
















































































































































































































































































































































































168 Denotational Semantics of Dynamic Networks 

contents f E Chcont, which models the histories on its inputs channels and yields 
the resulting histories on its output channels, consisting of all values written 
there by the program. It has been justified in [11] that denotations of programs 
are continuous, so we allow only continuous functions from Chcont to Chcont in 
Process. Notice that there are infinite objects in Chcont, the results of infinite 
computations. Usually infinite computations are modeled by a bottom element, 
but our semantics yields a well-defined and useful result: we are not interested 
in a "final" result, but rather in the sequence of outputs produced during the 
computation. 

5.1.3 Process Generators and Environments. In the end, the meaning M[S] of 
a statement will be a process, but this process depends on the meaning of the 
process names occurring in S. We therefore have to provide M[S] with an 
argument, namely, an environment. A process declaration yields a "formal 
process" which is a process in terms of the formal channel names, but an 
instantiation must yield a process in terms of the actuals. To this end, the domain 
of process generators is introduced. A generator accepts a finite list of actual 
input channels and a finite list of actual output channels and yields the actual 
process. 

For a normal instantiation (i.e., not a keep) the formal process, and thus the 
corresponding process generator, is derived from its declaration. This is modeled 
by the first component of an environment. For a keep the formal process must 
be supplied explicitly (because it is defined by the execution of the rest of the 
program, following the expand statement which contains the keep), and this is 
modeled by the second component of an environment. 

5.1.4 Continuations. Direct semantics does not seem appropriate. Consider the 
meaning of composition. This should be something like 

M[S1; S2h<H = M[S2h(M[S1h<H) = E', 

where u is the initial state, f models the contents on the input channels, and f' 
models the result on the output channels. Now M[S1]-yrrE must yield an inter­
mediate result, and this poses at least three problems: 

(i) What if S, blocks on trying to read from an empty channel? A special 
intermediate state blocked could be introduced, but this can hardly be called 
an elegant solution. 

(ii) An intermediate result must at least contain an intermediate state u ', an 
intermediate contents of the input channels, and the output resulting from 
S, . Now M[S2] must concatenate its own output to Si's output, but 
concatenation ( ,\ T 1• ,\ T 2. T 1 • T 2) is not continuous. 

(iii) What should M[expand E] look like? 

We therefore use continuation semantics. We give M[S]-y an extra argument 
0, a continuation, which is meant to model the future of the computation (i.e., 0 
supplies the meaning of the statements to be executed after S). In other words, 
if 0 specifies how execution proceeds once the right-hand end of S has been 
reached, M[S]-y0 specifies execution starting from the left-hand end of S. 
Continuations are due to Strachey and Wadsworth (18] and Morris (14]. An easy 
introduction to this topic can be found in (10]. More technical information 
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appears in [13, 17]. The domain of all continuations is Cont: the future of a 
computation is modeled by a 0, which takes a state and a contents of input 
channels and yields the contents of the output channels. 

5.2 The Function M 

5.2.l Instantiations M[B] (4.2.3) . An instantiation is always part of an expand 
statement. An instantiation either creates a fresh copy of a process (normal 
instantiation) or resumes the process in which the expand statement occurs 
(keep). The meaning M[B]'yOu of an instantiation B in an environment -y is a 
process n E Process which corresponds to executing the body of B (see also 
Section 5.1.3). The arguments O and u are those associated with the expand 
statement in which the instantiation occurs. For normal instantiations we obtain 
the process generator from the first component of the environment and the 
process name. We then apply this generator to the actual channels, and this 
yields the actual process. 

A keep corresponds to the expanding process, which remains active after 
execution of the expansion. This process will start executing the statements 
(dynamically) following the expand statement, and is therefore described by the 
continuation II associated with the expand statement. The starting state is the 
state u in which the original process expanded. So the formal process we need is 
/Irr. 

5.2.2 Declarations M[T] (4.2.5). The meaning M[Th of a declaration Tin 
an environment -y is a new environment: with a process name P two functions 
¢ 1 and r_/) 2 are associated (see also the discussion of the domain Enu in Section 
5.1.3). Fi rst, ¢ 2; this function expects a process a specified in terms of the formal 
input and out.put channels C,, and two lists of actual channel names c: . It yields 
the actual process. This formal-actual t ransformation proceeds in two stages. 
The contents of the actual input channels are given by t. First t is transformed 
to t ', which models the same input, but now in terms of the formals . Thus m' 
yields the right output, but in terms of the formals . This is rewritten to an 
element of Chcont in terms of the actuals in the X-expression: 

Xt.XC.(C = C.:+,)---+ m'C.+1, ( ). 

For the function ¢ 1 , a formal process does not have to be supplied explicitly. It 
will be derived from the declaration T by evaluating its body with respect to the 
empty continuation (after execution of the body no further writes will occur on 
the output channels) in an initial state where all variables are undefined. 
Notice that all process generators {3, which can be defined through Section 
4.2.5, will write on their output channels only; that is, for all t we have 
{:J(Ci. ... , Cn)•(C;, ... , C{)tC = () unless C =Cf. 

5.2.3 Programs M[A] (4.2.6) . The meaning of a program is the meaning of its 
body evaluated in the environment determined by the declarations. Notice that 
the definition is recursive in -y. This is needed because there can be recursive 
instantiations in the bodies of the T,. 

5.2.4 Statements M[S] (4.2.2). M[ShOut yields a channel contents t' de­
scribing the histories on the output channels resulting from executing S followed 
by the future computation as described by the continuation 0. S is executed in a 
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state a with respect to an environment y where the contents of the input channels 
are given by L 

5.2.4.1 Assignment (4.2.2.1). M[x := t]y8af yields the contents of the output 
channels by first of all evaluating the assignment x := t in a (yielding an updated 
state a[M[t]a/x]), and after that proceeding as given by the continuation 8. 

Therefore, the effect of an assignment is captured by applying the continuation 
to the updated state. The contents of the input channels do not change because 
no input is read. 

5.2.4.2 Composition ( 4.2.2.2). Composition is handled in the standard way: 
evaluation of S 1 ; S2 with respect to 8 is equivalent to evaluation of S 1 with respect 
to !evaluation of S 2 with respect to 8 I, cf. 5.1.4. 

5.2.4.3 Conditional (4.2.2.3). The result of evaluating "if b then S 1 else S 2 fi" 
with respect to environment y, continuation 8, state a, and input channel f is 
either the result of evaluating S 1 with respect to these parameters (namely, if b 
evaluated in a yields true) or the results of evaluating S 2 (otherwise). 

5.2.4.4 Repetition (4.2.2.4). The statement "while b do Sod" is equivalent to 

"if b then S; while b do Sod 
else skip 
fi" 

Evaluating the meaning of the latter statement gives us 4.2.2.4. Notice the 
recursion here. Equation 4.2.2.4 is an informal way of writing down the least 
fixed-point expression 

M[while b do S odhB = µ[,\8'.,\a.M[b]a--> M[ShB' a, Ba]. 

A similar remark applies to the definition of -y in the definition of the meaning 
of programs (4.2.6). 

5.2.4.5 Input (4.2.2.5). In defining the meaning of a read statement two cases 
can be discriminated. If the input channel is empty, the process is blocked; it will 
have no effect on its output channels (i.e., it yields ,\C.( ) ). As the process is 
blocked, the continuation, which models the future of the computation, must be 
ignored. Remember that our semantics assumes that all input that will be supplied 
to a process is given by the initial channel contents, there is no such thing 
modeled in our semantics as a process waiting for input. 

If the input channel is not empty, then read (x, C) is equivalent to the 
assignments 

x := first element of C; C := rest of C. 

5.2.4.6 Output (4.2.2.6). Consider the write statement "write(t, C)" evaluated 
with respect to a continuation 8. For all channels except C this statement is 
equivalent to the empty statement. The output history on C consists of the value 
oft followed by what will be written on C in the future. 

A discussion of the expand statement will be given after we have treated network 
definitions. 

5.2.5 Network definitions M[E] (4.2.4). To model the expand statement we 
need to find the (smallest) solution of a set of equations in history-valued 
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Fig. 4. A typical network. 
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Fig. 5. The network of Figure 4 unfolded. 

variables, derived from the topology of the new network. Consider as an example 
an expansion into the net in Figure 4. 

According to Kahn, the global behavior of the net is described by an operator 
which takes an input history x and yields an output history u. This operator is 
derived by solving the equations 

y = F(x, z) 
(z, u) = G(y) 

This is equivalent to deriving the least fixed-point of ;qy, z) .(F(x, z), G(y) ! 1), 
where G(y) ! 1 corresponds to output on the channel labelled z. In our approach 
we follow the same line of thought, but now in terms of channel contents. This 
means that we need to find the least fixed-point of an operator from Chcont to 
Chcont. This is accomplished in two stages. First we describe the behavior of the 
processes in the network as if they were not interconnected (i.e., the internal 
channels occur twice but the two occurrences are not yet related). In terms of 
the example above we derive the operator M[E], which is pictured in Figure 5. 
This is what Eq. 4.2.4 describes. 

Let us try to show this result more precisely. The network in Figure 4 can be 
expressed in our syntax as the statement 

expand E, 

where 

E= [procF(X,Z; Y)llprocG(Y;Z, U)]. 

Notice that Inchan(E) = IXI. The processes procF and procG must be declared 
such that it will yield an environment -y with 

-yi[procF] = f3F and 'Y1 [procG] = f3c. 
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The process generators f3F and f3c should yield processes that correspond to the 
functions F and G, but stated in terms of elements from Chcont. This means that 

f3F(X, z > < Y) = CXF 

/3c ( Y)(Z, U) = ac 

where 

CXFf y = F(tX, tZ) and CXFfc = < ) for C ~ y 
(autZ, a c fU ) = G(tY) and ac tG = () for C ~ Z, U. 

According to [ 11], the network in Figure 4 corresponds to a function /net, where 
fn e,(x) = u = G(y) ! 2, with ( y, z) the smallest solution of 

y = F(x, z) 

z = G(y) ! 2, 

or equivalently fnet(x) = u, where u is the last component of the least fixed-point 
of the operator 0, defined by 

O(y, z, u) = (F(x, z), G(y) ! 1, G(y) ! 2) 

(notice that O depends on x) . 
M[expand E] should thus yield the same result, or, more precisely, it must be 

the process ane, E Process corresponding to /net in the same way that aF corre­
sponds to F. 

We first consider M[Eh0cr, with -y equipped with the right values in procF 
and procG, and 0 and er arbitrary. According to 4.2.4, 

M[Eh0cr = concat(M[procF(X, Z; Y)]-yOa, M[procG(Y; Z, U)]-yOa). 

Using 4.2.3.1 and the above definitions of f3F , /3c , aF, and ac , we get 

M[Eh0cr = concat(f3F(X, Z) ( Y), /3c( Y) (Z, U)) 

where 

= concat(ap, a c ) = ALt', 

t'Y=F(tX,tZ) 
(t'Z, t'U) = G(tY) 

t 'C = ( ), for all other Cs. 

This operator corresponds to the one sketched in Figure 5. We call this operator 
aJ-:. The next stage consists of "connecting the internal channels" in aE; and that 
is what M[expand E] is supposed to realize. 

5.2.6 Expand Statement M[expand E] (4.2.2.7). Here is the second stage. We 
have derived an operator M[Eh0cr and now we will transform it into an operator 
cJ>* , of which we will take the fixed point. cJ,* essentially connects the internal 
channels. In terms of the example, cJ>* rephrases the operator X (y, z). (F(x, z), 
G (y) ! 1) as a function from Chcont to Chcont. Note that we cannot simply take 
the fixed point of M[Eh0cr because the global input given by f in the definition 
must be supplied explicitly. Note also that the results on the internal channels 
are invisible from outside the expand statement. 
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We now continue our derivation, started at the end of Section 5.2.5, and show 
that M[expand E] indeed yields the desired process an,t• According to 4.2.2.7, 

M[expand E]'y8u = an, 

with 

anf = XC.(C E Outchan(E))-+ (µ<t>*)C, () 

or, since Outchan(E) = I UI, 

anf = XC.(C = U)-+ (µ<t>*)U, ( ). 

So we must show that the operator <t>* corresponds to the operator O as defined 
in 5.2.5. Notice that <t>* depends on f just as 0 depends on x. We therefore choose 
an f E Chcont such that £X = x, the history used in the definition of 0. According 
to 4.2.2.7, again we have 

<l>*f" = M[E]'y80-(£ 11 [£C/C]ce1nchan(E)). 

As lnchan(E) = !XI and M[E]'y8u = aE, we get 

<I>*£"= aE(t"[tX/X]), 

or, using the results on at:, 

<t>*f"Y = F((f 11 [£X/X])X, (t"[EX/X])Z) = F(£X, f"Z) 
(<t>*t"Z, <t>*t"U) = G(f"Y). 

In other words, <t>* is an operator that takes a channel contents £
11 and yields an 

f" E Chcont which is empty on all channels except Y, Z, and U, where it assumes 
the above values. 

This means that <t>* is indeed equivalent to 0, and therefore the least fixed­
point µ<I>* yields the same values in Y, Z, and U as µ0. Or, more precisely, we 
have 

((µ<t>*)Y, (µ<t>*)Z, (µ<t>*)U) = µO. 

5.2.7 The Existence of M. We have to show that Mis well defined in the sense 
that for any syntactical object A, M[A] is an element of the right domain (e.g., 
for every instantiation B we have it that M[B]'y8u£ must be continuous in -y, 8, 
and f). This result then guarantees the existence of the fixed points occurring in 
the definition. 

These properties can be shown by induction on the complexity of A, but there 
are some subtleties to deal with. They stem from the fact that we have to be 
careful in dealing with conditional clauses a -+ {3, -y because they are not 
continuous in their first argument. So we have to check these occurrences in 
Section 4. No danger exists in 4.2.2.6, 4.2.2.7, and 4.2.5 (write, expand, and 
declarations) because the tests contain syntactical entities only. Neither do we 
have to deal with continuity in 4.2.2.3 and 4.2.2.4 (if and while) because we did 
not make V, and therefore i, a cpo. This was a deliberate choice, which is 
discussed in Section 6. As regards 4.2.2.5 (read), we have to be careful, because 
the test depends on f. However, if we turn !true, false! into a cpo by defining true 
!;; false, then everything works. 
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More care has to be exercised in dealing with 4.2.4 (network definitions), 
because as it stands concat(a1, ... , ak)t is not continuous in either a; or L In 
fact, concat is not even monotonic, which can be seen by taking t 1 C = ( ) , t 2 C = 

(x ), a 1 = Au and a2 = AL AC.(y), where x ¥ y. Now concat(a1, a2h1 C = (y) and 
concat(a1, a 2)f2 C = (x). The problem here is that a; and a1 might write on the 
same output channel. In fact, this is the only obstacle; if we assume that the a; 

are such that an output clash cannot occur, then concat is continuous. Also, the 
discontinuity of concat does not seem to be essential in the sense that, after a 
finite number of approximations t;, concat(a1, ... , akk will "choose" the right 
and final a1 (i.e., the same as concat(a1, ... , ak)(Ut;)). In fact, we can make 
concat continuous by providing V"" with a richer structure than that of cpo, (see 
also [6, Sect. 6], where an idea like this has been worked out). Here we solve the 
difficulty in another way, by realizing that the possible arguments M[B;]-y0u of 
concat in 4.2.4 can only write on the output channels occurring in B, (cf. the 
remark at the end of Section 5.2.2). Now every network definition [B1 II • • • II Bk] 
must be well formed (cf. the definition of Ndef in Section 2), and this means that 
the sets of output channels of the respective B;s will be disjoint. 

In order to prove that M[~] is in the right domain, we have to adopt this 
observation in the induction hypothesis. This can be worked out as follows. 

Definition 1. A process generator {3 writes on its output channels only iff for all 
tuples (C1, ••• , Ck), (C;, ... , C;,,) and for all t and C we have that 

/3(C1 , ••• , Ck)(C;, ... , C;,,)tC = () unless C = Cf for some i. 

Definition 2. An environment 'Y is clean iff for all P and for all a we have that 
-y 1P and -y 2Pa write on their output channels only. 

PROPOSITION. Let Ll be a syntactic entity in Stat U Inst U Ndef U Deel. If we 
restrict Enu to the domain of all clean environments, then 

(1) M[Ll] is in the right domain; 
(2) if~= BE Inst, then M[Bh0cH writes only on the output channels occurring 

in B. 

PROOF. Induction on the structure of Ll. Notice that we have to check that 
Enu restricted as above is a cpo (i.e., the hub of a chain of clean environments 
must itself be clean). However, this follows immediately from a similar fact on 
process generators. Notice also that in case Ll = T, (1) denotes that M[Th is 
clean if -y is clean. □ 

THEOREM. For all programs A, its meaning M[A] is well defined. 

PROOF. Let A = ( T1, . .. , Tn: P(C1, .. . , Ck; Ck+!, ... , Cm)). We have to prove 
(according to 4.2.6) that the least fixed-point -y = µf exists, where r = 
"-'Y· (M[T1] 0 • • • 0 M[Tnh). This is established as follows. 

(1) r transforms a clean environment into a clean environment (proposi­
tion (1), for~ =T). 

(2) r is a continuous operator from clean environments to clean environments 
(again proposition (1); note that the bottom element of Enu is clean as 
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well). In fact this analysis shows that all environments that correspond to 
valid declarations T 1 , ••• , Tn are clean; that is, all environments that can 
occur in the inductive definition of a program using the clauses from 
Section 4 are clean. 

6. AN APPLICATION 

The semantics we have constructed are not very well suited to proving the 
correctness of DNP programs. In Section 3 we gave a simple correctness proof, 
taking as a starting point properties of the history functions that we derived 
from the example program in an informal way. Now we can add rigor to these 
proofs, because we can derive these functions from our semantics. The sequel to 
this section is devoted to a description of the derivation of Eqs. (3)-(6) from 
Section 3. 

A good notation is valuable here. The functions f.e,, f merge, and /copy describe the 
behavior of pieces of the body of the declaration of the process sort. The 
corresponding statements are denoted by Ssort, Smerge, and Scopy, which are 
defined by 

Sson = read(x, unsorted); Ss 
s., = if x 2: 0, then Sexp; Smerge else read (y, subsequence)fi; Scopy 
Se,p = expand [sort (unsorted, subsequencel; sorted, emptyl II 

keep sort (empty subsequence; subsequencel, empty)) 
Sme,ge = read (y, subsequence); 

while (y 2: 0 andy :".:: x) do 
write (y, sorted); read (y, subsequence) od; 

write (x, sorted) 
Scopy = while y 2: 0 do write (y, sorted); read (y, subsequence) od; 

write (-1, sorted). 

We also need a couple of semantic objects: 

cr0 = Xx.undefined; 
fo = XC.( ); 
-y = environment corresponding to the evaluation of the declaration of the 

program from Section 3, according to clause 4.2.6. 

The derivation of / copy from Scopy can best be done in three stages: 

(1) Ocopy = M[Scopy]fOo; 
(2) fcop/Yo, X, Y) = Ocopy( cro[Yo/Y]Hfo[X/unsorted, Y/subsequence)); 
(3) /copy(Yo, X, Y) = (fcopy(Yo, X, Y)sorted, fcopy(Yo, X, Y)empty). 

We now derive Eq. (6) from Section 3. To this end we need a little lemma 
(unwinding the loop) : 

M[while b do Sod; S'] 
= M[if b then S; while b do Sod; S' else S' fi], 

or 

8' = M[while b do Sod; S']-yOcr 
= M[b]cr-+ M[S]-yO'cr, M[S']-yOcr. 
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Applying this lemma, using 4.2.2.2, and taking f' = Eo[X/unsorted, Y /sub­
sequence], we get 

fcopy(yo, X, Y) = (y 2:: 0) 
---+ M[write(y, sorted)]flM[read(y, subsequence)]f0copyl(uo[Yo/Y))E', 

M[ write(-1, sorted) ]f0o(uo[Yo/Y))f '. 

Now suppose y0 < 0. Then (4.2.2.6), 

fcopy (Yo, X, (z) ·y) = >..C.(C = sorted)---+ (-1), ( ), 

and thus, 

/mp/Yo, X, (z) .Y) = ((-1)( )). 

If Yo 2:: 0, we get ( 4.2.2.6), 

fcopy(Yo, X, (z) .Y) = >..C.(C =sorted)---+ (Yo) ·o'sorted, 0'C, 

where (using 4.2.2.5), 

0' = M[read(y, subsequence]f0copy(uo[YolYD 
(t0[X/unsorted, (z) ·y;subsequence)) 

= Ocopy(u1J[z/y))(f[X/unsorted, Y/subsequence)) = fcopy(z, X, Y). 

This yields 

/copy(yo , X, (z) .Y) = ((yo) .Ucopy(z, X, Y) ! l.fcopy(z, X, Y) ! 2). 

Thus we have derived Eq. (6) from Section 3. 
Derivation of Eq. (5) proceeds similarly, using the definitions 

Bmerge = M[Smerge; S copy],Y0o, 
fmerge(Xo, X, Y) = Bmerge(uo[xo/x))(fo[X/unsorted, Y/subsequence)), 

f merge(Xo, X, Y) = ( fmerge(Xo, X, Y)sorted, fmerge(Xo, X, Y)empty). 

Next, the derivation of Eq. (3). As before, we define 

Bsort = M[Ssort]f0o, 
fsort(X, Y) = 050r1u0 (E0[X/unsorted, ¥/subsequence)), 

fson(X, Y) = (f50n(X, Y)sorted, fsort(X, Y)empty). 

Applying the clauses from 4.2.2, we derive, taking f' = Eo[X/unsorted, 
Y /subsequence], 

fsor1( (xo) ·x, Y) 
= M[read(x, unsorted); S,, ]'Y00(E0[(x0 ) ·x;unsorted, Y/subsequence)) 
= M[if x 2:: 0 then S,xp; Smerge 

else read(y, subsequence)fi; S copyh0o(uo[xo/x])f' 
= (xo 2:: 0)---+ M[Sexph0merge(uo(xo/x))f', 

So we have 

M [read(y, subsequence) ]f 0copy(uo[xo/x ))f '. 

fson( (-1) ·x, (Yo) .Y) 

= 0, opy( u/)(-1/ x, Yo/y])( fo[X/unsorted, Y /subsequence]) 

= fcopy(Yo, X, Y), 
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which yields (3). (NB. We cheat a little here; we should prove that 0copya does 
not depend on ax, in order to be able to derive the last equality.) 

Finally, Eq. (4). We first investigate what the meaning of "sort" is, as provided 
by the environment -y . Clause 4.2.6 yields 

-y = M[sort( • •) +-- • • ](M[bottom( • •) +-- • • ](M[main( • •) +-- • • ]-y)). 

According to 4.2.5, we have 

-y = ('Yi[</>,J sort, ¢ 1b/bottom, ¢1m/main], 1'2(¢2s/sort, ¢2b/bottom, ¢2m/main]) 

for the right ¢;1. In particular, using 4.2.5 again, 

and also 

¢ 2,a(P, Q ) (R, S )tR = a(to[tP/unsorted, tQ/subsequence])sorted 
¢2,a (P , Q ) (R, S )tS = a (t0[tP/unsorted, tQ/subsequence])subsequence 

Now, for x0 ~ 0, using the derivation of Esort as given above, we have 

tso,ho ·x , Y) = M[expand[B1 II B2]i0me,ge(ao[xo/x])t' 

with 

B 1 = sort(unsorted, subsequence!; sorted, emptyl) 
B2 = keep sort (emptyl, subsequence; subsequence!, empty) 

(*) 

(**) 

Next we must find out which function on tuples corresponds to instantiations: 

a ; = M[B;]-y0merge(ao(Xo/x]) 

for i = 1, 2. Using 4.2.3, we get 

a 1 = M[B1]-Y0merge(ao[xo/x]) 
= -y 1sort (unsorted, subsequence! ) (sorted, emptyl). 

Using (*) and (**), we see that if a 1 takes the history X as input on channel 
"unsorted" and history Sl on channel "subsequence!" that a 1 will yield on output 
channel "sorted" the history 

SO = 0sort<Io(to[X/unsorted, SI/subsequence]) sorted 
= tsort(X, Sl)sorted 
= Usort (X, Sl)) ! l. 

Similarly, on output channel "emptyl", the history 

El= Usort(X, Sl)) ! 2 

will be produced. Furthermore, on all other channels we get ( ) as output. Thus 
the instantiation a 1 corresponds to the tuple function /sort because we have 
derived that 

(SO, El ) = l sort(X, Sl). 

Similarly, the history function corresponding to B2 and a2 is /merge: 

( S 1, E) = / merge(Xo, El , Y). 
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Here it is assumed that n2 takes as input histories El on channel "emptyl" 
and Y on "subsequence", while it yields histories S 1 and E on channels 
"subsequencel" and "empty". 

We have now obtained a situation like the one described in Sections 5.2.5 and 
5.2.6. A line of reasoning similar to the one we followed there will lead us to the 
conclusion that the meaning of the corresponding expand statement is a process 
that takes inputs X and Y on "unsorted" and "subsequence" and yields output 
histories SO and Eon "sorted" and "empty", where SO and E are defined by the 
smallest solution of 

j (SO, El) = lsort(X, Sl) 
[ (Sl, E) = /merge(Xo, £1, Y). 

This immediately yields Eq. (4) in Section 3. 

7. CONCLUSIONS AND REMARKS 

7 .1 Conclusions 

In this paper we have given a completely formal definition of DNP, both of its 
syntax and its semantics. Apart from minor details (e.g., value parameters), all 
ideas introduced in [ 11, 12) have been covered. A formal semantics can serve as 
a test of the informal description of a language. Kahn's language did well in this 
respect, as we did not find ambiguities. The original papers did have some 
omissions, however, due to the fact that they introduced some new ideas which 
were embedded in (a number of variants of) a language that remained sketchy. 
However, the parts that were not specified precisely could be filled-in in a natural 
way. 

The contributions of our paper are that we have formalized three notions: 
expansions, containing "keeps" (introduced in passing in (12, Sect. 2.7)); a method 
to derive history functions from a program text (there is a hint in (11) of 
McCarthy's method-we have applied the standard techniques from denotational 
semantics); and a means to define the semantics of recursive expand statements. 

The original paper ((11, Sect. 4)); (12) does not deal with formal semantics) 
was very concise on the last notion. Moreover, recursive expansion is not treated 
in its full form; the paper only describes nodes that expand immediately (i.e., 
corresponding in our syntax to a process consisting of only one (expand) state­
ment). An example was given in (11) (see Figure 6), but it does not show the full 
power of expansion, as it merely builds a "gz-generator" which yields for all input 
histories the output µ,g2 (whenever g needs input from F, F expands and generates 
a g-node that provides the input for the original g-node; g therefore yields as 
output the lub of the chain gz( ) ~ g2(g2 ( ) ) ~ •••• which is µ,g2 ). An equivalent 
nonexpanding network is given in Figure 7 (DUP copies its input to both its 
output channels. NIL does nothing) . Kahn provides the following equations, 
which should define the meaning of the network in Figure 6: 

/ 0 = F(i) = gAF(f (i, X))) 
lX = g1(F(f(i, X))) 

(*) 

These equations are unclear. For instance, the smallest solution of (*) is F = 
(Xr.( ))[g2 ( )/i] and X = g 1 ( ), while the intended solution is F = AT.µ,g2 and 
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Fig. 6. An example from Kahn's paper. 

0 

expand) F 

0 

Fig. 7. A non recursive network 
equivalent to the one in Figure 6. 

X = g1 (µg2). Apparently, the intended solution is the function F that for all input 
i yields the smallest output. This function cannot be defined as a simultaneous 
fixed-point (F, X) = µ[.\(F, X).( ... , ... )), which is suggested by the form of 
equations (*). Instead it must be defined as an iterated fixed-point expression: 

F = µF[.\F.hgAF(f(i, µX[>-..X.g 1(F(f(i, X)))))))]. 

7.2 Possible Extensions and Topics for Further Research 

An interesting idea is to add a bottom element ..L to the set of values V and to 
turn it into a flat cpo. The value ..L is intended to capture the notion of a 
nonterminating evaluation of an expression. The first consequence is that the 
evaluation of a Boolean expression might not terminate also; we must therefore 
make I true, false I, the set of truth values, a flat cpo by adding a bottom element 
..L there too. We must make the (denotation of the) relational operators strict 
(e.g., M[x = y]u = ..L if M[x]u =..Lor M[y]u = ..L). 

L now turns into a cpo also. If the value of a variable in a state u equals ..L, we 
declare u as a whole to be bottom, because the only information needed about 
such a state is that it is the "result" of a nonterminating computation. So we 
turn L into a flat cpo and we make .\u . .\o.u ]o/x) strict in u and o (i.e., ..L[o/x] = 
a[..L/x] = ..L). 

Another consequence is that all continuations that we work with have to be 
strict: O..L = ,\ t. ,\ C. ( ) , for proceeding after we have obtained the "result" of a 
nonterminating computation should not generate any more output. We therefore 
redefine the domain of the continuations into Cont = 2:: -s Process (here 
A-., B denotes the set of all strict functions from A to B). The functionality of 
ACM Transactions on Programming Languages and Systems, Vol. 7, No. 4, October 1985. 
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M has to be redefined as well ; it should now be M: Stat (resp. Inst, Ndef) -
[En u ----> [Cont--> (~-->, Process)]]. In order to safeguard this functionality, we 
have to define explicitly that M[-'1h0.l be Xd,C.() for -'1 in Stat U Inst U Ndef, 
because this is not guaranteed by the clauses in 4.2.2- 4. Note that strictness on 
a flat domain like ~ implies continuity, and also that 4.2. 2.1 now yields the right 
result if M[b]cr = .l. If we make the operator >.. a. X/3. A"'(. a - /3 , r' strict in a, then 
4.2 .2.3 and 4.2.2.4 will be correct. For instance, if in 4.2.2.3 M[b]cr yields .l, then 
the whole construct should yield the bottom element XC. () of Chcont. Note here 
that strictness in a implies continuity because !.l, true, false! is flat. 

How is V" affected? If we look at the semantic definitions we see that the only 
relevant operations on elements in Vee are the test fC = ( ) and the operations 
first and rest in 4.2.2.5, and the operation Xo. X T. ( o ) • T in 4.2.2.6. Equation 4.2.2.5 
can be streamlined if we make first and rest strict (first ( ) = .l, rest ( ) = ( ) ): 

M[read (x, C)hllcrt = 0(cr[first(fC) / x))(drest(fC) / C)) . 

At first sight, making Xo. X T. ( o) • T strict in o appears to save 4.2.2.6, but this is 
not so. If the evaluation of the value to be written does not terminate, then there 
should be no more output, not only on the channel to be written to by the write 
statement but on all other output channels as well. The solution is to define a 
strict operator app( o, C , d ("prefix the history on channel C in f with value o ") 
by 

app(.l, C , f) = XC.( ) , 

and for all o E V not equal to .l, 

app(o, C, d = d ( o) ·fc/CJ. 
Now 4.2.2.6 can be rewritten as 

M[write (t, C)hllcrf = app(M[t]a, C, 0crf). 

We conclude that it is possible to accommodate nontermination of the evaluation 
of expressions in a straightforward way. This is due to the fact that only restricted 
operations on histories are used; if we would have more complications there, then 
we have to resort to other solutions, as described for instance in [6]. 

Next, a few remarks on the value undefined E V. Similar techniques can be 
applied here: a process could flag the use of an uninitialized variable as an error. 
An appropriate action would be to write the value undefined on all output 
channels and to terminate. Upon receipt of this value, any other process would 
do the same thing. This can be built into our semantics in the same way as 
nontermination. Some care has to be exercised if we combine this idea with the 
addition of .l to our domains. For instance, the construct undefined ----> .l, .l 
should yield undefined. We do not investigate this further here. 

As the reader might appreciate, giving the formal denotational semantics of a 
language like DNP is not an easy task. Also, Section 6 makes clear that to give 
a rigorous formal proof of the properties of DNP programs using this semantics 
is also not easy. Further research is needed; tools must be built which can be 
used in such proofs. For instance, we could try to formalize "McCarthy's method," 
using which the equations in Section 3 were derived from the program text. We 
could try to build a set of lemmas that could be used to generate such equations. 
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Our semantics could then be used to prove the lemmas. Another idea is to build 
a Hoare-like system for DNP (see, for instance, [19] for a proof system for a 
similar language), or a proof system built on temporal logic, and then to justify 
such a system using the semantics given here. 

Another direction for future research might be to use our semantics to validate 
and prove the equivalence of various execution methods for DNP programs, for 
instance, the "coroutine mode" versus the "parallel mode" of execution mentioned 
in [ U, Sect. ;3]. Some work has already been done: Kahn mentions [7], more 
recent work is reported in [2. 3, 8], but it is all based on a subset of DNP (e.g., 
allowing only static networks with restricted I/0 behavior). 

7 .3 The Relation Between this Paper and Other Work 

There are few denotational semantics of languages for parallel programming to 
be found in the literature that are worked out as completely as this one (the only 
one we were able to find is [9], dealing with CSP). This is not very surprising: a 
semantics like ours tends to be complicated, as we have seen, even for a relatively 
simple language for parallel programming such as DNP, which can be handled 
using the classical domains from denotational semantics as devised by Scott (see, 
e.g., [13, 17]). 

As soon as parallelism is combined with nondeterminism, more intricate 
domains are needed. Plotkin [15], Smyth (16], and later de Bakker (4] have 
worked on this. Such domains have been used to provide the semantics of some 
notions occurring in languages for parallel programming. For instance, in (4] a 
small language is defined especially for this purpose, which contains a variant of 
the CSP communication mechanism. Another way to deal with the complexity 
of nondeterminism and parallelism is to resort to operational semantics. For 
instance, in [l] such a semantics is introduced and then used for a justification 
of a proof system. As far as we know, this paper is the first one in which a fully 
formal semant ics of expansion has been given. Our treatment of parameter 
passing also seems to be new. 
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SAMENVATTING 

In essentie bestaat dit proefschrift uit vier artikelen, die gereproduceerd zijn in de 
hoofdstukken 2 t/m 5. Deze hoofdstukken behandelen een aantal onderwerpen op het 
terrein van de semantiek van programmeertalen. In de artikelen worden een aantal 
programmeerconcepten onderzocht. door er ofwel een denotationele semantiek voor 
te konstrueren ofwel, als de betekenis ervan is vastgesteld via een antler formalisme, 
deze te onderzoeken met behulp van denotationele semantiek of technieken emit. Een 
gemeenschappelijk kenmerk van deze artikelen is dat de concepten die ik onclerzocht 
heh een struktuur hebben die uitnodigt tot het gebruik van continuaties. Dit is 
waarschijnlijk het eenvoudigst uit te leggen door enkele alinea's te wijden aan de 
inhoud van de artikelen . 

In hoofclstuk 2 worclt een semantiek in de stijl van Cook bestudeerd. De beteke­
nis van de diverse programmakonstrukties worclt volgens deze semantiek vastgelegd 
door een aantal rekursieve vergelijkingen, een aanpak die ook gebruikelijk is in de 
denotationele semantiek. Een probleem is echter <lat de standaardtechnieken uit de 
denotationele semantiek hier niet werken, omclat de operatoren geincluceerd dour dit 
soort vergelijkingen niet krachtig genoeg (<lat wil zeggen: kontinu) zijn. In mijn ar­
tikel blijkt <lat na zekere aanpassingen deze technieken toch gebruikt kunnen worden, 
waarmee clan definities in de stijl van Cook gerechtvaardigd zijn. 

Hoofdstuk 3 geeft twee semantieken, een denotat.ionele en een operationele, voor 
de kern van de programmeertaal SNOBOL4, te weten het patroonherkenningsalgo­
ritme. Dit algoritme werkt volgens het pricipe "gissen en vergissen" ( trial and error). 
Het iclee is <lat er een aantal mogelijkheden onderzocht client te worden en dat gebeurt 
door in eerste instantie een ervan te bekijken . Als blijkt clat cleze mogelijkheicl niet 
voldoet, clan wordt een nieuwe mogelijkheid geprobeerd door die situatie (min of meer) 
te herstellen waar voor het laatst een keuze bestond uit een aantal nog te onclerzoeken 
alternatieven, en vervolgens een nieuwe keuze te maken. 

Dit is een stijl van programma-uitvoering die nogal afwijkt van de stijl die 
voorgestaan wordt door de voorstanders van gestruktureerd programmeren. Een pro­
grammafragment is niet meer een module met een enkele ingang en een uitgang, 
die samengevoegd kan worden met andere modules met dezelfcle eigenschappen tot 
grotere modules van hetzelfcle type. lntegendeel, tijclens verwerking van een bepaalcl 
gedeelte van een programma kan blijken, <lat er ooit in een heel antler fragment een 
verkeerde keuze is gedaan, zodat verwerking van het programma terugspringt naar 
dat keuzepunt. Dat komt erop neer clat, naast de stanclaardingang waar verwerking 
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van een programmagedeelte begint, t,ijdens verwerking ervan een aantal nieuwe in­
gangen gekreeer<l worden, die gebruikt kunnen worden als in een later stadium de 
berekening faalt in een heel ander gedeelte van het programma. 

Dit soort programma-exekutie kan niet eenvoudig beschreven worden met di­
rekte denotationele semantiek, een stijl die wel goed toepasbaar is voor meer gestruk­
tureerde taalkonstrukties . Hier zal gebruik gemaakt moeten worden van continuaties, 
ofwel voortzettingen. De betekenis van een instruktie uit een programmeertaal is 1rn 

een funktie die de beginsituatie (zeg de inhoud van het geheugen van de computer) 
voor<lat de instruktie uitgevoer<l zal wor<len, zal omzetten in een ein<lantwoor<l (zeg 
de output van het programma), waarbij inbegrepen is het effekt van het uitvoeren van 
de rest van het programma, dat, geexekuteer<l zal worden als de onderhavige instruktie 
afgehandel<l is. Deze toekomst van de berekening kan niet afgelezen worden uit de 
instruktie onder behandeling, en daarom wordt bij het bepalen van de betekenis van 
de instruktie deze toekomst meegegeven als parameter. Zo'n parameter nu is een con­
tinuatie, een voortzetting die voor elke mogelijke situatie direkt na evaluatie van de 
instruktie beschrijft welk eindantwoord het uitvoeren van de rest van het programma 
zal opleveren. 

"Gissen en vergissen" kan gevangen worden door de betekenis van een instruktie 
afhankelijk te laten zijn van twee continua.ties als parameter, te weten een "succes­
voortzetting" die het gedeelte van het programma beschrijft <lat uitgevoerd wordt 
als verwerking van de instruktie normaal tennineert, en een "faal-voortzetting" die 
aangeeft wat er gebeurt als tijdens verwerking van de instruktie blijkt dat een keuze 
die ooit gemaakt is onterecht geweest is. 

Continuaties worden gebruikt in een sektie van hoofdstuk 2 en ook in de hoofd­
stukken 4 en 5. Hoofdstuk 4 gaat over het goto statement, de standaard sprong­
opdracht. Een van de bezwaren die tegen <leze instruktie ingebracht wor<lt is <lat 
taalfragmenten nu meer<lere ingangen en uitgangen kunnen hebben: ieder label <lat 
ge<lefinieer<l wordt in het fragment <lat van buitenaf toegankelijk is legt een nieuwe 
ingang vast en als het fragment sprongop<lrachten bevat naar labels die niet in het 
fragment zelf gedefinieerd zijn, clan is er meer dan een uitgang. De konklusie dat dat 
er geen nette bewijzen te leveren zijn van programma's met goto's is evenwel niet 
terecht. Er zijn een aantal korrekte formele bewijssystemen voorgestel<l en van twee 
<laarvan wor<lt in hoofdstuk 4 bewezen dat ze gezond en (relatief) volle<lig zijn . Voor 
<leze rechtvaardiging gebruik ik denotationele semantieken en het blijkt dat gebruik 
gemaakt kan worden van zowel direkte semantiek als continua.tiesema.ntiek. 

Het laatste hoofdstuk behandelt een taal voor parallel programmeren, gebaseerd 
op de ideeen van Kahn, DNP genaamd (dynamic net.works of processes). In Kahn's 
artikelen wor<lt een globale omschrijving gegeven van de a.chterliggende principes en 
er worden een aantal voorbeel<len behan<lel<l, ma.ar er wor<lt niet expliciet een pro­
grammeertaal gedefinieer<l, la.at staan <lat er een formele denotationele semantiek 
gegeven wor<lt . Dat laatste wordt gerealiseerd in hoofdstuk 5. De semantiek die daar 
gedefinieerd wordt, maakt nadrukkelijk gebruik van continua.ties. 



187 

Het eerste hoofdstuk van dit proefschrift bevat een inleiding in de begrippen die 
in de latere hoofdstukken aan de orde zullen komen. Zo wordt bijvoorbeeld het begrip 
continuatie degelijker geintroduceerd clan hier mogelijk is. 

Daarnaast wor<lt in sektie 1.3 ingegaan op de vraag in hoeverre het gebruik 
van continuaties in de andere hoof<lstukken nodig en zinnig is, en of er geen direkte 
denotationele semantiek gegeven kan worden voor de daar behandelde concepten. 

De konklusie is dat <lat in de meeste gevallen we] mogelijk is, maar <lat een direkte 
semantiek voor het soort programmeerconcepten dat in dit proefschrift behandeld 
wordt., al snel tot onoverzichtelijke <lefinities leidt, voornamelijk omdat er rekening 
gehouden moet worden met veel details. Dat laatste blijkt bij continuatiesemantiek 
aanzienlijk minder het geval te zijn. 
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