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Preface

The past two decades have witnessed an enormous growth of literature on software relia-
bility theory. The preoccupation with model-building has resulted in a large number of
theoretical models which seem to lack immediate appeal from a statistical point of view.
The aim of this thesis is to attempt to reduce the gap between theory and applications in
the area of software reliability.

This thesis has been divided into three parts: introduction, theory and applications. The
introductory Part I consists of two chapters. In Chapter 1 a general introduction to software
reliability is given. We discuss some basic concepts, models and assumptions and describe
some different approaches to the subject. Chapter 2 provides most of the mathematical
framework. The relevant notions of reliability theory and counting process theory are
presented. In the last section of this chapter we give an overview of the theoretical results
of this thesis. Part II consists of five technical papers which recently appeared in scientific
journals or will appear fairly soon. As we have chosen to present the papers in the form
they are published (or will be published) there will be some duplication in the introductory
and framework sections. When we found it appropriate to add a special note, not present in
the original publication, we did this between square brackets and in a slightly smaller type
font. [This will look like this.] Chapter 3 studies the asymptotic properties of maximum likeli-
hood estimators for a broad class of models. In Chapter 4 the validity of the parametric
bootstrap is derived in our situation and simulation results are investigated for a particular
software reliability model. In Chapter 5, which consists of joint work with Leo G. Baren-
dregt, for one of the more popular software reliability models, solutions are provided to the
classical statistical problem of multiple solutions to the system of likelihood equations.
Chapter 6 is devoted to the derivation of the limit distribution of some goodness of fit test
statistics, while in Chapter 7 a new, more sophisticated software reliability model is intro-
duced and analysed. In Part III of this thesis we consider applications. In Chapter 8 the
results of two software reliability case-studies at Philips Medical Systems (PMS) and
Ericsson Telecommunications (ETM) are presented. I would like to thank Tom Hoogen-
boom, Johan van Beers and Jelle Rieske (all of PMS) and Peter Westeneng and Han van
Beek (both of ETM) for their co-operation, patience and careful reading. Finally, in an
appendix a software quality tool, implemented in S-PLUS, is demonstrated.
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Chapter 1

General Introduction to Software Reliability

1.1 Introduction

To-day it is hard to think of any area in modern society in which computer systems do not
play a dominant role. In space- and air-navigation, defence, telecommunication and
health-care, to name a few, computers have taken over the most life-critical tasks. Unlike
most human beings, computers seem to do their job perfectly, at all times and under all
conditions. But do they really? Well, most of the time, they do. Sometimes, however, for
some reason a zillion dollar satellite goes off course, a patriot rocket misses its target or a
large telephone exchange gives up. Possible sources for such dissatisfactory behaviour are
physical deterioration or design faults in hardware components. In the fifties and sixties a
general reliability theory was built for hardware. Another source for malfunctioning of
computer systems is the presence of bugs in the software that controls the system. A begin-
ning with the modelling of the reliability of software was only made in the early seventies.

Obviously, also in the case of less delicate computer applications, all customers want a
high degree of reliability to be guaranteed. Of course, every software-house claims to
design and produce software in such a structured and sophisticated way that the result is a
perfect computer program. As in general the logical complexity of software is much larger
than that of hardware, proving the correctness of a piece of software is in most cases an
impossible task. Software developers have to admit that in practice a completed program is
never perfect, but, more likely, still full of bugs. Therefore, the software is tested inten-
sively for quite a span of time before it is finally released. Here a difficult trade-off occurs
between costs and schedule on the one side and quality on the other. The test time, which
can mount up to more than a third of the total development time, seems not productive and
therefore extremely expensive. Besides, there exists the risk, that a competitor will release
the same product a bit earlier. On the other hand, the sales of an unreliable product will be
disappointing and can do more bad than good to the image of the software-house. It seems
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to make sense to study the evolution of the reliability of computer software during the test
and development phase: does the software already satisfy certain criteria or how long
should testing be continued?

In this thesis mathematical and statistical aspects of software reliability theory are
presented. This first chapter provides a general introduction to software reliability theory.
Two excellent handbooks on this topic are Musa et al. (1987), and Rook (1990). In the
next section we discuss how software reliability relates to hardware reliability. In Section
1.3 some important features related to software reliability are defined. In Section 1.4 we
describe several approaches - both static and dynamic - to estimation or prediction of the
reliability of a piece of software. The dynamic approach of counting process models will
be used throughout this thesis. Classical assumptions and models in this approach are dis-
cussed in Section 1.5. Finally, in Section 1.6 we briefly summarise the mathematical and
statistical aspects involved. More backgrounds on statistical concepts and techniques can
be found in Chapter 2, where we also give an overview of the most important results and
conclusions of the main part (Part II) of this thesis.

1.2 Software versus hardware

The field of hardware reliability has been established for some time. Some useful refer-
ences are: Shooman (1968), Mann et al. (1974), Barlow & Proschan (1975), Lawless
(1982), and Ascher & Feingold (1984). One might ask how software reliability relates to
it. In reality, the division between hardware and software reality is somewhat artificial.
Both may be defined in the same way. Therefore, you may combine hardware and software
reliability to get system reliability. Both depend on the environment.

The source of failures in software is design faults, while the main source in hardware has
generally been physical deterioration. However, the models and methods developed for
software reliability could really be applied to any design activity, including hardware
design. Once a software defect is properly fixed, it is in general fixed for all time. Failures
usually occur only when a program is exposed to an environment that it was not developed
or tested for. Software reliability tends to change continuously during test periods, due to
the addition of problems in new code or due to the removal of problems by repair actions.
Hardware reliability has, apart perhaps from an initial burn-in or end of useful life period,
a much greater tendency towards a constant value.

Also in hardware the presence of design faults is possible, but the design reliability con-
cept has not been applied to hardware to any extent. The probability of failure due to wear
and other physical causes has usually been much greater than that due to an unrecognised
design problem. It was possible to keep hardware design failures low because hardware
was generally less complex logically than software. Hardware design failures had to be
kept low because retrofitting of manufactured items in the field was very expensive. The
emphasis in hardware reliability is starting to change now, however. Awareness of the
work that is going on in software reliability, plus a growing realisation of the importance
of design faults may be having an effect.

Despite the forgoing differences, we can develop software reliability theory in a way that
is compatible with hardware reliability theory. Thus, system reliability figures may be
computed using standard hardware combinatorial techniques ( Shooman (1968), Lloyd &
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Lipow (1977)). In this thesis attention is restricted to problems related to the modelling of
the reliability of software only.

1.3 Basic concepts

First of all, we have to make clear what we mean, when using vague terms like software
faults and software reliability. In this Section we give some intuitive descriptions; more
formal definitions and mathematical expressions are given in Section 2.2 and 2.3. We
speak of a software failure, if the program-output deviates from what it should be accord-
ing to the customer. This means that also errors in the specification can lead to software
failures. A failure is a dynamic thing; the program has to be executed to detect software
failures. A software fault (or bug ) is an error in the program source-text, which when the
program is executed under certain conditions can cause a software failure. A software fault
is hence generated at the moment a programmer or system analyst makes a mistake. Often
one defines the reliability of a piece of software as the probability of failure-free execution
of the software for a specified time in a specified environment. An operating system, for
instance, with a reliability of 95% for 8 hours for an average user, should work 95 out of
100 periods of 8 hours without problems. A characteristic that is strongly correlated with
the reliability is the expected failure intensity, sometimes called the rate of occurrence of
failures (ROCOF), which is defined as the expected number of occurring failures per unit
of time. Strictly speaking, the expected failure intensity is the first derivative of the mean
value function which represents the expected cumulative number of failures detected up to
each point in time. Between the terms software fault and software failure there exists a
cause and effect relation. The terms software reliability and failure intensity both give a
measure for the quality of the software. Other interesting measures, which are directly
related to these two, are the mean time between failures (MTBF) and the time to release
(TTR).

1.4 Different approaches

Since the early seventies, many researchers have paid attention to the problem of estima-
tion and prediction of software reliability. They used various starting-points, assumptions,
and techniques; all aiming at the same goal. In this section we briefly discuss four different
approaches to software reliability.

(i) Fault seeding. One can estimate the number of inherent faults in software programs by
an empirical method, variously called fault seeding, error seeding or "bebugging" (Mills
(1972), Basin (1973), Gilb (1977) and Rudner (1977)). The test-leader introduces a certain
number of artificial faults into the program in some suitable random fashion, unknown to
the people who will test the software. It is assumed that these seeded faults are equivalent
to the inherent faults in terms of difficulty of detection. Inherent and seeded faults
discovered are counted separately. The number of inherent faults can be predicted by using
the observed proportion of seeded faults found to total seeded faults. The reasoning is
based on the concept that with equal difficulty of discovery, the same proportions of both
types of faults will have been discovered at any point in time. Unfortunately, it has proved
difficult to implement seeding in practice. It is not easy to introduce artificial faults that are
equivalent to inherent faults in difficulty of discovery. In general, it is much easier to find
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the seeded faults. Consequently, the number of inherent faults is usually underestimated
with this technique.

(ii) Iterated testing. An other approach is suggested in Nagel & Scrivan (1982) and Nagel
et al. (1984). They investigate software reliability by what they call replicated testing or
repetitive run experimentation. The idea is to test a large number of identical copies of a
software program simultaneously and independently of each other. In this way one can cal-
culate the average number of bugs found as a function of time very precisely. This func-
tion can be used for the prediction of the number of bugs that will be found before a cer-
tain point in time in the future. There exists, however, a stronger motivation for this
approach. Obviously, there will be larger and smaller faults in the software program.
Larger faults tend to cause software failures earlier than the smaller ones. A consequence
of this is that the larger faults tend to be present in most of the test runs, while smaller
faults occur only in a few of them. The key issue of this method is that one can obtain a
good empirical estimation of the distribution of the occurrence rates of the different bugs.
This information enables one to model the growth of reliability in an appropriate way. A
large disadvantage of this approach, however, is that to be of any use iterated testing is
enormously time consuming and therefore rarely used in practical situations.

(iii) Static complexity analysis. Following a completely other direction, one can estimate
the number of faults from program characteristics only. It has long be assumed that the
size of a program has the most effect on the number of inherent faults it contains. Aki-
yama (1971), Thayer (1976), Motley & Brooks (1977) and Feuer & Fowlkes (1979) have
verified this hypothesis. They all more or less consider models in which the number of
inherent faults is proportional to some power of the program length. Possibly, other meas-
ures of program complexity than just program length can improve the prediction of
number of inherent faults. Complexity measures form an active current research area. Very
popular are McCabe’s cyclomatic number (McCabe (1976)) and Halstead’s effort (Hal-
stead (1977)). Other metrics can be found in Grady & Caswell (1987). However, most of
the complexity metrics developed to date show a high correlation with program size. They
provide little improvement over just program size alone in predicting inherent faults
remaining at the start of system test (Sunohara et al. (1981)).

(iv) Error-counting and debugging models. We consider the following experiment. A
computer program is tested for a specified length of time. Inputs are selected randomly
from the input-space, that is, in a way that is representative for the operational profile.
Either the program produces the correct output, or a software failure occurs. That is, the
software produces the wrong answer or no answer at all. After the detection of a failure,
the CPU-clock is stopped and the program is sent to a team of debuggers. When the fault is
found and fixed, available data concerning fault and failure are gathered in a database.
After this, the CPU-clock is started again and testing continues with a new input until the
end of the test period is reached. See Figure 1.1. Among others, the following data-items
are of interest:

- The failure times, times at which the failures occur. This could be measured in seconds
CPU-time, days real-time or even by the sequence number of the test input.

- A description of the failure (or of the priority of its effects), so that a classification of
the effects of errors is possible. It can be of use to distinguish failure intensities of dif-
ferent types of failures.
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The test experiment for error-counting and debugging models.
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- A description of the fault (the cause, like errors in specification, design or code). Also
here a classification can make sense. Certain kinds of faults can indicate for instance a
lack of accuracy or knowledge of the programmer or the misinterpretation of possibly
ill-posed specifications. One should try to prevent such systematic errors in future.

- The location of the fault in the source text. When the program consists of a number of
modules, it is possible to find local differences in the failure intensity and hence to con-
centrate the testing effort in the most critical regions.

- A measure of the size of the correction of a fault (for example in bytes or new lines
added or changed code or in man-hours). When modelling imperfect repair (that is,
there exists a positive chance of introducing new faults when repairing an old one)
such information would be very useful.

Only the failure times are essential to be able to conclude something about the evolution of
the reliability during the testing process. The class of Error-Counting and Debugging
Models consists of relatively simple models, considering the test experiment as described
above, characterised by the fact that they are only based on certain test data, such as the
occurrence times of failures. These error-counting and debugging models do not explicitly
depend on factors like the length and the structure of the program, the language in which it
is written, the skill of the programmer, etcetera. By using the information obtained from
the experiment one can estimate the parameters of the underlying model, in particular the
total number of faults initially present in the software. Certain functions of these model-
parameters will yield estimates of other interesting quantities (such as the failure intensity,
the reliability, the mean time between failures and the release time). In practice, however,
decisions about when to stop testing are rarely based solely on critical values for such
quantities. More often to find an optimal stopping time, the reliability model is extended
by associating cost functions, modelling the cost of testing versus the costs of faults in the
field. An optimal stopping rule will tell to stop testing as soon as the cost of discovering
and fixing the remaining faults is greater than the cost of repairs in the field.

As stated earlier, approaches (i) and (ii) are nice theoretical concepts, but they have con-
siderable disadvantages that make them less practical. The static approach (iii) and the
dynamic approach (iv) are both used in practice. In this thesis we restrict ourselves mainly
to the mathematical and statistical aspects of approach (iv), that is of error-counting and
debugging models.

1.5 Assumptions and models

Efforts in describing the evolution of the reliability of computer software during testing
resulted in the proposal of dozens of error-counting and debugging models over the past
twenty years. Each individual model is completely characterised by a certain set of
assumptions. Sometimes, we assume that failures in the software will occur independently
and that when a failure is detected, the fault is fixed immediately with no new faults intro-
duced. This is the case for some very well-known models: the Jelinski-Moranda model
(Jelinski & Moranda (1972)), the Goel-Okumoto model (Goel & Okumoto (1979)) and the
Littlewood model (Littlewood (1980)).
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The Jelinski-Moranda model is the oldest and one of the most elementary software relia-
bility models introduced so far. In this model the failure rate of the program is at any time
proportional to the number of remaining faults and each fault makes the same contribution
to the failure rate. In the Goel-Okumoto model the failures occur according to a non-
homogeneous Poisson process. The failure rate does not depend on the debugging process;
it is a simple deterministic function which decreases exponentially in time. Both the
Jelinski-Moranda model and the Goel-Okumoto model are in some sense special cases of a
more general model, the Littlewood model. The main difference with respect to the two
previous models is the fact that Littlewood does not assume that each fault makes the same
contribution to the failure intensity. He allows each fault to have its own occurrence proba-
bility. Littlewood’s argument for this is that larger faults will produce failures earlier than
small ones. The way, however, in which Littlewood assigns occurrence rates to the faults,
is rather ad hoc. In practice, it turns out that for many data-sets estimates based on
Littlewood’s model are not better than those based on the Jelinski-Moranda model.

Assumptions like independence of the occurring faults, negligible repair time and perfect
repair are of course, not very realistic. It is unknown how large the influence on the results
is of such an assumption as the independence. Without this assumption, however, the
mathematical problem becomes a lot more complicated. With respect to the assumption of
negligible repair time (that is: stop CPU-clock when failure detected) one can add that
there are ways of transforming execution-time models into real-time models (Musa
(1975)). Moreover, immediate repair is not essential if we take care to count failures due
to the same software fault only once. A new and interesting idea seems to be the model-
ling of imperfect repair and software growth simultaneously. With software growth we
mean the phenomenon that a piece of software is not a static object, but on the contrary
changes in time. Not only does each repair cause a change in the software, but also in prac-
tice at certain moments in the testing phase we will add new modules to the software as
well. In the Poisson Growth & Imperfect Repair-model, (Van Pul (1991b)), it is assumed
that the expected number of new faults introduced at a certain point in time, is proportional
to the size of the change in the software at that moment. This assumption makes it possible
to model imperfect repair and software growth simultaneously. Besides, the model will
account for dependencies between faults.

A more formal treatment of these software reliability models will be given in Section 2.6
after we have introduced the necessary mathematical notations and concepts. Finally, for a
complete chronological catalogue of the most popular software reliability models intro-
duced since 1972 we refer to Musa et al. (1987).

1.6 Mathematical and statistical aspects

An important statistical problem is the comparison of different models (see Chapter 6 and
7 of this thesis). This is usually done by goodness of fit testing. The test statistics involved
are in our situation rather complex, and the derivation of their distributions can cause con-
siderable difficulties. Not only does the choice of the best model confront us with many
questions, but also the estimation of the parameters in the chosen model is a difficult prob-
lem. We usually use the maximum likelihood estimation procedure for this purpose. We
derive the chance (likelihood) to get the data under the parameters and maximise this likel-
ihood as a function of the parameters. The derivation of the likelihood function is not
always possible analytically and the numerical computation of its maxima can be unstable.



14 General Introduction to Software Reliability ~ Chapter 1

In practice we will use iterative techniques like the Newton-Raphson procedure (Carnahan
& Wilkes (1973)) or the down-hill simplex method (Nelder & Mead (1965)) to approxi-
mate the roots of a system of equations. Chapters 3, 4 and 5 consider the problem of
parameter estimation. In the next chapter, Chapter 2, we give some further relevant
mathematical background and discuss the above mentioned statistical concepts in more
detail.
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Chapter 2

Mathematical Framework

2.1 Introduction

The aim of this chapter is to provide some mathematical background to topics that will be
important later on. In some cases we confined ourselves to giving references to relevant
literature. In the next section we briefly summarise the main concepts in reliability theory.
In Section 2.3 we present some important counting process theory results. We shed some
light on the way we treat asymptotics and limit theory in Section 2.4. In Section 2.5 we
discuss some of the main statistical problems in parameter estimation. We illustrate the
theoretical concepts with some examples and place the software reliability models, men-
tioned in Chapter 1, in a mathematical context in Section 2.6. Finally, in Section 2.7 we
give an overview of the theoretical results that are presented in Part I of this thesis.

2.2 General reliability concepts

A reliability study is concerned with random occurrences of undesirable events, or failures,
during the life of a physical system. As a failure phenomenon is stochastic by nature, relia-
bility theory heavily depends on probability concepts. To illustrate this, the reliability of a
physical system will be defined (later on in this section) as the probability that the system
performs its task adequately for a specified time in a specified environment.

Let T be a continuously distributed random variable representing the failure time (or life-
time) of a physical system. The probability that the system will have failed by time ¢ is
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F() =P (T=st)

= _(f)'f(u)du,

where F(¢) and f () denote the cumulative distribution function and probability density
function (or the failure density function), respectively. The probability of the system sur-
viving until time ¢ is

S@t) == P(T>1)

= 1-F()

= [ f(u)du,

where S (1) is the survival function. The expected life, or the expected time during which
the system will function properly, is defined as

oc

E(T) = [uf(u)du

0

= [S(u)du.
0

When the system being under consideration is returned to an as good as new state after
each repair, IE (T ) is also known as the mean time to failure (MTTF). Thus the time inter-
vals between successive failure are independent and identically distributed random vari-
ables. The renewal process of an electric light bulb is a good example of this. The failure
rate or hazard rate is the rate at which failures occur at time ¢ given that the system sur-
vives up to t. Or more formally:

o F@+A) -F(@)
2(0) = Nim S
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The functions f (¢), S(¢) and z(¢) give mathematically equivalent specifications of the dis-
tribution of 7. Expressions for S(¢) and f (¢) are given in term of z (1) by

S@) = exp{—{z(u) du}
and
@) =z(@) exp{—fz(u)du},
0

respectively. Finally, defining the reliability of the system at time ¢ as the probability that
it survives another period T after ¢, given the system survives up to time ¢, we have the fol-
lowing mathematical expression:

R(t,7) :=P(T>t+t | T>1)

S(t+7)
S(@)

= exp(— f z(u) du}.

t

The mean residual life is given by

o

. S(l+u)du'
WO = 1750

The hazard rate will change over the lifetime of a physical system, due to infant mortality
(low ages) and wear-out (high ages). The hazard rate function often has the shape of a so-
called bathtub curve, see Figure 2.1. For the cumulative distribution function F(t), distri-
butions such as the gamma and Weibull distributions are often used to represent infant
mortality (region I) and wear out (region III), because of their great adaptability. The
exponential distribution, which is widely used in reliability because of its great simplicity
and applicability, is valid only for region II (that is, during the useful life period or normal
operating phase). Note that there exist no direct analogous concepts to infant mortality and
wear-out in software reliability theory.

We did not intend to provide a comprehensive treatment of reliability theory. For more in-
depth material on this subject we refer to: Shooman (1968), Mann et al. (1974), Barlow &
Proschan (1975), Lawless (1982) and Ascher & Feingold (1984).
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hazard rate

Region | Region Il Region lli

time
Figure 2.1
Typical hazard rate of an electronic component as a function of age.

2.3 Counting process theory

We are going to model the occurrence of discrete, random events in continuous time. We
fix 7 = [0,7] for a given finite terminal time T, 0<t<o. Recalling approach (iv) of Sec-
tion 1.4, note that we are observing a non-deterministic process through the fixed time
window 7. The fact that the number of faults detected in 7 will be stochastic is the reason
why we cannot use classical maximum likelihood theory for i.i.d. observations in deriving
asymptotic results. Therefore we introduce a powerful mathematical instrument which we
will use to solve these problems: the theory of counting processes and martingales. For a
complete summary we refer to Andersen & Borgan (1985), Jacod & Shiryaev (1987) or
Andersen er al. (1993). Before we are able to introduce the important notions of mar-
tingales, counting processes and their intensities, we have to give some other definitions
first.

Let ( Q,7,IP) be a probability space. A filtration or history (¥, : t€T ) is an increasing,
right-continuous family of sub o-algebras of #. The o-algebra ¥, is interpreted as follows:
it contains all events whose occurrence or not is fixed by time . We write correspondingly
F,_ for the available data just before time t. A stochastic process X is just a time-indexed
collection of random variables (X (1) : t€T ). The process X is called adapted to the filtra-
tion if X (¢) is F,-measurable for each ¢ and cadlag if its sample paths (X (£, w) : t€T ) for
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almost all w are right continuous with left-hand limits. The set of all cadlag functions on 7
is often denoted by D (‘7 ), the Skohorod space of weak convergence theory. See Billings-
ley (1968). The self-exciting filtration ¥, of a stochastic process X is the o-algebra gen-
erated by X (s),s <t. Finally, a stochastic process X is called integrable if for all t€T

IE{ \X(t)@ < ®

and predictable if as a function of (¢, W)E7 x Q, it is measurable with respect to the o-
algebra on 7 x Q generated by the left continuous adapted processes.

So suppose a filtration ( F, : t€7 ) on a probability space ( Q,7,IP) is given. A mar-
tingale is a cadlag, adapted stochastic process m which is integrable and satisfies the mar-
tingale property:

IE {m(t) | ,‘TJ =m(s), sst 2.1

That is, the increment of the stochastic process m () over an arbitrary time interval (¢,£+h |
given the past has zero expectation. A counting process n is a stochastic process which
can be thought of as registering the occurrences in time of a number of discrete events.
More formally, a counting process is an adapted cadlag process, zero at time zero, with
piecewise constant and non-decreasing paths, having jumps of size one only. We say that
n has intensity process A, if \ is a predictable process and

m(t) = n(t) - [ Ms) ds (2.2)
0

satisfies the martingale property (2.1). The integral in the right-hand side of (2.2) is often
referred to as the cumulative intensity process or compensator of n. We can consider a
martingale as being a pure noise process. The systematic part of a counting process is its
compensator, a smoothly varying and predictable process, which subtracted from the
counting process leaves unpredictable zero-mean noise. Though m is pure noisehm2 has a
tendency to increase over time. The systematic component (compensator) of m < is called
the predictable variation process of m and denoted by <m >. More generally, for mar-
tingales m; and m, the predictable covariation process <mi,m,> is defined as the
unique finite variation cadlag predictable process such that m{m,—<m,m,> is a mar-
tingale, zero at time zero. If &, and h, are predictable processes, then fhldml and

fhzdmz are martingales and <fh1dm1,fhzdm2> =fh 1hod<mq,my>.

Martingales have been studied intensively during the past few decades and a lot of nice
mathematical properties have been derived by now. Some very important martingale
results are Kurtz’ theorems, Lenglart’s inequality and the Martingale Central Limit
Theorem (MCLT), which can be seen as analogues of the law of large numbers and the
usual Central Limit Theorem in the classical i.i.d. case. These results, which will be
essential in the proofs of in probability and weak convergence for the non-i.i.d. case (see
Chapter 3), are stated explicitly in the next Section 2.4. For a more comprehensive treat-
ment of these and other martingale results we refer to Andersen et al. (1993).
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Remark 2.1 To get a better understanding of these theoretical concepts we close this sec-
tion by constructing a special class of counting processes: the order statistics processes. It
will turn out that this class contains most of (but not all) the popular software reliability
models investigated so far. Let us consider a sample of N independent, identically distri-
buted survival (or failure) times, S1,....Sy, from a continuous survival function S(¢) with
hazard rate function z (¢). Hence z(¢)=f (¢)/(1-F (¢)) where F (¢) is the cumulative distribu-
tion function and f (¢) the density of the S;. Typically in survival analysis problems, com-
plete observation of S1,....Sy is not possible. In our situation one observes only those S;
that occur in a fixed time interval [0,T]. We therefore define the counting process n(t) for
t€[0,7] as

N
n() =#{i:S;st} = _le{S,-st},

where I{.} denotes the indicator function. Thus the stochastic process n(t) is a non-
decreasing integer valued function of time with jumps of size one only; it is right continu-
ous and n(0)=0. Furthermore we define the stochastic process Y (¢), t€[0,1], by

Y(0) = #{i:S;=t} = _%I{Sizt} = N-n(-).

Hence Y (¢) is the number at risk just before time 1, or the size of the risk set. We define
the intensity process A(t), the rate at which the counting process n (¢) jumps, as:

M) ==Y(@)z(t) = {N—n(f—)} z(1). (2.3)

Note that the intensity process A is random, through dependence on the past of the stochas-
tic process n. Given F,_ := 0 { n(s), s <t }, the strict past of n, however, A is a predict-
able process: that is to say, given F,_ we know A(f) already, but not yet n (¢) for instance.
It is not difficult to check that in this case the process

m(t) = n(t) - [ Ms) ds
0

indeed satisfies the martingale property (2.1). Counting process models, counting the
occurrences of i.i.d. events, and hence having an underlying intensity of the form (2.3), we
will call N —n linear or N —n homogeneous.
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2.4 Asymptotics and limit theory

A major part of this thesis will deal with the study of asymptotic properties of estimators
(Chapter 3-5) or with the derivation of the limit-distribution of certain test statistics
(Chapter 6). Therefore we should make clear how we treat asymptotics; especially as our
approach is rather unorthodox. A novel aspect of our approach, namely, is the fact that—in
order to treat asymptotic theory—instead of increasing the time variable or the number of
data as is usually the case, we (conceptually) increase one of the model parameters itself.

Recall the formulation of the mathematical problem as sketched in Section 2.3. On a fixed
time-interval 7 = [0,t], we are observing a counting process n with underlying intensity
process A. In the sequel we always assume that this stochastic intensity function, depend-
ing on the past of n, is a member of some parametric family:

i) = k[z, 0, n(t-)} 6 € © C IR .

We assume the true parameter-value 6y is contained in ©. In all typical cases
09 = (No,Yg), where N, the parameter of most interest, represents the scale or size of the
problem (sometimes N = n (%)), while 1 is a nuisance vector parameter. To apply
asymptotics it obviously would not make sense to let T, the stopping time, grow to infinity.
In the long run all failure times will have occurred before time t and the estimate of the
total number of faults N will trivially be equal to the true number of faults. It makes more
sense to (conceptually) increase the number of faults N, itself. As we are particularly
interested in parameter estimation when N is large, we consider the reparametrisation

N =vy, v—oo (2.4)

In (2.4), v denotes the known scale of the problem (size of the population or some com-
plexity measure of the software program), which we allow to go to infinity. Furthermore, y
represents the unknown proportion coefficient (of ill people or software bugs), which we
are going to estimate. In order to make the parametrisation (2.4) profitable we have to put
a constraint on A. N-n linearity (i.e. (2.3)) would be sufficient but is too strong. We
require only that the intensity function A is simultaneously linear in both N and n, that is:

-

k[z , (N, ), n(t-)J - o ;{t, (aN, ), aun (z-)] o> 0. (2.5)

Models with intensity function satisfying (2.5) will be called (N,n) linear or (N.n) homo-
geneous. We now consider a sequence of counting processes n, with increasing v and
underlying (N, n) linear intensities A, and define for t€[0,t]

xy(0) = v ny()

The idea behind the transformation (2.4) and (N,n) linearity (2.5) is that v_'A, only
depends on v via x,. We therefore define

Bl ) 10| = v [ 15 ), v ().
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It will turn out to be of great importance that under weak smoothness conditions on B, that
are readily satisfied for the models most used in practice, the stochastic process x (1) will
converge in probability uniformly on [0,T] to a deterministic function xo(t), which is the
solution of the integral equation

v = [B[ 6w x5 ds e
0

This will follow directly from the next theorem:

Theorem 2.1 Let B(t;x) be a non-anticipating and non-negative function of t€T and
xED (T ). Non-anticipating means that 3 depends only on x ﬁO,,), the past of the stochas-
tic process x up to but not including time t. We assume that

sup B(t, x(s-)) = C1 +C, sup|x(s)|,
s st s <t

sup |B(t, x(s-) = Bt ys-)| = C3suplx() =y )],

for all x, yED (‘T ), and for certain constants C,, C, and C3. Let ay—>% be a sequence of
positive constants. Let n, be a counting process with underlying intensity process
() =ayB(, a;'ny(t-)), for all tET. Finally, let xo be the unique solution of the
integral equation

x() = fﬁ( t, x(s-))ds.
0

Then we have for all tET as v—>%:

P
sup | a§111\,(t) -xo(t)] = O.
sst

U

This theorem, also known as Kurtz’ first theorem, is just the law of large numbers for
counting processes. Kurtz’ second theorem states that under slightly stronger conditions a
central limit theorem result can be obtained, i.e.: \v(n,/v —x9) — Z in distribution
where Z is a Gaussian process. Both results can be found in Kurtz (1983). One of our main
goals in later chapters will be to find estimators for the model parameters and to derive
asymptotic properties such as consistency and asymptotic normality. An estimator 0, for
0o is said to be consistent if 6, — 8y in probability and asymptotically normal if
Vv (B, - 0p) — N(0,2) in distribution. When deriving these kind of properties in a non-
i.i.d. situation we will need the following important martingale results:

Theorem 2.2 Let m be a local square integrable martingale. Then for any >0 and 5>0
we have:



Section2.5  Maximum likelihood estimation 23

lP{sug|m | an} < % + IP{<m>(r)zf)]
= n
O

Theorem 2.3 Consider a sequence n., of counting processes with intensity process A\, and
a sequence of predictable processes H .. Define for t€T,

Zy(1) := {Hv(s) [dnv(s)-xv(s)ds]

Suppose as v—= for all t€T:

<Zy>(1) - G (1), 2.7)

where G is a continuous function, and suppose that for all £¢>0 as v—:

JHIOMOI{ | H (1) | >e}dt i 0. (2.8)
0

Then Z, converges in distribution to Z in the space D (‘T ), where Z is a Gaussian mar-
tingale with variance function G and Z (0)=0. O

Theorem 2.2, Lenglart’s inequality, tells us that we can bound the probability of a large
value of m anywhere in the whole time-interval 7 in terms just of the probability of a large
value of <m > in the endpoint t. One says that m is dominated by <m >. See Lenglart
(1977). Theorem 2.3 is a special case of the martingale central limit theorem (MCLT),
saying that two conditions are required for a local square integrable martingale to be
approximately Gaussian. Condition (2.7) states that its predictable variation process con-
verges in probability to a deterministic function; condition (2.8) states that the jumps of Z,,
become small as v—o0. For more general formulations of the MCLT and proofs we refer
to Rebolledo (1980) or Helland (1982).

2.5 Maximum likelihood estimation

We observe the counting process 7 (t) on [0,t] with underlying (N,n) linear parametric
intensity process

AD) = A [t, (N, ), n (t—)]. (2.9)

The question is now, of course, how to find estimators for N and . We will use the
method of Maximum Likelihood Estimation (MLE) for this purpose. Using the fact that
A(t)dr represents the conditional probability given the strict past that the counting process
n (t) jumps in the interval [z, +dt ], we can write for the likelihood:
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Ly (N,p) « . I1 [(}\(t)dt )dn(!) (1-A(t)de )1~dn(z)]

<t<t

* exp { [log A1) dn (1) - [ M1) dt}. (2.10)
0 0

For a standard definition of the product integral in the upper expression of (2.10) we refer
to Gill & Johansen (1990). The lower expression in (2.10) is also known as Jacod’s for-
mula (Andersen et al. (1993)).

Remark 2.2 Let us again consider the special class of order statistics processes described
in Remark 2.1. Thus, given is a population consisting of an unknown number N of failure
times S;. We now furthermore assume that it is given that these failure times are taken
from some continuous, parametric distribution function, say F =F,,. We only observe
those failure times S;, which take a value in [0,t]. That is, we observe only the order statis-
tics T; := S(;y, i =1...n, where n is random, and know that S, ) > T. Equivalently stated
in terms of counting processes, we observe the counting process 7 (f) on [0,T] with under-
lying intensity process

Me) = {N—n(t—)} z(t5p), (2.11)

where z (6, )=/ (1)/(1-F(¢)). Again the problem is, how to estimate N and . Of
course, we could again use Jacod’s expression for the likelihood, but we could also follow
the classical approach. Conditioned on the fact that the failure times S; are iid. Fy, the
total number of failures in [0,t] namely is binomially distributed with parameters N and
F,(t). Furthermore, conditioned on the fact that S; is observed, it has a truncated distribu-
tion F,(t)/F(v). This leads to the following alternative expression for the likelihood
function:

n Ti
ﬂ Fy@' (1-Fy@) " nt I Ju) (2.12)

Le(Nw) = [ i=1 Fy(t)’

where the extra factor n! in front of the product of truncated densities in (2.12) is
explained by the fact that the 7; are the order statistics of the ;. O

Maximisation of expressions (2.10) (or (2.12)) is usually done by setting partial derivatives
of the log-likelihood to zero and solving the the resulting system of highly non-linear likel-
ihood (or score) equations:

|
=

2 log Ly (Ny) =

= (2.13)

[
=

)
B log L+ (N, ) (2.14)
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We have assumed in (2.13) that the model is also meaningful for non-integer N. The direct
algebraic solution of the system of non-linear equations (2.13)-(2.14) is usually impossi-
ble. The best we can realistically hope for is to solve these equations for a subset of the
parameters in terms of the remaining parameters. The remaining parameters are then
estimated using numerical methods. The Newton-Raphson procedure (Carnahan & Wilkes
(1973)) is based on first order Taylor series expansions and has two attractive features.
First, if the method converges, it will do so very fast (quadratically). Secondly, conver-
gence is assured if the initial estimate is close enough to a root of the system. This also
represents the main drawback of the method: for some initial estimates the method will
diverge. This problem becomes severe as the region of feasible values is infinite and high
dimensional. Other iterative methods using gradient information (Fletcher & Powell
(1963), Fletcher & Reeves (1964)) often also do not display suitable convergence in
software reliability practice. In fact, investigations (Musa et al. (1987)) indicated that
searching schemes incorporating gradient information are not particularly well suited for
the problem at hand. The downhill simplex method (Nelder & Mead (1965)) does not use
any gradient information; it uses only function evaluations (no derivatives). It is very
robust and nearly always converges to at least a local minimum (of —log L (N, )). The
main drawback here is that the method lacks any form of acceleration, per se, and there-
fore tends to be slow. Musa et al. (1987) suggest to combine the methods of Newton-
Raphson and Nelder-Mead. The idea is that after a limited number of Nelder-Mead itera-
tions the estimate of the solution is close enough to the roots of the system of equations for
the fast Newton-Raphson method to converge. Some care should be exercised that the
procedure did not accidentally locate a minimum or a saddle-point. More seriously, we
should make sure that a global maximum and not a local one has been found. The latter
concern can be a problem when using a small sample (of failure times) to estimate multi-
ple parameters simultaneously. Here it is a good idea to have the procedure pick several
different starting values and use the estimate with the largest value of log L. (N,). Once
the sample size is reasonably large, multiple solutions to the system of likelihood equa-
tions (2.13)-(2.14) are rare in typical software reliability models (Moek (1984), Musa et al.
(1987)), but not impossible (Barendregt & Van Pul (1991)).

2.6 Some software reliability models revisited

In this section we discuss the software reliability models, briefly described in Section 1.5,
in more detail. In all examples we assume that software failures are observed during a
fixed time-interval [0,t] only. We mean by T; the failure time of the i-th occurring failure,
while ¢;=T;-T; 1 denotes the interfailure time; that is the time between the (i —1)-th and i-
th failure. The unknown number of faults initially present in the software is denoted by
Ny.

Example 2.1 The Jelinski-Moranda model (JM). In the JM-model introduced by Jelinski
& Moranda (1972) the failure rate of the program is at any time proportional to the number
of remaining faults and the removal of each fault makes the same contribution to the the
decay in failure rate. So in terms of counting processes we can write:

W) = o No-ne),
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where A(t) denotes the failure rate at time ¢ and where n(¢-) denotes the cumulative
number of faults detected up to but not including ¢. The interfailure times ¢; are indepen-
dent and exponentially distributed with parameter A; = ¢o(No—i+1). Defining

B ndsx) = o yx (o)),

it is easy to check that the JM-model is (N,n) linear, that is has a failure intensity A of the
special form (2.4). Solving the integral equation (2.6) yields:

M@ = y[] —-e_q"].

In fact, the JM intensity is even N —n linear (of the special form (2.3)) with parametric
hazard

ZJM(t7 q)) =0,

associated to the exponential distribution. Hence in this case the failure times 7; can be
considered as the order statistics of independent and identically distributed exponentials
with parameter ¢. Using (2.10) we can write down the log-likelihood for the JM model:

n(t) n(t)+1

log L(N,9) = _alog(p(N—iH)— ;1 ON-i+1)t;,

hence the likelihood equations become

9 n(t)
log L(N,¢) = X —¢t = 0; 2.15
N 0BLWN®) = L bt (2.15)
n(t)+l
%logL(N,q)) - % - X (N-ivl)y = 0. (2.16)

It was shown by Moek (1983) that this system of equations will have a unique solution
(N,9) if and only if the data satisfy:

n(t)+l1 »
3T e » EUEL
T i=l 2

Moek’s criterion will be satisfied with probability one as N grows larger, if the model is
true. U
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Figure 2.2
Failure intensities for the models of
(a) Jelinski-Moranda, (b) Goel-Okumoto and (c) Littlewood.
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Example 2.2 The Goel-Okumoto model (GO). In the GO model, suggested by Goel &
Okumoto (1979), the failures occur according to a non-homogeneous Poisson-process with
failure rate

)\.Go(t) = No(l)oe—%t.

Notice that A does not depend on #; it is a simple deterministic function of time. One can
check that the expected number of failures in [0,%) equals

Hi{fkooﬁ)ds = No

0

Thus we have N faults or sources of failures, each producing failures at an exponentially
decreasing rate. The GO model is obviously not N —n linear, but with

ﬁGO( t’ Y7¢;x) = Y¢e—¢l’

the GO model satisfies (2.5), having the same deterministic solution x¢ of (2.6) as in the
JM case. This means that the JM and GO model are asymptotically equivalent (indistin-
guishable). In fact, the models are indistinguishable in a stronger sense, since the distribu-
tion of the process n in the GO model, conditional on n (%)=k, is the same as the distribu-
tion of the process n in the JM model with N y=k. This means that on the basis of one reali-
sation you cannot distinguish between the models at all. Note that in the GO model the
failure rate never becomes zero. This is supposed to reflect the fact that a detected error
may or may not be removed and may cause additional errors. However, the exponential
hazard rate is completely arbitrary and we feel that the JM model is much more realistic
than the GO model. Perhaps the GO model should be considered as an easily analysable
approximation to the JM model. ]

Example 2.3 The Littlewood model (L). The main difference in the L model, introduced
by Littlewood (1980), is the fact that each fault does not make the same contribution to the
failure rate A. Littlewood’s argument for that is that larger faults will produce failures ear-
lier than smaller ones. He treats the occurrence rate ¢; of an individual bug as a stochastic
variable. Littlewood’s model is an empirical Bayesian model and he himself suggests a
gamma distribution I'(a,b) for the a-priori probability distribution of the ¢;. In Section
3.4 it will be derived that the failure rate of the program at time ¢ is then given by

]
b+t

M) = [No-naq]

So as in the JM model, A depends on the past of the counting process n. Again the failure
intensity is (V,n) linear and with

BL(t;y,a,b;x) := ;‘:—I[Y_x([_)}
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the solution of the integral equation (2.6) becomes
L . -a
xg := y{l—(l—t/b) ]

Moreover, A" is of the special form (2.3), with hazard z (¢ ;a,b)=a/(b +t) and the associated
distribution is the Pareto-distribution (mixture of exponentials). We will derive this (and
more) in Chapter 5.

These models will serve as standard examples throughout this thesis. In Chapter 4 simula-
tions according to the JM model are analysed. In Chapter 5 several approaches for the
parameter estimation in the L model are investigated. Finally, a new ((,n) linear, but not
N -n linear) model, named the Poisson Growth & Imperfect Repair & Poisson Growth
model (PGIR), suggested by Van Pul (1991b), is discussed in Chapter 7.

2.7 Overview

In this section we give an overview of the theoretical results that will be presented in Part
I1 of this thesis. In Chapter 3 a rather general class of parametric intensity functions is con-
sidered. Following the lines of Borgan (1984) sufficient (but weak) conditions are derived
under which some important asymptotic properties (i.e. consistency, asymptotic normality
and efficiency) of the maximum likelihood estimators can be proved.

In Chapter 4 we prove that for this general class of intensity functions the asymptotic
bootstrap works, i.e. is asymptotically consistent. Furthermore we investigate how well the
maximum likelihood estimators behave in practice using simulated data according to the
Jelinski-Moranda model and we compare the coverage percentage of confidence intervals
constructed with the asymptotic normal and the Wilks test statistic and one using the
bootstrap method.

In Chapter 5 we discuss an important statistical problem in parameter estimation, namely
that of the possibility of multiple solutions to the system of likelihood equations. Only one
of them will be consistent, however. For Littlewood’s model we present three solutionffLo
this problem. In a first statistical approach is shown how an initial estimator, that is Vn -
consistent, can be found. We describe an algorithm that produces an asymptotically
efficient estimator. In a second, more analytical approach to the problem, we construct an
estimator for the maximiser of the likelihood by exploiting its mathematical properties.
Moreover, we prove that the global maximiser of the likelihood (in case of the Littlewood
model) is consistent using an adapted version of Wald’s (1949) classical theory. Inspired
by this proof we found a third method of constructing useful estimators by investigating
solutions of a slightly modified system of score equations.

Another topic of investigation will be the study of goodness of fit tests. In Chapter 6 we
analyse the limit distribution of the Kolmogorov-Smirnov goodness of fit test statistic fol-
lowing the martingale approach suggested by Khmaladze (1981). Only for the class of
(inhomogeneous) Poisson processes we could prove that this test statistic is asymptotically
distributed as the supremum of a Brownian bridge on [0,1]. For slightly different but less
elegant variants of the classical Kolmogorov-Smirnov test statistic we could derive the
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same limit distribution for processes with a more general intensity.

Finally, of course, one of our ultimate goals will be the study of more realistic models. In
Chapter 7 we present the so-called Poisson Growth & Imperfect Repair model (Van Pul
(1991b)). We combined the modelling of imperfect repair and software growth in a natural
way. Furthermore to a certain extent the model will account for dependencies between
faults. The model has attractive statistical properties besides.



Part 11

Theory
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Chapter 3

Asymptotic Properties™

3.1 Introduction

Computer systems have become more and more important in modern society. The prob-
lem of estimating the reliability of computer software has therefore received a great deal of
attention over the last two decades. For this purpose a considerable number of models has
been proposed. We refer to Musa et al. (1987) for a complete overview of the most com-
mon software reliability models. Each of these statistical models, based on certain
assumptions, is a simplification of reality which we want to describe or understand better.
The development of so many different models, which are all supposed to describe the
same thing — the evolution of the failure behaviour of a piece of software undergoing
debugging —is largely due to a lack of agreement among modellers about how the human
mind creates imperfect computer programs. When one wants to predict the reliability of
computer software on the basis of past failure data, however, one needs more than just a
software reliability model. The model parameter inference procedure and the incorporation
of the results in prediction are also very important.

Many important software reliability models can be formulated in terms of counting
processes, counting the number of failure occurrences. In this chapter we study some
asymptotic properties of the maximum likelihood estimation procedure for parametric
counting process models. For a general class of counting processes, we derive conditions

* This chapter is based on CWI-report BS-9029 and on the paper "Asymptotic properties of a class of statist-
ical models in software reliability” by Mark C. van Pul, which appeared in the Scandinavian Journal of
Statistics (1992), 19, pp. 235-253.
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on the intensity function that are sufficient for these asymptotic properties to hold. We
show that the intensity functions of some fairly well-known software reliability models,
the models of Jelinski-Moranda and Littlewood, satisfy these conditions. The software
models analyzed are perhaps not the most realistic models for computer systems; however,
they represent a natural starting point for such a study. A novel aspect of our approach is
the fact that — in order to treat asymptotic theory — instead of increasing the time variable
or the number of data as is usually the case, we (conceptually) increase one of the model
parameters itself. To illustrate the problem and to motivate our concepts, we present here
one of the oldest and most elementary software reliability models, that of Jelinski-
Moranda (1972), as an example.

Example 3.1 The Jelinski-Moranda model. A computer program has been executed dur-
ing a specified exposure period and the interfailure times are observed. The repairing of a
fault takes place immediately after a failure is produced and no new faults are introduced
with probability one. Let N be the unknown number of faults initially present in the
software. Let the exposure period be [0,t] and let n(r), t€[0,t], denote the number of
faults detected up to time . Define T := 0 and let T}, i=1,2,...,n (%), be the failure time of
the i-th occurring failure, while ¢; := T;-T;_y, i=1,2,...,n (1), denotes the interfailure time,
that is the time between the i-th and the (i—1)-th occurring failure. Finally define
iy =T Tp). In the Jelinski-Moranda model, introduced in 1972 and generalised a
few years later by Musa (1975), the failure rate of the program at any given time is propor-
tional to the number of remaining faults and each fault still present makes the same contri-
bution to the failure rate. So if (1 —1) faults have already been detected, the failure rate for
the i-th occurring failure, A;, becomes

he=to | No - G-, (3.1)

where ¢y is the true failure rate per fault (the occurrence rate) and N is the true number of
faults initially present in the software. In terms of counting processes we can write

AMM(1) = ¢ {NO -n( -)], t€[0,1], (3.2)

2

where (1), t€[0,7] denotes the failure rate at time ¢. The interfailure times £;,i=1,....n (1),
are independent and exponentially distributed with parameter A; given by (3.1). By using
the information obtained from the test experiment, one can estimate the the parameters of
the underlying model. Maximum likelihood estimation is mostly used for this purpose.
Notice that the estimation problem described above is equivalent to that of observing the
order statistics S ;),i=1...n(7), in [0,7], of an unknown number, N, of exponentials with
parameter ¢. Now let us consider how we treat asymptotic behaviour. It does not make
sense to let T, the stopping time, grow to infinity. In the long run the estimate of the total
number of faults will trivially be equal to the true number of faults. It makes more sense to
(conceptually) increase the number of faults in the program. The idea is that then asymp-
totics should be relevant to the practical situation in which N is large and n(t)/N¢ not
close to zero or one. O

In the next section we give some definitions, notation and background. Here we also state
more precisely how asymptotic theory is applied. In Section 3.3 (weak) sufficient condi-
tions are given under which we have consistency, asymptotic normality and efficiency of
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the maximum likelihood estimators (MLE) and local asymptotic normality (LAN) of the
model. In the fourth section we discuss an application of the results in software reliability.
Two numerical examples based on both real and simulated data are presented in Section
3.5. Finally, in the sixth section a few remarks are given concerning the possibility of
weakening some of the conditions. We mention some results from recent investigations,
as well as some plans for the future.

3.2 Some definitions, notation and background

[In Section 3.2 we give a brief summary of the relevant concepts, that are more thoroughly discussed in Sec-
tions 2.3-2.5.] A counting process n(t) is a stochastic process that counts the number of cer-
tain events (for instance software failures) up to time ¢. Thus n(¢) is a non-decreasing
integer-valued function of time with jumps of size one only; it is right-continuous and
n(0)=0. A martingale m(t) is a stochastic process with the property that the increment
over a time-interval (1,1+h ] given the past has zero expectation. The past here consists
solely of the minimal (or self-exciting) history of the counting process n(¢). In regular
cases, a counting process #n () is accompanied by an intensity process A(t). It is interpreted
heuristically as the probability rate that n(¢) jumps in a small time interval [¢,¢+d¢] at ¢,
conditioned on the past. A more formal definition states that A(¢) is the intensity of n (¢) if
it is predictable (intuitively: non-stochastic given the strict past) and

m(t) == n(t) - f}\(s)ds
0

is a martingale. Formal definitions of these concepts can be found in Andersen et al.
(1993).

Let a counting process n(t) be given. Jumps of the counting process n(¢) are observed
only during a specific time interval [0,t]. We assume that the intensity function associated
with the counting process exists and is a member of some specified parametric family, that
is:

M) = NN, Y), t€]0,T], NEIN,

for an integer p. Let Ny and 1 be the true parameter values. Typically the parameter N
represents the scale or size of the problem (sometimes N y=n(0)), while g is a nuisance
vector parameter. We are interested in the estimation of N and gy as Ng—o. We assume
that the model is also meaningful for non-integer N. For instance the intensity function
(3.2) of the Jelinski-Moranda model can be generalised to

-

AMM@) = ¢ LN-n(z—)} I{n(t)<N}, t€]0,1],

where /{.} denotes the indicator function. As we are particularly interested in parameter
estimation when N is large, we introduce a series of counting processes
ny(t), t€[0,t],v=1,2,... and let Ny conceptually increase. Let N =N, — « for v — .
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By the reparametrisation
Ny = vyy
with a dummy variable y,,, we can denote the associated intensity functions by
M(E7,0) == Me;vy,y), (€[0,1], YEIRY,

Now we consider the estimation of y and \y as v—c. We treat v as known and y as
unknown. If the real-life situation has v=N, then y=yo=1 and y}=1o.

It is rather unorthodox to increase a model parameter itself, in this case N. This complica-
tion is solved by estimating y. We assume that the maximum likelihood estimators Fv,Bv)
for (yo,o) exist. Typically, (y,(y) is a root of the likelihood equations

F)
Ay, V)

log L, (y,y;T) =0, v=1,2,..,

where the likelihood function at time ¢ is given by (see Aalen (1978), Andersen et al.
(1993))

~

t t
Lo(ppst) s=exp | [log Ay (s3v.9) dny(s) = [ My(s5v,1p) ds |-
0 0

We will take care later to rephrase results on the behaviour of vy as v—oo in terms of N as
Ny—, where N=vy,. By invariance of the maximum likelihood estimation method the
value of v chosen in actual computations does not influence the value of the result N.
Also, estimated asymptotic variances etc. for N depend on v and 7y only through vy,. As
we said information obtained for the asymptotic behaviour of v can be transformed back
directly to N, the estimator of main interest. More precisely, consistency of ¥ (or
Yy —, Yo as v—>x) implies N/Ng —, 1 as No—>x. Similarly concerning the asymptotic
normality:

« 2
W [ 10] =0 A 0,020 40| = "N {Nio—l} - 9\({0,3%@}(3.3)

where yo=1 and v and N respectively tend to infinity. Result (3.3) states that N is asymp-
totically normally distributed with mean N and variance Noo*(Yo,Wo)/Yo- One will use
this result in practice by estimating the variance as No?(§,)/y. This quantity turns out
not to depend on ¥ (see also Remark 3.3 and (3.25) below). Alternatively, if one uses
observed Fisher information, one also gets parametrisation-free conclusions, immediately.
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Finally, we know from the theory of counting processes that

t
my(ty,0) = nv(t)—fkv(s . P)ds, v=1,2,..,
0

are local square integrable martingales. We define for v=1,2,... the stochastic process
xy(r) by

xy(t) :=v'ny (), t€]0,1]. (3.4)

In some important practical situations, as we shall soon see, this stochastic process con-
verges uniformly on [0,t] in probability to a deterministic function xo(¢) as v—c. In the
next section we give (weak) sufficient conditions for intensity functions A, of a certain
form under which we have consistency, asymptotic normality and efficiency of the max-
imum likelihood estimators (MLE) and local asymptotic normality (LAN) of the model.

3.3 Asymptotic properties

We consider a sequence of models (A,,m,x,),v=1,2,... as defined in the previous section.
For reasons of notational convenience we take 0:=(y,y) €0, OCIR” for some integer p.
In the sequel we assume that the intensity function A, is of the form:

)\v(t ;0) = Vﬂ(ta 8,xy), (35)

where f:[0,T]xOxK — IR" is an arbitrary non-negative and non-anticipating function.
Non-anticipating means that f(z, 6,x,) only depends on x, }[0',), the past of the stochastic
process x,, up to but not including time ¢. In fact, in most practical cases p(¢, 0,x,) will
depend only on x(1-). On K:=D ( [0,T] ), the space of right-continuous functions on [0,T]
with left limits (so-called cadlag functions), we put the usual supremum norm. The likeli-
hood function L ,(8,t) now becomes for €0, t€[0,1] and v=1,2,...:

Ly(6,0) :=exp | flog vB(s, 0,x,)dn ,(s)-v[B(s, 0,x,)ds |. (3.6)
0 0

Furthermore, we define for 6€0, t€[0,t], v=1,2,...:

C,(6,0) :=log L (6,1), (3.7)

"

Uv,'(e,t) = 50

C\(8,2), (3.8)
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2
I,:(0,0) := C (6,0, 39
0.0 = g5 Co(®:0) (39)
83
Ryiin(0,8) = —————C(6,1). 3.10
#0.0) = 556 5, Cx(@:0) (3.10)

Consider the following global conditions:

(G1) For all x€K and for all €@ the intensity function P satisfies

sup B(¢, 0,x) < .

t<tT

(G2) (Lipschitz continuity) For all 6€0 there exists a constant L, such that for all x,yEK
and all t€[0,T]

[B(5,0.6) - B(t,0)| = Lsup [x() -y (5)].

Under the global conditions (G1)-(G2) the stochastic process x,(1), as defined in (3.4),
converges uniformly on [0,t] in probability to xo(¢) as v—o, where xo€D ([0,7]) is the
unique solution of

x(t) = [B(s, B9, x)ds.
0

This was proved by Kurtz (1983).

Next, we consider the following local conditions:

(L1)  There exist neighbourhoods © and K of 8p.x¢ respectively, such that the func-
tion (s, 0,x) and its derivatives with respect to 6 of the first, second and third
order exist, are continuous functions of 6 and x, bounded on [0,T]xO¢xK .

(L2)  The function (¢, 8,x) is bounded away from zero on [0,T]xOyxKy.

(L3)  The matrix £={0;j(09)} is positive definite, with for i,j€{1,2,..,p}, 0EO:

i) 0
T 30, B(s, e,xo)ga—_ﬁ(s, 0,x0)

S J
0;;(0) = { 55, 6.x0) ds. (3.11)

We are now able to formulate the main result.
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Theorem 3.1 Consider a counting process with intensity function M(t;N,p), where (N, V)
denotes an unknown p-dimensional parameter. As in Section 3.2 we can define an associ-
ated sequence of experiments by letting v—o. Let 09=(yo, o) be the true value of the
parameter. Assume that for all v the intensity function N, (t;8) in the v-th experiment is of
the form (3.5) for a certain function B satisfying conditions (G1)-(G2) and (L1)—(L3).
Then we have:

(i)  Consistency of ML-estimators: With probability tending to 1, the likelihood equa-

tions

%log L,(0,1)=0, v=1,2,... (3.12)

have exactly one consistent solution 0,. Moreover this solution provides a local
maximum of the likelihood function (3.6).

(ii)  Asymptotic normality of the ML-estimators: Let é\, be the consistent solution of the
maximum likelihood equations (3.12), then

W (0y=00) —pa,) N(O,Z7"),

where X is given by (3.11) and can be estimated consistently from the observed
information matrix I, given in (3.9).

(i)  Local asymptotic normality of the model: With U ,=U ,,(0,7) given by (3.8), we have
for all LEIR?:

dIPg,
dIPg,

1
log -v 2hTU, + %hTZh —p, 0, v, (3.13)

1 1
where 0,=00+v % handv > U, — N(0,3).

(iv) Asymptotic efficiency of the ML-estimators: 0, is asymptotically efficient in the
sense that it is regular and the limit distribution for any other regular estimator 6,
for Oy satisfies

W (6,-60) —pe@,) Z+Y,

where Z ~4 N(0,271), Z and Y independent. (For a definition of the regularity of an
estimator we refer to van der Vaart (1987), Ibragimov & Khas’minskii (1979) or to
(3.17) below.)

[In Chapter 4 we will sce that (3.13) still holds for sequences 8V=90+V_1/2h +0 (h), that is the model
satisfies the strong LAN property (SLAN). Together with the asymptotic normality this implies strong regu-
larity of the ML-estimator.]
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Remark 3.1 A nearly immediate consequence of these results about the asymptotic distri-
bution of the ML-estimator 0,, is the fact that the Wald test statistic

— (By-00)71,(B,,7)(B,—00),

where I, is given by (3.9), is asymptotically chi-squared distributed with p degrees of free-
dom under the simple hypothesis H : 6=8y. With C,U, and I, given by (3.7)-(3.9) the
Rao test (or score) statistic

- UV(GO;C)TIV(eO’T)-] UV(GO’T)

and the Wilks test (or likelihood ratio) statistic
2 [ Cu(Ber-C(00,0) (314)

have the same asymptotic distribution as the Wald test statistic. Equivalence of these tests
can be shown by the arguments of Rao (1973). O

Proof Theorem 3.1 One can easily check that (G1)-(G2) & (L1)~(L3) imply the follow-
ing more classical looking set of conditions (C1)-(C3) (see Andersen et al. (1993)):

(C1) The function f is continuous with respect to 6, and strictly positive.

(C2) There exists a non-negative deterministic function xo€K and neighbourhoods
©y,K o of 8y and x respectively, such that the derivatives of B(z, 6,x) with respect
to O of the first, second and third order exist and are continuous functions of 6, on
[0,7]xO¢xK . With x,,v=1,2,... the stochastic process given in (3.4), xoEK has to
satisfy for all i,jE{1,2,...,p} as v—>x:

d k) 0 9
T E‘FIB(S ;eOax\/)a—ejB(S ;GO,XV) ¢ a—elﬁ(S ;Bo,xO)%?ﬁ(s ;80,)(0)
f dS —)“)f dS < ©
0 Bls:00.xv) 0 B(s;300,x0)
L] 2 2 T w9 12
_!; aelaej lOgB(S;BO,xv) B(S;BO,xv)dS ——>[P£ 86,88] IOgB(S;eo,XO) B(S ;e()vx())ds < o0,

(C3) There exist functions G and H and neighbourhoods ©¢,K¢ of 6y and x( respec-
tively, such that for all t€[0,t] and xEK:

63

"o an an F t’e’ G A )y
esééi)‘ 36,0006, B(t:8.0)| = G(tx)
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33

S ]
sup | 96,00,30, o )| = H(tx)

and moreover the functions G and H satisfy as v—cc:

T T
JG (5,x,)ds = [G (s,x0)ds < o,
0 0

T X
JH (5,x,)B(s, 00,x)ds —p [H (5,x0)B(s, 09,x gy ds < o,
0 0

T T
JH?(5,x,)B(s, 00, )ds —p [H?(5.x0)B(s, 80, x0)ds < .
0 0

Although our model (3.5) is not a special case of the multiplicative intensity model con-
sidered in Borgan (1984), the rest of the proof of (i) and (ii) of Theorem 3.1, which is
given in Van Pul (1990), now follows exactly the lines of Borgan (1984) and is omitted
here. Borgan starts with conditions of the type (C1)-(C3) and uses the same standard argu-
mentation as given by Cramer (1946), who derived similar results for the classical case of
i.i.d. random variables. Compared with the i.i.d. case the difference is that in the present
context Lenglart’s inequality is used to establish the convergence in probability results
(instead of the law of large numbers in the classical case), while we have to use the mar-
tingale central limit theorem to establish the weak convergence result, which in the classi-
cal case is proved by the central limit theorem for i.i.d. random variables. [For sake of com-
pleteness we have included the proofs of (i) and (ii) of Theorem 3.1 in this thesis.]

(i) Consistency of ML-estimators: By a Taylor series expansion we get for any 6€0:

p 17 P .
U.i(8,1) = U,i(8p,0)+ 2] (0;-8;0) 1ij(Bo,T) + EY > Azl(ej_ejo)(ek—ekO)R vii (O T)s. (315)
j= Jalk=

where 0,=01(0) is on the line segment joining 6 and 6. We shall show that:

V_IUW'(Q(),T) —Ip 0, (3]6)

v i(80.7) = -0;(69), (3.17)

<

limIP ‘V_IRW'jk(e,TH <M

V—>0 J

=1, (3.18)

for all i,j,k€{1,2,...,p} , all BEO, and a certain finite constant M, not depending on 6.
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From (3.16)-(3.18) the statement (i) in the theorem will follow by a standard argument (see
Billingsley (1961), pp. 10-16).

Let us first prove (3.16). From (3.5) we get that (3.8) evaluated at the true parameter 00,
equals:

t t
ad
UviB0:1) = —o- | flogvP(s, 60,4y )dny(s) = JvB(s. Bo.xv)ds
i 0 0

t Ly t
- L [ logB(s, eo,xvﬂ | (s, 80)+fvB(u, B0, x)du | ~vf - B(s, B0, )ds
0 d0; 0 0 a0;

d
-59_1_[3(5’ BO,XV)

S Gy B0 (3.19)

Because P is a non-anticipating function, it follows that U;(6p,1) is a stochastic integral of
a predictable process w.r.t. a local martingale and hence a local square integrable mar-
tingale. Its variance process equals

- a S
t ___B(S’ 60,)6\,) 2

<Uvi(60, ')s Uvi(eo’ ')>(t) =f

—B’(—Se—ox—)— vB(s, B0, )ds. (3.20)
0 PR30 Y

By condition (C2), v 1<U,i(09,"),Ui(Bg,")>(t) converges in probability to some finite
quantity as v—o. Therefore, an application of Lenglart’s inequality (see Andersen & Gill
(1982)) gives that for all ,n>0 we have

IPL sup | v 1ULi(00,0)] >n] < % +1IP {v‘2<U\,,-(80,-),U\,i(eo,-)>(t)> 6] (3.21)
t€[0,71) M J

which proves (3.16).

To prove (3.17), note that by using (3.5):

2

T T
v,i(80,7) = v fiogvB(s, B0,x v )dn (s) = [vB(s, B0,x)ds

L
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2 8
= v =2 logB(s, Bo.xy)d | my(s, 80) + [VB(u, 8o,y )du
) 36,00, )

2
- {ae,-ae,

P(s, Bo.x)ds

gF B
Y 1{8656@' logB(s, 0g,xy)dm (s, 0¢)

2
+ f B(S 607x ),}8 88 lOgB(S7 607-xv) ae 86 B(S 90 xv)
-1 92
h {88,-391. logB (s, Bp,x )dm, (s, )
}86 —B(s, B, x, ) 6/ B(s, B, x V)ds .
0 B(Sy eo,x\,) : :

That the first of the last two terms in (3.22) converges in probability to zero follows by
condition (C2) and an application of Lenglart’s inequality similar to (3.21). By (G2),
(3.17) is an immediate consequence.

Finally to prove (3.18), we note that the first two inequalities in (C3) give for all
i, J,kE{1,2,...,p} and all 6€O:

r &

3 T T
v‘]Rw-jk(G,r) =1 Faae]ae—k {]ogvﬁ(s, 0,x)dn V(s)—-{vﬁ(s, 0,x,)ds
lr 83 3
e 0 0%y
: { 96,26,a6, “BP(5:6:x+) d"V(S)+f 36,20,06, P& Hxv) | &5
<

v H (t,x)dn  ()+[G (4,x  )ds. (3.23)
0 0
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By another application of Lenglart’s inequality we get for all 5,1>0:

t t
IP| sup v_lfH(s,xv)dnv(s)—v‘lfH (5,4 )VP(s, Bg,xy)ds | > M
t€[0,1] 0 0

T
< % + P | v 2[H?(s,x,)VB(s, B9,x)ds |. (3.24)
n 0

So the last two expressions in (C3) yield

T T
v H (s,x,)dn  (s) — JH (s,x)B(s, B0,x)ds (3.25)

0 0
in probability as v—. Combining this with the third expression in (C3) and with (3.24),
we get (3.18) and hence the consistency of the ML-estimators. O

(ii) Asymptotic normality of the ML-estimators: Lgt év be the consistent solution of the
likelihood equations (3.12). Taylor expanding U;(8,,T) around 6 gives:

1
v % Uvi(év’r)

o)
1

| —

(Byj-00))v"' 1,03, 7), (3.26)

L )
v U\,,-(Bo,r)+ ZV
j=1

where 6:‘,=8:(év) is on the line segment between é\, and 0. Therefore, the statement (ii) in
Theorem 1 will follow by an argument in Billingsley (1961), if we can prove that for all
i,j€{1,2,....,p} and for any random 8, such that 8, —6 in probability as v—oc:

1
v 2Uy(80,7) —=p N(0,%) (3.27)

v (05,1 = —0;(80)- (3.28)

Let us first prove (3.27). By (3.19) and condition (C2)

1

1
<v 2 U89, v ? Uyj(B0,) >0
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i {aieilogﬁ(& eo,xv)aiejlogﬁ(s, B0,x)-B(s, B0,x)ds

0 d
0 ) o 96 yevy
aei [3(37 Oax\) ae] B(S 0,X )

- d
{ B(s, B0,x+) ’

J J
a—e,-B(s’ Bo,x)a—ejﬁ(s, B9,x)

L { B(s, 60,x)

ds (3.29)

as v—x for all i,jE€{1,2,....,p}. Furthermore condition (C2) and dominated convergence
give that for all jE{1,2,...,p} and all £>0 as v—o0:
( d ’ d
3 ” e vy N an F ’ e ax M.
68,-[(5 0:Xv) ae,-ﬁ(s 0:Xv)
5 vB(s. 0,5 ) 1 | —————
2

v B(S, 80,)(\,) V7ﬁ(5s 6OaXV)

>¢epds —Ip 0 (330)

i

in probability as v—oc. From this (3.27) follows by an application of the martingale central
limit theorem (see Andersen & Gill (1982)).

Let us return to (3.28). By a Taylor series expansion we have when 6,€0:

* _ a4 P« —
vLi(04,1) = vL(00,T)+v 'S (00%—000R vijx By, ), (3.31)
k=1

where Ry, (0,1) is defined in (3.10) and 0,=0,(0y) is on the line segment joining 0 and
Bo. By (3.17) and (3.18), the first term in the right hand side of (3.31) converges in proba-
bility to -0;;(6g) as v—, while the second term is ,bounded in probability by
pM FBV—BO ],, for some finite constant M not depending on 6. This proves (3.28) and thus
the asymptotic normality of the ML-estimators.

We will now give proofs of part (iii) and (iv) of Theorem 3.1. It should be noted that Hjort
in the discussion of the lecture of Andersen & Borgan (1985) already pointed out that
Local Asymptotic Normality in Borgan’s model could easily have been shown by him. In
Hjort (1986) LAN is proved for the multiplicative model. See also Andersen et al. (1993).

(iii) Local asymptotic normality of the model. For sake of convenience, we introduce some
more notation. For a function f: IR” — IR, which is at least three times differentiable, we
write:
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axiaxjaxk

3 3
O fxo) [ —a—f(xo)} ,
dx Isi,j,k=sp

the (three-dimensional) pxpxp matrix of third order partial derivatives, evaluated in xg.
Furthermore, for a (three-dimensional) pxpxp matrix Y = (y;x), and a p-vector g =(g;), we
define:

T <2> =L £
g'Yg~ =X X X gigi8kYijk-
i=1j=1k=1

We define for h€0O:

1
0,(h) := Bg+v 2 h, v=1,2,...

For fixed & and v, using the fact that A, =vp, we have that the log-likelihood ratio for 0, (h)
against 0 is given by

dIPg (n)
dIP

Qy(h) = log

0

log d[PQ\,(h) - lOg dlpe(]

{ Jioghy (s, 0,(0))dn o (s) = [ (s, Oy (h))ds
0 0

L
F

- { flogh (s, 80)dn y(s) = [Ay(s, 0o )ds
0 0

= Cv(ev(h)”[) - CV(607T)7

where C, is given by (3.7). Of course Q,(0)=0, and because

1

L0y 2,

the first, second and third order derivatives of Q, with respect to h are:
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L
%va = v 2 U)o,

2
(;l—sz(h) = v! IV(BV(h)7T)’
P 3
— 7o) = v 2 RB.(0)),

where U,,,I,, and R, are given by (3.8)-(3.10). Hence we get the Taylor expansion:

1
Oy(h) = v 2hTU(80,7)
+ %v_]hrlv(%,r) h

3
+ ~16-v 2T R\,(E):,r) J

where 0, is somewhere on the line-segment between 6 and 6, (k). In the proofs of con-
sistency and asymptotic normality (see Van Pul (1990)) it is deduced that:

1
v 2 Uy(80,1) —p N(0,2),
V-][V(GO) —p ~X,

3
v * Byfleut) = G

as v—o0, for all sequences (85) converging to 0,. Hence, this yields us exactly the local
asymptotic normality (LAN) property (3.13). This proves part (iii) of Theorem 3.1. O

(iv) Asymptotic efficiency of the ML-estimators. In the proof of asymptotic normality of é\,
(Van Pul (1990)), it is derived that:

|
v 2U, —pae, N(O3), (3.32)

1
W(6,-080) -="'v 2U, —pg,) N(0,Z). (3.33)
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Moreover, the LAN-property of the model, proved in (iii), gives us by using (3.32):

I AP, N LnTsh, hTsh)
0g aiP,, Doy N(- > ) .
Hence:
W (8,-6) 0 s
—>D(8,) N )
dlpe\, __1_h Tzh hT hTEh
log 2
dIPg,

From Le Cam’s third lemma (see van der Vaart (1987), pp. 180-181), we can now con-
clude the contiguity of IPg_and [Py and we have:

W (By-60) =,y N =)

and thus

1
Wb, -0,) = \W(B, - (B +v 2h) =p@, N(O ). (3.34)
Combining (3.33) and (3.34), we see that for all hEO:

lim Lo, Lx@(ev - evﬂ = lim Lg, Mv 6, - eo)J;
V—>0 P V—>X L

this means by definition the regularity of the maximum likelihood estimator 8. Now we
use an appropriate version of the well-known convolution theorem (see van der Vaart
(1987)), which states in our case that the limit-distribution of any regular estimator 8, of
0 satisfies

lim Lg, {W 6, - 60)} = A0, ") * M, (3.35)

V—>0

Because (3.33) implies that for E:)V:=év we get My =0 in (3.35), we have proved that the

maximum likelihood estimator 6, is asymptotically efficient. This proves part (iv) and
hence completes the proof of Theorem 3.1.
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3.4 An application to software reliability theory

Several statistical models have been proposed in order to estimate the evolution in reliabil-
ity of computer software during the debugging phase. In the introduction we introduced
the Jelinski-Moranda model. In this section we present another well-known model in the
theory of software reliability, namely the Littlewood model (1980), and we discuss a gen-
eralisation of this model. Other well-known software reliability models that fit in our
framework are the model of Goel & Okumoto (1979) and the Poisson-Gamma model dis-
cussed in Koch & Sprey (1983). For backgrounds and notation we refer to Example 3.1 in
the introduction of this chapter.

Example 3.2 The Littlewood model. Recall that the failure intensity in the Jelinski-
Moranda model is given by

MM = ¢ [NO -n(t -)], t€[0,7). (3.36)

Also in the model, introduced by Littlewood (1980), it is assumed that at any time the
failure rate is proportional to the number of remaining errors. The main difference in the
Littlewood model with respect to the Jelinski-Moranda model, is the fact that each fault
does not make the same contribution to the failure rate A(¢). Littlewood’s argument for that
is that larger faults will produce failures earlier than smaller ones. He treats ¢, the failure
rate of fault j, as a stochastic variable and suggests a Gamma distribution:

o; ~ [(ag,bg), j=1,....N.
Defining the expected occurrence rate of faults not occurred up to time ¢, as
o1) = IE{ ;| Tj>1 },
with

oj ~ T(ao,bo),

Ti|¢oj=0 ~ exp(¢),
a simple calculation yields
0;|Tj>t ~ T(ag,bo+t)
and hence

ap
b0+t'

o(1) =
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An application of the so called innovation theorem (Aalen (1978), Bremaud (1977)) now
shows that the failure intensity of the software at time ¢ is given by

ag {No—n (¢ —)}

A ()= 3.37
O—— (3.37)
By a simple reparametrisation, namely
bo
Po="—"" =,
ao ao
we get from (3.37):
No-n(t-
AOL(¢) = L(—),tem,r], (3.38)
Wo+Pol

where GL stands for generalised Littlewood. Actually this provides an extension of the
Littlewood model, allowing also small values of pg=0. Note that when po=0 we are deal-
ing with the model we discussed earlier, namely the Jelinski-Moranda model. We can
therefore treat the Jelinski-Moranda model as another special (limit) case of the Littlewood
model. Note that both the Littlewood and the Jelinski-Moranda model have as a special
case the Poisson model (with constant failure intensity); this is the limit case letting
N o—» and po— in (3.38) such that No/u is a constant. O

Remark 3.2 The models studied by Aalen (1980) are of the form
4 _
Ai(e) = Ela,vY,'j(t), j=1..n,

where the o;(¢) are non-parametric functions of ¢ and the Y;;(¢) are arbitrary observable
processes. It should be noticed that (3.38) can be written as:

N .
ALy = 0 1 4 —L po)eelo.,
Up+Pol Uo+Pol

where 1 and n (¢ -) are indeed observable processes. In contrast to the models of Aalen, in
software reliability models the coefficients o;(r) are parametric functions of time (and
sometimes even constant in time). Additionally, in software reliability models typically
n=1, while Aalen’s n is large. This calls for models and methods different from the typi-
cal Aalen type ones.

Let us now consider how we apply asymptotic theory to the generalised model given by
(3.38). Letting N = vy conceptually increase as described in Section 3.2, we see that the
corresponding sequence of intensity functions can be written in the standard form (3.5):
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ASL (@, 8) = vBOL(1,0,x,),

where 6=(y,u,p), x, is given by (3.4) and

BOL(t, (1m.p), X) = Y;i—(‘t)t’), (3.39)

is defined on [0,t]x(©xK), where
OxK :={ (y,1,p,x)EIR"xIR* xIRxD ([0,7]) : u+pt>0, O=x (¢)sy, t€[0,7] }.

As an application we show that the results of Theorem 3.1 hold both for the Jelinski-
Moranda and the Littlewood model.

Theorem 3.2 Let t>0. We assume that the failure data are generated by the intensity

function B in (3.39) with true parameter value 0y:=(Yo,Wo,Po0) satisfying yo >0 and
wo+pot > 0,1€[0,1]. If we define for t€[0,1]

[ =t/
Yo | 1-¢ } . if po =0,

xo(t) = <

Yo | 1-

Wo+Po!

o

o 1”“}’ if po =0,

then B satisfies conditions (G1)-(G2) & (L1)-(L3) and hence

(i)  With probability tending to one, the likelihood equations have exactly one consistent
solution 0. A

(ii) A consistent solution O is asymptotically normal and efficient.

(ii1)  The model satisfies the LAN-property.

We here present a verification of (L3), which is more elegant, than the one given in Van

Pul (1990). For full details, however, of the verification of (G1)-(G2) and (L.1)-(L2),

which is technical but routine, we refer to Van Pul (1990). It is shown there that the fol-
lowing choice of ©y and Ky will be appropriate:

©g = [y, My]x [, M ] x [€g,M],

Ko = {xEK: |px—xg|lsup s & }»

where

1
0< 5[yO+x0(r)]<s.{ <yo<M,,



52 Asymptotic Properties ~ Chapter 3

L 1
O<g <po<My, —L-O<Ep<p0<Mp and 0<£x<5[vo—x0(1:)],
T

with €p < O<Mp.

Proof (L3) To verify (L3) one may check for instance that det Z=0; this is, however,
extremely tedious. See Van Pul (1990). A much simpler approach is to note that is the
covariance matrix of

T

N S
d, = {N_n(t_) dM (1),

T

1
o WHpL

d, : dM (1)

and

T
t
ds = dM (1).
3 ‘({uﬂ)t (1)

Therefore, we have det =0 if and only if there exist coefficients a, b and ¢ (not all equal
to zero), such that

D = adl +bd2 +Cd3 (340)

is constant. Now we consider the following two cases. Firstly, with positive probability
n(t) makes no jump at all in [0,T]. Secondly, also with positive probability, the process
n(t) makes exactly one jump in [0,T]. Suppose this jump is at time 7. One can easily
check that in the case of no jump (3.23) is given by

T
Dy =N Abjc% dr - ilog(1+£r)
0 (u+pr) P B
and in the case of exactly one jump at T'by

po

T
BTy = —:7+Nf bct dz—ilog(n%r) +

e de.
0 (u+pr) p

b+cT _} b +ct
utpT 7 (utpt)?

J

Obviously, D is a non-constant function of 7, when b and ¢ are not both equal to zero.
But given bh=0, c=0 we see that the constants D¢ and D, are different, except for the
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degenerate case that also a =0. We have hence proved that there do not exist coefficients a,
b and ¢ (not all three equal to zero), such that D is constant. This yields the non-
singularity of 2. O

Remark 3.3 The software reliability models, where 6=(y,1p) and N=vy is a parameter of
interest, typically satisfy the rescaling (homogeneity) condition

Bles(ev,w)sex) = ¢ By, W), (3.:41)

for all ¢ >0. It is easy to check that the asymptotic variance of ) now does not depend on
y, while that of ¥ is proportional to y. This guarantees that asymptotic confidence intervals
for N and 1 do not depend on the (arbitrary) choice of v. O

3.5 Some numerical results

We now present a study of the behaviour of the ML-estimators in practice, computed from
both real data and and from simulated data generated by the Jelinski-Moranda model. The
simulation results of Van Pul (1991a) confirm the asymptotic theory as derived in this
chapter. They also show on the other hand that the convergence in distribution is rather
slow and that for small values of N the distributions of N and ¢ can be very skew. With
use of the Wilks likelihood ratio test statistic (3.14), however, we were able to build
confidence intervals for the model parameters that are much more satisfactory than inter-
vals based on the approximate normal test statistic.

In this section we discuss two numerical examples. In Example 3.3, which deals with some
real data collected by Moek (1983), the Jelinski-Moranda model and the Littlewood model
are compared. In Example 3.4, data are simulated according to the Jelinski-Moranda
model. The theoretical asymptotic normality is studied and coverage percentages of
confidence intervals based on the asymptotic normal and on the WLRT statistic are com-
pared. More background, calculations and detailed results, both on Moek’s data and on
the simulated data, can be found in Van Pul (1991a).

Example 3.3 A case study. The models of Jelinski-Moranda and Littlewood have been
applied to real data from Project A, concerning an information system for registering air-
craft movements. For more details see Moek (1983, 1984). Failure data collected during
the testing stage (in the operational environment) are given in Table 3.1. Note that there is
a misprint in 737 of the original data in Moek (1983). Furthermore, T 44 does not represent
a failure time, but is assumed to be the stopping time Tt of the testing process. Figure 3.1
gives the counting process associated with the data of Table 3.1. We calculated maximum
likelihood estimators for the model parameters of the models of Jelinski-Moranda (JM),
Littlewood (L) and Generalised Littlewood (GL). Their intensity functions are given by
respectively (3.36), (3.37) and (3.38). To determine MLE’s for the (three-parameter)
models L and GL we used a standard optimisation program, written in Pascal. This pro-
gram, called Amoeba and described in Vetterling et al. (1985), carries out a down-hill
simplex method. The results are given in Table 3.2.
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[ t; T; I t T;
1 0.00088 0.00088 23 0.00445 0.13321
2 0.00343 0.00431 24 0.00486 0.13807
3 0.00286 0.00717 25 0.00064 0.13871
4 0.01176 0.01893 26 0.00399 0.14270
5 0.00475 0.02368 27 0.02684 0.16954
6 0.00024 0.02392 28 0.00227 0.17181
7 0.00230 0.02622 29 0.00020 0.17201
8 0.00857 0.03479 30 0.03918 0.21119
9 0.00462 0.03941 31 0.01491 0.22610
10 0.00106 0.04047 32 0.01467 0.24077
11 0.00382 0.04429 33 0.01631 0.25708
12 0.01480 0.05909 34 0.03841 0.29549
13 0.00177 0.06086 35 0.00112 0.29661
14 0.02427 0.08513 36 0.03056 0.32717
15 0.00480 0.08993 37 0.00621 0.33338
16 0.00047 0.09040 38 0.00012 0.33350
17 0.00004 0.09044 39 0.02021 0.35371
18 0.01017 0.100061 40 0.02640 0.38011
19 0.00112 0.10173 41 0.03780 0.41791
20 0.00098 0.10271 42 0.07422 0.49213
21 0.02430 0.12701 43 0.08444 0.57657
22 0.00175 0.12876 44 0.02343 0.60000
Table 3.1

Failure times for Moek’s project A (CPU time in Msec).

Y L GL
max log L 156.2290 156.2298 156.8618
N 44.0734 44.0742 43.0000
b 5.5465 5.5463 -
M _ % -3.9246
5 ] % -0.8191
0 - 0.1803 0.2087
p - 0.0000 -0.2548
) 5.9536 5.9578 0.0000

Table 3.2

Comparison of maximum likelihood estimators for the models of

Jelinski-Moranda (JM), Littlewood (L) and Generalised Littlewood (GL)
with use of data from Table 3.1.
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Figure 3.1
Counting process belonging to failure data of project A.
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Figure 3.2
Estimated failure intensity of Jelinski-Moranda and Littlewood model.
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We find that conditioned on p=0, the log-likelihood function of the Littlewood model is
maximal for p=0. In this case the Littlewood model reduces to the Jelinski-Moranda model
with ¢=1/u=5.5463. In the generalised Littlewood model (3.38), also allowing small nega-
tive values for p, the log-likelihood function is maximised for N =43.0000 and hence A=0.
This seems not to make much sense. It should be noticed that the number of bugs is too
small to make accurate predictions. This will be pointed out in the next example. The
estimated failure intensity of the Jelinski-Moranda and Littlewood model (p=0) are identi-
cal and given in Figure 3.2. More results on this case study, including standard deviations
etc. can be found in Andersen et al. (1993). a

Example 3.4 Simulation of the Jelinski-Moranda model. In our simulation experiments
we generated failure times according to the Jelinski-Moranda model with do=1, T=1 and
various values for N . From the asymptotic theory developed in Section 3.3 and 3.4, it fol-
lows that we can define centered and normalised quantities X and Y, satisfying:

N N_N _ -0yt
¥ T2y a0, — 1_;‘1 — |, (3.42)
No e +e =TT 05-2
3™ -1)

Y := \No(-o) —p N |0, : (3.43)

C%T +C_%T —132 q) (2) -2

as No—>x. We generated and studied sets of 10,000 replicates of X and Y. The figures for
N =50, 500 and 5,000 are given in Table 3.3.

Ny Mean X Var X Skew X Mean Y VarY Skew ¥

50 -0.2270 4.4943 1.6352 2.1887 15.1202 0.6342

500 0.2884 10.0716 0.9480 0.5038 20.1352 0.0351

5,000 0.1145 7.4131 0.3837 0.1071 19.7273 0.0178

el 0.0000 7.3365 0.0000 0.0000 19.9423 0.0000
Table 3.3

Means, variances and skewness coefficients of
simulated approximate normal quantities X and Y.
Number of replicates K =10,000, ¢=1, t=1.

We see that the convergence of X and Y to normal distributions with mean zero and
asymptotic variances as expected (in (3.42) and (3.43)) is rather slow. The difference in
the asymptotic behaviour of N and ¢ is illustrated by the histograms and qq plots given in
Figures 3.3 and 3.4. Both tables and figures give the same impression, namely that the dis-
tribution of N shows a severe skewness and that the distribution of ¢ is rather biased for
small N. Both defects slowly disappear as N increases.
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Histogram of N and qq plot of X:
(a) N=50, (b) N¢=500, (c) N=5,000.



58 Asymptotic Properties ~ Chapter 3

(a) N=50
700 = T 4
1 £
600 - nhil )
500 - AT 3 27
~ o
c
400 - Nl e
5 0]
300 - 2
2
200 - E L]
3
100 e
0< T T T T -4_ T T T T T
0 1 2 3 4 5 0 5 10 15 20
phi Y
(b) N=500
500 = W
3
o
400 - <
T 2
©
o
300 - =
200 A »
o
€ 5|
100 A g -2
3
O_ T T T T T T T _4< T T T T T T
0.2 0.6 1.0 1.4 1.8 10 0 10
phi Y
(c) N=5000
700 5 41
€
600 - ik 5
L b4
500 Mk £ 2]
| 2
400 | 8
2 0
300 1 )
1)
o
200 - =
100 S
0- T T T T T -44 8§ T T T T T T
07 08 09 10 11 12 13 -10 0 10
phi Y
Figure 3.4

Histogram of ¢ and qq plot of Y:
(2) Ng=50, (b) N¢=500, (c) N=5,000.
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As the distribution of N is skew, the coverage percentages of confidence intervals based on
the asymptotic normal statistic could be expected to be disappointing. In Table 3.4 we
compare these percentages with those based on the Wilks test statistic (3.14).

Approximate normal Wilks
a N=50 N=500 N=5,000 No=50 | Ny=500 | N(=5,000
50 55.58 50.90 50.43 52.56 50.43 50.39
60 60.03 61.28 60.62 62.38 59.95 60.12
70 64.15 71.81 70.95 71.76 70.27 70.75
80 68.86 81.82 80.71 80.45 80.26 80.48
90 74.52 88.42 90.30 89.64 89.79 90.32
95 77.62 91.30 94.99 94.16 94.82 95.23
Table 3.4

Coverage probabilities of the two-sided approximate normal
and the two-sided Wilks confidence intervals based on simulated data of Table 3.3.
Number of replicates K=10,000, ¢=1, t=1.

As the Wilks confidence intervals are larger, shifted to the right (and hence not symmetric
around Ng) in comparison with the approximate normal confidence intervals, for high lev-
els of confidence the Wilks intervals are significantly better (and have coverage probabili-
ties that are less skew) than the approximate normal ones (see Van Pul (1991a)). O

i3.6 Concluding remarks, future investigations and open prob-
ems

As stated in Remark 3.2, Theorems 3.1 and 3.2 remain valid if we replace (G1)—G2) &
(L1)—(L3) by the weaker set of conditions (C1)—(C4). Conditions comparable to these
ones are also given by Crameér (1946) and Kulldorff (1957), using classical statistical tech-
niques to prove consistency and asymptotic normality of maximum likelihood estimators.
Nowadays modern methods have been developed by Ibragimov & Khas’minskii (1979),
Jacod & Shiryaev (1988), Dzhaparidze & Valkeila (1988) and Le Cam & Yang (1990)
among others leading to the same results (and even more), without requiring the existence
of higher derivatives of the intensity function and so weakening condition (L1) (and (C2))
considerably. Ibragimov & Khas’minskii (1979) consider the parametric case, but no
theory for counting processes is developed, while Jacod & Shiryaev (1988) and
Dzhaparidze & Valkeila (1988) study only binary experiments for counting processes.
Also the work of Gill (1980) and van der Vaart (1987) should be mentioned here. There-
fore it seems very plausible that such methods can be applied also in our case. Indeed, the
assumption of existence of the third derivative of f with respect to 6 can be abandoned
(and for consistency even the existence of the second derivative!). Other conditions on
f—maybe weaker, but harder to verify—will replace them. In commonly used models,
however, intensity functions tend to be very smooth and determining the existence of
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derivatives (with respect to 0) is relatively easy.

Moreover, we think we can improve the construction of confidence intervals by making
use of parametric bootstrap methods. The validity of the parametric bootstrap method will
follow by standard arguments on contiguity, regular estimators and the Skorohod-Dudley-
Wichura almost sure representation theorem (see Gill (1989)). Asymptotic consistency of
the parametric bootstrap is proved in Van Pul (1991¢) and some numerical results in
software reliability are presented. [Chapter 4 of this thesis.]

Furthermore, we note that Theorem 3.1 does not claim that the maximum likelihood equa-
tions have a unique solution. It only states that with a probability tending to one, among all
these solutions, only one of them will be consistent. Moek (1983) developed an easy cri-
terion, satisfied with probability tending to one, for the existence of a unique solution of
the ML equations for the Jelinski-Moranda model. The problem in case of the Littlewood
model, however, is much harder and is in fact still an open question. Instead of finding
such a criterion in the Littlewood case, Barendregt and Van Pul (1991) developed an algo-
rithm in order to determine the consistent one from a set of solutions from the ML equa-
tions by choosing the nearest solution to a consistent estimator. A more general approach
may be possible, probably with use of compactification ideas (see Bahadur (1967)).
[Chapter 5 of this thesis.]

Another topic of future investigation will be the study of goodness of fit tests. We intend to
follow the martingale approach of Khmaladze (1981). See also Geurts et al. (1988) and
Hjort (1990). [Chapter 6 of this thesis.]

Finally, of course, our ultimate goal will be to study more realistic models, incorporating
imperfect repair and software growth and taking account of covariate measurements. We
have recently constructed such a model (Van Pul (1991b)) and are now investigating
whether this model fits in the theory developed so far. [Chapter 7 of this thesis.]
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Chapter 4

Simulations and the Bootstrap*

4.1 Introduction

Several investigators have built statistical models in order to estimate the evolution in reli-
ability of computer software during the debugging phase. We refer to Musa et al. (1987)
for a complete overview of the most common software reliability models. A lot of those
software reliability models can be formulated in terms of counting processes, counting the
number of failure occurrences. We are interested in the asymptotic properties of the max-
imum likelihood estimation method for parametric counting process models. A novel
aspect of our approach is the fact that—in order to treat asymptotic theory—instead of
increasing the time variable or the number of data as is usually the case, we will (concep-
tually) increase one of the model parameters itself. To illustrate the problem and to
motivate our concepts, we will present here one of the oldest and most elementary
software reliability models, namely that of Jelinski-Moranda (1972), as an example.

Example 4.1 The Jelinski-Moranda model. A computer program has been executed dur-
ing a specified exposure period and the interfailure times are observed. The repairing of a
fault takes place immediately after it produces a failure and no new faults are introduced
with probability one. Let N the unknown number of faults initially present in the software.
Let the exposure period be [0,T] and let n (¢), t€[0,t], denote the number of faults detected
up to time ¢. Define T := 0 and let T}, i=1,2,...,n (t), the failure time of the i-th occurring

* This chapter is based on CWI-reports BS-9122 and BS-9123 and on the paper "Simulations on the
Jelinski-Moranda model of software reliability; application of some parametric bootstrap methods" by Mark
C. van Pul, which appeared in Statistics and Computing (1992), 2, pp. 121-136.
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failure, while ¢; := T;-T;_,, i=1,2,..,n(7), denotes the interfailure time, that is the time
between the i-th and the (i —1)-th occurring failure. Finally we define £, (v)+1 := T=Ty 1) In
the Jelinski-Moranda model, introduced in 1972 and a few years later generalised by Musa
(1975), the failure rate of the program is at any time proportional to the number of remain-
ing faults and each fault still present makes the same contribution to the failure rate. So if
(i—1) faults have already been detected, the failure rate for the i-th occurring failure, A,
becomes

)»,-=¢0{N0—(i—1)}, 4.1)

where ¢y is the true failure rate per fault (the occurrence rate) and N is the true number of
faults initially present in the software. In terms of counting processes we can write

MM(1) = ¢ {NO —-n(t -)}, 1€]0,7], (4.2)

where A(f), t€[0,1] denotes the failure rate at time ¢. The interfailure times ¢;,i=1,...,n (7),
are independent and exponentially distributed with parameter A; given by (4.1). By using
the information obtained from the test experiment one can estimate the the parameters of
the underlying model, especially N, the total number of faults initially present in the
software. Mostly maximum likelihood estimation (MLE) is used for this purpose. Now
let us look at the way we will treat asymptotic behaviour. It does not make sense to let T,
the stopping time, grow to infinity. In the long run the estimate of the total number of
faults will trivially be equal to the true number of faults. It makes more sense to (concep-
tually) increase the number of faults in the program. The idea is that then asymptotics
should be relevant to the practical situation in which N is large and n (t)/N o not close to
ZEro Or one.

Remark 4.1 The Jelinski-Moranda model is perhaps not the most realistic model for com-
puter systems; however, it represents a natural starting point for such a study. The model
is very popular, although practical application has often been disappointing. More sophis-
ticated models often do not give a better fit to the data. Beside, the conclusion that the
JM-model is not satisfied can itself provide valuable information; especially if the cause of
this can be identified. O

In an earlier paper (Van Pul (1990)) we derived theoretical results for the asymptotic
behaviour of the MLE-procedure for a large class of software reliability models. For a
general class of intensity functions, it was proved that the maximum likelihood estimators
for the model parameters are asymptotically normally distributed. This enables us to use
the classical approximate normal confidence intervals. In Van Pul (1990) we also sug-
gested using intervals based on the asymptotically equivalent Wilks Likelihood Ratio Test
(WLRT) statistic, which is %2-distributed (see Rao (1973)).

In this chapter we study how well these theoretical results appear in practice for the
Jelinski-Moranda model by a simulations study using data generated according to this
model. We compute point estimates, (upper) confidence bounds and confidence intervals
for the model parameters and study their asymptotic behaviour. For the application of the
Jelinski-Moranda model (and other models) to real data we refer to Moek (1983, 1984) and
Andersen et al. (1993). It turns out that the theoretical convergence to normality is rather
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slow and that empirical distributions of the MLE’s for small N tend to be very skew.
This leads of course to systematic errors in the coverage percentages of confidence inter-
vals based on the classical normal test statistic. Confidence intervals based on the Wilks
Likelihood Ratio Test (WLRT) statistic are much better, but still have asymmetrical cover-
age probabilities. Moreover, upper-bounds based on the WLRT statistic for small N (that
is, when the asymptotic normal behaviour has not occurred yet) are often infinite and
therefore in some sense less informative. On the other hand, the fact that the data cannot
exclude the possibility of constant (or even increasing) failure intensity, could be impor-
tant to know in practical situations. A third approach to construct confidence intervals for
the model parameters is investigated. The idea is to apply a parametric bootstrap method
on standardised or studentised versions of the approximate normal test statistic or to esti-
mate the second order term in the Edgeworth expansion of the distribution of the MLE’s
(Hall (1988)).

In the next section of this chapter we introduce the general framework of counting
processes and intensities as described in Van Pul (1990) and discuss how parametric
bootstrap methods could be applied. We show that in this general setting the parametric
bootstrap ‘works’, that is, is asymptotically consistent. The proof which makes use of
contiguity-arguments and the Skohorod-Dudley-Wichura almost-sure-representation
theorem (see for instance Pollard (1989)), is based on stronger versions of the concepts of
local asymptotic normality (LAN) and regularity. In Section 4.3 we consider the simula-
tion experiments more closely. We describe the computations of the MLE’s in Section 4.4
and discuss several ways to construct confidence intervals in Section 4.5. In the sixth sec-
tion we discuss the results of computations, estimations and statistical methods (like the
parametric bootstrap) applied on simulated data according to the model of Jelinski-
Moranda, as described in Example 4.1. We close this chapter with some concluding
remarks in Section 4.7.

4.2 The general framework

[First we summarise the main results of Chapter 3.] Let a counting process n(t) be given. Only
during a specific time interval [0,t], are jumps of the counting process n(t) observed. In
this chapter we will assume that the intensity function associated with the counting process
exists and is a member of some specified parametric family, that is:

AMo) = MEN, ),

with 1€[0,1], NEIN, YEW and WCIR’~! for an integer p. Let Ny and y, be the true
parameter values. Typically the parameter N represents the scale or size of the problem
(sometimes N g=n («)), while g is a nuisance vector parameter. We will be interested in
estimation of N and yy as No—o. We assume that the model is also meaningful for
non-integer N. For instance the intensity function (4.2) of the Jelinski-Moranda model can
be generalised to

AM@) = q)[N—n (t -)] I { n(t) < N},

J/
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where (€[0,] and I{.} denotes the indicator function. As we are particularly interested in
the parameter estimation when N is large, we will introduce a series of counting
processes n,(t), t€[0,T], v=1,2,... and let N conceptually increase. Let N =N, — o for
v — . By the reparametrisation

Ny =vyy
with a dummy variable y,, we can denote the associated intensity functions by
M (51,0) = MV W),

with t€[0,1], YEIR*, YEW, v=1,2,.... Now we consider the estimation of y and ¢ as
v—. If the real-life situation has v=N, then y=yo=1 and y=y,. It is rather unorthodox
to increase a model parameter itself, in this case N. This complication is solved by estimat-
ing y. We will assume that the maximum likelihood estimators (Gv>Wv) for (o, o) exist.
Typically, (Gv,(y) is a root of the likelihood equations

log L, (yv,p;v) =0, v=1,2,.., 4.3
500) gL,(v,y;v) (4.3)

where the likelihood function at time ¢ L, (y,\;t) is given by (see Aalen (1978))

I3 t
Ly(ppit) = exp| flog Ay (s 37, 9) dny(s) = [Ay(s v, p)ds (4.4)
0 0 ‘

J

We define for v=1,2,... the stochastic process x(t) by
xy(t) :==vny(0), t€[0,T].

For many models used in practice, this sequence of stochastic processes converges uni-
formly on [0,T] in probability to a deterministic function xo(r) as v—> (Kurtz (1983)).
We assume for this that the counting processes n, are generated by associated intensity
functions A, (¢), satisfying

A1) = vB(:8; xy (1)),

for an arbitrary non-negative and non-anticipating function p:[0,t]x©xK — IR* satisfying
some smoothness conditions, where the model-parameter 8=(y,) consists of the parame-
ter of most interest y and a nuisance parameter vector . Under classical smoothness and
boundedness conditions on the function B (see for instance Borgan (1984) or Van Pul
(1990)), we have the following result:



Section 4.2  The general framework 65

Theorem 4.1

(i)  Consistency of ML-estimators: With a probability tending to 1, the likelihood equa-
tions (4.3) have exactly one consistent solution 8,. Moreover this solution provides
a local maximum of (4.4).

(i)  Asymptotic normality of the ML-estimators: Let év be the consistent solution of the
maximum likelihood equations (4.3), then

W (By=80) —p N(0,Z"), v—so,

where the matrix 2={0;j(09)} with for i,jE{1,2,..,p}, 0EB: is given by

d ad
T _aa_—ﬁ(s’ e,xo)ﬁﬁ(& 67x0)

0;i(0)=[— : ds. (4.5)
! { B(s,0,x0)
(iii) Local asymptotic normality of the model: There exist a sequence U, v=1,2,... such
that for all hEIR?:
dPyg. - i
log Py -h'U, + Eh 2h —p, O

1
for v—x, where 0, =0¢+v 2hand U, —p N(0,2), = given by (4.5).

(iv) Asymptotic efficiency of the ML-estimators: O, is asymptotically efficient in the
sense that the limit distribution for any other regular estimator 9, for 0 satisfies

Vv (8,-09) iy 2 * Y

where Z ~; N(0,271), Z and Y independent. (For a definition of the regularity of an
estimator we refer to van der Vaart (1988).)

This theorem and its proof can be found more thoroughly in Van Pul (1990). [End of sum-
mary.]

Simulations of the Jelinski-Moranda model will show (see Section 4.4) that asymptotic
convergence to the normal distribution is appearing very slowly and that for values of v
not extremely large the empirical distribution functions of the components of 8, can be
significantly skew. Hence, confidence intervals based on approximate normal test statistics
will turn out to be disappointing. One solution, which is already suggested in Van Pul
(1990), is to make use of the Wilks Likelihood Ratio Test Statistic,

2(log L, ®B,,7) - logcheo,n] (4.6)
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which can be proved to be asymptotically +%(p) distributed and is often thought to have
faster convergence.

Another way to deal with deviations from normality is to make use of bootstrap methods.

Suppose we want to construct confidence intervals for a one-dimensional real parameter 0.

The concept of parametric bootstrapping in the context of software reliability consists of

simulating a so called bootstrap counting process according to the failure intensity A(z, 0),

where 0 is the maximum likelihood estimator for 6. Repeating this simulation experiment,
. . * .

say M times, we get bootstrap estimators 0;,i=1,...,.M. We define:

Gy

Ly, [W (év-eo)} , (4.7)

GE o= 7 {\C(éj-év)}. (4.8)

We will say that the parametric bootstrap works (or is asymptotically consi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>