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Abstract

We consider discrete time branching random walk on real line where the displacements
of particles coming from the same parent are allowed to be dependent and jointly regularly
varying. Using the one large bunch asymptotics, we derive large deviation for the extremal
processes associated to the suitably scaled positions of particles in the nth generation where
the genealogical tree satisfies Kesten-Stigum condition. The large deviation limiting measure
in this case is identified in terms of the cluster Poisson point process obtained in the underlying
weak limit of the point processes. As a consequence of this, we derive large deviation for the
rightmost particle in the nth generation giving the heavy-tailed analogue of recent work by
Gantert and Hofelsauer [2018].
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1 Introduction

Branching Random Walk (BRW) on real line is a generalization of a branching process which allows
spatial movement of the particles on the real line. The process starts with a single particle and then
each particle moves and branches independently of the other particles. A more detailed description
is as follows: It starts with one particle at the origin of the real line at time 0. Each particle lives
for a unit time and then gives birth to an independent copy of a point process .. The number of

atoms of the point process produced by a particle denotes the number of children of the particle
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and the atom(s) of the point process denote(s) displacement(s) attached to children of the particle.
Position of a particle is defined to be displacement of the particle translated by position of its
parent. Collection of positions of the particles in the system is known as BRW. Generation of a
particle denotes time of its birth. For a more detailed mathematical description of BRW, we refer
the reader to Subsection 2.2.

Since last few decades, the model BRW attracted attention of many researchers from different
disciplines due to its connection to Gaussian multiplicative chaos (Ding et al. [2017]), Gaussian free
field (Bramson et al. [2016a)), first and last passage percolation on Galton-Watson tree, ecology,
random polymer, random algorithms (Dutta et al. [2015]) etc. We refer to Shi [2016] for a more de-
tailed overview and references therein. Groundbreaking works include Kingman [1975], Hammersley
[1974], Biggins [1976] where almost sure limit for the leftmost position is obtained for displacements
with exponentially decaying tails. In this set up, the extremes for BRW on real line are extensively
studied e.g. Bachmann [2000], Addario-Berry and Reed [2009], Aidékon [2013], Bramson et al.
[2016b], Madaule [2015] to mention a few. Large deviation for rightmost position is obtained in
branching Brownian motion (BBM) in Chauvin and Rouault [1988]. Recently, Derrida and Shi
[2016] derived large deviation for the rightmost position in different variants of BBM. The large
deviation for the empirical measure in discrete time BRW is derived in Louidor and Perkins [2015],
Louidor and Tsairi [2017] and Chen and He [2017] though large deviation for extremes does not
seem to follow from these works. Recently, large deviation for the rightmost position in case of dis-
placements with exponentially decaying tail has been recently addressed in Gantert and Hofelsauer
[2018] using a comparison with independent collection of random walks.

It is known in literature that behavior of extremes changes dramatically if tail of displacement
does not decay exponentially fast (see e.g. Durrett [1979], Durrett [1983], Gantert [2000], Maillard
[2016], Bérard and Maillard [2014]). In this article, we shall focus on BRW with displacements
having regularly varying tails. It has been established in Durrett [1983] that there exists a sequence
(b, : n > 1) of scalars such that b, ! M, converges in distribution as n — oo where M,, denotes
the position of the rightmost particle at the nth generation. This result has been extended in
Bhattacharya et al. [2016] and Bhattacharya et al. [2018] where weak limit of extremal processes
is obtained when positions are divided by b,,. Consider another sequence of scalars (v, : n > 1)
growing faster than (b, : n > 1) ie. limp 007, tbn = 0. Note that v, 1M, converges to 0 in
probability as n — oo. It is very natural to ask if there exists a sequence of positive scalars
(rn, : n > 1) such that r,P(M, > v,x) converges to some non-zero functions for every z > 0 i.e.
the rate of convergence for P(M,, > ~,z) motivated from Gantert and Hofelsauer [2018]. Note that
similar questions can be asked about the kth rightmost position, joint distribution of the rightmost
and leftmost position, gap statistics etc. This motivates and necessitates the investigation for large
deviation of point processes (see Hult and Samorodnitsky [2010], Fasen and Roy [2016]) which can

work as master key for opening many locks. Let N, be the point process which puts unit mass to



the positions of the particles in the nth generation when positions are divided by ~,. Suppose that
A be the space of all point measures on R\ {0}. Then it is clear that N,, does not converge to an
A -valued random variable as .# does not contain a point measure with atom at 0. So P(N,, € A)
converges to 0 for every “nice” set A C .#. In this work, we obtain a sequence (r,, : n > 1) such
that 7, P(N,, € A) converges to a non-zero limit for “nice” subsets A C .# and identify the limit
in terms of a cluster Poisson point process. As a consequence, we shall derive large deviation for
the rightmost particle in the nth generation i.e. limit of r,P(M,, > ~v,x) for every x > 0.

We shall use tools developed in Hult and Lindskog [2006], Hult and Samorodnitsky [2010] and
Lindskog et al. [2014] to derive large deviation for extremal processes. Note that the framework
proposed in Hult and Samorodnitsky [2010] is aimed to study the large values occurring in station-
ary sequences. It is not very straightforward to adapt the framework here as positions in the nth
generation is non-stationary due to dependence structure among them. The key ingredient used in
this article is “principle of a bunch of large displacements” for random variables with jointly regu-
larly varying tail. The proof is divided into four steps where we locate the large displacement in the
first three steps and compute the contribution of the large displacement in the last step. BRW on
real line can be viewed as a collection of dependent random walks where position of a particle at the
nth generation has same distribution as position of random walker (distribution of the steps is same
as that of displacements) at time n. In the first step, we show that there can be at most one large
displacement along a path to cause large position of a particle in the nth generation. Then we shall
cut the tree at the (n — K)th generation and ignore the displacements associated to members of the
first (n — K) generations using the fact that the large displacements can occur at the last K gener-
ations with high probability. This can be justified by the fact that total number of particles upto
the first (n — K)th generation is negligible with respect to total number of particles upto the nth
generation for large enough K. In the next step, we use a truncation technique based on progeny
distribution and prune each of subtrees deleting some children with their lines of descendants. It
is rare to see large displacement associated to the deleted ones. The formalization of these three
steps is very similar in spirit to those in Bhattacharya et al. [2018] but worth mentioning. Then
we regularize the pruned subtrees. Finally we compute limit of r,P(N,, € A) for “nice” A C .#
explicitly in terms of a cluster Poisson process using truncation technique for number of particles
in the (n — K)th generation and facts from regular variation on RY.

In Section 2, we discuss the tools to be used (see subsection 2.1) in this article, the model BRW
with specific assumptions on genealogical structure and displacements (see subsection 2.2)and state
Theorem 2.4 with its consequences (see 2.3). In Section 3, we prove Theorem 2.4 except some of the
steps which are similar in spirit to those in Bhattacharya et al. [2018]. Finally, proofs of Corollaries

2.6, 2.7 are given in Section 4.



2 Preliminaries and main result

In the following subsection, we give a brief review on M-convergence on RY and space of all point
measures on Ry = R\ {0}. This review will be helpful to state assumptions on the joint distribution

of the displacements from same parent and Theorem 2.4.

2.1 M-convergence on Polish space and regular variation on RY

Let (S, d) is a Polish space. In Lindskog et al. [2014], M-convergence is defined to study convergence
of measures on the space S\ C where C is a closed set in S. In this article, we need to consider the
case where the closed set C is a singleton. So for the sake of simplicity we shall define M-convergence
on the space S\ {so} where sy € S. A sequence of measures (&, : n > 1) converges to a measure £ on
S\ {so} if for every bounded continuous function f : S — [0, c0) which vanishes in a neighbourhood

of sq,

i [ @) = [ fae).
S\{s0} S\{so}

Using this notion of convergence, regular variation on the space RY can be defined as follows.
For every a > 0 and x = (z; : i > 1) € RN we define a.x = (az; : i > 1) € RY to be the scalar
multiplication of x by a. It is clear from the definition of scalar multiplication that from a1, as > 0
and a > 1, a;.(az.x) = (a1az).x, 1.x = x for all x € RY and dist(a.x,0) > 0 for every x € RV {0}.
A measure ¢ on RY is said to be regularly varying if there exists an increasing sequence a,, 1 0o such
that n&(ay.-) converge to a non-null measure ¥ on RN \ {0} where £(a,,.A) = 5({anx tx € A}) for
every measurable A C RN\ {0}. It follows from the definition that the limit measure ) satisfies the
scaling relation ¥(a.A) = a~*9(A) for some a > 0 and every A such that 0 ¢ A (A denotes the
closure of A) and ¥(0A) =0 (OA denotes the boundary of the set A).

We also define the notation m; : RN — R such that 7, ((:10Z ci > 1)) =x; forall j > 1

and 75, 4, . : RY — RF such that 7, j, . j, ((:10Z D> 1)) = (le,xjw...,xjk) for all £ € N.
This notation will turn out to be helpful to derive large deviation for the rightmost position when
displacements from same parent are dependent. Suppose PROJ; : RY — RJ is a map such that
PROJ;(x) = (z1,22,...,x;) i.e. the projection to the first j coordinates of x. Let .Z (RN \ {0})
denote the space of all measures on RY\ {0} and .#,(RY\ {0}) = . (RY\ {0})\ {0} where 0 is the
null measure on the space RN \ {0}. Let (&, : n > 1) be a sequence of measures in .#,(RY \ {0})
and ¢ € (RN \ {0}). Following fact will be used to prove Theorem 2.4.

Fact 2.1 (Theorem 4.1 in Lindskog et al. [2014]). &, — £ in .#(RY \ {0}) if and only if for every
j>1,&,0 PROJ;l —&o PROJJ-_1 on the space of all measures on R7 \ {0}.

In Appendix A of Hult and Samorodnitsky [2010], tools are developed to study convergence of



measures on the space of all point measures on R \ {0}. We shall use this framework to derive
the limit of sequence of measures r,P(N,, € ) where (r, : n > 1) is chosen appropriately. Let .#
denote the space of all point measures on the space R\ {0} and .#y = .# \ {0} where () denotes
the null measure on Ry. Suppose that CF([—o00,00] \ {0}) denotes the space of all non-negative,
bounded continuous functions f : R — [0, 00) such that f vanishes in the neighbourhood of 0. Let
(hi : i > 1) be a countable dense collection of functions in C([—o0, 0] \ {0}) and (&, : n > 1) be
a collection of countable elements in .#y. Let &,(h;) — &(h;) for all i > 1 and some & € .4, then
we say &, — & as n — oo where — denotes vague convergence. Note that vague convergence in
My is metrizable and the metric induced by vague convergence in .# is denoted by dvague- It can
be shown that (.#,dvague) is a locally compact, complete, separable metric space i.e. a locally
compact Polish space. Let M(.#j) be the space of all measures on .#p, By is the null measure
on Ay and Mg = M(#y) \ {Bo}. Let ¢, € My for all n > 1 and ¥ € M. Then we say that
¥, converges to ¥ in Hult-Lindskog-Samorodnitsky sense and denoted by ¥, HL5 9 as n — oo
if ¥, converges to ¥ in the sense of M-convergence with S = .#y and sop = {f}. This notion of
convergence will be used to state Theorem 2.4. In Hult and Samorodnitsky [2010], a convergence
determining class of functions is identified for HL5, Shich will play fundamental role in this article
and will be described below briefly. Suppose that g; € CF([—o0,00] \ {0}), & > 0 for i = 1,2.
Consider a function Fy, g, ¢ e, : «#o — [0,00) by

2
E(11792761762 ((P) = H (1 - exp{ - (90(91) - Ei)Jr})
i=1
for every ¢ € .#, which vanishes in the neighbourhood of the null measure () € .Z.

Fact 2.2 (Lemma A.1l in Hult and Samorodnitsky [2010]). Let m; and ms are two elements of
M. Then m; = my if and only if for every g1, g2 € C.f ([—00,00] \ {0}) and €1, €2 > 0,

m; (F91=g2761762) = my (F91792-,€1-,€2)'

Fact 2.3 (Lemma A.2 in Hult and Samorodnitsky [2010]). Let (m, : n > 1) be sequence of
measures in My. Then m, —=2 m if and only if for every gi,gs € CH([—o0, ] \ {0}) and
€1,€62 > 0,

lim my, (Fgl7g2751752) = m(Fglvg2751752)' (21)

n—r00

It is enough to check (2.1) holds for only Lipscitz continuous functions g1, go.

Note that, we have to show that m(B,) < oo where B, = {¢ € .#p : dvague(p,0) > r} to
establish that m € M.



2.2 Assumptions on .

Recall that BRW on real line is a spatial branching process where each particle is assigned a position
in the real line. It starts with one particle at the origin of the real line R. Each particle in the
system lives for a unit time and before dying, each particle produces an independent copy of the
point process .Z independently of the other particles. Each particle is assigned a position which is
defined to be displacement of the particle translated by position of its parent. In this article, we

shall assume that

where Z is an Ny = {0,1,2,3,...}-valued random variable which is independent of the collection
of real-valued random variables (X; : ¢ > 1). We shall follow the convention that & = () if Z =0

where () denotes the null measure on the real line R. We shall also assume that
E(Zlog, Z) < o (2.2)

where log, x =log(z V1) and p:=E(Z) > 1.

Now, we shall state assumptions on displacements. We shall assume that the random variables
X, are marginally identically distributed with regularly varying tails of index « for every ¢ > 1
and (X;:i>1)is an RN =] jen R-valued random variable with regularly varying tail i.e. jointly
regularly varying on RY. Precise assumptions on marginal and joint distribution of displacements

are stated below.

1. Marginal distribution: We assume that marginal distribution of X = (X; : ¢ > 1) are
identical and p"P (b, ' X; € ) € RV, (R, v,) where v,(+) is a measure on R such that

Vo (dx) = apz~* '1(z > 0)dr + a(l — p)(—z) " '1(z < 0)dx (2.3)
where
P(x1 > ) P (X, < )
= lim =1— lim — 7/ (2.4)
H°°P(|X1| >:v) oo P(|X1| >x)

for every i > 1.

2. Joint distribution: We assume that p"P (b;l.X € ) € RV, (RN, \) where A(+) is a measure
on RY. The form of A(-) is given in Bhattacharya et al. [2018] where X;’s are independently
and identically. distributed. The expression for A(-) is derived in Resnick and Roy [2014]



where X is a moving average process. It follows from Fact 2.1 that A o PROJ 1_1 = V,.

Under above assumptions, we can see that the underlying genealogical tree of BRW is a su-
percritical Galton-Watson (GW) tree with progeny distribution Z. It follows from (2.2) that the
supercritical GW tree satisfies Kesten-Stigum condition. The tree will be denoted by T. We shall
use Ulam-Harris labelling to label the vertices in T. We shall use u and v as the generic labels
for vertices. Note that the displacement associated to a vertex u is denoted by X (u) and position
of the vth vertex is denoted by S(v). Generation (the time of birth) of a vertex v is denoted
by |v|. Z, denotes number of particles at the generation n for every n > 0 with 73 2 7. Let
S = N,>01Zn > 0} denote survival of the underlying GW tree. Probability conditioned on the
survival of the tree will be denoted by P* and expectation corresponding to P* will be denoted by
E*.

In Bhattacharya et al. [2018], it has been shown that

Ny, = Z 9y 15(v)

[vl=n

converges weakly (under P*) in the space .# (Rg) = { space of all measures on Rg} under the above
assumptions, where (b, : n > 1) is an increasing sequence of positive real numbers introduced in
(2.3). Suppose that (v, : n > 1) is an increasing sequence of positive real numbers such that

v tb, L 0 as n — co. Then it is clear that the sequence of point processes

No= > 68154 (2.5)

[vl=n

does not converge in the space .#y = .#(Ry) \ {0} conditioned on the survival of the tree. This
means that the sequence of measures P*(N,, € -) converges to null-measure on the space of all
measures on .. Following Hult and Samorodnitsky [2010], we can say that large deviation for the
point processes is to find a sequence of constants (r, : n > 1) such that r,, P (Nn S ) converges to
some non-null measure on .#y. The aim of this article is to find the sequence (r, : n > 1) and to

compute limit of the sequence of measures (rnP*(Nn €):in> 1).

2.3 Main result and its consequences

Define

o= (W P(X] > 90) (2.6

for every n > 1. As p"P(|X1] > ) 4 0 as n — oo, it is clear that r, 1 co as n — oco. Note

that my,(-) = r,P*(N,, € ) is an element in My. To describe limit of the sequence of measures



(my, : n > 1), we shall need following notations.

e Let U is an independent copy of Z. U denotes the random variable U conditioned to stay
positive i.e. P(U € A) = P(U € A|U > 0) for every A C N.

For every | > 1, (Zl(s) : s > 1) is a collection of independent copies of the random variable
Z; which is the random variable Z; conditioned to stay positive i.c. P(Zl(s) e A)=P(Z €
A|Z; > 0) for every A C N.

S denotes the event that T does not die out or become extinct. p. = 1 — P(S) denotes the

probability of extinction.

For any set G, |G| denotes the cardinality of the set G and Pow(G) denotes the power set of
G i.e. the collection of all subsets of G.

Theorem 2.4. Under the assumptions stated in Subsection 2.2,
raP*(N, € ) 252 () (2.7)

in the space My where m* can be described as

m*(-) = (1 —pe) 'P(U >0 i,uf(lﬂ Z )\(X cRY: Z Zl(s)ézs € )
=0

Gl Gepgvig\w} -
(P(Zl > 0)) (P(Zl - 0)) } (2.8)

Remark 2.5. Note that the measure m* is very similar to the measure Y which appeared in
Bhattacharya et al. [2018] (see Lemma 4.4 and display (4.14)) in order to verify that the point
process associated to a typical subtree (after cutting and pruning) is regularly varying. So it seems
that the approach used in the aforementioned reference to derive the weak limit of the sequence of

point processes facilitates the study of large deviation of extremal process.

Corollary 2.6 (Large deviation for the rightmost position). Under the assumptions stated in The-

orem 2.4,

lim r,P* ( max S(v) > 'ynzzr) =z %

n—o00 [v]=n

for every x > 0 and some positive constant ¢; given below

=(1=p) ' PU>0)> p HVE >
=0 GePow(U)\{0}



(A( Usea vs)> (P(z>0) (P2 - o>)ﬁ_c] (2.9)

where V, € RY such that 7, (VS) = (1,00) and m; (VS) =R for all i € N\ {s} and for all s € N.

Suppose that displacements associated to £ are independently distributed. Then we can see
that the limit measure A on RY admits a special form (see Example 2.1 in Bhattacharya et al.
[2018]) and we shall denote it by

Zld Z ® 60 ® Va /_7;_’_1 60. (210)

Corollary 2.7 (Large deviation for point process with IID displacements ). Suppose that the as-
sumptions in Theorem 2.4 hold and the displacements of £ are independently and identically

distributed. Then r,P*(N,, € -) HLS, m};,;(-) where

miig(-) = (1 —pe)” Zul Zz>0E(ua(:veR:Z<$$e-)). (2.11)

Remark 2.8 (Large deviation for rightmost position in case of IID displacements). If the displace-
ments are independently and identically distributed then

. _ _ Ip

nh_)ngo P ‘r‘rllli); S(v) > yz) =pz~ (1 — pe Zu (Z, > 0). (2.12)
We can use the fact that A = 77, ®/Z180 ® vq ®52,, ;1 89 to obtain A(Useq Vi) = |Glva((1,00)) =
|G|p. The remark follows by using this observation to right hand side of (2.9).

3 Proof of Theorem 2.4

Fix g; € CH(Rg) and ¢; > 0 for i = 1,2. In view of the Fact 2.3, it is necessary and sufficient to
establish that

Em m, (Fyy gyerc,) = lim rnE“f[l <1 - eXp{ - (Nn(gi) - e)+})] =M (Fyy garerea)  (3.1)

n—roo n—oo

in order to prove Theorem 2.4. We shall establish (3.1) using four steps which are described as
follows: 1. single large displacement on every fixed path, 2. cutting the tree T into subtrees, 3.
pruning the subtrees and 4. regularization of the pruned subtrees. Note that these four steps have

been used before to derive weak limit of the sequence (N,, : » > 1) in Bhattacharya et al. [2016]



and Bhattacharya et al. [2018] though formalization of the first three steps in the context of large
deviation is a technically more challenging and needs more effort. For the sake of completeness
and to keep the article self-contained, we shall describe the algorithms to prune the subtrees and
regularize the pruned subtrees though these are used to derive the weak limit. The justification
for the first three steps are given below without detailed proofs. The detailed proofs are given in
Appendix.

Let I(v) denote the the unique path from the root to vertex v for every v € T. Define

_r,,p*( S Y 6y € ) (3.2)
[v|=nuel(v)

Note that displacements on the path I(v) are independently and identically distributed with reg-
ularly varying tails of index a. As the first step, we shall use principle of a single big jump to
conclude that at most one of the displacements on the path can be large enough to survive scaling

by 7, for every fixed path I(v).

Lemma 3.1. Under the assumptions stated in Theorem 2.4

n—oo

lim ’mn (F‘]1;92761762) - ﬁ’Ln (thgz,ﬂ,éz)’ =0. (33)

Using this lemma, we can see that it is enough to compute the limit of
2
TAan(F(]hgz,ﬂ,eg) :rnE*[H<1—exp{— ( Z Z gZ _1X )_Ei)+}):|' (34)
i=1 [v|=nu€el(v)

For this computation, we shall need more information about location of the large displacement. To
be more specific, we shall show that large jump does not occur at the first (n — K) generations
with high probability for large enough K < n. This follows from the fact that total population size
upto the (n — K)th generation is negligible with respect to the total population size upto the nth

generation as K — oo. The next lemma formalizes this fact.

Lemma 3.2. Under the assumptions sated in Theorem 2./

lim lim rnP[ Z 0 1x(u(l,00) 211 =0 (3.5)

K—o00n—o0
lul<n—K

for every 6 > 0.

10



Let § = 61 A d3. Then expression in (3.4) can be written as

e (11~ (% 5 aerxw-a) )

i=1 [v|=nuel(v)

]1( Do 8 xw (8,00 = ﬂ”n *[ﬁ<1—exp{—(z >

lu|<n—K i=1 [v|=nuel(v)

st x) - ) i T 8o 21)]. (3.6)

lu|l<n—K

Let Ik (v) denotes the subset of I(v) containing the last K ancestors of v i.e. Ix(v) ={ue I(v):
|[u — v| < K}. The the first term in (3.6) can be given following upper bound

[T (1m0 ($ % aexwr-a) 1] .

i=1 [v|=nuelk(v)

It is easy to see that the term in (3.4) is larger than the expression in (3.7) and difference between
these two terms is bounded by the second term in (3.6). Note that the product inside the expectation
is bounded by 1 and so we get following upper bound for the second term in (3.6)

PP (Y 6 (0.00) 2 1)

lv|<n—K

which converges to 0 as n — oo and then K — oo.

So it is enough to compute limit of the expression in (3.7) as n — oo and K — oo. Note that
the expression does not involve any knowledge about the first (n — K) generations of T. So we cut
the tree T in the (n — K)th generation and obtain a forest containing subtrees with K generations.
The subtrees will be denoted by (T; : i > 1). If u € U;T;, then A(u) denotes number of descendants
of the particle u in the Kth generation of the subtree containing u. With this notation, expression

n (3.7) can be written as

roE" [1_1 (1-ew{ - (Zg 3 Atwlatos () - <)} (3.5)

In the next step, we shall prune each of the subtrees obtained due to cutting. Fix an integer
B > 1 large enough so that pp = E(Z1(B)) > 1 where Z1(B) := Z11(Z, < B)+ B1(Z; > B). The

algorithm is given below:

P1. Start with the subtree Ty and consider its root.

11



P2. If the root has less than or equal to B children in the first generation, then do nothing.

Otherwise, we keep the first B of them according to the Ulam-Harris labelling and delete

extra children with their descendants.

P3. So we can have at most B children in the first generation. Repeat the step P2 for the children

of the particles in the first generation. Follow the same algorithm until we reach to the

children of particles in the (K — 1)-th generation of the subtree T;.

P4. Repeat steps P2 and P3 for other subtrees.

Note that after pruning the subtrees in the forest, we delete some vertices with their lines of

descendants without changing their genealogical structure. After pruning the j-th subtree will be
denoted by T;(B). Note that each of these subtrees has same distribution as that of a Galton-
Watson tree with K generations and progeny distribution Z;(B). Let u € T;(B), then number of

descendants of a vertex u at the K-th generation of the subtree Ty (B) has been modified and will

be denoted by A(B)(u). Following lemma formalizes that pruned subtrees contain large jump with

high probability.

Lemma 3.3. Under the assumptions given in Theorem 2.4, for every K > 1,

o1l (5w )

=1 =1 UGT]‘

lim lim r,
B—o00 n—o0

w11~ (¥ ¥ aowacrixw-a) })]|-o

J=1 ueT;(B)
So, it is enough to compute the limit of the expression
: = (B) 1
rnE Ll:[l (1 - exp{ - ( ]2 UG%EB)A (W)gi(v, X(u)) — ei)+}>}

From this expression onwards, we shall give detailed proof of every step. Define

Nt(,ﬁ): Z A(B)(U-)‘syglx(u)
ueT:(B)

for every t > 1. So we need to compute the limit of following expression

rnE{f[l (1—exp{ ~(

Zn—K

) )

12

(3.10)

(3.11)



asn — 00, B — oo and K — oo. Our first aim will be to get rid of the conditional expectation
using an argument based on change of measure. We shall define S,,_x to be the set that at least
one of Z,_k subtrees does not extinct if Z,,_x > 0 otherwise S, is empty. It is clear that
S=5,-kN{Z,_k >0} and so we get

dP* = (P(S)) ' L(S)dP = (P(S)) ' 1(Zu_x > 0)1(Sn_k)dP. (3.12)

Using Radon-Nikodym derivative < dP in (3.12), we can write down the expression in (3.11) as

- (P(g))lE[]l(ZnK > O)fll (1 - exp{ _ (Z:Z;K N (i) - Ez)+})]

_rn(P(S))_lE[]l(Zn x> 0)1(S5_ K)f[ (1—exp{ B (an:K N((fi)( )_Ei)+})]. (3.13)

i=1 t=1

We shall now show that the second term in right hand side of (3.13) converges to 0 as n — oc.
Note that expression inside the expectation in the second term of (3.13) is positive and bounded
by 1. Recall § = d; A 02 where 0; = sup{|z| : gi;(x) > 0} for ¢ = 1,2. It is clear that there must
be at least one displacement X (u) larger than +,0/2 in absolute value for u € U;"; In- *T,(B) to get
a non-zero contribution from the product inside expectation. So we get following upper bound for

the product inside expectation

Zn_K

YD Six(8/2,0).

t=1 ueT.(B)

Using this upper bound and conditioning on F,,_ g, we get following upper bound for the second
term in (3.13)

Zn K
rnE[]l(Zn K>S k) D D 8w (/2 oo)}

t=1 ueT:(B)

:rnE[ nok > 0) Z:: ( cK) Y (s%lx(u)l(5/2,oo)‘]:n_;<)] (3.14)

u€eT:(B)

Note that there can be at most B + B? 4+ ...+ BE = % displacements associated to each of
the subtrees due to pruning step. Using the fact that branching mechanism and displacements are
independently distributed and the fact sated above, we obtain following upper bound

_xkP(X1] >,0/2) Bt - B Zn—K
K E|1(Z,_; > 0)=2=2 pon-k 3.15
PXi[ >0, BT | e Ot 315)
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It is clear that the first and the third term does not involve n and finite in (3.15). The second term
converges to a finite constant (§/2)™% as n — oco. Now if we look at the expectation then the term
inside expectation can be bounded by u®~"Z, _x which converges to W in L' (as a consequence
of Kesten-Stigum condition given in (2.2)). Note that the term inside expectation converges to 0
almost surely as n — oo (Z,—x — o0 as n — oo conditioned on {Z,_x > 0}). So dominated
convergence theorem applies and the expectation converges to 0 as n — oo in (3.15).

In order to compute limit of the first term in (3.13), we shall regularize pruned subtrees according

to following regularization algorithm.
1. Consider root of Ty (B).

2. The root can have at most B children in the next generation. If it has exactly B children,
then keep it as it is. If it has I (< B) children in the next generation, then we add (B —1)
children to it.

3. If u is a newly added children, then define A®)(u) = 0, otherwise keep it as it is. Now,
replace displacements of the children of the root by an independent copy of the random
vector (X1, Xa2,...,Xp). The new displacement attached to u will be denoted by X'(u).

4. Consider each particle in Generation 1 of T1(B) and repeat the steps 2 and 3 until displace-
ments attached to the children of particles in the (K — 1)the generation are modified.

5. Repeat the steps 1,2,3 and 4 for the remaining subtrees.

After regularization, we obtain Z,,_ x many B-ary subtrees which will be denoted by ('INFt(B) :
1 <t< Z, k). Now we shall develop notations which will help to compute limit of the first term
in (3.13). Each vertex u € Ty(B) will be encoded by the triplet (t,,s) where u is the sth vertex
in the /th generation of the ¢th subtree. The collection of all displacements associated to the tree
T,(B) is denoted by

Xi= (X'(6,1,1),..., X' (6,1, B), ..., X' (8,1, 1),..., X'(t,1, BY), ..., X'(t, K, 1),..., X'(t, K, BX))

where X'(t,1,s) denotes displacement attached to the (t,1,s)th vertex for every 1 < s < B,
1<I< K and1<t< Z,_ g conditioned on F,,_g. It is clear that )Zt is an RB—valued random

element where Rp = RB+B*+.-4B"  We also define

AP = (AP (11,1, AP (1,1, B),..., AP(1,1,1),..., AP (t,1, BY),
AP K, AP (4 K, BR))

A(B) 3(B) S(B) _ 77K 118
for every t > 1. Note that A, is an S'?)-valued random element where S'%) = TT,_, [[,_;{0,1,2,
1
S, BETY = Hllil Hsle[BKfl]o where [BE~!]y ={0,1,2,..., BE~!}. Also note that, the random

14



elements (ZﬁB) :1 <t < Z,_k) are independently and identically distributed and also independent
of ()Z't : 1 <t < Z,_k) as branching mechanism and displacements are independent. Using Fact 2.1

and statement (iii) of Assumption 1.3, we obtain

P("y;l(Xl,XQ,. ..,XB) (S )

HL (B)/.
P(X1[> 1) — A7) (3.16)

on the space RP\ {0} where 0 € R denotes the origin of Euclidean space R? and A(#) = A\oPROJ;".
Recall that PROJg is an operator on RY such that PROJg ((ul D> 1)) = (u1,ug,...up).
Now, using the fact that displacements attached to the children coming from different parent are
independent and (3.16), we obtain following convergence for joint distribution of the displacements

associated to all vertices in the subtree T;(B)

P 715(4 . K
M HL B =3 % AP () (3.17)
P(|X1| > %) =1 s€J;

on the space Rp \ {0} where 0 € Rp is the origin and

B4+B?4+.. 4Bl 4s—1 B+B?+...4+B¥
(B) _ B
T = X 3o @ AP X 8o (3.18)
J=1 j'=B+B2+..+Bl~145+B

for every 1 <1 < K and s € J, = {p €{1,2,....,B"} : p=1 mod B} (p =1 mod B means p
leaves remainder 1 when divided by B). Using (3.17) and the fact that (X, : ¢ > 1) are independently
and identically distributed, we get that

P(”ygl()?l,f(g,...,)a;) S )

HL (B)
==Y 670) (3.19)
P(|X1] > ) e !
on RE\ {0} where 0 € R is the origin and
(j—1)(B+B?+...+BX) L(B+B?+...+BX)
CJ(,B) = ® 0y ® T;B) ® do (320)
§'=1 §"'=j(B+B24...+BX)

for every finite L > 1. Also note that for every finite L, using the fact that conditioned on F,,_

15



()N(t :1<t<L)and (gt :1 <t < L) are independent we get that

P((AVS.B)7AVéB)7 7AV(LB)) € '7’7;1('5517)227' e 7)211) € )
P(|1X1] > 7n)
’}/71 )21,)?2,...,)?[/) S )

L _ P - (
:HP(AEB)E') ( P(X1] > 1)

j=1
L L
ZETIP(A7 e) Y ¢”0) (3.21)
=1 ji=1

~ - ~ L ~
on the space (SB)L X (RtB \ {O}) where (S(B)) =TI, 5@,
Fix a large enough integer L € N. Then the first term in (3.13) can be written as

2

o wliven e oo -5 00-) )

+ 1 Zp—r > L)f[1 (1 - exp{ — (Z:;K N7§§>(gi) _ 6)+})] (3.22)

We shall show that the second expectation in (3.22) converges to 0 as n — oo that is

2 Zn-K
: : NB) () — e _
Lh_r}x(l)O nhﬂngo rnE []l(ZnK > L) ljll <1 - exp{ - ( ; N, (9:) el)+}>} =0. (3.23)
We shall first prove the claim in (3.23) and then compute the limit of the first term in (3.22).
Note that contribution of the product is non-zero if there is at least one displacement which is
larger than ~,,0/2 in absolute value. So we can see that product inside the expectation in (3.23) is
bounded by

Zn
Z D 8t x ) (6/2,00).
t=1 Lef®

So we obtain following upper bound for the term in left hand side of (3.23)

nE[ nK>LGZK 0w (672, oo)]

t=1 uETt (B)

_KBK+1 - BE|:Zn_K

P(|X1] > 16/2)
B_1 ‘unK]]'(Z"_K>L):| .

P([X1] > )

=L (3.24)
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We used a conditioning on F,,_ g and then unconditioning argument to derive the equality. We can
see that the first two terms in (3.24) does not involve n and L. The last term converges to a finite

positive constant (6/2)70‘. So it is enough to show that

Zp—
lim lim E|Z2=%
L—o00n—o0 un

(Zn_x > L)| =0. (3.25)

Under Kesten-Stigum condition, we have pu~"t%Z, r converges to W in L' and so we can see
that the limit is finite. It is clear that u‘"+KZn_K]l(Zn_K > L) converges to 0 almost surely as
n — oo and L — co. Using dominated convergence theorem, we can see that (3.25) holds.

It is easy to see that the first term in (3.22) can be written as

P (PS) Z:P(zn_K =i) > | Gi'(d)/_/ f[ (1 —exp{

! )2175(:2,...,5(:]‘) Edf)

P{v, (
- ( > a(u)gi(z(w) - 6i)+}> (”y BUX =0 (3.26)

where G¥ (@) = P((/ngB),AéB), . Z(B)) = ZL) for every i’ € {1,2,...,L}. It is easy to see that

s L4/

1

H(l—exp{ (zi,:KZatls tls))—ei)Jr})

=1 t=1 [=1 s=1

is a bounded continuous function which vanishes in the neighbourhood of 0 € le; for every i’ €
{1,2,...,L}. So using the HL convergence stated in (3.21), we get that

5 ] e (S - )

ae(S<B>) R f=1i=1s=1

B i=1
P(’y;l()zl,)zg,...,)?i) S d:f?)

B%] > ) = X O /

(S(B)) B i=1
i’ K B!
<1—exp{ ( ZZCL t,1,s) gl t,l,s ) })ZCB) (3.27)
t=1[1=1 s=1

for every i’ € {1,2,...,L}. Fix n > 0. Then for large enough n (depending on 7)) we obtain

17



following upper bound for the expression in (3.26)

4 L 2 i
Lrn(P(S)) S PZix=1) Y 6@ /R I1 (1 - exp{ ( 3
i'=1 ~e(S<BJ)il Bi=1 t=11=1 s=1

i/ K B i’ B,

exp{ (t_lgga (t,1,s) gZ t,l,s))—ei)Jr}jZle (dz)

L
Z . (3.28)

Note that the last term in right hand side of (3.28) is bounded by nu~" which converges to 0 as
n — oo uniformly in L. So it is enough to compute limit of the first term in (3.28) as L — oo and
n — oo. Using the fact that g;’s vanish in a neighbourhood of 0, we get following expression for
right hand side of (3.28) can be written as

L

T (P(S)) B S P(Zix=1) Y G Z/R <
r=t ae(5m)” 7=
— exp { — (i BZ a(4,1,8)gi(z(j,1,5)) — ei)Jr})T;B)(dj) (3.29)

=1 s=1

using Fubini’s theorem. Note that the product term inside integral depends only on ,ZI and )Nf and
independent of A, for t € [i']\ {j}. Combining above observation and the fact that (A, : ¢ > 1) are
identically distributed, we get

2 B B!

&6(;))H G (a) /EB Z1;[1 <1 - eXp{—(g;;a 3.1, 8)gi(x(4,1,8)) — € )Jr})TJ(B)(dfc)
2 B B
) aezg;s) o /§<B> 1;[1 <1 - eXp{ - (;;a(l,l, s)9i(z(L.1,5)) - ei)+}>r§3)(dX) (3.30)

(B)

for every j € [i']. Now using the fact that 7,7’ are same for every j > 1 and plugging in (3.30), we

get following expression for (3.29)
2 K B'

u-n(ms))‘l[ > G(d)/R H(l—exp{—(ZZ““’Z’S)%(“LZ’S))‘“)+})

acs(B) B =1 =1 s=1
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7 (di)] S iP(Zy i =1). (3.31)

Hence we get that

1 anK

lim limsup =" (P(S))

n—oo I, o

E[n(o < Zn-x < L)f[ (1—exp{ - (
> AP wtr X w) - ) })]

ueft(B)

K - B _ g :
<u (P(S)) &§B)P(Al - )/ﬁB\oiljl (1
— exp { - (i ia(l, l,8)gi(x(1,1,8)) — ei)+})7—1(3) (dz) (3.32)

=1 s=1

t=1

letting L — oo in (3.31).
It is clear that for large enough n and fixed n > 0, we get following lower bound using (3.27)

£ oo (el (S5 Ew i ). )

(S(B)) R i1 t=1 =1 s=1
P(”Yﬁl()?l,)?m---,f(y)edi)
P(|X|1 >’7n)

> ¥ Gl()/lﬁ(l—exp{—(iiiat,l,sm t,l,s))—ei)Jr})zi/:gj(-B)(d:E)—n.

( (B)) B =1 t=1 =1 s=1 =1

Using this lower bound and same arguments as above, it can be easily obtained
lim liminfr, (

tn i (b9) B[00 < 2 < O] (1o - (52100 —<). )]
> (P) Y @ [ \Oﬁ(l
aeS®) A=l
_exp{ - (iBZla (1,1, 8)gs(z(1, 1, ) —e)+})ﬁ<3>(d5c). (3.33)

=1 s=1
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Combining (3.32) and (3.33), we obtain
nli_}ngorn(P(S))_lE[]l(ZnK > ())f[1 (1 - exp{ - ( Z N (gi) - )J)]
= /fK(P(S))71 Z G(a) /RB\OZf[l (1 — exp{
— (XD at L s)gia(1, 1) - e)+}>TfB>(d;z). (3.34)

=1 s=1

Note that the expression derived in (3.34) is same as the expression obtained in (4.21) in
Bhattacharya et al. [2018] except the first two terms. Also note that we can use arguments given in
aforementioned reference (based on the properties of GW process) to simplify the expression and
write down the sum in terms of expectation of underlying GW process (see (4.23) in aforementioned

reference). To write down the simplified expression, we need the following notation.

e Suppose that U is an independent copy of ZfB). Let U®) denotes the random variable
U(B) conditioned to stay positive i.e. P(ﬁ(B) € A) = P(ZiB) € A|Z£B) > O) for every
ACN.

o Let (Z) zP > 1) denotes the GW process with progeny distribution Z(B) Let (Z(S B> 1)
be a collection of independent copies of Zl B for every [ > 1. (Zl(S B > 1) denotes
the collection of independent copies of Z B) where ZZ(B) denotes the random variable ZZ(B)

conditioned to stay positive i.e. P(Z, 7\5) e A)=P(Z l(B) € A|Zl(B) > () for every A C N.
e Pow (G) denotes the power set of G i.e. the collection of all possible subsets of G.

It is clear from equation (4.23) in Bhattacharya et al. [2018], the expression in (3.34) can be written

as

" ( Z 5 1/11@\{0} [ ﬁ<1_eXp{ (ZZKSPZ)gz o _Ei)+})

GePow([U®])\{0} =1 s€@

(P(Z}f_)l > 0))@ (P(Z}f_)l = 0))U( )_G]

/,/,0 1 (1 - exp{ - (vl - EiL})’”?B(d”) (3.35)

i=1

AP (di)
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where P(S) = 1 — p. and mj p is a measure on .#; defined as

m;(,B(') = (1 _pe)_lp(U(B) > 0 MBM 1 Zul K— 1E Z
GePow([UMB )\ {0}

A (xeRP Y 206, € ) (P22, > 0)) ! (P(z), = 0))5(3)6;]. (3.36)
seG

Again using the same argument given in the last paragraph in Page 18 of Bhattacharya et al. [2018],
we get that mj p(B,) < oo where B, = {v € . : dvague(v,)) > r} is the subset of .#, which is
bounded away from (). It is easy to see that pp converges to u, UP) converges almost surely to U

B) converges to Zl(s)

which is an independent copy of Z; and Zl(s" almost surely as B — oo (recall
the notations introduced before Theorem 2.4). As the integrand in (3.35) is bounded by 1, we get
that expression derived in (3.35) converges to

2

H<1_exp{

K
(L=po) ' PU>0) Y p " / E[
— RN\ {0} GePow([U])\{0} =1

(Z Z(S) 219i(xs) — Z) }) (P(ZK,Z < O))‘ ‘(P(ZK,Z _ O))ﬁ—c]

seG

////0 II (1 - exp{ ( (9i) — Ei)+}>m}(du) (3.37)

i=1

WE

mi()=1=p) 'PU>0)> p*'E > )\(x eR":>ZY 8. € )

=1 GePow([U])\{0} €@
6] u-ic|
(P(ZK_[ > o)) (P(ZK—l = 0)) ]
K-1 =
=(1-p) '"PWU >0 p'E Y A(xertY 2% e
1=0 GePow([U])\{0} s€d
I€] U-ici
(P(Zz > 0)) (P(Zl = ())) } (3.38)

as B — oo using dominated convergence theorem and Theorem 4.1 in Lindskog et al. [2014]. Tt can

be shown that mj, € My. Now letting K — oo, we get that the expression converges to
2

///lo 11 (1 - eXp{ - (90 - ei)+}>m*(d’/) (3.39)

=1
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using the form of mj, derived in (3.38) and dominated convergence theorem where m* is given in
Theorem 2.4.

4 Proof of corollaries

In this section, we shall give detailed proof of the corollaries 2.6 and 2.7.

4.1 Proof of Corollary 2.6

Note that

lim rnP*( max S(v) > ”yna:)

n—oo |[v]=n

= lim r,P* (Nn(:v,oo) > 1)

= nhﬁngo rnP* (Nn e {¢:&(x,00) > 1})
= m* ({¢: €(w,00) 2 1}) (4.1)
=(1-p.)"'P(U > 0) 3 p g 3 /\(y eRY: Y275, (x,00) > 1)
1=0 GePow([U])\{0} s€G

(P(Zl > 0))‘G‘ (P(Zl - 0))UG]

=2 %(1—p) 'P(U>0 i;ﬁ““ /\(yeRN:ZJys(l,oo)zl)
=0 GePow([T])\{0} s€G
el 0-1c|
(P(Zl > 0)) (P(Zl - 0)) ] (4.2)

using the scaling relation obeyed by the measure A on RY. Note that { > oecc 0y, € (1,00) > 1} =
{y € UsegVS} and using this in (4.2), we obtain (2.9). Here we applied Theorem 2.4 to obtain
the expression in right hand side of (4.1). In order to apply the theorem, we need to show that
o ={§ € My :&(x,00) > 1} is bounded away from the null measure and m*(0«7) = 0 which we
skipped. Following the same arguments given in Corollary 5.1 of Hult and Samorodnitsky [2010],
we can see that @/¢ = {£ : {(x,00) = 0} is a closed set containing the null measure. So the & is
bounded away from null measure. Now we need to show that m*(0.«/) = 0. Note that in the same
corollary of the aforementioned reference, it has been show that & = {£: &[x,00) > 1} is a closed

set containing 7. So we get that

m*(0ef) < m* () —m" (/)
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=2 (1= po) 'P(U>0)Y p “TVE 2 ()‘(USEG V)
1=0 GePow([U])\{0}

~A(Useq Vi) ) (P(Z1 > 0>)'G' (P2 = 0))6'G'} (4.3)

where 7 (Vs) =[1,00) and m; (VS> =R for every i € N\ {s} for every s € N. Our aim is to show
that for every G, the difference inside the sum is 0. Recall that /\077;1%52 vvvvv s, also satisfies the scaling

relation as A satisfies where 7, s, s, (W) = (Us,, Usy, - - ., Us, ) for every (u) = (u; : i > 1) € RY for
every k € N. Note that

)\(UseG ‘75) —)\(UseG Vs)
:Z)\Oﬂ' ({1}) - Z)\075152 ({1} < {1}) +

seG 51,52
+ (=D om e ({1 x {1} x o x (1), (4.4)
Now we can see that for every (si,s2,...,s;) € N¥,

Nomte e ({1 x {1} x o x {1})
= lim (/\0775_11

“xomply, o ((1,00) x (1,00) x ... x (1,00)))

=0 (4.5)
as Aom ', ((1,00) x (1,00) X ... x (1,00)) < oo (bounded away from 0 = (0,0,...,0) € RF).

Using (4.5), we can see that right hand side of (4.4) is 0 for every finite set G. As Uy is finite almost
surely, so we get that right hand side of (4.3) is 0.

4.2 Proof of Corollary 2.7

Recall that

ud Z ® 50 X Vo ) ®?it+1 60-

23



Then we obtain following expression for the m* (Fq1792761762)

(1—=pe)'P(U >0 i ~(+DE 3 (P(Zl N 0))‘G‘(P(Zl _ 0))57\@

GePow([U])\{0}

(Z / H 1 - eXp (29 gi(a) - ei)+})ya(dx))} : (4.6)

seG

To obtain this expression, we used the fact that (Zl(s) 15> 1) are independent of U and so of U.

Now we shall use that fact that (Z, 7\ s > 1) are independent copies of random variables 7 for

every [ > 1 to obtain following expression for right hand side of (4.6) as

EU]f[l <1 - exp{ - (Zgi(x) - ei)+}>ua(dx)H

E[ ZU: |G|<|G|)( (Z > 0))‘6‘(P(zl _0))[7_6]

(1—pe) '"P(U >0)Y p Y
=1

(1 _ exp { - (Zgi(x) - ei)+}) Va(dx)} . (4.7)

Note that E(ﬁ) = u(P(Ul > 0))_1. So we get following expression for right hand side of (4.7)

2

(1—pe)” Zul Zl>o/E[H(l—exp{—(Zgi(s)—eih})}ua(dx). (4.8)

i=1

It is easy to see that right hand side of (4.8) is same as m};;(Fy, gs.e1,e,) Where mf;, is given in

Corollary 2.7. Hence we conclude the proof.
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Appendix

Here we shall present the proofs of Lemma 3.1, 3.2 and 3.3. Following inequality will turn out to

be very useful for the proofs given later. It is clear that

E*(R) — E*(R))

_ ‘E(]l(S)(P(S))_lR) ~B(1S)PE) ' R)

- (P(S))il‘E 1$)R)B(LSR))|
< (P(S)) _1E(]l(8)|R - R’|)
< (P(S))_lE(|R—R’|) (4.9)

for any pair of random variables R and R'.
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4.3 Proof of Lemma 3.1

The key idea behind the proof of the lemma is that at most one of the displacement can survive the
scaling among displacements on a typical path from the root to the vertex v in the n-th generation.

To formalize this idea, we need following notations. Define

AMonz( U (X0, oo)z2))c.

[v|=n u€v

Our aim is to show that

lim r,P(AMO:;) = 0. (4.10)

n—r00

It is easy to see that

ZP(AMO?) = [ < U (Y 0w ,00)22)‘]-})}

|[v]= uel(v)
E[ 3 P( 36 (7 )22)} (4.11)
[v|=n uel(v)

Note that for every vertex v in the n-th generation, the number of displacements on the path from
the root to the vertex v is n and these n displacements are independently (as coming from different
parents) and identically distributed. Let (X 1(i) : 1 > 1) denote the collection of independent copies
of X1. Then for every n,

P( Y 0,y (n o) 22) = P(zn:‘svzlwfﬂ(”fg’oo) >2)
=1

uel(v)
2
~n? [P(|X1| > %n?’)] . (4.12)
for large enough n. Using the upper bound obtained in (4.12), we obtain following upper bound

for right hand side of (4.11) as

ran? [P(|X1| > %mg)] 2E(Zn) = ru"n? [P(|X1| > %mg)] i

P(X] > %TLS)]Q
P(|X1] >m)

2P (x| > m[ (4.13)
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Using Potter’s bound (Lemma in Resnick [1987]), we obtain following upper bound for the ratio in
(4.13) as

P(|X -1 > ’ynn’3n3)
P(|X1] > ymn=?)

> (L =mn="
for some 0 < 7 < 1 and large enough n depending on the choice of 7. So we obtain following upper
bound for the expression in (4.13) as

p2+6a+6n

n?P(1X1] > 7 ) (1 - n)’lng“*?’”)Q = (v P(X2] > 7)) (1= m) 72, (4.14)

Note that the first and second terms in the upper bound derived in (4.14) converges to 0 as n — co
where the third term is bounded. Hence, we see that (4.10) holds.
Now we shall prove (3.3). Define

No= D0 > 0 ox

uel(v) |vl=n

It is clear that

Tn|mn (Fgl,gz,él,éz) - mn(Fglyg21€1752)|

~f [T (1o ] - (v D] - [T (oo { - (R <) })]
< rnE[ 1;[1 (1 —exp{ - (Nn(gi) —ei)+}> —E (1 —eXP{ - (Nn(gi) —“)+}) H
< 1 (oo (o= }) - FL (1=~ (Rt -c), P rcavn)]

+ 2r,P(AMO,) (4.15)

where the first inequality is due to (4.9) and the second inequality is derived using the fact that
each products inside the modulus is bounded by 1 and |z + y| = |z| + |y|. Note that the last term
is o(n) using (4.10). So it is enough to show that the first term in the display (4.15) converges to
0 as n — oo to prove (3.3). In following display, we derive an upper bound for the term inside the
expectation in (4.15). Note that
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+ exp{ - ZZ (M) - ei>+} —exp{ - z: = ei>+}‘
< z; |(Nato) —ei) = (Nalg) <) | (4.16)

using the facts that |z + y| < |z| + |y| and |e* — e¥| < |z — y| for all z,y € R. Note that for all
z,y,a >0,

e —y| ifz,y>a

|z —a|l ifx>a>y
l(z —a)y = (y—a)y| = .

ly—al fy>a>uzx

0 if x,y < a.

So we can see that |[(z —a)y — (y — a)4| < |x — y| for all z,y,a > 0. Using this fact, we obtain
following upper bound for right hand side of (4.16) as

2

22 ‘Nn(QZ) - Nn(gi)

i=1

, (4.17)

Hence, combining (4.15) with the upper bound obtained in (4.17), it is enough to show that

lim. rnE[]l(AMOn) 22: ’Nn(gi) ~ Niu(gi) ] —0. (4.18)

Using the fact that g; and gy is any pair of functions in C:F(Rp), to prove (4.18) it is enough to
show that

lim E(]l(AMOn)

n—r00

Na(g) - Nn(g)D =0 (4.19)

for any g € CF (Ry). Fix a function g € C.F(Ro) and let §, = inf{|z| : g(x) > 0}. Let T'(v) denotes
the displacement X (u) on the path I(v) such that | X (u)| = maxy vy | X (u’)| i.e. the maximum
term in modulus among all the displacements on the path I(v) for every vertex v in the n-th

generation. Note that on the event max|y|—, |T'(v)| < 7,6/2, no displacement contributes to the sum
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Na(g) = D ivi=n 2uel(v) g(w;lX(u)). Similarly, conditioned on AMO,, and maxy|—, |T(v)| <
Yn0/2, it is clear that |S(v)| < 7,,0/2 + yan ™2 < 4,0 for large enough n and every vertex v in the
n-th generation. So conditioned on the events AMO,, and max|y|—, |T'(v)| < 7,0/2, it is clear that
N,(g9) = 0 and so we get that the difference inside the expectation is 0. To show that (4.19), it is
enough to show that

lim 7, E DNn(g) - ]Vn(g)’]l(AMOn)]l(lm%); IT(v)| > %5/2)] —0. (4.20)

n—00 v|=

Note that the term inside the expectation can be given following upper bound

> Jo(rars)) = X (0 X () |LAMO (max [7(v)] > 7u6/2).  (4.21)
lv|=n

ucl(v) M

Conditioned on the events AM Oy, and max|y|=, T(v) > 76/2, we get that 3 oy g(%:lX(u)) =
g(fy;lT(v)) if |T'(v)| > vnd/2 for large enough n. So the upper bound derived in (4.21) equals

> |o(atsm) =9 (' TW) [L(ITW) > 100/2) 1(AMO,) (4.22)
lv|=n

when n™3 < §,. We have assumed that g is a Lipschitz continuous function i.e. there exists a
constant ||g|| such that |g(z) — g(y)| < ||g|||z — y| for all z,y € R. Hence we obtain following upper
bound for the expression in (4.22) as

gt D2 18() = T (IT(V)] > 906/2) LAMO,). (4.23)

[v|=n
Note that [S(v) —T(v)| < (n— 1)v,/n3 < n=2~, conditioned on the event AMO,,. Using this fact

with (4.23), we obtain following upper bound for the expectation in the left hand side of (4.20) as

rallihi B 3 1(T > 702)]

.

- rn||g|n_2E[ > E(]l(IT(V)I > 1n6/2)

|[v]=n

~ralslnB| Y P(TW) > 0/2)|
vi=n

= rallgln P ((max |X{"| > 7.0/2)B(Z,) (4.24)

using the fact that the displacements and branching mechanism are independent and the displace-
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ments on a typical path are independently and identically distributed. It is easy to see that that

the expression in (4.24) can be given following upper bound

rallgln =2 P( (X171 > 90/2))
1<i<n

< Ngll (P > 7)) S R(X] > 700/2)
i=1

P(1X1| > 76/2)
P(|X1| > ’7116) .

= llglin™" (4.25)

«

Note that the ratio in right hand side of (4.25) converges to (5/2)7 as n — 0o. So we see that

the expression in right hand side of (4.25) converges to 0 as n — oo and hence we conclude (4.20).

4.4 Proof of Lemma 3.2

Here, we shall formalize the fact that the probability of contribution coming from the displacements

in the first (n — K) generations are negligible. Let

T, K)= Y 8 -1y

jul<n-K
Note that P*(4) = B*(1(4)) = (P(8))E1(A)LS) < (P)) BA) = (PS)) P(4). So
it is enough to show that

Jim nli_)n;OP(T(n,K)(H,oo) > 1) —0. (4.26)

to prove Lemma 3.2. Note that the displacements in the first (n — K) generations are not inde-
pendent and identically distributed. It is clear that the point process coming from same particle
are independent and identically distributed and so if we group the displacements according to their
parents then we can use this fact. Let D; denotes the collection of all vertices in the i-th generation.

Then we can see that

n—K—1 ch(u)

Y K)= > > > 8 ik

i=0 ueD; j=1
where ch(u) denotes the number of children of the vertex u. Note that

K—1 ch(u)

U U { D 0t xuy (0:00) 1}.

n—
i=0 wueD; - j=1

{T(n,K)(o,oo) > 1} -
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So we get following following upper bound for P(Y(n, K)(0,00) > 1) as follows

ni IE[ > P( Z 0.1 x (wy| (6, 0) >1)]

i=0 ueD;
n—K-—1 ch(u)
- % BE <ZP<Z& (0.0 2 1)|7)]
=0 ueD;
n—K—1 Z1,i
= Y EZ (Zawllxj(e,oo) 21) (4.27)
i=0 j=1

where (Z1; : @ > 1) be a collection of independent copies of Z;, using the facts that conditioned
on F;, each particle produces a random number of offspring according to the distribution of Z;
and independent of what happened upto i-th generation for every 1 < i < K. So we get following
expression for right hand side of (4.27)

n— —1 Zl

K Z4
> NiP(Z‘svﬁXH(@aO@) > 1) < M"_KP( Jaxil > %9)>
=1 i=1

=0
=pu" KiP(ij (1X;] > 1m0 )P(Zl=j)

=1

< M"*KP(|X1| > %9) ZjP(Zl =) (4.28)

j=1

using the fact that the displacements are marginally identically distributed. So we obtain following

expression
p T EHP(1X ] > v,.0). (4.29)

Hence we can see that

k1 P(X1] > )

raP(Y(n, K)(0,00)) < p P(I X1 > )’

(4.30)

Now, letting n — oo, we can see the ratio in (4.30) converges to 6. Hence letting K — oo, we
conclude the proof of (4.26).

4.5 Proof of Lemma 3.3

Note that, after cutting the tree at the (n — K)-th generation, we obtain Z,_x GW trees each
with K generations and progeny distribution Z;. Recall that the subtrees obtained after cutting
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are denoted by (T; : 1 <14 < Z,_k) conditioned on F,,_ . In the pruning step, each subtree T; is
modified in such a way that each particle can have at most B descendants in the next generation.
The modified subtrees are denoted by (T;(B) : 1 <i < Z,,_k). Let u € T; for some ¢, then A(u)
denotes the number of descendants of the particle u in the K-th generation of the subtree T;. If
u € Ty(B), then A®)(u) denotes the number of descendants of u in the K-th generation of the
pruned subtree Ty (B). Using the inequality derived in (4.9), we get that it is enough to show that

2

11 (1 - eXp{ - (1\77(11()(91') - 6i)+})

i=1

_fll (1 - eXp{ N (NK’B(QZ') - Ei)+}> H =0 (4.31)

lim lim TnE|:
B—00 n—00

to establish (3.9) where

anK Zn*K
NED = 3" 3" AP )8y and NI =37 3" Ao -1y ()
i=1 u€eT,;(B) i=1 u€T;

using the same steps used in Subsection 4.3 to prove Lemma 3.1, we can see that it is enough to
show that

lim lim r,E H]\NT,SK)(Q) - N(K’B)(g)H = 0. (4.32)
B—o0 n—o0
for any g € C:F(Rp). We need more notations to prove (4.32) which are introduced below.

Let D§-i) denote the collection of all vertices in the j-th generation of the i-th subtree T; for
1<j< Kandl<i<Z, g. Similarly Dj(-i) (B) denotes the collection of all vertices in the j-th
generation of the ¢ pruned subtree T;(B) for every 1 < j < K and 1 <i < Z,,_k. Then we can see
that
~ K ~
N{K-B) = YooY AP gy, and NK) = AW)E. 1y -

Zn-Kk K
i=1 jzlueDy)(B) i=1 j=

Luen()

In order to show that (4.32), we need assistance of another intermediate point process N,(,*"K"B).

This trick also has been used in Bhattacharya et al. [2016] and Bhattacharya et al. [2018]. For the

sake of completeness we give the proof below with a construction of the point process Nfl*’K’B).
Consider the subtree Ty. Leave out the root of Ty. We reward (mark) the particles of Ty

according to following scheme. If the number of particles in the first generation is less than or

equal to B, then we reward each particle with a *. If there are more than B particles in the first
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generation then we reward a x to the first B of them (according to the Harris-Ulam) labelling
and keep the others without any reward. Now we consider the particles in the second generation.
We pick a particle and check whether it is one of the first B children (according to Ulam-Harris
labelling) of its parent in the previous generation or not. If is so then we add a more * to it than
its parent. Otherwise, it will have the same reward as its parent. We follow the reward scheme
until we are done with all particles at the K-th generation of T;. We shall do the same for the
other subtrees. Employing this reward scheme, we obtain marked subtrees which will be denoted
by (T5:1<j < Zn k).

Note that the collection of all vertices in j-th generation of i-th marked subtree T} is same as
that of T; forevery 1 <j < Kand 1<i< Z,_g. Let ue D]@, then u can have at most j many
xs as award. Then for every u € Dg-i), we define A(®)(u) as the number of descendants of u in the
K-th generation with (K — j + 1) many *s if u is awarded [ many xs for 0 < [ < j. With these

notations, we define

Zn-k K
(%, K,B) _
N, =

AP (@)8 1y (- (4.33)
i=1 j=1yep{®

This construction is lacking in Bhattacharya et al. [2016]. In that work, it was not clear that how
one can keep the generations same as that of T; with number of descendants of a particle same as
that in the pruned subtree. Here with the help of the construction of the marked tree, we can see
how one can obtain the point process N,(I*’K’B)

to show that

from the marked subtrees. Note that it is enough

lim lim rnE(N<K>(g) - N,(l*"K'fB)(g)) —0 (4.34)

B—$00 n—00 n

and

lim lim rnE(N,(l*’K’B)(g) - ]\Nf,(LK’B)(g)) =0. (4.35)

B—o0 n—o0

Recall that Z{B) = 7Z11(Zy < B) + B1(Z; > B). Note that the Galton-Watson process with
progeny distribution ZfB) is denoted by (Z,(lB) :n > 1). Using the fact that AB)(u) < A(u) for all
ueT,; for 1 <i<Z, g, we get that the left hand side in (4.34) equals

Zn-k K

WB[ D Y (A - AP o X w)|

i=1 j=1,ep(®
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Zn_K

S (At = AP (W) 1 (X (w)] > wg)}

i=1 j=1yuep

— g [E ( ZTLK XK: (A(u) _ A(B)(u)) 1 (|X(u)| > ng)

i=1 j=1 u€D,(.i)

< |g||rnE[

)

> B(2) Z)B(Z—; - 2, )P(1X (u >|>~ynég)} (4:36)

i=1 j=1

Zn—K

~ |

(recall 64 = inf{|z| : g(x) > 0}) using the fact that whatever happened after (n — K) generations
are independent of F,,_x and displacements are independent of the branching mechanism. Using
the fact that the displacements are marginally identically distributed, we get following expression
for right hand side of (4.36) becomes

Zn_K

ZK: 1 (p 5’ )]

=1 j=1

(1= G usy). (4.37)

rallgP (1X4] > 6,
K—-1
P(X1| > 1,0,)

=gl —
91X = )

=0
We see that the first term converges to d;* as n — oo and the second term converges to 0 as

B — 00. So we are done with (4.34).
Similarly, the term in the left hand side of (4.35) can be given following upper bound

Zn—K

DS A<B><u>n(|x<u>|>~ynég)}

rnlgllE[
i=1 j=1 4 p\p(®
J J

=l ||Mu"f( (1 ) () (489
P(1X1] > ) '

using the same facts. Now, it is easy to see that the first term converges to ,* and and the second

term converges to 0 as B — 00. So we are done with (4.35).
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