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So for large r, W(z) is approximately the total biomass and this explains the
use of the notation W(z) in (3.15).

Let T*(Sgno) denote the orbit starting in (Sg.ng), (c.f. section 1.8) then
obviously I'*(Sg,ng) is bounded. From the compactness of the semigroup
U(), r = 0, after finite time, lemma 3.3, and the boundedness of solutions we
easily obtain that I'*(Song) is precompact. Therefore (see section 18) the
omega limit set £(S,n¢) is nonempty, compact and invariant.

Since the contribution 7 () to the total solution n(t) is relatively small
( we have ||7(t)llxy /lIn(t)lly~ et — oo) we expect that the asymptotic
behaviour of (§(7),n(2)) is determined by the corresponding two-dimensional
system (3.16), (3.18), with L(i) = 0 substituted:

% = \Y(S)—D)W(), 1t >0, W(0) = W,, (3.25)
. L
% = D(S" —S§)— —fwy(S)W. t >0, S©O) = S, (3.26)

The system (3.25)«(3.26) always has the trivial equilibrium (S ,0). If D is not
too large, i.e. D < D, where

kA 8™
iy = —, 3.27
= TR (3.27)
then (3.25)(3.26) has the non-trivial equilibrium
. D .0 D
= — W = (g — . 2
S kg —k.D’ I, &) kl)\d_kzD} (3.28)

We note that for (3.25)-(3.26) a global stability result like theorem 2.6 holds.
The corresponding equilibrium of (3.3)«(3.7) is given by (S',n"), where
n" = W' ¢,;. Now we can state our main result. We shall prove this result
rigorously whereas DIEKMANN et al (1983) only sketched the idea.

THEOREM 3.4. Let (Sgn) € C and no7=0.
8.) If.D = Dcn , then B(So,no) = (Sm,O).
b) If0<D<D_,, then Sgng) = (S”.n").

The precompactness of orbits implies that (S(¢),n(z)) approaches §3(S,n) as
t - oo (cf. theorem I.8.1) and therefore theorem 3.4 characterizes the
asymptotic behaviour of solutions. The idea of the proof is that solutions of
(3.3)-(3.5) starting in the omega-limit set correspond to solutions of the ODE-
system (3.25)~(3.26) of which we know a lot (e.g. WALTMAN (1983)).

PROOF OF THEOREM 3.4,
a) We already noticed that 7i(t) — 0 as # — co which implies that # = 0 for
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every (Z,») € Q(S¢.ng). Therefore, if (2) e ASo.np), then » is of the form
v = wpy for some w =0 and =+ *:}-w = §", because of (3.20). Hence

solutions starting in the omega-limit set behave like solutions of the two-
dimensional system (3.25)~(3.26). If D = D, then the invariance of Q(Sg.np)
implies that Q(Sg.ng) = (S7,0).

b) Let us assume that D < D_,. Again the behaviour of a solution starting in
Q(Sg.ng) is determined by the two-dimensional system (3.25)~(3.26). Obviously
(3.3)+(3.5) has two stationary solutions, namely (S*,0) and (S*,»"). If we can
exclude that (S,0) € 2(So.n9) then the invariance of (S¢.no) implies that
USeng) = (S",n"). From (3.22) we conclude that W(z) > 0, 1 = 0 (since
Wo>0). Since S° < S, there is an s > 0 such that S* +5<S™. Because

of (3.20) and si(1) » 0 — co, we have S+ %W(I) > S"+s for ¢
sufficiently large, say ¢ > 1, Suppose W(t) < 165 for some ¢t > Zo, then
S(t) > S" + 35, and therefore %—(f )>Ag¥(S" +35)—D)W(t) > 0, so this
is only possible if W() < 30s. We may therefore conclude that

W(t) = min{ W(ru).%ﬁs },t =1, which excludes that (§™,0) e Q(S g.np).
O

We note that the shape of the stable size distribution n° = W" ¢, does not
depend on the control parameter D. On the contrary the stable size
distribution obtained in section two (c.f. theorem 2.9) has a shape which
depends on D, and this is an important difference between the two models.
Moreover these properties can be compared with experimental observations,

4. THE BONE MARROW STEM CELL POPULATION

4.1. The model

We consider a cell population reproducing by binary fission. We assume that
within the cell cycle two phases can be distinguished: the G-phase or resting
phase during which cells just ’sit an wait, and the M -phase or mitotic phase.
A cell which has entered the M -phase finally passes into mitosis (unless it dies)
and its two daughters enter the G -phase. We assume that all individuals in the
G-phase are identical (which means among other things that they have the
same chance to enter the M-phase) and we denote their number at time by
P(t). Cells in the M-phase, however, can be distinguished from each other
according to some one- dimensional quantity x which we shal call maturity,
but which can be anything such as age, or some chemical substance (like
D_I:IA) within the cell. We let n(z,x) be the maturity distribution, i.e.

/L "n(tx)dx is the number of M-cells with maturity between x; and x,. A

cell entering the M -phase has maturity x =0. As before we conceive of fission
as a stochastic process which can be described by a function b(x) = 0. We
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assume that the maximum attainable maturity is x =1, which is certainly true
if

1
b(x) dx = oo,
o &)

where g stands for the growth of an M-cell. We assume that cells in the M-
phase have a constant death rate 8§ > 0. The death rate of G-cells is denoted
by p, where p > 0. Finally we let y be the transition probability, i.e. the
chance per unit of time that cells in the G-phase enter the M -phase, and we
assume that y depends on the total G -population, i.e. vy = y(P(1)).

l division b=b(x)
G-ph 7 M-phas dx
ase - e ax _
° _.*@ n(t,x) O) e 8%)
P(t)
death
8 8 ) 8
i

Fig. 1 Schematic representation of the cell cycle
The dynamics of P (), n(t,x) is governed by the following nonlinear system.
dP 1
2O = TRPO—YP)P()+2 [ bx)n(t,x)dx 4.1)
0

%f—(r,x) + aix(g(x)n(r,x)) = —8n(tx)—b(x)n(,x) 4.2)

g0n(1,0) = v(PE)P () 4.3)
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P(0) =Py =0 (4.4)
n(0x) = ny(x) =0, 0<x < 1. (4.5)

Throughout this section we make the following assumptions on g,b and v.

ASSUMPTION 4.1
A, : g is a strictly positive continuous function on [0,1].
Ay b is nonnegative and continuous on [0,1) and

ljg;!b(ad£= 0.

A, v is a Lipschitz-continuous function on [0,00), y is decreasing, and
moreover Plim y(P) = 0.
—o0

Kirx, ORR and FORREST (1970) present a model describing the control of
the bone marrow stem cell population, which supplies the circulating blood
population with new cells. They assumed that the production process is
controlled by some stem cell specific mitotic inhibitor (one of the family of
chalones), whose concentation we denote by C(t), and that the mitotic phase
is of constant duration. In terms of the model above this last assumption is
equivalent to the supposition that all cells divide at reaching maturity x =1.
Their first assumption can be build into the model by letting ¥ depend (in a
decreasing manner) on C and assuming that the dynamics of C is described
by an O.D.E. Kirx et al. assumed

dac
dt

which describes that the mitotic inhibitor is produced by cells in the G-phase
at a rate p, and desintegrates at a rate 0. The term —pP in (4.1) is due to loss
from the G-phase via differentiation into the various channels. KIRk et al
(1970) assumed 8 = 0 (which is sometimes called the ‘normal situation’) and
solved the system by using analogue computer techniques. The model proposed
by KirK et al (1970) has also been studied by MACKEY (1978,1981) and he
calls it the pluripotential stem cell model. Mackey extensively examines the
situation where the dynamics of C is much faster than the dynamics of P and
n, which can be modelled by assuming that the rates p and o in (4.6) are very
large. The limiting case is given by p — 00, 6 — o0, and in this case (4.6) can
be replaced by C = -;"—P (where only the case that 0 < lim o /p < o0 is

O—» 00

interesting), which we might call the guasi-steady state sitm;rion, and which is
one of our modelling assumptions. MACKEY (1978,1981) studies the model
(assuming constant duration of the mitotic phase) by standard local methods
(linearization around equilibria, examination of the characteristic equation). In
this section we shall extend some of his results by exploiting (global) methods
from dynamical systems theory.

= pP —oC, (4.6)
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4.2, Existence and uniqueness of solutions
Let G,E be defined by

G(x) = ofgié)—, 0<x<1, “.n
E(x) = exp(— fx%ﬂd& 0<x < 1. (4.8)
0

G and E have the same interpretation as in chapters II, III. In addition we
define

f(P)=PyP), P=0. 4.9)

If P(z) is known for all time t = 0, then we can express the solution of (4.2)-
(4.3) in terms of P(7) in the following way:

n(tx) = fP(t—G(x)) -‘;5%, o<x<I, t > G(x). (4.10)

This motivates us to impose the following condition on ny(-) (see also section 2
and 3 and chapter III):

ASSUMPTION 4.2
no()
E()

is a continuous function on [0,1].

Let X be the Banach space consisting of all pairs (p,») such that
pER,¥»)/E(C) € C[0,1],
with norm ||(p,»)ll = |p| + oél?mlv(x)l / E(x). We define the cone X, in

the following way: ¢ = (pp) e X, if and only if p=0 and
Wx)/E(x) = 0,0<x<I1. Let ¢; = (o), ¢, = (o) € X, then ¢ < ¢,
f ¢ € Xy, ¢ < if ¢, < ¢, and ¢, 7 ¢, and finally ¢; << ¢, if
p1 < ppand »(x) / E(x) < vy(x) /E(x), 0<x<1.

We define X(z,x) as the maturity of an individual at time ¢ given that its
maturity at time zero was x. Then X(1,x)= G '¢+G(x)) if
—Gx) <t < G(1)—G(x).

Let (Pg,ng) € X .. Then (P(z),n (1)) is called a solution of (4.1)-(4.5) if and
only if

@ P@)n@)) € X, t=0,
(ii) P(t) is differentiable for ¢ >0 and

1
L) = —wPO—F P@)+2 [ bCom@x)dx,
0

(i) Pﬂ% (X (hxn(t +h,X(hx)—g()n(t,x)} exists for all >0,
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0<x<l, alnd

] H — —_
2() iltl_rgh{g(X(h,x))n(r +h,X(hx)—gx)n(tx))}
= =dn(tx)—b(xm@x)forr >0, 0<x<I.
(iv) g (e ,0) = f(P(t)), t = 0
(v) P(0) = Py, n(0,x) = ng(x) for 0=x<1.

Condition (iii) says that n(r,x) is differentiable along the characteristics
h = (t+h,X(hx)).

In (4.10) we expressed n in terms of P for ¢+ = G(x). A similar calculation
shows that

_ E(x) g(X(=t.x)) —
n(tx) = 2(x) E(X(~:_x))"°(X( ,x)), t < G(x).

Therefore at time ¢t = G(x), where 0<x <1, n(r,x) is discontinuous in x
unless f(Pg) = g(0ng(0). We define the subset C of X as

C = {9 =(p») € X+1f(p) = g(0)(0)}.
Since the definition of a solution of (4.1)-(4.5) requires that n(z,”) has to be
continuous for all # = 0, we should start with initial pairs (Pg,np) in C.

If we substitute (4.10) in (4.1) we obtain the integro-differential equation

1
L (1)y=—uPO)—f PEN+2[ k() (PG~ G(x)))dx @11
0
where
_ b(x)
k(x) 2() E(x). 4.12)

We can prove the following existence and uniqueness result.

THEOREM 4.3. Let ¢g=(Pong)sC then there exists a unique global solution
2)=(P(t),n(2))eC of the system (4.1)-(4.5).

One way to obtain this result is to apply standard local existence and
uniqueness results for retarded functional differential equations to the integro-
differential equation (4.11) (see HALE (1977, chapter II)). Then global existence
follows if one can prove boundedness of solutions.

THEOREM 4.4. Let ¢y € C then the solution $(t) of (4.1)-(4.5) is bounded.

PROOF. Because of (4.10) it suffices to show that P(¢) is bounded. Syppose that
P(t) is not bounded. Let M(t) = P(t)+2N(z), where N(t) = n(t,x)dx.
Then M (1) = —pP(t)—28N(t)+f (P(¢)). Since P(r) is not bounded, we have
that M (z) is not bounded, hence there exists an increasing sequence {1, } such
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that M(7,) - .0 and M(1,) = 0. Suppose {P(1,)} is bounded, then
N(t,) — oo and therefore M(t,) < 0 if n is large enough, since § > 0. If
P(t,) > o then M(1,) < {(v(P(1,))—p}P(t,) > —o0. So this is a
contradiction and the theorem is proved. O

We can associate a nonlinear semigroup (or dynamical system) 7'() on C
with solutions of (4.1)-(4.5) in the following standard way: let ¢y € C and
&) € C,t=0, be the solution of (4.1)-(4.5) (c.f. theorem 4.3), then

T(t)py = ), t = 0.

REMARK. It is obvious that T'(¢) is nonnegativity-preserving. Additionally one
can easily show that ¢y € C, ¢5£0, implies that ¢(r) = T(t)py == 0 for
large enough 7. This fact shall be exploited in subsection 4.5.

For ¢y € C we denote the orbit startig in ¢ with T'* () (c.f. section 1.8).
From (4.10) and theorem 4.4 the following result follows immediately.

THEOREM 4.5. For every ¢g € C the orbit I (¢y) is precompact.

4.3 Extinction of the population

It is intuitively clear that, if the population becomes extinct, even under the
most favourable growth conditions (i.e. y(P(2)) = ¥(0) for all ¢+ = 0), there is
no hope for survival under the actual circumstances. Below we shall translate
this intuitive idea into rigorous mathematics.

Suppose first that y does not depend on P but is a constant. Then the
problem (4.1)-(4.5) is linear and a straightforward calculation shows that the
characteristic equation (c.f. section II ) is given by

1
Atpty = 2y [ k(x)e ™dx, (4.13)
0

The easiest way to obtain this is by substitution of P(1) = eM into equation
(4.11). One can easily see that this equation has one real solution A, which is
strictly dominant, ie. ReX < A, for all other solutions A of (4.13). Since Ad
depends on y we shall write A;(y). Now we can state our ‘extinction result’
which we shall prove below.

THEOREM 4.6. If A;(v(0)) < O, then for every initial condition ¢9 € C we have
T(@)py — 0 ast—oo0.

REMARK 4.7. We can reformulate the condition in this theorem. To this end
we rewrite (4.13) as

1
-2y “AG() gy —
7, (\) Nniy Ofk(x)e dx = 1.
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Then 7,(0) can be interpreted as the net reproduction rate, i.e. the average
number of offspring of every newborn cell, if the transition probability is y.
Now A;(¥(0)) < 0 can be reformulated as 7,(0) < 1.

In order to prove theorem 4.6 we shall construct a Lyapunov function (c.f.
section 1.8) on C. Let

1
r(x) = ﬁ [k®dt, 0<x < 1. (4.14)

r(x) can be interpreted as the average number of offspring of a cell in the M-
phase with maturity x. If § = 0 then r(x) = 2, 0<x <1.
We define the continuous function Von X by:

1
Wow) = p+ [ r(x)wx)dx, (o) € X. (4.15)
0
We can give the following intuitive interpretation of V. Obviously a cell in the
M -phase has a greater chance to divide eventually than any cell in the G-

phase. Since r(x) represents the average number of offspring of an M -cell, the
function

L
v—afr(x)r(x)dx
0

represents more or less the average future contribution of the M -population
represented by » to the G -population.

Let (Po,np) € C and (P(t),n(t)) = T(t)XPong), t = 0, then
LR On @) = (20— VP O)~1.P®), ¢ >0,
where
1
0= [ k(x)dx.
0

Here we have used that
rix) = Mﬁl_,(x)_z b(x)

g(x) g(x)
Therefore
Wow) = 20— 1f ()~ po. 4.16)
Now suppose that A, (y(0)) < 0, then we obtain from (4.13):
p+¥(0) = 26v(0) .17

and this implies that
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Wer) = {(26—v(p)—p}p < (20— 1)y(0)—p).p < O

if (p,y) € C, which means that V' defines a Lyapunov function for T'(¢t) on C
if A;(v(0)) < 0. As in section 1.8 let & be the largest invariant subset of

{(p¥) € C1WMp») = 0} = {(p#) € Clp = 0}.
Then, because of (4.10) and f(0) = 0 we have
& = {(0,0)}.

Since, moreover, for every ¢g € C the orbit I'" (¢y) is precompact (c.f. theorem
4.5) we obtain from the invariance principle (theorem 1.8.2) that 7'(¢ )¢y — O as
t — oo, and this proves theorem 4.6.

4.4. Existence of a nontrivial equilibrium and monotonicity on a bounded subset
In this and the following subsections we assume that

Aa(v(0)) > 0. (4.18)
This is equivalent to (c.f. (4.17))

o> % and p+v(0) < 26v(0). (4.19)

THEOREM 4.8. There exists a unique nontrivial equilibrium ¢ = (P",n") of

(4.1)-(4.3) where P" is found from y(P") = E?‘u—_l and n’(x) =
« E(x

f )_...l_l_

Note that the correctness of this result is guaranteed by (4.19) and
properties of y stated in assumption 4.1- 4,.

From assumption 4.1- 4, we conclude that f(P) = Py(P) is increasing for
small P. From a biological point of view the following assumption means no
restriction of generality.

ASSUMPTION 4.9.

There exists a P,, 0 < P, < co such that f is increasing on [0,P,) and
nonincreasing on (P, ,00).

We recall that y is assumed to be decreasing.

We also make the following

ASSUMPTION 4.10.
P <P,
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For future use we note that assumption 4.10 can be reformulated as

20—-1(P,) < (4.20)

T T B

*® —
P* P P
For P > 0 we define ®p € C by
® = (PS(P) %). (421
Let P° < P < P, and let the bounded subset C C C be given by
C={¢peCle<< ¥} (4.22)

Lemma 4.11. € is positively invariant under the action of T (1).

PrOOF. Let ¢y € C and suppose that T(t)py & C for some ¢ > 0. Let
to > 0 be the smallest ¢ for which this is so, and let T(t)pg = (P(2),n(2)).
There are three possibilities:

i) There exists an x, 0 < x < 1 such that-é%)-n(ro,x)zf(ﬁ). Leth >0
be such that tp—h > 0 and X(—h,x) > 0, then

BX(Zhx)) o pox(— = £x) = (P
Xy "o h X (—hx) = £E5 (o) = f(P),
as follows directly by integration of (4.2) along characteristics. But this yields
T(to—h)poeC which is contradictory with the definition of #4.

ii) Let gg{))n(x{,,m = f(P). Then f(P(tp)) = f(P) and this implies that
P (fa) =r.

iii) The third possibility is P(zq) = P. .
Therefore we may assume P(fg) = P. Since P(to—h) < P for 0 < h < 1,
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we obtain that P(f) = 0. On the other hand

. - A 1
P(tg) = —pP —f(P)+2 [ b(x)n(tox)dx
0

1
< —wP —f(P)+2 [ k(x)f (P)dx
0

= Q0—-D)f (P)—pP <0

because P > P°. Thus we have obtained a contradiction, and the result is
proved. O

In the sequel we shall need the following technical lemma.

LEMMA 4.12.

a) Let ¢ € C, ¢ => 0, then there exists a sequence {¢; }; .n in C such that
-0<:<¢k<<¢,kemandklim¢k=¢.
—» 00

b) Let ¢ € C, then there exists a sequence {¢y }icn in C such that ¢ >> ¢,
k eNandk]jm b = b
— 00

PROOF. We shall only prove b). Let ¢ = (p,) €C. Then p < P and

-fai(—l)* rx) < f(P) O0<x <. Let {a; };.n be a sequence such that g, — 0,

k — oo, and for all k € N, g, > 0 and -‘E,L(-—))—v(x)+ak < f(P), 0<x<l.

Let ».(x) = v(x)+ay. Eﬁi)l and let p; E(pP) be determined by

o) = gOP(0) = gOWD) P = f()tar. Then & = (opme), k €N
satisfies the conditions of the lemma. O

Now we shall prove two monotonicity results.

THEOREM 4.13. T(t) is monotone on C, ie oy € ¢ and ¢ < Y imply that
Ty <T@W, t =0.

PrOOF. Let ¢,¢ €C, ¢ < ¢ and let {{) }xn be a sequence in C such that
Yo =Y, k — o0 and Y >> Y, k € N. (cf. lemma 4.12b). We show that
T(t)yp << T(thy for all + > 0 and k& € N. Suppose there is a k € N for
which this is not true, and let 75 > 0 be the smallest t for which the strict
inequality  is not  satisfied. Let T@) = (P(t;9)n(t;¢)) and
Ty, = (P(;9).n(t ;). As in the proof of lemma 4.11 we can show that
P(to;9) = P(to;yx). Since P(to—h;p) < P(to—h), 0<h <1y we
conclude that

P(t6:4) = P(to:¥u)-
This, however, implies that
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I 1
2 [ blm(tox;ddx > 2 [ b(x)n(tox Wy )dx,
0 o

which is a contradiction.
Now let >0 be fixed. Then T(r)p << T(tWy. k € N. Letting k — oo
and using the continuity of T'(z) we find

Tty < TuW
and the result follows. O
THEOREM 4.14.

a) IfO<P<P" then T(1)®p is increasing in t.
b) If P" <P <P then T(t)®p is decreasing in t.

Proor. We shall only prove a). The proof of b) proceeds along the same lines.
Let 0<P <P", and let Q be such that P <Q <P". Suppose we can show that
Dp << T(t)Pp, t >0.
Then, letting Q approach P, we obtain
D < T()Dp, t >0,
and now the monotonicity of T'(z) gives
TP <T@ T@)®p =T(s+1)0p, s =0, t =0

which would imply the result. Therefore we shall prove that indeed
®p << T(1)®g for all + > 0. Suppose not. Again let 7o be the smallest

such that the strict inequality is not satisfied. As in the proof of lemma 4.11 we
can show that

P = P(15;®).

Here T(1)®, = (P(2;®g)n(t;®p)). Since P < P(t;9g), 0 <t <1y we
obtain

P(15;%0) < O.
On the other hand

. 1
P(1;®0) = —pP —f(P)+2 [ b(x)n(tox;®p)dx
0

1
> - wP—f(P)+2 [ bx)f (P) 2D 4y
o g(x)

= - .uP—f(P)-!-Zﬂf(P} > 0,
since P < P". This is a contradiction, and the result is proved. [
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4.5. Global stability of the nontrivial equilibrium

In this section we make again the assumptions 4.9 and 4.10. Let P satisfy
P® < P < P,, and let the invariant bounded subset ¢ be given by (4.22).
Now let the initial condition ¢y 5% 0 be contained in €. From the remark
following theorem 4.4 we obtain that there exists a 7, > 0 such that

T(t\)pg == 0.
A straightforward calculation shows that there exist _}:,13 such that
0<P <P <P <Pand® <T()p < Pz

Since {T(t )®p}i>0 and {T(1)®5},»¢ define a precompact increasing and
decreasing net respectively we may conclude that both converge to a limit
which is a fixed point of T'(¢). But the only fixed point is ¢~ and therefore

lim 7(1)®, = lim T(1)®5 = ¢ .
—og - =00

We conclude from T (¢ —1,)®p < T(t)do < T(t —1;)®; that
Lim T(t)py = ¢

=00

We have proved the following result.

THEOREM. 4.15. Let ¢ € C \ {0}, then lim T(t)py = ¢ .
=00

Now we can prove our main result.

THEOREM 4.16. Let ¢y € C, ¢y 5= 0, then im T(t)dy = ¢ .
t—0o0

PrOOF.

i) Suppose P,, = co. Let ¢y € C, ¢9 5= 0. Iff(P)—: oo as P — co then the
proof follows from the fact that ¢, € C if P 1is large enough.
f(P)— fo < o0 as P — o0, then we conclude from (4.10) that for 1 > G(1)
we have T'(t)p, € C if P is large enough.

ii) Let P, < oo. Let ¢g € C, ¢g5# 0, and (P(z),n(2)) = T(t)py. Suppose
P(t) = P, for all t+ = 1ty where 1y > 0. Now let (p,») € Q(¢y) (i.e. the
omega-limit set of ¢y cf section I8) then p=2P,, and
We,») = (20—1)f (p)—pp < O which is impossible. We may conclude that
there exists a ¢; = G(1) such that P(z,) < P,. Let P be such that
P(t)<P <P, and —pP —f(P)+260f (P,,) <O (note that such a P exists
since —pP,, +(20—1)f (P,,) < 0). We show that P(t) < P for all + > t,.
Suppose not. Let 7z be the smallest value of ¢ greater than #; such that
P(t;) = P. Then P(t,) = 0. On the other hand

P(ty) = —pP —f(P)+2 j b (x)n (t2,x ydx
0
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< —pP —f(P)+ 2 [ k(x)f (Py)dx
o

= —pP —f(P)+20f(P,) <O,

which is a contradiction. Therefore P(r) < P, t = t;, and from (4.10) we
conclude that

Tixy = (PN el, t =1, + G(),
where C is given by (4.22). This proves the result.  [J

4.6. Final remarks

The results of this section can also be obtained through consideration of the
integro-differential equation (4.11). As a matter of fact, (4.11) can be
transformed into an integral equation and now application of Fatou’s lemma
(see e.g. DUNFORD & SCHWARTZ (1958)) also gives the stability result of this
section (H.R. Thieme, personal communication). The reason that we did not
follow this road is the following. We believe that monotonicity arguments can
be applied to many problems from structured population dynamics, including
situations for which the mathematical equations cannot be reduced to an an
integral equation.

If A4(¥(0)) < O (cf. subsection 4.3) then there does not exist a nontrivial
equilibrium and in this case the trivial equilibrium is globally attracting (see
theorem 4.6). We obtained this result from the invariance principle. However
an easy calculation shows that the monotonicity arguments of the last two
subsections can provide an alternative proof.

5. SOME OPEN PROBLEMS IN NONLINEAR STRUCTURED POPULATION DYNAMICS

The examples discussed in section 2-4 of this chapter are quite special. In
sections 2 and 3 the problem can in some sense be reduced to a finite-
dimensional ODE-system, and the problem of section 4 has some very nice
monotonicity properties. This section intends to make clear that in general life
is not easy.

Consider a population whose individuals interact with each other indirectly,
namely through the environment. The chemostat models described in sections
2 and 3 are nice examples of this situation. Another example is formed by the
model describing the control of the bone marrow stem cell population
suggested by KIRK et al. (1970) (see also subsection 4.1 of this chapter).
Motivated by these examples we write down the following (nonlinear) system
of differential equations:

dn _
- AG)n, (5-D
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ds
3; = F(s,L(n)). (5.2)

Here, for every nonnegative scalar s, A4 (s) is the infinitesimal generator of a
strongly continuous semigroup of linear positive operators on an ordered
Banach space X with cone X,. L denotes a continuous linear positive
functional on X and F:R;XR, — R is a smooth function. In order that
solutions of (5.2) do not become negative we must impose on F the condition

F00 =0, t=0.

Note that that the examples discussed in sections 2 and 3 and the example
discussed in section 4, where y(P(¢)) in (4.1) and (4.3) is replaced by y(C(z))
and the dynamics of C(r) is described by (4.6), fit into this framework.

The system (5.1)-(5.2) can be generalized in several directions, for instance
by assuming that s is a vector, or letting L. depend on s. However for our
purposes the formulation in (5.1)-(5.2) is satisfactory.

We shall now state a number of open questions followed by some remarks
which indicate in what direction one might look for an answer: of course these
remarks are rather incomplete since they only reflect the personal view of the
author.

Existence and uniqueness

Prove existence and uniqueness of solutions for initial data n(0) = no,
5(0) = s¢ in some closed subset C of X, X R, and show that the solution
depends continuously on (n¢,so) uniformly for ¢ in compact sets. Associate a
nonlinear semigroup (or dynamical system) 7'(¢), ¢ = 0 on C with solutions
of (5.1)-(5.2). The ultimate goal is to find verifiable hypotheses about the
dependence of A on s, which imply the existence of such a nonlinear
semigroup. It might be a good starting point to check under what conditions
the semigroups generated by A(s) depend smoothly on s (uniformly in
compact -intervals). Now the Trotter-Kato theorem (see PAZY (1983)) suggests
that one should look at the dependence of the resolvent operators R(A,A(s))
ons.

Trivial and nontrivial equilibria

Suppose that for every s = 0 the operator A(s) has a strictly dominant
algebraically simple real eigenvalue Ay¢s) with corresponding eigenvector
Hd(s] e X 4+

Let § be a solution of F(§,0) = 0 (in many applications § is uniquely
determined) then (0,§) is a trivial equilibrium of (5.1)-(5.2). Let s be
determined by Ay(s*) = 0 and let ny(s") be normalized by the condition
F(s",ny(s")) = 0, (in practical cases ng(s") is uniquely determined) then
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(ng(s"),s") is a nontrivial equilibrium of (5.1)-(5.2). We note that in a great
number of applications (but certainly nor all) A; is a strictly monotone
continuous function of s, and in that case there exists a unique nontrivial
equilibrium if O lies between A4(0) and Ay(c0). We note explicitly that the
problem of determining all equilibria may sometimes be a very hard one.

Stability, instability and bifurcations
The basic tool for investigating local (in-)stability of an equilibrium is
linearization. Let (n” ,s") be an equilibrium. We substitute in (5.1)-(5.2)

n=n +» s =5 +o,
and, upon neglecting higher order terms, we obtain
dv

= A w+ed'(s")n”, (5.3)
do _ OF IF

do _OF oF 4
” % .0+ o L(»), (5.4)

where both partial derivatives in (5.4) are evaluated at (s",.L(n")). We
emphasize that these computations are only formal. Substituting

pt) = eMv, o(t) = eMo
in (5.3)-(5.4), we obtain the spectral problem
A—A4"w=0B"n", (5.5)
A—F))o = FiL(), (5.6)
where
A° =A(G"), B  =A'G"), F, = f’a-i—'"(s‘,L(n‘)) and F; = %f—(s' L(n")).
From (5.5) we obtain for A & o(4")
vy =oA—A" ) 'B'n"
Substitution into (5.6) gives the characteristic equation
A—F; = FL.L(A—A")"'B"»n"). 5.7
Note that A € o(4") cannot be a solution of (5.7) unless B n" € RA—4").
Now an important question is: "How to prove the principle of linearized
stability? In other words: how to show that the stability of the equilibrium
(n ,s ) is determined by the position of the complex values A solving (5.5)-
(5.6) (which except for o(4 ") coincide with the roots of (5.7)). We note that in
general (5.1)~(5.2) is not semi-linear ‘(see PAazy (1983) for a definition) and
therefore the standard theory does not apply.
It is very likely that similar arguments as those used to prove the ’principle

of linearized stability’ can be used to prove the Hopf bifurcation theorem for
(5.1)(5.2) (c.f. CHOW & HALE (1983)).
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fobal methods

In all the examples discussed in sections 2-4 we managed to prove global
ability results for the equilibria. The main techniques came from dynamical
stems theory, and were omega-limit sets, Lyapunov functions and the
wvariance principle and last but not least monotonicity arguments. An
aportant special case is the situation that the semigroup 7'(z) is monotone on
<closed invariant subset of the state space C. We refer to HirscH (1984) and
[ATANO AND HIRSCH (in prep.) for a general exposition on order-preserving
'sStems. We expect that in the future these techniques will play an important
1€ in the study of nonlinear models in structured population dynamics.

‘r2al remarks
If (5.2) is replaced by
F(s,L(n)) = 0, (5.8
©m we can express s in terms of n, s = S(n), and substitution in (5.1) leads
the simpler problem
dn _
o A(S(n)n. 5.9

e call (5.8) a quasi-steady state assumption, and the transition from (5.1)-(5.2)
(5.9) can be justified, if the dynamics of s is much faster than the dynamics
7z . In subsection 4.1 a nice example of such a transition is discussed.

"I'he problem studied in section 2 has the nice but also very special property
at

A()YL = MN()L, s = 0.

def
this relation is satisfied, then Kr) =L (n(z)) obeys

%ﬁ = L(A(s)n) = (A(s)" L)n) = M\y(s)L(n) = Aa(s)t (5.10)
rerxeas (5.2) can be rewritten as

ds _

o - Feh G.11)

< the infinite-dimensional system (5.1)-(5.2) has been reduced to the two-
mensional system (5.10)-(5.11).

In the literature rather little can be found about nonlinear problems from
uctured population dynamics, except for the subclass of age-structured
>dels, which has been extensively investigated. We refer to CUSHING (1983),
¢IL_LENBERG (1982), PrRUss (1981, 1983a, 1983b) and the book of WEBB (1985)
© a number of examples. As to size-structured models, we refer to the
sppiring paper by MURPHY (1983) who considers the case that the
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nonlinearity is contained in the function describing individual growth, and
shows how such a problem can be reformulated as an age-dependent problem,
if one supplements the original equation with a balance equation whose
solution describes size as a function of time and age.

We expect that nonlinear problems from structured population dynamics,
such as described by the equations (5.1)-(5.2), can be fitted into the framework
of infinite-dimensional dynamical systems. The general theory of infinite-
dimensional dynamical systems is growing rapidly nowadays (see HALE,
MAGALHAES and OLIvA (1982)) and a further development with a special eye
on the application to equations like (5.1)~(5.2) is in our mind desirable.
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SAMENVATTING

DYNAMICA VAN GESTRUCTUREERDE POPULATIES

In dit proefschrift worden een aantal wiskundige modellen uit de
populatiedynamica besproken. Uitgangspunt is steeds een biologische
populatie waarvan de individuen van elkaar kunnen worden onderscheiden
op grond van &&n of meerdere fysiologische kenmerken zoals leeftijd,
gewicht, satiatie enz. Zo'n populatie noemen we gestructureerd.

Het meenemen van een interne structuur schept de mogelijkheid om
de dynamica van de populatie te relateren aan de fysiologische pro-
cessen binnen het individu zoals reproductie, sterfte en groei. Het
resultaat is een balansvergelijking (een partiéle differentiaalver-
gelijking) waaruit de frequentieverdeling over de verschillende ken-
merk-vectoren op elk tijdstip kan worden berekend, als deze op een
eerder tijdstip bekend is. Belangrijke technieken (welke nader worden
toegelicht in hoofdstuk I) om oplossingen van lineaire vergelijkingen
uit de 'gestructureerde populatiedynamica' te onderzoeken zijn:
spectraaltheorie van (positieve) operatoren en de theorie van sterk
continue halfgroepen van begrensde (positieve) operatoren. Deze
technieken worden toegepast in de hoofdstukken I - IV, waar we vari-
anten van het Bell-Anderson model voor celgroei en —deling bestuderen,
en in hoofdstuk V, waar we een model voor het predatiegedrag van een

ongewervelde predator bespreken.

In werkelijkheid zullen populaties nooit ongeremd groeien omdat er
een wisselwerking bestaat tussen de populatie en haatr omgeving: de
populatie beinvlcedt haar omgeving welke mede bepalend is voor het
gedrag van het individu. Het meenemen van een interne structuur is
onontbeerlijk, wil men deze interacties op een biologisch verantwoorde
wijze modelleren. De wiskundige problemen die men aldus vindt zijn
niet-lineair. In hoofdstuk VI bespreken we een drietal voorbeelden
van dergelijke niet-lineaire problemen. In alle drie de gevallen
kunnen we een precieze karakterisering van het gedrag van oplossingen
geven. In de laatste sectie van hoofdstuk VI laten we zien dat het

leven in het algemeen niet zo eenvoudig is.



STELLINGEN
Behorende bij het proefschrift "DYNAMICS OF STRUCTURED POPULATIONS"
door H.J.A.M. HEIJMANS

2.

In sectie II1.8 van dit proefschrift latem we zien dat corollary 111.7.3
ook geldig is als aan voorwaarde B' (sectie III.8) is voldaan. Dit re-
sultaat kan worden uitgebreid tot het geval dat g(lx) ¢ 2g(x) voor ten-

minste &én x€[la,1] (bedenk dat g continu is).

Als de functies g, ¥ en b in (2.1) van hoofdstuk III van dit proef-
schrift periodiek van t afhangen, met periode T, en voldoen aan de
geijkte gladheids~, begrensdheids- en positiviteitscondities (zie [11])
en als bovendien g(t,2x)#2g(t,x), voor alle t en x, dan wordt het
asymptotisch gedrag van oplossingen van

%%(t.x)* 3%(;(t.x)n(t.x))--(n(:.x)*h(t.:])n(t.x)+&h{t.2:)ntt,2x)
n(t, la)=0
n(0,x)=n,(x)

gegeven door: n(t.x)-ckt.w(t,x}.(c*n-Cto(!)). [

Hierin is €>0, A¢Ren ¥ een continue positieve functie op Rx[ja,l]

met periode T. De constante ¢ hangt lineair van de beginconditie 5, af.

[1] 0. Diekmann, H.J.A.M. Heijmans & H.R. Thieme (1985) On the atabili-
ty of the cell aize distibutiom, II. Time-pertodic developmental

rates,preprint.

Beschouw de volgende variant van het celsplitsingsprobleem bestudeerd

in hoofdstuk III van dit proefschrift:

?T‘:(z,xh S2(8(OR(E,X))== (4 (X)+b(x))n(t,x) +4b(2x)n(t-r,2%)
n(t,ia)=0
n(t,x)-nﬁ(t.x), ~rst30,

waarin t,x,g,s,b,a en o, dezelfde betekenis hebben als in hoofdstuk 1II

en waarin r>0 een vaste tijdsvertraging is. Laat aan voorwaarden HE'



Hierin is g(r) de groei, en zijn u(r) en b(r) resp de kans op
doodgaan en splitsen. Als een korrel met straal r splitst dan is z'm
straal na splitsing p(r). Als men de geeigende aannamen op g,u,b en p
maakt, kan men laten zien dat convergentie naar een stabiele verdeling

optreedt, hetgeen een sterker resultaat is dan bewezen in [2].

(1] L. Edelstein & Y. Hadar (1983) 4 model for pellet size distributions
in submerged mycelial cultures, J. Theor. Biol. 105, 427-452.

[2] M. Chipot & L., Edelstein (1983) A mathematical theory of size dis—
tributions in tissue culture, J. Math. Biol. 16, 115-130.

Zij X een Banachruimte en T een gesloten lineaire operator op X met een

Browder(r)’ Uweyl(T)’ 0Wclf(T)
to(T) resp. het Browder-, Weyl-, Wolf- en Kato-essentiéle spec-

niet-lege resolvent verzameling. Laten o
en o
trum zijn (e.g. [1]). Dan is

3 (T) = 3 (T) = 3000 (T -

“Browder Tyey1 T = 3%y01¢

Hierin is 3V de rand van V als Vcl.

[1] Ww. Schappacher (1983) Asymptotic Behaviour of Linear C,-Semigroups,

Lecture notes, Quaderni, Bari.

Zij H een Hilbertruimte en T een gesloten lineaire operator op H met een

een niet-lege resolvent verzameling. Als I\g

(T) = Oweyl(T) = (1).

Wolf(T) samenhangend is,

dan is:

cBrowder GWOIf

Zij X een Banachruimte en zij B(X) de Banachalgebra bestaande uit alle
begrensde lineaire operatoren op X. Voor een verzameling {°C definiéren
we (c.f. (1) My o () = {TEB(X) | Fprowder (T) S @ }. Op dezelfde

wijze worden MWeyl(R)’ Mwolf(ﬂ) en HKBto(ﬂ) gedefiniéerd. Als Q een
enkelvoudig samenhangend gebied in L is, dan is

MBrowder(n) = MWeyl(R) = MWclf(g) = HKato(R)
een samenhangende open verzameling in B(X).

L1] S.T.M. Ackermans (1967) On the principal extensions of complex sets
in a Banachalgebra, Indag. Math. 29, 146-150.



9.

Zij X een Banachruimte en zij C(X) de ruimte gevormd door alle gesloten
lineaire operatoren op X. 2ij d de afstandsfunctie op C(X) gedefinigerd
in [1, p.202]. Als T € C(X) een Riesz-Schauder operator is (i.e. 0 ¢
dBrouder(T} ) net Elcht domein, dan is er een £>0 zodat iedere S € C(X)
welke voldoet aan d($8,T)<e een Riesz-Schauder operator is.
[1] T.Kato (1976) Perturbation Theory for Linear Operatorsa,

Springer, Berlin.

Zij X een Banachruimte en laat A € ((X) de infinitesimale generator van
een sterk continue halfgroep [T(t;A)}tzo zijn. Zij mO(T(t;A)) het type
en uESS(T(t;A)) het essentiile type ( zie sectie I.5 van dit proef-
schrift). Zij K(X) het ideaal der compacte operatoren op X, en laat veor
K € K(X) de sterk continue halfgroep gegenereerd door A+K gegeven zijn
door {T(t;A+K)}t20 . Er geldt:

wess(r(t;A)) =k 25“2(}{) wy (T(E3A+K)).

Zij f,g € CIEG,”), £(0) = g(0) = 0, £(x)>0 en g(x)>0 als x>0. Zij

k € L][O,il ecen positieve functie en laat veor x>0 voldaan zijn aan:
%%%% > f] k(t)dt , dan geldt voor elke oplossing x(t) van
0
- 1
%(t) = =g(x(£)) + [ k(s)f(x(t-s))ds,
Q

dat x(t) + 0 als t =+ w.
De biologie wordt door wiskundigen nog te vaak als grabbelton gebruikt.

De mensheid is slim genoeg om ingenieuze wapensystemen te bedenken en

dom genceg om ze te maken.

Het 1lijkt zinvol om na te gaan of een verdere verlaging van de minimum-
uitkeringen kan worden voorkemen door invoering van shirt-reclame voor
de leden van het kabinet.
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