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Et eunt homines mirari alta montium
et ingentes fluctus maris

et latissimos lapsus fluminum

et oceani ambitum et gyros siderum
et reliqguunt se ipsos ...

Augustinus, Conf. X, VIII, 15
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Chapter 1

Introduction

The purpose of this thesis is to describe how algebraic methods and formal computa-
tions can be used in the study of systems with time-delays. In the next chapters this
so-called algebraic approach to time-delay systems, based on the theory of systems
over rings, will be elaborated in more detail. However, to start at the beginning, we
confine ourselves in this first chapter to the main topic of the thesis itself: time-delay
systems. We answer questions such as: what are time-delay systems; why are they
interesting and useful to study? We also present an overview of some approaches-
known in the literature to describe and analyse these systems mathematically.

1.1 What are time-delay systems?

Before we can answer this question and describe what kind of systems are investi-
gated in this thesis, another question should be answered first: what is a dynamical
system? Of course this question can be answered in many different ways, but the
key-idea in all these answers is the same. A dynamical system can be seen as a
mathematical model for certain types of real world phenomena. These phenomena
are described by some variables that are functions of time, and therefore we speak
of a dynamical system. The variables are mutually related by laws governing the
system under consideration. Some of the variables are determined by the outside
world; they are called input variables. Throughout this thesis we often assume that
- we are free to choose the values of these input variables ourselves. Input variables
of this special type are called control variables. The other variables are completely
determined by the values of the input variables, and are called oufput variables. So
a system can be considered as a process influenced by the outside world through
inputs «, and producing outputs ¥ to the outside world as depicted in Figure 1.1.

Inside the system, the inputs are transformed to outputs according to the laws
governing the system. Depending on the types of equations describing these laws,
we distinguish several classes of systems. The simplest, and probably also the most
investigated class is the class of finite-dimensional linear time-invariant systems. In
the continuous time case, these systems are described by the following two equations
relating the m-dimensional input ¢ to the p-dimensional output

i(t) = Az(t)+ Bu(t), . :
y(t) = Cz(t)+ Du(t), : ‘ (11)

i
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— ¥  J System ——F

Figure 1.1: A dynamical system

where A € R**", Be R™™, C € R?** and D € RP*™, So, except for the input and
* output variables u and y, there is also an evolution variable z involved. £(t), the
time-derivative of this evolution variable x at time ¢ and y(¢), the output y at time
t, only depend on z(t) and u(t), the evolution variable z and the input u at time
t, respectively. Given an initiel value z{0) of the evolution veriable and an input
trajectory {u{t) | ¢ € [0,00)}, the output trajectory is easily determined using the
so-called variation-of-constants-formula

y(t) = Ce™z(0) + /0 t Ce*""4By(r)dr + Du(t) 2 0).

Hence, the initial value of the evolution variable and the future inputs are the only
information needed to solve the differential equation in (1.1). This observation does
not only hold at ¢t = 0, but for every t € R. So the evolution variable x has a
very specific meaning: it can be seen as the memory of the system, containing all
necessary information about the past of the system, that is required to compute all
future outputs, when the future inputs are known. Therefore this evolution variable
z has a special name: it is called the state of the system. (For an extensive treatment
on the notion of state and the importance of this concept in system theory, we refer
to e.g [48, Section 1.1] and [86, pp. 12-13]).

Linear systems with point delays, which form the class of systems that is investi-
gated in this thesis, obey almost the same equations as (1.1). In this case, however,
‘the time-derivative of the evolution variable z at time £, and the output y at time ¢,
do not only depend on the values of the evolution variable and of the input at time
t, but also on their values at some specific time instants in the past. As an example,
consider the following linear system with delays:

#(8) = Agz(t) + Arz(t — 1)+ Asz(t — V3) + Asz(t — 2+
: +Bou(t) + Biu(t — 1), ; (1.2)
y(t) = Cyz(t —1—v/3) + Dyu(t) + Dyu(t — v/3),

where A; € R™**, B; € R*™™, C; € RP*” and D; € R?*™, To compute & at time ¢
we do not only need z{t) and u(t), but also z(t —1), z(t — v/3), z(t —2) and u(t —1).
For the computation of y(t), the values of z(t — 1 — v/3), u(t) and u(t — v/3) have
to be available. ‘
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In general, a time-delay system with point delays is given by a differential-
difference equation and an output equation of the form

i(ﬁgx(t B ?{) + B;u{t — T,)), )
e ' V (1.3)
y(t) = g(&x(t - 7)+ Dt — 7)),

()

i

where A; € R™™", B; € R™™, C; € RP*" and D; € RP™ (i = 1,...,k) and
0L n <1np <+ < 7 are all time-delays that are involved. We speak of time-
~ delay systems with point delays because for the computation of the time-derivative
of the evolution variable z at time ¢ and the output y at time ¢, we only need
the values of £ and u at some specific time instants in the past and not on a whole
interval. However, to solve the differential equation in (1.3) once an input trajectory
{u(t) | t € [—m,00)} is known, a complete initial trajectory {z(t) | t € [—7x,0]} of
the evolution variable z is required. ‘

From this observation it is natural to introduce the class of time-delay systems
with distributed time-delays. For these systems, the time-derivative of the evolution
variable r and the output y at time ¢ depend on the values of x and « in a bounded
time-interval in the past. In the simplest case, only the functional differential equa-
tion for the evolution variable z contains distributed time-delays:

{ ()
y(?)
with N(6) an n x n matrix of bounded variation.

In both the point- and distributed time-delay case, z(t), the value of the evolution
variable at time ¢, is not the real state of the system. It is obvious that it is impossible
to to solve the differential equation (1.3) or (1.4), if only the value of = at one time
instant T, and all future inputs are known. Fortunately it is possible to generalize
the classical notion of state to this more general case. In Section 1.3 this is explained
in more detail. Nevertheless we shall also call the evolution variable x the state of
the system. In this thesis this will turn out to be a rather convenient abuse of
terminology. It reflects the idea that in both cases (1.1) and (1.3), the variable z
plays the same role. It describes in what way the inputs to the system are carried
over to the outputs. ‘

Although from a differential equations point of view (1.3) and (1.4} are very
similar, and the technique of finding solutions is completely the same, we confine
ourselves in this thesis to systems of the form (1.3). This class of systems with point
delays is still very rich, as will become apparent in the next section. Moreover,
in contrast to systems with distributed time-delays, it is possible to investigate
interesting properties of systems with point delays without computing a solution to
- the differential-difference equation (1.3) explicitly, but using algebraic tools instead.
This is also the main theme of this thesis: how to apply algebraic methods to systems
with point delays.

]_"T(dz\r(e))x(i +6) + Bu(),

(1.4) |
Cz(t),
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1.2 The use of time-delay systems

Time-delay systems with point delays can be used to model a large number of
phenomena occurring for example in engineering, physics, biology and economy. In
the mathematical modeling of a physical process there is often a trade-off between
the accuracy of the model and its simplicity: one is interested in a simple model
that gives a good explanation of all aspects of the process one is interested in. In a
lot of cases a linear model without delays will do perfectly well as a first description
of the process. However, if one wants to describe some additional features of the
phenomena under consideration that are not captured by the model (1.1), a more
accurate model may be necessary. The introduction of time delays might help to
obtain more accurate models. In this section we give some examples of systems in
engineering and biology that can be described by time-delay systems.

1.2.1 Time-delay systems in engineering

Example 1.2.1 Consider a chemical plant consisting of some reactors linked by a
number of pipelines. In the plant there are several flows of different liquids from one
reactor to the other. To describe the behaviour of the complete chemical plant, we
first have to model the chemical processes in each of the different reactors. Clearly,
the output of one reactor is the input to another one. So, once the dynamical
behaviour of the first reactor is determined, the input to the second reactor is also
known; one only has to take a time-delay into account: the time required for the
liquid flow to cross the pipeline from the first to the second reactor. Moreover, in the
reactors themselves time-delays occur too, for example in the mixing and reaction
of two different liquids. Hence, for an accurate modeling of such a chemical plant
time delays play an important role. '

‘The next example is somewhat more explicit. It is taken from [60, p. 4].

Example 1.2.2 We consider a very simple model to describe ship stabilization.
- Assume that the ship dynamics are described by

Ié+ hé = —Kp, I>0,K>0, (1.5)

where ¢ is the ship deviation angle and 7 is the turning angle of the rudder. Instead
of a manual control of 1, we apply an automatic control, described by the following
helmsman rule

T+ = of + B¢ T > 0. : - (1.8)

In (1.6), ¢ denotes the measured value of the ship devia;t.ion'angle. In practice
however, it is impossible to measure the ship deviation instantaneously. Therefore
we have to assume that

&(t) = o(t — 7).
Taking this time-delay 7 into account, and combining (1.5} and (1. 6) the foliowmg
closed—loop system is obtained

TI @é(t) +(Th+Dé(t) + hd(t) + K ﬁgé{t N+ Kaplt-r)=0.  (L7)
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o—4 Plant

Compensator Delay

Figure 1.2: Feedback system with informationalklag

The closed-loop system (1.7) can be written in a form similar to (1.3). To do so, we
introduce three new variables: z1(t) := @(1), z2(t) := &(¢) and z3(t) := ¢(¢). With
this notation, (1.7) takes the following form:

Iy (t) =10 0 1 .’L‘g(t) + 0 0 0 xg(t — T) .
(i‘a(t)) ( o 7 =G0 ) (xs(t)) ( Roalil ol ) (xs(t - r))

At this moment, the parameters o and [ are still free. The final choice has to
guarantee the stability of the closed-loop system (1.7), which contains the time-
delay 7. .

The problem in Example 1.2.2 is quite common in engineering and is called
informational lag. The general situation is depicted in Figure 1.2. To control the
plant, a compensator has to be designed which takes the output y as input and is
fed back to the input of the system. However, one has to take into account that the
measurement of the output y takes some time 7, and that in reality y(¢ — 7) is the
input to the compensator. Therefore the closed-loop system is a time-delay system
with one point delay 7.

1.2.2 Time-delay systems in biology

Time-delay systems also occur quite naturally in biology, especially in population
models. The dynamics of this kind of processes often involve large after-effects, and
therefore an accurate modeling leads to a system with time-delays. To illustrate
this idea, consider as a simple example an isolated population of a certain species.
Let z(t) denote the number of individuals in the population at time ¢, and assume
that the life-span of every individual is a fixed constant L. The number of births
per unit of time at time ¢ is proportional to the number of individuals alive at that
time instant. But then the number of deaths per unit of time is also known because
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the life-span is constant. In this way the following model for the dynamics of the
population is obtained:

(t) =a- (z(t) — z(t - L))

Of course this is a very simplified model, with rather strong assumptions, but at
least it is clear that time-delays play an important role in these population models.

The next example is somewhat more realistic. It describes a predator-prey sys-
tem with help of the so-called Volterra-Lotka equations, but incorporating some
time-delays. Originally this model was proposed in [100].

Example 1.2.3 Consider an isolated area where two different kinds of animals live:
a prey and a predator (for example goats and wolves). The predator is completely
dependent on the prey for his food. The prey itself on the other hand, is herbivorous
and we assume that the isolated area provides the prey animals with a constant (but
bounded) amount of vegetable food per unit of time. Let 2(¢) and y(¢) denote the
number of individuals at time ¢ of the prey- and predator populations, respectively.
We are interested in the dynamic behaviour of both these populations.

For a moment we suppose that there are no predators present in the area and ounly
a small number of prey animals. At first the prey population will grow exponentially
because there is an abundance of food available for a relatively small group of prey
animals. But at a certain moment the area gets crowded with prey animals, there
is a shortage of food, diseases occur, and the population will diminish. So without
predators, the dynamics of the prey population might be described by

() = a-z(t) — b 2*(t).

Next suppose the predator population is present. Under the assumption that both
populations are uniformly spread about the area, the number of encounters per unit
of time of a predator with a prey will be proportional to z(t) - y(£), and in this way
we obtain the following differential equation for the prey population:

&(t) = a-2(t) —b-2*(t) — c- 2(t) - y(t),

where ¢, b and ¢ are all positive constants.
This differential equation for z{t) can also be interpreted in a slightly different
way. Dividing both left- and right-hand side by 2(¢), we obtain a formula for the

relative growth %% of the prey population:

;@—):a-b-x(t)—c»y(t). |
In our model, this relative growth is an affine function of the number of prey and
predator animals, with constant coefficient a > 0, and the coefficients of the linear
terms in the number of prey and predator animals (—b and —c) both negative.
Now, consider the population of predators. If there is no prey available, the
predators will starve, and their number will decline exponentially. In the presence
of prey, the number of encounters per unit of time of predators with preys will
again be proportional to z(t) - y(t). However, it takes some time for the predator
to produce off-spring since the prey is not turned into a predator instantaneously.
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So, in the differential-difference equation describing the dynamlcs of the predator
" population a time-delay h occurs:

9(t) = —d-y(t) + f - =(t — k) - y(t - h),

with the constants d and f both larger than zero.

Finslly we assume that it is possible to influence the system from the outside
world by shooting some individuals of the predator population. So.in the last equa-
tion we introduce a control term v(t), representing the number of predator animals
shot per unit of time at time ¢. As a consequence, v({f) > 0 for all ¢, and we have
obtained the following control system:

{fcm = a-a(t) = b-22(0) ~ o x(t) - (1),
§1) = —d-y(e)+ f-alt=h)-ylt = B) ~ o),

where all variables that are involved are nonnegative.

From the ecological point of view there are now a lot of interesting questions
to ask. Is the system stable without applying any control, and in what sense is it
stable? Is it possible to steer the system from one equilibrium to another? Moreover,
there can be different control objectives. If the predator population is of economical
interest (for example because of its valuable fur), one might want to maximize the

total amount of preda,tors shot:

-t
/o e~ y{t)dt,

where o denotes the discount rate. This is a correction term for the fact that the
economical value of future yields diminishes exponentially because of interest loss.
From another point of view it is much more interesting to maintain both populations
on a certain level with as little human intervention as possible. This kind of questions
can all be reformulated into system-theoretic terms. To answer them, properties as
reachability and stabilizability play an important role. Exactly these properties are
the main topics in this thesis,

Unfortunately, the theory developed in this thesis is not directly applicable to the
predator-prey model {1.8) because this model does not only contain time-delays but
also nonlinearities. So first one has to linearize this model around an equilibrium to
obtain a model of the form (1.3) when this is possible. Through the investigation of
the linearized model it is possible to enlarge the knowledge on the omgmal predator-
prey system {1.8).

(1.8)

In both the examples from engineering and from ecology, the same questions on
time-delay systems pop up. For example, when are these systems stable and what
does stability really mean in this sitnation? And if these systems are not stable,
how may they be stabilized by a feedback compensator? Is it possible to steer a
system to a specific state and how should the input be chosen to achieve this? For
linear time-invariant systems without time-delays the answers to these questions are
well known. In this thesis we aim at extending the same ideas to the larger class of

‘systems with point delays.
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1.3 Two approaches to time-delay systems

Since systems with time-delays of the form (1.3) are only slight modifications of
ordinary finite-dimensional linear time-invariant systems, the most obvious way to
treat them is to generalize the theory to incorporate the class of time-delay systems
too. This generalization can be performed in (at least) two different ways, and this

gives rise to two different approaches towards time-delay systems.

In the first approach, which is most commonly used in the literature, a system
with time-delays is described as an infinite-dimensional system. The key-idea behind
this approach is the generalization of the notion of state for the system. Despite the
fact that in this thesis with some abuse of terminology, the evolution variable z in
the differential-difference equation (1.3) is called the state of the system, it is not
the state of the system in the classical sense. This remark was already made in Sec-
tion 1.1. The initial condition required to solve the differential-difference equation
(1.3) does not consist of the value of the evolution variable z at one specific time-
instant, but on a complete initial trajectory {z(t) | ¢ € [k, 0]}, where 7, is the
largest time-delay occurring in the system (1.3). The same holds at any arbitrary
time-instant 7. At that time the trajectory {z(t) | t € [T — 7, T']} contains all nec-
essary information from the past that is required to compute future outputs, once
future inputs are known. So not the evolution variable z itself, but time-trajectories
of this evolution variable 2(¢) = {z(£) | € € [t — 7&,t]} serve as the state of the sys-
tem in the classical sense. This real state & is of course infinite-dimensional. Hence
it is possible to rewrite the original system equations {1.3) in such a way that an
infinite-dimensional system, i.e. a system with an infinite-dimensional state-space,
is obtained. This rewriting process is mathematically rather involved and is beyond
the scope of this thesis. Therefore we omit it here and instead refer to [17, pp.
. 48-50] for the technical details. This embedding of the class of time-delay systems
with point delays in the class of infinite-dimensional systems has an important ad-
vantage: all methods and design techniques known for infinite-dimensional systems
can be applied to systems with time-delays. Moreover, in this approach it does
not make any difference whether we have to deal with systems with point or dis-
tributed time-delays: they both fit into the infinite-dimensional systems framework.
This is one of the main advantages of this approach. But this generalization is
also very straightforward from the system-theoretic point of view: the notion of the
state of a system, which plays such a crucial role for finite-dimensional linear time-
invariant systems, is generalized and maintains its intuitive meaning in a very clear
way. Unfortunately this approach also has some shortcomings. All computations
{for example for the design of a compensator) have to be carried out on operators
on infinite-dimensional spaces and are therefore quite complicated. Moreover, the
implementation of compensators designed in this way can become rather involved.
Often the point-delay character of the system is lost after feedback because the
design techniques for infinite-dimensional systems may lead to compensators with
distributed time-delays. To solve these problems, another approach towards delay
systems has been proposed in the literature. In the next part we give the main ideas
of this approach.
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To investigate the behaviour of a time-delay system like (1.3), it is not always
necessary to find a complete solution of the differential-difference equation. A lot
of system-theoretic properties can be studied by formal manipulation of the system
defining equations themselves. These formal computations get a system-theoretic
meaning when we consider a time-delay system as a so-called system over a ring. In
the next chapter this subject is treated in more detail; we now confine ourselves to
the question how delay systems fit into this algebraic framework. '

First introduce a delay operator o, acting on the state and input trajectories z(t)
and u(t) respectively:

oz(t) = z(t — 1) ou(t) == u(t —1).

From this definition it is obvious that all integer timeldelays can be described by
the delay operator o because

Vk € N : z(t - k) = o*z(t).

The use of delay operators for the description of time-delay systems is most easily
explained with help of an example. For this we return to the system equations (1.2).
We start introducing two delay operators working on state- and input trajectories:

oz(t) = z{t-1),
oaz(t) = z(t —V3).

The time-delays 1 and v/3 are called incommensurable because it is impossible to
find integers n; and n, such that (ny, n2) # (0,0) and

ny +’I’L2'\/§=0.

(1.9)

Using definition (1.9), the delay system (1.2) can be rewritten as
E(t) = Apz(t) + A1012(t) + Aa00a(t) + As02z(t) + Bou(t) + Byoyu(t) =
= (Ao + 0141 + 0242 + 05 As)z(t) + (Bo + 01B1)uft),
y(t) = Ch01022(t) + Dou(t) + Daoqu(t) =
= (010:C4)z(t) + (Do + 02D2)u(t).

Defining
A = Ag+o 4 +0’2A2+0'%A3,
B := By+aB,
- e (1.10)
C = 0’10'204,
D = Dy+09D,,
the formulae in (1.2) become
i) = Az(t) + Bu(t),
@) -() .() .11)
y(&) = Cz(t) + Dult). :
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The equations (1.11) look very much like those of a finite-dimensional linear time-
invariant system, but there is of course one big difference. The entries of the matrices
A, B, € and D in (1.11) are not real numbers, but polynomials in the delay operators
o1 and oy with real coefficients.

The procedure described above for example (1.2) can be used in general. Con-
sider a system with &k incommensurable point delays 0 < 1y < 713 < -+ - < 7}, L.e. the
existence of an n-tuple of integers n,...,n; such that

T+ T -« b M7 =0,

implies that n; = 0 (i = 1,..,,k). Define k delay opefators acting on state- and
input trajectories:

o:z(t) = z(t - 1) (t=1,...,k).

Then the original system equations can be rewritten in the form (1.11), where A, B,
C and D are polynomial matrices in the delay operators oy, ..., 0%. Next, introduce
a k-tuple of indeterminates 5,,.:., 8, and substitute in the matrices A, B, C an~d
D the indeterminate s; for o; (i = 1,...,%). In this way we obtain matrices A, B,
C and D over the polynomial ring Rlsy,..., s, i.e. all entries of these matrices
are polynomials in the indeterminates si,...,s, with real coeflicients. However,
the quadruple of matrices (A, B,C, D), together with the k-tuple of time-delays
(71, ..., 7x), still constitutes a complete description of our original time-delay system:
all information required to reconstruct the original set of equations is still available.

The quadruple of matrices (A, B,C, D) alone can be considered as a linear system
¥ = (4, B,C,D) over the commutative ring R[s),...,s;]. This kind of systems
form another sort of generalization of the well-known class of linear systems over
the field R. In the literature there is a lot of theory available on systems over rings,
and in Chapter 2 we study these systems in far more detail. Note already that
the theory and all design methods originally developed for systems over rings are
directly applicable to time-delay systems with point delays, using the construction
just described. In this way several formal computation techniques, exploiting the
algebraic structure of the system under consideration, become available for systems
with point delays.

It is important to stress that the class of all linear systems over the polynomial
ring R[s1,..., 5] is more general than the class of systems with point delays as
described in (1.3). Considering a delay system (1.3) as a system over a ring, we
forget about the fact that the indeterminates sy, ..., s correspond to delay operators
O1,...,0, with time-delays 7y,..., 7, respectively. So from the description of the
time-delay system as a quadruple (4, B, C, D) of polynomial matrices and a k-tuple
(r1,-..,7s) of time-delays, only the first information is used: in the description as a
system over a ring we forget (temporarily) about the delay character of the original -
system. Of course it is often possible to derive stronger results using exactly this
extra information. This forgetting and remembering of the delay character of the
indeterminates sy,..., 8, can be seen as a leitmotiv through the whole thesis. -

Finally we want to mention that also this so-called algebraic approach towards
time-delay systems has its shortcomings and disadvantages. First of all it is only ap-
plicable to systems with poiat delays as deseribed in (1.3); systems with distributed
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time-delays do not fit into this algebraic framework. Moreover, the notion of the
state of a time-delay system becomes very unclear. In the theory of systems over
rings there also exists a notion of state of a system, but unfortunately this interpre-
tation is not compatible with the classical notion of the state of a time-delay system
as it was used in the infinite-dimensional systems approach. So one has to be very
careful in this respect. Still, the systems over rings approach has the important
advantage that computations are much easier to carry out in this framework. In
this thesis we investigate how fruitful this approach can be. This does not mean
that the infinite-dimensional systems approach is not interesting. On the contrary; -
it is the most commonly used framework for the investigation of time-delay systems
and invaluable for a good understanding of time-delay systems. A lot of important
results were discovered using this approach. Therefore I prefer to state it the other
way around: I hope that this thesis will convince the reader that the algebraic ap-
proach towards time-delay systems is a very interesting and very useful alternative
to the more classical infinite-dimensional systems framework. It is impossible to
judge which approach is the best: they both have their strong and weak sides. The
choice one has to make depends on the quesmons one wants to answer and on the
‘applications one has in mind. ‘

- 1.4 Organization of this thesis

Globally this thesis consists of two major parts. Part 1 mainly deals with the
_development of some theory for systems over rings in general and time-delay systems
in particular. In the second part the main emphasis is on constructive methods. In
this part the following problems are investigated. How can the system-theoretic
properties that turned out to be of interest in Part 1 be tested explicitly? Are there
constructive methods to carry out the design methods proposed in Part 1 in practice?
But also within the major Parts 1 and 2 a distinction can be made, based on the
forgetting and remembering of the delay character of the indeterminates. First we
try to proceed as long as possible without using this additional information. So
this part of the thesis treats the general case of systems over rings. Only when it
is really required to make some further progress, we bring in the extra information
about the delay character of the indeterminates. In these parts of course only delay -
systems are considered. By making this distinction as clear as possible we hope that
this thesis is both valuable for people interested in delay systems and for people
interested in systems over rings. ,
A more detailed discussion of the contents and main themes of each chapter of
the thesis is given below.

Chapter 2 Linear systems over rings

In this chapter we give an overview of some of the main ideas behmd the theory
of systems over commutative rings. In the first sections we generalize some basic
system theoretic properties like reachability and observability to the case of systems
over rings. This part is mainly based on [85], [49] and [5].

Then we turn to the problem of stability and stabilizability of systems. over
rings. For this purpose a Hurwitz set framework is introduced. Although in [23] the
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problem of stabilizability by dynamic state feedback was solved for the first time,
we use an approach that is similar to the one in [80]. However, some of the proofs
are simplified. Using the notion of detectability introduced in [44], a solution to the
problem of stabilizability by dynamic output feedback is obtained. The derivation
of this result for strictly proper systems was given in [58]. The presentation of
Chapter 2 as a whole is based on [37].

Chapter 3 Stabilizability of time-delay systems

In the first part of this chapter, the results on stabilizability for linear systems
over rings obtained in Chapter 2 are specialized to the case of time-delay systems.
The time-delay character of the system is used explicitly to derive more easily veri-
fiable conditions for the stabilizability of a delay system. This leads to a pointwise
rank condition that can be seen as a generalization of the Hautus-test to systems
with point delays. The original proof of this result in [25] is modified in such a way
that with almost the same ideas more general types of stability may be treated.

‘The second part of Chapter 3 is devoted to the genericity of stabilizability. We
use a topological approach to address this problem. First we ifitroduce a natural
topology on the parameter space of all time-delay systems with point delays that
is suitable for our purposes. Next we prove that the set of stabilizable time-delay
systems contains a subset that is an open and dense subset of the parameter space
of all time-delay systems. This indicates that the condition. of stabilizability is very
weak. The proof of this result for stability in the classical sense was given in [38]. The
generalization to a larger class of stability domains using inductive limit topologies
is new and unpublished. :

Chapter 4 Constructive commutative algebra

This chapter contains an overview of two methods in constructive commutative
algebra: Grobner bases and characteristic sets.

Section 4.1 is a short introduction to Grobuner bases. We explain how polynomial
ideals:are characterized by their Grobner bases, and how manipulations on polyno-
mial ideals can be carried out explicitly using Grébner basis techniques. Although
we also touch upon the computation of Grobner bases, we mainly emphasize the
applications that are useful in the sequel. Especially the computation of the variety
of a polynomial ideal is important. The presentation of Section 4.1 is mainly based
on [76]. However, also the books [14] and [2] are important references.

Section 4.2 is devoted to the characteristic sets method. This subject is treated
in more detail. Compared to Grobner bases, the applicability of characteristic sets is
somewhat restricted because characteristic sets only characterize prime polynomial
ideals. Nevertheless characteristic sets are very useful for the determination of the
variety of a polynomial ideal. Besides this application we emphasize the difficulties
that are caused by the two different definitions of characteristic sets that are used
in literature. Using the approach developed in [35], this problem can be solved
by distinguishing the two different notions of characteristic sets explicitly. Main
references for this section are [79], [101] and [96)].

Chapter 5 Testing reachability and stabilizability
In this chapter, the Grobner basis method introduced in Chapter 4 is used to test
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the reachability and stabilizability of systems over polynomial rings. We start with
the introduction of some polynomial ideals that characterize the reachability and
stabilizability properties of a system in a very straightforward way. Next, we derive
several algorithms for the computation of the Grobner bases of these ideals. In this
way we obtain various methods to test the reachability of a system. Moreover, one -
of these methods can be applied to compute right-inverses of nonsquare polynomial
matrices in several indeterminates. For the problem of stabilizability we confine
ourselves to time-delay systems. Combining exact and numerical computations,
we can find an algorithmic answer to the question of stabilizability for time-delay
systems.

The main parts of Chapter 5 are new and unpublished. Some of the results were
published in [40] and [39]. ‘ .

Chapter 6 Stabilization of time-delay systems

Whereas in Chapter 5 only the existence of stabilizing feedback compensators is
considered, this chapter contains an overview of some existing methods described
in the literature for the construction of stabilizing feedback compensators for time-
delay systems. We start with the derivation of a reliable method to test the stability
of a delay system, based on [36]. Next we discuss a stabilization method developed
in [54], [56] and [55]. This is a constructive approach based on the notion of so-
called BIBO-stability, and therefore an approximation step is required to obtain
a solution within the framework of stability used in the thesis. The stability test
for time-delay system is very important in this approximation step. Finally we
mention some alternative stabilization methods, mainly originating from the theory
of infinite-dimensional systems.

The description of the contents of the varions chapters, reflects the global orga-
nization of the thesis. The first theoretical part consists of the Chapters 2 and 3;
Chapters 4 to 6 form the more algorithmic part. Moreover, Chapters 2, 4 and 5
{except for Section 5.5) are dealing with systems over commutative rings in general.

. In Chapter 3, Section 5.5 and Chapter 6, we specialize to systems with time-delays.
To obtain the results of these chapters, the delay character of the system is used
explicitly.
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Chapter 2

Linear systems over rings

As already mentioned in the Introduction, the theory of systems over rings is a useful
tool for the investigation of algebraic properties of systems with point delays. In this
chapter we give an overview of some of the results in this field that are important
in the rest of this thesis. Except for time-delay systems, the theory of systems over
rings has several other interesting applications. Therefore the setup of this chapter
is very general: systems over rings are the central theme. Time-delay systems serve
only as an illustration of the general theory.

2.1 What are systems over rings?

This first section is devoted to the definition and some applications of linear systems
over rings. However, before giving the definition, we start explaining the main ideas
behind this approach. Return for a moment to the class of finite-dimensional linear
time-invariant systems of the form

{ i(t) Az(t) + Bu(t),
y(t)

Cz(t) + Du(t),

with A € R™*", B € R™*™, C € RP*" and D € R?*™, From a system-theoretic point
of view there are now a lot of interesting properties to investigate. For example,
is a system reachable, i.e. is it possible to steer a system in finite time from one
given state to any other state using a suitable input? When is a system stable, i.e.
when will the state eventually tend to zero if no input is applied? And if a system
is unstable, does there exist a feedback law of the form u(f) = Fz(t) + v(t) such
that the closed-loop system is stable? Of course there are many other important
‘questions to pose, but the questions above have one thing in common: they are
all expressed with help of the state- and input trajectories {z(t) | t € [0,00)} and
{u(t) | t € [0,00)} respectively.

The conditions under which these questions have an affirmative answer are well
known: they can be found in any elementary textbook on linear systems, e.g. in
[47]). Typically, these conditions are stated in terms of the system defining matrices
A, B, C and D. In this way they are easy to check, e.g. the system (2.1) is sta-
ble if and only if ¢(4) C C~. Now the following observation is very important: a
finite-dimensional linear time-invariant system is completely characterized by four

(2.1)

]
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matrices (4, B, C, D) of appropriate dimensions. Moreover, all properties of the
system, although defined in terms of states, inputs and outputs, can also be inves-
tigated using these four matrices only. From this point of view, the notion of state
is only important for our interpretation of the quadruple of matrices (A, B, C, D) as
& dynamical system. Intrinsic properties of a system however, depend only on the
four system defining matrices.

In the situation just described, all four matrices A, B, C and D are real: their
entries are real numbers. To a certain extent, this restriction is unnecessary. The
same conditions on a quadruple of matrices can be tested when A, B, C and D
are matrices over a commutative ring R, instead of matrices over the field R of real
numbers. Therefore we come to the following definition of a system over 2 ring.

Definition 2.1.1 A (free) linear system T over ¢ commutaiive ring R is a quadru-
ple of matrices (4, B, C, D), where A € R™™, B € R™*™, ¢ € RP*" and D € RF*™
for some integers n, m and p, and where = is called the rank of the system .

At first sight it seems strange that in Definition 2.1.1 no states and no dynam-
ics occur. But linear systems over R still fit in this framework because they are
completely- characterized by four matrices of appropriate dimensions. In fact, the
abstract notion of a system is useful in a far more general setting because it can
be specialized to a lot of interesting situations. This idea is illustrated with a few
examples. '

Example 2.1,2 Let Rbe a cc«mmutatwe ring, and consider a linear discrete-time
system over R defined by

z{t+1) = Az(t) + Bu(t),

y(t) = Ca(t) + Du(t),

where t € Z* and z(t) € R™, u(t) € R™ and y(t) € R? are the state, input and
output at time ¢ respectively. The entries of the matrices A, B, C and D belong to
the ring R. So the quadruple of matrices & = (4, B, C, D} is a complete description

of this discrete-time system, and a,ccordmg to Definition 2.1.1 it can be seen as a
system over the ring R.

(2.2)

Example 2.1.3 Consider a system with & incommensurable time-delays 71,...,7% -

and define oy, ...,0, as the corresponding delay-operators:
oty =z(t — ) (i=1,...,k).

~ A time-delay system with point delays can then be written as

£(t) Aoy, ..., 00)z(t) + Bloy, ..., o8)u(l),

y(t) Cloy,...,00)2(t) + D{oy, ..., op)ult),

where A, B, C and D are polynomial matrices in the delay operators oy,...,0%.
Substituting the indeterminates sy, ..., s for oy,...,0%, 2 quadruple of polynomial
matrices (A4, B,C, D) in the indeterminates s;,...,s; is obtained. Together with
the k-tuple of time-delays 7, ..., 7 this quadruple is a complete description for the
original system equations. The quadruple (A B,C, D) itself can be regarded as a
system over the polynomial ring Rlsy, ..., 3. :

il

'}
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Example 2.1.4 Consider the following linear system:
{ #(t) = Ale)x(t) +B(a)ut),
y(t) = Cla)z(t) + D(a)u(t),

where o € R is a fixed parameter (of which the value is probably unknown), and
A(a), B(a), C(a) and D{a} are matrices of appropriate dimension over Ra], i.e. all
their entries are polynomials in the indeterminate o with real coefficients. Hence,
for each value of & another linear system is obtained. For design purposes it is
interesting to investigate this whole class of systems together. This can be done
by consxdenng the quadruple of matrices T = (A B,C, D) as a system over the
polynomial ring Ra].

F‘rom these three examples it is obvious that the integers m and p in Definition
2.1.1 should be interpreted as the number of inputs and outputs of the system,
respectively. Moreover, these examples illustrate that the abstract notion of a system
over a ring as defined in Definition 2.1.1 is a very versatile concept. It is applicable
to both continuous- and discrete-time systems and a lot of interesting problems fit
into this algebralc framework.

In the rest of this chapter some system-theoretic properties and design methods
which are well known for systems over fields will be generalized to the systems over
rings case. This is done in a rather formal way. We have just mentioned that in
the classical situation of systems over the field R, many interesting properties of a
systemn can be reformulated as conditions on the system defining matrices. In the
ring case these conditions on the matrices A, B, C and D known for systems over
R are used to define the properties of a system. So we go exactly the other way
around.

In a specific situation of an application like Example 2.1.3 or 2.1.4, there might
be a discrepancy between our intuitive notion of a property, and its formal definition
in the systems over rings framework. This is a price we have to pay. The constructive -
algebraic methods we want to use can ouly be applied on the quadruple of matrices
L = (A, B,C, D) over the ring R. This has an enormous advantage: the design
methods obtained in this way are useful for the whole range of systems that can be
modeled as a system over a ring. Moreover, proceeding along this path, we obtain
an elegant generalization of the theory of linear systems over fields, which gives us
a better insight into the meaning of linearity for dynamical systems. ,

Finally we have to make a remark on the assumptions on the ring R we work with.
In the whole chapter R is assumed to be a commutative ring. In most cases, R is
even an integral domain, i.e. R is a commutative ring with identity and without zero
divisors. Sometimes a specialization is made for polynomial rings R = Ris,..., s,
because this case is important for systems with point delays. '
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2.2 Reachability

Consider a linear continuous-time system over R given by the following equations:

%(t) Az(t) + Bu(t),
y(t) Cz(t) + Du(t),

with A € R**"*, B € R¥™, C € R**™ and D € RP*™, This system is called reachable
if for all pairs (zp,£) € R® x R™ there exists a T > 0 and an input trajectory
{u(?) | t € [0,T]}, such that, starting the system in x(0) = zy and applying this
input trajectory, the system reaches the state £ at time T, i.e. 2(T) = & It is
obvious that for the formulation of the notion of reachability only the differential
equation in (2.3) is used. So to verify the reachability of a system, only the matrices
A and B are required. Therefore we often speak about the reachability of the matrix
pair (4, B).

Il

(2.3)

Theorem 2.2.1 Let A € R™*" and B € R**™. Then (A, B) is reachable if and
only if one of the following conditions is satisfied: ‘

(i) rank(B | AB|---| A*'B) =n,
(i) YA € C:rank(A\I — A | B) =n,

(iii) (21 — A | B) is right-invertible over R[z]. -

The first condition in Theorem 2.2.1 is called the Kalman rank condition. It is
classical and can be found in any introductory textbook (see for example [66, pp.
81-82] or [103, p.17]). Condition (73) is probably the easiest one to verify in practical
examples. In the literature it is known under two different names. Sometimes it is
called PBH-test (= Popov-Belevitch-Hautus test) (see e.g. [47]), but in the sequel
we use the name Hautus test (see [43]). Condition (%3) can be considered as a
reformulation of the Hautus test; it follows from (%) using the local-global theorem
(see Appendix ‘A). A direct proof of this condition in a more general case will be
given later on in this section.

" The property of reachability of a system is now generalized to the ring case by
taking condition (%) in Theorem 2.2.1 as the new definition.

Definition 2.2.2 Let £ = (4, B,C, D) be a system over a commutative ring R.
Then X is called reachable if the columns of the matrix ;

(B|AB|---| A"'B) ' (2.4)
generate the free module R™.

In Definition 2.2.2 only the matrices A and B are involved. Therefore we often
call the pair (A, B) reachable.

The definition of reachability completely coincides with our intuitive notion of
reachability for the discrete-time interpretation of a system over a ring, as given in
Example 2.1.2. Intuitively, the system

z(t + 1) = Az(t) + Bu(t)
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is reachable if for all pairs (zp,Z) € R™ X R" there exist a T > 0 and an input
sequence u(0), u(1),---,u(T — 1), such that, starting the system in x(0) = zp and
applying this input sequence, it reaches the state £ at time T, i.e. 2(T) = &. Since
the Cayley-Hamilton Theorem also applies to the ring case, it is not difficult to prove
that this property is satisfied if and only if the R-module generated by all columns
of (B|AB|---| A™1B)is equal to R*, which is exactly the condition given in
Definition 2.2.2.

Unfortunately, condition (2.4) is not very practical for testing, certainly if the
dimension of A is large. However, if R is an integral domain, it is possible to
generalize condition (%) in Theorem 2.2.1 to the ring case. In this way a sort of
generalized Hautus test for systems over rings is obtained.

"~ Theorem 2.2.3 Let R be an integral domain, and A € R**® and B € R"*™, Then
the pair (A, B} is reachable if and only if

(2I — A | B) is right-invertible over R[2]. , (2.5)
Proof
Assume that (A, B) is reachable. Then the columns of (B | AB | --- | A""1B)
generate R™, and therefore this ma,tnx is right-invertible over R. Hence, there exist
matrices @; € R™*™ (i =0,1,...,n — 1) such that
n-1 ‘ .
‘ E ABQ;=1.
=0 , .
Define for all i € {0,1,...,n — 1} the matrices N; € R™*" as
N" = Q‘n—l—-i (Z= 0, 1,...,?1— 1),
and the matrices M; € R™*" in the following recursive way:
MQ = 0, ‘
M = AM;4 BN; . (i=0,1,...,?’&'~1).
Then M, = Y} A'BN,_;.; = Y% A'BQ; = I. Next define
-1
N(z) = Y Nz"7
=0 -
n=1 .
M(z) = Y M1t
i=1

So N(z) and M(z) are both matrices over Rlz], and we ’have
(z2I-A|B)-(-M(2))+B-N(z}=

n=1 n—-1 n-1 .
=-Y Mz"" 4+ 3 AM2" T 4+ Y BN =
v*l i=1 i=0
n—2
= (=M + BNo)z"™! + 3~ (~ My + AM; + BN;)2" 1~ + (szz,,..1 4+ BN,_1) =
i=1 .
=04+0+M, =1, , (2:6)
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where we used the recursive definition of M;, and the fact that M, = I. From (2.6)
it follows immediately that

—M(z)
N(2)
is a right-inverse of (2] — A | B) over R[2]. V
Now suppose that (2] — A | B) is right-invertible over R[z]. Then there exist

matrices M(z) = ¥ My;2* and N(z) = T5 Ni—i2*, with forall i € {0,1,...,k},
M; € R™™ and N; € R™**, and such that ‘ ~

(2I - A)-(-M(2))+B-N(z)=1.
Substituting the formula for M(z) and N(z) we obtain:

x ) k )
I = (21 - A(-M(2))+BN(2) =2l ~A) Y -M;iZ* + B> Ny_i2' =
=0 =0

k
= —~Moz"*! + 3 (~Mi-iss + AMy—i + BN_i)2' + (AMy + BN,) =

=1

k-1 - -
= ~Mz"** + 3 (=M1 + AM; + BN;)2¥9 + (AM; + BNy).

3=0
Hence
My, = 0, .

My = AM;+ BN; (7=0,1,...,k-1),

Mpyy = AMi+ BNp =1,
and so

I=Myu,= i A'BN,_;. V 2.7
i=0

Now use the Cayley-Hamilton Theorem. Let x4(2) = det(z] - A). Then x4(A4) =0,
and thus the matrix A" can be written as an R-linear combination of the matrices
I,A,...,A™). Applying this fact recursively in formula (2.7), we obtain matrices
N;e R™™ (i=0,1,...,n — 1) such that

n-1 X
I=Y ABR, .
: i=0
So (NT_, | NT | ---| NT | NF)T is a right-inverse of (B | AB | - | A™"1B) over

R, and (A4, B) is reachable. -

The proof of Theorem 2.2.3 also gives some additional information. Suppose
that there exist matrices M(z) and N(z) over R[2] such that

(2] = A)M(z) + BN(2) = I.
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Then (A, B) is reachable, and according to the construction in the first part of the
proof, there exist matrices M(z) and N(z) over R[z] such that

(zI — A)M(z)+ BN(2) = I,

and deg,(M(z)) < n— 2 and deg,(N(2)) < n— 1. Here deg,(M(z)) denotes the
degree of the polynomial matrix M(2) in the indeterminate z. It is the maximum
of the degrees in z of all its entries. The bound we just found on the degrees of the
matrices M(z) and N(2) is a direct consequence of the Cayley-Hamilton Theorem.

Condition (2.5) plays an important role in this thesis because it gives a simple .
algebraic description of reachability over an integral domain R. If this integral
domain is a polynomial ring, it is even possible to proceed one step further. Let K
be a field, and K be the algebraic closure of K. Let R = K][sy,...,s;] denote the
ring of all polynomials in the indeterminates sy,...,s; with coefficients in K. In
this case reachability can be tested using a pointwise rank condition.

Theorem 2.2.4 Let R = K{sl,;.. 8], and A € R™™ and B € R*™. The pair
¥ = (A, B) is reachable over R if and only if

¥(2,51,...,8) € K¥¥ :rank(3] — A5y, ..., 5) | B(i....,8))=n  (2.8)

Proof
Assume first that £ = (A, B) is reachable. Then according to Theorem 2.2.3,
(21 — A | B) is right-invertible over R[z]. Let P(z) be a right-inverse of (2] — A |
B). Let (8,4,...,%) € K*!. Then P(%,3,...,48) is a right-inverse of (3] —
A(81,...,8) | B1,...,3)). Sorank(2] — A(31,...,5) | B(31,...,5)) = n. Since
(2,81,...,8) € K*1 was arbitrary, this proves (2.8).

Next, assume that (2.8) holds. Because of Theorem 2.2.3 it suffices to show
that the matrix {z] — A | B) is surjective. This will be done using the local-global
theorem (see Appendix A.3). '

Let £ = (2, 31,..., &) € K¥*! and define

T = {p(2,81,...,8:) € K[z,81,...,8] |p(:i)’; 0}.
Then we know from Proposition A.3.5 that ‘
{T: | # € KF*1} '

is the set of all maximal ideals in R[2]. In the proof of this claim the Hilbert
Nullstellensatz (see Appendix A.2) is involved. '

 Now, let M = R[z]**™ and N = (2] — A | B)M. Then (zI — A | B) is an R[z}-
homomorphism from the R{z]-module M to the finitely generated R[z]-module V.
Let # € K¥+, and T; the corresponding maximal ideal. Denote by M; and N; the
factor modules M/T; M and N/I;N respectively. Let (2] — A | B)z : Mz — N
be the mapping between these factor modules defined by :

(2 — A | B)sm:=(z1 - 4| Bym,

where the bar denotes the canonical projection. Since the canonical projecﬁon boils
down to evaluation in # in this case, we know that (27 — A | B); is surjective if
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and only if (8] — A(&;,..., %) | B(3y,...,8)) is surjective. But the latter follows
immediately from (2.8) for all £ € K. Soforall £ € K*!, (2J ~ A | B): is
surjective, and applying the local-global theorem, we conclude that (zI Al B)is

surjective. This completes the proof. -

From Theorem 2.2.4 it is not immediately clear how strong the condition for
‘reachability over a polynomial ring is. This question has been investigated by Lee
and Olbrot in [67] for the case K = R. Here we state a somewhat genera.hzed version
of their result. For a proof we refer to [67].

Proposition 2.2.5 Let K be a field of characteristic zero and R = K[sy,...,sx] be
the polynomial ring in the indeterminates sy, . .., 8 with coefficients in K. Consider
all pairs & = (A, B) with A € R™™™ and B e R™*™, For this class of systems,
reachabzlzt'y is a generic property if and only if m > k, i.e. if and only if the number
of inputs exceeds the number of indeterminates. Here the concept of genericity is
" based on its interpretation in the Zariski topology (see for example [65]). -
Remark 2.2.6 Theorem 2.2.4 can be seen as a Hauntus test for systems with point
delays, regarding them as systems over the polynomial ring R{sy, ..., sx]. Moreover,
Proposition 2.2.5 indicates how strong this condition is. Note however that in this
~ particular example, the notion of reachability as stated in Definition 2.2.2 is rather
formal. In the infinite-dimensional systems approach to time-delay systems there are
other definitions of reachability which look intuitively more appealing. Relationships
between all these notions of reachability are not very clear. It is obvious that
condition {2.8) implies spectral controllability as it was introduced by Pandolfi in {73].
But the conditions for approzimate controllability derived by Manitius in [68] are
neither necessary nor sufficient for reachability in the systems over rings approach.
This has also been noted by Yamamoto in [102]. In a later paper ([69]), Manitius
argues that the property of approximate controllability is too strong in the case of
systems with time-delays. As a remedy he introduces the concept of F-controllability.
Again, the exact relationship with condition (2.8) is hard to derive, but it is obvious
that there is a much closer relationship in this case. For a more detailed investigation
of this problem we refer to [49, Section 3.2]. v

‘The situation described above seems rather disappointing, but is not very sur-
prising. As we have seen in Section 1.3, the two approaches to time-delay systems
are based on a completely different philosophy. In the framework of systems over
rings, most definitions are just formal generalizations of well-known conditions from
the theory of systems over fields. At first one has to pay a price, because these defi-
nitions are not very appealing from an intuitive point of view. Later on it becomes
clear that these are exactly the conditions under which a lot of interesting design
techniques carry over to the systems over rings case. '

2.3 Observability

The notion of observability for systems over rings is again based on the concept of
observability for systems over R. Consider the system T = (4, B,C, D) over R, as
given in (2.3). Looking at the system from the outside world, only the input and
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output trajectories are observed; the state is hidden inside the system. Now a system

is called observable if the information on the input- and output trajectory suffices

to reconstruct the state trajectory. From equation (2.3) it is clear that only the
matrices A and C are important for this property; the influence of the terms Bu(t)
and Du(t) is completely known and can be eliminated easily. Therefore we often
speak of observability of the matrix pair (C, A). The following theorem describes
two conditions for the observability of a system over the field R. They are the well-
known dual versions of the conditions for reachability we encountered in Theorem
2.2.1 (see e.g. [47, Section 6.2]).

Theorem 2.3.1 Let A € R™" and C € RP*™. The pair (C, A) is observable if and
only if one of the following conditions ts satisfied:

(i) rank(CT | ATCT | .- | (AT)*-1CT)T =n,

. Al-A
(w)’v‘)\GC:rank( )=n. -

c

The definition of observability in the ring case is simply a generalization of con-
dition (%) in Theorem 2.3.1. It coincides with the intuitive notion of observability
for discrete-time systems over R as given in Example 2.1.2.

Definition 2.3.2 Let ¥ = (A, B,C, D) be a system over a commutative ring R.
Then £ is called observable if the map T : R® — RP" defined by

C
CA :
cam |
is injective. '

The condition for observability can also be stated in the following alternative
“form: there exists no x € R™, 1 # 0 such that Cz = CAz = -+- = CA" 1z = 0,
But in (2.9) the analogy-with condition (i) in Theorem 2.3.1 shows much clearer.

Next, consider the special case that R is an integral domain. Then the set

Q:={3|p,qen,q¢o}

is called the quotient field of R. When we add and multiply fractions as usual, it is
easily seen that Q is indeed a field.

Proposition 2.3.3 Let R be an integral domain and T = (A, B,C, D) be a system
over R. Then T is observable as a system over R if and only if £ is observable

considered as a sysiem over the quotient field @ of R. -

For a proof of this result we refer to [5, p.60].
The result of Proposition 2.3.3 is rather surprising. For a system over an integral
domain R, there is no difference in the notion of observability when we regard it as
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a system over the ring R, or as a system over its quotient field Q. In both the ring
and the field case, observability is completely the same. Hence there is an important
difference with the concept of reachability; the conditions for the reachability of a
system over an integral domain R are stronger than the conditions for reachability
over the corresponding quotient field Q. So for systems over rings, there is no duality
between reachability and observability in general. Nevertheless we still have:

Lemma 2.3.4 Suppose that the pair of matrices (A, B) is reachable over the com-
mutative ring R with identity. Then (BT, AT) is observable over R. -

Proof

Suppose that (A, B) is reachable over R. Then the columns of (B | AB |
.-+ A*1B) generate R™. So in particular, (B | AB | --- A""!B) is right-invertible
over R. Let z € R" and suppose that BTz = BTAz = ... BT(AT)*1z = 0.
Then 27(B | AB | --- | A" !B) = 0, and after multiplication by a right-inverse of
(B|AB|---A*1B) over R we conclude that z = 0. -
Remark 2.3.5 The result of Lemma 2.3.4 is also true for other types of rings. If
R is a commutative ring without zero divisors, but without an identity, the same
implication can be proved.

Remark 2.3.6 Note that the implication in Lemma 2.3.4 only holds in one direc-
tion. If (C, A) is observable over R, this does not imply that (47, CT) is reachable
over R. This fact is illustrated in the following example.

Example 2.3.7 Let R = Ris], i.e. R is the ring of all polynomials in the inde-
terminate s with coefficients in B. Choose A = 1 and C = s. Then (C, 4) is
observable because Cz = sv = 0 implies that z = 0. So C is injective. However,
(AT,C7T) = (1,5) is not reachable because the one column of CT = s does not
generate R[s]. Clearly span(s) = {s-p(s) | p(s) € R[s]} is a proper subset of R[s].

Now we have seen that for systems over rings the concepts of reachability and ob-
servability are not dual, we want to restore this duality in a certain sense. Therefore
we define

Definition 2.8.8 Let T = (4, B,C, D) be a system over a commutative ring R.
Then T is called coreachable if the pair (A7, CT) is reachable over R.

By definition the notions of reachability and coreachability are completely dual.
From Lemma 2.3.4 we know that when R is a commutative ring with identity, core-
achability implies observability, but not the other way around. Hence coreachability
is a stronger property than observability for systems over rings. This is the first
difference we encounter between systems over rings and systems over fields, because
in the field case these properties are the same.
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2.4 Some facts about realizations

Consider a linear continuous-time system over R of the form (2.3). Assume that the
initial state £(0) = 0. Then the Laplace transform with symbol z of (2.3) is given
by ' ' :

23(z) = AZ(z) + Bi(2),
#z) = Cx(z) + Difz),

where £(2), i(z) and §i(z) are the Laplace transforms of the state, input and output
respectively. Eliminating £(2), we obtain :

i(z) = (D + C(2I — A)"'B)a(z2).

This equation describes the direct relationship between the inputs and the outputs
of the system. The state-variable is eliminated. The function relating §(z) and 4(z)
is called the transfer matriz of the system (2.3). It is a matrix over the ring of proper
real rational functions, i.e. the degree of the numerator of each entry is smaller than
or equal to the degree of its denominator.

The idea of transfer matrices as a descnptmn of the direct re}atmnshxp between
inputs and outputs, is easily generalized to the ring case. For this purpose, we first
give a formal definition of the concept of proper rational functions over a ring R.

Definition 2.4.1 Let R be a commutative ring with identity, and R(z) be the ring
of all rational functions in the indeterminate z with coefficients in R. An element
r{z) € R(z) is called properif r(2) can be written as

z
where p(z); ¢(z) € R|z] satisfy the conditions ,
(i) ¢(z) is monic (i.e. the coefficient of the leading term of ¢(z) is equal to 1), -
(i) deg.(p(2)) < deg,(q(2))- ‘ B
Moreover, if deg,(p(2)) < deg,(g(z)), then r(2) is called strictly proper. The set of
all proper rational functions in R({z) is denoted by Rp(z).

- Definition 2.4.2 Let .= (A, B,C, D) be a system over an integral domain R.
Then the transfer matriz of L is the p x m matrix over ‘R.,(z) defined by

T(z) := D+ C(zI - A)'B. ‘ , (2.10)

~ When we are studying linear continuous-time systems over R, these systems are
often not given in state-space form (2.3), but as some differential equations involving
only inputs and outputs. From these input-output equations the transfer matrix of
a system is easily obtained. But a transfer matrix is often not enough; instead of
it a state-space description of the system under consideration is required. Hence,
we want to find real matrices A, B, C and D of appropriate dimensions such that
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T(z) = D+ C(2f — A)y™'B. We say that & = (A4, B,C, D) realizes T(z) or is a
realization of T{z). :

From the theory of linear systems over R it is well known that a proper real
rational transfer matrix always has (non unique) realizations (see for example [47]).
Moreover, one can always choose (4, B,C, D) in such a way that (4, B) is reach-
able and (C, A) is observable. Such a realization is called canonical. Among all
realizations of T'(z) the canonical realizations have smallest dimension, i.e. the size
n of the square matrix A is as small as possible. This is of course a very desirable
property because we do not want to introduce superfluous states.

For systems over integral domains the realization problem is much more compli-
cated. Given a transfer matrix T{z), the existence of a quadruple of matrices over
R such that T(2) = D + C(zf — A)~'B, is not very difficult to prove. In principle,
each entry can be realized separately using the same techniques as in the field case
{see e.g. [47, Chapter 6]). The realization £ = (A4, B,C, D) of the transfer matrix
T(z) then merely consists of a composition of all these separate parts. Although
in this way a realization can be obtained, it is very unlikely that this is a minimal
realization. In order to remove superfluous states, we are also interested in canonical
realizations, i.e. realizations that are both reachable and observable. Unfortunately,
these canonical realizations do not always exist, as is illustrated by the next exa.mple
taken from [85].

Example 2.4.3 Let R = R[s;, s2] be the ring of all polynomials in the indetermi-
nates s, and s; with coefficients in R. Consider the following 1 X 2 transfer matrix

T(z) in R,(2):
T()={ 2|2 ). (2.11)

A realization of T'(z) is given by T = (1,{s; | 82);1,0). Clearly, T is observable, but
not reachable, since the columns of B = {s; | $2) generate the ideal

{51 2(51,82) + 82 - ¢(51, 82) | P(31, 52), g (81, 82) € 3[31,32]‘}, (2.12)

which is not equal to R[sy, s5]. It can be proved that the transfer matrix T(2) does
not have a canonical realization. The problem is that the columns of the matrix B
generate an R[s, s]-ideal, given in (2.12), which does not have a basis, i.e., there
do not exist linear independent elements in R[s;, s;] that generate the R[sy, sp]-ideal
given in (2.12).

Remark 2.4.4 The problem of non-existence of canonical realizations described
above can be solved by a slight generalization of the definition of a system over
a ring R (see [85]). Inmstead of a quadruple of matrices, a system over a ring
R is a quintuple (X, A, B,C, D), where X (the state space) is a finitely gener- -
ated R-module, and A : X — X, B: R® — X, C : X — RPand D :
R™ — RP are R-linear maps. The definitions for reachability and observability
“are then very straightforward generalizations of the Definitions 2.2.2 and 2.3.2, re-
spectively. For example, a system is called reachable in this context if the elements
B(e1), ..., Blem), (AB)(e1), ..., (AB)(em), ..., (A" 1B)(e1), ..., (A" ' B)(em) gene-
rate the state space module X. Here ey,..., e, denotes the standard basis in R™,
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In this more general setting it is proven that canonical realizations always exist (see
[19, Chapter 16, Section 5]).

If the state space X = R™, we are back in the situation of Definition 2.1.1. Such
systems are called free. Since we are mainly interested in free systems, we forget
about the generalized notion of systems over rings in the rest of the thesis, and
always use our original Definition 2.1.1 instead.

The next proposition is also taken from [85] and states that canonical realizations
in the classical sense do not contain superfluous states.

Proposition 2.4.5 A canonical realization whickh is free (i.e. a canonical realization
in the ordinery sense), has minimal rank among the free realizations. '

Now there is only one question left: what are the conditions under which a
transfer matrix has a (free) canonical realization? Example 2.4.3 indicates that this
is a difficult problem. However, in the special case of systems over a Principal Ideal
Domain (PID) there is an affirmative answer:

Proposition 2.4.6 Systems over a PID (Principal Ideal Domain) always admit a
(free} canonical realization. -

For a proof of this proposition we refer to [22]. Moreover, this article contains
a constructive proof of the result. So there exists an effective realization algorithm
for systems over PID’s.

Remark 2.4.7 Recall that systems with commensurable time-delays can be mod-
eled as a system over the ring R[s]. Since R[s] is a PID, such systems always have
a (free) canonical realization. For systems with incommensurable time-delays this
does not hold any more. This was already pointed out in Example 2.4.3. Proposi-
tion 2.4.6 is not applicable in this case, because a ring of polynomials in more than
one indeterminate and with coefficients in R is not a PID.

Remark 2.4.8 It is also possible to introduce the dual concept of canonicity. A
. system = = (4, B, C, D) is called cocanonicalif £T = (AT, C7, BT, D7) is canonical.
This means that in a cocanonical systems &, (C, A) is coreachable and (BT, A7) is
observable. Note that in Example 2.4.3 the realization we gave for T'(z) is cocanon-
ical, although not canonical. This illustrates the difficulties that arise for systems
over rings. In contrast to the field case, canonicity and cocanonicity are not the
same properties.

2.5 Stability and Hurwitz sets

At first sight, the generalization of the notion of stability to the theory of systems
over rings, seems a rather troublesome exercise. At least two problems appear. First
of all, the notion of stability in the classical sense, i.e. for systems over the field R,
is defined as a desirable asymptotic property of the state- and output trajectories.
In the ring case, only the system defining matrices are available. Moreover, the
notion of stability depends on the application one has in mind. Recalling the three
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‘examples in Section 2.1, it is obvious that the intuitive notion of stability is different
in all three cases. Hence, our general definition of stability has to be adaptable; a
specialization is needed in each separate case. It is possible to incorporate all these
specializations into one framework. This framework is based on the concept of so-
called Hurwitz sets. The rest of this section is devoted to the elaboration of this
general notion of stability.

Consider the continuous-time system (2.3) over R once more. For this system
there are at least two different notions of stability. The system is called internally
stable if the state ¢ of the system eventually tends to zero if no input is applied. But
not only the internal asymptotic behaviour is interesting; the external asymptotic
behaviour, although somewhat more difficult to describe, is also important. A sys-
tem is called externally stable or BIBO-stable (this is an acronym for Bounded Input
Bounded Output) if the system, starting with a zero initial condition, and after
application of a bounded input trajectory, produces a bounded output trajectory. It
is well known that both properties are easily tested using only the system defining
matrices A, B, C and D (see e.g. [47, pp. 175-176]): ‘

Theorem 2.5.1 Let L = (A,B,C,D) be a cont‘muous time 3ystem over R as de-
scribed in equation (2.3). Then

(i) © is internally stable if and only if the characteristic polynomial xa(2) =
det(zI — A) of A has no zeros in C*. Alternatively stated: o(A) C C™.

(it) T is externally stable if and only if the entries of the transfer matriz T(z)
D+ C(sl A)'B have no poles in C*. -
Both cond:tzons {i) and (4) in Theorem 2.5.1 can be reformulated when we

introduce the set D := {p(z) € R[z] | YA € CF : p(A) # 0}. D can be seen as the set
of all stable polynomials; a system is internally stable if and only if its characteristic

~polynomial x4(z) is a stable polynomial: x4(z) € D. External stability means
that the denominators of the entries of the transfer matrix T(z) are stable. The
introduction of a set of stable polynomials has two important advantages. First of
all, the same idea can be used to define stability in the systems over ring case. But
what is probably more important: by changing the set of stable polynomials, the
notion of stability can be changed. So, in each particular application it is possible to
choose the set of stable polynomials in such a way that it comczdes with the intuitive
notion of stability in that particular case.

Not any arbitrary set of polynomials can serve as a set of stable polynomials. It
is obvious that because of the special role these sets play, they have to satisfy certain
conditions, which are naturally related to the idea of stability. A set satisfying these
conditions is called a Hurwitz set. In the literature they also occur under the name
stability set (see [44]) or denominator set (see [18]).

Definition 2.5.2 Let R be an mtegral domain. A subset D of the polynomial ring
R[z] is called a Hurwitz set if it satisfies the following conditions:

(i) Dis muitipléaztive, ie.2€PDandifp,ge P, thenp-ge D.
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(i) Each polynomial p€ D is monic, ie. its leadmg coeﬁicxent is equal to 1, (as
a consequence, 0 e D). ’

(iii) D is saturated, i.e. if p € D and ¢ is monic and divides p, then g € D. ;
(iv) There exists an o € R such that (z—a) € D.

With a Hurwitz set D we can associate a ring of fractions, denoted by Rp(z):
z . .
- Rp(2) = {‘1—@ € R(2) | p(2) € R[2], ¢(2) € D}. : , (2.13)

Hence, a rational function in R(z) belongs to Rp(2) if it has a stable denominator
polynomial, i.e. the denominator is an element of D. Adding and multiplying
fractions as expected, it is obvious that Rp(z) is indeed a ring. It can be considered
as the ring of all stable rational functions. '
It is now possible {o generalize the concept of stability to systems over rings.

_ Definition 2.5.3 Let R be an integral domain and let & = (4, B,C, D) be asystem
over R. Let D be a Hurwitz set in R[2]. Then:

(i) X is called internally stable (with respect to D) if x4(z) == det(z] — A) € D,

(i) T is called externally stable (with respect to D) if all entries of the transfer
function T(2) = D 4 C(2] — A)~'B of T belong to Rp(z).

Note that internal stability implies external stability because (zI — A)~! can be

written as (2 — A)~t = aﬁéﬁ;’ 5 The converse is not true of course.

With the definition of stability as given above, the conditions 1mposed upon a
Hurwitz set D become clear. First of all, the composition of two stable systems ought
to be stable again, hence D has to be multiplicative. Clearly this works also the other
way around. If a stable system can be decomposed into two completely independent
subsystems, both these two subsystems have to be stable too. This clarifies condition
(ii1) of Definition 2.5.2. Since characteristic polynomials are monic, we can restrict -
the definition to this class of polynomials. Finally, an interpretation of condition
(iv) in Definition 2.5.2 is difficult to give. This is only a technical condition that
facilitates some of the proofs. ,

To illustrate the use of Hurwitz sets, and to show how the classical notion of
stability can be incorporated in this general framework, we give a few examples.

Example 2.5.4 Let R = R, and consider the system £ = -(4,B,C,D) as a
continuous-time system over R:

{ i(t) = Az(t)+ Bu(t), (214
y(t) = Cz(t) + Dult).

Let €, be a subset of C such that Cy N R is non-empty (C, is a so-called stability
domain). Define the Hurwitz set D-as: '

D= {p(z) € R[2] | p(2) is monic and ([p(a) = 0] = [ € C,])}. (2.15)
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By definition, the system (2.14) is internally stable w.r.t. D if and only if x4{2) € D.
This means that x4(a) = 0 implies that o € C,. Thus the spectrum of A has to be
contained in C,: o(4) € C,. So the definition of stability using the Hurwitz set D
in (2.15) coincides with the notion of Cg-stability. If C, = C~, we are back at the
classical definition of stability for continuous-time linear systems over R.

Example 2.5.5 Let R = R, and consider a discrete-time system ¥ = (4, B,C, D)
over R: ‘ '

z(t+1) = Az(t) + Bu(t),
{ y(t) = Cz(t)+ Duft). (2.16)
Define the Hurwitz set D as
D = {p(z) € R[2] | p(2) is monic and ([p(cx) = 0] => [|a| < 1])}.. (2.17)

So the system (2.16) is internally stable if and only if x4(z) has only zeros within
the open unit disc {z € C | |2| < 1}, i.e. all the elements of the spectrum o{A4) of A
are smaller than one in absolute value. In this way the classical notion of stability
for discrete-time systems is translated into the Hurwitz set terminology.

From the point of view of systems over rings, the systems ¥ = (A, B, C, D) over
R considered in the Examples 2.5.4 and 2.5.5, are completely the same. However, in
each example the same quadruple of matrices is given another interpretation, and
therefore the Hurwitz set D has to be adapted to this specific interpretation. Such
an adaptation is also possible for time-delay systems, as is illustrated in the next
example.

Example 2.5.6 Let R = R[sy,...,s:), and & = (4, B,C, D) be a system over R.
Let 0 < 73 < 73 € «++ < 13 denote & k-tuple of incommensurable time-delays and
introduce the corresponding delay operators o; (i = 1,...,k), acting on the state
- and input trajectories: . '

oix(t) =z(t —n) (t=1,...,k).

Substituting the delay operators o; for the indeterminates s; (i = 1,...,k), the
system ¥ can be considered as a time-delay system: '

(1)
y(t)
This time-delay system is called internally stable if for any initial condition {which
is an initial state trajectory in this case; see Sections 1.1 and 1.3), the state z tends
to zero for ¢ — -+oo when no inputs are applied. According to Hale (see [41,
p.182, Corollary 4.1]), this intuitive notion of stability is equivalent to the following

condition on the matrix A(sy,...,sk): the system (2.18) is internally stable if and
only if all roots of the characteristic equation

it

Aloy, ..., o0)z(t) + Bloy, ..., on)ult),

Cloy,...,o0)x(t) + D(a;, ey o1 )u(t). (2.18)

det(z] — A(e™™*,...,e7™*)) =0, (2.19)
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lie in C, the open left half plane. This condition is a rather straightforward gen-
eralization of the ordinary condition of internal stability for systems without delays
because in the Laplace transform with symbol z the delay operator o; is transformed

to e”"#, Moreover, this definition of stability fits also into the framework of Hurwitz
sets in the following way. Define D as

D= {p(z,51,...,8) €ER[z,81,...,5] | p(z,81,...,5) is monicin z
and p(A,e™™,...,e"™) = 0= X € C}.(2.20)

Then clearly x4(2) € D if and only if the system (2.18) is internally stable. Note
that the knowledge about the time-delay character of the system (2.18) is not evident
in the system defining matrices T = (4, B, C, D), but is used in the definition of the
- corresponding Hurwitz set D. So definition (2.20) formalizes the intuitive notion of
stability in this particular situation into the abstract setting of Hurwitz sets.

From the three examples above it is apparent that the concept of Hurwitz sets
is very versatile. They can be modified in such a way that they are useful in a
lot of interesting applications. Nevertheless, one of the main advantages is not
mentioned yet, but will certainly become clear in the rest of this chapter. In the
theory of systems over rings it is possible to work with an arbitrary Hurwitz set, so
without specifying it beforehand. In this way an abstract but very general theory
of stability and stabilizability can be obtained. In the rest of this chapter this
abstract framework will be developed. Fach particular application can be seen as
a specialization of the general setup. But the main theory is the same in all these
cases, and is developed only once. The specific details for each particular situation
can be elaborated later on.

2.6 Pole placement and static state feedback

One of the main tools in the classical control design of ordinary linear systems over
the field R is the use of static state feedback. It is a very straightforward technique
to change the internal dynamics of the system, for example to achieve internal
stability. In this section it is explained why static state feedback is not very useful
in the systems over rings case. This is also the motivation for the approach which
is used in the rest of this chapter, and which is based on the application of dynamic
feedback. , :

Cousider a continuous-time system over R given by
- &(t) = Az(t) + Bu(t), (2.21)

where A € R™" and B € R"™™ (in this section the output equation is not of
interest). Suppose that this system is not internally stable w.r.t. a certain Hurwitz
set D. Then we may try to change the dynamics of the system to achieve stability.
In order to do so, we apply the static state feedback

u(t) = —Fz(t) + r(t), (2.22)

where F is an m X n matrix over R and r(¢) is the new input to the system (see
Figure 2.1). In this way the following closed-loop system is obtained
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Ot T =(A4,B) <

Figure 2.1: Closed-loop system with static state feedback

#(t) - (A - BF)x(t) + Br(t).  (2.23)

We see that the internal dynamics of the closed-loop system (2.23) are different from
the internal dynamics of the open-loop system (2.21). To stabilize the system (2.21)
with respect to the Hurwitz set D, we have to find an F € R™*" such that

Xa-pr(z) =det(2] —(A—- BF)) e D.

Formally the idea of static sta.te feedback is easily generalized to the ring case.
it can be seen as a matrix F' € R™*" changmg the system defining quadruple of
matrices (A, B,C, D).

Definition 2.6.1 Let & = (A, B, C, D) be a linear system over a commutative ring

R,with 4 € R™*"*, B € R*™*™, C € RP*" and D € R?*™. Then a matrix F € R™*"

is called a static state feedback. The feedback F transforms the open-loop system
= (A, B,C, D) to the closed-loop system T, = (A~ BF,B,C — DF, D).

Although Definition 2.6.1 looks rather formal, it is easily seen that this is exactly
the description of a static state feedback in all applications of systems over rings we
have seen thus far. A static state feedback is simply a linear map from the state
space to the input space. The knowledge of the state z is used to choose the input »
in such a way that the internal dynamies of the system are changed in a favourable
way.

In the classical situation of systems over the field R, static state feedback is often
used for pole assignment. A pole of the system (2.21) is a (complex) zerc of the
characteristic polynomial x 4(z) of A. If a system I = (4, B) over R is reachable, it is
possible to assign all poles of the system to some arbitrary values by an appropriate
choice of the feedback F. Moreover, reachability of (4, B) is a necessary condition
* for pole placement too. This so-called Pole-Shifting Theorem is very well known.
For the proof we refer to (86, p. 134]; on page 185 of [86] an extensive history of the
realization of this result is given. Unfortunately, the problem of pole placement is
much more difficult to solve in the systems over rings case. However, the same ideas
are easily generalized to this more general situation.
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“ Definition 2.6.2 Let £ = (A B,C,D) be a system over an integral domain R,
with A € R™® B € R**™, C € RP*" and D '€ RP*™, Then

(i) T is called coefficient assignable if for all ap, 03,0, 001 € R there exists
-a static state feedback F € R™*", such that the characteristic polynomial
xa-pr(z) of the closed-loop system is equal to

‘n—l
Xa-Br(z) = 2" 4+ apy 2™ 4 - +a;z+o:g-z + Y a2t

i=0

(i) X is called pole assignable if for all py, P2, - -.,pn € R there exists a static state
feedback F' € R™*", such that the characteristic polynomial x4..sr(2) of the -
closed-loop system is equal to

n

Xa-pr(2) = (2 =) (2 = p2) - (2~ pa) = H(z - Pi)-

-1

From this definition it follows that coeflicient assignability implies pole assignabil-
ity. The implication in the opposite direction however, does not hold in general.
Moreover, in the field case, pole assignability is equivalent to reachability, but for
systems over rmgs the situation is more mvolved as is illustrated by the next propo-
sitions:

Proposition 2.6.3 Let & = (A, B,C, D) be a system over an integral domain R.

Suppose that T is pole assignable. Then T is reachable. -

For a proof of Proposition 2.6.3 we refer to [85, p. 21} or [5, p.67].

Proposition 2.6.4 Let & = (A, B,C, D) be a single input system over an integral
domain R, ie. A € R, B e R*™, C e R and D € RP*Y, Then L is
coefficient assignable if and only if T is reachable. -

This result may be found in [5, p. 70] or [49, Section 4. 3.

Proposition 2.6.5 Let £ = (A B,C,D)bea system over q principel ideal domam
R. Then I is pole assignable if and only if = is reachable. ~ -

The proof of Proposition 2.6.5 (in the special case R = R[s]) originates from
Morse ([71]). In [5, pp. 91-92] a proof for arbitrary principal ideal domains is given.
An explicit algorithm to assign the poles of a reachable system over a PID to certain
desired values is described by Eising in [20] and [21}.

Proposition 2.6.6 Consider the class of linear systems over the polynomial ring
"R o= R[s1,...,8], with k > 1. For this class of systems, reachability does not imply

-pole assignability. ™



34 ' - CHAPTER 2. LINEAR SYSTEMS OVER RINGS-

A counterexample that proves this result is given in [89] and [90].

The result of Proposition 2.6.6 implies that reachability of a system over a ring
is in general not enough to ensure its pole assignability. This indicates that static
state feedback is not such a powerful tool for the control of a system over a ring.

For systems over the field R, pole placement by static state feedback is very
useful for the stabilization of & system. In this case reachability is a necessary
‘and sufficient condition for pole assignability. Moreover, from [66] we recall that
a system £ = (A, B,C, D) over R is generically reachable. So in most cases the
method of pole placement can be used to stabilize the system, despite the fact that
pole assignability is a sufficient condition for stabilizability but not a necessary one.

For systems over an arbitrary integral domain, the strategy for stabilization de-
scribed above is simply not applicable. In general reachability of a system does
not imply pole assignability, although it is a necessary condition. Moreover, the
condition of reachability itself is rather restrictive. Recalling Proposition 2.2.5, we
know that a system over the polynomial ring K[sy, ..., 3] is generically reachable
if and only if the number of inputs m is strictly larger than the number of inde-
terminates k. So even if R is the principal ideal domain R[s], and reachability and
pole assignability are equivalent, a system over R = R[s] will only be generically
reachable if it has at least two inputs.

When we recall Example 2.5.6, it is not so difficult to understand why pole
placement is such a strong property for systems over {polynomial) rings. Consider
a system I = (4, B, C, D) over the polynomial ring Rs;, ..., 3], and assume that
it is pole assignable. Let py,...,p, € R. Then it is possible to find a matrix
F e R[s1,..., 8™ " such that

Xa-pr(z) = (z ~p1)(z — p2) - (2 = pr).

Note that in the characteristic polynomial of A — BF the indeterminates s1,..., 8
do not occur any more. Next, regard the system ¥ = (A, B,C, D) as a time-delay
system in the same fashion as in (2.18). The poles of this system are the zeros of
the characteristic equation

det(zl — A(e™™%, ..., e"""”)) =0,

Although in general equations of this type have an infinite number of solutions in
the complex plane, we shall see in Chapter 3 that only a finite number of these zeros
is located in C*. However, after application of the feedback law

u(t) = F(o1,...,ou)(t) + v(t),
the characteristic equation becomes
Xa-r(2) = (z — Px)(&' —p2)--(z2~pa) =0,

and there are only a finite number of poles left. So the number of poles is re-
duced drastically by this static state feedback, and this extremely strong result is
an immediate consequence of our assumption on the pole assignability of the system
¥ = (A, B,C, D). This explains why pole assignability is often a far too strong
property to ask for.
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Figure 2.2: Closed-loop system with dynamic output feedback

Although pole assignability is a sufficient condition for stabilizability, it is cer-
tainly not a necessary condition. The sufficiency follows immediately from the ex-
istence of a polynomial of the form (z — a) (with & € R) in D, and the fact that
D is multiplicative. So (z — &) is also a stable polynomial. However, to stabilize a
system it is not necessary that the poles of the system can be assigned arbitrarily.
The existence of a static state feedback F such that xa-pr(2) € D is enough. In the
special case of time-delay systems as given above, this means that only the (finite
number of) poles in C* have to be shifted into the open left half plane C™. But it is
difficult to find necessary and sufficient conditions to test this property. Therefore
we shall consider a more general concept of feedback instead. In the rest of this
chapter it will turn out that the problem of stabilizability can be solved completely
using this more general notion of dynamic feedback. '

2.7 Dynamic feedback and stabilizability

-For linear systems over the field R it is well known that the dynamics of a system
cannot be influenced only by static but also by dynamic feedback. This means that
the output of a system I is fed back to the input via another linear dynamical system
T, called a compensator, cf. Figure 2.2. Under the condition of well posedness (which
will be explained later), the closed-loop system is again a linear system of the same
form as  and T -

It is obvious that the class of dynamical compensators is much larger than that
of static feedbacks; in fact, all static feedbacks are contained in the class of dynamic
feedback compensators. Therefore it is clear that dynamic feedback is a more general
tool, that can be used to solve a larger class of control problems.

We first generalize the notion of dynamic feedback to the situation of systems

“over rings. This can be done in the same fashion as for static static state feedback,
by first introducing the concept for systems over fields, and then generalizing the
formulae to the systems over rings case. Since we have already seen this formalism
several times, we now prefer to proceed in a somewhat more informal and intuitive
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way. However, we still treat both discrete- and continuous-time systems together.
Therefore the following set of equations is identified with a system ¥ = (4, B,C, D)
over an integral domain R:

(2.24)

Ax = Az + Bu,
y = Cz+ Dy,

where A is an operator symbolizing differentiation with respect to time in the
continuous-time case, and a right time-shift in the discrete-time case. In description
(2.24) the dynamical structure of a system and the relations between the input u,
the output ¥ and the state = are much clearer than in the formal Definition 2.1.1. In
the same way, a compensator I' = (F, G, H, J) is not only considered as a quadruple
of matrices over the integral domain R, but also regarded as a system with input y,
output v and state w, evolving in time according to the equations:

{ Aw = Fw+ Gy, (2.25)

v = Hw+ Jy.

Given a system L = (A, B,C, D) and a feedback compensator I' = (F,G, H, J)
over R, their feedback interconnection is called well posed if the closed-loop system
of ¥ and T, as depicted in Figure 2.2, constitutes a linear system again. This means
that the system equations (2.24) and (2.25) together with the feedback equation

u=r—v : (2.26)
can be recast in such a form that a linear system ¥ = (A, B,C, f))
A% = Ai+ Br,
Y Ci + Dr,

i

is obtained, where r is the new external input, y the output and & the (new) state of
the closed-loop system. This recasting is possible if and only if the matrix (I + DJ)
is invertible as a matrix over R (i.e. the determinant of (I + DJ) is a unit of R).
The invertibility of this matrix is called the well-posedness condition.

The closed-loop system of Figure 2.2 satisfies the equations (2.24), (2.25) and
(2.26). Substituting formula (2.26) for v and the second formula of (2.25) for v,
formula (2.24) for y becomes

y=Cz+ D(r~v)=Cz+ Dr—- DHw— DJy.
Hence
(I+DJYy=Czx - DHw+ Dr.

If the closed-loop system is well posed, the matrix (I + DJ) is invertible over R.
Defining E := (I + DJ)™!, the previous formula can be rewritten as

y= ECz — EDHw+ EDr.
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Substitution of this expression in the formulae for Az and Aw in (2.24) and (2. 25)
yields:

Ar = Ax—t-Bu:Ax—%—B’r—szA:c—BHw—BJy-}-Br:
= (A-BJEC)z+(-BH + BJEDH)w + (B ~ BJED)r,

A'w' = Fw+Gy=

GECz + (F - GEDH)w+ GEDr.

So the closed-loop system T is determined by the equations
( A (:c) - (A - BJEC -BH + BJEDH) (m) +
w

T\ GEC F—-GEDH
B~ BJED
¢ + ( GED ) T, | (2.27)

(EC| - EDH)V(;?}) + EDr.

Y

\

Finally, define

. _ ( A-BJEC -BH+BJEDH

A= ( GEC  F-GEDH ) (2.28)
- B - BJED

B = ( “ED ) (2.29)
¢ = (EC| - EDH), | (2.30)
D = ED, C (2.31)

and we conclude that the closed-loop system is characterized by the quadruple of
~ matrices 54 = (4, B,C, D) over R.

Note that the well-posedness- condztmn of (I + DJ) to be invertible over R
looks rather restrictive. For a lot of rings this condition is generically not satisfied.
However, if J =0 or D = 0, then (J + DJ) = I, and trivially (I + DJ) is invertible.
In the case J = 0, formulae (2.28) to (2.31) become

i A -BH . B . .
A=(GC F—GDH)’ B=(GD)'C-(C | -DH), D=D. (2.32)

So a strictly proper compensator is always well posed. Moreover, it will turn out
that when a system is stabilizable by dynamic output feedback, a strictly proper
compensator (i.e. a compensator I' = (F, G, H, 0) without a direct feedthrough) can

- always do the job. Hence the condition of well posedness is not at all a restriction
for the stabilization problem.

From the exposition above it follows that after application of a dynamic feedback
compensator I', the dynamics of the closed-loop system X are changed drastically
in comparison with the dynamics of the original open-loop system X. This gives the
possibility to stabilize a system using dynamic output feedback.
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Definition 2.7.1 Let R be an integral domain and D be a Hurwitz set in R[z].
Let & = (A, B,C, D) be a system over R. I is called (internally) stabilizable by
dynamic output feedback with respect to D if there exists a dynamic compensator

= (F,G, H,J) over R such that the closed-loop of T and T' is well posed and the
closed loop system £y = (4, B,C, D), determined by (2.28) to (2.31), is internally
stable with respect to D, i.e.

xi(2) = det(zI — A) € D.

The rest of this chapter is devoted to the question of stabilizability for & linear
system L = (A, B,C, D). For systems over the field R, this question can be split into
two dual parts, which can be treated separately. First the problem of stabilizability
using (static) state feedback is solved. This can be seen as a special case (C = I and
D = 0) of the original problem, so with the output equal to the state. For this system
we want to find a static compensator {i.e. a compensator of rank zero, only counsisting
of a direct feedthrough term J), stabilizing the system. In the case of a general C
and D, one still wants to use this stabilizing feedback, but the problem is that the
state is not available for feedback. For this purpose, a so-called stable observer is
built. This is & stable dynamical system taking the input u and the output y of
the original system ¥ as inputs, and producing an estimate £ for the state z of the
original system X as an output. The problem of finding a stable observer is called
the detectability problem and turns out to be dual to the stabilizability problem.
The idea is now to use the output of the observer, i.e. the estimated state £ as the
input to the original stabilizing feedback. It is even possible to combine both the
observer and the static feedback into one dynamic output feedback compensator.
The feedback interconnection of the system ¥ with this dynamic compensator is
internally stable, and in this way the stabilizability problem is solved.

For systems over rings this so-called separation principle still works and we can
follow almost the same strategy. There are only a few differences. The stabilizability
problem by state feedback has to be solved using dynamic state feedback instead
of static state feedback. Moreover, the detectability problem has to be recast in
a different way because it is impossible to speak of an estimate for the state z in
the context of systems over rings. It is possible to find an other wording for this
notion using the concept of Hurwitz sets. With this new formulation the duality
of the problems of detectability and stabilizability via dynamic state feedback is
preserved. It is also possible to combine both solutions to find a dynamic internally
stabilizing output feedback compensator.

In the next three sections the program described above is elaborated in more
detail. First the problems of stabilizability by dynamic state feedback and of de-
tectability are solved. Finally, after the development of these tools, we put them
together to solve the problem of stabilizability by dynamic output feedback.
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O—2—T = (A,B,1,0) Z.

I'=(F,G,H,J)

Figure 2.3: Closed-loop system with dynamic state feedback

- 2.8 Stabilizability by dynamic state feedback

Let R be an integral domain and let £ = {4, B, 1, 0) denote a system over R given
by the equations.
Az = Ax+ Bu,
' . (2.33)
y = 2.
Let " = (F,G, H, J} be a dynamic compensator and consider the closed-loop system
depicted in Figure 2.3. From formulae (2.28) to (2.31) with C = I and D =0, it

follows that this closed-loop system is given by the quadruple Ty = (A B¢, D)
where

A’:(A’GBJ ‘?H),B=(§),é=mo),ﬁ=a; (2.34)

Since D = 0, we have I + DJ = I for all .}’ € R™**, and thus all dynamic compen~
sators are well posed.

Next, let D be a Hurwstz in R[z], which determines the stability of a system.
Then we are interested in the existence of a compensator I such that the closed-loop
system (2.34) is internally stable, i.e.

det(zI — A) € D.

To answer this existence question we need the following important lemma which
also will turn out to be very useful in the sequel.

Lemma 2.8.1 Let R be an integral domain, and let A € R™* B e R™™ gnd

¥(z) € R[z]" be given. Suppose that the equation '
(2I — A)¢(z) + Bw(z) = ¢(2) (2.35)

has a polynomial solution (§,w), i.e. £(2) € R[2]* and w(z) € R[z]™. Then there

also exists a polynomzal solution (€, &) with £(z) € R[z]* and &(2) € Riz]™ which
satisfies (2.35) and is such that

deg,(w(z)) <n—1. ; (2.36)
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Proof

Let £(2) € R[z]” and w(z) € R[2]™ be a solution pair to equation (2.35). Since
xa{z) = det(z] — A) is a monic polynomial, it is possible to carry out the division
algorithm with remainder on each of the entries of w(2). So w(z) can be written as

w(z) = xa(2) - &(2) + B(2),

“where a(z) and () are elements of R{z]™, and deg,(0(z)) < deg(xa(z)) = n. But
then we have:

p(2) = (2 — A)é(z) + Bu(z) =

(zI = A)E(2) + B(xa(2)a(z) + B(2)) =

(zI — A)§(2) + xa(2)Bof2) + BB(2) =

(2 — A)E(z) + (2] — A) - adj(z] — A)Ba(z) + BB(z) =
(zI — A) - [£(2) + adj(z] — A)Ba(2)] + BB(z),

where we uéed the fact that Cramer’s rule, (2I — A} adj(z] — A) = xa{2) - I, also
holds in the ring case. Now define

£(z) = &(2)+adj(z] - A)Ba(2),
@(z) = B(2).

Then clearly £(2) € R[2]" and &(z) € R[2]™ form a solution pair for (2.35), and
moreover deg,{w(z)) = deg,{8(z)) £ n — 1. This proves the claim.

I

With help of Lemma 2.8.1 it is possible to prove the following crucial theorem
which gives a necessary and sufficient condition for the solvability of the stabiliz-
ability problem by dynamic state feedback. This result was proved for the first time
by Emre in [23] but the proof given below is based on the approach of Rouchaleau
in [80]. -

Theorem 2.8.2 Consider a system T = (A, B,C, D) over an integral domain R, -
and assume that C = I and D = 0. Let D be a Hurwitz set in R[z]. Then

¥ s internally stabilizable with respect to the Hurwitz set D
by dynamic state feedback,

The mairiz (zI — A | B) is right-invertible over Rp(2).

Proof

"4&=" Suppose that {z] — A|B) is right-invertible over Rp{z). Then there exist
matrices Q(z) and P(z) over Rp(z) such that '

(2I - A)Q(2) + BP(2) =1I.

Multiplying this equation by the least common multiple of the denominators of the
entries of Q{z) and P(z), we obtain the equation

(21 - A)Q(2) + BB(2) = o(2) - I,
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where P(z) and Q(z) are matrices over the polynomial ring R[z], and the least
- common multiple ¢(z) is an element of D. Without loss of generality we may
assume that deg,(¢(2)) > n, where n denotes the size of A. Otherwise we simply -
multiply this equation by a polynomial from D of sufficiently high degree. Because
of condition {iv) in Definition 2.5.2 such a polynomial always exists.
_ Next, apply Lemma 2.8.1. We conclude that there exist polynomial matrices
Q(2) and P(z) such that still

(= - A)Q(2) + BP(z) = (2) I, | ©(237)

but also deg,(P(z)) < n —1.

Now recall that ¢(2) is monic and of degree larger than or equal to n. Since
deg,(BP(z)) < n -1, we must have that deg,((z] - A)Q(2)) = deg,(p(2)) and
(zI = A)Q(z) is monic. So @(z) is monic and degz(Q(_z)) =deg,{p(2))~12n~1
Denoting the degree of Q(z) by k, we conclude that Q(z) is of the form:

Q(z)—z I+EQ,

i=o

Therefore det(Q(z)) = 2" 4+ lower order terms, and since @~1(z) = agt( S’ it is

clear that Q(z) is invertible as a rational matrix (i.e. as a matrix over R(z)).
Next consider the matrix

PEIE6) = gy - P 205(00).

Since deg,(P(z)) <n -1 and deg,(adj(Q(2)) < (n — 1)k (this follows from the fact
that an (n — 1)-minor of Q(2) has degree lower or equal to (n — 1)k), we see that

deg,(P(2)-adj(@(2))) < (n—1)4+(—-Vk=nk—k+n—1=
= nk— (k- (n-1)) < nk = deg,(det(Q(2))),

where the last inequality follows from the fact that k = deg, (Q(2)) > n— 1. Hence
P(2)@(z) is a proper rational matrix.

Take a realization T = (F, G, H, J) of the transfer matrix P(z)Q~(z) such that
det(z] — F) = det(Q(z)). According to the result in Appendix B, such a realization
always exists. We use this dynamical system I' as a compensator for L. Then the
closed-loop system Ta=(4,B, C D) is given by formula (2.34), and we have

_ 2I-(A-BJ) BH \ _
det(z] — 4) = det( —G zI-F)—

det(] ~ F)-det(zI ~ (A— BJ) + BH(zI - F)"'G) =
~det(z] — F)-det(z] —~ A+ B(J + H(zI - Gy =
det(zI - F) - det(z] — A+ BP(2)@7(2)) =

det(zI — F) - det((zI — A)Q(z) + BP(2))
det(Q(2)) ’

il
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where we took the Schur complément to make the first step. Since by construction
det(z] — F) = det(Q(z)), and according to (2.37): (2 — A)Q(z) + BP(z) = ¢(z)- I,
we conclude that '

det(z] — A) = det(p(2) - I) = (#(2))" € D,

because ¢(z) € D and D is multiplicative. So the closed-loop system is internally
stable. ‘

7=" Assume that ¥ = (A, B, 1,0) is internally stabilizable by dynamic state
feedback. Then there exists a compensator ' = (F, G, H, J) over R such that the
closed-loop system determined by (2.34) is internally stable. So
o s . f(2d—(A-BJ) BH ‘
det(zI-—-A)—det( e zI~F>€D'

Since (2] — A)! = é“%%‘_:—‘%, and det(zI — A) € D, it is easily seen that (zI - 4)

is right-invertible over Rp(z). So there exist matrices Q(2), R(z), P(z) and T'(2)
over Rp(z) such that

(1452 23 8- 6 )

The equality for the (1,1)-block yields
(eI = (A~ BJ)Q(2) + BHP(z) = I.
This formula can be rewritten as
(2I - A)Q(2) + B(JQ(2) + HP(2)) = I.

Define Q(z) := @(2) and P(z) := JQ(z) + HP(z). Since both Q(2) and P(z) are
matrices over Rp(z) and J and H are matrices over R, it is clear that also both
Q{z) and P(z) are matrices over Rp(z). Moreover, these matrices satisfy

(21 — A)Q(2) + BP(z) = I.

This completes the proof. -

The importance of Theorem 2.8.2 is clear. It gives a necessary and sufficient
condition for a system to be stabilizable by dynamic state feedback. Therefore it is
much more useful than the results on pole placement and static state feedback in
Section 2.6. The conditions in that section were often too strong for stabilizability
because they were sufficient but not necessary. Moreover, the proof of Theorem
2.8.2 is completely constructive. When a right-inverse of (2] — A|B) over Rp(z)
is obtained, the proof gives a recipe for the construction of a stabilizing feedback
compensator. '

Theorem 2.8.2 can be seen as a rather straightforward generalization of the
ordinary result on the stabilizability of systems over R by static state feedback.
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Let R =R and C; C C be a stability domain such that C, N R # @. According to
Example 2.5.4, the set

D := {p(2) € R[2] | p(2) is monic and ([p(e) = 0] => [@ € C,])}

is a Hurwitz set, satisfying all conditions of Definition 2.5.2. By Theorem 2.8.2,
a system T = (4, B,I,0) over R is stabilizable with respect to D if and only if
(2I — A | B) is right-invertible over Rp(z). Using the local-global theorem (see
Appendix A.3, Theorem A.3.4), it is possible to rewrite this condition as a pointwise
invertibility condition on the matrix (o — A | B) for all a € C,. But a constant
matrix over C is right-invertible if and only if it has full row rank. So a system

= (A, B,I,0) with A € R**" and B € R"*™ is stabilizable with respect to D by
a dynamlc state feedback compensator if and only if =~

Va € C,: rank(al — A|B)=n. (2.38)

But this is exactly the condition of the Hautus test for stabilizability of a system
over R with respect to a stability domain C, using static state feedback. Therefore
Theorem 2.8.2 can be seen as a generalization of the Hautus test to the systems over
rings case. There is only one important difference between these two conditions. For
systems over fields static state feedback suffices to achieve stability, whereas in the
systems over rings case we need dynamic state feedback to establish this goal.

Remark 2.8.3 The condition for stabilizability in Theorem 2.8.2 has one immedi-
ate consequence. Suppose that a system ¥ = (A4, B, C, D) over an integral domain
R is reachable. Then (2 — A|B) is right-invertible over R{z]. Since by definition
1 € D, this immediately implies that for each Hurwitz set D, the matrix (2] — A|B)
is right-invertible over Rp{z). So a reachable system is stabilizable with respect to
any arbitrary Hurwitz set by dynamic state feedback.

Unfortunately, the right-invertibility condition of Theorem 2.8.2 is not always
easy to check. Sometimes it is useful to state this condition in a slightly different
way using polynomial ideals.

Definition 2.8.4 Let R be an integral domain, and A € R™" and B € R™™.
Denote by ag(2),...,an(2) all n X n minors of the matrix (2 — A|B). Then J is
defined as the ideal in R[z] generated by all » x n minors of (21 — A|B):

J = (a(2),...,an(z))- (2.39)

Proposition 2.8.5 Let R be an integral domain, and A € R™" and B € R™™.
Let D be a Hurwitz set in R[2], and J the ideal defined in (2.89). Then

(21 — A|B) is right-invertible over Rp(2),

The ideal J contains an element of D, i.e. DNJ # 2.
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Proof

=" Assume that (zI — A|B) is right-invertible over Rp(z) and let Q(z) be
such a right-inverse, so

(21~ A|B)-Q(z) = I. | (2.40)

We now use the well-known Binet-Cauchy formula (see for example [29, p. 9]),
which expresses the determinant of a square n x n matrix M = K - L in terms of
the minors of the n x £ matrix K and the £ x n matrix L (£ > n):

My crr Man Euy, -0 ki, Ly oo lya
det | : 2 = > det | : 2o -det| :
Ma1 *°° Mnp 15h Cha<inst kniy +++ kni, lisp »* i
(2.41)
Application of the Binet-Cauchy formula to (2.40) yields
D1yt Plin Qa1 "t Gian
1= 3 det| : : | -det| : :
1S <iz<<ingndm Pniy *°* Dnia Binl **" Qign

"where P(z) denotes the matrix (2 — A|B). Now recall Definition 2.8.4 and let
ag(2),...,an(z) be all n x n minors of (21 — A|B). Then we conclude from the last
formula that there exist rational functions go{2),-..,¢n(2) in Rp(2) such that

Za,(z) g,(z) = 1. (2.42)
=0 -

- Fori=0,1,...,N we know that ¢;(z) € Rp(2), s0 ¢;(2) is of the form q.(z) .1‘(3) ,
where n;(z) € ’R[ ] and d;(z) € D. Let d(z) denote the least common multiple of

all the di(2) (i = 0,1,...,N). Then d(z} € D because D is a multxphcatzve set.
Multiplication of (2.42) thh d(z) gives

d(z) = Z () - i(2),
i=0
where #;(z) = qi(z) - d(z) = %f{—g - d{z) € R[z]. So d(z) belongs to the ideal J in
R[] generated by all n x n minors ag(2),...,an(z) of (2 — A|B). On the other
hand we already knew that d(z) € D. So indeed PN J is non-empty.

7&" Let apfz),...,0n(z) denote all n x n minors of {zI — A|B). For all § =
0,1,..., N, a:(z) is the determinant of an n X n matrix Ki(z) which consists of n
columns of (2I — A|B). For this square matrix we know thai;

Ki(2) - adj(Ki(2)) = det(Ki(2)) - I = ou(2) - I.

Since K;(z) consists of n columns of (2] — A|B), it is possible to extend adj(K;(z))

with zero rows on the right places to an (n + m) x n matrix K;(z) in such a way
that

(zI = A|B) - Ki(2) = ou(2) - I.
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It is obvious that the entries of the matrix K;(z) still belong to R[2].
Now, suppose that the ideal 7 generated by ag(z), . .., an(z) contains an element
d(z) € D. Then there exist elements go(2), g1(2),. .., gn{2) in R[] such that

}:; a:(2) - gi(2) = d(z)
Define Q(z) := TN, J(z} - Ki(2). Since for all i € {0,1,..., N} the entries of K;(z)

and also g;(2) belong to R[z], and because d(z) € D, Q(z) is a matrix over Rp(z).
Moreover: A ‘

(2 — AB)- Zg'(z) Ri(z) =

z—o

(2 - A|B) - Q(2)

= &() Z(z[ AlB)- Ki(2) - gi(2) =

=0

i

d() Za‘(z)g,(z d( )d(z) I=1

i=0

So Q(z) is a right-inverse of (zI — A|B) over Rp(z). -

The reformulation of the stabilizability condition using ideals in R[z] plays an
important role throughout the rest of the thesis, It is an algebraically atiractive
restatement of the stabilizability problem: the ideal J, completely determined by
the system under consideration, must have a non-empty intersection with the Hur-
witz set D that defines stability. In Chapter 3 this condition is used to specialize
the results on stabilizability to the case of time-delay systems. But especially in
Chapter 5, (polynomial) ideals play the leading role. There we shall see how sys-
tem theoretic properties are translated into properties of (polynomial) ideals and
how constructive methods from commutative algebra can be applied to verify these
properties effectively. Proposition 2.8.5 can be considered as a little foretaste of the
contents of that chapter.

2.9 Detectability

In the previous section we have seen how a system I = (4, B,C, D) with C = I and
D = 0 can be stabilized by dynamic feedback. In this situation the output y is equal
to the state z, so in fact the state is available for feedback to the input. This method
is not applicable when we are dealing with general C and D matrices. In this case
only the output y can be measured. Still we want to use the technique of dynamic
feedback, developed in Section 2.8, to stabilize the system. For this purpose we have
to recover information on the state x of the system from the data that are available:
the input u» and the output y. So for the application of the dynamic compensator
of Section 2.8 in the case C 5 I or D # 0, we first have to build an obsewer for the
state z of the system.

In the theory of systems over R, the same problem is encountered. Here a stable
observer for the state z of a system £ = (4, B,C, D) is defined as a linear dynamic
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Figure 2.4: Dynamical system with disturbance input

system = (F, G, H, J) which is stable, takes the input « and the output y of T as
inputs, and produces an output £, such that £(¢) — z(t) tends to zero for t — +00,
irrespective of the initial conditions of the system and the observer. Conditions for
the existence of such a compensator are well known (see e.g. [86, pp. 245-246]); the
problem turns out to be dual to the problem of stabilization by static state feedback.

For systems over rings we have to take a somewhat different point of view. First
of all, the state of a system does not play a prominent role, because formally a
system is defined as a quadruple of matrices. Nevertheless a state variable can be
introduced to interpret this quadruple as a dynamical system. In this way the state
variable z becomes a rather formal object too, and it is difficult to incorporate initial
conditions in this context. Moreover, in Example 2.1.3, where time-delay systems
are modeled as systems over a ring, we have seen that the evolution variable z(t) is
not really the state of the system, and the initial state is in fact an initial trajectory
of the evolution variable z. Therefore we do not want the initial condition to enter
the theory explicitly. ;

These problems can be solved by replacing the concept of initial state by the
addition of a "disturbance” input v as depicted in Figure 2.4. Given a system
¥ = {4, B,C, D), the disturbance input v enters only the dynamic equation and
therefore it acts directly on the state z but only indirectly on the cutput y. So the
configuration of Figure 2.4 is characterized by the set of equations:

{ Ar = Az + Bu+v,

2.43
y = Cz+Du. (243)

An observer for this system has to determine the influence of the input v on the
original system ¥ = (4, B, C, D). Irrespective of the disturbance input v, the output
of the observer has to be an estimate for the state z of the system Z. However, for
systems over rings the notion of convergence is not defined. Instead we have to use
the more abstract idea of Hurwitz sets again. In this framework the definition of a
stable observer becomes:

Definition 2.9.1 Let R be an integral domain and D be a Hurwitz set in R[2]. Let
% = (4, B,C, D) be a system over R with input u and output y. A stable observer
{} (stable with respect to D)} is a system Q = (F, (G1|G2), H, (J1|J2)) over R, which

takes : as input, produces £ as output, and satisfies the following conditions:
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Figure 2.5: Interconnection of system and observer
(i) det(zI — F) € D, i.e. § is internally stable with respect to D.
(i) The configuration of Figure 2.5, characterized by the set of equations

( Az = Az <+ Bu+v,
y = Cz+ Du,

Fu + (G1|G3) (;) , | (2.44)

Gu+ (4il4) (;‘) ,

Y Aw

2

\

gives formally rise to an equation
#—z =Kz, (2.45)

in which the transfer matrix K'(2) is stable with respect to D. So, & — z only
depends on the disturbance input v, and all entries of K(2) are elements of
R’p(z).

Definition 2.9.1 can be seen as a generalization of the concept of stable observers
- to the case of systems over rings. It was suggested by Hautus and Sontag in [44].
With help of this definition, the notion of detectability can be introduced very easily.

Definition 2.9.2 A system T == (A, B,C, D) over an integral domain R is called
detectable (with respect to the Hurwitz set D) if there exists a D-stable observer for
. ' ,

The next theorem is also taken from [44]. Tt gives a necessary and sufficient
condition for a system over an integral domain to be detectable. ‘

Theorem 2.9.3 Let R be an z'nteg‘fal domain and D be a Hurwitz set in R[z].
Consider a system £ = (A, B,C, D) over R. Then

S is detectable with respect to D
= '

(zfg A) ig lefi-invertible over Rp(z) / (2.46)
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Moreover, if (2.46) holds, then there ezists a strictly proper D-stable observer Q =
(F,G,H,0) for T.

Proof
A

"&” Suppose that (z}' g ) is left-invertible over Rp(z). Then there exist
matrices M(z) and N(z) over Rp(z) such that

M(z)(zI - A)+ N(2)C = 1.

Multiplying this equation with the least common multiple ¢{2) of the denominators
of the entries of M(z) and N(z) we obtain

M(z)(z] - A) + N(2)C = ¢(2) - I,

where M(z) and N(z) are matrices over R[z] and ¢(z) € D. Without loss of
generality we assume that deg,(¢(z)) > n; otherwise we multiply the last equation
with an element of D of sufficiently high degree. The existence of such a stable
polynomial is guaranteed by condition {iv) of Definition 2.5.2.

Since A is an n X n matrix and C is p X n, it follows from Lemma 2.8.1 (or rather
from a transposed version of this lemma), that there exist polynomial matrices M(z)
and N(z) such that deg (N(z)) < n — 1, and still

M(z)(zI — A) + N(2)C = ¢(z) - I.

©(2) is monic and of degree greater than or equal to n, and because N(z)C is of
degree less than n, we conclude that M (z) has degree deg (M (2)) = deg,(o(z)) — 1.
Define '

IR = oo H@INE) = (EIFE6E 1™ @47

It is obvious that both M(z) and N(z) are strictly proper matrices over Rp{z) and
still

M(z)(2I - A)+ N(2)C = 1. (2.48)

Moreover, with the second description of (M (z)|N(2)) in (2.47), it follows from
appendix B that there exists a realization (F, (Gi|G2), H,0) of the transfer matrix
(M(2)|N(2)), satisfying det(z] — F) = det(p(z) - I) € D.

Next, define the observer {2 as

o { Aw = Fw+(GiB - GoD|Gy) (Z) ,

(2.49)
Z = Huw. ’ :
Clearly, Q is mternally stable, so we only have to check that from the systems
equations (2.43) together with the observer equatiouns (2.49) a D-stable transfer
matrix K(z) from v to £ — z is obtained.
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Substitution of the output equation of (2.43) into (2.49) gives
Aw Fw+(G1B -G D)u+ Gy =

‘Fw+ G’;Bu - GoDu 4+ GyCzx + Gy Dy =

Fw 4+ GiBu+ GCxz. |

Combining this equation with the output equation £ = Hw of the observer, we
obtain the transfer matrix from v and z to 3:

& = H(zI - F)"'G Bu + H(zI — FY"'G,Cz = M(2)Bu + N(2)Cx,

where we used the fact that (F, (G4|G2); H,0) is a realization of (M(2)|N(2)). The
transfer matrix from v and v to 2 is easily derived from the first equation of (2.43):

g=(zl ~ A Bu+ (2l - A v,
Substitution of this formula for = in the one obtained for £ yields
M(z)Bu + N(2)C(2I — A" 'Bu+ N(2)C(z] — A) v = _
(M(2)(2I — A) + N(2)C)(2I = Ay 'Bu+ N(2)C(2I — A) v =
(zI — A)'Bu+ N(2)C(zI — A) v,
where in the last step equation (2.48) is used. Subtracting  from £ gives
-2 = N@E)CGEI-A)yw— (2l - A w=NE)IC - -A) v=
= (N(2)C = N(z)C — M(2)(z] — A))(zI — A) o = —~M(2)v.

So # — z only depends on v, and the transfer matrix K{(z) from v to £ — z is given
by K(z) = —M(z). Since M(2) is a matrix over Rp(z), this proves that Q is a
stable observer for ¥, so T is detectable. Moreover, because the observer ! defined
in (2.49) is strictly proper, we have also proven the assertion that a strictly proper
observer can do the job.

o

i

]

Z

H

"=3" Suppose that I is detectable. Then there exists a D-stable observer £ for
L. Let (L(z)|N(z)) denote the transfer matrix of Q from ; to £ So L(z) and

N(z) are transfer matrices over Rp(z) and £ = L(2)u + N(z)y. Substituting the
output equation y = Cz + Du of the system ¥ in this equation we obtain

£ = {L{z)} + N(z)D)u + N(z)Cx.
Recall that the transfer matrix from v and v to z is given by

z = (2 = A 'Bu+ (2I — A) v,
Subtraction of the equations for & and z yields
(L(z2) + N(z)D)u + (N(2)C - Iz = ;
(L{z) + N(z)D)yu + (N(2)C = I)({zI — AY'Bu+ (zI — A)"'v) =
(L(2) + N(2)(D + C(2I = A)'B) = (I — Ay B)u +

+H(N()C = I)(I = A) .

i

-z
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Now recall that € is a stable observer for £. So the interconnection of Figure 2.5
leads to an equation of the form Z — z = K{(2)v, with K{(z) a matrix over Rp(z).
Therefore we conclude that (L(z) + N(z}(D + C(zI — A)™'B) = (2] — A)"'B) =
and that M(z) := (N(2)C - I)(2] — A)~! is a stable matrix. By definition we have
M(z)(zI — A) = N(2)C ~ I. So

~M(z)(2I — A)+ N(2)C =1,

and (—M(2)|N(2)) is & left-inverse of (?I - A) over Ro(2).

This completes the proof. -

Again, the proof of Theorem 2.9.3 is completely constructive. When a left-
inverse of 2 5 A) is known, a stable observer can be obtained by carrying out

the construction method described in the proof.

From condition (2.46) in Theorem 2.9.3 it is clear that for the detectability of
a system ¥ = (A, B,C, D) only the matrices A and C are important. The input
matrix B does not play any role. This is similar to the condition for stabilizability
by dynamic state feedback in Theorem 2.8.2, which is completely determined by
the matrices 4 and B. Moreover, we see that the conditions for detectability and
stabilizability are dual. This is stated more formally in the next

Corollary 2.9.4 Let £ = (A, B,C,D) be a system over an integral domain R.
Define £T .= (AT,C7, BT, DT). Then

(i) T is stabilizable by dynamic state feedback <= T is detectable,

4) T is detectable <= LT is stabilizable by dynamic state feedback.
|

Hence, analogous to systems over fields, stabilizability and detectability are dual
concepts, also in the ring case. There is only one difference. For a system over
a field a stabilizing feedback and a stable observer can be obtained with static
state feedback and pole placement techniques. For systems over rings there are
some dynamics involved. So we conclude that the duality between reachability and
observability that was lost in the case of systems over rings, can be restored for
stabilizability and detectability when dynamic compensators are used to define and
to achieve these properties, instead of static compensators.

2.10 Stabilizability by dynamic output feedback

In the two previous sections we have developed all fools that are required to tackle
- the problem of stabilization by dynamic output feedback. According to the sep-
aration principle, this problem can be split into two parts. Now that both parts
have been solved, we want to combine the construction methods for a stabilizing
state feedback compensator and a stable observer in order to find a stabilizing out-
put feedback compensator. However, we start with a rather naive (but effective)
method to stabilize a system.
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Figure 2.6: Closed-loop system with observer and feedback compensator

Consider a system ¥ = (A, B, C, D) over an integral domain R, and suppose that
I is both stabilizable and detectable with respect to a Hurwitz set D. Construct
a stabilizing dynamic state feedback compensator I' according to the method of
Theorem 2.8.2, and a stable observer £ with the method of Theorem 2.9.3. The
idea is now to estimate the state z of the system X with help of the observer 2,
and to use this estimated state £ as the input to the compensator I'. So we are
interested in the configuration of Figure 2.6, and show that this system with input
7 and output y is internally stable.

Since L is stabilizable by dynamic state feedback, the matrix (2] —A|B) is right-
invertible over Rp{2), and according to Theorem 2.8.2 and its proof, there exists a
polynomial ¢(z) € D and matrices Q(2) and P(z) over R[] such that

(1) (2I - A)Q(2) + BP(z) = ¢(2) - I,
(1) P(z)Q~1(2) exists as a rational matrix and is proper,

(#ii) P(z)Q~1(z) has a realization I' = (F,G, H,J) such that det(z] — F) =
det(Q(z)). '
~ Since X is detectable, the matrix ZIE A) is left-invertible over Rp(2), and it

follows from Theorem 2.9.3 and its proof, that there exist rational strictly proper
stable matrices M(2) and N(z) over Rp(z) such that

M(2)(I ~ A) +N(2)C = 1.
Moreover, (M(2)|N(z)) has a realiéation (R, (11173), V,0) with det{z] — R) e D:

Let © denote the stable observer ! = (R,(ThB — T2D|T3),V,0), and T' the
stabilizing state feedback compensator I' = (F, G, H, J). Then the configuration of
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Figure 2.6 is described by the following set of equations

( Az = Az + Bu,
y = Cz+Duy,
Aw = Rw+(T\B-ToD)u+ Ty,
| i = Vu, |
Az = Fz+Gi,
v = Hz+J%,
% = r—u.

‘We now show that the resulting linear dynamxcal system with input r and output y
is internally stable.

First substitute the output equations for y, # and v, and the feedback equation
% = r — v into the dynamic equations for Az, Aw and Az. In this way we obtain:

Ar = Az + Bu= Az + Br — Bv= Az — BJVw — BHz + Br,
Aw = Rw+(T\B-TyD)u+Tyy = Rw+ T30z + TiBr — TyBy =
= TyCz+(R—T.BJV)w~T,BHz+T;Br, o
Az = Fz4+Gi=GVw+ Fz
And the output y equals
y=Cz+Du=Czx+Dr—Dv=Cx~DJVw~- DHz+ Dr.

So the closed-loop system of Figure 2.6 can be written as

[z A ~BJV ~BH x B
Alwl] T,C¢ R-TBJV -N\BH||wl|+ |TWiBlr
S \z 0 GV F z A O

. (2.50)
y = (C ~DJV —DH) w| + Dr.
z
Defining
A -BJV -BH
= |TC R-T\BJV -T\BH]{,
0 GV F
this system is internally stable if and only if
) z2I-A  BJV BH ,
det(2] — A)=det| ~-ToC z2I-R+T,BJV T\BH | €D (2.51)
0 -GV zI—-F

Adding the first block row, multiplied by —T1, to the second row gives
) -4 BJV  BH
det{2] —A) =det | -T1 (2] -A)-ToC 2I-R 0 .
0 -GV 2I-F
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Multiplying the third block column thh (2I = F)™*GV and adding this to the
second block column yields

det(z] - A) =det|-T(zI-A)~-TC z2I-R 0
0 0 z2I—-F

- ‘ d-4 B +HEI-F)G)YV
= det(z] - F)- def» (——Tl(ZI - A}~ ToC z2I-R

det(zI — F) - det ( 2l -4 Bp (Z)Q~1(z)v) ,

Ad-A BJV + BH(:I - F)-\GV BH )

~Ti{zI — A) - THC z2I-R

where we used the fact that T' = (F,G, H,J) 18\8. realization of the transfer matrix
P(2)Q"(z). Finally, taking the Schur complement and recalling that the system
(R, (T1|T»), V, 0) is a realization of (M (2)IN (z)) we arrive at

det(z] — A) = det(zI — F)-det(zI — R)-
 det(z] — A— BP(2)Q 7} (2)V(zI —~ Ry H~Ty(2I — A) - TLC)) =
= det(z] - F)-det{z] - R)-

-det(z] — A+ BP(2)Q ()M ()N () ("’ A)).

Now, M (kz) and N(z) are constructed in such a way that M(2)(2] - A)+N(z)C = I.
Moreover, Q(z) and P(2) satisfy the conditions (i) to (4ii). Thus we have
det(2] — A) = det(z] ~ F)-det(zI - R)-det(z] — A+ BPQ™'(2)) =
det(zl — F) - det(zI — R) - det((2] - A)Q(z) + BP(z)) _
det(Q(2))
= det{z] ~ R) -det{p{z)- I} = det(z}' — R) - ¢"(2). (2.52)

Since both ¢(2) € D and det{z] ~ R) € D, and since D is multiplicative, it follows
that det(zf — A) € D. So the closed-loop system of Figure 2.6 is internally stable.

We conclude that the configuration of Figure 2.6 gives us a method to stabilize a
system T = (A, B, C, D) under the condition that T is both stabilizable by dynamic -
state feedback and detectable, using only the input and output of . It is shown how

~a dynamic feedback compensator I' and an observer € can be combined to achieve
internal stability. But the clesed-loop system of Figure 2.6 is not really an output
feedback system, because the observer {2 requires both the input and the output of
the system I as inputs.

With a slight modification of the configuration of Figure 2.6 however, we can
make it into a dynamic output feedback. Instead of taking u (the input to the
system L) as one of the inputs to the observer (2, we only feed the output v of the
compensator T, multiplied by —1, back to the observer £ as depicted in Figure 2.7.
In this way the interconnection of Q and T (i.e. the dashed box in Figure 2.7) with
input y and output v, can be considered as an output feedback compensator.
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Figure 2.7: Closed-loop system with output feedback

The dynamic eqdatioas (2.50) are only slightly changed by this modification.
Only one of the inputs to the observer §2 is altered: in the equation for Aw the
input u has to be replaced by —v. In this way we obtain

Aw = Rw~(TyB—T2D)v+ Toy =
= Rw—-T\Bv+ThDv+TyCr+ToDu =
= TCzx+{R~T\BJVYw~TyBHz+T,Dr,

and the closed-loop system of Figure 2.7 can be written as

z A -BJV  -BH\ [z B
Alw .C R~-T\BJV -T\BH w4+ | TeD 7
zZ

i

0 GV . F z 0 (2.53)
y = (C -=DJV -DH) |w| + Dr.
z

In comparison with (2.50), only the input matrix is changed. The matrix A however,
is still the same, and therefore also the system configuration of Figure 2.7 is internally
stable.

The configuration in the dashed box, with input y and output v satisfies the
equations . o

Aw = Rw~—(T\B ~TyDYv+ Doy,

i = Vw,
Az = Fz+G3,
v = Hz+Ji.

Substitution of the expressions for v and Z in the formulae for Aw and Az yields

My = (R-T\BJV +T,DJVYuw+ (~T\BH + T,DH)z + Tay,
Az = GVw+ Fz
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We conclude that the dashed box can be considered as a linear system with input y
and output v, governed by the system equations

Al®) - R-~TBJV+T,DJV -T\BH +T,DH\ (w + 5
z] Gv ; F z 0)¥

v = (JV|H) (‘:) .

This linear system over the integral domain R is a dynamic output feedback stabi-
lizing compensator for the system L. Note that this compensator is strictly proper
(there is no direct feedthrough term), so the closed-loop system is well posed. There-
{fore we have proven the sufficiency of the following conditions for stabilizability by
dynamic output feedback.

Theoremé.lﬂ.l Consider a system I = (A, B,C, D) over an integral domain R,
and let D be a Hurwitz set in R[z]. Then ’

¥ is internally stabilizable with respect to D by 3yname‘c output feedbaék,
&= '
(i) (zI — A|B) is right-invertible over Rp(z), and

(it) (zI 5 A) is left-invertible over Rp(2).

Moreover, if (i) and (i) hold, this dynamic r)uiput feedback can be chosen strictly
proper.

Proof (of the necessity)

Assume that © = (4, B, C, D) is stabilizable by dynamic output feedback. Then
there exists a feedback compensator I' = (F,G, H, J) such that the closed-loop
system of Figure 2.2 is well posed and internally stable. So (I + DJ) is invertible as
a matrix over R, with inverse E := (I + DJ)~}, and the matrix A, given in (2.28),

i (A-BJEC —BH+BJEDH
=\ cEeC F-GEDH )’

is a stable matrix, i.e. det(z] — A) € D. Then (2I — A) is invertible over Rp(z)
because '

N 1 0
I - A = e adj(2] —~ A).
CI= A7 = s =g 8 =4

Let Q(z), P(z), R(2) and T(z) be matrices over Rp(z) such that

(%) o) |

is an inverse of (2] — A) over Rp(z). So

(-grme sommme ) (03 2)-( 9)
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The {1,1)-block of this equation yields:
(2I — A)Q(z) + BJECQ(z) + BHP(z) — BJEDHP(z) =

Defining Q(z) := Q(z) and P(z) :=J EC’Q(z) + HP(z) — JEDHP(z), both Q(2)
and P(2) are matrices over Rp(z) and moreover

el - A)Q(z) + BP(z) =
Hence, T(z:l’ — A|B) is right-invertible over Rp(2).
On the other hand, the matrix (ggzg I;:gzg) is of course also a left-inverse of

(zI — A). Multiplying the matrix (2] — A) from the left with its i inverse, and taking
the (1,1)-block again, we obtain:

Q(2)(zI — A) + Q()BJEC — R(z)GEC =I.

Define M(z) ;= Q{z) and N(2) := Q{2)BJE — R(z)GE. It is clear that M(2) and
N(z) are both matrices over Rp(z) satisfying

M@2)(zI — A)+ N(z)C =L
So (z[ 5 A) is 1eft—invertible over Rp(z). This completes the proof. -

Corollary 2.10.2 Consider a system T = (A, B, C, D} vver an integral domain R.
Assume that X is internally stabilizable with respect to a Hurwitz set D by dynamic
output feedback. Then this system is also stabilizable by a strictly proper dynamic
output feedback compensator.

Proof
If & = (A, B,C, D) is stabilizable by dynamic output feedback, it follows from
Theorem 2.10.1 that (2] — A|B) is right-invertible over Rp(z) and 2 5 4 is left-

invertible over Rp(z). Again applying Theorem 2.10.1 yields that a strictly proper

compensator can do the job. n

Theorem 2.10.1 was first stated and proved for strictly proper systems by Khar-
gonekar and Sontag in [58]. The idea of the proof for proper but not strictly proper
systems is based on a proof in [24]. Unfortunately, the proof in this article is not
completely correct because the existence of a strictly proper observer is not guaran-
teed. We have solved this problem using Lemma 2.8.1. This lemma is very important
because it enables us to design strictly proper observers and output feedback com-
pensators, and in this way it is possible to prove Theorem 2.10.1 in a constructive
way.

The conditions in Theorem 2.10.1 for the existence of a dynamic cutput feedback
compensator look very similar to the conditions known for linear systems over the
field R. The separation principle still works and in both cases stabilizability by state
feedback and detectability are necessary and sufficient to guarantee stabilizability
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by dynamic output feedback. The only difference is that the dynamics have to
be incorporated one step earlier. Note that the conditions of detectability and
stabilizability by dynamic state feedback are dual, so we only have to develop a
test for one of these conditions. A test for the other property is then obtained by
dualization. Stabilizability by dynamic output feedback is checked by successively
carrying out both (dual) tests. V

 The invertibility conditions of Theorem 2.10.1 are not always easy to check. Of
course this depends on the application one has in mind, so on the choice of the
Hurwitz set D. For time-delay systems however, this problem can be facilitated
a lot. The next chapter is devoted to this subject. There it is shown that this
invertibility condition can be replaced by a peintwise rank-condition, and in this

way a generalization of the Hautus test to time-delay systems is obtained.



38

CHAPTER 2. LINEAR SYSTEMS OVER RINGS



Chapter 3

Stabilizability of time-delay
systems

" After the introduction in Chapter 2 of a rather general framework for the investiga- -
tion of stability for linear systems over integral domains, we now return to the class
of time-delay systems with point delays. For this class of systems it is possible to
characterize the structure of the Hurwitz sets describing stability more explicitly,
because we are allowed to use the delay-character of the system. With this addi-
tional information the right-invertibility condition on the matrix (zI — A|B) can be
replaced by a pointwise rank condition, which facilitates the testing of stabilizability
considerably . Moreover, the same test.can be applied to verify the detectability of
a system because this concept is dual to the problem of stabilizability by dynamic
state feedback, as we have seen in Chapter 2.

Besides the derivation of the pointwise rank condition mentioned above, this
chapter also has another goal. When we investigate the stabilizability condition
more carefully, it seems not very restrictive. In fact, we prove that this condition
is generically satisfied. To do so, we have to introduce a topology on the space of
all time-delay systems with point delays. In this topology, the set of stabilizable
time-delay systems contains an open and dense subset of the space of all time-
delay systems. This indicates that the condition of stabilizability is very weak; it is
satisfied for almost all time-delay systems.

3.1 Stability of systems with time-delays

Consider a linear system with k& incommensurable time-delays 0 < 7, < <+« < 7}
Let o; (i =1,...,k) denote the delay operator corresponding to the time-delay 7,

ox(t) =z(t —7) (i=1,...,k). V
Then the time-delay system with k& incommensurable time-delays can be written as
2(t) = Aloy,...,00)z(t) + Bloy,...,o0)uit),
¥(t) = Cloy,...,on)z(t) + Doy, ..., o0)ult),

where A, B, C and D are polynomial matrices in the delay operators o1,...,0% of
appropriate dimensions. After substitution of the indeterminates s;,..., 8 for the

(3.1)

59
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delay operators oq,...,0k, we obtain a quadruple of matrices over the polynomial
ring R[sy, ..., sx]. This quadruple can be seen as a linear system over the polynomial
ring R[sy, ..., S|, and together with the k-tuple (71,...,7) of time-delays it is still
a complete description of the time-delay system (3.1).

To study stabilizability of time-delay systems in the framework of Chapter 2, we
have to find out first how stability of time-delay systems is defined originally. The
choice of our Hurwitz set has to correspond to this classical notion of stability of
time-delay systems. Although this subject has been under discussion in Example
2.5.6, we treat it in more detail in this section.

Consider the autonomous delay system

#(t) = Aoy, ..., or)z(t). | (3.2)

Classically this system is called stable if for any arbitrary initial state trajectory
the corresponding state z tends to zero when ¢ tends to infinity. Sometimes how-
ever, one goes one step further, and demands that the state z tends to zero with
a certain exponential decay rate o. Both conditions can be investigated with help
of the characteristic equation of the polynomial matrix A(sy,..., sx), thanks to the
following result.

Proposition 3.1.1 Let A(sy,...,s;) € R[s1,...,8]"*™ and (11,...,7) be k-tuple
of incommensurable time-delays. Let 0y,...,0, denote the delay. operators corre-
sponding to 1, ..., Tk. Then for any arbitrary initial state trajectory the correspond-
ing solution of the differential-difference equation

#(t) = Aloy,. . .,o0)z(t),

tends to zero with an exponential decay rate greater than o if and only if all roots of
the characteristic equation

det(z] — A(e™™%,...,e7™**)) =0,
are contained in the half-plane

C_.o={2€C|Rez < —a}.

For a proof of this result we refer to [41, Chapter 7, Section 4]. The case o =0,
i.e. the case of stability in the classical sense, can also be found in [3, p. 190].

The statement in Proposition 3.1.1 can be proved with aid of the Laplace trans-
formation with symbol z. For example, consider the differential-difference equation
(3.2) with initial condition

0 for t<0,
x(t)—{xo for ¢=0.

Let #(z) denote the Laplace transform (with symbol 2) of z(¢). Then we have
28(2) — 9 = A(e™%, ..., e ™%)i(2),
hence

#(2) = (eI — A(e™™,...,e" ™)) 1. (3.3)
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. From equation (3.3) it is obvious that the zeros of the characteristic equation
det(2I—A(e™™%,...,e"™*)) = 0 are exactly the eigenvalues (or poles) of the original
autonomous system. If these poles are contained in the half plane

C..={z€C|Rez < —a},

the state of the system tends to zero with an exponential decay rate greater than a.

The poles of a system also play an important role for the performance of a system.
Although a system is stable if all its poles are contained in €™, the presence of a
pole with a small but negative real part, and a very large imaginary part, can have
a very unwanted effect. It may lead to a solution which is highly oscillating but
poorly damped. This is a very unsatisfactory behaviour, and therefore we should
like to restrict the location of the poles to a smaller subset than the left half plane.
The Hurwitz set framework allows us to do so: we are free to choose the set of
favourable pole locations first, and adapt the definition of our Hurwitz set to this
specific situation thereafter.

However, o be able to simplify the right-invertibility condition for stabilizability
to a pointwise rank condition, the Hurwitz set D has to satisfy some regularity
conditions that correspond to the set of favourable pole locations.

" Definition 3.1.2 Consider the complex plane C, decomposed disjointly into the
regions C4 and €, and the Jordan curve J; so J is the boundary of both C, and Cb
Suppose that this decomposition of C satisfies the following conditions:

(1) C, and C, are symmetric w.r.t. the real axis,
(ii) C, is connected and C, is simply connected,
(iii) C, and Cy are Both unbounded, '
(iv) 3aeR:Cy={z€C|Rez<a} CC,
Then C, is called a stability domain.
Note that some of the conditions in Definition 3.1.2 may be omitted without
changing the definition. Condition (iv) implies that C, is unbounded, and since C;
is simply connected, it follows that C, is connected.

It is obvious that the definition of a stability domain formalizes the idea of a set
of favourable pole locations. This is illustrated in the next example.

Example 3.1.3 Let 8 < o < 0and wy > wy > 0 be given, and consider the stability
domain C, depicted in Figure 3.1. So C, is defined by

Co={2z€C | Rez<fBor

(3.4
B < Rez<aandiImz|<w(Rez—a)+w1)}, 34)

Cy is the interior of C\C,, and the Jordan curve J is the boundary of C\C,. It is

obvious that this decomposition of C satisfies all conditions of Definition 3.1.2.
This stability domain is also of practical interest. A system is stable with respect

to €, if its exponential decay rate is at least (—3). However, a lower exponential
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_Figure 3.1: The stability domain C,

decay rate (up to (—a)) is allowed if the corresponding solutions only involve a
low frequency oscillatory behaviour at frequencies less than a value between w; and
wy. In this way, desirable performance criteria can be formalized by an appropna,te
choice of the stability domam Cs

When a particular stability domain C, is fixed, the corresponding Hurwitz set
D, is defined as follows.

Dy = {p(z,81,...,5) €R[z,51,...,8¢] | p(2,81,...,8) is monicin z
andVze C:p(z,e™™ ..., e} = 0= 2 € C,}. (3.5)

A polynomial p(z, sy,...,8) € R[z,s1,...,8: is called stable if and only if the an-
alytic function p(z,e ™%,...,e ™%} that is obtained by substitution of ™% for the
indeterminate s; (i = 1,...,k), has all its zeros in C,. Note that the Hurwitz set
(3.5) does not only depend on the choice of the stability domain C,, but also on
the incommensurable time-delays y,...,7, occurring in the system. In this way,
the Hurwitz set framework for the stability of linear systems over rings is special-
ized to the case of systems with incommensurable time-delays. Therefore the design
methods developed in Chapter 2 are also applicable to this class of systems. Unfor-
tunately, the conditions under which these methods work are still rather difficult to
check. However, in the time-delay case and with Hurwitz sets of the form (3.5), the
testing of these conditions can be facilitated a lot. This is the subject of the next
section.

3.2 Stabilizability condxtlons for tlme-delay Sys-
tems

In this section it is shown that for time-delay systems, the right-invertibility condi-
tion for stabilizability is equivalent with a pointwise rank condition similar to the
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Hautus test. For the proof of this result we need some results from the i;heory of
analytic functions. In literature, these theorems from complex analysis are stated
in such a way that they are not directly applicable for our purpose. Therefore, we

devote the first subsection to a modlﬁcatxon of these results so that we can use them
later on.

3.2.1 Some auxiliary results on analytic functions

We start with the definition of a commutative (Banach) algebra of analytic functions
(see for example [13, p. 191]) that plays an important role throughout this section.

~ Definition 3.2.1 Let (! be a bounded simply connected region in the complex
plane, and let {7 denote the closure of Q. Assume that the boundary J of {1 is a
Jordan curve. Then .A(2) is defined as the algebra of all functions f which are
analytic in Q and are continuous on Q. Moreover, if we equip A(£2) with the norm

Ifllq := sup{lf(2)} |z € 2}, (3.6)

A(S) becomes a commutative Banach algebra.

Instead of taking €} an arbitrary bounded simply connected region in the complex
plane, we may also assume that @ = U = {z € Cl|z|] < 1} (so U is the unit
disc). This is only a small restriction because a lot of results for the special case
0 = U{ remain invariant under conformal mappings, and therefore these results are
easily generalized to arbitrary bounded simply connected regions, using the Riemann
Mapping Theorem. In the sequel we only need the follawmg rather restricted version
of this more general result.

Theorem 3.2.2 Let Q be a bounded simply connected region in the complex plane
and assume that the boundary of Q is a Jordan curve. Then every conformal mapping
from  onto U extends to a homeomorphism from Y onto U. -

An extensive treatment on conformal mappings is given in [83, Section 14]. The
result stated above is mainly based on [83, Theorem 14.19] and (83, Remark 14.20].

For the algebra A(Q) there exists a sort of adapted version of the Hilbert Null-
stellensatz. This result is stated in the next theorem.

Theorem 3.2.3 Let fy,..., fn be funciioﬂs in A(R2), and assume that f1,..., f, do

not have a common zero in Q. Then there ezist functions g, ..., gn € A(§2) such
that ' : ‘
: n )
Vzefl: Y fil2)  gi(z) = 1. : (3.7)
. () .
Proof

The case Q = U can be found in [46, p. 88]. It is based on some results of Rudin
in [82]. '

If  is an arbitrary bounded simply connected region such that the boundary of
1 is a Jordan curve, we take a conformal mapping from {2 onto U, and extend it



64 . CHAPTER 3. STABILfZABILITY OF TIME-DELAY SYSTEMS

to a homeomorphism from Q onto /. In this way a function y is obtained that is
analytic in Q and continuous on 3. Moreover, ™! exists and is analytic in U/ and
continuous on .

Definefori=1,...,n

i B—C: fi=fiops

Clearly f; € A(U), and fi,..., f, do not have a common zero in . We now apply
the theorem for © = U, and in this way we find functions § € A{U) (z =1,...,n)
such that

Veel: Y fiz) - gi(z) = 1.
i1
Finally, define fori = 1,...,n the functions 9: € A(Q) by:

gi: Q8—C: gi=fop
Let z € 1] and define s := (). Then we have

2 fi(2) - gi(z) = Zfz(w"(S) g.(w Efz(s) “Gi(s) =1,

i=1 i=1
and thus the functions g1,..., g, € A(f) satisfy the claim. .
The next theorem indicates that functions that are continuous on a compact set

K, satisfying some regularity conditions, and that are analytic in the interior of K,
can be uniformly approximated by polynomials.

Theorem 3.2.4 (Mergelyan’s Theorem) Let K be a compact set in the complex
plane whose complement is connecied, and let f be a function that is continuous on
K and analytic in the interior of K. Let ¢ > 0. Then there exists a polynomial
p € Clz] such that

Vze K:|f(z) -p(2)| <e. | : (3.8)

- For a proof of Mergelyan’s Theorem we refer to e.g [83, pp. 390-394]. In Sec-
tion 6.2, a special case of this result is elaborated in more detail.

Combiring Theorem 3.2.3 and Theorem 3.2.4, we obtain the following result.

Corollary 8.2.5 Let © be a bounded simply connected region in the complez plane
such that the complement of Q is connected. Let fi,...,f. € A(Q), and assume
that fi,..., f. do not have a common zero in §1. Then for every € > 0 there exist
polynomials py,...,pn € Cl2] such that

Yz2e(l:

{z)p(z) -1 <& (3.9

qu=l
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Proof

Since fi,..., fa are functions in A() without a common zero in {3, there exist
according to Theorem 3.2.3 functions ¢y,...,gn € A(S2) such that (3.7) is satisfied.
By definition the functions fi, ..., f, are continuous on the compact set {7, and thus
there exists an M € R such that

Vie{l,...,n}V2eQ: |fi(2)| < M.

~ Let £ >0, and apply Theorem 3.2.4 on the functions g1,...,gn. Then for every
i € {1,...,n} we may find a polynomial p; € C[2] such that

Vzell: |g(z) - pi(2)] < ;{%{

These polynomials py, ..., p, satisfy (3.9) because for every z € I we have
Zf,(z}(pg(z ~gi(2))| <
i=l

UG- ) - ) < S M =

i=1 i=1 ]

3 f)ml) - 1\ <

fz}

l/\

Corollary 3.2.5 is only valid for functions deﬁned on a compact subset I of
the complex plane. So, in particular, £ is bounded. However, the stability of a
tzme—delay system is defined with help of a stability domain €, and its complement

= C\C,. So for our purpose we are interested in functmns that are analytic in
C{_; and continuous on C, and at infinity, because such functions are considered to
be stable.

Definition 3.2.6 Let C, be a stability domain satisfying the conditions of Defini-
tion 3.1.2 and let Cy denote the interior of C\C,. The algebra A4,(C;) associated
with €, is defined as the set of all funcmons J that are analytic in C;, continuous
on Gy and satisfy

3LeC: lim _|f(z)~L|=0. (3.10)

jz|=—oo, 2€€;

(Condition (3.10) simply says that f can be extended continuously to infinity).

To generalize Corollary 3.2.5 to the case £2 = €; we have to solve the problem
that arises because Ty is not a compact set. This can be done by transforming C,
to a compact set using a so-called Mdbius transformation. In this way we obtain

‘the following proposition which plays a crucial role in the proof of the main result
of the next subsection.

Proposition 3.2.7 Let fis-., fa be functions in Ao(Cy). Assume that fi,..., fa
do not have a common zero in Cy and that

Jie{1,...,n}: l lim E_if,-(z)] #0. (3.11)

2|00, 2€C,
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Let € > 0. Then there exist proper stable rational functions ry,...,r, € C(2) (i.e
foralli=1,...,n we have r; € C(z) N Ag(C})) such that

VzeCy: |3 fil2) milz) — 1] <e. (3.12)
i=]
Moreover, if for alli € {1,...,n} the equality fi(Z) = fi(2) is satisfied fof allz € Gy,
then these proper stable rational functions r1,...,7, can be chosen to be regl rational
functions, i.e. ’

Yie {1, . .,n} N E Ao(C,,) n R(Z).

Proof
Choose a 8 € C;NR. Such a J exists because of condition (i) in Definition
3.1.2. Define the Mdbius transformation

T:O\{f} —C\{1}:  T(2) =25

with inverse T-! :
- T s-+1
Lo} o\ T =it

Note that the Mobius transformation T maps thé point § to infinity. Since there
exists a neighbourhood of 8 that does not contain points of Cy, the image 2 := T(C;)
of C, under T stays away from infinity, and is therefore bounded. So it is obvious
that @ = T(Cs) U {1} is a compact set. Moreover, because of condition (i) in
Definition 3.1.2, C, is simply connected, and therefore € is also simply connected.

“The same reasoning is applicable to C,: since C, is an open and connected set; also
C\Q = T(C,\{B}) is open and connected. :
Define functions f; : @ — C (i =1,...,7n) in the following way:

F(s) = { f(THs)) for s#1,

lim Myt soc, 26C; fz(s) for s=1.

Since T! is analytic in C\{1}, all f; are analytic in Q and continuous on $3\{1}.
The continuity of f; at infinity (condition (3.10)) implies that for all i € {1,...,n},
the function f; is also continuous in 1. Hence f; € A(Q) for { = 1,...,n. Moreover,
since fi,..., f have a common zero neither in Cj, nor at infinity (condmon (3.11)),
the functions f,, . f,, do not have a common zero in §2.

Let £ > 0, and apply Corollary 3.2.5 on the functions f;, vvvy Far Then we find
polynomials p; € C[s] (¢ = 1,...,n) such that for all s €

zfi(s)pt(s) -li<e.
gl
Definefori=1,...,n

’I‘iv: t; ey 2 r;(z) = p,(T(Z))
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Clearly, all r; are rational functions which are proper and have poles in 3 only.
Hence, all r; are stable: r; € C(2) N Ag(Cs) (i = 1,...,n). Let z € C; and define
5= T(z). Then s € Q2 and z = T~(s), and we have

n n
5 () =1 =[S AT -1
== g

Finally, if for all i € {1,...,n} and z € T, the equality fi(Z) = fi(z) is satisfied,
we define ¢;(z) = 1(r.(::r) + 7:(2)). Since C; is symmetric w.r.t. the real axis
(condition (i) of Deﬁmtlon 3.1.2), all g; are well defined. Moreover, the functions ¢;
(i=1,...,n) remain proper stable rational functions, and since @) = gi(2), they
are aiso real allg; (i =1,...,n) belong to R(z) N .AO(C,,) Let again z € C;. Then

=[5 Ftoymits) - 1| <e.

i=1

. we have

Enjff(z)qi(z) - 1‘ = Zf,(f«')'ra(z += ng(Z)r.(Z) - 1|

i=] r‘l z=1
< 3P seme -1+ 3 TERE - 1) <

~This completes the proof. -

At this point, the importance of Proposition 3.2.7 is not very clear. In the next
subsection, this result is used to construct a stable polynomial in the ideal 7 de-
scribed in Definition 2.8.4. For this purpose, the proper stable rational functions
T1,...,7Tn are used explicitly. According to the proof of Proposition 2.8.5, this en-
ables us to construct a right-inverse of the matrix (zI — A|B) over the ring Rp,(z).
Therefore the results of this subsection play a crucial role in the reformulation of
the stabilizability conditions for time-delay systems.

3.2.2 A pointwise rank condition for stabilizability

In this subsection, we derive a condition for the stabilizability of a time-delay system
- that is more easily verifiable than the right-invertibility condition of Theorem 2.8.2.
We follow the same approach as Emre and Knowles in [25]. They were the first
ones to present such a stabilizability condition, both for time-delay and neutral
systems, in the case that the stability domain €, is an arbitrary open left half plane
C, = {z € C|Rez < a}. We confine ourselves to time-delay systems, but allow a
more general class of stability domains. In this more abstract setting, we obtain,
besides a more general result, also somewhat more insight in the ideas behind the
proof. : '

Theorem 3.2.8 Let R = Rlsy,...,sx] and A = A(sy,...,8) € R¥" and B =
B(s1,...,8c) € R™*™. Let (11,...,71) be a k-tuple of incommensurable time-delays.
Let C, be a stability domain as described in Definition 8.1.2 and D, the Hurwitz set
corresponding to C, as defined in (3.5). Then

(21 ~ A|B) is right-invertible over Rp,(z), : (3.13)

¥z € C\C, : rank(z] — A(e™™%,...,e"™)|B(e™™,...,e"™)) = n. (3.14)
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Proof
Y=»" Assume that (2] — A|B) is r1ght~mvert1ble over Ryp,(2). Then there exists
& matrix G(z, s1,...,8;) over Rp, (2) such that

(zI — A(sy,...,56)|B(s1y.-.,88))  G(2,83,...,8,) = 1. (3.15)

Let 2 € C\C,, and substitute z = 2 and s; = ¢~%% (j =1,...,k) in (3.15). Since
G(z,81,..., ) is a matrix over Rp,(z), the matrix G(z,e™%,...,e"™%) is well
defined, and it is a right-inverse of

(81— Ale™, .., e ™| B(e™™, ... e™™)). (3.16)

So, in particular, the matrix (3.16) is of full row rank. Since Z € C\C was arbxtrary,
this proves (3.14).

?«=" The implication in the other direction is much more involved. Denote the
n X n minors of the matrix (2I ~ A|B) by ooz, 81,...,8), ..., an(z,81,...,8), and
assume that ag(z, 81,...,8;) = det(2] — A(sy, ..., ). Let J be the ideal in R[2]
generated by all these n X » minors. Suppose that (3.14) is satisfied. We shall prove
that this implies that the ideal J contains an element of D,.

Let § € C, N R (according to condition (i) of Definition 3.1.2 such a f exists),
and define for i = 0,1,..., N the functions:

ai(z, e, 6T
(z=B)

Claim 1: The functions ag,...,ay belong to Ag(Cs), have no common zeros in T,
and satlsfy condition (3.11) of Proposition 3.2.7. :

a;:C, —C:  af2):=

Proof of Claim 1. It is apparent that all functions a; (i = 0,1,..., N) are analytic
on C, and continuous on Cy, 50 to prove that they belong to the algebra A4,(C,;), we
have to show that they can be extended continuously to infinity. _

Because of condition (i) in Definition 3.1.2 there exists a v € R such that
C,C {ze C|Rez >7}. Soforall 7 >0 and z € C; we have

e < e

The minors ag(z, 81,...,8%), ..., an{2,81,..., 8) are of the form
° |
oi{(z,81,...,8) = qu(sl, ooy 852 (i=0,1,...,N),
=0

where q;(s;,_:;.,sk) is a polynomial in R[sy,..., s, and £ < n. Since |e™7%| is
bounded in C;, this implies that there exist My, ..., M; € R such that

Vi€ {0,1,....8¥2 € Cy: |gi{e™™%, ..., e ™) < M;.

Now, for ay,...,ay we even know that £ < n. Hence for z € €; and |z| — oo we
have ; :
ai(z e, e )| Mylzff + - + M2 +M0
a2} = , <
late)l G-or S P
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So Bmy, o et ai(z) = 0 for all i = 1,..., N. On the other hand, ao(z, 81,-..,5)
is of the form S

. n._.l . ]
ol 18 = 24 o 0)5
‘ =
- So in this case we have
bm ()= lm et I D EEe)
lefco,2eTy J¢l—e0,2€Cy (z - ﬁ)“ jzlco,26Cy (z - xg)n

Hence a; € A¢(Cs) for all i = 0,1,..., N, and, moreover, condition (3.11) of Propo-
sition 3.2.7 is satisfied. Finally, assumption (3.14) guarantees that ag,...,ay do not
have a common zero in C;. , o
Claim 2: Ve > 0 3ry,...,rnx € R(2) N Ag(Cs) such that:

(i) lim _r(2)=1,

|zl-—00,2€Cs

N ,
2 a(2)ri(2) =1

i=0

(ii) Vz € Cy <e.

Proof of Claim 2. Let ¢ > 0, and define M := max{las(2)| | z € G}. This

- maximum exists because ag is continuous on the closed set C; and can be extended
continuously to infinity (recall limy,_, o, .65 0(2) = 1). Choose 0 < &1 < min(3%7, %)

-and apply Proposition 3.2.7 on the functions ao, . .., an. Since all functions q; satisfy.
the condition , ,

Vie {0,1,...,N}V2€GCp:  alZ) = ai(2),

we conclude that there exist proper real rational functions rg,...,rn € R{(2)NAG(C,)
such that

N
2 ail2)r(z) -1

i=0

vzeCy: < €1 ; (3.17)

Since all 7; are proper, limj,| 7i(2) exists for every i € {0,1,...,N}. Recall
thatlim,; e 0i(2) =0foréi=1,...,N andlim Ea@(z) = 1. Combining

. jz|—o0,2€
these observations we obtain

N
im _ Y a(z)rz) = lm _ro(2),
|z}—00,26C; ‘

|2}00,2€Cp =9

and because of (3.17) this implies that [Hm;zl_m’zeg; ro{z) — 1| < e
Define :

fo:Cp—C: Fo(2)i=ro(2)+1~ lim _ ro(w).

< wl—oo.wel,
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Then 7y is still a proper element in R(z)ﬂAo(Cb), and moreover hmlz[“m 5 To(2) =
1. Replacing ro(z) by 7o(2) yields for an arbitrary z € Cy:

ao(2)To(2) + Zai(z)ri(z) =-1=

i=1

Z ai(2)ri(z) = 1+ ao(2) - (Fo(2) = ro(2))| <

i=0

IA

Z ai(z)ri(z) — 1

+Jao(z)] - ]I lim _ro(z) - 1[ <

i=0 z|—o0,2€l,
' - g éﬁ:f
L g+M-e66<=-+—F<e.
s & 1 ‘3 -+ Y7 |
S0 we conclude that 7,7y, .. DTN Satlsfy both (i) and (ii). o a.

 With help of Claim 2 we are able to construct a polynomial in Dy N .,7 Let
0 <& <1, and choose rational functions rg,...,rx in R(z) N Ao(Cs) such that both
condition (3) and condition (i3) of Claim 2 are satlsﬁed Without loss of generality we
may assume that the denominator polynomials of the rational functions rp,...,7x
are monic. (Otherwise we simply divide by the leading coefficient unequal to i).
Now, ri(z) (i = 0,1,...,N) may be written as r;(z) = ﬁ;‘%, with n;(z) € R[z]
and di(z) € Dy. The denominators di{z) (¢ = 0,1,...,N) belong to D, because all
their zeros are contained in C,. Define ¥(z) as the least common multiple of all
polynomials d;(z) (i =0,1,...,N), and g;(z) € R[z] (i =0,1,...,N) by

62 =ri(2) -9z (=0,1,...,N).
Claim 3: The polynomial -

&(z: 1, sk) = Zat(z S1,. ,Sk)gi(z) ‘ (318)
i=0

is an element of D, N J.

Proof of Claim 3. It is immediately clear that a(z,sy,...,5;) is an element of
the ideal J, so it suffices to prove that a(z, 31,..., 8%} € Dy.

First we show that a(z, 81,. .., s¢) is monic in 2. Recall that the rational function
ro(z), constructed in Claim 2, was proper, but not strictly proper, while the other
rational functions r;(z) (¢ = 1,..., N) were strictly proper. This implies that

Vi€ {1,....N}: deg,(5:(2)) < deg,(g0()).

Moreover, from the fact that lim, z‘_m «T; To(2) = 1 we conclude that deg(no(z)) =
deg(dp(z)) and that ne(z) is a monic polynomial. Since 9(z) is monic too, thig im-
plies that gg(z) is a monic polynomial. Recalling our convention on the numbermg of
the n x n minors of (21 — A(sy, ..., s¢)|B(s1,- - -, 8x)), we know that ag(z, s1,..., s)
is monic in z and

Vie {1,...,N}:deg,(ai(z,81,...,8)) < deg,(ao(z,51,...,5:)) =n.

Combining both results, we conclude that the pblynomial ooz, 81,...,8:)00(2} is
monic in z and that

vie{l,...,N}: degz(a.-(;, 81,5+, 8)g:i(2)) < deg (o2, 81,. .., sk)go(2)).
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This immediately implies that o{z, sy,..., ;) is monic in z.
Next, substituting s; = e~%* (j = 1,..., k), we obtain for all z € C;:

afz,e""*, ..., e""**) 1] _

¥(2)(z - B)"

y ‘
m Yz e e ()Y(z) - 1 =

i=0

i

N
Y ai(z)rilz) — 1

$z=0

<E&.

So in particular:
alz,e™™3, ..., e )

(2)(z - B

Since ¥(2) € D,, it has no zeros in C;, and pole-zero cancellations cannot occur.
Therefore we conclude

VzeGy: |

>1—e>0.

Ve e Tyt alz,e™,...,e ) £0,

hence a(z, s1,...,8) € Dy. m)

The polynomial a(z, sy, ..., sx) constructed in Claim 3 is an element of D,N 7.
According to Proposition 2.8.5 this implies that (2] — A|B) is right-invertible over
'Rms (z ). o

This completes the proof. =

Combining Theorem 3.2.8 and the results on stabilizability and detectability for
linear systems over rings in Chapter 2, we obtain the following explicit conditions
for the stabilizability of a time-delay system.

Corollary 3.2.9 Let T = (A, B,C, D) be a linear system over the polynomial ring
R(s1,. .., 8] of rank n, describing a time-delay system with k incommensurable time-
delays 71,...,7%. Fori = 1,...,k the indeterminate s; corresponds to the delay
operator o; with time-delay 7;. Let C, be a stability domain. Then

(i) T = (A, B,C, D) is internally stabilizable by dynamic state feedback if and
only if .

Vz € C\C, : rank(z] — A(e™™%,...,e"™*)|Ble™™*,...,e" ™))} =n, (3.19)

(i) ¥ = (A, B,C, D) is detectable if and only if -

‘ T -y Y Y .
Vz e C\C, : rank ("'I C(f_(.ﬁ,’ s )); n, (3.20)

(i) T = (A, B,C, D) is stabilizable by dynomic output feedback if and only if both
(3.19) and (3.20) are satisfied. ‘ -



72 CHAPTER 3. STABILIZABILITY OF TIME-DELAY SYSTEMS

Corollary 3.2.9 gives a pointwise rank condition to verify the stabilizability of a
time-delay system. This condition can be seen as a rather straightforward general-
ization of the well-known Hautus test for stabilizability to the case of systems with
time delays.

The stabilizability conditions (3.19) and (3.20) are also very satisfactory when
we compare them to similar results coming from the infinite-dimensional systems
approach, mentioned in Chapter 1. Using the latter approach, Pandolfi (see [73])
derived the same condition for the stabilizability of a time-delay system. However,
he does not need dynamic feedback to achieve stability; static feedback turns out to
be sufficient in his approach. Unfortunately, in this static feedback, distributed time-
delays occur, even if the original system only has point delays. Therefore, Pandolfi's
result is not directly applicable in the systems over rings approach to time-delay
systems. - On the other hand, the stabilizing dynamic compensator obtained with
Corollary 3.2.9 contains only point delays, and therefore it fits better in our algebraic
framework.

Remark 3.2.10 The conditions for stabilizability by dynamic feedback enable us .
to give another interpretation to the algebraic definition of reachability (i.e. of
Definition 2.2.2) in the case of systems with point delays. According to Remark
2.8.3, reachability of a system implies stabilizability with respect to any Hurwitz
set D. Now, consider exponential stabilizability with a guaranteed decay rate . So
look at Hurwitz sets of the form

Doo:={p(2,81,...,5¢) €ER[z,81,...,8] | p(2,81,...,8) is monic in z
andVz € C:p(z,e™™,...,e7**)=0= Rez < —a}.

According to the arguments above, a reachable system is always stabilizable with
respect to D_, independent of the actual value of @. This means that for any ar-
bitrary exponential decay rate ¢, a dynamic compensator can be found such that
the closed-loop system is stable with exponential decay rate «. So in a time-delay
system that is reachable in the algebraic sense, the state  can be steered to zero ar-
bitrarily fast. In a way, this property resembles null-controlla.blhty of linear systems
without dela.ys :

3.2.3 Pointwise stabilizability

- One of the main problems in the stabilizability test of Corollary 3.2.9 is the fact
that the time-delays 71,..., 7 have to be known exactly. In the second part of this
chapter it is shown that the stabilizability condition i3 not very sensitive to small
perturbations of the lengths 71,..., 7 of the time-delays occurring in the system.
However, in a lot of cases a good estimate of the length of a time-delay is already
difficult to obtain. In this situation, the stabilizability condition (3.19) is not very
helpful. Instead, we want to have a stabilizability condition that can be used without
any knowledge of the time-delays 7,..., 7. This idea of stability independent of
delay was introduced by Kamen, who investigated this subject in several articles
(see [50], [51] and {52]).
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Definition 3.2.11 Let A(s1,...,sx) € R[s1,...,5x]"*" and consider a k-tuple of de-
lay operators oy, ..., 0 corresponding to k incommensurable time-delays 7y,..., 7.
Then the time-delay system

(t) = A(or,. .., on)z(t), | (3.21)

is called stable independent of delay if for all k-tuples (n,...,7) € (R*)* and for
any arbitrary initial state trajectory, the state z(t) tends to zero when ¢ tends to
infinity.

Proposition 3.2.12 The system (3.21 }vis'stdble independent of delay if and only
if
Vz € CT V(hy,... ki) € (RT)*: det(z] — A(e™%,...,e ™)) £0.  (3.22)

»
A proof of this result may be found in [15].

The next step is to define a Hurwitz set D which translates the notion of stability
independent of delay to the abstract framework of stability developed in Chapter 2.
This is not a very difficult task, but unfortunately this Hurwitz set will not lead
to easily verifiable conditions for stabilizability independent of delay. However, this
problem is partly solvable if we use the following Hurwitz set instead:

D, = {p(2,81,...,8) €R[z,81,...,8] | p(2,81,...,5) is monic in z
and Vz € CF V(sy,...,8:) € A" : p(z,81,...,8) # 0}, (3.23)
where U denotes the open unit disc {s € C||s| < 1}.

Definition 3.2.13 Let © = (A, B,C, D) be a linear system over the polynomial
ring R = Rs1,...,sx]. Substitute delay operators o1,...,0% for the indeterminates
S1y...48k, and consider T as & time-delay system with % incommensurable delays.
L= (A B,C, D) is called pointwise stable (stabilizable) if and only if it is stable
(stabilizable) w.r.t. the Hurwitz set D,.

It follows from Definition 3.2.13 and Proposition 3.2.12 that a delay system
which is pointwise stable is certainly stable independent of delay. But pointwise
stability and stability independent of delay are not completely equivalent; in [53] it
was pointed out that pointwise stability is a slightly stronger property. Although
the intuitive meaning of pointwise stability remains a little bit obscure, it has one
important advantage: in the same way as in Subsection 3.2.2, pointwise stabilizabil-
ity can be tested with a rank condition that is very similar to the Hautus test. Since
pointwise stability implies stability independent of delay, the practical importance
of this result is obvious.

Proposition 3.2.14 Let R =R[sy,...,s] and A € 'R"’"; and B € R™™, Then

(21 — A|B) is right-invertible over RD},(Z)

Ve € CF V(sy,...,sx) €U" ¢ rank(z] — A(sy,...,s1)|B(ss, .-, 5%)) = 1. o
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The proof of Proposition 3.2.14 is a modification (or even a simplification) of the
proof of Theorem 3.2.8. The details can be found in [53].

Corollary 3.2.15 Let ¥ = (4, B,C,D) be a linear system over the polynomial

ring R[s1,..., 8] of rank n, describing a time-delay sg;stem with k incommensurable
time-delays. Then

(i) T = (A, B,C, D) is infernally pointwise stabilizable by dynamic state feedback
if and only if

Vz € C¥¥(sy,...,8) € U" : rank(zl—A(sy,...,5)|B(s1, - .., 5x)) = n,(3.24)

(i) © = (A, B,C, D) is pointwise detectable if and only if

vz € E’FV(sx, ...,sk} e" : rank (dg(‘:(sl’ e sk)) =n, (3.25)
1

(i) ¥ = (A, B,C, D) is pointwise stabilizable by dynamic output feedback if and
only if both (8.24) and (3.25) are satisfied. -

The results of this section are a good illustration of the versatility of the Hurwitz
set framework for stability. Several notions of stability can be considered within one
framework. The main theorems of Chapter 2 remain valid in all special cases. Only
the explicit rank conditions for stabilizability change according to the Hurwitz set
under consideration.

3.3 On the genericity of stabilizability

In this section we return to the ordinary notion of stability for time-delay systems
as described in Section 3.1, and consider the question how restrictive the stabiliz-
ability conditions of Corollary 3.2.9 are. This gives an indication how large the
class of stabilizable delay systems is, and whether or not we can expect an arbitrary
time-delay system to belong to this class. Or put differently: is the property of
stabilizability generic? The answer to this question is affirmative, but involves a lot
of technicalities. The rest of this section is devoted to the proof of this result, but
before we start with this, we present a more intuitive explanation. Thls explanation
is not a proof it only contains the main xdea,

First, conslder a linear system L = (A, B,C, D) over R. The pair (4,B) is
reachable if and only if

Vz € C: rank(z] - A|B) =n, ; (3.26)

where n is the size of A. In [66, p. 100] it was shown that this condition is generi-
cally satisfied. In this case, genericity is considered in the normed parameter-space
of matrices A € R™” and B € R**™. Although in [66] the proof is based on consid-
erations different from those presented here, the result is not difficult to understand.
First of all, square n x n matrices over R generically have n distinct eigenvalues and
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thus they are generically diagonilizable. This implies that the matrix (2] — 4) is
singular for only n different values of z, and that in these points the matrix (zI — A)
bas rank n — 1. It is obvious that outside these singularity points (3.26) is cer-
tainly valid, while in a singularity point, the matrix B will generically prevent a
rank drop of the complete matrix (21 — A|B). Of course this argument is not very
precise in this form. Nevertheless, the strategy proposed to solve this problem is
used later on to prove the genericity of stabilizability for time-delay systems. The
crucial point is that the characteristic function p(z) = det(2] — A(e™™%,...,e"™*))
of a delay system can only have a finite number of zeros in any arbitrary right half
plane {z € C| Rez > a}, and therefore the same ideas apply. :
Next, we recall the condition for the reachability of a system ¥ = {4, B,C, D)

over a polynomial ring K[sy,..., ;). According to Theorem 2.2.4, this condition can
be restated as a raak condition in almost the same way as for systems over fields:

Y(3,51,...,5) € K*' i rank(s] — A(3:,...,3) | B(31....,5)) =n,

where n is the size of A(s;,...,sx). In Proposition 2.2.5 we quoted from [67] a
genericity result on this condition: a system over a polynomial ring is generically
reachable if and only if the number of inputs m to the system is strictly larger than
the number k of indeterminates in the polynomial ring. The proof of this result is
based on a completely algebraic approach. The number of polynomial equations that
have to be satisfied is compared with the number of unknowns, and after application
of some results from algebraic geometry one can prove the result: except on some
hypersurfaces in the system-parameter space, the reachability condition is always
satisfied. So in this case the concept of genericity is considered within the so-called
Zariski topology.

At first sight, this approach also looks very promising for solving the genericity
problem of stabilizability for time-delay systems. In this case each indeterminate
s; in the polynomial ring corresponds to an exponential function e~%*. Therefore
some additional (expouential) equations are obtained which are probably sufficient
‘to remove the condition on the number of inputs. However, this method fails because
we are now dealing with both polynomial and exponential equations, which do not

fit into the algebro-geometric framework.

~ In the rest of this section, we give a proof of the genencxty of stabilizability based
on the first strategy we mentioned. So we shall not use the Zariski topology. Instead,
we follow the approach developed in [38]. We consider the set of all polynomial
matrices of dimension p X ¢ as a linear space, and construct a topological framework
from a functional analytic point of view. Note however that this setup has nothing
to do with the functional analytic approach to time-delay systems mentioned in
Chapter 1. The topology only has to formalize cur intuitive ideas on the question:
when are the parametrizations of two time-delay systems said to be close to each
other? In Subsection 3.3.1 this topclogical framework is treated in detail.

Having fixed a topology for time-delay systems, a property is called generic if
the set of all systems satisfying this property contains a subset which is both an
open and dense subset of the space of all parametrizations of time-delay systems.
In Subsection 3.3.2 we show that in our topology the set of all delay systems which
are stabilizable w.r.t, an arbitrary open left half plane is open. The proof of dense-
ness is more involved. We start in Subsection 3.3.3 with some preliminary results
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on matrices over the ring of analytic functions. These results are used in Subsec-
tion 3.3.4 to show that the subset of stabilizable delay systems is a dense subset of
the parameter-space describing all time-delay systems.

Finally we have to make an important remark. Throughout the whole section it
is tacitly assumed that we are dealing with time-delay systems with commensurable
delays. This implies that there is only one delay operator o needed to describe the
system equations (3.1). This situation seems much simpler than the incommensu-
rable delay case, but this distinction does not make any difference for the approach
we take to the problem. All results are easily generalized to the case of incommensu-
rable time-delays, because the assumption of the presence of only one delay operator
is never used explicitly. This assumption is only made for notational convenience.
In Subsection 3.3.5 we return to this subject briefly, and explain why the meth- -
ods developed in this section are also applicable to systems with incommensurable
time-delays.

3.3.1 A topological framework for time-delay systems

As we have seen in Section 1.3, a time-delay system with commensurable delays is
completely characterized by a system ¥ = (4, B, C, D) over the polynomial ring
R[s] and the length 7 of the time-delay occurring in the system. We are interested
in the question how strong the conditions of stabilizability by dynamic output feed-
back for these systems are. We know that this problem can be split into two dual
parts: the problem of stabilizability by dynamic state féedback and the detectability
problem. In the rest of this section we concentrate on the first problem. When this
is solved, the same results can be proved for detectability by dualization. According
to Corollary 3.2.9 only the matrices A and B and the time-delay 7 are involved in
the condition for stabilizability by dynamic state feedback. When these three data
are given, condition (3.19) may be verified.

Consider a triple & = (A(s), B(s),7), with A(s) € R[s]"**, B(s) € R[s]**™
and 7 € R*. After substitution of the delay operator ¢ with time-delay 7 for the
indeterminate s, such a triple is a complete description of the time delay system:

{ #(t) = A(o)z(t) + B(o)u(t),

ox(t) = a(t—r7), ou(t) = u(t - 7). (3.27)

On the other hand, the triple & = (A(s), B(s),7) can be seen as a point in the
parameter-space

W = {(A(s), B(s),7) | A(s) € R[s]"*", B(s) € R[s]"*™, T € R*}. (3.28)

Each element of W corresponds to a time-delay system as defined in (3.27), for which
the property of stabilizability can be tested. So, to study the concept of genericity,
we need a topology on this parameter-space W. In this subsection we introduce two
different topologies on W. The simplest one turns W into a metric space, and is used
to prove the genericity of stabilizability in the classical sense, i.e. for stabilizability
with respect to the stability domain C~. Unfortunately, this topology has some
unwanted consequences. First of all it does not capture some of the features of the
parameter-space describing all time-delay systems. Moreover, in this topology the
proof of genericity for an arbitrary stability domain C, is very troublesome. To
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solve both problems a more sophisticated topology is introduced: an inductive Limit
topology. This topology is really adapted to our specific situation of time-delay
systems. In the framework of the inductive limit topology, the genericity result for
the stability domain C™ remains true, and the generalization to arbitrary stability
domains is relatively easy.

We start with the introduction of a topology on the space of polynomial matrices
in R[s]?*9. Although the degree of each element of R[s]?*? is bounded, it can become
‘arbitrarily large. Let us first look at the situation in which the degree is bounded.
Let £ € NU {0}, and define

Ve = {P(s) € RIsP™ | deg, (P(s) < £} | (3.29)

For each element P(s) € V, there exist matrices Py, P, ..., P € R such that
z
P(s)= Z P;s'.

From this observation it is clear that Vz is a finite-dimensional linear space. Defining
the norm of P(s) € V, by

POe= S IP B e

where ||F;l| denotes the operator induced matrix norm, V¢ becomes a normed linear
space.

This exercise may be carried out for each £ € NU {0} separately. Note that the
spaces V, are strongly related because for all £ € NU {0}, V, is a closed snbspace of
Vi1, and if P(s) € V,, then ||P(s)|les1 = ||P(8)|le. Define

Vi= U Ve - (3.31)

£=0 }
In spite of the fact that V = R[s]P*9, the choice of a topology on V is not so obvious.

For each element P(s) € R[s]P*9, there exists an £ € N such that P(s) € V,, and
thus P(s) can be written as P(s) = ! P;s’. Defining P; := 0 for ¢ > £, we can
map the polynomial matrix P(s) to the sequence (F;)32, of real matrices. In this
way we obtain an explicit description of P(s) in terms of its parameters. In fact,
there is a 1-1 correspondence between polynomial matrices and the space £,(RP*?)

- consisting of all real matrix sequences with only a finite number of nonzero elements
(i.e matrices with at least one nonzero entry), via the bijection:

¥ L(RPX) — R[s]P*?: Y((P)2o) =Y Pis’.
=0

The space £(RP*9) is easily turned into a normed space by defining the norm of
(P2, by

IPIll = S

f=0Q
1t is evident that the same norm can also be used for polynomial matrices:
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Definition 3.3.1 Let P{s) be a p X ¢ matrix over R[s] and (PR € L(RP™Y) be
such that

P(s)= i P;s'.

=0

Then the norm of P(s) is defined as

P(8)llpm = ZuPu,, | - (3.32)

=0

where {|P;|| denotes the operator induced matrix norm of P; for all 1 € Nu {0}.

In the case of square polynomial matrices, so if p = g, the norm of Definition
3.3.1 turns R[s]P** even into a (non—commutative) normed ring, because

1P(s) - Q(&)lpm = ZHZPQ,—J(KZZIIP Il HQ:-;!HHP(S)IIW 1Q()lprm-

This norm for polynomial matrices also has another very important property.
Recall that in the stabilizability condition of Corollary 3.2.9 the indeterminate s is
replaced by e~"*. Because of Definition 3.3.1, the norm of P(s) is a uniform upper
bound for the norm of P(e~"#) in the closed right half plane:

Lemma 3.3.2 Let P(s) € R[sjP*?. Then
¥r> 0% € T [P S IPE)lpm  e®)

Proof
There exists an £ € N such that P(s)e Vg and thus P(s) can be written as

P(s) ZPs .

=0

with P, Py, ..., Pr € RP*Y, Let 7> 0, e CT. fl‘hé,n |e™*| < 1 and we have

3 [ SN 4 ’ '
1P =12 Pe | < X NP - le™ SED 12 = I P(s)|pm-
i=0 i=0 ) R :

With condition (3.19) in mind, Lemma 3.3.2 has a very interesting consequence
“for square polynomial matrices.

Corollary 3.3.3 Let A(s) € R[s]™*". Then

Vr >0Vz € CFVw € Cs.t. || > [|A(s)|lpm : rank(w] — A(e™™)) =n.  (3.34)
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Proof

Let 7> 0 and z € C¥. Let w € C be such tha.t [w] > HA(s)}ipm According to
Lemma 3.3.2 we have that

12 Al < 117| Al < 1.

Therefore I — L A(e™"*) is invertible (by the corresponding Neumann series). Hence
- wl — A(e™"*) is invertible. u

. Unfortunately, the norm of Definition 3.3.1 also has an important shortcoming.
The space ¥V = R[s]?*? we are considering basically consists of sequences of real
matrices with a finite number of nonzero elements. However, the norm we imposed
on this space is a sort of £;-norm. This norm does not distinguish between sequences
with a finite and an infinite number of nonzero elements. Therefore it is easy to
construct a Cauchy-sequence that does not converge. Hence the normed linear space
we constructed is not complete. ‘

The problem noticed above also has some practical implications. The number
of delays occurring in a time-delay system is always finite. In the normed linear
space obtained with Definition 3.3.1 it is possible to find a sequence of polynomial
- matrices that converges to a power series in the norm || - ||,m. Such a power series
does not correspond to a time-delay system any more because it involves an infinite
number of time-delays. Intuitively speaking, the space R|s]P*? contains too many
convergent sequences when we impose the norm || - ||m on it.

The problem just mentioned may be solved by introducing the inductive limit
topology for V = R[s]P*¢. For this, we have to return to the linear finite-dimensional
spaces V; (£ € NU {0}). With its norm || - ||, defined in (3.30) each V; is a normed
linear space. The sequerce (V,)%, satisfies the following properties:

(i) Ve C Vens,
(i) VP(s) € Ve: |[P(8)lless = [[P(s)lles
(i) Vp is & closed subspace of Vy,; with respect to the norm || - {|es1-

So, according to [13, Chapter IV, Definitions 5.1 and 5.12], the pair (V, (V,)geNU{o})
is a (strict) inductive system. Therefore we can apply the same approach as in
[13, Chapter IV, Section 5] to construct a topology on V, using the topologies on
Ve generated by their respective norms || - ||. This topology is called the (stnct)
inductive limit topology.

Definition 3.3.4 Let B denote the collection of all subsets B C V that satisfy the
following conditions:

(i) 0 € B,
(is) V€ € NU {0} : BNV, is open w.r.t. the norm || « ||, on Vy,

(iii) B is convex and symmetric around 0.
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Define T to be the collection of subsets of V counsisting of all sets O C V with the
property ‘

VYP(s)e O3BeB: P(s)+BCO. . (3.35)

Then the pair (V,T) is a locally convex space. T is called the (strict) inductive
limit topology, and (V, T) is said to be the (strict) inductive limit of (Ve)senuio}-

The claim that the pair (V, T) constitutes a locally convex space is not trivial.
A proof of this fact can be found in [13, p. 120].

At first sight, the definition of the inductive limit topology looks very abstract.
It is completely determined by the collection 7 containing all the open subsets of
V. However, the relationship between 7 and the topology generated by the norm
|| « llpm of Definition 3.3.1 is not difficult to discover.

Lemma 3.3.5 Let O CV be an apensetmv w.r.t. the norm || + ||pm onV ie.
VPy(s)€ O3 >0: {P(s)e V|| P(s) - Po(s)ﬂpm <e}CcO. (3.36)

- Then©OeT. |

Proof

- Let Py(s) € O. Then there exists an £; € N such that Py(s) € Vy,. Choose e > 0
such that the inclusion of (3.36) is satisfied. Define

B= G {P(s) € Ve | |IP()]le < €}

It is obvious that B € B. Let P(s) E B. Then there exists an £; € N such that
P(s) € Vi, and [|P(s)lle, < &. Define Q(s) = Py(s) + P(s). Cleatly Q(s) € Vi4e,
and we have

1Q(s) = Po(8)llpm = 1Q(5) = Po(s)lests = IP()levsts = IP(5)]le, < e

So according to (3.36), Q(s) = Py(s) + P(s) € O. Since P(s) € B was arbitrary, we

conclude that Py(s) + B C O. -

Let T, denote the topology generated by the norm H lom of Deﬁm'mon 3.3.1.
Then Lemma 3.3.5 indicates that ,

Tm ST,

i.e. every subset of V that belongs to Tpn, is also an element of 7. The next example
illustrates that the topology 7T is really stronger than 7,, and contains open subsets
of V that are not open in the topology Tom.

Example 3.3.6 Consider the following subset B of V:

1
Bi= U{P<s> Vel IPOle < 775} |
It is obvious that B € B. Then it follows from [13, p. 120, Lemma 5.5} that Be 7.
However, when we consider B in the topology generated by the norm || - ||pm, B is
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not open any more. Thxs may be seen as follows. It is clear that 0 € B. Let £ > Q.
Then there exists an £ € N such that ;1; < e. Let Py € R”*? be such that ||| =1
and define '

2
P(S) = m . P{a . 828-&2.

Then [|P(8)|lpm = 725 * |Poll = 737 < €- But, on the other hand, P(s) € Vyeys and

2 1

1P (s)ll2es2 = 2wr3 WD

So P(s) ¢ B, and thus 0 is not an internal point of B w.r.t. the norm |} - ||pm.

Corollary‘ 3.3.7 The inductive limit topology T on 'V is stronger than the topology
Tom generated by the norm || - ||pm, i.e.
Tm & T .

Coronazy 3.3.7 implies that the notion of convergence in the inductive limit
topology T is stronger than in Tpm.

Proposition 3.3.8 Let (P,{s))}nen be a sequence in V that converges to P(s) in the
inductive limit topology T. Then

(i) 3 eN: [P(s) € VeandVn € N: Py(s) € Vi,
(i) im ||Pu(s) — P(s)lle=0. "

The proof of Proposition 3.3.8 follows from the fact that a convergent sequence is
bounded; subsequent application of Proposition 5.16 in [13, Chapter IV, Section 5,
p. 123] yields the desired result.

The statement of Proposition 3.3.8 is the main motivation for the introduction of
the inductive limit topology: in this way we exactly obtain the notion of convergence
we are interested in. A sequence of polynomial matrices can only converge if the
whole sequence has a fixed bounded degree. This implies that a convergent sequence
of delay systems can only converge to a delay system containing a finite number of
time-delays. The undesired behaviour that is possible in the topology 7., generated
by the norm || - ||;m of Definition 3.3.1 cannot occur. Moreover, using the same
argument as in the proof of Proposition 3.3.8, it is easily seen that in the inductive
limit topology, every Cauchy-sequence in V converges; hence V is complete in this
topology. So we have found a topology on V that really fits out purposes.

We conclude this introduction of the inductive limit topology with the following
proposition on the continuity of linear mappings.

Proposition 3.3.9 Let T : V — V be a linear transformation. Then T is contin-
wous w.rt. the topology T if and only if T is sequentially continuous w.rt. 7.
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For a proof we refer to {13, p. 123, Corollary 5.18]. Note that in general the
equivalence of continuity and sequential continuity, which is well known for Banach
spaces, does not hold for locally convex spaces.

With the topologies on polynomial matrices described above, also the parameter-
space W may be equipped with a suitable topology. Of course this can be done in
two different ways.

Definition 3.3.10 Let £; = (4,(s), Bi(s),n1) and £, = (Aa(s), Ba(s),72) be two
elements of the parameter-space W. Then the distance between I, and I is defined
a8

dw(Z1, B2) 1= || Ar(s) — Ax(8)llpm + [|Bi(s) — Ba(8)llpm + |1 — 7. (3.37)

‘With this distance function dyy, W becomes a metric space.
But also the inductive limit topology may be applied:

Definition 3.3.11 Consider the parameter-space
W = {(A(s), B(s),7) | A(S) € R[s]"*", B(s) € R[s]"*™, 7 € R*},

‘and define by 7, the inductive limit topology on V4 = R[s|**", and by 7z the
inductive limit topology on Vp = R[s]"*™. The topology on R* generated by the
norm |- | is denoted by 7};. It is clear that :

W=V, x Vg x R". ,
The topology 7 on W is defined as the product topology of the three factors:
‘ T fz 7:4 X TB X 11"!"

With abuse of terminology, T is called the inductive limit topology oh W. A subset
O C W belongs to 7 if and only if O is of the form O = O4 x Op x O, where
0,4673,03673&11d011€7[| .

Qur final task is to show that the topology on W generated by the metric dyy
and the inductive limit topology T, both reflect our intuitive ideas on genericity.
For each triple £ = (A(s), B(s),7) in W, it is possible to check the stabilizability
of the corresponding time-delay system with help of Corollary 3.2.9. Let C,; be a
stability domain, and denote the set of all systems m W which are stablhzable w.r.t.
C, by .S'g ~

= {(A(s)h B(s),f) € W i Vz €- C\C : rank(zI A(e'”) | B(e™™)) =n}.

Now, stabxhzabﬂxty W.I. t C is called generic if Sy contains a subset S that is an
open and dense subset of the parameter-space W. In the topologies defined above
this iraplies that the set S, and thus certainly the set S,, covers almost. the whole
space W.

(i) S is open: Every system ¥ in S is contained in an open neighbourhood of &
that completely belongs to S,
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(i) S.is a dense subset of W: Every element £ € W can be approximated arbi-
trarily close by a sequence of systems in S.

We conclude that both topologies lead to a formal description of genericity on the
parameter-space W, which looks very natural and is completely in accordance with
our intuitive ideas on this concept. Note that the condition that S is open is some-
what stronger in the topology generated by the metric dyy since this topology does
not contain- as many open sets as 7. On the other hand, the condition that §
must be dense is stronger in the inductive limit topology because there the notion . .
of convergence is much stronger.

Remark 3.3.12 Tt is important to note that we have defined topologies on the

" parameter-space W of all time-delay systems, and not on the time-delay systems
itself. For a delay system with a specified input-output behaviour there exist many
different parametrizations. In the metric dy the distance between two different
parametrizations of the same input-output behaviour is greater than zero, while
also the inductive limit topology does not reflect that two different parametrizations
characterize essentially the same system. This might seem strange, but it is no prob-
lem at all because the stabilizability condition of Corollary 3.2.9 is a rank condition
on the parametrization of a system. To show that time-delay systems are generically
stabilizable, it suffices to show that this rank condition is generically satisfied on the
parameter-space W describing all time-delay systems. Input-output behaviours are
not directly involved in this question.

In almost the same way as for polynomial matrices, it is possible to regard the

polynomial ring R[s, 2] as a linear space, and to define a topology on this space. Also

" in this situation it is possible to introduce the inductive limit topology. However, in

the sequel this topology is not used explicitly, and therefore we confine ourselves to
the definition of a norm.

Definition 3.3.13 Let p:(s, z) € RJs, 2], and write p(s, z) as
Lk o :
p(s,2) =33 piyss. (3.38)
=0 j=0 : ,

Then the norm of p(s, z) is defined as

' t ok ;
(s, 2)llp 2= 3_ 3 Ipisl. ‘ (3.39)

i=0 j=0

With this norm, R[s, z] becomes a normed ring. Forallg € Rand ¢,j € NU {0},
we have ' i

Io(s, 2) - 982l = lgl - llp(s, 2)lp-

m n
So, when g(s,z) = 3_ Y ¢;;8'%", the triangle inequality implies that
. i=( j=0

le(e, 2) - a(5, 2)llp < 1o(8: 2)lp - (s 2l (3.40)
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Besides the topology generated by this norm, Definition 3.3.13 has several other
interesting consequences. Analogously to the polynomial matrix case, there exists a
1-1 correspondence between polynomials p(s, z) in two indeterminates and analytic
functions p(e~"%, z) that are obtained after substitution of =" for the indeterminate
s. Moreover, in Section 3.1 we have seen that characteristic polynomials of this
form determine the stability of a time-delay system. In the same way as in Lemma -
3.3.2, the norm ||p(s, z)||, contains information on some interesting properties of the
function p(e™"*, 2) in the right half plane. For example, it is a good measure for the
magnitude of |p(e™"%,2)| in a bounded part of C*;

' Lemma 3.3.14 Let p(s, z) € Rs, 2], and assume that the degree ofpinzisn, e
p(s,2) = }: Z piis 2.
i=0 =0

Furthermore assume that there is a j € {0,...,k} such that p,; # 0. Let M > 0
ande > 0. If '

los, M <+ g 41
then ‘

Vr>0Vz e CF st |2| < M:|ple™™,2) <e. ' (3.42)
Proof

Assume that (3.41) is satisfied. Let 7 > 0 and z € C* be such that || <M.
Then {e“"2| <1 and thus

n k n k
e, 2) = [3° 3 pire | < 305 ol - Je 97 |of <
im0 j=0 i=0 j=0
n k " M1 ) b
< St < Sepgimy o' S ey M =e
=0 =0 = -

Finally, we elaborate on the relationship between polynomial matrices in one
indeterminate on the one hand, and 2-D polynomials on the other hand. Here the
characteristic polynomial plays the leading part. In fact we prove that the map x:

- x R[] — Rls, 2] : x(A(8)) = det(z] — A(s)), (3.43)

is continuous with respect to the norms || - ||pm on R[s]™™ and || - ||, on R[s, z] as
defined in (3.32) and (3.39), respectively. '

Proposition 3.3.15 Let A(s) € R[s|***. Then
Ve > 038 > 0VB(s) € R[s]**" :

I A(s) = B(5)llpm < 6 == || det(z] — A(s)) — det(z] — B(s)ll, <&.  (3.44)
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Proof

First we consider the map from the n x n matrices over R[s, 2] to their determi-
nants. Recall from formula (3.40) that the norm of Definition 3.3.13 on the space of
2-D polynomials is sub-multiplicative. Regarding R[s, z] as a normed linear space,
this implies that the multiplication of two polynomials in R[s, z] defines a continuous
mapping from Rs, 2] x R[s, z] to R[s, z]. Moreover, the definition of a norm imme-
diately implies that addition is a continuous mapping too. Now the determinant of
a matrix is simply a sum of products of entries of the matrix. So, if we define a
norm on the n X n matrices over R[s, 2] entry-wise, the mapping from a square 2-D
polynomial matrix to its determinant is continuous. Formally, this may be stated
in the following way. Let P(s,z) € R[s, 2]**". Then for every £ > 0 there exists a
§ > 0 such that for all matrices Q(s, 2) € R]s, z]** satisfying

vi,j€{l,...,n}: I?psj(s, z) - 9':'3'(3; 2 < 6 : (3.45)

(where pii(s, z) and ¢;;(s,2) denote the (4, 3)‘h:ent-ry of P(s, z) and Q{s, z), respec-
tively), we have ‘ ,

| det(P(s,2)) — det(Q(s, 2))llp <&. (3.46)

To prove the claim, we consider P(s,2) := (2] — A(s)). Let € > 0. Choose
& > 0 such that (3.45) implies (3.46). Let now B(s) € R[s]"*" be such that ||A(s) —
B(8)]|;m < 8. There exists an £ € N such that A(s) and B(s) can be written as

4 : £
A(S) = ZA,‘Si, B(S) = Z B,'Si,
=0 =0
with A; and B; € R™" (i =0,...,£). Let A;(s) and Ay denote the (5, k)'R entry

of A(s) and A; respectively. The same notation is used for B(s) and B;.
Let j,k € {1,...,n}. Then

- T = A(8))je — (=1 ~ B(8))ixllp

“B(s)ak — Ae)jelly = ii(B(S) A(8))jellp =
” E(Bzzk - Auk ‘“p E ‘Buk - Uki <

i=0

£
S 11B: = Aill = |A(s) = B(s)llpm < 6,

=0

i

IA

where we used the fact that the absolute value of every entry of a constant matrix
is smaller than or equal to the operator induced norm of that matrix.
Now apply (3.46) with (2 — B(s)) playing the role of Q(s, z). Then we obtain:
| det{zf — A(s)) — det(z] — B{s})|l, < e.

This completes the proof.
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3.3.2 On the robustness of the property of stabilizability

In this subsection the first part of our genericity result is proved. Initially, we only
consider stability domains of the form C; =C_, = {z € C| Rez < —a}. We prove
that the set S_, consisting of all elements in W that are stabilizable w.r.t. C_, is
itself an open subset of W, This implies that stabilizability w.r.t C., is a robust
property: it is preserved under small perturbations of the parameters describing the
system. Later on it turns out that this result is also enough to prove the genericity
of stabilizability w.r.t. arbitrary stability domains.

We start considering stabilizability w.r.t. the stability domain €™, and use the
topology on W generated by the metric dyy. Given a nominal stabilizable system,
an upper bound is derived for the distance between this nominal system, and all
_ perturbed systems that are allowed: if the distance between a perturbed system and
the nominal system is smaller than this upper bound, the perturbed system is still
stabilizable. Since this upper bound is always larger than zero, this immediately
implies that the set Sy consisting of all delay systems in W that are stabﬂizable
w.r.t. C” is an open subset of W.

Then we switch over to the inductive limit topology. Since this topology is
stronger, the robustness result for stabilizability w.r.t. the stability domain C™ still
holds. But in this setting this result can be generalized to arbitrary open left half
planes. Suppose that & € R is given. In the inductive limit topology 7 the set S..,
describing all time-delay systems that are stabilizable with respect to the stability
domain C_, = {z € C| Rez < —a} is an open subset of W, or in the terminology
of Definition 3.3.11: S_, € T. '

We start this program with the following well-known result on linear operators
(see e.g. [61]) that is also valid in the far more general context of Banach algebras.
In the proof of one of the main results of this subsection we only need this restricted
version,

Lemma 3.3.16 Let Ay € CP*Y, with ¢ > p. Assume that Ay is of full row mnk 30
Ag is right-invertible, with right-inverse By. Then

VA € CP9: || A — Aof| < o

0 B - == A is right-invertible. (3.47)

Recall from Corollary 3.2.9 that the stabilizability condition for time-delay sys-
tems is s full rank condition on a matrix in the variable z, that has to be satisfied
for all z € C\C,. Therefore it is apparent that Lemma 3.3.16 is helpful to prove the
robustness of this condition. We first study the special case in which the stability
domain C, equals the open left half plane C.

Theorem 3.3.17 Let Ty = i(Ao(s),Bo(s),fo) be a point in W, and assume that
the time-delay system (3.27) corresponding to Ty s stabilizable w.r.t. the stability
domain C™, i.e.

Vz € C¥ : rank(z] - Ao(e""")lBo(e"m)) =
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Then there exists a p > 0 such that in the topology generated by the metric dyw all
systems & in the ball around Ly with radius p,

Ba‘n(EOs p) b= {2 EW ! dW(Es 20) < p})
are stabilizable w.r.t. C™.
Proof
First of all, there exists an £ € N such that Ay(s) and By(s) can be written as

Aols) = iA;s", By(s) = ij Bis'.

{0 ‘ =0
Next, define G as
G:={z€C| Rez>0and |2| < [[Ao()llpm +1}. (3.48)

From Theorem 3.2.8 it follows that the matrix (2I — Ao(s)|Bo(s)) is right-invertible
over Rp(2), so that (zI ~ Ag(e™™*)]Bo(e™™*)) has a right-inverse T'(z) which is
analytic on C*. Since G is a compact subset of C*, T'(z) is bounded on G and

K = max{||T(2)| | z € G} (3.49)

is well-defined.
Choose

1 1 1 1 1
== min | 1, —, . - min s . (3.50
p=min (4 g T T P T T 60
Then clearly p > 0. We show that all systems in Ball(Eo, p) are stabilizable.

Let T = (A(s), B(s),7) € W be such that dw(E, o) < p. The proof that T is
stabilizable w.r.t. C is divided into two parts: the case |z| > ||Ao(8)|pm + 1, and
- the case |z] < [l Ao(8)]|pm + 1.

Let z € CT, and assume that |z| > [|Ao(s)|[pm + 1. Since dw(Z, To) < p we have
| A(sHlpm < 1| Ao(8)llpm + (| A(8) — Ao(8)llpm < llAo(s)llpm + o.
Using (3.50) it follows that '
Nzl > [|4o(8)llpm + 1 > [|Ao(8)llpm + 2 > A()llpm -
According to Corollary 3.3.3 (with w = 2} this implies that
 rank(z] —- A(e™™*)) =n,
and thus certainly rank(zI A(e™™) | B(e™™)) =

The second case is more involved. Let z € C¥, |z] < ||4g(s)|lpm + 1. We start by
. proving that

(I = A(e™™) | B(e™™)) = (2 = Ao(e™™*) | Bole™™))Il < % (3.51)
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First note that ‘
I(=I ~ A(e™™) | B(e™™)) — (2T = Ao(e™™") | Boe™™))|
< [|Ao(e™™) — A(eT)| + 11B(e7) = Bole™™ ). (352)
Now clearly ;
14o(e™™%) — A(e™™ )| < [14o(e™™*) = Ao(e™™ ) + | As(e™") - A(e™™)](3.53)

Since [|A(s) — Ao(s)llpm < dw(E, o) < p and p < 5k, it follows from Lemma 3.3.2
that the second term in (3.53) is bounded from above:

M Ao(e™™) = Ale™™)I < [|4o(8) = As)llom < £ < 7= (3.54)

1
1K’ ;
To estimate the other term, we apply the Mean Value Theorem:

}[Ao(e mz) Ao(e"")tl - iZA -wnz —-rrz)" . “EAz zz/ —tﬁzdgn

=0 §=0

< §I$A il - iz / le™(dg < || Ao(8)llpm * £+ (| Ao(8)llpm + 1) - |7 — 70} <
< o)l - € (Ha(s)lm+1) £ < 77 (355)

where in the last inequality (3.50) was used. (Note that in the derivation of formula -
(3.55) 7 is a summation variable and not the complex number 2). In &’ completely
analogous way we may prove that :

I1B(e™) = Bo(e™™)l < [1B(e™) = Bo(e™™)| + 1Ba(e™™) ~ Bole™ )| < 2z

Using the previous inequality together with (3.54) and (3.55) in (3.52), we obtain
(3.51).

Next recall that (2] — Ag{e™%) | By(e~™*)) is nghtqnvertlble, with right-inverse
T'(z). Moreover ||T{z}}j < K. So

2T ~ A(e™) | Be™™)) = (2] = Ao(e™) | Bo(e™) < 3¢ ||:r( Tk

After application of Lemma 3.3.16 we 1mmed1ately see that (2] — A(e™™) | B(e™™ )
is right-invertible, hence

rank{z] — A(e™™) | B(e™™*)) = n.

This completes the proof. -

Accordmg to Theorem 3.3.17, the set of all parametmzatlons of time-delay sys-
tems that are stabilizable w.r.t. €7, is an open subset of W in the topology gener-
ated by the metric dy. This immediately implies that the same result holds in the
inductive limit topology, because we have seen in Lemma 3.3.5 that thxs topology is
stronger.
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Corollary 3.3.18 The set of all parametrizations of time-delay systems that are
stabilizable w.r.t. the stability domain C™, is an open subset of W in the inductive
limit topology T of Definition 3.3.11:

{(A(s),B(s),T) e W|Vz e C¥ : rank(z] — A(e™™*) | B(e™™)) = n}€T. o
Qur next step is to generalize this result on sta,biiiza.bility w.r.t. the stability

domain €™ t0 a result on the stabilizability w.r.t. an arbitrary open left half plane
C._ .- For this purpose we introduce the following operator.

- Definition 3.3.19 Let a € R. Then the operator H, : W — W is defined by
H,{A(38), B(s),7) = (al + A(e"®s), B{e™s),T). (3.56)

Denote the set of all n X n and n X m matrices over R[s] of degree smaller than
or equal t0 £ by Vpxn,e a0d Vaxm,e, respectively. If A(s) € Voxne and B($) € Vixm.e
i.e. if A(s) and B(s) are of the form

e . l .
As) =3 Ais, B(s) =Y B:s',
{0 {=0
and if 7 > 0 is given, then the operator H, maps A(s) and B(s) to
‘ ; 2
ol + 5 Ai™s' and Y Bie"®d,
’ =0 i=0

respectively. It is obvious that for all @ € R, the dperator H, is affine. Moreover,
H, is invertible with inverse H_,. The main reason for our interest in the operator
H, is the following result.

Lemma 3.3.20 Let o € R, and consider a delay system & = (A(s},B(s),f} € W.
Then we have: o ,

(A(s), B(s), ) is stabilizable w.r.t. the stability domain C_,, (3.57)

H,(A(s), B(s),T) is stabilizable w.r.i. the stability domain C~. (3.58)

Proof :
"=3” Assume that ¥ = (A(s), B(s),7) is stabilizable w.r.t. C_,, i.e.

Vz € C\C_, : rank(z] — A(e™"*) | B(e™™)) = n.

Let z € CF and define w =z — a. Then w € C\C_,, and thus
rank(wl — A(e™™) | B(e™™)) =n. .

Substitution of w = z — & in the last formula yields
rank(z] — (af + A(e™e™™*)) | B(e"%€¢™™%)) = n.

Since z € CT was arbitrary, the definition of H,, implies that H,(A(s), B(s), ) is
stabilizable w.r.t. C™.
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Y <4=" Assume that H,(A(s), B(s),7)} is stabilizable w.r.t. €, so
vz € CF: rank(z] — (ol + A(e7%e™™)) | B(e™e™™)) = n.

Let z € C\C_,, and define w := z+ 0. Then w € C* and substxtutmg w=z+ain
the last formula, we obtain

rank(z] — A(e™™) | B(e™"*)) = n.
This holds for all z € C\C_,, so (A(s), B(s), 7) is stabilizable w.r.t. C_,. | -

According to Lemma 3.3.20, it is possible to translate the problem of stabiliz-
ability of a system & = {A(s), B(s),7) w.r.t. an open left half plane C_, to the
problem of stabilizability of the transformed system H,(A(s), B(s),7) w.r.t. the
half plane €. Now the crucial point is that in the inductive limit topology this
transformation operator H, is continuous.

Proposition 3.3.21 Let o € R and consider the operator H, : W — W, as defined
in (8.56). In the inductive limit topology T on W, the operator H, is continuous.

Proof

First note that H, is an affine operator; without the term al in the first compo-
nent, the operator H, would have been linear. In this situation, Proposition 3.3.9
is still valid, and it suffices to show that H, is sequentially continuous.

Let (Ao(s), Bo(s); 7o) be an element of W, and let {(4;(s), Bj(s),7;)jen be a
sequence in W converging to (Ag(s), By(s), 7). Then A;(s) converges to Ao(s), and
according to Proposition 3.3.8 there exists an £ € N such that

(i) AQ(S) < ann,QI a.nd Vj < N: A,(s) € annitv
(it) lim [|4;(5) = Ao(s)lles = 0.
In the same way there exists ‘an £y € N such that
(iii) Bo(s) € anm,gz and Vj eN: Bj(s) € anm,gz,
(iw) lim ||B;(s) = Bo(s)ll, = 0,
and finally
(v) Jim |rj ~ 7| = 0.
Define £ := max(¢;,¢;) and denote for j € NU {0} the point H,(A4;(s), B;(s), 7;)

in W by (4;(s), Bj(s),7;). Then A;(s) € V,.x,,,g and B;(s) € Vaxm, and we only
have to show that

Jim [|A(s) — Ao(s)lle

i

0, , (3.59)

Jim [1B5(s) = Bo(s)lle = 0. - (3.60)
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For all § € NU {0} the matrix 4,(s) may be written as

¢
Ai(s) =3 Aus'.

1220
So
- - l > - I3
Ai(s) = Ao(s) = Y (Aje™® — Aue™) 5" =
=0
¢

Z{(Aﬁ - Aog)ei‘r"“ + Aai(ei?ja - 6im°‘)} .8 (3.61)

$=i

i

Let K := sup({e’#* | j € N} U {1}). Since ()32, is a convergent sequence, it is
bounded from above and thus K exists. Next, define for j € N: g; := max{|e5* —
€| |i=0,1,...,£}. Then lim;_o a; = 0 because 7; converges to 7p when j tends
to infinity. Using both the definitions of K and (a;);en in (3.61) we obtain

14;(5) — Ao()le € K - | 45(5) = Ao(s)lle + 05 - [ Ao(s)lle — 0 (G — o0),

and indeed (3.59) is satisfied. In a completely analogous way (3.60) is proved. After
application of Proposition 3.3.8, we conclude that in the inductive limit topology T

Ho(A;(s), Bj(8), 73) — Ha(Ao(s), Bo(s), 70) (i — o0)-

Thus H, is continuous. -

‘The proof of Proposition 3.3.21 shows another advantage of the inductive limit
topology. In this topology the proof of the continuity of H, is relatively easy. In the
topology on W generated by the metric dy the derivation of a similar result seems
very troublesome. '

Using the previous results on the operator H,, it is possible to generalize Corol-
lary 3.3.18 to arbitrary open left half planes.

Corollary 3.3.22 Let a € R, and let C.., denote the stability domain {z € C |
Rez < —a}. In the inductive limit topology T on W, the set of all parametrizations
of time-delay systems that are stabilizable w.r.t. C.., is open:

{(A(s), B(s),7) € W | Vz € C\C_q : rank(z] ~ A(e™™) | B(e™™)) =n} € T.

Proof

Let Sg and S_, denote the sets of all parametrizations of delay systems in W
that are stabilizable w.r.t. C™ and C_,, respectively. According to Corollary 3.3.18,
Sg is an open subset of W. From Lemma 3.3.20 it follows that

S-a = H; (S0),

i.e. S., is the inverse image of Sy under the mapping H,. Since H, is a continuous
mapping and Sp is-open, this implies that S.., is also an open subset of W. In other
words S.o € 7. =
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Remark 3.3.23 In this subsection, only stabilizability w.r.t. an arbitrary open
left half plane was considered. This specialization looks rather restrictive, but it is
sufficient to prove our genericity result for arbitrary stability domains C,. Recall
from Definition 3.1.2 that for every stability domain C, there exists an & € R such
that the left half plane C.4 is contained in C,. It is our objective to prove that the
set S_j; consisting of all delay systems in W that are stabilizable w.r.t. C_4 is an
open and dense subset of W. Since C_; C C,, the set S, of all parametrizations
of time-delay systems that are stabilizable w.r.t. C,, contains the set S_4. So,
after proving the genericity of stabilizability w.r.t. arbitrary open left half planes,
the same result for general stability domains as described in Definition 3.1.2 follows
immediately, : '

Remark 3.3.24 At first sight, Theorem 3.3.17 and Corollaries 3.3.18 and 3.3.22
seem to have very much in common with the result of Pandolfi in [74, Section 5].
However, there are several differences. First of all, Pandolfi's result is obtained
within the framework of distributed parameter systems. As already noted in Chap-
ter 1, this is a more general class of systems. Moreover, in the setting of Pandolfi,
perturbations are described in a completely different way. In [74], systems are de-
scribed with help of linear operators acting on the (infinite-dimensional) state space
and the (finite-dimensional) input space. Perturbations of these systems are consid-
ered as perturbations of these operators and they are measured in the operator norm
induced by the norms on the input and state space. In this context, the robustness
of stabilizability against these perturbations is studied. In our approach, the state
space does not play any role. We describe perturbations within a topology on the
space W of all parametrizations of time-delay systems. Pandolfi’s result certainly
holds in a much more general setting, but our result is more suitable to capture
the concept of genericity for the time-delay systems under consideration. So the
results of this subsection are not an immediate consequence of the work of Pandolfi
Although these results look very similar, there is not a clear relationship, and the
differences are more conspicuous.

3.3.3 Some results on matrices of analytic functions

In this subsection, we make some preparations for the second part of the proof of our
genericity result. In this proof (which is given in the next subsection) we need some
properties of matrices of analytic functions. Especially the relationship between the
rank of these matrices and their determinants is studied. This relationship is clarified
using projection matrices. Since these results are also interesting in themselves, we
isolate them from the rest, and devote this subsection to this subject.

The first lemma describes how projections can be useful for the computation of
the determinant of a matrix.

Lemma 8.3.25 Let A; and A be two arbitrary square matrices, and F a projection.
Define p(E) := rank(E). Let o be an indeterminate. Then

det(aBA; + (I — E)Ag) = o#® . det(EA, + (I — E)As). (3.62)



3.3. ON THE GENERICITY OF STABILIZABILITY ' 93

Proof

Choose a basis (z3,...,2x) such that range(E) = (2, ...,Z,x)) and range(] —
E) = (Tp(E)+1s-++1Zn). Let B = %:—- denote the matrix of EA; + (I — E)A,
with respect to this new basis, where B; consists of the first p(E) rows of B, and
By of the last n — p(E) rows. Then ( By ) is the matrix of aEA; + (I — E)A;

B,
with respect to this basis. Hence

det(aFA; + (I - E)A;) = det o8 = oF) . det B
Bz B2

o”® . det(EA; + (I — E)Ay). -

Let Q(z) be an n x n matrix over the ring of analytic functions on C, i.e. all
entries of Q(z) are analytic functions in z. Define

p(z) = det(Q(2))- (3.63)

It is clear that in a point A € C, the matrix Q(}) is of full rank if and only if
© p(A) # 0. Using a suitable projection E, it is also possible to obtain more precise
information on the rank of Q()) from the determinant function p(z) when p(A) = 0.

Proposition 3.3.26 Let Q(z) be an n x n matriz of analytic functions, and p(z) =
det(Q(2)). Assume that for a certain A € C: p(X) = 0. Define the matriz of analytic
functions Q1(z) as ,

a z—A j=1j!

Let E be a projection such that EQ()\) = 0. Then

p(2) = (z = NE) - det(EQ:(2) + (I — E)Q(2))- (3.64)
Moreover, if p(E) = k, then
() = i=1,...,k—1,
{ g(k)gi\\g = 0 for j=1 1 (3.65)

k! - det(BQ'(A) + (I — E)Q(N)).

Proof
Q(z) may be written as Q(2) = Q()) + (z — A)Q1(z). Therefore,

p(z) = det(EQ(z) + (I = E)Q(2)) =det((z — N)EQ:1(z) + (I — E)Q(2)) =
= (z—N"B) - det(EQi(2) + (I - E)Q(2)),

where in the last step Lemma 3.3.25 is used. The result on the derivatives of p(z)
in A when p(E) = k, is an easy consequence of formula (3.64) and the definition of

@1 (2). n
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Corollary 3.3.27 Let Q(z) be an n X n matriz of analytic functions, and p(z) =
det(Q(z)). Then

A) =
Vi e C’: [ 5()\ £ 0 } = rank(Q(A)) =n-—1]. (3.66)
Proof
Let A € C be such that p(A\) = 0 and p'(\) # 0. Choose a prOJectlon E with

range(Q()\)) = ker(E). Since Q()) is singular, p(E) = rank(E) > 1. According to
Proposition 3.3.26 we have

p(2) = (z = AP® . det(EQi(2) + (I - E)Q(2)).

Suppose that p(EF) > 1. Then p’(A) = 0. This contradicts our assumption, and

therefore p(E) = 1. This implies that dim(range(Q(A))) =n — 1. -

Remark 3.3.28 From Proposition 3.3.26 it follows that (p(A) = 0 and p'(A) # 0)
is a sufficient condition for @(A) to have rank n — 1. However, it is not a necessary
condition because it is also possible that rank(Q(A)) = n — 1 while p’(A) = 0. In
that case the matrix EQ'(A) + (I — E)Q()) is singular.

In Subsection 3.3.4, it turns out that for our purposes matrices Q(z) of analytic
functions, for which the determinant p(z) has only simple zeros, are of special inter-
est. According to Corollary 3.3.27 this type of matrices has the property: if p(/\)
then rank(Q(A\)) =n —1.

Let Q(2) be given, and assume that A € C is such that p(A) = det(Q())) = 0 and
also p’(A) = 0. Then it is possible to perturb Q(z) in such a way that' A becomes a
simple zero of p(z). However, before we can prove this result, we first need a lemma
that describes how a constant matrix can be perturbed in order to increase its rank.

Lemma 3.3.29 Let A be an n x n matriz over C, and assume that rank(4) = £.
For each j € {1;...,n — £}, there exists a matriz B € R™*" satisfying the following
properties: ‘

(i) |Bl=1 and rank(B)=7j.
(i) Yo, B8 # 0: range(ad + 0B) = range(A) @ range(B).

Proof o
Let ey, ..., e, denote the standard basis in C™. Then there exists a permutation
7:{1,...,n} — {1,...,n} such that

range(A) = (Aexq1), - - - » Ae(e)- R ~ (3.67)
Choose vectors e;,,...,e;, _, from the standard basis satisfying

(€iys---,6i,_,) ®range(4d) = C" ' (3.68)
Let j € {1,...,n — £}, and define B as

Beryy = 0 for k=1,...,6,f+j+1,...,n,
Be,,(k) = €, for k=£€+1,...,0+].
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With this choice of B, it is obvious that (i) is satisfied.

From the construction of B it is immediately clear that range(A) N range(B) =
{0}. Moreover, the inclusion range(A + $B) C range(A) + range(B) is trivial. So,
to prove (4i), we only have to show the correctness of the other inclusion.

Let z; € range(A). Then there exists an y; € (exq), ..., €x(e)} Such that z; =
Ay But clearly By, = 0. Hence

(2A +BB)cu) = Ay + 2By = 2,

and z; € range(od + BB).

Let z € range(B). Then there exists an y» € (ex(e41)s- - -1 €n(e4s)) Such that
Byy = x,. Since Ay, € ra.nge(A), there exists an y3 € (ex(1), .. .,€x(e)) Such that
Ays = Ays. Now ‘

(aA + BB} - 'ﬁ'(yz - y3) = %(Ayz ~ Ays) + By, — Bys = By, = 13,

and 75 € range(aA + SB). This completes the proof of (ii). -

At this stage all ingredients to prove the main result of this subsection are avail-
able. The result describes how a matrix of analytic functions may be perturbed in
" order to reduce the multiplicity of one of the zeros of its determinant to 1.

Proposition 3.3.30 Let Q(z) be an n X n matriz of analytic functions, end define
p(z) = det(Q(z)). Assume that X € C satisfies p(A) = 0. Let g(z) be an analytic
Junction such that ¢'(X) # 0.

Then for each € > 0 there exists an n X n polynomial matriz A(s) over R[s],
that satisfies the following properties (where Q(2) 1= Q(z2) + A(g(2)) and p(z2) :=
det(Q(2))):

(i) 1A(S)]lpm <&,
(%) deg(A(s)) < 1 4f g(A) is real, and deg(A(s)) < 2vif g(A) is complez,
(#i) D(A) =0 and f'(N) # 0.

Proof ,

If p'(X) # 0, the proof is trivial: take A(s) = 0.

Assume p'(A) = 0. Let ¢ > 0. If rank(Q())) = n — 1, define B, := 0. Otherwise,
choose a matrix B; according to Lemma 3.3.29, with ||B,|| = 1 and rank(B;) =
n — 1 —rank(Q(A)) in such a way that

Va # 0: range(Q(A) + aB;) = range(Q(X)) & range( B ).

This implies that for all a # 0: rank(Q(\) + aBy) =n~1.
Fix o := ¢ and apply Lemma 3.3.29 again, but now to the matrix Q(A) + aBy.
In this way we find a matrix B, (possibly depending on «), satisfying ||Bs|| = 1,
rank(B,) =1, and

VB #0: range(Q()) + aB; + 8B;) = range(Q())) & range(B;) @ range(B;).
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So for every f # 0, the matrix (Q()) + aB; + $B;) has rank n.

Let E denote the projection on range(B;) along range(Q()) + aB;), so that
E(Q(X) + aB,) = 0 and EB, = B;. Then p(E) = rank(E) = 1. Define Q,(z) :=
Q(z) + aBy, and pa(2) := det(Qa(2)). So pa(A) = det(Q()\) + aB;) = 0, and using
formula (3.65) from Proposition 3.3.26 we obtain:

Pa() = det(EQe() + (I = E)Qu(A) = det(EQ'(A) + (I = E)Qa(X)).

Next we show that
ker(EQ'(A) + (I — E)Qa(N)) C ker(Qa())-

rLet z € ker(EQ'(A) + (I — E)Q4()\). Then EQ'(A)z = 0 and (I — E)Qo(N)z =
By construction EQ.{)\) = 0, hence the last equa.hty implies that Q.(A)z =0, and
we conclude that z € ker(Qapra{A)).

Since dim(ker(@Q,{)\)}) = 1, we now divide the problem into two different cases:

Case 1: ker(EQ' (X)) + (I — E)Q.(X)) = {0}.
Then p,,(A) = det(EQ'()) + (I — E)Q4(X)) 5 0, and A(s) := aB, satisfies both
(i) and (i) and also (i) because || A(s)||m = ||eB1]| < ie

Case 2: ker(EQ'(A) + (I — E)Qa(N)) = ker(Q4(N)).
If g(A) is real, define for all 8 € R\{0}

As(s) = aBy + Bls — g(N)Ba;
if g(}) is complex, define for all 8 € R\{0}
Ap(s) := aBy + B(s — g(A))(s — g(N)) Bs.

Then in each case Ag(s) € R[s]**", and moreover (%i) is satisfied.
Let # € R\{0} and define Q(2) := Q(z) + As(g(2)). Then Q(A) = Q(\) +aBy,
and in both the real and the complex case there exist a v 5 0 such that @'()) =

Q'(A) +vB,. Since Q()) = Q()) + aB, is singular, we still have that f(A) = 0, and
according to Proposition 3.3.26,

F(A) = det(BQ'(Y) + (I - EYQ(N)) = det(E(Q'(X) +vBs) + (I - E)Qa(V).

Assume that z € ker(E(Q'(A) +vBy) + (I - E)Q&(A)) Then z € ker(Q.{\)). So
by assumption z € ker(EQ'(\) + (I — E)Qo())). Moreover we have that EB, = B,,
and thus we obtain

vBaz = (E(Q'(N) +7B2) + (I = E)Qa(A)z — (EQ'(N) + (I - E)Qa(A))z = 0.

So {(Qa(X) +vB2)x = 0. By construction Q,(A) +vB2 = Q()) + aB, +vB; has full
rank, and thus = = 0. This implies that rank{E(Q'(A) +vBs) + (I - E)Qa())) = n.
Therefore §#()) # 0, and Q(z) satisfies condition (4i) for all ##0.

In order to satisfy (1), we choose

1 ., 1
5 = ZE.' mm(!-;(—’\)-, 1)



3.3. ON THE GENERICITY OF STABILIZABILITY 97

when g(}) is real, and -
! )
9N+ g gV - g()"

when g(}) is complex. Then it is easily verified that ||As(s)|lpm < €. This completes
the proof. a

Remark 3.3.31 If the matrix Q(2) of analytic functions has the property that
Q(Z) = Q(z), also its determinant p(z) has this property. This implies that A is a
zero of p(z) of multiplicity k, if and only if A is a zero of p(2) of the same multiplicity.
Note that if also g(Z) = g(z), and g()) is complex, the reduction process described
in the proof of Proposition 3.3.30 reduces the multiplicity of both the zeros A and X.
to 1 in only one step. Although in general a perturbation matrix A(s) of degree 2
is needed to reduce the multiplicity, this matrix handles both the zeros A and X at
the same time.

g:= és - min(

Remark 3.3.32 Corollary 3.3.27 and Proposition 3.3.30 are formulated in a very
general context of matrices over analytic functions, but in the next subsection they
are only used for a very special case. It is clear that for the stabilizability properties
of a system I corresponding to a point (A(s), B(s),7) € W, the matrix (2] —
Ale~™)) is very important. Therefore the results of this subsection are applied to
the case Q(2) = (2I — A(e~"*)) and g(z) = e™"*. Then clearly ¢’()\) = —71e~™ # 0
for all X € C. In this perspective Proposition 3.3.30 describes how the matrix A(s) €
R[s]*" has to be perturbed in such a way that (2 — (A(e™"*) + A(e~"*))) satisfies
the condition of Corollary 3.3.27. Note that the degree of the perturbation matrix
A(s) is bounded above by 2. Therefore it does not matter whether perturbations
are considered within the norm || - ||,m on R[s]*" or in the inductive limit topology:
the result holds in both cases.

3.3.4 Approximation by stabilizable time-delay systems

In this subsection, the second and final part of our genericity result is proved. We
show that the subset S, of W, consisting of all parametrizations of time-delay sys-
tems that are stabilizable w.r.t. the stability domain C,, is a dense subset of W.
This means that in every open neighbourhood of a non-stabilizable system X € W,
there exists a point 3 € W corresponding to a time-delay system that is stabilizable
w.r.t. C,. In other words, there exists a sequence of stabilizable systems (T;)jen in
‘S, that converges to X. In this subsection, such an approximation by stabilizable
time-delay systems is constructed explicitly. :

The strategy to prove this result is the same as in Subsection 3.3.2. First we
consider the problem for the special case of stabilizability w.r.t. the stability domain
C~, and use the topology on W generated by the metric dyy,. When this is proved,
the generalization to the inductive limit topology 7" on W is very straightforward.
Finally, this result for the stability domain €™, can be shifted to any other open
left half plane with help of the operator H, of Definition 3.3.19. Since every sta-
bility domain C, contains an open left half plane, this immediately implies that
approximation by C,-stabilizable delay systems is also possible.
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The main idea of the proof is as follows. Suppose that X = (A(s), B(s),7) is a
point in W, such that the corresponding time-delay system is not stabilizable w.r.t.
C~. Using Corollary 3.3.3, it is easy to show that for all matrices A(s) € R[s]**",
the analytic function H(z) = det(2I — A{e~"%)) has only a finite number of zeros in
C*. Using Rouché’s Theorem, and Corollary 3.3.27 and Proposition 3.3.30 of the
previous subsection, it is possible to prove that for every £ > 0, there exists a matrix
A(s) € R[s]™*" such that ||A(s) — Ac(8)|lpm < §¢ and

vzeC¥: [ rank(z] — A.(e7™%)) < n == rank(z] — A, (e”™)) =n — 1] .

So, in all points z € C* where the matrix (zI — A.(e~"*)) loses rank, it only loses
rank 1. This loss of rank has to be compensated by the matrix B(s). Therefore
this matrix is perturbed in such a. way that the perturbed version B,(s) satisfies the
inequality ||B.(s) — B(s)|lpm < 3¢ and is such that

vzeCT: [ rank(z] — A (e77%)) < n = rank(z] — A.(e"™*) | B(e7™)) = n] .

Since the analytic function p.(z) = det(z] — A.(¢™™*)) only has a finite number
of zeros in the closed right half plane, it is possible to satisfy this condition. In
this way we find a stabilizable time-delay system X, = (A.(s), B¢(s},7) such that
dw(E, ;) < &, and the proof is complete. . ' S

The rest of this subsection only consists of a detailed elaboration of the scheme
of the proof given above. The first lemma describes the location of the zeros of the
analytic function p(z) = det(zI — A(e~"*)) corresponding to the square polynomial
matrix A(s). ‘

Lemma 3.3.33 Let A(s) € R[s|**" and 7 > 0 be given. Then the analytic function
p(2) = det(z] — A(e™™)) only has a finite number of zeros in the closed right half
plane C*. Moreover, all zeros of p(z) in CF are located within the semi-disc

D:={z€C| Rez>0and 2| < || A(5)llpm}- (3.69)

Proof
"From Corollary 3.3.3 (witgh w equal to z), we know that

vz e E;, 2] > [|A(8)|lpm = rank(z] — 'A‘(e"""‘)) =n.
This implies that p(z) has no zeros in C“‘“\D So all zeros of p(z) in C¥ are contained

in D. Since D is a compact set, the analytic function p(z) only has a finite number
of zeros inside D. This proves the claim, . -

‘Corolléry 3.3.34 Let A(s) € R[s]*** and 7 > O be given. Let £ € N be such that
A(s) can be written as

A(s) = i A;S’ '

§=0
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Let b € R, and define the polynomial matriz Ay(s) by

t
Ap(s) = —b- I+ Aze?s,
3=0
Then the analytic function p(z) = det(z] — A(e™"%)) only has a finite number of
zeros in the helf plane {z € C | Rez > b}. Moreover, all zeros of p(2) in this half
plane are located within the semi-disc

Dy:={z€C| Rez >band |z~ b| < || A(8)|lpm}

Proof ; ;
: Define the analytic function py(z) = det(2] — Ay(e™™*)). It is easily seen that
p{z) is just a shifted version of p{z):

po(2) = det(z] ~ Ap(e™™)) = det((z +b)I — A(e”T=H)) = p(z +5).

Therefore A is a zero of p(z) if and only if ()\ — b) is a zero of py(z). So the zeros
of p(z) in the half plane {z € C | Rez > b} correspond to the zeros of py(z) in C*.
Application of Lemma 3.3.33 to the matrix 4;(s) yields the desired result. -

Remark 3.3.35 If the polynomial matrix A(s) in Corollary 3.3.34 is completed to
a system ¥ = (A(s), B(s),7) € W, then A;(s) is simply the first component of
H——b(A(s)s B(S), T)-

In the proof of one of the main results of this subsection, we have to assume
that the analytic function p(z) = det(z] — A{e"*)) has no zeros on the imaginary
axis. Moreover, we are interested in suitable perturbations of the corresponding
polynomial matrix A{s). The next proposition describes how a polynomial matrix
A(s) can be perturbed in such a way that the corresponding analytic function p(z) =
det(z] — A(e~"%)) has no zeros on the imaginary axis. Combining the results of
Lemma, 3.3.33 and Corollary 3.3.34, it is shown that an arbitrary small perturbation
. of A(s) is enough to satisfy this condition.

Proposition 3.3.36 Let A(s) € R[s]"*" and 7 > 0 be given. Lete > 0. Then there
exists a polynomial matriz A,(s) € R[s|™" satisfying the following properties:

(i) I1AGs) = Ax()llpm <e,
(ii) deg(As(s)) = deg(A(s)),
(11i) p1(z) = det(zI — Az{e™"%)) has no zeros on the imaginary azis.
Proof .
We construct the matrix A,(s) in the following way. From Corollary 3.3.34 it
follows that the analytic function p(z) only has a finite number of zeros in any

arbitrary right half plane. So there exists a b < 0 such that p(z) has no zeros in the
strip ‘

{ze C|b< Rez < 0}.
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There exists an £ € N such that A(s) can be written as A(s) = §=0 A;8. Define
for all 6 € (b,0):

{
As(8) == —b6I + ZAje""&s".
§=0

Then ||A5(s) — A(S)|lpm < 6 + TicgllAj]l - |e777 ~ 1|, and it is easily verified that
there exists a & € (b,0) such that ||A;(s) — A(s)|lpm < . Define 4;(s) := Az(s).

Then clearly (i) and (i) hold. To prove (%i), recall that p(z) has no zeros on the line
{z € C| Rez = b}. Let w € R. With exactly the same argument on the shifting of
zeros as in Corollary 3.3.34, we have

pr(w) = det(w] — Ay(e~™)) = det((w + 8) - T — A(e~" D)) = p(uw + §) #0,

- and thus (44) is satisfied too. _

The next theorem is a restatement of a well-known result from compléx analysis.
It plays a crucial role in the rest of this subsection because it describes in what way
small perturbations of an analytic function influence the location of its zeros. For a
proof of this result we refer to e.g. [83, Theorem 10.43].

Theorem 3.3.37 (Rouché’s Theorem) Let f and g be two functions that are ana-
lytic inside and on o bounded Jordan curve J. Suppose that f and g have no zeros
on J. Denote by Ny and N, the total number of zeros of f and g inside J, also
counting multiplicities. Then

(V2 € J:|f(2) - @) < |f@)] ] = N, =N (370)
n

It is evident that under the same conditions as in Theorem 3.3.37, and after the
definition of § :=min{|f(2)| | z € J}, the condition |f(2) ~ g(z)| < & implies that f
and g have the same number of zeros inside J. This observation is exploited in the
next lemma.

Lemma 3.3.38 Let A(s) € R[s]"*™ and 7 > O be given. Let J be a bounded Jordan
curve in C¥ such that p(z) = det(zI — A(e™™)) has no zeros on J. Then there exists
an & > 0 such that for all polynomial matrices A(s) € R[s|™" satisfying || A(s) -
A(s)"m < &, the characteristic function P(z) = det{z] — A(e~"%)) corresponding to
A(s), has the same number of zeros within J as p(2) ( countmg multzplwztees) and
no zeros on J.

Proof

Define po(s, 2) := det(z] — A(s)). Then po(s,2) € R[s,2], aud the degree of
Ds(8,2) in z is n. Define N

§:=min{|p(z)| |z € J}, | ’ (3.71)
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and M := 14+max{|z| | z € J}. Now apply Proposition 3.3.15. Choose an & > 0 such
that for all matrices A(s) € Rls]™" satisfying |[|A(s) — A(8)||lm < &, the following
mequahty holds:

l
M"'!'l

Here (s, z) denotes the characteristic polynomial det(zI — A(s)) of A(s), which is
also of degree n in z. We show that for &, the claim of Lemma 3.3.38 holds.

Let A(s) € R[s]"** be such that ||A(s) — A(s)|l;m < &. First apply Lemma 3.3.14
to (s, z) 1= p.(s, 2) — P.(2, 2} and use inequality (3.72). In this way we obtain:

VzeCF, |zl < M: |p(z) - p(2)| < 6. (3.73)

llpc(s, 2) = Be(s, 2)lp < b (3.72)

So in particular |p(z) — p(z)| < 6 for all z € J. Apparently $(z) has no zeros on J.
{Otherwise there would be a A € J such that |p(A)] < §, which contradicts definition
(3.71)). Finally, because both p(z) and 5(z) are analytic functions without zeros on
J, Rouché’s Theorem and formulae (3.71) and (3.73) imply that p(z) and 5(z) have
the same number of zeros inside the Jordan curve J (counting multiplicities).
Lemma 3.3.38 indicates that small perturbations of the matrix A(s) affect the
zeros of p(z) only slightly: they cannot cross the Jordan curve J. The idea is now to
perturb A(s) in such a way that the multiple zéros of p(z) inside J become simple,
without changing the total number of zeros inside J. In this approach, Rouché’s
Theorem (in the disguised form of Lemma 3.3.38), plays an important role.

Proposition 3.3.39 Let A(s) € R[s]"*" and 7 > 0 be given. Let J be a bounded
Jordan curve in C¥, and assume that p(z) = det(z] ~ A(e™™%)) has no zeros on J.
© Choose & > 0 such that Lemma 3.8.38 is satisfied. Let N, denote the total number
of zeros of p(z) within J, counting multiplicities. Then:

Ve € (0,8) 3A(s) € R[s]**" such that

(i) 1A(s) = A®)llpm < &,
(ii) deg(A(s)) < max(deg(A(s)),2),

(#i4) The analytic function (z) = det(2] — A(e~"%)) has N, zeros within J, and all
these zeros are simple. '

Proof

Let & € (0,&). Then it follows from Lemma 3.3.38 that for all A(s) € R[s]"*"
satisfying || A(s) — A(8)]lpm < € < &, the number of zeros of f(z) = det(z] — A(e~"*))
inside J equals N,. Let L, denote the number of simple zeros of p(z) within J. The
proposition is proved with the following induction argument:

vie {0,1,...,Np, — L,} 34,(s) € R[s]™™" such that
(1) IA(8) = Als)llpm < %52 ¢
(2) deg(Ai(s)) < max(deg(A(s)),2).
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4 Im-axis

» Re-axis

-Figure 3.2: Location of the zeros inside a Jordan curve J

(8) The analytic fanction p;(2) = det(z] — A;(e™"*)) has at least Ly + 1 simple
zeros within J, i.e. Ly, > L,+1, where L,, denotes the number of simple zeros
of pi(z) enclosed by J.

i =0: This is trivial: choose A¢(s) = A(s).

Induction step: Suppose that for certain ¢ € {0,1,...,N, — L, — 1} we have
found a matrix A;(s), satisfying (1), (2) and (8). If L,, > L, +i + 1, choose
Aip1(8) = Ai(s), and we are ready.

Next assume that Ly, = L, + 4. Since ¢ < N, — L, we know that at least one
of the N, zeros of p;(2) inside J is a multiple zero. Let A;, j € {1,...,£} denote all
distinct zeros of p;(z). Then there exists a p > 0 such that the circles C; defined by

Ci={2€C||z—A|=0p}, (3.74)

neither intersect one another nor the Jordan curve J (see Figure 3.2). Apply Lemma
3.3.38 to each of these circles C;. Then for all j = 1,...,¢ we find an & > 0, such
that for all A(s) € R[s]"*", the inequality ||A(s) — A(5)||pm < &; implies that p(2)
and f(z) = det(z] — A(e™"%)) have the same number of zeros within C;, and no zeros
on C;. Define £ :=min{%; | j =1,...,4}.

Assume without loss of generality that A; is a multiple zero of p;(z). Apply
Proposition 3.3.30 to Q(z) := zI — A;(e™*), with g(z) = ™™ and A = );. Clearly
¢'(M1) = —7e~™ 3 0, and so there exists a polynomial matrix A(s) € R[s]**", with
deg(A(s)) £ 2, in norm bounded by

., 1
“A(S)HPT" < mln(sv F ) 6))

and such that p(z) = det(Q(z) + A(e™™)) only has a simple zero in z = X;. We
show that A;,(s) := Ai(s) — A(s) satisfies the requirements (1), (2) and (3), with
i replaced by 7 + 1.
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(1) and (2) are very straightforward:

4(8) = Ausa(®lom < [1A() = AilS)llpm + [l 4i() = Aisa(3)llpm <

2-1 1 2+
S T ottam e T o
and deg(Ai11(s)) < max(deg(Ai(s)),2) < max(deg(A(s)),2).

(8) Since || Aiza(s) = Ai(s)|lpm < &, we can apply Lemma 3.3.38 to each of the
circles C; defined in (3.74), separately. In this way we obtain that for all j €
{1,..., £}, the number of zeros of p;;(z) within C; is equal to the number of zeros of
pi(2) within C; (counting multiplicities). This implies that the Ly, circles containing
a simple zero of p;(z), also contain exactly one (simple) zero of pi.1(z). Moreover,
-the multiple zero A; has become simple by construction, and thus

Ly 2Ly +1=L,+i+1

This cﬁompletes the proof of the induction argument. The correctness of Propo-

sition 3.3.39 follows immediately by taking A(s) = An,-z,(5)- -

Proposition 3.3.39 shows that the matrix perturbations introduced in Proposition
3.3.30 can be used successively to reduce the multiplicity of zeros to 1. Rouché’s
Theorem guarantees not only that the total number of zeros within the Jordan
curve J remains constant, but also that simple zeros remain simple. Combining
Propositions 3.3.36 and 3.3.39, together with the results of the previous subsection,
we can finish the first part of the proof as indicated in the introduction of this
subsection, by an appropriate choice of the Jordan curve J.

Theorem 3.3.40 Let A(s) € R[s]**™ and T > 0 be given. Then for all ¢ > 0 there
ezists a matriz A:(s) € R[s]"*" such that

(i) 1|A(s) = Ae(s)llpm <&,
(i) deg(Ac(s)) < max(deg(A(s)),2),
(iii) VA e C*: {rank()(l — A(e™™)) < n = rank(A] — A (e"™)) =n— 1] .
Proof
Let £ > 0. Choose, according to Proposition 3.3.36, a matrix A4;(s) € R[s]**"
of the same degree as (A(s)), satisfying ||A(s) — Ai(s)|l,m < }&, and such that

p1(z) := det{z] — A;(e~")) has no zeros on the imaginary axis.
Define R := ||A1(5)||pm +1, and the Jordan curve J, as depicted in Figure 3.3 by -

J:={z€C|(Rez=0and |z| < R) or (Rez > 0 and |z| = R)}. (3.75)

So, according to Lemma 3.3.33, all zeros of p;(2) in C* are located inside the Jordan
curve J. Let N,, denote the number of zeros of p;(z) enclosed by J (counting
multiplicities). We choose £ > 0 according to Lemma 3.3.38, and apply Proposition
3.3.39 with & := - min(1,¢,&). Then we find a matrix A,(s) € R[s]"*" such that

(1) l41(s) = Ae(s)llpm < § - min(1,e,8) < e,
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Im-axis

Re-axis

Figure 3.3: The Jordan curve J

(2) deg(A.(s)) < max(deg(4:(s)),2),
- (3) pe(z) = det(zI — A.(e~™")) has N, zeros within J, that are all simple.
This matrix A.(s) clearly satisfies (i) and (%)

14) = Ae(sMlpm < I1A(5) = A1()lpm + 141(65) = Ac($)lm < 32+ 35 =,

and deg(A:(s)) < max(deg(A:(s)),2) < max(deg(A(s)),2).

Next we prove (iii). Since [|A:(s)]lm < ||A1(8)]lpm + §, Lemma 3.3.33 implies
that p.(2z) has no zeros in C* outside J. Moreover, because ||4;(s) — A:(8)|lpm < &,
we know from Lemma 3.3.38 that p.(z) has no zeros on J. Therefore all zeros of

pe(2) in C¥ are located within J. According to (3), all these zeros are simple, and
. thus we have: :

¥z e CF: [p(2) =0 == pi(2) # D] (3.76)

Now, let A € C¥, and assume that rank(M — A.(e-™)) < n. Define Q(2) =
(2 — A.(e™™)). Then p.(z) = det(Q{z)), and we know that p.(\) = 0. Moreover,
according to (3.76), pL()) # 0, and thus it follows from Corollary 3.3.27 that

rank(Q(\)) = rank (Al — A.(e=™)) =n — 1.
This completes the proof. ' -

In the next part of this subsection we are concerned with perturbations of the
matrix B(s). Suppose that a point T = (A(s), B(s),7) € W is given. First perturb
A(s) in such a way that for A.(s) conditions (3}, (%) and (4t} of Theorem 3.3.40
are satisfied. Then it follows from Lemma 3.3.33 that the analytic function p.(2) =
det(zI — A.(e™™)} has only a finite number of zeros in C¥, say Aj,...,Ar. We
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know that for each ¢ € {1,...,k}, rank(\J — A.(e”™)) = n — 1, and therefore the
left-kernel of the matrix (A — A.(e~™)), i.e. the linear subspace of C* consisting
of all row vectors z¥, such that =¥ - (\;I — A.(e”™)) = 0, is one-dimensional. So
for each i € {1,...,k}, this left-kernel is spanned by one row vector v7 € C*. Now
(MI = Ac(e7™)) | B(e~™™)) has rank n if and only if

vF - B(e™™) #0. (3.77)

So, in order to achieve stabilizability, we have to perturb B(s) in such a way that
for the perturbed version B.(s) the following holds:

Vi€ {1,...,k}: vF- Be(e™) # 0. (3.78)

To find such a perturbation of B(s), we first look for a vector b that is not
perpendicular to a given finite set of vectors.

Lemma 3.3.41 Let the column vectors vy,...,vx € C" be given, and assume that
they are all nonzero. Then there exists a vector b € R™ such that

Vie {1,...,k}:vf - b#0.

Proof
First define for all i = 1,..., k the linear spaces

Vii={z €R"|v] -z =0}.

Since all vectors v; are nonzero, the sets V; are linear subspaces of R”, with dimension
smaller than or equal to n — 1. This implies that each V; is a nowhere dense subset
of R®. Application of Baire’s Category Theorem (see for example [83, Theorem 5.6
and Remark 5.7)) yields

m#ﬁw

i=1 =

Intuitively, the result of Lemma 3.3.41 is clear. The vectors v, ..., ¥ correspond
to linear subspaces V,..., Vi in R® of dimension smaller than or equal to n — 1.
Now one simply has to pick a vector b € R", that is not an element of one of these
subspaces V,..., V.. Since we only consider a finite number of subspaces, this is a
rather easy task.

Lemma 3.3.41 makes it possible to find a perturbation of the matrix B(s) that
is suitable for our purpose. This result is stated in the next lemma.

Lemma 3.3.42 Let the vectors vy,...,v € C" and by,...,br € C" be given. As-
sume that for all i € {1,...,k}: ||w|| =1. Then

Ve>03B8eR* : (i) |8l <e,
(Gi)vie{1,...,k}: o] - (b; + B) #0.
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Proof
Let ¢ > 0. Choose, according to Lemma 3.3.41, a vector ¥ € R" such that
vE 'y;é()forallze{l Lk} Ifforallie {1,.. k}wehavevrb—() then
= ie - satisfies the cla,lm Othervnse, choose a p € (0, xmn{{v'r bl | vF - b; 5
0, i=1,...,k}), and define

1
8= g mine.) pn oy

Then (i) isclear: 8l € %-e-1 <e.To prove (1), leti € {1,...,k}. IfvF-b; =0,
then ‘ ‘

v?~(bg+ﬁ)zv'~",6* Aviv) - “ T mm(s o) # 0.
On the other hand, if vf - b # 0, then

‘ 1
o - (b + B)| = |vbu + w7 6] 2 il = [oF Bl 2 o = |lwill - 1Bl 2 p = 50 > 0.
So, in either case o7 - (b; + 8) # 0. -

At this point, the proof for the stability domain €™, outlined in the introduction
of this subsection, is almost complete. We only have to state aud prove the main
result. .

Theorem 3.3.43 Let T = (A(s), B(s),7) € W be given. For alle >0 there evists
a pomt $= (A(s) B(s),r) € W such that

(z) dw(E,£) < s,
(i) deg(A(s)) < max(deg(A(s)), 2) and deg(B(s)) = deg(B(s)),
(iii) The time-delay system corresponding to $ is stabilizadle w.r.t. C, i.e.
VzeCt: rank{z] ~ fi(e"*‘) | ﬁ(e"’")) = n.’

Proof

Let . > 0. First apply Theorem 3.3. 40 to A(s ), and choose a matrix A(s) €
R[s]™*" such that :

(1) 114(s) = A()lpm < §e,
(2) deg(A(5)) < max(deg(A(s)), 2),
| (3) Vze CT: {rank’(zl —A(e™™)) < n => rank(zl — A(e™™%)) =n ~ 1] .

According to Lemmg_?_.&%, the function 5(z) = det(z] — A(e~")) has only a finite
number of zeros in C*, say A3 A Only in these points (21 — A(e™*)) loses
rank, but then still rank(z] — A(e~")) = n —~ 1. So the left-kernel of (2] — A(e™"*))
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-is one-dimensional for all z € {),..., \e}. Choose vectors vy,...,v; of norm 1 in
- C", spanning these left-kernels:

vie{1,...,k}: span{n;} = {z € C* | 2T - (L — A(e™™)) = 0}.

Denote for all i € {1,...,k} the first column of B{e~™) by ;. According to
Lemma 3.3.42 there exists a 8 € R™ such that ||8]| < ¢ and v} - (b + §) # 0 for all
i=1,...,k

Deﬁne B(s) as the sum of B(s) and the n x m matrix (8 | 0), consisting of the
column B, completed with zeros:

B(s):=B(s) + (8] 0).

Then obviously (#) holds, and we only need to show that £ = (A(s), B(s), 7) satisfies
both (%) and (4ii).

dw(E,E) = [|A(s) = A(s)llpm + [1B(s) - é(S)iim +lr-7l<

-1 1 1 1
< e+ IB IOl = 5+l < 3o+ 5= |
To prove (iii), let z € CH.Ifz & {M,..., M}, then rank(z] — A(e‘"")) = 71, SO
certainly rank(z — A(e™"*) | B(e™™*)) = n.
Otherwise, suppose that z = A; for certain i € {1,...,k}. Let 2z € C" be such
that

2% (A = A(e™™) | Ble™)) = 0. | (3.79)

Hence, z7 is an element of the left-kernel of (A — A(e""" )), and there exists an
o € C such that = a - v;. Now the first column of B(e=™%) is b; + 4, a.nd

0=¢g" (bg+ﬂ)—’mg' (bz+ﬁ)“’a ['vi (bt'l'ﬂ)]‘

We conclude that a = 0. This completes the proof. _—

From Theorem 3.3.43 it follows directly that the subset of W consisting of all
parametrizations of time-delay systems that are stabilizable w.rt. €7, is a dense
subset of W. Note that the conditions on the degrees of A(s) and B(s) a.re essential.
Construction of a sequence of stabilizable systems converging to X, but with an
increasing degree in s, is of no use for our genericity result because this would
require systems with time-delays of constantly increasing length. However, since
Theorem 3.3.43 enables us to construct a sequence of stabilizable systems in W of
bounded degree in s and converging to £, the same result holds in the inductive
limit topology 7 on W.

Corollary 3.3.44 Let ¥ = (A(s), B(s),7) € W be given, and assume thet T is not
stabilizable w.r.t. C~. Then there exists a sequence T; = (A;(s), Bj{8), T}jen in W
such that all systems I; are stabilizable w.r.t. C~. Moreover, in the inductive limit
topology T on W, the sequence I; converges to T for j — oo.

Proof

Define ¢ = deg(A(s)), £y = deg(B(s)) and £ := £ + £, + 2. According to
Theorem 3.3.43, for each j € N there exist matrices A;(s) € Voxn,e 8nd B (s)
Vixm,e such that
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(i) IA(s) = A(3)lle < Y and  ||B(s) - Bi(s)lle < 3,
() T; := (A;(s), Bj(s),7) is stabilizable w.r.t. C~.

From (%) and Proposition 3.3.8 we conclude that in the inductive limit topology the
sequence (X;)jeN converges to X when j tends to infinity. Together Wxth (zz) this

proves the claim. -

‘In the inductive limit topology, Corollary 3.3.44 may be generalized to an arbi-
trary stability domain C,.

Corollary 3.3.45 Let €, be a stability domain, and T = (A(s), B(s),7) € W.
Assume that T is not stabilizable w.r.t. C,. Then there exists a sequence &; =
(A;(s), Bj{s),7)jen in W such that all systems L; are stabilizable w.r.t. C,. More-
over, in the inductive imit topology T on W the sequence L co-m;erges to L for
j = oo0.

Proof

According to Definition 3.1.2, there exists an « € R such that C_, ¢ C,. Apply
Corollary 3.3.44 to the system H,(A(s), B(s),T), where H, is the operator defined
in (3.56). In this way we obtain a sequence I; = (A4;(s), B;j(s), 7)jen of systems that
are stabilizable w.r.t. C~, and converging 0 H,(A(s), B(s),'r). Both the operator
H, and its inverse H_, are (sequentially) continuous, because of Proposition 3.3.21.
So the sequence (H_o(A4;(s), B;(3),7))jen converges to H_,H.(A(s), B(s),7) =
(A(s), B(s),) when j — oo. Moreover, all systems X; = (A;(s), B;(s),7) are
stabilizable w.r.t. €~, so for all j € N H_,(A;(s), Bj(s), 7) is stabilizable w.r.t.
C_o. Since C_, C C,, we conclude that the sequence (H_a(A (s) B;(8),7))jeN

satisfies the claim. =

After all these preparations, the main result on genericity is stated in the next
theorem.

Theorem 3.3.46 Let C, be o stability domain. Then time-delay systems of the
form (8.27) are generically stabilizable w.r.t C; by dynamic state feedback. In other
words: -
- In the inductive limit topology T on W, the subset §; of the parameter-space
W, consisting of all pammetmzatwns L = (A(s), B(s), 1) of time-delay systems
satisfying

Vz € C\C, : rank(z] — A(e'-”') ; B(e“”)) =n,
contains an open and dense subset of the space W.

Proof

* There exists an o € R such that C_o = {z € C| Rez < —a} C C,. Let S_o,
and S, denote the subsets of W consisting of all delay systems that are stablhzable
w.r.t. C-a and C, respectively. Then S_, € S;. Combining Corollaries 3.3.22 and
3.3.45, we know that S_, is an open and dense subset of Y. Hence S, contains an
open and dense subset of W, and thus stabilizability w.r.t. C, is a generic property..
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3.3.5 Generalization to the case of incommensurable time-
delays

In Subsections 3.3.1 to0 3.3.4, a derivation of our genericity result is given for systems

with commensurable time-delays. This restriction was only made for notational
- convenience; the incommensurable delay case is not significantly more difficult. In

this subsection we explain that our genericity result on stabilizability also holds for

the more general class of systems with incommensurable time-delays. We point out

that exactly the same arguments as in Subsections 3.3.1 to 3.3.4 may be used to
- prove this result. '

In the algebraic terminology, a time-delay system with k incommensurable delays
T1,. .-, Tk i3 modeled as a system over the ring R[s,, ..., si], where the indeterminate
s; corresponds to the delay operator o; with time-delay 7. To apply a topological
approach to our genericity problem, first a parameter-space W, (the incommensu-
rable version of W) has to be introduced. Denoting R|s;,...,si] by R, W is defined
as:

Wi ={Z=(AB,(n,...,n)) | A€R™, BeR™,
weRYG=1,...,k). (3.80)

In the same way as in the commensurable delay case, a matrix over R[sy, ..., s;JF*?
can be seen as a k-dimensional sequence of p X ¢ matrices over R, with only a finite
number of nonzero elements. So definition of an ¢;-norm is possible, and in this way
the polynomial matrix norm ||+ ||,m of Definition 3.3.1 can be generalized to the case
of incomménsurable delays. Also the inductive limit topology (see Definition 3.3.4)
is applicable in this more general context, but the definition becomes technically
more involved. Finally, the norm || - ||, for polynomials in two indeterminates,
introduced in Definition 3.3.13, is easily extended to polynomials in more than two
indeterminates. ,

With these generalized definitions of the norms and topologies, the results of
Subsection| 3.3.1 remain valid. Most of these results rely either on the structure of
inductive limits, or on the fact that for all z € C*: |e™™%| < 1. Since all time-delays
7; ave strictly greater than zero, we still have:

viefl,... k}Vn>0VzeCF: |e™| <1, (3.81)

and the Te proofs can be applied. The only difficulty left is the result of Propo-

sition 3.3.15 on the continnity of the map y from a polynomial matrix to its char-
acteristic polynomial. Here exponentials do not play a role. However, in the proof
of this resuit the number of indeterminates is not significant. Therefore this result
also holds in the case of incommensurable time-delays.

“The results of Subsection 3.3.2 are easily generalized, as far as the perturbations
of the matyices A(sy,...,s:) and B(sy,...,s:) are concerned. However, in Theorem
3.3.17 perturbations of the lengths of the time-delays lead to a more complicated
situation. | But generalization to the incommensurable delay case is still possible.
Because of (3.81), all perturbations of the time-delays can be treated successively. In
each step 1, (i = 1,..., k), the exponentials e~"%,...,e"T-1¥ and e~T+1% ... e~™?,
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corresponding to all time delays except 7;, are bounded above by 1 in absolute
value because we assume that z € C*. Therefore exactly the same techniques as in
formula (3.55) may be applied successively, for each 7; separately, to arrive at the
desired result.

To explain this idea more clearly, consider the case of two inco_rggxensurable
time-delays. Let Ao(sy, $2) = Lo Theg Aijsi’sy?, and consider a z € C¥ such that
M S uA(}(Sl,sz)“m -+ 1. Then

[l Ao(e™™%, e77%) — Ag(e™"*,e~"%)| <EZHA,;H le~%e """—e”"" | g
. f2=0) Fe=0

X T Mgl (e - e e e <

=0 j=0

k

<22 45l iz / g + 2 / it <

=0 j=0
) ’ . .
ZE NAsll - (fel - L2l - 17y =l + 5] -l < 1Fe — 7o) <
£=0 ;=0

< (1 Ao(s1, Sz)”pm + 1) | Ao(s1, 82)llpm - (kT2 = 71 + £]F2 = 7).

Takmg 71 and 7, close enough to 73 and 7 respectwely, thls last expressxon can be
made arbltra.nly small. o

Subsectlon 333 is already put in a general context S0 here nothmg has to
be done. - Note however that in Proposition 3.3.30 only one time-delay is needed
to achieve an appropriate perturbation of the matrix @(z), and that g(z) = e“"'
satisfies the condition g'(\) # 0 for all A € C.

" In the first part of Subsection 3.3.4 we are now dealing with analytic functions
of the form V

p(z) = det(z] — Ale ™%, ..., e ™).

The assumption on the absence of zeros on the imaginary axis can be removed in
almost the same way as it was done in Proposition 3.3.36. The proof becomes
somewhat unclear because of notational difficulties, but the same ideas still apply.
Of course Rouché’s Theorem is still valid, and it is also easily seen that all zeros of
p(z) = det(zI — A(e™™*,...,e"*)) in C* are contained in a compact subset of C¥.
Therefore, Lemma 3.3.38 st111 holds, and the same process of successively reducing
the order of the zeros to 1 can be used. Again, Rouché’s Theorem guarantees that
the total number of zeros in C* remains constant, and that simple zeros remain
simple. Moreover, the results of Subsection 3.3.3 imply that the condition on the
degree of A(sy,...,5) is satisfied. Also perturbations of the matrix B{s;,...,s;)
are easily found. For a suitable perturbation f3, one has to substitute the right half
plane zeros {1, ..., An} of p(2) = det(2/—A(e™™*,...,e ™)) in B(e™™%,...,e™™*).
Since there is only a finite number of zeros of p(z) in C*, the method of Lemma
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3.3.42 is still applicable. Therefore also Theorem 3.3.43 can be generalized to the
case of incommensurable time-delays. Finally, the generalization of the genericity
result for stabilizability w.r.t. €~ to arbitrary stability domains C, is completely
analogous to the commensurable delay case. Only the shift operator H, of Definition
3.3.19 has to be adapted a little.

Summarizing, we conclude that our genericity result for the stabilizability of
time-delay systems with commensurable time-delays, is also true for systems with
incommensurable time-delays.

Theorem 3.3.47 Let C, be a stability domain satisfying the conditions of Defini-
tion 3.1.2. Time-delay systems with incommensurable time-delays of the form

#(t) = Ao, ..., 00)2(t) + Bloy,. .., ox)u(t),

where 0; (i = 1,...,k) denotes the delay operator corresponding to a time-delay
7, are generically stabilizable w.r.t. C, by dynamic state feedback in the following
sense:

The subset of the parameter-space

Wi = {(A(81,- - -,58), B(81, .. -y 88), (T1y. .-, 7)) | A5y ..,5¢) € Rsn,...,5]™",
B(s1,...,se) €R[sy, ..., 8] A >0 =1,...,k)},

consisting of all parametrizations £ = (A(s1,...,8:), B(s1,..., ), {(11,..., %)), of
time-delay systems satisfying , :

Vz € C\C,: rank(2] — A(e™™%,...,e7™") | Ble™*,...,e" ™)) =n,
contains an open aend dense subset of the space Wk. -

Since stabilizability by dynamic state feedback and detectability are dual con-
cepts, application of Corollary 3.2.9 (441) yields the following result.

Corollary 3.83.48 Let C, be a siability domain satisfying the conditions of Defini-
tion 8.1.2. Consider all time-delay systems with incommensurable time-delays of the
form -

#(t) = Alor,...,00)2() + Bloy,...,o0)u(t),
y(t) = Cloy,...,o0)z(t) + D{oy,...,01)u(t),

where o; (i = 1,...,k) denotes the delay operator corresponding to a iime-delay
1;. For this class of systems both detectability and stabilizability by dynamic output
feedback w.r.t. the stability domain Cy are generic properties. . -

Theorem 3.3.47 and Corollary 3.3.48 are rather strong results: when a stability
domain €, satisfying the conditions of Definition 3.1.2 is fixed, the property of
stabilizability w.r.t. C, by dynamic output feedback is generic, both for systems with
commensurable and incommensurable time-delays. This indicates that the condition
for stabilizability is very weak; it is satisfied for almost all time-delay systems. On
the other hand, the problem of finding an internally stabilizing feedback compensator
turns out to be very difficult. We return to this question in later chapters.
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Chapter 4

ConStructive commutative
algebra

In Chapter 2 we have seen that the framework of linear systems over rings provides
a very versatile and powerful method for the description of a large class of systems
and also for the design of feedback compensators. Especially systems over polyno-
mial rings turned out to be important, certainly for the application to time-delay
systems, In this algebraic framework, a lot of interesting properties of a system
can be reformulated as properties of polynomial ideals, A little foretaste of this
approach was given in Proposition 2.8.5, but in the next chapter we elaborate more
on this subject. However, the translation of a problem into terms of polynomial
ideals does not yield a final answer to our question; it is only a restatement of the
same problem, in the expectation that the new question is somewhat easier to an-
swer. For polynomial ideals, this is indeed the case: there exist several constructive
methods in commutative algebra to verify properties of polynomial ideals algorith-
mically. This chapter gives an introduction to two of these methods: Grébner bases
and characteristic sets. In the next chapter, we shall study the application of these
methods to solve some problems for linear systems over polynomial rings.

Although a lot of problems in the field of constructive commutative algebra may
be considered as classical (e.g. the membership problem for a polynomial ideal), the
interest in this field has increased rapidly in the last two decades. This "revival” has
two main causes. First of all, the Grébner-basis method, invented by Buchberger in
1965 and refined in the years after, made it possible to find algorithmic solutions to
a lot of problems in commutative algebra. The only problem was (and in some sense
still is) that the computations were very time and memory consuming. With the
increasing speed and memory capacity of new generations of computers, the Grébner
basis method became also practically applicable. Nowadays most computer algebra
packages contain standard software for the computation of Grébner bases.

This wide availability of powerful algorithms also opens the way for new appli-
cations. Formerly, the restatement of a question into a problem of commutative
algebra was not useful, because this new problem was not solvable anyway. Nowa-
days this situation has changed drastically. Because of the existence of techniques
like the Grobner-basis method, it becomes interesting to find reformulations of a
problem into algebraic terms, and to find solutions using the powerful tools in this

113
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field. Our approach to systems over polynomial rings as sketched in the first lines of
this chapter, should also be seen in this perspective. It is motivated by the powerful
algorithmic tools nowadays offered by computer algebra.

In the methods from constructive commutative algebra considered in this chap-
ter, polynomial ideals play the leading role. Manipulations on the elements of a
polynomial ideal are carried out with the objective to find a set of generators with
a number of useful properties. With this new set of generators a lot of problems
are solvable, e.g. the membership problem or the problem of computation modulo
a polynomial ideal. The same techniques may also be used to eliminate some vari-
ables from a system of polynomial equations. This enables us to find a solution to
such a system of equations. There are several methods to carry out these simplifi-
cations, for example Grobner bases, characteristic sets and resultants (see e.g. [32,
Section 122]). In this chapter we only consider the first two methods.

In Section 4.1 we give an introduction to the Grébner basis method. It only
contains the main ideas of the algorithm, and some of its applications. Within the
scope of this thesis we are only able to give a little of the 8avour of this method.
For a more thorough treatment we refer to the literature. Two recent books on this
subject are [14] and [2].

Section 4.2 is devoted to the method of characteristic sets. We shall treat this
subject in much more detail. This is motivated by the fact that this method is not
as well known as Grobner bases, and not as widespread. Compared to Grébner
bases, there exists only very little literature on characteristic sets, and therefore it is
probably more useful to dwell somewhat longer on this subject. Finally we make a
comparison of both methods in Section 4.3. It turns out that characteristic sets are
not as well developed as Grébner bases yet, and that Grébner bases form a more
powerful and versatile tool for the problems we are interested in. Therefore mainly
the method of Grobner bases is applied in the rest of this thesis.

4.1 Grobner bases

As already mentioned in the introduction of this chapter, the Grébner basis method
is nowadays probably the most powerful method in constructive commutative alge-
bra. It was invented in 1965 by Buchberger, who named the method after his thesis
advisor Prof. W. Grobner. In fact, it was Hironaka who introduced the concept
of Grobner bases under the name "standard bases” in 1964 (see [45]), but unfortu-
nately his proof of existence was not constructive. Instead, Buchberger obtained an
algorithm for the computation of these bases. An implementation of this algorithm
is nowadays available in most computer algebra packages like Mathematica, Maple
and Reduce. S

The purpose of this section is to give a short introduction to the Grébner basis
method: how does it work, and what can you do with it? For a more detailed
study and for refinements of the algorithms we refer to the vast literature on this
subject. We mainly follow the same approach as in [76], because this treatment is
very compact, but we shall also give some extensions from other references. Other
short introductions are given in [7] and [27, Chapter 2].
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4.1.1 The Euclidean algorithm

The Grobner basis method can be seen as a generalization of the well-known Eu-
clidean division algorithm. To illustrate the resemblances, we start with a short
glimpse at this algorithm.

Let K be a field and consider the Euclidean ring X[z] consisting of all polynomials
in the indeterminate x with coefficients in K. Every ideal Z in K[z] is principal and
its monic generator is uniquely determined. This is the monic polynomial in Z of
lowest degree; it can be seen as the simplest nonzero polynomial contained in the
ideal Z. When the generator g of an ideal 7 is known, a lot of questions on the ideal
T are easily answered. For example, a polynomial p € K|z] belongs to Z if and only
if g divides p. The variety V() of the ideal Z, i.e. the set of all common zeros of
the polynomials in Z, is simply the set of zeros of g. Two ideals are equal 1f and
only if their monic generators are equal to each other.

Often, a finite number of polynomials p;,...,px € K[z] are given, generating
together the ideal 7 = (p;,...,px). In this case, questions like those posed above,
are not easily solved directly. A monic generator of Z has to be computed first. This
can be done with the Euclidean division algorithm.

Definition 4.1.1 Let p; and p, be polynomials in K[z], and assume that p, is
nonzero. Then there exist two uniquely determined polynomials ¢ € K[z] and
r € K[z], with deg(r) < deg(p;) such that p, can be written as

p2=q-pp+T
r is called a remainder of p, after division by p;, and is denoted by r = rem(ps, p1).

Proposition 4.1.2 (Euclidean algorithm) Let p; and p; be two nonzero polynomials
in K[z}, and assume that deg(p;) < deg(p2). Apply the following algorithm:

g = Pys T I= Pry

while » # 0 do
remainder := rem(g, 7);
g=r;
r 1= remainder;

od;

After termination of the algorithm g is a generator of the ideal {py, p;). Moreover,
g is a greatest common divisor of the polynomials py and p. -

A proof of the termination of this algorithm, and of the correctness of the result
can be found in for example [14, pp. 41-42] or [93, pp. 53-55].

The generator of an ideal spanned by more than two polynomials can be com-
puted by successive application of the Euclidean division algorithm.

The algorithm of Proposition 4.1.2 has two important features. First of all, the
degree of a polynomial plays an important role. It can be seen as a measure for
the complexity of a polynomial. In the algorithm a sequence of polynomials with
strictly decreasing degree is obtained. Since such a sequence must be finite, this
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yields a polynomial of minimal degree that is contained in the original ideal. By
definition, this has to be a generator of the ideal. For the construction of the sequence
of polynomials with decreasing degree, the concept of division with remainder as
described in Definition 4.1.1 is used.

The Grobner basis algorithm can be seen as a generalization of this idea to
rings of polynomials with more than one indeterminate; it is based on the same
principles. Given a polynomial ideal, we want to obtain a set of generators of low
complexity, So we first need a measure for the complexity of a polynomial in more
. than one indeterminate: a generalized notion of degree. For this an ordering on
monomials (i.e. on polynomials consisting of only one term) is required. Moreover,
a generalized division algorithm is necessary to make the computation of polynomials
of lower (generalized) degree possible. The Grébner basis algorithm is a method that
guarantees that with this division algorithm, and in a finite number of steps, a set
of generators xs obtained that have some very useful properties.

4.1.2 Term orderings

Let K be an arbitrary field, and let R := K[y, ..., z,] denote the ring of polynomials
in the indeterminates x;, ..., 2, with coefficients in K. In this subsection an ordering
on the monomials in R is defined. In this way the notion of degree is generalized to
polynomials in more than one indeterminate.

First we need a ranking of the indeterminates of the polynomial ring. This
ranking indicates what indeterminate is considered to be more important than the
others, and induces a rmultidegree on the monomials in R.

Definition 4.1.3 A ranking of the indeterminates z,,..., 2, is a permutation 7 of
the index set {1,...,n}. The indeterminates are ordered according to the sequence
Tr(1)s- -1 Ta(n)e I 1 £ € < 7 < n, then Ty is said to be of higher rank than x,;),
and we write Tu(;) > Tx(j)-

Definition 4.1.4 Let m = fzf ...2% be a monomial in R, and suppose that
a ranking 7 of the indeterminates z;,...,2, is fixed. Then the multidegree of m,
denoted by mdeg(m), is defined as the n-tuple

mdeg(m) = (46, (), 08 (), - Qs (). (41)

Example 4.1.5 Let R = Rlzy, 4, 73] and fix the ranking @3 > x3 > ;. Then the
multidegree of zizizs is (7,1,2).

We conclude that a ranking of indeterminates specifies a bijective map from the
set of all monomials in R to the set Nj, where Ng denotes the set NU {0} consisting
of all non-negative integers. So, if a total ordering on the n-tuples in Ny is fixed, this
automatically leads to an ordering of monomials in R. However, to maintain the

properties of the notion of degree, this ordermg on Nj has to satisfy some regularity
conditions.

Deﬁnition 4.1.6 A term ordering on the monomials in the polynomial ring R
consists of a ranking 7, and an ordering > on Nj satisfying the following properties:
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(i) > is a total ordering on N,
(i) If a,ﬁ,’ye Nj are such that @ > Bythena+v>8+7,

(#ii) > is a well-ordering. This means that every non-empty subset of Nj has a
smallest element under >,

(i) (1,0,...,0) > (0,1,0,...,0) > --- > (0,...,0,1).
A monomial m; is said to be smaller than a monomial m; if mdeg(m;) < mdeg(my).

Conditions (%) and (i) imply that (0,...,0) is the smallest element of Nj, so
a constant term is always smaller than a monomial containing at least one inde-
terminate. Moreover, condition (%) indicates that if a pair of monomials m; and
my satisfies my > mg, and we multiply both by another monomial a, then also
amy > amy. Condition (#v) ensures that the ordering of the indeterminates in the
term ordering > is the same as in the ranking 7. When an ordering on N (and
thus on the monomials in R} is fixed, notions like maximum, minimum etc. are also
well defined. Some important orderings satisfying the conditions of Definition 4.1.6
are the following: ‘ '

Definition 4.1.7 Let a = (as, ..., o) and = (f1,...,8.) € N;.

(i) The (strict) lexicographic ordering (or pure lexicographic ordermg) S1ex 18 de-
fined by

o >1ex B :<=> there exists a j € {1,...,n} such that
o; = G; for all i < j and o; > G;.

(#) The graded lexicographic ordering (or total-degree ordering) >14eq is defined by

O D B> (ia,- > iﬁ,-) or

f=1 =1

((zn: Q; = il@:) a,nd o Dlex /3)

=1 i=1
(it} The graded inverse lexicographic ordering > greviex is defined by
n n
& > greviex B = (E o; > 2'61) or
i=1 i=1

(i =3_f) and there exists a j € {1,...,n}

=1 i=1

such that o; = §; for all ¢ > j and a; < ;).

Example 4.1.8 Let R be the pco}ynomxal ring Rz, 23, xs} with ranking 25 > z; >
z3. Consider the monomials
ma(21, T2, 3) = T3T2T3; mdeg(m;) = (1,3,1),

$1¢§$33 mdeg(ma) = (2,1, 1),

i

ma(x1, T2, T3)

ma(T1, T2, T3) = T7323; mdeg(ms) = (2,1,2).
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Then it is easily verified that

(2, 1, 2) >lex (23 1, 1) Zlex (1: 3, 1) $0 Mg >lex My Zlx T,
(2,1,2) >uaeg (1,3,1) >raeg (2,1,1) 80 Mg Diaeg My Dtdeg Mo,
(1,3,1) >grevlex(2: 1,2) >grevlex(2, L,1) so my > greviexT3 > greviex™a-

Next we adopt the convention to write a monomial in R with multidegree o =
(o1,...,04) as 2. A polynomial in R is simply a finite sum of monomials. We will
use the notation

plz) = 3 caz®,

aeNg

always tacitly assuming that only finitely many of the coefficients ¢, are nonzero.

Definition 4.1.9 Let R = Klzy,. .. 2.} and assume that a ranking of thé indeter-
minates Zi,...,%s, and an ordering on Ng are fixed. Let p(z) = Laeng caZ® be 2
nonzero polynomial in R. Then

(i} The degree of p is defined as the maximum of the multidegrees of the terms in
: ‘

deg(p) := max{x € Nj | ca # 0} (4.2)
(i) Thg leading coeﬁcz’ent ofpis

1e(p) = Cate | )
(it¢) The initial term of p is defined as

in(p) := le(p) - %P, V (4.4)

The definition of degrees and mmal terms is easily generahzed to subsets F of
the polynomial ring R:

deg(F) := {deg(p) | p € F\{0}}, (4.5)
in(F) := {in(p)|p € F\{0}}. (46)

The initial terms play an important role in the definition of Grdbner bases. How-
ever, before giving this definition in Subsection 4.1.4, we first generalize the other
important ingredient of the Euclidean algorithm to the case of polynomial rmgs in
more than one indeterminate: the division algorithm.
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4.1.3 Generalized division

Let F be a finite subset of the polynomial ring R, and let T = (F) be the ideal
generated by the polynomials in F. In analogy with Proposition 4.1.2, a division
algorithm has a double purpose. On the one hand it is used to manipulate the
polynomials in F in such a way that new polynomials in 7 are obtained that are
of lower degree than the polynomials in F. On the other hand we want to use the
same algorithm to verify whether or not a given polynomial belongs to the ideal Z.
The algorithm presented in this subsection is based on these two ideas.

Definition 4.1.10 Let F be a finite subset of the polynomial ring R = K|z, ..., Zn)
with term ordering >. A polynomial ¢ € R is called an admissible combmatzon of

- F if either g = 0 or ¢ can be written as an expression of the form

g= Y. cfvp)z"p, (4.7)
YENGpEF

with ¢(7,p) € K, and satisfying the condition
deg(q) = max{deg(z” - p) | c(v,p) # 0}.

The case ¢ = 0 may be considered as a special case of (4.7), when we regard the
‘polynomial ¢ = 0 as the polynomial generated by the empty sum. If ¢ # 0 is an
admissible combination of F, ¢ can be generated in such a way that the terms of
highest degree do not cancel out.

Example 4.1.11 If p; and p, are polynomials in R, and oy, ap € N3, then 2% -p; —
2%2.p, is an admissible combination of {p;,p,} if and only if z* -in(p;) # 2°2-in(p,).

Lemma 4.1.12 Let F be a finite subset of the polynomial ring R = Klz1,...,%4]
with term ordering >, and denote the ideal generated by the initial terms of F by
(in(F)). For every element p € (in(F)) there exists an admissible combination q of
F such that

in(g) = in(p). ‘ (4~8)

- Proof

Let p € {in(F)). Then there exists a polynomial f € F such that in(f) divides

in(p). Take ¢ = ii((% f. =

In the next proposition, the notion of admissible combination plays the same role
as division with remainder in the Euclidean division algorithm (compare Definition
4.1.1 and Proposition 4.1.2).

Proposition 4.1.13 (Generahzed division algorithm) Let F be a _ﬁmte subset of
the polynomial ring R = K[z1,..., ;] with term ordering >. For every polynomial
p € R there exists a decomposition p = q + P satisfying the following properties:

(i) q is an admissible combination of F,

(i) 7 =10 orin(p) € (in(F)}.
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Proof
Let p € R and apply the following algorithm

p=p;q:=0;

while (F # 0 and in(p) € (in(F))) do
m == admissible combination of F such that in(m) = in{p);
gi=q+m
pr=p—m;

od;

Since in every step of the algorithm, the degree of the admissible combination
 m strictly decreases, it follows that the desired result is obtained, if the algorithm
terminates. To prove termination, let pg = p, and p; be the value § after k loops.
Suppose that p, # 0 and in(py) € {in(F)). Then deg(pr+1) < deg(px). So (pe,p1,.-.)
is a sequence of polynomials of strictly descending degree. Since > is a well-ordering
{condition (i) of Definition 4.1.6), every strictly decreasing sequence is finite. Hence

the algorithm terminates. -

Note that if a nonzero polynomial p, with in{p) € {(in{F)}}, is decomposed into
p = ¢ + P according to Proposition 4.1.13, then in{q) = in(p).

Remark 4.1.14 The algorithm in the proof of Proposition 4.1.13 is called division
by F. The polynomial § that is obtained after termination of this algorithm is called
a remainder of p after division by F. This polynomial plays the same role as the
remainder in the Euclidean division algorithm.

Remark 4.1.15 Since there is a lot of freedom in the choice of an admissible combi-
nation m € F such that in(m) = in(p), the remainder of a polynomial after division
by F is not unique.

Remark 4.1.16 If there exists a remainder of the polynomial p after division by
F that is zero, then it is obvious that p € {(F). However, in general it is possible
that there are polynomials in the ideal (F) for which there exists a remainder after
division by F that is nonzero. In the next subsection we shall see that exactly the
property

p € (F) <= each remainder of p after division by F is zero,

characterizes a Grobner basis.

4.1.4 The definition of Gerner bases

This subsection is devoted to the formal definition of the concept of Grébner bases.
Moreover, the relationship between Grébner bases and the generalized division al-
- gorithm is elaborated.

Definition 4.1.17 Let Z be an ideal in the polynomial ring R = K [:cl, .+ Zn] With
term ordering >, and assume that 7 is nonzero. A finite subset G of T is called a
Grébner basis of T if and only if in(G) generates the ideal (in{(Z)), i.e.

(in(G)) = (in(2)) C (49)
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Remark 4.1.18 Every nonzero polynomial ideal Z has a Grobner basis. Namely,
consider the ideal (in(Z)} and let M be a finite subset of in(Z) generating the ideal
(in(Z)). Then any finite subset G of Z such that M C in(G) is a Grobner basis of
Z. This implies that a Grobner basis is not unique. In fact, every finite subset of
Z\{0} containing a Grdbner basis of Z, is itself a Grobner basis of . :

Remark 4.1.19 A finite set of monomials is a Grébner basis for the ideal generated
by these monomials.

Definition 4.1.17 indicates that for a finite subset F* of an ideal Z the property
of being a Grébner basis of Z is completely determined by the initial terms of F
and Z. The definition can be seen as a generalization of the one-indeterminate
case. In that situation, the generator g of an ideal 7 is a nonzero polynomial of
minimal degree. Hence (in(g)} = (in(Z)). In this perspective, Definition 4.1.17
is simply a generalization of this characterization to polynomial rings in more than
one indeterminate. There are even more resemblances: also the relationship between
the generator of an ideal and the Euclidean division algorithm is preserved in some
sense. '

Proposition 4.1.20 Let T be an ideal in the polynomial ring R = K[z1,..., 2]
with term ordering >. Let F' be a finite subset of T. Then the following conditions
are equivalent:

(i) F is a Grébner basis of T.
(ii) For every polynomial p € I, each remainder of p efter division by F is zero.

(#ii) For every polynomial p € I, there exists a remainder of p after division by F
that is zero. ‘

Proof

(i) = (i) Assume that F is a Grobner basis of Z, and let p € Z. After division
by F, p can be written as p = ¢+, where ¢ is an admissible combination of F', and
either § = 0 or in(p) & (in(F)). Clearly ¢ € Z, and thus also § = p — g € Z. Since
F is a Grobner basis of Z, we have

in(p) € (in(Z)) = (in(F)).
Hence p = 0.
(i) = (iti) Trivial.
(i) = (i) Assume that for every p € I there exists a remainder of p after
division by F that is zero. Let p € Z. Then there exists an admissible combination

g of F such that p = ¢q. So in(p) € (in(F)). Since p € T was arbitrary we conclude
that {in(Z)) = (in(F)), and F is a Grdbner basis of T.

Corollary 4.1.21 Let T be an ideal in the polynomial ring R = K[z1,...,Zs] with
term ordering >, and let G be a Grébner basis of . Then

(i) G generates the ideal I: (G) = T.
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(i) Let p € R. Then p € T if and only if each remainder of p after division by G

1s zero. -

Corollary 4.1.21 states some very interesting properties of Grébuer bases. First
of all they are generating sets for the corresponding ideal, but moreover, when a
Grébner basis of an ideal is obtained, the membership problem can be solved algo-
rithmically using the generalized division algorithm of Proposition 4.1.13. Therefore
a Grébner basis of an ideal can be seen as a generating subset with some very useful
properties. Note that the terminology "basis™ for a generating subset is a little bit
old-fashioned because the elements of a Grdbner basis are not linearly mdependent
in general.

Unfortunately not every generating subset of an ideal is a Grobner basis.

Example 4.1.22 Let R = Rz, z,], and choose the rankmg 3 > T2 and the pure
lexicographic ordering of Definition 4.1.7 {i). Define

fi= ;a1 deg(f) = (L0} in(fi) ==
fr = Tyzatxa+3, deg({fe) = (1,1); in(fy) = z1%,.

Let F := {f1, f2} and Z := (F). Then F is not a Grobner basis of Z. This due to
the fact that

=‘—-a:2+21:2+3~*—-x2 h+fel,

and in{g) = —z3 is not an element of the ideal {z;,z,2;) = (in(F)). With the
results of the next subsection it is easy to show that {fi, g} is a Grébner basis of Z,
but at this moment this statement is difficult to verify.

We conclude that there is still one problem left. Given a finite set of generators
of a polynomial ideal, we want to construct a Grébner basis of that 1deal This is
the subject of the next subsection.

4.1.5 Computation of Grobner bases

The importance of the Grbner basis method does not only originate from the nice
structure of these generating sets. The interest in this method was mainly initiated
by the fact that Grbbner bases can be constructed algorithmically. This makes
it possible to apply this technique for the solution of several problems concerning
polynomial ideals.

The idea behind the construction algorithm is straightforward. Given a finite
set F' of polynomials, we take a polynomial p in the ideal (F'), and compute the
remainder of p after division by F. This remainder has to be an element of (F). If it
is nonzero, we add the remainder to the set F, and continue with this new extended
set of generators. ‘Now a few questions arise. How do you choose a polynomial
p € (F)? Is there any guarantee that the algorithm terminates, in other words, is a
Grobner basis obtained after a finite number of steps, and how is this verified? The
main point of the Grobner basis algorithm is that when we consider only a special
kind of polynomials in the ideal {(F} (namely the so-called S-polynomials), all these
questions are answered automatically.
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Definition 4.1.23 Let p;, p; be elements of the polynomial ring R = K[zy,...,2n)
with term ordering >. Define & := deg(p;) and # := deg(p,). Let 7 be the n-tuple
in Nj such that v; = max(e;, £), (i = 1,...,n). The monomial z” is called a least
common multiple of in(p;) and in(p,). Now the S-polynomial of p; and p, is defined
a8 : ‘
x7 x7 )
S(p1, p2) == - T - Pa. 4,10
(p1,2) ey P hey T (4.10)

The name S-polynomial is an abbreviation of subtraction polynomial. They are
constructed in such a way that the initial terms of the two components p; and p,
cancel out. '

Example 4.1.24 The polynomial ¢ in Exaniple 4.1.22 is the S-polynomial of f,
and fi.

S-polynomials have the following important property:

Proposition 4.1.25 Let T be an ideal in the polynomial ring R = K[zy,...,2x)
with term ordering >. Assume that T is generated by a finite subset F C R\{0}.
Then :

F is a Grébner basis of I;
<= ) )
Vp,q € F: there exists a remainder of S(p, q) after division by F
that is zero.

For a proof we refer to ['?6, p. 226), [7, p.191] or [14, p.84].

Proposition 4.1.25 implies that we only have to consider remainders of S-polynom-
ials to verify whether a generating set is a Grobner basis of an ideal. This observation
leads quite naturally to the following construction method for Grébner bases.

Theorem 4.1.26 (Grobner basis algorithm) Let Z be a nonzero ideal in the poly-
nomial ring R = Klxy,...,Ts] with term ordering >. Let F be o finite set in R
which generates I. Then a Grébner basis of T can be constructed with the following

" algorithm in a finite number of steps: :

’Fg = F .
Fir = Fu({8(.9);|p qe FN{0});

where S(p, q); denotes a remainder of the S-polynomial of p and q after division by
F.. If F,.3 = F;, then F; is a Grébner bastis of the ideal T.

Proof v , ‘
According to Proposition 4.1.25 it suffices to show that this algorithm terminates.
So we only have to find a k£ € N such that Fy = Fi.;.
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By definition, F; C F,,1, and thus (m(F ne (m(F,.;.l}} Smce Klzy,...,z,.] is a
Noetherian ring, the ascending chain

{in(Fp)) € (in(F)) € -~
becomes stationary. Hence there exists a k¥ € N such that
(in(Fx)) = {in(Fi41))-

Let r € Fpy\Fr. Then there are polynomials p and ¢ in F such that r is
a remainder of S(p,q) after division by Fj. However, in(r) € {in(F})}, and thus
Proposition 4.1.13 implies that r = 0. This contradicts the definition of Fy.;, and
we conclude that Fy . \Fp = -

The algorithm of Theorem 4.1.26 only describes the main idea behind the con-
struction of Grobuer bases. The algorithms implemented in most computer algebra
packages contain a lot of refinements to prevent unnecessary divisions and adding
* of polynomials to a basis. For more details on this subject we refer to [7] and [2].

"~ Remark 4.1.27 Application of the Gribner basis algorithm to an ideal generated
by a finite set of polynomials F' = {fi,..., fi} in R does not only yield a Grébner
basis G = {g1,...,9¢}. Implicitly, also the relations between the polynomials in F
and G are computed. All polynomials in G are R-linear combinations of f;,..., f&.
Sometimes these polynomial coefficients relating the polynomials of G to F are
needed in subsequent computations. By an accurate bookkeeping of the interre-
lations between polynomials, it is possible to obtain these coefficients during the
Grébner basis algorithm. For this extra information one has to pay a price: the
necessary computer space and time are increased considerably.

It was already noted in Remark 4:1.18 that an ideal does not have a unique
Grobner basis with respect to a given term ordering. This degree of freedom can be
eliminated by imposing some extra conditions on Grobner bases.

~ Definition 4.1.28 Let 7 be an ideal in the polynomial ring R = K[zy,...,,] with
term ordering >, and assume that 7 is nonzero. A reduced Grébner basisof 7 is a
Grdbner basis of Z such that

(i) VYp e G: lke(p) =1,
(#) For all p € G, no monomial of p lies in (in(G\{p}}}. '

Proposition 4.1.29 LetT be a nonzero polynomial ideal in R = K[z1,...,Za]. For
a given term ordering > on R, the ideal T has a unique reduced Grébner basis.
For the proof of this result we refer to [14, p. 91] There a proof of the existence
and uniqueness of a reduced Gribner basis is given, and also an algorithm for its
computatlon

The algorithms in most computer algebra packages like Maple and Reduce are
based on the definition of reduced Grdbner bases, sometimes with a slightly differ-
ent convention on the leading coefficients. In the Grébner basis algorithm of these
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programs, the reduction process is carried out automatically. Note that reduced
Grobner bases w.r.t. different term orderings may be different. Also the computa-
tional expenses differ. The computation of a reduced Grobner basis w.r.t the pure
lexicographic ordermg is typically far more time consuming than the computation
w.r.t. the graded lexicographic (tdeg) ordering or the graded reverse lexicographic
‘(grevlex) ordering. In the next subsection it turns out that this observation has
important implications for some of the applications of the Grébner basis method,
especially for elimination.

4.1.6 Application of Grébner bases

The Grébner basis method can be applied to solve several questions on polynomial -
ideals and their varieties. For example, the result of Corollary 4.1.21 yields a method
to decide on the membership problem in an algorithmic way. Also the problem
whether two polynomial ideals are equal is not difficult to solve. Since a reduced
Grébner basis is unique w.r.t. the chosen term ordering, it suffices to test whether
the reduced Grdbner bases of the two ideals are identical. However, {0 one of the
main applications of the Grébner basis method we have paid too little attention
thus far: the use of Grébner bases for elimination. ,

Let f1,..., f- be polynomialsin R = K[zy,...,Z,)], and let K denote the algebraic
closure of K. Suppose that we want to find a solution in K" of the system of
polynomial equations fi(21,...,2Zn) = folZ1,.. s Zn) =+ = fo{Z1,...,Za) = 0. So
we are interested in the variety V(Z) of the ideal T := {fy,:.., f.) generated by the
polynomials fi,..., f- (see also Appendix A.2). A Grébner ba515 of T contains a lot
of information on this variety V(T).

Proposition 4.1.30 Let fi,..., f, be polynomials in R = Klz1,...,2,), and T =
(fir-.-, fr}). Let G be a Grobner basis of T w.r.t. a given term ordering >. Then

(i)V(Z):@@GﬂICaé@,

(i) V(I) is zero-dimensional, i.e. V(Z) is non-empty and contains finitely many
points, if and only if

vie {1,...,n} Sp €G3IjeN: ;n(;; z. (4.11)

Sketch of the proof

(i) is a very straightforward corollary of the Hilbert Nullstellensatz. A proof of
(i) can be found in [7, p.209] or [14, p. 232]. It relies on the fact that V(T) is
zero-dimensional if and only if K[z, ..., .]/Z is a finite (but not zero) dimensional
vector space over K. ' -

According to Proposition 4.1.30, a Grébner basis of an ideal indicates whether the

corresponding variety contains zero, a finite number, or infinitely many elements.

- When the lexicographic ordering is used, the Grébner basis method can even be
applied for the elimination of indeterminates.
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Theorem 4.1.31 Let T be a nonzero ideal in the polynomial ring R = K[zy,. .., za]-
Assume that the term ordering on R is fized by the ranking z; > Tg > <+ > Zp,
and the pure lezicographic ordering on Ni as defined in Definition 4.1.7 (i). Let G
be a Grébner basis of T w.r.t. this term ordering. Then for allk € {1,...,n},

Gi =G NK[zk, ..., 2] : ' (4.12)
is @ Grobner basis of the ideal

T =INK[Tr,..., 20 : (4.13)
in the polynomial ring Klzy, ..., z.]. '
Proof

Let k € {1,...,n} and ¢ € Z;. Because of the lexicographic term ordering, we
know that for all polynomials p € R, the inequality deg{p) < deg(g) implies that
p € K[zk,...,z,). Since ¢ € Z, Prepo&txons 4.1.13 and 4.1.20 imply that q is an
admmsxble combination of G:

q=_ 3 cloyp)-a*-p.

pEG,aENG )
If c(e, p) # 0, then deg(z™ - p) < deg(q). Hence, c(a,p) # 0 implies that z%-p €
K[zk,...,2,). Therefore ¢ is an admissible combination of Gy, and it follows from

Proposition 4.1.20 that Gy is a Grdbner basis of the ideal Zj in K{zg,...,%n]- m

We conclude that application of the Grobner basis algorithm with respect to a
lexicographic term ordering yields a set of generators of an ideal that is in triengular
form. First a number of polynomials in indeterminates of low rank is obtained, and
later on also indeterminates of higher rank occur. If the variety V(Z) of the ideal
Z is zero-dimensional, and the Grébner basis G is reduced, G, contains exactly one .
polynomial, and all elements of V(Z} can be computed by backward substitution.
This is possible because the zero-dimensionality of 7 guarantees that Grqy € Gy for
all k € {1,...,n = 1}. In this perspective, the Grobner basis algorithm looks very
similar to Gauﬁ—ehmmatlon where a triangular form for a system of linear equatzons
is obtained to facilitate the search of common zeros.

Example 4.1.82 Counsider the system of polynomial equations

3 -5 = -1,
Z1Zg — 43123 + 623 = =2,
' :‘8?1‘2 + 312y = 2.

To find a solution, we compute a Grobner basis of the ideal {f1, fa, f3) in Rz, 22, 73],
where fi = 2} - 521 + 1, fo = 2,2 — 47123 + 623 + 2 and fy = 2iry + 32075 — 2.
We use the lexicographic term ordering with ranking #; > z; > 3. In this way the
Grobuner basis {g1, g2, g3} is obtained, where

g = 5::;1-:1!:%-»1,
g2 = T5xy — 4xs + 2223 — 29073 + 2622 + 2010z3 + 750,
g5 = 2z} — 9z + 1455 ~ 2423 — 101023 — 38825 — 30.
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To find a solution, we first compute all solutions to the equation gz = 0. Numerically
this is relatively easy because g; is a univariate polynomial in the indeterminate
z3. Substitution of these solutions in the equations g; = 0 and g, = 0 yields the
corresponding values of z; and z,.

Remark 4.1.33 Note that the ranking of the indeterminates prescribes in what
order the indeterminates are eliminated. When there are some variables of special
interest, the ranking may be chosen in such a way that all other indeterminates are
eliminated first. ‘

The elimination procedure of Theorem 4.1.31 is not only useful for the compu-
tation of common zeros of polynomials; it also helps to find a Grébner basis of the
* intersection of two polynomial ideals. This method is based on the following result.

Lemma 4.1.34 Let I and J be ideals in the kpolynomial ring K[zy, ..., %), and let
t denote another indeterminate. Then :

INT=0¢-T+QQ-8)-T)NK[z1,...,2}. o (4.14)
, .
For a proof of this result we refer to [14,’ p. 186].

Remark 4.1.35 Suppose that 7 = {py,...,p) and J = {g1,...,q¢) are ideals in
the polynomial ring K[z, ...,%,). Then theideals¢t-Z, (1-£)-J and t-T+(1—¢)-F
belong to the extended polynomial ring Klzy,...,%,,t]. To obtain a Grébner basis
of TN J, we first compute a Grébner basis G of

tI+(1=-t)-T={-p,..st-p(1=) - q1,..., (1= 2) - qi)

w.r.t. the lexicographic term ordering with the rank of ¢ higher than that of all
other indeterminates. Combining Lemma 4.1.34 and Theorem 4.1.31, we conclude .
that G N K[21,...,%,) is a Grobner basis of Z N J w.r.t. the lexicographic term
- ordering.

The elimination method using Grobner bases w.r.t. a pure lexicographic ordering
also has an important shortcoming. As already mentioned in Subsection 4.1.5, the
computation of a Grobner basis w.r.t. a pure lexicographic ordering is very time
consuming, certainly when we compare it with other term orderings. Therefore this

_part of the elimination method is not very attractive from the computational point
of view. However, for zero-dimensional ideals this problem can be circumvented.
In this case it is possible to construct a univariate polynomial in the ideal under
consideration with help of an arbitrary Grobner basis.

Proposition 4.1.36 Let T be a nonzero ideal in R = Klzy,:..,%,), and let G be
e Grébner basis of T w.r.t. an arbitrary term ordering. Let i € {1,...,n} and
consider a univariate polynomial p in the indeterminate x; of degree k:

k .
p(zi) = ) _ aja].

J=0
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Let for each j € {0,1,...,k} the monomial z} be written as
"‘[‘-:: =q; -+ 'rjv‘

where g; is an admissible combination of G and r; is a remainder ofo;;i after division
by G. Then

pel <> Zagr, =0. - (4.15)
i=0 ‘

Proof
?=p” Assume tha.t p€Z. Then

k

Z“J Z%‘b"‘zaﬂ: GI

=0 §=0 i=0

The admissible combination ¢; of G is an element of T for all Jj € {0,1,....k}
Therefore %y a;q; € T and thus

k
Z a;T; € Z.

jzo

Since all Ul (j = 0,1,...,k) are remainders after division by G, we know that
for every j = 0,1,. k e1ther rj = 0 or in(r;) € (in{G)). This implies that the
polynomial Z,«o a.,r, does not contain a nonzero admissible combination of G, and
therefore it is a remainder after division by G. Since G is a Grdbner baszs of T, we
conclude that ¥5_ a;r; = 0.

"&" Assume that }: oa;r; = 0. Since g; ( = 0,1,...,k) is an admissible

combination of G, it follows that ok oaig; + '2;9:0 ajr; €. Hencep e Z. -

Zero-dimensional ideals always contain univariate polynomials in each of their
indeterminates. Using Proposition 4.1.36 we obtain the following result (see e.g. [4]
and [7]).

Proposition 4.1.37 Lei T be ¢ zero-dimensional ideal in R = Klzy,...,2,), and
let G be a Grobner basis of T w.r.t. an arbitrary term ordering. Leti€ {1,...,n}.
Compute the remainders r; of ! (j = 0,1,...) after division by G, tmtzi these
remainders become linearly dependent over K:

k
Z a;T; = 0.

i=0

Then Eg-u ;] ' is a univariate polynomial in the indeterminate z; in T of lowest
possible degree. : =

In the computer algebra package Maple, the method of Proposition 4.1.37 is
available as an algorithm under the name finduni. Application of this algorithm
speeds up the elimination procedure considerably.
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4.1.7 Complexity issues and closing remarks

The computation of a Grobner basis is extremely time and space consuming, cer-
tainly for somewhat larger problems. This observation is not very surprising because
the problems that can be solved by this method are very complex themselves. A lot
of research has been done in the investigation of this complexity issue for Grébner
bases. To get a little feeling for the problem, we mention a few results.

It is clear that the time and space consumption of an algorithm depends on the
complexity of the input applied to it. For Gribner bases, the complexity of the
input is measured by the number of indeterminates of the polynomial ring under
consideration, and by the degrees of the input polynomials. The number of input
polynomials is often omitted because this number occurs as a linear term in the
general expression. Denoting the number of indeterminates by n, and the degree
by d, the complexity of the Grébner basis computation was estimated by several
authors, and under various assumptions. They obtain the following expressions

do(ﬂ)’ ) do(u?)’ dzO(n)’ . ‘ ) ) (4.16)

(see e.g. [64], [63], [70] and the references therein). These estimates illustrate that
the computation of a Grobner basis can be extremely involved. This is probably
due to the fact that an enormous amount of intermediate polynomials have to be
computed. These polynomials become more and more complex in each subsequent
step of the algorithm. Moreover, formulae (4.16) indicate that especially the number
of indeterminates in the polynomial ideal is critical for the complexity of Grébner
basis computations.

Next, we look at the outcome of all these computations: the Grobner bases
themselves. From Proposition 4.1.29 we recall that a reduced Grobner basis of an
ideal is unique w.r.t. the chosen term ordering. This implies that before the Gr6bner
basis computation w.r.t. a given term ordering starts, the number of elements
of the corresponding reduced GrSbner basis is fixed. One of the shortcomings of
the Grébner basis method is that this number cannot be predicted beforehand.
However, there exist some upper bounds for this number; an overview of existing
results is given in [2, p. 513]. Unfortunately, an exact solution is not known yet, and
the final reduced Grobner basis can become very complex. Not only the number
of elements of a Grdbner basis may become very large, also the degrees of these
polynomials in some of the indeterminates, and their coeflicients may grow very
rapidly. This makes the final solution very difficult to overlook. Also possible
subsequent numerical computations suffer from this complex structure of Grébner
bases: numerical computation of the zeros of a polynomial becomes more involved
for polynomials of high degree and with large coefficients.

Finally, we mention once more that this section only contains the main ideas of
the Grobner basis algorithm. There is much more to say about refinements of the
algorithm, and on other applications. 1t is impossible to give a list of representative
references on this subject here. Instead we refer once more to [14] and [2] and to

" the bibliographies at the end of these books.
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4.2 Characteristic sets

The Grobner basis method is not the only method in constructive commutative al-
gebra to manipulate polynomial ideals. There are several alternatives, for example
the classical technique of resultants, and the characteristic sets algorithm. In this
section we give a rather extensive introduction to this last method. Although this
method is based on a completely different philosophy, there are also some resem-
blances with Grdbner bases. On the one hand, the characteristic set of a polynomial
ideal characterizes the ideal in a completely different way than a Gribner basis; in
general it is not a generating set. Instead, the concept of so-called ascending chains
is the key idea. On the other hand, the main ingredients of the characteristic sets
method look very similar to those of Grébner bases: there is a (partial) ordering
on polynomials, and a (pseudo} division algorithm to compute polynomials of lower.
rank. In this perspective, the characteristic sets method can be seen as another
sort of generalization of the Euclidean algorithm to polynomials in more than one
indeterminate.

The notion of characteristic sets was introduced by J.F. Ritt in his work on dif-
ferential algebra (see [78], [79]). Later on, E.R. Kolchin gave a more rigorous basis
to the work of Ritt, at least from the algebraic point of view, in his exposition on
differential algebra (see [59]). Although characteristic sets are intended to deal with
differential algebra in the first place, they can also be very useful in ordinary com-
mutative algebra. This was already pointed out by Ritt in [79], where he devoted
one chapter to the non-differential case. However, in the field of constructive com-
mutative algebra there was only little interest in Ritt’s characteristic sets method.
Through the work of Wu-Wen-Tsun (see [101]), it became clear that also in this field
characteristic sets might be a powerful tool, and new interést was awakened in the
subject. Finally, the implementation by D. Wang of the characteristic sets algorithm
in the computer algebra package Maple (see [96] and [97]), made it possible to test
the method on its practical merits. ,

One of the main difficulties in the study of characteristic sets is the fact that
the definitions used by the authors mentioned above do not coincide. Ritt and
" Kolchin use a definition which has very strong properties and is theoretically very
interesting, but with this definition characteristic sets are difficult to compute. Al-
though Ritt suggests an algorithm, it is a partly non-constructive one. On the other
hand, the definition of Wu-Wen-Tsun is based on the constructive part of Ritt’s
algorithm. It has the advantage that it is rather easily computable (this is in fact
what Wang’s implementation does), but the outcome is not as powerful as Ritt’s
original characteristic sets. , o ’

In this section we give an overview of both approaches simultaneously. One of
the main topics is the internal structure of characteristic sets. We describe to what
extent a characteristic set uniquely determines a polynomial ideal. In this way it is
also possible to clear up the confusion, caused by the before mentioned disagreement
on the definition issue. Furthermore we investigate some of the applications of
the characteristic sets method in commutative algebra. Except for elimination,
characteristic sets can also be used to solve several questions on polynomial ideals.
The method is especially suitable for the representation of a radical ideal as a finite

intersection of prime ideals.
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In this section we follow the same lines as in [35]. This paper contains an overview
of the characteristic sets method, mainly based on [79], [101] and [98]. It especially
emphasizes the difference between Ritt- and Wu-characteristic sets. Moreover, some
results are derived in a slightly different way. Another overview of the characteristic
sets method can be found in [10].

~ Finally we remark that in this whole section we confine ourselves to the non-
differential case.

4.2.1 Ritt-characteristic sets

The purpose of this subsection is merely to give the framework in which characteristic
sets can be defined. We shall take the same approach as was originally taken by
Ritt. To do so, we have to introduce a few, partly new, concepts; some of them
- we already encountered in the section on Grdbner bases, often in a slightly different
form. - :

Let K be a fixed basic field of characteristic 0, and consider the set of inde-
terminates {z,s,...,2n}. In the same fashion as in Definition 4.1.3, a ranking is
defined, inducing an ordering on these indeterminates. It describes which indetermi-
nates are considered to be more important than others. To facilitate the notation in
the subsequent subsections, we assume (without loss of generality) that this ranking
is fixed in the following way:

Ty < Tg < ... =< Tp. (4.17)

In the characteristic sets method this ordering is used to introduce a partial ordering
on the polynomials in K[zy,...,2,]. So here we encounter the first difference with
 Grébaner bases. _
Definition 4.2.1 Let f € K[zy,...,%,]. Then the class of f is defined as:
class(f) :==<¢ 0 S if fekK\{0}, o (4.18)
max{i | deg, () >0} if fe€Klr,...,z.)\K,
where degx;.( J) denotes the degree of f, considered as & polynomial in z; with co-

efficients in Kzy,...,Zi-1, Tig1,...,2Zn)]. Soif f is not a constant, the class of f is
the index of the largest variable (in the ordering (4.17)) that actually occurs in f.

Definition 4.2.2 Let f,g € K[z1,...,Z,). Then f has a higher rank than g (nota-
tion f > g) if one of the following properties is satisfied:

(i) class(f) > class(g),
(i) class(f) = class(g) = p for certain p > 0, and deg,, (f) > deg,,(9). v
if for two polynomials f and g neither f » g nor g > f, then f and g are said
to have the same rank, and we write f ~ g.
Note that the ranking defined in Definition 4.2.2 only imposes a partial ordering

on the polynomial ring K[zy,...,%,). For example, the polynomial z} + z;23 has
lower rank than z; + z3, but has the same rank as z? + 22322 + z12,.
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Definition 4.2.3 Let f be a polynomial in Klz;,...,z,), with class(f) = p > 0.
A polynomial g is called reduced with respect to f (notation g <« f) if one of the
following conditions is satisfied:

(i) p=0and g =0,
(ié) p > 0 and deg, (g) < deg,, (f)-

Of course it is also possible that a pair of polynomials is reduced with respect to
each other. An example is the following: ’

f
g

In a polynomial ring in one indeterminate, a generator of an ideal Z is a nonzero
polynomial that is reduced with respect to all other nonzero polynomials of the ideal.
In this situation the Euclidean algorithm constructs a sequence of polynomials in
which each successor is reduced with respect to its predecessor. The same ideas are
applicable to polynomial rings in more than one indeterminate. When a polynomial
f is not reduced with respect to a polynomial g, we can achieve this property by
carrying out a same sort of division algorithm. However, when class(g) = p, then ¢
is not necessarily monic, considered as a polynomial in z,, and the normal Euclidean
division algorithm cannot be applied. To overcome this problem we introduce an
alternative way for computing the remainder of one polynomial with respect to
another polynomial.

z3 + 32} + 52, - 2
(z} +221)23 + 2172 + 1.

Definition 4.2.4 Let f be a polynomial in K[z;,...,%,], and assume that p =
class(f) > 0, and and deg, (f) = d. Then f can uniquely be written as

d
f=2 o
i=0
with &; € K[z1,...,%p-1]. The coefficient oy, belonging to the highest power z§ of
f is called the initial of f, denoted as

If = Qy.

Note that there is a big difference between initials and initial terms as defined
in (4.4); an initial term is always a monomial, while an initial may be a polynomial -
with more than one term. Using initials, the alternative division algorithm, called
pseudo-division, is given by: :

Definition 4.2.5 Let f,g € K|zy,...,2,], and assume that g # 0. Then there
exist an integer v € NU {0} and a polynomial ¢ such that I ¢ f = qg is reduced with
respect to g. The pseudo-remainder of f with respect to g is the polynomial R in
the formula ‘

Ijf =99 +R,

where v is chosen as small as possible, while R remains reduced with respect to g.
In this way, R is uniquely defined. Notation: R = prem(f, g).
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Definition 4.2.5 is illustrated by the following example. Choose:

f = mat+a?
g = 1T+ 1.

Then z1(z173 + 2) = (7122 + 1)(z172 — 1) + 1 + 22. So prem(f, g) z3+ 1.
With the foregoing definitions, we can introduce the key 1dea of the charactenstlc
sets method: the notion of ascending chains.

Deﬁmtzon 4.2.6 An ascending chain .A is a sequence of polynomlals in the ring
’C[xla ,ﬂ?n]

A=(fls---sfr):

which satisfies one of the following properties:
(i) r=1and fi #0;

(i) r > 1,0 < class(f;) < class(fy) < -+- < class(f,) and moreover, f; is reduced
with respect to f; for each j > ¢ (z-l Lr—1).

' Note that when A is an ascending chain, the set F = {f;,..., f,} is auto-reduced,
i.e. for all pairs f;, f; € F, i # j, fi is reduced with respect to f; and f; is reduced
with respect to f;. By definition, an ascending chain has a triangular form and
contains at most n polynomials. In the sequel it turns out that this makes the
characteristic sets method especially suitable for elimination purposes.

The concepts of reducedness and pseudo-remainders may be extended to ascend-
ing chains in the following way:

Definition 4.2.7 Let A = (fy,-.., f;) be an ascending chain in K[z;,...,z,). A -
polynomial g € Kz1,...,2,] is called reduced w.r.t. A if g is reduced wir.t. all
polynomials fi,..., fr- :

Definition 4.2.8 Let A = (fy,..., f+) be an ascending chain in K[zy,...,2,], and
assume that for ¢ = 1,...,7: p; := class(f;) > 0. Denote the initial of f; by I;

"Let g be an arbitrary polynomial and define R, := g. Now it is possible to form
successively the remainders R,_,,..., Ry by pseudo dividing R; by f;:

IV,R? = Qrfr'*'-Rr—l
PRy = geayfrai+ Ress

'R, = gfi+R
Defining R := Ry, we can combine these equations in order to get:
I Irg=Gifi 4+ G+ R, (4.19)

and we write R = prem({g,.4). R is called the pseudo-remainder of g with respect
to the ascending chain 4.
If A only consists of a nonzero constant, prem(g, A) == Oforallg € IC[a:; ye oy Zal-
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It is obvious that a pseudo-remainder with respect to an ascending chain is
reduced w.r.t. that chain.

Next, the partial ordering < on polynomials is extended to ascending chains.
Definition 4.2.9 Let .4 and B be ascending chains in K{zy,...,2,),

A = (flw"’f")?
B = (gb“'sgs)'

Then B has lower rank than A (notation B < A) if either (i) or (zz} below holds
true:

(i) 37 < min(r, s) such that fy ~ g1,..., fj—1 ~ gj-1 while g; < f;.
(i) s>rand fi~giyenny fr ™ o

With this definition it is possible for a given set of ascending chains, to introduce
the notion of minimal ascending chains. The next two lemmas state this observation
in a more formal way.

Lemma 4.2.10 In every nonempty set of ascending chains in Klzy,...,z,] there
is an ascending chain which is not of higher rank than any other chain in the set.
Proof

We here give the Ritt’s proof (see also [79, p. 4]).

Let V be an arbitrary set of ascending chains in K[zy,...,2,). Define V; as the
set of all ascending chains in V, such that the first polynomial of a chain in V] does
not have higher rank than the first polynomial of any other chain in V. If all chains
in V) contain only one polynomial, we are ready: every chain in Vj has the desired
property. Otherwise, let Vo be the set of all chains in Vj, such that the rank of
the second polynomial of a chain in V; is not higher than the rank of the second
polynomial of any chain in Vi, Again, if all chains in V; have two elements, we
are done: every chain in V5 has the desired property. Otherwise we construct Vj in
~ the same way as before. In this way we continue, but because an ascending chain
contains at most n polynomials, the process terminates after at most n steps.

The next lemma is a specialization of the previous result.

Lemma 4.2.11 Let (Ai)ren be a sequence of ascending chains in K[z, ..., )
such that for all k € N we have that either Apyy < A or Apyq ~ A, This means
that the rank of the ascending chains never increases. Then there exists an indez k
such that for all k > k:

Ay ~ Az,
So, for all k > k, Ay is @ minimal ascending chain for the sequence.

A proof of this result may be found in [101].

Now, let F be a (not necessarily ﬁnité) set of polynomials, containing at least
one nonzero polynomial. An ascending chain A is said to belong to F if every
polynomial of A is an element of F.
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Definition 4.2.12 Let F be a finite or infinite set of polynomials, containing a
nonzero polynomial. Then an ascending chain A is called a (Ritt)-characteristic set
of F if the following two conditions hold:

(i) A belongs to F,

(%) if B is an ascending chain and B belongs to F', then the rank of B is not lower
than the rank of A.

From Lemma 4.2.10 it is immediately clear that every non-empty polynomial set
F # {0} has a characteristic set. However, this characteristic set is not necessarily
unique. Moreover, the definition is valid for both finite and infinite polynomial
sets. So characteristic sets of a finite polynomial set are defined in the same way as
characteristic sets of the polynomial ideal generated by this finite polynomial set,
although they are, in general, completely dxﬁerent

Remark 4.2.13 The definition of characteristic sets as given above was introduced |
by Ritt in [78]. It is different from the one Wu-Wen-Tsun gives in [101]. The
differences will be pointed out later on in Subsection 4.2.3.

4.2.2 Some results on Ritt-characteristic sets

‘In this subsection we derive some results, mainly due to Ritt (see [79]), that show
why characteristic sets are such an interesting tool in constructive commutative alge-
bra. We are especially interested in the relationship between polynomial ideals and
their characteristic sets. The main aim of this subsection is to give an overview of the
properties of characteristic sets, once they have been calculated. The computation
of characteristic sets is the subject of the next subsection.

The first lemrda gives an other characterization of characteristic sets.

Lemma 4.2.14 Let F be a non-empty {(finite or infinite) set of polynomials in
Klz1,...,2,), and assume that F # {0}. Let A = (f1,...,fr) be an ascending
chain that belongs to F. Then: ‘

A is a (Ritt)-characteristic set of F,

Vp & F: [ p is reduced w.r.t. A=>p=0].

Proof
"=" Suppose that A is a {Ritt)-characteristic set of F, andlet p€ F, p reduced

w.rt. A

If A only consists of a nonzero constant, p = 0 is the only polynomial that is
reduced w.r.t. A.

Now suppose that class(f;) > 0, and assume that p is nonzero. If the class of
p is higher than that of f,, we can get an ascending chain of lower order than A
by adjoining p to A (recall Definition 4.2.9 (3i)). Since A is a characteristic set,
this cannot happen. So the class of p is lower than or equal to that of f.. Let
J = min{é | class(f;)} 2 class(p)}. Then class(f;) > class(p), but since p is reduced
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w.r.t. A, we must have p < f;. Also class(fj.1) < class(p), so (fi,..., fi-1,p) is
an ascending chain of lower rank than A. This contradicts the fact that A is a
characteristic set.

"«=" Let A be an ascending chain such that for all p € F for which p is reduced
w.at. A it follows that p = 0. Assume that A is not a characteristic set, but
the ascending chain B = (¢,...,4,) is. Then B has lower rank than A. First
assume that fi ~g1,..., fr ~ ¢r, and 8 > 7. Then g.4; is reduced with respect to
A, s0 gr41 = 0, which contradicts the assumption that s > r. So there exists an
j < min(r, s) such that fy ~ gy,..., fj=1 ~ gj—1, while g; < f;. Then g; is reduced

w.r.t. A and therefore g; = 0. Again we derive a contradiction. .

With help of the previous lemma it is quite easy to prove the following:

Lemma 4.2.15 Let A = (f1,...,f,) be a (Ritt)-characteristic set of a finite or
infinite polynomial set F in Klzy,...,z,), and assume that class(fy) > 0. Let I;
denote the initial of f;. Then

Yi=1,...,r: L gF.

Proof i
Let ¢ & {1,...,7}. By the definition of ascending chains, I; is reduced w.r.t.
A. Now suppose that I, € F. Since A is a characteristic set of F, it follows from

Lemma 4.2.14 that I; = 0, which is a contradiction. -

Using the two foregoing lemmas it is possible to derive the relationship between
characteristic sets of polynomial ideals and pseudo-remainders. Eventually this leads
to a full characterization of prime polynomial ideals based on their characteristic
sets. First we need the following theorem.

Theorem 4.2.16 Let T be a nonzero ideal in Klz1,...,2,), and let A= (fy,..., fr)
be an ascending chain that belongs to . Then

A is a (Ritt}-characteristic set of T

Vp €T :prem(p, A) =0

Proof

"«=" Assume that for all p € T we have prem(p, 4) = 0, and suppose that
A is not a (Ritt)-characteristic set of Z. Then, according to Lemma 4.2.14, there
exists & nonzero polynomial p € T that is reduced with respect to .A. Therefore
prem(p, A) = p # 0. This contradicts our assumption, and thus A has to be a
(Ritt)-characteristic set of Z.

"=3" To prove necessity, assume that Aisa characteristic set of Z. Let pel and
R = prem(p, .A). Then, according to formula (4.19), there exist integers v;,...,v, €
NuU {0} and polynomials ¢, ..., ¢, such that

IneIvp= z:a,flm

i=0
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Since f; € T (i = 1,...,7), it follows that R € I. Moreover, by the definition of
the pseudo-remainder, R is reduced w.r.t. A. Using Lemma 4.2.14 we immediately
conclude that R = 0, and thus we have prem(p, .A) = 0. Since p € T was arbitrary,

this proves our claim. -

If 7 is a prime polynomial ideal, it is even completely determined by each of its
(Ritt)-characteristic sets via pseudo-remainder computations,

Theorem 4.2.17 Let P be a (nonzero) prime polynomial ideal in Klzy,...,z,),
and suppose that A = (f1,..., f.) is an ascending chain that belongs to P. Then

A is a Ritt-characteristic set of P

P = {p| prem(p, 4) = 0}.

Proof

*=" Suppose that A is a characteristic set of P. Then it follows from Theorem
4.2.16 that Vp € P : prem(p, A) = 0. So P C {p | prem(p, A) = 0}.
On the other hand, let p € K[z1,...,z,] and suppose that prem(p, .A) = 0. Then

there exist integers v4,..., v, and polynomials o, ..., o, such that
. .
IpeIrp=3 oifs
=0

Now, fi,...,fs € P, s0 IP*---I”p € P. By assumption P is prime, and thus
it follows that one of the factors of It*---I*p is an element of P. Since A is a
characteristic set, Lemma 4.2.15 indicates that Ih,..., I, do not belong to P. So
p € P, and we have proven that {p | prem{p,.4) = 0} C P. Together with the other
inclusion this yields that P = {p | prem(p, A) = 0}.

?<=" Suppose P = {p | prem(p, A) = 0}. Then certainly

‘Yp e P :prem(p, A) =0

So, according to Theorem 4.2.16, A is a characteristic set of P. -

The result of Theorem 4.2.17 is very important. It indicates that a prime poly-
nomial ideal is completely determined by each of its characteristic sets. What par-
ticular characteristic set .4 is chosen, does not make any difference. The prime
polynomial ideal consists precisely of the polynomials that have pseudo-remainder
zero w.r.t. A. Moreover, it is clear that an ascending chain A can be the character-
istic set of at most one prime polynomial ideal.

In Theorem 4.2.17, the condition of primality on the ideal P is really necessary.
This is illustrated in the next example.

Example 4.2.18 Consider the polynomial ring R[z, y] with ranking z < y on the
indeterminates. Let F = {2y}, and denote by (F) the ideal in Rz, y] generated by
the polynomial zy. {F) is not a prime ideal because zy € (F}, but neither z nor y
is an element of (F). It is 1mmedxa.tely clear that A = (zy) is a (Ritt)-characteristic
set of (F)
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Next, consider the polynomial y & {F). Since the initial of zy is 7, we have
z-(y)=1-(zy) +0,

and thus prem(y,.4) = 0. We conclude that for a polynomial ideal Z that is not
prime, having (Ritt)-characteristic set A, there may exist polynomials p outside 7
still satisfying prem(p, A) = 0.

Compared to Grébner bases, it looks rather restrictive that characteristic sets
can only deal with prime polynomial ideals. Nevertheless, this is a very interesting
class of ideals in view of the following problem.

Let F={fi,..., fm} be a set of polynomials in K[z;,..., 2], and suppose that
we want to compute all common zeros of the polynomials in F. In the same way as
in Subsection 4.1.6, this problem may be restated as follows: we are interested in
determining the variety V({F)) of the ideal {F) in the algebraic closure K of X. From
the Hilbert-Nullstellensatz it follows that the variety of {(F} and the variety of the
radical of (F), rad({F"}), are identical. Moreover, a radical ideal is the intersection
of a finite number of prime ideals (see Corollary A.1.17 in Appendix A.1). Given a
finite set of polynomials F, there exist prime polynomial ideals Py,...,Px such that

rad((F})zPI‘n'Pgn---n‘Pk.

With each prime polynomial ideal we can associate a characteristic set A;. Given a
set F, we are interested in a method to compute characteristic sets A;,...,.A for
P1s ..., Pi. Since each characteristic set has a triangular form, we obtain a relatively
simple representation of the variety of (¥} in this way. This also leads to a solution
of the original problem: the determination of all common zeros of the polynomials
in F.

4.2.3 Computation of characteristic sets

The application of characteristic sets for the solution of some of the problems men-
- tioned in the previous subsection is only possible, if there exists a constructive
method for computing characteristic sets. In this subsection, we describe an algo-
rithm that plays a very important role in the characteristic sets framework. It can
be considered as the first step in the computation of (Ritt)-characteristic sets of
prime polynomial ideals.

For a finite set of polynomials it is relatively easy to find a characteristic set.
This can be done, for instance, using the following algorithm.

Algorithm 4.2.19 Let F # {0} be a finite set of polynomials. Then the following
procedure computes a (Ritt)-characteristic set of F:

- f1 := a polynomial of lowest rank in F\{0};
A= (fi);
if class(f1) # O then
while (3p € F\{0} : pis reduced w.r.t. A) do
¢ := a polynomial of lowest rank in F\{0} that is reduced w.r.t. A;
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A= ('43 g);
od;
fi;

The correctness of this algorithm, which originates from Ritt, can be verified
using the definition of (Ritt)-characteristic sets.

The computation of characteristic sets for polynomial ideals is much more in-
volved. However, for polynomial ideals that are radical, Rift also suggests a solution
(see [79, pp. 88-90]). The crucial part of this algorithm was later used by Wu-Wen-
Tsun to define and compute characteristic sets in his own sense. This is the source
of a lot of confusion, because Ritt-characteristic sets and Wu-characteristic sets are
not the same notions in general. Of course, there are also a lot of relationships,
and one of the main aims of this section is to bring up both the resemblances and
differences. ‘

-To introduce the framework of Wu-characteristic sets, we follow the same lines
as Wang in [96]. We start with some new definitions.

Definition 4.2.20 Let F = {fy,..., fi} be a finite polynomial set in K[z,,...,z.],
containing at least one nonzero polynomial. Then a Ritt-characteristic set of F is
also called a basic set of F.

Definition 4.2.21 Let F = {fi,..., fi} be a finite polynomial set in Klz1,...,Zn),
containing at least one nonzero polynomial. Then a medial set of F is an ascend-
ing chain that belongs to the polynomial ideal (F}, generated by the polynomials
Ffis.--, Je in F, and with rank not higher than that of the basic set of F.

Definition 4.2.22 Let F = {fi,..., fi} be a finite polynomial set in K|z, ...,z,), ‘
containing at least one nonzero polynomial. A medial set A of F is called a Wu-
“characteristic set of F if

Vf € F:prem(f,A) =0 | (4.20)

Note that a Wu-characteristic set of a finite polynomial set F does not belong to
F, but to the ideal {F) generated by the polynomials in F.. Moreover, it is clear that
a Wu-characteristic set of F' is highly related to both {F) and the Ritt-characteristic
sets of (F). If an ideal is characterized by a finite set F of generators, one therefore
often speaks (with some abuse of terminology) of the Wu-characteristic set of {F).

From Definition 4.2.22 and Theorem 4.2.16 it follows that a (Ritt)-characteristic
set of the ideal {F), generated by a finite set of polynomials F s {0}, is also a
Wau-characteristic set of F, but not the other way around. This is illustrated by the
following example. ,

Example 4.2.23 Take the polynomial ring R[z,y] with ordering z < y and let
f =2 f = zy + 1. Define F := {f;,fo}. Since f, and f, have no common
zeros, the Hilbert Nullstellensatz yields (F) = R[z,y]. So A = (1) is a (Ritt)-
characteristic set of (F). On the other hand it is easily verified that the ascending
chain B = (2% zy + 1) is a Wu-characteristic set of F. Now A is also a Wu-
characteristic set of F, but B is not a (Ritt)-characteristic set of (F} because A is
an ascending chain in {F} of lower rank than B.
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From Example 4.2.23 it is obvious that the concept of Wu-~characteristic sets
for finite polynomial sets F is weaker than that of (Ritt)-characteristic sets for the
corresponding ideals (F). However, this has the advantage that Wu-characteristic
sets can be computed more easily. Moreover, given & finite polynomial set F # {0},
a lot of the properties of the variety of the polynomial ideal () remain valid for the
‘Wu-characteristic sets of F. Since a Wu-characteristic set is an ascending chain, its
triangular structure is preserved. This makes the Wu-characteristic sets method very
suitable for the computation of the solutions of a system of polynomial equations.
Moreover, we may expect that the computation of a Wu-characteristic set for a finite
polynomial set F 3 {0} is the first step in the computation of a Ritt-characteristic
set of (F).

To explain the main ideas, we need still another definition.

Definition 4.2.24 Let f € K[z),...,%,] and let K be the algebraic closure of K.
A point @ = (&,-..,a,) € K™ is called an (ertended) zero of f if

f(al,...,a,.)=0. 7

In the same way we define for a polynomial set F and a polynomial gin K{zy,...,2,):
Zero(F) = {a €K |Vfe (F): f(a)=0}, (4.21)
Zero(F/g) = {aeK"|¥fe(F): f(a)=0Ag(a)#0} (4.22)

When F contains only a nonzero constant, we call F contradiciory. In this case
Zero(F) = @.

Note that Zero(F') is the variety of the ideal (F), generated by the polynomials
in F, but Zero(F/g) is not necessarily a variety.

We now give the algorithm to compute a Wu-characteristic set as stated by Wang
in {96]. It is a generalization of the so-called "Ritt principle”, because the original
ideas stem from the work of Ritt (see [79, pp. 88-90]).

Algorithm 4.2.25 Given a finite set of polynomials F = {f1,..., fi} in the ﬁng

Klz1,...,z;), containing at least one nonzero polynomial. Then the following algo—
rithm is applied:

Q:=F;R:= F;

while R # @ do
C := a medial set of @;
if C is contradictory

then R := @;
else R:= {prem(q,C)|q € Q\C}\{0};
Q:=QUCUR,

fi;
od;

Proposition 4.2.26 Let F = {f\,..., fi} be o finite set of polynomials in the

ring K{z1,...,%,), containing ot least one nonzero polynomial, and “apply Algorithm
4.2.25. Then:



4.2. CHARACTERISTIC SETS ' 141

(i) The algorithm terminates.
(ii) After termination of the algorithm, C is a Wu-characteristic set of F.

(ii) If C = (c1,...,¢) and I; denotes the initial of ¢; (i =1,...,7), then

Zero(C/g) C Zero(F) C Zero(C), (4.23)

Zero(F) = Zero(C/g) U I:J Zero(F;), (4.24)

i=1

whereg=1---I, end ;= FU{L} (i=1,...,7). -

To prove Proposition 4.2.26, we need the following lemma, from Wang (see [96]).

Lemma 4.2.27 Let F # {0} be o finite set of polynomials in K[zi,...,z,] and
M = (my,...,m,) a medial set of F, with class(m;) > 0. Let m be a nonzero
polynomial reduced with respect to M. Define F := FuU{my,...,m,}U{m}. Then
any medial set M of F will have lower rank than M.

Proof

Let B be a basic set of F, and B a basic set of F' := FuU {mi,...,m,}. Then
clearly B does not have higher rank than M.

Now assume that B has the same rank as M. Since m is reduced with respect to
M, it is also reduced with respect to B. But because m # 0, it follows from Lemma
4.2.14 that B, which is a basic set of £'U {m}, must have strictly lower rank than
B. In this way we find

M=B<B~M.

On the other hand, if B has lower rank thén M, it is immediately clear that
M=B<B=<M.

In either case M has strictly lower rank than M.

Proof of Proposition 4.2.26

(i)} Termination: To prove the termination of Algorithm 4.2.25 it is sufficient to
show that the while-loop will be carried out only a finite number of times.

Let M; denote the medial set C in the j* while-loop. If a certain M; is con-
tradictory, i.e. ‘if it contains only a nonzero constant, the algorithm terminates
immediately. Otherwise it follows from Lemma 4.2.27 that M., is an ascending
chain of lower rank than M;. So M;, M, ... is a sequence of ascending chains
with strictly decreasing ranks. According to Lemma 4.2.11 such a sequence can
only contain a finite number of chains, say £. This means that M, is a medial set of
the final finite polynomial set ;. The pseudo-remainder of an arbitrary polynomial
in @, with respect to M, must therefore be zero, i.e. R = @. Thus the algorithm
terminates.
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(#) Correctness: To prove the correctness of the Algorithm 4.2.25, we first show
that the ascending chain C, for which the algorithm terminates, belongs to the
polynomial ideal (F). Denote by Q; and R; the sets @ and R at the start of the j*®
while-loop, and let M; be the ascending chain C calculated in the j** while-loop.
We start to prove by induction that

Vi€ {1,...,8: (@) C (F),(R) C (F) and (M;) C (F). ©(4.25)

j=1:Q = F, R = F and M, is a medial set of F, so clearly (@) C (F),
(Ry) C (F) and (M) C (F).

~ induction step: Assume that (Q;) C (F), {(R;) C (F) and {(M;) C (F). Then
Rjy = {prem(% M;) lge QJ\MJ} Let v € Ry, and M; = (my,...,my),
with initials I, .. ., I, respectively. Then there exists a polynomial p € Q;\M;;,
integers v,..., ¥, and polynomials ¢y, ..., o, such that

3
Ite-Irp=3 oymi +v.

f=1

Hence

2
v==) amm+ I Ip e (M;UQy).

izl

Since both (M;) C (F) and (Q;) C (F), it follows that v € (F'), and because
v € R;y1 was arbitrary, we conclude that (R;4;) C (F). Recall that Qj41 =
Qj U M; U R;yy. Since the three sets in the decomposition of @;4;1 belong
to (F), it is clear that (Q;4+1) C (F). Finally, M, is a medial set of Qj4,.
So M1 belongs to {Q;41). Since (Q;y1) C (F), we certainly have that
(Mjs1) C (F).

Since Algorithm 4.2.25 terminates with C = M, C (F), the ascending chain C
belongs to {(F). Moreover, C is a medial set of Q. Now @y = F and Q; C Qju1
for all j, so F C Q. For all polynomials ¢ € @, we have prem(g, C) = G So in
particular

VfeF: prem(f,C) = 0,
and C is ;aa Wau-characteristic set of F.

(111) Zero-inclusions (4.23) and (4.24): Fmally, to prove the zero-inclusions, we
need the following result:

Vie{l,...,—1}: Zero(Q;) = Zero(Q;+1). _ (4.26)

The correctness of this claim can be seen as follows.
- "D" Let o € Zero(Qj41). Let f € Q;. Because Q41 = Q;UM;UR;,, it follows
that f € Qj41, so f{a) =0 and a € Zero{Q;).
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"C” Let o € Zero(Q;). Since Mjis a medial set-of @, all elements of M;
belong to (Q;), so & € Zero(M;). Let v € R;11. Then there exists a polynomial
P € Q;\M;, integers »y,...,v, and polynomials f;,..., B, such that

L
e Lrp=3 i+
i=1
Since a € Zero(M;) and o € Zero(Q;), it follows that a is a zero of v. Now v € R; 3
was arbitrary, hence a € Zero(R;.1). Let f € Q41 = Q; UM; U R;yy. Then f is
an element of at least one of the sets Q;, M; or R;,;. However, in either case we
know that « is a zero of f. So a € Zero(Qj41).
Since ¢y = F, it follows that for all j € {1,...,¢}:

Zero(F) = Zero(Q1) = Zero(Q;).

- Next, because C is a medial set of Qy, all its elements belong to (Q,). Let

o € Zero(F). Then a € Zero(Q,). Since C C {Q), it is obvious that a€ Zero(C).

This proves that Zero(F) C Zero(C). :
On the other hand, suppose € = {¢,,...,¢,) with initials I;,..., I,. Define

*

g:=][1L

im=1

Let o € Zero(C/g) and p € Q. Then prem(p,C) = 0, so there exist integers
v,..., 4 and polynomials By,..., 8, such that

e Irrp=Y fic. ‘ ; (4.27)

=1
Since o € Zero(C), o is a zero of the right-hand side of (4.27), so « is a zero of
{*-. I*p too. By assumption o is not a zero of one of the initials I}, ..., I,

hence o must be a zero of p. Now p € Q, was arbitrary, so this proves that a €
Zero{Qe) = Zero(F'). Therefore Zero(C/g) C Zero{F).

To prove (4.24), first recall that we already have shown that Zero{C/g) C
Zero(F). Since for all i € {1,...,7} we have F C F;, it is clear that Zero(F;) C
Zero(F). Hence S

[Zero(C /9)u U Zero(F; )] C Zero(F) k (4.28)

i=1

Let now o € Zero{F) C Zero(C). Assume that o & Zero(C/g). Then there has
to exist an initial I; such that « is a zero of I But then « is a zero of Fi. So we
also have

Zero(F) C [Zero(C/ g Lr) Zero(F})] . (4.29)

‘Formulae (4.28) and (4.29) together yield (4.24).
This completes the proof. : -
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Example 4.2.28 Consider the same system of polynomial equations as in Example
4.1.32:

- 531 = —1,
Tyy — Azy23 + 623 = -2,
58%3?2 + 32923 = 2.

To find a solution, we consider the ideal {fi, f2, f3) in R[z1, z2, 23], where f; =
73 — 521 + 1, fo = 213 — 42,25 + 623 + 2 and f3 = 2?z, + 32273 — 2, and compute
a Wu-characteristic set of {fi, f2, f3} with respect to the ordering z; = z; > 3

of indeterminates, using Algorithm 4.2.25. In this way the Wu-characteristic set
(hl,hg,ha) is obtained, where o

hy = 2z} — 9z} + 145z — 2423 — 101022 — 3883 — 30,
hy = (L+23)-zp — 423 + 2675 + 10,
hs = 5921 --a:g,— 1.

Since the initial of ks is a nonzero constant in R, and the initial 23 + 1 of h; has no
zeros in common with hy, we conclude from formula (4.23) that the set of common
zeros of the polynomials f;, fo and f3 is equal to the set of common zeros of the
Wha-characteristic set (hy, ke, hs). To find 2 solution, we first compute all solutions
to the equation &; = 0. This is relatively easy because h; is a univariate polynomial
in the indeterminate 3. Substitution of these solutions in the equations h; = 0 and
h3 = 0 yields the corresponding values of x; and z,.

Note that in Algorithm 4.2.25 the method to find a medial set C of Q is not
specified. The user has the freedom to choose a method himself. The most obvious
choice is to take a basic set of . Such a basic set (which is a (Ritt)-characteristic set
of the finite polynomial set @) can be computed with Algorithm 4.2.19. Therefore
Algorithm 4.2.25 and 4.2.19 together constitute a fully constructive method for the
computation of a Wu-characteristic set of the polynomial set F.

Of course it is also possible to calculate a medial set C of Q in another way.
Several suggestions are made in the paper of Wang (see [96]). In that paper the
performances of the various methods are also compared. Wang was the first one
who stated this so called "generalized characteristic sets algorithm” as we did it
above. It is a generalization of an algorithm mentioned by Wu-Wen-Tsux in {101},
which, in turn, was inspired by the original ideas of Ritt.

An implementation of the algorithm, with various possibilities to choose the
‘medial set C, already exists for the computer algebra package Maple (see [97]). The
program is developed by Wang and is available by anonymous ftp, together with a
manual.

4.2.4 Irreducible ascending chains

In the previous subsection we explained how a Wu-characteristic set of a finite set
of polynomials F can be computed. These Wu-characteristic sets turned out to be
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ascending chains in the ideal (F), but did not have as strong properties as Ritt-
“characteristic sets of (F). Nevertheless, both the definitions of Ritt- as well as
Wau-characteristic sets suggest that there is a close relationship between these two
concepts. This relationship can be determined completely for so-called irreducible
characteristic sets. In this subsection it is explained how this can be done. Moreover,
the study of irreducible ascending chains yields the main ideas for the treatment of
reducible characteristic sets that are considered in the next subsection.

The proofs of the main results of this subsection are rather technical and long.
To preserve the continuity of our exposition, and to illuminate the main ideas more
clearly, these proofs are omltted here. However, in Appendix C they are elaborated
in full detail.

~ In the title and the introduction of this subsection we frequently encountered
the term "irreducible ascending chain”. For univariate polynomials the concept
of irreducibility is well known: let K be an arbitrary field and let p € K[z] be a
polynomial such that deg(p) > 0; then p is called irreducible if it is impossible to
factorize p as p-= ¢, - g, Where ¢,¢» € K[z] are polynomials with deg(g:;) > 0
(i = 1,2). This notion of irreducibility can be generalized to ascending chains. This
idea was first used by Ritt (see [79, pp. 88-90]), but we prefer to give the more
formal definition according to Wu-Wen-Tsun (see [101, pp. 233-234)).

Definition 4.2.29 Consider an ascending chain
-A = (fl)‘ "afr)a

in Klz1,...,2,] and assume that class(f;) = p;, with’
0<pi<pr <o < Py

Define fori = 1,...,7: y; 1=z, and m; == degz ( fi), and denote the other original
:z:-mdetermmates in the original order as u,, ..., ug. d := n—r is called the dzmenszon
. of the ascending chain .A.
Write the polynomials (f1,..., f,) in A as

h

L

. m Trey =1

ol Feayr 1+"‘+clm:
m:

Cooyy” +enyy? T + oo+ Comg

fr = co¥™ +ony™ o+ Com,

where the coefficients ¢;p 7 0 are the initials of the polynomials f;, and each coeffi-
cient ¢;; is itself a polynomial in uy,..., %4, %1, +. ., %1 With coefficients in K. Since
fi is reduced with respect to fi,..., fi-1, the degrees of ¢;; in y1,..., i1 are less
than my, ..., m;_; respectively. ' :

Let the transcendental extension field K{uy,...,uq) of K, obtained by adjoining
the symbols uy, ..., uq to K, be denoted by Ky. Then the ascending chain A is called
irreducible if the following r conditions are all satisfied:

(i) Let f; denote the polynomial fi, considered as & polynomial in Koly;], so with
coefficients in K. Then f; is irreducible in Kolnl.
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(ii) Let the algebraic extension field of Ky, obtained by adjoining an (extended)
zero 1y of fi = 0, be denoted by K; := Kq(m). Then the polynomial f,
obtained by substituting #; for g in f,, is irreducible in Ky[y,].

(i) Let the algebraic extension field of K,, obtained by adjoining an (extended)
zero m, of f = 0, be denoted by K := )Cl(‘?}g) Then the polynomial f,
obtained by substituting #; for y, and n, for ¥, in f3, is irreducible in K[y

() Let the algebraic extension field of K,_;, obtained by adjoining an (extended)
zero 71 of fr.1 = 0, be denoted by K,_; := K,_3(n.—1). Then the polynomial
fr, obtained by substituting {m,...,%.-1) for (¥1,...,¥r—1) in fr, is irreducible
over K,_yfy.]. ‘

Let 7, be an (extended) zero of f, = 0 and K, := K,_;(n,} the algebraic extension
obtained by adjoining %, to K,..;. Then the u; and the 5; are all elements of K := K,
and the point

5= (“b’“:ud:ﬂlwﬂsnr} ) (4.30)

can be considered as a point of the affine space K& = K. 7 is called a generic
point of A. K is called a generating field of A.

From Definition 4.2.29 we see that the polynomials of an irreducible ascending
chain are themselves irreducible in a very specific sense. Intuitively it is clear that
this has to be related with the primality of the polynomial ideal corresponding to
this ascending chain 4. In the next proposition this relationship between irreducible
ascending chains and prime polynomial ideals is elaborated. Moreover, it gives an
alternative characterization of irreducible ascending chains.

Proposition 4.2.30 Let A = (fi,..., f.) be an ascending chain in Kizy,...,z,),
and rename the indeterminates in the same way as in Deﬁmtwn 4.2.29. Then we
have:

A={(f1,..., fr) is irreducible
= } ,
Vi=1,...,7:{fi,..., f;) is a prime ideal in Ko[yy,...,y;].
(This means that (f1) is a prime ideal in Ko[y1l, {1, f2) s @ prime ideal in Ko[y1, 72]
and so on, until the final condition: {fi,..., f.) is a prime ideal in Koy, ..., %))
For a proof of this result, we refer to Appendix C.

The concept of irreducible ascending chains also enables us to give another char-
acterization of the property of a polynomial to have pseudo-remainder zero with
respect to a chain. This is very important, because when a polynomial p and an
ascending chain A are given, the equality prem(p, A) = 0 contains a lot of informa-
tion, but this information is very hard to extract. For irreducible ascending chains
however, there exists an easy translation, given in the next proposition. A proof of
this result may be found in [101, p. 234, Lemma 3).
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Proposition 4231 Let A= (f1.-.., fr) be an ascending chain in the polynomial
ring Ky, ..., %a Y1, .., ¥ (in the notation of Definition {.2.29), end assume that
A is irreducible. Let : :

= (“1""-:”4,771,"“???7)

be a generic point, as defined in (4.80). Letp € K{uy,...,ua,%1,-..,%). Then

prem(p, A) =0
= )
7} is an extended zero of p. ‘ "

This result of Wu-Wen-Tsun describes the relationship between a polynomial p
with the property prem(p, A) = 0, and the variety V(A) of the irreducible ascending
chain A. On the other hand, we know from Proposition 4.2.30 that the polynomials
of an irreducible ascending chain A generate a prime polynomial ideal in the ring
Koly1, - - -, ¥+), and from Theorem 4.2.17 that an ascending chain A = (fi,...,f-) is
a (Ritt-) characteristic set of the prime ideal {f1,..., .} if and only if

(fl:' "3f") = {p i prem(p$ ‘A) = 0}‘

Therefore it is intuitively clear that in the ring Kolyy,...,y,] there is a strong link
between irreducible ascending chains and {Ritt-) characteristic sets of prime poly-
nomial ideals. However, the exact relationship is still unclear, and, moreover, we are
merely interested in (Ritt-) characteristic sets over the ring Klus, ..., 4a, %1, .+, %]
To solve this unsatisfactory situation, we introduce two ideals that clarify the struc-
ture of the problems mentioned above.

Definition 4.2.32 Let A = (fy,..., f;) be an ascending chain in the polynomial
ring Klua, ..., 44, %, - - -, Y] (in the notation of Definition 4.2.29). Then F is defined
as

.;E = {Zr: CE,'f,' ‘ [4 7] e Kg[yl, .o .,y,}}. ) (431)

fe=1

So F is the ideal in Kp[ys,...,9:] generated by the polynomials fi,..., f.. On the
other hand we define F as ; L

Foi= {p € K{uh veey Udy Y150 - syr} l 30(;‘ € ’CG{?}I, s ,er] 8t p= Eaifi}' (4‘32) )
=1
It is not difficult to see that F is an ideal in Kluy,. .., %, Y15+, ¥r)-

_ From the definition it follows that every polynomial p € F, is also an element of
F. So in the ring Ko[y1,...,y-] we have: F C F. However, the following property
is more important: .
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Lemma 4.2.33 Let A = ( f,,r. .., Jr) be an ascending chain in the polynomial ring
Klut, ... U 41, .-, ¥r) (in the notation of Definition 4.2.29). Let F and F be de-
fined as in (4.82) and (4.81). Then

F is a prime ideal in Kluy, ..., %a, Y1, .+, Y

F is a prime ideal in Koly, ..., v.

For the proof of Lemma 4.2.33 we again refer to Appendix C.

At this point it is possible to determine the exact relationship between irreducible
ascending chains on the one hand, and Ritt-characteristic sets of prime polynomial
ideals on the other hand.

Theorem 4.2.34 Let A= (fy,..., f+) be an ascending chain in the polynomial ring
Klug, ... %491, -, ¥ (in the notation of Definition 4.2.29). Define the ideals F
and F as in (4.82) and (4.81), respectively. Then the following three statements are
equivalent: '

(i} The ascending chain A is irreducible,
(i) F is a prime ideal in Kolyy,- - -, 9], and A is a (Ritt-) characteristic set of F,

(it} F isa primé ideal in Klui,..., %4, %, ..,¥, and A is a (Ritt-) characteristic
set of F. :

n
A detailed proof of this result is giveﬁ in appendix C.

Theorem 4.2.34 is a very interesting result. Given an irreducible ascending chain
A, it gives a characterization of a prime ideal F such that A is a (Ritt-) characteristic
- set of this prime ideal 7. Moreover, from Theorem 4.2.17 we know that the prime
ideal of which A is a (Ritt-) characteristic set is unique, at least in the polynomial
ring under consideration. So, for an irreducible chain A, Theorem 4.2.17 shows that

{r | prem(p, A) = 0}.

is an alternative description of the prime ideal F, defined in (4.32). In fact, the
polynomials in A ”generate” this prime ideal in a very special way.

Theorem 4.2.34 does not ounly give a clearer view on the structure of irreducible
characteristic sets of prime ideals, it also enables us to describe the link between
Wu- and Ritt-characteristic sets, at least in the irreducible case.

"Theorem 4.2.35 Let P = {p1,...,pn} be a finite polynomial set in Klzy,..., 2] '
containing a nonzero polynomial, and let A = (fi,..., f.) ¢ Wu-characteristic set
of P. Rename the indeterminates zy,...,%, in the same way as in Definition
4.2.29. Suppose that A is an irreducible ascending chain in the polynomial ring
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Klugyo. gy Y1y.--, Y- Let F denote the prime ideal as defined in (4.32). Then
(P} C F and A is a Ritt-characteristic set of (P).

Moreover, if the dimension of the irreducible ascending chain A is zero (so all
indeterminates occur once as leading variable, ie. d = 0, r = n, 2; = y; .and
Ko = K), then we even have {P) = F

Proof

Since A is an irreducible ascending chain, A is a Ritt-characteristic set of 7. So,
according to Theorem 4.2.17,

F = {p | prem(p, A) = 0}.

Let p € P. Since A is a Wu-characteristic set of P, prem(p, A) =0. Sope€ F. This
proves that P C F, and therefore also (P) C F.

Now suppose that A is not a Ritt-characteristic set of (P). Since Aisan ascend-
ing chain belonging to (P}, there exists an ascending chain B in (P) of lower rank
than 4. Then B also belongs to F, and it is an ascending chain of lower rank than
A. We conclude that .A-is not a Ritt-characteristic set of F, and this contradicts
the result of Theorem 4.2.34. So necessarily A is a Ritt-characteristic set of {(P).

Finally, assume that the dimension of A is zero. Let p € F. Since Ky = K, it
follows from Definition 4.2.32 that there exist polynomials 8; € K[y, ..., ¥s] such
that :

n
p=3_Biyn, ., ) filwn, - ).
~ Since all f; € {P), it is clear that p € {P). So F C {P). The inclusion (P} C F
always holds (also when the dimension of A is greater than zero), and thus the proof

is complete. -

So, given a finite set of polynomials P # {0}, we can compute a Wu-characteristic
set of P rather easily with Algorithm 4.2.25. When the resuiting chain is irreducible,
this chain is also a Ritt-characteristic set of the ideal (P}, generated by the polyno-
mials in P.

Corollary 4.2.36 Let P = {p,...,pm} be a finite polynomial set containing a
nonzero polynomial, and assume that (P} is a prime ideal. Let A= (fi,...,[.) be
a Wu-characteristic set of P, and suppose that A is irreducible. Let F be defined as
in (4.82). Then {P)=F. : ,

Proof

Since A is irreducible,. A is a Riti-characteristi¢ set of the prime ideal 7, but also
of (P). Both F and (P} are prime ideals in the same ring Kluy,... %, %1, -5 %)
and according to Theorem 4.2.17, A can only be the characteristic set of one prime

polynomial ideal at a time. Therefore we must have (P} = F. -

If A is an irreducible Wu-characteristic set of a finite polynomial set P, and
the ideal (P) generated by P is not prime, and the dimension of A is greater than
zero, then the equality F = (P) does not hold in general. This is illustrated in the
following example.
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Example 4.2.37 Let £ = R, and consider the polynomials in the indeterminates
v and y, with the ordering 4 < y. Define p;(u,y) = uy and P := {p;}. Clearly, (P)
is not a prime ideal. Now A = (p;) is a Wu-characteristic set of P, and, moreover,
it is irreducible. According to Theorem 4.2.35 A is a Ritt-characteristic set of (P}.

On the other hand, because 1(uy) = y, the prime ideal F, as defined in (4.32),
is

F = (y) = {yg(v,y) | 9(u,y) € K[u, 9]}.

A is also a Ritt-characteristic set of F, and (P} C F, but clearly F ¢ {P).

From Example 4.2.37 we see that in general an irreducible Wu-characteristic set
A of a polynomial set P may describe a larger polynomial ideal (namely the prime
ideal F) than the ideal {P) generated by the polynomials in P. However, this in a
sense superfluous part of F is not unnecessarily large.

Corollary 4.2.38 Let P = {py,...,Pm} be o finite set of polynomials containing
a nonzero polynomial, and let A = (fi,...,f.) be a Wu-characteristic set of P.

Suppose that A is irreducible, and define the prime ideal F as in (4.38). Let G be a

prime ideal in Klz,,...,x,] such that

(PYCGCF.
Then G = F.
Proof

‘We only have to prove that F < ¢. Since A is an irreducible ascending chain,
we know from Theorem 4.2.34 that A is a (Ritt-} characteristic set of 7. We show
that A is also a (Ritt-) characteristic set of G.

First of all, because A is a Wu-characteristic set of P, we know that A belongs
to {P). So A also belongs to ¢. Now suppose that A is not a (Ritt-) characteristic
set of G. Then there exists an ascending chain B, belonging to G, of lower rank than
A. Since G C F, this chain B also belongs to F. So B is an ascending chain in F of
lower rank than 4. This contradicts the fact that A is a (Ritt-) characteristic set
of F, and we conclude that A is also a (Ritt-) characteristic set of G.

Finally, F and ¢ are prime ideals in the same ring K[zy,...,2,], and A is a
(Ritt-) characteristic set of both F and G, so according to Theorem 4.2.17 we have

It is also possible to describe the part of F which does not belong to {(P) more
explicitly. Although it is rather difficult to do this in terms of polynomial sets, the
relationship can be characterized completely with help of the varieties of {P) and
F. The next proposition, which originates from the work of Wu (see [101]), states
this result.

Proposition 4.2.39 Let P = {p,...,pm} be a finite polynomial set containing
nonzero polynomial, and suppose that A= (fi,..., f») is o Wu-cheracteristic set of
P. Assume that A is irreducible. Let I; denote the initial of f; (i=1,...,7), and
let F be the prime ideal as defined in (4.82). Then

V(P) = V(F)u V(P U (L)) ' (4.33)

i=1
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Proof o
"3” We know already that P C F, so V(F) C V(P). Moreover, for all i €
{1,....,7}: PC PU{L}, s0 V(PU{L}) C V(P). Hence

[_O V(Pu {Is})] c V(P).

"C"Leta € V(P) Assume first that there exists an initial I such that ¢ isa
zero of I;. Then o € V(P U {I;}) and so

ael»’(Pu{I})c UV(PU{I})

§=1

Next assume that « is not a zero of oné of the initials .o I. Letp € F.
Since A is a Ritt-characteristic set of F, prem(p,.A) = 0, and there exist integers
Vi,...,V and polynomla;ls Bi,..., 5 such that

I;" e Irp = Z Bifs (4.34)
=1 - .

Since A belongs to (P), a is a zero of all polynomials f;, and therefore « is a zero
of the right-hand side of (4.34). By assumption « is not a zero of f1,...,J,, so it
must be a zero of p. p € F was arbitrary, so o € V(F).

We conclude that in both cases

€ V(F) c VF) U VP U {L)).
i=1

This completes the proof.
The result of Proposition 4.2.39 is illustrated by our example.

Example 4.2.40 In the situation of Example 4.2.37, so with p = uy, I; = 4,
P = {p;} and F = (y}, the varieties in (4.33) become:
V(P) = {(w,y)|u=0vy=0}=
{(,0) | € R} U{(0.9) [y € K},
V(F) = {(x.0)|yeKk},
v(Pu{n}) = {(0.y)lyeKk}

(where K denotes the algebraic closure of ). Indeed we have

V(P)=V(F)uV(Pu{L}).

Proposition 4.2.39 is very important for the following problem. Let P be a finite
polynomial set, and suppose we are interested in the set of all common zeros (in
the algebraic closure K of K) of the polynomials in P. So we want to compute the
variety of P in K.

Suppose that after the computation of a Wu-characteristic set, this set turns
out to be an irreducible ascending chain. Then we can decompose the variety of

" P as described in Proposition 4.2.39. This yields a prime ideal F (with (Ritt-)
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characteristic set ,A), and finite polynomial sets P; := PU{L;}, (i =1,...,r). Since
the initial J; is reduced with respect to A, (P;} will have a (Ritt-) characteristic set
of lower rank than 4. (Recall the ”=>" part of the proof of Lemma 4.2.14.) For all
i€ {1,...,7} we can compute Wu-characteristic sets of P,. If they all turn out to
be meducxble, we can decompose the corresponding varieties again. This process
- can be continued until the polynomial sets P, we get become coutradzctory the
polynomials in B; generate the whole ring, and the variety V(B,) of P, is empty. In

. this way we end up with a sequence of (Ritt-) charactenstzc sets Aj,...,A; and a
decomposition
V(P)=V(FR)U---UV(F), ‘ o (4.35)

where F3,. .., F; are prime polynomial ideals and foralié € {1,...,k}: A;isa (Ritt-

-} characteristic set of F;, Since an irreducible ascending chain uniguely determines
a prime polynomial ideal, the sequence of characteristic sets (A4;,...,.A;) is an
unambiguous description of the variety V(P).

Of course the process described above has one serious drawback. In each step
we have to assume that all Wu-characteristic sets we have computed in that step
are irreducible. This is a quite restrictive condition, but fortunately, also when we
encounter reducible ascending chains during the computation, the process can be
carried out in almost the same way. The next subsection is devoted to this subject.

4.2.5 Decomposition of varieties and radical ideals

This subsection has a double purpose. On the one hand we generalize the results
on the decomposition of varieties obtained in the previous subsection to the case of
reducible ascending chains. On the other hand, we are interested in a reformulation
of these results in terms of polynomial ideals. Such a reformulation is possible, and
in this way the characteristic sets method becomes a constructive method for the
computation of the Lasker-Noether decomposition of a radical ideal, representing it
as a finite intersection of prime ideals (for some theoretical background we refer to
Appendix A, Theorem A.1.16, Corollary A.1.17 and Theorem A.2.8). The key to
the solution is the observation that the decomposition process explained in subsec-
tion 4.2.4 for irreducible ascending chains, may be carried out in a similar way in
the reducible case. To explain this idea, we follow the same lines as Wu-Wepn-Tsun
in [101].

Consider an ascending chain A = (fi,..., fr) in K[zy,...,2,) and rename the
indeterminates as in Definition 4.2.29. Assume that A is reducible. Then there
exists an integer k£ € N such that

At = (f1, for - ooy fim1)

is irreducible with generic point 75—, = = (Ug,y .-y Udy My - -+ Me—1) a0d the polynomial
f, obtained by substitution of (m,...,M—1) for {(¥1,- -1 Yr-1) i fi, is & reducible
polynomial in Kp_y[yx], where iy is the algebraic extension field Ko(my, ..., Me-1),
obtained by successively adjoining #,...,M-1 to Ko. Let the irreducible factoriza-
tion of the polynomial f in Ki-1[ys] be given by

fe=d1gn (4.36)
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" So h > 2, and all polynomials § € Kilyx] G = 1,... h) are irreducible over
Ki-1[vs]-

The coefficients of the polynomial §; (i =1,...,A) in (4 36) are elements of Xy..;.
From the theory of algebraic field extensions (see for example [104, p. 56)), it follows
‘that each coefficient ¢; of §; may be written as

& = —=,
A |
with §; € Klugy. .., 8dy M- -+ -1) and 7; € Kluy, ..., u4). After multiplication of
(4.36) with the product of all denominator polynomials y; we obtain:

dfe=g1"3n (4.37)
where d € Kluy,...,uq] and all §; € Kluy,...,udlm,....m=1l{zx] € = 1,...,h).
Since d € K[uy,...,ud), d is trivially reduced with respect to Ax = (f1,..., fx)-

Let i € {1,...,h}, and consider the polynomial . In this polynomial we can
successively substitute back (ye-1,.... %) for (-1,...,m) in the following way.

gf € }C{ulv sy ud}["h, <as )n&-—l][yk]'

Regard ; as a polynomial in Kluy, ..., ud)[n,. .., %k—2}[Me—1, Y}, (0 as a polynomial
in the indeterminates .y and y, with coefficients in K{uy, ..., u4){m, . .., M-2]), and
" replace Ny by Yx..;- This yields a polynomial:

. G2 € Klug,. .., ud)[ms .- -, k-z][yi;-n?}k]-

The polynomial f’;_h obtained by substituting (n3,...,M-2) for (v1,...,%x~2) in
fi-1, is irreducible with extended zerc 7p.;. So fr-; is a minimal polynomial in
yk—1 over Ko(m,-..,Mk-z2). Thus from the theory of algebraic field extensions (see
- [104, p. 56]), it follows that

deg,,  (3) =deg, (7)< degy,‘_l(fk-'l) < deg,, . (fi-1),

and we see that go; is reduced with respect to fy_1, because g is the indeterminate
of highest rank occurring in fi—;. Moreover, the indeterminate y; is not influenced
by this substitution.

In this way we continue: regard gy as a polynomxa.l in the mdetermmates -2,
Yx—1 and y with coefficients in Kluy,...,u4l[m,. .., 7-3] and replace 7x—2 by ye-2.
This yields a polynomial:

G € Ky, ..oy ugdl[ms oo N3] [Yr—2, Ye—-1, ¥i)-

Since the polynomial f}_,, obtained by substituting (m, ..., Nk-3) for (y1s+++» Yr—3)
in fe—s, is irreducible with extended zero 7,—y, the results in [104] yield again that

deg,, ,(G3:) = deg,, _,(Jz) < deg,, ,(fe-2) < deg,, ,(fi-2).

Of course, the indeterminates y; and y-; are not influenced by this successive
substitution process. So finally we obtain a polynomial g; such that

%€ ’C[ul,- -'sad][yh' . "yk]>
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and forall j € {1,...,k -1}
degyj (gl) = degnj (§k+1—j,i) < degyj (f;) < deg-y,- (fj)a
while " ‘
deg,, (¢:) = degy, (g:(m, .-, -1, 44)) = degy, (3:) < degy, (i) < degy, (f)-
We conclude that g; is reduced with respect to Ay.
The same process can be carried out for each polynomial ; (i = 1,...,h) sepa-
rately. So we have found a constructive method that enables us to compute explicitly

polynomials g; € K[uy,..., %4, ¥1,...,¥ (i =1,...,h) such that all g; are reduced
with respect to A, and :

gi(uly--'auda nly"')nk—lyyk) :‘gi' (438)

Next consider the polynomial
g1+ Gn — Af.

This is a polynomial in Kfuy,..., 44,41, ..., ¥k, but, for the moment, we consider it
as a polynomial in the indeterminate y: ~

, N
giogn—dfe =3 bivd,
=0

with coefficients b; € Kluy, ... 4, ¥1,.. Uk-1). Let 8 (§ = 0,1,;..,N} denote
the element in K;_;, obtained by substituting (m,...,7-1) for (z1,...,¥x-1) in b;.
Then for all j € {0,1,..., N} we have b; = 0, because (recall (4.37))

§l"'§hzdfk~

o

Therefore fig.1 = (Ug,.. ., Us; My . .- ,m-l) is an extended zero of all polynomials b;
(4 = 0,1,...,N), and application of Proposition 4.2.31 (recall that the ascending
chain Ay, is irreducible with generic point f..;) yields that

Vie{0,1,...,N}: prem(b;, Apy) = 0.

So for each j € {0,1,..., N} there exist integers vj1,...,¥4-1 €N and polynomials
;i € Klus, ..., ua,41, .-+, ¥—1) such that

k-1
Vid | pUkelp
I I = 3 g,

i=1 - ) )
where I; denotes the initial of f;. Define foralli=1,...,k — 1: v; ;== max(v;; | j =
0,1,...,N}. Then there exist polynomials §; &€ Kfuy,..., %4 ¥1,- -, ¥s] such that

) k-1
I{’l .o .I;’i‘ll(gl cergh— dfk) = z@f%

fax}

So, defining g :=I{* - - - I.*7'd, we finally get

k
Ii’l . .I:i‘llgl ceegpoE= Z(j‘;fi, (439)

im=l
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Proposition 4.2.41 Let P = {py,...,pn} be a finite set of polynomials in the ring

Klzy,..., 2] containing a nonzero polynomial, and let A = (fy,...,f.) be a Wu-
characteristic set of P. Assume that for alli=1,...,7: class(f;) > 0 and denote
the initial of f; by I;. Rename the indeterminates Ty,...,Tn QS Uty .o s Udy Y1y« -+ Yk

in the same way as in Definition 4.2.29. Assume that A is reducible. Then there
ezists a k € N such that Ae-y = (f1,...,fr-1) 48 irreducible with generic point
fim1 € K1, while the polynomial fi = fi(ih-1,v:), obtained by substituting
fie—1 for (uy,...,Ua,Y1,. -+, Ye-1) 0 fr, is reducible over Ky_,. Let g+~ G be an
irreducible factorization of fr, and define the polynomials §i,...,5, and d as in
(4.87). Construct polynomials gy,...,gn in Kluy,...,u4,%,...,9) such that all g;
are reduced with respect to A, and satisfy (4.88). Then the variety of P can be
decomposed as

ve)=UrevupoUvevsy. @40

=1

Moreover, in this situation the following two statements hold:
(i) Vie {1,...,k — 1}: any medial set of PU AU {I;} has lower rank than A.
(i) Vi € {1,...,h}: any medial set of PU AU {g;} has lower rank than A.

Proof

We start with the proof of equality (4.40).

"D Clearly foralli = 1,...,k—1 we have P C PU{[;}, so V(PU{L;}) C V(P),
and completely analogous for all j =1,...,h: P C PU{g;}, so V(PU{g;}) C V(P).
This proves ”D".

"C” Let a € V(P). Since A belongs to (P), a is a zero of all polynomials f; in
A. So a is a zero of the right-hand side of (4.39). Therefore a must be a zero of
one of the factors of the left-hand side of (4.39). Thus « is a zero of some I; or some
g; and we conclude that there exists an i € {1,...,k— 1} oran j € {1,...,h} such
that o € V(P U {L;}) or & € V(P U {g;}).

To prove (i),let 1 < i < k — 1. Then the initial I; is reduced with respect to .A.
So, according to Lemma 4.2.27 any medial set of P U AU {I;} has lower rank than
A.

Finally, because for all j € {1,...,h}, g; is reduced with respect to Ay, g; is
also reduced with respect to .A. Hence, (7i) is proved with completely the same

argument. =

Combining Proposition 4.2.41 and Proposition 4.2.39, it is possible to derive a
constructive method for the decomposition of the variety of an arbitrary polynomial
ideal into irreducible varieties (see Definition A.2.6). The prime polynomial ideals
corresponding to these irreducible varieties (recall Proposition A.2.7) are determined
by their (Ritt-) characteristic sets.

Start with a polynomial set P = {py,...,pm} and compute a Wu-characteristic
set of P with Algorithm 4.2.25. If it is contradictory, (P} is the whole ring and the
algorithm terminates because V(P) is empty. Otherwise, the Wu-characteristic set
A= (f1,---,f) of Pis an ascending chain with forall¢ € {1,...,7} : class(f;) > 0.
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First assume that A is an irreducible ascending chain. Then we decompose V(P)
as in formula (4.33):

V(P) = V(F)u V(P U{L}), (4.41)
f==1
where F is the prime ideal as defined in (4.32) and A is a (Ritt-) characteristic set
of F.
If A is reducible, we apply Proposition 4.2.41 and write

v(P) = U vPu T u U WPy (s, | (142)

=1 F=1

In both the reducible and the irreducible case we can decompose the varieties of
the polynomial sets P U {I;} and P U {g;} in completely the same way. Because A
belongs to (P}, PU{L;} and PU.AU{I;} generate the same ideal. The same holds
true for PU{g;} and PUAU{g;}. Therefore we continue the process with these larger
polynomial sets. From Proposition 4.2.41 it follows that PUAU{I;} and PUAU{g;}
must have Wu-characteristic sets of lower rank than 4. In this way, the rank of
the Wu-characteristic sets we are computing is strictly decreasing. So at a certain
moment this process terminates, because then all the Wu-characteristic sets under
consideration are contradictory. At that moment we have found a decomposition

V(P) = V(R)U---UV(F), (4.43)

where Fi,...,F; are prime polynomial ideals and the computed ascending chains
Ai, ..., Ar are irreducible (Ritt-) characteristic sets of Fi,...,F; respectively. So
Fi, ..., F are completely determined by Ay, ..., .4; and we have found a constructive
proof for Theorem A.2.8, the decomposition theorem for algebraic varieties stated
in Appendix A.2. '

Corollary 4.2.42 Let P = {p1,-+.,Pm} be a polynomial set containing a nonzero
polynomial, and assume that (P} is a prime ideal. Let A = (fy,...,f) be a Riit-
characieristic set of (P). Then A is an irreducible ascending chain.

Proof

Let A be a Ritt-characteristic set of the prime ideal (P}, and assume that A
is reducible. Then we can carry out the decomposition process described above to
arrive at the decomposition (4.43):

V({(P)) =V(R)U--UV(FR),

where F;(1 = 1,...,1) are prime ideals with characteristic sets Ay, ..., A; respec-
tively. From the description of the decomposition process it follows immediately that
all ascending chains A;,..., 4; are irreducible and have strictly lower rank than A.
Now (P) is a prime ideal, and therefore the variety V(P) is irreducible (see
Proposition A.2.7). This implies that there exists a k € {1,...,{} such that

V(P) = V(F).
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Since (P) and ¥ are both prime ideals, it follows that (P) = ¥ (see for example
[105, pp. 160-161]). Therefore A; is an ascending chain in (P) (= F%) of lower rank
than 4. This contradicts the assumption that .4 is a RJtt~characterxst1c set of (P},

and we conclude that A must be irreducible. v -

Using the results of Appendix A.2, formula (4.43) can be translated back into
terms of polynomial ideals. Let (P) denote the ideal generated by the finite set
of polynomials P. Then, according to Corollary A.2.11, Id(V(P)) = 1/(P). More-

_over, because Fy,...,.F; are prime ideals, we have Id(V(R)) = F; (i = 1,...,6).
Successive application of (A.5) finally yields

JiPy=Fin..nF, : (4.44)
where the prime ideals Fi,...,F; are completely determined by their irreducible
{Ritt-} characteristic sets A;,...,.4;. In this way we have derived a constructive
method to carry out the Lasker-Noether decomposition theorem for radical ideals
as described in Corollary A.1.17.

Formula (4.44) may also be used to solve the membership problem for radical
ideals. Suppose we have a finite polynomial set P = {py,...,pm} and a polynomial
g € Klz1,...,2,), and we want to know whether or not g em. Then we first
decompose the radical of {P) as before:

JPY=FAn---nF.

This decomposition is determined by the (Ritt-) characteristic sets Ay,. .., A; of the
prime polynomial ideals Fy,...,F; respectively. Now clearly g € +/(P) if and only
i

Vi=1,...,l: g€ F.

Since .4; is a (Ritt-) characteristic set of the prime ideal F;, we know from Theorem
4.2.17 that in this case the membership problem is easy to solve: ¢ € F; 4=
prem(g,.A;) = 0. Combining these results we obtain:

g€ \/ﬁ <= Vie{l,...,1}: prem{g,A4;) = 0. (4.45)
Finally we have to make a critical remark. All parts of the decomposition method
described in this subsection were constructive, except one: the factorization of the
polynomial fi over Kp.y (formula (4.36)). In general this is a quite difficult prob-
lem, although lately Wang has given a possible solution to this problem (see [99]).
Nevertheless, the factorization question remains the most important bottleneck in
the characteristic sets method.

4.2.6 Complexity issues

There is not much known yet on the complexity of the characteristic sets algorithm.
Like Grobner basis computation, the computation of a Wu-characteristic set can
become very time and space consuming. In (28] some efficient algorithms are given
together with bounds on the complexity. Often it is assumed that the computation
of a characteristic set is somewhat less involved than the computation of Grébuer
bases because a Grébuer basis of a polynomial ideal has stronger properties than a
Ritt- or Wu-characteristic set.
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4.3 A comparison of Grobner bases and charac-
teristic sets

After the introduction of two different methods from constructive commutative alge-
bra in the previous sections, the question arises which method is the most favourable
one to use. It is almost impossible to give an exhaustive answer to this question be-
cause it very much depends on the particular situation which method is preferable.
In this section we summarize the results of this chapter and compare both methods.
- In this way we obtain some insight in the considerations that lead to a choice for
one of the methods in some specific situations.

In Section 4.1 we have seen that a Grobner basis is a set of generators of a
polynomial ideal with some very useful properties. Using Grébuner bases it is possible
to decide on the membership problem for arbitrary polynomial ideals. Operations
on ideals, like summation and intersection, are easily carried out explicitly with
help of Grdbner bases. Also for the determination of varieties of polynomial ideals,
Grobner bases may be applied. If a pure lexicographic term ordering is used, a
triangular form is computed, and with backward substitution the variety of an ideal
is obtained. Therefore the Grébner basis algorithm is a constructive method that
may handle both polynomial ideals and their varieties.

The applicability of characteristic sets is far more restricted. In general they are
not a generating subset of a polynomial ideal. Only irreducible ascending chains
form an exception; in some sense they generate a specific prime ideal, as explained
in Definition 4.2.32 and Theorem 4.2.34. Only the membership problem for prime
polynomial ideals can be solved directly. Moreover, the decomposition of a charac-
teristic set in irreducible ascending chains enables us to solve the same question for
radical ideals too. However, the main application of characteristic sets is the com-
putation of the variety of a polynomial ideal. Since by definition ascending chains
have a triangular form, characteristic sets are especially suitable for this purpose. A
Whu-characteristic set obtained with Algorithm 4.2.25 is often enough to determine
the variety of a polynomial ideal.

Although the differences between Grébner bases and characteristic sets are often
very significant, both methods are sometimes also quite related to each other. When
for an ideal in the polynomial ring K[zy,. .., .| a Grobner basis is computed with
respect to the pure lexicographic term ordering and a ranking @7 < 29 < ++- < 2,
of the indeterminates, the resemblances with the Ritt-Wu algorithm are often quite
remarkable. Of course there remain differences, both in the ordering of polynomials
(total vs. partial) and in the reduction process (remainders vs. pseudo-remainders),
but the outcome of both algorithms may look very similar. This is illustrated by
the next result.

Proposition 4.3.1 Let T be a zero-dimensional ideal in Kz, ..., ), and let G be
a reduced Grébner basis of T w.r.t. the pure lexicographic term ordering with ranking

Ty < Ty <+ < Tn.

Assume that G contains ezactly n polynomials. Then G is a Riti-characteristic set
of the ideal T w.r.t. the same ordering of indeterminates.
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Proof

Let G = {g1,...,9a} be a reduced Grébner basis of T w.r.t. the pure lexico-
graphic term ordering with ranking z; < 29 < - -+ < z,. According to Proposition
 4.1.30 (%) there exists for every indeterminate z; (i = 1,...,n) a polynomial p€ T
such that in(p) = ¢; - =¥ with ¢; € K and n; € N. Since G is a Grdbner basis of
T we have in{p) € (in(G)), and thus there exists a ¢ € G such that in(g) divides
in{p). So G has a triangular form, and renumbering the polynomials in G we have
that for every ¢ € {1,...,n} the polynomial g; € G is an element of K[zy,..., ]
and in{g;) =& -z with & € K and m; € N. ‘ V

First we show that A := (g1,...,¢,) is an ascending chain in K[zy,..., ). Let
ik e {1,...,n} with j < k. It is obvious that the polynomial g; is reduced with

respect to gr. To prove that g is also reduced with respect to g; we consider an
~ arbitrary monomial ¢ of g;. Since G is a reduced Grébuer basis of 7, we know that
g ¢ ({& -2 | i=1,...,n}). Soin particular deg, (¢) < m; = deg,;(g;). This
implies that g is reduced w.r.t. g; and thus .4 is an ascending chain.

Finally, assume that there exists a nonzero polynomial p € T that is reduced
w.r.t. A, ie. '

Vi€ {1,...,n} : deg,,(p) < deg,,(%:) = m;.
Of course, the same inequalities hold for in(p). Therefore in(p) ¢ {in(G)). This
contradicts the fact that G is a Grébner basis of Z. We conclude that the only poly-

nomial p € 7 that is reduced with respect to A is the zero-polynomial. According

to Lemma 4.2.14, this implies that A is a Riti{-characteristic set of 7. -

Proposition 4.3.1 indicates that for zero-dimensional ideals the differences be-
tween Grébner bases and characteristic sets are not so apparent. This is illus-
trated by Examples 4.1.32 and 4.2.28; it is easily verified that the reduced Grobner
basis (g3, g2, g1} of the zero-dimensional polynomial ideal in this example has the
same rank as the Wu-characteristic set (hy, by, h3). Therefore they are both Ritt-
characteristic sets of the polynomial ideal under consideration. The condition in
Proposition 4.3.1 on the number of polynomials in the reduced Grébner basis of
a zero-dimensional ideal is always satisfied if Z is a prime ideal (see [30, Proposi-
tion 5.9]). But also when 7 is not prime, this condition seems not very restrictive;
if a zero-dimensional ideal is in so-called general position (see [30, Section 7]), the
number of polynomials in its reduced Grabner basis is often equal to n.

When an ideal is not zero-dimensional, its reduced Grébner basis with respect
to the pure lexicographic term ordering is sometimes still related to a characteristic
set. In [26, Chapter 4] the relationship between these two concepts is studied in
more detail. Also in [10, pp. 83-85], some results on this subject are given.

If in a particular situation there are only minor differences between Grébuer bases
and characteristic sets, the complexity of the algorithm to compute one of them is
an important argument for the choice of one of these methods. Often it is claimed
(see e.g. [10, p. 89]) that the characteristic set algorithm is generally faster than the
corresponding Gribner basis computation. However, the Grébner basis algorithm is
more mature: it is better known and developed, and more generally available than
the characteristic sets algorithm. Moreover, some questions on polynomial ideals
are only solvable using Grobner bases.
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The most important argument for the choice of a specific method is the appli-
cation for which it is used. For the determination of the variety of a polynomial
ideal, the computation of a characteristic set is often enough. This method has also
- won its spurs in the field of mechanical geometry theorem proving (see [10]). The
Grébner basis method on the other hand, is especially suitable for manipulations
with and operations on polynomial ideals. Because of its transparent structure,
a wide variety of problems in this field can be solved (see e.g. [14, Chapter 4]).
Moreover, Grébner bases can also be used for mechanical geometry theorem proving
and for the determination of varieties of polynomial ideals. Especially in this last
application, Grobner bases have the advantage that some partial information on a
variety is obtainable from a GrSbner basis w.r.t. an arbitrary term ordering. If an
ideal is zero-dimensional, univariate polynomials in the ideal can be obtained from
this Grdbner basis using the method of Proposition 4.1.37. Since the determination
of a Grobner basis w.r.t. the (reverse) graded lexicographic term ordering is much
faster than w.r.t. the pure lexicographic term ordering, this procedure speeds up
the computations considerably. -

In the rest of this thesis, Grébner bases are used almost exclusively to solve our
questions on polynomial ideals. OQur motivation for this choice is twofold. First,
we are interested in both polynomial ideals and their varieties, and we have just
seen that for the study of polynomial ideals, the GrSbner basis method is a more
appropriate tool. Second, because of the direct correspondence between Gribner
bases and polynomial ideals, this method has a great flexibility. In the next chapter
it turns out that most of the problems we are interested in may be reformulated as
questions on polynomial ideals in several different ways. With the characteristic sets
method only one (or none) of these solution strategies can be used in general. With
Grébner bases on the contrary, every reformulation leads to a different constructive
solution method for the problem under consideration. The flexibility of the Grébner
basis method enables us to test several solution strategies and to judge them on their
merits and efficiency. In this way it is possible to find effective solution methods
for the problems we are interested in. The general applicability and the greater
flexibility of the GrSbner basis method are the main incentives for the use of Grébner
bases in the next chapter.



Chapter 5

Testing reachability and
stabilizability

In Chapter 2, conditions were derived for the reachability and stabilizability {(w.r.t.
a given Hurwitz set D) of a system over a commutative ring R. Both conditions look
very similar; for a system T = (A, B, C, D) over an integral domain R, they can be
_ formulated as right-invertibility conditions on the matrix (2] — A|B). In this chapter

-we present a method to test these conditions explicitly. Our approach is based on
the introduction of a polynomial ideal that enables us to test the right-invertibility -
of the matrix (zI — A|B) over various rings simultaneously. In this way, reachability
and stabilizability can be treated at the same time.

The idea behind our approach is as follows. First we introduce some ideals in the
ring R[2] related to the the matrix (27 — A|B). Next, the conditions on the right-
invertibility of the matrix (2] — A|B) are restated as relatively simple conditions
on these polynomial ideals. The main step is the explicit determination of these
ideals using the Grobner basis method introduced in Chapter 4. With this tool
from constructive commutative algebra, we obtain explicit algorithms to test the
reachability of systems over polynomial rings. For stabilizability, we ma,mly confine
ourselves to time-delay systems with point delays.

The results of the first part of this chapter (Sections 5.1 and 5.2) were already
mentioned in [40], but here we give a more detailed elaboration and also include the
proofs. Section 5.3 is mainly based on [39].

5.1 Right-invertibility and polynomial ideals

Let R be an integral domain, and consider a system ¥ = (A, B,C, D) over the
ring R. According to Definition 2.2.2 and Theorem 2.2.3, the reachability of this
system only depends on the matrix pair (4, B): the matrix (2 — A|B) has to be
right-invertible over R[z]. When a stability defining Hurwitz set D in R[2] is fixed,
the same observation can be made for stabilizability by dynamic state feedback
and for detectability. For stabilizability by dynamic state feedback it is required
that the matrix (2] — A|B) is right-invertible over the ring Rp(z) of all stable
transfer functions (see Theorem 2.8.2). According to Theorem 2.9.3, the condition

161
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2l 5 A) has to be left-invertible
over Rp(z). Finally we recall that also the separation principle carries over to the
case of systems over rings: if a system is detectable and stabilizable by dynamic
state feedback, it is also stabilizable by dynamic output feedback.

From this summary of some of the main results of Chapter 2 we conclude that
all these results yield conditions on the matrix pairs (A4, B) and (C, A). Moreover,
the conditions on (C, 4) are dual to those on (A, B). So, to verify these conditions
explicitly, one only needs a method for the determination of the right-invertibility
‘of the matrix (2] — A|B) over the polynomial ring R[z], and the ring of stable
transfer functions Rp(z), respectively. Since the matrices C and D of the system
¥ = (A, B,C, D) are not involved in this, we omit them throughout this chapter.
Instead we use the convention that a system over a ring R is given by a matrix pair
L = (4, B) with A € R"** and B € R™*™.

for detectability is completely dual: the matrix

We start with the introduction of an ideal that plays a key role in this chapter.
It enables us to give a very straightforward characterization of the reachability and
stabilizability of a system.

Definition 5.1.1 Let £ = (A, B) be a system over an integral domain R, with
A € R™* and B € R™*™, Then the ideal 7 in R[z] associated with I, is defined as

T = {p(z) € Rlz] | IM(2) € R[2|"™™*" s.t. (2] — A|B) - M(2) = @(2)-I}. (5.1)

Since the set T is closed under addition, and also under multiplication by ar-
bitrary elements from R[z], Z is indeed an ideal in R[z]. Recalling the proof of
Theorem 2.8.2 we conclude that if ¢(z) is a monic element of Z, then there exists a
dynamic state feedback compensator for the system I = (4, B) such that the char-
acteristic polynomial det(z] — A) of the closed-loop system is equal to (¢(2))*. So,
to some extent the monic elements of T characterize the characteristic polynomials
of all closed-loop systems that are obtainable by dynamic state feedback.

The next result explains our interest in the ideal 7.

Proposii;ion 5.1.2 Let T = (A, B) be a system over an integral domain R, and let
T be the ideal in R[z] associated with T as defined in (5.1). Let D be a Hurwitz set
in R[z]. Then ‘

(i) L = (A, B) is reachable <= I =TR[], ,
(ii) = (A, B) is stabilizable w.rt. D <= IND#o.

Proof ‘ :
(i) Assume that £ = (A, B) is reachable. Then the matrix (2] — A|B) is right-
invertible over R[z], hence 1 € Z. On the other hand, if Z = R[] then 1 € Z, and
thus (zI — A|B) is right-invertible over R[2]. ; :

(1) Assume that & = (A, B) is stabilizable w.r.t. the Hurwitz set D, so (2] —
A|B) is right-invertible over Rp(z). So there exists a matrix M(z) over Rp(2} such
that

(z2I - AlB)-M(2)=1I.
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Multiplying this equality by the least common multiple (2) of all denominators of
the entries of M(z), we obtain

(I ~ A|B)- M(2) = ¢(2) - I,

where (z) € D, and M(z) a matrix over the polynomial ring R[z]. Hence ¢(2) € Z,
and thus TND # 2. '

To prove the implication in the opposite direction, let ¢(z) € Z N D. Since
¢(z) € Z, there exists a matrix M(z) over R|z] such that

(eI — A|B)- M(2) = ¢(2) - I.

' Dﬁndmg both left- and right-hand side by ¢(z), we conclude that -——7 -M(z)isa .

right-inverse of (2] — A|B) over 721;(2) -

When the ideal Z associated to the system I is known, conclusions on the reach-
ability and stabilizability of ¥ are more easily drawn. So, to test the reachability
and stabilizability of a system X, we first want to determine the corresponding ideal
T explicitly. If R is a polynomial ring, this can be done using the Grébner basis -
techniques of Section 4.1. Unfortunately, the definition of the ideal Z in (5:1) is not
very suitable for computation. The Grobner basis algorithm can only be applied
when a set of generators of a polynomial ideal is given. However, the ideal T is
described in a completely different way. Therefore it is necessary to make a small
detour. We first introduce some ideals that are closely related to Z, or are even
equal to Z. They have the advantage that they can be determined exactly using the
Grébner basis method. In this way we obtain enough information to decide on the
reachability and stabilizability of the system under consideration.

In this section we confine ourselves to the definition of the ideals used throughout
this chapter, and to the relations between them. This can be done for systems over
arbitrary integral domains R. In the next section we specialize to the case that R is
a polynomial ring, and show how these ideals can be computed using the Grébner
basis algorithm.

Definition 5.1.3 Let & = (4, B) be a system over an integral domain R, with
A€ R™™ and B € R™™™. Let e; (i = 1,...,n) denote the i*® unit vector in' R™,
and define for i € {1,...,n}:

H; = {p(z) € Rlz] | I(z) € R[2]""™ s.t. (2] — A|B) - ¢(z) = p(2) - €;}.(5.2)
Then the ideal H associated with I is defined as
H= [\ H. ‘ ‘ (5.3)
i=1

In the same way as for the ideal 7, we may prove that all H; (i = 1,...,n) are
ideals in R[z]. They can be considered as a column-wise definition of the 1dea1 7.
Therefore it is easily verified that

H=T. | (5.4)

In Section 2.8 we already encountered an ideal J in R|z] that was used for the
same purpose as the ideal Z of Definition 5.1.1: the reformulation of the condition
for stabilizability of a system, as a condition on the intersection of the ideal J and
the Hurwitz set D. Here we repeat the definition of this ideal.
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Definition 5.1.4 Let £ = (A4, B) be a system over an integral domain R, with
A€ R™" and B € R™™, Define N = [ -;m ~— 1 and denote all n X n minors

of the matrix (2 — A|B)} by ap(2),...,en(z). Then the ideal J associated with 3.
is the ideal in R[2] generated by all these n x n minors of (2] —~ A|B):

J = (ag(Z), ERRE C!:N{Z)). (5°5)
The next result describes the relationship between the ideals 7 and J.

Lemma 5.1.5 Let £ = (A,B) be o system over an integral domain R, with A €
R¥® and B € R™™™. Define the ideals T and J associated with ¥ as in (5 1) and
(5.5), respectively. Then

JcIcVT. (5.6)

Proof

The proof of this result is based on the same ideas as the proof of Proposition
2.8.5. ;

*J C I Let a2) be one of the n X n minors of (2] — A|B). Then there exists
an n X n submatrix K(2) of (2] — A|B) such that a{z) = det{K(z)), and according
to Cramer’s rule we have

K(z) - adj(K(2)) = de{;(K(z)) I= ofz) - 1.

Extending the matrix adj(K (z)) with zero rows on the nght places, we obtain an
{n+ m) % n matrix K (2) over R[2] such that

(2I — A|B) - K(z) = a{z) - I.

Hence a(z) € 7. Since a(2) was an arbitrary n x n minor of (21 — A|B), it follows
that all principal minors of (2] — A|B) belong to Z, s0 J C 7.

"T C /T Let p(z) € Z. Then there exists a matrix M(z) € R[z]"*™*" such
that

(2I - AlB) - M(z)=p(2)-I. | ‘ ‘ (6.7

Let ag{z),...,an(z) denote all n x n minors of the matrix (2] — A|B). Taking
determinants on both right- and left-hand side of (5.7), and using the Binet-Cauchy
formula (see e.g. [29, p. 9] or formula (2.41)), we find polynomials Go(2),...,8n(2) €
R[z] (the n X n minors of the matrix M(2)) such that

an;(zwz(z) ()™

We conclude that ((2))" € J, and thus by definition ¢(2) € VT -

It is important to note that the inclusions in the opposite directions do not hold
in general. This is shown by the following two counterexamples.
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Example 5.1.6 Let R =R, and consider the system ¥ = (A, B) with

() - ()

Then (z — 1) € T because

' 10 \ /1 0
-1 0 0 10
(2I-AlB)-|0 1 :(z _ ) 01 =(z—1)*( )
00 0 =z 1‘ 0 00 01
However, the only nonzero 2 X 2 minor of (21 — A|B) is (z§— 1)%. Hence (2—1) € J,
and we conclude that in thiscase T ¢ 7.

Example 5.1.7 Let R = R, and consider the system T = {4, B) with

01 (0
A= (0 0) and B= (O) .
The only nonzero 2x2 minor of (21— A|B) is z%. Hence v/7 = (z). Next we compute

Z. Let ¢(z) € Z. Then there exist polynomials my;(z) € R[2] (i =1,2;  =1,2,3)
such that

mljl(z) ml?(z) z -1 0 mli(z) ml?(‘z) . (Z) 0 |
(2 - A|B) | mar(2) maa(2) | = ma(z) ma(z)| = (¥ :
’ | (m;(z) ”ml;é)) (0 # O) (m;(z) :;i;:)) ( 0 c,o(z))

In this way we obtain the equations

’z cmu(z) ~mu(z) = o(z),
z-maz(2) = ma(z) = 0O,
z-ma(z) = 0,

z-mp(z) = ¢fz).

So mgi(2) =0, and @(2) = z - m1(2) = 2z - mga(2) = 2% - mya(2). We conclude that
all polynomials in Z are of the form 2%-m;(2), with my9(2) an arbitrary polynomial
in R[z], and thus T = {2%). So in this particular case we have VT = (z) ¢ (2?) =T.

Finally we introduce another ideal related to Z. At the moment, this relationship
is not very clear, but in the next sections the computation of this ideal turns out to
be very similar to the computation of H.

Definition 5.1.8 Let £ = (A4, B) be a system over an integral domain R, with
A€ R™ and B € R"™™. Let ¢ € {1,...,n}, and introduce n — i new indetermi-
nates giy1y- .., qn- Define the polynomials pi,,...,Piym 0 Rz, ¢is1,. .-, ¢n] as the
‘components of the following (n + m)-dimensional row vector:

(P Pinym) = (0220 Llgis1 -+ ga) - (21 — A | B). (5.8)
i-1
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The ideal £; in R[z] is defined as the intersection of R[z] and the ideal in the ex-
tended polynomial ring R(z, ¢i41, . . . , ] generated by the polynomials p;,, ..., Py

C,’ == (pil, ven ,p,'“,m) n R[Z]. (5.9)
The intersection of all ideals £; (i =1,...,7n) is called £:
L=t | | (5.10)
=1

The connection between the ideal £ and the ideal Z is elaborated in the next
lemma.

Lemma 5.1.9 Let X = (A, B) be a system over an integral domain R, with A €
R and B € R™™™. Define the ideals T, £; (i = 1,...,n) and £ associated with
¥, as in Definition 5.1.1 and 5.1.8, respectively. Then

vie{l,...,n}: ICL; (5.11)
Consegquently, k

IcL. | » | (5.12)
Proof

Let ¢ € {1,...,n} and let @(z) € Z. Then there exists a matrix M(2) €
R[2]+mPxm sych that

(zI - AlB) - M(z) =p(2)- 1.

Pre-multiply this equation by the n-dimensional row vector (0 -011|giv1 -+ gn)

1-—1
consisting of (¢ —1) zeros, one 1, and (n — 1) indeterminates q..;.;, ., Gn. In this way
we obtain

(Pir * ** Pinam) - M(2) = (0 -0)0(2)|gis10(2) - - - gn0(2)), (5.13)
i1
where i, ..., Pinsn are defined as in (5.8). Let (11:(2) - - fintmi(2))7 denote the
#*® column of the matrix M(z). Then the i** component of (5.13) indicates that

n+m

o(2) = > pi;tia(2)
Ja=l

is an element of the ideal {p;,,...,pi,,..) in the polynomial ring R[z, gis1y..., ]
By assumption ¢(z) € R[z] and we conclude that

@(z) e @iu v spin+m) n R[Z] = L.

Since ¢(2) € 7 was arbitrary, this proves the claim. »

Again, the inclusion in the opposite direction does not hold in general. This is
illustrated in the following example.
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Example 5.1.10 Let R = R, and consider the same system ¥ = (4,B) as in
Example 5.1.7, i.e.

01 ' 0
A«-(O O) and B_(O)’
Then we know that 7 = (2?). We now compute £; and L,.
Let g2 be an indeterminate. Then

-1.0

(e)-Gr-4B)=le) (; 7 0)=Cla-1(0)

- and the ideal {2, g32~1) generated by the elements of this vector is the complete ring
R[z, go], because 1 = —(g22~1)+g2-2 € (2, g22~1). So £; = (2, g22—1)NR[z] = R[z].
For the ideal £, we compute

©1)-Gr-am=010(; 7§ =010,

Hence £; = (z) and we conclude that
L=LiNLy={(2).
Therefore Z = {z?) C (z) = L, but L ¢ T.

The next proposition summarizes most of the results we derived on the relation-
ships between the ideals introduced in this section.

Proposition 5.1.11 Let T = (A, B) be a system over an integral domain R, and
let T, H, J end L be the ideals associated with E introduced in Deﬁmtwns 5.1.1,
5.1.8, 5.1.4 and 5.1.8, respectively. Then

JcI=HcL. | (5.14)

If we specialize somewhat further, and assume that the ring R under consid-
eration is a polynomial ring over a field K, we can also determine the connections
between the varieties of the ideals 7, H, J and £. In fact, all these varieties turn
out to be equal.

Proposition 5.1.12 Let K be an arbitrary field, and let R = K[sq,...,5] be the
ring of all polynomials in the indeterminates s1,...,8; with coefficients in K. Let
Y = (A, B) be a system over R, and consider the ideals Z; H, .7 and L associated
with X, introduced in Definitions 5.1.1, 5.1.8, 5.1.4 and 5.1.8, respectively. Then

V(T) = V(T) = V(H) = V(L). C (5.15)
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Proof
From the inclusions (5.14) and formula (A.2) in Appendix A.2, it follows imme-
diately that

V(L) C V(H) = V(T) C V(T).

Moreover, according to (5.6), we have Z C /7, and thus V(v/7) € V(Z). From
formula (A.7) we recall that an ideal and its radical have the same variety, and thus
we conclude that V(J) = V(V/J) C V(Z). This proves the equality V(Z) = V(J).
So it remains to be shown that

V(I) c V(L) = _LJIV(ﬁi)'

Assume that A and B are n X n and n X m matrices over R, respectively. Denote
all minors of the matrix (21 — A|B) by ap(2),...,an(z). By definition, all these
minors are elements of the polynomial ring R[z] = K[z, 51, ..., s]-

Let (2, 51,...,5) € V(Z), and denote the k-tuple (5y,...,5,) of elements in the
algebraic closure K of K by 5. Then (Z,3) € V(J) and thus (%, 5) is a common zero
of all » X n minors of the matrix (2] — A|B). This implies that

rank(z] — A(3)|B(3)) < n,

where A(3) and B(3) denote the matrices over K that are obtained after substitution
of 3; for the indeterminate s; (j =1,...,7n) in the matrices A and B. We conclude
that there exists an ¢ € {1,...,n} and a (normalized) vector in K™ of the form

(Q_;;.‘Q“wa <o+ Gn)

i1

such that -

(0::-0[1|gis1---qa) - (2] — A(3)|B(3)) = 0.

i-1

Therefore, the point (Z, 5, Git1, . . ., 3n) € K15+~ is a common zero of the polyno-
- mials Py, .y Pinym 0 R[2,Git1, .. -, o] as defined in (5.8).
Let now p € £;. Then p € (piy,...)Pinm) N R[2], and there exist polynomials
B;i € R[z,gis1, .-+ qa] (F =1,...,7+m) such that

n+m

p(zyysla"wsk) = Z :Bj(zvslv'-'1sk1qi+11"'7qn) 'pi,-(z,sl,---,3k7Qi+1,---,‘1n)-
. =

Substitution of the point (2, 5y,- .., 8k, §it1, - - - » Gn) ON both right- and left-hand side
yields p(z,581,...,8) =0, so (Z,3) is a zero of the polynomial p. Since p € £; was
arbitrary, (z, 5) € V(L£;) and we conclude that
V(T) c V(L) c | V(L) = V(L)
i=1

This completes the proof.
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Proposition 5.1.12 indicates that for a system over a polynomial ring K[sy,. .., 8]
it does not matter which of the ideals Z, M, J or £ is used to determine the variety
V(Z). This is important for some of the later applications that only require the
computation of the variety V(Z). It gives us some flexibility: we are free to choose
the method that is computationally the most efficient. However, for the computation
of the ideals themselves, our freedom is somewhat more restricted because in general
there are some differences between these ideals. Nevertheless, the ideals J and £
contain important information on the ideal Z.

5.2 Grobner basis computations

Let K be an arbitrary field, and #y,..., 9 be a k-tuple of indeterminates. In the
rest of this chapter we only consider systems over polynomial rings R of the form
R = KJsy,...,8). For this type of rings it is possible to determine the ideals Z, H,
J and £ associated with a system ¥ = (A, B) explicitly using the Gribner basis
techniques of Section 4.1. In this section it is shown how Grdbner bases of these
ideals can be computed. :

A method for the determination of a Grébaner basis of the ideal J -associated
with a system T = (A, B) is not difficult to obtain. Since J is defined as the ideal
generated by the n X n minors of the matrix (2] — A|B), straightforward application
of Buchherger's algorithm (see Theorem 4:1.26)-yields the desired result.

Algorithm 5.2.1 Let £ = (A4, B) be a system over the polynomial ring R =
Klsy,...,8), with A € R**® and B € R™™, and let > be a term ordering on
~ the monomials of Kz, s1,..., 8.

Step 1 Determine the finite subset F of K|z, 5y, ..., 8] consisting of all nxn minors
of the matrix (zI — A|B),

Step 2 Compute a Grobner basis G of the ideal generated by the polynomials in
F w.r.t the term ordering >, usmg the Grobner basis algorithm of Theorem
4.1.26.

Proposition 5.2.2 Consider a system ¥ = (A, B) over the polynamial ring R =
K[s1,...,8k), and let T be the ideal associated with T, as defined in Definition 5.1.4.
Let > be a term ordering on K[z, 81,...,8;]. Then the set G obtained in Algorithm

' 5.2.1 is a Grébner basis of J w.r.t. the term ordering >. -

The determination of a Grdbner basis for the ideals £; (i = 1,...,n) and their
intersection £ is somewhat more delicate. During the computation we first have to
introduce some new indeterminates that are eliminated later on. As we have seen in
Theorem 4.1.31, Grébner bases w.r.t. a pure lexicographic term ordenng are very
useful for this purpose.

Algorithm 5.2.3 Let ¥ = (A, B) be a system over the polynomial ring R =
Kls1,...,8), with 4 € R and B € R™*™, and let 7 be a ranking of t;he in-
determinates z,8;,...,8. Leti € {1,.. ,n} be given. -
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Step 1 Introduce n —{ new indeterminates giy1,..., ¢ and construct the n-dimen-
sional row vector '

(Q::-C[1lgi+1 "~ ga)-
i—-1

Step 2 Compute

(pix °t 'pin+m) B (u»lllqbi—l ot ’Qn) . (31 - AIB),

i-1
and consider p;;, ..., P, 25 elements of the polynomial ring

)C{Z, LI TRRRTE 1 78 /X% PR 3‘?13}-

Step 3 Fix a ranking 7, on the indeterminates z,8y,..., 8k Qit1,.-.,¢n in SUCh &
way that

(i) the new indeterminates gi¢y,...,¢, are of higher rank than the original
indeterminates z, sy,..., 8k, : :

(ii) in the extended ranking m,, restricted to the indeterminates z,sy,..., ss,
the ordering of the indeterminates 2, s;,..., 8 is the same as in the orig-
inal ranking =.

‘Step 4 Compute a GrSbner basis G; of the ideal (p;,,...,p;,,..) in the poiynoinial '
ring K[z, 81,.-., 8% Gi+1y - - -, @u] W.r.t. the pure lexicographic term ordering
with ranking 7., using Theorem 4.1.26. ‘

Step 5 Determine G; := G; N Klz,81,..., 88

Proposition 5.2.4 Let & = (A, B) be a system over the polynomial ring R =
Ks1,... 8], with A € R™"™ and B € R™™, and consider the ideals £; (i =
1;...,n) associated with T, as defined in Definition 5.1.8. Let w be a ranking of the
indeterminates z,8y,...,8:. Then for every i € {1,...,n} the set G;, obtained in
Algorithm 5.2.8, is a Grébner basis of L; w.r.t. the pure lexicographic term ordering
with ranking © of indeterminates.

Proof
Let i € {1,...,n}. According to Definition 5.1.8, the ideal £; is defined as

Lz (p,v,,...,p;ﬂm) N Kz, 81,..., 8

So we want to apply the Grobner basis method to eliminate the indeterminates
 Qit1y---,Gn- Recalling Theorem 4.1.31, this is possible by computing a Grobner
basis G; of the ideal {p;,,...,pi,,..) W.I.t. the pure lexicographic term ordering. For
this purpose the ranking of the indeterminates ¢i41,...,¢» has to be higher than
the ranking of the indeterminates z,s;,..., 5 Since this condition is satisfied in
Step 3 (i), and because the mutual ordering of the indeterminates z,sy,...,s; is
preserved (see condition (%) of Step 3), the result of Theorem 4.1.31 implies that
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Gi = G;NK]z,81,...,8:] is a Grobner basis of £; w.r.t. the pure lexicographic term

ordering with rankmg 7 of indeterminates. -

To obtain a Grobner basis of the ideal £ = (%, £;, we first compute for every
i € {1,...,n} a Grobner basis of £; w.r.t. the pure lexicographic term ordering,
using for every ¢ € {1,...,n} the same ranking 7 of indeterminates. Subsequent
determination of the intersection is then possible with standard Grébner basis tech-
niques. Successive application of Lemma 4.1.34 and Remark 4.1.35 on £y,..., L,
yields a Grobner basis of the 1dea.1 L w.r.t. the pure lexicographic term ordermg
with rankmg T.

The derivation of a method for the computation of a Gribner basis for the ideals
" H; (i = 1,...,n) and H, introduced in Definition 5.1.3, is much more involved.
First we have to characterize the ideals H; {f = 1,...,n) in a somewhat different
way, that is more suitable for computation. For this purpose we need the following
definition.

Definition 5.2.5 Let & = (A4,B) be a system over the polynomial ring R =

Kls1,... 8], with A € R*™" and B € R**™. Introduce an n-dimensional row
vector (g« +- gn) Of new indeterminates and define
(pl . 'pn-'{-m) = (‘Il Qn) (zI - A*‘B) ‘ . (5'16)

where the elements p;,...,Pnim are polynomxa,ls in the rmg ’R{z, Q1s-+sqn). The
ideal P in Rz, ¢, . ,qn] is defined as,

P= (ph ces :pn-}-m)’ - ('5-17)
and for every i € {1,...,n}:
P; =P NR[z ¢l . (5.18)

Lemma 5.2.6 Let ¥ = (A, B) be a linear system over the polynomial ring R =
Kls1,...,8), with A € R™" and B € R™™, and consider the ideals H; (i =
1,...,n) and P; (i = 1,...,n) associated with &, introduced in Definition 5.1.8 and
Definition 5.2.5, respectiveiy. Then for every i € {1,...,n} we have

Ho={p(z) € RlZ] | i~ o(2) € Pi}, - C (519)

In the proof of Lemma 5.2.6 we use the following result that is stated separately
because it is also very useful in subsequent sections.

Lemma 5.2.7 Let R be an integral domain, end let M be an n x £ matriz over R.
Introduce a vector (qy -+ ¢n) of indeterminates, and let ¥{qy,...,qn) € R[q;, AL
and £ € R™ be two vectors satisfying the equation

@) M@y 80) = (@17 n) - €. ' (5.20)
Define 1y € RY as the £-dimensional vector over R that is obtained after substitution
of =g =" =¢=0inY(q,...,q:). Then

M.y =¢. (5.21)
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Proof ,

Let ¥(q1,...1a) € Rlg1s...,qa)* and € € R™ be vectors such that (5.20) is
satisfied. Introduce a new indeterminate A. Since {g;---¢,) is a row vector of inde-
terminates, (5.20) holds for an arbitrary choice of ¢; (i = 1,...,n), so in particular
it remains valid when we replace (g1+--¢.) by (Ag1 -+ Agn):

(Adie - Agn) - M - ¥(Aqr,-.., Agn) = (Aq1 <+ Agn) - €.

After subtracting (Agy - -+ A¢ga) - € on both left- and right-hand side, and factoring
out the common term A, we obtain

A(gign) - MMy, - An) ~ €] = 0: (5.22)

Now we regard the left-hand side of (5. 22) as a polynomial in the indeterminate

A with coefficients in R[gi,...,¢,). It is obvious that the constant term of this
- polynomial is zero. Next, consider the linear term in A. The coefficient of this term
is obtained by substitution of A = 0 in (g1+--¢) - [M¥(Aqu,...,Aen) — €], and is
therefore equal to (g;---¢.) - [M¥y — £]. From formula (5.22) it follows that also
this coefficient is zero:

(@1 qn) - M3~ ] =0. (5.23)
Since Mo — £ is a vector in R” and (g1 +¢qn) isa vector of indeterminates, (5.23)
implies that M1y — £ = 0. This completes the proof. -

The importance of Lemma 5.2;? is not difficult to explain. In the sequel the
result is applied to the situation R = R[z], where R denotes the polynomial ring
K[si,---,8k)- In this case, the lemma states that if M(z) € R[z]** and £(2) € R[z]™
are given, it is not really necessary to look for solutions x of the equation

(g1 gn) - M(2) -2 = (g1 ) - £(2)

in the extended module Rz, q1,. .., )’ A solution z € R[z,q1,...,¢.)* exists if and
only if there exists a solution in R[z]’. Moreover, 2 method is given to eliminate
the superfluous indeterminates ¢y,...,¢, from a solution in the extended module
Rz, 41,...,qn)* containing these indeterminates. This idea is also used in the proof
of Lemma 5.2.6.

Proof of Lemma 5.2.6
Letie {1,...,n}. '
" C” Let qo(z) € H;. Then there exist po}ynormals Pi(2) e Rlz| i =1,...,n+m)
such that
o (2
(21 - A|B) - : =¢(2) - &,
¢n+m(3)

where e; denotes the #*® unit vector in R™. Pre-multiplication of this equality by
the row vector (gy -+ - g+) of indeterminates yields

hi(z)
(pl “*Dnim) * =g ‘P(z);
"!"a**-m(z)
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where p; € R{z,¢1,...,¢,) are defined as in (5.16). We conclude that ¢; - ¢(2) =
TP ¥i(2) € PNR[2,q] = P
"D" Let ¢(2) € R[z] be such that ¢; - ¢(2) € P;. Then there exist polynom:als
Bi(z, @151 qn) ER[2,¢1,.. ., n] (F =1,...,n+m) such that

ndm

gi-o(z)= Y Bilzsqr,- . n) i

J=1

Collecting the coefficients 8;(2, ¢1,...,¢2) (j = 1,...,n+m) in an n+m-dimensional

vector (ﬁ(z’ Qyeees Qn) = (ﬁi(za A PR ‘}n} v ﬂn-{»m(z’ Giyee sQr&))T over the polyno—
mial ring R[z,¢1,...,¢.), and using definition (5.16) of the vector (p; - * - Pnim), the
previous formula can be restated as '

(@1 @n) (2T = AIB) - B(2, 011+, @n) = (@1 ) - (9(2) - &).

Let fo(z) € R[2]"*™ denote the vector obtained after substitution of g; = ¢,
=g, =0in f(z,q1,...,¢:). Then application of Lemma 5.2.7 with R = ’R,[
IC[z, S14---, Sk yields

(2I — A|B) - fo(z) = p(2) - e, ,
and thus, according to Definition 5.1.3, we have p{z) € H,. -

1z

The characterization of the ideals H; (i = 1,...,n) given in Lemma 5.2.6 indi-
cates that for the determination of these ideals, elimination of indeterminates plays
a crucial role. However, to compute H; for a fixed value of 4, the indeterminates
 G1y---3Qim1sQi+ly - - - 5 On ON the one hand, and the indeterminate ¢; on the other hand,
have to be treated differently. The indeterminates ¢i,..., Qw1 Gi41,---,n €80 be
eliminated in the same way as in Algorithm 5.2.3, using an appropriate ranking of
the indeterminates and applying the GrGbner basis algorithm w.r.t. the pure lexico-
graphic term ordering. Elimination of the indeterminate g; is more delicate because
only the coefficients of the polynomials in R{z, ¢;] that are linear in ¢; belong to H,.
The next algorithm describes how this computation may be carried out.

Algorithm 5.2.8 Let & = (4, B) be a system over the polynomial ring R =
K[s1,+.. 8] with A € R™" and B € R™™, and let 7 be a ranking of the in-
determinates z, sy,..., 8. Let i € {1,...,n} be given.

Step 1 Introduce n new indeterminates ¢, ..., ¢, and construct the n-dimensional
row vector {gy - gn)-

Step 2 Compute
(Pr+*Patm) = (01" @n) - (zI - A|B),
and consider py, ..., Prim as elements of the polynomial ring
Klz,81,. 38k, Q14+ o 2 Gn)r

Step 3 Choose a ranking 7. of the indeterminates z,81,..., 8, ¢1,. . ., ¢n Satisfying
the following conditions:
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(i) the rank of the indeterminates ¢i,..., i1, i1, - - - » @n 18 higher than the
rank of the indeterminate ¢;,

(%) The rank of ¢; is higher than the rank of the indeterminates z, sy,..., 8,

(iii) The ordering of the indeterminates 2, s1,...,$; in the extended ranking
e, 18 the same as in the original ranking =.

Step 4 Determine a Grbbner basis G; of the ideal (py, ..., Pn+m) in the polynomial
ring Kz, 81, .., 8%, G1, ..., ¢a] W.r.t. the pure lexicographic term ordering with
ranking ., using Theorem 4.1.26.

Step 5 Compute G; := G;nNK[z,51,..., 8, ¢

Step 6 Determine the set
H; = {p(2) €Klz,51,..., 58] | i - 0(2) € Gi}. -

Proposition 5.2.9 Let T = (A, B) be a system over the polynomial ring R =
Kls1,...,8:] with A € R™" and B € R™™, and let 7 be a ranking of the indeter-
minates 2,51,...,8;. Then for everyi € {1,...,n}, Algorithm 5.2.8 yields o finite
subset H; of R[z] with the property :

(Hi)rp =M, - (5.24)

i.e. the ideal in R[z] generated by the polynomials in H; is equal to the ideal H;
associated with the system T, introduced in Definition 5.1.8. Moreover, H; is a
Grébner basis of H; w.r.t. the pure lezicographic term ordering with ranking 7.
Proof -

Letie {1,...,n}. _

"(H;) € Hi" Let @{z) € H;. Then ¢; - v(2) is an element of the Grébner basis

of the ideal P = (py,...,Pn4m) as defined in Definition 5.2.5. Since the polynomial
@(z) only contains the indeterminates z, s1,. .., 9%, we even have

¢ o(z) EPOR[z,q] =P

Accbrd'mg to Lemma 5.2.6, this implies that cp(z) & H;. We conclude that H; C H;,
hence also (H;) ¢ H;.

"(H;} O H" Let ©(z) € H;. Then it follows from Lemma 5.2.6 that ¢; - ¢(z) €
P; C P. According to Definition 5.2.5, this ideal P in R[z,qy, ..., ¢s] is contained
in (‘h';"'aQn)' ) .

In Step 4 of Algorithm 5.2.8 we compute a GrSbner basis G; of P w.r.t. the pure
lexicographic term ordering with ranking 7. of indeterminates, satisfying conditions
(i), (i) and (%) listed in Step 3 of the algorithm. According to Theorem 4.1.31,
this implies that G; = G; N Rz, g is a Grdbner basis of the ideal P; w.r.t. the
pure lexicographic term ordering with the indeterminate ¢; of higher rank than the
indeterminates z, 81,..., 8.
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Since g - ¢(2) € P;, and G; is a Grobner basis of P; w.r.t. this specified lexico-
graphic term ordering, we know from Proposition 4.1.20 that ¢;-¢(2) is an admissible
combination of the polynomials in G;:

- p(2) = > c(0a, 0, 9)gf? 2™ - g, (5.25)
g&é; o1 éNo,UtQENg'H

where c(0, @2, 9) € K and z°2 denotes the monomial in K[z, s1,.. ., 8 with multi-
degree oy. Moreover, if e(au, ag, ¢) # 0, then

deg(gi"z - g) < deg(gi - ¢(2))- (5.26)

~ Since G; C P, and every polynomial in P is a linear combination of gi, ..., g, all
elements g € G; have the property

deg,.(g9) > 1.

So, because of (5.26), only polynomials of the form ¢ = ¢; - h with k € H; occur
in the admissible combination (5.25), and also @3 = 0. Therefore (5.25) may be
rewritten as

G-o(2)= 3, &y h)gz™ - h (5.27)

heH; opeMEt!

If &(ay, h) # O, the inequality deg(g;z*?-h) < deg(gqip(2)) is still satisfied, and implies
that also deg(z®2h) < deg(e(z)), because the degree in ¢; of both polynomials is
equal to 1. Dividing (5.27) by ¢; we obtain

p(z) = S &(ag, h)x**h,

hEHiPzENg“

and we conclude that ¢(2) € (Hi)zj:)- Moreover, each polynomial ¢(z) € H; is an
admissible combination of elements of H;, and therefore we know from Proposition
-4.1.20 that H; is a Grobner basis of H; w.r.t. the pure lexicographic term ordering
with ranking . "

After computation of Grobner bases of the ideals H; (i = 1,...,n), a Grébner
basis of the ideal H = [.; H: may be obtained by repeated application of the
Grobner basis technique for the determination of the intersection of two polynomial
ideals as explained in Remark 4.1.35. Since H = T, this yields a constructive method
for the computation of the ideal T associated with a system ¥ = (4, B).

Remark 5.2.10 The algorithms developed in this section explain our preference
for the Grébner basis method (in comparison with the characteristic sets method)
to a great extent. For the computations of the ideals we are interested in, it is often
necessary to introduce new indeterminates that are eliminated later on. For this
purpose characteristic sets are of no use; these computations can only be carried out
with Grébner basis techniques. However, in the next sections it turns out that in
some applications only the varieties of ideals have to be determined. In these cases,
the characteristic sets method may be an alternative for Grébner basis computations.
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We end this section with an example that illustrates the effectiveness of the
algorithms developed in this section.

Example 5.2.11 Let R = R(s], and consider the system ¥ = (A4, B) with

1 5s+2 _ 35+2
A_(sz—s 0 )’ B_(2s3—-s—l)'

The ideals Z, J, H and L associated with ¥ are ideals in the polynomial ring
R[z] = R[s,2]. We apply the algorithms derived in this section to compute a
Grobner basis of the ideals J, H and £ with respect to the pure lexicographic
term ordering with the ranking of indeterminates fixed by s > z. Using the com-
puter algebra package Maple V.2 for the actual Grébner basis computations, we
obtain the following results.

The Grobner basis of J is J = {j1, 72}, where
ji = 1890s + 1362° + 2362° — 7982* — 6092% + 26552% + 270z — 1890,
jo = 827 4425 — 4225 +212% +1082° — 9922
The Grobner basis of £, is Ly = {11, £12}, where
£, = 90s—82* —428 41822 - 15249,
by = 82°+4z% —422° + 2127 + 108z — 99.
The Grobner basis of Ly is Ly = {€y;, 22}, where
by = s-1,
by = 2z,
The Grdbuer basis of H; is H; = {hy1, hi12}, where
hy = 90s+82° — 4z* —462° + 3927 + 932 — 90,
hiy = 8254425 —422* +212° + 1082% — 992.
The Grobner basis o‘f H, is Hy = {hyy, hap}, where
hy

1890s + 1362° + 2362° — 7982* — 6092% + 265522 + 270z — 1890,
oy = 827 +425 — 4225 + 212% + 1082% — 9922 '

To obtain a Grébner basis of £ = £; N £, and of H = H; N H,, with respect
to the same pure lexicographic term ordering, the procedure explained in Remark
4.1.35 is carried out. This yields the following results.

The Grobner basis of £ is L = {¢1,£,}, where

0 = 90s+82° — 42* — 462% + 392 + 932 — 90,
£ = 8254425 —422* +212% +1082% — 992.



5.3, TESTING REACHABILITY | V ,, 177

The Grobner basis of H is H = {hy, hs}, where
hy = 1890s+ 1362° +2362° — 7982* — 6092° + 26552 + 270z — 1890,

hy = 827 +42% — 4225 + 2124 + 1082% — 9922,

From these results it is obvious that 7 = H because the Grébner bases J and
H of these ideals are completely the same. Moreover, the elements of the Grébner
basis H are admissible combinations of the polynomials in L:

hy 21 €1 +17- &, ) (528)

hg = Z°€2. ' ‘ - (529)

Completely in accordance with Proposition 5.1.11 we conclude that 7 =H & L.
With this example it is also possible to illustrate that the varieties of the ideals
J,H and £ are the same, It is immediately clear that V(L) C V(H) because H C £.
Let now o € V(H). Then hi(a) = ho(a) = 0. Since z = 0 is a zero of both hy and
£,, it follows from (5.29) that hy and ¢, have the same set of zeros. So £{(a) = 0,
and substitution of ¢ in (5.28) yields #;(or) = 0. Therefore @ € V(L), and since the
equality V(.J) = V(H) is trivial, we have shown that V(J) = V(H) = V(£).

5.3 Testing reachability

" After the development of algorithms for the computation of the ideals J, H and £
associated with a system £ = (A, B), explicit methods to test the reachability of a
system are not difficult to obtain. According to Proposition 5.1.2 {3}, a necessary
and sufficient condition for the reachability of a system over an integral domain
R is that the ideal Z associated with the system is equal to the ring R[z]. If we
consider a system over the polynomial ring Klsy,. .., 8], a Gr8bner basis G of the
ideal H = Z, may be obtained with Algorithm 5.2.8. Recalling Definition 4.1.17,
the ideal 7 equals R[2] if and only if its Grébner basis G contains a nonzero element
of the field K. However, also the other algorithms of Section 5.2 can be used to test
the reachability of a system over a polynomial ring because of the equality of the
varieties of the ideals Z, H, J and £ that was proved in Proposition 5.1.12.

Lemma 5:3.1 Consider a linear system T = (A, B) over the polynomial ﬁng R =
Kls1,...,8:), and let T, J and L be the ideals associated with = as defined in
Section 5.1. Then

I=R[z] &= T=R[z] & L=R[z]. (5.30)

Proof ‘

If T = R]z], then V(T) = @. So, according to Proposition 5.1.12, also V(J) = @
and V(L) = @. Application of Corollary A.2.10 of the Hilbert Nullstellensatz yields
that J = R|z] and £ = R[z]. The other implications are proved in a completely
analogous way. : : -

Lemma 5.3.1 indicates that necessary and sufficient conditions for the reacha-
bility of a system can also be given in terms of the ideals J and £. According
to Definition 4.1.17, the Grébner bases of these ideals have to contain a nonzero
element of the field K. : )
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Remark 5.3.2 With the result of Lemma 5.3.1, it is possible to give an alternative
proof of Theorem 2.2.4. This theorem states that the reachability of a system

= (A, B) over the polynomial ring K[si,..., 8] is equivalent to the following
pointwise rank condition:

Y(%,81,...,8%) € K** rank(3] — A(34,...,8) | B(31....,%)) =n, (5.31)

where n denotes the size of the matrix A. The proof of the necessity of condition
(5.31) remains the same, but using the ideals 7 and J, the proof of sufficiency
can be facilitated. If (5.31) holds, there is for every point (,5,...,5) € KF+!
an n X n minor of the matrix (2] —~ A(sy,..., )| B(s1,-..,8k)) that is unequal to
zero. So the n x n minors of this polynomial matrix do not have a common zero.
Therefore V(J) = @, and according to the Hilbert Nullstellensatz this implies that
J = R]z]. Subsequent application of Lemma 5.3.1 and Proposition 5.1.2 (i) yields
that 7 = R{z] and thus that & = (A, B) is reachable.

If the ideal J is used to verify the reachability of a system T = (A, B), application
‘of Algorithm 5.2.1 suffices to draw a conclusion. The system is reachable if and only
if the Grobner basis of the ideal 7 associated with T contains a nonzero element
of the field K. Note that the outcome of Algorithm 5.2.1 is independent of the
conclusion on the reachability of the system under consideration. In any case a
Grobner basis of the ideal J w.r.t. the chosen term ordering is obtained.

It is obvious that the same observation holds for the reachability tests based
on the ideals £ and H. However, if a system is reachable, the computations of the
Grébner bases of £ and H take a very special form. This additional structure can be
used to adjust Algorithms 5.2.3 and 5.2.8 in such a way that the computations for
testing the reachability of a system are speeded up considerably. For this increased
computational efficiency we have to pay a price: if the system ¥ = (4, B) is not
reachable, the output of the modified algorithms is not a Grobner basis of the ideals
L or ‘H any more.

The next proposition indicates that for reachable systems, it is not necessary to
carry out Algorithm 5.2.8 for each ¢ € {1,...,n} separately to obtain a GrSbner
basis of the ideal H. In this situation one Grobner basis computation suffices to
draw our conclusion.

Proposition 5.3.3 Let & = (4, B) be a system over the polynomial ring R =
Klsiy..., 8], and let P be the ideal in Riz, q;, . qn] associated with I, introduced
in Definition 5.2.5. Then

(z2I — A|B) is rz’ght—z‘nveréibie over ‘R[z],
The reduced Grobrer basis of P 18 G = {q1,...,qn}s
independent of the chosen term ordering.

Proof

"«=" Suppose that {g1,...,qn} is the reduced Grobner basis of P, and let i €
{1,...,n}. Then it is obvious that ¢; € P N R[z,¢] = P;, and thus, according to
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Lemma. 5.2.6, 1 € H;. So for allie {1,...,n} we have H; = R[z], and therefore
also ,

n
H=(H: =Rl2].
i=1

Since H = Z, this implies that (2] — A|B) is right-invertible over R|z].

"= Suppose that (zI — A|B) is right-invertible over R[z], and let the matrix
M(z) € Rfz]®®+™)*" be a right-inverse. Recalling Definition 5.2.5, the ideal P in
Rlz,q1,...,¢qn] is generated by the polynomials p;,...,Pp+m determined by

01+ Prsm) = (@1 -+ 0) - (T — AIB). 63

So, in particular, each polynomial p; (¢ = 1,...,n+m) is an R[z]-linear combination
of the polynomials g; (7 = 1,...,n), and we conclude that in the ring R[z,¢1, ..., ¢n)
we have , o

(171, cen ’pn%m)R{z,q;,...,q,,] C (le ceey Qn)’R[z,qx,---.qu]'
Multiplying formula (5.32) from the right by M(z), we obtain
(pl"‘?n‘}m) OM(z) — (qloc'qn)-

Hence, each polynomial ¢; (j = 1,...,n) may be written as an R[z}-linear combl-
nation of the polynomials py,. .., Prim. This yields

(Qh vury Qn>??.[z,q1,...,qn] C (pl: L spn+m>k[z,qi,..,,q,§]-
We conclude that
P= (pls e spn-i-m}?z[z,qz,...,q,.] = <913 ceny Qrs)'R,[z,ql,...,qn]a

and thus G = {q, ..., .} is a set of monomials generating the ideal P. According to
Remark 4.1.19, G is a Grobner basis of P, independent of the chosen term ordering.
Since the polynomials in G also satlsfy the conditions (i) and (3) in Definition 4. 1 28,
this Grobner basis is reduced. =

Using Proposition 5.3.3, we obtain the following algorithm for testing the reach-
ability of a system over a polynomial ring.

Algorithm 5.3.4 Let £ = (A, B) be a system over the polynomial nng R =
Kls1,...,s:], with A € R**" and B € R™™.

Step 1 Introduce n new indeterminates - .-, qgs and construct the n-dimensional
Tow vector (g, -+ - Gn)-

Step 2 Compute

(81 Pasm) = (@1 4a) - (2] — AIB).

Step 3 Determine the reduced Grébner basis G of the ideal (py,...,Pasm) in the
polynomial ring R[z,q1,...,¢s]) W.r.t. an arbitrary term ordering.
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Step 4 If G = {q1,..., g}, then & = (4, B) is reachable; otherwise & = (4, B) is
not reachable.

Proposition 5.3.3 and Algorithm 5.3.4 are very important from the computational
point of view. If we want to test the reachability of the system T = (A, B) using the
method based on the ideal H, Algorithm 5.3.4 shows that only one Grdbner basis
w.r.t. an arbitrary term ordering has to be computed. From Proposition 5.2.9 we
know that in general the computation of a Grobner basis of the ideal H requires n
Grébner basis computations w.r.t. the pure lexicographic term ordering, plus the

.determination of the intersection of n different ideals. In-Subsection 4.1.5 we already
* mentioned that the computation of a Grobner basis w.r.t. the pure lexicographic
term ordering is typically more time consuming than the determination of a Grébner
basis w.r.t. the graded lexicographic or graded inverse lexicographic term ordering,
Therefore Algorithm 5.3.4 speeds up the computations in two different ways: the
number of Grobner bases that have to be computed is reduced from more than n
to only 1, and moreover, it is allowed to determine thzs Groboer basis w.r.t. an
arbitrary term ordering.

The result of Proposition 5.3.3 also has an intuitive interpretation. From Theo-
rem 2.2.4 we know that the matrix (zI — A|B) is right-invertible over the polynomial
ring R[z], if and only if it has pointwise full rank. So when we substitute an arbi-
trary point (2, 81,..., §z) € K*¥*! for the indeterminates z,s;,..., s, the left kernel
of the matrix :

(I - AGy,..., 80)|B(31, ..., 88)) ‘ ' (5.33)
is equal to {0}. To test this condition, we want to obtain all solutions of the equation
(g1 +gn) (2 — A(s1,...,86)|B(81,...,8¢)) =(0---0). (5.34)

If for every point (Z,3;,...,8) € K**! the matrix (5.33) has full rank, the only
solution to equation (5.34) is ¢; = ¢p = -+ == ¢, = 0. This is indicated by the
reduced Grdbner basis of the ideal P: it consists of the polynomials ¢, ..., ¢, only.

On the other hand, if there exists a point (£,3;,...,5;) € K*! in whlch the
rows of the matrix (5.33) are K-liearly dependent, there exists a nonzero row vector
{41+ 8,) € K™ such that

(G1+Gn) - (B — A(31,...,8:)|B(31,...,8)) = (0---0).

Since the variety of the ideal P is completely determined by its Grobner basis, this
indicates that in this situation {gi,...,¢n} cannot be a Grébner basis of P.

If for a certain point (2, 3,...,8;) € K**! the left kernel of the matrix (5.33)
is unequal to {0}, the dimension of this left kernel is larger than or equal to 1.
This implies that an element (§; ---§,) of the left kernel remains an annihilating
row vector for the matrix (5.33) after multiplication by an arbitrary constant in K.
Therefore it is possible to normalize the row vector (§;---§») in such a way that
its first nonzero component becomes equal to 1. We conclude that the rank of the
matrix (5.33) is strictly smaller than n if and only if there exists an i € {1,...,n}

" and a row vector in K™ of the form

(@::-0ILiis1 -+ Gn) | (5.35)

i1
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such that

Q- -8 1gi41 -~ Gn) - (BT = A(31,...,30)|B(31, .-, 86)) = (0---0).
i-1
The reachability test using the ideals £; ( = 1,...,n) and £ is based on this
equivalence. For every i € {1,...,n} an n-dimensional row vector of the form

Q- -0lllgi+1-+ - gn)
s

is introduced, in which g¢i3,...,¢s are considered as indeterminates. Next, the
polynomials p;,,...,P;,,.. are computed using formula (5.8):

(?t'z pcn+m) - (0 -0 11[41-1-1 Qn) ) (Z.{ - ‘4(317 ey 8&)!3(81, “eey 310))'

t-rl

If there exists an ¢ € {1,...,n} for which the ideal (p,,...,p;,,..) has 2 non-empty
variety, the corresponding system £ = (A, B) is not reachable because there exists
a point (2,341, ...,3) € K¥! in which the matrix (2] — A(31,...,8)|B(%, ..., &)
is not of full row rank since its left kernel contains a nonzero element. By definition
(5.9), the point (£, 5,,...,8:) is an element of V(L;), and thus V(L) = UL, V(L;) #
3. On the other hand, if for all i € {1,...,n}, the variety of the ideal (p;,, ..., Pinsn
1s empty, we know already that V(L) = UL,V(L;) = &, and may conclude that
‘¥ = (A, B) is reachable. This conclusion may also be drawn directly. There does
not exist a point (£, &,...,8) € K*** for which the left kernel of the matrix (21 —
A(5,...,8)|B(51,...,5:)) contains an element of the form (5.35). Hence, for all
(2,81,...,8) € K*¥1, the matrix (2I—A(3y,..., 8)|B(51,..., &)) has full row rank.

From the Hilbert Nullstellensatz it follows that for every i € {1,...,n}: V(L) =
@ if and only if £; = R[z]. This condition is satisfied if the ideal generated by
the polynomials p;,,...,p:,,.., computed in Step 2 of Algorithm 5.2.3, is equal to
the polynomial ring R[2, git1,. .-, ¢a). Therefore it is not necessary to eliminate the
indeterminates giy1,...,Qs explicitly, using a Grébner basis w.r.t. the appropriate
pure lexicographic term ordering. Instead it suffices to determine a Grobner basis of
the ideal {pi;, ..., Pipim W.I.t. an arbitrary term ordering, and to verify whether this
Grébuer basis contains a nonzero element of the field K. Since in general Grébner
basis computations w.r.t. the graded lexicographic or graded inverse lexicographic
term ordering are considerably faster than Grobner basis computations w.r.t. the
pure lexicographic term ordering, this modification increases the computational ef-
ficiency of the reachability test based on the ideal L.

Summarizing the considerations elaborated above, we obtain the following algo-
rithm to test the reachability of a system over a polynomial ring.

Algorithm 5.3.5 Let © = (4,B) be a system over the polynomial ring R =
Kls1,..., 8, with A € R**" and B € R™™,

Step 1 Compute for every i € {1,...,n} the set G; in the following way:

Step I Introduce n — ¢ new indeterminates ¢ii1,...,qn, and construct the
n-dimensional row vector (0 011 git1 " Gn)-

i—l
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Step II Compute
(pix ptn+m) - (0 -0 |114s+1 Qn) * (ZI - A(sls . 1 sk)‘B(sl: vy Sg)),

!-—1

and consider p;; (j = 1,...,n + m) as elements of the polynomial ring
Klz,810- 1 8k Qit1y -+ 2 Q)

Step III Determine a Grobner basis G; of the xdeal (Diys - -y Dipgm) WL A0
arbitrary term ordering.

Step 2 If for every i € {1,...,n} the Grobner basis G; contains a nonzero element
of K, then & = (A4, B) is reachable. Otherwise, X is not reachable.

As we have seen before, Algorithm 5.3.5 proceeds from Algorithm 5.3.4 by a
normalization of the elements in the left kernel of the matrix (21 — A|B). Instead of
searching for all elements in the left kernel of a matrix, we are only interested in those
elements that are normalized in a very specific way, Of course this normalization
can be carried out in several different ways. For example, instead of normalizing
the first nonzero component of the vector, it is also possible to normalize the last
nonzero component, and to consider vectors of the form

(@1~ Gueil1] Q- -0). (5.36)

i-1

In fact, a different ordering of the components of the n-dimensional vector yields
another normalization, and Algorithm 5.3.5 may be modified accordingly. However,
these modifications do not change the algorithm essentially. Permutation of the rows
of the matrix (2I — A|B) has exactly the same outcome. Therefore it is obvious that
the right-invertibility of the matrix (zI — A|B) over the polynozmal ring R[2] is not
influenced by these modifications.

Comparing Algorithms 5.3.4 and 5.3.5, we see that in Algorithm 5.3.4 only one
Grébner basis has to be computed, while in Algorithm 5.3.5 n Grdbner basis compu-
tations are required. So at first sight, Algorithm 5.3.5 does not seem very attractive
from the computational point of view. However, Algorithm 5.3.5 also has an im-
portant advantage. From Subsection 4.1.7. we recall that the complexity of the
Grobner basis algorithm is highly dependent on the number of indeterminates in
the polynomial ring under consideration. In Algorithm 5.3.4 a GrSbner basis of an
ideal in a polynomial ring with » + & + 1 indeterminates is computed. In Algo-
rithm 5.3.5 on the other hand, n Grdbner bases are calculated, with n+k+1—3
indeterminates (§ = 1,...,n), respectively. Since in this case the number of indeter-
minates is smaller, this method may be faster, despite the fact that more Grébner
bases have to be calculated. Note that in each step these computations become less
involved because the number of indeterminates is strictly decreasing. Moreover, if
the system T = (A, B) is not reachable, it is very likely that this is detected in the
. first step, after the computation of only one Grobner basis. If G; does not contain
a nonzero element of K it is already impossible that £ = (A, B) is reachable. From
the proof of Proposition 2.2.5 on the genericity of reachability for systems over rings,
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given in [67], it follows that generically the fact that a system is not reachable is de-
tected in the first step of Algorithm 5.3.5. Therefore we expect that in this situation
Algorithm 5.3.5 is the most favourable option.

We end this section with a comparison of the performances of the algorithms
we developed to test the reachability of a system. For this purpose we applied
these algorithms to two different examples. These experiments were made in the
computer algebra package Maple V, running on a Sun/Sparc workstation with a
25MHz processor. To compute Grébuer bases, we used the function gbasis from
the grobner package, with the graded lexicographic term ordering and an automatic
ranking of the indeterminates (for any details, see [9, pp. 469-478]). All timings
are given in CPU seconds without excluding the time for garbage collection. This
garbage collection took place every 1Mb. Statistics on the use of memory are not
given because the required amount of memory was not critical in these examples.

Example 5.3.6 Consider the matrices 4, B and B; over the polynomial ring R[s],
given by

A= s§+3 s +4 282 ~ 55+ 4

26—3 —-324+3s—8 —25+8
—754+9 —8s+7 s44

24+35-2 2 « $? 4352
B= 0 5s4+1 |, B = 0 .
45+ 7 -8+ 2 S48+ 7

So B; consists of the first column of B. DBased on the genericity conditions of
Proposition 2.2.5, we expect £ = (A, B) to be reachable, but &; = (4, B;) not to
be reachable.

The reachability of both £ = (4, B) and ¥; = (A, B;) is now tested with four
different methods:

Method 1 Computation of a Grébner basis of the ideal .7 associated to the system
Method 2 Algonthm 5.3.4. '
Method 3 Algorithm 5.3.5.

Method 4 A modification of Algorithm 5.3.5 in which the normalization is carried
out in the opposite direction, using row vectors of the form (5.36).

The results of the application of these methods on this particular example are
given in Table 5.1. First the conclusion (reachable/not reachable) is given, then the
computing time {in CPU seconds) needed to arrive at the result. The computer time
needed in Method 1 to verify the reachability of © = (A, B) was highly variable.
The indicated value is the mean of four samples. '

Before drawing any conclusions, we first show that the proposed methods can
 easily handle systems over polynomial rings in more than one indeterminate.
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Table 5.1 | X=(4,B) | & = (4,B;)

Method 1 | reachable | not reachable
56.1-10% 33

Method 2 | reachable | not reachable
17.8 98.4

Method 3 | reachable | not reachable
' 8.8 S 27.1

Method 4 | reachable | not reachable
9.0 19.9

Example 5.3.7 Consider the matrices A, B and B; over the 'polynomia.l ring
R[sy, s2] given by

~ s1+1 s2+3 s2—81+3
A=1] 83~1 s +1 s1i—%5 |,

st+1 1 s9+1
$S14+8 s;—1 0 S48y s —1 '
B= 1 s3+1 &-3 |, B = 1 s2+1 |.
0 8~ 8 S+2 ‘ 0 81— 8

Now B consists of the first two columns of B. After application of the same methods
as mentioned in Example 5.3.6, Table 5.2 is obtained. The results confirm our

expectations based on the genericity conditions of Proposition 2.2.5: £ = (4, B) is
reachable, L; = (4, B;) is not.

Table 5.2 | T=(A,B) | Z; = {4, B;)

Method 1 | reachable | not reachable
158.6 - 10° 21.3

Method 2 | reachable | not reachable
55.7 362.9

Method 3 || reachable | not reachable
20.3 43.7

Method 4 | reachable | not reachable
19.7 145.3

When we study Table 5.1 and Table 5.2, they look very similar, and yield al-
most the same conclusions on the performances of the different methods. The most
striking result is the extreme behaviour of Method 1. Although this method is the
fastest option in the non-reachable case, it is very slow in detecting the reachability
of a system. Therefore it was applied only once in Example 5.3.7. In the reachable
case, Method 2 is already much better, but this method is relatively slow for sys-
tems that are not reachable. Method 3 and 4, based on Algorithm 5.3.5, behave
very well in both cases. They are the fastest option in the reachable case, and if a
system is not reachable, this is also detected within a reasonable amount of time.
Finally we see that there is a small difference between Method 3 and Method 4 due
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to the modification of the normalization procedure. Since the same modification can
be carried out by a suitable permutation of the rows of (zI — A|B), this difference
probably depends on the particular structure of the system under consideration.

The behaviour of the different algorithms, listed in Table 5.1 and 5.2, is typi-
cal for their performances. With several other test-examples the same conclusions
were obtained. The results on the complexity of the Grobner basis computations,
given in Subsection 4.1.7, explain these conclusions only to a limited extent. As
expected, Algorithm 5.3.5 is somewhat faster than Algorithm 5.3.4, certainly for
non-reachable systems, because-all Grdbuner basis computations in Algorithm 5.3.5
involve a strictly smaller number of indeterminates than the Grobner basis compu-
tation in Algorithm 5.3.4. However, this reasoning does not hold for the ideal J.
Although the determination of a Grébner basis for this ideal requires the smallest
number of indeterminates, the computation can be very time consuming. Probably
this is caused by the other factor that determines the complexity of Gr6bner basis
computations: the degree of the polynomials the algorithm starts with. For the
computation of a Grbner basis of 7, all principal minors of the matrix (zI — A|B)
are required. In this step, the degrees of the polynomials that are involved in the
subsequent Grobner basis computation grow very rapidly. In the Algorithms 5.3.4
and 5.3.5 on the other hand, all polynomials under consideration remain linear both
in z and in all indeterminates that are introduced additionally. Although this ob-
servation may explain the difference in performance between Method 1 on the one
side, and Methods 2, 3 and 4 on the other side, one problem remains unsolved: why
is there in the reachable and non-reachable case such a huge difference in the perfor-
mance of Method 1, based on the ideal J7 Unfortunately, the results of Section 4.1.7
do not give a clear answer to this question.

Remark 5.3.8 Note that in the reachability tests based on the ideals J and £, we
are only interested in the question whether the varieties of these ideals are empty.
For this purpose it is also possible to use the characteristic sets algorithin because

this method is very suitable for the determination of the variety of a polynomial
ideal.

Remark 5.3.9 The methods for testing the right-invertibility of the matrix (2] —
A|B) over the polynomial ring K[z,s,:..,8; developed in this chapter, do not
depend on the specific structure of this matrix. Therefore all methods are also
applicable to verify the right-invertibility of arbitrary matrices over polynomial rings.
However, the conclusions on the performances of the different algorithms do not hold
in this more general situation, because they may be influenced by the particular
structure of the matrix (2] — A|B). In comparison with the other indeterminates,
the indeterminate z plays a very special role, because it only occurs in the term
z+-I. When this feature is lost, the performances of the algorithms may change
considerably. '

5.4 Computation of a right-inverse of (zI — A|B)

The reachability of a system £ == (A4, B) over a polynomial ring R is not only
interesting for its own sake. In the design of feedback compensators, the reacha-
bility of a system is often assumed, in order to design a controller achieving some
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requirements that are specified beforehand. In the construction of these compen-
sators, right-inverses of the matrices (2] — A|B) and (B|AB|---|A""!B) often occur
explicitly. In Section 2.8 for example, we have seen how a stabilizing feedback com-
pensator can be obtained from a right-inverse of the matrix (zI — A|B) over the ring
Rp(z) of all stable transfer functions. If a system is reachable, a right-inverse over
R[2] exists, and independent of the choice of a specific Hurwitz set D, this right-
inverse can be used in the construction of a stabilizing compensator, given in the
proof of Theorem 2.8.2. Another example is the input-output decoupling problem.
In [18] it is shown how this problem is solvable for systems over unique factorization
- domains, under the condition of reachability. The construction of an input-output
decoupling compensator relies on the availability of a right-inverse of the matrix
(B|AB|---|A*!B). We conclude that the information that a system £ = (A, B)
is reachable is often not enough for the design of feedback compensators. We are
also interested in the computation of a right-inverse of the matrices (zJ — A|B) and
(B|AB|---|A™1B). In this section it is shown that with a small modification of
Algorithm 5.3.4 it is possible to compute these right-inverses.
Let £ = (A, B) be a system over a polynomial ring R = K[sy,...,8], with
A € R™™ and B € R"*™, and assume that T is reachable. In Algorithm 5.3.4 this
property is verified with help of an n-dimensional row vector (g; - - - go) of indeter-
minates. Defining ‘

(Pr+Prsm) = (@1 -+ 4s) - (2] — A|B),

the matrix (zI — A|B) is right-invertible over R[z] if and only if the reduced Grobner
basis G of the ideal P = (p1,...,Pn4m) i {¢1,...,¢n}, independent of the chosen
term ordering. o

According to Remark 4.1.27, application of the Grbbner basis algorithm to the
set of polynomials {p1,...,Pnem} does not only yield a reduced Grébner basis
{g1,-..,8,}, but also a set of coefficients in R|z,qi,...,¢ns] describing the relation-
ship between the polynomials pi,...,pn4m on the one side, and the polynomials
q1,...,qn on the other side. So, for every i € {1,...,n} we may obtain polynomials
my; € R[2,q1,...,¢a) ( =1,...,n+ m) such that

n+m ) k '
@=3 mp-p. | | (5.37)
Jj=1 : )
Let M(z,q1,...,4,) denote the (n+m) X n matrix over Rlz,q1,...,qn) With mj; as
(5,9)t" entry. Then it follows from (5.37) that
(@1 g} = (1" Prim)  M(2,01,.., )
Substitution of the definition of (pj - - - Pn4m) in this formula yields
(q1+++¢a) - (21 = AIB) - M(2,1,.-.,82) = (g1~ qn) - I.

Next we apply Lemma 5.2.7 (with R = R[z]) to all columns of M(z,qi,...,¢), and
conclude that the matrix My(z) over R[z], obtained after substitution of g1 = ¢, =
-+- = ¢, = 0 in the matrix M(z,q,...,¢.) i8 a right-inverse of (2] — A|B):

(21— A|B) - My(2) = I.
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In general, a right-inverse of the matrix (zI — A|B) is not unique. However, if
one particular right-inverse is obtamed it is possible to give a characterization of
all right-inverses.

Proposition 5.4.1 Let P be a px g matriz over an integral domain ’R and assume
that M € R9%P is a right-inverse of the matriz P. Then

N € R9** is a right-inverse of P,

3G € RI*P such that N = M + (I — MP)G.

Proof

: 7<«=" Assume tﬁat Nisofthefom N=M+(I-M P}G with G a ¢ X p matrix -
over R. Then

P-N:PM+P(I—MP)G=I+PG-PMPG=I+PG-‘PG=I.

"=>" Let N bea }ight-inverse of P over R, and define G := N — M. Using the
fact that PN == I, we then have

M+ (I - MP)G

M+ (I - MP)(N ~ M) =
M+ (N —M)-MP(N - M) =
N-MPN+MPM=N-M+M=N. -

H

i

Let now £ = (4, B) be a system over the polynomial ring R = K][sy,..., sk},
withA € R"*" and B € R"*™. Assume that we have obtained a right-inverse Mp(z)
over R[z] of the matrix (z] — A|B), using the Grébner basis method described at
the beginning of this section. When we define

C(z) :=I - My(2) - (2 — A|B),
we know from Proposition 5.4.1 (with R = R[2]) that every right-inverse N(z) of
(zI ~ A|B) over R|[z] has the following form: o
N(z) = My(2) + C(2) - G(2), (5.38)
where G(z) is an arbitrary (n+m) x n matrix over R[2]. This degree of freedom may
be used to find a right-inverse that meets the requirements of our control purposes.
From Section 2.8 we recall that the degree in the indeterminate z of the right-
inverse My(z) of the matrix (21— A|B) is important for the construction of a feedback

compensator. When we decompose the matrix Mp(2) into two blocks, @(z) and
P(z), contéining the first n, and the last m rows of My(z), respectively,

Q(z)
Mo(z) - ( P(z) ’
we are interested in a solution with deg,(P(z)) € n — 1. To satisfy this condition,
Lemma 2.8.1 is used. First we write P(z) as

P(z) = xa(2) - Po(2) + Py(z),
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in such a way that deg.(Px(z)) < deg(xa(2)) = n. Then it follows from Lemma

2.8.1 that the matrix M(z) = ( gg% ), with

Q(2) Q(z) +adj(zI — A) - B- Py(2),
P(z) = Py2),

is a right-inverse of (zI — A|B), satisfying the condition deg,(P(z)) < n—1. More-
over, since

(21 =A)-Q(2) + B-P(z) =1,

this implies that deg,(@(z)) < n —2, and thus we have obtained 'arright-inverse
M(z) such that deg,(M(2)) <n~ 1.

-Remark 5.4.2 It is also possible to compute the rlght inverse ( Qg 2) ) using

fonﬁula (5;38). When Mp(z) = ( ?’g% ), and we choose

_ [ adj(zI — A)BPy(z)
G(z)‘( SxA@)Pi(2) ) |

it is easily verified that the matrix N(2) in (5.38) is equal ’to ( gg; )

‘In some situations, for example for the solution of the input-output decoupling
problem given in [18], we are not interested in a right-inverse of the matrix (2J—A4|B)
only, but also want to obtain a right-inverse of the matrix (B|AB|---|A""!B). Inthe
proof of Theorem 2.2.3 it was shown how this can be done. For systems X = (4, B)
over an integral domain R, with 4 € R™™ and B € R"*™, there is a one-to-
one correspondence between right-inverses of (B|AB|--+|A""!B) over R on the one
hand, and right-inverses of (2] — A|B) over R|z] with degree in the indeterminate z
smaller than or equal to = ~ 1 on the other hand, Moreover, a constructive method
was given to obtain one type of right-inverse from the other and vice versa.

Note that a right-inverse of (B|AB|---|A"*B) may also be computed directly,
using the Grébner basis method deéscribed at the beginning of this section for the
matrix (21 — A|B). It is obvious that this method also works for the determination
of a right-inverse of an arbitrary polynomial matrix. The specific structure of the
matrix (zI — A|B) is not used explicitly. It is not clear beforehand which method to
determine a right-inverse of (B|AB|---|A™"1B) is preferable. Although the direct
method involves a Grdbner basis computation in a polynomial ring that does not
contain the indeterminate z, the degrees of the entries of the matrix A" 'B may
grow very rapidly with the size n of the matrix- A. Since both the degree and
- the number of indeterminates of the polynomials under consideration influence the
complexity of the Grébner basis algorithm, a trade-off is difficult to make.

Sometimes it is not necessary to proceed that far. In a lot of cases there exists
an ¢ < n such that the matrix (B|AB|---|4*!B) is already right-invertible over R.
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Let £ denote the minimal value of i for which the matrix (B|AB|---|4*"1B) is right-
invertible. In the discrete-time interpretation of a system over a ring, as given in
Example 2.1.2, £ represents the maximal number of steps that is required to go from
one arbitrary point in the state space to another point, via the shortest route. The
value of £ is easily obtained by subsequent application of one of the algorithms of the
previous section on the matrices (B|AB|---|A*"1B) (i = 1,...,n). Then £ is simply
the smallest value of i for which the corresponding matrix is right-invertible over R.
With help of a right-inverse of (B|AB]|- - - [A*'B) over R, a right-inverse M(z) over
Riz] of (2] — A|B) can be computed, satisfying the property deg (M(z)) = ¢ 1.
Moreover, it follows from the proof of Theorem 2.2.3 that

-1 = min{deg,(M(2))|M(z) € R[2] (""‘"‘ ** g8, (zI———A|B) M{z) = I}.(5.39)

The next example illustrates how the methods mtroduced in this section work
out in a concrete situation.

Example 5.4.3 Let R = R[s;,;), and consider the system £ = (4,B) over R

with
" 2 s +3 o[ 1 s1tsy —4
A—(Sg-fi -4 )’ B—(2 32—4 81 )

Using one of the methods of the previous section it is easily verified that ¥ = (A, B)
is reachable. To obtain a right-inverse of (2] — A|B) over R[z], we apply the method
introduced at the beginning of this section. We compute a reduced Grébner basis of
the ideal P associated with £, w.r.t. the graded reverse lexicographic term ordering,
and determine simultaneously the relationship between the original polynomials,

and the polynomials {g1,¢2} in the Grébner basis. Collecting these coefficients in a‘
matrix, and substltutmg @1 = g2 = 0, we obtain the matrix

2 -1
1 4 -2
M(z) = T 289 - 22 +2681 —17 ~s3+2z~—3s5+16 |,
-2 1
-12 i 6

which is indeed a right-inverse of (2] — A|B) over R[z].

Since deg,(M(z)) = 1 is smaller than the size of the matrix A, a right-inverse
of {BJAB) can be computed directly, with the method explained in the proof of
Theorem 2.2.3. Using the same terminology as in the proof of this theorem, we have

1 -2 1 1 289+ 68y — 17 —8y—38; + 16
N0=1—5' 0 0 1 . N1=—° -2 1 .

0 0 15 -12 6

and it is easily verified that the matrix M ) is a right-inverse of (B|AB) over R.

Ny

Note that in this situation £ = 2, because the matrix B is not right-invertible
over R. This implies that the degree in z of every right-inverse of (2] — A|B) is at
least £ — 1 = 1. So the matrix M(2) is a right-inverse of minimal degree in 2.
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Although a complete characterization of all right-inverses of the matrix (2 —
A|B) has been given, it is difficult in general to obtain a right-inverse that is rela-
_tively simple. In this respect, Example 5.4.3 is a little misleading. In most cases, the
entries of the right-inverses that are obtained using Grobner basis techniques, are
complicated polynomials of relatively high degree. With the method based on for-
mula (5.39) for the index £, it is possible to minimize the degree of the right-inverse
in the indeterminate z. This degree yields some information on the complexity of
the dynamics of the compensators that may be constructed from this right-inverse.
However, it is questionable whether this is the only goal we want to achieve. There-
fore, simplification of right-inverses is a very difficult subject. The problems that
arise in this field do not originate from the computational complexity of the problem
only. The objectives that we want to realize by means of a simplification method
are not very clear either, and therefore we lack an appropriate foundation for a good
and effective algorithm.

Remark 5.4.4 A right-inverse of the matrix (z2J — A|B) may also be computed
using the method based on the ideal J. Let aq(z),...,an(z) denote all principal
minors of the matrix (2 — A|B). Then (2] — A|B) is right-invertible over R[z] if
and only if the reduced Grébner basis of the ideal (ay(2),...,an(2)) is {1}. From
Remark 4.1.27 it follows that the Grébner basis computation required to obtain this
result, implicitly determines coefficients Gy(2), ..., Bn(2) such that

N
2 oi(z) - Bilz) = 1.

i=0

With these coefficients a right-inverse of (2] — A| B) may be obtained using the same
ideas as in the proof of Proposition 2.8.5.

First note that each minor a;(z) (¢ =0,1,...,N) is the determinant of an n x n
submatrix K;(z) of (2 — A|B), where n denotes the size of the matrix A. Extending
adj(K;(z)) with zero rows on the right places we obtain for each i € {0,1,...,N}
an (n +m) x n matrix K;(2), satisfying Cramer’s rule in the following way

(21 — A|B) - Ki(2) = det(Ki(2)) - I = 0s(2) - I.

Defining M(z) := TN, Bi(2) - K i(2) we have

(2 — A|B)M(2) Z,B,(z) 2I — A|B)Ki(z) = (Z Bi(2)ai(2)) - I =1,
i=0 =0
and thus M(z) is a right-inverse of (2] — A|B) over R[z].
This alternative approach, based on a Grébner basis computation for the ideal
J, is not a serious alternative for the method based on the ideal H, explained at the
beginning of this section. In the previous section we have seen that in the reachable
case the reachability test based on the ideal J is computationally not very efficient.
From the computational point of view, Algorithm 5.3.4 is more appropriate for this
purpose because it is much faster. Therefore it is obvious that Algorithm 5.3.4 is
also preferable for the determination of a right-inverse of (21 — A|B).
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5.5 Testing stabilizability of time-delay systems

Despite the fact that we have obtained constructive methods for the computation
of the ideal T associated with a system ¥ over a polynomial ring, the stabilizability
question for this kind of systems remains very difficult to answer in general. Ac-
cording to Proposition 5.1.2 (i), a system ¥ = (A, B) over an integral domain R
is stabilizable w.r.t. a given Hurwitz set D if and only if the ideal T associated
with T contains a stable polynomial, i.e. a polynomial in D. The ideal 7 may
be manipulated using Grébner basis techniques; the difficulty of the stabilizability
problem arises from the Hurwitz set D. Qur knowledge of this set is restricted to the
conditions (%) to (iv} of Definition 2.5.2. Basically, a Hurwitz set is a multiplicative
and saturated subset of monic polynomials in R[z]. In particular, a Hurwitz set D
is not an ideal, and in general we cannot find a finite number of polynomials that
in one way or the other characterizes the set D as a whole. So we sunply lack a
suitable representation for a Hurwitz set D.

Especially the problem of construciing a polynomial in the intersection ZN D
is very hard. We are not able to solve this problem for systems over (polynomial
rings) in full generality, and therefore confine ourselves to systems with time-delays.
In this case, additional information is available, because every indeterminate in the
- polynomial ring corresponds to a delay operator with some time-delay 7. Using this
time-delay character of the system, it is possible to proceed further. In this section
we only consider the existence question, and develop some algorithms {o test the
stabilizability of delay systems. The Grobner basis methods of Section 5.2 are very
useful for this purpose. In the next chapter we return to the problem of constructing
a D-stable polynomial in the ideal Z, and show how a solution to this problem leads
to & stabilizing feedback compensator.

Let R = K[sy,. . :, 8] be a polynomial ring, and consider the examples of Hurwitz
sets in R[z] given in Section 2.5. Then we see that often Hurwitz sets D may be
characterized alternatively by a subset W C K**+1, in which the polynomials of D
are not allowed to have zeros. So in this situation D takes the form

D={p€K[z8,...,5] | pis monic in z, and Va € W : p(a) #0}.  (5.40)

Also the Hurwitz sets describing the stability of time-delay systems can be written
in this particular form.

Let £ = (A, B) be a time-delay system with k incommensurable time-delays
T1,...,Tk, modeled as a system over the polynomial ring R[sy, ..., sx] as in Example
2.1.3. So the indeterminate s; corresponds to the time-delay operator with time-
delay 7; (i =1,...,k). Let C, be a stability domain satisfying conditions (i} to (iv)
of Definition 3.1.2, and define T, := C\C,. According to (3.5), the Hurwitz set D,
describing C,-stability for the time-delay system I, is given by

Dy = {p(z,81,...,5) €ER[z,81,...,8] | p(z,91,...,8) is monic in 2
and Vz € C: pz,e™™%,...,e"™*)=0=>2€ C,}.

Define the subset W, C C**! as
W, ={(\e ™, ...,eT*) e C** | A e T} (5.41)
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Then D, can be redefined as
D, = {p € Rz, s1,..., 3 | p is monic in z, and Vo € Wy p(a) # 0}, (5.42)

and therefore it is characterized by the subset W, in completely the same way as
in (5.40).

Also the concept of pointwise stability for systems with t:me-delays fits into this
special framework. According to the results of Section 3.4, this type of stability is
useful for the study of stabilizability independent of delay In this case, the Hurwitz
set D, is given by (3.23):

D, :={p(2,81,...,5¢) €ER[z,51,...,3] | p(z,51,...,8:) is monic in z
'andeEE"TV(si,...,s;g)e‘l?k: (2, 51,...,8:) # 0},

where U denotes the open unit disc {s € C | |s| < 1}. This Hurwitz set is already
in the form of (5.40): when we define

W, ={(z,51,...,8) € C* | 2 € CF, s; €T (i =1,...,B)}, (5.43)
then D, may be written as ’
D, ={p €R[z,s,...,5] | pis monic in z, and Vo € Wy :pa) #0}.  (5.44)

Since Hurwitz sets of the form (5.40) are characterized by the points in which
they are not allowed to have zeros, it is apparent that in this situation the variety
V(Z) of the ideal T associated with the system X, contains important information
on the connection between the ideal 7 and the Hurwitz set . For systems with
time-delays, the stabilizability question w.r.t. the Hurwitz sets D, and D, is even
immediately solvable when V(Z) is known.

Theorem 5.5.1 Consider a system £ = (A, B) over the polynomial ring R =
Risi,... 8], and let T be the ideal associated with T, introduced in Definition 5.1.1.
Let (7y,...,7%) be a k-tuple of time-delays, and let C, be a stability domain. Define
the sets W, c C**! and W, ¢ C**! as in (5. 41) and (5.48), respectively, and
consider the corresponding Hurwztz sets Dy and D,. Then

(i) T = (A, B) is stabilizable w.r.t. D, if and only if V(T) "W, = @,
(ii) £ = (A, B) is stabilizable w.r.t. D, if and only f V(I) "W, = @.

Proof

(i) Suppose that & = (A4,B) is stablhza.ble w.r.t. D, Then, accordmg to.

Proposition 5.1.2 (ii), there exists a polynomial p € TN ’D Let o € V(Z). Then
p(a) = 0 because p € 7. However, since p € D,, p(a) =0 impﬁes that o ¢ W, and
we conclude that V() NW, =@.

Next, assume that V(I) NW, = @. Let J be the ideal associated with E
generated by all principal minors of the matrix (2] — A|B). According to Proposition
5.1.12, we have V(Z) = V(J), and therefore also V(J) N W, = @. Denoting the
size of the matrix A by =, this implies that the n X n minors of the matrix (2 —
A(s1,...,81)|B(s1,...,8;)) do not have a common zero in W,. Hence, for every
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point o € W), there exists an n x n minor that is nonzero in . Using definition
(5.41) of W,, we conclude that :

YA e C\C,: rank(A] - A(e“’"‘ ey €Y | Ble™™, e ) =0,

Successive application of Theorem 3.2.8 and Theorem 2.8.2 yields that T = (4, B)
is stabilizable w.r.t. D,.

(#) The proof of (zz) proceeds completely analogously and is therefore omitted.
We only remark that in the last step Proposition 3.2.14 is used instead of Theorem
3.2.8.

]

The proof of Theorem 5.5.1 is based on the equivalence
IND#2 < VIINW =w.

1t is important to note that this equivalence does not hold for all Hurwitz sets of the
form (5.40). The proof of Theorem 5.5.1 relies on the results of Chapter 3, where
the stabilizability condition for time-delay systems is restated as a pointwise rank
condition on the matrix

(2 — A(e™™*,...,e~™*) | B(e™™,...,e"™)).

In general, such a reformulation is not possible, and in these situations the intersec-
“tion V(I) N W does not yield enough information to decide on the stabilizability of
the corresponding system.

Theorem 5.5.1 is very important for testing the stabxhzablhty of time-delay sys-
tems. First the variety V(T) of the ideal T associated with the system L = (4,B)
is computed, using one of the methods developed in Section 5.2. Next, it is verified
whether V(Z) contains any point that belongs to the set W. If V(I) = @, thisis a
trivial task. In this case, the system I == (A, B) is reachable, which may be verified
with one of the methods of Section 5.3. If V(Z) is zero-dimensional and contains
only a finite number of points, the intersection problem is also conceptually easy
to solve, but in this case there are some numerical pitfalls. The problem gets more
complicated if the variety V(Z) has positive dimension and contains infinitely many
elements. Below these last two cases are elaborated in more detail.

V(Z) is zero-dimensional
If V(I is zero-dimensional, in principle all points in V(Z) can be computed with
one of the Grébner basis methods of Section 5.2. Algorithm 5.2.1, based on the
ideal 7, is probably the best choice because we have seen in Section 5.3 that this
method has a good performance for non-reachable systems. Since we are interested
in the variety of an ideal, we choose the pure lexicographic term ordering, because
this yields a generating set of polynomials that is in triangular form. Then the set
- of common zeros is determined with a backward substitution process. Summanzmg
we obtain the following algorithm: '

Algorithm 5.5.2 Let £ = (4, B) be a time-delay system with k incommensurable -
time-delays 7,..., Tk, modeled as a system over the polynomial ring Rsy,..., sx),
where the indeterminate s; corresponds to the time-delay operator with time-delay
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7 (i = 1,...,k). Assume that the variety V(I) of the ideal T associated with
¥ is zero-dimensional. Let C, be a stability domain satisfying condition (%) to
(iv) of Definition 3.1.2, and define W, and D, accordingly, ¢f. (5.41) and (5.42),
respectively.

Stepy 1 Determine with Algorithm 5.2.1 a Grobner basis of the ideal .7 associated
with Z, w.r.t. a pure lexicographic term ordering.

-Step 2 Determme (possibly xmmerlcally) all points in the variety of 7 by backward
subsmtutxon

Step 3 If no pomt of V(J) beiongs to Wy, then X is stabilizable; otherwise T is
not stabilizable. '

Algorithm 5.5.2 has a very useful property. The first two steps are always the
same, independent of the choice of the stability domain C,. So, when Step 2 is
accomplished, and the variety V(J) is obtained, it is possible to verify with respect
to what stability domains the system is stabilizable. Also changes in the lengths of
the time-delays 71,...,7: only influence the conclusions of Step 3. This enables us
to study the sensitivity to uncertainties in the lengths of the time-delays occurring

_in the system. It is even possible to test whether a time-delay system is pointwise
stabilizable. In this case the variety V(J) determined in Step 2 is not allowed to
contain an element of the set W, defined in {5.43). So, given a time-delay system
T = (A, B), the variety V(J) implicitly describes all sorts of stability that are
attainable from ¥ using dynamic state feedback.

Unfortunately, Algorithm 5.5.2 has some serious drawbacks, First of all, in Step 1 -
a Grobner basis computation w.r.t. a pure lexicographic term ordering is required,
and this computation may be rather time consuming. However, the numerical diffi-
culties that occur in Step 2 are more important. In somewhat larger examples, the
Gribner basis of the ideal J typically contains polynomials of high degree and with
very large coefficients. So in most cases, the backward substitution process has to
be carried out numerically. This can be very tricky because the zeros of one polyno-
mial, that are computed numerically with a certain level of accuracy, are substituted
in the subsequent polynomial. In this way k + 1 steps are taken, and therefore it
is obvious that if no precautions are taken, huge fault propagations may occur. To
overcome this problem, at least two different solutions are possible. First of all,
one may try to estimate the errors that are made in the numerical computation of
the zeros of the subsequent polynomials. By a careful substitution of these zeros in
the next polynomial (using for example Horner’s Algorithm (see e.g. [87, p.44])), it
is possible to diminish the fault propagation, and to estimate the accuracy of our
computations. This enables us to obtain a more reliable answer to the stabilizability
question.

In the next algorithm we present an alternative way to test the stabilizability of
a time-delay system. It is based on completely different ideas, and depends heavily
on the structure of the problem under consideration. Although this algorithm lacks
the flexibility of Algorithm 5.5.2 to treat several types of stability simultaneously,
this method is very fast, and avoids the numerical difficulties mentioned above.
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Algorithm 5.5.3 Let X = (4, B) be a time-delay system with k incommensurable
time-delays 7y,...,7:, modeled as a system over the polynomial ring R[sy, ..., 8],
where the indeterminate s; corresponds to the time-delay operator with time-delay
7 (i = 1,...,k). Assume that the variety V(Z) of the ideal T associated with the
system ¥ is zero-dimensional. Let C, be a stability domain satisfying condition (3)
to (iv) of Definition 3.1.2, and deﬁne W, and D, accordingly, cf. (5. 41) and (5.42),
respectively.

Step 1 Determine with Algorithm 5.2.1 a Grébner basis of the ideal J associated
with I, w.r.t. an arbitrary term ordering.

Step 2 Apply the construction method of Proposition 4.1.37 to obtain a univariate
polynomial p in 7 that only contains the indeterminate 2.

“Step 3 Compute (numerically) all zeros of the polynomial p, and determine the set
A= {)\,..., n} consisting of all zeros of p that belong to C\C,.

Step 4 Determine for every i € {1,..., N} the rank of the matrix
(A - Ale™™M, e ™M) | Ble™™M,...,e7 ™M), (5.45)
using the singular value decomposition.

Step 5 If for every ¢ € {1,..., N} the matrix (5.45) has full row rank, the time-
delay system is stabilizable w.r.t. D,; otherwise T is not stabilizable w.r.t.
D,.

The major part of Algorithm 5.5.3 speaks for itself. The algorithm mainly re-
lies on the special meaning of the indeterminate z. By assumption V{J) is zero-
dimensional, and thus it follows from Proposition 4.1.30 that the ideal J contains a
univariate polynomial p in the indeterminate z. Denoting by A the finite set of all
zeros of the polynomial p, it is easily verified that the only points in C¥** that can
be contained in V(J) N W, are given by

(™., e ™) e C* | d e K\C,). (5.46)

By definition, all these candidate points belong to W,. To verify whether one of
these points also belongs to the variety V(.J), it suffices to check whether the
matrix (zI — A(s1,...,8:)|B(s1,...,:)) is of full row rank after substitution of
(A e7™>,...,e"™*) for the indeterminates (z,s1,...,5;). In this way a matrix over
the complex numbers is obtained, and the rank condition may be tested with the
singular value decomposition: the matrix (5.45) has full row rank if and only if all its
singular values are nonzero. However, if one of the singular values is very small, the
matrix (5.45) almost loses rank, and we have to be very careful with our conclusion
on stabilizability. This is one of the main advantages of the singular value decom-
position; except for an answer (yes/no) to our question, it also gives an indication
of the reliability and sensitivity of this answer.

The only numerical difficulty of Algorithm 5.5.3 occurs in Step 3. Here all
zeros of a univariate polynomial are computed, and in general this has to be done
numerically. Although these zeros can only be determined with a certain level
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of accuracy, the danger of fault propagation is relatively small. First, each point
A € C\C, that is a solution to the equation p = 0, is completed to an element
of the set (5.46), by addition of the components e~™* (i = 1,...,k). Since the
entries of the matrix (2I — A(s1,...,8x)|B{(s1,...,8¢)) are polynomials of relatively
low degree and with relatively small coefficients, substitution of (A, e™™4,...,e"™*)
for the indeterminates (2, s1,...,8:) does not cause difficult numerical problems in
general. Finally, there exist reliable numerical methods for the determination of
the singular value decomposition required in Step 4 of the algorithm. Although the
final conclusion on the stabilizability of the system is mainly based on these singular
values, also the accuracy of the computations in the previous steps has to be taken
into account. '
Note that in Step 3 of Algorithm 5.5.3, the stability domain C, is used explic-
“itly. Therefore this method can only test the stabilizability of a delay system with
respect to one stability domain at a time. However, compared with Algorithm 5.5.2,
Algorithm 5.5.3 is much faster. First of all it is not necessary to compute a GrSbner
basis of .J w.r.t. a pure lexicographic term ordering. Instead, the Grobner basis
computations may be carried out w.r.t. the graded (reverse) lexicographic term
ordering, which is computationally much more efficient. The determination of a
univariate polynomial using the method of Proposition 4.1.37 is relatively easy, and
also the other (numerical) steps are computationally not very demanding. It is not
necessary to take as many numerical precautions as are required in Algorithm 5.5.2.
Therefore, if V(Z) is zero-dimensional, Algorithm 5.5.3 seems the most appropriate
method to test the stabilizability of the corresponding time-delay system.

V(T) is positive dimensional

If the variety of the ideal 7 contains infinitely many elements, it is much more
difficult to test stabilizability. In this case the ideal 7 contains no univariate poly-
nomials in general, and the variety V(Z) cannot be obtained using Grébner basis
computations only. Therefore, the Algorithms 5.5.2 and 5.5.3 cannot be applied
-because they are mainly based on the manipulation of the polynomials in the ideal
7. ‘

However, if we also consider so-called ezponential polynomials (in Section 6.1
this kind of functions is studied in more detail), a slight modification of Algorithm
5.5.3 yields a solution method. For a system with % incommensurable time-delays -
Ti,.. ., Tk, modeled as a system ¥ = (A, B) over the polynomial ring Rsy,..., s,
the characteristic function is given by the exponential polynomial

det(z] — A(e™™%,...,e" ™). ' (5.47)

In the case of commensurable time-delays, and when the stability domain is C™,
we know from Lemma 3.3.33 that this function only has a finite number of zeros in
C\C~. In fact, it is not difficult to prove that also for systems with incommensurable
time-delays, and for arbitrary stability domains C,, satisfying the conditions of
Definition 3.1.2, the function {5.47) only has a finite number of zeros in C\C,. In
Section 6.1 this claim is elaborated in more detail.

Let C, be a stability domain, and define W, as in (5.41). Given a time-delay
system X, we denote by A the set of all zeros of the corresponding characteristic
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function (5.47) that are contained in C\C,. Every A € A corresponds {0 a point
(e e e W,

and in the same way as in Algorithm 5.5.3, the finite set
{Oye ™. e e CHl de A}

contains all elements of C¥+! that may belong to V(Z) N W,. Therefore, subsequent
applicationr of Step 4 and Step 5 of Algorithm 5.5.3 yields a conclusion on the
stabilizability of the delay system under consideration.
The main difficulty with the approach described above is that the computation of
- the zeros of det{z] — A(e™™%,...,e""™*)) in C\C, has to be carried out numerically.
In Algorithm 5.5.3 this problem was circumvented using GrBbner basis techniques.
However, if V(I) is infinite-dimensional, this detour does not work in general. On
the other hand, the numerical approach is also applicable if V(Z) is zero-dimensional.

From the observations elaborated above, it is obvious that for a given time-delay
system X, it is important to know what the dimension of the associated polynomial
ideal 7 is. With Grébner basis techniques it can be verified whether this ideal is
zero-dimensional or not. In the first case, the same Grobner basis can be used
subsequently in Algorithm 5.5.3. However, if it turns out that the variety V(Z)
contains infinitely many elements, the Grébner basis computation is of no use, and
we may proceed with the more involved numerical approach given above.

For this reason it would be very useful to know what the dimension of the variety
V(Z) is, before a particular algorithm is chosen and the actual computations are
started. However, this is impossible because a Grébuer basis is really required to
make sure that a given ideal is zero-dimensional. Nevertheless, a good indication for
the dimension of the variety V(Z) may be obtained with the following conjecture.

Conjecture 5.5.4 Let K be a field of characteristic zero, and let R denote the
polynomial ring Kis;,...,s]. Consider all systems £ = (A, B) over R, with A €
RA*" and B € R™™, and let T be the ideal associated with T, defined in Definition
5.1.1. Considering the concept of genericity in the Zariski topology we have:

(i) If k < m, then generically V(I) = @.
(i) If k > m, then generically the dimension of the variety V(T) is equal to k—m.

According to personal communication with M.S. Ravi, a proof of this result may
be expected in the near future. The conjecture can be seen as an extension of
Proposition 2.2.5 on the genericity of reachability for systems over polynomial rings.
A careful study of the proof of this proposition in [67], leads to the conclusion that
almost the same ideas can be used to prove this more general result.

Conjecture 5.5.4 gives an indication how difficult the investigation of the stabi-
lizability of a time-delay system is. Let ¥ = {4, B) be a time-delay system with k
incommensurable-time-delays 71,..., 7, modeled as a system over the polynomial
ring R[sy,...,s). If & < m, so if the number of incommensurable time-delays is
strictly smaller than the number of inputs, V(Z) is generically empty. Therefore the
system T = (4, B) over the polynomial ring R[s;, ..., ss] is generically reachable.
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This was already proved in [67]. If the number of incommensurable time-delays k is
equal to the number of inputs m, the variety V(Z) is generically zero-dimensional,
and in this case the Algorithms 5.5.2 and 5.5.3 are applicable. Note that for systems
with commensurable time-delays, we have £ = 1 € m, and thus the testing of reach-
ability is generically possible without computation of the zeros of an exponential
polynomial. However, if £ > m, so if the number of incommensurable {ime-delays is
strictly larger than the number of inputs, the variety V(Z) generically contains in-
finitely many points. In this situation the stabilizability test is much more involved,
and we have to take recourse to rather difficult numerical computations to obtain a
solution.

To illustrate the methods developed in this section, we end with two examples
that illustrate the effectiveness of Algorithms 5.5.2 and 5.5.3.

Example 5.5.5 Let & = (A, B) be a system with a commensurable time-delay
7, modeled as a system over the ring R[s]. The indeterminate s corresponds to a
time-delay operator with time-delay 7. The matrices A and B are given by

1 4P 47848542 o 3s+2
A—(szus 0 )’ B"(‘Zs?—-s-l)'

To test the stabilizability of this system, we compute a Grobner basis of the ideal J
associated with I, w.r.t. the pure lexicographic term ordering, with the ranking of
the indeterminates fixed by z < s. Using the computer algebra package Maple V.2
for the actual computations, we obtain the Grébuer basis J = {ji, 7.} of J, where

ji = 2120685s — 24410242% — 63664027 + 60496482° — 3390362° +
—101837842% — 27565162° + 213279522 + 1009852 — 2120685,
Jo = 2%z —1)(322° + 802° + 162* — 722 + 1722% + 5082 + 309).

The Grébuer basis J shows that already in relatively small and simple examples,
the polynomials in the Grdbner basis of J may have high degree. Also the coeffi-
cients may grow very rapidly. However, in this particular example this last effect
can be eliminated by a normalization of the coefficients, because they are all in the
same order of magnitude.

Although the Grobner basis J looks rather complicated, a conclusion on the
stabilizability of the time-delay system X is not difficult to obtain. It is easily
verified that the points (2,8) = (0,1) and (Z,5) = (1,0) are elements of V{(J).
Since 0 € C~, and e~ = 1, the point (0,1) is always an element of the set W,
corresponding to the stability domain C,, independent of the actual value of 7 and
the choice of stability domain C,. So for all values 7 of the length of the time-delay,
the system ¥ is not stabilizable.

Note that if the point (2, 5) = (1,0) would have been the only element of V(J),
then the corresponding system would have been stabilizable independent of the value
of 7 because for all 7 > 0: =" # 0. Therefore (1,0} € W, for any arbitrary stability
domain C,. However, in this situation the system is not pointwise stabilizable
because (1,0) is an element of the set W), defined in (5.43).
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Example 5.5.6 Consider a system ¥ = (A, B) with two incommensurable time-
delays 7y = 1 and 73 = 7. The system is modeled as a system over the ring R[s;, 39,
where the indeterminates s; and s, correspond to time-delay operators with time-
delays 7y and 7y, respectively. The matrices A and B are given by

s1i+1 8+8 $5—51+3 8+ 8 0
A=1| gg=~1 8+1 81 —35 . B= 1 s -3 1.
st+1 1 s2+1 0 s+2

We start with the computation of a Grébuner basis of the ideal J associated
with &, w.r.t. the graded lexicographic term ordering. In this way we obtain a
Grobner basis that looks rather difficult, but satisfies condition (%) of Proposition
4.1.30. Therefore the variety V(.7) is zero-dimensional, and we may apply Algorithm
5.5.3 to test the stabilizability of the system ¥ with respect to the stabxht;y domain
Co=C".

The Grobner basis of the ideal 7 can be used in the construction method of
Proposition 4.1.37 to compute a univariate polynomial p € J in the indeterminate
z, that is of minimal degree. In the computer algebra package Maple V.2 this method
is implemented in the function finduni of the grobner-package. After application of
this function we obtain the following polynomial p:

p = (22—5)(22" + 212" — 23521% — 11362° — 732° + 996627 + 2019925 +
~110532° — 873682* — 895652° + 510622% + 156327z + 83361).

All 13 zeros of the polynomial p are simple, and five of them are elements of
C*. Let A denote this set of closed right half plane zeros of p. For each A € A
we substitute (A, e, e~™) for the indeterminates (2, s;,ss) in the matrix (2] —
A(sy,80)|B{#1, 82)), and compute the three singular values of the matrix (M —
Afe=,e=™) | B(e~*,e~™)). The results are listed in the table given below. From

RHP-zero singular values |

1.3720 | 0.69586 | 7.5180 | 39.662
2.2186 | 0.69920 | 11.223 | 42.780
2.3808 | 0.85132 | 12.043 | 43.438
2.5000 || 0.98710 | 12.666 | 43.948
8.9196 36.191  80.184 | 124.78

these computations we see that for every A € A, the point (X, e, e~™) € W, is not.
an element of V(.7) because the corresponding singular values stay away from zero.
So V(J) NW, = 2, and the time-delay system I is stabilizable w.r.t. C™.

Remark 5.5.7 The methods to test stabilizability developed in this section are
mainly based on the computation of the varieties of polynomial ideals; the ideals
themselves are only of secondary interest. Therefore the characteristic sets algorithm
might be a good alternative for the requlred Grobner basis computations, especially
in Algorithm 5.5.2.
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Chapter 6

Stabilization of time-delay
systems

This chapter is devoted to the constructive part of the stabilization problem. In
Chapter 3 and 5 we already considered several aspects of the stabilizability question,
but only addressed the existence issue. We concluded that a time-delay system is
stabilizable if and only if

IND,+#2,

where 7 is the ideal associated with the system T introduced in Definition 5.1.1, and
D, is the Hurwitz set corresponding to the stability domain C,. Moreover, we showed
that this condition may be verified without computing an element of ZND, explicitly.
However, this is only sufficient to answer the existence question; for the construction
of a stabilizing feedback compensator, a polynomial in T N D, is required. In this
chapter we study this more practical part of the stabilization problem, and give -
an overview of some of the methods known in literature for the construction of
stabilizing compensators. It is not our goal to treat these methods in full detail. We
confine ourselves to the main ideas behind the different approaches, and discuss their
shortcomings and advantages. In this way we get some insight in the considerations
that are important for the design of stabilizing feedback compensators. ‘

Before addressing the stabilization problem, it seems natural to consider another
question first: how is it verified that a time-delay system is internally stable w.r.t.
a Hurwitz set D,? In Section 6.1 we study this problem and develop a numerical
method to test the stability of the characteristic polynomial of a system. The same
method can be applied to test whether a given polynomial p belongs to ZnD,. Using.
the Grobner basis algorithm, the membership problem for the ideal Z is not difficult
to solve, and the stability may be verified with the stability test for characteristic
polynomials. The algorithm is also important in subsequent sections, where it is
used in the design of stabilizing feedback compensators.

Next we return to the stabilization problem itself. In Section 6.2 we discuss a uni-
versally applicable method for stabilizing time-delay systems with commensurable
time-delays. It is based on the construction of a BIBO-stabilizing compensator
that is approximated afterwards by finite-dimensional controllers. In Section 6.3
some alternative methods are proposed. In one of them, the infinite-dimensional
systems approach is used to model time-delay systems, but nevertheless it yields

201
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finite-dimensional stabilizing compensators. We also present another method that
fits better in the algebraic framework of this thesis. It is based on the results on
pole placement in Section 2.6, but in this method, the pole-placement techniques
are used in a different way, which makes them applicable in a more general context.
We also discuss the advantages and drawbacks of the different methods and indicate
what is the most appropriate choice in some particular cases.

Although most results of this chapter may be generalized to arbitrary stability
domains C, satisfying conditions (3) to (iv) of Definition 3.1.2, we confine ourselves
in the major part of this chapter to the classical notion of stability, i.e. to the
stability domain C™.

6.1 A stability test for exponential polynomials

Consider a system with £ incommensurable time-delays 7y, ..., T, modeled as a sys-
tem ¥ = (A, B, C, D) over the polynomial ring R[sy, ..., 8¢]. According to Definition
2.5.3 (i), this system is internally stable w.r.t. the stability domain C, if and only if

det(z] — A) € D,,

where D, denotes the Hurwitz set corresponding to the stability domain C,. Re-
calling formula (3.5), Dy is given by

Dy :={p(z,81,...,8:) €R[z,51,...,8¢] | p(z,81,...,8) is monic in z and
Vz € C\Cy: pz,e™™%,...,e"™") # 0}.
Note that p(z,1,...,8;) 1= det{z] — A) is a polynomial in &k +1 indeterminates
that is monic in the indeterminate z. So p{z,s1,...,s) is of the form

n-1

P(2,81. .., 8) = 2"+ D pils1,..., %) - 2, (6.1)

i=0

where pi(s1,...,8:) € R[sy,...,s) (i = 0,1,...,n — 1). When we substitute
e, ..., e for the indeterminates sy,..., s; we obtain

n-1
F(2) :=plz,e7™%, e ) =20+ Y pi(e” ™, L 67T L 2N
i=0

Deﬁnition 6.1.1 An ezponential polynomial is an ana.lytic function of the form

n-1 '
f:€C—C: fy=2"+3 p(e ™5, .,e"™) - 2, (6.2)
i=0 ‘
where for all i € {0,1,...,n— 1} the function p;(e~™%,...,e"™*) is a polynomial in

the variables e™M%, .., e"’k‘ with real coefficients, and all T, >0(j=1,...,k). The
degree n of the monic leading term of f(z) is called the degree of the exponentxal
polynomial f.

The name exponential polynomial is mainly motivated by the strong relationship
with polynomials in more than one indeterminate as explained above. However,
another reason might be that in the right half plane exponential polynomials behave
similar to ordinary polynomials. Therefore exponantzal polynomials are often called
guasi polynomials.
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Definition 6.1.2 An exponential polynomial f is called stable w.r.t. the stablhty ;
domain €, if it has no zeros outside Cy

Vze C\C,: f(2)#0.

Clearly, this definition of stability for exponential polynomials coincides with
the notion. of stability for time-delay systems. A time-delay system is internally
stable w.r.t. the stability domain €, if and only if the exponential polynomial
corresponding to the characteristic polynomial of the system is stable w.r.t. C,.
In other words, testing the stability of a delay system comes down to testing the
stablhty of an exponential polynomial.

In this section, we derive a method for carrying out this stability test. For
this purpose, we confine ourselves to the stability domain €. In this particular
situation, exact analytic conditions to test the stability of an exponential polynomial
are known in literature (see {3, Chapter 13] or the original paper [77] by Pontryagin
for the commensurable delay case, and [92] for the incommensurable delay case).
However, in somewhat more complicated examples these conditions become very
difficult and are impossible to check. Therefore, mostly a graphical test based on
the well-known circle criterion is used instead. Note that from sheer necessity, a
numerical algorithm for carrying out this test is based on the computation of only a
finite number of points on the curve to which the circle criterion is-applied. Therefore
it cannot be guaranteed that always a correct result is obtained. In this section,
we present an algorithm that solves these problems to a great extent, and yields a
reliable answer in a reasonable amount of computer time. However, we start with
a short introduction to the circle criterion itself, emphasizing the special form this
criterion takes for exponential polynomials.

6.1.1 The circle criterion for exponential polynomials

The circle criterion is a well-known result from complex analysis, used for deter-
mining the number of zeros of an analytic function in an area enclosed by a Jordan
curve. In this subsection, this criterion is specialized to the case of exponential poly-
nomials. Given an exponential polynomial f, it is shown how the number of right
half plane zeros of f is determined using the image of the imaginary axis under the
function f.

The first lemma may be considered as a generalization of Lemma 3.3.33 to sys-
tems with incommensurable time-delays. However, the result is not formulated in
terms of the characteristic polynomial of a time-delay system, but stated directly as
a property of exponential polynomials.:

Lemma 6. 1 3 An exponential polynomial has only a finite number of zeros in the
closed right half plane C¥.

Proof ,
Consider an arbitrary exponential polynomial f given by

n-1

fRy=2"+3Y p(e™™,...,e7) - 25

i=0
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Since pie™™%,...,e7™*) is a polynomial in e™™* ..., e7™ for { = 0,1,...,n —
1, and since these exponential functions are bounded in C*, we know tha,t also
|pi(e™™%,...,e""%)| is bounded in C¥. So, if Re(z) > 0 and |2| becomes large, then
the term 2" 1s the dominant term of f. Therefore there exists an R € R such that
pum— ﬂ-l .
Vze CHlz| > R: |f(2)] 2 |2" = X Ipi(e™™,..., &™) - |z’ > 0.
: =0

Hence, all right half plane zeros of f lie in the half disk D = {# € C | Re(z) >
0,|z] € R}. Since f is an analytic function and D is a compact set, f has only a

finite number of zeros inside D. This proves the claim. -

Note that exactly the same arguments can be used to prove that an exponential
polynomial only has a finite number of zeros in any arbitrary closed right half plane
C} = {z € C | Re(z) 2 a}. The main point is that in such a half plane the
exponential functions e~%* (5 == 1,...,k) are always bounded from above.

The exact number of right half plane zeros of an exponential polynomial f can
be determined with the following well-known result from complex analysis (see for
example [83, p. 225]).

Proposition 6.1.4 Let J be a Jordan curve in the compler plane. Consider a
function f that is anelytic inside and on the curve J. Assume that f has no zeros
on J. Then the number of zeros of f inside J (counting multiplicities) is given by

'@, '
2m 7 f (z) o (63)

We shall apply Proposition 6.1.4 to exponential polynomxals, with a J ordan curve
J of the following form.

Deﬁnition 6.1.5 Let R € R*. Then the half circle Cp is defined as
Cr —{z(—:CHz( RA Re(z) 20},

the part I of the imaginary axis as
In:={z€C| Re(z) =0A|z] <R},

and the Jordan curve Jy as
Jgr = CpUIp.

This Jordan curve is traversed in counter clockwise dxrectxon as depicted in Fig-
ure 6.1.

Consider an exponential polynomial f, and assume that f has no zeros on the
imaginary axis. Let Ny denote the number of zeros of f in C¥, counting multiplici-
ties. When R becomes large enough, Jp will enclose all Ny zeros of f. Hence

Np=li F@,,

R0 27rz Jr () (6-4)
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,Im}axis

» Re-axis

Figure 6.1: The Jordan curve Jg

Of course it is possible to give an upper bound for the value of R that guarantees
that the corresponding Jordan curve Ji contains all right half plane zeros of f. For
this purpose we may use similar techniques as in Section 3.3, where we elaborated
on the relationship between the norm of square polynomial matrices A(s) and the
location of the zeros of the corresponding characteristic function det(zl — A(e~7%)).
However, if we use this approach, we are compelled to compute the integral (6.3)
explicitly, and this may lead fo rather involved numerical computations.

. Instead we choose a different approach. First we split the integral (6.4) into two
parts: the integral over the half circle Cg, and over the imaginary axis Jr. When R
tends to infinity, the integral over the half circle may be computed analytically. In
combination with a method to determine the integral over the imaginary axis, this
vields a circle criterion for exponential polynomials.

We start with the computation of the mtegral over the half circle Cr. For this
we need some preliminary lemmas.

Lemma 6.1.6 Let f be an exponential polynomial of the form

n-1
CfR) =2+ Y pe™, ., e“”f‘)z‘.

i=0
Define
d —ns —ns ‘
A(Z) == _(pn-1<e e ))* (6“5)
dz :
Then for large values of |2|, such that Re(z) 2> 0 we have

f'(2) _ A(Z)
f (z)

+ 0( =) |  (6.6)
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Proof 7
Since all fungt'_;gns pi{e™™%,...,e""™*) are polynomials in e=™%,,..,e ™%, they
are bounded in C*, and the same is true for their derivatives. Hence A(z) is also
bounded in C*. If z € C* and |z| becomes large, this implies that
Fz)y=nz""t+ A(z) - 2" + O(z"7%).

So

£ _n_ AR _ 2f(@) —nf(e) — AE() _

fla) =z = ' zf(z)
_on2t+ A(z)2” —n2® = A(2)2" + O(z"Y) 0 (l)
- 2m+1 4 O(2n) TNl -
Lemma 6.1.7 Leta € R, a > 0. Then
. 1 e-az
f%f-?éoz—m/ca —dz=0. (6.7)
Proof

1 / el =L / BT aRlcos(urhisin) g,
2miden 2 It

Since a > 0, the inequality —aR cos(w) < aR(2w — 1) holds on the whole interval
[0,3]. Hence: :

< l'/%w emaRcos(w)dw'
—wJo ’

1 1
_]_'_ /2“‘ g oReos(w) g, < i [’” eaﬂ(%w—l)dw — 1 (1 _ e—nR) — 0,
7w Jo 7 Jo 2aR

when R tends to infinity. -

Proposition 6.1.8 Let f be an exponential polynomial of degree n as defined in
(6.2). Then

1 f’(z) n
7% 277 /Cn f (z) =7 (68)
Proof

Since we are interested in the asymptotic behaviour of (6.8) for R — oo, while
the integration variable z remains in C’*’ we may use (6.6) to prove (6.8). First of

all,
1 n nofiv n

il “dz = — = -, .9

271 /ca zdz 2r /;%”dw 2 (6.9)
A(z) was defined in (6.5) as the derivative of p,-i(e™"%,...,e™™%), where p,—; is
considered as a polynomial in e™™%, ..., e~™*, Therefore A(z) is a linear combination
of functions of the form e=**, with & > 0. Applying Lemma 6.1.7, we obtain
L / AD g, g, (6.10)

m
R—o0 2m1 z
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Finally,

17 1 1 1
i L / A1 / s = Tim L | .
A o Jon P T A BrR )y W= AR 0 (6.1)

Combination of (6.6), (6.9), (6.10) and (6.11) yields the required result. -

Using the previous proposition it is possible to rewrite equality (6.4). In this way
we obtain the following expression for the number of zeros in C¥ of an exponential
polynomial f of degree n:

_" f'(z) © fw),
Ny = 2 i 27:3 m f(z) T %= 2 f(aw)
To compute Ny we need a method to determine the second term in (6.12). The next

result indicates that this can be done by inspection of the image of the imaginary
axis under the function f.

(6.12)

Theorem 6.1.9 Let f be an exponential polynomial of degree n as defined in (6.2).
Assume that f(0) > 0 and that f has no zeros on the imaginary azis. Let Ny denote
the number of zeros of f in CT, counting multiplicities. Then ‘

Ny = g - % - totarg(f (100)), (6.13)

where totarg(f(100)) is the net increase of the argument of f(2) when z iraverses
the imaginary azis from z = 0 to z = 100.

Proof

Since the function f is a real function on the real axis, the second term of (6.12)
may be written as

f Fw),, =1 [® g (fw)
fer=t [ re (T oo
Deﬁne u(w) = Re(f(w)) and v(w) := Im (f(uw)). Then

L (), 1 e @) - @), _
= Re(f(w))dw—w/o T BT B

=1 (g:;) - dwarctan(tan(arg(f(zw)»)—

== (totarg(f (100)) — arg(£(0))) = *totarg(f (200))-

Substitution of this formula in {6.12) completes the proof. -
Theorem 6.1.9 gives rise to a graphical method for computing the number of
right half plane zeros Ny of an exponential polynomial f. The image of the positive
imaginary axis under the function f is required to determine the final result. The rest
of this section is devoted to the question how this search along the positive imaginary
axis and its image can be carried out in a numerically religble and efficient way.
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6.1.2 Bounds on the search along the imaginary axis

Let f be an exponential polynomial of degree n as defined in (6.2). Recalling the
proof of Lemma 6.1.3, we know that_the term 2" is the dominant term of this
function f when the modulus of 2 € C* is large. This implies that arg(f(w)) is
convergent for w tending to infinity because with growing w the term (w)” becomes
more and more dominant. It is easily verified that

nmodfi.
2

Note however that the function f(w) (w > 0) does not converge itself.

From the asymptotic behaviour of the argument of f(wv), it follows that the
function f{w) (w 2 0) has a half plane of convergence in the following sense: there
exists a K € R such that for all w > K, the value of f(ww) remains in the half plane
determined by the degree of the exponential polynomial f, as described in (6.14).
Choose this K as small as possible: '

Jim arg(f(w)) = (6.14)

K := min{f € R | Yw > § : |totarg(f(w)) — totarg(f(:00))] < g}. (6.15)

Then it follows that at w = K, i.e. at the moment that f(aw) enters the half plane
of convergence for the last time to remain there forever, the value of totarg(f(100))
is completely known: the difference with totarg(f(:K)) is exactly %.

We conclude that for the computation of totarg(f(200)) only the behaviour of
f(w) for w € [0, K] is important. Thus for an efficient test, we should look for a
sharp upper bound Ky, for K. In this way we obtain a search interval [0, Kpay)
that is as small as possible, but still contains all information that is required for the
determination of the number of right half plane zeros of f..

Recall that the exponential polynomial f is of the form (6.2), and let K; be a
positive real number such that

n-1 i
Vw > Ky s [w]® > |3 pi(e™™, ... , e Y ()] (6.16)
i=0
On the imaginary axis, 2" is the dominant term of f, and therefore such a K; € R
exists. For all w > K, the modulus of the first term (ww)™ of f(uv) is so large that
this term determines the half plane in which f(w) is located. By definition, this is
the half plane of convergence. So K; > K, and thus formula {6.16) may be used to
obtain an upper bound K. for K.

Proposition 6.1.10 Let f be an exponential polynomial of degree n as defined in
(6.2) and suppose that n > 2. Let oy, 01,...,0q1 € R be such that

Vie {0,1,...,n— 1} Vw e R: |pi(e™™¥,...,e""™)| < o (6.17)

(Since all p; are polynomials in e™™%,. ., e~ ™%, and for z = w we have |e™*%| = 1,
an upper bound for oy can be obtained by summation of all absolute values of the
coefficients of p;). Define

Omax2 '=max{e; [i=0,1,...,n =2}, Kmax2 = /Ommz + max(l, an-1).
Then Kupax s 15 an upper bound for K.



6.1. A STABILITY TEST FOR EXPONENTIAL POLYNOMIALS 209

Proof

" It suffices to show that K.y satisfies (6.16). Let w > Kmax 2 and z = ww. Then
|2] =1 > ,/Cmaxz and we have

n—1 n-—1 .
S opi(e™™,. e < S |p,-(e"’1’, vy e ) 2] <
i=0 i=0
1 - n—-2
an_1|Z|n_ -+ Z a.|z| < an—llzln + Omax,2 E |z|
=0 i=0

. n-1
z -1 -
Oln-llzl + amax2| || | 1 < C"ﬂ—llzln - + /Omax,2 (lzln = 1) <

S (an-l + \/amax,'l)‘zln‘l S Kmax,leln_l < |z|n.

For exponential polynomials of high degree and with large coefficients it is pos-
sible to derive sharper bounds for K. The next proposition states two of these
alternative results.

_ Proposition 6.1.11 Let f.be an exponential polynomial of degree n as defined in
(6.2). Choose ag,ay,...,0n_1 € R such that

Vie {0,1,...,n—1} VweR: |pi(e“"”,...,e""°“’)| < aj.
(i) If n > 3, and amax3 is defined a5 Amay3 == max{a; |i=0,1,...,n — 3}, then
 Kinax3 = /Omax + max(l, an-1 + /0n_3) is an upper bound for K.

(1) If n > 4, define amax4 = max{e; | =0,1,...,n—4}, and let £ be the largest
positive real solution of the polynomial equation

2% — 0122 — An—9% — (Qp-3 + (amax,‘;)%) =0, (6.18)

Then Kpaxa := max(l + &@maxa, &) is an upper bound for K.

Proof
We only give a proof of (ii); the proof of (i) is based on exactly the same con-
siderations and is therefore omitted.

(%) In the same way as in the proof of Proposition 6.1.10 it suffices to show that
Kipax,s satisfies (6.16). Let w > Kpaxq and 2 = w. Then |z| = 1 > ¢/@maxs and we
have

n—1 ' .
Sopi(e™™, e ) <

i=0
n—4 .
< aneq|2[®! + @neal2™? + sz + omaxa s D |2 =
=0
o~ 1

= otn1|2["7! + omoa]2[*2 + 32| + Gmaxa

i R
e
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< (on1l2l® + anoal2] + (-3 + (Cmaxa) 1)) 272,
Since |2| > §; and £ is the largest positive real solution of {6.18), it follows that

(an_1|z|2 -+ Oén—zlz‘ + (Ofn-s + (amax,‘i)%)) < lzla'

751 i
Sopi(em, L e

i=0

Hence

< |z|*, and thus (6.16) is satisfied. -

In the same way we may continue. Based on formula (6.16), smaller upper
bounds for K may be derived by taking more terms «; separately into account.
It depends on the exponential polynomial f under consideration which estimation
method is the best. Clearly, the minimum of all computed upper bounds is chosen
as the final value of Ky, )

6.1.3 Determination of the number of RHP-zeros

In the previous subsection it has been shown that the number of right half plane zeros
of an exponential polynomial f is determined by the behaviour of the function f(ww)
on the finite interval [0, K]. Moreover, an upper bound Ky, for K was derived.
This subsection is devoted to the question how totarg(f{(100)) can be computed
with help of the image f(w) of f on the interval w € [0, Kinax]- For this purpose
we assume that f is an exponential polynomial of degree n, without zeros on the
imaginary axis, and satisfying f(0) > 0.

Recalling formula (6.15}, it is apparent that if totarg{f(:Kmax)) is known, the
value of totarg{f(100)) is easily derived: totarg(f(z00)) is the sum of arg{f(2Kmax))
and 27 times the number of complete encirclements of the curve I' = {f(w) | w €
[0, Kmax]} of the origin of the complex plane. In order to count these encirclements,
we have to track the curve I parametrized by w, from w = 0 to w = K\ax. However,
for the determination of the number of encirclements of the origin, it is only inter-
esting to know where the curve T’ enters and leaves the half plane of convergence
and in what direction. Since the boundary of this half plane is the real axis (when
the degree n of the exponential polynomial is odd) or the imaginary axis (when n is
aven), only intersections with these axes have to be considered. Then one may verify
that an intersection with one of the axes contributes to the number of encirclements
as depicted in Figure 6.2.

The only problem left is to track the curve I' of f(w) for w € {0, Knax| accurately
enough to ensure that all intersections with the real axis (when n is odd) or the
imagiriary axis (when n is even) are detected. However, in a numerical algorithm
we have to confine ourselves to the computation of only a finite number of points on
the curve I'. Therefore the tracking problem may be reformulated as the question of
finding a method for the selection of a finite number of points on the curve I' in such
a way that all intersections of I' with the real and imaginary axis can be detected
from this finite set of points. For this purpose, linear search in the parameter space
with constant step length £ is most commonly used up to now. Unfortunately, this
method is not always reliable as is illustrated by an example in the next section.
Therefore we propose another, more reliable method to overcome this problem. The
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© 4 Im-axis

Figure 6.2: Counting the number of encirclements

main idea is to make the step length vanable dépending on the curvature of the
curve I'.

For a curve T’ = {(u(w), »(w)) | w € [0, K]} in a two-dimensional plane, that is
parametrized by the variable w, the curvature in a point Z(wg) = (u(wo), v{wn)) at
w = wy, is given by

(wo)¥{wo) — H(wo)ii(wo)
(4*(wo) + i:’(wo)):"/ 2

(See for example [88, pp. 13-15]; the formula can be found literally in [6, pp. 589-
590]). The curvature in a point Z(wp) on I' is & measure for the rate of change of
the tangent in Z(wp), when proceeding along the curve, For example, in every point
of a circle with radius R the curvature is equal to %. For arbitrary curves in R? it
is easily seen that if the curvature in a point ¥ on the curve is equal {o ks, then the
curve T behaves in a small neighbourhood of Z like a circle with radius |& &l So,
in order to track the curve accurately, we have to take small steps along the curve
when the absolute value of the curvature is large, and we can take somewhat larger
steps when the absolute value of the curvature is small. In this way we obtain the
following rule:

(6.19)

|curvature| x step length along the curve = constant (6.20)

Note that the curve {{u(w), v(w)) | w € [0, K]} is parametrized by w and not by
its arc length. The length of the curve between wy and wy + Aw is given by

[ A Ji2 (@) + P (w)do.

For small values of Aw, this integral is approximately 1/#%(wp) + 9?{wp)Aw. Substi-
tution of this formula and (6.19) in (6.20) yields

|@(wo)(wo) — {wo)ii(wo)]
a?(wz} + 02(::0) Aw=C.
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Figure 6.3: The relation between C and ¢

In this way we obtain the following formula for the step length at w = wg in terms
of the parameter w:

. 2 (wa) + 9% (wp)
[&(wo)i(wo) — D(wo)i(wo)|’

Aw=C (6.21)

However, in this formula there is still one unknown: the parameter C, which has
the following interpretation.

Consider in Figure 6.3 the point # on the curve I'. Assume that the curvature
of 'in & is kf Then the curve I" behaves in a neighbourhood of Z like a circle
with radius ki) 88 depicted in the figure. For small values of the angle ¢, the step
length along tLe curve I' and along the circle are almost the same. So the step
length along the curve I is approximately ¢/|kz|. Therefore C = |k; l'ig-é=¢
Hence, C may be interpreted as the angle of rotation along the curve between two
successively calculated points. A smaller choice of C leads to a more accurate
tracking of the curve, but also to more computations. In practice one has to find a
trade-off between accuracy and computational expenses. In our case, the accuracy
has to be large enough to detect all intersections of the curve {f{w) | w € [0, Kinax|}
with the real and imaginary axis. The choice of the actual value of C is based on
this condition, and on the interpretation of the parameter C as given above.

Remark 6.1.12 It is possible that in some points on the curve I’ the absolute value
of the curvature is very small. In this case, the step length obtained with formula
{6.21) is probably too large. This unwanted situation can be solved by defining
an upper bound for the maximal step length beforehand. Moreover, in a practical
implementation it is recommendable to restrict the growth of the step length by an
(exponential) growth bound.
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Figure 6.4: The curve I

6.1.4 Some examples

To illustrate the advantage of the variable step length method proposed in the pre-
vious subsection compated to linear search, we have implemented both algorithms
in MATLAB. This can be done in a rather straightforward way. Given an expo-
nential polynomial f, points on the curve T' = {f(w) | w € [0, Kpax]} are easily
calculated, and formula (6.21) is used for the variable step length. Intersections with
the real and imaginary axis are detected by a change of the signs of the imaginary
and real parts of f(w) in two successive points. The rest of this section describes
an experiment to compare the performances of both methods.

Example 6.1.13 Consider the following exponential polynomial: ,
fR=224+Q2—e*—e P —e¥ ™). 24 (2-¢77). (6.22)

This exponential polynomial has degree n = 2, so the left half plane is the half plane
of convergence. First we apply Proposition 6.1.10 to find an upper bound K. for
the search interval [0, K]. In the notation of Proposition 6.1.10, we have o; = 6,
Omax = @ = 3. S0 Kmax = Kmax2 = 6 + V3. The interesting part of the curve
T = {f(w) | w € [0,6 + v3]}, for w € [0,2], is depicted in Figure 6.4. The other
part of the curve I, for w € [2,6 + v/3] is not very important; on this interval T'
remains in the left half plane. This indicates that the upper bound K,y for K is
not very sharp. From Figure 6.4 it is immediately clear that totarg(f{ic0)) = «
because the curve I' crosses the positive imaginary axis on its way to the half plane
of convergence. So, according to Theorem 6.1.9, the number N; of right half plane
zeros of f is given by:
1

Np=To ;1; - totarg(f(100)) = % ~2m=0.

Hence f is a stable exponential polynomial.
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The same conclusion on the number of right half plane zeros can be obtained by
a linear search with step length 0.1 along the interval [0,6 + +/3]. An intersection
of the curve I" with the imaginary axis is detected by a change of the signs of the
real parts of two successive points. In this way only a half encirclement around the
origin is counted, and in this way we obtain exactly the same result. Also the search
method using variable step length, based on the curvature can be applied. In this
simple case, application of this advanced method is not really necessary, but it yields
the same result.

_ The advantage of the variable step length method becomes apparent when we
want to verify the stability of exponential polynomials of high degree and with large
coefficients.

Example 6.1.14 Consider the exponential polynomial
9(z) = (), (6.23)

where f is defined by (6.22). This exponential polynomial has degree n = 12, so
the right half plane is the half plane of convergence. Moreover, since f is a stable
polynomial, g is stable too. However, in this case application of Theorem 6.1.9 is not
so easy because it is very complicated to obtain the curve I' = {g(w) | w € [0, Kmnax|}
explicitly.

First we compute Ky, using Proposition 6.1.11. With (%) the value Kpyuys =
88.4 is obtained. This upper bound is not very sharp; it can be improved a lot by
(iv). This method yields Ky s = 45.3, and thus we take Ko,y = 45.3 as the upper
bound for K in the subsequent computations.

To carry out a linear search along the interval [0, 45.3], first the step length £ has
to be determined. This is a rather difficult problem because a step length that is too
large may lead to wrong conclusions on the number of right half plane zeros. Errors -
occur if some of the intersections with the real or imaginary axis are not detected.
Therefore the choice of the step length £ is very critical. One of the main problems is
that the possible errors made during the computation cannot be detected from the
_ data afterwards. Moreover, the choice of an appropriate step length is dependent
on the problem under consideration and almost impossible to predict beforehand.
In the case of the exponential polynomial g, it turns out (using trial and error) that
the step length must be smaller than or equal to £ = 0.008. This implies that at
least (;‘gg’s = 5663 points on the curve I' have to be computed to derive a correct
conclusion on the number of right half plane zeros of g.-

Application of the method with variable step length is much safer. Only the
value of C has to be chosen. However, this parameter & has a clear interpretation
as explained in Subsection 6.1.3. Therefore the choice it not so problem dependent.
In most cases a choice of C = 0.25 &~  is appropriate. Also Remark 6.1.12 has to
be taken into account. In this example we defined an upper bound of 0.25 for the
step length, and imposed an exponential growth bound of 2. This means that the
step length in a new step is at most twice as large as in the previous step. This
method was started with an initial step length of 0.001, because especially at low
frequencies the step length has to be very small. In this way, the number of right
half plane zeros of g was correctly determined, computing only 631 points on the
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curve I'. However, the computational expenses for each step are much higher than
in the linear search method. Therefore the variable step length method is not much
faster than linear search. Its main advantage is the improved reliability: it takes
small steps where this is required and somewhat larger steps where this is allowed.

-

6.1.5 Closing remarks

In this section we developed an algorithmic method for testing the stability of ex-
ponential polynomials. Although the method is based on the well-known circle
criterion, the new contribution is the strategy that is used for the search along the
imaginary axis. Replacing linear search by a curvature based variable step length
method, the reliability of the stability test is increased considerably. This is very
important for the verification of the stability of exponential polynomials of high de-
gree. For low order exponential polynomials, this method is unnecessarily advanced;
in this case the linear search method is probably good enough. However, in the next
sections, high order exponential polynomials often occur in the construction of sta-
bilizing feedback compensators for time-delay systems. Therefore, the variable step
length method is a very important tool throughout the whole chapter.

6.2 A constructive approach to stabilization

In this section we present a constructive method for the stabilization of time-delay
systems. According to the results in Sections 3.2 and 5.5, the computation of a
polynomial in the intersection ZND is required for this. Note that in this intersection
the ideal 7 is completely characterized by the system ¥ = (A, B), whereas the the
Hurwitz set D describes the notion of stability. In the proof of Theorem 3.2.8 we
have seen how the construction of a polynomial in Z ND may be carried out. The
proof of this result is completely constructive, except two parts:

o Theorem 3.2.3: the Nullstellensatz in the Banach algebra A(Q2),
e Theorem 3.2.4: Mergelyan’s Theorem on uniform approximation.

For the design of stabilizing compensators we need a constructive method to carry
out these steps explicitly.

The approach to stabilization in this section contains both ingredients mentioned
above. However, we shall not use the reformulation of the stabilization problem to
the level of polynomials. Instead we look for a stable right-inverse of the matrix
(2I — A|B) in a more direct way using so-called Bezout factorizations. Considering
the problem in a somewhat more general context, it is possible to construct a right-
inverse of (zI — A|B) that is not a matrix over Rp(z), but still retains a specific
stability property. Using an appropriate approximation of this right-inverse, we find
a solution to our original problem: an internally stabilizing feedback compensator.
Note that this method is based on the same ideas as the proof of Theorem 3.2.8.
First the problem is solved in a more general framework, and afterwards this solution
is approximated to obtain a solution in the original setting.

This section is organized as follows. In the first subsection the main concepts
of the stabilization method described above are elaborated in more detail. The
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next two subsections are devoted to the two constructive parts: computation of a
Bezout factorization and approximation by rational functions. Finally the method
is illustrated with an example.

The main ideas behind the approach to stabilization of time-delay systems as
presented in this section originate from several papers by Kamen, Khargonekar and
Tannenbaum. For further reading we refer to [54], [36] and [55].

Throughout this section we only consider stability in the classical sense, so the
stability domain is always C~,

6.2.1 BIBO-stability and Bezout factorizations

- The main idea of the stabilization method of this section is based on the following
observation. Consider a time-delay system with commensurable time-delay 7, mod-
eled as a system X = (A, B) over the polynomial ring R[s], given by A =0 and
B =1 3. Since z = det(z] — A) € D, it is obvious that T is neither internally nor
externally stable. Next consider the transfer function '

T(z}:l-s

of the system £ = (A, B) over the ring R[s], and substitute s = e~"*. Then we
obtain the transfer function of the delay system in the classical sense:

1 — e—f&

T(z) ==

“This transfer function has no pole in z = 0 because there is a pole-zero cancellation
between numerator and denominator. In fact, the transfer function is analytic in
C* (it is even analytic in C), continuous on C*, and

lim _ T(2)=0
[z]oo, 26CF

Therefore we conclude that the corresponding delay system is BIBO-stable, i.e. if
the system is started with zero initial conditions, and we apply a bounded input to
the system, the output of the system is also bounded. (BIBO stands for Bounded
Input Bounded Output). Note however that there exists no realization of this trans-
fer function that is internally or externally stable. Unlike systems without delays,
external stability of a time-delay system (i.e external stability in the systems over
rings sense cf. Definition 2.5.3 {4)), and BIBO-stability of a tnne-delay system are
not equivalent notions any more.

Using Definition 3.2.6 of the commutative Banach algebra Ag{C*), it is possible
to characterize all BIBO-stable time-delay systems. For convenience we first repeat
the definition of this Banach algebra.

Definition 6.2.1 The algebra Ay(C™) is defined as the set of all functions f that
are analytic in C"”, continuous on C"“, and satisfy

iLel: _ff(z) L=

I:I—»oe z€C

i.e. f can be extended continuously to inﬁnity.
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Definition 6.2.2 Let £ = (A, B,C, D) be a time-delay system with k incom-
mensurable time-delays 7y,...,7, modeled as a system over the polynomial ring
R[s1,...,8k]. Then the transfer matriz of the delay system T (in the classical sense)
is given by

T(z) = C(e™™,...,e ™) (2l — A(e™™%,...,e ™)) 1B(e™™%,...,e ™) +
+D(e™™,...,e7™) (6.24)

Clearly, the transfer matrix of the delay system ¥ in the classical sense is obtained
from the transfer matrix of the system ¥ = (A, B,C, D) in the algebraic sense (cf.
Definition 2.4.2) by substitution of the exponential functions e~"%,...,e”"* for the
corresponding indeterminates sy,..., Sk.

Proposition 6.2.3 Let T = (A, B,C, D) be a time-delay system with k incom-
mensurable time-delays 71, ...,7k, modeled as a system over the polynomial ring
R[s1,...,8k]. Then the delay system is BIBO-stable if and only if all entries of the
transfer matriz T(2) defined in (6.24) are elements of the Banach algebra Ao(C*).

Sketch of the proof
According to Lemma 6.1.3, the characteristic function of the delay system ¥
given by p(z) = det(2] — A(e~™*,...,e %)), has only a finite number of zeros in
any arbitrary right half plane. If T(z) is a matrix over Ag(C™), all zeros of p(2)
in C* are cancelled out. So there exists a § > 0 such that all poles of T'(z) have
real part smaller than —§. This guarantees that the impulse response of the delay
system falls off with an exponential decay rate of at least %6. If the system is started
with zero initial conditions, this implies that a bounded input results in a bounded
output.
On the other hand, if the system is BIBO-stable, the transfer matrix T(z) cannot
have poles in C*. By definition 7'(2) is proper, and thus it is a matrix over A,(C*).
|

Corollary 6.2.4 A time-delay system that is externally stable is also BIBO-stable

Proof
Let T be an externally stable time-delay system with transfer matrix T'(z). Then
the denominator of each entry of T'(z) is a stable exponential polynomial. Moreover,
T(2) is proper, i.e. limlzl—»oo,z ¥ T(2) exists. Hence T'(2) is a matrix over Ao(CH).
]

From Corollary 6.2.4 we conclude that after substitution of the exponential func-
tions e™™*,...,e”™* for the indeterminates s,,..., s, a proper element ¢ € Rp(2)
becomes an element of Ao(C*). In this respect, the Banach algebra Ao(C*) de-
scribes a more general class of functions. So we may expect that right-invertibility
problems are easier to solve over Ay(CT) than over Rp(2). This is the key-idea that
is used to solve the stabilization problem.

Considering systems in the frequency domain by using their transfer matrices,
the stabilizability of a system is usually investigated with help of so-called Bezout
factorizations. An extensive treatise on this subject is [95].
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Definition 6.2.5 Let T be a p X m transfer matrix of a time-delay system as de-
fined in (6.24). A pair (D,N) of matrices over Ay(C*) is called a (left) Bezout
factorization of T over Ay(C*) if

(i) N is a p X m matrix and D is a p X p matrix such that det(D) £ 0,
(ii) there exist matrices Q and P over Ay(C*) such that

DQ+ NP =1, ‘ (6.25)
(i) T = D-'N. |

Formula (6.25) in condition (4] is called the Bezout identity. It is equivalent o
the condition that the matrix (D|N) is right-invertible over Ao(C™T).

Using the notion of Bezout factorizations over Ay(C*), it is possible to give
another characterization of internal stabilizability for time-delay systems. Moreover,
the proof of this result provides interesting information on the design of stabilizing
feedback compensators. 4

Theorem 6.2.6 Let & = (A, B) be o time-delay system with k incommensurable
time-delays 71, ..., 7% modeled as a system of rank n over the ring R = R[s1,..., 8}
Let :

T(z) = (zI = A(e™", ..., e~ ™))" B(e™™, ..., e~ ™)

denote the transfer matriz of I, and define

(D@, N = (5

1
R — —717 -1z P, -z L eTTRE .
(] = A, ., e™)), s B, e™))

(6.26)
Then
3 is internally stabilizable by dynamic stote feedback,

(D(z), N(z)) is a left Bezout factorization of T(z) over Ay(Ct).

Moreover, if T is internally stabilizable, then there exists a finite-dimensional com-
pensator (i.e. a compensator without time-delays) that stabilizes the system.

Proof

"= Suppose that ¥ is internally stabilizable. So, in the algebraic setup of Sec-
tion 2.8, the matrix (zI — A(sy,...,8%)|B(s1,...,5)) is right-invertible over Rp(z).
According to the proof of Theorem 2.8.2, this implies that there exists a polynomial
w(z,81,...,8:) € D with deg,(¢(z, 51,...,8)) = n+1, and polynomial matrices Q
and P over R[2] such that

(zI — A(s1,. -, 80))Q(2, 81, .. oy 86) + B(s1, ..., s6)P(2,81,...,8:) =

= @{z,51,...,8¢) I
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Reca.llmg Lemma 2.8.1, it follows that the polynomial matrix P can be chosen in
such a way tha,t deg,(P(z,81,...,%:)) < n— 1. Define

A — (z'*'l) -112 ~TRZ
Qz) = TR Qz,e7™%,...,e7™%),
B(z) = Gt PG, e,

w(z,e=n%, ..., e T%)

Then it is obvious that Q(z) a;id P(z) are analytic in C*, continuous on C¥ and
satisfy

D(2)Q(2) + N(2)P(z) =

Moreover, ﬁm!zl-»oo, . eFI:‘(z) =0, fmd lirnlzl—wo, . GE;P(z) = I: so the previous
formula implies that limm_.°° ,c6¥ @(2) = 1. Hence Q(2) and P(z) are matrices
over Ag(C™) and condition (%) of Definition 6.2.5 is satisfied. Since it is clear that
also conditions (i) and (313) hold, we conclude that (D(z), N(z)) is a left Bezout
factorization of T(2). :

<" Suppose that (D(z), N(z)) is a left Bezout factorization of T'(z) over Ay(Ct).
Then there exist matrices Q(z) and P(z) over A(C*) such that

D(2)Q(z) + N(z)P(z) = I. (6.27)

Without loss of generality we assume that the entries of the matrices Q(2) and
P(z) only take real values on the real axis. Using Mergelyan’s Theorem in the
same way as in Proposition 3.2.7, we approximate Q(z) and P(z) uniformly by
proper stable real rational matrices. Define M; := sup{||D(z)|| | = € C*} and
M, = sup{||N(z)|| | z € C¥}. Since the enmes of both matrices belong to Ay(C*),
M; and M, are well defined. Fix e < m Then there exist matrices Q(z)

and P(z) over R(z) N Rp(z) such that

Vz € CF: ||Q(2) - Q(2)|| < € and ||P(2) — P(2)]| <e.

Next define

D(2,815...,8) =

(T = Aoy, )00 + 5 Blsuy o, )P(). (628)

- Since the right hand side of (6.28) only consists of proper matrices over Rp(z), all
entries of the matrix ®(z,1,...,3k) are proper elements of Rp(2). Moreover, for
every z € C* we have:

19(z, €™, ..., e=™) = I|| = [|D(2)(Q(2) — Q(z)) + N(2)(B(2) — P(2)I|
ID@) - 18(2) = Q)| + N - 12(2) - P(2)ll <

1 1 2
< 3 (Ml,Mg) Y3 mex(My, My) = 3
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“and thus det(®(z,e~™*,...,e™*)) has no zeros in C*. It follows that its inverse
®(z,51,...,5:)"! is a matrix over Rp(z). Define the the following two matrices over

R—p(z):

Q(z,81,...,81)

ii

T 1@(2) < ®(z,81,...,8)7",

. 1 . o
P(z,81,...,8;) = z+1P(z).<I>(z,31,...,sk) .
Then multiplication of (6.28) by ®(z, s1,...,s,)"" yields:

(2I — Alsyy..., sk))(,}(z, S1y.rey8k) + B(sy,... ,sk)f’(z, S1ye-er 8k} =1,
and thus (2] — A|B) is right-invertible over Rp(2).

Finally, using exactly the same arguments as in the proof of Theorem 2.8.2, it
may be verified that an appropriate realization of the transfer matrix

P(z,81,. -, 8)(Qz, 81, ., 50)) ™ = P(2)(Q(N 7Y,

yields an internally stabilizing controller for the delay system £. Since P(2)(Q(z))™!
is the transfer matrix of a finite-dimensional system, this proves the last assertion
of the theorem. n

Theorem 6.2.6- and especially its proof are important because they describe a
method for the stabilization of time-delay systems. All steps in the proof are con-
structive, except the following two parts:

(i) computation of the matrices Q(z) and P(z) over Ay(C*) that sa.tisfy the Be-
zout identity (6.27),

(i) apprcximation of the matrices Q(z) and P{z} by matrices over the ring of
proper stable real rational functions. ;

Note that requirement (i) above is weaker than the original stabilizability condition
of Theorem 2.8.2 because (i) allows us to search for a right-inverse of the matrix

(5
z2+1
over a more general class of functions. In the next two subsections we show how the

problems (i) and (i) can be solved in a constructive way.- Together with the proof
. of Theorem 6.2.6, this yields a constructive solution to the stabilization problem.

(2 = Ae™, ..., e™)) | - B(e‘“‘,...,e“""))

6.2.2 Construction of Bezout factorizations over Ay(ct)

This subsection is devoted to the construction of matrices Q(z) and P(z) over
Ay(CT), satisfying the Bezout identity (6.27) corresponding to Bezout factoriza-
tion (6.26) of the transfer matrix of a time-delay system £ = (A, B). For this
purpose it is not necessary to consider the whole Banach algebra Ay(C*); a specific
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subclass of Ay(C*) suffices to solve the problem The method is mainly based on
functions in AO(C+) of the form

— gTla=z)
a(z) ——ea_v

where o € C. These functions facilitate the computations considerably because they
may be applied to cancel a factor (z — &), and replace it by a factor containing only
exponential terms. ‘

Unfortunately, the explicit construction method is very involved and requires
a lot of technicalities. Moreover, the method is only applicable for systems with
commensurable time-delays, satisfying some rather mild regularity conditions. We
confine ourselves to the statement of the main result and omit the proof. For a
detailed discussion of the construction, we refer to [56]. The example in Subsec-
tion 6.2.4 illustrates the most important ideas behind the construction method.

We start with the introduction of some new terminology that is required for the
statement of the main result.

Definition 6.2.7 Let 9, denote the zma,lyﬁc function defined by

Tla—z)

9,:C—C: Falz) = ) (€ C). {(6.29)

-

Let 9% denote the it derivative of 9. Then © is defined as the ring of all analytic
functions that are real on the real axis, generated by

{99 | € C,c € R,i € Np}.

From the previous definition it follows that an analytic function f belongs to ©
if it is generated by functions of the form (6.29) and their derivatives, and satisfies
f@E) =7j()forall ze C.

Lemma 6.2.8 Let A be an n % n mairiz over R and let 7 > 0. Then all entries of
the matriz

(2I = A)"Y I —e ™ e7™4) (6.30)

belong to the ring ©. -
The matrix (6.30) can be seen as a generdﬁzation of functions of the form (6.29)
~ to the higher dimensional case. For a proof of the correctness of this result we refer
to [56, p. 844).

Definition 6.2.9 Ry(s) is defined as the subring of R(s) consisting of all rational
functions for which the denominator polynomial has no zeros inside the closed unit
disc I:

Ry(s) := {%—g—g— | a(s),b(s) € R[s] and VA € U : b)) # 0} .
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Definition 6.2.10 Let 7 > 0. Then A, is defined as the ring obtained from Ry(s)
after substitution of the exponential function ¢~** for the indeterminate s:

Ay = Ry(e™™).

The definition of A, implies that every element of A, may be considered as a
function in the Banach algebra 4y(C*). Since for all 2 € C* we have |e™™| < 1, a
function in A, has no poles in the the closed right half plane. ,

Definition 6.2.11 For every 7 > 0, the ring ©A, is defined as the product of the
rings © and A.,.

Note that every element of ©A, is a function that is analytic in C*, continuous
in C¥, and that can be extended continuously to infinity. Thus the functions in ©A,
form a subclass of AO(C“‘} Moteover, every element f € ©OA; is real on the real
axis: Vz € C¥: F(B) = f(2). :

After all these preparations we now state the main result of this subsection:

Theorem 6.2.12 Let & = (A, B) be a time-delay system with a commensurable
time-delay 7, modeled as a system over the ring R[s]. Assume that the pair (BT, AT)
of matrices over R[s] is observable in the sense of Definition 2.3.2, and that the time-
delay system L is internally stabilizable. Then there exists a constructive method
for the computation of matrices Q(z) and P(2) of the form

Q=304  PE)=3PR@)- 5

i=0 =0

with Q(2), Pi(2) € A (i=1,...,) and Qo(z), Po(2) € A-O, such that
(2] = Ale™™%,...,e™*NQ(2) + Ble™™,...,e ™ )\P(2) = 1. (6.31)

For a proof of Theorem 6.2.12 and a detailed description of the construction we
refer to [56]. The method involves a lot of technicalities, and therefore a thorough
elaboration of the complete method is omitted. Some of the main ideas behind
the construction in the scalar case will be illustrated in Example 6.2.21. Lemma
6.2.8 indicates that in the higher dimensional case, the method can be applied in an
analogous way. ‘

Formula (6.31) may be considered as a polynomiial Bezout identity; it is not
exactly the Bezout identity we are looking for. To a certain extent, the matrices
Q(z) and P(z) resemble polynomial matrices in the variable 2. However, in general
- the coefficient matrices Q;(z) and Pi(z) (¢ = 0,1,...,£) are not constant, and may
contain the variable z explicitly. Note that all Qi(z) and P(z) (i =10,1,...,¢) are
matrices over Ay(C¥), so in the right half plane they are uniformly bounded. This
indicates that in the right half plane the matrices Q(z) and P(z) exhibit a polynomial
character. The situation is very similar to that of exponential polynomials, with the
only difference that the entries of Q(z) and P(z) are not necessarily monic. However,
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the notion of degree is straightforwardly extended to this class of matrices: it is the
degree of the highest power of z occurring in one of the entries of the matrix.

To obtain a Bezout factorization over Ay(C*), formula (6.31) is modified using
the same arguments as in the proof of Theorem 2.8.2. Let n be the size of the
matrix A, and let p(z) be a stable exponential polynomial of degree n + 1. After
multiplication of (6.31) by (z) and a rearrangement of terms based on the result
of Lemma 2.8.1, we obtain

(2 — Ae™™,...,e™*))Q(2) + B(e™™,...,e~™*) P(z) =p(z) -1,

where é(z) and P(z) are matrices of polynomials in z with coefficients in A.© C
Ag(C*) (so the coefficients also contain the variable z), such that deg,(P(z)) < n—1.
Dividing the previous equation by o(z) we get

(ST~ 4™ ™) Q)+ (7B, e™) P =

(6.32)

where

0w =2

x . 241~ '
e Q(z) and P(z):= (p—(z)—P(z). {6.33)

By construction, the matrices Q(z) and P(z) are analytic in C* and continuous
on C*, and moreover lim,\ . .cg¥P(2) = 0. Using the Bezout identity (6.32),
this implies that ﬁm|z[~m S P(2) =I. So (Q(z), P(2)) is a pair of matrices over
Ag(C?) satisfying the Bezout identity (6.27).

6.2.3 Uniform approximation in Ay(C*)

In this subsection we describe a constructive method for the computation of a se-
quence of proper stable rational functions in R(z)NRp(z), that approximates a given
function f € Ap(C*) uniformly over the closed right half plane. For this purpose, -
the same ideas as in Subsection 3.2.1 are used. First the problem is transformed
to the unit disc, next Mergelyan’s Theorem is applied, and finally the obtained
approximation is transformed back to the closed right half plane. In this subsec-
tion all these steps are carried out explicitly, yielding a constructive solution to the
approximation problem.

Let f € Ap(C*), and assume that for all z € c*: (&) = f(2). Let U denote
the open unit disc {s € C | |s| < 1}, and consider the Mébius transformation

R 1—2
. F _11. - . :
T:Ct—=U\{-1}: T{z)f T3 (6.34)
with inverse
TV -1} > CF:  TYs) = o2 (6.35)

1438



o4 - CHAPTER 6. STABILIZATION OF TIME-DELAY SYSTEMS

Define the function f:Zf — C¥ by

FT1(s)) if s#-1,

i i 6.36
hm|=|~00, 2£CF fle) f s=-1. ( )

fU—>C*: f(s):':{
In the same way as in the proof of Theorem 3.2.3, it may be verified that f is an

element of the Banach algebra A(U), consisting of all functions that are analytic in
U and continuous on U. Moreover,

Vs el : f(3) = f(s),
so f is a real function on the real axis. Qur goal is to approximate the function f

uniformly over I by a sequence of polynomials with real coefficients.

Proposition 6.2.13 (Maximum modulus principle} Let g € A(U), and define
M = max{|g(s)| | |s| =1}.
Then

Vsel: |g(s)| < M. -
For a proof of this well-known result, we refer to e.g. [83, p. 253]. The maximum
modulus principle implies that for the uniform approximation of the function 7 €
A(U) it is sufficient to find a real polynomial p that approximates f uniformly on
the unit circle. .
Note that on the unit circle, the function f is periodic with period 2. Therefore,
it is natural to use the Fourier series expansion of f{e*) for the approximation of

f. This Fourier series is given by

f(ew)"‘ i cae™,

=00

where the Fourier coefficients ¢, (n € Z) are defined by
1 T F -t ’
Cp = -2—7—1_-/_1r f(e®) - e™dw. (6.37)

Lemma 6.2.14 Let g € A(U). Then the Fourier coéﬁ?c-ients cn (n € I} of the
Fourier series of g(e™) are given by

€, = 0 for n < 0,
(n}
_ g™ ,
Cp = T for n 2 0
Proof

Let n € Z, and define for every r € R* the circle A, with centre 0 and radius r
by A, = {s € C||s| =r}. Then

— 1 & w — - 1 g(s)
‘ cnf27r/;”g(e )-e dw_?m Ay s“’*’ids'
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By assumption g is continuous on the compact set I, so in particular it is uniformly
continuous. So for every n € Z, and for every € > 0, there exists a 0 < §, < 1 such
that :

Lg sy, Ly o),
2m I s"“ - 2mJag, s 7
Now every circle A, is contamed in the region I/ on which the function g is analytic.

Therefore we may apply a generalized version of Cauchy's integral formula (see for
example [11, p. 113]) to obtain the following results:

1 96) 4 = o

(6.38)

Er—z s, & +1 for n < 0,
1 9(9) 9™(0)
—_ = >
2wt Ja,, sl ds n! for n 20
Because of (6.38) the same results hold if the contour A, is replaced by A,. This
completes the proof. -

Remark 6.2.15 From a numerical point of view the best way to compute the
Fourier coefficients ¢, (n € NU {0}) is probably the fast Fourier transform (FFT).
However, in a computer algebra environment, the derivatives of a function are easily
obtained, and in this situation Lemma 6.2.14 describes an attractive alternative for
the numerical approach.

Although the Fourier series of a continuous function satisfying the Dirichlet con-
ditions converges pointwise to this function, uniform convergence cannot be guaran-
teed. For this some extra regularity conditions (see for example Proposition 6.2.19)
have to be satisfied. Since f € .A(i), we only know that f(e*) is continuous, and
this is not sufficient to ensure uniform convergence. However, this problem may
be solved by taking the arithmetic means of the partial sums of the Fourier series
expansion.

Definition 6.2.16 Consider a Fourier series 3500 c,,e"‘"’ and deﬁne its kR par-
tial sum Si by ,

ko ~
Sepi= Y, e™. (6.39)
n=~k
Then the Cesaro means (S‘N) nen Of the Fourier series are the arithmetic means
N-1
Z Sk (N eN). (6.40)
N = .
Recall that for the function f € A({) all Fourier coefficients ¢, for n < 0 are
zero. Therefore the N-th Cesaro mean of the Fourier series of f(e*) may be written
as
. NI
Sv=Y —% ™ (N eN). (6.41)
n=0
Using Cesaro means instead of Fourier series, it is possible to find a uniform
approximation of the function f over the unit circle.
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Proposition 6.2.17 Let g : [—m, 7] — C be a continuous function satisfying g(r) =
g(—=). Then the Cesaro means of the Fourier series of g converge uniformly to g
on the interval [-m,]. -

A proof of this result that originates from Fejér may be found ir e.g. [46, pp.
17-19].

Combining all previous results, we find the following constructive method for the
uniform approximation of functions in A(Uf) by polynomials.

Corollary 6.2.18 Let g € A(U), and assume that g is real on the real azis. Define
for every n € N the polynomial g, of degree n by:
Snt+l-j ¢9(0)

gn:U—=C: gn(s):=§) - o

i (6.42)

Then (gn)neN s @ sequence of real polynom’z'als converging uniformly to g:
Ve>03IM eNVR>MVs e U: lg(s) — ga(s) <e.

Proof
- From Proposition 6.2.17 we know that g{e™) is umformly approximated by the
Cesaro means of its Fourier series:

LA, .
Sogy = nri-d.. T
+ Jz__;o n+l I°
According to Lemma 6.2.14, ¢; = 3—(‘2@ so if we define g, := Sy and substitute
s for ¥, we obtain formula (6.42). Now the maximum modulus principle implies

that g, converges uniformly to g on If for n — cc. -

Finally, the result of Corollary 6.2.18 has to be transformed to the closed right
half plane. Let ( fn)neN denote a sequence of polynomials with real coefficients that
converge uniformly to f. Define for all n € N the function r, € Ag(C*) as the
composition of f, and the Mébius transformation T of formula (6.34): 1, = faoT.
Then (ra)nen i & sequence of proper stable real rational functions in A4(C*) that
converge uniformly to the function f € Ay(C*) we started with. '

Note that the approximation method described in this subsection is applicable
for arbitrary functions in Ay(C*). However, for the stabilization problem, this
approximation method is only applied to the matrices Q(z) and P(z) defined in
(6.33), satisfying the Bezout identity (6.32). These matrices are constructed in a
very specific way, and therefore the entries of Q(z) and P(z) possess an important
additional property: they are also analytic on the imaginary axis. ‘

Recalling the construction of Subsection 6.2.2, we know that each entry f(z) of
the matrices §(z) and P(z) may be written as f(z) = 4(:)’ where d{z) is a stable
exponential polynomial and n(z) has the form

n(z) = z!:a,-(z) .2,

=0
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with a;(z) € ©A,. Now © is a ring of functions that are analytic over C, and the
definition of A, implies that for every element | € A, there exists a § > 0 such that
l is analytic in the right half plane {z € C | Rez > —§;}. Since the coefficients
a;(z) (i = 0,1,...,£) are constructed as finite sums of products of elements of ©
and A;, all coefficients a;(z), and therefore also the numerator n(z), are analytic in
an open right half plane that contains c*. Moreover, d(z) is a stable exponential
polynomial, so Lemma 6.1.3 implies that there exists a §; > 0 such that d(z) has
no zeros m {z € C| Rez > —§;}. Therefore we conclude that also the function
f(z)= dgz is analytic in an open right half plane containing C¥. In particular f(2)
is analytic on the imaginary axis.

The importance of this observation becomes evident in the following well-known
- result on the Fourier series of a continuously differentiable function. For a proof we
refer to [91, p. 81].

Proposition 6.2.19 Let g: [-=,7] — C be a continuously differentiable function,
and assume that g(—7) = g(w). Then the partial sums of the Fourier series of g

converge uniformly to g. -

Let f(z) be an entry of one of the matrices Q(z) or P(2) in (6.33), and define f
as in (6.36). Then f is continuously differentiable on the unit circle, and according
to Proposition 6.2.19 this implies that the Fourier series of f converges_uniformly
to f. Therefore the partial sums f, (n € N) of the Taylor expansion of f,

. n_ ) )
=30

converge uniformly to f. So in our specific situation it is not necessary to take
Cesaro means of the Fourier series. Since in general the convergence of the partial
sums of the Fourier series is much faster than that of the corresponding Cesaro
means, this modification may increase the computational efficiency considerably.

Remark 6.2.20 In the stabilization problem, the uniform convergence of a se-
quence of approximations of the matrices Q(z) and P(z) defined in (6.33) is suf-
ficient to find a stabilizing controller, but this condition is not necessary. Therefore
we may also apply alternative approximation methods that do not guarantee uni-
form convergence, e.g. Padé approximation. In each step the stability test for
exponential polynomials described in Section 6.1 is used to test whether the given
approximation gives rise to a stabilizing controller. If not, we have to try a higher
order approximation. Uniform convergence of a sequence of approximations ensures
that this process ends after a finite number of steps. Although termination is not
guaranteed for approximation methods that do not converge uniformly, these alter-
native methods have their own merits: sometimes they lead to the construction of
stabilizing compensators of low order. The next section contains an example of this
unexpected phenomenon.
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6.2.4 An application

Probably the best way to explain the working of the stabilization method developed
in this section is by means of an example. In this subsection we apply the method on
a simple scalar system. First we give a detailed discussion how a Bezout factorization
over Ag(C*) can be computed. Next two different approximation methods are used
to obtain a stabilizing feedback compensator.

Example 6.2.21 ([54]) Consider a system & = (4, B) with a commensurable time-
delay 7 = 1, modeled as a system over the ring R[s]. The matrices A and B are the
scalars:

A=2 B=s,
and thus the transfer function of the delay system T is given by V
e?
z-2
The system itself is neither internally nor BIBO-stable, but it is internally sta-

bilizable by dynamic state feedback because the rank condition of Theorem 3.2.8 is
satisfied:

T(z) =

V;e.f::: rank(z -2 |e™¥) = 1.

To obtain a Bezout factorization of T'(z) over 4o(C*) and a solution to the poly-
nomial Bezout identity (6.31), we first apply the construction method of Theorem
6.2.12. Note that the polynomial (2] — A) = (z — 2} has precisely one zero in z = 2.
Multiplying (z — 2) by ¥(2), this polynomial expression may be changed into an
exponential expression:

1—e**
z~2

In this way we have obtained an expression of the same type as B{e™%) = ™%, and
it is easily seen that

(2-2)9y(2)=(2-2)-

=1~ 62—2

(2~ A)Da(2)+B(e™) 2 = (2~ 2) Da(2) +e T ¥ = 1. (6.43)
‘We conclude that after definition of Q(z) := ¥2(z) and P(z) := e?, Bezout identity
(6.31) is satisfied. , ,

In this particular example the size of the matrix A is 1, so to find a Bezout
factorization of T'(z) over Ay(C™), we have to multiply (6.43) by a stable exponential
polynomial of degree 2. Define ¢(z) := (z + 1)?, and multiply equation (6.43) by
o(z):

(z=2)- W2(2)z+ 1)) +e* - (X2 +1)?) = (. + 1)% (6.44)

Next we apply Lemma 2.8.1 on the polynomials (z + 1)? and (z — 2). In the scalar
case this lemma reduces to the division algorithm with remainder, and we get

(z+1)?=(z-2)(z+4)+9.
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Therefore we may rewrite (6.44) as
(z=2) (B2(2)(z+ 1) + (2 + 4)e* ™) + €77 - (9¢?) = (2 +1)?,

and after division by (z + 1)? we obtain

() (A0 () (25) 1

Next we show that (D(z), N(z)) := (j;f, £ +'1) is a Bezout factorization of T(z)

over Aq(C*). For this purpose we define

N . 2 22
0@ = $(2){z + lz) +—?-1(z +4)e 7

9¢?
241
It is obvious that (D(z),N (2)) satisfies conditions (i) and (##) of Definition 6.2.5,
and with Q(z) and P(z) also Bezout identity (6.25) holds. So we only have to prove

that Q(z) and P(z) are elements of Ag(C*). For P(z) this is trivial, and thus we
may confine ourselves to Q(z). Note that

(z+4)- & = (24 4) (7 = 1) +1) = (2 + 4) — (2 + 4)(z — 2)9a(2).

P(z) :

Therefore Q(z) may be rewritten as

9a(z) - ((;:—%-1)2 (z+4)(z—-2))+(z+4) z+4+962(z)
z+1 z+1 ?

Q) =

~ and since ¥5(z) is an analytic function over C that is uniformly bounded in CH, it
follows that Q(z) € As(CH).
At this moment a BIBO-stabilizing compensator for the system may be obtained
by taking
9¢?

C(2) = P(2)(Q2)) T T4+ 900

If we multiply both numerator and denominator of C(z) by (2 ~ 2), we may realize
this transfer function by a (not internally stable) delay system with point delays.
Then the transfer function of the closed-loop system becomes

et ((z+1)? — 9¢2%)
Tule) = (z-2)(z+1)2 '

and we see that the closed-loop system is BIBO-stable but neither externally nor
internally stable. To solve this problem, we first have to approximate the functions
Q(z) and P(z) by stable rational functions, and then construct a finite-dimensional
stabilizing compensator.

Since P(z) is already a stable rational fnnctlon, we only have to approximate
Q(z). This function may be wnt‘cen as

A z+4 ?92(2)
Qz) = z+1+ z+1
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and thus only an approximation of the second term is required. For this purpose
the results of Subsection 6.2.3 are used.
Define

g _
f:ff—»t: f(s);:—.{(_i'ri"ﬁﬁ it s# -1
0 if s=-1,

and let
¢y = i (jeNu{o}).

Since F is continuously differentiable on the unit circle, the Taylor series expansion
of f converges uniformly to f on I, and therefore the partial sums

s@=3a(152)  wen,

converge uniformly to -”f}}? on the closed right half plane.

For every n € N, the n** approximation of Q,(z) is given by

Qn( )__ z+4

+9 Sn(2),

and this approximation Qn(2) leads to a compensator with transfer function Cp(z):

9e?
‘ Ca(z) (o P(z)(Qa(Z))"l m
- 9¢?
Z4+4+9(2+1)S.(2)

Note that Cy(2) (n € N) may be realized by an n** order finite-dimensional system
T, {so I, is a minimal realization of a linear system without time-delays). This may
be verified by multiplying both the numerator and the denominator of the previous
expression for Cy(z) by (z + 1)*'. Moreover, since Q.(z) converges uniformly
to Q(2) (n — o), it is guaranteed that this n** order compensator I, becomes
internally stabilizing for suitably large n.

Let n € N and rewrite C,{z) as

On(z) = ’:f(g'z)ls

where a,(z) = 9¢*(z + 1)*"! is a polynomial in R[Z] of degree n — 1 and b,(z) =
(z+ 1)" Yz + 4) + 9(z + 1)"S,(2) a polynomial of degree n. Then the transfer
function of the closed-loop system of Z and T', is given by

Tcl(z) = bn(z)

1+ &5 ol (z - 2)b,.(z) + e %a,(2)
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Since there are no pole-zero cancellations between T'(z) and Cr(2), it is easily verified
that the closed-loop system is internally stable if and only if (2—2)b, (2)+e™%a,(2) is
a stable exponential polynomial. Using the stability test for exponential polynomials
of Section 6.1 we find that for n = 17 the exponential polynomial (z — 2)ba(2) +
e~*a,{z) has no zeros in C*. Hence I'y7 is a finite-dimensional internally stabilizing
feedback compensator with transfer function Ciz{2). However, in comparison with
the order of the delay system T (i.e the order in the a,lgebraac sense), the order of
this compensator is extremely high.

To find a solution that is more attractive from & practical point of view, we try
another approximation method. Consider the transfer function C{z) of the original
compensator,

Cz) =

" 9e?
2+ 4+ 90,(2)’

and apply the Padé approximation method around the point z = 0. In this way we
obtain for every n € N a real rational function of the form

C’ _ozo+alz+~--+anz
"7 Bo+ Prz o+ Pur

. that is a good approximation of the transfer function C(z) around z = 0: the
coeflicients o; and 8; (¢ = 0,1,...,n) are chosen in such a way that in z = 0 the
transfer functions C(z) and Cp,(z) and their derivatives up to a certain order take
. the same values. However, uniform convergence on the closed right half plane of
Cpa(2) to C(z) for n — oo is not guaranteed. Let I'ps be a minimal realization of
the transfer function Cpz(z), obtained with the Padé approximation method. Then
it turns out that already this third order compensator I'p3 is internally stabilizing the
system . So although Padé approximation seems not very attractive theoretically,
we find & compensator that is very useful from the practical point of view.

" To give a somewhat intuitive explanation of this surprising behaviour of the
Padé approximation method, we have a look at the Nyquist plot of the feedback
interconnection of the transfer functions T'(2) and C(2) (i.e the transfer functions of
the system £ and the original compensator). This is the curve T = {T(w)C{w) |
w € R} as depicted in Figure 6.5; it gives rise to a straightforward graphical test
for the stability of the closed-loop system in the following way. Let Pr and Pp
denote the number of right half plane poles of T'(z) and C(z), respectively, and let
Ny denote the number of clockwise encirclements of the point —1 by the Nyquist
curve T when ww traverses the imaginary axis from —100 to +100. Then the Nyquist
criterion (a consequence of the circle criterion)} states that the number of right half
plane poles Py of the closed-loop system of T'(z) and C(z)} is

" Py=Npr+ Pr+ Pe.

It is obvious that T'(z) has one pole in the right half plane: z == 2. Using the stability
test for exponential polynomials we find that C(z) has two poles in the right half
plane. Finally, zooming in on the point ~1, we see in Figure 6.6 that the Nyquist
curve Y encircles the point —1 three times in counter clockwise direction, and thus

Py=-3+1+2=0.
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Figure 6.5: Nyquist plot of T'(2)C(z)

08 L8 07 08 05

Figure 6.6: Nyquist plot of T(2)C(z) around the point —1
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So indeed the closed-loop system is BIBO-stable. However, the Nyquist plot also
indicates that this result is not very robust. The Nyquist plot intersects the real axis
in ~1.0153 (at frequency w = 0) and in —0.96 (at frequency w = +1.3), and therefore
- small perturbations of the compensator may affect the closed-loop stability. This
explains why in the original approximation method such a high order compensator
was required to ensure closed-loop stability: the transfer function C(z) has to be
approximated very accurately. . ) ‘
Next, consider the third order compensator I'ps with transfer function Cpjs(2),
computed with Padé approximation of C(z) around z = 0. The Nyquist plot for the
closed-loop interconnection of T'(z) and Cpg(z) is given in Figure 6.7. The number
of clockwise encirclements of the point —1 when w traverses the imaginary axis
from —200 to +ic0 is easily determined with help of the more detailed Figure 6.8.
We conclude that Ny = —3. Since the transfer function Cps(2) is a real rational
function, the poles of Cp3(z) may be determined numerically, and it turns out that
two of them are contained in C*. So again

Py=-3+1+2=0,

and the closed-loop is stable. :

In this particular case, an explanation for the surprisingly good performance
of the Padé approximation is not difficult to give. The Nyquist plot of Figure 6.5
indicates that especially at low frequencies the approximation of the transfer function
C(z) of the original compensator has to be very accurate because the encirclement
of the point —1 at low frequencies is very critical. By definition, Padé approximation
around z = 0 is a very good approximation of C{z) when the modulus of z is small.
This is also illustrated by Figure 6.6 and 6.8: around the point —1 both Nyquist
plots are almost identical. We conclude that the Padé approximation has exactly
the property that is required in this particular example.

The Nyquist plot of T'(2) with the transfer function Cy7(z) obtained with the
original approximation method, resembles Figure 6.5 and 6.7 to a great extent and
is therefore omitted. It is important to note that also this compensator has an
extremely small stability margin. Also in this respect the high order compensator
T'y7 is not better than the controller I'p3 computed with the Padé approximation
method. '

Remark 6.2.22 Example 6.2.21 is taken from [54]: in this article the same system
is also studied in detail. We repeated this example because the results obtained
in [54] are different from ours, and therefore it seemed worthwhile to discuss the
same example. In the article it is claimed that an 112 order controller based on
the Cesaro means approximation method described in Subsection 6.2.3 is already
stabilizing. We were not able to reproduce this result; according to our computations
this compensator is not stabilizing. Instead we used the Fourier series approximation
because it is well known that the convergence of this method is faster. Nevertheless
very high order approximations are still necessary.

The results of Example 6.2.21 lead to some new questions. Is Padé approximation
always a good method for the approximation of the matrices Q(z) and P(z) in
(6.33) that satisfy Bezout identity (6.32)7 The example suggests that the choice
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Figure 6.7: Nyquist plot of T'(2)Cp3(2)
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Figﬁre 6.8: Nyquist plot of T(2)Cps{z) around the point ~1
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of a'good approximation method is problem dependent. However, because of the
substantial reduction of the order of the stabilizing compensator in this particular
example, further investigation of the applicability of Padé approximation seems
worthwhile. The second question addresses the problem of stability robustness.
‘We have seen that all compensators computed in Example 6.2.21 have a very small
stability margin. Using some results on robust stabilization it is probably possible to
find out whether this property is problem dependent, or inherent to this stabilization
method. The results in [16] indicate that in this particular example only a very small
stability margin can be realized. This suggests that the stabilization problem for the
system in Example 6.2.21 is really very difficult. In any case, this example illustrates
that a constructive solution to the stabilization problem is difficult to give, and that
the stabilization method described in this section is not the final solution to this
_problem.

6.3 Alternative stabilization methods

The constructive approach to the stabilization problem presented in the previous
section is not the only method known in literature to solve this problem. However,
the method of Section 6.2 fits very well in the algebraic approach to time-delay
systems and therefore we treated it in more detail. In this section we give an
overview of some alternative stabilization methods. Two of them are mainly based
* on the infinite-dimensional systems approach mentioned in Section 1.3. The third
method fits in the algebraic framework; it can be seen as a generalization of the pole-
placement result of Section 2.6. This selection of alternative methods is certainly not
complete. Moreover, we shall not discuss these methods in full detail, but confine
ourselves to the explanation of the most important ideas. The purpose is to show
that besides the more algebraic method of Section 6.2, there exist various other
interesting approaches to the stabilization problem.

6.3.1 Approximation of delay systems

The first method we present is a well-known approach to the stabilization problem
that can be applied to a rather general class of infinite-dimensional systems, includ-
ing time-delay systems. It is based on an inversion of the ideas behind the method of
Section 6.2. Instead of approximating an infinite-dimensional stabilizing controller
by a finite-dimensional one, we start approximating the original time-delay system
by a finite-dimensional system (i.e. a linear system without delays). Based on this
approximation a finite-dimensional compensator is designed in the expectation that
this compensator also stabilizes the delay systern. In the sequel we only discuss the
key-ideas of this approach, and for simplicity we only consider single input single
output (SISO) systems. For a detailed elaboration, also in the multi input multi
output (MIMO) case, we refer to the literature, for example [16], [31], [75], [33] and
[34] and the references therein.

Let £ be a time-delay system with transfer function T'(z}. According to Lemma
6.1.3, this system has only a finite number of poles in C*. Therefore we may
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decompose T'(z) as
T(z) = To(z) + Tu(z),

~where T,(2) is the transfer function of a finite-dimensional anti-stable system (i.e.’
T.(z) is a rational function with all its poles in C*), and T,(2) is the transfer
function of a BIBO-stable infinite-dimensional system. In fact, T (z) is the transfer
function of a BIBO-stable time-delay system. So in particular, T,:(z) has only. a
finite number of poles in any right half plane.

The main idea is now to approximate the infinite~-dimensional stable part Ty (z)
of ¥ by a stable finite-dimensional system with transfer function 7,(2). Next we
consider the robust stabilization problem for the finite-dimensional system ¥ with
transfer function Ty(2) + T5e(2), and regard Ty (2z) — T,e(2) as an additive perturba-
tion. If Ty(z) is close enough to Ty(2), the compensator I’ with transfer function
K (z), designed to stabilize T,(z) + Ti(z) with a prescribed additive robustness
margin, will also stabilize the original system X.

This idea was elaborated in [16]. Recall from Definition 3. 2 1 that the norm of
a function f € A(C™) is given by

flleo = sup{|f(w)] | weR}.

In [16], Curtain and Glover prove that there exist a number ¢ > 0, completely deter-
mined by the anti-stable part 7,(2) of the transfer function T'(z), and a controller
T with transfer function K(2), only depending on T,(2) and the finite-dimensional
approximant Toi(z) of T,(2), with the following property. If

(1 Tst — Totlloo < & (6.46)

then the controller I' stabilizes the original system . In fact, I is designed as a
stabilizing compensator for the system ¥ (with transfer function T,(z) + To(2)),
that is additively robust against stable perturbations bounded in norm by €. In
particular, this implies that if § > 0 is such that

n:{;t Tat”oc <é<e,

and if T{z) is perturbed with an additive stable perturbatmn A(z) bounded in
norm by ||Allss < € — &, then T also stabilizes the system with transfer function
T(z) + A(z).

Note that it is possible to split up the method in several consecutive steps that
may be carried out one by one. First the number ¢ is determined; for this only
the anti-stable part T,(z) of T'(2) is required. Next we have to find an approxima-
tion Ti:(2) of the stable part T,,(2) that satisfies (6.46). For this purpose various
techniques are proposed in the literature. In [16], Hankel norm approximation is
discussed, but the convergence of this method can only be guaranteed under some
additional constraints (see also [75]). In [33] an alternative approximation method
is presented that resembles the approximation techniques of Subsection 6.2.3. First
the transfer function Ty (2) is transformed into a function on the closed unit disc,
and next Fourier series or Cesaro means are used to find an appropriate approxima-
tion. When the approximation step is completed successfully, we may constmct
stabilizing compensator.
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We start to solve the robust stabilization problem for the finite-dimensional
anti-stable system with transfer function T,(z). Using the techniques described
in [31], we construct a compensator with transfer function K;(2), that satisfies
limz oo 1+Tst(z)K 1(2) # 0, and that is robust against stable additive perturbations
A(z) of T,(z), bounded in norm by ; .

lAlles <&
Then Theorem 4.1 in [16] states that

K1 (Z)

K& = oK

is the transfer function of a (BIBO)-stabilizing controller for the system Z.

1% i3 possible to modify the method a little and to incorporate also appmxxmat:ons
of the anti-stable part T,,(z) of T'(z). In this case, the stabilization method is slightly
changed (see [16] for the details). This modification is useful because the anti-stable
part of T(z) is sometimes difficult to extract from the system. An approximation
method for Ty,(z) is developed in [34]. The techniques that are used for this are
similar to the ones of Subsection 6.2.3. '

- The advantages of the stabilization method based on the approximation of time-
delay systems are clear. Since the value of ¢ can be determined first, it is known
beforehand how accurate the approximation of the stable part of a system has to be.
Once such an approximation is obtained, it is relatively easy to compute a stabilizing
compensator. Recall that in the method of the previous section we have to compute

. a controller in every step of the algorithm, and test whether it is already stabilizing.
This condition is replaced by a condition on the approximation: if the required
level of accuracy has been reached, the method ensures that the corresponding
compensator is stabilizing. Moreover, the same approach is applicable to a far more
general class than the time-delay systems considered in this thesis. However, this
is also a disadvantage. The time-delay character of the system is never used in
the construction of the compensator. In fact, the delay system is stabilized by
regarding it as a finite-dimensional system of very high order. This is no problem if
in the modeling of a real world system a time-delay is used to model some unknown
dynamics. On the other hand, if the time-delay occurring in the system has a
physical interpretation, it is preferable to maintain the time-delay character of the
system. However, in the approach to the stabilization problem described in this
subsection, the additional information on the algebraic structure of a time-delay
system is not used, although it might be important for several control purposes.

6.3.2 A direct approach to stabilization

The next method we discuss is taken from [84] and is based on the infinite-dimen-
sional systems approach to time-delay systems as mentioned in Section 1.3. Origi-
nally, the main purpose of this article was to prove that infinite-dimensional systems
may be stabilized by finite-dimensional controllers. Since the proof of this result is
completely constructive, the method is also applicable in the more algebraic frame-
work of this thesis. Unlike the method of Subsection 6.3.1, the approach in [84]
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is not based on the approximation of a time-delay system by a finite-dimensional
system; instead it works in a more direct way. Although also in this method an ap-
proximation step is required, the main ideas and techniques that are used to derive
the result are completely different from the ones we have seen up to now. In [84]
the method is described for a rather general class of infinite-dimensional systems
in state-space form. Since we did not introduce this terminology in this thesis, we
only explain the main ideas of the approach in a finite-dimensional setting. The
generalization to infinite-dimensional systems involves a lot of technicalities and is
omitted. For a detailed elaboration we refer to [84].

Let T = (A, B,C,0) be an n-dimensional system over R with m inputs and p
outputs. So X is a finite-dimensional system without time-delays. Assume that
(A, B) is stabilizable and (C, A) is detectable. Then there exist matrices F € R™ "
and G € R™? such that both A + BF and A + GC are stable:

oA+ BF)CC™ and oc(A+GCYCC.
Ne;kt consider the n'B order dynamic compensator I' defined by ;
I'=(A+ BF +GC,-G,F,0). ' (6.47)

According to formula (2.27), the closed-loop system of ¥ and I, depicted in Fig-
ure 2.2, is given by

A —-BF B\
Ba= (( GC A+BF+GC)1( 0 ),(CIO),O),

and it is easily verified (see for example [62, Section 5.2]) that |
( A -BF
o

GC A+BF+GC ) =o(A+BF)Ug(A+GC)cC C.

Hence the closed-loop system is internally stable.

Note that in this construction of an internally stabilizing compensator it is not
guaranteed that the system I' is reachable and observable, and therefore it is possible
that I is not a minimal realization of its transfer function

Tr(z) = =F(zI - (A+ BF + GC))™'G.

If not, there are pole-zero cancellations in Tr(2), and there exists a system of lower
order than I', with the same transfer function 71(2}, that also stabilizes the system
. It is our objective to find such a low order stabilizing compensator.
Assume that {A+BF+GC, G) is not reachable, and let V be the linear subspace
“of R" consisting of all reachable points. Then V is also the reachable subspace of
(A+ BF,G), and therefore it can be characterized as the smallest subspace V of R®
with the properties:

(i) (A+BF)V CV,
(ii) im(G) C V.
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The next proposition states that in this situation there also exists a stabilizing
controller for X of order dim(V).

Proposition 6.3.1 Let & = (4, B,C,0) be a system over R of order n that is both
stabilizable and detectable. Let F and G be matrices such that A+ BF and A+GC
are stable matrices, i.e.. all their eigenvalues are contained in C~. Suppose that
there exists a k-dimensional subspace V in R® such that »

() (A+BF)VCV,
(ii) im{G) C V.
Then there exists a stabilizing compensator for £ of order k. 7 -

For a proof of this result we refer to [84, Lemma 4.2]; the idea is that the subspace
V suffices as the state-space of a stabilizing compensator.

Next, consider the system £ = (4, B, C,0), and apply a state-space transforma-~
tion to decompose the system in a stable and anti-stable part. In this way obtain
the following block representation of the matrices 4, B and C:

A=(%u i)’ (‘g“) o=@lo)  (6.48)

with 0(4,) C C* and o(A4,) C €. Since we assume that T is stabilizable and
detectable, it follows that (A,, B,) is reachable and that {(C,, A,) is observable.
So there exist matrices F, and G, such that both A, + B, F, and A, + G.C,
are stable matrices. Defining F := (Fy | 0) and G := C:)" , we know that the
corresponding compensator I' as defined in (6.47) is internally stabilizing the system
%.. After determination of the reachable subspace V, we may apply Proposition 6.3.1
to compute a reduced order compensator.

It is even possible to go one step further and to use the freedom in the choice of
the matrices F and G to reduce the dimension of the reachable subspace V. Suppose
that F is fixed and consider a perturbation G of the matrix G. Since the eigenvalues
of A+ GC depend continuously on G, and since A + GC is stable, we know that if
|G~ G| is small enough, the matrix A+GC remains stable. Now we choose G close
enough to G to ensure that A+ GCis stable, and in such a way that the dimension
k of the reachable subspace of (A + BF,G) is as small as possible. Finally we apply
Proposition 6.3.1 to find a controller of order k that still stabilizes .

The main cbservation in [84] is that under certain regularity conditions (that
are not very restrictive for time-delay systems), the same approach can be applied
to infinite-dimensional systems. Let ¥ be a time-delay system, and recall from
Lemma 6.1.3 that the unstable part of such a system is always finite-dimensional.
Therefore the system may be represented in the same way as in (6.48), with A,
an anti-stable finite-dimensional matrix, and A, an infinite-dimensional operator
that is stable. Now recall that in the construction of a stabilizing controller in the
finite-dimensional case only the matrices A,, B, and C, are involved. Although in
the present situation the system as a whole is infinite-dimensional, the matrices 4,,
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B, and C, are still finite-dimensional, and therefore exactly the same techniques
as before can be applied. The crucial result of [84] is that the reduction of the
compensator can be carried out in such a way that a finite-dimensional compensator
is obtained. In fact, it is shown that there exists a finite-dimensional subspace V of
the state-space, and operators F' and G such that both A + BF and A + GC are
stable and

(i)vzeV: (A+BFjzeV,
(i) im(G) C V.

Since a generalized version of Proposition 6.3.1 also holds in the case of time-delay
systems, this implies that it is possible to construct a finite-dimensional controller
with state-space isomorphic to V, that stabilizes the system 2.

In [84] the stabilization method is applied to the time-delay system

(28) = (T ) (28)+(2)wo
¥®) = nl), |

where oz, (t) = z;1(¢t — 1). The example illustrates that the method can be carried
out in a completely constructive way. However, even in this simple example the
computations are already rather involved. This does not imply that the present ap-
proach is not interesting because also the two previous methods are computationally
very demanding. Therefore it would be interesting to make a comparison of the sta-
bilizing compensators obtained with the various methods, and of the computational
costs that are involved. Such a comparison is left for future research.

Remark 6.3.2 We want to stress once more that the construction method of this
section does not fit in the algebraic framework; it is completely based on the infinite-
dimensional systems approach to time-delay systems. However, since the method
yields a finite-dimensional controller, the final result is also applicable in the alge-
braic setting. Therefore we decided to include also this method. It illustrates that
the two different approaches to time-delay systems are not completely separated.
Results that are obtained within one framework, are often very useful in the other
framework. ‘ ‘

6.3.3 Generalized pole placement

In contrast to the previous approaches, the last stabilization method we discuss
is based on the algebraic framework of Chapter 2. Unfortunately, this method is
not generally applicable; first of all we have to confine ourselves to system with
commensurable time-delays, and even then the method works only for a rather
restricted subclass. However, the ideas behind this approach differ so much from
what we have seen up to now, that it is certainly worthwhile to consider this method.
One of the main differences with the previous methods is that we do not apply
dynamic feedback as defined in Section 2.7 to stabilize a system, but use a generalized
pole placement technique. This idea originates from Sontag who mentioned it in [85];
a more detailed elaboration is given in [37, Section 3.4]. ‘
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Let & = (A, B) be a system with a commensurable time-delay 7, modeled as a
system over the ring R[s]. So the indeterminate s corresponds to a delay operator
o with time-delay 7. Since R[s] is a principal ideal domain (PID), reachability
of the system T is equivalent to pole assignability (see Proposition 2.6.5). This

- implies that if T is reachable, it is not necessary to apply dynamic state feedback to
stabilize the system; instead a static state feedback (possibly containing the delay
operator o) suffices to assign the poles of the closed-loop system to some arbitrary
values pi,...,pn € R™. However, the reachability condition is rather restrictive.
Recalling the genericity result for reachability (see Proposition 2.2.5), we know that
in this particular situation of a system over a polynomial ring in one indeterminate,
reachability is a generic property if and only if the number of inputs to the system is
at least two. So for time-delay systems with commensurable time-delays that have
only one input, the pole placement technique described above cannot be applied
generically. The method proposed in this subsection is mainly intended to weaken
the rather restrictive reachability condition.

For this purpose we first recall Definition 6.2.9 of the ring Ry (s):

a{s)

Ry(s) = {Rs—) | a(s),8(s) € R[s] and YA € U : b()) # 0} ,

where I{ denotes the open unit disc. It is evident that
R{s] C Ru(s) C R(s),

and therefore the system T = (A, B) may also be considered as a system over the
ring Ry(s). The following two results clarify the use of this change of point of view.

- Lemma 6.3.3 Ry{s) is a principal ideal domain. -

For a proof of this result we refer to [37, pp. 33-35]. Recalling Proposition 2.6.5
we conclude that the result of Lemma 6.3.3 implies that for systems over the ring
Ry (s), the properties of reachability and pole assignability are equivalent. The next
result can be seen as an adaptation of Theorem 2.2.4 to systems over the ring Ry (s).

Theorem 6.3.4 Let & = (A, B) be a system over the ring R = Ry(s), with A ¢
R™™ and B € R™*™. Then T = (A, B) is reachable if and only if

vz € CV3 €l : rank(2] — A(8)|B(8)) = n. (6.49)

The proof of Theorem 6.3.4 follows the same lines as the proof of Theorem 2.2.4.
The necessity of (6.49) is trivial, and for the sufficiency part one first shows that
the set {Z, | @ € U}, where I, is defined as the ideal Z, = {p € Ru(s) | p(@) = 0},
is the set of all maximal ideals in Ry (s). Subsequent application of the local-global
theorem (see Appendix A.3, Theorem A.3.4) yields the desired result. The details
of the proof can be found in [37].

At this point, the crucial idea behind the stabilization method of this section
becomes visible. Let ¥ = (A4, B) be a time-delay system, and do not consider it as
a system over the ring R(s], but as a system over the ring Ry, (s). In this way, the
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condition on the reachability of the system has become much weaker. However, since
Ry (s) is a principal ideal domain, reachability of a system over Ry(s) is equivalent
to pole assignability, and in this situation & generalized pole placement technique
may be applied to stabilize the time-delay system.

Assume that & = (A, B) (where A is an n X n and B is an n x m matrix) is
reachable over Ry(s), and choose py, ..., p, € R™. Then there exists an m x n matrix
K over Ry(s) such that

det(e] — (A+ BK)) = (2 = p1)(z = p) - (2 = pn).

Note that the matrix K is not necessarily an element of R[s]™*"; its entries may
contain rational functions in the indeterminate s. In this case, K cannot be imple-
mented directly as a static state feedback, and we have to look for another way to
realize K.

Denote by K the proper m X n matrix over R(s) defined by
- 1
K (s) =K (-).

Since K is a matrix over Ry(s), all entries of K are proper rational functions.
Moreover, K has no poles outside I and therefore it can be seen as the transfer
matrix of a stable discrete-time system. Let T = (F, G, H, J) be a realization of K:

{ v(t+7) = Fo(t)+Guw(t),

y(t) = Hu(t) + Jw(t), (6.50)

but consider the equations (6.50) as the dynamical equations of a system evolving in
continuous time. We apply this continuous-time system I' as a feedback compensator
for £. In this way ¥ becomes a so-called neutral system. This is a system governed
by a differential-difference equation in which also delays of the derivative of the
evolution variable are involved. From the derivation in [37] it follows that the poles
of this neutral system are located in the points py,...,pn € R™ and on a finite
number of vertical lines in C™ (on these lines poles of the system lie at distances
of 2 from each other). Therefore there exists a & > 0 such that all poles of the
neutral system are contained in the half plane {z € C | Rez < —é}, and according
to [41, Section 1.7 and Chapter 12| this implies that this system is internally stable.
Now the closed-loop system consists of a stable neutral component and of the stable
component I', and therefore also the closed-loop system is internally stable. We
conclude that T is a stabilizing compensator for .

The advantage of the present approach is obvious. The method is completely
algebraic, and independent of the actual length of the commensurable time-delay
7. Moreover, all steps of the construction can be carried out explicitly. The only
difficulty arises in the computation of the matrix K over Ry (s) that assigns the
poles of A+ BK top;,...,pn. However, since Ry (s) is a principal ideal domain, the
algorithms developed in [20] and [21] may be used for this purpose.

On the other hand, the method has some important shortcomings. First of all
it is only applicable to systems with commensurable time-delays, and even then
condition (6.49) on the reachability over the ring By(s) is far more restrictive than
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the stabilizability condition of Corollary 3.2.9. Moreover, the controller I" is not a
dynamical compensator as described in Section 2.7, but a continuous-time system
governed by discrete-time equations. The implementation of this kind of systems
is a nontrivial task. Finally, after application of the compensator T, the system
¥ becomes a neutral system, and therefore the closed-loop system does not belong
to the class of time-delay systems considered in this thesis any more. Especially
this last aspect is a very unattractive feature of this generalized pole-placement
techmque

6.3.4 Closing remarks

Although we proposed several constructive methods for the solution of the stabiliza~
tion problem for time-delay systems, an attractive generally applicable method has
not been found yet. Most of the methods we described are based on the infinite-
dimensional systems approach to time-delay systems, and do not use the algebraic
" structure of a time-delay system with point delays. Moreover, all these methods
yield finite-dimensional stabilizing compensators, and therefore the freedom of in-
corporating time-delays in the compensator, that is very natural from the algebraic
point of view, is not exploited. Sometimes the employment of this additional degree -
of freedom may lead to a very simple solution to the stabilization problem, as is
illustrated in the next example.

Example 6.3.5 Consider a time-delay system ¥ = (A4, B) with commensurable
time-delay 7 = 1, modeled as a system over the ring R[s]. So the indeterminate s
corresponds to the delay opera,tor o with time-delay 1. Suppose that A and B are
given by

A=1, B=s-1.

Then the system X is stabilizable by dynamic state feedback because the rank con-
dition of Theorem 3.2.8 is satisfied:

¥zeC¥: rank(z —1] e —1) =1.
Let I' = (F, G, H, J) be the dynamical compensator defined by
F=gd4+f++s-3 G=-8-28-35-5 H=1, J=0,

and consider the closed-loop system Iy = (A B,C, f)) of T and I' as described in
(2.28) - (2.31), Then

fi— 1 —-s+1
T -8 —-282-35~5 s+ P+ 4+s-3 )

and with this formula, the characteristic polynomial of the closed-loop system is
easily computed:

det(z2] ~A) =22+ (2-s—52— s —s)z+ (2 s).

Now substitute ¢~* for the indeterminate s, and recall Example 6.1.13. Then we
see that the characteristic function of the closed-loop system is a stable exponential
polynomial, and we conclude that I" is an internally stabilizing compensator of .
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Example 6.3.5 indicates that there exist stabilizing feedback compensators that
fit very well in the algebraic framework, but that cannot be obtained with one of the
stabilization methods of this chapter because they contain time-delays. The method
of Subsection 6.3.3 is not even applicable in Example 6.3.5 because the system I is
not reachable over Ry(s). Nevertheless there exists a solution to the stabilization
problem that is very attractive from the algebraic point of view, and therefore the
question arises how this kind of controllers can be obtained in general.

Unfortunately we are not able to answer this question. As we saw before, in
the algebraic setup the stabilization problem comes down to the construction of a
polynomial in the set ' :

nD.

‘This problem contains both an algebraic part (the ideal T associated with the system
), and a more analytic part (the Hurwitz set D describing stability). It is unclear
how these two aspects of the stabilization problem should be combined in order to
find a constructive solution to the stabilization problem. In Section 5.5 we have seen
that for the stabilizability question the reformulation of the Hurwitz set D as the
set of all monic polynomials that have no zeros in a given set W, helps to solve the
problem. Together with the variety V(Z) of the ideal Z, this reformulation enables
us to use both the algebraic and the time-delay character of the system. We expect
that also for the stabilization problem, a reformulation in terms of the set W and
the variety Y(Z) might help to find a constructive solution.



Chapter 7

Summary and conclusions

In this thesis, we have investigated the applicability of methods from constructive
commutative algebra to time-delay systems with point delays. For this purpose we
used the so-called algebraic approach to time-delay systems. After the introduction

of a number of delay operators oy,...,0% corresponding to the incommensurable
time-delays m,..., 7 occurring in a system I, the system equations of £ may be
written as

{ () = Alon...,08)z(t) + Bloy,...,o0)ul(t),
y(t) = C(G;,...,O‘k)ﬂl(t) +D(613'”:6k)u(t)'

Replacing the delay operators oy, . .., 0 by indeterminates s1,..., s, the quadruple
of matrices (A(s1,-..,8%), B(s1,...,8k), C(815-- -+ %), D51, - .., %)) can be consid-
ered as a system over the polynomial ring R{ss,..., s¢]. The philosophy behind the
algebraic approach is to consider control problems first within the framework of sys-
tems over rings, and to apply the design methods obtained in this algebraic setting
to the particular case of time-delay systems. The main advantage of this detour
is that in the algebraic setup powerful techniques from constructive commutative
algebra are available for the necessary computations,

It is important to note that the class of systems over polynomial rings is more
general than the class of time-delay systems with point delays. In the rewriting
process we replaced the delay operators oy,..., 05 by indeterminates s;,..., s, and
in this way we removed the delay character from the system. Although this implies
that the theory of -systems over rings is more generally applicable, for example to
systems with unknown parameters, this extension also has a disadvantage: we have
lost some valuable information of the systems we are interested in. To solve this
problem, we have refined our strategy. If a problem is not solvable in the algebraic
framework of systems over rings it is allowed to use the. time-delay character of .
the system again. With this additional information it is often possible to obtain
stronger results. This omitting and recovering of information played an important
role throughout the thesis. Originally we tried to proceed as long as possible within
the algebraic framework, and applied the additional knowledge only when it was
necessary. In this way we expected to obtain a maximal profit from the methods
from constructive commutative algebra that are available in the algebraic setup.
However, for some problems more flexibility in the switching between the purely
algebraic and the delay character of the system was required. In our treatment we

245
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separated these aspects as far as possible. Chapters 2, 4 and 5 {except Section 5.5)
were devoted to systems over (polynomial) rings in general. In Chapter 3, Section 5.5
and Chapter 6, the specialization to systems with time-delays was discussed.

In Chapter 2, an introduction was given to the main ideas behind the theory
of systems over rings. It was shown how important system theoretic concepts like
reachability and observability may be generalized to a purely algebraic setting. For
stability, the situation was somewhat more complicated. First, the notion of stability
was translated to the algebraic framework by introducing so-called Hurwitz sets:
multiplicative and saturated sets of monic polynomials. Using this concept, the
stabilizability problem for systems over integral domains was solved theoretically.
For this solution, only the algebraic properties of a Hurwitz set mentioned above
were required. However, in the application to time-delay systems, the Hurwitz set
describing stability possesses a much richer structure: it is defined as the set of all
polynomials that have no zeros in a specified subset of C**!, where k denotes the
number of incommensurable time-delays occurring in the systems. Oné of the main
questions in this thesis was how the additional information on the zero structure of
the polynomials in the Hurwitz set can be used for control purposes.

In Chapter 3 a partial answer to this question was given. The additional infor-
mation on the time-delay character of a system was used to specialize the results
on stabilizability of Chapter 2 to the delay case. In this way a generalized Hautus
test for stabilizability was obtained that is applicable for a general class of stability
domains. The second part of Chapter 3 was devoted to the genericity of stabiliz-
ability. The proof of this result illustrated how powerful the algebraic approach
to time-delay systems can be when also the delay character of the system is used.
First the algebraic structure of time-delay systems was exploited to define a natural
topology on this class of systems. Within this topological framework it was shown
that the set of stabilizable delay systems contains a subset that is both open and
dense in the parameter-space describing all time-delay systems. This indicates that
for time-delay systems the property of stabilizability is very weak; it is satisfied for
almost all time-delay systems. In the proof of this result the delay character of the
system was used extensively. So a flexible way of switching between algebraic and -
delay aspects of a system led to a proof of the genericity of stabilizability.

The last three chapters were devoted to computational aspects of systems with
time-delays. In Chapter 4 an overview was given of two methods in constructive
commutative algebra: Grébner bases and characteristic sets. Both methods can
be applied to manipulate polynomial ideals and to determine (theoretically) the
variety of an ideal. It turned out that Gribner bases are more suitable to deal
with polynomial ideals. With this method it is possible to carry out operations on
polynomial ideals explicitly. The characteristic sets method is mainly aimed at the
computation of the variety of polynomial ideals. For our purposes, Grébner bases
seemed the most appropriate tool, and therefore this method was mainly used in
the sequel.

In Chapter 5, the Gribner basis method was applied to the reachability and
stabilizability problem for systems over polynomial rings. Given a system ¥ =
(A, B, C, D), the right-invertibility conditions on the matrix (2] — A|B) derived in
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Chapter 2 were transformed to conditions on a polynomial ideal associated to the
system X. This ideal can be seen as a description of all characteristic polynomials
that can be obtained from X -after application of a dynamic state feedback. Several
methods were developed to compute a Grébner basis of this ideal and to determine
its variety. Specialization of these results to the reachability problem gave rise
- to various algorithms to test the reachability of a system over a polynomial ring,
The performances of these methods were compared, and two of these algorithms
turned out {o be very effective from a computational point of view. As a byproduct
of one of these reachability tests, a constructive method for the computation of a
polynomial right-inverse of a nonsquare polynomial matrix was obtained. This result
has interesting applications because right-inverses of this type are often required
 in the construction of feedback compensators. An example is the input-output
decoupling problem over unique factorization domains (see [18]). However, in most
cases, the right-inverse obtained in the algorithm is very complex. Since also a
characterization of the set of all right-inverses of a nounsquare polynomial matrix
was given, it seems that only a simplification algorithm is required to obtain a right-
inverse that is of practical interest. Unfortunately the situation is not that easy
because the simplification issue is not only a computational problem. It is not éven
clear what kind of simplifications are interesting for our control purposes. Therefore
we should first specify what goals we want to achieve with a simplification algorithm.

Next the stabilizability problem for time-delay systems was considered. To solve
this problem, algebraic manipulations were not sufficient any more; the delay char-
acter of the system was actually required. In an algorithm for testing the stabi-
lizability of a time-delay system, this additional information can be used at two
different stages, and this led to two different verification methods. Which method
is preferable depends on the system under consideration.

Finally we investigated the stabilization problem for time-delay systems. In the
~ algebraic setup it is very difficult to find a constructive solution to this problem.
This is due to the fact that in the framework of systems over rings only the alge-
~ braic properties of a the stability defining Hurwitz set can be used. Since a Hurwitz
set is only a multiplicative set and not a polynomial ideal, the constructive methods
from Chapter 4 are not applicable to Hurwitz sets. Therefore we were not able to
solve this problem using Grébner basis techniques. Probably the zero structure of
the polynomials in the Hurwitz set has to be used explicitly to obtain a constructive
solution. Maybe some progress can be made by combining this additional informa-
tion on the delay character of the system, with the variety of the ideal associated to
a system over a ring that was studied in Chapter 5.

Instead of an algebraically motivated solution, an overview of some existing
methods in. the literature to solve the stabilization problem was given. For this
purpose a numerical test for the verification of the internal stability of a time-delay
system was developed. This method solves some of the numerical problems that
arose in the classical approach when the stability of high order time-delay systems
was tested. This was very useful in the sequel because most stabilization methods
involve an approximation step. This often leads to a closed-loop time-delay system
of very high order.

Most of the constructive stabilization methods that were investigated were based
on the notion of bounded-input bounded-output stability. In this setup it is easier
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to use the delay character of the system, and therefore constructive solutions of
the stabilization problem can be obtained. Next an approximation step was carried
out to find internally stabilizing controllers. Moreover, some alternative methods, -
mostly based on the infinite-dimensional systems approach to time-delay systems,
were suggested. In these algorithms approximation of infinite-dimensional systems
and infinite-dimensional controllers by finite-dimensional systems and coatrollers
played an important role.

The last observations indicate that for the study of time-delay systems both
the algebraic and the infinite-dimensional systems approach are useful. These ap-
proaches stress different aspects of the same class of systems. Although it seems
difficult to combine these approaches into one framework, they are both necessary
for a good understanding of time-delay systems. Hopefully this thesis showed that
apart from the mainstream approach based on the theory of infinite-dimensional
systems, the algebraic framework is very useful for the study of time-delay systems
from a computational point of view.

This thesis contains a contribution to the application of the systems over rings
approach to time-delay systems, but both in the theory of systems over rings and
in the field of time-delay systems, a lot of problems remain unsolved. Therefore we
conclude with a small list of interesting topics and suggestions for possible future
research. We already encountered some of these problems in the thesis.

(i) In Section 3.2, the condition for stabilizability developed in the setting of
systems over rings was specialized to time-delay systems. In this way a right-
invertibility condition over the ring Rp(z) of stable transfer functions was
replaced by a pointwise rank condition. In the proof of this generalization of
the Hautus test to time-delay systems, the delay character of the system was
used explicitly. For other applications it is unclear under what conditions on
the Hurwitz set D such a reformulation is possible. For systems over the ring
K[sy,. .., 8] it is likely that Hurwitz sets of the form (5.40) play an important
role in answering this question. It would be interesting to know whether the
results of Section 3.2 really depend on the delay character of the systems, or
whether they can be extended to a more general class of Hurwitz sets.

(%) In this thesis, the topologies for polynomial matrices and time-delay systems
introduced in Section 3.3 were primarily used to prove our genericity result
on stabilizability. It can be expected that the same topologies have other
interesting applications.® E.g. in [72], a same sort of topology was used to
study the continuity of AR-representations of dynamical systems. Moreover,
in this thesis, the topology on delay systems was only used in a qualitative
way. May be it is possible to find a modification of the topological setup that
enables us to find also some quantitative results.

{#i) In Section 5.4 we developed a constructive method for the computation of a
polynomial right-inverse of a nonsquare polynomial matrix. In most cases,
such a right-inverse is a very complicated object. Since we were able to char-
acterize the class of all polynomial right-inverses, the question arises how we
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can find a right-inverse that is suitable for subsequent control purposes. Before
we can find an algorithm that carries out the simplifications that are required
for this, we first need a characterization of the properties of the polynomial
right-inverse we are interested in. These properties have to reflect the control
objectives we finally want to achieve with a compensator based on this right-
inverse matrix. The relationship between right-inverses and the corresponding
controllers is not very well understood, and therefore this subject seems a very
promising research topic.

(iv}) In this thesis, a combination of computer algebra and numerical methods
turned out to be a very fruitful approach for the solution of the stabilizabil-
ity problem. These mixed algebraic/numerical algorithms are applicable to
a much larger class of problems. One of the important questions is how the
numerical sensitivity of an algorithm that consists of an exact and a numerical
part can be investigated. In Section 5.5 we have seen that for example Grébner
basis computations may lead to numerically complicated problems. Therefore
another question is how a mixed algebraic/numerical algorithm should be or-
ganized in order to obtain numerically reliable results.

(v) In Chapters 5 and 6, we argued that the stabilization problem for time-delay
systems consists of an algebraic and a more analytic part. The ideal 7 associ-
ated with a system I is a completely algebraic object, whereas the Hurwitz set
D describing stability has a more analytic character. So in order to find a stabi-
lizing feedback compensator, it seems logical to use an algorithm that consists
of both an algebraic and a numerical part. The development of constructive
methods for the design of stabilizing feedback compensators, exploiting the
algebraic structure of the problem, would be a very useful contribution to the
theory. This problem seems to be very difficult. From the observations in
Section 5.5, we expect that the variety V(T) of the ideal T associated with a
system plays an important role in this problem. However, the question how
this information can be used in the design of stabilizing controllers remains
unanswered. ‘
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Appendix A

Some results from commutative
algebra

In this appendix we give a short overview of some results from commutative algebra
that are used throughout this thesis. It is divided into three parts. The first part
mainly consists of definitions of some of the basic concepts in commutative algebra
and of a few classical results in this field. In the second part we only consider
polynomial rings and study the relationship between ideals and their varieties. In
the third section we state and prove the local-global theorem and show how it can
be applied to polynomial rings. For further reading we refer to one of the classical
textbooks on commutative algebra, for example Atiyah and MacDonald ([1]), the
two volumes of van der Waerden ([93] and [94]), or the work of Zariski and Samuel
([104] and [105)).

A.1 Basic definitions and results

We start with the formal definition of a {(commutative) ring, the most important
concept from commutative algebra used in this thesis.

Definition A.1.1 A ring R is a set with two bmary operations, + {addition) and
- (multiplication) such that

(i) R is an Abelian group with respect to addition (i.e. R has a zero element
denoted by 0, and every a € R has an additive inverse —a),

(i) multiplication is associative: if a,b, ¢ € R then (ab)ec = albc),

(iii) multiplication is distributive over addition: if a,b, ¢ € R, then a(b+c) = ab+ac
and (b + c)a = ba + ca.

Moreover, if
(i) for all 0,b € R: ab = ba,
then R is said to be a commutative ring.

251
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Note that a ring element always has an additive inverse, but not necessarily a
multiplicative inverse, so division of two nonzero ring elements is not always allowed.
It is even possible that there exist nonzero elements a,b € R such that ¢- b = 0.
Such elements are called zero divisors.

A nonzero element of a ring R that is an identity with respect to multiplication
is called the identity of the ring. If it exists, it is uniquely determined and denoted
by 1.

Definition A.1.2 An integral domainis a commutative ring with identity and with-
out zero divisors.

Definition A.1.3 A field K is an integral domain in which every nonzero element
has a multiplicative inverse.

Unlike rings, in a field division by a nonzero element is always possible.

Definition A.1.4 A mapping T of a commutative ring R into a commutative ring
S is called a ring homomorphism, if for any pair of elements a,b € R the following
two conditions are satisfied:

(i) T(a+b) = Ta+Tb,
(i) T(a-b) = (Ta) - (Th).

Moreover, if this mapping 7" is bijective it is called a ring isomorphism, and the rings
R and S are said to be isomorphic.

In a ring homomorphism, the ring operations addition and multiplication are
preserved. This implies that isomorphic rings are essentially the same. There is a
one-to-one correspondence between the elements of the rings, and also addition and
multiplication are carried out in a completely analogous way.

Next we introduce another important concept related to rings, namely the notion
of ideals.

Definition A.1.5 Let R be a commutative ring. An ideal of R is a non-empty
subset T of R such that

() if a1, a3 €7 then a; — as E T,
(i) ifacTandbeR, thena-beT.
Moreover, if 7 # R, then 7 is called a proper ideal of R.

From the definition it is self-evident that the intersection TN 7 of two ideals 7
and J of R is again an ideal. Also the sum

I+JT:={a+beR|acI, beJ} ' (A1)

satisfies conditions (4) and (%) of Definition A.1.5, and is an ideal of R.
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Example A.1.6 Let R be a commutative ring and P C R. Then
(P):={3> op-ploy € R}

peEP

is an ideal in R. {P) is called the ideal generated by P; it is the smallest ideal in R
that contains P,

Often, an ideal can be characterized by a finite number of elements generating
the ideal. :

Definition A.1.7 Let 7 be an ideal of the commutative ring R. Then
(i) Zis called ﬁnitelg;' generatedif there exists a finite set P C R such that (P =1,

(i) T is called a principal ideal if there exists an element p € R such that {p) ~,~=k T.

Definition A.1.8 An integral domain R in which every ideal T of R is principal,
is called a principal ideal domain, mostly abbreviated to PID.

Examples of PID’s are the ring Z of all integers, and the ring of all polynomials
in one indeterminate with coefficients in a field.

Let R be a commutative ring and 7 an ideal of R, and define R/T as the set of
all equivalence classes under the equivalence relation ~, given by

a~vbe=a-bel.
Defining addition and multiplication by

a+b = a+b,
a-b = a-b,

where @ denotes the equivalence class of ¢, R/7 is itself turned into a commutative .
ring.

Next we consider some ideals with special properties.

Definition A.1.9 An ideal Z of a commutative ring R is called a mazimal ideal if -
one of the following {equivalent) conditions is satisfied:

(i} T is a proper ideal of R and there does not exist an ideal J of R such that
IGITIGR,.

(#t) R/Z is a field.

Proposition A.1.10 Every proper ideal of a commutative ring R with identity is
contained in a mazimal ideal of R. _ -

The proof of this result is based on Zorn’s Lemma and may be found in e.g {104,
p. 151].
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Definition A.1.11 An ideal T of a commutative ring R is called a prime ideal if
one of the following (equivalent) conditions is satisfied:

(i) T isaproperideal of R and foralla,b € RwehaveabeI=>a€cZorbel,

(i) R/Z is an integral domain.

In some sense a prime ideal of a ring R may be considered as a generalization of
the concept of prime numbers. In the same fashion we can introduce primary ideals
which correspond to powers of prime numbers.

Definition A.1.12 An ideal 7 of a commutative ring R is called a primary ideal if
it is a proper ideal of R and for all ¢,b € R:

a-be€T = eitheraeZ or " € 7 for some n > 0.

Definition A.1.13 Let 7 be an ideal of a commutative R. Then the radical of Z,
denoted by VZ, is the ideal of R defined by

VIi={aeR|ImeN:a"cTI}.
If T = /7, then T is called a radical ideal.

It is obvious that the propertiés on ideals defined above are highly related. These
interdependences are depicted in the following implication scheme.

maximal ideal

4

primary ideal <  prime ideal = radical ideal

The implications in the other directions do not hold in general.

In the major part of this thesis we are concerned with a special type of commu-
tative rings, namely Noetherian rings.

Definition A.1.14 A Noetherian ring is a commutative ring R satisfying one of
the following (equivalent) conditions:

(i) Every ideal T of R is finitely generated,

(ii) Every strictly ascending chain 7; G Z, & 73 G --- of ideals of R is finite.
Alternatively stated: Given an ascending chain Z; C Z, C I3 C --- of ideals
of R, there exists an n € N such that for all j > n: Z; = TI,..

Condition (%) is called the ascending chain condition.

It is obvious that fields and principal ideal domains are special kinds of Noethe-
rian rings; in fact, the class of Noetherian rings is quite extensive. This is due to the
important feature that the property of being a Noetherian ring carries over from a
Noetherian ring R to all polynomial rings over R.
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Theorem A.1.15 (Hilbert basis theorem) If R is a Noetherian ring, then any poly-
nomial ring in & finile number of indeterminates and with coefficients in R is a
Noetherian ring. -

For a proof of the Hilbert basis theorem we refer to e.g. [104, p. 201] or [1, p.
81). « ,

When R is a commutative ring, the ring of all polynomials over R in the indeter-
minates 2y,...,Z, is denoted by R[z1,...,2,]. In this thesis we mostly encounter
polynomial rings in which the coefficient ring R is a field £. According to the
Hilbert basis theorem the polynomial ring Kz, ..., z,] is Noetherian, and thus any
ideal in this polynomial ring is finitely generated. '
‘ In Noetherian rings primary ideals play an importa,nt role.

Theorem A.1.16 (Lasker-Noether decomposmon theorem) In a Noetherian ring
~ every ideal admits a representation as a finite intersection of primary ideals. -

Hfanideal T ofa Noethenan ring is radical, the primary ideals of this decompo-
_ sition are even prime.

Corollary A.1.17 If R is a Noetherian ring and T a radical ideal of R, thenT
admits a representation

I= ﬂ Pi,
’ =1
where oll P; (i =1,...,k) are prime ideals. ‘ -

The proofs of both Theorem A.1.16 and Corollary A.1.17 may be found in [104,
* pp. 208-210].

Finally we introduce the concept of modules that may be seen as a generalization
of vector spaces to the ring case.

Definition A.1.18 Let R be a commutative ring. A set M is called a module over
R (or an R-module) if the following condmons hold:

(i} M is a commutative group (the group operation will be written as addition).

(#) Every ordered pair (a,z) in which a € R and z € M is associated with
a unique element of M, denoted by az, in such a way that the following
relations hold: .

a(z+y) = ax+ay,
fa+bz = ax+bz,
(ab)z = a(bz),

where o and b are arbitrary elements of R, and z,y are arbitrary elements of
M. The element ax is called the product of a and z.
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Comparing the definition of an ideal with the definition of a module above, it
turns out that an ideal T of a commutative ring R is also an R-module. However,
the concept of modules is far more general. For example, if R is a commutative ring,
the set R™ consisting of all n-tuples of elements of R is an R-module. Addition and
multiplication are simply defined coordinate-wise.

The notion of homomorphic and isomorphic mappings, that was introduced for
rings in Definition A.1.4, is easily extended to modules.

Definition A.1.19 Let R be a commutative ring, and let M and A be modules
over R. A mapping T of M into N is called an R-homomorphism if the following
conditions are satisfied

(i) Yo,y e M: AT(:::-&-y)': Tz + Ty,
(i) Vz € MVa € R : T(az) = aT(z).
Moreover, if the mapping T is also bijective, then T is called an R-isomorphism.

In the same way as for ideals, modules that can be characterized by a finite
number of generating elements, are of special interest.

Definition A.1.20 Let R be a commutative ring, and let M be a module over R.
Then -

(i) M is called a finitely generated module if there exists a finite number of el-
ements my,...,m; in M such that for every element o € M there exists a
k-tuple (a1,...,a;) € R* such that

k
r= Z a;m;.

i=1

{ii) A set B is called a basis of M if for every element = € M there exist unique
coefiicients a; (b € B) such that

T = Zapb.

beB
(#ii) M is called free if M admits a basis.

From Definition A.1.20 it follows that a finitely generated free R-module M is
isomorphic to R* for some n € N.

A2 Polynomial ideals and varieties

In this section we consider polynomial rings over a field K. We are interested in the
sets of all common zeros of the polynomial ideals of these rings. Such sets are called
varieties and there is & strong link between polynomial ideals and their varieties.
This relationship is elaborated in more detail.

Let K be an arbitrary field, and R := K[z3,...,2,] the ring of all polynomials
in the indeterminates x,,...,z, with coefficients in K. Before we can speak of the
zeros of a polynomial in K[zy,...,2,), we first have to specify in what kind of set
we are looking for zeros.
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Definition A.2.1 A field K is called algebrazcally closed if one of the following two
equivalent conditions is satisfied:

(i) every nonconstant polynomial of K[z] has at least one root in X and thus a
linear factor in X,

(i) every polynomial in K[z] splits into linear factors.

Note that in the definition of algebraically closedness only univariate polynomials
are involved.

Definition A.2.2 Let K be a field and £ be an extension field of K (i.e. KX C L).
Then

(i) Anelement o € Liscalled algebraic over K if there exists a nonzero polynomial
p(z) € Klz] such that pla) = 0. ‘

(i) The extension field £ of K is called algebraic over K if every element of £ is
algebraic over K.

Theorem A.2.3 For every field K there exists an algebraically closed, algebraic
extension ) for K. This extension field Q is unique up to eguivalent extensions. o

For a proof of this result we refer to e.g. [93, Section 10.1]

According to Theorem A.2.3, algebraically closed algebraic extensions of a field
K are essentially unique (up to certain isomorphisms}), and therefore we may speak
of the algebraic closure of K, denoted by K. This is the set in which we want to find
common zeros of polynomial ideals.

Definition A.2.4 Let 7 be an ideal in K[zy,...,%,], and let £ denote the algebraic
closure of K. The (algebraic) variety of 7 in the affine space K* is.the set

Vi={(o1,..., ) EK" |Vp € T : p(avs, ..., n) = 0}
The variety V of an ideal 7 is denoted by V(T).

Note that the set of all common zercs in K of a finite number of polynomials
Piy--«rPm in K[Zy,...,%,] is simply the variety of the ideal (p,...,pm) generated
by these polynomials.

It is also possible to go in the oppos:te direction and to associate an ideal with
a given subset of K™,

Definition A.2.5 Let V be a subset of K. Then Id(V) is defined as the set of all
polynomials in K[z;,...,2,] that vanish in every point of V:

(V)= {p € Klzy,...,zn} | Ve, ...,¢x) € V:p(0n,...,00) = 0}.
Id(V) is an ideal of Klzy,...,Zn). ‘



258 APPENDIX A. SOME RESULTS FROM COMMUTATIVE ALGEBRA

From these definitions it is obvious that there is a strong link between ideals and
their varieties. This is illustrated by the following_ relations. Let 7 and J be ideals
in K{z1,...,25], and let V and W be subsets of K. Then we have

Icd = V(J)c V@), ‘ (A.2)
VW = Id(W)clid{V), ‘ (A.3)
VEIZ+JT) = VO)NnV(J), (A4)
WV UW) = dV)nIdw), (A.5)

and moreover
VInT) = VZyuVv(T), ' (A.6)
V(@I = V(WVI). ~ (A7)

Most of these relations are self-evident; they follow directly from the definition. For '
a proof of (A.6) we refer to [105, p. 161]. |

Definition A.2.6 A variety V (defined over a field K) is called reducible (over K)
if it is decomposable into two varieties V] and V; that are defined over K and are

proper subsets of V. If such a decomposition does not exist, V' is called irreducible
(over K).

Proposition A.2.7 A variety V is irreducible if and only if Id(V) is a prime ideal.
: n

A proof of Proposition A.2.7 is given in [105, p.162).

The next theorem can be seen as a restatement of the Lasker-Noether decompo-
sition theorem for radical ideals in the terminology of algebraic varieties.

Theorem A.2.8 Every variety V can be represented as a finite sum of irreducible
varieties Vi,..., Vi: , - :

=1

X ‘ .

V= U V.. : , ' (A.8)
This decomposition is unique (up to the order in which VA,..., V4 are written) if it
is irredundant, i.e. f Vi@ V; foristj. S -

We refer to for example [105, pp. 162-163] or [14, pp. 204-205] for a proof of
this result. ’

Let X be a field and V € K, and consider the set Y(Id(V)). From Definitions
A.2.4 and A.2.5 it is clear that V C V(Id(V)). The inclusion in the other direction
does not always hold. In fact we have

V(Id(V)) =V < V is a variety, (A9)
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so there has to exists an ideal Z of K[zy,...,2,] such that V(T) =

For polynomial ideals, the same question of successive determination of varieties
and ideals may be considered. Let Z be an ideal of Kz, ..., ). Using Definitions
A.2.4 and A.2.5 it is not difficult to prove that T C Id(V(Z)). A necessary and
sufficient condition for the inclusion in the other direction to hold, is more difficul$
to obtain. For this purpose we need '

Theorem A.2.9 (Hilbert Nullstellensatz) Let K be a field and K the algebraic clo-
sure of K. Let p,py,. .., pq be polynomials in the ring Klzy,... 2], Assume that p
vanishes at every common zero of py,...,pe in K». Then there exists an exponent
r € N and polynomials ay,...,a, in Kl[xl, .y Tn] such that

p"=a1p1 + aspa + -+ 0gPg- L]

A proof of the Hilbert Nullstellensatz may be found in e.g. [105, pp. 164-167] or
[94, Section 16.5].

Corollary A.2.10 Let T be an ideal of K{z1,...,2). Then

V(I) =2 <= I=K[z1,...,Za]. (A.10)

The Hilbert Nullstellensatz yields the answer to our question on Id(V(Z)).

Corollary A.2.11 Let T be an ideal of K[zy,...,2,). Then
(i) JdWV(D) = VI,

(i) WW(T)) = <= T is a radical ideal. -

A proof of Corollary A.2.11 (i) is given in [14, pp. 175-176], and (i) follows
immediately from (1.)

With the Hilbert Nullstellensatz also the equivalence of the decomposition theo-
rem for algebraic varieties and the Lasker-Noether decomposition theorem for rad-
ical polynomial ideals is established. According to Theorem A.2.8, every algebraic
variety V is decomposable into a finite number of irreducible algebraic varieties
W+, Vh. According to the Hilbert Nullstellensatz, Id(V) is a radical ideal. More-
over, Proposition A.2.7 yields that the ideals Id(V;) (i = 1,...,h) are prime, and
thus after successive application of (A.5), we obtain

(V) = ﬁm(v,.).

i=1

This is exactly the result of Corollary A.1.17 in the special case of polynomial rings.
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A.3 The local-global theorem and its application

In this section, an important theorem from commutative algebra is stated and
proved: the local-global theorem. In Chapter 2 it is used, together with the Hilbert
Nullstellensatz, to restate a right-invertibility condition as a pointwise rank con-
dition. This was applied to the matrix (2] — A|B) over the ring R[2], where
R =HR[sy,..., 8] Here the question of the surjectivity of a map from one module to
another is considered in & more general context. It turns out that the investigation
can be facilitated a lot using the local-global theorem. The derivation of this result
given below, is based on [42] and (8, pp. 76-78].

Let R denote a commutative ring with identity, and let M and A be R-modules.
Consider an R-homomorphism 7 : M — N In thlS section the main question is:
when is this map T surjective? :

Definition A.3.1 Let T be an ideal in R, and M a module over R. Let IM
denote the set

IM:={> aym;|la;€I,m;e M} (A.11)
5 v ‘

Then the factor module Mz of M with respect to Z is defined as
Mz = MJTM. (A.12)

So My is the set of all equivalence classes under the equivalence relation ~ given
by

z~vyE>—-yEIM.

Note that Mz can be made into an R-module by defining
T+Y = z+9y,
TE = TT,

where % denotes the equivalence class of z. It is clear that both operations above
are well defined. The map =+ 7 from M to Mz is called the canonical projection.

Lemma A.3.2 Let M be a finitely generated R-module and T an ideal in R. Then
Mz =0 (or equivalently M =IM), " {A13)

reR:r=1{mod I) and rM =0. (A.14)

Proof (

7«=" Let 7 € R be such that M = 0 and r = 1(mod Z). Then r -1 € Z. Let
€M Thenrea=0,s0z=c~rz=(1~7)z. But(l-7)=~{r-1) €7
and therefore x € ZM. So M C IM. Since trivially TM C M, we conclude that
M=TIM.
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"=»" Let x3,...,Z, generate the module M, and let N be a free module of
dimension n, i.e. N' = R", Take a basis e;,...,e, of N and define the epimorphism
X:N—-Mby

Xej=uxz; (‘i=1,...,ﬂ).
Since M = I M there exist elements a;; € Z such that

$¢=ZC£_,'5$5 (i:l,...,n).
i

Let A : N — A denote the homomorphism with matrix (aij) with respect to the
basis ey,...,€,. Then for all i ==1,...,n we have Xe; = X Ae; and hence

X = XA

Next, let p(z) denote the characteristic polynomial of A, i.e. p(z) = det{z] — A). Let
p(2) = %, cuz’. Because of the Cayley-Hamilton theorem we know that p(A) = 0.
So

i k3 n
0=XpA)=XY A =3 X =3 os(1))- X =p(1)- X.
i=0 i=0 fu=l)
Therefore p{1)M = 0.

Finally, since all entries of the matrix A are elements of 7, and using the definition
of the determinant, we conclude that p(1) = det(/—A) = 1{mod 7). So p(1) satisfies
both conditions in {A.14). This completes the proof. -
Corollary A.3.3 Let M be a finitely generated R-module and assume that for all
mazimal ideals A of R we have M4 = 0. Then M = 0.

Proof '
Let £ € M, and assume that = # 0. Then the ideal 7 defined by T := {r €
R | r-z =0} is a proper ideal of R, i.e. T # R. According to Proposition A.1.10,
Z is contained in a maximal ideal 4. Since M4 = 0, and using Lemma A.3.2, we
conclude that there exists an element r € R such that r = 1{mod A), and tM =0,
So in particular r -z = 0. But then r € 7 € A, and also (1 —») € A. Hence
1=r+(1~r)¢€ A This contradicts the fact that .4 is a proper ideal of R.

Therefore we conclude that & = 0. -

Now, consider an R-homomorphism T : M — N. Let Z be an ideal in R, and
define the map Ty : Mz — Nz by taking quotients

Tr: Mgy — Ny - T,
Then it is élear that
im(Tz) = (im(T))z.

Hence, if T' is surjective, then for any ideal Z in R, T7 is also surjective. The
local-global theorem is a sort of converse of this result.



262 APPENDIX A. SOME RESULTS FROM COMMUTATIVE ALGEBRA

Theorem A.3.4 (Local-global theorem) Let M and A be R-modules and assume
that N is finitely generated. Let T : M — N be an R-homomorphism. If for all
magimal ideals A in R the R-homomorphism T4 : M — N4 is surjective, then T
is surjective.

Proof

Since T4 is surjective, it follows that Ns/(im(T"))4 = 0 for all maxlma.l ideals A
in R. But N4/(im(T)) 4 = (N /im(T)) 4 via the isomorphism

((x)lm(T))A - (SA)(HB(T))A
So

N/im(T))a=0

for all maximal ideals .4 in R. Moreover, because V is finitely generated, A /i un(T) is
finitely generated. After application of Corolla.ry A.3.3 we obtain that N/im(T) =

Hence im(T) = N -

The local-global theorem makes it possible to investigate the surjectivity of an
‘R-homomorphism 7" : M — N by studying the homomorphisms T4 defined on the
factor modules T4 : M4 — Ny, where A is a maximal ideal. In general these are
much easier to investigate because the quotient R/ A is a field.

The main problem in applying the local-global theorem is that we have to guar-
antee that for all maximal ideals A in R, T4 is surjective. To do so, we need
a complete knowledge of the maximal ideals in R. This is often quite a difficult
‘problem, but for the polynomial rings we are mainly interested in, an answer can
be given. In this result, the Hilbert Nullstellensatz (Theorem A.2. 9) stated in the
previous section, plays an important role. ~

Proposition A.3.5 Let K be a field and K the algebraic closure of K. Consider
the polynomial ring R := K[zy,..., =] and let a« € K. Define the ideal I, as

Ty = {p(z),...,2,) € Rlp(a) = 0}.

Then
{Zsla € K™}
1s the set of gll mazimal ideals in R.
Proof B
First we shoy that for any element o € K", the ideal 7, is maximal. Let o =
{¢1,...,0n) € K. Since K is an algebraic extension of K, all elements ay,...,a,

- are algebraic over K. Let £ := K(ay,...,o,) denote the finite algebraic extension
field of K obtained by adjunction of the elements oy, ..., &, to K. We prove that

KRR/,

Let 8 € K. Since K is a finite algebraic extension field of K, there exists a polynomial -

p € Klz1,...,2,) such that p{ay,...,a,) = . Now we consider the map T : K=
‘R/Z, defined by

T:K—>R/T,: B+ {peR|pla)= B}
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Since p(a) — g(a) = 0 is equivalent to p — ¢ € 7T, this map T is well defined,
and the correspondence between elements of K and elements of R/Z, is one-to-
one. Moreover, it is easily verified that T maps sums and products of elements
in K to sums and products of the corresponding elements in R/Z,. Hence T is
an isomorphism from K to R/Z,. We conclude that R/Z, is a field, and thus by
Definition A.1.9 {ii), Z, is a maximal ideal of R.

Next, let A be a maximal ideal in R. We have to prove that there exists an
a € K" such that A = I,. Suppose that the polynomials in .4 do not have a
common zero. Since R is a polynomial ring over a field, every ideal in R is finitely
generated, and thus there exist polynomials py,...,p, in A such that p;,...,p, do
not have a common zero. So, according to the Hilbert Nullstellensatz there exist
_ polynomials ay,...,a, in R such that ’

al?1+azpz+"'+%2’q=1

We conclude that A = R, and this contradicts the fact that A is a maximal 1deal
and therefore proper.

So all elements of A have at least one common zero, say @ € K®. Then A C Z,.
Since both A and 7, are maximal ideals, we must have A = T,,.

This completes the proof. -

¥ K isa field and R = K[zy,...,2,], the surjectivity of an R-homomorphism
between two R-modules M and N is not difficult to test now. We simply have
to combine Theorem A.3.4 and Proposition A.3.5. According to Theorem A.3.4
we only have to check the surjectivity modulo each maximal ideal, and Proposition
A.3.5 gives a description of all maximal ideals in R. Computation modulo the ideal
Z,, boils down to substitution of the point & € K™ for the indeterminates zy,. .., Za.
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Appendix B

A theorem on realization

In this appendix we state and prove a result on the realization of a linear system
over an integral domain. It is used in Section 2 for the proof of Theorem 2.8.2. The
theorem in this appendix is based on a very similar result for systems over fields
described in [47, pp. 403-409]. The generalization to the case of systems over rings
is very straightforward. .

Theorem B.1 Let R be an integral domain and P(2) and Q(z) matrices over R|z]
of size m x n and n X n respectively. Assume that Q(2) is monic and deg,(Q(z)) =
k > deg,(P(2)). Define the strictly proper matriz T(z) over R(z) as T(2) :=
P(2)Q(z)"t. Then there exist matrices A, B and C over R, such that the sys-
tem & = (A, B,C,0) is a realization of T(z) (i.e. T(z) = C(zI — A)~'B), with the
properties: .

(i) ¥ = (A, B,C,0) is reachable,
(i) det(Q(2)) = det(2I — A).

Proof
Since Q(z) is monic and of degree k, @Q(z) can be written as
Q(Z) = S(Z) + Qlo‘I’(z)a (Bl)
where
S(z) = 2*-1,
P
2k
U(z) = blockdiag ( | i= 1,...,n) ,
z
1

and Qu, is an n X (n - k) matrix over R. In fact Q(z) is written as Q(z) = 2 - I +
"Jower order terms”. In the same way there exists a matrix P, € R™*("*) such
that

P(Z) = P,- \I/(Z), (B2)
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because deg,(P(2)) < k.
Next, define the (n- k) x (n- k) matmc A? as

) 1 0
A? .= blockdiag ( 0 1
0 --- 0 1 0
and the (n - k) X n matrix B? by

(BT := blockdiag( (10

Then
/1 v
. 0 s k
B?-5(z) = blockdiag| |, i=1...,0 | (2" Lnxa) =
v \0 kx1
2
0
= blockdiag( . Ié:l,...,n),
\0 kx1
and
(3 zk‘-l
: -1 =z k-2
(21 — AJ)¥(z) = blockdiag ( -1 " Pl li=1,...
‘ .. 2
-]l 2z 1
(2*
0 ,
= blockdiag( . {zml,...,n).
O’ Ex1 -
So.
B25(z) = (21 — A2)¥(2).
Define
A = A2- B%Qu,
B = B
C = B,

(B.3)

(B4

(B.5)

(B.6)
(B.7)
(B.8)
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Clearly A, B and C are matrices over R, and combining (B;5) and (B.1) we obtain:
(I = A)(2) = (2] = A2+ BIQu)¥(z) = (o] ~ A)U(2) + BLQu¥(2) =
= BIS(2)+ BiQu¥(z) = B2 - (S(2) + Qu¥(2)) = BQ().
So, by the ‘deﬁnﬁ;ion of B, we have (2 — AY¥(z2) = BQ(z), and thus
(2)Q(z)" = (o] — 4B, (B.9)
Pre-multiplying by P, = C and using (B.2) gives
C(zI - A7 B = P¥(:)Q(:)™ = P(2)Q(2)™ = T(2).
S0 £=(4,B,C,0) is a realization of T'(z).

Next we prove that & = (4, B, C, 0} is reachable. Since AB = (42— B2Q,)B? =
A°B?— B2Q,,B?, it is obvious that for all & € N, the columns of (B|AB|---|A*1B)
generate the same R-module as the columns of the matrix (BS|A2B?| - - - |[(A2)*1B?).
So ¥ is reachable if and only if the pair (A2, B?) is reachable. Now

1 :
‘ 0 i
B§=blockdiag( . iz:l,?..,'n),
0 kx1
{0
10 L
0
AB? = blockdiag( 10 li=1, .,n)=
\ 1 0) \°
(0
1
= blockdiag( 0 ;£=1,...,n),
\0 kx1

and in the same way for j <n~1:
(42Y B = blockdiag(e;j4li = 1,...,n),

where e;4; denotes the (j+ 1)“3l unit vector in R¥. From this observation it is imme-
diately clear that the columns of (B2|A2B?|- - - |(A2)*~*B?) generate R™. But then
R™ is certainly generated by the columns of the matrix (B2|A2B?| - - - |(A2)*-1B2).
Hence (A2, B?) is reachable, and we conclude that the pair (A, B) is reachable.

Finally, to prove that det(z] —A) = det(Q(z)), note first that A is an (n-k)x (n-k)
matrix, so det(z] — A) is a monic polynomial of degree n-k. Q(z) is an n x n matrix
over R[z] and is monic and of degree k, so deg,(det(@(2))) =n - k.
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Since the pair (4, B) is reachable, the matrix (21 — A|B) is right-invertible over
R|z] and there exist polynomial matrices N(z) and M(z) such that

(2I = A)N(2) + BM(z) =
From (B.9} we have
—(2I - A)¥(z) + BQ(z) =

Combining both equations above, we obtain

zI-A BY (N(2) '»—\I'(z)) (I 0 (B.10)
0 I/ \M(z) Q@) M(z) Q(2))° '
All matrices on the diagonals in (B.10) are square, so takmg the determinant on the
right- and left hand side we get

det(z] — A) - det (z(é% ’gzg)) = det(Q(2)).

Define p(z) := det (g(é)) —C;IES)) Since N(z), M(z), ¥(z) and Q(z) are all
polynomial matrices, p(z) is also an element of R[z]. Recall that both det(z2] — A) -
‘and det{(Q(z)) are monic polynomials of degree n « k. Then it follows immediately
from the last formula that we must have that p(2) = 1. Hence det{zl — A) =
det(Q(z)).

This completes the proof.



Appendix C

Proofs of Subsection 4.2.4

This appendix is devoted to the proofs of three of the main results on irreducible
ascending chains mentioned in Subsection 4.2.4.

Proposition 4.2.30 Let A = (f1,...,f,)} be an ascending chain in Klzi,... 2],
and rename the indeterminates in the same way as in Definition 4.2.29. Then we
have:

A= (f1,..., f¢) is irreducible

Vi=1,...,7:{f1,..., f;) is a prime ideal in Koy, ..., ¥;]

_ (This means that {f1) is a prime ideal in Kolw1], (f1; f2) is a prime ideal in Koy, o
and so on, until the final condition: {f1,..., fr) is a prime ideal in Ko, ..., %))

Proof (by induction)

i = 1: (f}) is irreducible <= (f,) is a prime ideal in Kq[y1].

?<4=" Assume that (f;) is a prime ideal,"and let p and ¢ be polynomials in Kp|y]
such that f; = p-¢. Then p or ¢ belongs to {f,}. Without loss of generality we
assume that p € (f;). Then there exists an o € Ky[yy] such that p = o - f;. Hence
fi=a g fi and thus a-g =1, This xmphes that deg,, (¢) = deg, (o) =0, and we
conclude that f is irreducible.

- =" Assume that {f;) is irreducible. Let p € (f;). Then there exists an r €
Koly1] such that p = rfy. Suppose there are polynomials g,k € Ky[y] such that
p = gh. Then gh = rfy. Since f; is irreducible, we must have g € {(fi) or h € (fl)
So {f1) is a prime ideal.

Induction step: Assume that A; = (f1,...,f;) is an irreducible ascending
chain generating a prime polynomial ideal in Kofw, . ..,y;]. Let Ki = Ko{m,...,m)
(i =1,...,7) denote the field extension obtained by adjoining m,. .., to Ko, where
M (k= 1,...,1) is an extended zero of fi(m,...,7k-1,¥x) in Ki-1[ys]. Then we have
to prove the following claim:

(Aj1) = (f1,- .., fi+1) is a prime ideal in Kofyy, ..., ¥4]
Firr{m, .-, 5, yi41) Is irreducible in Kjly;41].
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"=>" Assume that (A4;4.) is a prime ideal. Let p and ¢ be polynomials in K;[y;.1]
such that

fj+1(’ﬂ1, ) nj,yﬂ-l) =p(m,..., ﬂj,yj-i-l)Q(’?h Iy ,nj,yjﬂ)- (C1)

To prove that fiy1(m,..., 7, yj4+1) is irreducible in K;[y;41], we show that p or ¢ is
an element of X;.

First substitute (1,...,%;) for (m,...,n;). Then we have:

P Uir)q(¥e - Vi) = Fi (- ) + (01 Yina), (€2
and because of {C.1), it is clear that ' ‘
7‘(7?17 Y1) yJ'-H) = 0. (0.3)

Note that (C.3) holds for every common zero of fi,..., f;. This can be seen as
follows. Let (&,...,¢&;) be another common zero of f1,..., f;. This is only possible
ifforalli=1,...,7 &isaconjugate of ;. Soforalli=1,,..,, the field extensions

Ki-1(n;) and IC,..;(S,} are isomorphic, say through an 1somorphlsm T:. Thus we have

veo Tilp(ms, o i Y40 -0 05, U541)) = T Ti(fa (- 15, Y52)-
Therefore foralli =1,...,3:

Tl . '.T'i(p(nh vy Thy &-l-l) e ?6]'7 yj+1)‘1(nl: ceny Ty &i-}-la e 7§j1 yj'f-l)) =
= Tl " 'n(fjﬁ'l(m, caey ?’h’:ﬁi-c»l, cas :gjv yj-*-l})'
So finally:

(610 vy )aléns - - -‘,fja Yi+1) = fir(€y -, & Y1)
In combination with (C.2) this yields

T(Eh o 1£j’yj+l) =0.
Let Kq denote the algebraic closure of Kg. We have proven that

N fl(fl) =0 7 ,
V(&,...,&) e K o = 7(&1,--, &5 Y1) = 0. (C4)
fj(gla"':gj)"‘:o ’

- Next regard fi,..., f; as polynomials in the ring Kolyy, .. ,y,+1] From (C4) and
the Hilbert Nullstellensatz it follows that there exist a p € N and polynomals

(Y1 -1 Ujs1) € Kolyn, - - -, Yj+1] such that

)
(Y, Ui1) = 3 Y, Y1) il -+, 0)-
i=1
So, considering {f1,..., f;) as an ideal in Kq[y1, ..., ¥j+1], We conclude that r* is an
element of this ideal. Recall that {(fy,..., f;}, considered as an ideal in Kq[yy, ..., 5],
is a prime ideal. Then the ideal (fi,..., f;), considered as an ideal in Ko[yy, ..., ¥j+1)s
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is also prime, and we conclude that r itself is an element of this ideal and may be
written as '

‘ V i
(W U41) = 2 By - v iy - 1),
i=1

where Gi(y1,...,¥j+1) are polynomials in Kqlys,...,yj41). With (C.2) we conclude
that :

p(yls sy yj’i'l)q(yl: ey yj+1) € <f1a oo sfj+1>7

where {fi1,..., fi+1) is considered as an ideal in Ko[y,...,¥;41]. By assumption,
~ this ideal is a prime ideal. So either p or ¢ (or both) is an element of this ideal.
Assume without loss of generality that

P11 Yi+1) € (froe ey fia)

Then there exist polynomials v:(v1,...,%54+1) € Ko[t1,. .., ¥j41] such that
41
YL - Y1) = 2 (W oo Y filbn, - %)

fexl

Substitution of (ny,...,n;) for (y1,...,¥;) yields:

P,y M Yiet) = Bl 1 Yir) Fiea (s - 5, 930)-
So

deg, .. (p(m,- .., 5, ¥541)) 2 degy, (Fiva(m, - - 05, 9501))s

and this implies that deg,, . (¢(m, ..., 7;, Yj+1)) = 0. Hence fira(m,...,m;, Yi+1) Is
irreducible.

"&=" Assume that fi;1(m,... %, ¥j41) is irreducible over Kj[y;41]. We have to
prove that {fi,..., fj4+1) is a prime ideal.

Let g € (f1,..., fj+1). Then there exist polynomials &; € Ky[y1,...,yj41] such
that

L .
9 Y1) = 3 (Y, Y ) iy, - 1)
i=1 .
Assume that there exist polynomials p and g in Ko[yy, ..., ¥j41] such that
9w, - - s ¥i41) = p(W, - Y )ans - - - i) (C.5)

Substitution of (m,...,n;) for (3,:1‘, <oy ¥5) in (C.5) yields:

p(m,..., N5 ?j-x-l)?(?hs vens ’?jsyjﬂ) = 0j+1(7?1s RERE/ ) Zij+1)fj+1{??h T ?lj+1)-

Since fi41(M, ...+ 0y, Yj+1) I8 irreducible in K;[y;41], it is clear that there either exists
a polynomial ¥(m, ..., 7, ¥j+1) € K;[yj+1] such that

Py - M5 Y1) = (01 -3 s _le+1)fj+1(771a oM Yi)y
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or a polynomial §(m, . .., %, ¥j+1) € Kjlyj+1] such that

4(771, ey My yj-!-l) = 6(7}17 R /T 3!3‘+1)fj+1(77h sy yj-}-l):

or both. Without loss of generality we assume the first.
Substitute {y,...,;) back for (m,..., 9%

p(y1,--- ,§j+1) =¥(Y,... vyj+1}fj+1(yh “es ,yj+1) + 7y, :yj+l)~

Then again r(ny,...,m;, ¥;41) = 0, and with the same arguments as in the necessity
part we can prove that for every common zero (&,...,§;) of fi,...,f; we have
(&1, ., &5, y541) = 0. Let Ko denote the algebraic closure of Ky. Then:

. fl(fl) 0
V{&,...,.&) e Ky : = (€1, 65y ya1) = 0. (C6)
fj(él?"‘?‘fﬁ)mo .

Regard fi,..., f; as polynomials in the ring Kolyrs s y,.,_l] From {C.6) and the
Hilbert Nullstellensatz it follows that there exists an integer p € N and polynomials

Bz(yl: ry}+1) € K:O(ylr ,21;4-11 SUCh that .

J
Y1,y Y1) = 3 Biys - - Y iy - 30)-

i)

Since {f1,..., f;), considered as an ideal in Ko[y1,...,y;], is a prime ideal, the poly-
nomials fy,..., f; generate also a prime ideal in the ring Kq[yy,. .., ¥j41]- Now 7°
is an element of this ideal, so r itself is an element of this ideal too, and thus there
exist polyx;omia.ls 8:(y1, - ¥j+1) € Kolwn, . -+, yj41] such that r can be written as

i )
@ Yi) = 3 6 - v ) il - ).
= 7
Hence

Py s Y1) = YW Vs Fia (B - W) F (0 )

is an element of the ideal (fi,..., fj;+1), considered as an ideal in Kqlys, ..., yj41)s
and we conclude that {fi,..., f;41) is a prime ideal in Koy, ..., Y41

This completes the proof. - -

Lemma 4.2.33 Let A = (fy, - .., f;) be an ascending chain in Kluy, ..., uag, 91, .., %]
(in the notation of Definition 4.2.29). Let F and F be defined as in (4. 32) and
(4.31). Then

F is a prime ideal in IC[ul, e UL YL Yry

Fisa prime ideal in Koy, ..., 9]
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Proof

74=" Suppose F is a prime ideal. Let g € F, and assume that there exist
* polynomials p and ¢ in IC[ul,;..,ud, Yise--1¥r) such that g = p-¢. Since F is
contained in the prime ideal F, we know that g € F, and thus p € F or ¢ € F.
Without loss of generality we assume that p € F. Then p can be written as

r
p== za’s’fis

f=1

with ¢; € Koly,. ..,y However, p itself is an element of K[u;, s Udy Yty e e ey Yol
so p € F and thus F is a prime ideal.
=" Next, suppose that F is prime. Let g € F, and assume that g = pg with

D, q € ’CO[yh - syr]
Since g € F, g can be written as

=y Ay,

=1 "

with 8; € Klug, ..., ua Y1y---, %] a0d % € Klug, ..., u4). Define v := [Ti_; %. Then
v € Kluy, .- . ;uq) and :

7= E(;Bs )fz € }C[ula -y Udsy yh---:yr]'
i=1
Thus vg € F.
In almost the same way we can prove that there exist polynomials 9 and p in
Klua,...,uq] such that 1p and g are elements of Kluy, ...y dy Y15- - s Yr)-

Multiplying the equation ¢ = p- ¢ on both left- and nght—hand slde by v-v¥-pu,
we obtain

Yul19) = (vvp) (). cn

Since vg € F, the left-hand side of (C.7) is an element of F. Because F is a
- prime ideal in Klus,..., %4, %1,...,%) and both (y1p) and (rq) are polynomials in
Kluis. .- %dy Y1, - - s ¥}, we conclude that (yp) € F or (ug) € F (or both).
Now 79 and y are polynomials in Kfuy, .. . ug). If pg € F, then clearly g € F,
and if y¢yp € F, then p € F. So either p or g {or both) i is an element of 7, and we

conclude that F is a prime ideal. -

Theorem 4.2.34 Let A = (fy,..., fr) be an ascending chain in the polynomial ring
Klug,. .., %a %, .., %) (in the notation of Definition 4.2.29). Define the ideals F
and F as in {4.82) and (4.31). Then the following three statements are equivalent:

(i) The ascending chain A is irreducible,
(i) F is a prime ideal in Kolyr,. .., ¥, and A is a (Ritt-) characteristic set of Z,

(it) F is a prime ideal in Kluy, ..., %a, Y1,..., %], and A is a (Riti-) characteristic
set of F.
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"Proof ,
We prove the following implication scheme: (i) = (#4) = (ii) = (i).

(i) = (iii) Suppose that A = (f1,..., f-) is an irreducible ascending chain. Ac-
cording to Proposition 4.2.30, this implies that the ideal F = (fis-.+y fryin the ring
Kolys, ..., y-, generated by fi,..., fr, is a prime ideal in Ko[y1,...,%]. Application
of Lemma 4.2.33 yields that F is a prime ideal in Kluy, ..., %2, ¥1,-+ -, U]

To show that A4 is a (Ritt-) characteristic set of F, it suffices (according to
Theorem 4.2.16) to prove that

Vp € F : prem(p, A) =
By assumption, A is an irreducible ascending chain. So A has a generic point
ﬁ = (uh e Uy Ty . ’§n1‘)-

Let p € F. Then p can be written as

r
p= zai(yh“ 'syr)fi(uh ey Udy Yty - 'ayi)v
LES
~where o;(¥1, ..., %) € Koly1, . .., %] are such that p € Kuy,...,%q1,...,%. Since

7 is an (extended) zero of all f;, and uy,...,uq4 are all transcendental over X, we
must have . ‘

plugy .y Uy My ) = 0

So 7 is an extended zero of p, and application of Proposition 4.2.31 yields
prem(p, A} =0

Since p € F was arbitrary, this proves that A is a (Ritt-) characteristic set of 7.

(iii) = (ii) Assume that F is a prime ideal in K{uy,..., 24,11, --, %], and that
A is a {Ritt-} characteristic set of F. Since F is prime, it follows 1mmedxate1y from
Lemma 4.2.33 that F is a prime ideal in Kofy,...,%,]. So we only have to prove
that A is a (Ritt-) characteristic set of F.

Let p € F and assume that p is reduced w.r.t. .A. Since p € F there exists a
nonzero polynomial o € K[uy, ..., 44 such that a-p € F. However, the polynomial
o -p remains reduced w.r.t. A. Application of Lemma 4.2.14, and using the assump-
tion that A is a Ritt-characteristic set of F, we conclude that - p = 0. Since a is
nonzero, we must have p = 0. According to Lemma 4.2.14, this implies that A is a
Ritt-characteristic set of F.

(if) = (i) Let A = (f1,..., f) be a (Ritt-) characteristic set of the prime
polynomial ideal F = (fi,..., f} in the ring Kyly,..., 9] Suppose that A is
reducible. We have to derive a contradiction.

Since A is reducible, there exists an integer j < r such that

‘—(fh af]
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is an irreducible ascending chain in Kyo[y, . . ., 5], with generic point § = (m,...,n;),
and (using the notation of Definition 4.2.29)

Sipr(m, -« 75, 9542) I8 reducible in Kj[y;44)-

So there exist polynomials p and ¢ inK;[y;41] such that

fj-{-l(??h ree y 15 yj+1) = P(??h «ees Wiy yj-&»l)@(??h cery Ty y_ﬁ-l); (C'S)
with

0< degy,, (P(m,. .., 05 ¥541)) < degy,,, (fi+r(m, -, M ¥j+1))s (C.9)

0< GEgyj.“ (4(771» ooy Njs yj+l)) < degyj“ (fj+1(771: Y1 yj—*—l))' (010)

Substitution of (y,...,¥;) for (m,...,n;) yields:

Siervns o) = o i@y, - - via) F (00 Y- (C.11)

Because of (C.8) we clearly have r(m, ..., %, %541) = 0.
Let Ky denote the algebraic closure of Ky, In completely the same way as in the
proof of Proposition 4.2.30 we can show that:

B H&) =0 :
v(§13 e :f}') € K% : . == r(éh o s§j1 yj+1) =0. (0‘12)
fil6, ... &) =

We repeat the same argument as in the proof of Proposition 4.2.30. Regard fi,...,f;
as polynomials in K[y, ..., ¥;+1] and apply the Hilbert Nullstellensatz on (C.12).
Then we find an integer p € N and polynomials §; € Kq[ys, . - -, Yj+1] such that -

j
Tp(yh veey 3/5-;-1) = z Bi{yry ..., yj-{»l)fi(yls oo Bi)e
: i=1

Sor? € F. Now F is a prime ideal, and thus it follows that r € F. Recalling (C.11)
we conclude that

p(m, ey yj‘!’l)?(gls vy yj-i-l) € j' ’ (C 13)

Since F is a prime ideal in Ko[s,..., ., either por g (9r both) has to be an element
of F. Without loss of generality we assume that p € F.

Next, recall that at the moment A is considered as an ascending chain in
Koly1,- ..,y and A; as an ascending chain in Ko[w, ..., y,] So all polynomials we
are considering, are polynommls in the mdetermmates Y1, - - -, Y With coefficients in
Ko.

Since p is a polynomial in the indeterminates 3, ..., yj+1, p is reduced with re-
spect to fita,. .., fr. Moreover, p € F and F is a prime ideal with Ritt-characteristic
set A, so prem(p, A) = 0. Hence there exist integers uy,...,54; € N and polyno-
mials 5, ..., ﬁj.;.l €Ky {‘yl, veey yj-l-i] such that

. 3+t
I IEp =3 Bl g filyns -, 0)- , (C.14)

- g1
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By assumption, A4; is an irreducible ascending chain, with generic point #; =
(m1y...,m;). The initials Iy, ..., I;;; are polynomials in Kolg,...,y;] that are re-
duced with respect to .4, so in particular they are reduced with respect to A;.
According to Proposition 4.2.31, #; is not an extended zero of Iy,..., [j41:

Vie {1,...,j+1} : G tzfi(’m,...,m-ﬂ #0.

Next substitute (m1,...,n;) for (41,...,¥;) in formula (C.14). Since (9,...,7n;) is a
common zero of fi,..., f;, we obtain i

- ’C;i? <p(m, ... 2 Yi+1) = Bisr (s - - ,??j,zlj+‘1)fj+1(m, cees Ty Yi)-
Therefore ‘

degyj;l (P(’?h Yy yj‘!‘l)) b4 degyj+1 (f,}'-{-i(”}l: Ry /T y}"!‘l))y
and this contradicts (C.9). We conclude that A must be irreducible.

This completes the proof.
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Samenvatting

Systemen met fijdvertraging kunnen worden gezien als een vrij eenvoudige generali-
satie van lineaire tijdsinvariante systemen. Ze worden beschreven door vergelijkingen
van de vorm- '

H) = Y(Awlt~ ) + Bault - 7)),
E i';l
y(t) = > (Cx(t — 7))+ Diw(t — 1)),

i £ §

waarbij z € R een evolutie-variabele is, u € R™ een ingangsvariabele, en y € R?
een uitgangsvariabele. De parameters 7; > 0 (¢ = 1,...,k) beschrijven de tijd-
vertragingen die in het systeem voorkomen. In tegenstelling tot systemen zonder
tijdvertraging zijn £ en y op het tijdstip ¢ niet alleen afhankelijk van x en u op het
tijdstip ¢, maar ook van de waarden van x en u op specifieke tijdstippen in het ver-
leden. Daarom wordt T ook vaak een systeem met puntvertragingen genoemd, om
het verschil met systemen met zogenaamde gedistribueerde tijdvertragingen beter
aan te duiden,

In de literatuur wordt een systeem met tijdvertraging vaak beschreven als een
oneindig-dimensionaal systeem. Bij de bestudering van deze systemen maakt men
dan voornamelijk gebruik van functionaal-analytische methoden. In dit proefschrift
wordt echter gekozen voor een andere, meer algebraische aanpak, die ook in de lite-
ratuur wordt voorgesteld. Na de invoering van een aantal vertragingsoperatoren kan
men een systeem met tijdvertraging beschrijven als een lineair systeem over een po-
lynoomring. De vertragingsoperatoren worden dan beschouwd als onbepaalden, en
daarmee wordt het tijdvertragingskarakter van het systeem (tijdelijk) ge8limineerd.
Deze algebraische aanpak heeft een belangrijk voordeel: verschillende methoden uit
de constructieve commutatieve algebra kunnen worden toegepast om systeemtheore-
tische problemen op te lossen. Soms biedt deze aanpak echter onvoldoende soelass.
In dat geval kan men vaak nog resultaat boeken door het tijdvertragingskarakter
" van het systeem expliciet te gebruiken. Dit verdoezelen en weer oprakelen van in-
formatie over het tijdvertragingskarakter van het systeem loopt als een rode draad
door dit proefschrift.

In Hoofdstuk 2 wordt gestart met een inleiding over systemen over ringen in het
algemeen, waarbij voornamelijk wordt ingegaan op de begrippen bereikbaarheid en
- stabiliseerbaarheid door dynamische terugkoppeling. Deze eigenschappen kunnen
worden gekarakteriseerd met behulp van rechts-inverteerbaarheidscondities op een
polynoommatrix die aan het gegeven systeem gerelateerd is. Voor systemen met
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tijdvertraging kan de conditie voor stabiliseerbaarheid nog verder worden gespecia-
liseerd. Door expliciet van het tijdvertragingskarakter gebruik te maken, verkrijgt
men een rangconditie die kan worden gezien als een specialisatie van de Hautustest
naar systemen met tijdvertraging. Het blijkt dat deze rangeonditie voor stabiliseer-
baarheid erg zwak is. Nadat er een natuurlijke topologie gedefinieerd is op de ruimte
die alle systemen met puntvertragingen beschriift, wordt bewezen dat de verzameling
van alle stabiliseerbare systemen een deelverzameling bevat die open is en dicht ligt
in de ruimte van alle tijdvertraagde systemen. Dit betekent dat stabiliseerbaarheid
in deze topologie een generieke eigenschap is.

Het tweede deel van het proefschrift is meer algoritmisch van aard. Eerst wordt
een overzicht gegeven van twee methoden uit de constructieve commutatieve algebra
voor de manipulatie van polynoomidealen: Grobnerbases en karakteristieke verza-
melingen. Vervolgens wordt met name de Grobnerbasismethode gebruikt om de
rechts-inverteerbaarheidscondities voor bereikbaarheid en stabiliseerbaarheid expli-
ciet te verifi€ren. Hiertoe worden enkele polynoomidealen ingevoerd die de bereik-
baarheid en stabiliseerbaarheid van een systeem op een eenvoudige wijze karakte-
riseren. De berekening van een Grobnerbasis van ieder van deze idealen leidt tot
een algoritme om de bereikbaarheid van een systeem over een polynoomring te tes-
ten. Degelfde methoden kunnen worden gebruikt om na te gaan of een willekeurige
niet-vierkante polynoommatrix rechts-inverteerbaar is. Met één van de voorgestelde
algoritmen is het ook mogelijk een polynomiale rechter-inverse te bepalen. Het sta-
biliseerbaarheidsprobleem ligt een stuk moeilijker en wordt alleen voor systemen
met tijdvertraging opgelost. Door gebruik te maken van het tijdvertragingskarakter
van deze systemen kan men verschillende algoritmen verkrijgen om stabiliseerbaar-
heid te testen. Naast de berekening van Grbbnerbases is hier ook de (numerieke)
bepaling van nulpunten van univariabele polynomen voor nodig.

Tenslotte wordt nog ingegaan op de vraag hoe een systeem met tijdvertraging
daadwerkelijk gestabiliseerd kan worden door middel van dynamische uitgangsterug-
koppeling. Daartoe wordt eerst een numeriek algoritme ontwikkeld om de stabiliteit
van een tijdvertraagd systeem te onderzoeken. Vervolgens worden enkele, in de li-
teratuur reeds bekende, methoden behandeld om het stabiliseerbaarheidsprobleem
voor systemen met tijdvertraging constructief op te lossen. Sommige van deze me-
thoden hebben een algebraisch karakter, andere zijn gebaseerd op de theorie van -
oneindig-dimensionale systemen. Dit illustreert dat zowel de algebraische als de
functionaal-analytische aanpak van systemen met tijdvertraging hun eigen merites
hebben. Wellicht kan dit proefschrift ertoe bijdragen om de enigszins onderbelichte
algebraische aanpak wat meer onder de aandacht te brengen.
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behorende bij het proefschrift

Algebraic and computational aspects

of
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1. Zij T € R(s)™™ een eigenlijke overdrachtsmatrix, en veronderstel dat T =
(A, B,C, D) een minimale realisatie is van 7. We beschouwen het probleem van op-
timale robuuste stabilisatie in de zogenaamde gap-metriek (zie [2]). We zijn geinte-
resseerd in een dynamische compensator C die niet alleen T stabiliseert, maar ook
_systemen in een zo groot mogelijke omgeving van T. Men wil deze compensator C
daarom zo kiezen dat, in termen van de gap-metriek, de straal van de bol rond T
waarbinnen alle systemeén door C worden gestabiliseerd, gemaximaliseerd wordt. ‘
Laat X enY de umeke positief definiete oplossingen zijn van de algebraische Riccati-
vergelijkingen

(A- BH™'DTCY™X + X(A - BH™'DTC) - XBH™'BTX + CTL'C = o,
(A~ BDTL-'C)Y +Y(A~ BDTL-'C)T — YCTL-'CY + BH™'BT = 0,

met H:=I+DTDen L:=1I+ DDT. Dan wordt de maximale stabiliteitsstraal rp.
in de gap-metriek gegeven door (zie {3}, [4]):

1

Tmax = — e
T A (XY)

waarbij Amax(XY') de grootste eigenwaarde van de matrix XY aanduidt.

Dit resultaat kan als volgt in twee stappen bewezen worden. Zij V' de overdrachts-
matrix van het aan T gerelateerde systeem T dat volledig beschreven wordt door de
minimale anti-stabiele realisatie

= (~(A- BF)T,(I+ XY)CTL 4, H~1BT, - H-1D"L}),
met F = H-Y{DTC + BT X), en definieer RH, := R(s) N H. Dan geldt

1
Tmax =

= : =
\/ 1+ (mfaemfm’"*r v+ R“eo)

Het infimum in de bovenstaande formule is te bepalen als de norm van de Hankel-
operator I'y met symbool V' {zie [1]}, en op die manier volgt dat

Re Rs e IV F Blloo = [ITv || = 1/ Amax (XY').
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2. Beschouw een polynomiaal systeem met ingang u en uvitgang y dat één commen-
surabele tijdvertraging r bevat. Zij o de met de tijdvertraging 7 corresponderende
vertragingsoperator. Veronderstel dat het systeem gegeven wordt door een n-tal ge-
koppelde differentie-differentiaal vergelijkingen van dliferentxaal-orde 1 in de interne
_ variabelen # = (21,...,2n):

#i(t) = A,

in(t) = falZu),
en een uitgangsvergelijking
y = h(Z,u),
waarin de functies fi,..., f, en h polynomen zijn in de variabelen
#(t), 0Z(t), . .., o E(t),
u(t), oult),. .., ofu(t),

voor zekere k € N.

Dan is het mogelijk de interne variabelen % te elimineren: er bestaat een d1ﬁ'erent1e-
differentiaal vergelijking in v en y, waaraan y, gegeven u, voldoet. Bovendien kan de
differentiaal-orde in y van deze differentie-differentiaal vergelijking £ n worden gekozen.

Referenties

{5] K. Forsman and L.C.G.J.M. Habets, Input-cutput equations and observability for
polynomial delay systems. Memorandum COSOR 94-12, Eindhoven University of
Technology, Eindhoven, 1994. '

3. De transformatie die aan een rij vectoren (2;)ienujo} in R™ de Laurentreeks

E ziz~*

i=0

toevoegt, wordt doorgaans met de naam z-iransformatie aangeduid. Deze naam is
onnodig suggestief, Evenals de Laplacetransformatie kan ook de z-transformatie met
ieder willekeurig symbool worden uitgevoerd. De naam discrete-tijd Laplacetransfor-
matie zou daarom veel minder verwarrend zijn.

4., In de computeralgebra blijken problemen die eenvoudig geformuleerd kunnen wor-
den soms een verschrikkelijk gecompliceerde oplossing te hebben. In deze gevallen
verkrijgt men als oplossing een object dat door een computer op eenvoudige wijze ge-
‘manipuleerd kan worden, maar dat voor de mens niet meer te overzien is. Het is dan
twijfelachtig of het oorspronkelijke probleem, dan wel de door de computer berekende
uitkomst, als oplossing beschouwd dient te worden. Weliswaar leveren exacte reken-
methoden in principe correcte antwoorden, maar deze methoden vereisen bovenal dat
de juiste vraag wordt gesteld.



5. (a) In het euthanasiedebat worden de vragen naar de zin en naar het nut
van het leven onterecht met elkaar verward. Terwijl de eerste, filosofische
vraag doorgaans onbeantwoord blijft, kent men aan ieder mensenleven
een economische waarde toe. Daarmee degradeert men het leven tot een
wegwerpartikel.

(b) In een beschaafd land dient de overheid het onder (a) beschreven utili-
teitsprincipe krachtdadig te verwerpen, en het leven, juist in zijn meest
kwetsbare vorm, zo goed mogelijk te beschermen door middel van een
strenge euthanasiewetgeving,

6. De toenemende ontkerkelijking en het groeiende materialisme zijn twee verschijo-

selen in onze huidige maatschappij die elkaar versterken. Enerzijds wordt getracht
. met een steeds grotere materiéle rijkdom een verarmd geestelijk leven te camoufleren.

Anderzijds lijkt menigeen zo zeer op te gaan in het eigen welvarend bestaan dat de
“diepere zin van het leven uit het oog wordt verloren.

7. Men moet niet proberen om gelukkig te worden, maar om gelukkig te zijn.

8. Politieke partijen die slechts de belangen van één bepaalde groep in de samenleving
behartigen, vormen een bedreiging voor hun eigen achterban. Wanneer dit fenomeen
algemeen navolging zou vinden, kan dit (in de meest extreme vorm) leiden tot een
dictatuur van de grootste groepering binnen de samenleving. '

9. Om te voorkomen dat de radiouitzendingen van de publieke omroep in Nederland
Hilversumse eenheidsworst worden, dienen de regionale omroepen er voor te zorgen dat
hun presentatoren beschikken over de tongval van de betreffende regio.

10. Het feit dat 25- en 50-jarige jubilea meestal op grootse wijze worden gevierd
heeft meer te maken met het gegeven dat een mens aan iedere hand vijf vmgers heeft,
dan met het bijzondere karakter van deze zogenaamde kroonjaren.



