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Chapter 1

Introduction

Numerous processes in nature are described by models containing partial dif-
ferential equations (PDEs). One can simulate these processes by solving the associ-
ated PDEs. The complexity of these PDEs, however, often demands that these
equations are solved numerically. To obtain a numerical solution, one discretizes
the PDEs on a set of discrete points, i.e. a space(-time) grid, which leads to a system
of algebraic equations. Solving this system gives the approximate solution to the
PDEs at these discrete nodes. This needs to be done only once when a PDE does
not depend on time. When a PDE is time dependent then, starting from a known ini-
tial solution, this system of equations is subsequently solved in order to advance the
approximate solution in time with a relatively small increment until a final time is
reached. This procedure is called time stepping.

Many PDEs have solutions which are rapidly varying functions of the spatial or
temporal co-ordinates. PDEs arising from models describing shock hydrodynamics,
transport in porous media, combustion processes and plasma physics and so on, can
serve as an example in this respect. For the numerical practice it is important to
realize that the accuracy of the approximate solution depends on the variation of the
true solution from node to node. The larger the variations, the finer a grid needs to
be to obtain accurate results. In many applications, this dependency leads to huge
computational costs.

In case a uniform space grid is used, which means that all grid cells are identical,
the following situation can occur. Suppose that the variations over the spatial
domain of the solution are only locally large and small anywhere else. In that case a
uniform grid has to be fine to get an accurate approximation in the region of large
variation. However, such a grid is then also fine in regions where such a high resolu-
tion is not really needed. The picture on the left of Figure 1.1 clearly shows this.
This approach is computationally inefficient because the solution has to be com-
puted at a very large number of nodes. Moreover, storage for all these values has to
be provided too. Adaptive grid methods prove to be greatly beneficial here, since
these methods attempt to obtain accurate results in such a situation with minimal
computational effort, meaning CPU time and memory requirements. Adaptive
methods do this by using a fine grid spacing only where it is really needed, i.e.
where the large variations occur, and therefore, use as few nodes as possible. An
example of an adaptive grid is shown in the picture on the right of Figuré 1.1.
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FIGURE 1.1. The solution computed with a uniform grid (left) and an adaptive grid
(right).

Over the years a large number of adaptive grid methods have been proposed for
time-dependent problems. Two main categories of adaptive grid methods can be
distinguished, namely, moving-grid or dynamic-regridding methods and static-
regridding methods.

In dynamic-regridding methods, nodes are moving continuously in the space-time
domain, like in classical Lagrangian methods, and the discretization of the PDEs is
coupled with the motion of the grid. Therefore, grids generated by moving-grid
methods are essentially nonuniform and the number of nodes contained by such a
grid is constant in time. Such methods can be found in [2,9,11,13,16,21-
23,25,28]. The motion of the grid can be governed in a number of different ways.
There are methods were a system of ordinary differential equations (ODEs) describ-
ing the grid motion is solved together with the discretized PDEs. The moving-
finite-element method of Miller et al [9, 21, 22], for example, is such a method. The
grid movement in this method is generated by a least-squares minimization of the
finite-element residual of the PDE over not only the nodal values of the solution and
its time derivative, like in the standard Galerkin method, but also over the spatial
co-ordinates of the nodes and their velocity. Other methods, like the one by Dorfi
and O’Drury [11], use the equidistribution principle to generate this system of ODEs
for the space grid movement. Equidistribution means that the method moves the
nodes such that the nodal value of a non-negative monitor function multiplied with
the corresponding cell size is constant over the whole grid. The method developed
by Petzold [23] also generates a system of ODEs for the motion of the nodes. Here,
the nodes are moved such that the rate of change of the solution in time is minim-
ized. Arney and Flaherty [2] proposed a method which uses ODEs to compute the
movement of a center of error of a cluster of nodes where the error is too large.
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From this, the movement of each individual node is computed using a movement
function. Further, there are also more heuristic approaches to move the grid, like in
the method described by Smooke and Koszykowski [25], where the location of a
node is extrapolated from its location at previous time points.

In static-regridding methods the location of nodes is fixed. A method of this type
adapts the grid by adding nodes where they are necessary and removing them when
they are no longer needed. The refinement or de-refinement is controlled by error
estimates or error monitor values. Error monitors have no resemblance with the true
numerical error. They are, for example, based on the slope or the curvature of the
solution. Examples of static-regridding methods are described in [1,3,5-
8,12,13,19,20]. Methods of this type are, for example, methods which embed new
nodes in the existing grid. After refinement, the solution is then computed on a sin-
gle nonuniform grid, even when the initial grid is uniform. Such methods are, for
example, developed by Adjerid and Flaherty [1] and by Bieterman and Babuska [7].
Further, there is the adaptive method developed by Maubach [20] which treats the
time-dependent problem like a boundary value problem. Deuflhard and his co-
workers developed a finite-element adaptive multilevel method for parabolic PDEs
[8, 19] based on Rothe’s method, which is also called the method of discretization in
time first [24].

Another method of the static-regridding type is the local uniform grid refinement
method, described, for example, in [3,5,6,12]. This method creates a series of
increasingly finer local uniform subgrids where they are needed. The PDEs are
solved at each grid separately for one time step in a consecutive order, from coarse
to fine. These finer grids are not embedded in the coarser grid but are overlaying it.
This method, which is the subject of this thesis, will be discussed in greater detail in
the next section.

There are also methods which combine static with dynamic regridding. For
example, Gropp [14] and Arney and Flaherty [4], have developed methods which
combine local uniform grid refinement with dynamic regridding.

The difference between static and dynamic regridding is clearly illustrated by Fig-
ure 1.2. Here a local uniform grid refinement method described in [26] and the so-
called moving-finite-element method [9,21,22,28] are applied to a combustion
problem. The moving-finite-element pictures in this figure were obtained from [28].
This combustion problem is discussed in [26, 28] and is derived from [1, 18]. At the
lower left corner of a square domain a front develops and propagates towards the
upper and right boundary of the domain as time proceeds. Figure 1.2 shows this for
both methods at two different time points.

The main advantage of static-regridding methods over moving-grid methods is
that static-regridding methods are more robust than moving-grid methods. The
phenomenon ‘node crossing’ in one space dimension and its equivalent ‘grid distor-
tion’ in two or three space dimensions is a real danger for moving-grid methods and
can reduce the accuracy of the computations considerably. In order to overcome
this difficulty, user-defined parameters associated with penalty functions have to be
introduced which limits the motion of the nodes. The choice of these parameters is
left to the user and may be critical. However, not all moving-grid methods suffer
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FIGURE 1.2. The grid associated with a static-regridding method (left) and a
dynamic-regridding method (right) at two time points.

from this difficulty to the same degree. For example, the method in [2], does not
have a serious grid-distortion problem, because the movement function of the nodes
prevents this. It does, however, need a parameter to stabilize the motion of the grid.
This brings us to more difficulties associated with moving-grid methods, namely,
that grid motion based on minimization or equidistribution can be unstable [10] or
may even be discontinuous in time [27] which complicates time stepping. Further,
there are moving-grid methods where the nodes do not always move in the direction
the user wants them to move and therefore, some a posteriori regridding to correct
this deficiency in the moving-grid procedure is needed [23,29].

Static-regridding methods do not have problems of this nature. Moreover, they
only need a few user-defined parameters like, for example, error tolerances. In gen-
eral, the choice of such parameters is not critical. However, moving-gfid methods,
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in contrast to static-regridding methods, attempt to smooth the variations of the solu-
tion in the time direction, which allows larger time steps when the grid motion is
sufficiently smooth. Finally, moving-grid methods, when working properly, use less
nodes than static-regridding methods for a given accuracy.

In the next section, the subject of this thesis, which is the local uniform grid
refinement method will be discussed.

1.1. THE LOCAL UNIFORM GRID REFINEMENT METHOD

The idea behind local uniform grid refinement is simple. Starting from a coarse
base grid covering the whole domain, finer-and-finer uniform subgrids are recur-
sively created locally in a nested manner in regions where the variations are large,
or in other words, where the solution is steep. Each time step a new initial boundary
value problem is solved at each grid separately in a consecutive order, from coarse
to fine. Therefore, the local subgrids are not patched into the coarser grids but are
actually overlaying them. An example of this is shown in Figure 1.3. Here we see
the composite grid together with the uniform grids it consists of.

A finer grid uses a time step which is smaller or equal to the coarser-grid time
step. In the latter case, the coarser-grid time step size is a whole multiple of the
finer-grid time step size.
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FIGURE 1.3. The local subgrids overlaying the coarser grid.

When a grid of a certain level of refinement has reached the same time level as a
coarser grid, then the solution at the coarser grid is, in some way, updated by the
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solution at the finer grid. The location, shape and size of these subgrids are adjusted
at discrete times to follow the movement of the steep parts of the solution. The gen-
eration of subgrids is continued until sufficient accuracy is reached at the finest
subgrid. The subgrids in this method are properly nested, meaning that subgrids are
completely overlapped by coarser grids.

So far, local uniform grid refinement methods have been proposed in a number of
different varieties, applied to different kinds of PDEs. We will now sketch some
varieties of the local uniform grid refinement method very briefly. The methods
contained in [3,4, 6, 14] are applied to hyperbolic PDEs and use explicit time step-
ping techniques. In all these methods, the subgrids having the same cell size can
overlap each other. The method proposed by Berger and Oliger [6] employs rec-
tangular subgrids which may be skewed with respect to the co-ordinate axes in order
to align with the steep region of the solution. Arney and Flaherty [3] developed a
method very similar to the one in [6] except that the subgrids here are created by
so-called cellular refinement, meaning that the fine grid cells are properly nested
within coarser grid cells. These subgrids have a piecewise polygonal shape. Berger
and Colella [5] proposed a method comparable to the one in [6], except that the
subgrids are now rectangles with sides parallel to the co-ordinate axes.

Local uniform grid refinement is combined with grid movement in [4, 14]. Gropp
[4] proposed a method using subgrids which are rectangles having sides parallel to
the co-ordinate axes and which are able to move as a whole with the moving steep
fronts. In this method the subgrids are also allowed to overlap. In [14], Arney and
Flaherty added grid movement to their method discussed in [3]. The nodes of the
coarsest grid are able to move and the fine grid movement is induced by the move-
ment of the coarsest grid. The grid movement technique used here is the same as in
[2].

Local uniform grid refinement methods are used to solve elliptic PDES by Gropp
and Keyes [15] and parabolic PDEs by Flaherty, Moore and Ozturan [12]. The
subgrids in [12] are piecewise polygonal and the ones in [15] are rectangles. In both
[12] and [15] domain decomposition is applied to improve the performance on
parallel computers.

1.2. CONTENTS OF THIS THESIS

This thesis is based on five papers which have appeared or are going to appear in
the literature. Each chapter following this one contains one of these papers. The
Chapters 2 and 6 are rather applied in nature while the Chapters 3,4 and 5 are more
fundamental. The latter chapters form the kernel of this thesis. In these chapters
strategies for grid refinement based on an error estimates are developed from error
analyses. In general, a refinement strategy based on heuristic criteria like the slope
or the curvature of the solution is computationally cheaper than an error-estimate-
based strategy. However, a strategy based on error estimates will in many cases
give more accurate results than a strategy based on heuristic error monitors. This is
due to the fact that heuristic error monitors bear no relationship with the true
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numerical error. Because of this, the situation can occur that a strategy based on
heuristics does not refine a grid cell which ought to be refined considering the
numerical error and vice versa. Hence, a strategy based on error estimates can gen-
erate better subgrids than a heuristic strategy. A brief description of the contents of
this thesis is given below.

Chapter 2 discusses the local uniform grid refinement method applied to parabolic
PDEs. The explicit Runge-Kutta-Chebyshev (RKC) method of van der Houwen and
Sommeijer [17] is used for time stepping, and the grid refinement process and time
step selection are based on heuristic error monitors.

In Chapter 3 a refinement strategy, controlling the generation of subgrids, is
developed based on an error analysis. The error analysis is carried out for the local
uniform grid refinement method applied to time-dependent PDEs which after spatial
discretization yield a system of ODEs, and where the implicit Euler method is used
for time stepping. Further, it is assumed here that the grid spacing of the finest
subgrid is fixed in time.

Chapter 4 is in many respects similar to Chapter 3, except that a general Runge-
Kutta scheme is used for time stepping. The case of a variable grid spacing in time
of the finest subgrid is also discussed in this chapter,

In Chapter 5, a refinement strategy is developed in case PDEs are solved which
after spatial discretization result in a system of differential algebraic equations
(DAEs). This refinement strategy is based on an error analysis carried out for this
case. A backward differentiation formula method (BDF) is used for time stepping.

Chapter 6 discusses the application of the local uniform grid refinement method to
a model for unsteady groundwater flow coupled with transport of solute in hetero-
geneous porous media. The local uniform grid refinement method proves to be use-
ful for this application, since it frequently occurs that the variations of the concen-
tration of solute over the spatial domain are only large at a small part of this domain.
This work is carried out as a part of contract research in behalf of the RIVM - the
Dutch National Institute of Public Health and Environmental Protection. In the
scope of this project, the local uniform grid refinement method is implemented in a
code called MOORKOP. This code is developed for solving a rather general class
of PDEs defined on a rectangular domain, including transport problems in hetero-
geneous porous media.
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Chapter 2

A Static-Regridding Method for Two-Dimensional
Parabolic Partial Differential Equations

R.A. Trompert and J.G. Verwer

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

The subject of this paper belongs to the field of numerical solution of time-
dependent partial differential equations. Attention is focussed on parabolic
problems in two space dimensions the solutions of which possess sharp mov-
ing transitions in space and time, such as steep moving fronts and emerging
and disappearing layers. For such problems, a space grid held fixed
throughout the entire calculation can be computationally inefficient, since, to
afford an accurate approximation, such a grid would easily have to contain a
very large number of nodes. We consider a so-called static-regridding method
that adapts the space grid using nested, local, uniform grids. The notion of
local uniform mesh refinement is an example of ‘domain decomposition’, the
general idea of which is to decompose the original physical or computational
domain into smaller subdomains and to solve the original problem on these
subdomains. Hence, our computational subdomains are nested, local, uniform,
space grids with nonphysical boundaries which are generated up to a level of
refinement good enough to resolve the anticipated fine scale structures. This
way a fine grid covering the entire physical domain can be avoided. We dis-
cuss several aspects occurring in a static-regridding algorithm like ours, such
as the data structure, the regridding strategy and the determination of initial
and boundary conditions at coarse-fine grid interfaces. We also present two
numerical examples to demonstrate the performance of the method. The first
example is hypothetical and is used to illustrate the convergence behavior of
the method. The second example originates from practice and describes a
model combustion process.

published in: Appl. Numer. Math. 8 (1991), 65-90

2.1. INTRODUCTION

Many evolution problems involving linear or nonlinear partial differential equa-
tions (PDEs) have solutions with sharp moving transitions such as steep wave fronts
and emerging or disappearing layers. In such situations, a grid held fixed throughout
the entire calculation can be computationally inefficient, since, to afford an accurate
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approximation, such a grid would easily have to contain an unacceptably large
number of nodes. Adaptive grid methods strive to resolve these sharp transitions to
acceptable degrees of accuracy while avoiding the use of excessive numbers of grid
points. Such methods use, in some way or another, nonuniform or local, uniform
grids and, as time proceeds, automatically concentrate the grid in spatial regions of
high activity. It thus is attempted to keep the number of nodes at an acceptable level.

For time-dependent problems one may distinguish two main categories of
methods, viz., dynamic-regridding and static-regridding methods. In the first
category the grid moves continuously in the space-time domain, like in classical
Lagrangian methods, while usually the discretization of the PDE and the grid selec-
tion are intrinsically coupled. A well-known example is provided by the moving-
finite-element and related methods (see, e.g., the proceedings [8]), In the second
category the grid is moved only at discrete time levels and no intrinsic coupling
exists between the discretization of the PDE and the grid selection. This category
comprises a large number of different methods and the method developed in this
paper is of the static-regridding type.

Our method is closely related to the methods of Berger and Oliger [4], Gropp [9-
11] and Arney and Flaherty [2] and thus an important characteristic of it is local uni-
form mesh refinement. The notion of local uniform mesh refinement is an example
of ‘domain decomposition’, the general idea of which is to decompose the original
physical or computational domain into smaller subdomains and to solve the original
problem on these subdomains. The idea of our static-regridding approach can be
briefly described as follows. Given a coarse base space grid and a variable, base
temporal step size, a ‘decomposition’ into local, uniform subgrids is performed
recursively. Hence, our computational subdomains are nested, local, uniform, space
grids with nonphysical boundaries which are generated up to a level of refinement
good enough to resolve the anticipated fine scale structures. The step sizes in time
and space during this refinement process are chosen automatically by comparing
estimates or indicators of local temporal and spatial errors to prescribed tolerances,
while the refinement is carried through until all tolerances are met. The process is
then continued to the next base space/time mesh, while all fine grid results computed
at forward time levels are kept in storage as these are needed for step continuation.

An attractive feature of moving the points only at discrete time levels is the possi-
bility of dividing the whole solution process into the following computational pro-
cedures: spatial discretization, temporal integration, error estimation, regridding and
interpolation. Depending on the application, these individual procedures may range
from simple or straightforward to very sophisticated. This flexibility is attractive
since it makes it possible to treat different types of PDE problems with almost one
and the same code, assuming hereby that the grid structure and the associated data
structure remain unchanged. In this connection we wish to note that a major part of
the development and coding of any static-regridding method, including ours, lies in
the grid and data structure. The choice of data structure is important for keeping the
unavoidable overhead at an acceptable level, because at each time step grids may be
created or removed while also communication between grids of adjacent levels of
refinement frequently takes place. )
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When contrasted with the dynamic approach, an inherent drawback of static
regridding is that during the time stepping temporal variations are not minimized
because grid points do not move. More specifically, when a steep front passes a
fixed grid point, smaller integration steps are required to maintain accuracy than
when the grid point travels along with the front in the proper direction. In this con-
nection, interpolation at internal grid interfaces should also be used judiciously for
generating sharp solution profiles. Dynamic regridding methods using a fixed
number of moving points obviously do not require interpolation at internal interfaces
which may be considered as an advantage. On the other hand, a well-known major
disadvantage of dynamic regridding is that methods of this type often have difficulty
in controlling grid skewness and grid tangling. This disadvantage is usually less in
hybrid methods where in some way or another static- and dynamic-regridding con-
cepts are combined. Examples of such methods can be found in, e.g., Arney et al [2],
Gropp [10] and, for 1D problems, in Petzold [16] and Verwer, Blom and
Sanz—Serna [21]. Finally, an attractive feature of local mesh refinement is that it
enables prescribed tolerances to be satisfied by using finer-and-finer grids in regions
where greater resolution is needed.

In this paper we concentrate on (systems of) parabolic equations of the reaction-
diffusion type,

u, = Ly, Lu) = duy +uyy) + f(x,y,tu), (1.1)

u(x,yt), (xy,t)e Qx{t>0},

u

subjected to appropriate initial and boundary conditions. For simplicity and conveni-
ence of presentation, our procedures are described and implemented on rectangular
€, but they would also apply if £ is a union of rectangles or can be transformed this
way. Throughout the development of the method, the actual form of the operator £
and its boundary conditions play no essential role. In fact, since for spatial discreti-
zation the use of standard finite differences is supposed, a much wider class of dif-
ferential operators L is allowed.

The contents of the paper is as follows. We start with an outline of our local uni-
form mesh refinement algorithm in Section 2. The various components of the solu-
tion algorithm are discussed in greater detail in the following sections. This discus-
sion includes the actual refinement strategy (Section 3), the data structure (Section
4) and the grid interface conditions (Section 5). For the temporal integration we
advocate one-step Runge-Kutta methods, since linear multistep methods like BDF
are less appropriate due to the start up problem. Section 6 is devoted to a particular
Runge-Kutta method, viz., the explicit Runge-Kutta-Chebyshev (RKC) method of
van der Houwen and Sommeijer [13]. The temporal integrator we have used in the
present investigation is based on this method, but it should be stressed that other
choices of Runge-Kutta methods are possible too. The error indicators that govern
the selection of the step sizes in time and space are discussed in Section 7. In Sec-
tion 8 we present two examples of reaction-diffusion problems (1.1) that were
solved with our static-regridding method using the explicit RKC scheme for time
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integration. One of these two example problems is nonlinear and originates from
combustion theory. Our future plans are summarized in Section 9.

2.2. OUTLINE OF THE ALGORITHM

In this section we present a rough outline of our recursive static-regridding algo-
rithm, so as to facilitate the presentation and discussion of algorithmic details in
later sections. Our algorithm is based on the principle of local uniform mesh
refinement (LUMR). LUMR may be contrasted with pointwise refinement which
leads to truly nonuniform grids. As already noted in the introduction, LUMR is an
example of ‘domain decomposition’. When considered this way, our domain is a
base space/time grid determined by a base space grid consisting of rectangular qua-
drilateral cells with sides Ax, Ay for T <t <T + At. The temporal step size At is
called the base temporal step size and the base space grid covers the physical
domain. It is assumed in this paper that this domain is rectangular, but without
essential changes the domain is allowed to be made up of a union of rectangles
(polygonal boundary parallel to the co-ordinate axes). The ‘domain decomposition’
or regridding on local, uniform grids now takes place entirely within this base
space/time grid defined on the time interval 7 <t <T + At. Starting at the physical
initial time, the complete algorithm is then repeatedly applied until the desired final
physical time is reached. We will outline all computations required for advancing
the solution at the base grid at time T to the next base grid at time 7' + At. This out-
line is similar as in Gropp [11]. The base grid parameters Ax, Ay are supposed to be
prescribed. The base temporal step size At is supposed to be a trial value. For clarity
we discuss first a single level of refinement where the coarse grid coincides with the
base grid.

The following steps are followed to advance the solution from time 7 to the next
base time level T + At:

(1) Integrate on the coarse grid using one coarse time step of size Ar. Adaptation in
space is always preceded by adaptation in time, that is, the time step is first sub-
jected to a temporal local error test and eventually the integration is redone
with a smaller Az until acceptance takes place. Call the accepted values of u on
the coarse grid at time 7 + Ar the new coarse u-values and those at time 7 the
old coarse u-values. Both sets of values are saved.

(2) Integration is followed by regridding. Using the new coarse u-values, decide
where the fine grid will be for T <t < T + Ar. This is done by invoking a spatial
local error indicator and a clustering and buffering algorithm to distribute all
untolerable cells over the fine grid. The fine grid may consist of different dis-
junct fine subgrids. Overlapping fine subgrids are not allowed in our method
and fine subgrids need not be a rectangle. The actual refinement is cellular and
carried out by bisecting all sides of untolerable cells. At this point the non-
refined part of the coarse grid is complete and not further processed within the
current coarse time step.
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(3) Regridding is followed by interpolation. Return to time level 7 and determine
initial values for the fine grid. If a cell was refined in the previous coarse time
step, then we use the available fine grid u-values and interpolation is not
needed. If a cell was not refined before, then we interpolate old coarse u-
values. For T <t < T + At we need to specify boundary values at grid interfaces
where fine grid cells abut on coarse cells. Using old and new coarse u-values,
at these grid interfaces numerical Dirichlet boundary conditions are prescribed
via interpolation. If an interface coincides with the physical boundary, then
physical boundary conditions are used.

(4) Next the fine grid is integrated over the interval 7 <t < T + At while fine grid
u-values are subjected to the temporal local error test. This adaptation in time
may result in a smaller temporal step size than Az. If T + At is reached, then the
new fine grid u-values are injected in the coarse grid points, i.e., the value of u
at T + Az on the coarse grid is taken to be the value of u just computed on the
fine grid. Further, all fine grid u-values values at T + At are saved for use in the
next coarse time step. The solution at time 7"+ At is now complete.

Multiple levels are handled in a natural, recursive fashion. After each accepted time
step of (4), taken on a grid of refinement level /, say, a regridding may take place
resulting in a grid of refinement level /+1. In fact, the computational steps follow
precisely points (2) - (4) above. Note that all fine grid results at forward time levels
are kept in storage and that for step continuation the most accurate results are used
that are available.

An illustration of the recursive local refinement, in 1D for simplicity of presenta-
tion, can be found in Figure 2.1. Including the base grid there are three levels of spa-
tial refinement. In this figure the temporal step size is halved when going to a finer
grid. The numbers next to the individual grids indicate the order in which the solu-
tion was computed. Herewith we do not distinguish between disjunct subgrids at the
same level of refinement. Only the order of the time integrations is indicated. If in
this example the base space grid is given refinement level 1, then the order of the
corresponding occurring refinement levels is 1, 2, 3, 3, 2, 3, 3. The next occurring
refinement level is 1, assuming that the next time step is taken on the next base grid.
For clarity, a time history diagram of the occurring refinement levels is given in Fig-
ure 2.2. The location of the fine grids is not made visible in this time history diagram
and thus it may also correspond with a base time step of a 2D computation. With
Figures like 2.1 and 2.2 one may now easily conceive other possible order of
refinements. Finally, Figure 2.3 shows a two-dimensional example of a base grid
with three fine subgrids.

In conclusion, the principle on which our static-regridding method is based is
recursive LUMR and cellular refinement. The building blocks of our algorithm are
nested, local, uniform, finer-and-finer grids which are adaptively defined by invok-
ing indicators for local spatial and temporal errors. These local uniform fine grids
need not be rectangles and their location in the base space/time domain is automati-
cally governed by the error indicators. Initial and boundary conditions for a refined
subgrid are taken from the parent coarse grid or from the given initial function and
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physical boundary conditions. The recursive refinement takes place repeatedly per
coarse time step. Solutions computed on current fine grids are kept in memory for
use in the next coarse time step.

Inherent in the approach we have adopted is that grid information is not passed to
the next coarse time step. This necessarily is a bit wasteful in situations where the
sharp transitions move very slowly, e.g., when approaching steady state. On the
other hand, the computational effort for the coarser grids normally shall not be large.
Further, uniform subgrids allow an efficient use of vector based algorithms and
finite-difference or finite-element expressions on uniform grids are more accurate
and cheaper to process than on nonuniform grids. In this respect the current LUMR
approach should be contrasted with pointwise refinement where arbitrary levels of
refinement around any point are allowed. This pointwise refinement leads to truly
nonuniform grids on which usually less points are needed than on an LUMR grid.
However, an inherent drawback of a truly nonuniform grid is a more complex and
expensive data structure. We refer to Gropp [9-11], Berger [3] and Ewing [7] for
some further discussions on various advantages and/or disadvantages when compar-
ing the two refinement techniques. We also note that the LUMR methods of Berger
and Oliger [3,4] (see also Arney and Flaherty [2]) are based on noncellular
refinement and truly rectangular subgrids which may overlap and rotate to align with
an evolving dynamic structure.

2.3. REFINEMENT STRATEGY AND GRID STRUCTURE

When a new refinement level is to be created, the new fine grid has to meet two
demands. First, the new fine grid should be as efficient as possible, that is, no cells
are unnecessarily refined. This implies that the new fine grid is allowed to have an
irregular shape and also may consist of different disjunct subgrids. For clarity, it is
noted once more that in the discussion we do not distinguish between subgrids
belonging to the same level of refinement. In other words, when we write ‘new fine
grid’, we mean the complete grid associated to the next higher refinement level and
this grid may consist of different disjunct subgrids. The second demand is that the
accuracy at interior nodes of a new fine grid should not be diminished by low accu-
racy nodes on its boundary. Therefore, the boundary of the new fine grid must either
coincide with a physical boundary or lie in part of the physical domain where the
accuracy is sufficiently high, relative to the error measurement used. This second
demand is most important because when at a certain level a cell is not further
refined, we never return to this cell within the current base time step. In this section
we describe a local refinement strategy that conforms to both demands.

The refinement strategy decides where a new fine grid will be placed (cf. point (2)
of Section 2). The refinement is governed by a so-called local spatial error indicator,
ests, and a corresponding tolerance value, tols, that has to be specified. Ideally, ests
estimates the genuine local spatial truncation error that has been committed on the
grid currently in use. We discuss the actual choice of the indicator in Section 7. For
the discussion of the present section it suffices to suppose that we are given values
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FIGURE 2.1. Typical set of LUMR grids in one space dimension for one base time
step. The final composite grid is shown at the top of the figure. Note that here the
step sizes in time are halved. In actual application the new step size is determined
by the local time error indicator.

of ests at the current forward time level at all nodal points of the grid currently in
use.

Let [ be the level index of this grid. Let estsm be the maximum of all ests values.
If

estsm > tols, 3.1)

then it is decided to create a new fine grid of level /+1. For this purpose, a second
spatial tolerance value is introduced. It is this second tolerance, denoted by tolspc
and derived from tols, that is used to decide which particular level-/ cells need to be
refined. The second tolerance tolspc is defined as follows. Let p be the order of con-
sistency of the spatial discretization and of the local error indicator. In our case
p =2 since we here work with standard finite differences. Since the mesh width of
level [+1 is half the mesh width of level /, etc., we may invoke the asymptotic order
relation

estsmk) = 277 * Destsm(l), k> 1+1, " 3.2)
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FIGURE 2.2. Time history diagram of refinement levels occurring in Figure 2.1. Each
bar corresponds with an integration step. The levels are indicated within the bars.
The lower and upper line of a bar correspond with the old and new time value of the
integration step. The actual location of the refined grids is not shown.

where estsm(/) represents estsm of the level-/ grid, etc., and & is a grid level index as

yet unknown. We here anticipate that on top of level /, another k—/ refinement lev-
els will be needed to satisfy the condition

estsm(k) < tols. 3.3)
From this inequality the unknown integer k is now computed, that is,

k = [+ 1 +entier[(log(estsm(/)) — log(tols))/( plog(2))]. 3.4)
The idea is now to impose, at all nodal values of level /, the refinement condition

ests > tolspc = estsm(k), 3.5)

hereby introducing the second spatial tolerance value. However, because the calcu-
lation of a spatial error indicator comes down to the calculation of higher derivatives
by means of finite differences (numerical differencing), it is conceivable that these
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FIGURE 2.3. Example of 2D grid structure. It is emphasized that fine grids are not
patched into coarse ones, but overlays them. The time dependency is not shown
here.

are underestimated in regions where the solution is steep. Therefore, by way of
safety, we suppose that one extra level would be preferable, which means that in
(3.5) a safety factor of 277 must be built in. Thus we finally arrive at the refinement
condition

ests > tolspc = 2 Pestsm(k). (3.6)

This condition is used to decide which level-/ cells need refinement. The rationale
behind this second tolerance value is that we wish to refine all level-/ cells, except
those for which ests does not exceed the expected maximum of the error indicator
values at the anticipated highest refinement level k. This local refinement strategy
takes into account the method strategy that when at a certain level a cell is not
refined, we never return to this cell within the current base time step. Another
natural justification is that, when using local mesh refinement, this strategy attempts
to have the maximum norm of the spatial error over the complete physical domain
equal to or smaller than the maximum norm of the spatial error over local grids.

The actual cell refinement goes as follows. Any level-/ node satisfying (3.6) is
flagged together with its eight neighboring nodes. Next, to create an extra buffer, all
sides of cells with at least one flagged corner node are bisected. This means that a
buffer zone of two coarse or four fine mesh widths is used around any untolerable
node. Hence, the minimal number of nodes in a column and row of any subgrid is
nine. Herewith it is tacitly assumed that the minimal number of internal points in a
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row and column of the coarsest base grid is three. Near boundaries, physical and
internal ones, the buffering of course slightly differs. Finally, a cluster algorithm
groups all untolerable cells together to form the newly defined level-/+1 grid. It is
noted that subgrids in the new fine grid do not overlap and that we do not connect
subgrids which are lying close together since this leads to substantial bookkeeping.
For the same reason, the local refinement does not distinguish between co-ordinate
directions. This necessarily leads to some waste of points if a high gradient region
aligns with a co-ordinate direction.

The use of tolspc in combination with the buffer zone is rather conservative.
However, to our experience, it nicely conforms to the second demand stated above
that accuracy at interior nodes of finer-and-finer grids should not be diminished by a
too low accuracy at nodes on a previously selected interior boundary.

2.4. DATA STRUCTURE AND MEMORY USE.

In this section we briefly discuss the data structure we have implemented. Our
data structure has close similarities with that of sparse matrix storage schemes, in
particular concerning the storage of a sparse matrix as a collection of sparse vectors.
The interested reader is referred to Duff et al. [6], Ch. 2, for the various technical
details that are involved in the use of this type of storage schemes.

The data we keep for each node are stored per level of refinement in a row
sequential order. In particular, rows in subgrids are taken together and a ‘sparse’
vector in our storage scheme contains all data belonging to all nodes of a row at a
certain level. The data we store for each level of refinement are as follows:

- The number of rows.

- For each row
- A row index corresponding with its y-co-ordinate.
- A pointer to the memory location of the data belonging to its first node.

- For each node
- A column index corresponding with its x-co-ordinate.
- Two pointers to memory locations where data belonging to the nodes
directly above and below in the same grid is stored.
- An integer indicating the position of a node in the domain, i.e., whether
it lies on the physical boundary, on an internal boundary, or in the interior
of the grid.
- The solution and its time derivative at the beginning and end of a time
step.

The row and column indices are, amongst others, used to find coinciding nodes on
different refinement levels. This is needed for interpolation and injection. The row
and column indices correspond to the x- and y-co-ordinates in the following way.
Let i be the column index and j the row index of a node at refinement level /. Then,
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x =xg+iAx 27UV y = yo+ jAy 27D, 4.0

where Ax, Ay are the coarsest level mesh widths and (x, y,) is the co-ordinate of
the left lower corner of the physical, rectangular domain. It follows that a node on
level [ with column index i and row index j coincides with a node on level /+1 with
column index 2i and row index 2.

We will now outline how the actual storage is organized. The arrays used are
divided in a number of blocks of the same size. The number of blocks equals the
maximum of the number of refinement levels that is expected to be required during
actual runtime. Each of the blocks is assigned a refinement level and all data for this
refinement level are stored in this block. Hence the size of the blocks should be
large enough to store all generated data of any refinement level that can occur dur-
ing runtime. Herewith we implicitly determine the maximum number of levels and
the maximum number of rows and nodes per level. The drawback of using memory
blocks of the same size is that memory is wasted, as it is likely that the actual
amount of memory needed differs per level. A clear advantage is computational
simplicity, because there is no need for garbage collection. Because the size of the
blocks is fixed, their initial subscript values are known which makes the data
retrievement simple and fast. Nevertheless, the implementation of our algorithm is
such that a garbage collector can be easily implemented. In this connection it is
noted that with minor modifications our storage scheme can be extended to 3D.
Needless to say that in 3D the memory waste could be prohibitive so that garbage
collection becomes a necessity. All experiments reported in this paper have been
carried out without garbage collection, indicating that in 2D this is not much of a
problem.

Next we give an estimate of the amount of memory needed in bytes. Work arrays
needed by the regridding algorithm and the time integrator are not included in this
estimate. The work arrays for the regridding algorithm are integer arrays and their
total length is negligible compared to the estimate given below. Further, for the time
integrator we use one and the same set of work arrays for all levels. The total length
of these arrays is of course determined by the actual integrator in use (see Section
6).

The array in which we store the solution and its time derivative at the begin and
end of an integration step is a real floating point array. The number of bytes per
node this array uses is 32 times the number of PDEs (NPDE), assuming precision
arithmetic involving 64 bits. The four arrays holding the column indices, the
pointers to nodes above and below, and the position indicators, are 4-bytes integer
arrays and together they take 16 bytes per node. The two arrays containing the row
indices and the memory addresses of the data belonging to the first node of all rows
are also integer arrays. These row indices and starting addresses require together 8
bytes of memory per row. Because the minimum number of nodes on a row is 7, it
follows that these two arrays take at most 8/7 bytes per node. We thus arrive at a
final estimate in bytes given by
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maxlev * nptspl * (32 * NPDE + 16 + 8/7), 4.2)

where maxlev is the maximum number of levels and nptspl is the maximum number
of nodes per level.

2.5. INTERFACE CONDITIONS

When a new fine grid is created, initial and boundary values have to be defined.
Concerning the initial values, three cases are distinguished. If the time level at
which initial values must be specified coincides with the physical initial time, then
of course the prescribed initial function is used at any occurring node. If the time
level does not coincide with the physical initial time, then two possible cases
remain. A node coincides with a node at the same refinement level from a previous
time step. In this case we adopt the available solution at this node as initial value. In
the other case we must interpolate. The initial value is then obtained from interpola-
tion on the nearest coarse grid. Obviously, the interpolation error should not dimin-
ish the accuracy. We use fourth-order Lagrangian interpolation and note that this
way second-order accuracy is maintained in calculating the first and second spatial
derivatives with the second-order difference scheme. Note that we use an explicit
integration scheme which starts with a spatial differential operator calculation at the
initial time level (stage (6.2b)). It is then prohibited to use straightforward linear
interpolation, since this would yield zero second-derivative values at the newly
created nodes. When using implicit methods, this difficulty can be avoided by
selecting the method such that no evaluation at the initial time is used.

Concerning boundary values, again three possible cases are distinguished. A
boundary node of the new fine grid is located on the physical boundary. In this case
the physical boundary condition is imposed. If a new boundary node belongs to the
interior of the physical domain, still two different cases are possible. First, the node
coincides with a node of the nearest coarse grid. Then we define Dirichlet boundary
values by interpolating at the beginning and end of the new time interval to be
covered. This time interval always coincides with a previous coarse grid time step.
Fourth-order Hermite interpolation is applied, using the available solution and first
time derivative from the coarse grid. Second, the node is new and hence does not
coincide with a node of the nearest coarse grid. In this case a solution value is
already available at the initial point of the new time interval by the above Lagran-
gian interpolation procedure. To be able to apply again Hermite interpolation as out-
lined above, the solution and time derivative at the end point of the time interval are
also generated by Lagrangian interpolation on the coarse grid.

Because we use second order in space and time in the discretization of the PDE,
the fourth-order interpolation procedures should be sufficiently accurate, provided
of course the local refinement has been carried through far enough at the time of the
interpolations. Note that the prescription of interior Dirichlet boundary values is
natural, since we solve initial boundary value problems involving second-order spa-
tial differential operators.
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2.6. RUNGE-KUTTA-CHEBYSHEV METHOD

We will now describe the temporal integrator used for the experiments reported in
this paper. For this purpose we introduce the system of ordinary differential equa-
tions (ODEs)

dU (1)

% - FU(t)), (6.1)

assuming that this system originates from spatial discretization of the PDE problem
(1.1) on the coarse base grid or on a refined local grid (method of lines). It is also
assumed that boundary conditions, physical and artificial, have been incorporated
into the continuous time, semi-discrete form (6.1). At this stage of development
there is no need being more specific about (6.1).

The integration method is the explicit Runge-Kutta-Chebyshev (RKC) method of
van der Houwen and Sommeijer [13]. This method has been designed for the
numerical integration of large stiff systems of ODEs which originate from spatial
discretization of multi-space dimensional parabolic PDEs such as (1.1). We will
present only a brief outline here. More details can be found in [13] and Verwer,
Hundsdorfer and Sommeijer [20]. The latter paper is devoted to a convergence
analysis of the RKC method.

Let U, denote an approximation to U (¢) at time ¢ = t,,. Let At denote the step size
in time. The next approximation U, at time #,,; =1, + At is then given by the s-
stage integration method

Yo = U, (6.2a)

Y| = Yo+ piAtF,, (6.2b)

Y =miY; +n;Y; 5 +(1-m;—n;)Yy+ p,AtF; | + q;AtF,, (6.2c)
2<j<s,

Ui = Y4, (6.2d)

where F;=F(t, +c jAt, Y;) and the value Y; represents an intermediate, auxiliary
approximation to U (¢) at the time point ¢ = t, + ¢ ;At. Thus, the RKC method is to be
interpreted as a one-step, s-stage Runge-Kutta method.

The available method parameters are used for obtaining a very large real interval
of stability. This is achieved by identifying the recursive formula (6.2c) with a stable
three-term Chebyshev recursion, thus explaining the specific form of the integration
method. The length of the real stability interval that is obtained this way is propor-
tional to s2, where the proportionality constant depends on the order of consistency
and on a damping property imposed on the common stability function. This stability
function is a shifted Chebyshev polynomial.

The notion of stability meant here is the common linear stability based upon the
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linear system

du(t)

i = F(t,U(@t)) = MU(t)+ f (), M symmetric. (6.3)

Specifically, we have stability, in the step-by-step sense, if Az and s are such that the
inequality

At 6(M) < B(s), (6.4)

is satisfied, where 6(M) represents the spectral radius of M and B(s) is the real sta-
bility boundary of the method. We have worked with a second-order method (for-
mulas (2.19) - (2.21) from [20]) of which the real stability boundary is given by

B(s) = %sz. (6.5)

If the system (6.1) is nonlinear, then criterion (6.4) is imposed in the common
heuristic way. Specifically, M is then understood to represent the Jacobian matrix of
the vector function F taken at an appropriate point. Experience has revealed that the
linear theory is most reliable if F stems from a nonlinear parabolic problem and the
Jacobian matrix is symmetric. The method is recommended only if the Jacobian is
symmetric or ‘nearly symmetric’. This excludes, e.g., convection-diffusion prob-
lems with dominating convection.

The RKC method is applied with variable step size governed by a local error indi-
cator (cf. Section 7) and with a variable number of stages s, such that always the
linear stability inequality (6.4) is satisfied with s minimal. The variable s-strategy
leans upon two properties. First, the error indicator is independent of s. Second,
thanks to an internal stability property associated with the three-step Chebyshev
recursion, there is no practical limit on s. This in fact implies that the method can be
applied as if it is unconditionally stable, simply by adjusting s at each integration
step to satisfy (6.4) for given step size and given spectral radius. The computation of
(a safe upper bound) of the spectral radius normally renders no problem for opera-
tors like (1.1).

When compared with the implicit approach, explicitness has an inherent advan-
tage for static regridding, since the costs of the numerical algebra involved in the
application of implicit methods is much larger than in standard (single-grid)
method-of-lines applications. Recall that at any time step a regridding may take
place at different levels of refinement, thus introducing one or more new Jacobians
of different order at any time step when using an implicit method. This degrades the
efficiency of stiff ODE solvers, since these often benefit from integrating with old
Jacobians over many time steps. In spite of this, there are of course many problems
and situations where for stability reasons alone implicit time stepping becomes a
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necessity. Therefore, as a continuation of the research reported here, in the near
future we will investigate the application of implicit Runge-Kutta methods for static
regridding. An important aspect hereby is the choice of appropriate implicit equation
solvers which can efficiently deal with various types of 2D systems (see, e.g., Hind-
marsh and N grsett [12]).

Concerning stability, the explicit RKC method should be positioned between clas-
sical explicit methods yielding a severe time step restriction and unconditionally
stable implicit ones. For problems with symmetric Jacobians, the RKC method is
still attractive in cases of substantial stiffness due to the quadratic dependence of the
real stability boundary on s. Furthermore, the method is simple to implement and the
explicitness offers natural prospects for vector-based implementations. Also the
memory demand is low. We have used a variable step size FORTRAN code due to
Sommeijer [19] that needs only 6 arrays of storage.

It is noted that our version of this code slightly differs from Sommeijer’s original
one. This concerns merely the local error indicator. As we will outline in the next
section, the third-derivative estimator of the original code, based on the genuine
local truncation error, does not function well in our adaptive grid application and has
therefore been replaced by a more simple error indicator. However, the actual stra-
tegy associated with varying the step size, threshold factors and the like, has not
been changed. It would lead us too far here to discuss this strategy in detail and it
suffices to remark that, apart from the error indicator itself, the variable step size
strategy is conceptually similar to strategies in existing ODE codes.

2.7. ERROR INDICATORS

In static-regridding methods three different kinds of local errors show up, viz.,
spatial discretization errors, time integration errors and interpolation errors. The
asymptotic behavior of the local space and time errors for decreasing spatial and
temporal grid sizes is well understood for single-grid applications. This is also true
for the propagation of resulting global errors, at least for interesting model situations
(see e.g. [17,20]). Needless to say that the static regridding complicates the error
analysis considerably. Such an analysis should provide insight into how these three
different local errors interfere with each other and propagate or accumulate under
regridding. Subsequently, this insight then should assist us in the choice of
mathematically correct, practical local error estimators. Without good estimators it
is likely that one wastes computational effort due to bad balancing of space and time
errors. This in fact is also true for standard, single-grid method-of-lines applications
(see Berzins [5] who studies the balancing of space and time errors in applications
using the BDF method). However, the question of balancing space and time errors is
most interesting for a static-regridding method, because for such a method the
regridding apparatus is available and it is natural to let the local refinement in space
be governed by the genuine space truncation error.

In a sequel to this paper we will present a convergence analysis of the static-
regridding method. This analysis is supposed to cover both explicit and implicit
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Runge-Kutta methods for the time integration and shall be aimed at practically
balancing genuine local space and time errors. Here we confine ourselves to illus-
trating the convergence of the method numerically (next section) and to using sim-
ple heuristic, local error indicators. These error indicators are cheap and function
quite satisfactorily from the point of view of ease of use, viz., they automatically
invoke refinement in regions with high gradients. On the other hand, they do not
guarantee a good balance between spatial and temporal local errors.

Let us first define ests, the spatial error indicator first introduced in Section 3. In
this paper ests is based on the ‘curvature’ expression,

(AX)? |t | + (AY) |uyy |, (7.1)

which is computed with the three-point finite-difference scheme. To our experience,
this ‘curvature’ expression functions well in measuring the degree of spatial
difficulty of the problem. We have also used it successfully in 1D moving grid com-
putations [21]. Note that the genuine space truncation error is also of second order
in the mesh widths, since we use the second-order finite-difference scheme for spa-
tial discretization. We thus have proportionality between the tolerance tols and the
spatial truncation error.

We next define estt, the temporal local error indicator that determines the step
size in time. According to the outline presented in Section 2, estt is computed after
every time step at any grid level. Naturally, the choice of estt should be determined
by the integration method (cf. the discussion at the end of Section 6). To our experi-
ence, the original third-derivative estimator of the RKC method functions quite
satisfactorily in standard, fixed grid applications. However, we have encountered
difficulties with this estimator in our adaptive grid application. These difficulties are
inherent to static regridding and similar to those reported by Petzold [15, 16].

The following observations are in order. The regridding implies that components
of a solution vector that acts as the initial vector for a following time step may be of
three different types. Components may result directly from a preceding integration
step on the same grid level, components may result from injection from a higher
preceding level, and components may be obtained from interpolation at the next
coarser level. While it is supposed that the accuracy is not adversely affected by the
interpolation and, trivially so, by the injection, the effect of the regridding thus is
that small ‘discontinuities’ are introduced into the initial vector, which in turn intro-
duce small stiff transient solution components in time. These small transients are
damped by the stability of the numerical method. They are, however, seen by com-
mon local error estimators like the one implemented in the original RKC code. This
estimator computes an approximation to the third solution derivative from solution
data that has become available within the current time step. It suffices to recall that
this computation is to be interpreted as explicit numerical differencing which holds
true for any common local error estimator. The estimators then have a tendency to
choose step sizes which are smaller than what is really required to maintain the
accuracy, since on nonsmooth data explicit numerical differencing tends to
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overestimate higher derivatives. When considered on its own, this is not so much of
a problem. However, it may also result in unnecessary step rejections which of
course should be avoided. For a static-regridding method using different levels of
refinement, the sensitivity of the local error estimator for the observed nonsmooth-
ness is even worse, because this nonsmoothness increases for decreasing spatial
mesh widths. This implies that irrespective of the strategy used, there will always be
a tendency to use too small step sizes on fine grids, which by themselves are already
more expensive to process than coarser grids.

For implicit solvers an often used remedy to the problem of nonsmooth error esti-
mates is ‘implicit filtering’ by which the original, explicit local error estimate is
‘smoothed’ in an implicit way [15]. This filtering step kills all high-frequent com-
ponents in the estimated error and leaves, up to O (At), the low-frequent com-
ponents of the error unchanged. Because we work here with the explicit RKC
scheme, ‘implicit filtering’ cannot be used. We do not advocate explicit smoothers,
since these only work well if the errors to be smoothed do have a regular structure.
This is obviously not the case with static regridding, as already mentioned above. To
circumvent the difficulty, we therefore base our variable step size on the simple,
heuristic local error indicator

estt = (A? |u(1+A1) — u (1) | = (A1) |du(t)/dt | + O ((A1)*), (7.2)

which is of the same order in step size as the local truncation error estimated in the
original code. The rationale behind this first-derivative indicator is that this way we
ignore the small, high-frequent error components which we wish to ignore for step
size prediction purposes. To our experience, the indicator is successful in this
respect. Usually, the imposed tolerance tolt should be chosen smaller than when
using the original estimator. This is to be expected, since for solutions with steep
temporal gradients, the third derivative shall be larger than the first one. It may also
be advisable for keeping ahead of instabilities. In a time stepping process, emerging
instabilities result in high-frequent error components which are detected by the local
error estimator. The estimator reacts by reducing the step size and consequently
restores stability. As indicated, the error indicator (7.2) detects high-frequent error
components later than the original estimator. Needless to say that the combination
(7.1) - (7.2) is inappropriate for subtle error balancing purposes. However, when
using an explicit method like RKC, they form a good compromise because they are
cheap and prevent the step size selection from being hindered by the inherent
nonsmoothness of the numerical solution.

As already mentioned at the end of the previous section, we have used the exist-
ing variable step size code of Sommeijer and have only replaced the existing estima-
tor by (7.2). The step size selection strategy within the code has not been altered.
When comparing the estimates with tolt, the maximum norm is used. Finally we
mention that the step size prediction is carried out per level. More precisely, when
entering a new level, the last predicted step size taken on that level is used. The step
sizes are always fitted to hit the endpoint of integration. For example, if at level 2
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the predicted step size is smaller than that currently in use at the coarsest level 1, but
greater than half this step size, then the level-2 step size is taken to be half of the
level-1 step size. During the first base time step the initial step size is the same for
any level that may be introduced.

To illustrate the foregoing we conclude this section with a pseudo FORTRAN
description of the entire LUMR algorithm. In this description T (level) denotes the
end time of the ‘level’ level. For level = 1 the end time is simply the final physical
time. For level > 1 this end time changes dynamically with the introduction and
removal of the refined grids and is always smaller than or equal to the forward time
value of the current coarse grid step size:

Program LUMR

level =1

T (level) = physical end time
t (level) = physical initial time
At (level) = initial step size
call PDEsol

end LUMR

subroutine PDEsol
10 if 1 (level) < T (level) then
20 advance on ‘level’ level from 7 (level) to 7 (level) + At (level)
compute time error indicator estt and predict new At (level)
if estt > tolt then
decrease At (level)
go to 20
end if
compute space error indicators ests and estsm for all nodes at "level"
if estsm > tols then
compute tolspc
end if
flag all untolerable nodes
if nodes are flagged then
generate new ‘level’ level + 1
t (level+1) =t (level)
At (level+1) = Ar (level) or previously predicted Af (level+1)
T (level+1) =t (level) + At (level)
level =level + 1
go to 10
else
t (Ievel) = (level) + At (level)
At (level) = new At (level)
goto 10
end if
end if
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if level > 1 then
update the solution on ‘level-1" with ‘level’ values at coinciding
nodes
level = level - 1
t (level) =t (level) + At (level)
At (level) = new At (level)
go to 10
end if
end PDEsol

2.8. NUMERICAL EXAMPLES

We present two examples of parabolic problems (1.1) that were solved with our
static-regridding method using the explicit RKC scheme for time integration. The
entire code is written in standard FORTRAN and the numerical experiments have
been carried out on a SUN/SPARC station 1.

2.8.1. Problem I

This test problem is hypothetical and due to Adjerid and Flaherty [1]. The equa-
tion is the linear parabolic model equation

u, = uxx+u_w+f(x,y,t), O<x,y<l, >0, (8.1)

and the initial function at ¢ = 0, the Dirichlet boundary conditions for ¢ > 0, and the
source term f are selected so that the exact solution is

u(x,y,t) = exp(=80((x — r(1))* + (y — s (1))*)), (8.2)
where
r(t)="[2+sin(mt)], s(t)="[2+ cos(mt)]. (8.3)

This solution is a cone that is initially centered at ('4%) and that symmetrically
rotates around the center ('/2,2) of the domain in a clockwise direction. The speed of
rotation is constant and one rotation has a period of 2. This problem is not a very
difficult one in the sense that the spatial gradients of the solution are not extremely
large, that is, the cone is not that steep. However, the problem is suitable to subdue
an LUMR regridding algorithm like ours to a convergence test.

The solution is computed five times over the time interval [0,0.25] with an
increasing number of levels and decreasing time step. In the first computation only
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one level is used, in the second two, and so on. The addition of a new level is
governed by selecting tols appropriately. Of course, the movement of the refined
grids is governed by the regridding algorithm itself. For each computation a constant
time step is taken which is the same for all levels (the time step control was
switched off). This time step is halved in the next computation when a new level is
added. Thus, in view of our regridding strategy based upon using the second toler-
ance parameter tolspc, we expect the error to decrease with a factor 4, due to the
second-order spatial differencing and the second-order consistency of the RKC
method. Note that the number of explicit Runge-Kutta stages varies with Az and the
spatial mesh width according to formulas (6.4) - (6.5). We refer to [20] for a conver-
gence test using the fixed grid approach (one single level) where the second order
nicely shows up.

Results of the convergence test have been collected in Table 8.1 and Figure 8.1.
The figure shows two grid structures used in the level-4 run. Observe that (away
from the physical boundary) the grids accurately reflect the symmetry of the rotating
cone. This gives confidence that the principles underlying the grid strategy of Sec-
tion 3 work out very satisfactorily. The size of the region of refinement is still con-
siderable, even at the fourth level. This is due to the fact that the cone is not that
steep, as we mentioned earlier.

Table 8.1 contains global errors at specified times given in the maximum norm
over the base grid (level 1). The base grid is uniform with a grid distance of 0.1. We
observe that the accuracy nicely decreases with the number of levels. Inspection of
all output data also revealed that the maximum error was indeed found on the finest
grid, as we anticipated in the development of the regridding strategy in Section 3.
However, quite interestingly, we also observe a slight reduction in order for increas-
ing number of levels. For instance, at 7 = 0.25 the successive ratios of the errors are
approximately 4.8, 3.5, 3.3, 3.2 and thus tend to deviate from 4, although the devia-
tion itself settles down. We believe this order reduction to be inherent in the LUMR
approach and to originate from the small ‘discontinuities’ in the grid functions
which are caused by the interpolation and injection (cf. the discussion of Section 7).
A particular role hereby is played by the internal Dirichlet boundaries. The follow-
ing experiment serves to illustrate this observation.

We have repeated the convergence test while omitting injection of fine grid
results into coarse grid nodes. Hence, the only change in the algorithm is that coarse
grid results are never updated so as to reduce the nonsmoothness in the grid func-
tions. Note that this way for each level solutions are obtained only by integration or
by interpolation. Further, the number of nodes where interpolation takes place will
be relatively small since this is needed only at locations where the current level not
yet exists. In this non-update convergence test we observed an overall improvement
in accuracy. For instance, for increasing number of levels, the errors at 1 = 0.25 with
their successive ratios now are, respectively, 0.21759, 0.04425, 0.01045, 0.00240,
0.00082 and 4.9, 4.2, 4.4, 2.9. Apparently, till level 4 the order has improved, but it
drops again at level 5. Inspection of the output data revealed that in the level-5 run
the maximal error was not always committed at this finest level-5 grid. This means
that in the level-5 run the heuristic spatial error indicator (7.1) probably failed in
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adequately identifying the highest error region and this observation should explain
the drop in order. If this, more or less technical, problem can be overcome, the
‘non-update version’ of the LUMR algorithm might be a remedy to the reduction in
order and a good alternative for the more standard ‘update version’. On the other
hand, omitting updating may be somewhat dangerous because the coarse grid solu-
tion can become so dispersed that the algorithm decides that mesh refinement is no
longer necessary. Of course, this can also happen when updating is used since we
must rely here on error indicators or estimators. More precisely, since error indica-
tors or estimators always underly some form of asymptotics, approximations serving
as input for them should be of a certain minimal degree of accuracy in order to let
them detect inaccuracies safely. For an LUMR method this implies that some care
must be exercised in selecting the base grid parameters not too large since this might
work out in the wrong way.

We conclude this numerical example with a measurement of overhead, in terms
of total execution time and total number of PDE evaluations counted per node. The
estimated part of the total execution time that is spent outside the integration routine
is defined as overhead. Table 8.2 contains execution times and number of PDE
evaluations for four runs over the time interval [0,0.25], using, respectively, 1, 2, 3
and 4 refinement levels. The data are obtained with the ‘update’ version using now
also variable step sizes in time. The computations were organized such that at each
run the finest grid has Ax = Ay = 0.0125. Hence, the level-1 run is performed on an
80-by-80 level-1 mesh with Ax = Ay = 0.0125, the level-2 run on a 40-by-40 level-1
mesh accompanied with a level-2 mesh with Ax = Ay =0.0125, and so on. This way
the maximal error committed during each of the four runs is more or less equal, so
that the measurement of overhead is not

Levels 1 1-2 1-2-3 1-2-3-4 1-2-3-4-5
tols 4.0 1.0 0.25 0.125 0.03125
At 0.01 0.005 0.0025 0.00125 0.000625
. . Global errors measured in the maximum norm over the coarsest 10-by-10 grid.
Time point . .
The numbers in the brackets are the corresponding error ratios.
0.10 0.19120 | 0.03886 (4.9) | 0.01154(3.7) | 0.00340 (3.4) | 0.00112 (3.0)
0.15 0.24592 | 0.04904 (5.0) | 0.01386(3.5) | 0.00420 (3.3) | 0.00132 (3.2)
0.20 0.18575 | 0.03877 (4.8) | 0.01150(3.4) | 0.00359 (3.2) | 0.00119 (3.0)
0.25 0.21759 | 0.04511(4.8) | 0.01273 (3.5) | 0.00383(3.3) | 0.00121 (3.2)

TABLE 8.1. Results of the convergence test on Problem I.

interfered by large differences in accuracy (in this reasoning we neglect the small
effects of the above observed order-reduction phenomenon). The finest grid with
Ax =Ay =0.0125 is invoked by the spatial error indicator value tols = 0.125. The
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FIGURE 8.1. Grid structures used in the level-4 run with Problem I.

Levels PDE Execution times | Overhead
evaluations (sec) %
1 9749646 865 0
1-2 3604712 365 12
1-2-3 3427610 381 20
1-2-3-4 4147352 512 28

TABLE 8.2. Results of time measurements for Problem 1.

time step tolerance parameter tolt = 2.0E-7 and the initial time step equals 0.005.
The parameter tolt was tuned so as to obtain nearly the same accuracy as in the
level-4 run of the convergence experiment.

The entries ‘overhead’ in Table 8.2 are percentages defined by

((time(level) — (eval(level) * 865)/9749646)
time (level))

overhead = * 100%, (8.4)

where eval(level) is the total number of PDE evaluations and time(level) is the exe-
cution time. Thus in our measurement of overhead the work load for the single, 80-
by-80 mesh is used as a reference point. When inspecting Table 8.2 one should real-
ize that the overhead factors are valid only for this particular experiment. Overhead
is not only solution dependent (size of the refined grids), but, since we measure CPU
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times, also depends on the differential equation (expensive expressions in the opera-
tor) and on the degree of optimality in the FORTRAN code for the data structure
and the like. As yet, we have paid little attention to the matter of optimal coding. In
our opinion, the overhead factors found in this experiment are quite acceptable,
although we should note that the use of garbage collection will increase the over-
head (cf. Section 4). Finally we wish to note that for the present experiment the
decrease in execution time shown in Table 8.2 is minor due to the fact that the
refined grids are still of considerable size.

2.8.2. Problem II.

Our second example problem has also been borrowed from [1] and stems from
combustion theory. The problem is a model for a so-called single, one-step reaction
of a mixture of two chemicals. In the problem, the dependent variable u represents
the temperature of the mixture. The equation reads

u,:d(uxx+uyy)+D(1+ot—u)exp(—%), 0<xy<l, 0, (8.5)

and is subjected to the following initial and boundary conditions,

ulx,y,0) =1, 0<xy<l, (8.6)
u0,y,0) =0, u(l,yt) =1, 0<y<1, >0,

uy(x,0,6) =0, ulx1,0=1 0<x<l, 1>0.

The parameter o is the heat release, D = R exp(0)/ad the Damkohler number, & the
activation energy, and R is the reaction rate. For small times the temperature gradu-
ally increases in a circular area around the origin. Then, provided the reaction rate is
large enough, at a finite time ‘ignition’ occurs causing the temperature to suddenly
jump from near unity to 1+c, while simultaneously a reaction front is formed which
circularly propagates towards the outer Dirichlet boundary. When the front reaches
the boundary the problem runs into steady state. Following [1] we select the param-
eter values oo=1, 8=20, R =5, but choose a different value for the diffusion
parameter. While in [1] the diffusion coefficient d = 1.0, we here put d =0.1. A
smaller diffusion coefficient has the effect that the wave front becomes steeper, par-
ticularly so upon approaching steady state [14]. With this choice of parameters the
‘ignition’ takes place at about # = 0.24 and the solution is in ‘steady state’ at about
t=0.35.

In spite of the fact that a fine grid is necessary for combustion problems of this
type, the explicit RKC scheme is a natural candidate for the numerical integration.
Two arguments support this observation. First, we must follow a traveling front on
static, i.e., non-moving space grids. This naturally limits the temporal -step size of
any integration scheme, be it explicit or implicit. Second, during the time evolution
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this special combustion problem is ‘locally unstable’. Inspection of the reaction term
reveals that for 1 <u <2 its derivative varies approximately between +1000 (for
u =1.6) and -5500 (for u =2.0). Consequently, irrespective the integrator used,
quite small integration steps are required to maintain sufficient accuracy in regions
of ‘local instability’ and before steady state will be reached the advantage of uncon-
ditional stability as provided by implicit methods shall not be fully exploited. To our
experience, for this problem the explicit, stabilized RKC method is a good alterna-
tive.

Figure 8.2 shows generated grids and solutions at six specified time points. These
are obtained using the full variable step size in time option using a uniform base grid
with Ax = Ay =0.05, tols = 0.6, tolt = 1.0E-7 and initial step size of 0.005. With this
choice of parameters the method uses at most three levels, but integrates till
t =0.24175 only on the coarse base grid. A notable point is that the grids accurately
reflect the symmetrical shape of the combustion wave front, thus again showing that
our regridding strategy works very well. The steepening up of the wave front for
evolving time is also clearly visible from the width of the finest level-3 grid. The
solution at the end time ¢ = 0.35 is, approximately, in steady state and shows a thin
layer at the outer Dirichlet boundaries. At this time point the level-3 grid near the
layer is only 6 cells wide, which is the minimum number that is possible near a
boundary.

Inherent in static-regridding methods is that they have some difficulty in
efficiently approaching steady state. When using a single grid without refinement,
and assuming stability, a good variable step size solver will steadily increase the
step size upon approaching steady state. On fine level grids this steady increase of
step size will be less for a static-regridding method like ours, at least when using the
‘update version’, due to the fact that the injection of solutions from fine grids into
coarse ones has the effect that the numerical solution at the coarse grids is ‘slightly
perturbed’. The ‘slight perturbations’ hinder the approximation from steadily
becoming stationary like in single-grid computations. This negative effect will be
most pronounced at higher levels of refinement. Fortunately, the drawback can be
largely overcome by using the ‘non-update version’ where injection is omitted.

By way of illustration we have included Table 8.3. This table contains informa-
tion concerning the temporal integration for three runs:

(i)  the run corresponding with Figure 8.2, where ‘updating’ was used,

(ii)  a similar run, but now without ‘updating’,

(iii) a run using a single, 80-by-80 grid without refinement, with the same parame-
ter values for the variable step size control.

We note that in case (ii) the generated grids are nearly the same as in case (i) and
that the plot accuracy in the three runs is the same. In particular, the finest mesh
width in space for all three runs is Ax = Ay =0.0125, so that, since the accuracy is
very much the same, we can compare the workload. We see that for (i) and (ii) the
workload is nearly the same; (ii) requires more steps at level 1, but less at level 2
and 3 as to be expected. The number of time steps in (iii) is nearly the same as at
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FIGURE 8.2. Grids and solutions of Problem II at some specified output points.
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FIGURE 8.2. Continued.
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level 1 in (i) and (ii). The reduction in execution time, when comparing (i) and (ii)
with (iii) is approximately a factor of 2.7. This includes CPU time for overhead
which here appears to be larger than for Problem 1.

Accepted time steps PDE Execution | Overhead
level 1  level 2 level 3 | evaluations | times (sec) %
(1) 186 193 178 1530249 264 37
(ii) 199 168 154 1470343 252 37
(iii) 195 0 0 6206706 671 0

TABLE 8.3. Results of time measurements for Problem II. The number of rejected
steps is negligible in all three cases. The overhead is defined in the same way as for
Problem I, now relative to experiment (iii).

2.9. FINAL REMARKS AND FUTURE PLANS.

The LUMR algorithm presented in this paper is based on a mix of various tech-
niques and builts on previous work started by Berger and Oliger [4] and continued
by Gropp [9-11], Arney and Flaherty (2] and others. While Berger and Oliger [4]
consider hyperbolic problems, we have focussed on parabolic problems and have
applied a special, explicit time integrator using variable time steps. The integrator is
special in that it possesses an extended real stability interval. For parabolic problems
of type (1.1), the integrator is therefore an attractive alternative in situations where
the good stability properties of the more common implicit solvers can not be fully
exploited due to inherent step size restrictions. Our example Problem II illustrates
such a situation.

Further, while Berger and Oliger [4] and Arney and Flaherty [2] use noncellular
refinement and truly rectangular subgrids which may overlap and rotate to align with
an evolving dynamic structure, we have chosen to use cellular refinement and to
avoid overlapping subgrids. On the other hand, our subgrids are not necessarily truly
rectangular and may of course be disjunct with neighboring subgrids at the same
level of refinement. This approach allows a simpler data structure and, most impor-
tantly, makes it possible in a relatively simple and transparent way to exclusively
interpolate missing initial and boundary conditions at internal grid interfaces in
low-error regions. It is emphasized that our method, unlike the method of Berger
and Oliger [4] due to overlapping subgrids, does not allow steep solutions to inter-
sect grid interfaces. For this purpose, a reliable refinement strategy is of crucial
importance. A good refinement strategy should refine in such a way that the accu-
racy obtained at the current highest level grid is comparable to the accuracy
obtained on this grid if it would be used without any adaptation. This way the inter-
polation errors will never become visible. Our refiment strategy, as discussed in
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Section 3, attempts to achieve this through the use of the refinement condition (3.6).
This condition in fact looks ahead such that all cells at the current level are refined,
except those for which at the anticipated highest level the solution is already
sufficiently accurate. The rationale behind this strategy is that when at a certain level
a cell is not refined, we never return to this cell within the current base time step as
we work with nested subgrids.

In connection with the use of nested subgrids, we recall that each time step we
restart from the base grid, but also that we keep the finest grid solution in storage for
possible use in the next time step. Actually, for evolving time we integrate on dif-
ferent grid levels with the understanding that the integration domains are nested per
level and change in time. The nesting requires the interpolation of Dirichlet boun-
dary values and the change in time requires interpolation of initial values, but only
for those nodal points not already used at the previous time step. Most of the time
we thus restart from the finest grid solution that already exist at a given nodal point.

The advantage of this approach, which is typical for LUMR methods, is that one
can integrate on uniform subgrids and avoid the use of truly nonuniform grids such
as obtained in a pointwise refinement procedure (see, e.g., Adjerid and Flaherty [1]).
Admittedly, the approach may be a bit wasteful in situations where the sharp transi-
tions move very slowly, e.g., when approaching steady state. On the other hand, the
computational effort for the coarser grids normally shall not be large and finite-
difference or finite-element expressions on uniform grids are more accurate and
cheaper to process than on nonuniform grids. Also note that an inherent drawback of
pointwise refinement and a truly nonuniform grid is a more complex and expensive
data structure.

There are two major reasons why the development of LUMR methods is of
interest. The first reason is obvious and of a purely practical nature: by refining the
spatial grid locally in regions of high spatial activity, it is attempted to obtain accu-
rate numerical solutions at significantly lower costs than required in the standard
approach without refinement. Our second numerical example illustrates this nicely
in respect with the execution time (see Table 8.3). Of course, since any LUMR
method necessarily involves considerable overhead arising from the data structure,
the regridding, the repeated integrations, etc., these methods are of interest only
when the spatial solution variations are sufficiently large, like in our Problem II. We
also conclude that in both our numerical examples the actual regridding strategy
based on the refinement condition (3.6) has functioned very well. This follows
directly from inspection of the plotted grids. On the other hand, in this paper the
actual input for the regridding still stems from the heuristic indicator (7.1). Our
choices of tols illustrate very clearly that this ‘curvature indicator’ bears no good
resemblance with the true spatial errors. No doubt it will be very worthwhile to
replace (7.1) by an accurate estimator of the genuine local space error, assuming this
is feasible. This of course is also true for the time error indicator (7.2).

These observations lead us to the second reason why LUMR methods are of
interest. This second reason is of a more fundamental nature: these methods offer
the natural environment for balancing genuine local space and time errors and to let
the local refinement be governed by the genuine local space error. Balancing local
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space and time errors has so far got only very little attention in the literature, but is
of obvious importance when one aims at efficiency and robustness in solving time-
dependent PDEs (see Berzins [5] and Schonauer et al. [18]). We will therefore con-
tinue our work on adaptive grid methods with an investigation to convergence pro-
perties of the present LUMR method. In this investigation we plan to analyze both
implicit and explicit methods and an important goal will be balancing genuine local
time and space errors. In this connection it should be noted that L-stable implicit
Runge-Kutta methods are of interest because of their inherent smoothing properties.
This will no doubt help to reduce any difficulty originating from the unavoidable
‘nonsmoothness’ in the numerical solution.
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Chapter 3

Analysis of the Implicit Euler
Local Uniform Grid Refinement Method

R.A. Trompert and J.G. Verwer

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

Attention is focussed on parabolic problems having solutions with sharp mov-
ing transitions in space and time. An adaptive grid method is analyzed that
refines the space grid locally around sharp spatial transitions, so as to avoid
discretization on a very fine grid over the entire physical domain. This method
is based on static regridding and local uniform grid refinement. Static regrid-
ding means that for evolving time the space grid is adapted at discrete times.
Local uniform grid refinement means that the actual adaptation of the space
grid takes place using nested, local, uniform grids. The present paper concen-
trates on stability and error analysis while using the implicit Euler method for
time integration. Maximum norm stability and convergence results are proved
for a certain class of linear and nonlinear partial differential equations. The
central issue is a refinement condition with a strategy that distributes spatial
interpolation and discretization errors in such a way that the spatial accuracy
obtained is comparable to the spatial accuracy on the finest grid if this grid
would be used without any adaptation. The analysis is confirmed with a
numerical illustration.

published in: SIAM J. Sci. Comput. 14 (2) (1993), 259-278

3.1. INTRODUCTION

Attention is focussed on parabolic problems having solutions with sharp moving
transitions in space and time, such as steep fronts and disappearing layers. For such
problems, a space grid held fixed throughout the entire time evolution can be com-
putationally very inefficient. We consider an adaptive grid method that refines
locally around sharp spatial transitions so as to avoid discretization on a very fine
grid over the entire physical domain.

Our method is based on the techniques called static regridding and local uniform
grid refinement (LUGR), as previously proposed by Berger and Oliger [3], Gropp
[6-8], Arney and Flaherty [2], Flaherty, Moore and Ozturan [11], Trompert and
Verwer [13], and others. Static regridding means that for evolving time the space
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grid is adapted at discrete times. This should be contrasted with dynamic regridding
where the space grid moves continuously in the space-time domain. With the term
LUGR we mean that the actual adaptation of the space grid takes place using local,
uniform, refined grids. LUGR should be contrasted with pointwise refinement
which leads to truly nonuniform grids. In this connection, our LUGR method bears
resemblance with the fast adaptive composite grid (FAC) method [10] for elliptic
equations, where the basic computational objective is to solve on an irregular grid
by way of regular grids only.

The idea of the method can be briefly described as follows. Given a coarse base
grid and a temporal step size, nested, local, uniform subgrids are generated. These
subgrids possess nonphysical boundaries and on each of these subgrids an integra-
tion is carried out. They are generated up to a level of refinement good enough to
resolve the anticipated fine scale structures. Having completed the refinement for the
current base space-time grid, the process is continued to the next one while the fine
grid results computed at forward time levels are kept in storage so that they can be
used for step continuation.

An attractive feature of the static-regridding approach is the possibility of divid-
ing the solution process into the following computational procedures: spatial discret-
ization, temporal integration, error estimation, regridding and interpolation. Depend-
ing on the application, these individual procedures may range from simple or
straightforward to very sophisticated. This flexibility is attractive since it makes it
possible to treat different types of partial differential equations (PDEs) with almost
one and the same code, assuming that the grid and the associated data structure
remain unchanged. Note that the choice of data structure is important for keeping
the unavoidable overhead at an acceptable level, because at each time step grids
may be created or removed while also communication between grids of adjacent
levels of refinement frequently takes place.

The method we analyze in this paper has many similarities with the method con-
structed in Trompert and Verwer [13]. In fact, the grid and data structure, the spatial
differencing and the memory use are the same. However, in the present paper we
concentrate on analysis rather than on construction, while using implicit Euler
instead of the explicit Runge-Kutta-Chebyschev method for time integration. The
main aim of this paper is to present a detailed error analysis and to prove stability
and convergence for a certain class of PDEs. The central issue in this analysis is a
refinement condition and a strategy that distributes spatial discretization and interpo-
lation errors in such a way that the spatial accuracy obtained is comparable to the
spatial accuracy on the finest grid if this grid would be used without any adaptation.

Section 2 is devoted to the problem class we concentrate on. In Section 3 we
introduce the tools and the formulation for the multilevel LUGR method. In Section
4 we discuss the maximum-norm stability of this method. We prove an uncondi-
tional stability result which is closely related to a maximum-norm stability result of
implicit Euler when applied on a single space grid. Section 5 is devoted to the error
analysis. In this section we investigate the total local error with its component parts.
Furthermore, here we introduce the refinement strategy underlying the so-called
refinement condition. This condition enables us to control the contribution of the
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interpolation errors in favor of discretization errors. Due to this condition, we are
able to prove a convergence result as if we are working on a single, fixed grid. We
further elaborate on this condition in Section 6 where we show how to implement it
for practical use. A numerical illustration of the error analysis is given in Section 7.
The numerical results found here are in complete agreement with the analysis.
Finally, Section 8 briefly discusses our future research plans.

3.2. THE PROBLEM CLASS

Following the method-of-lines approach [12], we consider a real abstract Cauchy
problem

u=L(t,u), 0<t<T, u(g,O):u"(f), (2.1)

where L represents a second-order partial differential operator which differentiates
the (possibly vector valued) solution u (x,t) to its space variable x in a space domain
Q in IR, IR? or IR®. Boundary conditions are supposed to be included in the
definition of L.

With (2.1) we associate a real Cauchy problem for an explicit system of ordinary
differential equations (ODEs) in IRY,

%U(t)zF(t, U), O0<t<T, U0)=U°, (2.2)

which is defined by a finite-difference space-discretization. Thus, U and F are vec-
tors in IRY representing grid functions on a space grid ® covering the interior of the
space domain. Each component of U and F is vector valued if u is vector valued.
The dimension d is determined by the spatial dimension, the grid spacing, and the
number of PDEs in (2.1). F' is determined by the type of grid, by the actual finite-
difference formulas and of course by the precise form of L and its boundary condi-
tions. Note that boundary values have been eliminated and worked into the ODE
system. In the following, our method description and analysis are centered around
this system.

Next we introduce some notations and assumptions needed for further specifying
(2.1) and (2.2). The symbol ||.|| denotes the maximum norm on the vector space IR?
or the induced matrix norm. Throughout our analysis we will deal only with the
maximum norm. The symbol u[A ] denotes the logarithmic matrix norm of the real
d X d matrix A = (a;;) associated with |||}, i.e.,

U[A] = max; {(aii+2j¢i|aij|)}~ 23)
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u[A] is a useful tool in the stability analysis of nonlinear, stiff ODEs and semi-
discrete PDEs [4]. In this analysis, the structure of the Jacobian matrix
F'(1,m) = 9F (1,m)/0m plays a decisive role.

We are now ready to list our assumptions we make in further specifying (2.1) -
(2.2). These assumptions are concerned with, respectively, the class of PDEs (2.1),
the smoothness of u, the choice of spatial grid and actual finite-differencing, and the
stability of the semi-discrete system (2.2):

(A1) The LUGR method is applicable in any number of space dimensions. Fol-
lowing [13], we concentrate on the 2D case, while Q is supposed to be the unit
square. With minor changes € is allowed to be composed of a union of rectangles
with sides parallel to the co-ordinate axes. In fact, as we will see later, refined grids
normally are of this shape. In what follows, we will mostly use the notation u (x,y,1),
rather than u (x,1).

(A2) The solution u of (2.1) uniquely exists and is as smooth as the numerical
analysis requires. Specifically, for our purpose it suffices that, u is a C 2_function in ¢
and a C*-function in (x,y).

(A3) We will invariably use uniform space grids. Our base grid thus can be writ-
ten as

o={(x, y):xi=ih, 1<i<M-land y;=jh,, 1Sj<SN-1}, (24

where h, = 1/M, h, = 1/N and M, N are positive integers. The spatial differencing
on o is supposed to be based on three-point formulas of second-order consistency.
As a rule, we use central differencing conditions involving first-order derivatives,
the one-sided three-point formula is used.

(A4) A constant v exists such that p[F ’(t,n)] <vforallte (0,T],n € IR? and all
grid spacings. Like (A1) and (A2), this assumption involves a restriction on the class
of PDE problems. Of course, they are made only for the sake of (model) analysis.
The LUGR method remains applicable in situations where these assumptions do not
hold or cannot be verified. On the other hand, for interesting classes of operators,
such as the scalar, nonlinear parabolic operator

L(t,u) = f 1 (t’xvy’u’ (P 1 (t-:x’y)ux)_‘,) + f2(t’x’y’u’ (Pz(tsx’)’)uy)y), (25)

with standard restrictions on f; and p;, one can prove the existence of a constant v.
The inequality W[F (#,m)] <V is to be interpreted as a stability condition, both
concerning the ODE system (2.2) and its implicit Euler discretization

Ur=U""'+1F@,, U", n=12,.., (2.6)

where T=1, —t,_; is the step size and U" is the approximation for U(t,). This ine-
quality enables us to formulate the following, powerful stability result for implicit
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Euler. Consider the perturbed form
U =0"" +1F@t,, U +r", n=12,.., 2.7

p ; . ~p-1 =~ . -
where r" is an arbitrary local perturbation and U ! , U " are perturbations to U”" L
U". Then

1
1-1v

10" - i< 0" = v =12, 28)

for all ©> 0 satisfying Tv <1 [4]. Since v is independent of the grid spacing, this
stability inequality is valid uniformly in A, and h,. For v =0 we have contractivity
for all T> 0, while for v <0 we even have damping for all T>0. A result closely
related to (2.8) will be derived in Section 4.

3.3. THE IMPLICIT EULER LOCAL UNIFORM GRID REFINEMENT METHOD
3.3.1. Outline

Although its elaboration readily becomes complicated, the idea behind LUGR is
simple. Starting from the coarse base grid covering the whole domain, finer-and-
finer uniform subgrids are created locally in a nested manner in regions of high spa-
tial activity. These subgrids are created by bisecting sides of next coarser grid cells.
A new initial-boundary value problem is solved at each subgrid, and the integration
takes place in a consecutive order, from coarse to fine. Each of these integrations
spans the same time interval. Required initial values are defined by interpolation
from the next coarser subgrid or taken from a subgrid from the previous time step
when available. Internal boundaries are treated as Dirichlet boundaries and values
are also interpolated from the next coarser subgrid. The generation of subgrids is
determined by the local refinement strategy and is continued until the spatial
phenomena are described well enough by the finest grid.

During each time step the following operations are performed:

(1) Integrate on coarse base grid.

(2) Determine new finer uniform subgrid at forward time.

(3) Interpolate internal boundary values at forward time.

(4) Provide new initial values at backward time.

(5) Integrate on subgrid, using the same step length.

(6) If the desired accuracy in space is reached go to 7, else go to 2.
(7) Inject fine grid values in coinciding coarser grid points.

Thus, for each time step, the computation starts at the coarse base grid using the
most accurate solution available, since fine solution values are always injected in
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coinciding coarse grid points. Moreover, all subgrids are kept in storage for step
continuation.

We consider the use of uniform grids attractive because uniform grids allow an
efficient use of vector-based algorithins and finite differences on uniform grids are
faster and more accurate to compute than on nonuniform grids. In this respect the
current approach is to be contrasted with pointwise refinement leading to truly
nonuniform grids. Pointwise refinement techniques also require a more involved
data structure (Ewing [5]). On the other hand, with the LUGR method, there are
nodes that exist on more than one grid at the same time, meaning that at these nodes
integration takes place more than once during one time step. Hence, the total
number of nodal integrations needed will be larger than on a comparable single,
nonuniform grid.

In [2,3,7,11] LUGR methods are examined based on noncellular refinement and
truly rectangular subgrids which may rotate and overlap to align with an evolving
fine scale structure. We avoid these difficulties. Our local subgrids do not overlap,
they may be disjunct, they need not be rectangles, and the actual refinement is cellu-
lar.

3.3.2. The mathematical formulation

LUGR methods solve PDEs on the whole domain at the coarsest grid only and on
a part of the domain at finer subgrids. Our method can be interpreted as a sequence
of operations on vectors in IRY with varying dimension d. The dimensions are time
and level dependent because the number of nodes changes per level of refinement
and per time step. This constitutes a problem for the formulation of the method. To
bypass this difficulty, the fine grids will be expanded so that they cover the whole
domain. The dimensions are then fixed per level of refinement, which facilitates the
derivation of a concise mathematical formulation. We emphasize that this grid
expansion is auxiliary. In actual application only part of the expanded higher-level
grids is processed.

Suppose that for a given time interval [0,7] and a given base grid, [ levels are
needed to describe the spatial activity of a solution sufficiently accurately when
integrating over the entire time interval [0,T]. Introduce for k=1, -,/ the
expanded uniform grids

o = {(x, y)): xi = ihey, 1<i<2'M—-1 and (3.1
yj=jhyp 1< j<20IN-1},

where N and M are the same integers as in (2.4) and A, = h,/2*"', hy, =h, /2"
Note that for k = 1 the base grid ®; = ® given by (2.4) is recovered. ' »

Let the generic notation for a grid function 1| defined at w; be N, and let S; denote
the space of these grid functions. We then denote the semi-discrete system con-
sidered in S; by
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%Uk(t) =F,(t,Uyt), O0<t<T, Uy 0)=UY. (3.2)

Note that due to the grid expansion, only a part of the components of the ODE sys-
tem (3.2) is integrated for k>1 in reality.

We are now ready to formulate the implicit Euler LUGR method. The following
formula defines the time step from step point 7,,_; to t, for [ levels of refinement:

Ut =R, U™ +1F (1, UY), (3.3a)
Ui = D} [RRU} ™" + tF(t,, UD+U — DY) [Pe_ Up_y + b}, (3.3b)

for k=2,....,1, where

U} € S} is the approximation to u at @ att =1t,,,

Ii: Sx—S is the unit matrix,

Dj: S;—S; is a diagonal matrix with entries (D7});; either unity or zero,
Ry: §;—5; is the natural restriction operator from w; to

Py _1x: Sg_1—S) 1s an interpolation operator from ®;_; to

bi € S contains time-dependent terms emanating from the boundary 0Q.

Specifically, the nonzero entries of D (2 < k <) are meant to determine that part of
@, where the actual integration takes place. This integration has the fine grid solu-
tion D{R, U} ™" as initial function and is defined by

DU} = D} [RR U + tF(t,, UD], k=2,....1. (3.4)

The definition of D is provided by the refinement strategy. For the time being there
is no need to further specifying D}. Note that the nesting property of the integration
domains is hidden in the precise definition of the matrices D}. The interpolation
step is defined by

(I, = D)UY = — DY) [P Uiy + 7], k=2,...,1, 3.5)

where the grid function b} contains various time-dependent terms occurring in phy-
sical boundary conditions. We need to include b} because physical boundary condi-
tions have been worked into the semi-discrete system. For the analysis in the
remainder, b} plays no role whatsoever.

The formulation (3.3) automatically comprises the interpolation of boundary
values at grid interfaces. This follows directly from the observation that for nodes at
grid interfaces, the associated diagonal entry of D} is zero (there is no integration at
grid interfaces). Further, we note that (3.3) implies an order, (3.3a) is carried out for
the coarse base grid and (3.3b) for k=2,....,/ successively. Having done this, the
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updating will take place, meaning that U} is replaced by R, U} from k=[-1 to 1.
After this we move on to the next time step. Recall that, due to the grid expansion,
in (3.3) the interpolation is carried out for all nodal points outside the integration
domain of w;. This enables the stability and convergence analysis to be carried out
for the spaces S;. However, in actual application interpolation only takes place at
the local subgrids. In Section 6.2 it is shown that this does not interfere with the
analysis.

3.4. STABILITY ANALYSIS
3.4.1. Preliminaries
Consider, on the analogy of (2.7), for n=1,2,...., the perturbed scheme
Uy =R, Uy +7F, (1, Uy + 77, (4.1a)

~n ~n-1 ~n
U,=D} [RyU, +1F(t,, U+ (4.1b)
(I = D) [Pe_yUg—y + b1+ 1%,

for k=2,....,I with local perturbations r}, and introduce the errors e} = UZ - Uj, for
k=1,.....I. To shorten the formulas, we introduce the auxiliary quantities e, D' and
Py, where ef =0 € S, D} is the unit matrix /,, and P, is the zero matrix. Then,
by subtracting (3.3) from (4.1), we get

Ziel =D{Ryel ™" + (I, — DP)Py_yeiy +ri, 4.2)

R=L2, s K=lisunl

where Z} = I, — DM} and is M} the integrated Jacobian matrix

1 ,
¢ = [F(t,, OUL + (1 - 0)U})dO (4.3)
0

which results from applying the mean value theorem for vector functions.
Assuming Z} to be nonsingular, we can rewrite (4.2) as

el =XBel  +T2e 1 #4L, n=12u3 k=liausl, (4.4)

with
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Xi =@y "I, - DHP_u
I} =(Z2) ' D}Ry, (4.5)
oF =)'

Note that X =0 and that the operators X}, I'; are associated, respectively, to the
interpolation and restriction. We can rewrite (4.4) to the standard form

el =Glel '+, n=1,2,....; k=l,..l (4.6)

where the amplification operators G} and the local perturbation terms 7 are defined
by a recurrence relation:

Gi =T7, @.7)
G =X} G}, +T%,  k=2,..,1,
Vi =07, (4.8)

yi=XEyio + 08, k=2,...,L

The error recurrence (4.6) describes the error propagation for all refinement levels.
The main interest lies in the operator G} and the local perturbation W7, since coarse
grid values are always updated by fine grid values. In (4.6) this is reflected by the
presence of e} .

The stability of the implicit Euler method in the above is contained the following
lemma:
LEMMA 4.1. Let v be the logarithmic norm value defined in assumption (A4) of Sec-
tion 2. Then,

NzH'| <

, vV 1 k=1 4.9
I—1v we (4.9)

1 , Viv<1lifv>0,
NZH'<s 1-1v k=2,..,1
1 , V1>0ifv<0,

PROOF. The result for k=1 is standard since D7 is the unit matrix (see [4], p-46). The
premultiplication of M} for k>1 with D} has the effect that either entire rows of M}
are put to zero, or are left unchanged. From (2.3) we then can immediately deduce
that for v > 0 the bound (1 —tv)~! still holds, whereas for v < 0 the zero rows intro-
duce the bound 1. [J

Observe that the replacement of the bound (1 —tv)™! by the bound_1 for v <0
implies that in this case we do no longer exploit the damping property of implicit
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Euler. For the analysis to follow this is no restriction since we are here merely
interested in proving stability and convergence results. Specifically the stability
result we are going to prove is not dependent on the damping in implicit Euler. To
shorten derivations, we first make another assumption.

(AS) The logarithmic norm bound v from (A4) in is nonpositive. Hence we res-
trict ourselves to dissipative problems. This is not essential; results obtained for v<0
can be extended to the case v>0 by inserting (1 —tv)™' for the bound 1 any time the
stability inequality [|(Z})™']| < 1 is used.

3.4.2. Stability and linear interpolation

In this section we will prove a general stability result for the multilevel adaptive
grid method (3.3) that is similar to the stability result (2.8) for the Euler method
applied without adaptation.

THEOREM 4.2. Let v<0 according to (A5) and suppose that linear interpolation is
used. Then, for all T>0 and all n>1,

NGk <1,  k=1,...L (4.10)
k
il < I, k=100, 4.11)
j=1
1
llell < lle? =11+ X Irell- (4.12)
k=1

PROOF. Inequality (4.12) is a trivial consequence of (4.10) and (4.11). Let us first
prove (4.10). This is done by induction with respect to k. Suppose [|G;_; || < 1. From
(4.7) it follows that

G = IXEGiy + TR = Zk - ) @RIl < Q%I (4.13)

where Q% = (I — Di)Py_1kGi-1 + DiRy.
Consider the i™ row of this operator. Suppose (D});; = 1. Then

ZI(QZ),-,-I =Y IRl =1, (4.14)
J J

by definition of the restriction operator Ry. Next suppose (D}); = 0. Then

1O = XN Pr-ikGi-1)ig | SIP_ i GEall S WP ulllGE < 1, (4.15)
J J

by virtue of the induction hypothesis and the norm
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[1Pe—iell = 1 (4.16)

of the linear interpolation operator P;_;;. Combining (4.14) and (4.15) gives ||Q% 4 |l
and inequality (4.10) now follows from (4.13). The induction proof is finished if we
can prove that ||G7||< 1. This follows immediately from the observation that
Gi =T =(Z}) "Ry

There remains to prove (4.11). We have |[o%|| < |IrZ]l. It then follows from (4.8)
that

Il < XMz -+ Nkl (4.17)

so that we are finished if we can prove that ||X}|| < 1. This is trivial due to (4.16) and
My - Dill=1.0

The inequality (4.12) is the counterpart of the inequality (2.8). We may conclude
from Theorem 4.2 that when implicit Euler is stable and we interpolate linearly, our
multilevel adaptive grid method (3.3) retains stability of implicit Euler through the
bound ||G}|| £ 1.

3.4.3. Stability and higher-order interpolation

A drawback of linear interpolation is its limited accuracy. In a genuine applica-
tion it might well be preferable to use higher-order interpolants (in [13] we have
successfully used fourth-order Lagrangian interpolation). Unfortunately, in that
case we must have ||P,_;|]|>1 so that we are not able to prove the results of
Theorem 4.2 when following the above method of proof. If ||P,_i || > 1, then it is
possible to prove (a constrained form of) stability by introducing an additional con-
dition that underlies the intention of interpolating exclusively in low-error regions.
Unfortunately, this condition turns out to be of no direct practical use. On the other
hand, numerical evidence suggests very strongly that those higher-order interpolants
do not cause genuine stability problems in real application. We believe we owe this
to the fact that the method interpolates in low-error regions, so that, loosely speak-
ing, this condition is satisfied implicitly.

3.5. ERROR ANALYSIS

We will present a detailed examination of the local error. From this we deduce the
refinement condition which henceforth underlies the refinement strategy. This condi-
tion enables us to control the contribution of spatial interpolation errors in favor of
spatial discretization errors. Due to this condition, we can prove a convergence
result as if we are working on a single, fixed grid. Specifically, it will be shown that
the usual convergence behavior applies and that the accuracy obtained is compar-
able to the accuracy obtained on the finest grid if this grid would be used without
any adaptation.
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3.5.1. The local level error

Let u(t) denote the pointwise restriction of the true solution u (x,y,?) to . Con-
sider (4.1). By replacing all U-values by associated u,-values, the local perturbation
r# becomes the local level error at grid level k. For convenience, we will denote this
error also by r}:

i =ul — D} [Ryuf™" +TF (1, ui)] - (5.1)

(Ik —D;(l) [Pk,lkui',l + b;:], n=1,2,.... : kzl,....,l,

where u} = u,(t,) and P, u, b} are auxiliary and put to zero; ri contains the fol-
lowing local error components, the local spatial error induced by the finite-
difference approximation, the local temporal error of the implicit Euler method, and
the interpolation error. We first discuss these different components. They are defined
in the standard way by,

oy (t) = %uk(t) — Fi(t,u (1)) (spatial discretization error) (5.2)
Br(r) = ur (1) — uy (1 =1) — ‘c%uk(t) (temporal error) (5.3)
Ye(t) = up(t) — Py_jxug 1 (1) — by (¢)  (interpolation error) (5.4)

The grid function by (¢) in (5.4) has the same meaning as by in (3.5). In the follow-
ing, we assume without loss of generality that &, ;, = hy; = k. In view of assump-
tions (A2) and (A3) made in Section 2, we have

()= O0hp),  h—0, (5.5)

with order constants determined by higher-order spatial derivatives of u and by PDE
operator quantities. Likewise, (A2) implies By(r) = T*C; where C;, = — Yad’w/dr*
evaluated at a time r+(xk—1)T,0< k< 1. Ifuisa C3-function in f, then

2
Bu(t) = — %Tzi—zuk(t) +0(1), 150, (5.6)

Let g denote the accuracy order of the (Lagrangian) interpolation. Then
W@ =0hD, k=2,..1, (5.7)

and here the order constants again depend exclusively on higher spatial derivatives
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of u, assuming sufficient differentiability. If linear interpolation is used, then
assumption (A2) implies g =2 and second-order spatial derivatives determine the
constants.

Now, using the relation u} ' = R, u} " for k=1,...,I, we can derive

ri=D{(to + B+, —DOY:, n=1,2,...; k=l,...1 (5.8)

Note, by definition of D}, that D}(ta} + Bf) is the restriction of the usual local
discretization error Tof + B} to the integration domain of the grid ,, while
(Iy — D)k represents the restriction of the interpolation error Y} to the complement
of this domain.

3.5.2. A crude global error bound

Denote the global discretization error by e} =u} — U} and suppose e = 0. For
any choice of D} the consistency results (5.5) - (5.8) imply

=0+ 01+ Ohd). (5.9)

If we now suppose linear interpolation and assumption (A5), then application of
(4.12) yields

el < lle? " N+ US™ I < WS M+ oo +1S™M,  n=1,2,...., (5.10)

where [|S”]| = O (th}) + O (%) + O (h?}). Here the coarsest mesh width occurs due
to simply adding all normed local level errors in (4.15), including ||r}||. Following
standard practice we thus obtain at any fixed time point 7z, =nT the global error
bound

2
IIe?’IISClr+C2h2+C3hT, (5.11)

where h =h,, and C,, C,, C; are positive constants independent of step size and
mesh sizes.

The first two terms are due to the temporal integration and spatial discretization.
They will vanish if mesh sizes and step size tend to zero independently of each
other, thus reflecting the unconditional convergence of the method when applied
without adaptation. On the other hand, if no relation is imposed between T and A,
then the third term can grow unboundedly as T, 4 — 0. This term is due to the inter-
polation. Hence, even though we have stability and consistency, this result shows
that unconditional convergence cannot be hoped for. Fortunately, this conclusion is
not as bad as at it looks. By not specifying the matrices D} and, subsequently, by
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adding norms of the local level errors, we have simply supposed arbitrary integra-
tion domains at all levels of refinement. This must lead to a crude error bound like
(5.11). In application, the computations should be organized in such a way that the
interpolation only takes place in low-error regions so that the interpolation error is
virtually absent. This poses the task of setting up a precise error analysis and the
design of a local refinement strategy aimed at a suitable selection of the matrices
Dj}.

3.5.3. Local and global errors

According to (4.6), the global error e} satisfies the recurrence relation
ef=Glel vyl n=1,2,..; k=l...l (5.12)
where 7} is the local error defined by the recursion (cf. (4.8), (4.5))

=@, (5.13)
Wi =X +Z07 Y, k=2,

The operators G}, X} and Z} are supposed to be redefined (replace all U-values by
associated u;-values). Note that y} is essentially different from the local level error
r}. While r} is associated to the single k™ level, Wy} is associated to all levels up to
this k™ level according to (5.13). This recursion governs the propagation of each
local level error when introducing higher-and-higher levels. Elaborating it gives, for
k=1,...1,

Kk j+l
vi =S (IXH @' (5.14)

j=1 i=k

Next we split y} into its temporal and spatial part denoted by, respectively, Wk , and
Wis

Vi=Wi Wk k=1Ll (5.15)

and it follows from (5.8) that y} , and Wy} ; are given, respectively, by

kj+1

vi = S (IXH @) ' D1 (5.16)
j=1 i=k
ko j+l

vi, = SIXH @) ' D)o + ;= D)} (5.17)

j=1 i=k
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Let us first examine W7 ,. Since B} does not depend on mesh sizes, we have
B% =RyPB]. Substitution into (5.16) then yields

ko j+l1
i = SIXH @) DR} (5.18)
j=1 i=k

and we see that this operator is just the amplification operator G} featuring in (5.12);
see the recursion (4.7). In conclusion, y} , satisfies

Vi =GiBr,  k=1,..,L (5.19)

We next examine 7} ;. Using the definition of X} given in (4.5), we rewrite (5.17)
as

k-1 j+l
Vi =@ (I -DHP i ST XD *
j=1 i=k-1
@' [tDhal + ;- DY + (5.20)

(Z3) ' [tDog + (U = DY

=@ 'tDraf + (I = DR, k=1,.....1,
where
Pk =Yk + P_uWi-15»  k=2,....1, (5.21)

and p{ =0. In (5.20) the spatial local discretization error D;o; committed on the
integration domain of grid ; is separated from the spatial local error part
(I, — D})p} defined outside this domain. Hence, p} collects all spatial error contri-
butions defined on the grids w; (1 < j <k-1), including discretization error oj and
interpolation error Y, together with v} on w;. This separation enables us to formu-
late a refinement condition which ensures that when a new grid level is introduced,
the spatial local accuracy outside its integration domain will be smaller than or equal
to the spatial accuracy on the integration domain itself. This distribution of local
space errors is desirable, as we never return to grid points lying outside a current
integration domain.
The refinement condition constraints the matrices D}, and is taken to be

n\— 1 n\— n n
I(Zi) " Dol 2 :II(Z;() " -DHpill,  n=1,2,..; k=2,...I, (5.22)
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where ¢ >0 is a parameter specified in Section 6. If (5.22) is true, then all errors
Wi satisfy

W2l < A+IZ2) " tDRaf (5.23)

and combining (5.12) with (5.15), (5.19) enables us to present the global error ine-
quality

lleZll < IGENlle? I + IGEBEI + (1+c)I(ZE) " tDRafl, (5.24)
n=1,2,....; k=1,....,L

The importance of the refinement condition (5.22) is reflected by the fact that in
(5.24) the interpolation error contribution has been removed. This is in agreement
with our goal of developing a local refinement strategy that generates refined
subgrids such that the accuracy obtained on the final finest grid is comparable to the
accuracy obtained if this finest grid would be used without adaptation. We will
further elaborate on condition (5.22) in Section 6. Note that it suffices to consider
(5.22) only for k=I, since it suffices to consider (5.23) and (5.24) for k=[.

3.5.4. Convergence and linear interpolation

Assuming linear interpolation and assumption (AS), as in Section 5.2, (5.24) can
be rewritten as

lleZll < llef ="+ 1Bk + (+e)tllokll,  n=1,2,...5 k=l,..,L.  (5.25)

Hence, following the same derivation as carried out for (5.11), for the highest level /
the global error bound

llefll < C T+ Co(1+c)h7 (5.26)

results where C| and C, are positive constants independent of step size and mesh
sizes. This bound is unconditional in the sense that it assumes no relation between
step size and mesh sizes and, according to our goal, the smallest mesh width A,
occurs. We have recovered an error bound similar to the standard error bound for
implicit Euler when applied on a single grid.
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3.5.5. Convergence and higher-order interpolation

As pointed out in Section 4.3, for the case of higher-order Lagrangian interpolants
a powerful stability result like that of Theorem 4.2 are not available. However
assuming that higher-order interpolation in low-error regions does not severely dam-
ages stability, as is strongly supported by our practical experience, it is natural to
impose the refinement condition (5.22) also in the case of higher-order interpolation.
Note that in the derivation of (5.22) no a priori choice was made for the interpolants.

3.6. THE REFINEMENT CONDITION
3.6.1. Determining the integration domains
Condition (5.22) needs first to be elaborated into a workable form before it can be

implemented for determining the integration domains. To begin with, we rewrite the
error py as

k=1 j+1
Pl =Y+ P L ([T XH (Z) "D} + 6.1)
j=1 i=k-1
k=1 j+l 1
P X (TT XD (Z) U —-DYyj, 2<k<l
Jj=2 i=k-1

Next, we rewrite the first sum as

k-1 j+1
P S (CTI XD (@) ' D%t = Py (Z7_y) "D} oy + (6.2)
j=1i=k-1
k-1 j+l :
Py XTI XH@)7'U; - DYP; 4 (Z5) D) o)y,
Jj=2 i=k-1

and substitute this expression into (6.1). It then follows that p} can be written as

k-1 j+1
PL=M+ P LT XD @D7'U; =DPAY,  k=2,.....1, (6.3)
j=2 i=k-1
where
M=Yi+P (Zi_ )" D oy, j=2,...1 (6.4)

The error function A’} contains the interpolation error at level j and the prolongation
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of the spatial discretization error of level j—1 to level j. The derivation now rests
upon monitoring the error (Z})"' (I, — D})p} occurring in (5.22) through monitoring
all errors (I; — D'})A}, j<k, occurring in (6.3). The idea is to select the matrices D';
such that the error functions (I; — D'))A} become sufficiently small. This makes
sense because if C5, C, are stability constants such that

j+1
NzH'N<cs I TT X< Cy, (6.5)
i=k—1
then
Wz = DRIl < (6.6)

C3(1 + ||1Py_pill(k=2)C3Cy) maxycj {III; — D;'»)K'j-ll}.
Hence, if for k=2, ....,1 the matrices D} are selected such that
C3(1 + IPe_iill(k=2)C5 C4) maxac < {I; = DDA} < cl(Zi) ' Dokl (6.7)

then the refinement condition (5.22) is satisfied.

In general, the stability constants C3 and C,4 are unknown. However, if the dissi-
pativity assumption (A5) is satisfied, then the constant C5 < 1. Furthermore, if we
use linear interpolation, then (4.16) applies and also C, can be put equal to one, so
that (6.7) simplifies to

c
k-1

maxye;< {I(Z; — DA} < Wz 'tDjofll,  k=2,...L  (6.8)

If assumption (A5) does not hold or higher-order interpolation is used, then C5 and
C, may be larger than one, but not with a considerable extent. C shall in general be
of moderate size in view of the excellent stability behavior of implicit Euler. Our
practical experience with fourth-order Lagrangian interpolation is that higher-order
interpolation is unlikely to yield instability problems, thus indicating that also ||XZ]],
and hence C,, are of moderate size. That is why we proceed with (6.8) and also to
use it in situations where (A5) may be violated and/or higher-order interpolation is
used.

In application it suffices to impose (5.22) for k=l only, so that (6.8) can be
replaced by

n n c = neAn
maxyq g {11l = DAL < HII(Z') "D} o (6.9)
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In order to satisfy this condition, estimates of A} have to be computed. Therefore, to
create an extra safety margin, we replace (6.9) by the slightly more conservative
condition

I, = DOTEN S —— Iz wDf ol k=2,.....L (6.10)
-1

where, per component, {} is defined as
€0 = 1| + 1P (Zi) ™ DR o) |- (6.11)

Condition (6.10) will determine the integration domain of ;. Let Q} be this
integration domain and recall that when a node belongs to €, the corresponding
diagonal entry of D} is equal to one and zero otherwise. Suppose that the maximal
level number / and ¢ (I-1)"'||(Z})""tD}a}|| are known and that a solution at Q}_;,
k<l, has just been computed. Prior to the integration step on level k, our task is then
to determine Qf. That is, we must define D} such that (6.10) is satisfied and in such
a way that the area of Q} is as small as possible. The actual selection of Q} is car-
ried out by a flagging procedure which scans level-k grid points. A point is flagged
if, using appropriate estimates,

€o; > ﬁn@;')-‘w;'a?u. (6.12)

Hence, for such a point the corresponding diagonal entry (D%); =1 and for non-
flagged points we define (D}); =0. This way the refinement condition (6.10) is
satisfied.

In conclusion the solution at a node of grid , is interpolated only if a
corresponding component of £} is smaller than the maximum of the spatial discreti-
zation error at the finest grid multiplied with tc(/—1)"'. Otherwise integration is car-
ried out at this node. No doubt this imposes a severe restriction on the size of the
interpolation errors. On the other hand, this restriction is natural because when going
to a higher level within the current time step, we never return to a grid point where
the solution has been interpolated which means that the interpolation error will be
carried along to the next time step. The fact that we do not return is a direct conse-
quence of the nesting property of the integration domains, which we discuss next.

3.6.2. Restricted interpolation and the nesting property

We now introduce the nesting property of the integration domains. Recall that this
property, being hidden in the definition of the matrices D}, has played no role in the
foregoing analysis. We stipulate that in application the nesting is enforced by the
flagging procedure, in other words, this procedure scans only level-k points lying
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within the previous integration domain Qf ;. A direct consequence is that, different
from (3.5), the interpolation is carried out only for level-k points within Q} ;. Here
we will justify the deviation due to this restricted interpolation. We argue that the
restricted interpolation is in fact allowed by the inequality (6.10) where interpolation
over the whole of wy is still assumed.

Consider the error (Z7_, ) 'tD}_, 0f_;. This spatial error is defined at level k—1
and, by definition of D}_;, has zero components outside €2;_,. Hence, all its pro-
longated components are taken into account in the flagging procedure for determin-
ing QF. For the interpolation error Y;,which lives on the whole of ®, (grid expan-
sion), the situation is different. However, restricted interpolation is allowed if for all
level-k points outside Q}_;, the interpolation error satisfies

|(YD); | < l%u(z;')-'w?a,"n, (6.13)

because then points outside Q_; will not be flagged if the interpolation step (3.5)
would be carried out on the whole of w;. In other words, if (6.13) holds outside
Q}_,, then the integration domains found with the restricted interpolation over Qf_;
are equal to the domains found if the interpolation would be carried out on the
whole of ®;, which is in accordance with the method description (3.3).

The following argument shows that inequality (6.13) is very plausible with the
restricted interpolation procedure. First we recall that QF coincides with the entire
physical domain. Hence for k=2 there is no restricted interpolation so that for all
level-2 points outside €5 inequality (6.13) is trivially satisfied. Next consider the
case k=3. Now the interpolation is restricted to level-3 points within Q7. Since for
all level-2 points outside Q5 inequality (6.13) is satisfied, we are justified in suppos-
ing that this is also true for all level-3 points outside 3, in view of the consistency
of the interpolation (level-3 interpolation errors are smaller than level-2 errors).
Further, by construction of %, (6.10) is satisfied for all level-3 points within Q7 and
outside Q7%, and so is (6.16). In conclusion, we may suppose that (6.13) is satisfied
for all level-3 points outside 25 when using the restricted interpolation for k=3. For
k=4 and so on this argument can be repeated.

3.6.3. Implementation aspects

On top of the flagging procedure implementing (6.12) some safety measures have
been built. Any node for which (6.12) is true is flagged together with its eight neigh-
bors. Next, to create an extra buffer, all sides of cells with at least one flagged
corner node are bisected. This means that a buffer zone of two mesh widths is used
around any intolerable node. Near boundaries, physical and internal ones, the
buffering differs slightly. Although in theory this buffering could be omitted, in
practice it is wise to create a buffer zone around intolerable nodes because the esti-
mation of higher spatial derivatives contained in o} and 7y} is prone to inaccuracies.
After the flagging procedure, a cluster algorithm groups all untolerable nodes
together to form the newly defined integration domain.
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The parameter ¢ in (6.12) must be specified. In view of result (5.25), ¢ should be
taken small so that the spatial accuracy obtained is indeed nearly equal to the spatial
accuracy obtained without adaptation. In fact hand, the smaller ¢, the more points
will be flagged and hence the safer the local refinement will be (c=0 implies global
refinement). On the other hand, when c is too large, the situation can occur that the
space errors are large and refinement is neccessary but no nodes are flagged because
(6.12) is satisfied at every node. Hence, c is available as a tuning parameter. In the
experiments in Section 7 we have simply put c=1.

Estimates of spatial interpolation and discretization errors are required. For 2<k </
we must estimate the interpolation error ¥} and the prolongated spatial discretization
error Py_ . (Z?_)'D}_,; a}_,. Further, an estimate of the spatial discretization error
(Z})'D}o committed at the final /™ level must be available at all lower levels.
Because we use local, uniform grids, the estimation of these errors can be realized
cheaply and easily. Consider the error af (cf. (5.2)) and let p be the order of con-
sistency (in this paper p=2). The estimation we apply is based on the use of a
second spatial discretization operator F of a higher-order p. After some elementary
calculations we obtain the following approximation

0 = Filty, u(t,)) — Fy(tn, ug(t,)) (6.14)

as an asymptotically correct estimator for o;. The benefit of using uniform grids
now lies in the fact that F' is easily constructed. At internal nodes our F provides
fourth-order accuracy (standard symmetrical differences), while at nodes adjacent to
physical or internal boundaries third-order accuracy is realized (standard one-sided
differences). The benefit of using uniform grids is also reflected in the estimation
for the error y; (cf. (5.4)). So far we have implemented Lagrangian interpolation of
second (linear) and fourth order. For the second-order interpolation we need to esti-
mate spatial derivatives u,,, etc., while in the fourth-order case spatial derivatives
like u,,,, appear. For both cases the estimation is straightforward.

We emphasize that, in spite of its simplicity, linear interpolation may become
disadvantageous due to the low order of accuracy. Inspection of the various terms in
(6.12) suggests to compare the following order relations:

WP u(Zi ) ' Diy o y); = O (thy), (6.15a)
Iz "tD}of |l = O (thi), (6.15b)
(Y); = O(h?), second-order linear, (6.15¢)
(Y0)i = O(h}), fourth-order Lagrangian. (6.15d)

In the discretization terms the step size T is contained. Consequently, it is the inter-
polation error that may will govern the refinement if T is very small, and particularly
so when the interpolation is linear. The comparison is clearly in favor of the fourth-
order interpolation.
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To estimate the right-hand-side term (ZH ' Dot of (6.12) for 2<k<I—1, we
exploit the asymptotics. Since the mesh width of level k is half that of level k+1, we
thus invoke

WZH ' Diafl| =27 PPNz Dioll,  12k+1, (6.16)

for k=1,2,.... . In theory it suffices to do this only for k=1, but since for larger values
of k this estimation will become more and more accurate, it is done for every k.

Finally, we make a few remarks about the approximations (6.14) and (6.16). Our
method, like every other adaptive grid method is designed to solve PDEs with steep
solutions. Yet (6.14) and (6.16) underlie asymptotics, which means that they are
only accurate if the solution is sufficiently smooth on the grid in use. This consti-
tutes a problem for LUGR methods, because these methods estimate errors on
coarse grids. Nevertheless, if in practice the estimated error is not that accurate, it
might still give an good indication of where the spatial error is large and where it is
not and, specifically, the estimated error might still be in more or less the same order
of magnitude as the exact error, in which case the implemented refinement strategy
based upon (6.14) will still work. In our experience so far this is indeed the case.
We believe this is due to the fact that estimation (6.16) is carried out for finer-and-
finer subgrids with an increasing accuracy which partly remedies the problem.
However, if solutions become very steep it may be necessary to improve the imple-
mentation of the refinement strategy.

3.7. NUMERICAL EXAMPLE

This section is devoted to an illustration of the foregoing error analysis. Our goal
here is to numerically illustrate that by imposing the refinement condition the usual
order behavior is recovered. At the same time, the spatial accuracy obtained is com-
parable to the spatial accuracy on the finest grid if this grid would be used without
adaptation.

3.7.1. The issue of implicitness

We use the implicit Euler method for time integration. In connection with impli-
citness, two points are worth mentioning. The first is that at any time step
refinement takes place at different levels, resulting in a different Jacobian per level
whose order usually varies. This impedes the profitable use of old Jacobians (like in
sophisticated stiff ODE solvers), unless it is decided not to adapt grids at every time
step, but instead per prescribed number of steps. We consider this as part of an
overall strategy that can easily be placed on top of the existing one. We adapt grids
at every time step since our main aim with the experiments is to illustrate the con-
vergence analysis together with the refinement strategy. However, when dealing
with real applications, it is most likely to be more advantageous to omit adaptation
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at every base time step, just for efficiency reasons. The second point is that the Jaco-
bians do not posses a regular band structure, since the integration domains Q} nor-
mally have an irregular shape. Unlike the first, this point is intrinsic to the local
refinement method. In the experiments reported here the Harwell sparse matrix
solver MA28 has been used. This solver is well suited to cope with the structures we
meet, but is rather time consuming for the present application. It is likely that stan-
dard iterative methods can be applied at lower costs.

3.7.2. The example problem

This test example is hypothetical and due to [1]. The equation is the linear para-
bolic equation

U = Uy +uyy, + fxy,0), O<xy<l, >0, (7.1)

and the initial function, the Dirichlet boundary conditions for and the source term f
are selected so that the exact solution is

u (x,y,t) = exp[-80((x — r(1))* + (y — s (1))*)], (7.2)

where r(t) = V4 [2 + sin(nr)] and s (1) = ¥4 [2 + cos(mt)]. This solution is a cone that
is initially centered at ('2,%4) and that symmetrically rotates around (4,%2) in a clock-
wise direction with a constant speed. We have used this problem to subdue our
refinement method to a convergence test. Observe that the semi-discrete version of
this problem satisfies the dissipativity assumption (AS5).

3.7.3. Convergence experiments

We have carried out two identical convergence experiments. In the first linear
interpolation has been used and in the second, fourth-order Lagrangian. In both the
solution is computed four times over the interval 0<r<2, using a uniform 10 x 10
grid and a constant time step size 7. In the first computation /=1, in the second /=2,
and so on. Since per computation the smallest mesh width is halved, T is simultane-
ously decreased by 2° in view of the first order of implicit Euler. Hence, in line with
our analysis, per computation the maximal global error should also decrease by 22.

Table 7.1 shows the maxima of the global errors restricted to the finest integration
domain in use. This table clearly reveals the expected order behavior. The errors of
the /=4 runs are about a factor 4 smaller than the corresponding errors of the /=3
runs. Note that there is hardly a difference between the corresponding errors, show-
ing that, as anticipated by our strategy, the choice of interpolant has no notable
influence on the error. We emphasize that, in spite of the relatively large values for
T, the spatial error dominates the global errors shown in this table. For example,
using T=0.125 instead of T=0.5 in the /=2 run, the same global errors are found
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# of . . single t
T interpolation )

levels grid 0.50 1.00 1.50 2.00
2.00000 1 10x 10 0.16447
" linear 0.03876  0.03890  0.03891  0.03891
0.50000 fourth order 0.03929  0.03945 0.03946  0.03946
20 %20 | 0.03865 0.038381 0.03882  0.03882
. linear 0.01369  0.01369 0.01369  0.01369
0.12500 . fourth order 0.01376  0.01376  0.01376  0.01376
40 x40 | 0.01389 0.01389  0.01389  0.01389
i linear 0.00340  0.00340  0.00340  0.00340
0.03125 fourth order 0.00359  0.00359  0.00359  0.00359

80 x 80 | 0.00347 0.00347  0.00347  0.00347

TABLE 7.1. Maxima of global errors restricted to the finest domain.
Comparison with errors on a standard uniform grid.

(they deviate in the third or fourth decimal digit). In other words, conclusions on the
spatial error behavior induced by the local refinement algorithm can be drawn from
this table.

These results convincingly show, for the current example problem, that the use of
the refinement condition ensures that the spatial accuracy obtained is very much
comparable to the spatial accuracy on the finest grid if this grid is used without any
adaptation. Finally we note that the choice ¢=1 apparently has no influence on the
error. We owe this to the fact that the refinement condition has been derived from
errors bounds and is thus rather conservative.

The use of the two different interpolants is expressed in the slightly different
integration domains shown in Figures 7.1 and 7.2. As expected, at the higher levels
linear interpolation gives rise to somewhat larger domains. Showing that linear
interpolation is more expensive. As a rule, fourth-order interpolation is to be pre-
ferred as it leads to smaller domains. Note that for both interpolants the moving
domains accurately reflect the symmetric rotation of the cone, which once again
nicely illustrates the reliability of the implemented refinement condition with the
various estimators.
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FIGURE 7.1. Linear interpolation. Integration domains for the /=4 run at four dif-
ferent times. The size of the integration domains decreases only slowly with the
number of levels. This is due to the fact that the cone is not very steep. At the end
time 7=2.0 the number of nodes amounts to 121, 425, 813 and 1917, respectively.
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FIGURE 7.2. Fourth-order interpolation. Integration domains for the /=4 run at four
different times. At the end time r=2.0 the number of nodes amounts to 121, 425,
813 and 1361, respectively.
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3.8. FINAL REMARKS AND FUTURE PLANS

In our future research we plan to pay more attention to time-stepping efficiency.
Using the refinement strategy of this paper as a starting point, we plan to examine
the application of methods possessing a higher order in time. Natural candidates
belong to the class of Runge-Kutta methods. It should be stressed, though, that fully
implicit methods can only be of serious advantage if the numerical algebra issue can
be satisfactorily solved. In this connection splitting methods of the ADI and LOD
type (see [9]) may therefore provide an attractive alternative to fully implicit ones,
although they are usually less accurate in time. Another point of serious practical
concern is to apply methods not only using an a priori chosen number of levels, but
to have also the possibility to vary the number of levels. This might be useful for the
computation of solutions which, for example, steepen up in time like the combustion
problem in [13]. For such problems, the application of a variable number of levels
should be combined with the use of variable temporal step sizes. Preferably, the
complete adaptation then should be monitored by estimators of temporal and spatial
errors in such a way that there is a balance between the two which aims at minimiz-
ing the waste of computing time.
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Chapter 4

Runge-Kutta Methods
and Local Uniform Grid Refinement

R.A. Trompert and J.G. Verwer
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P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

Local uniform grid refinement (LUGR) is an adaptive grid technique for com-
puting solutions of partial differential equations possessing sharp spatial tran-
sitions. Using nested, finer-and-finer, uniform subgrids, the LUGR technique
refines the space grid locally around these transitions, so as to avoid discreti-
zation on a very fine grid covering the entire physical domain. This paper
examines the LUGR technique for time-dependent problems when combined
with static regridding. Static regridding means that in the course of the time
evolution, the space grid is adapted at discrete times. The present paper con-
siders the general class of Runge-Kutta methods for the numerical time
integration. Following the method-of-lines approach, we develop a mathemati-
cal framework for the general Runge-Kutta LUGR method applied to multi-
space dimensional problems. We hereby focus on parabolic problems, but a
considerable part of the examination applies to hyperbolic problems as well.
Much attention is paid to the local error analysis. The central issue here is a
‘refinement condition’ which is to underly the refinement strategy. By obeying
this condition, spatial interpolation errors are controlled in a manner that the
spatial accuracy obtained is comparable to the spatial accuracy on the finest
grid if this grid would be used without any adaptation. A diagonally-implicit
Runge-Kutta method is discussed for illustration purposes, both theoretically
and numerically.

published in: Math. Comp. 60 (202) (1993), 591-616

4.1. INTRODUCTION

Local uniform grid refinement (LUGR) is an adaptive grid technique for comput-
ing solutions of partial differential equations (PDEs) possessing sharp spatial transi-
tions. Using nested, finer-and-finer, uniform subgrids, the LUGR technique refines
the space grid locally around these transitions to avoid discretization on a very fine
grid covering the entire domain. In this paper we examine the LUGR technique for
time-dependent problems. Thus, typical solutions aimed at are those possessing
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sharp moving transitions, such as steep fronts, emerging layers, moving pulses, etc.
For time-dependent problems, LUGR is combined with static regridding. Static
regridding means that in the course of the time evolution, the space grid is adapted
at discrete times.

We consider Runge-Kutta methods for the time integration and, following the
method-of-lines approach, develop a mathematical framework for the general
Runge-Kutta LUGR method. We hereby focus on parabolic problems, but a consid-
erable part of the discussion applies to hyperbolic problems as well. The present
paper is a continuation of [12] which deals with the implicit Euler method. Here we
discuss how the ideas developed in [12] are extended to the general Runge-Kutta
case. Like in [12], much attention is paid to the local error analysis. The central
issue here is the ‘refinement condition’, which is to underly the refinement strategy.
By obeying this condition, spatial interpolation errors are controlled in a manner that
the spatial accuracy obtained is comparable to the spatial accuracy on the finest grid
if this grid would be used without any adaptation. Non-numerical subjects, such as
the data structure and the memory use, are not discussed here. These are the same
as in [11]. For related earlier work on LUGR methods, we refer to Berger and
Oliger (3], Gropp 6, 7], Arney and Flaherty [2] and references therein.

Section 2 is devoted to the method formulation. Here we develop the mathemati-
cal framework that enables us to give a concise description of the Runge-Kutta
LUGR method. In Section 3 we set up a general error scheme, which is further ela-
borated in Sections 4 and 5. Section 4 briefly addresses the stability issue, while
Section 5 is devoted to the local error analysis. Here we derive the important
refinement condition. Under a natural assumption on the Runge-Kutta method, we
next prove that the ‘uniform in h’ temporal order of the method is at least equal to
the stage order. Noteworthy is that Sections 3 - 5 apply to the whole class of
Runge-Kutta methods. As a result, the outcome of the analysis is of a general nature,
so that for a specific Runge-Kutta method a further elaboration is needed. Such an
elaboration is presented in the remainder of the paper for a three-stage diagonally-
implicit Runge-Kutta (DIRK) method. In Section 6 attention is given to the order
reduction phenomenon and to how to implement the refinement condition for this
specific method. Section 7 deals with two numerical examples in two space dimen-
sions. Finally, we conclude the paper with Section 8 discussing two important
matters of practical interest.

4.2. THE GENERAL METHOD FORMULATION

4.2.1. The Runge-Kutta method

Consider the initial value problem for a standard system ordinary differential
equations (ODEs)

%U(t)=F(t, Ut)), 0<t<T, U@0)=U". 2.1
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The general one-step, s-stage RK scheme for the numerical solution of (2.1) is
denoted by

UD=U""'+1Ya;F(t, +c;1, UY), 1<i<s, (2.2)
j=1

U"=U"" +13b;F(ty_y + T, UD), 2.3)

i=l1

where the step size T may vary with n. Superscripts will refer to time, while brack-
eted superscripts are used for approximations at intermediate stages. As usual, we
suppose ¢; =a;; + *** +a;. In the remainder it is convenient to combine (2.2)-
(2.3) into one formula. Denote a,,;; =b;, 1<i<s, USTY =U", then we rewrite
(2.2)-(2.3) as

UD =U" 413 a;F(tyy +c;5 UY), 1<i<s+l, (2.4)
j=1

4.2.2. The semi-discrete problem

Consider an initial-boundary value problem in d space dimensions,
u=L(tu), 0<t<T, u(x,0)=uo(x), (2.5)

~where L is supposed to be of at most second order and provided with appropriate
boundary conditions on the boundary dQ of the space domain . The boundary is
taken to be locally parallel to the co-ordinate axes. The function u (x,7) may be vec-
tor valued and is supposed to exist uniquely and to be as often differentiable on
(2 oQ) x [0,T] as the numerical analysis requires.

LUGR methods use local, uniform grids whose size and number mostly vary in
time. Therefore, LUGR methods generate a sequence of operations on vectors in
vector spaces with a variable dimension. This complicates the error analysis. In
[12] we got round this problem by expanding the fine grids in the mathematical for-
mulation of the method, so that the entire domain is covered. Also here we use this
‘grid expansion’. Temporal integration then takes place on one part of the expanded
fine grid and interpolation on the other. Note that this grid expansion does not take
place in the actual application but only in the mathematical formulation of the
method. Nevertheless, the results of the error analysis presented remain valid for
the applicated method. -

Let e IN*. For k=1, ---,[ we introduce uniform space grids ®; where each
y is supposed to cover the whole of the interior domain €. The grid ®; has no
points on dQ2. The grid w, is called the base grid and, given this grid, ®, is obtained



72

from ®; by bisecting all sides of all cells of ®;, etc.. To (2.5) we now associate on
each , a real Cauchy problem for an explicit ODE system in IRd‘,

%Uk(t) =FLU(), O0<t<T, U,0)=UY, 2.6)

defined by a finite-difference space-discretization of (2.5) and its boundary condi-
tions. Thus, U, and F) are vectors representing the values of grid functions defined
on the grid w,. Each component of U, and F) itself is vector valued if u is vector
valued. The boundary conditions have been worked into the semi-discrete system
by eliminating semi-discrete values at dQ. The dimension d, is determined by the
spatial dimension, the grid spacing, and the number of PDEs. The initial vector 1)
for (2.6) is supposed to be exact.

In the remainder we let S, with dim (S;) = d, denote the grid function space. S
coincides with IR* and Uy, F, are elements of S;. Let uy(t) € S, represent the
natural (nodal wise) restriction of u (x,7) to ;. In S; the fully continuous problem
(2.5) and the semi-discrete problem (2.6) are related by the local spatial discretiza-
tion error

ak(f)= %uk(t)—Fk(t,uk(t)), 0<t<T. (27)

In particular, u;, and oy are sufficiently often differentiable with respect to ¢ and
oy (1) has the order of consistency of the finite-difference scheme. Finally, we note
once more that we consider elements u;(t), Ui(t) € S; defined on space grids wy
which cover the entire physical domain €.

4.2.3. The multi-level multi-stage RK method

Starting at the coarse base grid ®;, this method successively integrates on
subgrids of w; for k =2, - - -, [ over the same time interval [z,_, t,]. Characteristic
for the method is that subgrids, henceforth called the integration domains, are nested
and that so to say on each domain a new initial-boundary value problem is solved.
Required initial values are defined by interpolation from the next coarser integration
domain or taken from a possibly existing one from the previous time interval. Boun-
dary values required at internal boundaries are also interpolated from the next
coarser integration domain. At each level of refinement, the domains are allowed to
be disjunct and thus may consist of two or more subdomains. The nesting is contin-
ued up to a level fine enough to resolve the anticipated fine scale structure. This
means that, given ®;, / must be chosen sufficiently large. Having completed the
integration on the finest, /™-level integration domain, the process is repeated for the
next time interval [t,,1,,,] by again starting from ;. We note that all refined
subgrids computed at forward time are kept in storage as they are used for step con-
tinuation. Further, for step continuation always the most accurate solution is used



73

that is available.
The above described process is defined by the formulas

. S .
UY) :R”U;l_l +TzaijFl(tn'1 +CjT, U&j))’ (283)
j=1

1<i<s+l; k=1,
. S .
U =D [RyUT ™ + 1 X aFi(ty 1 + ¢t U + (2.8b)
j=1

(I = DY) [P UL, +bP], 1<i<s+l; 2<k<,

where UtV = U} € S, is the approximation to u,(t,) at the grid w,, U§’ € S, is the
i" intermediate approximation at oy, I;: Sy — Sy is the unit matrix, D}: S; — Sy is a

diagonal matrix with entries (D});; either unity or zero, Ry: S; = Sy, k=1, ---,1,is
the natural restriction operator from ®; to ®; with Ry =1, Py_y: Sy — Sk,
k=2,---,1, is an interpolation operator from w;_, to @y, and b{’ € S, contains

time-dependent terms emanating from the physical boundary 0Q.

The nesting property of the integration domains is induced by the grid strategy.
This strategy determines at which nodes integration or interpolation is carried out
and defines the diagonal matrices Dj. If at a node integration is to take place, then
the associated diagonal entry (D});; is defined as (D});; = 1. For all remaining inter-
polation nodes, (D7);; = 0. The nesting property itself cannot be recovered from the
above formulation, as this is hidden in the actual definition of D}.

The interpolation step on level & > 2 stands on its own and is represented by

(I, -DHUY =, = DY) [P U, +bP], 1<i<s+l. (2.9)

The-grid function b{’ plays an auxiliary role. We need to include it as boundary
conditions have been worked into (2.6) (method of lines). For the analysis
presented b{ plays no role (it contains merely time-dependent terms and does not
depend on u (x,7)). Likewise, the integration step on the integration domain of level
k is represented by

D{UY =D} [RyU} ™" + 13X aFi(t,_y +c¢;t, UP)), (2.10)
Jj=1

1<i<s+1,

where, according to (2.8a), D} =1,. Values at or beyond internal boundaries needed



74

in the function evaluation in (2.10) are defined by (2.9), for each RK stage. Hence,
due to the internal boundaries, (2.10) cannot be considered uncoupled from the
interpolation (2.9). Also observe that at each grid level the integration has the fine
grid solution D{R, U7~ as initial function. Note that if we substitute the implicit
Euler formula in (2.10), the scheme of [12] is obtained.

In (2.8) the approximations U{’ are defined on the whole of the grids w; and thus
are also elements of S,. Consequently, for any k > 2 interpolation is considered to
take place on the whole of wy, which is costly. In actual application, the interpola-
tions are therefore restricted to the nested integration domains. This point will be
discussed later in the paper. For the time being, it is assumed that the numerical
solutions are indeed generated as grid functions in S; (grid expansion).

In (2.8) the number of grid levels [ is fixed a priori, independent of time. In appli-
cations this fixed-level mode of operation may be inefficient. For example, if a solu-
tion steepens up in time, less levels are needed in the initial integration than at later
times. Consequently, at early times / must be taken larger than necessary, which is
not efficient. On the other hand, the solution may also become less steep, which
again makes a fixed [ inefficient. Obviously, the method should be capable of work-
ing with a variable /. For this variable-level mode of operation (2.8) requires a
modification. Let [,_;, [, denote the number of levels from ¢, | to 7, and 1, to 1,
respectively. Then, for the step from ¢, ; to 1,, (2.8) is modified to

UP =Ry, UL + T8 a5F (1 + ;5 UP), (214
=

1<i<s+l; k=1,

Y i i
U =D} [Ry, wUi7} + T ayFilty +¢;T U] + (2.11b)

[
j=1

(I =D [P UL, +bP], 1<i<s+l; 2<k<l,_,,

and, provided [, > [, ;, fork =1, +1, - - -, [, we have
UP =P, ,UP, +bY, 1<i<s+l. (2.11c)

Consequently, if the number of levels should increase for use in the next step, then
so-called full interpolations (2.11c) are carried out at the end of the current step, so
that the required initial function, which is to be taken from the highest grid level that
will be used, is always available. If [, <[, |, then (2.11c) is omitted and nothing
really changes. Full interpolation is necessary only when the solution steepens up in
time. Because we will let the [, depend exclusively on the spatial steepness, and
because max, {/,} is finite, full interpolation is carried out only for a finite number
of steps, uniformly in T. Hence full interpolation cannot have a strongly diminishing
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effect on global accuracy. Like the matrices Dy, the actual choice for [, is part of the
adaptation strategy.

We conclude this section with a minor modification for certain RK methods.
Above, D} depends only on the step number n and the level index &, and not on the
stages. There exist RK methods for which all coefficients a,; are zero, trivially so
for all explicit methods, but for example also for the implicit Lobatto IIIA-methods
(s = 2 yields the familiar trapezoidal rule). If this is the case, then it is more natural
to define for all grid levels the first-stage value as

i =R Ut (2.12)

to avoid interpolation. This means that at stage one Dy is to be replaced by the unit
matrix Ij.

4.3. THE GENERAL ERROR SCHEME

To save space, (2.11) is rewritten as

UP =D} R, wUL™ + 1 ayFi(ty_y +¢;1, U + (3.1)
j=1

(I, =D} [Pe_ UL, +b1, 1<i<s+l; 1<k<li,

Note that D} =1, and D} =0 if k > 1,_;. Further, if a,; =0 (1< j <s), then Dj is
to be replaced by I, for i = 1, but only for 1 <k <1, ;. The rewriting of (2.11) into
(3.1) introduces variables not existing in reality, viz. the grid functions U{’, b}’ and
the operators Py, and R, . for k >/, ;. Formally we can use (3.1) due to the
definition of Dj.

The derivation of the error scheme parallels that in [12]. Consider the perturbed
scheme

0 =Dp (R, Uy + X ayFit,y +cyt U] + (3.2)

j=1

(I = DY) [P Uy + 601+, 1<i<s+l; 1<k<l,

with the local perturbations r{’ still arbitrary. Introduce the errors

=0 -Ul, D=UY-UP, 1<i<s+l; 1<k<l, (33
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and subtract (3.1) from (3.2) to obtain
ef) =D} [R,, el ) +TX azMPel’] + (3.4
j=1

Uy —DYP,_ef +r), 1<i<s+l; 1<k<l,.

M{ is the integrated Jacobian matrix resulting from the use of the mean value
theorem:

Fi(t,_) +¢;T, (}ij)) = Fi(ty_y +c¢;T, UY) = Mij)(f];(j) — Uy, (3.52)
1 .

MY = [F (1, + ;7. 00, + (1-0)UL de. (3.5b)
0

We next introduce the Kronecker product notation. Let E,; be the unit matrix of
order s+1 and denote ¢ =[1, - - - 1]7 € IR**!. Introduce the augmented vectors

ez=[e}<1)r, ,,_’es+l)T]T’ rZ:[r}(l)T’ __,,rs+l)T]T (3.6)

_ IR(s+l)dk

in the augmented space S, and the matrix operators

R, S, , —S. R, «=E. ®R, ,, =diag(R, ;)
P iw:Sioi =S Py =Eg i ® Py, =diag(Py_yp), (3.7
Ik: Sk - Sk’ Ik = Es+1 ® Ik = dlag(Ik)

Define D;: Sy — Sy, D =diag(ly, D}, ---,D}) if a;;=0, 1< j <s (cf. (2.12)),
and otherwise diag(D}). Finally, we introduce the augmented Jacobian operators

(anM;l) 012M§<2) alsMiS) 0\

M; = ' ' ' ' |, (3.8a)
aslM}cl) asZM}}) e assMLX) 0
\as+11M;<l) ag oM - ag MY OJ

7! -1, - DM/, " (3.8b)
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so that (3.4) can now be written in the compact form

Zie,=D;R, (e ®e} )+ -DpP,_ € +1;, (3.9)

1<k <1,

In (3.9) we deal with an inner and outer recursion connected, respectively, with
the grid refinement index k and time stepping index n. Introduce

X =(Z) "' & -Dp)P_y.
Iy =Zy)'DiR, . (3.10)

n | n
k :(Zk) lrkv

where k=1, -+, 1,. Note that Z; =1, X\ =P,_;;. [y =0, O; =1} for the full
interpolation levels k =1,_;+1, - - -, [,. Using (3.10), (3.9) is rewritten as

e.=Xie, +e®el )+, k=11, (3.11)
An elementary calculation then leads to the final form

e =Gie®e )+, k=1,---,1, (3.12)
where G: and \|I: itself are also defined by recursions:

G/ =T\, G}=XG} +T}, j=2,---,k (3.13)
vi=0i, W =XGyii 0] =2k (3.14)

Equation (3.12) describes the error propagation for increasing levels within one
complete time step. When to be used as error recursion in time, we put k =/, as we
use the highest level approximations Uﬁf-lw Uj,, --- for step continuation. Hence,

e, =Gl (e®el)+y;. n=12---, (3.15)

is the final error scheme for the highest level approximations. Similar as in the stan-

dard application of the RK method (single-level, multi-stage), our main interest con-

cerns the (s+1)" component vector. Note that the formulation (3.15) supposes that
7, is taken for output rather than Uj .
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4.4. REMARKS ON STABILITY

In [12] we have presented a comprehensive analysis of the stability of the multi-
level implicit Euler method. The multi-level multi-stage RK formulas are not so
feasible for a comprehensive stability analysis. A technical difficulty originates from
the property that at any RK stage, nonphysical boundary values are defined by inter-
polating the solution of the corresponding stage from the next coarser grid. This
implies that the internal RK stages play a role in the stability analysis, even for con-
stant coefficient linear problems. On the other hand, we believe this role is little and
that in application one encounters the same step-by-step stability as on a single grid,
as long as interpolation takes place in low-error regions. In this paper no further
attention is paid to stability analysis. Instead, we refer to the preprint [10] for some
preliminary remarks on stability and proceed with the local error analysis which is
to reveal how to define the adaptation strategy for choosing the spatial integration
domains at the various refinement levels. Obviously, this is one of the main issues in
the analysis, implementation and application of adaptive grid methods.

4.5. THE LOCAL ERRORS
4.5.1. Preliminaries

In the following, ||.|| denotes the conventional maximum norm. We use the max-
imum norm as this norm is most natural for implementing adaptation strategies.
Note that ||.|| stands for the maximum norm in any space S; or S; under considera-
tion, while the same symbol will be used for operators. We w1ll examine the total
local error \|Ik obtained by assoc1atmg the local perturbations rk with the true PDE
solution. Note that the global errors ek then become global discretization errors, viz.

e,=u,-U;, n=01,.; 1<k<I, (5.1)

For clarity, henceforth we will consistently call \|fk the total local error, whereas l',\
will be consistently called a residual, so as to distinguish from ;.. Note that Y} can
be interpreted as the k'h -level global error after one time step starting from the true
PDE solution (put ¢}, =0in (3.12)).

We have tacitly used the natural assumption that any occurring augmented RK
operator Z; is invertible (under appropriate conditions on T and ®;). We thus may
introduce the following bound:

WZ) ' vil<CIvll, VveS;, (5.2)

where C >1 denotes a constant independent of T and w,, while 7T itself satisfies
1< 1, with T, possibly depending on o, . The constant C and step size bound T,
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are assumed to take on appropriate values (C close to 1 and T, not unduly restric-
tive). As in [12], the aim of the error analysis is to derive a refinement condition
that distributes space discretization and interpolation errors in such a way that the
local spatial accuracy obtained on ®,; | is comparable to the local spatial accuracy
if this grid would be used without any adaptation. Assuming a stable time stepping
process, this will then also be true for the global spatial accuracy.

4.5.2. The local error \|I:
Replace, in the perturbed scheme (3.2), all [~/Zi) values by the corresponding PDE

solution values u{”. Then, in the space S, the resulting residual I; can be
expressed as

r; =D (B +10p) + i - Dp)Ys, (5.3)
where

By =(BVT, --- BT, BETVTYT, (5.4a)

Cr=A®L) ("7, - o7, af 7Y, (5.4b)

;YZ — [,Yﬁ(l) T’ e ’Y}(Y) T’ ,Y}(x-#l)T]T’ (54C)

The component B is the PDE residual defined for the i™ RK stage:

; ST
BY) = w(ty—y + ;D) — wi(t,-1) —TY a5 Euk(tn—l +¢;T). (5.5)
j=1

The component a.f? is the PDE residual defined by the semi-discretization:
n_d
of) = Euk(tn—l +¢1) — Fr(ty g + ciTu(tp 1 + ;7). (5.6)

Following common use, OL: and likewise 6: and their components, will also be
called local space discretization error. The matrix A represents the (s+1) X (s+1)
Butcher matrix of RK coefficients a; whose (s+1)™ column is zero. Hence, the i™"
component 6 of Oy is given by 6{’ =¥ la,-j(xﬂj). Finally, the component y§ is
the residual defined by the interpolation:

Y = (ty_y + %) = Pi ity (1,1 + &) = bty +¢;0) (5.7)
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and y{ and YZ will also be called interpolation error. Observe that any component
vector

) =DiBf’ +10f) + (U - Dyl ()

of I}, is now determined completely by the true PDE solution u = u(x, t). Thus, r{’
can be Taylor expanded assuming sufficient differentiability. a

We are now ready to determine the local error \p: defined by recursion (3.14).
Assuming

k+1 i
HXkZIk’ k=l,"',l”, (59)

i=k

and using (3.10) and (5.3), we get

n k ‘]+] n n n n n n n
v = YIXOH@Z) ' DB} +10) +d; - D)yl (5.10)

j=1 i=k

A natural splitting into a temporal and a spatial local error is

Vi = Wi + Wi 5.11)
where
n koj+l n n n_n n..n
WYis = Z(I—IXI )(Zj)_l [TDjG_,' + (Ij - Dj)Yj], (5.12)
j=1 i=k
n k j+l n n n n
v = SAIXOH@Z)'DIB]. (5.13)
j=1 i=k

The local space error wZ,x contains only contributions from the spatial approxima-
tion, viz. local space discretization errors O j and spatial interpolation errors Y';. The
local time error \VZ,, contains only contributions [_)):l from the time integration.
Hence, due to the splitting (5.11), for the spatial local error analysis we may restrict
ourselves to \If:,s and for the temporal local error analysis to \|I:' s
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4.5.3. The local space error W:,s

« n
We rewrite J; ; as

\V:,s =(Z)" X -DpP_yy *
k_] j+l n n n n n n
Y1 XD@Z) ' 1iD;0; +d; - Djyy;1+ (5.14)

j=1 i=k—1

(Z3) ' 1iD; o, + A, - D)Yid

= (Zy ' 1iDo; + A - Dppil.
where
Pp1=0 and pPr=Ye+Pi uWi1s k=271, (5.15)

In (5.14), the local space discretization error D, G, defined at the level-k integra-
tion domain, is separated from the local spatial error part (I, — Dk)p « outside this
domain. Note that p X contams the level-k interpolation error YZ and the prolongated
local space error P, _ ,k\uk 1.s- At the full interpolation levels, (5.14) simplifies to

wz,s =Y;<l + Pk~lsz—l.s’ k = n—l+1’ T, ln- (516)

The separation of errors in (5.14) enables us to formulate the important
refinement condition:

WZ;, ' A, =Di ) i<l ) ', o, (5.17)

where ¢ > 0 denotes a threshold factor to be specified later. Substitution into (5.14)
yields

Gl < Ao, )7, o)l (5.18)

Hence, apart from the factor (1+c), the local space error at the finest level is
bounded by the local space discretization error on its integration domain. By impos-
ing (5.17), we have virtually removed the error contribution from interpolation com-
mitted on all levels k <[, ;. Inequality (5.18) is in agreement with our goal of
developing an adaptation strategy that generates integration domains in such a way
that the spatial accuracy obtained on the finest level is comparable to that obtained
without adaptation.
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The refinement condition (5.17) implies constraints on the matrices DZ for
2<k <1, ;. These constraints follow from the following derivation. Let, for brev-
. . . . . n
ity, I =1,_, . With a simple calculation [12], we can rewrite P, as

-1 k+1
Pl =N +P_y S (TT XD(Zo)y ' (@ - DAL, (5.19)
k=2 i=l-1
where
A=Y + P @)D Gy, k=211, (5.20)

contains the interpolation error at level k and the prolongated spatial discretization
error of level k—1 to k (for k =1 — 1 convention (5.9) applies). This A-function will
be used for determining the matrices D;. Let C; 2 1 be a constant such that

P, il < C;. (5.21)

For linear interpolation C;=1, while for higher-order Lagrangian interpolation
C;> 1. Now,

k+1
Il TT X1l < Gy < (ccp' ! (5.22)

i=l-1
and using (5.19) we get
IZ}) ™" (A, - D)pll < € maxy < <, (I, — DDA (5.23)

with the grid independent constant

C=C(+Cl-2)CCy)=C + (I - 2)(CC,)2 (5.24)
Hence, if for each k =2, - - -, [, the matrices D: are selected such that
I -~ DAL < %M(Z;’)‘%Di’cl"u, s dens (5.25)

then the refinement condition (5.17) is satisfied. In the remainder, (5.25) thus
replaces (5.17).
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This condition says that outside any integration domain the sum of the interpola-
tion and prolongated spatial discretization error from the previous coarser level will
be bounded by the spatial discretization error of the highest level, multiplied by ¢/C.
This imposes a severe restriction on the size of the interpolation and discretization
errors of the lower levels. On the other hand, this restriction is natural, because,
when going to a higher level within the current time step, we never return to a grid
point where the solution has been interpolated (nesting property). Note that in (5.25)
the temporal step size T features. In particular, if T—0, then the interpolation errors
will prevail and D: — I,. Recall that we interpolate at each time step so that inter-
polation errors can accumulate linearly with the number of time steps. Our
refinement condition prevents this.

The refinement condition (5.25) is not applicable to the full interpolation levels as
at these levels D: = (). For simplicity, we now consider only one full interpolation
level and note that this is sufficient for practical purposes. Using (5.16), if
1, =1,_,+1 we thus find, instead of (5.18),

IV, < IV I+ C(+e)dl(Zy, )" Dy o) Il (5.26)

Recall that full interpolation occurs only in a finite number of steps, uniformly in T.
Hence, when adding all local errors for a convergence proof, assuming stability, this
fact should be taken into account so as to avoid an overly pessimistic summation
like

2 j T . n
Iy, I = —min, 1Y, Il (5.27)
j=1

With a more subtle summation, based on the finite number of full interpolations, the
1! -term is avoided.

In conclusion, by imposing the refinement condition (5.25), the local space error
bounds (5.18), (5.26) are valid. In an implementation these bounds can be used to
monitor the spatial accuracy, while (5.25) is then used for selecting the actual
integration domains. Such an implementation is method dependent and therefore
best to describe for a selected method. An illustration for a DIRK method is
presented below. Finally, the error bound (5.18) suggests to choose the threshold
factor ¢ not too large. However, if we take ¢ very small, then the effect will be that
the greater part of the diagonal entries of D} are put to unity to satisfy the
refinement condition, which implies that the integration domains will become quite
large.
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4.5.4. The local time error \V:,,

Since the same T is used at all levels, and [3; does not depend on the mesh width,
we have B} = Rl,.;lkmnfl so that (5.13) yields

n k j+l n n n n
Vi = STIXDH@Z) 'DR, B, - (5.28)

j=1 i=k

By comparison with the recursion (3.13) for the amplification operators G, one can
see that

Ve, =GB, . 1<k<i,. (5.29)

This formula shows the dependence of the local time error on the temporal residual
of the finest integration level. Alternatively, we may write, similar as for the local
space error (5.14),

Ve, =(Z) ' DR, (Bl + T -DOPe Wil (5.30)
k=15l g

This representation shows more insight than (5.29). At each integration level we
recover the local time error contribution committed on the integration domain, viz.
(Z:)’l [D:RlnquZH ], and the prolongation of the previous local time error of the
next coarser level, viz. (Zy) ™' [(I, = D)P_ 1 Wi_1.0].

Let p denote the stage order of the RK method, [5,8,9]. Using (5.2) we have

el < € max {(IDYR, (B7 I I —~DOP Wil (5.3D)

Because both B} | and \U';‘, are O(T;’ *1), by definition of stage order, we thus trivi-
ally recover the usual stage-order result at all grid levels, that is,

Ve, =0@), 1<k<i,, (5.32)

where, apart from the norm bounds C for (Z;)™' and C, for P;_, j» the order con-
stant involved depends exclusively on bounds for temporal derivatives of u (x,t) (cf.
(5.5)). To recover the conventional ODE order, p say, of the RK method, the
(s+1)* output component of WZJ must be expanded. We then would also arrive at
an order relation \ll:,, = O(t"""), but here the constant involved may depend on
negative powers of the mesh width, similar as in existing method-of-lines
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convergence theories (see [8,9] and the preprint [10] on the order reduction
phenomenon). Finally, no integration takes place at a full interpolation level, so that

Vi =PeuWioin bt <k <, (5.33)

and we thus have the same temporal order as for \U:, n1<k<Il,_,.

4.6. ERROR ANALYSIS FOR A THREE-STAGE DIRK METHOD

By way of illustration, in this section we elaborate the local error analysis for a
three-stage DIRK method which later on will be used for presenting numerical
examples.

4.6.1. The DIRK method

The DIRK method is found in [4] and defined by the Butcher array

00 0 0 8 =(3+V3)/6
206 6 0 b, =3/2-6-1/(46)
1 | by by 6 b, =—1/2+1/(46) (6.1)
| by by 6

It is strongly A-stable, has classical order p =3, stage order p =2, and uses only
two effective stages (first row of coefficients is zero). Note that stage one and two
define the trapezoidal rule and that stage three and four, the output stage, are identi-
cal.

4.6.2. Elaboration of the local time error

Assume, for simplicity, that the semi-discrete problem is of constant coefficient
linear type,

2 Uyt = MU0 + 40 6.2)

Note that the linear case reveals the essentials of the local error analysis. Also for
simplicity, we put /,_; =2. Conclusions for the higher-level case immediately fol-
low. Thus, our task is to examine

Vi, =(Z) 'Ry B, (6.3)
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W3, =(Zy) ' [D3B5 + @ - D)PLY

From (5.5), (6.1) we deduce BY’ =0, BSY = B5 and

20° 5 d°
B = = 57 g+ 00, o)
5y 1 0 6 20 ,d s
BE ) _(_24 —F = + = )TA—dt4 uy(t,_;)+ o).

For any V, € S; having v{” =0, the components w§’ of W, =(Z;)"'v, satisfy
wid =0,

wiP = (I, — 0tDiM) v, (6.5)
wi® =, — 0tDIM,) 2b,tDIM VP + (I, — 0tDIM,) v,

and wi¥ =w{’. We note in passing that the bound (5.2) may be derived from
(T = OTDEM,) ™ Vil < (1-0Tw) ' [Iviell, 16T >0, (6.6)

with the logarithmic norm p = p..[DfM,] independent of (the mesh width of) M,.
This bound applies in all cases where implicit Euler integrates in a stable way
[5,12].

Now first put k = 1. In view of the foregoing we then find y{') = 0, y{*) = y!*) and

2) 26¢° -1.3 d’ 4
%,r —T([l —GTMI) T R21§f7"’2(tn—l)+O(’c )’ (67)

26° B d?
vy = - bQT(ll —-0tM ) 2M1R2IT4?u2(tnfl)+ o).

Using the boundedness of the operators (/| — 6TM | YL, -0tM ) 2aM , for k =1
the stage-order result (5.32) with p =2 is recovered. Also the classical order p =3
follows from y{*) when interpreted as the local ODE error. However, then the order
constant depends on M1R2,d3u2/dt3(t,,_,):Mla’3u,/dt3(t,,_]). Hence, p=3 is
meaningful only when M d*u 1/dt’(t,_;) = O(1), uniformly in the mesh width,
which is the case if the third derivative is zero at dQ. Otherwise the constant blows
up for decreasing mesh width, making p =3 not meaningful (order reduction, see
[10] for a concrete example).

Next we put the level index k = 2. Since also [, ;| =2, it suffices to examine the
local error of the output stage, which is calculated from (6.3) as
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W) = (I, — ODEM,) *bytD3M, (D3RS + (I = D3P 12y +
(I, - 0tD3M,) ' [DEBS” + (I, = D3P 12yl
= (I, — 0TD3M,) by DM, DSBS + (I, = DHP pwill] +  (6.8)
(I, - 0WD3M,) ' (I, = DHP p ) + O (1.
v =vi)
Using boundedness of the operators, and the results for k = 1, stage order p=2
directly follows. Inspection of the various terms also reveals the classical order
p = 3. In connection with the occurrence of internal boundaries at grid interfaces, it
is of interest to again examine the possibility of order reduction.

Distinguishing local error components outside and inside the integration domain,
we can write,

(I, - D)) = (I, — D3P i), (6.9a)
tyh =, - OTtDIM,) 2b,tDIM 5 *
[DABP + (I, — D3Pyl + (6.9b)

(I, — 6TDiM,) " = 1,11, = D5)P 1wt + O ().

Apart from the interpolation, the outside local error (6.9a) is completely determined
by level-1 properties, so that a reduction at level 1 will also be felt at level-2 com-
ponents outside the integration domain. The reduction will also be felt inside the
level-2 integration domain, since (6.9b) depends on internal boundary values com-
puted at level 1. An interesting question is, will the internal boundaries cause order
reduction in case the physical one does not. To examine this question, we hen-
ceforth suppose that no reduction will take place at dQ2 and thus assume the addi-
tional boundary condition Mkd3uk/dt3(t,,,l) = O(1), uniformly in the mesh width.
Then y{") = O (1), so that (6.8) yields

v = (I, — 0TDIM ) b DM, [DABY + (I, — DHP i) ] +

ot
263 n 2.4 yn
= - b2—3_(12 = 6TD2M2) T D2M2 * (6.10)
d3 d3 i
[Dggﬁu2(tn—l) +(, - D3 )P12?ul(tn—l)] +0(").

Substitution of the interpolation error (5.7),

Yo(ty_1) =ur(ty_y) = Prouy(t,-1) = byt 1), (6.11)
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yields

26° g s d’
v =by =3~ - 0tDiM>) 2PDIM (I, =D8)— 5 h)  (6.12)

+ 0.

We note in passing that the additionally imposed boundary condition implies ‘homo-
geneity in boundary conditions’, causing the third derivative of b,(¢) to vanish.
From (6.12) we now deduce that if

~ d3
Y=DiMy(I, - g)?YZ(In—I) =0(1), (6.13)

uniformly in the mesh width, then y%") = O (t*) uniformly in the mesh width.

Hence, assuming that at the physical boundary no order reduction takes place, an
important conclusion is that the internal boundaries do not cause order reduction if
the interpolation condition (6.13) holds. Fortunately, in applications this condition is
easily satisfied. Sufficient is that

3

d
1M, IIdt—3“Yz(tn_1)II =0, (6.14)

saying that the accuracy order of the interpolation should be greater than or equal to
the spatial order of the differential operator (not to be confused with the order of
consistency of the difference operator). For example, for second order in space
problems it suffices to use simple linear interpolation.

4.6.3. Elaboration of the refinement condition

Given a specific integration method, the general refinement condition (5.25)
needs to be simplified for practical use. Two main simplifications can be dis-
tinguished:

(i) The first has to do with the augmented form. Working with (5.25) requires
computing in S; which is expensive. Consequently, (5.25) is better replaced by an
appropriate approximating condition in S, preferably connected with the output
stage. It is always possible to carry this out, since the refinement condition is con-
cerned with spatial errors. Apart from various multiplying bounded operators, these
errors are similar over the stages.

Consider (5.20), (5.25). First we replace the Jacobian Mmp occurring in Z: by an
approximation M, constant over the stages. M, is taken to be the (approximate)
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Jacobian, computed at the beginning of the time step. M, is available as it is also

used in the iterative Newton process for solving the implicit relations. Second, the
. n .

augmented spatial error O, is approximated as

0 0
oo + Oo? 200
wRS biof) + b0 + 6o = o (6.15)
biof) + byo? + 6af | af

Note that we here truncate O (T) terms and that o’ = of = 0y (#,). Next, by using
(6.5), the nontrivial components of the spatial error function W, = (Z}))'D, o} are
approximated by

w =20(, - 01D M) Do,
w® = (I, — 0TtD}M,) " (2b,68(I, — 0TDiM,) ' tDiM, + I)D}io, (6.16)

wi® = w

At each of the stages we recover a proportionality with the local space discretization
error Do} This justifies to select one particular stage. We choose the approxima-
tion

w® = (1 - 2b,)(I, — 0TDIM,) ' D} o, (6.17)
which avoids two forward-backward substitutions and is based on
[2b,6(1, — BIDZMk)'l‘cDﬁMk + I,1D}o} = (1 —2b,)Djoy. (6.18)

In first approximation, (6.18) is exact if D} is taken to be an eigenvector belong-
ing to the maximal eigenvalue. On the other hand, the operator in (6.18) is bounded,
which justifies this step.

We now can replace the constituents of the regridding condition by their counter-
parts in S;:

[0
-1

(T, — DDA < (1 = 2b,)uZ}) ' Do, (6.19)
k=2, 1=,

P=yi+ (1= 2by)tPy W (ZF_1 ) ' DRy 0y, (6.20)
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Z¢ =1, — 0TD}M,. (6.21)

Observe that [I(Z, — DAL = I, =D)ALl + O (v). The choice I — 1 for the con-
stant C is exact in case of linear interpolation, provided C <1 (see (5.24), (5.2)). We
will use C =/ —1 also in other situations and note that, apart from the constant
1 —2b,, condition (6.19) is completely identical to the regridding condition found
for the implicit Euler method in [12].

(ii) The second simplification has to do with the nesting property and restricted
interpolation. Once at level k—1 the integration is completed, (6.19) is used to select
the integration domain for level k. This selection process is carried out by the so-
called flagging procedure which scans level-k points and flags those points for which
(6.19) is violated to be placed within the new domain. Our mathematical framework
prescribes that the scan be carried out on the whole of ®y, as the interpolation error
Y is defined on the whole of w;. This, of course, is time consuming. We therefore
apply restricted interpolation, saying that the interpolation is restricted to level-k
points lying within the (k—1)" integration domain. Subsequently, the scan is also
restricted to the (k—1)" integration domain. This way the nesting of the integration
domains is enforced. In [12] it is shown that restricted interpolation leads to (nearly)
the same integration domains as found with full interpolation, hence full interpola-
tion is truly redundant. Finally, the flagging procedure contains some safety meas-
ures (buffering) which enhances the reliability of the restricted interpolation. This
procedure also implements numerical estimators for Yy, (Z;_, yD?_,of_; and
1(ZH ' Dal|l. To save space, we again refer to [12].

4.7. NUMERICAL EXAMPLES

We will illustrate the outcome of the simplified refinement condition (6.19) of the
DIRK method (6.1). Recall that, in theory, this condition guarantees local space
errors at most equal to the maximum of the local space error on the finest grid when
used without adaptation, up to a certain grid independent constant (arising, e.g.,
from transferring the refinement condition to S, and estimating C by /—1). Hence,
assuming stability, our theory dictates that the usual convergence behavior of the
discretization method applied without adaptation will be maintained.

Two examples are presented, both 2D. The first serves to illustrate the above
claim on convergence. This problem is solved using the ‘fixed-level mode of opera-
tion’. The second serves to illustrate the performance of the method when applied in
the ‘variable-level mode of operation’. This mode is advocated if the solution shape
strongly changes in time, e.g., when steep layers emerge at later times and at earlier
times large gradients are absent. In such situations it is important that new levels are
created in time in order to preserve accuracy. On the other hand, new levels should
not be created too early for efficiency.
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4.7.1. Example problem I.

The equation is linear and parabolic and given by (Adjerid and Flaherty [1])
U=l Uy — U — Uy + f0Y,0), O<x,y<l, 1> 0. (7.1)
The initial and Dirichlet boundary conditions and forcing function f are adjusted to
u(x,y,t)=1—tanh(25(x — 1) +5(y — 1)). (7.2)

This solution is a skew wave propagating through the domain from left to right. The
wave starts near the left boundary and approaches the right boundary at approxi-
mately ¢ = 0.8. We integrate over the time interval [0,0.6]. This problem is suitable
to subdue the LUGR method to a convergence test.

The spatial discretization is based on second-order symmetric differences. Simple
linear interpolation is used and the constant c, introduced in the refinement condi-
tion, is put equal to one. Four computations were performed using, respectively,
1,23 and 4 levels. The mesh width in both x- and y-direction of the base grid is
0.05. During a computation the step size T is fixed. However, when adding a level,
we simultaneously halve T. Because the stage order of the DIRK method is 2, like
the order of the spatial discretization, per computation a gain factor of approxi-
mately 4 then should be found for the total global errors. To compare the accuracy
with the accuracy obtained on a single, uniform grid, we have also solved the prob-
lem in the standard way using the same values for T and the mesh width of the finest
level. The values for T and the mesh width in space are always such that the space
error dominates. For illustration purposes this is necessary, since otherwise no valid
conclusion can be drawn on the performance of the spatial refinement condition.

The results of the computations are contained in Table 7.1. We see that the LUGR
solutions converge according to the theory and, also, that these solutions are as
accurate as the standard, uniform grid solutions. In view of the simplifications of
Section 6.3, this correspondence in accuracy is striking. We should note, though,
that in the actual flagging procedure some safety measures have been built, like
buffering. Buffering of course helps in keeping the LUGR accuracy close to the
standard accuracy. Figure 7.1 shows the grids of the 2-,3- and 4-level computations
at two different times. Note that the grids align with the wave front and become
larger for smaller T, in accordance with (6.19).

4.7.2. Example problem II.

The equation is again linear and parabolic,

U=y +uy, + fx,y,0), O0<x,y<l, >0 (7.3)
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- # of single t

levels grid 0.3 0.6
0.1 1 20x20 0.17319  0.17401
0.05 2 0.02728  0.02815
’ 40x40 0.02789  0.02810
0.025 3 0.00624  0.00716
’ 80x80 0.00680  0.00684
4 0.00177  0.00174
0-0125 160x160 | 0.00168  0.00169

TABLE 7.1. Example problem I. Maxima of global errors computed at the finest
available level. Comparison with the accuracy obtained on a single, uniform grid.

The initial and Dirichlet boundary conditions and forcing function f are adjusted to
u(x,y,1) = 1 — tanh(100[(x — 0.5)* + (y — 0.5)* — ¢ + 0.025]). (7.4)

This solution rapidly varies its shape and serves to illustrate the ‘variable-level mode
of operation’. At ¢ =0 the solution is almost zero over the entire domain. As time
elapses it steepens up at [0.5,0.5], developing a circular wave front. This front starts
to propagate towards the boundaries when u (0.5,0.5,¢) = 2 and during the propaga-
tion the front becomes steeper. When the front has passed a point (x,y), the solution
u(x,y,1) approximates the value 2. We solve the problem over the time interval
[0,0.1], which is sufficiently large to see all phenomena happen.

The refinement condition (6.19) tells us where to integrate on a finer level. When
using the ‘fixed-level mode of operation’ this suffices. When using the ‘variable-
level mode of operation’, we also need a criterion to decide when to change the
number of levels. A natural thing to do is to associate this criterion to the spatial
local error value. In the present experiment we employ the numerical spatial local
error expression as used in (6.19). Within each base time step we monitor the
number of grid levels with the criterion

(I+¢)(1-2b-)Tl(Z) ' D] < TTOL, (7.5)

where TOL represents a tolerance value. Starting with k =1, this inequality is
checked after each level integration. If it is violated, then £ is increased by 1. Other-
wise it is decided that enough levels have been introduced and [, ; is assigned the
current value for k. Hence, the idea is to select /,_; in such a way that the local
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FIGURE 7.1. Example Problem I. Grids of the 2-,3- and 4-level computations at
t=03andr=0.6.
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error expression in (7.5) is kept close to TTOL.

We will encounter a few full interpolations. The full interpolation error is
neglected in (7.5). We justify this heuristic decision with the observation that full
interpolation can take place only in a few number of steps (see also Section 5).
However, to remain on the safe side, we now use fourth-order Lagrangian interpola-
tion instead of second-order linear. It is obvious that full interpolation should not
diminish the quality of the approximations, since otherwise the estimation of the
discretization and interpolation errors used by the refinement condition is hindered.
The full interpolation should also not interfere with the estimation of the number of
levels needed in the step to follow. Therefore, the additional errors stemming from
full interpolation have to be restricted in some manner. In the present experiment
fourth-order interpolation has turned out to work satisfactorily.

; # of global

levels error
0.01 | 0.01074
0.017 0.03171
0.018 0.01222
0.02 ’ 0.01117
0.03 0.01612
0.039 0.02523
0.04 0.01392
0.05 0.01493
0.06 3 0.01668
0.07 0.02168
0.072 0.02136
0.073 0.01289
0.08 4 0.01191
0.09 0.00722
0.1 0.00713

TABLE 7.2. Example problem II. Maxima of global errors computed at the finest grid
at various time points, including those where a new grid is introduced.

The actual experiment with problem (7.3) - (7.4) concerns one run over the time
interval [0,0.1]. The constant ¢ of the refinement condition is again put equal to 1.
The step size T=0.001 and is kept constant. The value of 0.001 is sufficiently small
to guarantee that spatial effects dominate. The mesh width in both x- and y-direction
of the base grid is 0.05 and the tolerance parameter TOL = 50. Results are collected
in Tables 7.2-7.3 and Figure 7.2. For a subset of time points, including those where
a new grid level is added, Table 7.2 shows the course of the number of grid levels
and the maximum of the global error measured at the finest available grid. Note that
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while the circular wave front develops, the algorithm keeps the error at a fairly con-
stant level, which is in line with the idea behind the error monitor (7.5).

t level | approx. exact
0.017 1 0.04616  0.05307
0.018 1 0.05165  0.05793

2 0.01246  0.01468
0.039 1 0.12511  0.28075
2 0.04678  0.05579
0.04 1 0.13972  0.33177
2 0.05084  0.06329
3 0.01495  0.01467
0.072 1 0.31630  1.48171
2 0.18625  0.30880
3 0.04685  0.05130
0.073 1 0.34144  1.39739
2 0.18078  0.29537
3 0.05088  0.05367
4 0.01683  0.01382

TABLE 7.3. Example problem II. Exact values and numerical estimates of the spatial
local error expression (7.5). Note that the step size T=0.001 is contained in these
values.

The pictures contained in Figure 7.2 illustrate that the grids accurately reflect the
circular wave front form (symmetry), showing that the refinement condition, which
tells us where to refine, works as anticipated. On the other hand, the number of lev-
els needed is not always computed optimally. This happens, e.g., at t =0.04 and
t =0.073, time points where a new grid level is used for the first time. The grid pic-
tures show that at these time points the new fine grid almost completely overlaps the
existing one, indicating that the new fine grid is introduced too late (the solution
steepens up). Fortunately, Table 7.2 shows that this small deficiency does not dimin-
ish the accuracy for evolving time. Also note that at later points of time this
phenomenon disappears, see ¢ = 0.05 and ¢ = 0.1. This is of course what should hap-
pen due to the ever increasing solution gradients.

The precise origin of this small deficiency is not clear. The error introduced by
the full interpolation can play a role here (this error is not monitored by (7.5)). More
likely is, however, that it emanates from the lack of asymptotics at the coarser grids.
This lack of asymptotics is inherent to any monitoring process that starts on coarse
grids and therefore very difficult to overcome. To provide insight in the asymptotics
for the estimator of (7.5), we have added Table 7.3. This table shows the exact,
analytical values for (7.5) with their estimated numerical values at time points just
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before and after the introduction of a new grid level. First, we see that at
corresponding levels before and after the listed time points the numerical estima-
tions are in fairly good agreement with one another, even on the coarse base grid.
This supports the conclusion that the full interpolation is sufficiently accurate for not
interfering with the selection of number of levels. Second, there is excellent agree-
ment between the exact and numerical values on the fine grids. However, particu-
larly at later times, the coarse grid values are not in good agreement with one
another. This means that we are outside the asymptotic regime and this is likely to
cause some disturbances in the selection of the right number of levels. We wish to
emphasize once more that in spite of this lack of asymptotics, the overall behavior
of the algorithm is very satisfactorily.

Let us conclude with a remark on the choice of TOL, in connection with the
discrepancy between the value TOL = 50 and the global accuracy shown in Table
7.2. A discrepancy like this is unavoidable, due to damping of global errors. Note
that we have a parabolic problem and that the DIRK method mimics the damping
property of the parabolic operator (strong A-stability). Part of the discrepancy may
also originate from cancellation between temporal and spatial terms. This damping
of global errors, and this eventual cancellation, has not been taken into account in
our error analysis which focuses on local errors, in particular on local error bounds.
For precise estimation purposes our analysis is simply too general. On the other
hand, the present example once more shows that local error bounds like (7.5) can be
much too conservative (the simplified form is not essential for the present discus-
sion). Consequently, for application, local error expressions like (7.5) are better be
interpreted as error monitors. In connection with grid selection purposes, our practi-
cal experience is that with this interpretation the (simplified) spatial local error
expression is reliable and works very satisfactorily.

4.8. EFFICIENCY OF TIME STEPPING

An important subject for future research is that of efficiency of the time-stepping
scheme itself when combined with the LUGR technique. Two important issues not
addressed in this work concern the use of variable time steps and the solution of the
arising systems of linear and nonlinear algebraic equations, in case of an implicit
scheme. Straightforward use of variable time step algorithms, as successfully
applied in single-grid, method-of-lines computations, renders problems due to the
fact that approximations obtained with an LUGR method are always difficult to
numerically differentiate in time. The reason for this is that part of the components
is obtained from a numerical integration, part from interpolation or injection. The
resulting ‘nonsmoothness’ is then felt when computing higher temporal derivatives.
More precisely, the higher temporal derivatives are estimated in a rough way, result-
ing in disturbances in the step size selection (see also [11]). To our experience,
smoothing or filtering procedures provide only a partial remedy here.

Concerning the second issue, by nature of the LUGR approach approximations
are computed in varying dimensions, even within one base time step. For DIRK or
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alternative implicit methods this obviously implies that the numerical algebra effort,
to be made in solving systems of algebraic equations, becomes highly important. In
the numerical experiments reported here, we have paid no attention to the efficiency
of the numerical algebra computations and simply used an available sparse matrix
technique (same as in [12]). This technique, however, is known to yield a consider-
able overhead when used in the solution of time-dependent problems. It is most
likely that sophisticated iterative solution procedures will be much more effective.
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Chapter 5

Local Uniform Grid Refinement and
Systems of Coupled Partial Differential Equations

Ron Trompert

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

In this paper we consider an adaptive grid method based on local uniform grid
refinement applied to systems of coupled time-dependent partial differential
equations (PDEs). Local uniform grid refinement means that the PDEs are
solved on a series of nested, uniform, increasingly finer subgrids which cover
only a part of the domain. These subgrids are created up to a level of
refinement where sufficient spatial accuracy is obtained and their location and
shape is adjusted after each time step in order to follow the moving steep
fronts. When a system of coupled PDEs is solved, the behavior of the local
and global error associated with each separate PDE can be very different from
one PDE to another. A refinement strategy based on a global error analysis
has been developed which takes these differences into account. This
refinement strategy aims at the domination of the global space error by the
space discretization error at the finest subgrid.

published in: Appl. Numer. Math. 12 (1993), 331-355

5.1. INTRODUCTION

The local uniform grid refinement method is an adaptive grid method used to
solve time-dependent partial differential equations (PDEs) with locally steep solu-
tions. For such problems, a uniform space grid can be computationally very
inefficient, since, to obtain an accurate approximation, such a grid would easily have
to contain an excessive number of nodes, particulary so in two and three space
dimensions.

The main feature of local uniform grid refinement is that the PDEs are solved on a
series of nested, uniform, Cartesian, increasingly finer subgrids covering only that
part of the domain where the spatial error is high. The PDEs are solved on each
separate subgrid in a consecutive manner, from coarse to fine. The location and size
of the subgrids are automatically adjusted at discrete times in order to follow the
movement of the steep fronts. The generation of subgrids is continued until
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sufficient spatial accuracy is reached.

So far, local uniform grid refinement methods were proposed in a number of dif-
ferent varieties and applied to different kinds of PDEs. Here, we will not attempt to
give a complete overview of the field. We will only sketch some varieties of the
local uniform grid refinement method briefly and provide some references for
interested readers. The methods contained in [1-4] are applied to hyperbolic PDEs
and use explicit time stepping techniques. The method proposed by Berger and
Oliger in [3] employs subgrids which are rectangles which may be skewed with
respect to the co-ordinate axes in order to align with the steep region of the solution.
Subgrids having the same cell sizes can partially overlap each other in this method.
In [1], Arney and Flaherty developed a method very similar to the one in [3] except
that the subgrids here are created by cellular refinement, meaning that the fine grid
cells are properly nested within coarser grid cells. Hence, these subgrids have a
piecewise polygonal shape.

Local uniform grid refinement is combined with grid movement in [2,4]. In [4], a
method proposed by Gropp uses subgrids which are rectangles having sides parallel
to the co-ordinate axes and which are able to move as a whole with the moving
steep fronts. In this method the subgrids are also allowed to overlap each other. In
[2], Arney and Flaherty added grid movement to their method described in [1]. The
grid nodes of the coarsest grid are able to move and the fine grid movement is
induced by the movement of the coarsest grid. Local uniform grid refinement
methods are also used to solve parabolic and elliptic PDEs in [5, 6] and involve the
implicit solution of systems of equations. The subgrids in [6] are piecewise polygo-
nal and the ones in [5] are rectangles. In both [5,6] domain decomposition is
applied to improve the performance on parallel computers.

Our previous work on this type of adaptive grid method is contained in [7-11].
The subgrids in our method have a piecewise polygonal shape and do not overlap.
Our method is a static-regridding method which means that no grid movement is
applied during a time step. The refinement strategy controlling the generation of
subgrids in [7] is based on heuristic criteria while in [8-11] it is underlied by a
comprehensive error analysis which has resulted in a so-called refinement condition.
This condition has been designed so that when this condition is satisfied during the
grid refinement process and the number of subgrids is fixed in time, then the spatial
accuracy of the solution obtained with the adaptive grid method should be compar-
able to the spatial accuracy obtained using one uniform grid covering the entire spa-
tial domain when the cell sizes of this uniform grid are identical to those of the finest
subgrid in use in the adaptive grid method. The refinement strategy is designed to
fulfill the refinement condition. Due to the refinement condition a convergence
result as if a single, uniform grid was used could be proved in certain model situa-
tions. The error analysis was carried out for the local uniform grid refinement
method applied to time-dependent PDEs which after spatial discretization yield a
system of ordinary differential equations (ODEs). However, when a system of cou-
pled PDEs is solved, this need not be the case. It is known that the global and local
error components associated with each separate PDE belonging to such a system can
behave differently from one PDE to another. This means that, for example, the
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global error corresponding with one PDE can propagate in a different way to future
time levels than the one associated with another PDE. With respect to the local
error, this difference in behavior means that the local errors connected with different
PDEs do not always behave in the same way when the time step size tends to zero.
For this reason the refinement strategy has to be adapted to this more general class
of PDEs. Moreover, in most of our previous work, the refinement strategy is aimed
at controlling the spatial accuracy or global space error by, in some sense, control-
ling the local space error. This strategy performs satisfactorily but can be very res-
trictive, especially when the number of subgrids is large or the time step size very
small. In this paper, the error analysis is redone for systems of coupled PDEs.
From this, a more general and much less restrictive refinement strategy is obtained
aiming at controlling the spatial accuracy by estimating the global space error itself.

In Section 2 a brief outline will be given of our version of the local uniform grid
refinement method. Section 3 deals with the mathematical formulation of the
method needed for the error analysis. The results of the error analysis are given in
Section 4. This section also considers the influence of a system of coupled PDEs on
the behavior of the global and local error. The refinement strategy is discussed in
Section 5. Three example problems were used to illustrate the performance of the
method. The results of these tests are given in Section 6. Although the example
problems involve two space dimensions, the error analysis, refinement condition and
refinement strategy applies to any number of space dimensions. The final Section 7
contains the summary and concluding remarks.

5.2. OUTLINE OF THE ADAPTIVE GRID METHOD

Although its elaboration readily becomes complicated, the idea behind local uni-
form grid refinement is simple. Starting from a coarse grid, finer-and-finer uniform
subgrids are created locally in a nested manner in regions where the solution is
steep. Here, a set of interconnected grid cells, all having the same sizes, is called a
subgrid. A set of subgrids having the same cell sizes is called a grid level or just
grid. Hence, a grid level consists of a single subgrid or several disjunct non-
overlapping subgrids. A new (initial-) boundary value problem is solved at each
grid level in a consecutive order, from coarse to fine using the same time step size
for all grid levels. This means that the refinement in time is global, i.e. the step size
is adapted in time but is the same for all grid levels in use. Note that the PDEs are
solved on a grid level as a whole, in spite of the fact that the grid level can consist of
several disjunct subgrids. The required initial values for the finer subgrids are
defined by interpolation from the coarser subgrid or taken from a finer subgrid from
the previous time step when available. Internal boundaries, i.e. subgrid boundaries
lying in the interior of the domain, are treated as Dirichlet boundaries and values are
also interpolated from the next coarser grid level. Where the boundary of a fine
subgrid coincides with the boundary of the domain, the prescribed boundary condi-
tions are used. Except for the necessary initial and boundary conditions, all subgrids
are independent of each other. Therefore, the subgrids are not patched into the
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coarser grids but are actually overlaying them. The generation of subgrids is contin-
ued until the spatial phenomena are described accurate enough by the finest grid.
The fine grid cells are created by bisecting the sides of the cells of the next coarser
grid, so the refinement is cellular. The subgrids created this way have a piecewise
polygonal shape. Further, the unknowns are defined at cell vertices which implies
that in the region where the coarse grid is overlapped by the fine grid, the coarse
grid nodes coincide with the fine grid nodes.
During each time step the following operations are performed:

(1) Solve the PDEs on the coarsest grid level.

(2) If the desired accuracy in space or the maximum number of grid levels is
reached then go to 8.

(3) Determine new finer uniform grid level at forward time.

(4) Interpolate internal boundary values at forward time.

(5) Provide new initial values at backward time.

(6) Solve the PDEs on the new grid level, using the same step length.

(7) goto?2.

(8) Assign fine grid values to the corresponding coarser grid points.

Thus, for each time step the computation starts at the coarse base grid using the most
accurate solution available, since coarse grid solution values are always replaced by
fine grid values at coarse grid nodes coinciding with fine grid nodes and all subgrids
are kept in storage for step continuation.

5.3. MATHEMATICAL FORMULATION

A mathematical formulation will be given needed for the error analysis of the
local uniform grid refinement method. The following system of PDEs is considered,
together with the initial and boundary conditions, defined on a domain €2 in IR, IR?
or IR? with boundary 9Q and sides parallel to the co-ordinate axes,

Ag (xtu)u, = Folotu), >ty x € € (3.1a)
Ao (xtu)u, = Faq (X,tu), 1 >15, X € 0Q, (3.1b)
u(x,tg) = ug(x), x € QuUIQ. (3.1¢)

This system of PDEs is assumed to possess a unique solution u(x,), which is as
often differentiable as the numerical analysis requires. The matrices 4, and ;g
are possibly singular matrices; Fq and Fq are functions containing spatial partial
differential operators. The matrices A, and Ay, do not contain space or time
derivatives of u({,t). The space discretization of (3.1) (method of lines) yields

AU = F(L,U), Uty = Uy, 1 > 1y, ‘ (3.2)
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where U(¢) is the numerical approximation of u(x,t) on a space grid. If A (z,U) is
singular then (3.2) will be a system of differential-algebraic equations (DAEs) and
(3.2) will be a system of ordinary differential equations (ODEs), otherwise. In case
we have, for example, Neumann or Dirichlet boundary conditions, then A (¢,U) will
possess rows containing only zeros which implies that (3.2) is a DAE system.

Local uniform grid refinement methods use local subgrids of changing size in
time and thus generate solution vectors with a variable dimension. This complicates
the analysis. In order to circumvent this problem, the fine local subgrids are
expanded over the whole of QUOJQ. The solution to (3.1) is computed only within
the original perimeter of the subgrid and interpolated from the next coarser subgrid
outside this region. This is only done in the mathematical formulation of the method
to make the error analysis easier. It does not take place in the implementation of the
method.

Let Q;, 1<k </, be uniform space grids covering QUJQ with [ denoting the
maximum number of grid levels needed to advance the solution from #,_; to z,. The
grid refinement is cellular so €, is obtained from € _; by bisecting sides of cells of
Q,_;. Note that nodes of Q,_; coincide with nodes on ;. Let S, be the vector
space of all grid functions on £, and let U; € S, be the approximation to u(x,t,) at
Q,. Suppose that (3.2) is defined on Q,, then using an s-step backward differentia-
tion formula (BDF) for time stepping results in the following system of equations,

1 1 i

AN UHUY = —ARUHVEY + FUUD), 3.3
0.1 (U Ug 0.1 (U Vi Y(Uk) (3.3)
Vil = qU3' + -+ + a,UFS,  k=l,..,l,

where T = t, — 1,_,, V{~! is the history vector collecting values computed at back-
ward time points and 6, a, ..., a, are coefficients depending on current and previ-
ous time step sizes.

Our formulation of the grid refinement method uses the following matrix opera-
tors:

- the identity matrix I, : S, — Sy,

- adiagonal matrix D} : Sy — S;, with diagonal entries equal to unity or zero,
T =1

- the restriction operator Ry : S; — Sy, Ry, = 1,

- the interpolation operator P;,_j; : S,_; — S;.

The matrix D} determines whether the solution at a particular grid node is obtained
by solving (3.1) or by interpolation from €2, _;. The diagonal entries of D} associ-
ated with this node are equal to unity when (3.1) is solved and equal to zero other-
wise. The number of the diagonal entries associated with each grid node is equal to
the number of PDEs. Note that on the coarsest grid, system (3.1) is solved on the
whole of €, meaning that D} = I,. For example, the components of the vector
D8}, where &} is an arbitrary vector in S, are nonzero when their corresponding
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nodes lie inside the region where (3.1) is solved, and if interpolation takes place then
these components are zero. With the vector (I, —D})8} it is just the other way
around. The injection of fine grid solution values in the coarser grid solution is
denoted by the operator R and the interpolation by the operator P;_j;. Since all
nodes of €, are also contained in €, injection takes place at each node of €2;.

One time step of the grid refinement method consists of / consecutive interpola-
tion and solution steps on grids €2;. Those are defined by

(I = D)Ux = (I — Dy) Py Uk, (3.4a)
1 n n n n 1 n n n n— n n n
ﬂDkAk(Uk)Uk = _e—TDkAk(Uk)levl '+ DYFLUY), (3.4b)
k=1,....,L

Formula (3.4a) represents the interpolation step and (3.4b) the BDF solution step.
The subgrids in the local uniform grid refinement method are properly nested. This
means that the region of the domain covered by that part of grid level k where (3.1)
is solved is covered completely by its counterpart associated with grid level k—1.
Hence, the set of nodes contained by that part of grid level k where interpolation
takes place will also belong to the set of nodes where interpolation takes place at the
grid levels k+1, k+2, ..., . In other words, the solution at the part of grid level k
where interpolation takes place will be repeatedly interpolated until grid level [ is
reached. Finally, we emphasize that this occurs only in the formulation of the
method to make the analysis easier. In practice, interpolation only takes place
where it is really needed.

5.4. ERROR ANALYSIS

In this section the results of the error analysis are presented. First, the truncation
errors of the interpolation and the space and time discretization will be introduced.
Then, using the mathematical formulation (3.4), relations are derived for the local
and global error. Finally, we give an example of the behavior of the local and glo-
bal error when a coupled system of PDE:s is solved.

5.4.1. Error relations

For u}, the pointwise restriction to Q, of the exact solution u(x, 1,) of (3.1), we
have the following error relations

I, = DPuy = (I — DY) Pr_yupy + (I — DY) Vi, (4.1a)
1 ' n n n ] n n n n— n n n

— DA U} = ——DiAFWHRyv] ™ + DiFi(uf) + (4.1b)

0,1 0,7
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Di(op — AR(up)Bh),  k=1,....1,

where v} ™' =a,ul '+..+auf ™ and of, B} and Y} are the truncation errors of the
space discretization, the time discretization and the interpolation, respectively. They
are defined by

of = Ap(uip)(u)i — Fi(ug), (4.2a)

BY = ()i — —[ui —ayui™ - -+ —aui™], (4.2b)
0,7

Ye = uk — Propuia, (4.2¢)

where (u,)} is the restriction of u,(x, 1,) to Q. Since the restriction operator Ry
involves only the replacement of coarse grid values by fine grid values at coinciding
nodes after a time step has been performed on all grid levels, no additional errors are
introduced here. Therefore, we have u} ™' = Ryul~'. The global error at 1, at & is
defined by

el = up — Uj. (4.3)

Subtracting (3.4) from (4.1) we get

(I = DY)er = (I = DR)Py ek + Iy — DY, (4.4a)
G DHKE + Wilel, = o -DIILLel + WiRwf] '] + (4.4b)
DiMie} + Di(og — Ap(up)Bi),
k=1,....,1,
where
= agef '+ o+ agel”, 4.5)
and

1
K} + Wile} = j;‘%[Aﬁ(&)&]de = Ajwhu} — ANUDUY.  (4.6a)
0
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1
d  »
J g 1AkEmIao (4.6b)

Lie} + WiRyf1™

ARWDR ™ = ARUDR VI,
td
Mie} = [—=IFI©)1d = Fi(u}) — Fi(Up), (4.6¢)
0
1 1 d 5 1 d 5
Wi = [AL®©)dS, Ki = [“ZIALE)ENS, L; = [“=[A}(EMIdO, (4.6d)
0 0d§ 0dg

E=E=0ul + 1-0)U?, n=06R! + (1-0)R,V} !, (4.6¢)

which are obtained by applying the mean value theorem for vector functions. Com-
bining (4.4a) and (4.4b) yields a recurrence relation for the global error

el =T + Xtel_y + 0F, k=l,...,1, 4.7)
where
M =@y 5 - DIWIRy (4.8)
Xp =@ Uy - DHP i, (4.8b)
of =(ZH " {Dio} — DIARWHBE + (I, — DY, (4.8¢)
1

Zi =1y~ D} + Di(g—IWi+Ki~L{] - M}). (4.8d)

5

The vector ¢y is the local level error which is the contribution associated with a sin-
gle time step of grid level k to the global error e} and Z} is the integrated Jacobian
of the system of equations. Using the specific form of Z}, we note that Z} can be
written as I, — D} + D?Z}. When (Z{)"" is written as (I, — D})Z{)™ + D}ZH7', it
can by pre-multiplying (Z;)~' with Z} very easily be shown that

@ZH! = L,-D} + DUZY,  k=l,..l (4.9)

Relation (4.7) is similar to the one obtained in [8-11] and leads to the following
expressions for the global and local error.

er=Grfr vyt n=1,2,....; k=1,..,l, ‘ (4.10)
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where G7 is the amplification matrix and y} the local error which is the contribution
associated with one time step of k grid levels to the global error e;. They are given

by

vi=07, Wi=Xiyi+0k k=2,...1 (4.11b)

which result in

k=1 j+1

=X (IXHT;+T%, (4.12a)
j=1 i=k
k=1 j+1

vi= S(IXD 0%+ 0%, k=2,....1. (4.12b)

j=1 i=k

Now the local level error ¢} (4.8c) can be split up in a spatial part ¢} ; and a tem-
poral part ¢} ,, where 07 = 0} ; + 0% ,. These parts are given by

0f, =(ZH ' [Diok + (I — DY), (4.13a)
0F, = — (Z) ' DAL u)BE- (4.13b)

This yields two distinct relations for the local space error i, and the local time
error Y} ,. With (4.9), (4.11b) and (4.13a), the relations for yy  read

Diy}, = DUZ) Diog + (I - D)[Pr_uWiois +Yil),  (4.14a)
(I —DOWR s = (I = DOIPr_1xWik-1,5 + Yk (4.14b)

Here D}y}, denotes the local space error inside the region of grid level k where
(3.1) is solved and (I, — D})y}  the local space error outside this region. In a simi-
lar way, the local time error can be written as

Diyi, = DUZY) ™' (- DRARWOBE + (I = DPiuWiaii),  (4.159)
I = D)W, = Ik = DOPr Vi1 (4.15b)
Since the local error can be split up in a spatial and temporal part, the same can be

done with the global error. Using (4.7)-(4.9) and (4.13) we get similar relations for
the global space error
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n_n n = n l n St n
Diet, = DHZH ™M k[ﬁka,kf,,s' + of] + (4.16a)

(I — DY)IPy_jehrs + Yil),

(i = Deis = (I = DOIP ki1 s + W1}, (4.16b)

and for the global time error

- n 1 n— ne n\QRn
rer, = DNZ}) '{Dk[ﬂW'k’R,kf,,,‘ - ARuB] + (4.17a)

s

(I = D)Py_ei-r s}

Iy = Dy)e, = (I — DY)Py_ieky ;- (4.17b)

When we consider for example the global space error, given by (4.16), we observe
that the global space error in the region of grid level k where interpolation takes
place (4.16b) is determined by the global space error at grid level k—1 and the inter-
polation error. The global space error in the region of grid level k where (3.1) is
solved (4.16a) is determined by the inverse of the Jacobian Z] operating on a vector
which consists of a part due to the spatial discretization error and the global space
error at previous time points, only nonzero inside this region, and a part due to the
global space error outside this region.

5.4.2. Error behavior

In this paragraph an example will be given of the behavior of the global and local
error. We consider a system of two coupled PDEs which is solved on a single grid.
Therefore, we will drop the subscripts denoting grid levels, k and /, in the remainder
of this section. This system of PDEs leads to the following system of differential-
algebraic equations after spatial discretization

10
00

which is written in the format (3.2). The BDF method (3.3) is applied to solve
(4.18) and some notation will be introduced needed for the examination of the glo-
bal and local errors. Relations for the local and global error are derived, using (4.7)
and (4.8). Due to (4.6¢), (4.6d) and (4.18), we have

o = || D g |00
a ’ o o)

Ul B Fi@t,Uy, Uy)

.= 5 (4.18)
U2 F2(’7UlsU2)

11 M12

n n
M=) (419)
00 M5, M7,
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The matrix D} appearing in the error relation (4.7) will be equal to the identity
matrix /, in this case which implies that the (I, — D)-terms vanish from (4.7) and
(4.8). The matrix Z" is now given by

1 n n
0 I-M7, —-Mp
7" = | 8,1 (4.20)

n n
- M3, - M3

Further, the matrix R, will be equal to the identity matrix. Using the notation
above, this relation (4.7) for the global error is now given by

-
1 n n
e e—I—Mn - M,
= |87 * @.21)
e;

- M5, - M3,
11 o] [f1T of 10| [Bi
6.0 of |21l " laal T o of gy

The global error at the current time 7,, e” is given by (e}, €4)" and the vector "'
in which global errors at backward times are collected by (£, f37")" (cf. (4.5)).
The vectors e} and e’ represent the global error belonging to U and U7 respec-
tively. Now examining (4.21) leads to the conclusion that only f "= contributes to
¢". This means that in this case only e/ carries over to future time points while e
does not.

For the local error y" we have, according to (4.21)

-
1
—I-M} -M! i i
_ler ! " ﬂa'} _ L; g} m} (4.22)
" i an n
- M5, - M3 % s

The behavior of the local error for small T is determined by the operator (Z"y"'. The
behavior of this operator when it operates on a vector will be investigated for this
case where it is assumed that the cell sizes of the space grid remain constant. This
operator can be written as

Vi
V4

-1
1
el E‘I_Mrlll _M'|12 Y’1'| Y’fz
@y = |% =l g | b
21 22

n n
- M5, - M3
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When we assume that the diagonal blocks of Z" are nonsingular we obtain

= U G = M M) b 1 (4.242)
(St~ M),
0,1
Vi = — (M%) M5, YT, (4.24b)
Vi = — 11+ (M) M, <$1 ML ML M) (4240
T = (ﬁI—M’h)"M’KzY’z’z. (4.24d)

s

This leads to the following approximations for small T

0

0,t1, Y3 = —6,UM%) ' M5, (4.25)
- M%), = -0 IM, (M),

n
11

Y3

n

from which we obtain the following approximations for the local error components

Vi =0, - B — 0,TM, (M5,) ' o, (4.26a)
Vi = —0,T(M3,) M5, (o — BT) — (M5,) o5 (4.26b)

We see from (4.26) that the first component of the local error g7 consists of the
truncation errors of the space and time discretization multiplied with an operator
which behaves like O (t) for T—0, meaning that this component of the local error
will vanish in this case. Further we see that, unlike ', the component y3 does not
disappear completely when t—0.

From this example we conclude that when a system of coupled PDEs are solved
the local and global error components can exhibit a very different behavior. There-
fore, a refinement strategy of an adaptive grid method based on error estimation will
have to take such differences in behavior into account. This means that in case of a
system of coupled PDEs, distinction must be made between errors associated with
each separate PDE when we want to develop a refinement strategy based on error
estimations. This will be discussed in the next section.
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5.5. REFINEMENT STRATEGY

In [8] PDEs were considered which upon discretization of the space derivatives
lead to a system of explicit ODEs in which the boundary conditions were incor-
porated. This system of ODEs was solved using the implicit Euler method. The
idea was to control the spatial accuracy of the solution by controlling the local space
error. Moreover, in case the number of grid levels is constant in time, the local
space error at the finest local subgrid should be comparable to the local space error
on a single, uniform grid having the same cell sizes as the finest subgrid. A
refinement strategy was developed aiming to fulfill the following inequality which is
called the refinement condition

NZH™ ', - DOIP i s + Yl < cllZ}) "D} oo, (5.1

c >0,

where Z] is defined as
Z0 = I, —-tDIM}. (5.2)

The matrices /; and D} are defined similarly as in Section 3. The matrix M} arises
after discretizing the space derivatives of a time-dependent PDE and is comparable
to the matrix defined by (4.6c). When 1ZH Yl £ 1, (5.1) results in the following
bound for the local space error at the finest subgrid

I/l < (14e)ZD) "D} 0. (5.3)

Apart from the constant ¢, this error bound is similar to the error bound we would
get using a single, uniform grid. This indicates that by satisfying the refinement
condition it is possible to get more or less the same spatial accuracy as if a single,
uniform grid was used. Further, it was proved that (5.1) holds when the inequality

n n c nN\— n~,n
max,<;g {II(Z; = DDA} < l—_l—II(ZI) "D} o l.., (5.4)
is satisfied while creating finer, local, uniform subgrids, where
M =Y+ P j(Zh ) D o (5.5)

In [9] a similar refinement condition and error bound were derived based on a gen-
eral Runge-Kutta time stepping scheme and in [11] a refinement condition was
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derived for elliptic PDEs.

Although the refinement strategy based on fulfilling (5.4) worked satisfactorily in
practice, it stems from rather conservative estimates of norms and can therefore be
restrictive, especially when the number of grid levels is large. Further, in order to
fulfill (5.4) when T—0 then the matrix D} inevitably has to approach the identity
matrix /. This means that when T is decreased, the local subgrids will cover an
increasingly larger part of the domain and will in the limit of T =0 cover the entire
domain. In this respect, (5.4) is also restrictive and one can argue whether it is
really necessary to let the local subgrids cover a larger part of the domain with
decreasing T in order to retain a high spatial accuracy. Finally, from the previous
section we have concluded that components of the global and local error can exhibit
a different behavior. This is due to the fact that these different components are asso-
ciated with different PDEs. The inequalities (5.1) and (5.4) and the error bound
(5.3) are based on estimates of matrix norms where it is assumed that the system of
PDEs at hand lead to a system of explicit ODEs after spatial discretization. Hence,
it is assumed that all local and global error components behave in a similar manner.
This implies that (5.1) and (5.4) are not sufficiently accurate in case a coupled sys-
tem of general PDE:s is solved. This might also be the case with a system of coupled
PDEs where upon semi discretization one or more PDEs lead to a much stiffer sys-
tem of ODEs than the other ones. For this reason, a new, more general refinement
strategy is developed for a general system of coupled PDEs. In contrast to most of
our previous work, this new strategy will be based on controlling the global space
error which is less restrictive than (5.1). It should satisfy two demands. First, it
must make a distinction between vector components associated with different PDEs,
and second, it must computationally not be too expensive.

Basically a refinement strategy has to answer two questions. The first one is, when
should a new finer grid level be created, and the second one is, which grid cells need
to be refined. In order to answer these questions we will now introduce some nota-
tion. Suppose (3.1) consists of ¢ different PDEs in which the boundary conditions
are included, i.e. boundary conditions are regarded as separate PDEs defined on
boundaries only. Note that a single PDE with Neumann or Dirichlet boundary con-
ditions can also be regarded this way.

An arbitrary vector 8] € S is generically denoted as (8,87, ~, 8%,
where the component 8% ; is associated with the j™ PDE. The matrices I, D},
Py _1x» Ry are block diagonal and can be written as

Iy = diag(ly 1, Iy 25 o5 Iig)s (5.6a)
Dy = diag(Dy 1, Dy 2, ..., Di ), (5.6b)
Py = diag(Pr_ix, 15 Proik 20 s Prcikg)s (5.6¢)
Ry = diag(Ry 1, Ry 2> s Ryg)- (5.6d)

The matrices W§, K}, L}, M} and Z} are written as block matrices with the blocks
Wi i» Kiij» Lt ij» My ; and Zi ;;, where i,j=1,....,q. The blocks of Zj are given by
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Zii = L —Dg; + Dz.i(ﬁ[wz,ii + Ky — Lial — Miy), (5.7

A

1 Lo
Ziij = DZ,i(—e - (Wi + Ky — Ll — Mgy,  i#).
h

This leads to the following relation for the global space error

1 2 _ . i
szk,ijlk,mfl,s.in + ol + (5.8)

sV m=1

q
ehsi = X Yii{Dijl
=1

Uy — Dy DIPi_ikjek-1,5) + ﬁ.j]}’

where Yy ; is a block of (Z''. We have established that the various components of
the global and local space error can behave very differently. Consequently, a cri-
terion like, refine the grid when the local space error Y} or the global space error
e} exceeds some tolerance, is simply too crude. Although the operators (Z{)™' and
W7 determine how the truncation error of the space discretization o} affects the spa-
tial accuracy, one can say that the source of the space error is af. This is certainly
true when a single, uniform grid is used. Therefore, the following criterion can be
used. A new grid level k+1 is created if there exists a component i for which

llok . = TOL, i=1,....q, (5.9)

holds, where TOL is a user-defined tolerance. It is assumed here that the PDE prob-
lem at hand is properly scaled. Otherwise the scaling of the various PDEs have to
be taken into account in criterion (5.9). We have also built in an extra condition in
our research code to smoothen its behavior. Suppose that the maximum number of
grid levels during the previous time step is / and that at grid level k </, ||o} ;|l.. < TOL
for all i. Although this means that a new finer grid level k+1 is actually not neces-
sary, it will still be created when [[ot} ;||.. > 0.9 x TOL, to avoid fluctuations of the
maximum number of grid levels from one time point to the next.

Further, it should be pointed out that when the number of grid levels is increasing
in time additional interpolation errors are introduced, because new initial values
have to be interpolated over the whole newly created grid. It is possible that these
extra interpolation errors diminish the spatial accuracy. For example, this can be the
case when solving reaction diffusion problems with a small diffusion coefficient. In
such case, the interpolation error which will be committed when an extra grid level
is introduced can be very large due to a steep solution while the global space error is
small. For this reason it may be necessary to use an extra criterion to create a new
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finer grid level based on controlling this potential interpolation error. This means
that the situation can occur that grid refinement takes place not to reduce the global
space error but to reduce the potential interpolation error. However, in most cases
when these potential interpolation errors are large, the global space error will also be
large and therefore, a criterion like (5.9) will be sufficient to control the global spa-
tial accuracy. In the refinement strategy we have implemented, only (5.9) is used as
a refinement criterion.

Having devised a criterion to generate new finer grid levels, we now have to find
a criterion to determine which grid cells need to be refined. In order to do this we
use (4.9) to rewrite (5.8) as

| g )
gy Wi imRimflom + 01 + (5.10)

sV m=1

q
Dy ek si = Dy Z Yi';,-,- { DZ,/-[
j=1

iy — D Py-1pj€h-1,85 + Y1)

(I; = Dipeisi = Uj— D Proinjek-1,sj + Yijl (5.10b)
i=l,.,q; k=1L

When we for a moment abandon the idea of expanded grids and think within terms
of local subgrids, then this new criterion will be based on the notion that after the
coarser grid values have been replaced by the finer grid values at coinciding nodes,
the largest absolute nodal value of the global space error should be at the finest grid
level. If this is not the case then the maximum norm of the global space error over
all grids will not be reduced by creating the finest grid level, which means that this
finest grid level is of no use.

When a grid is locally refined, the nodal values at the part of the grid which is
refined are eventually replaced by finer grid values. However, the nodal values out-
side this part of the domain remain unchanged. This means that if the nodal value of
the maximum space error should be at the finest grid level, we have to make sure
that the value of the global space error at nodes outside the part of a grid which is
going to be refined are smaller than the maximum global space error at the finest
grid level. This means that, returning to the expanded grids, the global space error
at the part of a grid level where interpolation takes place is smaller than the max-
imum global space error in the region of the finest grid level where (3.1) is solved.
In other words, we have to demand that

(I ; = DEDPi—ixi€k-1,5i + Yeillle < clID ey il (5.11)
i=l,e,qg; k=2,..,1; 0<c<l1,

where ¢ is a user-defined constant and / the finest grid level which is going to be
used during this time step. If at grid level k—1 (5.9) holds for PDE component i and
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if at node j the associated component of the vector (I, ; — D} ,)e} ; ; satisfies
[ ((L; — DZ,i)[quk,ieZ—l,s,i + YZ‘,,-])jI > C||D7,iel,s,i||oo, (5.12)

then the sixteen cells surrounding j will be refined. This implies that the refinement
is only controlled by the error components connected with the space discretization
error components for which (5.9) holds. In practice the right hand side of (5.12) is
estimated at grid level k—1. Not all grid level-k—1 nodes are scanned but only the
nodes within the region of k—1 where the PDEs are solved. The reason for this is
that outside the region where the PDEs are solved only repeated interpolation takes
place until grid level / is reached. The interpolation error committed by repeated
interpolation will be bounded since repeated interpolation implies that only more
intermediate points will be computed on the same interpolation polynomial. Hence,
the estimate of the right hand side of (5.12) at k—2 can be regarded as a first-order
approximation to the estimate at k—1 for the nodes lying outside the region of k—1
where the PDEs are solved. This means that when in the region of k—1 where inter-
polation takes place, (5.12) did not hold at a node belonging to k—2, we can assume
that it will not hold at its corresponding node plus its nearest neighbors at k—1
either.

We use (4.16) to compute the global space error which implies that on top of
solving (3.4) for the solution we solve an extra equation for the global space error.
The spatial discretization error o is estimated by computing F7(U%}) in (3.3) with a
higher- and a lower-order discretization and subtracting the two. The interpolation
error y; is computed by numerically estimating the truncation error. For both esti-
mates the numerically computed solution is used. To estimate the right hand side of
(5.11) we use the asymptotic behavior of the global space error. In case the space
discretization is of order p we have

~ =p—k+1
DY e ille = 2P VUDR_ sy g ille- (5.13)

If |lok -1 il is computed and (5.9) holds then using the asymptotics we can estimate
how many grid levels are needed to achieve that (5.9) does not hold any longer. The
maximum number of grid levels / which are necessary during this time step is then
estimated as

log(llotg 1 ill.) — log(TOL)

o },ooi=l.g  (5.19)

I = k + entier{

This means that for component i we need [ grid levels in order to fulfill
loezill. < TOL. This I value is used in (5.13) to estimate ||D};e;  ill... Note that for
different PDE components we can have different / values. The estimates above
might not always be accurate, especially at times when the number of grid levels in
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use is about to change. This may lead to a refinement criterion (5.12) which is too
restrictive or not restrictive enough. Only the latter can influence the accuracy in a
negative manner. However, chosing c in (5.14) sufficiently small can overcome this
problem. It is also possible to improve the estimates of ||D7 e, ;ll.. and [ by taking
these values at the previous time step into consideration.

Finally, we conclude this section with the following remarks. The strategy based
on (5.13) does not guarantee that, in case / is fixed over the entire time interval over
which the solution is computed, the global space error is comparable to the global
space error obtained with a single, uniform grid having the same cell sizes as the
finest grid level in the adaptive grid method. If such a guarantee is desired then
extra requirements have to be fulfilled in order to get a bound for |le;  ;|l.. which is
similar to the bound using a single, uniform grid. However, these requirements are
difficult to satisfy in practice and they can only be satisfied in an a posteriori
manner. For this reason we have not incorporated these requirements in the
refinement strategy. Nevertheless, when the constant ¢ decreases then more grid
cells are refined and the gap between the spatial error of the adaptive grid and uni-
form grid computation is likely to become smaller. Further, the strategy described
in this section is not the only possible strategy. The relations for the local and global
space error, given by (4.14) and (4.16), respectively, leave room for other strategies
as well. The new strategy based on (5.11) is less restrictive than the previous one
based on (5.4). When the time step size tends to zero, then, according to (5.11), the
finer subgrids do not necessarily need to grow. This is in contrast to (5.4) where the
subgrids eventually will cover the entire domain. Moreover, the (/-1 )~ term is also
avoided in (5.11).

5.6. EXAMPLE PROBLEMS

Three example problems are used to illustrate the method and to test the
refinement strategy. For time integration, Implicit Euler for the first time step and
BDF2 with variable coefficients for the following time steps are used. Standard
second-order finite differences are used for space discretization and the interpolation
is fourth-order Lagrangian.

5.6.1. Problem I

This test example is hypothetical and is given by a coupled parabolic and elliptic
equation, both linear:

Uy = Uy + u_v_v -v+ g(x’y’t), (613)

0=vy+vy+tut+thxyrn, O<xy<l, 1>0. (6.1b)

The initial function, the Dirichlet boundary conditions and the source terms g and h
are selected so that the exact solution is given by
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FIGURE 6.1 Problem I. The scaled absolute values of the exact global space error in
u and v obtained with 2 grid levels at # = 0.25.
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FIGURE 6.1 Continued. The scaled absolute values of the exact global space error in
u and v obtained with 3 grid levels at 1 = 0.25.
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FIGURE 6.1 Continued. The scaled absolute values of the exact global space error in
u and v obtained with 4 grid levels at 7 = 0.25.
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FIGURE 6.2 Problem I. The grids of the 2- and 3-level computation at t = 0.25.



123

FIGURE 6.2 Continued. The grids of the 4-level computation at = 0.25.

u (x,y,1) = v (x,y,1) = exp[-80((x — r(1))> + (y — s (1))*)], (6.2)

where r(t) = Y4 [2 + sin(rtt)] and s (z) = Y4 [2 + cos(mt)]. This solution is a cone that
is initially centered at (2,%4) and that rotates around ('5,"2) in a clockwise direction
with a constant speed. We have used this problem to subdue the method to a con-
vergence test. The solution was computed from =0 to r =0.25. Starting from a
coarse 20 x 20 grid, 1,2 and 3 additional grid levels were used. The number of grid
levels were kept constant throughout the entire time interval. The associated TOL
values were 20, 5 and 1. These tolerance values appear to be large compared to the
tolerance values one is used to. The reason for this is that the [|of ;|l.. values can be
large. However the accuracy does not deteriorate severely by this because the
inverse of the Jacobian operates on the vector af (cf. (4.14a), (4.16a)) which
reduces the values of the components of this vector considerably. This is due to the
large high-frequent components of the grid function oy and the fact that the Jaco-
bian stems from an elliptic/parabolic operator of which the inverse strongly damps
such components. The constant time step size was chosen to be equal to 0.005 and
the constant ¢ from (5.17) equal to 0.5. The results at the final time, given in Table
6.1, show that the obtained global space errors decrease roughly with a factor of
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# of global space error
grid levels u %
1 0.043973 | 0.044304
2 0.013465 | 0.012874
3 0.003594 | 0.002991
4 0.000757 | 0.000631

TABLE 6.1 Problem I. Maxima of the exact global space error restricted to the finest
grid.

# of global space error
grid levels u %
1 0.043441 | 0.044379
2 0.013277 | 0.013304
3 0.003543 | 0.003135
+ 0.000748 | 0.000663

TABLE 6.2 Problem I. Maxima of the numerically estimated global space error res-
tricted to the finest grid.

four indicating the normal second-order convergence behavior which would also be
obtained with a single, uniform grid. Since the success of the refinement strategy,
described in the previous section, depends on the accuracy of error estimates, we
have also compared the numerical estimates of the global space error with the exact
values. In Table 6.2 the numerical estimates of the global space errors are given and
it appears that the estimates are quite accurate. The scaled absolute values of the
exact global space error in u and v at t = 0.25 for all computations is shown in Fig-
ure 6.1. The positioning of the finer subgrids in Figure 6.1 appears to be good. The
maximum global space error for both components is located at the finest subgrid in
use. Moreover, the refinements are fairly efficient, meaning that not many grid cells
are unnecessarily refined. Figure 6.2 shows the grids at 7 = 0.25.



125

i

0.01 —
local
space 0.001 |
error
i
0.0001 -

I I I [ I
1e-05 0.0001 0.001 0.01 0.1

time step size

FIGURE 6.3 Problem II. The maximum local space error in u (i) and in v (if).
5.6.2. Problem I1

The second test problem is a problem with a steady-state solution. Again the sys-
tem of PDEs given by (6.1) is solved but this time the sources g and 4 and the initial
function and Dirichlet boundary conditions are chosen such that the exact solution is
given by

u(x,y,1) = v (x,y,1) = exp[-80((x — r(£))* + (y — %)2)], (6.3)

where r(1)="% — 4 exp(—1000¢). This represents a cone which is centered at ("2, %)
at =0 and moves towards the center of the domain (‘2 '2) with a continuously
decreasing speed. In the steady-state situation the cone will have reached the center
of the domain.

Just like in example problem I, (6.1) was solved using 1,2 and 3 extra grid levels
after starting from a 20 x 20 uniform grid. Variable time step sizes were used. On
the 20 x 20 grid at t,, T is predicted for the next time step so that TU; = 0.1, where
U" is a numerical approximation of u,(x, #,). These computed T values were kept in
storage and used as time step sizes for all computations. The constant ¢ from (5.17)
is chosen equal to 0.5 for all computations. :

This problem was used to illustrate the differences in behavior of the local and
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FIGURE 6.4 Problem II. The maximum global space error in u obtained with 1, 2, 3
and 4 grid levels, indicated by i, i, iii and iv, respectively.

global space error belonging to (6.1a) and (6.1b) and to compare the maxima of the
global space errors in u and v of the adaptive grid solution obtained with a different
number of grid levels throughout the entire time interval. The solution was com-
puted to t=1.0. The TOL values were equal to 20, 5 and 1. The number of grid lev-
els were kept constant throughout the entire time interval. The results of paragraph
4.2 apply to this case, since, (6.1) fits in the format (4.18). It is to be expected that
the local space error in u behaves like O (T) and the local space error in v like O (1)
when 1—0. Figure 6.3 shows the behavior of the maximum local space error in u
and in v over the interior of a 20 x 20 grid as a function of the time step sizes. A
double logarithmic scale was used in this figure and the slope of the local space
error in u is almost equal to unity for small time step sizes indicating a linear
behavior in T. Further, the local space error in v appears to be almost constant. This
means that the local space error in « and v behave indeed like predicted by (4.26) for
small 1. Figure 6.4 and 6.5 compare the maximum global space errors in u and v,
respectively, obtained with the adaptive grid method on 1, 2, 3 and 4 grid levels.
These figures clearly reveal that the global space error in u, belonging to the PDE
(6.1a) gradually increases in time until a certain maximum is reached while the glo-
bal space error in v, connected with the PDE (6.1b) remains at an almost constant
level over the entire time interval. The distances between the lines in Figure 6.4 and
6.5 reveal a second-order convergence behavior which would also be obtained with
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FIGURE 6.5 Problem II. The maximum global space error in v obtained with 1, 2, 3
and 4 grid levels, indicated by i, ii, iii and iv, respectively.

a single, uniform grid. The scaled absolute values of the global error in u at r=1.0
are shown in Figure 6.6. The global space error in v is not shown here, because it is
very similar to the one in u for this case. Again, the grids are reasonably efficient
and the maximum global space error is located at the finest subgrid in use. The
grids at the final time are shown in Figure 6.7.

5.6.3. Problem III

The third test problem is a problem with an oscillatory solution. The system of
PDEs given by (6.1) is solved once more but this time the sources g and A and the
initial function and Dirichlet boundary conditions are chosen such that the exact
solution is given by

u(x,y,1) = v (x,y,t) = sin(mt)exp[-320((x — %)2 +(y- %)2)1. (6.4)

This represents an oscillating cone which is centered at (', 2). At 1=0 the solution
is zero everywhere. Then a steep pulse emerges at the center of the domain which
reaches its maximum at 1=0.5 after this it will decay until the solution is equal to
zero again at 1=1.0.
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FIGURE 6.6 Problem II. The scaled absolute values of the exact global space error in
u obtained with 2 and 3 grid levels at 7 = 1.0.
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FIGURE 6.6 Continued. The scaled absolute values of the exact global space error in
u obtained with 4 grid levels at 7 = 1.0.

This problem was solved to test the performance of the method when a variable
number of grid levels is used. The solution was computed four times from =0 to
t=1.0 using a maximum number of grid levels of 2,3,4 and 5. The corresponding
TOL values were 160,40,10 and 2.5, respectively and the constant ¢ was chosen to
be 0.5. Variable time steps were also used here which were determined in exactly
the same manner as in problem II and also kept in storage to be used for all compu-
tations. The maximum global space error in u as a function of time is shown in Fig-
ure 6.8. Here, the behavior of the global space error in v is very similar to the one in
u. The kinks in this figure indicate that at that time, a new finer grid level is created
or discarded. It appears that the global space error decreases with a certain factor
when the TOL value is divided by four. Inspection of the data revealed that this fac-
tor is larger than four in both the infinity and the L norm. These norms of the max-
imum global space error were taken over the values at all time levels. This implies
that when the TOL value is decreased by a factor of four that the spatial accuracy is
increased by a factor of at least four for this example problem. The grids at 1=0.5
are shown in Figure 6.9.
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FIGURE 6.7 Continued. The grids of the 4-level computation at ¢ = 1.0.
5.7. SUMMARY AND CONCLUDING REMARKS

In this paper we have discussed the application of a local uniform grid refinement
method to systems of coupled PDEs. The main feature of local uniform grid
refinement is that the PDEs are solved on a series of nested, uniform, Cartesian,
increasingly finer subgrids covering only a part of the domain where the spatial error
is high. The PDEs are solved on these subgrids in a consecutive manner, from
coarse to fine. The location and size of the subgrids are automatically adjusted at
discrete times in order to follow the movement of the steep fronts. The generation
of subgrids is continued until sufficient spatial accuracy is reached.

An error analysis was performed for the local uniform grid refinement method
applied to systems of coupled PDEs. It was shown that the global and local error
components associated with each separate PDE can exhibit an entirely different
behavior. With respect to the global error, this means that the global error com-
ponents can carry over to future time points in a very different way from one PDE to
another. The local space error components can show a different behavior for small
time step sizes. A refinement strategy controlling the generation of finer subgrids
was developed from the results of the error analysis. This strategy takes these
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FIGURE 6.8 Problem I1I. The maximum global space error in u as a function of time.
The maximum number of grid levels is 2 (i), 3 (ii), 4 (iii) and 5 (iv).

differences in behavior into account and is based on estimating and controlling the
global space error. We have applied the method to three example problems, all
involving a system containing a parabolic and an elliptic equation to test the
refinement strategy. The observed convergence behavior of the global space error is
comparable to uniform grid computations. We have also seen the predicted differ-
ences in behavior of the components of the global and local space error. Further, the
global error estimates are fairly accurate and not many grid cells appear to be
unnecessarily refined. Using both a fixed and a variable number of grid levels in
time and a second-order space discretization, we have observed that when the toler-
ance value is decreased with a factor of four, the spatial accuracy also appears to
improve with a factor of four.

We consider these results to be very satisfactory. However, we feel that testing
on more difficult (nonlinear) problems needs to be done in order to fully appreciate
this refinement strategy. Further, in the example problems where variable time step
sizes were used, these step sizes were adapted in order to equidistribute a heuristic
monitor. It would be desirable to implement a time step strategy based on (4.15) or
(4.17). However, such a strategy only works well when the time error estimates are
sufficiently accurate. In [7] we have already reported that when using the local uni-
form grid refinement method these time error estimates do not resemble the actual
time error at all. Nevertheless, perhaps there is a remedy for this so that a time step
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FIGURE 6.9 Problem III. The grids of the 2- and 3-level computation at ¢ = 0.5.
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FIGURE 6.9 Continued. The grids of the 4- and 5-level computation at t = 0.5.
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strategy can be developed which is just as successful as the refinement strategy in
space.
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Chapter 6

Local Uniform Grid Refinement and Transport in
Heterogeneous Porous Media

Ron Trompert

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

The application of an adaptive grid method to a mathematical model for
unsteady flow, coupled with transport of solute in heterogeneous porous
media is discussed. When the concentration of solute is large, the solute con-
centration profile in transport problems can show locally large gradients in
space and in time. For this type of problems, an adaptive grid method can be
greatly beneficial. We consider a method based on local uniform grid
refinement, where integration takes place on a series of nested, local, uniform,
finer-and-finer subgrids. These subgrids are created up to a level of
refinement where sufficient spatial accuracy is reached and their location and
shape is adjusted after each time step. The space domain is considered to be
a rectangle and all grids in use are uniform and Cartesian. The interfaces,
demarking the inhomogeneities, are assumed to coincide with cell edges in
the numerical approximation. Special conditions are applied here, connecting
the solutions on both sides of the interface. These interface conditions involve
continuity of fluxes across the interfaces. The mesh refinement process and
the variable time step sizes are controlled by heuristic error monitors.

to appear in: Adv. Water Resour.

6.1. INTRODUCTION

An adaptive grid finite-difference method is applied to a model for unsteady
isothermal groundwater flow coupled with transport in heterogeneous porous media.
The origin of this work lies in a safety assessment study on disposal of high-level
radioactive wastes in rock salt formations, like salt domes. The numerical simula-
tions of groundwater flow near these salt formations may provide insight in what
might happen in the event of contaminants escaping from such a repository. The
concentration of salt in the proximity of salt formations is known to be large and
also in aquifers overlying these salt formations the salt content varies from fresh
water to that of saturated brine [7]. It should be noted that the presence of a high
concentration of salt in these natural situations gives rise to large concentration
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gradients as well. A typical situation one encounters is that of a sharp fresh-salt
water interface that moves in time. A single, uniform space grid can be computa-
tionally very inefficient when solving the partial differential equations (PDEs)
describing such problems because, to afford an accurate approximation, such a grid
has to be very fine over the whole domain while a fine grid is only needed where a
sharp front is located. Adaptive grid methods prove to be very useful here, since
these methods refine the space grid only where it is really needed, hence, reducing
the necessary CPU time.

The applied adaptive grid method is based on local uniform grid refinement. The
main feature of local uniform grid refinement is that the PDEs are solved on a series
of nested, uniform, finer-and-finer subgrids covering only a part of the domain.
These subgrids are automatically adjusted at discrete times in order to follow the
movement of large spatial variations. On each local subgrid a new initial boundary
value problem is solved for one time step in a consecutive order, from coarse to fine.
The generation of subgrids is continued until the spatial phenomena are described
with sufficient accuracy.

Local uniform grid refinement methods have been proposed in a number of dif-
ferent varieties, applied to different kinds of PDEs. Here, we will not attempt to
give a complete overview of the field. We will only sketch some varieties of the
local uniform grid refinement method very briefly, and provide some references.
The methods contained in [1-3,5] are applied to hyperbolic PDEs and use explicit
time stepping techniques. The method proposed by Berger and Oliger in [3]
employs rectangular subgrids which may be skewed with respect to the co-ordinate
axes in order to align with the steep region of the solution. Subgrids having the
same cell sizes can partially overlap in this method. In [1], Arney and Flaherty
developed a method very similar to the one in [3] except that the subgrids here are
created by cellular refinement, meaning that the fine grid cells are properly nested
within coarser grid cells. Hence, these subgrids have a piecewise polygonal shape.

Local uniform grid refinement is combined with grid movement in [2,5]. In [5], a
method proposed by Gropp uses subgrids which are rectangles having sides parallel
to the co-ordinate axes and which are able to move as a whole with the moving
steep fronts. In this method the subgrids are also allowed to overlap. In [2], Arney
and Flaherty added grid movement to their method described in [1]. The grid points
of the coarsest grid are able to move and the fine grid movement is induced by the
movement of the coarsest grid. Local uniform grid refinement methods are also
used to solve parabolic and elliptic PDEs in [6, 8-15] and involve the implicit solu-
tion of systems of equations. The subgrids in [8] are piecewise polygonal and the
ones in [6] are rectangles. In both [8] and [6] domain decomposition is applied to
improve the performance on parallel computers.

Our previous work on this type of adaptive grid method is contained in [9-15].
The subgrids in our method have a piecewise polygonal shape and do not overlap.
Our method is a so-called ‘static-regridding method’ which means that no grid
movement is applied during a time step. The refinement strategy controlling the
generation of subgrids in [10,13] is based on heuristic criteria while in
[11,12,14,15] it is underlied by a comprehensive error analysis which has resulted
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in a so-called refinement condition. This analysis was carried out for PDEs which
after spatial discretization lead to a system of ordinary differential equations
(ODEs). The aim of this refinement condition is that, once fulfilled, the overall spa-
tial accuracy should be dominated by the spatial accuracy at the finest grid level.
Due to the refinement condition, a convergence result could be proved in certain
model situations which is similar to the result obtained for a single, uniform grid. In
[9] the error analysis was carried out for systems of general coupled PDEs. These
systems of PDEs do not necessarily lead to a system of ODEs after spatial discreti-
zation. A refinement strategy was derived based on the notion that the finest subgrid
should contain the largest spatial errors. This strategy works quite satisfactorily but
a rigorous convergence proof like the one mentioned previously can no longer be
given.

In this work, the application of our version of the local uniform grid refinement
method to transport problems in heterogeneous porous media is discussed. The
adaptive grid method has been implemented in a code called MOORKOP. This
code can handle systems of PDEs of the following type, defined on a rectangular
domain

G (XY, U Uy Uy, Uy Uy, Uy, Uyy) = 0, 1 > 1. (1.1a)
The boundary conditions may take the form

H(x,y,tu,uy, u, uy) =0, 1> 1, (1.1b)
and the initial conditions may be defined by

u(x,y,tg) = ug(x.y). (1.1c)

The solution # may be vector valued. This general format was chosen to allow the
user to solve not only transport problems in porous media but other PDEs as well.
Moreover, in case transport problems are solved, the format (1.1) makes it easy for
the user to implement various modifications to the basic equations of the model.

This work can be regarded as a sequel to the work reported in [13] in which this
adaptive grid method was applied to transport problems in homogeneous porous
media. Since in natural situations, soil properties such as permeability and transver-
sal and longitudinal dispersivity can change abruptly from one region to another,
MOORKOP has now been extended so that it can handle transport in porous media
with such non-homogeneities. At these abrupt changes, interface conditions based
on continuity of fluxes are applied to obtain consistent numerical approximations.
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6.2. OUTLINE OF THE ADAPTIVE GRID METHOD

The idea behind local uniform grid refinement is simple. Starting from a coarse
base grid covering the whole domain, finer-and-finer uniform subgrids are created
locally in a nested manner in regions of large spatial variations. Here, a set of inter-
connected grid cells, all having the same size, is called a subgrid. A set of subgrids
having the same cell size is called a grid level or just grid. Hence, in our version of
the local uniform grid refinement method, a grid level consists of a single subgrid or
several disjunct, non-overlapping subgrids. A new initial boundary value problem is
solved at each grid level separately in a consecutive order, from coarse to fine. The
same time step size is used for all grids. The required initial values are defined by
interpolation from the coarser grid level in which the refinement is embedded or
taken from a grid level from the previous time step when available. Internal boun-
daries, i.e. subgrid boundaries lying in the interior of the domain, are treated as Diri-
chlet boundaries and values are also interpolated from the coarser grid level. Where
the boundary of a fine subgrid coincides with the boundary of the domain, the
prescribed boundary conditions are used. Except for the necessary initial and boun-
dary conditions, all subgrids are independent of each other. Therefore, the subgrids
are not patched into the coarser grids but are actually overlaying them. The genera-
tion of grid levels is continued until the spatial phenomena are described accurately
enough by the finest grid. The fine grid cells are created by bisecting the sides of the
cells of the coarser grid. This means that the refinement is cellular and that the
subgrids have a piecewise polygonal shape.

During each time step the following operations are performed:

(1) Solve PDEs on the coarse grid.

(2) If the desired accuracy in space or the maximum number of grid levels is
reached then go to 8.

(3) Determine new finer grid level at forward time.

(4) Interpolate internal boundary values at forward time.

(5) Provide new initial values at backward time.

(6) Solve PDEs on new grid level, using the same time step.

(7) goto?2.

(8) Update the coarser grid solution using the finer grid values.

Thus, for each time step the computation starts at the coarse base grid using the most
accurate solution available, since coarser grid solution values are always updated by
the finer grid solution.

For time integration we use implicit Euler for the first time step and the second-
order two-step implicit BDF method with variable coefficients for the following
time steps where variable step sizes are taken. Standard second-order central finite
differences are used for space discretization and the interpolation, which is used for
obtaining initial and boundary conditions, is linear. The discretization of the boun-
dary conditions and the interface conditions are of first order. The unknowns in our
difference scheme are located at vertices of cells. Hence, where the coarser grid is
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overlapped by a finer grid, the coarser grid nodes coincide with the finer grid nodes.
The resulting systems of equations are solved by an adapted version of modified
Newton’s method in combination with the iterative linear solver BI-CGSTAB [16].

6.3. STRATEGIES
6.3.1. Refinement strategy

The local uniform grid refinement method is a valuable method for solving PDEs
with steep solutions because it can solve these PDEs just as accurately as on a very
fine grid, but with considerably less computational effort, since the involved fine
subgrids cover only a part of the domain. Moreover, it creates extra refinements
when necessary and removes these when they are no longer needed. This
refinement process is controlled by a refinement strategy. In [9, 11,12, 14, 15], the
refinement strategy is based on a comprehensive error analysis taking into account
space discretization and interpolation error estimates. The aim of this strategy is to
have the overall spatial accuracy dominated by the spatial accuracy at the finest grid
level. When the number of grid levels is constant for all times, this strategy should
lead to a spatial accuracy which is comparable to the one achieved with a single,
uniform grid having cell sizes identical to those of the finest grid level in the adap-
tive grid method.

The success of such a refinement strategy is very much dependent on the accu-
racy of error estimates. It is clear that these error estimates can only be accurate
when the solution is sufficiently smooth, i.e. it may be steep but it should be
sufficiently differentiable in space. Since nonsmoothness in the boundary condi-
tions, or even in the solution itself, is a well known phenomenon in flow and tran-
sport problems in porous media, the approach above was abandoned and replaced by
a more heuristic approach. In [10, 13] the refinement strategy was based on a curva-
ture monitor. This monitor is also used here because it is able to detect high-error
regions. Further, this monitor can also detect kinks in the solution profile which
occur at interfaces in porous media more quickly than a monitor based on the gra-
dient of a solution. This implies that refinements at interfaces will be created much
sooner. This is favorable for the accuracy of the computed solution, the approxi-
mated geometry of the interfaces, and also for solving the systems of nonlinear
equations.

The error monitor can be regarded as a scaled approximation of
| Ax20%u/0x? | + |Ay*9*u/dy?*| for each solution component at every node. The
value of this monitor at node j associated with solution component i is denoted as
ESTS, ;. At every grid node and for each solution component this monitor value is
computed.

Let grid level 1 be the coarsest grid level and grid level 2 be the next finer grid
level and so on. Suppose we have just completed a time step on grid level m. After
this time step, the maximum values of ESTS,; are computed over grid level m for
each component i. These maxima are denoted as ESTSmax;. If for some i,
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ESTSmax; > TOLS, then a new grid level m+1 is created within the current time
step, provided that m+1 does not exceed the user-specified maximum number of
grid levels. Here, TOLS is a user-defined tolerance. Grid level m+1 is the con-
structed as follows. For each i, for which ESTSmax; > TOLS holds, the cells around
the nodes of grid level m where ESTS,; > "ax TOLS will be subdivided in four
identical cells. The set of these finer cells makes up grid level m+1, on which the
current time step will now be repeated.

Finally, we have built in an extra condition to smooth the behavior of the code.
Suppose that the maximum number of grid levels during the previous time step is
levtop and that at grid level m<levtop, one has ESTSmax; < TOLS. Although this
means that a new finer grid level m+1 is actually not necessary, it will still be
created when ESTSmax; >0.9 x TOLS. This way fluctuation of the maximum
number of grid levels from one time point to the next is likely to be avoided.

6.3.2. Time integration aspects

We have implemented the two-step BDF method of order two which we apply in
the variable step size mode. The time derivative in (1.1) is then approximated as

uU" _a]Un—l _aZUn—Z

U, = 3 3.1

A W 3.1)
where
(c+1)? -1 c+l1

a, = , a4, = , 06,= 5 3.2

: c?+2¢c ’ c?+2¢c 27 ¢43 (32
Atn—l A

= , t,=t,—t,_|.

c A[n n—1

Here, U, represents the pointwise restriction of u, to a space grid. Note that variable
time stepping is a prerequisite for transport problems in porous media, as they can
exhibit a highly distinct behavior in time. As starting formula we employ the one-
step BDF method of order one (implicit Euler).

In the second-order BDF method, it would be appropriate to use the numerical
estimates of the third time derivative of the solution for time step size control. This
would work satisfactorily in standard applications where a grid without adaptation is
used. However, one will encounter difficulties with such an estimator using a
static-regridding method like the local uniform grid refinement method. This was
already reported in [10]. These difficulties are due to the fact that the solution vec-
tor at the backward time points, present in the BDF formula, is obtained from inter-
polation from the coarser grid level, from computing the solution to (1.1) at the
current grid level, and from assigning finer grid values to corresponding grid points
at the current grid. Although these operations do not adversely affect the accuracy
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of the computed solution, they do introduce small ‘discontinuities’ in the solution
which cause small stiff transient solution components in time. These small tran-
sients are quickly damped due to the stability of the BDF method. They are, how-
ever, seen by the local truncation error estimator which will in turn greatly overesti-
mate the true local truncation error. This will lead to far too small time steps. In
order to circumvent this problem we will use a time error monitor which is able to
notice the transient behavior of the solution but does not see this background noise.
This means that the values this monitor measures should be considerably larger than
the background noise.

Here, the time step size is controlled by the time error monitor value which is a
scaled approximation of |Af du/dt| for each solution component at every node.
This monitor worked quite satisfactorily in previous applications. The maximum
value of this monitor, denoted as ESTT, is computed only over the interior grid
nodes of each subgrid for reason of robustness of the code. We will not elaborate
this further here. After a time step has been performed on all grid levels ESTT is
computed over all grid levels. If this maximum exceeds a user-specified tolerance
TOLT, then the time step is rejected, otherwise accepted. For each grid level a new
time step size is predicted such that the predicted value of ESTT for the new time
step is equal to 0.5 x TOLT. The minimum of these new time step size estimates is
taken to be the time step size for the next time step. The rationale is that when a
new time step is taken with this predicted value, ESTT will in general be approxi-
mately equal to 0.5 x TOLT which implies that time step rejections are unlikely to
occur. However, in case of a step rejection, the new time step size will be taken as
0.8 times this estimated value. In all cases, we require that the new time step size is
not smaller than Y4 times and not larger than 2 times the old time step size to avoid
too large jumps in the step size selection. This strategy was adopted because of its
performance in numerous previous applications. Finally, the new time step size is
corrected with a small value to assure that the next output point is reached exactly.

6.3.3. Solution of the linear and nonlinear systems

Because we use an implicit integration method and treat PDEs like (1.1) fully
coupled, we are facing the task of solving large coupled systems of nonlinear alge-
braic equations. Let the nonlinear system of equations to be solved be denoted as,

FU) = 0. (3.3)
In the standard modified Newton approach the linear system of equations

JUOS = —FWU*™), (3.4)
vk = Ut o+ ¥,

is subsequently solved, starting with k=1, until a stopping criterion is satisfied. Here
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J is the Jacobian matrix, U° is the initial guess, and U k is the k™ iterate. In our
code, we use an adapted version of modified Newton in combination with precondi-
tioned BI-CGSTAB [16] for iteratively solving the resulting system of linear equa-
tions. For any system of PDEs like (1.1), the required Jacobian matrix for the New-
ton process is computed in a completely automatic manner. In our code the ele-
ments of the Jacobian are estimated by a simple first-order difference formula, so
that the user does not need to specify these. The reason why the standard modified
Newton procedure has been adapted for the application of the local uniform grid
refinement method is explained below.

When solving flow and transport problems in heterogeneous porous media one
can encounter convergence problems. For example, when a subgrid is newly
created or moves in space from one time point to the next, initial values for the new
fine subgrid cells are interpolated from the next coarser subgrid solution which may
be kinked due to an interface, leading to large interpolation errors. This way initial
data is obtained which does not look like the fine grid solution to the PDEs at the
backward time point, leading to a bad approximation of the Jacobian. To our
experience, when the modified Newton iteration fails to converge because of this,
the standard procedure of time step size reduction works very poorly, or not at all.
For this reason the modified Newton procedure had to be adapted. The
modifications we have made will now be elaborated upon.

The solution at the backward time point is taken as the initial guess for the finest
grid level. With respect to the initial guess for the coarser grid levels, in spite of the
fact that assigning of fine grid values to corresponding coarser grid nodes improves
the accuracy of the solution at the coarser grid level (cf. Section 2, step 8), the
updated coarser grid solution is usually not a very good initial guess for the solution
at this grid at the future time point. Therefore, we also keep the original, not-
updated solution at the backward time point in storage which is used as initial guess
for the next time step. After this, the linear system (3.4) is generated and iteratively
solved. In case this linear iteration process terminates unsuccessfully, (3.4) is gen-
erated all over again, employing a smaller time step size.

When (3.4) is solved at least twice (i.e. after two modified Newton iterations), we
check for convergence and convergence speed. When the corresponding criterion is
satisfied, the modified Newton stopping criterion is expected to be fulfilled within
the user-specified maximum number of iterations. Note that the convergence(speed)
criterion terminates a diverging as well as a slowly converging iteration process.

After this criterion has been fulfilled, we check if the modified Newton stopping
criterion is satisfied. If this is the case then we are done, otherwise we proceed with
the next iteration. In case that the convergence(speed) criterion is not satisfied, a
new Jacobian is computed.

There are two ways to compute a new Jacobian. First, the Jacobian can be com-
puted using the previous iterate U*~' as initial guess and employing the same time
step size. Second, we can compute the new Jacobian using the original initial guess
U° with a reduced time step size, just as in the standard modified Newton approach.
The way the Jacobian is calculated depends on a number of criteria. First, the
number of new Jacobians using the same time step size during the whole iteration
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process is limited to a user-defined maximum. If this maximum is reached then the
new Jacobian is computed with a reduced time step size. When a new Jacobian
using the same time step size was already obtained during the previous iteration and
the convergence(speed) criterion is still not satisfied, the new Jacobian is also calcu-
lated using a smaller time step size. Suppose that the last iteration where a new
Jacobian was computed with the same time step size is denoted by j. We assume
that when ||F (U* V)|, < IF (U’™")\.., the iterate U*"" is a ‘better’ solution to (3.3)
than U’~!. A new Jacobian is only computed using the same time step size if this is
the case, and computed with a reduced time step size, otherwise.

This algorithm is more complicated than the standard modified Newton. Its
behavior ranges from standard modified Newton to a genuine Newton-Raphson pro-
cess. The idea behind it is that when the convergence criteria are not fulfilled, the
iteration is not immediately repeated with a smaller time step size, like in the stan-
dard modified Newton approach, but a new Jacobian, based on the last accepted
iterate and the same time step size, is tried first. Should this fail too, then the itera-
tion is repeated with a smaller time step size.

The maximum number of Newton iterations and Jacobians should not be chosen
too small, since this would lead to a premature termination of a converging iteration
process. On the other hand, these numbers should not be chosen too large because a
slowly converging iteration process can then carry on for a long time which is com-
putationally inefficient. The maximum number of Newton iterations and Jacobians
with the same time step size in our code are chosen to be 10 and 5 respectively
which appeared to be reasonable choices in practice. When the time step size needs
to be decreased, we take the new step size to be %4 times the previous one.

6.4. MODEL OF BRINE TRANSPORT IN POROUS MEDIA

In this section the mathematical model of brine transport used to solve the exam-
ple problem (cf. Section 6) is described. Following Trompert, Verwer and Blom
[13], we consider a model for unsteady, isothermal, single-phase, two-component,
saturated flow in a porous medium in two space dimensions. This model contains
two conservation laws, namely one for the mass of the whole fluid, i.e. water and
salt, and one for the mass of salt only. The mass conservation of the fluid supple-
mented with Darcy’s law for the velocity field is given by

d _ _ _k _
E("p) +V.(pg) =0, q= u(Vp pg). 4.1

where n is the porosity of the porous medium, p is the mass density and q the velo-
city vector of the fluid. Note that here the velocity of the solid phase is neglected.
The permeability of the porous medium is denoted by &, L is the dynamic viscosity,
p pressure and g the gravity vector. The mass conservation law of salt and Fick’s
law for the dispersive mass flux are given by
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%(npw) +V.(poq +J) =0, J= -pnDVo, (4.2)

respectively, where  is the concentration of salt and J the dispersive mass flux vec-
tor. D is the 2 x 2 dispersion tensor defined by

T
nD = (nd, + orlqDI + <w—aﬂ%, lal = @'q)”, 43

where oy denotes the longitudinal and o the transversal dispersivity and d,, the
molecular diffusion coefficient. I is the 2 X 2 identity matrix. The soil properties in
this model are n, d,,, o, oy and k. Temperature and compressibility effects are
neglected in this model, as well as sources, sinks and deformation of the porous
medium. To complete the model we need an equation of state for the fluid mass
density p and an expression for the dynamic viscosity p which depends on the con-
centration of salt:

pO €xp (’YO‘»’ (44)
Ho(1 + 1.850 — 4.100% + 44.500°), (4.5)

u

where p, and p, are the reference density and dynamic viscosity and v is a
coefficient obtained from laboratory experiments.

In cases of a low salt concentration (4.1) and (4.2) are only weakly coupled and
can be solved independently. The flow can then be regarded as independent from
the density gradients caused by differences in the salt concentration since these gra-
dients prove to be negligible. However, we consider cases of high salt concentra-
tion, in which case the flow is no longer independent from the density gradients, so
these equations should be solved together. With this model we have followed Has-
sanizadeh and Leijnse [7] in the description of brine transport, except for Darcy’s
law and Fick’s law. In this paper these laws are used in their classical formulation,
valid for low concentration cases.

Using p and o as independent variables, we have recasted equations (4.1), (4.2)
in the form

-YW.J + pV.q = 0, (4.6)

L)

pn % +pq.Vo + V.J =0,

which is obtained after some elementary calculations. At this stage we note that this
model fits into format (1.1) and can, within the limits of (1.1), be modified by the
user of the code. For example, one can add a temperature equation or use different
formulations for Darcy’s law and/or Fick’s law, or by add compressibility effects,
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etcetera.

6.5. INTERFACE CONDITIONS

In this section we explain the interface conditions. These conditions are based on
continuity of fluxes across cell edges. Although we will only discuss the interface
conditions using the mathematical model of brine transport from the previous sec-
tion, it is straight forward to derive interface conditions for other transport problems
in heterogeneous porous media.

The soil properties in heterogeneous porous media can show abrupt changes from
one region to another. Moreover, across these interfaces, i.e. where the sudden
changes occur, p and ® are continuous but their profiles may be kinked. We will
assume that, mathematically, these soil properties are piecewise constant functions
and that p and ® are both continuous functions, not differentiable in space, at an
interface. This means that in order to get consistent numerical approximations, we
have to take care that numerical differentiation does not take place across such an
interface. Therefore, the numerical solution at an interface is obtained by fulfilling
interface conditions which connect the solution on both sides of the interface and
involve only one-sided difference schemes. Since (4.1) and (4.2) represent two con-
servation laws, it is natural to impose continuity of the spatial fluxes pq.n and
(poq + J). n at interfaces as interface conditions, where n is a unit vector locally
perpendicular to the interface. It suffices to impose continuity of ¢q.n and J. n,
since p and ® are both continuous functions.

- ®— O
| Cl
® —O- —®
v I
CIv CII
’ O o O

FIGURE 5.1. Four arbitrary grid cells with cell edges, parallel to the co-ordinate axes.
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Consider the four grid cells shown in Figure. 5.1, numbered I through IV, with
cell edges parallel to the co-ordinate axes. First, the soil properties are evaluated in
all cell centers and are supposed to be constant over each cell. Hence, the interfaces
are assumed to coincide with cell edges in the numerical approximation. The means
that the interfaces are approximated by piecewise vertical and horizontal lines.

When the soil properties are constant over these four cells then none of these cells
are intersected by an interface and (4.6) is discretized at grid node C using the stan-
dard second-order central finite differences in space. Now suppose that, for exam-
ple, the soil properties in CI are different from those in CII. Then the component of
q and J in x-direction which is perpendicular to the cell edge, separating the upper
left cell I from the upper right cell II, must be continuous. This cell edge is denoted
as CN. From (4.1)-(4.3) we have,

k
q = —E(px—pgl),

k
q; = — E(py -pg2)s

Jy = —pnD 0, —pnD o, 3.1)
a1
nDyy = nd, + or|q| + (OCL"O‘T)‘_IqI ,
91492

nD, = (o — o) lal

where g, J, and g, are the components in x-direction of q, J and g, respectively,
and nD |, and nD |, are elements of the first row of the dispersion tensor nD; g, and
g, are the components in y-direction of q and g. The derivatives of (5.1) are discre-
tized using the grid nodes N, S, E, W and C, which yields a first-order accurate
discretization. The fluxes ¢; and J, on the left and right hand side of CN are
denoted as g cn.» J1.cn and g1 enrs J1.on.rs Tespectively. They are now approxi-
mated as

g _ kCl( Pc — Pw 0cg1)
Leng = — ——(———— — pPc&1)
He Ax
W¢c — Oy Oy — O¢
Jieng = —anDll,CN,l_—_Ax _anDIZ,CN,l_Ay , (5.2)
p _ ken  pe-pc ocgy)
Leng = ——(———— = Pc&)
Hce Ax
O — O¢ Wy — Oc
Jieng = _anDll,CN,II—Ax _anD12,CN,II——Ay ,

where
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2
_ q1,CN,1
nDyy cng = ndy o + OrcrlQeng| + (O e — Qre) T
lqew, |
41,cN,1 92,CN,1
nDycng = (O cr—Ore)—————,
lqen, |
2
q1,cnu
nDyy.ong = ndpcn + Ocnldevn| + (O cnr — Q)
lqen,ur
q1,cN,11 92,CN, 11
nDy enyg = (O cp—Opcn)—— (5.3)
lqen |
kCI( PN — Pc S
qg2.cng = — U — Pc82)
U Ay
kcu(PN-Pc Dcgs)
qg2.cng = ——— U — Pc&2)
We Ay
_ 2 2 % _ 2 2 v
lacns| = Gievi+a5.en)”s  bevu| = @1 enva +a2,env0) "

Here g, cy; and g, o, represent velocities parallel to CN and nD y; ¢y, 7D 15 cn, 15
nD 1y cn.1» 1D 15, cn i are the elements of the first row of the dispersion tensor on the
two sides of CN. Constants like k¢;; and oy, ;; denote the permeability and longitu-
dinal dispersivity at cell II and entries like, for example, pc and p are the mass
density and the dynamic viscosity in C. Continuity of q. n and J. n across CN yields
the following system of flux continuity equations for p and ® in C

qi.ceng — 9i.eng = 0, (5.4)
Jieng — Jieng = 0.
When not only CN is an interface but also CW, CE or CS then the flux continuity

equations are generated for each interface. The equations we then solve is the sum
of these flux continuity equations.

6.6. NUMERICAL ILLUSTRATION

An example problem is presented dealing with the displacement of fresh water by
brine in a vertical column, filled with a porous medium and measuring one by one
meter. Here we assume that g = (0,—g)”. The values of the parameters are chosen
as

n=04 d,=0m%s", py=10kem> p,=10°Nm>2, (6.1)
v = log(2.0), g =981ms2, |y = 103kgms7'.
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In the vertical column considered, there are four different regions, indicated as I
through IV. This is shown in Figure 6.1. Each of these regions has its own permea-
bility and longitudinal and transversal dispersivity. These are given below in (6.3).

(3)

I

RN

2

(1)

1I

v

FIGURE 6.1. The vertical column.

The column is completely open at the top and only half open at the bottom. The

vertical sides are closed. The initial values, boundary conditions are:

p(xy,0) = po+(1-y)pog,

g, =0ms™, o =0m"
g>=10"*ms™!',  ® = 0.25x (1 —exp(—101)),

1

o(x,y,0) = 0,

Om<x,y<lm,

Om<x<05mandy = 0m,

g,=0ms™', =0,

P = Po> w, =0m’1,

The soil properties are given by:

Region I: k=10"8m
Region II: &k = 10 m
RegionIll:  k = 107" m

x=01mandOm<y<1m,

6.2)

05m<x<lmandy = 0Om,

Om<x<lmandy = 1 m.

2
2
’

2
]

oy
oy

oy,

0.008 m,
0.005 m,
0.010 m,

0.0016 m,
0.0010 m, (6.3)
0.0020 m,
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RegionIV:  k = 102 m?, oy = 0.008 m, oy = 0.0016m.
The interfaces are defined as:

Iz x=0.7m,
2: x=03m + 02xy, (6.4)
3: y=0.6m + 0.1 xx.

Saturated brine is injected into the column at the opening in the bottom and a
steep front in the salt concentration will develop, moving slowly towards the top of
the column. At first, the front will move completely past the interface on its right
hand side. So, initially there will be almost no penetration of salt into region IV and
a very sharp transition in the salt concentration arises at the interface between III
and IV. The front smoothes while moving. Later on, the front will pass the inter-
face between III and I and will move into region I. Much later the salt penetrates II
and IV from III at approximately the same time. First the salt penetrates IV at its
top left corner and later at the entire interface (1). Steady state is reached when
eventually the saturated brine has spread out over the entire domain.

We have computed the solution to this problem with two and three grid levels, of
which the coarsest is a 20x20 grid. We have chosen TOLT = 0.1 and
TOLS = 0.25 for both cases. The salt concentration is shown in the Figures 6.2
through 6.5. The lower boundary of these figures corresponds with the top of the
column. We have also computed the solution on a single, uniform 40 x 40 and
80 x 80 grid for comparison. The absolute value of the difference between the salt
concentration obtained with the uniform grid computation and the adaptive grid
computation is plotted in the Figures 6.6 and 6.7.

It appears that the maxima of these differences of 0.05 in both cases are rather
large. A reason for this could be that the refinement strategy is not restrictive
enough, i.e. too few grid cells are refined. Moreover, the spatial error monitor bears
no relationship with the true numerical errors which means that it is possible that
cells that should have been refined are not refined. Both of these factors contribute
to a larger numerical error. Further, the difference scheme we have used, the way
internal grid boundaries are treated and the interpolation and updating procedure can
be a cause, since, neither one is conservative. Applying a control volume scheme
and observing the conservation property at grid interfaces might help here.
Nevertheless, the real reason for the large differences is still unclear to us.

We have shown 3D plots of the salt concentration at the top and the pressure at
the bottom of Figure 6.8 at 1=4000 s, computed on the 40 x 40 grid. The kinked
solution profile at some interfaces are clearly visible here. Note that at the interface
(1) there is a sharp kink in the salt concentration and no visible kink in the pressure.
We have also compared the necessary CPU times of the adaptive grid and uniform
grid computations. These are compared in Table 6.1. We can see that the two-grid
and three-grid computations are 1.8 and 4.4 times faster than the corresponding
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# of single CPU time
grid levels grid sec.
2 3332
40 x 40 5995
3 9097
80 x 80 40441

TABLE 6.1. CPU times of adaptive grid and uniform grid computations.

grid level | # of Newton iterations | # of Jacobians

1 973 294
2 1051 291

TABLE 6.2. # of Newton iterations and Jacobians, needed for the two-grid computa-
tion. The number of time steps is 290.

grid level | # of Newton iterations | # of Jacobians

1 1074 322
2 1175 326
3 1189 318

TABLE 6.3. # of Newton iterations and Jacobians, needed for the three-grid compu-
tation. The number of time steps is 318.

uniform grid computations. These measurements were performed on a Silicon
Graphics INDIGO workstation. The Tables 6.2 and 6.3 contain information about
Newton iteration process of both adaptive grid computations. We can see that for
both the two- and the three-grid level computations the number of Jacobians is only
moderately larger than the number of time steps. Hence, our Newton iteration stra-
tegy performs well in combination with the local uniform grid refinement method
for this case.
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FIGURE 6.3. The salt concentration with two grid levels at 1=6.10%.
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FIGURE 6.4. The salt concentration with three grid levels at 1=4.10%.
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FIGURE 6.5. The salt concentration with three grid levels at 1=6.10"
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FIGURE 6.6. The absolute differences in salt concentration. The 40 x 40 grid solution
compared to the two-level adaptive grid solution at 1=6.10*. The maximum is 0.05.
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FIGURE 6.7. The absolute differences in salt concentration. The 80 x 80 grid solution
compared to the three-level adaptive grid solution at #=6. 10*. The maximum is 0.05.
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FIGURE 6.8. The salt concentration and the pressure at 1=4.10° with a 40 x 40 grid
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6.7. SUMMARY AND CONCLUDING REMARKS

In this paper we have discussed the application of a code using local uniform grid
refinement, to transport problems in heterogeneous porous media. For such prob-
lems, where locally steep fronts in the solute concentration occur, adaptive grid
methods are valuable. They can compute a solution to these problems with locally
the same resolution as on a very fine uniform grid, but with less computational costs.

With respect to the modern computer architectures we note that it is easier to
obtain large speed ups on a vector/parallel computer with a rectangular uniform grid
than with an adaptive grid method. However, according to [4], we can obtain con-
siderable gains with an adaptive grid method too. On top of that, there will always
be cases in which it is very difficult or even impossible to perform accurate uniform
grid computations due to memory requirements, especially in three space dimen-
sions.

In natural circumstances, the soil properties of the porous medium can change
very suddenly from one region to another. At these sudden changes the profile of
the pressure or the solute concentration may be kinked. Consequently, interface con-
ditions, implying continuity of fluxes across these interfaces and involving only
one-sided difference schemes, have been applied here to obtain consistent numerical
approximations. The ‘numerical’ interfaces are supposed to coincide with grid cell
edges. Further, compared to our previous publication [13], the modified Newton
method for solving the systems of nonlinear equations has been adapted to increase
the robustness of the code.

The results of the test problem indicates that the solution computed with the local
uniform grid refinement method requires less costs than a comparable uniform grid
method. However, we have observed considerable local differences between the
uniform grid and the adaptive grid solution. The cause of this is still unclear to us
and should be investigated. The results also indicate that the adapted modified New-
ton method and the linear iterative solver BI-CGSTAB work satisfactorily for the
example problem. Nevertheless we think that a warning is appropriate here.
Although the adaptation of the modified Newton method has improved the robust-
ness of the code considerably, there still is a possibility that the code breaks down,
simply because the (partially) interpolated initial guess for the iteration process (cf.
Section 3) is too far away from the solution of the system of nonlinear equations at
hand. A remedy to this could be to create at all times finer grids at interfaces,
whether or not required by the space error monitor.
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Samenvatting

Veel processen in de natuur worden beschreven door partiéle
differentiaalvergelijkingen (PDV’s). Deze processen kunnen gesimuleerd worden
door de bijbehorende PDV’s op te lossen. The complexiteit van deze PDV’s vereist
echter dat deze vergelijkingen numeriek moeten worden opgelost. Om voor een
PDV een numerieke oplossing te krijgen wordt de PDV benaderd (gediscretiseerd)
op een verzameling discrete punten (rooster) wat resulteert in een stelsel algebrai-
sche vergelijkingen. Door dit stelsel op te lossen wordt een numerieke oplossing
berekend die een benadering is van de oplossing van de PDV. Als een tijdsathanke-
lijk probleem wordt opgelost dan wordt, beginnende bij de bekende oplossing op het
begin tijdstip, het stelsel algebraische vergelijkingen opgelost om een numerieke
oplossing te berekenen op een iets later tijdstip. Dit proces, wat ook wel tijdstappen
wordt genoemd, wordt herhaald totdat het eind tijdstip is bereikt.

Veel PDV’s hebben oplossingen die snel variéren in ruimte en tijd. Ruw weg kan
men zeggen dat de variatie in de oplossing van roosterpunt tot roosterpunt de
nauwkeurigheid bepaalt waarmee de numerieke oplossing de oplossing van de PDV
benaderd. Hoe groter de variatie in de oplossing in ruimte en tijd is, des te fijner
moet het rooster zijn om een nauwkeurige oplossing te krijgen. In veel gevallen is
de variatie in de oplossing niet over het hele domein groot maar alleen lokaal. Om
in dit soort gevallen de bijbehorende PDV’s nauwkeurig en op een efficiénte manier
op te lossen zou het rooster fijn moeten zijn waar de variatie groot is en grover waar
de variatie minder groot is. Adaptieve roostermethoden zijn methoden die dit
proberen te verwezenlijken.

Het onderwerp van dit proefschrift is een adaptieve roostermethode genaamd de
lokale uniforme roosterverfijningsmethode. Het voornaamste kenmerk van lokale
uniforme roosterverfijning is dat de PDV’s opgelost worden op een aantal in toene-
mende mate fijnere lokale sub-roosters die gegenereerd worden in gebieden waar de
variatie in de oplossing groot is. Op elk sub-rooster afzonderlijk wordt in de
volgorde van grof naar fijn de PDV’s opgelost voor één tijdstap. De lokatie en vorm
van deze sub-roosters wordt op discrete tijdstippen aangepast om de beweging van
de gebieden met grote variaties te kunnen volgen. De generatie van de sub-roosters
wordt gestuurd door een verfijningsstrategie die gebaseerd kan zijn op een schatting
van de fout die gemaakt wordt of op de waarde van een foutmonitor. Zo’n
foutmonitor kan bijvoorbeeld athankelijk zij van de helling of de kromming van de
oplossing. Een verfijningsstrategie gebaseerd op een foutmonitor vergt minder
rekentijd dan een strategie gebaseerd op foutschattingen. Niettemin geeft een
verfijningsstrategie gebaseerd op foutschattingen vaak nauwkeuriger resultaten dan
de foutmonitor strategie. Dit komt omdat er geen relatie bestaat tussen een
foutmonitor en de fout die gemaakt wordt. Om deze reden zal een foutschatting
strategie vaak betere sub-roosters creéren dan een foutmonitor strategie. De lokale
uniforme roosterverfijningsmethode zoals beschreven in dit proefschrift richt zich
op het in de ruimte verfijnen van het rooster waardoor de ruimtelijke component van
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de fout kan worden beheerst.

Dit proefschrift bevat een vijftal tijdschriftartikelen. Op hoofdstuk 1 na bevat elk
hoofdstuk een artikel. De hoofdstukken 2 en 6 zijn toegepast van aard terwijl de
hoofdstukken 3,4 en 5 wat fundamenteler zijn. Deze laatstgenoemde hoofdstukken
vormen de basis van dit proefschrift. In deze hoofdstukken worden
verfijningsstrategieén gebaseerd op foutschattingen ontwikkeld uit foutanalyses.
Deze analyses hebben betrekking op verschillende tijdstapschema’s en verschillende
typen PDV’s. Een verfijningsstrategie gebaseerd op een foutmonitor is gebruikt in
de hoofdstukken 2 en 6. In hoofdstuk 6 wordt de toepassing besproken van de
lokale uniforme roosterverfijningsmethode op de simulatie van transport door
heterogene poreuze media. Het werk dat aan dit artikel ten grondslag ligt is uitge-
voerd in opdracht van Rijksinstituut voor Volksgezondheid en Milieuhygi¢ne
(RIVM).  In het kader van dit projekt is de lokale uniforme
roosterverfijningsmethode geimplementeerd in een code genaamd MOORKOP.
Deze code is ontwikkeld voor een vrij brede klasse van partiéle differentiaalvergelij-
kingen waaronder ook transport problemen in heterogene poreuze media vallen.



Stellingen behorende bij het proefschrift

Local Uniform Grid Refinement for Time-Dependent

Partial Differential Equations
van R.A. Trompert

1. Veronderstel dat bij het oplossen van een tijdsathankelijke partiéle differentiaal-
vergelijking de impliciete Euler-methode gebruikt wordt voor het tijdstappen. Als
dan het numerieke schema bij gebruik van één uniform rooster stabiel is dan zal dit
bij de lokale uniforme roosterverfijningsmethode ook het geval zijn als de gebruikte
interpolatie van begin- en randwaarden lineair is.

Hoofdstuk 3 van dit proefschrift.

2. Veronderstel dat het aantal gebruikte verfijningsniveaus bij de lokale uniforme
roosterverfijningsmethode constant is in de tijd en dat de impliciete Euler methode
wordt gebruikt voor het tijdstappen. Als vervolgens aan de aannames A4 en A5 uit
hoofdstuk 3 wordt voldaan, de interpolatie lineair is en bij het creéren van de lokale
sub-roosters de ongelijkheid (6.9) uit hetzelfde hoofdstuk in acht wordt genomen,
dan is de begrenzing van de lokale plaatsfout bij gebruik van de lokale uniforme
roosterverfijningsmethode en bij gebruik van één uniform grid vergelijkbaar.

3. Veronderstel dat het aantal gebruikte verfijningsniveaus bij de lokale uniforme
roosterverfijningsmethode constant is in de tijd, een algemeen Runge-Kutta schema
gebruikt wordt voor het tijdstappen en de norm van de inverse van de Jacobiaan
begrensd is, onafhankelijk van roosterafstand en tijdstap. Indien bij het cre€ren van
de lokale sub-roosters dan aan de ongelijkheid (5.25) uit hoofdstuk 4 wordt voldaan,
is de begrenzing van de lokale plaatsfout bij gebruik van de lokale uniforme
roosterverfijningsmethode en bij gebruik van één uniform grid vergelijkbaar.

4. Bij de lokale uniforme roosterverfijningsmethode zal in het geval dat het DIRK
schema uit referentie [4] van hoofdstuk 4 wordt gebruikt voor tijdsintegratie geen
orde reductie optreden bij inwendige randen als de interpolatie die daar plaats vindt
dezelfde of een hogere orde heeft dan de orde van de partiéle differentiaalvergelijk-

ing.

5. Als de lokale uniforme roosterverfijningsmethode toegepast wordt op een stelsel
gekoppelde parti€le differentiaalvergelijkingen en er wordt een verfijningsstrategie
gebruikt gebaseerd op foutschattingen, dan moet in de verfijningsstrategie onder-
scheid worden gemaakt tussen de componenten van de fout die behoren bij de ver-
schillende parti€le differentiaalvergelijkingen teneinde de wijze waarop deze



componenten de globale fout beinvloeden op een goede wijze tegen elkaar af te
wegen.
Hoofdstuk 5 van dit proefschrift.

6. Het eerste orde split-schema, beschreven in [1], lost de lineare advectievergelijk-
ing

wi=(aw),+(bw),, a=a(x\y), b =b (x,y),
met tweede orde nauwkeurigheid op door de vergelijking als volgt te verstoren:

w,=(aw )X+([;w Vi Ezza—-;—’t(aa ~ba.), [;zb—%r(ab‘ +bb ).

[1] Willem Hundsdorfer and Ron Trompert, Method of lines and direct discretization - a comparison for
linear advection, CWI rep. NM-R9314.

7. Goede badmintonspelers spelen op een schijnbaar kleinere baan dan slechte bad-
mintonspelers.

8. De landing van de eerste Spanjaarden in Mexico is vergelijkbaar met een landing
van buitenaardse wezens op aarde in deze tijd.
R. van Zantwijk, De oorlog tegen de goden, Meulenhoff Amsterdam.

9. Inductie leidt tot vooroordelen, tenzij de inductie volledig is.

10. Het stelsel (on)gewone differentiaalvergelijkingen

S ~

wordt stijver naarmate de dimensie van de vector toeneemt.




