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ABSTRACT. Let p be an odd prime. Let P be a finite p-group of class 2 and
exponent p, whose commutator quotient P/[P, P] is of order p™. We define two
parameters for P related to central decompositions. The first parameter, x(P),
is the smallest integer s for the existence of a subgroup S of P satisfying (1)
SN[P,P]l=[S,5], (2) |S/[S,S]| =p™ %, and (3) S is centrally decomposable.
The second parameter, A(P), is the smallest integer s for the existence of a
central subgroup N of order p®, such that P/N is centrally decomposable.

While defined in purely group-theoretic terms, these two parameters gen-
eralise, respectively, the vertex and edge connectivities of graphs: For a simple
undirected graph G, through the classical procedures of Baer (Trans. Amer.
Math. Soc., 1938), Tutte (J. Lond. Math. Soc., 1947) and Lovész (B. Braz.
Math. Soc., 1989), there is a p-group Pg of class 2 and exponent p that is nat-
urally associated with G. Our main results show that the vertex connectivity
k(G) equals k(Pg), and the edge connectivity A(G) equals A\(Pg).

We also discuss the relation between x(P) and A(P) for a general p-group
P of class 2 and exponent p, as well as the computational aspects of these
parameters. In particular, our main results imply that the p-group central
decomposition algorithm of Wilson (J. Algebra and J. of Group Theory, 2009)
can be used to solve the graph connectivity problem.

1. INTRODUCTION

The main purpose of this paper is to define and explore two natural group-
theoretic parameters, which are closely related to vertex and edge connectivities
in graphs. Since vertex and edge connectivities have been classical and central
notions in graph theory [23], we expect that this connection can serve as another
opportunity for a fruitful interaction between graph theory and group theory.

We first introduce a method to relate graphs with p-groups of class 2 and
exponent p through Baer’s correspondence [3] and the works of Tutte [22] and
Lovész [16]. We then define two group-theoretic parameters. Our main result
shows that the vertex and edge connectivities of a graph are equal to the two pa-
rameters we defined on the corresponding group, respectively. We then compare
the two parameters and discuss their computational feasibility.
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Since our main goal is to set up a link between graph theory and group theory,
we shall include certain background information, despite that it is well known to
researchers in the respective areas.

1.1. From graphs to groups: The Baer-Lovasz-Tutte procedure. One route
from graphs to groups, following Baer [3], Tutte [22], and Lovész [16], goes via linear
spaces of alternating matrices and alternating bilinear maps. While there are other
related methods of constructing groups from graphs [OL[I8], we follow this one here,
as the perspectives from [3}[16,22] are most relevant to our work (see Section [L3]
for details).

We set up some notation. For n € N, let [n] := {1,...,n}. Let ([;]) be the set
of size-2 subsets of [n]. We use F to denote a field, and F,, to denote the finite field
with ¢ elements. Vectors in F" are column vectors, and (-) denotes the linear span
over F. Let A(n,F) be the linear space of n x n alternating matrices over F. Recall
that an n x n matrix A over [ is alternating if for any v € F"*, v*Av = 0. That
is, A represents an alternating bilinear form. Subspaces A of A(n,F), denoted by
A < A(n,F), are called alternating matrix spaces. Fix a field F. For {i,j} € ([g])
with ¢ < j, the elementary alternating matrix A; ; over F is the matrix with the
(i,4)th entry being 1, the (j,4)th entry being —1, and the rest of the entries being
0.

In this paper, we only consider non-empty, simple, and undirected graphs with
the vertex set being [n]. That is, a graph is G = ([n], E) where E C ([g]). Let
|E| = m. Note that the non-empty condition implies that n > 2 and m > 1.

Let p be an odd prime. We use B, 2 to denote the class of non-abelian p-groups
of class 2 and exponent p. That is, a non-abelian group P is in B, if for any
g € P, g = 1, and the commutator subgroup [P, P] is contained in the centre
Z(P). For P € 9B, ,, [P, P] is elementary abelian and also the Frattini subgroup.
For n,m € N, we further define B, 2(n, m) C B, 2, which consists of those P € B, »
with |P/[P, P]| = p™ and |[P, P]| = p™. Note that the non-abelian condition implies
that n > 2 and m > 1 are required for B, 2(n,m) to be non-empty.

We then explain the procedure from graphs to groups in B, > following Baer,
Tutte, and Lovasz.

(1) Let G = ([n], E) be a simple and undirected graph with m edges. Fol-

lowing Tutte [22] and Lovész [I6], we construct from G an m-dimensional
alternating matrix space
(1.1) Ag = (A;;:{i,j} € E) < A(n,F).
(2) Given an m-dimensional A < A(n,F), let A = (Aq,...,4,) € A(n,F)™
be an ordered basis of A. The alternating bilinear map defined by A,
oA F x F* — F™ is
(1.2) oa(v,u) = (V' Ay, ..., v At
Since A is of dimension m, we have that ¢ (F",F") = F™.
(3) Let p be an odd prime. Let ¢ : Fy x F) — FJ* be an alternating bilinear
map, such that ¢(Fy,F;) = F}'. Following Baer [3], we define a p-group,
Py € B, 2(n,m), as follows. The group elements are from the set Fp x Fp"
For (v;,u;) € Fy x F}', i = 1,2, the group product o is defined as

P>

(1.3) (v1,u1) 0 (v2,u2) := (v1 + va, U1 + uz + % - p(v1,v2)).

Licensed to CWI-Centrum Wiskunde & Informatica. Prepared on Tue Dec 1 03:14:31 EST 2020 for download from IP 192.16.191.136.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



GROUP-THEORETIC GENERALISATIONS 4681

It can be verified that Py € B,2(n,m) because of the condition that
o(F,, Fp) =F.
Definition 1.1 (The Baer-Lovész-Tutte procedure). Let G = ([n], E) be an undi-
rected simple graph with |E| = m > 0. The Baer-Lovdsz-Tutte procedure, as
specified in the above three steps, takes G and a prime p > 2, and produces a
p-group of class 2 and exponent p, Pg € B, 2(n, m).

The above construction can be easily adjusted to accommodate graphs with ar-
bitrary vertex sets and without imposing certain total orders on the vertex set. We
can actually go from a graph to an alternating bilinear map directly, without going
through alternating matrix spaces. We can also generalise the above construction
to be over a ring R (in which 2 is a unit) instead of over a field F, so when R = Z,
it gives a finitely generated torsion-free nilpotent group. See [20, Sec. 3.4] and
[8, Sec. 3] for descriptions covering some of the points above.

We adopt the current description to ease the presentation and to make the links
more transparent. Indeed, as reflected in the literature (see Section[[3]), graphs are
naturally related to alternating matrix spaces, and p-groups of class 2 and exponent
p are naturally associated with alternating bilinear maps. So we think it helpful
to describe these two intermediate objects explicitly, despite that the link between
alternating matrix spaces and alternating bilinear maps is routine.

The Baer-Lovasz-Tutte construction also has the following intriguing property.
If two graphs G; and Gy are isomorphic, then the corresponding p-groups Pg,
and Pg, are easily seen to be isomorphic. Interestingly, in [8] it is shown that the
converse direction also holds. The authors of [§] further define a homomorphism
notion of graphs, so that the Baer-Lovasz-Tutte procedure leads to a functor from
this category of graphs to the category of groups.

1.2. Our results. Let H be a finite group. We use J < H to denote that J is
a subgroup of H, and J < H to denote that J is a proper subgroup of H. For
SSTCH,ST={st:s€S8,teT}. If JJK < H satisfy that JK = KJ, then JK
is a subgroup of H.

Recall that H is a central product of two subgroups J and K, if (1) every element
of J commutes with every element of K, i.e., [J, K] =1, (2) H is generated by J
and K, ie, H=JK, and (3) H # J and H # K; cf. [21l p. 137] and [25, Sec.
2.1]. If such J and K exist, then we say that H is centrally decomposable.

Definition 1.2 (x and A for p-groups of class 2 and exponent p). Let P €
B, 2(n,m). A subgroup S < P is regular with respect to commutation, or simply
regular for short, if [S, S] = SN [P, P].

The regular-subgroup central-decomposition number of P, denoted by x(P), is
the smallest s € N for the existence of a regular subgroup S with |S/[S, S]| = p"~*
such that S is centrally decomposable.

The central-quotient central-decomposition number of P, denoted as A\(P), is
the smallest s € N for the existence of a central subgroup N of order p®, such that
P/N is centrally decomposable.

)

Note that we use the letters x and A to follow the conventions in graph theory, as
the reader will soon see below. An explanation for imposing the regularity condition
in the definition of x(P) can be found in Remark In the definition of A(P),
we can actually restrict N to be from those central subgroups contained in [P, P]
(cf. Observation 2§](2)).
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Recall that for a graph G, the vertex connectivity x(G) denotes the smallest
number of vertices needed to remove in order that G becomes disconnected, and
the edge connectivity A(G) denotes the smallest number of edges needed to remove
in order that G becomes disconnected [7]. These are classical notions in graph
theory (cf., e.g., [23]).

Let P € B, 2(n,m), and let G be a graph with n vertices and m edges. We
defined A and « for P and G. On the one hand, A(P) is defined with respect to
all regular subgroups of P, the number of which is at least pi"z*m")7 the number
of subgroups of Z;;. On the other hand, A(G) is defined with respect to all subsets
of vertices, the number of which is at most 2". Similarly, there is also a large gap
between the numbers of those objects supporting the definitions of x for P and
G. Such differences may prompt one to think that A(P) and A(G), as well as «(P)
and k(G), could behave quite differently. Surprisingly, our main result suggests that
when restricting to those groups constructed from graphs via the Baer-Lovasz-Tutte
procedure, these parameters are actually the same.

Theorem 1.3. For an n-vertex and m-edge graph G, let Pg € Bp,2(n,m) be the
result of applying the Baer-Lovdsz-Tutte procedure to G and a prime p > 2. Then
k(G) = k(Pg), and \(G) = M(Pg).

Theorem [[3] then sets up a surprising link between group theory and graph
theory. For example, as a consequence of Theorem [[3 in the case of k(Pg) =
A(Pg) = 0, we note that Wilson’s central decomposition algorithm for p-groups of
class 2 [251[26] can be used to solve the connectivity problem of graphs. While an
overkill for such a basic problem on graphs, we believe it is an interesting instance
of using algorithms developed for groups to solve graph-theoretic problems.

To understand these two parameters and their relation better, we consider the
following question. Recall that for a graph G, it is well known that x(G) < A(G) <
0(G), where §(G) denotes the minimum degree of vertices in G (cf., e.g., [, Propo-
sition 1.4.2]). We study a question of the same type in the context of p-groups of
class 2 and exponent p. For this we need the following definition.

Definition 1.4 (Degrees and § for p-groups of class 2 and exponent p). For P €
B,.2(n,m) and g € P, suppose Cp(g) = {h € P : [h,g] = 1} is of order p?. Then
the degree of g is deg(g) = n 4+ m — d. The minimum degree of P, §(P), is the
minimum degree over g € P\ [P, P].

The degrees of elements of P are not to be confused with the degrees of the
characters of P. This notion is closely related to the breadth notion defined for
Lie algebras (cf., e.g., [I7,24]): for an element in a finite dimensional Lie algebra,
its breadth is defined as the codimension of its centraliser. In particular, deg(g) is
exactly the breadth of g in the associated graded Lie algebra of P.

It is easy to see that for any g € P, deg(g) < n — 1 (cf. Observation Zg|3)).
Therefore 6(P) < n — 1. We then have the following.

Proposition 1.5. (1) For any P € B, 2, (P) < 6(P), and \(P) < §(P).
(2) There exists P € B, o, such that K(P) > A(P).

That is, while we can still upper bound x(P) and 6(P) using a certain minimum
degree notion, the inequality x < A does not hold in general in the p-group setting.
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1.3. Related works and open ends. There are at least two known construc-
tions of p-groups of class 2 from graphs. In [9], Heineken and Liebeck constructed
p-groups of class 2 and exponent p? from directed graphs. Another natural con-
struction, known as Mekler’s construction [I8] in model theory (cf., e.g., [I1]), is as
follows. Take a graph G on a vertex set V', and construct the p-group of class 2 and
exponent p generated by V, with the relations [v,v'] added for edges {v,v'} in G.
Mekler’s construction is essentially the same as the Baer-Lovasz-Tutte construction
applied to the complement graph of G, and is indeed easier to describe. We stick
to the Baer-Lovész-Tutte construction, because it is the perspectives in their works
[BLI5L22] that lead to the present note, as we explain now.

1.3.1. Related works: Graphs and alternating matriz spaces. The link between
graphs and alternating matrix spaces dates back to the works of Tutte and Lovész
[16L22] in the context of perfect matchings. Let G = ([n], E) be a graph, and let
Ag < A(n,F) be the alternating matrix space associated with G as in Step ().
Tutte and Lovész realised that the matching number of G, u(G), is equal to one half
of the maximum rank over matrices in AG More specifically, Tutte represented
G as a symbolic matrix: A matrix whose entries are either variables or 0 [22]. It
can be naturally interpreted as a linear space of matrices, and Lovasz then more
systematically studied Tutte’s construction from this perspective [16].

Recently in [4], the second author and collaborators showed that the indepen-
dence number of G equals the maximum dimension over the totally isotropic space
of Ag. They also showed that the chromatic number of G equals the minimum ¢
such that there exists a direct-sum decomposition of F™ into ¢ non-trivial totally
isotropic spaces of Ag. As the reader will see below, the proof of Theorem [L3]
also goes by defining appropriate parameters k and A for alternating matrix spaces,
and proving that k(Ag) = £(G) and A(Ag) = A(G). This translates another two
graph-theoretic parameters to the alternating matrix space setting.

The work most relevant to the current note in this direction is [I4] by the present
authors. In that work, we adapted a combinatorial technique for the graph isomor-
phism problem by Babai, Erdés, and Selkow [2], to tackle isomorphism testing of
groups from B, o, via alternating matrix spaces. This leads to the definition of
a “cut” for alternating matrix spaces, which in turn naturally leads to the edge
connectivity notion; cf. the proof of Proposition

1.3.2. Related works: Alternating bilinear maps and p-groups of class 2 and expo-
nent p. The link between alternating bilinear maps and B, » dates back to the work
of Baer [3]. That is, from an alternating bilinear map ¢, we can construct a group
Py in B, 5 as in Step [@). On the other hand, given P € B, 2(n, m), by taking the
commutator bracket we obtain an alternating bilinear map ¢p. A generalisation
of this link to p-groups of Frattini class 2 was crucial in Higman’s enumeration of
p-groups [10]. Alperin [I], Ol'shanskii [19], and Buhler, Gupta, and Harris [5] used
this link to study large abelian subgroups of p-groups, a question first considered by
Burnside [6]. This is because abelian subgroups of P containing [P, P] correspond
to totally isotropic spaces of ¢p.

I This is straightforward if the underlying field F is large enough. If |F| is small, it follows, e.g.,
as a consequence of the linear matroid parity theorem; cf. the discussion after [16, Theorem 4].

2A subspace U < F™ is totally isotropic for A < A(n,F), if for all u,u’ € U, and for all A € A,
utAu’ = 0.
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The works most relevant to the current note in this direction are [25,26] by James
B. Wilson. He studied central decompositions of P via the link between alternating
bilinear maps and B, 5. In particular, he utilised that central decompositions of P
correspond to orthogonal decompositions of ¢p.

Finally, we recently learned of the work [20] of Rossmann and Voll, who study
those p-groups of class 2 and exponent p obtained from graphs through the Baer-
Lovéasz-Tutte procedure in the context of zeta functions of groups.

1.3.3. Open ends. The most interesting questions to us are the computational as-
pects of these parameters. That is, given the linear basis of an alternating matrix
space A < A(n,F), compute x(A) and A(A) (see Definition 2T). When F = F,
with ¢ odd, there is a randomised polynomial-time algorithm to decide whether
k(A) = A(A) = 0 by Wilson [26]. When F = R or C, by utilising certain ma-
chineries from [12], Wilson’s algorithm can be adapted to yield a deterministic
polynomial-time algorithm to decide whether x(.A) = A(A) = 0. However, to di-
rectly use Wilson’s algorithm to compute x(A) or A(A) seems difficult, as when
k(A) = A(A) = 0, a non-trivial orthogonal decomposition can be nicely translated
to a certain idempotent in an involutive algebra associated with any linear basis of
A, for details, see [20].

2. PROOFS

2.1. Preparations. Some notation has been introduced at the beginning of Sec-
tions [I.I] and We add some more here. For a field F and dy,ds € N, we
use M(d; x do,F) to denote the linear space of d; x dp matrices over F, and
M(d,F) := M(d x d,F). The ith standard basis vector of F™ is denoted by e;.

2.1.1. Some notions for alternating matriz spaces. We introduce some basic con-
cepts, and then define k and A, for alternating matrix spaces. Let A, B < A(n,F).
We say that A and B are isometric, if there exists T € GL(n,F), such that
A = T'BT := {T'BT : B € B}. For a d-dimensional W < F", let T be an
n X d matrix whose columns span W. Then the restriction of A to W via T is
Alwr = {T"AT : A € A} < A(d,F). For a different n x d matrix 7" whose
columns also span W, A|w s is isometric to Alw,r. So we can write Alw to
indicate a restriction of A to W via some such T

Let A < A(n,F) be of dimension m. We define an orthogonal decomposition of
A to be a direct-sum decomposition of F™ into U @ V, such that (1) for any u € U,
veV,and A € A, utAv = 0, and (2) neither U nor V equals F". If A has such an
orthogonal decomposition, then A is called orthogonally decomposable.

When n = 1, we define A(1, F) to be orthogonally decomposable. Indeed, a graph
with a single vertex is sometimes regarded as disconnected according to [7, p. 12].

When n > 2 and A = (A) < A(n,F) is of dimension 1, A is always orthogonally
decomposable. This can be seen easily from the canonical forms of alternating
matrices [I3}, Chap. XV, Sec. 8].

Definition 2.1 (k and X for alternating matrix spaces). Let A < A(n,F) be of
dimension m. We define the restriction-orthogonal number of A, k(A), as the
minimum ¢ € N for the existence of a dimension-(n — ¢) subspace W < F™, such
that Alw is orthogonally decomposable.
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We define the subspace-orthogonal number of A, A(A), as the minimum ¢ € N for
the existence of a dimension-(m — ¢) subspace A’ < A, such that A’ is orthogonally
decomposable.

Clearly, A is orthogonally decomposable if and only if x(A) = A(A) = 0. Note
that k(A) < n — 1, as we defined A(1,F) to be orthogonally decomposable. Also
note that A(A) < m, as any non-trivial direct-sum decomposition is an orthogonal
decomposition of the zero space in A(n,F) when n > 2.

Suppose we are given a dimension-m A = (Ay,..., An,) < A(n,F). We form a
3-tensor A € F»*"*™ guch that A(7,j, k) = Ak(i,7). We illustrate the existence
of an orthogonal decomposition for A, the existence of W such that Ay has
an orthogonal decomposition, and the existence of A" < A with an orthogonal
decomposition, up to appropriate basis changes, in Figure [Il

= L S w

W, w, ; ,'__5___ _____ L

) - -
Ra e H

(a) K(A) = AA) =0  (b) k(A) <n—dim(W) () A(A) < m — dim(A")

FIGURE 1. Pictorial descriptions of the alternating matrix space
parameters. The unmarked regions indicate that the entries there
are all zero, W, W7, and W5 denote subspaces of F”, and A and A’
denote subspaces of A(n,F). For example, in (a), suppose W1 @ Ws
is an orthogonal decomposition for A spanned by corresponding
alternating matrices. Then up to a change of basis, the upper-
right and the lower-left corners of A have all-zero entries. (b) and
(c) also indicate the situations with appropriate changes of bases.

2.1.2. Some notions for alternating bilinear maps. We introduce basic concepts,
and then define x and A, for alternating bilinear maps. Let ¢,¢ : F"™ x F* — F™
be two alternating bilinear maps. Following [25], we say that ¢ and 1 are pseudo-
isometric, if they are the same under the natural action of GL(n,F) x GL(m,F).
For W < F", ¢ naturally restricts to W to give ¢|w : W x W — F™. For X <F™,
¢ naturally induces ¢/x : F* x F* — F™/X by composing ¢ with the projection
from F™ to F™/X.

Let ¢ : F™ x F" — F™ be an alternating bilinear map. Following [25 Definition
3.4], an orthogonal decomposition of ¢ is a direct-sum decomposition of F* =
Wiy @ Wa, such that (1) for any v € Wi, v € Wa, we have ¢(u,v) = 0, and (2)
neither W7 nor Wy equals F™. If ¢ has such an orthogonal decomposition, then ¢
is called orthogonally decomposable.

Definition 2.2 (x and A for alternating bilinear maps). Let ¢ : F* x F™ — F™ be
an alternating bilinear map. The restriction-orthogonal number of ¢, k(¢), is the
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minimum ¢ € N for the existence of a dimension-(n — ¢) subspace W < F™, such
that ¢|y is orthogonally decomposable.

The quotient-orthogonal number of ¢, A(¢), is the minimum ¢ € N for the
existence of a dimension-¢ X < F™ such that ¢/x is orthogonally decomposable.

Remark 2.3 (From alternating matrix spaces to bilinear maps). This connection
is simple but may deserve some discussion. Recall that, given an m-dimensional
alternating matrix space A < A(n,F), we can fix an ordered basis of A as A =
(Ay,...,A) € A(n,F)™, and construct an alternating bilinear map ¢ : F" xF" —
F™ as in equation ([2]). Furthermore, ¢4 is surjective since A is of dimension m.
In the above transformation, we shall need A € A(n,F)™ as an intermediate object.
For a different ordered basis A’, ¢+ is pseudo-isometric to ¢a. Because of this,
we shall write ¢ 4 to indicate ¢ with some ordered basis A of A. Furthermore, if
A and B are isometric and A (resp., B) is an ordered basis for A (resp., B), then
¢4 and ¢p are pseudo-isometric.

2.2. Proof of Theorem [1.3l The proof of Theorem [[.3] goes by showing that
the parameters k and \ defined for graphs, alternating matrix spaces, alternating
bilinear maps, and groups from 9B, o, are preserved in the three steps of the Baer-
Lovasz-Tutte procedure. The first step, from graphs to alternating matrix spaces,
is the tricky one, at least for A\. The other two steps are rather straightforward.

2.2.1. From graphs to alternating matriz spaces. Recall that for {i,j} € ([g]), A j
denotes the elementary alternating matrix with the (¢, j)th entry being 1, the (j,i)th
entry being —1, and other entries being 0.

Proposition 2.4. Let G = ([n], E) be a graph, and let Ag = (A;; : {i,j} € E) <
A(n,F) as defined in Step [@). Then k(G) = k(Ag).

Proof. We first show k(Ag) < k(G). Let I C [n] be a subset of vertices of size
d = n — k(G), such that the induced subgraph of G on I is disconnected. Let
W = {(e;:i €I),and let T be the n x d matrix over F whose columns are e; € F"™,
i € I. It is straightforward to verify that Ag|w,r is orthogonally decomposable.

We then show x(Ag) > k(G). Let W < F™ be a subspace of dimension d =
n — k(Ag), such that A|y is orthogonally decomposable. That is, there exists
W = W, & Wy such that

(21) Yw; € Wi, we € WQ,VA S .A, wiAwg =0.

Suppose dim(WW7) = b and dim(W3) =¢, so d=b+ c.

Construct an n x d matrix T = [Tl Tg] where T (resp., T») is of size n x b
(resp., n x ¢) and its columns form a basis of W; (resp., Wa). Let the ith row of
Ty be ul where u; € F®, and let the jth row of T, be v} where v; € F€ for 4, j € [n].
Observe that the elementary alternating matrix A; ; € A(n,F) can be expressed as

eie — ejej. Then by equation 2.1)), for any {i,j} € E,

(2.2) T} (ese — ejef)To = uiv} — ujvj € M(b x ¢, F)
is the all-zero matrix.

Because T is of rank d, there exists a d x d submatrix R of T of rank d. Let
I C [n] be the set of row indices of this submatrix R. The key to the proof is the
following claim: the induced subgraph of G on I, G[I], is disconnected. To show

this, we shall exhibit a partition of I = I; W I such that no edges in G[I] go across
I; and I>.
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As R is of rank d, there exists a partition of I, I = I W Iy with |[1] = b,
|I] = d — b = ¢, such that the following holds. Let R; be the b x b submatrix of R
with row indices from I; and column indices from [b], and Ry the ¢ x ¢ submatrix
of R with row indices from I5 and column indices from [d] \ [b]. Then Ry and Ry
are both full-rank. Note that {u} : i € I} is the set of rows of Ry and {v} : j € I}

Ry R/
is the set of rows of Ro. Up to a permutation of rows, R is of the form {Ri R;] .
* ok

We then claim that no edges in G[I] go across I; and I5. By contradiction,
suppose there is an edge {i,j}, ¢« € I; and j € I, in G[I]. Then the same edge
{4,} is also in G. By equation (Z.2)), we have u;v} —u;v} is the all-zero matrix, that
is, uiv§ = u;v}. Note that, up to a permutation of rows as in the last paragraph,
u; is a row in Ry and v; is a row in Ry, while u; is a row in R} and v; is a
row in R}. Since Ry and Ry are full-rank, u; and v; are non-zero vectors. This
implies that u; = au; and v; = (1/a)v; for some non-zero a € F. But this
gives that [u} o] = a[ul of], that is, the ith and jth rows of T' are linearly
dependent. Noting that these rows are in R which is full-rank, we arrive at the

desired contradiction. This concludes the proof. O

Proposition 2.5. Let G = ([n], E) be a graph, and let Ag = (A;; : {i,j} € E) <
A(n,F) be defined in Step [@). Then A\(G) = A(Ag).

Proof. We first show A(Ag) < A(G). Let D be a size-A\(G) subset of E such that
G’ = ([n], E\ D) is disconnected. Let Aqr = (A;; : {i,j} € E\ D) < Ag. Tt is
straightforward to verify that Ag is orthogonally decomposable.

We then show A(Ag) > A(G). For this, it is convenient to introduce an equivalent
formulation of A for alternating matrix spaces, which is originated from [14].

Given a direct-sum decomposition F* = W; & Wy with dim(W;) = b and
dim(W3) = ¢ = n — b, let Ty (resp., T») be an n X b (resp., n X ¢) matrix whose
columns form a basis of Wy (resp., Wa). Given an m-dimensional A < A(n,F),
let Cow, w1y, 15 (A) = {T{AT> : A € A} < M(b X ¢,F). Note that different choices
of Ty and T3 result in a subspace of M(b x ¢,F) which can be transformed to
Cw,,w,, 1.1, (A) by left-multiplying some matrix in GL(b, F) and right-multiplying
some matrix in GL(¢, F). So we can write Cw, w, to indicate Cw, w, 1, 7, Via some
such T} and T5. Up to an appropriate basis change as illustrated in Figure [Ic),
Cw,,w,(A) can be seen intuitively as spanned by those submatrices in the upper-
right block.

Now we claim that

(2.3) AMA) = min{dim(Cw, w,(A)) : for all non-trivial F* = W7 & Wa}.

To see this, let A" < A be of dimension m — A(A) which admits an orthogonal
decomposition F" = W1 & Ws. It is easy to verify that dim(Cw, w,(A)) < m—(m—
A(A)) = A(A). On the other hand, let F* = W, @ W5 be a direct-sum decomposition
such that dim(Cw, w, (A)) is minimal. Let Ty (resp., T2) be a matrix whose columns
form a basis of Wy (resp., W2). Let A’ = {A € A: T{AT, = 0}. We then have
dim(A") = m—dim(Cw, . w,(A)), and clearly A’ is orthogonally decomposable. This
gives A(A) < m — dim(A’) = dim(Cy, ., (A)).

After introducing this formulation, let F* = W @& W5 be a direct-sum decompo-
sition with dim(W1) = b and dim(W3) = ¢ = n — b, such that dim(Cw, w,(Ag)) =
MAg) = d. Construct an n x n full-rank matrix T = [Ty T3] where T (resp., T3)
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is an nxb (resp., nx¢) matrix whose columns form a basis of W7 (resp., W5). Let the
ith row of Ty be u! where u; € F’, and let the jth row of T3 be v! where v; € F°. We
distinguish between the following two cases. Recall that Ag = (A4, : {i,j} € E),

where A; ; = e;et — ejel is the elementary alternating matrix.
5J 7 J

(1) Suppose for any i € [n], u; # 0 if and only if v; = 0. Then there exists
[n] = I W1y with |I;] = b and |I3] = ¢, such that ¢ € I; if and only
if u; # 0, and j € I if and only if v; # 0. Furthermore, vectors in
{u; : i € I} are linearly independent, and vectors in {v; : j € I} are
linearly independent. That is, up to a permutation of rows, T' is of the
form [Tél ng]’ where T11 € GL(b,F) and Thy € GL(c¢,F). We claim that
there are no more than d edges of G crossing I; and I>. Suppose not; then
there exists {{i1,j1},...,{id+1,Ja+1}+} C E, such that iy, € I, and ji € I
for k € [d 4+ 1]. We then have for any k € [d + 1]

(24) Tf(eikeg'k, - ejk,egk)TQ = uikvj’k - ujkv’fk = uikv;k € CWhWZ (AG)

It is straightforward to verify that the rank-1 matrices uikv;-k, ke [d+1],
are linearly independent, contradicting that Cy, w, (Ag) is of dimension d.

(2) Suppose there exists ¢ € [n] such that both u; and v; are non-zero. Suppose
by contradiction that A(G) > d. Up to a permutation of vertices, we may
assume ¢ = n, and the vertex n is adjacent to vertices 1,...,d + 1. By
equation (Z4), we have u,v} — uxvl, € Cw, w,(Ag) for k € [d + 1]. Since
dim(Cw, w, (Ag)) = d, the matrices u,vi — ugvl,, k € [d + 1], are linearly
dependent. It follows that there exist oy € F for k € [d + 1], at least one of
which is non-zero, such that 94} oy (u, vl — ugvl,) = 0. This implies that
un(zz; agpvy) = (ZZE agug)vl as two rank-1 matrices.

From the above, and by the assumption that u,, and v,, are non-zero, we
have that Su, = EZ; aruy and Bu, = ZZE vy for some § € F. Since
at least one of the «4’s is non-zero, this means that the rows in T with
indices {1,...,d+ 1,n} are linearly dependent, which contradicts that 7" is
full-rank.

These conclude the proof that A(Ag) > A(G). O

Remark 2.6 (Cuts in alternating matrix spaces). The alternative formulation of A
as in equation (Z3]) rests on a natural generalisation of the notion of cuts in graphs.
Proposition 2.5 then indicates that for an alternating matrix space Ag constructed
from a graph G, the minimum cut sizes of Ag and G are equal.

2.2.2. From alternating matriz spaces to alternating bilinear maps. We now relate
the parameters k and X for alternating matrix spaces and alternating bilinear maps
in the following easy proposition. Note that we use the notation ¢4 due to the
discussions in Remark 23]

Proposition 2.7. For an m-dimensional A < A(n,F), let an alternating bilinear
map ¢4 : F* x F* — F™ be defined in Step [@). Then we have k(A) = k(pa), and
A(A) = A(@.a)-
Proof. The equality x(A) = k(¢.4) is straightforward to verify.

To show that A(A) > A(¢.a), let A" < A be a dimension-(n — A(A)) subspace

of A admitting an orthogonal decomposition. Let ¢ = A(A). We fix an ordered
basis of A, A = (Ay,...,Ap), such that {A;,..., An—c} spans A’. Let X < F™
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be the linear span of the last ¢ standard basis vectors. We claim that ¢a/x is
orthogonally decomposable. Indeed, let U & V be an orthogonal decomposition of
A’. Then for any u € U,v € V, we have ¢a (u,v) € X, which means that U &V is
also an orthogonal decomposition for ¢a/x.

To show that A(A) < A(¢a), let A = (A4,...,A) be an ordered basis of A, and
let ¢ = A(¢4). Let X be a dimension-c subspace of F™ such that ¢a /x admits an
orthogonal decomposition F* = U®V. That is, for any u € U and v € V| ¢a (u,v) €
X. Form an ordered basis of F™, (w1, ..., wy,), where w; = (w; 1,...,w;m)" € F™,
such that the last ¢ vectors form a basis of X. Let Aj =", wi;A; be another
ordered basis of A, and A’ = (A},...,Al,)). Then for any u € U and v € V, since
oA (u,v) € X, the first m— c entries of ¢a(u,v) are zero. In particular, this implies
that F” = U @ V is an orthogonal decomposition for A" = (A},..., A}, _.), where
A’ is of dimension m — c. O

2.2.3. From alternating bilinear maps to groups from B, 2. To start with, we ob-
serve the following basic properties of x, A, and ¢ for groups from B, 2(n, m).

Observation 2.8. Let P € B, 2(n, m). Then we have the following:

(1) Suppose P = JK is a central decomposition. Let Jy = J[P, P], and Ky =
K|[P, P]. Then Jy and K form a central decomposition of P, and both of
them properly contain [P, P].

(2) If for a central subgroup N, P/N is orthogonally decomposable, then
P/(N N [P, P]) is orthogonally decomposable.

(3) For any g € P, deg(g) <n— 1.

Proof. (1): To show that Jy and Ky form a central decomposition of P, we only
need to verify that Jy and K, are proper. For the sake of contradiction, suppose
P = Jy = J[P, P]. Since [P, P] is the Frattini subgroup of P, it follows that J = P,
contradicting that J is proper.

To show that Jy properly contains [P, P|, again for the sake of contradiction
suppose Jy < [P, P]. Then P = JyKy < [P, P|Ky = Kj, a contradiction to K
being a proper subgroup of P.

(2): If N < [P, PJ], the conclusion holds trivially. Suppose otherwise. Let J/N
and K/N be a central product of P/N for J, K < P. That is, for any j € J
and k € K, jkj 'k=! € N, so in fact jkj~'k=! = [j,k] € N N [P, P]. It then
follows easily that J/(N N [P, P]) and K/(N N [P, P]) form a central product of

P/(NN[P,P]).
(3): If g € Z(P), deg(g) = 0. If g & Z(P), then Cp(g) contains the subgroup
generated by g and [P, P], which is of order at least p™*!. O

Recall that in Step @), we start from an alternating bilinear map ¢ : Fp xFp —
[ satisfying ¢(IFy;, F)) = ', and construct Py, a p-group of class 2 and exponent
p- Then [P¢, P¢] = Z;n, and P¢/[P¢, P¢] = ZZ

It is easily checked that, by equation (I.3]), subspaces of )" correspond to sub-
groups of [Py, P], and subspaces of F) correspond to subgroups of Py/[Py, Py].
We then set up the following notation. For U < Fy, let Qu be the subgroup of
Py/[Pg, Py corresponding to U, and let Sy be a subgroup of P, of the small-
est order satisfying Sy [Py, Ps|/[Py, Pp) = Qu. It is easy to show, by following
the proof of [25] Lemma 2.3 (i)], that Sy is regular with respect to commutation,
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ie., Sy N [Py, Py] = [Su,Su]. For X <", let Nx be the subgroup of [Py, Py]
corresponding to X.

Proposition 2.9. Let ¢ : Fjy x Fp — F' and Py € B, 2(n,m) be as above. Then
K(0) = K(Py), and M¢) = A(Py).

Proof. To show that x(¢) > r(Py), suppose there exists an (n — x(¢))-dimensional
U < F} such that ¢[y is orthogonally decomposable. It can be verified easily that
this induces a central decomposition for the regular subgroup Sy < Pj;. Further-
more, by Noether’s isomorphism theorems, Sy /[Su, Su] = Su/(Su N [Py, Py]) =
Su[Py, Ps]/[Ps, Pg] = Qu, which is of order p"~"(®).

To show that x(¢) < k(P,), suppose that a regular S < Py satisfying |S/[S, S]| =
p"~#(Pe) admits a central decomposition S = JK. Applying Observation Z8(1) to
S, we can assume that J and K both properly contain [S, S]. Let Ug (resp., Uy, Uk)
be the subspace of I}y corresponding to S|Py, Py]/[Pg, Py] (resp., J[Py, Pg]/[Pg, Py],
K[Py, Py)/[Ps, Py]). Then it can be verified, using equation (I3]), that U; and Uk
form an orthogonal decomposition for ¢|y,. Furthermore, by Noether’s isomor-
phism theorems, S|Py, Py]/[Py, Py] = S/[S, S|, which holds with S replaced by J
or K as well. In particular we have dim(Ug) = n — k(Py).

To show that A(¢) > A(Py), we translate a subspace X < F;* with ¢/x orthog-
onally decomposable to a subgroup Nx < [Py, Ps]. It can be verified easily that
the orthogonal decomposition of ¢/x yields a central decomposition of Py;/Nx.

To show that A(¢) < A(Pp), suppose N < Py is a central subgroup of order
p P2) such that P, /N is centrally decomposable. By Observation 28(2), we can
assume that N < [Py, Pg]. Let X be the subspace of I} corresponding to N. Let
J/N,K/N < P,/N be a central decomposition of Py/N for J, K < P4;. Applying
Observation 2:8(1) to P;/N, we can assume that J/N and K/N both properly
contain [P,/N, Py/N]| = [Py, Py]/N. In particular, J and K properly contain
[Py, Py, so J/[Py, Pg] (resp., K/[Py, Py]) corresponds to a non-trivial proper sub-
space Uy < F) (resp., Ux < F}). Then it can be verified that U; and Uk span
Fy, and for any u € Uy and v’ € Uk, we have ¢(u,u’) € X. Therefore U; and Uk
form an orthogonal decomposition for ¢/ x. |

Remark 2.10 (On the regular condition). The reason for imposing the regular con-
dition is to rule out the following central decompositions, which is not well-behaved
regarding the correspondence between ¢ and Py. Suppose that S < P, satisfies
[S,S] < [Py, Ps]. Then S and [Py, Py] form a central decomposition of S[Py, Py].
Translating back to ¢, [S, S] < [Py, Py just says that ¢(Us, Ug) is a proper subspace
of F™, which is not related to whether ¢|y, is orthogonally decomposable.

2.3. Proof of Proposition We shall work in the setting of alternating matrix
spaces. So we state the correspondence of Definition [[.4] in this setting, which was
already used in [4].

Definition 2.11 (Degrees and § for alternating matrix spaces). Let A < A(n,F).
For v € F", the degree of v in A is the dimension of Av := {Av : A € A}. The
minimum degree of A, denoted as 6(.A), is the minimum degree over all 0 # v € F".

To translate from groups in B, 2(n,m) to alternating matrix spaces, we recall
the following procedure which consists of inverses of the last two steps of the Baer-
Lovész-Tutte procedure.
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For any P € B, 2(n,m), let V.= P/[P,P]| = Z; and U = [P, P| = Z;*. The
commutator map ¢p : VxV — U is alternating and bilinear. After fixing bases of V'
and U as Fj-vector spaces, we can represent ¢p : Fj x )y — ;" as (Aq,..., Ap) €
A(n,F,)™, which spans an m-dimensional Ap < A(n,Fp). It is easy to check that
isomorphic groups yield isometric alternating matrix spaces. Furthermore, this
procedure preserves x and A, by essentially the same proof for Propositions 2.7]
and [Z0] and §, by a straightforward calculation.

The following proposition then implies Proposition [[5](1).

Proposition 2.12. Given A < A(n,F), we have k(A) < 6(A) and A(A) < §(A).

Proof. We first show that £(A) < §(A). Take some v € F” such that deg(v) = d(A).
If §(A) = n — 1, then the inequality holds trivially. Otherwise, let U = {u € F™ :
V A e AutAv = 0}. Note that dim(U) = n — deg(v) > 2, and v € U. Let V be
any complement space of (v) in U. Then (v) @ V is an orthogonal decomposition
of Aly. Tt follows that k(A) < n — dim(U) = deg(v) = §(A).

We then show that A(A) < §(A). Take some v € F™ such that deg(v) = §(A).
Let W be any complement subspace of (v) in F", and let Ty be an n x (n — 1)
matrix whose columns form a basis of W. The space v' ATy = {v'ATw : A €
A} < M(1 x (n —1),F) is of dimension deg(v). By equation (23], we then have
AA) < dim(v! ATw) = deg(v) = 6(A). O

In contrast to the graph setting, we show that it is possible that x(A) > A(A)
over Q and I, therefore proving Proposition[[.5(2). For this we need the following.

Definition 2.13. We say that A < A(n,F) is fully connected, if for any linearly
independent u,v € F™, there exists A € A, such that uAv # 0.

An observation on fully connected A follows from the definition easily.
Observation 2.14. A fully connected A < A(n,F) satisfies k(A) =n — 1.

We shall construct a fully connected A < A(n,F) with A(A4) < n—1 = k(A).
To do this we need the fully connected notion in the (not necessarily alternating)
matrix space setting. That is, B < M(s x t,T) is fully connected, if for any non-zero
u € F* and non-zero v € F?, there exists B € B, such that u!Bv # 0. The following
fact is well known.

Fact 2.15. Let FF be a finite field or Q. Then over F, there exists a fully connected
matrix space in M(s,F) of dimension s.

Proof. Let K be a degree-s field extension of F. The regular representation of K
on F* gives an s-dimensional C < M(s,F), such that each non-zero C' € C is of
full rank. Let (C1,...,Cs) be an ordered basis of B. Let B; € M(s,F), i € [s], be
defined by B; = [Clei Cae; ... Csei}. That is, the jth column of B; is the
ith column of C;. Then B = (By,...,B;s) < M(s,F) is of dimension s and fully
connected. Indeed, if B is not fully connected, then there exist non-zero v € F* and

non-zero u = (u1,us,...,us)" € F* such that v*B;u = 0 for any i € [s]. But this
just means that v is in the left kernel of C' = u1Cy + - - - + u,C,, contradicting that
C’ is of full rank. O

Let s,t € Nand n = s+t. Let B < M(s x t,F) be a fully connected matrix space
of dimension d < n — 1. We shall use B to construct a fully connected A < A(n,F)
such that A(A) <d <n—1=k(A).
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Suppose B is spanned by By,...,Bg € M(sxt,F). Let A; = {_?3? %} for i € [d].

For1<i<j<s,letCij;=["0] € A(n,F), where E; j = e;el —ejel € A(s,F) is
an elementary alternating matrix. For 1 <i < j <t let D, ; = [8 FOJ] € A(n,F),
where F; ; = eiez —ejel € A(t,F) is an elementary alternating matrix. Let A be

spanned by {A; ;i € [d]}U{C;; :1<i<j<s}U{D;;:1<i<j <t}
Proposition 2.16. Let A < A(n,F) be as above. Then A is fully connected.

Proof. Assume there exist linearly independent u,v € F™ such that for any A € A,
u'Av = 0. Take u = [1] and v = [} ], where uy,v1 € F* and ug,vs € F'. Note
that for any 1 <1i < j <'s, [u} ul] [Eévf 8] [oi] = v E; ju1 = 0. Similarly, we have
ubF; juo=0forall 1 <i<j<t.
We then distinguish among the following cases.
(1) v1 and v are both non-zero. In this case we have u; = Av; and us = pvg
for some A # u € F. Therefore, we have

0 B;| |v
[utl ug] {—B7§ Ol} L;] = —ub Blvy+u Bivg = — vl Bivy + v} Bjvg = (A1) vt Bivs.
1
Since B is fully connected, this implies that v; = 0 or v = 0, a contradiction
to the assumption of this case.
(2) vy is zero and vy is non-zero. Then us = Avg, and u; cannot be zero.
Therefore, we have

0 B; V1

[uf  ub] {—Bf Ol} LQ] = —ubBlv) + u Bjvg = v} Bivy = 0,
which is a contradiction to the full connectivity of B.

(3) v is non-zero and wve is zero. This case is in complete analogy with the
previous case.

This concludes the proof that A is fully connected. |

We then have k(A) = n—1 by Observation[2Z141 Now observe that the subspace
of A spanned by C;; and D, ; is centrally decomposable. This gives that A(A) <
d <n—1=k(A). Over F, and Q, such B exists for s > 1 by Fact This
concludes the proof of Proposition [[L5](2).
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