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Abstract

In this note we consider splitting methods based on linear multistep methods
and stabilizing corrections. To enhance the stability of the methods, we em-
ploy an idea of Bruno & Cubillos [5] who combine a high-order extrapolation
formula for the explicit term with a formula of one order lower for the implicit
terms. Several examples of the obtained multistep stabilizing correction methods
are presented, and results on linear stability and convergence are derived. The
methods are tested in the application to the well-known Heston model arising
in financial mathematics and are found to be competitive with well-established
one-step splitting methods from the literature.
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1 Introduction

In this note we will discuss a class of splitting methods for solving initial value problems
for ordinary differential equations (ODEs)

u'(t) = F(t,u(t)), u(0) = ugp, (1.1)

with given ug € RM, F: R x RM — RM and dimension M > 1. For many problems
occurring in practice there is a natural decomposition

F(t,u) = Fyo(t,u) + Fi(t,u) + - - + Fs(t,u) (1.2)

in which the separate component functions F); are more simple than the whole /', and
where Fy is a non-stiff or mildly stiff term that can be treated explicitly in a time step-
ping method. For such problems we will study a class of multistep splitting methods
with stabilizing corrections, where explicit predictions are followed by corrections that
are implicit in one of the F; terms, j =1,2,...,s.
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1.1 Linear multistep methods with stabilizing corrections

The splitting methods to be considered produce approximations wu, ~ u(t,) at the
step points t,, = nAt. The methods are based on pairs of linear multistep methods:
an implicit method

k k
Uy = Z QiUp—i + AL Z biF(tn_i, un_i) (13)
i=1 i=0
and an explicit one
k ~
Up = Z (aiun,i + At biF(tn,i, ’U,nfl)) 5 (14)
i=1
having the same coefficients a1, as, ..., a; and the same order p.

Starting with an implicit method of order k, the matching explicit formula of the
same order can be obtained by extrapolation, replacing the implicit term F (¢, u,)
by a linear combination of F(t,—;, u,—;) terms, 1 < ¢ < k. More specifically, with
¢ = H#i J]Tzv 1 <i,5 <k, it can be seen from the Lagrange interpolation formula
that

k
P(tn) = . Cipltni) + Catie®M(t,) + O(at**?) (1.5)
=1

for any smooth function ¢, with error constant C eR. Using this extrapolation
procedure to replace the implicit term in (L3) yields the following coefficients for the
explicit method: R
b; = b; + boc; (i=1,2,...,]€). (16)
Such a pair of explicit and implicit methods can now be combined to form a split-
ting method for problems with decomposition ([2]) by using the idea of stabilizing
corrections. In each step, first a prediction is made with the explicit method, followed
by corrections for the implicit function components F; with j =1,2,...,s:

k
Z (aiunﬂ' + At b F(t,—i, unfz)) ;

Vo =
= & (1.7)
v; = Vj—1 + At Z (bl — bi)Fj (tn—iu un_i) + At bQFj (tn, ’Uj) R ’
i=1

Uy = Vs .
All internal vectors vg, v1, .. ..vs that appear in this step are consistent approximations
to the exact solution value u(t,). This property ensures that steady-state solutions
are maintained by the scheme, that is, if F(uy) = 0 and u,—; = uy for i = 1,... k,

then w, = uy. Using the terminology of [22], this splitting method will be called a
multistep stabilizing correction method.

For linear problems without explicit terms, the above formula (7)) is closely re-
lated to a class of methods introduced by Douglas & Gunn [9]. In that paper it was
noted that stability properties may be improved by using extrapolation of lower order.
However, with an explicit term this will generally lead to a lower order of convergence
of the splitting method.

To overcome this, we will follow an idea of Bruno & Cubillos [5] who studied BDF
splitting methods for linearized Navier-Stokes equations using two different extrapo-
lation formulas in the prediction stage: high-order extrapolation for the explicit term



Fpy and a formula of one order lower for the implicit terms Fy, ..., Fs. This lower order
formula will be

k
o(ty) = Z Gip(tn_i) + Cat* 1D (1) + O(at®), (1.8)
i=1

with coefficients ¢; and error constant C. In our examples we will take ¢ = 0 and use
Lagrange interpolation through the data values ¢(t,—1),...,@(tn—k+1). Analogous to

[CH), let

~

b; = b; + boG; (i=1,2,...,]€). (19)

With this lower order extrapolation in the prediction stage for the implicit terms
Fy, ..., Fs we get a multistep splitting method of the following form:

k s
vy = Z (Gi’un—i + ALDFo(tyiy n i) + ALD; Z Fj(tn—i, un_l)) :
=1 k j=1
vj = vj-1+ At Z(bz - Bi)Fj(tnﬂ-, Un—i) + At boF(tn,v5), (1.10)
Uy = Vs, !
again with index 7 = 1,2,..., s in the correction steps. These correction steps now not

only serve to provide stability but also the accuracy of the prediction step needs to be
improved. We will refer to these methods as modified stabilizing correction methods.
For the special case s = 1, where we have only one implicit term, both formulas

(C7) and (CI0Q) reduce to

k k

Up = Z (aiun,i + At biFO(tnfi; un,z)) + At Z szl (tn,i, ’U,n,i) . (111)

i=1 =0

This gives the well-known class of implicit-explicit (IMEX) linear multistep methods.
These methods were originally introduced in [6 B0], and a number of interesting ex-
amples can be found in [3]. In many applications, splittings with more implicit terms
appear, in which case (7)) and ([I0) provide natural generalizations of these IMEX
methods.

1.2 Outline

In this paper we will discuss the stabilizing correction multistep methods with applica-
tion to problems arising in financial option valuation. First we will present in Section[2]
examples of suitable pairs of linear multistep methods. The accuracy of the stabilizing
correction multistep methods is analyzed in Section [3 for linear problems. It will be
seen that the methods (LI0) may show a local order reduction due to stiffness, but it
will also be seen that under mild assumptions the global errors will not be affected by
such order reduction. Section [ contains stability results for 2D parabolic problems
with cross-derivatives, using an ADI type splitting together with explicit treatment of
the cross-derivative term. In Section Bl numerical results are presented and discussed
for a well-known 2D problem from financial mathematics, the so-called Heston model
for option valuation. Section [f] contains some final remarks and conclusions.

2 Examples

The following examples fit in the framework outlined in the previous section, with
coeflicients in the prediction stage obtained by extrapolation. The examples are de-
scribed by specifying k and the coefficients a = (a1, ...,ax), b = (b1,...,bg), 8 = by of



the implicit method together with the coefficients b = (by, ..., bx) and b = (by, ..., by)
for the explicit prediction stage.

The Douglas method: The most simple example is obtained for the one-step case,
k = 1. With the implicit #-method, extrapolation yields the forward Euler method.
The combination with stabilizing corrections is the Douglas method, which can be
written as (L17) with

a=1, b=1-60, b=1, (2.1)

and the free parameter § € [3,1]. Originally [8] the method was intended for linear

parabolic equations without explicit term Fjy. This method has been studied in a
number of publications, e.g. [16] 20} 21].

The combination CNLF: A popular combination of implicit and explicit two-step meth-
ods is found with the implicit trapezoidal rule, written in two-step form, and the
explicit midpoint method. This leads to (L) with k = 2 and

a=(0,1), b=(0,1), b=(2,0), 6=1. (2.2a)

The implicit trapezoidal rule and explicit midpoint method are often called the Crank-
Nicolson (CN) method and Leap-frog (LF) method in PDE applications. For the
modification (II0) with lower order extrapolation we get

b=(1,1). (2.2b)

BDF2 combinations: We will consider the class of implicit second-order two-step meth-
ods with free parameter § = by > 0 and
4 1 4 2

a = (3,7§), b=(§729, *34’9) (23&)
For 0 = % this is the familiar BDF2 method. With free parameter 6 it will be referred to
as generalized BDF2, even though the backward differentiation idea is not so prominent
anymore if 6 # % These implicit methods are A-stable for 6 > % With linear and
constant extrapolation we get the coefficients

=D =030, 23

Adams2 combinations: As a further example we consider the class of implicit second-
order two-step Adams-type methods with free parameter 6 = by > 0 and

3 1
a=(1,0), b=(3-20,-5+86). (2.4a)
These methods are A-stable for 6 > % Linear and constant extrapolation gives
N 3 1 ¥ 3 1
b=(§,—§), b=(§—9,—§+6‘). (24b)
The IMEX method (III) with # = 1 is often referred to as CNAB because it com-

bines the explicit Adams-Bashforth method with the implicit trapezoidal rule (Crank-
Nicolson). Larger values of § have been considered in [3], 24], see also |21 p. 388].

BDF3 combination: In the following we will mainly consider two-step methods with
order two. Higher orders can be obtained with £ > 2. As an example of a method
with k& = 3 we consider the implicit BDF3 method with coefficients

18 9 2 6
o= (55 2), b=(0.00) o=f (2:5)
The use of quadratic and linear extrapolation leads to
N 18 18 6 ¥ 12 6
b= (- ) b= (T - 0)- (2.5b)



3 Discretization errors and convergence

The accuracy analysis of splitting methods for stiff ODEs and semi-discrete systems
obtained from partial differential equations (PDEs) should take stiffness into account.
Let

@i(t) = Fi(t,u(t))  (j=12,...,5). (3.1)

In the following it will be assumed that the exact solution u and the functions ¢; are
all sufficiently smooth on the time interval [0,T], with derivatives that are bounded
uniformly in the stiffness. In general, for problems (1)) with a smooth solution, this
condition on the functions ¢; will hold for suitable splittings.

Further it will be assumed that the implicit linear multistep method is of order
k, and the extrapolation procedures satisfy (LH), (I8). The question is whether the
multistep splitting method (LI0) will be convergent of order k for stiff problems, and
in particular for problems obtained by spatial discretization of a PDE. For such stiff
problems we will denote by O(At™) a vector whose norm is bounded by CAt™ with a
constant C' independent of the mesh-width A in the spatial discretization. In the same
fashion, O(1) indicates the norm is bounded uniformly in h.

For the error analysis we will consider a step (LI0), but now starting from per-
turbed values @,,—; together with perturbations p; in the stages, leading to

k s
o = Z (aian—i + AtbiFo(tn—i, tUn—;) + At b; Z Fj(tn—i, ﬁn—i)) +po,
i=1 A i=1
] 5 R A (32)
Uj = 'Uj—l + At Z(bz — bi)Fj(tn—i; un_i) + At bon(tn,’Uj) + pj 5
i-1
Up = Vs .

As for the 7}, also the p; depend on n. If we insert exact solution values for @,—; and
¥; then the p; become truncation errors for the stages.

3.1 Error recursions

For the analysisEl it will be assumed that the problem is linear,
Fi(t,u) = Aju+g;(t)  (7=0,1,....5). (3.3)

The source terms g; may contain inhomogeneous boundary values of the underlying

PDE. The matrices A; may contain negative powers the mesh-width in space h, and

the same applies to ¢,(¢) if inhomogeneous boundary values are included in that term.
Further we use the notations

En—i = Up—i — Un—i, Vi =V — V5, (34)

and
Zj=AtA;,  Qj=1-bZ;  P=QQz Q5. (3.5)

With these notations, subtracting the unperturbed scheme from the perturbed one

1 The derivation of the error recursions and the formulas for the stage truncation errors can be done
for nonlinear problems, but to get bounds for the local and global errors many technical assumptions
would be needed in the nonlinear case.



leads to the relations

k S
v = Z (aiEn—i +biZoen—i + b Z Zj@n—i) + po
i=1 k j=1
vi = vi1+ (b — bi)Zjen—i + boZv; + p;

i=1

(3.6)

En = Vs.

Setting o, = Zle(bi — gi)an_i gives v; = Q;l (l/j_l + Zjon + p;). It follows that
en = P lug + Z QL. Y(Zjon + pj) - (3.7)

Substitution of the expressions for vy and o, now leads to the recursion

k
= Z Riep—i+dp (3.8)
i=1
with error per step
6n = P7lpo+ ). Q7 ..Q5 p; (3.9)
j=1
and matrices
R = P_1<aiI+EiZ0 Z ) (b; — b) Z Q7...Q7 (3.10)

These matrices can be written is a more simple form. By induction with respect
to s it can be shown that

bo ), Q1Q2-Qj1Z; = I—P. (3.11)
j=1
From this relation it follows that

R; = P! (aiI +biZo+bi Y. Zj+ %(bi —bi) (I - P)) : (3.12)
j=1

In this section we will use the above formulas with @, = u(t,) for all n, so that
[(B8) becomes a recursion for the global discretization errors e, = u(t,) — u,. Then
6, will be a local discretization error, introduced in the step from ¢,_1 to t,. The
choice of the vectors ¥; is free, but it is convenient to take ¥; = u(t,) to obtain simple
expressions for the residuals p;.

3.2 Stability

In the following it will be assumed that the space RM is equipped with a suitable
norm, and that we have in the induced matrix norm

HQ;lu <k forj=1,...,s, (3.13)

with a moderately sized constant x > 1. In many instances this will hold with x = 1.



Further it will be assumed that the recursion
= Y Rieni  (n=k) (3.14)

is stable, in the sense that there is a constant K > 1, not affected by stiffness, such
that

len] < K max e (3.15)
o<i<k—1
for all n > k and arbitrary starting errors eg, ..., ex_1 € RM.

For the recursion ([B.8)) with local errors d,, this will imply
leall < (nyum+Zwm (3.16)

as can be seen by writing the multistep recursion in a one-step form in a higher
dimensional space, see [2I p.183], for example. If |g;| < Coat? (0 < i < k) and
16;] < CiatP™ (k < j < n) we now get |e,]| < (KCy + t,C1)AtP, which is the
standard way to demonstrate convergence on finite time intervals, ¢, € [0,T]. As we
will see, this convergence argument will need some refinement for the splitting methods
(CI0O) applied to stiff problems.

Verification of the stability condition (BI5]) can be quite difficult in practical sit-
uations. In Section Ml this condition will be studied for a class of parabolic problems
with mixed derivatives in a von Neumann analysis. Then stability in the discrete

Lo-norm follows from the scalar case with zg, z1,..., 2z € C replacing the matrices
Zo, 20, - - -, 2. For this scalar case we get the recursion
k
En = Y.Tigni  (n>k) (3.17)
i=1
with

n=;@+mw62% =01 -p). p=[[a-hz). (618

Stability for this recursion is determined by the roots of the characteristic polynomial

k
w(¢) = ¢F =D mct (3.19)

i=1
The coefficients r; in this polynomial depend on zg, z1, ..., zs, so the same holds for
its roots ¢; = (;(20, #1,.-.,2s). The recursion is stable iff this polynomial 7 satisfies

the well-known root condition: all roots {; have modulus at most one, and those with
modulus one are simple.

3.3 Stage truncation errors

The internal vectors vg, v1, . ...vs in the step (II0) are all consistent approximations
to u(t,). Insertion of the exact solution values v; = w(t,) and u,—; = u(t,—;) into
B2) yields truncation errors pg, p1, ..., ps in the stages given by

k
PO = U Z ( tp—i + Atbzsoo( n— z) + Atb Zlipj n— z)) s (3203.)
i=1 J



k
pi = —At Y (bi = bi)pj(tn—i) — Atbop;(tn) (G =1,2,...,5). (3.20Db)

i=1
To estimate py we write

po = p%)mpl +p8xtr (321)
with
. k k
o7 = utn) = Y au(tn—s) — ALY b (), (3.22a)
i=1 1=0
k s
PET = Atbou/(t,) — Atby Y. <5i<ﬂo (tni) + & Y, @ (tnfi)) : (3.22Db)
i=1 Jj=1
Since pg™®' is the truncation error of the implicit method, we have pi™ = O(atF+1).

The term pg** is due to extrapolation. From (LH), (L8), with the error constants
C,C, it is seen that

P = At Coolt (1) + O(at**2) + atboC Y. @IV (1,) + O(ati ). (3.23)

j=1
Consequently we have
po = At*By Z 90§k71)(tn) + O(athth) (3.24a)
j=1
with By = boC'. From (L) it also follows that
pi = —AFBop I (t,) + O(ath Ty (3.24b)

3.4 Local error bounds

Combining (3:24]) with [B.9) gives the following expression for the local discretization
error:

0 = A Y PTHI = Q1. Q1) (tn) + O(ath ). (3.25)
j=1

For the non-stiff case we have Z; = O(At) and Q; = I + O(At), and then it follows
that 4, = O(At**1), which is the usual local error estimate for a method of order k.
However, if the ODE system is stiff, for example if the system is obtained by spatial
discretization of a PDE, then these local errors need more careful examination.

First of all, let us remark that for the case s = 1 we get 6, = O(at**1), and in
this remainder term only derivatives of the ¢;(t) = F}(t,u(t)) are involved. Therefore,
if we have fixed bounds, not affected by stiffness, for the norms of these derivatives,
then also the local truncation errors will not be affected by stiffness if s = 1.

A local error bound d,, = O(AtF*1) is also valid for the methods (7)) where only
high-order extrapolation is used, that is, b; = b; such that (CE) holds. For this case
we can use the above formulas with D = 0, giving By = 0.

However, for the methods (CI0) with lower-order extrapolation such O(atk*1)
local error bounds need no longer to be valid in general. For example, if s = 2 then
we have

0 = A8y Q31T (I — Qu)p ™V (1) + O(ath )

(3.26)
= Atkﬂo (I — boZQ)il(I — boZl)ilb()Zl (ng—l) (tn) + O(Athrl) .



Using ([BI3) it follows that |5, | = O(atF), but the classical bound ||6,[ = O(at*+1)
will not hold in general for stiff systems.

Example 3.1. Consider the model problem consisting of the 2D heat equation
Ut = Ugy + Uyy + f(xayut)

on the unit square 2 = [0,1]? and ¢ > 0, with given initial condition at time ¢ = 0 and
Dirichlet boundary conditions

u(z,y,t) = y(z,y,t) fort =0, (z,y) el = 0Q.

Standard discretization on a uniform Cartesian grid with mesh-width A in both direc-
tions, Ax = Ay = h, leads to a semi-discrete ODE system

W(0) = 3 (Aju) + g;(8) + go(t).

where go(t) is the restriction of the source term f(x,y,t) to the spatial grid, A; ~ %
and ¢1(t) contains the boundary data for z = 0 and 2 = 1, and likewise in the y-

direction for Ay ~ % and ga(t).

If gogkfl)(tn) = v, where vy is the restriction to the grid of a smooth function
v(z,y) that is not equal to zero at the boundaries x = 0 or = 1, then it can be
observed in experiments that

[6alls ~ AtV 8n o0 ~ atF,
in the discrete Loy-norm [vfs = (2 3, [0;/?)V/? and the maximum-norm [v]s =
max;<;<n |vi], respectively, for v = (v;) € RM. In fact, from a spectral analysis,
as in [2I, pp.296-300], it can be shown that [§,]2 ~ log(At) - aAt*+1/4) but such a
logarithmic term is hardly observable in experiments. This order reduction is caused
by the boundary conditions, not by lack of smoothness of the solution. <

3.5 Global error bounds

Even in situations where §,, # O(At**1) we can have ,, = O(At*) uniformly in n, that

is, convergence of order k, due to damping and cancellation effects. This happens for

many one-step splitting methods, and the analysis of these damping and cancellations

effects can be based on a general criterion, see for instance [2I, Chap.IV]. Here we

will formulate such a criterion for multistep methods, which was already used —in a

slightly hidden form — in [19] for a class of adaptive implicit-explicit two-step methods.
We consider a stable error recursion in RM,

k
En = Z Riep_i + 0pn forn >k, (3.27a)

=1

with initial errors o, ...,ex_1 = O(At*) and local errors 6, such that

Op = (I— Zk:Ri)fn + N,
i=1

&n = O(Atk), n = O(Athrl)a Cnt1 —&n = O(Athrl)a

(3.27D)



uniformly for n > k. Then ¢, = O(At*) uniformly for ¢,, € [0, 7], that is, the method
is convergent of order k on the interval [0, T].

The proof of this statement is easy: defining ¢ = ¢,, — £, for all n, where we set
& =& if n < k, it follows that

k k
en = Z Rieni+ 65, b = Z Ri(&n—i — &n) + 1,
i=1 i=1

and for these transformed local errors we have 0% = O(atF+1).

To apply the convergence criterion ([B21), note that the extrapolation coefficients
in (EIE) (m are such that Zl 1 Ci = Zle ¢; = 1. Consequently, if § = Zf:o b;, then
also Zl 1 b; = Z b = (. Tt will be tacitly assumed that the implicit method (3]

is zero-stable and con51stent, and then we will have Zle a; = 1 and B # 0. Using
BI2), we therefore obtain

k
Y Ri=1+8P'Z (3.28)
=1

with Z = Zyg+ Z1 + - -+ + Z,. Setting
BO k—1
= 1-Q1-Qj1, = a2 Z Sl (tn) | (3.29)

it follows that the convergence criterion ([B27)) can be applied with &, = ¢, provided
the terms Z~1S;v(t) with v(t) = cpﬁ-k*l)(t), cpgk) (t) are all bounded uniformly in the
stiffness. This is similar to the formulas obtained in [2] for a modified Douglas method,
so we can repeat the main arguments here.

Note that S; = 0, So = byZ1, and for 2 < 7 < s the following expression is obtained:

sj=2((—1)m—1 3 bglzilziz---zim). (3.30)

m=1 1<ty <<t <J

Consequently we will have Z71S;0(t) = O(1) if all products Z7'Z;, Z;, - -- Z;, v(t) =
O(1) for 1 < iy <ig < -++ < iy, < j. The essential condition for a global error bound
of order k will therefore be:

AtTIATIAL Ay - A o(t) = O(1) for v =l 1>,<p§’“> te0,T)

Tm J

- (3.31)
and1 <y <--- <%y, <j<s,

with A = Ag+ A1+ - -+ As. In summary, we have obtained the following convergence
result.

Theorem 3.2. Consider linear problems (1), (Z3) on a finite interval [0,T] with
goékil)(t), goék) (t) =0(1) forte[0,T],j=2,3,...,s. Assume the stability conditions
(Z13) and (313) are satisfied, and condition {Z.31) holds. Then method (LI0) will

be convergent of order k on the interval [0,T].

If s = 2, this result shows convergence with order k under the condition A~1A;v(t) =
OQ) for v = gogkfl), gogk) with ¢t € [0,T]. For s = 3 we get the additional con-
ditions A71Ajv(t) = O(1), A 1Azv(t) = O(1) and At A~1A;Azv(t) = O(1) for

cpgk 1), cpgk) with ¢ € [0,T]. For a more detailed discussion of these convergence
condltlons for a 3D heat equation we refer to [2 20], and in these references it is also
noted that non-singularity of A is not essential.
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4 Stability for parabolic problems with mixed derivatives

Parabolic equations with mixed derivatives arise, for example, in financial applica-
tions. As model problems to analyze stability for such applications we consider first in
this section the 2D pure diffusion equation with mixed derivative and next the more
general 2D advection-diffusion equation with mixed derivative. These problems have
previously been considered in the stability analysis of one-step splitting methods in

for example [7, [15] 16, 17, 23].
The 2D model pure diffusion equation is given by

U = d11Ugyz, + d22Ugsay + (di2 + do1) Ug, o, (4.1)

on the unit square Q = [0, 1]? with periodic boundary conditions, and with coefficients
d;j such that
D = (d;;) e R**? s positive semi-definite , (4.2a)

|d12 + d21| < 2v+/d11da2 . (4.2b)
The value of v € [0, 1] is a measure for the size of the correlation factor of the two
underlying stochastic processes in the financial model.

For the spatial discretization standard central second-order finite differences are
applied on uniform Cartesian grids with mesh-width A > 0 in both directions. Con-
sidering an explicit treatment of the mixed derivative part followed by two implicit
unidirectional corrections, we have a splitted linear ODE system (L)), (L2) with s = 2
and normal commuting matrices and real, scaled eigenvalues

Zj = —2r djj (1 — COS d)J) (j = 1,2), 20 = 7T(d12 + d21) sin gf)l sin ¢2, (43)

where r = At/h? and ¢; € [0,27]; see e.g. [I7]. Using {@3), stability in the discrete
Lo-norm follows for the ODE system obtained from ([@I). We are interested in un-
conditional stability of a given modified stabilizing correction splitting method, that is
stability for all » > 0, and for a given method a sufficient condition on the parameter
f > 0 in function of v will be determined such that unconditional stability holds. To
derive these conditions, we use the properties

z; <0 (j=1,2), z2<0, |z0] < 2v+/2122, (4.4)

with z = z9 + 21 + 22, where the latter two inequalities were proved in [I5] [I7].

Stability is relatively easy to study when k = s = 2. Consider the polynomial
7(¢) = (%2 — ri{ — o with real coefficients r1,ro. The two roots of m both have
modulus less than or equal to one iff

Ir2| < 1, [ri] < 1—72, (4.5)

as can be seen, for example, by using the Schur criterion. For the root condition,
multiple roots of modulus one are to be excluded, which happens if r; = +2, ro = —1.
In the following the stability criterion will be applied to the classes of two-step splitting

methods that were introduced in Sectionl Recall that p = []j_,(1—0z;) and 6 = by.

Lemma 4.1. Let s = 2 and let o, By, 3 be real numbers with o = —1. Then

p+a+ Pozo+ B(z1+ 22) =0 (4.6)
whenever (4.4) holds and
|Boly + 8 }
0 > , . 47
e {ﬁ 1+VIta 4.0
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Proof. Write y; = 4/—0z; for j = 1,2. Then |z| < Z%ylyg and

p+a+Bozo+ Blar +22) = (L+yD) (1 +93) + o — 2k0y1y2 — K(Y7 + ¥3)

with kg = @ and Kk = % There holds

(L+yi)(L+43) + o — 260y12 — k(YT +y3) =

L+ a+y + 45+ yiys — 2kov1y2 — k(YT +15) =

L+a+ (1=5)(yr —v2)* +2(1 = K)y1ya + yivs — 2k0y1y2 =
L+a+(1—r)(y —y2)? +vivs +2(1 — ko — K)y1y2 =
L+a+1—r)(y1—y2)?+ (nye +1— ko —k)> — (1 — ko — k)2

Using the latter two expressions it follows that p + a4+ Bozo + 3(21 + 22) = 0 whenever
k< 1and kg + kK <14+ +/1+ a. Inserting kg, < yields the result of the lemma. O

Theorem 4.2. Consider {{.1), [{-3) with s = 2 and periodic boundary condition.
Let (1), (I3) be obtained by central second-order finite difference discretization and
splitting as described above. Then the three modified stabilizing correction methods

(II0) given by k = 2 and (23), (23), (2-4)), respectively, are unconditionally stable
for the following parameter values 6:

e method (23): 60 =1,

1 v+1
e method (2.3): 6> max{ -, ——— ¢,
4 X{2 2+2/\/§}

1 1
o method (2.4): 0> max{i, %}

We remark that in numerical experiments a smaller value 6 is often seen to yield
smaller error constants.

Proof. (i) The first condition from (@3] is equivalent to
~ - 1 .
lag + bazo + ba(z1 + 22) + b_o(b2 —b2)(1—p)| < |p|-

Since by = 52 for all three methods under consideration and p > 1 > 0, this holds iff

P+ as + bazo + ba(z1 + 22) > 0, (4.82)
p— as — bazo — bo(21 + 29) = 0. (4.8)
By Lemma ]} the conditions (8a), (£3D) are fulfilled if |az| < 1 and
7 |32|”Y + by
0= by, ———— 1, 4.9
ma’X{ 2 1 + m ( ar)

v fbaly— by
0> by, 2 72 4.9b
max{ 11 Vl-a (4.90)
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It is readily verified that |az| < 1 and (£9al) are always satisfied for all three methods.
Next, (9D is always satisfied for method (Z2)). For method ([23), condition (£90)

reads ) )
2 Y +5z—0
f > max ——9,3773 ,
3 1+2/4/3

which is equivalent to

1 ~v+1
0 > max?{ -, . 4.10
mx{3 3+\/§} (4.10)

Similarly, for method (24 condition (49h) reads
1 1
1 Sy rioe
9>max{§ -0, 2772},

which is equivalent to
1 1
9>max{ L} (4.11)

46
(ii) The second condition from (A holds iff
lay + D120 + bi(z1 + 22) + p — 1| + ag + bazo + ba(z1 + 22) < p,
where it has been used that 51 = by + 0. This inequality is equivalent to
a1+ az — 1+ (b1 + ba)zo + (b1 + bo) (21 + 22) < 0, (4.12a)
2+ a —as — 1+ (by — ba)zo + (by — ba) (21 + 22) = 0. (4.12b)

From a1 +as = 1, 51 +52 = 51 +52 >0 and z = 29+ 21 + 22 < 0 it follows that ([EI2al)
is always satisfied. Next, by Lemma ] condition (LI2D) is satisfied if « > —1 and
one has the lower bound (1) where

az%(al—a2—1)=*a2, ﬂo=%(51*52), 52%(51*52)-

For method (22) this is readily seen to be true. For method (23) this holds if

9>max{1—6‘,L1_9},
1+2/V/3
which is equivalent to
1 v+1
0 > max{ -, ———— /. 4.13
{2 2+2/\/§} (4.13)

Finally, for method (24]) this holds if

9>max{19, %1_9},

which is equivalent to

273
(iii) Combining the results of part (i) and (ii), it follows that ([A3]) is always fulfilled
for method ([Z2) and it is fulfilled for method (Z3)), respectively (Z4), if the lower

(4.14)

1 1
9>max{ T }

13



bound (£I3), respectively [I4), holds. It remains to show, for the root condition,
that there are no multiple roots of modulus one. To this purpose, suppose ry = —1,
that is R _

as + bozg + bQ(Zl + 22) +p=0.

This yields R _
1+ as + bazg + (bg - 9)(21 + 22) + 6‘22122 =0,

and since 52 —0 = 52, R
1+ as + baz + 92212’2 = 0.

Using that z1, 22, z < 0, this yields a contradiction for each of the three methods. Thus
the root condition is satisfied, which completes the proof of the theorem. |

In most financial applications the pertinent PDEs are of the advection-diffusion
kind and the lower bounds on 6 derived above for unconditional stability may be too
optimistic if advection is dominating. Therefore, and with a view to the particular
financial application in the next section, we consider also the 2D model advection-
diffusion problem

Ut = ClUg, + Collgy + d11Usy 2, + doolpys, + (d12 + d21) Ugy 2y (4.15)

on the unit square 2 = [0, 1] with periodic boundary conditions and coefficients ¢;, d;;
such that ([@2) holds. For the spatial discretization of (15), again standard central
second-order finite differences are applied on uniform Cartesian grids with mesh-width
h > 0 in both directions. The obtained semi-discrete ODE system (L)) is splitted
according to (2) with s = 2 where F represents the mixed derivative part and Fj
represents all spatial derivatives in the z;-direction for j = 1,2. This leads to scaled
eigenvalues

zj = —2r djj (1 — COS d)J) + iQCj sinqﬁj ) zZ0 = 7T(d12 + d21) sin (bl sin (bg ) (416)

where i = /=1 and ¢ = At/h and r, ¢; are as before (j = 1,2). Using ([@2), they are
seen to satisfy, compare [16],

Re(z1) <0, Re(z2) <0 and [z9| < 2v+/Re(z1)Re(z2). (4.17)

We examine for the two-step modified stabilizing correction methods ([LI0) under
consideration for which values of # the root condition is satisfied whenever (17
holds. For complex coefficients r1, 7o the root condition is equivalent to

|T2| <1, |T1 +’I:1’I”2| < 1- |T2|2, (418)

and there are no multiple roots of modulus one.

For method (Z2) the result is unfavourable. Consider zgp = 0 and z; = z2 = iy
with y € R. Then the requirement |r2| < 1 becomes |1+2iy| < |1 —iy|?, which is easily
seen to be violated whenever 0 < |y| < /2. Hence, for method (Z2)), it already does
not hold that the root condition is always fulfilled under (@I7) if v = 0 (corresponding
to no mixed derivative term).

For methods (23)), (Z4) the result appears to be positive. An analytical study for
these methods of the root condition under ([@IT) is expected to be quite technical.
Therefore, we have conducted a numerical experiment to gain insight into the possible
outcome.

14
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Figure 1: Solid curves: estimated lower stability bounds on 6 versus 7 in the case
of the 2D model advection-diffusion equation with mixed derivative. Dashed curves:
analytical lower bounds given by Theorem[.2]in the case of the 2D model pure diffusion
equation with mixed derivative. Red: method (Z.3)). Blue: method (Z4)).

Let wq,0 and w; ; for i,j = 1,2 denote independent, uniformly distributed random
numbers in [0, 1] and consider random triplets (zo, z1, 22) and (2o, 21, 21) given by

zj = —10"77"10 £ 11017°%29 | 25 = (2w — 1) - 27 4/Re(z1) Re(22) (4.19)

for j = 1,2. Then ([@I7) holds and zo € R. Triplets with z; = z5 have been included as
they are often found to yield the strongest requirement. For each 6 from a dense set of
points in [%, 2] we have estimated the maximal value v € [0, 1] (if any) such that the
root condition is fulfilled whenever ([@I7) holds by testing the condition [@I8)) for two
million random triplets specified above. The obtained numerical results for the two
methods (23), (Z4) are shown in Figure [ as solid red and blue curves, respectively,
where 6 has been displayed versus vy € [%, 1]. On the region v € [0, %] the two curves
are horizontal and this part is not shown. The two curves represent estimated lower
bounds on #, meaning that unconditional stability - that is, without any restriction
on 7 or ¢ - is expected to hold in the application to (£IH), (@IT) whenever, for a
given method and value -y, the value # lies above the pertinent point on the curve. For
comparison, the corresponding analytical lower bounds on 6 from Theorem [£.2] for the
2D model pure diffusion problem have been included in the figure as dashed curves.
The estimated lower bounds in Figure [Tl for the 2D model advection-diffusion problem
are close (or equal) to those up to v ~ 0.89 and v ~ 0.86 for methods (23)) and (24]),
respectively. Beyond this point, the lower bound for the 2D model advection-diffusion
problem increases strongly for both methods, up to 8 = 2 if v = 1. In many financial
applications, however, v is at most 0.9, and this can be employed in the selection of a
(smaller) value 6.
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For the stabilizing correction methods (L), which use only high-order extrapola-
tion, a similar unconditional stability result in the case of the 2D model pure diffusion
equation can be proved as Theorem [£.2] for the two-step modified stabilizing correction
methods ([I0). However, in the case of the 2D model advection-diffusion equation
(@I9) the stability results for the two-step methods (L7)) appear to be much less
favourable than those for the corresponding methods ([I0). Indeed, numerical ex-
periments indicate that for the methods (7)) given by @3) or @4) (where b is now
superfluous) unconditional stability is lacking already if v = 0. In particular, for these
methods, considering zp = 0 and z; = 29 = iy with y € R, numerical evidence sug-
gests that for each 6 > % there exists a value yo € (0,2) such that there is instability
whenever |y| > yo. A detailed stability study of the two-step methods (7)) for ([IH])
is beyond the scope of this paper, but it appears that at least an upper bound on
q = At/h is required to guarantee stability of these methods if advection is present.

We conclude with a brief discussion of the BDF3-type methods (ILT) and (10
given by (23] when applied to the 2D model equation ([@I%]). The stability of these
three-step methods has been investigated by a numerical study of the pertinent Schur
criterion for complex polynomials of degree 3. For method (7)) given by (Z1]), we find
that already for the 2D model pure diffusion equation without mixed derivative (y = 0)
unconditional stability is lacking. More precisely, choosing zp = 0 and 21 = 20 =y € R
we find that there is instability whenever y < —4.6, which is clearly a negative result.
On the other hand, for method (II0) given by (28]), numerical evidence indicates that
there is unconditional stability for the 2D model pure diffusion equation if v < 0.68,
which is a favourable result. For the general 2D model advection-diffusion equation, an
upper bound on ¢ appears to be required however to guarantee stability. For example,
taking zp = 0 and z; = 25 = iy with y € R, instability is obtained whenever |y| = 2.7.

5 Test results for the Heston model

To test the methods we consider a test set consisting of six parameter choices for the
Heston model. These correspond to those in Haentjens & in’t Hout [11].

5.1 The Heston model

The Heston model [12] for the fair values of European-style call options leads to a 2D
time-dependent PDE of the form
5 0%u

ou ou
v% + (Tdfo)S— +r(n—v)=——rgu (5.1)

ou 1 5 0%u 2u
$"V—— + posv + ER ES

1 1
ot 2° Vo2 osov | 27

with independent variables ¢ € (0,7] and s,v > 0, and initial condition
u(s,v,0) = max(0,s — K) (s =20,v=0). (5.2)

Here T' > 0 and K > 0 are the given maturity date and strike price of the option.
The parameter x > 0 is the mean-reversion rate, n > 0 is the long-term mean, o > 0
is the volatility-of-variance, p € [—1, 1] is the correlation between the two underlying
Brownian motions, and 74, r¢ denote the domestic and foreign interest rates, respec-
tively. For feasibility of the numerical solution, the spatial domain is truncated to a
bounded set [0, Smax] X [0, Vinax] with fixed values Smax, Vinax taken sufficiently large.
The following boundary conditions are imposed,

u(s,v,t) = 0 whenever s =0, (5.3a)
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0
—u(s,v,t) = et whenever s = Spax (5.3b)

0s

u(s,v,t) = se "t whenever v = Vyax. (5.3c)

Further, at the v = 0 boundary the PDE (&) is fulfilled, see [10].

The spatial discretization of the initial-boundary value problem for (GI)) is per-
formed using second-order finite differences on a smooth, nonuniform, Cartesian grid
in the (s,v)-domain similar to that in [II], 13]. The spatial grid has relatively many
points in the neighbourhood of the location (s,v) = (K,0), which has been done both
for financial and numerical reasons. We note that at the boundary v = 0 the deriva-
tive du/dv is approximated using a second-order forward finite difference formula. All
other derivative terms in the v-direction vanish at v = 0. Cell averaging is applied to
define the initial vector obtained from the nonsmooth initial condition (B.2]) near the
strike, see e.g. [29]. The resulting semi-discrete ODE system (IT)) is splitted according
to (L2) with s = 2 where Fy represents the mixed derivative part and F}, respectively
F5, represents all spatial derivatives in the s-direction, respectively v-direction, see e.g.
[11L 13]. For the subsequent numerical tests we choose the six cases of parameter sets
for the Heston model listed in Table Il These correspond to those from [I1].

| | Case A | Case B | Case C | Case D | Case E | Case F |

K |3 0.6067 | 2.5 0.5 0.3 1
n | 0.12 0.0707 | 0.06 0.04 0.04 0.09
o | 0.04 0.2928 | 0.5 1 0.9 1
p | 0.6 -0.7571 | -0.1 -0.9 -0.5 -0.3
rq | 0.01 0.03 0.0507 | O 0 0
ry | 0.04 0 0.0469 | 0 0 0
T |1 3 0.25 10 15 )
K | 100 100 100 100 100 100

Table 1: Parameter sets for the Heston model.

Cases A, B, C have previously been considered in [I3] and stem from [4, 28, [3T],
respectively. Here the so-called Feller condition 2xn > o2 always holds. A special
feature of Case A is that o is close to zero, which implies that the PDE (5.1J) is advection
dominated in the v-direction. Cases D, E, F were proposed in [I] as challenging test
sets for practical applications. In these three cases the maturity times are large and
the Feller condition is violated.

5.2 One-step stabilizing correction methods

The multistep methods will be compared with several well-known one-step methods for
problems (L)), (2)). The Douglas method was already briefly introduced in Section 2]
Written out in full, the method reads

vo = Up—1+ ALF(tn—1,un-1),
v; = ’Uj_l+9At(Fj(tn,’l}j)—Fj(tn_l,’u,n_l)) (j =1,2,...,s), (54)

Unp = vSv

with parameter 6 > % Even if 0 = %, the order is only one, due to the treatment of
the explicit term Fp in an Euler fashion. We note that the modification of this method
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that was recently presented in [2] is not sufficiently stable for the Heston model with
explicit treatment of the cross-derivatives.
An extension of the Douglas method, due to in’t Hout & Welfert [I7], is given by

((vf = Up—1+ALF(th—1,Un—1),
v¥ 1+9At( j(tn,vf) — Fj(tn—lyunfl)) (G=12,...,9),
vE + —At(Fo(tn,US) — Fo(tn—1,un—1))

— 9 At Z (o, vF) — Fj(tn—1, unfl)) )

vj = v 1+9At( (tn,vj) Fj(tn—1,up—1)) (j=1,2,...,8),

Up = Vs .

Vo

If 6 = % this is the method of Craig & Sneyd [7]. Taking 6 € [, 3) often gives better
accuracy, in the numerical tests we will consider 6 = % For any choice of 6, method
(E3) is of order two in the ODE sense. Convergence results for PDEs have been derived
in [I8]. Stability results for (53) applied to the model problems (1)), [@I5]) can be

found in [I4] [15] [I7], for example.

5.3 Results for the Heston model

In the numerical tests we will compare the multistep methods with the following one-
step methods:

o : the Douglas method ([E4) with 6 = 3,
CS : the Craig-Sneyd method, given by (G.5) with 6 = 1,
MCS : the modified Craig-Sneyd method (E.5) with 6 = 1.

Together with these well-known one-step methods we consider the following two-step
methods ([LI0) with modified stabilizing corrections:

SC2A : the Adams2-type method ([24]) with 6 = %,
SC2B : the BDF2-type method Z3) with § = 2,
SC2C : the CNLF-type method ([22) with 0 = 1.

In these Adams2- and BDF2-type methods the parameter value 6 was chosen so as to
give a reasonable compromise between stability properties and error constants. The
same holds for the modified Craig-Sneyd method.

Per step, the methods CS and MCS are twice as expensive as the others, and
therefore we will use these methods with a step-size two times larger than for the
Douglas method and the multistep methods. For the two-step methods, the first
approximation u; was computed with the Douglas method with 8 = 1, which seems a
natural starting method for the stabilizing correction two-step methods.

In Figure 2] the results are found for the six cases of Heston parameter sets given
by Table Il In these plots, the global errors in the maximum norm are plotted as a
function of 1/N, where T'/N is the step-size used for the CS and MCS methods. Here
a 400 x 200 spatial grid has been taken and the global error is considered for t = T
on a region of financial interest given by 1K <s< 3K and 0 < v < 1. Note that the
global error does not contain the error due to spat1al discretization.

From Figure [2] it is seen that the two-step methods with stabilizing corrections
based on the implicit Adams method (SC2A) and implicit BDF2 method (SC2B) are
competitive with the modified Craig-Sneyd method (MCS).
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Figure 2:  Global errors at t = T versus 1/N for the test cases A-F. Methods CS and

MCS with step-size At = T'/N, Douglas method and the multistep methods with step-size
At = T/[2N].

The CNLF method (SC2C) behaves quite poorly in all six cases, with large errors
for moderate step-sizes and an irregular error behaviour, probably due to instability.
Indeed, in Section Ml it was noticed that for the 2D model advection-diffusion problem
already a small amount of advection can render this method unstable.

Remark 5.1 (Smoothing steps). The accuracy of the one-step methods in these tests
can be somewhat improved by performing two (non-splitted) backward Euler sub-steps
with step-size %At to compute the first approximation u; ~ u(At). These are the so-
called Rannacher smoothing steps [25]. The positive effect was most pronounced for
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the methods Do and CS, but even with such smoothing steps these two methods are
not competitive with the best methods in these tests (MCS, SC2A and SC2B). For a
simple comparison of the methods, with comparable work for all methods, such (non-
splitted) backward Euler smoothing steps were not used in the tests. Moreover, at the
moment, it is not clear how a proper smoothing procedure should be constructed for
the multistep methods. &

Remark 5.2 (Two-step methods (7). The lower order extrapolation in (LI0) was
introduced to improve stability of the schemes. In the above tests this enhanced
stability was found to be necessary, in particular for the Adams2-type scheme. The
BDF2-type method showed a more stable behaviour but also that method failed for
the advection dominated PDE given by Case A.

For step-sizes that are sufficiently small for having stability, say At < Tgap, the
accuracy of these two-step methods ([l) was in general slightly better than for the
corresponding methods (LI0). However, the stability threshold 7y, depends on the
problem and on the spatial mesh-width.

Since robustness is an important quality in option valuation applications, the mod-
ified methods (II0) are, in our opinion, preferable over the schemes ([L1). <&

Remark 5.3 (Three-step methods (I0])). Tests were also performed with the sta-
bilizing corrections BDF3-type scheme ([LI0) with coefficients (Z3]). Starting values
u1 and us were computed with the MCS method. For smaller step-sizes this SC3B
method was seen to give higher accuracy than the two-step methods SC2A and SC2B,
but instabilities were again observed for larger step-sizes, making this method not
suitable for the Heston problem. (Needless to say, the BDF3-type scheme (1) with
high-order extrapolation turned out to be very unstable.) &

6 Concluding remarks

Among the two-step methods with stabilizing corrections (LI0) considered in this
paper the behaviour of the methods based on BDF2 and Adams2 was satisfactory,
and these methods appear to be competitive with the well-established modified Craig-
Sneyd method for the Heston problem. The BDF3-type scheme (I0) may be suited
for other applications, such as reaction-diffusion problems, which is left for future
research.

The stabilizing correction methods studied in this paper can be viewed as general-
izations of IMEX linear multistep methods. Such IMEX multistep methods have been
examined for 1D option valuation models with jumps in [26]. Based on accuracy, the
authors had a slight preference for the CNAB method, i.e. (24) with 6 = %, over the
BDF2 method. Subsequently, this CNAB method was applied to 2D models in [27],
but without dimension splitting. It is part of our research plans to examine the be-
haviour of the stabilizing correction multistep schemes to models with jumps together
with dimension splitting.

References

[1] L. Andersen, Simple and efficient simulation of the Heston stochastic volatility model.
J. Comp. Finan. 11 (2008), 1-42.

[2] A. Arrards, K.J. in’t Hout, W. Hundsdorfer, L. Portero, Modified Douglas splitting meth-
ods for reaction-diffusion equations. BIT Numer. Math. 57 (2017), 261-285.

[3] U.M. Ascher, S.J. Ruuth, B.T.R. Wetton, Implicit-explicit methods for time-dependent
partial differential equations. STAM J. Numer. Anal. 32 (1995), 797-823.

20



[4]

[5]

(6]

(7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

22]

Bloomberg Quant. Finan. Devel. Group, Barrier options pricing under the Heston model,
2005.

O.P. Bruno, M. Cubillos, Higher-order in time “quasi-unconditionally stable” ADI
solvers for the compressible Navier-Stokes equations in 2D and 3D curvilinear domains.
J. Comp. Phys. 307 (2016), 476-495.

M. Crouzeix, Une méthode multipas implicite-explicite pour [approximation des
équations d’évolution paraboliques. Numer. Math. 35 (1980), 257-276.

1.J.D. Craig, A.D. Sneyd, An alternating-direction implicit scheme for parabolic equa-
tions with mized derivatives. Comput. Math. Appl. 16 (1988), 341-350.

J. Douglas, Alternating direction methods for three space variables. Numer. Math. 4
(1962), 41-63.

J. Douglas, J.E. Gunn, A general formulation of alternating direction methods. Numer.
Math. 6 (1964), 428-453.

E. Ekstrom, J. Tysk, The Black-Scholes equation in stochastic volatility models. J. Math.
Anal. Appl. 368 (2010), 498-507.

T. Haentjens, K.J. in’t Hout, Alternating direction implicit finite difference schemes for
the Heston-Hull-White partial differential equation. J. Comp. Finan. 16 (2012), 83-110.

S.L. Heston, A closed-form solution for options with stochastic volatility with applications
to bond and currency options. Rev. Finan. Stud. 6 (1993), 327-343.

K.J. in’t Hout, S. Foulon, ADI finite difference schemes for option pricing in the Heston
model with correlation. Int. J. Numer. Anal. Mod. 7 (2010), 303-320.

K.J. in’t Hout, C. Mishra, Stability of the modified Craig-Sneyd scheme for two-
dimensional convection-diffusion equations with mized derivative term. Math. Comp.
Simul. 81 (2011), 2540-2548.

K.J. in’t Hout, C. Mishra, Stability of ADI schemes for multidimensional diffusion equa-
tions with mized derivative terms. Appl. Numer. Math. 74 (2013), 83-94.

K.J. in’t Hout, B.D. Welfert, Stability of ADI schemes applied to convection-diffusion
equations with mized derivative terms. Appl. Numer. Math. 57 (2007), 19-35.

K.J. in’t Hout, B.D. Welfert, Unconditional stability of second-order ADI schemes ap-
plied to multi-dimensional diffusion equations with mized derivative terms. Appl. Numer.
Math. 59 (2009), 677-692.

K.J. in’t Hout, M. Wyns, Convergence of the Modified Craig-Sneyd scheme for two-
dimensional convection-diffusion equations with mized derivative term. J. Comp. Appl.
Math. 296 (2016), 170-180.

W. Hundsdorfer, Partially implicit BDF2 blends for convection dominated flows. STAM
J. Numer. Anal. 38 (2001), 1763-1783.

W. Hundsdorfer, Accuracy and stability of splitting with stabilizing corrections. Appl.
Numer. Math. 42 (2002), 213-233.

W. Hundsdorfer, J.G. Verwer, Numerical Solution of Time-Dependent Advection-
Diffusion-Reaction Equations. Springer, 2003.

G.I. Marchuk, Splitting and alternating direction methods. In: Handbook of Numerical
Analysis 1. Eds. P.G. Ciarlet, J.L. Lions, North-Holland, 1990, 197-462.

21



[23]

24]

[25]

[26]

[27]

28]

[29]

(30]

[31]

S. McKee, A.R. Mitchell, Alternating direction methods for parabolic equations in two
space dimensions with a mized derivative. Comput. J. 13 (1970), 81-86.

O. Nevanlinna, W. Liniger, Contractive methods for stiff differential equations, II. BIT 19
(1979), 53-72.

R. Rannacher, Finite element solution of diffusion problems with irregular data. Numer.
Math. 43 (1984), 309-327.

S. Salmi, J. Toivanen, IMEX schemes for pricing options under jump-diffusion models.
Appl. Numer. Math. 84 (2014), 33-45.

S. Salmi, J. Toivanen, L. von Sydow, An IMEX-scheme for pricing options under stochas-
tic volatility models with jumps. STAM J. Sci. Comp. 36 (2014), B817-B834.

W. Schoutens, E. Simons, J. Tistaert, A perfect calibration! Now what?. Wilmott mag.,
March 2004, 66-78.

D. Tavella, C. Randall, Pricing Financial Instruments: The Finite Difference Method.
John Wiley & Sons, 2000.

J.M. Varah, Stability restrictions on second order, three level finite difference schemes
for parabolic equations. STAM J. Numer. Anal. 17 (1980), 300-309.

G. Winkler, T. Apel, U. Wystup, Valuation of options in Heston’s stochastic volatility
model using finite element methods. In: Foreign Exchange Risk. Eds. J. Hakala, U.
Wystup, Risk Books, 2002, 283-303.

22



	1 Introduction
	1.1 Linear multistep methods with stabilizing corrections
	1.2 Outline

	2 Examples
	3 Discretization errors and convergence
	3.1 Error recursions
	3.2 Stability
	3.3 Stage truncation errors
	3.4 Local error bounds
	3.5 Global error bounds

	4 Stability for parabolic problems with mixed derivatives
	5 Test results for the Heston model
	5.1 The Heston model
	5.2 One-step stabilizing correction methods
	5.3 Results for the Heston model

	6 Concluding remarks

