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Chapter 1. Preliminary 1

Chapter 1

Preliminary

The motivation of this thesis is to construct a class of continuous piecewise polynomials approxi-
mations to the fractional derivatives in Caputo’s sense on both a uniform grid and a non-uniform
grid, and construct the corresponding numerical schemes for time-fractional differential equa-
tions. We investigate the numerical stability and convergence of the proposed numerical methods
on the uniform grid. Numerical experiments are made to examine the high-order accuracy of
the methods for both a smooth solution and a non-smooth solution.

1.1 Fractional calculus

Fractional calculus, as a generalization of ordinary calculus, has been an intriguing topic for
many famous mathematicians since the end of the 17th century. During the last four decades,
many scholars have been working on the development of theory for fractional derivatives and
integrals, and found their way in the world of fractional calculus and their applications. For
plentiful summaries and investigation on the historical background of fractional calculus, we
refer the interested reader to the following books: [55, 56|, and more detailed information on
application to physics, we refer to 60, 52, 28, 32, 5, 48] and [27].

1.1.1 Fractional integrals and derivatives

In this section, we would like to collect some existing main definitions of fractional integrals
and fractional derivatives, and their relevant properties. In fractional calculus, the first basic
definition needed to be presented is the so-called Riemann-Liouville (R-L) fractional integral.
One interpretation of a fractional integral is to see it as a generalization of the n-fold iterated
integral to a positive real number o with [a] = n.

Definition 1.1.1. Let o € RY, for a function u(t) € L},.(R), a,b € R, the left hand and right
hand Riemann-Liouville fractional integral of o order of u(t) are respectively defined by

¢
oIiu(t) = F_(l&j/ (-6 u(é)d¢, -co<a<t<oo (1.1.1)

and
b
TEull) = ﬁ/t (€ — 1) lu()dt, —oo<t<b< oo, (1.1.2)

In particular, consistent with Riemann’s definition, we define

t
Tut) = g5 | (- 92 e (1.13)
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Remark 1.1.1. It can be noticed that, when taking the case of the left hand fractional integral
as an example, the fractional integral of order o € Rt can be considered as the convolution of
the kernel t*~' and the function u(t). Since it is known that t*~* € L}, (R) for o € R, the local

integrability assumption of u(t) in Definition 1.1.1 is sufficient to guarantee oIfu(t) € L, (R)
as well.

Property 1.1.1. The fractional integral satisfies the semigroup property , i.e.,
TP Tu= T, a, BeRT (1.1.4)

The semigroup property is an important result of the fractional integral, because in some
sense it implies that the fractional integral operator is commutative. On the other hand, this
property doesn’t apply to the fractional derivatives, which will be defined later.

Taking a particular case into account, if we choose 3 = n € N and any positive real number
a, and operate the n-th derivative on both sides of (1.1.4), it follows that

dn

oZiu(t) = TG

teu(t), a€RT. (1.1.5)
In addition, if we add some smoothness property on u(t), such that u(t) € C"(a, 00) NL}L.(a,00)
or u(t) € AC™D(a,00) N L}, (a, ), i.e, there exists a function v(t) € C(a,00) N Lj,.(a, 00) or
v(t) € L}, (a,00) such that u™(t) = v(t) or u™(t) = v(t) almost everywhere, we could investi-
gate the condition under which the function v(t) satisfies formula (1.1.5). Actually, in contrast
to the ordinary derivative case, the following result states that the differentiation operator %
and fractional integral operator ,Zf can’t commute unless it is satisfied that u™(a) = 0 for
m =0,1,--- ,n — 1, which can be applicable to the case of the right-handed fractional integral
as well.

Property 1.1.2. If u”(a) = 0 for n € N, then
Jlu(t) = ™ (), aeRT. (1.1.6)

Therefore, operating the n-th derivative on both sides, one obtains
n

et = Jeu™(t), a€eRT. (1.1.7)

Proof. The result of formula (1.1.6) can be directly obtained by repeatedly making use of the
integration by part technique on the term oZfu(t). O

Moreover, the validity of formulae (1.1.5) and (1.1.6) for the sufficiently smooth function
u(t) provides two approaches to generalize the operator ,Zf'u(t) to the case a > —n, which are
defined by the fractional derivative in the sense of Riemann-Liouville and Caputo, respectively.

Definition 1.1.2 (R-L fractional derivative). Let o € RY, and n = [a], the o order left-handed
and right-handed Riemann-Liouville fractional derivative of function u(t), which is assumed to
be absolutely continuous on the subinterval of R, is defined by

Rpey(y = — LI [\ gni-aye)a <a<t 1.1.8
o ‘u()_l‘(n—a)dtn/a(_g) u(€)dé, —oco<a<t<oo (1.1.8)
o Rpra (_1)n d" b wpyead,

tDb“(t):mEﬁ/t (€= lu(e)de, —co<t<b<oo (1.1.9)
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respectively. Especially, in Riemann’s sense, we denote by
Rpya 1 dr ! n—a—1

for convenience of notation.

Definition 1.1.3 (Caputo fractional derivative). Let « € R and n = [a], assume that u'™ () €
L} (R), the o order left-hand and right-hand Caputo derivatives are defined by

loc

n

t
EDFut) = gy [ (- " gmue)ds

and

eopuv) = o [ oo S uggrag
ETERY T (- a) J, den '
For the consideration of a series of applications in the subsequent sections, we now particu-
larly pay attention to the definition of the Caputo fractional derivative on [0, 7], and make use
of some simplified notations.

Definition 1.1.4 ([14]). Let o > 0, and n = [a], the a order Caputo derivative of a function
u(t) on (0,17 is defined by

: Lt g
Cpoy(t) — / 1111
O T a h e ey
for u(”)(t) € LY0,T). In particular, the Caputo derivative of order a € (0,1) is defined by
Cra 1 /t —adu
0 s o L.1.
Du(t) =i /. t-¢) 2l (1.1.12)

for u(t) € L0, T7].

Recalling the formulae (1.1.5) and (1.1.6), the definitions of the two fractional derivatives
are not equivalent. Moreover, the following conclusion shows a relationship between the o order
Riemann-Liouvile derivative and the Caputo derivative.

Proposition 1.1.1 ([28]). Assume that a € R and n = [a], then

Bpeu(t) = $Du(t) + Til —M——(t —a)k—@ (1.1.13)
a=t a it kzor(k+1*a) =

and .
T (=1)kyR)
Rpna Cra ( 1) u (b) k—a
Dgu(t) = 7 Ditu(t — 2 (b—t . 1.1.14
PR =ED5u) + 3 1 T g0 (11.14)
If we consider a class of functions u(t) := t? with p € R and p > —1, which is a generalization
of the power function with p € N. It can be noted that u(t) € L} .(R) N C>®(R™). The fractional
integral and fractional derivatives of the mentioned function in the sense of Riemann-Liouville
and Caputo are illustrated as an example.
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Example 1.1.1. Assume the function u(t) = t* with p € R and p > —1. For a € R, we have

w1 atmpae_  L@+1) a
Tu(t) _F—(a—)/o(t—f) le dff————r(a+p+l)t”+ ;

In addition, we find
B Lp+1)

4= = ’
dt"t ={{ T(p—n+1)

For n = [a], it follows that

Plp+1) -
n Mok e DO o >-1, p+n—a#0,1,---,n—1,
0, p+n—-a=01,---,n—1,
and Ip+1)
p+ »
ar et R mome ],
Cpagp — ﬂlﬂtniaaﬁtp ~{Tp-a+1) p

0, p=0,1,---,n—1.
Remark 1.1.2. It can be noted that if u(t) is a constant function on R, the a order Riemann-
Liowville fractional derivative is nonzero, whereas the Caputo derivative is zero.
1.1.2 Integral transform of fractional integrals and derivatives

We will collect and derive some basic results on the integral transform of the fractional integral
and derivatives, respectively. Especially, the Laplace transform (cf. [66]) and Fourier transform
are mainly taken into consideration.

Definition 1.1.5 (Laplace transform). The Laplace transform of a function u(t) € LL.(RY) is
defined by

oo
L(u)(s) = / e Stu(t)dt, se€C (1.1.15)
0
and the inverse Laplace transform of L(w)(s) is given by
E*lﬁ 1 c+ioco st[: "
W) =5 [ et

where ¢ is a real number such that L(u)(s) is convergent on the vertical line {s: Rs = ¢, —00 <
Js < o0}.

Property 1.1.3 (convolution property). The convolution operation of two functions u(t) and
v(t) which are locally integrable on R™ is denoted by

t
u(t) * v(t) = /0 u(t - E)u(€)de.

Then
Luxv)(s) = L@)(s)L(0)(s).
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A direct consequence of making use of the convolution property is to obtain the Laplace
transform of the a > 0 order fractional integral, that is

1

L(Z%u)(s) = L (;?;)

* U(t)) (s) = s *L(u)(s),
where the fractional integral is defined in formula (1.1.3) and the last equality can be obtained
by means of the definition of Gamma function. Hence the Laplace transform of the fractional

derivative can be obtained in combination with the Laplace transform of the n-th order derivative
of u(t).

Lemma 1.1.1. The Laplace transform of the n—1 < a < n order Riemann-Liouville fractional
derivative FDu(t) is given by

n~—1

L (BD%u(t)) (s) = s*(Lu)(s) — i s (Fpam-iy(y) ‘

m=0

: 1.1.16
- ( )
Lemma 1.1.2. The Laplace transform of the n —1 < a < n order Caputo fractional derivative
CDu(t) is given by

n—1

L (“Du(t)) (s) = s*(Lu)(s) = Y _ s> ™ 1ulm(0). (1.1.17)

m=0

Definition 1.1.6 (Fourier transform). The Fourier transform of a function u(z) € L'(R) is
defined by

Fu) W) = /R e u(E)de. (1.1.18)

In addition, if F(u)(w) € LY(R), the inverse Fourier transform of F(u)(w) is defined by
1 .
FlF(u)(z) = o /R €% F(u)(€)dE. (1.1.19)

If we look into the requirement on the function w(x) in Definition 1.1.6, it appears to be
stricter in comparison with that of the Laplace transform, where the locally integrable restriction
can be satisfied by a large class of functions. In the usual sense, most elementary functions, such
as power functions 1,z,22,--- are not in LI(R), and they don’t possess Fourier transforms as
well. However, for some functions which are not absolutely integrable on R, the Fourier transform
of those functions may exist and can be gained in a technical way. In what follows, we would like
to testify the existence of Fourier transform of the class of function f(z) := mi for g € (—1,0),
in this case, it is noted that f(z) ¢ L'(R).

Lemma 1.1.3. For 0 < a < 1, it holds that
o0 .
/ % %Y d¢ = (iw)* M (1 — @) (1.1.20)
0

and

/OO e de = (—iw)“*lr(l —a). (1.1.21)
0
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Proof. We first consider the derivation of equality (1.1.21). The change of variable n = &w

deduces that - -
/ eedwde = wo‘_l/ N %edn. (1.1.22)
0

It is noticed that lim, o7~ e = oo and limy 00 7™ e = 0 for a > 0. Therefore, we consider a
closed curve T, such that the integrand is analytic on the domain €2 enclosed by I'. The Cauchy

theorem implies
/ n~%e"dn = 0,
T

where T := I’y Ul UT'3 UTy U s, with a variable € > 0,R > 0 and I'y = {z : e <z < R},
:{R‘-i-im:OSwSR},Fg:{x+z’R:0§x§R},F4:{im:e<w<R}and
se ={ee™:0 < 0 < w/2}. It follows that

(g / ' /) 7 Sy = (1.1.23)

R
(R+iz) %Re2dz

In addition, we have
/ n'aei"dn’ =z
Ty 0

fore

s

7o
Se

Let ¢ — 0 and R — oo, for 0 < a < 1, formula (1.1.23) therefore becomes

0 ) 00
/ n%eMdn = z‘H’/ 2 % *dz = i'7°T(1 — a), (1.1.24)
0 0

R
< R_"/ e *dz < R4,
0

R
/ (Z+’LR) a 1z Rdz Sleae-R
0

and

[NIE]

. o ed g . - . = T
l/ 61 e esm@e zaBezeco:GezGdg < 61 015
0

together with il~® = (e™/2))1-@ = (e~™/21)a=1 = (—4)~1, the desired result holds. In a similar
way, result (1.1.21) can be obtained by choosing r = F1 UTyUT3UTsU 3, where Iy =
{R+iz: -R<z <0}, T3={z—iR:0<z <R} Iy = {iz: —R < z < —¢}, and
§e={ee?: —m/2< 0 <0}. O

Remark 1.1.3. According to the results in Lemma 1.1.3, we easily get
{o0)
/ £ cos(w€)dé = w*'I(1 — a) sin(%),
0
2 am
/ £ %sin(wé)dé = w1 — ) cos( ).
0

In addition, according to the equivalent relations

[ ([ w-ortuee) ao = [ e ueas [ am e e
[T e ([Cle- o) o= [~ e teugae | " gemlgvngg,

together with the results in Lemma 1.1.3, the Fourier transforms of the fractional integrals are
obtained as follows:

and
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Lemma 1.1.4 ([28]). Ifu € LY(R) and 0 < o < 1, then
F (—ooTgu) (w) = (iw) " *F(u)(w), (1.1.25a)
F (oT%) (@) = (—iw) F(u)(w). (1.1.25b)

If adding a smoothness condition on the function u and combining with the Fourier transform
of the corresponding integer order derivative of u, we obtain the Fourier transform of the Caputo
fractional derivatives.

Lemma 1.1.5. Let n = [a] > 0. Assume that u™ € LY(R). Then it holds that
F(LED2) () = (iw)*F(u)(w); (1.1.26a)
F (D2 u) (w) = (—iw)®F(u)(w). (1.1.26b)

The results will be used in the following section to derive the solutions of some specific
fractional differential equations.

1.2 Time-fractional differential equations

The applications of fractional calculus on modeling equations possessing terms with fractional
derivatives in the time- or space- or time-space direction have become very important in the
areas of physical, chemistry, engineering. Particularly, in recent years a huge amount of inter-
esting and surprising fractional models have been proposed. Here, we just mention a few typical
applications: in the theory of Hankel transforms [19], in financial models [62, 67], in elasticity
theory [4], in medical applications [61, 34], in geology [7, 38|, in physics [12, 6, 51] and many
more. In practical applications, the solution of an ordinary differential equation generally depicts
the trajectory of a state variable (a point in mathematics) along with the time direction. From
an ordinary differential equation to a partial differential equation, all the points in a domain
of space which can be considered as a flow are taken into consideration. The corresponding
solution of a partial differential equation represents the evolution of the flow with the time.
As a generalization of classical differential equations, the time-fractional ordinary differential
equation (TFODE) and partial differential equation (TFPDE) are proposed to explain some
particular physical phenomena, and are characterized in a general form by replacing the integer
order derivative with respect to time by the fractional derivative of o order with o € RT, such
as those defined in the previous section. In terms of the TFODE, we mainly focus on its rela-
tion with Volterra integral equations and some qualitative properties, such as the existence and
uniqueness, stability behaviour and the smoothness of the solution. In the case of a TFPDE, we
review a general class of fractional diffusion equations and fractional wave equations including
some physical interpretations and representations of the solutions, and their related properties.

1.2.1 Time-fractional ordinary differential equations

We are mainly concerned with some analytical properties of the time-fractional ordinary differ-

ential equation, which is expressed in a general form of
“Du(t) = f(tu(t), te[0,T], a€RY, 12.1)
u(m)(O):uém), m=0,1,---,|a], -

where the integer order operator with respect to time is replaced by the a order Caputo fractional
derivative®D? defined in Definition 1.1.4. In this situation, the initial values can be prescribed
in a usual way.
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It is known that a time-fractional ordinary differential equation has a close relationship with
a Volterra integral equation. On the one hand, if operating Z* on both sides of (1.2.1) and
making use of the property (1.1.4), equation (1.2.1) becomes

- u(()m) m 1 ! a—1 +
“(t):;)r(m“)t +F(a)/0(t—§) fEu@)de, tel,T), acRY, (1.22)

on the other hand, according to [15], we have

Lemma 1.2.1. If the function f is continuous, then the initial value problem (1.2.1) is equivalent
to the nonlinear Volterra integral equation (1.2.2). In other words, each solution of the Volterra
equation (1.2.2) is also a solution of problem (1.2.1), and vice versa.

The equivalent result stated in Lemma 1.2.1 indicates an approach to regard fractional
differential equation (1.2.1) as the Volterra integral equation with a special kind of convolution
kernel. Therefore, in what follows, we incorporate some qualitative properties of the problem
(1.2.1) in terms of the theory on Volterra integral equation in a general form. In terms of the
analytic properties of the Volterra integral equation, the existence and uniqueness properties
and smoothness of the solution are investigated detailed in [37, 10, 53].

Theorem 1.2.1. For the nonlinear Volterra integral equation in a general form of

¢
u(t) = g(t) +/ K(t,s,u(s))ds, (1.2.3)
0
let K(t,s,u) € C([0,T] x [0,t] x R), and suppose that K satisfies the Lipschitz condition
|K(t,s,u) — K(t,s,v)| < Llu—v|, (1.2.4)

where the Lipschitz constant L > 0 is independent of u and v. Then for each g € C([0,TY) the
equation (1.2.3) possesses a unique solution u € C([0,T1).

Theorem 1.2.2. If the nonlinear Volterra integral of the convolution form
t
u(t) = g(t) +/ a(t — s)K(s,u(s))ds, (1.2.5)
0

satisfies the following assumptions:

i) equation (1.2.5) has a unique solution u € C([0,T7),
ii) g and K are of class C"t for some integer n > 1,

iii) a(t) € ¢ 1([0,1]) N C™((0,1]) and la™(t)| < p(t), where p is nonincreasing and p €
LY((0,1)) N C((0,T1).
Then the solution of (1.2.5) satisfies u € C™([0,T]) N C™1((0,T]) and utD ¢ LY((0,T7).
Furthermore, it is observed that if 0 < o < 1 in (1.2.1), the corresponding convolution kernel
a(t) := t*1/T'(a) in (1.2.2) is not continuous on [0, 7. In the case a(t) € C((0, T)NLY([0,17), it
is shown that the smoothness of given functions g and K only makes u € C([0,7])NC*((0,77),
there is no effect on the smoothness of the solution at ¢ = 0. Therefore, in the following, we
particularly focus on the case of weakly singular kernel a(t) = tB/T(1 — B) when 0 < 8 < 1.
We first consider the linear equation of the form

u(t) = g(t) + /Ot(t —5) YK (t,s)u(s)ds, tel0,T], 0<a<l, (1.2.6)

according to [37, 10], the following result is reviewed.
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Theorem 1.2.3. Suppose the functions g(t) and K(t,s) are continuous on [0,1] and S :=
[0, 77 x [0, ], respectively. Then equation (1.2.6) has a unique solution u € C([0,T]) given by

u(t) = g(t) + /Ot(t —8) " %p(t, s, a)g(s)ds, (1.2.7)
with p € C(S) for each 0 < a < 1. Furthermore, p satisfies
p(t,s,a) = K(t,s) + (t — s)* /t(t — 7)1 —5) “K(t,s)p(T,s,a)dr. (1.2.8)
Next consider the nonlinear Volterra integral equation
u(t) = g(t) + /Ot(t —8) *K(t,s,u(s))ds, t€[0,7], 0<a<l, (1.2.9)

and it is proved that

Theorem 1.2.4. Let K(t,s,u(s)) be continuous for all (t,s) with 0 < s <t < T and all u, and
suppose that K satisfies the Lipschitz condition, i.e.,

|K(t,s,u) — K(t,s,v)| < L|u—nv]|. (1.2.10)
Then for each g € C([0,T1]), equation (1.2.9) possesses a unique solution u € C([0,1]).

Remark 1.2.1. As shown in [37], the existence and uniqueness property of the solution of the
linear and nonlinear Volterra integral equation with weakly singular kernel in continuous function
space can be generalized to systems of equations without essential difficulties.

As a natural generalization, the well-posedness and smoothness of the solution of equation
(1.2.1) are obtained as well (for example, see [14]).

Theorem 1.2.5. Let the function f : [0,7] x R — R be continuous and fulfill a Lipschitz
condition with respect to the second variable. Then there exists a unique solution u(t) € C([0,17])
solving problem (1.2.1).

Theorem 1.2.6. Let o« € R™ and f be continuous and satisfy the Lipschitz condition with
respect to the second variable. Let u be the exact solution of problem (1.2.1). Then it holds that
u € Clel=1(0,17).

Theorem 1.2.7. Assume the hypotheses of Theorem 1.2.6. Moreover, assume f € C*([0,T]xR)
for some k € N and k < a, then u € C1*I**=1((0,T7)). Furthermore, u € C*1+k=1([0,T)) if and
only if f has a k-fold zero at the origin.

Remark 1.2.2. It is known from Theorem 1.2.2 and 1.2.7 that the smoothness conditions for
the given source term and the nonlinear term don’t lead to the smoothness of the solution on the
closed interval [0, for the problems (1.2.5) and (1.2.1), which is different from the classical
counterpart. This is because the derivatives of the solution are unbounded at the origin t = 0.
On the other hand, it is noticed that the integer order derivative of any smooth function on a
compact interval I still preserves to be smooth on I, however, the a order fractional derivative
of the smooth function isn’t a smooth function. This implies that for some source term and
nonlinear term that are continuous, the solution may be smooth on I. Analogous analysis on
this issue is provided partially in [13, 9, 42]. The main results are reviewed.
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Theorem 1.2.8. Assume that the source term in (1.2.9) has the form of g(t) = g1(t) + tPga(t),
B>0, B¢N. Let g1, 92 € C™(I) with n > 1, and the kernel K (t,s,u(s)) € Cc™([0,T] %[0, t] xR).
Then the solution of (1.2.9) has the representation of

o0

u(t) = g(t) + (cpn(t) + t%n(t)) gnii—e), (1.2.11)
n=1

where @n(t), ¥n(t) € C™(I).

In the sequel, we present the results on the linear stability behavior of the solution. In the
case K (t,s) = A, there follows the stability property of the solution.

Theorem 1.2.9 ([45]). Consider the linear scalar Volterra integral equation
A ¢ i
) = g+ W/o (t—&lu(e)de, O0<a<l
with g € C(R), and |arg(\) — 7| < (1 — La) m. Then there exists a unique solution u € C[0,00)
which satisfies
i) u(t) = 0 as t — oo when g(t) has a finite limit as t — co;
ii) u(t) is bounded on [0,00) when g(t) is bounded.

In a similar way, the generalization of the above result to a system of fractional differential
equations is provided in [49], i.e.,

Theorem 1.2.10. Consider the system of time-fractional differential equations in the form of
Cp(t) = Au(t), teR", 0<a<l, (1.2.12)

in combination with the initial value u(0) = ug, where A is a square matriz. Then

i) |lu(t)| — 0 as t — oo if and only if |arg(p(A))| > %,

ii) ||u(t)| is bounded on [0,00) as ||ugl| is bounded if and only if those critical eigenvalues which
satisfy | arg(p(A))| = % have geometric multiplicity one.

where p(A) is denoted by the spectral radius of matriz A and | - || is the discrete L? norm.

1.2.2 Time-fractional partial differential equations

Fractional integrals and derivatives in mathematical models that consist of both time and space
continuous variables generalize the normal diffusion and wave equations of form

am
™Y _ Ay@zt), (2,) eR*xRY, m=1,2,

ais 1.2.13)
. st = <k< s

BE g (), 0<k<m-1

into fractional order cases [63] by reformulating (1.2.13) into an integral form and replacing the
integer number m = 1,2 by o € R with m = [a]. Therefore, the so-called fractional diffusion
and fractional wave equations are represented by

ML kil t
u(w,t) = kgo [t‘(Tui_l)j + f%a_)/o (t— &) Au(z,t), (z,t) e R*xR* (1.2.14)
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in the cases 0 < o < I,mm = 1 and 1 < @ < 2,m = 2, respectively, where we denote that
A=Y, 9%/0x?. In addition, if operating the fractional integral Z'~® defined in (1.1.3) on
both sides of equation (1.2.14) and making use of the result from Proposition 1.1.1, one obtains
a reformulation of (1.2.14) in the form of

Doz, t) = Au(z,t), (z,t) eR* xRT, [a] =1,2,

K (1.2.15)
TUGH|  — k@), o<h<a]-1,

where “D%y is denoted by the fractional derivative of Caputo’s approach defined by (1.1.11).
Denote i(z,s) by the Laplace transform of u(z,t¢) with respect to temporal variable. It
follows from (1.2.14) that

m—1
Ad(z, s) — sz, s) = — Z uk(x)s k1, (1.2.16)
k=0
With the help of the Mellin transform of some special functions, a technical way is employed in
[63] to solve (1.2.16) by

m—1
o) = 3 [ Gxlle— sl ay, (1.217)

where the convolution kernel G¢(z, s) is denoted by the Laplace transform of a function G(z,t).
Therefore, operating the inverse Laplace transform on (1.2.17) yields the explicit solution of
(1.2.14) in the form of

m—1
u(z,t) = 2|z — uF 2.
@0=3 [ Gl 0w (1218)

where the representation of Gt is given by

o __—n/20-1-2k/a,,—n+2k/a ;20 [ 1 . _as2i(la/2)
G(z,t) = w22 Vg etBk/agr (Ext a/ {WH/Q,W)’(1_,6/(1,1/2)) (1.2.19)
in terms of the Fox’s H function Hyy" (see Appendix A.1). Based on (1.2.19), the moments of
the function G¢(z,t) of the form

M(inlay - 1) = / G (|al, e al - alypda
Rn

are confirmed to be finite for all n > 1, and in the case of the time-fractional diffusion equation,
the mean square displacement is shown to be

/ G8(|z|,t)|z|?dx = —2n—t0‘, 0<a<l. (1.2.20)

R” F(]. + a) B

The time-fractional diffusion and wave equations can be used to characterize the anomalous
diffusion process of some physical quantities in disordered systems. In particular, the time-
fractional diffusion equation describes a subdiffusive process in contrast to its normal diffusion
counterpart, since the mean square displacement of the solution u(z, t) of the problem (1.2.14)
follows the power-law pattern

/ u(lz], t)|z?de ~ t*,  for 0<a < 1.
Rﬂ.
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Another derivation of time-fractional diffusion equation arises from a stochastic process such as
the continuous time random walk (CTRW) [51]. If assuming u(z, ) as a probability distribution
function denoting the probability density of certain diffusive entity at the position z € R™ and at
time ¢, together with an initial state at the origin # = 0 and at ¢ = 0, one considers a decoupled
form of u(z,t) = A(z)w(t), where the function A(z) represents the probability density at the
displacement z for all waiting times, defined by

Az) = /:o u(z, t)dt,

and the function w(t) represents the probability density of waiting time ¢ for all positions

w(t) = / u(z, t)dz.
Note that A(x) is independent of w(t). The CTRW process described by [54] produces

L@ e
R T F @ L@ o

where u(€, s) is denoted by the Laplace transform and Fourier transform of u(z,t) with respect
to temporal variable and spatial variable, respectively. In the case that CTRW is characterized
by w(t) ~ 1% 0 < a < 1 as t — oo such that the first moment of probability distribution
function of waiting time is infinite, i.e., 71 = [; w(t)tdt = oo, the Laplace transform of w(t)
obeys

L(w)(s) ~1—cqs¥, 50, (1.2.22)

and all the moments of A(z), denoted by 0% = [z Az)|z|*dz, k = 0,1, are finite. In addition,
we obtain

FON© = [ e N@pdr=1- S oalél? + O(lel). (1.2.23)
Substituting (1.2.22) and (1.2.23) into (1.2.21) yields
u(€, s) = F)E) ! (1.2.24)

s 1+ Kqos g2

for € — 0,5 — 0, where K, = 02/(2¢q) is a finite constant. Therefore, applying the inverse
Laplace and inverse Fourier transforms to (1.2.24), one derives the time-fractional diffusion

equation
u(z, t) = u0(z) + K IAu(z,t) (1.2.25)

for 0 < a < 1, which can be reformulated to the form (1.2.15) similarly.

1.3 Numerical discretization of fractional differential equations

The investigation of the numerical approximation of fractional differential equations started
its development recently. Before that, there existed lots of work on the numerical methods for
Volterra type integral equations. In terms of designing numerical methods for the two types
of equations, one of the essential difficulties arises from the numerical approximation to the
integral term with an irregular kernel. For example, if we consider the problem (1.2.1) in the case
0 < a < 1, the Caputo derivative “D®u(t) defined in (1.1.12) can be regarded as a convolution
of the weakly singular kernel t;*/T'(1 —a) and uM(t), in which case the integrand is unbounded
and integrable on [0, 7] with finite 7" > 0, if the function u(V(t) is well-behaved. In practical
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implementation, it is known that standard numerical integration techniques are not applicable
to this case. Therefore, two available approaches, that are called the product integration and
the fractional linear multistep methods, are proposed, respectively, to numerically approximate
some irregular integrals. In the following, we mainly recall these methods with the basic ideas
and applications on numerically solving time-fractional differential equations.

1.3.1 Product integration method

As mentioned in [36], the product integration method was employed to evaluate an integral in
the form of

b
7 / a(s)f(s)ds,

where g is unbounded and integrable on the interval [a,b] and f is a well-behaved function. The
general idea of the product integration is to replace f by its approximation ¢ f, and let

b
52:/ g(s)of(s)ds

be the numerical approximation to Z. By making use of the analytical property of kernel g, it is
readily obtained

b
(242 < If = 6fll [ lo(s)]ds = OIS = 671L.0) (13.1)

Therefore, provided that ||f — § f|| . = O (At?) through the numerical approximations, it is easy
to know that the error between 7 and 6Z will be at least of p-th order accuracy with respect to
At. As an application, this technique is first applied to numerically solve the nonlinear Volterra
integral equation including a specific irregular kernel

u(t) = g(t) + /Ot(t —8) “K(t,s,u(s))ds. (1.3.2)

A general discretized formula to (1.3.2) is proposed in the form of

n

Up = g(tn) + Z ijK(tn,t]‘, uj) n>1
=0

by choosing some quadrature rules on the term K(t,s,u(s)), for instance, the combination of
quadratic and cubic piecewise polynomial interpolation approximation is taken into consider-
ation in [36] for a = 1/2. In a similar way, higher order methods are constructed in [13] to
approximate the problem (1.3.2) for @ = 1/2, and furthermore generalized by [11] for the case
0 < a < 1. In addition, the so-called backward difference product integration methods are pro-
posed in [11]. These construct the piecewise polynomial approximation to the term K (,, s, u(s))
under the condition of interpolating at (k + 1) points tjt1,t5, - ,tjy1-k on each subinterval
[tj,tjr1] for j > k — 1. On the subinterval [to,t; 1], polynomials of degree k interpolating at
lo, ++ ,tp—1 are employed to generate the starting weights. Accordingly, the k starting values
can be computed with other numerical methods. In this case, the discretized formula to problem
(1.3.2) is written in the form of

k n
Un = g(tn) + (A" wo i K (tn, tyow5) + (A Y wn jK(tn, tj,u;), n>k. (13.3)
7=0 j=0
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In terms of consistency, in [17] the local truncation error of the linear case of (1.3.2) is concerned,
when the solution has an unbounded derivative at the origin (cf. Theorem 1.2.8). It is presented
that 7, = O (t; aApZ—e | At”“) when piecewise polynomials of degree p are employed to ap-
proximate the kernel K (t, s,u(s)), where 7, denotes the local truncation error at the n-th time
step, and At is the stepsize of a uniform discretization. The relation between the consistency
and convergence analysis of numerical method is also given in [11]:

Theorem 1.3.1. If the discretized scheme is consistent of order p, and the starting values are
convergent of order p, then the global error |u(t,) — uy| s of p-th order accuracy.

Alternative starting weights of (1.3.3) are introduced in [45], named the implicit Adams
method, since for the case a = 1, all of the methods reduce to the classical implicit Adams
method. In addition, the numerical linear stability analysis of the methods, especially in terms
of A(6)-stability , are fully developed:

i). The implicit Euler method and the trapezoidal rule are A(%)-stable for all 0 <a < 1.

ii). For each k, there exists oy > 0 such that the k step implicit Adams method is A(%)-stable
for all o with 0 < @ < .

iii). For o = %, the k step implicit Adams methods are A(%)-stable for £ = 0,1, 2.

Recently, there are more discussions and developments on fractional ordinary differential equa-
tions. In [16], fractional Adams methods are discussed with respect to the error estimation.

From the time-fractional ordinary differential equations to partial differential equations, in
the framework of product integration rules, the so-called L1 scheme is proposed in [35] to numer-
ically solve the time-fractional diffusion equation (1.2.15) in one-dimension in space. The method
approximates the solution u(¢,z) by a piecewise linear polynomial P(t) interpolating at points
t; and t;11 on each subinterval [t;,¢;+1] in the time direction. The local truncation error in terms
of time is proved to be of (2—a)-order accuracy. In terms of the spatial discretization, the central
difference method and the so-called Legendre spectral collocation method are applied seperately.
The global error is theoretically and experimentally confirmed to be O(AP?~* + Az?) (1 = 2)
under the assumption that the solution w(t,z) possesses certain smoothness property on [0,77.
One idea to improve the order of accuracy is by employing the piecewise interpolation with a
higher degree to approximate the solution. As discussed in [22], a discretization to the Caputo
derivative of order 0 < a < 1 is constructed, which is named L1-2-formula. The approximation
polynomial to u, denoted by PZ(t), is the piecewise quadratic interpolating polynomial on the
subintervals [t;,#;+1] for ¢ > 1 using interpolation points (ti—2, fi—2)s (ti—1, fi-1) and (i, fi),
and on [to, t1], is a linear function. Consequently, the Caputo fractional derivative of Pf(t) is
considered as the approximation to CDO‘u(t) for t; < t <T. Here, the starting value at t = ¢; is
computed by the L1-method. Because of the construction, it seems to be very hard to carry on
the convergence analysis for this scheme. The consistency analysis tells:

Theorem 1.3.2 ([22]). Suppose u(t) € C3[0,t,] for n>1. Then
Cra _pl < (2) 2—a
|“D* (u(t1) — P (t1))| <ca torlgl?gtl [ul® (t)|At* 2,
1CD* (u(tn) — PE(tn))| <a max [u®(t)|(tn —t2) "> ' A
to<t<t1

+ max [u®()Ar®), n>2,
to<t<tn

where constants co and é, are independent of At.
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Another modified scheme of the L1-2 formula is investigated in [47] to numerically solve the
problem (1.2.15). This scheme is based on a modified quadratic piecewise polynomial PZ(t,) as
an approximation to the solution u(t,) by means of the interpolating conditions at the points
tj—1,t; and tjq on each [t;_1,t;] for 1 < j < n—1, and at points t,_9,t,_1 and t, on [t,_1, t,].
A similar result as Theorem 1.3.2 is presented by means of providing a uniform (3 — a)-order
accuracy of local truncation error 7,, with n > 2. In combination with the spectral method for the
spatial discretization, the semidiscretized formula of the problem is proved to be unconditionally
stable under a certain norm. The corresponding convergence order is confirmed to be preserved
of (3—a)-order with respect to time. For other analogous results applied to the variable fractional
diffusion equation, we refer to [3].

On the other hand, it is noticed the regularity condition to the solution isn’t always proper,
as mentioned before in Theorem 1.2.2, and also in [31]: the solution has an unbounded derivative
with respect to time at ¢ = 0 for the homogeneous case of problem (1.2.15) with a smooth initial
value. In that case, the (2 — a)-order convergence of the global error can’t be preserved, instead,
an O(At) convergence rate in terms of time is proved on a uniform grid in [31] together with a
spatial discretization in the continuous piecewise linear finite element space:

X ={u€ H}(Q) : uis a linear polynomial on each element of Q}.

In addition, a global error estimation with nonsmooth initial value «%(x) € L?(Q) is provided:

Theorem 1.3.3. Let u(t,x) be the solution of (1.2.15) with f =0, U(t,z) be the solution of the
corresponding numerical scheme based on the L1 discretization in time and continuous piecewise
linear finite element approzimation in space with U%(z) = @°(x), where @°(x) is denoted by the
L*(Q)-orthogonal projection of u®(x) into space X. Then

u(tn, ®) = Ultn, 2)ll2 < C (8, At + t;°A2?) [u2(z)]l2,  n>1, (1.3.4)
where || - ||2 is the L?-norm.

1.3.2 Fractional linear multistep method

Another approach called the fractional linear multistep method, was originally proposed in [39]
and later extended in [40] to approximate the convolution integral

¢ ¢
(t) = /0 f(t—s)g(s)ds = /0 f(s)g(t — s)ds (1.3.5)

in the case that f is locally integrable on RT. The discretized form is constructed with the
help of the Laplace transform of f. If F(s) denotes the Laplace transform of f, then (1.3.5) is
rewritten to

1 t 1
I(t)= — | F sto(t — . .
(® 2m'/F (s) (/0 e“o(t S)dt> ds 27rz./rl*“(S)y(t,s)cls, (1.3.6)
where y(t; s) satisfies the differential equation

y(t) =sy(t) +9(t),  y(0)=0. (1.3.7)

Remark 1.3.1. It is known that the linear first order differential equation

y' () + P(y(t) =Q(t),  y(0)=0
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has the explicit solution expressed by
, t
ylt) = BP0 [l POQE)ag (1.338)
This yields that y(t) = [y et g(£)d¢ = o e%¢g(t — £)d€ when replacing P(t) by —s and Q(t)

by g(t) separately into the expression (1.3.8).

If approximating y by dy, and accordingly, one defines that

ST(t) = — / F(s)oy(t; s)ds (1.3.9)

2mi

as an approximation to Z(t). In [39], the k-step linear multistep methods (p, o) 25, 24, 29] are
employed to obtain dy. The general form of linear multistep method for (1.3.7) is denoted by

k k
Z 00Yntj—k = Atz Bj (80Yntj—k + In+j—k) » n >0, (1.3.10)
j=0 j=0
and the starting values and g g, -+, g1 are chosen zero. In addition, rewriting (1.3.10) into a
power series form yields
p(1/€)8y(€) = Ata(1/€) (s0y(€) + 9(£)) (1.3.11)

with the series denoted by

k k 00 00
(&) =S 0, 0(€) =Y Biel, y(&) = dunt", 9(6) =D _gn&™
7=0 Jj=0 n=0 —
Substituting (1.3.11) into (1.3.9), one has

26 - o [ 10 (4 -5) wtoas - F () ot0, 1)

where w(¢) = p(1/€)/0(1/€). 1t is noted that the last equality of (1.3.12) holds based on the
Cauchy integral formula and the assumptions that

i) F(s) is analytic in the sector Sy = {s € C: |arg(s —c)| <7 — ¢} with ¢ < 7/2 and c € R,
and is bounded by
|F(s)| < Ms| ™, peRT.

i) the linear multistep method (p, o) is strongly zero-stable, A(f)-stable for some 6 > ¢ such
that point w(€)/At for |¢] < 1 falls in the sector Sy ¢, and is consistent of order p > 1.

Hence, the corresponding coefficients satisfy
n
0Ly = szfjgj for n >0,
j=0

where the convolution quadrature weights {wh }22, are the generating coefficients of the series
F (%57)), ie., (—“’K(ﬁt—)) = 1% ,whé™. Based on (1.3.6) and (1.3.9), the convolution error is

obtained by
T(tn) ~ 0T, = g [ F(5) () = Bulln; ) ds. (1.3.13)

27
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An estimate in [39] states that
[Z(tn) = 0Tn| <Ct™" max|y(tn; s) — y(tn; 5)|

g p1 b1y () ®) (1.3.14)
<Cth— i+ P p .
<Cty kZ_O(At) 9™ (O] + (A)Pt, max |g®'(®) ), =n21,
where the time step At is sufficiently small and g € C?[0, 7.

The original application of fractional linear multistep methods is to numerically solve the
problem (1.2.2) for the case a € (0,1), where the initial condition u° is substituted by a general
source term g(t). The discretization form

8 n
I° f(tn, un) = (AD)* > wl i f(t,us) + (A > wh i f(t,u5) (1.3.15)
§=0 =0
is proposed to approximate the fractional integral Z f(t, u(t)) included in (1.2.2), which can be
regarded as a particular convolution integral form of the formula (1.3.5). For example, it is well
known that the classical zero-stable BDF methods have the following generating polynomials

k ié-k:

(p,0) = Z——’;—-g’c , k=1,--,6, (1.3.16)
i=1

where V&% = ¢F — ¢! and Vi ¢k = Vigk — vigk—1. Therefore, according to £ (t57!/T'(a)) =

s~ with Rs > 0 and equality (1.3.12), the convolution quadrature weights {w?} in (1.3.15) are

constructed by

oo k i —#
Zwsévn.: (z (1_;5) > , k = 1’ 76. (1317)
n=0 i=1

In the case u(t) € CP([0,T1), the starting quadrature weights {wy ;} are uniquely determined
by

n p—2
(B> we it 4+ (A)* Y wn tf =T, k=01, ,p-2.
=0 =0

And in the other case u(t) = U(t,t*) for U € C', the starting quadrature weights {w,, ;} satisfy

n p—2

(A5 Y "we ]+ (A wnt] =T°t), y=k+la

j=0 J=0
Therefore, the consistency result can be a direct consequence of (1.3.14), or discussed in another
way in [44]. An estimate of the global error is given in [43] to show that if w,; = O(n®™1),
then there exists a constant C' > 0 which is independent of n and At, such that the difference
between the numerical solution w, and the exact solution u(t,) satisfies

[un — u(ty)| < CE1(ALP, B> a. (1.3.18)

Furthermore, the stability of the numerical methods is investigated in [45]. The stability regions
S of the methods are proved to be

oo

S =C\{A(At)*: 1/ (z wggn) for [§] < 1}, (1.3.19)
n=0

which is equivalent to saying that for any A(At)® € S, the numerical solution u,, — 0 as n — 0o

with arbitrary bounded f(t,). Accordingly, the stability result of convolution quadrature {w?}

connecting to the corresponding linear multistep method (p, o) can be readily presented:
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Theorem 1.3.4 ([43]). Assume that the linear multistep method (p,0) satisfies the strong root
condition and A(0)-stability for some 0 < 8 < m/2, and define

W () := (6(6)) = (0(1/&)/p(1/)" -
Let Syo and Ss denote the stability regions of w* and J, respectively. Then, one has
i). (C\Sue) = (C\S5)°
ii). w® is absolutely stable iff & is absolutely stable.
iii). w® is A(m — a(r — 0))-stable iff & is A(0)-stable.

Furthermore, [46] treats the integro-differential equation of the form

6“5,;’” + F@ /0 (t— €2 Au(z, )dE = f(z,t), (1) € 2% [0,7], 000
U(O,l‘) - uO(x), u(t7 "E)lzeaﬂ =6

where 0 < o < 1 and A is assumed to be a self-adjoint positive definite second-order elliptic
operator or a positive definite linear operator in a real Hilbert space H. In terms of the time
discretization, the first-order and second-order fractional BDF methods of (1.3.17) are employed
to approximate the integral term in (1.3.20), respectively. And the implicit Euler method and
second-order BDF method are accordingly used to replace the first-order time derivative. The
semidiscrete formulae with respect to time are written in the forms

Up(z) — Uy~ HaZw JAU] = Atf"(z), n=>1 (1.3.21a)
7=0

and

3 B 1. 1 42 - 2 j
Uk (@)-20% 1(m)+§U,’; 2(z)+(At)tte §wg;1AU,‘3(x)+Zw§;jAU,{(x) = Atf*(z), n>2,
j=1
(1.3.21b)
where {w *1 are the generating coefficients of the series (1.3.17) for £ = 1,2. In the case
of (1.3. 21b) the starting value Uh( x) is computed in advance by a suitable scheme. In the
homogenous case of (1.3.20), global error estimates can be found:

17 = u(t)ll < U — un(tn)]l + lun(ta) — u(ta)ll < © (A56* + R26,27) o,

where k = 1,2 and n > 1.

In this part, we mainly recall some basic definitions and properties of fractional calculus and
time-fractional differential equations. Two types of well-known methods are briefly introduced to
numerically solve fractional differential equations. In the following chapters, we construct the nu-
merical approximations to time-fractional differential equations, and investigate the consistency,
stability and convergence of the numerical schemes.
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Chapter 2

Continuous piecewise polynomial
approximation

In order to numerically solve a system of time-fractional differential equations of the form
Gpry(t) = £t ull), U<a<l, (2.0.1)

with prescribed initial conditions u(0) and given vector function f, we are mainly concerned
with constructing a series of numerical approximations to the Caputo fractional derivative of
a function u(¢) in the case 0 < a < 1. As remarked before, recently, the so-called L1 method
[35], L1-2 method [22] and L2-1, method (3] are designed to approximate the Caputo fractional
derivative for solving time-fractional diffusion equations. These methods are based on piecewise
linear or quadratic interpolating polynomials approximation in the framework of the product
integration method. It is natural to generalize the approach by improving the degree of the
piecewise polynomial to approximate a function that possesses suitable smoothness, in which
situation a higher order of accuracy can be obtained. In the following sections, we shall derive
a series of discretized schemes on uniform and non-uniform temporal grids by making use of
continuous piecewise polynomials as approximations to solution u(t), and consequently, the o«
order Caputo derivative of the polynomials as the approximations to “D®u(t). Some properties
of the quadrature weights are analyzed. The local truncation errors of the numerical schemes
are discussed correspondingly.

2.1 Uniform grid approximation of Caputo fractional derivative
Let I = [0,7] be an interval and the M + 1 nodes {t;}M, define a partition
O=ty<ty--- <ty <tpy=T1T. (2.1.1)

If the solution u(t) is assumed to be continuous on the interval I, and we think about a piecewise
polynomial approximation to u(t), it is reasonable to find the approximate solution at least in
the continuous piecewise polynomial space, which is defined by

Cp(I) = {v(t) € C(I) : w(t)is a polynomial on each subinterval I; = [t; 1, t;]}.

Specifically, denoting the space of continuous piecewise polynomial of degree at most k by

k
CE(I) ={v(t) eC(): v(t) =Y a;t on L},
=0
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we construct a class of approximate solutions of u(t) in the space C;f (I). Here the Lagrangian
interpolation technique by prescribing interpolation conditions on distinct & + 1 nodes is used,
such that the coefficients {a;;} for 0 <1 < k on each I; are uniquely determined. In addition,
assume that u(t) is not a constant function, then we only need to focus on the case k > 1 in view
of the continuity restriction. The choice of the interpolating points is provided in the following
way.

We define a class of polynomials pﬁq(t) that are of degree £ > 1 and have a compact
support I;. The coefficients of the polynomials are uniquely determined by the following £ + 1
interpolation conditions

Piyta) =ultn), n=j+qg-1,j+q—2,--,j+q—-k-1 (2.1.2)

Here the index g records the number of shifts of the k + 1 interpolating nodes {tn}f;;_pm
and the sign of ¢ indicates the direction of the shift. Based on (2.1.2), the polynomials can be
represented by a Lagrange form

Jjt+g—1 J+q—1

t—1
)= 3 11 r _;"u(tn)- (2.1.3)
n=j+q—k— 1m—;+§ k=g T M

In particular, if the partition (2.1.1) is equidistant, i.e., t, = nAt and At = 7\7% as M € Nt the
alternative Newton expression is given by

n—l

V™u(
Pia(®) :Z Hq L [1¢ - tirg-10)- (2.1.4)

n=0 =0
For convenience of notation, we rewrite (2.1.4) by changing the variable ¢t = ¢; 1 4 sAt to obtain
k
P g(6) = pgtioa +s08) =3 (s S 1>vw(tj+q_1), (2.1.5)
r=0
where the r-th order backward difference operator V" is commonly defined by
Vou(ty) = u(ts), V7ult) =V " ut) — V" u(tiog)

and (S_q;”_l) is the binomial coefficient. In addition, it follows that

dmpk m o (s—q+r—
== Z dsm( . )Vrum,l, m € N. (2.1.6)

In the following, we construct a class of approximate solutions PF(t) € CX(I) to u(t) on the
uniform grid for 1 < i < k < 6. The general representations are proposed by

n n
Zp]k j )+Zp§~i+l,i(t) + Z Prni1i(®) (2.1.7)
j=k j=n—i+2

for t € (tp_1,t,) and 1 < n < M, where Zf ipfklj( ) = 0 and Z?:n4i+2pf’n+l_j(t) =0 if
k—1i<1and n—i+ 2> n, respectively.
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Remark 2.1.1. The construction of polynomials Pf(t) is mainly based on the continuity re-

quirement on interval I, i.e., the interpolation conditions
Pigltn) =ulta), n=j-1,j (2.1.8)

should be satisfied. It yields that on each subinterval I;, according to (2.1.2), both conditions
jtq—1>jandj+q—Fk—1<j—1 should be satisfied, which indicates 1 < q < k. Therefore,
in the case k =1, there is a unique continuous piecewise linear polynomial, denoted by Pl (t),
in the space Cy(I). According to (2.1.7), it is expressed by

Pl(t) = ZP},l(t%
=1

which presents that on each I; with 1 < j <n, P}(t) = p}yl(t) holds and the condition (2.1.2) is
satisfied. In the other case k = 2, there are three options on each I;, that is, pjl-,l(t), p?yl(t) and
pJQ-,Z(t) to constitute the interpolating polynomial that belongs to space Cg([). 1t is known that
the construction of P%(t) is therefore not unique. In order to preserve the convolution property
as much as possible, we propose three available continuous piecewise polynomials in forms of

n n—1
PP(t) = pia(t) + ijzg(t)» Pi(t) = ijz,z(t) +p21(1) (2.1.9)
j=2 j=1

and N
2 2
Pi(t) = piat) + ij,1(t)
=2
when t € (ty_1,t,]. In addition, as shown in (2.1.7), we restrict our further discussion to the

case i < k. This is because in that situation, the least starting values are prescribed.

As a consequence, the operator

. L[t adP
Di ju(t) = m/o (t-9 @ d¢ (2.1.10)

is proposed on t € I as the approximations to CDau(t). In the case t = ¢,, formula (2.1.10) can
also be rewritten as

(A~ ¢ /1 . o dPE(t; 1 + sAL)
¥ = e — — Q_pydTe T
Dy jun T —a) 2 (n—j+1-3) s ds
1 . | (2.1.11)
= (At)* S wu; + (A2 Y wE Dy,
j=0 J=0

where w,, := u(t,). In the following part, we will present the weight coefficients {w,(lk]l)} and

{w](.k’i)} in the cases 1 <i < k < 3 as examples. We first define a class of integral of forms

1
1 - —q4r—1
Lg=4 T of(n+ 1=97d(7%7), 20, (2.1.12)
0, n <0,
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where ¢, € NT and n € Z. In addition, note that

In ::1111417 Vq:1727"'7

vk =V VR, Yk ENT
Then the weight coefficients can be expressed in terms of integrals I, , by

(k,i) = (1,1) : wmo=—Imy, m>1, wp,=VIl, n=0,

(k»i) - (27 1) ¢ Wmo — 21%71,1 == ITQn,l — Iy, wma=-— En_ma m > 2,
wn = VI, + V22, n>0,
(kv l) = (27 2) P Wm0 = _V112n+1,1 + Ir2n,27 Wm,1 = — 72n,1» m 2 2,

w=l+h+E+, w=Vh-I+I5,-2I5; -2,
wp=VIa+ V23, + 121, wn=VIn+ VI, n23,

and by more complicated formulae of forms
i). (ki) =(3,1),

Wi o = —VIp — 131,1 + 217271—1,1 + 13171,2 = 11371,1 + 312171,1 - 3173n—2,1!

2 2 3 3
Wy = —2Im1 — 200 10— Iy 11— Lpo11 + 305, 01,

(2.1.13)
W2 = I+ 172,1_1’2 oo 131_2‘1, m >3,
W= VI, + V2, + V33, n>0,
ii). (k%) = (3,2),
Wi = ~ViImi1 — L2y 0+ 205 — I3 1o +313 - 30 1
W = —Im — Ir2n.,2 - 151‘2 + 31;14,2»
Wm,2 = — 73n71,27 m 23,
= Tgb i o T2 +d3, Bst I3
wo=Io+ L1+ 11+ 1oy + 112+ 1o, (2.1.14)
wi =V —Io+ By~ 213, — 213, + I35 — 3L3, — 318, o
wo= VI3 + V22, + 13, + 13y — 313, + 317, + 315,
wy = VI + VI, + V33, - 1§,
wn=Vin1 + V2 10+ Vi 1, 124,
iii). (k,i) = (3,3),
Wi = ~ViImiz — V22 05— Ioio3+3Imy1 3 — 812 4,
Wm,1 = —Vipi1 - Iv2n+1,3 + 2-’1271,3 - Ir3n+1,3 + 3131,37
W= —Im — I3 - I53 m2>3,
wo=To+h+ L+ + B+ B3+ 15+, + B, B8}

w =VIg—To— L1+ g — 2035213, — 203, + I35 — 3155 — 3135 — 3131,
wy=VI+ V20 + By + I3, + I35 — 3155+ 3135+ 315, + 317,
wy=VIs+ V2 + V33, — I3, — I},

W =Vt + V22 03+ V33 55, n>4
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In addition, it is observed that when o — 1, the difference operator D ;up, in (2.1.11) recovers
to a k-step BDF method.

Remark 2.1.2. The construction process of operator (2.1.10) can be extended to the case a > 1
as well. In a general case [a] — 1 < a < [a], the interpolating polynomials PF(t) € CI’f(I) could
be constructed as the approzimations to u(t) under the condition that k > [a], and the o order
Caputo derivative of Pik(t) are proposed in a similar way by

1 ¢ dlel pk
@ = _ \—a+t[al-1 i
lc,zu(t) F(l'a*| — CY) /0 (t 6) e dé"a-‘ df

as the approxzimation to © D®u(t). Here the condition of k > [a] is required such that the [o
order derivative of P(t) is nonzero a.e.. We take the case [a] = 2 as an ezample. Assume
that B =a — 1€ (0,1), the polynomials P2(t) denoted by (2.1.9) are in the space C2(I), and it
follows that

d2p2
Dlgultn :1—mz/ e
(At) L Bd2pi2(tj*1 -+ SAt)
F(l _ ﬁ) j‘l/ (’Il .7 +1- S) ds2 —““—‘—‘dS»

where the last equality holds based on the relation d2P§§(s)) d2P;(5) (é) + %)-%. More-

over, it can be rewritten as a form analogous to (2.1.11), and the corresponding weights coeffi-
cients {wy,;} and {w,} are therefore derived by

WPV =9, 520, wl = -2nn), W) =-I1, n>2,
WP =h+n, WP =L-2n-2n, &=V, (2.1.16)
WP =V, §28, Wl = I+ 2, wlD =-I, n>2

Here the integrals I}, , = I}, ,(B) are defined by (2.1.12) where the index o is replaced by S.
First, we explore the completely monotonic property of the sequence {I} q}n ° o

Lemma 2.1.1. Assume that I}, , is defined by (2.1.12), then for n > k with k € N, it holds that
(—DFT vk >0 (2.1.17)

in the case r < q, and
(—D)FFrerivkr >0 (2.1.18)

in the case r > q.

Proof. We begin with the case 7 < g, according to the definition of I}, , in (2.1.12), it holds that

1 L s—q+r—1
r o —a
I 7————-——11(1_&)/0 (n+1-29) d( . )

r—1

1 ! a s—qg+r—1
7F(1—a)/0 (n+1-s) Z s—q+n)< r )ds,

n—O

(2.1.19)
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since (s —q+mn) <0for 0 <s<1landn=0,---,r—1, it yields that (-1)T(37‘1Jf‘1) =0,
and consequently (—1)’“%(5_‘1;’771) > 0, combined with (n+ 1 —s)~® > 0 for any n > 0 and
a > 0, it leads to (—1)”1[,’17,1 > 0. In addition, by definition, we may see that

oy [ (n11- 9o 1)
r(1_a// €- ‘Hdﬁd(s‘qtr_l) (2.1.20)
:F(l—-a)/o /0(£+n—s)*“‘1d§d(s_q:’“1>,

with (€ +n—s)"@1>0forn>1and 0 <& s <1, then (-1)"*2VI; >0
Assume that for k£ > 2, it holds that

k-1
=0 o —g+r—1
vi-ipy = el / Gi+n—k+2-s -a*’c“dk-lgd(s ! )
e F(l — a) [0.1] (; ! ) r
where we define (a)g_1 = a(a —1)--- (o — k +2) and d*"1¢ = d&; - - - d&_1. Then
kL, =V -V

k-1

_ (=9 —a—k+1 gk—1 (S —g+r= 1>
v 5 —-k+2- d d
I(1-a) /[0,1]k (a4 R0 S r

i=1

I'(

B F((l . /o 1 v/n+1 (zk:gi —k —8) 7" Fdgrd*ed (s o -: . 1)
=
(

i=1

B )k vk ak s—q+r—1
= g )/[ Z§,+n E41—g) d§d< . )

0,1]k+1 i

k
Since (> &+n—k+1—s)>0forn>k>1and0<§,s <1, then (2.1.17) holds.
i=1
In the other case r > ¢ + 1, integrating by part yields that

1 1 s—q4+r—1
IT B i 1_ —Q
i F(l—a)/o(nJr & d( r )
1
. —a _ea-if8—g+r—1
?—————F(l_a)/o(nJrl s) ( . )ds,

since (*~7""') includes a factor s(s — 1) for 7 > g + 1,q € N*. The sign of (>~ 1) equals

q
the sign of I:[l(s — ), thus (=1)4(°*"%7""") > 0, and it holds that (—1)?*'I} , > 0 for n > 0.

(2.1.21)

i—
Furthermore, an induction process demonstrates that

ke _ (k41 B cak-1f8—q+r—1\ &
Ve = Ti-a) /OI]M ;men k+1-s)" ( . )d €ds  (2.1.22)

for n > k > 1, which arrives at (2.1.18). O

Moreover, we discuss the complete monotonicity of a general class of sequences. That is if
a function o(s) is non-decreasing and satisfies 0(0) = o(1) = 0, or in the other case when the
derivative 1(s) of the function exists and keeps positive, we can obtain the complete monotonicity
of sequence as well.
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Lemma 2.1.2. The sequence {s,}32 is defined by

1 ! o
B, = —(1 ) /0 (n+1-29)"%(s)ds, n>0,

where p(s) > 0 for 0 < s < 1. Then for n > k, it holds that (~1)kvksn > 0.

Proof. 1t is easy to check that s, > 0 for all n > 0, since for n > 0, 0 < s < 1, it holds that

(n4+1-s)"*>0and p(s) > 0 by assumption. The definition of s,, implies that
1 1
Vs = m/ﬂ (n+1—-5)""=(n—25)"%) @(s)ds

1 1
S n —8) " (s s
~rea [ [ e e- 9 e pteaes

where
n+1
(n+1-8)"— (n—8)"* = (~a) / (€ — ) lde
1
= (o} /O (n € s)ode.

Since (n+ & — )™ ! > 0and ¢(s) > 0forn > 1and 0 < 5,& < 1, thus Vs, < 0 holds. An
induction process yields that

ky _ (=% : ) _ _ ok k
Ve = g /[0 I 3 e R O

k

Since for n > k and 0 < s,& < 1, it holds that 3" & +n —k+1—5)"**p(s) > 0, thus we can
i=1

obtain that (—1)¥V*s, >0 for n > k. O

Corollary 2.1.1. The sequence {q,}o, is defined by
— /1( +1-s) " lp(s)d (2.1.23)
qnil‘(l—a) | n s p(s)ds, A
where the function satisfying ¢(s) <0 for 0 < s < 1. Then forn > k, it holds that (—1)¥V¥q, >

0.

Proof. Since for 0 < s < 1,0 < o < 1 and n > 0, it holds that (n +1 — s)™* > 0 and
(n+1—35)"2"1 > 0, therefore according to (2.1.23), there are p,, > 0 and g, > 0 for any n > 0.
For n > k > 1, it can be verified by induction that

k
V’C :% 4 _k+1_ —a—k—1 d/cd’
= T [0,1]k+1(;& n 5) K Lp(s)d eds

from which we obtain the result. ]



26 2.1. Uniform grid approximation of Caputo fractional derivative

2.1.1 Local truncation error analysis
Next, we construct the numerical scheme
Di jun = f(tn,un), n 2k, (2.1.24)

as the approximation to the problem (2.0.1) of the scalar case. Then the local truncation error
of the n-th step is defined by

D = D u(tn) — “D*u(tn), n2>k, neNF,
where u(t) is the exact solution of (2.0.1).

Theorem 2.1.2. Assume that u(t) € CF¥1[0,T] and 0 < a < 1, then in the cases 1 <i <k < 6
and n > k, it holds that

Dg u(t) — “D%ulty) = O ((tn_kﬂ)*a*lAtk“ + Atk“*") . (2.1.25)
In particular, we find
D pu(ta) — SD%u(tn) = O(AF1™%), k=1,---,86, (2.1.26)
where the bound is finite and uniform with respect to n.

Proof. According to (2.1.5), it holds that

Phg(t) —u(t) =u* I (g) (8 % iJlr k) (AR, (2.1.27)

where ¢t = tj_1 + sAt with 0 < s <1 and ¢j14- k-1 < & <tjrg-1-
Inspired by [22], making use of the integration by part, one arrives at

DR ju(tn) — “D*u(tn)

l_a)i [} o (T2 -5

j=1v%-1
- [* ~a- (2.1.28)
l—a ;/t, : (tn = 1) 1(1[’1-’<(t)—u(t))dt
iy a M 1
- r(iA_t)a) Z/o (n—j+1-s)" (Pik(tj—l + sAt) —u(tj—1 + SAt)) ds
j=1

as n > k, which is based on the conditions of (2.1.8) and (2.1.27). According to the general
representation of sz (t) in (2.1.7), it is known that in the case k —4 > 1, the polynomials of
degree (k — 1) can be used on subinterval UIc iI; to construct PE(t), and in the other case
k = i, the polynomials of degree k are chosen on each subinterval I; instead. Therefore, we next
consider the two cases separately.

Substituting (2.1.7) and (2.1.27) into the last equivalent formula of (2.1.28) and taking k = i,
one obtains

|Dﬁku(tn) - CDau(tn)|

a(Atkti=e (k+1) " ; a1 8
="T1-a) I?é"}"“ (5)‘(]; /0(" §+1=g) k1)

n

>

j=n—k+2

1 .
. - —=1 5+k_n_1+‘7
/o(n j+1—25s) ( k1 ds ),
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and if 1 <i <k —1, one has

| DR u(tn) — “Du(t)|

- k— ;
a (At / : a1 fst+i—1
<————((At —j+1-s5)"7¢
Tl (a0t Sy =1 u® ‘JE (n=j+1-5s) k)%
n— z+l .

+(At)* ! max ’u(k“) / n—j+1-s)"! (S Z ¥ I Z) ds‘

&el j=k—i+1 +

. coifstk—m—i+j

+(At)* max [u* Y (&) Z / (n—j+1-9)7¢ 1( )ds( )

¢el ’ ‘j:n-i+2 0 k+1 )

Since for any q < k and g, k € N*, the factor (1 —s) is included in (*;%}*), the term 1 (*,%1¥)
is bounded as 0 < s < 1, and we obtain

a(A)kH1- “C(k)z/ln 1 —s)-a1(1 - s)ds
F(l—a 0 ]

C!(At)k+la 1 o N
S—F(TT Z/o n—j+1—-s)" 1ds+/(1—s) ds)

l1-a 1 1
(a9 Ck)(l"(l~a) JrF(Z—Oz))’

| DR u(tn) — CDu(tn)| <=

where C®) is bounded and depends on ¥+ and k. On the other hand, if i < k, it holds that

k—i 1
Dg u(tn) — SDultn)] < = C®d ((At)t-2 / n—j+1-s) s
l kyi ( n) ( n)| F(l — (1) (( ) ; : ( )

n 1
+ (At)e+l-e ~j+1-8)7!(1 - 8)ds
2 fe |
<<~<’H>(F(1‘Y )(At)’““( ~ ) (tnps) >

(A0 (5 - i r(zl— ) )):

where C*) is a constant and depends on u®), w*+1) and k, 4. O

Remark 2.1.3. It is shown from formula (2.1.25) that the order of accuracy isn’t uniform for
all n > k. In the case of t, being near the origin, the accuracy order of the local truncation
error reduced to the (k — «) order, in view that the (k — 1) degree polynomials as shown in
(2.1.1) are chosen on the subinterval U?;flj. However, replacing polynomials of degree k on the
corresponding subinterval can avoid this drawback, which is shown in (2.1.26).

Remark 2.1.4. There is need to point out that the local truncation error estimations (2.1.25)
and (2.1.26) hold in the case of the solution u(t) possessing proper smoothness on the closed
interval [0, T). In order to check the convergence rate of the global error when f(t,u(t)) is smooth
with respect to t and u, we apply the methods (2.1.11) in the cases 1 < i < k < 3 on the test
equation

Cpu(t) = f(t), te(0,1], (2.1.29)
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such that the ezact solution is u(t) = Fa1(—t*) € C[0,1]N C>(0,1]. In Tables 2.1 and 2.2, the
accuracy and the convergence order of the error |u(tar) — unm| are shown for different timestep
and order «.. According to the numerical experiment, the convergence order reduces to first order
in the cases 1 < j < k < 3. Note that the solution of (2.1.29) is only continuous on I. Therefore,
we next consider numerical methods on a non-uniform grid to improve the order of accuracy.

TABLE 2.1:
Errors and convergence orders of |u(tpr) — uas| for problem (2.1.29).
a M (k,i) = (1,1) (k,i) = (2,1) (k,i) = (2,2)
lu(ty) — uml rate [u(tar) — unt] rate [u(tar) — unl rate
0.1 20 4.70994E-03 - 9.55476E-04 - 9.67511E-04 -
40 2.37818E-03 0.99 4.93426E-04 0.95 4.96390E-04 0.96
80 1.21118E-03 0.97 2.53608E-04 0.96 2.54352E-04 0.96
160 6.19034E-04 0.97 1.30008E-04 0.96 1.30197E-04 0.97
320 3.16763E-04 0.97 6.65299E-05 0.97 6.65780E-05 0.97
0.5 20 3.59879E-02 - 1.27599E-03 - 1.24693E-03 -
40 1.87445E-02 0.94 5.84522E-04 1.13 5.76449E-04 1.11
80 9.67807E-03 0.95 2.79573E-04 1.06 2.77440E-04 1.06
160 4.95832E-03 0.96 1.36716E-04 1.03 1.36166E-04 1.03
320 2.52435E-03 0.97 6.76067E-05 1.02 6.74666E-05 1.01
0.9 20 6.28955E-02 - 2.95957E-03 - 2.96453E-03 -
40 3.23694E-02 0.96 1.33551E-03 1.15 1.33646E-03 1.15
80 1.64619E-02 0.98 6.25412E-04 1.09 6.25601E-04 1.10
160 8.31769E-03 0.98 3.00737E-04 1.06 3.00775E-04 1.06
320 4.18769E-03 0.99 1.47049E-04 1.03 1.47057E-04 1.03
TABLE 2.2:
Errors and convergence orders of |u(tar) — uaz| for problem (2.1.29).
« M (k,i) = (3,1) (k;3) =1(8,2) (k,i) = (3,3)
Ju(tr) — unml rate Ju(tar) — unrl rate [u(tar) — unt] rate
0.1 20 9.24206E-04 - 9.17788E-04 - 9.23060E-04 -
40 4.71821E-04 0.97 4.70329E-04 0.96 4.71636E-04 0.97
80 2.41265E-04 0.97 2.40900E-04 0.97 2.41229E-04 0.97
160 1.23379E-04 0.97 1.23288E-04 0.97 1.23371E-04 0.97
320 6.30607E-05 0.97 6.30376E-05 0.97 6.30591E-05 0.97
0.5 20 2.87149E-03 - 2.85982E-03 - 2.86650E-03 -
40 1.42015E-03 1.02 1.41730E-03 1.01 1.41912E-03 1.01
80 7.06991E-04 1.01 7.06289E-04 1.00 7.06757E-04 1.01
160 3.52818E-04 1.00 3.52644E-04 1.00 3.52763E-04 1.00
320 1.76251E-04 1.00 1.76208E-04 1.00 1.76237E-04 1.00
0.9 20 1.30920E-03 - 1.30931E-03 - 1.30919E-03 -
40 6.18111E-04 1.08 6.18099E-04 1.08 6.18098E-04 1.08
80 3.00274E-04 1.04 3.00268E-04 1.04 3.00270E-04 1.04
160 1.47969E-04 1.02 1.47967E-04 1.02 1.47968E-04 1.02
320 7.34347E-05 1.01 7.34342E-05 1.01 7.34345E-05 1.01
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2.2 Non-uniform grid approximation of Caputo fractional deriva-
tive

In this section, we would like to construct continuous piecewise polynomials approximation to
the Caputo fractional derivative “D®u(t) of order 0 < @ < 1 on a non-uniform grid . The
motivation is to obtain more precise approximate results for solutions losing regularity based
on an equally computational cost. However, note that the quadrature weights generated on a
non-uniform grid can’t preserve the discrete convolution property, that brings severe difficulties
with theoretical analyses.

Given a uniform partition of interval I by

O=nmp<n< - <tm=T,

the uniform stepsize is denoted by A1 = %7 In combination with (2.1.1), we define a strictly
monotonic increasing function ¢ : I — I such that ¢t = ¢(7), and for any 7,41 > 75, it follows that
tiy1 > t; as well. The n-th stepsize with respect to t is denoted by At,, and At, =t, —t, 1 =
o(1) —p(t-1) as1<n < M -1.

2.2.1 Linear interpolation
We consider a class of linear interpolating polynomials {p},1(t)}§i1’ which are defined on I and

possess compact supports I; = [t;_1,¢;] for 1 < j < M. In addition, the interpolating conditions
philt) =ut), i=j-1,7

are prescribed to uniquely determine the coefficients of polynomial p})l(t). According to (2.1.3),
the Lagrange form of pjl»,l(t) is expressed by

t—t
ti-1— ¢

t—1t-1
t; —tj—1

u(t;) = u; + (s — 1)V, (2.2.1)

Pya(t) = u(tj-1)

where t = t;_1 +sAt; and 0 < s < 1. We next define that Pl(t) = Zﬂ:lpil(t) for t € [tn—1,1n].
It is known that P} (t) € C;(I ). In a similar way as (2.1.11), we propose an operator of the form

dp;

1 nL ot
D§up == / (th — )™ dt
L1t F(l—a)jz:; tot dt

1 " 1 o dpjl-'l(tJ;l + SAtj)
“Tl-a) ]Zl/o (tn — tj1 — sAt;) e ds (2.2.2)

n
=3 I;Vu;, nx1,
j=1

as an approximation to the Caputo derivative defined in (1.1.12), where for 1 < j < n, the
weights are denoted by

__ 1 ' _ Nag. _ (tn = t-)TY = (t — 1)1
[’n.,] = mA (tn - t]71 - SAt]) ds= F(2 — a)At] . (223)

In addition, we rewrite (2.2.2) into the equivalent form

Dyun =Y Wy, 1 (2.2.4)
j=0
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in combination with

wh = WY =, 1<5<n-1,

L ’ n,J
W(l 1) _ L1, 1, Wé}jl) —0, j>n (2.2.5)
Remark 2.2.1. Formula (2.2.4) ezactly holds if u(t) is linear polynomial, this yields
jz::OWr(L’ljl) =0 and Z W 1 1) tjf_"a)’ n>1.
Applying method (2.2.4) to solve the scalar problem of (2.0.1) gives
DY yup = f(tn,un), mn2>1 (2.2.6)

In addition, rewriting (2.2.6) into the matrix-vector form yields

11 1,0)
W( ) U F(t1,u1) W1101
W2(111) Wz(lgl) up f(t2, u2) . w
. . = . — Up . )
(1,1) (1,1 a 1) (1)
win WM,2) e Wi up F(tar, uar) Wits
where it is obtained from (2.2.5) that
(1,1)
LW I 1
WZ(,ll‘l) W2(12’1) B Iy Iap -1 1
1,1 11 . 1,1) . I _
WI(\{,I) Wz(u,z) Wzix.r,M I Iz Inm 11

2.2.2 Quadratic interpolation

In this part, we consider the approximation to the Caputo derivative based on piecewise quadratic
interpolating polynomials. As mentioned in Remark 2.1.1, we consider two available approxima-
tions, P2(t), P(t) € CZ(I) of the forms (2.1.9), to u(t) on a non-uniform grid.

Case I

On the subinterval [to, t1], the piecewise linear interpolating polynomial p}’l(t) is chosen, where
according to (2.2.1), we have p} ; (t) = u1 + (s — 1)Vui. On the subinterval J; for 2 < j < M, we
construct the piecewise quadratic polynomial p?wl(t), which is defined on I and has the compact
support I;. The coefficients of the quadratic polynomial are determined by

Pa(t) =ut), i=j-2j-15
From (2.1.3), we obtain

(t —t)(tj—1 — 1) ,
G- G2ttt | M Ty
- (2 — 8)(At;)? (sAL; + At;_1)(1 — 5)
—ulti-2) & (AL, +Ajtj_1) +ult) At;_l t

(t—ti—2)(t; — 1) (t—1t; 2)(t—tj-1)
) G T 6 — 6
s2At; + sAt;_y
At; + Aty
(2.2.7)

p}i(t) :U(tj—Z)(

u(t;)
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in the case t = t; 1 + sAt;. In addition, it follows that

dpj, (At;)?

—= = (25 — Du(t;- -

ds ( s )u( g 2) Atj_1(Atj + Atjfl)
Atj (2s — 1)Atj
i 25 —1 1 tj) | —— .
u(t; 1)(Atj,1( s—1)+ >+U(])<Atj+Atj._1+1

Therefore, when ¢ € [t, 1, ], we propose the piecewise polynomial PZ(t) = pi ; (ORI p]z’l(t)

such that P?(t) € Cg(l ) as an approximation to u(t). Accordingly, as an approximation to
CDO’u(tn), the discrete operator is proposed in the form of

@, _ 1 /t1 p11 / B le
D““”*F(l—a)( to( dt+Z (tn =)= dt)

(2.2.8)

n A, (151 + sAL) (2.2.9)
p 1 (ti-1 + sAt;
= — sAt) =L =7q
n,1Vu1+ 1—a z;/ n—tji-1— 8 ]) 15 S
when n > 2. Further, based on (2.2.8), it holds that
1 1 dp?, 212 ;(At;)?
——— | (ta—tj-1— At-*"id u(t
F(l __a)/o (n j—1—S ]) s = (.7 2)At] I(Atj +At]‘_1) (2 5 10)
24t 5 2At; -
. g I
ults 1)(Atj i+ Ins) + u(t)(12 A+ At ):
where I, ; are shown in (2.2.3) and the coefficients Iz’j are defined by
By~ [ty sty (s )as
= Td—ah s ] (2.2.11)
(- t-1)2"% — (tn — tj)gfa - (1 - 3)At, (( n— b)) %+ (b — tj)l—a) o
B (3 — a)(At;)?
for n > 1 and j > 1. As a result, substituting (2.2.10) into (2.2.9), we deduce that
& 212 At
Dgun = ( -
21Un = In1Vug + Z At 1(Atj n AtJ D Uj—2
212 At 212 (At
L s nJ = T s Vg
( Atj 1 + ":J)u.’l 1t (At]‘ +At]‘_1 + ”7])”’])
for n > 2. Equivalently, it can be rewritten as
n
DSyun =Y WDy, n>2, (2.2.12)
=0
where o A
t
WD = — 0 4 L, n>2
n,n Atn+Atn71 + n,n n =z sz,
202, Aty ZR.AR
@1 _ nn-12tn-1  &ippQln I I >3
n,n—1 Atp1+ Atpo Aty 1 nn tdpn-1, n =3,
1) _ 212 o(Atj12)? 217 ;1 At
g Atj+1(Atj+1 +- At]+2) At]
gt Ly, 2<j<n-2 n>4
+Atj+Atj,1_ nj+1 + dng, SJEn—4 N
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and
o= A—i—l(%% sl p2d, W= _3%2% Bt B30
A I2 Aty
Wi = Atg(Agt(z jgitg) 2 nA{Zt ~hat il n23
Remark 2.2.2. Ifa — 1, from (2.2.3) and (2.2.11), we find
hy=1;=0, 1SjSn-1, ha=gz Ba= Ar n2l

Then for n > 2, the method (2.2.12) reduces to the BDF2 method of variable step, which is
denoted by

Dty = Aty WP (R S T PYRVIY G S P
" A1 (Bt + ) 2T \Bter | Bta) N \Btai + AL, At)

Case 11

We consider a class of interpolating polynomials, denoted by p?z(t) on I. Each pjzlz(t) has a
compact support I; and is expressed by a quadratic polynomial satisfying

plalts) =ulty), di=j—=Lid+L (2.2.13)

Writing into the Lagrange form yields

(t —)(tj+1 — 1) N (E—tim1)(tir — t)

+ u(t;

tj — ti—1)(tj+1 — tj-1) (t; — ti—)(tir1 — t5)

(t=t-1)(t —t))
tiv1 — tji—1)(tj+1 — &)
—u(t; )(1 — 8) (Atj41 + Aty — sAty)

-1 (Atj+1 + Atj)

s(s — 1)(At;)?

(Atj + Atjy1) Atjyr’

Pra(t) = ulti-1)y

+ u(tj+1) (

s (Atj+1 + Atj s SAtj)
Aty

u(t;)

+ (tJ+1)

where assuming ¢ = t;_; + sAt; and 0 < s < 1. Moreover, we arrive at
dp? At;
Jr2 J
—= =u(t;_ 25§ —1)———————— —1
ds u( J 1) <( s )At]+1 +At >
(25 — 1)(At;)?

At;
t; 28 — .
G ( (2 I)At]+1> o ]+1)(At;‘+1 + Atj) Aty
n—1,92

Then in the case t € [tn_1,tn], we construct P3(t) € C2(I) of the form P (t) = 271 pj,(t) +
pfl,l(t) to approximate solution u(t). Consequently, we propose the discrete operator

(2.2.14)

n
dP2(t
Dt~y zjt - 200 4,
]:1 9—1
= dp?z(tj_l + sAt;)
- s & e [ i 2.2.15
l_a(zl/(tn b1 — sihty)” EREEL Y (2215)

1 dpZ | (th—1 + sAt
+/ (tn — tn—1 — sAty) ™ Pl = n)ds)
0 S
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in the case n > 2. In addition, according to (2.2.14), one finds
1 i dp?, AL
—_— tn —ti1 — SAL;) ¥ —L2ds = u(t;_ (——-———‘I')
r(1—a)/0(’ st~ sB) e = ull- N\ R T @14
+U(t')(l et 12 )+u(t ) QIz’j(Atj)z -
Y P HUTAYG + Atj1) At
Therefore, together with (2.2.16) and (2.2‘10), formula (2.2.15) becomes
n—1 D
212 Nt 2At;
— ) " A . . J_ 72
D§un 7]; (uti-1)( A AT ) et (g - 5 0)
212 (At T2 (AL
+u(tji1) s (AL;)° ) + u(tn—2) nn(Atn)” (2:2.17)
(At] -+ At]+1)Atj+.1 Atnfl(Atn + Atn—l)
20t, 212, At,
— U(tp— I 1, th ) (——————— + Inn), > 2.
U( n 1)(Atn,1 nn s n,n) +U( ")(Atn +Atn;1 + n,n) n-2
Formula (2.2.17) can be rewritten as
n
Dggun =Y WPy, n>2, (2.2.18)
7=0
where
2
W7527)12) - nn 1(At" 1) 21n,nAtn In‘n, n> 27
: (Atn,l + Aty)At, Aty + Aty
22 QIg,n*Q(Atn72)2 212,17,Atn QIg’nﬁlAtnfl
nn—1— = = —Inn+Inn-1, n2>3,
T (Atn_z + Atn_1)Atn,1 JAN Y Aty !
w2 _ 2R At 217, 5 Atns 217 ,_3(Atn_3)?
=2 T AL+ Aty Aty_q (Atp_3+ Aty _9)At,_o
212 . (AL,)?
: ot + Ty, 0>,
Atn 1A Al) P T Sagetn BT
At 2I2 At;  2I%. ((Atj_1)?
722i2) _ nJ+1 AR n,j— 1< ] 1) —Injir+ Iy, 2<ji<n-—3
J At]+1 + At]+2 Atj+1 (At]_1 + At]‘)Atj
and . 5 5
) 203,44 2035(At)° ;
20 T At + Aty | Ati(Atg + Aty) 2V
212 At
(22) _ 0 s S >3
0 Aty + Aty Iy, nz23,
2A¢t 2At
Wi = - At; g - T S22, — b+ Iy,
w2 _ 2-’32,2A’52 2132,3(At3)2 2At1] Lot I
317 Aty + Aty | Abp(Ats + Aty) Aty 21 BT
2I2,At;  2At
O = e~ T By —hat Ty, n24

Remark 2.2.3. The interpolating conditions (2.2.13) imply that the discrete scheme (2.2.18)
ezactly holds if function u(t) is a quadratic polynomial. From this follows

En: Wi =, Z Wiy =
j=0

2t2 o

_— >2.
rd-a)’ ==

iy ™ ZWQQ)Q
r2-a) g
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In addition, rewriting (2.2.19) into a matrix-vector form yields
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Applying methods (2.2.12) and (2.2.18) to solve a scalar version of the problem (2.0.1) gives

W2(2,i)

(2,0)
Wir's

2
Wi w

Dg,iun - f(tn» un),

2,1)

3

(2/9) (2,9)
WM,; T WM,;VI

u2
us

umpm

2<n<M, i=1,2

f(t2,u2)
f(t37u3)

f(tM., UM)

— U

i
I
WB,O

2.0)
Wlﬂ,é

(2.2.19)

24
W
W3y

2,0)
WA{,;

In the following, we apply the proposed three methods to the problem (2.1.29) and check the
order of accuracy of errors. A non-uniform grid is given by the map ¢ = T™m=17™ for a real number
m > 1. It is observed from Tables 2.3-2.5 that the rates of convergence of errors are improved
in comparison with the results in Tables 2.1-2.2. We also find that for (k,i) = (1,1), the error
|u(tar) — upr| is proportional to min(A72-®, At™), and for (k,7) = (2,1) and (k,i) = (2,2), the
error |u(tar) —uar| is proportional to min(A7r3~%, Ar™). In addition, the map from a uniform-grid
to a non-uniform grid has an effect on the order of accuracy. As shown in Table 2.5, for m = 2.5,
the convergence rate of errors reduces when « is near zero. Therefore, further investigation on
the approximation for a non-uniform grid is necessary.

TABLE 2.3:
Errors and convergence orders of |u(tp) — up| in problem (2.1.29) for m = 1.5.
& M (k,i) = (1,1) (k,i) = (2,1) (k,i) = (2,2)
[u(tar) — unml| rate |u(t/\1) —unm| rate [u(tar) — uml| rate
0.1 20 4.24074E-04 - 3.03868E-05 - 1.65985E-04 =
40 1.55229E-04 1.45 9.83626E-06 1.63 6.13791E-05 1.44
80 5.68023E-05 1.45 3.51169E-06 1.49 2.24842E-05 1.45
160 2.07544E-05 1.45 1.29976E-06 1.43 8.19933E-06 1.46
320 7.56930E-06 1.46 4.86720E-07 1.42 2.98187E-06 1.46
0.5 20 6.05261E-03 5 3.39057E-03 - 2.74362E-03 =
40 2.42542E-03 1.32 1.19762E-03 1.50 9.62882E-04 151
80 9.58293E-04 1.34 4.23772E-04 1.50 3.39847E-04 1.50
160 3.74374E-04 1.36 1.49955E-04 1.50 1.20136E-04 1.50
320 1.44912E-04 1.37 5.30484E-05 1.50 4.24822E-05 1.50
0.7 20 1.15902E-02 - 4.76469E-03 . 4.40747E-03 -
40 5.05941E-03 1.20 1.64546E-03 1.53 1.51718E-03 1.54
80 2.17440E-03 1.22 5.72575E-04 1.52 5.27385E-04 1.52
160 9.24361E-04 1.23 2.00357E-04 1.51 1.84502E-04 1.52
320 3.89790E-04 1.25 7.03774E-05 1.51 6.48106E-05 1.51
0.9 20 1.64344E-02 - 3.06290E-03 - 3.00979E-03 .
40 7.92616E-03 1.05 1.03560E-03 1.56 1.01644E-03 157
80 3.78257E-03 1.07 3.54105E-04 1.55 3.47422E-04 1.55
160 1.79298E-03 1.08 1.22291E-04 1.53 1.19977E-04 1.53
320 8.46077E-04 1.08 4.25494E-05 1.52 4.17466E-05 1.52
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TABLE 2.4:
Errors and convergence orders of |u(tyr) — uas| in problem (2.1.29) for m = 2.
o M (ki) = (1,1) (ki) = (2,1) (k1) = (2,2)
[u(tar) — un] rate Ju(tar) — un] rate Jutrr) — unm] rate
0.1 20 1.37171E-04 - 1.76398E-04 - 1.09098E-05 -
40 3.79525E-05 1.85 4.59678E-05 1.94 2.56718E-06 2.09
80 1.04831E-05 1.86 1.20004E-05 1.94 6.47412E-07 1.99
160 2.88871E-06 1.86 3.12748E-06 1.94 1.62892E-07 1.99
320 7.94108E-07 1.86 7.76604E-07 2.01 2.87452E-08 2.50
0.3 20 1.22520E-03 - 1.33591E-03 - 8.06358E-04 -
40 3.90396 E-04 1.65 3.50716E-04 1.93 2.08298E-04 1.95
80 1.23606E-04 1.66 9.10379E-05 1.95 5.35667E-05 1.96
160 3.89176E-05 1.67 2.33952E-05 1.96 1.36810E-05 1.97
320 1.21972E-05 1.67 5.96263E-06 1.97 3.47175E-06 1.98
0.5 20 4.45344E-03 - 3.23064E-03 - 2.61564E-03 -
40 1.62337E-03 1.46 8.33116E-04 1.96 6.67082E-04 1.97
80 5.85721E-04 1.47 2.12911E-04 1.97 1.69415E-04 1.98
160 2.09956 E-04 1.48 5.40510E-05 1.98 4.28495E-05 1.98
320 7.49359E-05 1.49 1.36579E-05 1.98 1.08026 E-05 1.99
0.9 20 1.75168E-02 - 3.10129E-03 - 3.04315E-03 -
40 8.34970E-03 1.07 8.37810E-04 1.89 8.20211E-04 1.89
80 3.94103E-03 1.08 2.23328E-04 1.91 2.18334E-04 1.91
160 1.85021E-03 1.09 5.90092E-05 1.92 5.76398E-05 1.92
320 8.66098E-04 1.10 1.54876E-05 1.93 1.51196E-05 1.93
TABLE 2.5:
Errors and convergence orders of |u(tar) — uar| in problem (2.1.29) for m = 2.5.
«a M (k,1) =:(1,1) (k,2) = (2,1) (kyt)=:(2,2)
[u(tar) — uar] rate [u(tar) — un] rate Ju(ta) — unm] rate
0.1 20 6.96654E-05 - 1.47414E-04 - 3.68958E-05 -
40 1.76613E-05 1.98 2.76650E-05 2.41 6.60598E-06 2.48
80 4.58741E-06 1.94 5.16765E-06 2.42 1.20418E-06 2.46
160 1.21240E-06 1.92 1.12954E-06 2.19 3.73276E-07 1.69
320 3.24257E-07 1.90 4.52415E-06 -2.00 7.98134E-06 -4.42
0.3 20 9.79566 E-04 - 1.10086E-03 - 6.96699E-04 -
40 3.00987E-04 1.70 2.11692E-04 2.38 1.29478E-04 2.43
80 9.28719E-05 1.70 3.99920E-05 2.40 2.38040E-05 2.44
160 2.87148E-05 1.69 7.47432E-06 2.42 4.35806E-06 2.45
320 8.88492E-06 1.69 8.37841E-07 3.16 1.49198E-06 1.55
0.5 20 4.29413E-03 - 2.80156E-03 - 2.27568E-03 -
40 1.53459E-03 1.48 5.53366E-04 2.34 4.39330E-04 2.37
80 5.45785E-04 1.49 1.07885E-04 2.36 8.41140E-05 2.38
160 1.93704E-04 1.49 2.08286E-05 2.37 1.60028E-05 2.39
320 6.86724E-05 1.50 3.97190E-06 2.39 3.04946E-06 2.39
0.9 20 1.95780E-02 - 3.29673E-03 - 3.23631E-03 -
40 9.31869E-03 1.07 7.83866E-04 2.07 7.66859E-04 2.08
80 4.39196E-03 1.09 1.84283E-04 2.09 1.79839E-04 2.09
160 2.05953E-03 1.09 4.31192E-05 2.10 4.20054E-05 2.10
320 9.63310E-04 1.10 1.00683E-05 2.10 9.79603E-06 2.10
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Chapter 3
Stability analysis

In order to study the numerical stability of the methods (2.1.24) applied to problem (2.0.1), we
will examine the behaviour of the numerical method on the linear scalar equation

CDu(t) = Mu(t), AeC (3.0.1)

with initial value u(0) = ug. It is already shown that the solution of (3.0.1) satisfies that u(t) — 0
as t — +oo provided that |arg(\)| > & (-7 < arg(\) < =) for arbitrary bounded initial value
(see Theorems 1.2.9 and Theorem 1.2.10), accordingly, it can be studied in seeking those A for
which the corresponding numerical solutions preserve the same property as true solution. In fact,
several classical numerical stability theories have been constructed on solving problem (3.0.1)
in the case o = 1 [23, 24]. Furthermore, there are some efforts on generalizing the numerical
stability theory to integral equations, such as Volterra-type integral equations [41, 45, 8]. It is
known that, for example, in the case |arg(\)| > & (0 < a < 1), if the numerical solution has
the same asymptotical stability property as true solution, then the numerical method is called
A-stable , and in the other case |arg()\)| > 0 (SF < |0] < 7), the numerical method is A(6)-stable
if the numerical solution is asymptotic stability for those A\. Motivated by previous work, we
specialise and refine the technique pioneered in [45] to obtain some new results for the fractional
case. We confirm the stability regions of the proposed numerical methods and provide a rigorous
analysis on the A(%)-stability of some methods. In practical implementation, it can be observed
that the class of methods possesses the property of A(f)-stability uniformly for 0 < o < 1, and
for some « € (0,1), A-stability can be obtained.

3.1 Stability of linear multistep methods and fractional linear
multistep methods

3.1.1 Zero-stability

It is well known that the consistency of a general linear multistep method can not deduce its
convergence, therefore, the so-called zero-stability analysis is taken into consideration. Generally
speaking, if we consider a linear multistep method of the form

k k
Zaiun+i = AtZﬁz‘f(th, Unti), N >0, (3.1.1)
=0 i=0

where the generating polynomials (p, o) are defined by

k k
p6) =Y €, a(&)=)_ B¢, (3.1.2)
=0 =0
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the zero-stability yields that for a limited stepsize At € (0, o], the numerical solutions {us}52¢
remain bounded.

Definition 3.1.1 ([57]). The linear multistep method of form (3.1.1) is zero-stable if there exist
to >0 and C' > 0 such that ¥ At € (0,t9] and ¥V € > 0, if |6,| < & for 0 <n < N, then

|2n — un| < Ce,  0<n< Np, (3:1.3)

and the sequences {z,} and {u,} are, respectively, the solution of problems

k k
Z QjUn4iq = At Z /Bif(trﬂ—i» un+i)
=0 =0

(3.1.4)
up =wg, k=0---,p—1
and
k k
; Qiznti = At ; Bif(tntis 2nti) + Atdy, (3.1.5)

zk:wk+6ka k:():"'vp_ly
where p < n < N.

We next revisit the definitions of the root condition and the strong root condition in terms
of a generating polynomial and the related equivalence theorem.

Definition 3.1.2. The generating polynomial p(§) defined in (3.1.2) satisfies the root condition,
if

i). The zeros of p(€) lie on or within the unit circle;

ii). The zeros on the unit circle are simple.

Definition 3.1.3. The generating polynomial p(€) satisfies the strong root condition, if
i). The zeros on the unit circle is only & = 1 and simple,

ii). The rest zeros of p(€) lie inside the unit circle;

Theorem 3.1.1 ( [57]). The root condition is equivalent to zero-stability for the consistent linear
multistep methods.

Theorem 3.1.2 ( [24]). The k-step BDF formulae are zero-stable for 1 < k < 6, and unstable
fork>T1.
3.1.2 A-stability and A(f#)-stability

In numerical analysis, to explain the asymptotic behavior of the numerical solution {un} to the
discretized scheme

k k
3 itnyi = AALY  Bittnyi,  n20, (3.1.6)
=0 =0

the concept absolute-stability is needed. It yields that for arbitrary fixed At > 0, solutions {un}
remain bounded. More precisely, for some time stepsize At and A € C, the region of absolute
stability is defined by

S={u=MAteC: |uy =0 as t, = +oo}.
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Moreover, in terms of the linear multistep method (p, o), the stability region can be expressed
equivalently by the set

S={peC: p(&) — po(€) = 0 with all zeros |£(u)| < 1}. (3.1.7)
According to (3.1.6), we define a generating polynomial by
w(é, p) =€ (p(6) —pa(€™), (3.1.8)

and consider some analytical properties with respect to its reciprocal.

Lemma 3.1.1. Let r(&, 1) be the reciprocal of the generating polynomial w(€) defined by (3.1.8),
then in the case p € S, we find that the series r(&, ) is absolutely convergent.

Proof. Since p € S, according to the definition of w(¢, i), the polynomial can be decomposed in
the form of

k k
w(é ) = (a0 — pbo) [ [ (€ = &) = (e — pBe) [ (1 = &a(w)'9), (3.1.9)
n=1

n=1

and it implies that |&,(u)| > 1 for 1 < n < k. If we define

o0 m
e =Y e H , 1<m<k, (3.1.10)
i=0 n=1 é.n /'t g
in the case m = 1, it yields that 7’ (,u) (&1(u)) " for any i > 0, and consequently,
ry < = P
Sl < Skl =

0
If we assume that Y >, |r me 1)(,u)f < Hm,l W in the case m > 2, then according to
formula (3.1.10), it follows that

Z ™ ()] =

i

IS ™D () (Em() 7 |

Mg

=0 j5=0
o0 o0 (
i |
<D lEmWI Y I ()l
j=0 i=0
m
< S
H 1= |€n(ﬂ)|
Therefore, an induction process yields
[+ k
1 1
Iri(u)| < -
; ' |ak—uﬂk|£[11—|€n(#)| !
which proves the result. O

Remark 3.1.1. In the situation of the stability region being defined by the set of u € C satisfying
p(&) — po(€) = 0 with all zeros |€(p)| < 1 and the zeros |E(w)| = 1 is simple, we can obtain
the boundedness of the coefficients {r,(u)}o" by partial fractional decomposition (see Appendiz
A.2).
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Motivated by the fractional linear multistep method whose convolution quadrature weights
are generated by power function of order o € R of the polynomial w(§, u) in (3.1.8), we next
consider the absolutely convergent property of its reciprocal, from which we can deduce that the
property of the linear multistep method shown in Lemma 3.1.1 is preserved.

Lemma 3.1.2. Let the series 7o (€, 1) be defined by the reciprocal of the generating power series
(w(€, 1)), where the polynomial w(§, ) is defined by (3.1.8) and o € RT. Suppose that pu € S,
then it holds that the coefficients of the series o(€, 1) belong to I' space.

Proof. According to the definition of w(§, u), there exists a factorization of the form

k

Ta\S, s

albom) = (o — N,Bk E ] = €n —1¢)°
and in the case p € S, equivalently, it holds that [£,(u)| > 1 for 1 < n < k. Therefore, define
that .

!
e 5, s & r(m M, = T R R TSGR ]_<7'Tl<k,‘7
s 231 ¢=ll gggrmm 15m<

1

and we deduce ;" (p, @) = () (&1(p)) " as i > 0. In addition, we obtain

13

1

D
Z'“’KZ()& REEORE

where (_l") > 0 in the case & € RT and i > 0. If we assume that > 77 0|r(m Yip,a)| <

i_l gomrs (“ Ty for m > 2, then by induction, it yields

oo o 1
ZW%M“ZZ()W“LMMWﬂ
i=0 iz0 j—o \ J
o0
<Y "V |z( *)lenl
i=0
N 1
P [
—anmw
correspondingly, from which the desired result follows. O

In the following, As remarked in [59, 68], the analytical property of the generating polynomial
w(€, i) can be generalized to an absolutely convergent power series.

Theorem 3.1.3. Suppose that

oo 00
n=0 n=0

and w(€) # 0 for every €| < 1. Then

1 (o ¢] o ¢]
—— = " with Y |ra| < c0.
é) n=0 n=0
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Remark 3.1.2. Since the coefficients of the series w(€) belong to the space 1!, we can find
polynomials wi (§) arbitrarily near w(§), where wy (€) = Eg:o wp&™ is regarded as a partial sum
of w(§) with respect to N. Rigorously speaking, for any € > 0, there exists N = N(e) € NT, such
that for alln > N and all €] < 1, |w(€) —wn(€)| < € holds. This yields wn (&) € B(w(€),€). For
fized N > 0, the polynomial wy(§) can be factored as

N N
wyn(€) =wn [J€E-&) =wo [T (1 - &2
n=0 n=0

According to the assumption that w(§) # 0 for all || < 1, we can choose N such that |&,] > 1
for1 <n < N. Therefore, an induction process deduces

& i 1
7 < — | | ——
2 < o I T

where _Ml(g =Y o al".

Definition 3.1.4 ([23]). A convergent linear multistep method is A(6)-stable, 0 < 6 < 5, if the

sector
Sp = {u: |arg(—p)| < 0, p# 0} (3.1.11)

is included in the stability region S.

It is well known that there exists an angle 0 < ), < 7 such that the k-step BDF method
defined in (1.3.16) satisfies A(6y)-stability for 1 < k& < 6. In particular, the backward Euler
method and the two-step BDF method are A-stable.

3.2 Stability of proposed methods

As a generalization of the stability analysis in the usual sense, we next consider the numerical
stability of schemes (2.1.24) with initial value u(0) = ug. The analysis on the linear difference

equation
D jun = Mup, n>k (3.2.1)

is given in the following steps. We equivalently rewrite (3.2.1) into a formal power series form
oo o0
D DR unik€” =AY uni k€™
n=0 n=0

Substituting (2.1.11), one has
Wt (E)u(€) = zu(€) + ¢*(©), (322)

where z := A(At)*. The formal power series are denoted by

U(g) - Z un+k€n’ w(kvl)(g) - ZwT(lk’i)énv
n=0 n=0

P (3.2.3)
; ki ki
g*0(€) = - Z wy Z (w1(1+zlg,j + w1(1+112—j)§n'
7= n=0

Inspired by [41, 45, we list the following preliminary conclusions.
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Lemma 3.2.1 ([45]). Assume that the coefficient sequence of a(€) is in I*. Let |&| < 1. Then
the coefficient sequence of
a(§) —a(é)

MO ="¢—g

converges to zero.

Theorem 3.2.1 ([2, 64]). The moment problem

1
sk:/ ubdo(u), k=01,
0
is solvable within the class of non-decreasing functions iff the inequalities
(=1)"V™s, >0

hold for k > m.

3.2.1 Stability regions
Lemma 3.2.2. The coefficient sequences of series gkt (&) converge to zero.

Proof. The expression of Vklfl,q in Lemma 2.1.1 yields

(—2)k ak . (s—q+r—1Y)
lim VFI, = T [01k+1nlglgo(z&+n—k+l—s) dked . —0

or

- —k-1[g— e
lim V"IT *—(—a—)kj—l-/[m] lim (Z§l+n—k+1—s> ‘ (s qJ;r 1>dk€ds:0

n—00 ril-o kb1 P00

k-1
for k,q,r € NT that are independent of n and o > 0. Note that g(’C - ZO u](msi’,”+wfl+/3 ;)
j=
is the finite linear combination of V¥I7 _for finite k. This gives g,(l % 5 0as n— oo if {u;}¥]
Ja 3 55=0
are bounded.

Lemma 3.2.3. For 1 <i <k <6, the coefficient sequence of w(k'i)(ﬁ) belongs to I space.

Proof. As indicated in Lemma 2.1.1 and Lemma 3.2.2, the following relationship

o0 o0
S IVRL G = | (VR G = VT ) = VR (3.24)
s

n=p

holds for p > k > 1. Therefore, according to the definition of the sequence {w,(tk’i)}%’:o, there
exists finite positive integer M = M (k, ), such that

Z|w(k’)| o Z'w'”)| + Z Z |

m=1n=m
< Z o] + Z VRl
n=0 m=1

which implies the result. O
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Lemma 3.2.4. In the cases 1 < i < k < 6 and |&| < 1, the coefficient sequence of (1 —

WD ()~ (£)
£) %

Proof. Using the expression for w+) (€), the following series can be rewritten as

belongs to the space I1.

k:z) ki) o0
(1_5) (g = (o) _ Z‘“’(lkzg 5500

_ (1 o 5) Zw;k,i) Z §6lflﬁm§m
=0
Z anilr)nﬂfoﬁm

m=0n=0
00 D n 00 (k.
o (ki i m
= > o+ Y (3 Vel )en
n=0 m=1 n=0

On the one hand, from Lemma 3.2.3, we have

o o)
(k, k.
|Z wElen < 3 w6 < Z W] < +o0.
n=0

On the other hand, by the definition of {V**+1] ol 41 in Lemma 2.1.1, it can be verified that

o0
Z Z lvk+llr +n+1 q| - | Z Z vk[ m+n+1,q kaTCL+n q)l

m=pn=0 m=pn=0
oo

- | Z (VIc 1I1Tn,q vk 1Im 1q)|

m=p

- vhl[;fl,q‘

for p > k > 1. Therefore, there exists My = Mj(k,i) > 1 and My = My(k, i) > 0 such that

M; Ms
Z Z Vol < 30> 1w L+ Z Z Z VPR il
m=1n=0 m=1n=0 plm—pnO
My M, )
<3 N ved L+ Z VP
m=1n=0 p=1

Combining this with
o0 o0 oo
|3 0e 1+ 301 etk e < Z it |+ D2 D Ve,
n=0 m=1 n=0 m=1n=0
we arrive at the conclusion. O

Corollary 3.2.2. Assume that |§| <1 and 1 <i < k < 6, then the sequence

p*(£) — kD (£))
§—¢

belongs to the space I', where the series ¥4 (€) satisfies the relation w®9) (&) = (1 =€)k (g).

(1-601-%)
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Proof. Based on the definition of ¢ (£), we obtain

w(k i (k,i) . (ki) _ . (ki)
(ki) — plksd) )
— (-1 - g P ) ke,

From the absolute convergence of sequences (1) w%(ﬂéﬁ and w®? (&) shown in Lemma

3.2.3 and Lemma 3.2.4, respectively, we arrive at the result. O
Lemma 3.2.5. Assume that sequence {l,,} belongs to the space 11, with limit L, and sequence
cp — € as n — 00, then E?_Oljcn,j — cL if n — oo.

Proof. According to the assumptions, for any ¢ > 0, there exists N; > 0, such that for all
N, > Ny > Ny, ETI:’ N, lln] < & holds. And for any € > 0, there exists No > 0, such that for
all n > No, |c, — c| < e. Therefore, for any ¢ > 0, there exists N = N; + N, such that for all
n> N,

o0
|Zlan—ch —it Z z|<|21 enj— )| +le Y Ul

j=n+1 j=n+1
n o0
< Z Uillen—s —cl+ > Msllesl+lel D 1Ll
7=0 j=N1+1 j=n+1
<Le + |lenllooe + |cle < C,
which yields the result. O
Theorem 3.2.3. The stability region of method D un = Aun is Skd) = C\{wkD(€) : |¢] < 1}

in the cases 1 <1 < k < 6.

Remark 3.2.1. The definition of stability region SkD) of method D un = Au, is the set of
2 = A(At)® € C with At > 0 for which there is up — 0 as n — oo whenever the starting values
Ug, -+ ,Uk_1 are bounded.

1} is equivalent with proving both S®: 2

<
€) : |¢] < 1}, ie., to prove that for any z €
for any z ¢ (C\{w(k 0(€) : €] < 1}, there is

Proof. The proof that S®9 = C\{w*(¢) : [¢|
C\{wh)() : |¢] < 1} and 5®I € €\ {whki(
C\{w®i(€) : €] < 1}, there is z € Sk and
z ¢ Sk,

On one hand, if z € C\{w®9(¢) : |§] < 1} and |z| < 1, then 2 — wkd(g) # 0 for |€] < 1.
Thus according to Lemma 3.2.2, Lemma 3.2.3 and Theorem 3 1.3, the sequence of coeflicients
of reciprocal of z — w®4)(€) is in I* and coefficients of series g*D(€) tend to zero.

If 2| > 1, formula (3.2.2) can be rewritten to

g*D ()

_
wki(g) 1

z

u(§) =

)
in which case the coefﬁment sequence of the reciprocal of o (5) —1isin !, and the coefficient

mn
sequence of series &— D) converges to zero. In addition, assume that lgn S| =L < 400
n—00 ;2o
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n
and lim ¢; = 0, then from Lemma 3.2.5 it follows that lim Y I, jc; = 0. This implies that
J—00 n—00 j:O

u, — 0 as n — oo.
On the other hand, assume that for any z = w9 (&) with |¢| < 1, according to (3.2.2) the

solution satisfies ) ) )
(w(k’“(& gt (§0)) u(€) = g*9(8). (3.2.5)
Note that method (2.1.11) is exact for a constant function, which leads to

k—1 n
W3 0, nz
=0 j=0

.

and the corresponding formal power series satisfies

=
,_.

w“” *Z‘*’(k? gnk

M 1M
A

(k 1) (k,i)
n+k] + an+k —j
j=

k-1 (ki)
(k, w™I(E)
( (+k]+,n+zlz ])gn _g =0.

3
Il
o
o

M

3
Il

0;j=0

Assume that ug = - - - = ug_; # 0, then according to the expression of g9 (¢), we find g%9 (£) =

UQM In the case w®9 (&) = 0, this gives u(€) = —19?’ which means that u, = ug for any
n € N. And for the other cases, we have

WD) — k) | b —wtiE) | ()
=& §—% §—&
If we assume that u, — 0 as n — oo, then applying Lemma 3.2.4, it follows that the coeffi-
cient sequence of (1 — 5)9(:)&%52’0(&@1 is in l;. This indicates that the coefficients of series
u(§)(1— )% tend to zero. In addition, according to Lemma 3.2.1, the sequence of

w@)(1-¢)

k,i) i (Ryd)
coef‘ﬁc1ents of £ 5) “J (o) converges to zero. However, the divergence of the coefficients of
— for |§| <1 leads to a contradiction. Thus, there exist some nonzero bounded initial values
3 50 ’
{ui}f;ol such that u, # 0 as n — oo, which indicates that z ¢ S®). a

3.2.2 A(0)-stability analysis

According to the definition of A(6)-stability [23] in the ordinary case, we define the A(6)-stability
in the following sense for 0 < a < 1:

Definition 3.2.1. A method is said to be A(0)-stable for 6 € [0, — &%), if the sector
Sp = {z:|arg(—2)| <0, z+#0}
is contained in the stability region.

Theorem 3.2.4. The methods (3.2.1) are A(%)-stable for 1 <i <k < 2.
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Proof. In view of the definition of A(6)-stability, in particular, when 6 = 7, it suffices to prove
that Sz C Sk for 1 < i < k < 2, i.e., to prove w®9) (&) = 0 for some |¢| < 1 and Re(w®9(¢)) >
0 otherwise.

First of all, w9 (1) = 0 can be easily checked, which implies 0 ¢ Sz. In the case (k,i) =

(1,1), from the expression of w(X)(£), we have

o0
WD) =T+ ) VL = (1-8I), (3.2.6)
j=1
o0
where 1(¢) = 3 I,6". According to Lemma 2.1.1, it follows that I, is a completely monotonic

n=0
sequence. Then from Theorem 3.2.1, one has
1
Iy :/ r"do(r), mneN, (3.2.7)
0

where o(r) is a non-decreasing function. Suppose that |§| < 1, substituting (3.2.7) into (3.2.6)

yields
0 1 1 _
R (w(m)(g)) =R ((1 —£) ,;/0 r”da(r)§"> :/0 R (11_ é) do(r).

Let £ = |€|(cos @ + isin @), then

l-¢ (-9

1-r§ (1-r§)(1-rf)
(1= [¢]cos @ —i|¢|sinB) (1 — r|¢| cos b + ir|¢|sinb)
" (1 —r|€|cos@ —ir|¢|sinb) (1 — r|¢| cos O + ir|€|sin @)
(1= (r+1)|¢|cosf +r[¢]*) +i((r —1)[¢|sinb)
N (1 —r[€| cos §)2 + (r|€| sin )2 ‘

In the cases 0 < r < 1 and [¢| < 1, we find

1— (r+1)|¢|cosf + r[¢> > min ((1 — |¢| cos8)?,1 — [¢|cosb) ,
1 —2r|¢|cosd + r2|€* < (1 +7[€])® <4,

which gives us

1 1—-¢ min ((1 — €] cos )2, 1 — [¢| cos 0)
/0 §R(1_T£> dalrh 2 - Io.

In the case (k,7) = (2,1), using the definition of w1 (), we observe

WD) =3 (VI + VI ) €

(=}

(3.2.8)

Il

—OI(6) + (1 — €)1} (€)
— &) (I(6) - 2I3(&) + B-O)I3(9)) »

(1
(1
where

€)=Y I, I} =) I
n=0 n=0
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Since it is known that
2 2 !
Iy— 2004 = ) /0 (n4+1-1s5)"%1 - s)ds,

based on Lemma 2.1.1, Corollary 2.1.1 and Theorem 3.2.1, there exist non-decreasing functions
v and 7, respectively, such that

1
I, 2]721 1= / Tndv(r), n=01,---, (3.2.9)
0

and ;
Iil—/ r*dy(r), n=0,1,---. (3.2.10)
0

Then for |£] < 1,

(0~ [ (155 o [ 3(E)

Moreover, this indicates

(1-96-8 _(1-93-90=rd)
1-r€ (1-r&)(A—rE)

(1 — €| cost —il¢|sin®) (3 — || cos @ — || sinB) (1 — r|€] cos b + ir|€|sin §)
B (1 —r[€| cos@ — ir|€|sinf) (1 — r|€| cos O + ir|¢| sin O)
(83— 4[¢| cos B + |€|% cos20) (1 — r|€| cos O) + (4 — 2|¢| cos O)r|¢]? sin? O

B (1 —r|¢|cos)? + (r|¢|sinh)?

(3r — |€[*r — 4 + 2|¢| cos 0) || sin O

(1 —r|¢|cosO)? + (r|¢]sinh)2 -

+1i
Since
3 —4|¢|cos b + |€]2 cos 20 = 3 — 4]€| cos O + 2|€|? cos? 0 — €| > 2(1 — €] cos 6)2,

we get

1 1-6(3-¢) ’ min ((1 — [€] cos 0)2, (1 — |¢] cos 6)?)
/0 R <—1‘—_‘_r§—) dy(r) > 2 gy

In the case (k,i) = (2,2), we first propose the equivalent form of w(>2)(¢), which satisfies

W®2(&) =Io(1 - &) + 1§, (1 - {1- Z[n+1§ + ( Z 126"
(3.2.11)

=2,(1-€(3-¢) + Z 2+ (18 (1(8) — 21%(0)) -
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Since for any n > 0, using the relation I, + Ifl n 1, this yields
o0
1= L€+ (1 -€)? Z 126"
n=0

8

:(1—5)(2 I, —fz +12§n)

=(1-¢%) Z A a1 2_%(17”1721 1) €

8»1

Z 2 16+ (1—€) (1(6) — 213(8) — (I — 215)) -

Next, suppose that |¢| < 1, substituting (3.2.9) and (3.2.10) into the expression of w22)(¢€), one

obtains

® (w029 = [ #(1- 0B - )ar0)

1 q 62 1 1 _§
+/0 réR(l ~r§) d'y(r)+/0 §R<1 —r§> du(r).
Furthermore, it follows that

1-¢ _(1-&)(1-rf
1-1& (1-re)(1-1§)
(1 — €% cos 20 — i|¢|2sin26) (1 — r|€| cos @ + ir|€| sinb)
(1 = r|€[cosf — irl€[sin 0) (1 — r|€| cos § + ir|€|sinO)
(1 — [€]2 cos 20)(1 — r|€| cos 0) + r|¢|* sin O sin 26
- (1 — || cos 8)2 + (r|¢| sin §)?
(1 — [€]2 cos 20)r|€| sin® — (1 — r|¢| cos §)p? sin 20
o (1= ri]cos 0)7 + (7[E] sin )2

Since for 0 < r < 1, we have

(1 — |€]? cos 20)(1 — 7|€| cos 6) + 7|€|3 sin 6 sin 20
=1 — |€]? cos 20 — 7|€| cos O + r|€|* cos O
>1 - [€]* —rl€| cosB(1 — |¢]*)
=(1~ [€[*)(1 - [&]] cos b)),

e (1= [¢2)(1 — J¢]| cos) [
[ (125 ann > LDl [Py

(-l — Jellcosél)
4 1,1

we may see that

As a result, for 1 <1 < k < 2, this demonstrates that

min ((1 — |¢] cos0)?,1 — |¢| cosB)

R (w(k’i)(ﬁ)) > ; >0, |¢<1.

(3.2.12)
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In addition, according to Lemma 3.2.4, there exists a constant M%) > 0 such that

M

() - k9 g < T

|§ bol, €&#1,

which shows the pointwise continuity of w7 (&) for || < 1 with the exception of & = 1.
Therefore, for any fixed ¢ lying on the unit circle, and the angle satisfying arg(¢) = ¢ # 0, there
exists a sequence &, = (1 — -le)f with |&,| < 1 for any n = 1,2, -+, such that

R (w(k'i)(f)) = nlgr;o R (w““’i) (§n)) > %min ((1 — cosb)? 1 —cosby) >0

O

In [30], Ag-stability of a method is introduced. In the following part, we generalize the
stability property to the proposed methods.

Definition 3.2.2 ([30]). A method is Ag-stable iff R~ C S, where S is denoted by the stability
region.

Remark 3.2.2. The following statements are equivalent:

i). The method DY jun = Ay, is Ag-stable;

ii). For any z € R™, 2 — w®(€) # 0 with €] < 1;

iii). For arbitrary |€| <1, w®9(€) ¢ R~ holds;

iv). For those |¢] <1 such that I(w*(€)) = 0, one obtains R(w*(€)) > 0.

Theorem 3.2.5. In the cases 1 <i < k < 3, the methods D,‘j’iun = A\u,, are Ag-stable.

Proof. In accordance with the expression of w®*%(¢) in (3.2.14) with € = 1, it is known that
w®9(1) = 0. In this case F(w*? (1)) = R(w*?(1)) = 0 holds. Besides, for those |¢| < 1 with
5 # 1, one has
R(L - OS(®D()) + R(e™(€)S(1 - €) = 0. (3.2.13)
Therefore, substituting (3.2.13) into the real part of w*%) (¢), and using the fact that |9 (¢)| >
R(p*FD(€)) > 0 for all |¢] <1 in Theorem 3.2.6, we obtain

R{1-¢)

m|@<k’i)(§)|2 > 0.

Rw*(€) =

3.2.3 Generalized strong root condition

It is shown in Theorem 3.2.4 that all the remaining zeros of series w*:!) & 1<i<k<?2
are outside the unit disc except the zero £ = 1. We next consider the location of zeros of series
wkd) (€) in the case 1 <4 < k < 3 and confirm that £ = 1 is a simple zero. The following result
can be considered as an extension of the strong root condition presented in Definition 3.1.3.

Theorem 3.2.6. In the cases 1 < i < k < 3, the series w(k'i)(é) satisfies the following conditions:

i). wkD(€) £ 0 within the unit circle || <1 and € # 1;
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ii). £ =1 is a simple zero.

Proof. Tt can be easily checked that w(k’i)(l) = 0, yielding that € = 1 is a zero, if we rewrite the
series w1 (¢) in the form

wkD(6) = (1 - €)p*I(©), (3.2.14)
it remains to prove that @9 (¢) # 0 for |£| < 1, which suffices to prove that Re(p*?(€)) >0
for all |¢] < 1. We first consider the integral of form fo w(i) dg(r). In the case where g(r) is

non-decreasing with respect to r, R (T—_r)f) > 0 yields ( 1 d’(ﬁ g(r ) > 0. Assume that
€ = |€|e? = |€| (cos@ +isind) as || < 1, then

P& (R +iS9) (1 — 7|€] cos  + ir|€] sin §)
1—r&  (1—rl€[cosf — ir|¢|sinf) (1 — r|¢|cosf + ir|¢|sinO)

(1= rlg]cosO)RY — rle|sin 03¢ Sv(1 — rlg|cosB) + rlé]sin ORy (2:2:15)
1 — 2r|¢| cos O + 72|¢|? ! 1 — 2r|¢| cos 0 + 72|¢|? '
In the case (k,i) = (1,1), it is deduced from (3.2.6) and (3.2.7) that
1
WL (g) = I(€) = 1
A0 = 10) = [ =5gte )
and furthermore,
w1 1 1 1
R (p00©) = [ (25 ot = [ 1016, 00000),
where by choosing %(€) = 1 in (3.2.15), we see that f(r,[£],6) l—z—Tllé)—T—JC\i%’j—fg—‘gT; In view of

3 C —rlelsing(1 - r¢[%)
26" b9 = T oreTcos0 + e

for 0 <r < 1andO0 < |¢] <1, it follows that 0 < f(r, [¢],7) < f(r,[€],0) < f(r,[£],0). Thus

Lo I
(1,1) -0
§R(“"“ (5)) Z/O 1+r|§|dg(r) 2 2"

In the case (k,i) = (2,1), according to formulae (3.2.8), (3.2.9) and (3.2.10), one obtains

@D (€) =I(€) — 2I}(§) + (3 - )17 (€)

o 13-¢
7/0 1_T€dv(r)+/0 1_rgd'y()
therefore

R (90(2,1)(5» :/01 R (1 —1r§> do(r) + /01 R (f:é) dy(r)

19 i 3 Yo 1—E 1o
2/0 —————1+r|§|dv(r)+2/0 ———l_l_rlﬂd'y(r)Jr/O %<l_r§>d7(r)>7.

In the case (ki) = (2,2), it is obtained from (3.2.11) that

PP2(E) =13, (3- &)+ (1+8) Y Ini1.6" +1(6) - 211(6).

n=0
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Based on (3.2.9) and (3.2.10), the real part of the series can be expressed by

R (@@2)(5)) = 2 RB-&)+ /01 rR (ffé) dy(r) + /Ol R (1 _1T€> do(r).

Substituting () in (3.2.15) by 1+ &, we have Ry =1+ |€| cos § and St = || sin §. Then

1+&\  1—r|¢cosb+ €| cost —r|é|? B
%(1—7‘5) - 1 — 27| cos 0 + r2|€|? = f(r,1€l,0).

The relation
00> "" (1 —2r|€| cos b + r2|€|?)?
implies that f(r,[£],0) > f(r,|&l,m) > 0 for 0 < r < 1 and 0 < || < 1, which means

fol rR (117“’;%) dy(r) > 0 accordingly. In addition, one finds 12 R(3 — £) > 213, as R(3—¢) > 2

for |¢| < 1. Therefore, we obtain ® (922 (¢)) > L& + 12, > 0.
In the case (k,i) = (3,1), based on (2.1.13), a rewritten form of series w®b(¢) is

WD) = 1~ OIE) + (1 - IO + (1 - &L (&),
and consequently 31 (€) is given by

(&) = I(€) + (1 — OIZ(E) + (1 - £)21(¢)
=1(6) = 33(&) + (1 — )IF(&) + (4 — 26 + E)I3(¢).

According to Lemma 2.1.2, we obtain that

1 ! 352 ~1
In—31311:m_)/0(n+1—s)*°'<1~ 82 >ds

! —Q 2
N S +1— - >
Y )/ (n+1-28)"%1-s%)ds, n=>0

(3.2.16)

is a completely monotonic sequence. From Theorem 3.2.1 there exists a non-decreasing function,
named 7, such that

1
I,—=3I3, = [ r™dn(r), n=0,1,---.
n,l o

In addition, we have from Lemma 2.1.1 that the sequence {IS,I}%":O is a complete monotonic
sequence, therefore it can be represented by

1
Igl.l - / r"dB(r), ni= 0> 17 Tt (3217)
0

where the function 3(r) is non-decreasing on [0, 1]. We thus represent the series into the integral
form and take the real part,

1 1 1 1— 6 1 4 — 2§ e 52
(3,1) _
§R<<p (5)) _/O m(l_r£> dn(r)+/0 m(l_%) d*/(r)+/0 zre( — >dﬂ(r).
Assume that () = % — 26 + &%, where Ry = § — 2|¢| cos 0 + €] cos 20 and St = [¢]?sin 260 —
2|¢|sin@. From (3.2.15) we see that

" 3_2¢+¢2 (11— 7[€] cos )(2 — 2|€| cos @ + [€]? cos 20) + 2r[€|? sin? H(1 — |¢] cos 6)
1 —2r|¢|cos @ + r2[¢|2
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Since 3

5~ 2|¢| cos 0 + |€|? cos 20 = (1 —2|¢|cos )+ (1—|€*) =0
as [€] <1 and 6 € R, it follows that

L | 5 11 1 1
(3,0) 2 L s Pk <

In the case (k,i) = (3,2), according to the representation of {w(2 2)}n:0 in (2.1.14), we derive
the following expression for PGB (g):

PBA(&) =+ 3 L& + 11—+ =8 D I

§=0 =0

+A -G +(1-¢ Z 2126

(3.2.18)

Substituting the relations 12, = I2, — I and I3, = I3 ; — I, ; into (3.2.18), one finds
eBA(E) =1(8) + (1 — OIFE) + ( Z 1,6
—2(1-F(€)+B-90 - E)Io,l
- (— v ae)r+ -8 (1o 210+ 516))
il 1§ +B-H1-9 L,

Based on Lemma 2.1.2, one hence obtams that

F—(l—l——)/l(n+1—s)7“s(1—s)ds, n>0
——ey )

is a completely monotonic sequence. Therefore the sequence is expressed by

2y-2n3, + - I

1 1
2 -213, + — /0 du(r), n=0,1,---. (3.2.19)

Note that the function u(r) is non-decreasing on interval [0, 1]. From formulae (3.2.7), (3.2.19)
and (3.2.17), it follows that

1 5 1 -
R (¢<3v2>(g)) :/ R (i 65) do(r) + /0 R (——11_ fg) du(r)
2
v [ (1) 4o+ m@-0 0 -9y 8,
2/ 2
23 [ g
In the case (k,i) = (3,3), the definition of the series w33 (£) coincides with

W) =1 -+ I)+(1-8) Z o€ + (1 €213, + ITy)

Jj=0

Z 2 288 + ( 1 -&PU3, + IT2) + Z HEPN N

(3.2.20)
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Therefore it follows that

oo
P3O =ho+ I+ Y Lipat +(1-€) (131 + I2,) Z Y asl
=0 (3.2.21)
+ (1= (I3 +132) + Z Fr2.9€
In addition, substituting the relations
Ra=I2y-I,=12, - 2I,,
12,3 =B, ~,=13,-212,+1,, n=0
into (3.2.21) shows that
o0 . o0 .
V€ =lo+ h+Y Lol + (1= &) (Ba+ B~ 0) + (1= (IF101 — 2L42) &
j=0 j=0

+(1-€* (1, + Bi-)+1-¢? (I]+2 1 =20 + 1) €

'P’J8

i
o

J

=I(€) + (1 - I} - 20 - L) + (1 - 522 300 —(B-46+E)> 1B, .8

j=0

+B-OA - B+ ) +(1-€3)> I, 8.
J=0

In view of Lemma 2.1.1, the sequence {—1I, 2}n o is completely monotonic. Thus there exists a
non-decreasing function ¥(r) defined on |0, 1] such that

1
~I$;,2:/ dd(r), n=0,1,---.
0

This yields that

1 — 2y = 2 2
Z +22§J (3= 4€+€)Z +12§ 7/0 (8r —r9) 14i£r2‘(7" + 7)€ dv(r)

in the case |¢| < 1. Substituting ¢(¢) by Gr="2= 4’“” o in (3.2.15), one thus obtains

52 ((37" —12) —dre 4+ (r2 + r)§2>
1-7r¢
(1 —rl€| cos) (3r — r2 — 4r|€| cos O + (r? + r)[€]? cos 20) — r|¢|sin @ (—4r|¢|sin @ + (r2 + r)|€|? sin 26)
B 1—2r|€|cos @ + r2|€|2
~ (3r—1r?)(1 — r|¢| cos 0) + 4r2|€|2 — 4r|€| cos @ + (r? + 7)|€|% cos 20 — (3 + 12) €2 cos O
B 1 —27|¢|cosf + r2|€|2

:f(’l", ‘5’1 0)
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Taking the derivative with respect to @, one obtains

9 1 1€ 6) = 4r|¢|sin @ — 2(r + r2)|€[sin 20 + (3r — r)r|¢|sinf + (r + r2)r|¢3sind

a0\ ¢,0)= 1 — 2r[€| cos @ + r2|¢|?

(3r — r2)(1 — 7[€| cos B) + 4r2|€|> — 4r|€| cos B + (r* + r)[€]* cos 20 — (r3 4 r2)|€[3 cos b
(1 — 2r|€| cos 8 + r2|€|2)?

29(7'7 1€1,6),

—2r|¢|sind

B r|€|sin 6
(1 —2r|€| cos B + r2|€[?)

(3.2.22)

where

g(r, |€1,0) = (4 + 3r — r? — 4(r + 1)|€| cos 6 + (r? +7)|€%) (1 — 2r|¢| cos O + r2|€]?)
—2((3r — r®)(1 — r|€| cos §) + 4r2(¢? — 4r|€| cos O + (r* + €| cos 20 — (% + r?)|€|? cosb)

and
29 1, ¢1, ) = 1€l sin 0(r + 1)(1 — 2rig] s+ 17¢[%).
We thus know that g(r, |€],0) < g(r, |¢],8) < g(r, |€], 7). In addition, we have
g(r, €], 0) = (4 — 3r+12) — 4(1 +7)[¢] + (7 + 3r% + 312 —rh) €[ — 4(r® + D)€ + (* + )l
and

6|£|(r, €],0) = —4(1 +r)+2(7r+3r2+3r3—r4)|§|—12(r3+r2)‘£l2+4(r3+7‘4)l§|3. (3.2.23)

In view of )

9%y
e
forall 0 < r < 1and 0 <[] < 1, we obtain that gg—l(r, 1€],0) < 3{21‘%[(7"» 1,0). In addition, formula
(3.2.23) shows that

7 (r,[€1,0) =7 (12(r + 1)(rlel - 1)* +2(1 = 1)%) 2 0

8|§|(r,1,0) =2(r® =3r+2)(r—1) <0

for all 0 < r < 1. From this one derives that —9-( 1€],0) < 5‘1(7’, 1,0) <0forall 0 <r <1 and
0 < || < 1. We finally get

g(r,€,0) > g(r,1,0) =0, 0<r<1, 0<[|<1

Hence, it holds that g(r, [€],0) > g(r, |¢],0) > 0in the cases 0 < r < 1 and 0 < [¢| < 1. According
to formula (3.2.22), we have that f(r,[¢],0) < f(r,[¢],0) < f(r,[¢],7) for all 0 < 7 < 1 and
0 < |¢| < 1. The definition of f(r,|£],0) states
3r — 2 — drle] + 2Jef? + rle]?

1—rlg] '

Taking the derivative with respect to ||, one obtains

f(r,1€1,0) =

h(r, [€])-

( ,1€1,0) = (—4+3r =12 +2(r + )| - ( +1)lE°) =

L
(1 —rlgh?

,
3¢§| (1—rleD?



Chapter 3. Stability analysis 55

It can be easily checked that 3\§|( r1€]) > 2(1 —r%) > 0 for 0 < 7 < 1. In combination with
h(r,1) = —2(1 —1)? <0, we have that h(r, |£]) < h(r,1) <0 for 0 < r < 1. Consequently, the

result 3|§\( |€],0) < 0 suggests that f(r,|],0) ; f(r,1,0) for 0 <7 <1land 0<[{| < 1. In
combination with f(r,1,0) = 0, we can obtain

f(r,181,6) = f(r,[€1,00 20, VO<r<1, [{[<1, OeR.
Therefore, it follows that

'/1§R ((37‘ —7’2) ‘"‘47"5‘}“ (7‘2+7')€2> d’l?(?") Z 0’ |§| & 1,
0 1-w¢

and consequently,

(33 "
R(p3 (&) = /0 R(EES

. 1 — 22
o) + [ 2GS + [ =0

5
s8¢
1-
3r—r — 4ré + (r? +r)§
( 1—rg

10
>_ o(r) > =

since 13,1 + [%,2 = 213—;((4‘%)- >0forall0<a<1.

In addition, for £ = 1, assume that w(k'i)(l) = 0, we know from the definition of <p(k’i)(§)
that

) a0(r) + R ((3— O)(1 - €) (1 + I32)

o0 () = 1(6) + 1% (¢), (3:224)
where the series 187 (¢) is absolutely convergent. The definition of coefficients of I(€) yields
that > I; is arbitrary large as increasing n. However, the boundedness of (ki) (1) contradicts
identity (3 2.24) for € = 1, which shows that ¢*4(1) # 0.

In the case |¢] = 1 and & # 1, we get from Corollary 3.2.2 that the series p*4)(¢) is pointwise
continuous on [¢| < 1 except at £ = 1. Then for the sequence &, = (1 — %)5 satisfying |&,] < 1
for all n € N*, p*4)(¢) is the limit point of the sequence (¢, ), and thus

R(p"(€) = lim R(p*I(&)) > ) >0,

where the constants ¢%%) are independent of n. O

Remark 3.2.3. Motivated by [50, 31], the integral representation of the series generated by the
convolution weights of the so-called L1 method are provided explicitly. As a generalization, we
present the equivalent integral representations of the series w(k*i)(f) for1 <i <k <3. Based on
the definition of the Gamma function (see Appendiz A.1.1), it holds that

/Ooo e~étepde = ___F(Z;l), (3.2.25)

where R(t) > 0 and —1 < RN(p) < 0. Substituting (3.2.25) into the expression of a sequence
{sn}22, gives

1
- Wfli?)/o s L =8 Puil)ds
1 ! x —7(n+l-s8), .a—
- F(l—a)F(a)/O ‘/’(s)/o e T re T drds (3.2.26)

1 oo /
_ a—1_—7(n+1) TS
__—F(l )T (a) /0 T e E)/e p(s)dsdr.
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Hence, replacing ™™ by x, one obtains from the definition of the sequence { q}n o that

1
Ing */‘ " g (w)da n >0, (3.2.27)

where

1 2 s—q+r—1
———(~Inaz)*! ~¥ " 3.2.28
) = ey (o [ e a(*= (3:2.29)
Assuming that |€| < 1 and using (3.2.27), one gets

sy _ 1 V1i-¢ (-lnx)*2(1-2)
W) = r(l-ao)l(a) /0 1—xz¢€ z 2
o . (3.2.29)
B 1—& T %(1—e )d
- rQ —a)F(a)/O g
In the case (k,i) = (2,1), the series expression of WwD(€) yields
19 _ 11—
oo = [ 12 (uto) - 2@ o+ [ S0 ke
B 1 11-¢ (-m2)*3(2z—-2—Inz—2zlnz)
T 2r(1 - o)l (e) /0 1—z¢ x L
2 la-6B-¢ (-lmz)* 31 -2z+zlnz)
O ) / 1— € z i (3.2:30)
B 1-¢ © 7032 — 247+ 7€)
T A1 - o)l () /0 T i
21-§@B-§ [** (1 -e"—7e)
I'1l-a)l(a) / 1—e7¢ dr:

In the case (k,i) = (2,2), based on (3.2.11), one has

A 1 2 1 o
o2 = (1068 [ maars [ et [ 5k () -2 @) da

A( -6B-¢) /1( lnw)“*3(2w—2—lnx—xlnx)d$

20 (1 — o) (e x
1—¢&2 (~Inz)*3(2r—-2—Inz—zlnx)
+ I'(l—-a)l / 1—x€ i
11—¢ (-ln2)* 31 -2z+zlnz)
N (1 ~—a)I‘(a)/0 1—z¢ x dz,

or equivalently,

W(M)(O = —————2(111(_1 i)(j);(i)) /000 o3 (26‘T 247+ e’TT) dr
1-¢2 ®© 0377 (27T —24+T+€77T)
2I'(1 — a)I'(e) /0 1—e 7€
Al—-g) [P 7%l e —re)
o e O

dr

-+

Here it is noted that the functions w®*? (&) are considered as analytic continuition of the power

00 R
series Y wnk’z)g’" onto the domain C/(1,+00). In addition, in view of the formula (3.2.14), we

n=0
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consider the integral expressions of %) (€) instead in the case k = 3. According to the definition
of pBV(€) shown in (3.2.16), one obtains

L L1-¢ 14— 2¢4¢2
00 = | (ue) @) do+ [ T=Eudada+ [ 2 aae

o 1-af
- —3a)F(a) /1 (- lnm)°*4(2m(1—_2 ;g;nx —2(n2)?)
o —1a)F(a) /01 11__55 S ‘$2 s
iy e e

In the case (k,i) = (3,2), we find
1343 Yi-¢ (. 1
o020 = [ e+ [ 2L (1) - 2t0) + o)) d

- 1
+/0 p(z)dz + (3-€) (1 5)/O THEIL

12
1 5+ { lnx)a~2(1_x)
1"04 a)/ ?*;g . de
Li-—¢& (=lnz)**(22 -2 —-Inz — zlnz)
F(l—a F(a)/ 1_275 " dx
) 1-¢ a—4 T 9
+I‘(1~oz)l’(oz)/o Tl 2% (‘”‘1‘1”— (Inz) )dx

1 )4 (z—1—-Ilnz— 2—gﬁ(lnar:)Q)

L(-Inz
e 6909 [ - d.

In the case (k,i) = (3,3), according to (3.2.20), we get

1
09 = [ Byt [ T (10 200 + (o)) o

1= 3
2 1
= §5u1(w)dz+(3 (-6 [ (o) + ond(a) do
x — %) — 4xf + (22 + )2
_/O (3 ) 14_53;( +z)¢ 13 (x)da,
where
1
ui(z) = m(~ lnx)"“l/0 27 (3s* — 6s+2)ds

(-lnz)**(1-z+znz— 1—‘%2—“”(lna:)2)
I'l-oao)l(a)z

In this chapter, we mainly generalize the stability properties of the k-step BDF methods such
as the stability region, A(#)-stability and strong root condition to the methods on a uniform-grid
proposed in chapter 2. In the next chapter, we will study the convergence of these numerical
schemes for time-fractional differential equations.






Chapter 4. Convergence analysis 59

Chapter 4

Convergence analysis

4.1 Convergence for time-fractional ordinary differential equa-
tion

In this section, we consider the global error estimation for the nonlinear time-fractional ordinary
differential equation of the form

Cpou(t) = f(t,ult)), te (0,1, (4.1.1)
u(0) = ug, o

where o € (0,1) and the fractional derivative “D® in the Caputo’s sense is defined by (1.1.12).
The function f is given and assumed to satisfy the Lipschitz continuous condition with respect to
the second variable. The existence and uniqueness properties of the continuous solution of (4.1.1)
are guaranteed by Theorem 1.2.5. As discussed in section 2.1, the numerical approximations for
(4.1.1) are constructed in the form of

DR = f(tn,uf?), (4.1.2)

i3
and the exact solution u(t) satisfies
Dg ju(tn) = f(tn,u(tn)) + 7" (4.1.3)

for k <n < N, where 7‘ %9 denotes the local truncation error at t = t,,. Define the global error
by

el = u(ty) —ul®d  for 0<n <N, (4.1.4)
then subtracting (4.1.2) by (4.1.3) implies
D el = k) + 7k, k<n<N, (4.1.5)

where 5f(k W = f(tn,u(tn)) — f(tn,uﬁl ) In addition, substituting (2.1.11) into (4.1.5) yields

k—1
3wl “MZM R = (At)s £k 4 (Aner®) k<n<N. (4.1.6)

n—j €
J=0

Multiplying £7~* on both sides of (4.1.6) and summing up for all n > k, one obtains

oo k-1 k 0o n+k ( (

i) en ki) kz
ZZ( n+kJ n+k ]) 3 +Zzﬁn+k i€
n=0 j=0 n=0 j=k

=(At)® 25 FEDen 4 (Ap) 75’_1}2
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Since
oo n+k (kz)

it follows that

w(k 4.) e(lc i

where

o0

ski(g) =Y sllilen =

n=0
0o

IGEDIE SR

n=0

Based on the definitions of series s,,’; )(5) i
expressions of the coefficients {sn m}

4.1. Convergence for time-fractional ordinary differential equation

k,i)
e sz)é.n Zzwr(z l] yiz)gn Ze(kl)gyzw(kz)gn

n=0 j=0
k—1 ) )
kD) sk () 4 (AL)28 & (€) + (At)*r®D(€), (4.1.7)
m=0
o= [, (i) o= (ki)
] 7
== Z (wnﬁ}k‘,m +w n-Hc m) gn e(k l) Z en+k
= (4.1.8)
(Sf(lcz) 25 /m) (ki3 f)"Z (Icz)

(ks n (4.1.8) for 1 < i < k < 3, we derive explicit

o by means of I}, , defined in (2.1.12), i.e.,

(ki) =(1,1): spo=1In, n2>0,
(k,§) = (2,1): spo=In41—Ins, 120,
s01 = VI +2I3,,
a1 =~V +212, -2 5, n>1,
(ki) =(2,2): sop="—1I1;— I3, (4.1.9)
Sn,0 = Int1 — Iz+1,17 n2>1,
soq = —VI +2IF, + 215,
s1p=-Vh+2I3, - I}, - I;,
Sar =V + 2024, -2, n>2
and
i) (k,i) = (3,1):
sno=Inya— g1 —lapia+ 551 n20,
son =~V +2I3, + 217 — I§, — 3L3 1,
Sma = —Vingo+ 2020, + 212, — 12, =33, + 1311, n>1, (42,165
sog=—VI — I3, — I}, + 218, + 315, o
s10=-VIh— I3, - V2I}, + 313, - 31§,
$ng = ~VIng1 = V2 — VP — Boi+Iipgy, n22
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i) (ki) = (3,2):

sopo=h-13, -1, + I}, + 1§,

np=Inpa ~Dpai—Iopa+ 341, n21,

sop = —VIp+2I3, +2I7, — I3, — 313, — 313,

—VIs+2I5,+ 213, - I}, =313, + I3, + 1§,

Sm1=—Vinpo+ 212 o + 22 — I} =313, + 15, n>2, (4.1.11)
s02=-Vh-1I3; - 11,1 + 21'0,1 =+ 3[0,1 £5 311,1’

s12= -Vl — I3, — VXI5, + 315, - 313, - 313,

s90=-VI3— I}, -V, -V, + I3, + 1§,

n2 = Vi1 = V2R 11— o1 — Vg1 +1nyar, 123,

S1,1

Il

iii) (k,i) = (3,3):

soo=To—2I3, — I}y + I3, + I}, + I35,

$n0=1Insa —2I2 01 + I35, n2>1,

son=—I33— I}y — I, — 333 — 313, — 313,

81,1 = —132,3 = 3133 +155 +If2 +131»

Sn1 = —Vigpo+ 202 o+ 202 I3, =33+ 13 1, n>2, (4.1.12)
sog=1Tlo+ I+ L+2I3, + 21, + 212,3 +3I3, + 31172 + 3133,
sig=Is+2133— I35 — I3, — I}y — 3135 — 313, — 3I3 5 + 313,
sogp=1Is+2I]3— 233+ 3133 — 335+ I3+ 34+ I3,

Sn2=-VIp1 = V22 -V -2+ 13 5y, n23

Lemma 4.1.1. For1 <i<k <3 and 0 <m <k —1, the coefficients {si,kfn) 1o are defined by

(4.1.9)-(4.1.12). Then for n > 0, s(’C ) s bounded, and moreover, there exist bounded constants

]”) > 0 independent of n and «, such that

e (k)| < ki) !
d IPRCS
an lsn,m | = Cp |1—1(__a)l

(k9] < ki) _T
Isnd’ | <0 vy

form>1and m > 1.

Proof. Tt is known from (2.1.12) that for any finite ¢,r € N*, I,Tl ¢ 18 bounded for all n € Z. Since
the coefficients s;’“,,? are written as linear combinations of I, q, we can immediately obtain the

boundedness of s, m) for all integer n > 0.

Moreover, in the cases 1 < i < k < 3, each s( ’ can be expressed as a linear combination
of [; and [/} with [ > n and 2 < r < 3. Usmg formulae (2.1.19) and (2.1.21), we obtain

I, = O( T a)) and I ; = O (%) = o(m> for r > 2 and n > 1, This 1mphes that
Do
there is a uniform bound independent of n, denoted by c (kid) 0, such that |s(k A | < erl—J as
n>1.
In terms of m > 1, observe that sg%) are linear combinations of VI, Iy and VPI, in the
cases | > n+1,r > 2and 1 < p < 3. From formulae (2.1.20) and (2.1.22), we know that
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N —a—1 —_p)—a—p—1 —a—1
Vi, = 0(2a) = 0 (4) and V7L, = O ($y) = o) forr 2 2.
Therefore one gets s;k,;) =0 (%—;), and hence there exist constants c,(ff'z) > 0 such that

(4.1.1) is satisfied. O

Recall the definition of the series w(%(€). Tt is important to notice its decomposed form

w®9(E) = (1 - ©)p*0(€) = (1 - v *(9), 143
where the series %) (¢) is defined by (3.2.14) and
2/}(Ic,i) € =(1- E)l*aw(kﬂ')(g)_ (4.1.14)

Formula (4.1.13) indicates a relationship between the proposed methods and the fractional
Euler method mentioned in [44]. Tn what follows, we discuss the relevant properties of the series
Y9 (¢) as preliminaries.

Lemma 4.1.2. Assume that {g,(,ﬁ)};‘l‘;o are generated by the power series (1 — €)P for B € R,

i.e.,
(1-¢)f = Z(—l)”(ﬁ) =) ale"
n=0 n=0

Then the following relations hold

Be(-1,00: g =1, ¢ >4? > >0,

=0
Be0,1): ¢ =1, ¢ <0, n>1, (4.1.15)
1> |g§@)| > |g§5)| > >0,
o0 n B
Yo =0, Y g? =gf Y, nxo
=0 =0

Lemma 4.1.3. In the case 1 < i < k < 6, the coefficients of the power series D (€) belong to
the space I'.

Proof. Using the expression of w(k'i)(g ) presented in Theorem 3.2.6, one obtains
kD (g) = 1(¢) +1®D(e),  with Y 1] < oo (4.1.16)
n=0
In addition, together with (4.1.14), it follows that
pkD(g) = (1 - ©)01() + (1 - U V1kI(g).
Therefore, it suffices to prove that the coefficients of series (1 — ¢ y1=21(€) belong to I1.

From the definition of Gamma function (see Appendix A.1.1)

B
I(8) = lim a

_———_~—! /B;£07~17_27..'7
oo (~1)n(72) (n + B)
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one obtains the asymptotic relation

B-1 -
"—g(_nn( 6), as n — 0o, (4.1.17)

where the notation 2 means that the ratio (n®~!/T'(3)) /(—1)"(;{8) — 1 as n — oo. Further-
more, it is known from [20, 45] that

-8\ nfl 8—1
-1)" = 140 —— ; 4.1.1
(D) =T (1o (5 (1.1.18)
Also, based on the definition of I, one finds I,, & F( ) as n — 00, and, therefore,
[o’¢] n=o ot 1
T 1-— @
Z - l—a) l—a Z/o (n+ 5)"%)ds
n=1 nfl

a 1 1-s © "
= e n+t)"* dtds
a2

n=1
[}

a o (4.1.19)
= 'l —a) nz::l e

a+1
—m<+00

Combining this with (4.1.18), we obtain
o0}
Iy=g{* ™V +v,, with Y |ua| < 0. (4.1.20)
n=0
Hence,
o0 n 1 a
(1 o 1 aI Z <Z gi % >
n=0 \k=0

in combination with the relation

o0 n oo n
SIS e Pn = > | 1305 (o + ) |
n—= k:*

n=0 k=0 = =0
- . 1 1) 1-
SZ ZQSL kagka |+Z|Zg( avk|
n=0 k=0 n=0 k=0
oo
<1438 a>|Zlvk|<oo,
n=0
yields the result. O

Lemma 4.1.4. In the cases 1 <i < k < 3, it holds that y*)(€) # 0 for any || < 1.

Proof. In the proof of Theorem 3.2.6, it is noticed (%) () #Oforall |§f<land1<i<k<3.
For any prescribed €] < 1, (1— €)'~ is located within the sector S, = {2 : |arg(z)| < Q—?ﬂ}
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In addition, note that (1 — €)'~ = 0 if and only if £ = 1. Thus, it remains to find the value of
the series (1 — £)12p®)(¢) at £ = 1. In fact, from the formulae (4.1.16) and (4.1.20), it follows
that

1—
WL ES DI )(f" i)
n=0 [=0 n=0 [=0
oo n o0 n k.
S I S ES ) W (R o)
n=0 [=0 n=0 (=0
[o.o] oo
S 1433 (w+19) =
n=0 =0
where the last equality holds based on Lemma 4.1.2. O

As a result, in combination with the conclusions of Theorem 3.1.3, Lemma 4.1.3 and Lemma
4.1.4, we can obtain the following result.

Proposition 4.1.1. In the case 1 <i < k<3 and 0 <a <1, let

1 . s )
CHIT = ) &) = Z rr(zk’”gnv (4.1.21)
n=0

then there exist bounded positive constants MY such that E |r(l” | = M9,

Remark 4.1.1. It can be seen from Proposition 4.1.1 that a qualitative analysis is provided on
the absolute convergence of the coefficients of the reciprocal of the series YD (€). On the other
hand, we would like to get the bounds M( 4 in a numerical approach to confirm the theoretical
analysis. Note that the equality (4.1.13) can be represented in a matriz form with arbitrary
N € NT, ie.,

(/m) ] (ng,i)
(k:l w((]k,i) =i 1 Qng'i) Lpék’i)
l.c,' k," . ki : e — , l'c,' k, ‘ ki
B G G U I 1 1] k9 wngl L
o
~ gga) g[()a) §,z) 7/)(() i)
ki k) (ki
C el | R

Equivalently, we may write Qg\]f’i) = Gg\?)\ll%’“ for any N > 0. From this follows
gk kyi)y —
ZIT‘“”I E M = NE@F) R

In Table 4.1, we display the L' (or L) norm of the inverse of the matriz Wy i) for increasing
values of N, where 0 < a < 1 and 1 < i < k < 3. It shows that the value goes to a limit for
refined N, which also implies the absolute convergence of the series plkd) &).
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(&) v (¢)

72 e T8 [ 2

(b) %7V (€)

FIGURE 4.1:

The locations of the truncated curves ¢A<

Theorem 4.1.2. In the cases 1 < i < k < 2, for |¢] < 1, ¥k (€) is in the sector Tz={z€

C: |argz| < 5}

Proof. We first express that (1—¢) = p(€)e®®® and p*? (€) = p,(€)e#© for |¢] < 1. According
to Theorem 3.2.4 and Theorem 3.2.5, it follows that Rw®9)(€) > 0 and Rp*9)(¢) > 0, which

®) v ()

*9)(€i) with N = 5000.

implies |0(§) + 0,()| < § and |6,(¢)| < §, respectively. Thus

I(1 = @)0(&) + 6,(&)] < (1 = )IB(€) + 0,(8)] + alfy(€)] < %

which is equivalent to Ry*)(¢) > 0 for all || < 1.

Theorem 4.1.3. Let u(t) and {u,}\_, be the solutions of equations (4.1.1) and (4.1.6), respec-
tively. The function f(t,u(t)) in (4.1.1) is assumed to satisfy the Lipschitz continuous condition

with respect to the second variable u(t). If u(t) € C*+1(0,T), then
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TABLE 4.1:

The L' or L norm of the inverse matrix of \I/S\I,“)

o N @) Hp, p=1,00
(k’ 7‘) = (1, 1) (k7l) = (27 1) (kvi) = (272) (kvl) = (37 1) (k7l) = (372) (k’ i) = (3, 3)
0.0001 10 1.000000 1.000031 1.000048 1.000099 1.000122 1.000110
100 1.000000 1.000031 1.000048 1.000099 1.000122 1.000110
1000 1.000000 1.000031 1.000048 1.000114 1.000138 1.000128
10000 1.000000 1.000069 1.000085 1.189345 1.189482 1.201595
0.10 10 0.999884 1.018469 1.029129 1.064680 1.076031 1.070190
100 0.999998 1.018482 1.029132 1.064683 1.076031 1.070192
1000 1.000000 1.018482 1.029132 1.064690 1.076038 1.070200
10000 1.000000 1.018493 1.029143 1.116970 1.127403 1.135033
0.30 10 0.999277 1.017407 1.023508 1.089001 1.106180 1.098806
100 0.999985 1.017480 1.023541 1.089017 1.106188 1.098817
1000 1.000000 1.017480 1.023541 1.089018 1.106189 1.098818
10000 1.000000 1.017482 1.023542 1.095718 1.112733 1.105976
0.50 10 0.997958 1.011762 1.018412 1.083218 1.089780 1.086681
100 0.999934 1.011961 1.018565 1.083274 1.089839 1.086736
1000 0.999998 1.011962 1.018566 1.083274 1.089839 1.086737
10000 1.000000 1.011962 1.018566 1.083921 1.090478 1.087412
0.70 10 0.996339 1.006427 1.008625 1.084779 1.088936 1.087241
100 0.999810 1.006774 1.008952 1.084842 1.089003 1.087305
1000 0.999990 1.006775 1.008953 1.084842 1.089003 1.087305
10000 1.000000 1.006776 1.008953 1.084940 1.089100 1.087410
0.90 10 0.996942 1.001263 1.001437 1.059819 1.060335 1.060095
100 0.999742 1.001543 1.001724 1.059858 1.060374 1.060134
1000 0.999979 1.001544 1.001726 1.059859 1.060374 1.060134
10000 0.999998 1.001544 1.001726 1.059876 1.060391 1.060153

i) in the cases 1 < k < 3:

k-1
el < C®R [ 37 el + (a0 tﬁ_1> . k<n<N

m=0

i) in the cases 1 <i <k < 3:

k—1
leED) < ¢ [ S jelkD| 4+ (Atk + (A en ), k<n<N
m=0

for sufficiently small At > 0, where NAt = T is fized and the constant C®9) > 0 s independent
of N.

Proof. Substituting formula (4.1.13) into (4.1.7) and using (4.1.21), one has
k-1

’ (k1) g 5 . ;
0 = T (3 elbsfb e + (A% @ + (2080 ). (@)
m=0
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which can also be written into a matrix-vector form

(k i) (k i) (—a) 1
k.i) (1C i) (ki) g(()—a) (—a)
e/(c+1 _ o 91 9
T k. . ki) (ki - ' - s
0 | [ e e e e g
S0 01 65 ] ik
(ki) (kyi) F.i) (lc i)
N N 0 T
el .1*0 fnsi dugttl) | "Lk + (At f’““ + (A |k
(/C i) (k, (kyi) (ki)
SN—k,0 SNZ)M 1 ‘5le - TNZ
(4.1.23)
with arbitrary N € N. Therefore for any ¥ < n < N, we obtain
J n—k J
ki) k, (ki) ( a) Icz (k,2) (— @) s (ki)
e Z ( ”Zr D DL E L MRS COLD DT I Dy v
=0 =0 = (4.1.24)

n—k J
(k,1) a) (ki)
MGORD DL ) DY it ek
7=0 =0

where { o } are given in Lemma 4.1.2. Since it is assumed that the function f(t, u(t)) satisfies a

Lipschitz continuous condition, there exists a constant L*+") > 0 such that [0 fn (k. ’)I < Ltk3 Ie,(zk’i)l
for k <n < N. It follows that

I”|<Z|e“”)lZ’ ’it,lzg” s |
i
Hary gl ZI”“)( eledl+17521)
Jj=

On the one hand, based on the relations (4.1.1) and (4.1.20), there exists a constant Cr; > 0,

such that |s{%)| < ity < Chign’

n—k 7

ki k, ki — -1
> nE leg] etd”) & B ,1Z|Tfl 0D g TP
7=0 =0

o0
<Cki ) |Ir U“I*c M
=0

(4.1.25)

), One hence obtains
(4.1.26)

where Zz 09] l)ggafl) = 1for any j > 0 in view of the equality (1—&)™*(1-¢)* 1 = (1-¢)~!

~(/cl)>0f01rm>1 such that [s |<c(’”)" 2 &

On the other hand, there exist constants NE

Ig | respectively. This gives
—k i
/”) a)) (ki) o ~(k,i)n (k) ! (—a)) (@)
Z|T |Zg] ! fsl | <én Z|7'n,kvj|zgj_z lg, ™|
Jj=0 =0

L (4.1.27)
A ki I
<olh S )
7=0
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where the last inequality holds since it satisfies that Zl Og]( ?)gl(a) = 0 for any j > 1, and

1 Og] l)|g a)[ = gj a)go ] lgj(fl )gl(a) = 2_q @) holds by Lemma 4.1.2. In addition, the
sequences {rn )} belong to !, and g @) _y 0 as n — oo. Therefore, based on Lemma 3. 2 5 we
know that 377 k| (]“ ;195 - @) — 0asn — co. Then, the sequences > 7~ |rsc_'llzfj| Zl 09; . \ i 1)|

can be bounded by 2"(’c ')M(IC A)
In the cases 1 < k < 3, recalling |7, ik k)| <c®H (At)kH*“ uniformly for n > k in Theorem

2.1.2, together with (4.1.17), we have

k.k k,k) (klc
(At Z 1(1 k)]lzg z(+lc |7 At)aZgn k— ]erj Titk

=0

< (At)k+1 Cék') Afék,k) Z g;*a)
=0

. Ja 1 (4.1.28)
< (At)FH P M) 1+cz

C n—k
< (At)k+lc‘(’k)M§‘k,k)(l+I‘—(a_5/0 t*~1dt)

< ~ék,k) ((At)k+1 4 (At)lc%—l-at%#c) )

In the other cases 1 < i < k < 3, according to Theorem 2.1.2, there exists a constant C(k ) >0,

such that
k)—a—l (At)k+1-a
a)l rt-a) )’

|T(kz)¥ < C(kz) ((At)k a( | (

if n > k. Together with (4.1.17), it follows that
j
% k,
(20" Z IR ]:Zgg Pt < o0 (Aot Z kol gl
ki —a
+ (At Z Irses| Z 9 )
j=0 1=0

n—k
i s i _ 4.1.29
< O (2(a0)E Y Il " e
j—O

& 1)
+ (At Z| )
3=0
< (:v((l/c,i) ((At)k + (At)lﬁ»l_atg‘k) .

Therefore, formula (4.1.30) becomes

n—k—1 n—k—1

k, (k, - (k,i)
el < (anL®D (3 g% JZIT( Dl + g5 Z -l
j=0

+ g Dy kl|[e(’”)|)+5(’”) 23 b,
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If the time step At > 0 is chosen sufficiently small, there exist bounded constants ¢} such that

0 <3 A })g(‘")l oy < ¢j;» and it follows that

(ki) - 5(k,1)
leg | <677,
n— 1

k— J
(k,
o) <8 + (at)e, L&D (3 g_‘;_JZI D les!
7=0 l=l

—k—1
ki ki
+a Z e, mz ke,

(4.1.30)

where we denote 5, = c,*c.ié,(L ) In the cases 1 < k < 3, one obtains from (4.1.26), (4.1.27)
and (4.1.28) that '

57(1k,k) Iclc) <Z |€(k k)| + (At)k+l atn 1) n>k.

m=0

In the cases 1 <i < k < 3, from formulae (4.1.26), (4.1.27) and (4.1.29), it yields

k-1
§5 = olled) ( D7 lelED) + (AtF + (ApFTe tzl) , n>k

m=0

(& z) C(xk'i)}. Next, assume that the non-

The constants satisfy Cék'i) = max{ém]mik e 20m Z)]\/I
. (k,5) .
negative sequence {py "’ }n>0 satisfies

oD = 5k,

pk) = 550 At) L 2 Jo1pD s, (4.1.31)

where the coefficient L% is chosen such that
LD = max{cz,iL(k’”Mé’“’i) (l +I(a)g; (= a)) ,c;;,iL(k'i)Ml(xk’i)gﬁfo‘)nl_al“(a)}.
Therefore, according to Theorem A.4.3, the monotonic increasing property of sequence {S,(lk’i) o

yields that the sequence {pﬁf’“ }n>1 is monotonic increasing with respect to n for each 1 < ¢ <
k < 3, and correspondingly, it follows that

pE) < §ED p, ( k) (nAL)® ) n>1,

where E,(-) is denoted by the Mittag-Leffler function (se_e Appendix A.1.2). In addition, accord-
ing to (4.1.30) and (4.1.31), it is readily known that fe,(ck’l)| < p ). If assume that |e &, Z)| <p k l)
for n > k, then, by induction, together with (4.1.17), it follows that

ki) k. ki
lenit] < 60+ (A0)°¢, “(nglk]D# Dl + 6§ Zm )

; ; - ki k,
5(+1 + (At)%c ,iL(kﬂ)Mzik’l)( E 97(14-01[)—/%]‘17; ) + 9(() a)p; 113)
=0

by | (AR Tk .
<5(+1)+( r)(a) Yot 1-k—j5)2p,
=0
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Thus, one obtains that
lelkd)| < §kD ( Lk (n — k)"At"‘) <Gk g, (L kITe),  k<n<N.
O
Remark 4.1.2. Note that the error is convergent of (k + 1 — a)-order uniformly for all n > k,
especially for the step t, near the origin. On the other hand, for those t,, away from origin, the
convergence result can be better. For example, it can be observed that if the computed starting

values satisfy u; = u(t;) + O((At)¥) for 1 < i <k —1, then |u(tm) — um| = O((At)F+1=2) in
the cases 1 < i < k < 3.

4.2 Convergence for linear time-fractional partial differential
equations
In this section, we mainly consider the linear fractional partial differential equations of order
a € (0,1), whose semi-discretized form is expressed by
Cpou(t) = Au(t) +£(t), O0<t<T, (4.2.1)

together with a given initial vector u(0), where the fractional derivative €Dy is defined in
(1.1.12), and the vectors are denoted by

T T
ut) = [w(®) w) - w® ], £)=[H1) L - fu)]
Here A is defined by a M x M square matrix with real constant elements. We restrict A to be
a symmetric semi-positive definite matrix.
We make use of formula (2.1.11) on a uniform mesh {t,}}, in time. Then the discrete form
of equation (4.2.1) is given by

Dgju" = Au" +f",  k<n<N, (4.2.2)
where u” = [u} uf --- u}|T € CM or equivalently,
n
Zw(‘”u + (At) O‘Zwk’)ul "+f", k<n<N. (4.2.3)
=0

The assumption on matrix A implies that there exists an orthogonal matrix Q € RM*M 3nd a
diagonal matrix A with non-negative entries {\, }m 1 such that A = Q'AQ. Multiplying Q on
both sides of (4.2.3) and substituting @" = Qu" and f7 — Qf", one then obtains

k—1
=3 w®al 4 (A Y wd = AT+, k<n<N, (4.2.9)
which can be rewritten into the decoupled form:
N w4 ( Zw}z’“ Vil = NP+ f7, 1<j<M, k<n<N. (425)

In addition, define the discrete Lz-norm of a vector function u € CM on a uniform mesh in space
by

lufl = (4.2.6)

Note that, the relation ||Qu|| = |lu|| holds for any 1 <n < N.
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Remark 4.2.1. As an example, we consider the one-dimensional time-fractional diffusion equa-
tion of the form

CDou(z, t) = kLY (2, 1) + f(z,1), (,t) € [a,b] x (0,7,
)=

u(a, t) = 9a(t), u(b,t (1), (z,t) € a, b] x [OvT}v (4.2.7)
u(0,z) = u®(), z € [a,b],

where k > 0 is given as the diffusion constant. Denotz’ng zj = a+ jAzx with Az = 131—4?1 for
0<j <M +1, we discretize the second-order operator % by a central difference scheme, and
utilize (2.1.11) to get the discrete form

n
k, K
(At)~ "an, uf + (AT Y wl Dl = G (Wher — 2ul +ul ) + f7 (4.2.8)
=0
for1 <j < M and k <n < N, together with
UG = gatn)y Uirsr = g(tn),  uw)=u"(z;), 0<N<N, 0<j<M+1. (4.2.9)

Here, define A = tridiag(1,—2,1). Then A has a decomposition A = QAQ™', where A =
diag(A1, Ao, -+« , Apr) with the eigenvalues expressed by

km
= —4sin® E=1,2,---, M
)\k S ]\/[+1, 72, ) 1
and
Q=0 v ... o
with orthonormal eigenvectors vk) = [UYC) vék) 7.71(\’; T denoted by
k) 2 si _Jkm .
o= T M+1 j=12,--- M.

This implies that Q is a symmetric matriz. Substituting 0" = Qu", f* = Qf" and b" = Qb",
then for each j, {ﬂ]" ,}y:k can be solved independently in accordance with

k—1 n
AN wla + (A7 Y w®Val = Mr(Az) 2R + 45,
1=0 =0
where b™ = [zizug 0 -+ 0 rFawufy )T € CM for each k <n < N.

As a complementary result, we provide the orthogonal property of the matrix Q.

Lemma 4.2.1. The following orthogonality relation holds:

. U lkm M +1 ;
ZsmM+1 MrI= 5 Ok dk=1---M. (4.2.10)
=]
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eiz _e—iz
21

Proof. Substituting the identity sinz = in the left hand side (LHS) of (4.2.10), one

arrives at

=1
1 M il(j+k)w il(k—j)m il(j—k)m _dgtk)T
— _Z e M+1 —e M+1 —e M+1 +e M+1
4
=1
. i(Gt+k)m . i(j+k)
1 (—1)tk — S HTT (—1)itkeTRE 1
- Z( Gk + GrhT
e M1 —1 1—e MF1
i(G—k)w i(k—j)m
(_1) —k _ o"MT1 (_1)k—1 — e M+1
- Gk - i(k—j)m ) =0
e M¥1 —1 e M+t —1

in the case j # k. Note that j + k and j — k can be both odd or even, respectively. Otherwise,
if j = k, then

24 2ijm
eM+1 -1 1 —eM+1

M 2ijm 2ijm
1 2iljm _ 2iljn M 1[1—eM+ eM+1 — 1 M+1
;. [ (Am—z M+1):—“_ _ ,

This gives the result. |

Motivated by (4.2.5), we next focus on the linear scalar cases

??‘
,__\

n
(At)™@ U”u + (At) C'Zw’”)u’:)\u"JFf", k<n<N (4.2.11)
1=0

F
o

for some k, i, which are considered as a class of approximations of the fractional linear ordinary
differential equation

Cpou(t) = hu(t) + f(t), t€(0,1], (4.2.12)
u(0) = uP. B

Multiplying (4.2.11) by (At)® and rewriting it into a formal power series form yields
_ = G
(@) - 2) ul@) = 3_w's(*V(€) + (AY*F(©), 2= AAY%, (4.2.13)
1=0

where {sl(k’i)(g) ) are defined by (4.1.8), u(§) = % Jutken and f(€) = Yol frtken If
we define the reciprocal of the series (w9 (£) — z) by JJ(IC D) =32 05,(’” (2)€™ such that
&#9(e) (whD(@) - 2) = (w*(©) - 2) 8 (©) =1,

then using Cauchy integral formula , we find

. 1 1
(ki) () —
@ 2) =— - d¢
) 2mi Jigi—p (wkD(€) — 2) €71 4.2.14
At [CEREHE 1 N (4.2.14)

o e —_————
2 J_lnp_; wkid) (e—sAt) — 2
At At
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where we choose 0 < p < 1 and appropriate z € C such that the function w(k’i)(@ — 2z is analytic
and has no zero on [{| < p. In addition, the last equality is derived from the change of variable
& =e At If A € R, deforming the integral interval into an equivalent contour, we can obtain
an alternative expression of the form

; At 1
~ (k,i) — stn____ -
By ip) = 271 /pe wkni) (g=sAt) — st,
where I' = ' UT'~ UT, UT, U S. The curves are defined by T't = {ze?? : ¢ <z < T(sinﬂmj}’
- - T i T In
I~ = {ge ™ : =y =% £ eh Tu ={z+ifz: —FHoot(m—9) <z < -F2}, Ty =
{z—if: —l%-;-’ <z < —fyeot(r — )} and S, = {ee™® : |z| < 9}. Here the angle ¥ € (5, )

and € > 0 are chosen such that (w®¥)(e=5t) — z)_1 is analyticon s € T and A € R™.
Making use of the fact that

1 1
Sty s stn
/u ¢ oD (5Bt _ ~da /Fb © oD (e—sAt) — Pl

we then obtain

) At 1
ok () = 22 R — 4.2.15
) = o /mr—us(e wED(e=a) = 5" e

Next, we would like to find the range of values of w*)(e~$4%) for s € I UT'~ US,. According to
the decomposition of power series w(*%) (¢) defined by (4.1.13), we will consider the corresponding
range of values of series (1 —&)® and *)(€) respectively.

Lemma 4.2.2. Assume that p € At(TTUT~US,) and 0 < a < 1, then there exists ¢ > 0,
independently of p, such that
(=5-)
p

Proof. The proof is a direct generalization of the result in [31]. If p € AtT'", we denote p = ze'’
for eAt < 2 < 515, This yields
1 — e—ze“’)| e - e~zcos196iy[ @
) (—m—_)

b(l efp)a
p
(\/(1 — e~ cog )2 4 e—2wcosd gip? y) :

> (4.2.16)

X

xT

67200519 -1 o
(—T——) > (= cos¥)® >0,

<\/1 — 9¢—xcosV cosy + e2zcosq9) @

\Y

where y = —zsind € (0,—n]. If p € AtI'", choosing p = ze~ for eAt < z < Sag» We can
readily obtain the result in an analogous way. Moreover, in the remaining case p € AtS,, if we
denote p = €e'® as |z| < o, where € = Ate, then

1—eP a |1_~e~€cosze—i€sinz| a
(=) (==

/1 — 2e—€cos cos(Esin ) + e~ 26052 ¢ -
= = g(z, €).

€
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If we assume that é € (0,7, then in the case that z € [0,], it is clear that the functions
sinz and cosz are non-negative and monotonically increasing and decreasing, respectively,
and correspondingly, the function cos(ésinz) is monotonically decreasing as well. This implies
g(x,&) > g(0,€). In the case z € [-5,0], because of the symmetry of the function g with respect
to @, we can obtain an analogous result. In summary, for z € [-%, 5], we obtain

51 (55)

P €

Further, we see that (1%4)" — 1 as € — 0. On the other hand, if z € [§,¥] for arbitrary
¥ € (5,m), we define

f(x,€) =1- Qe-gcoswcos(gsinx) + e 2€cosT
Then it can be derived that

of
ox

2L (z,€) = 26e7¥°%® (sinze ¢°°5% + sin (Esinz — z))
> 2 €% (sinz(1 — cos(€sinz)) — cosz(¢sinz — sin(€sinz))) > 0

for all € > 0. Thus f(z,€) > f(5,€), and consequently

(Y ()

It follows that 55[— — 1 as € — 0. In view of the symmetric property of g in terms of the
variable , we can obtam the same result in the case z € [—, =] as well. |

Theorem 4.2.1. Assume that for 1 < i < k < 3, there exist 0,,(k,1) € (§,7) and Oy(k,i) €
(5,m) such that wki(e=P) € g (ki) and Ppkid(e=r) 1€ Yo, (ki) for p € At (TTUTr-uUs),
respectively, then there exists constants C&¥) = Ck:(9) > 0 such that

ol (2)] < nel, m>1

uniformly for RA <0 and z = A\(At)*.
Proof. From (4.2.15), we obtain

~(kz(z)_ At(/ATm%F—T) o€ tn it
2mi w(k,i)(e,umm) )\(At)&

€ eTe Win 6*“9 9 eetn e
+/ e w(k,i)(e—ze-“’m) s )\(At)adx + [ﬁ w(k,i)(e—ee”At) _ )\(At)adx)

Atsin(r—9)

= 10 + Ul + ).

From the assumption follows that there exists ) € (3, ), such that wkD(e=P) € Ly, for
p € At(TT U~ US,). Hence, for R\ < 0, one has the following estimate

/Ktam(w 7) xcosz?tn 1 s

19 < T
- 27 |w(k,i)(e—ze“9At)|

~(k,i)

(At)lfa /oo zcostyn .—a C a—1
. o8 Ot gy < L
S 2ncEAT(L— (@) Jo RS v L
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and in view of the symmetry of the interval of integration, the same result holds for ll,(lk’i). In
addition, we find

o L AF P 1
(k,i) < €cos Ttn
] < T /0 “ |w (ki) (e—ee’*At))| do

. ~(k,i
& (At)l “ /19 61701eccoszt”dl, o il N na~1‘
= mekAT(1 - )l () Jo ~ I(a)

Here ¢ = min(b, 1/t,), and b is a positive constant. Therefore, the result is satisfied by choosing

O = max( 26 gk o

Remark 4.2.2. The proposed result of the coefficients of the series @*%)(e~P) is crucial for the
error estimate. From this we can obtain a similar conclusion in Theorem 4.1.3 for the problem
4.2.1 without a restriction to the time stepsize.

In this chapter, we mainly study the convergence of the numerical methods on a uniform grid
proposed in chapter 2 for a time-fractional ordinary differential equation and a system of time-
fractional ordinary differential equations. Next, we will carry out lots of numerical experiments
to verify our theoretical results.
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Chapter 5

Numerical experiments

In this section, we utilize the methods proposed in Chapter 2 to numerical approximate several
time-fractional differential equations, and confirm the error accuracy and convergence order
corresponding to variable stepsizes. Without loss of generalization, we prescribe the starting
values exactly. In practical computations, the starting values can be obtained numerically in
advance and have no influence on the numerical stability of the methods.

5.1 Time-fractional ordinary differential equations

Example 5.1.1. We consider the linear fractional ordinary differential equation

CDu(t) = Mu(t) + f(t), te (0,1], (5.0.1)
u(0) = ug o

in the case 0 < a < 1. The exact solution is given by
i). u(t) =e"t € C®[0,1], if f(t) = —t1°E12_q(—t) — Ae~t € C[0,1] N C(0, 1],
ii). u(z,t) = FEy1(At®) € C[0,1] N C>(0,1], if f(t) =0 € C*®|0,1],

where the Mittag-Leffler functions are defined in Definition A.1.2.

In Figures 5.1(a)-5.1(d), we plot the truncated boundary locus curves 220108 wiE) gind (0<

0 < 2m) in the cases 1 < ¢ < k < 3 for different o € (0,1). It is known from Theorem 3.2.3 that
the stability regions of methods (3.2.1) lie outside the corresponding curves. Here, we introduce
the points z, = A(At,)* for 1 < n <5, where At,, = 1/2"*6 denote different time steps. Table
5.1 and Table 5.2 list the accuracy and convergence rate of ie%}’l) | = |u(tar) — uﬁ\’fl’z) | in Example
5.1.1, where ¢y = 1 is fixed and M = 27 for 7 < j < 11, u(tps) and ups are the exact solution
and the computed solution, respectively.

By comparing Figures 5.1(a)-5.1(d) and Tables 5.1-5.2, we can see the influence of the stabil-
ity of the numerical methods on the error accuracy. In Figure 5.1(a), the points 2z, for 1 <n <5
all lie in the stability regions in the case @ = 0.5 and A = —50, in which situation the reliable
accuracy is obtained. It is observed that [egy)l = O(At**17) in Table 5.1-5.2 as mentioned in
Remark 4.1.2. In Figure 5.1(b)-5.1(c), 2, are chosen on the half line with angle Z and different
A. It is observed that when all {2,}>_; fall out of the instability region (cf. Figure 5.1(b)),
correspondingly, as shown in Table 5.1-5.2, then the global error ey, agrees with the expected
accuracy. On the other hand, due to the fact that points 24 and z5 outside the stability regions
of k = 3 (cf. Figure 5.1(c)), the perturbation errors are magnified and accumulated significantly,
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which are shown in Table 5.1-5.2 as well. In Figure 5.1(d), {2} are chosen on the imaginary
axis with imaginary number ), according to Theorem 3.2.4, all the {zn} belong to the stability
region of the methods (3.2.1) in the case k = 1,2, and the error accuracy and the convergence
order are obtained (cf. Table 5.1).

As a counter example, when 23 doesn’t belong to the stability region for a = 0.98 in Figure
5.1(d), the corresponding error eas, shown in Table 5.2, can’t ensure the desirable accuracy. In
fact, it can be observed that for k = 3, methods (3.2.1) don’t possess A(%)-stability when a
tends to 1, which appears to be predictable, since it is well known that BDF3 method for ODEs
is not A(%)-stable.

Table 5.3 and Table 5.4 display the error accuracy and convergence rate at the fixed time step
t4, to further explain the theoretical result in Theorem 4.1.3. As we know, the theoretical order
of error accuracy egf’i) is not uniform for all n > k. In contrast to the case n being large enough,
for those n near the origin, the error satisfies |e(lC Ml =0 ((At)**1) and )| = O ((AtF)) for
1 <i < k < 3, which can be observed from Table 5.3 and Table 5.4 accordingly.

In Table 5.5 and Table 5.6, we show the error accuracy and convergence order of ey for
different values of « in the case A = —50 and A = i, respectively. It implies that in case ii).
of Example 5.1.1, the arbitrary order derivatives of the exact solution tend to infinity near the
origin. Therefore in practical implementation, making use of the approximating schemes on a
uniform grid constructed in Chapter 2 Section 2.1 we can’t find the desired convergence rate
as that in the case i). of Example 5.1.1. We thus apply the schemes on a nonuniform grid
introduced in Chapter 2 Section 2.2, where the map from the uniform grid to the nonuniform
grid is chosen by ¢ = T'72. It is known that the convolution structure of the differential matrix
to “Du isn’t preserved, and the stability region shown in Figures 5.1 can’t apply to this case.
We therefore check two specific values of A, which are either included in R™ or on lmagmary
axis. It is observed that the convergence order of the error is min(M ™~ (k+1=0) ' A1=2) without
considering the stability.

Example 5.1.2. Consider the nonlinear equation
Cpoy(t) = —KuP + f(t), te (0,T) (5.1.2)
u(0) = up. o

with p > 0, K > 0 and the source function is prescribed by f(t) = pt =By 9_o(ut) + KePHt such
that the exact solution reads u(t) = e**.

Tables 5.7-5.10 plot the global error |e M kil | = Ju(tm) — u | in Example 5.1.2 for different
p and «, where ty; = 1 is fixed and At = 1/M with M = 27 2 < j < 11. It is observed that
e ]“)| O(Atk+1-9) in the cases 1 < i < k < 3, when using discretisation formula (2.1.24)
in combination with Newton-Raphson method for the nonlinear equation behind the implicit
method. The detailed process is as follows. Define a linear function Fki) . RM 5 RM guch that

Fr(lk,i)_, Zwkz) At) azw(klu]+Kun) —fn=0, n=k,--,M,

we prescribe the exact starting values by u§m) =u; for 0 < j <k —1 of every iteration step m.
The Newton’s method therefore yields that

umtD) — M sym  m >0 (5.1.3)
together with initial value u® = ug, where dul™ is obtained by

Tpkay (™)gu™ = —FkD (y(m)
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=T

-39)

(¢) a=0.9, A =1000 x ¢ 2 (d) a =0.98, A = 500i

FIGURE 5.1:
The boundary of the numerical stability region of formula (2.1.11) for different o and .

TABLE 5.1:
Errors and convergence rates of |u(tyr) — ups| in Example 5.1.1. i) for different a, A.
o A M (k1) = (1,1) (k1) =(2,1) (k,7) = (2,2)

[u(tar) — unt] rate lu(tar) — un] rate Ju(tar) — unm] rate

0.5 -1 128 1.59038E-04 - 1.60073E-07 - 1.34983E-07 -
256 5.53407E-05 1.52 2.86635E-08 2.48 2.37399E-08 2.51
512 1.93502E-05 1.52 5.11315E-09 2.49 4.18230E-09 2.50
1024  6.78837E-06 1.51 9.09687E-10 2.49 7.37621E-10 2.50
2048  2.38698E-06 1.51 1.61541E-10 2.49 1.30187E-10 2.50

0.3 20 x *3* 128 1.34901E-06 - 2.69029E-09 - 1.08970E-09 -
256 3.73401E-07 1.85 4.44355E-10 2.60 1.62447E-10 2.75
512 1.04588E-07 1.84 7.14993E-11 2.64 2.44242E-11 2.73
1024  2.96205E-08 1.82 1.13426E-11 2.66 3.69238E-12 2.73
2048  8.47625E-09 1.81 1.78666E-12 2.67 5.57796E-13 2.73

0.9 1000 x e3* 128 7.84215E-07 - 3.94997E-09 - 3.83098E-09 -
256 3.63985E-07 118 9.18845E-10 2.10 8.91101E-10 2.10
512 1.69345E-07 1.10 2.14033E-10 2.10 2.07571E-10 2.10
1024  7.88889E-08 1.10 4.98901E-11 2.10 4.83852E-11 2.10
2048  3.67748E-08 1.10 1.16334E-11 2.10 1.12827E-11 2.10

0.98 5008 128 2.55224E-06 - 1.32455E-08 - 1.31778E-08 -
256 1.25624E-06 1.02 3.25627E-09 2.02 3.23963E-09 2.02
512 6.18899E-07 1.02 8.01689E-10 2.02 7.97599E-10 2.02
1024 3.05047E-07 1.02 1.97518E-10 2.02 1.96512E-10 2.02

2048  1.50388E-07 1.02 4.86819E-11 2.02 4.84347E-11 2.02
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TABLE 5.2:
Errors and convergence rates of |u(tyr) — ups| in Example 5.1.1. i) for different o, A.
o A M (k,3) = (3,1) (k,7) = (3,2) (ki) = (3,3)
[u(tar) — unt] rate [ultar) — unr| rate [u(tar) — un| rate
0.5 -1 128 1.04028E-09 - 9.41107E-10 - 9.99698E-10 -
256 9.23186E-11 3.49 8.25515E-11 3.51 8.86817E-11 3.49
512 8.18229E-12 3.50 7.25575E-12 3.51 7.8557TTE-12 3.50
1024  7.25420E-13 3.50 6.37490E-13 3.51 6.92002E-13 3.50
2048  6.82232E-14 3.41 5.34572E-14 3.58 5.85643E-14 3.56
0.3 20 x % 128 1.73101E-11 - 1.03070E-11 - 1.53161E-11 -
256 1.33740E-12 3.69 7.55245E-13 3.77 1.18503E-12 3.69
512 1.03673E-13 3.69 5.58325E-14 3.76 9.13054E-14 3.70
1024  6.13266E-15 4.08 4.40825E-15 3.66 7.52355E-15 3.60
2048 1.20505E-15 2.35 6.86635E-16 2.68 1.12983E-15 2.74
0.9 1000 x e T 128 2.28884E-11 - 2.24089E-11 - 2.26564E-11 -
256 2.65645E-12 3.11 2.60061E-12 3.11 2.62969E-12 3.11
512 3.09069E-13 3.10 3.02593E-13 3.10 3.05970E-13 3.10
1024  9.71032E-07 -21.58 4.20376E-06 -23.73 4.42542E-07 -20.46
2048  6.28199E+34 -135.57 1.41894E+35 -134.63 1.09390E+34 -134.18
0.98 500z 128 7.76488E-11 - 7.73754E-11 - 7.75095E-11 -
256 9.52734E-12 3.03 9.49401E-12 3.03 9.51047TE-12 3.03
512 9.64788E-07 -16.63 1.77544E-06 -17.51 1.37083E-06 -17.14
1024  3.88686E-14 24.57 1.83022E-13 23.21 1.31363E-13 23.31
2048 1.75624E-14 1.15 1.70830E-14 3.42 1.66951E-14 2.98
TABLE 5.3:
Errors and convergence rates of |u(t,) — u,| in Example 5.1.1. i) for n = 4 and A = —1.
@ M (k,3) = (1,1) (k,3) = (2,1) (k,3) = (2,2)
[u(tn) — un| rate [u(tn) — un| rate [u(tn) — un] rate
0.20 32 5.58923E-05 - 2.05711E-06 - 5.84786E-07 -
64 1.54138E-05 1.86 6.68846E-07 1.62 8.09660E-08 2.85
128 4.13739E-06 1.90 1.93717E-07 1.79 1.08862E-08 2.89
256 1.09335E-06 1.92 5.32015E-08 1.86 1.43946E-09 2.92
512 2.86124E-07 1.93 1.42182E-08 1.90 1.88391E-10 2.93
0.40 32 1.87911E-04 - 3.93148E-06 - 2.45377TE-06 -
64 5.27143E-05 1.83 1.48758E-06 1.40 3.42086E-07 2.84
128 1.42703E-05 1.89 4.55312E-07 1.71 4.60557E-08 2.89
256 3.77655E-06 1.92 1.27610E-07 1.84 6.06659E-09 2.92
512 9.84358E-07 1.94 3.42230E-08 1.90 7.87671E-10 2.95
0.60 32 4.50936E-04 - 2.50300E-06 - 6.42064E-06 -
64 1.25419E-04 1.85 1.61936E-06 0.63 8.80026E-07 2.87
128 3.34912E-05 1.90 5.52956E-07 1.55 1.16318E-07 2.92
256 8.72552E-06 1.94 1.59495E-07 1.79 1.50476E-08 2.95
512 2.23905E-06 1.96 4.28808E-08 1.90 1.92163E-09 2.97
0.80 32 9.15296E-04 - 5.94225E-06 - 1.30634E-05 -
64 2.50043E-04 1.87 1.86219E-07 5.00 1.75401E-06 2.90
128 6.56454E-05 1.93 2.80309E-07 -0.59 2.27927E-07 2.94
256 1.68606E-05 1.96 1.01234E-07 1.47 2.90987E-08 297
512 4.27858E-06 1.98 2.93601E-08 1.79 3.67946E-09 2.98

and for k < 1,5 < M, we find

(Jroa™)

n au]‘

(ul™) =

(At) _O‘wl(f’;),

1> 7,

(At)‘aw(()k’i) + Kp(ul(m))”‘l, =3,

0, [I<j.
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TABLE 5.4:
Errors and convergence rates of |u(t,) — u,| in Example 5.1.1. i) for n = 4 and A\ = —1.
« M (ki) = (37 1) (kwi) = (372) (k7 Z) = (3,3)

[w(tn) — wn| rate [u(tn) — un] rate Ju(tn) — un| rate

0.20 32 9.14994E-09 - 5.51519E-08 - 1.64392E-08 -
64 2.42728E-09 1.91 6.42201E-09 3.10 1.12084E-09 3.87
128 4.03404E-10 2.59 7.83026E-10 3.04 7.46285E-11 3.91
256 5.84484E-11 2.79 9.82220E-11 2.99 4.90119E-12 3.93
512 7.98961E-12 2.87 1.25016E-11 2.97 3.19411E-13 3.94

0.40 32 1.26782E-08 - 1.24811E-07 - 5.36460E-08 -
64 5.51808E-09 1.20 1.34429E-08 3.21 3.67132E-09 3.87
128 9.87881E-10 2.48 1.54587E-09 3.12 2.43886E-10 3.91
256 1.45819E-10 2.76 1.86139E-10 3.05 1.59049E-11 3.94
512 1.99211E-11 2.87 2.30072E-11 3.02 1.02496E-12 3.96

0.60 32 2.68046E-08 - 1.87580E-07 - 1.15160E-07 -
64 4.22127E-09 2.67 1.75211E-08 3.42 7.75606 E-09 3.89
128 1.06505E-09 1.99 1.78408E-09 3.30 5.06726E-10 3.94
256 1.69853E-10 2.65 1.96676E-10 3.18 3.25280E-11 3.96
512 2.36985E-11 2.84 2.29382E-11 3.10 2.06590E-12 3.98

0.80 32 1.35202E-07 - 2.43799E-07 - 2.00876E-07 -
64 4.58705E-09 4.88 1.89979E-08 3.68 1.33122E-08 3.92
128 2.68518E-10 4.09 1.59166E-09 3.58 8.58451E-10 3.95
256 8.88215E-11 1.60 1.47762E-10 3.43 5.45584E-11 3.98
512 1.46531E-11 2.60 1.51970E-11 3.28 3.44014E-12 3.99

TABLE 5.5:

Errors and convergence rates of |u(tyr) — up| in Example 5.1.1. ii) for different o in the case
0

a M (k,7) = (1,1) (ki) = (2,1) (k1) = (2,2)
[u(tar) — unm] rate [u(tar) — unt] rate Tu(tar) — un] rate
0.1 32 9.08004E-07 - 1.13807E-06 - 7.73661E-07 -
64 2.28357E-07 1.99 2.84570E-07 2.00 1.92219E-07 2.01
128 5.74856E-08 1.99 7.1416TE-08 1.99 4.77832E-08 2.01
256 1.44839E-08 1.99 1.66445E-08 2.10 1.16600E-08 2.03
512 3.65247E-09 1.99 6.85139E-09 1.28 1.11785E-08 0.06
0.3 32 2.71639E-06 - 3.61952E-06 - 1.09348E-06 -
64 7.33468E-07 1.89 9.85194E-07 1.88 1.78487E-07 2.62
128 2.02231E-07 1.86 2.72721E-07 1.85 1.37364E-08 3.70
256 5.69643E-08 1.83 7.67263E-08 1.83 5.91421E-09 1.22
512 1.63723E-08 1.80 1.36611E-08 2.49 1.06870E-08 -0.85
0.5 32 5.44629E-06 - 8.20975E-06 - 2.83191E-06 -
64 1.78078E-06 1.61 2.44542E-06 1.75 1.23700E-06 1.19
128 6.01284E-07 1.57 6.88610E-07 1.83 4.24454E-07 1.54
256 2.06771E-07 1.54 1.85405E-07 1.89 1.27529E-07 1.73
512 7.18401E-08 1.53 4.83963E-08 1.94 3.56950E-08 1.84
0.7 32 9.49358E-06 - 1.07784E-05 - 7.65164E-06 -
64 3.69505E-06 1.36 2.78723E-06 1.95 2.22306E-06 1.78
128 1.46419E-06 1.34 7.10775E-07 1.97 6.03356E-07 1.88
256 5.86245E-07 1.32 1.81393E-07 1.97 1.59076E-07 1.92

512 2.36144E-07 1.31 4.64107E-08 1.97 4.13219E-08 1.94
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TABLE 5.6:
Errors and convergence rates of |u(ty) — up| in Example 5.1.1. ii) for different o in the case
A=
a M (k,9) = (1,1) (ki) = (2,1) ki) = (2,2)
[u(tar) — unt] rate [u(tar) — un] rate [ultar) — uar] rate
0.1 32 4.56340E-05 - 5.03581E-05 - 1.07742E-05 -
64 1.24719E-05 1.87 1.26788E-05 1.99 2.40596E-06 2.16
128 3.40835E-06 1.87 3.19738E-06 1.99 5.38353E-07 2.16
256 9.30702E-07 1.87 8.00102E-07 2.00 1.19274E-07 2.17
512 2.53869E-07 1.87 1.69302E-07 2.24 9.39923E-08 0.34
0.3 32 5.22797E-04 - 3.31179E-04 - 1.92248E-04 -
64 1.64525E-04 1.67 8.18577E-05 2.02 4.71408E-05 2.03
128 5.16103E-05 1.67 2.03453E-05 2.01 1.16945E-05 2.01
256 1.61361E-05 1.68 5.07034E-06 2.00 2.91455E-06 2.00
512 5.03031E-06 1.68 1.26480E-06 2.00 7.28087E-07 2.00
0.5 32 2.79060E-03 - 9.26472E-04 - 7.41150E-04 -
64 1.00762E-03 1.47 2.30809E-04 2.01 1.83155E-04 2.02
128 3.61406E-04 1.48 5.76192E-05 2.00 4.55372E-05 2.01
256 1.29060E-04 1.49 1.43937E-05 2.00 1.13527E-05 2.00
512 4.59503E-05 1.49 3.59668E-06 2.00 2.83396E-06 2.00
0.7 32 8.24001E-03 - 1.35931E-03 - 1.24727E-03 -
64 3.42317E-03 1.27 3.58621E-04 1.92 3.27610E-04 1.93
128 1.40796E-03 1.28 9.37144E-05 1.94 8.53503E-05 1.94
256 5.75965E-04 1.29 2.42821E-05 1.95 2.20674E-05 1.95
512 2.34903E-04 1.29 6.24810E-06 1.96 5.66932E-06 1.96
TABLE 5.7:
Errors and convergence orders of |ey| for 4 = —1 in Example 5.1.2 in the cases K = 1 and
p=2.
« M (k’l) = (17 1) (k7 i) = (27 1) (k>i) = (27 2)
Tu(tar) — war| rate [u(tar) — unml rate Ju(tar) — unm| rate
0.1 32 1.77420E-05 - 1.34563E-07 - 1.44620E-08 -
64 5.02145E-06 1.82 2.09471E-08 2.68 5.84367E-10 4.63
128 1.41283E-06 1.83 3.17430E-09 2.72 3.71249E-10 0.65
256 3.95463E-07 1.84 4.71557E-10 2.75 8.48118E-11 2.13
512 1.10196E-07 1.84 6.89781E-11 2.77 1.56365E-11 2.44
0.3 32 1.02368E-04 - 1.16950E-06 - 7.44373E-07 -
64 3.21104E-05 1.67 1.92603E-07 2.60 1.07277E-07 2.79
128 1.00362E-05 1.68 3.12510E-08 2.62 1.57091E-08 2.77
256 3.12764E-06 1.68 5.01368E-09 2.64 2.32621E-09 2.76
512 9.72370E-07 1.69 7.97379E-10 2.65 3.47263E-10 2.74
0.5 32 3.61074E-04 - 5.29046E-06 - 4.57737E-06 -
64 1.28284E-04 1.49 9.63089E-07 2.46 7.97338E-07 2.52
128 4.55113E-05 1.50 1.73854E-07 2.47 1.39694E-07 2.51
256 1.61301E-05 1.50 3.11964E-08 2.48 2.45589E-08 2.51
512 5.71284E-06 1.50 5.57391E-09 2.48 4.32640E-09 2.51
0.7 32 1.13040E-03 - 1.95934E-05 - 1.88894E-05 -
64 4.59858E-04 1.30 4.02983E-06 2.28 3.82681E-06 2.30
128 1.86904E-04 1.30 8.24864E-07 2:29 7.76005E-07 2.30
256 7.59344E-05 1.30 1.68344E-07 2.29 1.57456 E-07 2.30

512 3.08447E-05 1.30 3.42933E-08 2.30 3.19602E-08 2.30
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Errors accuracy and convergence orders of |eps| for u =

TABLE 5.8:

K=1and p=2.

—1 in Example 5.1.2 in the cases

83

a M (k:i) =(3,1) (k,7) = (3,2) (kv i) =(3,3)
[u(tar) — wn] rate [u(tar) — un] rate [u(tar) — unml] rate

0.1 32 5.97442E-09 - 4.12374E-09 - 5.22481E-09 -

64 4.22608E-10 3.82 2.53599E-10 4.02 3.70957E-10 3.82

128 2.96461E-11 3.83 1.56801E-11 4.02 2.61735E-11 3.83

256 2.06629E-12 3.84 9.72611E-13 4.01 1.83664E-12 3.83

512 1.51434E-13 3.77 5.90084E-14 4.04 1.25844E-13 3.87
0.3 32 3.63586E-08 - 2.98609E-08 - 3.32377E-08 -

64 2.85491E-09 3.67 2.18534E-09 3.77 2.60248E-09 3.67

128 2.22890E-10 3.68 1.61522E-10 3.76 2.03176E-10 3.68

256 1.73471E-11 3.68 1.20285E-11 3.75 1.58175E-11 3.68

512 1.35003E-12 3.68 9.01168E-13 3.74 1.22508E-12 3.69
0.5 32 1.38110E-07 - 1.27455E-07 - 1.32024E-07 -

64 1.23087E-08 3.49 1.10139E-08 3.53 1.17199E-08 3.49

128 1.09270E-09 3.49 9.57697E-10 3.52 1.03891E-09 3.50

256 9.68335E-11 3.50 8.36696E-11 3.52 9.20156E-11 3.50

512 8.57364E-12 3.50 7.33291E-12 3.51 8.14260E-12 3.50
0.7 32 4.71501E-07 - 4.61657E-07 - 4.64497E-07 -

64 4.82158E-08 3.29 4.66544E-08 3.31 4.73668E-08 3.29

128 4.91018E-09 3.30 4.71769E-09 3.31 4.81794E-09 3.30

256 4.99217E-10 3.30 4.77606E-10 3.30 4.89591E-10 3.30

512 5.07119E-11 3.30 4.84126E-11 3.30 4.97420E-11 3.30

TABLE 5.9:
Errors and convergence orders of |e,;| for 4 = i in Example 5.1.2 in the cases K = 1 and p = 2.
a M (k,3) = (1,1) (k,3) = (2,1) (k1) = (27 2)
[w(tar) — un] rate [u(tar) — un] rate lu(tar) — un] rate

0.1 32 2.54121E-05 - 3.52358E-07 - 8.56779E-08 -

64 7.32713E-06 1.79 5.14268E-08 2.78 8.08705E-09 3.41

128 2.09321E-06 1.81 7.42653E-09 2.79 7.38063E-10 3.45

256 5.93428E-07 1.82 1.06282E-09 2.80 8.51842E-11 3.12

512 1.67161E-07 1.83 1.50938E-10 2.82 1.47554E-11 2.53
0.3 32 1.44121E-04 - 2.21534E-06 - 1.22445E-06 -

64 4.58574E-05 1.65 3.56433E-07 2.64 1.77215E-07 2.79

128 1.44905E-05 1.66 5.68067E-08 2.65 2.58224E-08 2.78

256 4.55432E-06 1.67 8.98792E-09 2.66 3.78933E-09 277

512 1.42539E-06 1.68 1.41404E-09 2.67 5.59864E-10 2.76
0.5 32 4.89012E-04 - 8.26670E-06 - 6.43523E-06 -

64 1.75193E-04 1.48 1.49308E-06 2.47 1.12324E-06 2.52

128 6.25162E-05 1.49 2.67884E-07 2.48 1.96610E-07 2.51

256 2.22470E-05 1.49 4.78471E-08 2.49 3.44997E-08 2.51

512 7.90153E-06 1.49 8.51955E-09 2.49 6.06569E-09 2.51
0.7 32 1.47058E-03 - 2.70727E-05 - 2.47625E-05 -

64 6.00118E-04 1.29 5.55402E-06 2.29 5.02488E-06 2.30

128 2.44431E-04 1.30 1.13475E-06 2.29 1.01945E-06 2.30

256 9.94448E-05 1.30 2.31281E-07 2.29 2.06856E-07 2.30

512 4.04305E-05 1.30 4.70707E-08 2.30 4.19810E-08 2.30
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TABLE 5.10:
Errors and convergence orders of |ey/| for p = i in Example 5.1.2 in the cases K = 1 and p = 2.
a M (k,4) = (3,1) (k,i) = (3,2) (ki) = (3,3)
[u(tar) — um| rate [u(tar) — uml rate [u(tar) — uml rate

0.1 32 8.71434E-09 - 4.79960E-09 - 7.47072E-09 -

64 6.27059E-10 3.80 2.95994E-10 4.02 5.39926E-10 3.79

128 4.46205E-11 3.81 1.81797E-11 4.03 3.86592E-11 3.80

256 3.15064E-12 3.82 1.11308E-12 4.03 2.74569E-12 3.82

512 2.15830E-13 3.87 6.89707E-14 4.01 1.94223E-13 3.82
0.3 32 5.23976E-08 - 3.73908E-08 - 4.68436E-08 -

64 4.16942E-09 3.65 2.78549E-09 3.75 3.72285E-09 3.65

128 3.28853E-10 3.66 2.08205E-10 3.74 2.93824E-10 3.66

256 2.57840E-11 3.67 1.56249E-11 3.74 2.30683E-11 3.67

512 2.01141E-12 3.68 1.17766E-12 3.73 1.80270E-12 3.68
0.5 32 1.90898E-07 - 1.62656E-07 - 1.78745E-07 -

64 1.71443E-08 3.48 1.42466E-08 3.51 1.60163E-08 3.48

128 1.53023E-09 3.49 1.24931E-09 3.51 1.42842E-09 3.49

256 1.36106E-10 3.49 1.09734E-10 3.51 1.27023E-10 3.49

512 1.20810E-11 3.49 9.65029E-12 3.51 1.12707E-11 3.49
0.7 32 6.21914E-07 - 5.86156E-07 - 6.04267E-07 -

64 6.37330E-08 3.29 5.95612E-08 3.30 6.18239E-08 3.29

128 6.50169E-09 3.29 6.04415E-09 3.30 6.30254E-09 3.29

256 6.61800E-10 3.30 6.13212E-10 3.30 6.41338E-10 3.30

512 6.72836E-11 3.30 6.22274E-11 3.30 6.52096E-11 3.30

5.2 Time-fractional partial differential equations

In this part, we apply the proposed numerical methods with respect to time discretization
on the linear time-fractional advection-diffusion equation, and confirm the error accuracy and
convergence order corresponding to proper norms. Without loss of generalization, we prescribe
the starting values exactly.

Example 5.2.1. Consider the time-fractional advection-diffusion equation

2
T;;(m,t) + na%(x, )+ f(m,t), (x,t) € Qx(0,1). (5.2.1)

We examine two cases with exact solution and prescribed source term:

CD"‘u(a:, t) = Kq

i). u(xz,t) = e“tsing € C®([0,7] x Q) and f(z,t) = —t12E) 5 o(—t)sinz + Kge tsinz —
kee tcosz € CO°([0,T] x Q);

ii). u(z,t) = Ea1(—t%)cosz € CO([0,T]xQ) and f(z,t) = —Eq1(—t%) cosx+rgFq,1(—t*) cosz+
kaEa1(—t*)sinz € C%°([0,T] x Q).

In addition, the initial value and boundary value are prescribed consistently.

Case 1. If applying the uniform grid approximation (2.1.11) to CDeu(x,t) in the time-direction,
and the central difference method for the spatial discretization, one obtains

o

-1 n
(A~ (w(’“’ " w(’“)) ul + (A0 Y ol = Aum 4 74" (5.2.2)
=k

n,l n—l
l

i
o
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for kK <n < N, where

e G T SRR R L ;R
n K, K, n i i " T
o= [ (i 2) 0 - 0 (et i) s |

and matrix A € CM*M s denoted by

V_K/—d -, -, 4 Ka g sy i (5.23)

In terms of numerical implementation, for given starting vectors u/,0 < ! < k — 1, we

compute uf, uktl ... N iteratively by

k—1
(wé’“) - (a024) = =3 (wl? + o)) ul + (AneEt + (Anerk,
=0
k-1 .
( Wi — (At A) - (wgff (s >) Z wEDul 4 (AL 4 (At)r"
=0 =k

Case 2. If utilizing the linear interpolation (2.2.4), quadratic interpolations (2.2.12) and (2.2.18)
on a nonuniform grid, a general discretized form to (5.2.1) is

ZW’““ Au* +f"4+1", k<n<N, (5.2.4)

and u!, [ > k can be computed based on

k—1
(ngﬁcsl) ) Wkl) l+fk+r
=0
) n—1 )
(W,S{“"‘L)—A) u” = — Wfl’l)ul+f"+r", n=k+1,---,N.
=0

From Table 5.11 to Table 5.18, we take the case k4 = 1 and k, = 0 as an example of Example
5.2.1 1), and confirm the error accuracy and convergence rate with respect to time and space.
We first define two norms,

Il = ma [l fulle =

According to the spatial discretization, the matrix A defined in (5.2.3) has negative and real
eigenvalues for arbitrary M > 1. Thus based on the stability analysis in Chapter 3, we make
use of all the schemes on a uniform grid for 1 <4 < k < 3, and check the error accuracy ||e" ||
with respect to L*®- and L2- norms, respectively, for different values of o and stepsize N. This
can be seen in Table 5.11-Table 5.14. Here we choose the spatial stepsize sufficiently small such
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that the convergence rate with respect to the temporal direction dominates. Therefore, in the
case 2 = [0,0.1] and M = 29, it is observed that the convergence rate e = O ((At)k+1=2) is
obtained. In Table 5.15-Table 5.18, we define the spatial interval = [0, 1] and choose At = Az,
to check the error accuracy and convergence order for different o and space partition M. 1t is
observed in the case (k,i) = (1,1), the (2 — @) order in time dominates, while in the remaining
cases, the second order in space dominates instead.

In Table 5.19-Table 5.24, we utilize the discretized schemes on a nonuniform grid to solve
the problem of Example 5.2.1 ii), where the map in time is defined by t = T72. In the
case kg = 0 and k, = 1, the spatial discretization matrix A has eigenvalues on the imagi-
nary axis. For fixed spatial stepsize M = 29 and Q = [0,0.1], the error accuracy and con-
vergence order in terms of L* and L? norms are displayed in Table 5.19 and Table 5.20,
it is observed that [|eV| = O (min(N~*~1*® N-2)). In addition, we choose M = N and
Q) = [0, 1] to check the error accuracy and convergence rate for different o and M, it implies that
leN|| = O (N~*~'* + M~2). In the other case kg = 1 and , = 1, the corresponding matrix
A possesses the eigenvalues laying on left half complex plane. For M =27 and Q = [0,0.1], it is
shown in Table 5.23 and Table 5.24 that the error accuracy and convergence rate are improved.

TABLE 5.11:

Errors and convergence orders of ||eV o in Example 5.2.1. i) of different o and N on interval
Q2 =[0,0.1] and 7' =1 in the case M = 512, kg =1 and Kq = 0.

a N (k,i) = (1,1) (k,i) = (2,1) (k,i) = (2,2)
Tuy) — u™ s rate Tuy) — u™ e rate u(tn) — u™ e rate
0.1 8 2.33408E-08 - 5.97555E-10 - 3.65079E-10 -
16 6.66550E-09 1.81 1.01649E-10 2.56 2.49825E-11 3.87
32 1.89239E-09 1.82 1.61548E-11 2.65 9.69863E-13 4.69
64 5.34088E-10 1.83 2.32578E-12 2.80 9.47263E-14 3.36
128 1.50041E-10 1.83 3.13853E-13 2.8 1.36974E-13 -0.53
0.3 8 1.00979E-07 - 4.76892E-09 - 3.56281E-09 -
16 3.15109E-08 1.68 8.07207E-10 2.56 4.69890E-10 2.92
32 9.82683E-09 1.68 1.33813E-10 2.59 6.52361E-11 2.85
64 3.05967E-09 1.68 2.18499E-11 2.61 9.34745E-12 2.80
128 9.50995E-10 1.69 3.53620E-12 2.63 1.31598E-12 2.83
0.5 8 2.52051E-07 - 1.60620E-08 - 1.35656E-08 -
16 8.80211E-08 1.52 2.89681E-09 2.47 2.22330E-09 2.61
32 3.09055E-08 1.51 5.21558E~10 2.47 3.78468E-10 2.55
64 1.08827E-08 1.51 9.36800E-11 2.48 6.55335E-11 2.53
128 3.83821E-09 1.50 1.68070E-11 2.48 1.13321E-11 2.53
0.7 8 5.44685E-07 - 4.11926E-08 - 3.79843E-08 -
16 2.16424E-07 1.33 8.18199E-09 2.33 7.30158E-09 2.38
32 8.68171E-08 1.32 1.64533E-09 2.31 1.44465E-09 2.34
64 3.50105E-08 1.31 3.32643E-10 2.31 2.89738E-10 2.32
128 1.41607E-08 1.31 6.73349E-11 2.30 5.84505E-11 2.31

In the last chapter, a large amount of numerical experiments are performed to examine
the order of accuracy of the proposed numerical methods for various time-fractional differential
equations. From the experimental results, we see that the proposed numerical schemes on a
uniform grid exhibit higher-order temporal accuracy for a smooth solution, and the numerical
schemes on a non-uniform grid show higher-order accuracy in time for a non-smooth solution.
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TABLE 5.12:
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Errors and convergence orders of ||e"||2 in Example 5.2.1. i) of different o and N on interval
Q= [0,0.1] and 7' =1 in the case M =512, kg =1 and K, = 0.

a N (k,3) = (1,1) (k1) = (2,1) (k, 1) = (2,2)
u(ty) —u™]2 rate lutn) —u™2 rate lu(ty) —u™|2 rate
0.1 8 5.29320E-09 - 1.35513E-10 - 8.27924E-11 -
16 1.51160E-09 1.81 2.30517E-11 2.56 5.66548E-12 3.87
32 4.29155E-10 1.82 3.66354E-12 2.65 2.19805E-13 4.69
64 1.21120E-10 1.83 5.27432E-13 2.80 2.14899E-14 3.35
128 3.40263E-11 1.83 7.11349E-14 2.89 3.10758E-14 -0.53
0.3 8 2.28999E-08 - 1.08149E-09 - 8.07972E-10 -
16 7.14602E-09 1.68 1.83058E-10 2.56 1.06561E-10 2.92
32 2.22852E-09 1.68 3.03460E-11 2.59 1.47942E-11 2.85
64 6.93870E-10 1.68 4.95506E-12 2.61 2.11982E-12 2.80
128 2.15666E-10 1.69 8.01940E-13 2.63 2.98384E-13 2.83
0.5 8 5.71601E-08 - 3.64252E-09 - 3.07641E-09 -
16 1.99614E-08 1.52 6.56937E-10 2.47 5.04199E-10 2.61
32 7.00874E-09 1.51 1.18279E-10 2.47 8.58288E-11 2.55
64 2.46797E-09 1.51 2.12447E-11 2.48 1.48617E-11 2.53
128 8.70427E-10 1.50 3.81149E-12 2.48 2.56981E-12 2.53
0.7 8 1.23523E-07 - 9.34163E-09 - 8.61407E-09 -
16 4.90805E-08 1.33 1.85551E-09 2.33 1.65585E-09 2.38
32 1.96883E-08 1.32 3.73127E-10 231 3.27618E-10 2.34
64 7.93965E-09 1.31 7.54367E-11 2.31 6.57066E-11 2.32
128 3.21135E-09 1.31 1.52701E-11 2.30 1.32554E-11 2.31
TABLE 5.13:

Errors and convergence orders of ||e"||« in Example 5.2.1. i) of different o and N on interval
Q2 =[0,0.1] and 7" = 1 in the case M =512, kg = 1 and K, = 0.

a N (k,i) = (3,1) (k1) = (3,2) (k,i) = (3,3)
[u(ty) —u" < rate Tutny) — u™ e rate u(ty) — u™ s rate
0.1 4 1.48573E-09 - 2.18396E-09 - 1.11940E-10 -
8 1.24735E-10 3.57 1.19075E-10 4.20 7.95367E-12 3.81
16 9.16431E-12 3.77 6.92256E-12 4.10 6.30038E-13 3.66
32 6.84709E-13 3.74 4.50109E-13 3.94 1.08951E-13 2.53
64 7.98771E-14 3.10 6.19123E-14 2.86 7.14359E-14 0.61
0.3 4 7.29572E-09 - 9.05989E-09 - 5.54403E-10 -
8 6.07875E-10 3.59 5.56270E-10 4.03 4.18198E-11 3.73
16 4.73018E-11 3.68 3.70520E-11 3.91 3.17303E-12 3.72
32 3.77134E-12 3.65 2.72899E-12 3.76 3.24015E-13 3.29
64 4.29067E-13 3.14 2.19116E-13 3.64 9.43932E-14 1.78
0.5 4 1.98078E-08 - 2.19812E-08 - 1.59639E-09 -
8 1.70126E-09 3.54 1.57482E-09 3.80 1.33615E-10 3.58
16 1.44559E-10 3.56 1.23626E-10 3.67 1.16692E-11 3.52
32 1.24175E-11 3.54 1.03228E-11 3.58 1.05644E-12 3.47
64 1.17056E-12 3.41 8.68399E-13 3.57 1.27776E-13 3.05
0.7 4 4.46029E-08 - 4.63958E-08 - 3.95428E-09 -
8 4.08959E-09 3.45 3.91254E-09 3.57 3.74145E-10 3.40
16 3.89450E-10 3.39 3.61457E-10 3.44 3.68020E-11 3.35
32 3.81358E-11 3.35 3.50060E-11 3.37 3.67449E-12 3.32
64 3.91312E-12 3.28 3.52515E-12 3.31 5.13495E-13 2.84
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TABLE 5.14:

Errors and convergence orders of ||e’|j2 in Example 5.2.1. i) of different o and N on interval
Q0 =[0,0.1] and 7' =1 in the case M = 512, k4 = 1 and kq = 0.

a N (k,3) = (3,1) (k,i) = (3,2) (k,3) = (3,3)
Tu(n) — u™2 rate Tu(n) — u™2 rate u~) —u™2 rate
0.1 4 3.36933E-10 - 4.95278E-10 - 2.53857E-11 -
8 2.82874E-11 3.57 2.70038E-11 4.20 1.80380E-12 3.81
16 2.07816E-12 3.77 1.56987E-12 4.10 1.42821E-13 3.66
32 1.55179E-13 3.74 1.01988E-13 3.94 2.46248E-14 2.54
64 1.81306E-14 3.10 1.40725E-14 2.86 1.62132E-14 0.60
0.3 4 1.65452E-09 - 2.05460E-09 - 1.25727E-10 -
8 1.37853E-10 3.59 1.26151E-10 4.03 9.48390E-12 3.73
16 1.07272E-11 3.68 8.40263E-12 3.91 7.19637E-13 3.72
32 8.55279E-13 3.65 6.18813E-13 3.76 7.35183E-14 3.29
64 9.73339E-14 3.14 4.97042E-14 3.64 2.13049E-14 1.79
0.5 4 4.49200E-09 - 4.98488E-09 - 3.62029E-10 -
8 3.85811E-10 3.54 3.57137E-10 3.80 3.03012E-11 3.58
16 3.27828E-11 3.56 2.80359E-11 3.67 2.64635E-12 3.52
32 2.81609E-12 3.54 2.34100E-12 3.58 2.39507E-13 3.47
64 2.65354E-13 3.41 1.96922E-13 3.57 2.89318E-14 3.05
0.7 4 1.01150E-08 - 1.05216E-08 - 8.96749E-10 -
8 9.27435E-10 3.45 8.87283E-10 3.57 8.48484E-11 3.40
16 8.83193E-11 3.39 8.19711E-11 3.44 8.34595E-12 3.35
32 8.64841E-12 3.35 7.93859E-12 3.37 8.33306E-13 3.32
64 8.87467E-13 3.28 7.99375E-13 3.31 1.16435E-13 2.84
TABLE 5.15:

Errors and convergence orders of ||e"]|o in Example 5.2.1. i) for 7' =1 and Q = [0, 1] in the

case M = N, kg =1 and Kk, = 0.
a M (k1) =(1,1) (k,3) = (2,1) (k,3) = (2,2)
Tutn) — u™~ rate u(ty) — u™l rate lu(ty) —u™ [~ rate
0.1 8 2.67337E-05 - 2.62665E-05 - 2.62687E-05 -
16 6.77083E-06 1.98 6.63998E-06 1.98 6.64034E-06 1.98
32 1.69665E-06 2.00 1.66032E-06 2.00 1.66037E-06 2.00
64 4.25505E-07 2.00 4.15414E-07 2.00 4.15422E-07 2.00
128 1.06652E-07 2.00 1.03858E-07 2.00 1.03859E-07 2.00
0.5 8 3.84565E-05 - 2.82999E-05 - 2.83231E-05 -
16 1.07875E-05 1.83 7.17872E-06 1.98 7.18316E-06 1.98
32 3.06746E-06 1.81 1.79634E-06 2.00 1.79717E-06 2.00
64 8.98049E-07 1.77 4.49398E-07 2.00 4.49548E-07 2.00
128 2.70946E-07 1.73 1.12423E-07 2.00 1.12450E-07 2.00
0.9 8 1.38897E-04 - 2.97690E-05 - 2.97999E-05 -
16 5.88011E-05 1.24 7.57686E-06 1.97 7.58427E-06 1.97
32 2.56854E-05 1.19 1.89846E-06 2.00 1.90019E-06 2.00
64 1.15481E-05 1.15 4.75648E-07 2.00 4.76054E-07 2.00
128 5.27897E-06 1.13 1.19152E-07 2.00 1.19247E-07 2.00
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TABLE 5.16:

Errors and convergence orders of [[eV||2 in Example 5.2.1. i) for 7' =1 and Q = [0, 1] in the
case M = N, kg =1 and k, = 0.

a M (b= 01 1) (kd) = (2,1) (k,4) = (2,2)
luty) — u™|2 rate Tu(tn) — u™|2 rate Tuty) — u™2 rate

0.1 8 1.93893E-05 - 1.90504E-05 - 1.90520E-05 -
16 4.85934E-06 2.00 4.76544E-06 2.00 4.76570E-06 2.00
32 1.21768E-06 2.00 1.19160E-06 2.00 1.19164E-06 2.00
64 3.05164E-07 2.00 2.97927E-07 2.00 2.97933E-07 2.00
128 7.64886E-08 2.00 7.44849E-08 2.00 7.44857E-08 2.00

0.5 8 2.79500E-05 - 2.05681E-05 - 2.05849E-05 -
16 7.73747TE-06 1.85 5.14903E-06 2.00 5.15222E-06 2.00
32 2.20019E-06 1.81 1.28846E-06 2.00 1.28905E-06 2.00
64 6.44096E-07 1.77 3.22316E-07 2.00 3.22424E-07 2.00
128 1.94280E-07 1.73 8.06125E-08 2.00 8.06319E-08 2.00

0.9 8 1.01196E-04 - 2.16883E-05 - 2.17107E-05 -
16 4.21562E-05 1.26 5.43207E-06 2.00 5.43738E-06 2.00
32 1.84147E-05 1.19 1.36107E-06 2.00 1.36231E-06 2.00
64 8.27920E-06 1.15 3.41008E-07 2.00 3.41299E-07 2.00
128 3.78467E-06 1.13 8.54242E-08 2.00 8.54921E-08 2.00

TABLE 5.17:

Errors and convergence orders of [|eV||s in Example 5.2.1. i) for 7'=1 and Q = [0, 1] in the
case M = N, kg =1 and K, = 0.

a M (k,i) = (3,1) (ki) = (3,2) (k1) = (3,3)
luty) —u™ rate Tlutn) — u™ s rate luy) — u™ s rate
0.1 8 2.61950E-05 - 2.61918E-05 - 2.61848E-05 -
16 6.62548E-06 1.98 6.62366E-06 1.98 6.62445E-06 1.98
32 1.65812E-06 2.00 1.65792E-06 2.00 1.65804E-06 2.00
64 4.15113E-07 2.00 4.15096E-07 2.00 4.15108E-07 2.00
128 1.03818E-07 2.00 1.03817E-07 2.00 1.03818E-07 2.00
0.5 8 2.92217E-05 - 2.91561E-05 - 2.91516E-05 -
16 7.24300E-06 2.01 7.22680E-06 2.01 7.23394E-06 2.01
32 1.80045E-06 2.01 1.79859E-06 2.01 1.79963E-06 2.01
64 4.49651E-07 2.00 4.49465E-07 2.00 4.49579E-07 2.00
128 1.12443E-07 2.00 1.12426E-07 2.00 1.12437E-07 2.00
0.9 8 3.89800E-05 - 3.88887E-05 - 3.89058E-05 -
16 8.78889E-06 2.15 8.77320E-06 2.15 8.77931E-06 2.15
32 2.06595E-06 2.09 2.06387E-06 2.09 2.06483E-06 2.09
64 5.01916 E-07 2.04 5.01663E-07 2.04 5.01789E-07 2.04

128 1.23827E-07 2.02 1.23798E-07 2.02 1.23813E-07 2.02
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TABLE 5.18:

Errors and convergence orders of ||eV |2 in Example 5.2.1. i) for 7' =1 and © = [0, 1] in the
case M = N, kg = 1 and Kk, = 0.

a M (ki) = (3,1 (k1) = (3,2) (ki) = (3,3)
Tu(tn) — u™]2 rate la(ty) — u™ 2 rate lu(ty) — u™2 rate
0.1 8 1.89949E-05 - 1.89925E-05 - 1.89875E-05 -
16 4.75516E-06 2.00 4.75386E-06 2.00 4.75442E-06 2.00
32 1.19004E-06 2.00 1.18990E-06 2.00 1.18998E-06 2.00
64 2.97711E-07 2.00 2.97698E-07 2.00 2.97707E-07 2.00
128 7.44565E-08 2.00 7.44555E-08 2.00 7.44562E-08 2.00
0.5 8 2.12231E-05 - 2.11764E-05 - 2.11727E-05 -
16 5.19554E-06 2.03 5.18391E-06 2.03 5.18904E-06 2.03
32 1.29145E-06 2.01 1.29012E-06 2.01 1.29086 E-06 2.01
64 3.22496E-07 2.00 3.22363E-07 2.00 3.22444E-07 2.00
128 8.06272E-08 2.00 8.06145E-08 2.00 8.06228E-08 2.00
0.9 8 2.83674E-05 - 2.83007E-05 - 2.83131E-05 -
16 6.30117E-06 2.17 6.28992E-06 2.17 6.29430E-06 2.17
32 1.48117E-06 2.09 1.47967E-06 2.09 1.48037E-06 2.09
64 3.59842E-07 2.04 3.59661E-07 2.04 3.59751E-07 2.04
128 8.87764E-08 2.02 8.87549E-08 2.02 8.87658E-08 2.02
TABLE 5.19:

Errors and convergence orders of ||eV o in Example 5.2.1. ii) of different oz and N on interval
Q= [0,0.1] and 7' =1 in the case M =512, kg =0 and kq = 1.

(&4 N (kyl) =(1,1) (kwl) = (27 1) (ka i) = (212)
u(tn) — uV s rate lu(ty) —u™ rate Tu(tn) — u™ [ rate
0.1 8 7.7047TE-04 - 1.09695E-03 - 1.14790E-04 -
16 2.12000E-04 1.86 2.77099E-04 1.99 2.09056E-05 2.46
32 5.85537E-05 1.86 7.18404E-05 1.95 4.73173E-06 2.14
64 1.61586E-05 1.86 1.87176E-05 1.94 1.16309E-06 2.02
128 4.45018E-06 1.86 4.87179E-06 1.94 2.92979E-07 1.99
0.3 8 5.57693E-03 - 7.79424E-03 - 4.89729E-03 -
16 1.78807E-03 1.64 2.05689E-03 1.92 1.24774E-03 1.97
32 5.70355E-04 1.65 5.40866E-04 1.93 3.22086E-04 1.95
64 1.80814E-04 1.66 1.40758E-04 1.94 8.29640E-05 1.96
128 5.69954E-05 1.67 3.62557E-05 1.96 2.12289E-05 1.97
0.5 8 1.66432E-02 - 1.92505E-02 - 1.59758E-02 -
16 6.21495E-03 1.42 4.99478E-03 1.95 4.05849E-03 1.98
32 2.27394E-03 1.45 1.29065E-03 1.95 1.03535E-03 1.97
64 8.22329E-04 1.47 3.30476E-04 1.97 2.63233E-04 1.98
128 2.95207E-04 1.48 8.40185E-05 1.98 6.66478E-05 1.98
0.7 8 3.29820E-02 - 2.63109E-02 - 2.46025E-02 -
16 1.42771E-02 1.21 6.90892E-03 1.93 6.36622E-03 1.95
32 6.00275E-03 1.25 1.80223E-03 1.94 1.64790E-03 1.95
64 2.48537E-03 1.27 4.66157E-04 1.95 4.24367E-04 1.96
128 1.02052E-03 1.28 1.19752E-04 1.96 1.08731E-04 1.96
0.9 8 4.68170E-02 - 1.69684E-02 - 1.67457E-02 -
16 2.28666E-02 1.03 4.77972E-03 1.83 4.69446E-03 1.83
32 1.09383E-02 1.06 1.29520E-03 1.88 1.26857E-03 1.89
64 5.17289E-03 1.08 3.45807E-04 1.91 3.38182E-04 1.91

128 2.43113E-03 1.09 9.14029E-05 1.92 8.92950E-05 1.92
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TABLE 5.20:
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Errors and convergence orders of ||’V ||z in Example 5.2.1. ii) of different a and N on interval
Q' =10,0.1] and 7'=1 in the case M = 512, kg = 0 and K, = 1.

e N (k,i) = (1,1) (k,7) = (2,1) (k,7) = (2,2)
Ju(ty) —u™]2 rate Tu(tn) — u™]2 rate Tu(tny) —u™2 rate
0.1 8 1.67968E-04 - 2.40097E-04 - 2.29536E-05 -
16 4.63137E-05 1.86 6.08434E-05 1.98 4.02570E-06 2.51
32 1.28153E-05 1.85 1.58130E-05 1.94 9.07047E-07 2.15
64 3.54216E-06 1.86 4.12847E-06 1.94 2.25332E-07 2.01
128 9.76862E-07 1.86 1.07644E-06 1.94 5.75647E-08 1.97
0.3 8 1.22939E-03 - 1.72973E-03 - 1.09376E-03 -
16 3.94725E-04 1.64 4.57756E-04 1.92 2.78501E-04 1.97
32 1.26034E-04 1.65 1.20567E-04 1.92 7.19065E-05 1.95
64 3.99841E-05 1.66 3.14099E-05 1.94 1.85288E-05 1.96
128 1.26104E-05 1.66 8.09595E-06 1.96 4.74276E-06 1.97
0.5 8 3.66752E-03 - 4.28043E-03 - 3.56100E-03 -
16 1.37146E-03 1.42 1.11324E-03 1.94 9.06045E-04 1.97
32 5.02198E-04 1.45 2.88020E-04 1.95 2.31286E-04 1.97
64 1.81701E-04 1.47 7.38020E-05 1.96 5.88224E-05 1.98
128 6.52499E-05 1.48 1.87713E-05 1.98 1.48961E-05 1.98
0.7 8 7.22560E-03 - 5.83367E-03 - 5.45941E-03 -
16 3.13381E-03 1.21 1.53613E-03 1.93 1.41625E-03 1.95
32 1.31888E-03 1.25 4.01344E-04 1.94 3.67110E-04 1.95
64 5.46350E-04 1.27 1.03915E-04 1.95 9.46220E-05 1.96
128 2.24403E-04 1.28 2.67139E-05 1.96 2.42591E-05 1.96
0.9 8 1.01092E-02 - 3.71466E-03 - 3.66683E-03 -
16 4.94834E-03 1.03 1.05035E-03 1.82 1.03173E-03 1.83
32 2.36971E-03 1.06 2.85557E-04 1.88 2.79731E-04 1.88
64 1.12134E-03 1.08 7.63917E-05 1.90 7.47115E-05 1.90
128 5.27166 E-04 1.09 2.02358E-05 1.92 1.97709E-05 1.92
TABLE 5.21:

Errors and convergence orders of ||e ||, in Example 5.2.1. i) for 7= 1 and Q = [0, 1] in the

case M = N, kg =0 and Kk, = 1.
a M (k,3) =(1,1) (k,8) = (2,1) (k,8) = (2,2)
Tu(tn) —u™ e rate lu(tn) — u™ s rate Tu(tn) —u™ s rate
0.1 16 2.11578E-04 - 2.76320E-04 - 2.03843E-05 -
32 5.85234E-05 1.85 7.17315E-05 1.95 4.65152E-06 2.13
64 1.61605E-05 1.86 1.87000E-05 1.94 1.14903E-06 2.02
128 4.45175E-06 1.86 4.86859E-06 1.94 2.90248E-07 1.99
256 1.22339E-06 1.86 1.25384E-06 1.96 7.55759E-08 1.94
0.5 16 6.20525E-03 - 4.99265E-03 - 4.05753E-03 -
32 2.27234E-03 1.45 1.29045E-03 1.95 1.03524E-03 1.97
64 8.22073E-04 1.47 3.30453E-04 1.97 2.63216E-04 1.98
128 2.95170E-04 1.48 8.40148E-05 1.98 6.66446E-05 1.98
256 1.05464E-04 1.48 2.12518E-05 1.98 1.68154E-05 1.99
0.9 16 2.27768E-02 - 4.76945E-03 - 4.68444E-03 -
32 1.09182E-02 1.06 1.29407E-03 1.88 1.26747E-03 1.89
64 5.16854E-03 1.08 3.45673E-04 1.90 3.38052E-04 1.91
128 2.43027E-03 1.09 9.13881E-05 1.92 8.92806E-05 1.92
256 1.13856 E-03 1.09 2.40368E-05 1.93 2.34682E-05 1.93




92 5.2. Time-fractional partial differential equations

TABLE 5.22:

Errors and convergence orders of |||z in Example 5.2.1. ii) for 7' =1 and Q = [0,1] in the
case M = N, kg =0 and K, = 1.

a M (k, i) = (17 1) (’C,Z) = (2, 1) (k,1) = (272)
la(ty) —u™ 2 rate Ta(tn) —u™ 2 rate Ta(tn) —u™ 2 rate
0.1 16 4.63513E-05 - 6.08064E-05 - 3.98837E-06 -
32 1.28246E-05 1.85 1.58037E-05 1.94 8.97789E-07 2.15
64 3.54446E-06 1.86 4.12616E-06 1.94 2.23046E-07 2.01
128 9.77410E-07 1.86 1.07589E-06 1.94 5.70198E-08 1.97
256 2.68877E-07 1.86 2.77648E-07 1.95 1.51183E-08 1.92
0.5 16 1.37151E-03 - 1.11321E-03 - 9.06009E-04 -
32 5.02209E-04 1.45 2.88010E-04 1.95 2.31276E-04 1.97
64 1.81704E-04 1.47 7.37994E-05 1.96 5.88198E-05 1.98
128 6.52505E-05 1.48 1.87707E-05 1.98 1.48955E-05 1.98
256 2.33168E-05 1.48 4.74939E-06 1.98 3.75881E-06 1.99
0.9 16 4.94840E-03 - 1.05031E-03 - 1.03169E-03 -
32 2.36972E-03 1.06 2.85546E-04 1.88 2.79720E-04 1.88
64 1.12134E-03 1.08 7.63889E-05 1.90 7.47087E-05 1.90
128 5.27167E-04 1.09 2.02351E-05 1.92 1.97702E-05 1.92
256 2.46956E-04 1.09 5.32155E-06 1.93 5.19592E-06 1.93
TABLE 5.23:

Errors and convergence orders of ||V ||o in Example 5.2.1. ii) of different o and N on interval
Q =[0,0.1] and 7 = 1 in the case M = 512, kg = 1 and Kq = 1.

« N (k4) = (1,1) (k1) = (2,1) (k1) — (2,2)
a(ty) = u™ [~ rate Ta(ty) —u™ e rate Tutn) — u™ s rate
0.2 8 1.07280E-06 - 1.05387E-06 - 3.57518E-07 -
16 2.86396E-07 1.91 1.99930E-07 2.40 8.82804E-08 2.02
32 7.76907E-08 1.88 3.94148E-08 2.34 1.93221E-08 2.19
64 2.13064E-08 1.87 7.81271E-09 2.33 4.03102E-09 2.26
128 5.89228E-09 1.85 1.54118E-09 2.34 8.20356E-10 2.30
0.4 8 3.51360E-06 - 1.96415E-06 - 3.62379E-07 -
16 1.09888E-06 1.68 2.98414E-07 2.72 2.12135E-08 4.09
32 3.50087E-07 1.65 4.7T1959E-08 2.66 7.73444E-10 4.78
64 1.12739E-07 1.63 7.55363E-09 2.64 2.55411E-11 4.92
128 3.65562E-08 1.62 1.21410E-09 2.64 2.22444E-12 3.52
0.6 8 1.02514E-05 - 3.90646E-06 - 2.71867E-06 -
16 3.72958E-06 1.46 6.26066E-07 2.64 4.19713E-07 2.70
32 1.38079E-06 1.43 1.07964E-07 2.54 7.29190E-08 2.53
64 5.16122E-07 1.42 1.93608E-08 2.48 1.34128E-08 2.44
128 1.93975E-07 1.41 3.55119E-09 2.45 2.52870E-09 2.41
0.8 8 2.67054E-05 - 7.65886E-06 - 7.13280E-06 -
16 1.13155E-05 1.24 1.50011E-06 2.35 1.38596 E-06 2.36
32 4.85536E-06 1.22 3.09545E-07 2.28 2.85435E-07 2.28
64 2.09749E-06 1.21 6.55740E-08 2.24 6.04866E-08 2.24

128 9.09342E-07 1.21 1.40782E-08 2.22 1.29961E-08 2.22
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TABLE 5.24:
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Errors and convergence orders of [[eV ||, in Example 5.2.1. ii) of different a and N on interval

Q2 =100,0.1] and 7"=1 in the case M =512, kg = 1 and K, = 1.

& N (k,79) = (1,1) (k,7) = (2,1) (ki) = (2,2)
Tu(ty) —u™]2 rate Jlu(tn) —u™]2 rate Tu(tn) — u™|2 rate
0.2 8 2.47734E-07 - 2.43354E-07 - 8.25761E-08 -
16 6.61350E-08 1.91 4.61651E-08 2.40 2.03900E-08 2.02
32 1.79403E-08 1.88 9.10072E-09 2.34 4.46289E-09 2.19
64 4.92003E-09 1.87 1.80382E-09 2.33 9.31090E-10 2.26
128 1.36062E-09 1.85 3.55806E-10 2.34 1.89495E-10 2.30
0.4 8 8.11353E-07 - 4.53517E-07 - 8.36305E-08 -
16 2.53750E-07 1.68 6.88956E-08 2.72 4.88572E-09 4.10
32 8.08407E-08 1.65 1.08944E-08 2.66 1.75340E-10 4.80
64 2.60331E-08 1.63 1.74319E-09 2.64 6.79921E-12 4.69
128 8.44136E-09 1.62 2.80071E-10 2.64 5.05368E-13 3.75
0.6 8 2.36725E-06 - 9.02022E-07 - 6.27735E-07 -
16 8.61232E-07 1.46 1.44553E-07 2.64 9.69034E-08 2.70
32 3.18850E-07 1.43 2.49261E-08 2.54 1.68341E-08 2.53
64 1.19182E-07 1.42 4.46948E-09 2.48 3.09613E-09 2.44
128 4.47924E-08 141 8.19698E-10 2.45 5.83632E-10 2.41
0.8 8 6.16686E-06 - 1.76858E-06 - 1.64710E-06 -
16 2.61301E-06 1.24 3.46402E-07 2.35 3.20040E-07 2.36
32 1.12121E-06 1.22 7.14785E-08 2.28 6.59111E-08 2.28
64 4.84357E-07 1.21 1.51418E-08 2.24 1.39671E-08 2.24
128 2.09987E-07 1.21 3.25080E-09 2.22 3.00092E-09 2.22
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Appendix A

A.1 Special functions

In the section, we review several equivalent definitions and the related properties of some special
functions.

A.1.1 The Gamma function

Definition A.1.1 ([20]). The Gamma function , denoted by I'(z) as z € C, is defined in the
equivalent forms of

Zn!

i) T'(2) = limp 00 m,

il) T'(z) = [{Ce i 1dt, Rz>0,

iii) I(z) = [[Te " 1dt, Rz>0, Rs>0.

Property A.1.1. The following properties relevant to I'(z) hold:

i). T'(2) is an analytic function with isolated singular points z = 0, —1,—2,---

ii). 1/I'(z) is an entire function since I'(2) is nonzero and analytic on C.

iii). For Rz > 0, it holds that T'(z + 1) = 2I'(z), hence if n € N*, there follows
I'z+n)=(2+n—-1)--- (24 1)2I'(2).

iv). For fized o, 8 € C, the asymptotic expansion holds

I'z+a) (a=B)(a+B-1) o
T+8) ﬂ(H 22 +OR 2))'

iiv). For 0 < Rz < 1, there is T'(1 — 2)I'(2) = ==

sinmz *

A.1.2 The Mittag-Leffler function
Definition A.1.2. The Mittag-Leffler function is defined by

0 k
z
E = —— >0 > 0. Al
o) =3 T %08 (AL1)
In particular, we denote the one-parameter Mittag-Leffler function by

o0 Zk
Ea(z) = ,; T ah (A.1.2)

Remark A.1.1. Note that the exponential function is a special case of the Mittag-Leffler func-
tion, since E1(z) = e* holds.
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A.1.3 The Fox function
Definition A.1.3. The H-function (Foz-function) is defined by

) g (=

(‘11:0‘1) Jj=1, )
(b5,B5), F=1,q
/ A5)B(s) - (A.1.3)
“2mi JL C(s)D(s)”
A(s)B(s) _ _ TT7i D6 = Bis) I (1 — a5 + 059)
C(s)D(s) Hg—mﬂ (1 —b; + Bjs )H?:m—l I(a; — a;s)

where

(A.1.4)

A.2 Partial fractional decomposition

Theorem A.2.1 (fundamental theorem of algebra [21]). Every complex polynomial of degree n
has n complex roots (some of which can be repeated).

Theorem A.2.2 (binomial theorem). Assume that x and y are real with |z| > |y| (|z| =

o0
lyl if 3 (§) < +00), and a is a complex number, then
k=0

(z+y)* = ki;o (Z)x"-kyk = ac"‘g% (Z) (%)k

Remark A.2.1. Here |z| > |y| in Theorem A.2.2 is to guarantee convergence. however, the
series may also converge sometimes when |z| = |y|.

Theorem A.2.3 ([1]). If Q is a polynomial of degree n > 0 with distinct roots ai,-- -, an, and
if P is a polynomial of degree < n, then

Q(z B ZQ’ a/c) 2~01/c)

=1
; P (o) ; P(z) _
where coefficients Tan) ore the residues of a6 at & = ak.
Proof. Without loss of generality, we assume that Q(z) is a monic polynomial of form
Q(2) = (2 — c1)(2 — az) -+ (z — am),

and also define
P(z) =bo +biz+ - +bpz™, m<n.

Then for z — a; = %, it yields

€"Plai+ ) =¢" > (o + E)k
k=0
. m k k 1 k—p
ey n s (p)er (g)
=g" Z b (al) + Pnfl(@
k=0

=E"P(04) + Pn-1(€),
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where
m k—1 m—1 m k .
a0 -5 8 (oretn - Ty 55 u(t)e-ss
=1 p= p=0 k=p+1 p

is a polynomial of degree not exceeding (n — 1). Thus according to the polynomial reminder
theorem, we get

Pz Plaity)  P(aity)

Q) ﬁ (o + g — ax) ﬁ (( i — )€+ 1)

c= k=1
#i ki

>
S e

aem M (7w)

3
where Q'(;) = [] (o4 — o) # 0 and H;(o0) is finite. It demonstrates that the rational function
>

o
FUgen

P(z)
ra) Q(z) ZQ’ (cv) z—a,)

has no poles, thus reduces to constant zero in view of r(co0) = 0. In the case when all the roots
are real, an alternative viewpoint is to interpolate polynomial P(z) at points {oi}?,, which
are the distinct roots of Q(z). As the degree of P(z) is less than n, the Lagrange interpolation
polynomial interpolating on arbitrary points {c;}? ; approximates P(z) exactly, which yields

Zl Q'(ak (z - Oék) ) = 11211(2 ~ )
O

Corollary A.2.4. Let P(z)/Q(z) be a rational function. If deg P < deg Q, then the coefficients
Ck,j in the partial fraction expansion

PR PE) g
)~ P s — aym 2 2 Grag
k=1

are given by the formula

1 d/ [ P(z) _Q®
%= 51 g [0 ey )= PR
where ay, g, - -+, ap are the distinct repeated roots of Q(2) with multiplicities my, (k =1,--- ,n),
respectively.
Proof. We begin with the following expression
P® (0
P(z) =byp+ b1z +boz® + -+ bpz™ with by = %, 1<k<m
and consequently,
_ 5 - PWR(q,
P(ai+§):b0+b1§+---+bm§m with bk:-ﬂ, < m.

k!
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Taking z = a; + % (1 <i<n), weget

Hemp@itd  w b
n mk:ZCiJ{ ‘ ]+m’
kH_l ((a,- — )€+ 1) j=0
k#i

with deg PO (£) < deg Q) (€). On the other hand, based on the definition of Qi(2) we obtain

P(z) P(ai + ¢) _i‘:c. iy L PO (g)
n me 1, i O)
A (st 1) &m Qu(e)
k=1
ki
Lemma A.2.1 ([33]). Given ag,a1,a,b € C, define a, by
ap = aap -1 +bay_2, n=>2. (A.2.1)

If we have a factorisation
T2 —al' —b= (T —a1)(T' —ag), and a1 # oz,
it can be shown that the numbers a, are given by
an, = Aal + Baj,
with suitable A and B in terms of ap, a1, and oo.

Proof. Observe that the formal power series generated by the coefficients {a, }ne satisfies

o=, en .~ (ago —a1)€
nz;o“"f b2 taE—1

under the assumption of (A.2.1). Thus according to Theorem A.2.3, there exist two constants

—ao+ (a0 —a))f 5 G0+ (aap — a1) B2

A ==
281b+a ’ 285b + a

such that
—ag + (aag —a1)é A B

bE2 +af — 1 45—51+€—52’

where 31 and Bo are the roots of polynomial bE2 4+ af —1,i. e,

be? +af — 1 =b(¢ — B1)(€ — Ba)-

Therefore,
an = ’—A(al)n+1 - B(GQ)TH_l,

where ) = 5_11 and ag = 31; are the roots of polynomial &2 — a€ — b. O
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Lemma A.2.2. Let ag,- -+, be given complex numbers, and let cg,- - - ,c,—1 be complex num-
bers such that the polynomial

PI) =T —c T =i — 4T — ¢,

has distinct roots oy, -+ , . Define
r—1
ap = chanq,j, n = r
7=0
Then there exist Ay,--- , A, such that

Oy 2= iAja;, vV n>0.
j=1
Example A.2.1. Given aj,c € C, define z, by
20 = ¢, Zn =0Q12p—-1+¢, n>1, (A.2.2)
then there exist bounded constants C1 > 0 and Cy > 0, such that

2n = C1+ Co(ar)”, alln>0.

Proof. Multiplying £™ on both sides of (A.2.2) and summing them up give

00 00 00
Dbt =arf) mt"+cd =
n=0 n=0 n=0

n+1l i

e c 1 caq 1 aj
=&

S (s R R ey AT ¥ P A T

where Cy = 1—Ca1 and Cy = ﬁj‘i O

A.3 Complex integration

In this part, we will recall some basic results on complex analysis for a single-valued complex
function [1]. The statement begins with the definition of an analytic function that is defined on
the complex plane C and then a series of relevant results on complex integration, for instance,
Cauchy theorem, Cauchy integral formula and the residue theorem. Moreover, the Laplace trans-
form and the Fourier transform with respect to the fractional derivatives are mentioned as an
application in Chapter 1.

Definition A.3.1 (analytic at a point). A function f: C — C is analytic at zy if and only if
f is defined and has a derivative in an open neighborhood of z.

Definition A.3.2 (analytic on a open set). A function f: Q C C — C, defined on an open set
Q, is analytic in Q, if f has a complez-valued derivative at each point of .

Definition A.3.3 (analytic on an arbitrary set). A function f is analytic on an arbitrary set
A, where A is a closed set, if f is the restriction to A of a function which is analytic in some
open set containing A.
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Remark A.3.1. Let f be a function defined in some neighbourhood of a point zo. If there exists
some 1 > 0 such that for all |z — 20| <7, f(z) has a power series expansion at 2o, i.e.,

f(2) =) anlz — 20)",
n=0

then f(z) is analytic at zo. Furthermore, f(z) is analytic on disc |z — zo| <.

Theorem A.3.1 (Cauchy theorem). If a complez-valued function f(z) is analytic in a region
R, then for an arbitrary closed curve 7y in the region,

L f(@)da =

Example A.3.1. The following identity holds:
1 1 27 .
— §-omde = / Pl mtPdg = 6y,
2mi 15_4:[,( o "
where the radius p € RT and origin ¢ € C can be arbitrary.

Theorem A.3.2 (Cauchy integral formula). Assume that a complez-valued function fz) is
analytic at a point o« € C, then f(x) has the power expansion at «,

x):ch(x——a"

where the expansion is unique. Consequently, the corresponding coefficients are unique. According

to the residue theorem, the coefficients ¢, = £ n,(a) can be expressed by

1
SN B ()
27 Jo (@ — a)™F
where the contour curve C = | — a| = p is a circle with origin at o and radius p.

Assume that a complex-valued function f(z) is analytic in a region R except at a point zo.
In addition assume that zg is an isolated singularity of f(z). Then there exists a function p(z)
which is analytic on the region R such that f (z) has the Laurent series at zo:

ERCH (A.3.1)

a1
= +a0+a1(z—zo)+-~~.
2 —20

since p(z) is analytic on R, it is of course analytic at point 29, hence p(z) has the power series
expansion at zp, i.e., p(z) = § an—1(z — 20)™.
We then define the residgg (())f function f(z) at an isolated singular point zo by a1, that is
Res,, f :=a_1,
where a_1 is a coefficient of the Laurent series of f(z) shown in (A.3.1).

Theorem A.3.3 (the residue theorem ). Assume that f(z) is analytic on € except at isolated
singularities o1, ag,- - ,or. Then for any closed curve 7 included in Q and not passing through

the points au, g, -+, Qk,
2mi /f 2)dy = ZRGSI pad
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A.4 Discrete Gronwall inequalities and their generalization

In this part, we will provide a series of equivalent discrete Gronwall inequalities and their gen-
eralizations, which are often used to estimate the upper bounds of sequences.

Lemma A.4.1 ([65]). Let a non-negative sequence {z,}°, satisfy
zn+1§pzn+6y n20

for some constants p and & with p > 0 and § > 0. Then
6 7 7
zngl——;(l~p)+zop, n>0, 0<p<l,

and
Zn<nd+zg VYn=0,---,N, p= 1,

Lemma A.4.2 ([58]). Assume that a non-negative sequence {z,}2 satisfies

20 < 53
n—1

anZanzj+6, 21,
3=0

if 0 >0 and a, > 0 for n >0, it follows that

n—1
zZn < exp <Z as) o, n>1.
s=0

Corollary A.4.1 ([18]). Let a non-negative sequence {z,}¥., satisfy

ZOS&
n—1

anMhszJré, n=1,---,N,
j=0

where § >0, M > 0 is bounded independently of h and Mh is bounded. Then
2p < exp (Mnh) 0, 0<n<N.

Corollary A.4.2 ([36]). If the positive sequence {2} satisfies

n—1
zHSZanﬁjzj-I—&, n=*kk+1,---,
=0
with anpj > 0,0 >0, 2z; <€ fori=0,1,--- k-1 and
n—1
Yoan;<M<1, n=12---, (A4.1)
j=0
then
d+ Me

|Zn'Sm, n:k,k+1,
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As a generalization, extended discrete Gronwall inequalities are introduced in [18, 17] to
solve the integral equations with weakly singular kernel 70 <a<l) It should be noted that
the structure of the iteration rules is different from the discrete Gronwall inequalities. We first
provide a comparison result, and then revisit the generalized discrete Gronwall inequality by
means of a generating power series approach.

Lemma A.4.3. Assume that the non-negative sequence {2} satisfies

n—1
20 < do, n < ZanJZj + O, n>1 (A4.2)
§=0

in combination with anj > 0 and 6, > 0. Then one has the inequality 2z, < pp for alln > 1,

where the non-negative sequence {pn}52 satisfies

n—1

po = do, Pn = Z anjpj + Onis n > 1. (A.4.3)
=0

Proof. The proof is given by an induction process. It is obvious that, for n = 0, zo < 6 = po.
Suppose that 2, < p for all 0 < & < n, then

n n
Znt1 < Zan+1.jzj +il £ Zan+1,jpj +0 = Pnt1,
j=0 j=0
which implies the result. O

Theorem A.4.3 (generalized discrete Gronwall). Let {22} be a sequence of non-negative
real numbers satisfying

29 < do,
n—1 2
y J
2n§5n+hfha2m, 1_<_77,SN,
j=0

where 0 < a < 1 and M > 0, is bounded independent of h, and 6,0 <n < N isa monotonically
increasing sequence of non-negative real numbers. Then

2n < 6pEy (MI(a)(nh)®), 0<n<N.

Remark A.4.1. It can be deduced that the coefficients k;; = Mho (G — )t with 0 < j <
i—1< N —1, satisfy the following conditions:

i). kij >0 forall0<j<i—1,
i-1

i). b3 kij is bounded and independent of h for each 1 <i <N,
j=0

k(l‘)

1,j 7

iii). there exists p € NT such that the p-th iterated discrete kernel recursively defined by

i—1
I=j+1

is bounded for each i and j, independently of h.
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There is a unique sequence {yn}oc o salisfying

Yo = 50,
n—1
4 Ad4.4
=+ MR2Y — ¥ 1<nxN, (444
= =3

and the result of Lemma A.4.3 yields that
Zn < Yn, 0<n<N.

Therefore, it remains to solve formula (A.4.4) exactly. Formula (A.4.4) can be equivalently
rewritten into

(1= hK (&) y(&) = (E), (A.4.5)

where
o0 oo o0
v =) €™ 8(€) =) ", K(§)=MhY neTlen
n=0 n=0 n=1
An iteration process yields

oo

y(€) = 8(8) Y _ (RK (&))" = 8(&)r(&),

n=0

n
and equivalently, we obtain y, = Y kn—jd;. In addition, it follows that
j=0

n—1 n—1
Vyn = Kodp + Z Vh}n,jfsj = Knlo + Z Vtsnﬁ]‘/{j.
F=0 =0

This yields that the sequence {y,} is monotonic iff {0,} or {k,} possesses the same monotonic
property.
A.5 Formal power series

In this section, we will revisit a useful mathematical tool called formal power series (fps). We
refer to [26] for some related definitions and algebraic properties.

Definition A.5.1. A formal power series over a field F is an infinite sequence
(ao,a1,a2,-+-) = F,
which is often written in the form
P:ao+a1w+a2;1:2+~~~ ;
The element ay, is called the n-th coefficient of fps P.

Next, some algebraic operations defined on fps are enumerated to generate the set of fps.
Given two fps P and @,

P=ag+az+ax®+---,
Q:b0+b1x+b21‘2+'“-
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The addition of two fps is prescribed by
P+ Q= (ao+bo) + (a1 +b1)z + (a2 + ba)z® + -+
And the product of two fps P and @ is defined by
P-Q:=co+ciz+coz® + -
—aobo + (aghy + a1bo)  + (aobz + arby + asbo) ® + -+,
where

n n
Cn ::Zan*ibi :Za‘ibn—i7 Tl:O,l,Q,"' .
=0 =0

This is called the Cauchy product.
Denote S a set of fps, we have the following properties:

i). for all fps P and @, the Cauchy product P - Q is also a fps;
ii). for all P, Q and R in S, it holds that (P-Q)-R= P-(Q " R);
iii). there exists an identity element e = 1 here, such that e- P = P-e = P holds for all P € S.

Additionally, not every fps P possesses an inverse element P~! such that P- P~' = P~!. P =
e = 1, for example, if P is a fps whose first coefficient ag # 0, then P! doesn’t exist. Therefore,
the set S together with Cauchy product can’t form a group in general. However the following
theorem tells us (S, ) can be a group.

Theorem A.5.1. (S,-) forms a group if and only if the first coefficient of the fps is nonzero.

Another equivalent representation of formal power series is the infinite lower (or upper)
triangular toeplitz matrix, which can be represented by the following n x n matrix

ao
aip ap
P, =
ag
a'ﬂ ... .. al aO

with arbitrary n € N*. And for any n-dimensional square matrix, it yields that

addition: P, + Qn = (P + Q)n,
product:  P,Qn = (PQ)n,
inverse: (Pn)_1 = (P‘l)n, if ag # 0.
It is also known from Theorem A.5.1 that the set of the infinite lower (or upper) triangular

Toeplitz matrices M in combination with the operation of matrix multiplication form an Abelian
group .
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Summary

Fractional calculus, as a generalization of ordinary calculus, has been an interesting topic since
the end of the 17th century. In comparison with ordinary derivatives and integrals, the fractional
derivatives and fractional integrals are introduced in various kinds of ways, and possess some
interesting mathematical properties. Recently, there arose some attractive applications in the
fields of physics, chemistry and engineering by applying fractional integrals and derivatives
to construct mathematical models that describe anomalous diffusion processes, for instance,
subdiffusion, which is slower than the Brownian diffusion or Lévy flight. As a consequence,
a variety of differential-integral equations have been derived such as the fractional diffusion
equation, the fractional diffusion-advection equation, the fractional Fokker-Planck equation and
the fractional Klein-Kramers equation. These fractional models provide a straightforward way
of implementing some phenomena in real world.

In this thesis, the main objective is to investigate the numerical approximation for the frac-
tional equations with respect to time, which is used to describe the sub-diffusive phenomenon.
As a preliminary, we first step into the world of fractional calculus. There are some different
definitions on the fractional integral and fractional derivatives, such as in the sense of Riemann-
Louville or the sense of Caputo. Rigorous definitions are shown in Chapter 1. It is necessary
to study its relevant properties. Some properties are considered as the generalization of the
ordinary calculus, while some properties reveal very different and new aspects, and show the
advantages of the fractional calculus when encountering specific problem. Another issue is on
the application of fractional calculus. In this part, we mainly consider two aspects, the mathe-
matical models of fractional approach and the numerical implementation of the models, which
are briefly introduced in Chapter 1. Dating back to the physical background of the problem,
the fractional differential equation is derived from the continuous time random walk process,
whose detailed derivation is provided. We also apply the integral transform, particularly, the
Laplace transform and the Fourier transform on the fractional operators to analytically obtain
special solutions of the fractional equations, just as the approach for the ordinary differential
equations. As a consequence, some generalized results with respect to the integral transform are
proposed in a rigorously proved way. However, it is known that in most practical situations, we
can not get an explicit representation of the solutions of a differential-integral equation, and the
numerical implementation thus plays a dominant role. In order to design the numerical approx-
imation for the problem, we study the analytical properties of the exact solution of the problem
in advance. The essential concern is about the regularity of the exact solution. On the one hand,
if the known term and initial and boundary conditions of the equations are sufficiently regular,
the exact solution is less regular near the origin, on the other hand, we can obtain the exact
solution with sufficient regular property even if the known conditions are less regular. In these
cases, two numerical approaches, called the product integration methods and the fractional lin-
ear multistep methods, are introduced to construct the discrete schemes. They both have their
own advantages and disadvantages in different situations. In theoretical analyses, there are also
close connections between the two approaches. We introduce the two methods and spend the
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majority of the remaining part of the thesis to improve the product integration approach and
design a class of numerical approximations to the fractional models.

The main work in the thesis consists of the derivation of the numerical approximation to the
fractional derivative in the Caputo’s sense, and its application to the numerical discretization to
the time-fractional differential equations. Besides the consistency of the numerical schemes, their
corresponding numerical stability analyses and the convergence analyses are respectively shown
in a rigorous way. In Chapter 2, we construct a class of numerical approximations to the Caputo
fractional derivative by means of a series of continuous piecewise polynomials on a uniform grid.
The class of numerical methods can be considered as a generalization of the well-known BDF
methods to ordinary differential equations. We discuss the local truncation error in terms of a
sufficiently regular solution. In the case where the solution is less regular, to obtain high order
of accuracy, we construct the numerical approximation by making use of continuous piecewise
polynomials approximations on non-uniform grids. The numerical implementation shows the
efficiency and high-order accuracy of the schemes. Furthermore, we apply the numerical approx-
imations to the fractional derivative on the time fractional differential equations and obtain the
semi-discretized schemes in combination with the proper discretization for the spatial direction.
It is known that the numerical stability has a crucial effect on the final approximation. In Chap-
ter 3, we focus on the stability analysis of the proposed numerical methods. In a rigorous way,
we generalize the classical stability results of the linear multistep methods to the new cases.
We confirm and prove the numerical stability region of the proposed methods, and provide the
A()-stability analysis of them. In addition, we generalize the strong root condition of the BDF
methods and prove the property of the proposed schemes defined in Chapter 2. In addition, in
Chapter 4, we establish global error estimates for nonlinear time-fractional ordinary differential
equations and time-fractional diffusion equations, respectively. It is proved that high-order con-
vergence with respect to the time can be obtained when the exact solutions of the equations are
sufficiently regular. Furthermore, for the case of the fractional diffusion equations, we can also
obtain satisfactory orders of accuracy without restrictions on the temporal stepsize. In Chapter
5, we implement the proposed numerical schemes on a uniform grid and non-uniform grid in the
examples of time fractional ordinary differential equations and time fractional partial differential
equations. We confirm the effect of the stability on the global errors and check the error accu-
racy and corresponding convergence rate with respect to both temporal and spatial stepsize.
The desired error accuracy order shows the efficiency of the proposed numerical methods. As a
complementary, some useful results are also given in the Appendix such as the introduction of
some special functions, the definition and the algebraic properties of formal power series and its
application to the partial fractional decomposition. Furthermore, we revisit a series of impor-
tant conclusions in terms of the complex integration. Some results from the discrete Gronwall
inequality to the generalized discrete Gronwall inequality are used in the convergence analysis.
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Samenvatting

Dit proefschrift behandelt een nieuwe klasse van hogere-orde eindige differentie methoden voor
tijds-fractionele differentiaalvergelijkingen.

In hoofdstuk 1 worden fractionele integralen en afgeleiden geintroduceeerd. Wiskundige mod-
ellen met tijds-fractionele differentiaalvergelijkingen en enkele relevante eigenschappen komen
daar aan bod. Tevens worden twee bestaande numerieke discretisatiemethoden beschreven, n.l.
de produkt-integratie methode en de fractionele lineaire multistapsmethode.

In hoofdstuk 2 stellen we een nieuwe klasse van impliciete eindige differentie methoden
voor, die gerelateerd zijn aan de backward-differentiation-formules voor gewone (niet-fractionele)
differentiaalvergelijkingen. Deze nieuwe methoden zijn gebaseerd op een continue stuksgewijze
polynomiale benadering van de onderliggende oplossing. Eerst wordt een uniforme rooster be-
nadering van de Caputo fractionele afgeleide uitgewerkt. De lokale afbreekfout hiervan wordt
uitgebreid geanalyseerd. Daarnaast komt ook een niet-uniforme roosterbenadering ter sprake.
Deze wordt bestudeerd voor het lineaire en kwadratische geval.

In hoofdstuk 3 richten we ons op de numerieke stabiliteit van de voorgestelde methoden.
Begrippen als nul-stabiliteit, A-stabiliteit en A(f)-stabiliteit spelen hierbij een belangrijke rol.
De stabiliteitsgebieden en een gegeneraliseerde root-conditie komen aan de orde.

In hoofdstuk 4 wordt de convergentie van de numerieke methoden bewezen. Er wordt on-
derscheid gemaakt tussen een scalaire niet-lineaire tijds-fractionele differentiaalvergelijking en
lineaire tijds-fractionele partiele differentiaalvergelijkingen.

Hoofdstuk 5 illustreert de numerieke eigenschappen van de hogere-orde methoden, zoals de
nauwkeurigheid, de (in)stabiliteit en de convergentie. Dit wordt gedaan aan de hand van een
uitgebreide reeks van numerieke experimenten.

Een Appendix sluit het proefschrift af met enkele belangrijke wiskundige hulpmiddelen,
zoals de Gamma functie, de Mittag-Leffler functie en de partiéle fractionele decompositie. Tot
slot worden discrete Gronwall ongelijkheden en een aantal nuttige resultaten uit de complexe
integratie behandeld, die bij de bewijzen van de lemma’s en stellingen in hoofdstukken 2 t/m 4
zijn gebruikt.
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