Introduction
In this work we consider regularized least-squares solutions of linear inverse problems:
min kGm − dk2 + λ kLmk2 .

(1)

m

Here, G ∈ Rm×n is the forward operator and L ∈ R p×n is the regularization operator. The regularization
parameter λ determines the balance between the data-fit and the regularity of the solution. Throughout
this work we will assume that we have k · k = k · k2 . For arbitrary L the minimization problem (1) is
called general form Tikhonov regularization and for L = I it is referred to as standard form Tikhonov
regularization. Any general form Tikhonov regularization can be transformed into standard form, see
[7] and the references therein, so we will restrict the discussion to problems with L = I. The key is to
use the G-weighted pseudoinverse, given by
†
LG
:= (I −W (GW )† G)L† ,

(2)

where W is a basis for the null space of L and † denotes the Moore-Penrose pseudoinverse. The minimization problem (1) can now be rewritten into the form
min kḠm̄ − dk22 + λ km̄k22 ,
m

†
Ḡ = GLG
,

m̄ = Lm.

(3)

The mλ to the original problem (1) can be obtained by the formula
†
m̄λ + mN ,
mλ = LG

mN = W (GW )† d.

(4)

Inserting L = I, the solution of (1) is now given by
mλ := (GTG + λ I)−1 GT d.

(5)

The only unknown in (5) is the parameter λ . The parameter is difficult to estimate because it does
not have any physical meaning: it is simply introduced to make the minimization problem uniquely
solvable. The general approach to selecting the parameter is to solve (1) for various λ and select the
"best" solution. The issue with this, of course, is that it is not clear what "best" means in this context.
We will review four different criteria for selecting the parameter for Tikhonov regularization that arise
in various applications and can be applied to Geophysical inverse problems as well. Evaluating such
a criterion for one particular value of λ requires the solution of (1). In geophysics, one usually deals
with very large scale problems, which means that solving the inverse problem multiple times is not
computationally feasible. We will show how one can cheaply compute lower and upper bounds for the
parameter selection criteria using model order reduction. Using such approximations, one can rapidly
evaluate various criteria for a range of values of λ at the cost of only a few matrix-vector multiplications
with G. We illustrate the procedure on a traveltime tomography problem.

Parameter selection methods
Throughout the years many methods have been proposed for determining the regularization parameter.
In this section we will describe the 4 most popular ones and comment on the pros and cons. One
important distinction that we want to stipulate is that there are parameter selection methods that use an
a priori noise level estimate and parameter selection methods that don’t. This is an important distinction
because the noise estimate is difficult to get.

Morozov’s Discrepancy Principle
The Morozov Discrepancy Principle [9] makes use of the noise level estimate δ , where δ := kd − dtrue k
The regularization parameter is selected by finding λ such that
krλ k = kGmλ − dk = δ

(6)

The idea behind the Discrepancy Principle is very intuitive. To fit the data the residual has to be small.
However, the data is corrupted by noise. If the value of the residual is lower than δ then we are fitting a
noisy signal. If the residual equals the noise level then we can expect mλ to map to the true data.
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Unbiased Predictive Risk Estimator
The Unbiased Predictive Risk Estimator (UPRE) is a statistical criterion that’s also known as Mallow’s
Cp [11]. Define the matrix
Gλ := (GT G + λ I)−1 GT
(7)
The regularization parameter estimated by the UPRE is found by minimizing the quantity
U(λ ) = krλ k2 + 2σ 2 trace(GGλ ) − mσ 2

(8)

Here, σ is the variance of the normal distribution N (0, σ ). The Unbiased Predictive Risk Estimator
aims at minimizing the predictive risk
kpλ k2 = kGmλ − Gmtrue k2 .
Because mtrue is not known the predictive risk can’t be computed directly. Formula 8 is derived by
relating the expected value of the predictive risk to the expected value of the residual, which is given by
E(kpλ k2 ) = E(krλ k2 ) + 2σ 2 trace(GGλ ) − mσ 2 .

Generalized Cross Validation
The Generalized Cross Validation (GCV) (see for example [2]) was developed as an alternative to UPRE
where no estimate of the noise level is required. The GCV estimates the value of the regularization
parameter by minimizing the function
V (λ ) =

k(GGλ − I)dk2
(trace(I − GGλ ))2

(9)

The GCV is a generalization of ordinary cross validation. The idea of ordinary cross validation is to
maximize the predictive power of a model by taking one data point out and testing how well the model
predicts this data point. For selecting the regularization parameter, the GCV tries to find the λ such that
the model has the most predictive power.

L-curve
The L-curve is a method that was first introduced by Lawson and Hanson [8] and popularized by Hansen
[5]. It is based on the log-log plot of the norm of the residual versus the norm of the solution. This curve
will have the shape of an "L", hence the name L-curve. The idea is that for small λ the norm of the
residual will be small but the norm of the solution will be large. This means that the graph will be
almost horizontal. Conversely, for large λ the norm of the residual will be very large but the norm of the
solution will be small, and the graph will be almost vertical. As λ varies the curve will bend giving the
graph the shape of an L. The regularization parameter is chosen to be the point of maximal curvature on
the curve, which will be the corner of the L. The idea behind choosing this λ is that it corresponds to the
optimal trade-off between the data misfit and the regularization. Write
ρλ := krλ k2

ηλ := kmλ k2

The curvature is given by the formula [6], [11]
κ(λ ) = −

ηλ ρλ
(ρλ + λ 2 ηλ )3/2



η ρ
λ ρλ + λ 2 ηλ + λ 0 λ .
ηλ

The question which method to chose is one that remains unanswered. The methods may estimate different λ and the quality of the parameter selection methods depends on the problem. All methods have
their pros and cons and it is usually best to evaluate all methods and compare the λ that they estimate.
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Lower and upper bounds
The key to obtaining lower and upper bounds lies in rewriting the norm of the solution and the norm
of the residual. Furthermore, we will use a trace estimate for GGλ . We obtain the following formulas
(Calvetti et al [1])
krλ k2 = (GT d)T (GT G + λ I)−2 GT d
kmλ k

2

2 T

T

−2

= λ d (GG + λ I) d

(10)
(11)

The trace estimator can be obtained by the formula (Golub and von Matt [3])
trace(GGλ ) ≈ uT GGλ u = (GT u)T (GT G + λ I)−1 (GT u)

(12)

Here, u is a vector where with probability 1/2 the entries ui are either -1 or 1.
Matrix vector products of the form vT f (A)v, where A is a symmetric positive definite matrix, can be
approximated by the Gauss quadrature rule, see e.g. [4]. In our case, the matrix A is either GT G or GGT .
Quadrature rules are approximations of the form
k

vT f (A)v ≈ ∑ wi f (xi ).

(13)

i=1

The wi are called the weights and the xi are the nodes. We will use two different Gauss quadrature rules,
namely the k-point Gauss rule (IGk ) and the k-point Gauss-Radau rule (IGRk ). The error for both rules is
given by
"
#2
Zb k
f (2k) (ξ )
(14)
EGk ( f ) =
∏(x − xi ) dω(x)
(2k)!
i=1
a
"
#2
Zb
k−1
f (2k−1) (ζ )
EGRk ( f ) =
(x − a) ∏ (x − xi ) dω(x)
(15)
(2k − 1)!
i=1
a

For functions of the form f (x) = (x + λ ) p where p is a negative integer (like the norm of the solution, the
norm of the residual and the trace estimate!) the derivatives flip sign for k either odd or even and is either
always positive or always negative (x > 0) (Golub and von Matt [3]). This means that the Gauss and
Gauss-Radau rule will always be lower and upper bounds for the integral, for every choice of k. Note
that all four parameter selection methods make use of one or a combination of more matrix functionals.
Hence, with these three formulas, we can get lower and upper bounds for the four methods. In addition,
we get an approximation to the true solution [1], [3].
It is a well-known fact (see, e.g. [10]) that the nodes and weights can be obtained from the eigenvalue
decomposition of a tridiagonal matrix. This tridiagonal matrix will be low dimensional and hence the
eigenvalue decomposition will be easy to compute. Moreover, the tridiagonal matrix can be easily
computed using only a few matrix-vector multiplications with G.

Results
In this section we show the results for the upper and lower bounds for the L-curve, called L-ribbons
[1]. The results are shown for a 2D seismic traveltime tomography example. The system matrix G has
dimension 400 × 2500. Figure 1 shows the L-curve with the lower and upper bounds for increasing k.
We can see that as we increase k the bounds start to become tighter and we estimate the curve better.
Note that we can reduce the system from dimension 400 × 2500 to size k × k. We show the data, the true
solution and the regularized solution in figure 2. The λ has been estimated using the L-curve and the
bounds.

Conclusions
We have shown methods for estimating the regularization parameter for Tikhonov regularization from
literature. We have also shown that lower and upper bounds can be computed efficiently for these
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(a) k = 6

(b) k = 8

(c) k = 10

Figure 1: Bounds for the L-curve for different values of k

(a) Noisy data

(b) True solution

(c) Regularized solution

Figure 2: Regularized solution based on the L-curve
methods. We have also shown that the λ selected by the parameter estimation methods yields a good
reconstruction.
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