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Preface

Let me begin with stating my personal history; readers who are not interested may skip
to the next paragraph. In the spring of 1992, I was looking for a subject for my master’s
thesis. I took an interest in censoring problems, and learned that O.0O. Aalen’s paper in
1978 is the origin of the martingale approach to those problems. The approach has been
one of the most active areas in statistics since the early 80’s. (Needless to say, R.D. Gill’s
pioneering monograph in 1980 is also important.) Having read Aalen’s paper, I made a
conjecture, my first as a statistician, concerning the weak convergence of Nelson-Aalen’s
estimator in the multiplicative intensity model of point processes with general marks,
where the estimator is considered as a set-indexed stochastic process. Unfortunately (or
fortunately?), I was not able to solve it in my master’s thesis, which consequently dealt
with another problem. (At that time, I didn’t know the prominent paper by R.M. Dudley
in 1978; this means that I didn’t know anything about the modern theory of empirical
processes.) However, the conjecture brought me the motivation of my current research
subject —how to manage entropy methods, which have been developed mainly for i.i.d.
empirical processes, in the framework of martingales. The result up to the present is this
thesis. An answer to the conjecture is presented in Section 4.1.

I would like to express my greatest gratitude to Prof. R.D. Gill for his advice, com-
ments, kindness, patience and encouragement. He has always been the first reader of my
drafts during the last two years, and gave me useful advice every time. His enthusiasm
really accelerated my study. Also, although my stay in Utrecht was not originally in-
tended to end up in a Doctor’s degree, he has kindly given me this opportunity. It would
be a great honor for me to succeed in obtaining a degree at the prestigious University of
Utrecht.

I am really grateful to my supervisor in Osaka, Prof. N. Inagaki, for his general
statistical advice and constant encouragement; without him, I might not be a statistician.
I would like to thank Prof. N. Yoshida for stimulating discussion at many stages of my
work since I moved to Tokyo; without him, my statistics might be much weaker. My
thanks also go to: Dr. S. Aki for his lectures on empirical processes in the winter of 1993

1994, which inspired me to do this project; Prof. A.\W. van der Vaart for a discussion
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in February 1997 which taught me the importance of maximal inequalities; Prof. S.A.
van de Geer for a discussion in November 1997 which improved my understanding of
M-estimation. I express my gratitude to Profs. N. Ikeda, K. Isii, S. Shirahata, M.
Fukushima, R. Shimizu, K. Hirano, T. Matsunawa, Y. Ogata, S. Eguchi, J. Jacod, Yu.A.
Kutoyants and B.Y. Levit for their advice and encouragement.

My work in Utrecht from June 1996 to May 1998 has been supported by a JSPS
Fellowship for Research Abroad from the Japan Society for the Promotion of Science.
These two years living here have made a strong positive impact on my study, and I
hope that my scientific fruits may have achieved the Society’s high expectations. I also
owe a great deal to the Institute of Statistical Mathematics for allowinz such a long
period of leave, and for support from the Tokyo side; and to the kind hospitality of the
Mathematical Institute at the University of Utrecht, which has made my period of work
here exciting beyond my expectations. My special thanks go to the secretarial staff and
computer managers both in Tokyo and Utrecht, and to the stochastics gro1ip in Utrecht,
for their help and kindness; in particular, to Damien White for correcting; grammatical
erros and awkward sentenses contained in a draft of the preface, and to Erik van Zwet

for translating the summary into Dutch.

April 1998, in Utrecht Yoichi Nishiyama



Contents

e Preface

1 Introduction

1.1 Overview . . . . . . o oo
1.2 General Notations and Remarks . . . . . ... ... ... ... ... ...
2 Maximal Inequalities
21 Preliminaries s s« o635 2 ¢ s @@ w53 56 6 ¢ 8 60 5 6 ohonnas
2.2 Multivariate Point Processes . « « » w w2 ¢ s ¢ 5 v 5 ¢ s 5 8 68 @ 555 § 3
2.3 Martingale Difference Arrays . . . . . . ... ...
2.4 Continuous Local Martingales . . . . . . .. ... . ... ... ......
2 NOUBE: ¢ 25 1 2 ¢ 2 6 8 88 S b & 5 5 5 £ 55 50w om wmmomn e
3 Weak Convergence Theorems
3.1 Preliminaries . . . . . .. ...
3.2 Multivariate Point Processes . . . . . . ... ... ... ... ...
3.3 Martingale Difference Arrays . . . . . . .. ... ... ... ... ...
3.4 Continuous Local Martingales . . . . . . . ... .. .. ... .......
Bl NOES : 5 6 5 & 5 5 & 5 5 5 5 5 5 5 5 5 % 6 oe s 6 2w omomom mm a a w
4 Integral Estimators
4.1 Multiplicative Intensity Model : . . = v v v v v v v v v v v v v v v .
4.1.1 Asymptotic Normality . . . .. .. .. ... ... ... .. ....
4.1.2 Asymptotic Efficiency . . . ... ... L.
4.2 Continuous Semimartingales with Non-linear Covariates . . . . . . . . . .
4.2.1 Preliminaries . . . . . . ... ... ...
4.2.2 Asymptotic Normality . . .. ... .. ... ... .........
4.2.3 Asymptotic Efficiency . . . ... ... ... L.
4.3 Counting Processes with Non-linear Covariates . . . . . . . .. . ... ..

iii

10
10
12
24
29
33



vi

4.3.1 Preliminaries . . ... ... ... ... .. ...
4.3.2 Asymptotic Normality . . . ... ... ... . ...........
4.3.3 Asymptotic Efficiency . . . . ... .. ... L.
O N -

M-Estimators: General Criterion and Euclidean Parameters

5.1 General Criterion . . . . . . . . . . .. ...
5.2 Gaussian White Noise Model . . . . . . . ... . ... ... ........
5.2.1 Criterion for Rate of Convergence . . . . . . .. .. ... .....
522 Examples . . . . . o vttt e e e e e e e e e e e e
5.2.3 Remarks for Non-Gaussian Cases . . . . . ... .. ........
5.3 Multiplicative Intensity Model . . . . . . . . . ... ... ... ......
Bl INOBES. ¢ v o v v i 25 5 s o r cm w56 sy an m o d s

Non-parametric Maximum Likelihood Estimators

6.1 Gaussian White Noise Model . . . . . . . .. ... ... ... .......
6.2 Multiplicative Intensity Model . . . . . . . .. ... ... ... .....
6.3 Counting Processes with Non-linear Covariates . . . . . . . ... ... ..
6.4 Diffusion-type Processes . . . . . . . . .. .. ... ... ... ... ..
6.A Notes. . . . . . . o e e e e e
Miscellanies
7.1 Local Random Fields of Kernel Estimators . . . . . . ... ... .....
Tl TIID CIASE, . o 2 3 2 S s FE GBS 5 5 88 & 5 45w w5 i b o o
7.1.2 Estimationof Mode . : . v v v o s s v s v s s ¢ v s v s mwmas s
7.1.3 Remarks for Non-I.I.D. Cases . . . .. .. ... .. ........
7.2 Log-likelihood Ratio Random Fields . . . . . . .. ... ... ... .. ..
721 Results. . . . . . . . . e e
T2 Proofs . « v v c AR AR @O R B D E F F R R R e e s
7.3 Model Checking for a Non-linear Times Series . . . . . . .. ... ....
TA Notes. . . . . . e e
Bibliography

Samenvatting/Summary

Curriculum Vitae

71
71
74
74
79
84
84
88

89
89
93
100
106
112

113
113
113
119
124
125
125
127
131
134

136

140

145



Chapter 1

Introduction

1.1 Overview

The purpose of this study is to develop entropy methods, which were first introduced for
empirical processes of i.i.d. data, in order to handle some martingales with applications
to statistical inference for stochastic processes. Among a lot of directions of statistical
applications of the methods, we are concerned with two main themes in this monograph.
The following brief description of them is intended to illustrate also the motivation of

our work.

Theme 1: Asymptotic normality and efficiency in (*-spaces. Let (F,&) be a mea-
surable space. Let {Z;}icny be a sequence of E-valued i.i.d. random variables with the
common law P, and let ¥ be a subset of £L2(P) = L?(E, &, P) with an envelope func-
tion belonging to £2(P). We are interested in estimating the ¢°°(¥)-valued unknown
parameter P = (P(¢)[¢) € ¥) given by P(¢) = [z 1¥(2)P(dz); a natural estimator is
the empirical process P* = (P*(¢)[¢p € W¥) given by P*"(¢) = n~ 'S ¢(Z;). The
Donsker property is then nothing else than the asymptotic normality of P* about P;
if the class ¥ is P-Donsker then the residual process \/n(P" — P) converges weakly in
£>() to a Brownian bridge indexed by W. A sufficient condition for the class ¥ to be a
Donsker class is that the class satisfies an integrability condition for metric entropy with
L?(P)-bracketing, given by Ossiander (1987), which we will recall later in this chapter.

When we have the asymptotic normality of an estimator, the next interest should
be to show its asymptotic efficiency. For this purpose, a general procedure based on
the Le Cam theory for finite- or infinite-dimensional parameters goes as follows (see e.g.
Chapter 3.11 of van der Vaart and Wellner (1996)):

(i) show the local asymptotic normality of a model;

(ii) show the differentiability of an unknown parameter;

(iii) show that the sequence of proposed estimators converges weakly to the distribu-

1



2 1. Introduction

tion of the efficient bound specified in terms of some factors appearing in the steps

(1) and (ii).

Then, the asymptotic efficiency in the sense of the local asymptotic minimax theorem
with certain loss functions follows from the weak convergence shown at the step (iii) and
the continuous mapping theorem. Furthermore if the proposed estimator can be shown
to be regular, then the asymptotic efficiency in the sense of the convolution theorem is
also fulfilled.

Van der Vaart and Wellner (1996) illustrated the usefulness of this approach by a
discussion about the asymptotic efficiency of the estimator P"* for the unknown parameter
P (see their Section 3.11.1 for the details); the Donsker theorems for empirical processes
are applied at the step (iii) above. On the other hand, a merit of the Le Cam theory is
that, as seen in the step (i), the i.i.d. setup has been generalized up to local asymptotic
normality. It is thus meaningful to present some new limit theorems, which should be
useful at step (iii), in order to make full use of the general approach. In particular, such
theorems in /*-spaces were given mostly for row-independent arrays in the 80’s, and
have been recently established also for stationary sequences (see Notes to Chapter 3).

We consider this subject in some martingale contexts. O

Theme 2: Rate of convergence of M-estimators. Let 6 ~» v(0) be a deterministic
process with parameter # in a set ©. Suppose that we are interested in estimating a
maximum point 6y of the function 8 ~» ~(6). If § ~ ~(0) is well approximated by a
stochastic process € ~ I'"(6), a natural estimator would be a maximum point 0" of the
latter, that is, an M-estimator with respect to the criterion process € ~ I'*(0).

In the case of i.i.d. data, those processes are typically given by v(8) = P(1y) and
() = P™(¢yp), where {1/ : 0 € O} is a given class of elements of £'(P) indexed by ©.
When the data is a sample from a density py with respect to a measure on (E, &), the
maximum likelihood estimator is an M-estimator for ¢y = logpy. On the other hand,
when £ = © =R, if we set ¥y = 1[g_q,04q) fOr a constant a > 0, then the maximum point
o of 8 ~~ (0) = P([0 — a,0 + a]) is something like a mode of the unknown distribution
P

Such M-estimation procedures allowing (©, d) to be a general metric space have been
studied in recent years. A general approach to derive the rate of convergence requires
the following (see Theorem 3.2.5 of van der Vaart and Wellner (1996) for the details; a
version of the theorem, with some modifications, is given also in this monograph, namely
Theorem 5.1.2):

(1.1.1) v(8) — v(6) < —d(8,6,)*> in a neighborhood of 6y;
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(1.1.2) E* sup |[(IT™—=7)(@) — (I —)(6o)| < ¢"(0) for small 6 > 0.

d(0,00)<0
Here, § ~ ¢™(d) is an appropriate non-decreasing function. When we have checked
those conditions, by choosing some constants 7, > 0 which satisfy ¢"(r;') < 7,2, we
can conclude that r,d(6",8y) = Op-(1) for M-estimators 0" = argmaxy o [™(6). The
crucial point of this approach is how to get a moment inequality for the residual processes
0 ~ (I'™ — «)(#) as in (1.1.2). In the case of i.i.d. data mentioned above, the residual
(I'™ —)(0) equals (P* — P) (1), and the function ¢™(0) is typically of the form ¢™(d) =
n~1/2¢(0) for a function & ~» (&) not depending on n; the function (&) = 6 leads to the
standard rate r, = n'/2, while ¢(8) = /0 does to the “cube root asymptotics” r,, = n'/3.
It should be noted, however, that this method possesses a good potential to be applied in
much broader situations. As a matter of fact, some authors have already taken this kind
of approach in non-i.i.d. settings, for instance regression models, but most of them are
based on some maximal inequalities for i.i.d. empirical processes. With this aim in mind,
we develop moment inequalities to obtain a bound (1.1.2) when the residual (I'™ — v)(0)

is the terminal variable of a martingale. O

To handle martingales, we introduce a quantity called “quadratic modulus” in Chap-
ter 2, which plays a key role in this work. For the sake of intuitive explanation, let us
recall Ossiander’s central limit theorem for i.i.d. sequences under the entropy condition
for L2-bracketing, and next see how to generalize it to a dependent case; the idea of the
quantity naturally appears there.

Let (E,£) be a measurable space. Let {Z; }icn be a sequence of F-valued i.i.d. random
variables with the common law P. Let ¥ be a subset of £?(P) with an envelope function
belonging to £?(P). For every ¢ € (0, 1] choose N (g) pairs of elements of £?(P), namely,
(2%, u**], k = 1,...,N(¢), such that for every ¥ € ¥ the relation I** < v < u** holds
for some k and that
(1.1.3) \//E lusk(2) — 154 (2)|2P(dz) < e.

Ossiander’s theorem says that if this bracketing procedure can be accomplished with

(1.1.4) /01 V1og N(g)de < oo,

then the sequence of stochastic processes ¢ ~ X™ (1)) defined by
X"(y) = Vn(P" - P)(¥)
1 n
— S {y(z) - / Y(2)P(d }
VG R RICL(CD

converges weakly in ¢>° (W) to a Brownian bridge indexed by W.




4 1. Introduction

Now, let {Z;}ien be an arbitrary sequence of E-valued random variables, and denote
by P; the conditional law of Z; given F,_| = 0{Z;,..., Z;_1} (Fo is the null o-field). We

are interested in the sequence of stochastic processes ) ~ X"(1) defined by

X"(y) = %g{w(zi) - [ 4P a)} .

Consider the bracketing procedure as above with (1.1.3) replaced by

1// |usk(z) — 15%(2)|2Pi(dz) < K;e almost surely,
E

where K; is a random variable, not depending on € and k, that is F,_;-measurable; since
the left hand side is random in the present case, we have allowed the random coefficient
K; in the right hand side. Then, a result given in Chapter 3 (Theorem 3.2.2 or 3.3.1) says
that if the entropy condition (1.1.4) is satisfied and if the sequence of random variables
K" defined by

K = | K2

1
=

is bounded in probability, then the asymptotic tightness of the processes 1) ~ X™(1))
follows from the finite-dimensional convergence and a Lindeberg condition on an envelope
function of W. Ossiander’s theorem can be thought as the case of P, = P and K, = 1.
Some quantities “quadratic modulus”, which we will define for three kinds of martingales
in Chapter 2, have the same spirit as the random variables K '; a closer explanation might

be that

A VT S fi [utk(2) — 19 (2) [PPi(d2)
“quadratic modulus” = sup max %
ce(0,1] 1SK<N(e) €

Since this random variable depends awkwardly on the choice of the brackets, and more-
over since we will treat also random weight functions, we will actually define the quan-
tities in a slightly different way based on a series of finite partitions of ¥, avoiding the
explicit construction of pairs [[**, u¥] in the definition of brackets.

The entropy methods were at first recognized to be useful to statisticians chiefly
through efforts to seek for sharper and/or more general versions of uniform laws of
large numbers and central limit theorems for empirical processes especially in multi-
dimensional cases. However, some recent works have shown that a core part of them,
namely, chaining and bracketing techniques controlled in terms of entropies, can be
applied also to other problems in statistics which are not directly connected to those

limit theorems; a good example is M-estimation (recall Theme 2). From our point of
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view, an important advantage of the methods is that some of the techniques work well
also for the dependent case above on the set {K < L} for a given constant L > 0.
Hence, some problems of statistical inference for stochastic processes can be solved by
handling some truncations such that the complements like {K" > L} are asymptotically
negligible for a fixed, large constant L. This is the basic outline of the approach which
we frequently take in this work.

Chapters 2 and 3 are concerned with some abstract martingales, while the remaining
chapters deal with concrete models in statistics. To be more precise, the stochastic
processes treated in the former chapters are some classes (X¥[y) € W) of martingales,
indexed by an arbitrary set U, in the sense that each coordinate process ¢ ~ X} for
every ¢ is an R-valued martingale. We consider the following three situations: (i) each

coordinate process t ~> th is represented as a stochastic integral, namely,

th = WY« (=)
= / W¥(w, s, 2)(u(w; ds, dz) — v(w; ds, dz)),
[0,t]xE

where W¥ = W¥(w,t,2) is a predictable function on Q x R, x E, u is an E-valued
multivariate point process, and v is the predictable compensator of y; (ii) each process

t ~ th is a partial sum process of a discrete time martingale, namely,
at
xr=3g,
i=1

where {€},en is a discrete time martingale and (0¢)ter, is an increasing family of finite
stopping times; (iii) each process ¢ ~ X is a continuous local martingale. There
are three reasons why we choose the martingales as the objects of our study. First,
the Bernstein inequality, which is a basic tool in the i.i.d. case, is already provided
also in the framework of martingales with the modification that a truncation based on
the predictable quadratic variation is introduced (Lemma 2.1.1). The second reason is
that we can take advantage of the well-developed martingale central limit theorems to
establish the finite-dimensional convergence in our situation. Last, but not least, the
martingale is a vital concept in analyzing a rich class of statistical models, including
the multiplicative intensity models for survival data, Markov chains, the Gaussian white
noise model, and diffusion processes derived from stochastic differential equations.

The organization of the monograph is as follows. In Chapter 2, we introduce the
quantities “quadratic modulus” and “exponential modulus” for the three kinds of mar-
tingales above, and establish maximal inequalities, namely, some bounds for

Esup sup | X} — X215
t Y,pev



6 1. Introduction

with the truncation by the set B in terms of the modulus. Those inequalities are not
asymptotic estimates, and are applied not only for the proofs of weak convergence the-
orems in Chapter 3 but also as a crucial tool to derive the rate of convergence of M-
estimators in Chapters 5 and 6. As for the case (iii) of continuous local martingales, we
study also the continuity of the sample paths along the direction of parameter ¢ ~ X,

Chapter 3 is devoted to weak convergence theorems for the three kinds of martin-
gales. An essential part of the proofs is the asymptotic tightness, which is established by
using the maximal inequalities in Chapter 2. As we have mentioned above, the sufficient
condition that we present is that the quadratic modulus is bounded in probability and
that an entropy condition of the type (1.1.4) is satisfied. In particular, natural gener-
alizations of Jain-Marcus’ and Ossiander’s central limit theorems are presented. The
entropy condition for the cases (i) and (ii) above is analogous to that for L*-bracketing,
while the case (iii) is based on the metric entropy condition without bracketing. The
results of this chapter are repeatedly applied to derive the asymptotic distribution of
estimators in the subsequent chapters.

Some results concerning Theme 1 are given in Chapter 4. We consider the multiplica-
tive intensity model for point processes with general marks, and derive the asymptotic
normality and efficiency in ¢*°-spaces of a generalized Nelson-Aalen estimator. An inter-
esting difference from the i.i.d. case, where the L2-bracketing condition is optimal, is that
an LP-bracketing condition with p € [2, oo] is sometimes preferable; this fact is valid also
for other problems in this monograph, and the multiplicative intensity model provides a
good illustration. We also study two non-linear models, of continuous semimartingales
and of counting processes, both with time-dependent covariates.

Theme 2, the M-estimation procedure, is studied in Chapters 5 and Chapter 6 stress-
ing non-standard rates of convergence. First, in Section 5.1, we present a general criterion
for rate of convergence. A difference from known results in this area is that a kind of
“twice differentiability” of criterion functions is generalized to a “p-times differentiabil-
ity”, that is, “d(6,6p)?” appearing in (1.1.1) is replaced by “d(6,6,)P”. Sections 5.2 and
5.3 are concerned with some estimation problems of Euclidean parameters in the Gaus-
sian white noise model and the multiplicative intensity model, respectively. Jump point
estimation, among other things, is considered in those models.

Chapter 6 is devoted to the study of rate of convergence of non-parametric maximum
likelihood estimators. The models considered there are the Gaussian white noise model,
the multiplicative intensity model, a counting process model with non-linear covariates,
and the diffusion type processes. The third model above contains a discussion about the

Lexis diagram, which is important in the context of survival analysis.



1.2. General Notations and Remarks 7

The last chapter contains three independent topics. Since the setups of these problems
are simple, this chapter, as well as Section 4.1, perhaps gives a guideline of the usage of
the weak convergence theorems in Chapter 3. Except for Subsection 7.1.2, we do not use
any results presented in Chapters 4, 5 and 6. In Section 7.1, we study the asymptotics
of local random fields of kernel type estimators. The results are applied to the problem
of estimating the mode of a density function; we derive the asymptotic behavior of an
estimator defined as the argmax of kernel density estimator by using also the general
theorem for M-estimators presented in Section 5.1. Section 7.2 is devoted to deriving
the asymptotic behavior of log-likelihood ratio random fields in a general discrete-time
statistical experiment with abstract parameters. An application to Markov chains is also
discussed. In Section 7.3, we study a testing problem for a non-parametric regression

model with dependent noise.

1.2 General Notations and Remarks

(1) R = (—o0,00); Ry = [0,00); N = {1,2,..}; Ny = {0} UN; Z = {integers};

Q = {rational numbers}.

(2) We denote by |- | the Euclidean norm, even in the multi-dimensional case. We
denote by Leb(B) the Lebesgue measure of a Borel measurable subset B of a

Euclidean space.

(3) The inequality “z < y” (z,y € [0,00)) means that there exists a universal constant

C > 0 such that z < Cy.

(4) ¢>°(¥) denotes the set of all bounded functions defined on a set ¥. We denote by

| [loo the supremum-norm on ¢ (¥).

(5) For every p € [1,00], we denote by LP(E, &, \) the set of all p-integrable functions
defined on a measure space (E,€,\) (when p = oo, it means the set of all -
essentially bounded functions), and by LP(E, £, \) the equivalent classes of elements
of LP(E,E, )\). These are often abbreviated to £P and LP, respectively. This kind

of notational abbreviations of spaces are given section-wisely.
(6) Card(WV) denotes the number of the elements of a set ¥, allowing oco.
(7) Diam(¥, p) denotes the diameter of a set ¥ with respect to a semimetric p.

(8) When a semimetric space (S, p) is given, we denote by Bs , (z;¢) the closed ball

with center x € S and p-radius € > 0; when there is no danger of confusion, it is
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sometimes denoted by B,(z;¢) or even by B(z;¢). This notational abbreviation is

also given section-wisely.

When a semimetric space (S,p) and a subset U of S are given, we denote by
N(¥, p; £) the minimum number of closed balls with p-radius £ > 0 which cover ¥,

allowing co. The centers of the balls need not belong to W.

Let S be a linear space of R-valued functions 1 defined on a set, and let a seminorm
|||l on S be given. For a given pair l,u € S, we denote [l,u] = {¢ € S : | <9 < u}.
Such [, u] is called a (|| ||, £)-bracket in S if ||u—!|| < e. For a given class ¥ C S, the
bracketing number Njj(¥, p;¢) is the minimum number of (|| - [|, £)-brackets which
cover U; that is, the smallest N € N U {oo} such that: there exists (¥, u* € S,
k=1,.., N, such that ¥ C UY_,[l¥,u*] and that ||u*f — I¥|| < ¢ for all k.

Let o, H > 0 be given, and denote by « the greatest integer strictly smaller than
«. Let a bounded, convex subset E in R? with nonempty interior E* be given.
We denote by C'%(E) the set of all continuous functions f : E — R such that
[[flla« < H, where

Dt f(x) — D*f(y)|

o = INax su Dk x)| + max su '

I7le = gz sup 1041001 + oy s, e
z#y

with the notations k. = Y% | k; and
K ak.
- Oahr ... oaly
for every vector k = (ky, ..., kq) of d non-negative integers. It is well-known that
there exists a constant K > 0 depending only on « and d such that

H d/a
log N(C&(E), || - lo;€) < K - Leb(E) (?) Ve > 0,
where E, = {z : |z — E| < 1} (see, e.g., Theorem 2.7.1 of van der Vaart and
Wellner (1996)).

A random semimetric p on a set T is a collection {p(w;-,) : w € Q} of semimetric
on T indexed by a probability space (2, F, P), although we do not require any
measurability. We often denote a random semimetric by ¢ and a (non-random)

semimetric by p.

The words increasing and decreasing mean “non-decreasing” and “non-increasing”,
respectively (the situation where we should use the words strictly increasing or

strictly decreasing does not appear in the monograph).
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(14) We follow the standard definitions and notations of the martingale theory, which

can be found in the book by Jacod and Shiryaev (1987).

We refer to Part 1 of van der Vaart and Wellner (1996) for the weak convergence
theory which does not require the measurability of random sequences. In particular,
see their Chapter 1.2 for the definitions of the notations E*, F,, P* and P, that
mean the outer integral, inner integral, outer probability and inner probability,
respectively. Let (X,d) be a metric space, and for every n € N let X™ be a
mapping from a probability space (Q", F", P") to X. We denote by “X" £ X
in X7 the weak convergence of X™ to a tight, Borel measurable random element
X taking values in X; by “X" P ¢ the convergence in P™-probability to a
non-random element ¢ of A’; by “X™ 25 ¢ the convergence in P"-probability (in

this case X™ is assumed to be Borel measurable).



Chapter 2

Maximal Inequalities

2.1 Preliminaries

This chapter is devoted to getting some bounds for expectation of supremum of mar-
tingales up to a universal constant; throughout we use the notation “<” given in (3) of
Section 1.2. The present section prepares two things, namely, quotation of two known
inequalities which are used in Sections 2.2, 2.3 and 2.4, and introduction of two defini-
tions which are necessary to formulate a quantity “quadratic modulus” in Sections 2.2
and 2.3. Thus, readers who are interested only in continuous local martingales studied
in Section 2.4 may skip the latter.

First, let us state two lemmas which are well-known. The first one is the Bernstein
inequality for martingales with bounded jumps; see e.g. Section 4.13 of Liptser and
Shiryaev (1989) for the proof. The second one, which is used in connection with the
former, is an adaptation of Lemma 2.2.10 of van der Vaart and Wellner (1996).

Lemma 2.1.1 Let t ~ X, be an R-valued, locally square-integrable martingale such that
Xo =0 and that |AX| < a for a constant a > 0, and 7 a bounded stopping time. Then,
it holds that for every I' > 0

2

P(sup | X¢| > €, (X,X)TSI“> < 2exp (—2( .
a

e Ve > 0.
t€[0,7] € + F))

Lemma 2.1.2 Let N € N and let Xy, ..., Xy be arbitrary R-valued random variables.
Assume that for a measurable set B and some constants a > 0 and I' > 0

52

P(|X;| >, B) < 2exp <—m

) Ve >0, Vi=1,...,N.
Then, it holds that

¢ & < \/7
Elglz‘?l(vl/\"l‘; Salog(l+ N)+4/T'log(1+ N).

10



2.1. Preliminaries 11

Combining these inequalities, we can easily get the following.

Corollary 2.1.3 Let N € N. Lett ~ X, = (X},..., XY) be an R -valued, locally
square-integrable martingale such that X} = 0 and that |AX'| < a for a constant a > 0,

and let T be a finite stopping time. Then, for any constant K satisfying

ay/log(l+ N) < K,

it holds that

E sup max |X!— X}|15 < K+/log(1+ N
s max X~ X1y 5 K\log(1 V)

where

B:{max (Xi—Xj,Xi—Xj>T§K}.

1<i,j<N
The purpose of this chapter is to study what happens in the case of “N = o0”. We
consider this problem for three kinds of martingales in Sections 2.2, 2.3 and 2.4, respec-
tively.
Next, let us give two definitions for Sections 2.2 and 2.3.

Definition 2.1.4 Let (X, A, \) be a o-finite measure space. For a given mapping Z :
X — RU {oo}, we denote by [Z] 4 any A-measurable function U : X — RU {oo} such
that:

(i) U > Z holds identically;

(ii) U > U holds A-almost everywhere, for every A-measurable function U such that

U > Z holds A-almost everywhere.

The existence of such a random variable [Z] 4, and its uniqueness up to a A-negligible

set can be shown by using Lemma 1.2.1 of van der Vaart and Wellner (1996).

Definition 2.1.5 Let ¥ be an arbitrary set such that Card(¥) = oc.

IT = {II(¢) }e(0,an], where Ap € (0,00) N Q, is called a Decreasing series of Finite
Partitions (DFP) of W if it satisfies the following (i), (ii) and (iii):
(1) each Il(e) = {¥(g;k) : 1 < k < Npl(e)} is a finite partition of ¥, that is, ¥ =
UM E) (e k) and U(e; ky) N U(e; ky) = O whenever ky # ky;
(ii) Nn(An) =1 and limjo Ny (e) = oo;
(i) Nn(g) > Nn(e') whenever e < €'.

I = {II(¢) }ce(o,an), where Ay € (0,00) N Q, is called a Nested series of Finite
Partitions (NFP) of W if it satisfies the above (i) and (ii) and the following (iii’):

(iit') I1(e) is a refinement of T11(e") whenever e < €’
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The e-entropy Hy(g) and the modified e-entropy f[n(a) of a DFP 11 are defined by:

Ha(e) = /log Na(e);
H]](E) = \/lOg(l-f-Nn(E)).

Notice that any NFP is a DFP. Although the converse is not true, we can sometimes
construct a new NFP from a given DFP, due to Lemma 2.2.2 given later, without loss

of generality for our purpose. Notice also that for any DFP II

4 )
/0 Hu(e)de < 5,/1og2+/0 Hu(e)de Vo € (0, A

if the integral on the right hand side is finite; in fact, it holds that

(2.1.1) Vlog(1 + N) < y/log2N < \/log2 +/logN VN > 1.

2.2 Multivariate Point Processes

Let (E,&) be a Blackwell space, and let B = (Q,F,F = (F;)er, , P) be a stochastic
basis. We put @ = Q x R, x E and P = P ® £, where P is the predictable o-field on
Q2 x R,. For a given predictable function W on Q and a given random measure f on
R, x E, we denote by W x p the integral process defined as the path-wise Lebesgue-
Stieltjes integral: for every t € Ry,

Jogxe W(w, s, 2)p(w; ds,dz) if [jo 05 W (w, s, z)|u(w; ds, dz) < oo,
e} otherwise.

W u(w) = {

(See Section Il.1a of Jacod and Shiryaev (1987) for the detail).

Let p be an FE-valued multivariate point process. Let v be a “good” version of
the predictable compensator of p (thus v(w; {t} x E) < 1). We introduce the Doléans
measure MP on (Q,P), which is P-o-finite, given by

MP (dw, dt, dr) = P(dw)v(w;dt, dz)
(See Section II.1b, Definition I11.1.23 and II1.3.15 of Jacod and Shiryaev (1987)).
Let W = {WY : ¢y € ¥} be a family of predictable functions on Q indexed by an

arbitrary set W. We give a definition, using the notation of Definition 2.1.4, which plays

the key role in our context.

Definition 2.2.1 The predictable envelope W of W = {W¥ : ¢ € W} is defined by

W= [sup ]W’pl}
Ve

P,MFP
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For a given DFP 11 of ¥, the quadratic U-modulus |[W||n of W = {W¥ : ¢ € ¥} is

defined as the [0, 00]-valued increasing process t ~ [|W||n, given by

. VIW (@ (e k)2 + v

w = &0 vVt € ,
Pl se(O,AE]ﬁQISkSNH(E) g Ry
where
(2.2.1) W) = [ sup |[W¥ — W"ﬂ] VI C 0.
Y,pev’ P,MFP

For a given DFP 11 of ¥ and a given constant a > 0, the exponential (I1, a)-modulus
W& of W = {W? : ) € U} is defined as the [0, oo]-valued increasing process t ~»
IWIIit, given by

E W (P(e; k * U
W= sup  max YEEEED e L
" ee(0,An]nQ 1<k<Nn(e) -

where
(2.2.2) £,(z) = | 20 (exp(a'a) —1-a"'z) vz €[0,00),
Ko a 00 - m7

and W (V') is defined by (2.2.1) for every W' C V.

It is clear that there exist some increasing versions of ¢t ~ [[W||n, and ¢ ~ |[W|[,

uniquely up to a P-negligible set, respectively. It holds that ||W||m, < |[W||7, almost
surely, since |z|? < &,(z). Notice also that all of W, ||W||; and ||[W||5 depend on F, P
and v, through P and MP. One may find that the exponential modulus above is based
on the “Bernstein norm” (see 324 page of van der Vaart and Wellner (1996) for the i.i.d.

case; a discrete martingale version is contained in van de Geer (1997)).

Lemma 2.2.2 For any DFP II of ¥ such that [*" Hy(e)de < oo, there exists a NFP
Il such that:

Awr = Ag;
A An
Hu(e)de < 4 [ Hu(e)de;
0 0
A An .
Hy()de < 4 [ Hu(e)ds;
0
Wiy < [Wine VEeR,.

Proof. For every € € (0, Ap], let us define

M'e)=\/ 0O(27) if ee[2727")N(0,An], > i,

LSAS)
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where ig = min{i € Z : 27* < Ap}. Then, the constructed II' = {Il'(¢) }ee0.ay) s @
NFP such that Ay = Ap. Further, since Ny (27%) < HiogjgiNn(Q_j) we have

A o .
Hn/(&)dE < 2272Hn1(271)

=1

< i 2 Y Hp(27)

1=1g J=10

0

o0

= f: Hp(277)> 2™

Jj=to 1=J
00 3 .
= 4% ¥ e
Jj=to

An
£ 4/ Hy(g)de.
0

The same argument is valid also for the modified entropies. The last inequality is trivial

from the construction of IT'. O

Supposing that there exists a version of W such that W * 1(w) < oo for all w € Q
and t € R, , let us define the random variables X and X" by

(2.2.3) XV =W¥sx(u—v), VteR,VyeU
and
(2.2.4) XeV =W gy x(u—v)y VtER, VY € ¥ Va>0,

respectively. Then, the process ¢ ~» X} and the process ¢ ~ X" is a locally square-
integrable martingale on B, both of which have finite variation. (see Lemma 1.3.10 and
Proposition 11.1.28 of Jacod and Shiryaev (1987)). The following theorem gives some

maximal inequalities for these processes in terms of [|W||.

Theorem 2.2.3 Let p be an E-valued multivariate point process defined on a stochastic
basis B, and v a “good” version of the predictable compensator of u. Let W = {W¥ :
€ W} be a family of predictable functions on Q, indezed by an arbitrary set ¥, such
that W * v(w) < oo for all w € Q and t € R, for a version of predictable envelope W of
W. Let 7 be a finite stopping time. Then, we have the following (i) and (ii).

(i) It holds for any NFPII of U and any constants § € (0,Aq] and K > 0 that

0 .
E* sup  sup |X{¥ — X0y, cx) S K [ Hn(e)de,
te[0,7] 1<k<SNL(8) T 0
V,pEW(d;k)

where the random variables X" are defined by (2.2.4) with a = a(6, K) = 6K /Hy(6/2).
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(ii) It holds for any DFP 11 of ¥ and any constants K, L > 0 that

K I
E* sup sup | XY — X?1 T <K/ Hy(e)de + ——,
,e[oﬁwé’w' ¢ = X pwin <k, Fe<oy SE 0 Hn(e)de +

where the random variables X} are defined by (2.2.3).

Theorem 2.2.4 Consider the same situation as Theorem 2.2.5. It holds for any random
semimetric o on VU, any NFP I of ¥ and any constants 6 € (0, Ay] and K > 0 that

5
E* sup sup |XPY — X0\l qwin.<kinB S K/O Hy(e)de,

), QEY
vl p?w,w)sé

where

2.2.5 B VIO — ok Yok — Xed), <K

(R =1 s ; =
o(¥,9)<8

and the random variables XY are defined by (2.2.4) with a = a(6, K) = 6K /Hy(5/2).

Proof of Theorem 2.2.3 (i). Fix any §, K > 0; we may assume ¢ € Q without loss of

generality. For every integer p > 0, we set
ap, = 27 PTISK /Hy (277716).
Next, choosing an element 1, ; from each partitioning set ¥(277¢; k) such that
{Upk 1 < k < Na(2726)} C {Ypira 1 1 < k < Nu(27C05)},
we define for every ¢ € ¥

T w = 1// ko ) e
{ sz = \pr(2-P5;k), if ¢ e ¥(275k).

For every integer ¢ > 1, we introduce the stopping time

Tq:inf{te&:1/([0J]><E)>W—I}AT.

Since v([0,7] x E) < oo almost surely and lim, o Ny(¢) = oo, it holds that 7, T 7 as

q — oo almost surely. Hence it is enough to show that

d
(2.2.6) E* sup sup | XY — X% |1 win. <k} 51{/ Hy(e)de Vg >1,
te[0,7,] YEY 0

where a = a(0, K).
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Let us now fix any integer ¢ > 1, and denote 7 = 7, [there should be no danger of
confusion]. For every p = 0,1, ..., ¢, we consider the predictable functions W (II,¢) on Q
defined by (2.2.1). Since IT = {II(€)}.c(0,ay is nested, it follows from Definition 2.1.4
that
(2.2.7) W > W (o) > W(IL) > --- > W(Ile),

MP-almost everywhere. Defining the values on the exceptional sets as zero, we can
choose some versions such that the above inequality holds identically. Notice also that
W (II,)) = W (I1,¢) holds identically, whenever 1, ¢ € ¥(2790; k) for some k. Next, let

us introduce the following predictable functions on €

A(Y) = Liwmow)<ao, .. W(Ily—1¥)<ap_1,W(Iw)<a,}» P =0,1,...,¢;
By(¥) = lLiwtoy)<ao,..W(llym1)<apor W(Ip$)>ap}s P =1, 65
Bo(¥) = lwew)>ao}-

It is important that A,(1) and B, (1)) depend on 1 only through the subsets Iy, ..., 11,7
of U. Next observe the identity

(2.2.8) WY — W™ = (WY — W™¥)By(¢)
£V = W) B ()
+:V_I;¢ — W) Aq(¥)
I W) A, ()

p=1

Since ag = 2a(6, K), we have By(¥)) < 1(j7. 45 x);- Hence we obtain

sup sup |XPOKW _ xa@K)mo¥) < (1Y 4 (L) + (IL) + (IL) + (II]),
te[o,7] pev

where

(L) = sup Y W Bl * b

YEY p—1

q
(I) = sup Z W(pr)Bp(w) * Vr,
YEY p—

(III) = Sup W(qu)Aq(w) * fr,
pew

(1) = SUPW(qu)Aq(w)*Vr,
YEVY

q
sup sup 3 [(W™¥ — W™=1¥) 4, (1) * (1 — v)y| .

te(0,7] peV p—

/-\
~
[,
—

-

Il



2.2. Multivariate Point Processes 17

Further, it holds that (I;) < (I]) + (l») where

g
(11) = sup 3 [W(TT,9) By(v) * (n — v)|,

YeY p=1

and that (I1,) < (I1}) + (I1,) where
(I1}) = sup [W(Ilg3)) Aq(v) * (1 — v)-|.
vevw

Hereafter we will obtain bounds for the terms (I7), (l2), (I1}), (I15) and (I11).
Estimation of (Iz) and (I11;). We can easily see that

21
sup Z _’W(pr)FBp(w) ¥ Uy

Ypew p=1 ap

(12)

INA

; 2 4 (9-ps|2
< oy sup WUBDPB@) e v (2778

T 1<p<qyev [2-P§|? a,

p=1
q ~
< KY 2777'6Hp(277716) on the set  {||[W||n, < K}.
p=1

On the other hand, it follows from Schwarz’s inequality that

(IL) < sup VIW(I) 2+ vy - \/u([0,7] x E)
(S
e
< I ISK - M
4
Hence we have
q+1 N
E|(L) + (IL) 1 gwin.<ky < K> 2777 '6Hy(2777'0)
p=1
6
< 2K/ Hy(e)de.
0

Estimation of (I}), (I1}) and (I1I). Let us consider the term (I}). We will apply the

Bernstein inequality (Lemma 2.1.1) to the processes
t~ My = W(II,Y)By(¢) * (11— v)q.

It follows from
0 < W(ILw)By(v) < W(IL,-19) B, (¥) < ap—y
that |[AM| < a,_; it is also clear that
(M, M), < |W(ILy)|*B,(¥) * v,
|27P6K|? on the set {|W|ln, < K}.

IA
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Thus we have

p (SI[JP] W(ILY)Bp(¥) * (1 = v)e| > &, [[Wllnr < K)
te(0,7
2

&
< = V 0.
< 2exp ( 2(a,,_16 T |2—P5K|2)) e >

Hence it follows from Lemma 2.1.2 that

Esup sup |[W(I,9)By(v) * (1t — v)e| Lywin,, <k}
YEVY tel0,7]

< ap|Hu(2778)2 + 2P0 K H(2776)
< 5K -27P§Hy(27P6),

where it should be noted that “sup,.y” appearing on the left hand side is actually

“max;<g<ny(2-»)”. We therefore obtain

q ~
E|(IDNgwin,<ky S 5K Y 27P5Hn(2779)

p=1

5
5K/ Hy(e)de.
0

IA

Exactly the same calculation as for (I7) yields some bounds for (II}) and (I11), which
lead to the inequality (2.2.6). O

Proof of Theorem 2.2.3 (ii). Due to Lemma 2.2.2, it suffices to show the assertion
in the case of I being a NFP. We extend the given NFP II = {II(¢)}.c(0,ay to II =
{I1(¢) }ee(0,2an) where Np(e) =1 for all € € [Ag, 2Ap]. In order to apply the assertion
(i) with 6 = 2Ap, we consider the truncated processes XY with a = a(2Aq, K) =
2An K /+/log2; notice that

sup sup |X/ - X| < sup sup |X{Y— X7

te[0,7] Y,peV te[0,7] ¥,V

+2W1{W>a} * fr + 2W1{W>a} X Up.

First we have
W2 * v,

Wl{W>a} xv, < p;

L _
< =  ontheset {|[W|**v, <L}
a
Next, let us introduce the predictable time

S=inf{t e Ry : [W|**v; > L}.
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Take an announcing sequence {5, } for S (see 1.2.16 of Jacod and Shiryaev (1987)). Since
0 < S, < S almost surely on the set {S > 0}, it holds that |W|?*vg, < L almost surely.
Thus it follows also from Doob’s stopping theorem that

EWl{Wm} *US AT = EWl{Wm} * V8T
£ E‘|W|2 * VS,,/\Tm S £7
a a

where {7}, } is a localizing sequence for the local martingale ¢ ~» W1, * (1 —v);. By
letting n, m — oo, we obtain EWI{WN} * g < L/a._The predictable time S appearing
in this inequality can be replaced by 7 on the set {|[W|? x v, < L}.

Hence it follows from the assertion (i) with § = 2Ay that

E* sup sup X — XP|1ypuy, <k, W, <iy

te(0,7] ¥,0e¥

< K[ Byle)de +4- — 2

~ /0 n()de + .2AHK/\/10g2
An .

£ .

£ Q{K/O Hn(a)d6+AHK}

O

Proof of Theorem 2.2.4. We use the notations introduced in the first paragraph of the
proof of Theorem 2.2.3 (p = 0 only). Notice that

[ — ] < [ — V] 4 [P g . [ ol

and thus
sup XY~ XY <2 sup XY - XY+ sup XV — X,
o(¥,9)<d 1R NITE) o(¥,9)<d
- ,$EW(S3k) T

The second term on the right hand side equals

Ak kg

a0,k a,T0, k;
max | X;70 = X701
1<k1,k2<Nn(6)

where

Aky ey = {w €N: 0 € Vst { oW = Tok, } and o(¢¥, ¢)(w) < 6} .

TOP = ok,
Here, notice that for every v, ¢ € ¥
<Xa,7row _ Xanrod>’Xa,7row _ XG,W0¢>T & 3<Xa,7row _ Xa,w,Xanmw _ Xa,w>T
_§_3<Xa,7ro¢ — X% Yamd _ Xaﬁ¢>T
_|_3<Xa,w _ Xax?’ Xo¥ _ Xa,¢>7
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on the set {|W||n, < K} N B, where B is given by (2.2.5). Thus, for every ki, ky =

1,..,Nn(d) and every w € {||W|lu, < K} N BN A, k,, by choosing some appropriate
Y = Y(w, k1, ko) and ¢ = @(w, k1, k2), we get

(15(“!7"0.‘51 o 1}(“1"0,1:2’)(!1,”0,1:1 o Xa’ﬂo'k2>7 S 9(52K2.
Thus it follows from Lemma 2.1.1 that

a,m ~Q,TT0 k. {;‘2
P ( sup | XM — X, 1, > 6 lolln < K) < 2exp (—m

te(0,7]

for every € > 0. Hence, we obtain from Lemma 2.1.2 that

E sup sup |XP™Y - Xf’ﬂ°¢|1||W||n,,5K}nB
te[0,7] o(,0)<d

< 2alog(l + Ny(6)?) + 30K /log(1 + Ny(6)2)
< axs 8L Nul) | o 55k fiog( + Na(d)).

Vlog(1+ Nu(6/2))

This, together with (i) of Theorem 2.2.3, yields the assertion. a

So far we have been concerned with the truncated processes XV = W¥1 g5 %(n—v)
(except for (ii) of Theorem 2.2.3). This means that the predictable functions of integrands
should be uniformly bounded, and this assumption is sometimes too strong. However, as
is explained in Chapter 3.4 of van der Vaart and Wellner, it can be replaced by a moment
assumption of exponential order (see, in particular, their Lemmas 3.4.2 and 3.4.3 which
are concerned with the i.i.d. case); the key tool for this purpose is the extended Bernstein
inequality (e.g., their Lemma 2.2.11). In our situation, we can make use of a martingale
version of the inequality given by van de Geer (1995b, Lemma 2.2); we will quote it as

Lemma 2.2.6 below. Let us begin with giving a version of Theorem 2.2.3.

Lemma 2.2.5 Consider the same situation as Theorem 2.2.3. It holds for any NFP 11
of ¥ and any constants § € (0, Ay] and K > 0 that

E*sup sup |[(WY = W?) % (u— )| lywin. <k}
t€[0,] 1<k< N (8)
Y, pEW(;:k)

0
& K/O Hy(e)de + E* sup  max [W (¥ (6; k) * (1t — v)el L. <k}

- t€[0,7] 1<k<Nu(9)

(recall the notation W (V') defined by (2.2.1) for every ¥' C W).
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Proof. Recall the proof of (i) of Theorem 2.2.3; it suffices to consider the first term on
the right hand side of (2.2.8). Notice that

(WY = W) By () * (1 — v)e < W (Iloyh) Bo(¥) * (1 — v)¢ + 2W (Igt)) Bo () * 1.

The second term on the right hand side is bounded by

EIW(How)F*uT 2 w(éKV on the set {||W||n, < K}
ag oK 5
5/2
< 2K / Hiile s
0

On the other hand, the first term is bounded by
(W (Iow) * (1 — v)el + W (o) Liw(niop)<ao} * (1 — V)il
and it follows from Corollary 2.1.3 that

E* sup sup [W (o) Liw(tiow)<ao) * (1t = V)il Lgwiin, <xy S 0K Hu(6).
te(0,7] YeY

The assertion follows from these inequalities. |

Thus the problem is how to manage the second term on the right hand side of Lemma
2.2.5. As we announced above, this can be solved by means of the following lemma that
is an easy consequence of Lemma 2.2 of van de Geer (1995b). From now on, we will

assume that v({t} x E) = 0 for every ¢t € Ry for simplicity.

Lemma 2.2.6 Let p be an E-valued multivariate point process which has the predictable
compensator v such that v(w;{t} x E) = 0 for all w € Q and t € Ry. Let W
be a predictable function, and suppose that for a given constant a > 0 it holds that
exp(a W) x y(w) < oo for allw € Q and t € Ry. Let 7 be a finite stopping time.
Then, it holds for every I' > 0

.
P sup |[Wx(up—v)] >¢, (E(W]))*v, <T ) <2exp|———= Ve > 0.
(im0 17 =02 > . €W 0, <T) < 200 (55

Lemma 2.2.7 Consider the same situation as Theorem 2.2.3. For a given constant
a > 0, suppose also that for every w € Q it holds that v(w;{t} x E) = 0 and that
exp(a™'W) * y(w) < oo for all t € [0,7(w)]. Then, it holds that for any NFP II of ¥
and any constants 6 € (0, Ay] and K > 0 that

E* sup sup |(Ww - Wlp) * (e — V)t|1{||W||n,T§K}nB

te[0,7] 1<E<N ()
V.6 €W (35k)
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6
< K/O Hu(e)de + alog(1 + Nu(6)),

where

B { e @) v K}_

1<k<Npi(6) 1) -

Proof. Lemmas 2.2.6 and 2.1.2 yield that

E* sup sup |W(U(0; k) * (u — v)]1p < 6K Hy (8) + alog(l + Ny (9)),
te[0,7) YEY

which implies the assertion. g

While the argument 6 in the above lemma is arbitrary, it sometimes suffices to consider
a specific range of §. In the context of M-estimation studied in Chapter 6, we will use
it in the following form that is reasonably weak and simple. It should be noted that one
may get different versions by going back to Lemmas 2.2.6 and 2.2.7; even removing the

assumption that v(w; {t} x E) = 0 is also possible.

Theorem 2.2.8 Consider the same situation as Theorem 2.2.3. For a given constant
a > 0, suppose also that for every w € Q it holds that v(w;{t} x F) = 0 and that
exp(a™'W) * 1(w) < oo for all t € [0,7(w)]. Let IT be an arbitrary NFP of U.

(i) For any constants 6 € (0, An] and K > 0 satisfying

6

(2.2.9) a / Hu(e)de < K62,
0

it holds that

5
E* su su Xy -x . <K/H €)de.
té[og] 15kgzv%(6) X, ¢l {wle<ky ~ 2 Jy n(e)
Y,0€¥(5;k)

(ii) If a given random semimetric o on VU satisfies that

\/(Eza(|W“’ — W) *x v, < o(v, @) Vi, € U P,-almost surely,

then, for any constants § € (0, Ay] and K > 0 satisfying (2.2.9), it holds that

5
E* sup sup |X¥Y-X)1 £2a SA/ Hy(g)de,
tefor] | goev ! ¢l {IWli?e <K}n{llelln<K} 0 n(e)
where %, 8)
o,
lollt = sup  max sup .

e€(0,An) 1Sk<Nu(e) g pew(esk) €
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Proof. The second term of Lemma 2.2.7 is bounded by ad~? ‘f(f f]n(s)d&t’?, which is
bounded by K [ Hy(e)ds whenever ad~2 [0 Hy(e)de < K. Thus we have obtained the
first assertion.

For the proof of the second assertion, we use the notations introduced in the first
paragraph of the proof of Theorem 2.2.3 (p = 0 only). The method of the proof is quite
similar to that of Theorem 2.2.4. Notice that

1X? — XP| < |XF — X7+ |XP — X[°%) + | X[ — X[7|

and thus

sup XY —XP|<2 sup XY XP+ sup  [X[V - X7

o(v,$)<Kd L<h< Nry(2) o(1h,0)<K§
Y, 0EW(8:k)

The second term on the right hand side equals

70k T0,ky
o L X e
where
Apy gy = {w €N: e st { ot = Mok, } and o(¢, ¢)(w) < Ké}_
T = 700,k
Here notice that for every ¢, ¢ € ¥
V(Ea(Wrv —Wroe])) v, < o(motp, mog)
< ooy, ) + o(mog, @) + o(¥, ¢)
< 2K+ o(¥, 9)

on the set {||o|ln < K}. Thus, for every ki, ks = 1,..., Nu(6), and every w € {]|o|lu <
K} N Ay, k,, by choosing some appropriate ¢ = ¢ (ky, ks, w) and ¢ = ¢(ky, k2, w), we can
get

V(Ea([Wress = Wosa)) xv; < 3K,
Thus Lemma 2.2.6 yields that

2
P R gy > <K)|<2 ANV, s
<t2£’] a o M, > € llelln < = 2(2ae + 9K26?)

for every € > 0. Hence it follows from Corollary 2.1.2 that

E*sup  sup |X7% — X7 {oln<k)
te[0,7] o(¥,0)<K S

< 2alog(l + Ni(6)?) + 3K6/log(1 + Ny (8)?)
< 4dalog(l + N(6)) + 3V2K5y/log(1 + Ny (9)).

This, together with the first assertion of the theorem, yields the second. O
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2.3 Martingale Difference Arrays

Let a discrete-time stochastic basis B = (2, F,F, P) be given, where (Q,F,P) is a
probability space and F = {F; }.en, is an increasing sequence of sub-o-fields of F indexed
by Np = {0} UN. Let ¥ be an arbitrary set.

Definition 2.3.1 {&}ien = {(€7¢ € U)}ien is called an (°(¥)-valued martingale dif-
ference array on B if:

(i) & is a mapping from Q to £ (V) for every i € N;

(i) {€'}ien is an R-valued martingale difference array on B for every ¢ € 0.

It is required in (ii) that f:p is F;-measurable and E,-_léf’ = 0 almost surely, for every
1) € U, where F;_; denotes the F,_;-conditional expectation; the exceptional sets may
depend on 1. Notice also that we do not require any measurability of the ¢*°(¥)-valued

random element &;.
Based on the notation of Definition 2.1.4, we make the following definition.

Definition 2.3.2 The adapted envelope {€,}ien of {€i}ien is defined by

E= [sup lffl] Vie N,
VIS FiP

For a given DFP 11 of ¥, the quadratic II-modulus ||€||n of {&}ien is defined as the
R, U {oo}-valued increasing process {||€||ni}ien given by
VEjm1 Binlg (¥ (e b)) P

i= su Vi € N,
el se(o,Ag]nQKKNn(f) €

where
(2.8.1) &) = [ sup |€¥ — g;*’|J YieN V¥ CVU.
VeV Fi,P
For a given DFP I1 of ¥ and a given constant a > 0, the ezxponential (I1, a)-modulus
1 of {&}ien is defined as the [0, oo]-valued increasing process {||§||1£1",i}ieN given by
\/ZJ 1 lg 5_7( ( )))

6 = sup max BWES
s c€(0.An]nQ 1<k<Na(e) €

where E,(x) is defined by (2.2.2) and & (V') is defined by (2.5.1) for every V' C W.

Theorem 2.3.3 Let {& }ien be an £°(V)-valued martingale difference array, and let o
be a finite stopping time, both of which are defined on a discrete-time stochastic basis B.

Then, we have the following (i) and (ii).
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(i) For any NFP 11 of ¥ and any constants 6 € (0, Ay] and K > 0,

m

6
> e _5?’(»)}1{”5111,00\’} S K/O Hy(¢)de,

=1

"
E* max  sup

1<m<o 1<k<N(5)

), 6EW(5;k)

where €Y = 51#)1{5,5!1} with a = (6, K) = 0K /Hy(5/2).
(i1) For any DFP 11 of U and any constants I, L > 0,

m

S -¢)

i=1

E* max sup
l=m<o y gew

An . I
Yo <k, 57 BioalEzy S K/O Hy(e)de + 37

The result above is similar to Theorem 2.2.3, although the proof needs a careful discussion
about the choice of versions of conditional expectations. It gives us the analogue of

Theorem 2.2.4.

Theorem 2.3.4 Consider the same situation as Theorem 2.53.3. It holds for any random
semimetric p on VU, any NFP 11 of U and any constants 6 € (0, Ay and K > 0 that

m

§
> e - fz‘”ﬁ){ Ljiglin,, <k}nB S K/O Hi(e)de,

=1

"

E* max  sup
1<m<0o 1<k<Np (6)
Y,p€W(8;k)

where
VEL B lgY - &)
2.3.2 B= <K
( ) { (u‘:s.:g)wd 0 -
o(v,¢)<

and where £V = ﬂbl{glga} with a = a(8, K) = 6K/ Hy(5/2).

Proof of Theorem 2.3.3. Fix any ¢, K > 0, and define a,, m, and II, for every integer
p > 0 in the same way as the first paragraph of the proof of Theorem 2.2.3 (i). For every

integer ¢ > 1 we introduce the finite stopping time

7 —q—2 2
[Hn70)[" 1} -

=inf{ie N:7>
Oy m{ze 7 16

Then, we have o, T 0 as ¢ — oo almost surely. Hence it is enough for getting the

assertion (i) to show that

- 6
Z( ?,w __fz{l,ﬂow) l{llﬁllnoﬁk} S K/O HH(E)dE Vq Z 17

i=1

(2.3.3) E 1§Hnlza§)§q zlég

where a = a(0, K).
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Let us now fix any integer ¢ > 1, and choose some appropriate versions of &; and
&(ILw), p=0,1,...,q (recall the argument about (2.2.7)). We define:

Aip(¥) = Ygmov)<ao, &l 19)<ap &Mw)<a}, P=0,1,...,¢;
Bip(¥) = le(ow)<ao,bi(lp-19)<ap-1.&(Mpp)>apt P =1, 0s
Bio(¥) = g mow)>ao)-

Next observe the identity
& -7 = (& -g7)Bio(¥)
+ i(s;” —§")Biy(¥)
=
HE — € Aig(¥)
FYE ) Aip (9.
p=1
Taking the F;_;-conditional expectations of all terms, we obtain
(2.34)  (0=) Eia& —Ea & = Ei(& —€°%)Bio(v)
+ Z Ei (& — €"")Bip(¥)
p=
+Ei (€ — €7) Aig(¥)
+ 3 B — 7 i 9)
p=

almost surely. Further, it holds that

(2.3.5) |Ei1(€) — €7°Y)Bio(¥)| < Ei1&(Tloy) Bio(v)

almost surely, and that

(236) |Eia(€f — €7")Bip(¥)| < Einr&i(ly) Bip(¥) S apor,  p=1,00,
almost surely, and that

(2:3.7) |Eica (€7 — €77 Aipa(9)] < apy

almost surely. Here we choose versions of conditional expectations as follows: first
choose some versions of the terms E; & (I1,(v))B;,(¢) of (2.3.5) and (2.3.6), which
are non-negative and fulfill the second inequalities of (2.3.6), identically; next, on the
exceptional sets of (2.3.4), (2.3.5), (2.3.6) and (2.3.7), we define the values of all other
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conditional expectations as zero. Then, the values of E; & (I1,¢)) B, ,(v) and E;_; (& g
§7P“w)Ai,pﬁl(z/)) depend on 1 only through Ily, ..., 1,70 and 7,11, T, respectively,

1

while (2.3.4), (2.3.5), (2.3.6) and (2.3.7) hold identically for all ¢ € V.
Since ag = 20K Hyi(6/2) we have Bio(¥) 1z <as,x)y = 0- This implies that

E* (SUP 1&—1(52‘0 = &""w)Bi,o(w)l 1{&@(5,1{)})
pew -
< FE (sup |Ei—1&(ow) Bio ()| Lz <a(s K)}> since (2.3.5) holds identically
pew Sk

< 2B (&Bio()l g cary) = 0.

and thus
( Y Wo¢) ! ( ) = =0
(& — 10(¥)| iz <a(s,5))

sup |E
pew

almost surely. Hence we obtain

B 3 Z(E‘”" 2T < () + 2(B) + (1) + 2(11y) + (I11),
where
&) = sy Z{a )—Efonpri,p(w}’,
Yev p=1 |i=
(I;) = SUPEZEi—lfi(HpV’)Bi,p(w)
weq’p:l =1

1) = sup [SHEA(0) ~ Bos& ) ()

(IL) = SuprEi—lgi(qu)Ai,q(w)a

VeV i=)
g m 7rd) "
II]) = max su 4 T A
I = pe mpds 3 A Aip-1(¥)

m

- B (g - f:rp_lw)Ai,pl(i/))}‘,
i=1
almost surely. To get (2.3.3), we can deal with terms (I}), (L), (I1}), (II;) and (III)
exactly in the same way as those of the proof of Theorem 2.2.3 (i).

The assertion (ii) can be proved in the same way as that of Theorem 2.2.3, paying
attention to the choice of conditional expectations; introduce a continuous-time stochas-
tic basis and repeat the argument with an announcing sequence (see page 14 and 1.2.43
of Jacod and Shiryaev (1987)). O
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Proof of Theorem 2.3.4. The result follows from the same argument as Theorem 2.2.4.
a

When a maximal inequality not for the truncated f;’""’s but for the original &’s is

needed, one may follow exactly the same discussion as Lemmas 2.2.5, 2.2.7 and Theorem
2.2.8, replacing Lemma 2.2.6 by the following version of the extended Bernstein inequality
due to van de Geer (1995b).

Lemma 2.3.5 Let & = {&}ien, be an R-valued martingale difference array on a discrete
stochastic basis B. Suppose that for a given constant a > 0 it holds that E exp(a™'|&]) <
oo for every i € N. Let o be a finite stopping time on B. Then, it holds for every I' > 0

m

2 &

=1

> iEi—xgaﬂfiD) < F) < 2exp <_2(a564+1“)) Ve > 0.

1<m<o 5
g = =1

P(max

We state here the analogue of Theorem 2.2.8 only.

Theorem 2.3.6 Let {&}ien be an €2°(V)-valued martingale difference array and let o
be a finite stopping time both of which defined on a discrete-time stochastic basis B.
Suppose also that for a given constant a > 0 it holds that Eexp(a™';) < oo for every
1 € N. Let II be an arbitrary NFP of V.

(i) For any constants § € (0, An| and K > 0 satisfying

6
(2.3.8) a /0 Hu(e)de < K62,

it holds that

m

Y& -¢h)

i=1

E* max sup
I<m<o ygew
p(6,6)<5

0
Liignee <xcy & K/0 Hy(e)de,

(ii) If a given semimetric o on ¥ satisfies that

JZU: Ei1E0(|& — &) < 0(4,9) VY, 0€ ¥ P,-almost surely,

i=1

then, for any constant § € (0, Aq] and K > 0 satisfying (2.3.8), it holds that

m s
* v _ ¢ <& 3
& e ap 2 (& 51)‘1{nf||f,%ggk}n{||gnn51<} ~K/0 Hn(e)de,
e g)<Ks =1
where
o 0¥, 9)
[lolln = sup max sup :

£€(0,An) 1SkSNN(E) ygev(esk) €
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2.4 Continuous Local Martingales

Let B = (, F,F = (F)ier,, P) be a stochastic basis and (W, p) a proper metric space.
Let X = (XY|¢) € ¥) be a family of continuous local martingales defined on B indexed

by . We introduce a kind of “quadratic modulus” which fits in this situation.

Definition 2.4.1 A quadratic p-modulus || X||, of a family X = (X¥|v € U) of contin-

uous local martingales is defined as a [0, 00]-valued stochastic process t ~ ||X||, given

by

(X¥ — X%, XV — X9),
1 X ]| = sup VteR,.
w&%

P, d)

Since the set W is not necessarily countable, the random element ||.X{|,; may not have
any measurability. Moreover, although the predictable covariation (X% X?) is uniquely
determined up to a negligible set for every pair 1, ¢ € ¥, due to the same reason the
quadratic p-modulus of X may not be unique even in the almost sure sense. However,
we do not require its uniqueness because the assertion of the following theorem is valid

for any choice of quadratic p-modulus of X.

Theorem 2.4.2 Let (¥, p) be a totally bounded metric space. Let X = (X¥[p € U) be
a family of continuous local martingales indexed by ¥ such that X&P =0, and T a finite
stopping time, both of which are defined on a stochastic basis B.

Then, for any choice of quadratic p-modulus || X||, of X, it holds that for every
0, K >0

4
sup B* sup sup |XF — XP|1qx,<) S K [ \flog(1+ N(¥, pie))de,
sh, el pose .

provided the integral on the right hand side is finite (the first supremum is taken over all
countable subsets W* of W ).

Proof. Fix any countable subset ¥* of W. Let {U™},,en be a sequence of finite subsets
of U* such that ™ 1+ ¥* as m — oc. For every m € N and p € Z, let us denote by
q(m,p) the smallest integer such that q(m,p) > p and that each of closed balls with
centers in U™ and p-radius 2 - 2790™) contains exactly one point in W™. Then it is clear
that Card(¥™) < N(¥, p; 279(mp)),

Next let us introduce some mappings m,"? : U™ — WP p < r < q(m,p), defined by

mp _ \m,p mp . m,p
A ™ = /\T @ )‘H-l © < )‘q(m,p)’
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where the sets W7? C W™ and the mappings A7 : U™ — W™P should be specified in
the following way. For p < r < ¢g(m,p), choose U7*? and define A\*? which satisfy the
following two conditions: (i) Card(¥™?) < N(W, p;277); (ii) p(v, AP(10)) < 2-277 for
every 1 € ¥™. For r = g(m,p), put ¥;* = U™ and denote by A\*  the identity
mapping on V™.

In term of the mappings 7m* which have been introduced, we consider the chaining

given as follows: for every t € R, and ¢ € U*
XY - XP| < (1) + ()

where the terms on the right hand side are given by:

q(m,p) . m.p q(m.p) m mp
(I) = Z |Xt7fr Py) err—l(w)l + Z 'Xt‘,rr (¢) _Xt"r—l(¢)l;
r=p+1 r=p+1
(II) = IXZ’;n’p(W) _ Xt’f;"'p(¢)|'

First let us consider the term (7). It follows from Lemma 2.1.1 that for every €,7" > 0
2
g r"E”(w) €
P sup X _ gl >eg, [|X TSK)§2ex (——),
(o, I O > < X o
and by letting T — oo we can replace “7 AT” by “7” on the left hand side. Thus we

obtain from Lemma 2.1.2 that
P () m21(%) —r -
E sup sup |X; - X 1Lgixp,.-<ky S 277K y/log(1 + N(¥, p;277)).
PEY™ tel0,7]
Next let us consider the term (II). Notice that

p(my P (), mp P (9))
q(m,p) q(mp

)
< X AmPW), m W) + D p(mP(6), 1A (9) + p(¢, 9)

r=p+1 r=p+1
and the right hand side is not bigger than 9 - 277 whenever p(v,¢) < 27P. Hence it
follows from Lemmas 2.1.1 and 2.1.2 that

5 P (Y) 7 P (¢)
E sup sup |X;7 T = XU xy,..<k)
V. 0EY™  1c(0,7]
p(y.9)<27P

< 9-277K\flog(1 + N(¥, p;277)2) < 9v2-277K\/log(1 + N(¥, p;27)).

To show the assertion of the theorem, for a given § > 0 choose p € Z such that
27771 < § < 277. Then, the estimates for the terms (I) and (II) yield that

E sup sup | X} — X?|1xy,.<x)
V. 0EY™ te(0,7]
p(Y,9)<s

q(m,p) 20
S Y 27K\ flog(1+ N(¥,p;277)) < 21(/0 Viog(1+ N(¥, p;¢))de.

~y
P=p
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The proof is accomplished by letting m — oc. 0

One may sometimes encounter the question whether the paths 1 ~ X¥ and (¢, 1) ~
X/ are continuous and/or bounded. Applying the result above, we can get two kinds of

answers to this problem. The first one is concerned with the case where U is countable.

Theorem 2.4.3 Consider the same situation as Theorem 2.4.2. Suppose also that U is

countable and that

1
P(||X|lpr <o0)=1 and /0 V1og N(¥, p; e)de < 0.

Then, almost all paths of ¥ ~ XY are uniformly p-continuous on V; moreover, they
belong to €°(W). Furthermore, when T > 0 is a constant, almost all paths of (t,1) ~~
XY are uniformly p-continuous on [0,7] x ¥, where p((t,1), (s,9)) = |t — s| V p(¢, ¢);
moreover, they belong to £°([0,7] x ¥).

Proof. 1t follows from Theorem 2.4.2 that for every 7 € N there exists J; > 0 such that

E sup sup |X} — X,‘b]l{“x”p‘rg(} < K-474

te[o,r] v.eEV
i ]p(wyd’)Séz

Here, we set

A;={ sup sup | XY —X?|>27%} Vie N
p(1,6)<d; te[0,7]
Then, since 3=; P(A; N {[| X, < K}) < o0, it follows from the Borel-Cantelli lemma
that P (limsup; A; N {|| X ||, < K}) = 0 for every K > 0. Noting Ugen{||X||,r < K} =

{[|X||,,- < oo}, we obtain that P(limsup; A;) = 0, which implies the uniform continuity.
Since (¥, p) is totally bounded, almost all pathes are bounded. a

When ¥ is uncountable, the following gives a sufficient condition for the existence of a

continuous version of 1 ~ XV.

Theorem 2.4.4 Consider the same situation as Theorem 2.4.2. Suppose also that it
holds for a choice of quadratic p-modulus || X||,, of X that

1
P ([HXHM]}.TP < oo) =1 and /0 V1eg N(W, p; £)de < oo.

Then, there exists a family {)?(1/)) : 1 € W} of Fr-measurable random variables such that
Y(d}) = XY almost surely for every 1 € W and that almost all paths of 1 ~ f(z/)) are
uniformly p-continuous; moreover, they belong to ¢ (V). (Such a process ¢ ~ Y(d)) is

called a p-continuous version of 1 ~» XY¥.)
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Proof. Consider the F,-measurable partition Q = Ugcnuqoo} 2(K) given by

=
&
I

{1Xpsls, p € (K ~1,K)} €F,  VKEN,
{11Xllorls, p = 00} € F,

=
8
I

and define the process 1) ~» Yi(¢) by Yi(¢) = XY1qk) for every K € N. Notice that
(W, p) is separable. For every K € N, since 1) ~» Yk (1)) is continuous in probability by
Theorem 2.4.2, it admits a separable version 1) ~~ Y’K(z,/;); here, we may define Yx = 0 on
the set Q\ Q(K). In the same way as Theorem 2.4.3, we can show that almost all paths
of 1 ~ )7}((1,/1) are uniformly p-continuous. Thus the process X=x KeN Yk satisfies the

required properties. O

Notice that the constructed Y(z/}) is not the terminal variable of a continuous local
martingale any more. However, it is conjectured that such a construction, including also
the parameter ¢, would be possible.

In Theorem 2.4.2, the requirement that p should be a proper metric on WV is strong for
some applications. The following theorem is concerned with an adaptation to a (random)
semimetric o which is “weaker” than the metric p; the entropy number should be still
computed with respect to the metric p. The proof is similar to (and easier than) that

for (ii) of Theorem 2.2.8, hence is omitted.

Theorem 2.4.5 Let (U, p) be a totally bounded metric space. Let X = (X¥|yp € V) be
a family of continuous local martingales indexed by ¥ such that X('f' =0, and let T be a
finite stopping time, both of which are defined on a stochastic basis B. If a given random

semimetric o on V satisfies that

\/<Xw — X9, XV - X%, <o(,8) YV,6€W  P,-almost surely,

then it holds that for every §, K > 0

s
sup E* sup sup |X} — Xf|1{||g||p5K} < K/o \/log(l + N(U, p;€))de,

002 R L.
where
o(¢, ¢)
llell, = sup )
voey p(, ¢)

provided the integral on the right hand side is finite (the first supremum is taken over all
countable subsets ¥* of V).
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2.A Notes

The martingale version of the Bernstein inequality (Lemma 2.1.1) is due to Freedman
(1975) who dealt with the discrete-time case. The inequality requires that the jumps of
a martingale are bounded, but this assumption has been replaced by a kind of higher
order moment condition by van de Geer (1995b), which we quoted as Lemmas 2.2.6 and
2.3.5.

The usefulness of bounds for expectation of supremum was shown by Pollard (1989).
See also Pollard (1990), Kim and Pollard (1990) and, for more details, van der Vaart and
Wellner (1996). The inequalities given in Section 2.2 have the same nature as that of van
de Geer (1995b, 1997) who derived a probability inequality with a different definition of
brackets.

Related to Theorems 2.4.3 and 2.4.4, one can find a general theory of the regularity
of sample paths in Chapter 11 of Ledoux and Talagrand (1991).



Chapter 3

Weak Convergence Theorems

3.1 Preliminaries

Let us quote here a tightness criterion for sequences of random elements taking values in
¢>-spaces. The proof can be found in Chapter 1.5 of van der Vaart and Wellner (1996).

Theorem 3.1.1 Let T be an arbitrary set. For everyn € N, let (Q", F™, P") be a prob-

ability space and X™ a mapping from Q" to (>°(T). Consider the following statements:

(i) X™ converges weakly in ¢>°(T) to a tight, Borel law;

(ii) every finite-dimensional marginal of t ~ X" (t) converges weakly to a (tight,) Borel

law;

(iii) for every e,n > 0 there ewists a finite partition {Ty : 1 < k < N} of T such that
liyxlrl)solép pr <lrgnkz%)§v tilél%g [X™(t) — X™(s)| > 5) £ %

(iv) there exist a semimetric p on T such that (T p) is totally bounded and that for every

g,n > 0 there ezxists 6 > 0 such that

limsup P™ [ sup |X"(t) — X"(s)| >¢| <n.
e ,,f;,sf)is

Then, there is the equivalence (i) <= (ii) + (ili) <= (ii) + (iv). Furthermore, if
the finite-dimensional marginals of a process t ~ X(t) have the same laws as those of
the limits in (i), then there ezists a version X of X such that X™ == X in ¢>(T) and
that almost all paths t ~~ i;(t) are uniformly p-continuous, where p is the semimetric
appearing in (iv). Furthermore, if the finite-dimensional marginals of the process t ~

X(t) are Gaussian, the semimetric py defined by
p2(t,s) = E|X(t) — X(s)|? Vt,s €T
satisfies the same properties as p.

34
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Remark. No measurability of X™ has been assumed. On the other hand, in the latter
part of the conclusion, all finite-dimensional marginals of the processes t ~ X(¢) and
1~ X(t) are implicitly assumed to be Borel measurable. Moreover, the assertion means

that it is possible to choose a version X that is Borel measurable in (¢2°(T), || - [|o)-

3.2 Multivariate Point Processes

Let (E,€) be a Blackwell space and ¥ an arbitrary set. For every n € N, let u" be an
E-valued multivariate point process defined on a stochastic basis B" = (Q", F" F" =
(F1)ier,, P™), and v™ a “good” version of the predictable compensator of p". Let W™ =
{Wn¥ ;1) € U} be a family of predictable functions on Q" = Q" x R, x E indexed by
V. Let a DFP II of ¥ be given. Notice that (E,£), ¥ and II do not depend on n, while
all other objects are indexed by n € N (we will discuss the case of DFP’s 1" varying
with n € N at the end of this section). In the same way as Section 2.2, we introduce the

following notations:
e the predictable envelope W" of W";
e the quadratic II-modulus |[W"||;; of W".

Further, let a finite stopping time 7" on B" be given. Throughout this section, we shall

assume:
(3.2.1) the process ¢~ W' )" takes values in [0, c0).

As in Section 2.2, we define the local martingales ¢t ~ X% and the locally square-

integrable martingales ¢t ~ X™%¥ on B" by
XY =W s (u"—v"), VteR, Vel

and
XP = W lgegy * (0" = v"): VEER, V9 € T Va >0,

respectively. We will derive the asymptotic behavior of the processes 1) ~» X&' and
(t,9) ~ X%, as n — oo.

Let us now introduce several conditions. The first one is the Partitioning Entropy con-
dition, which is a natural generalization of the metric entropy condition for L?-bracketing
in the L.I.D. case:

[PE] there exists a DFP II of ¥ such that

- An
[W*lnm = Opn(1) and /0 Hy(e)de < cc.
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Notice that, due to Lemma 2.2.2, under [PE] we can always construct a new NFP
IT which satisfies the displayed conditions. Next, we shall also consider two kinds of
Lindeberg conditions:

[L1] W"I{an} x v 25 0 for every £ > 0;

[L2] |W"|21{Wm>£} « v 250 for every £ > 0.

When we mention [L2], the assumption that
(3.2.2) the process t~ [W"|** 1" takes values in [0, c0)

is also implicitly imposed in addition to (3.2.1), and in this case the process ¢ ~~ XP¥is
a locally square-integrable martingale on B". It is trivial that [L2] implies [L1].

Next let us introduce some conditions prescribing the asymptotic behavior of the
quadratic covariations. Let S be a subset of R, and suppose that the family {Ct(w‘d’) :
t € Ry, (¢, ¢) € ¥?} of constants in the following satisfies that

(3.2.3) t ~ C" is continuous for every (¥, ¢) € ¥?:

[C1] [x™¥, x™¢], £5 ¢ for every t € S and (¢, ¢) € ¥?;

[C2] (X%, xm%), 22 09 for every t € S and (), ¢) € U

[C1,] [X™*¥, X, L 0% for every t € S and (1, ¢) € W2, for every a > 0;

[C2,] (X™e¥, X™2P), 25 0% for every t € S and (1, ¢) € W2, for every a > 0.
Similarly to the remark following [L2], the assumption (3.2.2) is implicitly imposed when
we mention [C2]. It is well-known that the quadratic covariations are given by

[X™%, Xx™9), = 3 AXIYAX™

s<t

and (under the assumption (3.2.2))

(XY, ), = (WIWR) s — 3 WA,

s<t

where Wt"””(w) = [ W™¥(w,t,z)v(w; {t} x dz), respectively.
Using the constants {th«b} appeared in the conditions above, we set (formally)

(3.2.4) pal(t,9), (5,0)) = VO + CP _ 20

for every (t,7),(s,¢) € R, x U. Any of [C1], [C2], [C1,] or [C2,] implies that the
value under the square-root is non-negative for every (t,v), (s,¢) € S x ¥, hence the
R, -valued function p, is well-defined by the formula (3.2.4) at least on (S x ¥)2. Further,
by virtue of (3.2.3), this is true also on ([0,7] x ¥)? if S is a dense subset of the finite

interval [0, 7] with 7 being a constant.
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The assertions in the following lemma are clear or rather well-known (see e.g. Theorem
VIIL.3.6 of Jacod and Shiryaev (1987) for the part (ii) below), but we state the proofs

with minor modification to our situation.

Lemma 3.2.1 (i) The condition [L1] implies the following:
(i1) Wnl{w e} * Hin 2o for every e > 0;
(i2) Supseqo,rn) SUPyew IXMY — X% B 0 for every a > 0;
(i3) Supepo,rn] AW s« ) 250 and SUPse(o,rn] A" x ) 25 0;
(ia) SUPe(o,rn) SUPyew IAXTY) 25 0 for every a > 0.
(i) Let T = 1 be a fized constant, and suppose that S is a subset of the finite interval
[0, 7). Then, under [L1] it holds that [C1] < [C1,] < [C2,]. Under [L2], the condition

[C2] is also equivalent to any of them.

Proof. Tt follows from Lenglart’s inequality that
P" (Wﬂl{v“v“x} ¥ fil > 77) <n+P" (Wnl{WBE} wll, B 7;2) Vn > 0,

hence the condition [L1] implies (i;). The assertions (is), (i3) and (i) are immediate
from (i;).

Next we show the part (ii) of the lemma. By polarization it is enough to consider
the case ¢ = 1. Observe that

J[Xn,w’Xn,w]t o [Xn,u,w,Xn,a,w]t)

= [S(AXD¥ + AXPOY)AXDY — AXTOV)

s<t

< 2N |AW gy x (W* — v, on the set Q7
s<t

< 2{W gy * 4 + W L gy * V7|,

where Qf = {sup;¢[p ;) |AXTY] < 1} U{supsefo,r] |AX;"¥Y| < 1}. The assertion that [C1]
< [C1,] under [L1] is now derived from (iy), (i3) and (ig).

To show the equivalence [C1,] < [C2,] under [L1], fix any @ > 0, and we set
Yno= Xy, Xmev] — (Xme¥, X™ev). We will prove that sup,g q [AY] % 0 for
every t € S under either [L1] + [C1,] or [L1] + [C2,]. Since X™*¥ is a locally square-
integrable martingale, we have that Y™ is a local martingale and that so is [Y"|?—[Y™, Y]
(see Proposition 1.4.50 of Jacod and Shiryaev (1987)). Hence Lenglart’s inequality yields
that for every 6,7 > 0

P (sup (7R > E) < . (n + E™ sup A[Y",Y"]S) + PY[Y™, Y], >n)

s€[0,t] s€[0,t]



38 3. Weak Convergence Theorems

2 16a*
£ ?77 4 (Ta + 1) P ([Y",Y"], >n),

because A[Y™,Y"] = |AY™"|? < (|A[X™a¥, X™e¥]2v|A(X™e¥, X™a¥)|?) < 16a*. Thus
it suffices to show that
(3.2.5) ¥y 30 Vies

under either [L1] + [C1,] or [L1] + [C2,].

Since the local martingale Y™ has finite variation, we have

Y™y = > |AY7P

s<t
< TJALXmeY, XeI] P 4 3 |A(XeY, Xrad), 2
s<t s<t
< of A7+ BB,
where
ol = sup A[X™*Y, X™%V],, AP = [X™e¥, Xmed],,
s€(0,t]
IBtn = sup A()(n,a,w’){n,a,lb)s7 le - <Xn,a,w7Xn,a,1/)>t.
s€[0,t]

Using (i3), we obtain that o ~— 0 and 8" = 0 for every t € S, under [L1]. On the
other hand, Lenglart’s inequality yields that

n + 2a?

P"(Af > ¢e) < +P"(B>n) Ve,n>0

and that
+ 4a?

PU(B} 2e) < T— + P"(A4; 2n)  Ven>0.

Hence [C2,] implies that A? = Opx (1), and [C1,] does that B = Opn(1). The claim
(3.2.5) has been established.
The equivalence that [C2] < [C2,] under [L2] follows from the inequality

RO
< |Wn|2l{Wn>a} * Ul
+§/;2W"(t,z)u({t} x dr) /EW"(t’x)l{W‘"(t,x)>a}V({t} x dz)
= |WZ|21{W‘">a} * vV + 2W111{W">a) ¥ on the set Q7
where QF = {sup,¢(o AW"™ xvp) < 1}. O

The first result of this section is concerned with the processes ¥ ~» X%Y.
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Theorem 3.2.2 Consider the above situation with (3.2.1). Suppose that every finite-
dimensional marginal of X" = (X5Y| € W) converges weakly to a (tight,) Borel law,
and also that the conditions [PE] and [L1] are satisfied. Then X" converges weakly in
2°(W) to a tight, Borel law.

The result above is a direct consequence of the next lemma, applying Theorem 3.1.1

Lemma 3.2.3 The conditions [PE] and [L1] imply that for every e,m > 0 there erxists
a finite partition {¥y, : 1 < k < N} of ¥ such that

limsup P™ | sup sup |XPY — XM >el| <.
n—o0 t€[0,7‘n] 1<k<N
Y,0€¥

Proof. Take a NFP II which satisfies the requirements of [PE]. Fix any ¢, > 0. First
notice that for any § € (0, Ap] and K > 0

(3.2.6) P ( sup sup |XPeOEW _ xmelBE)e) o 5) <)+ (1),
t€[0,77] 1K< Ny ()
BEV(3ik)

where the terms on the right hand side are given by:

() = P"(IW*llnsm > K);

]' n,a
(11) — _F™ sup sup |Xt",ﬂ(57K)ﬂ/) _ Xt » (61K)’¢|1{||W"||n <K}
€ te[0,77] 1<k<N(8) eSS
Y, pEW(5;k)

where a(6, K) = 6K /Hy(5/2). It follows from (i) of Theorem 2.2.3 that there exists a

universal constant C' > 0 such that
K /6 .
(3.2.7) un<c-— / Hr(e)de.
0

Now, the first condition of [PE] yields that there exists a constant K = K, > 0
such that limsup,_,.(I) < 7/2. Next, since Hy(e) < 1+ Hy(e), the second condition
of [PE] implies that we can choose a sufficiently small constant § = 4., > 0 such that
the right hand side of (3.2.7) is not bigger than n/2. Consequently, (i) of Lemma 3.2.1
with a = a(d, 5, K;,) yields the assertion. O

The next result deals with the processes (t, 1) ~ X/"¥.

Theorem 3.2.4 Consider the above situation with (3.2.1) where " = 7 is a fized posi-
tive constant, and let S be a dense subset of the finite interval [0, 7] containing 7. Sup-
pose that either [PE] + [L1] + [C1] or [PE] + [L2] + [C2] is satisfied. Then, it
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holds that X™ £5 X in ([0, 7] x W), where each finite-dimensional marginal of the
process (t,1) ~ X! has the Gaussian distribution N(0,%) with ¥ = {X;;} given by
Zy = C,(:/',\‘t’j}j). Furthermore, the formula (3.2.4) defines a semimetric ps on [0,7] x ¥
such that [0, 7] x U is totally bounded with respect to py, and that almost all paths of X

are uniformly ps-continuous.
The following lemma, which is rather well-known, is used to show the result above.

Lemma 3.2.5 Under [L1] + [C1], for every ¢ € ¥ and every ,n > 0 there exists
6 > 0 such that
limsup P" | sup |X/"Y — X™M¥|>¢| <.

n—o00 t,s€[0,7]
[t—s|<é

Proof. Fix any N € N for a while, and put a = N~!. By (ii) of Lemma 3.2.1 we
may assume [L1] + [C2,]. It always holds that C$**) = 0 and that t ~ C{*¥) is
increasing, because so does t ~» (X™%¥ X™a¥), We may assume C’ﬁ"’*w) > 0 without
loss of generality. Since t ~~ Ct(w’w) is continuous and S is dense in [0, 7], we can choose
some points 7; € S (i = 1,..., N) such that C»¥) — C&¥¥) = CW¥IN~1, where 70 = 0

and 7y = 7. It follows from Lemma 2.1.1 that for every £ > 0

62
pP" sup IX'n,a,w _ Xn,a,wl > g, Qn) < 26)(}) (_ ) 7
(tG[Tl-l,‘r,] t Ti—1 N 2[50 + 2c$wx¢)N_1]

where

N
By = [ {40, e, — s, oaky,,, < 2609N-3],

i=1
Hence we have
n n,a,y n,a, n EzN
P"| max sup [X{*Y — X720 >¢, QF | < 2Nexp e | »
1<iEN telriy,m) 2[8 +20:7 ]
Here notice that lim,_,,, P*(Q2},) = 1. Choosing a large number N, and then letting

n — oo, we can easily deduce the assertion from (i) of Lemma 3.2.1. O

Proof of Theorem 3.2.4. Let us check the conditions of Theorem 3.1.1. First, Theorem
VIIL.3.11 of Jacod and Shiryaev (1987) says that either of [L1] + [C1,] or [L2] +
[C2,] implies the finite-dimensional convergence of X™ for any a > 0 (recall also (i) of
Lemma 3.2.1). Thus the finite-dimensional convergence of X" follows from (i;) and (ii)
of Lemma 3.2.1. The condition (iii) of Theorem 3.1.1 can be shown by means of Lemmas

3.2.3 and 3.2.5. Od
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Let us close this section with discussing the case of DFP’s II" varying with n € N.
In this case, we shall check the condition (iv) of Theorem 3.1.1 instead of (iii). We thus
introduce the following condition.
[PE"] there exists a semimetric p on ¥ such that (U, p) is totally bounded, and for every
n € N there exists a DFP II" of ¥ such that:
W™ ||an 0 = Opn(1); I}f{} lim sup 06 Hyn(e)de = 0;

n—o0

\/|an — WnSR1gpm 1y * Vrn

lim limsuplimsup P** | sup >K| =o0.
K—oo 510 n—00 yecu 1)
p(¥,0)<8

We then have an analogue of Lemma 3.2.3.

Lemma 3.2.6 The conditions [PE"] and [L1] imply that for every e,m > 0 there exists
6 > 0 such that

n—00 te[o,r] v.oeV
p(¥,0)<6

lim sup P™* ( sup sup |XMY— X% > 5) <n.
Proof. Repeat the same argument as Lemma 3.2.3 using Theorem 2.2.4 instead of (i) of
Theorem 2.2.3. g

Consequently, Theorems 3.2.2 and 3.2.4 hold also with [PE"] instead of [PE]. In par-
ticular, Theorem 3.2.4 under [PE"] + [L2] + [C2] refines Theorem 2.2 of Nishiyama
(1997); the condition (Bs) there has been removed.

3.3 DMartingale Difference Arrays

We give some analogues of Theorems 3.2.2 and 3.2.4; those can be shown using Theorem
2.3.3 (i) instead of Theorem 2.2.3 (i) (or using Theorem 2.3.4 instead of Theorem 2.2.4),
thus the proofs are omitted. Let ¥ be an arbitrary set. For every n € N, let {£"}ien
be an ¢°°(¥)-valued martingale difference array on a discrete-time stochastic basis B" =
@, F", F" = {F7 }ieno, P7).

Let IT a DFP of ¥, and let II" be a sequence of DPF’s of W. In the same way as

Section 2.3, we introduce the following notations:
e the adapted envelope {€, }ien of {€7}ien;

e the quadratic II-modulus {[|€"||11; }ien of {&] }ien;
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e the quadratic ITI"-modulus {[|"||nn; }ien of {&"}ien.

We shall always assume:
(3.3.1) E'E <oco VieN

For a given finite stopping time ¢", we make the following conditions:
[PE'] there exists a DFP II of ¥ such that

An
1€ ln,on = Opn(1) and /0 Hy(e)de < oo;

[PE™] there exists a semimetric p on ¥ such that (¥, p) is totally bounded, and for every
n € N there exists a DFP II" of ¥ such that

7]
1€ Irin 7n = Opn (1), laiﬂ)l linm_'sogp ; Hipn (g)de = 0,

and

K—oo 4510 n—00 v.6EW )
p(v,0)<5

B (e — R Al
lim limsuplimsupP”*( sup \/ e B (6 &1 )>K) =0;

[L1] =25 Ei"_léll{g:zx} X250 for every & > 0;
[L¥] 25 B |El~"|21{gr>£} %50 for every £ > 0.

When we mention [L2'], the assumption that
(3.3.2) E'EPP <o  Vi€N,
which is stronger than (3.3.1), is implicitly imposed. It is clear that [L2'] implies [L1'].

Theorem 3.3.1 Consider the above situation with (3.3.1). Suppose that every finite-
dimensional marginal of X™ = (X" |1 € ) given by X™¥ = Y7 MY converges weakly
to a (tight,) Borel law, and also that either of [PE'] + [L1'] or [PE™] + [L1'] is satisfied.
Then X™ converges weakly in £>°(V) to a tight, Borel law.

Next, let us consider the process (t,4) ~ X;*¥ given by
(3.3.3) XM=Y gv  vtelo,r] e,
=1

where 7 > 0 is a constant, and (07 )icjo,-) is a family of finite stopping times on B" such
that of = 0 and that each path ¢ ~» o} is increasing, cad, with jumps equal to 1. We
introduce two kinds of conditions, in which the family {Ct(w’¢) :t € Ry, (¢, 0) € V2} of
constants should satisfy (3.2.3):
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[C1] Zgl e ki O for every t € S and (v, ¢) € U
[C2]] S Er emver? B 0W9) for every t € S and (¥, ¢) € U2,
Similarly to the remark following [L2'], the assumption (3.3.2) is implicitly imposed

when we mention [C2'].

Theorem 3.3.2 Let S be a dense subset of the finite interval [0, 7] containing 7. Con-
sider the above situation with (3.3.1), and assume [PE'] or [PE™] with o™ = 0. Suppose
also that either [L1'] + [C1'] or [L2'] + [C2'] is satisfied. Then, the same conclusion as
Theorem 3.2.4 holds for the sequence of processes X™ = (X"¥|(t, ) € [0, 7] x ) defined
by (3.9.3).

Let us close this section with stating a generalization of Jain-Marcus’ (1975) central
limit theorem to the case of martingale difference arrays. We denote by N (¥, p;e) the

e-covering number of a semimetric space (¥, p).

Proposition 3.3.3 Let (U, p) be a totally bounded semimetric space. For every n € N,
let {€}ien be an £°(¥)-valued martingale difference array on a discrete-time stochastic
basis B" such that

€Y — &1 < Klo(v,0) Vo€,

where {K"}ien 15 an Ry -valued adapted process. For given finite stopping time o™, a
sufficient condition for [PE'] is

e 1
ZE{‘_1|K{1|2:OPn(1) and / V1og N(W, p; e)de < 0.
i=1 s

3.4 Continuous Local Martingales
Let us begin with giving a definition.

Definition 3.4.1 A family X = (X¥|¢p € W) of continuous local martingales indezed by
a metric space (¥, p) is said to be p-separable if there exist a countable subset W* of W
and a negligible set N € F such that for everye >0 and w € Q\ N

XY (w) € {XP(w): 0 € U, p(v,8) <} VtER,, VY€,
where the closure is taken in R U {—o0, +0c0}.

When (U, p) is separable, a sufficient condition for the p-separability is that almost all

paths 1) ~ X/ are p-continuous, but it is not always easy to check the continuity in
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general. On the other hand, it is clear that any family of continuous local martingales
indexed by a countable set W is p-separable (for any metric p on ¥).

Let us now turn to the context of weak convergence. Let (¥, p) be a totally bounded
proper metric space. For every n € N, let X" = (X™¥|¢) € ¥) be a (not necessarily
p-separable) family of continuous local martingales indexed by ¥ defined on a stochastic
basis B" = (Q", F",F" = (F')ier,, P"). Let 7" be a finite stopping time on B". We
introduce the Metric Entropy condition.

[ME] Given finite stopping time 7" on B",

1
[[X™|prn = Opn+(1) and /0 \/1og N(¥, p; e)de < 0.

Theorem 3.4.2 In the above situation, suppose that the family X" = (X™%|¢) € ¥) is
p-separable and that X", = (X[¥|¢ € U) takes values in (>(V) almost surely. Suppose
also that every finite-dimensional marginal of X" converges to a (tight,) Borel law, and
that the condition [ME)] is satisfied. Then X" converges weakly in (*°(¥) to a tight,

Borel law.

Proof. The assertion is immediate from Theorems 2.4.2 and 3.1.1. g

The result above generalizes Theorem 1 of Bae and Levental (1995b) who assumed the
continuity of (¢,1) ~ XY, According to Theorem 2.4.3, when V¥ is countable and
[ME] is assumed, a sufficient condition for X7 = (X/%¥|) € ¥) to take values in £°°(¥)
almost surely is that P"(||X™"||,» < oo) = 1. If one encounters the situation where ¥
is uncountable and the p-separability of the family X™ = (X™¥|¢ € ¥) itself is difficult
to show, the following result concerning a uniformly p-continuous version 1) ~- X”(w)
of ¢ ~ X" will be helpful. Recall that a sufficient condition for the existence such
a version is given by Theorem 2.4.4, and that X "(1)) is not the terminal variable of a

continuous local martingale.

Corollary 3.4.3 In the above situation, suppose that every finite-dimensional marginal
of X% converges to a (tight,) Borel law, and that the condition [ME] is satisfied. Suppose
X™||, that

also that it holds for a choice of the quadratic p-modulus |
P" (I1X"llprel g, pe < 0) =1 Vn€N,

and choose a uniformly p-continuous version i ~» )?"(1/)) of the process 1 ~ X%¥. Then
X" converges weakly in (>°(0) to a tight, Borel law. If the limit of each finite-dimensional
marginal of 1 ~ X%V coincides with that of a process ¢ ~» X (1), then there exists a
uniformly p-continuous version X of X such that X" 25 X in ().



3.A. Notes 45

Proof. The finite-dimensional convergence of 1 ~ X" (1)) follows from that of ¢ ~ X/%¥.
Next choose a countable dense subset W* of W. Then, by Theorem 3.4.2, the statement
(iv) of Theorem 3.1.1 is satisfied for (X[ € W*), thus also for (X" (¢)|¢ € W). O

Next we consider the process (t,1) ~ XY, Given subset S of R, we make also
the following condition, in which the family {C’tw’d’) cte Ry, (¥,¢) € ¥?} of constants
should satisfy (3.2.3):

[C2] (x™¥, Xx™9), £ 09 for every t € S and (1, ¢) € 2.

Theorem 3.4.4 Let S be a dense subset of the a finite interval [0, 7] containing 7. In
the above situation, suppose that the family X™ = (X™¥|y) € W) is p-separable and that
(X7¥|(t,v) € [0,7] x ¥) takes values in £°([0, 7] x ¥) almost surely. Assume [ME] with
7" =7 and [C2]. Then, the same conclusion as Theorem 3.2.4 holds for X™.

Proof. Repeat the same assertion as Lemma 3.2.5 to obtain under [C2] that for every

1 € ¥ and every £,n7 > 0 there exists § > 0 such that

limsup P* | sup |X["¥ — X™¥|>¢| <.
n—00 t,s€[0,7]
lt—s1<5

This fact, together with Theorem 2.4.2, implies the asymptotic tightness. Thus, the

assertion follows from Theorem 3.1.1 and the martingale central limit theorem. O

The result above refines Theorem 2.3 of Nishiyama (1997); the condition (C3) there has

been removed and the condition (C5) has been weakened.

3.A Notes

The study of the Donsker theorems for i.i.d. empirical processes indexed by classes of sets
or functions was initiated by the landmark paper by Dudley (1978), and was developed
in the 80’s. There are two types of sufficient conditions for the Donsker property, namely,
the uniform entropy condition (Pollard (1982)) and the L?-bracketing condition (Ossian-
der (1987)); see van der Vaart and Wellner (1996) and references therein for refinement
and generalizations up to row-independent arrays. In particular, it should be noted that
Andersen et al. (1988) contains a result based on a weaker condition than L2-bracketing
one in a row-independent case.

In the recent years, some authors have considered to remove the assumption of in-

dependence: Arcone and Yu (1994) and Doukhan et al. (1995) for stationary sequences
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based on mixing conditions; Levental (1989), Bae (1995) and Bae and Levental (1995a)
for stationary martingale sequences; Bae and Levental (1995b) for continuous martin-
gales; Nishiyama (1997) for some continuous-time semimartingales. One can find the
roots of the quantity “quadratic modulus” in the works by Bae and Levental cited above.
A major part of the results in this chapter was originally presented by Nishiyama (1997),
although some of the conditions have been refined as mentioned in the main text. The
refinement is partly due to the use of the tightness criterion in terms of partitioning (i.e.,
(iil) of Theorem 3.1.1) rather than the well-known stochastic p-equicontinuity criterion.
Van der Vaart and Wellner (1996) is apparently the first to present the partitioning
criterion.

For the weak convergence of (finite-dimensional) semimartingales, one should consult
the excellent book by Jacod and Shiryaev (1987) which we have referred many times.



Chapter 4

Integral Estimators

4.1 Multiplicative Intensity Model

Let (E,&) be a Blackwell space on which a measure ) is defined. For every n € N,
let u™ be an F-valued multivariate point process defined on a filtered measurable space
(Qr, F* F" = (F")ter, ). Notice that p" can be identified with an E-marked point
process {(T", Z!"); i € N} through the equality

u(w;dt,dz) = Z E(Tr(w),21 (w)) (dt, d2),
where 0 < TT' < T}' < --- and each Z! is an E-valued random variable. We suppose that
the predictable compensator v" of u" under the probability measure P™ on (Q", F") is

given by
v (w; dt,dz) = a(t, 2)Y™(w, t, z)dtA(dz),

where a(t, z) is a [0, 00)-valued measurable function on Ry x E, and Y"(w,t,z) is a
[0, 00)-valued predictable function on Q" x R, x E.
Let a constant 7 > 0 be given. Throughout this section, we always assume

/ a(t, z)dtA\(dz) < oo;
[0,7]xE

then «(t, z)dt\(dz) defines a finite measure on [0,7] x E. We will use the following

notation
LP(a) = LP([0, 7] x E,B[0,7] ® €, at, z)dtA(dz))  Vp € [1,00].

We denote by || - || zr(a) the LP-seminorm on LP(w).

4.1.1 Asymptotic Normality

Let ¥ be a subset of £?(«) with an envelop function ¢ belonging to £%(a), where

p € [1,00] should be specified in connection with another assumption in Condition 4.1.1

47



48 4. Integral Estimators

below. Our goal is to estimate the functional (¢,) ~» A(¢); where
AY) = / (s, z)a(s, z)dsA(dz) V(t, ) € [0,7] x .
[0,t]xE

To do it, we introduce the generalized inverse Y~ of Y™ defined by

Liyn(wt,2)>1)
Y™ (w,t,2)’

Y™ (w,t,2)=
with the convention 0/0 = 0; we define also
I"(w,t,2) = Liyn(w,t,z)>1)-
It then holds that Y™~ Y™ = I". We propose the estimator (t,%) ~» A"(¢), defined by
A Whlw) = @Y™ ) xpi @) V(EY) €0,7] x W

The main step is to derive the weak convergence of the residual \/ﬁ(z@" - ﬁ"), where
(t,1) ~ A™(¢)), is given by

A1) (w) = /[ : (s, 2) 1" (w, s, 2)a(s, z)dtA(dz) V(t, ) € 0,7] x .
0,t]xFE
We make the following condition.

Condition 4.1.1 For some p,q € [1,00] such that (1/p) + (1/q) = 1, and a measurable
function y = y(t,z) on [0,7] x E, which is bounded away from zero, it holds that:

1
(4.1.1) 0 € L?a) and /0 V108 N (2, [ - [l zon(ay; €)de < oo;
(4.1.2) [I1nY ™" || zaga) = Opn(1);
(4.1.8) l? -y — (1/y)|”£1(a) = opn(L).

This condition generalizes (8.4.1) of Andersen et al. (1993). Although the framework of
this section does not contain empirical processes of i.i.d. data, one may find an interesting
“difference” between the i.i.d. and the present cases. In the i.i.d. case, since the random
elements nY™~ do not appear, the entropy condition for L2-bracketing is always optimal.
In the present case, however, it is sometimes wise to seek for the entropy condition (4.1.1)
with respect to a stronger semimetric when the requirement (4.1.2) can be checked only
for ¢ < oo. For instance, when E¥ = R and ¢ = 1(_u ), the bracketing entropy condition
is satisfied with the L%-semimetric for any p < oo, and thus (4.1.2) for an arbitrary
q > 1 is sufficient. Compare the present Condition 4.1.1 with Conditions 4.1 and 4.2 of
Nishiyama (1997) which were concerned only with the case of p =1 and ¢ = co.
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Theorem 4.1.2 Suppose that a given class V satisfies Condition 4.1.1. Then, it holds
that /n(A" — A") £ G in €2([0, 7] x W), where (t,v) ~ G} is a zero-mean Gaussian

process such that

a(u,Z)du)\(dz) V(t, ¥), (s,0) € [0,7] x ¥

EGYGY = / Y(u, 2)é(u, 2)

[0,tAs]xE y(u, 2)

and that almost all paths are uniformly ps-continuous on [0, 7] x ¥, where

pa((t, %), (5,0)) = VEIG] = GIP V¥(t,4),(5,9) € [0,7] x ¥.
Further if
(4.1.4) lp- (1= ") 1 qy = 0pn(n72),
then it also holds that /n(A™ — A) £ G in £([0,7] x ¥).

Proof. We will apply Theorem 3.2.4 to W* = {W™¥ : ¢ € ¥} given by W™¥ =
VY™ It indeed holds that /n(A™(v), — A™(¥)) = W™ x (u* — v™),.
First notice that
(W™ % (u™ — ™), W™® « (u™ — ™)),
= n (s, 2)P(s, 2)Y" (s, 2)a(s, 2)dsA(dz).

[0,t]xE

Since

m} a(s, z)dsA(dz)

/ Y(s, 2)o(s, 2) {nY"“(s, z) —
[0,t]xE

/[O’T]XE ](p(S,Z)|2
= | Iy~ ..,

IA

nY" (s,z) — a(s, z)ds\(dz)

1
y(s,2)

the condition [C2] follows from (4.1.3). To show [L2], notice that W" < /npY™" and
that, when p € [1, c0),

(4.15) (IVARY™ Pliympra-sep) 7

|¢* - nY " Lymprn-5e)

L£1(a)

IN

o1l c2e(a) - Hﬁp YT mpyn-se) £20/2p-1)(a)

A

1 _
< lellezra) - ﬁ“‘ﬂ “nY™ ”LZP/(ZP—l)(a)

1 L
< lellezeay - w4 llellczegay - InY ™ |l coays
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which converges in P"-probability to zero by ¢ € L*(«) and (4.1.2). The case of p = oo
and ¢ = 1 is easier.

To check the condition [PE], for every ¢ € (0, 1], choose (||- || z2», €)-brackets [, u**]
in £? which cover ¥. Introduce a DFP II of ¥ induced from these brackets, that is,
() = {U(e;k) : 1 < k < Nu(e)} is given by ¥(eg;k) = {¢ € ¥ : I#% < < uoF} with
modification to make the partition disjoint. This can be done with Ny(e) = Ny(¥, | -

||z20; €). Since

I\/ﬁ(ue,k o ls,k)yn—]? % IJ: — “Ius,k - ls,kIZnyn—”

ek _ je,k|2
[u® — 177

L(e)

IN

[nY ™ || ooy

cr(a) |
llu* — 15* (| Zapay - 12Y ™|l 2o(a)

IN

eInY™ || ooy,

the quadratic II-modulus [[W"||n - is bounded by /|[nY "~ ||ze(a), Which is bounded in
P"-probability. This completes the proof. O

4.1.2 Asymptotic Efficiency

Let us discuss the asymptotic efficiency of the estimator A™ following the general theory
developed in Chapter 3.11 of van der Vaart and Wellner (1996). We set:

(4.1.6) H L2((0,7] x E,B[0,7] ® £, 202 dtA(d2));

H = L®([0,7] x E,B[0,7] ® £, dtA\(dz)).

I

Here, the function y is the one appearing in Condition 4.1.1. We equip H with the usual
L*inner product (-,-)m. Since 1/y is assumed to be bounded, H is a linear subspace of
the Hilbert space H. Let P" = {P : h € H} be a family of probability measures on
(Q*, F") indexed by H.
Suppose that the predictable compensator of N™ under the probability measure P
is given by
ap(t, 2)Y™(t, 2)dt,

where o} = o}(t, z) is defined by

R\’
ap = (1‘1‘@) &

Notice that of = a.
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STEP I: LOCAL ASYMPTOTIC NORMALITY. Assume P}’ < Pj'. It is well-known
that, under some conditions, a version of the log-likelihood ratio is given by
dpPy|F}

4.1.7 1 = 211
= * P17y (Og

1 }L n
P— )%
2\/ny i

2
— i B 1| %m0
2\/ny T

(see, e.g., Theorem IIL.5.43 of Jacod and Shiryaev (1987)).

Proposition 4.1.3 Suppose that
2 =lyn __ .
|z 1=y =l = org (1)

is satisfied, where y is the function appearing in Condition 4.1.1, and introduce the Hilbert
space H given by (4.1.6). Let C be a given subset of H, and suppose that P}' < P} and
(4.1.7) hold for every h € C. Then, it holds that for every h € C

dPp|Fy

n 1 2

where

A"(h) = (—\/};TZ) * (u® — v™0),

and €,(h) = opp(1). Furthermore, it also holds that (A"(hy), ..., A" (ha)) i N(0,X%)
where ;5 = (hi, hj)u.

Proof. Since |log(1+z)—z+ % < 823 forall z € [—1, 1], we have that for any € € (0, 1],
g 2 3 2:2

g%&D%m

aPy| 7y

Trpz ~ A"+ D"(w) + D"(h)

log

h(t
whenever sup, , Jf;(y—(—f’% < €, where:

2

h
D"h) = ’my i
. P
D"(h) = ‘% * M0,

Notice that D"(h) i +lln||Z.  Also, using Lenglart’s inequality, we have D"(h) —
= pr
D"(h) =% 0. These facts imply the first assertion. The finite-dimensional convergence

of h ~» A"(h) follows easily from the martingale central limit theorem. O
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STEP II: DIFFERENTIABILITY OF UNKNOWN PARAMETER. We consider the func-
tional (t,7) ~» A(v¢); as an unknown parameter taking values in the Banach space
([0, 7] x ¥), || - [|oo). We denote by ¢=([0,7] x ¥)* the dual space of £>°([0, 7] x ¥).
Introducing a sequence of operators A™ : H — ¢*([0, 7] x ¥), which should be regarded
as a local sequence of A, we aim to get a derivative operator A:H - 2°([0, 7] x )
with rate 7, (= y/n in the present case) which should satisfy

ral|A"(h) — A"(0) — A(h)||le = 0  Vh € H,

and its adjoint operator A ([0, 7] x ¥)* — H, where H is the completion of H in H
(thus H = H in the present case), which is determined by

(A*0* hyy = b*A(h) Vhe H

for every b* € £°°([0, 7] x ¥)*.
Now, we define the sequence of operators A" : H — ¢>([0,7] x ¥) by

AMh) (), = / b(s, 2)al (s, 2)dtA(dz).

[0,t]xE

Then the sequence A" is differentiable with rate /n and its derivative A : H — ([0, 7]
¥) is given by

Ah)(t,9) = (1pq9, h)s.
We denote by w4 : £°([0,7] x ¥) — R the projection on the (¢,1))-coordinate, which
belongs to £([0,7] x ¥)*. The above formula shows that A*m,, = 14 for every
(t,) € [0,7] x ¥, and this means that the process (t,%) ~» G} appearing in the limit
of Theorem 4.1.2 satisfies that

EGY{G? = (A'my, A'my gy Y(t,), (s,0) € [0,7] x .

Since the law of the process (¢,7) ~ G is characterized by its finite-dimensional distri-
butions, we can conclude that it coincides with the bound of asymptotic efficiency (see
Theorem 3.11.2 of van der Vaart and Wellner (1996)).

STEP III: AsyMPTOTIC EFFICIENCY. In order to discuss the asymptotic effi-
ciency in the sense of the convolution theorem, it remains to show that the estimator
(t,10) ~ A™(1), for (t,1b) ~» A™(h)(¥), is regular. The following is an easy consequence
of Theorem 4.1.2 and Proposition 4.1.3 which implies the contiguity.

Proposition 4.1.4 Suppose that a given class V satisfies Condition 4.1.1 and the as-
sumption (4.1.4) with P* = P, and introduce the Hilbert space H given by (4.1.6). Let



4.1. Multiplicative Intensity Model 53

C be an arbitrary subset of H, and suppose that all assumptions of Proposition 4.1.3 are
satisfied. Then, it holds that

V(A — AMR) 25 G in e2([0,00] x ¥)  VheEC,

where (t,1)) ~ GV is the process appearing in the limit of Theorem 4.1.2.

Proof. The local asymptotic normality established in Proposition 4.1.3 implies that P!
and P} are two-sided contiguous (see, e.g., Definition 3.10.1 and Example 3.10.6 of van
der Vaart and Wellner (1996)), although P <1 P§ suffices for us. Hence we have that
Condition 4.1.1 and the assumption (4.1.4) are satisfied with P* = P} for all h € C.
Noting also that ||A"(h) — A||.c — o0 for every h € C, we can obtain the assertion in

the same way as Theorem 4.1.2. 0

Consequently, the estimator A™ has shown to be regular. It also holds for any bounded,
continuous function £ : £°([0, 7] x ¥) — [0, 00) that

(4.1.8) sup lim supsup EJ, ¢ (\/ﬁ(ﬁ" - A"(h))) = F¢(G),

IcC mn—oo  hel

where the supremum with respect to I C C is taken over all finite subsets I of C.

Summarizing the above discussion, we can conclude that:

Corollary 4.1.5 Suppose that all assumptions of Proposition 4.1.4 are satisfied. If C is
a convez cone in H such that its closed linear span coincides with H, then the estimator A™
for A™ is asymptotically efficient in the sense of the convolution and the locally asymptotic

minimax theorems with respect to bounded, continuous, subconvez loss functions.

See Theorems 3.11.2 and 3.11.5 of van der Vaart and Wellner (1996) for the convolution
and the locally asymptotic minimax theorems. See also their Example 3.11.8 for the
choice of loss functions in the latter theorem. In particular, when we choose a loss
function £ : £°([0,7] x ¥) — [0,00) of the type £(z) = £y(]|z||00), Where & : [0,00) —
[0,00) is a bounded, continuous, increasing function, their Theorem 3.11.5 says that: for
any T" : Q* — £°([0,7] x ¥) such that T"(t,) is F'-measurable for every (t,1) €
[0,7] x ¥, it holds that

sup lim inf sup Ej, ¢ (\/E(T" - A"(h))) > E((G),

Icc hel
where the supremum with respect to I C C' is taken over all finite subsets I of C.

Recalling (4.1.8), we can see that the estimator A" achieves this bound.



o4 4. Integral Estimators

4.2 Continuous Semimartingales with Non-linear Co-
variates

Let (E, &, \) be a finite measure space; this is the state space of covariate processes in the
following model. In the n-th statistical experiment, we consider k, continuous, adapted
processes X™" defined on a filtered measurable space (Q", F", F" = (F")ier, ). Suppose
that X™"s are special semimartingales under the probability measure P™ on (Q", F"),

and that their canonical decompositions are given by

dX = a(t, ZM)YMdt + Y dBM  Vi=1,..,ky,

where a(t, z) is an R-valued B(R, ) ® £-measurable function, ¢t ~ Z;""’s are E-valued

predictable processes, t ~~ Yt"’i’s are {0, 1}-valued predictable processes, and ¢t ~ B;""’s

are orthogonal Brownian motions. It has implicitly been assumed that
t ) )
/ la(s, ZM(w)) Y™ (w)ds < o0 Vw € O, VEER,
0

for every i. Notice that we do not assume the independence of Z™"s and Y™"’s (thus
X™"s, too). We are interested in estimating the functional (¢,v) ~» A(%);, which is
given by

(4.2.1) AW, = /[0 e V(5 2)als, 2)dsA(dz),

where 1) belongs to an appropriate class of measurable functions on R, x E.

4.2.1 Preliminaries

Let £ = U,, )}, be a partition of £-measurable sets, that is at most countable. Set
" = o{E™ :m =1,2,..}. We denote P* = P*® £ and Q" = P" ® £, where P" is
the predictable o-field on Q" x R,. We introduce a kind of “generalized inverse” Y™~
defined by

Yn_(Ld, t, Z) = Z 1{?:n(w,t)>0}/\(E:1)

12 n
AT

with the convention 0/0 = 0, where
—n ke i
Vin(w,8) = 2 Y (@) iy
i=1

Here notice that
(4.2.2) 0<Y"™ <supA(E}) < 0.
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Define also

In(wv 12 Z) = Z ]'{).’:l(w,l)>0}l{zeng}'
m

We denote by @ the B(R, ) ® £"-measurable majorant of a, and by " the B(R;) ® £"-

measurable minorant of «. By using the notation of Definition 2.1.4, they are given
by:
@' = [olgr,)pen dndz)

g’ﬂ.

- [_a]%(R+)®£",dt/\(dz) -
The “generalized inverse” Y™~ will be useful through the following lemma.

Lemma 4.2.1 For any R-valued, Q"-measurable function W™ on Q" x Ry x E, it holds
that

L ) . .
3 / W™ (s, ZM)Y™ (s, Z04) Y ™Mids = / W (s, 2)I"(s, 2)dsA(dz) VYt €R,,
=140

[0,t]xE

wdentically, provided the integrals are finite. Furthermore, it holds that

En ot ) . . )
3 / W (s, Z0)a(s, Z)Y" (s, Z) Y ids — / W (s, 2)a(s, 2) (s, 2)dsA(dz)
=170

[0,t]xE

< |[W"(s,2)|(@" — a™)(s, 2)I"(s, z)ds\(dz) vVt € Ry,

[0,t]xE

identically, provided the integrals are finite.

Proof. The first equality indeed holds since
kn

[ W, Z @)Y (0, 5, 20 w)) Y (w)ds
[0,t]xE

i=1

- /[O,t]xE ; Wy, Z’n")l{vz'n(wVS)>0})‘(Ernu)d5
:/ W™(w, s, 2)I"(w, 5, 2)dsA(dz),
[0,t]xE

where 2] is any point of £. The second inequality is an easy consequence of the first.
]

Let a constant 7 > 0 be given, and denote:

(4.2.3) Lr LP([0,7] x E,B[0,7] ® £,dt\(dz)) Vp € [1, 00];
(4.2.4) £rn = £2([0,7] x E,B[0,7] ® E",dtA(dz))  Vp € [1,00].
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We denote by ||-||z» the LP-seminorm on £P. For every n € N, we introduce the mapping
" L' — L' by

1en
(4.2.5) W)(t2) = NS [, (b wAd) er)

with the convention 0/0 = 0.

Lemma 4.2.2 (i) For every p € [1,00], it holds that 7"LP C LP", and the mapping
" LP — LP" is linear.

(ii) If v, ¢ € L' and ¢ < ¢, then 7" () < 7(9).

(iii) For every p € [1,00), it holds for any ¢ € L' and any function f : [0,7]x E — [0, 00)
which is B(0, 7] @ E"-measurable that

[ w62 dNd) < [ it 2Pt 2)deA(dz),
[0,7]xE [0,7]xE

provided the right hand side is finite.
(iv) It holds for any i € L that ||7™()|| g < ||9)]] goo-

Proof. The assertions (i), (ii) and (iv) are trivial, and (iii) follows from that

P
1{zepn)

P = 3N

m

/E (6 w)\(dw)

LiaEn)>0)
AMER)>04 t, W) PA(dw) 1 e pn .

m

4.2.2 Asymptotic Normality
Let 7 > 0 be a constant, and let ¥ be a countable class of B[0,7] ® £-measurable
functions on [0, 7] x E. We will always assume

(4.2.6) sup/ [(t, 2)|([@"] V &™) (¢, z)dtA(dz) < oo;
vel J[0,7]xE

then, the functional (¢,%) ~» A(¢); defined by (4.2.1) can be thought as an unknown
parameter taking values in the space ¢°([0,7] x V). The main step in our approach is

to estimate the modified unknown parameter (t,15) ~ A™(¢), given by

A (y)y(w) = /[O’t]XEw”(w)(s,z)I"(w,s,z)ds/\(dz) V(t,4) € [0,7] x .
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It follows from Lemma 4.2.2 that this also takes values in ¢°°([0,7] x W) under the
assumption (4.2.6). We will discuss later under which conditions this A" is indeed
“close” to A. We propose the estimator (¢,1) ~» A"(¢)), given by

- kn _ , :
W= [ 7@ 2V (5, 29X Vit g) € 0] x ¥
i=1

The stochastic integral appearing above is well-defined if

(4.2.7) sup |7"(¥)(t, Z7 (W)Y (w,t, Z (W) <00 Yw e Q", Vi=1,...,kn

te[0,7]
(see Theorem 1.4.31 of Jacod and Shiryaev (1987)). We will always assume (4.2.7), and
define ¢t ~ A"(1)), by any version of the stochastic integral, which is unique up to a
P"-negligible set. It is immediate from the definitions of 7 and Y~ that a sufficient
condition for (4.2.7) is that

sup sup [ [4(t, 2)|A\(dz) < oo.

tefo,r] m JE,

However, it is still unclear even under this condition that (t,4) ~ A"(1), takes values
in £([0, 7] x ¥). This requirement will be shown to be fulfilled under (4.2.2) and (4.2.8)

given below, by means of Theorem 2.4.3.

Condition 4.2.3 For some p,q € [1,00] such that (1/p)+(1/q) =1, and a B[0, 7| @ E-
measurable function y = y(t, z), which is bounded away from zero, it holds that ¥ C L%,

and that || - ||c2» defines a proper metric on ¥, and that:
1

(4.2.6) || Viog N(W [ [[cwi £)de < oo
(4.2.9) InY™"[|ca = Opn(1);
(4.2.10) [l @) Y™~ )l = 0mn(1)  VEET;
(4.2.11) {m"(¥)x"(8) —vo} - (/Y =0 VY, €T,
(4.2.12) sup [|7"(¥)) - @ — @) - I"|| ;1 = 0opn(n™1/?).

pew

Compare this with Condition 4.1.1; the conditions (4.2.8), (4.2.9) and (4.2.10) correspond
to (4.1.1) (4.1.2), and (4.1.3), respectively, while (4.2.11) and (4.2.12) are needed for the

present situation.
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Theorem 4.2.4 Suppose that a given countable class ¥ satisfies the assumptions (4.2.6)
and (4.2.7) and Condition 4.2.3. Then, the random elements (t,¢) ~» A(y), and
(t,) ~ A"(1)), take values in ([0, 7]x W), P"-almost surely, and it holds that /n( A" —
Ay £ G in ([0, 7] x W), where (t,)) ~ GY is a zero-mean Gaussian process such

that

potay= [ vlh2sn2)

du(dz) Y(t,v), (s,0) € [0,7] x ¥
otrsixE  y(u, 2)

and that almost all paths are uniformly ps-continuous on [0, 7] x ¥, where

pa((t,0), (5,9)) = VEIGY —G¢]2 ¥(t,¥),(s,¢) € [0,7] x .

Proof. Observe that
V(A" () = AM(¥):) = MY + NP,

where:
kn : —_— .
M} = VY. [ A ()s, 2 Y™ (s, 200 Y4B
i=170
Ea gt : , N
NP = VR [ W) Zrals, 20y (s, 20 Y ds.
=170

It follows from Lemmas 4.2.1 and 4.2.2 that the term N™Y is well-defined under the
assumption (4.2.6), and that

INp — VRA )] < VA [ (s, 2@ — a") (s, 2, 2)dsA(de),
[0,t]xE

which converges in P"-probability to zero uniformly in (¢,) € [0,7] x ¥ by (4.2.12).
On the other hand, ¢ ~ M;"" is a continuous local martingale under the assumption
2 = Y™ we obtain

(4.2.7). Since B™"s are orthogonal Brownian motions, and since |[Y™"
from Lemma 4.2.1 that

(M MY = [ 5 () (s, 2)a(8) (s, 2)Y (5, 2)ds(d).

(0,]xE
It follows from Lemma 4.2.2 that
(M™Y — M™® M™Y — M™?).
nim" () — (@)Y
n[lw oy,
nlll = ¢llee - Y™ |lca
Y = BllZ2 - Y™ ||a-

I

£l

INIA
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Thus we have that the quadratic || - || ;z-modulus of M™ = (M™¥|¢) € ¥) is bounded by
\/n||]Y""||ze. Hence, Theorem 2.4.3 implies that almost all paths of (t,1) ~ M;"" take
values in £°([0,7] x W), and thus so do those of (t,1) ~ A™(¢);.

In order to derive the weak convergence of the processes (¢, 1) ~ M;' Y we will apply
Theorem 3.4.4. The above computation of the quadratic || - || c2z--modulus together with
(4.2.9), yields [ME]. Next, notice that

n n TS B 1
/[O,t]xEﬂ- () (s, 2)7™(d) (s, 2) {nY (s,2) y(&z)}ds/\(dz)
2|,y n— 1 S ddy
< \j/[O’Tle |7 (¥)(s, 2)|? [nY ™~ (s, 2) ) dsA(dz)
x\]/[o,f]xEMn(w(s’z)P nY™=(s, z) ﬁ dsA(dz)
and that
n n 1
‘/[Owtle {7 () (s, 2)7"™(d) (s, 2) — ¥(s,2)¢(s,2)} y(s—,z)dS/\(dz)
< @) (@) = w6} - (/D)
Thus (4.2.10) and (4.2.11) imply [C2]. This finishes the proof. 0

In order to derive the weak convergence of \/n(A™ — A) rather than /n(A* — A™),
we have to show that \/7(A™ — A) == 0 in £°([0,7] x ). For this purpose, it suffices
to check the following:

(42.13) sup [|(x"(¢) — ¥) - aller = o(n™'/?);
PeV

(4.2.14) sup [[i - (1= I") - al| o2 = opn(n™"/2).
pew

Example: Euclidean covariates

Set E = [0,1]¢, and equip it with the Lebesgue measure. Suppose that (t,z) ~ «a(t, 2)
is continuous on [0, 7] x [0, 1]¢ with respect to the (d + 1)-dimensional Euclidean metric.
Consider the class of indicator functions ¥ = {1ljou,]x--x[oug(2) : u € [0,1]%}. This
problem in the case of d = 1 was studied by McKeague and Utikal (1990), based on a
classical criterion of tightness of sequences of stochastic processes with finite-dimensional
parameters. Among the assumptions appearing above, the entropy condition (4.2.8) is

satisfied for any p < oo. If we choose a partition [0,1]¢ = U, E", of d-dimensional
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rectangles with side length at most b,, where b,n'/2 — 0, then the weak convergence of
V(A" — A) in £2([0, 7] x [0,1]%) follows from that:

Y™ ||ce = Opn(1) for some ¢ > 1;

Y™™ = (1/y)llcr = opn(1);

(1 =1") - allcr = 0pn(n™'/?).
The first condition above refines (A3) of McKeague and Utikal (1990), which is corre-
sponding to the case of ¢ = 3.

4.2.3 Asymptotic Efficiency

Let us discuss the asymptotic efficiency of the estimator (¢,1)) ~ ﬁ"(z/))t along the
general theory exposited in Chapter 3.11 of van der Vaart and Wellner (1996), again.

We set:

(4.2.15) H = L*([0,7] x E,B[0,7] ® £, ;i5dtA(dz));

H = L*([0,7] x E,B[0,7] ® £, dt\(dz));
H" = L%([0,7] x E,B[0,7] ® &, dtA(dz)).

Here, the function y is the one which appears in Condition 4.2.3. We equip H with the
usual L?-inner product (-, -)g. Notice that H is a linear subspace of the Hilbert space H
since 1/y is assumed to be bounded. Let P" = {P : h € H} be a family of probability
measures on (Q", F") indexed by H. Define the mapping 7" : H — H" by (4.2.5).
Hereafter, we denote by 7"(h) any function of the equivalent elements in H™.

Suppose that the canonical decompositions of special semimartingales X™* under the

probability measure P} are given by

(4.2.16) dX[ = al(t, ZM)YMdt + Y dBMY Yi=1, .., ky,
where af = oj}(t, z) is defined by

(4.2.17) of = a+n"Y2a"(h/y),

and where t ~ By’ g are orthogonal Brownian motions on [0, 7] under P*. We should
first see that the local model (4.2.16) is “well-defined” in the sense that it does not
depend on the choice of a version of 7™(h/y) € H™. To see this, notice that, if f,g €
L>2([0,7] x E,B[0,7] ® E™,dtA(dz)) such that f(t,z) = g(t,2) for dtA(dz)-almost all
(t,2), then it holds that for every w € Q"

f(t, 2 (W) = g(t, Z3"'(w))  dt-almost all .
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Thus, for every w € Q", the function t ~ af(t, Z;"'(w)) is uniquely determined by (4.2.17)
up to a negligible set with respect to the Lebesgue measure on [0, 7], not depending on
the choice of a version of 7"(h/y) € H". Hence the model (4.2.16) is well-defined, and
in particular, it holds that o (t, Z;"'(w)) = a(t, Z;" (w)) for almost all ¢.

STEP I: LocAL ASYMPTOTIC NORMALITY. It is well-known that, under some
conditions, a version of the log-likelihood ratio is given by

dPp|Fr —
(4.2.18) lo dP’;:fn - Z/ "(h/y)(t, ZP) Y, dBP®

1 k" 711 "1
a2 /) 2Pyt

(see, e.g., Theorem II1.5.32 of Jacod and Shiryaev (1987)). Again, this representation
does not depend on the choice of a version of 7 (h/y) € H™.

Proposition 4.2.5 Let C' be an arbitrary subset of H. Suppose that the function y
appearing in Condition 4.2.8 satisfies that

Iﬂ.
(4.2.19) yel and |——- y“L = opz(1)
with the convention 0/0 = 0, and that
(4.2.20) l7" (ha/y)m"™ (ha/y)y — (Paha/y)llr = 0 Vhi, he € C,

and introduce the Hilbert space H given by (4.2.15). Suppose also that P}! < P} and
(4.2.18) hold for every h € C. Then, it holds that for every h € C
dpP|F7

|
%8 aPp|Fr

1
= A™(h) = SIAlli + en(h),

where

A™(h) = IZ | w e zevetasp

and €,(h) = opp(1). Furthermore, it also holds that (A™(hy), ..., A™(hq)) == N(0,%)
where 21‘]‘ = <hi, hj)H.

Proof. Notice that A™(h) is the terminal variable of the continuous local martingale
M™" given by

1 kn t X i y .
M = 72 | ) s, 201 5, 20 By

I (s, Z’”) _ ; , 6
= Z w(h/y)(s, Z3") =5 Y (5, 20 Y dBYO
h e, 5
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It follows from Lemma 4.2.1 that

(A pisy, /[o,flxgﬂn(h‘ i z)ﬁn(hQ/y)(t,z)%L—)dtx(dz).
Since 5%
™00 2700, 2) { D ) arnca
< /)l W ra/ il - | 3]

the finite-dimensional convergence of h ~» A™(h) follows from (4.2.19) and (4.2.20) by
means of the martingale central limit theorem.
On the other hand, it follows again from Lemma 4.2.1 that

LS [ it zeopyeae = [ ) e P az)
iz /o YR ' ~ Josixe A nY " (t,z2) ’
which converges in P™-probability to ||k||% by (4.2.19) and (4.2.20). O

STEP II: DIFFERENTIABILITY OF UNKNOWN PARAMETER. The discussion here is
similar to that at STEP II of Subsection 4.1.2. Recall the first paragraph there (we use
exactly the same notation).

Now, we define the sequence of operators A" : H — ¢>°([0,7] x ¥) by

A™(h)(¥) = / U(s, 2) (a(s,z) + n_l/Qﬂ"(h/y)(s,z)) dsA\(dz).

[0,4]xE

Under the assumption that

(4.2.21) sup  |(Lpgw, 7" (h/y)y — hys| 0 Vh e H,

(t¥)elo,7]x ¥
the sequence A" is differentiable with rate \/n and its derivative A : H — £([0, 7] x ¥)
is given by

A(h)(t,¥) = (Lo, g¢, h)m.

We denote by 7y : €°([0,7] x ¥) — R the projection to the (¢,)-coordinate, which
belongs to ([0, 7] x ¥)* (do not confuse this with the mapping 7" given by (4.2.5)).
The above formula shows that A*m,,,, = ljo,q% for every (t,9) € [0,7] x . By the same
reason as STEP II of Subsection 4.1.2, the law of the limit process (, ) ~ GY appearing
in Theorem 4.2.4 coincides with the bound of asymptotic efficiency.

STEP III: AsyMPTOTIC EFFICIENCY. Let us show the regularity of the estimator

(t,9) ~ A™(¥), for (t, ) ~ A™(h)(¥):.
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Proposition 4.2.6 Let C be an arbitrary subset of H. Suppose that a given countable
class U satisfies the assumptions (4.2.6), (4.2.7), (4.2.13) and (4.2.14), and Condition
4.2.3 for P™ = P}, and introduce the Hilbert space H given by (4.2.15). Suppose also that
all assumptions of Proposition 4.2.5 are satisfied. Then, the random element (t,1)) ~
ﬁ"(z/)), takes values in £°([0,7] x ¥), Pp-almost surely, for every h € C, and it holds
that

V(A" — An(h) 2 G i e([0,7]x ¥) VheC,

where (t,1)) ~ G} is the process appearing in the limit of Theorem 4.2.4.

Proof. In view of the contiguity, a consequence of Proposition 4.2.5, all assumptions
concerning convergence in Pj'-probability hold also in P}-probability for every h € C.
Thus the assertion can be proved in the same way as Theorem 4.2.4. O

Notice that the assumptions (4.2.20) and (4.2.21) follow from that
|7"(h/y)y — hlla >0  Vhe H.

Summarizing the above discussion, we can get the asymptotic efficiency of the estimator
A™ in the same fashion as Corollary 4.1.5, under the assumption that C is a convex cone

in H such that its closed linear span coincides with H.

4.3 Counting Processes with Non-linear Covariates

Let (E, &) be a Blackwell space on which a o-finite measure X is defined; this is the state
space of covariate processes in the following model. In the n-th statistical experiment, we
consider k, adapted point processes on R, , namely N™* i = 1, ..., k,, defined on a filtered
measurable space (Q", F", F" = (F}*)icr, ); we then denote T]-"’i = inf{t € R, : N} = j}
for every j € N (see page 34 of Jacod and Shiryaev (1987)). Suppose that the predictable
compensator of N™ under the probability measure P" on (2", F") is given by

alt, ZYY M dt,

where af(t,z) is a [0,00)-valued B(R,) ® E-measurable function, ¢ ~ Z;"' is an E-
valued predictable process, and t ~ Y™ is a {0, 1}-valued predictable process. Let
7 > 0 be a constant, and suppose that we can observe the point processes, the processes
t ~» Y™, and the covariate processes t ~ Z;"* on the random sets {t € [0,7] : ¥;"'(w) =
1}. The goal of this section is to estimate the unknown parameter (¢,1) ~» A(¢), =
Jogxe ¥(8, 2)a(s, 2)dsA(dz) where v’s are appropriate functions.



64 4. Integral Estimators

We analyze this problem by using the E-valued multivariate point processes

"(dt, dz) EZET"‘Z’“ }(dt dz)

=1 3
which has the predictable compensator

kn ‘
Vi(dt,dz) =Y alt, z)Y,"’lEZ:.,, (dz)dt.
i=1
Here, we suppose that T;” # T;}’i/ whenever ¢ # ¢'; then the basic requirement that
u"({t} x E) <1 is indeed satisfied. The approach which we take here is quite close to

that in the preceding section.

4.3.1 Preliminaries

In the same way as Section 4.2.1, we consider a partition F = |J,, EJ: of £-measurable
sets, which is at most countable, such that sup,, A(E}) < oo (recall (4.2.2)). Introduce
EL, 'ﬁ", Q”, YY"~ I",@" and a" given there. We then have Lemmas 4.2.1 and 4.2.2. For
a given P"-measurable function W, we denote:

AWM, :/ W™(s, 2, z)a(s, 2)dsA(dz);

[0,t]xE
A(W™), = / W (s, 2, )@ (s, 2)dsA(dz).
[0,t]xE
It follows from Lemma 4.2.1 that for any O"-measurable function H™ the following two

inequalities hold provided the integrals are finite:

(431) ’HnYn_ % th = A(Hnln)t
< n o .
- /[o,t]xEIH (s, 2)|(@" )(3 2)I" (s, z)dsA(dz);
s v ot < G

Let ¥ be an arbitrary set. We will deal with a family {K™" : ¢ € ¥} of Q™
measurable functions which satisfies that

(4.3.3)  the process ¢~ ([K'Y" |V |K"Y" |?)x 1] is locally integrable
where

K'= [sup |K"""|]
PEV Q",M}:ln
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(cf., Definition 2.2.1). Then, for every ¢ € ¥, the process t ~» X;"* defined by
(4.3.4) XP® = K™PY™ & (@ — V)

is an R-valued locally square-integrable martingale with bounded variation. As an easy

consequence of (4.3.2), we have that a sufficient condition for (4.3.3) is
(4.3.5) the process t~» A (|K"|V|K"[>-I"), is locally integrable

(recall also (4.2.2)). The following lemma gives some tractable conditions to ensure the
weak convergence of the £2°([0, 7] x ¥)-valued random element (t,%) ~ X;"¥ by using
Theorem 3.2.4.

Lemma 4.3.1 Let 7 > 0 be a constant, and let S be a finite or dense subset of (0, 7] such
that T € S. Let {K™V : ¢ € U} be a family of O™ -measurable functions satisfying (4.3.3),
and consider X" = (X"?|(t, %) € [0,7] x ¥) defined by (4.3.4). When Card(¥) < oo,
suppose that the following (i), (ii) and (iii) and satisfied: when Card(¥) = oo, suppose
that the following (i), (ii), (iii) and (iv) are satisfied:

(i) Jio.rper 1K™ (8, 2)PY (2, 2) @ — @™)(t, 2)dEA(dz) = 0;

(i) A (K" PY™ Lgryn-5e) 0 Ve>0;

(i) A(K™*K™Y™), 25 c? vt e SV, ¢) € V2, where {CV?} is a family of
constants satisfying (3.2.3);

(iv) there ezists a DFP I1 = {¥(e;k) : 1 < k < Nu(e)}ee(o,) of ¥ such that

sup max (B (W(e; Y™, =0Opn(1) and /01 y/1log Nn(e)de < oo,

€(0,1)nQ 1<k<Nn(e) g?

where

K*"(¥') = | sup |K™¥ — K™9| V' C .

VRIS ] On A" (dt,dz)
Then, it holds that X™ 25 X in 0°(S x W), where (t, ) ~ th 1s a zero-mean Gaussian
process such that EX:"X;” = Ct(,'ff). Furthermore, the formula (3.2.4) defines a semi-
metric po on S XV such that S x U is totally bounded with respect to ps, and that almost
all paths of X are uniformly py-continuous. When S is dense in [0, 7], the space S x ¥

appearing in the conclusion can be replaced by [0, 7] x V.

Proof. By using the inequality (4.3.1) and the assumption (i), we get the conditions
[L2] and [C2] of Theorem 3.2.4 from (ii) and (iii), respectively. The condition [PE] is
immediate from the inequality (4.3.2) and (iv). O
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4.3.2 Asymptotic Normality

Let a constant 7 > 0 be given, and let us consider the estimation problem of (,) ~
A(%);. Recall the notations £P and L£P™ given by (4.2.3) and (4.2.4), and the definition
of 7™ by (4.2.5), respectively. In the following, we will always assume:
(4.3.6) ay =\ @ € L' for some N € N.

n>N

Thus ay (¢, z)dt\(dz) defines a finite measure on [0, 7] x E. We then denote
LP(an) = LP([0,7] X E,B[0,7] ® £, ay (¢, 2)dtA(dz))  Vp € [1,00].

Furthermore, we denote by || |zr(as,) the LP-seminorm on LP(a}). These should not be
confused with the notations £ and || - ||z» given by (4.2.3).

Let ¥ be a subset of L% (a’)NL! with an envelope function ¢ € L% (a})NL!, where
p € [1, 00] should be specified in connection with another assumption in Condition 4.3.2.
We propose the estimator (t,) ~ ﬁ"(w)t defined by

A"P)e(w) = (@)Y ) x pl(w) V() €[0,7] x T,

where 7" is the mapping defined by (4.2.5). We shall first consider the residual \/ﬁ(/i" -
A™), where

A ()i(w) = /[ : LT W5, 2)I(w, 5, 2)a(s, 2)dsA(dz)  V(t,9) €[0,7] x ¥,

0,t] x
Condition 4.3.2 For some p,q € [1,00] such that (1/p) +(1/q) =1, and a B0, 7] R E-
measurable function y = y(t,z) on [0,7] x E, which is bounded away from zero, it holds

that:

1
¢ € L2(ay)NL and /0 \/logN[](\Il, | - lle2p(az )3 €)de < oo,

(4.3.7)

where the brackets should be constructed in L% (aky) N LY
(4.3.8) [InY ™ || a(ay) = Opn(1);
(4.3.9) 7 (@) Y™ = (/9] 1y, = 0P (1)
(4.8.10) {7"()n"(8) — vé} - (a/y)ll =0 V0 €Y
(4.3.11) le- @ —a)ler = o(n™'72).

Theorem 4.3.3 Assume (4.3.6). Suppose that a given class U satisfies Conditions
4.8.2. Then, it holds that \/n(A" — A") £5 G in £°([0, 7] x ¥), where (t,1) ~ G¥ is a
zero-mean Gaussian process such that

EGYG? = / P(u, 2)p(u, z)a—)dt/\(dz) Y(t, ), (s,¢) € [0,7] x ¥

(u, z
[0,tAS]XE y(u, z)
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and that almost all paths are uniformly p,-continuous on ¥, where

pa((t,9), (5,9)) = VEIGY = G22 ¥(t,9), (s, ) € [0,7] x V.

Proof. Tt follows from (4.3.1) and (4.3.11) that

sup  |(x"()Y™7) %0 — A(x"(W)I")| = opn- (n~'1?).
(t,¥)€[0,7]x ¥
Thus it suffices to derive the weak convergence of the sequence of processes (¢, 1) ~ X{' ¥
defined by
XP¥ = VR )Y™) + (4" = v
We will apply Lemma 4.3.1 with K™¥ = /nn"(3). The condition (4.3.5) for n > N
follows (4.3.6) and the fact ¢ € £%(a}). To show the condition (i), observe that

B TGP (02)(@ ~ o) (e, 2)deA(dz)
7™ (@) - InY™™ = (1/w)]- @ = )|, + |I7" () (1/y) - @ — 2")
< im @ - InY™ = /)l g, + 10l - - @ = @) .-

<

L

The first term on the right hand side converges in P"-probability to zero by (4.3.9). On
the other hand, since it follows from (4.3.11) that (@ — a")(¢, z) — 0 for (¢, 2)dtA(dz)-
almost all (¢,z), the dominated convergence theorem yields that the second term also
vanishes. Thus the condition (i) has been proved. Next, it follows from the same com-

putation as (4.1.5) that

nA (lﬂ.n((p)lzyn_l{\/ﬁﬂ"(w)yn_>6})
< [Im @) - nY™ 1 (yyn-se)

Li(ay)
1 n 2 f—
< ﬁ'll7T (@z2p(az,) - MY llco(ag),

which converges in P"-probability to zero by (4.3.7) and (4.3.8). Thus the condition (ii)
has been proved. The condition (iii) can be shown by using (4.3.9) and (4.3.10). This
finishes the proof of the case where the set V¥ is finite.

On the other hand, it follows from Lemma 4.2.2 that, if [I*, u*]’s are (|| - [|z2v(a3,), €)-
brackets in £L?(ay )NL! which cover the class ¥, then [77(1¥), 7 (u*)]'s are (||-|c2p(ay, ), €)-
brackets in £? (o) N L! which cover the class 7"W. Hence, by using the Holder inequal-
ity, it is shown that the DFP of ¥ induced from the minimum brackets satisfies the

requirements of (iv) of Lemma 4.3.1. ]
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In order to derive the weak convergence of /(A" — A) rather than \/n(A™ — A™),
we have to show that \/n(A" — A) == 0 in £°([0,7] x ¥). For this purpose, it suffices
to check the following:

(4.3.12) sup [|(w"(4) = ¥) - aller = o(n™"/2);
YEY

(4.3.13) le- Q=1 -alla = ops(n~V?).
See the discussion after Theorem 4.2.4 for getting simple sufficient conditions for all

assumptions appearing above in the case where E = [0, 1]¢.

4.3.3 Asymptotic Efficiency
In order to discuss the asymptotic efficiency, we set:

(4.3.14) H = L*([0,7] x E, 22 dtx(dz2));

H = L*([0,7] x E,B[0,7] ® £, dtA(dz));
H" = L®([0,7] x E,B[0,7] ® £", dtA(d2)).

Here, the function y is the one which appears in Condition 4.3.2. We equip H with the
usual L?-inner product (-,-)g. Since we always assume (4.3.6), and since 1/y is assumed
to be bounded, H is a linear subspace of the Hilbert space H. Let P" = {P' : h € H}
be a family of probability measures on (2", ") indexed by H. Define the mapping
7 : H — H™ by (4.2.5). Hereafter, we denote by 7"(h) any function of the equivalent
elements in H".

Suppose that the predictable compensator of N™ under the probability measure P
is given by
(4.3.15) af(t, ZM )Y,V dt,

where o = aj(t, z) is defined by
(4.3.16) ap = {1 + n"l/r"7r"(h/2y)}2 a.

To see that the compensator (4.3.15) is well-defined, recall the discussion after (4.2.16)
and (4.2.17). In particular, it holds that o(t, Z;" (w)) = a(t, Z;"(w)) for almost all t.
The predictable compensator v™" of u™ under the probability measure P is then given
by

v (dt, dz) = ol (t, 2)T"(dt, dz)

where i
7M(dt,dz) =Y Yt”"'eztn,,- (dz)dt.

i=1
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STEP I: LoCcAL ASYMPTOTIC NORMALITY. Assume P}’ < Fj. It is well-known
that, under some conditions, a version of the log-likelihood ratio is given by

aby| 77
drg|F}

(4.3.17) log 2 (log [1 + n~"2x" (h/2y)|) * p

- (|1 + 71_1/27r"(h./2y)’2 — 1) + M0

(see, e.g., Theorem II1.5.13 of Jacod and Shiryaev (1987)). This representation does not
depend on the choice of a version of 7"(h/2y) € H™, because it holds that v™°(w; B) =0
identically and that PJ'(u™(B) = 0) = 1 for any B € B[0, 7]®£&™ such that Leb® A\(B) =
0.

Proposition 4.3.4 Let C be an arbitrary subset of H. Assume (4.3.6). Suppose that
the function y appearing in Condition 4.3.2 satisfies the following:

n
ny "

= opp(1);
£ (ay)

yeLi(al) and ﬂ g

{7™ (h1/2v)7" (h2/29) = (ah2) /(497 } -y -] , »0 VA, hy € C;
ly- @ —a)ller = 0.

Introduce the Hilbert space H given by (4.3.14). Suppose also that Pj} < Py and (4.3.17)
hold for every h € C. Then, it holds that for every h € C
dPy|F:

_ n . 1 2

where
A™(h) = n=Y2(20" (/2y)) * (" — V™),

and €,(h) = opp(1). Furthermore, it also holds that (A™(h1), ..., A™(ha)) L, N(0,%)
where X5 = (hi, hj)u.

Proof. Since |log(1+z)—2+%| < 82 forall z € [~1, 1], we have that for any ¢ € (0, 1],

dPp| 7
dpy| 7y

log — AMR) + D"(h) + D™(h)| < 1—365D"(h)

whenever sup, , In=127"(h/2y)(t, z)| < €, where:

D*(h) = |n~Y?m"(h/2y)|* *
D"(h) = |n Y2z (h/2y))? * 1O,
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Since
(2P ) w0 = 4 (1 /20 )
nys- ’ nY"/,
& n(p 2, (AN A
< etz @ -2
I
n 2 —n n n 2 —n n
< vzt | - 4| @ -]+ [m 2Py @ -2,
I"I
n 2 —n n
S P IR TR
and since
A (w2 |2 =) < /20 |~
il e | Ylle= " ayn= " Yloias,)’

it holds that D™(h) 7, 1lIRll%.  Also, using Lenglart’s inequality, we have D"(h) —
D"(h) 5, 0. These facts imply the first assertion. Applying Lemma 4.3.1 to the family
of Q"-measurable functions {K™" : h € C} given by

Iﬂ
K™ =nl/2. 27" (h/2y) - ——
n ™ ( / y) nyn_ ’
we can show the finite-dimensional convergence of h ~» A™(h). a

Discussion about STEP II and STEP III is similar to the preceding sections, hence is

omitted.

4.A Notes

A part of the results in Section 4.1 was presented by Nishiyama (1997). As mentioned in
the main text, a progress from the preceding work is the introduction of L?-bracketing
entropies rather than the L2-bracketing one. This would be important also for other
applications in non-i.i.d. settings; see, e.g., Chapter 6. The problems considered in
Sections 4.2 and 4.3 were posed by McKeague and Utikal (1990) who treated the case
where the state space of covariates is [0,1]. Our way of constructing the estimator is

motivated by their work. A moment assumption of theirs has been weakened.



Chapter 5

M-Estimators: General Criterion and
Euclidean Parameters

5.1 General Criterion

The common structure of the models treated in this and next chapters is as follows.

Formulation 5.1.1 For every n € N, let (2", F™) be a measurable space and P" =
{PI:u € U™} a family of probability measures on (Q", F") indezed by an arbitrary set
U™. For everyn € N and u € U™, let the following be given:
(i) a space O™, a random point 67 € O™, and a [0,00)-valued stochastic process
0 ~ d(0,0") with parameter in O";
(i1) some stochastic processes 0 ~» I'"(8) and 0 ~ v(6), with parameters in O™.
We then denote R(0) = {0 € ©™ : (6/2) < d2(0,07) < 0} for every 6 € (0,00).

The [0, 00)-valued stochastic process 6 ~» d7*(8, %) above is usually given by a (random)
semimetric d}(6,9) on ©™ and a (random) point 6 which should be regarded as an
(approximate) true point of unknown parameter. We refer the processes 6 ~~ I'?(#) and
0 ~~ v(0) as the “criterion process” and the “contrast process”, respectively; the latter
is sometimes taken to be deterministic, and in that case it is referred as the “contrast
function”. The following result is a version of Theorem 3.4.1 of van der Vaart and Wellner
(1996), into which contributions by some other authors in this area are condensed (see

Notes at the end of this chapter).

Theorem 5.1.2 Consider Formulation 5.1.1 above. Suppose that the following M-
CRITERION s satisfied for some 0y € (0,00], p > 0, a € (0,p), not depending on n
and u, some functions @]} : (0,60) — (0,00) such that § ~ 6~*¢2(8) is decreasing, and

some positive constants ry . such that ), € (0,6) and that ¢} (r; L) < 2.

71
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M -CRITERION. For every € > 0 there exists some c.,C., K. > 0 and n. € N such
that: for every n > n. and u € U™ there ezists a set Bj(¢) C Q" such that

Y2(0) — 5 (07) < —coP Vo € R;(0) on the set Bl ()

and

Ey sup (T3 —72)(0) — (T — 1) (02) 1) < Cedy(6)
0€R? ()

whenever § € [K.r;},8), and that P™(Q™\ B2 (e)) < e.

nu’

Then, for any mappings 5;‘ : Q" — O" such that

(5.1.1) Jim limsup sup Py (Tn(82) < To(82) — Lry%) =0
and that
(5.1.2) lim sup P;* (d3(67,060) > 60/2) =0,

n—oo uelUn

it holds that
im lim sup sup P7* (ra,d7(62,67) > L) = 0.

1
L—oo n—o0 yeUn

When M-CRITERION is satisfied for 6y = oo, the assumption (5.1.2) is unnecessary.

Remark. In the sequel, we refer the first and the second displayed inequalities of M-
CRITERION as the “FIRST INEQUALITY” and the “SECOND INEQUALITY”, respectively.

Keeping a two-term Taylor expansion of the function 6 ~» 77(6) in their mind, van
der Vaart and Wellner (1996) presented some results of this fashion for the case of p = 2
as their Theorems 3.2.5 and 3.4.1. The adaptation to the case of general p will be useful
in Sections 5.2, 5.3 and 7.2. The truncation introduced in the SECOND INEQUALITY fits
in our maximal inequalities based on the quadratic modulus. The last difference is the
uniformity in the underlying probability measures (this is clear if the conclusion is given
in the form of a probability inequality by using universal constants; see, e.g., Birgé and
Massart (1993) and van de Geer (1995b)). Although the change of the proof is minor,
we state the whole proof following exactly the same line as that of van der Vaart and
Wellner (1996).

Proof of Theorem 5.1.2. Fix any € > 0, and choose some constants c.,C,, K. > 0 and
n. € N according to M-CRITERION. In the following we will consider n > n, only.
Now, fix any L > 0 for a while, and choose any J € N such that ¢.—2"?/~UL > () and
that 2/ > K.. Put J} = max{j € N: 2/r} < &} (we have implicitly assumed &, < oo,
but the case of o = oo is easier; read the following argument replacing “J < Vj < J»”
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by “¥j > J”). We denote:

Sij) = {we@:0iw) e R} T<Vi<In
(e, L) = {weQ:Th0w)(w) - Th(O)(w) > —Lr;2} N BL(e).

Then it holds on the set S7(7) N Q% (s, L) that

sup  T7(6) — T0(82) > —Lry?
0cR(2ryY)
and that
inf () — ) £ —a20 Nk
6eRn (2T L) ’
thus we have

(513)  sup (T —7)(0) - Ty -0} = (e2?V) ~ L)r7,
0eRn (27 })
> (e — 2—p(J—1)L)2p(j-l)T;z;.

Since {d2(87,67) < 6o/2} C {d7(62,62) < 2%¢r; L} it holds that

P (277t k < (02, 07) < 60/2, (e, L))

< X Pr(SI0)NGe L),
3T
where the summation with respect to j can be read as zero when J > J. If J < J7,
recalling (5.1.3), we obtain from the Markov inequality and the SECOND INEQUALITY of
M-CRITERION that

C. $u(Przy)

P™ (S ()Nt E,L L —— p—
Js:zs:w IR ) ce —27PU70L JSJZS:J;' 20V
O 5 e
= ¢ —2PU-DL 152 P90k

2C, (a=p)j

S soowp 220

i2J

Here we have also used the fact that ¢7(cd) < ¢*¢7(9) for every ¢ > 1.
Consequently we have
P (Tn,udﬁ(éff,eﬁ) > QJ_I)
2?C. 9(a—p)J
—9(@-p) ¢, —2-pU-DL’

< PO\ Qi L) + P (di(03,62) > 60/2) + 1
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This inequality holds also in the case of §g = oo by regarding the second term on the
right hand side as zero. Notice that the last term on the right hand side does not depend
onn € Nand u € U™ and converges to zero as J — oo since a < p. To get the assertion,
first choose large L > 0 according to the assumption (5.1.1), and next let J — oco. O

In the remaining sections of this chapter, we are concerned with some problems of
estimating finite-dimensional parameters. Here, we sketch a procedure for deriving the
asymptotic distribution of M-estimators based on a continuous mapping theorem for
argmax functionals (Theorem 3.2.2 of van der Vaart and Wellner (1996)). In any case,

we shall consider some rescaled criterion processes h ~» M"(h) of the form
M*(h) = a, {T"(0o + ;' h) — T"(60)},

where 7, and a, are some appropriate constants. Thus the first problem should be to
find the “rate of convergence” r,, and Theorem 5.1.2 is useful at this step. The constant
a, should be determined in connection with r,. Next, according to Theorem 3.2.2 of van
der Vaart and Wellner (1996), we shall show the following.

(i) The uniform tightness of the local sequence A" = r,, (8" — ).

(ii) The weak convergence of the process h ~ M"(h) to a continuous process h ~~

M(h) in £°(K), for every compact subset K of the space of local parameters.

(iii) The existence of a unique maximum point & of the path h ~» M(h).

Any Borel random variable on a Polish space is tight, hence so is h. Thus a result of the
form “rn(§“ —6o) =£5 B follows from the argmax continuous mapping theorem.

The reason why we are content with the case of finite-dimensional parameters in this
approach is that the uniform tightness of the local sequence h" (the step (i) above) is
equivalent to “r,,lé" — 6| = Op(1)”, which is actually the consequence of Theorem 5.1.2.
This is not always true when the parameter space is general, but Theorem 5.1.2 is still
useful at least for deriving the rate of convergence as we see in Chapter 6. We will make
use of the results given in Chapter 3 at step (ii). For simplicity, we will not discuss the

uniformity in the underlying probability measures in Sections 5.2 and 5.3.

5.2 Gaussian White Noise Model

5.2.1 Criterion for Rate of Convergence

For every n € N, let X™ = (X[")ic[0,1) be a continuous stochastic process given by

(5.2.1) dX! = f(t)dt +n"%dB,, X} =1z €R,
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where f € £?[0,1], and B = (Bt)tepo,1) is a standard Brownian motion on a stochastic
basis B = (2, F, F = (Ft)cpo,1), P). Let (©,d) be a separable metric space; we will take
it to be a Euclidean space later. Let w = {wp : € O} be a class of elements of £2[0, 1].

Equip © with the semimetric p,, given by

(5.2.2) pw(0,9) = |lws — wyl| £20,1) Vo, 9 € O©.
We consider the criterion process 6 ~» I'(6) defined by

(5.2.3) () = /01 we(t)dX® VO € O,
and the contrast function 6 ~» (6) defined by

(5.2.4) 20)= [ “wef(H)dt Vo€ o.

The former is indeed well-defined as the stochastic integral with respect to the semi-
martingale ¢ ~ X7 (see, e.g., Theorem 1.4.31 of Jacod and Shiryaev (1987)). When ©
is not countable, the process 6 ~» ['*() is not unique even in the almost sure sense.
However, the following argument holds for any version of the process, because we shall
always consider a countable subset ©* of © when we apply Theorem 2.4.2 to the terminal

variables of the continuous martingales
1
() — 4(0) = n—1/2/ we(t)dB, V8 € ©* C O.
0
We denote by Be,q)(0;0) the closed ball in © with center § € © and d-radius § > 0.

Theorem 5.2.1 Let (©,d) be a separable metric space. For a given class w = {wy : 0 €
©} C £2[0,1], introduce py,, ™ and v given by (5.2.2), (5.2.3) and (5.2.4). Suppose that
there exists a countable, d-dense subset ©* of © such that p, defines a proper metric on
©*. For a given point 0y € ©, suppose also that  ~ v(0) is d-continuous at 0y and that
the following conditions are satisfied for some &y € (0,00}, p >0, a € (0,p), ¢ >0 and a
function ¢ : (0,00) — (0,00) such that 6 ~ §~%p(d) is decreasing:

(5.2.5) ¥(8) — v(6) < —cd(6,60)” VO € Bie,a)(6o; do);
(5.26)  suwp [~ \flog N(Bon(8:0), puse)de < () V3 € (0,60);
feo* J0
(5.2.7) sup Diam(Bye,(6;6), pu) < ¢(6) V6 € (0,d0).
fcor

Choose any constants r, > 0 such that r;! € (0,60) and that n=?p(r;') < r;?. Then,
for any ©*-valued random sequence 8™ such that d(@", 6y) = op-(1) and that

I"(6") > sup I"™(6) — e,
oo



76 5. M-Estimators: General Criterion and Euclidean Parameters

for some €, = Op-(r;?), it holds that d(6",6,) = Op-(r;'). When & = oo, the assump-

tion “d(6™,0,) = op-(1)” is unnecessary. When 6y € ©*, the assumption that 6 ~ ()

18 d-continuous at 0y s unnecessary.

Proof. We will apply Theorem 5.1.2. Since 6 ~ «(#) is d-continuous at y, we can choose
a point 6 € ©* such that |y(63) — ¥(6o)| < (¢/2P*') - r;? and that d(6j,,600) < 7,
(when 6y € ©, the choice 6 = 0, satisfies these requirements, thus the assumption that
6 ~~ (0) is d-continuous is unnecessary). We then denote Rj (6) = {6 € ©* : (6/2) <
d(8,65) < 6} for every ¢ € (0,00).

For any 6 € [r;;!,d), it holds that

Y(8) — v(6o) + 7(6o) — ¥(85,)
—cd(8, 6p)P + s TP

7(6) — (65,

<
= 2p+1
< —= . P+—.6"7 Vo€ RL(®)
= o 2p+1 s
c
S W ® 5’,.

Thus the FIRST INEQUALITY of M-CRITERION is fulfilled. Next, to show the SECOND
INEQUALITY, notice that for every § € (0, dp)

E sup |(I'™ —=7)(6) — (" = 7)(9)]
0,9€Ry (9)

< n"\2E sup
0,9€ Bo,4)(05, :8)n0"

/ ' waltdBy — / ' wo(t)dB,

0

Since the quadratic p,-modulus of the family of continuous martingales

{/0 wo(t)dB, : 0 € (—)*}

is bounded by 1, and since Diam(B(e,q)(63,;9), pu) < ¢(0), it follows from Theorem
2.4.2 and (2.1.1) that the right hand side is bounded by (up to a multiplicative universal

constant)

@ (0)
n—1/2/0 \/log(l + N(Bo,a)(05,;0), pu; €))de
»(d)
n1/? {<p(5),/log2 - /0 V108 N(Bo, (63,;9), pu; E)df}

{\/@E-f- 1} -n~2p(8).

Thus the SECOND INEQUALITY is satisfied with ¢f = n~"/2¢. m]

IN

IA
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The assumptions (5.2.6) and (5.2.7) are analogous to an assumption of Theorem
3.2.10 of van der Vaart and Wellner (1996). Although the supremum with respect to ¢
comes out of the integral, this condition may still look awkward at first sight. Indeed, it
requires a calculation of certain covering numbers of the sets B(g 4)(6; d) for all sufficiently
small 6 > 0. However, when the parameter space (0, d) is Euclidean, this condition can
be replaced by a simple relationship between the two metrics d and p,,, as is given in the

next theorem.

Theorem 5.2.2 Let © be a subset of a finite-dimensional Fuclidean space with the usual
metric d. For a given class w = {wy : 0 € ©} C L2[0,1], introduce p,,, '™ and v given
by (5.2.2), (5.2.3) and (5.2.4). Suppose that there exists a countable, d-dense subset O*
of © such that p, defines a proper metric on ©*. For a given point 8y € O, suppose
also that 0 ~ v(0) is d-continuous at 0y and that there exist some oy € (0, 00] and some

constants p > q > 0 and ¢,C > 0 such that:

(5.2.8) ¥(O0) —v(0o) < —cd(0,60)7 V8 € Bo,a)(0o; 00);
o Pw il

(6,9) Cd(9,9) V6,9 € ©.

Then, the same conclusion as Theorem 5.2.1 holds for r,, = n'/?P=9),

Proof. 1t suffices to show that the conditions (5.2.6) and (5.2.7) of Theorem 5.2.1 are
satisfied with p(d) = const.d?. First notice that for every 6 > 0

(5.2.9) d(6,9) <e'15 = p,(6,9) < Ced.
Thus we have for every 0 € ©*
N(Be,¢)(0;0), puw; Ce6?) < N(Be,a)(6;6),d;£'/%).

The right hand side is bounded by {(26)/(c'/96) + 1}" for every ¢ € (0, 1], where r is the
dimension of ©. Hence, noting also N(Bg q4)(;0), pw; Cd?) = 1, we obtain

C-l5- /000 \/log N(Bo,q)(6;9), pu; €)de
1
- /0 V108 N(B(o,4)(6;0), pu; Ced9)de

1
/0 Vrlog{2s=11+ 1}de (= Ky say) < oo.

On the other hand, by putting € = 1 in (5.2.9) we obtain Diam(B e q)(6;9), pw) < 2C6°.
Hence, (5.2.6) and (5.2.7) are satisfied with ¢(8) = C - (K, Vv 2) - 9. O

IA
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In so-called “regular” parametric models, the condition (5.2.8) is satisfied with p = 2
and g = 1, which leads to the “square root asymptotics”. The “cube root asymptotics”
investigated by Kim and Pollard (1990), whose origin goes back at least to Chernoff

(1964), corresponds to the case of p =2 and ¢ = 1/2.
In both theorems, we have to show the consistency of estimators somehow. Thus let
us state here a sufficient condition based on Corollary 3.2.3 of van der Vaart and Wellner

(1996).

Proposition 5.2.3 Let (©,d) be a separable metric space. For a given class w = {wy :
0 € ©} C L£?0,1], introduce p,, T™ and 7y given by (5.2.2), (5.2.8) and (5.2.4). Suppose
also that there exists a countable, d-dense subset ©* of © such that p, defines a proper

metric on ©*. Suppose that it holds for a given point 0y € O that
(5.2.10) 7(6o) > sup y(6)
0¢G

for every d-open set G C © that contains 6y, and that

/oo V10g N(©, py; €)de < oo.
0

Then, for any ©*-valued random sequence 6" such that

@) > sup T0) e
0€0*U{bo}

for some €, = op+(1), it holds that d(§", 6o) = op-(1).

Proof. We will apply (i) of Corollary 3.2.3 of van der Vaart and Wellner (1996) to
O* = ©* U {0} (if pu(65,60) = 0 for some 0 € O*, set ©* = (0*\ {6;}) U {6} to make
(©*, pw) a proper metric space). Notice that the inequality (5.2.10) still holds for any
G C ©* containing 6, which is open in the relative topology. Theorem 2.4.2 yields that

D
Esup [["(6) = 1(0)] < C-n? [ \fiog(1+ N(®, puie))de

fco*
D
C-n12 {D ]0g2+/ lOgN(e»pw;E)de}’
0

where D = Diam(©, p,) < oo by our entropy condition, and C' > 0 is a universal

IA

constant. This implies that
sup [I™(0) — (6)| = op(1),
6co*

which completes the proof. O
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5.2.2 Examples
Example 1: Peak point of F
Let us consider estimating the value of

0y = argmax F'(6),
6¢[0,1]

where t ~» F(t) is the cumulative function of f defined by F(t) = [} f(s)ds. This

problem can be treated in our general framework by setting
’wg(t) = 1[0’9](t) V9 € [0, 1]

The criterion process and the contrast function, defined by (5.2.3) and (5.2.4), turn out
to be I'(f) = X} and (6) = F(0), respectively.

We equip © = [0, 1] with the usual metric d(#,9) = |# — V| to apply Theorem 5.2.2.
It holds that p,(6,9) = /|0 — Y|, and thus p,, is defines a proper metric on [0,1]. The
function @ ~ () is indeed continuous. Hence, if 6, is an inner point of [0,1] and if

there exist some constants &y, ¢ > 0 and p > 1/2 such that
(5.2.11) F(0) — F(6y) < —cl|f — 6|7 V8 € [0y — do, 60 + o]

then the same conclusion as Theorem 5.2.1 holds for r,, = n!/2?=1,
To derive the asymptotic behavior of the rescaled residual nl/(2”‘1)(§" — 6y), let us

introduce an assumption on the function ¢ ~ F(t).

Condition 5.2.4 Let p € N be given. For a given point 6, € (0,1), the function
t ~ F(t) is (p— 1)-times continuously differentiable in a neighborhood of 6y with deriva-
tives F'™ m = 1,...,p — 1, and has p-th left- and right-derivatives F® and Fip) at 6y,

respectively, which satisfy:
e when p > 2: F™(0,) =0 for everym =1,....,p — 1;
o when p is odd: FP(6,) > 0> FP(6,);
e when p is even: FP(8,) v FP(6y) < 0.

The condition (5.2.11) follows from this assumption by a Taylor expansion. Moreover,

we obtain the following result.

Proposition 5.2.5 Under Condition 5.2.4, for any [0,1] N Q-valued random sequence
0" such that 7 2 0y and that

X2 > sup Xp—e
0€[0,1]NQ
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for some €, = op-(n"?/@=1) it holds that n*/ =V (6" —6y) == argmax, g {A(h)+B(h)}
in R, where h ~ A(h) is the deterministic process given by
P (p) 1 =
A(h) = I FTP)(GO)/p., Vh > 0,
hPF¥(6,)/p!, Vh <0,

and where h ~ B(h) is the two-sided Brownian motion, that is, a zero-mean, continuous
Gaussian process such that E|B(hy) — B(hy)|> = |hy — hy| for every hy, hy € R.

Proof. It has already been shown by Theorem 5.2.2 that the sequence n'/2P=1)(6" — 6,)

is uniformly tight. Let us set:

H" = {heR: 6+n Y@ Dheo,1]};
H™ = {heR: Gp+n®Vhe(0,1]nQ}.

We consider the stochastic process h ~ M"(h), with parameter in H", defined by

M (h) = n?/@D {1y +n/@"Dh) — T™(6)}
= A"(h) +B"(h),

where:

1

A" (h) = nP/(2P—1)/0 {woo+n—l/(2p—l)h(t) — wgo(t)}f(t)dt;
1

]B"(h) = nl/(4p—2)/o {w90+n-1/(2p—1)h(t) - ’(Uoo(t)}dBt.

By Theorem 2.4.4, there exists a continuous version h ~» B*(h) of h ~ B"(h).
Thus we first consider M® = A™ + B instead of M". An easy computation gives that
lim,, o, A" (h) = A(h) for every h € R. Furthermore, since h ~ A"(h) and h ~» A(h)
are continuous, this convergence is uniform on every compact set X C R. On the other
hand, it follows from Corollary 3.4.3 that B" =5 B in (> (K) for every compact set
K C R. Thus we have M* == M = A+ B in ¢ (K) for every compact set K C R. The
existence and the uniqueness of the maximum point-of A ~ M(h) follow from Khinchin’s
law of the iterated logarithm (see, e.g., page 61 of Hida (1980)) and Lemma 2.6 of Kim
and Pollard (1990), respectively. Hence Theorem 3.2.2 of van der Vaart and Wellner
(1996) yields the following cLAIM: for any uniformly tight sequence hm satisfying

M (h") > sup M" (h) — €n,x
heK

for some €, x = op-(1) for each compact set K C R, it holds that A" N argmax, g M(h)
in R.
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Now, for every n € N such that K C H", using the continuity of A ~ M”(h), we

have

sup M" (h) sup M"(h) P-almost surely
hek heKNH™

= sup M"(h) P-almost surely
heKNH™

< sup M"(h).
he Hne
Hence, we can apply the above CLAIM to h™ = n'/P=1(G" — ¢,), which takes values in
H™ identically, in order to obtain that n'/(2~1 (" — f,) == argmax, .z M(h) in R. O

Since I'*(#) = X7, and since 6 ~» X} is continuous, it is possible to apply Theorem
3.4.4 to B, without introducing the continuous version B" by Theorem 2.4.4. However,
since it is not always easy to show the p-separability of the original family of continu-
ous local martingales {f; wy(t)dB,;}, we presented the above approach using B". This

argument is indeed necessary for Example 3 given later.

Example 2: Steepest interval of F'

Fix a constant b € (0,1/2). We aim to estimate the value of

0+b
Oy = argmax/ f(t)dt,
0o

which is the center of the interval with length 2b where the function ¢ ~» F(t) increases

most rapidly. This problem fits in our general framework by setting
’wg(t) = l[g_b’g+b](t) Vo e [b,l = b]

The criterion process and the contrast function, defined by (5.2.3) and (5.2.4), turn out
to be I'"(0) = X, — X3, and y(0) = F(0 +b) — F(6 — b), respectively.
Here we make an assumption which is similar to Condition 5.2.4 in the preceding

example.

Condition 5.2.6 Let an even integer p > 2 be given. For given 6y € (b,1 — b), the
function t ~ f(t) is (p — 1)-times continuously differentiable on an open set containing

Oy — b and Oy + b with derivatives f™ m =1,....p — 1, satisfying:
o fM(By —b) = f™ (B + b) for everym =0, ....,p—2;

o f=D(6y — b) > FP=V (6 + b).
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Proposition 5.2.7 Under Condition 5.2.6, for any [b, 1—b]NQ-valued random sequence
0" such that ° 2 0y and that

6™ +b om—b 0€[b71_b]r1@{ + } *

for some e, = op-(nP/@=D) it holds that '/~ (f7 —g,) =2 argmax, g {A(h)+B(h)}

in R, where h ~ A(h) is the deterministic process given by
A(h) = 2712pP {fP=1)(0y + b) — FPV(0, — b)}/p!  VhER,

and where h ~ B(h) is the two-sided Brownian motion.

Proof. Tt follows from Condition 5.2.6 and a Taylor expansion that

-1(g,) — fe-1(g
il 1)(9+)p!f( 1)(0—)(9——00)",

7(0) — 7(6o) =

where 6, (resp. é_) is a point on the segment connecting 6+ b and 6y + b (resp. # —b and
0y — b). Thus, since p is even, it holds that v(6) —v(6p) < —c|f — 6y|? in a neighborhood
of 6y for a constant ¢ > 0. On the other hand, it is clear that p,(0,9) = /2|6 — 9|,
and thus p,, defines a proper metric on [b,1 — b]. Hence Theorem 5.2.2 implies that
n!/(=1)(gn — ;) is uniformly tight. Repeating the same argument as that in the proof
of Proposition 5.2.5 to the stochastic process h ~» M"(h) defined by

M (h) = 271/2p?/(p=1) {(X;l()+b+n—1/(2p—l)h — Xo ) — 1XG _gan~sro-sig — X;,~b)} 3

we can obtain the assertion. O

Example 3: Jump point of f

Let us introduce a model for the estimation problem of jump point of f.

Condition 5.2.8 For an inner point 0y of [0,1], there ezists a constant a € (0,1/2)
such that the function t ~ f(t) is cadlag on the interval [0y — a, 0y + a] and that

D=(R,—-L")—-(L"-L)V(R"—R,)>0

where
Lr = 'SuPte[eo—a,oo) f(@), R* = supegy,00+a) f(@),
lnftE[ao—ﬂ,f)o) f(t), R, inft€[00,00+a] f(t)

t~
*
I

Il
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The constant a > 0 in the above assumption should be known to construct the estimator
given later, but we do not specify any concrete shape of the function ¢ ~ f(t), even the
value of the constant D > 0. Condition 5.2.8 means that the function ¢ ~ f(¢) has a
positive jump at 6y, namely f(6y) — f(6op—) > R, — L*, which is the biggest one in the
interval [y — a, 6y + a]. This interpretation shows how natural this assumption is in the
present context.

Let the parameter space ©® = [a,1 — a] be equipped with the Euclidean metric
d(8,7Y) = |6 — 9|. Fixing a constant b € (0,a) we define

(5.2.12) wp(t) = kpy(t —0) VO € [a,1—aq],

where

-z +b, z € [0,b],
0, otherwise.

—z — b, z € [-),0),
ky(z) = {

Proposition 5.2.9 Under Condition 5.2.8, consider the criterion process 6 ~ I'™(0) =
J) we(t)dX] with wy given by (5.2.12). For any [a,1 — a] N Q-valued random sequence
0" such that 07 2 0y and that

D@ > sup  T(0) - en

0€(a,1—a]NQ

for some €, = op.(n~Y), it holds that n(6" — 6y) == argmax, g {A(h) + B(h)} in R,

where h ~ A(h) is the deterministic process given by

A = [ AT T F(0)dt — f(60)} Vh > 0,
=1 n (20)7 fgody f(®)dt — f(B—)}, VA <O,

and where h ~ B(h) is the two-sided Brownian motion.

Proof. 1t holds that for any 0 € [0y, 0y + a — b]

v(8) —v(6o) —(2b— |0 — 6o|) R |0 — O] + |0 — 6| (R* + L*)b
—|60 — 6o{b[(R. — L*) — (R* — R.)] — |0 — 60| R,.}

< —10 —6o[{dbD — |0 — 6| R.}

IN

IA

and that, in the same way, for any 6 € [y — a + b, 6,)
Y(0) = v(0o) < —[0 — Oo|{dbD — |6 — 65| L*}.

Thus, choosing sufficiently small constants dg,c > 0 we have y(6) — v(6p) < —c|f — 6]
for every 0 € [0y — do,00 + d]. On the other hand, an easy computation implies that
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pw(8,9) < C/|0 — I| with C = /4b? + 6b. Hence Theorem 5.2.2 yields that the rate of
convergence in this model is 7, = n. Repeat the same argument as Proposition 5.2.5 to
the stochastic process h ~ M"(h) defined by M"(h) = (2b) " 'n{l"(fy + n~*h) — T™(6p) }

to get the assertion. d

5.2.3 Remarks for Non-Gaussian Cases

Instead of the Gaussian white noise model (5.2.1), let us consider the following:
dX[ = f(t)dt +dM}, Xy =1z0 €R,

where f € £?[0,1] is as before, and M™ = (M}*);cjo,1] is a continuous local martingale,
defined on a stochastic basis B, with the quadratic covariation given by (M" M™), =
J5 g"(s)ds. Then, all results in Subsection 5.2.1 remain true whenever

sup g"(t) = Op(n™").
te(0,1]

Furthermore, if

sup |ng"(t) — 1| = op(1),
te[0,1]

then all results in Subsection 5.2.2 also hold without change of limit distributions. More

generally, if there exists g € £[0, 1] such that

é?ﬁ} Ing™(t) — g(t)| = op(1),

then one can get some results similar to those in Subsection 5.2.2, under some smoothness

assumptions on g, with modification of limit distributions.

5.3 Multiplicative Intensity Model

Let p™ be a 1-dimensional point process defined on a stochastic basis (", F* F" =
(F1)tefo,1), P*) with the predictable compensator v™ given by

V' (w; dt) = ()Y, (w)dt,

where « is a [0, 00)-valued measurable function on [0,1], and ¢ ~ Y;* is a [0, 0o)-valued
predictable process. Let a class {wy : € ©} of bounded, measurable functions on [0, 1]

be given. Assuming f; a(t)dt < co, we consider the contrast function given by

(5.3.1) 10 = ‘wea®)dt VO €O,
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and the criterion process given by
(5.3.2) ['"™(0) = (weY ™) * pf Vo € O,
where the generalized inverse process Y~ of Y™ is defined by

Y (w)

R ifY*(w) >1
Yn— = t = -3
@) { 0 otherwise.

In this section, specializing the class w, we consider two kinds of estimation problems.

In both problems, we will assume the following.

Condition 5.3.1 There exists a measurable function y on [0, 1], which is bounded away

from zero, such that

sup |n'1Y¢" - y(t)‘ i
te[0,1]

Now, setting

(5.3.3) QL) = { sup} ‘n_lY," - y(t)| < %} L = sup (lt)’

te[0,1 tef0,1] Y

we have for all n > L that
I™(0) — v(0) = (weY ") * (" — ™)1 on the set Q"(L)

and that

sup nY,"” <L on the set Q"(L).
te(0,1]

Noting also that lim, ., P™(Q" \ Q"(L)) = 0, we will use these facts to establish the
SECOND INEQUALITY of Theorem 5.1.2.

Problem 1: Peak point of «

Let us consider estimating the location of (approximate) peak of the function ¢ ~~ «(t).

This problem can be treated by setting
1
1(0) = [ Lo-sorn(a(tidt VO € (b,1-0),
where b € (0,1/2) is a given constant.

Proposition 5.3.2 Suppose that Conditions 5.3.1 and 5.2.6 with f replaced by o are
satisfied, and that the function t ~» y(t) appearing in the former is continuous at points
0o — b and 6y + b appearing in the latter. Define I'™(0) by (5.5.2) for the class w =
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{1j9—b,044) : 0 € [b,1 = b]}. Then, for any [b,1 — b]-valued random sequence 6" such that
' T 0y and that

(@) > sup I"(0) — e,
0c[b,1-b]

for some e, = opn-(n"P/@=1) it holds that n"/®=V (6" — 6y) == argmax;,z{A(h) +
h)} in R, where h ~ A(h) is the deterministic function given by

-1/2

) a("‘l)(ﬁo + b) = Cl(p_l)(eo = b) 01(90 G = b) 0(00 = b)
p! y(Bo+0)  y(6o—b)

and where h ~ B(h) is the two-sided Brownian motion.

A(h) = b

k)

Proof. First, let us apply Theorem 5.1.2 to get |6" — 6y = Opn-(n~"/(2P=1)). The FIRST
INEQUALITY of M-CRITERION can be shown in the same way as Proposition 5.2.7. To
show the SECOND INEQUALITY, we apply (ii) of Theorem 2.2.3 to the class

Wy = {1[9_,,,9+,,]Y"‘ : 0 € ©5}

where O5 = [0y — 6,00 + 0] N [b, 1 — b]. Notice that there exist some constants do, M > 0
such that |a(6+b) + (0 —b)| < M for all § € ©;,. For every € (0,dy), we construct a
DFP Il = {II;(¢) }cc(0,1] of Os as follows: for every & € (0, 1] we divide the interval Oy,
with length less than 26, into Ny, (£) sub-intervals with length at most 28¢?; this can be
done with Np,(¢) < % + 1. Then it holds that

W5 llusa < V26- M -n~'L  on the set Q"(L)

and that
[WiI?*v! <20-M-n"'L  on the set Q"(L),

where the constant L > 0 and the set Q*(L) is given by (5.3.3). Thus we have for all
n > L that

E™ sup |(I"™ = 7)(0) — (T — 7)(6o) |10~ (1)
[ZSCH
< n“/zdl/z{\/ / \/log +2 d5+1}
Since Condition 5.3.1 implies that lim, ., P*(Q" \ Q"(L)) = 0, we can deduce from

Theorem 5.1.2 with ¢"(8) = n=/26Y/2 that |§" — 6| = Opm( ~Lzp-1),
Next, let us derive the asymptotic behavior of the sequence of rescaled processes

M" (h) = n?/®-1(, {F"(Go o Ve-Dp) F"(GO)}
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where
_ [0 +) a6~ b) e
y(fo +b)  y(fo—0b)

Let us decompose M"(h) = A" (h) + B"(h), where

Co

AM(h) = W™l
]Bn(h) = Wn'h*(#n_l/n)l,

with

nh __ 2p—1 n—
Wk = nPl =D Cy (116, 4 n-1/Go-1h_bg0 tn-1/Cr-1ns8] — LBo-b0+81)Y ™.

An easy calculation implies that A" (h) £ A(h) for every h € R. Furthermore, since
h ~~ A™(h) and h ~» A(h) are continuous, this convergence is uniform on every compact
set K C R On the other hand, Theorem 3.2.4 yields that B" = B in >(K) for
every compact set K C R. Hence, the same argument as Proposition 5.2.5 implies the

conclusion. O

Problem 2: Jump point of «

The second problem is concerned with a jump point of the hazard function ¢ ~ «(t).

Proposition 5.3.3 Assume Conditions 5.3.1 and 5.2.8 with f replaced by . Fizing
a constant b € (0,a), define IT™(0) = (weY ™) * p}t, where wy = ky(t — 6) is given by
(5.2.12). Then, for any [a,1 — a]-valued random sequence 6 such that 6® £ 6, and
that

@) > sup I(B) - e

0€la,1—a]

€n = Opne(n1), it holds that |§® — Og| = Opn-(n1).

Proof. The FIRST INEQUALITY of M-CRITERION of Theorem 5.1.2 with p = 1 follows
from the same computation as Proposition 5.2.9. Using Theorem 2.2.3 again, we can
show that the SECOND INEQUALITY holds with the truncation by the set Q"(L) defined
by (5.3.3) and with ¢7(8) = n~1/25'/2, O

We do not derive the asymptotic behavior of a sequence of “rescaled processes” as
in the proof of Proposition 5.3.2; the Lindeberg condition is not satisfied in the present
situation, thus no result in Section 3.2 works well. It is conjectured that the limit of

n(é” — 6y) would be the argmax of a process with jumps.
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5.A Notes

The general criterion Theorem 5.1.2 is an adaptation of Theorem 3.4.1 of van der Vaart
and Wellner (1996) which is a fruit of recent works by some other authors, including
Birgé and Massart (1993), van de Geer (1995a) and Wong and Shen (1995). The two
inequalities of M-CRITERION are from, e.g., (1.2) and (1.3) of van de Geer (1995a),
respectively.

The problem of estimating the mode of a density function, which is the motivation of
Propositions 5.2.7 and 5.3.2, was studied by Chernoff (1964). It is treated also by Kim
and Pollard (1990) in their systematic study of the cube root asymptotics. A progress
of our results is that the smoothness around the mode has come into our scope; this is
possible also in the i.i.d. case although we did not state in the main text. We continue
this study further in Section 7.2.

Related to Propositions 5.2.9 and 5.3.3, let us briefly review some known results of
jump point estimation. The asymptotic distribution of the maximum likelihood estimator
" of a jump point 6 of t ~~ f(t) in the Gaussian white noise model (5.2.1) can be found
in Ibragimov and Has'minskii (1981, Section VII.2). More precisely, they derived the
asymptotic behavior of n(" — 6y) when the function f is of the form fy(t) = S(t — 0)
with S being a known function, along the approach of finite-dimensional parametric
estimation. Korostelev (1987) showed the rate of convergence is still order n in a certain
non-parametric model. Wang (1995) considered a broader model, including not only
jumps but also cusps, and derived that the rate of convergence of a jump point estimator
is n|log n|~" with any constant 7 > 0, which is quite close to the best rate. Our setting is
more general than that of Korostelev (1987), but does not contain that of Wang (1995).
The point of Proposition 5.2.7 is that we have gotten the asymptotic distribution result
of the rate n. By contrary, Proposition 5.3.3 gives the rate n only. See also Miiller and
Wang (1990) who considered estimating the point where a hazard function changes most

rapidly.



Chapter 6

Non-parametric Maximum Likelihood
Estimators

6.1 Gaussian White Noise Model

Let 7 > 0 be a fixed constant, and © a subset of £2[0, 7]. For every n € N, let ¢ ~ X" be
a continuous, adapted process on a filtered measurable space (", 7", F" = (F7")i[0,7))>
and let P" = {P}* : € ©} be a family of probability measures on (", ") indexed by ©.

Suppose that X" is a special semimartingale under Pj' with the canonical decomposition
dX} = 0(t)dt + n~2dBM, X} =z €R,

where ¢ ~ B™? is a standard Brownian motion defined on (Q*, 7", F", Py). It is well-

known that, under some conditions, the log-likelihood ratio is given by

n n

Pp|Fr T |
(MJn%f%fn=A{ww—ﬁmﬁm,—5MW;mrwmmmﬁ V9,9 € ©

(see e.g. Theorem I11.5.34 of Jacod and Shiryaev (1987)). Thus the maximum likelihood

estimator is the maximizer of the criterion process 6 ~ I'"(#) defined by
n T n 1
(6.1.2) " (9) = /0 6] — S0l VO € L20,7].

For every 6 € ©, the corresponding contrast function 6 ~ v4,(f) under Pj turns out to
be

(613 @ = [ 000t~ S0, V0 € L0,

1 1
—§||¢9 - 90”3:2(0,7} + 5”00“%2[0;]-

We shall not use the fact that (6.1.1) gives the log-likelihood ratio, and thus I'*(#) can be
thought just as a random variable defined by (6.1.2). Moreover, we have defined I'*(¢)

89
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and vy, () for all elements 6 of £2[0, 7] in order to consider “sieved” maximum likelihood
estimators. In view of (6.1.3) and the FIRST INEQUALITY of M-CRITERION of Theorem
5.1.2, it is natural to adopt the L%-semimetric as the canonical semimetric d on the
parameter space O, that is, d;}(0,9) = [|0 — 9| z2(0,1)-

Let U be a subset of © (one may take U = © or {6} for instance). We now introduce
a local entropy condition on a “sieve” O™ C £2%[0, 7], which need not be contained in O,
uniformly over U. Throughout this section, we denote by B(6;0) the closed ball in

L2[0, 7] with center 6 and || - || z2(o,--radius 4.

Condition 6.1.1 Let a set U C © C L%0,7] and some countable sets O™ C L?[0, 7]
be given. For every n € N and 0y, € U, there exist a proper metric py, on ©" such
that || - |lz20,7 < P, and a function @j : (0,00) = (0,00) such that & ~ 6~} (9) is

decreasing and that

(6.1.4) /06 \/log(l + N(©™ N B(bo;0), pg,; €))de < @, (9) Vé € (0,00).

Then, choose some positive constants ry g, such that n‘l/"’gogﬂ(r;,éo) < r;};(,.

Theorem 6.1.2 Let a set U C © C L%]0,7] and some countable sets O™ C L2[0,7] be
gwen. Suppose that Condition 6.1.1 is satisfied, and choose some constants r, g, described
there. Suppose also that there ezists a constant M > 0 such that: for every n € N and
0o € U there exists 0 € O™ such that

(615) “00 = 030”52[0171 S A/[T"_aéo'
Then, for any mapping 6" : Q" — O" such that

(6.1.6) I"(0") > sup I™(0) — ;2 with 7, = sup ryq,,
fecon 6ocU '

it holds that
lim lim sup sup Fg* (rn,90||§" = bollc2p0,7 > L) =0

L—oo nooo OocU

It is trivial that the assumption (6.1.5) is not a real restriction when O™ = ©; it is
satisfied with 6 = . On the other hand, it should be noted that the positive constant
M = My appearing there may depend on U; the case of U = © leads to the rate of
convergence uniformly in the true parameter 6y, while the case of U = {6y} implies the
point-wise assertion only. However, from the practical point of view we should choose a
sieve O" satisfying © C Upcon B(6; M*r; ') with a positive constant M* not depending
on U even in the case of U = {6y}, because statisticians do not know which is the true

point ;.
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Proof. We will apply Theorem 5.1.2. Formulation 5.1.1 should be read as follows: for
every 0, € U(=U"),
(i) the semimetric space (©", || - [|2(0,)) and the point 65 € ©";
(ii) the criterion processes § ~» I'(#) and the contrast functions 6 ~ v, (), with
parameters in O, defined by (6.1.2) and (6.1.3), respectively.
We then denote R (6) = {0 €0":(6/2) < |10 — 6 |l c2p0,,) < 5} for every ¢ € (0,00).
To show the FIRST INEQUALITY of M-CRITERION with p = 2, first observe that

165, = Bollczomy < Mrog,
< }l . g whenever § > 81Wr;},0
1 n
< ZHG — 0p, |l z210,7) whenever 6 € Ry (6).

Thus we have for every § > 8Mr;},o and every 6 € Rj (9)

1 u3
700(0) = 0(85) = 5 {116 = ollzagoy + 165, — BollZsgo. )

1 " n n
< {10 O oy + 210 70165, — Bollcran)
1 n n ”0—0" ”52 5T
< 3 {10 s+ 200 - ey, L= Bl
1 n
S AT
< _i52_
16

This means that the FIRST INEQUALITY holds for ¢, = z and K, = 8M (with J, = 0o).
On the other hand, by (6.1.5) we have Rj, (§) C ©"NB(6; 36) whenever § € [8Mr, j , c0).
Thus Theorem 2.4.2 implies that

Eg sup |(I" = 7)(8) — (" = )(6, )]
0€Ry (9)

A

5

n—l/2/ \/log(l+N(@nt(6'0;§5),ﬁZO;E))dg
0

& n—1/2<pgo(%5) < %'n_l/ngo(é)’

which means that the SECOND INEQUALITY holds with gy = n‘l/Qcpgo. Hence Theorem
5.1.2 yields that

L—00 n—oo0

lim lim supesu[l)] Py (rn,goﬂé" — 0, |l 220, > L) =0.
(IS

Recalling (6.1.5), we obtain the assertion. O
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Example 1: Monotone functions

Let us set © to be the class of monotone functions 6 : [0,7] — [0,1]. Then it follows
from Theorem 2.7.5 of van der Vaart and Wellner (1996) that

5
/ \/log N(©, || - llc2po,1); €)de < const.6™? V5 > 0.
0

This suggests that, by choosing a sieve ©" appropriately, Condition 6.1.1 should be
fulfilled with ¢} (6) = const.(6'/? Vv §), which leads to the rate r, = n'/3, not depending
onfyelU =6.

Proposition 6.1.3 Choosing any grids 0 = t§ <t} < --- <t} =7 such thatt} -t} | <
n~%/3, define O" as the class of monotone functions @ : [0,7] — V™ which are piecewise
constant on each interval [t? ,,t7), where V" = {j-n=?/3: j € Z} N[0,1]. Then, it holds
that © C Upeon B(0; /T + In"1/3).

Proof. Fix any 6 € ©. Let us choose 8%, 8' € ©" given by

Hu(t) = W . N o
{ ) = i forte [t ,,t}), i=1,...kn,

where

SE[?_,t7)

i—12"

u = min{yEV": sup H(S)Sy}v

A%

l; = max {y eV™: inf 6(s) y},

SE[tT_ .t}
and 0(r) = 6'(t) = 0. If the function ¢t ~ 6(t) is increasing, then u; = l;;; + n=%/3.
Thus we have [|0 — 8|72,y < [16* = 61|22, < 6% — 8]l 21107y < (7 +1)n %3, The case
of t ~ 0(t) being decreasing is also shown in the same way. O

Since ©" C O, Condition 6.1.1 is indeed satisfied for gj = || - [|z2j0,) and ¢f () =
const.(61/2 v §). The above proposition says that the assumption (6.1.5) is also fulfilled.
Consequently, it holds for any o satisfying (6.1.6) with ©™ given in Proposition 6.1.3
that

lim lim sup sup Pg* (n1/3||§" — Ol 20,7 > L) =0.

L—oo nooo 0o€©

It should be noted that grids of order n=%/3 is sufficient to get this rate, and the discrete

observation of the process ¢t ~ X[ only on the grids is enough to compute the estimator.
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Example 2: Smooth functions

Let some constants & > 1/2 and H > 0 be given. Let us consider the class © = C%([0, 7])
defined in (11) of Section 1.2. Recall that

5
/ \/log N(C%([0,7]), || - lloo; €)de < const.§'=(1/2),
0

This suggests that Condition 6.1.1 should be fulfilled with ¢} (§) = const.(5'~(1/22) v §),
which leads to the rate r, = n®/2e+1),
Choosing any grids 0 = ¢§ <t} < --- < tf = 7 such that ] — ¢, < p~*/Catl),
define the mapping 7" : © — ([0, 7] by
kn 1 n (T ti
() =S Lz (®) / 8(s)ds Vit e [o,7].

n n
= 4 — g Jta

This mapping 7" is a special case of (4.2.5). Using also Lemma 4.2.2, we have:
|76 — 7T"19H£2[01.,] <|6- 19”[;2[0‘1-1 < 7|0 — Y| Vo, € ©;

16 — 76| 2101 < TI|0 — 78|00 < THn®/atD) Vo € ©.

Hence, if we choose a sequence of countable subsets ©" of 7"© such that 7"© C
Ugeor B(; Mn=2/2+D) for a constant M > 0 not depending on n, then Condition
6.1.1 and the assumption (6.1.5) are satisfied for U = ©, pj = || - || and ¢f, (0) =
const.(6'=(1/2%) v §). Thus, the assertion of Theorem 6.1.2 holds for such a sieve ©", with
U=8.

Similarly to the preceding example, this result says that taking some grids of order

n~®/(at1) is enough to get the convergence rate r, = n®/(2a+1).

6.2 Multiplicative Intensity Model

Let (E, ) be a Blackwell space on which a measure X is defined, and let 7 > 0 be a fixed

constant. Let us denote:
LA ={fe€Lr(0,7] x E,B[0,7] ® £,dtA(dz)) : f(t,2) >0}  Vpe[l,o0]

We also denote by || - [|z» the LP-seminorm on LP([0,7] x E, B[0,7] ® &, dtA(dz)).

For every n € N, let u" be an FE-valued multivariate point process on a filtered
measurable space (", F",F" = (F')icpo,s))- Let P" = {P} : § € ©} be a family of
probability measures on (2", F") indexed by a subset © of L% for some p € [1,00]
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specified later. We suppose that the predictable compensator of pu™ with respect to the

probability measure Fj' is given by
v (w;dt,dz) = 0(t, 2) Y™ (w, t, 2)dtA(dz),

where Y™ is a [0, 00)-valued predictable function. It is well-known that, under some

conditions, the log-likelihood ratio is given by

dPp|F?
— =" -I" Vo
log i = PO~ ") V0.0 €,
where
(6.2.1) 1"(0) = (logf) = ur — 0+«
with
(6.2.2) 7" (w;dt,dz) = Y™ (w,t, 2)dtA\(dz).

However, as in the preceding section, we shall not use the fact that ["(f) above is a
component of the log-likelihood ratio; it may be regarded just as a [—oo, c0)-valued
random variable defined by the right hand side of (6.2.1). As a matter of fact, in the
following we will define {"(6) for all elements 6 of £, in order to discuss some “sieved”

maximum likelihood estimators, again.

Condition 6.2.1 For some p,q € [1,00] such that (1/p) + (1/q) = 1, it holds that
e L5 and  Y"(w,-,-) € LY Ywe Q"

Furthermore, for a given subset U of ©, it holds that

Llim lim sup sup Pg* (2" \ (L)) =0,

—00  n—00  foelU

where
(6.2.3) (L) = {w e Y m(@) < L} VL > 0.

A typical case, considered by van de Geer (1995b), is p = 1 and ¢ = oco. This choice is
optimal in the context of censoring models, where it indeed holds that Y™ < n. For our

discussion of rate of convergence, we adopt the random Hellinger semimetric o™ defined

by

VEIVZR

)
n Jo,r|xE

0"(6,9)

Vot 2) — /9t z)i2 Yn(t, 2)dtA(dz) V8,9 € L.
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Due to the first requirement of Condition 6.2.1, the above formula indeed defines a
random semimetric. On the other hand, an entropy condition on the sieve should be

given in terms of the L?-Hellinger semimetric p,, defined by

pZP(avﬁ) = I

I

1/2p
( [O‘r IxE ’\/0 t Z \/19 f & I dt/\(dz)) V0,19 € ,Cg_

Then it follows from the Hélder inequality that o" < Lpy, on the set Q7 (L) given by
(6.2.3). Throughout this section, we denote by B,, (6;¢) the closed ball in L% with
center 6 and py,-radius €, and by B,«(6;¢) the (random) closed ball in £ with center 6
and g"-radius e. We consider a sequence O™ of subsets of £ which satisfies the following
condition.

Condition 6.2.2 Let U € © C LF be given, where p € [1,00]. For every n € N and

0o € U, there exist a function @j, : (0,00) = (0,00) and some sets ©"(6p;6) C O™ C L1}
for & € (0,00) such that 6 ~» 6~'p (9) is decreasing and that

s
(0.24) [ \log(l+ Ny(©"(00;0) pie))de < @ (6) Vo€ (0,0).
Then, choose some positive constants ryg, such that n='2¢p (r 4 ) <775 .

The subsets ©"(6y; d) of ©™ have to be chosen to satisfy not only (6.2.4) but also (6.2.6)
below. It can be taken to be ©" N B,,, (p; ) if the random semimetric ¢" is “asymptot-
ically equivalent” to the semimetric py, (i.e., the assumption (6.2.8) below). Generally
speaking, a smaller choice of ©"(fy;0)’s makes it easy to check the entropy condition
(6.2.4), but does it difficult to check the condition (6.2.6). If we choose ©"(6p;d) = O,
the condition (6.2.6) is always satisfied; thus this choice is wise when it does not affect
the inequality (6.2.4).

Theorem 6.2.3 Let U C © C L. be given, where p € [1,00]. Suppose that Conditions
6.2.1 and 6.2.2 are satisfied for some O"(6y;0) C O™ C LF, and choose some constants
Tno, described there. Suppose also that there exists a constant M > 0 such that: for
everyn € N and 0y € U there exists 0 € O™ such that

(6.2.5) 6o < M0y, and pap(6o, b)) < Mr; b0

and that
11m lim sup sup Pg* (2" \ Q5 (K)) =0
bocU

(6.2.6)  where Qp (K) = {Rgo (6) U {85} C ©"(80; Kb) 5 € [Kryp,00)}
with Ry, (8) = {6 € " : (5/2) < 0"(6,65,) < }.
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Then, for any mapping g : Q" — O" such that

(6.2.7) "(0™) > sup I"(0) — nr,? with Tnh = SUD Tp6,,
fcon OoeU
it holds that

im lim sup sup P} (T"'ao Q"(é", 6y) > L) =),

1

Lo nooo OocU
When ©™(0y; 6) = O™, the assumption (6.2.6) is unnecessary. When ©"(6y;0) = ©™ N
B,,,(00;0), the assumption (6.2.6) is satisfied if

5 . Tk p?p(gv 79)
lim lim sup sup P, su —— = > K| =0.

K—o0 n—éoopgoeII)J B o,-sele)n 0™(6,9)
g"(O,n’))Kr;‘lo

(6.2.8)
0
It is trivial that the assumption (6.2.5) is not a real restriction when O™ = ©; it is
satisfied with M =1 and 6 = 6. Recall also the remark following Theorem 6.1.2.

To prove the above result, we shall apply Theorem 5.1.2 not to the naive criterion

process  ~ I'™(f) = n~'1"(f) but to the process § ~ I'y (¢) given by

1 0+ 9},‘0 0+ 930
ol |4 = — — il n 1 n —n
(6 2 9) Fao (0) { (lOg 2930 ) * [ <( 2030 000 VUV,

where 6 is an element of ©™ satisfying (6.2.5). Then it is natural to introduce the

process 6 ~ . (6) given by

n 1 0+66\ , noo 0 + 65, -
(6.2.10) 5 (0) = ;{(log 20300)*u,v9 —(( 20 —1)990)*1/T}

1 0+0; 9+ 0y
= ~([1 b ) B — b 1) 65 )+
(st ) o= (- ) ) oo

which can be approximated by
1 0+0; 04063
il l 0 __ 0 1 071 —n
n <( 0, 2w, )T
if 6, is “close” to 6. We should have noticed in advance that
(6 + 05,) 1105, >0)
205,

0+ 65,
207

0

(6.2.11) should be read as (where 0/0 = 1).

However, it follows from the assumption (6.2.5) that {#;, = 0} C {6, = 0}, and we also
have P (1" ({6p = 0}) = 0) = 1. These facts allow us to adopt the notational convention
(6.2.11). The merit of these “modified” processes is that

0+0; 1
6.2.12 - 0 5 —
(6.2.12) 205 ~ 2

To justify the “modification”, we should first see the following.
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Lemma 6.2.4 Under the first requirement of (6.2.5), for any mapping gn : QO — on
satisfying (6.2.7), it holds that

~ 1
[5,(0") > Iy (65,) — §T;2 Py -almost surely.

Proof. Since the function x ~» log(z) is concave, it holds that

n (pn én + 0, n 1 an n 2=
nr€o (0 ) = (log 203 00) * fr — 5(0 - 090) * Vo
0

An
> % (log 07> * pl — %(0“ —05) x 77 on the set {u" ({6, = 0}) = 0}
()

> (@) - (6R)

1
> —inr,;?.
Since Ty, (0j,) = 0, and since Pg (u"({63, = 0}) = 0) > Pg (1" ({6 = 0}) = 0) = 1, we
obtain the assertion. O

For computation of the Hellinger semimetric, we will use the following inequalities:

=

(6.2.14) ’\/z +a-— \/U_Jr—a’ < |\/E— \/17’ Vz,y,a € [0,00).

(6.2.13) %‘\/T—\/glg <|Va-vi|  Vayelo,0);

Proof of Theorem 6.2.3. We will apply Theorem 5.1.2. Formulation 5.1.1 should be read
as follows: for every 6y € U(= U™):
(i) the random semimetric space (©", ¢") and the point 6 satisfying (6.2.5) and
(6.2.6);
(ii) the stochastic processes 6 ~» I'; (#) and 6 ~ ~j (f), with parameters in ©",
defined by (6.2.9) and (6.2.10), respectively.
As in (6.2.6), we denote Ry (6) = {0 €0O":(0/2) < 0™(0,6;,) < 6} for every 0 € (0,00).
Notice that 'y (65,) = 73, (65,) = 0.
To show the FIRST INEQUALITY of M-CRITERION, let us write 7 (6) = (1) + (I1),

1 0+65 6+ 65 5 .
(1) = ;((log 2030 —ﬁ—i‘l 090 * V.3

1 0 + 0, n n
(1) = —((log 20, )(60—990)>*1/T.

n

where:




98 6. Non-parametric Maximum Likelihood Estimators

Since logz — z + 1 < —|\/z — 1|? for all z > 0, we have

2
1 (| [o+eg
& 27 Y8 n —n
(I) == TL( 2030 1 090)*I/‘T
(00 N\
0 ( 9 7090)

1 -
~A ’Q"(o, 05,)

—%(52 whenever 6 € Ry (6).

by (6.2.13)

IA

On the other hand, since |logz| < ¢;|\/z — 1| for all z > 1/2 where ¢, = (2 + v/2) log2,
it follows from (6.2.12) that

C2 0+63 n n i
|(1T)| < ;(, %f_l ‘ 900"'\/970 V090_\/0_0 W i
62(1"‘ \/M) 0+03 n n o
< n 20(79100_1 V090' \/990_\/9—0 * Vg
0+ 0}
< cz(1+\/ﬁ)g"( = “°,930) 0" (05, 0o)
< 1+ VM) (0,65)0" 0, 0) by (62.13)
< c2(1+\/M)v6'Mr;},0 whenever 6 € Rj (9).

Thus, we have
n 1 o
Yio(0) = 00 (05,) < —350° V0 € Ry, (9)

whenever 6 > Kr,;lgo with any K > 32-¢(1 + vVM)M.
To show the SECOND INEQUALITY, observe that

1 n n
(T%, = 78,)(8) — (TG, — 75,)(65,) = — - WOk (u" —v™%*), Vo e e

where W™%’s are defined by

0 + 05,

¥ n,0 =
V log( 20

) Ve € LF

(we have extended the parameter space ©™ to L% in the latter). For a given ¢ > 0,
choose some L., K. > 1 and n. € N such that Py (Q" \ Q7(Lc) N Q5 (K.)) < € holds
for all n > n., where the sets QF(L.) and Qf (K,) are given by (6.2.3) and (6.2.6),

respectively. For every n > n, and 6y € U, fix any § € [r;}},o,oo), and we will apply
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Theorem 2.2.8 to the class W = {W™? : § € ©"(0y; K.6)} of predictable functions with
a = 1. Indeed, since v"(w;[0,7] x E) < oo for all w € Q", we have that exp(|]W]|) *
v*(w) < oo by using also (6.2.5). For every ¢ > 0, choose (pop,e)-brackets [I5F, u=¥],

k=1,..,Ny(©"(0o; KI), papi€), in L7, which cover the class ©"(6y; K.6). Construct a
NFP II of ©"(6y; K.0) from this series of brackets. We have that

IWn,a . Wn,ﬂl S Wn,uf-k _ Wn,[f-k if ls,lc S 07 9 S uf,k

and that, since 0 < 2(z — 1 —logz) < |z — 1|* for all z > 1,

1 ok §
: (E(wmaet — Wt ))) o
1 € [ 3 1 € e
= b (exp (§|W"‘“ ko Wl k|) 1 ian’u ko i kl) . V:_lﬁo
i uE’k + 03 uE,k —+ 93
(( g 030 og —lfv" +930 o | *U,
usk + 00 uek + 05’. B
< (( ok +09° —1—log TErgn +03° 0, | * 77
o o
k 0 >
us~ + 6y o
< M( lfv’“+9{}0_1 930)*111_
0

M (]\/Ek 05, — IF + 0;;0'2) .

Mn|o" (u* + 7 ok + 6’(’,’0)|2

< Mn|g™(us*, I5%)? by (6.2.14)
< L2Mn|pg, (u®*, 1F)|? on the set Q(L,)
< LiMné?,

where the set (2} (L) is given by (6.2.3). Thus we obtain ||W||ff, < V4MnL, on the set
Q7 (Le). Likewise, it holds that

VE(WnI — Wnd|) x v < VAMne (0,9) V8,9 € O™

this can be shown by computing on the sets {(t,2) : 6(¢,2) < 9(¢,2)} and {(t,2) :
0(t,z) > 9(t,z)} separately. This suggests that we should apply Theorem 2.2.8 to the
random metric o = V4Mno". Notice that [|[V4Mng"*||n < V4MnL, on the set Q7 (L,).
Hence, applying the theorem to K = v4MnL K, and 6 > 0 we obtain

(6.2.15) By sup (W™= W) s (4 — %), |lgee,

6,9€0™(0g;Keb)
o™ (8,9)<6
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A

)
VaMnL.K. /0 Vog(1 + Ny(0n(8y; K.0), pi ) )de
< V4AMnL K.} (KS) < VAMnL K?pj, (6)

whenever 0 satisfies the restriction that yf (KJ) < VAMnL K, - §% assuming M > 1/4
without loss of generality, this restriction is weaker than n~'/2¢j (§) < 6°. Thus the
above inequality holds for any ¢ € [r;!, 00). Now, recall that R (0)U{6j, } C ©"(6p; K.9)
for all § € [K.r, y,,00) on the set Q2 (K,) given by (6.2.6). Multiplying the both sides

of (6.2.15) by n~', we have that

Es, , oy |(T5, = 73,)(60) = (T3, — 73,) 05, ) Lan(zonay, (ko) S VAMLK ™'/} (8)
€ 30

for any § € [K.r,',00). The SECOND INEQUALITY has been established. O

6.3 Counting Processes with Non-linear Covariates

Let (E, &) be a Blackwell space on which a o-finite measure A is defined; this is the state
space of covariate processes in the following model. Let 7 > 0 be a constant. We define
the notations £ and || - ||z» in the same way as the first paragraph of Section 6.2.

In the n-th statistical experiment, we consider k, adapted point processes on [0, 7],
namely N™ (i = 1,...,k,), defined on a filtered measurable space (Q", F",F" =
(F1)tef0,7)); we then denote T]-"’i = inf{t € [0,7] : N;*' = j} for every j € N (see
page 34 of Jacod and Shiryaev (1987)). Let P" = {P;' : § € ©} be a family of proba-
bility measures on (", F") indexed by a subset © of L% for some p € [1, 00] specified
later. Suppose that the predictable compensator of N™ with respect.to the probability
measure Py is given by

0(t, Z )Y dt,

where ¢ ~ Zt"’i is an F-valued predictable process and t ~- Yt"’i is a [0, 00)-valued
predictable process. It is implicitly assumed that [7 8(t, Z/"'(w))Y,""(w)dt < oo for every
w € Q" Suppose that we can observe the processes N™! Y™ and Z™' on the random
sets {t € [0,7] : ¥/'(w) > 0}. The goal of this section is to derive the rate of convergence
of sieved maximum likelihood estimators for 6.

We analyze this problem by using the E-valued multivariate point processes

kn
ph(dt dz) = 3 e gma gni (dt, dz).
ot g8
J

i=1 j
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Here, we suppose that T]’” - Tj',"il whenever i # 7'; then all requirement for 4" to be an
E-valued multivariate point process, including that p"({t} x E) < 1, are indeed satisfied
(see Definition I11.1.23 of Jacod and Shiryaev (1987)). The predictable compensator of
™ with respect to the probability measure P} is given by

v™O(dt,dz) = 0(t, 2)7"(dt, dz)

where i
(6.3.1) 7, dz) = 3 Y Me pi(dz)dt.
i=1

Under some conditions, the log-likelihood ratio is given by

dby |y

1
* 4P| Fr

=I"(0) - I"(9) V6,9 €O,

where
1"(0) = (log @) * u* — 00",

although we shall not require any property of the log-likelihood ratio.
For our discussion of rate of convergence, we adopt the random Hellinger “semimetric”

0" which is “formally” defined by

1
(6.3.2) 0"(0,9) = \/E Vo~ V3| «on
1 & pr
¥
for every 6,9 € L£f. The meaning of the quotation marks is that ¢"(#,9) < oo may

not hold, although it has been implicitly assumed at least for #,9 € ©. On the other
hand, an entropy condition on the sieve should be given in terms of the L?’-Hellinger

- —12 )
VO, 20 — /o, 2| Yt

semimetric p,, defined by

pu(0,0) = VOV

- (/[O,T] xE

A main difficulty in this model is that the random measure 7"(dt,dz) on [0,7] x E
defined by (6.3.1) is not dominated by the measure dtA(dz); compare (6.2.2) and (6.3.1).

Hence, in the present situation, an entropy condition in terms of p,, is not directly

L2p

12p 1/2p
Vot z) — /o, z)’ th(dz)) V0,9 € L.

translated into that in terms of o" as in the multiplicative intensity model where the
relation o" < Lpy, holds on the set Q(L) given by (6.2.3). To solve this problem, we
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will take the same approach as Sections 4.2 and 4.3. Let E = {J,, £}, be a partition of £-
measurable sets, which is at most countable, such that A\(E") € (0,00). Set " = o{E} :
m = 1,2,...}, and denote by L%" the space of elements f of £ that are B[0,7] ® -
measurable; it is trivial that £5" C L. We define the predictable function Y™ on
Q" x [0,7] x E by

m lizerp)
(6.3.3) "(w, t,z) ZZYt l{Zn1 JeEn } AER)

m =1

(do not confuse this Y™(w, t, z) and the original ¥;"*(w)’s). Then, it holds for any f € £%"

that
(6.3.4) fapl = / F(t,2)Y™ (-, t, 2)dtN(d2)
[0,7]xE

if the integral is finite. We thus introduce the following condition.

Condition 6.3.1 For some p,q € [1,00] such that (1/p) + (1/q) = 1, it holds that
(6.8.5) 8¢ L and  Y'(w,-,-) € LY Ywe Q"

Furthermore, for a given subset U of ©, it holds that

lim lim sup sup Pg"(Q" \ Q7(L)) =

L—occ nooo 00U
where
(6.3.6) (L) = {w € \fn Yz < L} VL >0
and where Y™ is defined by (6.3.3).

Under (6.3.5), the equation (6.3.4) does hold for all f € £%" by the Holder inequality,
and thus the same relation as (6.2.2) is fulfilled on the smaller o-field B[0, 7]®E™. In this
case, the formula (6.3.2) indeed defines a random semimetric on £5" U ©. In particular,

we have that
1 12
n g.9) = A a(t . n p,n
(6, 0) \/ /MXE‘\/ (t.2) \/ﬂ(t,z)’ Yo(t, 2)diA(dz) V6,9 € £

and that

0"(0,9) < Lpsy(6,9) vo,9 € LB on the set Q(L).

Hence it would be convenient for computation of entropy to construct a sieve {©"} of
subsets of £%"’s rather than £%. To do it, we introduce the mapping 7" : £ — L£R"

defined by
2
0(t, w)\(dw)

m0(t, 2) = Lizerp)

En
(notice that this is different from that of Sectlon 4.2). Then we have the following:
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Lemma 6.3.2 (i) If < 9 where 6,9 € LY, then "0 < 7"9.
(i) If f is a [0, 00)-valued B0, 7] @ E™-measurable function, then for every 6,9 € L',

/OT]XE‘\/ﬂ"G (t,2) \/7r"19 t.z)
< ’\/G(t 2) =0t 2 ’ F(t, 2)dtA(dz),

OTXE

f(t, z)dt\(dz)

provided the integrals are finite.

Proof. The assertion (i) is trivial, and (ii) follows from that
12p
’\/N"O(t,z) - \/7r"19(t, z)\
- 1

m 2
. \/H(t,w)—\/ﬂ(t,w)| Aldw)1(zepp)-

2p
lzern)

O

Consequently, we obtain that: if we choose (pgp,¢)-brackets in L%, namely [I*%, u®*]’s,
which cover the class ©, then it holds on the set Q7(L) that [x™**, 7"u®*]’s form an
(0", Le)-brackets in L™ which cover the class 7"©. This allows us to make an entropy
condition with respect to the non-random semimetric py, rather than o". Hereafter, we
denote by B,, (6;¢) the closed ball in £ with center # and pop-radius €.

Condition 6.3.3 There exists a function ¢ : (0,00) — (0,00) such that § ~ §~'p(8) is

decreasing and that

s
(6.5.7) /0 \/log(l + N (O, pap; €))de < (6) Vé € (0, 00).

1/2 2

Then, choose some positive constants , such that n=?¢(r 1) <r,

Although we have stated the version corresponding to the case ©"(6y;0) = O™ of Condi-
tion 6.2.2 only, it is also possible to replace © of the entropy assumption (6.3.7) by the
local ball © N B,,,(f; ) when we can show an “asymptotic equivalence” of ¢" and p,,

(ie., (6.2.8)).

Theorem 6.3.4 Let U C © C L} for some p € [1,00]. Assume Conditions 6.3.1

and 6.3.3, and choose a sequence r, described there. For a given sequence of subsets
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O" C 70O, suppose that there exists a constant M > 0 such that: for every n € N and
ty € U there exists Oy € O™ such that

(6.5.8) 0o < M0y, and  pyp(60,65,) < Mr,*
Then, for any mapping 6" : Q" — O™ such that

I"(0") > sup I"(0) — nr,.?,
fecon
it holds that
11m lim sup sup Py (rng"(g", ) > L) =0.

L= n-oo

This result can be proved exactly in the same way as Theorem 6.2.3 by means of Lemma
6.2.4; those proofs can be read with little change of notation (notice that “60 € ©™” there
should be read as “7™6 € O™ here).

The next problem we should consider is how to check the assumption (6.3.8) for
the sieve ©™ given as a subset of 77©. When © is a class of “smooth” functions, the
assumption is always satisfied if we use a slightly different sieve; a part of the idea has

already appeared in Example 2 of Section 6.1. Define the mapping 77} : L% — L5 by

(6.3.9) 0t z) =Y 0(t, w) +ry'A(dw)| 1izepy)-

A(ER)?
It is easy to show the same facts as Lemma 6.3.2 with 7™ replaced by 7’}. Thus we have:
Corollary 6.3.5 Let U C © C L%. Assume Conditions 6.3.1 and 6.5.3, and choose a

sequence 1, described there. Define ©" = 7©. If there exists a constant M > 0 such

that

sup 1/6o(t, z) — 1nf Vbo(t,2)| < Mr, Vb, € U, Vn € N,

zeED,

sup sup
tefo,r] m

and if N(E) < oo, then the same conclusion as Theorem 6.3.4 holds.

Proof. Notice that: if we choose (psp, €)-brackets in L% which cover the class ©, namely
1%, u*]'s, then it holds on the set QF(L) that [x715% —r ! 7us* —r!]’s form (0", Le)-
brackets in £5" which cover ©" = 7 ©. Hence it suffices to prove that (6.3.8) is satisfied

for the present sieve ©" = 7710; we will show it for #; = 776,. First observe that

Bo(t, 2) <ian€E;¢l Oo(t,z) + Mr,*!

m00(t2) T infoepn /0o(t, 2) + 7

<1+ M.
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Next, since

. - -
zlel}sf:,‘l \/00(t,z) < \/7r+90(t,z) r b < sup \/6(t, 2)

2€Ep,
we have
sup  |\/fo(t,z) — \/760(t, 2)| < (1 + M)r; ",
(t,2)€[0,7]x E
Thus it holds that p, (6o, 7700) < (1 4+ M)TA(E) -7, O

Example 1: Smooth functions

Let us take E = [0,1]? endowed with the Lebesgue measure. Let o > (d + 1)/2 and
H > 0, and we consider the class Cy = C§([0,7] x [0,1]%) given in (11) of Section 1.2.
We set © = {# € L : V0 € Cg}. Then, Condition 6.3.3 is satisfied with U = © and
©(6) = const.(§'~@+1)/2e v/ §); thus we set 7, = n®/2a+d+) Let [0,1]¢ = U,, E", be a
partition of Borel measurable subsets of [0,1]¢ such that Diam(E) < r,!. Then, the
displayed assumption of Corollary 6.3.5 is satisfied also with U = ©. Hence, we can get
the conclusion of Theorem 6.3.4 if Condition 6.3.1 for p = oo and ¢ = 1 is satisfied.
A sufficient condition for this is that k, = n and the processes Y™ take values only
in a bounded set [0, K]. As in the next example, the state space of the process Y™ is

typically {0,1} in the context of survival analysis, hence the result above is always valid.

Example 2: Lexis diagram

Let us discuss the Lexis diagram which is an important method describing models in
survival analysis (see Keiding (1990) or Chapter X of Andersen et al. (1993) for the
details). Let E = [0,7] and k, = n. We suppose that the covariate process Z™' is given
by

ZH =t -e")vo,

where ™ is a [0, 7]-valued random variable representing the entry time of individual ¢;
then Z/"' is considered to represent the age or duration of the individual i at calendar
time t € [0,7]. We also suppose that the process Y™ is given by

Yt’ﬂ,i = 1

{eni<t, Zt’"i<U"'i}’

where U™ is a [0, oo]-valued random variable; it is typically of the form U™ = (T7"" —
e™") AC™" where C™" is a [0, oo]-valued random variable representing the censoring time
of the individual 7. To guarantee the predictability of the processes Y™! and Z™¢, the

random variables e™* and ™' + U™ are assumed to be stopping times.
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We consider the parameter space © given in the preceding example with d = 1 (and
E = [0,1] is replaced by [0,7]), and thus we set 7, = n®/(22*2)_ If we take a sequence of
partitions [0, 7] = UU,, E" of Borel measurable sets E" such that Diam(E?) < r.!, the
conclusion of Theorem 6.3.4 for the sieve ©" = 7} © given by (6.3.9).

6.4 Diffusion-type Processes
Let us consider the stochastic differential equation
(6.4.1) dX, = 0(t,X)dt + n~'/?dB,, Xo=1z9 €R,

where t ~» B, is a standard Brownian motion defined on a stochastic basis (2, F,F =
(Fi)ieo,7), P) and 7 > 0 is a fixed constant. The functional f appearing above should
satisfy some appropriate properties described as follows. We equip C[0, 7], the canonical
space of sample paths, with the o-field H, = o{z, : s < t} for every ¢t € [0, 7].

Definition 6.4.1 We denote by A the set of functionals 6 : [0,7] x C[0,7] — R such
that:
(i) = ~ 0(t, z) is H,-measurable for every t € [0,7];

(ii) Supseo,r) SuPzecyo,r 10t )| < oo

Definition 6.4.2 For a given constant H > 0, we denote by Ly the set of functionals
0 € A such that

|6(t,z) — 6(t,y)| < H sup |z;—ys| Vz,y € C[0,7], Vt€[0,7]
s€[0,t]

It is well-known that the stochastic differential equation (6.4.1) has a unique strong
solution XY = (Xl"’e)te[o),] whenever 0 € Ly for some H > 0 (see e.g. Theorem 13.1 of
Rogers and Williams (1987)). We denote by z? = (2!).c[0, the solution of the ordinary
differential equation
(6.4.2) dzy = 6(t, z)dt, 9 € R

Fix any H > 0. Let us introduce three notations. For every n € N and 6, € Ly we

define the random semimetric gj on A by

1 T
05 (6,9) = ﬁ /0 |0(t, Xn00) — 9(t, Xn00)|2dt V0,9 € A.

For 6y € Ly we define the semimetric pg, on A by

1 T
ps,(6,9) = \/;/0 0(t, z%) — O(t, z%)|2dt V0,0 € A.
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For every 6y € Ly and £ > 0, we define
Ly (poy;e) ={0€ A: 361,60, € Ly such that 6; <60 < 6, and py,(01,62) < e} .

It is clear that Ly C L3 (pe,;€) C A.
We denote by P™? the induced probability distribution of X™? on the canonical space
C[0,7]. Then, the family {P™? : § € Ly} is equivalent, and the log-likelihood ratio is

given by
Tog gm —n{l(6; X) — I X)}  VO,9€ Ln
29
where ’
Y - _ = 7\ |2
(6.4.3) 1(6; X) = /0 0(t, X)X, - /O l0(t, X)|?dt

(see, e.g., page 29 of Kutoyants (1994)). Although the representation of log-likelihood
ratio relies on the existence of unique strong solution of the stochastic differential equa-
tion (6.4.1), the formula (6.4.3) itself is well-defined for all § € A. We then consider a
maximum likelihood estimator (MLE) on the sieve O™ C A

6"(X) = argmax [(6; X).
gcon
The precise description will be given in the main theorem below.
The condition which we shall assume is as follows; we denote by B, (0; ) the closed

ball in A with center § and py,-radius 9.

Condition 6.4.3 Let U C © C Ly and O™ C A be given. For every n € N and
0o € U, there exist a proper metric pp on ©" such that pg, < pjy,, and a function
@5 (0,00) = (0,00) such that & ~ 6~ p (0) is decreasing and that

4
(644) [ \oa(l+ N(©" 1B,y (00:0), Fhie))de < ¢5,(6) Vo € (0,00).

Then, choose some constants Ty, € (0,n'/?] such that n="%@} (ri 4 ) <15 .

Theorem 6.4.4 Let U C © C Ly for a constant H > 0. Suppose that Condition 6.4.3
is satisfied for some countable sets ©" C A, and choose some constants ry g, described
there. Suppose also that there ezists a constant M > 0 such that: for every n € N and
0y e U

" C L(pao; Mryg,) and  pg,(00,05) < Mr, 4 for some 0 € O".
Then, for any mapping 6™ : C[0,7] — O™ such that

(6.4.5) 10"(X); X) > sup 1(0; X) —r; 2 with r, = sup T 03
beon B0l
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it holds that
lim lim sup sup P* (rn,gopgo(é"(X"’g"), o) > L) =

—00 n—o00 foelU

lim lim sup sup P* (rn,goggo(én()("*”“), 6) > L) =0.

L—o0o n—ooo B0l

In order to prove the result above, we will apply Theorem 5.1.2 to the processes
6 ~ T (0) and 6 ~ 3 (6) given by:

(6.4.6) B8 = Mo X
T 1 T
= [o, xmmyaxne - 2 "o, xm )Pt
0 2 Jo

T 1 i
(6.4.7) @) = [ 0 xmu, X0yt — 3 [ lo(e, Xm0

_} n 2 l T n,00\ 2
2090(97 00) oy 24 Igo(t,X )I dt.

The key point of the proof is that

(6.4.8) T2 (8) — 7 (0) = n~'/? / 9(t, X"%)dB,.
0

First, let us investigate the relationship between pj and g, .

Lemma 6.4.5 Let H > 0 and € > 0 be arbitrary constants. For every 6y € Ly and
every 0,9 € L3 (pg,,€) it holds that

|05, (8, 9) — pa, (6, 9)|? < n7!.24H?re?HT sgp] | By|? + 48¢*
te|0,7

P-almost surely.
Proof. Observe that

'on (97 19) — P8, (01 0)|2
[ {60y — 9} — {6(a%) - (")} at

IA

2
dt.

IN

2 /0 "oy — o) dt +2 /0 " [9(xm%) — 9(at)

Here, for given 6 € L};(pg,.€) choose some 0,60, € Ly such that 6, < # < 6, and that
09, (601,02) < e. Then we have

IA

|01 (t, Xn,ﬂo) — 92(t, .’EGO)I + ]92(t, ‘Yn’OO) — 01 (t, l'oo)l
01 (t, X™%) — 0, (t, z%)| + |02(2, X™%) — 0, (¢, z%)|
+210, (¢, a:‘9°) — Oq(t, zo")l,

|6(t, X™%) — 6(t, )|

IN
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thus

|8(2, X™%) — 8(t,2%)|? < 6H? sup | XM — z%|2 4 12|6, (¢, z%) — 8,(t, z%)|2.
s€[0,t]

It follows from the Grownwall inequality that

sup [X;% — z°| < "™ sup [n7V2By,
te[0,7] te(0,7]

hence we obtain
/ 0(t, X™%) — 0(t,x%)|*dt < 6H*1e*"™ sup |[n~'/2B,|* + 122
0 te(0,7]

Those inequalities imply the assertion. O

We will use the above lemma in the following form.

Lemma 6.4.6 Let U be an arbitrary subset of Ly for some H > 0, and let M > 0 be
an arbitrary constant. For every n € N and 6y € U, let r, 9, be some positive constants
such that rng, < n'/?, and let O™ a countable subset of the set Ngyerr L3 (Pag, M1, 5,)-
Then, it holds that:

lim sup sup P ( sup |0, (0,7) — pa,(60,9)| > Lrn_},()) =0;
L0 neN goeU 0,9c0n ’

. pBo(av 19)
lim sup sup P su ——=>2|=0.
K—oo neg Boell)/ a,aegn 05.(0,9)

-
Poq (0.0)>Kr G

Proof. 1t follows from Lemma 6.4.5 that for every £ > 0 there exists a constant L. > 0

such that sup,,cysupg,co P(Q2\ Q5 (¢)) < €, where

(€)= { sup |5, (6,9) — oy (6, 9)] < Ler;,;o} .
0, 9e0n

The first assertion is nothing else than this fact. On the other hand, it holds on the set
Q. (¢) that

0,9 0,9
e pf'_l)(e_; = oo 9pf90( L) =
A9, (;’:)E::lr_; 900( ’ ) I (:;;9)E>9Knr_10 ng( 7 ) ~ ko
o (¢ .60 0 (@ 6o
= e Pio (8, 9) whenever K > 2L,

9”958" Poo (6’ 19) - %pgo (07 19)

p90(9,0)>Kr:1

60
= 2
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This implies the second assertion. O

Proof of Theorem 6.4.4. We will apply Theorem 5.1.2. Formulation 5.1.1 should be read
as follows: for every 0, € U(= U™),
(i) the random semimetric space (O™, g ) and the point 0 € ©";
(ii) the stochastic processes 6 ~ I'y (6) and 6 ~~ v (6) with parameters in ©", given
by (6.4.6) and (6.4.7), respectively.
We then denote Ry (0) = {6 € ©": (§/2) < ¢}, (0,05,) < 0} for every é € (0, 00).
First of all, it follows from Lemma 6.4.6 that for every € > 0 there exists a constant
K, > 0 such that

sup sup P(Q2\ Q5 (K.)) <,
neN oel

where

0 i i N 1 _ 05(0,9)
Qo (Ke) = {990(990,90) < KErn,lﬂo} n N {5 < p—zo(ﬁ 9) 20
6,9e0n 0 ]
%(a.miz«—,r;go

To show the FIRST INEQUALITY of M-CRITERION, observe that for any L > 16L,

05, (05.,00) < K.y, on the set Qp (K.)
1
= T g whenever 6 > 8KET;},0
1 n n n
= 2990(0, 6,) whenever 6 € Ry (9).

Hence, we have for every § > SKET;’},O and 6 € Rj (0) that

n n (gn 1 n n (on
Yoo (0) — Voo (0,) = 3 {—990(97 60)* + of, (65, 90)2}
1 7 n \2 7 n n n
= {—900(9, 05,)° + 205, (9, 05,) 25, (05, 90)}
1 7, n 7 I Qn (0’ 0" )
< 3 {—990(67 05,)% + 205, (0, 900)%—00_
1 n n \2
= - 1900 (07 000)
1
£ ——p?
- 4

on the set f (K.). This means that the FIRST INEQUALITY holds for p = 2.
Next, notice that whenever K, > 2

5, (K.) € {R}, () U{6;,} C ©" N B,, (65, K.0) V6 € [K.ryh,00)}.
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Since ©" U By, (0 ; K.0) is contained in ©" U By, (0o; (K. + M)d), we can deduce from
Theorem 2.4.5 that for every 6 > K.r,, 90

E* sup |(T5, —5,)(0) — (T, — 73,) (65,) 1 1ep. (%)
0Ry (9)

)
o n—‘/z/ Jiog(1+ N(©" N B,,, (60; (K. + M)d). 5j,:€))de
K. -n'2gp (K. + M)J)
KE(KE =+ M) . n—1/2(pgo (6)

IN A

IA

Thus the SECOND INEQUALITY is fulfilled with ¢f = n~"/%pp .
Hence it follows from Theorem 5.1.2 that

hm lim sup sup P* (rn 60980 (O™ (X ™%0), 6p,) > L) =0,

L—oo n—oo’ goelU

Noting pg, (05,,00) < Mrg 6, We get the first conclusion of the theorem. The second one

follows from the first and Lemma 6.4.6. Od

Example: Markovian case

Consider the stochastic differential equation
dX; = 0(X,)dt + n~'/%dB,, Xp=xp €R,

where 6 : R — R is a bounded, Lipschitz continuous function. Then, the unique strong
solution X™¢ = (X" )te[o,r] is a time-homogeneous Markov process. In the same way as
the general case, we denote by 2 = (2f)0,,) the solution of the ordinary differential
equation

dzy = 6(x,)dt, o € R

For a given bounded, Lipschitz continuous function 6, : R — R, we define

o (0,0) = \/ / 6(X%) — 9(XP)2dt V6,0 € A

and

e, (6,9) = \f [B(z) — 9(zP)|2dt V6,0 € A,

where A denotes the space of bounded measurable functions on R.

Let some constants & > 1 and H > 0 be given. We consider the class C§;(R) given in
(11) of Section 1.2. Due to the fact that t ~» z? takes values only in [z — HT,zo + HT]
whenever § € C§(R), and recalling also Lemma 6.4.5, we define the parameter space

©={0€C§: x~ 0()is constant on E},



112 6. Non-parametric Maximum Likelihood Estimators

where E = [zg — HT — 1,20 + HT + 1]. We denote by || - || the supremum norm on

£>°(R); notice that pg, < || - [|oc- Since we have
log N(©, ]| - ||eo; €) < const.e 1/,

Condition 6.4.3 is satisfied with (8) = const.(6'~(1/20) v §) whenever ©" C ©. In this
case, we get the rate r, = n®(22+1)_ Consequently, if we choose a countable subset ©"
of © such that © C Upeor Blo| ) (0; Mn=2/2+D) for some M > 0 not depending on
n, then it holds for any ©"-sieved MLE " that:

lim lim sup sup P* (n“/(2“+l)pgo(§"(X"’0°),6’0) > L) = 0;

L—ooo pn—soo 00€O©

im lim sup sup P* (n"/(z"‘H)QZO(é"(X"’g"),00) > L) = ().

1
Lo pn—ooo 0o€©

6.A Notes

The rate of convergence of infinite-dimensional M-estimators has been studied vigorously
by Birgé and Massart (1993), van de Geer (1990, 1993, 1995a, 1995b), Wong and Severini
(1991) and Wong and Shen (1995); see also Chapters 3.2 and 3.4 of van der Vaart
and Wellner (1996) and the bibliographical Notes there. Among the preceding works,
van de Geer (1995b) is a unique paper that deals with dependent data. Based on her
general result for counting processes, she considered non-parametric maximum likelihood
estimators in the multiplicative intensity model (without marks); it should be emphasized
that, although there are some differences, a major part of Section 6.2 has been already
known through her work. However, the marks and the discussion about sieves that have
been newly added there are important for analyzing the non-linear covariate model in
Section 6.3.

Some M-estimation problems in finite-dimensional parametric models of diffusion-
type processes have been studied by Lanska (1979), Genon-Catalot (1990), Yoshida
(1990, 1992) and Kutoyants (1994, Chapter 7); see also the references therein. The

results in Section 6.4 seem to be the first attempt in the infinite-dimensional model.



Chapter 7

Miscellanies

7.1 Local Random Fields of Kernel Estimators

It is well-known that kernel density estimators for i.i.d. data have point-wise asymp-
totic normality. However, since the density f is originally defined as a Radon-Nikodym
derivative with respect to Lebesgue measure, the value f(r) at each point 2 does not
intrinsically make sense. Thus, an assertion in some functional sense is preferable in
order for, e.g., the construction of confidence intervals.

The purpose of this section is to extend the asymptotic normality of kernel density
estimators to the functional sense with respect to a local parameter. The localizing
constants should be chosen to be the same as the bandwidth. Further, in Subsection
7.1.2, we apply it to the estimation problem of the mode of f using also Theorem 5.1.2.
The generalizations of those results to some dependent cases are discussed in Subsection
7.3

7.1.1 I.I.D. Case

Let {X;}ien be an i.i.d. sequence of R?-value random variables with Lebesgue density f.
Let o € R? be a fixed point, and let {bn}nen be a sequence of positive constants such
that b, | 0 asn — oco. We are interested in estimating the local function u ~ f(zo+b,u),

where the parameter u runs through a subset U of R?. We consider the kernel estimator

Yu € U,

J?n($o+bnu)= LZK(/\ib— T _u)

d
nni:l

where K () is a kernel function on R¢. Throughout this section, the notation () means
the p-th component of a vector € RY. We make two kinds of conditions either of which

the kernel function should satisfy.

Condition 7.1.1 (smooth kernel) The function K : R? — R satisfies that:

113
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(i) fga K(z)dz =1, K(z) = K(—x) for every x € R?, and K has a compact support;
(ii) there exist « € (0,1] and L > 0 such that |K(z) — K(y)| < L|z — y|* for every
T,y € RY.
Condition 7.1.2 (monotone kernel) The function K : R — R is of the product
form K(z) = 2:1 K,(z®) of some functions K, : R -+ R, p=1,...,d. The functions
K, need not be the same, but each of them satisfies:
(i) Jg Kp(z)dz =1, Ky(z) = K,(—x) for every x € R, and K, has a compact support;
(ii) the function x ~~ K,(z) ts decreasing on [0,00).

We aim to derive the asymptotic behavior of the sequence of (normalized) residual

processes R" = (R"(u)|u € U) defined by
R"(w) = fnbd { fu(zo + bou) = f(z0+baw)}  VueU.
The key point is to investigate the processes Z" = (Z™(u)|u € U) given by
Z"(u) = \/nTﬁ{fn(zo—kbnu)—fn(zo—anu)} Yu € U,

where

fn(zo +byu) = é/RdK <z ;nxo — u) f(z)dz

= [ K@f@+ba(uty)dy  Vuel.

Notice that the processes R™ and Z" are not necessarily continuous in the case of a
monotone kernel, and thus we treat them as ¢*°(U)-valued random elements. This is

natural especially in the multi-dimensional case.

Proposition 7.1.3 Choose a kernel function K : R? — R satisfying either Condition
7.1.1 or 7.1.2, and let {b,} be a sequence of positive constants such that b, | 0 and that
nb® 1 0o as n — oo. If f is continuous at xo, and if U is bounded, then it holds that
Z" = 7 in (>*°(U), where u ~ Z(u) a zero-mean, continuous Gaussian process such
that
(7.1.1)  E(Z(w)Z(us)) = f(zo) /R K@ —uw)K(@ —u)dz  Vuy,ug € U.
Remark. The continuity of the limit process u ~» Z(u) is considered with respect to
the Euclidean metric.

Let Uy C U, C --- be a sequence of bounded subsets of R? such that U®, U; = R%.
We denote by £°(R?) the set of all functions z : R? — R that are bounded on every U;,

loc

and equip it with the local uniform metric d defined by

d(z,2) = i (sup |21 (u) — z2(u)| A l) - 2

i=1 \uel;

Using Theorem 1.6.1 of van der Vaart and Wellner (1996), we obtain the following.
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Theorem 7.1.4 Choose a kernel function K : R® — R and a sequence of constants {b,, }

as in Proposition 7.1.3.
(i) If f is continuous at xq, then it holds that Z" = Z in (2 (R?), where u ~ Z(u)

a zero-mean, continuous Gaussian process whose covariance E (Z(uy)Z(uz)) is given by

(7.1.1) for every u;,u; € RY.
(ii) If f is twice continuously differentiable in a neighborhood of xo, and if

lim nb5d h < o0,
n—o0

then it holds that R" = 2o + Z in €2 (R?), where

\/_
2

O f(x)
(p),,(a)
ZZ/ vy Ky dyazmax

p=1g=1 z=x0

(1.1.2)

This result can be applied to construct a confidence band, substituting estimators
for f(xg) in the covariance of the limit process Z and for the second derivatives of f at
zo in the constant z,. Another application is given in Subsection 7.1.2. Notice that the
assumptions appearing above are exactly the same as those in the context of point-wise
asymptotic normality, and thus are quite reasonable. Our conclusion is that the local
smoothness of the density f implies not only the point-wise asymptotic normality but

also the weak convergence of local residual processes R™.

Proof of Proposition 7.1.3. We can write Z™(u) = Y1, £*(u) where

7 o 1 ‘Yi — Ty T — Xy
() = ’_nb;‘i {K( b u) - /RdK( b u) f(z)dz}
We will check the conditions of Theorem 3.3.2. For every u;, us € U, since

BEMu)€l(uz) = n—id {[r (- ) K (52 - w) f(@)e

n

- [ K (z ;nwo - ul) @i [ K (z ;nxo - uZ) f(x)dx}
% {/JRd K(y — w)K(y — u2) f(zo + bny)dy

b [ K(y =)@+ bay)dy [, K(y = u)f(xo + buy)dy},

I

we easily obtain
11m Z E&M(u)€ Io)/ —up) K (y — up)dy.

The Lindeberg condition [L2'] follows from the assumption nb? 1 co. In the following,
we will show that [PE'] of Theorem 3.3.2 is satisfied under either Condition 7.1.1 or
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7.1.2, and that the limit process u ~» Z(u) is continuous with respect to the Euclidean
metric.

[The case of smooth kernel.] Assume Condition 7.1.1. First notice that for any
u,uy € U
(7.1.3) |K(y —uy) — K(y — us)| < Llug — ug|® vy € R%.
We can take a compact set S which is a common support of the functions y ~ K (y —u)
for all w € U. Now, for every € > 0, choose a finite partition II(g) = {U(e; k) : 1 < k <
Ni(e)} of U such that the diameter of each partitioning set is not bigger than £/, This
can be done with Ny(¢) < const. e%; thus it holds that [} \/log Nii(€)de < oo. On
the other hand, it follows from (7.1.3) that if |u; — uy| < £/ then

T — Xy

68 () — €8 ()| < \/Lﬁb—{l(xb_ )+ [ 15 (52) fa)da}
We thus have

- L‘Z n
el < > E

n =1

2

A

1o (55.70) ¢ furs (55,7 o

4L T — T
< R
= h frs ( b ) r(@ia
= 412 /Rd 15(y) f (zo + buy)dy
<

4L* - Leb(S) - sup f(=) for all sufficiently large n € N,
TN

where N is a neighborhood of x,. The condition [PE'] of Theorem 3.3.2 has been
established.
[The case of monotone kernel.] Assume Condition 7.1.2. For every p = 1, ..., d, choose
a constant ¢, > 0 such that [—c,,¢,] is a support of K, and that U C [1%_,(—cp, ¢,).
For every ¢ > 0 and every p = 1,...,d, we introduce a finite partition (—c,,¢,] =
U,C;”:(El) Iy(e; kp) where I)(c; kp) = (Vp(e; kp — 1), %p(€; k)], such that

0 < vp(e5kp) — Yples kp — 1) < €2, kp=1,..., Np(e).
This can be done with N,(¢) < [2¢,67%] + 1. Now, to check the condition [PE'] of

Theorem 3.3.2, we consider the DFP II = {II(g) }.¢(o,1) of U given by

I(e) = {Uﬂﬁlp(s;kp): 1 <k, < Ny(e), 1gp§d}.

p=1

Then, since
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we have [ \/log Nyi(g)de < oo.
Next, for every u® € (—c,, ¢,] we define

K u<p>( ) = \/%Kp (z(r)l;xgp) B u(”)) | i) e
Then it holds that
(7.1.4) K" i K’“‘ ] <K ﬂsk” whenever u{” ul) € L(e;k,),
where
R ) = { If;l()_f), if M € L(e:ky),
|K;"7P(E;kp) - K:’"’P(E;k"_l)|(z(m), otherwise.
The key points are the following:
(.15 LRl + by < AL,
(7.1.6) Support(K,™ ) ¢ [z — 2bncy, 3P + 2bncy);
(7.1.7) o= llm_}supsup f(zo + byy) < 00, where S = ﬁ[—Qcp, 2¢,).
n—oo  ye p=1

The fact (7.1.5) will be proved later, while (7.1.6) and (7.1.7) are trivial.
Let us proceed with the main part of the proof. It follows from (7.1.4) that

L () (2 )

ﬁ K (£ 0) H Knu (@)

p=1
= Zl (Ijli[l Knu x(ﬂ))) ( _ld-I 1 Kn uﬁe)( )> {Kn ugp)( ) . I{:,ugﬁ)(z(lﬂ)}'

K’" u ( (p) ) K;’ugﬂ) (I(p))

< 2 (o)
d d

< Kyt ®)y, if ui,ug € [] I(e;kp).
,;(,II;IP \/5;> (z if up,u H £

P
p=1

Here, for every p = 1, ...,d, we obtain from (7.1.5), (7.1.6) and (7.1.7) that for all suffi-
ciently large n € N

2
(H ) [ B0 (@) f(2)da

q9#p
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R (H IK,(0 ) /d Ky (@l + bay®)? f (w0 + buy)dy
q#p &
< (H | Kq(0 ) fo+1) /;7’”’“”( P + by ®) Pdy
q#p
2.2
’ (H,K ) T (m)m
q#p q#p bn

3 1
= ¢D,,  where D,= H4cq|Kq(0)|2 ﬁ—),
o 4c,

which implies that

e

e d
f(z)dz < *d D,.

Z(H )—nsk,,( (p))
q#p "

p=1
We therefore have
11m 1Sup 1€ < 4dz D,.
p=1
It remains to prove (7.1.5). Observe that
S71,6,kp K 0) =

[R5l + by @)pay® = (1) + EoOL 2y ),
where:

1 Tpl&; kp‘l) 2

= P — (e kp) = Kp(y® = (e kp = )| dy®;
| e 2
(D) = 5 [ K (e k) = Ky =ik = D)y

Further, it holds that
2
() = b/lK@“ Ep(u® + (e, ky) = (e, Ky — 1)] dy®
< » / ‘K (y®) — K,(y® +5)‘ dy®

K,(0)
K5(0) /O |, (1) — Kp(y® + )] dy®

IA

b
K 0
— —Z(O)/ 2Kp(y(”) +52)dy(”)

<

Since the same bound holds also for (1), we get (7.1.5).
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[Continuity of the limit process.] Theorem 3.3.2 says that the process u ~ Z(u) is

continuous with respect to the pseudo-metric p on U defined by

plur,ug) = \//Rd |K(x — up) — K(z — ug)|?dx Yuy, us € U.

Hence it suffices to show that u; ~» p(u;,usz) is continuous at u, with respect to the
Euclidean metric for every u, € U. This is immediate from (7.1.3) in the case of a
smooth kernel. On the other hand, in the case of a monotone kernel, the claim follows
from the inequality

d

|K(z —uw) — K(z—ug)| <) (H Kq(O)) ‘Kp(x(l’) —ul?) - K,p(z® — ug”))‘
=1 \¢#p

p

which can be easily shown by the same argument as above. O

Proof of Theorem 7.1.4. The assertion (i) is immediate from Proposition 7.1.3 and

Theorem 1.6.1 of van der Vaart and Wellner (1996). Next, observe that

fa(zo + bpu) — f(zo + bpu) = /IR“ K(y){f(xo+ bn(u—+1vy)) — f(zo+ byu)} dy

and that
i af(z)
J @0+ balu+1) = floo+bau) = b4y S22
p=1 z=z0+bnu
ge 2 8 0*f(z)
In_ (P, () _Z J A7)
i 2 IJZ::IZ_; i 0z ®) oz T=Tn ’

where Z, is a point on the segment connecting zy + b,u and zo + b,(u + y). We can
obtain the assertion (ii) using the assumption that the kernel function K is symmetric.
O

7.1.2 Estimation of Mode

In this subsection, we consider the 1-dimensional case only. We are interested in estimat-
ing the mode of a density f of an i.i.d. data, namely, zy = argmax,p f(z). A natural
estimator would be " = argmax, g fAn(a:), where

fala) LSk (Xi _$> Vz €R

" b, & bn

Here, b, is a vanishing sequence of positive constants, and K is a kernel function on R.

We now introduce a condition on f in a neighborhood of 2y € R (we do not assume that
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Zo is the maximum point over the whole line R; the point z, should be regarded as a
local mode of f).

Condition 7.1.5 For an even integer p > 2, the function x ~ f(x) is p-times contin-
uously differentiable in a neighborhood N of xo with derivatives f'™, m = 1,...,p such

that:
= f("')(xo) =0 for everym=1,...p—1;
e sup,.y fP(z) <0.

Theorem 7.1.6 For a given point zy € R, suppose that Condition 7.1.5 is satisfied for
an even integer p > 2. Put the bandwidth b, = n="/P*1) and choose a kernel function
K on R following either of Condition 7.1.1 with o = 1 or Condition 7.1.2. Then, for
any R-valued random sequence 0" such that 6n zo and that

Fa(0™) = fa(®o) + n
for some €, = Op.(n?/P+V) it holds that 0" — xo| = Op.(n~1/(2P¥D).
Proof. We will check the conditions of Theorem 5.1.2 for r}, = b, = n="/@*1_ For-

mulation 5.1.1 should be as follows: (O™, d?) is the Euclidean space R, and 6}, = xo; let
["(z) = fu(z) and v*(z) = fa(z), where

@) = o [K (55 fway

= [ K@+ bay)dy.

We then denote R(§) = {x € R: (6/2) < |z — zo| < 0} for every § € (0, 00).
To show the FIRST INEQUALITY of M-CRITERION, we denote

&= inf |/P(2)] and C,=sup |fP()],
zeN zEN

It follows from a p-term Taylor expansion of f around zy + b,y that

[ K@) U@+ buy) = f(zo +buy) b dy
(1) + (1),

7*(z) —9"(20)

where

p—1 T — m
(=5 E2 [ k()0 + by

m=1
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and
]z-—zgl"
I1I) < —— | K(y)e,d
(1) /R (y)epdy

'2p 6” whenever x € R(0).
P

Furthermore, since f*)(zy) = 0 for k = 1, ...,p — 1, it follows from a (p — m)-term Taylor

expansion of f(™ around z; that

(bny)P~
(p—m)!

for every m = 1,...,p — 1. Thus it holds that if 6 € [Lb,,00) then
pil I‘Z - I'Olm X bﬁ m

P —_— p—m
Z  HE— ) 'LP m/ ly[P~™ K (y)dy whenever z € R(9).

F™ (3 + bay) = f(”)(zn) for some 7, € N,

(D)

IA

(p—*m—/lylp "K(y)dy

IA

Thus, choosing a sufficiently large L > 0 we can conclude that the FIRST INEQUALITY
is satisfied.

To check the SECOND INEQUALITY, we will apply Theorem 2.3.3 (ii) to {&}ien =
{(&"" |z € ¥)}ien, where U is a subset of R and

¢ Lk (525) )

e — ) < LK(Xib_x>—K<Xibn_y)‘
Ix (557) - 5 (55| e

nb
We may choose a sufficiently small dy > 0 so that [zg — 2d0g, 29 + 28] C N; then we
have f* = Sup,¢(zo_260.20+268,) f(2) < 00. We discuss the cases of smooth and monotone
kernels, separately; in both cases, let L > 0 be a constant such that [—L, L] is a support
of K. In each case, for every § € (0,0y) we will construct a DFP II; = {II5(¢)}.¢(0,1) of
U = U; = [zg — J, 29 + 0] such that

1
(7.1.8) sup V/10g(1 + Ny, (€))de < oo
0

§€(0,60)

Notice that

and that
1€l < const.pT(d) V6 € [Lby, b)), Vn € N
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for some appropriate functions d ~» ¢7(d) indexed by n € N. Notice that we have in
both cases that with W5 = [z — d, 29 + 0]

2

sup, K (z)|" (26 + 2Lb,) - f*

&2 < n-
SEEF < n MRk
< D-¢h(d)  whenever § € [Lb,,d)

where D = 4sup, |K (z)[>f* and ¢5(8) = n~'b,25. Then, Theorem 2.3.3 (ii) yields that

E sup |(T" —~")(z) — (T™ — ¥")(z0)| < const.¢™ () V§ € [Lby, )
z€R(9)

where ¢"(0) = ¢7(0) V (¢3(6)/¥1(3)).

[The case of smooth kernel.] For every ¢ € (0, 1], we make a finite partition (zo—9, zo+
8] = ,’C":“;‘(E’(uk_l, ug] such that ug —ug_; < £d. This can be done with Ny, (¢) < [2e 1]+
1, thus (7.1.8) is satisfied. On the other hand, if z,y € [ux_1, ux] with ux — ugp_y < €9,

z—x [z — Led
‘K( ) _K ( y)‘ £ s i) EER

by, bn = b
where L > 0 is a constant appearing Condition 7.1.1. Thus it holds that if Lb, < § < d,
then
. 1 |Ls|? .
€% I, < 4n-—n2b% s (6 +2Lby,) - f

< V1202 91(6)

where ¢7(8) = n~1/2b;25%2. We thus have ¢"(6) = (n~Y/2b;26%%) v (n=1/26'/2). The
relation ¢"(b,) = b2 holds since we put b, = n~1/2P+1),

[The case of uniform kernel.] For every £ € (0, 1], we make a finite partition (z, —

8, z0+0] = g:f(e)(uk_l, ug] such that uy — ux_; < ?6. This can be done with Ny, () <

[267?] + 1, thus (7.1.8) is satisfied. On the other hand, if =,y € [ux_y, ux] then
22— 2=y (7= Up_q 2 — Uy
K (55) -k () < [e (552) - (557) -
‘ b b = b K\, i
Here notice that if u — ux_; < €29 then
Z— Ug_q 2z —ug\ |2 : T z— €%
I e =1 d =/K(—)—K
/R‘(bn> (bnﬂz | \b, b
z z—€%
K / K (-) -K
(0) R bn ( bn )

3|K(0)|%€%.

2

dz

dz

IN

IA
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Thus it holds that if Lb, < § < dg then

€, < yfin- 3K -
RO - 0)

where ¢7(0) = n="/2b;16'/2. We thus have ¢"(8) = n~'/2b;15"/2. The relation ¢"(b,) =
b2 holds since we put b, = n~1/p+1), O

IN

Corollary 7.1.7 For a given point o € R, suppose that Condition 7.1.5 is satisfied for
an even integer p > 2. Put the bandwidth b, = n="/*P*) and set K(z) = 1 - 11_1,(2).
Then, for any R-valued random sequence 0" such that 0m 2 zo and that

Fa(8") > sup fu(z) + €
z€R

for some e, = op-(n"P/@D) it holds that n'/P+) (6" — zo) =L> argmax, z{A(h) +

B(h + 1) — B(h — 1)}, where the deterministic process h ~ A(h) is given by

A(h) = L2 @) / (h + y)Pdy

\/ (wo)p!

and h ~ B(h) is the two-sided Brownian motion.

Proof. Theorem 7.1.6 asserts that the sequence b;l(én — xp) is uniformly tight. Let us
consider the stochastic process h ~» M"(h) defined by

M (h) = b? {fa(zo+ buh) = fu(zo)}
= Y"(h)+Z"(h),
where:

Y*(h) = b7 {fa(zo+ bnh) — f(z0)};
zh) = ;P {Ful@o+buh) — falzo + buh)} .

Noting that /nb, = b,?, we obtain from Proposition 7.1.3 that Z" =L Zin (> (K) for
any compact set K C R, where Z(h) = \/f(zo){B(h + 1) — B(h — 1)}/2. On the other
hand, an easy computation shows that lim, ., Y™ (h) = Y (h) = /f(z0)A(h)/2 for every
h € R. Since h ~ Y™(h) and h ~ Y'(h) are continuous, this convergence is uniform on
every compact set K C R. Hence, by the same argument as the last part of the proof of

Proposition 5.2.5, we can obtain the assertion. O
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7.1.3 Remarks for Non-I.I.D. Cases
Gaussian White Noise Model

For every n € N, let X™ = (X7*)sc[0,1) be a continuous stochastic process given by
dX? = f(t)dt + n~/?dB,

where f € £%[0,1], and B = (B)[o,1) is a standard Brownian motion. Let ¢, € (0,1)
be a fixed point, and let b, be a vanishing sequence of positive constants. In order to

estimate the local function u ~» f(ty + b,u), a natural estimator would be

R 1 U (t—to\ ,on
fn(to+bnu)—m/0 K( - )dXt

where K is a kernel function on R satisfying either of Condition 7.1.1 or 7.1.2 with d = 1.

Then, we can get the same conclusions as Theorem 7.1.4 by using Theorem 3.4.4.

Multiplicative Intensity Model

For every n € N, let u* be an R?-valued multivariate point process on a stochastic
basis B® = (", F", F", P"); u" can be identified with an R¢-marked point process
{(T", Z"); i € N} through the equality

P (widt, dz) =Y erp),zp ) (dt, dz),

where 0 < T < TJ' < --- and each Z!" is an R?-valued random variable.

We assume that the predictable compensator v™ of p" is given by
V' (w;dt, dz) = alt, 2) Y™ (w, t, z)dtdz,

where a(t,z) is a [0, 00)-valued measurable function on R, x R?, and Y"(w,t,2) is a
[0, 00)-valued predictable function on 2" x R, x RY.

Let (to, 20) € (0,00) x R? be a fixed point, and let b, and ¢, be vanishing sequences of
positive constants. In order to estimate the local function (u,v) ~ a(to + byu, 2o + c,v),
a natural estimator would be

t—1t z— 2

1
ap (to + buu, 2o + cuv) = /R > K ( = __) Y™ (-, 2) (- dt, dz),
+ X n

nb,cd Ci

where K is a kernel function on R**! satisfying either of Condition 7.1.1 or 7.1.2 with
“d” replaced by “d+ 17, and where Y~ is the generalized inverse of Y™.

Assume the “local” version of Condition 5.3.1, that is:
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Condition 7.1.8 There exists a measurable function y = y(t,z) on a neighborhood N
of (to, z0) such that
sup ’n'lY”(-,t,z) - y(t,z)‘ 250
(t,2)EN
Then, under some conditions of smoothness of the functions (¢, z) ~ «(t, z) and (¢, z) ~
y(t, z), we can derive some conclusions about the residual processes (u,v) ~» R"(u,v)

given by
R™(u,v) = y/nb,cl {a,(to + buu, 20 + cav) — alto + byu, 2o + c,v) }

similarly to those of Theorem 7.1.4 by using Theorem 3.2.4; the term “f(x()” in (7.1.1)
is replaced by “a(to, 20)/y(to, z0)”, while the change of (7.1.2) is clear.

7.2 Log-likelihood Ratio Random Fields

7.2.1 Results

For every n € N, let B" = (Q", F",F" = {F'}ieny, P") be a discrete-time stochastic
basis. Let P" = {P™¥ : ) € U} be a family of probability measures on (", F"), indexed
by an arbitrary set ¥, such that P™¥ < P" for every ¢ € . We denote

Zn,w o dIJin!w
% - dPln ’

where P"" (resp. P) is the restriction of P™¥ (resp. P") on the o-field F. We assume
PO""/’ = P for every ¢ € ¥, hence we can set Z(',L’w = 1. For a given finite stopping time
o™ on B", and we suppose also that the random element log Z%, = (log Z1" |y € W)

takes values in /(). Here we set

-1 VieNWeWU.

W
Z(T;—l)/\a"

Theorem 7.2.1 In the above situation, suppose that the following conditions hold:
(a1) 0, 4B (VM 5 Oy, ¢) (some constant) for every i, ¢ € U;

(a2) SuPyey [ZZ1 4B, G2 - C(, 9)| 25 0;

(b) 7", EF_1|@|21{@|>5} L2550 for every e > 0;

(c) there exists a DFP I1 of ¥ such that

An
1K™ ln,on = Opn(1) and /0 Hy(e)de < oo.
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Then, it holds that log Z". L5 X in €°(W), where X (1) = —1C(¥,¥)+G(¥) and 1 ~
G(¢) is a zero-mean Gaussian process such that EG(¢)G(¢) = C (¢, ¢). Furthermore,

the formula

p(t,8) = /O, ¥) + C(4,6) —2C(1h,9) Vi), $ € ¥

defines a semimetric on ¥ such that (U, p) s totally bounded and that almost all paths
of X are uniformly p-continuous.

Remark. If a version of the conditional expectation Ei"_lg'f’wC,-"’d’ satisfies the assumption
(a1), then so does any version. However, this is not true in (as); the assumption means

that there exist some versions of EI |[¢/"¥|’s which satisfy the requirement.

Example: Ergodic Markov chains

Let {X;}iem, be an ergodic Markov chain, defined on a probability space (2, F, P),
with values in an arbitrary state space (E, ). Let u(dz) denote the initial distribution,
p(z,dy) the transition distribution, and 7(dz) the invariant distribution. Let us equip

the space L2 = L2(E x E,w(dz)p(x,dy)) with the “inner product” given by
(hhader = [ mi@y)ha(a,y)n(do)p(z,dy)  Vhihy € L7

The meaning of the quotation marks is that ||A||z2 = /(h, k)2 is merely a “semi-"norm.
Next we define the subset £2 of £? by

[,g:{he[,z: /Eh(ar,y)p(x,dy):o Vz e E and h>—1}.

Fix a subset H C LZ. For every n € N, let us consider a family of probability measures
P" = {P"" : h € H} on (9, F) such that: under P™" the process {X;}icn, is the
Markov chain with initial distribution x and transition distribution p™" given by

Mz, dy) = <1 + h(%y—)) p(z, dy).

Here we set F; = 0{Xj, ..., X;}. Then it holds that

dprt h(X;_1,X;)
gl :H(1+—’ 30,
) dPl

We need some more notations to state the following result, which concerns the asymp-
totic behavior of the process log Z!' = (log Z™"|h € H). For a given K € L?(E, 7(dx))

we define the semimetric pg on £? by

pz(hlvh2) 2
Al oY = iy LBV 8]
pl\( 1 2) ilelg |K(I)|V1 Vh17h2€£7
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where

pz(hy, hy) = \//E [h1(z,y) — ha(z, y)[*p(z, dy) Vz € E.

Proposition 7.2.2 Let {X,}ien,, (4 F,F = {F}ieny, P) and P* = {P™" : h € H}
as above be given. Suppose that there exists h* € LY(E x E,n(dx)p(z,dy)) such that
Suphey |h| < h*, and also that there ezists K € L*(E,n(dz)) such that

1
/ V1og Nj(H, pk; €)de < oo.
0

Then, it holds that log ZI' == X in (°(H), where X (h) = —1|||%:+G(h) and h ~ G(h)
is a zero-mean Gaussian process such that EG(h1)G(hy) = (hi,hs)c2. Furthermore,

almost all paths of X are uniformly || - || z2-continuous.

This result is easily derived from the ergodic theorem and Theorem 7.2.1, hence the
proof is omitted. Here we give a statistical application. Fix a subset # C L2 such that
|[h||zz > O for every h € H. Let us consider the testing problem:

hypothesis Hy: p
against H': p™" for some h € H.

We propose the test statistics
1
S™ = sup |=||A||%: + log Z2h|.
hew |2
Assume the same conditions as in Proposition 7.2.2. Then, it holds that
5" ES sup [(h,u)e2 +G(h))] inR  Vue {0}UH,
heH

where the process h ~ G(h) is as above. This fact follows from Proposition 7.2.2 that
implies local asymptotic normality and contiguity, together with Le Cam’s third lemma
and the continuous mapping theorem. In view of Anderson’s lemma (e.g., Lemma 3.11.4

of van der Vaart and Wellner (1996)), the statistics S™ seems reasonable.

7.2.2 Proofs

Let us denote:

. Zo8
I = —5T— VieNWwey;
Z(iAI)Aa"
AP = log ZM1prg,,  VieNV§ e W Va>0.
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The process 1) ~ log Zi¥ = 7" log ZI" ¥ can be well-approximated by the process
Y~ A0V = 32" ATV Ag a matter of fact, it holds that

sup 1 T < 1,72
Ge {log Z7;¥ #£Ana:¥} ; {¢; >a}
1 & mn
< po) > IG Lznsap

hence using also Lenglart’s inequality we obtain

sup |log Z%¥ — A™¥| 25 0.
YeY
We consider the decomposition

o” o™
(7.2.1) Amet = S ER APV 4+ 3 A — BR AP

=1 i=1
We will derive the uniform convergence of the first term in (outer) probability, and apply
Theorem 3.3.2 to the martingale difference array {£}ien, of the second term, that is,

Y = AP — EP AMY. We use the following lemma which will be proved later.

Lemma 7.2.3 For every a € (0,1), there ezist some versions of the conditional expec-
tations E' A" such that:

(i) if supyey C(¥, ) < 0o then supyey ’Z;’:l Ei"_lx\?’“’w + %C(d), 1/1)' £ 0;

(ii) £y B APV 255 C(y, @) for every v, ¢ € ¥;

() 0, | ER  A0AP (R L% 0 for every ¢ € .

Remark. (i) We will see later that the conditions of the theorem actually implies
that sup,cy C(¥,9) < oo. (ii) The choice of versions of the conditional expectations
EP APV AM%? s not important.

Let us proceed with the main part of the proof. It is clear that there exists a constant
d € (0,1) such that |logz—logy| < 2|\/z—,/y| whenever z,y € [1-0, 146]. We consider
the decomposition (7.2.1) for @ = v/1+ & — 1; then it holds that {z : |z — 1| < a} C
{z: |z —1] < 6}

First we show the weak convergence of the second term of the decomposition (7.2.1).
The condition [L2'] is direct from (ii) and (iii) of Lemma 7.2.3. It is also easy to see that
the assumption (b) implies the Lindeberg condition [L2']. Finally, recalling the choice
of § and the relationship between a and 9, we have for any subset ¥ C ¥

2

n n,a,y n,a,p
il su%l R¥ — X%
€

1
6 Fn pn
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2
= EP;, Lsgep\p [log Z"¥ — log ZZ"‘/’II{E?SQ}]

) fl:ﬂ’Pn
2

IN

E} [ sup 2| — Q"""l]
Y0V’

Fp,pn
Thus the assumption (c¢) implies the condition [PE’]. Consequently, Theorem 3.3.2 yields
yrer £ G in £0(0).

Next we consider the first term of the decomposition. Observe that

VEIG()F
VEIGW) = G(9)P +EIG)]2 = plt,6) + /C (&, 9).
The inequality above and the total boundedness of (¥, p), a consequence of Theorem

3.3.2, imply that supycy C(%,%) < co. Hence (i) of Lemma 7.2.3 works to show the uni-
form convergence of the first term of (7.2.1). Also, it is trivial from the above inequality

that ¢ ~ /C(¢,v) is uniformly p-continuous, thus so is 1 ~» C (v, ).

VO, v)

IA

Proof of Lemma 7.2.5. For every € > 0 we denote:

Bn,s(d}) _ ZE{L_IA?YE’IU;
=1

Cvn,e(w7 d’) Z Ei"_l/\?’f“”)\?’f"”.
=1

[STEP 1] First we prove the following facts: for given a € (0,1) there exist constants
K, Ky, K3 > 0 such that for every ¢ € (0, a

1
(7.2.2) sup [B"¢(6) + 5C(, )| < K1 + opn (1),
YEWY
(7.2.3) |IC™(¢,¢) — C(¥,¢)| < eKa+o0pa(1) Vb0 €Y,
(7.2.4) S ER AT < %C(zp,zﬁ) +eKs+opa(l) Ve

=1
In order to show (7.2.2), first notice that there exists a constant K > 0 such that
[logz — (z — 1) + 2(v/z — 1)?| < K|/ — 1|® whenever |\/z — 1| < a. Hence, for fixed

e € (0,a] we obtain

B™(¢)+2) EL, K?’wlzl{ffgg}

i=1

n

B a
< eKY EL G Plpeg + [ B2 - Dy
1=1 =1
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almost surely. Since E" ,(Z™¥ — 1) = 0 almost surely, the last term on the right hand

side equals to

o

5 EpP (21 - 1)1{Z:‘>5)
i=1
{C>e)

a’l
< Y ELIZM -1
i=1

g4 2 &

o E?—l'(in’wlﬁ{ffx}

€ =21

almost surely. Thus we obtain

(7.2.5) B™(¢) + %C(w,w)}

§=1

< (2+4¢K)

e+2\ &
+(2+555) X B G Pgsn
=1

almost surely. In order to get the estimate for all w € Q", we can choose the versions
of conditional expectations as follows: first, we may without loss of generality choose
a version of E,."'_1|Z?|21{Z:~>E} which is non-negative identically; next, on the union of
all exceptional sets for the estimates appeared above, we define the values of all other
conditional expectations as zero. Then, the inequality (7.2.5) holds identically for all
1 € ¥. By taking the supremum of (7.2.5) with respect to ¢ € ¥, and letting n — oo,
we obtain the assertion (7.2.2).

A similar argument yields (7.2.4). In fact, it is much easier than (7.2.2), because the
assertion of (7.2.4) is ¢-wise, for which we do not need any argument about versions of
conditional expectations. Also, it is easy to show (7.2.3) if we notice the following fact: for
given a € (0, 1) there exists a constant K > 0 such that |logz-log y—4(y/z—1)(\/y—1)| <
K max{|y/z — 1]?,|,/y — 1°} whenever max{|y/z — 1|,|\/y — 1|} < a.

[STEP 2] Next we prove the following facts:

(7.2.6) sup |B™*(1) — B ()| £50 Ve € (0,a);
YeWw
(7.2.7) [C™* (1, 6) = C™(3,8)] £ 0 Vi, 6 € U Ve € (0,a).

In order to show (7.2.6), notice that for given a € (0, 1) there exists a constant K > 0
such that |logz| < K|/ — 1|> whenever |/ — 1| < a. For every ¢ € (0,a) it holds that

(728) Z Ei"_l/\;l»“,w . Z Ein_l/\:t,s,w
=1 i=1
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Il

z n 7,0
S E? logZ} Ve <a)
1=1

IA

-
K EP |G Pliecicri<a)
i=1

IA

on
K Z Ein—llzin|21{2?>5}v
i=1

almost surely. We can choose some versions of conditional expectations such that the
estimate above holds identically for all ) € ¥, in the same way as in the proof of (7.2.2).
Take the supremum of (7.2.8) with respect to 1) € ¥, and let n — oc, then we get (7.2.6).
A similar computation yields (7.2.7).

[STEP 3] Now it is easy to see that (7.2.2) and (7.2.6) imply the assertion (i), and
that (7.2.3) and (7.2.7) do the assertion (ii); first choose € > 0 small enough, and then,
let n — oo. In order to show the assertion (iii), notice that for any ¢ € (0, a)

o o
S B AR - 3 B A
i=1 =1

B
S BP (A + ASV)ER (N - AP)
7=

2| log(1 —a2)|i

i=1

IA

= opn(1),

on.Y
El log Z; et <a)

hence

o= o
Z |ER ATV = Z |E2 APV + ope(1)
i=1 i=1

IN

[log(1 — €%)| 3_ | By AP | + opn(1).
i=1

We therefore obtain (iii) by virtue of (7.2.4); first choose & > 0 small enough, and then
let n — oo. O

7.3 Model Checking for a Non-linear Times Series
Let us consider the R-valued time series {X,}cz given by

Xi = ¢Y(Xi1) + &,
where 1 is an R-valued function on R and ¢; is an R-valued random variable such that

1
P(e; <0|F) = 5 almost surely,



132 7. Miscellanies

where F; = o{X; : j < 1}.
Let K : R — [0,00) be a kernel function with a compact support, and let {b, },en be
a sequence of positive constants such that b, | 0 as n — oco. We introduce the stochastic

process V" = (V"*(z)|x € R) given by

1 n
Vi(z) = —=Y Y (x)Z,
Vi
where b
" - 1 = i-1— U
Yi(z)_bn/_ooK( bn )du
and
Z; = sign (X; — ¥(Xi1)),
with
. -1 for z <0,
sign(z) = 1 for ¢ > 0.

The process V" is a “smoothed” version of that of Erlenmaier (1997) who considered a
process V™ with Y;"(x) replaced by 1(_q4)(Xi-1).

In order to state some conditions which we shall assume, we denote by F, and fn
the empirical distribution function and the empirical density function associated to the
kernel function K and the bandwidth b,, of the data Xy, ..., X,,_;: that is,

n

Fn(z) = %Zl(—oo,z](Xi—l);
i=1

= n B oee

R = 53 (T57).

" =1

We are ready to present our result.

Theorem 7.3.1 Assume the following conditions (i) and (ii):

(i) Fu(z) 25 F(2) for every z € R, where F is a continuous distribution function on R;
(ii) there exists a function g € LP such that []fn/gHCq(R) = Op(1) for some p,q € (1,00)
such that (1/p) + (1/q) = 1.

Then, it holds that V" == V in (>(R) where V(z) = Br(gy and t ~ By is a standard

Brownian motion on [0, 1].

Notice that, when the time series takes values only in a bounded subset of R, a sufficient
condition for (ii) is that ||f,|lze = Op(1) for an arbitrary ¢ > 1. The result above,

together with the continuous mapping theorem, yields the following.
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Corollary 7.3.2 Define S™ = sup,cg |[V"(x)|. Under the conditions (i) and (ii) of The-
orem 7.3.1, it holds that S™ ==> SUPseo,1 |Be| in R, where t ~» By is a standard Brownian
motion on [0,1] .

We have thus obtained the asymptotically distribution-free test statistics S™. Notice
that the time series {X;},cz need not be Markovian (the noise ¢; may depend on the

whole past).
Proof of Theorem 7.3.1. We can write V"(z) = Y1, £, where

ne _ L oyniyg
fi - \/ﬁYz (z)Zt'

It is clear that {'}ien = {(&"" |z € R) }ien is an £°(R)-valued martingale difference array
on the discrete-time stochastic basis (2, F, {F;}ien,, P), where F; = 0{X; : j <i}. We
will check the conditions of Theorem 3.3.2.

To check [PE'], for every € > 0, choose some finite points {z. ) : 1 < k < N(g) — 1}
of R such that

Teo = —00 < Te1 < T2 <7 < Te,N(e)-1 < OO0 = Te,N(e)

and that
Te
/ lg(z)Pdz < e*®  Vk=1,..,N(e).

e,k—1
This can be done with N(g) < const.e~?, thus it holds that f; \/log N(g)de < co. On
the other hand, it holds that
i ZVY X‘_l —u
nE gy —_— g2
e -g) < oo [ K (F5 ) w

1 Zek )(,;1 — )
— K|l——)d f s e il ol
b Joes s ( b ) v DY E (Terotr Tkl

IN

IA

So we have
2

Ei [ sup & — 5?’”!]

i=1 Z,Y€(Te k—1,Tc k) £

(Is,k—hls,k](u)fn(u)du

= ([ e rmto@Pan) " ([ 1ot/ o)
/gl

I
—

1/q

INA
™
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Hence the condition (ii) implies [PE'].
To check [C2'], first observe that

(7.3.1) /_ Fu(u)du E5 F(z) VzeR

This fact is proved as follows. Since K has a compact support and since b, | 0, it holds
that for any £ > 0

s 1 X r= X1 — A

F.(z—¢) < —Z/ K(l—u) du < F,(z +¢)

nbn i=1 Y %0 bn
for all sufficiently large n € N. Due to (i), the left and the right hand side converge in
probability to F(z — ) and F(z + €), respectively. The claim (7.3.1) follows from the
assumption that z ~» F'(z) is continuous.
Let us now turn to the convergence of -7, E; 1&""¢""’s. In case of z # y, we have

that

M=

Y (@)Y ()

K3

> B0 =

=1

ﬁ‘

Yz Ay) for all sufficiently large n € N

1

M=

S| S|m=

H
8 S
L
™

(u)duv

which converges in probability to F(z Ay) due to (7.3.1). In case of z = y, observe that
n n n
BTG <Y BT < D Eg7ETT Ve >0,
1=1 =1 =i

and that the left and the right hand side converge in probability to F'(z — ¢) and F(z),
respectively. Thus it follows from the continuity of z ~» F(z) that the middle of the

above inequalities converges in probability to F'(x). We therefore have shown that

S E &Y S F(zAy)  VryeR

i=1
It is trivial that the Lindeberg condition [L2'] is satisfied, and all conditions of The-
orem 3.3.2 have been established. g

7.A Notes

The bandwidth processes or/and deviation processes of kernel density estimators as

random elements taking values in the space C' were studied by Krieger and Pickands, III
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(1981), Miiller and Prewitt (1992, 1993), and Miiller and Wang (1990). Theorem 7.1.4
could be obtained from a general study of “local empirical processes” by Einmahl and
Mason (1997) combined with a uniform Donsker theorem by Sheehy and Wellner (1992).
Although the notion of “local empirical process” is more general than the local kernel
estimators, their approach is essentially based on the i.i.d. setup.

The asymptotic behavior of the log-likelihood ratio random fields in finite-dimensional
parametric models has been studied by many authors including Le Cam (1970), Inagaki
and Ogata (1975), Ogata and Inagaki (1977), Ibragimov and Has’minskii (1981), Ku-
toyants (1984) and Vostrikova (1987). Although no result for infinite-dimensional cases
seems to have been presented in the literature so far, some results in i.i.d. cases are
immediate from the Donsker theorems for empirical processes. Theorem 7.2.1 seems the
first to consider the general statistical experiment with abstract parameters.

The problem considered in Section 7.2 and the basic idea of the test statistics were
posed by Erlenmaier (1997), who obtained the same conclusion as Theorem 7.3.1 for
a slightly different statistics in a Markovian case under an explicit assumption on the

transition kernel.
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Samenvatting/Summary

Samenvatting

Het doel van deze studie is entropie methoden te ontwikkelen, welke voor het eerst
werden geintroduceerd voor empirische processen van onderling onafhankelijke, iden-
tiek verdeelde (Engels: i.i.d.) data, ten einde bepaalde martingalen te behandelen met
toepassingen bij de statistische analyse van stochastische processen. Gebaseerd op
maximale ongelijkheden, afgeleid in Hoofdstuk 2, vormt Hoofdstuk 3 een hoogtepunt
waarin zwakke convergentie resultaten voor [*-waardige martingalen worden gegeven.
De resterende hoofdstukken zijn gewijd aan statistische toepassingen van deze resul-
taten; wij houden ons bezig met twee hoofd thema’s, namelijk asymptotische normaliteit
en efficiéntie in [®-ruimtes (Hoofdstuk 4) en M-schatten (Hoofdstuk 5 en 6), terwijl
Hoofdstuk 7 drie onafhankelijke onderwerpen bevat.

De motivatie is als volgt. Sinds het prominente werk van Dudley in 1978, werden in de
tachtiger jaren de entropie methoden bestudeerd om het bewijs te leveren voor wetten van
grote aantallen en centrale limiet stellingen voor empirische processen geindiceerd door
klassen van verzamelingen of functies. Voorts, hebben enkele recente werken aangetoond
dat de methoden niet alleen bruikbaar zijn voor deze limiet stellingen, maar ook voor
andere problemen in de statistiek. Het boek van Van der Vaart en Wellner uit 1996 geeft
een fraaie uiteenzetting van zowel de methoden als een groot aantal toepassingen, met
de nadruk op i.i.d. data. Echter, hoewel bepaalde aspecten van de methoden een groot
potentieel hebben om ook toegepast te worden op niet-i.i.d. data, is er geen systematisch
onderzoek gedaan in verband met martingalen, waarvan het bekend is dat ze belangrijk
zijn by de analyse van een rijke klasse statistische modellen. We zijn van plan om een
stap te doen, zij het een kleine, om deze leemte in de literatuur op te vullen.

Hoofdstuk 2 en 3 gaan over drie soorten abstracte martingalen, te weten: (i) stochastis-
che integralen ten opzichte van multivariate punt processen; (ii) martingalen in discrete
tijd; (iil) continue martingalen. In Hoofdstuk 2 introduceren wij eerst bepaalde groothe-
den geheten kwadratische modulus en exponentiele modulus, welke een belangrijke rol

spelen in ons onderzoek. In termen van deze grootheden en van entropie getallen, verkri-
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jgen we enige moment-ongelijkheden voor de martingalen. Onze aanpak in gevallen (i)
en (ii) is in essentie hetzelfde als de L?-‘bracketing’ entropie, terwijl geval (iii) gebaseerd
is op metrische entropie zonder ‘bracketing’.

In Hoofdstuk 3 bewijzen we zwakke convergentie stellingen in [*-ruimtes door gebruik
te maken van de ongelijkheden uit Hoofdstuk 2. Onder deze stellingen bevinden zich
natuurlijke generalisaties van Jain-Marcus’ en Ossiander’s centrale limiet stellingen voor
het geval van martingalen in discrete tijd. Deze resultaten worden herhaaldelijk gebruikt
in de resterende hoofdstukken.

Hoofdstuk 4 is gewijd aan het eerste hoofd thema dat we eerder noemden. In sec-
tie 4.1, beschouwen we het multiplicatieve intensiteit model voor punt processen met
algemene labels, en introduceren we een veralgemeniseerde Nelson-Aalen schatter die
een empirisch proces is, geindiceerd door klassen van functies op de tijd-label ruimte.
We leiden de asymptotische normaliteit van de schatter af, onder een L? voorwaarde,
p € [2,00], waarbij we een resultaat toepassen uit Hoofdstuk 3. Een verschil met het
geval van i.i.d. empirische processen is dat de L?-‘bracketing’ conditie niet altijd opti-
maal is in deze context. We tonen ook de asymptotische efficiéntie aan in de zin van
de convolutie- en de lokaal asymptotische minimax stellingen. In de secties 4.2 en 4.3,
geven we een aanpak van niet-lineaire modellen volgens een idee van McKeage en Utikal
uit 1990. We beschouwen enkele statistische modellen van continue semi-martingalen en
tel-processen met tijdsafhankelijke covariaten die waarden aannemen een algemene toes-
tandsruimtes, en leiden de asymptotische normaliteit en efficiéntie af van enkele schatters
van het integraal-type. Als we ons specialiseren tot het geval van Euclidische covariaten,
verzwakt ons resultaat een aanname van McKeage en Utikal.

Sectie 5.1 bevat een algemeen resultaat voor het verkrijgen van de convergentie snel-
heid van M-schatters, die waarden aannemen in een abstracte ruimte, dat gebruikt
wordt door heel Hoofdstuk 5 en 6. De overgebleven secties van Hoofdstuk 5 gaan over
M-schatten van Euclidische parameters met niet-standaard convergentie snelheid. We
beschouwen het Gaussische witte ruis model en het multiplicatieve intensiteit model in
secties 5.2 en 5.3, respectievelijk, en leiden het asymptotisch gedrag af van sommige
schatters. We geven, onder andere, een asymptotisch verdelings resultaat met wortel-n
snelheid voor een sprong-punt schatter in het eerstgenoemde model. Zowel de maximale
ongelijkheden van Hoofdstuk 2, als de resultaten van Hoofdstuk 3, zijn hierbij nodig.

Hoofdstuk 6 gaat over de convergentie snelheid van niet-parametrische meest aan-
nemelijke schatters. We beschouwen het Gaussische witte ruis model, het multiplicatieve
intensiteit model, tel-processen met niet-lineaire covariaten en processen van het diffusie

type, afgeleid van stochastische differentiaal vergelijkingen. Een discussie over het Lexis
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diagram is in de beschouwing bevat als een toepassing van het derde genoemde model.

In sectie 7.1 breiden we de puntsgewijze asymptotische normaliteit van kern dichthei-
dsschatters uit in de lokaal functionale zin. De lokalisatie constante dient gelijk gekozen
te worden aan de bandbreedte. Bij wijze van toepassing, bespreken we het schatten van
de modus van onbekende dichtheidsfuncties. Sectie 7.2 is gewijd aan het afleiden van het
asymptotisch gedrag van ‘log-likelihood ratio random fields’ in een algemeen statistisch
experiment met abstracte parameters. Een toepassing voor een ergodische Markov keten
wordt ook gepresenteerd. In sectie 7.3 beschouwen we een niet-parametrische test voor
het beoordelen van een niet-lineaire tijdreeks. Een asymptotisch verdelings-vrije test

wordt verkregen.

Summary

The purpose of this study is to develop entropy methods, which were first introduced for
empirical processes of i.i.d. data, in order to handle some martingales with applications
to statistical inference for stochastic processes. Based on maximal inequalities derived
in Chapter 2, a highlight is Chapter 3 that gives weak convergence theorems for ¢°°-
valued martingales. The remaining chapters are devoted to statistical applications of
those results; we are concerned with two main themes, namely, asymptotic normality
and efficiency in *°-spaces (Chapter 4) and M -estimation (Chapters 5 and 6), while
Chapter 7 contains three independent topics.

The motivation is as follows. Since the prominent work of Dudley in 1978, the entropy
methods were studied to establish laws of large numbers and central limit theorems for
empirical processes indexed by classes of sets or functions in the 80’s. Furthermore, some
recent works have shown that the methods are useful not only for those limit theorems
but also for other problems in statistics. The book by van der Vaart and Wellner in 1996
gives a nice exposition of the methods as well as a lot of applications, with emphasis on
i.i.d. data. However, although some parts of the methods have a good potential to be
applied also for non-i.i.d. data, no systematic study has been done in the framework of
martingales, which are known to be important for analyzing a rich class of statistical
models. We intend to make a step, which is still small though, to fill this gap in the
literature.

Chapters 2 and 3 deal with three kinds of abstract martingales, that is: (i) stochastic
integrals with respect to multivariate point processes; (ii) discrete time martingales; (iii)
continuous martingales. In Chapter 2, we first introduce some quantities called quadratic
modulus and exponential modulus, which play a key role in our study. In terms of the

quantities and entropy numbers, we obtain some moment inequalities for the martingales.
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Our approach to the cases (i) and (ii) is essentially the same as the L?-bracketing entropy,
while the case (iii) is based on the metric entropy without bracketing.

In Chapter 3, we establish weak convergence theorems in ¢*-spaces by using the
inequalities given in Chapter 2. Among them, natural generalizations of Jain-Marcus’
and Ossiander’s central limit theorems to discrete time martingales are presented. The
results obtained there are repeatedly applied in the remaining chapters.

Chapter 4 is devoted to the first main theme mentioned above. In Section 4.1, we
consider the multiplicative intensity model of point processes with general marks, and
introduce a generalized Nelson-Aalen estimator, which is an empirical process indexed
by classes of functions on the time-mark space. We derive the asymptotic normality of
the estimator, under an LP-bracketing condition with p € [2, co], applying a result given
in Chapter 3. A difference from the case of i.i.d. empirical processes is that the L*-
bracketing condition is not always optimal in this context. We also show its asymptotic
efficiency in the sense of the convolution and the locally asymptotic minimax theorems.
In Sections 4.2 and 4.3, we present an approach to non-linear models along the idea
of McKeague and Utikal in 1990. We consider some statistical models of continuous
semimartingales and counting processes with time-dependent covariates taking values in
general state spaces, and derive the asymptotic normality and efficiency of some integral-
type estimators. Specialized to the case of Euclidean covariates, our result weakens an
assumption of McKeague and Utikal.

Section 5.1 contains a general result for obtaining the rate of convergence of M-
estimators taking values in an abstract space, and it is used throughout Chapters 5 and
6. The remaining sections of Chapter 5 deal with M-estimation of Euclidean parameters
with non-standard rate of convergence. We consider the Gaussian white noise model and
the multiplicative intensity model in Sections 5.2 and 5.3, respectively, and derive the
asymptotic behavior of some estimators. We present an asymptotic distribution result
with rate n for a jump point estimator in the former model, among other things. The
maximal inequalities in Chapter 2, as well as the results in Chapter 3, are needed for the
discussion there.

Chapter 6 is concerned with the rate of convergence of non-parametric maximum
likelihood estimators. We consider the Gaussian white noise model, the multiplica-
tive intensity model, counting processes with non-linear covariates, and diffusion-type
processes derived from stochastic differential equations. A discussion about the Lexis
diagram is contained as an application of the third model above.

In Section 7.1, we extend the point-wise asymptotic normality of kernel density es-

timators to the local functional sense. The localizing constant should be chosen to be
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the same as the bandwidth. As an application, we discuss the estimation of the mode of
unknown density functions. Section 7.2 is devoted to deriving the asymptotic behavior
of log-likelihood ratio random fields in a general statistical experiment with abstract pa-
rameters. An application to an ergodic Markov chain is also presented. In Section 7.3, we
consider a non-parametric test for checking a non-linear time series. An asymptotically

distribution-free test is obtained.
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