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a b s t r a c t
Recent years have seen a growing interest in using data-driven (machine-learning) techniques for the
construction of cheap surrogate models of turbulent subgrid scale stresses. These stresses display complex
spatio-temporal structures, and constitute a diﬃcult surrogate target. In this paper we propose a datapreprocessing step, in which we derive alternative subgrid scale models which are virtually exact for
a user-speciﬁed set of spatially integrated quantities of interest. The unclosed component of these new
subgrid scale models is of the same size as this set of integrated quantities of interest. As a result, the
corresponding training data is massively reduced in size, decreasing the complexity of the subsequent
surrogate construction.

1. Introduction
Most numerical simulations of turbulent ﬂow only capture a
limited portion of all spatial and temporal scales present in the
problem, which introduces the need for parameterizations. The effect of the unresolved ﬂow scales enters the resolved-scale equations as an unclosed forcing term, often denoted as the subgrid
scale term or the eddy forcing (in a oceanographic context), which
is highly complex, dynamic, and shows intricate spatio-temporal
correlations. Traditionally, the eddy forcing is approximated by deterministic parameterizations. In the context of geophysical ﬂows,
parameterizations are for instance based on the work of GentMcWilliams [1], or through the inclusion of a tunable (hyper) viscosity term meant to damp the smallest resolved scales of the
model [2].
Other sophisticated deterministic parameterizations have also
been developed. For instance the authors of [3] use a maximum
entropy approach to derive a probability density function for the
unresolved scales of a two-dimensional turbulent ﬂow problem,
where the time average of the unresolved energy and enstrophy
derivatives are constrained to zero. In [4], the transfer of energy
and enstrophy in spectral space is analysed for a number of parameterizations, and compared to a high-ﬁdelity reference solution of a
two-dimensional turbulent ﬂow case. A deterministic ‘energy ﬁxer’
scheme is proposed, based on adding a weighted vorticity pattern
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to the computed vorticity ﬁeld. In [5], the governing equations for
two-dimensional turbulence are modiﬁed with a so-called ‘thermostat’, to drive the energy at the high wave numbers towards an
observed statistical average.
Stochastic, data-driven methods for constructing a surrogate for
the eddy forcing have risen in popularity over the years. Early contributions to this topic in the context of ocean modelling includes
the work of [6], where the eddy-forcing is replaced by a spacetime correlated random-forcing process. Furthermore, in [7] a conditional data resampling scheme is proposed to replace the unresolved scales of an ocean model. Other notable examples include the work of [8–10]. Probability density functions (pdfs) of
the eddy forcing were constructed using a reference solution, conditioned on a suitable, resolved-scale variable which showed highcorrelation with respect to the reference eddy forcing. More recently, approaches involving machine-learning have also found application to (two-dimensional) turbulence. In the work of [11], the
eddy-forcing is parameterized via a feed-forward neural net, and in
[12,13], neural networks are applied to predict the complete state
of a general circulation model. Finally, the authors of [14] use a
convolutional neural net to predict the subgrid scale stresses of a
quasi-geostrophic ocean model.
Before any such method can be used, a suﬃciently large set of
reference data needs to be available. Common practice is to simply
i) collect a database of snapshots of either the eddy forcing or the
state of the reference model, and ii), proceed with the construction of some chosen surrogate method. The novelty of this paper
is its position in between these two steps. We propose to precede
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the surrogate construction by an additional procedure that replaces
the eddy forcing with a new subgrid scale term which: i) is tailormade to capture several spatially-integrated statistics of interest, ii)
strikes a balance between physical insight and data-driven modelling, and iii) signiﬁcantly reduces the amount of training data
that is needed. Due to the latter point, we denote these new source
terms as ‘reduced’ subgrid scale terms. Instead of creating a surrogate for an evolving ﬁeld, we now only require a surrogate model
for one scalar time series per statistical quantity-of-interest. Hence
we no longer require a surrogate with the ability to capture the
complex spatial correlation structure of the eddy forcing.
This paper is organised as follows. In chapter 2, we discuss
the 2D turbulent ﬂow problem we consider, and the discretisation method that is employed. The subsequent section outlines the
derivation of the reduced subgrid scale terms. Section 4 shows the
results of these new terms, as measured in their ability of capturing different sets of hand-selected quantities of interest. Finally, we
conclude in Section 5.
2. Governing equations
We study the same model as in [3,15], i.e. the forced-dissipative
vorticity equations for two-dimensional incompressible ﬂow. The
governing equations read

∂ω
+ J ( , ω ) = ν∇ 2 ω + μ(F − ω ),
∂t
∇ 2  = ω.

∂  ∂ω ∂  ∂ω
−
.
∂x ∂y
∂y ∂x

(2)

2.1. Discretization
We solve (1) by means of a spectral method, where we apply a
truncated Fourier expansion:

ω (x, y, t ) ≈ ω˜ (x, y, t ) =

ωˆ k (t )ei(k1 x+k2 y) ,

k

˜ x, y, t ) =
(x, y, t ) ≈ (


k

ˆ k (t )ei(k1 x+k2 y ) .


1
1 1 1
24 · 602  K 2 5

μ=

and

1
1 1
,
24 · 602  90

(4)

[3]. Like the 2/3 rule, the use of a (hyper) viscosity term is a solution for removing high-wavenumber contributions from the solution [18]. Typically the viscosity is tuned in order to remove a build
up of energy near the smallest scales, i.e. so-called spectral blocking. Another option is high-order Fourier smoothing, which keeps a
portion of the Fourier modes beyond the cutoff from the 2/3 rule,
see e.g. [19,20].
To advance the solution in time we use the second-order accurate AB/BDI2 scheme, which results in the following discrete system of equations [17]

3ω
ˆ kn+1 − 4ω
ˆ kn + ω
ˆ kn−1





+ 2Jˆkn − Jˆkn−1 = − ν k2 ω
ˆ kn+1 + μ Fˆk − ω
ˆ kn+1 ,
ˆ n+1 − ω
− k2 
ˆ kn+1 = 0.
k

(1)

It is this term that leads to the need for a closure model when
(1) is discretized on a relatively coarse grid which lacks the resolution to capture all turbulent eddies.



ν=

2t

Here, ω is the vertical component of the vorticity, deﬁned from the
curl of the velocity ﬁeld V as ω := e3 · ∇ × V, where e3 := (0, 0,
1)T . The stream function  relates to the horizontal velocity components by the well-known relations u = −∂  /∂ y and v = ∂  /∂ x.
As in [3], the forcing term is chosen as the single Fourier mode
F = 23/2 cos(5x ) cos(5y ). The system is fully periodic in x and y directions over a period of 2π L, where L is a user-speciﬁed length
scale, chosen as the earth’s radius (L = 6.371 × 106 [m]). The inverse
of the earth’s angular velocity −1 is chosen as a time scale, where
 = 7.292 × 10−5 [s−1 ]. This choice of −1 allows us to express a
simulation time period of a single ‘day’ as 24 × 602 ×  ≈ 2π
non-dimensional time units, which allows for an intuitive speciﬁcation of the decay time of the diffusion and forcing term through
the values of ν and μ. Since, once we are given these scaling factors, (1) is non-dimensionalized, and solved using values of ν and
μ chosen such that a Fourier mode at the smallest retained spatial scale is exponentially damped with an e-folding time scale of
5 and 90 days respectively, see (4). For more details on the numerical setup we refer to [3]. Furthermore, our Python source code for
(1) can be downloaded from [16].
Finally, the key term in (1) is the Jacobian, i.e. the nonlinear
advection term deﬁned as

J ( , ω ) :=

The sum is taken over the components k1 and k2 of the wave number vector k := (k1 , k2 )T , and −K  ≤ k j ≤ K  , j = 1, 2. These decompositions are inserted in (1), and solved for the Fourier coeﬃcients
ωˆ k , ˆ k by means of the real Fast Fourier Transform. To avoid the
aliasing problem in the nonlinear term (2), we use the well-known
2/3 rule, such that in practice the maximum resolved wave number is K, where K ≤ 2K /3 [17].1 Remember that ν and μ are chosen such that a Fourier mode at the ﬁnest retained scale is damped
with an e-folding time scale of 5 and 90 days. This leads to the following expressions for ν and μ, where the former is a function of
K:

(5)

Here, t is the time step and Jˆkn is the Fourier coeﬃcient of
the Jacobian at time level n, computed with the pseudo spectral
technique, and k2 := k21 + k22 .
2.2. Multiscale decomposition
As in [3], we apply a spectral ﬁlter in order to decompose the
full reference solution into a resolved (R) and an unresolved component (U), i.e. we use

ωˆ kR = Tˆ R ωˆ k ,

ωˆ kU = Tˆ U ωˆ k ,

(6)

where the projection operators Tˆ R and Tˆ U are depicted in Fig. 1.
Note that the full projection operator Tˆ := Tˆ R + Tˆ U also removes
wave numbers due to the 2/3 rule.
Applying the resolved projection operator to the governing
Eq. (1) results in the following resolved-scale transport equation



∂ωR
+ T R J ( , ω ) = ν∇ 2 ωR + μ F R − ωR .
∂t

(7)

Here, T R is the ﬁlter in physical space corresponding to Tˆ R . In
practice we only use Tˆ R since we solve the equations in spectral
space, see (5). As mentioned, the key term is the Jacobian
(2), since

due to its non linearity, T R J ( , ω ) = T R J  R , ωR . We therefore
write





T R r := T R J ( , ω ) − J  R ,

ωR



(8)

such that T R r is the exact subgrid-scale term, commonly referred
to as the ‘eddy forcing’ [6]. We use the notation r̄ := T R r for the
sake of brevity. The resolved-scale Eq. (7) can now be written as





∂ωR
+ T R J  R , ωR = ν∇ 2 ωR + μ F R − ωR − r̄.
∂t

(9)

A snapshot of the resolved vorticity ωR and corresponding resolved eddy forcing r̄ is depicted in Fig. 2. Notice the abundence of
small-scale structures in the eddy forcing compared to the vorticity ﬁeld.

(3)
1

We use N × N grids, with an even N = 2 p (e.g. p = 7), such that N = 2K  [17].
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Fig. 1. Example of spectral ﬁlters (black=1, white=0) for the full, resolved and unresolved solutions. Due to the fact that we use the real FFT algorithm, only part of the
spectrum is computed, as Fourier coeﬃcients with opposite values of k are complex conjugates in order to enforce real ω and  ﬁelds [17].

Fig. 2. A snapshot of the exact, reference vorticity ﬁeld ωR and the corresponding eddy forcing.

2.3. Prediction of statistical QoIs
Our goal is to integrate (9) in time, such that we can compute the long-term climate statistics of a set of chosen Quantities
of Interest (QoIs): Q = {Q1 (t ), . . . , Qd (t )}. Consider a general timedependent quantity of interest Qi (t), normalised by the area of the
ﬂow domain, as

Qi (t ) =

 1 
2
2π

2π

2π

0

0

qi (ωR , ψ R ; x, y, t ) dxdy,

i = 1, . . . , d.

From now on, we will assume that every full-ﬁeld quantity (i.e.
a quantity dependent upon x and y), is resolved, unless otherwise
speciﬁed, and we drop the superscript R. Several interesting physical quantities are governed by (11), depending on the choice of qi .
For instance, setting qi = V · V/2, where V is the vector containing
the velocity components in x and y direction, yields the governing
equation of the energy Qi = E. In our particular case, this can be
rewritten as E := −(ψ , ω )/2 (see Appendix A). The ODE for E then
follows from (11) as

(10)

ωR

where qi is some function of the primitive variables
and ψ R .
Then, Qi is governed by the following ordinary differential equation
(ODE):

 1  2π
2
2π
0
∂ qi ∂ωR
=
,
∂ωR ∂ t

dQi
=
dt

2π

∂ qi ∂ωR
∂ qi ∂ψ R
+
dxdy
R
∂ω ∂ t
∂ψ R ∂ t
0
∂ qi ∂ψ R
+
,
, i = 1, . . . , d.
∂ψ R ∂ t

(11)

1
dE
=−
dt
2

ψ,

1
∂ω
∂ψ
−
ω,
∂t
2
∂t

−

1
2

∇ 2ψ ,

=−

1
2

ψ,

∂ψ
∂t

=−

1
2

ψ,

=−

1
2

ψ,

∂ω
∂t

1
∂ω
∂ψ
−
ψ, ∇2
∂t
2
∂t

1
∂ω
∂
∂ω
−
ψ , ∇ 2ψ = − ψ ,
∂t
2
∂t
∂t

(13)

Here, we employ the short-hand

(α , β ) =

 1 
2
2π

2π
0

2π
0

αβ dxdy.

(12)

In the third equality, we
 made use of the self-adjoint nature of
the Laplace operator, i.e. ∇ 2 α , β = α , ∇ 2 β .

4

W. Edeling and D. Crommelin / Computers and Fluids 201 (2020) 104470

Alternatively, when qi = ωn /n, for n = 1, 2, 3, . . . , the governing
equations for Qi follow directly from (11) as

dQi
=
dt

ωn−1 ,

∂ω
.
∂t

(14)

The most well-known QoI of this class is the enstrophy, deﬁned
as Z := (ω, ω)/2.
3. Deriving QoI-tailored subgrid scale models
Ultimately, our goal is to construct a surrogate for r̄, using a
database of reference snapshots in time. One possible approach is
to then attempt to directly construct a surrogate for the full-ﬁeld
eddy forcing [11,21]. We will take a different approach. Instead of
directly creating a (complex) full-ﬁeld surrogate we will ﬁrst perform a data-preprocessing step designed to simplify the surrogate
construction. Note that our QoI Qi are spatially integrated quantities. This implies that we can replace the exact eddy forcing with
a simpler alternative that:
1. Yields vorticity ﬁelds which ‘track’ the reference values of the
re f
QoIs, i.e. where Qi (t ) − Qi (t ) is small for all t within the trainre f

ing period. Here, Qi is the reference value of Qi , e.g. computed
from (5) using the full projection operator displayed in Fig. 1.
2. Has an unclosed component which is of the same dimension as
the QoI we attempt to approximate.
The second point implies that, instead of creating a surrogate
for an evolving ﬁeld, we now only need to train a surrogate model
on one scalar time series per Qi . For this reason we apply the adjective reduced to these new source terms, and to all quantities
that derive from them, i.e. the reduced training data and reduced
surrogates.
Initial results along these lines can be found in [15]. These results were speciﬁc to the energy E and enstrophy Z, and employed
ad-hoc parameterizations in the reduced subgrid scale term. Here
we develop a generalised, less ad-hoc method to compute reduced
subgrid scale terms for any QoI set Q = {Q1 , . . . , Qd } that follows
(11). We begin with the following expansion for the reduced eddy
forcing term

r=

d


(15)

i=1

Note that we denote the reduded eddy forcing by r, whereas
the exact eddy forcing is r̄. The τ i are the unclosed time series we
wish to extract from the training data, and the PiR are resolved,
full-ﬁeld ‘patterns’. For reasons explained shortly, we propose a
separate expansion for the Pi :
d


ci, j (t )Ti, j (x, y; t ),





Vi , Pj = 0 if i = j.

i ∈ {1, . . . , d }

(16)

j=2

where the Tij are user-speciﬁed resolved quantities, e.g. ω or ψ .
The time-dependent coeﬃcients ci,j are also resolved, and computed by imposing certain orthogonality conditions.
For illustrative purposes, let us assume we have 3 QoI, i.e. d = 3.
In this case there are 6 unknown ci,j in (16). Also note that each
right-hand side of the 3 Qi ODEs (11) contains an inner product involving ∂ ω/∂ t. We can insert the vorticity equations (9) here, such
that (amongst others), a (∂ qi /∂ ω, r̄ ) term appears in each ODE. Let
us now introduce the short-hand notation Vi := ∂ qi /∂ ω, such that
(Vi , r̄ ) is the subgrid scale term in the transport equations of our
QoI. Thus, since we replace r̄ by r (given by (15)), and that we aim
re f
to track Qi via r, the only terms by which we can do so directly
have the following form

(Vi , r ) = τ1 (Vi , P1 ) + τ2 (Vi , P2 ) + τ3 (Vi , P3 ),

i ∈ {1, 2, 3}.

(17)

(18)

In the case of 3 QoI, (18) gives us 6 linear equations, closing the
system for the 6 unknown ci,j of (16). When we group these equations by Pi , and insert (16), we get 3 linear systems:



V j1 , Ti,2





V j1 , Ti,3



V j2 , Ti,2

V j2 , Ti,3

ci,2
=
ci,3



V j1 , Ti,1

 , i ∈ {1, 2, 3}. (19)
V j2 , Ti,1

Here, the index set {j1 , j2 } is deﬁned as {j1 , j2 } := {1, , d}\{i},
e.g. as {1, 3} for i = 2 and d = 3. If we are tracking two QoI, (19) reduces to 2 uncoupled algebraic equations that can be solved for ci,2
as



V j , Ti,1
 , i ∈ {1, 2},
ci,2 = 

j = {1, 2}\{i}.

V j , Ti,2

(20)

Finally, the general case for tracking d QoI leads to d linear systems Ai ci = bi , where

⎡



V j1 , Ti,2
⎢
..
Ai = ⎣
 . 
V jd−1 , Ti,2

⎡

ci = ⎣

ci,2
..
.

⎤



ci,d−1
i ∈ {1, . . . , d },



V j1 , Ti,3
..
.


V jd−1 , Ti,3

⎦ ∈ Rd−1 ,

...
...

⎡



⎤

V j1 , Ti,d
⎥
..
⎦ ∈ Rd−1×d−1 ,
.


V jd−1 , Ti,d

⎤

V j1 , Ti,1
⎢
⎥
..
and bi = ⎣
⎦ ∈ Rd−1
 . 
V jd−1 , Ti,1

j ∈ {1, . . . , d}\{i}.

(21)

We reiterate that these linear systems involve only resolved
quantities, and can therefore also be solved at any time in a predictive setting where we do not have access to training data. With
(18) now satisﬁed, the Qi subgrid scale term (17) now consist of
just 1 term

(Vi , r ) = τi (Vi , Pi ),

τi (t )Pi (x, y, t ).

Pi = Ti,1 (x, y; t ) −

This gives a total of 9 different τ k (Vi , Pk ) terms. As it stands
now, all three τ k inﬂuence each QoI Qi through the above (Vi , r)
source term. However, for controlling Qi , we would prefer to train
τ 1 solely for tracking the reference value of Q1 , τ 2 solely for Q2 ,
and so on. By examining (17), we see that this can be achieved by
imposing the following orthogonality conditions:

i ∈ {1, . . . , d }.

(22)

The physical insight we gained is that for Qi , our eddy-forcing
parameterization (15) results in a Qi source term containing (Vi ,
Pi ), which can act to either dissipate or produce Qi at any given
time. Therefore, in light of our goal to track the reference value
re f
Qi
during the training phase, the task of τ i must be to switch
on dissipation or production conditional on the value of Qi :=
re f
T R Qi − Qi . Hence, the value of τ i should depend on Qi .
In [15], we used ad-hoc parameterizations of the form
τ i ∝tanh (Qi /Qi ) × sign((Vi , Pi )), which ensured that τ i has the
correct sign, given a value for Qi . Finding the proportionality constant requires tuning, although for Q = {E, Z } the simple choice of
1 produces good results. However, this is unlikely to generalise to
arbitrary sets Q, which we conﬁrmed with numerical experiments
which included (ω2 , ω)/3 in Q. Here we opt for a different parameterization which drops the ad-hoc functional tanh assumption. To
ﬁnd the value of τ i directly, we equate (22) to a simple linear relaxation term,

τi (Vi , Pi ) = Qi , i ∈ {1, . . . , d}.

(23)

Thus, if we set τi = Qi /(Vi , Pi ), we obtain a training data set
re f
for the τ i which relaxes Qi towards Qi , if (Vi , Pi ) = 0. In the next
section we will show for a number of cases that we obtain a τ i
training data set with a (near) perfect accuracy for our QoI, that is
reduced in size by a factor N2 /d compared to the full-ﬁeld eddyforcing data from (8). Note that N is the spatial discretization of
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the resolved model in one dimension (typical values are 26 , 27 or
higher). Hence, we obtain a reduction in the number of degrees of
freedom of several orders of magnitude, and it is therefore not a
trivial matter that we retain accuracy of our QoIs.

The expressions for τ 1 and τ 2 are found via (23), which amounts
to examining the source term in the E and Z equations produced
by (27). In this particular case we ﬁnd

τ1 (− , P1 ) = 2τ1 S −

E2
Z

= E,

τ2 (ω, P2 ) = 2τ2 Z −

E2
S

= Z,

4. Results
We now showcase our method on a number of examples. The
main results can be reproduced by downloading the Python script
from [22].
4.1. Numerical setup
As a reference solution, we will solve (5) on a 256 × 256
computational grid. This grid corresponds to Fourier modes with
K  = 128 (see (3)), which is reduced to a maximum resolved wave
number K of 85 after applying the 2/3 rule [17]. In this case ν =
4.394 · 10−6 and μ = 1.764 · 10−3 , see (4). For a resolved model,
we use a projection operator Tˆ R with a maximum resolved wave
number of 21 (which corresponds to the accuracy of a 64 × 64
spatial discretization). We could keep ν as stated above for the resolved model, although for this value of ν , spectral power tends
to accumulate at the cutoff wave number, which results in noisy
vorticity ﬁelds. It is common practice to add an ‘eddy-viscosity’
model to introduce additional damping [3]. Note that in a geophysical context (to which this work belongs), an ‘eddy viscosity’
model amounts to an increased value of ν , and should not be confused with the more eloborate eddy-viscosity models as found in
the Reynolds-Averaged Navier-Stokes simulation paradigm. In our
case this model is introduced by setting K = 21 in (4), in order to
obtain an increased value for the viscosity, i.e. ν = 7.198 · 10−5 . Unless otherwise stated, we will use this value for the viscosity.
As an initial condition we use

ω (x, y, 0 ) = sin(4x ) sin(4y ) + 0.4 cos(3x ) cos(3y )
+ 0.3 cos(5x ) cos(5y ) + 0.02 sin(x ) + 0.02 cos(y ),
(24)
[4], from which we ﬁrst spin up the model for 250 days before
performing the analysis detailed below.
4.2. Tracking 2 QoI
We will ﬁrst demonstrate our approach by deriving a source
term r which tracks the reference energy E and enstrophy Z during training. The choice of the Qi dictates the choice of the Vi , due
to Vi := ∂ qi /∂ ω. Since the ODEs for E and Z are given by (13) and
(14) (with n = 2), we must set V1 = − and V2 = ω. On the other
hand, the basis functions Ti,j of the orthogonal patterns (16) are a
modelling choice. For simplicity, throughout the paper we will restrict the Ti,j to the same set of terms that make up the Vi . Starting
always with Ti,1 = Vi , we get the following two-term expansion for
the patterns Pi

P1 = − − c1,2 ω

and P2 = ω + c2,2  .

(25)

Through (20), we ﬁnd the values of the coeﬃcients cij .

c1,2 = −

(ω ,  ) E
=
(ω , ω ) Z

and c2,2 = −

( , ω ) E
= ,
( ,  ) S

(26)

where we have deﬁned S as the squared integrated stream function; S := ( ,  )/2. Thus, the total source term in the vorticity
equation is



r = −τ1  +



E
· ω + τ2
Z



ω+



E
· .
S

(27)

5

(28)

for the source terms in the E and Z equation respectively, which
are equated to E and Z. Here, E := T R E re f − E and Z :=
T R Z re f − Z are data extracted from the training database, where
e.g. T R Z re f is the reference enstrophy computed with the projected
reference vorticity T R ωre f . At any time tn during training, the values of τ 1 and τ 2 are found by

τ1,n =

1
E n
2 Sn − En2 /Zn

and

τ2,n =

1
Z n
.
2 Zn − En2 /Sn

(29)

Finally, after gathering all terms we get the following expression for the (full-ﬁeld) reduced eddy forcing at tn

rn = −

1
E n
2 Sn − En2 /Zn

+

1
Z n
2 Zn − En2 /Sn



n +



ωn +

En
· ωn
Zn
En
· n
Sn



(30)

The analysis above is mainly for illustrative purposes. During
simulation, we do not need to expand every term, and instead can
directly compute terms like (− , P1 ) using numerical quadrature,
see also Section 4.4.
Eq. (30) is a near-perfect substitute for the exact eddy forcing
r̄ (8) as far as the computation of E and Z is concerned, while the
dimension of the unclosed component is reduced from 642 in r̄,
down to 2 in r. To demonstrate this, we ran both the reference
and the low-resolution model with (30) for 10 simulated years to
gather E and Z data. The probability density functions (pdfs) for
these data are shown in Fig. 3, which display a virtual overlap for
the reference and low-resolution resolved model. The results of an
eddy viscosity model, which is clearly too diffusive, are also shown
for reference. Finally, the reduced training data, i.e. the E and Z
time series are shown in Fig. 4.
These results demonstrate that, as far as our QoIs are concerned, nothing is lost compared to the system forced by the exact
eddy forcing. Hence, we do not need to construct a (data-driven)
surrogate for the full-ﬁeld eddy forcing, which displays complex
spatial correlations. Instead, the two scalar time series (29) provide statistically equivalent training data, i.e. they yield the same E
and Z pdfs as the exact eddy forcing.
4.2.1. Energy and enstrophy spectra
Let us also examine the spectral breakdown of the energy and
enstrophy, i.e. the spectra in wavenumber space. To compute these
spectra, we map each wave number pair (k1 , k2 ) of the Fourier expansion (3) to a real number via the Euclidean distance, and add
all energy and enstrophy contributions that fall within the bins
given by

k−

1  2
1
≤ k1 + k22 < k + ,
2
2

√

k = 0, 1, . . . , ceil



2K .

(31)

[3]. Here, ceil( · ) is the ceiling function which rounds a real number to the nearest integer
√ above. Remember that K is the cutoff
wave number, and the 2 term in the maximum value of k is
a consequence of the square truncation in the 
spectral ﬁlter Tˆ ,
√
such that the maximum Euclidean distance is
K 2 + K 2 = 2K.
A further consequence of the square truncation is that between
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Fig. 3. The pdfs of the energy E (left), and the enstrophy Z (right) of both the reference (striped) and the low-resolution model (solid) with (30) for the eddy forcing. It is
important to note that training data was used in the computation of the unclosed terms of (30), we are not creating a surrogate model here. The results of an eddy viscosity
model are also included (dotted).

Fig. 4. The reduced training data.

√
k = K and k = ceil( 2K ), all spectra of the resolved model are inaccurate (i.e. too steep), due to the fact that, in this range of k,
Tˆ R simply does not contain all (k1 , k2 ) pairs that fall in the bins
[k − 1/2, k + 1/2], see Fig. 5. This inaccuracy also occurs if we use
the exact eddy forcing (8), since it too is subject to the same truncation.
The spectra, averaged over the same 10 year simulation period
from the preceding section, are
in Fig. 6. The two vertical

√ shown
lines denote the range k ∈ K, 2K , where indeed the spectra are
too steep compared to the reference. This is the case for both the
eddy viscosity model and the reduced model, which virtually overlap in the high wave number region. From Fig. 6 it thus becomes
clear that the reduced eddy forcing (30) modiﬁes the response in
the low wave numbers. Since we track QoI averaged over all (k1 ,
k2 ), there is no explicitly imposed requirement that the spectrum
of the reduced model will coincide with that of the reference for
every value of k. That said, if a certain subrange of k is of particular
interest, our approach can be easily modiﬁed in a scale-selective
manner to target speciﬁc wave numbers only.

4.2.2. Concentrating on a speciﬁc wave number range
Instead of V := {− , ω}, here we use V := {−T K  , √
T K ω},
where T K corresponds to the spectral ﬁlter Tˆ K = Tˆ K K, ceil( 2K )
shown
√ in Fig. 7, which has the value of 1 only for −K ≤ k ≤
ceil 2K . When we further deﬁne our target QoIs as Qi :=
re f

T K (Qi − Qi ), the effect of the reduced eddy forcing is concentrated in the indicated subrange of k. If we repeat the 10 year simulation, for the reference and the (concentrated) reduced model,
we obtain the results of Fig. 8. Note that in this case, the reduced
√
model yields more accurate spectra in the range K ≤ k ≤ ceil( 2K ).
It is in fact more accurate here than the result of the exact eddy
forcing (not shown) would be. As previously mentioned, the
√ exact eddy forcing also yields too steep spectra in K ≤ k ≤ ceil( 2K ),
due to the square truncation. For smaller k, where our eddy forcing
parameterization now does not act, we do observe some discrepancy with respect to the reference spectra. However, remember
from Section 4.1, that we increased the viscosity with respect to
the value of the reference setup, i.e. we included an eddy viscosity
term in the resolved equations. The spectra, when using the same
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Fig. 5. The shaded area is the nonzero top left part of the spectral ﬁlter Tˆ R , see
also Fig. 1. Superimposed on top are contours of k, which form concentric quarter
circles. Note that k =K
 is the last quarter circle completely encompassed by
√ = 21
the ﬁlter. For k = ceil 2K = 30, only a single wave number is captured by Tˆ R .
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Fig. 7. The light shaded area is the top left part of the spectral ﬁlter Tˆ K (21, 30 )
with value 1. Superimposed on top are contours of k, which form concentric quarter circles. The dark shared area indiates the region shared by Tˆ K and Tˆ R , which
corresponds to the (k1 , k2 ) vectors used by quantities such as T K ωR or T K ψ R .
Quantities involving the reference, i.e. T K Qire f , correspond to (k1 , k2 ) vectors that
live in the light shaded area.

ν as the reference model (no eddy viscosity model included), are
shown in Fig. 9. Here, we observe good overall agreement with the
reference for both the energy and the enstrophy spectrum. Only
near k = K do we observe a small amount of spectral blocking, i.e.
too much energy (and enstrophy) near the cutoff scale.
However, it should be noted that using such concentrated T K
do not lead to a near-perfect pdf for the Qi as before (not shown),
re f
due to the fact that we are only explicitly tracking T K Qi , instead
re f

of the full Qi . The results are still improved over the eddy viscosity model though. If we wish to obtain both a pdf and a spectrum
that matches the reference, we can employ two (partially overlapping) ﬁlters. For instance, we can use V1 = −T K (0, K )ψ , and
V2 = −T K (K − 5, K )ψ . The former ensures we track the overall energy, while the latter pushes the energy spectrum towards the reference just before the cutoff k = K. The pdf and spectrum of E ob-

tained in the manner are shown in Fig. 10, both of which show a
good match with the reference solution.
4.3. Tracking three QoI
Let us deﬁne Z2 := (ω2 , ω)/3 as our third QoI, such that Q := {E,
Z, Z2 }. In this case, we must set V := {− , ω, ω2 } respectively.
Again, we choose the Ti,j basis functions also from this set, beginning with Ti,1 = Vi . The remaining Ti,j (2 in this case), are chosen
such that all Ai matrices (see (21)) are symmetric. Moreover, they
will be positive-semideﬁnite, see Section 4.4. By examining (21),
note that if we set the remaining Ti,k as Ti,k = V jk−1 , we always get
a symmetric matrix. Once the Ti,j are set, there is nothing left to
parameterise, and all analysis follows automatically. The orthogo-

Fig. 6. Spectra of the energy and enstrophy for the reference (striped), model with eddy viscosity and reduced eddy forcing term (solid), and the baseline eddy viscosity
model without reduced eddy forcing (dotted).
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Fig. 8. Spectra of the energy and enstrophy for the reference (striped), model with eddy viscosity and reduced eddy forcing term with concentrated T K (21, 30 ) ﬁlter (solid),
and the baseline eddy viscosity model without reduced eddy forcing (dotted). Note that the spectra of the reduced model are accurate in the range of T K , i.e. k ∈ [21, 30].

Fig. 9. Spectra of the energy and enstrophy for the reference (striped), model with reduced eddy forcing term with a concentrated T K (21, 30 ) ﬁlter (no eddy viscosity
included) (solid), and the baseline eddy viscosity model (dotted). Note that the spectra of the reduced model are accurate in the range of T K , i.e. k ∈ [21, 30], but also for
lower k, with the exception of some spectral blocking just before k = K.

( ,  )
− ( , ω )

nal patterns Pi (16) become

P1 = T1,1 − c1,2 T1,2 − c1,3 T1,3 = V1 − c1,2V2 − c1,3V3
= − − c1,2 ω − c1,3 ω2
= ω + c2,2  − c2,3 ω 2
P3 = T3,1 − c3,2 T3,2 − c3,3 T3,3 = V3 − c3,2V1 − c3,3V2
(32)

After which the orthogonality condition (18) leads to

(ω, ω2)
ω, ω
( ,  ) 
−  , ω2



2
 ω2, ω 2 
ω ,ω


−  , ω2
 2 2
ω ,ω

−(ω,  )
c1,2
=
,
c1,3
− ω2 , 
− ( , ω )
c2,2
=  2  ,
c2,3
ω ,ω





−  , ω2
c3,2

= 
c3,3
ω, ω2

.

(33)

When we solve these three linear systems, we can compute the
terms −( , P1 ), (ω, P2 ) and (ω2 , P3 ), and ﬁnd the value of τ i from
the Qi data via (23). Written concisely, the reduced eddy forcing
now reads

P2 = T2,1 − c2,2 T2,2 − c2,3 T2,3 = V2 − c2,2V1 − c2,3V3

= ω 2 + c3,2  − c3,3 ω .

− ( , ω )
(ω , ω )

r=

E
Z
Z 2
 P3 ,
P1 +
P2 + 
(− , P1 )
(ω, P2 )
ω2 , P3

(34)

where Pi = Pi (x, y, t; ci, j ).
We once more repeat the test case from Section 4.2, i.e. a 10
year simulation in which both the full reference model and the
reduced model are run. The pdfs for all QoI are found in Fig. 11,
which again show a near-perfect overlap. Note that in this case the
eddy viscosity model does give an accurate prediction for the mean
of Z2 , although the variance is underestimated.
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Fig. 10. (Left): Spectrum of the energy for the reference (striped), model with reduced eddy forcing term with a full T K (0, 21 ) ﬁlter and a (partially overlapping) concentrated
T K (16, 21 ) ﬁlter (no eddy viscosity included) (solid), and the baseline eddy viscosity model (dotted). (Right): The corresponding pdfs of the energy.

Fig. 11. The pdfs of the energy E (left), the enstrophy Z (middle), and Z2 of both the reference (striped) and the low-resolution model (solid) with (30) as a model for the
eddy forcing. The results of an eddy viscosity model are also included (dotted).

4.4. Quadrature and computational cost
The main cost of our proposed method is the computation
of the various integrals that make up the linear system (21). As
stated, we express the Ti,j basis functions in terms of Vi , such that
our integrals have the form (Vi , Vj ) (see e.g. (33)). Then, given that:
i) the order of the integrands is not important (( , ω ) = (ω,  ));
and ii) repetition is allowed (e.g. (ω, ω)), we end up with combinations with repetition, such that the number of integrals nint that
needs to be calculated at every time step is given by

erence model, they differed only in the spectral space, see Fig. 1.
While this serves as a proof-of-concept, it is not very eﬃcient.
Let us therefore propose a more eﬃcient numerical scheme, the
source code of which can also be found at [22]. Besides executing
the resolved model on its own, coarser, spatial grid, we also introduce a more eﬃcient integration scheme. Using the Fourier expansions (see (3)) directly in the integral, we get



(α (x, y, t ), β (x, y, t )) ≈ α˜ (x, y, t ), β˜ (x, y, t )
=



 
∗ (t ) = α
∗ := α
k (t )β
T β
, β ,
α
k

(36)

k

nint =

n+k−1
k

=

d+1
.
2

(35)

The last equality follows since we have n = d basis functions to
choose from and k = 2 places in every ( · , · ) operator. Hence for
tracking 2 QoI we had to compute 3 integrals per time step, for
d = 3 this was increased to 6, etc.
The results in this paper were generated by running the reference and the resolved model simultaneously (using the same time
step), and manually calculating each integral using Simpson’s rule
of integration (see the software on [22]). Furthermore, for convenience, the same grid was used for both the resolved and the ref-

 is the vector of all Fourier coeﬃcients
see Appendix B. Here, α
 :=
k , and ( · )∗ denotes the complex conjugate. Now, let V
α


2 ×d
N
2


V1 , . . . , Vd ∈ R
be the matrix of all Fourier coeﬃcients corresponding to V = [V1 , . . . , Vd ]. Then, the integrals of the d linear
systems (21) (approximated using the dot products (36)), can all
computed at once via a single dot product:

⎡



1 , V
1
V
⎢
.
T
 V
=⎣ .
D := V
 . 
 ,V
1
V
d
2

...
..
.
...



⎤

1 , V

V
d
.. ⎥
⎦
 . 


Vd , Vd

i ∈ RN2 .
We are using FFT here, not real FFT, thus the V

(37)
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The matrices Ai and their right-hand sides bi from (21) are fully
determined from the entries Di,j of matrix D, i.e.

⎡

D j1 , j1
..
⎣
Ai =
.
D jd−1 , j1
i ∈ {1, . . . , d },

...
..
.
...,

⎤

D j1 , jd−1
..
⎦
.
D jd−1 , jd−1

⎡

and

j ∈ {1, . . . , d}\{i}.

⎤

Di, j1
.. ⎦
⎣
bi =
.
Di, jd−1

the linear relaxation model is insuﬃcient, or that QoI-speciﬁc relaxation time scales must be included.
Declaration of Competing Interest

(38)

Note that D and the Ai are Gramian matrices, and therefore are
positive-semideﬁnite [23].
Let us close with a simple experiment to estimate to computational cost of our method. We ﬁrst run both the resolved and
the reference model in parallel for a simulated time of 50 days.
This corresponds to a training run with a wall-clock time of Ttrain .
Next, we run only the resolved model, using stored data from the
training run to inform the τ i . The wall clock time Tsurr obtained in
this manner would correspond to a run with a surrogate for the
τ i , assuming that the surrogate itself introduces a negligible overhead compared to the cost of running the resolved model. We obtained a ratio Tsurr /Ttrain ≈ 0.19, roughly a speed up of a factor of 5.
Note that we kept the time step the same for both models, which
we could have reduced for the resolved model in order to get a
larger speed up. Furthermore, note that these results are also dependent upon the difference in the grid size of the reference and
resolved model. If we increase the reference grid from 256 × 256
to 512 × 512 or higher, this obviously impacts the speed up factor.
5. Conclusion
We have proposed a data-preprocessing step for the closure
problem in dynamic turbulent ﬂows, in which the exact subgrid
scale term is replaced by an alternative subgrid scale model which
retains accuracy for a set of hand-selected, time-dependent quantities of interest. The size of the unclosed component of the new
subgrid scale term is reduced from a full-ﬁeld term, down to a
component with the dimension equal to the number of quantities
we aim to approximate in the ﬁrst place. The idea is that this will
facilitate easier, more transparent surrogate construction.
We demonstrated our approach on the forced-dissipative, twodimensional vorticity equations, for a number of different quantities of interest, to showcase the generality of our approach. Our
alternative subgrid scale models can also be applied in a scaleselective manner, where for instance only the ﬁner scales near the
cutoff scale are modiﬁed. In ongoing work, we are constructing a
stochastic surrogate model using various neural nets, trained on reduced data. Somewhat similar to our approach, the recent work of
[24] employed a model with ﬁxed spatial modes and time-varying
coeﬃcients applied to a turbulent shear ﬂow problem. They compared neural nets with time-lagged features with long short-term
memory (LSTM) networks, regarding their ability to predict the
temporal evolution the coeﬃcients. The LSTM networks displayed
promising results for capturing the dynamical behavior of such
chaotic systems.
Another potential research direction is extending the approach
to three-dimensional problems. We do not expect large diﬃculties
here. The main difference would be that the quantities of interest must be integrated over three spatial dimensions instead of
two. We derived our framework for tracking spatially integrated
QoIs with integrands that can be expressed as some function of
the primitive variables (the stream function and vorticity in our
case). In three dimensions, the same QoI type would be used. The
accuracy depends upon the ability of our method to track these
QoIs, which depends in turn upon the chosen model for the unclosed τ i . In this paper we modelled them using linear relaxation
towards the reference, which worked well for all QoIs considered.
If in future applications accuracy problems arise, it is likely that
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Appendix A. Energy in terms of ψ and ω
The energy (density) is deﬁned as

E R :=



1 1
2 2π



2π

2

2π

0

VR · VR dxdy,

0

(A.1)

where VR is the vector containing the velocity
in x
 components

and y direction. It can be rewritten as E R = − ψ R , ωR /2 via

VR · VR = ∇ ψ R · ∇ ψ R = ∇ ·
=∇·






ψ R∇ ψ R − ψ R∇ 2ψ R


ψ R ∇ψ R − ψ R ωR

(A.2)

follows from the deﬁnition VR :=
 TheR ﬁrst Requality

−∂ ψ /∂ y, ∂ ψ /∂ x T , while the second stems from the product
rule of a scalar (ψ R ) and a vector (∇ψ R ):



∇ · ψ R ∇ψ R = ∇ ψ R · ∇ ψ R + ψ R ∇ 2 ψ R .

(A.3)

Finally, the last equality of (A.2) simply
follows from the gov
erning Eq. (1). The term ∇ · ψ R ∇ψ R disappears when integrated
over the spatial domain, after application of the divergence theorem in combination with the
 doubly periodic boundary conditions.
This leaves E R = − ψ R , ωR /2 [3].
Appendix B. Quadrature using the Fourier expansion
Consider two real, spatially and time-dependent quantities α (x,
y, t) and β (x, y, t), for which we aim to approximate

(α , β ) =

 1 
2
2π

2π

2π

0

0

αβ dxdy.

(B.1)

We then insert the Fourier expansions for α and β

  1 2

(α , β ) ≈ α˜ , β˜ =
2π
×



2π
0


q

k

×

2π
0

0



αˆ k ei(k1 x+k2 y)

k

βˆq ei(q1 x+q2 y) dxdy

q

=

2π

αˆ k βˆq

 1 
2
2π

2π
0

ei(k1 x+k2 y ) ei(q1 x+q2 y ) dxdy.

(B.2)
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Due to the orthogonality of the Fourier modes:
2π
0

2π
0


ei ( k1 x+k2 y ) ei ( q1 x+q2 y ) dxdy =

( 2π )2
0

k = −q
.
otherwise

(B.3)

Thus, (B.2) becomes

(α , β ) ≈



αˆ k βˆ−k .

(B.4)

k

Since α and β are real, βˆ−k = βˆk∗ must hold, where ( · )∗ denotes the complex conjugate [17]. Hence we ﬁnally obtain,

(α , β ) ≈



αˆ k βˆk∗ .

(B.5)

k

Discrete Fourier transforms of α and β are scaled by a factor
N −2 for two-dimensional quantities. Note that depending upon the
speciﬁc implementation, these scaling factors may appear in either
the FFT or the inverse FFT, or sometimes a scaling factor is applied
to both. In our case, we used the Numpy FFT implementation to
compute the Fourier coeﬃcients, and we had to scale the righthand side of (B.5) by N −4 .
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