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APPROXIMATE SOLUTIONS OF WEAKLY SINGULAR INTEGRAL EQUATIONS
P, M, Anselone

I. Introduction and Summary II, Mathematical Analysis

ABSTRACT

Numerical integration is widely used, alone or with other
techniques, to obtain approximate solutions of integral equa-
tions. A convergence and error analysis for such approximate
solutions is given by the collectively compact operator approx-
imation theory. In basic form, this theory concerns'operators
K and Kn on a Banach space X such that Kn —>» K pointwise as
n —»%, K is compact, and {Kn} is collectively compact. Thus,
KB and E?f;ﬁ are compact for any bounded BCX. For example,

X = C[b,1] with the max norm, K is an integral operator with a
continuous kernel, and the Kn are numerical-integral operators
with a convergent quadrature rule.

Kernels with integrable singularities require special
techniques., If the singularity is simple enough, the kernel
factorization method of Atkinson applies. Our concern here is
with double approximations Kmn obtained by bounded kernel approx-
imation and numerical integration. With care, the collectively
compact theory still applies. New results on the numerical in-
tegration of singular functions are developed for this approach.
An extension of the double scheme covers the singularity sub-
traction method of Kantorovich and Krylov. We give applications
to neutron transport and potential theory. The ideas carry over

to problems in more than one dimension,
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Numerical treatment of Volterra
integral equations

CTH.Baker

Abstract

We shall discuss numerical methods for Volterra integral equations

considering, in the main, those of the type

X

£(x) - JOF(x,y;f(y))dy = g(x) (x 20,

where F(x,y;v), g(x) are given and f(x) is sought, but with some mention of
equations of the type

X

JOF(x,y;f(y))dy = g(x) (x > 0)
@hich may be ill-pesed).

A wide class of numerical methods arise by discretizing the integral terms
using quadrature rules, and the resulting numerical methods produce approximate
values of the solution in a step-by-step or block-by-block fashion. (The
methods thus bear similarities with methods employed in the treatment of
ordinary differential equations or delay-differential equations.) The accuracy
obtained depends both upon the local truncation errors and on the stability of

the scheme. Some difficulties in devizing an adaptive algorithm will be noted.

Principal References:

1. Baker C.T.H. The Numerical Treatment of Integral Equations. Clarendon
Press Oxford. (In press, appearing Fall 1977).

2. Delves L.M. and Walsh J.E. (editors) The Numerical Solution of Integral
equations. Clarendon Press, Oxford 1974.

The above contain further references to the research journals.
3. Noble B. A bibliography on: Methods for solving integral equations.
MRC Tech Summ Reports 1176&1177, Madison Wisconsin.

4. Jacobs, D.A.H. ( itor) The state of the art in Numerical Analysis.

Anadami~ 1077
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Additional reference:

5. Baker, C.T.H. and Keech, M.S. Stability regions in the numerical treatment
of Volterra integral equations. SIAM Journal on Numerical Analysis
(in press).

The above paper contains a description of numerical methods as well as the
corresponding stability results. An earlier version is obtainable as N.A.
Technical Report No. 12, Department of Mathematics, University of Manchester.



A3

The numerical solution of the eigenvalue

problem for an integral equation

Abstract
Given a kernel K(x,y) defined for a £ X, y £ b, the problem of interest is

b 2
the solution, with 0 < J ]fr(y)| dy <=, of
a

b
J K(x,y)fr(y)dy - Krfr(x) (agxgb)
a

With suitable conditions on K(x,y), and with |ab| < », at most a countable
number of eigenvalues L exist (counting according to either geometric or
algebraic multiplication).

In the numerical solution of the problem we derive a matrix eigenvalue
problem with a finite number of eigenvalues. The matrix problem is usually
derived either by replacing integration by a suitable process of numerical
integration or by an expansion method associated with an error distribution
principle. (Rayleigh-Ritz methods, though based upon a variational principle,
fall into the latter class.)

The nature of convergence results and error bounds, and the way these are
derived, proves interesting, whilst the role of a condition number, akin to

that of the algebraic eigenvalue problem, is of some significance.

Principal References:

(1) = (4) above and also

6. Anselone, P.M. Collectively compact operator approximation theory
Prentice Hall 1971

7 Atkinson, K.E. The numerical solution of the eigenvalue problem
for compact integral operators. Trans Amer Math Soc 129 (1967)
mfaR&- pp 458-465.

8. Bﬁckner’H. Die Praktische Behandlung von Integralgleichungen.
Snrineer 1957,






Numerical Analysis Meeting : Zeist, October 10th - 12th 1977

Abstracts for Lectures on
1) Numerical Methods for the solution of Fredholm Integral Equations.

2) The Design of a Package for solving integral and integro-differential

equations.

L.M. Delves,
Department of Computational and Statistical Science,

University of Liverpool.

0) Overview

The integral equations most frequently discussed in the mathematical
or numerical analysis literature are those which come under the classical
heading of :

(a) Volterra equation of the first kind

g = glad) +]x K(xs v+ £(y)) dy (1.1)
0

(b) Volterra equations of the second kind

£(x) = g(x) +[x Kx, ¥ 2(s)) (1.2)
0

(¢) Linear Fredholm equations of the first kind

0 = g(x) +f K(x,y) f(y) dy (1.3)

a
(4) Linear Fredholm equations of the second kind
b
2 = e() + [ Kx) ) oy (1.1)
a

(e) Linear Fredholm equations of the third kind (eigenvalue equations)

b
£(x) = 0 +) / K(x,y) f£(y) dy (1.5)



Here, f(x) is the unknown function; K(x,y) or K(x,y,f(y)) is the
kernel of the equation; and g(x) is a known driving term. A
considerable literature exists describing and analysing methods for
those classes of problems, under various assumptions on K and g.
Unfortunately, with the exception of class (c), they seldom seem to
arise in practice. The equations which do arise are very varied in
form; and the provision of a manageably small set of routines capable
of solving a reasonably wide class of pratical problem is correspondingly
difficult. We discuss this in two stages :

Lecture 1

We take class (d) as the easiest available, and discuss the type
of approximation schemes which can be used for this class. These
include in particular

(1) Nystrom methods or quadrature methods : the integral
in (1.3) is replaced by a p-point numerical quadrature
rule with weights w, and nodes X4 i=1, 2 ¢ee py and
a set of algebraic equations set up and solved for the

appropriate solution of (xi), i=1... pat the nodes

(ii) Expansion methods

The solution is approximated by a linear expansion of
the form

N
£x) =~ fp(x) = ii1 ay hi(x)

and equations derived and solved for the coefficients

&i' 1=1 see De

Routines are readily available which implement the Nystrom method
with a wide variety of quadrature rules, or expansion methods with one
of a variety of algorithms for determining the coefficient ai,
either automatically (the user specifies an accuracy, and the routine

chooses p appropriately) or non-automatically (the user specifies



p and the routine returns fp and perhaps an error estimte..

For the user with a problem, the question is which routine is
best to use. We discuss what "best" should mean, and how it is
measured; and describe briefly, and give comparative results on the
performance of, a number of different automatic and non-automatic

algorithms for problems of class (d)).

Lecture (2

Writing (and testing) routines to solve Fredholm equations of the
second kind is an attractive game for numerical analysts, akin to
solving Laplace's equation on a square : the problem is clearcut,
numerically straightforward, and provides a gentle testing ground
for new methods. Most practical problems are not of class (d); nor,
alas, are they usually of any of the extended classes (a) - (e).
For examples which do appear in practice, we cite the following, taken

more or less at random from the literature :

(i) Population Competition (Downham & Shah (1976); Downham (1974))

b
£(x) = g(x) +] K(x - 1)) h(y) a £ = (£ ,fz,fj) - (2.1)

a
That is, a set of three coupled, nonlinear Fredholm second kind

equations.

(2) tum Scattering: Close-Coupled Calculations (Horn .and Fraser

fe) = gle) -2 | K la) [ B Gl da - (22)
[ wEe] %

An equation of Fredholm origin but with infinite range and iterated kernel



(3) Problem area as (2), but a different system and an alternative

formulation (Chan and Fraser (1973))

2
s D@ @[ M0 w - (2.3)
ax 0
K K
£ = (£, £,); K=(K; K‘;) ‘

"Suitable" boundary conditions are supplied in addition. Equations (3)

are integrodifferential ,and coupled, with a linear Fredholm kernel.

(4) Currents in a superconducting strip (Rhoderick and Wilson (1962))

g
g(x) = % /o z:x)zmz £ (t) dt - (2.4)

A genuine, and not uncommon example of a first kind linear Fredholm

equation.

(5) Flow round a Hydrofoil (Kershaw 1974))

£(x) = g(x) + N / £ (y) K (x,y) ay - (2.5)
Cc

subject to /' f(y) dy = 0 " C as a closed contour
c

This is an equation of Fredholm type, but with a subsidiary condition
to be satisfied.
These examples illustrate the wide variety of equations encountered
in practice; only (4) can be regarded as being of a "standard" type.
Additional difficulties are apparent when we look at the

structure of the equations involved. Problems may be:



(i) Linear or non-linear
(ii) Coupled equations or single
(iii) Finite range or infinite
(iv) Well or ill-conditioned
(v) . Smooth or noﬁsmooth (Kernels and driving terms)

fvi) Without or with side-conditions

This variety of problem is very difficult to service with a small
number of "complete" routines; that is, routines which, on being
called, return an approximate solution to the given problem. We
discuss in this lecture an alternative approach which avoids this
problem. The examples given above, although varied, can be seen

to be made up from only three rather standard operators:

b
(a) dy K (xr.V)
(v) ﬁ

(¢) I - the unit operator

provided that we allow K to be nonlinear (in the unknown function),
matrix valued (for coupled equations) and to cover if necessary infinite
intervals.

It is therefore possible in principle to provide a set of
routines which perform a discretisation of these basic operators,

together with a mechanism for

(a) Piecing together operations to form a complete
equation

(b) Solving the equation

It can then be left to the user to piece the bits together énd to



Such a set of routines provides the "package" of the lecture
title; we describe briefly how suitable discretisations may be
constructed, based on an expansion method; how the operations of
adding and multiplying integral operators can be performed within
the proposed scheme; and the economics of the process.

A package of this type is currently under construction written
in Algol 68; a brief discussion of the language choice, and of the
way in which the user will access the package, will be included if

time permits.
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Parallel Chord Methods for Fonlinear Systems arising
from Difference Ap»nroximations to ‘
Hammerstein Zquations.
Erich Bohl

Consider the Hammerstein equation

JK(t,x)f(s,x(s))ds

0]

r
HE: x(t) = |

a
and let the kernel satisfy one of the following conditions
(1) K(t,s) is symmetric;

(i1) X(t,s) is symmetric and nonnegative;
(iii) K(t,s) is the Green’s function of a differential operator.

A difference anvroximation of HZ4 on a grid ¢, c [a,b] with the

sten width h > 0 1leads to a system of the form
DHZY: Ah)( =

with real matrices Ah’Bh and the mepping Fh assigning to

X € Eph the vector F,x € Rph with the comvponents

h

To solve DIy we study parallel chord methods of the forn

where the diagonal matrix Dh is chosen asyronriately. we give

.’ FEmAe s o

oglohal and locgl conditions for PC to converse globully. Dye

th more Shen one solubtion are studied,
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Peter Deuflhard

Technische Universitdt Miinchen
Institut fiir Mathematik

A Modified Newton Method for Numrically Sensitive Systems of Nonlinear Equations

(survey talk)

Let
(0.1) F(z) = 0

denote the nonlinear system to be solved by the modified Newton method. This
method is’, for given z° , defined by the iteration (k = 0,1,...)

k+1 k

(0.2) a2 s= 8 ¥ Ky, ® Axk , 0< A, =<1

k k

-1
ae®  p= o~ P Wl

where F"(mk) denotes the Jacobian matrix (assumed to be nonsingular, for the
time being), Axk the Newton correction vector and A, are determined by virtue
of a monotonicity test, say

k+1

(0.3) I sp(z** ), < 1sEFon kK =o0,1,..

2

for a selected scaling matrix S .

In view of the construction of an efficient Newton algorithm, several quite
recent results will be discussed.

( 1) Affine invariance [6]. Obviously, problem (0.1) is equivalent to the
problem

AF(x) = 0O

for any nonsingular matrix 4 . Moreover, the ordinary Newton sequence
(Ak = 1 for all k) is independent of 4 . That is why both the under-
lying theory and the algorithm are required to be affine invariant.



=19 =

(11) Natural scaling [1]. Concept (I) above and extensive theoretical in-
vestigations suggest to employ

-1
(0.4) 8 = - F'(zX) in (0.3)

as a natural choice. This means the additional computation of the

simplified Newton correction

- -1
Axk+1 —_— F’(xk) F(xk+1)

(III) Relaxation Strategy [2]. On a theoretical basis, the following strategy
for determining Ay is proposed:

uk for uk < 0.7
(0.5)  af?) .= k21
1 for uk > 0.7
where
k-1
uk - || Az |I2 . .
AR - At k=1

If the monotonicity test (0.3)/(0.4) fails to accept £**1 with

the choice (0.5), then A£0) is reduced to Ak(l),

(IV)  Rank Strategy [11, [2]. The inverse may be replaced by the Penrose
pseudo-inverse

+
(F'(:ck) Dk) —_— (F'(xk) Dk)

where Dy, denotes a diagonal scaling matrix (also to be used in (0.4)).
Successive pseudo-rank reduction is employed at selected iterates.



(V) Rank - 1 approzimations [2]. If the evaluation of E"(xk) , say by
finite difference approximation, requires the main bulk of computing
costs, then E”(xk) is approximated due to BROYDEN (slightly modi-
fied scated version). A selection criterion will be given.

I1Tustrating numerical examples will be presented - including real life
applications.



Peter Deuflhard

Technische Universitdt Minchen
Institut fiir Mathematik

A Stepsize Control for Discrete Continuation (or Homotopy, or Imbedding) Methods.

(Specialized talk)

A new stepsize control for continuation methods will be presented on a theo-
retical basis. The new method is helpful for the numerical solution of high-
ly sensitive systems of nonlinear equations that permit a natural one-pa-
rameter imbedding taking into account the peculiarities of the problem to

be solved. Compared with former empirical methods, there is a significant pro-
gress in both reliability and speed of the discrete continuation process.
The improvement will be demonstrated by solving three realistic multiple
shooting examples arising in mechanics (elastic deformation of a thin shal-
low spherical shell), quantum mechanics (singular Ginzburg-Landau model

of superconductivity), and space flight engineering (optimal descent of the
second stage of a space shuttle subject to reradiative heating constraints).
In two of these examples, bifurcations occur: they are indicated by marked
changes in the stepsize estimates.

The proceeding survey talk on the modified Newton method may be a helpful
basis for understanding this topic.
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