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Abstract

In its usual form, Grover’s quantum search algorithm u8ég¢'N) queries and)(v/N log N) other
elementary gates to find a solution in Arbit database. Grover in 2002 showed how to reduce the
number of other gates t©(v/N loglog N) for the special case where the database has a unique so-
lution, without significantly increasing the number of gesr We show how to reduce this further to
O(\/Nlog(r) N) gates for any constamt and sufficiently largeV. This means that, on average, the
circuits between two queries barely touch more than a cohstanber of théog N qubits on which the
algorithm acts. For a very larg¥ that is a power of 2, we can chooseuch that the algorithm uses
essentially the minimal numb%r\/N of queries, and onlY(v/N log(log* N)) other gates.

1 Introduction

One of the main successes of quantum algorithms so far issGsa@lgorithm fordatabase searcfGro96,
BHMTO02]. Here a database of si2é is modeled as a binary stringc {0, 1}"¥, whose bits are indexed by
i € {0,...,N — 1}. A solutionis an indexi such thatz; = 1. The goal of the search problem is to find
such a solution given access to the bitscofif our database has Hamming weight = 1, we say it has a
uniquesolution.

The standard version of Grover’s algorithm finds a solutidth Wwigh probability using) (+/N ) database
queries ana)(v/N log V) other elementary gates. It starts from a uniform superiposiiver all database-
indicesi, and then applie®)(v/N) identical “iterations,” each of which uses one query andog N)
other elementary gates. Together these iterations caatemhost of the amplitude on the solution(s). A
measurement of the final state then yields a solution with prgbability. For the special case of a database
with a unique solution its number of iterations Gumber of queries) is essentiam, and Zalkal[Zal99]
showed that this number of queries is optimal. Grover'srgm, in various forms and generalizations, has
been applied as a subroutine in many other quantum algajthrmd is often the main source of speed-up
for those. See for example [BHT97, BCW98, BDBE,[ DH96, DHHMO04| D6r07].

In [Gro0Z], Grover gave an alternative algorithm to find aqua solution using slightly more (but
still (Z 4 o(1))v/N) queries, and only)(v'N loglog N) other elementary gates. The algorithm is more
complicated than the standard Grover algorithm, and nodoegnsists ofO(v/N) identical iterations.
Still, it acts onO(log N') qubits, so on average a unitary sitting between two queges an only a tiny
O(loglog N/log N) fraction of the qubits. It is quite surprising that such nhesery-sparse unitaries
suffice for quantum search.
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In this paper we show how Grover’s reduction in the numberabég can be improved further: for every
fixed r, and sufficiently largeV, we give a quantum algorithm that finds a unique solution iraizlohse
of size N usingO(v/N) queries ancO(\/Nlog(") N) other elementary gat@s.‘l’o be concrete about the
latter, we assume the set of elementary gates at our dispdbalToffoli gate and all one-qubit unitary gates
(including the Hadamard gafé and the PaulX gate).

Our approach is recursive: we build a quantum search dtgorior a larger database using amplitude
amplification on a search algorithm for a smaller dataBaset us sketch this in a bit more detail. Suppose
we have a sequence of database-siXgs..., N, = N, whereN,;;; = VN (of course,N needs to
be sufficiently large for such a sequence to exist). The b@swower algorithm can search a database of
size N7 using

Q1 =O0(/Ny), E;=0(y/NilogMN)
gueries and gates, respectively. We can build a searchithlgofor database-sizé/; as follows. Think
of the N,-sized database as consisting /N, Nj-sized databases; we can just pick one sDgh
sized database at random, use the smaller algorithm tohstmra solution in that database, and then use
O(y/N2/N7) rounds of amplitude amplification to boost thg /N> probability that our randomly chosen
N;-sized database happened to contain the unique solutiah. rBand of amplitude amplification involves
one application of the smaller algorithm, one applicatibiisoinverse, a reflection through thez N,-qubit
all-0 state, and one more query. This gives a search algofith an N,-sized database that uses

Q2=0 ( %Ql) =0(V/Ns), E2=0 (\/%(El +10gN2)>

queries and gates respectively. Note that by our choic®.ofs 2VNt we haveE; > /Nj, S0 Ey =
O(\/N2 /N1 E7). Repeating this construction gives a recursion

Qi—i—l:O( ]\;Zle‘), Ei-l-l:O( ]\ZlEz>

The constant factor in th@(-) blows up by a constant in each recursion, so aftgtieps this unfolds to

Qr = O(exp(r)\/ﬁ), E, = O(exp(r)\/ﬁlog Ny).

Herelog N1 = O(log(’“) N) becauséVy, ..., N, = N is (essentially) an exponentially increasing sequence.

The result we prove in this paper is stronger: it does not liagexp(r) factor. Tweaking the above
idea to avoid this factor is somewhat delicate, and will takethe remainder of this paper. For instance,
in order to get close to the optimal query complex%t)/ﬁ, it is important that the intermediate steps do
not amplify the success probability all the way to 1, sincepbinnde amplification is less efficient when
boosting large success probabilities to 1 than when bapstimall success probabilities to somewhat larger
success probabilities. Our final algorithm will boost thess probability to 1 only at the very end, after
all r recursion steps have been done.

The constant in the(-) depends om. The iterated binary logarithm is definedlag**" = log olog®), wherelog(® is
the identity function. The functiotog™ N is the number of times the binary logarithm must be iteratie@plied toNV to obtain a
number that is at most 1og* N = min{r > 0 : log™™ N < 1}.

2The idea of doing recursive applications of amplitude afigaifion to search increasingly larger database-sizesrimigcent
of the algorithm of Aaronson and Ambainis [AAQ5] for searghanN-element database that is arranged ifidimensional grid.
However, their goal was to find a local search algorithm wiitimal number ofjueries(they succeeded fat > 2), not to optimize
the number ofjates If one writes out their algorithm as a quantum circuit, il sias O(v/N log N) gates.
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Choosingr = log* N in our result and being careful about the constants, we geixanot quantum
algorithm for finding a unique solution using essentially tptimalZ /N queries and)(v/N log(log* N))
elementary gates. Note that for the latter algorithm, omaye there are onlg (log(log* N)) elementary
gates in between two queries, which is barely more than anhsOnce in a while a unitary acts on many
more qubits, but the average is orfllog(log™ N)).

Possible objections. To pre-empt the critical reader, let us mention two objetione may raise
against the fine-grained optimization of the number of elgary gates that we do here. First, one query
acts onlog N qubits, and when itself implemented using elementary gat®g oracle that’s worth its salt
would requireQ(log N) gates. Since2(v/N) queries are necessary, a fair way of counting would say
that just the queries themselves already have “c8$t/N log N), rendering our (and Grover’s [Gro02])
gate-optimizations moot. Second, to do exact amplitudelifiogion in our recursion steps, we allow
infinite-precision single-qubit phase gates. This is natiséc, as in practice such gates would have to be
approximated by more basic gates. Our reply to both woulddieenough, but we still find it quite surpris-
ing that query-efficient search algorithms only need to ach mear-constant number of qubits in between
the queries on average. It is interesting that after nearydecades of research on quantum search, the
basic search algorithm can still be improved in some waysaly even be possible to optimize our results
further to useD(v/N) elementary gates, which would be even more surprising.

2 Preliminaries

Let [n] = {1,...,n}. We use the binary logarithm throughout this paper. We wjpidally assume for
simplicity that the database-siZ€ is a power of 2N = 2™, so we can identify indiceswith their binary
representation, . .. i, € {0,1}". We can access the database by meagsefies A query is the following
unitary map om + 1 qubits:

Oy 1 |i,b) — |i,b @ ),

wherei € {0,..., N — 1} andb € {0, 1}. Given access to an oracle of the above type, we can also make a
phase query of the for@, . : |i) — (—1)|i) by the standard “phase kickback trick.”

Let D,, = 2|0™)(0"| — I be then-qubit unitary that reflects through™). It is not hard to see that this
can be implemented usin@(n) elementary gates and— 1 ancilla qubits that all start and end|i®) (and
that we often will not even write explicitly). Specificallpne can use& gates to each of the qubits, then
usen — 1 Toffoli gates inton — 1 ancilla qubits to compute the logical AND of the firsqubits, then apply
—Z to the last qubit (which negates the basis states where thi3 i8 0), and reverse the Toffolis ans.

Amplitude amplification is a technique that can be used taiefitly boost quantum search algorithms
with a known success probability to higher success probability. We will invoke the followitigeorem
from [BHMTOZ] in the proof of Theoreml2 later. For the sake oinpleteness we include a proof in
the appendix.

Theorem 1 Let N = 2". Suppose there exists a unitary quantum algoritdnthat finds a solution in

databaser € {0, 1} with known probabilitya, in the sense that measuring|0™) yields a solution with
probability exactlya. Leta < o’ € [0,1] andw = {% - %}. Then there exists a quantum algorithm
B that finds a solution with probability exactly usingw + 1 applications of algorithmA, w applications
of A~1, w additional queries, andw(n + 2) additional elementary gates. In totd$,uses(2w + 1)Q + w

queries anduv(4n + 2F + 8) + E elementary gates.



Note that if A = H®" and ourN-bit database has a unique solution, thes 1/N. Fork > 2 and
a’ = 1/k, Theoreni]L implies an algorith@?) that finds a solution with probability exactly/k usingw

queries and at mosP(w log N) other elementary gates, whete < [% — %1 (this upper bound
onw follows becausercsin(z) > z, andsin(lJ:/lE/k) > ﬁ sincesin(z) > z — 23/6 for z > 0).

In order to amplify the probability of an algorithm fromy% to 1 we use the following corollary.

Corollary 1 Letk > 2, n be integers,N = 2™. Suppose there exists a quantum algoritbnthat finds a
unique solution in arlV-bit database with probability exactly/k using@ > /k queries and® elementary
gates. Then there exists a quantum algorithm that finds tlguarsolution with probability 1 using at most
ZQVE(1+ %)2 queries and)(vk(n + E)) elementary gates.

Proof. Applying Theorentl to algorithr® with a« = 1/k,a’ = 1, we obtain an algorithm that succeeds
with probability 1 using at mosi/(2Q + 1) + @ queries and (w'(n + E)) gates. Here
W — { arcsin(1) 1

2arcsin(1/vk) N 5—‘ = Z(\/E+ b

using arcsin(z) > z and [5vk — 1] < Z(Vk + 1). Hence, the total number of queries in this new
algorithm is at most

T T 1 2
Z(\/E—F DNR2Q+1)+Q = 5@(\/%—1— 1)(1 + E + m)
s 2
< EQ(x/E +1)(1+ ﬁ)
0 2 5
where we used) > vk and2vk < w(vk + 1) in the first inequality. The total number of gates is
O(E(n + E)). O

The following easy facts will be helpful to get rid of some bétceilings that come from Theorém 1.
Factl If k > 2anda >k, then[$(1+ 1) — 3] < 2(1+ 2).
Fact2 If k > 3 andi > 2, then(2i + 8)log k < kiT1.
Proof. Fixingi = 2, it is easy to see thdRlog k < k3 for & > 3. Similarly, fix k¥ = 3 and observe that

(27 + 8)log 3 < 3+ for all 4 > 2. This implies the result for ak > 3 andi > 2, because the right-hand
side grows faster than the left-hand side in biodmd. O

3 Improving the gate complexity for quantum search

In this section we give our main result, which will be provedrbcursively applying the following theorem.



Theorem 2 Letk > 4,n > m+2log k be integersM = 2™ and N = 2". Suppose there exists a quantum
algorithm G that finds a unique solution in ai/-bit database with a known success probability that is at
least1/k, using@ > k + 2 queries andE other elementary gates. Then there exists a quantum ahgorit
that finds a unique solution in aiv-bit database with probability exactly/k, using@’ queries andr’
other elementary gates where,

Q' <Q\/N/M(1+4/k),  E\/N/M <E < (3n+E)\/N/M(1+3/k).
Proof. Consider the following algorithrod:
1. Start with|0™).

2. Apply a Hadamard transform to the first- m qubits, leaving the last. qubits ag0™). The resulting

state is a uniform superposition over the fitst m qubitsw Zye{()’l}nfm ly)|0™).

3. Apply the unitaryg to the lastm qubits (using queries to, with the firstn — m address bits fixed).
The final state of algorithrd is

1
(HE @ G)|0") = —== > [y)G|0™).
N/M ye{o’l}nf'm

The stately)G|0™) depends ory, because her§ restricts to thel -bit database that corresponds to the
bits in z whose address starts with Let ¢ be then-bit address corresponding to the unique solution in

the database < {0,1}"V. Then the probability of observing; ...t,) in the statelt; ...t,_,,)G|0™) is

at leastl/k. Hence the probability thatl finds the solution is > % The total number of queries of

algorithmA is @ (from Step 3) and the total number of elementary gates-isn + E (from Steps 2 and 3).
Applying Theoreni 1L to algorithrd by choosinga’ = 1/k, we obtain an algorithn8 using at most
w(2Q + 1) + Q queries andv(4n + 2F + 8) + E gates (from Theorein 1), where
o {arcsin(\/a) 11 - F/l/k(1+1/k) B q - P/]V(lJrl/k) w - VN1 +2/k)
- 2/a 21~ 2V M 217 oM 7
where the first inequality follows fromrcsin(z) > =z andsin(“\%k) > ﬁ (sincesin(z) > z — 23/6 for

z > 0), and the third inequality uses Faét/(V/M > k because: > m + 2log k).
The total number of queries in algorithBhis at most

w20 + 1)+ Q < Q/N/M(1 + 2/k) + % NJM(1 + 2/k) + Q

< QVN/M(1+2/k) + %JN/M + %\/N/M
< QV/N/M(1+4/k)
where we used) > k + 2 andn > m + 2log k > 4 in the second inequality. The number of gatefis
w(dn +2E +8) + E < /N/M(1+2/k)2n+ E+4) + E < (3n + E)/N/M(1 + 3/k),

where we used > m + 2log k > 4 (sincek > 4) andE < %\/N/M in the second inequality.
It is not hard to see that the number of gate8iis at leastt/ N /M. O

2arcsin(v/a) 2

Applying Theoreni 1 once to an algorithm that finds the uniaplet®n in an)/-bit database with prob-
ability 1/ log log N, we get the following corollary, which was essentially thaimresult of Grover [Gro02].
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Corollary 2 Letn > 25 and N = 2™. There exists a quantum algorithm that finds a unique saiutica
database of siz&/ with probability 1, using at mostZ + o(1))v/N queries and)(v/N loglog N) other
elementary gates.

Proof. Letm = [log(n?k3)] andk = loglog N. LetC!) be the algorithm (described after Theoriem 1)
on anM-bit database with\/ = 2™ that finds the solution with probability/k. Observe that > 4 and
m+2log k < log(2n2k®) < n (where the last inequality is true far> 25), hence we can apply Theorémn 2
usingC™") as our base algorithm. This gives an algoritfiffl that finds the solution with probability exactly
1/k. The total number of queries in algorith@? is at most

{W -2 (VR v am) < %\/N/Mu +4/k)
N

<4/ —(1+4/k)?

where the expression on the left is the contribution fromorben 2. The first inequality above follows from
Fact (sincen > 4log k). The total number of gates &2 is

o((3n+ {% - ; log M) \/g(l + %)) < O(@(M\/ﬁ?’/k) +(1+3/k)log M) )

IN 3\3
< — —
< O( 3 (1+ k> loglogN)7
where we used Fakt 1 in the first inequality/k(1 + 1/k) < /M /k (sincem > log(n?k3)) andlog M =

O(loglog N) in the second inequality. Applying Corollary 1 to algoriti#f?), we obtain an algorithm that
succeeds with probability 1 using at most

T/ D) (VR ) < TV (14 )

AN Jh NG
gueries and
333 3\3
=z < =z
O(n\/E+ \/N(l + k:> loglogN) < O(\/N(l + k:> loglogN)
gates, sinceiv/k < v/Nloglog N (which is true forn > 25). Sincek = loglog N, it follows that the
query complexity is at mosfv'N (1 + o(1)) and the gate complexity i9(v/N loglog N). O

We can now use Theordm 2 recursively by starting from the gt algorithm from Corollary]2. This
gives query complexity)(v/N) and gate complexity)(v/N log loglog N). Doing this multiple times and
being careful about the constant (which grows in each stéipeafecursion), we obtain the following result:

Theorem 3 Let k& be a power of 2 andV a sufficiently large power of 2. For every € [log* N|, k €
{4,...,loglog N}, there exists a quantum algorithm that finds a unique saluitiva database of siz&’
with probability exactlyl /&, using at most

%(1 +4/k)" queries and) (\ / %(1 + 6/k)* ! max{log k, log") N}) other elementary gates



Proof. We begin by defining a sequence of integeys. . ., n,.:

n, = log N andn;_; = max{(2i + 6)logk, [log(n?k*)]}, fori € {2,...,r}.
Note thatn; > 10log k > 20 sincek > 4. We first prove the following claim about this sequence.
Claim1 Ifi € {2,...,r}, thenn;_; + 2logk < n; .

Proof. We use downward induction an For the base case= r, note thatn,, = log N. Sincen,_; =
max{(2r + 6)log k, [log(n2k3)]}, and (2r + 6)logk < [log(n2k3)] for sufficiently largeN andk <
log log N, we may assume,_; = [log(n2k?)]. Hence

ny_1 + 2logk = [log(n2k*)] + 2log k < log(2n2k®) < log N = n,.,

where the last inequality assumadsufficiently large and usekl < log log N.

For the inductive step, assume we have+ 2logk < nj;1. We now proven,;_; + 2logk < n; by
considering the two possible values foy_;.

Case 1.nj_; = (2j + 6) log k. Then we have

=n; if nj = (25 +8)logk
nj_1+2logk 1 2 BV e — Tl 2 3
= [Og(nj—‘,-l )—I n; I n; (Og(n]—i-l )—|7

usingn; = max{(2j + 8) log k, [log(n?,,k*)]} in the last inequality.
Case 2.1 = [log(n3k?)]. We first shown; 1 < nj:

(1)

< (25 +8)logk=mn; ifn;=(2j+8)logk

1 < [log(n2, k>
nj—1 > [Og(nj-i-l )-‘ {: n; if n; = ﬂog(n?_i_lk?)ﬂ’

where the firstinequality uses induction hypothesis, toerse uses.; = max{(2j+8) log k, [log(n?,  k*)1}.
We can now conclude the inductive step:

nj—1+2logk < 10g(2n§k¢5) = (1+2logn;) +5logk <nj/2+5logk <n;/2+n;/2=n;.

In the first inequality above we used_; < log(2n§k3), and we usedv; > n; > 10logk > 20 (using
nj—1 < njforje {2,...,r} andk > 4) to concludel + 2logn; < n;/2 (which is true forn; > 20) in
the second inequality, aridog k£ < n;/2 in the last inequality. O

Using the sequencey, ..., n,, we consider database-size®’ = N; < 2™ = Ny < ... < 2™ =
N, = N. For eachi € [r], we will construct a quantum algorithd{®) on a database of siz¥; that finds a
unique solution with probability exactly/k. @Q; and E; will be the query complexity and gate complexity,
respectively, of algorithn©(Y). We have already constructed the required algoritHi (described after
Theoreni 1) on amV; -bit database using

Ni(1+1/k) 1 Ni(1+2/k)
G - [YRULYR 1) VR 2/k)
2Vk 2 2Vk
queries, where the inequality follows from Fatt 1 (sinée> k'°). Also, note that
VN1 (1+1/k)
> ———F"-12k+2
Q1 Wi



where the first inequality used; > %'°, and the second inequality uséd> 4. Using Theoreni]1, the
number of gate€; used byCV) is

{w _ ; (6log Ny +8) +log Ny <

VN (1 +2/k)
VEk

_ W +2/k)

- vk

_ 4N +3/k)

- vk

where we use Fakt 1 (sindg, > £'°) in the first inequality andv; > £'° in the second and third inequality.
It is not hard to see that; > /N1/(4k).

Fori € {2,...,r}, we apply Theorerfil2 using(“~ as the base algorithm and we obtain an algorithm
¢ that succeeds with probability exactlyk. We showed earlier in Claifd 1 that_; +2log k < n; and it
also follows thatc + 2 < @1 < --- < @Q, (since the database-siz85, ..., NV, are non-decreasing). Hence
both assumptions of Theordmh 2 are satisfied. The total nuoftspreries used bg(® is

Qi <4/ N]lei—l(l + %) (2)

We need the following claim to analyze the number of gated by& ():

Claim2 E; > \/N;/(4k) for all i € [r].

Proof. The proof is by induction on. For the base case, we observed earlier Byat- /N, /(4k). For
the induction step assuni¢_; > \/N;_1/(4k). The claim follows immediately from the lower bound on
E’ in Theoreni 2 sincé; > Ei—l\/Ni/Ni—l > \/Nz/(4k) O

(3log N1 +4) + log Ny

log N1 + log Ny

log Ny,

Recursively it follows that the number of gatBsused byC(?) is at most

(Eic1 + 3n:)(1 + 3/k) < Ei s (1 + 3n

N N “ Y1+ 3/m

i—1

(3)

N.
< L E (1 k)?
“\ N 1(1+6/k)%,

where we used Claifld 2 in the first inequality and< / Nﬁk*—l in the last inequality (note that this inequality
also holds ifn;_1 = (2i + 6)logk > [log(n?k®)]). Unfolding the recursion in Equations] (2) ard (3),

we obtain
Q, < \/%(1 + %) E, < 4@(1 + %>2r_1logN1.

It remains to show that;, which is defined to benax{10log k, [log(n3k?)]}, is O(max{log k, log(") N'}).
If ny = 10log k, then we are done. H; = [log(n3k3)], we need the following claim to conclude the proof.

Claim 3 Suppose:; = [log(n3k?®)]. Thenn;_; = [log(n?k?)] forall i € {2,...,r}.
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Proof. We prove the claim by induction an The base case= 2 is the assumption of the claim.
For the inductive step, assume_; = [log(n?k?)] for somei > 2. We have

log(n?k*) > [log(n?k*)] > (2i + 6)log k = log(k**°)
where the second inequality is because of the definitiom; of. Hence, using Fa€l 2 (whose assumptions
k > 3 andi > 2 hold by the assumption of the theorem and claim respecjively
n; >k > (2i 4 8)log k.

Thusn; = max{(2i + 8)logk, [log(n?,,k*)]} must be equal to the second term in thex, which con-
cludes the proof. O

Hence ifn; = [log(n3k3)], we can use the claim above to write
ni—1 = [2logn; + 3logk] < 4logn;, forie{2,...,r},
where the last inequality follows frorm < né/?’ < n}/g (using [log(n2k3)] > 10log k to concludek <

ns/? and Clainfl). Since, = log N, it follows easily thatr, = O(log™ N).

We concluder; = O(max{log k,log™ N}). O

The following is our main result;

Corollary 3

e For every constant integer > 0 and sufficiently largeV = 27, there exist a quantum algorithm that
finds a unique solution in a database of si¥ewith probability 1, using(§ + o(1))v/N queries and

O(v/N1log™ N) gates,
e For everys > 0 and sufficiently largeV = 2", there exist a quantum algorithm that finds a unique so-
lution in a database of siz& with probability 1, usingi v/ N (1-+¢) queries and)(v/N log(log* N)) gates.

Proof. Applying Corollary[1 to algorithn€ (") (as described in Theorem 3), with sorec loglog N to be
specified later, we obtain an algorithm that succeeds withatsility 1 using at most

(V) (e 7)) <3 7)™

gueries and
2r—1 2r

O(\/En + \/N(l + %) max{log k, log(") N}) < O(W(l + %) max{log k,log") N})

gates. To obtain the two claims of the corollary we can nohegipick:

o k = (c1log* N)%, wherec; € [1,2] ensuresk is a power of 2. It follows thatl + m)’*? =
1+0(1). Sincelog* N € o(log™) N) for every constant, we havemax{log k, log™ N} = log™ N.
Hence the query and gate complexities @et o(1))v'N andO (VN log") N), respectively.

e r = log* N andk = (ca(log* N + 2))2, where we choose, as the smallest number that is at least
4/1In(1+¢) and that makes a power of 2. We hav(alJr%)’”r2 < (1+W‘N+2))bg* N+2 < 1+e.
Hence the query and gate complexities ak¢N (1 + ) andO(v/'N log(log* N)), respectively.

O



4 Future work

Our work could be improved further in a number of directions:

e Can we remove thivg(log*) N factor in the gate complexity, reducing this to the optiredh/N)?
This may well be possible, but requires a different idea thanroughlylog* recursion steps, which
will inevitably end up withw(v/N) gates.

e Our construction only works for specific values/gf Can we generalize it to work for all sufficiently
large NV, even those that are not powers of 2, while still using cloghé optimalgx/ﬁ queries?

e Can we obtain a similar gate-optimized construction wherdgtabase hasultiple solutions instead
of one unique one? Say when the exact number of solutionsigrkim advance?

e Most applications of Grover deal with databases with an amknnumber of solutions, focus only on
number of queries. Are there application where our rednatiche number of elementary gates for
search with one unique solution is both applicable and Bazmit?
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A Exact amplitude amplification

For the sake of completeness we present the constructionasitgm algorithmB from TheoreniIl. The
idea is to lower the success probability frann such a way that an integer number of rounds of amplitude
amplification suffice to produce a solution with probabiktyactlya’.

Definef = %ﬁfa) anda = sin?(#), wherew is defined in Theoreri] 1. Le®;,, be the one-qubit

rotation that map#0) — +/@/al0) 4+ +/1 — a/a|1). Call an(n + 1)-bit string4, b a “solution” if z; = 1 and
b = 0. Define the(n + 1)-qubit unitaryO,, = (I ® XH)O,(I ® HX). Itis easy to verify thaD’, puts a—
in front of the solutions (in the new sense of the word), aAdia front of the non-solutions.

Let A’ = A® R;/,, and definglU) = A’[0"*) to be the final state of this new algorithm. L&) be
the normalized projection at/) on the (new) solutions and3) be the normalized projection ¢f’) on the
(new) non-solutions. Measurir@) results in a (new) solution with probability exactin?(6), hence we
can write

|U) = sin(6)|G) + cos(0)|B).

DefineQ = A'D,,1(A")~1O.. This is a product of two reflections in the plane spanned®yand|B):
O!. is a reflection through), and.A'D,,, 1 (A")~! = 2|U)(U| — I is a reflection throught/). As is well
known in the analysis of Grover’s algorithm and amplitudghfication, the product of these two reflections
rotates the state over an angle Hence after applyin@ w times to|U) we have the state

Q¥ |U) = sin((2w + 1)0)|G) + cos((2w + 1)0)|B) = Vd/|G) + V1 — /| B,

since(2w + 1)0 = arcsin(v/a’). Thus the algorithm4’ can be boosted to success probabilityising an
integer number of applications @.
Our new algorithmB is now defined a®©* A’. It acts onn + 1 qubits (all initially 0) and maps

0" = V! |G) + V1 — d/| B,

so it finds a solution with probability exactly. B usesw + 1 applications of algorithm4 together with
elementary gatei; ,; w applications ofA~! together withRg/la; w applications ofO!, (each of which
involves one query ta and two other elementary gates, countikig/ as one gate); and applications of
D, 11 (each of which takegn + 3 elementary gates). Hence the total number of queried3imaakes is at
most(2w + 1)@ + w and the number of gates used Bys at most2w + 1)E + 4w(n + 2).
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