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Abstract

We study quantum versions of the Shannon capacity of graphs and non-commutative graphs.
We introduce the asymptotic spectrum of graphs with respect to quantum homomorphisms
and entanglement-assisted homomorphisms, and we introduce the asymptotic spectrum of non-
commutative graphs with respect to entanglement-assisted homomorphisms. We apply Strassen’s
spectral theorem (J. Reine Angew. Math., 1988) and obtain dual characterizations of the cor-
responding Shannon capacities and asymptotic preorders in terms of their asymptotic spectra.
This work extends the study of the asymptotic spectrum of graphs initiated by Zuiddam (Combi-
natorica, 2019) to the quantum domain. We study the relations among the three new quantum
asymptotic spectra and the asymptotic spectrum of graphs. The bounds on the several Shannon
capacities that have appeared in the literature we fit into the corresponding quantum asymptotic
spectra. In particular, we prove that the (fractional) complex Haemers bound upper bounds the
quantum Shannon capacity, defined as the regularization of the quantum independence number
(Mancinska and Roberson, J. Combin. Theory Ser. B, 2016), which leads to a separation with the
Lovész theta function.

Keywords: quantum information theory, graphs, non-commutative graphs, entanglement,
duality

1 Introduction

This paper studies quantum variations of the Shannon capacity of graphs via the theory of asymptotic
spectra. The Shannon capacity of a graph G was introduced by Shannon in [Sha56] and is defined as

- n Xn) — i n Xn
O(G) :=sup {/a(G®") = nh_}nolo a(GHn),

n>1

where a(G) denotes the independence number of G and where G*" denotes the n-th strong graph
product power of G. (All concepts used in this introduction will be defined in Section 2.) The
definition of this graph parameter is motivated by the study of classical communication channels.
One associates to a classical channel the confusability graph with vertices being the input symbols of
the channel, and edges given by pairs of input symbols that may be mapped to the same output
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by the channel with a nonzero probability. The Shannon capacity then measures the amount of
information that can be transmitted over the channel without error, asymptotically.

Deciding whether o(G) > k is NP-complete [Kar72|, and Shannon capacity is not even known to
be a computable function. A natural approach to study the Shannon capacity is to construct graph
parameters that are upper bounds on Shannon capacity. Shannon himself introduced an upper bound
in [Sha56], which is known as the fractional packing number or Rosenfeld number. In the seminal
work of Lovasz [Lov79], the Lovdsz theta function ¢ was introduced to upper bound the Shannon
capacity. Remarkably, the theta function can be written as a semidefinite program that is efficiently
computable. Using the theta function, Lovasz proved that a(CE?)Y/2 = ©(Cs) = 9(C5) = V5,
where C), is the n-cycle graph. Lovész further conjectured that ©(G) = ¥(G) for every graph
G. This conjecture was shown to be false by Haemers. He introduced the Haemers bound HF
as an upper bound on the Shannon capacity, and showed that H'(G) < 9¥(G) when G is the
complement of the Schlifli graph [Hae79]. For the odd cycle graphs Coy1 with k > 3, it is still
open whether ©(Coy1) = ¥(Caox41). For example, the currently best lower bound on ©(C%) is
V/367 ~ 3.25787 [PS18], whereas 9(C7) ~ 3.31766.

Recently, a dual characterization of the Shannon capacity was found by Zuiddam in [Zuil9] via the
theory of asymptotic spectra. This theory was developed by Strassen in [Str88], see also the exposition
in [Zuil8, Chapter 1]. In the general theory we are given a commutative semiring S with addition +,
multiplication -, and a preorder < on S that satisfies the properties to be a “Strassen preorder”. For
a € S, the rank R(a) is defined as the minimum number n such that a < n, and the subrank Q(a)
is defined as the maximum number n such that n < a, where n € S stands for the sum of n times
the element 1 € S. The asymptotic rank of a is defined as the regularization lim,,,~ {/R(a™) and
the asymptotic subrank as the regularization lim,,_,o, {/Q(a™). The asymptotic spectrum of S with
respect < is the set of all <-monotone semiring homomorphisms S — R>(. Strassen proves that
the asymptotic rank of a equals the pointwise maximum and the asymptotic subrank equals the
pointwise minimum, over the asymptotic spectrum. Strassen also defines the asymptotic preorder
< on S by a < b if there exists a sequence (zy,)neny € N such that inf, quq,/ " =1 and such that for
all n € N holds a™ < x, - b™. He proves that a < b if and only if for every ¢ in the asymptotic
spectrum holds ¢(a) < ¢(b).

The theory of asymptotic spectra was originally motivated by the study of tensor rank and
asymptotic tensor rank [Str86, Str87, Str88, Str91], which are the keys to understand the arithmetic
complexity of matrix multiplication (see, e.g., [BCS97]). Here we let S be any family of isomorphism
classes of tensors that is closed under direct sum and tensor product, and which contains the
“diagonal tensors”. We let < be the restriction preorder, which in quantum information theory
language is the preorder corresponding to convertibility by stochastic local operations and classical
communication (SLOCC). The restriction preorder is a Strassen preorder, the rank as defined above
equals tensor rank, and the asymptotic rank as defined above equals asymptotic tensor rank. Recently,
Christandl, Vrana and Zuiddam in [CVZ18| constructed for the first time an infinite family of elements
in the asymptotic spectrum of tensors over the complex numbers. A study of tensors with respect to
local operations and classical communication was carried out in [JV18§].

Let us return to the study of graphs as in [Zuil9]. Here S is any family of isomorphism classes of
graphs that is closed under the disjoint union and the strong graph product, and which contains the
n-vertex empty graph K, for all n € N. Let < be the cohomomorphism preorder, which is defined
by letting G < H if there is a graph homomorphism from the complement of G to the complement
of H. The cohomomorphism preorder is a Strassen preorder, the subrank of a graph equals the
independence number, and the asymptotic subrank equals the Shannon capacity [Zuil9]. Known
elements in the asymptotic spectrum of graphs are the Lovasz theta function [Lov79], the fractional
Haemers bounds over all fields [Blal3, BC18], the complement of the projective rank [MR 16| and the



fractional clique cover number (see [Sch03, Eq. (67.112)]). The fractional Haemers bounds provide
an infinite family of elements in the asymptotic spectrum due to the separation result in [BC18].
We note that the dual characterization is nontrivial in the sense that the asymptotic tensor rank
of tensors and the Shannon capacity of graphs are not multiplicative. We note that Fritz in [Fril7]
developed a theory for commutative monoids analogous to Strassen’s theory of asymptotic spectra
and that he applied this theory to graphs to obtain a dual characterization of Shannon capacity and
of the asymptotic preorder < in terms of <-monotone monoid-homomorphisms.

Quantum Shannon capacity of graphs

We now turn to the quantum setting. We consider two quantum variants of graph homomorphism.
The first variant is characterized by the existence of perfect quantum strategies for the graph
homomorphism game [MR16], which is defined as follows. Two players Alice and Bob are given two
graphs G and H. During the game, the referee sends to Alice some vertex g4 € V(G) and to Bob
some vertex gg € V(G). Alice responds to the referee with a vertex hy € V(H) and Bob respond to
the referee with a vertex hp € V/(H). Alice and Bob win this instance of the (G, H)-homomorphism
game, when their answer satisfy

if g4 = gp, then hy = hp, and
if {gA,gB} c E(G), then {hA,hB} S E(H)

Alice and Bob are not allowed to communicate with each other after having received their input
from the referee, but they may together decide on a strategy beforehand. It is not hard to see that
Alice and Bob can win the (G, H)-homomorphism game with a classical strategy (i.e. not sharing
entangled states) if and only if there is a graph homomorphism from G to H. We say that there
is a quantum homomorphism from G to H, and write G -5 H, if there exists a perfect quantum
strategy for Alice and Bob to win the (G, H)-homomorphism game. It is not hard to see that G — H
implies G % H. The quantum cohomomorphism preorder <, is defined by letting G <, H if G 4 H.
The quantum independence number of G is defined as the maximum number n such that K,, <, G
and the quantum Shannon capacity of G is defined as its regularization.

Entanglement-assisted Shannon capacity of graphs

The second quantum variant of graph homomorphism comes from the study of entanglement-assisted
zero-error capacity of classical channels, which is a quantum generalization of Shannon’s zero-error
communication setting. In the zero-error communication model, Alice wants to transmit messages
to Bob without error through some classical noisy channel. Shannon in [Sha56] showed that the
maximum number of zero-error messages Alice can send to Bob equals the independence number of
the confusability graph. In the entanglement-assisted setting, the maximum number of messages
that can be sent with zero error turns out to be determined by the confusability graph and is called
the entanglement-assisted independence number (of the confusability graph) [Beil0]. Similarly, the
entanglement-assisted Shannon capacity is its regularization. Based on this definition, one naturally
defines an entanglement-assisted homomorphism between graphs, denoted by — [CMR™14]. Let the
entanglement-assisted cohomomorphism preorder <, be defined by letting G <, H if G = H. The
entanglement-assisted homomorphism has applications in the study of the entanglement-assisted
source-channel coding problem [BBLT15, CMR T 14]. It is easy to see that the entanglement-assisted
independence number of G is the maximum number n such that K, <. G.

It is not hard to see that G % H implies G = H. It is believed that the reverse direction
holds [MR16]. One may interpret G % H in the communication setting as restricting to use



the maximally entangled state and projective measurements [MR16]. On the other hand, it is
known that the entanglement-assisted Shannon capacity can be strictly larger than the Shannon
capacity [LMM™*12, BBG13|. We point out that these separation results also separate the quantum
Shannon capacity from Shannon capacity (see the remarks in the proof of Theorem 21).

Entanglement-assisted Shannon capacity of non-commutative graphs

Finally, we consider the setting of sending classical zero-error messages through quantum channels.
It turns out, analogous to the classical channel scenario, that the one-shot (entanglement-assisted)
zero-error classical capacity of a quantum channel is characterized by the non-commutative graph
associated with the channel [DSW13]. A non-commutative graph, or nc-graph for short, is a subspace
S of the vector space of n x n complex matrices, satisfying St = S and I € S. Duan in [Dua09] and
Cubitt, Chen and Harrow in [CCH11] have shown that every such subspace S is indeed associated to
a quantum channel. There are natural preorders < and <, on nc-graphs such that the independence
number «(S) and the entanglement-assisted independence number . (S), defined in [DSW13], equal
the maximum number n such that ,, < S and the maximum number n such that KC,, <, S [Stal6],
respectively. Here IC,, is the nc-graph associated to the n-message perfect classical channel (whose
confusability graph is K,,). The Shannon capacity © and the entanglement-assisted Shannon capacity
O, of nc-graphs are defined as the regularization of av and v, respectively (where the multiplication
is the tensor product).

Overview of our results

In this paper, we extend the study of the asymptotic spectrum of graphs to the quantum domain.
We introduce three new asymptotic spectra:

e the asymptotic spectrum of graphs with respect to the quantum cohomomorphism preorder

e the asymptotic spectrum of graphs with respect to entanglement-assisted cohomomorphism
preorder

e the asymptotic spectrum of non-commutative graphs with respect to the entanglement-assisted
cohomomorphism preorder.

We prove that the preorders in these scenarios are Strassen preorders. This allows us to apply
Strassen’s spectral theorem to obtain a dual characterization of the corresponding Shannon capacities
and asymptotic preorders in terms of their asymptotic spectra, respectively. We then perform a study
of the relations among the three new asymptotic spectra and the asymptotic spectrum of graphs
of [Zuil9]. The bounds on the several Shannon capacities that have appeared in the literature we fit
into the corresponding asymptotic spectra.

Note that the fractional complex Haemers bound belongs to the asymptotic spectrum of graphs
with respect to the quantum cohomomorphism preorder. It follows that the fractional Haemers bound
upper bounds the quantum Shannon capacity. From the separation results of Haemers [Hac79] we
know that the quantum Shannon capacity is different from the Lovasz theta function. This observation
connects two conjectures in quantum zero-error information theory. Namely, it is conjectured that
the quantum Shannon capacity equals the entanglement-assisted Shannon capacity [MR16], and
that the entanglement-assisted Shannon capacity equals the Lovasz theta function [BeilO, CLMW11,
LMM™*12, DSW13, MSS13, CMR 14, WD18]. Since the fractional Haemers bound (over the complex
numbers) is an upper bound on the quantum Shannon capacity, these two conjectures cannot both
be true.



Organization of this paper

In Section 2 we cover the basic definitions of graph theory; the definition of the Lovasz theta function,
the fractional Haemers bounds, the projective rank and the fractional clique cover number; the theory
of asymptotic spectra of Strassen; the known properties of the asymptotic spectrum of graphs; the
definition of the quantum homomorphism; the definition of the entanglement-assisted homomorphism
of graphs; and the definition of the (entanglement-assisted) Shannon capacity of non-commutative
graphs. In Section 3 we study the quantum Shannon capacity and the entanglement-assisted Shannon
capacity via the corresponding asymptotic spectra. In Section 4 we study the entanglement-assisted
Shannon capacity of non-commutative graphs via the corresponding asymptotic spectrum.

2 Preliminaries

2.1 Graphs, independence number, and Shannon capacity

In this paper we consider only finite simple graphs, so graph will mean finite simple graph. For
a graph G, we use V(G) to denote the vertex set of G and E(G) to denote the edge set of G.
We write {g,¢'} € E(G) to denote an edge between vertex g and ¢’. Since our graphs are simple,
{9,d'} € E(G) implies that g # ¢’. The complement of G is the graph G with V(G) = V(G) and
EG)={{9,9}:{9,9'} € E(G) and g # ¢'}. (We emphasize that when we write {g,¢'} & F(G) we
include the case that g = ¢'.) For n € N, the complete graph K, is the graph with V(K,,) = [n] :=
{1,2,...,n} and E(K,) = {{i,j} : i # j € [n]}. Thus Ky = Ky is the empty graph and K; = K is
the graph consisting of a single vertex and no edges. A graph homomorphism from G to H is a map
[ :V(G) = V(H), such that for all g,¢' € V(G), {9,9'} € E(G) implies {f(g), f(¢')} € E(H). We
write G — H if there exists a graph homomorphism from G to H.

A clique of G is a subset C of V(G), such that for any g # ¢’ € C holds {g,¢'} € E(G). The size
of the largest clique of G is called the cliqgue number of G and is denoted by w(G). Equivalently,

(1) w(@)=max{neN: K, — G}.

An independent set of G is a clique of G. The size of the largest independent set of G is called the
independence number of G and is denoted by «(G). Equivalently,

(2) «a(G)=max{neN: K, = G}.

Let G and H be graphs. The disjoint union G'U H is the graph with V(GU H) = V(G)UV(H) and
E(GUH)=E(G)UE(H). The strong graph product G X H is the graph with
VIGRH)=V(G)xV(H):={(g9,h): g€ V(G), he V(H)}
E(GRH) = {{(g,h),(¢", 1)} : (9 = ¢g' and {h,h'} € E(H))
or ({g,9'} € E(G) and {h, 1"} € E(H))
or ({g,9'} € E(G) and h = 1')}.

We use G®V to denote G X --- X G. The Shannon capacity of G [Sha56] is defined as
N

(3) OG):= lim {/a(G=N).

This limit exists and equals the supremum supy \/a(G®N) by Fekete’s lemma.



2.2 Upper bounds on the Shannon capacity

For any d € N and any field F, let M(d,F) be the space of d x d matrices with coefficients in F. Let
I; € M(d,F) be the d x d identity matrix. Let A € M(d,C). Then A" denotes the complex conjugate
of A. The element A is called a projector if At = A and AA = A, i.e. Ais Hermitian and idempotent.

Deciding whether «(G) > k is NP-hard [Kar72] and it is not known whether the Shannon
capacity ©(G) is a computable function. In the study of ©(G), the following graph parameters have
been introduced that upper bound O(G).

Lovasz theta function J(G)

An orthonormal representation of a graph G is a collection of unit vectors U = (u, € R?: g € V(G))
indexed by the vertices of GG, such that non-adjacent vertices receive orthogonal vectors: uz;ug/ =0
for all g # ¢',{g,9'} € E(G). The celebrated Lovész theta function [Lov79], is defined as

1
4 = 1 _—
(4) 9(G) e (Tug)?”

where the minimization goes over unit vectors ¢ € R? and orthonormal representations U of G.
Lovasz proved that

0(G) < 9(G).

Equation (4) is a semidefinite program that is efficiently computable. There are several useful
alternative characterizations of ¥ in the literature, see [Lov79)].

Fractional Haemers bound HI;‘(G)

A d-representation of a graph G over a field F is a matrix M € M(|]V(G)|,F) ® M(d,F) of the
form M = 37 ey ege;;, ® Mg g, such that My, = I for all g € V(G) and M,y = 0 if
g# ¢,{9,9'} € E(G). Let MZ(G) be the set of all d-representation of G over F. The fractional
Haemers bound [Bla13, BC18], as a fractional version of the Haemers bound [Hae79)], is defined as

(5) H}(G):=inf{rank(M)/d: M € ME(G), d € N}.
The original Haemers bound [Hae79] of a graph G can be fomulated as:
(6) H"(G) =min{rank(M): M € My(G)}
and we have
0(G) < Hy(G) < H'(G).

Whether the (fractional) Haemers bound is computable remains unknown. Interestingly, for any field
F of nonzero characteristic and € > 0, there exists an explicit graph G = G(F, ¢) so that if F’ is any
field with a different characteristic, H?(G) < EH?(G) [BC18, Theorem 19].

Projective rank £¢(G)

A d/r-representation of a graph G is a collection of rank-r projectors (E, € M(d,C) : g € V(QG)),
such that E;Ey = 0 if {g,¢'} € E(G). The projective rank [MR16] is defined as

(7)  &7(G):=inf{d/r : G has a d/r representation}.
The complement of the projective rank, Ef(G) = £#(G), is an upper bound on the Shannon capacity,
0(G) < &(G).



Fractional clique cover number Y ;(G)

The fractional packing number can be written as a linear program (of large size), whose dual program
is the fractional clique cover number (see, e.g., [Sch03] or [ADR"17, Eq. (A.16)]). Explicitly,

Xf(G): = minZsC, s.t. s¢ > 0 for every clique C, Z sc > 1 for every vertex g € V(G),

C C>og
(8) .
= maXZtQ s.t. ty > 0 for every vertex g € V(G) Z ty <1 for every clique C.
g geC

where a clique C of G is an independent set of G. It is known that

(9)  O(G) <X¢(G) =X4(G) = lim {/X(G®") (e.g. see [Sch03]).

n—o0

Relations between graph parameters

We know the following inequalities among the graph parameters that we have just defined:

The inequalities in (10) can be found in [Lov79, MR16]. The inequalities in (11) follow from the
work in [BC18|. The first inequality in (12) is actually an equality (cf. Prop. 24), and the argu%ent
that the real fractional Haemers bound is at most the complement of the real projective rank & (G)
is the following: We can obtain the definition of EH;(G) from the definition of #3(G) by requiring the
d-representations of G to be positive semidefinite, as implicitly shown in [HPRS17].

2.3 Asymptotic spectra and Strassen’s spectral theorem

We present some fundamental abstract concepts and theorems from Strassen’s theory of asymptotic
spectra. For a detailed description, we refer the reader to [Str88, Zuil§|.

A semiring (S,+,-,0,1) is a set S equipped with a binary addition operation +, a binary
multiplication operation -, and elements 0,1 € S, such that for all a,b,c € S holds

(13) (a+b)+c=a+(b+c),a+b=b+a
(14) 0+a=a,0-a=0,1-a=a

(15) (a-b)-c=a-(b-c)

(16) a-(b+c)=a-b+a-c.

A semiring (S, +,-,0,1) is commutative if for all a,b € S holds a -b = b-a. For any natural
number n € N, let n € S denote the sum of n times the element 1 € S.

A preorder < on S is a relation such that for any a,b,c € S holds that a < a, and that if a < b
and b < ¢, then a < c¢. A preorder < on S is a Strassen preorder if for all a,b,c € S, n,m € N holds

(17) n<min Nif and only if n <m in S
(18) ifa<b,thena+c<b+canda-c<b-c
(19) if b # 0, then there exists an r € N such that a <7 - b.



Let S = (S,+,-,0,1) and S' = (5, +,-,0,1) be semirings. A semiring homomorphism from S
to S"is a map ¢ : S — S’ such that ¢(a + b) = ¢(a) + ¢(b), ¢(a-b) = ¢(a) - ¢(b) for all a,b € S,
and ¢(1) = 1. Let R>¢9 = (R>o,+,-,0,1) be the semiring of non-negative real numbers with the
usual addition and multiplication operations. The asymptotic spectrum X(S,<) of the semiring
S =(S,+,-,0,1) with respect to the preorder < is the set of <-monotone semiring homomorphisms
from S to R, i.e.

(20) X(S,<) = {¢ € Hom(S,R>p) :Va, b€ S, a <b = ¢(a) < ¢(b)}.

Let a € S. The subrank of a is defined as Q(a) = max{n € N:n < a}. The rank of a is defined
as R(a) := min{n € N: a < n}. The asymptotic subrank and asymptotic rank of a are defined as

(21) Q(a) = lim 1/Q(a®), and R(a) := lim 4/R(a®).

~ N—oo N—o0
Fekete’s lemma implies that the limits in (21) indeed exist and can be replaced by a supremum and
an infimum, that is,

Q(a) = S%p W, and R(a) = i%f V/R(aN).

Strassen proved the following dual characterizations of Q(a) and R(a) in terms of the asymptotic
spectrum.

Theorem 1 (|Str88, Theorem 3.8]|, see also [Zuil8, Cor. 2.14|). Let S be a commutative semiring
and let < be a Strassen preorder on S. For any a € S such that 1 < a and 2 < ak for some k € N,
holds

(22) Q(a) = ¢€I£(i§§)¢(a), and R(a) = ¢€r£?s>f§)¢(a)-

Besides asymptotic subrank and rank, the asymptotic spectrum of a commutative semiring with
respect to a Strassen preorder < also characterizes the asymptotic preorder < associated to <. The
asymptotic preorder < associated to < is defined by a < b if there is a sequence of natural numbers
(#)nen € N such that inf, (z,)"/" = 1 and such that for all n € N holds a™ < z,, - b"*. The dual
characterization is that a < b if and only if for all ¢ € X(S5, <) holds ¢(a) < ¢(b). See [Str88,
Cor. 2.6] and see also |[Zuil8, Theorem 2.12|.

Finally, we mention that the asymptotic spectrum is well-behaved with respect to subsemirings.
Let S be a commutative semiring, let < be a Strassen preorder on S, and let T' C S be a subsemiring,
which means that 0,1 € T" and that T is closed under addition and multiplication. Then clearly the
restriction <7 of < to T is a Strassen preorder on T'. For any ¢ € X (S, <) the restricted function ¢|p
is clearly an element of X(7T', <r). The opposite is also true.

Theorem 2 ([Str88, Cor. 2.7, see also |Zuil8, Cor. 2.17|). Let S be a commutative semiring, let <
be a Strassen preorder on S, and let T C S be a subsemiring. For every element ¢ € X(T,<|r) there
is an element ¥ € X(S, <) such that ¢ restricted to T equals ¢.

We note that the proof of Theorem 2 is nonconstructive.



2.4 Semiring of graphs and the dual characterization of Shannon capacity

Let G be the set of isomorphism classes of (finite simple) graphs. The cohomomorphism preorder <
on G is defined by G < H if and only if G — H, i.e. there is a graph homomorphism from the
complement of G to the complement of H. Zuiddam proved in [Zuil9] that G = (G,U, X, Ko, K1) is
a commutative semiring and that the cohomomorphism preorder < is a Strassen preorder on G. By
definition, the asymptotic spectrum of graphs X(G, <) consists of all maps ¢ : G — R such that,
for all G, H € G, holds

Note that the subrank of a graph G equals the independence number of G, since equation (2) is
exactly

a(G) =max{n e N: K, < G}.
By Theorem 1, the Shannon capacity is dually characterized as

(27) O(G) = min_ (G).

The known elements belonging to the asymptotic spectrum of graphs are: the Lovdsz theta func-
tion ¥ |Lov79], the fractional Haemers bound HIJE over any field F [BC18, Blal3|, the complement of
projective rank & [MR16, CMR"14] and the fractional clique cover number X [Sch03]. Note that
there are infinitely many elements in X (G, <), due to the separation result in [BC18| of the fractional
Haemers bound over different fields.

Remark 3. We note that the fractional clique cover number is the pointwise largest element in
X(G,<). This is because the rank of a graph G equals the clique cover number and the asymptotic
clique cover number equals the fractional clique cover number, see [Zuil9].

2.5 Quantum variants of graph homomorphism

We present mathematical definitions of the two quantum variants of graph homomorphisms, arising
from the theory of non-local games and from quantum zero-error information theory, respectively.
2.5.1 Quantum homomorphism

Definition 4 (Quantum homomorphism [MR16]). Let G and H be graphs. We say there is a quantum
homomorphism from G to H, and write G % H, if there exist d € N and dx d projectors E;‘ € M(d,C)
for every g € V(G) and h € V(H), such that the following two conditions hold:

(28) for every g € V(G) we have 3,y (g El =14
. h b/ _
(29) if {g,9'} € E(G) and {h,h'} ¢ E(H), then EJEj, = 0.

Remark 5.



e The first condition implies E:;E;”, =0 for all g € V(G) and h # h' € V(H). Namely, for a
fixed g € V(G) and an arbitrary h' € V(H), > pcy ) E!’} = Iq implies 3 _pcy E;LE;‘, = Eg’.
Since every Eg is a projector, we have Zh;éh’ EgE!’;/ = 0. We conclude that E;‘Egl = 0 since
projectors are also positive semidefinite.

e For every collection of complex projectors (E!’]1 € M(d,C):geV(G),h € V(H)) satistfying the
above two conditions, there exists a collection of real projectors which also satisfies the above
two conditions. Namely, we take the collection of real matrices

Re(E!)  Im(E!)

—Im(E}) Re(EZ‘)

(Fp =

g M(2d,R): g€ V(G),h e V(H)),

where Re(Eh) and Im(Eh) denote the real part and the image part of Eg, respectively.
Noting that EhEh (Re(Eh) —Im(E")?) +i(Re(E") Im(E}) + Im(E") Re(El) = (Re(El) +
zIm(Eg)) E;‘ we have

Re(E})? — Im(E!)? Re(EN) Im(E!) + m( ") Re(E!)

FyFy = Re(Eh)Im(Eh)—Im(Eh)Re(Eh) Re(E")2 Im(E %)2

Re(Eh) Im(E")

Im(Eh) Re(EZl)

_ h
= Fl.

Moreover, it is easy to verify that (th : g € V(G),h € V(H)) satisfies the conditions in
Definition 4 [MR16].

It is easy to see that G — H implies G % H. The opposite direction is not true [MR,l(i]. The
quantum cohomomorphism preorder on graphs is defined by G' <, H if and only if ¢ 4 H, and the
quantum independence number as oy(G) == max{n € N : K, < G} The quantum Shannon capacity

is defined as ©4(G) = limy_,0 Vv G‘XN =supy Vg G@N

2.5.2 Entanglement-assisted homomorphism

Definition 6 (Entanglement-assisted homomorphism [CMR " 14]). Let G and H be graphs. We say
there is a quantum homomorphism from G to H, and write G - H, if there exist d € N and d x d
positive semidefinite matrices p and (pg € M(d,C):9e€V(G), he V(H)), such that the following
two conditions hold

(30) for every g € V(G) we have ZhGV(H) pg =p
(31) if {g,9'} € E(G) and {h,h'} & E(H), then pgpigl,/ = 0.

Remark 7. We note that the positive semidefinite matrix p can be further restricted to be positive
definite.

The entanglement-assisted cohomomorphism preorder is defined by G <, H if and only if G = H.
The entanglement-assisted independence number can be defined as a,(G) = max{n € N: K,, <, G}.
The entanglement-assisted Shannon capacity of G is defined as ©.(G) = limy_y00 v/ (GHN) =
supy Vo (GHN).

It is easy to see that G 5 H implies G = H. It remains unknown whether the reverse direction
is true. In fact, as pointed out in [MR16], G 4 H can be interpreted in the zero-error communication
setting by restricting to the use of maximally entanglement state and projective measurements.
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2.6 (Entanglement-assisted) zero-error capacity of quantum channels

For related definitions in quantum information theory, we refer the reader to [NC10|. We use A
and B to denote the (finite-dimensional) Hilbert spaces of the sender (Alice) and the receiver (Bob),
respectively. Let £L(A, B) be the space of linear operators from A to B. Let £L(A) = L(A, A). The
space L£(A) is isomorphic to the matrix space M (n,C) with n = dim(A). Let D(A) C L(A) be the
set of all (mixed) quantum states, i.e. all trace-1 positive semidefinite operators in £(A). A quantum
state p € D(A) is pure if it has rank 1, i.e. if it can be written as p = [¢)(¢| for some unit vector
|) € A. The support of a positive semidefinite matrix P € £(A) is the subspace of A spanned by the
eigenvectors with positive eigenvalues. A quantum channel N : L(A) — L(B) can be characterized
by a completely positive and trace-preserving (CPTP) map. This is equivalent to saying that N is
of the form N(p) =3, NZ-pN;r for some linear operators {N;}; C L(A, B), called the Choi-Kraus

operators associated to N, satisfying >, N;Ni = I4. (The Choi-Kraus operators are not unique,
but they are unique up to unitary transformations, see, e.g., [NC10].)

We focus on the setting in which Alice and Bob use a quantum channel to transmit classical
zero-error messages. To transmit k classical messages to Bob through the quantum channel N, Alice
prepares k pairwise orthogonal states p1,..., pr € D(A), where orthogonality is defined with respect
to the Hilbert-Schmidt inner product {p, o) = Tr(pfo). Bob needs to distinguish the output states
N(p1),...,N(px) perfectly, in order to obtain the messages without error. This is only possible
when the output states are pairwise orthogonal. In this situation, without loss of generality, Alice
may select the p; = [1);){1);] to be pure states for all i € [k]. Note that N([¢))(x]) L N (|¢)(e]) if and
only if |¢) (4] L N;Nj for all i # j, where {N;}; are the Choi-Kraus operators of N'. We now see
that the number of messages one can transmit through the channel NV is determined by the linear
space of matrices S = span{NiTNj}i,j C L(A). Duan, Severini and Winter called the linear space S
the non-commutative graph (nc-graph) of a quantum channel N' [DSW13]. The nc-graphs may be
thought of as the quantum generalization of confusability graphs of classical channels, mentioned
in Section 2.5.2. In this analogy, for an nc-graph S C £(A) the density operators p,o € D(A) are
input symbols of the channel, and they are “non-adjacent” in the nc-graph S if |¢)(y)| L S for all |¢)
and [¢) in the support of p and o, respectively. As in the classical setting, “non-adjacent vertices”
are nonconfusable.

Note that for every quantum channel N, the associated nc-graph S satisfies ST =S and I4 € S,
where I is the identity operator in £(A). It is shown in [Dua09, CCHI11] that any subspace
S C L(A) that satisfies St = S and I4 € S is associated to some quantum channel. From now,
we define a non-commutative graph or nc-graph as a subspace S C L(A) satisfying ST = S and
I, € S. We define the independence number «(S) as the maximum k such that there exist pure
states [11), ..., [¢y) satisfying [¢;)(v;| L S for all i # j € [k]. The Shannon capacity is defined as
O(S) == limy 00 V/(S®V), where S1 ® Sy := span{E) ® Fs : By € Sy, Ey € S2} denotes the tensor
product of S; and S5. One verifies that if S; and S5 are the nc-graphs of N7 and N respectively,
then the tensor product S; ® S is the nc-graph of the quantum channel N7 ® Ny. Then (the
logarithm of) ©(S) is exactly the classical zero-error capacity of quantum channels whose nc-graph
is S [DSW13].

In the quantum setting, it will be more natural to consider that Alice and Bob are allowed to
share entanglement to assist the information transmission. To make use of the entanglement, say
12) € L(Ag ® By), Alice prepares k quantum channels &,...,& : L(Ag) = L(A) for encoding the
classical messages. To send the ith message, Alice applies &; to her part of |Q2), and sends the output
state to Bob via the quantum channel . Bob needs to perfectly distinguish the output states
pi = (N o&)®Ip,)(|2)(Q) for i € [k]. The following lemma shows that the maximum number of
classical message which can be sent via the quantum channel A in the presence of entanglement can
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be also characterized by the nc-graph S, as also mentioned in [DSW13, Stal6].

Lemma 8 ([Stal6]). Let N, S, & and |Q) as above. Let {E;;}; and {E;y}y be the Choi-Kraus
operators of & and &;, respectively, for i # j € [k]. Then

(W0 &) @ T ) (1) L (N0 &) ®Zp,)(12)(Q)
is equivalent to
span{ Ei Trp, (1)(20) E},} L 5.
Proof. Let |Q) = S>% | V/Ai|i) 4, i) 5, be the Schmidt decomposition of |©2). We have
Tr (N 0 &) @ T, ) ((QN (N 0 &) @ T, (|0)(Q))
= > VANAAGW]2) Tr(NoEig(|2) (0] a,) EL NGNGB ([2) (w] 4 BT N @ [2) ) g, )

‘,I/l7y’z7w
I l)mmn

= 3 XAy Te(Non B (|2)(yl o, ) EL NS NGB (Jy) (] 1) EL N
x?y
'l mmn

Z Ay (Yl 4, BL N NEl/]y>AO(x\AOE]l,NN Eila) 4,

4 ,l,m n
2
= 3 [T (B T, (120N E] NN |
U, ly;mm
Thus, (V0 &) @ ) (I2)(Q]) L (N 0 &) @ T, )(I2)(Q]) is equivalent to E;; Trp, (|12) (Q)E!, L
N},N,, for all possible I, 1, m, n. O

We call (|1Q2),{&1,...,E}) a size-k entanglement-assisted independent set of S. Let au(S) be the
maximum size of an entanglement-assisted independent set of S. The entanglement-assisted Shannon
capacity of S is defined as ©,(S) == imy_,00 N/ s (S®V).

2.7 Semiring of non-commutative graphs and preorders

Recall that an nc-graph is a subspace S C L(A) satisfying ST = S and I, € S. We point out
that every classical graph G naturally corresponds to an nc-graph Sg. Namely, for any graph G,
let {|g) : g € G} be the standard orthonormal basis of C!V(%) and define

Se = span{|g)(¢'| : g = ¢ € V(@) or {g,9'} € E(G)} C L(CV).

For the nc-graphs corresponding to the complement of the complete graphs we use the notation
Kn = Sz = span{|i)(i| : i € [n]} C L(C").

It is worth noting that /C,, is the nc-graph of the n-message noiseless classical channel, which maps
im)(m/| t0 8y s |m) (m] for all m,m’ € [n].

We say two nc-graphs S7 and Sy are isomorphic if they are equal up to a unitary transformation,
i.e.if Sy = UTS U for some unitary matrix U. Let S be the set of isomorphism classes of nc-graphs.
Analogous to the operations in the semiring of graphs, for two nc-graphs S; C £(A4;) and Sy C L(A3),
the “disjoint union” is their direct sum S; & S C L(A;1) & L(A2) C L(A; & A2) and the “strong
graph product” is their tensor product S; ® S2 C L(A41) ® L(A2) = L(A; ® Ag). The reader readily
verifies the following.

12



Theorem 9. S = (S,®,®,Ko, K1) is a commutative semiring.
Lemma 10. The map G — S : G — Sq is an injective semiring homomorphism.

In [Stal6], the cohomomorphism preorder and the entanglement-assisted cohomomorphism preorder
on nc-graphs are defined as follows.

Definition 11. The cohomomorphism preorder < is defined on S by, for any nc-graphs S1 C £L(A41)
and Sy C L(As), letting Sy < Sy if there exists E = span{E;}; C L(A1, A2) satisfying ), EZTEZ =14,
such that ES;ET L Sy, where Si- = {X € L(A;) : VY € §; Tr(XTY) = 0}.

Definition 12. The entanglement-assisted cohomomorphism preorder <, is defined on § by, for any
nc-graphs S1 C L£(A1) and S C L(A2), letting S; <. Sy if there exist a positive definite p € D(Ap)
and E = span{FE;}; C L(A; ® p, A2) satisfying >, EZEZ = Ia,94,, such that E(S{ ® p)ET L Ss.

Lemma 13. If S < T, then S <, T.
Proof. Take the positive definite matrix p in the definition of S <, T' to be the element 1. O

The idea behind the above definitions is as follows. Recall that G < H if there exists a graph
homomorphism from G to H. In other words, there exists a vertex map f : V(G) — V(H) which
maps non-adjacent vertices to non-adjacent vertices. Since we may view quantum states as vertices
and matrices in the nc-graph as edges in nc-graphs, it is natural to adapt the “vertex map” among
nc-graphs S1 C L(A7) and Sy C L(A3) as a CPTP map & : L(A1) — L(Asg), specified by the
Choi-Kraus operators {E;}; € L£(A1, A2). Now for “non-adjacent vertices” |¢) (1| and |¢)(¢| in S,
we require E(|¢)(|) and E(|¢){(¢|) are “non-adjacent” in Sy. The former is equivalent to [1) (4| L S1
and the latter is equivalent to E; |¢) (4] Ej L Sy for all 4, j. The definition of S; < Sy is then obtained
naturally.

To see that the above definitions are meaningful, Stahlke in [Stal6] also points out the following.

Lemma 14. Let S be an nc-graph. Then
(i) a(S) =max{n e N: K, < S}
(i) a.(S) = max{n € N: K, <, S}.

Proof. We provide a detailed proof in Appendix A. O

3 Dual characterization of entanglement-assisted Shannon capacity
and quantum Shannon capacity of graphs

In this section, we first prove that the entanglement-assisted capacity ©, and the quantum Shannon
capacity O4(-) can be characterized by applying Strassen’s theory of asymptotic spectra, and present
elements in the corresponding asymptotic spectra. We also discuss the relations between two
important conjectures in quantum zero-error information theory.

3.1 Entanglement-assisted Shannon capacity ©.(G) of a graph

We first prove that the entanglement-assisted cohomomorphism preorder <, (Definition 6) is a
Strassen preorder on the semiring of graphs G.

Lemma 15. For any graphs G, H, K, L and any n,m € N, we have
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(i) G <. G
(il) if G <, H and H <, L, then G <, L

)
)

(iii) Ky, <« K, if and only if m <n

(iv) f G <4  Hand K <, Lthen GUK <, HUL and GR K <, HX L
)

(v) if H # Ko, then there is anr € N with G <, K, X H.

Proof. (i) In general, if G < H, then G <, H. It is clear that G < G. Therefore also G <, G.

(ii) We adapt the proof of [MR 16, Lemma 2.5] to show transitivity. Assume G <, H and H <, L.
Let p, () : g € V(G),h € V(H)) and o, (o}, : h € V(H),c € V(L)) be corresponding positive
semidefinite matrices, as in Definition 6. For g € V(G),l € V(L), let Té = D hev(H) p'; ® ol Note
that 7/ is positive semidefinite for all g € V(G) and [ € V(L). We have

(32) Z Ty = Z pg@gh_ Z Py ® Z Th=pO0.

1eV (L) heV (H heV (H) 1eV (L)
leV(L)

For all {g,¢'} ¢ E(G) and {l,I'} € E(L) or I =1’, we have

33) ool = D phol@pho = Y. pholi @ phoh =0
h,h'eV (H) {h,h'}¢E(H)
where the second equality holds since ,0 , =0forall {g,¢'} € E(G) and {h,h'} € E(H) or h = I,

and the third equality holds since p} pl, = 0 for all {h,h'} & E(H) and {I,I'} € E(L) or l =1'. We
conclude G <, L.

(iii) We know that m < n implies K,, < K, and thus K,, <, K,. To see that K,, <, K,
implies m < n, we note that G <, H implies 9(G) < 9(H) [Beil0]. Thus K, <. K, implies
m = 9(Kp) < 9(K,) =n.

(iv) Assume that G <, H and K <, L. Let p, (pg :g € V(G),h € V(H)) and o, (0}, : k €
V(K),l € V(L)) be corresponding positive semidefinite matrices, as in Definition 6. Let

pr@o ifueV(G),veV(H)
T, =< pcl ifueV(K)veV(L)

0 otherwise.

One readily verifies that 7, is positive semidefinite for all v € V(G U K) and veV(HUL).
Moreover, for every u € V(G) we have 3~ ,cy (giir) T = 2vev(m) Tu T 2ovev(n) Tu = P @ 0, and for
every u € V(K) we have 3 ey (i) To = 2vevim) Tu + ZueV(L TN =pRo. One verifies directly
that 7977 = 0 for all {u,v'} € E(GUK) and {v,v'} & E(HI_IL) We conclude GU K <, HU L.

To prove that GR K <, HX L, let 7 u k) ol g ® ak for all g, h,k,l. One readily verifies that
these operators satisfy the required conditions.

(v) For the cohomomorphism preorder it is not hard to see that for all G, H # Ky, there is
an r € N with G < K, ® H [Zui19, Lemma 4.2]. Therefore, G <, K, X H. O

Let X (G, <.) be the asymptotic spectrum of graphs with respect to the entanglement-assisted
cohomomorphism preorder <,, i.e.

(34) X(G,<.) = {6 € Hom(G,Rs0) VG, H € G, G <. H = ¢(G) < ¢(H)}.
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Together with Theorem 1, we obtain the following dual characterization of the entanglement-assisted
Shannon capacity of graphs, 0.(G).

Theorem 16. Let G be a graph. Then

0,(G) = i G).
(@)= min_ ¢(G)

Since G < H implies G <, H, we have X (G, <,) C X(G, <). As we mentioned already in the
proof of Lemma 15, the Lovasz theta function is <,-monotone [Beil0]. This implies the following.

Theorem 17. ¥ € X(G, <,).

We have not found any other elements in X(G, <,). In fact, the following conjecture has been
mentioned in [Beil0, CLMW11, LMM*12, DSW13, MSS13, CMR ™ 14].

Conjecture 18. 0,(G) = J(G) for all graph G.

It would be interesting to show that this conjecture is true by proving that ¢ is the minimal
element in X(G, <,), or even the only point in X(G, <,).

3.2 Quantum Shannon capacity

We begin by proving that the quantum cohomomorphism preorder <, (Definition 4) is a Strassen
preorder on the semiring of graphs.

Lemma 19. For any graphs G, H, K, L and any n,m € N, we have
(i) G <, G
(i) if G <g H and H <, L, then G <, L

)
)

(iil) K <4 K, if and only if m <n

(iv) if G <, H and K <, L then GUK <, HUL and GRK <, HX L
)

(v) if H # Ky, then there is an r € N with G <, K, X H.

Proof. (i) In general, if G < H, then G <, H. It is clear that G < G. Therefore also G <, G.

(il) Quantum homomorphisms are known to be transitive in the sense that if G LS Hand HS L,
then G % L [MR16, Lemma 2.5]. Therefore, if G <, H and H <, L, then G <, L.

(iii) It is known that K, 4 K, if and only if m < n [MR16, Lemma 2.6]. Thus K,, <q K, if
and only if m < n.

(iv) Assume G <, H and K <, L. Let (E!' : g € V(G),h € V(H)) and (F},: k € V(K),l € V(L))
be the corresponding collections of projectors, as in Definition 4. To prove GU K <, H U L, let

E'ol ifueV(G),veV(H)
Dy, =<I®F ifueV(K)veV(L)

0 otherwise.

It is easy to see that D}, is a projector for every uw € V(GUK) and v € V(H U L). Moreover, for every
u € V(G) we have 3 ey iy D = Xvevm Du+ 2Zvevn) Pu = 1 ®1, and for every u € V(K) we
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have > cv i) Do = 2 vevim Du + 2Zvev(n) Pu =1 ® 1. 1t is also easy to verify that DiDY, =0
for all {u,v'} € E(GUK) and {v,v'} ¢ E(H UL). We conclude that G UK <, HU L.

To prove G K <, HX L, let Dés D Eh ® Fl for all g, h, k,l. One can also verify that these
operators satisfy the requlred conditions to conclude GHK<,HXL.

(v) For the cohomomorphism preorder it is not hard to see that for all G, H # Ky, there is

an r € N with G < K, X H |Zuil9, Lemma 4.2|. Therefore, G <, K, X H. O

Let X(G, <4) be the asymptotic spectrum of graphs with respect to the quantum cohomomorphism
preorder <, i.e.

(35) X(G,<q) ={¢ € Hom(G,R>o) : VG, H € G, G <, H = ¢(G) < ¢p(H)}.

Together with Theorem 1, we obtain the following dual characterization of the quantum Shannon
capacity of graphs.

Theorem 20. Let G be a graph. Then

0,(G) = i Q).
(C) ¢e>lgélg],a§q)¢( )

We know that if G < H, then G <, H. It is also easy to see that G <, H implies G <, H.
Therefore, X(G, <.) C X(G,<,) C X(J,<).

Theorem 21. We have
{9, 15, HF, E} € X(G, <o)

Moreover, we have a proper inclusion
X(G,<q) & X(9, ),

since for any odd prime p such that there exists a Hadamard matriz of size 4p holds
H & X(G, <),

Proof. We know that {9, ’HC,’H e X(g <), so to prove that {¥, HC,'H Ep} € X(G, <), it
remains to show that the functlons Y ’H? HE £ f are <, -monotone.

Manéinska and Roberson proved in [MR16] that the Lovasz theta function ¥} and the complement
of projective rank Ef are <,-monotone.

We prove that HE is <s-monotone. Suppose G <, H. Let Eg be corresponding complex d’ x d’
projector for all g € V(G) and h € V(H). Let

M= Y ene)y ®Myy € M(|V(H)|,C)® M(d,C)
h,h/ €V (H)

be a d-representation of H over C. We construct a dd’-representation of G over C as follows. Let

M= Y el @M, eM(|V(G)C)®M(dd,C),

9,9'€V(G)
with
M= Mhh, ® EI'E) € M(dd',C).
h,n' €V (H
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To see that M’ is a dd'-representation of G, we first show My , = Izo for all g € V(G). Note that

M= Y MuweBE = Y MueEE-Lel.
h.h' €V (H) heV (H)

where the second equality uses E{;E!’;/ =0 for all g € V(G) and h # h' (Remark 5), and the last
equality uses the facts that My, = Iq for all h € V(H) and 3_,cy g EQEZ; =D hev(H) E;‘ = Iy.
On the other hand, we show M; g =0ifg# ¢ and {g,¢'} ¢ E(G). In this case, we have

M= Y MweHE = Y Muoss o
oW €V (H) (hh'YZE(H) and h#h!

where the second equality use the fact that EZ;E;L,/ =0 for all {g,¢'} € E(G) and {h,h'} ¢ E(H), and

the last equality holds since My, jy = 0 for all h # b/, {h, '} ¢ E(H). Thus M’ is a dd'-representation

of G over C.
Next we prove that rank(M’) < d' rank(M). We factor M’ as

M= Yol @ (3 M @ BJEY)
9,9’ h,n’

= (Z 696;2 ®RI;® Eg) (Z ehe};/ @ My p @ Id/) <Z eh/e;, R Ig® Eg//)
g:h h,h’ g’ W

= (Z egel; R I;® Eg') (M ® Id’) <Z eh/ej}, ®I;® E;,’) .
g,h g’

Thus rank(M') < rank(M ® Iy) = d' rank(M). Therefore,

C rank(M') _ d'rank(M) _ rank(M)
(36) Hf(G) < R 2 S —0
Since (36) holds for all d-representation M of H over C, we conclude H;CC(G) < H?(H ).

To prove that Hﬂf is <4-monotone, one follows the above proof with real instead of complex
d-representations and one uses the fact that the projectors Eg can be chosen to be real matrices
(Remark 5).

Finally, we point out that X (G, <,) is a proper subset of X (G, <). It is known that ©(G) can be
strictly smaller than ©,(G) for some graph G [LMM™12, BBG13|. More precisely, Briét, Buhrman
and Gijswijt proved in [BBG13] that for any odd prime p such that there exists a Hadamard matrix
of size 4p, there exists a graph G satisfying ©(G) < H'»(G) < ©.(G). We note that the proof
in [BBG13] of H(G) < ©.(G) in fact shows that H'?(G) < ©,(G). The key observation is the
following:

Observation 22. If G has an orthonormal representation U = (uy € R : g € V(Q)) in dimension d,
and G has M disjoint d-cliques, then ©4(G) > M.

Proof. Let the cliques be denoted by C1,...,Cys. Take

B9 — ugug if g € C;
‘ 0 if g & C;.

It is easy to see that (EY : g € V(G), i € V(K)) satisfies the conditions for the inequality Ky <, G.
Thus O4(G) > a4(G) > M. O
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It is known that if n is odd and there exists a Hadamard matrix of size n + 1, then there exists
a graph G, whose complement has an n-dimensional orthonormal representation and |V (G,,)|/n?
disjoint cliques of size n [BBG13]. Thus ©,(Gy) > |[V(G,)|/n?. On the other hand, it has been
proved that the Haemers bound over some finite field F, on Gy, H'(G), can be strictly smaller
than |V/(Gy)|/n? [BBG13]. Since H}(G) < H*(G) for any field F, we conclude that H» & X(G, <,)
for such odd prime p. O

Remark 23. It is not hard to adjust the above proof to show that the fractional Haemers bound for
any field extension of R belongs to X (G, <,). We show that these parameters are actually the same.
Moreover, one may naturally define a real projective rank 5? by requiring that the projectors in the

definition of {; are real. Again, we show that f;lc% is equal to projective rank.
Proposition 24. ’H%?(G) = H?(G) and 5;13{(6‘) = &¢(G) for all graph G.

Proof. The following lemma is readily verified.

Lemma 25. Let E € M(n,C). Define the real matric

R(E) = (_P;igg;) gggg;) ¢ M(om )

Then rank(R(E)) = 2rank(E).

For the fractional Haemers bound, clearly ’H?(G) < HI;{(G) since every real matrix is a complex
matrix, and its rank over R equals the rank over C. We prove HI]@(G) < H?(G) by proving
that, for every d-representation M of G, there exists a 2d-representation M’ of G, such that
rank(M’) < 2rank(M). Assume G has n vertices. Write M in the block matrix form

Myy -+ M,

(37) M= : .| € M(nd,C),
Mn,l Mn,n

where M;; = I; for i € [n], and M; ; = M;; = 01if {4,j} € E. Let M’ be the 2nd x 2nd real matrix
RG(M) Im(M) Re(Mw) Im(Mw)

—Im(M) Re(M) —Im(M;;) Re(M;;) and

of the form M’ = . On the other hand, let MZ’] =

denote

My, - M,
(38) M"=1| : © | € M(2nd,R).
My - My,

It is clear that 2rank(M) > rank(M’) and M” € M2 (G). We show that M” can be transformed to
M’ by some row and column permutations of the blocks, which will not influence the rank. We first sort
the columns, resulting that the first block row of the first n block columns is Re(Mi 1), ..., Re(M; )
and the last n block column is Im(Mj 1),...,Im(M; ;). Then we sort the rows, resulting that the
first block column of the first n block rows is Re(Mi1),...,Re(My 1) and the last n block column
is Im(Mj1),...,Im(M,,1). Denote the matrix of these two permutations by S and T, it is easy
to check that SM"T = M’ (In fact, T = ST). Thus rank(M") = rank(M’) < 2rank(M), and
H}(G) < HF(G) follows.
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For the projective rank, let (E, € M(d,C) : g € V(G)) be a d/r-representation of G. From
Lemma 25 follows that (R(Ey) : g € V(G)) is a 2d/2r-representation. We conclude that §$(G) <
£7(G). On the other hand, every real d/r-representation is also a complex d/r-representation.

Therefore, {7(G) < {jﬂf(G) O

Recall that <, can be obtained from <, by restricting to the use of maximally entangled state
and projective measurements in the zero-error information transmission setting [MR16]. An open
problem in quantum zero-error information theory is to show maximally entangled state is also
necessary to achieve the maximal entanglement-assisted Shannon capacity [MR16]. Namely,

Conjecture 26. 0,(G) = 0,(G) for all graph G.

The original proof of Haemers [Hae79] shows that taking G to be the complement of the Schlafli
graph, H®(G) < 7 < 9 = 9¥(G). By Theorem 21, we know that ©4 and ¥ are not the same parameters,
which immediately implies the following:

Corollary 27. Conjecture 18 and 26 cannot both be true. In other words, there exists a graph G,
such that either ©.(G) < ¥(GQ) or O4(G) < O,(G).

4 Dual characterization of entanglement-assisted Shannon capacity
of non-commutative graphs

In this section, we focus on the fully quantum setting: the entanglement-assisted Shannon capacity
of nc-graphs. We discuss the (unassisted) Shannon capacity of nc-graphs in appendix B.
Recall that the map

G—8S:Gw— Sg:=span{|g){d|: g=¢ € V(G) or {g,4'} € E(G)}

is an injective semiring homomorphism. We prove that this homomorphism behaves well with respect
to the entanglement-assisted cohomomorphism preorders on G and S.

Lemma 28. For any graphs G, H € G holds G <, H if and only if S <. Sg.

Proof. Let |V(G)| =n and |V(H)| = m.

(<=) Assume there exist a positive definite 0 € D(C?) and E = {E;}; C L(C"®CY, C™) satisfying
> E’ZTEZ = I,q and E(SE ® 0)ET L Sy. Let 0 = Zi:l Az [¥z) (12| be the spectral decomposition
of o and let [Q) = 3% VA, [t |2) € C? @ C¢ be a purification of ¢. Let

(39) py =D (Bl E; ® Ia)(|g){gl @ |QN(QN(E] [h) ® L) € £(CY)

i

for each g € V(G) and h € V(H). Let p == S%_ A, |2)(x|. One verifies directly that every p}gZ is
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positive semidefinite. We first prove that ZheV(H) p}gl = p for all g € V(G). Note that

3 pg: >o okl Evw 1) (J9)gl @ 1) (B] 1h) © L)

heV(H heV(H) i
= 3 S VRN (R Eillg) gl @ [we) (W) E] [h)) @ |2)(y]
heV(H) i,x,y
(40) =" VA Te(Ei(|g) gl @ [a) () EY) @ |z)(y]
1,T,Y
=> " VAN ({9l @ (W) B Ei(19) ® [1ha) @ |2)(y)
1,T,Y

= Aela)(z

where the last equality holds since ), EZTEZ = I and (¢y|tYp) = 0 for all x # y € [d]. Now we are left
to prove that pgpg, =0forall g#¢,{9,9'} ¢ E(G) and {h,h'} € E(H) or h = h/. Note that pgpg
equals

Pyply = Z((hl E; © 1)(l9) (gl ® 12)(QD(E] |h) (W] Bj @ L)(I¢'){g'| © |90 () (E] 1) © 1)
= > VAN (B Eillg) (9] ® [va) (D ES 1) (| Ej(19')g'| @ [b2) (ul ES 1) @ (ylz) ) (wl

/L?]
x’yVZ?w

=D VAdudy (0 Eillg) (9] © ) () BT 1) (| Ej(19')4g'| © [y (o) B} 11) |e2) (]

1,J
z,Y,w

= > VAR Eillg) @ [6:2))) (Te(Ej(19') (9] @ o) E IRY (WD) (| © () E] W) |) (]

,]xw

where the last equality holds since

(41) YA (gl @ (W) EL R (W Ej(19) @ [4y)) = Tr(E;(|9') (9] @ o) B ) (1)),

y
Recall that E(SE ® o)E L Sy, where S& = {|g){(¢'| : g # ¢',{9,9'} € E(G)} and Sy = {|h)(K'] :
{h,W'} e E(H)or h=h € V(H)}. Equatlon (41) equals 0 when {g,¢'} & E(G) and h = h' € V(H)
or {h,h'} € E(H). We conclude that pgpg, =0forg#4¢,{9,9} € E(G) and h = h' € V(H) or
{h,W'} € E(H).

(=) Assume G <, H. There exist d € N, a positive definite matrix p € M(d,C) and positive
semidefinite matrices (p}g‘ € M(d,C) : g € V(G), h € V(H)) such that >,y pg = p for all
g € V(G) and pgpg, =0if g # ¢,{9,9'} € E(G) and {h,h'} € E(H) or h = h’. We shall prove
that there exist a positive definite o € D(C?) and E = span{E;}; C L(C" ® C¢ C™) satisfying
D Ej E; = I,,4, such that (Sé ®o)ET L Sg. We need the following lemma, which we prove for
the convenience of the reader.

Lemma 29 ([HJWO93, SR02]). Let p1,...,p € M(d,C) be a collection of positive semidefinite
matrices which sum up to a positive definite matriz p € M(d,C). Then there exist |Q) € C? @ C?
and a POVM {A1,..., A} C M(d,C), i.e. a collection of positive semidefinite matrices that add up
to the identity, such that pr, = Tr1((Ax @ I)|Q){(Q]). Namely, let p = Z?:l i |0i) (15| be the spectral
decomposition of p, so i > 0 for i € [d] and {|11),...,|vYa)} forms an orthonormal basis of C%. Let
Q) =0, VA i) @ [) € CY@ C? and let Ay = p~/2pLp=1/2,
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Proof. We have

d
Ap=p"Ppfp 12 = [i) (Wil ok [45) (5] mp [95) [i) (8]
k K ”221 \/T kE 1Y3I\Fg le kE1%g J
for k=1,...,l. Moreover,
d
Az Ay
Tri((Ap@ D) = Y ox (Wil ok 197) Tea((190) (5] @ D([9w) (8y| © [1h) (10 ))
i,5,@,y=1 Aidj
= > (Wil i 93) 1) (il = p.
2
This proves Lemma 29. ]

Following Lemma 29, we define the pure state |Q2) = Zle Vi [0 @ [¢y) € C4 @ C4, where p =
Z;i:l i |¥i) (i is the spectral decomposition of p. Then, for every g € V(G), there exists a POVM
(Al = p=V2(p"Tp=1/2 : h € V(H)), indexed by h € V(H), such that plt = Tri((A" @ I)|2)(Q]).

For g # ¢, {9,9'} ¢ E(G) and {h,h'} € E(H) or h = I/, p’;p;‘f = 0 implies (pZ)T(pZ,/)T = 0, thus

(42) AfpAl = (p (o) p ) p(0 ™2 (o) ™2 = p ()T () TP = 0.

Since AZ is positive semidefinite for all g € V(G) and h € V(H), there is a spectral decompo-
sition A = 37 s 69 (¢%"|, with py > 0 for all possible z. By Equation 42, we know that
(qbggg’h] p |¢g/’hl) =0 for all possible z,y and g # ¢',{9,9'} € E(G) and {h,h'} € E(H) or h =h'. Let
MP =3 i |¥s) (63", We have Al = (M) (M) and

(43) MIp(ME) =0, Vg # ¢ {g9.9'} ¢ E(G) and {h,h} € E(H) or h =1

Let E = span{E; 5 = |h) ({(g| ® (i| MI") : g € V(G), h e V(H), i € [d]} € L(C"® C% C™). Note
that

STE! L Eign = lg)al @ (M) i) (wi| M =" |g) gl @ Al = I, ® I,

i,9,h i,9,h g,h

where the second equality holds since {|¢1),...,[1q)} forms an orthonormal basis of C? and since
Al = (M!MT(M!), the last equality holds since ZheV(H) Al = I for all g € V(G). We also claim

that E(SE ®p)ET L Sy. We have
E(Sg ® p)E" = span{ (| (M pMy/) [45) |R) (K| : {9.9'} & E(G), h,W € V(H), i,j € [d]}.

By Equation 43, we know that E(SE ® p)ET is at most spanned by those operators |h)(h'| with
h# K, {h,h'} ¢ E(H). This immediately implies E(SZ ® p)ET L Sy, since Sz = {|h)(W| : {h,h'} &
E(H)}. This proves Lemma 28.

Now we prove that the entanglement-assisted cohomomorphism preorder <, (Definition 11) on
nc-graphs is a Strassen preorder.

Lemma 30. For any nc-graphs S C L(A), S’ C L(A"), T C L(B) and T C L(B') holds
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(i) S<,S

(i) if S<, T and T <, T, then S <, T’

)
)

(iii) K <« Ky, if and only if m <n

(iv) if S<. T and ' <, T, then S®& S <, THT and S® S <, T®T'
)

(v) if T # Ko, then there is an v € N with S <, K, @ T.

Proof. (i) We know S < T implies S <, T' (Lemma 13). Clearly S < S holds by taking £ = span{I}.
Therefore, also S <, S.

(ii) Let a positive definite p € D(Ap) and E = span{F;}; C L(A ® Ao, B) be given by S <, T,
and a positive definite 0 € D(By) and F = span{F;}; C L(B ® By, B’) be given by T' <, T". To see
S <, T,, take 7 = pRo € D(A() X B()) and F' = span{Fj(Ei X IBO)}i,j C E(A ® Ao ® Bo,B/). We
have

(44) F'(sSteor)F' =FEG e pE @o)F C F(T+2o)Ft LT,

where the inequality holds since E(S+ ® p)ET L T by S <, T, and the orthogonality relation is
given by T' <, T".

(iii) By Lemma 28, K, <, K,, is equivalent to K,, <, K,,, which is equivalent to m < n by
Lemma 15.

(iv) Let a positive definite matrix p € D(A4p) and E = span{E;}; C L(A ® Ao, B) be given
by S <, T, and a positive definite matrix o € D(A{)) and F = span{F;}; C L(A' ® Aj, B") be
given by S’ <, T". Let E' = span{E; ©0,0® Fj};; C L(A® A) @ (Ao @ A[), B ® B’), where
(Ei @ 0)([9) 4 +19)4) @ (10) 4y + 19"} 4) = Ei([90) 4 ®|9) 4,) and (0 Fj)(|9) 4 + [9") o)) @ (|0) 4, +
60 a) = Fi([¥) 4 @ ¢') o) for all i, j and |¢) 4 € A, [¢') 1 € A [d) 5, € Ao and [¢') o, € Aj.
One readily verifies that E'((S @ S @ (p@o)ET L T & T'. Tosee S® 8 <, T® T, Let
E' = span{E; ® Lyga, Laga, ® Fiti; C L(A® A') @ (Ao ® Ay), B® B'). One readily verifies that
E((S®9) e (poo)ET LToT.

(v) We show that for any S, T # Ko, there exists an r € N such that S <, K, ® T. We first claim
that S < Z,, := span{I,,} C L£(C") for n = dim(A). This can be done by taking E = span{FE;},,
where ), EjEz =1, and S = span{EgEj}i,j. Such E always exists by the results in [Dua09]. We
then show that, for any n € N, Z,, <, KC,2. Let E; ; = |®; ;) (i, j| for all 4,5 € {0,...,n — 1}, where
{li)) ® |j) : 4,7 € {0,...,n —1}} is the computational basis of C" ® C" and

n—1
(45) |®1,) = jﬁ SO(XG)ZG) 1K) @ k)
k=0

where X (i) |k) = |i + k mod n) and Z(j) |k) = exp(i2nwjk/n) |k), is the (i, j)-th element of the Bell
basis of C* @ C™ (cf. [Will7, page 114]). Take p = I,, and E = {E;; : i,j € {0,...,n—1}} C L(C™).
Note that Z;- = {X € £(C") : Tr(X) = 0}, and X ® I,, L |®;;){®; | for all 4,5 € {0,...,n — 1},

Tr(XT @ L) |®; ) (®i5]) = Tr(XT Tra(|®,5)(®i5])) = Tr(XT) = 0.

This implies that (Z;- ® I,,) 1 ETK,2E, which is equivalent to E(Iﬁg[n)ET 1L K. Thus we
conclude that S <, K2 by transitivity. We derive that § <, Ky2 @ K1 <, Kpy2 @ T if T # Ko,
which concludes the proof. O
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Let X(S, <) be the asymptotic spectrum of nc-graphs with respect to the entanglement-assisted
cohomomorphism preorder, i.e.

(46) X(S,<,) = {¢ € Hom(S,Rs) : VS, T €S, S<,. T = ¢(S) < ¢(T)}.

Together with Theorem 1, we obtain the following dual characterization of the entanglement-
assisted Shannon capacity of nc-graphs.

Theorem 31. Let S be an nc-graph. Then

O,(S) = i S).
(5) =, min_ ¢(5)

Recall that there exists an injective semiring homomorphism ¢ : G — § mapping the graph G to
the nc-graph Sg (Lemma 10) such that G <, H if and only if S¢ <, Sy (Lemma 28). By Theorem 2
this implies that there exists a surjection from X(S, <,) to X (G, <) via ¢.

Theorem 32. The map
X(S,<y) > X(G, <) o= o
18 surjective.

Since ¥ € X(G, <.), we know by Theorem 32 that there exists a function in X(S§, <) that
restricts to ¥J. Indeed, Duan, Severini and Winter in [DSW13] introduced the quantum Lovész theta
function ¥, which has these properties. This is currently the only element in X(S, <,) that we
know of.

Theorem 33 ([DSW13, Stal6]). We have
0 eX(S,<,).
Moreover, 9(Sq) = 9(G) for any graph G.

We conclude our knowledge for the asymptotic spectra of graphs and noncommutative graphs in
Figure 1.
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A  Proof of Lemma 14

Proof of Lemma 1/. Let S < L(A) be an nc-graph.

(i) We show that KC,, < S if and only if there is a size-n independent set of S.

Suppose [1) (1], ..., [n)(¥n] is a size-n independent set of S. Let E; = |¢;)(i| for i =1,... k.
Then E; [I){l'| E;r = 0;10; 1 [t1) (Y| for all 1 # 1" € [n]. We compute the inner product of Ej; [I)(l'| E]T
and X. We have Tr(E; \l’)(l|E;rX) = 0;0;p Tr(|¢y) (] X), for all 4,5, 1l #1' € [n] and X € S.
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Figure 1: Relations among asymptotic spectra of graphs and non-commutative graphs with different
preorder. The fractional Haemers bound provide an infinite family of elements in X(G, <). We don’t
know whether the red elements belong to smaller asymptotic spectra or not. It is also open whether

X(G, <4) = X(G,<y)-

For all i # [ or j # I’, the previous equation equals 0 since d;; = 0 or §; = 0, and otherwise
Tr(|yp) (Y] X) = 0 for all X € S as {|t1){¢1],- .., |¥Yr) (Y|} forms an independent set of S. This
concludes that E; |I)(l'| E]T 1 X for all 4,5, l #1' € [n] and X € S, which implies K,, < S.

On the other hand, suppose K, < S. Then there exist £ : L(C") — L(A) with Choi-Kraus
operators {F1,...,E;} € L(C" A), such that EELET 1 S. The condition ElCinlET 1L Sis
equivalent to ETSE C K,, = span{|i)(i| : i € [n]}. Since I4 € S, we then have E;Ej € span{|7)(i| :
i € [n]} for any j € [l]. Thus we know E;Ej is diagonal. By the singular value decomposition,

we can write F; = ij \/)\%j \wijﬂvij\? Where )\{,j > 0 since E}Ej is positive semidefinite, |v%j> €
{|1),...,]k)} for all possible ; and (7, |¢y,) = 0 for all possible z; # y;. Then for X € S,

EIXE = Y0\, M, (0,1 X164, o, Mo | € span{i) il i € [n]},

T3y
Zj,Y1

which implies (Wl | X ¢l ) = 0if |vl,) # [vl,) for all X € S. Note that Y, E/E; = Icn. Thus
span{|v3;)}j.; = C". This then guarantees that we can find a size-n independent set of S.

(ii) We show that K,, <, S if and only if there is a size-n entanglement-assisted independent set
of S.

Suppose Q) € Ag ® By and &1, ..., & form an entanglement-assisted independent set of S. Let
p=Trp,(|2)(02]) and £ : L(C"® Ag) — L(A) be the quantum channel which maps |i)(i| ® o to & (o)
foralli =1,...,k and o0 € D(Ap). The Choi-Kraus operators of £ can be written as {(i| ® E ; }ic[n) ;;
where {F; j}; are the Choi-Kraus operators of £. We obtain that E(EL ®p)ET = span{Ei,jpE};l :
i#ken], j,l} LS. We conclude K,, <, S.

Suppose K, <. S. Then there exist a positive definite p € D(Ag) and a quantum channel
E: L(C"® Ayg) — L(A) with Choi-Kraus operators {E;}; such that E(lCinL ®p)ET 1 S. Let
Eilp) = E(|i)(i]| ® p) for i € [n] and let |?) € Ay ® By be a purification of p. The Choi-Kraus
operator of & can be written as {E; ; = E;(]i) ® I4,)}; € L£(Ao,A). Then for i # i’ € [n] and
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.o R —1 . .
7.7, ET,J'PEi',j' = E;(|) (| ®p)E]T, € E(K,” ® p)ET, thus span{Elj Tr, ([Q(Q)Ey ;i # €

)

n], j,7'} L S. We conclude {|Q2),&1,...,E,} is an entanglement-assisted independent set of S. [

B The unassisted Shannon capacity of nc-graphs

In this section, we discuss the unassisted Shannon capacity of nc-graphs. The unassisted Shannon
capacity may not admit a dual characterization by its asymptotic spectrum. We first note that the
cohomomorphism preorder on nc-graphs becomes the cohomomorphism preorder on graphs when
restricting from nc-graphs to graphs.

Lemma 34 ([Stal6, Theorem 8|). For any graphs G, H € G holds G < H if and only if S¢ < Sp.
The cohomomorphism preorder on nc-graphs has the following properties.

Lemma 35. For any nc-graphs S C L(A), 8" C L(A"), T C L(B) and T C L(B’) and n,m € N,
we have

(i) <8

(i) if S<T and T <T', then S <T’

(iii) KCp < Ky if and only if m <n

(iv) if S<T and 8" <T', then S®S'<T®T and S S <T T’
Proof. (i) We see that S < S by taking E = span{l4} in Definition 11.

(i) Let E =span{E;}; C L(A, B) be given by S < T, and F = span{F};}; C L(B, B") be given
by T <T'. Tosee S <T', take F' = span{F;E;}; ; C L(A, B"). We have

(47) F'SYFT = F(ESTEYFI C FTLF L T,

where the inequality holds since ESTET 1. T by S < T, and the last orthogonality relation is given
by T <T'.

(iii) By Lemma 34, K,, < K,,, is equivalent to K,, < K,,, which is equivalent to m < n.

(iv) Let E = span{E;}; C L(A, B) be given by S < T, and F = span{F};}; C L(A’, B') be given
by §" <T'. Let E' = span{E;®0};U{0& F;}; C L(A®A', B&B’), where (E; @ F;)(|¢) 4, & |Y) o) =
E;i W) 4®F; ') 4) foralli, j and 1) 4 € Aand [¢') ,, € A’. One readily verifies that E(SaS)LET 1L
TeT. Tosee SS <, T®T', Let E' = span{E; @ I4,14 @ F;};; C L(A® A", B® B’). One
readily verifies that E'(S ® §')*ET L To T O

Recall the following property of the entanglement-assisted cohomomorphism preorder <,. If

T # Ko, then there is an r € N with § <, K,®7T. The next example shows that the cohomomorphism
preorder < does not have this property, thus cannot be a Strassen preorder.

Example 36. Let S=7y and T =K; =C. For any r € Nholds S £ K, ® T

Proof. Assume T, < K,. Let E = span{E;}; < L(C?,C") satisfy EZ;-E! 1 K,. Note that
ES*E! LK, implies E'K,E C S, since Te(E;XTE]Y) = Te(E]YTE; X) implies E]YE; 1 X for all
Ei,E; € E, X € St and Y € K,. We obtain that EZT |7)(j| Ei € I for all i and j € [r]. This is

impossible since E # 0 and since the nonzero elements in Zs have rank 2. O

The reason why I, £ K, for every r € N can be understood as: no classical channels can transmit
even a single qubit. In the entanglement-assisted setting, this can be overcome by invoking the
teleportation protocol, as mentioned in the proof of Lemma 30 (v).
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