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2. Let I'be a sequence of applications of F' to patterns. Let m be an application of F'
to patterns.
(a) nw(l,m) = {mq Ut|t € todo® (1), mq 1 t};
(b) new(l,m) = {t € nw(l,m)|t  nw(l,m)}.
3. Let I be a sequence of applications of F' to patterns. Let m be an application of F

to patterns. .
subs(l,m) = {mgu(m, fresh(var(m), u))|u € new(l,m)}.

Example 5.3.20 Let (D,C, R,>) be the PCS of Example 5.3.2. Computation of todo for
the left-hand sides of the rules for Eq:

todoP?(Eq(0,0)) = {Eq(s(Q),2),Eq(®,S(Q))};
todo®?(Eq(0,0),Eq(S(w),S(z))) = {Eq(S(®),0),Eq(0,S())};
todo®?(Eq(0, 0),Eq(S(w),S()),Eq(y,2)) = 0.

Computation of new for the left-hand sides of the rules for Eq:

new(¢,Eq(0,0)) = {Eq(0,0)};
new((Eq(0,0)),Eq(S(w),S(x))) {Eq(s(12),5())};
new((Eq(0,0),Eq(S(w),S(z))),Eq(y,2)) = {Ea(S(2),0),Eq(0,5())y}.

The following technical lemma is necessary to show that applying a substitution of subs
to a linear application of a defined symbol F' to patterns yields a linear application of F
to patterns.

Lemma 5.3.21 Let (D,C, R) be an S-sorted Constructor System. Let F' € D. Let I be
a sequence of linear applications of F to patterns. Let m be a linear application of F' to
patterns.

1. Vt € todo" (I) 3ty,...,t, € TICU{Q}) t = F(ty,. .. ta).
2. Vt € new(l,m) 3ty,...,t, € ICU{Q}) t = F(t1,...,ta).
3. Yo € subs(f, m) linear(m?) A 3p1,...,pn € T(C,V) m* = F(p1,...,pn).
Proof
1. Induction on length of I.
Case |I] = 0. Trivial.
Case |f| =1+ 1. We will prove Vt € tdF(f) t = F(ty,...,t,) for some ty,...,t, €
Tcu{Q}).
Either t €todo (Iy,...,1;) and (li41)a#t. By the induction hypothesis we have
t = F(ty,...,t,) for some ty,...,t, € TICU{Q}).
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Ort = sUu with s € IncLhs((li+1)a),u € todo (I, ..., L) such that (liy1)a T u
and s T u. By the induction hypothesis we have v = F(uq,...,u,) for
some uy,...,u, € T(CU{Q}). We also have s = F(sy,...,s,) for some
S15--, 8, € TICU{Q}). As sUu = F(s;Uuy,...,s,Uuy,), and s; Uu; €
T(CU{Q}) (: <n). Thus t = F(t4,...,t,) for some ty,...,t, € T[CU{Q}).

-

2. Let t € new(l,m). Then t = mgq Ut with ¢’ € todo” (I). Thus ¢’ = F(ty,... tn)
for some ty,...t, € T([CU{Q}). Also we have m = F(py,...,p,) for some p;...p, €
T(C,V). Thus (pi)a € T(CU{N}) (¢ < n). The result follows, because mq Ut =
F((p1)aUti,...,(pa)aUtn) and (pi)o Uti € TICU{Q}) (3 < n).

3. Let o € subs(l,m). Then ¢ = mgu(m, fresh(var(m),u)) for some u € new(i,m).
Let u' = fresh(var(m),u)). Let o = mgu(m,u’). Because m and v’ are linear and

var(m) N var(u’) = 0, m? must be linear. We have v’ = F(uy,...,u,) for patterns
U1,...,Up. Using this and the definition of o we obtain that m? = F(q,...,¢.), for
some patterns qy,...,qn. 0O

The following lemma shows that subs can be used to compute instances of the left-hand
side of a rule that must have an strongly incompatible argument with the left-hand sides
of some other rules.

Lemma 5.3.22 Let (D,C, R) be an S-sorted Constructor System. Let F € D. Let I be a
sequence of applications of F' to patterns. Let m be an application of F' to patterns.

1. Vt € todoF (1) V5 < |1} (I;)a#t.
2. Vt € new(l,m) V5 < |I] (I;)a#t.
3. Vo € subs(l,m) Vj < |1 l#hrem?.
Proof
1. Induction on |I].
Case |I] = 0. Trivial.

Case |l—i =1+ 1. We will prove the property for tdF(f). Assume t € tdF(f).

Either t €todof (Iy,...,1;) and (l;y1)a#t. By induction Vj < i (I;)q#t.

Ort = sUu with s € IncLhs((li+1)a),u € todo (L, ..., 1;) such that (li;1)a T u
and s T u. Because (liy1)a#s and Vj < ¢ (I;)o#tu we have by Lemma 5.3.12
(L)a#sUu, for all § <7+ 1. Thus V5 < i+ 1 (;)a#t.

Thus V¢ € todof (1. .., liy1) Vi < i+ 1 (I;)a#t.

2. Let t € new(l_: m). Then t = (m)q Ut with ¢’ € todoF(T). Thus we have (I;)a#t’
(7 < |1]). The result follows with properties of U in Lemma 5.3.12.
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3. Let o € subs(l,m). Then ¢ = mgu(m,fresh(var(m),u)) for some u € new(l,m).

Thus (I;)a#u (j < |I]). Therefore ;#A%u, and lj#,u® = m? (j <|l]). o

The following lemma shows that subs computes the most general substitutions for the left-
hand side of a rule, such that the its instances have a strongly incompatible argument with
the left-hand sides of some other rules.

Lemma 5.3.28 Let (D,C, R) be an S-sorted Constructor System. Let F' € D. Let I be a
sequence of applications of F to patterns. Let m be an application of F' to patterns. Let t
be an application of F' to terms.

1. (Vi < || 1;#A78t) = Ju € todo” (1) ¢ = u

2. (V5 < 1] Li#5%m?) = Ju e new(l,m) m® = u, for any substitution o.

3. (Vj < |I] L;#Amt) A (31 m™ = t) = 3o € subs(l,m) Jo’ (m?)" =1t.
Proof

1. Induction on ||.

Case || = 0. Follows from ¢ = F(Q,...,Q).

Case m =1+ 1. Assume Vj < i+ 1 [;#4¢. By induction we have ¢t = u for some
u € todof (I, ..., L).

Fither (liy1)o#u andu € tdF (). Then u > u’ for some v’ € todo (Iy,. .., lis1).
Thus also t = u'.

Or (liz1)a T u. As Li1#2t we have t = w for some w € IncLhs(lit1).

-

Therefore we have w T w and thus w U u € ¢tdF({). Thus we have w U u >t/
for some t' € todoF(ll, ..., liy1). Moreover we have t = w U u and thus
et

2. Assume Vj < |I| 1;#2"%m?. Then we have m® > t' for some t' € todo” (). Thus
mq = t'. Therefore mgq Ut € nw(l,m). Thus we have mq Ut = u for some
u € new(l,m). The result follows, because m? = u.

3. Assume [;#4t (5 < m) and m”™ = t. Then m” > u for some u € new(f). Let
w = fresh(var(m),u). Then we have m” =t = w" for some substitution 7, because
var(m) N var(w) = §. By definition we have (m™&™®))*" = m™ = ¢ for some ¢’ and

mgu(m,w) € subs(l,m). o

We will use the definition of subs to define a function ‘newrules’, that given a sequence I
of F-rules and an F-rule, computes instances of this rule, such that their left-hand sides
and all the left-hand sides of /; have strongly incompatible arguments.
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Definition 5.3.24 Let (D,C, R) be an S-sorted Constructor System. Let F' € D. Let
li = 7r1,...,lg = rp,m — t be F-rules.
newrules((l; = r1,...,lk = rx), m —t) = {m? — t%|o € subs({ly,...,lk),m)}.

Example 5.3.25 Let (D,C,R,>) be the PCS of Example 5.3.2. We can compute newrules
for the rules of Eq with respect to their preceding rules as follows:

newrules(e, Eq(0,0) — True)= {Eq(0,0) — True};

newrules((Eq(0,0) — True), Eq(S(w),S(x)) — Eq(w,x)) =

{Eq(S(a),S(b)) — Eq(a,b)};

newrules((Eq(0,0) — True,Eq(S(w),S(x)) — Eq(w,x)), Eq(y,z) — False) =
{Eq(s(c),0) — False,Eq(0,S(d)) — False}.

Notice that although the third rule for Eq in the PCS interferes with its preceding rules,
its instances computed by newrules do not interfere with these rules.

In the following lemma we show that for a given sequence [ of F-rules and an F-rule,
newrules computes the most general instances of this rule, such that their left-hand sides
and all the left-hand sides of /; have strongly incompatible arguments.

Lemma 5.3.26 Let (D,C, R) be an S-sorted Priority Constructor System. Let F' € D.
Let ly = 11,..., k41 — TE41 be F-rules.

1. Yl — r € newrules({l; = r1,..., Ik = 1), g1 = T41) V5 < k L##2781

2. If lj#2%t, for all j <k, and If,, =t then t is an r-redezx for some

r € newrules((ly = r1,..., Ik = 1), k1 = Thy1)-
Proof
1. Let r € newrules({(l; — r1,...,lk = 7%),lk41 — 7Tr41). By definition, for some
o € subs((l,..., &), lkg1) T = 17, — ri,,. Thus V5 < k [;#2l7 , by Lemma
5.3.22.

2. Assume Vj < k [;#28t and 3o If,; = F(t1,...,t,). By Lemma 5.3.23 we have
(I141)" = F(t1,...,t,), for some 7 € subs({ly,..., k), lks1), and substitution 7'. By
definition we have I[,, — rf,, € newrules((l1,...,l),lx4+1) and F(ty,...,t,) is an
lf41 — Tryq-Tedex. o

Now we will define a function ‘transform’ that transforms a PCS to an equivalent CS by
computing for each rule instances that do not interfere with any of the preceding rules.

Definition 5.3.27 Let (D,C, R,>) be an S-sorted Priority Constructor System with
finitely many rules.

1. Let FF € D. Let [ — r be an F-rule. The sequence precrules(R, >,! — r) contains
all F-rules!’ = 1" € R, such that ' ="' > 1 —r.
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2. transform(D,C, R, >) = (D,C,U,cr newrules(precrules(R, >,r),7)).

Example 5.3.28 Let (D,C, R,>) be the PCS of Example 5.3.2. We will show its trans-
formation to an equivalent CS. Computation of precrules for the rules of Eq:

precrules(R, >,Eq(0,0) — True) = ¢;
precrules(R,>,Eq(S(w),S(x)) — Eq(w,x)) = Eq(0,0) — True;
precrules(R, >,Eq(y,z) — False) = Eq(0,0) — True,Eq(s(w),S(x)) — Eq(w,x).

Using the results of the previous example we get:

transform(D,C, R, >) = (D,C,
{Eq(0,0) — True, Eq(s(a),S(b)) — Eq(a,b),
Eq(S(c),0) — False, Eq(0,S(d)) — False}).

In the next proposition we will show that an | — r-reduction step is enabled if and only if
it is an instance of a rule in the newrules of [ — r for the preceding rules of [ — r.

Proposition 5.3.29 Let (D,C, R, >) an S-sorted Priority Constructor System with finitely
many rules. Let l; — r1 € R. Let o be a substitution.
f —.r{ eIy —-re newrules(precrules(R, >, l; — r),lh =) It =G A =15,

Proof Let [; — r, € R. Let o be a substitution.

=. Assume [{ —, r{. Then we have I'#A817 for all ' > r' € Rwith I' = ' > 1} — rq.
By Lemma 5.3.26 we obtain that [{ is an l; — r;-redex for some rule l;, — ry €
newrules(precrules(R, >,l; — r1),l; = r1). By definition of newrules we have [, —
ro =[] — r] for some substitution 7.

<. Assume I9 =[] and r{ = rj for l; — r; € newrules(precrules(R, >,l; — r1),li — 11).
If ! = ' > l; — r, then by Lemma 5.3.26 we have I'#4l, and thus UI'#Are]7 for
all I’ = r' € R. By the definition of newrules we have l; — r, = l{' — r{’ for some
substitution 7/. Thus we have IJ = (IJ')7 —. (r])" = r{. O

Theorem 5.3.30 (reduction preservation) Let (D,C,R,>) be an S-sorted Priority
Constructor System with finitely many rules. Then transform(D,C, R,>) is a left-linear
Constructor System with a reduction relation that is the same as the enabled reduction
relation defined by R and >.

Proof

Let PCS(D,C, R, >) be an S-sorted Priority Constructor System with finitely many rules.
According to Lemma 5.3.21 the rules of the transformed PCS are left-linear and have ap-
plications of defined symbols to patterns as left-hand sides. Thus the transformed PCS is a
left-linear Constructor System. A consequence of Proposition 5.3.29 is: t; —. t2 & t1 — 12
in transform(D,C, R, >). O
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Now that we have treated the transformation of a finite Priority Constructor System to an
equivalent Constructor System, it is interesting to investigate which Priority Constructor
Systems are transformed to weakly orthogonal Constructor Systems. Thus all critical pairs
of the transformed PCS should be trivial. In the transformation each rule is replaced by
several instances with left-hand sides that are not unifiable with the left-hand sides of its
preceding rules (and their instances). If all conflicting rules in a PCS are ordered, then its
transformation is weakly orthogonal.

Definition 5.3.31 Let ¥ an S-sorted signature. Let R be a set rewrite rules over ¥ with
V. A strict partial order > on R prevents conflicts, if each critical pair is either trivial or
obtained from two comparable (by >) rules.

Example 5.3.32 The PCS of Example 5.3.2 has two critical pairs, namely (True, False)
(as Eq(0,0) is a redex for the first and third rule), and (Eq(x,y),False) (as Eq(S(x), S(y))
is a redex for the second and the third rule). As the order on this PCS is total all rules
are comparable and thus it prevents conflicts.

Because no rules are ordered, the order of the following PCS does not prevent conflicts.

sort bool
cons True: bool
False: bool

def Choice: bool x bool — bool
rule Choice(False,x) — False
Choice(y,True) — True

In the following lemma we will show how instantiation effects unifiability. We need this
lemma in the next proposition in which we will show that the enabled reduction relation
of a PCS with a conflict preventing order is confluent.

Lemma 5.3.33 Let ¥ be an S-sorted signature. Let ly,l, € T(E,V). Let o be a substitu-
tion.

1. Ifl§ and l, are unifiable and var(ly) Nvar(ly) = 0, then Iy and I, are unifiable.

2. If the critical pair obtained by unification of the left-hand sides of l; — 1 and l; — 1o
is trivial, and I and l, are unifiable, then the critical pair obtained by unification of
[{ and Iy is trivial.

Proof

1. Assume 7 is a unifier for I and ;. We define a substitution ¢’ as follows:

R £ (if v € var(ly)) . o o
o' ful] = {O(D) (othermiae) - We have If = 1 and ' = b

Thus 7 o ¢’ is a unifier for [; and I,.
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2. Assume that (possibly after renaming variables in I, — r3) var(l{) Nvar(lz) = 0 =

var(l;) N var(ly). Assume [{ and [, are unifiable. We define a substitution o' as
N v (if v € var(l)) . ol o ol 7l

follows: o'(v) = {a’(v) letherwise) - We have I§ = 1{, r{ = 1], 1] = I3, and

rg’ =r,. Let 7 be a unifier for [{ and l;. Then 7o ¢’ is a unifier for /; and I3, thus

7 0 ¢’ is a unifier for r; and r,. Thus 7 is a unifier for r{ and r,. 0

The next proposition gives a criterion for determining whether a Priority Constructor
System has a confluent enabled reduction relation.

Proposition 5.3.34 (confluence) Let (D,C, R,>) be an S-sorted PCS with finitely many
rules. If > prevents conflicts then transform(D,C, R,>) is weakly orthogonal, and hence
confluent.

Proof

Assume PCS(D,C, R, >) is finite, and > prevents conflicts. Let (D,C, R) =
transform(D,C, R,>). By the theorem (D,C, R') is a left-linear constructor system. By
Proposition 5.2.11 we just have to prove that all critical pairs obtained from unification of
the left-hand sides of two rules are trivial. Assume (r{,rJ) is a critical pair obtained from
unification of the left-hand sides of two rules l; — r1,l; — 72 € R'. By definition there are
rules ls — 3,1y — r4 € R, such that l; — r; € newrules(precrules(R,>,l3 — r3),l3 — 13)
and I, — ry € newrules(precrules(R, >,ly — r4),l4 = r4). By Lemma 5.3.33 I3 and 4 are
unifiable. As > prevents conflicts we either have r] = r] (7 = mgu(l3,l4)), or I3 — 73
and l; — r4 are comparable by >. In the first case we have r{ = r§ by Lemma 5.3.33.
In the second case by Lemma 5.3.7 and 5.3.26 we obtain I, #4781, which contradicts the
unifiability of /; and 5. 0

We will show that certain properties, that hold for the underlying Constructor System of
a PCS, also hold for its transformed version.

First we will prove that if the underlying Constructor system of a PCS is exhaustively
defined, then its transformed version is exhaustively defined. Therefore we will show that
an application to values is either incompatible with the Q-term of the left-hand side of a
left-linear rule or is a redex for that rule.

Lemma 5.3.35 Let & be an S-sorted signature. Let t € T(X) be a closed term, and let
u € tg.

1. Let W be a finite subset of V. Then tq =t = fresh(W,t).

2. Ifu >t then u=1.

3. IftTu thent > u.

4. If u is linear and t T uq then u’ =t, for some substitution o.

Proof
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1. Because t does not contain variables we have tq = ¢, and as ¢ does not contain Q we

have fresh(W,t) = t.
2. Induction on the proof of u > t.

Base case: u = (). Cannot be applied, because ) ¢ 7(%).

Second case F(uy,...,uy) = F(uy,...,u,), because Vi < n t; > u;. By the induction
hypothesis we have t; = u; (z < n), thus F(t1,...,t,) = F(uq,...,u,).

3. If t T u, then for some w we have w = ¢t and w > u. By 2. we have w = {, and
therefore t = u.

4. Assume u is linear and ¢ T ug. By 3. we have ¢t > ug. Because u is linear, we have
Jo u® =t by Lemma 5.3.14. O

Proposition 5.3.36 (exhaustively definedness) Let PCS(D,C, R,>) be an S-sorted
Priority Constructor System. If the underlying CS(D,C, R) is ezhaustively defined, then
transform(D,C, R, >) is ezhaustively defined.

Proof

Assume CS(D,C, R) is exhaustively defined. Let F € D,ty,...,t, € 7(C). Because
CS(D,C, R) is exhaustively defined, there exists an F-rule  — r € R and a substitution o,
such that I = F(ty,...,t,) and for each F-rule I' — ', such that I — ' > [ — r we have
(I')" # F(t4,...,t,) for all substitutions 7. Thus by Lemma 5.3.35 lo#F(t4,...,t,) and
by Lemma 5.3.12 and 5.3.13 we have l'#A%F(¢,,...,t,). Thus F(t,...,t,) is an enabled

I — r-redex. By Theorem 5.3.30 the term F(¢y,...,t,) is a redex in transform(D,C, R, >).
O

Proposition 5.3.37 (termination) Let PCS(D,C, R,>) be an S-sorted Priority Con-
structor System. If the underlying CS(D,C, R) is strongly normalizing then
transform(D,C, R, >) is strongly normalizing.

Proof

Assume we have an infinite sequence ¢; — t; — t3 — ... in transform(D,C, R,>). By
Theorem 5.3.30 we have t; —, t; —, t3 —, ... in (D,C,R,>). By definition we have
ty =ty = t3— ... 1in (D,C, R). o



Chapter 6
Priority Rewriting in a Type System

In the previous chapter we have described Priority Constructor Systems as a formalism
for defining functions and we have formulated easily verifiable criteria that guarantee fun-
damental properties such as confluence and termination. In this chapter we will present
an extension of the type system of Higher Order Logic with function definitions based on
this formalism. We discuss the restrictions that must be imposed on function definitions
in order to guarantee that only mathematical functions can be defined. We show how this
formalism for defining functions can be used for reasoning by cases, and how we can use
the computational meaning of functions in formal proofs.

We establish some fundamental properties of our extended type system. We prove that
the result of a computation and the type of a term are unique, and that the type of a
term is preserved by computations. Because of these properties, it makes sense to consider
the Abstract Reduction System consisting of the set of typable terms and the reduction
relation determined by a context as a formal mathematical language.

Next, we discuss the relation between our extended type system with priority rewriting
and the system AHOL with inductive types. We present a transformation function that
maps terms of the former system to terms of the latter system. We analyse how the
transformation function effects the type and the reduction relation of the encoded terms.
Finally, we present a type synthesis algorithm for our type system. As we can use this
algorithm to decide whether or not a pseudo term is typable (meaningful) in a certain
context, our extended type system is suited for automated verification.

6.1 Higher Order Logic with Pattern Matching

In this section we will describe how we can extend the system Higher Order Logic of Sec-
tion 3.1 with function definitions based on the ideas behind Priority Constructors Systems
of Section 5.3. We will use the function symbols of an algebraic data type-signature as
constructors, and the constants, that are not used as type universes, are used as defined
symbols. The computational meaning of defined symbols is determined by function defini-
tions that contain rewrite rules.

7
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We extend the syntax of pseudo terms (of Definition 3.1.1) with sorts and algebraic data
type constructors (see Definition 2.2.5).

Definition 6.1.1 Let S be a finite set of sorts. Let £ be a finite S-sorted algebraic data
type-signature with function symbols F and typing function 7 : F — S*, that is specified
using the method of Example 2.2.4. The sets V,C, S, F are assumed to be pairwise disjoint.
The syntax of pseudo terms 7, is defined as follows:

T,=V|C|S|F| (T, T,) | \VT,.T, | IVT, T,

The constants in the set C\Universes will be used as names of function definitions. We
assume that this set is split into disjoint infinite subsets C, for each type universe

mboxs € Universes. From now on we will assume that S contains the sorts Bool, Nat,
List, and that ¥ contains their well-known constructors (see Example 6.1.2). Recall that
we mean G € F if we write G € X.

Example 6.1.2 Algebraic data type-signature for booleans, natural numbers and lists:

sort Bool, Nat, List

func True: Bool
False: Bool
0: Nat
S: Nat —  Nat
Nil: List
Cons: Nat x List —  List

Definition 6.1.3 We define bound and free variables and substitution for pseudo terms
(€ T;) as in definition 3.1.6 by adding the cases:

1. BV(b)=0,forbe SUX
2. FV(b)=0,forbe SUZT
3. bv:=t]=bforbe SUZ
The set of pseudo terms with a hole in it is defined by the following grammar.
Definition 6.1.4 The set H, is defined as:
He=[]|He T | Tx Hex | AzViHs. T, | \WV:T Ky | IV:H T, | IV T H,
Definition 6.1.5 The notion of 3-reduction for pseudo terms (€ 7y) is defined as follows:

Cl(Avit.b)a] —4 C[b[v := a]], for C[] € H,.
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Since we want to define a function by pattern matching, we must define ‘patterns’ and
‘rules’ first. A pattern is built from variables, and constructors of algebraic data types
using applications.

Definition 6.1.6 1. The set of patterns P is the smallest set that satisfies:

(a) vePifveV.
(b) C €P,if C €.
(c) (fp)ePif ffpePand fEV.

2. The set of rules R is the smallest set such that: if F € C, p1,...,pn € P, t € T, and
FV(t) C FV(Fpy...p,) then (Fpy ...pn,t) € R. We will denote arule (Fp; .. .pa,t)
€ Ras Fp,...p, =t. Wecall Fp, ...p, the left-hand side (Ihs) and t the right-hand
side (rhs) of rule Fp; ...p, = t. We say that Fp,...p, = t € R is an F-rule with
n arguments.

Definition 6.1.7 A rule I, = 7, is the result of renaming a free variable in l; = ry if
Il = Lz :=y], r2 = m[z :=y] and y & FV(l;) UBV(r1). A rule [ = r; is the result of
renaming a bound variable in | = 7y if 3 is the result of renaming a bound variable in ry.

Convention 6.1.8 We identify rules that can be obtained from each other by renaming
variables. Names of bound variables in the right-hand side of a rule I = r will always be

chosen such that FV({)N BV(r) = .

We will now formalize function definitions, that specify functions by a sequence of rules.

Definition 6.1.9 A function definition has form F:t=r, with F' € C, t € T, 7 a non-
empty sequence of F-rules all with the same number of arguments. We call F' the defined
constant, t the type, and 7 the rules of Fit=r.

Example 6.1.10 Function definition of Leq:

Leq:Nat — Nat — Bool =
Leq O y = True,
Leq (Sz) O = False,
Leq(Sz)(Sy) =Lleqzy

The meaning of a function defined in this way is intuitively clear, if we regard the rules
as equations. If we instantiate a rule with canonical members of algebraic data types the
result of the left-hand side is given by the right-hand side. For instance, Leq (S O) O=False.
As we want to be able to use the meaning of defined constants, we extend the notion of
‘pseudo context’ with function definitions.
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Definition 6.1.11 1. A context item is either a variable declaration or a function def-
inition.

2. The set X, of pseudo contexts contains all finite sequence of context items.

3. Let I' € X, be a pseudo context. The set fundefs(I') contains the function definitions
of ', and the set consts(I') contains the defined constants of the function definitions
in fundefs(I"). By FV(I') we denote the set of subjects of the variable declarations
of I'.

Before we can specify how the rules of a function definition give a computational meaning
to its defined constant, we must introduce the notion of ‘substitution sequence’ that allows
us to specify the instantiation of many variables in a pseudo term by one expression.

Definition 6.1.12 1. A substitution sequence is a sequence & = (v1,t1),...,(Vn,tn),
with v; € V,t; € T,. The substitution sequence & is standardif FV (¢;)N{v1,...,v.} =
0 and v; # v; if ¢ # 7, for all ¢,5 < n.

2. Instantiating a pseudo term t with a substitution sequence is defined as follows:

(a) subst(t,e) =t.
(b) subst(t, ((v1,u1),d)) = subst(t[vs := u], ).

The rules in a function definition give its defined constant a computational meaning. We
can formalize this by defining a rewrite relation on pseudo terms in a certain context.
Notice the similarity with reduction for Term Rewriting Systems (see Definition 2.2.18).

Definition 6.1.13 1. Let = t € R. A | = t-reduction step is a pair u; = uy such
that for some substitution sequence ¢ we have subst(l,5) = u; and subst(t,d) = u,,
for uy,uy € 7.

2. We define a ternary relation —,, on a pseudo context and two pseudo terms as:
[, Fit=r,T3 F Clu1] =, Clua], if u1 = uy is an ri-reduction step, C[] € H,.

Example 6.1.14 Let Ap.q be the function definition of Example 6.1.10.
We have Apeq F Leq (S O) (S(S O)) —,, Leq O (S O). But not ¢ - Leq O n —,, True, as

the empty context does not contain a definition for Leq.

Remark 6.1.15 If t; = t; is a [ = r-reduction step and FV(t;) N FV(l) = @ then there
exists a standard substitution sequence o such that subst(l, &) = ¢;. By renaming variables
in [ = r we can always obtain an equivalent rule I’ = r’ such that F'V(¢;) N (FV(I')U
BV (r')) = 0.





