
ARCHIEF 

FOURTEENTH CONFERENCE 
ON THE 

MATHEMATICS OF OPERATIONS RESEARCH 

CONFERENCE CENTRE 'DE BLIJE WEREL T' 
LUNTEREN, TIIB NETHERLANDS 

FEBRUARY 13-15, 1989 

Organiud by the 
Centre for Mathematics and Computer Science, 
Amsterdam, The Netherlands 

~-..... 
~ • .,.II< .•. ..., .--... ....... ..,,. 

r L- ..._ ... -• .,.1/tC •r•..., .... ~__,, 
"'· 



FOURTEENTH CONFERENCE 
ON THE 

MATHEMATICS OF OPERATIONS RESEARCH 

CONFERENCE CENTRE 'DE BLIJE WEREL T 
LUNTEREN, TIIE NETHERLANDS 
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AIM AND SCOPE 
The aim of the conference is to promote the research activities and the 
cooperation between researchers in the mathematics of operations 
research. 

Eight non-Dutch specialists have been invited to give two lectures on 
recent developments in their field of interest. They have been asked 
to present a tutorial survey of their area in the first talk and discuss 
their own recent work in the second lecture. 

Of the invited speakers H. K.aspi (Technion), M. Rubinovitch 
(fechnion), M. Yadin (Technion) and U. Yechiali (Technion) will dis
cuss various subjects in the area of stochastic optimization: Markov 
processes, geometric probability, stopping time problems. Futhermore 
two of the invited speakers will give lectures in the field of mathemati
cal programming: A. Ben-Tal (Technion) about duality and non-smooth 
optimization, U. Passy about projective convexity. M. Maschler 
(Hebrew University, Jerusalem) will speak about game theory subjects, 
M. Hofri (fechnion) about queueing theory. 

The program should give ample opportunity for informal discussions. 
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ORGANIZATION 
Organizers 
The conference is organized by the Centre for Mathematics and Com
puter Science in Amsterdam, in particular by J.W. Cohen, H.C. Tijms 
and B.J. Lageweg. 

Sponsors 
The conference is organized under the auspices of the Dutch Research 
Community in the Mathematics of Operations Research and System 
Theory, with financial support of the Dutch Mathematical Society and 
the Netherlands Society of Operations Research. 

PROGRAM 
A. Ben-Tai (Technion, Haifa): 

I. The role of duality in optimization 
2. Non-smooth optimization: analysis, methods and applications 

M. Hofri (Technion, Haifa): 
I. Self-organizing lists and independent references: a statistical syn

ergy 
2. Analyzing a packet switch as a non-conservative exhaustive-service 

polling system 

H. Kaspi (Technion, Haifa): 
1. Stationary regenerative systems on the real line 
2. Applications of regenerative systems to Markovian storage systems 

M. Maschler (Hebrew University, Jerusalem): 
I. Game theory: bargaining sets and related topics 
2. Game theory and bankruptcy problems 

U. Passy (Technion, Haifa): 
I. Symmetric, reflexive duality for projectively-convex sets and pro

duction theory 
2. Matrix criteria for pseudo P-convex quadratic forms 

M. Rubinovitch (Technion, Haifa): 
I. A model for mixing based on Poisson random measures 

M. Yadin (Technion, Haifa): 
I. The hunter problem and other applications of the theory of cov

erage (1) 
2. The hunter problem and other applications of the theory of cov

erage (2) 

U. Y echiali (Technion, Haifa): 
I. Stopping-time problems with application to live-organ transplants 
2. Stochastic sequential stopping-time problems with application to 

live-organ transplants 



TIME SCHEDULE 

Monday February 13, 1989 

11.30 Opening 
11.40 P~y (1) 
12.30 Lunch break 
14.10 Kaspi (1) 
15.00 Maschler (1) 
15.50 Tea break 
16.20 Ben-Tai (1) 
17.10 Yadin(l) 
18.30 Dinner 

Tuesday February 14, 1989 

9.00 Rubinovitch (1) 
9.50 Coffee break 

10.20 Hofri (1) 
11.10 Y echiali ( 1) 
12.30 Lunch break 
14.10 Yadin (2) 
15.00 Kaspi (2) 
15.50 Tea break 
16.20 Ben-Tai (2) 
17.10 Maschler (2) 
18.30 Dinner 

Wednesday February 15, 1989 

9.00 Hofri (2) 
9.50 Coffee break 

10.20 p~ (2) 
11.10 Y echiali (2) 
12.00 Oosing 
12.30 Lunch break 

3 
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Ben-Tai 1 

THE ROLE OF DUALI1Y IN OPTIMIZATION 

Aharon Ben-Tai Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

The purpose of the talk is to convey the power and elegance of dual
ity in obtaining interpretations, approximations, and computational 
schemes, for the optimal solutions of convex programs in finite and 
infinite dimension. The above is illustrated via examples in statistics, 
probability, civil and mechanical engineering, information/communication 
theory, and spectral estimation. 

REFERENCES 

Luenberger, D.G., Optimization by vector space methods. John Wiley 
& Sons, New York, 1969. 
Rockafellar, R. T., Conjugatic duality and optimization. SIAM Publica
tion, Philadelphia, 1974. 
Kuhn, H.W., Nonlinear programming: a historical view. SIAM-AMS 
Proceedings 9, 1976. 
Ponstein, J., Approaches to the theory of optimization. Cambridge 
University Press, 1980. 
Ben-Tai, A., Barzilai, J. and Charnes, A., A duality theory for a class 
of problems with essentially unconstrained duals. Methods of Operations 
Research 45, 1983, pp. 12-33. 
Ben-Tai, A., A limit theorem on characteristic functions via an extremal 
principle. Applicable Analysis 18, 1984, pp. 153-158. 
Ben-Tai, A., The entropic penalty approach to stochastic programming. 
Mathematics of Operations Research 10, 1985, pp. 263-279. 
Ben-Tai, A., and Teboulle, M., Rate distortion theory with generalized 
information measures via convex programming duality. IEEE Transac
tions on Information Theory IT-32, 1986, pp. 630-641. 
Ben-Tai, A., and Teboullle, M., Penalty functions and duality in sto
chastic programming via 0-divergence functionals. Mathematics of 
Operations Research 12, 1987, pp. 224-240. 
Ben-Tai, A., Teboulle, M. and Chames, A., The role of duality in 
optimization problems involving entropy functionals, with applications to 
information theory. J. Optimization Theory and Applications 5-8, 1988, 



pp. 209-223. 
Ben°Tal, A., Borwein, M.M. and Teboulle, M., 
multidimensional Ip-spectral estimation problems. 
Optimization 26, 1988. 

NONSMOOTH OPTIMIZATION: 
ANALYSIS, METHODS AND APPLICATIONS 

5 

A dual approach to 
SIAM J. Control and 

Ben-Tal 2 

Aharon Ben-Tai Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

The following subjects will be discussed: 
l. The need for nonsmooth optimization: examples of problems which 

give rise to nondifferentiable mathematical programs; 
2. Theoretical difficulties: the need for nonsmooth analysis; 
3. Numerical difficulties; 
4. A short review of the first order theory and some numerical algo

rithms; 
5. Elements of a second order theory for nonsmooth optimization prob

lems in topological vector spaces; 
6. Special cases: twice differentiable problems, approximation with non

differentiable norms, semi-infinite programming. 

REFERENCFS 

Ben-Israel, A., Ben-Tai, A. and Zlobec, S., Optimality in nonlinear 
programming-a feasible directions approach. Wiley-Interscience Series in 
Pure and Applied Mathematics, New York, 1981. 
Ben-Tai, A., A second order and related extremality conditions in non
linear programming. Journal of Optimization Theory and Applications 31, 
2, 1980, pp. 143-169. 
Ben-Tai, A., Second order theory for extremum problems. In System 
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Analysis and Extrema/ Methods, Lecture Notes in Economics and 
Mathematical Sciences, A.V. Fiacco, K. Kortarek (eds.), Springer-Verlag, 
Berlin, 1980, pp. 336-356. 
Ben-Tai. A., and Zowe, J., A unified approach of optimality conditions 
for extremum problems in topological vector spaces. Mathematical Pro
gramming Studies 19, 1982, pp. 39-76. 
Ben-Tai, A., and Zowe, J., Necessary and sufficient optimality condi
tions for a class of nonsmooth minimization problems. Mathematical 
Programming 24, 1, 1982, pp. 70-91. 
Ben-Tai, A. and Zowe, J., Second order optimality conditions for the 
11-minization problems. J. of Applied Math. and Optimization 13, 1985, 
pp. 45-58. 
Ben-Tai, A., and Zowe, J., Directional derivations in nonsmooth optimi
zation. J. of Optimization Theory and Applications 47, 4, 1985, pp. 
481-488. 
Kiwiel, K..C., Methods of descent for nondifferentiable optimization. 
Springer Verlag. 1985. 
Lemarechal, C., Constructing bundle methods for convex nondifferenti
able optimization. INRIA, LC. Chesnay France, 1987. 
Zowe, J., Nondifferentiable optimization. In Computational Mathematical 
Programming, K.. Schittkowski (ed.), Springer-Verlag, 1985. 
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Hofri 1 

SELF-ORGANIZING LISTS AND INDEPENDENT REFERENCES 
A STATISTICAL SYNERGY 

Micha Hofri Computer Science Department 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

A linear list is a data structure in which there is little structure. Thus 
it is simple to build and maintain, with the consequent penalty that it 
is relatively inefficient in use. Nevertheless, under quite common cir
cumstances, it is the structure of choice. 

We assume the following layout: a list L contains n records 
{R;, 1 ~ i ,s;;; n}, that are uniquely identified by their keys {K;}. 
The content of the list is assumed to remain unchanged over time. 

The list structure implies the following sequential search access 
scheme: in order to access R;, the keys in positions 1, 2, are 
compared successively against K; until an equality is obtained. The 
number of these comparisons is defined as the cost of the access. 

We assume that references of the list are generated according to the 
following reference model: each request is for the record R; with a 
time-homogeneous probability p;> 0, 1 ,s;;; i..;;; n. This holds true indepen
dently of the list order and the history of past accesses. Such a 
scheme is known as the (stationary) independent-reference model (irm). 

A natural objective is to have the smallest possible cost per access. 
If the reference-probability vector (rpv) {p;} were known, the optimal 
policy would be to keep the list sorted by the size of the record 
reference--probabilities, in non-increasing, static order. 

The adjective "self-organizing'' in the title refers to the situation 
where the rpv is not known, and the access mechanism activates period
ically typically following each access a procedure that may change 
the order of the records, based on the reference history. 

Various reorganization rules, or heuristics, have been proposed for 
this purpose. Their purpose is to try and decrease, using information 
produced by the reference string up to any given time, the expected 
cost of future references. Hester and Hirschberg (1985) survey most 
of the work in this area published by 1983. 

The following are three of the better known reorganization- or 
update-schemes. They are activated each reference. To describe their 
operation we use the symbol a(i) to denote the location of R; in the 
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list. The state of the list ts correspondingly said to be the permutation 
a. 

Move to the front method (MTF): Following an access to record R;, in 
position a(i), it is placed at the head of the list, pushing the records 
in locations 1, 2, · · · , a(i) - 1 one step back. lbis heuristic has 
been extensively studied. Most researchers referred to its asymptotic cost 
per access, under various rpv's. They show that the limiting expected 
cost per access is given by 

EMTi:(C) = l + 2 }: 
l<i<j<n P; + Pi 

(I) 

Bitner (1979) considered also the number of requests required until the 
cost function converges to its asymptotic value. More precisely, he 
defined the "overwork" (OW) for any heuristic H as 

(2) 
m:>O 

where E'{;>(C) is the expected cost of the m + 1st access, assuming the 
initial state of the list is any of the n ! possible permutations with 
probability 1/n !, and EH(C) = lim EW>(C). The expectation is 

m--+oo 
evaluated with respect to the initial state and the history of references. 

Recently, there have appeared some work [Sleator and Tarjan (1985), 
Bentley and McGeogh (1985)] that considers not the expected cost of 
MTF, but rather the worst possible cost, when averaged (or as called 
in that context amortized) over a long reference sequence. For one 
reason or another, MTF is the heuristic that has been most assiduously 
studied, and is commonly used as a yardstick by which other rules are 
measured. 

Transposition rule (TR): A record R;, when accessed at location 
a(i) > I is transposed with its neighbor in location a(i) - 1, getting 
thus one step closer to the head of the list. 

Cotmter Scheme (CS): Each of the records R; is associated with a fre
quency counter c;, which is incremented whenever the record is 
accessed. The record is then moved forward (if needed) to keep the 
list records sorted in non-increasing order of their counters. 

Let m be the total number of requests made to the list, then by 
the strong law of large numbers, for all 1 ,i;;;; i ,i;;;; n 

C; 
➔ 

m m--+oo 
p;. 

This implies that, in the limit, the list will be optimally ordered. 
Oearly, this is the best among the asymptotic costs of all possible 
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heuristics. 
There is a substantial amount of published statistical work on 

discriminating multinomial probabilities, under various requirements [a 
comprehensive account is provided in Gibbons et al. (1977)). Here, 
however, the requirement is merely to minimize the expected value 
E[a(J)], where I is the index of the accessed record. The inn and this 
cost function interact and give rise to the following synergistic effects: 

Broadly speaking, only the records with large probabilities make any 
significant contribution to the cost function. However, it is precisely 
those records for which the counters increase fast and provide good 
estimates early on. 

Actually it is not even the probabilities proper we need to estimate, 
but only their sorted order. Now, when the difference between two 
probabilities, say p; - p1 > 0 is substantial, again after a relatively short 
reference sequence there will be a very small probability for the event 
{ c; < ci}. On the other hand, when p; - Pi > 0 is very small, while 
it is true that the number of references required to order them 
correctly, with hi3h probability, is huge, correspondingly the penalty of 
incorrect order is minute (even when p; and Pi proper are not small 
since it is proportional to p; - Pi). 

We shall present two ways for limiting the space complexity of the 
counter scheme without damaging its superiority over other permutation 
rules. 

One idea is to fix a maximal value c max which the counters may 
not exceed. The other method stops the list-reorganization process after 
a finite, predetermined number of requests. This second approach not 
only bounds the space requirements, but also sets an upper bound on 
the time required to implement the counter scheme. 

REFERENCES 

Bentley, J.L. and McGeogh, C.C., Amortized analyses of self-organizing 
sequential search heuristics. Commun. ACM 28, 4, 1985, pp. 404-411. 
Bitner, J.R, Heuristics that dynamically organize data structures. SIAM 
J. Comput. 8, 1, 1979, pp. 82-110. 
Gibbons, J.D., Olkin, I. and Sobel, M. Selecting the One Best 
Category for the Multinomial Distribution. In Selecting and Ordering 
Populations: A New Statistical Methodology, J. Wiley, 1977, pp. 158-186, 
443-450. 
Hendricks, W J., An account of self-organizing systems. SIAM J. Com
put. 5, 4, 1976, pp. 715-723 
Hester, J.H. and Hirschberg D.S., Self-organizing linear search. ACM 
Comput. Surv. 17, 3, 1985, pp. 295-312. 
Rivest, R, On self-organizing sequential search heuristics. Commun. 
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ACM 19, 9, 1976, pp. 63-67. 
Sleator, D.D., and Tarjan, R.E., Amortized efficiency of list update and 
paging rules. Commun. ACM 28, 2, 1985, pp. 202-208. 

Hofri 2 

ANALYZING A PACKET SWITCH AS A NON-CONSERVATIVE 
EXHAUSTIVE-SERVICE POLLING SYSTEM 
Cycl~ Time and Capacity Analysis 

Micha Hofri Computer Science Department 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

The system under consideration models a switching element that can be 
in N distinct states; in each of these states it handles two streams of 
requests in parallel. These streams can be viewed as representing the 
different routing requests put to the switch, and the element handles 
these requests at the address-bit level. The analysis will, for the most 
part, consider only two possible states. The restriction to two switch
states is for the purpose of the analysis only, but the methodology that 
we use can effect the same computations for a larger number of stages 
or switch-states, in each of which two streams are served side-by-side. 
The extension in entirely mechanical. 
The description of the switch operation uses a time axis that is slotted 
into equal slots. Each switching activity requires precisely one complete 
slot. 
One non-trivial and critical restriction of the mathematical model dis
cussed is that all the input processes that describe the request
generation are assumed to be independent, each forming an i.i.d. 
sequence of random variables. These rv's specify the number of 
arrivals of new requests at successive slots to the switch queues. 
Queued requests are kept in buffers; there is a separate, unlimited 
buffer for each stream. A request that arrives at a slot may be ser
viced at the earliest during the next slot. Hence we choose to 
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represent the state of the buffers at "slot end" -or "slot beginning" -
when all present requests are eligible for service. 
To complete the description of the queueing model we need to specify 
the service regime yet: for the present discussion it does not matter, 
unless we examine the distribution of the waiting times, at which order 
requests are selected for service. We may assume that requests are 
handled on a FCFS basis at each stream. When the two-port server 
is at any switching-state, it will serve in each slot one request from 
each of the two streams that can be handled at that state (or posi
tion). If one stream is empty - only one request is handled. If at 
the beginning of a slot both buffers are empty, the switching-state is 
changed (instantaneously, at this time-scale) and one request from each 
non-empty buffer that is accessible in the new position is served. The 
new switching-state would persist for one slot even if both buffers were 
empty at its beginning, and of course, no service would be done then. 
If there are arrivals during such an idle slot the state would be main
tained, to serve them until the first time both buffers are empty, when 
the server would continue to handle the other streams. 
It is remarkable how similar in essence this model is to standard pol
ling systems that have been studied extensively in the past, except that 
the service here is non-conservative: say the switch attends to the first 
position, at queues # 1 and # 2; if at a given time-slot only buffer 
# 1 is non-empty, a single request is served, even if there may be 
requests queued at buffer #4, that the currently idle port could have 
served if the switch were at the next station. Another way to state the 
same characteristic is to say that the service rate is state-dependent, a 
well-known nemesis of queueing analyses. A trivial example of the diffi
culty: In a conservative polling system (with exhaustive service and 
infinite buffers, as we allow), the computation of the mean cycle time, 
the expected time between returns of the server to begin serving a 
given position, is immediate In our system however, determining this 
duration is a major effort. In fact, the part of the analysis that I plan 
to present, concerns only this variable. 



12 

Kaspi I 

STATIONARY REGENERATIVE SYSTEMS 
ON THE REAL LINE 

Haya Kaspi Faculty of Industrial Engineering and Management 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

Toe theory of regenerative systems on the real line unifies the notions 
of strong Markov processes indexed by R, recurrent events, regenerative 
processes, semi Markov processes etc. A regenerative system, as it will 
be defined in this talk, consists of a closed random set M c R and 
a right continuous process (X,) such that 

((M-n n (O,oo),(Xr+s)s ... o) and (M n (-oo,T],(Xs1r)s R 

are conditionally independent given X r, for all stopping times T falling 
in M. In the classical case of semi-regenerative processes, as treated, 
for example, by Cinlar (1975) M = {Tn : n;;a.O} is the regeneration 
set. In our situation M needs not be discrete and hence the renewal 
counting process is meaningless. Nevertheless, under some mild regular
ity assumptions we can define a local time at M and exit laws that 
govern the excursions from M. 

We establish a correspondence between stationary regenerative systems 
and invariant distributions for the Markov process (XT) where -r, is the 
inverse of the local time at M. In particular we extend the notion of 
stationarity and the formulae for the stationary distribution of the 
backward and forward recurrence times, which appear in the context of 
classical renewal theory. 

In the special case where the underlying process (X,) is Markovian 
and M is the set of times that X visits a state (or a set), this 
theory provides a formula for the invariant distribution of X,. Appli
cations of this formula to the theory of Markovian storage systems will 
be discussed in my second talk. 

REFERENCES 

Cinlar, E., Introduction to Stochastic Processes. Prentice Hall, 1975. 
Kaspi. H. and Maisonneuve, B., Stationary regenerative systems. In 
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Semi Markov Models. Theory and Applications, Plenum, 1986, pp. 13-22. 
Kaspi, H. and Maisonneuve, B., Regenerative systems on the real line. 
Ann. of Prob., 16, 1988, pp. 1306-1332. 

APPLICATIONS OF REGENERATIVE SYSTEMS TO 
MARKOVIAN STORAGE SYSTEMS 

Kaspi 2 

Haya Kaspi Faculty of Industrial Engineering and Management 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

In this talk we shall treat a general class of Markovian storage 
processes. The objective is to use the theory of regeneration for 
extending the results of Rubinovitch and Cohen (1980) on the connec
tion between level crossing and the stationary distribution of the con
tent process. 

In the classical theory of dam processes the content is defined in 
terms of an input, which is usually a process with stationary indepen
dent increments and an output, which is assumed continuous and at a 
rate that may be state dependent. The resulting content process is 
then a Markov process. Here, we allow downwards jumps and make 
the rate of the jump appearance and the jump sizes state dependent. 

We show that if the empty state is reached a.s. then there is a 
unique stationary distribution. It has a density for x ~O which is equal 
to the long term average of the number of continuous downcrossing.5 of 
level x devided by the continuous output rate r(x). The set of times 
when the system is empty is normally a perfect set but it may have 0 
Lebesgue measure. The tool for obtaining the above relation is a 
representation of the invariant distribution of the content process via 
the theory of regenerative systems and an ergodic theorem. 

If time permits we shall apply the results to a specific example of 
a Markovian storage system with state dependent input and output. 
The system considered was constructed as a dual, of sorts, of a non 



14 

Markovian storage/production system, in such a way that the stationary 
distributions of the two systems are identical. Their density is 
obtained, as above, using level crossing analysis. 

REFERENCF.S 

Kaspi, H. and Perry, D., On the duality between a non Markovian 
storage/production process and a Markovian dam process with state 
dependent input and output. To appear J.Appl. Prob., 1988. 
Kaspi, H. and Rubinovitch, M., Regenerative systems and their applica
tions to Markov storage systems. Queueing Theory and its Applications, 
Liber Amicorum for J.W.Cohen. O.J. Boxma and R. Syski (eds.), 
North-Holland, 1988, pp. 413-427. 
Rubinovitch, M. and Cohen, J.W., Level crossing and the stationary 
distribution for general dams. J.Appl.Prob., 17, 1980, pp. 218-226. 
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Passy I 

SYMMETRIC, REFLEXIVE DUALI1Y FOR 
PROJECTIVELY-CONVEX SETS AND PRODUCTION THEORY 

Ury Passy F acuity of Industrial Engineering and Management 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

Hackman and Passy (1988) introduced a generalization of convexity 
called Projective-convexity (or P-convexity). P-convexity is defined via a 
generalized path-property. It also posses a separation property: a point 
not in a well-bf"haved P-convex set can be separated from the set by a 
quadrant, which is the intersection of two closed halfspaces generated 
by orthogonal hyperplanes. 

In this talk, we establish conditions under which P-convex sets pos
sess a symmetric, reflexive duality. By symmetry we mean that a set 
is P-convex if and only if its dual (the set of its separators) is also 
P-convex. By reflexivity we mean that the bi-dual ( the dual of the 
dual) of a P-convex set is P-convex, and embeds the original set. In 
addition, we provide conditions under which a set which possesses the 
"separation by quadrant" property is actually P-convex. Our results 
are necessary to generalize the existing duality of consumer/producer 
theory to the non-convex environment. 
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Passy 2 

MA TRIX CRITERIA FOR 
PSEUDO P-CONVEX QUAD RA TIC FORMS 

Ury Passy Faculty of Industrial Engineering and Management 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

The general question of when the restnction of a quadratic form on 
Rk to the null space of a s by k matrix is positive semidefinite has 
been extensively investigated in O.R. literature. It is shown that this 
question is associated with characterization of generalized convex qua
dratic functions. Except for the family of quasiconvex quadratics, no 
characterization exists. In the present talk, we characterize pseudo P
convex quadratics. 
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Rubinovitch 

A MODEL FOR MIXING 
BASED ON POISSON RANDOM MEASURES 

Michael Rubinovitch Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

One of the most common elements in many chemical engineering 
processes is a vessel, or flow region, in which some "mixing process" 
takes place. This element is usually called a stirred tank and is a 
building block in modelling complex flow processes of chemical 
engineering. 

In stirred tanks there are usually two related concepts of interest. 
One is the sojourn time of particles in the tank and the other is the 
spatial distribution of particles and the changes it undergoes with time. 
Both concepts are clearly probabilistic. Indeed a large body of literature 
has been devoted to the former and most of it centers on the distribu
tion of the time that particles spend in stirred tanks, or in systems of 
interconnected stirred tanks. The connection between concentration and 
residence time has also been thoroughly investigated. Most of this work 
was based on the qualitative definitions of mixing that were given in 
the historical papers of Danckwerts (e.g. 1953a, 1953b). 

On the other hand, as of today, there is no exact and agreed upon 
model for the second concept, the spatial distribution of particles in 
stirred tanks. In the present study we propose a model, based on Pois
son random measures in three dimensional spaces, for the spatial distri
bution of particles in mixed flow regions. We investigate the elementary 
properties of this model, and its consistency with what is known today 
about stirred tanks. We show that this model agrees perfectly well with 
existing results on residence time distributions, on age distributions and 
on concentrations at different points in a stirred tank and in general 
flow systems. 

REFERENCF.s 

Danckwerts, P.V., 
pp. 355-361. 
Danckwerts P.V., 
tics of Mixtures. 

Theory of Mixtures and Mixing. Research 6, 1953a, 

The Definition and Measurement of Some Characteris
App/. Sci. Res. A3, 1953b, pp. 279-296. 



18 

Yadin 

TIIE HUNTER PROBLEM AND OTHER APPLICATIONS 
OF THE THEORY OF COVERAGE 

Micha Yadin Faculty of Industrial Engineering and Management 
Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

A hunter tries to shoot a rabbit who is running at some distance in a 
wood. The rabbit's path is only partially seen by the hunter, because 
of randomly scattered trees. The number of shots depends on the 
length of the visible portion of the path, and every shot hits the target 
with a given probability. What is the rabbit's probability of survival? 
What are his chances if there are several hunters after him? 

The problem is treated by a two dimensional model, where trees are 
represented by randomly distributed disks with randomly varying diame
ters. More specifically, we represent each tree by a point in a three 
dimensional point process, the coordinates of which defines the location 
of the center of the disk and its diameter. 

Using the random field model, we developed an algorithm for the 
computation of moments of the total length of time in which the rab
bit is visible to the hunter. The algorithm is based on coverage 
theory due to Robbins (1945 and 1946). Moments are applied to the 
approximation of the distribution of this time as well as the survival 
probability of the rabbit 

A general survey of the methodology that was applied to the solu
tion of this and similar problems, including an extension to three 
dimensions and to several hunters will be presented in the first lecture. 

The distribution of the shadowed road segments covered by the run
ning was studied by Chernoff and Daly (1957). They outlined the simi
larity between these segments and busy periods in certain queuing 
models. They constracted the differential equations for the conditional 
probabilities and outlined their solution by transformation. 

The distribution of the total length of time in which the rabbit is 
visible to the hunter, as well as the distributions of the periods in 
which the rabbit is unseen can be approximated by discretization. An 
algorithm used for this approximation will be described in details in 
the second lecture. 
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Yechiali I 

TIME-DEPENDENT STOPPING PROBLEMS 
WITH APPLICATION TO LIVE ORGAN (E.G. KIDNEY) TRANSPLANTS. 

Uri Yechiali Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

A candidate is waitmg for "offers" (e.g. kidneys for transplants) that 
become available from time to time. The values of the offers consti
tute a sequence of ii.d. positive random variables. When an offer 
arrives, a decision is made whether to accept it or not. If it is 
accepted, the process terminates. Otherwise, the offer is lost and the 
process continues until the next arrival, or until a moment where it 
terminates by itself. Self-termination depends on an underlying lifetime 
distribution (which in applications corresponds to that of the candidate 
for transplant). 

When the underlying process has an Increasing Failure Rate, and 
the arrivals form a renewal process, we show that the control-limit type 
policy that maximizes the expected reward is a non-increasing function 
of time. For non-homogeneous Poisson arrivals we derive a first-order 
differential equation for the control-limit function. The equation is 
explicitly solved for the case of discrete-valued offers, homogeneous 
Poisson arrivals and Gamma distributed lifetime. The solution is used 
to analyu a detailed numerical example based on actual kidney
transplant data. 



STOCHASTIC SEQUENTIAL ASSIGNMENT 
BASED ON DISCRETE-MATCH LEVELS 
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Yechiali 2 

Uri Y echiali Technion - Israel Institute of Technology 
Haifa 32000 
Israel 

M Hoffers" (e.g., kidneys for transplants) arrive in a random stream 
and are to be sequentially assigned to N waiting candidates. Each 
candidate, as well as each arrival, is characterized by a random attri
bute drawn from a discrete-valued probability distribution function. An 
assignment of :m offer to a candidate yields a reward r(0) if they 
match, and a reward r(l) ,,;;;; r(0) if not. We derive optimal sequen
tial assigment policies which maximize the expected total reward for 
various cases of M versus N and various decay assumptions on the 
underlying life time distribution of the process. We give intuitive 
explanations for these optimal strategies and indicate applications. 
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