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THE INTRODUCTORY PART






1. INTRODUCTION

The major part of this thesis consists of the six papers [A] to [F],
specified in the contents list, dealing with various aspects of the numeri-
cal solution of Volterra equations.

Paper [A], written jointly with P.J. van der Houwen, is an adapted
version of the report [13] and has been published in condensed form in
COMPUTING 24 (1980), pp. 341-347. In this paper the emphasis is on the
stability analysis of numerical methods. Paper [B] has been written jointly
with Chr. T.H. Baker and P.J. van der Houwen, and has appeared in the Jour-
nal of Integral Equations 3 (1981), pp. 61-82. This paper is concerned with
the construction and stability analysis of numerical methods. The papers
[c], [D] and [E], each dealing with various aspects of reducible quadrature
methods, are detailed elaborations of ideas and results recorded in the
technical report [25] and have been submitted for publication. Paper [C],
with deletion of the rather long convergence proof, will appear in BIT in
the course of this year. In paper [F], which is a copy of the prepublication
[26] a new class of methods is proposed and analyzed.

In the next sections we give the three important classes of Volterra
equations considered in this thesis, and discuss rather concisely numerical
methods to solve them. Particular attention is paid to the class of reduc-
ible quadrature methods. Furthermore, we touch upon the difficulties en-
countered in the stability analysis. In addition, we give at the appropriate
places a summary of each paper. It should be emphasized that the discussion
in this introductory part is not meant to be exhaustive; it is mainly in-

tended to place the six papers in their proper context.
2. VOLTERRA EQUATIONS

In this thesis the emphasis is on the numerical solution of equations

of the form

X
(2.1) £(x) = g(x) + f K(x,y,£(y))dy, x e J=1[0,X].

0
Equation (2.1) is called a (nonlinear) Volterra integral equation of the
second kind for the unknown function f; the kernel K = K(x,y,v) (with
(%,5) € T = {(x,y)]|0 £y <x <X} and ve R) and the forcing function g

are given.
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Such equations arise from the (repeated) integration of initial value
problems for ordinary differential equations (see e.g. TRICOMI [23]), but
more significantly, they generally appear in the formulation of problems
modelling hereditary phenomena (see the classical work of VOLTERRA [241]).
For a discussion of the sources and applications of these equations in
scientific and engineering problems, we refer to MILLER [19], TRICOMI [23],
SAATY [22], DAVIS [11], NOBLE [20], LONSETH [15].

The theoretical aspects of equation (2.1) constitute a well-established
branch of mathematics. A thorough account of this theory, including the
questions of the existence, uniqueness and qualitative behaviour of solu-
tions of (2.1) can be found in the text by MILLER [19]. An important basic
result is (see also DAVIS [11, p.415], TRICOMI [23, p.42]) that equation
(2.1) has a unique continuous solution on J if the following conditions are
satisfied:

(1) g(x) is-continuous on J;
(ii) ' K(x,y,v) is uniformly continuous in x and y on T for all finite v;

(iii) K(x,y,v) satisfies the Lipschitz condition
IK(X,)’,VI) - K(X,Y,Vz)l < le]-vzl

uniformly for (x,y) € T, where L is a positive constant.
Other important classes of Volterra equations considered in this thesis
are Volterra integral equations of the first kind
x
(2.2) J K(x,y,£(y))dy = g(x), xel,
0

and Volterra integro-differential equations
K
(2.3) f'x) = F(x,£(x), J K(x,y,£(y))dy), x e J.
0
In general, the equations mentioned above can not be solved by analy-
tical methods. Approximate solutions, however, can be obtained by numerical
techniques.

3. NUMERICAL METHODS

The fact that a Volterra equation can be regarded as a generalization
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of the initial value problem for ordinary differential equations (cf. NOBLE
[20]) is also reflected in the development of numerical methods. In partic-
ular, numerical methods for (2.1), (2.2) and (2.3) generate in a step-by-
step or block-by-block fashion, approximate values fn (n=k(1)N) to the
exact solution f(x) on the mesh'{xn=nh|n=0(l)N, xN=X}. If k > 1, starting
values fj’ j = 1(1)k-1 must be given, while fo is known.

An important class of methods originates on replacing the integral term
in (2.1), (2.2) or (2.3) with x = X by approximate quadrature rules based
on the abscissae xj’ j = 0(1)n, and weights wnj (j=0(1)n, n2k), i.e. rules
of the form

X
n

n
(3.1) i ¢(y)dy = h jZO L ¢(xJ-)-

For the solution of (2.1) we then obtain the equations

n
(3.2) £ =g(x) +h %

: an K(xn’xj’fj)’ n > k.

0

k=1 are given, then fk’fk+l""’

can be computed in a step-by-step fashion. The method (3.2) is called a

If the required starting values fo,...,f

(step-by-step) direct quadrature method. For a discussion of these methods,
including their convergence behaviour, we refer to BAKER [2]. This thesis
is mainly concerned with the analysis of an important subclass of direct
quadrature methods, called (p,c)-reducible quadrature methods. For a dis-
cussion of other interesting classes of methods, such as Runge-Kutta methods
and collocation methods, see [8,9,4] and the references therein.

Direct quadrature methods for the solution of first kind equations

(2.2) have the form

n
(3.3) h jZO Wﬁj K(xn’xj’fj) = g(xn), n > k.
Equation (2.2) is known to be ill-posed and therefore difficulties can be
expected when solving such equations numerically. Indeed, not all quadra-
tures rules (3.1) yielding convergent methods for second kind equationms,
generate convergent direct quadrature methods for first kind equatioms.

To guarantee convergence, rather restrictive assumptions on the quadrature
rules are necessary. Difficulties in the numerical treatment of (2.2) are
reflected in the convergence proofs which are frequently long and cumber-

some, especially if one is interested in proving the order of convergence.
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More details on methods of the form (3.3) can be found in BAKER [2], see
also the references in paper [C].

Numerical methods for Volterra integro-differential equations originate
by applying methods for ordinary differential equations to (2.3) in which
the integral term is replaced by numerical quadrature. More details and

references can be found in BAKER [3].

3.1. Reducible quadrature methods

If the kernel K is independent of x and if g is constant, that is,
if (2.1) has the form
x
(3.4) f£(x) = v + J k(y,£(y))dy,
0

then (2.1) (or (3.4)) is equivalent to the initial value problem
(3.5) £'(x) = k(x,£(x)), £(0) = v.

As a consequence, the class of second kind Volterra integral equations
includes classical initial value problems as a special case. This implies
that in this case the numerical method (3.2) can be regarded as a rather
unconventional and inefficient way of solving (3.5), and this observation
raises the following question:

Can a numerical method for (2.1) applied to (3.4) be reduced to a

method for solving (3.5) directly? (that is a method which yields

a finite-term recurrence relation for the approximations fn)'
It turns out that such a reduction is possible if the quadrature weights
display a suitable structure. To illustrate this, consider the repeated
trapezium rule as a direct quadrature method applied to (3.4). We then

obtain the equations

(3.6) £ =v+h 'Zo LARLICIE IR
J
where w . =w _ =4 and w . =1 for j = 1(1)n-1. The structure of the quad-
n0 nn nj
rature weights is given by the equalities wn+l,j = wnj’ j = 0(1)n-1.

Therefore, differencing successive equations (3.6) yields

{
_ h
I 1 SN WL e R



which is immediately recognized as the trapezoidal rule applied to (3.5).
Most of the commonly used quadrature rules display an easily recognizable
structure which can be formalized by the concept of repetition factor. The
repetition factor r associated with the weights in (3.1) is defined (cf.

LINZ [14]) as the smallest positive integer such that w for

nj Wn+r,j
u < j < n-v, where u and v are fixed numbers independent of n. As an example,
the weights of the repeated trapezium rule discussed above have a repetition
factor of onme.

It should be emphasized here, that the structure of the quadrature
weights plays a crucial role in the stability analysis of numerical methods
(see §4). There, the structure is also exploited to reduce the direct
quadrature method to a finite-term recurrence relation, that is a method
for solving ordinary differential equations. However, starting with a set
of quadrature rules it is not known in advance which ODE method will result.
This, in part, motivates the following question:

Is it possible to construct a direct quadrature method which, when

applied to (3.4), reduces to a prescribed (well-known) method for

solving (3.5)?

In particular, one may ask for conditions under which equations of the form
(3.6) reduce to

k k
3.7) L oaf o=h ] bxlx_ _.,f _.),

;00 1oni i<o0 n-i’"n-i
where a; and bi represent the coefficients of a linear k-step method for
ODEs. In this case, a positive answer to the above question is given by
identification of (3.6) and (3.7). This procedure yields relations between

the quadrature weights wnj and the coefficients a; and bi of the form

" 0 if 0 < j < n-k-1,

b A "
L& 5
=0 b . if n-k < j < n,

n-=j

from which the quadrature weights can be generated. The resulting quadrature
rules are called (p,o0)-reducible where p and ¢ denote the first and second

characteristic polynomial defined by

(@ = ] a, &, o@

1]

1
o
Y



This interesting class of (p,0)-reducible quadrature rules is the leading
thread running through this thesis.

In their general form, (p,o0)-reducible quadrature rules were introduced
by MATTHYS [16] with the principal aim of proving A-stability results of
numerical methods for Volterra integro-differential equations. However,

a detailed study of the properties of these quadrature rules was not under-
taken, nor was their suitability to other types of Volterra equations in-
vestigated.

In paper [D] we discuss the construction of (p,o)-reducible quadrature
rules and derive an asymptotic expression for the quadrature error. We also
describe a technique for generating the quadrature weights in an efficient
and stable manner. Particular attention is paid to the quadrature rules
which are reducible to the backward differentiation methods. Furthermore,
we give a concise treatment of convergence and stability results of these
methods for the solution of (2.1) and (2.3).

In paper [C] we investigate the applicability of (p,0)-reducible quad-
rature rules for the solution of Volterra integral equations of the first
kind. A theorem establishing the order of convergence, is given which
unifies and extends partial results previously derived by various authors.
Its proof is rather involved and relies heavily upon the reducibility of the
quadrature rules. An important condition for convergence is that also the
second characteristic polynomial o must have its zeros inside or on the
unit circle, those on the unit circle being required to be simple.

Paper [F] was motivated by the rather awkward and inefficient imple-
mentation of some (p,0)-reducible quadrature rules. In order to offset this
disadvantage, we constructed the class of so—called multilag methods. Un-
fortunately, the price to be paid for this gain in efficiency is the loss of
(p,o)-reducibility. It turns out, however, that this property can be re-
stored by changing the multilag methods in a suitable way and this led us
to the class of so—called modified multilag methods. In this paper, we
establish for the solution of (2.1) and (2.3) the order of convergence of
the multilag methods as well as their modification, whereas for the solu-
tion of (2.2) a special class of modified multilag methods is analyzed.

In addition to the theoretical results, we also report in the papers
[c], [D] and [F] on several numerical experiments with quadrature rules

which are reducible to the well-known backward differentiation methods.
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4, STABILITY

In the discussion of stability we shall restrict our considerations to
the linear version of (2.1):
X
4.1) f(x) = g(x) + f L(x,y)f(y)dy.
0
Before focussing our attention to the stability analysis of numerical
methods, we shall first make some remarks on the stability of the contin-

uous problem.

4,1, Stability of the continuous problem

The study of stability of (4.1) is concerned with the sensitivity
of f(x) to perturbations in the equation (4.1). Particular attention has
been paid to the effect of a perturbation e(x) in g(x) on f(x), and various
stability definitions arise on restricting the class of perturbations e(x)
to various normed linear spaces (see e.g. BOWNDS & CUSHING [6]).

The perturbation §(x) in f£(x) due to the perturbation e(x) in g(x)
can be expressed in terms of the resolvent kernel R(x,y) by

X
(4.2) 8(x) = e(x) + J R(x,y)e(y)dy,
0
where R(x,y) is the solution of the equation
X
R(x,y) = L(x,y) + I L(x,z)R(z,y)dz.
v .
Therefore, in this case the study of stability reduces essentially to the
study of the resolvent kernel (cf. BOWNDS & CUSHING [7], see also
GROSSMAN [121).

The general problem of deriving properties of the resolvent kernel for
an arbitrary kernel function L(x,y) is difficult to solve. Insight into
this problem, however, can be obtained under simplifying assumptions on
the nature of the kernel. Partial results exist and in [7], for example,

the kernel is assumed to be separable or degenerate, i.e. of the form

r
(4.3) LGx,y) = ] A;()B;(y).
i=0
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This assumption permits a reduction of (4.1) to a system of ordinary differ-
ential equations, and stability results for differential equations (cf.

COPPEL [10]) can be utilized to establish results for (4sl)s

4.2. Stability of the numerical method

In the stability analysis of numerical methods for (2.1) or (4.1)
similar difficulties and approaches occur. For the direct quadrature method
(3.2) applied to (4.1), the stability analysis involves the study of the
effect of perturbations € in g(xn) (n=0,1,...) on the resulting changes

§ in f , where
n n

n
(4.4) §,=¢e, *h jzo wnjL(xn,xj)éj.
Equation (4.4), frequently called a discrete Volterra equation, reflects
the structure of the Volterra operator: the perturbation Gn depends
directly on all previous perturbations Gj, j = 0(1)n-1). This is caused not
only by the kernel L but also by the quadrature weights wnj’ and therefore
the main difficulties in the stability analysis arise from these two
sources. Also, the derivation of stability results for (4.4) is impeded
by the lack of a general theory of discrete Volterra equations. The theory
of difference equations, in which a perturbation 6n depends on a fixed

(finite) number of perturbations § "’sn—k’ say, is well developed

e
(MILLER [18]) and insight into theng;neral problem (4.4) can be obtained
by establishing a link with this theory under suitable assumptions on the
nature of the kernel and the quadrature weights.

In the next sections we shall distinguish two approaches followed in
the literature, namely the stability analysis for h sufficiently small and
the analysis for fixed positive h; both approaches have their advantages

and disadvantages.

4.2.1. Numerical stability for small h

This type of numerical stability, used for example by LINZ [14] and
NOBLE [21], requires the perturbation sensitivity of the numerical method
to be "roughly equivalent" to the perturbation sensitivity of the original
continuous problem, and bears a resemblance to the stability concept used
by Henrici in connection with linear multistep methods for ODEs. The

analysis is based on the asymptotic expansion of the global discretization



error and has the advantage that it is applicable to general equations
(2.1), i.e. without any restrictions on the kernel and the forcing function.
Essential in the analysis is the structure of the quadrature weights, that
is, the existence of a repetition factor. In this connection, LINZ [14]
conjectured that "methods with a repetition factor greater than one tend

to be numerically stable, those with a repetition factor greater than one
numerically unstable".

Motivated by this conjecture, we investigate in paper [E] the relation
between the repetition factor and numerical stability for small h for the
class of (p,o0)-reducible quadrature methods. We derive a simple characteri-
zation of both numerical stability for small h and the repetition factor,
and with this characterization results with regard to the conjecture of
Linz can be derived in a straightforward manner. In particular, we show
that methods with a repetition factor greater than one are not necessarily
numerically unstable.

A disadvantage of the stability analysis discussed above is its asymp-
totic nature (as h - 0) and therefore it may fail to give a good model for

practical purposes when the stepsize h is large.

4.,2,2, Numerical stability for fixed h

In order to obtain insight into the general stability problem (4.4),
special cases of (4.1) have been considered in the literature. The most
simple case arises on choosing in (4.1) L(x,y) = X (A € €), yielding the
test equation (cf. MAYERS [17])

x
(4.5) §(x) = e(x) + A J §(y)dy.

0
Since the kernel in this test equation is independent of x, equation (4.5)
is equivalent to an ordinary differential equation. Therefore, in view of
the discussion in §3.1, only the structure of the quadrature weights plays
a role in reducing the discrete Volterra equation to a finite-term recur-
rence relation. Stability conditions can then be derived by a root condi-
tion on the associated characteristic (or stability) polynomial. BAKER &
KEECH [5] give a systematic study along these lines for a large class of
numerical methods including block-by-block methods and certain Runge-Kutta
methods. Since (4.5) with e€(x) constant is equivalent to the ODE test

equation 8' = A§, the stability analysis based on (4.5) is reminiscent of



the study of absolute and relative stability for fixed h in the numerical
treatment of ordinary differential equations.

Since the essential features of a general Volterra integral operator
are not reflected in (4.5), the use of (4.5) as a test equation is disput-
able. In order to give a firmer foundation to the stability analysis based
on (4.5), we consider in paper [A] test equations with kernels of the form
(compare with (4.3))

r
(4.6) K(x,y,£) = ] A (0)B;(,E).

i=0
In this paper, we show that, without any additional assumptions, (p,0)-
reducible quadrature methods applied to such test equations can be reduced
to a system of finite-term recurrence relations from which (local) stability
conditions can be derived. An important result we obtain is that the stabil-
ity condition can be expressed completely in terms of the Jacobian matrix
39K/9f. Therefore, the existence of some decomposition (4.6) is essential
only for the analysis, but irrelevant for the final stability result. It
should be remarked, however, that the conditions are rather complicated and
cannot be characterized by a problem-independent region of stability. Only
by first specifying the kernel function, the stability condition can be
converted into conditions which are feasible from a practical point of view.

More contributions to the stability theory for fixed h exist, which
vary in the class of methods considered and in the special case of (4.1)
adopted as a test equation (see [1] for a brief survey). In all these
contributions, however, a restricted class of kernel functions is consider-
ed having the property that the associated test equation can be reduced to
a system of ordinary differential equations.

In paper [B] the analysis of numerical methods for (2.1) is treated
without restricting the class of kermel functions. The main tool is the
imbedding of the integral equation in a differential equation containing
a parameter. The solution of the integral equation is then related to the
solution of this differential equation and this connection suggests a
technique for deriving numerical methods for (2.1). To be specific, we
apply well-known ODE methods, including Runge-Kutta methods and (cyclic)
linear multistep methods, and identify the resulting scheme with a method
for solving (2.1) directly. By carrying out a stability analysis of the

ODE method it is possible to derive the characteristic equation associated
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with the integral equation method for general kernel functions. As in paper

[Ad,

the stability conditions are rather complicated, in general.

To conclude this section, it can be stated that the contributions to

stability theory, published so far, may be regarded as attempts to gain

insight into the general stability problem. Much work remains to be done in

this area, and it is hoped that the contributions mentioned or referred to

above will prove to be useful in reaching the eventual goal of producing a

general stability analysis for discrete Volterra equations.
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On the stability of multistep formulas for Volterra integral equations of

the second kind

by

P.J. van der Houwen and P.H.M. Wolkenfelt

ABSTRACT

The purpose of this paper is to analyse the stability properties of a
class of multistep methods for second kind Volterra integral equations. Our
approach follows the usual analysis in which the kernel function is a priori
restricted to a special class of test functions. In most stability investi-
gations these test functions only depend linearly on the unknown function.
Since such simple test equations are in fact equivalent to ordinary differ-
ential equations, one may dispute its relevance for the integral equation
situation. Our aim is to give the use of this simple test equation a firmer
foundation. To this end, we consider the large class of finitely decompos-
able kernels. Stability conditions will be derived and compared with those
obtained with the simple test equation. As an example, it is shown that the
trapezoidal rule may become unstable whereas application of the usual sta-

bility conditions would predict a stable behaviour.

KEY WORDS & PHRASES: Numerical analysis, Volterra integral equations of the
second kind, stability



1. INTRODUCTION

Suppose we are given the system of non-linear Volterra integral equa-

tions
x
(1.1) f(x) = g(x) + f K(x,y,£f(y))dy, X <x <X
X
0

where g and K are given vector functions and f is the unknown vector func-
tion.

Several numerical methods have been proposed to solve this equation,
the most familiar ones of which are based on a direct quadrature rule. These

methods have the form

n+l
Clud) £er = 8L * jZO wn+1,jK(Xn+1’xj’fj)’ B & Eia
where f._,f.,... are approximations to f(x,),f(x;),... and w_ . are given
0’71 0 1 n,Jj

weight parameters. In this paper we assume that the weights Vo3 are such
that for K = af and g(x) = 1 scheme (1.2) reduces to a linear multistep
method(with constant coefficient@ for the solution of (1.4). Further we as-
sume that the vectors fO""’fk—] have been computed by some adequate start-
ing procedure.

In the literature, the stability analysis of this and other methods is

carried out either for hrl -0 (hn = x —xn), where general kernel functions

n+1
K are admitted (cf. KOBAYASI [9] and NOBLE [11]), or for fixed h # 0, where

the kernel is of the form K = af, yielding the test equation

x
(1.3) f(x) = gx) + a J f(y)dy, aeC.
0

(cf. MAYERS [10], BAKER and KEECH [1]). The main idea behind this last ap-

proach is that the kernel function is chosen in such a way that the numeri-

cal scheme can be rewritten as a recurrence relation with a fixed number of

terms. In this connection, a remark of KERSHAW [3, p.159] about the use of
"

this kernel function may be quoted: "... it is obviously convenient, how-—

ever its true relevance to the integral equation situation does not appear



to have been thoroughly examined". Indeed, the use of (1.3) makes the stabi-
lity analysis straightforward which is due to the fact that it is equivalent

to the ordinary differential equation
(1.4) £'(x) = g'(x) + af(x), £(0) = g(0).

However, the use of (1.3) is also disputable, because the kernel does not
depend on x and therefore may be considered as an equation without a '"past",
which does not reflect the genuine character of a Volterra integral equa-
tion.

In order to give a firmer foundation to the stability analysis based on
(1.3) we have considered more general kernel-functions. The present paper is
based on two earlier institute reports [6] and [7]. In [6] the kernel func-

tions K(x,y,f) were allowed to be of the form
(1.5) K(x,y,f) = (a+bx)f,

where a and b are constants, and in [7] we considered the class of finitely

decomposable kernels (cf. [2]), i.e. kernels of the form

r
(1.6) KG,y,0) = | A (0B, (v,6),

i=0
where the Ai are matrices only depending on x and where the Bi are vectors
which only depend on (y,f) and which are differentiable with respect to f.

Like (1.3) one may dispute the relevance of equations with kernel func-
tions (1.5) because they can be reduced to a second order differential equa-
tion. Nevertheless, the stability analysis for kernels of the form (1.5) was
of some value because it indicated how to generalize the analysis for kernel
functions of the form (1.6). This generalization is presented in [7] and, in
a slightly modified version, reproduced in this paper.

In section 2.1 we discuss the extension of the space of perturbations
of f. with additional perturbations which makes it possible to convert the
variational equation of the scheme (1.2) into a system of fixed-term recur—
rence relations. In theorem 2.1 our main stability result is stated, holding

for kernel functions of the form (1.6). In order to see the effect of the



additional perturbations on the stability conditions we tried in section
2.2 to avoid the introduction of such perturbations. By sufficiently res-
tricting the class of kernels it is possible to obtain stability conditions
which are very similar to those given by theorem 2.1.

In section 2.3, examples are given of the trapezoidal rule when applied
to a scalar integral equation and when applied to a special class of con-
volution kernels. In section 3, the stability conditions are tested by solv-
ing a few test problems. In all cases the theoretical results are confirmed
by the numerical examples.

As to the generality of the stability analysis presented in this paper,
it is subject to two assumptions: finitely decomposable kernel functions
and "linear multistep" weights (i.e. the equivalence of (1.2) and a linear
multistep method). The restriction of the kernels is rather mild and is only
a restriction to comtinuous kernmel functions. In fact, by the well-known
theorem of Stone-Weierstrass, the class of continuous functions of the form
(1.6) is dense in the class of all continuous functions. Hence, if K is not
of the form (1.6) but continuous in x,y and £, it can be approximated by a
function K" of the form (1.6) within any degree of accuracy (for an inter-
esting discussion on this subject we refer to [2]). Furthermore, it can be
proved that if (1.2) yields the numerical solutions fn and £° corresponding
to K and K*, respectively, then fn—f; is of the order K-K* as K > K. There-
fore, the behaviour of the numerical solution corresponding to any continuous
kernel function K can be investigated by considering the numerical solution
corresponding to a finitely decomposable approximation K* to K. The assump-—
tion on the weights in (1.2) is more restrictive in the sense that it does
not include all direct quadrature formulas. For instance, it excludes the
formulas which are based on repeated Newton—Cotes rules combined with a dif-
ferent end formula (see e.g. [1]). However, it Zncludes both some well-known
formulas such as the Gregory rules, and unconventional quadrature formulas
such as those based on the famous Curtiss-Hirschfelder formulas [4]. The
generalization of the stability analysis to arbitrary quadrature rules is
subject to further research.

Finally, with respect to the stability conditions derived in theorem
2.1, we remark that this condition is rather complicated and, unlike the

situation in the stability analysis of ordinary differential equations, it



cannot be characterized by a problem-independent region of stability for
the eigenvalues of the Jacobian matrix of K. Only by first specifying the
kernel function, the stability condition can be converted into conditions
which are feasible from a practical point of view.

Comparing the stability conditions derived for kernels of the form
K = af and derived for (1.6), we conclude that the first class of kernel
functions gives a rough indication of the stability behaviour of the numer-
ical scheme. Hence, the test equation (1.3) may be considered as a first
sieve for the selection of an appropriate scheme for the solution of Volterra
integral equations of the second kind. A result of our analysis is that the
stability conditions derived with the simple test equation can be used for
more general equations provided that the Jacobian matrix o0K(x,y,f)/3f is
"slowly varying" in x,y and f. Since our analysis is able to quantify this
"slow variation'" and hence leads to more rigorous stability conditioms, it
may serve as a second sieve to choose a suitable scheme for the particular

problem at hand.
2. DERIVATION OF RECURRENCE RELATIONS

For sufficiently small perturbations Afj, the variational equation of

(1.2) is of the form

o+l 9K
n+l - J.ZO Vn+l,j of

2 ~

(2.1) Af (xn+1,xj,fj)Afj, n > k-1.

In order to obtain a fixed-term recurrence relation for the perturbations
Afj we impose two conditions. Firstly, the arguments x, y and f in the

Jacobian matrix are assumed to be separable according to the formula

3K S
(2.2) E (XaY)f) = P(y,f) + lzl Qi(X)Ri(Y,f),

where P and Ri are arbitrary matrices only depending on y and f, and Qi is
an arbitrary matrix only depending on x. It is easily verified that all
kernel functions of the form (1.6) have a Jacobian matrix of the form (2.2).

Secondly, the weights v 3 are assumed to satisfy the relation
’



) V=L, " 0 j =0,1,...,0-k; n > 2k-1.
(2.3)
£=0

where the parameters a, are independent of j, and k is a positive integer.

From condition (2.2) it follows that

n+l b o
(2.4) E i = jzo wn+1_£,j[P(xj,fj) + 'Zl Qg () Ry (x5 £5) J0E
= i=
n+tl-£ > k; £ = 0,1,...,k,
where w . = 0 for j > n. By virtue of (2.3) Afn satisfies the relation
: ]
k
Zzo [azl.+blhnp(xn+l—£’fn+l-£)]Afn+1-£ -

(2.5)
t k n+l

= .Q. R. . . .
izl KEO jZO aﬂwn+1-Z,JQ1(xn+l—K) 1(XJ’fJ)AfJ

where we have written
k

(2:6) ZZO aﬂwn+1—£,j - _hnbn+l'j’

j = n—k+l,...,n+l.

It should be remarked that the coefficients aZ and bE are related to
the coefficients of a linear multistep method for ordinary differential

equations. To see this, let scheme (1.2) be applied to an integral equation
of the form f(x) =1 + fz K*(y,f(y))dy. Using (2.3) and (2.6) it is easily

verified that (1.2) can be written as

k k
*
KZO aﬂfn+1—£ + hn KZO bZK (xn+1-£’fn+1-ﬂ) = Ky

Exactly the same formula is obtained by first writing the integral equation

as the initial value problem

£1(0) = K (x,£(x)), £(xp) =1,



and applying a linear k-step method with coefficients ap and bﬂ' Note that

the choice a, = -1, a, = 1 lead to quadrature formulas having repetition

factor 1 (cf? NOBLE [}I]). For example the Adams-Moulton formulas generate
the weights of Gregory's rule. In this paper it will be assumed that {aﬂ’bﬂ}
correspond to a convergent k-step method.

In the next section relation (2.5) will be converted into a system of
fixed-term recurrence relations by introducing additional perturbations
which are expressed in all preceding perturbations Afj. In section 2.2 it
will be shown that the introduction of such additional perturbations can

be avoided for special classes of kernel functions, e.g. when in (1.6) the

matrices Ai(x) are of the form xll, I being the unit matrix.

2.1. Introduction of additional perturbations

Let us define the additional perturbations

» n
(2.7) RGN (N
n j=0 W

]

Ri(xj’fj)Afj’ n = 051;:005 i 1,2,...,r.

Substitution into (2.5). leads to the (r+l)(k+!)-terms relation

k P
zzo Cagl+bph POy ogofner-p? 100 1p =
(2..5")
16 k
_ (i)
izl oLy 3% Fae1-07200s1-p-
In addition, we have from (2.3) for the perturbations AGél) the recurrence
relations
(2.8) E a,06tt) 4 E bR, ( £ )Af =0
‘ P e b S T e R A s B T B
i=1,2,...,r.

By introducing the abbreviations



(2.9)

L, =

£ aZI * hanP(Xn+l-£’fn+l—K)’

(1) _
My =

(i)
¥y

and writing

AG(O) = Af_,
n n

_aZQi(Xn+1—Z)’

bﬂhnRi(xn+]—£’fn+l—ﬂ)’

the relations (2.5') and (2.8) assume the form

(2.10)

Or more

(2.11)

where

and

(2.12)

k

r . .
0
y [LKAG§+3_£ + ] Mél)AG§13_£] =0,
£=0 i=1
k@), 0 ()
zzo [Ng™ "8G G + 2¢8C041-¢] = 0
compactly .
k—>
ZZO BpAG . _p = 0s
2 _ (0) (r) T
88, p =BG  _preeeaBC 1 )
(1) (r) 1
.(Lz My My
(1)
g -t O
NG
LNér) a,l ]

Assuming that Bal exists, we write (2.11) as



(2.14) D%1=CD form=1,...,r,

m
then
1 Br
C
1 r
(2.15)  det . . O = det(AD - § BmCm)(det p)* A
O
C D
r

The proof of this lemma may be found in [8].

THEOREM 2.1.

(i) The eilgenvalues of the matriz (2.13) satisfy

k
(2.16a) I a -0
£=0
or
k "k r
[ _ () () ] 2k-£-i) _
(2.16b) det{zzo iZO LaKLi mzl MN, T = 0.

(ii) Let the polynomial E azck—K satisfy the root condition. The scheme
(1.2) Zs locally stable in the sense of definition 2.2 when the eigen—
values satisfying (2.16b) are strongly stable. In the special case
where IK/3f does not depend on x, the scheme (1.2) is locally stable

when the eigenvalues satisfying
k
(2.16c) det{ ) chk z} -0,
£=0

are strongly stable.

PROOF. Consider the matrix An given by (2.13). It is easily verified that

the characteristic equation of Arl can be written in the form

-1 ¥ . Wl K
2.7 det(A -zI) = det(B det( § B,z~ %)ldet(-1)I¥.
n (0] z
£=0
¢ Ve i ! the ¢ sdhece (7)) 500 ﬂ,/,
)\‘, P eaba Vz v fe iodh ' el A
i AL A‘EL., 11 ‘;‘ o . 0 r “)u ék
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Substitution of (2.12) into (2.17) gives the characteristic equation

k k k ‘
k=L (1) k-£ (r) k-2

Y L,C Y M, ¢ cess § My B

o ¢ o ¢ o £

k > k _

0 0

(2.18) det t = 0.
|
- K
(r) k-2 k—£

\\g Nyt gazll;

By observing that the matrix Zg azgk_zl in (2.18) is a multiple of the unit

matrix, and therefore commutes with all matrices of the same order, we ob-—

tain by virtue of lemma 2.1 that (2.18) may be reduced to

k k r ” k r-1
| oL (m)  (m) ] zk-z-l} ( k-z1> )
(2.19) det{£ZO iZo.La/&Li mZ] MUN, Jc .\det{zzo a, 1t f =0,

from which (2.16a) and (2.16b) immediately follow.

In order to prove the second part of the theorem, we have to prove
that the eigenvalues which satisfy (2.16a) are strongly or weakly stable.
From the root condition it follows that all eigenvalues which satisfy (2.16a)
are within or on the unit circle. Hence, it remains to show that the eigen-—
values on the unit circle are weakly stable. Let E be a root of 120 atck_2
with |Z| = 1. From the root condition it follows that 7 is simple. If the
matrices in (2.12) have order s then 7 is a root of (2.19) with multiplicity
s(r-1). The next step is to prove that there exist s(r-1) independent eigen-
vectors of An corresponding to the eigenvalue 7. Let Z(Z) be such an eigen-—

>

e

k). Solving

. >
vector with component vectors (el,...,

A®) =T e®

we find



> _~k—]—> > o B ¥
el 14 ek,. .,ek_] T ek
and
k
“k-LY> _
(2.20) ( ZO B, )ek - 6.

Thus, the number of independent eigenvectors Z(E) equals the number of

independent vectors ¢, which satisfy (2.20). Denoting the components of

+(0) ,glgr)

gk by (ek yeas ) and solving (2.20) we find the system of equations

K K K
(v 1 7k=Y2(0) | (7 \(Dsk=£)2(1) (§ (D)xk=L\(x) _
(2.21a) \g Lyt )%k + \g M, T %k o+ \g Myt T %k g,
(% (@)~k-2\>(0) _
(2.21b) \g N,z )ek T, I PR

s >(1 3
Since each vector eé ) has s components, i = 0,...,r, we have at most s(r+l)

unknowns which must satisfy (2.21a)-(2.21b). Recall that we have to prove
that s(r-1) unknowns can be chosen independently. This is achieved by choosing
(0) ; 2o LB

equal to ze i.e. e
e qua ro, K

satisfied. The number unknowns is then reduced to sr, and we are left with

the components .of Z , in which case (2.21b) is

the s equations

k k
(Dsk-L\>(1) (v A (£)7k=L)>(x)
(2.22) Y M T e e Ll Y MR 2

From (2.22) it is immediate that s(r-1) components can be chosen arbitrarily,
and therefore one can find s(r-1) independent vectors Zk'

When 93K/3f does not depend on x, i.e. when &K /3f in (2.2) is of
(m)
i
eigenvalues satisfy (2.16a) or (2.16c), and one can prove along similar lines

the form P(y,f), we have M = 0. It is readily seen that in this case the

as above that the scheme is locally stable when the eigenvalues ¢ satisfying

(2.16c) are strongly stable. O

Using (2.9) we see that (2.16¢c) is identical with
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k 3K k-2 _
@20 det Zz (apl+bphy 3% (xn+l-£’xn+1—£’fn+l-ﬂ))g ol
=0

Likewise, equation (2.16b) can completely be expressed in terms of the
Jacobian matrix 9K/3f in a number of points close to (xn,x ,f ). A straight-

n’.n
forward calculation yields by substitution of Li’ Mim) and Ném)

k .k
. k-1 3K k-27\ _
(2.16b") det{izo at [Kzo(a£1+b£hn 3 ®neioi Fne1-22Ene1-))°% J} = 0.

The problem now is how to derive practical criteria from theorem 2.1.
When we proceed as in the stability analysis of integration methods for
ordinary differential equations, the Jacobian matrices Kf(xn+1—i’xn+l-£’
fn+]—K)’ in the characteristic equation (2.23) are replaced by a locally
constant matrix J (the "slowly varying Jacobian'" approach), which leads to
the characteristic equation
(2.24) E (az+b£z);k‘Z - o0,

£=0
where z denotes an eigenvalue of th. Since this equation is just the
characteristic equation of the linear multistep method with coefficients
ap and bﬂ when it is applied to the differential equation df/dx = Jf, stabi-
lity criteria can directly be derived from the stability theory for ordinary
differential equations. This immediately suggests to choose scheme (1.2)
such that it corresponds to a multistep method with good stability proper-
ties. Such methods are the Curtiss-Hirschfelder or backward differentiation

formulas [47] defined by

by, = 0, L =1,2,...,k.

The stability regions of these formulas contain the whole left half plane
for k < 2 and almost the whole left half plane (except for a small region

near the imaginary axis) for k = 3,4,5 and 6. In order to make use of these



A5

excellent stability properties one should find the corresponding weights

wn,j by solving the relations (2.3) and (2.6). In L{3] solutions are given
and the resulting quadrature formulas are investigated.

We should bear in mind, however, that the replacement of Kf(xn+l—i’
Xn+1-£’fn+1—£) by a constant matrix J is dubious when the Jacobian matrix
is a rapidly changing function of x, y and f. In order to obtain more
rigorous stability criteria additional information about the integral equa-
tion should be provided.

In section 2.3, stability results will be derived in terms of the eigen-

values of the Jacobian matrices Kf(x —Z) for two specific

% 3% f
n+1-1’"n+1-£’ n+l
classes of kernel functions and a specific integration scheme. Firstly,
however, we describe in the next section an approach to generate recurrence

relations with a fixed number of terms only containing perturbations Afj.

2.2. Recurrence relations without additional perturbations

When the Jacobian matrix of the kernel function has the form
K
(2.25) 2GLYE) = P(r,6) + xR(y,£)

it is possible to obtain a recurrence relation only containing a fixed
number of perturbations Afj. This will be shown as follows. For kernel func-—

tions satisfying (2.25) relation (2.4) can be written in the form

n+l
6f g = jZO wn+1_£,j{P(xj,fj) + xn+]R(xj,fj)}Afj

(2.26)
n+l

- o’ - < <
£h jzo Voei-g, RO E0E S, n+l-£ > k, 0 < £ <k,

where we have assumed hn = h, i.e. a constant step size. Taking suitable
linear combinations of (2.26) and using (2.3) and (2.6) we obtain the re-

lations



1a

k
ZZO aZAfn+l-£ +
k
€2.27) +h lZO bz{P(Xn+1-£sfn+l_£)-rxn+lR(xn+]_£,fn+l_£)}Afn+1_£
k n+l
+h zZo La, jZO Wori-g,jRGE5)0E; = 0, n > 2k-1.

Since (2.27) holds for all n 2 2k-1 we may write down k+1 consecutive rela-

tions as follows

K K
ﬂzo i A KZO bﬁ{P(xn+l—i—£’fn+1—i—£) *
* X o1-iRCnemi o fa1-i-00 20 -ig
(2.28)
k n+l-i
N e M L R

n+tl-i 2 2k, 0 < i < k.

Again taking linear combinations of (2.28) yields the relations

k K
Lo i g

La, I+ hb,{P(x
250 £ L

n+1-i—£’fn+l—i—£) *

* xn+1-iR(xn*l-i-ﬂ’fn+l—i—ﬂ)}]Afn+l—i—£ *

(2.29)

+h .z a; z Zaz jz wn+1—i-£,jR(xj’fj)Afj =0,

n = 3k-1.



By interchanging the summations of the last term of the left-hand side of

(2.29) this term reduces to

n+l k

k
h L . . OR(x.,£.)Af. =
jzo I_Eo az(iZO 2 ne1-i-g, )R (X5 5) 085

8 Vo 1miog, RO EDALL =

Kk Kk
-h zz ap 1 biRGy g opef g )0 g
0 ‘=0

where we have used (2.3) and (2.6). Substitution into (2.29) yields the

recurrence relation

n+1—i—£’fn+1—i—£) *

H}\ﬂw

k
a, ) [a,I+ hb,{P(x
ip2y % 7 4

i=0

(2.30)

+ (x -ih)R(x ) H1af 0,

n+l-i n+]—i—£’fn+l-i—£ n+l-i-£ =

n > 3k-1.

Note that Af only depends on Afj for n+tl1-2k < j < n. As in section

n+l
2.1 we write this recurrence relation in the form

-

(2.30") (of n+1-2k) °

Y- y' = A;(Afn,...,Af

n+l n+2-2k

where A: is completely determined by (2.30). The definition of local sta-
bility, given in section 2.1, is now restricted to kernel functions satis-
fying (2.25) and to matrices of the form A:. From (2.30) we finally have

the following analogue of theorem 2.1.

THEOREM 2.2.
(1) The eigenvalues of the matrix A; (Zn (2.30")) satisfy

k .
det{ Z a,gk_l *
i=0 *
(2.31)
5 oK k-£
[zzo(atI'*bzh 3 Cne1-21, Xnr1-i-£2Tpeg g )08 11 = 0
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k -
(ii) Let the polynomial £20 azck £ satisfy the root condition, then the

acheme (1.2) is locally stable in the sense of definition (2.2) when

the eigenvalues satisfying (2.31) are strongly stable.

Comparing (2.31) and (2.16b') we see that in (2.31) more of the "history"
K . 4
of %?-13 taken into account. However, when the Jacobian matrix %%

approximated by a constant matrix J it is easily seen that (2.31) reduces to
(2.24).

We remark that the analysis presented in this section can be generalized

is locally

for the class of kernel functions satisfying

3K o
SE(X;Yaf) = P(y,f) + _zl X Ri(y,f),
1=

by repeatly taking suitable linear combinations. The resulting recurrence

contains k(r+l) + 1 terms Afj.

relation for Afn+1

2.3. Derivation of stability conditions

In the derivation of stability conditions from the theorems 2.1 and 2.2

the following lemma is frequently used:

LEMMA 2.2. Let F(t) be a matrix—valued function of the scalar t with eigen—
values ¢j(c), i =1,2,...,s. Then the roots of the equation

det[F(z)] =0

are within(or on)the unit circle when the roots of the equations
¢J(C) = 0, j = 1,2,...,5

are within(or on)the unit circle.

PROOF. Let‘zbe a root of det[F(z)] = O then the matrix F(Z) necessarily has
a zero eigenvalue. Since the eigenvalues of F(Z) are of the form ¢j(Z) we

have ¢.(z) = 0 for some j. Thus, by requiring that all roots ¢ of ¢j(c) =0
satisfy |z| < 1 for all j, the roots of det[F(z)] = O certainly are within

(or on)the unit circle. ]



2.3.1. Jacobian matrices with locally constant eigensystems

When the eigensystems of the matrices Kf(x —K) coincide

w 30 of
n+l1-1’"n+1-£° n+l
for i,£ = 0,1,...,k (e.g. in case of scalar integral equations), it is
immediate from theorem 2.1 and lemma 2.2 that we have local stability if

the roots ¢ of the equation

k :
. _ 2k-i-¢
£2:0%) o b0 %02 * PePneioi ne1—p = G
satisfy |g| < I for all eigenvalues zn+l-i,n+|—£ of han(Xn+l—i’Xn+l-£’

fn+1—£)'
For small values of k this equation easily gives the stability region

in the eigenvalue space {z . We shall illustrate this by

}k
n+l-i,n+1-£71,£=0
analyzing the trapezoidal rule defined by

(2.33) an,O = wn,l = wn’2 = ... = wn,n-l = 2wh’n = h.

This quadrature rule satisfies (2.3) with k = 1, ao =-a = -1. From this

it follows that b0 = bl = %, so that equation (2.32) assumes the form

(2.34) (1-1: 8% = (244 2 T Yo+ (1 ++2z  )=o0.
) 2 "n+l,n+l 2 "n+l,n 2 "n,n+l 2 "n,n

Let the eigenvalues z be real then by the Hurwitz criterion we arrive at

the stability region

V4
n+l,n+l

z + z <0
n+1,n+1 n,n ?

(2.35)
z =z + z = Z <0
n+l,n+1 n,n n+l,n n,n+l ’
z -z + z -z < 8
n+1,n+1 n,n n,n+l n+l,n ’

Next we consider the stability conditions resulting from the analysis

presented in section 2.2. From theorem 2.2 and lemma 2.2 it follows that we
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have local stability if the roots of the equation

k

(2.36) i %=O ai[aﬂ * blzn+l—21,n+1-i-l’.:]c

2k-i-£ - 0,

satisfy |g| < 1 for all eigenvalues z In the case of the

n+1-2i,n+1-i-£°
trapezoidal rule we arrive at the stability region

<
Zn+1,n+l 0,
+ <
Zn+l,n+l zn—l,n—l 0,
(2.37)
- - <
zn+1,n+l Zn-1,n-1 * “n+l,n Zn—l,n O
- - <
Zn+l,n+1 Zn—l,n—l zn+l,n * zn—l,n e

It is not surprising that the regions defined by (2.35) and (2.37) are dif-

ferent because the spaces of perturbations are different.

The preceding derivations become increasingly difficult for larger
values of k. In such cases one may get a rough impression of the stability
region by applying the "slowly varying Jacobian'" approach mentioned above.
In case of the trapezoidal rule this would give the familiar condition (for
complex eigenvalues)

(2.35%) Re < 0.

zn+l,n+l

Although the conditions resulting from (2.32) and (2.36 ) depend on n,
i.e. only have a local meaning, there is an important class of kernel func-
tions for which the analysis of section 2.1 and 2.2 may give conditions in-

dependent of n. This is investigated in the next section.

2.3.2. Convolution kernels

An important class of integral equations has kermels of the form
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(2.38) K(x,y,f) = k" (x-y)Af,

where k* is a polynomial in (x~y) and A is a matrix with constant elements.
Evidently the Jacobian of (2.38) can be presented in the finitely decom-—
posable form (2.2). Furthermore, the eigensystem of 3K/3f does not depend
on x, y and f so that we arrive at the characteristic equation (2.32)

with

*
Zael-i,n+1-L hnk (xn+1—i - xn+l-ﬂ)a

where a runs through the eigenvalues of A. In the case where constant inte-

gration steps h are used equation (2.32) reduces to

k
* N
(2.39) . %=0 a;[a, + b,hk ((-i)h)alz

Beik _ o

Note that the characteristic equation (2.39) is independent of n and hence

the conditions for local stability will not depend on n. Secondly, we note
that the analysis of section 2.2 can be applied only when k*(x—y) = y1+Y2(x—y).
Therefore, in order to compare the results of section 2.1 and 2.2, we will
derive stability conditions when the scheme is applied to such kernel func-
tions. It is easily verified that for such kernel functions (2.31) is iden-

tical to (2.39) and has the form

.k k

k-1 k-£ 2

a.g Z [a, +b,hay, Iz + h%ay a.b,(£-i)¢
o 1 250 AR Al | 2 i,%=0 il

(2.39") Zedeb L,

I 15

i
The second doub}e sum in this equation is due to taking into account the
variation of the Jacobian matrix with x and y. Especially, when Y is small,
i.e. Y, = 0O(h), these terms cannot be neglected so that equation (2.39')
may differ considerably from the "multistep equation" (2.24).
Finally, we give the conditions for local stability of the trapezoidal

rule in the case of a convolution kernel (compare (2.37)).

(2.37") hay, <0, hzaYz <0, hzow2 > =4,
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From the last condition we conclude that the stepsize h is restricted by

2 4 . . ; : :
< ———, o being ‘an eigenvalue of A. Numerical experiments, reported in

|GY2|
the next section, confirm this result.

3. NUMERICAL ILLUSTRATION

In this section we will verify the stability analysis when applied to
the trapezoidal rule. In particular we are interested in the difference
between conditions (2.35) and (2.37) resulting from a different analysis.

It should be noted however that (2.37) is applicable only if Kxxf = 0.

In -order to illustrate the analysis we specify a number of scalar
integral equations. For each problem we will check the conditions for stabi-
lity yielding a prediction for stable or unstable computation. A final num-
erical experiment will verify this prediction. All problems were solved

using a constant stepsize h, the range of integration was 100h.

Problem 1:

K(x,y,f) = (-a+bx+cy)f;
g(x) = (1-c)sin x + a-bx + ((b+c)x-a)cos x

solution f(x) = sin x.

For this set of problems the (local) stability conditions (2.35) and (2.37)

are
(3.1) (b+c)(xn+h) < a; (b+c)(xn+£h) < a; bh2 < 0; ch2 < 4,
and
(3.2) (b+e) (x_+h) < a; (b+e)x_ < a; 2bh’+ch’ < 03 ch? < 4.

Note that (3.1) is more stringent that (3.2) as it allows the parameter b

only to be negative. We have chosen the following values of the parameters:
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la) a = 1001, b = -900, c = 1000, h = 0.1

The conditions (3.1) and (3.2) predict instability. The numerical solu-
tion was indeed unstable. The true error was amplified by a factor of approx-—

imately -4.
1b) a = 1501, b = -50, c = 200, h = 0.1.

Condition (3.1) predicts stability, whereas (3.2) predicts an unstable
behaviour. No severe instabilities were developed during the computation,
only a small increase in the absolute error was detected. Hence, the numeri-
cal solution did not give a decisive answer to the question whether it was
stable or not. In fact, it was difficult to find an example for which the

numerical solution was strongly unstable.
lc) a=1, b = =400, c =400, h=0.1.

Conditions (3.1) and (3.2) reveal that for this choice of the parameters
we have a point on the boundary of the stability region. Indeed, inspection
of the true error confirmed that the amplification factor was approximately

=1s

1d) convolution kernel. o ' N

o

a=1/4, b = =320, c = 320, h = 1/8.
For convolution kernels conditions (3.1) and (3.2) coincide and pre-
dict instability. In every step, the absolute error was amplified by a
factor ~ -2.8, indicating a severe instability.
le) convolution kernel

a=1/4, b=-128, ¢ =128, h = 1/8.

Both conditions predict stability. The numerical results confirmed this

behaviour.
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Problem 2. (nonlinear)

9

K(x,y,f) = -x2f3; gx) = x2 + - X

1

7
. 2

solution: f(x) =x, h=0.1.

It is easily seen that (2.37) gives no decisive answer, since it is
not applicable, (2.35) predicts stability. No instabilities were developed

during the computation.

From these experiments we conclude that the stability conditions (2.35)
and (2.37) give a good prediction for the global numerical behaviour, al-

though they result from a local analysis.
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Analysis of Numerical Methods for Second
Kind Volterra Equations by Imbedding
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Netherlands
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Our purpose, in this paper, is to gain insight into the properties of a wide class of
numerical methods for second kind Volterra integral equations with an arbitrary
smooth (nonlinear) kernel function. The main tool in the analysis proposed here is
the imbedding of the integral equation in a differential equation containing a
parameter. The solution of the integral equation is then related to the solution of
the differential equation and this connection suggests a technique for deriving
numerical methods, many of which prove to be classical. Introductory sections are
devoted to exploring this connection, which we can exploit by pursuing the stability
approach for numerical methods applied to differential equations.

1. Introduction

In this paper we propose a possible approach for the investigation of
error propagation in numerical methods for nonlinear Volterra integral
equations of the form

f(x)=g(x>+fo"1<(x,y,f(y»dy, 0<x<X, (1.1)

where g(x) and K(x, y, f) are arbitrary given vector functions belonging
to a class of sufficiently differentiable functions, and f(x) is the unknown
function.

Recently, several papers have been published in which stability results
are stated for particular classes of methods and kernel functions varying
from simple linear functions such as

K(x,y,f)=af and K(x,y,f)=(ax+b)f, aandbconstant (1.2)

27
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(cf. Baker and Keech [4], van der Houwen [7]) to rather general kernel
functions of the form (cf. van der Houwen and Wolkenfelt [8], Baker [3])

r
K(x,y, f)= 2 X(x)Y,(», f). (1.3)
i=1
In essence, the approach presented in these papers turns out to be the
analysis of a numerical method for ordinary differential equations to
which the integral equation method is more or less equivalent when
applied to kernel functions of the form (1.2) or (1.3).

This suggests that we start directly by converting the integral equation
into a differential equation without restricting the kernel function XK. By
identifying the integral equation method to an integration method for this
(rather unusual) differential equation and by carrying out a stability
analysis of the integration method, it is possible to derive the characteristic
equation corresponding to the integration method for general kernel func-
tions. In van der Houwen and Wolkenfelt [9] this approach is described for
a class of direct quadrature methods. [Quadrature methods that may be
obtained by applying quadrature rules of the form

f "o(»)dr=hS o, 6(jh)

Jj=0
to discretize (1.1) yield equations of the form

n
fi=g(nh)+h 3 ‘*’an(”h’jh’j;)
j=0

for values f, approximating f(nk), n=1,2,..., with given fy=£(0)=g(0).j In
the present paper the analysis outlined in Ref. [9] is developed and
extended to a larger class of methods using the insight obtained in Baker
[3]. Thus, the investigation into stability proposed here applies to a very wide
class of methods applied to a general nonlinear equation (1.1). At the same
time, and as a bonus, the relation to imbedding reveals that classical
methods for (1.1) can be viewed in a new light and also suggests the
construction of new classes of numerical methods.

In the following sections we give the analysis for a scalar integral
equation (1.1). The generalization to systems of equations is straightfor-
ward and requires little modification of the analysis.

1.1. Derivation of the Differential Equation

Let the definition of the kernel function K(x,y, f) be extended for
y> x [e.g., by interpolation or by defining K(x, y, f)=K(y, x, f) if y > x]
and define the function

\I'(t,x)=g(x)+f0'K(x,y,f(y))dy, 0<t, x<X, (1.4)
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where f(x) satisfies the integral equation (1.1). Since we obviously have

f(x)=¥(x, x), (1.5)

we may write (1.4) as
‘I'(t,X)=g(x)+f0'K(x,y,‘P(y,y))dy- (1.6)

This equation contains f(x) as a part of its solution. Differentiation of (1.6)
with respect to ¢ leads to the initial value problem (cf. Pouzet [12, Sec. \%)]

d
¥ ) =K(x, 1,%(1,1))
¥(0, x)=g(x)

Equation (1.7) can be regarded as a partial differential equation. However,
it is more convenient to treat it as an ordinary differential equation, where
x is considered as a parameter and 7 as the independent variable.

,  0<x, t<X. (1.7)

2. Solution of the Initial Value Problem

Formally, any integration method for ordinary differential equations
may be applied to the initial value problem (1.7). In this section we discuss
the application of linear multistep methods and Runge— Kutta methods.

The convergence of these methods (which is not the subject of the
present investigation) requires careful consideration because of the uncon-
ventional form of the initial value problem (1.7). In fact, it appears that
convergence is not trivially implied by the convergence of methods for
ordinary differential equations. However, in cases where the integration
method can be identified with a direct solution method for Volterra
integral equations, we may apply the convergence conditions holding for
these direct methods (compare Sec. 2.1.2 and 2.2.2). When such an identifi-
cation is not possible (see, e.g. Sec. 2.3) then convergence must be estab-
lished by other means. In Ref. [14] this is done by constructing quadrature
rules from convergent linear multistep methods and by verifying the
conditions of a general convergence theorem for second kind Volterra
integral equations (see Ref. [1, Chap. 6]).

2.1.1. Integration by Linear Multistep Methods

Suppose that (1.7) is integrated with a uniform stepsize 4 by a linear
k-step method (Lambert [10, p. 11]) with coefficients {a;, bj}J'.‘_o (with the
normalization a, = 1) adapted to (1.7). Then we construct a scheme of the
form

k -~ -~
'20 [aj n+l—j(x)+bth(x’ Mn+1—j> ‘Pn+l—j("7n+|—j))] =0,
j=

n=k—1,k,...,N—1, 2.1

29
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where n,=nh and \{:,,(x)=‘i/(n,,, x) denotes the numerical approximation
to ¥(7,, x), n=0,1,..., N. In order to start scheme (2.1) we need, apart
from y(x)=g(x), the functions y,(x),..., ¥;_,(x). Methods for comput-
ing these starting functions may be found in Section 2.2.1 [see also (2.6)].

The functions ¢, , (x), n=k—1,k,..., can be computed by first finding

Yp+1(Mp4 1) from the equation

.5n+l(nn+i:;+bﬁihK(nn+l’nn+l> ".Lnﬁ-l(nn-&l))

= Z ; aj‘i’,.ﬂ-j("..ﬂ) +bth("ln+1a"n+1—j"l’n+1-—j(7ln+l—j))j,

J=1

(2.2)
and then writing
. | X k .
“.l/n+1(x)= - ‘\ E aj n+l—j(x)+h E ij(X. "n-’-]—j’ ‘]/n+vl—j('nn+l—j))}'
j=1 j=0
(2.3)

Finally, by putting 71 1 =4:,, +1(M,+1)> 2 numerical approximation t0 (7,4 )
is obtained. Since we are only interested in f, , , it suffices to evaluate (2.3)
fOr X="N,4 1> Mps2s---» M- Thus, scheme (2.1) requires roughly the sciution
of N equations of the form (2.2) and N 2/2 evaluations of the kernel
function XK.

2.1.2. Relation with Direct Quadrature Methods

In this section we indicate a relation between the scheme (2.1) and the
direct quadrature methods frequently used for the integration of (1.1), that
is, formulas of the form

n+1

j;+l=g(nn+l)+h 2 °’n+1,jK("l,.+1,"7,-,f;), '1,-=jh, j=0’1’“',N»
Jj=0

(2.4)

where w,; (j=0,1,...,n, n= 1,2,..., N) are given weight parameters and f,
denotes the numerical approximation to f(7,). We have the following
theorem.



Second Kind Volterra Equations

Theorem 2.1. If there exist constants a; and b; (i=0,..., k) such that ( for
n>k—1)

N :
0 (j=0,1,...,n—k)
e i%n i, ._bn . j= —k+l,...,n+1 s
im0 ) +1-j (J=n ) (2.5)
Eai=0’
i=0

then y,, . \(n,.,) defined by (2.1) and f,, | defined by (2.4) can be identified
with each other, provided that the starting functions {,(x) are defined by

¥n(x)=g(x)+h _Eow,.,K(x,n,-,J,(n,)), n=0,1,....k—1. (2.6)
o

PROOF. The proof is straightforward on verifying by substitution that
n+1

uﬁ,,+1(x)=g(x)+h 2 wn+l,jK(x’ N> ‘i’_.,(n,)) (n>k-1) (2.7)
j=0

yields a solution of (2.1), provided that (2.5) is satisfied. From (2.7) and
(2.6) it is immediate that v, (7, ,) satisfies the same scheme as f,,, so
that f, , , can be identified with ¢, (1,4 ,)-! O

Example 2.1. Consider a Gregory scheme of order 3 that is generated by
the matrix of quadrature weights

6 6
5 14 5
1|5 13 13 5
(@)=1315 13 12 13 5 - (238
5 13 12 12 ... 12 12 13 5]

Evidently, conditions (2.5) are satisfied when we choose k=2, g,=—1,
a,=1, a,=0, by=-3, b,=+=, and b,=— ;. These coefficients are easily
recognized as those of the third order Adams—Moulton formula for
ordinary differential equations. The starting function 47,(x) is given by the
trapezoidal rule. It can be shown that a kth order Gregory scheme for the
integral equation (1.1) may be identified with a kth order Adams—Moulton
method for Eq. (1.7), provided that the required starting functions are
properly chosen. Of course, this correspondence is a consequence of the

'Indeed, f, 1 =¥y 4 1(Mns1) if cither is unique.
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well-known link between Gregory quadrature rules and the Adams-
Moulton integration methods. For further details of the relation between
direct quadrature formulae and linear multistep methods we refer to
Wolkenfelt [14].

Example 2.2. Consider an integration scheme based on the repeated Simp-
son rule and using the trapezoidal rule for the first interval when 7 is odd.
The matrix of weights then becomes

r

3 3
2 8 2
13 5 8 2
1
WEIEEEE s
5 8 4 8 4 8 4 8 2
2 8 4 8 4 8 4 § 4 8 2]

For all values of n> 1 condition (2.5) can be satisfied by k=2, a,=—1,
a;=0, a,=1, by=1, b;=%, and b,=3. These coefficients define the
(weakly stable) fourth order Milne method (Henrici [6, p. 201, 241]).

2.2.1. Integration by Runge—Kutta Methods

In order to motivate a Runge—Kutta method for (1.7) we first consider
the equation

%‘I’(t,x)=K(x,t,\I’(t,x)) (2.10)

(parametrized by x), which is a slight modification of (1.7). If (2.10) is
integrated by a p-stage Runge—Kutta method, we obtain a scheme that
may be written in the form
p—1 .
O (x)=v(x)+h D B, K(x,nh+0,h,y\(x)), r=0,1,..,p—1,
s=0
~ ~ p_l ~
¢n+,(x)=\p,,(x)+h > c,K(x, nh+0_,h,\[/,ff,_),(x)), n=0,1,..., N—1,

s=0

(2.11)

for each x, where the parameters 8,, B,,, and c, specify the Runge—Kutta
method (a survey of all kinds of formulas can be found in Lambert [10]
and Lapidus and Seinfeld [11]).
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Returning to the problem (1.7), the scheme (2.11) suggests we define a
Runge—Kutta scheme for (1.7) by the formulas

Y (x)=y,(x)+h 2 B K(x, nh+8,h, )\ (nh+8,h)),

s=0
r=0,1,...,p—1, (2.12a)
~ -~ P—l
Yori(X) =, (x)+h 3 c,K(x, nh+0,h, 4%, (nh+0,h)),
s=0

n=0,1,....,N—1. (2.12b)

In order to compute x[/ +1(x) we substitute x=nh+6,h in (2.12a) to obtain
a system of p equations for the values \,b( (nh+6.h). When these equa-
tions are solved we find \p +1(x) from (2.12b) and a numerical approxima-
tion to f((n+ 1)h) from \[/ +1((n+1)h).

If we define 6, =1 and

B,.=¢c,, s=0,1,...,p—1,

2.13
B,=0, s=0,1,...,p, el
then (2.12a, b) can be written
YD(x)= ¢(x)+h2 B, K(x, nh+0,h, §$ (rh+8,h))
s=0
(2.14)

‘I‘;n+l(x)=t£rff—)l(x) (r=0’ 1""’ P n=0’ ly---, N_ 1)‘
Without the restriction (2.13) for the parameters f3,,, the scheme (2.14)
even comprises a larger class of methods (see Baker [2] for motivation).
Therefore, we shall analyze (2.14) rather than (2.12).

Note that (2.14) requires only the function ‘ﬁo(x)=g(x) to start the
integration, so that it can be used to provide the required starting functions
for the linear multistep methods discussed in Sec. 2.1.1.

2.2.2. Equivalence with Runge—Kutta Type Quadrature Methods

From (2.14) one derives that

n—1 p
() =g(x)+h D 3 B, K(x, jh+8,h, 4D, jh+0,h)).

Jj=0s5s=0

Substituting this expression into (2.14) and introducing the meshpoints 7,

numbered according to
Nigp+1y+r=ih+0.h (2.15)
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yields the scheme

n—1 p
-f;l(p+l)+r=g(nn(p+l)+r)+h 2 2 BpsK(nn(p+I)+r’nj(p+l)+s’j;'(p+l)+.v)
J=0 s=0
p ~
+h 2 BrJK(nn(p+])+r’ T’n(p+1)+_p _f;.(p+1)+_,), (216)
s=0

where f, 4 1)+, (Mnp+1y+,)-

This formula is easily recognized as a Runge—Kutta type quadrature
method for the integral equation (1.1). It is generally referred to as an
extended Runge—Kutta method (Baker [1]). The mixed Runge—Kutta
methods (Ref. [1]) do not fall within the class considered in Sec. 2.2.1, but
they are included in the general setting presented in Sec. 3.

2.3. New Methods by Imbedding

The numerical methods of extended Runge—Kutta type are derived
directly from the corresponding Runge—Kutta method for solving ordinary
differential equations. Therefore, the imbedding technique (which pro-
duces an ordinary differential equation) does not generate any new meth-
ods of this kind. However, in the case of linear multistep methods the
relation with quadrature methods is more interesting, in the sense that new
methods may arise. The relation of linear multistep methods for ordinary
differential equations and quadrature methods for solving integral equa-
tions is discussed in Wolkenfelt [14]. As an example, we quote here the
interesting class of multistep methods that are based on backward differ-
entiation formulas (also known as Curtiss—Hirschfelder formulas). These
formulas are among those recommended? in the literature when stability
considerations are paramount (Lambert [10]).

Since stability may be a problem in the integration of Volterra integral
equations, we give some attention to the use of backward differentiation
formulas for the integration of (1.1). The coefficients of these formulas are
defined by

q

ap=1, X (=rYa, +jbo=-1, j=01)q.

r=1
The corresponding scheme of the form (2.4) may be found by generating
the weights according to (2.5). However, explicit knowledge of the weights
is not necessary and, from a practical point of view, it may be more
convenient to base the implementation of the algorithm on (2.1) instead of
2.4).

2However, one should bear in mind the possibility of “over-stability.”
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3. Classical Block-by-Block and Step-by-Step Methods

The literature (see Baker [1]) contains a variety of numerical methods
for (1.1); many such methods reduce to extensions of the quadrature and
Runge-Kutta methods indicated in Sec. 2.1 and 2.2. Such extensions yield
equations of the form

m{n+1}

j:.+l=g(‘7n+1)+h 2 9n+l,jK(T’n+l’nj9j;)’ n>0, (3.1)
Jj=0

where f ~f(n,) and, for example, n,=0, f =g(0), n,=ih+0,h (i=
0,1,..., N=1,r=0,1,..., p), withi=[(j—1)/(p+ 1)}, r=(j— 1) mod(p+1)
([z] denotes the integer part of z). For (semi-) explicit methods m{n+1}=
n+ 1, while for block-by-block methods typified by those of Linz and those
of de Hoog and Weiss (Baker [1, Sec. 6.7])) we have m{n+1}=(p+
)([n/(p+ 1)]+1). [We note that different methods of defining
K(x, y, f(y)) when y > x yield the differing versions of these block meth-
ods.] Baker [2] indicated methods for choosing the parameters {2, ,7;}
given quadrature rules and/or a tableau of Runge-Kutta parameters (to
yield, for example, the mixed Runge-Kutta methods); further similar
prescriptions are also possible. If we set, in (3.1), 7; =jh and Q,; =w, ; (the
weights of quadrature rules based on equidistant abscissas), we obtain a
wide class of quadrature methods, in particular those considered by Baker
and Keech [4].

3.1. Extension of the Analysis

We shall consider methods associated with a scheme (3.1) of the form
outlined above.

If we assume that the kernel K(x, y, f(y)) has the form F(y, f(»)),
independent of x, and g(x) is constant, then Eq. (1.1) reduces to an initial
value problem of the form

f(x)=F(x, f(x)),  f(0)=g(0). (32)
In this case the quadrature methods considered in Sec. 2.1.2 reduce to
linear multistep methods for solving (3.2). Hence, it is not surprising that
Egs. (3.1) frequently simplify, under the same assumption, to recognizable
methods for (3.2). A condition for this phenomenon is given in Theorem
3.1. In the interim we suppose that if K(x, y, f(¥))=F(y, f(»)), then (3.1)
may be reduced to the form
k
p {Aj¢n+l—j+th'En+l—j} =0, (3.3)

Jj=0

35



36

P. H. M. Wolkenfelt, P. J. van der Houwen, and Chr. T. H. Baker

where the vectors JSJ and & 3 have the form

&= Foreor Fonp|s m=i(p+1), (3.4)

and

&= [ Fs fo)oeor F(paps Jonap) | > m=ip+D), (3.9)

and the matrices {A, ,},-o are fixed independently of 4 and are generated

by the parameters £, ; in (3.1).
We note that (3. 3) is a generalization of the linear multistep method

k

_20 {aj n+l—j+hbjF(nn+l—j’ .’:-+1—j)} =0

o
(compare, for example, the cyclic linear multistep methods of Donelson
and Hansen [5, p. 138]; see also Stetter [13, Sec. 4.3)).

Let us now apply the method associated with (3.3) to Eq. (1.7) in which
x is a parameter and ¢ is the mtegratxon variable. That is, we replace
F(n,, ) in (3.5) by K(x,m,¥(n,)) and f in (3.4) by J/(x), where x is a
parameter and xp(x) ¥(7,, x) denotes the numerical approximation to
¥(n;, x). We find

k
S {Ajduri () +hBE, (x)}=0,  (n>k=1),  (3.6)
Jj=0
where the components of ¢(x) are values Jz(x) and those of &;(x) are
values K(x, TI,,‘I/(W,)) (i=m,m+1,. .., m+p). Thus, Eq. (3.6) prov1des a
generahzatxon of (2.1). Starting values for y,(x) may be defined by setting
n=0,1,...,k(p+1)—1iin
i min) )
Up(x)=g(x)+h 20 2,,K(x, m;,9(n;)) (3.7)
=
together with ‘ﬁo(x)= g(x), and such values provide components for the
starting vector @o(x),..., P_,(x) for (3.6).

Now we assumed that when K(x,y, f(¥))=F(y, f(y)) then (3.1) re-
duces to (3.3). It is not difficult to see that the inclusion of x as a
parameter in the equations

i m(n) )
\pn(x)=g(x)+h 20 anK(x’ nj’ ‘IJJ(T'J)) (3'8)
=
permits_the reduction of these equations, pari passu, to (3.6). Hence the
values f defined by (3.1) can be identified with values \iz' (m,) generated by
the components 4/ (x) of the vectors ¢I(x) satisfying (3.6). Informally, this
result generalizes Theorem 2.1.
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The structure of Egs. (3.1) sufficient to yield the properties required
above can be formalized. By assumption, the nonzero coefficients €2, J
(n>0) form a block-lower-triangular array; let us first suppose that the
partitioned submatrices of this array are denoted V, ; so that equations
(3.8) may be written in vector form as

n+1

(}n+l(x)=g('x)e+h z vn+l,j'2j(x) (3‘9)

j=0

where e=[1,1,...,1]T. We have the following result.
Theorem 3.1, If there exist fixed matrices {A j,Bj}J'-‘_o such that (forn> k—1)

k
SAYV

n+l—i,j=
i=0

0 (/=0,1,...,n—k),

k
> AV, ;=—B

Fatl—j
i=0

(j=n—k+1,...,n+1), (3.10)

x
> Ae=0,
i=0

then (3.6) foilows from (3.9).

To illustrate, it frequently occurs, in practice, that

W oW, W, e W, W,

[2,]=|W W, W, W, .. W,_, W,_, W, ,

W W W W .. W3, W, W, W

where W, W, W,,...,W, are fixed matrices, so that for n=k, k+1,...
Weirnoy Hn+1—-k<r<n+l
Vn+l,r= WO 1f1<r<n—k
W if r=0.
Then appropriate matrices {A j,llj}j’f_o can be found to satisfy (3.10).

3.2. Imbedding of the Numerical Method

We take the opportunity here to emphasize a certain aspect of the
preceding analysis. In Sec. 3.1, Eq. (3.6) results from discretizing Eq. (1.7)
with an appropriate method, and Eq. (1.7) results from imbedding (1.1) in

37



38

P. H. M. Wolkenfeit, P. J. van der Houwen, and Chr. T. H. Baker

l(1.6). We may instead take as our starting point Eq. (3.1) in the form

_ m{n+1} .
fer=8(n,)+h X Qn+l,jK(nn+l’nj’.[j) (3.11)
j=0
and imbed this equation in
m{n+1} .
‘l"n-&-l(x):g(x)"'h 2 Qn+l,jK(x’T’jv‘l’j(nj))’ (312)
j=0

so that ‘I’n;g-l("ln+1)=~fn+1- .

Since ¥, (x)=¥(n,,, x), Eq. (3.12) defines a function ¥(¢, x) for
t=n4,1,,...; instead of differentiating ¥(¢, x) with respect to ¢ [as was
undertaken for ¥(z, x) in Section 1.1] we can apply a differencing tech-
nique (in the variable ) associated with the matrices A; to form
=%_0A;$,,,_,(x) and obtain (3.6) by virtue of (3.9) and (3.10). This
approach shows the analogy between the derivation of (1.7) from (1.1) and
the derivation of (3.6) from (3.1).

4. Stability

In this section we investigate the recurrence relations between the
functions y,(x). In Sec. 4.1.1 and 4.1.2 we start by analyzing these relations
for the case of linear multistep methods and Runge-Kutta methods,
respectively. In Sec. 4.2 the ideas are extended to the more general class of
methods of Sec. 3.

4.1.1. Linear Multistep Methods

The first-order variational equation of scheme (2.1) assumes the form
k

3 [,80 01 ()4 A S s ()1 (Mari )] =0, (4.1)
j=0
where J,(x)=(8/8f)K(x, 0, $,(n,)) and n,=nh.
At each point 7, , we define the linear operators C; by

G: ¢(x)"’aj¢(x)+bjh,n+1—j(x)¢(17n+l—j)‘ (4.2)

Evidently, the C; are operators with domain and range in the space of all
bounded real valued functions defined on the interval [0, X'] provided that
Jn+1-;(x) is a bounded real valued function defined on [0, X]. The inverse

of the operator C;, can be found by solving Cyp(x)=x(x) for a given
function x(x), i.e., by solving

agd(x) +boht, 4 ((x)$(7,41) =x(x). (4.3)
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Substitution of x=1,,, in (4.3) yields

¢(77n+1)=[ao+hb0‘,n+l(nn+l)]_IX(nn+l)’ (4.9)

unless [ag+hbyJ, , (1,4 ,)]=0 (which is exceptional).

Substitution of (4.4) into (4.3) yields the function ¢(x) and therefore the
inverse of C, exists, apart from the exceptional case.

Using the operators C, (4.1) may be written in the form

k
A\Pn+l(x)= ——C"O_l 2 (:jA‘Pn+l—j(x)’ (4'5)
J=1
or equivalently,
Avn+l(x)=MnAvn(x)’ (4‘6)

where Av, . ,(x) is the vector of functions

~ ~ T
Avn+ l(x) = [ A‘IJn+ l(x)’ et A¢n+2—k(x)]
and the amplification operator M, is given by

G0, =Gl .. gty -G

M,= : 1 0 . (4.7)

0 1 0

When the relation (4.6) is discretized with respect to x we obtain a relation
of the form

# # #
Ay  =M7Ay",

where
T

A.Vn#= [All‘;,,,---,A‘I:"-o-l—k]

and

A, =[ 84,(mo),--, Ady(ma) |-

The operator M} is a matrix operator and is obtained by replacing the
operators occurring in (4.7) by matrices of order N+1: the identity
operators are replaced by identity matrices and the operators C; by the
matrices C;*, where
N
Cj# = [ajsl’.v+hbj‘ln+l-j(ni)85,1+.r—(n+l—j)],-,_,_o;

here, §;, denotes the Kronecker symbol. For such a matrix operator, the
location of the eigenvalues of M* gives an indication of the stability
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behavior of the scheme. Therefore, the characteristic equation of (4.7) is of
importance. We have the following theorem.

Theorem 4.1. Let p({) be the polynomial defined by
k

p(§)= 2 ag*;

Jj=0
let R($) be the matrix with elements
7iy=P(§)8,+ Sy S5, 0, j=0,1,...,k,

where §,; denotes the Kronecker symbol. Then the eigenvalues of the
amplification operator M, of the linear multistep method (2.1) satisfy the
characteristic equation

det{R(¢)} =0. (4.8)

PROOF. Let e(x)=[e,(x),...,e,(x)]" be an eigenfunction of M, with eigen-
value {. We first construct the function e, and {. The equation M,e={e for
e=e(x) leads to the expression

e(x)=e(x)[¢* 1 %2, 1], (4.9)

where e(x) satisfies

k
2 Gt e(x)=0. (4.10)
j=0
Substitution of (4.2) yields
k
2 ["je(")"‘hbj']nﬂ—j(x)e(ﬂn+1_j)]§"“j=0. (4.11)
j=0

This relation determines e(x) (provided that S*_,a,¢*~/+0), and then, by
(4.9) the eigenfunction e(x), if we can find ¢ and the values e(Mps1-;)s
J=0,1,..., k. Consider the relations

k
S [@e(ner )+ R Tyer (s )e(Mpr-) [$57=0,
Jj=0
i=0,1,....k, (4.12)

which are obtained from (4.11) by substituting x=m,,,_; These relations
represent a linear homogeneous system of k+ 1 equations for the k+ 1
components e(m,,,_,). A nontrivial solution is obtained if the matrix of
coefficients has a zero-determinant, i.e., if the eigenvalue ¢ satisfies the
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“auxiliary” or characteristic equation

det{[ p(£)8,;+hb,J, . \_(n,01_)8% 7]} =0, (4.13)

where §,; is the Kronecker symbol. Finding { from this equation and the
values e(7,,,_;) from (4.12), and substituting into (4.11) yields the func-

tion e(x) from which e(x) can be derived by virtue of (4.9). O
REMARKS.
(1) Recall that Eq. (4.11) was obtained by first writing a k-term recur-

(i)

(iii)

@iv)

rence relation as a two-term relation and then solving the associated
eigenvalue problem. The following line of approach can also be
followed - (which is equivalent with the first one). If we replace
A\p”l_j(x) in (4.1) by {"*!Je(x), then we obtain Eq. (4.11). By such
a procedure the function {"*!~Je(x) is considered as a trial solution
of (4.1) and a condition for existence of such a solution is then given
by the solvability of the associated linear system (4.12). In Sec. 4.1.2
and 4.2 this approach will be followed.

Let R($) be the (k+1—p)s (k+1—pu) matrix obtained from R(¢) by
omitting the jth row and the jth column for those j with 5;=0, u
being the number of vanishing coefficients b;. It is easily verxfled that
in such cases (4.8) can be written in the form

(0(5))" det(R(5)) =0. (48)

Equation (4.8) or (4.8") can be used to derive the conditions under
which the eigenvalues of M, are within or on the unit circle. If p5=0 it
is not possible to force all eigenvalues of M, within the unit circle
because of the factor p({) in (4.8'). If we make the (natural) assump-
tion that p({) corresponds to a zero-stable linear multistep method
(cf. Lambert [10]), then p({) will always have one or more simple
zeros on the unit circle. However, it can be proved (cf. van der
Houwen and Wolkenfelt [9]) that each eigenvalue of M, on the unit
circle has p independent eigenvectors.

The characteristic equation (4.8) is rather complicated, in general. In
certain cases, however, a simplification is possible. If we take the test
equation employed by Baker and Keech [4], i.e. K(x, y, f)=Af, one
easily verifies that (4.8) reduces to

p(§)+hAa($)=0,

and, therefore, the present analysis is consistent with the “classical”
approach.

(v) If the linear multistep method is such that b, #0 for some i (0<i< k)

and b; =0 for j#i (cf. the midpoint rule, backward differentiation
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methods), then we obtain from (4.8") the equation
p(§)+bih"n+l—i(nn+l—l')§k_i=0

(vi) The simplifications above could be obtained due to the fact that we
are dealing with a scalar integral equation. When systems are treated
we obtain a characteristic equation that is similar to (4.8) with J,
replaced by Jacobian matrices J,. Only by assuming that these
Jacobians can be diagonalized by the same set of eigenvectors is a
reduction to (4.8) possible with J, replaced by an eigenvalue that
corresponds to a particular eigenvector.

(vii) Theorem 4.1 provides us with the characteristic equation correspond-
ing to the perturbation equation (4.1) for arbitrary perturbations
Ay, 41-;(x) with j=1,2,..., k. However, in actual computatxons we
only calculate zp,,(x,), i=n, n+1 N, n=k,k+1,..., N, so that one
is inclined to put Ayb,,ﬂ_j(x) 0 for x<x,,+,_l,_1—l 2 ., k. This, of
course, changes the amplification operator M,, but it can be verified
that its eigenvalues are not changed.

4.1.2. Runge—Kutta Methods
The first-order variational equation of scheme (2.14) assumes the form

d(x)= A¢,,(x)+h2 B I ()M 2(6ne)  (r=0,1,...,p),

s=0
(4.18)

where £;, | =nh+6, and J{D\(x)=(3/3f)K(x, £+ 1, ¥S1(£5 4 1)-
Following the approach indicated in remark (i) we substitute a trial
solution of the form {"*'[ey(x), ..., e,(x)]T and arrive at the equations

ep(x)—f[e,(x)—h 20,3 JD(x)e, (£ +1)}=O (r=0,1,..., p).

Substituting the values x=£7,, (4=0,1,..., p) we obtain the set of equa-
tions

P
—{{e,—h > /;,,P,e,} =0 (r=0,1,...,p),

s=0

where e,=[e,(£2, )),..., e,(£2, )]T and where P, denotes the matrix defined
by

P=[J2(E0)8 0o )L oo
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This system of p+ 1 vector equations for the p+ 1 vectors e, has a nontrival
solution if { satisfies the equation

det{S[ BB =8,1,.,]+[8, 1), L,41]} =0, (4.15)

where I, , denotes the unit matrix of order p+ 1.
Thus, we have the following theorem:

Theorem 4.2. The eigenvalues of the amplification operator associated with
the Runge—Kutta method (2.14) satisfy (4.15).

4.2. A General Result

The first-order variational equation for Eq. (3.6), in which (we recall)
the components of & ;(x) are values K(x,n;, {;(7,)) may be written
k
> {AjA¢n+ 1-;(%) +hBJ, —j(x)Rn+l—j(A¢n+ 1 —j(x))} =0,
j=0

(4.16)

where J;(x) is a diagonal matrix whose diagonal elements are values
3/ )K(x,n;, ¢;(n,)) i=m, m+1,..., m+p, where m=j( p+1)], while

Ad,(x)=[ Adp(x),.... Ay (x) ]| (4.17)
and
Rj(A;ﬁj(x))=[A‘I‘;m(nm)""’A\i;m+p(1'm+p)]T' (418)
We observe that (4.18) may be expressed in the form
p+1

R,(Ad,(x))= 3 EA¢(Neiny),  m=j(p+1), (4.19)

im1
where E,=e.e and e, is the ith column of the identity matrix of order

p+1. _
A trial solution of the form A, . _;j(x)=§"+""Je(x) satisfies (4.16) if

p+1

k
o fk_j{Aje(x)"‘thJnu—j(x) P E,e(&f,:'l_j)} =0, (4.20)

Jj=0 i=]

where £ .1 =1 jxpenei (i=0,1,...,p, j=0,1,..., k) and e(x) is a
vector with (p+ 1) components. A solution of (4.20) may be found if

k
det{ > {"‘J'Aj} #0

Jj=0
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and

. p+1
b ;k—f{A,e@;H-s)+hB,-Jn+1_,-<£:+:-:> 2 Efe(“"'-f)] -

Jj=0 i=1
r=0,1,---:P; S=0,1,...,k. (4‘21)

The set of equations (4.21) constitutes a set of ( p+1)(k+ 1) vector equa-
tions in as many unknowns, and the criterion for solvability is the vanish-
ing of an associated determinant that is a (matrix) polynomial of degree k
in {. [This “auxiliary” polynomial is a characteristic polynomial for an
amplification matrix occurring in the two-term recurrence relation associa-
ted with (4.16).] It may be seen that the root { of largest modulus gives
some insight into the local amplification of Aibj(x) in (4.16).
The required polynomial may be written

k
det! > ¢*7(A%+hB) | =0, (4.22)

Jj=0

where A% and B are matrices of order (p+1)*(k+1). If we partition A%
and Bj” into blocks of order p+1 and treat each block as a single matrix
element, we may write

A% =diag(A,,...,A)),

J

and
B =diag(B,J, .1 _,(£241-4) - Bidhs1 (8541 i) oos
BJ,, i (4ne1)s s Bdhsi_;(£241)) X G,

where G, is the matrix in which the [(k—j)} p+1)+i]th column (i=1,..., p
+ 1) has entries E; and zeros elsewhere. As an example, the matrix G, has
the form

E, E, ... E,_

E, E, ... E,,

4.3. Examples

In order to illustrate the application of Theorems 4.1 and 4.2 we derive
the characteristic equation for a few examples. The first example concerns
one of the simplest integration formulas, the trapezoidal rule when applied
to an integral equation with an arbitrary, nonlinear kernel. For the
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trapezoidal rule that is generated by the multistep coefficients
k=1, ay=-a=1, by=b=-1,

it is easily verified that the characteristic equation (4.8) assumes the form

{l - %Zu]fz - [2“' (200 —211) + §(210201 _zoozll)]§+(l + %zoo)=0»

(4.23)

where z,; denotes the value of AJ,, (7,,;). Thus, by Theorem 4.1 the
eigenvalues of the amplification matrix M, are given by the roots of this
equation (4.23).

Our second example deals with a general linear multistep method, but

now the kernel function is restricted to the two-parameter convolution
kernel (cf. Ref. [8]).

K(x,y, f)=(A+p(x-y))f.
In this special case the characteristic equation (4.8) assumes the form
det{[ p(§)8,; +hNBL* +h*ub,(j—i)$* ]} =0

i and j being the row and column index, respectively. Subtracting succes-

swve rows for i=0,1,..., k—1 in the determinant yields
—p+a0 —p+a a, a |
g p+ay —pta, a,
Q a, pta, a;
det| . . ; =0, (4.29)
ay o pta,_, —pta,
L B B, Bi-1 p+B |
where

a=pbh%*~,  B=bh(A—ph(k—j))t*.

By again subtracting successive rows for i=0,1,..., k—2, this equation
reduces to

[ P -2p p
P -2p P 0
det O =0.
P -2p [
a a; a_, pta,_, —p+a;
| Bo B Bi-2 Bi—1 p+pBy J
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Next, we add to the jth column of this determinant (j=1,2,..., k) the sum
of the preceding columns to obtain

p —p
p —p 0
det O .'. .'_ =0,
p -p
’So Sl p+Sk_| Sk
-SO sl oo sk—l p+skJ

where S; =3/_,a; and 5, =3/_B,. Finally, by repeating this operation on
the columns j=1,2,..., k— 1, we arrive at the characteristic equation

[T [(0(4) + St (ON(P(§) +5:(8)) =52 ,()S$)] =0, (4.25)
where S*=3/_,5; and s} =3/_,s,. The functions S*({) and 5?($) can be
expressed in terms of the characteristic function
k
o($)= bg .
j=0
A straightforward calculation yields
St 1(§)=ph?80’(§),  Si(§)=wh’(3),
sp_1(§)=(A—ph)hSe’($) —ph*t?a"(3),
se(§)=Aho($)— ph*a’(3).

Substitution into (4.25) yields the characteristic equation

O p(§) +Aha(§)] + 1% [ a()o' (D)
+o(§)a"(§)5— (a'(3))¢ ]} =0. (4.26)

Finally, we consider the characteristic equation of the family of ex-
tended Runge-Kutta formulas generated by the tableau

b Bo Bo 0
01 BIO Bll 0

92=1|Bm By O
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By Theorem 4.2 the characteristic equation of the amplification matrix for
this class reduces to

(Boozoo‘ l)f Bmz]o§ 1 0
Biozo$ (Bjzy—1D¢ 0 1
4(1=¢)det| Fr0%0 n =0, (427
$H(1=¢)de Bzt B2 —¢ (4.27)
Brozoi§ Buzi§ 0 1-¢

where z;; here denotes the value® of AJ(nh+8h). A straightforward
calculation leads to the characteristic equation

.(6(1_f){D1§2“(D2+2D1_D4)§+(D2+D1"D4+D3)}=0: (4.28)

where the coefficients D; are determinants defined by

D =detr BowZoo—1  BoiZio ] D =det[ Biwza Buzn—1 ]
: 11810201 Buzn—1] ? Bz Bazio
D =detir BZoo /3212101‘ D =det'r BuwZoo—1 ﬂOlZlOJ
: i Bozor  Bazy " ¢ { BaozZor Bz
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Reducible quadrature methods for Volterra integral equations of the first

kind

by

P.H.M. Wolkenfelt

ABSTRACT

Quadrature rules, generated by linear multistep methods for ordinary
differential equations, are employed to construct a wide class of direct
quadrature methods for the numerical solution of first kind Volterra inte-
gral equations. Our class covers several methods previously considered in
the literature. The methods are shown to be convergent provided that both
the first and the second characteristic polynomial of the linear multistep
method satisfy the root condition. Furthermore, the stability behaviour for
fixed positive values of the stepsize h is analyzed, and it turns out that
convergence implies (fixed h) stability. The subclass formed by the backward
differentiation methods upto order six is discussed and illustrated with

numerical examples.

SUBJECT CLASSIFICATIONS. AMS (MOS) : 65R20; CR: 5.18.

KEY WORDS & PHRASES: Numerical analysis, Volterra integral equations of the

first kind, convergence.
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1. INTRODUCTION

We shall consider the numerical solution of the (linear) Volterra inte-

gral equation of the first kind

(1.1) jx

IA

K(x,y)f(y)dy = g(x), X < x <X,

%o
where the forcing function g, defined on [xO,X], and the kernel K defined on
{(x,y)lxO <y £ x £ X} are known, and where f is the unknown function. We

assume that the following conditions are satisfied:

(C.1) the functions g and K are sufficiently smooth on their domain of
definition,
(€+2) g(xo) =0,

(C.3) K(x,x) # 0 on X < x < X.

These conditions ensure the existence of a (sufficiently smooth) unique so-
lution £ to (1.1).

Direct quadrature methods for the numerical solution of (1.1) are ob-
tained by discretizing the integral term by suitable quadrature rules with
weights Wea and abscissae xj = xo+jh. Such quadrature methods yield equations

of the form
(1.2) n )t w . K(x_,x)f, = g(x)
j=0 "nj n'"3° 73 n"’

for values fn approximating f(xn). Methods of the form (1.2) have been stud-
ied by many authors (see e.g. ANDRADE & McKEE [1] and the references therein).
In this paper we shall consider the class of direct quadrature methods
employing quadrature rules which are reducible (see §2) to linear multistep
(LM) methods for ordinary differential equations (ODEs). In its general form,
this class has not been treated before, although specific members occur in
the literature. Examples are the midpoint and trapezoidal rule [12], the
modified Adams-Moulton methods [5,6], and the backward differentiation meth-
ods [15]. An essential part in each of the papers referred to above is the
convergence proof, which (in contrast to the proofs of corresponding methods

for second kind Volterra integral equations) is rather complicated.
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The main purpose of this paper is to discuss in a uniform way the con-
vergence and stability behaviour of reducible quadrature methods for first
kind Volterra integral equations. As a consequence, it unifies and extends
the various convergence theorems of the papers mentioned above.

In §2 we derive quadrature rules from IM methods and indicate an impor-
tant structure of the quadrature weights wnj' In addition, the quadrature
error is given. Reducible quadrature methods for (1.1) and their implementa-
tion are discussed in §3. The convergence theorem is stated in §4. An impor-
tant condition for convergence is that both the first and the second charac-
teristic polynomial of the associated LM method are simple von Neumann poly-
nomials (see §2 for a definition). Furthermore we give the convergence proof
which is rather involved and relies heavily upon the structure of the quad-
rature weights. In §5 we discuss the stability behaviour of the methods and
show that convergence implies stability in the sense of BAKER & KEECH [3].
Moreover, we show that the methods yield "local differentiation formulae"
if and only if the second characteristic polynomial has its roots clustered
at the origin. In §6 the backward differentiation methods are illustrated
with numerical examples and compared with a method of GLADWIN [5]. We con-

clude in §7 with some additional remarks.
2. REDUCIBLE QUADRATURE RULES
Consider the quadrature problem
(2.1) I'(x) = ¢(x), I(xo) =0,
where ¢ is a sufficiently smooth function. The solution of (2.1) at x = x is

X
(2.2) I(x) = J % s (y)dy.

*0

In order to find numerical approximations In to I(xn) we apply a LM method

with real coefficients a, and bi (see e.g. [11, p.11]) to obtain the rela-

i
tions

k k
(2.3) Lio 3Ip-g =B Lo byd(x _;)» n2k,
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where h > 0 denotes the stepsize and where xj = x.+jh are the equidistant

0

gridpoints. We assume that the starting values IO,...,I are given by the

k-1
starting quadrature rules

_ k-1 (s) _ y
(2.4) I =h 2j=0 vps @), no= 0()k-1,
where wéi) = 0 for all j. From (2.3) and (2.4) one can easily verify that In

depends linearly on ¢(xo),...,¢(xn), that is In can be written as

n
(2.5) I =h 2j=0 wn_¢(xj), n = k.

d
In this form, (2.5) is recognized as a quadrature rule with abscissae xj
(3 = 0(1)n) for the approximation of (2.2). In order to determine the weights

wnj in (2.5) we identify (2.3) and (2.5) to obtain the relations

IA
.
IA

n-k-1,

(2.6) I*

0 for 0
. a,w_ ., .= {
i=0 "i'n-i,j

o
th
o}
R
5
1
=
A
.
IA

n,

where we have defined wnj =0 for j 2 n > k. By means of the relations (2.6)
the weights wnj can be generated provided that the weights of the starting
quadrature rules and the coefficients a; and bi are given.

With regard to the LM method we assume that aO # 0 and that the charac-
teristic polynomials p and o, defined by
k-i k-i

k
a.t r 0(T) := z b.C ’

(2.7) p(r) := Zfzo 4 i=0 Pi

have no common zeros. Furthermore, we assume that the LM method, from now on
denoted by (p,0), is convergent, that is
(1) p(1l) =0 and p'(1) = 0(1) (consistency),

(ii) p is a simple von Neumann polynomial (zero-stability).

DEFINITION 1 (from [14, p.398]). A polynomial P of degree > 1 is said to be
a simple von Neumann polynomial if

(i) P(z) = 0 implies |z| <1, and

(ii) P(z) = P'(g) = O implies |z| < 1.
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Note that definition 1 is only given for polynomials of degree > 1. For the
sake of uniformity however, it is convenient to define that a non-vanishing

constant polynomial is also a simple von Neumann polynomial.

The quadrature rules (2.5) generated by (2.6) are called (p,0)-reducible
(c£. [13,16]). The following properties of the weights (which we need in the
convergence proof) can be derived (see [16]):
(i) the weights wnj are uniformly bounded (which follows from (2.6) and the
fact that p is a simple von Neumann polynomial) ;
(ii) only the weights wnj for 0 < j £ k-1, n 2 k depend upon the choice of
the starting quadrature rules;
(iii) the weights wnj for k £ j £ n (n 2 k) depend only on the coefficients

ai and bi; moreover, it holds that

= <5 < > ’
(2.8) wnj wn+£,j+£ for k £ j <n (n2=2k) and all £ > 0

For the quadrature error Qn defined by

X
n n

(2.9) Q081 s= 1, - TG =n T 0w b - L ¢ (y)dy,
0

we have the following results:

THEOREM 1 (from [16]). Let (p,0) be a convergent LM method of order p with

Then

error constant C s
p+i

1
p+ " (p)

k _ p+2
(2.10) Yico 2325 = Copqb (x)) + 0" as h » 0.

Furthermore, let the starting quadrature rules be of order p+l, that is

o = OGPy agh o+ 0 for w« BEk=1. Then

(2.11) 9 [6] = -nP{y® D) (x) - o P (xg)1C,,1/0 (1) + 0 mP*Yy,

as h >0, n >« while nh = X =X, remains fixed. [J

Reducible quadrature rules generated by a IM method (p,0) of order p and

starting quadrature rules of order p+l are called convergent of order p.
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3. REDUCIBLE QUADRATURE METHODS

In §2 we have discussed the construction of the quadrature weights wnJ
for n 2 k. These weights are now used for the discretization of the integral

term in (1.1) to obtain the equations
(3.1) h )7 W K(x_,x.)f. = g(x.) n=k
3=0 "n3" "n’*3’ %3 n'’ '

where fn denotes the numerical approximation of f(xn). The method (3.1) which
employs (p,0)-reducible quadrature rules is called a (p,0)-reducible quadra-
ture method. Recall that wnj =0 for j 2 n 2 k, and, therefore, the values
fk’fk+1""’ can be computed in a step-by-step fashion, provided that the
required starting values are known. Such starting values can be obtained by
one-step Runge-Kutta methods [9,10] or by collocation methods [4]. In con-
trast to certain block-by-block and implicit Runge-Kutta methods where the
kernel is evaluated outside its domain of definition, the step-by-step meth-
od (3.1) requires only kernel values K(x,y) for y < x. With respect to the
computational effort of (3.1) we remark that the number of kernel evaluations
necessary to reach the endpoint X = xo+Nh is %N2+O(N). Furthermore the meth-
ods can easily be adapted to deal with non-linear integral equations.

If bO = 0 and b1 # 0 (compare the midpoint rule) then WS 0 and
wn,n—l # 0, and (3.1) cannot be solved for fn' In such a case the equation
(3.1) is used to compute fn_1 (n = k+1). Similarly, if bu is the first non-
zero coefficient of o, then (3.1) with n = m+p yields the value fm (m > k).

The form (3.1) is convenient for theoretical purposes (such as conver-
gence) . From a computational point of view it is a disadvantage to calculate
the weights from the recurrence relation (2.6) (see a remark in [15]). We
shall indicate, however, that the explicit calculation of the quadrature
weights (and hence their storage) can be avoided by implementing the methods
in a way which parallels (2.2-4). Let Wn(x) = f: K(xn,y)f(y)dy, then we want
an approximation wnn of Wn(xn) and solve wnn = g(xn) for fn' Using (2.4) and
(2.3) we then obtain the following numerical scheme for finding fn (assuming

that fO""'fn— are known) .

1
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Compute an for m = 0(1)k-1, using the starting quadrature rules (2.4),
that is

zk—l (s)

(3.2a) ¥y :=h )., w_
=0 "mj

K(xn,xj)fj;

compute an for m = k(1)n-1, using (2.3), that is

k k
(3.2b) ¥ o= Zi=1 ¥ .y *h Xi=0 b, Kx ,x  )E .

set up the equation VY 5 g(xn) and solve for fn’ that is find fn from

n
k k
3.2e] B Yoo by KOqex, E = Iy 2% -1 T I
Note that we have applied the normalization a_ = 1. It is easily shown

0
using (2.6) that the scheme (3.2a-c) is equivalent to (3.1).

4. CONVERGENCE

In this section we establish the order of convergence of the methods
(3.1) under suitable conditions. First we derive a necessary condition for
convergence. Assume that the quadrature method (3.1) is convergent. Then
application of (3.1) to the equation fg f(y)dy = 0 (whose exact solution is
f(x) = 0) yields the equations h Z?=0 wnjfj = 0. Multiply the (n-i)-th equa-
tion by ai (i =0,1,...,k) and sum over i to obtain

k n-i k
B lico 2 Dyog Vaog, sy =B Ling Pifpy

=0,
by virtue of (2.6). Since the method is convergent, fn must tend to zero as
n->®, h->0, nh = x, fizxed. Therefore a necessary condition for convergence
is that o is a simple von Neumann polynomial. In the following Theorem we

shall see that this condition is also one of the sufficient conditions.

THEOREM 2. In addition to the conditions (C.1-3) for the existence and
uniqueness of a smooth solution f£(x) of (1.1), assume that

(1) the gquadrature method (3.1) employs the weights wnj of (p,0)-reducible
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quadrature rules of order p =2 1,
(ii) o0 is a simple von Neumann polynomial,
(iii) the errors in the starting values fo,...,fk_1 are of order s, i.e.

£, - £(x)1= 0m®) as h > 0.

Then, the method (3.1) is convergent of order r, where r = min(p,s), that is
(4.1) |£ - £x)| <ch® ash>0, n>w, nh fixed,

where C is a constant independent of n and h.

REMARK 1. If p is not a simple von Neumann polynomial, then condition (i) of
Theorem 2 cannot be satisfied. Therefore, in view of (ii), both p and o must

be simple von Neumann polynomials.

REMARK 2. Theorem 2 generalizes the results derived in [5,6,12,15]. LINZ [12]
considers the midpoint rule (p = §2—1, o = ) and the trapezoidal rule

(p = z-1, 0 = (g+1)/2). TAYLOR [15] "inverts" the backward differentiation

i

methods (p = Z aick_ g G = bogk). GLADWIN & JELTSCH [6] prove that (in our

notation) the polynomial ¢ of a k-step p-th order implicit LM method derived
from interpolatory quadrature (i.e. p = Ck—ﬁk_r) cannot be a simple von

Neumann polynomial if p > k, and therefore the associated direct quadrature
method for (1.1) is divergent. (The classical Adams-Moulton methods, which
generate the Newton-Gregory rules, are examples of such divergent methods) .
Ck-Ck_l

GLADWIN [5] constructs methods of Adams-type (p = ) of a given order

(upto six) containing some free parameters bi' These parameters are then

chosen such that ¢ is a simple von Neumann polynomial.

REMARK 3. Due to the general form of the polynomials p and o the proof of the
convergence theorem is rather involved and lengthy, and requires careful
attention to details. For special choices of the polynomials p and ¢ such as

those considered in the papers mentioned in Remark 2, the proof can be

simplified.

In the proof we shall need a few lemmas listed below. In these lemmas
o and B denote non-negative integers, { and £ are complex numbers, and p and

0 are the characteristic polynomials (with real coefficients) associated
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with a difference equation.

LEMMA 1.a. Let c_ = n"t" where o = 0 if |g] = 1. If |g| <1 and ¢ # 1, then
N . ; 3
) c. | is bounded uniformly in m and N.
n=m N-n
N N-m N an; . N
PROOF. Observe that zn=m Cyep = zn=0 c - The proof that 12n=0 n¢ | is uni

formly bounded, is elementary. [J

Since e, in Lemma l.a can be regarded as an element from the fundamental

system of solutions of a difference equation, we have the following Corollary.

Y. . = 0. If
i'n-i
the characteristic polynomial o (f) is simple von Neumann and o(1) # 0, then

I

n=m

COROLLARY l.a. Let Yn satisfy the difference equation 2?_0 b

YN—nl is bounded uniformly in m and N.

Next we give a "two-dimensional" analogue of the above results.

LEMMA 1.b. Let c_ = n®c"™ where a = 0 if |z| = 1, and let a = o EY whers
] B N . -
B=04if |&]l = 1. 1f |g| <1, |&] <1 and T # £, then |2n=m cN_nan is bound

ed uniformly in m and N.

PROOF. We consider only the case that |g| < |&|. (The case |z| > |&]| is

treated along similar lines.) Defining w = /£ we may write

N ¢N -
XN c d =& z (N—n)aanN n,
n=m N-n n n=m

Note that |w| < 1 and w # 1 since § # £. Next we distinguish between the

cases |&£| =1 and |E]| < 1.
(i) |&] = 1. In this case B = 0 and thus
N N o N-n
Izn=m cN—-ndnI - |Zn=m (n) L

which is uniformly bounded in view of Lemma 1.a.
(ii) |&] < 1. In this case we write

D | = (AN e @B Fen

e NNa+B+1I
n=m N-n n n=m N N !

< g

which is readily seen to be uniformly bounded. []
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COROLLARY 1.b. Let Y and Gn satisfy the difference equations zt= blyn " =0

k P
and Zi=0 a, Gn—i = 0, respectively. Suppose that the characteristic poly-

nomials p and 0 have no common zeros. If p and ¢ are simple von Neumann poly-

; N . . .
nomials, then |2n=m % 6n| is bounded uniformly in m and N.

N-n

We shall also need the following lemmas.

LEMMA 2.a. Let the function ¢, defined on [xo,x] be continuously differenti-

able; let x = Xgtnh and Nh < X- -X, and let {Y } be a sequence of complex

numbers. Then |2§=n ¢(x )| is bounded unlfbrndy in N if |z e Vi nI is

bounded uniformly in m and N (nO <m < N).

N
PROOF. Let I  := Zj=n (Y Ty = Yor T_; = 0. Then

N
zn=n0 YN-n ¢(x ) = Zn—no N-n N n- 1)¢(x )

N
FN—nO ¢(xn0) * Zn=no+1 I'N-n (¢(xn) - ¢(xn—1))

r ox, ) + LN

N—no 0 n=n+1 N nh ¢! (E Yo B, € [xn-l'xn]

n

*
Therefore IZ: g T ¢(xn)l < I'{max| ¢| + (X—xo)max|¢'l},where I' is the
uniform bound of lzn*m . |. O

The "two dimensional" analogue of Lemma 2.a reads:

LEMMA 2.b. In addition to Lemma 2.a, let {sn}:=0 be a sequence of complex

numbers. Then lz 8 ¢ (x )| is bounded uniformly in N if

Gnl is bounded uniformly inm and N (n, < m < N).

lzn—m N-n 0

PROOF. Similar to the proof of Lemma 2.a. [J

PROOF OF THEOREM 2. For a function F(x,y) in two variables we shall use the

following abbreviations

pt+ad
PP = PPY (x,y) 1= —— F(x,y);
aPxs

qu = qu (x ,x.); F . :=F(x_,x.).
nj n j nj nj
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For n 2 k the equation for the global error 8, B fn - f(xn) reads

n
. .+
(4.2) hzj=0 wannjej Tn

where the truncation error Tn at x = X is given by
n *n
(4.3) T = hzj=o W i%ng £ %50 - Jx K(x ,y)£(y)dy.
0

For n 2 2k and i = 0(1)k multiply the (n-i)-th equation in (4.2) by a; and

sum over i to obtain

k n-i k
= >
Lig 4 Zj=o LA I (/m}_,a; T . =0, =n22k.
Expanding Kn—i 3 in a Taylor series about x = X, ¥= xj and using the rela-
{4
tions (2.6) for the weights wnj’ yields
z# b, K e .= hZF ia )0t glO e, +
i=0 "i "n,n-i n-i i=1 ifj=0 "n-i,j "nj 3
2 vk ;2 n-i :
- h Ei=1 ia, zj=0 wn—i,j enj(l)ej +
(i/n) 75 ar n > 2,
i=0 "i'n-i’
2,0l

where, due to the smoothness of K, |6nj(i)| <0 =% max | K

Next we expand Kn i in a Taylor series about x = xn, y = xn and divide
,n-

through by Knn to obtain

k ' ~1 k 2vk 2 n-i
= i i = i . .. 0 L(i)e.
zi=0bi ®n-1 Knn{hXi=llbann(l)en—i b Zi=1l aiz]=0wn“l,j nj(l)ej}
-1 ¢k . tn-i 1,0 k. (1) _ >
(4.4) * R bl el vy g Kay eyt bl day 6 - T
where [ x_ (1) <:x = max | Ko'll-
nn !
(1) tn-k-1 1,0 )
=" zj=0 wn-i,j(Knj / Knn)ej'

* k
e ™ Zi=0 a rI‘n—i/(hKnn)'



60

Without loss of generality we assume that b0 # 0. (If b, = 0 and bu is the

0
first non-zero coefficient, then (4.4) actually defines the error equation
for en—u' In such a case the proof of this theorem requires no essential

modifications.) As in HENRICI [7, p.242] we define the coefficients Y, as:

Y =0 forn <0, Ty = 1/bol

n
(4.5)
P by =0 fera s 1.
i=0 "i 'n-i
i P k k-i | . ;
Since by assumption, o(Z) = zi=0 bic is a simple von Neumann polynomial,

]ynl < T uniformly in n.

Next we take a fixed N (N = 2k, Nh < X—xo), multiply for each n
(2k < n < N) equation (4.4) by YNen and sum over n. For the left-hand side
of (4.4) we then obtain, using (4.5)

e, + (v

eyt nooPil et Oy_oxPyo1 ¥ Ynook-1 Pid kgt -+

OgookPe ¥ oo+ YyooePi) @kt -

Consider now the right-hand side of (4.4). For the first, second and third

term we obtain expressions which can be bounded by kaK_lf h ZN;é Iejl,
k2AWOK_1F(X—x0) h Z?;é }ejl and kAW max |K1'0|K_1F h Xﬁ;élejl,]respectively,

where A, B and W are the uniform bounds of Iail, Ibil and lwnjl. Note that we
have used here that IKnn] > ¢ = min |K(x,x)| > 0. Hence the first three terms

can be bounded by Ah Z?:é lejl where A, is independent of N and h. For the

1
fourth and fifth term we obtain

kK . N (1)
A B Lict 125 ook YaenCa
and
N *
(47 Zn=2k YN-n Tn°

For a fixed i (1 < i £ k) in (4.6) we derive that
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N (i) _ tvk-1  ¢vN 1,0
(48 zn=2k YN-n Gn B Xj=0 {Zn=2k YN-n wn—i,j Knj / Knn}ej
N-k-1 ,¢N 150
* Uik Uaegeket Yen Ynt,9 %nd 7/ Kand®5e

We have to show that the two expressions between brackets in (4.8) are uni-
formly bounded. Consider the first expression. Since, by assumption

K(1'0)(x,xj)/K(x,x) is continuously differentiable, if follows from applica-
tion of Lemma 2.b, that it is sufficient to prove that for each i (1 < i < k)

and each j (0 £ j < k-1)

N (1)
<
(49 IZn=m YN-n wn—i,j| - Dj
uniformly in m and N (2k < m < N). If we define Gn =w . 5 for fixed i and
. s k _ e
j, then Gn satisfies zi=0 aidn—i = 0. Moreover Yn satisfies (4.5), and, hence,

application of Corollary 1.b establishes that (4.9) is true. Next we consider
the second expression between brackets in (4.8). Similar reasoning as above
(using Lemma 2.b) yields that we have to prove that for each i (1 < i < k)
and each j (k £ j < N-k-1)

I | < o5

n=m YN-—n wn-i,j 3j

is bounded uniformly in m and N (j+k+1 < m < N). Moreover, we have to show

that max{Dgl); j = k,k+1,...,N-k-1} is independent of N. This we prove as
follows.

For j = k, one proves, as we did above, that

5 .
(4.10) | e Wi Vg gl Dél), 2k+1 € m < N.

For j > k, one has to find a uniform bound for

*
independent of m* and N with j+k+1 < m < N. Recall from (2.8) that

wn—i,j = wn—i-j+-k,k' Therefore,
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N N
L [zn=m* YN-n wn—i,j| - |Zn=m YN*-n wn-i,kl'

*
where N = N-j+k and 2k+1 < m < N*. The last expression in (4.11), however,
is bounded by Dél) in view of (4.10). Hence we have shown that the terms

between brackets in (4.8) are uniformly bounded, and therefore (4.6) can be

bounded by Ah Z?;é |eji, where A, is independent of N and h.

2

Finally, we investigate the term (4.7). If we define Y (x,y):= K(x,y)£(y),
then the truncation error Tn—i defined in (4.3) is given by the quadrature
error in the approximation of the integral of the function w(xn_i,-) on the

interval [xo,xn_i] (see (2.9)); that is

T = 9 lVx 0 0

=1

Expanding the function w(xn_i,y) in a Taylor series about x = X the trunca-

tion error can be split into

1,0

= 5 i I .
T =9 ;v )] -ing [y (x 0]
.22 2,0
+5i%n% VYT (€ 07 g e Dx x T
Next we form ZF a,T . and obtain the following terms:
i=0 "i'n-i

k& . — pt+l 0,p p+2
zi=0 aiQn—i[w(xn' )1 = ¢p+1h U] (xn'xn) + 0(n ),

by virtue of (2.10);

ko, 1,0
h Tioo 1239, 0¥

(x,,)1 =

PPl x0T (xx) 1 0Pt

k . p+1
) 1aiCp+1/0(1)h {v 5

i=0

p+l, 1,p-1 _ . 1,p-1 p+2
- Cp+1h {v (xn,xn) ) (xn,Xo)} + O(h ),

by virtue of (2.11), and
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2 vk .2 2,0 N1 _ (PF2
s I o i%a0 (DVUE .0 = 0mPTY).

* X k
Hence Tn defined by zi=0 aiTn-i/(hKnn) has the form

1,p-1

* oo P 0,p _
(4.12) T = -(1/K )h Cp+1{¢ (x %) - ¥ (x_ox ) +

1,p-1 p+1
v (xn,xo)} + 0™ ).

Note that we have to prove that (4.7) is uniformly bounded. It is easily
seen that the terms of 0(hp+1) in (4.12) yield, due to the boundedness of
Y,s a term of 0P in (4.7). Omitting, therefore, the 0(hp+1)—terms in (4.12)
(0'p)(x,x)/K(x,x), Il)(l,p--i)

(x,xo)/K(x,x) are continuously differentiable on [xO,X], applica-

and observing that the functions y (%x,x)/K(x,x)

anid w(er-i)
tion of Lemma 2.a yields that the expression (4.7) is uniformly bounded if
| N % | is uniformly bounded for all m and N, (2k < m < N). This, how-

“n=m 'N-n
ever, follows directly from Corollary l.a. Hence we have shown that

"] < a_nP.

N
lzn=2k YN—n nl 3

Piecing the bits together, we have shown that

2k-1

P N-1
<
leyl <a;p° +a, Zj—o Iejl + hA, Zj=2k lejl,

where A3,A4 and A5 are independent of h and N. The solution of this inequal-

ity is well-known to be (see e.g. [7, p.244] or [2, p.925])

. p 2k-1
< »
(4.13) leNI < {ajh” +a 2j=0 lej[} exp (A (X-%,)) .
The errors eo,...,ek_1 are O(hs). The error ek is defined in (4.2) and is

readily seen to be 0(h°) + O(h—iTk). From (2.11) we derive that

1,p-1

_ p,,1,p-1 _ p+1
T, = CP+1/0(1)h {v (xx) =¥ (xk,xo)} + 0" )

= _cp+1/o(1)khp+1w1'p (X rE) + 0mP*

= omPtY,
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and, therefore, ek = O(hs) + O(hp). Similarly one shows that the errors
ek+1,...,e2k_1 are O(hs) + O(hp), and together with (4.13) this establishes
that IeNI = 0% + 0(hP). This completes the proof. [

5. STABILITY
The stability behaviour of a numerical method for (1.1) is frequently

analyzed (compare [3], [10], [15]) by applying that method with a fixed

positive step size h to the equation

X
(5.1) f f(y)dy = g(x), g(0) = 0O,

0
whose solution is £(x) = g'(x). For the class of reducible quadrature meth-

ods (3.1) we obtain the equations

(5.2) h Z?=O wogfy = 90,

J
which, in view of (2.6), can be reduced to the difference equation

k k
(5.3) Yo Pifny = (/B ki a0 ).
From (5.3) it is obvious that (3.1) is stable in the sense of BAKER & KEECH
[3] if and only if o is a simple von Neumann polynomial. Since this condition

is also necessary for convergence (see §4), we have the following Corollary.

COROLLARY 2. Let the (p,0)-reducible quadrature method (3.1) be convergent.
Then the method is stable in the sense of BAKER & KEECH.

From (5.3) we observe that the (in modulus) largest zero of o is of
practical importance, and gives an indication of the damping properties of
the method. If this value exceeds unity then the method is unstable and
therefore divergent.

Some methods applied to (5.1) yield "local differentiation formulae"
(see e.g. [10, p.317] for a definition). A precise characterization is given

by the following Theorem.
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THEOREM 3. A convergent (p,0)-reducible quadrature method applied to (5.1)

yields a local differentiation formula if and only if
k-3j " .
(5.4) o(g) = bjc for some j, 0 < j < k.

PROOF. Note that (3.1) applied to (5.1) yields (5.3). Suppose that at least
two coefficients bi are different from zero. Then (5.3) does not define a
differentiation formula. Hence (5.4) is necessary. Next we prove that (5.4)
is also sufficient. Let b, be the only non-zero coefficient of 0. From (5.3)
i = = ' ' -
we then derive that bjfn-j (l/h)z aig(xn_i) p'(l)g (xn_j) + 0(h). There

fore £ . =p'(1)/o()g" (x ;) + O(h) = g'(x, )+ Om). O

Examples of methods which satisfy (5.4) (i.e. methods for which the
polynomial o has only zeros at the origin) are the backward differentiation

methods and the mid-point rule.
6. NUMERICAL EXAMPLES

In this section we consider quadrature methods which are reducible to
the k-step backward differentiation methods for k = 2,3,...,6. The coeffi-
cients of the polynomials p(Z) = ?=0 aick-i and o(g) = bock can be found
for example in [11, p.242]. The methods were implemented as described in
(3.2a-c) . Interpolatory quadrature rules of maximal precision were employed
for the starting quadrature formulae (2.4). Furthermore exact starting values

£ yie oo o E were used. In view of Theorem 2 the resulting quadrature method

0 k-1
is of order k. All computations were performed on a CDC 73/173 Computer Sys-
tem using single precision (60 bit wordlength with a 48 bit mantissa).

The methodé were applied to the following problems (taken from [5]):

I. fg (a2+1)cos(x—y)f(y)dy = a*exp(ax) + sinx - a*cosx, f(x) = exp(ax),

II. a f§ exp a(x-y)f(y)dy = sinh (ax), f(x) = exp(-ax),

with a = 1 and -1, and 0 £ x < 4. Our numerical results can be compared

with those obtained by GLADWIN [5].
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No difficulties were experienced. The true error was a smooth function
and, in most cases, of constant sign. In the Tables 1 and 2 we list the
number of correct digits (defined by - 10log(absolute error)) at x = 2 and
x = 4, respectively, for h = 0.1 and, in brackets, for h = 0.05. Furthermore,
we give the results obtained by a fourth order method of GLADWIN (method D
in [5, p.714]).

PROBLEM

method I(a=1) I(a=-1) II(a=1) II(a=-1)

BD2 1.38(1.98) 2.26(2.85) 2.68(3.31) 1.07(1.64)
BD3 3.83(4.74) 3.39(4.25) 3.46(4.42) 1.93(2.79)
BD4 3.37(4.50) 5.53(6.40) 4.22(5.49) 2.77(3.90)
BD5 4.15(5.59) 5.37(6.84) 4.95(6.55) 3.59(5.00)
BD6 5.18(6.96) 6.13(7.88) 5.68(7.60) 4.39(6.09)
GLADWIN 3.09(4.21) 5.59(6.22) 3.96(5.21) 2.48(3.62)

Table 1. Number of correct digits at x = 2, h = 0.1 (h = 0.05)

PROBLEM
method I(a=1) I(a=-1) II(a=1) II(a=-1)
BD2 0.46(1.05) 2.21(2.80) 3.55(4.18) 0.20(0.77)
BD3 2.30(3.51) 3.41(4.26) 4.33(5.29) 1.06(1.92)
BD4 2.51(3.64) 5.01(6.54) 5.08(6.36) 1.90(3.03)
BD5S 3.25(4.70) 5.21(6.70) 5.82(7.42) 2.72(4.13)
BD6 4.24(6.03) 6.07(7.81) 6.54(8.72) 3.53(5.22)
GLADWIN 2.22(3.35) 4.57(6.15) 4.80(6.10) 1.60(2.74)

Table 2. Number of correct digits at x = 4, h = 0.1 (h = 0.05)

From these tables the correct order of convergence is obvious (note that for
a method of order p, halving the stepsize yields an increase of 0.3*p in the
number of correct digits). Since all methods above require the same number

(~ N %2) of kernel evaluations, it is obvious that the sixth-order backward
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differentiation method is the most efficient one. Moreover, we observe that
the fourth order method BD4 is more accurate than Gladwin's method D (of the

same order) at the same computational costs.

7. CONCLUDING REMARKS

We have discussed direct quadrature methods which are reducible to
linear multistep methods for ordinary differential equations, and established
high order convergence under suitable conditions. Furthermore, we have indi-
cated that several methods previously considered in the literature are spe-
cial cases of the class presented in this paper. However, not all direct
quadrature methods are covered by our theory. In order to include most (if
not all) of the direct quadrature methods for (1.1), it seems a natural step
to construct quadrature rules by means of more general methods for ODEs such
as the cyclic linear multistep methods. We feel that such a general treatment
is possible and some partial results are already known in this direction
(see HOLYHEAD et al. [8], ANDRADE & McKEE [1], who essentially employ the
class of cyclic LM methods derived from interpolatory quadrature).

The backward differentiation methods considered in §6 turned out to
perform well, but their order cannot exceed 6 (see [7, p.207] stating
that the polynomial p is no longer simple von Neumann for k > 6). It is
well-known, however, that the use of cyclic LM methods may improve the sta-
bility behaviour while retaining high accuracy. This suggests considering
backward differentiation type methods employed in a cyclic fashion for the

solution of (1.1). We intend to investigate such methods in the near future.
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The construction of reducible quadrature rules for Volterra integral and

integro-differential equations

by

P.H.M. Wolkenfelt

ABSTRACT

A formal relationship between quadrature rules and linear multistep
methods for ordinary differential equations is exploited for the generation
of quadrature weights. Employing the quadrature rules constructed in this
way, step—by-step methods for second kind Volterra integral equations and
integro-differential equations are defined and convergence and stability
results are presented.

The construction of the quadrature rules generated by the backward
differentiation formulae is discussed in detail. The use of these rules for
the solution of Volterra type equations is proposed and their good performance

is demonstrated by numerical experiments.

KEY WORDS & PHRASES: Numerical analysts, Volterra integral and integro-
differential equations, reducible quadrature rules,

convergence and stability.
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1. INTRODUCTION

Consider the second kind Volterra integral equation

x
(1.1) f(x) = g(x) + [ K(x,y,f(y))dy, Xy < x < X,
*o

and the Volterra integro-differential equation

x
(1.2) f'(x) = F(x,f(x), [ K(x,y,f(y))dy), X <x <X

*o0
with initial condition f(xo) = fo. We assume that the functions g, F and K
(the kernel) are continuously differentiable to sufficiently high order, so
that the existence of a sufficiently smooth solution f is ensured. A wide
variety of methods for (1.1) is discussed in [2], whereas a survey of methods
for (1.2) can be found in e.g. [11].

An essential part in the derivation of numerical methods is the discreti-

zation of the integrals occurring in (1.1) and (1.2) by numerical quadrature,
that is we write

*n

n
(1.3) f K(x_,y,£(y))dy = h ]

sko wan(xn’Xj’fj)’ n > k,

X

0

where h denotes the stepsize, xj = x0+jh are equidistant gridpoints and where
f. denotes a numerical approximation to f(xj). The values wnj are the

weights associated with a family of quadrature rules.

In this paper we consider the use of (p,o0)-reducible quadrature rules,
that is rules which are constructed by means of linear multistep (LM) methods
for ordinary differential equations. It is well known that certain LM
methods, such as the Adams-Bashforth-Moulton or the Nystrom-Milne-Simpson
formulae are derived from interpolatory quadrature (see e.g. [7]), so that
the relationship between such LM methods and quadrature rules is quite
natural. However, within the general class of LM methods there exist methods
which are not derived from quadrature (e.g. the backward differentiation
formulae) and therefore, their connection with quadrature rules is less

transparent.
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Some specific examples which fall within the class of (p,o)-reducible
quadrature rules have been investigated before in the literature. Among them
we mention the Gregory quadrature rules for the solution of second kind
Volterra equations (STEINBERG [14]), and the use of "inverted differentiation
formulae" for first kind equations (TAYLOR [15]).

In their general form, reducible quadrature rules were introduced by
MATTHYS [13] with the aim of proving A-stability results of numerical methods
for (1.2). However, a study of the explicit construction of such general
quadrature rules and a unifying analysis of the associated methods for (1.1)
and (1.2) has not yet been undertaken.

A result of our analysis is that, for the conmstruction of highly stable
methods for (1.1) and (1.2), one should choose quadrature rules generated by
highly stable LM methods for ordinary differential equations. Motivated by
this result, we propose in this paper the use of the backward differentiation
(BD) formulae.

In §2 we discuss the construction of (p,0)-reducible quadrature rules,
and derive an asymptotic expression for the quadrature error. Furthermore,
we describe a technique for generating the quadrature weights in an efficient
and stable manner. Particular attention is paid to the construction of the
quadrature rules generated by the BD formulae.

In §3 we give a concise treatment of convergence and stability results
of numerical methods for (1.1) and (1.2) employing (p,0)-reducible quadrature
rules. In addition, we present the stability regions of two classes of
methods for (1.2) employing the BD formulae.

Numerical experiments with methods for (1.1) and (1.2) based on the
BD formulae are reported in §4. For the solution of (1.1) our methods are
compared with those employing the Gregory quadrature rules and with the
highly stable, fifth order, block-implicit Runge-Kutta method proposed by
DE HOOG & WEISS [81].

We remark that the main part of this paper is based on the institute
report [17], and the reader interested in the technical details of some of

the proofs omitted here is referred to that report.
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2. REDUCIBLE QUADRATURE RULES

2.1. Derivation

The application of an LM method with real coefficients a; and bi (see

e.g. LAMBERT [10, p.11]) to the quadrature problem
(2.1) I'(x) = ¢(x), I(xy) = 0,

yields the relations

k k
(2.2) Y oaT _=h ] b od(x _.), n > k,
i=0 i=0
%n
for values Irl approximating I(xn) = I ¢(y)dy. If we assume that the starting
; X
values IO,...,Ik_1 are defined by 0
k-1 (s)
(2.3) I =h } w. ¢(x.), n-=0()k-I,
n 520 nj j

then In defined in (2.2) depends linearly on ¢(x0),...,¢(xn). To be specific,
n

(2.4) I =h ) w_. ¢(x),  mzk,

where the weights whj satisfy the relations

0 for j = 0(1)n-k-1,

y |
(2.5) iZO 3 Vaeii T\ n >k,
bn-j for j = n-k(1)n.
In (2.5) we have defined wnj = Wii) for n,j = 0(1)k-1 and wp j= O for
j > max{n,k-1}. The rules (2.3) employing the weights {wis)}i—;_o are
L=

called the starting quadrature rules, and denoted by Sk. Specific examples
of starting rules are given in Appendix I.
By means of the relations (2.5) the weights w_. can be generated provided

nj
that the starting quadrature rules Sk and the LM coefficients a; and bi are
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given. The quadrature rules (2.4) constructed in this way are called (cf.
[131) (p,0)-reducible, and denoted by [Sk;(p,c)]. Here, p and o are the

first and second characteristic polynomial of the LM method defined by

k-i -
a;ts 7, o(@)= ) bt
0 i=0

o(z):= e,

Il o~

i

For subsequent use we recall from the theory of LM methods (see e.g.

HENRICI [7], LAMBERT [10]) the following definitions.

DEFINITION 2.1. (1) A polynomial is said to satisfy the root condition if
it has no zeros outside the closed unit disk and only simple zeros on the
unit circle;
(2) it is said to satisfy the strong root condition if it satisfies the root
condition and 1 is its only zero on the unit circle;
(3) an LM method (p,0) is called consistent of order p if for all
ptl
yeC [xo,X]:

k k
-h Y ' = p+l_(p+1) p+2
.20 aiY(xn-i) hiéo b,y (xn*i) Cp+1h y (xn)+0(h ) as h >0

where Cp+1 # 0;

(4) the constant C;+l = Cp+l/c(l) is called the normalized error constant ;

(5) an LM method (p,0) is convergent (of order 1) if (1) p(1) =0,

p"(1) = 0(1) and (ii) p satisfies the root condition.

2.2. Explicit construction of the quadrature weights

Arranging the weights L in a matrix of the form
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[~ Yoo * Y0,k-1
Yk-1,0 * Yk-1,k-1
]
2.6) W=" "ko " Yk, k-1 Vkk O -
E . E wk szJ
?nO R ?n,k—l ?nk e Ynn. o

we observe from (2.5) that the entry wnj in the j-th.column of W depends only

on wn—k,j" Wn—l,j'

wk in (2.6) depend on the entries of Sk' The remaining weights (i.e. the

— As a consequence, only the weights in the matrix

entries of Q) are independent of the starting quadrature rules. Moreover,
due to the zero entries in the upper-triangular part of W, one can easily

derive from (2.5) (with j 2= k) that Q is a semi-circulant matrix, viz.

o, O]
U)l w

w w
2

(2.7) Q

where the sequence {u; 3 satisfies
s n n=0
300 = by
aw, +auw =
(2.8a) 071 170 1
agu, + aw * e B auy = bk
(2.8b) agw, + a4 + L.l * aw g = 0, n > k+l.
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From (2.6) and (2.7) it is obvious that wnj = wn-j for n-j =2 0, j = k.
Thus, for the construction of the quadrature weights W it is sufficient
to generate the first k columns by means of (2.5) (yielding wk) and to

generate the sequence {wn} by means of (2.8).

2.3. Asymptotic expression for the quadrature error

In [13, Lemma 2] MATTHYS proved that the order of a (p,o)-reducible
quadrature formula is at most the order of the underlying LM method (p,0).
In this section we shall derive a precise expression for the quadrature

error Qn defined by

X
n

n
Qn[¢]:= In—I(xn) =h 'z wnj ¢(xj) - J ¢ (y)dy.
3=0 %
0
Since, by construction, the value In obtained with (2.4) is identical to
the value In resulting from the application of the LM method (p,0) to the
differential equation (2.1) with starting values IO""’Ik—l defined in

(2.3), we can apply the convergence theorem of LM methods for ordinary

differential equations. The following result holds.

THEOREM 2.1. Let (p,0) be a convergent LM method of order p with normalized
error constant C;+1. Assume that the quadrature errors in the starting rules

Sk have the asymptotic expansion

S :=1 s +]
Q;[¢1 = d;h 1¢(Sl )(xo) + O(hSl Y ash >0, i = 0(1)k-1.

* .
Let s = min{so,.,.,sk_]} and define, for i = 0(1)k-1, di = di if s; =8
and 45 = 0 if s; > s. Then the quadrature error Qn[¢] assoctated with the
1

quadrature rules [Sk;(p,c)] assumes the form
(2.9) q 01 = - €, PP ) - 4P ey + 0™

+ d;hs + 0%*") as h » 0, n > = with nh Fized,

* . . k * 4 P
where dn 18 the solution of zi=0 aidn-i = 0 (n2k) with starting values
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* *
LI

PROOF. p-th order consistency implies that Qn = Qn[¢] satisfies the error

equation

(2.10)

Il =

805 =~ Cpuy B 6P + 067" as b o,

i=0

where C denotes the error constant of (p,0). On writing Qn = Qé]) + QéZ)’

p+l
where (1 represents the solution of (2.10) with zero starting values and
where Q(i) represents the solution of the homogeneous version of (2.10) with

starting values QO""’Qk—l’ it is readily seen that

s+l

(2) _ *.s
Q. = " v+ 0m®,

(n

The expression for Qn
[7, p.250]. [

follows by applying techniques described in HENRICI

Since the polynomial p satisfies the root condition, the sequence

{d:} is uniformly bounded. This observation together with (2.9) yields

COROLLARY 2.1. If the starting rules Sk are of order at least p, and Zif the
LM method (p,0) is convergent of order p, then the quadrature rules
[Sk;(p,c)] are convergent of order p. To be speeific

lo Lol < A hP? as h > 0, n > =, nh fixed

where A is a constant independent of n and h. [

2.4. Asymptotic behaviour of the quadrature weights

From (2.5) it is immediate that for j = 0(1)k-1 and n sufficiently

large

(2.11) _z a.w =0
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Since (2.11) and also (2.8b) are homogeneous difference equations with
constant coefficients, it will be clear that the asymptotic behaviour of
the quadrature weights is determined by the location of the zeros of the

polynomial p. The following theorem holds.
THEOREM 2.2. Let (p,0) be a convergent LM method. Then

(1) the weights i generated by (p,0) are uniformly bounded.

If, in addition, p satisfies the strong root condition, then

k-1
(ii) lim w 5 = w. = for j = 0(1)k-1.

1
o J p'(l) i=o ! nj_l_l

where n, denotes the smallest integer such that (2.11) holds, and where ay
are the coefficients of the deflated polynomial

kol pei-i
(2.12) Y a;C = p(g)/(z-1).
i=0
Furthermore
(iii) limw . =1lim 0w =w=1 for j =k,
nj n
n-w n->o

PROOF. See WOLKENFELT [17]. [

In order to verify the results of theorem 2.2, we computed the sequences
{wnj}, n >k, j=0()k-1, and {wn} for the backward differentiation formulae.
We observed however a linear growth of rounding errors which eventually
destroyed the cohvergence to the limits expected from theorem 2.2. An
explanation for this divergent behaviour is given by the fact that the homo-
geneous difference equations (2.8b) and (2.11) are marginally unstable due
to the zero ¢ = 1 of p.

In order to construct numerically convergent sequences we have trans-
formed the recurrence relations (2.8b) and (2.11) into strongly stable

recurrence relations. This procedure is described in the following lemma.
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LEMMA 2.1. Let the sequence {yn}; satisfy the difference.equation

k
(2.13) iZQ ay ;= o, n 2>k,
with starting values ML TEEEES and let the' associated characteristic
polynomial o satisfy the strong root condition. Then

(2.14) ¥, ™ ylo' (1) + v for allnz0
where
k-l
2+13) y= 1 en
i=0

and where v is the solution of

k=1
(2.16) iZO v =0, nzxk
with starting values =¥ y/o' (1), n = 0(1)k-1. Here, the coefficients
a; are defined in (2.12).

PROOF. In order to simplify the notation, we give the proof only for the
case that all zeros of p are simple. Since Y satisfies (2.13) the solution

can be written in the form yn = clc? + czcg +...+ck;£, where ;1 = 1 and

[gil <1, i = 2(1)k. Therefore, Yo = ¢ * V,» where ¢ = y/0'(1) (see
HENRICI [7, p.239]) and v = c,tB +...+c o7
of a homogeneous- difference equation with characteristic polynomial
p(z)/(z-1). This yields (2.16). Finally, equality (2.14) is obtained by
taking the correct starting values for Vs that is v i= yn-§/p'(1) for
n=0(Dk-1. 0O

. Obviously, v is the solution

The above lemma states that instead of computing the sequence {yn} one
may also compute the sequence {vn} and the limit y/p'(1). Since the charac-
teristic polynomial associated with (2.16) has its roots strictly inside

the unit circle, the sequence {vn} converges to zero, and therefore
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Mg y/o' (1), even in the presence of rounding errors. We have followed this
procedure for computing the weights of the quadrature rules which are
reducible to the backward differentiation formulae (see §2.5).

An important consequence of Theorem 2.2 combined with the construction
described in lemma 2.1 is that the computation of the quadrature weights
can be stopped as soon as the limits aj and » = 1 are reached within
machine precision. This implies that only a restricted number of quadrature

weights need to be generated (and stored).

2.5. The quadrature rules generated by the backward differentiation formulae

Using the theory given in the previous sections, it is possible to
construct rather unconventional quadrature rules [Sk;(p,c)]. In this section
we focus our attention on the class of quadrature rules which originate by
choosing for (p,o0) the backward differentiation (BD) formulae. It turns out
that with this class highly stable quadrature methods for the solution of
(1.1) and (1.2) can be defined.

For k = 2(1)6 the coefficients a

“say and b0 (b1=...=b = 0) can be

0’°" k
found in e.g. LAMBERT [10,p.242] and are reproduced here in Table 2.1

together with their order and normalized error constant.

a a3 a, ag ag p C

o 2% 1 2 p+1
2 2 3 -4 1 2 -1/3
36 11  -18 9 -2 3 -1/4
4 12 25  -48 36 -16 3 4  -1/5
5 60 137 =300 300 -200 75 @ -12 5  -1/6
6 60 147 =360 450  -400 225 =72 10 6  -1/7

Table 2.1. The coefficients, order and normalized error constant
of the k-step BD formulae (b1="°=bk = 0).
We shall now discuss the construction of the quadrature weights in more
detail. Due to the vanishing of the coefficients b],...,b the recurrence

k
relations (2.5) and (2.8) can be simplified. For j = 0(1)k-1, (2.5) reduces
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to
k
(2.17) } aw _..=0, n>k
;2o L]
with starting values w,. = 0, w_ . = w(s) n = 1(1)k-1. For j > k, we set
OJ 2 nj nj b s bl
wnj - wn-j (n—-j>0) and determine wy from (compare (2.8))
k
(2.18) .2 a0 . =0, n=x1
i=0
with starting values wg = bo/ao,m_1=...=m_k+1 = 0.

For the starting rules Sk we have chosen quadrature rules of maximal
precision (order k+1).

Only for k = 2 the zeros of p are known in explicit form (;1=1,;2=l/3),
so that explicit expressions for the quadrature weights can be determined.

Wé?) (s) _ ,(8)

10 no= 1/2) we derived in

Using the starting rules Sz ( =0, w

[17] the expressions

{wnj = 3/4(1-(1/3)H™, n =1,

J
n-j+1 . .
oi = Uy = 12T nmj >0, 5 > 2,

For k > 3, the weights must be generated numerically, and for this purpose we

followed the procedure described in lemma 2.1. Application of this lemma
to (2.17) yields that for fixed j(j = 0(1)k-1) w_. = w. + vij)

. AN Y i
viJ) satisfies (2.16) with starting values viJ) = wéi) - wj, n = 0(1)k-1,

, where

and where Qj is, in view of theorem 2.2, given by
T a8 = 0()k-l.

Here, we have used that p'(1) = o(1) = bO' The reader may verify that for
k = 4 with the starting rules

0O 0 O O

9 19 -5 1

8 32 8 0

9 27 27 9
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the limits w. = 79/144, ‘31 = 93/144, w, = 213/144 and w, = 119/144 are

0 2 3
obtained. The sequence {wn} defined in (2.18) is computed by setting w, = 1+vn

and computing v from (2.16) with starting values vy = l-wo,

v, < A 1. In order to get an impression of the rate of con-

vergence, we have determined the value n such that for n > n

Ivnl= |wn-l| < 10-15 (here, 10_15 is approximately the precision of our

computer). These values are listed below.

k|2 3 4 5 6
31 40 59 97 227

=N

Thus, only a finite number (n) of quadrature weights w, have to be generated.
Application of theorem 2.1 yields that the error in the quadrature rules

generated by the BD formulae is given by

(BD) 4 _ 1 .k (k-1) _ o (k-1) Kk+1
Q, L] = T P {¢ (Xn) ¢ (xo)} + O(h” ") as h » 0.
Since we have chosen starting rules Sk of order k+1, the principal term in

the quadrature error is determined only by the BD formula.
3. DISCRETIZATION METHODS FOR FUNCTIONAL EQUATIONS OF THE VOLTERRA TYPE

We shall now employ the (p,o0)-reducible quadrature rules discussed in
§2 for the discretization of Volterra functional equations. In this paper,
we have restricted our considerations to Volterra integral equations of the
second kind and to integro-differential equations given by (1.1) and (1.2),
respectively. Results for reducible quadrature rules applied to first kind
Volterra equations can be found in [18].

The methods we present below can be applied in a step-by-step fashion.
The starting values, which are usually required, are assumed to result from
some adequate starting procedure. If Vo #0 (i.e. b, # 0) then the methods
are semi-explicit and, in case of a nonlinear continuous problem, the
solution of a nonlinear equation is needed. The computational effort of the

3 . 2 .
methods is approxlmately-%bi kernel evaluations (N==(X—x0)/h) increased
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by N evaluations of g in case of (1.1) and N evaluations of F in case of
(1.2). Further the methods are also applicable to systems of Volterra type
equations.

In the following sections convergence of the methods is established
and stability results are given. In the statement of the convergence theorems
we assume that the quadrature rules [Sk;(p,c)] are convergent of order p

(see corollary 2.1 for sufficient conditionms).

3.1. Volterra integral equations of the second kind

Discretizations of (1.1) using (1.3) yields the so-called direct quad-

rature method

n
@3.1) £o=e(x) +h ] VKX ), 0> k.

j=0
The required starting values are f0 = g(xo), fl,...,fk_l. Convergence of the
method (3.1) is established in the following theorem.

THEOREM 3.1. In addition to the conditions for existence and uniqueness of

a sufficiently smooth solution £ to (1.1) assume that

(i) the method (3.1) employs reducible quadrature rules [Sk;(p,o)] of
order p;

(ii) the errors in the starting values fo,...,fk_1 are of order s, i.e.
|£,-£(x,)| = 0(b®) as h > 0, i = 0(1)k-I.

Then the method (3.1) is comvergent of order r, where r = min(p,s+1); to be

specific
£ ~£(x )| < Ah" as h > 0, n > =, nh fized,
n n

where A is a constant independent of n and h.

PROOF. In view of Theorem 2.2 the quadrature weights are uniformly bounded,
and (i) states that the quadrature error is of order p. Application of a
general convergence theorem for step-by-step quadrature methods (see

BAKER [2, p.836]) yields the result. [
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The stability behaviour of a numerical method for (1.1) is usually
analyzed by applying the method with a fixed positive stepsize h to the test
equation (see e.g. BAKER & KEECH [31])

X
f(x) =1+ ) J f(y)dy, X e €.
0
This test equation is equivalent to the ODE test equation f' = Af and since
by construction, the quadrature rules are equivalent to an LM method (p,o),
it is immediate that the stability results of LM methods for ordinary differ-
ential equations can be carried over directly to second kind Volterra equations.
To be specific, the stability behaviour of the method (3.1) is determined
by the stability polynomial p(z)-hXo(Z).

Thus, highly stable methods for solving ordinary differential equations
can be used to generate highly stable methods for second kind Volterra
equations. In particular, the use of the BD formulae is advocated when the

kernel has a large Lipschitz constant.

3.2. Volterra integro-differential equations

The application of methods for ordinary differential equations in
conjunction with numerical quadrature yields a rich source of numerical
methods for (1.2). In this paper we consider the use of a linear i—step
method (p,0) combined with (p,o)-reducible quadrature rules (see also

[9,13]) to obtain the methods

I ~1 5

k
) a.f h

. ’ gi F(xn sk s 2 Dis n > k+E,

z
=1 n~-1 n-1i

(3.2)

N
]

n
h jZo wth(Xn’Xj’fj)’ n > k.

In general, the required starting values are f The methods (3.2)

equ S
are denoted by [{p,0);W] where W = [Sk;(p,o)].

In the following Theorem convergence of the methods (3.2) is established.

THEOREM 3.2. In addition to the conditions for existence and uniqueness
of a smooth solution £ to (1.2) assume that

(i)  the LM method (p,G) is convergent of order Dp;

(ii) the quadrature rules W = [Sk;(p,o)] are of order p;
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(iii) the errors in the starting values fO""’fk+E—| are of order s.
Then the method [ (3,5):W] s convergent of order r, where r = min(P,p,s); to
be specific

|fn—f(xn)| < Ahr, as h > 0, n > », nh fixed,

where A is a constant independent of n and h.

PROOF. Along the lines indicated by LINZ [11]. O

The stability behaviour of a numerical method for (1.2) is usually
analyzed by applying that method with a fixed positive stepsize h to the
test equation (cf. [4,5,13])

x
(3.3) £'(x) = gf(x) + n J £(y)dy, g,n € R.

0
Following BRUNNER & LAMBERT [5] and MATTHYS [13] we come to the result that
the method (3.2) is absolutely stable if the zeros of the stability poly-

nomial
(3.4) P(z3he,h%n) = p(0)[5(2) - hES(2)] - hPno(2)3(z)

lie inside the unit circle. Stability regions can be defined in the
(hE,hzn)—plane, and in [5] the regions of some first and second order methods
were given. Below we give the stability regions of the k-step BD methods
using BD-reducible quadrature rules and the Gregory quadrature rules,

respectively. To be specific, we consider the methods

[BD;BD]: (p,0) is the k-step BD formula (k=2(1)6)
W = [Sk;(p,c)] where (p,0) is also the k-step BD formula;

[BD;AM]: (p,0) is the k-step BD formula (k=2(1)6)
W= [Sk_];(p,o)] where (p,0) is the (k—1)-step Adams-Moulton

formula.

Note that the Gregory quadrature rules of order k are generated by the (k-1)-

step Adams-Moulton formula with starting rules Sk-l' More details about

these quadrature rules are given in Appendix II.
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The stability regions of the [BD;AM] and [BD;BD] methods were computed

by means of a boundary locus method (see [10, p.82]). Taking ¢ = e1¢ in

(3.4) and setting P(e1¢;h£,h2n) = 0 yields the equations

iy ~  i¢
(3.5) Wy BEEK pPRE ) ey 4 o D0yn]
c(el¢) o(e1¢)

which has to be solved for real values of h& and hzn. In general, equation
(3.5) yields a unique point (hE,hzn) of the boundary locus. For some values
of ¢, however, degenerate solutions of (3.5) may arise. As an example, we
obtain for ¢ = m the set of points {(hg,hzn)|h2n = B(E—hg)}, where

B = p(-1)/o(-1) and B = p(-1)/G(-1).

In Figure 3.1 and 3.2 plots of the stability regions are given. In order
to display the regions corresponding to different orders in one diagram, we
have used a square root scale in the vertical direction; to be specific, the
plots are given in the (x,y)-plane, where x = h§ and y = G(hzn) with
G(v):= if v = 0 then /v else -V vl . An additional advantage of this scaling
is that for fixed £ and n, and decreasing h, the point (x,y) moves along a
straight line towards the origin. Figure 3.3 and 3.4 display the shape of
the stability region near the origin.

It is seen that the regions of the [BD;BD] methods are substantially
larger than those of the [BD;AM] methods. Furthermore, it is observed that
the regions of both the second order [BD;AM] and the second order [BD;BD]
include the third quadrant {(hg,hzn)lhg <0, hzn < 0}, which is the region

where also the solution of the continuous problem (3.3) is stable.
4. NUMERICAL EXPERIMENTS

We have applied the methods (3.1) and (3.2) employing BD-reducible
quadrature rules to a number of test problems with known exact solution, in
order to obtain insight into their performance in actual computation. In
our implementation the weights were generated explicitly as described in
§2.5.

Our purpose was to test the convergence and stability properties of our

methods, rather than design and implement an automatic integral (e.g. integro-
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differential) equation solver. Therefore, no special strategies have been
incorporated in our implementation. Integration was performed with a constant
stepsize h. The necessary starting values were computed from the exact
solution. The nonlinear equations arising in the case of test problems which
are nonlinear in f, were solved by Newton-Raphson iteration. As initial guess
for fn the value fn—l was used, and iteration was stopped as soon as the
(relative) Newton-correction was below 10_]2. All calculations have been
performed on a CDC CYBER 750 installation using 14 significant digits.

In the table of results we have tabulated for different orders and a
sequence of stepsizes, the number of correct decimal digits (cd) at the
endpoint of integration xe = x0+Nh

ed:= -lolog|fN—f(xe)[.

Note that for a method of order p and h sufficiently small one should expect

theoretically that

ed(h/2) = ed(h) + 0.3.p (0.3 = 'O1og 2).

4.1. Second kind Volterra integral equations

The numerical methods (3.1) employing the BD-reducible quadrature
rules are indicated by BDp where p denotes the order (p=2(1)6). For compari-
son, we have also listed the results obtained with the p—th order Gregory
rules (which are reducible to the p-th order Adams-Moulton formula). We
shall denote these methods by AMp. In addition, our methods are also
compared with the fifth order, three-stage, block-implicit Runge-Kutta
method of de Hoog and Weiss ([8, scheme (3.3)/(7.1)]. The computational
effort of this method, which we shall denote by dHW5, is roughly % N2
whereas the BD and AM methods need only % N2 kernel evaluations. In order
to compare the accuracies obtained by the different fifth order methods

at the same computational costs, we have applied dHWS with a stepsize h = 3h.
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Problem 4.1.1. (renewal equation from FELLER [6])

X
(
f(x) = ixz exp(-x) + } J (X‘y)2 exp(y-x)f(y)dy, 0 < x < 6,
0
with exact solution f(x) = | . l-exp(-3x/2){cos(£x/§) + /g_sin(ix/g)}. In

3 3
Table 4.1.1. the results are tabulated for various choices of h (the results

for the AM method are given in parentheses).

h' | BD2 (AM2) BD3 (AM3) BD4 (AM4) BD5 (AM5)  BD6 (AM6)  dHWS

4 2.7 (4.7) 3.4 (3.3) 2.9 (3.6) 3.7 (4.2) 4.1 (4.9) 5.1
8 3.5 (5.9) 3.9 (4.1) 3.9 (4.7) 4.9 (5.5) 5.6 (6.5) 6.5
16 4.3 (7.1) 4.7 (5.0) 5.1 (5.9) 6.3 (6.9) 7.3 (8.3) 8.0
32 5.2 (8.3) 5.5 (5.9) 6.2 (7.1) 7.8 (8.4) 9.1 (10.0) 9.4
64 6.1 (9.5) 6.4 (6.8) 7.4 (8.3) 9.2 (9.9) 10.8 (11.9) 10.9

Table 4.1.1. Number of correct digits at x = 6 for problem 4.1.1.

From this table we observe that the methods BD2 and AM?2 behave as a third
and fourth order method, respectively. This higher order of convergence is
explained by the fact that the coefficients of the hz—term in the expression
for the quadrature error vanish for this particular problem. This can be
verified using (2.9).

For the remaining methods the correct order of convergence is obvious.
Note that the AM methods are more accurate than the BD methods (approximately
0.5-1 decimal digit) which is probably due to the smaller error constant.
The Runge-Kutta method dHW5 is more accurate than BD5 and AM5. We remark that
the method dHWS is fully implicit, which has the disadvantage that even in
the case of a scalar linear problem the solution of a system of linear

equations is needed.

Problem 4.1.2. (nonlinear)
x
f(x) = cos x - sin 2x - sin x + 3 J cos(x—y)fz(y)dy, 0 <x<1.5
0

with exact solution f(x) = cos x.
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h BD2 (AM2) BD3 (AM3) BD4  (AM4) BD5 (AM5) BD6 (AM6) dHW5

8 0.4 (0.5) 1.4 (1.0) 1.8 (2.3) 2.8 (2.9) 3.3 (3.9) 2.6
16 0.6 (0.9) 2.2 (1.6) 2.5 (3.2) 4.0 (3.8) 4.4 (5.2) 4.2
32 1.0 (1.5) 3.0 (2.3) 3.5 (4.3) 5.3 (5.0) 5.9 (6.7) 5.8
64 1.5 (2.1) 3.8 (3.2) 4.6 (5.4) 6.7 (6.4) 7.5 (8.4) 7.3
128 | 2.1 (2.7) 4.7 (4.0) 5.7 (6.6) 8.2 (7.8) 9.2 (10.1) 8.8

Table 4.1.2. Number of correct digits at x = 1.5 for problem 4.1.2.

Again the correct order of convergence is obvious. The AM methods of even
order are more accurate than the BD methods, whereas for odd order the BD
methods yield better results. Again the method dHW5 is more accurate than
BD5 and AM5 (except for h = 1/8).

Problem 4.1.3. (nonlinear)

X
f(x) = g(x) - A IH—X fz(y)dy, 0 <x < xe
1+y
0
L

with exact solution f(x) l+(1+x)exp(ux)]% if we choose g(x) =

f(x) + %—(l+x)[u Ln(1+x) + exp(ux)-1]. For u = =10, A = 10 this problem
was suggested by DE HOOG and WEISS [8]. In order that the stepsize is not
restricted by accuracy, we considered a slowly varying exact solution and
chose u = —1. This problem was chosen in order to illustrate the stability
behaviour of our methods. We considered the values A = 1,10,100,1000 and
10000, which makes the above problem increasingly "stiff". From ODE-theory
we recall that the BD methods are stiffly stable (see [10,p.234] for a
definition). Furthermore, the AM methods have finite stability regions
(for p 2 3) with a real stability boundary B, where B = 6,3,1.8 and 1.2 for
p = 3,4,5 and 6 respectively. The method dHW5 is L-stable (see [8]). Thus,
we expect unstable behaviour only for the AM methods if |hi| > B. The
endpoint of integration was xe = 192h. Table 4.1.3 gives the results (in-

stability is indicated by an asterisk).
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5l A BD2 (AM2) BD3 (AM3) BD4 (AM4) BD5 (AM5) BD6  (AM6)  dHWS
1 5.0 (5.7) 7.0 (7.8) 8.8 (9.7) 10.4 (11.1) 10.8 (11.9) 12.6

10 5.1 (5.7) 7.0 (8.2) 8.8 (x) 10.7 (*) 11.1 (*) 11.0

4 100 5.1 (5.7) 7.0 (%) 8.8 (x) 10.4 (*) 10.3 (*) 10.7

1000 5.1 (1.1) 7.0 (*) 8.8 (%) 10.1 (%) 10.3 (*) 10.7

10000 5.1 (0.6) 7.0 (*) 8.8 (%) 10.0 (x) 10.6 (*)  11.4

1 5.1 (5.7) 7.0 (7.8) 8.7 (9.6) 10.3 (11.1) 11.8 (12.1) 11.0

10 5.1 (5.7) 7.1 (7.8) 8.8 (9.7) 10.4 (11.6) 11.2 ( 0.7) 9.4

16 100 5.1 (5.7) 7.1 (*) 8.8 (*) 10.5 (%) 10.9 (*) 8.6
1000 5.1 (4.8) 7.1 (%) 8.8 (%) 10.5 (x) 10.8 (%) 8.6

10000 5.1 (2.5) 7.1 (%) 8.8 (%) 11.2 (x) 10.3 (*) 8.6

1 7 (5.3) 6.6 (7.5) 8.5 (9.4) 10.2 (11.2) 11.8 (12.5) 11.5

10 9 (5.5) 6.9 (7.7) 8.8 (9.7) 10.6 (11.5) 12.2 (11.6) 9.5

64 100 .9 (5.5) 6.9 (7.7) 8.8 (0.4) 10.5 (*) 11.0 (%) 8.1
1000 .9 (5.5) 6.9 (x) 8.8 (x) 11.2 (x) 10.7 (*) 7.8

10000 9 (4.9) 6.9 (x) 8.8 (x) 11.0 (*) 10.6 (%) 7.7

Table 4.1.3. The number of correct digits at xe =

192h for problem 4.1.3.

For fixed h and increasing stiffness, the accuracy of the BD methods

remains the same for p = 2,3 and 4, and roughly the same for BD5, whereas
BD6 and dHW5 have a tendency towards a decreasing accuracy which is rather
pronounced for dHWS5 when h is small.

For non-stiff problems (A = 1) the AM methods are more accurate than
the BD methods. Further, dHW5 is more accurate than AM5 and BD5.

With increasing stiffness the AM methods become unstable depending
on the value of h.

For h = 1/4, dHW5 performs better than BD5. For the mildly-stiff
(A = 10,100) and highly-stiff (A > 1000) problems and h = 1/16 and 1/64 the

superiority of BD5 over dHW5 is obvious.



94

4.2. Volterra integro-differential equations

In this section we report on some convergence and stability tests with
the methods [BD;BD] and [BD;AM] specified in §3.2. Other experiments with

the same methods can be found in the report [9].

Problem 4.2.1. (compare with LINZ [11], MAKROGLOU [12])
%
Jf'(x) =1-x exp(—xz) + f£(x) - 2 ( Xy exp(—fz(y))dy, 0 <x <2,
0

with exact solution f(x) = x. In Table 4.2.1. the results are tabulated
for different orders and stepsizes (the results for the [BD;AM] methods

are given in parentheses).

h_l p=2 p=3 p=4 P=5 p==©6

10 | 1.3 (1.9) 3.0 (3.2) 2.8 (3.6) 3.9 (4.6) 4.1 (5.0)
20 | 1.9 (2.5) 3.6 (4.1) 3.9 (4.8) 6.2 (6.2) 5.7 (6.7)
40 | 2.5 (3.1) 4.4 (5.1) 5.1 (6.0) 7.4 (7.8) 7.5 (8.5)
80 | 3.1 (3.7) 5.3 (6.0) 6.3 (7.2) 8.6 (9.3) 9.3 (10.7)

Table 4.2.1. Number of correct digits at x = 2 for problem 4.2.1.

The correct order of convergence is obvious except for the 5th order [BD;BD].

The [BD;AM] methods are more accurate than the [BD;BD] methods.

Problem 4.2.2. (from BRUNNER & LAMBERT [51])

X
B o o -2 1, 242 dy
f'x) = -x - (1+x) ~ + ey £n e + f TEG) 0 <x <
0

£(0) = 1,

with exact solution f(x) = (l+x)-1. Within the precision given in Table 4.2.2

both methods give the same results, so that only one column per order is
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given. From table 4.2.2. the correct order of convergence is obvious

nl | p=2 p=3 p=4 p=5 -
4 | 4.7 5.1 5.5 5.9 6.0
8 | 5.2 5.8 6.4 6.9 7.3
6 | 5.7 6.6 7.4 8.1 8.7
32 | 6.3 7.4 8.5 9.4 10.3
64 | 6.9 8.3 9.6  10.9 12.0

Table 4.2.2. Number of correct digits at x = 10 for problem 4.2.2.

The reader may verify that for this problem the integrand computed along the
exact solution is a very smooth function of y. As a consequence, the quadra-
ture error is negligible, which explains that both methods yield almost the

same results.

Problem 4.2.3. (nonlinear, from [16])

£'(x) = [d(x) - af(x) - Bz(x)]3 -1, £(0) =1
X

z(x) = f (X+YY)6 f3(y)dy-
0

Choosing d(x) = 1+a+y_1(1+6)—]Bx6+]{(l+y)6+l-l} yields the exact solution
f(x) = 1. This problem was constructed in order to test whether the quanti-
tative information of the stability regions, which are derived with the
linear test equation (3.3), can also be used for nonlinear problems. We
recall that the test equation (3.3) results from the variational equation of

(1.2) on setting

G EM = AT 6 E),2)s 1Y) = A (6, E(),2(0) 5 (%,5,£())

(where z(x) = fg K(x,y,f(y))dy) and assuming that £ and n are constant (see
[4,5,16]). Thus applying the linear stability theory of §3.2 in a local

sense, and using (4.1) we obtain
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E(x) = -3a, n(x,x) = -96x6(l+v)6-

Hence, [n(x,x)| increases monotonically, whereas £(x) remains constant. We
considered the case a = 40, B = 15, y = 2, § = 3/2 and h = 1/8. The values

of a and h were chosen such that the vertical line h& = -3ho = =15 is within
the stability regions of the [BD;BD] methods. Therefore, it is expected that
the [BD;BD] methods will integrate this problem in a stable manner. From the
stability regions of the [BD;AM] methods one can predict, theoretically,

the values of hzn, and therefore the values of x for which the [BD;AM] method

will be stable. The critical values of x are listed below

P 2 3 4 5 6
© 5.20 3.67 3.07 2.77

Having stated our prediction, a final experiment must give a decisive answer.
In table 4.2.3 we have listed the results of the [BD;AM] methods at some
relevant meshpoints. The points were chosen as follows: for the p-th order
[BD;AM] methods we have listed one point close to the x-value (xc) at which
instability is predicted by the theory, and another point at which the
integration process was (mostly prematurely) terminated. In the table 4.2.3
the point X, is marked with a dotted line. In table 4.2.4 we give the results

of the [BD;BD] methods.

> 4 p=2 p=3 p=4 p=5 p=6
1.000 4.15 4.66 6.13 6.61 6.96
2.750 4.70 5.39 7.02 7.69 7.84
3.000 4.74 5.46 7.10 7.83 7.58
3.625 4.84 5.61 7.26 7.76 6.76
5.125 5.01 5.85 7.51 5.93 3.32
5.625 5.05 5.91 7.57 4.84 1.90
6.625 5.14 6.01 7.49 2.39 *
9.125 5.30 6.20 2.94 «* *
14.250 5.53 3.57 = * *
16.000 5.60 * * * *

Table 4.2.3. The number of correct digits for
problem 4.2.3 obtained with the [BD;AM]
methods (h=1/8)
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X p=2 p=3 p=4 p=5 p=6
i.0 3.35 5.39 5.73 6.72 7.00
3.0 4.27 5.50 5.40 7.19 7.08
5.0 4.49 5.88 6.83 7.72 8.34
7.0 4.65 6.11 7.06 7.94 8.26
16.0 5.07 6.61 7.54 8.42 9.04

Table 4.2.4. The number of correct
digits for problem 4.2.3 obtained with
the [BD;BD] methods (h=1/8)

From these tables we conclude that for this problem:

(i) the [BD;BD] methods are stable; in fact, the accuracy increases;

(ii) the [BD;AM] methods become unstable for p>3; however, for p=3,4 the
(local) theory predicts instability for smaller values of x than shown

in actual computation. For p=5 and 6 the prediction is rather precise.

5. CONCLUDING REMARKS

In this paper, we have employed linear multistep methods for ordinary
differential equations to construct quadrature methods for solving functional
equations with a Volterra integral operator. Of course, other methods for
solving ordinary differential equations can be used: it is well known that
the use of Runge-Kutta methods yields quadrature methods of extended
Runge-Kutta type (see e.g. BAKER [2]). The question whether generalizations
of our results are possible if we employ general cyclic linear multistep
methods, multistep Runge-Kutta methods or other methods for solving ordinary
differential equations is still open, and the answer to it will be the
subject of further research. If such generalizations are possible, it is
evident that we have a powerful tool for constructing and analysing, in a
unified way, numerical methods for solving Volterra type equations.

Furthermore, we have emphasized the use of BD-reducible quadrature
rules which are particularly suited for problems whose kernel function has

a large Lipschitz constant.
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APPENDIX I: Examples of starting quadrature rules

Here, we give interpolatory quadrature rules of maximal precision for

computing the starting values IO""’Ik-] defined in (2.3). Since I0 = 0,
the weights wéi) are zero by definition (for all j). In the table below
we have tabulated for k = 2(1)6 the weights w;j for i = 1(1)k-1, j = 0(1)k-1,
and the scaling factor Dk(wgi):= wzj/Dk). In addition, we give the order s;
and error constant cik) defined by
5
k-1 ( s, (s.-1)
k
b ] wPee) - [ smay = ety e
j=0 J d 1
*o
where £ ¢ [xo,xk_]].
. * * * * * * (k)
B By L owe Wy Yy Wy W Vg 8 ey
2 2 1 1 1 3 1/12
3 12 1 5 8 =1 4 -1/24
2 4 16 4 5 1/90
4 24 1 9 19 =5 1 5 19/720
2 8 32 8 0 5 1/90
3 9 27 27 9 5 3/80
5 720 1 251 646  -264 106  -19 6 -3/160
2 232 992 192 32 -8 6 -1/90
3 .243 918 648 378 =27 6 -3/160
4 224 1024 384 1024 224 7 8/945
6 1440 1 475 1427 -798 482 -173 27 7 863/60480
2 448 2064 224 224 -96 16 7 37/3780
3 459 1971 1026 1026 -189 27 7 29/2240
4 448 2048 768 2048 448 0 7 8/945
5 475 1875 1250 1250 1875 475 7 275/12096

Table A.1. Starting quadrature rules Sk of maximal precision
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APPENDIX II: the quadrature rules reducible to the Adams-Moulton formulae

The Adams-Moulton (AM) formulae are characterized by the polynomials
p(z) = ao(ck—ck—]) and o(g) = Z§=O bigk_l. For k = 1(1)5 the coefficients

a, and bo,...,bk can be found in e.g. HENRICI [7, p.194] and are reproduced

in Table A.2, where we have also listed the order p(=k+1) and normalized

*
error constant C .
p+l

*

k a, b0 b] b2 b3 b4 b5 P CP+1

1 2 1 1 2 -1/12

2 12 5 8 -1 3 -1/24

3 24 9 19 =5 1 4 -19/720

4 720 251 646  -264 106 -19 5 -3/160

5 1440 475 1427 -798 482 -173 27 6 -863/60480

Table A.2. The coefficients, order and normalized error constant of
= 0).

Q) T eee =

the AM formulae (a1 = -a 2

0’ 3

For this class of methods the recurrence relations (2.5) have the simple

form
wnj = wn-l,j n >k, j=0(1)n"k-1,
(A.1)
wn,n—i = wn—l,n—i + bi/aO’ n >k, i=0(1)k.
In view of (A.1) only the weights Wéfi 5 must be given, or equivalently only
’

the last row of Sk is relevant. Taking the starting quadrature rules
given in Table A.1 one can easily verify that the quadrature weights
generated by (A.1) are the well-known Gregory quadrature rules. As an

illustration, we obtain for k = 2 the weights
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- o -
; O
5 14 5
3|13 O
I
W= o 5 13 1213
5 13 12 12 13 5

The quadrature error is obtained by application of Theorem 2.1. For the

AM formulae the coefficients Bpseeesdy vanish, and the reader may verify that

. * _ - - (k) _ (k)
therefore the quantities dn =d = dk—l = and s = Si—1° where Cr-1
and Si—) are given in Table A.1l.

If k is odd, then s = k+2 and Theorem 2.1 yields
(AM) _ A% k+1, (k) _ (k) k+2
(A.2) Qn [¢]1 = Ck+2 h™ {¢ (xn) ¢ (xo)} + 0(h” ), k odd

If k is even, then s = k+1 and we obtain after some manipulations

*

v B0 M) + 4@ )+ 002,k even,

(A.3) QéAM)[¢] -

The results (A.2$ and (A.3) are consistent with those of the Gregory quad-
rature rules (see e.g. STEINBERG [14]), but are derived here in a completely
different fashion.

We also note that only for even orders (k odd) the principal term in

the quadrature error is not influenced by the starting rules.
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On the relation between the repetition factor and numerical stability of

direct quadrature methods for second kind Volterra integral equations

by

P.H.M. Wolkenfelt

ABSTRACT

We consider direct quadrature methods employing quadrature rules which
are reducible to linear multistep methods for ordinary differential equations.
A simple characterization of both the repetition factor and numerical stabil-
ity (for small h) is given, which enables us to derive some results with re-
spect to a conjecture of Linz. In particular we show that (i) methods with
a repetition factor of one are always numerically stable; (ii) methods with
a repetition factor greater than one are not necessarily numerically unstable.
Analogous results are derived with respect to the more general notion of
asymptotic repetition factor. We also discuss the concepts of strong stabi- -
lity, absolute stability and relative stability and their (dis)connection
with the (asymptotic) repetition factor. Some numerical results are present-—

ed as a verification.

KEY WORDS & PHRASES: Numerical analysis, Volterra integral equations of the
second kind, reducible quadrature methods, rumerical
stability, repetition factor.
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1. INTRODUCTION

Consider the second kind Volterra integral equation
%
(1.1) £(x) = g(x) + J K*(x,v,£(y))dy, x20
0
where £ is the unknown function and where the forcing function g and the
kernel K* are given smooth functions.
In order to define a discretization of (1.1), let x = nh (where h de-
notes the stepsize) and let {wnj} be the weights associated with the quadra-
ture formula

X
n

n
(1.2) J ¢(y)dy = h ‘Zo wnj¢(xj).
0 J

Then a direct quadrature method for (1.1) is given by

v
P

n
(1.3) £,=8() +h J

*
3 wan (xn’xj’fj)’ n

0
Here, fn denotes a numerical approximation to f(xn) and k depends on the
desired accuracy. If the required starting values fO""’fk—l are known, the
values fk’fk+l"" can be computed in a step-by-step fashion. For a detailed
discussion of such methods we refer to BAKER [1].

It is well-known (see e.g. [8,11,1,2]) that the structure of the quadra-
ture weights Vii is important for the stability analysis of the methods

(1.3). In this connection, the following notion is relevant.

DEFINITION 1.1. The weights Vo in (1.3) are said to have an (exact) repeti-
tion factor r if r is the smallest positive integer such that w . =W
n+r,j -~ “nj

for all n > n, and n, < j < n-n,, where n,, o, and n, are independent of n.

A method (1.3) is said to have a repetition factor r if the associated
weights wnj have an repetition factor r.

This paper has been largely motivated by the following conjecture of
LINZ [8, p.27] (see also NOBLE [11]): "We may conjecture that (i) methods
with a repetition factor of one tend to be numerically stable, (ii) those with

a repetition factor greater than one numerically unstable."
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In order to deal with this conjecture in a proper way, it is necessary
to have a good understanding of the concept of numerical stability as defined
by Linz and Noble. It turns out that numerical stability in the sense of Linz
and Noble essentially requires the perturbation sensitivity of the discreti-
zation to be "roughly equivalent" to the perturbation sensitivity of the ori-
ginal continuous problem (compare the concept of "strong stability" as dis-
cussed by STETTER [13, p.54]). Their analysis is based on the asymptotic ex-
pansion of the global discretization error (see also KOBAYASI [6]). An ad-
vantage of this approach is its applicability to general equations (1.1),
i.e. without any restrictions on the kernel and the forcing function (except
for sufficient smoothness). A disadvantage however is that the stepsize h
should be sufficiently small so that the conclusions need not hold for large
values of h. As a consequence, this kind of stability analysis establishes
results with regard to the suitability of a method for gemeral use (but with
small h). On the other hand it is not assumed that h actually tends to zero.
This means that the condition for numerical stability in the sense of Linz
and Noble is stronger than the condition for zero-stability which is neces-
sary for convergence.

To gain insight into the relationship between the repetition factor of
the quadrature weights and the stability behaviour of the associated direct
quadrature method we consider the class of methods which are reducible to
linear multistep methods {p,0} for ordinary differential equations. For this
class we derive some properties of the quadrature weights, and, motivated
by these results, we introduce the notion of asymptotic repetition factor
as an extension of Def. 1.1.

We shall characterize:

(1) the exact 'and asymptotic repetition factor in terms of the location
of the essential zeros of the polynomial p;
(ii) numerical stability in terms of the growth parameters associated with
these zeros.
It turns out that with these characterizations, results with regard to the
conjecture of Linz can be derived in a rather elegant, and almost straight-
forward manner. To be specific, we shall demonstrate that:
(i) methods with an asymptotic repetition factor of one are always numeri-

cally stable in the sense of Linz and Noble;
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(ii) methods with an exact or asymptotic repetition factor greater than one
can still be numerically stable;
(iii) an asymptotic repetition factor of one is necessary and sufficient for

strong stability (a concept which we shall define in §5).

Furthermore, we shall indicate that the stability concept of Linz and
Noble is almost identical to the concept of relative stability for small h,
but that it is has nothing whatever to do with absolute stability.

Finally, we present some numerical experiments which serve as an illu-

stration of the theoretical results.
2. PRELIMINARIES

We assume that for n 2 k, 0 < j < n the weights wnj in (1.3) can be

generated by the recurrence relation

0 for j 0(1)n-k-1

k
(2.1) Zo aiwn-i,j = {

b . for j n-k(1)n,

where a, and bi (i=0(1)k) are the coefficients of a linear multistep method
for ordinary differential equations ([7, p.11]). For the construction of the
weights by means of (2.1) we set wnj = 0 for j > max(n,k-1) and define a set
of starting weights {wnjl n,j=0(1)k-1} (see [14] for details). The quadra-
ture rules generated in this way are called ([9]) (p,o0)-reducible. The direct
quadrature method (1.3) employing such quadrature rules is also called (p,o)-
reducible. Here, p and o denote the first and second characteristic poly-
nomial associated with the linear multistep method, that is

i L ki

K -
p(x) == ] a;r 7, oK) := ] bor .
i=0 i=0

From (2.1) it can be derived that

(2.2) w.=w_ . for n-j 2 0, j > k,

where the sequence {wn}:=0 satisfies
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2% =P
aw, + a.w =b
(2.3a) 01 170 1
aomk + alwk_] + ...4-akm0 = bk
(2.3b) age, taje ot ...+ aw . =0, n > k+l.

We also need the following definitionms.

DEFINITION 2.1. (from [13, p.206]). A polynomial is said to satisfy the root
condition if it has no zeros outside the closed unit disk and only simple
zeros on the unit circle. It is said to satisfy the strong root condition

if it satisfies the root condition and 1 is its only zero on the unit circle.

DEFINITION 2.2. A nonvanishing zero ¢ of a polynomial P is called essentiql
if lgl = 1 and nonessential if |z| < 1. A possible vanishing zero of P is

called the trivial zero of P.

Furthermore, we shall assume throughout this paper that p and o have no
common factors and that the method {p,0} is convergent (that is p(1) = 0,
p"(1) = o(1) and p satisfies the root condition).

An obvious extension of (2.1) is to define quadrature rules which are
reducible to cyclic linear multistep methods. Occasionally, we shall state
some results with respect to such reducible quadrature methods, but for rea-

sons of clarity our results are mainly related to methods satisfying (2.1).
3. PROPERTIES OF THE QUADRATURE WEIGHTS mn

We shall derive some properties of the sequence {mn} defined in (2.3).
This sequence satisfies a homogeneous difference equation with characteris-
tic polynomial p. Since, by assumption, p satisfies the root condition, the
essential zeros of p are simple. In order to simplify the presentation of
the results and their proofs we assume subsequently that the nonessential
zeros of p are also simple. Without this assumption our results remain true*)

however, unless the assumption is given explicitly in the statement of the

*) In this case the proofs need some modification; details can be found in

[14].
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Theorems.
First we give the explicit form of the solution of a difference equa-

tion with constant coefficients.

LEMMA 3.1. Let the sequence {y_}_ satisfy the difference equation
e n n=0 ¥ “

k
(3.1) z ay ;= 0, n=k (ao#O),
i=0

with starting valyes Yor+++sYy_y- Assume that the characteristic polynomial
o(z) = z?=0 aick'1 .
plicity my (m) = 0 is alloved). Furthermorve, let the coefficients a§1) be
defined by

has t nonvanishing simple zeros and a zero t = 0 of multi-

k-1 . .
(3.2) ) agl);k']'J = 0(2)/ (2=, i=1,2,...,¢t,
j=0

Then the solution {yn} is given by

t
- n '
(3.3) Yo L oghylet), n2m
where
k-1
(i)
(3.4) A, = Qs Yy i s
i oal) j k-1-j3
PROOF. Along the lines indicated by HENRICI [3, p.2387, 0
(i)

In view of (3.2) the coefficients ajl can be expressed in g5 and the

coefficients agsee+53 3 to be specific
@ . 3 .

(3.5) a.” = 7§ azi, i=1,2,...,t.
J v=0

We now return to the recurrence relation (2.3b). Due to the special
structure of the starting values Wyseeosliy defined by (2.3a), we can prove

the following basic result.

THEOREM 3.1. Let the linear multistep method {p,c} be convergent. Assume
that the nonvanishing zeros By = 1, Toseeesly of p are simple and let m,
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denote the multiplicity of the trivial zero ¢ = 0 (moz 0). Then the solution
{wn} of (2.3b) with starting values (2.3a) is given by

t
n

(3.6) w, = ‘z Yigi’ n > m0+1

i=1
where

— [ .
(3.7 Ty = c(ci)/cio (ci) # 0, i=1,2,...,t.
PROOF. We replace b 8 in (3.3) by O and determine Ai' In view of (3.4)
_ k-1 (i) ; . . _

Ai = Zj=0 aJ wk—j' Substitution of (3.5) gives Ai = aowki-(aoci+al)wk_1 + ...

. (aoc§_1+...+ak_l)ml. Collecting powers of zs and using (2.3a) yields

k-1
B; = (ymag) + oy (b jmay_jug) + .o+ zp(bymageg)

k . k .
_ k-j _ k=] _ k _ ok
= jzl bjci Wy jzl ajci = o(ci) bor,i mop(;i) +agats
= O(Ei)’
. _ _ _ .t n .
since ajw, b0 and p(ci) 0. As a result ®o Zi=] cic(ci)/p (ci),

n 2 ms and its equivalence with (3.6) is readily seen. Since, by assumption

p and ¢ have no common factor o(ci) # 0, which proves that Y # 0. 0

]

Note that y o(1)/p'(1) =1 by virtue of consistency. As a consequence
1 y y

of (3.6) we have

COROLLARY 3.1. If o satisfies the strong root condition, then

(3.8) lim w

n>»

In particular, if o(g) = a ck—](c-l), then

0

(3.9) w =1 for all n > k. O

Property (3.9) holds for example for the Adams-Moulton methods (which

generate the well-known Gregory quadrature rules). On the other hand, the
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backward differentiation methods generate a sequence {mn} satisfying (3.8).

From (3.6) we can also derive the following periodicity property.

COROLLARY 3.2. Let the weights w be defined by (2.3). Then

(3.10) Wog = mn for all n > mo-+l

if and only if the nonvanishing zeros of p satisfy cd = 1.

t

. _ n, d_ .
PROOF. In view of (3.6), Word Yy = Zi=l yi;i(ci 1) fog all n > mo-rl. Since
Y #0 for i =1,2,...,t, WodTe T 0 if and only if g; = 1, i =1,2, .,5.

Obviously, the periodicity of the sequence {mn} is lost if p has a non-

essential zero. We can however derive the following asymptotic result.

COROLLARY 3.3. Let the weights w be defined by (2.3). Then

(3.11) lim (w
n

nre

+d_wn) =0

if and only if the essential zeros of p satisfy cd =1,

PROOF. Let cl,...,cs denote the essential zeros of p. The weights mn are

given by (3.6) and can be written as u_ + v_ where u_ = xS Y.g? and where
n n n i=1 'i°1

¥, * 0 as n » =, Therefore lim(wn

—wn) = 11m(un -un). Using the same

+d +d
argument as in the proof of Cor. 3.2 this limit is zero if and only if
d .
g, = 1, i =1,...,s. 0

The properties derived in this section enable us to characterize the

repetition factor in terms of the location of the essential zeros of p.
4. CHARACTERIZATION OF THE (ASYMPTOTIC) REPETITION FACTOR

In view of Def. 1.1 and property (2.2) the weights L of a (p,0)-
reducible quadrature method have an exact repetition factor r if and only if
r is the smallest positive integer such that W oy = W 02D This observa-
tion together with Cor. 3.2 yields the following characterization.
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THEOREM 4.1. The weights of a (p,0)-reducible quadrature method have an exact
repetition factor r if and only if r is the smallest positive integer such

that the nonvanishing zeros of p satisfy tf = 1. i

We recall that the polynomial p associated with a linear multistep me-
thod derived from interpolatory quadrature has the form Ck - Ck-r (compare
the Adams-family (r=1) or the Milne-Simpson family (r=2)). For such methods

we have the following result as an immediate consequence of Theorem 4.1.

COROLLARY 4.1. If p(z) = ao(ck _Ck-r) then the weights have an exact repeti-

tion factor r. a

We shall now consider the case that p has also nonessential zeros. In
this case the weights do not have an exact repetition factor r in view of
Th. 4.1. We have seen however in Cor. 3.3 that Woirgd =0, for n sufficiently
large, if the essential zeros of p satisfy ¢ = 1. In particular, if the
weights are computed using finite-precision arithmetic we have the identity
Woed = 9 for large n. These observations suggest the following extension of

Def. 1.1.

DEFINITION 4.1. The weights o in (1.3) are said to have an asymptotic re-
petition factor r if r is the smallest positive integer such that

11mn+®(wn+r,j
pendent of n.

-an) = 0 for all j, n, <3< n-n,, where n, and n, are inde-

With this definition and Cor. 3.3 the following theorem is self-evident.

THEOREM 4.2. The weights of a (p,0)-reducible quadrature method have an
asymptotic repetition factor r if and only if t is the smallest positive

integer such that the essential zeros of o satisfy tf =1, 0

As an example, the quadrature weights generated by the polynomials
p(g) = (c—l)(c2—§+l) and p(g) = (;—1)(;2+l)(; -1/2) have an exact repetition
factor of 6 and an asymptotic repetition factor of 4, respectively.

As an important special case of Th. 4.2 and 4.1 we have the following

result which we shall use in §6 in connection with the conjecture of Linz.
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COROLLARY 4.2. The weights of a (p,0)-reducible quadrature method have an
asymptotic repetition factor of one if and only if p satisfies the strong
root condition. In particular, the weights have an exact repetition factor
of one if and only if o() = ar* (t-D. O

5. CHARACTERIZATION OF NUMERICAL STABILITY (FOR SMALL h)

In the following numerical stability in the sense of Linz and Noble
will be called numerical stability (for small h).

We touched upon the concept of numerical stability (for small h) already
in §1 in connection with the conjecture of Linz. For the sake of completeness

we repeat here the stability definitions of both Linz and Noble.

DEFINITION 5.1. (LINZ [8, p.20]). A step-by-step method for (1.1) is numeri-
cally stable if the error growth is roughly equivalent to that of the solu-
tion of the variational equation of (1.1). If there exist some equations for
which the error grows much faster than the solution of the variational equa-

tion of (1.1) then the method must be considered numerically unstable.

DEFINITION 5.2. (NOBLE [11, p.25], see also [l, p.823]). A step-by-step me-
thod for solving a Volterra integral equation is said to be unstable if the
error in the computed solution has dominant spurious components introduced

by the numerical scheme.

We shall now explain how these definitions must be interpreted. For a
(p,0)-reducible quadrature method (of order p) the asymptotic expansion of
the global discretization error e(xn) = fn - f(xn) assumes the form ([4])

. s
_ P n_ (i) p+l
(5.1) e(x) = h izl ties (x) + 0mP™hH

where g, = 1, Tyseesl are the essential zeros of p and where eél)(x) satis-

fies
3 x -
(5.2) egl)(x) = ggl)(x) + ) I K(x,y)e;l)(y)dy, i = 152003580
0

Here, K(x,y) = (8/3f)K*(x,y,f(Y)) and the quantities y; are the so-called
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growth parameters ([3]) defined as

(5.3 'Yi = U(Ci)/Cip'(Ci), i-= 152,..4,s8.

(i)
P
and to the errors in the starting values.

(1
P

The functions g ~"(x) in (5.2) are related to the (local) quadrature errors

The component e ’(x) associated with ¢y =1 is called the principal
error component. Since Y, = 1, this component satisfies, in view of (5.2),
an equation which is identical to the variational equation of the continuous
problem (1.1). The remaining components (if any) eéz)(x),...,eés)(x) associ-
ated with YgseeesY, are called the spurious error components introduced by
the discretization method. These components satisfy equations (5.2) which
are'different from the variational equation of (l.l?, unless Vg = 1. IE
|e;l)(x)l >> Ie;l)(x)l for some i (2<i<s), then eél)(x) is dominant and the
method is numerically unstable (in the sense of Linz and Noble).

From the above explanation we conclude that the values of the growth
parameters are crucial for numerical stability. In order to make this even

more transparent we consider the integral equation

X
(5.4) f£(x) = g(x) + A J exp (u(x-y)) £(y)dy,
0
whose solution is given by
X
(5.5) f(x) = g(x) + A J exp((A+1) (x-y)) g(y)dy.
0

Clearly, the problem (5.4) is well-conditioned with respect to bounded per-
turbations of g if Re(A+u) is non-positive. Suppose that for a given method
Y5 # 1 for some i, then, in view of (5.2) and (5.5), the associated spurious

error component eél)(x) is given by

X
6.0 P =P sy [ e s may.
0

Since Y # 1 one can always choose A and p such that Re(A+u) < 0 and

Re(y:A+n) > 0. As a consequence, the global error has a spurious component
i . . : . . . :
eé )(x) which is exponentially inereasing in general, whereas the continuous
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problem (5.4) is well-eonditioned.

From the foregoing the following characterization is readily deduced.

THEOREM 5.1. A4 reducible quadrature method of the form (1.3) is numerically
stable (for small h) (in the sense of Linz and Noble) if each essential zero
of p has a growth parameter equal to one; the method is weakly stable (for
small h) (or numerically unstable in the terminology of Linz and Noble) if
there exists at least one essential zero of p whose growth parameter is dif-

ferent from one. 0

Essentially, this theorem is an equivalent, but more quantitative de-
finition of the numerical stability concept. We have used the term weak
stability rather than numerical instability, because a weakly stable method
displays not always an unstable behaviour.

We recall that in the numerical treatment of ordinary differential equa-
tions a linear multistep method is weakly stable if p has an essential zero
with 13 = 0 (cf. [13, p.246]). In the context of integral equations however,
weak stability can also occur for positive values of the growth parameters.

For the expansion (5.1) we also observe that in general the terms c?
will cause the global error to be non-smooth at consecutive grid-points.
This situation cannot occur if Cl = 1 is the only essential zero of p. In
order to emphasize and distinguish this important feature we give the fol-

lowing definition.

DEFINITION 5.3. A numerically stable reducible quadrature method is called
strongly stable (for small h) if the associated polynomial p satisfies the

strong root condition.

REMARKS .

5.1. The terms strong and weak stability are adopted from HENRICI [31,
STETTER [13]. Numerical stability (for small h) which is not strong is some-
times called harmless weak stability (cf. [12]).

5.2. The growth parameters of (p,0)-reducible quadrature methods were de-
fined in (5.3). Since Th. 5.1 is not restricted to this class of methods,

we shall now briefly indicate how the values of the growth parameters can

be obtained for more general quadrature methods:
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In general, the application of a (step-by-step) direct quadrature me-
thod to the test equation f(x) =1 + ) f; f(y)dy (cf. [2]) is equivalent to
the application of an mcyclic linear multistep method to the ODE test equa-
tion £' = Af. Let P(h;Z) (h=mh)) be the associated characteristic polynomial
and let C](O),...,CS(O) be the essential zeros of p(z) := P(0;z), then the

growth parameters y; are given by the expansion

£; () = £ (0) (1 +vy;h) as h > 0.
For m = 1 the equivalence with (5.3) is well-known.
6. NUMERICAL STABILITY VERSUS REPETITION FACTOR

In §4 we have characterized the asymptotic repetition factor in terms
of the location of the essential zeros of the polynomial p, and in §5 numer—
ical stability was characterized in terms of the growth parameters associated
with these zeros. In other words, numerical stability is determined by the
rate of change (relative to ﬁ) of the essential zeros and not so much by
their location. It is intuitively clear therefore that numerical stability
cannot be characterized completely by the repetition factor. We can indicate

however some connections between the two concepts.

THEOREM 6.1. (NOBLE [11]). Step-by-step methods (1.3) with an exact repeti-
tion factor of one are numerically stable (for small h). 0

With the more general notion of asymptotic repetition factor introduced

in §4, the above result can be extended.

THEOREM 6.2. 4 (p,0)-reducible quadrature method with an asymptotic repeti-
tion factor of one is numerically stable (for small h). 0

PROOF. In view of Cor. 4.2 the polynomial p satisfies the strong root condi-
tion, or equivalently, g, = 1 is the only essential zero. Its growth para-
meter is equal to one by virtue of consistency. Application of Th. 5.1 yields

the result. 0

The reverse statements of the theorems above are not true; that is
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THEOREM 6.3. Methods with an exact or asymptotic repetition factor greater
than one can be rmumerically stable.

PROOF. It is sufficient to consider specific examples. Consider the (p,o0)-
reducible quadrature method with p(Z) = (cz—l)(c-1/3) and o(z) = C(c2—2/3§+1).
In view of Th. 4.2 the weights have an asymptotic repetition factor of two.

The method is numerically stable since the growth parameters associated with

the essential zeros g, = 1 and Ty = -1 are both equal to one. An example of
a numerically stable method which has an exact repetition factor of two is
obtained by taking p(Z) = c2 - 1 and o(g) = cz + 1. 0

We emphasize however that there exists an equivalence between an asymp-
totic repetition factor of one and strong stability in the sense of Def.

5.3. This important result is given in the following theorem.

THEOREM 6.4. A (p,0)-reducible quadrature method for solving second kind
Volterra integral equations is strongly stable (for small h) <if and only if
the quadrature weights have an asymptotic repetition factor of one.

PROOF. See the proof of Th. 6.2. O

We remark that Th. 6.4 does not hold if asymptotic repetition factor
is replaced by exact repetition factor. This clearly shows the relevance of
the former notion.

We conjecture that for more general quadrature methods (e.g. methods
which are reducible to cyclic linear multistep methods) a result analogous
to that of Th. 6.4 can be derived. Such a derivation however is beyond the

scope of this paper.
7. ABSOLUTE AND RELATIVE STABILITY

McKEE and BRUNNER [10] have interpreted the stability concept of Linz

and Noble in a different way. With reference to the test equation (cf. [2])

x
(7:1) f(x) =1+ A J f(y)dy, A <0
0
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(whose solution f(x) = exp(Mx) is decaying to zero as x - =), they give the

following definition.

DEFINITION 7.1. (from [10]). A method for (1.1) is called numerically stable
if when applied to (7.1) the discretized solution £ tends to zero as n +

for some fixed h.

Note that this definition is reminiscent of the definition of absolute
stability in the numerical treatment of ODEs.

With this definition of numerical stability McKee and Brumner give the
following example to demonstrate that the conjecture of Linz is incorrect.

They consider the (second order) method generated by the quadrature weights

) 1
3 3
4 4 4
1 3 6 6 3
(7.2) WO =-€ 4 4 8 4 4
3 6 6 6 6 6 6 3
4 4 8 4 8 4 ... 8 4 4]

The weights in (7.2) are not (p,o)-reducible, but reducible to a 2-cyclic
linear multistep method. Clearly, WO has a repetition factor of two. Further-
more, McKee and Brunner show that the method has a non-vanishing interval
of absolute stability of the form (-0,0), and therefore (7.2) is numerically
stable in the sense of Def. 7.1.

We recall from §1, that the asymptotic analysis of Linz and Noble is
applicable to general second kind Volterra equations. Since the stability
definition of McKee and Brunner refers to one special test equation, we
state here that their interpretation of the stability concept of Linz and
Noble Zs incorrect. As a consequence, the method (7.2) of McKee and Brunner
is not a proper counterexample. To strengthen these statements, we have
determined (cf. Remark 5.2) the values of the growth parameters Y of the
method (7.2) and obtained Py = 1 and Yy = 1/6. Therefore their method must
be considered weakly stable (or numerically unstable) in view of Th. 5.1.
Indeed we shall see in §8 that the method applied to an equation different

from (7.1) will display a conspicuously unstable behaviour. Clearly, absolute
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stability with respect to (7.1) is only a necessary condition for numerical
stability in the sense of Linz and Noble.
KEECH [5] employs essentially the same stability definition as McKee

and Brunner, and gives the following example

K
11
2 0
P o 1
(7.3) Ww,o=5|2 0 0 2
0 4 0 4 ... 0 & 1 1
2040.40402J

His method is reducible to a 2-cyclic linear multistep method. It has repe-
tition factor two and Keech shows that the interval of absolute stability is
(-2,0). Clearly, also his arguments are based on an incorrect interpretation
of the stability concept of Linz and Noble.

It turns out however that the growth parameters associated with (7.3)
are both equal to one so that the method of Keech is indeed numerically
stable in the sense of Linz and Noble. Clearly, the method is not strongly
stable.

Instead of looking at absolute stability as was done by McKee and
Brunner and Keech, we can also adopt the concept of relative stability of a
method with respect to (7.1) with X ¢ R. That is we require all roots of

P(h3;z) = 0 (see Remark 5.2) to satisfy
(7.4) ICi(H)I < ll;](l_l)l, i=2,3,...

where gl(ﬂ) corresponds to the principal root (i.e. ;1(5) = exp(ﬁ)-kO(ﬁp+l)
for a method of order p). For the weakly stable method (7.2) the interval
of relative stability has the form (0,B), B > 0, whereas for the stable me-
thod (7.3) this interval is approximately (-3/4,5/4). It is known (see [12])
that the existence of an interval of relative stability of the form (-a,B),
a,B > 0 implies that all growth parameters associated with the essential

zeros are equal to one. This yields
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THEOREM 7.1. A reducible quadrature method is numerically stable (for small
h) if there exists an interval (-a,B), o,B > 0 such that the method is rela—
tively stable for all h e (-a,B). a

If a method is numerically stable and not relatively stable for
he (-a,B) then the violation of (7.4) for some i is caused only by the Ez
or higher order terms in the expansion of the essential zero Ci(ﬁ). There-
fore for small h, the existence of an interval of relative stability of the
form (-a,B) is also "almost" necessary for numerical stability in the sense

of Linz and Noble.
8. NUMERICAL ILLUSTRATION

In this section we present numerical results partly as an illustration
of the various stability concepts discussed in §5 and partly as a verifica-
tion of our theoretical results.

For our experiments we have constructed the following quadrature method

parameterized by y (y# 0,1)

1
(8.1) WZ(Y) =3

The quadrature weights in (8.1) are reducible to the linear multistep method
{p,0} with p(2) .= ¢ - 1 and o(z) = t2(14y) /2 + t(l1=y) + (1+y)/2. In view of
Corollary 4.1 the weights have an exact repetition factor of two. Further-—
more, the method is second order convergent and the growth parameters asso-
ciated with g, = 1 and Ty = -1 are Ty ™ 1 and Yo =Y respectively. The me-
thod has an interval of absolute stability (—,0) if vy > 0. It has an inter-
val of relative stability (0,2) if y < 1, and (-»,0) if y > 1. Since y # 1,
the method is weakly stable in view of Th. 5.1.

We have solved the integral equation of the form (5.4)
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x
(8.2) f(x) =1+ 2 J exp (u(x-y)) £(y)dy,

0
whose exact solution is, in view of (5.5), given by
(8.3) £(x) = (u+x exp(A+)x) /(A+pn).

We took the values (A,u) = (1,-2) and (A,u) = (-2,1). Seven different me-
thods were used, to be specific: the method of McKee and Brunner given by
(7.2) and denoted by Wo
Wl; the method (8.1) with y = 1/6 and y = 3 and denoted by W2(1/6) and W2(3),

respectively; the methods employing quadrature weights which are reducible

; the method of Keech given by (7.3) and denoted by

to the second and third order backward differentiation method and to the
third order Adams-Moulton method and denoted by BDZ’ BD3 and AM3, respec-—
tively. (Note that the method AM3 is identical to the quadrature method em-
ploying the third order Newton-Gregory quadrature rules.)

Since the polynomial p associated with the methods BDZ’ BD3 énd AM3
satisfies the strong root condition, these methods have an asymptotic repe=
tition factor of one (cf. Corollary 4.2) and are strongly stable (cf. Th.
6.4). The method W1

not strongly stable. The remaining methods also have an exact repetition

has an exact repetition factor of two and is stable but

factor of two but are weakly stable (see Th. 5.1). In view of the values of
the growth parameters we expect that for (A,p) = (1,-2) all methods except
W2(3) yield stable results, whereas for (A,u) = (-2,1) the method WO and
W2(1/6) are expected to behave unstable.

To demonstrate clearly this unstable behaviour of some of the methods
it is necessary to integrate over a rather long time-interval. We have inte-
grated the problem (8.2) on the interval [0,25] with stepsizes h = 0.1 and
h = 0.05. In the Tables 8.1 and 8.2 we have listed the true error only for
h = 0.05 (the results for h = 0.1 show the same behaviour).

X WO W2(]/6) W2(3) W1 BD2 BD3 AM3
5.0 -3.0]0—3 —2.5]0—3 -6.7]0—2 —6.610—3 —6.210—3 —4.410—4 —8.010—5
15.0 —3.010—3 —2.510—3 —1.3lo+3 —6.710—3 -6.210—3 —4.4]0—4 —8.010—5
25.0 —3.010—3 —2.5]0—3 —3.110+7 —6.710—3 —6.210—3 -4.410-4 —8.0]0—5

Table 8.1. True error for (8.2) with A=1, p=-2 and h=0.05



121

X WO W2(1/6) W2(3) W] BD2 BD3 AM3
5.0 1.510—2 5.3]0—4 —3.0]0—3 —1.2]0—3 —1.210—3 2.910—5 5.710—6
15.0 l.2]0+] 7.710—1 ~4.llo—3 —1.710-3 —1.710—3 6.6]0—5 1.]10—5
25.0 9.5]0+3 6.0]O+2 —4.110—3 —1.710—3 —1.710—3 6.610-5 1.110~5

Table 8.2. True error for (8.2) with A=-2, p=1 and h=0.05

From these tables we conclude that dependent on the values A and p the
methods with a growth parameter different from one (that is Wis W2(1/6) and
W2(3)) are unstable, whereas the strongly stable methods (BDZ’ BD3 and AM3)
and the stable method of Keech (Wl) yield stable results for both problems.
Although not included in the tables of results, we also noticed that for the
stable method of Keech the trire error changes sign at every mesh point, where-
as the strongly stable methods yield a smooth global error. Clearly, the num-
erical results are in full agreement with the theory.

In order to eliminate the effect of the quadrature errors (which may be
quite large when solving (8.2) with A = =2 and u = 1) we have also investi-
gated the effect of an Zsolated perturbation (see [2]). The methods were
applied to (8.2) yielding values f ; next the value of f, was perturbed by
an amount of 0.01 and the method was applied once again yielding perturbed
values En' In the Tables 8.3 and 8.4 we have listed the difference I?n— fnl

at some meshpoints. The tables show that for both problems the perturbation

X WO W2(1/6) W2(3) Wl BD2 BD3 AM3
5.0 4.7]0—6 . 5.6]0—6 2'710_] 1.0]0—5 4.4]0-6 8.8]0—6 6.310—6
15.0 2.210—10 2.610—10 9.4]O+3 4.810—10 2.]10—10 4.0]0—10 2.910—10
25.0 ].4,0—14 1.410—14 3.3]0+8 1.410—14 1.4]0—14 1.4]0-]4 ].4]0—14

Table 8.3. Effect of an isolated perturbation (A=1, u=-2; h=0.1)

X WO W2(1/6) W2(3) Wl BD2 BD3 AM3
5.0 8.5]0—3 8.310—3 —6.7]0—6 4.410—5 1.310—5 3.710—5 1.910—5
15.0 6.7]0+0 6.5]0+0 —1.5]0-10 1.510—9 4.110—10 1.8]0—9 8.9]0-10
25.0 5.2]0+3 5.l|0+3 0 5.010—14 0 6.410—14 5.010—14

Table 8.4. Effect of an isolated perturbation (A=-2, p=1; h=0.1)
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is damped by the strongly stable and stable methods, whereas it is amplified
by the weakly stable methods (dependent on the values of A and u). We remark
that for the method of Keech we have perturbed f2 instead of fl’ since it
can be seen from (7.3) that a perturbation of f] has no effect on the even-
numbered gridpoints which are displayed in the tables.

All calculations were performed on a CDC-CYBER 750 Computer system us-—

ing single precision (60 bit wordlength with a 48 bit mantissa).
9. CONCLUDING REMARKS

Motivated by a conjecture of Linz we have investigated for a special
class of quadrature methods the relationship between the (asymptotic) repe-
tition factor and numerical stability. We have shown that the methods with
an (asymptotic) repetition factor of one are strongly stable, which implies
numerical stability in the sense of Linz and Noble. However, if a method has
a repetition factor greater than one, we need additional information in order
to determine whether that method is numerically stable or not. To be speci-
fic, we have to check that the values of the growth parameters associated
with the essential zeros of the polynomial p are equal to one. In general,
these values can be determined from the stability polynomial associated with
the method when applied to the test equation (7.1), and in this connection
the analysis of BAKER and KEECH [2] can be used although that analysis was
developed for a different type of stability.

On the other hand, it is the rule rather than the exception that for
a non-artificially constructed method, the growth parameters associated with
the essential zeros (# 1) are different from one (see e.g. [13, p.247]), so
that we share the general opinion that methods with an (asymptotic) repeti-
tion factor greater than one should not be generally employed for the solu-

tion of second kind Volterra integral equations.
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Modified multilag methods for Volterra functional equations*
by

P.H.M. Wolkenfelt

ABSTRACT

Linear multistep methods for ordinary differential equations in con-
junction with a family of computationally efficient quadrature rules are
employed to define a class of so-called multilag methods for the solution
of Volterra integral and integro—differential equations. In addition, modi-
fied multilag methods are proposed which have the property that the stability
behaviour is independent of the choice of the quadrature rules. High-order
convergence of the methods is established. In particular, a special class
of high-order convergent methods is presented for the efficient solution of

first kind Volterra equations. Numerical experiments are reported.
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1. INTRODUCTION

Consider the second kind Volterra integral equation
X
(1.1) f(x) = g(x) + J K(x,y,£(y))dy, 0 =<x <X,
0
whose kernel K and forcing function g are assumed to be sufficiently smooth.
In order to discretize (1.1) at x = x we need an approximation of the
Volterra integral operator at x = X . A conventional approach is to consider
a family of quadrature rules W with weights wnj which yields the direct
quadrature methods
n
(1.2) £ =8(x)+h .2 wan(xn,xj,fj).
=0
Here, h denotes the stepsize, xj = jh are equidistant gridpoints and fj
denotes a numerical approximation to f(xj). A wide variety of specific
methods (1.2) is discussed e.g. in [2].
The stability behaviour of a numerical method for (1.1) is analyzed by
applying that method with a fixed positive stepsize h to the test equation

(cf. [3])
X

(1.3) f(x) =1+ A I f(y)dy, Ae €.
0

Thus applying (1.2) to (1.3) yields the equations

n
(1.4) £ =1+hr) w.f..
n §=0 nj’j
It is well-known that the weights wnj frequently display a certain structure
which makes it possible to reduce the discrete Volterra equation (1.4) to a
finite term recurrence relation. Particular attention has been paid (cf.
[16,20]) to the class of (p,o)-reducible quadrature methods which have the

property that the equations (1.4) reduce to the relations

k

k
(1.5) L oaf =] bof L.
i= i=0
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In (1.5) a; and bi represent the coefficients of a linear multistep (LM)
method for ordinary differential equations (see e.g. [14]) which we shall

denote by (p,0). Here, p and o are polynomials defined as
k 3 k .
k- k-
(1.6) p(z):= ac 5 o(g):= ) b,z *,
i=0 i=0

The main advantage of constructing methods for (1.1) which reduce to (1.5),
lies in the fact that the stability behaviour, determined by the stability
polynomial p(z) - hio(z), can be prescribed by choosing a suitable LM method.
For example, the backward differentiation methods generate highly stable
quadrature rules (cf. [20]). A disadvantage of (p,o0)-reducible quadrature
methods however concerns their implementation. For instance in the case of
the backward differentiation methods just mentioned, either the weights
must be generated numerically (cf. [20]) in each integration step which
results in a rather awkward implementation and extra overhead costs, or the
methods must be implemented following the imbedding approach described in
[18] (see also §2) at the cost of a rather large number of additional
arithmetic operations.

In this paper, we propose two new classes of methods which are more
efficient than the (p,o)-reducible quadrature methods since they can be
constructed and implemented in a simple and straightforward fashion. The
methods, which we have called multilag methods and modified multilag methods,
are composed of an LM method (p,0) and a family of efficient quadrature
rules W.

It turns out, however, that the stability behaviour of the multilag
methods is not identical to that of the (p,o)-reducible quadrature methods.
In fact, stability is determined by (p,0) as well as by the quadrature rules
w*). Adopting the idea of "modification" proposed by VAN DER HOUWEN [11,12]
in connection with mixed Runge-Kutta methods for (1.1), we change the multi-
lag methods by adding suitable perturbation terms (residuals) to obtain the
modified multilag methods the stability behaviour of which is determined only
by (p,0) Zrrespective of the choice of the quadrature rules W. As a result

the modified multilag methods combine the advantages of the multilag methods

*)

We intend to report on the stability behaviour of the multilag methods

for various choices of W in future work.
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and the (p,0)-reducible quadrature methods. To be specific, the methods are
easy to construct, simple to implement and computationally efficient.
Moreover, they reduce to (1.5) when applied to (1.3).

The derivation of the multilag methods for (1.1) is essentially based
on an appropriate approximation of the Volterra integral operator (see §2)
and therefore it is not surprising that the same approximations can also be
employed in connection with the numerical solution of other types of Volterra
équations. To demonstrate this, we shall apply our techniques also to derive
numerical methods for Volterra integro-differential equations

X
(1.7) £'(x) = F(x,£(x), f K(x,y,£(y))dy), £(0) = £,
0
and for first kind Volterra integral equations
x
(1.8) | xeeyitoney < s, g - 0.
0

We shall establish, in §3 and 4, the order of convergence of the multi-
lag methods as well as their modification for the solution of (1.1) and
(1.7).

It is well-known that for the solution of first kind equations (1.8)
by means of direct quadrature methods special stabilized quadrature rules
must be constructed (see e.g. [1,6]). In §5, we shall present a class of
high-order convergent modified multilag methods which combine conventional
quadrature rules with a highly stable LM method.

To illustrate the theoretical results we have included in §6 some
numerical experiments with modified multilag methods in which we chose for
(p,o0) the highly stable backward differentiation methods and for (/ the

Gregory quadrature rules.
2. PRELIMINARIES AND NOTATIONS

In this section we shall derive approximations of the Volterra integral
operator fg K(x,y,f(y))dy, which occurs in the functional equations (1.1),
(1.7) and (1.8). For this derivation it is convenient to introduce the

function ¥(t,x) defined as
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t

(2.1) ¥(t,x) = J{ K(x,y,f(y))dy,

0
where (for the moment) f is a given function. Following Pouzet (see e.g.
[21), we regard ¥(t,x) as the solution of the ordinary differential equation
(with parameter x)

(2.2) & vt = K t,£(6)

with initial condition ¥(0,x) = 0. This observation suggests the use of
methods for ordinary differential equations (cf. [9,18]). Using an LM
method (p,0) (with normalization ag = 1), we may define an approximation

wn(x) of wn(x) (wn(x):= ¥(hh,x)) by the recurrence relation

k
1 aiwv_i(X) + h izo biK(x,xv_i,f(xv_i)),

<

~

t

~

[}

I
o~ =

(2.3)
v = k(1)n,

provided that the starting values ao(x),...,ik_l(x) are given. In the
treatment of second kind Volterra equations WOLKENFELT et al. [18] discuss
methods employing such approximations and indicate the equivalence with
(p,0)-reducible quadrature methods. A disadvantage of this approach is that
for the computation of @n(x) the recurrence relation (2.3) must be evalua-
ted for v = k(1)n, which may give a considerable amount of overhead,
especially when dealing with systems of Volterra integral equation. This
drawback can be avoided by the following approach: instead of defining
starting values ﬁo(x),...,ik_l(x) followed by a recursive evaluation of
(2.3), we compute approximations wn_k(x),...,wn_l(x) by means of computa-
tionally efficient quadrature rules followed by one single application

of (p,0). To be specific, we define

& k - k
(2.4) v, (x):= - 121 a;p _.(x) +h izo boR(x,x _o,f(x 1))
where

- n
(2.5) b= h ) v KGxE(x)).

j=0
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Here, W = {wnj[n >n, 0 <j < n} denotes a family of quadrature rules.

O’
The value of n, depends on the accuracy of these rules. Obviously, (2.4)

can only be applied for n 2> n =m0, + k.

REMARK. Examples of computationally efficient quadrature rules are the rules
with a finite repetition factor (see e.g. [3]). In the case of a repetition

factor of one the weights satisfy
0 if 0 € jJ < n—k,

w . w . =
nj n-1,j

A
.
A

Vw_. if n-x <
nj

n,
so that $n_k+](x),...,$n_l(x) defined in (2.5) can be computed recursively

as follows

m
(2.6) v ) =9 (x) +h ]

Vw .K(x,x.,f(x. m = n-k+1(1)n-1.
L TR £, (1)n

Specific examples are the Gregory quadrature rules ([2]). It is easily
verified that for the evaluation of wn(x) by means of (2.4), (2.5) and (2.6)

roughly 2nk multiplications and additions are saved in comparison with (2.3). [

So far we assumed that the function f is known. Now assume that only
approximations fj to f(x.) are available. In this case we replace in (2.4)

and (2.5), f(xj) by fj’ wn(x) by In(x) and ﬁn(x) by Tn(x) to obtain the

approximations
" k k
(2.7) In(x) 1= - 'Z aiIn—i(x) + h .z biK(x’xn—i’fn—i)’ n > o
i=1 i=0
where
N n
(2.8) In(x) := h jZo wan(x,xj,fj), n > n,.

Since the function fn(x) which depends on all previously computed fj—values,
is usually called a lag term (or history term), we shall call the function

In(x) a multilag approximation to wn(x).
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For the convergence analysis of our methods we need the local trunca-
tion error Tn(h;x) of (2.4) at t = nh defined as

k k

(2.9) v () = - izl ay _.(x)+h igo bKGGx s f(x 1)) + T (hsx).

Note that for an LM method of order p

P
i} = p+l d p+2
(2.10) T (hsx) = C b th)K(x,t,f(t))|t=nh + 0" %) as h >0
where Cp+l # 0 denotes the error constant of (p,0) (cf. [8]). For the rules

(2.5) we define the quadrature error

(2.11) Q,(hsx)i= ¥ (x) = §_(x).

Furthermore we assume that the quadrature weights wnj are uniformly bounded,
i.e. [wnj[ < w for all n and j.

In our theorems we shall establish a bound on the global discretization
error in terms of quadrature errors, local truncation errors and errors in
the starting values using the following notation:

(2.12) 61(h) = max{lf(xj)—fj)h 0 <j<n.-1};

0
(2.13) 8,(h) = max{]f(xj)—fj|: ny < j < a1k
(2.14) TN(h) = max{|Tn(h;xn) inm <n< N};
(2.15) Qu(h) = max{|Q__, (h;x )]: n <n<N, 1<is<k};
(2.16) AQN(h) = max{[Qn_i(h;xn) - Qn_i(h;xn_i)[: nk <n<N, 1l <1ic<k}

In order not to distract the reader's attention from the main results,
all theorems are stated without proof. However, for those interested, the
technical details can be found in the Appendix of [21].

3. METHODS FOR SECOND KIND VOLTERRA INTEGRAL EQUATIONS

The second kind Volterra equation (1.1) can be written as
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(3.1) f(x) = g(x) + ¥(x,x), 0

IA
"
IA
s

where we have used the notation (2.1).

3.1. Multilag methods

In order to discretize (3.1) at x = X , we replace f(xn) by fn and
W(xn,xn) = ¢n(xn) by In(xn) defined in (2.7) to obtain the multilag method

k k

(3.2) £ = 8(x) - izl a;I _.(x) +h iZO bRGx ,x _.»f ), n2n

where fn(x) is defined in (2.8). The required starting values are fj’
j= O(I)nk—l.

For the global error f(xn)—fn the following result can be derived.

THEOREM 3.1. Assume that K satisfies the Lipschitz condition

(3-3) |K(X,Y,¢1) - K(X,Y,<b2)| < I"1|¢1—¢2

Let f£(x) be the solution of (3.1) and let fn be defined by (3.2). Then for
h sufficiently small (X = Nh)

(3.4) max [f(xn)—fn| < ¢ max{h8, (h),hs,(h),Qu(h),Ty(h)}

nkSUSN
where C s a constant independent of N and h, and where Gl(h),dz(h),QN(h)
and TN(h) are defined in (2.12) to (2.15). 0

Using this theorem high-order convergence of the methods (3.2) is now

readily established.

THEOREM 3.2. Let the condition (3.3) be satisfied and assume that g and K
are sufficiently smooth. In addition, let

(1) the LM method (p,o0) be convergent of order p;

(ii) the quadrature rules W be of order q;

(iii) the errors in the starting values be of order s.

Then the multilag method (3.2) ©s convergent of order r, where
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r = min{s+l,q,p+1}. To be specific

max lf(xn)—fnl < ch as h » 0, N> o, Nh = X
n_kSnSN
where C is a constant independent of N and h. [

With respect to the stability analysis we remark that the application

of (3.2) to the basic test equation (1.3) yields the relations

(3.5)

which clearly indicates that the stability behaviour of (3.2) depends on
(p,0) as well as on the quadrature rules W. Under suitable assumptions on
the quadrature weights (e.g. reducibility [20] or finite repetition factor
[31) the relations (3.5) can be reduced to a recurrence relation in terms of
fn-values only and the stability behaviour is then determined by a root
condition on the associated stability polynomial. A systematic study along
these lines for various choices of quadrature rules W will be the subject
of future research.

In this paper we concentrate on a modification of (3.2) which has been
constructed in such a way that the stability behaviour with respect to
(1.3) is independent of the choice of the quadrature rules W used for the

lag terms fn(x).

3.2, Modified multilag methods

In [12] a modification of mixed Runge-Kutta methods was proposed (see
also [11]) with the aim of improving the stability behaviour. This modified
method was derived by modifying the lag term by a suitable perturbation
term which can be regarded as a residual (see [13]). Motivated by this
approach, we present the following modification of (3.2)

)s

k k
(3.6a) £ 0= 8(x) - izl a Ll . (x) +rn_i}+hizo LT SCIPE SRS S

n = nk

i
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(3.6b) r = fn - g(xn) - Tn(xn), n>n

n 0’

where fn(x) is defined in (2.8). The modified multilag method (3.6) requires
the starting values fj, j= O(l)nk—l. Note that T defined in (3.6b) can be
regarded as a residual.

We remark that the class (3.6) includes as a special case the methods
proposed by VAN DER HOUWEN [11] (who chose, in the notation (3.6),
g Seee=ay = 0).
It is easily verified that application of (3.6) to the test equation

a =-1, a

1
(1.3) yields, due to cancellation of the Tn terms, the recurrence relation
(1.5). Thus the stability behaviour of (3.6) is determined only by (p,0),
and therefore identical to that of the (p,o)-reducible quadrature methods.
Before establishing the high—order convergence of the modified methods

(3.6) we first state the following result.

THEOREM 3.3. Let K satisfy the Lipschitz condition

IK(X9YQ¢1) - K(X,Y,¢27 - K(Xn,y,¢1) + K(Xn,ys¢2)I <
(3.7)

< LY |xx_|[¢,-,]
| n 1 e

and let the LM method (p,0) be convergent. Furthermore let f(x) be the
solution of (3.1) and let fn be defined by (3.6). Then for h sufficiently

small

1 1

(3.8) max |£(x )-f | < C max(hs, (h),8,(h),h"

AQy(h) ;b
<n<N

TN(h)}
where C s a coﬁstant independent of N and h and where Gl(h),sz(h),
AQN(h) and TN(h) are defined in (2.12) to (2.16). 0

The Lipschitz condition (3.7) required in the above theorem is satis-—
fied if, for example, Kx satisfies a Lipschitz condition with respect to

f. We then may write the left-hand side of (3.7) as

X
| j {Kx(t,y,¢l) = Kx(t,y,¢2)}dt|
X

n
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from which the right-hand side of (3.7) is immediate. It can also be shown
that b}
and Kx are sufficiently smooth. This fact together with Theorem 3.3 yields

AQN(h) has the same order of accuracy as QN(h) provided that K

THEOREM 3.4. Let the assumptions of Theorem 3.3 and 3.2 be valid. Then the
modified multilag method (3.6) Zs comvergent of order r*, where

= min{s,q,p}. 0

Comparison of the results of Theorem 3.2 and 3.4 clearly shows the
effect of the modification on the order of convergence: if s > p+l and

q 2 pt+l, the order of the modified methods is lowered by one.
4, METHODS FOR VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS
Using (2.1), equation (1.7) can be written as
(4.1) f'(x) = F(x,f(x),¥(x,x)), 0<x <X
with initial condition £(0) = fo. Application of an LM method for ordinary

differential equations to (4.1) in which W(xn,xn) is replaced by a numerical

approximation yields a wide class of numerical methods (cf. [5,15,16,20]).

4.1. Multilag methods

We shall employ a linear k*—step method (p*,c*) with coefficients
a; and b;, and numerical approximations In = In(xn) as defined in (2.7)

to obtain the methods

k- k
* * -~
(4.2a) Loag fp=h LobFGe f T ), mzmo=ngtk
i=0 i=0
x koo k
(4.2b) I =- 1 a I .&x)+h )} bKx,x ,»f .), nxn
i=1 i=0
(4.2c) In = In(xn) if n, <n < nk—l,

where En(x) is defined in (2.8). Note that we have assumed, without loss

of generality, that k" = k. The required starting values for (4.2) are
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fj’ j= O(I)nk—l.
A bound for the global discretization error is established in the follow-

ing theorem.

THEOREM 4.1. Let K satisfy the condition (3.3) and let F satisfy the

Lipschitz conditions
(4.3a) |F(x,0,,2) = Flx,45,2)| < L,[¢,-0,1,
(4.3b) IF(X3¢,Zl) - F(X,¢,22)‘ < L3|Zl—22|,

and assume that the LM method (p*,o*) is convergent. Let £(x) be the solution
of (4.1) and let £ be defined by (4.2). Then for h sufficiently small

_1*
(4.4) max If(xn)—fn| < € max{h8, (h),8,(h),hé,(h),Qu(h), Ty (h),h "Ty(h)}
nkSnSN
where C is a constant independent of N and h and where al(h),éz(h),QN(h) and
TN(h) are defined in (2.12) to (2.15). Furthermore

(4.5) §4(h) max{lQn(h;xn){: ny << nk—l},

IA

* *
(4.6) Ty (h) max{|Tn(h;xn)|: m < nsN
where T;(h;xn) denotes the local truncation error at x = X of the LM method

(p*,c*) when applied to (4.1). 0
An immediate consequence of the above theorem is

THEOREM 4.2. Let the conditions (3.3) and (4.3) be satisfied and assume
that F and K arve sufficiently smooth. In addition, let

(i) the LM method (p*,c*) be convergent of order p*;

(ii) the LM method (p,o) be convergent of order p;

(iii) the quadrature rules W be of order q;

(iv) the errors in the starting values be of order s.

Then the multilag method (4.2) is convergent of order r, where r =

= min{s,q,p+],p*}. 0
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Concerning the stability behaviour we note that the application of
(4.2) to the basic test equation (cf. [16])
X
(4.7) £'(x) = gf(x) + n [ £(y)dy, g;neC
0
yields relations which depend also on the quadrature rules W. In order to
eliminate the effect of these quadrature rules on the stability behaviour

we construct a modification of (4.2).

4.2. Modified multilag methods

Along the same lines as in §3.2 we define the modified multilag methods

by
ko koo -
(4.8a) 'zo a;f .= hiZO by F(x _»f T _.), n>mn,
1= =
- k N k
(4.8Db) I =- 121 adl G ))+r .} +h iZO biRGe % iof ), nzan
(4.8¢c) r = In - In(xn), n > n, .
o n
L) I, =R & ‘-'.ikl:ﬁ,xl‘[‘)j

As in (4.2c) we define In = In(xn) if n, <n < nk—l, which implies that
r, = 0 if n, <n < nk~].
Due to this modification the method (4.8) applied to (4.7) yields the

recurrence relations

k s k * -

iZO a5 fn—i il iZ bi (Efn—i+nln—i)’
4.9) Kk . k

Y a; I _,=h ] b f ..

i=0 n i=0

Elimination of In yields a recurrence relation in fn—values only whose

characteristic (or stability) polynomial is given by

(4.10) 0 (D)o (2) - hea™(2)] - hlno(2)o* (),
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which is independent of W. Note that the same stability polynomials were
found by MATTHYS [16] who considered (p,o0)-reducible quadrature rules.
We shall now deal with the convergence of (4.8). First we give the

following bound for the global error.

THEOREM 4.3. Let K satisfy the condition (3.7) and let F satisfy (4.3) and
let the 1M methods (p*,c*) and (p,0) be convergent. Further, let f(x) be

the solution of (4.1) and let fn be defined by (4.8). Then for h sufficient-
ly small

-1
(4.11) nkil:}:N |f(xn)-fn| < Cmax {hs§, (h),8,(h),8,5(h),h "AQu(h),
H -1 -1, %
h TN(h),h TN(h)}
where C is a constant independent of N and h, where Gl(h),sz(h), TN(h) and
AQN(h) are defined in (2.12) to (2.16) and where 63(h) and T;(h) are
defined in (4.5),(4.6). 0O

As a consequence we have

THEOREM 4.4. Let the assumptions of Theorem 4.3 and 4.2 be valid. Then the
modified multilag method (4.8) <s convergent of order r*, where

r = min{s,q,p,p*}. 0

From the results of Theorem 4.2 and 4.4 it is evident that the modified

methods may lose one order of accuracy (cf. §3.2).
5. MODIFIED MULTILAG METHODS FOR FIRST KIND VOLTERRA INTEGRAL EQUATIONS

In section 3 and 4 we considered general LM methods in conjunction with
general quadrature rules. It turned out that convergent LM methods together
with convergent quadrature rules generate convergent methods for second kind
Volterra equations and integro-differential equations.

It is well known, however, that for the solution of first kind equa-
tions convergence of the quadrature rules does not generally imply conver-
gence of the associated direct quadrature method and additional assumptions

are necessary (see e.g. [1,6,7,10,17,191).
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In this section we do not pursue complete generality and present the
convergence results of a particular class of modified multilag methods. To

be specific, we consider the methods

(5.1a) -

. a.{I —i(xn) + rn—i} + thK(xn,xn,fn) = g(xn), n>n,

1 1 n

I >

(5.1b) E. > g(xn) - In(xn)’ n > 0,

where Tn(x) is defined in (2.8). The required starting values are fj’
j= O(I)nk—l.
The methods (5.1) can be derived as follows. Using (2.1) the first kind

Volterra equation (1.8) can be written as

IA
]
IA
o

(5.2) ‘P(X,X) - g(x), 0

Discretization of (5.2) at x = X using the approximation (2.7) in which we
take b2=...=bk = 0, and modification by the "residual approach" then yields
(5.1). Note that we have chosen a particular class of LM methods (i.e.

o(g) = bogk) which includes the well-known backward differentiation methods.
We emphasize that the quadrature rules W are still free to choose.

For the global error the following bound can be derived.

THEOREM 5.1. In addition to the condition (3.7) assume that
(5.3) |K(x,x,¢l) - K(x,x,¢2)| - L4|¢1—¢2|a (L4 > 0).

Let the IM method (p,0) with o(g) = bOCk be convergent. Furthermore let
£(x) be the solution of (1.8) and let £ be defined by (5.1). Then for h
sufficitently small

(5.4) max [£(x)-f_| < C max{ha, (h),hé,(h),h " AQy(h),h Ty ()}
nkSnSN

where C is a constant independent of N and h, and where Gl(h),Gz(h),AQN(h)

and TN(h) are defined in (2.12) to (2.16). 0

We remark that the Lipschitz condition (5.3) is implied by the condi-
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tions for the existence of a unique continuous solution to (1.8) given in

should be

[7]. To be specific, one of the conditions is that |%§(x,x,f)
bounded away from zero.

As an immediate consequence of Theorem 5.1 we have.

THEOREM 5.2. Let the assumptions of Theorem 5.1 be valid and let K and g be
sufficitently smooth. In addition, let

(1) the LM method (p,0) with o(g) = bock be convergent of order p;

(ii) the quadrature rules W be of order q;

(iii) the errors in the starting values be of order s.

Then the method (5.1) is convergent of order r*, where t* = min{s+1,q,p}. O

It is easily verified that the methods (5.1) applied to the test

equation

X
(

(5.5) J £(y)dy = g(x)
0

1.k . . )
Zi=oaig(xn_i), irrespective of the choice of the

reduce to fn = (th)-
quadrature rules W. As a result, the methods (5.1) correspond to '"local
differentiation formulae" which is a desirable property with respect to

stability (see e.g. [17,p.417]).
6. NUMERICAL EXPERIMENTS

In this section we report on numerical experiments with modified
multilag methods (3.6), (4.8) and (5.1). For the LM method (p,0) and the
quadrature rules W we chose, for p = 2(1)6, the pth order backward differ-
entiation (BD) methods ([14]) and the pth order Gregory quadrature rules,
respectively. In the methods (4.8) we took (p*,c*) identical to (p,c). The
methods are denoted by BDGp (p=2(1)6).

The methods were applied to test problems (taken from [5],[6] and [20])
with known exact solution. Integration was performed with a constant step—
size, and the necessary starting values were computed from the exact solu-
tion. In consequence of the Theorems 3.4, 4.4 and 5.2 the methods BDGp are
of order p, asymptotically.

In the tables of results we have tabulated for different orders and
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a sequence of stepsizes, the number of correct decimal digits cd (defined
by -lolog (absolute error)) at the endpoint of integration. Moreover we
have listed in the convergence experiments the computed order p* (defined
by {cd(h) - cd(2h)}/'%1og 2).

All calculations have been performed on a CDC CYBER 750 installation

using 14 significant digits.

6.1. Second kind Volterra integral equations

In order to test their high-order convergence we have applied the BDG
methods to the following problem
X
(6.1.1) f(x) = éxz exp(-x) + } J (x—y)zexp(y—x)f(y)dy, 0<x<6,
0
exp (-3x/2){cos (1xv3) + V3 sin(ixV3)}. In

Table 6.1.1 the results are tabulated for various choices of h,

W=

with exact solution f(x) = %——

b p=2 p=3 p=4 p=5 =6
4 1.89 1.86 2.34 2.97 3.51
8 2,221 25724 3,253°0 4 9041 4 9047
16 3.70*% $37%7 am? 56079 et
32 | 3.25"8 42329 54438 7.05%8 g.287-8
g | 288" s5.1®? s am*? 10.10%)

Table 6.1.1. Number of correct digits at x=6 and the computed
order p* for the BDG methods applied to (6.1.1).

From this table it is obvious that the computed order tends to the theoret-
ical order of convergence.
The favourable stability behaviour of the BDG methods is demonstrated
in the following example:
I+x _2

X
(6.1.2) f(x) = gx) - A J TI;-f (y)dy, 0 < x <xe,
0



142

with exact solution f(x) = [l+(1+x)exp(—x)]£ if we choose
g(x) = £(x) + A(1+x)[1In(1+x) + l1-exp(—x)]. We considered the values
A =1,10,100,1000 and 10000 which makes (6.1.2) increasingly stiff. The

endpoint of integration was 192h. The results are given in Table 6.1.2.

h_‘ A =2 p=3 p=4 p=5 p=6
1 3.23 3.83 4.97 5.10 5.84

10 3.23 3.84 4.98 5.11 5.85

4 100 3.24 3.84 4.98 5.11 5.85
1000 3.24 3.84 4,98 5.11 5.85

10000 3.24 3.84 4.98 5.11 5.85

1 3.84 4.93  6.19 7.01 8.21

10 3.87 4,96 6.22 7.04 8.24

16 100 3.87 4,97 6.23 7.05 8.24
1000 3.87 4,97 6.23 7.05 8.24

10000 3.87 4,97 6.23 7.05 8.24

1 5.18 6.41 8.06 9.29 10.46

10 4.99 6.42 8,08 9.35 10.65

64 100 4.99 6.42 8.09 9.37 10.36
1000 4.99 6.42 8.09 9.43 10.63

10000 4.99 6.42 8.09 9.40 10.44

Table 6.1.2. The number of correct digits at x = 192h

for problem (6.1.2)

The results show that for fixed h the accuracy is hardly affected by in-

creasing stiffness and justify the conclusion that the BDG methods are

highly-stable.

6.2. Volterra integro-differential equations

To test high-order convergence we applied the BDG methods to



(2.'il*>
() I 2 (x)sX- Gan) 0505
2(x) |+l|+7~)f I3
X
' . -2 1 2+2x dy
(6.2.1) £'(x) X (1+x) + ) 1n 7+7x + O E)’ 0<x<10.
Taking £(0) = 1 yields the exact solution f(x) = (1+x)_l. The results
summarized in Table 6.2.1 clearly show that the computed order tends to
the theoretical order of convergence, except for the sixth order method.
h_1 p=2 p=3 p=4 p=5 p=6
5.85 5 6.32 . z
4 ] 0.8 78 1.4 3 1.8 700 2.0 Pl 2.3
8 6.10 1.0 6.19 2.2 6.86 9.7 7.59 3.2 8.30 3.4
16 6.40 6.84 7.67 8.51 9.33
1.6 2.6 3.3 349 4.4
32 6.89 7.61 8.65 9.67 10.65
1.9 2.8 3.6 4.3 7.1
64 7.45 8.45 9.73 10.97 12.79
Table 6.2.1, Number of correct digits at x=10 and computed
order p for the BDG methods applied to (6.2.1).
For the stability test we applied the methods to
f'(x) = [d(x) - af(x) - Bz(x)]3 -1, £(0) =
(6.2.2) x S [ a1
\ ﬁJ ) = §
§ 3 X
z(x) = J (x+yy)" £ (y)dy. 7'(")’),—(7+-) !
0

Choosing d(x) = 1 + a + y_](1+6)—18x6+]{(1+y)6+1—1} yields the exact solu-
tion f(x) = 1. As in [20] we considered the values o = 40, B = 15, y = 2 and
8§ = 3/2, and integration was performed with h = 1/8. On the basis of the
stability regions of the BDG methods (which are identical to those of the
[BD;BD] methods given in [20]), we expect the methods to yield stable

results. In Table 6.2.2 the results are given at some gridpoints.
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X p=2 p=3 p=4 p=5 p=6
1.0 3.23 4.37 5.44 6.17 *
3.0 4,25 6.07 6.72 8.54 7.72
510 4.45 6.93 7.06 8.47 8.25
7.0 4.60 7.49 7.28 8.68 8.15

16.0 5.00 8.15 7.79 9.23 9.82

Table 6.2.2. Number of correct digits for problem
(6.2.2) obtained with the BDG methods
with h = 1/8.

The asterisk in this table indicates that x = 1 is a point where an exact
starting value was given. The numerical results clearly display the stable

behaviour of the BDG methods.

6.3. First kind Volterra integral equations

We applied the BDG methods to the following problems taken from [6]

x
(6+:341) 2 J cos(x-y)f(y)dy = exp(x) + sin(x) - cos(x),
0
X
(6.3.2) j exp(y-x)f(y)dy = sinh (x).
0

Both problems have the exact solution f(x) = exp(x). The endpoint of
integration was x = 4. The correct order of convergence of the BDG methods

up to order five is shown by the Tables 6.3.1 and 6.3.2.

h—l p=2 p=3 p=4 p=5 p=6
10 0.87 2.3 1.50 2.8 2:20 3.9 3.20 4.9 4,55 8.
20 1.55 2.2 2.33 2.9 3.36 3.9 4,68 5.0 6.54 6.5
40 2.20 2.1 3.20 3.0 4 .54 4.0 6.18 5.0 8.50 3.5
80 (2.83 4,09 5.73 7.68 9.54

Table 6.3.1. Number of correct digits at x=4 and the computed
order p* of the BDG methods applied to (6.3.1)
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-1

h p=2 p=3 p=4 p=5 p=6
10 -0.02 1.9 0.81 2.8 1.64 3.8 2.45 4.7 1.81 1.4
20 0.54 1.9 1.66 2.9 2.77 3.9 3.87 4.8 2.23 13.9
40 1.12 2.0 2.54 3.0 3.94 3.9 5.32 4.9 6.40 6.8
80 1.71 3.43 5.12 6.80 8.43

Table 6.3.2. Number of correct digits at x=4 and computed order
p* of the BDG methods applied to (6.3.2)

Although not displayed in the tables of results, the global error turns
out to be a smooth function except for the sixth order method when h is

small (h = 1/40, 1/80). This may explain the uncertain behaviour of BDG6.
7. CONCLUDING REMARKS

The results of section 6 justify the conclusion that the construction
presented in this paper yields high order convergent methods which can be
made highly stable by choosing a highly stable LM method.

To emphasize we repeat that the modified multilag methods applied to
the basic test equations of (1.1), (1.7) and (1.8) yield exactly the same
stability polynomials as those obtained with (p,o0)-reducible quadrature
methods. As a consequence, all stability results previously derived for
(p,0)-reducible quadrature methods (e.g. A-stability results [16], stability
regions [4,5,20]) also hold for the modified multilag methods.

Finally we remark that the class of methods presented here can easily
be extended by considering cyclic LM methods for ordinary differential

equations. In this case the method (3.6) for example takes the form

(7.1) f =g(x ) - % a(n){f (x_)+r }+h1§ b(n)K(x X £ )

: n_ 8%, 4 i n-i "n’ n-i . i n’ n-i’ n-i’’
i=1 1=0

with r defined as in (3.6b) and where ain) and bin) are periodic functions

of n. The proof of high-order convergence of (7.1) will probably be more
complicated than for the methods presented in this paper. On the other hand,

the stability properties of cyclic LM methods are well-known for ODE-theory
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and thus can be exploited to construct in a straightforward fashion highly
accurate, highly stable modified multilag methods for the efficient

solution of Volterra equations.
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APPENDIX  Proofs of the theorems

In our proofs we shall apply the following well-known lemmas.

IA

n
LEMMA 1. If ]vnl hA2j=0 Ivj| + B for n = m(1)N, where h > 0, A >0, B> 0
and |vj| <V for j = 0(1)m-1, then for h sufficiently small

max lvn| < (hA*mV + B*)exp(A*x),
m<n<N

where Nh = X, A¥ = (1-hA) "'A and B* = (1-ha) 7 !B.
PROOF. See e.g. BAKER [2, p.925]. 0

N 5
LEMMA 2. Let the sequence {vn}n=m satisfy

k
z av i <2 for n > mtk, (a0 # 0)

i=0
" N 3 3
where Vs e es Vo g are ngin andk??ere {Zn}n=m+k is an arbitrary sequence.
Let the polynomial p(g) = Zi=OaiC satisfy the root condition, then
n mtk-1
lv.| <c } |z.] +D § [v.|], mk <n <N,
j=m+k j=m ]

where C and D are uniformly bounded constants independent of N.
PROOF. Along the lines indicated in HENRICI [8, p.243]. [J

Note that z  may depend on VgreeesVys 1wz =z (vo,...,vn). We shall
frequently use this convenient property in our proofs.

To save space, we also introduce the following notation:

(A.1) e i= f(xn) o fn;

(A.2) DKt ROk £0e)) - KO£

(A.3) 0T () =y () - T (x), m=nk(Dn-l;
(A.4) oD s E ), 1) - P £ T

(A.5) orP im P, )0 () = PG £ ), 1)
(A.6) N =y (x) - I
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For the quantities defined above, the following useful inequalities can be

derived. In view of the Lipschitz conditions (3.3) and (3.7)

(A.7) M§d|5Llhﬂ,
* .
(A.8) |8k 5 - AKn_i,j| <L 1h|ej :

Since Ain(xm) = wn(xm) - Tn(xm) = wn(xm) = mn(xm) + $n(xm) - fn(xm)’

where $n(x) is defined in (2.5), we may write using (2.11) and (A.2)

n
AT (x) = Q (hsx ) + h jZO wnjAR$d.

As a consequence
N _n
(A.9) IAIn(xm)| < Qu(h) + hLyw jzo |ej|,

where QN(h) is defined in (2.15) and w is the uniform bound of |wnj|'

Analogously we can derive, using (A.8), that

n-i
~ ~ 2. k=
(A.10) [AT _,(x) - AIn_i(xn_i)l < AQg(h) + hLiw jzo |ej

s

where AQN(h) is defined in (2.16).
From the Lipschitz conditions (4.3) it follows that

(N (2) =
(A.11) |aF | < Lzlen], lAFn | < L3|AIn[.

We remark that Ci.occurring in the proofs below denotes a generic uniformly

bounded constant.

PROOF OF THEOREM 3.1. The solution of the continuous problem (3.1) satisfies

f(xn) = g(xn) + wn(xn), or using (2.9),

k k
f(xn) - g(xn) - iZl aiwn-i(xn) + h iZO biK(xn’xn—i’f(xn—i)) +

(A.12)
+ Tn(h;xn).
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Subtract fn defined by (3.2) from (A.12) to obtain the equation for the

global error e

k k
(A.13) e, =~ )1 a0 . (x)+h] b, AK

n . iq-Tn(h;Xn)’ nkSnSN,
i=1 i=0

>~

where Afn(x) and AKnj are defined in (A.3) and (A.2). Using (A.9), (A.7)
and (2.14) yields

n
(A.14) ;en| < hC, jzo lejl + C,Qu(h) + C;T (h), m <nsN.

Finally, application of Lemma 1 to (A.14) yields the result (3.4). [

PROOF OF THEOREM 3.3. Analogous to (A.12) the solution of the continuous

problem (3.1) satisfies

k
(A.15)  f(x) =gx) - §oagly G+ EG ) - el ) - v G O}
i=]

k
+ h X biK(Xn’xn—i’f(xn—i)) + Tn(h;xn),
i=0

where we have used that f(xn-i) = g(xn_i) + wn_i(xn_i). Subtract fn defined

by (3.6) from (A.15) to obtain after some manipulations

Kk k
(A.16) izo R iZ] a (AT _.(x) - AL _.(x _.)}

k
+h izo bAK g * Tp(hsx),  mo <o <N

Let z denote the right—hand side of (A.16) then |zn| can be bounded by
2 n-1 k
(A.17) lznl < h'c Y |ej| + C,AQu(h) + hC, ¥ |en_i| + Ty(h),

j=0 i=0

where we have used (A.10), (A.7) and (2.14). Now equation (A.16) can be

. k _ - . . 5
written as Ei=0 a;e =z, (nZnk n0+k) and application of Lemma 2 yields
the inequality

- n0+k-1
(A.18) le,l <c, 1} Izjl +Cg ] ]ejl, ny <nsN .

J=n0+k j=n,
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Substitution of (A.17) into (A.18) yields

1

n
_] —
(A.19) |en| < hC .Z |ej| + C;h TaQu(h) + Cgh T (h) + Cgé,(h)

1=0

where we have used that nh < X and where 62(h) is defined in (2.13). Finally,
application of Lemma 1 to (A.19) yields the result (3.8). g

PROOF OF THEOREM 4.1. The solution of the continuous problem (4.1) satisfies

k k
* * *
(A.20) izo a; f(x ;) =h iZO by Fle ;oG )5 ¥ (G )) + T (hyx)

where T;(h;xn) denotes the local truncation error at X=X of (p*;c*).
Subtract (4.2a) from (A.20) to obtain

k k

* *
(A.21) L aje _.=h .z b {AF
i=0 i=0

(1) (2) * o
it AFn—i} + Tn(h,xn), nkSnsN,
where we have used the notation (A.4) and (A.5). Let z, denote the right-hand

side of (A.21), then |zn| can be bounded by

Kk .
*
(A.22) |z | < hc, iZO (e ;1 + lar__ |} + Ty(h),

where we have used (A.11) and (4.6). Writing equation (A.21) as ZF >

i=0 21 ®n-i"
=z (n0+k§nsN) and applying Lemma 2 yields the inequality
nk—l
(A.23) Ien| < C2 ) Izjl + C3 _Z lejl, nkSnSN.
j=n, j=n,

Substitution of (A.22) in (A.23) gives the inequality

Il o~

n
- -1
(A.24) le,| <nc, } {Iejl + |AIj|} + Cgh

*
) TN(h) + C662(h).
j=ng

Next we derive an inequality for N Y (x.) - I, where I _ is defined
n n'n n n

by (4.2b). Thus subtracting (4.2b) from (2.9) gives

- k k
AL = - a, AT (x) +h ] bAK

. + T (hsx ).
n i 2o i n n

»
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Use of (A.9) and (A.7) then yields the inequality
& n
(A.25) [aL | < C,Qy(h) + hCg jZO Iej[ + Ty(h), n <nsN.

Furthermore we have, in view of (4.2c), AIn = AIn(xn) if nOSnSnk—l, which
yields using (A.9)
n

(A.26) laT | < |Q (nsx )| + L jzo |ej|, ny<nsn, -1.

Substitution of (A.25) and (A.26) into (A.24) gives

T, (h)

n
(A.27) ;en1 < hC, ) |ej| *+ € hsg(h) + €, Qu(h) + C, T

j=0

+c.n!

*
5 TN(h) + C662(h), nkSnSN,

where 63(h) is defined in (4.5). Application of Lemma 1 to (A.27) yields
the result (4.4). 0

PROOF OF THEOREM 4.3. The error equation for e, is the same as in the proof

of Theorem 4.1. (equation (A.16)), so that we arrive at the inequality
(A.24). The error equation for Ain’ however, is different and is derived

as follows. Write (2.9) as

k
(A.28) v (x) = - iZ] ERALNLC IO I i TN CIPS SR D)
k
oo izo biK(xn’xn—i’f(xn-i)) * Tn(h;xn)’ nRSnSN.

Substitute T defined by (4.8c) into (4.8b) and subtract the resulting
equation from (A.28). We then obtain

k “ k
.Z aiAIn—i = .z ai{AIn—i(xn) - AIn—i(xn—i)}
1=0 i=1
(A.29) k
+h .Z biAKn,n—i + T (hsx ), n, <n<N.

i=0
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Let z denote the right-hand side of (A.29), then

-1 k
2 n
(A.30) lz | < ciaqu(h) +h CSjZo |ej| + hCy 120 le ;| + Ty,

o s k I~
where we have used (A.10) and (A.7). Writing (A.29) as Zi=0 aiAIn—i zn
(nRSnSN) and applying Lemma 2 yields
-1
~ n o3 ~
(A.31) |AIn| < Cp .Z |zj[ *+Cyy .1 |AIj|, n, <nsN.
j=n, j=n,

Since In = In(xn) for n = nO(l)nk—l, AIn equals AIn(xn) which yields
. n
(A.32) lAInl < IQn(h;xn)I + he,, jZo IejI, n,<ns<n -1.

Substitution of (A.30) and (A.32) into (A.31) yields after some manipulations

1 1

n
8Qy(h) + hC,, 1 Iej| + Csh

(A.33) |a1 | < ¢ 5h 1
3=0

T () + 8, (h),
nk <n <N,

Next we substitute (A.32) and (A.33) into (A.24) to obtain

1

n
- -1
(A.34) |en| < hC, jzo Iejl + €y h TAQu(h) + € gh Ty(h) +

() + C h_]T;(h) + g8, (h), m <nsN.

€1a%s 5
Finally, application of Lemma 1 to (A.34) yields the result (4.11). 0

PROOF OF THEOREM 5.1. The solution of the continuous problem (5.2) satisfies

%
- Loagly )+ oelx )~ v

L (X -)} * thK(xn’xn’f(xn)) +

n-i “n-i

(A.35)
T (hsx ) = g(x ).

Subtract (5.1) to obtain
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thAKIm =
1

[k

: ai{AIn—i(xn) - AIn-i(Xn—i)} - Tn(h;xn).

which yields the inequality

2 n-1

Z |ej| + Ty(h), n <n<N,

(A.36) h]bOILalenl < € AQy(h) + Cyh A

where we have used (A.10) and (2.14) and the fact that |AKnn| > L4]en|
(see condition (5.3)). Dividing through by h|b0| and applying Lemma !
yields the result (5.4). [
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SAMENVATTING

Dit proefschrift handelt over de convergentie- en stabiliteitsanalyse
van numerieke methoden voor het oplossen van Volterra integraalvergelij-
kingen van de tweede soort

X
(wv2) £G0 = 860 + | Kx,yaE5))ay.

0
Hierin stelt f de onbekende functie voor en zijn g en K (de kern) gegeven
functies. Bovendien worden numerieke methoden voor verwante vergelijkingen,
te weten Volterra integraalvergelijkingen van de eerste soort en Volterra
integro-differentiaalvergelijkingen, onderzocht. Het proefschrift bestaat
uit een inleiding en uit zes artikelen ([A] t/m [F]), die in wetenschappe-
lijke tijdschriften verschenen zijn of eventueel nog zullen verschijnen.

Vergelijkingen van het Volterra type treden op in zowel wetenschappe-
lijke als technische toepassingen en beschrijven dynamische systemen, waar-—
van het gedrag niet alleen van de toestand op dat moment afhangt, maar ook
van de toestanden waarin het systeem zich in het verleden heeft bevonden.
In het algemeen kan men dergelijke vergelijkingen niet exact oplossen.

Een benadering van de exacte oplossing kan echter worden bepaald met behulp
van numerieke technieken.

Een belangrijke klasse van numerieke methoden ontstaat door de inte-
graal in (V2) in vaste roosterpunten x = nh te benaderen door middel van
kwadratuurformules. Dit resulteert in een stelsel niet-lineaire vergelij-
kingen dat eenvoudig door voorwaartse substitutie opgelost kan worden. In
dit proefschrift wordt in het bijzonder een belangrijke deelklasse beschouwd.

Deze zogenaamde (p,0)-reducibele kwadratuurformules hebben een directe
relatie tot lineaire meerstapsmethoden (p,0) voor het oplossen van begin-
waardeproblemen.

‘ De constructie van (p,o0)-reducibele kwadratuurformules wordt uit-
gebreid besproken in [D]. Tevens wordt een uitdrukking voor de kwadra-
tuurfout gegeven. Voorts wordt het gebruik van dergelijke kwadratuur-—
formules voor het oplossen van (V2) en Volterra integro-differentiaal-

vergelijkingen onderzocht en worden convergentie- en stabiliteitsresultaten
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afgeleid.

Het is bekend dat een groot aantal kwadratuurformules die convergente
methoden opleveren voor vergelijkingen van de tweede soort, divergente
methoden geven voor eerste soort vergelijkingen. Met betrekking tot de
laatstgenoemde vergelijkingen worden in artikel [CJ] voor de klasse van
(p,0)-reducibele kwadratuurformules de extra voorwaarden gegeven, die con-
vergentie garanderen. Bovendien worden resultaten betreffende de orde van
convergentie bewezen.

Aanleiding tot artikel [F] was de inefficiénte implementatie van som-
mige interessante (p,o0)-reducibele kwadratuurformules. In dit artikel wordt
een nieuwe klasse van numerieke methoden geconstrueerd, die enerzijds
efficient geimplementeerd kunnen worden, anderzijds de gewenste stabiliteits~
eigenschappen van (p,o0)-reducibele kwadratuurformules intact laten. Ook
hier worden convergentieresultaten bewezen.

In zowel [C], [D] als [F] worden numerieke experimenten besproken uit-
gevoerd met kwadratuurformules waarin (p,0) correspondeert met de achter-—
waartse differentiatieformules.

De klassieke stabiliteitsanalyse van numerieke methoden voor (V2) is
gebaseerd op een eenvoudige testvergelijking waarin het Volterra karakter
onvoldoende tot uitdrukking komt. In artikel [A] wordt aangetoond dat een
stabiliteitsanalyse ook mogelijk is met betrekking tot een meer algemene
klasse van testvergelijkingen.

In [B] wordt een relatie gelegd tussen de oplossing van de integraal-
vergelijking (V2) en de oplossing van een differentiaalvergelijking met een
parameter. Enerzijds kunnen hiermee numerieke methoden voor (V2) afgeleid
worden. Anderzijds kan de stabiliteitsanalyse van methoden voor (V2) uit-
gevoerd worden via de stabiliteitsanalyse van methoden voor differentiaal-
vergelijkingen.

Aanleiding tot het onderzoek in [E] was het vermoeden van Linz, dat
de structuur van de coefficienten in de kwadratuurformules (de repetitie-
factor) bepalend is voor de stabiliteit van de corresponderende numerieke
methode. In dit artikel wordt, voor de klasse van (p,0)-reducibele kwadra-
tuurformules, een karakterisering afgeleid van de repetitiefactor en
numerieke stabiliteit, waarmee vervolgens resultaten met betrekking tot

bovenstaand vermoeden worden bewezen.
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De in artikel [A] van dit proefschrift beschreven technieken kunnen, onder
dezelfde aannamen, ook gebruikt worden in de stabiliteitsanalyse van nume-

rieke methoden voor Volterra integro-differentiaalvergelijkingen.

P.J, van der Houwen, H.J.J. te Riele and P.H.M. Wolkenfelt, On the stability
of multistep formulas for systems of Volterra integro-differential equations,
Report NW 63/78, Mathematisch Centrum, Amsterdam (1978).

II

Een (p,0)-reducibele kwadratuurmethode voor het oplossen van Volterra inte-

graalvergelijkingen van de tweede soort kan niet Vo—stabiel zijn.

P.H.M. Wolkenfelt, Stability analysis of reducible quadrature methods for
Volterra integral equations of the second kind, Report NW 79/80, Mathema-
tisch Centrum, Amsterdam (1980); to appear in ZAMM (1981).

IIT

De trapeziumregel als directe kwadratuurmethode voor Volterra integraal-
vergelijkingen van de tweede soort is A-stabiel; diezelfde trapeziumregel

geformuleerd als Runge-Kuttamethode is niet A-stabiel.

v

Evenals voor de lineaire meerstapsmethode voor gewone differentiaal-
vergelijkingen geldt voor de gemengde Runge-Kuttamethode voor Volterra
integraalvergelijkingen van de tweede soort (gespecificeerd in [IV]) een

Dahlquistbarriére,

[1v] P.J. van der Houwen, P.H.M, Wolkenfelt and C.T.H. Baker, Convergence
and stability analystis for modified Rumge-Kutta methods in the numeri-
cal treatment of second kind Volterra integral equations, Report NW
96/80, Mathematisch Centrum, Amsterdam (1980); to appear in IMA Jour-

nal on Numerical Analysis,



De integraalrepresentatie van de functie B(x) gegeven in [V, p.947, formule
8.371.1] is niet correct en dient vervangen te worden door
B(x) = } Ef:l dt [(Re x > 0]
1+t :
0
[v] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series and products

(corrected and enlarged edition), Academic Press, New York, 1980.

VI

De in [VI, p.123] gegeven representatie van de kwadratuurfout met behulp
van de Peano-kern is slechts geldig, indien wordt aangenomen dat de steun-

punten binnen het integratie-interval liggen.

[VI] J. Stoer and R. Bulirsch, Introduction to numerical analysis, Springer-
Verlag, New York, 1980.

VII

Beschouw voor het numeriek oplossen van het stelsel gewone differentiaal-
vergelijkingen y' = f(y) de "one-leg" versie van de trapeziumregel toege-
past met staplengte 2h:

Vowg = Ypop P20 EUy _ *dy L) n= 120

n+l

Indien in bovenstaande methode

(i) f verkregen is uit semi-discretisering van de parabolische partiéle
differentiaalvergelijking U =u met behulp van centrale differenties;

(ii) een benaderende oplossing van het resulterende stelsel lineaire
vergelijkingen bepaald wordt door toepassing van &&n iteratie met het

Jacobi-proces, waarin als beginschatting y(o)

o+l © 2yn T V-1 WOrdE

gekozen,

dan is het resulterende schema identiek aan de bekende methode van DuFort

en Frankel,



VIII

Teneinde de beoordelaars van manuscripten, bedoeld voor publicatie in
wetenschappelijke tijdschriften, zo weinig mogelijk te beinvloeden, dient
in de beoordelingsfase ook de auteur van het desbetreffende manuscript

anoniem te blijven.
IX

De mogelijke restitutie aan de werknemer van een door de (overheids)
werkgever teveel afgedragen premie AOW/AWW is een verkapte vorm van extra
loon; de hieruit voortvloeiende onbillijkheden kunnen worden opgeheven door

de teveel betaalde premie aan de werkgever te restitueren.

Een uitbreiding van de overigens uitstekende dienstverlening van het
faculteitsbureau in de vorm van de beschikbaarheid van een in de Engelse

taal gesteld promotiereglement is geenszins overbodig.

XI

Voor vele wetenschappers verdient het aanbeveling om kennis te nemen van
het rapport [XI] waarin adviezen worden gegeven voor het schrijven van

wetenschappelijke publicaties zoals:

(i) "add plenty of colorful and descriptive qualifiers (such as mostly,
frequently, and usually). These qualifiers can absolutely save your
reputation if you have published something that is later proven wrong';

(ii) "make each sentence exceed 20 words. Studies indicate a drop in read-
ing comprehension when this is done";

het satirische karakter van dergelijke adviezen moet echter terdege onder-

kend worden.

[XI] N. Tredennick and B. Shimamoto, On systematic generation of scientific
papers (or how to write a crummy paper), Research Report RC 8425,
IBM T.J. Watson Research Center (1980).



