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CHAPTER 1

Introduction

This thesis covers part of the research I performed during my appointment as Ph.D.
candidate. All the chapters in this thesis concern routing problems that deal with some
sort of uncertainty. For these problems, my co-authors and myself investigated the com-
plexity and approximability. This chapter gives an introduction to these optimization
problems and to the field of combinatorial optimization in general.

1.1 Routing problems

In this thesis, we mainly consider routing problems. In the most basic setting, we
are given a set of clients together with their pairwise distances. The goal in routing
problems is to construct a tour connecting the clients at minimum cost. This cost can
differ for each problem as is demonstrated by the following two examples of routing
problems, which will play a central role in this thesis.

In the traveling salesman problem (TSP), the goal is to construct a tour visiting all
clients of minimum total length. Here, the length is the sum of the distances between
every pair of consecutive clients in the tour. The TSP is one of the most well-known
problems in combinatorial optimization and it clearly has many practical applications.

In the traveling repairman problem (TRP), the goal is to find a tour connecting all
clients having the minimum total latency. Here, the latency of a client is equal to the
length of the path between a designated start location and the client. The total latency
is the sum of all latencies. Although this problem looks very similar to the TSP, it
needs different approaches and handling. A further comparison of the two problems
shows that the TSP could be considered as server-based, since it minimizes the time
that a server visiting the clients is busy (assuming it moves at unit speed), whereas
TRP could be considered as client-based, since it minimizes the average arrival time
at a client.

Formally, an instance of the TSP and the TRP is defined as a set of n points with
distances cij for i, j = 1, . . . , n, where cij denotes the distance between point i and j.
A tour can be characterized as a permutation τ of the points. Any cyclic permutation
of τ represents the same tour. The length of tour τ = (τ(1), . . . , τ(n)) is equal to

n−1∑
i=1

cτ(i),τ(i+1) + cτ(n),τ(1).
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Fig. 1.1: Example of a graph.

In TRP, we have a specific point, called the root r, from which we need to start. Now,
the total latency of tour τ = (τ(1), . . . , τ(n)) with τ(1) = 1 = r is

cτ(1),τ(2) +(cτ(1),τ(2) +cτ(2),τ(3))+ . . .+(cτ(1),τ(2) + . . .+cτ(n−1),τ(n)) =
n−1∑
i=1

(n− i)cτ(i),τ(i+1).

Usually, we assume that distances obey the triangle inequality, i.e., cij ≤ cik + ckj for
all i, j, k. If so, we say that the points lie in a metric space.

Sometimes the metric space is induced by a graph. A graph G = (V,E) is a
set of vertices V and a set of edges E between vertices. An example of a graph is
presented in Figure 1.1. If the metric space is induced by a graph, it means that the
distances correspond to shortest paths, in terms of number of edges, between vertices in
the graph. Note that such an instance satisfies the triangle inequality by its definition.
Thinking this way, another way to represent the points and the distances for the general
TSP is through a complete weighted graph, i.e., there is an edge between each pair of
vertices, with a weight function that assigns a positive integer number to each edge, i.e.,
c : E → Z+. Edge weights can be interpreted as length. Therefore, when considering
routing problems, we may also speak of edge lengths instead. In this thesis, we will
talk about vertices or points instead of clients.

A Hamiltonian cycle in a graph is a tour that uses only edges to go from one vertex
to another, and visits each vertex exactly once. Now, suppose our metric is induced
by the graph in Figure 1.1. If a Hamiltonian cycle exists, it is the optimal solution
for the TSP. Moreover, any tour that is not a Hamiltonian cycle is not optimal in this
case. It is left as an exercise to the reader to determine whether the graph in Figure
1.1 contains a Hamiltonian cycle. (The answer can be found on page 107.)

1.2 Routing under uncertainty

The traveling salesman problem is an example of a deterministic problem. In deter-
ministic problems, it is assumed that every aspect of the input is certain. On the other
hand, we have stochastic problems. In these problems, we incorporate uncertainties
in the input of a problem. For example, one could think of TSP where the distances
are uncertain [78]. This could be motivated practically by congestion in traffic. The
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problems addressed in this thesis lie in the domains of a priori routing [19] and graph
search [74]. In a priori routing, it is uncertain which subset of the vertices needs to
be visited. In graph search, we have to visit one vertex but is not known beforehand
which one it is. We will now define these domains more formally.

1.2.1 A priori routing

Suppose you are faced with a specific routing problem every day, but each day the set
of vertices to be visited is different. The natural approach would be to optimize your
route every day. However, this may be impractical or even impossible in certain cases
(like in an application described in Chapter 3). In a priori routing, we choose to make
just one tour on all the vertices that could possibly appear in one of the instances.
Let us call this tour the first-stage tour, denoted by τ . At the start of a day, we see
which vertices need to be visited, called the active set which is denoted by A. Then,
we shortcut the first-stage tour to the active set (Figure 1.2). Let us call this tour
the second-stage tour, denoted by τA, which follows directly from the first-stage tour
and the active set. We also get a probability distribution over the active sets, i.e., a
function p : 2V → [0, 1] ∩ Q with

∑
A⊆2V p(A) = 1, where 2V denotes the set of all

subsets of V (the power set). Our goal is now to find a first-stage tour that minimizes
the expected cost (with respect to p) of the second-stage tour.

We now define a priori TSP and TRP. In a priori TSP, the goal is to find a first-stage
tour minimizing the expected length of the second-stage tour. In a priori TRP, the goal
is to find a first-stage tour minimizing the expected total latency of the second-stage
tour. The problems we consider differ further in the way the probability distribution
is specified. In the literature, basically three models are used.

In the black-box model [94], we do not know the probability distribution, but we
can ask an oracle to generate a sample. In this thesis, we assume we have some more
knowledge by using either the scenario or the independent decision model. In the
scenario model [44], we are given an explicit list of active sets, {S1, . . . , Sm}, called
scenarios, and a probability distribution over the scenarios. This model will be used in
Chapter 3, 4 and 5. The third model used in the literature is the independent decision
model [95]. Here, each vertex has its own probability of being active, i.e., being part of
the active set, independent of the other vertices. This model will be used in Chapter
2 and 5.

It is important to note that the a priori problems are generalizations of the standard
problems. In the scenario model, the standard problem can be modeled as the a priori
problem with one scenario that contains all vertices. In the independent decision model,
we set all probabilities equal to 1 to model the standard problem.

In Chapter 2, we consider a priori TRP in the independent decision model. The a
priori TSP in the scenario model is handled in Chapter 3. A related problem, called
the master tour problem (in the scenario model), is treated in Chapter 4.

1.2.2 Graph search

The most common setting for searching in graphs is the following. We are given an
edge-weighted graph and we imagine a target is hidden at one of the vertices. We
are given a probability distribution p over the vertices and the target is at vertex i
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Fig. 1.2: Illustration of shortcutting. Top-left: tour τ . Top-right: tour τX , where
X = {B,C,D,G}. Bottom-left: tour τY , where Y = {D,E, F,G}. Bottom-
right: tour τZ , where Z = {A,B,G, F}.

with probability pi, where
∑

i pi = 1. Our goal is to find the target, starting from
a designated root vertex, as fast as possible, i.e., we want to construct a walk in the
graph minimizing the expected length until finding the target. This problem is called
the graph search problem. In Figure 1.3, an example of an instance of the graph search
problem and two walks are illustrated.

Note that if pi = 1
n

for all i ∈ V , where n = |V |, the walk minimizing the expected
length until finding the target is the same as the walk minimizing the total latency.
Hence, TRP reduces to the graph search problem. The graph search problem is gener-
ally known as the weighted TRP, since the probabilities pi can be modeled as weights
on the vertices. This problem turns out be efficiently solvable on a star or a line graph.

In Chapter 6, we generalize the graph search problem on the line graph to more
general distributions. More specifically, we also allow continuous distributions on the
real line. This chapter is named after the lost cow problem, since one can think about
this problem as if a cow is searching for a gate in a fence, where the cow only has
probabilistic information about the location of the gate. In Chapter 7, we consider
the complexity of TRP on graphs that look like stars. Therefore, we define the graph
parameter starwidth. This parameter measures to what extend the graph looks like a
star graph in a similar way as treewidth [23] measures to what extend the graph looks
like a tree.
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In Chapter 5, we consider the Canadian traveler problem (CTP). Later, we will
explain why this problem is a graph search problem. In the CTP, we are given an
edge-weighted graph, where one vertex is the start vertex and one is the terminal
vertex, denoted by s and t respectively. We have to construct a short walk from s to
t. However, edges may not be present and we only discover this when we are at one
of its incident vertices. More precisely, we are given a probability distribution over
the edge sets, i.e., a function p : 2E → [0, 1] ∩ Q with

∑
A⊆2E p(A) = 1, where with

probability p(A) only the edges in A are present. Our goal is now to design a policy
that minimizes the expected length of the walk. Here, a policy may use the observed
realizations as input to decide where to go next. A policy differs from a walk since a
policy can condition its actions based on observed realizations. We consider the CTP
in both the scenario and the independent decision model. In Chapter 5, we restrict
our solution space by only considering non-adaptive solutions, i.e., policies that do not
condition on past observations. However, this is only well-defined in very specific cases.
For example, when the graph without t and its incident edges is a tree, a non-adaptive
solution is just an ordering of the vertices. A closer look at the non-adaptive CTP
shows that it can be seen as a generalization of the graph search problem to the case
with multiple targets and failing edges.
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1.3 Combinatorial optimization

The routing problems in this thesis are examples of combinatorial optimization prob-
lems. Here, we give an introduction in combinatorial optimization by discussing three
famous combinatorial optimization problems and their applications in practice. These
problems are called bin packing, the assignment problem and minimum cut. Let us
first formally define an optimization problem.

Definition 1.1. An optimization problem Π is a three-tuple (I,S, f), where

1. I is the set of problem instances,

2. every instance I ∈ I has a set of solutions S(I),

3. every solution x ∈ S(I) has a value f(x, I) ∈ R.

The objective is to determine for a given instance I if there exists a solution, and if so,
either to find a solution that has the smallest value among all solutions for I, in which
case we call Π a minimization problem, or to find a solution that has the largest value
among all solutions for I, in which case we call Π a maximization problem.

We consider optimization problems in which the solution set is finite for every
instance. This type is called a combinatorial optimization problem, in this thesis often
abbreviated to problem. An example of a combinatorial optimization problem is the
TSP, as introduced in Section 1.1. Here, the problem instance is defined by an edge-
weighted graph, the solutions are tours on all vertices and the value of a solution is
the tour length. Three other problems are bin packing, the assignment problem and
minimum cut.

Bin packing In transportation, one of the major challenges is to efficiently pack our
vehicles. In the bin packing problem, we are given a set of items. Each item has a
weight and we want to transport the items. The items have to be packed into bins,
think of this as containers. Each bin can carry a maximum amount of weight, called
the capacity of the bin, which is equal for all bins. The goal is to pack the items into
a minimum number of bins. The problem is an oversimplified version of reality, but is
already challenging when considered on a large scale.

Using the terminology of Definition 1.1, an instance is a list of item weights and
a capacity. A solution is a packing and the value of the solution is the number of
bins used. An example of an instance of bin packing is the instance where bins have
capacity 20 and items have weights 11, 11, 7, 7, 6, 6, 6, 3 and 3. As an exercise, try to
pack these items into a minimum number of bins such that no bin exceeds the capacity
of 20. (The answer can be found on page 108.)

Assignment problem In the assignment problem, we have a set of people and an
equally sized set of tasks to perform. We have to assign tasks to people in the best
way. Suppose we are facing the problem of selecting swimmers for a 4×50 meters relay
medley. There are four swimmers and we only need to assign disciplines to swimmers.
For each swimmer, we know his personal record for each discipline as shown in Table
1.1. Let us assume that the swimmers are able to swim exactly this time at the race.
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We now have to decide which swimmer competes on which discipline. Our goal is
to minimize the total time (and to win the race). The assignment problem and its
generalizations obviously have applications in other domains, e.g., managers assigning
jobs to working staff. In general, an instance of the assignment problem consists of a
square matrix with values, a solution is a pairing of rows and columns and the value
of the solution is the sum of the chosen values. As an exercise, one could try to assign
one swimmer to each discipline such that the total time is minimized. (The answer can
be found on page 109.)

A B C D
Backstroke 39 33 38 35

Breaststroke 34 41 34 33
Butterfly 29 30 33 31
Freestyle 28 27 30 29

Tab. 1.1: Swimmers and their personal records.

Minimum cut The minimum cut problem finds its origin in military applications.
In this problem, we are facing an edge-weighted graph in which our enemy wants to
travel from location s to location t. An example of a minimum cut-instance is depicted
in Figure 1.4, where the numbers along the edges represent the importance of the
edge. If we look at it as a rail network, this number can be interpreted as the number
of parallel tracks between the two locations. Our goal is to disrupt the network by
deleting edges, i.e., bombing tracks. We want to do this as efficient as possible, i.e.,
we delete the set of edges with minimum total weight. Define δ(X) as the set of
edges with one endpoint in X and one not in X, also called the cut separating X
from V \ X. Feasible solutions to the minimum cut problem are cuts with s ∈ X
and t ∈ V \X. The cut with minimum total weight is called the minimum cut. This
problem was studied by [63], who considered the train network of the Warschau Pact
that connected Moskow with the capitals of satellite countries. Following Definition 1.1
of combinatorial optimization problems, an instance is an edge-weighted graph with
special vertices s and t, a solution is a cut and the value of the solution is the sum of
the edge weights in the cut. Although this problem turns out to be efficiently solvable,
it is not trivial to find the minimum cut. As a final exercise, try to find the minimum
cut of the network in Figure 1.4. (The answer can be found on page 110.)

1.4 Complexity and approximation

For the problems considered in this thesis, we will study their complexity and approx-
imability. In this section, we will formalize both these terms.

1.4.1 Complexity

Recall the definition of a combinatorial optimization problem (Definition 1.1). Given a
problem, we would like to tackle it using an algorithm. This is a step-by-step procedure
that for each instance I outputs a solution x ∈ S(I). We call an algorithm exact if
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Fig. 1.4: An edge-weighted graph with special vertices s and t. In the minimum cut
problem, we have to delete edges such that there is no path from s to t. Such
a set of edges of minimum weight is called a minimum cut.

it always outputs the optimal solution, the solution with either the smallest or the
largest value (depending on the problem) among all solutions. An example of an exact
algorithm for TSP is complete enumeration. Here, you try all possible tours and return
one with the smallest tour length. However, for instances with a lot of vertices, this
might be a very time-consuming approach. Therefore, we define the notion of an
efficient algorithm.

We say an algorithm is efficient when the number of computational steps it needs to
output a solution, i.e., the running time of the algorithm, is bounded by a polynomial
function of the size of the instance. The size of an instance, denoted by |I|, is the
number of bits needed to represent the instance. For example, if we have an instance
of TSP with n vertices and each distance is at most C, then |I| ≤ n2 log2C.

For counting computational steps and quantifying the input size, we use big O
notation [57]. For two real-valued functions g and h, we say that g = O(h) if there
is a positive constant ζ and a real number x0 such that g(x) ≤ ζh(x) for all x ≥ x0.
Similarly, we say that a function g = Ω(h) if there is a positive constant ζ and a real
number x0 such that g(x) ≥ ζh(x) for all x ≥ x0. We write g = Θ(h) if g = O(h)
and g = Ω(h). Now, we can say that the size of the aforementioned TSP-instance
is O(n2 logC). Moreover, the running time of the complete enumeration algorithm
is Ω((n − 1)!), since there are exactly (n − 1)!/2 different tours on n points. This is
clearly not a polynomial function of the input size. Of course, we want to find an
efficient exact algorithm for TSP. To decide whether or not this is possible, we need
computational complexity theory.

In computational complexity theory, we classify the hardness of decision problems.
These are problems for which the answer is either yes or no. We say that an algorithm
for a decision problem is exact if it always outputs the correct answer. Note that
for each optimization problem, we can define a corresponding decision problem. For
example, given a TSP-instance and a number B, is there a tour with length at most
B? If we have an efficient exact algorithm for the optimization problem, we also have
one for the decision problem. Under some mild restriction on the objective function f ,
this also works the other way around. By trying multiple values for B and using binary
search, we can use the algorithm for the decision problem to solve the optimization
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problem.
The class P (short for polynomial-time) contains all decision problems that have an

efficient exact algorithm. Usually, we say that these problems are solvable. Examples
of problems in this class are the assignment problem and the minimum cut problem.
So far, no one has been able to find an efficient exact algorithm for TSP. However, this
does not show that there is none. In order to provide evidence for the non-existence of
such an algorithm, the theory of NP-completeness has been developed [51].

Formally, the class NP (short for non-deterministic polynomial-time) contains all
decision problems that have a polynomially bounded certificate for a yes-instance that
can be checked in polynomial time. To make this more concrete, we show that the
decision version of TSP is contained in NP. A certificate for a yes-instance is a tour on
all the vertices with length at most B. Since we need only O(n log n) bits to represent
this solution, we have a polynomially bounded certificate. We can check whether this
is indeed a solution by simply taking the sum of the edge weights, which will take
O(n logC) time, where C is again the largest distance in the instance. Hence, we have
shown that TSP is in NP. It is easy to see that a lot of natural problems are contained
in NP. Also oberve that P is contained in NP. It is still open whether or not P=NP. It
is widely believed that P 6=NP.

Before giving the definition of NP-completeness, we have to define a polynomial
reduction. We say that a problem Π polynomially reduces to problem Π′ if there exists
a polynomial-computable function that maps any instance I of Π to an instance I ′ of
Π′ such that I is a yes-instance for Π if and only if I ′ is a yes-instance for Π′. Hence,
if Π reduces to Π′ then any efficient exact algorithm for Π′ implies an efficient exact
algorithm for Π.

Definition 1.2. Decision problem Π is NP-hard if all problems in NP polynomially
reduce to Π. If Π is NP-hard and contained in NP, we say that Π is NP-complete.

If we are able to give an efficient exact algorithm for an NP-complete problem, we
can use this to solve all problems in NP in polynomial time. Hence, this would imply
that P=NP. Since the latter is unlikely, we may say that the NP-complete problems
are the hardest among the problems in NP. To show that a decision problem Π is
NP-complete, it is sufficient to show that a known NP-complete problem polynomially
reduces to Π and that it is contained in NP. In 1971, it was shown by Cook [29] that
the satisfiability problem is NP-complete. Using the approach above, many problems
have been proven to be NP-complete, e.g., Karp [70] showed NP-completeness of 21
classical problems. As a consequence of the work of Karp, the TSP and the bin packing
problem are NP-hard problems (their decision versions are NP-complete).

There are many optimization problems with numbers in their input. For example,
in the TSP there are weights on the edges. We call a decision problem strongly NP-
complete if it remains NP-complete when the numbers are polynomially bounded in
the remaining input size. The TSP is an example of a strongly NP-hard problem,
since it is already NP-hard if all the distances are either 1 or 2 [70]. If a problem is
NP-hard, but we were not able to prove strong NP-hardness, we say that a problem
is weakly NP-hard. Often we omit the word ‘weakly’. We say that a problem is
pseudopolynomial solvable if there is an exact algorithm with a running time that
is polynomial in the input size and the largest number. Note that, by definition, a



10 Introduction

strongly NP-hard problem cannot have a pseudopolynomial exact algorithm, unless
P=NP.

Finally, we would like to mention that there are more complexity classes than just
P and NP. In this thesis, classes like ∆p

2 and PSPACE will be used. Completeness
in these classes is defined similarly to NP-completeness. In the final chapter, we will
also use the class FPT, which further classifies our ability to give ‘good’ algorithms for
NP-hard problems. All these extra classes will be defined where they appear.

1.4.2 Approximation

In the previous section we saw that for some problems, like the TSP, it is not possible
to find an efficient exact algorithm. However, we might be able to design an efficient
algorithm that always comes provably close to the optimal solution. This is formalized
for minimization problems by the following definition.

Definition 1.3. An algorithm Alg is an α-approximation for a minimization problem
Π if for any instance I with a feasible solution, the value returned by the algorithm,
Alg(I), is at most α times the optimal value, Opt(I), for instance I, i.e., Alg(I) ≤
αOpt(I) for all I ∈ I. Moreover, Alg has to run in polynomial time.

The value α is called the approximation ratio, approximation guarantee or perfor-
mance guarantee. Because this definition is concerned with minimization problems,
we have α ≥ 1. The algorithm is exact if and only if α = 1. An example of an
approximation algorithm is the 3

2
-approximation for metric TSP by Christofides [27].

There are problems which allow approximation algorithms that output solutions
with a value that is arbitrarily close to the optimal solution. Such an algorithm is
called a polynomial-time approximation scheme (PTAS). Formally, a PTAS is a family
of algorithms {Aε}ε>0 for problem Π such that Aε is an efficient (1 + ε)-approximation.
For TSP, there is a PTAS when the metric space is the Euclidean plane [3]. Note that
in the definition of a PTAS, the running time is not measured in terms of ε, that means,
it is for example allowed to have a running time that is exponential in 1

ε
. If the running

time depends polynomially on 1
ε
, we say the family of algorithms is an FPTAS.

Similar to proving the hardness of finding optimal solutions, we can also prove hard-
ness of finding approximate solutions. This is done by using so called approximation
preserving reductions. For example, it has been shown that metric TSP cannot have an
approximation algorithm with guarantee less than 123

122
, unless P=NP [71]. In Chapter

3, we will use such reductions. Sometimes, we can prove stronger inapproximability
results under other assumptions than P6=NP. In this thesis, we will also use the unique
games conjecture [73]. We will elaborate some more on this conjecture in Chapter 3.

1.5 Outline

We end this introduction by giving an overview of the results in this thesis. Each
chapter concerns problems in routing under uncertainty. As explained before, this
can either be a problem in the a priori setting or a graph search problem. For these
problems we consider the computational complexity and the approximability.

In Chapter 2 we study the a priori traveling repairman problem in the independent
decision model. Using a series of reductions to other routing problems, we were able
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to give a constant-factor approximation for the uniform case, i.e., when pi = p for all
i ∈ V . We were the first to study this problem and therefore the first to obtain an
approximation algorithm.

Chapter 3 concerns the complexity and approximability of the a priori traveling
salesman problem in the scenario model. We show that a natural lower bound on
the optimal value, the master tour lower bound, will not help us to beat the O(log n)-
approximation guarantee that was known from prior work. We show that the problem is
even NP-hard when the scenarios are small, i.e., when |Sj| ≤ 4 for all j. We also link the
problem to the so-called permutation constraint satisfaction problems, which leads to
the fact that there is no algorithm with guarantee less than 41

30
, unless the unique games

conjecture fails. When scenarios are big, i.e., |Sj| ≥ n−ξ for some constant ξ, we show
that the optimal solution on all vertices is a constant-factor approximation. We also
show how to obtain a 9-approximation for nested scenarios, i.e., when S1 ⊆ . . . ⊆ Sm.
Finally, we show that if we are able to find an approximation algorithm for a similar
a priori minimum spanning tree problem, we also obtain an approximation algorithm
with the same guarantee (up to a factor 2) for a priori TSP. The a priori minimum
spanning tree problem turns out to be NP-hard.

In Chapter 4, we consider the complexity of the master tour problem and other
related problems. The problem is closely related to the a priori traveling salesman
problem in the scenario model, discussed in Chapter 3. In the master tour problem,
we are given a graph and a set of scenarios. The question is whether there exists a
tour such that the shortcut solution on each scenario has the same value as the optimal
solution on just that scenario. We show that this problem is ∆p

2-complete.
The Canadian traveler problem is investigated in Chapter 5. We study both the

independent decision and the scenario model. For the independent decision model,
we show NP-hardness for series-parallel graphs, solving an open question posed in the
literature. Moreover, we investigate what it means to be non-adaptive and show results
on the implications of being non-adaptive through analyzing the adaptivity gap. For
the scenario model, we show NP-hardness on disjoint-path graphs and cactus graphs.
Although this chapter is named after the Canadian traveler problem, it mainly concerns
the multi-target graph search problem, which can be reduced easily from a special case
of CTP. For this problem, in the independent decision model, we show NP-hardness
on trees and give a 14.4-approximation for general metrics. In the scenario model, the
problem is already NP-hard on stars.

Chapter 6 deals with the lost cow problem. This problem can be seen as a non-
discrete generalization of the graph search problem on the line graph to the real line.
For symmetric probability distributions, we characterize for which of them it is optimal
not to turn, i.e., to walk to the end of the line on one side and then to the other end.
We generalize this result to more than two directions and also consider non-symmetric
distribution functions.

In Chapter 7, we introduce the graph parameter starwidth. It naturally measures
to what extend a graph looks like a star graph in the sense that it is the star-equivalent
of treewidth [23]. Our main goal in introducing this parameter was to extend the
polynomial solvability of TRP on stars to graphs that have small starwidth. Unfor-
tunately, TRP turns out to be NP-hard on trees of starwidth 4. In this chapter, we
consider characterizations of graphs with small starwidth, the complexity of comput-
ing the starwidth of a given graph and the relation between other graph parameters.
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Finally, we show three problems that are NP-hard on trees and remain NP-hard on
trees with small starwidth.

To summarize this introductory chapter, the connection between the different chap-
ters is illustrated in Figure 1.5. Here, one can see that Chapter 2 combines the two
domains by considering a graph search problem in the a priori setting. The first three
chapter of this thesis discuss a priori routing, whereas the last three concern graph
search problems.

a priori graph search

4

3

5

2

6

7

Fig. 1.5: Connection between chapters.



CHAPTER 2

The a priori traveling repairman problem

The results in this chapter were published in [41] and [39].

2.1 Introduction

In the last few decades, a lot of research has been done in stochastic combinatorial
optimization. This field is concerned with classical combinatorial optimization prob-
lems, like the shortest path problem and the minimum Steiner tree problem, but with
additional uncertainty in the instance. For example, there are situations where the
problem instance changes on a daily basis. Instead of reoptimizing every instance,
because it might be impossible or undesirable, one can alternatively choose to pick
one solution that will be good on average. This is the setting of a priori optimization.
In this chapter, we consider the a priori traveling repairman problem (a priori TRP).
In our setting, the uncertainty is in the subset of vertices to be visited, modeled as a
probability distribution over subsets of vertices.

Thus, in a priori routing, we are given a complete weighted graph G = (V,E) and
a probability distribution on subsets of V . Depending on the model, this distribution
is either given or unknown. It is assumed that the instances are metric. In the first
stage, a tour τ on V has to be constructed. In the second stage, an active set A ⊆ V
is revealed, which is the set of vertices to be visited. The second-stage tour τA is
obtained by shortcutting the first-stage tour over the active set. For each active set,
the first-stage tour has a second-stage objective value. The goal is to find a first-stage
tour that minimizes the expected cost of the second stage tour. When it is clear form
the context, we may refer to this expected second-stage cost simply as the expected
cost of the solution.

As discussed in Chapter 1, several models for the probability distribution over the
active sets are used. Here, we consider the independent decision model, where each
vertex has its own probability of being active, independent of the other vertices. The
special case where all probabilities are equal, i.e., pi = p for all i, is called the uniform
model. Recall that in the black-box model, we can only sample from the distribution.

In the a priori traveling salesman problem (a priori TSP), the goal is to minimize
the expected length of the tour. The problem was introduced in the PhD-theses of Jail-
let [68] and Bertsimas [19]. An approximation algorithm was achieved by Schalekamp
and Shmoys [94], who showed that there is a O(log n)-approximation algorithm in
the black-box model. Later, Gorodezky et al. [58] showed that no deterministic al-
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gorithm can beat this bound. Constant-factor approximations were achieved for the
first time by Shmoys and Talwar [95], who showed that there exists a randomized 4-
approximation and a deterministic 8-approximation in the independent decision model.
The deterministic approximation guarantee was later improved to 6.5 by Van Zuylen
[105]. The authors of [53] independently obtained a constant-factor approximation for
a priori TSP in the independent decision model.

The standard (not a priori) traveling repairman problem (TRP) is also known as
the minimum latency problem. Here, we are given a complete graph G = (V,E), a
metric weight function c over the edges and a root vertex r. We want to find a tour τ
starting at the root which minimizes the total latency. Here, the latency of a vertex i
is defined as the length of the path from r to i along τ . The problem is known to be
NP-hard in general [93] and it is even NP-hard on weighted trees [96]. The best known
approximation guarantee is 3.59 for general metrics [25] and there is a polynomial time
approximation scheme for the Euclidean plane and weighted trees [97]. The a priori
traveling repairman problem is defined similarly to the a priori traveling salesman
problem. The goal is to find a first-stage tour which minimizes the expected second-
stage total latency. Here, the second-stage total latency for active set A is obtained by
shortcutting the first-stage tour over A and summing up the latencies in the second-
stage tour.

In this chapter, we establish a constant-factor approximation for the a priori travel-
ing repairman problem in the uniform model. In the next section, we will discuss some
papers that play a central role in this chapter. In Section 2.3, the basic ideas for our
algorithm will be discussed. After that, it will be shown how the a priori k-TSP can be
used to obtain a constant-factor approximation for a priori TRP on trees. In Section
2.6, we will discuss how to get a constant-factor approximation for the a priori TRP on
general metrics. In order to get there, we investigate the tour single-sink rent-or-buy
problem and its prize-collecting version. The a priori k-TSP and the tour single-sink
rent-or-buy problem will be defined in their corresponding sections. Finally, we end
with some remarks on open problems.

2.2 Background knowledge

Let us first discuss some papers that play a central role in this chapter. We are going to
adapt the results of these papers to our setting, whereas results from other papers (like
[99]) are used as black box. Therefore, we have dedicated a separate section for these
two papers. First, we discuss the 4-approximation for a priori TSP in the independent
decision model by Shmoys and Talwar [95]. Then, we consider the algorithms by Blum
et al. [21] and Goemans and Kleinberg [54] for the traveling repairman problem.

The algorithm by Shmoys and Talwar fits in the framework of ‘sample and aug-
ment’-algorithms [60]. It starts with sampling a set of vertices using the given prob-
abilities. Now, the algorithm builds a tour on this sampled set, for example by using
a double-tree algorithm (as was done in [95]). The other, non-sampled, vertices are
connected to the tour by adding two edges from each vertex to the closest vertex in the
sampled set. It is easy to show that the randomized 4-approximation can be improved
to a factor α + 2 by replacing the double-tree subroutine in the algorithm of Shmoys
and Talwar by an α-approximation algorithm for TSP. Hence, using Christofides’ al-
gorithm [27] gives a randomized 3.5-approximation. We can summarize the analysis of
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Shmoys and Talwar by Equation (2.1). Here, Alg and Opt denote the value of the
solution of the algorithm and the optimal solution respectively. The tour constructed
on sampled set X is denoted by Tour(X) and Di(X) denotes the shortest edge from
i to a vertex in X \ {i}. We get

Alg ≤ Tour(X) + 2
∑
i/∈X

Di(X) ≤ (α + 2)Opt. (2.1)

Unfortunately, we have not been able to extend this approach to a priori TRP in
the independent decision model. In this chapter, we therefore follow the literature on
TRP. An important result, used again in Chapter 5, is the algorithm by Blum et al.
[21]. It uses the intuition that a good solution for TRP should visit vertices close to
the root early. The algorithm uses a subroutine in which one has to find a tour of a
certain length containing as many vertices as possible. For now, suppose there is an
exact algorithm for this problem. Let Lj = 2j for j = 0, 1, . . .. Now, the algorithm
constructs a tour of length at most Lj containing as many vertices as possible for all
j until all vertices are visited. Then, the algorithm concatenates these tours, i.e., it
visits these tours in increasing order of j and shortcut already visited vertices.

One can show easily that this approach will result in a constant-factor approxi-
mation. Suppose that the `th vertex in the optimal tour is visited in the interval
(2j, 2j+1]. Then, we know that there exists a tour containing ` vertices of length at
most 2j+2, and hence our subroutine will find a tour of length at most 2j+2 with at
least ` vertices. We then observe that the `th vertex of the algorithm’s tour is visited
latest at time 20 + 21 + . . . + 2j+2 < 2j+3, which is at most a factor 8 larger than the
latency of the optimal tour at its `th vertex. Summing up over all vertices, we obtain
an 8-approximation.

Goemans and Kleinberg [54] showed that by using randomization one can decrease
this factor for TRP to 3.59. This is done by picking a random starting length, i.e.,, the
length of the first tour, and a random direction for each tour. Finally, note that we do
not have an exact algorithm for the subroutine. However, if there is a β-approximation
for k-TSP, the problem of finding a minimum length tour containing k vertices, we can
approximately solve the subproblem. This will result in an approximation guarantee
of 3.59β. As said before, we will use this approach to tackle the a priori traveling
repairman problem.

2.3 Preliminaries

The a priori traveling repairman problem in the independent decision model is formally
defined as follows. We are given an edge-weighted graph G = (V,E) with weight
function c. The graph has a designated start vertex called the root r = 1. Each
vertex has a probability of being active, i.e., vertex i is active with probability pi for
i = 2, . . . , n. The goal is to construct a tour on V , starting at the root, minimizing the
expected total latency of the second-stage tour. The root is active with probability 1,
but since it has latency zero in any tour we may abuse notation by giving the root a
probability p1 6= 1.

In this chapter, it is assumed that the edge weights are non-negative integers sat-
isfying the triangle inequality. Moreover, we assume that the smallest edge weight is
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equal to 1. In the following, we denote an active set of vertices by A. When the set is
drawn from a probability distribution, we denote the expectation with respect to this
distribution as EA[·].

The a priori TRP is NP-hard since the standard TRP is a special case of it (as
observed in Section 1.2.1). However, it is not obvious that its decision version is
also in NP. In the decision version of the a priori traveling repairman problem in the
independent decision model, we are an instance of the optimization version of a priori
TRP and a number B. The question is whether there exists a tour, starting at the
root, that has an expected total latency of at most B. The next theorem shows that
this decision version is contained in NP. Since we already know that a priori TRP is
NP-hard, we can say that the decision version is NP-complete.

Theorem 2.1. The decision version of a priori TRP in the independent decision model
is in NP.

Proof. We will show that for a given solution τ we can compute its value in polynomial
time. Assume w.l.o.g. that τ = (1, 2, . . . , n), where r = 1. The contribution of edge
(i, j), with i < j, to the objective value is equal to

cijpipj

j−1∏
k=i+1

(1− pk)
n∑
k=0

P(Succ(j) = k)(k + 1), (2.2)

where P(Succ(j) = k) is the probability that exactly k vertices after j on τ are active.
If we can compute these probabilities in polynomial time, then we can compute (2.2)
in polynomial time for every edge and sum over all edges. To compute the previously
mentioned probability for a given j, we define sets St = [t] \ [j] for j ≤ t ≤ n, where
[n] = {1, . . . , n}. Let P(St, k) be the probability that there are exactly k active vertices
in set St. In the end, we want to know P(Sn, k) = P(Succ(j) = k) for all 0 ≤ k ≤ |Sn|.
Initially, we have the following probabilities.

P(Sj, 0) = 1,P(Sj, 1) = 0,

P(St,−1) = 0, t = j, . . . , n.

We can now find all probabilities using the following recursion for t = j + 1, . . . , n and
for k = 0, . . . , |St|.

P(St, k) = ptP(St−1, k − 1) + (1− pt)P(St−1, k).

Note that the procedure above runs in O(n2) time.

The decision version of a priori TRP is also in NP in the scenario model. Since the
input contains an explicit list of the scenarios, the second-stage latencies can simply
be computed for each scenario.

There are some intriguing difficulties with a priori TRP. Finding an approximation
algorithm for this problem turns out to be much harder than for a priori TSP. It is
easy to adjust the proof in [58] to show a Ω(log n) lower bound on the approximation
guarantee in the black-box model. Getting positive results is even non-trivial if all
vertices are on a line graph. In the deterministic setting, TRP on the line graph can
be solved using dynamic programming [1]. This algorithm is discussed in detail in
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Chapter 6. This result relies on the fact that vertices will always be visited when the
tour comes across them. In the a priori setting, this is not true. Consider the example
from the scenario model shown in Figure 2.1.

Example 2.2. There is a point at v1 at distance 1 from the root which is always active.
Further, there are 100 points at v2 at distance 10 from the root which are simultaneously
active with probability 0.01, and there are 10 points at v3 at distance 2 on the other
side of the root which are simultaneously active with probability 0.1. These two events
at v2 and v3 are independent. Note that this gives four possible scenarios. It is easy
to compute that the optimal a priori tour is (r, v2, v3, v1), meaning that we pass by the
point at v1 twice before visiting it. The intuition behind this is that we do not want to
visit v1 before v3, but we do want to visit v2 before v3.

Fig. 2.1: Instance of a priori TRP in the scenario model. The optimal tour passes the
point at v1 twice before visiting it.

Hence, skipping may be optimal in the scenario model. However, we conjecture
that in the independent model skipping is never optimal. If this is true, then dynamic
programming may be used to solve this problem.

For general metric spaces, the independent decision model is non-trivial. The in-
tuitive approach of using the probabilities as weights, i.e., wi = pi, and solving the
weighted version of TRP turns out to give arbitrarily bad solutions, as shown in Ex-
ample 2.3.

Example 2.3. Consider a star graph with k+ 1 leafs. Assign a weight of ` to the edge
going to leaf k+1, and assign weight 1 to the remaining edges. Then, add `−1 vertices
and additional edges such that leaf k+1 and the added vertices form a clique containing
` vertices. Assign an edge weight equal to zero to all these added edges. Each vertex is
active with probability 1/`.

Now, if we take the probabilities as weights, we see that every solution (visiting
all vertices of leaf k + 1 at the same time) for the created weighted TSP instance has
the same value. However, in the a priori setting, it is optimal to visit leaf k + 1 last.
Moreover, by choosing k = `

√
`, we can show that the ratio between the solution starting

with leaf k + 1 and the optimal solution is Ω(
√
`).

The example shows that simply replacing probabilities by weights does not work.
However, for vertex-weighted star graphs the problem is still easy to solve. Here, the
weight of a vertex represents the number of clients at that vertex. Each of these clients
has its own probability of being in the active set. It can be shown by an interchange
argument that the vertices have to be visited in non-increasing order of E[Ni]/E[Li].
Here, E[Ni] is the expected number of clients at vertex i and E[Li] is the expected
length to vertex i, i.e., the length of the edge times the probability that at least one
of the clients at the endpoint has to be visited. Even for slightly more general graphs,
such as spiders of depth two, the complexity is still open.
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2.4 Algorithm

Before presenting our algorithm, we will rewrite the objective function and state a
basic lemma that we will need in the analysis. For a given tour and active set A, we
denote `Ai as the latency of vertex i ∈ A in the tour shortcutted over A. If vertex i is
not in A, then we define `Ai = 0. If Ci is the expected latency of vertex i given that i
is active, the law of total probability gives that our objective becomes minimizing

EA[
∑
i∈V

`Ai ] =
∑
i∈V

piEA[`Ai |i is active] =
∑
i∈V

piCi. (2.3)

Recall that using cri is the cheapest way to travel from the root r to vertex i. Note
that Ci is the expected latency of vertex i, given that it is active. Hence, we obtain
the following lemma.

Lemma 2.4. For any tour and vertex i, we have Ci ≥ cri.

Our algorithm is based on algorithms for the deterministic TRP [21, 25, 54]. How-
ever, the a priori setting makes the problem a lot harder to solve. As explained above,
even the problem on the line is non-trivial in the a priori setting and is not known to be
solvable in polynomial time. Our algorithm makes use of an (α, β)-TSP-approximator
in the a priori setting, which is similar to the one introduced in [21]. Suppose we have
an instance of a priori TSP and a number L. The goal is to find a tour of expected
length at most L which minimizes the number of unvisited vertices. An (α, β)-TSP-
approximator in the a priori setting will find a tour of expected length at most βL
with a number of unvisited vertices at most α times the optimal number of unvisited
vertices. More formally, it is defined as follows.

Definition 2.5. An (α, β)-TSP-approximator in the a priori setting will find, for any
given L, a tour that visits at least (1− αε)n vertices and is of expected length at most
βL if there exists a tour that visits at least (1 − ε)n vertices and is of expected length
at most L.

The algorithm works as follows. Let L0 = 2 (twice the minimum edge length) and
γ > 1 be a parameter to be determined later, and define Lj = L0γ

j for j = 0, 1, . . .. Now
for each length Lj, we obtain a tour T (Lj) by applying the (α, β)-TSP-approximator
in the a priori setting. These tours will then be concatenated, i.e., we first traverse
tour T (L0), then we traverse tour T (L1) and so on until all vertices are visited, where
we shortcut already visited vertices. We output the resulting tour.

Theorem 2.6. Given an (α, β)-TSP-approximator in the a priori setting, our algo-
rithm with γ = 2 is a (8dαeβ + 1)-approximation for the a priori traveling repairman
problem in the uniform model, i.e., pi = p for all i ∈ V .

Proof. Assume that α is an integer, otherwise use its ceiling as upper bound. Relabel
the vertices such that the tour is (1, 2, . . . , n). Partition the vertices of the algorithm’s
tour in blocks of at most α vertices. We define the block Bx to be the subset containing
the vertices n−α(x+ 1) + 1, n−α(x+ 1) + 2, . . . , n−αx for x = 0, 1, . . . ,

⌈
n
α

⌉
− 1. Let

C∗n−x denote the expected latency of the (n−x)th vertex on the optimal a priori TRP-
tour, given that it is active, for x = 0, 1, . . . , n − 1. Now, suppose that the (n − x)th
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vertex visited by the optimal tour has a conditional expected latency between Lj−1

until Lj, i.e., Lj−1 ≤ C∗n−x < Lj. Then, we know that there exists a tour visiting at
least n − x vertices with expected length at most 2C∗n−x ≤ 2Lj = Lj+1, so the (α, β)-
TSP-approximator (with respect to Lj+1) finds a tour visiting at least n− αx vertices
of expected length at most βLj+1. This implies that each vertex v ∈ Bx is visited in
T0 ∪ . . . ∪ T (Lj+1). We can bound the conditional expected latency, denoted as CAlg

v ,
in the following way. Let v be visited for the first time in T (Lj+1). Now, construct
a new tour by removing vertex v from tour T (Lj+1) and visit it after the vertices of
T (Lj+1). Denote the expected latency of v in the new tour by C ′v and note that we
have CAlg

v ≤ C ′v. Finally note that the expected latency of v in the new tour is bounded
by β(L0 + . . .+ Lj+1) + crv. If we sum over all vertices in Bx, we get

∑
v∈Bx

CAlg
v ≤ α(β(L0 + L1 + . . .+ Lj+1)) +

∑
v∈Bx

crv

≤ 2αβLj+1 +
∑
v∈Bx

crv

= 8αβLj−1 +
∑
v∈Bx

crv

≤ 8αβC∗n−x +
∑
v∈Bx

crv.

If we multiply by p and sum over all blocks, we can bound the objective (2.3) as follows

dnαe−1∑
x=0

∑
v∈Bx

pCAlg
v ≤ 8αβ

dnαe−1∑
x=0

pC∗n−x +
∑
v∈V

pcrv

≤ 8αβ
∑
v∈V

pC∗v +
∑
v∈V

pcrv

≤ (8αβ + 1)Opt.

Note that uniformity is essential in the last step, since we are comparing different
tours vertex by vertex. This approximation guarantee might be improved by choosing
another value of γ, but it turns out that γ = 2 is optimal for our analysis. We can
improve the approximation factor by randomizing the starting length. Set L0 = 2γU

and Lj = L0γ
j, where U is a random variable uniformly distributed on [0, 1], and

optimize over γ.

Theorem 2.7. Given an (α, β)-TSP-approximator in the a priori setting, our algo-
rithm with L0 = 2γU and γ = e is a (2edαeβ + 1)-approximation for the a priori
traveling repairman problem in the uniform model, where U is a random variable uni-
formly distributed on [0, 1].

Proof. The proof is similar to that of Theorem 2.6. Assume w.l.o.g. that the algorithms
a priori tour is (1, 2, . . . , n). Partition the vertices of the resulting tour in blocks of
size at most α. Let x ∈ {0, 1, . . . , n− 1} and assume that for some ` the (conditional)
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expected latency of the (n − x)th vertex of the optimal tour can be written as a
polynomial function of degree ` of γ, i.e., C∗n−x = ργ`, where 1 ≤ ρ < γ. We distinguish
two cases: ρ < γU and ρ ≥ γU .

If ρ < γU , then there exists a path from the root with expected length at most γUγ`

visiting at least n−x vertices. This means that T (L`) contains at least n−αx vertices
and is of length at most 2βγUγ`. So, for v ∈ Bx, we have CAlg

v ≤ β
∑`

j=0 L0γ
j + crv ≤

βL0γ
`( γ
γ−1

) + crv.

Now for the other case, ρ ≥ γU , there must be a path from the root with expected
length at most γUγ`+1. This means that T (L`+1) contains at least n − αx vertices
and is of length at most 2βγUγ`+1. So, for v ∈ Bx, we have CAlg

v ≤ β
∑`+1

j=1 L0γ
j +

crv ≤ βL0γ
`+1( γ

γ−1
) + crv. In the first case, we have logγ ρ ≤ U ≤ 1 and we have

0 ≤ U ≤ logγ ρ in the second case. Taking expectations over U gives

CAlg
v ≤

∫ 1

logγ ρ

(
βL0γ

`

(
γ

γ − 1

)
+ crv

)
dU +

∫ logγ ρ

0

(
βL0γ

`+1

(
γ

γ − 1

)
+ crv

)
dU

=2βγ`
(

γ

γ − 1

)∫ 1

logγ ρ

γUdU + 2βγ`+1

(
γ

γ − 1

)∫ logγ ρ

0

γUdU + crv

=2βγ`
(

γ

γ − 1

)(
γ − ρ
ln γ

)
+ 2βγ`+1

(
γ

γ − 1

)(
ρ− 1

ln γ

)
+ crv

=
2γβ

ln γ
C∗n−x + crv.

If we multiply by p and sum over all vertices in block Bx and then over all blocks, we
get a bound of 2γ

ln γ
αβ+ 1. Optimizing over γ gives γ = e and a bound of 2eαβ+ 1.

The algorithm can be derandomized by trying multiple values for U . This will give
an approximation guarantee that is arbitrarily close to 2eαβ + 1 by using techniques
from [54]. Note that if α = 1, the approximator corresponds to a β-approximation
for a priori k-TSP, the problem of finding a tour on k vertices of minimum expected
length. This yields the following corollary.

Corollary 2.8. If there is a β-approximation for the a priori k-TSP, then there is a
(2eβ + 1)-approximation for the a priori traveling repairman problem in the uniform
model.

2.5 Tree metrics

To obtain an approximation guarantee for the a priori TRP on trees, we use Corollary
2.8. Note that finding a k-tour in a tree is similar to finding a k-tree in a tree. So,
in this case we can solve the a priori k-MST problem, in which we have to find a
tree spanning k vertices such that the expected weight of the tree is minimized. Here,
shortcutting the tree is done by removing inactive vertices provided that the tree on
the active vertices remains connected.

Theorem 2.9. The a priori k-TSP in the uniform model on tree metrics can be solved
to optimality in polynomial time.
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Proof. First, we turn the tree into a binary tree with the original vertices at the leaves
by adding vertices with probability zero and edges with weight zero. Next, we use
dynamic programming to solve the a priori k-MST problem. Define the function f(i, y)
to be the minimum expected weight of a subtree rooted at i containing y leaves. For
all leaves i, we have f(i, 0) = f(i, 1) = 0. For a certain state (i, y), the best tree follows
from a combination of z vertices from the left subtree and y − z vertices from the
right subtree. For a given combination, the expected weight is equal to the sum of the
expected weight of each of the two subtrees plus, for each subtree, the weight of the
edge connecting i with the subtree times the probability that at least one of the vertices
in the subtree is active. We denote î and ĩ for the left and right child of i respectively.
To enhance readability, we slightly change our notation and write c(i, j) for the weight
of the edge between i and j. Now, we get the following recursive formula:

f(i, y) = min
0≤z≤y

{f (̂i, z) + (1− (1− p)z)c(i, î)

+ f (̃i, y − z) + (1− (1− p)y−z)c(i, ĩ)}.

The optimal tree containing k vertices is the solution corresponding to f(r, k), where r
is the root of the tree. Note that the dynamic program needs O(nk2) time, so a priori
k-MST (and hence k-TSP) on trees can be solved in polynomial time.

Corollary 2.10. There is a 2e + 1 ≈ 6.44-approximation for the a priori traveling
repairman problem in the uniform model on trees.

It is not clear how to generalize this result to the non-uniform case. The difficulty
is that we have to store the minimum weight tree for each possible probability that at
least one vertex in the subtree is active. Since the probability that at least one vertex
in the subtree is active can take exponentially many different values, the DP will not
run in polynomial time. On the other hand, it is easy to extend the DP above to the
case where it is almost uniform in the sense that there is a constant number of different
probabilities pi.

2.6 General metrics

For general metrics, we show how to obtain an (α, β)-TSP-approximator for some
constants α and β. It turns out that finding such an approximator boils down to
finding a approximation algorithms for certain variations of the tour single-sink rent-
or-buy problem (tour-SRoB).

In the single-sink rent-or-buy problem (SRoB) [99], we are given a graph G = (V,E)
with a metric weight function ce on the edges. There is a client j at each vertex in V
with demand dj. We have to open a facility at some of the vertices and connect the
clients to the facilities. We denote cij as the length of the shortest path between i and
j in G. Note that cij = ce if e = (i, j). Connecting facility i with client j costs djcij
and buying edge e costs Mce, where M ≥ 1. We need to buy edges such that the open
facilities are joined by a Steiner tree. The goal is to minimize the sum of connection
cost and Steiner cost. In the tour-SRoB, G is a complete graph. Here, edges have to
be bought such that the open facilities are joined by a tour.

The next two variants are used to get the desired approximation results for a priori
TRP. In the prize-collecting tour-SRoB, it is not needed to connect every client, but if
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client j is not connected, then we have to pay penalty πj. The goal is to minimize the
sum of connection cost, tour cost and penalty cost.

In the k-client tour-SRoB, it also not needed to connect every client. One has to
connect at least k vertices at minimum total cost. Approximating the latter problem
is done by using the following definition.

Definition 2.11. An (α, β)-tour-SRoB-approximator will find, for any given L, a tour-
SRoB-solution containing at least (1− αε)n vertices of cost at most βL if there exists
a tour-SRoB-solution containing at least (1− ε)n vertices of cost at most L.

In this section, we will follow the structure depicted below. We start with showing
that there is a 5-approximation for tour-SRoB. We then use this result to show that
there is 5.52-approximation for the prize-collecting tour-SRoB. In section 2.6.2, we
first show that if we have an (α, β)-tour-SRoB-approximator, we get an (α, 3β)-TSP-
approximator. Finally, we show that the 5.52-approximation for prize-collecting tour-
SRoB can be used to obtain an (11.04, 11.04)-tour-SRoB-approximation which together
with the former statement results in an (11.04, 33.12)-TSP-approximator. Hence, by
Theorem 2.7 this results in a O(1)-approximation for a priori TRP in the uniform
model on general metrics.

tour-SRoB 5 (Theorem 2.12)
↓ ↓

prize-collecting tour-SRoB 5.52 (Theorem 2.15)
↓ ↓

(α, β)-tour-SRoB-approximator (11.04,11.04) (Lemma 2.18)
↓ ↓

(α, β)-TSP-approximator (11.04,33.12) (Corollary 2.17)
↓ ↓

a priori TRP O(1) (Theorem 2.19)

2.6.1 Prize-collecting tour-SRoB

The prize-collecting tour-SRoB has, to the best of our knowledge, not been considered
explicitly in the literature. We can obtain a randomized 3-approximation for tour-
SRoB by adjusting the analysis for tour-connected facility location (a generalization
of tour-SRoB) by Eisenbrand et al. [42]. This can be derandomized by adapting the
analysis of Van Zuylen [105] to obtain a deterministic 3-approximation. However, it is
not clear how to extend these results to prize-collecting tour-SRoB. Therefore, we will
use the primal-dual algorithm for SRoB by Swamy and Kumar [99] instead.

Tour-SRoB

First, consider SRoB. We assume without loss of generality that a facility is opened at
root vertex r. In the ILP-formulation below, we define xij to be 1 if i is on the tree
and j is connected to i. We define ze to be 1 if we use edge e in the tree. Without loss
of generality, we assume that we have unit demand. The reader is referred to [99] for
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further details. Recall that δ(X) denotes the cut separating X from V \X (page 7).

(P) min
∑
i∈V

∑
j∈V

cijxij +M
∑
e∈E

ceze

s.t.
∑
i∈V

xij ≥ 1 ∀j ∈ V∑
i∈S

xij ≤
∑
e∈δ(S)

ze ∀S ⊆ V \ {r}, j ∈ V

xij, ze ∈ {0, 1} ∀i, j ∈ V, e ∈ E.

Relaxing the integrality constraints and taking the dual gives the following problem.

(D) max
∑
j∈V

µj

s.t. µj ≤ cij +
∑

S⊆V :i∈S,r/∈S

θS,j ∀i ∈ V \ {r}, j ∈ V

µj ≤ cij ∀j ∈ V∑
j∈V

∑
S⊆V :e∈δ(S),r /∈S

θS,j ≤Mce ∀e ∈ E

µj, θS,j ≥ 0 ∀j ∈ V, S ⊆ V \ {r}.

In any solution for the tour-SRoB, each client j is connected to some facility i on
the tour (possibly i = j). In that case, any cut separating i from r must contain at
least two edges. Hence, an LP-relaxation for tour-SRoB is obtained by relaxing the
integrality constraints in (P) and by putting a factor 2 in front of xij in the second
constraint. We obtain the following LP-relaxation and its dual.

(P′) min
∑
i∈V

∑
j∈V

cijxij +M
∑
e∈E

ceze

s.t.
∑
i∈V

xij ≥ 1 ∀j ∈ V

2
∑
i∈S

xij ≤
∑
e∈δ(S)

ze ∀S ⊆ V \ {r}, j ∈ V

xij, ze ≥ 0 ∀i, j ∈ V, e ∈ E.

(D′) max
∑
j∈V

µj

s.t. µj ≤ cij + 2
∑

S⊆V :i∈S,r/∈S

θS,j ∀i ∈ V \ {r}, j ∈ V

µj ≤ cij ∀j ∈ V∑
j∈V

∑
S⊆V :e∈δ(S),r /∈S

θS,j ≤Mce ∀e ∈ E

µj, θS,j ≥ 0 ∀j ∈ V, S ⊆ V \ {r}.
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We can now use the primal-dual algorithm for SRoB to obtain an approximation algo-
rithm for tour-SRoB. Given an instance of tour-SRoB, we divide all edge weights by
2, i.e., c′e = ce/2 and c′ij = cij/2. To keep the remaining restrictions of the dual and
the Steiner costs the same, we also set M ′ = 2M . Secondly, we use the primal-dual
algorithm of Swamy and Kumar [99] on the new instance to obtain a solution for SRoB.
Finally, we double the tree and shortcut the resulting Eulerian tour. This algorithm
and its analysis are similar to the work of Goemans and Williamson [55], who showed
how to obtain a 2-approximation for the prize-collecting TSP using a 2-approximation
for the prize-collecting Steiner tree problem. Further, this ratio is worse than the ratio
that can be obtained from [42]. However, that result is based on a sampling approach
which we do not know how to extend to the prize-collecting version of the problem.

Theorem 2.12. The approach above gives a 5-approximation for the tour-SRoB. More-
over, the value is at most 5 times the optimal value of the LP-relaxation (P′).

Proof. The primal-dual algorithm of Swamy and Kumar gives two feasible solutions,
namely (µ1, θ1) and (µ2, θ2). Then, (2µ1, θ1) and (2µ2, θ2) are feasible solutions for
(D′). By duality, we have

2
∑
j∈V

µ1
j ≤ Opt and 2

∑
j∈V

µ2
j ≤ Opt, (2.4)

where Opt is the optimal value for tour-SRoB. Given the solution of SRoB with con-
nection costs C ′ and Steiner cost S, the cost of the solution for tour-SRoB produced
by the algorithm is at most C + 2S = 2(C ′ + S). By Swamy and Kumar, we get
C ′ + S ≤ 3

∑
j µ

1
j + 2

∑
j µ

2
j (proof of Theorem 3.6 in [99]). Combining these two

equations and using (2.4), we get that the solution of our algorithm has cost at most

C + 2S = 2(C ′ + S) ≤ 2(3
∑
j∈V

µ1
j + 2

∑
j∈V

µ2
j) ≤ 3Opt + 2Opt ≤ 5Opt.

Note that the solution of our algorithm contains a tour on the open facilities and it is
therefore a feasible solution for tour-SRoB.

The prize-collecting version.

In this version, it is not needed to connect all clients. However, a penalty πj is incurred
if client j is not connected. For the LP-relaxation of the prize-collecting tour-SRoB
problem, we add the variable sj, which is set to 1 if client j is not connected. In an
integral solution, the first constraint corresponds to a client being either connected
with an open facility or not connected at all.

(P′′) min
∑
i∈V

∑
j∈V

cijxij +M
∑
e∈E

ceze +
∑
j∈V

πjsj

s.t. sj +
∑
i∈V

xij ≥ 1 ∀j ∈ V

2
∑
i∈S

xij ≤
∑
e∈δ(S)

ze ∀S ⊆ V \ {r}, j ∈ V

xij, ze, sj ≥ 0 ∀i, j ∈ V, e ∈ E.
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Using the ellipsoid method, the LP-relaxation can be solved in polynomial time. Note
that, like for the other two LP-formulations, the separation problem can be solved
by using a min-cut algorithm. The algorithm for the prize-collecting version works
as follows (see [104], Section 4.4). Let (x∗, z∗, s∗) be an optimal solution for (P′′). If
s∗j ≥ δ, then we set ŝj = 1, else we set ŝj = 0, where 0 ≤ δ ≤ 1 is determined later,
and let T = {j : ŝj = 0}. The vertices in V \ T will not be visited. Next, we obtain
a solution of tour-SRoB on T by applying the algorithm from Theorem 2.12. This
results in a feasible solution for prize-collecting tour-SRoB on V . Partition the optimal
LP-value in the connection plus tour cost CLP and penalty cost ΠLP.

Lemma 2.13. The algorithm above finds a solution for the prize-collecting tour-SRoB
such that the resulting tour and connection cost is bounded by 5/(1 − δ)CLP and the
resulting penalty cost is bounded by (1/δ)ΠLP.

Proof. By rounding the solution, we lose at most a factor 1/δ on the penalty cost.
This means that the penalty cost is at most a factor 1/δ times the penalty cost of the
LP-relaxation. By Theorem 2.12, the connection and tour cost for tour-SRoB on T can
be bounded by 5 times the optimal solution of its LP-relaxation. We obtain a feasible
solution for this LP-relaxation by deleting the sj’s from the LP-relaxation of prize-
collecting tour-SRoB and multiply all other variables by a factor 1/(1− δ). Combining
the two statements, we obtain that the connection and tour cost can be bounded by
5/(1− δ) times the connection and tour cost of the optimal LP-solution.

Note that by choosing δ = 1
6
, we obtain a 6-approximation. Choosing δ at random

improves this result. If we choose δ uniformly at random on [0, ω], with 0 < ω ≤ 1 to
be specified later (see [104], Section 5.7), we obtain the following result.

Lemma 2.14. Randomization of the algorithm above gives a solution for the prize-
collecting tour-SRoB such that the resulting tour plus connection cost is in expectation
bounded by (5/ω) ln (1/(1− ω))CLP and the resulting penalty cost is in expectation
bounded by (1/ω)ΠLP.

Proof. The tour and connection costs are deterministically bounded by 5/(1− δ)CLP.
If we take the expected value with respect to δ, we get that the tour and connection
costs are bounded by E [5/(1− δ)]CLP in expectation. Computing this expectation
gives:

E
[

5

1− δ

]
=

∫ ω

0

5

1− x
· 1

ω
dx = − 5

ω
ln (1− x)

∣∣∣∣ω
0

=
5

ω
ln

(
1

1− ω

)
.

If s∗j < ω, then s∗j gets rounded to 1 (j will not be visited) with probability s∗j/ω. If
s∗j ≥ ω, then s∗j gets rounded to 1 with probability 1, but here we have s∗j/ω ≥ 1. So,
we can bound the penalty cost by (1/ω)

∑
j s
∗
jπj ≤ (1/ω)ΠLP.

Note that the algorithm can be derandomized by checking all values s∗j ∈ [0, ω] for δ,
since the set of unvisited vertices does not change for values in between two consecutive
values of s∗j . So, by checking at most n values, we obtain a deterministic algorithm

with the same guarantees. Choosing ω = 1 − e−1/5 gives the following approximation
guarantee.

Theorem 2.15. There is a 5.52-approximation algorithm for the prize-collecting tour-
SRoB problem.
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2.6.2 Obtaining an (α, β)-TSP-approximator

In this subsection, it is shown how to obtain an (α, β)-TSP-approximator using the
results for prize-collecting tour-SRoB. We first show how a priori TSP and tour-SRoB
are related.

Lemma 2.16. Any approximation algorithm for the tour-SRoB problem can be turned
into an approximation algorithm for the a priori TSP in the independent decision model
with loss of at most a factor 3 in the approximation.

Proof. Given an instance of a priori TSP with edge weights ce and probabilities pi, we
define an instance of tour-SRoB as follows. The edge weights are c′e = ce ∀e, M = 1
and at each vertex there is a client with demand dj = 2pj. Given any feasible solution
for this instance we get a feasible solution for a priori TSP of at most the same cost as
follows. Let T be the tour in the SRoB solution. For the a priori tour we take T and
double all the edges from clients to facilities in the SRoB solution. It is easy to see that
the expected length of the shortcut TSP solution is at most that of the SRoB solution.
Let OptTSP and OptSRoB denote the optimal value of, respectively, the a priori TSP
and the tour-SRoB instance. It remains to show that OptSRoB ≤ 3OptTSP. Select
vertex i with probability pi and take an optimal tour on the set of selected vertices X.
Let this be the tour for the SRoB solution. Connect all other vertices in the cheapest
way to X. It follows from the analysis in [95], as summarized in Equation (2.1), that
the cost of this SRoB solution is at most 3 times the optimal length of the a priori
TSP instance, since the construction above is just their algorithm except for the fact
that we take an optimal tour on X. Hence, OptSRoB ≤ 3OptTSP.

The theorem above applies as well in the k-client setting, both for regular α-
approximations and for (α, β)-tour-SRoB-approximators. Recall that in the k-client
tour-SRoB we want to find a minimum cost tour-SRoB solution connecting k clients.

Corollary 2.17. In the independent decision model, we have that

1. If there is an α-approximation for the k-client tour-SRoB problem, then there is
a 3α-approximation for the a priori k-TSP.

2. If there is an (α, β)-tour-SRoB-approximator, then there is an (α, 3β)-TSP-ap-
proximator in the a priori setting.

Proof. In both cases, we use the same transformation as in the proof of Lemma 2.16.

1. The proof works similarly, except that in the last step, we need to sample X from
the vertices on the optimal k-tour, instead of sampling X from all vertices V . By
Lemma 2.16, we get a 3α-approximation.

2. We sample X from the vertices on the minimum length tour on (1− ε)n vertices.
Note that the number of visited vertices in the obtained TSP-solution solution
is the same as in the optimal TSP-solution, so we do not lose anything there.
Hence, by Lemma 2.16, we obtain an (α, 3β)-TSP-approximator in the a priori
setting.
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Our final lemma shows that an (α, β)-tour-SRoB-approximator can be obtained
using results from prize-collecting tour-SRoB.

Lemma 2.18. If there is an α-approximation for prize-collecting tour-SRoB, then there
is a (2α, 2α)-tour-SRoB-approximator.

Proof. Consider an instance of tour-SRoB. Assume that there exists a solution T of
cost at most L which visits at least (1 − ε)n vertices. We show how to get a solution
of length at most 2αL that visits at least (1− 2αε)n vertices. As noted in [21], we can
perform a binary search on the optimal value of ε given L, if ε is not specified. Define
an instance of prize-collecting tour-SRoB by giving each vertex a penalty π = L/(εn).
The optimal value of this instance is at most that of solution T which is L+ εnπ ≤ 2L.
Hence, any α-approximation for the prize-collecting tour-SRoB instance should return
a solution that has tour and connection cost at most 2αL and also a penalty cost
of at most 2αL. The latter implies that it leaves at most 2αL/π = 2αεn vertices
unvisited.

Now, we finally get a constant-factor approximation algorithm for the a priori TRP
in the uniform model.

Theorem 2.19. There is an O(1)-approximation for the a priori traveling repairman
problem in the uniform model.

Proof. From Theorem 2.15 we get an α0-approximation for the prize-collecting tour-
SRoB, where α0 = 1/(1 − e−1/5). Combining this with Lemma 2.18, we obtain an
(2α0, 2α0)-tour-SRoB-approximator. Using Corollary 2.17, we get an (2α0, 6α0)-TSP-
approximator. Plugging this results into the result of Theorem 2.7, we obtain an
algorithm with guarantee 2ed2α0e6α0 + 1 < 2161 for the a priori TRP in the uniform
model.

2.7 Conclusion

For the a priori traveling repairman problem we were only able to give a constant-
factor approximation in the uniform model and the constant is still large. For the
correctness of Theorem 2.6 and 2.7 the uniformity of the probabilities is essential.
It is not clear how to reduce the case of independent probabilities to the uniform
model. Therefore, the problem is wide open in the independent decision model with
non-uniform probabilities. Also, it is not known if the uniform problem can be solved
efficiently in case all points are on the line. If any optimal solution has the property
that no point is passed without visiting it, like in the deterministic problem, then the
problem may be solved by dynamic programming. However, a proof of this property
is missing and we have shown that this property does not hold in the scenario model.

In our analysis we used the theory of (α, β)-TSP-approximators. Better approx-
imations may be obtained by using the a priori k-TSP or k-client tour-SRoB. No
constant-factor approximation is known for these problems.

Finally, it is good to note that there is still a lot to do in the scenario model. It
would be interesting to see if this extra knowledge, i.e., an explicit list of scenarios,
can help us to obtain stronger approximation results. The next chapter addresses the
a priori TSP in the scenario model.
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CHAPTER 3

The a priori traveling salesman problem

The results in this chapter were published in [38].

3.1 Introduction

In a priori routing, we extend our classical routing problems to the case that the set
of clients is uncertain or changes regularly. Because reoptimizing over and over again
might be inconvenient or impossible, we want to find a single tour. Given a tour and a
set of clients, the active set, we shortcut the tour to the active set. In universal routing,
the goal is to minimize the worst-case ratio of the value of the obtained solution and
the deterministic optimal value. In a priori routing, we want to be good on average.
The problem we consider in this chapter is formally defined as follows.

In the a priori traveling salesman problem in the scenario model, we are given a
complete weighted graph G = (V,E) and a set of scenarios S with S1, . . . , Sm ⊆ V .
Scenario Sj has probability pj of being the active set, where

∑
j pj = 1. We begin by

finding an ordering on V , called the first-stage tour. When an active set is released,
the second-stage tour is obtained by shortcutting the first-stage tour on the vertices of
the active set. The goal is to find a first-stage tour that minimizes the expected length
of the second-stage tour. If pj = 1

m
for all j, then minimizing the expected length is

equivalent to minimizing the sum of the tour lengths over the scenarios. Throughout
this chapter, we assume that the edge weights obey the triangle inequality.

A problem related to the a priori TSP is the universal TSP. In this problem, one
is given a TSP-instance. For a given first-stage tour τ , denote c(τA) for the length
of τ restricted to A, and denote Opt(A) for the optimal value of the TSP-instance
restricted to A. The competitive ratio of the tour is now defined as the worst-case
ratio of c(τA) and Opt(A) over all A ⊆ V . The goal in universal TSP is to find a tour
that minimizes the competitive ratio.

The a priori TSP has, for example, a direct application in photo-lithography pro-
cesses used in semi-conductor manufacturing to transfer the geometric pattern of a
chip onto a wafer [34]. This is done by putting UV light through a photomask on
a photoresistant layer on top of the wafer. The entire wafer is not exposed at once,
but one square at a time. If certain parts of the square do not need to be exposed,
blades are moved in to block the UV light. Moving the blades is a time-consuming,
and hence costly, process. Since it often influences the total processing time of a wafer
in the lithography machine, minimizing the distance reduces the processing time. The
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blading positions are defined in a file. The blading positions are obtained from this file
by reading it from top to bottom and the positions are used by the machine in order of
appearance. A product will visit the photolithography machine multiple times during
its fabrication. Every time it will use the same file that defines its blading positions,
but it will not use all blading positions defined in the file in every visit. For each visit,
there is a given subset of the blading positions that has to be used. Hence minimizing
the movement of the blades comes down to finding an ordering of the blading positions
such that the sum over all visits of the total distance between the blading-positions is
minimized. The authors of [34] show that this is precisely a form of the a priori TSP
in the scenario model.

As already mentioned in Chapter 2, a priori TSP has already been considered in
the literature in the independent decision and black-box model. In the independent
decision model, vertex i is active with probability pi, independent of the other ver-
tices. Shmoys and Talwar [95] showed that a sample-and-augment approach gives a
randomized 4-approximation, which can be derandomized to an 8-approximation algo-
rithm. This factor was improved by Van Zuylen [105] to 6.5. In the black-box model,
we have no knowledge on the probability distribution over the vertices, but we are
able to sample from it. Schalekamp and Shmoys [94] showed that one can obtain a
randomized O(log n)-approximation even without sampling. A deterministic O(log2 n)-
approximation can be obtained by using the result for universal TSP [59]. It was shown
by [58] that there is an Ω(log n) lower bound for deterministic algorithms on general
metrics. By using the result of [62] and Theorem 3 in [58], it is also known that there

is no deterministic algorithm with guarantee o
(

6
√

log n/ log log n
)

for planar metrics.

For randomized algorithms, no lower bound is known for the black-box model.
The above mentioned results give us the first results for a priori TSP in the scenario

model. First of all, we inherit the randomized O(log n)-approximation. Secondly, we
know that a deterministic algorithm that does not use the information given in the
scenarios will not achieve an approximation guarantee better than O(log n). The main
question is whether we can use the scenarios to improve upon the O(log n) upper bound
and which restrictions we can put on the scenarios in order to obtain constant-factor
approximability. This question will be considered in this chapter.

The scenario model has not been studied extensively for other optimization prob-
lems. Immorlica et al. [67] investigated scenario versions of the vertex cover and the
shortest path problem. Ravi and Sinha [89] also looked at these problems and also
defined scenario versions of bin packing, facility location and set cover. The problems
in [89] differ from our setting in the sense that the weights used in the instance dif-
fer between scenarios. Further, the authors of [26] investigate a two-stage stochastic
scheduling problem, where the set of jobs to be processed is uncertain. Finally, in
[44], the classical scheduling problem of minimizing the makespan on two machines is
considered in the a priori model with scenarios.

A priori TSP can be considered as a stochastic version of TSP. Alternatively, one
could consider a robust version where we want to minimize the maximum length over
all scenarios. We will refer to this problem as Min-Max TSP. When applicable, we
will state to which extend the theorems for a priori TSP also hold for the Min-Max
TSP. An easy observation is that the approximation ratios for universal TSP carry over
directly to MinMax-TSP. Hence, we have an O(log2 n)-approximation algorithm.

In this chapter, we will first examine the most natural lower bound that we call
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the master tour lower bound. We use this lower bound to show that there exists a
constant-factor approximation algorithm for the problem if the number of scenarios
is fixed. However, we also show that this lower bound cannot be used to improve
upon the O(log n)-approximation. We then look at several natural restrictions on
the scenarios, namely small, big and nested scenarios. For small scenarios, we give
strong inapproximability results. After that, we analyze the performance of the optimal
tour on V for big scenarios. For nested scenarios, we show that there exists a 9-
approximation algorithm. Finally, we show that there exists an elegant connection to
an a priori minimum spanning tree problem. We end with a discussion on some open
problems.

3.2 Master tour lower bound

In this section, we explore the master tour lower bound. Here, we use that the contri-
bution of scenario Sj to the objective value of an optimal solution, denoted by Opt,
is at least pjT

∗
j , where T ∗j is the length of the optimal tour on Sj, so Opt ≥

∑
j pjT

∗
j .

Two natural algorithms for a priori TSP in the scenario model are as follows. For each
scenario, find an α-approximate tour, where α is the best approximation ratio avail-
able for TSP, and sort the scenarios on their resulting tour lengths Tj. Rename the
scenarios such that T1 ≤ T2 ≤ . . . ≤ Tm. Now traverse the tours 1, 2, . . . ,m, skipping
already visited vertices, resulting in tour τ1. Alternatively, rename the scenarios such
that p1 ≥ p2 ≥ . . . ≥ pm and traverse the tours 1, 2, . . . ,m, skipping already visited
vertices, resulting in tour τ2. We get the following result.

Theorem 3.1. Tours τ1 and τ2 are (2m− 1)-approximations for a priori TSP in the
scenario model, where m ≥ 2 is the number of scenarios.

Proof. Let us analyze tour τ1. Consider an arbitrary scenario Sj. Let Dj be the
diameter of G restricted to Sj, so we have T ∗j ≥ 2Dj. Note that when analyzing the
contribution of scenario Sj, we only have to consider tours that contain vertices in Sj.
Further, it might happen that two tours, say Tx and Ty, with x, y < j, Sx ∩Sj 6= ∅ and
Sy ∩ Sj 6= ∅, belong to disjoint scenarios. In this case, we have to go from Tx to Ty. If
d(A,B) denotes the maximum distance between a vertex in A and a vertex in B, then
this move costs us at most an extra d(Sx ∩Sj, Sy ∩Sj). In the worst case, all scenarios
before Sj have a non-empty intersection with Sj. For j = 1, the contribution is just
p1T1 ≤ αp1T

∗
1 . For j ≥ 2, the contribution of Sj to the objective value of our solution

is at most

pj(T1 + d(S1 ∩ Sj, S2 ∩ Sj) + T2 + . . .+ d(Sj−2 ∩ Sj, Sj−1 ∩ Sj) + Tj−1 + Tj)

≤pj(jTj + (j − 2)Dj) ≤ pj

(
αjT ∗j + (j − 2)

1

2
T ∗j

)
=

((
α +

1

2

)
j − 1

)
pjT

∗
j .

Note that you do not have to incur an extra distance from Sj−1 to Sj, since they have
a non-empty intersection. In general, this holds for the last scenario that intersects
with Sj. The objective value is at most

αp1T
∗
1 +

m∑
j=2

((
α +

1

2

)
j − 1

)
pjT

∗
j ≤

((
α +

1

2

)
m− 1

)
Opt.
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Since α = 1.5 [27], we get a 2m − 1-approximation algorithm. The analysis for τ2 is
similar and the proof is omitted here.

Since in the proof of Theorem 3.1 we bound the length of each tour by 2m − 1
times the optimal tour for that scenario, it is obvious that τ1 and τ2 are also (2m− 1)-
approximations for Min-Max TSP.

It turns out that the master tour lower bound will not give a constant-factor ap-
proximation for a priori TSP on general metrics. This can be deduced from Theorem 2
in [58], which roughly states the following. Suppose you are given a d-regular Ramanu-
jan graph G on n vertices with girth g ≥ 2

3
logd−1 n. Take a random walk of length

70g in G and let S be the vertices visited in this walk. Now, consider a TSP-tour on
the vertices of G. Theorem 2 in [58] states that for each of the first g/2 steps of the
tour restricted to S, the probability that the edge has length Ω(log n) is bounded from
below by a constant.

Theorem 3.2. There is an instance of a priori TSP in the scenario model such that
Opt = Ω(log n)

∑
j pjT

∗
j and Opt = Ω(logm)

∑
j pjT

∗
j .

Proof. We use Theorem 2 from [58] as discussed above. Let G be a d-regular Ra-
manujan graph on n vertices with girth g ≥ 2

3
logd−1 n. The set of scenarios is the set

of all vertex sets of walks of length 70g. The probability pj of scenario Sj is equal
to the probability that Sj is the vertex set of a random walk of length 70g. For a
fixed first-stage tour, Theorem 2 in [58] states that in each of the first g/2 steps of the
second-stage tour, there is a constant probability that the second-stage tour uses an
edge of length Ω(log n). This implies that the expected length of the first g/2 steps
of the tour have expected length Ω(log n). Since T ∗j = O(g), the first g/2 steps are
a constant fraction of all the steps and so the lower bound also holds for the entire
tour. Hence, we have an instance such that Opt = Ω(log n)

∑
j pjT

∗
j . The number

of scenarios is equal to the number of possible walks of length 70g. This is equal to
n · d70g = O(ndlogn) = O(nlog d+1). Since d is a constant, this number is polynomi-
ally bounded. Hence, we have Θ(logm) = Θ(log n), which gives us the second lower
bound.

A natural question one can ask is whether a given instance has an optimal value
that is equal to the master tour lower bound. Stated differently, is there a tour such
that if we shortcut on the vertices of a scenario, we get the optimal solution for that
scenario? Deineko et al. [31] studied this problem for the case where every possible
subset is a scenario. They called this the master tour problem and showed that it is
polynomially solvable. We can reformulate the problem to the case where we are given
a set of scenarios and we only have to be optimal for these scenarios. We shall prove
in Chapter 4 that this problem is hard to solve by showing it is ∆p

2-complete.

3.3 Small scenarios

We start with showing that a priori TSP is still NP-hard when all scenarios are very
small. We reduce from the Max Cut problem [70]. Here, we are given a graph
G = (V,E) and our goal is to find a set X ⊆ V such that |δ(X)| is maximized. Recall
that δ(X) denotes the cut seperating X from V \X (page 7).
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Fig. 3.1: Graph G′ as in the proof of Theorem 3.3.

Theorem 3.3. A priori TSP is NP-hard even when |Sj| ≤ 4 for all j.

Proof. We reduce from the Max Cut problem. Given an instance G = (V,E) of
Max Cut, we create an instance of a priori TSP by making a complete graph G′ on
V ∪ {s, t}. All edges with s or t as endpoint, except edge (s, t), have length 1 and
all other edges have length 2 (see Figure 3.1). For every edge (a, b) ∈ E, we create a
scenario {a, b, s, t}. All scenarios have equal probability. Note that the second-stage
tour on a scenario either has a length of 4 or length 6. We say that a scenario is
satisfied if its resulting tour has length 4. Hence, minimizing the expected length
is equivalent to maximizing the number of satisfied scenarios. We will show that
OptTSP = 6|E| − 2OptCUT, where OptTSP and OptCUT are the optimal sum of tour
lengths of a priori TSP in the created instance and the optimal value of Max Cut in
the original instance respectively.

Suppose there is a cut of size at least k in G, say Q ⊆ V . First, visit s. Then, visit
the vertices of Q in arbitrary order. After that, we visit t. Finally, we visit the vertices
not in Q in arbitrary order. It is easy to see that every scenario corresponding to an
edge in the cut has length 4, whereas other scenarios have length 6. Hence, there is a
tour satisfying at least k scenarios.

On the other hand, suppose that we have a tour in G′ satisfying at least k scenarios.
Without loss of generality, the tour can be written as (s, R1, t, R2), where R1 and R2

are sequences of vertices. The only way to satisfy a scenario {a, b, s, t} is by putting one
vertex of {a, b} in R1 and one vertex in R2. Hence, the k satisfied scenarios correspond
to edges in the cut R1 ⊆ V which has size at least k.

The proof above does not imply that the master tour problem is NP-complete for
scenarios of size 4 since deciding whether there is a cut containing all edges is easy. The
master tour problem with scenarios is still open for |Sj| ≤ 4. By adjusting the proof
of Theorem 3.3, we can prove that the master tour problem with scenarios is NP-hard
when |Sj| ≤ 5. This is done by reducing from Set Splitting instead of Max Cut
and using that 3-Set Splitting is NP-complete [79]. In 3-Set Splitting, we are
given n elements and a collection Σ of sets containing three distinct elements. The
question is whether we can partition the elements such that each set is splitted, i.e.,
there is a partition (X, V \X) such that neither σ1, σ2, σ3 ∈ X nor σ1, σ2, σ3 ∈ V \X
for all (σ1, σ2, σ3) ∈ Σ.



34 The a priori traveling salesman problem

Theorem 3.4. The master tour problem with scenarios is NP-complete when |Sj| ≤ 5
for all j.

Proof. The proof is similar to the proof of Theorem 3.3. Create graph G′ as in the
proof of Theorem 3.3 and create a scenario {σ1, σ2, σ3, s, t} for each set in Σ. Note
that the shortest TSP-tour for a scenario has length 6. Suppose we have a yes-instance
for 3-Set Splitting, say (Q1, Q2). Consider the tour that first visits s, then all
vertices corresponding to elements of Q1, then t and finally the vertices corresponding
to elements of Q2. In this tour, each scenario has a second-stage tour of length 6, which
equals the minimum length tour on each scenario. On the other hand, suppose we have
a master tour. We can rewite this as (s, R1, t, R2), where R1 and R2 are sequences of
vertices. Since this tour is a master tour, we know that for every scenario neither
σ1, σ2, σ3 ∈ R1 nor σ1, σ2, σ3 ∈ R2 holds. Hence, (R1, R2) is a yes-instance for 3-Set
Splitting.

This also shows that Min-Max TSP is NP-hard when |Sj| ≤ 5 for all j. Moreover,
when |Sj| ≤ 5 for all j, it is NP-complete to decide whether an instance of Min-Max
TSP has maximum length 6 or 8. Hence, we cannot approximate Min-Max TSP within
a factor of 4

3
, unless P=NP.

Note that the graph we used in the proof of Theorem 3.3 is obtained by taking
the metric completion of K2,n. This graph is planar, bipartite and it has treewidth
and pathwidth equal to 2. Deterministic TSP would be polynomially solvable on such
a graph with bounded treewidth. Furthermore, there is a PTAS for deterministic
TSP in planar graphs [4]. The next theorem shows that this is not the case for a
priori TSP (since the proof uses the same graph as before, a metric completion of
K2,n). This theorem relies on the fact that maximum cut, given the unique games
conjecture (UGC), cannot be approximated by a factor above the Goemans-Williamson
[56] constant, i.e., approximately 0.878567, unless P=NP [73]. Without this conjecture,
H̊astad [64] showed that it cannot be approximated above a factor 16

17
, unless P=NP.

Since we will also use the unique games conjecture in other theorems, we will
briefly explain what it says. The conjecture is concerned with the approximability
of the unique games problem. Here, we are given a graph and a set of M labels.
Moreover, there is a permutation of {1, . . . ,M} on each edge, where edge (u, v) has
permutation πuv. Each edge only has one permutation, i.e., if πuv exists, then πvu does
not exist. In the problem, one has to assign labels to the vertices. We say that an
edge is satisfied if πuv(L(u)) = L(v), where L(u) is the label assigned to vertex u. The
goal is to maximize the number of satisfied edges. The unique games conjecture can
be formulated as follows. Given any ε, δ > 0 (with δ < 1− ε), there exists some M > 0
depending on ε and δ, such that for the unique games problem with M labels, it is
NP-hard to distinguish between instances in which at least a (1 − ε) fraction of the
edges can be satisfied, and instances in which at most a δ fraction of the edges can be
satisfied.

Theorem 3.5. There is no 1.0117-approximation for a priori TSP with |Sj| ≤ 4,
unless P=NP. Assuming UGC, there is no 1.0242-approximation, unless P=NP.

Proof. Consider the reduction from the proof of Theorem 3.3. As a result, we have
OptTSP = 6|E| − 2OptCUT. If we have an (1 + α)-approximation algorithm, we get a
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tour with total length at most (1 + α)(6|E| − 2OptCUT). This implies that there are
at least η satisfied scenarios, where

4η + 6(|E| − η) = (1 + α)(6|E| − 2OptCUT)

−2η = −2(1 + α)OptCUT + 6α|E|
η = (1 + α)OptCUT − 3α|E|.

These correspond to edges in the cut, hence we have

Size of cut ≥ (1 + α)OptCUT − 3α|E|
≥ (1 + α)OptCUT − 6αOptCUT

= (1− 5α)OptCUT,

where the second inequality follows from OptCUT ≥ |E|/2. Hence, assuming P6=NP,
there is no (1+α)-approximation for 1−5α ≥ 16

17
, i.e., there is no 1.0117-approximation.

If we also assume that the unique games conjecture holds, there is no (1 + α)-approxi-
mation for 1− 5α ≥ 0.878567, i.e., there is no 1.0242-approximation.

Since graph G′ in Figure 3.1 used in Theorem 3.5 is the metric completion of K2,n,
we get the following corollary.

Corollary 3.6. A priori TSP in the scenario model on planar bipartite graphs does
not admit a PTAS, unless P=NP.

For instances with scenarios of size at most 6, we can slightly strengthen the result
of Theorem 3.5, by reducing from Max E4-Set Splitting, which cannot be approx-
imated with a factor above 7

8
, unless P=NP [64]. This gives an inapproximability of

1.0265 when |Sj| ≤ 6.
One could also consider the path-version of a priori TSP. In fact, the application

on photolithography is modeled as the path-version. It is easy to see that this problem
is trivial when |Sj| ≤ 2 for all j. If we delete t from the graph created in the reduction
of Theorem 3.3, we can use this graph and the same reduction to show that the path-
version of a priori TSP is NP-hard when |Sj| ≤ 3. It is easy to see that this graph can
be obtained by taking the metric completion of the star graph. Note that we can also
adjust Theorem 3.5 to the path-version which will give the same inapproximability
result, i.e., there is no 1.0117-approximation, unless P=NP, and there is no 1.0242-
approximation if we also assume that the UGC holds.

We can strengthen the inapproximability of a priori TSP by using strong results on
permutation constraint satisfaction problems [61]. We will define this class of problems
after Theorem 3.7. The problem we need we will call 4-undirected cyclic ordering (4-
UCO). To the best of our knowledge, the problem has never been considered. In this
problem, we are given a ground set N and a set of 4-tuples ∆ using elements from
N . Our goal is to construct an ordering on N that maximizes the number of satisfied
4-tuples. We say that 4-tuple (a, b, c, d) is satisfied if one of the following sequences
is a subsequence of the total ordering: (a, b, c, d), (b, c, d, a) , (c, d, a, b), (d, a, b, c),
(d, c, b, a), (c, b, a, d), (b, a, d, c), (a, d, c, b). In other words, we get a collection of cycles
and we want to find a cyclic ordering maximizing the number of cycles that can be
embedded in it. For completeness, we first show that deciding whether all 4-tuples
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can be satisfied is NP-complete by using a reduction from Cyclic Ordering. In this
problem, we are given a set of ordered triples ∆CO of ground set N . The question is
whether there exists a cyclic ordering (a directed tour) on all elements such that each
triple is ordered in the right direction. This problem is NP-complete [49].

Theorem 3.7. 4-undirected cyclic ordering is NP-hard.

Proof. Given an instance of Cyclic Ordering, we create elements φ1 and φ2 for
every element φ ∈ N and three additional elements, x, y and z. For every element
φ ∈ N we create ordered sets (x, y, φ1, φ2), (x, z, φ1, φ2) and (y, z, φ1, φ2). For every
triple in ∆CO, we create one set by splitting an arbitrary element. For example, we
create set (a1, b1, b2, c1) for triple (a, b, c).

If there exists a cyclic ordering, say (a, b, . . . , q), we can construct the following
satisfying solution for 4-UCO: (x, y, z, a1, a2, b1, b2, . . . , q1, q2).

On the other hand, suppose that we have a satisfying solution for 4-UCO. Without
loss of generality, we may assume that (x, y, a1, a2) is visited in this direction. We will
show that x, y and z are visited consecutively. Suppose this is not the case and x, y and
z are placed at different positions on the solution. This splits the solution into three
segments. It is easy to see that for any φ ∈ N , we must have φ1 and φ2 in the same
segment. Now, suppose that these elements are visited in the segment between x and y.
This implies that the tour has to visit (x, φ2, φ1, y) in this order. However, this conflicts
with scenario (y, z, φ1, φ2). Similarly, placing φ1 and φ2 between y and z implies visiting
(y, φ2, φ1, z) in this order. This conflicts with scenario (x, y, φ1, φ2). Thus, we know
that the solution visits x, y and z consecutively. We now fix the positions of φ1 for
all φ ∈ N and we move φ2 to the position next to φ1. This does not conflict with
any of the scenario’s. The resulting arrangement of the φ1 elements corresponds to an
arrangement consistent with ∆CO.

As said before, we can strengthen the inapproximability results. For that, we first
define the class of permutation constraint satisfaction problems (permutation CSPs).
A problem in this class with arity k is characterized by a set of permutations Π of
{1, . . . , k}. In a permutation CSP with arity k, we are given a set N of n elements
and a collection of constraints, where each constraint is an ordered k-tuple of elements.
The goal is to find an ordering on N that maximizes the number of constraints that is
ordered as in Π. An example of a problem in this class is Cyclic Ordering. Here,
Π = {123, 231, 312} meaning that a constraint is satisfied as long as its elements are
ordered in the right direction.

A random permutation of N results in satisfying |Π|
k!

constraints. In [61], it is shown
that every permutation CSP of constant arity is approximation resistant. This means
that, under the unique games conjecture, the best we can do is to construct a random
ordering. In fact, they showed that for any ε > 0 it is hard to distinguish between
instances where at least a (1 − ε) fraction of the constraints can be satisfied from

instances where at most a ( |Π|
k!

+ ε) fraction of the constraints can be satisfied. This
implies that it is hard to obtain an α′-approximation for Cyclic Ordering for any
α′ > 1

2
.

It is easy to see that 4-UCO is also in the class of permutation CSPs (with arity
4). A corollary of the work of Guruswami et al. [61] is that there is no approximation
algorithm with guarantee larger than 8

24
= 1

3
, assuming the unique games conjecture
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is true. The natural generalization of 4-UCO is 5-UCO. For this problem, there is no
algorithm having a guarantee larger than 10

120
= 1

12
. Given these bounds, we get the

following results.
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Fig. 3.2: Gadgets used in proofs of Theorem 3.8 and 3.9.

Theorem 3.8. Under UGC, there is no α-approximation for a priori TSP with

(a) α < 10
9

when |Sj| ≤ 6,

(b) α < 4
3

when |Sj| ≤ 8,

(c) α < 41
30

when |Sj| ≤ 10,

unless P=NP.

Proof. (a) Given an instance of 4-UCO, we create |N | + 2|∆| vertices, one for each
element of N and two for each 4-tuple in ∆. We create edges that correspond to
4-tuples in ∆ in the following way. For 4-tuple δ = (a, b, c, d), we have vertices
a, b, c, d and vertices sδ and tδ. We create edges (a, sδ), (sδ, b), (b, tδ), (tδ, c), (c, d)
and (d, a), as in Figure 3.2. The scenarios correspond to these six vertices for
every tuple. Finally, the distances correspond to the shortest path distances in
the created graph. A tuple is satisfied if and only if the tour restricted to the
scenario has length 6. A solution satisfying 1

3
of the scenarios has value at least

1
3
· 6 + 2

3
· 7 = 20

3
. A solution satisfying all scenarios has a value of 6. Since it is

hard to distinguish between these two cases, we obtain an inapproximability of
20
18

= 10
9

for a priori TSP with |Si| ≤ 6.

(b) We use a similar reduction. Instead of adding two vertices per tuple, we create
four new vertices. In Figure 3.2, these vertices are called sδ, tδ, qδ and rδ. The
scenarios will therefore have size 8. Again, a tuple is satisfied if and only if the
tour restricted to the scenario has length 8. However, if we restrict the tour to a
scenario corresponding to a non-satisfied tuple, it must have length at least 12.
A similar calculation gives an inapproximability of (1

3
· 8 + 2

3
· 12)/8 = 4

3
.

(c) We now reduce from 5-UCO. We add 5 dummy vertices for each scenario and place
them between consecutive elements on the cycle. The scenarios will therefore
have size 10. Again, a tuple is satisfied if and only if the tour restricted to the
scenario has length 10. If we restrict the tour to a scenario corresponding to a
non-satisfied tuple, it must have length at least 14. A similar calculation gives
an inapproximability of ( 1

12
· 10 + 11

12
· 14)/10 = 41

30
.
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For the path-version, we can strengthen previous results by using Betweenness.
In this problem, we are given a set of triples ∆B from elements of N . The triple
(a, b, c) is satisfied if (a, b, c) or (c, b, a) is a subsequence of the total ordering. The
goal is to find an ordering on N maximizing the number of satisfied triples. By [61],
the best approximation ratio is 1

3
, assuming UGC. Without this conjecture, there is no

approximation algorithm for Betweenness with a factor better than 1
2
, unless P=NP

[7].

Theorem 3.9. There is no 9
8
-approximation for a priori path-TSP with |Sj| ≤ 5,

unless P=NP. Assuming UGC, there is no 7
6
-approximation, unless P=NP.

Proof. Given an instance of Betweenness, we create a graph with |N | + 2|∆B|
vertices. A scenario contains the elements used in a triple and two extra vertices.
The edges are drawn in the following way. For triple δ = (a, b, c), we add edges
(a, sδ), (sδ, b), (b, tδ) and (tδ, c) (Figure 3.2). A triple is satisfied if and only if the path
restricted to the scenario has length 4. Assuming UGC, we get that there is no ap-
proximation algorithm with guarantee smaller than (1

3
· 4 + 2

3
· 5)/4 = 7

6
for a priori

path-TSP with |Sj| ≤ 5, unless P=NP. Without assuming UGC, there is no approxi-
mation algorithm with guarantee smaller than (1

2
· 4 + 1

2
· 5)/4 = 9

8
, unless P=NP.

Finally, we note that by using twice the diameter of a scenario as a lower bound,
we can show that taking an arbitrary tour as a solution is a ξ/2-approximation when
|Sj| ≤ ξ. A random tour gives a value of at most (ξ2 − 3ξ + 4)/(2ξ − 2) times the
optimal value in expectation. This factor approaches ξ/2 for ξ large. Similar results
hold for the path-version.

3.4 Big scenarios

In this section, we investigate the special case of big scenarios, i.e., the case when each
scenario has size at least n− ξ, for small ξ. One would expect that simply taking the
optimal tour on the entire vertex set V would perform well on these instances. Here,
we analyze this option. Let us denote Opt(X) for the optimal value of a tour on X.
Further, let Opt(X)|Y denote the value of the optimal tour on X shortcutted to Y .
As before, let DX denote the diameter of the graph restricted to X.

Lemma 3.10. For S ⊂ V and 1 ≤ ξ ≤ n/2 such that |S| = n− ξ, we have

Opt(V )|S ≤ Opt(S) + ξDS.

Proof. Suppose S = V \ {a1, . . . , aξ}. Let DaiS = minu∈S c(u, ai) for i = 1, . . . , ξ. Since
we can extend our tour on S to V by going back and forth to each ai, we have

Opt(V ) ≤ Opt(S) + 2

ξ∑
i=1

DaiS . (3.1)

Furthermore, suppose w.l.o.g. that bi and di are the two vertices in S that are visited
before and after ai in the optimal tour of V . If two consecutive vertices on the tour are
not in S, then one can reconstruct the tour accordingly without increasing the length
of the tour restricted to S. This is true since vertices not in S do not influence the
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tour restricted to S and since ξ ≤ n/2. Hence, we can assume that there are no two
consecutive vertices on the tour that are not in S. Then

Opt(V ) = Opt(V )|S +

ξ∑
i=1

(c(bi, ai) + c(ai, di)− c(bi, di))

≥ Opt(V )|S +

ξ∑
i=1

(2DaiS − c(bi, di)) ≥ Opt(V )|S − ξDS + 2

ξ∑
i=1

DaiS . (3.2)

Combining Equations (3.1) and (3.2) we get

Opt(V )|S ≤ OPT(V ) + ξDS − 2

ξ∑
i=1

DaiS ≤ Opt(S) + ξDS.

The inequality is tight for the graph in Figure 3.3 with ξ = 2. We can generalize
this tight instance for ξ ≤ n/2 by adding more diagonal paths.

...
...

|B|
4

|B|
4

|B|
4

|B|
4

Fig. 3.3: Instance for which inequality of Lemma 3.10 is asymptotically tight for ξ = 2,
where B is the set of black (non-white) vertices.

Theorem 3.11. The optimal solution on V is a (1 + ξ
2
)-approximation for a priori

TSP with |Sj| ≥ n− ξ, where 1 ≤ ξ ≤ n
2
.

Obviously, these results extend to the Min-Max TSP.

3.5 Nested scenarios

Let us now consider the case of nested scenarios, i.e., S1 ⊆ S2 ⊆ . . . ⊆ Sm. Here,
the following algorithm gives a constant-factor approximation. First, compute a 1.5-
approximate tour Tj for scenario Sj for all j. Let ψ1 = 1. Next, for h = 2, 3, . . . let
ψh be the largest number k > ψh−1 for which Tk ≤ 2Tψh−1

. If no such k exists then
let ψh = ψh−1 + 1. The first-stage tour is obtained by visiting vertices in the order
Tψ1 , Tψ2 , . . . .

Theorem 3.12. The algorithm above is a 9-approximation for nested scenarios.
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Proof. Consider scenario Sj. The last vertices of this scenario will be visited on the
tour Tψh , where h is the smallest index such that ψh ≥ j. Note that for any h ≥ 2, we
have Tψh > 2Tψh−2

. Hence, we can decompose the concatenated tour up to Tψh into
two parts which correspond to even and odd h respectively, such that both parts have
geometrically increasing tour lengths. The length of the concatenated tour up to Tψh
is therefore at most

2Tψh−1
+ 2Tψh .

If ψh = j then the length of the tour is at most 2Tψh−1
+ 2Tψh ≤ 4Tψh = 4Tj ≤ 6T ∗j .

If ψh > j then we must have Tψh ≤ 2Tψh−1
so the length of the tour is at most

2Tψh−1
+ 2Tψh ≤ 6Tψh−1

≤ 9T ∗ψh−1
≤ 9T ∗j .

S6 S1S2

S3

S4 S5

Fig. 3.4: Star-like instance with 6 scenarios.

Finding a constant-factor approximation is still open for laminar scenarios, i.e.,
when for each i, j, either Si ∩ Sj = ∅ or Si ⊆ Sj or Sj ⊆ Si. It is even open in the case
when the scenarios have the following star-like structure (illustrated in Figure 3.4).

Si ∩ Sj = ∅ for i 6= j, i, j = 1, . . . ,m− 1, and Sm =
m−1⋃
j=1

Sj. (3.3)

It would be interesting if one could get a constant-factor approximation for these in-
stances. Finally, observe that the Min-Max TSP for laminar scenarios reduces to
standard TSP since the largest scenario determines the value of the solutions.

3.6 Relation with minimum spanning tree problems

The deterministic TSP has a nice relation with the minimum spanning tree problem
(MST). In this problem, we have to construct a tree connecting all vertices at minimum
cost. Because deleting an edge from a tour results in a tree, we have that the optimal
value of TSP is at least the optimal value for MST. We can construct a tour by
doubling all edges used in the solution of MST, follow the resulting Eulerian tour
and shortcut already visited vertices. This tour has a value of at most two times
the optimal value of MST. Consequently, if we have an α-approximation for MST, we
have a 2α-approximation for TSP. Since MST is polynomially solvable, we obtain a
2-approximation for TSP.

It is interesting to find out if a similar relation between a priori TSP and a priori
MST as in the deterministic setting exists. We consider two versions of a priori MST.
The first one is defined by Bertsimas [19], who called it a priori MST, although it
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seems more natural to call it a priori Steiner tree. The second problem is defined by
Boria et al. [24], who called it probabilistic MST under closest ancestor (PMST-CA).
In both problems, we have a graph G = (V,E) and a probability distribution over
subsets of vertices. The second problem is only defined on complete graphs and has a
root r that is always active. The root is optional in the first problem. The goal is to
construct a tree on the entire vertex set in the first stage. A subset A of the vertices,
drawn according to the probability distribution, is revealed in the second stage. In
the a priori MST, the second-stage tree will be obtained by deleting inactive vertices,
provided that the remaining tree stays connected. In the PMST-CA problem, the
second-stage tree only contains active vertices. This is done by taking an edge between
an active vertex and its closest active ancestor in the rooted first-stage tree. In both
problems, the goal is to construct a first-stage tour that minimizes the expected weight
of the second-stage tree.

Unfortunately, it turns out that the expected weight of the optimal a priori MST
defined by Bertsimas is not smaller than the optimal a priori TSP in general. The gap
between the optimal values of a priori MST and a priori TSP can be arbitrarily large.

Theorem 3.13. There are instances such that the optimal value of the a priori MST-
solution can be arbitrarily larger than the optimal value of the a priori TSP-solution.

Proof. Take a 3-regular graph with girth g. Sachs [92] showed that these graphs exist.
Define a scenario for each edge by the endpoints of the edge. All scenarios have the
same probability. Any tour on this graph will be shortcutted to a tour of length 2
for each scenario, so the objective value of a priori TSP is 2. Consider the optimal
a priori MST. Since this is a tree, it uses n − 1 edges. If an edge is in the tree, the
corresponding scenario gets value 1. If an edge is not in the tree, the corresponding
scenario gets value at least g − 1. Since there are 3n/2 edges (and scenarios), we get
at least objective value(

3n/2− (n− 1)

3n/2

)
(g − 1) +

n− 1

3n/2
=
g + 1

3
+

2g − 4

3n
≥ g + 1

3
.

Now, we can take g arbitrarily large, which makes the objective value arbitrarily large
and hence the gap with the objective value of a priori TSP.

Unlike the a priori MST, the PMST-CA problem can be used as a lower bound for
a priori TSP. In fact, we only lose a factor 2. Note that the result below only works
for the rooted version of a priori TSP, since PMST-CA is defined with a root vertex.

Theorem 3.14. If there is an α-approximation for the PMST-CA, then there is a
2α-approximation for the a priori TSP, and vice versa.

Proof. First, we show that the following inequalities are valid, where OptMST and
OptTSP denote the optimal values of PMST-CA and a priori TSP respectively.

OptMST ≤ OptTSP ≤ 2OptMST.

The first inequality can be proven by taking the optimal a priori TSP-tour and deleting
one edge. This gives a spanning tree on V , called T . If we look at a specific active set
A, then the optimal a priori TSP-tour restricted to A will have exactly one edge less
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than before. Namely, if we delete edge (a, b) from tour (1, . . . , a, b, . . . , n), only edge
(max{k ∈ A : k ≤ a},min{k ∈ A : k ≥ b}) will disappear from the restricted tour on
A. Note that for active set A, the tour without this edge is the same as T shortcutted
to A. Hence, this is a feasible solution for PMST-CA with cost no larger than the
optimal value of a priori TSP, and the first inequality has been proven.

The second inequality is proven by doubling the optimal tree and shortcutting the
obtained Eulerian tour. In each scenario, the cost of the edges is at most twice the
cost of the edges in the tree restricted to the scenario.

Now, if there is an α-approximation for PMST-CA, we double the tree and shortcut
the Eulerian tour to obtain a tour on V . This tour has a value of at most

2αOptMST ≤ 2αOptTSP.

Given an α-approximation for a priori TSP, we take the tour and delete one edge. The
resulting tree has a value of at most

αOptTSP ≤ 2αOptMST.

Recall that there is a randomized 3.5-approximation for a priori TSP in the in-
dependent decision model (as discussed in Section 2.2). There is also a deterministic
6.5-approximation [105] for this problem. Using Theorem 3.14, we obtain the following
corollary.

Corollary 3.15. There is a randomized 7-approximation and a deterministic 13-ap-
proximation for PMST-CA in the independent decision model. There is also a O(log n)-
approximation in the black-box model.

Unfortunately, Theorem 3.14 does not imply a 2-approximation for a priori TSP,
since we can prove that PMST-CA is NP-hard in the scenario model. For this, we need
the following lemma. This lemma holds for both the scenario and the independent
decision model.

Lemma 3.16. If PMST-CA is NP-hard in the non-metric case, then it is NP-hard in
the metric case.

Proof. One can turn a graph into a graph satisfying the triangle inequality by adding
a sufficiently large number M to all distances. In the PMST-CA, this affects every
solution by an additive constant equal to

∑
A p(A)(|A| − 1)M , where p(A) is the prob-

ability that set A is the active set. Hence, the complexity of the problem is preserved
in the metric case.

Boria et al. [24] showed that PMST-CA is NP-hard in the independent decision
model, but only for the non-metric case. Using Lemma 3.16, we obtain the following
corollary.

Corollary 3.17. PMST-CA is NP-hard in the independent decision model, even if the
triangle inequality is satisfied.

Theorem 3.18. PMST-CA in the scenario model is NP-hard.
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Proof. We reduce from the NP-complete problem Exact Cover by 3-Sets [70].
In this problem, we are given 3q elements, X = {x1, . . . , x3q}, and m subsets, Y =
{y1, . . . , ym}, with yi ⊆ X and |yi| = 3 for all i. The problem asks whether there are q
sets that together cover all elements. Create the graph as in Figure 3.5. There are m
scenarios with probability 1/m. Define Si = X ∪ {r, s, yi}.

x1 x2 x3q

y1 y2 ym

r s

Edge (yi, xj) if xj ∈ yi
· · ·

· · ·

Fig. 3.5: Graph used in proof of Theorem 3.18. Edges (r, s) and (r, yi) have length 0.
Edges (s, yi) and (yi, xj) have length 1. Edges (s, xj) have length 2. All other
edges have length M , where M is a large number.

If there is an exact cover, then construct the following solution. If set yi is chosen
in the cover, then use edge (s, yi) and the edges from vertex yi to the corresponding
elements of yi. If set yi is not in the cover, then use edge (r, yi). Finally, use edge (r, s).
For any yi in the cover, consider the subtree containing s, yi and the xj’s corresponding
to elements from subset yi. In scenario Si, the resulting subtree has value 4. In all
other scenarios, vertex yi will not be present and this subtree will contain three edges
from s to the vertices of the elements. Hence, this solution has expected value equal
to q(1/m · 4 + (m− 1)/m · 6) = q(6− 2/m).

Note that an optimal tree will never use edges with weight M or a combination of
edges that enforce using an edge of weight M in the shortcut solution. This leaves five
ways of connecting a specific set vertex yi and element vertex xj, where j is in set i,
to r and s. The five subtrees are depicted in Figure 3.6.

xj

yi

s

r

xj

yi

s

r

xj

yi

s

r

xj

yi

s

r

xj

yi

s

r

Fig. 3.6: Subtrees T1 up to T5.

Tree T3 is dominated by T1, since T1 only has cost 2 for connecting xj when yi
is inactive while T3 always has cost 2. Similarly, T4 is dominated by T2 and T5 is
dominated by T1. So, an optimal tree is a combination of T1 and T2. Suppose that
the tree connects k set vertices to s which connect ` elements vertices. The other
set vertices are connected to r whereas the other element vertices are connected to s.
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Number the k set vertices connected to s as 1, . . . , k and say that set vertex i connects
`i element vertices. This tree has an expected value of

1

m

k∑
i=1

((`i + 1) + 2(3q − `i)) +
m− k
m

6q = 6q +
1

m
(k − `),

which is equal to q(6 − 2/m) if and only if k = q and ` = 3q. Hence, there is a tree
with expected value at most q(6 − 2/m) if and only if there is an exact cover. Using
Lemma 3.16 completes the proof.

3.7 Conclusion

In this chapter, we showed how to get constant-factor approximation algorithms for
some well-structured instances of the a priori TSP. An interesting question that remains
unanswered is whether there exists a constant-factor approximation for a priori TSP
with laminar scenarios. More specifically, it is still open whether we can do this on
star-like scenarios as defined in Equation (3.3). Next to restricted scenarios we also
considered restricted metrics. In Section 3.3 we showed that there is no PTAS for
planar bipartite graphs. We do not have such results in the Euclidean plane. It would
be interesting to settle the approximability of the problem in this metric. It is easy to
construct examples where the optimal solution crosses itself and hence the non-crossing
property does not hold. This property was a crucial ingredient of the PTAS by Arora
[3] for the deterministic problem. So far, we have not been able to show any lower
bound or improve the upper bound for this special case.

We did not succeed in improving the O(log n)-approximation for the general prob-
lem. In fact, we conjecture that there is no o(log n)-approximation algorithm for a
priori TSP in the scenario model in the general case.



CHAPTER 4

The master tour problem

The results in this chapter were published in [40].

4.1 Introduction

In the master tour problem as defined in Deineko et al. [31], one is given n vertices
with pairwise distances. A master tour is a tour (an ordering) on the vertices with the
property that, for all subsets of the vertices, restricting the tour to the subset results
in the optimal tour on that subset. Now, the question is whether a given instance
has a master tour. More formally, let τ denote the tour on all vertices, τS the tour τ
restricted to S, c(τS) the value of τS, and Opt(S) the value of the optimal tour on set
S. Given vertices V , with |V | = n, and distances cij for i, j ∈ V , does there exist a
tour τ such that c(τS) = Opt(S) for all S ⊆ V ? In [31] it is shown that this decision
problem is polynomially solvable.

This problem is related to the field of universal and a priori optimization. In
universal TSP, one has to construct a tour τ and the quality of this tour is measured
by the worst case ratio of c(τS) and Opt(S) over all S ⊆ V . In [59] it is shown that one
can always find a tour with worst case ratio O(log2 n). It was shown in Gorodezky et
al. [58] that there are instances such that all tours have a worst case ratio of Ω(log n).
The master tour problem is the problem of deciding whether there exists a tour τ with
worst case ratio equal to 1. The stochastic alternative of universal TSP is a priori TSP
which is the subject of Chapter 3.

As discussed in Chapter 3, the approximability of a priori TSP in the scenario model
with no restrictions on the scenarios or metric space is still open. One approach for
proving approximation results is using the master tour lower bound, i.e., to compare
the value of the solution with

∑
j pjT

∗
j , where pj and T ∗j are respectively the probability

and the optimal tour length for scenario j. The master tour problem can now be viewed
as the question whether the optimal value is tight with this lower bound. This was our
main motivation to look at the master tour problem in the scenario model.

In this chapter, we extend the master tour problem as defined by Deineko et al. [31]
to the master tour problem with scenarios. In this model we are given n vertices with
pairwise distances and, additionally, a set S of scenarios and the question becomes
whether there exists a tour τ such that c(τS) = Opt(S) for all S ∈ S. We also
investigate other problems in the master setting, namely the Steiner tree problem
and the maximum weighted satisfiability problem. In the master tree problem with
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scenarios, one is given a weighted graph G on n vertices and a set of scenarios S,
where the scenarios are subsets of vertices. The question is whether there exists a
spanning tree T of G such that c(TS) = Opt(S) for all S ∈ S. Here, restricting a tree
on a scenario S means that vertices not in S will be deleted provided that this does
not disconnect the tree. The way of restricting the tree is the same as in the a priori
MST defined by Bertsimas [19] as discussed in Section 3.6. In the master maximum
satisfiability problem with scenarios, one is given a Boolean formula consisting of clauses
C1, . . . , Cm with weights w1, . . . , wm using variables x1, . . . , xn and a set of scenarios S,
where the scenarios are subsets of clauses. The question is whether there exists a truth-
assignment to x1, . . . , xn such that this assignment is optimal for every scenario in S.
In this chapter, we show that the master tree problem with scenarios is polynomially
solvable if S = 2V , as is the case for the master tour problem. Further, we show that
all three problems are ∆p

2-complete in general.

4.1.1 The class ∆p
2

The complexity class ∆p
2 is defined as the class of problems that are polynomially solv-

able on a deterministic Turing machine augmented with an oracle for an NP-complete
problem. In other words, it contains the problems that are efficiently solvable if we
have an oracle that gives us the answer to an NP-complete problem in constant time.
The class is also known as PNP or PSAT. It was defined by Stockmeyer [98] as part of
the polynomial hierarchy.

To understand the polynomial hierarchy, we first have to define coNP. This is the
class of decision problems for which there is a polynomially bounded certificate for
a no-answer that can be checked in polynomial time. It can be shown that P ⊆
NP ∩ coNP and that an NP-complete problem is not in coNP (and vice versa), unless
NP=coNP, which is generally believed to be false. The polynomial hierarchy generalizes
the classical complexity classes P, NP and coNP to so called oracle machines. We
indicate classes using an oracle by using superscripts. For example, the class PC is the
class of decision problems that can be solved in polynomial time if we have an oracle
for some C-complete problem. Classes NPC and coNPC are defined similarly.

The bottom level of the polynomial hierarchy is defined as ∆p
0 = Σp

0 = Πp
0 = P. For

i ≥ 1, the ith level of the polynomial hierarchy consists of ∆p
i = PΣpi−1 , Σp

i = NPΣpi−1

and Πp
i = coNPΣpi−1 . For example, ∆p

1 = PP = P, Σp
1 = NPP = NP and Πp

1 = coNPP =
coNP. Now, the polynomial hierarchy can be defined as PH = ∪∞i=0Σp

i . It follows that
we have the inclusions Σp

i ⊆ ∆p
i+1, Πp

i ⊆ ∆p
i+1 and ∆p

i ⊆ Σp
i ∩Πp

i . It is generally believed
that these inclusions are strict. If this is not true, one would either get Σp

k = Σp
k+1 or

Σp
k = Πp

k for some k, which would imply a collapse of the hierarchy, i.e., PH ⊆ Σp
k.

In this chapter, we are interested in ∆p
2 = PNP, the class of problems that can be

solved in polynomial time using an oracle for an NP-complete problem. It contains
both NP and coNP and is contained in Σp

2 = NPNP and Πp
2 = coNPNP. A ∆p

2-complete
problem is not contained in NP or coNP, unless NP=coNP. The polynomial hierar-
chy is illustrated in Figure 4.1. Note that the polynomial hierarchy is contained in
PSPACE, the class of decision problems that can be solved using polynomial space. If
PH=PSPACE, then the polynomial hierarchy collapses. Hence, it is generally believed
that the structure of these classes is correctly depicted in Figure 4.1.

The first natural complete problem for ∆p
2 was found by Papadimitriou [83]. He
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Fig. 4.1: Polynomial hierarchy and PSPACE.

showed ∆p
2-completeness for the unique optimum traveling salesman problem, the prob-

lem of deciding whether the optimal TSP-tour is unique. Later, Krentel [75] showed
that deciding whether the optimal value is equivalent to 0 mod k is ∆p

2-complete for
the maximum weighted satisfiability problem, the traveling salesman problem, integer
programming, and the knapsack problem. He also showed that the problem of deciding
whether xn = 1 in the lexicographically maximum assignment satisfying all clauses is
also complete in this class. The next lemma shows that the problems we consider fall
in the complexity class described above.

Lemma 4.1. The following problems are contained in ∆p
2.

– The master tour problem with scenarios

– The master tree problem with scenarios

– The master maximum satisfiability problem with scenarios

Proof. We prove the result for the master tour problem with scenarios. The other
two results are proven similarly. We start with solving TSP for each scenario using a
TSP-oracle. This gives an optimal value ki for scenario Si. Now, the problem becomes
to decide about the existence of a tour on V such that the tour restricted to Si has
value ki for all i. This problem is in NP, hence it can be solved by an NP-oracle.
Concluding, the master tour problem with scenarios is solvable in polynomial time on
a deterministic Turing machine with an NP-oracle.

Other problems that fall naturally in this class are problems on unique optimal
solutions. As mentioned before, Papadimitriou showed that the unique optimum trav-
eling salesman problem is contained in this class. A similar proof can be used to show
that the unique optimum Steiner tree problem, the problem of deciding whether the set
of vertices used by the optimal solution is unique, is also in ∆p

2. The same holds for
the unique optimum maximum weighted satisfiability problem. In this chapter, we also
show that these problems are also ∆p

2-complete.
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4.1.2 Outline

In the next section, we show ∆p
2-completeness for the master maximum satisfiabil-

ity problem with scenarios and the unique optimum maximum weighted satisfiability
problem. The former is used to show completeness of the master tour problem with
scenarios in Section 4.3. After that, we will discuss the complexity of the master tree
problem with scenarios. It will be shown that the problem is polynomially solvable
when each subset of V is a scenario. Here, it is also shown that the problem is ∆p

2-
complete in general as is the unique optimum Steiner tree problem. We conclude with
a summary and discussion.

4.2 The master maximum satisfiability problem

Unlike the master tour problem, the master maximum satisfiability problem is not
polynomially solvable when all possible subsets are a scenario, unless P=NP. In this
case every single clause appears as a scenario. This means that the assignment should
satisfy each clause in order to be optimal for all scenarios. Hence, the problem is
equivalent to the satisfiability problem and thus NP-complete. For general scenarios, we
obtain the following theorem. For this, we use that it is ∆p

2-complete to decide whether
variable xn is set to true in the lexicographically maximum satisfying assignment of
a given satisfiable formula ϕ [75]. Here, the ordering on the assignments is defined
by the lexicographically ordering of the binary strings (x1, x2, . . . , xn). We denote this
decision problem by lexicographically maximum SAT.

Theorem 4.2. The master maximum satisfiability problem with scenarios is ∆p
2-com-

plete.

Proof. By Lemma 4.1, the problem is contained in ∆p
2. To show hardness, we make

a reduction from lexicographically maximum SAT. Given is a Boolean formula ϕ con-
sisting of m clauses C1, . . . , Cm using n variables x1, . . . , xn. We create an instance for
the master maximum satisfiability problem on the same variables and we create m+n
clauses. The first m clauses are C1 up to Cm. These clauses get weight 2n. The last n
clauses correspond to the variables, i.e., clause m+ i is clause (xi). Clauses m+ i will
get a weight of 2n−i. We define two scenarios. The first one contains all m+n clauses,
the second one only contains clause m + n. It is easy to see that, by the choice of
the weights, the maximum weight assignment in the new instance corresponds to the
lexicographically maximum assignment in the original instance. We conclude with ob-
serving that there is a master assignment if and only if xn = 1 in the lexicographically
maximum assignment.

The theorem above will be needed to show completeness in ∆p
2 for the master tour

problem with scenarios. Next, we will show that the unique optimum version of this
problem is also ∆p

2-complete. This problem was never considered before. A problem
that was considered in the literature is the unique satisfiability problem, the problem of
deciding whether there is exactly one assignment satisfying all clauses. It was shown
that this problem is in Dp [85], the class of languages that are an intersection of an
NP-language with a coNP-language. The class is equivalent to BH2, the second level of
the Boolean hierarchy [101]. In [20], it was shown that the unique satisfiability problem
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is not Dp-complete under regular reductions. Valiant and Vazirani [100] showed that
the problem is Dp-complete under randomized reductions. For the weighted version,
we get the following result.

Theorem 4.3. The unique optimum maximum weighted satisfiability problem is ∆p
2-

complete.

Proof. The problem is contained in ∆p
2, as we already observed in the introduction.

We reduce this problem from lexicographically maximum SAT. Given is a Boolean
formula ϕ consisting ofm clauses C1, . . . , Cm using n variables x1, . . . , xn. We create the
following instance for the maximum weighted satisfiability problem. We use variables
x1, . . . , xn and a new variable d. There will be m + n + 1 clauses. Again the first m
correspond to the m clauses of ϕ and the next n correspond to the variables of ϕ. Clause
m+ n+ 1 is clause (xn ∨ d). The weight of the first m clauses will be 2n+1, the clause
(xi) gets weight 2n+1−i and clause m+n+1 gets weight 1. It is easy to see that, by the
choice of the weights, the maximum weight assignment in the new instance corresponds
to the lexicographically maximum assignment in the original instance. If xn = 1 in the
lexicographically maximum assignment, the optimal solution for maximum weighted
satisfiability will set xn = 1 and d = 1 to get the unique optimal solution. On the other
hand, if xn = 0, the lexicographically maximum assignment together with either d = 1
or d = 0 gives an optimal solution. Hence, the optimal solution is not unique in this
case. Thus, we have proven that xn = 1 in the lexicographically maximum assignment
if and only if the optimal solution for maximum weighted satisfiability is unique.

4.3 The master tour problem

As mentioned in the introduction, it was shown in [31] that the master tour problem
is polynomially solvable if S = 2V . The authors showed that an instance has a master
tour if and only if the distance matrix is a permuted Kalmanson matrix. The main
result in [31] was that permuted Kalmanson matrices can be recognized in polynomial
time, hence the master tour problem is polynomially solvable in this case. Before we
discuss the general case, we note that the previous result extends beyond the case
S = 2V . A closer examination of the proof shows that you need at least all subsets
of V of size 4 to get the characterization above. Since [31] also showed how to find a
master tour, we get the following result.

Theorem 4.4 ([31]). Finding a master tour (if one exists) can be done in polynomial
time if the set of scenarios S contains at least each subset of V of size 4.

We now show that the problem is ∆p
2-complete for general S.

Theorem 4.5. The master tour problem with scenarios is ∆p
2-complete.

Proof. By Lemma 4.1, the problem is contained in ∆p
2. To show hardness, we reduce

the master maximum satisfiability problem to the master tour problem. The reduction
is an extension of the reduction of Krentel [75] and uses ideas from Papadimitriou
[83]. We are given an instance of the master maximum satisfiability problem. So we
have a Boolean formula ϕ containing clauses C1, . . . , Cm with weights w1, . . . , wm using
variables x1, . . . , xn and a set of scenarios S. Each scenario is a set of clauses. We will
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show the reduction for the case when all clauses have three literals. The proof naturally
extends to the general case.

We construct the graph in Figure 4.2. For each variable, we create two vertices
connected by two edges. One edge corresponds to setting the variable to true, the other
edge corresponds to false. These variable gadgets are connected in a chain. For each
clause, we create two vertices and four edges. The first three edges correspond to the
three literals in the clause. The fourth edge corresponds to not satisfying the clause.
The clauses will also be connected by a chain, where there is an extra intermediate
vertex between two clause gadgets. We also add edges between the intermediate vertices
in the chain of clause gadgets. These edges ensure that the shortcutting of the tour is
done correctly. Finally, the chain of variable gadgets and the chain of clause gadgets
are connected using two edges.

· · ·

· · ·

· · ·

x1

x1

x2

x2

xn−1

xn−1

xn

xn

(C1, y
1
1)

(C1, y
2
1)

(C1, y
3
1)

(C1, false)

(Cm, y
1
m)

(Cm, y
2
m)

(Cm, y
3
m)

(Cm, false)

Fig. 4.2: Created instance for the master tour problem (without NAND-gadgets). Edge
(Cj, y

i
j) corresponds to the ith literal of clause j.

The edges in the variable gadgets and the clause gadgets are connected through
NAND-gadgets [83]. These gadgets make sure that the two edges it connects are not
both used in the solution. There will be a NAND-gadget between variable edge xi and
every clause edge corresponding to literal xi. Similarly, there will be a NAND-gadget
between variable edge xi and every clause edge corresponding to literal xi. To illustrate
how the NAND-gadget works, we depicted an OR-gadget in Figure 4.3. A tour can
only get through this gadget by entering it at one endpoint of an edge and leave at
the other endpoint. In this way, exactly one of the edges will be used in the solution.
The NAND-gadget is an extension of this OR-gadget. It uses more vertices which
ensure that at most one of these edges will be used. For a further description of the
NAND-gadgets and its proof of correctness, the reader is referred to [83]. Note that
the NAND-gadgets also ensure that there are no multiple edges in the graph. In order
for the NAND-gadgets to work here, we also need to add some edges between gadgets.
This will make sure that the shortcutting works appropriately.

We use the following edge weights. All edges in the graph constructed, except
edges corresponding to not satisfying the clause, have length 0, whereas non-edges
have length M , where M is a large number. The edge corresponding to not satisfying
Ci will get weight wi. Note that the optimal traveling salesman tour in the created
graph corresponds to a maximum weight assignment of ϕ, i.e., the tour minimizes the
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Fig. 4.3: OR-gadget. The top two white vertices and the bottom two white vertices
are both connected by an edge in the original graph. The black vertices and
their incident edges are added such that any tour should use one of the two
original edges, but not both.

weight of the unsatisfied clauses. The result of this theorem still holds in the metric
case, since adding a large weight to all distances does not change the complexity of the
problem.

We now create the following |S| scenarios for the master tour problem. Each sce-
nario contains all vertices in the variable chain and all intermediate vertices in the
clause chain. Moreover, the scenario corresponding to the jth scenario of the master
maximum satisfiability problem contains the vertices corresponding to the clauses in
scenario j. It also contains the vertices of the relevant NAND-gadgets.

Suppose there is an assignment that is optimal for all scenarios. Use this assignment
to make the following tour. For each variable gadget, use edge xi if xi is set to true and
vice versa. If a clause is satisfied, choose one of the edges corresponding to a satisfied
literal. If a clause is not satisfied, you have to use the corresponding edge. Note that
if a clause is not in the scenario, the tour shortcuts the clause gadget through the edge
between the intermediate vertices. Now, the tour restricted to a scenario corresponds
to the maximum weight assignment, so it is the optimal tour for that scenario. Hence,
we have a master tour. On the other hand, suppose that there is a master tour. Then
this tour has to correspond to an assignment being optimal for all scenarios.

The master maximum satisfiability problem with scenarios is already ∆p
2-complete

for two scenarios, which implies that this is also the case for the master tour problem
with scenarios.

4.4 The master tree problem

Recall that in the master tree problem with scenarios, one is given a weighted graph
G on n vertices and a set of scenarios S, where the scenarios are subsets of vertices.
The question is whether there exists a spanning tree T of G such that c(TS) = Opt(S)
for all S ∈ S, where c(TS) is the weight of the tree restricted to S and Opt(S) is the
optimal tree on S. Here, restricting a tree on a scenario S means that vertices not in
S will be deleted provided that this does not disconnect the tree.

We start with showing that the master tree problem with scenarios is polynomially
solvable when S = 2V . In that case V is one of the scenarios, which implies that the
master tree is a minimum spanning tree. Therefore, no edge (i, k) with cij + cjk < cik
for some j will be used. So, without loss of generality we assume that our instance is
metric, i.e., our distances satisfy the triangle inequality. Further, observe that every
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pair of vertices is a scenario. This implies that the master tree should contain a shortest
path for each pair of vertices. We get the following characterization. Note that a metric
space is a tree metric if there exists a tree such that the distances in the metric space
correspond to the shortest path distances in the tree.

Theorem 4.6. An instance of the master tree problem with S = 2V has a master tree
if and only if the graph distances form a tree metric.

Proof. If the graph distances form a tree metric, one can choose the tree as solution.
It is easy to see that every subset is connected in the cheapest way. Now, suppose
that the graph distances do not form a tree metric. This means that there is a cycle
in the underlying graph with the property that each edge in this cycle is cheaper than
the sum of edge weights of the other edges in the cycle. Otherwise, this edge could be
deleted which would break the cycle. This implies that each edge in this cycle is the
shortest path for its endpoints. Hence, every edge in the cycle should be included to
get a master tree. But if they are all included, there is a cycle. So, there is no master
tree.

Hence, the master tree problem with scenarios is solvable in polynomial time when
S = 2V . Note that this result implies that the master tree problem with scenarios
is polynomially solvable if S contains all pairs of vertices and V . As stated in the
introduction, it turns out that the general problem is ∆p

2-complete. The reduction is a
slight variant of a standard reduction from the satisfiability problem [65].

Fig. 4.4: Created instance for Steiner tree.

Theorem 4.7. The master tree problem with scenarios is ∆p
2-complete.

Proof. By Lemma 4.1 the problem is in ∆p
2. To show hardness, we reduce the problem

from lexicographically maximum SAT. Given an instance of this problem, we construct
the graph in Figure 4.4. All edge weights in the figure are one except for edges (r, x1

i )
which have weight 1 − q−i. Edge weights of non-present edges get a weight equal to
the shortest path distance in the graph. The black vertices correspond to terminals,
whereas the white vertices correspond to Steiner vertices. Further, we have that q ≥ 2.
We create two scenarios. The first scenario contains all terminals, the second scenario
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only contains r and xn. Note that any Steiner tree contains at least one of x1
i and x0

i

for all i. Given that there is a satisfying assignment, the optimal Steiner tree will use
exactly one out of x1

i and x0
i for all i. Because q−i >

∑n
j=i+1 q

−j, the optimal solution
will correspond to the maximum satisfying assignment. If the maximum satisfying
assignment has xn = 1, then there is an optimal Steiner tree using edges (r, x1

n) and
(x1

n, xn), so there is a master tree. If there is a master tree, it should use x1
n and since

it only uses the true-vertex or the false-vertex, the optimal Steiner tree contains the
true-vertex and xn = 1 in the maximum satisfying assignment.

We note that this reduction can also be used to show that computing the optimal
Steiner tree is OptP-complete [75]. This basically means that computing the optimal
value for the Steiner tree problem is as hard as computing the optimal values for TSP,
maximum weighted satisfiability, integer programming, or the knapsack problem. The
reduction can also be used to show that deciding whether a given Steiner vertex is
in the optimal solution is ∆p

2-complete. Finally, we will show that if one adjust the
reduction slightly, it turns out that deciding whether the set of vertices used by the
optimal Steiner tree is unique is also ∆p

2-complete.

Theorem 4.8. The unique optimum Steiner tree problem is ∆p
2-complete.

Proof. As observed in the introduction, the problem is in ∆p
2. Given an instance of

lexicographically maximum SAT, we construct the graph in Figure 4.5. This is the same
graph as constructed in the proof of Theorem 4.7, except that instead of edge (r, x0

n)
with weight 1, there are edges (r, d) and (d, x0

n) with a weight of 1
2

each. If xn = 1, the
optimal solution uses vertex x1

n and the set of vertices used by the optimum is unique.
If xn = 0, then there are two sets of vertices resulting in an optimal Steiner tree: one
using vertex d and one which does not.

Fig. 4.5: Created instance for Steiner tree.

4.5 Conclusion

In this chapter, we showed that five new problems are complete for ∆p
2. This was shown

for the master tour problem with scenarios, the master tree problem with scenarios,
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the master maximum satisfiability problem with scenarios, the unique optimum Steiner
tree problem, and the unique optimum maximum weighted satisfiability problem. We
also showed that the master tree problem is polynomially solvable when all subsets of
V are a scenario. In the introduction, it was discussed that master problems have a
natural connection to universal optimization. We think that the main open question
in the field of universal and a priori optimization is the approximability of the a priori
TSP in the scenario model. Here, we showed that it is ∆p

2-complete to decide whether
the optimal value is tight with the master tour lower bound. Further research should
be performed in order to investigate the approximability of this problem.



CHAPTER 5

The Canadian traveler problem

5.1 Introduction

In this chapter, we consider the Canadian traveler problem (CTP). Here, we are given
a weighted graph G = (V,E) with two specified vertices s and t, and a probability
distribution p : 2E → [0, 1] ∩ Q. This function gives for each A ⊆ E the probability
that A is the active set of edges. Only the active edges are present. We need to
construct a walk from s to t. However, we only know whether an edge is present when
we visit one if its incident vertices. The problem is to find a policy that minimizes
the expected length of our walk. Here, a policy may use the observed realizations as
input to decide where to go next. We consider the problem in the independent decision
model and in the scenario model. In the independent decision model, each edge has
a probability of being present and the event of an edge being present is independent
of the other edges. In the scenario model, we are given an explicit list of scenarios S,
where each scenario describes which edges are present. The probability distribution p
is known in advance.

It was shown in [88] that CTP is NP-hard in the scenario model. They also showed
that the problem is polynomially solvable if the number of scenarios is bounded by a
constant. In the independent decision model, the problem is PSPACE-complete [48]
and it is #P-hard to compute the expected length [86, 88]. It is even not possible to
describe an optimal policy, unless PSPACE ⊆ P/poly [102]. Here, PSPACE is the class
of problems that can be solved using polynomial space (see Figure 4.1 for its relation
with PH) and #P is the class of counting problems corresponding to problems from
NP. To see that the statement PSPACE ⊆ P/poly is unlikely, it is sufficient to note
that this would imply that PSPACE = Σp

2 ∩ Πp
2 (see Section 4.1 for a discussion on

the polynomial hierarchy). On the other hand, the problem is polynomially solvable
on disjoint-path graphs [22]. Until now, the computational complexity of the problem
was still open on series-parallel graphs. The complexity of CTP on this class of graphs
was mentioned as one of the major open problems in [82]. Fried [47] considered CTP
on graphs that become trees after deleting t. He conjectured that CTP is intractable
in this case. It is easy to see that the class of graphs considered by Fried is a subset
of the class of series-parallel graphs. A consequence of our work is that CTP is indeed
NP-hard in both cases.

The problem also has an adversarial version, i.e., there is no probability distribution,
but there is an adversary that chooses the edges that fail. In this problem, we compare
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the length of the walk with the offline optimum, i.e., the optimal solution if we had full
knowledge. The worst-case ratio between these values is called the competitive ratio. It
is reasonable to consider the restriction that at most k edges fail. This variant is called
k-CTP and was introduced by Bar-Noy and Schieber [9]. It was shown in [103] that the
Backtrack-algorithm that repeatedly chooses the shortest path and returns when the
path is blocked, is 2k + 1-competitive. Westphal [103] also showed that no algorithm
can beat this bound. As a consequence, we obtain that the Backtrack-algorithm is an
O(n)-approximation in the independent decision and scenario model, since we have full
information about the graph after at most n turns. The Backtrack-algorithm is also
an O(|S|)-approximation in the scenario model, since we know which scenario is active
after at most |S| turns. The main open problem is to improve these approximability
results.

An important modeling issue, when considering approximation algorithms, is how
to deal with an st-disconnected graph. In this case, no walk can reach t. In the
independent decision model, this is usually solved by adding an edge from s to t that is
present with probability one and has an arbitrarily large length. This modeling choice
does not influence the computational complexity of the problem. However, it does
influence the analysis of approximation algorithms. To get a sensible model from this
perspective, we choose to minimize the conditional expectation of the length given that
G contains an st-path. Equivalently, the value of a walk is zero whenever A induces
an st-disconnected graph. This way, we get an objective value equal to the conditional
expected length divided by the probability of having an st-connected graph. For the
independent decision model this is a stronger formulation in the sense that if we have
an α-approximation in this formulation, we also have an α-approximation in the former
one (with the extra edge), but not vice versa. In the scenario model we can simply avoid
this issue by deleting scenarios that induce an st-disconnected graph and normalize the
remaining probabilities.

Before giving results on CTP, we consider its relation with the multi-target graph
search problem (multi-target GSP), a generalization of the graph search problem (GSP).
In the GSP [74, 6], we are given an edge-weighted graph, a root vertex s and a proba-
bility distribution over its vertices. The distribution specifies the probability that the
target is at the corresponding vertex. The goal is to find a walk along the vertices that
minimizes the expected length until finding the target. When all probabilities are equal
(or polynomially bounded), the problem reduces to the traveling repairman problem
(TRP), also known as the minimum latency problem. On general metrics, the current
best approximation guarantee for TRP is 3.59 [25] building on techniques from [21]
and [54] (see Section 2.2 for a brief introduction to these techniques). The problem is
even NP-hard on weighted trees [96], but admits a PTAS in the Euclidean plane and
on weighted trees [97]. In [6], the authors gave a 40-approximation for GSP by using
similar techniques.

Here, we generalize the problem to the case where there can be multiple targets.
For this, we again consider the independent decision model and the scenario model. In
the independent decision model, each vertex has a probability of having a target and
the event of having a target at a vertex is independent of the presence of targets at
other vertices. In the scenario model, we are given an explicit list of scenarios S, where
each scenario describes at which vertices a target is present. Now, we want to minimize
the expected length of the walk until a target has been found, given that there is at
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least one target. The following theorem states how the multi-target GSP is related to
the CTP.

Theorem 5.1. The multi-target GSP is equivalent to a special case of the CTP.

Proof. We proof the theorem for the independent decision model. The proof for the
scenario model is similar and omitted here. Given is an instance of multi-target GSP,
i.e., an edge-weighted graph G = (V,E) with root s and a probability pi for each vertex
i. Create an instance of CTP by copying the graph and taking s as the start vertex.
Add a new vertex t and add edges between t and all vertices in V . Edge (i, t) has
weight zero and is active with probability pi. All edges in E are active with probability
one. The reduction is illustrated in Figure 5.1. Now, there is walk in the multi-target
GSP-instance of expected length at most B if and only if there is a walk in the created
CTP-instance of expected length at most B.

s

p1 p2

p3

s

t

p1 p2

p3

Fig. 5.1: An instance of multi-target GSP (left) and the same instance shown as a
special case of CTP (right). Here, dashed edges have length zero and solid
edges have length one. The pe next to a dashed edge denotes the probability
of this edge; solid edges have probability one.

We show that we can use the techniques from TRP-algorithms [21, 54] to obtain
constant-factor approximations for the multi-target GSP in the independent decision
model. More precisely, we give a (3.59 + ε)-approximation for tree metrics and a
(14.4+ ε)-approximation for general metrics. For the scenario model, we show that the
problem is NP-hard on a star, even when each scenario contains only two targets. For
CTP, we investigate the adaptivity gap in the independent decision model. This gap
measures the loss when restricting ourselves to non-adaptive solutions. We show that
this is strictly greater than one on trees.

We also show that multi-target GSP in the independent decision model is NP-hard
on trees. From this fact it follows that CTP is NP-hard on series-parallel graphs. For
the scenario model, we strengthen the result by [88], by showing that CTP is even
NP-hard on disjoint-path graphs and cactus graphs. The CTP in the independent
decision model is solvable on these graph types [22]. The NP-hardness of CTP on
general graphs in the scenario model easily follows from the hardness of GSP and the
relation between these two problems, as stated in Theorem 5.1. In the next section, we
will discuss results on the independent decision model and in Section 5.3 we will treat
all results concerning the scenario model.
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5.2 Independent decision model

5.2.1 Multi-target graph search

We start by showing that multi-target GSP is strongly NP-hard on trees by a reduction
from TRP on trees [96]. The idea is to assign a probability p to each vertex, where
p is small. We then prove that it is sufficient to choose p only polynomially small.
Remember that we defined the objective function as the conditional expected length
divided by the probability of having an st-connected graph.

Theorem 5.2. Multi-target graph search in the independent decision model is strongly
NP-hard on trees.

Proof. We reduce from TRP on trees where the edge lengths are polynomially bounded.
As shown in [96], this problem is still strongly NP-hard. Suppose that the sum of the
edge lengths W is bounded by n` for some constant `. Since edge weights are assumed
to be integers, we have W ≥ n − 1. Now, create an instance of multi-target GSP by
assigning a probability p < 1− e−1/n2`+1

.
If we denote Ci for the latency of vertex i in an arbitrary solution of TRP, it is easy

to see that if we use this solution until we find a target, we have a walk for multi-target
GSP with expected length

C = pC1 + (1− p)pC2 + . . .+ (1− p)n−1pCn.

Hence,

C/p =
∑
i∈V

Ci +
n−1∑
k=1

((1− p)k − 1)Ck+1.

The second summation in the equation above is always negative if 0 < p < 1. Hence,
if we take the optimal TRP-solution as our multi-target GSP-solution, we have C/p <∑

i∈V C
∗
i , where C∗i is the latency of vertex i in the optimal solution. If we choose p

small enough such that the aforementioned summation is also larger than −1 for any
TRP-solution, we can say the following. If we take a suboptimal TRP-solution, we
have C/p ≥

∑
i∈V C

∗
i + 1 +

∑n−1
k=1((1− p)k − 1)Ck+1 >

∑
i∈V C

∗
v . Hence, if we choose p

such that
∑n−1

k=1((1 − p)k − 1)Ck+1 > −1 for every TRP-solution, the optimal walk of
multi-target GSP coincides with the optimal TRP-solution.

We can now show that p < 1 − e−1/n`+1
implies

∑n−1
k=1((1 − p)k − 1)Ck+1 > −1 for

every TRP-solution. Namely,

p < 1− e−1/n2`+1

⇒1− p > e−1/n2`+1

⇒1− p >
(

1− 1

n2`

)1/n

⇒(1− p)n > 1− 1

W 2

⇒((1− p)n−1 − 1)W 2 > −1
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⇒
n−1∑
k=1

((1− p)n−1 − 1)Ck+1 > −1

⇒
n−1∑
k=1

((1− p)k − 1)Ck+1 > −1,

where in the second implication, we used (1 − 1
n
)n ≤ e−1 for n ≥ 1. To show strong

NP-hardness, we need that p is polynomially bounded. For this, we need that e−x <
1− x+ x2/2. We get that

1− e−1/n2`+1

>
1

n2`+1
− 1

2n2(2`+1)
≥ 1

2n2`+1
= Ω

(
1

n2`+1

)
.

This completes the proof.

The proof above also shows that multi-target GSP on general graphs is at least as
hard to approximate as TRP. Since TRP has no constant-factor approximation algo-
rithm if the distances violate the triangle inequality [93], we assume in the remainder of
this section that the distances form a metric space. To get approximability results, we
take the general approach in TRP-literature. For this, we define the following problem.

Definition 5.3. Suppose we are given an edge-weighted graph G = (V,E) with root s,
probability pi for each vertex i and a quota P . In the probability quota TSP (PQ-TSP),
the goal is to find a tour of minimum length on set X 3 s such that 1−

∏
i∈X(1−pi) ≥ P ,

i.e., the probability of finding a target in X is at least P .

Note that a polynomial time algorithm for the rooted version implies a polynomial
time algorithm for the unrooted version by trying all n possible choices for the root.
Assume for now that we have a β-approximation for this problem. We now want to
solve the opposite problem, i.e., find a tour of length at most L that maximizes the
probability of finding the target. Using binary search, we can use the β-approximation
for PQ-TSP to solve the former problem with length bound βL.

Our algorithm now proceeds as follows. Let L0 = 2γU , where U is uniformly
distributed on [0, 1] and γ is the inflation parameter. Further, let Lj = γjL0. Now, for
each Lj use the procedure above to obtain tour T (Lj). Concatenate these tours, where
already visited vertices are shortcutted. For each tour, choose the direction uniformly
at random. We will show that if we take γ to be the root of x ln(x) = x + 1, which
is approximately 3.59, we get a 3.59β-approximation for multi-target GSP. First, we
need to prove the following lemma.

Lemma 5.4. Given that there is a target in T (Lj), the expected time between starting
T (Lj) and finding a target is at most Lj/2, if we take the direction uniformly at random.

Proof. For each non-empty realization, it is easy to see that if we sum the time until
finding a target of the left and right direction, we get at most Lj. Since we take the
direction uniformly at random, we know that the expected time between starting T (Lj)
and finding a target is at most Lj/2.
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Theorem 5.5. Given a β-approximation for PQ-TSP, our algorithm is an 3.59β-
approximation for the multi-target GSP.

Proof. Let C∗p be the length of the optimal tour until probability p is reached. By
abusing notation, we will also use C∗p to denote the optimal solution. Denote by Opt

the value of the optimal solution. Note that Opt =
∫ p̃

0
C∗pdp, where p̃ = 1−

∏n
i=1(1−pi).

Similarly, we define CAlg
p and note that the objective value of the tour produced by

the algorithm is Alg =
∫ p̃

0
CAlg
p dp.

Suppose that C∗p = ργ`, where 1 ≤ ρ < γ. We distinguish two cases: ρ < γU and
ρ ≥ γU .

If ρ < γU , then there exists a path with length at most γUγ` that reaches a prob-
ability of p. This means that T (L`) has a probability of at least p and length at most
2βγUγ`. Using Lemma 5.4, we know we reach this probability on average after time at

most β(
∑`−1

j=0 L0γ
j + 1

2
L0γ

`) ≤ βγ`L0

(
γ+1

2(γ−1)

)
.

If ρ ≥ γU , we still have ρ < γ ≤ γUγ. Hence, there is a path with length at most
γUγ`+1 reaching probability p. This means that T (L`+1) reaches probability p after
length at most 2βγUγ`+1. Now, again by Lemma 5.4, we know we reach this probability

on average after time at most β(
∑`

j=0 L0γ
j + 1

2
L0γ

`+1) ≤ βγ`+1L0

(
γ+1

2(γ−1)

)
. In the first

case, we have logγ ρ ≤ U ≤ 1, and in the second case, we have 0 ≤ U ≤ logγ ρ. Taking
expectations over U gives

CAlg
p ≤

∫ 1

logγ ρ

(
βL0γ

`

(
γ + 1

2(γ − 1)

))
dU

+

∫ logγ ρ

0

(
βL0γ

`+1

(
γ + 1

2(γ − 1)

))
dU

=
γ + 1

ln γ
βC∗p .

Optimizing over γ gives γ = 3.59, the unique root of x lnx = x+1, which gives a loss of
3.59β in the length. Hence, we obtained that Alg ≤ 3.59βOpt. Similar to Theorem
2.7, we can derandomize this algorithm by using techniques from [54].

We now show that PQ-TSP is NP-hard, even on stars, but that we can obtain a
FPTAS for this problem on tree metrics. In the following reduction, we reduce from
Partition. In this problem, we are given n integers a1, . . . , an, and the question is
whether there exists a set X ⊆ {1, . . . , n} such that

∑
i∈X ai = 1

2

∑n
i=1 ai. This problem

is weakly NP-hard [70].

Theorem 5.6. PQ-TSP is NP-hard on stars.

Proof. Given is an instance of Partition. Let B = 1
2

∑n
i=1 ai. Construct a star graph

with n leafs, where each leaf is associated with an integer from the Partition-instance.
Assign a weight of ai to the edge connecting the root with the leaf corresponding to
integer ai, and set the probability of finding a target at this leaf equal to ai/K, where
K > 2n(maxi ai)

2. We will show that it is NP-hard to decide whether there is a tour
of length at most 2B with probability larger than (B − 1)/K. For this, we need that
for every X ⊆ {1, . . . , n} we have

∑
i∈X ai/K − 1 +

∏
i∈X(1 − ai/K) < 1/K. This is

true since
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∑
i∈X

ai/K−1+
∏
i∈X

(1−ai/K) =
∑

X′⊆X,|X′ |≥2

(−1)|X
′ |
∏
i∈X′

(ai/K) ≤ 2n(max
i
ai)

2/K2 < 1/K.

Suppose we have a yes-instance for Partition, say X. The tour on the vertices
corresponding to X has length 2B and probability

1−
∏
i∈X

(1− ai/K) >
∑
i∈X

ai/K − 1/K = (B − 1)/K.

If we have a no-instance for Partition, we either can choose a set Y such that∑
i∈Y ai > B or

∑
i∈Y ai < B. In the first case, the corresponding tour would have

length larger than 2B. In the second case, the probability will be

1−
∏
i∈Y

(1− ai/K) ≤
∑
i∈Y

ai/K ≤ (B − 1)/K.

Since K is exponential in the size of the Partition-instance, we have shown that
PQ-TSP is weakly NP-hard.

Theorem 5.7. There is a FPTAS for PQ-TSP on tree metrics.

Proof. We first give a dynamic programming algorithm that, for each tour length, finds
the solution with maximum probability. This algorithm runs in pseudopolynomial time.
Then, we show how to round the lengths of the edges such that we lose at most a factor
(1 + ε) in the length of the tour. Note that the solution is a double tree, hence it is
sufficient to find a tree.

First, assume that we are given a binary tree with positive probabilities only at
the leafs. This can be assumed without loss of generality by adding vertices with
probability zero and edges with length zero. We also guess the farthest vertex from the
root visited by our tour, and remove all vertices at a larger distance from the root. Call
the corresponding distance D and note that, given that our guess is correct, we have
Opt ≥ D, where Opt is the value of the optimal solution of PQ-TSP. Our dynamic
programming formulation now has a state for each vertex-length pair, denoted by (i, L).
We define f(i, L) as the maximum probability of finding a target in the subtree rooted
at i using a tree of length at most L. By definition, f(i, L) = 0 whenever L < 0. If we
denote the left and right child of i as î and ĩ respectively and if we use c(·, ·) for the
edge lengths, we can compute this value as follows.

f(i, L) = max
0≤λ≤L

{1− (1− f (̂i, λ− c(i, î)))(1− f (̃i, L− λ− c(i, ĩ)))}.

The optimal solution can be computed by applying binary search on f(s, L) for different
L. It is easy to see that, for each guess of the farthest vertex, this algorithm runs in
O(n3D2(log n + logD)). To get a polynomial time algorithm, we pick ε > 0 and we
round each of the edge lengths up to its nearest multiple of εD/n. This way, we lose
at most εD ≤ εOpt and hence a factor (1 + ε) in the length of the tour, but we have
reduced the running time to O(n5(log n + logD)/ε2). Since the total running time is
now O(n6(log n+ logD)/ε2), we have obtained a fully polynomial time approximation
scheme for PQ-TSP on tree metrics.
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Note that to obtain approximation results for multi-target GSP using Theorem 5.5,
it is sufficient to approximate the opposite problem of PQ-TSP. The proof above shows
that for a given L, we can find a tour of length at most (1 + ε)L and probability P if
there exists a tour of length at most L and probability P in O(n6/ε2) time.

Corollary 5.8. There is a (3.59 + ε)-approximation for multi-target GSP on tree met-
rics.

Before discussing the approximability of multi-target GSP on general metrics, we
first generalize PQ-TSP. We define the polymatroid quota TSP as follows. Here, a
function q is polymatroid [80] if it satisfies

– q(∅) = 0,

– q(X ) ≤ q(Y) for all X ⊆ Y ,

– q(X ∪ {z})− q(X ) ≥ q(Y ∪ {z})− q(Y) for all X ⊆ Y and all z /∈ Y .

Definition 5.9. Suppose we are given an edge-weighted graph G = (V,E) with root s,
polymatroid function q : 2V → Q and a quota Q. In the polymatroid quota TSP, the
goal is to find a tour of minimum length on set X 3 s such that q(X̄) ≤ Q, where X̄
is the complement of X.

PQ-TSP is a special case of polymatroid quota TSP. This can be seen by taking

q(X) = 1 −
∏

i∈X(1 − pi) and setting Q = 1 −
∏
i(1−pi)
1−P . Note that it also generalizes

k-TSP [52], the problem of finding a tour on k vertices with minimum length, since
q(X) = |X| is polymatroid and |X| ≥ k is equivalent to |X̄| ≤ n− k.

To get approximation results for polymatroid quota TSP, we use results for the
prize-collecting TSP with polymatroid penalties. In this problem, we can decide not to
visit certain vertices. The penalty cost of not visiting these vertices is determined by
a polymatroid function π. Now, we have to find a tour on a subset X of the vertices
such that the sum of tour cost L(X) and penalty cost π(X̄) is minimized.

When π(X̄) =
∑

i∈X̄ πi, where πi is the penalty paid for not visiting vertex i,
the problem is known as the prize-collecting TSP. For this problem, Goemans and
Williamson [55] showed that their algorithm produces a solution that visits X such
that

L(X) + π(X̄) ≤ 2
∑

X⊆V \{s}

yX , (5.1)

where
∑

X yX is the objective value of the dual of the LP-relaxation of the prize-
collecting TSP. Goemans and Kleinberg [54] observe that the proof of [55] even shows
that

L(X) + 2π(X̄) ≤ 2
∑

X⊆V \{s}

yX ,

if π(X̄) =
∑

i∈X̄ πi. On the other hand, it was observed in [66] that the Goemans-
Williamson algorithm [55] is a 2-approximation for prize-collecting Steiner tree with
polymatroid penalties. One can extend this result to the prize-collecting TSP with
polymatroid penalties. These results hold since (5.1) also holds if π is a polymatroid
function. Moreover, we can easily extend this result to the following lemma, again
using the proof of [55].
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Lemma 5.10. The Goemans-Williamson algorithm ([55], Section 4.3) produces a so-
lution that visits set X with the property

L(X) + 2π(X̄) ≤ 2
∑

X⊆V \{s}

yX ,

where
∑

X yX is the objective value of the dual of the LP-relaxation of the prize-
collecting TSP.

This lemma can be used to obtain a 5-approximation for polymatroid quota TSP
using Lagrange relaxation as demonstrated in [28]. By using techniques from [5], we
can improve this factor to 4+ε. Hence, we have a (4+ε)-approximation for PQ-TSP on
general metrics and hence, by Theorem 5.5, a (14.4+ε)-approximation for multi-target
GSP. However, since we perform binary search on the probability quota, the algorithm
runs logarithmically in the ratio of the maximum and minimum non-zero difference
between the probabilities of two sets. This gap is bounded by a single exponential
function of the input size when the probabilities are polynomially bounded.

Corollary 5.11. There is a (14.4 + ε)-approximation for multi-target GSP when the
probabilities are polynomially bounded.

5.2.2 Canadian traveler problem

In this subsection, we discuss the complexity and approximability of CTP in the inde-
pendent decision model. For the complexity, it follows from Theorem 5.1 and 5.2 that
it is NP-hard on series-parallel graphs.

Corollary 5.12. The CTP in the independent decision model is NP-hard on series-
parallel graphs.

Since CTP in the independent decision model is easy on disjoint-path graphs, this
basically settles the computational complexity of the problem. For the approximability,
we look at the power of being adaptive. To investigate this, we define non-adaptive
policies and the adaptivity gap. In order to have a correct definition, we assume that
all edges incident to t have weight zero. This assumption is without loss of generality
since we can extend each edge to t with a new edge of weight zero and probability one.

Definition 5.13. We say that a policy is non-adaptive if it has a fixed ordering of the
vertices and it always tries to reach the first unvisited vertex in this order. If the vertex
is disconnected with the root, i.e., we cannot reach it, the vertex is discarded and the
next vertex in the ordering is considered. If it reaches one of the vertices adjacent to t
and the edge to t is present, it visits t next.

Definition 5.14. Let Opt(I) and NA(I) be the value of the optimal solution and the
value of the optimal non-adaptive policy for instance I of CTP respectively. Then, the
adaptivity gap is defined as

sup
I

NA(I)

Opt(I)
.
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On trees, i.e., when the graph without t is a tree, a non-adaptive policy is just a
permutation of the vertices, where we can skip a subtree if the top edge of the subtree
is not present. The instance in Figure 5.2 shows that we have to be adaptive in order
to be optimal.

Theorem 5.15. The adaptivity gap of independent-CTP on trees is larger than 1.

Proof. Consider the instance in Figure 5.2. There are three non-adaptive solutions
that have to be considered. These are Y1 = (s, e, a, b, d, c), Y2 = (s, a, b, d, c, e) and
Y3 = (s, a, d, b, c, e). We get the following expected values, denoted by C(·).

C(Y1) = 0.5 · 100 + 0.5(0.1 · 2 + 0.1 · 0.9 · 6 + 0.1 · 0.92 · 16) ≈ 51.018

C(Y2) = 0.1 · 2 + 0.1 · 0.9 · 6 + 0.1 · 0.92 · 16 + 0.93 · 0.5 · 124 ≈ 47.234

C(Y3) = 0.1 · 4 + 0.1 · 0.9 · 8 + 0.1 · 0.92 · 14 + 0.93 · 0.5 · 122 ≈ 46.723

However, an adaptive solution is allowed to condition on the presence of edge (s, e).
If this edge is active, it will do (s, a, b, c, d, e). Otherwise, it will do (s, a, b, d, c). This
gives the following value of adaptive solution Ad.

C(Ad) = 0.5(0.1 · 4 + 0.1 · 0.9 · 8 + 0.1 · 0.92 · 14 + 0.93 · 122)

+ 0.5(0.1 · 2 + 0.1 · 0.9 · 6 + 0.1 · 0.92 · 16) ≈ 46.614

Hence, the adaptivity gap of independent-CTP on trees is at least 1.0023.

s

t

a

b

c

d

e

1|1

1|1 3|1

6|1

0|0.1

0|0.1
0|0.1

100|0.5

0|1

Fig. 5.2: Instance with adaptivity gap greater than 1. Labels denote
“length|probability”.

In order to achieve larger lower bounds, one has to try other approaches than
used above by the following reasoning. In the instance in Figure 5.2, the optimal
TSP-solution for the subgraph induced by {a, b, c, d} is (a, d, b, c), while the optimal
TRP-solution is (a, b, d, c). The adaptive algorithm is stronger since it can choose
which of these solutions to use depending on the presence of edge (s, e). Extending
this approach to get better lower bounds will not result in satisfying results. This is
because one can approximate TSP and TRP simultaneously. To see this, one could take
the algorithm by Goemans and Kleinberg [54] for TRP using Garg’s 2-approximation
for k-TSP [52] as its subroutine. This algorithm is a 7.2-approximation for TRP, but
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it is also an 8-approximation for TSP. Hence, in order to achieve significantly larger
lower bounds, one has to use more elaborate approaches.

Let us end this section with a discussion on Definition 5.13. On trees, it perfectly
captures the intuition of a non-adaptive policy: a permutation of the vertices. It is
debatable what a correct description of a non-adaptive policy is on general graphs.
Definition 5.13 says that a non-adaptive policy will always try to reach the next unvis-
ited vertex, but it is not specified how to do this. A policy could for example use the
shortest path with respect to edge lengths to the next vertex. It is also allowed to use
the path that maximizes the probability of reaching the next vertex. Here, we want to
emphasize that it is arguable what the correct definition of a non-adaptive policy is.

5.3 Scenario model

We now consider multi-target GSP and CTP in the scenario model. We first discuss the
complexity of the former problem on star metrics, and show that it is NP-hard when
each scenario contains only two targets. As a consequence, by Theorem 5.1, CTP is
NP-hard on disjoint-path graphs. Finally, we show that CTP in the scenario model on
cactus graphs (graphs with the property that each edge is in at most one cycle) is also
NP-hard.

5.3.1 Multi-target graph search

First observe that multi-target GSP in the scenario model is a generalization of GSP,
since this is the case when |S| = 1 for all S ∈ S. On star metrics, this problem is easily
solvable by visiting the leafs in non-decreasing order of the ratio of the probability and
the length of the edge to the leaf.

Let us now discuss the case where |S| = 2 for all S ∈ S, called the two-target
GSP. We will give a reduction from the min sum vertex cover problem (MSVC). In this
problem, we are given a graph G = (V,E) and we have to find a linear ordering of the
vertices, i.e., a bijection f : V → {1, . . . , n}. The cover time of edge (u, v) is defined as
the minimum of f(u) and f(v). The goal is to construct f such that the sum of cover
times of the edges is minimized. In [43], it was shown that the problem is NP-hard.

Theorem 5.16. Two-target GSP is NP-hard on stars.

Proof. Given an instance of MSVC, i.e., a graph G = (V,E), we create the follow-
ing instance for two-target GSP. First, construct an unweighted star with |V | leafs.
Secondly, we create a scenario {u, v} for each edge (u, v) ∈ E. Each scenario has
probability 1/|E|. Now, we will show that there is a solution for MSVC in the original
instance with value z if and only if there is a solution for two-target GSP in the created
instance of value 1

|E|(2z − |E|).
We can use the linear ordering as our tour for our instance of two-target GSP and

vice versa. Now, we have found the target after walking 2h−1 distance (and not before
2h − 1) if the active scenario corresponds to an edge that is covered after h steps in
the ordering. Hence, there is a solution for MSVC in the original instance with value
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z if and only if there is a solution for two-target GSP in the created instance of value

1

|E|
∑

(u,v)∈E

(2 min{f(u), f(v)} − 1) =
1

|E|
(2z − |E|).

5.3.2 Canadian traveler problem

For the scenario model, we can prove NP-hardness for two extreme cases of series-
parallel graphs, namely disjoint-path graphs and cactus graphs. That this is true for
the former graph type follows immediately from Theorem 5.1 and 5.16, since adding
edges from the leafs of the star to a new vertex t leads to a disjoint-path graph (K2,n).

Corollary 5.17. CTP in the scenario model is NP-hard on disjoint-path graphs.

For cactus graphs, we need to do some more work. We reduce from Exact Cover
by 3-Sets (X3C) [70]. In this problem, we are given 3q elements and m sets, each
containing three distinct elements. The question is whether there are q sets such that
all elements are covered.

Theorem 5.18. CTP in the scenario model is NP-hard on cactus graphs.

Proof. Starting from an instance of X3C, we construct the following graph. For this,
we need the gadgets in Figure 5.3, denoted by gadget Z1 and gadget Z2. Assume
without loss of generality that 3q+ 4 is a power of 2. We take m+ 3q+ 3 times gadget
Z1 and concatenate these. This is done by identifying the rightmost vertex of a Z1-
gadget to the leftmost vertex of the next Z1-gadget. The first m gadgets correspond
to sets, the next 3q gadgets to elements, and the final three to dummies. Take the
leftmost vertex of the first gadget as s. Then, take log2 σ times gadget Z2, where
σ = 3q + 4. Concatenate these by identifying the the rightmost vertex of a Z2-gadget
to the leftmost vertex of the next Z2-gadget. Then, identify the rightmost vertex of the
first chain with the leftmost vertex of the second chain. Finally, we take the rightmost
vertex of the second chain as t. Note that the resulting graph is a cactus graph.

1
0

0

M 0

M 0

Fig. 5.3: Gadget Z1 (left) and Z2 (right), where dashed edges are uncertain.

The idea of the reduction is that we cannot afford to make a mistake in the Z2-
chain, that means, we need to know exactly which scenario is active before reaching
the Z2-chain. Learning which scenario is active is done by moving to the uncertain
edges in the Z1-chain. We say that we ‘try out’ the gadget. If there is an exact cover
then learning can be done cheaper than when there is no exact cover.
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We define σ scenarios, where each scenario corresponds to an element or to a dummy
or neither. All scenarios have equal probability 1

σ
. A scenario corresponding to an ele-

ment contains, next to all certain edges, the uncertain edge in the gadget corresponding
to the element and in the gadgets corresponding to sets containing this element. A
scenario corresponding to a dummy contains, next to all certain edges, the uncertain
edge in the gadget corresponding to that dummy. There is one scenario that corre-
sponds to neither of them. This scenario contains none of the uncertain edges in the
first chain of gadgets. Moreover, we assign a unique path in the second chain to each
scenario. This can be done as follows. For scenario j, the top edge of gadget z is active
(and the bottom edge is not), if the zth digit in the binary representation of j − 1 is a
1. Otherwise, the bottom edge is available.

Finally, we let B, the bound on the objective value of CTP, equal M log2 σ+(3q2 +
21q + 18)/σ. By setting M > 3q2 + 21q + 18, we know we will exceed B if we make
guesses in the second chain, since each guess costs at least an extra M/σ. Therefore,
one has to learn the scenario in the first chain of gadgets.

Assume there is an exact cover and let Y be a solution. Then, first we try out the
gadgets corresponding to sets in Y . If an uncertain edge turns out to be active then
we try out either one or two of the three corresponding element-gadgets until we know
which scenario is active, and then move to the Z2-chain. If no gadget from Y is active,
we try out the three dummies until either the active one is found or none of them is
active, and then move to the Z2-chain. This policy has an expected length of

M log2 σ +
1

σ
(4 + 6 + 6)︸ ︷︷ ︸

contribution first set

+ . . .+
1

σ
(2q + 2 + 2q + 4 + 2q + 4)︸ ︷︷ ︸

contribution qth set

+
1

σ
(2q + 2 + 2q + 4 + 2q + 6)︸ ︷︷ ︸

contribution dummies

+
1

σ
(2q + 6) = B.

Now, suppose that we have a yes-instance for CTP, i.e., we have a policy with
an expected length of at most B. We need to show that this implies that we have a
yes-instance for X3C.

As observed before, we need to learn the scenario on the first part. Moreover, once
we see an active set, we will try out either one or two of the corresponding elements and
take the active path. In general, the policy looks as follows. We will first try out k sets
with three new elements. Then, we will try out ` sets with two new elements. Finally,
we will try out the remaining elements and dummies. This policy has an expected
value of

M log2 σ +
1

σ
(4 + 6 + 6) + . . .+

1

σ
(2k + 2 + 2k + 4 + 2k + 4)

+
1

σ
(2(k + 1) + 2 + 2(k + 1) + 2) + . . .+

1

σ
(2(k + `) + 2 + 2(k + `) + 2)

+
1

σ
(2(k + `+ 1) + . . .+ 2(k + `+ 3q − 3k − 2`+ 3))

+
1

σ
(2(k + `+ 3q − 3k − 2`+ 3))
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= M log2 σ +
1

σ
(9q2 + 6k2 + 2`2 − 12qk − 6q`+ 6k`+ 27q − 6k − 4`+ 18)

= B +
1

σ
(6q2 + 6k2 − 12qk + 2`2 + 6q − 6k − 6q`+ 6k`− 4`)

= B +
1

σ
(6(q − k)2 + (6− 6`)(q − k) + 2`2 − 4`)

= B +
1

σ
(2(
√

3(q − k)− `)2 + 6(q − k) + (4
√

3− 6)`(q − k)− 4`)

≥ B +
1

σ
(2(
√

3(q − k)− `)2 + (4
√

3− 6)`(q − k)),

where the last inequality follows from ` ≤ 3
2
(q− k), since this is the maximum number

of sets with two new elements you can choose after picking k disjoint 3-sets. Now, since
q ≥ k and ` ≥ 0, this policy has expected value greater than or equal to B. Moreover,
the expected value of the solution is equal to B if and only if q = k and ` = 0. Hence,
we have a yes-instance for X3C.

5.4 Conclusion

In this chapter, we considered the Canadian traveler problem and the multi-target
graph search problem. For the CTP in the independent decision model, we showed
NP-hardness on series-parallel graphs. This followed immediately after showing that
multi-target GSP in the independent decision model is NP-hard on trees. For the multi-
target GSP in the independent decision model we gave a (3.59 + ε)-approximation for
trees and a (14.4 + ε)-approximation on general metrics. We also showed that one
should be adaptive in order to be optimal for CTP.

For the scenario model, we gave an NP-hardness proof for two-target GSP on stars.
As a consequence, CTP in the scenario model is NP-hard on disjoint-path graphs.
Finally, we showed that this problem is also NP-hard on cactus graphs.

The main open problem in this field remains the approximability of CTP in the
independent decision model. As a start, one could try to prove an upper bound on the
adaptivity gap. We conjecture that this is bounded by a small constant on trees. In
general, an approach could be to investigate good adaptive algorithms.



CHAPTER 6

The lost cow problem

An article based on this chapter appeared in [36].

6.1 Introduction

In this chapter, we study the average cow problem [8], also known as the linear search
problem [18]. The problem can be seen from the cow’s perspective as follows. Suppose
she is standing before an infinitely long fence with one gate. She wants to get to the
other side through the gate. However, she only has a probability distribution of the
location of the gate. Moreover, it is foggy and she needs to walk along the fence (with
unit speed) in order to find the gate. Her goal is to minimize the expected distance
traveled until finding the gate. An alternative way to look at the problem follows
the farmer’s perspective. The farmer has lost one of his cows and he needs to find it
somewhere along an infinitely long road.

Before discussing the results, we will give an overview of the literature which is
divided into two fields. The first stream of literature uses the name average cow problem
or cow-path problem. The second stream uses the name linear search problem.

6.1.1 Literature

Average cow problem The cow-path problem was introduced by [8]. The problem is
interesting to study since it is a natural model for searching in an unknown environment.
Here, a seeker has to find a target. In the cow-path problem, one does not know the
distribution, but an adversary picks a distribution that maximizes the competitive
ratio, i.e., the ratio between the length of the walk and the distance to the target.
Note that the adversary will always pick one location with probability 1. This is a
classical problem in the area of competitive analysis. It was shown by Baeza-Yates
et al. [8] that the geometric algorithm achieves a competitive ratio of 9, i.e., if the
target is located at distance d from our starting point r, we will find the target within
9d time, assuming the seeker moves at unit speed. The algorithm achieving this ratio
directs the cow to the right for one unit of distance. It then returns to the starting
point and walks two units to the left. By repeatedly doubling the distance, we get the
desired competitive ratio. They also showed that we cannot achieve a lower competitive
ratio. It was later shown by Kao et al. [69] that a randomized algorithm can achieve
a competitive ratio of 4.6.
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Baeza-Yates et al. [8] also studied the stochastic version of this problem, which
they called the average cow problem. They claimed that it is optimal not to turn
under the uniform distribution. We say that one does not turn if one does not make
any additional turns other than at the border of the domain. We may also refer to
this strategy as exhaustive search. The authors of [8] also gave a sufficient condition
for which distributions it is optimal to turn infinitely many times. This result implied
that for the triangular distribution (Figure 6.1) it is optimal to turn infinitely many
times.

−1 1 x

Fig. 6.1: Instance with triangular probability density function, i.e., F ′(x) = 1− |x| for
x ∈ [−1, 1].

Linear search problem The problem we want to study is also known as the linear
search problem. It was introduced in 1963 by Bellman [18]. The first papers [11, 12, 46]
investigated the existence of optimal solutions and whether the minimum value can be
attained. Beck [12] concluded that when a solution is allowed to start with an infinites-
mall oscillation around the origin, an optimal solution exists for every distribution with
a finite first moment.

Later, Beck and Newman [16] studied the problem in which the searcher does not
know the distribution, but an adversary picks one that maximizes the competitive
ratio. They showed that the geometric algorithm is 9-competitive and the randomized
geometric algorithm is 4.6-competitive. Note that this is exactly the cow-path problem
and that these results were reproduced by [8] and [69] 20 years later.

In the 1980’s, the behavior of several distribution functions were studied. It was
shown that it is optimal not to turn for the uniform distribution [13]. Baston and Beck
[10] gave a characterization of the distributions for which it is optimal to turn infinitely
many times. Of course, the normal distribution has also been investigated [14]. Kella
[72] gave a sufficient condition for distributions for which it is optimal not to turn.

Since the problem is still unsolved in general, one could consider approximation
algorithms. It was shown in the book by Alpern and Gal [2] that for any ε > 0, one
can find a solution with an expected value of at most a factor 1+ε times the value of the
optimal solution. The dynamic programming algorithm they designed is very similar
to the algorithm of Afrati et al. [1] for line-TRP. This can be explained by observing
that the linear search problem with a bounded discrete distribution is equivalent to
line-TRP. In line-TRP, we are given an vertex- and edge-weighted line graph with root
r, where vertex i has weight wi, and edge (i, j) has weight c(i, j). Now, line-TRP is
TRP, defined in Chapter 1, where the input graph is a line graph. This problem can
be solved using dynamic programming in time O(n2) [1], where n is the number of
vertices. In [50], it was shown that one can improve the running time to O(n).
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The dynamic programming algorithm uses the observation that a vertex is visited
whenever the walk passes the vertex for the first time (it never skips a vertex). Hence,
the set of already visited vertices in a partial solution is defined by the left-most and
right-most vertex visited. Let the vertices on the right of the origin r be denoted as
x1, . . . , xR and the vertices on the left as y1, . . . , yL. We assume w.l.o.g. that the num-
bering satisfies 0 < c(r, x1) < . . . < c(r, xR) and 0 < c(r, y1) < . . . < c(r, yL). Define
f(xi, yj) as the minimum cost caused by serving vertices {x1, . . . , xi} ∪ {y1, . . . , yj},
ending at vertex xi. Cost f(yj, xi) is defined similarly. The optimal solution can now
be found by using the recursive relation

f(xi, yj) = min{f(xi−1, yj) +

(
R∑
q=i

wq +
L∑

q=j+1

wq

)
c(xi−1, xi),

f(yj, xi−1) +

(
R∑
q=i

wq +
L∑

q=j+1

wq

)
c(yj, xi)},

where initially f(r, r) = 0. The running time of this algorithm is indeed O(n2) [1].
When the distribution of the linear search problem is discrete and has a bounded

domain, we can describe this input as n points, where point i has probability pi. Now,
the tour that minimizes the expected length of the walk is the same tour that minimizes
the objective of line-TRP which has vertices at locations with positive probability and
with vertex weights equal to the corresponding probabilities. Hence, this special case
can be solved in polynomial time. To get a (1 + ε)-approximation for the linear search
problem for non-discrete distributions, one has to figure out how to round a continuous
distribution to a discrete one and how to deal with an unbounded domain. This was
done by Alpern and Gal [2].

Finally, the problem has been generalized to different objective functions. For
example, one could use a convex function of the distance traveled [15, 17] or charge
the searcher for making turns [32].

6.1.2 Outline

In this chapter, we will try to characterize for which distributions it is optimal not to
turn. We managed to do this for symmetric distributions (Section 6.2). In Section
6.3, we also give a similar characterization for star search, i.e., there are k directions
instead of two. In both sections, we will link our results with Kella’s Theorem [72].
Finally, we give a worst-case performance bound for not turning and show results on
the performance of not turning for several distributions.

6.2 Exhaustive search

We will now introduce our notation. Let (D,Z) be the random variable of the location
of the target, which takes values (d, z) ∈ R+ × {1, 2}. Here, z = 1 denotes the event
of the target being on the left of the origin. On the other hand, when z = 2 the
target is located at the right of the origin. Let F1(x) = P(0 < D ≤ x, Z = 1) and
F2(x) = P(0 < D ≤ x, Z = 2) for x ∈ R+. Further, define p` = P(Z = `) for ` = 1, 2.
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Note that p1 + p2 = 1. Let b` = sup{x : F`(x) < p`} for ` = 1, 2. Finally, we denote
E[D] for the expected distance between the origin and the target.

An interesting question is whether we can characterize the distributions for which
it is optimal not to turn. A sufficient condition was given by Kella [72]. Since we
are going to investigate this question, we first give Kella’s theorem. Define K`(x) =

xp`

(
1

F`(x)
− 1
)

on x ∈ (0, b`) for side `. The theorem also holds for searching on stars,

i.e., we have k directions instead of two directions.

Theorem 6.1 ([72]). If K`(x) is non-increasing on (0, b`) for all `, then it is optimal
not to turn.

Note that for the uniform distribution on [−1, 1], we have K`(x) = 1− 1
2
x for both

`. Hence, the result of Kella [72] has the result of Beck and Beck [13] as a special case.
We restrict ourselves to symmetric distributions with bounded domain. Hence,

we have F1(x) = F2(x) = F (x) for x ∈ [0, 1]. Moreover, we have p1 = p2 = 1
2

and
b1 = b2 = 1. We denote cow(F ) for the optimal solution for F .

Let us first find an expression for the optimal value. Suppose that cow(F ) turns
m times, and its turning points are denoted by 0 < t1 < . . . < tm < 1. That ti < ti+1

for all i is intuitively clear, but technical to proof [13]. Without loss of generality, we
assume the seeker turns at t1, t3, . . . on side 1 and at t2, t4, . . . on side 2. Equation (6.1)
explicitly considers the distance traveled until reaching a point. Define, t−1 = t0 = 0
and tm+1 = tm+2 = 1. Now, if ti is one the left side and (x, 2) lies in (ti−1, ti+1] on the
right side, it will be visited at time 2

∑i
j=1 tj + x. Integrating over all x ∈ (ti−1, ti+1]

(with respect to F ) and summing over all intervals, we get that the expected length of
the walk cow(F ) is equal to

L(t1, . . . , tm) =
m+1∑
i=0

∫ ti+1

ti−1

(
2

i∑
j=1

tj + x

)
dF (x). (6.1)

An alternative way of computing the optimal value charges each turn ti the delay
it causes. We start with E[D]. If we turn at ti, the points in (ti, 1] will be delayed an
extra 2ti + 2ti+1. Hence, we can compute the value of cow(F ) as follows.

L(t1, . . . , tm) = E[D] +
m∑
i=0

(2ti + 2ti+1)

(
1

2
− F (ti)

)
. (6.2)

For example, if we turn once we get an objective value of

E[D] + (2 · 0 + 2t1)

(
1

2
− F (0)

)
+ (2t1 + 2 · 1)

(
1

2
− F (t1)

)
= E[D] + t1 + (2t1 + 2)

(
1

2
− F (t1)

)
.

Here, the second term says that all locations on the left side are delayed by 2t1. The
third term says that the locations to the right of t1 are delayed with 2t1 + 2.

We can now characterize the symmetric distributions for which it is optimal not to
turn. For this, we need the following three lemmas.

Lemma 6.2. It is not optimal not to turn if F (y) > y/(y + 1) for some y ∈ (0, 1).
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Proof. The solution that does not turn has value E[D] + 1. If we turn at y, we get a
walk of expected length E[D] + y+ (2y+ 2)(1

2
−F (y)). If we assume that it is optimal

not to turn, we have that for all y ∈ (0, 1),

y + (2y + 2)

(
1

2
− F (y)

)
≥ 1

2y ≥ (2y + 2)F (y)

F (y) ≤ y

y + 1
.

Hence, if there is a y ∈ (0, 1) such that F (y) > y/(y + 1), then it is not optimal not to
turn.

Note that F (x) = x/(x + 1) is a twice differentiable function. The derivative is
equal to F ′(x) = 1/(x+ 1)2 and its second derivative is equal to F ′′(x) = −2/(x+ 1)3.
We will use this in the proof below.

Lemma 6.3. If F (x) = x/(x+ 1), then cow(F ) does not turn.

Proof. If we take the derivative of L(t1, . . . , tm) with respect to variable ti, we get the
following expression.

∂

∂ti
L(t1, . . . , tm) =

∂

∂ti

(
(2ti−1 + 2ti)

(
1

2
− F (ti−1)

)
+ (2ti + 2ti+1)

(
1

2
− F (ti)

))
= 2

(
1

2
− F (ti−1)

)
+ 1− 2F (ti)− 2(ti+1 + ti)F

′(ti)

= 2− 2F (ti−1)− 2F (ti)− 2(ti + ti+1)F ′(ti).

Now, note that

∂2

∂t2m
L(t1, . . . , tm) = −2F ′(tm)− 2((tm + 1)F ′′(tm) + f(tm))

= −4F ′(tm)− 2(tm + 1)F ′′(tm).

Using that F ′(x) = 1/(x+ 1)2 and F ′′(x) = −2/(x+ 1)3, we get

∂2

∂t2m
L(t1, . . . , tm) =

−4

(tm + 1)2
+

4(tm + 1)

(tm + 1)3

=
−4

(tm + 1)2
+

4

(tm + 1)2
= 0.

Hence, L is linear in the direction of tm. This means that we can set tm equal to 1 or
tm−2 without increasing the expected length of the walk. Therefore, it is not worse to
turn one time less. So, the optimal value is non-decreasing in the number of turning
points and we have obtained that it is optimal not to turn.

Lemma 6.4. If it is optimal for F not to turn and F̃ (x) ≤ F (x) for all x ∈ (0, 1),
then it is optimal not to turn for F̃ .
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Proof. Let E[D] and E[D̃] denote the expected distance between the origin and the
target corresponding to F and F̃ respectively. For the sake of contradiction, suppose
that it is not optimal not to turn for F̃ . This means that there is an m ∈ N ∪ {∞}
such that

E[D̃] +
m∑
i=0

(2ti + 2ti+1)

(
1

2
− F̃ (ti)

)
< E[D̃] + 1

m∑
i=0

(2ti + 2ti+1)

(
1

2
− F̃ (ti)

)
< 1.

Because F̃ (x) ≤ F (x) for all x ∈ (0, 1), we have that
m∑
i=0

(2ti + 2ti+1)

(
1

2
− F (ti)

)
< 1

E[D] +
m∑
i=0

(2ti + 2ti+1)

(
1

2
− F (ti)

)
< E[D] + 1,

which would mean that it is not optimal for F not to turn. Hence, we have a contra-
diction and we have shown that it is optimal for F̃ not to turn.

The next theorem follows from the three previous lemmas.

Theorem 6.5. It is optimal not to turn for F if and only if F (x) ≤ H(x) for all
x ∈ (0, 1), where H(x) = x/(x+ 1).

Proof. If F (x) ≤ H(x) for all x ∈ (0, 1), we know, by Lemma 6.4, that it is optimal
not to turn for F if it is optimal not to turn for H. Since H(x) = x/(x + 1), Lemma
6.3 tells us that this is the case. If F (y) > H(y) for some y ∈ (0, 1), we know that it
is not optimal not to turn for F by Lemma 6.2.

0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

Fig. 6.2: Functions H(x) = x/(x + 1) (blue), uniform distribution F (x) = x/2 (red)
and triangular distribution G(x) = x− x2/2 (green).

As can be seen from Figure 6.2, this theorem can be used to demonstrate that it is
indeed optimal not to turn for the uniform distribution. For the triangular distribution,
it is not optimal not to turn. In fact, the function corresponding to this distribution is
above H(x) for all x ∈ (0, 1). This means that every solution with one turning point
outperforms not turning at all.
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6.2.1 Relation with Kella’s Theorem

For the general (non-symmetric) problem Kella [72] showed that if the function K`(x) =

xp`

(
1

F`(x)
− 1
)

is non-increasing for each side `, then it is optimal to do an exhaustive

search. For the symmetric case, we can restate Theorem 6.5 in terms of K(x). Namely,

F (x) ≤ x

x+ 1
1

F (x)
≥ x+ 1

x
1

F (x)
− 1 ≥ 1

x

x

(
1

F (x)
− 1

)
≥ 1

K(x) ≥ 1

2
.

Hence, exhaustive search is optimal if and only if K(x) ≥ 1
2
. Now, since K(1) = 1

2
, it

follows naturally that demanding that K(x) is non-increasing is a sufficient condition
for optimality. To show that this is not a necessary condition, consider the following
example. Let f(x) be 1/2 on (0, 1

2
], 0 on (1

2
, 3

4
] and 1 on (3

4
, 1], where f is the derivative

of F . As can be seen in Figure 6.3, K(x) is at least 1
2
, but K(x) is increasing on (1

2
, 3

4
].
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1

Fig. 6.3: K(x) of described F (x).

6.3 Exhaustive search on stars

We can generalize the results of Section 6.2 to search on stars. In this setting, we
have k directions to search in. Our notation is as follows. Let (D,Z) be the random
variable of the location of the target, which takes values (d, z) ∈ R+ × {1, . . . , k}. For
any ` ∈ {1, . . . , k}, let F`(x) = P(0 < D ≤ x, Z = `, ) for x ∈ R+. Further, define
p` = P(Z = `) for ` = 1, . . . , k. Note that

∑k
`=1 p` = 1. Let b` = sup{x : F`(x) < p`}

for ` = 1, . . . , k. Finally, we denote E[D] for the expected distance between the origin
and the target.
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Again, we restrict ourselves to symmetric distributions with bounded domain.
Hence, for all ` we have F`(x) = F (x) for x ∈ (0, 1). Moreover, we have p` = 1

k

and b` = 1. We denote cow(F ) for the optimal solution for F .
Let us first find an expression for the optimal value. Suppose that cow(F ) turns m

times, and its turning points are denoted by {ti}, with 0 < ti ≤ ti+1 < 1 for all i. That
ti ≤ ti+1 for all i is intuitively clear, but technical to prove. Hence, the proof is omitted.
A consequence is that the cow turns at ti on side ` if i mod ` = 0. The optimal value
can be obtained by charging each turn ti the delay it causes. If we turn at ti, the points
in (ti, 1] in the same direction will be delayed an extra 2ti+ . . .+2ti+k−1. Hence, we can
compute the value of cow(F ) as follows. For completeness, we set t0 = 0 and tm+j = 1
for j = 1, . . . , k − 1. The following equation generalizes Equation (6.2).

L(t1, . . . , tm) = E[D] +
m∑
i=0

(
i+k−1∑
j=i

2tj

)(
1

k
− F (ti)

)
.

We can now characterize the symmetric distributions for which it is optimal not to
turn. For this, we need the following three lemmas.

Lemma 6.6. It is not optimal not to turn if F (y) > y/(y+ k− 1) for some y ∈ (0, 1).

Proof. The solution that does not turn has value E[D] + k− 1. If we turn at y, we get
a walk of expected length

E[D] +
1

k
(2y + (2y + 2) + . . .+ (2y + 2(k − 2))) +

(
1

k
− F (y)

)
(2y + 2(k − 1))

=E[D] +
2y(k − 1)

k
+

(k − 1)(k − 2)

k
+

(
1

k
− F (y)

)
(2y + 2(k − 1)).

If we assume that it is optimal not to turn, we have that for all y ∈ (0, 1),

2y(k − 1)

k
+

(k − 1)(k − 2)

k
+

(
1

k
− F (y)

)
(2y + 2(k − 1)) ≥ k − 1(

1

k
− F (y)

)
(2y + 2(k − 1)) ≥ 2(1− y)(k − 1)

k

F (y) ≤ y

y + k − 1
.

Hence, if there is a y ∈ (0, 1) such that F (y) > y/(y + k − 1), then it is not optimal
not to turn.

Again we use that F (x) = x/(x + k − 1) is twice differentiable, which enables us
to use calculus arguments. Denote F ′ and F ′′ for the first and second derivative of F
respectively.

Lemma 6.7. If F (x) = x/(x+ k − 1), then cow(F ) does not turn.
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Proof. If we take the second derivative of L(t1, . . . , tm) with respect to variable tm, we
get the following expression.

∂2

∂t2m
L(t1, . . . , tm) =

∂2

∂t2m

(
2(tm + k − 1)

(
1

k
− F (tm)

))
=

∂

∂tm

(
2

(
1

k
− F (tm)

)
− 2(tm + k − 1)F ′(tm)

)
= −2F ′(tm)− 2((tm + k − 1)F ′′(tm) + f(tm))

= −4F ′(tm)− 2(tm + k − 1)F ′′(tm).

Using that F ′(x) = 1/(x+ k − 1)2 and F ′′(x) = −2/(x+ k − 1)3, we get

∂2

∂t2m
L(t1, . . . , tm) =

−4

(tm + k − 1)2
+

4(tm + k − 1)

(tm + k − 1)3

=
−4

(tm + k − 1)2
+

4

(tm + k − 1)2
= 0.

Hence, L is linear in the direction of tm. This means that we can set tm equal to 1 or
tm−2 without increasing the expected length of the walk. Therefore, it is not worse to
turn one time less. So, the optimal value is non-decreasing in the number of turning
points and we have obtained that it is optimal not to turn.

Lemma 6.8. If it is optimal for F not to turn and F̃ (x) ≤ F (x) for all x ∈ (0, 1),
then it is optimal not to turn for F̃ .

Proof. Let E[D] and E[D̃] denote for the expected distance between the origin and the
target corresponding to F and F̃ respectively. For the sake of contradiction, suppose
that it is not optimal not to turn for F̃ . This means that there is an m ∈ N ∪ {∞}
such that

E[D̃] +
m∑
i=0

(
i+k−1∑
j=i

2tj

)(
1

k
− F̃ (ti)

)
< E[D̃] + k − 1

m∑
i=0

(
i+k−1∑
j=i

2tj

)(
1

k
− F̃ (ti)

)
< k − 1.

Because F̃ (x) ≤ F (x) for all x ∈ (0, 1), we have that

m∑
i=0

(
i+k−1∑
j=i

2tj

)(
1

k
− F (ti)

)
< k − 1

E[D] +
m∑
i=0

(
i+k−1∑
j=i

2tj

)(
1

k
− F (ti)

)
< E[D] + k − 1,

which would mean that it is not optimal for F not to turn. Hence, we have a contra-
diction and we have shown that it is optimal for F̃ not to turn.

The next theorem follows from the previous three lemmas.
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Theorem 6.9. It is optimal not to turn for F if and only if F (x) ≤ H(x) for all
x ∈ (0, 1), where H(x) = x/(x+ k − 1).

Proof. If F (x) ≤ H(x) for all x ∈ (0, 1), we know, by Lemma 6.8, that it is optimal not
to turn for F if it is optimal not to turn for H. Since H(x) = x/(x + k − 1), Lemma
6.7 tells us that this is the case. If F (y) > H(y) for some y ∈ (0, 1), we know that it
is not optimal not to turn for F by Lemma 6.6.

6.3.1 Relation with Kella’s Theorem

Recall that Kella [72] showed that if the function K`(x) = xp`

(
1

F`(x)
− 1
)

is non-

increasing for each direction `, then it is optimal to do an exhaustive search. For the
symmetric case, we can restate Theorem 6.5 in terms of K(x). Namely,

F (x) ≤ x

x+ k − 1
1

F (x)
≥ x+ k − 1

x

1

F (x)
− 1 ≥ k − 1

x

x

(
1

F (x)
− 1

)
≥ k − 1

K(x) ≥ k − 1

k
.

Again observe that K(1) = (k − 1)/k. Hence, demanding that K(x) is non-increasing
on (0, 1) is a sufficient condition for the optimality of not turning. For general distri-
butions, the observation above could lead to the conjecture that it is optimal not to
turn if and only if K`(x) is greater than or equal to K`(b`), i.e., K`(x) ≥ b`(1− p`).

Conjecture 6.10. It is optimal not to turn if and only if K(x) ≥ K(b`) for all x ∈
(0, b`) and for all `.

However, we have not been able to prove this for the general case. In the next
section, we will prove the conjecture for a more general case.

6.4 General distributions

For a restricted class of distributions, that contains the symmetric distributions, we will
prove that our conjecture is true. In this section, we assume that bi/pi = bj/pj for all
i, j. Now, we will prove that it is optimal not to turn if and only if F`(x) ≤ x

x+b`(1−p`)/p`
for all `. This is equivalent to K`(x) ≥ b`(1− p`) for all `. Because the proof is similar
to the symmetric case, we only give a sketch of the proof.

Theorem 6.11. It is optimal not to turn for {F`}k`=1 with bi/pi = bj/pj for all i 6= j
if and only if F`(x) ≤ H`(x) for all x ∈ (0, b`) and all `, where H(x) = x/(x + b`(1 −
p`)/p`).
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Proof sketch. Again, we start by stating that it should be better not to turn than to
turn once. Not turning has an expected value of

E[D] + 2b1(1− p1) + 2b2(1− p1 − p2) + . . .+ 2bk−1(1− p1 − . . .− pk−1),

whereas turning at y on direction 1 (similar proof works for other directions) results in
an expected value of

E[D] + 2y(1− F1(y)) + 2b2(1− F1(y)− p2) + . . .+ 2bk−1(1− F1(y)− p2 − . . .− pk−1)

+ 2bk(p1 − F1(y)).

Now, after rearranging terms, it is better not to turn than to turn once if

2b1(1− p1)− 2p1(b2 + . . .+ bk) ≤ 2y(1− F1(y))− 2F1(y)(b2 + . . .+ bk)

0 ≤ 2y − 2yF1(y)− 2F1(y)b1(1− p1)/p1

F1(y)(y + b1(1− p1)/p1) ≤ y

F1(y) ≤ y

y + b1(1− p1)/p1

.

We now have to show that when F`(x) = x/(x+ b`(1−p`)/p`) for all `, it is optimal
not to turn, like in Lemma 6.7. Now, it is not that easy anymore to write down a simple
closed-formula for the optimal value. However, if we fix some of the configurations of
the optimal solution and try all of them it can work out fine. Assume that the last
turning point, tm, is on direction 1. Further, assume that after turning at tm we fully
search all directions in S ⊆ {2, . . . , k} before finishing direction 1. Since we are going
to take the second derivative of the optimal value with respect to tm, we are only
interested in terms that are non-linear in tm. The only term we have to consider is
2(tm +

∑
`∈S b`)(p1 − F1(tm)). Now,

∂2

∂t2m
L(t1, . . . , tm) =

∂2

∂t2m

(
2(tm +

∑
`∈S

b`)(p1 − F1(tm))

)
= −2(tm +

∑
`∈S

b`)F
′′(tm)− 4F ′(tm)

=
4(tm +

∑
`∈S b`)b1(1− p1)/p1

(tm + b1(1− p1)/p1)3
− 4b1(1− p1)/p1

(tm + b1(1− p1)/p1)2

≤ 4(tm + b1(1− p1)/p1)b1(1− p1)/p1

(tm + b1(1− p1)/p1)3
− 4b1(1− p1)/p1

(tm + b1(1− p1)/p1)2
= 0.

Here, the last inequality follows from
∑

`∈S b` ≤
∑k

`=2 b` = b1(1 − p1)/p1, since we
assumed that b`/p` = b1/p1. Hence, whatever configuration has been chosen, the
objective value is concave in tm. Thus, by similar arguments as before (Lemma 6.7),
it is optimal not to turn.

Finally, we have to show that a distribution that is dominated in each direction by
a distribution for which it is optimal not to turn, also has an optimal solution that
does not turn. Again, by fixing a configuration, we see that we can write down the
optimal value as a sum of terms, where each term depends on (pi − Fi(tj)) for some i
and j. Now, it is easy to see that the proofs of Lemma 6.4 and 6.8 extend to our cases.
This completes the proof.
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6.5 Approximation

In this section, we investigate the worst-case performance of not turning. We start
by giving a lower bound on the optimal value Opt for symmetric distributions that
relates it to E[D], the expected distance between origin and target. The approximation
ratio then follows easily. We restrict ourselves to the case of only two directions and
probability distributions with domain [0, 1] on each side.

Lemma 6.12. For symmetric distributions, Opt ≥ 2E[D].

Proof. For each x, there is a symmetric point at the same distance in the other direc-
tion, say x′. The best way to visit just these two points, i.e., such that the average
arrival time is minimized, is to walk to x and then to x′ (or vice versa). In this way,
you visit x at time x and x′ at time 3x, so on average at time 2x. Hence, we can
restrict ourselves to one direction, where each probability is doubled and each arrival
time is also doubled. Since this is true for all x > 0, we see that Opt is at least∫ ∞

0

4xdF (x) = 2E[D].

Theorem 6.13. Not turning is a 1
2

(
1 + 1

E[D]

)
-approximation.

Proof. The algorithm of not turning produces a walk of expected length E[D]+1. Since

Opt ≥ 2E[D], we get a ratio of 1
2

(
1 + 1

E[D]

)
.

Note that for symmetric density functions that are concave on (0, 1), we have E[D] ≥
1
3
. This is true since the extreme case, the triangular distribution, has E[D] = 1

3
. Hence,

not turning is a 2-approximation. Finally, we show in Table 6.5 how well this approach
performs compared to the optimal solution. Here, the first four distributions are of the
form 1− xα. Since E[D] approaches 1

4
for α small, not turning is a 2.5-approximation

for these distributions. The last three distributions are of the form e−λx. If λ → ∞,
then E[D] → 0 and the approximation ratio gets arbitrarily large. The first column
presents an upper bound on E[D] + 1. In the second column of the table, a lower
bound on the optimal value is given. This is obtained by discretizing the probability
distribution and solve the problem with dynamic programming.

UB LB Ratio
1− x2 1.375 1.270 1.083
1− x 1.334 1.179 1.132

1−
√
x 1.3 1.083 1.201

1− x1/100 1.252 0.942 1.330
e−10x 1.100 0.383 2.873
e−50x 1.020 0.069 14.783

Tab. 6.1: Approximation ratio’s for not turning.
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6.6 Conclusion

We gave a characterization of symmetric distributions for which it is optimal not to
turn. This was also generalized to the case of multiple directions. It is still open
whether we can also characterize asymmetric distributions with this property. If we
look at the relation with Kella’s theorem, one can see that for symmetric (and slightly
more general) distributions it is optimal not to turn if and only if K(x) ≥ K(b`) for
all x ∈ (0, b`) and for all `. We conjecture that for general distributions it is optimal
not to turn if and only if K(x) ≥ K(b`) = b`(1− p`) for all x ∈ (0, b`), but we were not
able to prove this.
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CHAPTER 7

Graphs of bounded starwidth

The results in this chapter were published in [37].

7.1 Introduction

The traveling repairman problem is a very interesting problem in computational com-
plexity. It is NP-hard on weighted trees [96] and polynomially solvable on line graphs
[1] and star graphs. The latter result is folklore, and even holds when vertices have
weights and our goal is to minimize the weighted sum of arrival times. An algorithm
that solves the TRP on star graphs is the following. Sort the leafs in non-increasing
order of the ratio between the weight of the vertex and the length of the edge. Then,
visit the leafs in this order. It is unclear how the TRP can be solved on slightly more
general graphs, like spiders of depth 2.

Intrigued by the complexity of the traveling repairman problem, we consider the
case where the given graph looks like a star graph. In this chapter, we introduce the
graph parameter starwidth. It naturally measures how much the graph looks like a star
graph in the sense that it is the star-equivalent of treewidth [23]. A star decomposition
of a graph and its starwidth are defined as follows.

Definition 7.1. A star decomposition of a graph G = (V,E) is a star with core X0

and leafs X1, . . . , Xm, where each Xi is associated with a subset of V , satisfying the
following properties:

1. The union of all sets Xi equals V .

2. For every edge (v, w) in G, there is a subset Xi that contains both v and w.

3. For i 6= j, i, j ≥ 1, if Xi and Xj both contain vertex v, then X0 contains v as
well.

The width of a star decomposition is defined as maxi |Xi| − 1. The starwidth sw(G) of
graph G is the minimum width among all possible star decompositions of G.

An example of a star decomposition of a graph is illustrated in Figure 7.1. Note
that star graphs have starwidth equal to 1. Also note that the starwidth of a graph is
larger than or equal to its treewidth, since every star decomposition is also a tree de-
composition. It is interesting to study this parameter, because it might be that certain
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Fig. 7.1: Example graph and a star decomposition with width 3.

problems which are intractable on graphs restricted to some parameter being bounded,
like bounded treewidth graphs, become tractable on bounded starwidth graphs. Unfor-
tunately, we did not succeed in finding such a problem. However, this does not mean
that such a problem does not exist and we think that the results obtained in this work
can be interesting in their own right.

We start with characterizing the class of graphs of starwidth equal to 1 by a set
of forbidden minors. We also show that the obstruction set for bounded starwidth
graphs contains at least a path and a galaxy (collection of stars). Then, we show that
computing the starwidth of a given graph is an NP-hard problem. It is fixed parameter
tractable when parametrized by its outcome. We also show how the parameter relates
to tree-depth and vertex cover number. Finally, we discuss the complexity of some
problems on bounded starwidth graphs.

7.2 Characterization

We start with stating that the class of bounded starwidth graphs is closed under taking
minors. Here, a graph H is a minor of G if H can be obtained from G by deleting
vertices, by deleting edges and by contracting edges. It is easy to see that this is
true, since deletion of vertices and edges or contraction of edges does not increase the
starwidth of a graph.

Lemma 7.2. If H is a minor of G, then sw(H) ≤ sw(G).

This enables us to use the Graph Minor Theorem [91], which states that every class
of minor-closed graphs can be characterized by a finite set of forbidden minors, also
known as the obstruction set. We now show that the obstruction set of the graphs of
starwidth 1 is given by the graphs in Figure 7.2.

Fig. 7.2: K3, P5, P4 + P3 and 3P3.

Theorem 7.3. Graph G has sw(G) = 1 iff G does not have K3,P5,P4 +P3 and 3P3 as
minor.
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Proof. It is easy to see that K3, P5, P4 + P3 and 3P3 have starwidth 2. Since the
class of graphs of starwidth equal to 1 is closed under taking minors, these graphs are
forbidden minors.

Graphs that do not have K3 as a minor are forests. Moreover, graphs that do
not have P5 as a minor have a diameter of at most 3 in each component. If there
is a component with diameter 3, all other components are isolated edges or vertices.
Otherwise, P4 + P3 is a minor. Similarly, if there is no component with diameter
3, the graph contains at most two stars with more than two vertices, and the other
components are isolated edges or vertices. Otherwise, 3P3 is a minor. The theorem
follows because the graphs described, i.e., graphs where at most two vertices have
degree at least 2, have starwidth equal to 1.

We now discuss the obstruction set for graphs of starwidth p, for some fixed p.
Before proceeding to the next theorem, we define the graph class galaxy. A graph is
called a galaxy if each component is a star. In particular, we define the (n, k)-galaxy
to be a graph having n components, where each component is a star on k vertices.

Theorem 7.4. The obstruction set characterizing graphs of starwidth k contains at
least one line graph and one galaxy.

Proof. First, we show that a line graph with n vertices has starwidth Ω(
√
n). The

optimal way to construct a star decomposition for Pn is to pick ` vertices whose deletion
splits the path into O(n/`) approximately equally sized segments, and put them in
the core. This decomposition has starwidth O(min{`, n/`}), which is minimized for
` = O(

√
n). Hence, we have that sw(Pn) ∈ Ω(

√
n). Thus, in order to get bounded

starwidth, we need at least one path in the obstruction set.
Secondly, it is easy to see that the (n, n)-galaxy has starwidth exactly n− 1. This

can be obtained by taking all centres in the core. Leaving one out leads to having a leaf
containing n vertices. Hence, we need at least one galaxy in the obstruction set.

It remains open whether these two forbidden minors define the class of bounded
starwidth graphs, i.e., whether the class of bounded starwidth graphs is equivalent to
the minor-closed class of graphs with an obstruction set containing at least one line
graph and one galaxy.

7.3 Complexity

In this section, we first show that computing the starwidth of a given graph is NP-
hard. Secondly, we will show that the problem parametrized by its outcome is fixed
parameter tractable and even solvable in linear time.

To show that computing starwidth is NP-hard, we reduce from the vertex cover
problem [70]. Here, we are given a graph G = (V,E) and an integer k. The question
is whether there is a subset of the vertices of size at most k such that every edge is
covered, i.e., it has at least one endpoint in this set. The problem is still NP-complete
in some restricted setting.

Lemma 7.5. The vertex cover problem is still NP-complete when each vertex has degree
at most k− 1, and there are no two vertices u, v with degree k− 1 such that (u, v) ∈ E
and N(u) \ {v} = N(v) \ {u}, where N(u) denotes the neighborhood of vertex u.
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Proof. First of all, the problem is still NP-complete when each vertex has degree less
than k. If vertex v has degree at least k, it is easy to verify whether the neighbors of
v form a vertex cover. If this turns out to be false, we include v in the vertex cover,
remove it from G and lower k by 1. Secondly, the problem is NP-complete when there
are no two vertices of degree k − 1 connected with an edge sharing the same k − 2
neighbors. If an instance does have such a pair, one can do the following preprocessing
step. If exactly one of the vertices is included in the vertex cover, then all the other
k − 2 neighbors should be included in it as well. This will result in a yes-instance if
the graph without these vertices and incident edges is a star. If this is not the case for
both vertices, one can include them in the vertex cover, delete them from G and lower
k by 2.

Theorem 7.6. Computing starwidth is NP-hard.

Proof. We are given a graph G and an integer k with the properties stated in Lemma
7.5. Create graph G′ by copying G and adding k − deg(v)− 1 vertices for each vertex
v, where deg(v) denotes the degree of vertex v in G. Add edges such that each vertex
forms a clique with its added vertices.

Suppose we have a vertex cover in G of size k. Then, we can create the following
star decomposition of G′. The core consists of all vertices in the vertex cover. Each
leaf corresponds to either a vertex in the remaining independent set with its neighbors
or a vertex in the cover with its added vertices. It can be verified that each vertex is
in the core or in a leaf, each edge is in the core or a leaf and that vertices that are in
multiple leafs are also contained in the core. It is also easy to see that the core and
each leaf has size at most k. Hence, G′ has starwidth at most k − 1.

Now, suppose that we a have a star decomposition of G′ with width k−1. We claim
that the core corresponds to a vertex cover in G of size k. For the sake of contradiction,
suppose that this is not the case. This implies that there must be an edge (u, v) such
that u and v are not in the core. This means that u and v are in the same leaf together
with all their neighbors. If one of them has degree smaller than k − 1 in G, then this
leaf contains more than k vertices. This is also the case when both vertices have degree
k − 1 in G, since u and v do not share all their k − 2 neighbors. Hence, we have a
contradiction and the vertices in the core are a vertex cover of size k in G.

Next, we consider the parametrized complexity of determining the starwidth of a
graph. In this area of research, a problem is given by an input and a separate parameter
k. A problem is called fixed parameter tractable (FPT) when there exists an algorithm
that runs in O(f(k) · nO(1)) time. Here, n is the input size and f is some computable
function. For more details on parametrized complexity, the reader is referred to [33].

In the k-starwidth problem, we are given as input a graph G = (V,E) and a
parameter k. The problem is to decide whether sw(G) ≤ k. To show that k-starwidth
is in FPT, we use the fact that a graph of starwidth at most k can be described by
a finite set of forbidden minors [91]. Since verifying that a given graph has a specific
minor can be done in time O(f(h) · n3) [90], where h is the number of vertices of the
minor, our problem is in FPT.

To improve this result, we show that the problem is MSO1-expressible, where MSO1

stands for first-order monadic second order logic, which is defined as follows. One is
given a graph as a set of vertices V and an adjacency relation adj(u, v). A graph
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property is MSO1-expressible if it can be described as a logic formula using sets of
vertices. For example, one can describe non-connectivity by

∃S(∃x ∈ S∧∃y /∈ S ∧ (∀u, v ∈ S(u ∈ S ∧ adj(u, v)→ v ∈ S))).

In words, there is a proper subset S of V such that vertices in S are only connected
to vertices in S. Courcelle’s Theorem [30] now states that every graph property that
can be expressed as a MSO1 formula of fixed size, can be recognized in linear time on
bounded treewidth graphs. This enables us to prove the following theorem.

Theorem 7.7. k-starwidth can be decided in O(f(k) · n) time.

Proof. First, we give an alternative characterization of starwidth. A graph has star-
width at most k if there is a core S, containing at most k + 1 vertices, such that for
each vertex not in the core, there is a leaf containing this vertex, all its neighbors and
at most k + 1 vertices in total. This can be formulated in MSO1 logic as follows.

∃S(|S| ≤ k + 1 ∧ ∀v ∈ (V \ S)(∃X(v ∈ X ∧ |X| ≤ k + 1

∧ ∀u ∈ (X \ S)(∀w ∈ V (adj(u,w)→ w ∈ X))))).

Note that it is not allowed to use cardinality constraints. However, these can be avoided
by additional strings of length O(k). Namely, we can replace ∃S(|S| ≤ k + 1) with

∃S, s1, . . . , sk+1(∀v ∈ V (v = s1 ∨ . . . ∨ v = sk+1 ∨ v /∈ S)).

Hence, since we have fixed k, we derived that k-starwidth is MSO1-expressible. Using
the fact that every graph with bounded starwidth has bounded treewidth, we can apply
Courcelle’s Theorem in order to get a linear time algorithm.

7.4 Relation with other parameters

Before relating starwidth to the vertex cover number, we discuss an equivalent graph
completion problem. In graph completion problems, we are given a graph and we have
to add edges such that the resulting graph is in some class of graphs while minimizing
some objective function. It is well-known [23] that computing the treewidth is equiv-
alent to finding the chordal completion with minimum clique size. Here, a graph is
chordal if every cycle of length at least four has a chord, i.e., an edge between two
vertices in the cycle that are not adjacent in the cycle. Also, computing pathwidth is
equivalent with finding the interval completion with minimum clique size. An inter-
val graph is the intersection graph of a family of intervals on the real line, where the
vertices correspond to intervals.

We show a similar result for starwidth. For this, let graph class H contain all
chordal graphs such that it has a star as optimal tree decomposition. These graphs
can also be defined as chordal graphs with the property that there is one clique C0

such that each pair of subsets of vertices that induce cliques Ci 6= C0 and Cj 6= C0 has
the property Ci ∩Cj ⊆ C0. This class is a subset of the chordal graphs and a superset
of split graphs. Here, split graphs are defined as graphs that can be partitioned into
a clique and an independent set. More generally, the class H is also a superset of
k-starlike graphs, which are defined as follows. We define a graph to be k-starlike if
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it is chordal and it has a star as optimal tree deomposition. Moreover, the number
of vertices that is in a clique corresponding to a leaf in the star decomposition, but
not in the clique corresponding to the core, is at most k. Note that the class of split
graphs is equivalent to the class of 1-starlike graphs. We call the graphs in H the
∞-starlike graphs, since it is equivalent with the definition of k-starlike graphs, but
without restricting cliques that correspond to leaves to have at most k new vertices.
We can now prove the following theorem. Here, ω(G) denotes the size of the maximum
clique of G. Further, we say that H = (VH , EH) is a completion of G = (V,E), denoted
by H ⊇ G, if VH = V and EH ⊇ E.

Theorem 7.8. sw(G) = min{ω(H) − 1|H ⊇ G,H ∈ H}, where H is the class of
∞-starlike graphs.

Proof. Suppose that we have a star decomposition of width k − 1. For each node Xi

of the decomposition, add edges to G such that the vertices of Xi form a complete
subgraph. The resulting graph has a star as tree decomposition, namely the one we
started with, and it has clique number at most k, since the core and every leaf has at
most k vertices.

Now, suppose that G is contained in graph H ∈ H with clique number at most
k. Take its tree decomposition, which is a star decomposition that is also valid for G.
Since the clique number of H is at most k, each node has at most k vertices. Hence,
the star decomposition has width k − 1.

We can now relate starwidth to the vertex cover number vc(G). Here, we need that
vertex cover number relates to finding the split completion of minimum clique size.

Corollary 7.9. vc(G) ≥ sw(G).

Proof. This follows from the fact that

min
H⊇G,H∈S

ω(H) ≤ vc(G) + 1,

where S is the class of split graphs. This fact can be proven as follows. Given is a
graph and its vertex cover. Now, add edges such that the vertices from the cover form
a clique. It is easy to see that we have obtained a split completion. The size of the
maximum clique in this graph is at most the size of the vertex cover plus 1. The extra
vertex appears in this clique when it is adjacent to all vertices in the cover, but it is
not in the cover itself.

Since split graphs form a subclass of ∞-starlike graphs,

vc(G) ≥ min
H⊇G,H∈S

ω(H)− 1

≥ min
H⊇G,H∈H

ω(H)− 1 = sw(G).

Hence, when a graph has bounded vertex cover number, it also has bounded star-
width. It is easy to construct examples that have an unbounded vertex cover number,
but bounded starwidth.
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On the other hand, we can upper bound the class of bounded starwidth graphs by
the class of bounded tree-depth graphs [81]. A tree-depth decomposition of component
Gi = (Vi, Ei) of G = (V,E) is a rooted tree on Vi such that vertices connected by an
edge have an ancestor-child relation in the tree. The tree-depth of a component is the
minimum depth among all tree-depth decompositions and the tree-depth of a graph is
the maximum tree-depth over all components.

Theorem 7.10. If a graph has bounded starwidth, it has bounded tree-depth.

Proof. Given a star decomposition of width k, one can construct the tree depth de-
composition depicted in Figure 7.3. We start by making a path on the vertices in
the core. Then, for each leaf, we consider the vertices of the leaf without vertices of
the core and attach a path on these vertices to the bottom vertex of the first path.
In the resulting tree, there is a ancestor-child relation between every pair of vertices,
unless the vertices are in different leafs and not in the core. Since these vertices do not
have an edge connecting them, we obtained a feasible tree-depth decomposition. This
decomposition has tree-depth at most 2k + 2.

Observe that a galaxy has bounded tree-depth, but unbounded starwidth. This
shows that these classes have a strict inclusion.

···

··· ··· ···. . .

r

Fig. 7.3: Tree-depth decomposition with root r obtained from star decomposition.
White vertices correspond to the vertices of X0. Black vertices correspond
to the vertices of X1 \X0, X2 \X0, . . . , Xm \X0.

7.5 Problems on bounded starwidth graphs

The main open question is whether there is a problem that is intractable when consid-
ered on bounded treewidth graphs (or even bounded tree-depth graphs), but solvable
on bounded starwidth graphs. This would increase the importance of the parameter.
Unfortunately, we did not find such a problem yet. We now discuss the complexity of
some problems on bounded starwidth graphs.

7.5.1 Traveling repairman problem

In this section, we consider again the traveling repairman problem (TRP) with vertex
weights. Here, we are given a rooted graph with vertex weights and edge lengths and
the goal is to find a tour that minimizes the sum of weighted latencies. It was shown in
[96] that the problem is NP-hard on trees by a reduction from 3-Partition [51]. Here,



90 Graphs of bounded starwidth

. . .

Fig. 7.4: Tree used in reduction for TRP

we show how a similar reduction shows that TRP is NP-hard on the tree depicted in
Figure 7.4. Since this tree has starwidth 4, we know that TRP is still NP-hard on trees
of starwidth 4.

Note that we can reduce an instance of TRP to an instance with unit vertex weights
by replacing a vertex with weight w by w vertices at distance zero from each other.
This works as long as the vertex weights are polynomially bounded. In this way, one
can see that TRP is even NP-hard if the vertex weights are equal to one. However,
since this construction increases the starwidth dramatically, we cannot make a similar
statement about the complexity of TRP on bounded starwidth graphs.

We will reduce TRP from Partition [70] and redo the proof of [96]. First, we need
some additional notation. Consider the optimal tour T and let t0 = 0, t1, . . . , tk be the
moments at which the repairman is in the root, where tk equals the length of T . If we
define Ti to be the subtour of T between time ti−1 and ti, and denote |Ti| and Wi for
the total length and total weight of Ti respectively, then we have the following lemma.

Lemma 7.11. [96] For any optimal tour T the following holds.

1. W1

|T1| ≥
W2

|T2| ≥ . . . ≥ Wk

|Tk|
.

2. If Wi

|Ti| =
Wj

|Tj | for some i, j ∈ {1, . . . , k}, then the total latency remains the same if

the subtours Ti and Tj swap their position on T .

We are now able to prove NP-hardness by using a reduction from Partition. In
this problem, we are given n integers p1, . . . , pn and a number P = 1

2

∑
i pi. The

question is whether there exists a set of indices I ⊆ {1, . . . , n} such that
∑

i∈I pi = P .
This problem is weakly NP-complete [70].

r xi yi zi

ui

`i ai m

2Qai

ai

1

1 ai

Fig. 7.5: Branch i in reduction for TRP.

Theorem 7.12. TRP is (weakly) NP-hard on trees with starwidth 4.

Proof. Given an instance of Partition, we define ai = Kpi for all i and Q = KP ,
where K = 2Pn2. Hence, Q = 1

2

∑
i ai. We construct the following starwidth 4 tree on

4n+ 1 vertices. Let r be the root of the tree.
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For each i, we create a branch containing the path (r, xi, yi, zi) and the edge (xi, ui)
(Figure 7.5). The length of edges (r, xi), (xi, yi), (yi, zi) and (xi, ui) are equal to `i, ai,
m and 2Qai respectively, where `i and m are specified later. Vertices xi and zi get
weight ai, whereas vertices yi and ui get weight 1.

We can now choose lengths `i and m sufficiently large so that for each i, we only
traverse edge (r, xi) exactly once in each direction and we always visit vertex ui before
zi. Furthermore, if we set `i equal to M(2ai + 2) − (2Q + 1)ai − m, where M is a
big number, we have all Wi

Li
equal, where Wi and Li denote the total weight and total

length of branch i respectively.
Note that there are only two ways to visit the clients in branch i. Either we do

(r, xi, ui, yi, zi), which we call a 1-tour, or we do (r, xi, yi, ui, zi), which we call a 2-
tour. Fix an optimal solution. Renumber the branches such that in the optimal tour
branches 1, . . . , n′ are traversed as a 1-tour and branches n′ + 1, . . . , n are traversed as
a 2-tour. By Lemma 7.11, we know that branches 1, . . . , n′ are visited before branches
n′ + 1, . . . , n.

We are now going to compare the optimal tour to the solution where each branch
is traversed as a 1-tour. By Lemma 7.11 and the choices above, we may assume that
the order in which the branches are served is the same for both tours. We start with
the all 1-tour solution and modify it to obtain the optimal solution, i.e., we traverse
branches n′ + 1, . . . , n as a 2-tour instead of a 1-tour.

If branch i becomes traversed as a 2-tour, the following changes happen. The
latency of vertex yi decreases by 4Qai. However, the latencies of uj and zj for j ≥ i
and xj and yj for j ≥ i+ 1 each increase by 2ai. The total (gross) delay of vertices uj
and yj is denoted by R. Note that there are at most 2n vertices that all have weight
1 and each of them has a delay of at most 2(n− 1)Q. Hence, R < 4Qn2. We can now
make the following derivation. Let COPT and C denote the total latency of the optimal
and all 1-tour solution respectively.

COPT = C +R +
n∑

i=n′+1

(
2a2

i − 4Qai +
n∑

j=i+1

4aiaj

)

= C +R + 2

(
n∑

i=n′+1

ai

)2

− 4Q
n∑

i=n′+1

ai.

If we have a yes-instance for Partition, we can associate the branches that are served
as a 1-tour and the ones served as a 2-tour with the sets that induce the partition
respectively. Then, we get

∑n
i=n′+1 ai = Q and

COPT = C +R + 2Q2 − 4Q2

= C +R− 2Q2

< C + 4Qn2 − 2Q2

= C + 2K2 − 2Q2. (7.1)

Since
∑n

i=n′+1 ai and Q are both a multiple of K, we know that(
n∑

i=n′+1

ai −Q

)2

< K2
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if and only if
∑n

i=n′+1 ai = Q. Equivalently,

2

(
n∑

i=n′+1

ai

)2

− 4Q
n∑

i=n′+1

ai < −2Q2 + 2K2

if and only if
∑n

i=n′+1 ai = Q. Therefore, if we have a no-instance for Partition, we
have

COPT = C +R + 2

(
n∑

i=n′+1

ai

)2

− 4Q
n∑

i=n′+1

ai

≥ C − 2Q2 + 2K2.

Combing this with (7.1) completes the proof. Since the constructed tree is the tree
in Figure 7.4 with starwidth 4, we have shown that TRP is NP-hard for trees with
starwidth 4.

Note that the proof above also shows that TRP is NP-hard on trees with diameter
6. In [21], it was shown that TRP is polynomially solvable on graphs of diameter 3. It
would be interesting to close this gap. Also note that it follows from [21] that TRP is
solvable on (connected) starwidth 1 graphs.

7.5.2 Other problems

In the weighted diameter problem (WDP), we are given a graph G = (V,E) and |E|
integers. The goal is to find an assignment of the integers as lengths to the edges such
that the diameter of the graph is minimized. It was shown to be NP-hard on trees in
[87] by a reduction from Partition. The authors also note that a similar reduction
from 3-Partition shows that the problem is still NP-hard on the tree in Figure 7.6.
Hence, the WDP is NP-hard on trees of starwidth 3. Note that in 3-Partition, we
are given 3m integers and the question is whether we can partition these into m sets
of equal weight.

. . .

Fig. 7.6: Tree used in reduction for WDP.

In the graph motif problem (GMP), we are given a vertex-colored graph and a
multiset of colors. The question is whether there is a connected subgraph that contains
exactly the colors from the given multiset. Lacroix et al. [77] show that the problem
is NP-complete on trees by a reduction from Exact Cover by 3-Sets. Since the
tree they created (Figure 7.7) has starwidth 4, the GMP is still NP-complete on trees
of starwidth 4.
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. . .

Fig. 7.7: Tree used in reduction for GMP.

Another problem that was shown to be NP-hard on trees, even on bounded diameter
trees, is the harmonious coloring problem [35]. In this problem, we are given a graph
and the goal is to properly color the vertices, i.e., such that every two vertices connected
by an edge are colored differently, using the minimum number of colors. However, for
each pair of colors, there should be at most one edge that has these colors as endpoints.
The reduction used in [35] constructs a graph starting with a galaxy. Hence, this tree
does not have bounded starwidth. It remains an open question whether the harmonious
coloring problem, or its counterpart achromatic number, i.e., the problem of finding a
proper vertex coloring, such that every pair of colors is used at least once, using the
maximum number of colors, is solvable on bounded starwidth graphs.

7.6 Conclusion

We introduced the graph parameter starwidth and have shown preliminary results on
characterization, complexity and the relation with other parameters. The main open
question is whether there is a problem that is intractable on bounded treewidth graphs
(or even on bounded tree-depth graphs), but solvable on bounded starwidth graphs.

Finally, we would like to mention that the TRP has only been shown to be polyno-
mially solvable if the underlying graph is a star or a line (path) graph. Two extensions
for which the complexity is still open, even in the case of uniform vertex weights, are
depicted in Figure 7.8.

Fig. 7.8: Left: spider of depth two, right: centipede graph.

The first is a spider of depth 2, which is defined as a tree having exactly one vertex
with degree greater than 2 and all other vertices are at distance at most 2 from this
vertex. Note that this graph has starwidth equal to 2. If one is able to determine
which legs have to be visited in two visits, one can use the algorithm for star graphs
to solve TRP on this type of graph. However, an efficient way to do this is missing.
Hence, the TRP is still open on spiders of depth 2. Another case which is still open is
the TRP on caterpillar graphs. Formally, a caterpillar is a tree such that deletion of
the leafs will result in a line graph. One could also consider it to be a path with edges
sticking out. Extending the dynamic programming algorithm for TRP on line graphs
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does not seem to work. Note that the TRP is even open on the centipede graph, a
caterpillar with only one edge sticking out of each vertex of the central path. Also note
that this models the TRP on the line with processing times, which is a long-standing
open problem [74].
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Summary

In this thesis, we study the approximability and complexity of routing problems under
uncertainty. In routing problems, we have to walk through a graph while optimizing
some objective. For example, in the traveling salesman problem (TSP) we have to
visit all vertices in the graph using a tour of minimum length. Another example is
the traveling repairman problem (TRP), where we want to minimize the total latency.
In this thesis, we consider two types of routing problems under uncertainty: a priori
routing and graph search.

In a priori routing only a subset of the vertices of the graph needs to be visited
but this subset is unknown. However, we need to make just one tour on all vertices
called the first-stage tour. After that, the set of vertices to be visited, the active set,
is revealed. The second-stage tour can now be derived by shortcutting the first-stage
tour to the active set. If we are given a probability distribution over the active sets, we
can compute the expected cost of the second-stage tour. Now, our goal is to construct
a tour minimizing this expectation. We consider two objectives, namely the length (as
in TSP) and the total latency (as in TRP) of a tour. We also consider two models for
the probability distribution. In the independent decision model, each vertex is active
with its own probability independent of other vertices. In the scenario model, we are
given a list of possible active sets, called scenarios, with a probability distribution over
the scenarios.

The graph search problem is defined as follows. There is a target hidden at a vertex
in the graph and one has to find it. We are given a probability distribution and our
goal is to find a walk that minimizes the expected length until finding the target.
When all probabilities are equal, the graph search problem reduces to the TRP. We
consider generalizations to multiple targets, failing edges and non-discrete probability
distributions.

In Chapter 2 we study the a priori traveling repairman problem in the independent
decision model. Using a series of reductions to other routing problems, we were able to
give a constant-factor approximation for the uniform case, i.e., when all probabilities
are equal. Then, in Chapter 3, we discuss the a priori traveling salesman problem in
the scenario model. We show that there is a constant-factor approximation when the
scenarios are small, big or nested or when the number of scenarios is bounded. By
linking the problem to the so-called permutation constraint satisfaction problems, we
show strong inapproximability results. We also look into approximation algorithms
using the master tour lower bound, i.e., the weighted sum of optimal values for the
scenarios. However, we show that this lower bound will not help us to improve on prior
work. In Chapter 4, we show that determining if a given graph and a set of scenarios
has a master tour, a tour such that each second-stage tour has the same length as the
optimal tour on just that scenario, is ∆p

2-complete. We also show this for the master
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versions of satisfiability and Steiner tree. The main open question in a priori routing
is whether we can improve upon the current best O(log n)-approximation for a priori
TSP in the scenario model.

The Canadian traveler problem is investigated in Chapter 5. In this problem, we
have to walk from s to t in a graph. However, only edges in the active set (again
using a probability distribution) are present. Moreover, we only know whether an
edge is present after visiting one of its endpoints. The goal is to construct a policy
that minimizes the expected length of the walk. We study both the independent
decision and the scenario model. For the independent decision model, we show NP-
hardness for series-parallel graphs, solving an open question posed in the literature.
Moreover, we investigate what it means for an algorithm to be non-adaptive and show
results on the implications of being non-adaptive through analyzing the adaptivity
gap. For the scenario model, we show NP-completeness on disjoint-path graphs and
cactus graphs. Although this chapter is named after the Canadian traveler problem,
it mainly concerns a special case called the multi-target graph search problem. For this
problem, in the independent decision model, we show NP-completeness on trees and
give a 14.4-approximation for general metrics. In the scenario model, the problem is
already NP-complete on stars.

Chapter 6 deals with the lost cow problem. This problem can be seen as a non-
discrete generalization of the graph search problem on the line. For symmetric proba-
bility distributions, we characterize whether it is optimal not to turn, i.e., to walk to
the end of the line on one side and then to the other end. We generalize this result
to more than two directions and also consider non-symmetric distribution functions.
In Chapter 7, we introduce the graph parameter starwidth. It naturally measures to
what extend a graph looks like a star graph in the sense that it is the star-equivalent of
treewidth. Our main goal in introducing this parameter was to extend the polynomial
solvability of TRP on stars to graphs that look like stars. Unfortunately, TRP turns
out to be NP-complete on trees of starwidth 4. Nonetheless, this parameter might be
interesting in another setting. In this chapter, we consider characterizations of graphs
with small starwidth, the complexity of computing the starwidth of a given graph and
the relation between other graph parameters. Finally, we show three problems that
are NP-complete on trees and remain NP-complete on trees with small starwidth.



Solutions to the exercises

Hamiltonian cycle The first exercise was to determine whether the graph in Figure
1.1 contains a Hamiltonian cycle, a tour that uses only edges to go from one vertex to
another, and visits each vertex exactly once. This graph, the (12, 2)-Petersen graph, is
Hamiltonian. For example, the following tour can be drawn.

Actually, there are 34 Hamiltonian cycles in this graph. The problem of deciding
whether a given graph has a Hamiltonian cycle is an NP-complete problem [70].
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Bin packing The reader was challenged to solve the instance of the bin packing
problem with bin capacity 20 and item sizes 11, 11, 7, 7, 6, 6, 6, 3 and 3. A solution
to the bin packing problem can be visualized as in the figure below, where heights
correspond to bin capacity or item sizes. The solution depicted below is the only
solution using three bins. It is clear that this is optimal, since the items would not fit
into two bins. The bin packing problem, pack the items into a minimum number of
bins, is also an NP-hard problem (its decision version is NP-complete) [51].

11 11

6 6

3 3

7

7

6
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Assignment problem Here, we were looking for the optimal assignment of swimmers
to disciplines for a 4×50 meters relay medley. There are actually three solutions, with
value 125, as shown in the tables below, where the chosen entries of the matrix are
colored red.

Sol. 1 A B C D
Back 39 33 38 35
Brea 34 41 34 33
Butt 29 30 33 31
Free 28 27 30 29

Sol. 2 A B C D
Back 39 33 38 35
Brea 34 41 34 33
Butt 29 30 33 31
Free 28 27 30 29

Sol. 3 A B C D
Back 39 33 38 35
Brea 34 41 34 33
Butt 29 30 33 31
Free 28 27 30 29

This problem, also known as the weighted bipartite matching problem, is polyno-
mially solvable. One algorithm that solves the problem is the Hungarian method [76].
It starts with the matrix of values. Since in any assignment each discipline will take
at least the minimum time for that discipline, we can subtract this minimum for each
row in the matrix and obtain an equivalent instance. So,


39 33 38 35
34 41 34 33
29 30 33 31
28 27 30 29

→


6 0 5 2
1 8 1 0
0 1 4 2
1 0 3 2


We also know that in any assignment each swimmer will take at least its minimum

time over the disciplines. Hence, we can also subtract this minimum over all columns
in the matrix (only useful in column 3).


6 0 5 2
1 8 1 0
0 1 4 2
1 0 3 2

→


6 0 4 2
1 8 0 0
0 1 3 2
1 0 2 2


We would like to make an assignment using only zeros. Unfortunately, this is not

possible yet. Since this is not possible, we could cover all zeros in the matrix by covering
less than four rows or columns. In this case, we can cover all zeros by covering the first
two columns and the second row. The Hungarian method now looks at the minimum
uncovered element, subtracts it from all uncovered elements and adds it to all double
covered elements. This gives


6 0 4 2
1 8 0 0
0 1 3 2
1 0 2 2

→


6 0 2 0
3 10 0 0
0 1 1 0
1 0 0 0


Now, we can make an assignment using only zeros. In fact, there are three ways

to do this, like stated before. One could understand the last step of the algorithm if
one understands the problem more thoroughly. For this, we advise the reader to read
a basic textbook in discrete mathematics [84].



110 Solutions to the exercises

Minimum cut As a final exercise, the reader could try to find the minimum cut in
the graph in Figure 1.4. The solution is illustrated in the figure below, where red edges
are edges chosen in the cut. The minimum cut has weight 12. In the figure below,
there is also a dashed line which shows how the graph is cut into two components, one
containing s and one containing t.
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The minimum cut problem is also polynomially solvable. Moreover, it has a nice
relation with the maximum flow problem. In the latter problem, one is given a graph
with edge capacities and two specified vertices s and t. The goal is to send as much
flow as possible from s to t, while not exceeding the edge capacities. Here, a flow can be
thought of as liquid flowing through pipelines. A flow should obey flow conservation in
every vertex other than s and t, meaning that the amount of flow entering the vertex is
equal to the amount of flow leaving the vertex. A consequence of this restriction is that
the amount of flow that flows trough a cut is the same for every cut. Now, it is easy to
conclude that the maximum amount of flow is at most the weight of the minimum cut.
More surprisingly, it holds that these quantities are always the same [45]. To show that
the solution for the minimum cut problem with weight 12 is optimal, it is sufficient to
show that there is a flow of value 12, which is shown in the figure below. Red numbers
show how much flow is sent through the edge and the arrow shows in which direction
the flow is sent.
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