G/d) is a fundamental model and serves as a key model-component in
many occasions, for example, performance analysis of web servers and databases
[15]. An important question is the likelihood of a large queue length or waiting
time in such systems. Logarithmic asymptotics in the case of light-tailed service
times have been studied in [79], and [87]. The case of heavy-tailed Weibull service
times has been an open problem that dates back to Whitt (2000) ([95]) and it
was also mentioned by Sergey Foss in the 2009 Erlang centennial conference.
To exemplify, consider d parallel servers, each working at a certain speed and
suppose that the service time distribution is heavy-tailed. If k large jobs appear
in the system simultaneously, then they reduce the capacity of the system, which
is not detrimental if the remaining service capacity exceeds the system load p.
One expects that k* large jobs are required to make the system behave poorly,
where k* is the minimum number of big jobs needed to cause instability—in
the sense of congestion—in the system. The main results in Chapter 4 provide
an estimate for the probability of large queue lengths as well as the detailed
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answers on how large queue lengths occur. For the latter part, we determine
the number of big jobs and their sizes that lead to congestion; since the Weibull
case is near the boundary of the light-tailed and heavy-tailed cases, our results
show qualitative and quantitative differences in comparison to both the power
law case (cf. [32]) and the light-tailed cases.

In Chapter 5, we apply our fundamental results of Chapter 2 to study a
stochastic fluid network model with heavy-tailed input (compound Poisson
processes with semiexponential increments). This stochastic network model is
an important framework within applied probability and has many applications
in industry. Our results include the continuity of the multidimensional reflection
map on certain subspaces of the Skorokhod space under the product J; topology.
Based on the continuity of the multidimensional reflection map we prove large
deviation bounds for the multidimensional buffer content process of the stochastic
fluid network. Furthermore, we use the large deviation bounds of the buffer
content process to estimate overflow probabilities for a subset of nodes of the
stochastic fluid network. We associate the overflow probabilities with a simplified
optimization problem. Lastly, we perform explicit computations in the case of
a certain network which relates to—w.r.t. its network topology—the multiple
on-off sources model.
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Chapter 2

Limit laws with
semi-exponential
increments

2.1 Introduction

In this chapter, we develop sample path large deviations for Lévy processes and
random walks, assuming that the jump sizes have a semi-exponential distribution.
Specifically, let X (t),¢ > 0, be a centered Lévy process with positive jumps and
Lévy measure v which has non-negative support. Assume that —log v|z, o0) is
regularly varying of index o € (0,1) and define X,, = {X,,(t),t € [0,1]}, with
X, (t) = X(nt)/n. We are interested in large deviations of X,,.

The study of large deviations of sample paths of processes with Weibullian
increments is relatively limited. Let us now present our contributions. We first
develop an extended LDP (large deviations principle) in the J; topology, i.e. we
show that there exists a rate function I(-) such that

logP(X,, € A)

hnrr_1>1£f L(n)n® = ;Ielg I(z) (2.1)
if A is open, and
. logP(X, € A) L
< = .
hrrlnjolip L(n)n> - lelfg wlenzge I(z) (22)
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if A is closed. Here A€ = {x : d(z, A) < €}. The rate function I is given by

1) = {Zt:g(t);ég(t) (&(t) — f(t—))a if £ € Deoo[0,1],

00 otherwise,

where D¢ [0, 1] is the subspace of D[0, 1] consisting of non-decreasing pure jump
functions vanishing at the origin and continuous at 1. (As usual, D[0, 1] is the
space of cadlag functions from [0, 1] to R.)

We derive this result as follows: We use a suitable representation for the
Lévy process in terms of Poisson random measures, allowing us to decompose
the process into the contribution generated by the k largest jumps, and the
remainder. The contribution generated by the k largest jumps is a step function
for which we obtain the large deviations behavior by Bryc’s inverse Varadhan
lemma (see e.g. Theorem 4.4.13 of [22]). The remainder term is controlled by
modifying a concentration bound due to [47].

To combine both estimates we need to consider the e-fattening A€ of the set
A, which precludes us from obtaining a full LDP. To show that our approach
cannot be improved, we construct a set A that is closed in the Skorokhod J;
topology for which the large deviation upper bound does not hold. In this sense,
our extended large deviations principle can be seen as optimal. This is in line
with the observation made for the regularly varying Lévy processes and random
walks [84], for which the full LDP w.r.t. J; topology in a classical sense is shown
to be unobtainable as well.

Following a similar proof strategy, we also derive an extended sample path
LDP for random walks in D[0, 1]. However, there are some differences. The
distributional representation of our random walk is different from the continuous-
time case. More importantly, the resulting rate function differs at time 1, since
the rescaled random walk always has a jump at time 1.

We derive several implications of our extended LDP that facilitate its use in
applications. First of all, if a Lipschitz functional ¢ of X,, is chosen for which the
function I4(y) = inf,.4(2)=y I(x) is a good rate function, then ¢(X,,) satisfies an
LDP.

A second implication of the extended LDP is an application to a reinsurance
example in actuarial science. Moreover, we derive the sample path LDP for Lévy
processes and random walks in the M topology. We show that the rate function
I is good in this topology, allowing us to conclude that lim. g inf,ec4c I(z) =
infyea I(x), if A is closed in the M| topology. We extend our previous large
deviation results (extended LDP, and LDP) to multidimensional function spaces
endowed with the product topology.
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The rest of the chapter is organized as follows. In Section 2.2, we present
our results regarding the extended LDP for Lévy processes and random walks.
Section 2.3 includes implications of the extended LDP while Section 2.4 contains
the counterexample for the standard LDP with the J; topology, and our LDP
results with respect to the M| topology. Lastly, we include mainly technical
proofs in Section 2.5.

2.2 Extended LDP for Lévy processes and ran-
dom walks

2.2.1 Useful results on the extended LDP

In this section, we present and prove some abstract results used in our large
deviation analysis. Before displaying our auxiliary results, we remind the reader
of the notion the extended LDP. Let (S, d) be a metric space, and 7 denote the
topology induced by the metric d. Let X, be a sequence of S-valued random
variables. Let A° = {¢ € S : d(£, A) < €} where d(£, A) = infeead(€, (), and
A° denotes the interior of A. Let I be a non-negative lower semi-continuous
function on S, and (a,) be a sequence of positive real numbers that tends to
infinity as n — oo.

We say that X, satisfies the extended LDP in (S, T ) with speed a,, and rate
function I if

logP(X,, € A logP(X,, € A L
— inf I(z) < liminfu < limsupu < —lim inf I(x)

z€A° n—oo an, n—oo Ay e—>0xcAe

for any measurable set A. The next proposition provides the necessary framework
for proving the extended LDP. Let A=¢ £ {¢ € S: d(¢,() < ¢ implies ¢ € A}.

Proposition 2.2.1. Let I and I, k > 1 be rate functions. Suppose that for
each n, X, has a sequence of approximations {Yf}k:h“ such that

(i) For each k, Y,X satisfies the extended LDP in (S, T) with speed a,, and rate
function Iy;

(ii) For each closed set F,

1i inf I > inf I(x):
Jim inf T(x) = inf I(x);
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(#ii) For each § > 0 and each open set G, there exist € > 0 and K > 0 such
that k > K implies

inf I < inf I o:
,dof Ip(2) < inf I(x) +6;

(iv) For every e > 0 it holds that

1
lim limsup — log P (d(X,,, YF) > €) = —o0. (2.3)

k—oo nooco Gp

Then, X,, satisfies the extended LDP in (S, T) with speed a,, and rate function I.

Proof. We start with the extended large deviation upper bound. For any mea-
surable set A,

P(X,€A) =P (X, €4 dX,Y})<e)+P (X, €4, dX,Y])) >e
<P(YF e A)+P(d(X,,Y,)) >€). (2.4)

21 2(1m)
From the principle of the largest term and (i),
logP(X, € A)

lim sup
n—oo an
1
< max {— inf Ij(z), limsup — logP(d(Xn,Yf) > e)} .
TEA2e n—oo On

Now letting & — oo and then € — 0, (ii) and (iv) lead to

1
hzri)solip - logP (X, € A) < — lgr(l) xlenj I(z),
which is the upper bound of the extended LDP.

Turning to the lower bound; the lower bound is trivial if inf,c 40 I(z) = 00
therefore, we focus on the case inf ¢ 40 I(x) < oco. Consider an arbitrary but
fixed § € (0,1). In view of (iii) and (iv), one can pick € > 0 and k > 1 in such a
way that

— inf T < — inf T ) d 2.5
Jnf I(@) < — inf Ip(x)+4, an (2.5)
logP(d(X,,YF) >
lim sup o8 P (d( w) > ) < — inf I(x)-1.
n—00 Qp TEA®
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Hence

log P(d(X,, Y}
limsup —2 @Xn YD) > ) Lu(z)+6 — 1. (2.6)

n—00 (279 zEA—€
Now, from (2.6) and the lower bound of the assumed extended LDP for Y,*, one
can easily verify that
P(d(X,,Y,F) > )
P(Yr e A—)

-0 (2.7)
as n — oo. Using (2.7) and the inequality in (2.5),
1 1
liminf — log P (X,, € A) > liminf — logP (Y,¥ € A7, d(X,,, ;) <¢)
n—00 (A n—00 (A

> lim inf - log (P (VF e A=) — P(d(X,, VF) > e))

n—oo Qp

T | k —e P(d(Xn,Y,}) > €)
= limint 2~ log (P(Yn €4™) (1 T TP(YieA)

1
=liminf — logP (Y* € A=¢) > — inf I > — inf I(x) — 6.
minf = logP (Y, € A7) > — inf Iix(x) > — inf I(z)

Since ¢ was arbitrary in (0, 1), the lower bound is proved by letting 6 — 0. O
Corollary 2.2.2. Suppose that Y, satisfies the extended LDP in (S, T) with

speed an, and rate function I. If for each € > 0,

1
limsup — log P(d(X,,,Y,) > €) = —o0,

n—oo an

then X,, satisfies the extended LDP in (S, T) with speed a,, and rate function I.

Proof. Let YF 2 Y, and I}, £ I for k = 1,2,.... Then, (i) and (ii) of Proposi-
tion 2.2.1 are trivially satisfied. For (iii), we note that by the definition of G~¢,
for each 6 > 0 and G an open set, there exists ¢ > 0 such that
inf I(x) < inf I ]
L) S T+
and hence, (iii) are satisfied for I, = I. Since (iv) is also satisfied by the

assumption, all the conditions of Proposition 2.2.1 are satisfied and the conclusion
of the corollary follows. O
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2.2.2 Extended LDP for Lévy processes

We make two assumptions regarding the Lévy processes:

Al. X is a real-valued Lévy process with Lévy measure v which has non-
negative support satisfying v{z, co) = exp(—L(z)z®) where o € (0, 1)
and L(-) is slowly varying at infinity.

A2. The mapping = + L(x)z®~! is non-increasing for sufficiently large .

Let X, (t),t € [0, 1], denote the centered and scaled process:
. 1
X () & fX(nt) —tEX(1).

The following representation of the above Lévy process is an important
feature of our proof: Recall that X,,(-) = X (n-) has It6 representation

z[N ([0, ns] x dx) fnsy(dx)]+/>1 N ([0, ns] x dz),

(2.8)
with a a drift parameter, B a Brownian motion, and N a Poisson random
measure with mean measure Lebxv on [0,n] x (0,00); Leb here denotes the
Lebesgue measure. All terms in (2.8) are independent. We will see that the
large deviation behavior is dominated by the last term of (2.8). It turns out
to be convenient to consider the following distributional representation of the
centered and scaled version of the last term:

N(n)

Yn(.)éf Z Z —EZ)

Xn(s) = nsa+B(ns)+/<1

1 />1 eN([0,n] x dz) — % (EZ) N([0,n] x [1,00)),

n

[IS]

where N(t) £ N([0,#] x [1,00)) is a Poisson process with arrival rate v £ v[1, 00),
and the Z;’s are i.i.d. copies of Z such that P(Z > z) = v[z V 1,00) /11,
independent of N. We consider a further decomposition of Y,, into two pieces,
one of which consists of the big increments, and the other one keeps the residual
fluctuations. To be more specific, we introduce an extra notation for the rank of
the increments. Given N(n), deﬁne Sn(n) to be the set of all permutations of
{1,...N(n)}. Let R, : {1,...,N(n)} —» {1,...,N(n)} bearandompermutatlon
of {1,...,N(n)} sampled umformly from E,L ={0€SNm) : Zo-11) = - 2>
Zs-1(N(n))}- In words, Ry, (i) is the rank of Z; among {Z1,..., Zn(n)} when
sorted in decreasing order with the ties broken uniformly. Now,
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N(n 7
o let 200 Zin, y<ky 2 TE(D);
N(n I
o lot £ Y0(Zidn, )5 — BZ) £ HE():
e and see that Y,,(t) = JE(t) + H* ().
The extended large deviation principle for Lévy processes is straightforward
given the following technical lemmas; their proofs are provided in Section 2.5.
Let D[0,1] denote the Skorokhod space—space of cadlag functions over the
domain [0,1]—and let T; denote the J; topology induced by the J; metric.
Let D¢ [0, 1] be the subspace of D0, 1] consisting of non-decreasing pure jump
functions vanishing at the origin and continuous at 1. Let D¢[0,1] denote

the subspace of D¢ [0, 1] consisting of paths that have less than or equal to k
discontinuities. Let

Ii(§) =

{zte[o,” (€0 —€t=)" i ceDaloll, o

otherwise.
1(6) = Zt:g(t);ﬁg(t—) (f(t) - f(t_))a if £ € D¢oo[0, 1],
00, otherwise.

Lemma 2.2.3. I and I are lower semi-continuous, and hence, rate functions.

Lemma 2.2.4. For each fived k, J* satisfies the LDP in (D[0,1], T7,) with speed
L(n)n® and rate function Ij.

Recall that A= £ {¢ € D : dy, (€,¢) < € implies ¢ € A}.

Lemma 2.2.5. For each § > 0 and each open set G, there exist € > 0 and
K >0 such that for any k > K

o Tk(€) < jnf 1(€) +5. (2.10)

Let By, (&, €) be the open ball w.r.t. the J; Skorokhod metric centered at £
with radius € and B, = By, (0,¢).

Lemma 2.2.6. For every e > 0 it holds that

1 _
Jim Tim sup WlogP (I1Hx oo > €) = —00 (2.11)

where HE(t) = 2 SN0 (Zil g, )50y — BZ).

1=
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Now, we are ready to state and prove our main result.

Theorem 2.2.7. The process X,, satisfies the extended large deviation principle
in (D[0,1],T;,) with speed L(n)n™ and rate function

1(6) = {Zt;g(t);ﬁg(t) (g(t) - g(t_))a if € € DQOO[O’ 1}7 (2.12)

0, otherwise.

That is, for any measurable A,

logP(X,, € A) logP(X,, € A)

— inf I(¢) < liminf < lim sup < —lim inf I(£),

gcA° n—00 L(n)n n—soo L(n)n e—0 g€ A"
(2.13)
where A€ £ {¢ € D[0,1] : dy, (&,¢) < € for some ¢ € A}.
Proof. For this proof, we use the following representation of X,,:
X0 2V + Ry = JE + HE + R, (2.14)

where Ry, (s) = £ B(ns)+ + flrlﬁl z[N ([0, ns] x dx) —nsu(da:)]—k%(EZ)N([O, ne] x
[1,00)) — 115. Next, we verify the conditions of Proposition 2.2.1. Lemma 2.2.3
confirms that I is lower semi-continuous. Lemma 2.2.4 verifies (i). To see that
(ii) is satisfied, note that I (§) > I(€) for any £ € D. Lemma 2.2.5 verifies
(iii). Since dj, (Xn, J*) < |HE|oo + ||Rn]|oo, the condition (iv) is implied by
Lemma 2.2.6 and limsup,,_, . L(Tl)n"‘ log P(||Ry||cc > €) = —c0. Note that R,
is a Lévy process whose moment generating function is finite everywhere, and
hence, the LDP upper bound in Theorem 2.5 of [67] applies to P(d, (0, R,,) > ¢).
This, in turn, implies that limsup,, _, . W log P(||Ry||c0 > €) = —00. Now,
the conclusion of the theorem follows from Proposition 2.2.1. O

Remark 1. Note that it is straightforward to extend Theorem 2.2.7 to spectrally
two-sided Lévy processes. For instance, suppose that the Lévy measure v of the
process X has Weibull tail v[z, 00) = exp(—L(z)z®) where « € (0,1), L(z)z*~*
satisfies Assumption A2, and v(—oo, 7] is light-tailed. We can decompose X,
into a centered spectrally positive part Y;, and a centered spectrally negative

part X, —Y,. Then, Y,, satisfies the extended LDP in Theorem 2.2.7. On the
other hand, observe that

P(d(Xn, V) > €) < P(|Xn — Valloo > €) < 3P(|Xn(1) — Vo (1)] > €/3),
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where we used Etemadi’s inequality for Lévy processes (see e.g. [84], Lemma
A.4) in the last step. Since X, — Y, is light-tailed, the latter probability
vanishes at exponential rate due to Cramers theorem. This allows one to apply
Corollary 2.2.2 with Y, and conclude that X,, satisfies the same LDP as the one
in Theorem 2.2.7.

2.2.3 Extended LDP for random walks

Let S, £ Zy + -+ + Z,, where the Z;’s are non-negative random variables.
Consider the centered and scaled process S,, = {S,,(t),t € [0,1]} where S,,(t) =
%Zyﬂ(& —EZ), t €[0,1]. We assume that P(Z > x) = exp(—L(x)z*) where
a € (0,1) and L(-) is a slowly-varying function. We also assume A2 is in force
i.e., the mapping x — L(x)x*~! is non-increasing for sufficiently large z. The
goal of this section is to prove an extended LDP for S,,. Towards this goal, we
construct an auxilliary process S,. Let Q< (z) = inf{y > 0: P(Z > y) < z},
and set S, 2 J¥ + H where

. 1o~ - 1

Ju(t) £ -~ > QT (Vi) b, () + ~Z1y (1)

i=1

and

n—1 n—1
H)(t) £ % > @ (Vi) L, 1(t) — %EZ > L) - %EZl{l}(t)
i=k+1 i=1

Note that V(1), V(2), ..., V(n—1) are the order statistics (in ascending order)
of V1, Va,...,V,,_1, which are i.i.d. Uniform[0,1] and independent of Z. Sim-
ilarly to the case of Lévy processes, the extended LDP of S, hinges on the
following technical lemmas; their proofs are deferred to a technical section. Let
D@o[o, 1] denote the subspace of D[0, 1] consisting of non-decreasing pure jump
functions vanishing at the origin (not necessarily continuous at 1, though). Let
ng[o, 1] denote the subspace of HN])gOO[(L 1] consisting of paths that have at most
k discontinuities. Define I

- {z;fmiah)@u>—fu—»“ if € € Deoo[0, 1],

I =
© 00 otherwise.
Let I be defined as

. {z%m#@>@w—£wwf it ¢€eDeyl0,1],

Ix(§) = (2.15)

00 otherwise.
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Lemma 2.2.8. For each fived k, JE satisfies the LDP in (D[0, 1], T7,) with speed
L(n)n® and rate function Ij.

Lemma 2.2.9. For each § > 0 and each open set G, there exist € > 0 and
K > 0 such that for any k > K

. F < . 7 ]
gelgigfk(é) 751251(5)%

The next lemma shows that ﬁfi is asymptotically negligible.
Lemma 2.2.10. For every € > 0 it holds that

lim li
kLrI;o lﬁnfolip L(n)n

- 10gP(||I§'f,f||OO >€) = —o0.

With the above lemmas we are ready to prove the extended large deviation
principle for S,.

Theorem 2.2.11. The scaled random walk S, satisfies the extended large devi-
ation principle in (D[0,1],T;,) with speed L(n)n® and rate function I.

Proof. We show that S, satisfies the extended LDP with speed L(n)n® and is
exponentially equivalent to S,, so that Corollary 2.2.2 applies, and hence, in turn,
S,, satisfies the same extended LDP. With regard to the exponential equivalence,
let R; £ HjeN:U; <U;, 1<j<n—1}|. Then, we claim that

H@
3\'*

Z (Q° (Vi) —EZ)1 (Remay T (Z EZ)1g;.

To see why this distributional equality holds, note that {Ry,..., R,_1} is a uni-
formly random permutation of {1,...,n — 1}, and {Q‘_(V(l)), e Q‘_(V(n,l))}
has the same distribution as the order statistics (in descending order) of
Z1y...y Zp_1 since Q‘_( ) has the same dlbtr}butlon as Z for each i. Now,

we move on to showing that S, is close to S,— P(ds,(5,,5,) > ¢) is
asymptotically negligible. Recall that

_IN 1

3

First, observe that I?iiis the rgnk of U; among Uy, ..., Up-1, and hence, the Rith
earliest jump of both S, and .S, equals Q“~(V{;)). Therefore, the jumps associated
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with Q“(V(l)), ce Q“(V(n_l)), Z are arranged in the same order for S, and S,
with probability 1. Moreover, the jump times of S,, and S, are %, %, ceey ”T’l, o
and U1y, Uy, - .., Upn—1), 1, respectively. Since 0 < Uy < -+ < U1y < 1
with probability 1, the piecewise linear time change A : [0,1] — [0,1] defined
by the linear interpolation of A(0) = 0, A(1) = 1, and A(i/n) = Uy for
i =1,...,n— 1 is a homeomorphism with probability 1. Therefore, the Jy
distance between S, and S, is bounded by

sup |i/n — U]

1<i<n-—1

with probability 1. The latter supremum can be bounded in terms of the
Kolmogorov-Smirnov statistic, and from the inequality (1.5) in Corollary 1 of
[61], we obtain

1 n
P( sup [i/n—Uyl|>e€) <P(V/n sup |gZI(Ui <z)—1x|>e/n)
i=1

1<i<n—1 z€[0,1]
S 26726277,'
Hence,
. ! 6 g
hgsol(l)p W log P(dJ1 (S'IL7 Sﬂ) > 6)

1
<limsup T logP( sup [|i/n—Ugy| > €)= —o0.

n—00 1<i<n—1

In view of Corollary 2.2.2, the proof is done if we show that S, satisfies the
extended LDP with speed L(n)n® and rate function I. To do so, we apply Propo-
sition 2.2.1. Note that Lemma 2.2.8 verifies condition (i) of Proposition 2.2.1;
(i) is trivially satisfied since I, > I; Lemma 2.2.9 verifies (iii); Lemma 2.2.10
verifies (iv). Therefore Proposition 2.2.1 applies to j,’f + ﬁ,’f, and the proof of
Theorem 2.2.11 is complete. O

2.2.4 Extension to multidimensional processes

Let XM, ..., X be independent processes satisfying assumptions al and a2.
al. For each i, X is a real-valued Lévy process with Lévy measure v

which has non-negative support satisfying v [z, c0) = exp(—L(z)z®)
where « € (0,1) and L(-) is slowly varying at infinity.
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a2. The mapping x — L(x)x®~! is non-increasing for sufficiently large x.

Let )_(,(f)(t) denote the centered and scaled processes:

X & 1 xa (nt) — tEX®(1).
n

n

The next theorem establishes the extended LDP for ()_(,(Ll), . ,)_(T(Ld)).

Theorem 2.2.12. (Xr(Ll),Xéz),...,X,(Ld)) satisfies the extended LDP in the

product space (H:-i:1 D ([0,1],Ry), H?Zl T7.) with speed L(n)n® and rate func-
tion

St Sreton (&) = &) i & € Dec[0,1]
I, 0 a) = for each j=1,...,d,
00 otherwise.
(2.16)

For each 7, we consider the same distributional decomposition of X}(f) as in
Section 2.2.2:
XO 2 JEO 4 7EO 4 RY.

The proof of the theorem follows the same lines as in the one-dimensional case,
from Proposition 2.2.1, Lemma 2.2.6, and the following lemmas that parallel
Lemma 2.2.4 and Lemma 2.2.5.

Lemma 2.2.13. For each fixed k > 0, (j,]f(l), ey j,lf (d)) satisfies the LDP in

[(H?T D[o, 1], H?zl T7.) with speed L(n)n® and rate function I} : H;i=1 D[0,1] —
0,00

St Srepon (Gilt) = &) if & € Dey[0,1]
I}?(ﬁlwu»ﬁd)é foreachi=1,...,d,
%) otherwise.
(2.17)

Lemma 2.2.14. For each § > 0 and each open set G, there exist ¢ > 0 and
K > 0 such that for any k > K

inf I, ..., < inf e, s 518
T . S (2.18)
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We conclude this section with the extended LDP for multidimensional random
walks. Let Sr(f) = Zf) +-- ~+Zr(f) be a random walk with non-negative increments
for each i = 1,...,d. Consider S\ = {5'7@ (t),t € [0,1]} where S (t) =
%Zg"zt]l (Zj(.l) —EZ®). We assume that P(Zj(.l) > 2) = exp(—L(z)r®) where
a € (0,1) and L(-) is a slowly varying function, and a2 is in force. The following
theorem can be obtained by adjusting Lemma 2.2.8 and Lemma 2.2.9 to the multi-
dimensional context—in the same way as Lemma 2.2.4 and Lemma 2.2.5 were
adjusted to the multi-dimensional counterparts in the proof of Theorem 2.2.12—
and then applying Proposition 2.2.1.

Let

Y51 Ciepo (€(1) = ()" i & € Dewc[0,1]
I, . 8) = for each j =1,....,d,
00 otherwise.
(2.19)

Theorem 2.2.15. (5'7(11), 57(,2), R S'T(Ld)> satisfies the extended LDP in the prod-
uct space (H?:l DIo, 1], Hle T7,) with speed L(n)n® and rate function I°.

Remark 2. Note that Theorem 2.2.12 and Theorem 2.2.15 can be extended
to heterogeneous processes. For example, if the Lévy measure v of the
process X (¥ has Weibull tail distribution v()[x, 00) = exp(—c¢;L(x)z®) where
¢; € (0,00) for each i < dy < d, and all the other processes have lighter tails—
ie., L(z)z®* = o(L;(x)x*") for ¢ > dyp—then it is straightforward to check that
(X'T(Ll), .. ,Xfld)) satisfies the extended LDP with rate function

>0 e (&) =& ()" i & € Dewc0,1]
for j=1,...,do,
and £ =0 for j > do,

00 otherwise.

Id(gh "'75(1) =

Similarly, (5',(11), cee S*fbd)) satisfies the extended LDP with rate function I defined
by replacing D¢ [0, 1] with D¢y [0, 1] in the definition of I¢ above under the
corresponding conditions on the tail distribution of the Z{l)’s.
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2.3 Implications of the extended LDP

This section consists of two parts. In the first part, we develop a large deviation
principle for Lipschitz functions of Lévy processes and random walks. In the
second part, we derive the large deviation principle, for the same processes, in
the Skorokhod space equipped with the M topology.

2.3.1 A contraction principle

Let X,, denote the scaled Lévy processes (Xle), o ,)_(,(Ld)), and let S,, denote

the scaled random walks (gfv,l), cee Sf,,d)) as defined in Section 2.2.2. Recall also
the rate functions I¢ defined in (2.16) and I defined in (2.19).

Corollary 2.3.1. Let (S,d) be a metric space and ¢ : H?Zl D[0,1] — S be a
Lipschitz continuous mapping w.r.t. the J; Skorokhod metric. Set

I'(z) 2 inf I¢ and I'(z) 2 inf I¢
(z) oot (3] (z) oot (&)

and suppose that I' (or I') is a good rate function—i.e., Wp(a) 2 {z € S :
I'(s) < a} (or Vi(a) £ {x €S : I'(s) < a}) is compact for each a € [0,00).
Then, ¢ (Xn) (or ¢ (Sn)) satisfies the large deviation principle in (S,d) with
speed L(n)n® and good rate function I' (or I').

Proof. Since the argument for ¢(S,) is essentially identical, we only prove
the LDP for ¢(X,). We start with the upper bound. Suppose that the
Lipschitz constant of ¢ is ||¢||Lip- Note that the J; distance is dominated
by the supremum distance therefore, |[HE |, < € and |Ry|lec < € implies

that dj, (¢(I%), 6(Xn)) < 2¢[@|uip, where Th £ (Jn @, Ty ), HE £
(Hﬁ(l), cee ok (d)), and R, £ (RS), cee 751d)). Thus, for any closed set F',

P (¢(Xn) € F) <P (¢(Xn) € F.dy, (6(J7), ¢(Xn)) < 2¢]0]|ip)

+ (dJI ((b(jfz)? ¢(Xn)) > 2€||¢)||Lip)

<P (6(3h) € P90 ) 1P (dy, (6(T5), 6(Xn) > 2¢]6]1ip)
(*ﬁ c d,fl(eruasump))

+P (JH: [ > €) + P (J[Rn]loc > €) (2.20)
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Since P (|[H! ||loo > €) < S0, P(| Hi Voo > €/d), and P (| Ry ||0 > €) decays
at an exponential rate, we get the following bound by applying the principle of
the maximum term and Theorem 2.2.12:

1

lim sup ———— log P X,)eF
msup 7o S logP (6 (Xa) € F)
logP (Jk € ¢~ (F2elélniv log P (|[HF||o, >
i sup 122 P Jn € 07X D s 28 (B o > 9
n—soo L(n)n> oo L(n)n®
logP (Jk € ¢~ (F2el9lluiv ] P> e/d
< limsup ) ( n €9 ( )) v lim sup 08 iy (” loo > €/ )
n—00 L(n)ne n—00 L(n)n
log P (|[HE W > ¢/d
S - inf Id(fl,.,_7§d)\/hmsup 08 (H ||a 6/ )
(51,~~~7§d)6¢_1(F2€”¢”Lir)) n— oo L(n)n

From Lemma 2.2.6, we can take k& — oo to get

log P (¢> ()_(n) € F)

lim su < — inf I, . ..,
7L—>00p L(n)n~ (G §d)€¢71(F25H¢”Lip) (= )
_ . /
= weF%P\I{ﬁIILap I'(x). (2.21)

From Lemma 4.1.6 of [22], lim._0 inf_ _ petoni, I'(z) = infyep I'(x). Letting
e — 0 in (2.21), we arrive at the desired large deviation upper bound.

Turning to the lower bound, consider an open set G. Since ¢~1(G) is open,
from Theorem 2.2.12,

lim inf 1 logP (¢(X,) € G) = liminf % logP (X, € ¢ 1(Q))
[e% nOé

n—00 L(n)n n—o00 (n)

> — in I = — inf I'(z).
T (E1,080)€0H(G) (€) T€G ()

2.3.2 An application to actuarial science

In this section, we illustrate the value of Corollary 2.3.1. We consider level
crossing probabilities of Lévy processes where the jump sizes are conditioned
to be moderate. Specifically, we apply Corollary 2.3.1 in order to provide large
deviations estimates for

P ( sup X, (t) > ¢, sup ’Xn(t) - X, (t-)| < b) . (2.22)
t€[0,1] t€[0,1]
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We emphasize that this type of rare events are difficult to analyze with the
tools developed previously. In particular, the sample path LDP proved in [40]
is w.r.t. the L; topology. Since the closure of the sets in (2.22) w.r.t. the L
topology contains the zero function, the LDP upper bound would not provide
any information. On the other hand, we will see that our extended LDP w.r.t.
the J; topology can successfully provide a useful asymptotics.

Functionals like (2.22) appear in actuarial models, in case excessively large
insurance claims are reinsured and therefore do not play a role in the ruin of an
insurance company. In [84], the authors studied the finite-time ruin probability,
using probabilistic techniques in case of regularly varying Lévy measures and
confirmed that the conventional wisdom “the principle of a single big jump” can
be extended to “the principle of the minimal number of big jumps” in such a
context. Here we show that a similar result—with subtle differences—can be
obtained in case the Lévy measure has a Weibull tail.

Define the function ¢ : D[0,1] — R? as

#(&) = (91(€), 92(¢)) = ( sup £(t), sup [£(t) —€(t—)l>~

te(0,1] te[0,1]

In order to apply Corollary 2.3.1, we will validate that ¢ is Lipschitz continuous
and that I'(z,y) = inf feeppo,11:0(6)=(z,y)y 1(§) is a good rate function.

Lemma 2.3.2. The function ¢ : ¢ : D[0,1] — R? is Lipschitz continuous w.r.t.
the Jy topology.

Proof. For the Lipschitz continuity of ¢, we claim that each component of ¢
is Lipschitz continuous. We first examine ¢;. Let &, ¢ € D[0,1] and suppose
w.l.o.g. that sup,c(o11&(t) > supep,1)¢(t). For an arbitrary non-decreasing
homeomorphism A : [0,1] — [0, 1],

[91(§) — @1(¢)| = | sup &(t) — sup ()] =| sup £(t) — sup (o A(t)]

t€[0,1] t€(0,1] t€0,1] t€(0,1]
(2.23)
< sup [€(t) = CoA()] < sup [E(t) — CoA(t)| V [A(t) —t].
te(0,1] te(0,1]

Taking the infimum over A, we conclude that

61(€) = 91(O1 < Jut sup {1E(0) = CAWNVING ~ 1) = i (6,0)

te[0

Therefore, ¢ is Lipschitz with the Lipschitz constant 1.
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Now, in order to prove that ¢o(§) is Lipschitz, fix two distinct paths &, ¢ €
D[0, 1] and assume w.l.o.g. that ¢2(¢) > ¢2(€). Let ¢ = ¢o(¢) — ¢2(£) > 0, and
let t* € [0, 1] be the maximum jump time of &, i.e., ¢p2(€) = [£(t*) — £(t*—)]. For
any € > 0 there exists A* so that

dJl (57 C)

6 {16 = CoAlloe VIA = elloc} 2 1€ = €0 A"l V X" = elloc — .
€)= Co N @) VIEE =) — Co X ()] — . (224)

v

From the general inequality |a — b V [c — d| > 1(la — c| — [b— d]),

€(t") = Co XN ()| V [€(t-) — Co N ()| (2.25)
> (160 — £ )] — [0 A (1) — Co X (1" )
= 1(6206) ~ 6a(C)) = /2. 226)

In view of (2.24) and (2.25), dj, (¢,¢) > 2[6(£) — ¢(¢)| — €. Since € is arbitrary,
we get the desired Lipschitz bound with Lipschitz constant 2.
O

Now, we examine that the function I’ satisfies the necessary conditions of
Corollary 2.3.1.

Lemma 2.3.3. The rate function I' is a good rate function, and it is equal to
€] 6%+ (c— [£]b)" ifo<b<e,
I/(Ca b) =40 ifb=c=0, (227)
00 otherwise.
Proof. Note first that (2.27) is obvious except for the first case, and hence, we
assume that 0 < b < ¢. Note I'(c,b) = inf{I(§) : £ € D¢oo[0,1], ¢(§) = (¢,b)}

since 1(£) = oo for € ¢ D¢oo[0, 1]. Now, define C £ {€ € D¢[0,1], (¢,b) = #(£)}
and remember that any ¢ € D¢[0, 1] admits the following representation:

§= foﬂl[ui,u, (2.28)
i=1

where u;’s are distinct in (0, 1) and x;’s are non-negative and sorted in a decreasing
order. Consider a step function &£ € C, with L%J jumps of size b and one
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jump of size ¢ — L%J b, so that & = ZEIJ bly,,1) + (c — L%J)]I[ULQJHJ]. It
b

is clear that ¢(&) = (c,b) and I(&) = [£] b + (c— [£]b)". Since & € C,
the infimum of I over C should be at most I(&) i.e., I(&) > I'(¢,b). To
prove that & is the minimizer of I over C, we will show that I(§) > 1(&) for
any & = > 2 x;1p,, 1) € C by constructing & such that I(§) > I(¢') while
(¢ = I(fo) There has to be an integer k such that o} = Y°° z; < b. Let
= Z iz ]l[u ,1) where x} is the i*® largest element of {xl,...,:z:k_l,zk}.
Then, {1 eC and I(ehH < I({) due to the sub-additivity of x — z®. Now, given
& = Zk 1 7 ]l[ul 1), we construct £&/1 as follows. Find the first | such that
ch <b. If wl =0 or le =0, set &L & ¢7, Otherw1se, find the first m such
that @nH =0 and merge the [** jump and the m™ jump. More specifically, set
eV el al A —xl), alit 2l —xl A (b—a)), xjﬂ 240 fori #1,m,
and &t £ Ef L2 1y, 1. Note that 277 + 23! = 2] + 2, while either
x{“ = b or xJt = 0. That is, compared to &/, £€/+! has either one less jump
or one more jump with size b, while the total sum of the jump sizes and the
maximum jump size remain the same. From this observation and the concavity
of x + %, it is straightforward to check that I(¢7+1) < I(&7). By iterating this
procedure k times, we arrive at & £ £* such that all the jump sizes of &’ are b,
or there is only one jump whose size is not b. From this, we see that £* has to
coincide with &. We conclude that I(&) > I(€Y) > .- > I(¢F) = I(¢') = (&),
proving that & is indeed a minimizer.

Now we check that ¥y (y) £ {(c,b) : I'(c,b) < 7} is compact for each
v € [0,00) so that I’ is a good rate function. It is clear that Uy () is bounded.
To see that Uy () is closed, suppose that (c1,b1) € ¥/ (). In case 0 < by < ¢y,

note that I’ can be written as I'(c,b) = bo‘{ (¢/b—Le/b])" + c/b] }, from which
it is easy to see that I’ is continuous at such (c1,b1)’s. Therefore, one can find
an open ball around (¢, b1) in such a way that it doesn’t intersect with Wy (7).

By considering the cases ¢; < by, by = 0, by = ¢1 separately, the rest of the cases

are straightforward to check. We thus conclude that I’ is a good rate function.
O

Now we can apply Corollary 2.3.1. Note that

I'(z,y) = inf I'(z,y) = I'(c,b).

inf
(z,y)€[c,00) % [0,b] (z,y)€(c,00) x[0,b)
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That is the large deviation lower and upper bound coincide and hence,

log P (SUPte[o,u X, (t) > ¢, SUD¢e(0,1] ‘)_(n(t) - )_(n(t—)| < b)

nlgrolo L(n)n®
€] b+ (c— [£]b)" ifo<b<c,
=40 ifb=c=0,
00 otherwise.

From the expression of the rate function, it can be inferred that the most
likely way level ¢ is reached is due to L%J jumps of size b and one jump of size
(c - L%J b). If we compare this with the insights obtained from the case of
truncated regularly-varying tails in [84], we see that the total number of jumps
is identical, but the size of the jumps are deterministic and non-identical, while

in the regularly-varying case, they are random and identically distributed.

2.4 LDP with respect to the M| topology

2.4.1 Nonexistence of LDP in the J; topology

Consider a compound Poisson process with arrival rate equal to 1 whose jump
distribution is Weibull with shape parameter 1/2. To elaborate more, let
X, (t) & %Zi]i(lnt) Z; —t with P(Z; > x) ~ exp(—z%), EZ; = 1, and a = 1/2.
If X, satisfies a full LDP w.r.t. the J; topology, the rate function that controls
the LDP (with speed n®) associated with X,, should be of the same form as the
one that controls the extended LDP:

I(é-) — { Zte[o,l] (f(t) - f(t_))a lff € Dgoo[(), 1]7

0, otherwise.

To show that such an LDP is fundamentally impossible, we construct a closed

set A for which B
logP(X, € A)

lirrlri)solip a > —Eigg I(¢). (2.29)
Let
ps1(6) = lim sup ((v) = &(w).

=0 0V (s—e)<u<v<1A(t+e)

Let Acs ¢ 2 Le: ©s.t(§) > ¢} be, in rough terms, the set of paths which increase
at least by c between time s and ¢. Then A, is a closed set for each ¢, s, and
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t. Next, define

-1

m
A
A 2 (A et o, ) 0 (At rmin) 0 (N Ay i i)
j=0

where h,, and let

_ 1
= D mr2)

A2 A,

1

S

To see that A is closed, we first claim that ¢ € D[0, 1]\ A implies the existence
of € >0 and N > 0 such that B(¢;e) N A, = 0 for all m > N. To prove this
claim, we argue by contradiction. It is straightforward to check that for each n,
there has to be sy, t, € [1 —1/n,1) such that s, < t,, and ((t,) — ((sn) > 1/2,
which in turn implies that ¢ must possess an infinite number of increases of size
at least 1/2 in [1 — §,1) for any 6 > 0. This implies that ¢ cannot possess a left
limit, which is contradictory to the assumption that ¢ € D[0, 1]\ A. On the other
hand, since each A,, is closed, Uil A; is also closed, and hence, there exists
€ > 0 such that B(¢;¢')NA,, =0 form=1,..., N. Now, from the construction
of e and €, B(¢,eVe')N A =0, proving that A is closed.

Next, we show that A satisfies (2.29). First note that if £ is a pure jump
function that belongs to A,,, & has to possess m upward jumps of size 1/m? and
2 upward jumps of size 1, and hence,

. S 1/2 | 11/2 2y1/2) _ 3 .
ggﬁl[(f)ilg’f(l +1Y2 4 m(1/m2) ) 3 (2.30)

On the other hand, letting AE(t) £ £(t) — &(t—),
P(X(n+1 yn+2) € An)

o : - : 1
(n+1)j+nt (n+1)
> H P(t;g’l X(nt1)(nt2) ((n+1)(]n+2)) = X(nt1)(nt2) ((n+1)(n]+2)>} > nz)

[ sup AX” : (mmwm)}zl)
<t€(()1 (n+1)(n+2) \ (n+1)(n+2)

[ sup {AX” § ((n+1><n+1)+nt)}21>
(te((),l] DD i (nt2)

= P(tiﬁ)ﬁ] {X(n+1)(n+2) (W&H))} N nlz>n
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2
'P< sup {AX(TL+1)(71+2)(W)} > 1>

t€(0,1]
(n—i—l)(n—i—?))"
=P sup {X(nt)y > ——=——7>
(te[o,l]{ ( )} n?

-P< sup {AX(nt)} > (n+1)(n+2)>2

te[0,1]

zP( sup {X(nt)} zﬁ)n-P( sup {AX(nt)} z(n+1)(n+2>)z7

te[0,1] tef0,1]
and hence,
X 1og P (X (n11)(nt2) € A
lim sup log P(Xn € 4) > lim sup 8 PX i1t & )
n—00 ne n—00 ((TL + 1)(TL + 2))
logP<supte[0,1] {X(nt)} > 6)
> limsup =
log P (SuPte[O,l] {AX(nt)} >n+1)(n+ 2))
+ 2lim su =
ey (n+ D)(n+2)
= (I) + (ID).

Letting p,, = P(supte[o’n] {X(t)} < 6),

. log(1 —p,)" . npy log(1 — py,) /Pn
I) =limsu ~ =limsu -

lims —"Pn

(2.32)

)

since p, — 0 as n — co. Next, observe that
(Z1> (n+1)(n+2)} = { sup {AX(nt)} > (n+ 1)(n+2)}
t€[0,1]

and conclude
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o3 P supycq {AX (0} = (04 D0+ 2))

(IT) = 2lim sup

n—00 ((n—|— 1)(n+2))a

' 10gP<Z1 > (n+ 1)(n+2)> ' loge_((n+1)(n+2))a
> 2lim sup = = 2lim sup o

n—00 ((’I’L+ 1)(n+2)) n—00 ((Tl+ 1)(n+2))
=-2. (2.33)

From (2.31), (2.32), (2.33),
limsup 8P X €4) oo (2.34)
n—o00 n«

This along with (2.30),
logP(X, € A
limsupu > —2>-3> —inf I(§),
n—o00 ne £eA

which means that A indeed is a counterexample for the desired LDP.

2.4.2 The LDP with the M| topology

Recall that X,,(t) £ 21X (nt) — tEX (1) and S, (t) = 2 S"I")(Z, - EZ). In this

T n

section, we establish the full LDP for X,, and S, w.r.t. the M/ topology. Let
2 te0,1] (&(t) — &(t—))™  if € is a non-decreasing pure jump
Ing(€) & function with £(0) > 0,

00 otherwise.

(2.35)
The following lemma ensures that Ips; is indeed a good rate function. Note
that I and Iy, differ only if the path has a jump at either 0 or 1.

Proposition 2.4.1. Iy is a good rate function w.r.t. the M topology.

Corollary 2.4.2. The stochastic processes X, and S, satisfy the LDP in
(D[0, 1], Tasy) with speed L(n)n® and good rate function Iy .
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Proof. Since the proof for S, is essentially identical, we only provide the proof for
X,,. From Proposition 2.4.1 we know that Iy is a good rate function. For the
LDP upper bound, suppose that F is a closed set w.r.t. the M; topology. Then,
it is also closed w.r.t. the J; topology. From the upper bound of Theorem 2.2.7
and the fact that Iy (§) < I(§) for any £ € D[0, 1],

. logP(X,, € F) L L. .
3 < = < — ’ = — ’ .
DS T T = (O = i A Lo (€)= = Juf D ()

Turning to the lower bound, suppose that G is an open set w.r.t. the M/ topology.
We claim that

inf Ipp (&) = inf 1().
dnf Ty, (€) = inf I(€)
To show this, we only have to show that the RHS is not strictly larger than the
LHS. Suppose that Iy () < I(§) for some & € G. Since I and Iy differ only if
the path has a jump at either 0 or 1, this means that £ is a non-negative pure
jump function of the following form:

§= Zzi]]-[ui,l]y
=1

where u; = 0, ug = 1, w;’s are all distinct in (0,1) for ¢ > 3 and z; > 0 for all
1’s. Note that one can pick an arbitrarily small € so that Zie{n:un<e} zi < €,
Y ic niun>1—e} % < € € # u; for all ¢ > 2, and 1 — € # u; for all i > 2. For such
€’s, if we set

Ee 2l + 22lp_eq + Zzil[ui,l}v
i=3
then dyy; (€,6) < e while I(§.) = I (§). That is, we can find an arbitrarily
close element &, from & w.r.t. the M| metric by pushing the jump times at 0 and
1 slightly to the inside of (0, 1); at such an element, I assumes the same value
as Ip(§). Since G is open w.r.t. M, one can choose € small enough so that
¢ € G. This proves the claim. Now, the desired LDP lower bound is immediate
from the LDP lower bound in Theorem 2.2.7 since G is also an open set in the
J1 topology. O
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2.5 Technical proofs

2.5.1 Proofs of Lemma 2.2.3, 2.2.5

Proof of Lemma 2.2.3. We start with I. To show that the sub-level sets Wy (vy)
are closed for each v < 0o, let € be any given path that does not belong to ¥y (7).
We will show that there exists an € > 0 such that dj, (£, U;(y)) > €. Note that
U (7)f=(ANBNCND) = (A U(ANB°)U(ANBNC)U(ANBNCNDe)

where

A={£eD|0,1]:£(0) =0 and £(1) = £(1-)},

[
B = {£ € D[0,1] : £ is non-decreasing},
C ={¢ e DJ[0,1] : £ is a pure jump function},
D = { € D[0,1] : Syepp(60) — E(1-))" < 7).

For £ € A°, we show that dj, (£, ¥;(v)) > & where 6 = 1 max{|¢(0)], [{(1) —
&(1-)|}. We argue by contradiction. Suppose that there exists ¢ € ¥;(y) such
that d, (€, €) < 6. Then |C(0)] > |¢(0)|—26 and C(1)—C(1-)] > [6(1)—€(1-) -
26. That is, max{|¢(0)], [C(1)—=¢(1=)[} > max{[£(0)[ =26, [£(1)—£(1—)[—-26} = 0.
Therefore, ¢ € A, and hence, I({) = oo, which contradicts the assumption that
Cev(y)

If £ € AN BS, there are Ty, < T; such that ¢ £ £(Ts) — £(T;) > 0. We
claim that dj, (§,¢) > ¢/2 if ( € (). Suppose that this is not the case and
there exists ¢ € Wy() such that dj, (£,{) < ¢/2. Let A be a non-decreasing
homeomorphism A : [0, 1] — [0, 1] such that || o A — £|lec < ¢/2, in particular,
CoATs) > &(Ts) —¢/2 and € o A(Tt) < &(T3) + ¢/2. Subtracting the latter
inequality from the former, we get ¢ o A(Ts) — o A(Ty) > &(Ts) — £(Ty) —c = 0.
That is, ¢ is not non-decreasing, which is contradictory to the assumption
¢ € ¥y(7). Therefore, the claim has to be the case.

If ¢ € AN BN CS, there exists an interval [Ty, T3] so that £ is continuous and
c 2 &(Ty) — €(Ts) > 0. Pick § small enough so that (¢ — 26)(26)*~! > v. We will
show that dj, (&, ¥r()) > d. Suppose that ¢ € () and d, ((,€) < J, and let
A be a non-decreasing homeomorphism such that || o A — £||o < d. Note that
this implies that each of the jump sizes of ¢ o A in [Ts, T3] has to be less than
2§. On the other hand, ( o A(T}) > &(Tt) — ¢ and (o M\(Ts) < &(Ts) + 6, which in
turn implies that ¢ o A(T3) — (o A(Ts) > ¢ — 24. Since € o A is a non-decreasing
pure jump function,

c—=20<CoMTy) —CoMT) = > (CoA(t)—CoA(t-))

tG(Ts,Tf,]
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= Y (Cort) —CoA(t—))"(CoAt) —CoA(t—)) "

te(Ts,Tt]

< D (CoAt) = CoAE-)(26)

te(Ts,Tt]

That is, Tper, ) (C 0 M) = € o M) = (20271 — 20) > , which s
contradictory to our assumption that ¢ € ¥;(~y). Therefore, dj, (£, ¥ (7)) > 0.

Finally, let £ € AN BN C N DS This implies that ¢ admits the following
representation: £ = Y7, 21y, 1) where u;’s are all distinet in (0,1) and
oo @ > . Choose k and § appropriately so that Zle(zi —20)* > . We
will show that dj, (§,¥;(y)) > 6. Suppose that this is not the case. That
is, there exists ¢ € U;(y) so that dj, (§,{) < §. Let A be a non-decreasing
homeomorphism such that [|¢ o A — ¢[|c < 0. Thus for each i € {1,...,k},
CoMuy) —CoA(u;—) > &(u;) — &(ui—) — 26 = x; — 24, and hence,

k k
I(Q) = Y (CoAlts)—CoA(ti-)) ZCoA u;) —CoA(u Z “ >,

telo,1]

which contradicts the assumption that ¢ € Uy(y). For Ii, notice that the
effective domain D[0,1] is a closed subspace of D¢oo[0,1]. Since Iy is the
function I restricted in D0, 1], we have that Iy is also a lower semi-continuous
function. O

Proof of Lemma 2.2.5. The inequality is obvious for infeeq I(§) = oo therefore,
we assume that infecq I(§) < oo. Consequently, there exists a § € G such
that I(&) < infeeq I(§) + 0. Since G is open, we can pick € > 0 such that
By, (€0;2¢) C G so that By, (§0;¢) € G °. Note that since I(§y) < oo, & has
the representation &y = Zf; @il 1) where z; > 0 for all i = 1,2, ..., and the
u;’s all distinct in (0,1). Note also that since I(&) = Y 0q 2 < 0o with a < 1,
Zfil x; has to be finite as well. Thus, there exists K such that k£ > K implies
> i1 Ti < €. For these e and K, we claim that infecg-c Ix(§) < infecq I(€)+0

holds. For any given k > K, let & = Zle 21y, 17, then I (§1) < I(&o) while

dy, (0,€1) < (|60 — &1l < E;')ik+1 x; < e. That is, & € By, (o;€) € G™°.
Therefore,

0 T(€) < 1(6) < T(60) < Inf 1)+,
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2.5.2 Proof of Lemma 2.2.4

We prove Lemma 2.2.4 in several steps. Before we proceed, we introduce some
notation and a distributional representation of the compound Poisson processes
Y.. The following representation for the time-scaled compound Poisson process
is a straightforward modification of the distributional representation on page
305 of [55]; see also exercise 5.4 on page 163 of [83]:

Nr

/ V(O] x d) 2 Y0 QE (ML (),

=1

where I' = E1 + FEs + ... + Ej; E;’s are i.i.d. and standard exponential random
variables; Ul s are i.i.d. and uniform variables in [0,1]; N, = N, (10,1] x [1,00));
N, Zl 1 0(U,,Q (1)), Where 0(; 4y is the Dirac measure concentrated on (x,y);
Qn(x) £ nvjz,00), and Qf (y) £ inf{s > 0 : nu[s,00) < y}. It should be noted
that Nn is the largest [ such that I'; < nvy, where 14 £ v[1,00), and hence,
N,, ~ Poisson(nvy). Recall the definition of J¥—the process which keeps (up
to) the k biggest Z;’s among Z1, ..., Zn(y). From this and the observation that
Q% (T;) is decreasing in [, we conclude that J* has the following distributional
representation:

k k
TEO2 S Qr ()~ HE <K Y @ Tl ().
i=1 .

a 3<k .
=77 () é‘]sk(v)

Roughly speaklng, Qi (T1)/n,...,Q (T'y)/n) represents the k largest jump
sizes of Y,,, and J Sk can be regarded as the process obtained by keeping only
the k largest jumps of Y, while disregarding the rest. Lemma 2.5.1 and Corol-
lary 2.5.2 prove an LDP for (Qf (T'1)/n,...,Q5 (T'x)/n,Uy,...,Us). Subse-
quently, Lemma 2.5.3 yields a sample path LDP for jfk Finally, Lemma 2.2.4
is proved by showing that J* satisfies the same LDP as the one satisfied by Jf’“

Lemma 2.5.1. ( S(T)/n, QF (T2)/n, ....,Q,‘L_(Fk)/n) satisfies a large devia-

[e3

tion principle in Ri with normalization L(n)n®, and with good rate function

(2.36)

Eo oo
. Yoy fri>ae > > >0
Ik(thmk) :{ =1 ’

00 otherwise.
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Proof. Tt is straightforward to check that I}, is a good rate function. For each
fe Cb(Ri), let

log ( Belmn F(QF (C0)/m. Qi (0)/nes QT (0)/m) | | (2.37)
n—oo L(n)n®

Applying Bryc’s inverse Varadhan lemma (see e.g. Theorem 4.4.13 of [22]), we
can show that (@5, (I'1)/n, ..., @, (I'x)/n) satisfies a large deviation principle
with speed L(n)n® and good rate function Iy (z) if

A = sup {£(2) — Iu(2)} (2.38)

xGRi

for every f € Cy(R%).

To prove (2.38), fix f € Cp(R%) and let M be a constant such that | f(z)| < M
for all z € Rﬁ. We first claim that the supremum of A £ f — I}, is finite and
attained. Pick a constant R so that R* > 2M. Since A is upper semi-continuous
on [0, RJ*, which is compact, there exists a maximizer & = (21,..., %) of Ay on
[0, R]*. Since

sup {f(z) —Ip(z)} > sup f(z)>-M
x€[0,R]* z€[0,R]*

and

sup  {f(x) = In(x)} < sup  {f(z) —2M} < —M,
zERY\[0,R]* zERY\[0, R
Z is, in fact, a global maximizer. Now, it is enough to prove that

Ap(2) <liminf ————1log T¢(n) and limsup ————

n—o00 (n)n n—00 (n)na

Yoin) & L()n® f (@5 (1) /me @5 (it 4u) /1) o= Sy i g e

7(n) /R € e Yr - dy
+

We start with the lower bound—i.e., the first inequality of (2.39). Fix an

arbitrary e > 0. Since Aj is continuous on Ao = {(z1,...,2;) € RE :

xp > -+ > xk}, there exists § > 0 such that x € B(fc;2\/E6) N A, implies
Ag(z) > Ap(a) — e Since []_;[#; + 6,45 + 20] € B(4:2vkd) and Qf () is
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non-increasing, Q:(Zgzl yi)/n € [&; +9,2; +260] for all j =1,...,k implies
Q5 (y1)/ny ..., Q5 (y1 + -+ +yx)/n) € B(2;2Vk6), and hence,

Ap(Qr (y1)/my @y (yr + -+ ) /n) = Ap(2) — e (2.40)

That is, if we define DI (= Dy" "% ~") as
D} 2 {y; € Ry : Qi (X)_y wi)/n € [&; + 6,5 + 261},

then (2.40) holds for (yi, ..., yx)’s such that y; € DJ for j = 1,..., k. Therefore,

T¢(n) (2.41)
:/ [eL(nmﬂAf(Q,T<y1)/n7...,Q:<y1+-»-+yk)/n)
R

L) T QF (T w) = v dyi ... dyk}

S / . / {eL(”)”WA.f (@ (W) /meee Qi (yat--4y) /)

- Dl Dk

LM T QT (i u) X vigy, dyl}

eL(n)n” (Af(if?l,...7§fk)—€) L) >k QE(Zioy y) =k, Yidyy, . .. dy

S
==

>/ [ et (Mg =€) L) SE, (n(iﬁé))a—zf:lyidyk_”dyl
~ Jpu D

_ L (Mg (@1nin) =€) L) SEy (n(@48)"

£, £,

/ / e~ Sy, dyy, (2.42)
Dy, Dk

211,

where the first equality is obtained by adding and subtracting the quantity
L(n) Zle Qf (Z;:l y;)® to the exponent of the integrand. Note that by the

construction of the DJ’s,

Qn(n(2; +20)) <yr+ - +y; < Qu(n(@; +9))
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on the domain of the integral in (III),,, and hence,

k
(IIT), > e~ Qn(nEnto) H (Qn n(@: +0)) — Qn(n(@: + 25))). (2.43)

Since @, (n(i:k + 5)) — 0 and
L (n(&; 4+ 0)) n*(&; + 0)* — L (n(&; + 20)) n™(&; + 26)* = —0

for each 1,

1
liminf ————log (III),,

W Tin)ne
> liminf — (— @ulnix +9))) (2.44)

n—oo L(n)n®
+ Zliggf T ) —log (Qn( (Zi +6)) — Qu(n(@; + 26)))

k

=2 lminf 7y 1) log Qn (n(; + ) (1 - W)

= Zliminf —L (n(#: +9)) n* (& +9)
n—oQ

2.45
L(n)n® (245)
log (1 — eL(n@+O)n" (248)° ~L(n(::+20)n" (2::+20)° )
+ Z hgr—lgo%f L(n)n®
k
== (& +0)" (2.46)
i=1

From this, along with

- 1 o 1
Ty R STy Ay

:Af(i’l,...,.’ik)f€

log (e"aL(") (Af(ilw-,ik)—e))

and

1
R e L)

1
log (II),, = lilrgioréf Y o)

log (e Tizi (n@i+a)™)
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k
sz—i—é

we arrive at

Ap(2) —e< lgggf Lone log Y ¢(n). (2.47)

Letting € — 0, we obtain the lower bound of (2.39).
Turning to the upper bound, consider

DR,” £ {(y17y27' .. 7y/€) : Q;L_(yl)/n < R}’

and decompose T ¢(n) into two parts:
Tf(n) = / L(n)n (Q(_(Il)/n ’Qf(ﬂUlJr---er’“)/”) e Yo Tidey ... dxy
Dgr,n

+/ LT (@ @)/ Q0 rttan) ) ~Xa iy | day.

We first evaluate the integral over Dg . Since |f| < M,

/ L (Q (@) /mee Qi (wrotwi) /n) = Sy g

R,n

- /eL(")"“f(QW“>/"v-"va(”1+“'+”k>/") e Z T (Gr (0 ms e - - da

_ /eL(n)naf(Q:(m)/n,...,Q:<z1+-~+xk-)/n) TN o mrydan . da

S/ L(n)n® M Zl N 11{x1<Qn(nR)}d$1 dek < eL(n)nO‘M(l 767Qn(nR))

Turning to the integral over Dpg.,, fix € > 0 and pick {#(V),... 2™} c R+ in
such a way that {H?Zl[i‘y) — €, 505-” + 6]}l . covers Ag. Set

Hpny 2 {(yl, o) €EREQE (D yy) ne [V —e iV +e)vie {1, k}}
j=1
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We see that Dg,, C J;~; Hg,n,, and hence,

/ L™ 1 (@0 1) /e Qi Wit 4w) /) = S v gy
DR n

/ n (@1 @) /1o Qi b)) = Sy v gy -
Han

L(n YA Q5 (1) /M QE (yr++ i) /)

:

L) i-;lQ,?(z;:lym—z’f:lyidyl“dyk}

/,W
-,

< Z L) Ap(21,22,....8k) o L(n) Qi y) = v dyy - - - dyg
=1 R n,l
=3 LA (o ann) / (L) S @ (S 1) =S v gy -y
=1 Hpg n,i
£H(R,n,l)
(2.49)

Note that the first equality is obtained by adding and subtracting the term
L(n )Zl 1 Q“(Zj 1Y5)% to the exponent of the integrand. Since

Qs (i) /ne [5) —e 7 +¢
= Qu(n(@" + ) < X!y < Qu(n(@” - ¢)),

we can bound the integral in (2.49) as follows:

/ LM S @ (Simaw)™ =S v gy L dy,
HR n,1
. (1) “ )
S / eL(n) Z?:l (n(zl _E)) _Z?ZI Yi dyl . dyk
Hp,n,1
< / LT (30 -0) " =Qu (n(+e)) dyi ... dyx
HR,n,

_ LT (0@ -0) " ~@n (n(# +0) / dys ..
HR,n,

- dyy,
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_ eL(n)nO‘ >t 71(I(I)76)a (n(ig)Jre )

:?v

(@@ = 9) = Quln(@" +0))).
(2.50)

i=1

With (2.49) and (2.50), a straightforward calculation as in the lower bound leads
to

limsup ————

1
msup s —log H(R, n,1)

1
< limsu
- n—>oop L(n)na

log (eL(n)naAf(:i:l,ai‘g,...:i’k))

+ lim sup ! —log <€L(")"a (@ e)a‘Q’l("(iil)J”e)))
n—oo  L(n)n®
+ Z lim SUp 7o (Qn( ( 5)) —Qn (”(@(‘l) + 6)))
n— oo
= Af(xl, . ,l‘k).
Therefore,
I L log T (n)
imsup ——— lo n
nane L{nyne &
o 1
_ 1 L(n)n*M .
hrrlnjotip 7L(n)na log (e Qn(TLR)) vV hﬂs’;ip 7L(n)n0‘ logH(R, n,l)
< (M =RV Ap(d1,...,28) = (M — R*)V sup {f(z) — Iy(z)}.

x€R

Since R was arbitrary, we can send R — oo to arrive at the desired upper bound
of (2.39). O

The following corollary is immediate from Lemma 2.5.1 and Theorem 4.14 of
[39].

Corollary 2.5.2. (Qf (T'1)/n,...,Q5 (T'x)/n,Ui,...,Uk) satisfies a large de-
viation principle in R’i x [0, 1]% with speed L(n)n® and good rate function

Siia if w1 >ap > > and
Uy, ..., ug € [0,1], (2.51)
00 otherwise.

I(21, ... T, ur, .. ug) 2
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Recall that JSF = %Zle Qs (T'i)1jy, 1) and rate function I;, defined in
(2.9). We next prove a sample path LDP for JS*.

Lemma 2.5.3. JSF satisfies the LDP in (D[0,1],77,) with speed L(n)n® and
rate function I.

Proof. First, we note that I is indeed a rate function since the sublevel sets of
Ij;, equal the intersection between the sublevel sets of I and a closed set D[0, 1],
and [ is a rate function (Lemma 2.2.3).

Next, we prove the LDP in D [0, 1] w.r.t. the relative topology induced by
T75,- (Note that Ij is a rate function in D¢[0,1] as well.) Consider the map
Ty (z,u) 2 Zle i1y, 1] Since

inf  I(z,u) = I (€)
(m,u)€T, (8

for £ € D0, 1], the LDP in D¢ [0, 1] is established once we show that for any
closed set F' C D¢[0, 1],

limsup ———— log P (.]Angk € F) < - inf I (z,u), 2.52
n_,oop L(n)n® & T (muw)eTH(F) (@) (2:52)

and for any open set G C D¢[0,1],

. s o 1 A<k
— < - X . .
inf I (x,u) < liminf T logP (Jn € G) (2.53)

(e) €T H(G) n—oo L(n)

We start with the upper bound. Note that

. 7<k
thLn:olip Ln)ne log P (Jn € F)

. 1 1
- hyrlri)sotiprgP((Q:(Fl),...,Q:L_(I‘k),Ul,...,Uk) eT; (F))

. 1 1 e
< h:LILSO%pWIOgP ((Qg(rl)an;?(rk)leaaUk) € Tk (F) )
< - inf fk(gcl,...7xk,u1,...,uk).

(@1, @p,ut,. . ug ) ET, H(F) ™

In view of (2.52), it is therefore enough for the upper bound to show that

inf I (z,u) < inf I ().
(z,u) €T (F) (zu) €T (F)~
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To prove this, we proceed with proof by contradiction. Suppose that

c= inf  Ip(z,u) > inf I, u). (2.54)
(@) €Ty (F) (@) €T, (F)~

Pick an € > 0 in such a way that inf(z)u)eTk_l(F)_ In(x,u) < ¢ — 2e. Then
there exists (v*,u*) € T, '(F)~ such that I(z*,u*) < ¢ — 2. In addi-
tion, let Iy (x1,..., 25, u1,...,ug) = Zle x%. Since I} is continuous, one can
find (z/,u') = (29,...,2),uy,...,up) € T, ' (F) sufficiently close to (z*,u*)
so that Iy(2',u') < ¢ —e. Note that for any permutation p : {1,...,k} —
{1,. o k}, (2, u”) = (x;(l), . ,x;(k), u;(l), o ,u;(k)) also belongs toﬁTk_l(F)
and I (2", u") = I(2',u') due to the symmetric structure of Ty and Ij. If we
pick p so that x;(l) > > x;(k), then

I(2" ") = Ix(2',u)) < e — e < inf I (z,u),
(zu) €T, (F)

which contradicts (z”,u”) € T, '(F). Therefore, (2.54) cannot be the case,
which proves the upper bound.
Turning to the lower bound, consider an open set G C D0, 1].

P 1 2<k

1
:hminfmlogp((cg;(rl),...,Q;(rk),Ul,...,Uk) e ! (G))

n—oo L(n)

. 1 _ °
z1Lrgng10gP((Q:(m...,Q:(Fk)7U1,...7Uk) €T, (G)°)
> — inf fk(xl,...,xk,uh...,uk).

(T1,0e Ut ur ) €T, H(G)°

In view of (2.53), we are done if we prove that

inf Iy(z,u) < inf I (x,u). (2.55)
(z,u)€T, H(G)° (z,u) €T, H(G)

Let (z,u) be an arbitrary point in T} '(G) so that T, (z,u) € G. We will show
that there exists (z*,u*) € T}, ' (G)° such that Iy(z*,u*) < I (z,u). Note first
that if u;, € {0, 1} for some ¢, then x; has to be 0 since G C D0, 1]. This means
that we can replace u; with an arbitrary number in (0,1) without changing
the value of I, and Ty. Therefore, we assume w.l.o.g. that u; > 0 for each
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i =1,...,k. Now, suppose that u; = u; for some i # j. Then one can find
(2',u’) such that Ty (z',u') = Tg(z, u) by setting
A /
(@) & (1, @iy, 0 T U, U U e, UE),
N—— ~—~— ~—~ - _./
i*® coordinate  j*® coordinate k—+i*® coordinate k+j*®coordinate

where v} is an arbitrary number in (0,1); in particular, we can choose u
so that u} # w for [ = 1,..., k. It is easy to see that I(2',u') < fk(x,u).
Now one can permute the coordinates of (z’,u’) as in the upper bound to find
(2", u") such that Ty (2", u") = Tj(x,u) and I (2", u") < I}(z,u). Tterating this
procedure until there is no ¢ # j for which u; = u;, we can find (z*, u*) such that
Ti(z*,u*) = Ti(z,u), u’s are all distinct in (0, 1), and Ip(z*,u*) < Ii(x,u).
Note that since T} is continuous at (z*,u*), Tk (2z*,u*) € G, and G is open, we
conclude that (z*,u*) € T, ' (G)°. Therefore,

inf I (z,u) < Iip(z,u).
(z,u) €T, (G)°

Since (z,u) was arbitrarily chosen in T}, ' (G), (2.55) is proved. Along with the
upper bound, this proves the LDP in D¢[0, 1]. Finally, since D0, 1] is a closed

subset of D[0, 1], P(JS* ¢ Dei[0,1]) = 0, and I, = co on D[0,1] \ D0, 1],
Lemma 4.1.5 of [22] applies, proving the desired LDP in D|0, 1]. O

Now we are ready to prove Lemma 2.2.4.

Proof of Lemma 2.2.4. Recall that

k

T = 2@ (Tl — I{Nn<k} Z @ (T, -

1=1 i=N,+1

+<k M
=J3 —JSk

Let F' be a closed set and note that
P(J} € F) = P(J5F - J
<P(JSF—Js¥ € F,1{N(n) < k} = 0) + P(1{N(n) < k} #0)
<P(J$F € F) + P(N(n) < k).

F_JskerF)

From Lemma 2.5.3,

, logP(JF e F) logP(JSF e F) lo
1 - i AP 1 = A S . e \VA PSS S S A
e T Ll T ST L{ngne s T L(nne
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<
> gnelgjk(g)’

since limsup,,_, W log P(N(n) < k) = —co.
Turning to the lower bound, let G be an open set. Since the lower bound is
trivial in case inf,eq I (z) = 0o, we focus on the case inf,cq I (z) < oo. In this

case,

logP(J* € G)

hnnilo%f L(n)n>
Jk V(n) > J<k V(n) >
> lim inf logP(JF € G, N(n) > k)  liminf logP(JS" € G, N(n) > k)
n—00 L(n)n> n—oo L(n)n>
> lim <k o
> hnrgloréf )= log (P(Jn €G)—P(N(n) < k))

— limi 1 7< P(N(n) < k)
_hmlnfmlog (P(Jnk c Q) <1 . ))

n—oo

= Timinf {log (P(Jfk € G)) +log {1 - W) }

n—oo L(n)n®

1 A
= lim inf OLG log P(JS* € G) > — inf I,,(€).
The last equality holds since

iy BN <)
noe P(JSF € @)

1 P(N( )< k) 1 P( <k c G) L(n)n®

n—oo L(n)n~ L(n)n
which in turn follows from

1 -
li —— logP(N =—
i sup LG ogP(N(n) < k) 00

and

i
e L(nne

logP(JSF € G) < iné]k(:c) < 00.
TE
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2.5.3 Proof of Lemma 2.2.6

In our proof of Lemma 2.2.6, the following lemmas (Lemma 2.5.4 and Lemma 2.5.5)
play key roles.

Lemma 2.5.4. For each e > § > 0,

logP (maXlSjggn 25:1 (Zi]l{Zigné} — EZ) > ’I’LG)
lim sup

n—oo L(n)n

< —(/3)(e/8) .
(2.57)

Proof. We refine an argument developed in [47]. Note that for any s > 0 such
that 1/s < nd,

Ee?tzsn) = Eet M7t 1y 1y + Be 7175 1y 1y = (1) + (1), (2.58)

and

(1) = / eVdP(Z < ) + / dP(Z < y)
[1/s,nd] (nd,o0)

(nd)

(1/s)

=e"™P(Z <nd) —eP(Z < 1/s)

- s/ e*Vdy + s/ eVP(Z > y)dy + P(Z > nd)
[1/s,né] [1/s,nd]

=e"P(Z <nd) —eP(Z < 1/s) —e™™ + e

= [esyP(Z < y)} - s/[l/ : eP(Z < y)dy + P(Z > nd)

+ s/ e*P(Z > y)dy + P(Z > nd)
[1/s,nd]

= —"P(Z >nd) +eP(Z > 1/s) + s/ eP(Z > y)dy + P(Z > nod)
[1/s,né]

< 5/ eP(Z > y)dy + eP(Z > 1/s) + P(Z > nd)
[1/s,né]
< s/ VP (Z > y)dy + s*(e + 1)EZ?, (2.59)
[1/s,n6]
where the last inequality is from P(Z > nd) < P(Z > 1/s) < s> EZ?; while

1/s 1/s
(IT) < / eVdP(Z < y) < / (1+sy+(sy)*)dP(Z < y) < 1+sEZ+s* EZ*.
0 0
(2.60)
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Therefore, from (2.58), (2.59) and (2.60), if 1/s < nd and s is sufficiently small,

no
Ee*Zlizsns} < s/ VP (Z > y)dy + 1+ sEZ + s*(e + 2)EZ?
1

no
= s/ V1 dy +1 4 sEZ + s%(e + 2)EZ>
1

< sn6e*™ 1) 11 4 SEZ + 5%(e + 2)EZ2, (2.61)

A

where q(z) £ —log P(Z > x) = L(x)z®, and the last inequality is from the fact
that e5¥~9(%) is increasing over [1/s,nd] due to the assumption that L(y)y®~ ' is
non-increasing for sufficiently large y’s. Now, from the Markov inequality,

J
P <Z (Zil{z,<nsy — BZ) > ne)

=1

J
<P (exp <sZZi]l{Zi<m;}> > exp (s(ne +jEZ))>

=1
< exp {—s(ne+ jEZ) + jlog (Ee*#t(z=ns})

< exp {—s(ne +iEZ)+j (snéesn‘;_q("‘s) +sBZ + s%(e + 2)EZ2)}
= exp {—sne + jsnoesIma1m0) 4 2 (e 4 2)EZ2}

< exp {fsne + 2n256e°m0~10) | 9% (e 4 2)EZQ} (2.62)

for j < 2n, where the third inequality is from (2.61) and the generic inequality
log(z + 1) < 2. Fix v € (0,(¢/6)17%) and set s = %. Note that 1/s — oo as
n — oo, while 1/s < nd for sufficiently large n. From now on, we only consider
sufficiently large n’s such that 1/s < nd and s is sufficiently small so that (2.61)
and (2.62) are valid. To establish an upper bound for (2.62), we next examine

es9=a(n%)  Note that q(ne) = g(nd) fE:g (6/€)~*, and hence,

~q(ne) L) 5 /ey1-a
— = - - — 1 -
sndé — q(nd) e nd — q(nd) q(nd) ( 7L(n5) (6/¢€) ’
and
no—a(nd) < (—a(nd) (1=v £ 6/ ™). (2.63)
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Plugging this s( = %ﬁe)) into (2.62) along with (2.63),

J
,max P (2 (Zil{z,<nsy — EZ) > ne>

2746 () (1 L) —ay  10742EZ? 2
< exp {_’WJ(ne) e nq(ne)e a1 £ 079" ) . 20 2 e } .
€ € n
Since
lim sup 1 2vénq(ne) o) (17 EES 3/ ) _ 0,
n—oo L(n)na €
and s )
1 10v*EZ
lim sup el a(ne) =0,

nooo L(n)n® €2 n
we conclude that
1 J
hin—ilip W logog%);nP (; (Zi]].{Zign(;} — EZ) > ne)

= limsup _anne)
n—oo L(n)na

From Etemadi’s inequality,
J

) 1
lim sup W log P (Og;zgn 2 (Zi]-{Zign(S} — EZ) > 3ne>

n—oo

. 1 ! o
< limsup W log {3022257113 <Z (Zi]l{zén(;} — EZ) > ne> } = —e%y.

n—oo :
i=1

Since this is true for any 7 such that v € (0, (¢/6)1~%), we arrive at the conclusion
of the lemma. O

Lemma 2.5.5. For every e, § > 0,
J

1
limsup ————1logP | su EZ —Zl;y <,51) > ne| = —oo.
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Proof. Note first that there is ng such that E (Zi]].{zi>n5}) < g for n > ng. For
n >ng and j < 2n,

J
(Z (EZ — Zi1{z,<ns5y) > ne)

i=1

=P (Z EZ1(z<ns) — Zil{z,<nsy) > ne — jEZIl{z>ms}>
<P (Z EZ]l{ZSmS} — Zi]]-{Z,;gnﬁ}) > ne —j6/3>

J
ne
Z EZ1{z<ns} — Zil{z,<no}) > 3>

Let Y;(n) = E(Ziliz,<nsy) — Zili{z,<ns}- Recall the definition of Z in
Section 2.2.2 and note that it is bounded from below. Furthermore, EY;(") =0,
varYi(") <EZ?, and YZ-(") < EZ almost surely. From Bennet’s inequality,

i=1

< [ jvary (™) neEZ 1 14 e EZ neEZ
xp | — _nele ) [ _neRs
= &P | (EZ)? 3j varY (n) °8 3j varY (n) 3j varY (n)
[ neEZ ne
< 1 —
=P {(3EZ) Og( +3jvarY(")) (3EZ)H
I € eEZ €
< D N - .
=P "{(3Ez)log <1+6EZ2> (3EZ>H (2.64)

for j < 2n. Therefore, for n > ng and j < 2n,

J
P (Z (EZ — Zilyz,<n5y) > ne>

i=1

ool oo 1+ £22) i)

J
p (Z (BZ1(z,<nsy — Zil{z,<ns}) > 7?;)
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Now, from Etemadi’s inequality,
J

1
lim sup W log P ( sup Z (EZ . Zi]l{zq.émg}) > 3ne>

n—00 1<;<2n i—1

=1

1 € eEZ €
<1l - - _c —
< limsup 7rov log {3eXp { "{(3Ez> log (1 * 6EZ2) (3EZ>H}

= —0OQ.

. 1 !
< hrrlnﬂsotip Tne log {3 lgzgnP (Z (BZ — Ziliz,<nsy) > ne) }

Replacing € with €¢/3, we arrive at the conclusion of the lemma.

Now we are ready to prove Lemma 2.2.6.

Proof of Lemma 2.2.6.
P (||H} o > €)
<P (|H||oo > &, N(nt) > k) + P (|HE oo > €, N(nt) < k)
<P (IIH,’fHoo >e, N(nt) >k, Zp-1y < ms) (2.65)
P <||fl,’j||oo > e, N(nt) > k, Zp-14 > ms) Y P (N(nt) < k)
<P (||H§|\oo >, N(nt) > k, Zp-14 < ms)
+P (N(nt) 2 b, Zpryy > n8) + P (N(nt) < ). (2.66)

An explicit upper bound for the second term of (2.66) can be obtained:

P (N(nt) = b, Zg 1 > nd) < P(Q (Ti) > nd) < P (Q (Ty) = nd)
Qn(nd) 1

=P (T < Qn(nd)) :/ Etk_le_tdt
0 !

P
nv[nd,oo) 1 nv(néd,oo)
:/ —t’“*le*tdt</ th=tat
0 0

_ asa
— *lee kL(né)n“é )
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Therefore,

1
li —_—
P s

Turning to the first term of (2.65), we consider the following decomposition:

log P (N(nt) >k, Zpor g > n5) < —ko®. (2.67)

(||H’“||OO >, N(nt) > k, Zp1 ) < ms)

(k) =

_P< (nt) >k, Zp, 1(k)<n5tsh1)p1]H() e)
€

2(i)

+P <N(nt) 2k, Zp-1(,y < nd, sup —HE(t) > e) .
" te[0,1]

2(ii)
Since ZRgl(k) < nd implies 1(g, (i)>k} < L{z,<ns}

N (nt)
(i) <P | sup Z (Zil{r, i)>ky — EZ) > ne, N(nt) > k, Zp-

tel0,1] ;=1 NORS

N (nt)

<P | sup Z Z]l{Z<m;}—EZ)>n€
telo,1] ;=

J
=P ( sup Z (Zi]l{zign(;} — EZ) > ne>

0<j<N(n) §

IN

P ( sup Z Ziliz,<nsy — EZ) > ne, N(n) <2n> +P(N(n) 22n)
0<j<2n,

<P Z]l n EZ P(N(n) > 2n).
: (Z vy B2) > ) P> )

From Lemma 2.5.4 and the fact that the second term decays at an exponential
rate,

n—00 t€[0,1]

1 _
lim sup WP (ZRzl(k) <nd, sup HE(t) > e> < —(¢/3)%(e/8)'

(2.68)
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Turning to (ii),

P\ N(nt) > k, Zp-1,y < nd, sup —HE(t) > €
" te[0,1]
N (nt)
<P | sup > (BZ - Zil{n,u)>ky) > ne
tel0,1] ;=
N (nt)
=P s1[1p] Z (EZ —Zil{z,<nsy + Zi (]l{zigms} — ]l{Rn(i)>k}) ) > ne
tel0,1] =
N (nt)
<P Sl[lp] Z (EZ —Zil{z,<nsy T Zi]l{Zigmi}ﬁ{Rn(i)gk}) > ne
tel0,1] =
N (nt)
<P| sup Z (EZ — Zi]l{Zi<n6}> + kné > ne
telo,1] ;5 B
N (nt)

=P| sup EZ — Zi1liz.<nsy ) > n(e — ko)
tef0,1] ; ( {zi= })

J
<P ( sup Z (EZ - Zi]l{ZiSng}) >n(e—kd),N(n) < 2n>

0<j<2n

+P(N(n) > 2n)

J
<P ( sup Z (EZ - Zz']l{zi<ms}) > n(e— k5)> +P(N(n) > 2n).
0<j<2n i=1 -

Applying Lemma 2.5.5 to the first term and noticing that the second term
vanishes at an exponential rate, we conclude that for 6 and k such that kd < €

1 _
limsup ——— logP | Z,-1,,, < nd, sup —Hﬁ t) >e| = —o0. 2.69
n—oo  L(n)n® ( R (k) te[0,1] Q (2.69)

From (2.68) and (2.69),

limsup 5 log P (Zpzry < 78 Moo > €) < —(¢/3)°(/8)' 2. (2.70)
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This, together with (2.65) and (2.67),

1 _
lirrlnjotip WP (||H’rf||OO > €) < max{—(e/3)*(¢/8)'~*, —ks*}
for any 0 and k such that k9 < e. Choosing, for example, § = 55 and letting

k — oo, we arrive at the conclusion of the lemma.
O

2.5.4 Proofs of Lemma 2.2.8, 2.2.9, and 2.2.10

Proof of Lemma 2.2.8. We follow a similar program as in Lemma 2.2.4. First, we
prove the finite-dimensional LDP for the k biggest jumps along with their jump
times. Then, we transport the LDP to ng[o, 1] by using an appropriate map.
Recall that Q* (z) = inf{s > 0: P(Z > s) < y} and Viays -+ Vin—1) are the
order statistics of n—1 i.i.d. Uniform(0,1) random variables V1, ..., V,,_1. We first
claim that (Q“(V(l))/n, ce Q‘_(V(k))/n) satisfies the LDP with speed L(n)n®
and good rate function Ij, defined in (2.36). Let f be a bounded continuous
function such that |f(z)| < M, x € R% for some M € R. We want to prove that

. 1 ool -
nlggo W log E exp {L(n)n f(Q“(V(l))/n, R QH(V(k))/n)} = SI;P Ay (),
where Ay = f — I; to invoke inverse Varadhan lemma and establish the LDP
for (Q“(V(l))/n, .. ,Q‘_(V(k))/n) Recall that in the proof of Lemma 2.5.1,
we have shown that the supremum of f(z) — Ix(z) over R is attained. Let &
denote one of the optimizers that attain the supremum. Then, due to the form

of I, for any given ¢ > 0, we can find § > 0 and & = (Z,...,4) such that
SEZ‘ Z 531‘4_1 +6 for ¢ = 1,...,]€ —land z € Hle[jiaji +5] implies
Lp(x) > I(2) — € and f(x) = L(z) > f(&) — In(&) — e

Therefore, if we set
An(8) 2 Ay, oyn) QT (yi)/n € [, +6), i € {1, k+ 1},
then y € A,(9) implies
I(QF (y1)/ny -, Q (yk) /) > I (&) — €

and

F@Qy)/ny ., Q () /m) = 1(Q (y1)/n, .. Q% (yw) /n) = f(&)—Iu(#) e,
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and hence, ~ ~
FQR™ ) /n,....Q" (yr)/n) = f(&) — 2¢.
Note also that Q* (y) < z if and only if P(Z > z) < y, and hence,

implies Q¢ (yi)/n € [#,%; + 6]. We have that
H{Q“(yi)/ne[ii,ihLS], i=1,....k} > H{P(ZZn(a’cHré))<yi§P(ZZm‘ci), i=1,...,k}>

and hence, for yp41 > P(Z > ni;),

Yr+1 Y2
/ / LG () mefaieitol, i=1,...k) @Y1 dyk

Yr+1 Y2
Z/ / Lip(z>n(3:46)) <y <P(Z>ni;), i=1,...k} AY1 - dyy

0 0

1
=/ / P(Z>n(#:48))<yi <P(Z>nii), i=1,....k} AY1 " dYg

0

k
:H(P(Z ;) — P(Z > ni; + nd)).

1

<.
Il

Therefore,

Eexp {L(n)n®f(Q (Viny))/n,....Q° (Vi) /n) }
> Eexp {L(n)n® f(QF (Viy)/my -, QT (Vim)/1) Y Li(vViy - Vi eAn(9))

1 ryn— Y2 - -
_ / / . / [t 5@ )/ 00 )
0 0 0

(=) gy, ye)edn o) YL - - dynq}
> (n — 1)lebmn” (F(@)-20)

1 pryn—1 Y2
/0/0 /0 LG o /melaii+s), i=1,...ky W1 dYn—2dyn—

k
> (n — 1)leLmn® (F@)=20) H (P(Z > ni;) — P(Z > ni; + nd))

i=1
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Yk+2
"dyn—Qdyn—l

Yn—1
L
(Z>nh)
—1)lek (n)n®(f(2)~2e) H (Z > nz;) — P(Z > ni; +n5))

—P(Z >n#))" "

we get

......

log Be(n F(Q7 (Vi)

l1nni1£f L(n)n®

= sup {f(z) -

L(z)} — 2e.
z€RY
Letting € — 0, we arrive at the lower bound. Turning to the upper bound

Eexp {L(n)n® f (@ (Viy)/n, -, QT (Viry) /n) }
=Eexp {L(n)no‘f(Q“(V(l))/n, ) QH(V(k))/n) }I{QH(V(I))/n>R}
+Eexp {L(n)n®f(Q™ (Vi) /n, .. .7Q“(V(k))/n)}]l{Q,_(V(l))/nSR}.
For the first term, note that
Eexp {L(n)nf(Q (Vay)/ms- -, QT (Vie) /1) LG (v, ) sy
< Eexp{L(n)n®M}1{Q* (Vi1))/n > R} (2.71)
< exp{L(n)n®*M} P(V1y < P(Z > nR))
= exp{L(n)n®M} (1 — (1-P(Z>nR)" 1)
) ). (2.72)

= exp{L(n)n®*M} (1 — (1 — exp{—L(nR)(nR)* })n 1)
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Also, from the generic inequality 1 — exp(—z) < z,

1—(1—-1/2)Y =1—{(1—1/2)*}¥/* =1 —explog{(1 — 1/x)*}¥/*
— 1 — exp{(y/z) log(1 — 1/2)7} < (y/x)log(1 — 1/2)~*
for any x,y > 0. Setting z = exp(L(nR)(nR)*) and y = n — 1, we get
1—(1- exp{—L(nR)(nR)“})ni1
—exp{L(nR)(nR)"}
< (n— 1) exp{—L(nR)(nR)*}log (1 —1 /exp{L(nR)(nR)a}) .

Substituting this into (2.72), we arrive at the upper bound for the first term:

. Ln)n®f(Q (V, n,...,Q (V, n
hfln—i)lip L(n)n> logEe{ " ( v Vool )}H{Q“(V(1>)/n>R}
<M — R“.
For the second term, fix ¢ > 0 and pick {jc(l), . ,i(m)} - R’i in such a way
that

covers {(z1,...,x5) : R> 21 > @9 > -+ > a3, > 0} andigl)2-~-2:ﬁg)20for
l=1,...,m. Set

Ana(R)
¢

Y;)

£ {(yh--.,yk) eRY 1y <o <, e [#) — 2V 41 gjgk},
Note that y; < -+ <y, and Q@ (y1)/n < R implies
R>Q"(y1)/n>Q  (y2)/n>-->Q (yx)/n,

which, in turn, implies Q“ (y;)/n € [i;l) — G,fy) + e], j=1,..., k for some
1 e{l,...,m}. Therefore,

{G ) eRE iy < <y @ ()/n < R € | Anal(B),
=1
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and hence,
Eexp {L(n)n f(Q Vi) /n, Q(_(V(k))/n)}]l{c}%(v(l))gzz}

< Z Eexp {L(n)nf(Q7 (Vin))/ns -, Q7 (Vi) /n) } (Vi oo Vi e An (R} -

Note that
Eexp {L(n)naf(éy_(v(l))/n? ERRE) QH(V’C) /n) }1{(‘/(1)7 1V(k))6An 1(R)}
_ BeEn A (@7 (Vi) /mse @ (Vi) /1) JL)n® I (@ (Vim0 @ (Vi) /1)

"LV Vi) €A1 (R))

< MO A R B (V) e @7V ) 1 ey

L(n)n“As(21,....28,) ,L(n)n™I #4630 e
<e £(Z1 ke ( 1 k )E]l{(‘/(l)7~~1V(k))€An,l(R)}
and

EL{(Vay. Vi) €Ani (R}
Yn—1 Y2
/ / / (n — D'y, eAn (R)y Y1+ dYn—2dyn—1

Y2
n - 1 / / {QF(y )/nea! M _¢ a:(l)Jre] i=1,...,k} dyl e dyn—2dyn—l

(n—1) IH (Z > n:i;(l) —ne) —P(Z > ni(l) + ne))

Yr+2
/ / / dyk+ 1 dyn 2 dyn 1

k
=(n-1)! H (P(Z > na'cl(-l) —ne) —P(Z > na';l(-l) + ne))

i=1

(n—k-1)!
k
H (Z > a's —ne) P(ZanaEl)—&—ne)).

Therefore,
Eexp {L(n)n“f(@“ (V(l))/m cees Q(_ (V(k))/n) }]1{@%(\/(1))33}
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l
@ - 5 af () = (1)
< nkeL(n)n Af(&1,...,8) § :eL(n)n I (wl Fe,nEy, +e)

i=1

k
JI®(Z 20zl —ne) —P(Z = ni + ne)).

i=1
Note that
1 k
lim sup T logH (P(Z > njgl) —ne) —P(Z > n:Ez(l) + ne))

k
Z A -6 Ivk((igl) —e,...,j:,(cl) —€)4),

where (y)4 denotes max{y,0} and (y1,...,yr)+ denotes ((y1)+,- -, (yx)+). This,
along with the principle of the largest term,

log E exp {L(n)naf(Q“(V(l))/n, ) QH(V(k))/n) }R{Qe(vm)g}z}

lim su

n—>oop L(n)na

k k
< max (Af(:zl i)+ 3@ o =S @ - e)a)
—I=1,....m ’ ’ ‘ ' ‘ ‘ +
i=1 =1
< 1:1{17%.},(771 (Af(fcl, ceydE) F kea).
Sending € — 0, we get

) log Eexp { L(n)n® f(Q (Vi) /n, .., Q7 (Vi) /n)}]]-{Q*(V(l))<R}
lim sup =

< Af(i.la"'a‘%k)'

Now, combining with the bound for the first term, and sending R — oo, we get
the upper bound:

. 1 ~ -
lim sup ———— log E exp {L(n)naf<Q<_(V(1))/n, ol Q<_(V(k))/n)}
n—oo L(n)n
<max{Af(Z1,...,2x), M — R} = Ap(21,...,T5).
Together with the lower bound, we get

—log Eexp {L(n)naf((?&(v(l))/nv ceey Q‘_(V(k))/n)}

lim 1
n—oo L(n)n
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which in turn allows us to apply Bryc’s inverse Varadhan Lemma to prove that
(Q‘_(V(l))/n, . Q‘_(V(k))/n) satisfies the LDP with rate function I;. From

Theorem 4.14 of [39], we see that (Q‘_(V(l))/m e Q‘_(V(k))/n, Z/n) satisfies
the LDP with rate function I} given by

- Zfim if 1 >a9>-->x,>0and a1 >0,
L(z1, . Tet) .
otherwise.
(2.73)
Proceeding similarly as in Corollary 2.5.2 and Lemma 2.5.3 (except for considering
amapping Ty : (z1,...,Trt1,U1,. .., UL) —> Zle 21y, 1)+ 2Zpg1 11y instead of
the mapping T : (T1,. .., Tk, U1, ..., Uk) — Zle 71y, 1)) and D¢ [0, 1] instead

of Dx[0,1]) we conclude that
. 1 on - 1
Talt) =~ ZQ (Vi) h, (1) + — 211 (1)

satisfies the LDP with speed L(n)n® and rate function I, in (2.15).
O

Proof of Lemma 2.2.9. The proof is essentially identical to Lemma 2.2.5, and
hence, omitted. ]

Proof of Lemma 2.2.10. Let

. . 1=
HE() 2 BE () 4= EZ]l{l} Z Q™ (Vi) 1w, 1 )—EZEZH[UM](t)
i=k+1 =
Since
n—1 1
P(|HE || > €) < P(||HF|| oo > €/2)+P( ||7EZZ Ly, 1+ = EZ]1{1}||OO >¢/2)
=1

and P(|LEZ Y1 ]l[Ul 1) + LEZ1(13 || > €/2) = 0 for large enough n, we
only need to prove that

lim lim sup . IOgP(HH,IfHoo > €) = —o0.

ko0 pooo L(n)n
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To show this, we fix an arbitrary ¢ € (0,¢/k) and consider the following decom-
position:

P(| e > €) < P(IHE o > € O (Vi) < nd) + P (Q (Vigy) = nd) .

We first bound the second term. Since the density of the k-th order statistic of
the uniform distribution on [0, 1] is n(}~])2*~1(1 — z)"~F,

3 P(Z2n6) 1.
P (@ (Vi) 2 n8) =P (Viyy <P(Z 2 n9) < | n<k 1)xk_1dx
i -

= (n) (P(Z > né))k = Z) exp(—kL(nd)(nd)®)
and hence, limsup,,_, WlogP(Qﬁ(V(k)) > nd) < —ké*. For the first
term,

P([H} oo > €, Q7 (Vigy) < nd)

= P( sup HY(t) > e, QH(V(;C)) < né) —|—P( sup —H" >, QF(V(;C)) < n5)
teo0,1] tef0,1]
J
< P(1<I]I_1<517)l<_1 (Zil(z,<nsy — BZ) > ne)
==
J
+P( max S (BZ — Zil(z,<nsy) + knd > ne).

1<j<n—14
i=1

Note that from Lemma 2.5.4,
J

lim sup WP(KI]@{1 m(zi]l{ziﬁmg} _EZ)> ne) < —(¢/3)%(e/6)\

and from Lemma 2.5.5, since ¢ < ¢/k,
J
li 7P( EZ—Z,, <, ):- .
o Tnyne \1<jn1 i=1( {Zi<nay) + knd > ne o0

Therefore,

P(lH} oo > € Q5 (Vi) < n6) < max{—(e/3)*(e/6)', —o0}

lim su
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—(e/3)%(e/0)'~

Applying the principle of the maximum term once again,

lim limsu
k—o0 7,,_>oop L(n)n~

P([[Hyloc > €) < lim max{—(e/3)"(e/d)' ™, —ko"}
—(e/3)%(e/6)"~

Since § can be chosen arbitrarily small,

P(||H} o > €) = —oc0.

lim li
fyoo TP L(n)n

2.5.5 Proof of Theorem 2.2.12

We follow a snnllar program as 1n Section 2.2.2 and the earlier subsections of this
section. Let QY ( ) £ Q“( )/n where Qf (t) = inf{s > 0 : nv[s,o0) < t}

and F( )= E( R -+ El(i) Where Ej( Dg are independent standard exponential

random variables. Let U(i) be independent uniform random variables in [0,1]

and Z 2 (st)(l), QW (k), U1 7...,U,gi)). The following corollary is an
immediate consequence of Corollary 2.5.2 and Theorem 4.14 of [39].
Corollary 2.5.6. (Zr(Ll), ce Zy(Ld)) satisfies the LDP in Hf L (RE % [0,1]%) with
rate function 2?21 I, (29 where 20) = (asgj) x,(j),ug ) (])) for each
jed{1,....d}.

Let J5* £ 530, QW () o 4.

Lemma 2.5.7. (Jfk WISk (d)) satisfies the LDP in H?zl D ([0, 1], R) with
speed L(n)n® and rate function

d i Dt ()i i— (Gi(t) = &(t=))"  if & € Dy[0, 1]
ka(fi)z for i=1,....d,
= 00, otherwise.

. . . . . d . —d
Proof. Since Iy, is lower semi-continuous in [[;_; ([0, 1], R) for each 4, ) ., Iy
is a sum of lower semi-continuous functions, and hence, is lower semi-continuous
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itself. The rest of the proof for the LDP upper bound and the lower bounds
mirrors that of the one dimensional case (Lemma 2.5.3) closely, and hence,
omitted. O

Proof of Lemma 2.2.13. Again, we consider the same distributional relation for
each coordinate as in the 1-dimensional case:

k
k(i) D 1 i
JEO = gZQ N, 1]—41{N ) <k} Z QW (j LIENE
=1 j=N+41
Jék(l)

:jfk (i)

Note that this distributional equality holds jointly w.r.t. ¢ = 1,...,d due to the
assumed independence. Let F' be a closed set and write

P((JED,..., TH®) € F)
<SP0 LIS D) e B N < k) =0)

d

+ Y P(I{NY <k} #0)
i=1
P((j§k<1>,...,J k() ) ZP (1{N) < k} #0).
From Lemma 2.5.7 and the principle of the largest term,

logP((Jn ™", ..., 089Dy e F)

r
lfln_folip L(n)n®
logP((JSFW . jskdy e p log P (N < &
< limsup o8 (( ) ) V' max limsupu
S L(n)no‘ i=1,0d m—oo L(n)n®
< - inf I, ... &)
T (&1,-,€a)EF £(& §a)

Turning to the lower bound, let G be an open set. Since the lower bound is
trivial in case inf eq I (z) = oo, we focus on the case infyeq I (x) < co. In this
case, using a reasoning similar to the one leading to (2.56),

7k (1) 7k (d)
liminflogP((J yeesdn ) EQG)
n—o00 L(n)no‘
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logP((JEW, . JF Dy eq s 1{NY >k} =0)

e
_th_l)lOIéf L(n)na
o dogP((IFY LI DY e a3l 1N > k) =0)
= lim inf ¢
n—o0 L(n)n“
> T k() §<k(d) _ PN
> liminf 7o log (P((J4W,..., J*@) € G) — dP(N{) < 1))

1 ~ A
= liminfﬁlogP((Jngk(l)w~-7Jn<k(d)) € G)

(517 e 7€d)'

V
|

=)

=8

O

The proof of Lemma 2.2.14 is completely analogous to the one-dimensional
case, and therefore omitted.

2.5.6 Proof of Proposition 2.4.1

In this section, we prove that Ij;; has compact level sets. To do so, we develop a
criterion for relative compactness in the M/ topology (Proposition 2.5.9). Based
on Proposition 2.5.9, we verify that the sublevel sets of Iy, are closed (proof of
Proposition 2.4.1).

Let D[0, 1] be the space of functions from [0,1] to R such that the left limit
exists at each t € (0, 1], the right limit exists at each t € [0,1), and

§(t) € [§(t=) N E(t+), §(t=) vV E(t+)] (2.74)

for each ¢t € [0,1] where we interpret £(0—) as 0 and £(1+4) as £(1). Let
DT0,1] £ {¢ € D[0,1] : ¢ is nondecreasing and £(0) > 0}.

Proposition 2.5.8. Suppose that & € ]]j)[O, 1] with 50(0) >0 and &, € D0, 1]
for eachn > 1. If T £ {t € [0,1] : &,(t) — &o(t)} is dense on [0,1] and 1 € T,
then €, 3 €9 € DT where &(t) 2 limyy €o(s) for t € [0,1) and &o(1) 2 &(1).

Proof. 1t is easy to check that §0 has to be non-negative and non-decreasing, and
for such &, & should be in DT[0,1]. Let (z,t) be a parametrization of I (&),
and let € > 0 be given. Note that I'(&) and I”() coincide. Therefore, the

78



CHAPTER 2. LIMIT LAWS WITH SEMI-EXPONENTIAL INCREMENTS

proposition is proved if we show that there exists an integer Ny such that for
each n > Ny, I(&,) can be parametrized by some (y,r) such that

[# = Ylloo + [t = 7lloc < €. (2.75)

We start with making an observation that one can always construct a finite
number of points S = {s;}i=0,1,....m C [0,1] such that

(S1) 0=150 < s1 <+ < 8y =1
(S2
(S3
(
(

) t(s;) —t(si—1) <e/dfori=1,...,m;

) z(s;) —x(si-1) <¢/8fori=1,...,m;

S4) if t(sp—1) < t(sk) < t(sk+1) then t(s;) € T
)

S5) if t(sg—1) < t(sg) = t(Sk+1), then t(sx_1) € T} if, in addition, k — 1 > 0,

)
then t(sg—2) < t(sk—1);
(S6) if t(sk—1) = t(sg) < t(Sk+1), then t(sgp4+1) € T} if, in addition, k + 1 < m,
then t(sg41) < t(Sk42)-

One way to construct such a set is to start with S such that (S1), (S2), and
(S3) are satisfied. This is always possible because z and ¢ are continuous and
non-decreasing. Suppose that (S4) is violated for some three consecutive points
in S, say sg_1, Sk, Sk+1. We argue that it is always possible to eliminate this
violation by either adding an additional point §; or moving s; slightly. More
specifically, if there exists §; € (Sg—1, Sk+1) \ {Sx} such that ¢(3x) = t(sx), add
S to S. If there is no such §j, t(-) has to be strictly increasing at sy, and hence,
from the continuity of x and ¢ along with the fact that 7" is dense, we can deduce
that there has to be §; € (sgp—1, Sg+1) such that ¢(5x) € T and [¢(5,) —t(sk)| and
|z(8k) — z(s)| are small enough so that (S2) and (S3) are still satisfied when
we replace s, with § in S. Iterating this procedure, we can construct S so that
(S1)-(S4) are satisfied. Now turning to (S5), suppose that it is violated for three
consecutive points sx_1, Sk, Sg+1 in S. Since T is dense and ¢ is continuous, one
can find §; between si_; and s such that ¢(sg_1) < t(8k) < t(sx) and () € T.
Note that after adding $; to S, (S2), (S3), and (S4) should still hold while the
number of triplets that violate (S5) is reduced by one. Repeating this procedure
for each triplet that violates (S5), one can construct a new S which satisfies
(S1)-(S5). One can also check that the same procedure for the triplets that violate
(S6) can reduce the number of triplets that violate (S6) while not introducing
any new violation for (S2), (S3), (S4), and (S5). Therefore, S can be augmented
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so that the resulting finite set satisfies (S6) as well. Set S 2 {s; € S : t(s;) €
T, t(si—1) < t(s;) in case i > 0, t(s;) < t(s4+1) in case i < m} and let Ny be
such that n > No implies |£,((s;)) — Eo(t(s:))| < €/8 for all s; € S. Now we
will fix n > Ny and proceed to showing that we can re-parametrize an arbitrary
parametrization (y’,r’) of T'(§,) to obtain a new parametrization (y,r) such that
(2.75) is satisfied. Let (y',r’) be an arbitrary parametrization of T'(§,). For each
i such that s; € S, let s; £ max{s > 0 : 1/(s) = t(s;)} so that /(s}) = t(s;)
and &, (r'(s})) = ¢/(s}). For i’s such that s; € S\ S, note that there are three
possible cases: t(s;) € (0,1), t(s;) =0, and #(s;) = 1. Since the other cases can
be handled in similar (but simpler) manners, we focus on the case #(s;) € (0, 1).
In this case, one can check that there exist k£ and j such that £ <1 < k + j,
t(sk—1) < t(sk) = t(Sp4;) < t(Sktj+1), and Sg—1, Sp4j+1 € S. Here we assume
that £ > 1; the case k = 1 is essentially identical but simpler—hence omitted.
Note that from the monotonicity of & and (2.74),

< Golt(st)~) < w(se),

ie., Eo(t(sp_1)) € [x(sk—2), z(s)], which along with (S3) implies |&o(¢(sk_1)) —
x(sp—1)| < €/8. From this, (S5), and the constructions of sj,_; and Np,

19 (s)—1) = 2(sk-1)| = [€n ("' (5% -1)) — (k-1

= 1€a (1" (s11)) — &o(t(si—1))| + [0 (t(s8-1)) — z(s5-1)]

= [€n(t(sk-1)) = Golt(sr—1))| + Lo (t(sk-1)) — (1)

< e/4.

Following the same line of reasoning, we can show that [y'(s} ;1) = 2(Sk+j+1)| <
€/4. Noting that both = and " are nondecreasing, there have to exist s7,..., s} ;
such that s | < s < -+ < 83 < sy and [y (s7) — 2(sy)| < €/4 for
l=kk+1,...,k+ j. Note also that from (S2),
Hst) — /4 = tsn) — /4 < t(sn_1) = (5 1) < 7'(59) < 7' (ps40)
= t(Sktj+1) < tsheg) +€/4=1(s1) + €/4,
and hence, |r'(s]) —t(s;)] < ¢/4 for | = k,...,k+ j as well. Repeating this

procedure for the i’s for which s} is not designated until there is no such i’s left,
we can construct si,..., s, in such a way that

ly/(s)) — z(s;)| < €/4 and |7 (s5) — t(s;)] < €/4
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for all #’s. Now, define a (piecewise linear) map A : [0,1] — [0,1] by setting
A(s;) = s/ at each s;’s and interpolating (s;, s%)’s in between. Then, y £ y'o\ and

r 2 7' o\ consist a parameterization (y, ) of I'(¢,) such that |z(s;) —y(s;)| < ¢/4

and [t(s;) —7(si)| < €/4 for each ¢ = 1,...,m. Due to the monotonicity of z,
y, t, and r along with (S2) and (S3), we conclude that ||y — |l < €/2 and
It — 7|leo < €/2, proving (2.75). O

Proposition 2.5.9. Let K be a subset of DT[0,1]. If M £ supgcg [|€]|oo < 00
then K is relatively compact w.r.t. the M; topology.

Proof. Let {&,}n=12,.. be a sequence in K. We prove that there exists a

subsequence {&,, }x=1,2,.. and & € D|0, 1] such that &,, % &9 as k — oo. Let
T 2 {tp}n=1.2.. be a dense subset of [0,1] such that 1 € T By the assumption,
sup, 12 [§n(t1)| < M, and hence there is a subsequence {ng)}k:m,_. of
{1,2,...} such that fnl(;) (t1) converges to a real number z; € [-M, M]. For

each 7 > 1, given {ng)}, one can find a further subsequence {n,(fﬂ)}k:lygw of

{n,(j)}k:u,_” in such a way that £ ¢+ (t;+1) converges to a real number ;4.
k

Let nj = ngf) for each k = 1,2,.... Then, &,,(t;) — x; as k — oo for each
i=1,2,.... Define a function & : T — R on T so that éo(ti) = z;. We claim
that éo has left limit everywhere; more precisely, we claim that for each s € (0, 1],
if a sequence {s,} C TN [0,s) is such that s, — s as n — oo, then &(s,)
converges as n — oo. (With a similar argument, one can show that éo has
right limit everywhere—i.e., for each s € [0,1), if a sequence {s,} C T N (s,1] is
such that s, — s as n — 0o, then &(s,) converges as n — 00.) To prove this
claim, we proceed with proof by contradiction; suppose that the conclusion of
the claim is not true—i.e., &(sy) is not convergent. Then, there exist a € > 0
and a subsequence r, of s, such that

o (rna1) = So(ra)| > €. (2.76)

Note that since & is a pointwise limit of nondecreasing functions {&n,.}
(restricted on T'),

e & is also nondecreasing on 7, (monotonicity)

o sup,er [$o(t)] < M. (boundedness)

However, these two are contradictory to each other since the monotonicity
together with (2.76) implies &o(rny+5) > &o(7n,) + j€, which leads to the contra-
diction to the boundedness for a large enough j. This proves the claim.
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Note that the above claim means that éo has both left and right limit at each
point of T'N (0,1), and due to the monotonicity, the function value has to be
between the left limit and the right limit. Since T is dense in [0, 1], we can extend
¢ from T to [0,1] by setting &(t) £ hmf5 Le&o(ty) for t € [0,1]\ T. Note that

>t

such & is an element of D[0, 1] and satisfies the conditions of Proposition 2.5.8.
We therefore conclude that &,, — & € ID)T[O 1] in M| as k — oo, where
€o(t) £ limg; Eo(s) for ¢ € [0,1) and & (1) £ &(1). This proves that K is indeed
relatively compact. O

Recall that our rate function with respect to the M; topology is as follows:

Zte[o,l] (£(t) — {(t—))a if £ is a non-decreasing
I (§) = pure jump function with £(0) > 0,
00 otherwise.

Now, we show that I);; has compact sublevel sets.

Proof of Proposition 2.4.1. In view of Proposition 2.5.9, it is enough to show
that the sublevel sets of Iy, are closed. Let a be an arbitrary finite constant, and

consider the sublevel set ¥y , (a) £ {¢ € D[0,1] : Ing () < a}. Let £&° € D0, 1]
1
be any given path that does not belong to ¥y ,(a). We will show that there
exists € > 0 such that dp; (fc, Uy, (a)) > e. Note that ¥y, , (a)* = AUBUCUD
1 1

where

A={£eD[0,1]: £(0) < 0},

B = {£ €D|0,1] : £ is not a non-decreasing function},

C ={£ € D|0,1] : £ is non-decreasing but not a pure jump function},
1

D = {¢£e€D'0,1] : ¢ is a pure jump function with Ing (§) > a}.

In each case, we will show that ¢ is bounded away from ¥y , (a). In case £ € A,
1

note that for any parametrization (z,t) of £, there has to be s* € [0, 1] such
that z(s*) = £°(0) < 0. On the other hand, y(s) > 0 for all s € [0,1] for any
parametrization (y,r) of ¢ such that ¢ € ¥;(a), and hence, ||z — y|lcc > £°(0).
Therefore,

dagr (£ f
My (€5,0) > . t)lgm)
(y,r)Er(¢)

Ylloo = 1€°(0)].
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Since ¢ was an arbitrary element of ¥y
with e = |£°(0)].

Using a similar argument, it is straightforward to show that any £¢ € B is
bounded away from ¥;(a)c.

If £&¢ € C, there has to be Ty and T; such that 0 < T, < Ty < 1, £°is
continuous on [Ty, T3], and ¢ & £¢(T}) — £€(Ts) > 0. Pick a small enough
e € (0,1) so that

(a), we conclude that dy; (£, W (a)) > €

’
My

(46)* (c — 5e) > a. (2.77)

Note that since £¢ is uniformly continuous on [T, T}], there exists § > 0 such
that |£°(t) — £°(s)| < e if |t — s] <. In particular, we pick 0 so that § < e and
T+ 6 < T, — 6. We claim that

Ay (V1,,,(a),€) = 6,

Suppose not. That is, there exists ¢ € ¥, , (a) such that dps (¢,£°) < 4. Let
1

(x,t) € T'(&°) and (y,r) € T'(¢) be the parametrizations of £&¢ and (, respectively,
such that |2 — Yoo + ||t — 7]loe < 6. Since In;(¢) < a < oo, one can find a
finite set K C {t € [0,1] : {(t) — {(t—) > 0} of jump times of ¢ in such a way
that 3,0 (¢ — C(t—))a < €. Note that since € € (0, 1), this implies that
doigK (C(t) = ¢(t—)) < e. Let Ty,..., Ty denote (the totality of) the jump times
of ¢ in KN (T, +6,T; — 6], and let Ty = T, + and Ty, 1 = Ty — 6. That is,
{Tl, .. ,Tk} =Kn (TS +0,T; — (5] =Kn (T(),Tk+1}. Note that

e there exist sp and s;11 in [0, 1] such that
y(so) =C(To),  r(s0) =To,  Y(sk41) =C(Thv1),  7(sks1) = Thsr;
e for each i =1,...,k, there exists sj and s; such that
r(s) =r(si) =T ys) =), yls7) = UTim).

Since t(sk+1) € [r(Sk+1) — §,7(sg+1) + 0] C [Ts,Tt], and &£° is continuous on
[Ts,T;] and non-decreasing,

Y(Sk+1) > @(sp41) — 6 = E(t(sk41)) — 0
> &(r(sp1) = 6) =0 =& (Tht1 —0) — 6
> (Thy1) — € =6 2 §(Thy1) — 2e.
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Similarly,

y(s0) < x(s0) +0 = &(t(s0)) +6 < &(r(s0) +6) + 6
=¢&(To+6) + 8 < E(Tp) + € + 0 < €(Tp) + 2e.

Subtracting the two equations,

Y(skt+1) — y(s0) = §(Thy1) — §°(To) — 4e = c — 4e.

Note that

k
D) = ¢(Ti-) = Thsr) = C(T0) = > (L) =¢=)) (2.78)

i=1 tG(To,Tk+1]ﬁKc
> ((Th41) — C(To) — €
= y(sk+1) —y(s0) —€ > ¢ — Be. (2.79)

On the other hand,

y(si7) —y(si) < (2(s) +0) = (2(s77) = &) = x(s]) —a(s;) +26
<E(H(s7)) — E°(t(sy)) + 20
SE(r(sh) +0) —&°(r(sy) — 0) + 26
SENT; +0) — 9Ty — ) + 26 <2+ 20 < 4e.

That is, (C(T3) — C(Ti=))*" = (y(s]) —y(s;))* "t > (4e)*~ 1. Combining this
with (2.78),

k k
D ()2 3 (C(T) = ()" = 3 (C(T) = C(T) (T = (1))

> (c—=5€)(4e)* ™ > a,

which is contradictory to the assumption that ¢ € ¥, " (a). Therefore, the claim
that £¢ is bounded away from ¥ Ly (a) by ¢ is proved

Finally, suppose that £° € ID[O 1]. That is, there exists {(z;,u;) € ]R+ X
[0,1]}i=1,... such that €& = Y72, 2il[y,, 1] where u;’s are all distinct and "> | 28 >

=1~

a. Pick k and 6 > 0 such that Zi:l(zl —20)* > a and ujpq — u; > 26
for i = 1,...,k — 1. We claim that dy;(¢,£°) > 0 for any ¢ € \IIIM,( a).

Suppose not and there is ¢ € ¥y ,(a) such that ||z — yle + [t = rllec < 0
1
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for some parametrizations (z,t) € I'({°) and (y,r) € T'(¢). Note first that

there are s ’s and s;’s for each i = 1,...,k such that t(s;) = t(s]") = u;,

x(s;7) = &(u;—), and x(s]) = €°(u;). Since y(s;) > x(sf) — 6 = €°(u;) — & and
y(si) <a(sy) +0 =¢(ui—) +9,
C(r(si) = Cr(si)) = y(sf) —ylsy) > €°(ui) — €°(u; ) — 20 = 2 — 20.
Note that by construction,
r(sy) <t(sf)+d=wui +06 <uip1 — 0 =t(s;,y) — 6 <r(si,)
for each 1 =1,...,k — 1, and hence, along with the subadditivity of = — z¢,
Iy (O) = t%:l](C(t) —((t)" = i[C(?‘(ST)) —C(r(sy I = i(zi—%)“ > a,
[, = =

which is contradictory to the assumption ¢ € ¥y , (a). O
1
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Chapter 3

Large deviations for
Markov random walks

3.1 Introduction

In this chapter we develop sample-path large deviation principles (LDP) for
additive functionals of a Markov chain which is important in Operations Research
(OR), namely, Lindley’s recursion. This Markov chain describes the waiting time
sequence in a single-server queue under a FIFO discipline and under independent
and identically distributed (i.i.d.) inter-arrival times and service times. We
focus on the case in which the input is light-tailed, i.e. the service times and
inter-arrival times have a finite moment generating function in a neighborhood
of the origin.

While the model that we consider is vital to many OR applications, and
therefore important in its own right, the main contributions are also fundamental
from a methodological standpoint. We contribute, as we shall explain, to the
development of key tools in the study of sample-path large deviations for additive
functionals of light-tailed geometrically and ergodic Markov chains.

A rich body of theory, pioneered by Donsker and Varadhan in classical work
which goes back over forty years (see, for example, [24]) provides powerful tools
designed to study large deviations for additive functionals of light-tailed and
geometrically ergodic Markov chains. Roughly speaking, these are chains which
converge exponentially fast to stationarity and whose stationary distribution is
light-tailed.
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Unfortunately, despite remarkable developments in the area, including the
more recent contributions in [54], the prevailing assumptions in the literature are
often not applicable to natural functionals of well-behaved geometrically ergodic
models, such as Lindley’s recursion with light-tailed input.

In particular, every existing general result describing sample-path large
deviations of functionals of a process such as Lindley’s recursion, must assume
the function of interest to be bounded. Hence, the current state-of-the-art rules
out very important cases, such as the sample path behavior of the empirical
average of the waiting time sequence in single-server queue over large time
scales. Our development allows one to study sample-path large deviations for
the cumulative waiting time sequence of a single-server queue. In particular,
we provide methodological ideas which, we believe, will be useful in further
development of the general theory of sample-path large deviations for additive
functionals of geometrically ergodic Markov processes. More precisely, our
contributions are summarized as follows,

A) Let Xy, = max{Xy_1+Ux} where U;, i > 1, is a sequence of i.i.d. random
variables. Assume that the associated increments (U;) have a finite moment
generating function in a neighborhood of the origin and the traffic intensity is
less than one, and let f (z) = zP for any p > 0. We establish a sample-path
large deviations principle for Y,, () = E,Eijl (X)) /n as n — oo under the M]
topology on D[0, 1] with a good rate function and a sublinear speed function
which is fully characterized in Theorem 3.3.1.

B) We believe that the overall strategy for establishing Theorem 3.3.1 can
be applied generally to the sample-path large deviations analysis of additive
functionals of geometrically ergodic Markov chains. The strategy involves
splitting the sample path in cycles, roughly corresponding to returns to a
compact set (in the case of the Lindley recursion, the origin). Then, we show
that the additive functional in a cycle has a Weibullian tail. Finally, we use ideas
similar to those developed in Chapter 2, involving sample-path large deviations
for random walks with Weibullian increments for the analysis. The result in
Chapter 2, however, cannot be applied directly to our setting here because of two
reasons. First, the cycle in progress at the end of the time interval is different
from the rest. Second, the number of cycles (and thus the number of terms in
the decomposition) is random.

The sublinear speed of convergence highlighted in A) underscores the main
qualitative difference between our result and those traditionally obtained in the
Donsker-Varadhan setting. In our setting, as hinted in B), the large deviations
behavior of Y,, is characterized by heavy-tailed phenomena (in the form of
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Weibullian tails) which arise when studying the tails of the additive functional
over a given busy period. Our choice of f (-) (growing slowly if p > 0) underscores
the frailty of the assumptions required to apply the Donsker-Varadhan type
theory (i.e. just a small amount of growth derails the application of the standard
theory).

The choice of topology is an important aspect of our result. In Chapter 2 it
is argued that M] is a natural topology to consider for developing a full sample
path large deviation principle for random walks with Weibullian increments. It
is explained that such a result is impossible in the context of the J; topology
in D[0,1]. To be precise, the topology that we consider is a slightly stronger
variation of the one considered by [80] and [81], who introduced the M] topology
in D[0, c0), but in such a way that its direct projection onto D0, 1] loses important
continuous functions (such as the maximum of the path in the interval). The
key aspect in this variation is the evaluation of the metric at the right endpoint.
The version that we consider merges the jumps, in the same way in which it is
done at the left endpoint in the standard Mj description. This variation results
in a stronger topology when restricted to functions on compact intervals and
it includes the maximum as a continuous function. An important reason for
why to use the M; topology is that it allows to merge jumps. This seems to be
particularly relevant given that in our setting the large deviations behavior will
eventually merge the increments within the busy periods.

In addition to the two elements mentioned in B), which make the result in
Chapter 2 not directly applicable, our choice of a strong topology also makes
the approach in Chapter 2 difficult to use. In fact, in contrast to Chapter 2, we
use a projective limit strategy to directly obtain our large deviations principle.
A direct approach, using the result in Chapter 2, which we explored, consisted
in replacing the random number of busy periods by its fluid limits (for which
there is a large deviations companion with a linear speed rate). However, this
replacement does not constitute an exponentially good approximation. This
would have been a successful strategy if the M| topology considered by [80] was
used.

The development of Theorem 3.3.1 highlights interesting and somewhat
surprising qualitative insights. For example, consider the case f (x) = z, cor-
responding to the area drawn under the waiting time as a curve. As we show,
deviations of order O(1) upwards from the typical behavior of the process Y, (-)
occur due to extreme behavior in a single busy period of duration O(n'/2). A
somewhat surprising insight involves the busy period in progress at time n, which
is split into two parts of size O(n'/?) involving the age and forward life time
of the cycle (the former contributes to the area calculations, while the latter
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does not). This asymmetry, relative to the other busy periods during the time
horizon [0, n], which are completely accounted for inside the area calculation,
raises the question of whether a correction in the LDP is needed, due to this
effect, at the end of the time horizon. The answer is, no, the contribution to
the current busy period and the ones inside the time horizon are symmetric.
This result is highlighted in Theorems 3.4.3 and 3.4.4, which characterize the
variational problem governing extreme busy periods.

There are several related works that deal with large deviations for the
area under the waiting time sequence in a busy period. But they focus on
queue length as in [5], or assume that the moment generating function of the
increment is finite everywhere, as in [25]. None of these works obtain sample
path results. Instead, we do not assume that the moment generating function
of the service times or inter-arrival times is finite everywhere. To handle this
level of generality, we employ recently developed sampled-path LDPs [10, 11, 94].
This level of generality requires us to put in a substantial amount of work to
rule out discontinuous solutions of the functional optimization problems that
appear in the large deviations analysis.

Another hurdle in developing tail asymptotics for the additive functional in
a busy period is that the functional describing the area under the busy period
is not continuous. To deal with this, we exploit path properties of the most
probable—in asymptotic sense—trajectories of the busy period along with the
continuity of the area functional over a fixed time horizon. In particular, we
rigorously show how to approximate the area over the busy period (which has
a random endpoint) with the area over a large, fized horizon. This is counter-
intuitive at first, because the former approach allows one to remove the reflection
operator. However, the latter approach does not have a first passage time (which
is a discontinuous function) as horizon, and this turns out to carry more weight.
The most likely path leading to a large area is concave, as the area functional is
continuous at such paths.

This chapter is organized as follows. We give a detailed model description
and preliminary results in Section 3.2. Section 3.3 focuses on the sample-path
LDP of the Lindley process. In Section 3.4 we present tail asymptotics for busy
periods of the Lindley process and Section 3.5 contains technical proofs.
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3.2 Model description, and preliminary results

3.2.1 The model

We consider the time-homogeneous Markov chain {X,,},>0 that is induced by
the Lindley recursion, i.e. X, 41 e [Xy + Ups1]™, n > 0, such that X, = 0.
Note that the r.v.’s {U; };>1 are i.i.d. such that E(U;) = p < 0. The state space
of the Markov chain X, is the half-line of non-negative real numbers. We make
the following technical but necessary assumptions:

Assumption 3.2.1. Let 6,0_ be respectively, the supremum and infimum of
the set {0 : E(e?V) < 00}. We assume that —oo < 6_ <0 < 6, < c0.

Assumption 3.2.2. For 6, and 6_ in Assumption 3.2.1,

> U >
lim logP(U > n) ~ 0, lim logP(—U > n)

n— oo n n—r00 n

Assumption 3.2.3. P(U > 0) > 0.

=0_.

Define the stochastic process Y,,, where

and p > 0 is a fixed constant. We develop a sample-path LDP for Y,,(-) therefore,
we describe the topological space in which we derive the large deviation principle.
Recall that D[0, 1] denotes the Skorokhod space—the space of cadlag functions
from [0, 1] to R. We also consider the space D[0, c0) of cddldg functions from
[0,00) to R. Let Tar; denote the M| Skorokhod topology. Unless specified
otherwise, we assume that D[0, 1] is equipped with T, throughout the rest of
this chapter.

Definition 3.2.1. For ¢ € D[0, 1], define the extended completed graph I'(&)
of £ as

() = {(u,t) € R x [0,1] s w € [€(t—) A&(1), £(t—) VE@)]}

where £(0—) £ 0. Define an order on the graph I'(£) by setting (uq,t1) < (uz,t2)
if either t; < tg; or t1 = tg and [€(t1—) —u1| < |£(t2—)—usz|. We call a continuous
nondecreasing function (u,t) = ((u(s),t(s)), s € [0,1]) from [0,1] to R x [0,1] a
parametrization of IV(&) if IV(§) = {(u(s),t(s)) : s € [0,1]}. We also call such
(u,t) a parametrization of &.
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Definition 3.2.2. Define the M| metric on D0, 1] as follows

A .
(€02 il {u= vl + 1=l
(v,r)€T’(C)

We say that £ € D[0,1] is a pure jump function if & = 37, x;1,, 1] for
some z;’s and u;’s such that z; € R and u; € [0, 1] for each i and wu;’s are all
distinct. Let DT[0,1] be the subspace of D[0, 1] consisting of non-decreasing pure
jump functions that assume non-negative values at the origin. Let BV[0, 1] be
the subspace of D0, 1] consisting of cadlag paths with finite variation. Every
¢ € BV[0, 1] has a Lebesgue decomposition with respect to the Lebesgue measure.
That is, £ = £® +£0) where £(*) denotes the absolutely continuous part of £, and
£0) denotes the singular part of £&. Subsequently, using Hahn’s decomposition
theorem we can decompose £®) into its non-decreasing singular part £ and
non-increasing singular part €@ so that £ = £ 4 ¢(@  Without loss of
generality (w.l.o.g.), we assume that £(5)(0) = ¢ (0) = ¢ (0) = 0. We also
consider the space BV[0, c0) of cadlag paths that are of bounded variation on
any compact interval.

3.2.2 Preliminary results
LDP results

We review some LDP results that have appeared in the literature. A straightfor-
ward adaptation of Corollary 2.4.1 in Chapter 2 to our context is the following

Result 3.2.1. Let K,, be a random walk such that Ko =0 and P(K; > z) =
e~ @)% for o € (0,1); suppose that L is a slowly-varying function, and L(z)z®*
is eventually decreasing. Then, K, satisfies the LDP in (D[0, T], Tay;) with speed
L(n)n® and rate function Iy : D[0, T] — [0, oc],

Ingg () 2 {Ete[o,u (€(t) — (=) if € € DESV[0,T] with £(0) >0

otherwise.
The following result, by [72], provides the logarithmic asymptotics for the

steady state distribution of the reflected random walk. To this end, define
B =sup{f >0:E(Y) <1}.

Result 3.2.2 ([72]). For the steady state distribution (m) of the reflected random

walk, it holds that,
i JoE7(l00)
n

n—oQ
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Finally, we mention a recent sample path LDP for random walks, developed
in [94] with light-tailed increments. Now, let {U;};>1 be i.i.d. random variables

and define K,, = 2 ZlLZtlJ U;, t € [0,1]. In the following result we consider the

—n

M; topology ([94]) instead of the M topology.

Result 3.2.3. Let Uy satisfy Assumptions 3.2.1 and 3.2.2. Define

Joy A*(E@ (s))ds + 6, (W (1)) + 6_[¢D (1) if € € BV[0,1]
INGOE and £(0) =0, (3.1)
00 otherwise.

(i) ([10, 11]) K,, satisfies a large deviations lower bound in the M; topology
with rate function Ik .

(ii) ([94]) Let ¢ be a real-valued function on D[0, 1] which is uniformly contin-
uous in the My topology on the level sets {£ : Ix(€) < a}. Then ¢(K,)
satisfies an LDP with rate function Jy(u) = infe.g(e)—y Ik (§).

Results on the theory of Markov chains

Let X,, be a geometrically ergodic Markov chain on the state space S, which
includes an element 0, and invariant distribution 7, such that 7({0}) = 7(0) # 0.
Let X, be the time-reversed stationary version of the Markov chain X,,. Recall
that for a two-sided stationary version of the chain (X,, : —0o < n < 00), we have
that (X : —oo < m < 00) satisfies the equality in distribution (X, ..., Xp1m) =
(X5 oo Xpy) for any —oo < n < oo and m > 0. Since m(0) # 0, the following
lemma follows directly applying this distributional identity. In fact, the identity
can be seen to hold path-wise since we can define X,, = X* , assuming that X

follows . -

Lemma 3.2.1. Let X' be the time reversed chain of X,,. It holds that

Po(XieAi:1§i§n—1):%Pﬁ(XfeAn_i:1§z’§n,Xj;:O) (3.2)
Eo [£(0, X1, ., X,)] = ﬁEﬂ (/0. X7y, XOI(XE=0)] . (3.3)

Building upon the previous result, we can establish the following lemma
whose proof is deferred to a later section:
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Lemma 3.2.2. Define
T=inf{ne{l,...}: X, =0}, and T* =inf{n € {1,...} : X;» =0},

and suppose that P, (T > n) = O(e™") for some ¢ > 0. In addition, let ng be
such that infy>,, Po(Xy = 0) > m(0)/2. Then,

—

P. (Z(xk)z’ >a, X = o) (n+1)P (ZX,f > ) (3.4)
k=0

Moreover,

-
P. (Z(Xk)p >z, X = 0) (ZX ) O(e™). (3.5)

k=0

3.3 LDP for functionals of Markov chains

3.3.1 The main result

We present the sample-path large deviation principle for Y, and the main ideas
of its proof. We start with a few definitions. Let R be the reflection map i.e;
R(&)(t) = £(t) — info<s<e{&(s) A0}, ¥Vt > 0. Define

e 7(&§) =inf{t >0: R(&)(t) <0},

e B, = {5 € BV[0,00) : £(0) =y, fo s)Pds > 1} and

o A*(y) £ supper{fy — log E(e?V)}.

Set
S A (€@ (5))ds + 0,6 (T (€)) + 0D (T(€)) i £(0) =y and
1,(6) £ ¢ € BV[0, 00),
o0 otherwise

and denote with Bj the optimal value of the variational problem:

B < inf I,(6). (By)

EGB
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Let Tp £ 0 and T; £ inf{k > T;_; : X = 0} for 4 > 1, and subsequently,
define A = E(X., XP)/E(T}). Define

DM[0,1] = {¢ € D[0, 1] : £() = A + (1), Ve € [0, 1], ¢ € D30, 1]}
i.e., the subspace of increasing functions with slope A and countable upward
jumps. Lastly, let o = 1/(1 + p).

Theorem 3.3.1. The stochastic process Y, satisfies a large deviation principle
in (D[0,1], Tar;) with speed n® and rate function Iy : D — Ry ;

. (3.6)
00 otherwise.

o) 2 {st Srctrecio €0 = =) if ¢eBV,1]

That is, for any measurable set A,

logP (Y, € A logP (Y, € A
- 11£1c)f Iy(¢) < liminf Ma) < lim sup M

n—00 n n—00 ne

< —inf Iy(§).
(3.7)

3.3.2 Methodology

The strategy relies on a suitable representation for Y,, using renewal theory: the
Markov chain {X,, },>0 is regenerative with respect to the sequence {7} : j > 0}
i.e;

o {X7,,..., X1, —1}n>1 are i.i.d.;; and

o {Xr,...,Xr

s1—1}n>1 are independent of Xo,..., Xz, _q.

The sequence {7}, j > 1} induces a renewal process N (t) = max{k > 0: T}, < t}.
We decompose the process Y,, as follows:

N (nt) T; [nt]

AUEED DD DEFC ORI S e} (3.8)

j=1 i=T;_1+1 1=TN(n)+1

with the convention that Z}thJNW f(X;) is zero in case the superscript |nt] is

strictly smaller than the subscript Ty (p)- B
We introduce some notation for the analysis of Y;,. Define

o 7; =1T; —Tj_1, the inter-arrival times of the renewal process N,
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o W; = ZZ—iTj—l*Fl f(X;), the area under f(X;) during a busy period of X,,,
e Z,(1) = %Z;V:(;l) W;, the process up to the last regeneration point,

o Ru(t) = }LZantIJ’N(mH f(X;), the area under f(X;) starting from the
previous regeneration,

oV, =1 Ly T +1 f(X;), the area starting from the last regeneration
point,

e Su(t) = Vu1q13(t), the stochastic process with one jump of size V,, at the
end of the time horizon.

The main result (Theorem 3.3.1) is derived by proving that;

1) the tail behavior of W and V,, is asymptotically Weibull-like;

3) Z, and S, satisfy an LDP in (D[0,1], Tas;);

)
) 2
3) Zn + Sy satisfies an LDP in (D[0, 1], Taz;); and
4) Z,+ S, and Y,, are exponentially equivalent in (D[0, 1], Taz:).

Regarding step 1), the logarithmic asymptotics of V,, and W; are presented
in Theorems 3.4.3 and 3.4.4 in the next section. For the sample-path LDP of
Y,,, we prove the exponential equivalence of Z, + S, and Y, in Lemma 3.3.2 by
pushing the last cycle R,, to the end of the time horizon. Consequently, the LDP
of R,, is deduced because of the LDP of S,, in (D[0, 1], Ta;). We derive an LDP
for Z, in D[0, 1] with respect to the M| topology by obtaining an LDP with
the point-wise convergence topology which is strengthened to the M topology
using the continuity of the identity map in the subspace of increasing cadlag
paths. The LDP for Z,, +5,, is deduced through the use of a continuous mapping
approach, and hence, we obtain the LDP for Y,,.

The next technical lemmas are the buildling blocks for the sample-path LDP
of Y,,. Let DS'[0,1] £ {¢ € D[0,1] : £ = x1yy; for some z > 0}.

Lemma 3.3.2. S, satisfies the LDP in (D[0,1], Tay; ) with speed n® and the rate
function Is : D[0,1] — R where

‘ (3.9)
00, otherwise.

Is(0) 2 {BS(C(D ~¢(=)%, i ¢ € DEO.,
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Lemma 3.3.3. The stochastic process Z, satisfies a large deviation principle
in D[0,1] w.r.t. the M| topology with speed n® and the good rate function
Iz :D[0,1] — Ry where

] (3.10)
00 otherwise.

IZ(&) — {BS Zt{(t);ég(t—)(g(t) - ﬁ(ti))a if € € ]D)()\) [07 1]a
Lemma 3.3.4. Y,, and Z, + S,, are exponentially equivalent in (D[0, 1, Ty);
that is, for any 6 > 0,

1 — — —
limsup — log P (dys; (Yo, Zp 4 S,) > 6) = —oc.

n—oo N
Now we are ready to prove Theorem 3.3.1.

Proof of Theorem 3.3.1. The preceding sequence of lemmas has resulted in LDPs
of Z, (Lemma 3.3.3) and S,, (Lemma 3.3.2). Since Z,, and S, are independent,
(Z,,8,) satisfies an LDP in Hle D0, 1] with the rate function Iz ¢(¢,&) =
Iz(C) + Is(&); see, for example, Theorem 4.14 of [39].

Let ¢ : H?Zl D[0, 1] — DI0, 1] denote the addition function ¢(&,¢) = & + C.
Since ¢ is continuous on (£, () as far as £ and ¢ do not share a jump time with
opposite directions, ¢ is continuous on the effective domain of Iz 5. Let Iw(¢) £
inf {1z 5(61,62) : ( =& + &, & € DV[0,1], & € DSY0, 1]}, and note that it is
straightforward to check that Iy = Iy. By the extended contraction principle—
see p. 367 of [80]—we conclude that Z, + S, satisfies the sample path LDP
with the rate function Iy .

We now prove the large deviation upper bound. Let F' be a closed set w.r.t.
the M topology, and let F. £ {¢ € D[0,1] : dpy; (€, F) < €}. Then,

P (¥, € F)

< P(z‘n + 8 € Fey dagy (Yo, 20 + 80) < e) +P( dui; (Vo 25 + ) > e)
< P(Zn+5n € FE> +P( Ayt (Yo, 2o+ Sp) > e).

In view of the principle of the largest term and Lemma 3.3.4,
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lim sup —2 logP (Yn € F)

n—roo

= limsup — log P

n—oo N¢

n—oo

< hmsup — log {P(Z‘,_’n +5, € Fe) + P( dary (Y, 2 + Sp) > 6)}
n—oo

<11mbup—logP( .+ S, € )\/hmsup—logP(dM{(Yn,Zn—i-S'n)>e)
n— oo

< — .
<= daf (0

Since IW is gOOd w.r.t. TM{, lime_m inf{EFg IY (C) = infgep IY (C) The desired
large deviation upper bound follows by taking ¢ — 0.

For the lower bound, let G be an open set in Ty;. We assume that
infeeq Iy (§) < oo since the lower bound is trivial otherwise. For any given
e > 0, pick ¢ € G such that I(¢) < infeeq Iy (§) + €. Let 6 > 0 be such that
B (¢,20) € G. Then, from Lemma 3.3.4,

P (d(Yy, 2, + 5,) < 0)
P (Z,+4 S, € By (¢,0))

— 0,

and hence,

liminf — log P (

n—oo N

\_/

P (d(Yy, Z, + Sn) < 0)
> li f—l P(Z, €B / ,0 = —
— hmmf—logP(Z + 8, € Buy (€, 5))
n—o0 n

> — f I > T fr — e
= 66312((,5) v (§) v(¢) > §1n v(§) —¢

Taking € — 0, we arrive at the desired lower bound.
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Discussion of the main result

It is worth commenting on the role of the R, since this element allows us to
expose the importance of a careful analysis involving the area during a busy
period. As mentioned in the introduction, one may wonder if the contribution of
R, (t) may end up counting different in the form of the LDP. The typical path
for Y,, () is a straight line with drift equal to the steady-state waiting time. Our
result indicates that most likely large deviations behavior away from the most
likely path occur due to isolated busy periods which exhibit extreme behavior.
For example, in the case f(z) = x, substantially extreme busy periods (leading
to large deviations of order O(n)) have a duration of order O (n'/?) and exhibit
excursions of order O (nl/ 2) therefore, accumulating an area of order O (n).

The results in the next section characterize the variational problem which
governs such extreme busy periods. But the fact that each busy period, including
the one in progress at the end of the time horizon, contributes the same way in
the rate function may be somewhat remarkable. The reason is that when the
cycle in progress at the end of the time horizon is extreme, as indicated in the
introduction, its duration is of order O (nl/ 2). This suggests that the remainder
of the cycle is also of order O (n'/2), and hence, one may wonder if this long
time duration may have a significant contribution to the total area. It turns out
that this does not happen and the reason is the following. While the remaining
part of the cycle in progress may be large, the position of the chain is actually
0 (nl/z) from the end of the time horizon, so the total contribution to the area
of the remaining portion of the cycle is negligible.

3.4 Busy period asymptotics

As it has been discussed, a large deviations analysis of the area under a busy
period is an indispensable component for deriving the sample path LDP of Y, in
Theorem 3.3.1. The next two theorems focus on the tails of W7 and V,,, showing
that they exhibit Weibull behavior. Recall B, and denote with B} the optimal
value of the following variational problem B:
B: = inf + 1 , Br

. e C RSO (B.)
where £ sup {9 >0: E(eQU) < 1}. Note that 8 < 0, and S is strictly positive
in view of Assumption 3.2.1 and the assumption that u < 0. Note also that

B = '[gf : {ﬁy + BZ} .

ye|0,00
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3.4.1 Methodology

The tail asymptotics for W, and V,, are derived using a recently developed
LDP for random walks with light-tailed increments due to [10, 11, 94], cf.
Result 3.2.3 below. Specifically, W7 is the image of the unrestricted random walk

K, = 23" |U; to which the functional ®(§) £ OT(E) (R(&)(s))Pds is applied.
Note that ® : D[0,00) — R, is not continuous, and hence, the proof for the
tail asymptotics of W; gets more involved than simply applying the contraction
principle. We derive large deviations upper and lower bounds and show that
they coincide.

For the upper bound, we replace the hitting time 77 with a sufficiently large
value T'. This enables us to study the area of X, over the finite-time horizon
[0,T]. For T large enough, we show that the area of the reflected random walk
over the whole time horizon [0,7T] serves as an asymptotic upper bound for
Wi, and it is expressed as a functional of K,. This functional is shown to
be uniformly continuous in the (standard) M; topology on level sets of the
rate function associated with the LDP for K,,. Invoking Result 3.2.3, recently
established in [94], we get a large deviation upper bound.

For the lower bound, we confine the functional of the area under the busy
period, over a fixed time horizon by imposing an extra condition. Subsequently,
we derive a variational problem associated with the lower bound. Lastly, we
show that By has the same value as the variational problem associated with the
large deviation upper and lower bound.

For V,, we follow the same approach with some slight modifications. In order
to carry out our analysis for V,,, we associate the tail of W7 with the tail of V,,
through Lemmas 3.2.1, and 3.2.2. We prove that V,, has similar tail asymptotics
to that of W7, initialized from the steady state of X, i.e;

. logPo(V,, > x) . log P (W > nx)
nooe  pl/0FP) nbeo  p(/1F9)

For this reason, it is necessary to invoke tail asymptotics for the steady state
distribution 7 of X,,. To this end, we use a result in [72] (see Result 3.2.2)
regarding the asymptotic behavior of the invariant measure of homogeneous
Markov chains. Lastly, we repeat the same steps as in the analysis of Wj.
Namely, we derive large deviation upper and lower bounds and we show that
they coincide.
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3.4.2 Tail asymtotics

The main results (Theorem 3.4.3, and 3.4.4) are a consequence of the next two
technical propositions.

Proposition 3.4.1. (i) Recall that Ty = inf{k > 0: X}, = 0}; then,

Tl/:v
lim sup 1 log Pmy(/o (X (|ux])/x)Pdu > 1) < -B,.

r—o0 &L
i) Recall that Wy =S 11 XP: then,
=1 )

- 1 .

p
Proposition 3.4.2. (i) Y7 XP > 2!t — fom/w (%) ds > 1

(ii) Let § = (|p|(p + 1))/ P. For any y > 4,

(#i) It holds that

(iv) Finally,

e *

ko0 i>1

i —1
li ine —py+Bi_p= inf Bt =B
im mln{ 3 By + y} yel[g)oo) {51/ + y} -
Theorem 3.4.3. Let Wi £ ;‘:1:1 X?. Then

. 1 "
Proof. For the upper bound, setting ¢t = 2P*!,

lim sup

T —1
1
21/(1+p) = lim - D 1+p
ol t1/(14p) log P(W; > t) = limsup — log Py ( E XP > >

. T

T/ p
= lim sup 1 log Pg (/ (XQWCJ)> du > 1) < -B;
z—oo L 0 X
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where we applied part (i) of Proposition 3.4.2 for the second equality and part
(i) of Proposition 3.4.1 for the inequality. This together with the matching lower
bound in part (ii) of Proposition 3.4.1, we arrive at the desired asymptotics
(3.12). O

For V,,, we notice again a Weibull-like asymptotic behavior similar to W;
except that the prefactor associated with V,, is B (instead of Bj). It turns out
that the prefactor B} is equal to ;. This leads to the conclusion that every
busy period, including the one in progress at the end of the time horizon, has
the same tail asymptotics.

Theorem 3.4.4. The area of the busy period starting from the steady state ()
satisfies

. 1 (7 * 1/(1+
Jim e log Pr(Vy > b) = —Bg - b /(+p), (3.13)
Proof. We start with proving the large deviation upper bound for V;,. Denote the
time-reversed Markov process of {X,,},,>0 with {X}},,>0, and let T} = inf{i >
0: Xy <0} Let g2 (Jul(p+1))"/0+P) and fix b > 0. Setting 27! = nb,

n Ty
_ 1 1 1
Poy(V,>0)=Pyg | — XP>b| = —P, | =~ XWP>0,X'=0
0( el ) 0 TLZ i = ﬂ'(O) ’I’LZ( z) - n
l:TN(") =0
T:—1
n+1 1
| = XP>1
— x(0) (nb ; v )

- %PW (/OTI/I (X(L;“J)Ydu > 1) : (3.14)

where the second equality follows from Lemma 3.2.1 applying the function
(Y0, -y Yn) = I(Z&ax{i<n:y120} y¥ > nb), the inequality follows from the upper

bound in Lemma 3.2.2, and the last equality follows from part (i) of Proposi-
tion 3.4.2. From the tower property, we have that

T /x
P, ( /O (X (Luz])/z)Pdu > 1) (3.15)

:Eﬂ_

(10x0) > e [ " Kl faydu > 1\X(0>)]
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k

Su{x0 e | o f2( [ " X (L) i > 1'X<o>)]

i=1
< E-1{X(0) > =y}

. ZE xoe [From ) o ([ okt opan > 1)]

rlegoe) + 3w e, o) P ([ Oy 21)

£b(i,k,2,7)

+E7r

where in the first inequality we used that the Markov chain X, is stochastically

monotone. Therefore, by the principle of the maximum term and part (i) of
Proposition 3.4.1,

z—oo T

T /x
lim sup 1 log P, </0 (X (|uz])/z)Pdu > 1)

1 ,— 1
< hmsup log w[zg,00) V max {limsup —logm {zkxy, oo) b(i, l@x,y)}

r—o0 L i=1,....k z—o0 L
= (—py) V max { — —ﬂy + lim sup — logb(z k,x y)}
i=1,...k T—00

< (~By) Vv max, { -y Bz}.

Taking &k — oo and applying part (i) and (iv) of Proposition 3.4.2,

z—oo T

T /x
lim sup — logP </ (X (lux])/x)Pdu > 1) < -B: =-B8;.
0

103



3.4. BUSY PERIOD ASYMPTOTICS

From this along with (3.14), we arrive at the desired upper bound:

lim sup log Po(V,, > b)

T—r00

1 Tl/:r
< limsup —log P, (/ (X (|ux])/z)Pdu > 1) . p1/(+p)
x 0

1
nl/(1+p)

T—0o0
<-B;- pt/(+p)

Next, for n sufficiently large, using the lower bound of Lemma 3.2.2 for n > ng:

" i
_ 1 1 1
Po(Vo>b)=Po |~ > X/>b|= oF S (X 2 b, X =0
i=TN(n) i=0
Ty
1
> @PO (nb > XP > 1) = @PO (W1 > nb). (3.16)
=0

From here, we can directly apply part () of Proposition 3.4.1 to (3.16) and
obtain the matching lower bound:

1 _
liminf ————logPy(V,, > b) > —B; - pt/(1+p)

n—oo nl/(1+p)

Discussion on the computation of 5}

We conclude with a discussion on how to compute Bj. Note that it is not
straightforward that the infimum in the representation (B,) of Bf is attained
since the associated objective function does not have compact level sets unless the
moment generating function of U; is finite everywhere, (cf. [57]). The following
proposition, of which proof is deferred to a technical section, facilitates the
characterization of the optimal solution of B:

Proposition 3.4.5. Let
e B £ B,NAC[0, ),
. BSNCV = Bﬁc N{¢ € AC[0,0) : £ is concave},
and recall that B = infeep, 1,(§). Then,
By = inf I,(§)= inf I,(¢).

¢€BAC ¢€BCNCV

104



CHAPTER 3. LARGE DEVIATIONS FOR MARKOV RANDOM WALKS

Now, the feasible region can be reduced by writing

By = 5eé’§£cv Iy(§) = Zlgi %gfogelngy Io(€) (3.17)
where F,p ={{ : € € BCNCV,E( ) = 2,¢(T) = 0}. Every element in the set

F, r can be written as £(t) fo s)ds with £(s) € [u,2]. Using this, it can
be shown that F, r is compact. Slnce Iy(§) is lower semi-continuous, the inner
infimum in (3.17) is attained by some function £*. To characterize £*, it is
convenient to remove the reflection operator. Given that we require £(T") = 0,
the concavity requirement implies that we can restrict our search to functions &
for which £(s) = p for s > T. Thus, the inner infimum of (3 17) is equivalent

to minimizing fOT A*(£(s))ds subject to the constraints &(t) fo s)ds with £
decreasing, £(0) = 0,£(0) = z, &(T) = 0 and fo (s)Pds > 1. In turn, th1s
is equivalent to requiring that € is decreasing, f( ) =0, f( ) =2z, &T) =
and fo s)Pds > 1. Applying standard variational methods (see, for example
[56]), there exist constants ¢ and £ > 0 such that {* satisfies the differential
equation VA*(£*(s)) = c—fp ( [y €*(t)P~1dt) . Since £(0) = 2z, ¢ = VA*(z). Since
VA*(2) = (VA)71(2), we can write

£(s) = VA (w*(z) —lp ( /O ) 5*(t)P—1dt>) . (3.18)

To summarize this discussion, we conclude that we can compute B by
minimizing fOT A*(€(s))ds with (s) satisfying (3.18), over z > pu, T > 0, £ > 0.

3.5 Proofs

3.5.1 Proof of Proposition 3.4.5

The next two lemmas facilitate the proof of Proposition 3.4.5. Recall that R is
the one-dimensional reflection map.

Lemma 3.5.1. Suppose that o, 8,7 € D[0,T], a(s) = B(s) + v(s), and y(s) is
non-negative and non-decreasing. Then, R(a)(t) > R(B8)(t) for all t € [0,T].

Proof. Recall first that if z > 0 then 2 A (y + 2) < (x Ay) + z for any z,y € R.
From the non-negativity and monotonicity assumptions on v, we have that

ONa(s) SOAB(s)+7(s) SOAB(s)+7(t), 0<s<t
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and hence,

OAoinfqa(s) <O0Aa(s) SOAB(s)+7(t), 0<s<t.

Taking infimum over s € [0,t], we get 0 Ainf (o4 a(s) < 0AInf g4 B(s) +7(2).
Therefore,

R(0)(t) =a(t) =0 inf afs) > a(t) ~0A inf 5(s) = (1)

=p(t) —0A inf S(s) = R(B)(t).

s€[0,t]

O

Fix T > 0 and consider the functional & : D[0,T] — R4, where &7 (§) =

fOT(R(f)(s))pds. Now, let V] * denote the optimal value of the following opti-
mization problem VyT :

LN BV[0,
v it 1), V)
where
VI 2 {€eD[0,7]:£00) =y, &r(€) > 1},
and

S A (E(s))ds + 0, (T) +0_D(T) if £(0) =y
and & € BV[0, T,

00 otherwise.

BV/0, A
;70T ) &

Lemma 3.5.2. Suppose that € € BV[0,T] and set y = £(0). Then
(i) there exists a path (; € BV[0,T] such that
i-1) 61(0) = y;
-2) 7 (G) = @r(§);
i8) 1,1 () < 70T

J

i-4) For some t € [0,T], (1 is nonnegative over [0,t] and (; is linear with
slope p over [t,T).

(#i) there exists a path (3 € AC[0,T] such that

ii-1) (2(0) =y + z for some z € [0,£((T));
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ii-2) ®r(¢2) > r(&);

Z'Z‘_g) 9+ C2+ ];BY,[ZO’T](§2) < I;EV[O,T] (5);

ii-4) For some t € [0,T)], (a is nonnegative over [0,t] and (a is linear with
slope v over [t,T).

Suppose further that & € AC[0,T]. Then
(iii) there exists a path (3 € AC[0,T] such that

iii-1) (3(0) = y;
i11-2) ®r(C3) > Dr(&);
iii-3) T2 () < V0T gy,

)

iti-4) (3 is concave over [0,T] and its derivative is bounded by p from below.

Proof. For part (i), we first construct a new trajectory &; from & by discarding
the downward jumps, i.e., & = £@ 4+ £ Obviously, ILW[O’T] (&) < I;BV[O,T] (©).
Note that & = £ + (—5<d>) where —£(4 is non-negative and non-decreasing.
From Lemma 3.5.1 we have that R(£1)(¢) > R(€)(¢) for all t € [0,T], and hence,
(I)T(él) > (I)T(g) For each t € [O,T], let

o [(t) £inf{s €[0,T]: R(&)(u) >0 for all u € [s,t]}
e 7(t) 2 sup{s € [0,T]: R(£)(u) >0 for all u € [t,s]},

and o(t) [1(t),7(t)). Set Cf = {o(t) C [0,T] : t € [0,T]}. Note that,
by construction, the elements of Cfr cannot overlap, and hence, there can
be at most countable number of elements in C;. In view of this, we write
Ct = {[l;,m) : i € N} and let o; = [l;,7;). The following observations are
immediate from the construction of C;", the right continuity of ¢, and the fact
that & does not have any downward jumps.

[I>

O1. Ift € [0,T) does not belong to any of the elements of C", then R(&;)(t) = 0.

02. R(&) is continuous on the right end of the intervals o; except for the case
r, = T.

Note that O1 also implies that & (t) = &, (t—) for such t’s. Let s,, = 2?2—11 (ri—1)

for n € N. Note that s, — so € [0,T] as n — co. Let £(®)(t) denote the time
derivative %5(’1) (t) of £(@) at t, and set

t .
Q) Lyt /0 é1(s)ds + ¢ (),
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where )
t) £ Zf(a) (t -8+ li)]]-[si,s7¢+1)(t) + FLI]-[SOO,T] (t)a
€N
and

SRIOE D (EMEA s — si+ 1) — €W (1=)) s, 1y (1)
€N
That is, on the interval [s;, s;4+1), (1 behaves the same way as & does on the

interval [I;,7;); whereas (; decreases linearly at the rate |u| outside of those
intervals. Given this, it can be checked that

03. [2% (R(G1)(s))"ds > [ (R(&1)(s))"ds
O4. [/ A*(E@(s))ds = [71 A*(({V(s))ds

05. ¢ (si41-) — ¢ (si—) = € (i) — € (1i-)

Now, we verify the conditions i-1), i-2), i-3), i-4). Note first that the conditions
i-1) and i-4) are obvious from the construction of {;. We can verify i-2) as
follows:

Br(c) = / (r@)e)as = [ ey as=3 [ (r@)e) s
. =1
Z () ds = [ (R€)())ds = Br(6r),

where the second inequality is from O3, and the second last equality is from O1.
Moving onto i-3), note that due to the left continuity of (i, s, — S implies

that £(sp,—) — &€(800—). Also, Clu)(soo) — Cfu)(sm—) =0 and (1(“) is constant on
(500, 7). Therefore, 32, (¢ (si1-) = ¢ (5i) ) = limopoe ¢ (5041 ) =

Cl(u)(soo—) = C{")(T) where we adopted the convention that du)(O—) = 0. From
04, O5, and this observation,

T .
1,0 1(G) = / A*(Gu(B)ds + 64 - (T

:Z/ A G)ds + 0, - i(g{”(siﬂ—)—g“)(si—))

i=1
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=3 [ 0, 3 (€90) - €900

T
< / A*(E@ (£))ds + 6, - £0(T) = VTN (g, ).
0

For part (ii), we construct (o from ¢; by moving all the jumps of £ () to time

V[0,T]

0. This neither increases I nor decreases ®7. That is, if we set

Colt —y+/<1 (s)ds + (1),

then ®7(C2) > ®r(¢1) obviously, and 6, - ¢\(T) + IT oy (G2) < I (C1).

Noting that C(“)( T) < £W(T), we see that ¢ satisfies all the claims of the lemma.

For part (iii), let ¢ € AC[0,T] be a concave majorant of 5 Then there
exists a non-increasing C € D[0, T] such that ¢(t) = £(0) + fo ds (Due to
the continuity of &, £(0) and ¢(0) should coincide.) Let G(t) £ £(0) + fg Y,
((s)ds. Note that iii-1), iii-2), and iii-4) are straightforward to check from the
construction. To show that 44i-3) is also satisfied, we construct Co = {(I},7}) C
[0,7] : i € N} in a similar way to C;” so that the elements of C; are non-
overlapping, and &(s) < (3(s) if and only if s € (I, r}) for some i € N. Note that
due to the continuity of ¢ and &, ((I}) = £(1}) and ¢(r}) = &(r}), and ¢ has to be
a straight line on (I, l) for each i € N. Set s £ 0V sup{t € [0,T] : {(t) > pu}.
Then, no interval in C2 contains sy, because otherwise, ¢ has to be a straight
line in a neighborhood of sg, and hence, ( has to be constant there, but this is

contradictory to the definition of sg. Now, let f denote a derivative of £. Then
St A (A ((s))ds = J;7# A*(u)ds = 0 for i’s such that r} > so, and hence,

T . T .
IEW[O,T] () — IZ;EV[O’T](CB) = /0 A*(&(s))ds —/0 A* (Vv ((s))ds

S /l (A () = A () ) s,

1€N: 7/ <s0

Note that from the construction of Cy, if s € [I},r!] for some 4 such that 7} < s,

we have that C(s) = (Gs(r]) — G(I)/(r] — 1)) = (€(}) — &)/ (r] — I}), and
hence, from Jensen’s inequality,

’

/l Z (A*(é(S)) - A*(g’(s))) ds
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_ / A (E(sas — (o]~ 1) A%

> 0.

U

Therefore, (3 satisfies #4-3) as well. O
Now we are ready to prove Proposition 3.4.5.

Proof of Proposition 3.4.5. Since B{NYV C BL® C By, we only have to prove
that Bj > infeeponov I, y(§). For thlb we show that for any given ¢ € B,

and any given ¢ > 0, there is ( € BSNCV such that I,(¢) < I,(§) + € To
construct such (, we first note that we can find &; € By such that 7 (&) < oo
and I,(&) < I,(¢) thanks to Lemma 3.5.3. Now set T T(£1) and denote
the restriction of & on [0,T] with &—i.e., & € D[0,T] and & (t) = & (t) for
t € [0,T]. We appeal to Lemma 3.5.2 to pick a path & € ACI0,T] such
that &(0) = y+ 2, 0 < 2 < &(T) = £"UT), ®r(&) > br(6) > 1, and
Or 2+ L (&) < 1"O7N(E) = I(61) < L,(€). Due to Equation (5.5) in
[67], lim, 00 gf) = 0,. As a consequence, we can choose a u > 0 large enough
so that

A (u)/u <0y +¢€/z. (3.19)
Set
&(5) = (y+us) . u(s) + & (5 — 2/u) Lz ju,zjust) (5)-
Then, &3 € AC[0, z/u + T, &3(0) =y, &3(2/u) = y + 2z, and that @, 1 (&3) >
Or(&) > 1. Moreover,

IBV[O z/u+T] (53) (Z/U)A* / A* 52 ))dS < 9+Z +e+ I;BXZO ,T] (52)

<I,(§ +e

Next, we appeal to the part (7ii) of Lemma 3.5.2 to find a { € AC|0, z/u+T] such
that {(0) = y, @.puer(() 2 1, 1,7 () < 17O (gg) < 1y(€) e,
and ¢ is concave on [0, z/u + T with the derivative bounded by p from below.
Now, if we set

C(t) =Ct A (z/u+T)) +p(lt = (z/u+T)F), t=0,
then ¢ € BNV and I,(¢) = I, "/ 1(¢) < 1,(6) + e m

110



CHAPTER 3. LARGE DEVIATIONS FOR MARKOV RANDOM WALKS

3.5.2 Proof of Proposition 3.4.1

The proof of Proposition 3.4.1 hinges upon the following technical lemmas. Recall
that B¢ = B, N AC[0,00). For a fixed M > 0, let

i) BAGM 2 BAC A (€€ D[0,00) : T(£) < M}, and let
ii) BM 2 B, n{¢eD[0,00): T(£) < M}

Lemma 3.5.3. For any given y > 0, there exists a constant M = M(y) > 0
such that

o for each & € By, there exists a path ¢ € Bé\/f such that I,,(¢) < I,(§);

e therefore,

Elen;f 1,(§) = Eg}ngI y(&); (3.20)

e moreover, M(y) < cy +d for some ¢ >0 and d > 0.

Proof. Let 7 2 (Ju|(p 4+ 1))/1*P. In case y > ¥, the equality in (3.20) holds
with the optimal values of the LHS and RHS both being zero: to see this,
set M = —y/u and ((t) = y + pt, and note that fT(OR ({)(s)Pds > 1 and
T(¢) = M, and hence, ¢ € B)! while I,(¢) = 0. Therefore, we assume for the
rest of the proof that y < g. It is enough to show that there exists M > 0 such
that

For any given £ € B, \Béw, one can find ¢ € Bé\/f such that I,,(¢) < I, ().
(3.21)
To construct such M, consider w and z such that 4 < w <0 < z, A*(w) < 0o
and A*(z) < co. We consider a piece-wise linear path

C(t) £ (y+ 2t) Lo, (g—y) 5 (E) + (F + p(t — (T — ¥)/2)) Lig—y) /2 00) ()

y— (2 + LA (2
MﬁmaX{(yzji)&)(), @y)/zy/uf’fw”}_

and

Then, ¢ € B?]lvf and I,(¢) = A*(z)Z2. Suppose that £ € B, \ Bé‘/f so that
T(€) > M. If £ ¢ BV[0,0), I(§) = oo, from which (3.21) is immediate. Suppose
that £ € BV[0, 00) so that & = £(®) 4-£() 1 £(d) Note that if we set &' 2 £(@) 3£
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then T(¢') > T(§), 1,(&') < I,(§), and & € By. Therefore, we assume w.l.o.g.
€@ = 0. Note that if £ (T(€)) > A*(2)LY, then

29+

L,(€) > 0, €9(T(€) > A () L= = 1,(0).

z

<

—y
04

On the other hand, if £ (T(£)) < A*(2)%Y, then £@(T(£)) > —A*(2)

20+ )

IS

and hence, by the construction of M,

p<w<—(y+ 0N @)/TE) < (§9T©) - v)/T(E).

20,
Therefore,
T()
L©2 [ A E)ds 2 TE A ((€T©) - v) /7))
2T A (= (v+ 5N () TO) 2 T(©) A (w)
> 0 At w) = T = 1,0,

where the second inequality is from Jensen’s inequality, the third and fourth
inequalities are from the monotonicity of A* on [, 00), and the fifth and the sixth
inequalities are from the construction of M and (, respectively. This concludes

the proof of (3.21) and (3.5.3).
To see the existence of ¢ > 0 and d > 0, note that for the case y > g, our
construction of M(y) is linear in y, whereas M (y) is bounded for the case y < .
O

Lemma 3.5.4. Let M > 0 be the constant in Lemma 3.5.3. Then,
* T*
B, =V,
forany T > M.

Proof. The conclusion of the lemma follows immediately from the following
claims.

Claim 1: VyT * is nonincreasing in 7.
Proof of Claim 1. Let t; < t5. For each & € V', consider &(s) £ &1(s Aty) +
(s = t1) Lz, 1,)(t). Then, & € V2 and I;W[O’“](gl) = I?V[O’m](ﬁg). Therefore,
Vi?" is at least as small as Vi1
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Claim 2: If M > 0 is such that infecpm I,(§) = infeep, I,(§) as in
Lemma 3.5.3, then
. M*
gé%fyfy(ﬁ) >V, .

Proof of Claim 2. Given an € > 0, consider & € Bé\/f such that I, (&) <

inf&EBé‘/f Iy(g) + €. Set Ce(t) £ ge(t A T(ge)) + :u’(t - T(fe))l(T(Ee),M] (t) Then,
e € VM and hence,

V= inf 1PVOMI(g) < IEVOMI(G) < I (&) <

Y L nf I,(€) +e.

i
¢eBM

Taking € — 0, we arrive at Claim 2.
Claim 3: For any T' > M,

T* S
Vv, = £leany I,(6).

Proof of Claim 3. By (i), and (7i¢) of Lemma 3.5.2, given an € > 0, consider
£ € V,] so that IZI/W[O’T] (&) < infeeyr I;,BV[O’T] (&) + ¢, & is concave over [0, T7,

& is non-negative over [0, t], & is linear with slope p over [¢,T], and &7 (&) > 1.
Set ((t) £ &(tAT) + p(t — T)L(r,00)(t). Then, ¢ € B, and hence,

T* _ BVI[0,T BVI[0,T .
Vi = nd IO e 2 OTNE) 2 1, (G) 2 inf, 1,(€).

Taking € — 0, we arrive at Claim 3. O

Set

K, 2 {g € D[0,¢] : £(0) =0, /O (R(§)(s))"ds > 1, £(s) > 0 for s € [O,t]} :

The following corollary is immediate from the two previous lemmas:

Corollary 3.5.5. Let M > 0 be the constant in Lemma 8.5.3. For any y > 0,

i inf 7BV 0y — PM* _ gr
. el[g M) flenKt 0 €)=V 0

Proposition 3.5.6. The optimal value By, associated with By, satisfies

(i) y > B, is non-increasing in y;
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(i4) y > By is Lipschitz continuous.

Proof. For part (i), let x,y be such that 0 < x < y. We will show that for any
e > 0, there exists ( € B, such that I,(¢) < B} + €. Due to Lemma 3.5.3, we
can pick £ € B, such that I,(§) < B + € and T(§) < co. Set

Ct) = (y—2) +EXEATE) +p- [t =TI

Then, since ¢(0) =y, R(C)(t) > R(&)(t) on t € [0, T (&)], we see that ¢ € B,. On
the other hand, since ¢ has no jump on [T (£), 00), and A*(é(“)(s)) =A*(u)=0
on s € [T(£),), as well as T(£) < T(¢),

T() .
1,(0) = / A (@ (8))ds + 6,.¢ (T(Q)) + 0_CD(T(0))

T)
/ A (@ (s))ds + 0, ¢ (T (€)) + - (T())

T(f)
A*(E(s))ds + 0. EM(T(€)) + 0_ED(T(€))

= )<B*+e

\

For part ii), note that we only need to prove one side of the inequality
thanks to part i). That is, it is enough to show that if 0 < = < y, then
B; < By + (y —x)A*(1). Fix an € > 0 and pick ¢ € B, such that I,(¢) < By +e.
Set

Then ¢ (s) O x>> and £@(s) = (D (s — (y—)) on s € [y —z, 0],
and €W (s) =D (s) =0 on s € [0,y — 2], and T(€¢) = T(¢) +y — x. Hence,

y—z T(&) .
LO= [ AW+ [ A EO s+, €T0) +0--€(T(E)

T)+y—= .
—-DA W [ A s+ 04 €T 4y - )
+0_ T +y—a)
T©) .
— (y— 2)A"(1) + / A*(ED (s + (y — 2)))ds + 04 - ¢ (T(C))
+0_ - ¢D(T©)
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T) .
— (y— )N (1) + / A (@ (8))ds + 64 - (O (T(Q) + 6 - CD(T())
— (= )A (1) + [,(0) < (y— )A (1) + B + <.

Since € By, this implies that By < (y — x)A*(1) + B}, + . Taking ¢ — 0, we
arrive at the desired inequality.
O

The main preparatory result for the asymptotic upper bound relies on a
result of [94]. The goal of the next two lemmas is to verify a uniform continuity
result. Let TV (&) be the total variation of .

Lemma 3.5.7. The function H : D[0,T] — [0,00) given by H(§) = fOT &(s)ds
is Lipschitz continuous on the set of {£: TV () < M} for every M < oc.

Proof. Let £ be such that TV(§) < M and let ¢ be such that das, (€,¢) < e. Set
n(t) £ inf{z : d((t,z),T(€)) < €} where I'(€) is the completed graph of & and d is
the Ly distance in R?, i.e., d((¢, %), (s,vy)) = [t —s| + |z —y|. Then, das, (£,¢) <€
implies that ((t) > n(t) for all ¢t € [0,T]. Due to the construction of n and the
fact that L, balls are contained in Lo balls of the same radius, the difference
between the area below & and the area below 7 is bounded by len(I'(£)) X e,
where the lenght len(I'(£)) of I'(§) is bounded by T+ TV (&). Putting everything
together, we conclude that

T T T T
/ &(s)ds —/ ¢(s) > / &(s)ds —/ n(s) > (T'+ M)e. (3.22)

0 0 0 0
The upper bound can be established in the same way. O

Recall the function ®7 : D[0,T] — [0, 00) defined as &7 (&) = fOT R(&)(s)Pds.

Lemma 3.5.8. & is Holder continuous with index min{p, 1} on the set {& :
Ix(§) < aj.

Proof. Let & be such that I () < a. Let § € (0,min{6,|0_|}). Observe that
A*(€(s)) > 8Ié(s)| — A(5). Hence,

i €(s)|ds + €*(1) + [€1(1)] < (a+ A(8)) /6 & M.

Consequently, if Ix(£) < a, then TV() < M,. The reflection map R is a
Lipschitz continuous map from D[0, T to D[0,T] w.r.t. the M; topology with
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Lipschitz constant 2 (cf. [96], Theorem 13.5.1), and if the total variation of £ is
bounded by M,, the total variation of R(£) is bounded by 2M,,. Consequently,
the total variation of R(€)P is bounded by 2°(2M,)? £ M,. Moreover, the
map & — R(§)? is Holder continuous on {& : I (€) < a} with index min{p, 1}.
Since the composition of a Lipschitz and Holder continuous map is again Holder
continuous (in this case, with exponent min{p, 1}), the proof follows from Lemma
3.5.7.

O
Lemma 3.5.9. (i) For anyt,y >0 and T > 0,
1
limsup ~ log Py, (T1/x > T) < ty + Tlog Ee'. (3.23)
z—oo T
(i) For anyy >0 and T >0,
: 1 T -
lim sup — log Py (X([sz])/x)Pds > 1| <=V, . (3.24)
r—o00 L 0
Proof. For part (i), note that
[=T |

Po, (11 > 2T) < Ppy (Xiar) > 0) =P [ S U > —ay | < evE (V)7

i=1

where the last inequality is from the Markov inequality. Taking logarithms,
dividing both sides by x, and taking lim sup, we get (3.23).

For part (i), as a Holder continuous map is uniformly continuous, Lemma
3.5.7 allows us to apply Result 3.2.3 (ii) to obtain

T—00 T [1,00) °

1 T
lim ~log P, ( / (X(|sz))/z)Pds > 1) <- i)
0 a
where Jy(a) = inf{Ig(€) : £ € D[0,T], £(0) =y, ®r(€) = a}. It is easy to see

that inf,ep 00) Jy(a) = VyT* hence, (3.24) follows.
L]

Now we are ready to prove Proposition 3.4.1.
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Proof of Proposition 3.4.1. For part (i), consider a small enough ¢y, > 0 so that
Ee'oV < 1. Then, by to Lemma 3.5.4, we can pick a sufficiently large T' > 0 so
that B; = Vg* and toy + Tlog EetolU < —B;,. Considering the case T /x <T
and Ty /x > T separately and then applying the principle of the maximum term,

lim sup ~ log Pwy< /0 M X)) o )pdu > 1)

T—00

Tl/I
< hmsup long ( {/ (X (lux])/x)Pdu>1,T) < LET} u{T, > xT})
0

Tr— 00

T
< hmbup long </ (X (|ux])/x)Pdu > 1) V lim sup — longy (Ty/x >T)
0

Tr—r 00 Tr—r00

< (—Vj*) v (toy—i-TlogEetoU) - (—B;) v (toy—i-TlogEetoU) — B,

(3.25)
where we used Lemma 3.5.9 for the third inequality.
Next, we move on to part ( ii). For any given t > 0, let
o A ={£ €Dl0,¢] : = ¢, fo s)Pds > 1,&(s) > 0, Vs € [0,t]}
and
o Ay ={£€D0,t]:£(0) =e fO s)Pds > 1, &(s) > €/2, Vs € [0,t]}.

Set u = x'TP. Let € be small enough such that P(U; > \/€) > 0. Define the
event B, . = {U; > e,i =1,...,[x\/€]}. Setting k* = [z/€] + 1, we obtain

1
lim inf m log Py (W1 > u)

T
P
= llxn_l)gf - log Py (ZX > u)

k=0

T
> hmmf log Py (Z X7 > =P B, 6)

Tr—o0 I
k=k*

—hmmf log | P
Tr—o0 I

T
0 <Z XP > x1+p’BM> P (Ba.)

k=k*
T

€T (Z Xlzc) > x1+p> Py (Bz,e)
k=0
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1 Tl/ili
= liminf — log | P, (/ (XLMJ /x)p ds > 1) P (Bg.e)
0

T—00 I

T—00 I

1 r t
> liminf — log | P, </ (XLsz /(E)p ds>1,T; > xt) Py (Bx’e)}
0

¢ X
= lim inf 1 log |Pey </ (X |os) Jz)’ ds > 1, lzs] S 0,vs € [07t]> Py (Br,e)]
L 0

r—00 I X

> lim inf 1 log [P6 (Kz € At’ﬁ) Py (Bz’é)]

r—o0 I

>— inf  IBVOU(g) 4 \elog P(U; > V/e)
E€(Ag,e)°

>— inf IFV0M(E) 4+ Velog P(Uy > Ve).
E€AL

where the third equality is from part (4) of Proposition 3.4.2. The second to
last inequality follows from part (i) of Result 3.2.3 since the integral and the
infimum are both continuous in the M; topology (see, respectively Theorem
11.5.1 and Theorem 13.4.1 of [96]). Recall that

K; = {f € D[0,t] : £(0) =0, /0 (R(&)(s))Pds > 1, &(s) > 0 for s € [O,t]} .
Note that for all € > 0,

inf BV (g) < inf 12V (¢). (3.26)
EEAL . EEK,
To see this, suppose that ¢ € K;. Then, é = ¢ + £ belongs to flt,g and
I]EBV[O’t] (5) = Igw[o’t] (£). Since the construction holds for every £ € K, we
have that infecg, I?V[O’t] &) > infec 4, 1EVI04 (&). Therefore,

. 1 . BV(0,
lim inf 5 log Po (W > w) > — inf 1 O ¢) + Velog P(Uy > Ve).

Since € and ¢ are arbitrary, taking e — 0 and taking the infimum over ¢ € [0, M],
Corollary 3.5.5 gives

o 1 . . BYO,f] /oy gox
lim it o7y s Po (W >w) 2 = dnf | inf 1770 (8) = — 5.
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3.5.3 Proof of Proposition 3.4.2, and Lemma 3.2.2
We start with the proof of Lemma 3.2.2.

Proof of Lemma 3.2.2. We first derive the upper bound, by noting that

Ny
P, (Z(X;g)p > 2, X = o)

k=0

n m—1

m=0 k=0
n m—1
<> P, (Z(X;g_(m WP =@, Xy >0, XG >0>
m=0 k=0
n m—1
:Zpﬂ< XP o >x, X1 >0, X0>0>
m=0 k=0
n m—1 n T
ZP”< Xﬁzx,T>m1>§ Pﬂ<ZX,f2$,T>ml>
m=0 k=0 m=0 k=0

For the lower bound, first write

.
P, (Z(X:)P >0 X = 0)

k=0
n m—1
=Yp (Z X,:)pzx,T*:m,X;:())
m=1 k=0
n m—1
=Y P, (Z (X;)P >, T = m> Po (Xp_m = 0)
m=1 k=0

Apply Lemma 3.2.1 [by using g(y1,....yn) = IO, 47 > z,y; > 0.i < n)] to
observe that

m—1
P, (Z(X;;)P >, T = m)
k=0
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m—1
=P, (Z(X;;)pzx,Xj >o,i:1,...,m_1,x;;:o>

=m(0)Po | Y XP > X; >O,i:17...,m—1,>

Consequently, for every fixed ng such that infy>,, Po(X, = 0) > 7(0)/2,

.
P, (Z(XW >, X, = 0)

k=0
n—no T
>m(0) Y Py (Z XP > T = m> Po(Xp_m = 0)
m=0 k=0

Now, we move on to the proof of Proposition 3.4.2.

Proof. Proof of Proposition 3.4.2. For part (i), note that
m—1 m m/x
1 1 1
_— p_ _ - P - P
o kZX = pr/O Xp, du = pr/O e X[, ds
=0

m/x X p
= / (LMJ ) ds
0 (L‘
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where the second equality is from the change of variable with v = xs. The
claimed equivalence is immediate from this.

For part (7i), note that if we set £*(t) £ §— ut, then I,(£*) = 0 while £* € By,
and hence, B} = 0.

For part (i), note that

RN E2=5 DU R AV (OF SR R
J;H;o?;l?{kﬂy%;y} =, (E@?{%“Bgy} - ,ﬁy)

. : [
- JE‘SOI}S?{%?J+B;@}-

Moreover, from part (i7) of Proposition 3.5.6,

. . T, * . *
Jim, min {kﬁy + B;y} =, dnf, Py By}
For part (iv), note that by definition, B§ > BX. Therefore, we only have
to prove that By < Bi. Recall that 3 = sup{fd > 0 : E(e?Y) < 1} and
0, = sup{f € R : E(e?Y) < oo}. For the rest of this proof, let A be the
log-moment generating function and let Dy denote the effective domain of A i.e;
Dy = {z: A(z) < co}. We start with a claim: for any e > 0 there exists a v > 0
such that
A (u)/u < B +e. (3.27)

To prove (3.27) we distinguish between the cases 8 < 6, and 8 = 0. For the
first case note that 3 € D}. In view of the convexity and continuity of E(eV),
E(efY) = 1. Due to Lemma 2.2.5 (c) of [22], A is a differentiable function in D}

with A'(n) = EE(:EJEZZU)) Since 8 € D3 we have that A’(3) = E(UefY) < co. In

addition, A'(0) = E(U) < 0 implies that A(n) is decreasing for small values of 7.
Now, the convexity and differentiability of A over its effective domain implies
that A’ should be increasing at 3 and thus E(Ue?Y) > 0. Tt can be checked that
for u = E(UePY),

A*(u)  BE(UEY) —log E(eV)
u E(UefY)

=5,

and hence our claim is proved. Consider now the case § = 6,. In view of
A" (z)
xT

Equation (5.5) in [67], lim, 00 = 0,. That is, for any € > 0 we can choose
a u so that A*(u)/u < 04 + ¢ =+ €. We proved the claim (3.27).
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Back to the inequality B§ < B, we will show that for any given € > 0 and any
given path € B,;, we can construct a path ¢ € By so that Iy({) < I,(§)+ By +e.
To this end, let u > 0 be such that A*(u)/u < 8+ ¢/y and set

(:(S) £ US]l{sgy/u} + g(S - y/u)]l{s>y/u}
Then ¢(0) =0, ((y/u) =y, and ¢ € By. Furthermore, one can see that

T(€) .
1y () = (y/u)A* (u) + /O A*(E(s))ds + 0. (T(€)) = (y/u)A () + I,().
From the construction of u,

Io(Q) < By + e+ 1,(¢)
as desired. This concludes the proof of part (iv).

3.5.4 Proof of Proposition 3.3.3

In this section we prove a sample-path LDP for Z,,. We employ a well-known
technique, based on the projective limit theorem by Dawson and Gartner; see
Theorem 4.6.1 in [22]. The following three lemmas lead to the first key step in
this approach, which consists of obtaining the finite-dimensional LDP for Z,,.

Lemma 3.5.10. For any given 0 =ty < t1 <t < ... <1, let At; =t; —t;_1
fori=1,..., k. Then,

1 N(nty) N(nty)
limsupn—alogP Zl W; > naq, ..., Z W; > nay,
J:

noee J=N(nti_1)+1

k
< —BS <Z(QZ — AAtJi) R (328)

i=1
1 N(ntq) N(nty)
hnn_1>1or01fn—alogP Z W; > naq,. .., Z W; > nay,
Jj=1 j:N(ntk_1)+1

k
> —B; <Z(ai — )\Ati)i> : (3.29)

i=1

where (z), = 2 V0.
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Proof. Firstly, for notational convenience, let Ei(")(e) £ nlti/ET — e, t; /BT + €.
We will use this notation throughout the proof of this lemma. For the upper
bound in equation (3.28), notice that

N(ntl) N(ntk)

P Z W; > nay, ..., Z W; > nay,
=1 J=N(ntr_1)+1

N(ntl) N(ntk)
+P< Z W; > nay,..., Z W; > nay,
j=1 j=N(nt;_1)+1

N(nt;) € E™(e) fori=1,..., k) = (I0).

For (I), by Theorem 6.1 in ([80]),

log (I
lim sup o (1) = —o0. (3.30)
n—o0o n
Shifting our attention to (IT),
N(nt1) N(ntg)
P< Z W; > nay, ..., Z W; > nay,
Jj=1 j=N(ntr_1)+1

N(nt;) € Ei(")(e) fori=1,.. .,k)
[n(t1/E7+e€)] [n(tx /ET+e)] i1 in
< Z Z P(ZWjZnal,..., Z sznak,
i1r=[n(t1/Et—e)] ir=[n(ty/ET—¢)] j=1 Jj=tk—1+1
N(nt;)) =14 for Il = 1,...,k>
[n(t1/E7+e€)] [n(tx /ET+e)]
< )

i1=[n(t1/ET—e)] ir=[n(tx/ET—¢)]
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i1 ik
ZWjZnal,..., Z sznak I(Zlfglk)
j= Jj=ik—1+1

[n(t1/ET+e)] [n(tx/ET4e€)]

>

i1=[n(t1/ET—e)] ir=[n(ty/ET—¢)]

i1 ik
ZWjZnal - P Z W; = nay,
=1

Jj=tik—1+1
[n(t1/ET+e)] [n(tx /ET+e€)]
(26n)k P Z Wj > nay | --- P Z Wj > nay
] j=[n(tx—1/ET—e€)]

IN

Now, we have that from Result 3.2.1,

k [n(ti/E(T)+e€)]
lim sup log I < Z hm bup — log P Z W; > na;
e i=1 J=In(ti-1/B(r)=e)]
+ lim sup 710g(26n)
n—00 ne
k
—B5 ) (a; — A(At; + 2¢E7))T.

i=1

Taking € — 0, we arrive at

k
1
limsup — log (IT) < — Z ;— AAL) (3.31)

n— oo

In view of (3.30) and (3.31),

N(nt1)—1 N(nty)—1
hrnsup—logP Z W; > naq, ..., Z W; > nay,
e ' j=N(nt_1)
< max {hm sup M, lim sup log(H)}
n—oo n< n—oo ne
k
Z — \At)
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For the lower bound in Equation (3.29), notice that

nt1 N(’I’Ltk)—l
P Z I/V>na1,...7 Z W; > nay,
j:N(ntk 1)
) N ntk —1
>P< Z i >nag,. .., Z W; > nay,
j=1 j= N(’nt;, 1)
N(nt;) € Ei(n)(e) fori=1,.. .,k)
[n(t1/ET—e)|—1 |n(tx/ET—e€)]—1
>P< Z W; > naq, ..., Z W; > nay,
j=1 j=In(tk-1/E7+e)]
N(nt;) € E™(e) fori=1,.. k)
|n(t1/Et—e)|—1 [n(ty/ET—e)]—1
>P Z Wj>na1,..., Z Wj>nai —(I)
Jj=1 J=n(tk—1/ET+e€)]
In(t1/Er—e)|—1 k [n(ti/ET—e€)] -1
=P > W, >na | [[P > W; > na; | — (1)
j=1 =2 j=[n(ti—1/E7+e€)]
|n(t1/ET—e)|—1 k In(t;/ET—e)|—[n(ti—1/ET+e€)]
=P Z W]’ > nay HP Z Wj > na;
j=1 i=2 j=1
=(11I)
— (D). (3.32)

From Theorem 3.4.3, Result 3.2.1 and (3.30), we get % — 0 as n — oo.
Therefore, (3.32) leads to

nt1 ntk
1 —
17?—1>1<>I<1>fn logP Z W > nag,. .., Z W; > nay,
j= N(ntk 1)

> lim inf — log {(III) ( - (I))} = lim mf —log (I11)

n—oo N (HI) n—00
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k
=—B; Y (a; — AM(At; — 2¢E7))5.

i=1

Taking € — 0, we arrive at (3.29) concluding the proof.
O

Lemma 3.5.11. For any given t = (t1,...,tx) such that 0 =tg <t < ... <

tr <1, the probability measures ji,, of (% Z;V:(?tl) Wi, ..., % ;V:(Zt(’jztk_l)ﬂ Wj)

satisfy the LDP in Rﬁ_ w.r.t. Fuclidean topology with speed n™ and the good rate
function Iy : RE. — Ry :

By YK (i — MAL)™  ifm > AAG, Vi=1,... K,
Lo, .. op) = § D0 2=t A ' (3.33)
0, otherwise.
. N(ntq N(nt .
Proof. We claim that (% Zj:(g ‘W, L j:(N(krztk,l)H Wj) satisfies a weak

LDP. Once our claim is established, since I is a good rate function, and R’j

is Polish, (% Z;V:(gtl) Wj,...,+ ;-Vz(zt&ft,@,lm Wj) is exponentially tight, and

consequently, Lemma 1.2.18 of [22] applies, showing that the full LDP is satisfied.
Now, to prove the claimed weak LDP, we start by showing that

1 n(A 1 n(A
i sup 22842 (A) _ i g 1084 (4) (3.34)
n—s00 n« n—oo n«
N——
AZ4 2L,

for every A € A2 {Hf:1 ((ai; b)) NRy) : a; < b;}. Let

roa B S (@i = AAE)Y i by > AAL fori = 1,..k,
—00 otherwise.

We will prove (3.34) by showing that £4 < L4 < £ ,. We consider the two cases
separately:

case 1. b; > AAt; fori=1,... k;

case 2. b; < AAt; for some i € {1,...,k}.
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Let A= Hle ((a;,b;)) NRy) and a; < b; for i =1,..., k. We start with case 1.
Since A C Hle[ai, bi),
nt1 N(ntk)

— 1
L4 <limsup — logP Z W; > naq,. .., Z W; > nay,
n—oo N X
j=N(ntp_1)+1

= AAL)® = L4, (3.35)

HM»

where the second inequality is from (3.28). Since Hle[ai +¢€,b;) C A for small
enough € > 0,

La (3.36)
1 N(T’Ltl) 1 N(?’Ltk) k
>11nrr_1>1£fn—logP - Z Wj,...,ﬁl oW EH[ai—ke,bi)
=0 J=N(ntp_1)+1 —1
N(nty) N(nty)

Wj>a1+e,..., Z Wj>ak+6

™

1
> liminf — log< P —
n

nee i=0 J=N(ntn-1)+1 )
k N(nt;) N (nt;)
->yP oo WiznaVi#l > W >nb }
=1 J=N(nt;—1)+1 J=N(nt;—1)+1
lim inf — 1 {P(l N(fj)w L N(Zm:k) 4% )
>1m1n—o — i>apt+€...,— i >ap +e€
e ° no m (et

N(nty)

1 N(nt;) . 1 N(ntp)
1 Zin ( =Nty 1 Wizaite Vil 5570 Gl o szb’)
N(nty) :
P(% Yo Y Wizarte o n N, 1)+1Wj>ak+s>

Note that due to the logarithmic asymptotics of Lemma 3.5.10, for every [ €

(1,....k},

1 N(nt;) N(nt;)
P (i ZJ*N(ntf 1)+1 Wj > ai + e for i # l’ n j:N(lntj—l)"rl Wz bl) — 0

P( ZN("tl)W >a1+€..., = ;V:(?<'ﬁtk,l)+1wj>“k+€)

and hence, the second term of (3.36) disappears. Therefore,

Ly
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N(nty N (ntg
o logP(%z (n )W >a1+e,. .. jiNégtk71)+1Wj>ak+€)
> liminf

k
—By ) (ai + € — AAL)*.
i=1

Taking € — 0, we arrive at £, > L4, which, together with (3.35), proves (3.34)
for case 1.

For case 2, note that by Result 3.2.1,

N(nt;)
L4 < hmsup—logP Z W; <nb; | = —o0,
noee J=N(nti—1)+1
and hence, £4 =Ly=Ly=—

Now note also that

L (z1,...,¢x5) = —inf {La: A> (21,...,2k)}. (3.37)

Since A is a base of the Euclidean topology, the desired weak LDP follows
from (3.34), (3.37), and Theorem 4.1.11 of [22]. O

The following is an immediate Corollary of Lemma 3.5.11.
Lemma 3.5.12. For any given t = (t1,...,t;) such that 0 = to <t <...<
tr < 1, the probability measures () of ( ZN(ml)W ey ;V(gt’“)Wj)
satisfy an LDP in Rﬁ with speed n® and with good rate functzon, I : R+ — Ry,

BS Zle(l‘i —Xij—1 — /\Ati>a if i — Tj—1 Z )\Atl
I(xy,...,21) = fori=1,... k, (3.38)
00, otherwise.
Proof. The proof is an application of the contraction principle. To this end,

consider the function f : R’j_ — ]R’j_, flxy, o, ... x) = (x1, 21 + X2,..., 21 +
..+ zx). Notice that

=
3
NS
>

N(nt1 N(nt1 N(ntk)

1 1
Z Wi Z Wiyeons > Wi,

] N(ntk,1)+1

<
Il
o
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where f is a continuous function. That is %Zy:(gtl) Wj,...,+ ;V:(gt’“) Wj)

satisfies a large deviation principle with the rate function

ft(yl,...7yk) =inf{li(z) :y = f(z1,...,2%) }

Since (y1,...,yx) = f(x1,...,2), it is immediate that y1 < yo < ... < yp.
Therefore,

B Zf:l(yi —yim1 — AAL)Y, i g —y > AAY
L(yr, - yk) = fori=1,...,k,
00, otherwise.

Now, for a path £ € D[0, 1] let

00 otherwise.

Le) = {Bz Srewpem () = £(E=)*, for £ € DV[0,1],

Since Z,, satisfies a finite-dimensional LDP, the Dawson and Gértner projective
limit theorem implies that Z,, obeys a sample path LDP in D0, 1] endowed
with the pointwise convergence topology. The next lemma verifies that the rate
function associated with the LDP of Z,,, is indeed I,,.

Lemma 3.5.13. Let T = {(t1,...,tx) €[0,1]¥ : k > 1} be the collection of all
ordered finite subsets of [0,1]. Then

sup I (€) = L (€).

teT
Proof. This proof is essentially identical to the proof of Lemma 4 of [40] and
hence omitted. O

We derive the sample path LDP for the stochastic process Z, w.r.t. the
pointwise convergence topology, which we denote with W. Recall that D) [0,1]
denotes the subspace of increasing piecewise linear jump functions with slope A.

Lemma 3.5.14. The stochastic process Z, satisfies a large deviation principle
in (D[0, 1], W), with speed n® and good rate function Iy : D — Ry where

1(6) = {Bs Crcrean €O €))7 €DV, o0

00 otherwise.
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Proof. The proof is an immediate consequence of the Dawson and Gartner’s
projective limit theorem, (Theorem 4.6.1 of [22]), and Lemma 3.5.13. O

Next, we establish the sample-path LDP for the stochastic process Z,, in
(D[0, 1], Tary)-

3.5.5 Proof of Lemma 3.3.3

Proof of Lemma 3.3.3. For the upper bound, consider the following set K ; =
{£ € D[0,1] : £ is nondecreasing, £(0) > 0, ||€|lcc < M}. Let F be a closed set
in (D[0, 1], Taz;)- Then,

lim sup La log P (Z_’n € F)

n—oo N
<limsup 1 log {P (2, € F 1 Ky) + P (3, € K,)}
n—oo

N (nt)
1 _
< limsupnalog{P(Zn € FNKy) +P< Z W, > M)}

From Proposition 2.5.8 of Chapter 2, one can check that point-wise convergence
in Kjs implies the convergence w.r.t. the M| topology, and Kj; (and hence
F N Ky as well) is closed w.r.t. Ty, Suppose that § is in the closure of F'N Ky
w.r.t. W. Then, because of the above mentioned properties of Ky, there exists
a sequence of paths {§,} in F'N Ky such that §, — § w.r.t. Ty, which, in
turn, implies that ¢ € F N K. That is, F N Ky is closed in W as well. Now,
applying the sample-path LDP w.r.t. WW we have proved in the above lemma,

and then picking M large enough,

1 _
limsup — logP (Z,, € F) < max{ inf  Iz(), BgM}
nOt

n—o00 §eFNKn

=— inf T
EEI*I“I%KM Z(E)

< .
< glggfz(f)

Moving on to the lower bound, let G' be an open set in (D[0, 1], Tas;). We
assume that I(G) < oo since we have nothing to show otherwise. Fix an arbitrary
¢ € GNDWI0,1], and let k be such that an open ball of radius % around & is
inside of G; that is,

Al a A
Bug(6 1) £ {C D0, dag (6,0 < T2} € G
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Note that since ¢ € DM[0,1] and Z,, is non-decreasing,

{|1Z.(i/k) — €(i/k)| < 1/k, for i =0,...,k} C {2, € Buy(& H,;A)}

Therefore, in view of Lemma 3.5.12,

liminf — logP (2, € G)

n—oo N
1 - 1
> liminf — log P (zn € Bag (&, A A))
n—oo N ! k

| = . .
zlznigfn—alogPﬂZ”(z/k)—§(z/k)| <1/k, fori=0,...,k)

= — lnf ITk(y17"'7yk)
(s yn) ETTE (6(i/R)=1/k £ (i/ k) +1/k)
k
> =By (€(i/k) = €(G = 1)/k) = A/k)
i=1

> BN (6t) - £t-) " = —1=z(8).

1E(8) #E(t-)

Since ¢ was an arbitrary element of G NID™[0,1], we arrive at the desired large
deviation lower bound:

1 _
—inf Iz(€) =~ inf  Iz(¢) <liminf— logP (Z .
i Iz =~ i 126 <lminf ClogP (2, € G)

3.5.6 Proof of Lemma 3.3.2, and 3.3.4

We start with the proof of Lemma 3.3.2. To this end, define ]D)fl[O,
D[0,1] : £ = 211y for some x > 0} and recall the definition of S, =

and V,, = %Z?:Tmnﬁl f(Xi).

Proof of Lemma 3.3.2. Define a function T': Ry — DS0,1] as T'(z) £ x - 1.
Then, S, = T(V,) and T is a continuous function w.r.t. the M| topology.
Therefore, the desired LDP follows from the contraction principle if we prove
that V,, satisfies an LDP in R, with sub-linear speed n® and the rate function
7, : Ry — R, where Z,(z) = B} - z®. To prove the LDP for V,,, note first that

1£{¢e
Vn]l{l}(t)
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since P(V,, € -) is exponentially tight (w.r.t. the speed n®) from Theorem 3.4.4,
it is enough to establish the weak LDP. For the weak LDP, we start with showing
that for any a,b € R, B 2 (a,b) N R satisfies
logP (V,, € B logP (V,, € B
lim sup M@;) = lim inf M.

n— 00 n n—00 ne

Since this holds trivially_if b<Oor az b, we assume that 0V a < b. Note that
from Theorem 3.4.4, P(V,, > b)/P(V;, > 0V a) — 0. Therefore,

lim sup M < lim sup log P (Vn >0V a)

«a
n—00 n n—o0 n

< —=Bj-(0Va).
Similarly, for small enough € > 0,

- P(v.21)
logP(Vn c B) log{P (Vn 20\/a+e) (1— P(Vn>0\/a+e)>}

lim inf > liminf
n—00 n< n— o0 ne
logP (V,, >0V
= lim inf o8 ( — a—i—e) =-B;-(0Va+e).
n—o00 n<

Taking € — 0, we see that the limit supremum and the limit infimum coincide.
Since € = {(a,b) NR4+ : a,b € R, a < b} forms a base of the Euclidean topology
on R, Theorem 4.1.11 of [22] applies, and hence, proves the desired weak LDP.
This concludes the proof. O

Now, we focus on the exponential equivalence of Y,, and Z + S,,.

Proof of Lemma 3.5.4. Fix an € > 0, and define Dy,(¢) = {N(n)/n > 1/E7 — €}.
Due to the construction of Y,,, Z,, and S,,, we have that for any § > 0,

{dM{ (ﬁuzn + Sn) > 5} C {(’/l - TN(n))/n > 5} U {EIJ < N(TL) LTy 2 n5}
(3.40)
To bound the probability of the first set, note that

P ((n—=Tnwmy)/n>6) =P (Tnwm) < n(l—19))
<P (T < n(l—6),Dn(€)) + P (T < n(l—0),Dnle)).

Hence,

1
lim sup pves log P ((n — Tnn))/n = 6)

n—oo
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< lim sup log {P (Tnwm) <n(1=10),Dn(e)) +P (Dn(e)c)}

n—oo

= limsup — logP (Tnmy < n(1—=6),Dy(e)) v hmsup — log P (D,,(€)°) .
n—oo N n—soo N%
(3.41)

Let € < 6/(2ET), then,

lim sup — logP (Tn(ny < n(1—6), Dy(e))

:;;;s;plogP (TL (L) Sn(l—cS),Dn(e))
—timsup - og P (N1 - 9) = | (- ) |.Da(0)

Using the definition of a renewal process and Cramér’s theorem we obtain

lim sup — logP (Dp(€)¢) = —o0. (3.42)
n—oo N
Therefore,
lim sup — logP((n —Tn(n))/n > 0) = —oo. (3.43)
n— oo

Moving on to the bound for the probability of the second term in (3.40), for
any € > 0,

P ({3 < N(n): 7 = nd})

=P (3 <N(n):7;>nd,Nn)/n<1/Et+¢)+P(N(n)/n>1/ET+¢€)
<P (3j < [n/E(1) +ne| : 75 >nd)+ P (N(n)/n>1/ET+¢€)

[n/E(T) +ne| P(r1 >nd) + P (N(n)/n>1/ET +¢€).

IN

Since P (11 > nd) and P (N(n)/n > 1/ET + ¢) decay at exponential rate,
hmsup—logP({Elj < N(n):1; >nd}) =

n— oo

This along with (3.43) and (3.40) proves the desired exponential equivalence. 0
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Chapter 4

Asymptotics for the
multiple server queue

4.1 Introduction

The queue with multiple servers, known as the GI/GI/d queue, is a fundamental
model in queueing theory. Its use in everyday applications such as call centers
and supermarkets is well documented and, despite being significantly studied
over decades, it continues to pose interesting research challenges. Early work
[78, 51] focused on exact analysis of the invariant waiting-time distribution but
finding tractable solutions has turned out to be challenging. This has led to
lines of research that focus on approximations, either considering heavily-loaded
systems [46, 73] or investigating the frequency of rare events, e.g. the probability
of a long waiting time or large queue length. For light-tailed service times, such
problems have been considered in [86, 79].

In this chapter we focus on rare event analysis of the queue length in the case
of heavy-tailed service times, a topic that is more recent. For a single server, the
literature on this topic is extensive, as there is an explicit connection between
waiting times and first passage times of random walks, a textbook treatment can
be found in [33]. Tail asymptotics for the steady-state queue length has been
treated in [30].

One of the earliest works on heavy tails in the setting of a queue with multiple
servers is [95], in which there is a conjecture regarding the form of the tail of
the waiting time distribution in steady state, assuming that the service time
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distribution is sub-exponential. This has led to follow-up work on necessary and
sufficient conditions for finite moments of the waiting time distribution in steady
state [89], and on tail asymptotics [31, 32]. Most of the results in the latter two
papers focus on the case of regularly varying service times. An insight is that,
if the system load p is not an integer, a large waiting time occurs due to the
arrival of [d — p] big jobs. The case of other heavy-tailed service times is poorly
understood.

We assume that the service time distribution has a tail of the form e
where o € (0,1), and L is a slowly varying function (a more comprehensive
definition is given later on). Tail distributions of this form are also known as
semi-exponential. Their analysis poses challenges as this category of tails falls in
between the Pareto (very heavy tailed) case, and the classical light-tailed case.
In particular, in the case of d = 2 and p < 1, the results in [31] imply that two
big jobs are necessary to cause a large waiting time when service times have
a Weibull distribution. The arguments in [31] cannot be extended to the case
p > 1. In the 2009 Erlang centennial conference, Sergey Foss posed the question
“how many big service times are needed to cause a large waiting time to occur,
if the system is in steady state?”. He noted that even a physical or heuristic
treatment has been absent.

In this chapter we investigate a strongly related question, namely we analyze
the event that the queue length Q(yn) at a large time yn exceeds a value
n. A key result that we utilize in our analysis is a powerful upper bound of
Gamarnik and Goldberg, see [38], for P(Q(¢) > ). This upper bound can be
combined with the large deviations principle for random walks with heavy-tailed
Weibull-type increments (see Chapter 2), which is another key result that we
use. Consequently, we can estimate the probability of a large queue length of
the GI/GI/d queue with heavy-tailed Weibull-type service times and obtain
physical insights about “the most likely way” in which a large queue length
builds up.

The main result of this chapter, given in Theorem 4.3.1, states the following.
If Q (t) is the queue length at time ¢ (assuming an empty system at time zero)
and v € (0,00), then

—L(z)x™ ,

. logP(Q(yn) >n)
nh_{rolo L(n)ne = —c", (4.1)

with ¢* the value of the optimization problem

T1y--32d

d
min Zx? subject to (4.2)
i=1
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where A is the arrival rate, and service times are normalized to have unit mean.
Note that this problem is equivalent to an L®-norm minimization problem with
a € (0,1). Such problems also appear in applications such as compressed sensing,
and are strongly NP-hard in general, see [41] and references therein. In our
particular case, we can analyze this problem exactly, and if v > 1/(A — [A]), the
solution takes the simple form

1 «
e i d—1 . 4,
¢ ze{or,r.l.lﬂm( )<A—l) (*3)

This simple minimization problem has at most two optimal solutions, which
represent the most likely number of big jumps that are responsible for a large
queue length to occur, and the most likely buildup of the queue length is through
a linear path. For smaller values of «, asymmetric solutions can occur, leading
to a piecewise linear buildup of the queue length; this phenomenon is discussed
further in the chapter.

Note that the intuition that the solution to (4.2) yields is qualitatively
different from the case in which service times have a power law. In the latter
case, the optimal number of big jobs equals the minimum number of servers
that need to be removed to make the system unstable. In the Weibull-type case,
there is a nontrivial trade-off between the number of big jobs and their size, and
this trade-off is captured by (4.2) and (4.3).

Although we do not make these claims rigorous for v = co (which requires
an interchange of limits argument), it makes a clear suggestion of what the tail
behavior of the steady-state queue length should be. This can then be related
to the steady-state waiting time distribution, and the original question posed by
Foss, using the distributional Little’s law.

As mentioned before, we obtain (4.1) by utilizing a tail bound for Q(¢),
which is derived in [38]. This tail bound is given in terms of functionals of
superpositions of renewal processes. We show that these functionals are (almost)
continuous in the M] topology (in the sense of being amenable to the use of
the extended contraction principle). The M, topology is precisely the topology
used in the development of the large deviations principle for random walks with
Weibull-type increments; see Chapter 2. So, our approach here makes the new
large deviations principle directly applicable.
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The chapter is organized as follows. Section 4.2 provides a model description
and some useful tools used in our proofs. Section 4.3 provides our main result
and some mathematical insights associated with it. Section 4.4 contains the
lemmas needed to construct the main result of this paper, Theorem 4.3.1, along
with its proof. In Section 4.5, we present an explicit computation of the decay
rate associated with large queue length build ups. Finally, Section 4.6 contains
technical proofs.

4.2 Model description and preliminary results

We consider the FCFS GI/GI/d queuing model with d servers in which inter-
arrival times are independent and identically distributed (i.i.d.) random variables
(r.v.’s) and service times are i.i.d. r.v.’s independent of the arrival process. Let
A >0and S > 0 be a pair of generic inter-arrival and service time, respectively.
We introduce the following assumptions:

Assumption 4.2.1. There exists §, > 0 such that E(e’) < oo for every
0<6,.

Assumption 4.2.2. P(S > z) = e “(®2" o € (0,1) where L(-) is a slowly
varying function at infinity and L(z)z®~! is eventually non-increasing.

Let Q(t) denote the queue-length process at time ¢ in the FCFS GI/GI/d
queuing system with inter-arrival times being i.i.d. copies of A and service times
being i.i.d. copies of S. We assume that Q(0) = 0. The goal is to identify the
limiting behavior of P(Q(yn) > n) as n — oo in terms of the distributions of A
and S.

To simplify the notation, let A\ = 1/E[A] and assume without loss of generality
that E[S] = 1. To ensure stability, let A < d. Let M be the renewal process
associated with A. That is,

M(t) = inf{s : A(s) > t},
and A(t) & A; + Ay + - + A|;) where Ay, Ao, ... are i.i.d. copies of A, and
A(0) = 0. Similarly, for eachi = 1,...,d, let S®(t) £ SY)JrSéi) +SM where
SY), Sy), ... are i.i.d. copies of S, and N be the renewal process associated
with S. Let M,, and N( " be scaled processes of M and N). More precisely,

M,,(t) = M(nt)/n and N )( t) = N@(nt)/n for t > 0. Our analysis hinges on
Corollary 1 of [38], which for the GI/GI/d queue states the following result:
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Result 4.2.1. For allx > 0 andt > 0,
P(Q(t) > z)

d
<P ( sup {(M(t) —M(t—s) = > (ND(t) - NO@ - 5))} > g:) o (4.4)

0<s<t i—1
Now, from (4.4), we conclude that for each v € (0, c0)
P(Q(yn) > n)

d
<P ( sup { V() = o) = 3 (N (7) = N (s)) } > 1) L @)
0<s<~y i—1

Though this is only an upper bound, our main result implies that (4.5) is
an asymptotically tight upper bound as n — co. We establish this later on by
deriving a lower bound with the same asymptotic behavior.

In view of the above, a natural way to proceed is to establish large-deviations
principles for M, and N,(Li), i =1,...,d. By deriving an LDP one can have
an estimate of the magnitude of probabilities of rare events on an exponential
scale: if the upper and lower bounds of the LDP match, then P(X,, € G) ~
e~nnfaec () The optimizers of the infimum typically provide insight in the
most likely way a rare event occurs (i.e. the conditional distribution given the
rare event of interest). For more background we refer to [39] and [28]. An
important factor in establishing an LDP on function spaces is the topology of
the space under consideration. Let D[0,T] denote the Skorokhod space (i.e. the
space of cadlag functions from [0,77] to R). We shall use Ty, to denote the Mj
Skorokhod topology on D[0, T, which is generated by a metric d w; defined in
terms of the graphs induced by the elements of D[0, T]. The precise definitions
of the graph and the metric are the same as in the introduction of the thesis.

The continuity of certain maps w.r.t. the M; topology is a key component
in our whole argument. Therefore, we note some important related properties
used in our proofs. We refer to the following lemmas for these results.

Lemma 4.2.1. For any T > 0,

i) The functional E : D[0,T] — R, where E(§) = &(T) is continuous w.r.t.
the M topology on D0, T).

ii) The functional S : D[0,T] — R, where S(§) = sup,¢jo,71&(t) is continuous
w.r.t. the M| topology on & € D[0,T] such that £(0) > 0.
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Lemma 4.2.2. The map Y, : D[0,7v/p] — DI[0,v/u] where Y, (€) £ &+, is
continuous w.r.t. the Mj topology on DI[0,~/p].

Note, the addition map (§,¢) — £ + ¢ is a continuous map w.r.t. the M]
topology if the functions £ and ¢ do not have jumps of the opposite sign at the
same jump times.

Now, we present a straightforward adaptation of Corollary 2.4.2 derived
in Chapter 2 on sample path large deviations for random walks with heavy-
tailed semi-exponential increments which constitutes an important cornerstone
of our whole argument. We say that £ € D[0,7T] is a pure jump function if
E=32 x;1y,, 1) for some x;’s and u;’s such that z; € R and w; € [0,7] for
cach i and u,’s are all distinct. Let DJ[0, 7] be the subspace of D[0, T consisting
of non-decreasing pure jump functions that assume non-negative values at the
origin.

Result 4.2.2. Let S,,n > 1 be a mean-zero random walk such that E(e=¢%1) <
oo for some € > 0, P(S; > x) = e L@ for some o € (0,1), and assume
that L(x)x*~! is eventually non-increasing. Then, S, satisfies the LDP in
(D[0, T], Tar;) with speed L(n)n® and good rate function Iy : D[0,T] — [0, 00],

Ing (€)

. {ztem (£() — €(t-))"  if € € DY, T), (46)

otherwise.

Note that M,, and N,(Li)’s depend on a random number of A;’s and SJ(-“’S,

and hence may depend on an arbitrarily large number of A;’s and SJ(-Z)’S. This
does not exactly correspond to the large deviations framework presented in
Result 3.2.1. To accommodate such a context, we introduce the following maps.
Fix v > 0. For any path &, let ¥(£)(¢) denote the running supremum of £ up to
time ¢:

T(E)(t) = sup &(s).

s€[0,t]

For each i, define a map @, : D[0,v/u] — D[0,~] as

©,.(8)(t) = (&) (t) A u(€)(B),

where
@u(€)(t) £ inf{s € [0,7/u] : £(s) >}, and (4.7)
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U0 £ 5 (14 [t = 9@ (/] ). (48)

Here we denoted max{z,0} with [z];. In words, between the origin and the
supremum of &, ®,(&€)(s) is the first passage time of £ crossing the level s; from
there to the final point v, ®,,(§) increases linearly from ~/u at rate 1/ (instead
of jumping to co and staying there). Define A4,, € D[0,v/EA] as A4,,(t) £ A(nt)/n
for t € [0,7/EA] and 5 € D[0,7] as SY(t) 2 SO (nt)/n = £ 4" S5 for
t € [0,7]. In deriving LDPs for M,, and N we use the fact that Pga(A,)is a
function of {4,(t) : t € [0,7/EA]} (and hence, the LDP associated with it can

be derived from the LDP we have for Ay,) as well as the fact that Pg4(A,) is
close enough to M,, so that they satisfy the same LDP. Similarly, we derive the
LDP for Nr(f) from the LDP for 5”,(;!) using the fact that @1(5'7(11)) is close enough

to N,(Li) for our purpose.

4.3 Main result

Recall that Q(t) denotes the queue length of the GI/GI/d queue at time t.
Theorem 4.3.1. For each vy € (0,00), it holds that

lim W logP (Q (yn) > n) = —c*,

n—oo I,

where ¢* is defined as follows: for v > 1/, ¢* is equal to

. inf d— k)~ 1— ~\ B (k—I\—1 1—a
mm{o<k§L/\j;H}y<1/(,\—k){( )V (L =AA+ k)7 (k= [A = 1/7]) },

(4.9)
LE?J {(dl) <A1_Z)“} }

while for v < 1/\, ¢* = oo.

Theorem 4.3.1 is stated under the assumption that ES = 1 for the sake
of simplicity. Following a completely analogous argument with slightly more
involved notations, one can obtain the following expression for ¢* for the general
case where 0 = 1/ES # 1:
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T A T

0<k<|Ao]
A W%;J {(dl) <A—110)a}'

v <1/ (AN—ko)
Proof methodology

The proof of Theorem 4.3.1 is provided in Section 4.6 by implementing the
following strategy:

1) We first prove that A4, and 57(3),1' = 1,...,d, satisfy certain LDPs in

Proposition 4.4.1. The LDPs for the Sy(f) ’s are a consequence of Result 4.2.2,
while the LDP of A, is deduced by the sample-path LDP in [79].

2) We prove that Pga(-) and ®1(-) are essentially continuous maps—see

Proposition 4.4.3 for the precise statement—and hence, ®g4(A,) and

<I>1(§7(Li)) satisfy the LDPs deduced by the extended contraction principle
(cf.[79]).

3) We show that M, and N\ are equivalent to ®ga(A,) and @1(3@),
respectively, in terms of their large deviations (Proposition 4.4.2); so M,
and N\ satisfy the same LDPs (Proposition 4.4.4).

4) By applying the contraction principle to the N (1)’ with the continuous
maps in Proposition 4.4.3, we infer the (logarithmic) asymptotic upper
bound of P(Q(yn) > n), which can be characterized by the solution of a
(non-standard) variational problem. On the other hand, the lower bound is
derived by keeping track of the optimal solution associated with the LDP
upper bound. The complete argument is presented in Proposition 4.4.5.

5) We solve the variational problem in Proposition 4.5.1 to explicitly compute
its optimal solution. The optimal solution of the variational problem
provides the limiting exponent and information on the trajectory leading
to a large queue length.
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Discussion of the main result

In the remainder of this section, we further investigate properties of the solution
of the optimization problem that defines ¢*. In large-deviations theory, solutions
of such problems are known to provide insights into the most likely way a specific
rare event occurs. Such insights are physical, and more technical work is typically
needed to make such insights rigorous; we refer to Lemma 4.2 of [39] for more
background. The latter lemma can be applied in a relatively straightforward
manner to derive a rigorous statement for the most likely way that the functional
in the Gamarnik and Goldberg upper bound (cf. Result 4.4) becomes large.
The computations below are mainly intended to provide physical insight, and
highlight differences from the well-studied case where the job sizes follow a
regularly varying distribution.

We consider two different cases based on the value of v. If v < 1/, no finite
number of large jobs suffices, and we conjecture that the large deviations behavior
is driven by a combination of light-tailed and heavy-tailed phenomena in which
the light-tailed dynamics involve pushing the arrival rate by exponential tilting
to the critical value 1/, followed by the heavy-tailed contribution evaluated as
we explain in the following development. If v > 1/\, we observe the following
features that come in contrast with the case of regularly varying service-time
tails:

1. The large-deviations behavior may not be driven by the smallest number
of jumps which drives the queueing system to instability (i.e. [d — A]). In
other words, in the Weibull setting, it might be more efficient to block
more servers.

2. It is not necessary that the servers are blocked by the same amount i.e;
the asymmetry in job sizes may be the most probable scenario in certain
cases.

To illustrate the first point, assume that v > 1/ (A — [A]), in which case
[A] < |[A—1/v]. In that particular case, the first infimum in (4.9) is over an
empty set and we interpret it as oco. So the optimal solution of ¢* reduces to

{52}

Let [* denote the index associated with the optimal value of the expression
above. Intuitively, d — [* represents the optimal number of blocked servers so
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that the queue gets congested. Observe that d — | A] = [d — A] corresponds to
the number of servers blocked in the regularly varying case. Note that if we
examine

fO)=(d=t)(A=1"",
for t € [0, | \]], then the derivative f (-) is equal to

fy=a@-t)A—1" " ==~

Hence,
. A—ad
t t
() <0=t< T o
and
. A—ad

f(t)>0<:>t>1 ,

with f (t) = 0 if and only if ¢ = (A — ad) / (1 — a). This observation allows us
to conclude that whenever v > 1/ (A — [A]) we can distinguish two cases. The

first one occurs if
A—ad

11—«

Al <

in which case I* = |A]. This case is qualitatively consistent with the way in
which large deviations occur in the regularly varying case. On the other hand, if
|A] > 2=24 then we must have that

-«
P A—ad I A—ad
_\‘laJ o _’7104—"
This case is the one highlighted in Feature 1 in which we may obtain d — I* >
[d — A\] and thus more servers are blocked contrary to the large-deviations
behavior observed in the regularly varying case. However, the blocked servers
are symmetric in the sense that they are treated in exactly the same way.

In contrast, the second feature indicates that the typical trajectory leading to
congestion may be obtained by blocking not only a specific amount to drive the
system to instability, but also by blocking the corresponding servers by different
loads in the large deviations scaling. To appreciate this we must assume that

A<y <1/(A—[A).

In this case, the contribution of the infimum in (4.9) becomes relevant. To
illustrate that we can obtain solutions satisfying the second feature; consider the
cased=2,1< A< 2, and

b

1/A<y<1/(A=1).
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0 Moo

1
A—1 A—1
where the number of servers is d = 2, the arrival rate is A = 1.49, and the Weibull shape
parameter of the service time is a = 0.1.

Figure 4.1: Most likely path for the queue build-up up to times v = L _0.1and Y2 =

Choose vy = 1/(A—1) —§ and A = 2 — §° for § > 0 sufficiently small, we derive
Y+ (1=—y(A=1)*=1-6a+"+0(5%) <2'7°,
concluding that N
Y (1= (A—1))° <2(i) .

More explicitly consider the case d =2, A =1.49, a = 0.1 and v = ﬁ —0.1.
For these values, 79 + (1 — 91 (A —1))* < 2 (%)a, and the most likely scenario
leading to a large queue length is two big jobs arriving at the beginning and
blocking both servers with different loads. On the other hand, if v = ﬁ, the
most likely scenario is a single big job blocking one server. These two scenarios
are illustrated in Figure 4.1.

We conclude by presenting a future research direction. We provide asymp-
totics only for the transient model of the queue length process Q. For a queue in
steady state, more work is needed to overcome the technicalities arising with the
large-deviations framework. Specifically, one has to prove that the interchange
of limits as v and n tend to infinity,

lim lim
Y—00 n—00 (n)na

logP(Q(yn) > n) = lim lim log P(Q(yn) > n),

n—oo L(n)no‘ y—00
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is valid. We conjecture that the optimal value, similar to (4.9), of the variational
problem associated with the steady state model will consist solely of the term,

minl@o {(d =1 (ﬁ)a}, obtained by taking v = oo in (4.2).

4.4 Proof of Theorem 4.3.1

We follow the general strategy outlined in the previous section. The first step
consists of deriving the LDP’s for A,,, 5’,@ which subsequently provides us with
the LDPs of M,, and N\”. Let DJ[0,7/p] be the subspace of D[0,/u] consisting
of non-decreasing pure jump functions that assume non-negative values at the
origin, and define ¢, € D[0,~/p] as (,(t) £ pt. Let DH[0,~/pu] £ ¢, + DJ0,~/ ]
the subspace of non-decreasing piecewise linear functions that have slope p and
assume non-negative values at the origin.

4.4.1 Intermediate propositions

Sample path LDPs for fundamental components of the queue length
upper bound. Recall that A4,,(t) = %Z]LZJ Aj and S (1) = %Z]LZJ SJ@.

Proposition 4.4.1. A, satisfies the LDP on (D[0,~/EA], dM{) with speed
L(n)n® and good rate function

Io(€) = {0 &= Cra, (4.10)

oo otherwise,

and S satisfies the LDP on (D[0,~], dag) with speed L(n)n® and the good rate
function

Iz‘(f) =

otherwise.

{Ztew,ﬂ (E(t) — E(t-)™ if € € D'[0,),

Exponential equivalence of useful processes. To carry out the second
step of our approach, we next prove that ®g4(A,) and <I>1(S_'7(f)) satisfy the same
LDP’s as M,, and N,(f) for each i =1, ..., d, respectively. To show this, we next
prove that ®g4(4,) and <I>1(5'7(f)) are exponentially equivalent to M, and N,(Li)
for each 1 =1,...,d, respectively.
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Proposition 4.4.2. M, and ®ga(A,) are exponentially equivalent in D0, ]
equipped with the Ty, topology and NT(LI) and <I>1(5’,(:')) are exponentially equivalent
in (D[0,], TM{) for eachi=1,...,d.

Due to the continuity of ®, over the effective domain of the rate functions
I;,i=1,...,d—see step 2) of the methodology—we can appeal to the extended

contraction principle—to establish LDP’s for ®g4(A,) and <I>1(§§Li)) for each
i=1,...,d. With the next proposition, we prove that the map ®, is sufficiently
continuous for the application of the extended contraction principle. Define

Dy, £ {€ € D[0,7/u] : ©,(€)(7) — 2u(€)(y—) > 0 and £(0) > 0}.

Proposition 4.4.3. For each p € R, ®,, : D[0,v/p] — D[0,~] is continuous on
D§, w.r.t. the M topology.

Our next proposition, which constitutes the third step of our strategy, char-
acterizes the LDPs satisfied by ®ga(4,,) and @1(5‘7(11))—and hence, by M,, and

N as well. Define C* [0,7] £ {¢ € C[0,7] : ¢ = (&) for some & € DH[0,~/p]}
where C[0,~] is the subspace of D[0,v] consisting of continuous paths, and

7,(€) = max {o, sup{t € [0,7] : £(t) = s} — inf{t € [0,~] : £(t) = 5}}.

Proposition 4.4.4. ®g4(A,) and M, satisfy the LDP with speed L(n)n® and
the good rate function

oo otherwise,

e 2 {o if €= Cuyma,

and for i =1,...,d, ®1( 7,(12-)) and ]\779) satisfy the LDP with speed L(n)n® and
the good rate function

HOE {ZSEM n(©)* #EeC ),

00 otherwise.

4.4.2 Large deviations for the queue length

Now we are ready to follow step 4) of our outlined strategy and characterize the
log asymptotics of P(Q(’yn) > n) Recall that

7(€) £ max {O, sup{t € [0,7] : £(t) = s} —inf{t € [0,7] : £(¢¥) = s}}
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Proposition 4.4.5.

1
lim ——— logP =—c*
Jim Tone og P(Q(yn) > n) c

where c¢* is the solution of the following variational problem:

mf Z Z 7s(&)< (4.11)

.....

=1 56 0 'y]
s
subject to  sup (— - &(s ) >1
0<s<y \EA ; )

& eClo,y] for i=1,...,d.
Proof. From Corollary 1 of [38], for any € > 0,
P(Q(yn) > n)

d
<P < sup { M (7) = My (s) - > (NP - N(s))} = 1)

0<s<~

(I11)

By the LDP for M,, (Proposition 4.4.4), it is straightforward to deduce that

. 1 _ ¥
_ > - _
hglj;l}p L= log P (Mn(v) BA 2 e) 00
and

1 - s
- — i (s)— —) >e€) = —x.
h;n_}bolip LS 1ogP< oguslgy (M,L(s) EA) > e) 00
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Therefore, by the principle of the maximum term

L lgP(Q(m) > n)
im sup
n—00 L(n)n®

log (I) log (IT) log (IH)}
< max < limsup ———, limsup ————, limsup —/———
= { none. Lmyne” 5 Tinyne” 0P Tinyne

omP (spncac, {5 - S (R ) - B (9) ) 21 20)
= lim sup .

n—00 L(n)na

To bound the limit supremum in the equality above, we derive an LDP for

d

d
g V(D) ( V() i )
— N, N, — .
EA ;:1 () + S0P ;:1 n(8) = g1
Due to Proposition 4.4.4 and Theorem 4.14 of [39], (N,(ll), e N,(Ld)) satisfy the

LDP in H?:l D[0,~] (w.r.t. the d-fold product topology of Ty;) with speed
L(n)n® and rate function

(&, 6) % ZI’ &)-

Let DT[0,v] denote the subspace of D[0,~] consisting of non-decreasing functions.
Since N ¢ D [0,~] with probability 1 for each i = 1,...,d, we can apply Lemma
4.1.5 (b) of [22] to deduce the same LDP for (N, ..., N\ in [, D0, 4].
We define f; : H?:l DT[0,~] — D[0,~] as

fil6, &) 2 Za C1/BA-

Note that f; is continuous since all the jumps are in one direction in its domain.
Since the supremum functional fa : § +— supy<,<, £(s) is continuous in the
range of fi—see Lemma (4.2.1)—f5 o f1 is a continuous map as well. The
functional f3: & — £(7) is also continuous w.r.t. the M; topology on D[0,~] due
to Lemma (4.2.1). Therefore, the continuous map f : H?Zl D'0,7] — R where

d
f(fla"wfd élA Z 57, +f2of1(€17"'7€d)
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is continuous, and hence, we can apply the contraction principle with f to
establish the LDP for

JND. NP = 2 = STNP @) + s (S NO(s) - )

The LDP is controlled by the good rate function

I”(a:)ﬁinf{fl({l,...,fd Zfz + sup (Z& )—z}

0<s<y

Note that since I'(§) = oo for § ¢ C'[0,4], and £(-) € C'[0,~] if and only if
§() =&y =) € 0,91,

I// (x)

:inf{ll(£1;-~'7£d Z&z
d

+ sup (Z&(S)—é> =, fie(vcl[ov’ﬂ}

0<s<«y i=1

d
mf{ (s sup { o =D (60 —&(9) | == &6@1[0%}

0<s<vy

d
1nf{ "(&,...,&q) + sup {EL_Z(@(V)—&(W—S))}:%

0<s<vy i=1
gl € Cl[ov’ﬂ}
5 d
=inf< I'(&,...,£&) : su — i =z, & € CHo, )
{ (Gt 5w {g -2 (e )} =w &el ,y]}
Therefore,
lim sup log P(Q(yn) > n)
n—o0 L(n)n
(1) v (d)
log P(F(NY, . NPy >1-2
< lim sup o8 (f( ) 6) < - inf  I"(z)
N0 L(n)n® 2E[1—2¢,00)
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d d
= —inf Z Z 7s(&)% 1 sup (ﬁ - Zfz(s)) >1—2¢ & € CH0,7]
i=1

i=1 s€[0,7] 0ss%y

Taking ¢ — 0, we see that —c* is the upper bound for the left-hand-side.
We move on to the matching lower bound in case v > 1/\. Considering
the obvious coupling between @ and (M,N®) ... ,N(d)), one can see that

M(s) — Zle NG (s) can be interpreted as (a lower bound of) the length of
an imaginary queue at time s where the servers can start working on the jobs
that have not arrived yet. Therefore, P(Q((a + s)n) > n) > P(Q((a + s)n) >

n|Q(a) = 0) > P(M,(s) — Zle Z\_fy(f)(s) > 1) for any a > 0. Let s* be the level
crossing time of the optimal solution of (4.11). Then, for any € > 0,

P(Q(yn) > n) (4.12)

> P(Mn(s*) - i V(D (s*) > 1)

d
> P(Mn(s*) —s"/EA> —¢ and s"/EA— ZN,(Li)(S*) >14 6)

=1
> P(s*/EA - zd:N,g“(s*) 14 e) - P(]\Zln(s*) _ s /EA< —e).
=1

Due to Proposition 4.4.4,

1
limsup - log P(My (57) — °/BA < —¢) = —o0,

and hence, due to (4.12), it is straightforward to deduce that,

log P(Q(yn) > n)

b I = e
* — d (3) (%
> liming 08PE/EBA -3 i NaT(s7) > 1+ ¢)
n—o0 L(n)na
> — inf I'&,.. .,
" (e, e T E0 0 8)

where A = {(&1,...,&q) : s*/EA—ZfZl &i(s*) > 1+¢€}. Note that the optimizer
(&f,...,&)) of (4.11) satisfies s*/EA — Zle & (s*) > 1. Consider (&,...,&)
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obtained by increasing one of the job sizes of (£3,...,&)) by 6 > 0. One can
always find a small enough such ¢ since v > 1/A. Note that there exists ¢ > 0
such that s'/EA — E?:l &'(s") > 1+ €. Therefore,

T
n— o0 L(n>na

'y, ...,&8) > —c =6

where the second inequality is from the subadditivity of z +— x®. Since ¢ can be

chosen arbitrarily small, letting § — 0, we arrive at the matching lower bound.
O

4.5 Solving the associated variational problem

We now simplify the expression of ¢* given in Proposition 4.4.5.

Proposition 4.5.1. Ify < 1//\ c*=o00. Ify>1/X, ¢* can be computed via

Inln Z xy (4.13)

d
subject to  sup {/\s — Z(S - $¢)+} >1
s€[0,7] ;

Z1,.-sTq > 07

which in turn equals

: : « _ a _ _ 11—«
i { 0<k§L)\J1:I~}£1/()\7k) {(d — k)Y + (A=A +9ER)" (k= [A=1/7]) } ;

(4.14)
Ur}ﬁ(rjlﬂ{(d—l) ()\l_l)a}}

Proof. Recall that ID'[0,~] is the subspace of the Skorokhod space and consists
of non-decreasing piecewise linear functions with slope 1 almost everywhere over
the time horizon [0, ] and non-negative values at the origin. Recall ¢;(-) defined
in (4.7) as well. From these definitions, it is easy to see that Proposition 4.4.5
implies that the constant c¢* is equal to

,in ’Cd Z AR (4.15)

=1 s€[0,7]
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0<s<y

d
subject to  sup ()\s — Z G (s)) >1
i=1

G=¢1(&), &eDo,y] fori=1,...d.

Note that this is an infinite-dimensional (functional) optimization problem.
We reduce this optimization problem to a more standard problem in two main
steps:

1. We first show that it suffices to optimize over &;’s of the form &;(t) =t + xg
for some x¢ > 0.

2. Next, we reduce the infinite-dimensional problem over the previously
mentioned set into a finite-dimensional optimization problem where the
aim is to minimize a concave function over a compact polyhedral set. This
allows us to invoke Corollary 32.3.1 of [85], which enables us to calculate
the optimal solution by finding the extreme points of the feasible region.

Step 1.

Suppose that (¢, ..., {q) is an optimal solution associated with (4.15) and
recall that ¢; = ¢1(&;). We now claim that the corresponding functions &, ..., &4
have at most one jump. We prove this by contradiction. Assume that at least one
of the &;’s exhibits two jumps at times ug and uy of size x¢ and x1, respectively,
with 0 < wug < up < 7. Let

&G()=6&()— xlﬂ[uh’y] () + m1}1[11077] ().

Intuitively we constructed a new path, & () by merging the two jumps into a
big jump at time ug. Since xg,x; are non-negative then, we have that

&) >&(t), VE>0.

Figure 4.2 illustrates this. Now, let {; = ¢ (EZ) From the definition of ¢,
we obviously have that

Ci(s) < ¢(s) forsel0,y]. (4.16)

Therefore, due to (4.16), (1, ..., Gi—1,Cis Cig1, -5 Ca) is also a feasible solution for
(4.15). Moreover, by the following observation,

D (@)= D0 () + (w0 +11) — af — af,

s€[0,7] s€[0,7]
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t
3
To + 21
|
0 Uo t

Figure 4.2: The 2 figures above depict the graphs of two jump functions, &, andif_. By merging
the two jumps of £ into one big jump, at time wug, the resulting step function £ is bigger than
or equal to &.

along with the fact that (zo + z1)* < 2§ + 2, we deduce that the candidate
solution (C1, ..., Ci—1, G, Cig1s -y Ca) strictly improves the value of the objective
function in (4.15). That is, (¢1,...,(q4) cannot be an optimal solution. The
argument can be iterated when &; exhibits more than two jumps.

In conclusion, we proceed assuming that every &; () has a single jump of
size x; > 0 at some time u; € [0,7], and hence, we can use the following
representation:

Ci(s) =min (s,u;) + (s —2; —w;) T, fori=1,...,d. (4.17)

To complete the first step of our construction, we show that, without loss of
generality, jumps can be assumed to occur at time 0. Suppose that u; > 0 for
some i € {1,...,d}. Define

€ (5) = & (8) = illju, 1 (5) + ziljo,4) ()
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&i
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Figure 4.3: The pictures above depict the graph of a function §; in Dl[O,'y} and the graph
of the function ¢; = ¢1(&;). The function &; has one jump of size x; and this translates to a
flat line under the transformation ;. In conclusion, we infer that (; has the representation:
¢i(s) = min (s,us) + (s — 25 —ug) T,

We constructed a new path & by moving the jump time to 0. Again, it is easy
to verify that &£'(s) > £(s) for all s € [0,7], and if we let (/] = 1 (&]), then
Cl(s) < ¢i(s) for all s € [0,7]. Consequently, we preserve feasibility without
increasing the value of the objective function in (4.15). Therefore, w.l.o.g. we can
assume that the &’s that correspond to the optimal solution of (4.15) are those
paths that have at most one discontinuity at time zero and then they linearly
increase with slope 1. That is, the solution ((y,...,{y) takes the following form:
foreachi=1,...,d,

Gi(s) = (s — ;)T for some z; > 0. (4.18)

Step 2. Thanks to the reduction in (4.18), we see that for each i =1,...,d,
we have that 70(¢;) = x;, while 75({;) = 0 for every s > 0. Thus, we see that
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(4.11) takes the form

d
min Z xd (4.19)
i=1

L1y..,Td

d
subject to  sup { As— Z(s —x)t > 1,
s€[0,7] i=1

Z1y .oy g € [0,7].

We continue simplifying the optimization problem in (4.19), reducing it to a
polyhedral optimization problem. Let = (21, ...,24) be an optimal solution so
that its coordinates are sorted in increasing order: 0 < z1 < ... < x4 < . Note
that the supremum of I(s;z) = \s — E?Zl(s — ;)T over s € [0,7] cannot be
obtained strictly before x4, since in such a case, a sufficiently small perturbation
of x4 to its left leads to a strictly smaller value of the objective function without
changing the supremum of [(s;z), which is a contradiction to the assumption
that z is an optimal solution. On the other hand, from the stability assumption
A < d, the slope of I(s; x) is negative after x4, and hence, its supremum cannot
be obtained strictly after x4. Therefore, the supremum of [(s;x) has to be
attained at s = x4. Now, set a; = 1 and a; = x; —x;_1 for i = 2,...,d. Then,
ri=a1+...+a;fori=1,...,d, and

i

d
lzg;x) = X(ay + ... + aq) — Z(al + ...+ aqg — Z aj),

i=1 j=1

and hence, (4.19) is equivalent to

d i
min E E aj
ay,...,aq

i=1 \j=1

(03

d i
subject to  A(ay + ... + aq) — Z(al + . tag— Zaj) >1,
i=1 j=1

a1+ ... +aqg <v,a1,...,aq > 0,

and by simplifying the constraints we arrive at,

«
d i

min E aj
ai,...,aqd 1

i=1 \j=
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subject to  Aa;+ (A—1)ag+...+(A—=d+1)aqg > 1,
a1+ ....+aqg <v,a1,...,aq > 0.

Recall 0 < A < d, and let m be any of the integers in the set {1,...,d — 1}.
If (A —m) < 0, we deduce that a,,+1 = 0. If this was not the case, we could
construct a feasible solution which reduces the value of the objective function
and also satisfies the previously mentioned conditions. That is, the variational
problem has an even simpler representation than the one above:

YA “ A+ \ @
min Y (D ai | +d-[A)]| D a (4.20)
R g j=1
subject to  Aap + (A —=1)ag+ ...+ (A= [A]) aprj41 =1, (4.21)
CL1+....+CLL)\J+1 §’7 s (422)
al,...,ap\ﬁ_l ZO (423)

Recall that ¢* = co if v < 1/X. Assuming v > 1/X, we recover the optimal
solution by evaluating the extreme points associated with the polyhedron de-
scribed by the constraints (4.21), (4.22), and (4.23). The objective function in
(4.20) is concave and lower bounded inside the feasible region. In addition, the
feasible region is a compact polyhedron. Therefore, the optimizer is achieved at
some extreme point in the feasible region (see Corollary 32.3.1 in [85]).

Depending on the value of v we indicate how to compute the basic feasible
solutions related to (4.20). Firstly, we treat the case v > 1/(A — |A|) where A
is not an integer. After that, we treat the general case v > 1/A. Given that
A > |A], observe that if v > 1/(A — |A]) then any solution satisfying (4.21) and
(4.23) automatically satisfies (4.22). That is, we can ignore the constraint (4.22)
by assuming that v > 1/(A — |A]). Consequently, we only need to characterize
the extreme points of (4.21), (4.23). Let a; = 1/(A—i+ 1) fori=1,...,[A\] + 1.
Let &; denote the vector of the i’th extreme point. This is, &; = (0,...,d;,...,0).
Calculating the value of the objective function over all extreme points, assuming
that v > 1/ (A = |A]), we get

min {daf’, (d = 1§, .. (d— |\]) afy 1 }
_ H}gﬁ {(d—z’+ 1) (A_llH)a} (4.24)
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Next, we consider the general case v > 1/\. We show that additional extreme
points arise by considering the inclusion of (4.22) and this might potentially
give rise to solutions in which large service requirements are not equal across
all the servers. Note that, if A = [A] we must have that a|yj1; = 0. To see
this, suppose that is not the case. Then, a feasible solution would be of the
form v = (a1,...,ai,...,a[x+1). By setting a|yj11 = 0, we construct another
solution, v' = (a1,...,a;,..., ax),0). Observe that v’ is a feasible solution and
it reduces the value of the objective function (4.20) in comparison to v. Our
subsequent analysis also includes the case A = [A].

We identify the extreme points of (4.21), (4.22), (4.23). For that we introduce
the slack variable ag > 0.

Aar +A=1ax+..+(A=[A) a1 =1, (4.25)
ap+ a1+ ... +anj+1 =7, (426)
ap, ay, ...,aw_H Z 0. (427)

From elementary results in polyhedral combinatorics, we know that extreme
points correspond to basic feasible solutions. By choosing a;41 = 1/(\ — 9)
and ag = v — a;41 we recover basic solutions which correspond to the extreme
points identified by the equations above. Recall, if A = |A| we must have that
ajx)+1 = 0. That is, we can assume that A—i > 0. We observe that v > 1/(A—1)
implies that a;11 = 1/(A — i) and a; = 0 for j # i 4+ 1 which is a basic feasible
solution for (4.25). Additional basic solutions are obtained by solving

= (A =Fk)agi1 + (A —1) ag,
Y = Qg+1 -+ apya-

Suppose that 0 <1 < k < A. This system of equations always has a unique
solution because the equations are linearly independent, and hence,

Ay —1=kags1 +lagq1.

Therefore, the solution (@g41,a;+1) is given by

(k=Dars = (A=D1,
(k—Dagsr = 1—v(A—k).
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If we want (Ggy1,d;+1) to be both basic and feasible we must have that
1/(A=1) < v < 1/(A—=k). Now, we calculate the value of the objective
function for ag41 = @gy1, @141 = @41 , and a;41 = 0 for ¢ ¢ {k,{}. That is,

(03

(2] i [A+1
dYiaj| +d-DD| Yo
i=1 \j=1 j=1
= afpy (k=1 + ([N = k) @rgr + ae)® + (d = [A)) @rgr + )
aiyy (k—1) + (d — k) (@k+1 + ar41)” - (4.28)

Recall, 1/ (A —1) <~ <1/ (A —k). As we mentioned before, if y =1/ (A — k),
then we have that ary; =1/ (A — k) and a; = 0 for ¢ # k + 1 which is a feasible
extreme point. Furthermore, we see that under this particular solution the
objective function has a smaller value than the solution involving a1 and @;1.
To illustrate this, observe that,

iy (k=1 4 (d = k) (@h1 + @)™ > (d = k) agyy.
Therefore, (ax4+1 and a;4+1) would be an optimal solution under the condition

1/(A=1) < v < 1/(A—k). Due to (4.24) and (4.28) we conclude that the
optimal value of the variational problem (4.15) is given by

{(d—kww(l—vu—k))“

1 «
. i — k—1
ogquﬁq?(x—z)g»y (k — l> ( ) }

AALA=1/7] g 1\
{7 by

By simplifying the expression above, we arrive at (4.14).

min
0<k<|A|v<1/(A—k)

4.6 Technical proofs
4.6.1 Proofs of Proposition 4.4.3, Lemma 4.2.2, and 4.2.1

We start with the continuity of the functional T ,.
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Proof of Lemma 4.2.2. Suppose that, £, — £ in D|0, v/pu] w.r.t. the M] topology.
As a result, there exist parametrizations (u,(s),t,(s)) of &, and (u(s),t(s)) of &
so that,

iu[/) {Jun(s) — u(s)| + [tn(s) —t(s)|} = 0 as n — 0o.

This implies that

max{ sup |un(s) —u(s)|, sup |tn(s) —t(s)|} — 0 as n — occ.
s<v/p s<vy/u

Observe that, if (u(s),t(s)) is a parametrization for &, then (u(s) + p - £(s),t(s))
is a parametrization for T, (£). Consequently,

sup {lun(s) + p - tnls) —uls) — p-t(s)| + [tals) — t(s)[}

< iu[/) {Jun(s) — u(s)|} + iup/) {(n+ 1D)Jtn(s) —t(s)|} — 0.

Thus, Y,,(&§,) — Y ,(£) in the M] topology, proving that the map is continuous.
O O

The next lemma provides the continuity of two functionals used in our large
deviation analysis.

Proof of Lemma 4.2.1. Consider a sequence &, such that dy(£,,€) — 0. From
the definition of the M topology, there exists a parametrization (u(s),(s)) of
the completed graph of ¢ and a parametrization (u,(s),t,(s)) of the completed
graph of &, such that

sup {|un(s) —u(s)|} + sup {|tn(s) —t(s)|]} — 0, asn — oo. (4.29)
s€[0,T] s€[0,T]

For 1), note that [u,(T") — u(T")| < sup,epo, ) [un(s) — u(s)| — 0, while &,(T) =
un(T) and &(T) = w(T). Therefore, [B(€) — B(€,)| = |u(T) — £(T)] — 0
as n — o0o. Therefore, E is a continuous functional. For ii), suppose that
£(0) > 0. For any e€ > 0, there exists N such that &,(0) > —e for n >
N. Now, from the definition of parametrization and the nonnegativity of
€(0), we see that sup,cp 1) u(s) = sup,ep,71€(s). Similarly, we can show that
| Supseqo,7] Un(8) — supyepo,77 &n(s)| < €. Therefore,

limsup| sup &,(s) — sup &(s)
n—oo | s€[0,T) s€[0,17]
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< limsup
n—oo

sup un,(s) — sup u(s)‘—i—e
s€[0,T] s€[0,T]

< limsup sup
n—oo  s€[0,T)

Un(s) — u(s)‘ +e=e

Since € was arbitrary, this proves the continuity of S at &.

In the next proof, we show continuity properties of the map ®,. Recall,

Da, ={€ € D[0,7/n] : 24(§)(7) — @,(§)(y—) > 0 and £(0) > 0}

Proof of Proposition 4.4.5. Note that &, = ®, o ¥ and ¥ is continuous, so
we only need to check the continuity of ®, over the range of ¥, in particular,
non-decreasing functions. Let ¢ be a non-decreasing function in D[0,~/u]. We

consider two cases separately: ®,(£)(y) > v/p and ®,(&)(v) < v/p.

We start with the case ®,(£)(y) > v/p. Pick € > 0 such that ®,(&)(y) >
v/p+ 2€ and £(y/u) + 2e < «y. For such an e, it is straightforward to check that
dar (¢, €) < e implies @, (¢)(v) > v/p and ¢ never exceeds « on [0,7/pu]. There-
fore, the parametrizations of ®,(£) and ®,,({) consist of the parametrizations—
with the roles of space and time interchanged—of the original £ and { concate-
nated with the linear part coming from 1,. More specifically, suppose that
(z,t) € T(§) and (y,r) € T'(¢) are parametrizations of & and (. Since £ is

non-decreasing, if we define on s € [0, 7]

(s) & t(2s) if s <T/2
T A s) - WO (/) +) ifs>T/2

z(2s) if s <T/2
(v = (/) (25/T = 1) + ¥(&)(v/p) if s >T/2"

y(2s) if s <1/2
(v =T (/) (28/T = 1) + () (v/p) if s >1/2

then (2/,¢') e T'(®,(£)), (v/,7") € T'(®,(¢)). Noting that

2" = §'lloo + 11 = 7"l
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= sup [t(2s) —r(2s)|V sup [2'(s) —¢(s)]
s€[0,1/2] se(1/2,1]

+ sup [z(2s) —y(2s)| v sup [t'(s) —r'(s)|
s€[0,1/2] s€(1/2,1]

= [t =rlloe VT () = LE ()] + Iz = ylloo V [T () = L(E) ()]

<t = rlloe Ve = ylloo + 12 =yl

<@+ )l = ylloo + NIt =rlle),
and taking the infimum over all possible parametrizations, we conclude that
dpgy (9,,(6), ©,(C)) < (A+p~)dag (€,¢) < (147 1)e, and hence, @, is continuous
at &.

Turning to the case ®,(£)(y) < v/, let € > 0 be given. Due to the
assumption that ®,(&) is continuous at v, there has to be a § > 0 such that

Pu(E)(7) + € < pu(€)(y = 0) < pu(€)(v +6) < pu(§)(7) + . We prove that if
dar(§,¢) < 0 A€, then dpy (P, (€), ©,(C)) < 8e. Since the case where ,(¢)(v) >

v/ is similar to the above argument, we focus on the case ®,(¢)(v) < v/
that is, ¢ also crosses level v before v/u. Let (z,t) € T'(§) and (y,r) € T'(¢)
be 5uch that ||z — ylloo + [t — 7|lec < 6. Let s, = inf{s > 0 : x(s) > v} and
sy = inf{s > 0:y(s) > v}. Then it is straightforward to check t(s,) = ¢,.(€)(7)
and 7(sy) = ¢, (¢)(7). Of course, z(s;) = v and y(s,) = 7. If we set 2/(s) =
t(s A sg), t'(s) 2 x(sAsyg), and 3 (s) £ (s Asy), 7'(s) £ y(s Asy), then

2" = 4l

<lt=rlo+  sup  {Jt(sa) —7(s)| V [t(s) — (s}

SE[Sx NSy, 52V sy]
<t =7l

+ sup {(\t(Sz) —t(s)] + [t(s) — T(S)D

SE[s2ASy,82Vsy]
v ([t(s) = t(sy)| + [t(sy) — 7(sy)) }
< Ht - THOO + (|t(5w) - t(sy)| + ||t - 7qHOO) \ (|t(sy) - t(sx)l + Ht - 7"”00)
< 20|t = rlloo + 2[t(sz) — t(sy)l-

Now we argue that t(s;) — € < t(sy) < t(sy) + €. To see this, note first that
z(sy) < x(sz) + 6 =7+, and hence,

t(sy) < u(€)(x(sy)) < eu(€)(7+6) < @u(§)(7) + €= t(sa) + €.
On the other hand,

t(s2) —€=u(§)(7) — e < puly —6) < ilsy),
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where the last inequality is from £(¢(sy)) > z(sy) > x(sz) —d =y — 6 and the
definition of ¢,. Therefore, ||z' — |l < 20 + 2¢ < 4e. Now we are left with
showing that ||’ — 7’|| can be bounded in terms of e.

1t ="l

<z —yllo+  sup {lz(s2) —y(s)|V|2(s) — y(sy)[}

SE[Sx NSy, 52V sy]
<z -yl
+ s {(lz(se) — ()] + |z (s) —y(s)])

SE[SxNSy,52VSy]
V (Jz(s) = @(sy)] + |z(sy) = y(sy)l) }
< e = ylloo + (t(s2) = t(sy)l + llz = ylloc) V (|2(52) = 2(sy)] + Iz = yll0)
< 2]z = ylloo + 2|2(s2) — x(sy)]
=2[lz — yllos + 2Jy(sy) — z(sy)|
<Az — y||loo < 4e.

Therefore, dpy; (2,(€), 24(C)) < l|2" = ¢/[loe + [[t" = "]loc < 8e.

4.6.2 Proof of Proposition 4.4.1

Proof of Proposition 4.4.1. In view of Lemma 3.2 of [79] it is easy to deduce that
%Z;Zj (Aj — EA) satisfies the LDP on (D[0,v/EA], dyy;) with speed L(n)n®
and with good rate function

IA(f):{O if € =0,

oo otherwise.

On the other hand, due to Result 3.2.1, % Zj“;tlj (Sj(z) - 1) satisfies the LDP on
(D[0, 7], dpr;) with the good rate function

Isi (&) = (4.30)

otherwise.

{Zte[o,ﬂ (€(t) — £(t=))> it € € DY[0, ],

Clearly, % EJLZJ A;—t-EA and % ZJLZJ S ](-i) —t are exponentially equivalent to
%ZL"? (A; —EA) and %ZJLZJ (SJ(.Z) —1), respectively. Therefore, 2 thlj A;—

1= J=

163



4.6. TECHNICAL PROOFS

t-EA and % ZJLZJ S](i) — t satisfy the LDPs with the good rate functions 4
and Ig@), respectively.
Now, consider the map T, : (]D[Om/,u],TM{) — (]D[Om/,u],TM{) where

Tu(€) £ &+ G Let Io(¢) £ inf{Za(¢) : € € D[0,7/EA], ( = Tpa(§)}. From
the form of I4, it is easy to see that Iy coincides with the right-hand-side of
(4.10). Since this map is continuous (Lemma 4.2.2), the contraction principle
(Result 1.3.5) applies showing that A, = Tga (L Z]LZtlJ A; — t - EA) satisfies
the desired LDP with the good rate function Iy. We next consider 5’7(5). Let
L;(¢) & inf{Igw (&) : £ €D[0,7],¢ = T1(€)}. Note that T4 (£) = oo whenever
E¢ ]D;, and £ € ID; if and only if ¢ = Y1(¢) belongs to D'[0,~]. Again, it is
easy to check that I; coincides with the right-hand-side of (4.30). We apply the
contraction principle once more to conclude that 5’7@ =T (% Z]LZJ S](l) — t)
satisfies the desired LDP with the good rate function I;.

O

4.6.3 Proof of Proposition 4.4.2
Proof of Proposition 4.4.2. We first claim that dy (NT(,,i)7 <I>1(5’£Li))) > ¢ implies

either

- WED)) > ge or N () = = ¢/2.

To see this, suppose not. That is,

= W(SD) () < %e and VD () — v < €/2. (4.31)

By the construction of S'T(f) and Nr(bi), we see that ]\7,@() is non-decreasing and
N (t) >~y fort> \IJ(S',(LZ))ﬁ). Therefore, the second condition of (4.31) implies

sup  [NP() =] < /2.
te[w(557)(7), 7]

On the other hand, since the slope of ®1(5%) is 1 on [¥(55))(y),~], the first
condition of (4.31) implies that

sup [ D1(SI) () — ] < €/2,
te[¥(55)(7),7)
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and hence, o o
sup @1 (SP)(1) - N(1)] < e. (4.32)
te[¥(S57)(4),]

Note also that by the construction of @, Nr(f)(-) and D ( _T(f))() coincide on
[0, T(S5)(7)). From this, along with (4.32), we see that

sup |®1(S9)(t) — N (1)] < e,
t€[0,7]

which implies that dy, (® (S(l ), N, )) < €. The claim is proved. Therefore,

log P (da (N, 1(51)) > )

lim sup Lo
n—oo
tog {P (7= (5) () = ¢/2) + P(N{(7) =7 2 ¢/2) }
< lim sup
log P (7 ~ WS (y) > 6/2) log P (fo) () >+ 6/2)
< limsup V lim sup ,
00 L(n)n® 0o L(n)n®

and we are done for the exponential equivalence between N\ and <I>1(S’£f)) if
we prove that

log P (7~ (57)(7) = ¢/2)

lim su = —0 4.33
n—)oop L(n)na ( )
and '
log P (Nr(f) (V) —v=>¢€/ 2)
lims = —0o0. 4.34
P T T * .

For (4.33), note that \I/(gr(f))(fy) < v — €/2 implies that Sy(f)(v) <~ —¢€/2, and
hence,

; logP(’y—\I!(S’fj))(y) > 6/2> o logP( n (’y) —6/2>
e’ L(n)n® =R L(n)n®

< — inf  Iy(&) < —o0,
T EMSy—e/2 ©) <
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where the second inequality is due to the LDP upper bound for S'(i) in Propo-
sition 4.4.1 and the continuity of the map & — £(v) as a functlonal from

(D[0,~], dasy) to R. For (4.34), notethatN,(L)( )— 7>e/21mphesS (’y+e/2)_

~. Considering the LDP for 55 on DI[0,y + €/2], we arrive at the same conclu-
sion. This concludes the proof for the exponential equivalence between M,, and
@1(5',(12)). The exponential equivalence between M,, and ®g A([ln) is essentially

identical, and hence, omitted.
O

Proof of Proposition 4.4.4. Let I}(¢) £ inf{Iy(£) : € € D[0,~7/EA], ( = ®ga(€)}
and I/(¢) £ inf{I;(¢) : £ € D[0,7], ¢ = ®1(€)} for i = 1,...,d. Recall that in
Proposition 4.4.1 we established the LDP for A,, and 5‘7(,,1) foreachi=1,...,d.
Note that if € € Doy, 2 {€ € D[0,7/BA] : 5.4(€)(7) — Pwa(€)(7—) > 0}, then
there has to be s,t such that 0 < s <t < v/EA and ¥(£)(s) = 7. For such &,
Iy(&) = co. This along with Proposition 4.4.3, we see that ®g4 is continuous
on the effective domain of /y. Therefore the extended contraction principle (see
[79]) applies, establishing the LDP for ®g4(A,) with rate function IO The LDP
for (1)1(5’7(1 ) with rate function IZ- follows from the same argument. Due to the
i)
same LDP as Pg4(A,,) and <I>1(S )) Therefore, we are done once we prove that
the rate functions I; [/ deduced from the extended contraction principle satisfy,
Iz(:fi’ for i =0,...,d.
Starting with ¢ = 0, note that Iy(§) = oo if £ # (g4, and hence,

exponential equivalence derived i 1n Proposition 4.4.2, M,, and Ny’ ( satisfy the

0 if (=Pra(Cea),
oo otherwise,

I5(¢) = inf{Lo(€) : ¢ € D[0,7/EA], ( = Ppa(€)} = {

(4.35)
where it is straightforward to check that ®ga(Cga) = ¢1/ga. Therefore, Iy = I.
Turning to i = 1,...,d, note first that since I;(£) = oo for any & ¢ D[0,4],

I(¢) = inf{L;(€) : € € D[0,7], ¢ = 1(€)}.

Note also that ®; can be simplified on D*[0,]: it is easy to check that if £ €
D0, 7], ¢1(€)(t) = v and @1(&)(t) < v for t € [0,7]. Therefore, 1(£) = ¢1(8),

and hence, .
[{(¢) = inf{I;(¢) : £ € D'[0,7], ¢ = ¢1(6)}.
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Now if we define p; : D[0,~] — D[0,~] as

£(t) t€[0,01(8)(7)

a1(§)(1) = {,y+(t_<p1(§)('y)) te el

then it is straightforward to check that I;(§) > I;(01(€£)) and ¢1(§) = ¢1(01(£))
whenever ¢ € D[0,7]. Moreover, g1(D'[0,7]) € D'[0,7]. From these observa-
tions, we see that

I(¢) = mf{L;(€) : € € o1 (DY0,7]), ¢ = 1 (6)}- (4.36)

Note that & € 01(D*[0,7]) and ¢ = 1 (€) implies that ¢ € C'[0,7]. Therefore, in
case ¢ € CY0,7], no € € D[0, 7] satisfies the two conditions simultaneously, and

hence, R
Il(¢) = inf ) = 0o = I/(C). (4.37)

Now we prove that I/(¢) = I/(¢) for ¢ € C'[0,4]. We claim that if ¢ €
Ql(Dl[OafY])v
Ts(p1(8)) = &(s) — &(s—)

for all s € [0,v]. The proof of this claim is provided at the end of the proof of
the current proposition. Using this claim,

5(Q) = inf {50 (€(5) = €G- - € € a1 (D0,7]), ¢ = 1(6) }
— inf {ZSQWTS(%(&))& L€ € 01(D0,4]), ¢ = wl(f)}
= inf {3,070 £ € a1 (D10,4]), ¢ = 21 (6)}-

Note also that ¢ € C'[0,~] implies the existence of ¢ such that ¢ = ¢;(¢) and
¢ € 01(DY0,7]). To see why, note that there exists ¢ € D'[0,~] such that
¢ = 1(¢&') due to the definition of C[0,~]. Let £ £ p1(¢"). Then, ¢ = ¢1(€) and
¢ € 01(D'0,~]). From this observation, we see that

(S €€ a1@0,7]), ¢ =01(8)} = {Tucoyms©?}

and hence,

L= ) ()" =T() (4.38)
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for ¢ € C'[0,~]. From (4.37) and (4.38), we conclude that I! = I; fori = 1,...,d.

All that remains is to prove that 74(¢1(§)) = &(s) — &(s—) for all s € [0,7].
We consider the cases s > ¢1(£)(7y) and s < p1(£)(7) separately. First, suppose
that s > ¢1(£)(). Since ¢1(€) is non-decreasing, this means that v1(£)(t) < s
for all ¢ € [0,7], and hence, {t € [0,7] : ¢1(t) = s} = 0. Therefore,

7s(p1(€))
=0V (sup{te ¢1(t) = s} —inf{t € [0,7] : p1(t) = s})
=0V (-0 ) O

On the other hand, since £ is continuous on [p1(£)(y),7] by its construction,

§(s) —&(s—) =0.

Therefore,
Ts(p1(£)) = 0=¢(s) — &(s—)

for s > 1(£)(7)-
Now we turn to the case s < ¢1(£)(7y). Since ¢1(§) is continuous, this implies
s

that there exists u € [0,7] such that ¢1(§)(u) = From the definition of
©1(&)(u), it is straightforward to check that

uwef(s—) &)l = s=w()(u) (4.39)

Note that [£(s—),&(s)] C [0,7] for s < v1(£)(y) due to the construction of &.
Therefore, the above equivalence (4.39) implies that [£(s—),&(s)] = {u € [0,7] :
v1(&)(u) = s}, which in turn implies that £(s—) = inf{u € [0,7] : 1(§)(u) = s}
and £(s) = sup{u € [0,7] : p1(£)(u) = s}. We conclude that

Ts(p1(£)) = &(5) — &(s—)

for s < 1(£)(7)-
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Chapter 5

Asymptotics for stochastic
networks

5.1 Introduction

In this chapter, we obtain logarithmic asymptotics for stochastic fluid networks
with heavy-tailed Weibull input. Our results comprise of upper and lower large
deviation bounds for the buffer content process of the network in the vector
valued Skorokhod space which is endowed with the product J; topology. We
also provide asymptotic estimates for overflow probabilities of subsets of the
system’s nodes. Lastly, we apply our results to a special network: the so-called
multiple on-off sources fluid network with heavy-tailed Weibull inputs.

The stochastic network is a key model within applied probability and is
connected to many applications. Some real-life examples include computer
communication and manufacturing networks. Stochastic fluid network models
have been a subject of intense research activity. The stability of queueing
networks is examined in [21] where, for a multiclass queueing network with any
initial conditions, and i.i.d. interarrival and service times within each class, the
network is positive Harris recurrent. Under different assumptions, the authors
in [63] considered the single-class queueing network, whereas, in [4], assuming
ergodicity and stationarity, the single-class Jackson-type queueing network is
studied. In this chapter, we focus on stochastic fluid networks, which are networks
in which the content in each node is the difference between a non-decreasing
input process J and a deterministic linear output flow.
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Stochastic fluid networks with respect to heavy-tailed input processes are not
fully understood. The two-node case with feedback loops and heavy-tailed input
has been studied in [34]. In the case of feedforward networks with heavy-tailed
distributions we refer to the survey paper [17]. More specifically, feedforward
networks with heavy-tailed input have been studied in [59], [34]. In [97], the
multiple on-off sources model with regularly varying inputs has been studied.
Although in [97] the authors establish exact asymptotics for the tail behavior
of the workload process, they note that these methods do not hold for other
subexponential distributions such as the lognormal, and the heavy-tailed Weibull
distribution. Finally, we point out that all of the above results focus on stationary
distributions; the behavior of time-dependent performance measures in this
context has not been studied.

Here, we consider stochastic fluid networks comprised of d nodes and we
do not pose any restrictions on the topology of the network. We restrict our
analysis to the case of compound Poisson input processes with semi-exponential
increments. Specifically, by large deviations we investigate in which way the
presence of heavy tails affects the tail asymptotics in multidimensional complex
stochastic networks.

Using an appropriate map (the multidimensional reflection map) we describe
the movement of the fluid/customers in the network. In our model, a superposi-
tion of the fluid—emitted from the network’s nodes—feeds into buffers which are
emptied at constant rates. Usually one would be interested in the probability
that a subset of the buffer contents exceeds some level. We use a representation
of the stochastic network model which fits the large deviations framework of
Chapter 2.

Within the large deviations framework, continuity properties of mappings
between random processes are the basis upon which large deviation principles
from the original process to the image process are induced. This approach
has been formalized as the contraction principle. Thus far, it has generally
not been possible to establish heavy-tailed large deviation principles for the
behavior of single-class stochastic networks with feedback via a continuous-
mapping approach, since one needs a large deviation principle for the input
processes.

Let us introduce our results. We prove large deviation upper and lower bounds
for trajectories of the network’s buffer content process. To do so, we utilize
the continuity of the reflection map with respect to the product J; topology
on an appropriate subspace of the Skorokhod space. Using the product J;
topology, we establish an extended sample path large deviation principle for
sequences of linearly scaled compound Poisson input processes on appropriate
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subspaces. This result hinges on the sample path large deviations for Lévy
processes with heavy-tailed Weibull increments, (Theorem 2.2.12). Exploiting
the large deviation upper and lower bounds for the buffer content process we
prove logarithmic asymptotics for overflow probabilities associated with a subset
of the system’s nodes. Our asymptotic results depend on the average input
flows and the deterministic output rates of each station. This is a consequence
of the previously mentioned extended sample path LDP for the buffer content
process coupled with a continuous mapping approach in order to deduce an
LDP for the buffer content process at each node in the system. To employ the
continuous mapping approach, since the buffer content process is a function of
the unregulated content process through the multidimensional reflection map, we
prove an independent result for large deviation bounds for Lipschitz continuous
maps.

In the case of the specific variation of the multiple on-off sources model (which
we study in this chapter) with heavy-tailed Weibull inputs, and heterogeneous
sources (nodes) we explicitly compute the decay rate associated with the tail
probabilities. As a result, we contribute to understanding the most likely way
buffer overflow occurs: to overflow a buffer, there is a trade-off between the
intensity of the deviant behavior, namely to what extent the sources transmit with
rate bigger than the mean rate, and the duration of this extreme behavior. For
the multiple on—off sources network, it is known that sources alternate between
on and off to overflow the buffer. For sources with subexponential on periods,
we have the following intuition based on [59]. During the path to overflow, a
source either sends at peak rate for the entire period, or constantly alternates
between on and off, and effectively contributes at mean rate. We perform explicit
calculations for the case of inputs with semiexponential distributions to precisely
describe this trade-off. In the power law case, the number of sources sending at
peak rate is just enough so that the peak rates of the transmitting sources plus
the mean rates of the other sources exceed the output rate of the sink. However,
the semiexponential case displays a delicate solution. That is, the number of
sources that transmit at peak rate depends on the shape parameter of the semi-
exponential distributions. Moreover, the time each source transmits at peak
rate is proportional to the overflow threshold. A similar phenomenon has been
observed in Chapter 4 where the multiple server queue with semi-exponential
service times has been studied.

The outline of this chapter is as follows: Section 5.2 contains a description
of our model, the topological space in which the input processes are defined, a
mathematical introduction to the reflection map, and preliminary results on large
deviations. In Section 5.3 we present our main results: upper and lower large
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deviation bounds for the buffer content process, and logarithmic asymptotics
for overflow probabilities of the buffer content process. In particular, we include
an explicit computation of the decay rate for the special case of the multiple
on-off sources model. Section 5.4 contains complementary proofs that support
our main results.

5.2 Model description and preliminary results

5.2.1 The Model

In this section, we describe our model and we present some preliminary results
that are used in our analysis. We consider a single-class open stochastic fluid
network with d nodes. We allow the possibility to assign a dedicated exogenous
input to a subset of the d nodes. For this reason, let 7 denote the subset of
nodes that have an exogenous input. At each node i € {1,...,d}, the fluid is
processed and released at a deterministic rate r;. Fractions of the processed
fluid from each node is then routed to other nodes or out of the network.
We characterize the stochastic fluid network by a four-tuple (J,r, @, X(0)),
where J(-) = (JW(), ..., J(d)('))T is the vector of the assigned exogenous input
stochastic processes at each one of the d nodes, respectively. The random variable
J(t) represents the total amount of exogenous input to node i during the time
interval [0,¢]. The vector r £ (r1,...,74)T is the vector of deterministic output
rates at the d nodes, Q = [@i,5]i.jeq1.....ay 15 the d x d substochastic routing
matrix, and X(0) £ (X1)(0),..., X(@(0)) is the nonnegative random vector of
initial contents at the d nodes.

Now, we make our model more specific. Regarding the d-dimensional stochas-
tic fluid model, we assume that the input flow streams to the i-th station/node
are Poisson processes with unit rate. Let {N()(¢)};5>o denote the Poisson
process of unit rate that is associated with each station ¢, which is also in-
dependent from {N(j)(t)}tzo for every 7 = 1,...,d. At each node, the ar-

rival of the kth job in station ¢ generates a workload J,gi). In addition, let

Jip = (J,gl), cee ,gi), cee ,gd))T denote a sequence of i.i.d. positive random vec-
tors with i.i.d. increments such that {J;};>; is independent of {N®(¢)};>0,
for each ¢ € {1,...,d}. The total amount of external workload that arrives

. (i) .
at station i is equal to J(¢) £ Ejvzl ®) JJ@, t € [0,T], which is a compound
Poisson process with mean y;. If no exogenous input is assigned to node ¢, then
set J(i)(-) =0, and p; £ 0. We pose an assumption on the distribution of sz),
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for ¢ € J, making it semi-exponential:

Assumption 5.2.1. For each i € J C {1,...,d}, P (le > gc) e—ciL(z)z™

where ¢; € (0,00), and L is a slowly varying function such that L(z)/z'~ is
non-increasing for sufficiently large x’s.

Naturally, the stochastic process J is non-decreasing, non-negative, and its
sample paths are allowed to be discontinuous. If the buffer at node 7 and at time
t is nonempty, then there is fluid output from node 7 at a constant rate ;. On
the other hand, if the buffer of node ¢ is empty at time ¢, the output rate equals
the minimum of the combined external input plus internal input rate and the
output rate r;.

We provide more details about the stochastic dynamics of our network. A
proportion g; ; of all output from node 7 is immediately routed to node j, while
a proportion ¢; £ 1 — 2?21 gi;j is routed out of the network. We assume that
¢is 2 0, and the routing matrix @ is substochastic, so that gi; > 0,and ¢; > 0
for all 7, 5. We also assume that Q™ — 0 as n — oo which implies that all input
eventually leaves the network. Let QT be the transpose matrix of Q. We ensure
the stability of the network by posing the following assumption based on [50]:

Assumption 5.2.2. Let g = (1, ..., pq)7, and assume that (I—QT)r — p > 0.

Due to our model specifics, the total workload at station i is processed at a
constant rate r; from the ¢-th server; and a proportion g¢;; is routed from the
i-th station to the j-th server. Let Q@ = (I — QT). The potential content vector
X(t), X(t) & J(t) — Qrt, at time ¢, would be the initial value X (0) plus the
exogenous input J(¢) minus the output r - ¢ plus the internal input Qr - ¢. Let
Z((t) denote the buffer content of the i-th station at time ¢. We are interested
in the buffer content process whose dynamics are expressed formally by the
so-called reflection map. Intuitively, the reflection map is defined in terms of a
pair of processes (Z,Y) that solve the differential equation

dZ(t) = dX(t) + QdY (t). (5.1)

where Y(+) is the minimal amount required to keep Z(:) non-negative. The
component X (V)(t) represents what the content of buffer i would be at time ¢
if the output occurred continuously at rate r; from node j, for all j, whether
station j had fluid to emit. Consequently, as we assume Z(0) = 0 the buffer
content is

Z(t) = X(t) + Q- Y(t), t € [0, 7). (5.2)
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We call the map from X + (Y, Z) the reflection map. We now provide a more
rigorous definition of this map.

5.2.2 Preliminary results on the reflection map

We start with the definition of the reflection map. Let D[0,7] denote the
Skorokhod space: the space of cadlag functions over [0, 7). Denote with DT[0, T
the subspace of the Skorokhod space containing non-decreasing functions.

Definition 5.2.1. [96] For any £ € Hle D[0,T] and any reflection matrix
Q = (I—QT), let the feasible regulator set be

k
v(e) 2 {CGHDT[o,T] :£+Q-C20}

i=1
and let the reflection map be

k k k

R £ (¢,¢) : [[ D0, 7]~ [P0, 7] x [[D[0,T]

i=1 i=1 i=1

with regular component

k
Y(€) 2 inf {W(€)} = inf {w e [Imlo.7]: we \y(g)}
YO (t) = inf{w;(t) e R:w e W)} for all i € {1,...,k} and t € [0,T],

and content component

P(&) =&+ Q- ().

The infimum in the definition of ¥ may not exist in general, however, in
Theorem 14.2.1 of [96], it is proven that the reflection map is properly defined
with the component-wise order. In addition, the regulator set is non-empty and
its infimum is attained in ¥(¢). If R = (¢, ¢) is a continuous map, then the
reflection map solves the Skorokhod problem implied by (5.1). Now, we state
some important results regarding the properties of (¢, ). The following result
gives an explicit representation of the solution of the Skorokhod problem given
by (5.1).
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Result 5.2.1. [96] If Y () = ¥(X)(:) and Z(-) = ¢(X)(-) then, (Y(-),Z("))
solves the Skorokhod problem implied by the equation (5.1). The mappings ¥
and ¢ are Lipschitz continuous maps w.r.t. to the uniform metric.

The next result is a useful property of the Skorokhod map; it allows us to
describe the discontinuities of the reflection map under some mild assumptions.

Result 5.2.2. [96] Let € € Hle D[0,T]. For the set of discontinuity points of

¥(§) (Disc(¥(§))) and ¢(§) (Disc(p(§))), it holds that Disc(1p(§))UDisc(¢(S)) =
Disc(§). In addition, if £ has only positive jumps then, ¥ (§) is continuous and

P(E)(t) — ¢(§)(t—) = &£(t) — £(t—).

Result 5.2.3 (Theorem 14.2.6. of [96]). If ¢ < ¢ in [[_, D[0,a], a > 0, then
P(&) = ¥(Q).

5.2.3 Some useful tools on large deviations

We start with a result which deduces an extended LDP for closed subspaces of
a metric space (X,d) given that the original process satisfies an LDP on the
bigger space X. Let Dy = {z € X : I(z) < oo}

Lemma 5.2.1. Let E be a closed subset of X . Let X,, be a stochastic process
such that P(X,, € E) =1 for alln > 1. Suppose that E is equipped with
the topology induced by X. Then, if the probability measures of X,, satisfy the
extended LDP in X with speed a,, and with rate function I so that Dy C E, then
the same extended LDP holds in E.

Proof. In the topology induced on E by X', the open sets are the sets of the form
GNE with G C X open. Similarly, the closed sets in this topology are the sets of
the form F'N E with F' C X closed. Furthermore, P(X,, € I') =P(X,, e TN E)
for any I' € B where B is the Borel sigma-algebra. Suppose that an extended
LDP holds in X'. Now, for the upper bound, let F’ be a closed subset of E. Then,
F'is a closed subset of . Hence,

1
li —logP (X, € F)< — inf I(z)=— inf I(z).
im sup -~ log P ( )< - of I(o)=— inf I(z)

For the lower bound, let G' be an open subset of E. That is, G = G'NE
where G’ is an open subset of X'. Then,
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1 1
limsup — log P (X,, € G) = liminf — logP (X,, € G' N E)
—

n—oo Un n—=oo dn

1
= liminf —logP (X, € G') > — inf I(z) = — inf I(z).
iy, oeP (e @) 2 = Bl 1) =~ b 1)

Now, since the level sets U () are closed subsets of X, the rate function I
remains lower semicontinuous when restricted to E. O

We continue with a useful lemma on pre-images of Lipschitz continuous
maps on metric spaces. For a closed subset of the metric space (X, d), recall,
A2 {€ € X :d(& A) < e} where d(&, A) = infeea d(&, ).

Lemma 5.2.2. Let (S,0) and (X, d) be metric spaces. Suppose that ® : (X, d) —
(S,0) is a Lipschitz continuous mapping with Lipschitz constant | ®||Lip. Then,
for any set F C X it holds that

(@ 'F) cot (FH@ume) _

Proof. Suppose that ¢ € (<I>*1(F))6. For each n > 1, since ®~1(F) is a closed
set, there exists a &, € ®~1(F) so that d(&,,() < e+1/n. Since &, € ®71(F) we
have that ®(&,,) € F. Furthermore, o(®(&,,), 2(¢)) < ||®||Lip(e +1/n) and hence,
d(CI)(C),F) < ||®||Lip(€ + 1/n). Letting n — oo, we get d((b(C),F) < ||®]|Lipe€,
that is, ¢ € ®~(F!I®ll€). Since this holds for any ¢ € (<I>_1(F))€, the statement
holds true.

O

Lemma 5.2.3. Let (S,0) and (X, d) be metric spaces. Suppose that the sequence
of probability measures of X,, satisfies the extended LDP in (X, d) with speed a,
and rate function I. Moreover, let ® : (X,d) — (S,0) be a Lipschitz continuous
mapping and set

Then,

i) the stochastic process S,, = ®(X,,) satisfies the following lower and upper
bounds: for any open set G C 'S,

1
liminf —log P (S,, € G) > — inf I'(x);

n—00 (O zeG
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and for any closed set F C'S,

1
limsup — log P (S,, € F) < —lim inf I'(z).

n—oo Qn e=0zeFe

it) In addition to ® being a Lipschitz map, suppose that ® is a homeomorphism;
that is, ® is injective, surjective, and ®~' is continuous. Then, S,, satisfies
the extended LDP in (S,o) with speed a,, and rate function I'.

i) If I' is a good rate function—i.e., ¥y (M) = {y € S : I'(y) < M} is
compact for each a € [0,00), then S,, satisfies the large deviation principle
in (S,d) with speed a,, and good rate function I'.

Proof. i). For the upper bound let F' be a closed subset of (S,0). Thanks to
Lemma 5.2.2, for any € > 0, we have that , (<I>*1(F))6 c ot (F”‘I’“Lipe). and
hence,

- inf  I(x) <-— inf I(x). (5.3)
c€(®-1(F))° sea—1 (F<17ILip)

Furthermore, by the extended LDP of X,,, for § > 0 there exists an n(d)
such that for any n > n(J)

P(X, € 7 1(F)) < ol = inf T 5| f >0. (54
( () <o fan (= jnt @) 46)] forany e>0. ()

Consequently, (5.3), and (5.4) lead to

, (8.5)

P(X, € ®1(F)) < exp [an <— e(bil(irl;g”(bmp)l(x) + 5)

for any n > n(d) and € > 0. Next, for n > n(d),

P(S,€F)=P(®(X,)€F)
=P (X, €@ '(F))

<exp |a, | — inf I(z)+4
zeq;.—l(FEHq’HLip)
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Therefore,
1
limsup —log P (S, € F) < — inf I(x)+4
n—oo an Ie@—l(Fﬁﬂq’HLip)
=— inf I'(y)+6. (5.6)
yepéHq)HLip

Letting 6 — 0, and € — 0 in (5.6), we arrive at the desired large deviation upper
bound.
Turning to the lower bound, consider an open set G. Since ®!(G) is open,

lim inf x logP (S,) € G) = liminf L logP (X, € 271(Q))

n—00 QO n—00 Uy
>— inf  I(§) = — inf I'(x).
> = of (€) = — inf I'(z)

it). The upper and lower bounds for the extended large deviation principle have
been proved in 7). Since X,, satisfies a large deviation principle, we have that
the level sets of I are closed sets i.e., U;(M) = {z € X : I(x) < M} is a closed
set for every M > 0. Now, we verify that I’ is lower-semicontinuous. The level
sets of I’ are Uy (M) = {y € S: I'(y) < M}, for every M > 0 . Note that

{y€S:I'(y) < M} = (®() : I(x) < M} = B(T;(M)).

Since ® is a homeomorphism the image set of a closed set is a closed set. Hence,
S,, satisfies the extended LDP.

iii). The upper and lower bounds for the extended large deviation principle have
been proved in 4); due to our assumption, I’ is a good rate function. Hence

lim inf I'(y) = inf I'(y).

e—0 yeFH‘PHLipf yeF
Consequently,
logP (S, € F
lim sup logP (Sn € F) < —lim inf TI'(y) = — inf I'(y).
n—o00 (7% e—0 yeFeH‘I’HLip yeF

5.2.4 The topology of the function space

In this section, we introduce our preliminary results on sample-path large
deviations for the input and the content process. For our results we will use the
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J1 topology. In order to study networks, we need a multidimensional functional
setting. That is, we work on the functional space (Hfz1 Dlo, T, Hle 7T7,) which
is a product space equipped with the product J; topology. The product topology—
which we denote with Hle Tj,—is induced by the product metric d, which in

turn is defined in terms of the J; topology. More precisely, for £, € Hle D0, T
such that € = (60, ... ")) and ¢ = (¢, ..., (™) we have that

k
dp(gv C) £ Z dJ1 (5(1)’ C(l))
=1

Note that we use the component-wise partial order on D[0, 7] and R*. That is,

x & ($§1)7~--,w(1k)) <y & (x;l),...,mék)) in R¥

if xgi) < méi) in R for all i € {1,...,k}.
Also, we write & < ¢ in D[0, 7] if £(t) < ¢(t) in R¥ for all t € [0, T).

Some useful continuous functions

Lemma 5.2.4. Fork € R?, let Y., : H?:l D[0,T] Hz'?lzl D[0, T] be such that
T.(€)(t) =&(t) — K -t. Then,

1) Y. is a Lipschitz continuous map w.r.t. the product Jy topology; and
it) Y, is a homeomorphism.

Proof. i). Suppose that dp(&, () < e w.r.t. the product J; topology. Then, there
exists a homeomorphism A\(*), i € {1,...,d}, so that

1€ = ¢ oA oo + AP —e()]loo < 2e.

Therefore,

day (T©, 7)) <169 = ¢D 0 XD + KOAD — o)) oo + AD = €)oo
<€ = ¢ 0 ADlog + (1 + KON IAD = e()]c
<201 + [k@))e. (5.7)
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Consequently,
d .
dy(Tx(C) Z (0,1 (€)
<2 Z (14 |ED|)e
=2(d+ Z 1k@))e
=1

ii). Note that Y. 1(O)(:) = ¢(-) + k(-) = T_x(¢). Hence, T is injective and
surjective. Furthermore, the continuity of Y, ! is obtained by applying i) to
T ;. O

Lemma 5.2.5. The function w : Hg’:l D[0, T] = R%, 7(¢) = &(T) is Lipschitz
continuous in Hle DI[0,T] w.r.t. the product Jy topology.

Proof. Suppose that d, (¢, () < e. Then, we have that d, (€@ ¢ < € for every
i=1,...,k. For any homeomorphism A : [0,7] — [0, T] that satisfies A(0) =0
and A\(T) = T, we have that

[m (&) — D ()] = [€(T) — ¢D(T))
= [€(T) = ¢\
< 1€W = ¢W o Ao

(€@ ¢®) < e. Since this

Since this is true for any A, |7 (&) — 7()(¢) 7
(e < e. O

| <d

holds for every ¢ = 1,...,d, we have that ||7(§) —

We end this section with a key result regarding the Lipschitz continuity of

the reflection map with the product J; topology. The proof of Theorem 5.2.6 is

deferred to Section 5.4. Let DT[0,7] be the subspace of non-decreasing paths.

Subsequently, let D?[0, T be the subspace of non-decreasing paths with slope
B;, namely

D0, T]) £ {¢ € D0, T : C(t) = &(t) + Bi - t, € € D0, T]}.

Theorem 5.2.6. The reflection map R : H?Zl DA[0, T] H?il D0, T] where
R = (¢,v) is Lipschitz continuous with the product Jy topology.
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Note that the restriction to paths without downwards jumps is essential
for this result to hold. Since the order in which the jumps take place matters
for the action of the reflection map, we cannot ensure the continuity of the
reflection map without any extra regularity conditions. The main difficulty arises
when at limit paths we have simultaneous jumps with different signs in multiple
coordinates (K. Ramanan, personal communication).

The extended sample path LDP for the content process

Lastly, we state our preliminary results on large deviations regarding the multidi-
mensional input process of the stochastic fluid network. Recall that J(-) denotes
the input process which is a vector of independent compound Poisson processes,

and with mean vector p. We consider the scaled version J,, £ %J (n-). Conse-

quently, J,, satisfies the following LDP which is a consequence of Theorem 2.2.12
and Lemma 5.2.1. For any & € H?:l D0, T, let

0= Y (Dm-g0e)
{t:6@ ()£ (t-)}
Result 5.2.4. The probability measures of J,, satisfy the extended LDP in
the function space (H?Zl D0, 77, H?Zl 7}1) with speed L(n)n®, and with rate
function 14D H?:l D0, T] — [0, 0o] where

Y er G I(EW), if €9) e DHi[0,T]
forjeJd
and €9) =0 forj ¢ J,

0, otherwise.

I ey = (5.8)

Recall that the content vector is a function of the exogenous input plus the
internal input; that is, X(t) = J(t) — Qrt. We define the scaled version of the
potential content vector X, (-) = 1X(n-). Obviously, X,, is the image of J,,
where the map T g, is applied. Due to Lemma 5.2.4, T, is Lipschitz continuous
and a homeomorphism with respect to the product J; topology. The following
large deviation principle for X,,(+) is a direct consequence of i) in Lemma 5.2.3.

Result 5.2.5 (Consequence of Result 5.2.4 and Lemma 5.2.3). The proba-
bility measures of X,, = (X,(LD,XT(?),...,X,(L@) satisfy the extended LDP in
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(H?zl D(=9x)i [0, T, Hle T, ) with speed L(n)n®™ and the rate function

Zjej ch(§<]‘>) if €0) e D=C)i[0, T
forje J,
IDEM ey = and €9 (t) = —(Qr);(t) (5.9)
forji ¢ J,

0, otherwise.

5.3 Main results

In this section, we state our main results (Theorem 5.3.1, 5.3.6, and 5.3.8) along
with the lemmas which are used to prove the main results.

5.3.1 Large deviations for the buffer content process

In this subsection, we state sample path large deviation bounds for the scaled
buffer content process Zy(-) £ 1Z(n-) with Z(-) defined in (5.2). The reflection
map enables us to represent the buffer content process in terms of the content
process X,, and the map ¢ i.e; Z,, = ¢(X,,). In view of Theorem 5.2.6, the large
deviation bounds for the buffer content process are a consequence of Lemma 5.2.3,
and the continuity of the reflection map with respect to the product J; topology.

Theorem 5.3.1. The buffer content process Z, satisfies the following upper
and lower bounds in the function space (H?zl Do, T, H;'i=1 7}1)

i) For any closed set F' C H?:l Dlo, T,

1
: < _lm .
llririsotip oo logP(Z, € F) < 611_r>r(1) EleanE Is(&);

it) and for any open set G C H?Zl D[0, 77,
n—oo

1
liminf ——— log P (Z F)> —inf I
im in Ln)ne ogP (Z, € F)> glgc s(6),

where

d
Is(¢) = inf {ﬂd) (©): ¢ =), &€ [[DH 2o, T]} :

i=1
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Proof. The large deviation bounds for the buffer content process are a conse-
quence of Lemma 5.2.3, and the continuity of the reflection map with respect
to the product J; topology. Specifically, Theorem 5.2.6 ensures the continuity
of the content component is Lipschitz continuous with the product J; topology.
Then, i) of Lemma 5.2.3, and Result 5.2.5 imply the large deviation upper and

lower bounds of Z,,.
O

5.3.2 Asymptotics for overflow probabilities

In this subsection, we examine the probability that the workload, associated with
a subset of nodes in the system, exceeds a high level. We estimate the probability
of large exceedance for the solution of the stochastic differential equation (5.1).
Recall, m(&) = &(T). Let b = (by,...,bs) € RL. Let #B(¢) = bTr(¢) and
consider Z, (T) = A(X,,). Let

d
I'(a) £ inf {ﬂd) (&1...,&) st a=B(), ¢ [[pH o, T]} :

i=1

Moreover, let DS0, T be the subspace of paths that have at most one
discontinuity. Subsequently, define

d
Va(e) £ {¢ € [[ D20, ) NDSH0,T] : B(€) >},
=1
and
Vi(e)= inf TW@W(¢).
Z(c) et ©

Similarly, let

d
Vale) £ {¢ € [ D% 270, 7] nDSH0,T] : B(S) > c}.
i=1
Subsequently, let
Vi(e)= inf T@D(¢).
2o = inf T

Note that VI (c), VZ(c) may depend on T. The next lemma enables us to
reduce the feasible region of the optimization problem inf,c 4 I’(c)—where A is
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a half interval—from Hle D#=29r)i[0, T) to H?Zl D®=2r)i[0, T) NDS0, T i.e;
to the subspace of feasible step functions that have at most one discontinuity.

Lemma 5.3.2. Let £ € Hle D#=0)i[0, T]. Then, there exists a path & in
H‘Ll D®=9r)i [0, T) N DSH0, T such that

i) ID(E) < I(¢), and
ii) $(€)(T) = $(&)(T).
Proof. The proof of this lemma is deferred to Section 5.4. O

An immediate consequence of Lemma 5.3.2 is that

Vi(c)= inf I'(z) and  VZ(c)= inf I'(z).

z€[c,00) z€(c,00)

Let D4 [0,T] be the subspace of D[0, T] that contains paths with only positive
discontinuities i.e; D4[0,T] = {{ € D[0,T] : £(t) — &(t—) > 0}.

Lemma 5.3.3. For a = (a1,...,aq) € RY and € € H?Zl D, [0, 7] N DSH0,T]
let ¢ =&+ alyry. Then,

i) () =v(&);
it) ¢(O)(T) = ¢(&)(T) + a; and
iti) TD(¢) < TD(&) + XL, csal.
Proof. The proof of this lemma is deferred to Section 5.4. 0

Recall, J is the index set of nodes with exogenous input. Next, let [T =
{je {1,...,d}:bj > 0}.

Lemma 5.3.4. Assume that JOI* # 0. Then, the map x +— V3 (z) is a-Holder
continuous i.e.,

Ci
VE(y) — VE(z)| < 2y — e,
VZ(y) — V()] S <X o) B ly — x|

Proof. Let y > x > 0. It is obvious that V (y) > V;(m) > 0. By the definition of
the infimum, for any € > 0 there exists a ¢ € Vs (z) so that ID(¢) < Vi(z) + e
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Next, let ¢ € I where I = {j € {1,...,d} : b; > 0}. Subsequently, let £ =
¢+ (y —x)1gpy so that y —x = (0,...,%=,...,0). Due to ii) of Lemma 5.3.3,

b;
(y — =)
b

7

bTo(E)(T) = bT(S(O(T) +y —x) = bTO(O)(T) + b >rty -,

hence, £ € V= (y). Moreover, due to iii) of Lemma 5.3.3,

C; o
max —(y—x)".
{1<i<d:b; >0} b?( )

D) < TD(¢) +

Hence,

Vi(y) < TD©) < T+ max  (y—a)®

1<i<d:b; >0 bY

s
< VZ(x)+ ma 2 (y—z)%+e.
>(x) {1§i§d:§i>0} b¢ (y =) ¢

This leads to V3 (y) — VI (z) < maxi<icap, >0y 3+ (¥ — ¥)* +e. We obtain
the desired result by letting € tend to 0. Thus,

* * o
_ < o
|V; (y) V2 ()] < {1gir£3§i>0} bt

ly =l
O
Lemma 5.3.5. Assume that 7 NI # (0. Then, it holds that V3 (c) = VZ(c).

Proof. For any € > 0 we have that V3(c +¢€) > VI(c). Hence, in view of
Lemma 5.3.4,

[VZ(e) = VZ(e)| = VZ(c) = VZ(c)
< V;(c—i— €) — V;(c)

c
< max - |e|*.
{1<i<d:b; >0} b

Now, we let € go to 0 and we obtain the stated result.
O

For a general stochastic network, with routing matrix @) and reflection matrix
Q= (I—QT), the following large deviation principle holds.
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Theorem 5.3.6. For a fized b = (by,...,by) € R‘j_ assume that J NIt #
(). The overflow probabilities P (B(Zy) > c) satisfy the following logarithmic
asymptotics:

1

nl;rréo WP(%(Z,Z) >c)=—-Vi(c). (5.10)
Proof. Note that the map £ is a Lipschitz continuous map—Dbeing the compo-
sition of Lipschitz continuous continuous maps—w.r.t. the J; topology. More
specifically, due to Lemma 5.2.5, 7 is continuous w.r.t. to the product J; topology.
Due to Theorem 5.2.6, the content component map is continuous with respect
to the product J; topology. Thanks to i) of Lemma 5.2.3, we deduce upper
and lower bounds for #(Z,,). For the upper bound, let ¢ > 0 and recall that
I'(¢) = inf{I(D(¢) : B(£) = ¢}. Thanks to the upper bound in i) of Lemma 5.2.3,
Lemma 5.3.2, and Result 5.2.5 we have that

1
limsup ———P(#(Z,) > ¢) < — lim inf I'(x
n_mp L(n)n® (#(Zn) 2 €) < ¢—0 z€[c—€|| B|Lip,00) )

= 1 V2 (c — e B|us)

Due to Lemma 5.3.4 we have that VZ(-) is continuous, and hence,
lim V2 (¢ — € i) = V2 ()
Therefore,
li L p(#(Z,) > ) < -VZ
ngr;oW (B(Zy) > c) < >(C)»

and we obtain the desired upper bound.
For the lower bound, thanks to i) of Lemma 5.2.3, Lemma 5.3.2, and Re-
sult 5.2.5 we get that

. . 1 . ! *
hnrglgf WP(%(ZTL) > 7w€l(Icl,foo)I (x) = =V (c).
Invoking Lemma 5.3.5, we have that VZ(c) = VZ(c), hence,

. 1 *
hnnilo%f WP(’@(ZTL) > C) > 7V> (C)
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5.3.3 The multiple heavy-tailed on—off sources model

In this subsection, we study a model of stochastic fluid networks which is strongly
related to the multiple on-off sources model. Let us give a description of this
specific network. The network comprises of d nodes; each of the d — 1 nodes has
an exogenous input and their output is directed only to the node d. The node d
does not have a dedicated exogenous input; moreover, it is the only node that
allows the produced output of the {1,...,d — 1} nodes out of the network. The
exogenous input at node i € {1,...,d — 1} is generated by a compound Poisson
process J @ with mean p; and whose increments satisfy Assumption 5.2.1. The
routing matrix @ is given by the following transition probabilities:

0, otherwise.

{1, forie{l,...,d & j=d,
qij =

The next figure is an example of this particular network.

Jm

Figure 5.1: The figure depicts the dynamics of the network under consideration (with 5 nodes).
Input at each one of the first 4 nodes is according to a compound Poisson process with mean
wi. Each node is emptied at a constant rate and the processed fluid is routed to node 5 which
is emptied at a constant rate 7s.

We derive an explicit computation of the decay rate for overflow probabilities
for the buffer content process of the d node. Recall, r = (r1,...,74), and
= (p1,...,uq). Foraset AC{l,...,d—1}let
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ZzeA Cl( T Mz)
(ZzGA i + Zze{l ..... d—1h\A Hi — Td)

Let the optimization problem K(r, p, T') be as follows:

J(r,p, A) £

Ag{1,r£1,1..r.l,d—1} I, A) (5-11)

Zh‘ Z i —rq | T >c

i€A ie{1,....d—1}\A
Define the collection of K-dominant sets A* with respect to (r, u, T'). That
is,
A" = arg min {K(r,p,T)}. (5.12)
AC{1,...,d—1}
Note that A* may not be unique; A* may contain more than one set. Let
K*(r, , T) be the optimal value of K(r, u, T).

Lemma 5.3.7. Consider the functional optimization problem

Fie)2 inf Zcz PR GIGESAGOIE

ol r (b€ (1) 76 (1=))
st ¢ DET) > ¢,
g(d)(t) = 7(Qr>d : tv te [OaT]a and

€D e DB=i0, T NDSO,T) fori=1,...,d. (5.13)
Then,
. K (e, T) if T (Y ri—ra) > c
F(e) = , d—1 (5.14)
00 ifT- (> yri—ra) <c
Proof. The proof is deferred to Section 5.4. O

Theorem 5.3.8. It holds that,

1
(d) i+ o
Jim. Lmyne 10gP<Z (T) Zy) K*(r, p, T)(y vV 0)%,
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Proof. Thanks to Lemma 5.3.7 we have an explicit computation of the decay
rate. Applying iii) of Lemma 5.2.3 we derive the logarithmic asymptotics for
overflow probabilities for the buffer content process of the d-labeled node. [

5.4 Complementary proofs

This section contains proofs for key results used in the main body of this chapter.

5.4.1 Proofs of Lemma 5.3.3, and Lemma 5.3.2

Proof of Lemma 5.3.3. We prove i) by using induction and the continuity of
¥(€), and ¥({). Note that for a ¢ € HLD[O,T] the regular component

$(C) is the limit function of y, () where ys1(C) = 7(ya(C)) and yo(C)(s) =
max{sups<«;{—C(s)},0}. Recall that ( = & over [0,t], t < T —e. It can
be easily checked that max{sup,.,{—((s)},0} = max{sup,,{—£&(s)},0} for
t < T — e. Therefore, y(¢) = yo(€) over [0,T — ¢]. Since y;1(¢) = m(yo(¢), and
y1(&) = m(yo(€) we see that for any t <T — ¢

m(n(C)() = sup {0, C(3) + Quo(C) (5)}
= sup {0, —&(s) + Quo(€)(5) } = m(uo(€)(1).

s<t

For the induction step, let yx(¢) = yi(§) over [0,T —€]. Then, for any t <T — ¢
we have

yr+1(Q)(t) = sup {0, —C(s) + Qur(¢)(s)}

s<t

= sup {0, —&(s) + Qui(€)(s) } = pr11() (1),

s<t

Since the inequality holds for every n € N, we have that (¢)(t) = ¥ (&)(¢),
t € [0,T — €. Lastly, in view of the continuity of (&), and ¥ (¢) we get

P(QT) = lmn $(Q)(T ) = lim Y()(T — o) = $(E)(T),

hence (&) = ¥(¢). For i), observe that

P(O(T) = ¢(T) +»(O(T) = &(T) + a+$(E)(T) = ¢(E)(T) + a.
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Lastly, we prove iii). Let ¢ = (¢(V,...,¢@®), and & = (¢M,...,£@D). Recall,
the function = — z%, « € (0, 1) is subadditive. Let

(M= Y ORIRICEI

t€[0,T]:¢ (£)£¢ ) (t—)

For any i € {1,...,d}, we have

HE=e ¥ (D0 -cO6)

t€[0,T]:¢D (1) AC @ (t—)

=a ) GRICEEICS)
te[0,T):£ (#)#ED (t—)
+(€E(T) = €9(T=) + a:)®

s > GROEIRIGR)
t€[0,T):£0) (¢)££() (t—)
+ (E(T) = €T )™ + eiaf

= L(¢9) + ¢;af.

Therefore,

d d

d d
D) => LKD) <> LEDN) +> ciaf =T+ cial.
i=1 =1

i=1 i=1

We continue with Lemma 5.3.2.

Proof of Lemma 5.3.2. We start with some preliminary observations. Recall
that Q is the reflection matrix, and it is invertible with

QO l=1-Q) '=14+Q+Q*+....

Consequently, @~ ! is a matrix with non-negative entries. Next, we continue with
an observation (O1): if u,v € R¥, and A is such that A € R’fk, then u > v—in
every component—implies Au > Av.

Let &€ = (6M),... ¢@) e T, DK=2:[0,T]. Since £® € DKo, T],
we have the following representation:
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€D() = (u— Qr)i -t + f;x;% { [uy’%T} } (t), t€[0,T].
j=1

The proof of our statement is a consequence of the following steps.

Step 1: There exists a path £ € [J/_, D®=20):[0, T] N D<![0, 7] such that
E<& and §(T) = &(T). | |

Proof of Step 1. Let s = sup{t : € (t) —&®(t—) > 0} for each i = 1,...,d,
and let

EO@) = (u—Qr)i-t+ <§:x§-i)>]l { [s(“,T}}(t), t€[0,T].

Due to construction, & < & component-wise, and &(T) = &(T).

Step 2: It holds that ¢¥(&§)(T) > ¥ (&)(T).
Proof of Step 2. Due to Result 5.2.3, the statement is obvious.

Step 3: It holds that Qu(&)(T) > Qu(&)(T).
Proof of Step 3. We prove Step 3 by contradiction. Suppose that sz({:)(T) <
OY(€)(T). Since the matrix Q is invertible and Q= € R’fk , invoking observa-
tion (01), we end up with 9 (€)(T") < 1(&)(T) which is not possible due to Step
2.

Now, we conclude the proof of our statement. Recall that ¢(¢)(T) = ¢(T) +
Q(¢)(T). From Step 3 and £(T) = &(T), i) of our lemma is obvious. For i),

due to the sub-additivity of the function = — x*, « € (0,1), we notice that

D@ =3¢ S @) -0y

=1 {t:60) () —£@ (t.—)>0}

- ( %) x;i))o‘ SZCi'i <x§z))a
Jj=1 i j

=1 Jj=1

d

I
)=
O
h

s
Il
-

I
=
o
s

N
Il
_

> ED(t) — D))~

{t:6) (1)—€ (t—)>0}

(©)-

Il
~n
X
IS8
=
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5.4.2 Proof of Lemma 5.3.7

In the next lemma, we compute the decay rate associated with a certain stochas-
tic fluid network, namely the so-called multiple on-off sources network with
semiexponential input.

The exogenous input at node ¢ € {1,...,d — 1} is generated by a com-
pound Poisson process J* with mean p; and whose increments satisfy As-
sumption 5.2.1. In this case, the probability measures of the content vector
X, = ()_(7(}), X7(12)7 .. 7)_(fbd)) satisfy the extended LDP in H?Zl D(k—Qr); [0,T]

with the product J; topology, with speed L(n)n®, and rate function

Y Yo 1ED) i €9 e Dr=9n)i[o, 7]
forj=1,...,d—1,
and €@ () = —(Qr)a(),

00, otherwise,

7@ (5(1)’ .”75(!1)) =

| (5.15)
where I(£0)) = (ﬁ(j)(t) - f(j)(t*))a :

Proof of Lemma 5.3.7. Before we embark on solving the functional optimization
problem, we explicitly present the main components needed for the computation
of the regulator component and the content component map. To this end, we
give the routing, and the reflection matrix of our network. Recall, the routing
matrix @ is given by the following transition probabilities:

1, forie{l,...,d} & j=d,
qij = { } (5.16)
0, otherwise.
Subsequently, the reflection matrix Q is
1, fori=yj,
Qij=<-1, forje{l,...,d} &i=d, (5.17)

0, otherwise.

The existence and uniqueness of the regulator process (1(-)) has been estab-
lished in the preliminaries. For that reason, the optimization problem in (5.13)
is well-defined and a solution exists. The optimization problem is meaningful
only for one-step functions, and for this reason, we will focus on the interaction
of one step-functions—with slope (u — Qr); for each i = 1,...,d — 1-—with the d
coordinates of the reflection map R i.e, (R, ... R(®). Recall our terminology:
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w(i)(f) is the i-th coordinate of the regulator component map, and we apply
similar terminology to the content component map ¢.

Before we embark on calculations, we provide a sketch of our strategy for
the computation of the optimal value of (5.13):

1) for paths in H?Zl D#=2r)i[0, T] N DS0, T]; we explicitly compute the
regulator component t(-) and the content component map ¢(-);

2) we reduce the optimization problem to a finite dimensional optimization
problem and subsequently compute the optimal value F*(c) for every ¢ > 0.

Step 1. Recall that we are interested in the buffer content of the d-labeled
node. Recall the definition of the regulator component; for a £ € ngl D0, T

d
P(€) =inf{¥(€)}  where (&)L {¢e [P0, T]: ¢+ Q¢ >0}

i=1

Due to the form of the matrix Q, the derivation of the regulator process ¥()
is the infimum (coordinate-wise) of all the functionals w = (w1 (-),...,wq(")) €
Hle DT[0,T] that satisfy the following set of inequalities:

o {wi(t) i —¢@(t), forie{1,...,d—1} & t € [0,T], (5.18)

D)+ 2L wi(t),  te0,T].

For every i # d the coordinate-wise regulator component process 1) (€) is the
smallest functional such that w; > —£@. By default, £ is an one-step function
with discontinuity size equal to x; which takes place at time u; € [0,7T]. Define
t(i,w;) = u; + Tiiiﬂi; then, the i-th coordinate of the regulator component is as
follows

} (Qr — p); - t, for ¢t € [0, u],
w(l)(f)(t) = (QI‘ - IJ')i * Ug,y for t € (ui,t(xi,ui)],
(Or — p); - u; + (Qr — pw); - (t —t(xq,u;)), fort € [t(zi,u;), T).
(5.19)

By the definition of the infimum, it is obvious that no other configuration, except
for the proposed functionals {9 (&) ?:—117 achieves the infimum coordinate-wise.
Given the d — 1 regulator components which were displayed in (5.19), for each
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1€{l,...,d—1} we can compute the d—1 coordinates of the content component
of the reflection map i.e.,

0, for t < wu;,
¢ = m; + (o —Qr); - (t —wuy), forte (ug,t(ws,u), (5.20)
0, for t > t(m;, u;).

Now, we focus on the calculation of ¥(?(€), or, in words, the d-th coordinate of
regulator component. Due to the definition of the regulator map, (% (¢) must
be the smallest non-decreasing functional so that

d

$ D)) =) +wal) =D vPE() >0, wa(-) € Do, T) N DS, 7.

i=1
From the inequality above, we can deduce that

DD (&) (t) = sup {ZWZ) — (s )} (5.21)

s<t

Now, we can explicitly compute ¢(@ (£)(T). In view of (5.21), (5.17), (5.19),
and (5.21),

o (€)(T)
d—1
= ¢N(T) + D ()(T) - Z D (E)(T)
d—1 d—1
= &(T) - Zlﬂ(“ (E)(T) + sup {Zw(”(ﬁ)( ) — 5d<5>}
d—1 d—1
= sup {éd)( ) — Zw“ (E(T) - <§d<s> - Zw(“(f)(s))}
d—1

We simplify the above expression,
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o (E)(T) (5.22)
d—1 d—1 d—1
=sup ¢ - (m - ) T-> [(Qr—p); T —x]— <gd<s> —-> pW (5)(5)) }

= sup
s<T i=1 i=1 i=1
d—1 d—1 d—1 d—1
= sgg —rqg-T+T Z/Ll + sz - ((Td - Zn) "8 — Zw(l)(f)(3)> }

d—1 d—1 d—1
=supq—rg- (T —s5)+T- ZM + Zzz + (ZW)@(&)(S) —Ti 5])

i=1

20(s)
(5.23)

Since we have explicit computations for the regular, and content component
maps (5.23), we make further computations to reduce the feasible set to the set
that contains paths of the following form:

@t:mm{h—mijnt+ —Qr); - t, t €10,7T],
£9(0) G T} O (= oniet te 0.7)
where x; € [0,T(r; — p1;)] and for each i =1,...,d— 1.

For a step function (¢1),...,¢@) in [T, D®=2r)i[o, T) ' DSL[0, 1] we have
the following representation:

D) = 21 {[us, T} (t) + (u — Qr); -+, foreachi=1,...,d—1.

Note, the £(9)’s are cadlag functions. Consequenlty, the right limit exists, z; < oo
for every i =1,...,d — 1. In view of (5.19), the i-th coordinate of the regulator
component t(£) is equal to sup,<,{—£"(s)} V 0, which, in turn, is equal to
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0, for t < u;,
(&) =i+ (m—Qr)i- (t—uw), fort € (ust(zi,u;)], (5.24)
0, for t > t(x;,u;).

where t;(z;,u;) = u; + (erf’m < T. Moreover, due to, 5.22,

d—1 d—1
¢ (&)(T) = sup {5@ (T —s) + (Z IRIGIOEDS W(&)(T)) }

s<T i=1 i=1

where 9 (£)(T) = (Qr — u); - T — x;. Based on the ¢®)’s defined above, we
construct paths 5 = (5 W . ,§~ (dfl)) which have discontinuities at specific times
of the domain [0, 7] and are still feasible solutions to the optimization problem
in (5.13) i.e; .

6D E)T) > 6D (€)(T). (5.25)

For every £ we consider the step function £(9 where

Em@):xyﬂ{[T—- i )/T}}@)+OL—Qﬂii,t€HLﬂ (5.26)

(Qr—p

which induces a regulator component (%) (€) where

Or — p); - t, ifte|0,T - gt |,
(Qr ) 0T-@Em) oo

ERIGIOE , : .
(Qr—p)i- (T - o) it e (T— o 1)

It is easy to check that ¢ (€)(-) > @ (€)(-), and D (E)(T) = (Qr—p);- T—z; =
PO (E)(T). In view of the previously mentioned inequalities, (5.25) holds, and
hence, the £()’s are a feasible solution to (5.13). Furthermore,

d
FCIG I > (9 -éow)

=1 {860 ()£ (1)}

d d ) ] « B
=D ciral =) e > (Pw-Dw) | =19

i=1 i=1 {:€D (1) £€D (1)}
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In conclusion, for every feasible solution—feasible for (5.13)—in the subspace
Hle D#=2r)i [0, T)NDS0, 1], we constructed a feasible configuration {£M}4_,
where £0) e T], D®#=20)i[0, T] N DS[0, 1], which induces the same cost w.r.t.
the objection function in (5.13) and with specified jump times as seen in (5.26).

Step 2. Before we reduce the optimization problem to a discrete one, we

z;

study its associated constraints. For each i =1,...,d —1,set v; =T — (T

We compute the supremum in (5.22). Towards this end, we claim that ¢(&)(+) in
(5.23) achieves maximum over one of the following points {0,v1,...,v4-1,T}. To

see this, observe that ¢(£)(+) is a piecewise linear function whose slope changes
at times v;, for i = 1,...,d — 1. Consequently, the maximum is achieved over

{0,v1,...,v4-1,T}. Note that ¢'(£)(-) is positive over [0, mini<;<q—1 v;), and

hence, ¢(€)(-) cannot attain maximum over s = 0; moreover, p(&)(T) = 0

therefore, ¢(€)(+) attains maximum over {vy,...,v4_1}.
We compute (5.23) for every s = v;, i € {1,...,d — 1}, and we solve
the associated variational problem. Now, choose v;« where i* € {1,...,d}.

Naturally, there would exist some v, j # ¢*, such that v; < v}. Denote with

S;+ the set which contains such v;’s ie., S;» = {j € {1,...,d — 1} 1 v; < v+ }.

Obviously, S;« contains at least one maximal element which is equal to v;«.

i o m i i ; ith —%ir _ —

Since v; =T = the maximal element v;« is achieved with T =

minjes,. (Q%u) In this case, based on (5.26), and (5.27) the optimization
J

problem (5.13) reduces to

. Zj
s.t. g T+ g i —Tq | - min J + g Tj 2,
. ) JES;x Tj — Wy )
JESi* JESix JESix

T(rj —pj) >a; for je{l,...,d—1},
% > T for J € Si-,
i MG Tie = i
Z; Tg* .
< for j & S;. 5.28
e g (5:29)

Obviously, this problem is equal to
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min Z Ci - T (5.29)

o Td— 1€]R+

. Z;j
s.t. E T‘j—‘rg Hj —Tq | - min J —&—E Tj =,
JES! T — Wy

JES;= JESix Hi jgs
T(rj —pj) > xj for je{1,...,d -1},
Zj Tij*

> ! for j € §;+,
Tj — Hj Tix — Hix
L
< ! for j ¢ Six;
Hj Tix — Hix

otherwise, we would be able to construct a feasible solution that achieves a
smaller value in the objective function. Observe that only the value of — is

relevant in the third constraint of the above optimization problem. Thatils for

T (15 —pj)
Tix — hyx

the rest of z;’s in S;» we have that z; = . The optimization problem

(5.29) can be reduced to

min x5 cj ¢ 5.30
@ix {2; ERpjES;x } Z ! (Tz* _Nz*) Z ’ J ( )

JES;* JES*

x
s.t. E i+ E Wi —rq | - min
! ! JES Tj —

JES;* JES;*
T(rj —pj) > x; for j =4, and j ¢ S;-,

T (15 — )
S i #5

The feasible region of the optimization problem above is the intersection of the

closed boxes H; = {0 <gz; < %ﬂ”f)}, B;={0<z; <T-(r; — i)}, and the

hyperplane P induced by (5.31) i.e; P = Njeq1,...a—1}\s,- H;NB;NBs=NP. We can
easily see that P is a closed and bounded convex set. From convex optimization
theory, see Corollary 33.2.1 in [85], the minimum of the concave objective function
at (5.30) is achieved over the extreme points of P. Consequently, the optimal
= Tjx % or, z; =0 (we

can easily see that these elements form the extreme points of P). In conclusion,

solution is a vector comprised by the elements x;
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our analysis above entails that the optimal solution can be achieved by the
elements

xizw, orz; =0forie{l,...,d—1}\ S;. (5.32)
Tix — [

Due to (5.32), (5.31) is equivalent to

DRSS ) e (559

Tix — [hi*
jeA jgA ¢ Hi

where A C {1,...,d — 1} such that S;« C A. Obviously, z} is such that

¢ (rie — pi=)
(Z]‘eA it jea ki — Td)

Tix =

(5.34)

Since x;+ < T'-(r] — p;+ ), we must have that (ZjGA it gl — rd) ‘T >ec.

Therefore, in view of (5.32), the objective function is equal to

«
c- (rie — i) (m—w)“ (
i 5.35)
<ZjeA7“j + 2 jgalh —Td> J; Tie = Hir

In the case of T - (Z;l:l rj— rd) < ¢, the optimization problem is infeasible and

we interpret its value as oco. To conclude our analysis, we relax the constraint
Si~ C A optimizing (5.35) over all subsets A C {1,...,d} which satisfy the
inequality T'- (ZjeA T+ ngZA i — rd) > ¢, and hence, we reach the conclusion

of our lemma. O

5.4.3 Proof of Theorem 5.2.6

Recall, Hle D[0,T] is the Skorokhod space equipped with the product J;
topology and DT[0, 7] £ {¢ € D[0, T] : ¢ is non-decreasing on [0, T]}. Due to [96]
(p.g. 486), DT[0,T] is a closed subspace of D[0, T] with the J; topology, hence,
Hf’:l DT[0, 7] is a closed subspace of Hle D0, T] with the product J; topology.
Since DA[0, T is the image of D'[0, T] using the homeomorphism Y5 we have
that Hle DA[0,T] is a closed subset of ngl D0, T]. Let B8 = (b1,--.,04), and
let [|Bloc = maxi<i<a |Bil-
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Some supporting lemmas

Lemma 5.4.1. Suppose that A\, k are strictly increasing functions such that
i) A(0) = k(0) =0,
iit) \T)=r(T)=T,
iii) [|A — elloo < 9, and ||k — €|l0o < 0.

Then, ||A ok —elle < 20.

Proof. Since |[A ok —elloc = A = £ oo < [N —€]loc + |57 — €]loo and
max{||A — e|loo, ||k — €]|loo } < J, the statement follows. O
Lemma 5.4.2. If w9 is increasing, continuous so that w( )(0) = 0, and
w(T) =T for each i =1,...,d, then w(s) = min{wM(s),..., w?(s )} and
w(s) = max{wM(s),... ,w(d)( )} are increasing, continuous so that w(0) =

@(0) = 0, and w(T) = &(T) = T

Proof. The min and max of continuous and increasing functions is increasing
and continuous. The other properties are easily verified. O

Lemma 5.4.3. Let € H;i:l DA [0,T] and w be an increasing function such
that w(0) =0, w(T) =T. Then, it holds that

(O w) = $(Q) o < K masx B = o

where K 1is the Lipschitz constant associated with the Lipschitz continuity of ¢
w.r.t. the uniform metric.

Proof. The proof is a consequence of the following two claims:

i) for every s € [0,T] there exists a U(s) € (0,00) so that [1(¢)(w(s)) —
¥(Q)(s)| < U(s); and

ii) it holds that SUP,¢o,7] U(s) < Kmaxi<i<q |Bil|||w — €]|o-
For claim %), pick an s € [0, T]. Then, there are two cases:
1) w(s) > s, or

2) w(s) < s.
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In case 1), since ¥(¢) is an increasing function, 1 (¢)(w(s)) > ¥ (¢ )( ). Hence,

we only need to bound (¢)(w(s)) — ¥(¢)(s). Moreover, since ¢ € H L D0, T
we have that

C(w(s)) = C((w(s) — s) + ) = () + Blw(s) — s). (5.36)
Next, consider the path <~1 where
G = ¢(t), te€0,s]
C(s) +B(t—s), te[s,w(s)]

Since C~1 < ¢ over [0,w(s)], due to Result 5.2.3, we have that 1/J(Q:1)(w(8)) >
¥(¢)(w(s)). On the other hand, let

By the definition of (> we have that ¥(C)(w(s)) = ¥(¢)(s). Moreover, due
to the construction of (; we have that

Q) (w(s)) —¥(Q)(s) < ¥(G)(w(s)) — () (w(s))

<K sup [Gi(s) = Ca(s)]
te[0,w(s)]

< K||Bloolw(s) — 5.

For case 2), since ¥(¢) is an increasing function, ¥({)(s) > ¥({)(w(s)).
Moreover, since ¢ € H?Zl DA [0, T] we have that

¢(s) = ¢((s —w(s)) + w(s)) = ((w(s)) + B(s — w(s)). (5.37)
Next consider the path C~1 where
i feo. € [0,w(s)]
C(s) +B(t —w(s)), tew(s)s].

Since ¢; < ¢ over [0, 5], due to Result 5.2.3, we have that ¥(C1)(s) > ¥(¢)(s).
On the other hand, let
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Due to the construction of ¢, we have that (o) (w(s)) = ¥(¢)(s). Moreover,

D(Q)(w(s)) = D(¢)(s) < D(G)(w(s)) — () (w(s))

<K sup [Ci(s)— Ca(s)]
te0,w(s)]

< K|[Bllocfw(s) = s|-
For ii) of our statement observe that for every s € [0, T7,

Kl|Bllcclw(s) = s| < K|Bllollw = €lloo-

Hence,

90 w) = #(Olloo < K s 6:llhw — el
O

Next, we need two more lemmas which will solidify our proof for the Lipschitz
continuity of the regulator map in ], D0, T).

Lemma 5.4.4. Consider a vector w = (w™, ..., w?) of time deformations,
w(-) = max{wM(-),..., w9 ()}, and w(-) = min{fwD (),..., wD()}. For any
¢ € TTiz, %[0, 77,

i) PEM),... gw D)) < Y(€)(w) + 2K]|B]l o (w — €]l ), and
i) Y(EwD), ... E(w ) + 2K Blss (|lw — elloc) = $(€)().-

Proof. We start with 4). Since £ € Hle DA[0,T) and @ < min{w™®, ... w®}
we have that for each i =1,...,d,

€D (w(s)) > €9 (w(s)) ~ [1Blloe(w(s) — (s)), s € [0,T].

Therefore, due to Result 5.2.3, and the Lipschitz continuity of 1) with the uniform
metric

HED ... €00 )
< W(EV (@) — [1Bloe (@ = @), ... €D () — Blloc @ — w))
< (@) + K18l max ([0~ 0 |)

< (@) + 2K Bl e (0 — €],
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For i), since £ € H;i=1 D50, 7], and w > max{w™, ... w®} we have that

€D (s)) 2 €9 (WD (5)) = 1Blloo(i(s) — 0 (s)),

for each i = 1,...,d, and s € [0,T]. Therefore, due to Result 5.2.3, and the
Lipschitz continuity of ¥ with the uniform metric

w(EM, .. D) (w)

< w(f (@) = I1Blloo (@ —wM),..., €D (@) — [|B]loc (@ — w®))
$(E)(@) + K118l s (0 — )
$(€) () + 2K11Bll max (' — ).
O
Lemma 5.4.5. For any € € Hle DA [0, T7,
lo(€(wD), ... & D)) =W, ... D)oo < 3K Blloclw — €]l
Proof. Due to Lemma 5.4.3, and Lemma 5.4.4,
D(EM), . E (D)) =M, gD
<(E)(@) = (€W, ... D) + 2K Bl oo (|w — el|oo)
S Y(E) + KBl (lw = €lloc) = 1(&) + 2K]|Bl|oo ([l — €|o0)
= 3K||B||00(Hw - 6”00).
For the other inequality, notice that
Y(EW, L €D) —pE), . L gw))
S Y(&) — Y(&)(@) + 2K]|Blloollw — €llso
< 3K||Blloo|lw — €]l oo
O

Lipschitz continuity of the reflection map

Proposition 5.4.6. The regulator map 9 : H?:l DA[0,T] ngl D[0,T7] s
Lipschitz continuous with the product Jy topology.
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Proof. Given ¢ and ¢, let ¢ be such that d,(&,() < d. Then, there exists A0 gt
€@ 0 XD — @Ol V[IAD — e]|s < 8 for each i = 1,...,d. Notice that

dp((8), ¥ ()

< o {Zdj 19 (€) 0w — w")(onm}
< an ) 0 A — ()]0
< ZHw‘ — @D (e o XD D o XDyl
+ Z [ @ (€ o AD, @ o XD) =@ (D, (D))o

d
Z 9D (€) 0 AV — gD (0 AW, e 0 XD

+d- K max €1 0 A = (Wlog

< Z 16D(€) 0 AV — O (el o XD @D o \DY|| | +d- K -5/2
_ZW( D (el oAV, @D o NDY o XOTY 1 d. K- 5/2

- Z 16 (€) =@ (e 0 AW 0 XD T €D 0 XD o XD 1 d- K- §/2

(5.38)

Since ||[A(®) o AT el <26 for each i = 1,...,d, by Lemma 5.4.5 we have that

(&) — (€ o XD o AW ™! el 6 XD o XOTY | < d6K|B]ln0d. (5.39)
Combing (5.38), and (5.39) we have that

dp(9(€), ¥(€)) < Kd(6]|Bllo + 1)0.

Since ¢ was arbitrary as far as d,(§,¢) < 6, letting ¢ | d,(&, () we obtain the
Lipschitz continuity of . O
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Proof of Theorem 5.2.6. The Lipschitz continuity of the regulator map has been
proven in Proposition 5.4.6. We only need to verify the Lipschitz continuity
of the content component map ¢. Let ¢ be such that d,(&,{) < 6. Then,
dy, (6D, ¢®) < § for each i = 1...,d. Note that ¢ (&) = £0) 4 () —
Y ett.apiy Pi (€). Hence,

d
ds, (6D(€),6(0)) < dy, (€D,¢D) +> " dy, (1 (€), %1 (0))

i=1
<0+ Kd(6]|8]lcc +1)0 = 6(1 + Kd(6]|8]|c + 1))-

Since dp(6(€), (C)) < Xty d, (6D (€), 80 (C)) < dd(1 + Kd(6] Bl + 1)), we
have that ¢ is Lipschitz continuous in H?:l DAi[0, T by letting 6 | d,(&,¢). O
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Summary

Large Deviations for Semi-exponential Distributions:
Theory and Applications

The focus of my research has been mainly on large deviations theory with
semi-exponential distributions along with subsequent applications to queueing
theory, stochastic networks, and large deviations theory for Markov random
walks.

The starting point of the dissertation is the sample-path large deviation
principle developed in Chapter 2. Specifically, in Chapter 2, we prove the
large deviation principle for Lévy processes and random walks with heavy-tailed
Weibull (semi-exponential) increments. The large deviation principle holds in
the Skorokhod space with respect to the M] topology. In addition, we prove the
extended sample path LDP in the Skorokhod space with the finer J; topology.
The above results have been extended to multidimensional settings in the case
of independent Lévy processes and random walks. To enhance the applicability
of the extended LDP, we develop theoretical tools for the extended LDP and a
form of the contraction principle. Moreover, we show that the extended LDP
is the optimal result one can achieve with respect to the J; topology. This is
demonstrated by constructing a counterexample; showing that the LDP in the
J1 topology is not possible. For the random processes treated in this chapter,
our large deviation results demonstrate that associated rare events are caused
by big discontinuities of their sample paths.

In Chapter 3, we prove the sample-path large deviation principle for un-
bounded additive functionals of processes with light-tailed increments that are
induced by the Lindley recursion. The LDP holds in the Skorokhod space
equipped with the M| topology and with sub-linear speed. Our technique hinges
on a suitable decomposition of the Markov chain in terms of regeneration cycles.
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At each regeneration cycle we study the accumulated area of the Lindley process
and we show that the accumulated area displays an asymptotic semi-exponential
behavior. By aggregating the trajectory of the process at each regeneration
cycle, we attain a process with heavy-tailed i.i.d. jump distributions. This
method allows us to use the main results of Chapter 2 and eventually acquire the
sample-path large deviation principle for the aggregated process. In conclusion,
the main results of Chapter 3, establish that the structure of light-tailed random
processes can induce (asymptotically) a heavy-tailed behavior.

In the fourth chapter, we focus on the multiple server queue (G/G/d) with
semi-exponential service times. The main results, in Chapter 4, provide asymp-
totic estimates for the probability of large queue lengths as well as the detailed
answers on how large queue lengths occur. For the latter part, we determine the
number of big jobs and their sizes that lead to congestion. Since the Weibull
(semi-exponential) case is near the boundary of the light-tailed and heavy-tailed
cases, our results show qualitative and quantitative differences in comparison to
both the power law case and the light-tailed cases.

In Chapter 5, we study a stochastic fluid network model with heavy-tailed
input (compound Poisson processes with semi-exponential increments). Our
results include the continuity of the multidimensional reflection map w.r.t. the
product J; topology on certain subspaces of the Skorokhod space, and asymptotic
estimates of overflow probabilities for a subset of nodes of the stochastic fluid
network. Based on the continuity of the multidimensional reflection map, we
prove large deviation bounds for the multidimensional buffer content process of
the stochastic fluid network. Then, we use the large deviation bounds of the
buffer content process to estimate overflow probabilities for a subset of nodes of
the stochastic fluid network and we associate the overflow probabilities with a
simplified optimization problem. Finally, we perform explicit computations and
obtain detailed answers in the case of a certain network which relates to—w.r.t.
its network topology—the multiple on-off sources model.
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