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Introduction

Rewriting. A basic concept in computing science is that of a transformation.
A computation consists of transforming step by step an expression into another
one. Often the aim of a computation is to obtain eventually an expression that is
in some way simpler than the initial one. An example of a computation is

(34+5)x7—8x7— 56,

The expression (3 + 5) x 7 is transformed via the simpler one 8 x 7 into the
elementary one 56. There might be different ways to transform an expression.
Another computation starting with the expression {34+ 5) x 7 is

B+5)x7—=(B+Nx7—=(3+5)x7—...,

which, nnlike the previous one, does not end.

The subject of this thesis is the theory of transformations. We will call a
transformation step a rewmite step, and a sequence of consecutive rewrite steps a
TeHTite Sequernce.

Often a result of a computation 15 modelled as an expression that cannot be
rewritten any further. Such an expression is called a normal form. In a normal
form, nothing remains to be computed, so there is no way to gain more information.
A natural question is whether a computation eventually yields a result, or, whether
a rewrite sequence always ends in finitely many rewrite steps in a normal form. The
example illustrates that this may depend on the way of rewriting. If an expression
can be rewritten in such a way that eventually a normal form is reached, then it
is said to be wenkly normafising. If there is no infinite rewrite sequence starting at
an expression &, then & is said to be strongly normalising. Strong normalisation is
a stronger property than weak normalisation, as illustrated by the example.

Another natural question is whether the result of a computation, if it exists, is
unique. We say that an expression has the property of unigque normal forms if any
two normal forms that can be reached from it, are equal. Uniqueness of normal
forms is gnaranteed by an important property in rewriting called confiuence. An
expression a is said to be confluent if any two finite rewrite sequences issning from
g can be continued in such a way that they end in the same expression. Writing
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6 — o' for a rewrite sequence from & to o' consisting of zero, one or more rewrite
steps, this amounts to the following: for every b and ¥ such that & - b and g — #
there is a r such that b — ¢ and # — . In a picture:

b/ﬁ\b’
N/

It is easy to see that a conflnent expression has the property of unigne normal
forms: suppose a is confluent and can be rewritten to normal forms b and ¥’. Then
there is an expression that can be reached both from b and from #. Since b nor ¥
can perform any step, it must be the case that b and ¥ are equal.

We will now discuss how rewrite steps arise quite naturally, namely when com-
puting with equations. First we stress the important point of the difference be-
tween representation on the one hand and meaning on the other hand. This is
illnstrated by the example on the previous page as follows. All expressions in the
rewrite sequence (3 + 5) x 7 have the same meaning, namely fifty-six. In each
rewrite step, a representation of fifty-six is transformed into another, simpler, one.

For many different purposes theories are considered in which equality is defined
by a set of equations. Two expressions are considered to be equal, or to have the
same meaning in the sense as above, if this is a consequence of equational reasoning,
which consists of assigning arbitrary expressions to variables and replacing equals
by equals. Such a theory is called an equational theory. As an example we consider
the equational theory for natural numbers with addition, defined by the following
axiomes:

04+ = =,
Sy +y = Slz+y).

Here 0 models the natural number zero, and 5 the suceessor operation of adding
one. Further, x and y are variables standing for an arbitrary expression in the
theory. A first natural question in an equational theory is whether the theory does
not identify too much. This gquestion motivates to consider a notion of consistency,
expressing that there are two expressions not containing variables, that are not
equal in the theory. Further, it makes sense to ask whether two expressions are
equal in the theory. In the equational theory of the example, we have for instance
S{0} + S(0) = S(0 + 5(0)) = S{5(D)).

By orienting the equations they are turned into rewrite rules. Orienting the
equations of the example from left to right, we obtain the following two rewrite
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rules:

0+ — =,

Sy +y — Slz+w).

Rewrite rules induce a rewrite relation on the set of expressions as follows. If a
part of an expression i5 an instance of the left-hand side of a rewrite rule, then
this part is replaced by the corresponding instance of the right-hand side of the
rewrite Tnle. An instance is obtained by assigning expressions to variables. For
example, the expression S(0) + S{0) is of the form S{z) + ¥, with x = 0 and
% = S(0}, and hence it can be rewritten to the expression S(0+ S(0}). The set of
expressions together with the rewrite rules form a rewriting system. A rewriting
system forms an implementation of an equational theory if the equivalence closnre
of its rewrite relation coincides with the equality of the theory. In that case, the
rewrite system can be used to answer questions concerning the equational theory.
For instance, if the rewriting system is confluent and strongly normalising, which
it is if all the expressions are confluent and strongly normalising, then it yields a
procedure to decide whether two expressions are equal in the theory: just rewrite
them to normal form and check whether the two normal forms are syntactically
equal. If the rewriting system is confluent, then the equational theory is consistent
in a strong sense, since every two normal forms not containing variables are equal
in the theory only if they are syntactically equal. Equality of the expressions
S(0) + S(0) and S{S{D)) follows since S{D) + S(D) can be rewritten to S(5({D)):
S{0) + S(0) — S(0+ S(D)) — S(5(0)).

The abowve discussion illustrates that confluence and both weak and strong
normalisation are essential properties in rewriting. They constitute two main
themes of this thesis.

History. We will now briefly discuss the history of rewriting which will lead us
antomatically to the subject of higher-order rewriting.

Combinatory Logic and A-calculus have been studied since the 1920s in order to
provide a general theory of functions. A formal system forming the basis of what
i5 known nowadays as Combinatory Logic was introduced in 1924 by Schonfinkel
in [Sch24]. His aim was to eliminate bound variables from logic, that appear in
quantifiers like “for all’ and ‘there exists’. Schonfinkel shows that every function
can be written as an expression built from application and the combinators 5 and
K satistying the axioms Kay = z and Szyz = 2z(yz). Application is written
as juxtaposition with association to the left. Curry rediscovered Combinatory
Logic in 1929 (see [CFC58|) and showed a weak form of consistency for a system
extending the one of Schinfinkel.

Around 1932, Church developed MA-calculus (see [Chud1]), in which there is
besides a binary operator for application, like in Combinatory Logic, also an oper-
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ator A nsed to abstract a function value over a variable. For instance, the function
f: & — x*is written in A-notation as Az.#2. The main axiom for A<calcnlus is
(Az.M)N =5 M|z := N| where [z := N| denotes the simultaneons substitution of
N for all free oeenrrences of x in M. Again, we write application as juxtaposition.
The original system was shown to be inconsistent, therefore Church introduced a
snbtheory called the Af-calenlns. Consistency of the Af-calenlus was proved by
by Church and Rosser in [CR36], by showing that the rewriting system obtained
by orienting the axiom for 3 from left to right, is conflnent. Kleene has shown
that every recursive function is definable in A-caleulus. This snpported what is
now known as ‘Chunrch’s Thesis’: every effective compntable funetion from natural
mumbers to natural nmmbers is A-definable.

The history of abstract rewriting systems goes back to Newman. He presents in
[New42| a classical result in rewriting, nowadays called Newman’s Lemma, stating
that confluence is gnaranteed by strong normalisation and a property called {ocal
confluence. A rewriting system is said to be locally confluent if whenever o — b and
g — b, then there exists a ¢ such that b —» ¢ and # — . Newman’s Lemma is an
important method to prove confluence of a rewriting system. It is obtained without
specifying the structure of the expressions that are rewritten. We will call such a
rewriting system an abstract rewriting system. The advantage of abstract rewriting
systems is their generality: results obtained for abstract rewriting systems hold
for any other rewriting system.

In a term rewriling system, the expressions that are rewritten have a term
structure. The rewrite relation on terms is indueced by rewrite rules that act as
schemes, as in the case of Combinatory Logic and A-calculus. For the moment we
restrict attention to first-order term rewriting, where terms are built over a first-
order alphabet. An example of a first-order term rewriting system is the rewriting
system obtained by orienting the equations specifying addition for natnral numbers
given above. Another example is the rewriting system obtained by orienting the
axioms for Combinatory Logic as Kzy — = and Szyz — zz(yz). Often moreover
the rewrite rule I+ — 1 is added. As disenssed above, a term can be rewritten if
a rewrite nle 1 — r can be applied to a subterm. More concretely, the rewrite
relation generated by a rewrite tnle 1 — r is defined by C1%] — C[r?] for an
assignment # mapping variables to terms, and a context {which is a term with a
hole) CO. An example of a rewrite sequence in Combinatory Logic is

SII(SIT) — I(SID(I(SIN)) — (SIDI(SID)) — (SIN{SID,

which shows that Combinatory Logic is not strongly normalising. Term rewriting
systems appear as subtree replacement systems in an article by Rosen [Ros73]. He
formulates conditions that imply conflnence of a term rewriting system. In general,
the properties conflnence and strong normalisation are nndecidable for first-order
term rewriting. Surveys on first-order term rewriting are [HOR0], [D.J90] and

[K1092].
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Introduction

Higher-Order Rewriting. Many specifications, like for instance natural nnm-
bers with addition as considered above, can be defined in A-caleulus. Nevertheless,
it is often more convenient to add them explicitly. Mareover, not every combina-
tion of A-caleunlus with first-order rewrite rules is definable in A-calenlus. For
instance, Barendregt has shown in [Bar74] that A-calculus plus surjective pair-
ing cannot be defined in A-calenlus. This motivates the study of rewriting sys-
tems that contain both A-caleulus and term rewriting. It is natural not to re-
strict the term rewriting part to the first-order case, but to incorporate as well
higher-order rewrite rules, containing bound variables. First, many equations oc-
curring in mathematics and computing science contain bonnd variables. A well-
known example is the law concerning the derivative of a sum of two functions:
dif(f + g)(z) = dif (f){z) + dif(g)(z). If we express a function f using A-notation
as Ax.fx, then this law takes the following form:

dif(Az.fa + Az.gx)(y) = dif( Az f2)(y) + dif (z.g2) (y)-

We can answer questions concerning equational theories defined by a set of equali-
ties that possibly contain bound variables by considering the corresponding rewrit-
ing system, as is done for the first-order case. Such a rewriting system may contain
rewrite rules that contain bound variables. Second, functional programming lan-
guages may contain specifications of higher-order functions, like

map fnil = nil,

map f (consz 1) = cons{fx)(map fl)

specifying an operation map that given a function f applies this fonction to all
elements of a list. Also in this case, the specification can be studied by considering
the rewriting system obtained by orienting the equations. Moreover, it is often
convenient. to consider Ax.fx instead of f only. In that case the rewriting system
also contains bonnd variables.

This motivates the study of rewriting systems containing bound variables. Such
rewriting systems are called higher-order rewriting systems. A first important step
in the theory of higher-order rewriting was made by Klop, who introduced in
[K1o80] the class of Combinatory Reduction Systems, in the sequel abbreviated as
CRSs. The class of CRSs contains both A-calculus and first-order term rewriting.
CRSs generalise A{a)-reductions as introdnced by Hindley in [Hin78], and contrac-
tion schemes as introduced by Aczel in [Acz78]. The class of A{a)-reductions is an
extension of A-calenlus with operators {called atoms) and axiom schemes for them.
The class of contraction schemes contains A-calenlns and a subelass of fivst-order
term rewriting systems.

In subsequent years, more formalisms of higher-order rewriting were intro-
duced. Nipkow defines in [Nip91] the class of Higher-Order Rewrite Systems, in
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the sequel abbreviated as HRSs, with the aim to investigate the meta-theory of
systems like AProlog and Isabelle. HRSs have simply typed A-calenlus as a meta-
langnage. In this respect they are different from CRSs, that are equipped with an
untyped meta-langnage. In [Kha80|, Khasidashvili introduces the class of Expres-
sion Reduction Systems, in the sequel abbreviated as ERSs. ERSs are similar to
CRSs, but have a different syntax. Forther, Wolfram considers in [Wol91] Higher-
Order Term Rewriting Systems, that are similar to HRSs in the sense that they
also nse simply typed A-calenlus as a meta-langnage, but more general. Finally we
mention the class of Interaction Systems, in the sequel abbreviated as ISs, intro-
duced by Asperti and Laneve in [Lan93] and [AL94]. ISs form a subelass of CRSs,
in fact, they can ronghly be thonght of as CRSs satisfying a constructor discipline.
They were introduced to study the theory of optimality as defined by Lévy in
[Lév78] in a setting more general than the one of A-calculus. These systems can
all be seen as a nniform framework for A<calculus and term rewriting.

Another approach is taken by studying A-calenlns combined with term rewrit-
ing. This is done for instance by Breazu-Tannen and Gallier, who show in [BTG90]
and [BTGY4) that combining polymorphic A-calenlus with a confluent term rewrit-
ing system yields a confluent rewriting system, and that a combination of poly-
morphic A-<aleulus with a strongly normalising term rewriting system is again
strongly normalising. Jouannand and Okada present in [JO91] systems combining
type theory and higher-order rewriting. They provide conditions on the higher-
order rewrite rules that imply strong normalisation. Combinations of A-calculus
and higher-order rewriting are studied for various typing disciplines. In this thesis
we will be primarily concerned with the nniform approach to higher-order rewrit-
ing.

The main reason to study CR5s, ERSs and HRSs is to extend the rewriting
theory as developed for first-order term rewriting and for A-calculus to the higher-
order case. It is hence of obvious interest to understand the relationship between
these three classes. The main example of a result concerning first-order rewriting
that has been lifted to the higher-order case, is that a condition on the rewrite
rules, called orthogonality, is a sufficient condition to obtain confluence. This has
been shown for CRSs, ERSs and HRSs. The question arises whether this result
needs to be proved for CRSs, ERSs and HRSs separately.

As afirst step in the investigation of the relationships between different formats
of higher-order rewriting, together with Vincent van Oostrom the relationship
between CRSs and HRSs was studied. This study, reported in [OR94a, ORS3],
revealed that CRSs and HRSs are ronghly speaking equivalent as far as rewriting is
concerned, and that the main difference between these two classes lies in the meta-
langnage nsed to instantiate left- and right-hand sides of rewrite rules to terms. In
CRSs, the meta-langnage is in fact nntyped A-caleulus with developments, whereas
in HRSs it is simply typed A-caleulns with 3-redunction and restricted n-expansion,
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and rewrite sequences to 3n-normal form. We presented a translation from CRSs
into HRSs and vice versa, such that a rewrite step in a CRS is mapped into a
rewrite step in its associated HRS, and a rewrite step in a HRS is mapped into
a rewrite step in its associated CRS, possibly followed by a finite SB-redunction
sequence. For the reader familiar with HRSs and CRSs, we illustrate this by an
example. Consider the HRS rewrite rule f{Az.z{Ay.zy)) — z{Az.z). It induces,
with an assignment. z — Axz.7a, the rewrite step

F(Azza) — a.

The corresponding CRS rewrite ruleis f{[#] Z(x)) — Z({[x]2). With the assignment
Z — Az.app(x,a), it indueces the rewrite step

f([#]app(z, a)) — app([]z, a).

In order to simulate the rewrite step in the HRS, an explicit B-reduction step
app([z]z,8) — &, using a S-reduction rule that is added to the CRS, must be
performed.

The fact that formats of higher-order rewriting may differ in the meta-langnage
employed snggests that in order to capture the concept of higher-order rewriting
one shonld parametrise over the meta-langnage. This is not necessary to obtain a
framework containing both HRSs and CRSs, since as explained above, CRSs can
be coded as HRSs, but one might wish to consider other meta-langnages as well.

Also in collaboration with Vincent van Oostrom, we introduced higher-order
reumiting systems. A higher-order rewriting system is specified by a meta-langnage,
an alphabet and a set of rewrite rules. Since the meta-langnage prescribes the
structure of the expressions that are rewritten, the alphabet and the rewrite rules
depend on the meta-langnage. Becaunse the meta-language does not only specify
the way expressions are built, but is also used to calculate substitutions of ex-
pressions for variables, we call it a substitution calculus. CRSs are obtained by
specifying the substitution calenlus to be untyped A-calculus with developments,
and HRSs are obtained by specifying the substitution calculus to be simply typed
A-caleulus with S-reduction and restricted #-expansion, denoted by AZ". The prime
example of a substitution caleulus is AZ". The substitution caleulus permits to
define the rewrite relation in a different way, nsing instead of contexts and assign-
ments as nsnal only contexts. Therefore we need to abstract left- and right-hand
sides of rewrite rules over their free variables. As an example, we consider the
rewrite mnle specifying the multiplication of zero with some natural number. In
the usnal format of term rewriting, this rnle is written as M(0,2) — z. In the
format of higher-order rewriting systems with A7 as substitution calculus, this
rule is represented as

a.M0x — x.0.
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Now the rewrite step M02 — D is obtained as follows:

—  (2.0)2

—bﬁﬁ D.

50 a rewrite step 15 defined as an expansion in the substitution calculus, followed
by a replacement of the left-hand side of a rewrite rule by its right-hand side,
followed by a reduction in the substitution calculus.

A first presentation of higher-order rewriting systems is given in [Qos84], and
another, slightly different one in [OR94b|. Since then, the presentation of the
syntax of higher-order rewriting systems has been subject to some changes al-
though the essential nnderlying concepts are identical. Inm Chapter 4 of this thesis
we present higher-order rewriting systems in a way slightly differing from earlier
presentations. First we give the general definition, and next we present the higher-
order rewriting systems with AZ as substitution calculus. For the latter class, we
present results concerning confluence and normalisation in Chapter 5 and Chapter
6. In Chapter 4, we also present rewriting higher-order rewriting systems with
proof nets as substitution calenlus. Moreover, we show that HRSs, CRSs, ERSs
and ISs fit in the framework of higher-order rewriting systems.

Terminology. The historical development of the area of higher-order rewriting
has resulted in a somewhat confusing terminology with respect to the names of
the various formats of higher-order (term) rewriting. To cope with this situation,
we will henceforth stick to the following names:

e CRSs, HRSs, ERSs and ISs are always written as abbreviations,

¢ higher-order rewriting systems introduced in [O0s94, OR94b| and defined in
Chapter 4 of this thesis are always written in this nnabbreviated form in
lower-case,

¢ the Higher-Order Term Rewriting Systems as defined by Wolfram in [Wol91]
are written unabbreviated with capitals; they will only be considered in
Section 4.4 of Chapter 4 concerned with HRSs.

Overview. This thesis is organised as follows.

In Chapter 1, we are concerned with abstract rewriting. First we focus on
abstract rewriting systems. In this setting we introduce the concepts and termi-
nology, and we recall the classical results in abstract rewriting that will be nsed
later on in the thesis. Next we introdunce functional rewriting systems. In this
satting we can formalise the important notions of descendants and developments.
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The classical proof of confluence nsing developments is given for functional rewrit-
ing systems. Moreover we give the definition of a rewrite strategy as will be nsed in
Chapter 6. All rewriting systems that appear in the remainder of the thesis have
an nunderlying functional rewriting system. The chapter is concluded by formalis-
ing the notion of typing in an abstract setting. We introduce abstract rewriting
systems with typing, a concept that will be nsed in Chapter 4. We classify all
rewriting systems considered in this chapter nnder abstract rewriting, since in all
cases the strneture of the expressions that are rewritten is not specified.

In Chapter 2, A-calenluns with 3-reduction is considered. We recall the main
definitions that will be used also in Chapter 4. Then a characterisation of the
strongly normalising A-terms is given. This characterisation, that has the form of
an inductively defined set of A-terms denoted by SA, permits to give new and
simple proofs of important results concerning normalisation in A-calenlus. Two
new proofs of finiteness of developments are given. The first proof makes nse of a
set FD that contains nnderlined terms that admit only finite 3-rewrite sequences.
The definition of 7D is in the same spirit as the definition of SA/. We show that
this set contains all nnderlined A-terms, which yields finiteness of developments.
For the second proof, we define a morphism that maps a development to a rewrite
saquence in the set SN/, such that a step in the original sequence corresponds to
a step in its image. This also yields finiteness of developments. Next we intro-
duce superdevelopments which form a generalisation of developments. Whereas
in a development only redexes are contracted that are residuals of redexes that
are present in the initial term, in a superdevelopment also some redexes that are
created by rewriting may be contracted. We give two proofs of finiteness of su-
perdevelopments, in the same way as for developments. Finally we consider simply
typed A-calculus. Using again the characterisation of strongly normalising terms,
we give a proof of strong normalisation of simply typed A-calculus that is very el-
ementary. It cannot be extended to system £, but it can be extended to enriched
A-calenli like Godel’s T'.

In Chapter 3 the syntax of mmultiplicative-exponential proof nets with cut-
elimination is presented. We present a proof of strong normalisation of proof
nets with cot-elimination. The rewriting system consisting of proof nets with cut-
elimination will be nsed in Chapter 4 as a substitution calculus for higher-order
rewriting systems.

Chapter 4 is the pivot of the thesis in the sense that we use results presented
in Chapter 2 and Chapter 3, and we present the framework in which the results
of Chapter 5 and Chapter 6 are proved. This chapter is concerned with higher-
order rewriting. We first give the definition of a higher-order rewriting system
in its most general form, without specifying the substitution calculus, but only
giving the requirements a substitntion caleunlus should satisfy. We make use of
the notion of abstract rewriting with typing: a substitution calenlus is supposed
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to be an abstract rewriting system with typing. The typing relation gnarantees
well-formedness if the left-hand side of a rewrite rule is replaced by its right-
hand side in the definition of a rewrite step in a higher-order rewriting system, as
explained above. Next we fix attention to higher-order rewriting systems with Az
as substitution calenluns and with proof nets with cut-elimination as substitution
calenlus. In both cases we show that the requirements on a substitution calenlus
are satisfied, nsing among other things the results on normalisation presented in
Chapter 2 and Chapter 3. The presentation of higher-order rewriting systems with
A7 as substitution calenlus is the most elaborate one, since it is in this setting that
we prove the resnlts presented in Chapter 5 and Chapter 6. Higher-order rewriting
systems with proof nets as snbstitution caleulus are much less traditional than the
ones with A> as substitution calenlus. We present the main ideas, but leave many
important themes unexplored. In the remainder of the chapter we consider classes
of higher-order rewriting systems that were defined earlier: HRSs, CRSs, ERSs
and ISs. We show that they all can be presented as higher-order rewriting systems
with A7 as substitntion calenlus. In the case of HRS5s this is no surprise, since
higher-order rewriting systems with AZ" as substitution calculus are basically HR5s
without the restriction that rules should be of base type.

In Chapter 5 we prove that weakly orthogonal higher-order rewriting systems
with AZ as substitntion calenlus are confluent. A weakly orthogonal rewriting
system I8 left-linear and has only trivial eritical pairs. The proof makes use of
the notion of parallel reduction, so it is a proof a4 la Tait and Martin-L6f. A
short, discnssion concerning both this proof method and the proof method using
developments is included. The result presented in this chapter is also proved by
van Oostrom in [O0s94], but in a different way namely using developments. Short
versions of both proofs can also be found in [OR94b]. The resunlt that all weakly
orthogonal higher-order rewriting systems are conflnent extends earlier resnlts in
which either a restriction to first-order rewriting or a restriction to orthogonal
instead of weakly orthogonal systems was made. We also give a very short proof of
confluence for the class of orthogonal higher-order rewriting systems using parallel
reductions.

Chapter 6 is concerned with normalisation in higher-order rewriting systems
with A7 as substitution calenlus that are almost orthogonal and fully extended.
An almost orthogonal rewriting system is left-linear and has only critical pairs
that overlap at the root, and that are trivial. The condition fully extended is
concerned with bound variables. We show that in an almost orthogonal and fully
extended higher-order rewriting system outermost-fair rewriting is normalising. A
rewrite sequence is said to be ontermost-fair if every ontermost-redex is eventnally
eliminated. The proof does not really depend on the fact that the substitution
calenlus is A7, but it does make use of the fact that the structures that are rewrit-
ten are terms. Already the formalisation of the notion of outermost redex is not
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completely straightforward if we take for instance proof nets with cut-elimination
as substitution caleculns. The proof of the main resnlt makes nse of a certain way
to perform a development of a set of redex ocenrrences in phases. This constme-
tion permits to infer that the projection of an ountermost-fair rewrite sequence
over some rewrite step is also ontermaost-fair, and moreover to show that the orig-
inal rewrite sequence is finite if the projection is finite. These results are used to
prove that ontermost-fair rewriting is normalising. As a consequence, the parallel-
outermost rewrite strategy is normalising for almost orthogonal and fully extended
higher-order rewriting systems.






Notation

The set of the natural numbers 0, 1,2, ... 1s denoted by H. We use m,n,p,4,... to
range over natural nonmbers. The first infinite ordinal is denoted by w. An element
of NU {w} is denoted by o.

If X is a set of natural numbers then we denate by max{X} the maximnum of X
with respect to the nsual ordering on H.

Let X and Y be sets. We denote by X U ¥ the union of X and ¥, by X NY the
intersection of X and ¥, by X \ ¥ the set X minus ¥, and by X x Y the product
of X and Y. We denote by P{X) the power-set of X and by #X the cardinality of
X . The set of partial funetions from X to Y is denoted by [X — ¥]. Membership
is denoted by €. If P is a property on X, then we denote by {2 € X | P{z)} the
subset of X consisting of all elements that satisfy the property P.

The set of finite sequences over a set X is denoted by X*. The empty sequence is
denoted by e. If elements of X are denoted by z,1’,..., then elements of X* are
denoted by 1 ...7,,,... or by Z. We denote X*\ {e} by X 7.

We use [] to denote a nmltiset.

We abbreviate 1 € X, ..., 2, € X by 2y,..., 2 € X.
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Chapter 1

Abstract Rewriting

This chapter is concerned with rewriting systems that are all abstract in the sense
that the structure of the objects that are rewritten is not specified. Various
snch rewriting systems are considered in the literature, starting with Newman
in [New42|. In this chapter we will introduece most of the terminology and con-
cepts that will be nsed in the remainder of this thesis. To that end we discnss
three classes of rewriting systems that we classify nnder abstract rewriting.

In Section 1.1 abstract rewriting systems are considered. An abstract rewriting
system is just a set equipped with a binary relation, called the rewrite relation.
This forms a very abstract model for computations, and is as such also nsed in
different contexts using a different terminology. For instance, a set equipped with
a binary relation is introduced by Plotkin in [Plo81] as a tramsition system in
the study of semantics of programming langnages. In the framework of abstract
rewriting systems we give the definitions of important concepts in rewriting such
as confluence and strong normalisation, which play a key role in this thesis.

In Section 1.2 functional rewriting systems are introdunced. In a functional
rewriting system the rewrite relation is the union of a collection of indexed rela-
tions. This means that it is not only possible to express that an object is rewritten
to another object, but also how this is done. Hence functional rewriting systems
form a refinement of abstract rewriting systems. Functional rewriting systems
differ from other indexed rewriting systems considered in the literature in that
every indexed relation is a function, that is, every indexed relation is determinis-
tic. In this setting the important notions of redex, redex occurrence, descendant
and residual can be formalised.

Finally, in Section 1.3 we introduce abstract rewriting systems with typing. Ab-
stract rewriting systems with typing are obtained by requiring the typing relation
and the rewrite relation to be compatible in a certain natural way.

Both functional rewriting systems and abstract rewriting systems with typing
are introdueced in collaboration with Paunla Severi.
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1.1 Abstract Rewriting Systems

In this section abstract rewriting systems are defined. We introduce some concepts
and terminology that will be used in the remainder of this thesis. This section does
not contain original material.

Definition 1.1.1. An abstract rewriting system is a pair {4, —) consisting of a
sat A, whose elements are called objects, and a relation — C A x A that is called
a rewrite relation. Objects are denoted by #,b, .4, .. ..

An abstract rewriting system is different from an abstract reduction system as
defined by Klop in [Klo92], becanse the latter is defined as a set aquipped with a
collection of labelled binary relations.

Definition 1.1.2. Let A be a set. The identity relation on A, denoted by id 4, is
{(e,2) | 2 € A}.

Definition 1.1.3. Let A be a set and let —; and —; be two binary relations on
A. The sequential composition of —y and —,, denoted by —g; —;, is the binary
relation on A that is defined as follows: (4, ) € —q; — if there exists b € A such
that (a,b) € —; and (b,r) € —,.

Definition 1.1.4. Let (4, —) be an abstract rewriting system.

1. The inwerse of —, denoted by +—, is defined by (#,b8) € «— if and only if
(b,a) € —.

2. The m-fold composition of —, denoted by —™, is defined by induction on m
as follows:

[:EL) _'_ﬂ = idA.,

(b) =™t = —; =™,

In the following definitions some important properties of relations on a set are
listed.

Definition 1.1.5. Let (4, —) be an abstract rewriting system.
1. — is transitive if —;— C —.
2. — is reflerive f idy C —.
3. — is drreflevive if idy N — = B,

4. — is symmetric if = = +—.
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h. — is anti-symmetric if — M +— Cid,.
6. — is8 an eguivalence relation if it is transitive, reflexive and symmetric.

We identify properties of a binary relation — on a set A with properties of the
abstract rewriting system {4, —).

A possible way to obtain a binary relation from a given omne is by taking the
smallest extension of it that satisfies a certain property on relations. This is
illnstrated in the following definition.

Definition 1.1.6. Let (4, —) be an abstract rewriting system.
1. The reflerive closure of —, denoted by —=, is — U id 4.
2. The transitive closure of —, denoted by —7, is Uq —™.
3. The transitive-reflerive closure of —, denoted by —*, is Upng —™.
4. The symmetric closure of —, denoted by —, 158 — U +—.

The equivalence closure of —, denoted by —*, is the
transitive-reflexive closure of «—.

[y}

Remark 1.1.7. For every property P for which we define the P-closure of the
relation — in the previous definition, it is the case that the P-closure is the smallest
relation with respect to the subset ordering that includes — and has the property
FP. In general, the P-closure of a relation need not to exist.

The relation +—* is also called the conwertibility relation and two objects a and b
such that # +—* b are said to be convertible.

Notation 1.1.8. If a relation is denoted by a (decorated) arrow, then the derived
relations and their notations are as given in Definition 1.1.6. For a relation denoted
by —, we will write - instead of —".

We can obtain a new relation by combining two existing ones as follows.

Definition 1.1.9. The union of two abstract rewriting systems (A4, —,) and
(B, —1) is the abstract rewriting system (A U B3, —y U —).

The most interesting unions of abstract rewriting systems are those where the two
cambined systems can interact, which is possible if AN B # @.

Another possibility to obtain an abstract rewriting system is by restricting the
sat of objects of a given abstract rewriting system in a suitable way, namely such
that it is closed nnder the rewrite relation.
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Definition 1.1.10. Let {4, —;) be an abstract rewriting system. An abstract
rewriting system ([I3,—) is a substructure of (4, —g) if the following conditions
are satisfied:

1. BC A,
2. for all b, € B we have that b —, ¥ if and only if b — ¥,

J.ifbe Band h—y ¥, then ¥ € B.

We now introduce some basic notions and results concerning abstract rewriting
systems.

Definition 1.1.11. Let {4, —) be an abstract rewriting system. A rewrite step
is a pair (g, b) of objects with (a,b) € —. We write o — b instead of (A4, —).

Definition 1.1.12. Let (A, —) be an abstract rewriting system. For o < w, a
rewrite sequence of length ov starting in o is defined as a triple (s, o, &) satisfying
the following:

l.aeA,
2. 7 :0x— A is a mapping such that

(a) o(0) = a,
(b) o(m —1) = o(m) for m € o\ {0}.

Notation 1.1.13. Usnally a rewrite sequence as in the previons definition is
denoted by ¢ : #(0) — o{1) = o(2) — .. ..

A rewrite sequence is infinite if it has length w, and is finite otherwise. In this
thesis we do not consider rewrite sequences of length longer than «. For abstract
rewriting, transfinite rewrite sequences are studied by Kennaway in [Ken92].

Definition 1.1.14. Let # : & — b be a finite rewrite sequence, and let 7 : b —
# — b" — ... be a possibly infinite rewrite sequence. The sequential composition
of & and r, denoted by &7, is the rewrite sequence ;7 :68 » b= — b8 — __ ..

Sequential composition of rewrite sequences, when defined, is an associative oper-
ation.

Definition 1.1.15. Let {4, —) be an abstract rewriting system. Let a € A. The
set of reducts of a, denoted by red(a), is {b€ A|a —» b}.
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As discussed in the Introduction, a possible way to model the result of a compnu-
tation in an abstract rewriting system is by an object that cannot be rewritten.
Such an object is said to be a normal form. A natural question is whether an
object can be rewritten to a normal form. If this is the case, then the object is
said to be weakly normalising. These concepts, and the stronger property of strong
normalisation, are formalised in the following definition.

Definition 1.1.16. Let {4, —) be an abstract rewriting system. Let a € A.

1. The object # is said to be a normal form or to be in normal form if there is
no b € A such that o — b

2. We say that a has normal form b if & — b and b is a normal form. Then a is
said to be weakly normalising.

3. We say that s is strongly normafising or terminating if there is no infinite
rewrite sequence starting with a.

Every object that is strongly normalising is weakly normalising but a weakly nor-
malising object is not necessarily strongly normalising.

A natural question is whether the result of a computation, if it exdsts, is nnique.
If resnlts are modelled by normal forms, this notion is formalised as follows.

Definition 1.1.17. Let (A4, —) be an abstract rewriting system. Let a £ A.
If there exists at most one b € A such that o has normal form b, then 4 has the
property of unique normal forma.

Notation 1.1.18. If (A, —) is an abstract rewriting system that is weakly naor-
malising and has the property of unique normal forms, then we denote by 4 | the
normal form of 4.

Sometimes a variation on the property of nnique normal forms is considered, by
requiring that if o ++* b and & and b are normal forms, then o = 5. This is stronger

than the property of nnique normal forms, as is shown by the following example.

Example 1.1.19. Consider the following abstract rewriting system, due to de
Vrijer.

SN\
[
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It has the property of nnique normal forms as defined in Definition 1.1.17. However,
we have for the normal forms b and #” that b —* 8" but b # #".

The property of unique normal forms is implied by a property called conflnence.
Confluence expresses that two finite rewrite sequences issuning from some object
can always be pursued in snch way that they end in the same object. Confluence
and some variations of it are defined as follows.

Definition 1.1.20. Let {4, —) be an abstract rewriting system. Let o € A.

1. The object a is said to be locally confluent if for all objects b,z € A such
that b + a — ¢ there is an object 4 € A such that b — 4 « c.

2. The object o is said to be confluent if for all objects b, € A such that
b « o —» ¢ there 15 an object 4 € A such that b —» 4 « .

3. The object a is said to have the diamond property if for all objects b,e € A
such that b + & — r there is an object 4 € A such that b — 4 +— ¢.

The notions in the previous definition are depicted as follows:

SN N N
NSNS NS

Definition 1.1.21. Let P be a property defined in Definition 1.1.20. An abstract
rewriting system (A, —) has property P if every object & € A has property P.

Definition 1.1.22. An abstract rewriting system (A4, —) has the Church-Rosser
property if for every o € A and b € A such that o «—* b there exists an object r € A
such that & - ¢ and b - .

In the following proposition classical results in rewriting are given that relate some
of the concepts introduced above. For more results we refer to the survey paper
[K1092].

Proposition 1.1.23.
1. (A, —) is Church-Rosser if and only if it is confluent.
2. If (A, —) has the diamond property then il is confluent.

3. (Newman’s Lemma) If (A, —) is locally confluent and strongly normalising
then it is confluent.
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4. If (A, —) is confluent then it has the property of unigue normal forms.

Proof. A proof of 1 is given by Huet in [HueR0]. The first proof of 3 was given
by Newman in [New42]; an easier proof can be found in [Hue80]. Finally, 2 and 4
follow easily from the definitions. O

We give the well-known example, due to Hindley, of an abstract rewriting system
that is locally confluent but not confluent.

Example 1.1.24.
a——h, te—d

The following lemmata permit to infer confluence of an abstract rewriting system
from confluence of another abstract rewriting system with the same set of objects.
The principle expressed in Lemma 1.1.25 is nsed in proofs of conflnence nsing
parallel reduction, a method which s due to Tait and Martin-L4f. In Chapter 5
we will prove conflnence of weakly orthogonal higher-order rewriting systems using
parallel reduction, and there we will use this lemma. Lemma 1.1.26 is mentioned
just for curiosity.

Lemma 1.1.25. Let (A, —q) and (A, —,) be abstract rewriting systems such that
—g € —1 C . Then confluence of (A, —1) implies confluence of (4, —q).

Proof. If 8 wg band 8 -, rthen 6 -, b and o —, ¢ since —; € —;. Since
(A4, —1) is confluent, there exists 4 € A such that b —; 4 and ¢ —»; 4. Becaunse
—1 € -»q, this yields that b —, 4 and £ —», 4, that s, (A4, —q) i5 confluent. O

In the following lemma we denote by f(—) the relation {{f(a), f{b)) | (a,b) € —}.

Lemma 1.1.26. Let (A, —q) and (B, —,) be abstract rewriting systems. Suppose
there are mappings f : A— B and f' : B — A such that

I. f(—iﬂ) 'C_: —#1,
2. f![:_rl) g {1,
3. for all b € B we have b - f{f'(b)).

Then confluence of (A,—q) tmplies confluence of (B, —1)

Proof. The proof is suggested by the following diagram:
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0
G

O

Finally we mention two lemmata concerning strong normalisation. The first one
is often used to infer strong normalisation of an abstract rewriting system from
strong normalisation of another abstract rewriting system. This principle is nsed
in Chapter 3 in which we give a proof of strong normalisation of proof nets with
cut-elimination.

Lemma 1.1.27. Let (A, —q) and (B, —,) be abstract rewriting systems. Let
f:A— B be a mapping such that f(—y) C —7. Then strong normalisation of
(B, —.) implies strong normalisation of (A4, —q).

Proof. Suppose that there is an infinite rewrite sequence ay —q 81 —q 8y —q - - -
in {A, —). Sinee f{—;) € —, this yields that there is an infinite rewrite sequence
by =1 by =1 by = ..., in (B, —), contradicting the hypothesis. O

The second one is due to Klop. It is Carollary 5.19 in Chapter I of [KloR0]. It
makes use of the notion of an increasing abstract rewriting system, which is defined
as follows.

Definition 1.1.28. An abstract rewriting system (A, —) is said to be increasing
if there is a mapping f: A — N such that f(a) < f(b) if 0 — b.

Lemma 1.1.29. Let (A, —) be an abstract rewriting system that is locally conflu-
ent, weakly normalising and increasing. Then (A, —) is strongly normalising.
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1.2 Functional Rewriting Systems

If a computation is modelled by an abstract rewriting system, we can only observe
that some object is rewritten to some other object. We cannot observe how it is
rewritten, and in particunlar it is not possible to distingnish between different. ways
of doing the same. Often it is desirable to have more information concerning a
rewrite step. A way to express information concerning a rewrite step without spe-
cifying the structure of the expressions that are rewritten, is by considering instead
of one rewrite relation a collection of rewrite relations that are distingnishable, for
instance by means of indices. In the literature varions kinds of indexed rewriting
systems have been considered.

In this section we introduce functional rewriting systems. A functional rewrit-
ing system is a set with a collection of indexed relations that are all deterministic,
in the sense that an object is related to at most one other object. So every indexed
relation is a partial function. The indexed relations are obtained as follows: there
is a set of indices, and a mapping — that maps an index ¢ to a partial function
= from objects to objects. All rewriting systems that we will encounter in the
remainder of this thesis have an underlying functional rewriting system.

The concept of functional rewriting systems was developed in cooperation with
Paunla Severi. Functional rewriting systems appear in an early form under the name
indexed abstract rewriting systems in [RS95).

Definition 1.2.1. A functional rewriting system is a triple (A, I, —) consisting
of a set of objects A, a set of indices I and a mapping — : I — [A — A] that maps
indices to partial functions from A to A.

Fnnctional rewriting systems are appropriate to formalise the notions of redex and
redex ocenrrence in an abstract way.

Definition 1.2.2. Let (A4, I, —) be a functional rewriting system.
1. Leta € A. A reder occurrence in o is an index ¢ such that —()(a) is defined.
2. A redez is a pair (o, ) such that 7 is a redex oceurrence in a.
3. A rewrite step is a triple (o, 4,b) such that —(i)(a) = b.

4. The redex occurrence i in  and the redex (s, ¢) are both said to be contracted
in the rewrite step £ : a0 — b.

Notation 1.2.3. A rewrite step [, %, b) in a functional rewriting system is denoted
bya—=borbyi:a— b
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In the more concrete case of A-calenlus with 3-reduction, positions play the rile
of indices, and in first-order rewriting systems this is done by pairs consisting of a
position and a rewrite rule.

Two typical properties of functional rewriting systems are the following. First,
in a functional rewriting system one can have rewritesteps i : 0 — band j: 0 — b
with ¢ # 4. So it is possible to distingnish between two rewrite steps from an
object a4 to an object b. In this respect functional rewriting systems differ from
abstract rewriting systems, becanse in the latter it is impossible to have more than
one rewrite step between two objects.

Second, if i : & — b and ¢ : 8 — ¢ are rewrite steps in a functional rewriting
system, then b = ¢. 50 an index uniquely determines the result of a transformation
of an object. This forms a difference with the abstract reduction systems as defined
in [K1092], where it is possible to have & —; band & —; ¢ with b # £. Van Qostrom
considers in [Oos94] labelled abstract rewriting systems that differ from funectional
rewriting systems since, like in abstract reduction systems as in [K1o80], a labelled
relation is not deterministic.

Abstract rewriting systems can be mapped to functional rewriting systems
and vice versa. The underlying abstract rewriting system of a functional rewriting
system (A, I, —) is the pair (A4, —') with (a, ) € —' if and only if there exists i € 1
such that # : o — b. Vice versa, we can associate to an abstract rewriting system
(A4, —) a functional rewriting system of the form (4, A, —), with — : 4 — [4 — A]
defined by —{b)(a) = bifa — bin (4, —), and —{b)(s) being undefined otherwise.

The definition of a rewrite sequence in a functional rewriting system is a re-
finement of the one given for an abstract rewriting system in Definition 1.1.12. It
contains also the information about the way the rewrite steps in the sequence are
obtained.

Definition 1.2.4. Let (A4, I, —) be a functional rewriting system. For o < w, a
rewrite sequence of length rv issning from o s defined as a triple (#, v, #) such that

1. a €A,
2. o : 0o — [ is a mapping that defines a sequence {a,, }nea 85 follows:

(a) oq = &,

(b) g, = —{o(m))(a;m_1), for all m with m € o\ {D}.

Notation 1.2.5. A rewrite sequence as defined in Definition 1.2.4 is denoted by

(1) (2] (3]
F iy — fH7 — i — ...

denoted by |&|.

. The length o of a rewrite sequence (g, o, 7) is also



Functional Rewriting Systems 25

Morphisms of Functional Rewriting Systems. It is possible to express that
there is a correspondence between two rewrite sequences in two funetional rewriting
systems in a precise way, in the sense that not only the objects but also the
rewrite steps are related. One often aims at establishing such a correspondence in
translations from one rewriting system to another. It is formalised by the notion
of morphism of functional rewriting systems, which is defined as follows.

Definition 1.2.6. Let (A, I, —y) and (B, J, —,) be functional rewriting systems.
A morphism of functional rewriting systems is a pair of mappings f = (fy, f1) with

fo : A= B
fi 2 I—= 7

such that for every rewrite step ¢ : & —g b in (A, I, —g) we have fi(i) : fole) —
fo®) in (B,J, —1). In a diagram:

ﬁ;ﬂ)?
1

i i
4+ 4+

|
I
f(a) 2, 1o 0

If f is a morphism of functional rewriting systems from (A, I, —q) to (B, .J, —1),
and

T T 1 T P N
L VI Q2 =

is a rewrite sequence in (A4, J, —g), then

folae) 557 fo(ar) 57 fo(aa) S5V ..
is a rewrite sequence in (B, .J, —,). This rewrite sequence is denoted by f(z).

Definition 1.2.7. Let f be a morphism between two functional rewriting systems
(4,1, —q) and (B, .J, —,). Let & be a rewrite sequence in (A4, ], —g). The rewrite
sequence f(o) in (B, .J, —,) is said to be an image of & and & is said to be a Lfting

of f(o).

An example of a naturally arising morphism is a mapping that erases nnderlinings.
We will encounter this kind of morphisms in Chapter 2, in Section 2.3 and in
Section 2.4. A rewrite sequence in which some symbaols are nnderlined is nsnally
called a lifting of the rewrite sequence withont nnderlinings, which motivated the
terminology in Definition 1.2.7.
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Descendants and Residuals In rewriting it is often important to be able to
trace a property of a term along a rewrite sequence. An important example is the
following. Suppose there are two rewrite steps ¢ : & — hand ¢/ : 8 — b issning from
an object o. It can be the case that these rewrite steps are, intuitively speaking,
independent. in the sense that after performing the first, one can still perform the
second. This is very imprecise becanse it is in general not the case that b = g, and
hence one cannot speak of ‘the same rewrite step’. In fact, we need a mapping
that given a rewrite step i : & — b assigns to a redex occurrence ¢/ in the abject a
a set of redex ocenrrences in the object 5. Those redex occnrrences in the object
b are called the residuals of the redex occurrence i/. Contraction of £ can erase ¢,
in that case ¢ has no residuals in b. It can also be the case that contraction of 4
multiplies ¢ with a factor greater than 1, in that case ¢’ has more than one residnal
in b. And it can be the case that i has exactly one residual in b.

We will define a residual relation that traces redex occnrrences along a rewrite
sequence. Before doing so we will define a more general relation, called a descen-
dant relation, that traces a predicate defined on objects and elements of some set
which we will call labels. A residnal relation is then obtained as a particular case
of a descendant relation for the predicate P on A x I that is defined by P(a,i) if
and only if (#,4) is a redex, taking indices for labels. A residual relation shounld
moreover satisfy an additional requirement. The reason for considering the maore
general notion of a descendant relation is that it appears naturally in various ex-
amples. For instance in term rewriting or A-calenlus, it is natural to trace not only
redex occurrences but also for instance positions or subterms. As a matter of fact,
in Chapter 4 we will need a descendant relation that traces positions in A-calenlus.

Various definitions of descendant and residual relations appear in the literature.
Church and Resser introduce in [CR36| a notion of residual in order to trace
redex occurrences in the A-calculus. For term rewriting, notions of residuals are
introduced by Rosen in [Ros73] and by O’Donnell in [O’D77]. In [Bar71], [Klo80],
[K1092] and [BarR4| residnals are defined by using a way to mark subterms, by
underlining or colouring them. De Vrijer introduces in [Vri®7b| licencing systems
for A<calculus, which can for instance be used to trace residunals. A descendant
relation that differs from the traditional one is defined by Khasidashvili, see for
instance [Kha92]. In this definition, every symbol in the pattern of the contracted
redex oceurrence descends to the position of the head-symbol of the contractum,
which means that the second requirement in Definition 1.2.8 below doesn’t hold.
A mare abstract approach is taken in [GK96h|. Residual relations are moreover
defined by Gonthier, Lévy and Melliés in [GLM92] and by van Oostrom, who
introduces residual rewriting systems in [Oos94). The definitions of descendant
and residual relation given below are similar to the ones given in [Oos94] and

[GLM9Z].

Now the definition of a descendant relation is given as follows. We suppose to



Functional Rewriting Systems 27

have a set £ consisting of labels at our disposal.

Definition 1.2.8. Let {4, 1, —) be a functional rewriting system. Let £ be a
set of labels and let P be a predicate on A X £. A descendant relation for P is

a mapping Des : A x I — £ — P(L) such that for a rewrite step ¢ : & — o’ the
following holds:

1. if P(a,!) then for all € Des{o,)() we have P{d’, V'),
2. if P(a, k) and P(e,l,), and ¥ € Des(a,1)(ly) and I’ € Des{a,{)(l;) then iy =1;.

If ¥ € Des{s,)(1), then { is said to be a descendant of . The first clanse states that
if the predicate holds for {o,1) and o is rewritten to &, then for every descendant
! of I the predicate holds for {¢',1'). The second clanse states that a label can be
the descendant of at most one label.

The definition of a descendant relation clearly needs to be extended into two
directions. First, one wounld like to trace a set of labels instead of a single one.
This can be done by a straightforward set-theoretical extension of the mapping
Des: Ax I — £ — P{L) to a mapping Des : A x I — P(L) — P(L). Second,
one wonld like to trace a set of labels along a rewrite sequence possibly consisting
of more than one step. This is realised by the following extension Des* of Des.

Definition 1.2.9. Let (A, I, —) be a functional rewriting system. Let £ be a set
and let P be a predicate on A x £. Let Des: Ax I — £ — P(L) be a descendant

relation for P. Let o4 N oy B, i f,m+1 e a rewrite sequence.
A descendant relation Des® : A x I* — P(L) — P(L) is obtained by composi-
tion of Des:

1. Des*(ay, (L) = L,
2. Des™(aq,41 .. 4m){L) = Des™{ay, iy .. 1,n)(Des"{ay,4:)(L)).
If I' € Des* (811,41 . . . 4m)({1}), then !’ is again said to be a descendant of 1.
Notation 1.2.10. We denote Des® by Des. We write ! for {1} and { for (3).

Now a residunal relation is defined as a particnlar case of a descendant relation,
satisfying moreover an additional property, namely that a redex ocecurrence that
is contracted does not leave a descendant. Redex oceurrences are taken for labels,
and we trace the property of being a redex occmrence.

Definition 1.2.11. Let (4, I, —) be a functional rewriting system. Let P be
the predicate on A x I defined by P(a,#) holds if and only if (a,4) is a redex. A
residual relation for (A, I, —) is a descendant relation Des: A x I — I — P(I) for
P with the additional property that for a rewrite step ¢ : 2 — b we have

Des{a,1)(i) = 0.
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Notation 1.2.12. A residual relation is denoted by Res instead of by Des. The
extended version of a residnal relation, obtained as defined in Definition 1.2.9, is
also denoted by Res.

A descendant with respect to the residual relation is called a residual If (a,1) is
a redex, 7 : o — o' is a rewrite step and ¢ € Res(a, §){{), then the redex (d/,#')
is also said to be a residual of {a,£). The index i doesn’t have a residual after a
rewrite step £ : @ — b,

Developments. A development is a rewrite sequence in which only residunals
of redex occurrences that are present in the initial object are contracted. Hence
a development can be seen as a computation of a set of redex ocenrrences in
some object. In this thesis we will encounter developments in A-calculus with 3-
reduction in Chapter 2 and developments in higher-order rewriting systems in the
Chapters 4, 5 and 6. A development in a functional rewriting system is defined as
follows.

Definition 1.2.13. Let (4, I, —) be a functional rewriting system. Let a € A
be an object and let 7 be a set of redex ocenrrences in 6. A development of T is
a TewTite sequence o = g — 01 — 8y — ... such that for every m with m > 0 we
have i,, € Res{a, iy...4%n_1)(T).

Developments are not necessarily finite. However, for several important classes of
rewriting systems the result that all developments are finite has been establishad.
This is for instance a classical result for A-calculus with S-reduction. In Section
2.3 a new proof of finiteness of developments for A-calenlus with 3-reduction is
given, and we discuss earlier proofs. Mellids gives in [Mel96] axioms that imply
finiteness of developments.

In the remainder of this section we will suppose that all developments of a set of
reder occurrences are finile.

Definition 1.2.14. Let (4,1, —) be a functional rewriting system. Let a € A
be an object and let Z be a set of redex occmirences in 4. A development g, —

L

.23 g,, of T is said to be complete if Res(og, 4y . . .41 )(T) = B.

Confluence. We present the classical result that conflnence is gnaranteed if for
every set 7 of redex occnrrences in an object all complete developments of 7 are
finite and end in the same term. In the presentation we follow mainly [Oo0s94] and

[Mel96].
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Definition 1.2.15. Let (4,71, —) be a functional rewriting system.

1. Let a € A. A set T of redex oceurrences in o is said to be consistent if every
complete development of 7 ends in the same term and indunces the same
residunal relation.

2. If for every object o every set of redex occurrences in o is consistent, then
the functional rewriting system (A4, I, —) is said to be consistent.

Notation 1.2.16. Let T be a consistent set of redex occurrences in an object
a. Suppose performing a complete development of 7 yields an object 6. Then a
rewrite sequence that is a complete development of 7 is denoted by Z : s—e—+ b o1

by a —+ b.

If (A,I,—) 5 a consistent functional rewriting system, then (A4, P(]), —e+) with
T : a—e~ b if o rewrites to b by a complete development in (4,1, —), is also a
functional rewrite system. A rewrite sequence in (A, P{I},—e+ ) is said to be a
development rewrite sequence in (A,1,—). Note that we have — C —e—+ C —.

We present a constiuction, called the orthogonal projection, that is nsed in the
proof that consistent functional rewriting systems are confluent. This construction,
and a variation of it, will be used in Chapter 6.

Definition 1.2.17. Let (4, —) be a consistent functional rewriting system.

i1 1 . - .
Let 7 : 00 — 8, — ... be a rewrite sequence and let 7 : g — by be a rewrite step.
Define

Jn = {i}
TFmt1 = Res(tm, i)} (Tm) for m >0,
Zm = Res(og, Tn)lim) form > 0.

The orthogonal projection of & over § : a7 — by is the development rewrite sequence

Ty I I .
Tiby —e+ by — by ... In a picture:
T 09 —2 s — gy e
Jo{ Jl{ 3'2‘{
T hg — By —o—3 by

By constrneting the orthogonal projection of a rewrite sequence & : o - b over a
rewrite step £ : & — r, a common reduct of the objects b and ¢ is found. Using the
orthogonal projection, the proof that consistency implies confluence follows by a
straightforward induction.



30 Abstract Rewriting

Theorem 1.2.18. All consistent functional rewmiting systems are confluent.

Proof. Let {A,1,—) be a consistent functional rewriting system. Suppose 4 —» b
and g —» ¢. The proof proceeds by induction on the length of o — ¢ and is suggested
by the following diagram:

mE— T D
o R o

The rewrite sequence ' — &' is the orthogonal projection of 6 - bover o — ¢/. O

We conclude this section by considering elementary diagrams as introduced in
[K1o8D, p.59].

Definition 1.2.19. Let {4, I, —) be a functional rewriting system.

1. Let o € A and let £ and j be redex ocenrrences in 4. An elementary diagram
of i and § is a pair of two complete developments of {4, 5} of the form i &'
and ;7.

2. The functional rewriting system (A4, [, —) is said to have elementary din-
grams if for every object # and every two redex occurrences ¢ and § in &
every complete development of {7, j} ends in the same term and induces the
same residnal relation.

The requirement of having elementary diagrams is a local version of the require-
ment of being consistent. If all developments are finite, then consistency is implied
by the property of having elementary diagrams. This is shown in the following
proposition, which is proved in [CFC58|, see also [Klo80|, [O0s94] and [Mel96)].

Lemma 1.2.20. Let (A, I, —) be a functional rewmiting system. Suppose that all
developments are finite and that (4,1, —) has elementary diagrams. Then we have
that (A, I, —) is consistent.
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Strategies. In rewriting, one considers rewrite strategies that indicate which
path or which paths through the graph of reduets of an object we should follow.
Usnally, a rewrite strategy is a mapping that takes as input an object and gives
as output a recipe that indicates how to rewrite this expression, for instance a
sat of rewrite steps issuing from this object from which we may choose one. In
general, rewrite strategies are used to find a rewrite path with a certain property.
For instance, we might want to find a rewrite sequence that ends in a normal
form, or maybe one that is infinite. In this section we define rewrite strategies for
functional rewriting systems.

Definition 1.2.21. Let (A,I,—) be a functional rewriting system. A one-step
rewrite strategy 8 a mapping F : A — P(I) such that for every a € A every index
1 € F(a) is a redex occurrence in 4.

A many-step strategy assigns to an object rewrite sequences starting in that object.

Definition 1.2.22. Let {4, I, —) be a functional rewriting system. A many-step
rewrite strategy is a mapping F : A — P({It) such that for all o € A, if4,...4,, €

. H & fr—1 - .
F{z), then there exist by,...,b,,c € Asoch thate S b = ... 3" b, Brisa

rewrite sequence.

Alternatively, a many-step rewrite strategy can be defined as a one-step rewrite
strategy for the functional rewriting system (A4, I+, —7T).

Definition 1.2.23. Let F be a one-step or a many-step rewrite strategy for a
functional rewriting system (A4, I, —).

1. Fis deterministic if for every o € A theset F{sa) contains at most one element.

2. Otherwise F 15 said to be non-deterministic.

In the sequel we only consider one-step rewrite stralegies, therefore we say simply
‘strategy’ instead of ‘one-step rewrile strategy’.

Definition 1.2.24. Let F be a strategy in a functional rewriting system
(A, T, —).

1. A rewrite step 4 : & — b is said to be an F-rewrite step if £ € F(a).

. i i i L )
2. A rewrite sequence & : 6y — 61 — Gy — ... i5 said to be an F-rewrite
sequence if every rewrite step i, : 8,; — 8,,11 In 7 is an F-rewrite step.

3. An F-rewrite sequence is said to be complete if it is either infinite or it ends
an object from which no F-rewrite steps are possible.
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Definition 1.2.25.

1. A strategy F 15 normafising if for every o € A that is weakly normalising,
every complete F-rewrite sequence starting in ¢ ends in a normal form.

2. A strategy F is perpetual if for every 6 € A that admits an infinite rewrite
sequence every complete F-rewrite sequence is infinite.

In Chapter 6 we will study outermost-fair rewrite sequences, which are rewrite
sequences that either end in a normal form or do not contain an infinite chain of
outermost redexes. In this chapter we present a general definition of P-fair rewrite
sequences. Therefore we first formalise the notion of a chain of descendants.

Definition 1.2.26. Let (4,7, —) be a functional rewriting system. Let £ be a
set and let Des: A x I — £ — P(L) be a descendant relation for a property P on

1 T 1 ¥ ¥ ¥
Ax L. Let 5:8y =3 8, = 8y = ... be an infinite rewrite sequence.

1. An infinile P-chain in & with respect to the descendant relation Des is an
infinite sequence ln, bnt1, bnta,- - - for some m > 0, such that

(a) Plbm,Im),
(b) .41 € Des(an,i,)(l,) for all n > m.
2. An infinite residua! chain in « is an infinite P-chain in # with respect to the

rasidual relation, with P on A x I defined by Pf{a,4) if and only if (a,4) is a
redex.

Notation 1.2.27. An infinite descendant chain and an infinite residual chain as
in the previous definition are denoted by { and .

Now the notions P-fair and redex-fair are defined as follows.
Definition 1.2.28. Let (4,1, —) be a functional rewriting system.

1. A rewrite sequence is said to be P-faér either if ends in a normal form, or if
it is infinite and does not contain an infinite P-chain.

2. A rewrite sequence is said to be reder-fair either if ends in a normal form,
or if it is infinite and does not contain an infinite residual chain.

Intuitively, in a P-fair rewrite sequence a label ! satisfying P is eventually elim-
inated. In a redex-fair rewrite sequence, every redex occurrence is eventually
eliminated.

Finally, we consider cofinal rewrite sequences.
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Definition 1.2.29. A rewrite sequence o : g, 2o, 1 A s cofinal if for every
object b with ay —» b there exists for some m < |7| an object a,, in & snch that
b Bon -

Proposition 1.2.30. Let (A,I,—) be a consistent functional rewriting system
and let o be a wenkly normalising object in A. FEwvery cofinal rewrile sequence
starting in o is finite.

Proof. Let & be a cofinal rewrite sequence starting in 0. Let o - b with b a

normal form of 4. Since # is cofinal, b can be rewritten to an object in &, hence &
ends in b. O

The following result is due to O’Donnell [O’D77].

Proposition 1.2.31. Let (A,I,—) be a consistent functional rewriting system.
Every redex-fair rewrite sequence is cofinal.
Proof. Suppose that & : a9 = 8, — 83 — ... i5 a redex-fair rewrite sequence.
If 7 ends in a normal form, then the statement clearly holds since (A,7,—) is
confluent. Suppose that # is infinite and let v : 6y » B;. We prowe by induction
on the length of = that an object g,, in & exists such that by - a,,.

If |v| = 0, then by — aq.

Suppose || >0, 850 7: 89 4 g} » by. Let o' be the orthogonal projection of &
over j: 6g — 0y.

The situation is illustrated in the following diagram.

0 i1 iy in
(220 fin 3 fiq 3 £y A By — 3 g o
I R
' y To ooy ITr oy In r Iy
Foall ﬁ'{] —U—} al —D—} az —D—} .............. aﬂ —D—} ﬂrﬂ+1 .............

Since & is redex-fair, there exists an a, in & such that Res(ay,iq...4.—1){j) = 0.
Hence the final part of &' coincides with &, s0 &' is redex-fair. DBy induction
hypothesis, b; can be rewritten to an object in /. We conclude that « is cofinal.

g

1.3 Abstract Rewriting Systems with Typing

In compnting science the notion of typing appears frequently. A typing relation can
be thought of as expressing that an object has a particnlar property. In this section
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we introdnce abstract typing systems, that are meant to model the typing relation
in a general way. An abstract typing system is a binary relation on a set. So a
priori there is no difference between a rewrite relation and a typing relation, but
clearly rewrite relations and typing relations are studied with different intentions
in mind. One can consider sets that are equipped with both a typing and a rewrite
relation. We define an abstract rewriting system with typing as a rewriting system
in which the rewrite relation and the typing relation are compatible in a natural
way. Relations on this definition can be obtained by requiring another kind of
compatibility. Abstract typing systems are defined in collaboration with Panla
Severi.

Abstract Typing Systems.

Definition 1.3.1. An abstract typing system is a pair (A4, :) consisting of a set
A of objects and a relation : C A x A, called a typing relation.

Notation 1.3.2. We write 4 : b instead of {(a,b) € =

Definition 1.3.3. Let (4,:) be a typing system.
1. If o : b then we say that o has type b or a is of type b.
2. We say that o € A is typable if there exists b € A such that a: b.

3. We say that b € A is inkhabited if there exists # € A such that 4 : b.

Abstract Rewriting Systems with Typing. We define variouns natural ways
in which a typing relation and a rewrite relation on some set may interact. Subject
reduction expresses that the type of an object does not change if the object is
rewritten. Furthermore, instead of rewriting the object that is typed, one can
also rewrite the object that is inhabited. It is then possible to consider varions
weaker variants of the property of snbject reduction, for instance by requiring
that a reduct of an object a with type b is typable by a reduct of . We will
only introdnce the notions that will be nsed in the remainder of this thesis, mare
precisely, in Section 4.1 of Chapter 4.

Definition 1.3.4. Let A be a set. Let (4, —) be an abstract rewriting system
and let (A4, :) be a typing system.

1. (A4, —) satisfies the property of subject reduction with respect to (A, ) if for
all & € A the following holds: if 5 : b and & — o' then o' : .

2. (4, —) satisfies the property of subject conversion with respect to (A4,:) if
for all o € A the following holds: if a : b and a — o' then &' : b.
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3. (4, —) satisfies the property of type reduction with respect to (4, :) if for all
g € A the following holds: if o : b and b — # then a: b

4. (A, —) satisfies the property of type conwversion with respect to (4,:) if for
all & € A the following holds: if & : b and b+ & then o : .

We define an abstract rewriting system with typing as an abstract rewriting system
satisfying subject reduection and type reduction. Again, one can easily imagine
variations on this theme.

Definition 1.3.5. Let (A4, —) be an abstract rewriting system and let (4, :) be
a typing system. If (A, —) satisfies the properties of subject reduction and type
reduction with respect to {A4,:), then the triple (A4, —,:) is said to be an abstract
rewmiting system with typing.

Often one is only interested in objects that are typable or inhabited.

Definition 1.3.6. Let P be a property on A. The abstract rewriting system with
typing (A, —,:) has property P if every n € A that is typable or inhabited satisfies
property P.

We will encounter an example of a rewriting system with typing in Section 2.5 of
Chapter 2 in which simply typed A-calculus is considered. Moreover, the snbstitu-
tion caleulus of a higher-order rewriting system as defined in Chapter 4 will be an
abstract rewriting system with typing. Types can be nsed to express properties as
illnstrated in the following example.

Example 1.3.7. We consider a typed version of the abstract rewriting system
given in Example 1.1.24. We consider the following set. of objects:

{a,b,e,d, w,5N}.

The object w expresses the property of admitting an infinite rewrite sequence and
the object 5N expresses the property strong normalisation. The rewrite relation
is as follows:

a——h te—d w—SN

The typing relation is defined by o : SN, b : w,c 1 w,d : SN. The rewrite rela-
tion does not satisfy the property of subject redunetion with respect to the typing
relation, since for instance » — 6 and b : w but not a : w. It satisfies a weaker
property: we have that the type of b can be rewritten to the type of 4.
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A special case of an abstract rewriting system with typing arises when the objects
that have a type and the objects that are inhabited form two disjoint sets, and
only elements of the first set can be rewritten. Then we have an abstract rewriting
system with typing of the form (4 U B, —,:) such that

1. ANB =8,
2. 2 CAxA,
3. : CAxB.

In Chapter 2 we will see that simply typed A-calculus is an abstract rewriting sys-
tem with typing of this form. There are rewriting systems studied in the literature
that are not of this form, for instance the Calculus of Constructions defined in
[CHRS8J.

The framework of abstract rewriting systems with typing permits to define the
notion nniqueness of types as follows.

Definition 1.3.8. Let (4, — :) be an abstract rewriting system with typing. An
object o has the property of uniqueness of tyves if for all b, ¥ € A such that a: b
and a : &. we have that b —* #.

Typing Systems with Environments. More structure can be given to a typ-
ing system by specifying how & : b is obtained. We define abstract typing systems
with environments as a triple consisting of a set of objects, a set of environments
and a mapping :. Typing relations are obtained by applying : to an environment.
This section is added to show that it is possible to express typing systems in which
types depend on environments in an abstract way. We won’t use the concept of
typing systems with environments in the remainder of this thesis.

Definition 1.3.9. A abstract typing system with environments is a triple (A4, C, )
consisting of a set A, a set €' and a mapping : from C to P(A4 x A).

Notation 1.3.10. Elements of € are denoted by [ A,.... Wewrite 0 : b
instead of (o,b) € :(T').

Definition 1.3.11. Let {4, C,:) be a typing system with environments.

1. ' - o : b, then we say that o has type b in L' ox a is of type b in . If a
[' € C exsts such that I' - & : b, then we say that & has type b or & is of type
b.

2. We say that o € Ais typable in T if there exists b € A such that T F a : 5. We
say that a € A is typable if there exist [ € C' and b € A such that ' ~a: A,
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3. We say that b € A 15 inkabilable in [ if there exists 2 € Asnch that ' a : b,
We say that b € A is inhabitable if there exist ' £ ' and & € A such that
Cha:b

A special case of a typing system with environment arises when : is a mapping
from C to partial functions from A to A. Then all typable objects have a unique
type.

Definition 1.3.4 can easily be adapted to the case of typing systems with envi-
ronments. We won’t need the definition in the sequel s0 we just give the definition
of subject reduction and of type reduction.

Definition 1.3.12. Let {4, —) be an abstract rewriting system and let {4,C,:)
be a typing system with environments.

1. (4, —) satisfies the property of subject reduction with respect to (A, C,:) if
g —a and ' F o :bimplies that ' - o’ : h.

2. (A4, —) satisfies the property of fype reduction with respect to (A, C,:) if
b— b and ' F o : himplies that ' F o : ¥.

Definition 1.3.13. If (4, —) is an abstract rewriting system that satisfies subject
reduction and type reduction with respect to the typing system with environments
(A4, C.:), then the tuple {4, C, —.:) is said to be an abstract rewriting system with
typing with environments.

Again, it is often the case that abstract rewriting systems with typing with envi-
ronments occur in a special form, namely such that the objects that are typable
and the objects that are inhabited form two disjoint sets, and only objects of the
first set are rewritten.






Chapter 2

Normalisation in Lambda
Calculus

In this chapter normalisation in A-calenlus with 3-reduction is studied. We give
a characterisation of strongly normalising A-terms in the form of an inductively
defined set SA. This characterisation is nsed to give new and simple proofs of
various classical results concerning normalisation in A-calenlus with S-reduction.

In Section 2.3 we give two proofs of finiteness of developments. Developments
are defined as uwsunal, nsing nunderlined A-terms and underlined SB-reduction. The
first proof of finiteness of developments makes use of an inductively defined set
FD. We show that the set of all underlined terms coincides with the set 7D, and,
by an easy induction on the definition of 7D, that every term in 7D admits only
finite developments. The second proof of finiteness of developments makes direct
use of the characterisation of strongly normalising terms: every development is
mapped to a S-rewrite sequence in SA preserving rewrite steps. This yields that
every development is finite.

In Section 2.4 we consider superdevelopments. A superdevelopment is a rewrite
sequence in which besides residuals of redex occurrences that are present in the
initial term also redex ocenrrences that are created ‘upwards’ during rewriting may
be contracted. So superdevelopments form a generalisation of developments. We
give two proofs of finiteness of superdevelopments, as in Section 2.3 for the case
of developments: one using an inductively defined set 7S and one using the
characterisation of strongly normalising terms directly.

In Section 2.5 the characterisation of strongly normalising terms is nsed to give
a short proof of strong normalisation of simply typed A-calculus.

To start with, the syntax of untyped A-calculus is given in Section 2.1, in order
to fix the notation and to collect some definitions that will be used in Chapter 4.

The work presented in this chapter was performed in collaboration with Panla
Severi and is reported in [RS95|.

39
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2.1 Lambda Calculus

In this section we recall the definition of untyped A-<calculus with 3-reduction in
order to fix the notation. We consider A-calculus with constants. The standard
referances for A-calenlus are [BarR4| and [HS86).

A=terms. We suppose that there is a set denoted by Var consisting of infinitely
many wariables. Variables are denoted by 1,4, z, . . .. Wesnppose further that there
is a set denoted by C consisting of possibly infinitely many constants. Constants
are denoted by f,g,A,.... Lambda terms are built from variables, constants, A-
abstraction and A-application as specified in the following definition.

Definition 2.1.1. The set of A-terms, denoted by A, is the smallest set satisfying
the following:

1. if # € Var then = € A,

2. if f € Cthen f €A,

3. if x € Var and M € A then Ax.M € A,

4. ¥ M eAand ¥V € Athen MN € A
Lambda terms are denoted by M, N, P, (},. ...

Definition 2.1.2.  The set of free variables of a A-term M, denoted by FV(M),
is defined by induection on the structure of 4.

1. FV(z) = {2} for a variable z,

2. FV(f) = @ for a constant f,

3. FV(.My) = FV(My) \ {i},

4. FV(MoMy) = FV(My) UFV(My).

A variable 7 is said to occur free or to be freein M if r € FV{M). A variable in M
that is not free in M is said to he bound in M or to occur bound in M. A Aterm
that doesn’t contain free variables is said to be closed.

As nsual we identify terms that are equal up to a renaming of bound variables or -
conversion. So we identify for instance Ax.r and Ay.y. We do not make a syntactic
distinction between free and bound variables, but we assume that bonnd variables
are renamed whenever necessary. This is called the “variable convention’ in [Bar84).
Assuming the variable convention we can give the definition of snbstitution of a
term for a variable as follows.
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Definition 2.1.3. Let M € A and N € A. The substitution of N for x in M,
denoted by M|z := N|, is defined by induction on the structure of M as follows.

1. zlz := N] = N,
2. glr:=N]=yity #u,

3. flz=N] =,

. Qg M)r = N] = Ay My[z := N,

- (MoM,)[z == N| = (My[z := N])(My[z := N]).

By the variable convention, in the fourth clause of the previous definition the
variable i does not occur free in the term N, and = # 4.

e

.

Definition 2.1.4. The set of positions in A-terms, denoted by Pes, is {0, 1}".
Positions in A-terms are denoted by ¢, x,4,.... There is an operator for con-
catenation of positions that is denoted by juxtaposition and that is supposed to
be associative. The neutral element for concatenation of positions i5 the empty
sequence denoted by e

Definition 2.1.5.

1. A partial order denoted by =< on the set Pos is defined as follows: ¢ < y if
there exists a ¢’ € Pos such that ¢ ¢' = x. The strict partial order, denoted
by =, is abtained by requiring ¢’ # e

2. Two positions ¢ and y are said to be disjoint, denoted by ¢ | , if they are
incomparable with respect to =.

We give the definitions of the set of positions of a term A and of the subterm of
a term M at a position ¢.

Definition 2.1.6. Let M € A. The set of positions of M, denoted by Pos(M), is
defined by induction on the structure of A as follows:

L. Pos(z) = {e},

2. Pos(f) = {e},

3. Pas{Az.Mp) = {e} U {0 | ¢o € Pas(My)},

4. Pos(MoMy) = {e} U {0 | do € Pos(Mo)} U {1¢ | ¢y € Pos(My)}.

Definition 2.1.7. Let M € A and let ¢ € Pos(Af). The subterm of M at position
¢, denoted by M|, is defined as follows:
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1. M|, = M,

2. (Ax-Mp)|oge = Malse:
3. (MoMi)|oge = Mol
4. (MoM;)|14, = Mi|g,-

We give the definition of the replacement of the subterm of M at position ¢ by a
term M.

Definition 2.1.8. Let M € A and let ¢ € Pos(M). Let N € A. The replacement
of the subterm of M at position ¢ by N, denoted by M[¢ — N], is defined as

follows:
1. M[e — N] =N,
2. (Az.Mo)[D¢o — N] = Az.My[¢ — N],
3. (MoMy)[0do +— N| = (My[da +— N])M,,
4. (MoMy)[1 ¢y — N] = Mo(My[¢ — NJ).

The difference between substitution and replacement is that free variables cannot
become bound by a substitution, but they can become bound by a replacement.
This difference is illustrated by the following example. We have (Az.g)[y := 2| =
Ax’.x. Note that the bound variable is renamed. In case of a replacement, we
have {Az.9)[0 +— x] = Az.z. In the second case the variable x is ‘captured’, in the
first. case it isn’t. Moreover, with a substitntion one can change a term only at a
position where a free variable ocenrs, in the case of a replacement. there is no such
restriction.

B=reduction. The set of A-terms is equipped with a rewrite relation called 3-
reduction. We define the notions of S-redex occmrrence, 3-redex and B-rewrite
step.

Definition 2.1.9.

1. Let M be a Aterm. A 3-reder occurrence in M is a pair (¢, 3) such that
M|, = (A2.P)Q, for some P, (} € A

2. A 3-reder is a pair (M, (¢, 5)) such that (¢, 8) is a S-redex occwrrence in M.
3. A B-rewrite step is a triple (M, (¢, 5), M) such that
(a) Ml = 0P},
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(b} M = M[¢ — Plz := ],
for some P} € A.

4. We say that the 3-redex (M, (¢, 3)) is contracted in the JF-rewrite step
(M, (¢, 3), M'), and also that the 3-redex occurrence (¢, 3) is contracted
in the 3-rewrite step {M, (¢, 3), M").

In this chapter we consider A-caleulus with only B-reduction and hence it is not
necessary to specify the B-rewrite rule in the definition of redex occurrence, redex
and rewrite step. We nevertheless do so0 in order to be able to nse this definition
also in Chapter 4 where the rewrite relation is not only induced by the 3-mmle but
also by the f-rule.

Notation 2.1.10. A B-rewrite step (M, (¢, 3), M”) as in Definition 2.1.9 is usnally
denoted by {¢,58) : M — M’ or by M jﬁ M.
Definition 2.1.11. We denote by 4z the set consisting of all pairs of the form

(¢, 3) with ¢ € Pos. The set of all S-redex ocenrrences in a term M is denoted by
g(M).

The rewriting system A-calculus has an underlying abstract rewriting system of

the form (A, —5), with M — 4 M’ if there is a position ¢ in M such that A —{%ﬁ
M’. The underlying functional rewriting system of A-calenlus with B-reduction

is (A, 45, —) with —((¢, B))(M) = M if M =5 M’, and —((¢, 3))(M) being

nndefined otherwise.

Example 2.1.12. We give an example of a rewrite sequence in A-calculus. We
use the standard abbreviations K = Az. A2’ .2 and © = (Ay.yy)(Myyy). Then

K =5 Kl =3 Kzl —5 ...

is an infinite B-rewrite sequence in which 2 is rewritten to itself in every rewrite
step. An example of a finite rewrite sequence starting in the same term is

Kaf) —g .

Descendants. We define a descendant relation that traces positions along a
B-rewrite sequence.

Definition 2.1.13. A descendant relation
Dess : A x 45 — Pos — P{Pos)

for the predicate P(M,¢) on A x Pos with P(M, ¢) if and only if ¢ &£ Pos(M), is
defined as follows. Let (¢, 3) : M — M’ be a S-rewrite step with M|, = (Az.P)Q.
Let y € Pos(M).
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1. If it is ot the case that ¢ < <, then
Dess(M, (¢, 8))(x) = {x}-
2. If y = ¢ 00 and M|, # z, then
Dess(M, (¢, B))(x) = {¢ x'}-
3. Iy =¢1y, then

Desg (M, (¢, 8))(x) = {¢ ¢’ X' | ¢ € X}
where X = {¢' € Pos(M) | M|y = x}.

4. In all other cases,

Dess(M, (¢, 8))(x) = 6.

Using the descendant relation Dess every pasition in a A-term can be traced along a
[B-rewrite sequence. It is clear from the definition that the position ¢ doesn’t leave a
descendant after the rewrite step (¢, 8) : M — M'. Moreover, if (¢, 3): M — M’
and x € Mg(M), then for every x' & Desg(M, (¢, 3))(x) we have x' € us(M’).
Hence if we trace only positions that define a redex occurrence, then Desg can serve
as a residual relation. Formally, we obtain a residual relation Ress : A x 4z x U5 —

Plis).

Standardisation. In this chapter we will make nse of an important result con-
cerning A-<calculus with 3-reduction, called the standardisation theorem. It states
that if a A-term M can be rewritten to a A-term A’, then A’ can be obtained
from M by rewriting from left to right in the string representation of the terms,
possibly jumping over some redex ocenrrences. Such a rewrite sequence is said to
be standard. The definition of a standard rewrite makes use of the notion of a
leftmost 3-redex.

Definition 2.1.14.

1. Let M be a A-term and let ¢, ¢’ € Pos{M). We say that ¢ occurs to the left
of ¢ if ¢ # ¢’ and moreover either ¢ < ¢’ or ¢ = x 0 ¢y and ¢’ = x 1 ).

2. Let (¢, 3) and (¢, 3) be two S-redex ocewrrences in a A-term M. We say
that (¢, 8) occurs to the left of (¢',3) if ¢ ocenrs to the left of ¢

Definition 2.1.15. A rewrite sequence & : M, ff'ﬁ i fﬁﬁ .. ééjﬁl M, 15 said
to be a standard 3-rewrite sequence if for every n € {0,...,m — 1} and for every
p € {D,...,n — 1} it is not the case that the 3-redex occwrrence (¢, 3) in M,
is a residnal of a B-redex oceurrence (¢, 3) in M, that occurs to the left of the
B-redex occurrence (¢, 3).
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Example 2.1.16. The rewrite sequence
(Ar.Quya)z =5 (yydz =5 2
is a standard SB-rewrite sequence. The rewrite sequence
(Az.(Ay)a)z _ngﬁ (Ar.z)z =g 2
is not a standard B-rewrite sequence.

Now we state the standardisation theorem. It is proved at several places in the
literature: by Curry and Feys in [CFC58|, by Mitschke as reported in [Bar84], in
two different ways by Klop in [K1o80] and finally by Takahashi in [Tak95].

Theorem 2.1.17. For every 3-rewrite sequence o : M —g M’ there is a standard
B-remrite sequence T : M g M.

In fact, there is a unique standard rewrite sequence T snch that # and 7 are
permutation equivalent as defined by Lévy in [Lév78|, see [K1o80] and [Bar84]. We
won’t need this in the sequel.

A corollary of the standardisation thearem is that the resnlt of a computation of
a A-term, if it exists, can be found by contracting repeatedly the leftmost 3-redex.

Definition 2.1.18.

1. Let M be a A-term. A leftmost B-reder occurrence in M is a F-redex occur-
rence (¢, 3) that occurs to the left of every other S-redex occurrence (¢, 3)
in M.

2. The leftmost 3-rewrite strategy, denoted by F.,, s defined as the mapping
that assigns to each term not in S-normal form its leftmost S-redex oceur-
rence.

3. A leftmost 3-rewrite sequence 1s a F|,-rewrite sequence.
We will nse the following corollary of the standardisation theorem.

Corollary 2.1.19. A Aderm has a B-normal form if and only if s leftmost
B-rewrite sequence eventually ends in a B-normal form.

Since not all A-terms have a normal form, it is of interest to formmlate a notion of
partial result. Often one takes for a partial result a head normal form.

Definition 2.1.20.
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1. A Aterm of the form Azi... AsyMy. .M, or Az, Az, fM ... M,
both with m,n > 0, is said to be in head normal form.

2. A Aterm is said to be hend normafising if it can be rewritten to a head
normal form.

A Aterm is either of the form Azy.. .. Az oy o M, or Axq. .. L Az fMy oL M,
or of the form Azy. ... Az, (Ay.P)M; ... M., with m,n > 0. In the last case, the
term is said to hawve a head redex ocourrence .

Definition 2.1.21.

1. Let M bea Aterm. If M = Az .. Az, Q. PYM, ... M, for somem,n > 0,
then (01", 3) is the head reder occurrence of M. Otherwise M does not
have a head-redex.

2. The head 3-rewrite strategy, denoted by Fy, is defined as the mapping that
assigns to each term that is not in head normal form its head redex occur-
rence.

3. A head B-rewrite sequence is a Fp-rewrite sequence.

Note that a head redex 15 a leftmast redex but not vice versa. We will make nse
of yet. another corollary of the standardisation theorem.

Corollary 2.1.22. A Alerm has a head normal form if and only if s head
B-rewrite sequence eventually ends in a head normal form.

2.2 Three Characterisations

In this section we characterise strongly normalising A-terms, weakly normalising
A-terms and head normalising A-terms all by inductively defined sets. We start by
giving a characterisation of the set of normal forms, also as an inductively defined
set.

Definition 2.2.1. The set A'F is the smallest set of A-terms that satisfies the
following:

1. if 7 is a variable and M, ..., M,, € N'F for some m > 0, then 2 M, ... M,, €
NF,

2. if f is a constant and M, ..., M,, € NF forsomem > 0, then fM,... M, €
NF,

3. if M € NF, then Az. M € N'F.

The following proposition is easy to prove.

Proposition 2.2.2. A term M is in normal form if and only if M e NF.
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Strongly Normalising Lambda Terms. We characterise the strongly normal-
ising A-terms.

Definition 2.2.3. The set SA is the smallest set of A-terms that satisfies the
following:

1. if # is a variable and M,,... M, € SN for some m > 0 then M, ... M, €
SN,

2. if f is a constant and My,..., M,, € SN for some m > Dthen fAM, ... M, €
SN,

3. if M € SN, then Az .M € SN,

4. if Mz .= NP, ... P, € SN for some m > 0 and N € SN/, then
(Az.M)NP; ... P € SN.

Nate that every subterm of a term in SA is in SA. Further, we have that
NF C SN. We prove that the set SN characterises the strongly normalising
A-terms.

Theorem 2.2.4. A Aterm M is strongly normalising if and only if M € SN .

Proof. Suppose that M is a strongly S-normalising A-term. Let maxred (M)
denote the maximunm length of a rewrite sequence starting in M and ending in the
normal form of M. Note that maxred{M ) is well-defined by Kénig's Lemma. We
prove by induction on (maxred{M}, M), ordered by the lexicographic product of
the usual ardering on N and the subterm ordering, that M € SN
If maxred{ M) =0, then M is a normal form. Then M € SN since NF C SN
Suppose maxred(M) > 0. Let M = Azy....A1,.PGy ..., with m > D and

n > . Two cases are distingnished.

1. P=yor P= f. Every reduct of M is of the form Az .. Az,.9Q¥ ... G
ox of the form Az;.... Az fCY ... ), in both cases with )} a reduet of @,
for every p € {1,...,n}. By the induction hypothesis, (}1,...,Q, € SN. If
M = Ar1... . AT 4/Q1 ... Qn, then we have M € SA by the first and the
third clanse of the definition of SA. If M = Azxy.... A% fQ1 ... (), then we
have M € SN by the second and the third clanse of the definition of SN

2. P = Ay F. In that case, we have M = Ari. .. Azn.(Ap.Fo)Ch ... Gn —5
AT1. . AT Paly = (1] Qs . . . Qs By the induction hypothesis, we have that
AT1- AT Boly = Q1] Qs ... B, € SN Also by the induction hypothesis,
we have that ; € SA. By the last clanse of the definition of SA, we have
M= .. Ar, (Ay.P)Q1 ... @G, € SN
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For the converse, suppose that M € SA. We prove by induction on the derivation
of M € SN that M is strongly $-normalising.

1. fM=zPR ... FoboaoM=fP, .. . P,withP,,.... P, € SN forsomem > 0,
then the statement follows easily by the induction hypothesis.

2. If M = Az.P with P € SN, then the statement follows easily by induction
hypothesis.

3. Finally, suppose M = (Az.PY(h Dy ... @ with Pz := 1]Q...Qm € SN

and (}; € SN for some m > 1. Consider an arbitrary rewrite sequence
g:M=»M —z My -3 My —5 ... starting in the A-term A{. There are
two possibilities: the head redex of A is contracted in & or not.
In the first case, there is a rewrite step M,, — 5 M, ., in the rewrite sequence
o with M, = (Az.PHYQ Q... Q) and M, = Pz := Q||Q,...Q., such
that P g P and (4 —5 Q,..., @Gy —»p Q.. Since by induction hypothesis
Plz := (] .. . G 18 strongly S-normalising, we have that its reduct M, 4
is strongly S-normalising and hence ~ is finite.

In the second case, we have that all A-terms in the rewrite sequence ¢ are of

the form (Ax.PYQQY, ..., with P -5 P and G4 »5 Q. ..., Qn »5 Q..
Since we have by the induction hypothesis Pz := (}4]Q} ... Q.. is strongly

B-normalising and ¢} is strongly 3-normalising, all terms in & are strongly
B-normalising. Hence ~ is finite. O

Weakly Normalising Lambda Terms. We characterise the weakly normalis-
ing A-terms.

Definition 2.2.5. The set WA is the smallest set of A-terms satisfying the
following:

1. if 7 is a variable and A, ..., M, € WA for some m > Othen M, ... M, €
WAN,

2. if f is a constant and M,,..., M,, € WA forsome m > 0 then fM,... M, €
WN,

3. if M € WA then Az.M € WA,

4. if Mz := N|P,... P, € WA for some m > 0, then (Az.M)NP,... B, €
WN.

The difference with the definition of the set SA is in the last clanse. We show
that the set WA/ characterises the weakly normalising terms.
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Theorem 2.2.6. A Mterm M is weakly normalising if and only if M € WN.

Proof. Suppose that M is weakly normalising. Let 1{A{) denote the length of the
leftmost 3-rewrite sequence from M to its normal form. We prove by induction
on (1{M), M), ordered by the lexicographic product of the ordering on N and the
subterm ardering, that M/ € WA. Wehave M = Azy.. .. Az,,.PQ; ... Q, for some
m,n > 0. Two cases are distingnished.

1. P = y or P = f. By induction hypothesis, (4,...,Q, € WAN. Hence
M e WN.

2. P=Ay.F. Wehave M —g Az, ... Az Poly i= Ch] Qs . . . Q. We have that
M} = By = th]@Q>... @G, is weakly normalising and 1{A#}) < 1{A{). Hence
by the induction hypothesis M} € WA and therefore (A\y.Fy)Q1...Qn €
WAN. We conchude that A € WAN.

Suppose for the converse that A/ € WA We prove by induction on the definition
of WA that M is weakly normalising.

1. Suppase M = P ... B, oo M = fP,...P, with P,,..., B, € WN for
some m > . The statement follows by the induction hypothesis.

2. Suppose M = Az.P with P € WA. By induction hypothesis P is weakly
normalising, hence M is weakly normalising.

3. Suppase M = (Az.PYQ1Qy . .. Q. with Pz := 1]Qs ... @y € WA for some
m > 1. Since M —g Pz 1= (4], ... @, and the latter term is by indnetion
hypothesis weakly normalising, we have that M is weakly normalising. O

Head Normalising Lambda Terms. We characterise the head normalising
A-terms.

Definition 2.2.7. The set HA is the smallest set of A-terms satisfying the
following:

1. if & 38 a variable and if M,,..., M, € A for some m > 0, then # M, ... M, £
HN,

2. if fis a constant and if M,,..., M, € A forsome m > 0, then fM; ... M, €
HN,

3. if M € HN then Az.M € HN,

4. if M[z == N|P,... B, € HN for some m > 0, then (Az. MNP, ... P, &
HN.
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The difference with the definition of the set WA/ is in the first two clanses.

Theorem 2.2.8. A Aterm M is head normalising if and only if M € HN.

Proof. Suppose M is head normalising. Let h{Af) denote the length of the head
B-rewrite sequence of M to its head normal form. We prove by induection on
(h{ M), M), lexicographically ordered by the usunal ordering on ¥ and the subterm
ordering, that M € HA. We have M = Azy....Az,,.PQy...Q, for some m,n >

0. Two cases are distingnished.

1. P=yor P = f. Then clearly M &€ HN.

2. P = Ay.Py. Then M —g Azy.... Az, By = (h|Qr... Q.. We have
that My = Pyly := @1]Q»- ..}, is head normalising, and h{M}) < h{M).
Therefore we have by the induetion hypothesis that M) € HA/, and hence
(Ag.F)Q1 - -.Q, € HN. We conclude that M € HN.

Suppose M € HN. We prove by induction on the definition of HA that A is
head normalising.

1. Suppwse M = 2P, ... P, oo M = fP,...F,;. Then M is a head normal
form.

2. Suppose M = Az.P with P € HA/. By the induction hypothesis the term P
has a head normal form, hence A has a head normal form.

3. Suppose M = (Az.P)Q1(s...Qnm with Pz == 1]Qy... QG € HN for
some m > 1. We have M —; Plr := (4]( ... and by the indnction
hypothesis the latter term has a head normal from. Hence A has a head
normal form. ad

Af-calculus. We illustrate the use of the characterisations by presenting a simple
proof of the theorem stating that every weakly normalising Af-term is strongly
normalising. This result is obtained by Church in [Chu41] and is known as Church’s
Theorem. The set of Al-terms consists of A-terms withont abstractions Az A
such that z ¢ FV{M). So the set of AJ-terms is obtained by defining the set
of Al terms as the set of A-terms, with the difference that the third clause in
Definition 2.1.1 is replaced by the following: if M is a Al-term and z € FV{M),
then Az M is a Al-term. Moreover, the set of free variables of a AJ-term must be
defined simultaneously with the set of Af-terms. The following result is in fact an
immediate consequence of the definition of SA.

Theorem 2.2.9. Let M be a Al-term. If M is weakly normalising, then M is
strongly normalising.
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Proof. Let M be a Al-term with normal form M’. Let M -5 M’ be the leftmost
B-rewrite sequence of M to its normal form and let 1{Af) denote the length of
this sequence. We prove by induction on (1{ M), M), ordered by the lexicographic
product of the usnal ordering on N and the subterm ordering, that M € SN

If 1{Af) = 0, then A is a normal form and hence M & SN

Suppose 1{M) > 0. We have M = Azy.... Az, PG ... Q, for some m,n > 0.
Two cases are distingnished.

1. P=ygy or P = f. The A-terms C}4,...,(}, are weakly normalising. By
induction hypothesis (4,...,Q, € SN . Hence M € SN

2. P=2Ay.F. Then

M = Aml----Amm-{Ay-R])Ql---Qn
S ATy A By = Qi@ Qe

Call the latter term A4’. We have that A’ is weakly normalising. Since
1{M) > 1{M"), we have by the induction hypothesis that M’ & SA. By
definition of the set of AJ-terms, we have that ¥ € FV{F;). Hence ¢} is a
subterm of A/, which yields that we also have that @, € SA. We conclude
that (Ay.B))Gh @y ... Qn € SN and hence M € SN 0

2.3 Finite Developments

A dewelopment is a rewrite sequence in which only residuals of redex occurrences
that are present in the imitial term are contracted. Developments are defined
in an abstract setting in Section 1.2 of Chapter 1. In this section we consider
developments in A-calenlns with 3-reduction, called 3-developments. A classical
result in A-caleulus is that all 3-developments are finite. In this section we present
two new proofs of this result. The definition of a development is given as unsnal,
making use of a set of underlined A-terms with underlined 3-reduction. The first
proof makes use of a set FP that contains nnderlined terms that admit only finite
B-rewrite sequences. The definition of 7D is in the same spirit as the definition
of SN'. The second proof makes direct use of the set SA. A S-development
is translated into a B-rewrite sequence in the set SA. This yiekds that all 8-
developments are finite. Before embarking on the proof, we recall the traditional
definition of 3-developments by means of nnderlined A-terms. At the end of the
section we disenss earlier proofs of finiteness of developments.

Developments. Traditionally, developments in A-calenlus with 3-redunetion are
defined using underlined terms. The set of underlined terms is defined as follows.
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Definition 2.3.1. The set of underiined A-terms, denoted by A, is the smallest
set satisfying the following:

1. ¢ € A for every variable 1z,
2. f € A for every constant f,
3. if M € A, then Az . M € A,
4. ¥ M eAand Ve A then MN € A,

5. f MeAand N € A, then (Ax.M)N € A.

For nnderlined A-terms A{ and N, the definitions of the set of positions of A,
denoted by Pos( ), the subterm of A at position ¢, denoted by A |,, the substi-
tution of N for = in M, denoted by M|z := N] and the replacement of the subterm
in M at position ¢ by N, denoted by M|[¢ +— N], can be given by minor variations
on the definitions given in Section 2.1. We do not give these definitions explicitly.
Note that a subterm of A is not necessarily in A.

Definition 2.3.2.

1. Let M € A. A B-redex occurrence in M is a pair (¢, 3) such that M|, =
(A5.P)Q.

2. A B-redex is a pair (M, (¢, 3)) such that (¢, 3) is a S-redex occurrence in M.
3. A B-rewrite step is a triple (M, (¢, 3), M’) such that
() M|y = (Az.P)C,
(b) M = M[g — Pl := Q]
Notation 2.3.3. A S-rewrite step (M, (¢, 5), M) is usunally denoted by (¢, 3) :
M— M’orbyM—{%EM'.
Remark 2.3.4.
1. By induction on M, it follows that Mz := N| e Af M, N € A

2. IfMeAand M —p M’, then M’ € A. So A is closed under 3-rewriting.

Definition 2.3.5. The set denoted by 4; consists of all pairs of the form (¢, 3)
with ¢ a position. The set of all 3-redex ocenrrences in an underlined term Af is

denoted by 145(M).
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The rewriting system consisting of nnderlined $-texrms with S-reduction has an
underlying abstract rewriting system of the form (A, — ) with M — 4 M’ if there
is a position ¢ € Pos{M) such that (¢, ) : M — AM’. The underlying functional
rewriting system is (A, 4g, —) with —({¢, B))(M) = M’ if (¢, 3) : M — M’ and
—({¢, 3))(M) being undefined otherwise.

In order to switch between A-terms with 3-reduction and underlined A-terms
with 3-reduction, we define a mapping £ = (£, £1) that erases nnderlinings.

Definition 2.3.6. The mapping
E= (&, E1) : (A Mg, —) — (A 45, —)

is defined as follows.

1. The mapping £; : A — A is defined by induction on the definition of A as

follows:
(a) &(z)

(b) &(f) =
(c) ElAz. M) = Ax.Ey(M),

(d) &a(MN) = Eq(M)E(N),

(e) &((Az.M)N) = (Az.&(M))E(N).

2. The mapping £; : #ig — 43 is defined by £ ((¢, 3)) = (¢, 5).

Recall from Definition 1.2.6 in Section 1.2 of Chapter 1 that a morphism of func-
tional rewriting systems is a mapping that preserves the rewrite relation in a precise
way.

Proposition 2.3.7. The mapping £ = (£, £1) 15 a morphism of functional remril-
tng systems.

Proof. Suppose that we have a rewnite step M - g M’. Observe that £y(M )[4 =
Eo(M ;). Hence we have £,( M) —{%ﬁ Ea( M. 0

A rewrite sequence ¢ is a lifting of a rewrite sequence 7 if we can obtain 7 by
applying a morphism to the rewrite sequence #. The definition of a lifting has
been given in Definition 1.2.7 of Chapter 1.

Definition 2.3.8. A fS-rewrite sequence 7 : M -3 N is a $-development if there
is a B-rewrite sequence T in (A, 43, —) that is an £-lifting of o.

Remark 2.3.9. This definition of 3-development is equivalent to the definition
of a development in a functional rewriting system as given in Definition 1.2.13 of
Chapter 1.
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First Proof of Finite Developments. In this section we show that all 3-
developments are finite nsing a set 7P consisting of nnderlined A-terms.

Definition 2.3.10. The set FD i5 the smallest set of nnderlined A-terms that
satisfies the following.

1. ¢ € FD for every variable =,

2. f € FD for every constant f,

3. if M € FD, then Az M € FD,

4. if M € FD and N € FD, then MN € FD,

[y}

. if Mz := N| € FD and N € FD, then (Az.M)N € FD.

Lemma 2.3.11. Let P € FD and Q@ € FD. Then Plz:=Q] € FD.

Proof. Induction on the derivation of P € FD. O

Proposition 2.3.12. A =FD.

Proof. Suppose M € A. We prove by induction on the definition of A that
M € FD. The first four cases are immediate. If M = (Az.P)Q with P £ A and
2 € A, then by the induction hypothesis P € FD and ¢} € FD. By Lemma
2.3.11 we have that Pz := (}] € FD. DBy the definition of D we have that
M= (22.P)Q € FD.

Suppose M € FD. We prove by induction on the definition of 7D that M € A
Again the first four cases are immediate. If M = (Ar.P)@ with Plz := Q) € FD
and @ € FD, then by the induction hypothesis, Pz := }] € A and @@ € A. This
yields that P € A, hence M = (Az.P)@ € A O

This yields that (-developments are finite if and only if all 3-rewrite sequences in
FD are finite. In Theorem 2.3.14 it is shown that all S-rewrite sequences in 7D
are finite. The proof makes use of the following observation.

Remark 2.3.13. Let M = PQ with P, € FD. If M —z M’, then M’ = P'Q)’

Theorem 2.3.14. Let M € FD. Every -reuwrite sequence starting in M is finite.

Proof. The proof proceeds by induction on the derivation of M € FD.

1. f M =a or M = f, then the statement. clearly holds.
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2. Let M = Az.P with P € FD, then by induction hypothesis P is strongly
B-normalising. Hence M = Az.P is strongly S-normalising.

3. Let M = P} with P € FD and @ € FD. Then by induction hypothesis
both P and ¢} are strongly 3-normalising. By Remark 2.3.13 we have that
if M -5 A, then M' = P'¢¥ with P g P and @ »5 Q. Hence M = PQ
is strongly S-normalising. B B

4. Let M = (Az.P)Q} with Plr := Q] € FD and @ € FD. Consider an
arbitrary rewrite sequence & : M = My —g M, —5 My —p ... starting in
M. There are two possibilities: the head redex of M is contracted in # or
not.

In the first case there is a rewrite step M, —5 M,y with M, = (Az. P')¢Y
and M,,;; = Pz = @']. Since by induction hypothesis Pz := (] is
strongly B-normalising, we have that its reduct Pz := ('] is strongly (-
normalising. Hence & is finite. B

In the sacond case every underlined A-term M,, in & is of the form (As PH)YQY
with P — 8 F and @ - ] (. By induction hypothesis, ¢} is strongly 3-
normalising and Pz := @] is strongly 3-normalising, hence P is strongly
F-normalising. We conclude that & is finite. ad

Corollary 2.3.15. Al 3-developments are finite.
Proof. By Proposition 2.3.12 and Theorem 2.3.14. a

Second Proof of Finite Developments. The second proof of finiteness of 3-
developments makes direct use of the set SA". We define a morphism F that maps
a B-rewrite sequence in A to a S-rewrite sequence in SA. This yields that all
developments are finite.

We suppose that there is a distinguished constant denoted by Abs. The idea
of the morphism is that underlinings are erased and that (3-redexes that do not
carrespond to a 3-redex, are blocked by adding Abs in front of the A.

To make JF into a morphism we need that the positions where Abs ocenrs ‘do
not count’. To that end we need to modify the definition of the set of positions
of a A-term {Definition 2.1.6) and the definition of a subterm of a A-term at a
certain position (Definition 2.1.7). We will be concerned with A-terms in which
Abs occurs only in subterms of the form AbsAf. Hence it is sufficient to add the
following clause to the definition of the set of positions of a A-term:

Pos(AbsM ) = Pos{M)
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and the following clanse to the definition of a A-term at a certain position
(AbsM)|s = M.
Now we define the mapping JF.
Definition 2.3.16. The mapping
F = (Fo, F1) s (A g =) — (A dhg, —)
is defined as follows.
1. The mapping Jy : A — SA is defined by induction on the definition of A.

(a) Folz) ==,

(b} Falf) =1,

(c) Fo(rz.M) = AbsAz. Fy(M),

(d) Fo(MN) = Fo(M)Fo(N),

(&) Fa{(Az.MIN) = (Ax.Fo(M))Fa(N).

2. The mapping F : 4z — 4 is defined by F1((¢, 5)) = (¢, 5)-

We first show that F is a morphism of functional rewriting systems and then that
F maps an underlined A-term to a A-term in SA.

Proposition 2.3.17. The mapping F = (Fo, F1) is a morphism of functional
rewriting systemas.

Proof. We show two things:
1. i My = (A.P)Q then Fo(M)|s = (. Fo(PYF(Q),

2. Fo(Plw = Q) = Fo( P i= Fo(Q)].

1. We proceed by induction on ¢. We treat only the most complicated case,
which is when M = Ay.M, and ¢ = D¢qy. Suppose Mgy, = (Ar.P)Q,
that is, My|s, = (Az.P)@. By the induction hypothesis, we have that
Fa{M) s = (Az.Fo(P)F(Q). Using this, it is easy to see that Fo(M)|, =
(Az.Fa(P))Fal@):

Fo(M)]s
Fo(Ay-Mo)loge =
(Abshy. Fa(Mo))lage =
(A Fo(Mo))age =

Fa{Ma)lse

(Az.Fo(P))Fal()-
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2. By induction on the structure of P. O

Lemma 2.3.18. If M € A then Fy(M) € SN.

Proof. By induction on the definition of A we prove the following simultaneously:
1. R(M) €SN,
2. Fo(M) is not of the form Ay P.

We proceed by induction on the definition of A.

1. Suppase M =z or M = f. Then (M) = M, so dearly F(M) € SN and
Fo(M) is not of the form Ay.P.

2. Suppase M = Az .My with My € A. Then F (M) = Abshz.Fy(My). By
induction hypothesis, F{My) € SA. Hence Fo( M) € SN and Fy(M) is
not of the form Ay P.

3. Suppose M = MM, with M, € A and M; € A. Then we have F(M) =
Fo{My)Fo(M;). By the induction hypothesis, Fof My), Fo(M;) € SN and
Fo{My) is not of the form Ay. P. By induction on the derivation of Fy(My) €
SN, it then follows that Fo{ M) € SN all cases are immediate since the
case Fo{My) = Ay.P € SN doesn’t ocenr. Clearly Fo{ M) is not of the form
Ay P ad

Theorem 2.3.19. All 3-developments are finite.

Proof. By Proposition 2.3.17 and Lemma 2.3.18. ad

Related Work. Finiteness of 3-developments is a classical result in A-calculus
and various proofs of it are known. Church and Rosser prove finiteness of devel-
opments for Al-<caleculns with 3-reduction in [CR36|. The first proof for the full
A-caleunlus is given by Schroer in [Sch65|. Other proofs have been given by Hyland
in [Hyl73] and by Hindley in [Hin78). In [Bar84| a proof of finiteness of deval-
opments using a decreasing labelling is given. This proof is due to Barendregt,
Bargstra, Klop and Volken and is also reported in [BBKV76]. A short and elegant
proof using a perpetual strategy is given by de Vrijer in [Vri85]. This proof gives
as extra information an exact bound on the length of a development. An encoding
of developments in rewrite sequences in A<alculus with intersection types is given
by Parigot in [Par90]. Since A-calculus with intersection types is known to be
strongly normalising, this yields finiteness of developments. This proof s also re-
ported in [Kri93]. It is also possible to obtain a proof of finiteness of developments
by encoding a development as a rewrite sequence in simply typed A-calenlus. This
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is done in [OR94a] (see also [OR93]) and in [Ghi94). The proofs using an encoding
of developments in a strongly normalising calenlns are similar in spirit to the sec-
ond proof presented in this section. An encoding of developments in a A-calenlus
with memory as in the work by Nederpelt [Ned73] and Klop [Klo80| is given by
van Oostrom. Melliés gives an axiomatic proof of finiteness of developments that

applies also to the case of A-calenlus with 3-reduction. This proof is reported in
[MelS6).

2.4 Finite Superdevelopments

In this section we study B-rewrite sequences called superdevelopments. Superde-
velopments form a generalisation of developments. Whereas in a development only
redex ocenrrences are contracted that are residunals of redex ocenrrences in the ini-
tial term, in a superdevelopment one may moreover contract redex occurrences
that are created by rewriting, provided that they are created in a particnlar way.
Lévy has analysed in [Lév78] the ways in which S-redex occurrences can be cre-
ated. It appears that there are the following three ways of creating 3-redexes:

1. ((Az. Ay MNP —5 (Ay.M[z :== N))P,
2. ey Ay M)N =5 (Ay.M)N,

3. (Ax. MY Ay.N) —5 Mz := Ay.N] if there is a position ¢ € Pos(Af) such that
M|, = 2 My, for some My € A.

Note that in the last case we have for every position ¢ such that M|, = =M,
that (M[z := Ay.N])|s = (Ay.N)M], with M] = My[z := ;y.N]. So at every
such position ¢ a B-redex occurrence is created. In the first two ways of creating
a (-redex oceurrence, on can say that the creation is ‘npwards’, whereas in the
last case it can said to be ‘downwards’. A superdevelopment will be defined as a
B-rewrite sequence in which besides redex occurrences that are residunals of redex
occurrences in the initial term, also redex oeccurrences may be contracted that
are created in either the first or the second way as explained above. We will
show that all superdevelopments are finite. Note that in the rewrite sequence
R —g Q =5 0 —5 ... with @ = (Ar.ex)(Az.z2), only the third kind of redex
creation ocenrs.

Confluence of A<calculus with S-reduction can be shown using a notion of par-
allel reduction. This proof is due to Tait and Martin-Lof. A parallel reduction step
corresponds to a complete development of a set of 3-redex ccenrrences performed
in an inside-out way. The essential clanse in the definition of a parallel 3-reduction
step, denoted by —e~ , i5: (Ax.M)N—e+ M'[z := N'| if M—e+ M’ and N—e+ N'.
There is a complete S-development of M to N if and only if there is a parallel
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reduction step from A to N. Note that this does not yield that all developments
are finite. For a more elaborate discussion of parallel reduction we refer to Section
5.1 of Chapter 5. Superdevelopments correspond to a stronger notion of parallel
reduction, due to Aczel [Acz78]. The essential clause in the definition of a parallel
B-reduction step 4 la Aczel is the following: M N—e- M'[z := N'| if M—e+ Az M
and N—e—+ N'. A superdevelopment is defined such that there is a complete 3-
superdevelopment of M to N if and only if there is a parallel reduction step a la
Aczel from M to N.

This section is organised as follows. First we define superdevelopments as in
[Raa93] by means of a labelled A-calenlus. It is shown that superdevelopments are
finite, making use of a set denoted by FS5D that plays the same role as the set FD
in the first proof of finiteness of developments given in the previous section. Then
we show in another way that superdevelopments are finite, namely by mapping
a superdevelopment to a rewrite sequence in the set SA/. The mapping is a
morphism of functional rewriting systems. This yields that superdevelopments are
finite, since all A-terms in SA are strongly normalising.

Superdevelopments. In the following we define a labelled A<alculus such that
a labelled rewrite sequence corresponds, after erasing the labels, to a rewrite se-
quence in which besides redex ocenrrences that are residuals of redex occurrences in
the initial term, only redex occmrrences are contracted that are created in the first
or the second way as explained above. Consider the first way of creating a 3-redex.
Already before performing the rewrite step ((Ax.Ap. MNP —g (Ayp. Mz := N))P
creating the B-redex occurrence (Ay.M[z := N]|)P, there was a relationship be-
tween the application and the A of the created 3-redex: the A was already in the
scope of the application, that is, in the subterm with the application at the root.
The same holds for the second way of creating a 3-redex, althongh in this case the
creation is less ‘upwards’ in nature, since the A of the created S-redex occurrence
switches from one branch to another in the tree representation of the term.

We now formalise this as follows. Initially, A’s are labelled by different natural
mumbers, and applications are either labelled by a natural number or are not
labelled. The initial labelling must be such that a A can only have the same label
as an application it is in the scope of that application. The labels control the
rewrite relation in the following way: (A,2.PQ)? — 5 Pz := (}]. In that case, the
A with label p was initially already in the scope of the application with label p.

Labelled A-terms are built from variables, constants, labelled A-abstraction and
labelled application as specified in the following definition.

Definition 2.4.1. The set of {nbelled A-terms, denoted by A;, i5 defined as the
smallest set that satisfies the following:

1. ¢ € A; for every variable =,
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2. f € A; for every constant f,

3. f M € Ayand p € N, them Az .M € Ay,

4. if M, N € A; and p € §, then (MN)?P € A;.
We define labelled 3-reduction on the set of labelled A-terms as follows.
Definition 2.4.2.

1. Let M € A;. A JBi-reder occurrence in M is a pair (¢, %) such that M|, =
(g PYQY.

2. A Bi-rederis a pair (M, (¢, 5;)) such that (¢, 3) is a B-redex ocenrrence in
M.

3. A Brrewrite step is a triple (M, (¢, ), M’) such that

(a) My = ((Apz.P)Q),
(b) M' = M(¢ — Plz = ¢]].

Notation 2.4.3. A F-rewrite step (M, (¢, 5;), M’} is usnally denoted by (¢, 3) :
M— M orby M _?ﬁ: M.

Definition 2.4.4. The set consisting of all pairs of the form (¢, 3;) is denoted by
1g,. The set of all G-redex occurrences in a labelled texrm M is denoted by g, ().

In order to define superdevelopments we will restrict attention to terms that are
labelled such that the label of an application cannot be equal to the label of a A
that is not in its scope.

Definition 2.4.5. Let M € A,
1. A term M £ A; is said to be well-lnbelled if the following holds. If we have
(a) M, = (R,
(b) M, = 2.2,
then ¢ < x. The set of well-labelled A-terms is denoted by AY.

2. A term M is said to be initinlly Iabelled if

(a) M is well-labelled,
(b) if M|y = Apz.P and M|, = Ay2". P’ then ¢ = x.
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Remark 2.4.68. It is not difficult to see that the set AY is closed under 3i-
reduction.

In the remainder of this section we will suppose all labelled terms to be well-labelled.

The main property of 3-reduetion is that no redexes are created ‘by substitution’.

Remark 2.4.7. Let M — M’ be a F-rvewrite step of the form ((A,z.P)Q)? —
Plz := (}]. Then every B;-rewrite step in any reduct of M’ takes place either
in a descendant of P or in a descendant of ¢}. This is the case since any other
S-redex occurrence would consist of an application in a descendant of P and a A
in a descendant of ¢}. But in that case the label of the A is not equal to the label
of the application, since M is supposed to be well-labelled.

We define a mapping from labelled A-terms with labelled 3-reduction to A-terms
with SB-reduction. We will show that this mapping is a morphism of functional
rewriting systems as in Definition 1.2.6 of Chapter 1.

Definition 2.4.8. The mapping
£ = (&0 &1) 1 (AL gy =) — (Asllg, =)
is defined as follows.
1. The mapping £, : A; — A i5 defined by induetion on the definition of A.
(a) &fz) ==,

(b} &lf} =1,
(c) &Lo(Apr. M) = Az.Ey(M),

(d) La((MNY) =E(M)E(N).
2. The mapping £, : g, — 4y is defined by £,((¢, 51)) = (¢, 3).

Proposition 2.4.9. The mapping £ = (£, £1) 15 a morphism of functional rewrit-
ing systems.

Proof. Suppose that M|, = ((A,2.P))?. Then we have (Ey(M))|s = E(M|y) =
(Az.£o(P))Eo(Q). This yields that £ (M) Y, £, (M) if M 5, M. O

Recall the definition of a lifting from Definition 1.2.7 in Chapter 1. We define a
superdevelopment as a 3-rewrite sequence in A that can be lifted to a 3-rewrite
sequence in A;.
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Definition 2.4.10. A B-rewrite sequence & : M -3 N is a 3-superdevelopment
if there is a rewrite sequence 7 that starts in an initially labelled term and that is
an £-lifting of &.

Example 2.4.11.

1. The 3-rewrite sequence
o (Ax.Ayay)z? — g (Ayzy)d —p 27

is a superdevelopment, since the following F-rewrite sequence is an £-lifting
of 7:

(O dayay)2) ) =, (Cay.z9)7)? g, 27
2. The rewrite sequence
o Qa3 dyaz —g (Apy)z —s 2

is a superdevelopment, since the following F-rewrite sequence is an £-lifting
of &'
((mz2)dopp)' 2)" =5 (Qopp)2)’ —5 2.

3. The rewrite sequence

is not a superdevelopment.

Note that ¢ and & are not developments.

First Proof of Finite Superdevelopments. In this section we show that all
B-superdevelopments terminate. We define a rewriting system consisting of a set
FSD of underlined terms and a rewrite relation —5. A (-rewrite sequence in
Ap is mapped to a S-rewrite sequence in F&D, preserving rewrite steps. We
show that the rewxite relation —; on 78D is strongly normalising by an easy
induction. This yields strong normalisation of — s on Ay, and hence finiteness of
superdevelopments. The set F&D is similar to the set 7D used in the first proof
of finiteness of developments presented in the previous section.

Definition 2.4.12. The set FSD is defined as the smallest set of underlined
A-terms that satisfies the following.

1. x € F&D for every variable z,

2. f € F&D for every constant f,
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3. if M € FSD then Ax.M € FSD,
4. f M € F&SD and N € FSD then MN € FSD,

5 iff Mz = N|P,...P, € F8D for some m > 0 and N € F&D, then
(Az. MNP, ... F, € FSD,

6. if Ax.M)Ny... N, € FSD for some m > 0, then (Ay.y)(Ar.M)Ny ... N, €
FSD.

The definition of a S-redex ocenrrence, a S-redex and a S-rewrite step are as given
in Definition 2.3.2 of the previons section. The difference, of course, is that this
time we consider B-reduction on the set FSD. Forther, we denote by 43 the set of
pairs of the fnrm_[qaﬁ, B3). An easy observation coneerning S-reduction on FSD is
the following. It is a consequence of the fact that FSD does not contain underlined
A-terms of the form Az M.

Remark 2.4.13. Let M = PQ with P € FSD and Q € FSD. If M 5 M’,
then M' = P'QY with P ;3 P and @ =5 Q. a

The following lemma shows that the set FSD is closed nnder substitution.

Lemma 2.4.14. Let M € F8D and N € F§8D. Then M[z := N| € FS8D.

Proof. The proof proceeds by induction on the derivation of M & FSD.
1. f M =y or M = f, then the statement follows immediately.

2. Suppase M = Ay .M, with M, € FS5D. By the induetion hypothesis, we have
that My[z := N] € F8D. Hence Mz := N| = Ay.[My[z := N|) € FSD.

3. Suppose M = MyM, with M, € FSD and M, € F&D. By the induction
hypaothesis, we have that My[r := N| € F8D and M [z := N|] € F&D.
Hence Mz := N] € F&D.

4. Suppose M = (Ay. M) M M, ... M, with (My[y .= M|))M,... M,, € F&D,
M, € FSD and m > 1. By the induction hypothesis, we have {My[y =
MM, ... M,)z := N] € F8D and M|z := N| € F8§D. This yields that
Mz := N] € F&D.

Suppose M = (Az.z){ Ay Mo)M, ... M, with (Ay. My)M, ... M, € F&D and
m > 1. By the induction hypothesis, we have that ((Ay. M) M, ... M) [z ==
N| € 78D and this yields that M[z := N| € F&D. O

o
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We now define a mapping F from A}" with Z-reduction to 75D with S-reduction.
It is shown that F i5 a morphism of functional rewrite sequences. This means
that in order to prove finiteness of superdevelopments it is sufficient to prove that
B-rewriting on FSD is strongly normalising, which follows by an easy induction.
The definition of F makes use of the following definition, that makes nse of a
descendant relation for the set F&D with S-reduction. It has not been defined
explicitly but is just a small variation on the definition of the descendant relation
for A-calenlus that has been given in Definition 2.1.13.

Definition 2.4.15. Let P £ FSD. We define a underlined A-term P* as follows.
If P g Az P’ then the term P* is defined as P where the unique symbal A that
descends to the head-lambda in Ax.P’ is nnderlined. Otherwise P* = P.

Note that not necessarily P* € F&D. Using the previons definition we now define
the mapping F and show that it is a morphism of functional rewriting systems
from (ﬁ?,ﬂﬁ”—*) to (FSP,HE, _’)'

Definition 2.4.16. The mapping
F= (j:'[]:"rl) - {A}ﬂ:ﬂﬁﬂ _") — (FSP,HE, _’)
is defined as follows.

1. The mapping Fq : AY — FS&D is defined by induction on the definition of

.a'q!Lj.
(a) Folz) ==,
(b) Falf) =1,

(€) FalApz.P) = Az FulP),

 sran={ HDTE L

2. The mapping F; : U5 — 4 is defined by F1(¢) = ¢.

We show that the mapping JF is a morphism. For the proof we make use of Lemma
2.4.14 and of the following lemma.

Lemma 2.4.17. Let P € 78D with P »5 Ax.P'. Let Q € FSD. Then P*Q} €
F&D. B

Proof. The proof proceeds by induction on the derivation of P € F&D.

1. Suppase P = Az.Fy with Py € FS8D. By Lemma 2.4.14 we have B[z =
Q] € FED. Hence P*Q} = (Az.P)Q} € FSD.
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2. Suppase P = (Ay.Fo)P,... P, with By[ly .= BB ... B, € FSDand P, €
FSD. We have By := Pi| P ... B, »5 Az.P'. By induction hypothesis, we
have (Pyly := Pi|P;... P,)*Q € FSD. Hence P*Q € FSD.

3. Suppase P = (Qyy)Az. PP ... B, with (Az.F)P, ... P, € F&8D. We
have that (Az.F)P;... P, —»5 Az.P. By indunction hypothesis, we have
((Az.R)Pi ... B, Q € F8D. Hence P*Q € FSD. O

Theorem 2.4.18. The mapping F is a morphism of functional rewriting sysiems.

Proof. We prove two things: for all M &€ A we have Fy(M) € FSD, and if

M _{#'Dﬁ: .. i’r’ﬁl M’, then Fy(M) j?E .. Erg.ﬁ][M’) Both statements are proved
simnltaneously by induction on the definition of A;.

1. Suppase M =z or M = f. We have Fy(M) € FSD. Since there are no
Bi-rewrite sequences issuing from M the second statement holds.

2. Suppase M = Apz.M. Then FR(M) = Az F(P). DBy the induction hy-
pothesis Fo{P) € FSD, hence Fo(M) € FSD. Since a F-rewrite sequence

! r
starting in M is of the form A,z.P _{Eﬂ: Apz. P —{%'51 Apz.P” —{*{ﬁ ..., the
second statement holds by the induction hypothesis.

3. Suppase M = (PQ}). Two cases are distinguished.

(a) Suppose M —g5 Ayz.Fy. By the induction hypothesis, Fo(P) € FSD
and Fy(Q) € FSD. By the induction hypothesis, we have moreover
Fo(P) »5 Ar.Fo(Fo). By Lemma 2.4.17, Ry(M) = F(PYFR(Q) €
FSD. Using the observation of Remark 2.4.7 we also have that the
second statement holds.

(b) Otherwise, we have that F(M) = Fy(P)F(Q). DBy the induction
hypothesis, Fof P) € FSD and F(@) € FSD. Hence Fo(M) €
FED. Further, every Bi-rewrite sequence starting in A is of the form
(PQ) g (P'Q) with P =5 P' and ¢} 5 @'. Hence the second
statement holds. O

So every Gi-rewrite sequence in A; corresponds in a precise way to a B-rewrite
sequence in FSD. Tt is also the case that every B-rewrite sequence corresponds to
a B-rewrite sequence in a precise way, but since we don’t need this for the proof
of finiteness of superdevelopments we do not give the proof here. Now we prove
that all 3-rewrite sequence in FSD are finite.

Theorem 2.4.19. Let M € F&D. Every 3-rewrile sequence starting in M is
finite.
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Proof. The proof proceeds by induction on the derivation of M & FSD.

1.

[y}

If M is a variable or a constant then clearly every S-rewrite sequence starting
in M is finite.

. If M = Xz.P with P € F&D, then by the induction hypothesis P is strongly

B-normalising. Hence M = Az.P is strongly S-normalising.

. M = PQ with P € F&8D and (} € F5D, then by the induction hypothesis

both P and ¢} are strongly S-normalising. Let & be an arbitrary S-rewrite
sequence starting in M. By Remark 2.4.13 every term in & is of the form

P'QY with P -3 P’ and Q —»5 . Hence o is finite.

Let M = (Az.P)Qs...Qm with Pz := (1] ...Qn € FSD and ¢, €
F&D. Consider an arbitrary S-rewrite sequence o : M = My —5 M —p
My —5 ... starting in M. There are two possibilities: the head redex of Af
is cnntrarbpd in & or it 15 not contracted.

In the first case there is a rewrite step M, —3 M,, in & with M, =
(Az.PY Q... and Moy = Pz := Q)]Q,...Q, such that P —;
P v @, ....,Qm »p &,. By the induction hypothesis, we have that
Pla :== 1] ... Qn is strongly B-normalising. Hence its G-reduct P'[z =
], ..., is strongly S-normalising and & is finite.

In the second case all t.e-rms in ¢ are of the form (Az. Py, ..., with
P =g POy —5 G,...Qn —»5 Q.. DBy induction hypothesis, P[z :=
Q]Qa... QG is strong]y B-normalising, so P, (h,...,}, are strongly (-
normalising. Moreover, we have by the induction hypothesis that ¢}, is
strongly S-normalising. Hence every term in « is strongly S-normalising and
o is finite. -

Let M = Ay} (Az. PYh (s . .. Q with (Az. PYH sy ... Q, € FED. Con-
sider an arbitrary J-rewrite sequence 7 : M = My —3 My —5 My —5 ...
starting in M. There are two possibilities: the head redex of M is contracted
in « or it is not contracted.

In the first case, there is a rewrite step M, —3 M., in 7 with M, =
Ay Qe PHYQL, ... and M, = (A2.PYQQ, ... @ and such that
P g P, Ch =5 (H,...,Qm =5 (- By the induction hypothesis, we have
that (As. P)Qle .}, is strongly 3-normalising, and hence we have that
its reduct (Az.P)Q,Q, ... Q. is also strongly S-normalising. This yields
that (Ay.y)(Az.P)Q\ Q... @, is strongly S-normalising and - is finite.

In the second case, all terms in & are of the form (Ay.y){Az.PYQ Q5 ... Q) .
By the induction hypothesis, (Az.P)Q, Q). .. (},, is strongly S-normalising.
This yields that ~ is finite. O
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Corollary 2.4.20. All 3-superdevelopments are finite.

Proof. By Theorem 2.4.18 and Theorem 2.4.19. a

Second Proof of Finite Superdevelopments. The second proof of finiteness
of superdevelopments is similar to the second proof of finiteness of developments.
We define a morphism F that maps a [S-rewrite sequence in AP to a S-rewrite
saquence in SA. This yields that all superdevelopments are finite.

In this case we snppose that there is a distingnished constant. denoted by App.
The idea of the morphism is exactly the same as in the case of finiteness of devel-
opments: labels are erased and 3-redexes that do not correspond to a F-redex are
blockad by adding App in front.

As in the case of the proof of finiteness of developments, to make F into a
morphism we need that the positions of App ‘do not count’. We will be concerned
with A-terms in which App occurs only in subterms of the form AppdM. So it
suffices to add the following clanse to the definition of the set of positions of a
A-term:

Pos({AppAd) = Pos( M)

and the following clanse to the definition of a subterm of a A-term at a certain
position:

(AppM)|y = M|,
Definition 2.4.21. The mapping
F = (Fo, Fu) : (A7 8z, =) = (A 45, =)
is defined as follows.
1. The mapping 7 : A} — A is defined by induction on the definition of A;.

(a) Folz) =,
(b) Falf) =,
(©) Falpr-M) = Mo Fo (M),
_ | AR{M)F(N) if M g, Apw. Mo,
(d) ﬁ]((MN)p) - { Agpﬁ[;J)Fﬂ(N) ntherwiie. F ‘
2. The mapping JF; : Ug — Ug is defined by Fi({d, 5:)) = (¢, 8).

Naote that Fo{ M) is never of the form x M, ... M,, with m > 0. So we won’t treat
this possibility in the following proofs by induction.
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Proposition 2.4.22. The mapping F is a morphism of functional rewriling sys-
tems.

Proof. We show two things:
L if M|y = {((Ap2. P)Q)P then Fo(M)]s = (Az.Fo(P)) Fo(@),

2. Fo(Plz = Q) = Fo(P)lz := Fo(@)]-

The first point is proved by induction on ¢. We only treat the difficult case, which
is when ¢ = D¢gg and M = (MyM;)F and it s not the case that My —g A, Fh.
In that case Fy(M) = App Fo(My)Fa(M1). By the induetion hypothesis, we have
that if My| s = ((Ap2.P)@Q )P, then Fo(Mo)|s, = (Ax.Fo(P))F(Q). Now it follows
easily that Fo(M)|, = (Ae.Fa(P))Q:

Fo(M)ag0
Fol((MoM:1) )0
AppFa(Mo)Fo(Mi)|oge =
AppFo(Mo)lse =
Fa(Mo) s,
(Az.Fo(P)Fa(Q)-

The second point follows by induction on the structure of P, supposing the labels
in P and in ¢} to be distinct. O

We now show that F maps labelled terms to terms in SA'. Wae need two anxiliary
lemmata.

Lemma 2.4.23. Let M € A; and suppose Fo(M) € SN. Let N € SN. Then
Fo{M)[z:= N € SN

Proof. The proof proceeds by induction on the derivation of Fo{M) € SN.

1. Suppose Fo(M) = fP,... P, with P, € SN,..., B, € SN for some m > 0.
If m = 0, then the statement clearly holds. If m > 0, then f = App. By
the induetion hypothesis we have P [z := N] € SN, ..., B[z .= N] € SN.
Hence Fo(M)[x := N| = fPyx := N]... B[z := N] € SN.

2. Suppose Fp{ M) = Ay.P with P € SN. By the induetion hypothesis Plz :=
N] € SN. Hence Fy(M)[z .= N| = My.(Pr := N]) € SN

3. Suppase (M) = (Ay.P)QuQy ... @ with Py := q]Q1 ... @, € SA and
Qs € SN. By the induction hypothesis we have (Ply := Qy]Q1 ... @Q)[r =
N] € SN and Qlz := N|] € SN. Hence we have Fo( M)z = N|

(O-P)QoQ .. Qu)lz = N] € SN E
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Lemma 2.4.24. Let M € A; and suppose Fy(M) € SN. Let N € SN. Then
Fo(MIN € SN.

Proof. The proof proceeds by induction on the derivation of Fy(M) € SN.

1. Suppase Fo(M) = fP1... P, with P, € SN, ..., P, € SN. Then we have
Fo(M)N = fP...FaN € SN.

2. Suppose Fy(M) = Az.P with P € SN. Then M = A,z M, with /(M) =
P. By Lemma 2.4.23 we have P[z:= N| € SN. So Fy(MIN = (Az.P)N €
SN.

3. Suppase Fo(M) = (Ar.P)QuQy ... Qm with Pz := Qo]Q1 ... @ € SN and
(Qa € SN. By the induction hypothesis Plz = Q]Q:... @GN € SN
Hence Fu( MIN = (Ar.P)oQ: ... QN € SN O

Theorem 2.4.25. If M € AY, then Fy(M) € SN

Proof. The proof proceeds by induction on the definition of Af.
1. Suppase M =z or M = [ then Fy(M) € SN.

2. Suppose M = Mz.My. By induction hypothesis, F{My) € SA. Hence
Fo(M) = Az . Fy(My) € SN

3. Suppose M = (MyM;)?. By the induction hypothesis, (M) € SN and
Fo(M;) € SN. There are two possibilities.

If My —»g, Apz.P, then Fo(M) = Fol M) Fo(M,). By Lemma 2.4.24, we have
that Fy(M) € SN

In the other case, Fo{M) = AppFo{ M) Fo(M;). Hence Fo{ MY e SA. O
Corollary 2.4.26. All 3-superdevelopments are finite.
Proof. By Proposition 2.4.22 and Theorem 2.4.25. ad
In [Raa%3| a different proof of finiteness of superdevelopments is given. It is a
proof by contradiction that makes use of a minimal counterexample.
2.5 Simply Typed Lambda Calculus

In this section we give a new proof of strong normalisation of simply typed A-
calenlus with B-reduction. The proof makes nse of the set SA given in Definition
2.2.3.
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Simply Typed Lambda Calculus. We consider simply typed A-calenlus a la
Church. First we recall the definition of the simple types. We suppose there is a
set of hase types. Base types are denoted by 0,0,.... The alphabet of the simple
types consists of the set of base types and a binary operator denoted by —.

Definition 2.5.1. The set Types of simple types is defined as the smallest set
satisfying the following:

1. 0 € Types for every base type 0,
2. if A € Types and I € Types then A — I3 € Types.

Simple types are denoted by A, B,C, ...

We use association to the right, so for instance A — B — C stands for A — (B —

). In Chapter 4 we will make use of the notion of arity of a simple type, which
is defined as follows.

Definition 2.5.2. The arity of a simple type A, denoted by ar(A), is defined by
induction on the strmeture of A:

1. ar{D) =0,

2. ar{dg — A;) =ar(4;) + 1.

We suppose that for every simple type A there is a set Var 4 consisting of infinitely
many w#ariables of type A. The set of all variables is denoted by Var and is defined
as

Var = U4 cTypesVar .

We suppose that for every simple type A there is a set C4 consisting of infinitely
many constants of type A. The set of all constants is denoted by C and is defined
as

The alphabet of the terms of simply typed A-calenlus consists of the set Var of sim-
ply typed variables, the set C of simply typed constants, and two binary operators:
one for A-abstraction and one for application.

Definition 2.5.3. For every simple type A, the set of simply typed A-terms of
type A, denoted by A7, is defined as the smallest set that satisfies the following:

1. if ¢ is a variable of type A, then = € A,

2. if f is a constant of type A, then f & A7,
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3. f A=A, — Ay, M € A, and 7 is a variable of type A4, then Az .M € A,

4. f M e Ag ,, and N € Ag, then MN € A
Definition 2.5.4. The set of simply typed A-terms, denoted by A, is defined as
AT = UAeTypesAI .
Notation 2.5.5. We will also write M : A to denote that M € A7

Definition 2.5.6. Let X C A and ¥ C A. The set denoted by X — Y is defined
by X oV ={MecA|YNecX :MNecY]L

We define the set of terms of type A that are strongly normalising. Note that a
simply typed A-term is also an untyped A-term.

Definition 2.5.7. SN(4)={M € A} | M € SN}
Remark 2.5.8. Note that for every type A we have AL # B and SN (A) # B.

We will make use of the following classical result, called the Substitution Lemma.
For a proof, see for instance [Bar92] for the case of pure type systems.

Lemma 2.5.9. If P: B, v: A and N : A then Plz:=N|: B.

Strong Normalisation.

Proposition 2.5.10. A} ,=A7 — Ag.

—

Proof. Let M € A} 5. Weclearly have for every N € A7 that MV € AZ. Hence
AL g €AY — Ag. For the converse, let M € Ay — Ap. Let N € A}, Then
we have MN € Ag. This yields that A € A} 5. Hence Ay — AZ CAY 5. O

Lemma 2.5.11. SN (A — B) D SN {4) = SN(B).

Proof. Let M € SN{A) = SN(B). For N € SN (A), we have MN € SN(B)
50 M N € SN and hence M € SN. Mareover M € A g, since N € SN (A4) and
MN € A5. We conclude that M € SN (A — B). 0

The converse of the statement of the previous lemma is more difficult to prove.
We need the following lemma.

Lemma 2.5.12. Let N € SN (A1) — ... = SN(A,,) with A,, a base type. Let
PeS8N(B)andz: A — ... —= A,,. Then Plz:= N] € SN(B).
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Proof. The proof proceeds by induction on the derivation of P £ SA.

1. Suppose P =yP ... B, with P,,..., P, €e SN. Wehave y: B; — ... —
B, — Band P, : By,...,F, : B,. By Lemma 2.5.9, we have that Pz :=
N] : B, for every p € {1,...,n}. Together with the induction hypothesis,
this yields that Pi[x := N] € SN(B1), ..., Pz := N] € SN(B,). Now two

cases are distingnished.

If 4 # 2, then Pz := N| = 4Pz := N|...B,[r := N]. We have Pz :=
N] € 8N, since Pz := N| € 8N,..., B,z := N| € SN. Hence Pz :=
N] € SN(B).

fy=athen B, = A,..., B, = A, and B=A4,,; — ... = A,. By
applying Lemma 2.5.11, we find that SA{4,11) — ... = SN(4,) C
SN(B). This yields that SN{4;) — ... = SN(4,,) CSN(4) — ... =
SN(A,) — SN(B). So N € SN{A;)) — ... = SN(4,) — SN(B).
Since Pi[r := N] € SN(A1),..., Bz == N] € SN(A,), we conclude that
Plz := N] = N{B[z:= N])...(P,[z := N]) € SN(B).

2. Suppose P = fP,...P, with P, € SN,..., P, € SN. DBy reasoning in
the same way as in the case i # 2 abowe, we come to the conclusion that

Plz := N| € SN (B).

3. Suppase P = Ay Py with By € SA. By induction hypothesis we have Pz
N] € SN. Using moreover Lemma 2.5.9 we have Pz := N| = Myp.(FRf= :
N)) € SN'(B).

4. Suppose P = (Ay.R)P B ... B, with Bly .= P|P,... P, € SN and P,
SN. By the induction hypothesis we have (Fy[y := BB ... B[z = N]|
SN and Pi[z := N] € SN. Together with Lemma 2.5.9 this yields Pz :
N = ((Ay.B)P. B, ... Bz := N| € SN(B).

Now we can prove the following crucial lemma.

ol mm

Lemma 2.5.13. SN (A — B) C SN{4) = SN(B).

Proof. Let M € SN(4 — B). Let N € SN(4). We need to prove that
MN € SN(B). We have MN : B. It remains to show that MN € SA. This

is proved by induction on A, and for every A by induction on the derivation of

Me SN.

1. Suppose M = ¢P,... B, with P,..., P, € SN. Since N € SN, we have
MN=yP,...P,N € SN.

2. Suppose M = fP,... P, with P,,..., P, € SN. Since N € SN, we have
MN = fP, ...P,N € SN.
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3. Suppose M = Az.P with P € SN. We have P € SN(B). We need to
prove that Pz == N] € SN. Wehave A = 4; — ... = A, with A4, a
base type. By the induction hypothesis of the induction on the stmcture
of A we have N € SN(4;) — ... = SN(A,,). Lemma 2.5.12 yields that
Plz:=N] e SN.

4. Suppase M = (Ayp.F))R P, ... P, with B[y := B|B...F, € SN and P, €
SAN. DBy the induction hypothesis of the induction on the derivation of
M € SN, we have FPyly :== P,|P,... P,N € SN. Since moreover P, € SN,
we conclude that MN = (Ay. BB P,...P,N € SN O

Theorem 2.5.14. SN{A — B) = SN{A) = SN (D).

Proof. By Lemma 2.5.11 and Lemma 2.5.13. ad

The proof of strong normalisation of simply typed A-calenlus with B-reduction is
now a matter of simple induction.

Theorem 2.5.15. Let A be a simple type. If M € A7 then M € SN(A).

Proof. The proof proceeds by induction on M € A7
1. Suppase M =z or M = f. Clearly M € SN(A).

2. Suppose M = Ax.P and A = A; — A;. By the induction hypothesis we
have P € SN{A;) s0o P € SN. This yields that M = A\r.P € SA and hence
M e SN(A).

3. Suppose M = PQ} with P : B — A and ¢} : B. By the induction hypothesis
we have P € SN(B — A) and @ € SN(B). By Theorem 2.5.14, P &
SN (B) = SN(A). This yields that PQ € SN (A). O

Related Work. A proof of strong normalisation of the system Gddel’s T, which
is an extension of simply typed A-<calculus with primitive recursion, is given by Tait
in [Tai67]. The proof makes use of the notion of computability and is quite short
but complex. Girard introdueces in [Gir72] the notion of candidate of reducibility.
He extends Tait’s method in order to prove strong normalisation of system F
(second order A-calculus) and Aw. In [Ganf0|, Gandy proves strong normalisation
using a notion of strict monotonic functional. Van de Pol discusses in [Pal96] the
relationship between the proof by Gandy and the proof by Tait. De Vrijer gives
in [Vri87h|, which is also published as [Vri87a], a proof of strong normalisation
that makes nse of the notion of strict monotonic functional and of a perpetnal
strategy. In this proof an exact bound on the length of a rewrite sequence issning
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from a term is computed. A proof of strong normalisation of simply typed A-
calenlus nsing an induction on a triple, consisting of the size of the type, the
maximal length of a rewrite sequence and the size of the term, i5 dne to van
Daalen, see [NGV94, p.507]. Lévy applied this technique in [Lév78| to prove strong
normalisation of a labelled A-calenlus with a bonnded predicate. This proof yields
also that all developments are finite, and standardisation, as reported in [Cur85].
Klop shows strong normalisation of labelled A-calculus by an interpretation in
Al -calenlus where there is no erasure of snbterms. Recently, Loader announced a
proof of strong normalisation of system I on the ‘types mailing list’ [Loa95], which
makes also nse of the set of strongly normalising A-terms. The proof presented in
this section i5 mostly related to the proof by van Daalen and Lévy, but i5s mare
tailor-made for simply typed A-calculus.



Chapter 3

Normalisation in Proof Nets

Intunitionistic linear logic was introduced by Girard in [Gir87] as a refinement of
intuitionistic logic, obtained by deleting the structural rules for weakening and
contraction. Weakening and contraction are then reintrodunced, but this time as
logical rules. There are many embeddings of intuitionistic logic in linear logic that
are faithfnl with respect to provability. One such embedding has as characteris-
tic property that an intunitionistic implication A — B is translated into a linear
implication !A" — B*, with A* and 3" the translations of A and B.

In [Gir87], classical linear logic is obtained from intunitionistic linear logic by
adding an operator for linear negation, and enforcing a complete symmetry: a
formula A1t is identified with A and every other operator has its dual.

Proofs nets are graphical representations of derivations in sequent calenlns of
classical linear logic. Derivations in sequent calcnlus that are the same up to an
irrelevant permutation, are represented by the same proof net. Thus the advantage
of proof nets above derivations in sequent calenlus is that we abstract over these
irrelevant permutations.

In this chapter we are concerned with proof nets defined for the multiplicative-
exponential fragment of classical linear logic. Rewriting of proof nets consists of
cut-elimination. We present a proof of strong normalisation of proof nets with
cut-elimination. It does not make nse of a notion of candidates of reducibility as
the one presented in [Gir87], but is more similar to the one presented by Joinet
in [Joi93]. Simply typed A-terms can be represented as proof nets such that one
[B-rewrite step corresponds to one or more steps of eut-elimination. The first such
representations are studied by Danos [Dan90] and Régnier [Rég92]. We briefly
discuss a translation of simply typed A-calenlus into proof nets.

This chapter is organised as follows. In Section 3.1 we recall the multiplicative-
exponential fragment of classical linear logic. In Section 3.2 the syntax of the
rewriting system consisting of proof nets with ent-elimination is presented. In
Section 3.3 we present a proof of strong normalisation of this rewriting system.

75
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3.1 Multiplicative-Exponential Linear Logic

In this section the sequent calculus of the multiplicative-exponential fragment of
classical linear logic is presented.

Formulae. We suppose there is a set denoted by Atoms consisting of infinitely
many atomic formulae. Atomic formulae are denoted by p, g, .... For every atom
p € Atoms there is a negative form p’ € Atoms, called the linear negation of p. So
the set. Atoms is partitioned in positive and negative atomic formulae.

The alphabet of linear logic consists of the atomic formulae in Atoms, a binary
operator called #imes denoted by ®, a binary operator called par denoted by p, a
unary operator called of course denoted by !, and a unary operator called why not
denoted by 7. We do not consider nnits for ® and 4.

The set of formulae is defined as follows.

Definition 3.1.1. The set Form of formulae is the smallest set satisfying the
following:

1. if p € Atoms, then p € Form,
2. if A € Form and B € Form, then A @ B € Form,
if A € Form and I3 € Form, then A p B € Form,

el

4. if A € Form, then !A £ Form,

if A € Form, then 74 € Form.

.

The linear negation of a formula A, denoted by A, is defined by De Morgan
equations:
(B = ¥, (A®B) = AlpBL, (4 = 74t
¥ho=p  (ApBY = AteBY, (P4 = 14h

7

In the sequel we write pT instead of p'. Linear implication, denoted by —o, is
defined by
A—o = AJ' 8l B

An enwironment i5 a multiset of formmulae. We will denote an environment by
Ai,..., A, where it 35 to be understood that a formula may occur more than
once and that the order is irrelevant.

Notation 3.1.2. We abbreviate A;,..., A,, by A Further, if A abbreviates
Ay,..., Ay, then 74 abbreviates 74, ..., 7A,,, 14 abbreviates 14,,...,14,, and
AL abbreviates At .o AL T we use A and B., then A abbreviates A, Ay
and B abbreviates By,..., B, with possibly m # n.
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Sequent Calculus. The sequent calenlus for elassical multiplicative-exponential
linear logic is given in the following table. We consider sequents of the form F A.

—

A sequent of the form A+ B can be represented as F }TL, B.

FC,A FALD
A, At (axiom) o (cut)
-G, D
-G,A FB,D -, A, B
. - (times) ———— (par)
-G A® B, D FC ApB
-C F&,74,74
_ (weakening) ' " (contraction)
-G, 74 -3 24
-G, A ¢, A
- (dereliction) _,1 (box)
-G,74 oG 14

The box rule is also called the promotion rule.
Example 3.1.3. We give an easy example of a derivation in sequent caleulus.

AL A FBLB
-FA®BL Al p B - AL Ag B*.B
- Ag B, A, B

3.2 Proof Nets

In this section the rewriting system (PN, ), consisting of the set of proof nets PN
and a rewrite relation > on PN, i5 presented.

Proof Nets. A multiplicative-exponential proof net is a graphical representa-
tion of a derivation in the sequent calculus of multiplicative-exponential classical
linear logic. We will simply say ‘proof net’ instead of ‘multiplicative-exponential
proof net’. A proof net consists of ocenrrences of formulae and links connecting
occurrences of formula. The links form in fact the nodes of a graph, with the
exception of the box link, and the formulae are the types. Ewvery formula occur-
rence is the conclision of exactly one link and the premiss of at most one link.
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An occmrrence of a formula is a pair consisting of a formmla and a label. We take
the natural numbers as labels. Labels are nsed to be able to distingnish between
two occurrences of the same formula, like in A-calenlus one wants to be able to
distingnish between a variable & of type A and a variable 4 of type A.

Definition 3.2.1. A formula occurrence is a pair consisting of a formnla and a
label. Formula occurrences are denoted by A, B, Gy, D, . . ..

Links are considered to be typed by formulae, but the types of links are not written
explicitly.

Definition 3.2.2. The alphabet of proof nets consists of the following:
1. for every formmla A and for every label m there is a formula occurrence A,,,
2. for every formula A there exists an A-axiom link,
3. for every formula A there exists an A-cut link,
4. for all formulas 4 and I there exists an A-B-times link,
5. for all formulas A and I3 there exists an A-B-par link,
6. for every formula A there exists an A-weakening link,
7. for every formula A there exists an A-contraction link,

8. for every formula A there exists an A-dereliction link,

9. for all formulas A, B there exists an A-B-box link.

In Chapter 4 we consider proof nets over an alphabet that contains also proof net
constants. In this chapter we do not consider proof net constants, since considering
proof net with constants wounld not change the argnments nor the results (with
exception of Proposition 3.2.8), but wounld complicate the syntax. Proof nets are
built inductively from formula occnrrences and links. Special formula occurrences
are the output occurrences. These are the formnla ocenrrences that are not the
premiss of any link. The output ocenrrences of a proof net are defined in the
inductive definition of proof nets, which is as follows. We indicate the part of a
proof net M consisting of M without output occurrences by M,.

Definition 3.2.3. The set of proof nets, denoted by PN, is the smallest set
satisfying the following.

1. An A-axiom link is a proof net with ountput occmrences A,,, A, for some
fresh labels m,m’ € N, written as
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Am AVJ;!J

2. If M is a proof net with ontput ocenrrences A,,, B,and Nisa proof net with
output occurrences AL, 6’;,, then adding an A-cunt link between the output
oceurrence A,, of M and the output occurrence AL, of N yields a proof net
with ontput occurrences ﬁm C‘;,, written as

B

3. If M is a proof net with ontput occnrrences AR,C?P and N i5 a proof net
with output ocecurrences 13, ﬁq, then adding an A-B-times link between
the ontput occurrence A,, of M and the output occnrrence 13, of N yields
a proof net with ontput occurrences (A ® B)_, 6’;,, ﬁq, with » € N a fresh
label, written as

M, Ny
| |

|
é’P A -B-mJI .ﬁq
(;\g By,
4. If M i5 a proof net with ontput occurrences A,,, 13,2, C‘;,, then adding an

A-DB-par link between the ontput occurrences A,, and I3, yields a proof net
with ontput occnrrences (A p B)_, Cp with n € N a fresh label, written as

5. If M is a proof net with ontput occnrrences ﬁm then adding an A-weakening
link yields a proof net with ontput occurrences 7A,,, I3,, with m € ¥ a fresh
label, written as
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W M,
| [
A, B,

6. If M i5 a proof net with output occurrences 74,74, f‘?q, then adding
an A-contraction link between the output occurrence 7A4,, and the output
oceurrence T A vields a proof net with output occurrences TA,, f‘?q, with
7 € ¥ a fresh label, written as

74,

7. If M is a proof net with output occurrences A, EP, then adding an A-
dereliction link to the output occurrence A, yields a proof net with ountput
accurrences ! Ay, By, with m € N a fresh label, written as

My
[

—

A B,

|
D
|
TAnL
8. If M is a proof net with output occmrrences Am,?ﬁﬂ, then adding an A-

B-box link vields a proof net with output occurrences 1A, ?ﬁﬂ, with fresh
labels m’,nl,. .. ,n;, € N, written as

M
-
An B,
| |
!Am’ ?B’nr
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The box link, which corresponds to the box mle of the sequent calenlus, is used
to indicate a part of a proof net in an explicit way. As we will see, the only parts
of a proof net that can be duplicated by rewriting are the boxes.

In the remainder of this chapter, we will often leave out the Ilabels of the formula
occurrences of a proof net.

The following example illustrates the advantage of proof nets over proofs in sequent
calenlus.

Example 3.2.4. We give an easy example of two different proofs in sequent
calculus that are represented by the same proof net. The following two derivations
in sequent calculus:

A, At BB - B, Bt FC,0t
-4 At@B Bt FCC* -4 A B, Btegc, ct
-4, At@B, BteC Ct 4 At@B BteC Ct

are both represented by the following proof net:

T — —
A At B Bt c  Cct
N \@F/

At ® B Bt C

The definition of proof nets as originally given by Girard in [Gir87] differs from
the one given in Definition 3.2.3. In the original definition, first the set of proof
structures is defined. Proof strmetures are graphs built from the alphabet of proof
nets given in Definition 3.2.2. Proof nets are defined as the proof structures sat-
isfying a certain criterion, called the long trip condition [Gir87). An alternative
for the long trip condition has been given by Danos and Régnier in [DR89]. An
example of a proof structure that is not a proof net is the following:
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Rewriting Proof Nets. The rewrite relation on PN consists of ent-elimination.

It 1s defined as follows.

Definition 3.2.5. The rewrite relation on PN, denoted by 1>, is the smallest
relation that s compatible with the structure of proof nets and that is induced by
the following rewrite rules.

1. axiom
S : :
A AL A = A
) | J )

2. times-par

A B AJ_ BJ_

Ptp : : : :
AQ B Aty Bt A 4 pt B
L A s J s J
3. weakening-box
M
[
w AR o W W
| ] o |
24+ 1A 7R R R
Y B
4. contraction-box
D N N N
\ / A B . A7 | | A8
ﬁl I ¢ [ Do I
744 A 78 A 28 rAAL 1A 7B
LN 4 L L A LN 4
NP
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5. dereliction-box

At N
| [
D A 0 N
| ] Pa ]
?AL 14 2C AL A 3G
L - [
6. box-box
M
[
B A N
i v Loy
G A ?AL?C D 5 °B D
] T ] b | 1
°F 14 ?AL 2 1D °5 ?C 1D
- e 0} - . - . -

Notation 3.2.6. The rewriting system of proof nets with cnt-elimination as
defined by the rewrite rules in Definition 3.2.5 is denoted by (PN, ).

Labels of formulae are nsed only to have access to a certain occurrence of a formula
in a proof net. We will suppose that all labels of formulae in a proof net are
different. In particular, labels of a proof net are not used to trace a formula
occurrence along a rewrite sequence.

We make two observations concerning {PN,r). The first observation is that the
set of proof nets with output formulae A, ..., 4, is closed nnder the relation .

Proposition 3.2.7. If M is a proof net with output formulae Ay, ..., A, and
M M, then M' is a proof net with output formulae Ay, ... A,,.

Proof. If M is a proof net and A > A, then it follows from an inspection of the
rewrite rules indnecing the relation & and of the derivation of A € PN that A{’ is
a proof net. O
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So proof nets with ent elimination have an underlying abstract rewriting system
of the form (PN,r).

The second observation is that a proof net can be rewritten if and only if it
contains a cut link. This proposition does not hold for the proof nets that possibly
contain proof net constants, as we will consider in Chapter 4.

Proposition 3.2.8. Let M € PN. Then M is in normal form with respect o &> if
and onfy if M does notl contain a cut link.

Proof. It is easy to see that a proof net that doesn’t contain a cut link is in
normal form with respect to .

Suppose M is a proof net that is obtained by adding a cnt link between the
output ocemrence A of a proof net M, and the output occurrence A+ of a proof
net M;. We show that this particular ent link can be eliminated by applying one
of the rewrite rules defining the relation . If the ontput ocenrrence A in M is the
conclusion of an axiom link or if the ontput ocenirence A+ in Af; is the conelusion
of an axiom link, then the rewrite rule axiom can be applied that eliminates the
cut link we consider. So snppose neither the ontput ocenrrence A nor the ontput
occurrence AL is the conclusion of an axiom link. Since for every type B we have
{BJ-)J' = I} and A I8 not an atom, it is sufficient to consider the following two
CAases:

1. A= By ® By and A' = B} p B,
2. A=1Rand AL =7RBL.

We show that in both cases a rewrite rule applies that eliminates the cut link we
consider.

1. Suppase A = By® B, and At = By pBit. It must be the case that the output
oceurrence A of M is the conclusion of a times link and the output occmrrence
A" is the conclusion of a par link. Hence the rewrite rule times-par can be
applied.

2. Suppase A = !B and A+ = ?RL. It must be the case that the ountput
occurrence A is the conclusion of a box link. For A+, we distingnish the
following possibilities.

(a) The ontput oceurrence A+ is the conclusion of a weakening link. Then
the rewrite rule weakening-box can be applied.

(b) The ontput ocenrrence A+ is the conclusion of a contraction link. Then
the rewrite rule contraction-box can be applied.
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(¢) The ountput ocenrrence A+ is the conclusion of a dereliction link. Then
the rewrite rule dereliction-box can be applied.

(d) The output ocenrrence A’ is the conclusion of a box link. Then the
rewrite mle box-box can be applied. O

In the following we will make use of a notion of residual that we introduce infor-
mally as follows. We label cut links, again with natural onmbers. Labels of cut
links are supposed to keep track of a cut link during a rewrite sequence. That
is, if a cut link with label m is in a part of M that is not mentioned explicitly
in the rewrite rule that is applied to abtain M A’ then the corresponding cut
link in M’ has also label m. In an application of the rewrite rnle axiom, one cut
link is eliminated. An application of the rewrite rule times-par eliminates one
cut link and creates two cut links. The created cut links are supposed to have
fresh labels. An application of the rewrite rule weakening-box eliminates a cut
link, and moreover erases cut links that are possibly present in the part indicated
by M in the rewrite rule. An application of the rewrite rule contraction-box
creates two eut links that are supposed to have fresh labels. Moreover, the part
indicated by N in the rewrite rule is duplicated. Copies of ent links in the box
that is duplicated keep their labels. So every eut link in the part indicated by N
has two residnals after eliminating the contraction-box eut link. An application
of the rewrite mle dereliction-box creates a cut link that is supposed to have a
fresh label. Finally, an application of the rewrite rile box-box also creates a new
cut link that is supposed to have a fresh label.

The label of a cut link does not determine a nnique rewrite step, since there
might be several eut links with the same label. However, one can suppose a cut
link to be labelled by a composed label, containing both the label of a eut link,
used to trace it along a rewrite sequence, and the labels of the formulae it connects,
that are unique. We will sloppily talk about a cut link with label m in a proof net
M, and suppose that it uniquely determines a cut link in A, and moreover that
the label m can be used to trace that particular cut link along a rewrite sequence.

Lambda Terms and Proof Nets. To conclnde this section, we briefly discnss
the relationship between simply typed A-terms and proof nets. A naiwe translation
of simply typed A-term A{ into a proof net A" is defined inductively as follows.

1. A variable = of type A is translated into
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2. The translation of Az My : A — Bis

Mg
| | |
°¢ 4L B
?Al};B

where the formula ocemrence Al represents the occnmrences of x in M. If
x & FV(My), then an A weakening link is added to the translation of M, and
next an A-B-par link is added as above.

3. The translation of My : B with My: A— B and M,:41s

My
| |
¢ A
. | | —
Mg 20 14 B~ B
°3 1AL p B 1A®Q Bt
\__ J
C
I,
7

Translations of A-terms into proof nets are studied by Danos [Dan90| and Régnier
[Rég92]|. They present a translation that is less naive than the one given above in
the sense that a A-term in normal form is translated into a proof net in normal
form. The translation above is considered in [Asp94| and also in [Raa82]. Im
[Raa92] moreover a translation due to Curien is studied.



Strong Mormalisation 87

3.3 Strong Normalisation

In this section we present a proof of strong normalisation of the rewriting system
(PN,>). The proof proceeds in several steps and bears resemblance to the proof
of strong normalisation of proof nets presented by Joinet in [Joi93] and the work
concerning pure nets presented by Danos in Chapitre 8 of [Dan90]. First strong
normalisation of proof nets containing only atomic axiom links is shown. This is
also the first step in the proof by Joinet. The extension to the class of all proof
nets is different from the one given by Joinet, and also the details of the first
step are presented differently by Joinet. First we show weak normalisation of the
rewrite relation generated by all rewrite rules except for the rewrite rule >,. Next
we infer strong normalisation of the rewrite relation generated by all rewrite rules
except for the rewrite rules >, and , by a method due to Nederpelt and Klap.
Finally it is shown that this entails strong normalisation of the rewrite relation t.
This resunlt is extended to proof nets with arbitrary axiom links nsing expansion
rnles, that transform an axiom link into a proof net with the same ontputs and
only axiom links of less complex types.

We first restrict attention to proof nets with only atomic ariom links.

We will use the following notation.

Notation 3.3.1. The rewrite relation generated by the rewrite rule >, is denoted
by .. The rewrite relation generated by all rewrite rules but the rmle >, is denoted
by s

A first observation is that the relation 1>, is strongly normalising, since at every
o-rewrite step the mumber of axiom links decreases strictly. This holds as well in
the presense of arbitrary axiom links.

In proof nets with only atomic axiom links, it is possible to postpone g -rewrite
steps. That is, every rewrite sequence M * M’ can be written as M ¥ N ! M.
This is shown in the following lemma. It does not hold for proof nets possibly
containing axiom links of compound formulae.

Lemma 3.3.2. Let M be a proof net with only atomic ariom links. If Mo, M'>_,
M", then there is a proof net N such that M »_g N M”.

Proof. The cut link eliminated in the rewrite step M’ >_, M” was already present
in M, since an . -rewrite step does not create or copy cnt links. Moreover, since
all axiom links are atomic, this cut link can be eliminated in Af already by an
»_a-Tewrite step. O
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As a consequence, strong normalisation of proof nets with only atomic axiom links
is implied by strong normalisation of the rewrite relation >_,. So we will now fix
attention to the relation .

Weak Normalisation. In this paragraph we show that the relation >_; is weakly
normalising for proof nets containing only atomiec axiom links. We will define a
notion of structural development. For its definition we first need the definition of
the depth of an occurrence of a formula in a proof net, which is given as follows.

Definition 3.3.3. Let M be a proof naet. The depth of a formula occurrence A,
in M, denoted by depth(A4,,, M), is defined by induction on the structure of the
formula A:

1. if A is the conclusion of an A-axiom link then depth{A4,,, M) =D,

2. f A =A; ® A, and the formula ocenrrence A, 15 the conclusion of an Ag-
A;-times link with as premisses the formula occnrrences (A4g),,,, and (A;)

then depth( A, M) = max{depth((An),n,, M), depth((A1),.,, M)} +1,

iy ?

3. f A = Ay p A, and the formula occurrence A,, is the conclusion of an Ag-
Az-par link with as premisses the formula occnrences (Ag),,, and [A;)
then depth(A,,, M) = max{depth{{Aq),. , M) depth((A;) . , M)} +1,

w7

Lt

4. if A = 7A; and the formula occmrrence A, is the conclusion of an Ag-

weakening link, then depth{A,,, M) =0,

if A = 74; and the formula oecurrence A,, is the conclusion of an Ag-
contraction link with as premisses the formula occurrences A,,, and A,
then depth(A,,, M) = max{depth{A,,,, M) depth(A4,, , M)} +1,

[y}

6. f A = 7A; and the formmnla occcmrence A4, is the conclusion of an Ag-
dereliction link with as premiss the formula occurence (Ap),,, , then we define
depth (A, M) = depth({Ag),,., M) +1,

7. if A =1A4; and the formula ceccmrrence A, is the conclusion of an Ay-5;-. . .-
B,,-box link with as premisses the formula oecurrences (4a),,, . (7 Ba)

(?B.),,., then depth (A, M) = depth({Aq),, , M) +1,

gttt

R. if A =74, and the formula ocemrrence A, is the conclusion of a B-4,-4;-
- --=Ag-box link with as premisses the formula ocemrrences B, (7 Aq),,,
(PA1) 0 ---1 (FAm),, , then depth( A, M) = depth((7A,),, , M) + 1.

The depth of a eut link is defined as the sum of the depths of the formulae it
connects.
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Definition 3.3.4. Let M be a proof net. The depth of a cut-link in A with label p
and with premisses A,, and A, denoted by depth(p), is defined as depth(A,,, M)+
depth{AL, A).

Now we can give the following definition which is essential for the definition of a
structural development.

Definition 3.3.5. Let M be a proof net with only atomic axiom links, and let
{mi,...,my} be a set of labels of cut links occmring in M, for some p > D.
By induction on the mmltiset [depth{m,),...,depth{m;)] we define a proof net
J(M, {mq,...,mp}) as follows.

1. If p =0, then f{M, {m,...,mp}) = M.

2. If [depth(m;),...,depth(m,)] = [0,...,D], then f(M,{my,...,mp}) is ab-
tained by eliminating all ent. links my, ..., m,.

3. Otherwise, let m,; be a cnt link of maximal depth. If m, is neither a
contraction-bax cut link nor a box-box cut link, then f(M, {m4,...,mp}) =
F(M', X) with M 5 M’ and X the set of all residuals of {mi,...,mp} in
M’. Note that the cut link m, does not have a residual.

If m, is a contraction-box cut link, and A E: M’ then f(M,{my,...,mp}) =
S{M’, X) with X the set consisting of all residuals of {my,...,m,} in M’
and of the labels of the two cut links that are created by the rewrite step
M B M.

If my is a box-box cnt link, and M [y M, then f(M,{my,...,mp}) =
J(M’, X) with X the set consisting of all residnals of {m4,...,m,} in M’,

and of the label of the eut link that is created by the rewrite step M gi: M.

For proof nets with only atomic axiom links, it is easy to see that the proof net
F(M, {mq,...,mp}) is well-defined in the second clanse. Moreover, in the third
clanse the multiset [depth{m,),...,depth{m,)] decreases in every step, since cut
links that are multiplied have a lesser depth, and the cut links that are created and
added to the multiset in the case of a >, or 1>, step have a lesser depth than the
cut link that is eliminated in the rewrite step. Note that Mo* f(M, {m,,...,mp})
for every set of cut links in A7, The definition of a structural development is now
given as follows. It is similar to the notion of complete structural reduction as
defined for exponential ent links in [Dan90].

Definition 3.3.6. A structural development is defined as a rewrite sequence

Mt f{M-, {mI: -- -1mP]')
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for some set of cut links {my,...,my} in M. A structural development is denoted
by M ~ M. A structural development from M to f{AM,{m}) is denoted by
MZE M.

Now we discuss the proof of weak normalisation as given in [Dan90], the method
is basically due to Toring and is explained in [Gan80]. In the proof we make use
of two measures, namely the height of a ent link and the height of a proof net,
that we introduce informally. The height of a formula occurrence, is the sum of
the heights of its premisses plus one, unless it is the conclusion of a 7-box link
or it is a contraction link, then the height 5 just the sum of the height of its
premisses. The height of a cut link labelled by m, denoted by k(m), is the sum of
the height of the formula occurrences it connects. The difference between height
and depth is that ?-box links and contraction links do not contribute to the height
of a formula occurrence, but they do contribute to the depth. Finally, the height
of a proof net M, denoted by R(M), is defined as the mmltiset [A(m.), ..., R{m)]
with my, ..., m, all the cut links ocenmrring in M.

Proposition 3.3.7. Proof nets with only atomic ariom links are weakly normal-
ising with respect to the rewrite relation >_,.

Proof. Let M be a proof net with only atomic axiom links containing eut links
My, ..., Mp. Consider a cut link m of maximal height such that in the stroctural
development A 5 A’ no ent link of maximal height is mmltiplied. Such a eut link
m exists. Now if A/ %5 M’, then the heaight of A’ is strictly smaller with respect
to the usual extension of the ordering on natural numbers to multisets of natural
numbexs. This is the case since A 5 M’ does not mmltiply a cut link of maximal
height. This means that performing repeatedly a structural development of a cut
link of maximal height as above, yiekls a rewrite sequence that eventually ends in
a normal form with respect to »_g. O

The proof does not go through if also r,-steps are allowed since a > -step might
canse an increase of the height of some cut links.

Strong Normalisation. Now we will show strong normalisation of the rewrite
relation  for proof nets containing only atomic axiom links. As we already dis-
cussed, it is sufficient to show that the rewrite relation >, is strongly normalising.
As a matter of fact, we can first concentrate on the rewrite relation generated
by all rewrite rules except for the rule -, and the rule ;. This is shown in the
following lemma. First we need to introduce some notation.

Notation 3.3.8. The rewrite relation generated by all rewrite rules except for
the rewrite rule >, and the rewrite rule >y is denoted by -, .
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Lemma 3.3.9. If M vg M' v_o g M” then there exists a proof net N such that
M gy Noi M.

Proof. As Lemma 3.3.2 this follows from an easy inspection of the rewrite rules.
O

50 in order to prove strong normalisation of =g, it is sufficient to show strong
normalisation of »_; 5. Strong normalisation of this rewrite relation follows quite
easily from weak normalisation, nsing Lemma 1.1.29 which is Corollary 5.19 in
[Klo80]. In order to apply Lemma 1.1.29, we need to make the rewrite relation
increasing. Therefore we restrict attention to the rewrite relation not generated by
the rewrite rule »; (and not by ;). The method of inferring strong normalisation
from weak normalisation is due to Nederpelt [Ned73] and Klop [Klo80]. In order
to apply this method for A-calenlus with 3-reduction, one needs to consider the
B-rewrite relation as generated by several rules. De Groote shows in [Gro93] how
to infer strong normalisation from weak normalisation by distingunishing between
rewrite steps (Az. M)N — M|z := N]| with x ¢ FV(M) and steps with x € FV(M).
Cut elimination of proof nets forms in fact already a refinement of 3-redunction,
and here it is not necessary to introduce new rules.

Lemma 3.3.10. Proof nets with only alomic ariom links are strongly normalising
with respect to the rewrite relation g .

Proof. We sketch the proof. Let M be a proof net containing only atomic axiom
links that is weakly normalising with respect to the rewrite relation »_ . We
assign a measure to M and to all its »_; _p-reducts as follows. We assign a weight
to every cut link, except for contraction-box cut links and box-box ¢ut links. The
weights are supposed to distribute over 7-box links and over contraction links. In
M, we assign to every cut link weight 1. Then, in a -, rewrite step, a cut link is
eliminated and one or two cut links are created. We assign to the created cut links
the weight of the eliminated cut link plus one, supposing that contraction-box cut
links and box-box cut links have no weight. In this way we have that the weight of
a proof net increases after finitely many rewrite steps. The rewrite relation »>_p—g
is weakly normalising, hence the one with labels is weakly normalising as well
Moreover, local confluence holds. We conclude by Lemma 1.1.29 that the rewrite
relation _, 5 is strongly normalising. O

Theorem 3.3.11. Proof nets with only alomic ariom links are strongly normal-
18E1G.

Proof. By Lemma 3.3.2 we can postpone the ,-rewrite steps. To show strong
normalisation of >_,, it is sufficient to show strong normalisation of >_,_ since by
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Lemma 3.3.9 the >, steps can be postponed. Hence the statement follows from
Lemma 3.3.10. O

Expansion. The strong normalisation result for proof nets with only atomic
axioms links is extended to the class of all proof nets. To that end we introduce
expansion rules that give more structure to a proof net by replacing an axiom link
of compound type A by a proof net with outputs A and A, containing only axiom
links for formulae that are less complex than A.

In the remainder of this section we will consider proof nets with arbitrary ariom

finks.
The expansion rules are defined as follows.

Definition 3.3.12. The rewrite relation &, is defined as the smallest relation that
is compatible with the stmcture of proof nets and that satisfies the following.

1. multiplicative expansion

— T
Ay 1 Af
Ao ® Ay
Pme £
Y |
Ay p AT Aa®@ A Ay p AY
2. exponential expansion
AL
|
D
|
Ay Ao

DEE

7AL 14, 74114,
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Proposition 3.3.13. The rewriting system (PN, ) 45 strongly normalising and
confluent.

Proof. Strong normalisation follows since at every rewrite step the complexity of
the axiom links decreases, and there is no duplication. Conflunence follows from
strong normalisation and local confluence. O

Notation 3.3.14. We denote the b.-normal form of a proof net A by (M) and
the p.-normal form of an A-axiom link by e(A4).

Note that e{ M) is a proof net with only atomic axiom links.

Lemma 3.3.15. If M o M, then e(M) T e[ M').

Proof. If M>_, M, then e(M) >_; e(M"), since every cut link in M between
formulae that are not the conclusion of an axiom link is present in e{ M) as well.
Suppose M M’ by an application of the rewrite rnle axiom. Then the rewrite
step M g M’ is of the following form:

Ml Ml
— [ [
M, A AL & My | ©
| — Pa |
B B

The proof net e(M) is of the form

efA)

At e(M;)

|
e(Ma)| A At 5:0
-

The proof net £(Af’) is of the form
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E(Ml)
[ ]
e(Mp) C_?’P
|
B,
We show that
el A) e{ M) e{ M)
1 T 1 P ]
At Am AL At &
—

This yields that e(M )t e(M).
The proof proceeds by induction on depth{ AL, e(A;)).

1. Suppose depth{AL,,e(A;)) = 0. There are two possibilities. If A is an atom,

then we clearly have
e{ M) e(M;)
|; Pa
‘

|
AL A A @& A C
L

If A=7A7 and A is the conchision of a weakening link, then

E(A[])
|
Ay
|
D
|
?Ay Aq W 5 W
[ | o
PALIA,  TAR ?AL
L —

I1. Suppose depth(AL,,e(M;)) > 0. If A = Ag®A;, A = AppA; or A = 74, then

L]

the statement follows easily by induction hypothesis. Suppose A = 14,. Three
cases are distingnished.
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1. A;, in e(A;) is the conelusion of a dereliction link. Then we have

e(4q)
| N e(An)
A | |
N
|
TAL Ag D D N
] | Pa | |
?AF14, 7A; TA; Ao Agt
| — LA

where N indicates a part of (M;). The induction hypothesis then yields the
desired conchision.

2. AL in e{M)) is the conclusion of a ?-box link. Then we have

E{An)
|
Ay
E(A[]) |
| D
1 |
40 - 7AL A N
D [ |
| | 24414 244
74 Aq 74+ Ay o 0

1 |
74414, 74+ 74+

where N indicates a part of e(A;). Then we can apply the induction hy-
pothesis.

3. Ax in e(M)) is the conclusion of a contraction link. Then we have that the
proof net
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96
E(A[])
|
AJ_
|ﬂ N
D [
! TAFTAT
T Ay Ag \
[ c|/
? Ay Ag 7Ag
is rewritten to the proof net
e(An)
|
pr 44
| |
D D
| |
TAy Aqg N TAT Ay
I [ I
?AF 14q TALT Ay TAT 1A,
k L 4 L ] 4
c—r
Ay

Then we can apply the induction hypothesis.

Corollary 3.3.16. (PN,p) is strongly normalising.

Proof. By Theorem 3.3.11 and Lemma 3.3.15.



Chapter 4

Higher-Order Rewriting

This chapter is concerned with higher-order rewriting. A higher-order rewriting
system describes transformations of functions. We will consider functions to be
coded by means of abstraction like in the A-calenlus. This motivates to define
higher-order rewriting systems as rewriting systems in which a binding mechanism
for variables is present. The paradigmatic example of a higher-order rewriting
system is the A-calenlus. It is however important to study not only A-calenlus,
but also extensions of A-calenlus. Some extensions are definable, like A-calecnlus
with arithmetic, but other extensions are not, like for instance A-caleunlus with
surjective pairing. Even if an extension is definable in A-calenlus, it is often mare
convenient to add data-types explicitly. Moreover, this brings the syntax closer to
the syntax of functional programming langnages.

Wae consider an example of a higher-order rewriting system in order to illustrate
the difference between first- and higher-order rewriting. An example of a first-
order rewrite rule is 0 + # — 2, which models the operation of adding zero in
the natural numbers. The left-hand side and the right-hand side both model
a natural number, and the variable # can be instantiated by some term that
also models a natural number. Typical examples of well-known rules concerning
transformations of functions are the rules describing how to obtain the derivative
of a function that can be seen as a combination of two functions. For instance, the
derivative of the sum of two functions is the sum of the derivatives: dif(f+¢){z) =
dif(f)(z) + dif(g) (). Writing a function f as Az.f2, we can model this law by a
rewrite rule

dif(Az.fa + Az.gx)(y) — dif(Az.fa)(y) + dif(Az.g2) (7).

This example illustrates that there is moreover another matural way in which
higher-order rewrite rules arise, namely when reasoning about equations. Many
equations in mathematics and logic contain bound variables, and techniques for
higher-order rewriting can be nsed to answer questions concerning these equational
theories.

97
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There exist varions formalisations of higher-order rewriting. We will mostly
restrict attention to higher-order term rewriting, in which the objects that are
rewritten have a term strcture. Aczel defines in [Acz78| the class of contrac-
tion schemes, that contains besides nntyped A-calenlns also for instance rewriting
systems for pairing and primitive recursion. Not every first-order term rewriting
system is however a contraction scheme. Around the same time, Hindley consid-
ered in [Hin78| A(a)-reduction, which is A-calculns extended with constants and
rules for these constants.

The first to consider a nniform approach to higher-order rewriting was Klap,
who defined in [K1o80] the class of Combinatory Reduction Systems, in the sequel
shortly called CRSs. The class of CRSs contains A-calenlns and all first-order term

rewriting systems, so CRSs form a generalisation of contraction schemes.

In subsequent years, quite some other formats of higher-order rewriting were
introduced. The class of Expression Reduction Systems, in the sequel abbreviated
as ERSs, is introduced by Khasidashvili in [Kha80]. A different approach to higher-
order rewriting was taken by Nipkow in [Nip91]. He defined Higher-Order Rewrite
Systems, in the sequel shortly called HRS5s, that nse simply typed A-<alculus with
3-reduction and restricted R-expansion (written as AZ’) as a meta-langnage. Wol-
fram defines in [Wol91] Higher-Order Term Rewriting Systems. Like HRSs, they
have simply typed A-calculus as meta-langunage, however, rules in a Higher-Order
Term Rewriting System are more general than in HRSs. Asperti and Laneve con-
sider in [Lan83] and in [AL94] Interaction Systems, in the sequel abbreviated as
I18s, in order to study the theory of optimal reduetions of Lévy [Lév78| in a setting
that is more general than A-calculus. ISs form a subclass of the class of CRSs and
a superclass of the Interaction Nets defined by Lafont in [Laf90].

For all systems mentioned above, and especially for CRSs, ERSs, HRSs and
ISs, qunite some rewriting theory is developed. We will mention some results in the
sections in which these systems are discussed. Since CR5s, ERSs, HRSs and 155 all
have a different syntax, one of the reasons to study higher-order rewriting, namely
to consider nniform approach to rewriting, is completealy lost. A natural question
is then in what way the results obtained for the different formats of higher-order
rewriting systems relate to each other. Therefore we need to nnderstand how the
different classes of systems are related. Since contraction schemes and ERSs are
similar to CRSs, and Higher-Order Term Rewriting Systems are similar to HRSs,
a reasonable start is to compare CR5s and HRSs.

In collaboration with Vincent van Oostrom we made a detailed study of the
relationship between CRSs and HRSs. This comparison, reported in [OR94a,
ORS3), revealed that the two formats have ronghly speaking the same expressive
power, and that the main difference between them is the meta-langnage which
is employed. In the case of CRSs, it s untyped A<alculus with developments,
although this is slightly implicit, and in the case of HRSs it is A7 with reduction
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to normal form. The observation that formats of higher-order rewriting can differ
in the meta-langnage that they employ leads to the conclusion that in order to
come to a nniform approach it is necessary to parametrise over the meta-langnage.

Also in collaboration with Vineent van Qostrom, we defined the class of higher-
order rewriting systems. In higher-order rewriting systems, the meta-langnage is is
a parameter, called the substitution calculus. This parametrisation makes higher-
order rewriting systems into a very expressive class. The structure of the objects
that are rewritten is specified by the substitution calculus, s0 we do not make a
commitment to term rewriting a priori.

Higher-order rewriting systems are defined in [(J0s94] and in [OR94b]. The
definition we present in Section 4.1 of this chapter differs from the ones given in
[(0s94] and in [OR94b|, which are mutually also slightly different. However, a
closer mspection of the definitions reveals that the nnderlying concepts are iden-
tical.

For the convention concerning the names of the different formats of higher-order
rewriting we refer to the Introduction.

In Section 4.1 we present a general definition of higher-order rewriting systems,
in which the substitution calenlus is not specified. The substitution calculus should
satisfy some requirements, most of which are quite natural for a calculus that is
meant to implement substitution.

In the two subsequent sections, we consider more concrete classes of higher-
order rewriting systems, where the substitution calculus is fixed. In Section 4.2, we
give the syntax of higher-order rewriting systems with A>" as substitution calculus.
We first present a general definition and then restrict attention to the systems in
which the rewrite rules are of a special form, namely the pattern higher-order
rewriting systems. Such higher-order rewriting systems are in fact the HRSs as
defined by Nipkow, with some small differences that we will discuss in Section 4.4.
The resnlts presented in Chapter 5 and Chapter 6 concern pattern higher-order
rewriting systems with AZ as substitution calculus. In Chapter 5 we show that
weakly orthogonal higher-order rewriting systems are confluent, and in Chapter 6
it is shown that ontermost-fair rewriting is normalising for higher-order rewriting
systems that are almost orthogonal and fully extended.

Section 4.3 is concerned with higher-order rewriting systems with proof nets as
substitution calculus. In such a higher-order rewriting system, the objects that are
rewritten have a graph structure. This section is less elaborate than the previous
one.

The next four sections of this chapter are concerned with different formats of
higher-order term rewriting. We show that HRSs, CRSs, ERSs and ISs can all be
translated into higher-order rewriting systems with A7 as substitution calculus.
In Section 4.4 this is done for HRSs as defined by Nipkow in [Nip91]. We explain
moreover the (small) differences between HRSs and higher-order rewriting systems
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with Az as substitution calenlus. In Section 4.5 we disenss the CRSs defined by
Klop in [Klo80]. We explain how a CRS can be represented as a higher-order
rewriting system with AZ" as substitution calculus, using the translation of CRSs
into HRSs presented in [OR94al. Section 4.6 concerns the ERSs introduced by
Khasidashvili in [Kha90]. We will translate ERSs into higher-order rewriting sys-
tems with Az as substitution calcnlus and comment on the differences between
CRSs and ERSs. In Section 4.7 we discuss the class of ISs, that is defined by
Asperti and Laneve in [Lan93] and in [AL94). We present a translation of ISs into
higher-order rewriting systems with AZ" that is not a special case of the translation
of CRSs given in Section 4.5.

Finally, in Section 4.8 we give an example of a typed higher-order rewriting sys-
tem by representing PCF, defined by Plotkin in [Plo77], as a higher-order rewriting
system with system F as snbstitution calenlns.

4.1 General Definition

In this section we present the syntax of higher-order rewriting systems in a gen-
eral way, in the sense that the strmeture of the expressions that are rewritten is
not specified. In Section 4.2, a more concrete case i5 considered in which the
expressions have a term strneture, and in Section 4.3 a more concrete case is con-
sidered in which the expressions have a graph structure. The advantage of the
abstract approach of this section is that it permits to introdunece the basic concepts
of higher-order rewriting without too many syntactical details.

Material. We suppaose the following material is at onr disposal.

1. There is a non-empty set denoted by Types consisting of types. Types are
denoted by e, d, . ...

2. For every r € Types there is a set denoted by Var. consisting of infinitely
many variables of type c. The set denoted by Var consists of all variables:

Var = U cTypes Vare.
Variables are denoted by =, 4, z,.. ..

3. For every r € Types there is a set denoted by PreStruc, consisting of prestruc-
tures of type . The set denoted by PreStruc consists of all prestructures:

PreStruc = U cTypes PreStruc,.
Prestructures are denoted by a.b,.... It is assumed that

Var. C PreStruc,
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for every r € Types.

4. For all types ¢, d € Types there is a substitution operator
== Jca : PreStruc, x Var; x PreStruc, — PreStruc,

that substitutes a prestructure of type r for a variable of type ¢ in a pre-
structure of type 4.

Note that it is not necessarily the case that the sets Types and PreStruc are disjoint.
Usnally we write o[z := b] instead of o]z := b4 if the types are clear from the
context or irrelevant.

Substitution Calculus. A substitution calculus is a rewriting system using the
ingredients mentioned above. The definition makes use of the properties of subject
conversion and type conversion which are defined in Definition 1.3.4 of Chapter 1.

Definition 4.1.1. A substitution calcwlus is an abstract rewriting system with
typing of the form (PreStruc U Types, — ¢, 1) that satisfies the following require-
ments.

1. The rewrite relation — s satisfies the following requirements:

(a) —sc C PreStruc x PreStruc,
(b) —sc is confluent,

(c) —sc is strongly normalising.
2. The typing relation : C PreStruc x Types is defined by

a:rc if o € PreStruc,.

3. The rewrite relation — g¢ satisfies the properties subject conversion and type
conversion with respect to the typing relation :, that is

(a) if o —5c 0’ and a: ¢, then &’ : ¢,

(b) if c+=5c ¢ and o : ¢, then 4 : £

4. For all types c,d € Types the relation +%. and the operator [ := | 4
behave well with respect to each other in the following sense:

(a) if & —%5c o’ then B[z == a].4 —%5c B[z =04,

(b) if b %, b then bz := a). g —%c V[T = 4] q.
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The rewrite relation — 5 15 meant to compnte substitutions on a meta-level. A
prestructure that is not in normal form with respect to the rewrite relation — ¢
can be thonght of as containing substitutions that are not yet exeented. The
first. requirement on a substitution calenlus in the previous definition, concerning
its rewrite relation, ensnres that every prestrmcture can be rewritten to a unique
normal form with respect to — ge. That is, for every prestrncture there is a nnique
representative in the same equivalence class with respect to +—%. in which all
snbstitutions have been computed. A natural question is whether it is sufficient
to require the rewrite relation —s5e to be weakly normalising instead of strongly
normalising, and equnipped with a normalising strategy. Coneceptunally this doesn’t
pose any problem, however, technically it might. Quite some proofs make nse of
an induction measure based on — ¢, like for instance noetherian induection on an
— se-rewrite sequence, and it is not always clear whether the proof can be changed
such that weak normalisation is sufficient.

The second requirement specifies the typing relation. Prestructures are typed
a priori, so every prestructure is typed. Moreover, every type is inhabited since
we suppose that there are infinitely many variables of every type.

The last requirement expresses that if a prestruneture is of the form bz := al,
then we can compute b and o separately. By the third requirement, both bz =
'] 4 and ¥z 1= 8], 4 are well-defined, if o —%; o' and b —5. F.

Definition 4.1.2. A structure 15 a prestructure that is in normal form with
respect, to the rewrite relation — g-. The set of structures is denoted by Struc.

We denote by a|sc the normal form of o with respect to — s¢, following Notation
1.1.18 of Chapter 1. We suppose that Var C 5truc, so variables are in normal form
with respect to the rewrite relation —gc. Alternatively we could have required
that —ge C [PreStruc | Var) x PreStruc.

In all the substitution calculi that are considered in this thesis, the set of
types and the set of prestructures are disjoint. However, it could be interesting to
consider a substitution caleulns with dependent types.

Higher-Order Rewriting Systems.

Definition 4.1.3. Let SC be a substitution caleulus. Let ¢ € Types. A rewrile
rule of type ¢ for SC is a pair of structures (1,r) of type £. Rewrite rules are
denoted by 1 = r,g — 4, ...

A higher-order rewriting system in the abstract setting is specified by a substitution
calenlus SC and a set of rewrite rules for SC.

Definition 4.1.4. A higher-onder rewriting system is a pair (SC, R) consisting
of a substitution calculus SC and a set of rewrite rmules R for &C.
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The rewrite rules generate a rewrite relation on the set of objects. The idea is
that a structure o can be rewritten if it is in the same equivalence class with
respect to +—+%. as a prestructure of the form d[z := 1], in which the left-hand
side of a rewrite rule is substituted for a variable. Such a structure a4 can then be
rewritten to a structure #' that is obtained by rewriting the prestructure bz := r],
obtained by replacing 1 in b[x := 1] by r, to —ge-normal form. Since the rewrite
relation of the substitution calenlus is conflnent and strongly normalising, such
a strncture o/ exists and is unique. These are the considerations on which the
following definitions of redex ocenrrence, redex and rewrite step are based.

Definition 4.1.5. Let H = (SC, R) be a higher-order rewriting system.

1. Let o be a structure. A redex occurrence in a is a triple (b, #,1 — r) consist-
ing of a structure, a variable, and a rewrite rule such that a = bz := 1] | sc-
The set of all redex occurrences in the structure # is denoted by iz ().

2. A redexis a pair (s, (b, 7,1 — r)) such that (b, z,1 — r) is a redex ocenrrence
in a. The set of all triples (b, #,1 — r) consisting of a structure, a variable
and a rewrite rule is denoted by 5.

3. A rewrite step is a triple (o, (b, 7,1 — r),4’) such that

(a) e=b[z:=1]lsc,
(b) &/ = b[z :=r1]]|sc.

4. Both the redex occurrence (b, #,1 — r) and the redex (g, (b,z,1 — r)) are
said to be contmacted in the rewrite step (o, (b, 2,1 — r),a’).

Notation 4.1.6. A rewrite step (g, (b,7,1 — r1),8'} as in Definition 4.1.5 is
usnally denoted by (b,z,1 — 1) : 0 — o

Since the substitution calenlns is required to be confluent, one can view a rewrite
step in a higher-order rewriting system as consisting of three phases: an expansion
in the substitntion caleulus, followed by a replacement of the right-hand side of a
rewrite rule for the left-hand side of that rewrite rule, followed by a reduction to
normal form in the substitution caleulus:

a sev= B[z 1= 1] ~a b[x := 1] »sc 0.

A higher-order rewriting system (SC, R ) has an underlying abstract rewriting sys-
tem of the form (Struc,—x), with & —5 o' if there is a rewrite step (b, 7,1 — 1) :
6 — g. In fact, since the rewrite relation — ¢ satisfies the property of subject
conversion with respect to the typing relation :, this abstract rewriting system is
in fact an abstract rewriting system with typing of the form {StrucUTypes, — 5, 1).
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Moreover, a higher-order rewriting system (SC,R) determines an underlying func-
tional rewriting system. It is of the form (Struc,iiz, —), where — is defined by
—{{b,z,1 = 1)){o) =o' if (b,z,1 = 1) : 2 — o', and —={{h,x,1 — 1)){a) being
undefined otherwise.

The formalisation of the notion of redex and redex oceurrence as in Definition
4.1.5 is not completely satisfactory since there might be many different redexes
or redex occmrrences determining a rewrite step between objects s and ¢’ in, in-
tnitively speaking, the same way. Note that a restriction is already imposed by
requiring b in the definition of a rewrite step to be a structure and not just a pre-
structure. This is the best we can do in the setting of the present section. What
matters is that the notion of redex should be formalised in such a way that it
completely determines a rewrite step, and a redex oceurrence in a texm should be
formalised such that it nniquely determines a rewrite step issning from that term.
For every substitution caleulus, the notions of redex occurrence, redex and rewrite
step can be formalised as in Definition 4.1.5. However, once an actual substitution
calenlus is fixed, another formalisation might be more convenient.

Since a higher-order rewriting system has the structure of a functional rewriting
system, it is possible to define a descendant relation for some property P. We
inspect the definition of the rewrite relation in order to see what is a natural way of
tracing a property along a rewrite sequence. As remarked above already, a rewrite
step in a higher-order rewriting system can be decomposed as an expansion in the
snbstitution caleulus, a change from substituting the left-hand side of a rewrite
rnle to substitnting the right-hand side of a rewrite rnle and a reduction in the
substitution caleulus: a se« b[a := 1] ~ B[z 1= 1| w5 &/. If we want to trace a
property along a rewrite step, it seems natural to make nse of this decomposition.
That means that we first trace the property along an expansion in the substitution
calcnlus, then along a replacement and finally along a reduction to normal form
in the substitution caleulus.

In general, it is not necessarily the case that a property P which is to be traced
along a —g-rewrite sequence can be traced along conversions in the substitution
calcnlus. It is in fact sufficient that we can trace a property say P’ along conversions
in the substitution calculus, that is related to P in a suitable way, for instance via
an isomorphism. In that case the property P is coded as the property P’

It is possible to work this all out technically in the abstract setting of this
section. That is, we could define a descendant relation Des tracing a property P
for a higher-order rewriting system H = (SC,R) via a descendant relation Desg,
tracing a property P’ for the substitution calenlus SC. However, we feel that this
doesn’t really add to the understanding of these matters. Therefore we only give
the definition of a descendant relation for the more conerete case of a higher-order
rewriting system with A-" as substitution calculus in Section 4.2. One thing shonld
be clear from this disenssion, namely that in order to define a descendant relation
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for a higher-order rewriting system in a natural way, its substitution calecnlus
should be a functional rewriting system.

4.2 Lambda Calculus as Substitution Calculus

In this section we present the syntax of the class of higher-order rewriting systems
that have simply typed A-calculus with 3-reduction and restricted »-expansion as
substitution calculus. Simply typed A-calculus with S-reduction and restricted #-
expansion is denoted by AZ. This is the prime example of a substitution calculus.
In the Sections 4.4, 4.5, 4.6 and 4.7 we will see that various formalisms of higher-
order rewriting can be represented as a higher-order rewriting system with Az as
substitution calenlus.

In this section, first the caleculus AZ is presented. We restrict attention to the
differences between A7 and simply typed A-caleulus with B-reduction as defined
in Section 2.5 of Chapter 2. Then we present the definition of higher-order rewrit-
ing systems with AZ" as substitution caleulus. This definition is still very general,
since for instance a rewrite rule like # — g4, in a slightly different syntax, is al-
lowed. Next we present an important subelass consisting of the so-called pattern
higher-order rewriting systems. The restriction to pattern higher-order rewriting
systems is very usual in the literature. As already mentioned, the results concern-
ing confluence presented in Chapter 5 and the results concerning normalisation
presented in Chapter 6 are obtained for pattern higher-order rewriting systems
with AZ as substitntion calenlus, satisfying certain conditions. In this chapter
we will collect some material needed in Chapter 5 and Chapter 6. For instance,
the notions of orthogonal, almost orthogonal and weakly orthogonal higher-order
rewriting systems are defined.

The reader familiar with HRSs {Higher-Order Rewrite Systems) as defined by
Nipkow in [Nip91], might find it helpful to keep in mind that higher-order rewriting
systems with A as substitution calenlus are in fact HRSs with two differences:
left- and right-hand side of a rewrite rule are not required to be of base type and
the rewrite relation is defined in a different way.

The Calculus A7. We present the syntax of the caleulus Az as far as it differs
from the syntax of simply typed A-calculus as presented in Section 2.5 of Chapter
2. The only differences concern the notation and the rewrite relation, since next
to B-reduction also restricted n-expansion is considered.

Simply typed A-terms are built from simply typed variables and simply typed
constants. Simply typed A-terms are also called preterms, becanse they play the
role of prestructures as in the general definition of higher-order rewriting systems
presented in Section 4.1.
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Notation 4.2.1. Simply typed A-terms or preterms are denoted by 5,1, 7,.... We
write .5 instead of Azx.s. The set of simply typed A-terms of type A is denoted
by A} . We write also s : A to express that the A-term s is of type A.

So the main difference between the notation employed in this section and the
notation employed in Chapter 2 is that in the present section we write x.5 instead
of Ax.s. The advantage of the notation x.s i5 that it is less heavy than Az.s, and
moreover, in this way we keep the symbaol A for special oceasions.

The substitution operator for A7 is typed explicitly. We recall the typed version
of the definition. As before, we assume that bound variables are renamed whenever
necessary.

Definition 4.2.2. For all simple types A and I the substitution operator
fo=_Jap: A xVary x A — Ag
is a mapping that is defined by induction on the definition of Ag:
1 #x=slap=s5,
2. ylz = slas =1,
3. flx:=slap=f,

(g-to)[x := a5 = y-(talx 1= $]a,8),

=

.

{tntl)["j“ = S]A,B = {t{] ['T = S]A,B) {tl["f‘ = S]A,B)-

It follows by induction on the derivation of ¢t € A7 that t[x := 5|45 € A7 In the
sequel we mostly write ¢z := 5] instead of £[r := s]4 p if the types are either clear
from the context or irrelevant.

We now consider the rewrite relation of AZ. It differs from the one of simply
typed A-calculus as presented in Chapter 2 since it 15 generated not only by the
rewrite mle for S-reduction (w.s)t —5 sz := t] but alo by the rewrite mle for
n-expansion, which is given as s — 287 provided = & FV(s).

The rewrite relation — & on the set of preterms will be defined as the nnion
of the relations —3 and —z. The notions of redex, redex ocenrrence and rewrite
step for 3-reduction are defined in Definition 2.1.9 of Chapter 2. We now define
the corresponding notions for #-redunction.

Definition 4.2.3.

1. Let s be a simply typed A-term. An -reder occurrence in s is a pair (¢, 7)
such that
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(a) s|p:A4— B,
(b) if ¢ = x 0, then x1 & Pos(s),

(c) 5|, is not of the form a.s,.
2. An 7-reder is a pair (s, (¢, %)) such that {¢, %) is an F-redex oceurrence in s.
3. An F-rewrite step is a triple (s, (¢, %), ') such that

(a) (¢,7) is an F-redex occurrence in s,
(b) & = s[¢ — z.507] with sy = 3|, and = & FV(sg).

4. Bath the f-redex ocenrrence (¢, %) and the F-redex (s, {¢,7%)) are said to be
contracted in the T-rewrite step (s, (¢,7), 8).

The essential property of restricted n-expansion is that it doesn’t create S-redex
occurrences. This i5 gnaranteed by the last two conditions in the definition of
an 7-redex occurrence above. In the sequel we will suppose the conditions on
f-reduction to be verified without mentioning them explicitly.

Notation 4.2.4. An 7-rewrite step (s, (¢, %), s') as in Definition 4.2.3 is nusnally
denoted by (¢, %) :5 — & or by s —‘*i‘.—i g

The set of simply typed A-terms with F-expansion has an underlying abstract

rewriting system of the form (A7, —z) with s —5 & if s —{%ﬁ s for some ¢ €

Paos( M).

Definition 4.2.5. The relation — 5 on A™ is defined as the mnion of —; and
—Fﬁ.

The underlying abstract rewriting system of A7 is of the form (A™, —gr) with

8 —g s if g —"iﬁ g ors —d'ir—, g for some position ¢ € Pos(M). In order to give the
underlying functional rewriting system of AZ" we need the following definition.

Definition 4.2.6.

1. Let s be a preterm. The set of all S-redex oceurrences and #-redex occur-
rences in s is denoted by Ugz(s).

2. The set consisting of all pairs of the form (¢, 3) and (¢, 77) with ¢ a position
is denoted by g
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The calculus A7 is a functional rewriting system of the form {A™, 455, —), with
—(¢, Bi(s)=45"1f s —% g and —(¢, 5)(s) being undefined otherwise, and further

—(¢,M(s) =451 s —d'i?—i g and —(¢,7)(s) being undefined otharwise.
We conclude the presentation of A7 by making an observation concerning 7-
normal forms that will be used in the sequel.

Remark 4.2.7. Recall the definition of the arity of a type, given in Definition
2.5.2 of Chapter 2. In an B-normal form, a variable or constant of type A has
exactly ar{A) argnments. We will make nse of this simple observation in some
proofs.

Example 4.2.8. The -normal form of a constant f oftype 4, — ... = A4,, = B
with I? a base type is #1....%m.f81... 8, with 5;,..., 5,, the m-normal forms of
T1,-..,0m-

A7 18 a Substitution Calculus. The next thing to be done is to show that the
caleulus A7 has all the properties a substitution calenlus should satisfy, according
to the general definition of a snbstitution calenlus given in Definition 4.1.1 of
Section 4.1.

A usefnl property is the following. It expresses that the set of F-normal forms
is closed nnder substitution and S-reduction.

Proposition 4.2.9.
1. Ift and s are both in -normal form, then t[z := 3| is in F-normal form.

2. Ift is in -normal form and t —4 ', then ' is in F-normal form.

Proof. The first point follows by induction on the strmeture of £ and the second
point follows by the first point. O

Proposition 4.2.10. A7 is strongly normalising and confluent.

Proof. A proof can be found at several places in the literature, for instance in
[Cub93] , [Aka%3] and [DCK94]. O

The second and third condition on the subterm s/, in the definition of an 7-redex
occurrence, given in Definition 4.2.3, are essential for strong normalisation. This
is illustrated by the following two examples. First, #z —5; (y.2y)z —5 vz with
x:0—=0,y:0and z:0. Second, r.x —5 %.(r.2)y —5 y.y with 2 : D and 3 : D.

Note that every type is inhabited and that every preterm is typed. We now ve-
rify that A7 satisfies the property of subject conversion. The condition concerning
type conversion is trivially satisfied.
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Proposition 4.2.11. Ifs: A and s —g; s, then s’ : A.

Proof.

1. Suppase (¢, 3) : s — 5. So 3|, = (#.50)8, and &' = s[¢p — sy[7 1= 51]]-

Suppase s : A. We have (x.57)s; : B for some type B. Then s, : B, 2 : C
and s; : C for some type C. In that case also sg[# := 3] : B and hence
A

Suppose s’ : A. We have sy[r := s;] : B for some type B. Moreover, we have
z:C and s; : C for some type C. So (z.s7)s; : I and hence 5: A.

2. Suppase (¢,7) : 5 — 5. So 5|, = 59 and & = s[d — 2.507].

Suppase s : A. We have 5|, = 57 and sy : B for some type B = By — B;.
Then #.557 : I3 and hence s : A.

Suppase &' : A. Then 2.5,z : B for some type 3. We have B = B; — B, for
some types By, B;. Then s, : 3 and hence s’ : A. O

Here we make essential use of the fact that we consider typed terms, with variables
typed a priori, and a typed substitution operator. Soin £[x := 3|4 5, we have t: B,
t : Aand s : A. Typable terms are not closed nnder F-expansion, since for instance
z[y 1= (z.z2)(z.zz)] is typable but (#.7)(z.2z)(z.22) isn’t.

The relation <+ s and the operator for substitntion are shown to interact prop-
erly in the following proposition.

Proposition 4.2.12. Let s: A andt: B.
1. If s =, " then tlz = 5] = tlx = 4.

2. Ift ot then [z 1= 5| =) U'[r = s].

Proof [ets: Aandt: .

1. Suppase (¢, 3) : 5 — s’. It is shown by an easy induction on the definition
of Ag that t[x := 5| =g t[z :=¢].
Suppase (¢,7) : s — &. It is shown by induction on the structure of ¢ that
tr := 8] 5 tr = &

(a) Suppose t = 1....- Ym-2t1 . .. 1, with z # 2. By induction hypothesis
we have that fp[x 1= s] «3}; fp[r = §'] for every p € {1,...,n}. Hence
we have ¢z := 5] = t[z 1= &].

(b) Suppose t = 7y..... Yn-Jt1...t,. This case is entirely similar to the
previons case.
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(¢) Suppose t = 4. .... Ym-Tty . - - tn. If we have (e,7) : s — & and m» > 0,
then 4..... TN S —3 yl ..... Yen-5t1 - .. . Otherwise, we have
yl ..... ym.stl A = e Y-S 1 ---tn. We conclude that [z :=

2. Suppase t —5 t'. By the substitution lemma, ({y.t0)t:)[x 1= 5] —5 (Lly =
t1])[# = s]. This yields that t[z := 5] =gt/ [x =8 ift =51

Suppme- t —z . Wa prove by induction on the structure of £ that ¢z =
5] it [z 1= ).

(a) Suppose t =¢;....- Ym-Jt .t or =4 ... Ym-2t1 ... 1, With z # a2
We treat only the case £ = g4..... - ft1 .. .1, since in the other case
the reasoning is exactly the same. There are two possibilities.

i. Suppose t' = 41..... Ym-Jt1 - . -tn With £, —5t,. By the indne-
tion hypothesis, we have that t [1‘ 1= 8| % t’ [1‘ = s5|. This yields
that ¢z := 5] =5 [z == 5]

ii. Suppose ! = 44..... Ym-Z -JE1 - - . 1,2'. Then we clearly have t[z :=
8] =k [z == sl

(b) Supposet=14..... Yom-Tt1 . .. tq. Two cases are distingnished.

i Suppose t' = fh....,Ym-Tl1.. 8. ..t With £, —5 & Then tz =
8] 5z U]z == 3.

il. Suppose ¥ = ..... Ym-Z -2ty . . .1, 2. Then we have either

Pleenn - Wim-St1 . tn =g - - Ym-2' .8ty ... t, or, if 5 is of the form
Z1enn-s Za+i-f0, Hie---- ?;’m Z.st .1, *—’,3 ... Ym-8t1 ...t We
have in both cases that [z := 5] «5. [z := 4]. 0

We conclude that the calenlus A2 is an adequate substitution calenlus in the
sense that is satisfies all requirements of a substitution calculus as formulated in
Definition 4.1.1.

As discussed in Section 4.1, for the definition of a descendant relation of a
higher-order rewriting system we will need the descendant relation of its substitu-
tion calculus. In Definition 2.1.13 of Chapter 2, the definition of the descendant
relation Dess for A-calenlus with $-reduction s given. By Proposition 4.2.9, we
need only Desg if all pretexms we consider are in #-narmal form.

Notation 4.2.13. Let 7 : s +5 & be a rewrite sequence to S-normal form. The
sat of descendants of ¢ in &' is nusually denoted by Desg(s, &) (¢).

Note that for every & and ¢’ such that 0 : s w5 s’ and ¢’ : s -5 & with § a
B-normal form, we have that Desg(s, o){¢) = Desg(s, o')(¢). We will use the de-
scendant relation to trace constants in A-caleulus. We won't trace bonnd variables.



Lambda Calculus as Substitution Calculus 111

Higher-Order Rewriting Systems with A7 as Substitution Calculus.
In the remainder of this section, we will suppose afl preterms to be in F-normal
form.

In this paragraph we define higher-order rewriting systems with AZ" as substitution
caleulus. A higher-order rewriting system with A" as substitution caleulus will be
defined as a triple consisting of the substitution calenlus Az, a rewrite alphabet
consisting of simply typed constants called rewrite operators, and a set of rewrite
rmles. So the difference with the general definition as presented in Section 4.1 is
that in this case there is also a rewrite alphabet. Intnitively, the rewrite alphabet
consists of constants whose operational semantics is defined by the rewrite rules.

Definition 4.2.14. A rewrite alphabet for A7 is a set, denoted by A, consisting
of simply typed constants that are called rewrite operators. Rewrite operators are
denoted by f,g,4,....

Definition 4.2.15. Let A be a rewrite alphabet for Az . A rewrite rule over A
of type A is a pair of terms (1, r) of type A such that

1. 1 and r are closed,
2. all constants in 1 and in r are in A.

Rewrite rnles are denoted by 1 — r,g — d,....

Example 4.2.16. Consider a set 4 consisting of four simply typed constants:
f:0,f:0,g:0—0,and g’ : 0 — 0. Then A is a rewrite alphabet for A"

An example of a rewrite rule for A4 of type 0is f — f'. An example of a rewrite
rule for A of type 0 — D is z.97 — z.¢'x.

The pair gz — f is not a rewrite rule since gx is not a closed term. The pair
f — & is not a rewrite rule for A since i & A.

Definition 4.2.17. A higher-order rewriting system with A7 as substitution
calculus is a triple (A7, A, R) with A a rewrite alphabet for A= and R a set of
rewrite rules over A.

Definition 4.2.18. Let H = (A=, A,R) be a higher-order rewriting system. A
term of H is a preterm that is in noxmal form with respect to — zz. Terms are like
preterms denoted by 5.1, 7, .... The set of terms is denoted by Terms.

We give the standard example in higher-order rewriting: the nntyped A-calculus.
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Example 4.2.19. Untyped A-calculus is a higher-order rewriting system in the
following way. There is one base type, denoted by 0, that represents the set of
terms. The alphabet contains two rewrite operators, one for abstraction and one
for application:

abs : (D—=0)—=D
app : 0—=0—1D

The rewrite rules for 3- and #-reduction are:

z.7 app(abs(z.22))2 —pera 2.7.27

z.abs(r.appzr) —e 27

The rewrite rules of a higher-order rewriting system induce a rewrite relation on
the set of terms. First we consider the definition of a relation on the set of terms
induced by the rewrite rules, that is precisely an instance of the definition of the
rewrite relation for the general case, given in Definition 4.1.5 of Section 4.1. This
relation is called the pre-rewrite relation. The rewrite relation that we will use in
the sequel is a restricted version of the pre-rewrite relation, and will be defined in
Definition 4.2.25.

Definition 4.2.20. Let H = (A~", A, R) be a higher-order rewniting system. The
pre-reurite relation on the set Terms, denoted by —%,, is defined as follows:

s —h 5
if
s=tlr =1]]sc and § =i[r:=r1]lse
for a term ¢, a variable x and a rewrite rule 1 — r.
As remarked in Section 4.1, a rewrite step 5 —5 § as in the previous definition
can be decomposed as an expansion in A, followed by a replacement of the right-
hand side for the left-hand side of a rewrite rule, followed by a reduction in AZ:

S gy« tl# 1= 1] ~ L[z := r| g5 §. Since the left- and right-hand side of a rewrite
rule have the same type, t}z := r| is well-formed if {[z := 1] is.

Example 4.2.21. Consider the higher-order rewriting system H = (A7, A, R)
with A = {f : 0, f' : 0} and R consisting only of the rewrite rule f — f'. The
pre-rewrite relation —%, is illustrated by the following.

1. We have y —%, y since ¢ = (y[# := f])l g5 and ¥ = (glz := F])l s
2. We have f —% f'since f = (z[z:= f])lg; and f = (z[z = [} sm-
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3. We have yf f —% yf'f’ since ¢ ff = ({(yzz)[z := f])| g7 and
yf ' = ((yaz)lz == -

This example illustrate two properties of the pre-rewrite relation that are not
desirable for a basic definition of a rewrite relation.

First, we have s —%, s for every term s, as illustrated in the first part of
Example 4.2.21. This is a serions shortcoming of the pre-rewrite relation, since it
means that we will never have strong normalisation.

Second, it is possible that several ocenrrences of the left-hand side of a rule are
replaced by the right-hand side of a 1ule, in the replacement part of a rewrite step.
This is illustrated in the third part of Example 4.2.21. Replacing more than one
occurrence of a left-hand side can be useful, in order to increase the efficiency of
rewriting for instance, however it is not the most basic form of rewriting.

The nsual definition of a rewrite relation doesn’t have these two properties.

For these reasons, we define the rewrite relation as a restricted version of the
pre-rewrite relation. First a definition is needed. We suppase that for every type A
there is a distingnished variable of type A that is denoted by O. It is distingnished
in the sense that it never occurs bound.

Definition 4.2.22. A precontert of type A i5 a preterm with exactly one oc-
currence of O : A. A contert of type A 15 a term with exactly one ocenrrence of
O: A. A (prejcontext of type A in which the distingnished variable O : A oceurs
at position ¢ is denoted by CO,.

We define the replacement of the occurrence of O in a context by preterm.

Definition 4.2.23. Let s: A be a preterm and let €O, be a context of type A.
The preterm C|s|, is defined as

Clsls = COl6 — 5]

So contexts just serve to denote the notion of replacement [¢b +— #| in a different
way. Often the type of a context is not mentioned explicitly, and often we do not
mention the position where O ocenrs.

Example 4.2.24. The term CO, = #.0 with O : A i5 a context of type A. If
morsover 1 : A, then Clz]q = 2.2.

Note that if s 15 a closed preterm and ¢ is a preterm containing exactly one occur-
rence of x at position ¢, then there is no difference between a substitution [z := s
and a replacement #[¢ +— 3|.

We now give the definition of the rewrite relation that will be nsed in the
sequel.
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Definition 4.2.25. Let H = (A7, A, R) be a higher-order rewriting system.

1. Let s be a term. A reder occurrence in s is a pair (CO,1 — r) such that

s = C[1]1 g5

2. A rederisapair (s, (CO,1 — r))such that {(CO,1 — r) is a redex oceurrence
in s

3. A rewrite step 15 a triple (s, (CO,1 — r), s') such that

(a) s=CN]lg
(b} & = Clr]l g

4. Both the redex occmrrence (CO,1 — r) and the redex (s,{CO,1 — r)) are
said to be contmcted in the rewrite step (s, (CO,1 — r),s').

Notation 4.2.26. A rewrite step (s, (CO,1 — r),s') as in Definition 4.2.25 is
nsnally denoted as (CO,1 — r) :s — 5.

Definition 4.2.27. Let H = (A=, .4, R) be a higher-order rewriting system.
1. Let s be a term. The set of redex occurrences in s is denoted by $4(s).

2. The set of consisting of all pairs of a context and a rewrite rule of the same
type is denoted by #iz. Elements of iz are denoted by u,», w,.. ..

Example 4.2.28. Consider again the higher-order rewriting system defined in
Example 4.2.21.

1. The term ¥ cannot be rewritten.

2. We have f —5 f' since f = f and f = f’, hence we have an instance of
Definition 4.2.25 with €O = 0O.

3. Wehaveyff =g uf' fand 4ff —x 4 ff. It is not the case that ff —x
yf'f'.

The nnderlying abstract rewriting system of a higher-order rewriting system is
(Terms, =) with s —x & if there is a context €O and a rewrite rnle 1 — r
such that (€0O,1 — r) : s — §'. Moreover, a higher-order rewriting system is a
funetional rewriting system of the form (Terms, iz, —) with —={C0,1 — r)(s) = &
if (CO,1 — 1):5— s and ={C0O,1 — r)(s) being undefined otherwise.

A natural question is now whether expressivity of the rewrite relation is lost
by restricting the replacement part of a rewrite step to a single replacement. Van
Oostrom gives in Definition 3.1.21 of [O0s94] two conditions on a substitution
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calenlus that imply that the pre-rewrite relation —% as defined in Definition 4.2.20
can be mimicked by a rewrite relation — 5 as defined in Definition 4.2.25. Becanse
of the standardisation theorem, the calcnlus AZ satisfies these conditions. For
instance, for the higher-order rewriting system defined in Example 4.2.21, we have

wff == yf'f == uf'f.

We give two more elaborate examples illustrating the rewrite relation of a
higher-order rewriting system. The first one is concerned with the representation
of a firsst-order term rewriting system in the framework of higher-order rewriting
systems. This term rewriting system models addition and multiplication in a sim-
ple way. The second one is concerned with a ‘real’ higher-order example, modelling
differentiation.

Example 4.2.29. Consider the first-order term rewriting system defined by the
rewrite rules

AfD,z) — =
AS(z),y) — S(Alz,y))

M(0,2) — D
M(S(z).5) — AM(z,¥),%)

We represent this term rewriting system in the format of higher-order rewriting
systems. There is one base type, denoted by N. It can be thought of as modelling
the natural oumbexrs. The alphabet contains rewrite operators 0: N, S: N — N, A:
N—N—N,M:N— N — N. The rewrite rules get the following form:

2 ADz —y, 2.7
z.4.5(Azy)
x.0
r.4.MBz)y —n, z.7.A(May)y

T.4.A[Sz)y —n
7.MDz —y,

We give an example of a rewrite sequence. On the left, a rewrite sequence in the
higher-order rewriting system is given, and on the right the corresponding rewrite
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sequence in the first-order term rewriting system is given.

M(SD)A(SD)0) m«  M(5(D),A(S(0),0})
(#.3-M(5z)y)(0)(A(SD)0)  — —
(#.y-A(Mzy)y)(0)(A(SO)D) g5
A(MD(A(SD)0))(A(SD)0) g« A(M(D,A(5(D),0)), A(5(D),0))
A({z.MDz)(A(SD)D))(A(SD)D) — —
A((=.D)(A(SD)D))(A(SD)0)  —» g
AD(A(SD)D) gm« A{0,A(5(0),0))
(#.ADx)(A{S0)D) — —
(7-5)(ASO0)
AGSDD e AGS(D),D)
cpASHYOO) — -
(25 SATE)O)0) s
S(ADD) g« S(A(0, D))
S{{x.ADz)(0)) — —
S(@)(0) -
S0 S(0)

The following redexes are contracted in the rewrite sequence:

(OD{A(SD)0), Ry)

(A(O(A(SD)D))(A(SD)0), Ra)

(O(A(S0)0), Ry )

{DDD'! RE)

(S(00),R4)
Example 4.2.30. We consider a higher-order rewriting system (A-,.A,R) that
models some aspects of differentiation. There is one base type, d-?nnted by R, that

models the set of real mimbers. Let A be a rewrite alphabet consisting of the
following rewrite operators:

dif : R—R)— (R—R)
(R—R)— (R—R)— (R—R)

7

sin : R—R
cos : R—R
¥ : R—-—R—RHR
mn : R—R

The set ‘R consists of the following rewrite rules over .A:
ydif(z.sint)y — y.cosy
ydif{z.cosa)y —  y.min(siny)
z.2 ydif{z.(z:2 )0y — 2.7 ydif{z.zn)(y) xdif(z.2'2)y
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Let & : R be a rewrite operator. An example of a rewrite sequence is the following:

dif (z.(sin;cos)a)m g«
(2.2 .y.dif(x.(z;2))2)y)sin cos® —
(2.2 ydif(z.z2)(2'y) x dif(z.2'z)y)sin cos 4

dif(xsinx)(cosw) x dif(z.cosz)m g e
(
(
(

cos{cosm) x dif(z.cosz

(y.dif{z.sina )y ){cosm) x dif(z.cosz)r —

)

(.cosy)(cosm) x dif(z.cosz)m g
Jx e
cos(cosw) x (ydif(z.cosz)y)m  —
cos(cosm) x (y.min(sing))x g

cos(casm) X min(sinT)

Finally, we give the definition of a descendant relation tracing positions in terms
for a higher-order rewriting system. It is defined nsing the descendant relation
Desgs for S-reduction.

Definition 4.2.31. Let H = (A7, A, R) be a higher-order rewriting system. Let
P be the property on Pos x Terms defined by P(¢, s) if and only if ¢ € Pos(s). A

descendant relation
Des : Terms X iz x Pos — P{Pas)

for P is defined as follows. Let (CO,1 — 1) : s — s’ be a rewrite step. Let
7:C[1] »g s and &’ : C[r| -4z s’. Then

Des(s, (CO,1 — 1))(¢) = Desg(Clx], o")(¢)

if ¢ € Desgz(C[1], o) (¢') for a position ¢ not in 1.

Pattern Higher-Order Rewriting Systems. In this paragraph we will dis-
cus an important subclass of the higher-order rewriting systems with A7 as sub-
stitution calenlus: the pattern higher-order rewriting systems. The restriction to
pattern systems makes the rewrite relation decidable. It excludes for instance a
rewrite rule of the form & — f, which, so far, was allowed provided & and f have
the same type. Mareover, it permits to give another formalisation of the notions
of redex ocenrrence and redex than the one given in Definition 4.2.25. This second
formalisation will be nsed in Chapter 6.

Definition 4.2.32. A term s is a pattern if the following condition is satisfied:
every free variable = in s ocenrs in asubterm of the form zs, ... 5, forsome m > 0,
such that s,..., s, are n-equivalent to distinet variables that are bound in s,
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Example 4.2.33. Let f:0— D and g: (0 — 0) — D be rewrite operators. The
terms fx, z.yx and g(z.yx) with 2 : 0 and % : 0 — D are patterns. The term %z is
not a pattern since the free variable # has a free variable as argnment. The term
f(yz) is not a pattern for the same reason. Finally, gy is not a pattern since it is
not a term.

Definition 4.2.34. A rule-pattern is a closed term 1 = @4.. .. 2. f51 ... 8, with
m,n > 0, such that

1. 8y,..., s, are patterns,

2. every variable z, such that , € {,..., #n} occnrs at least once free in the
subterm fs; ... s,.

We say that f is the head-symbolof 1 =21 ... 2n-f51... 3,.

Example 4.2.35. The left-hand side of every rule of the higher-order rewriting
system in Example 4.2.29 5 a rule-pattern. The term y.xgyx with & : 0 and
i : 0 — D is a pattern but not a rnle-pattern since it doesn’ have a head-symbol.

Definition 4.2.36. Let A be a rewrite alphabet for Az - A paltern rewrite rule
of type A 15 a pair of closed terms of type A, written as 1 — r, such that

1. 1 is a role-pattern of the form a,.. . 2,,. 51 ... 8.,
2. ris a term of the form =1 ... 14,1

Definition 4.2.37. A higher-order rewriting system H = (A2, A, R) is said to
be a pattern higher-order rewriting system if every rewrite rule is a pattern rewrite

rule.

Two important properties of pattern higher-order rewriting systems are the follow-
ing. First, Miller has proved in [Mil91] that it is decidable whether two patterns
can be unified. Moreover, a most general unifier can be computed. In fact, he
uses a definition that is slightly more general than the one that has been given in
Definition 4.2.32. Two A-terms s and t are said to be unifiable if there is a map-
ping £ that assigns A-terms to variables that is extended to a homomorphism such
that (s%)] gz = (t?)] g5. The unification algorithm by Miller has been simplified by
Nipkow in [Nip93al. Since a rule-pattern is a pattern, we have by the decidability
of unification that the rewrite relation of a pattern higher-order rewriting system
is decidable. The restriction to pattern rewrite rules is very nsual. Nipkow makes
a restriction to pattern rewrite rules in [Nip91] and CRSs as defined in [Klo&0D)
also have pattern rewrite rules.

We will now present a second formalisation of the notions redex occurrence
and redex. This formalisation is well-defined by the following proposition, which
is Propaosition 3.2.17 in [Oos94].
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Proposition 4.2.38. Let H = (A7, A, R) be a patlern higher-order reumiting

system. Let 1 — r be a rewrite rule and let s be a term.

1. Let CO be a contert such that C[1] » 5. Let ¢' be the position of the head-
symbol of 1 in C[1]. Then there is a unique position ¢ € Pos{s) such that for
every reurite sequence o 1 C[1] —» gz s we have that ¢ € Desgz(C[1],,, 7)(¢).

2. Let ¢ € Pos(s). There is al most one position x and one contert CO, such
that ¢ € Desgz{C[1],, 7)(¢') with ¢ the position of the head-symbol of 1 in
Cl1y-

Note that by the second part of Proposition 4.2.38, we have that the context CT,
in Definition 4.2.25 is nnique. Now an alternative way to define the notions of
redex, redex ocenrrences and rewrite step is as follows.

Definition 4.2.39. Let H = (A=, A,R) be a pattern higher-order rewriting
system.

1. Let s bea tarm. A reder occurrence in s is a pair (¢,1 — r) such that there
is a context CO and a rewrite rule 1 — r with

(a) o : C[1] =gy s,
(b) ¢ € Desg(C[1],7)(¢"), with ¢’ the position of the head-symbol of 1 in
C[1].

2. A reder is a pair (s, (¢,1 — r)) such that (¢,1 — r) is a redex oceurrence
in s.

3. A rewrite step is a triple (s, (¢,1 — r), 5’} such that

(8) s=Cll]|gm

(b} & = Clr]lsm

(¢) if & : C[1] —»p57 s, then ¢ € Desgz(C[1], 7)(¢') where ¢’ is the position
of the head-symbol of 1 in C[1].

Notation 4.2.40. A rewrite step (s,(¢,1 — r),s’) as in Definition 4.2.39 is
nsually denoted by (¢,1 =+ r): 5 — & or by s ('i”—lrar] g

If pattern higher-order rewriting systems are comsidered, one can choose which
definition of redex, redex occurrence and rewrite step is the most convenient one.
The first definition of redex and redex occurrence as given in Definition 4.2.25 will
be used in Chapter b, and the second one, given in Definition 4.2.39 above, will be
used in Chapter 6. Also in the case we choose to formalise redex occurrences and
redexes as in Definition 4.2.39, we use the notation of Definition 4.2.27 for the set
of redex occurrences in a term s, namely 4z(s) and the set of all pairs consisting
of a position and a rewrite rule, namely iz.
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Orthogonality, Almost Orthogonality and Weak Orthogonality.
In the remainder of this section we consider pattern higher-order remriting systems
with A" as substitution calculus.

Orthogonality expresses that ecoinitial rewrite steps do not interfere with each
other. There are different ways to formalise this principle. In this paragraph we
will give a syntactic one, consisting of two conditions on the set of rewrite mles:
rewrite rules are required to be left-linear and non-overlapping. This is the usnal
definition of orthogonality, given in [Klo92]. A different definition of orthogonality,
more abstract in nature, is considered in [GLM92], [Oos94] and [Mel96]. In this
more abstract approach, a rewriting system is said to be orthogonal if all complate
developments of a set of redex occurrences are finite, end in the same term and
induce the same residnal relation. For pattern higher-order rewriting systems with
A7 as substitution calculus, this is implied by the syntactic restrictions requiring
rewrite rules to be left-linear and non-overlapping, see Theorem 3.2.26 in [Dos%4,
p-100].

Besides the definition of orthogonality, we will also present the definition of
two relaxed versions, namely almost orthogonality and weak orthogonality. These
notions will be used in Chapter 6 and Chapter 5.

Definition 4.2.41. Let 1 = (A, A,R) be a pattern higher-order rewriting
system.

1. Arewriterule 1 = rwith 1 =a4.....1,,.f51 ... 5, 15 said to be lefi-linear if
every variable &, such that &, € {%1,..., %,,} occurs exactly once free in the
subterm fs;...s,.

2. M is said to be legft-linear if every rewrite rule in R is left-linear.

Example 4.2.42. All rewrite rules of the higher-order rewriting systems of Ex-
ample 4.2.29 and Example 4.2.30 are left-linear. The rewrite rule

r.Exe — 2T
which models a test for equality, is not left-linear.

For the definition of orthogonality, almost orthogonality and weak orthogonality
we need the definition of non-overlapping redex occurrences. This definition is
formulated using the second formalisation of the notion of redex occurrence, given
in Definition 4.2.39. We make nse of the definition of disjointness of positions,
which i5 given in Definition 2.1.5 of Chapter 2.

Definition 4.2.43. Let H = (A7, A,R) be a pattern higher-order rewriting
system. Let s be a term and let (¢ 0™,1 — r) and (¢’ 0",1" — ') be two redex
occurrences in s, with m the arity of the head-symbol of 1 and n the arity of the
head-symbaol of 1°.
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1. The redex ocemrrences (0™, 1 — 1) and (¢'0",1" — 1)’ are said to be
disjoint, denoted by

(¢0™1— 1) | (¢ 0" 1 = r')
if ¢ | .

2. Let 1 = #4.....%p.t. The redex occurrence (¢0™,1 — r) nests the redex
oceurrence {¢' 0™, 1’ — r’), denoted by

(d0™1—=1) < (¢ 071 = 1)

if ¢’ = ¢y with t|,, 0. = & such that & € {x,...,3p}, and ¢ an arbitrary
position.

3. The redex ocewrrences (0™ 1 — r) and (¢'0", 1" — r') are said to be
overiapping, denoted by

(@0™1—=1)4 (¢ 0% 1 = 1)
if
(a}) (¢0™,1 — r) and (¢’ 0",1" — 1’} are different,
(b) ¢ < ¢ and the redex occurrence (¢0™,1 — r) does not nest the re-

dex occurrence (¢’ 0™ 1" — r'), or ¢/ < ¢ and the redex occurrence
(¢' 07,1’ — r’) does not nest the redex ocenrrence (¢ 0™,1 — 1),

Notation 4.2.44. Let « and » be redex ocenrrences in a term s. We write u || »
to denote that # and # are not overlapping. Note that it might be the case that
L= .

Example 4.2.45. We consider the higher-order rewriting system for parallel-or.
The alphabet consists of the rewrite operators por : 0 — 0 — 0, T: 0 and F : D.
The arity of the rewrite operator por is 2 and the arity of the rewrite operators T
and F is 0. The rewrite rules for parallel or are the following:

rporTa — 2T
rporz T — a.T

porFF — F

Consider the term por(porT(porTa)){porTT). This terms contains the redex oc-

currences
(0100, z.por Tz — 2.T),

(01100, z.porTz — 2.T),
(100, z.porTa — 2. T),
(100, z.porzT — =.T).
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We have
(0100, z.porTx — 2. T) | (100, z.porTz — 2.T),

(0100, z.porTz — 2. T) < (01100, z.porTx — 2.T),
(100, z.porTa — 2. T) § (100, z.poraT — x.T).

Definition 4.2.46. Let M = (A, A,R) be a pattern higher-order rewriting
system. A set consisting of redex occurrences that are pairwise non-overlapping is
said to be simuftaneous or to consist of simultaneouns reder occurrences.

We will define the classes of orthogonal, almost orthogonal and weakly orthogonal
higher-order rewriting systems. To that end we need moreover the definition of
ambiguons and weakly head-ambignous redex ocenrrences.

Definition 4.2.47. Let H = (A=, A,R) be a pattern higher-order rewriting
systerm. Let s be a term and let u = (¢ 0™, 1 — r) and #' = {¢/ 0", 1’ — ') be two
redex occurrences in s.

1. The redex occurrences # and «' are said to be weakly ambiguouns if

(a) « and #' are overlapping,

(b) wehave u:s — & and v’ : s — 4.

2. The redex occurrences # and ' are said to be weakly head-ambiguous if they
are weakly ambigunous and ¢ = ¢ = e.

Example 4.2.48. The overlapping redex occurrences in Example 4.2.45 are
weakly head-ambignous.
In the rewriting system defined by the rewrite rules

fa —, fb

8 —g, b

the redex occurrences (0,R;) and (1,Ry) in the term fa are weakly ambignous but
not weakly head-ambiguons.

Definition 4.2.49. Let H = (A7, A,R) be a pattern higher-order rewriting
system.

1. 'H is said to be orthogonal H is left-linear and there there is no term with
overlapping redex occurrences.

2. 'H is said to be almost orthogonal if H is left-linear and every two overlapping
redex oecnrrences are weakly head-ambignouns.
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3. 'H is said to be weakly orthogonalif H is left-linear and every two overlapping
redex oecurrences are weakly ambignons.

Note that the notion of orthogonality concerns the left-hand sides of rewrite rules
only. The notions almost orthogonality and weak orthogonality however concern
both left- and right-hand side of the rewrite rule. Therefore an extension from
orthogonal to weakly orthogonal rewriting systems usunally causes serions compli-
cations.

In a pattern higher-order rewriting system all developments of sets of simulta-
neous redex occurrences are finite. In Chapter 6, we will use this result, which is
proved by van Oostrom as Theorem 3.1.45 in [Oos94].

Theorem 4.2.50. In a patlern higher-order rewriting system that is left-linear,
all developments of sets of simultaneous reder occurrences are finite.

Earlier proofs of this result, in more restricted settings, in have been given by Klop
in [Klo80] for orthogonal CRSs and by Khasidashvili in [Kha92] for orthogonal
ERSs.

We conclude this section by giving the definition of a fully extended higher-
order rewriting system. This concept will be needed in Chapter 6.

Definition 4.2.51.

l.Letl = r=14.....T0p.8 = T1.....Tmt be a rewrite rule. It is said to be
fully extended if every x € {%1,..., %} ocenurs in s at position ¢ 0P, with p
the arity of z, in a subterm of the form s, ... 5,, with sy, .., 5, the 7-normal

forms of all variables that are bound in s at position ¢.

2. A pattern higher-order rewriting system is said to be fully ertended if every
rewrite rule is fully extended.

An example of a rewrite rule that is not fully extended is the rule for #-reduction. In
the format of higher-order rewriting systems, it is written as z.abs{z.appza) — z.2.
In this representation, the side-condition in the traditional way of writing the rule,
namely as Ar.Mz — M if x ¢ FV(M), is internalised. This illustrates that
a rewrite rule that is not fully extended contains implicitly a ‘no ocenr’ check.
The rewrite relation of fully extended rewriting systems is not restricted by such
conditions.
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Sharing. We conclude this section with a short digression concerning sharing in
higher-order rewriting systems. It reflects discussions with Zurab Khasidashvili
and Vincent van Oostrom. Usually, the rewrite sequence # : s - t is considered
to be more efficient than a rewrite sequence ¢’ : 5 - ¢ if & consists of less rewrite
steps than o#’. Taking this point of view, a way to turn a rewrite sequence into a
more efficient one is by sharing equal subterms. This can be done by representing
terms as graphs.

In [Wad71], Wadsworth presents the first graph implementation for (untyped)
A-calenlus. Lévy formulated in [Lév78| the notion of optimal rewrite sequence
for A-calculus. This is a criterion for efficiency. A rewrite sequence is said to be
optimal if redexes that are residuals of the same redex, or that are created in the
same way, are shared. The graph implementation by Wadsworth is not optimal
in this sense. The first optimal implementations of nontyped A<alculus are due
to Lamping [Lam90] and Kathail. More recently, a lot of attention was devoted
to the subject of optimal rewriting, see for instance [Asp94| , [GALS2], [Lan93],
[AL94].

Wae give an example that reveals that sharing of subterms and also of contexts
can be expressed in higher-order rewriting systems in a natural way, if the rewrite
relation is defined on the set of preterms instead of on the set of terms only. In
the examples, a A-term that is simply typable is rewritten in an optimal way. We
claim this can be done for every A-term that is simply typable.

We consider the A-term (Az.(2Ny)(aN1)){(Ay.(Az.z)y). The representation of
this term in the graph implementation by Wadsworth cannot be rewritten in an op-
timal way. We comnsider A-calculus as a higher-order rewriting system, and perform
first an expansion of the term to a preterm that is in the same 3 .-equivalence
class. This preterm can be rewritten in an optimal way:

app (abs x.app(app xNg)(app xNy))(abs y.app (abs z.z)y)  sc«
app (abs x.(z.app(zNg)}(zNy )} (z".app x2')) (abs y.app (abs 2.2)y) —seta
(z.app (zNg)(zNy ))(z".app (abs y.app(abs 22)y)2') —sea
(z.app (zNg){(zN1))(Z'.app (abs z.2)7') —paa
(z.app (zNg)(zN1))(Z 2")  —»sc
app NgN; .

4.3 Proof Nets as Substitution Calculus

In the previous section we have studied higher-order rewriting systems with AZ
as substitution caleulus. We consider A7 as the prime example of a substitution
calenlns. However, it is clearly not the only paossible choice. In this section we con-
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sider higher-order rewriting systems with a less traditional substitution calenlus,
namely the rewriting system (PN, ) consisting of proof nets with cut-elimination.
It is not completely straightforward to see that (PN,r>) can serve as a substitution
calenlus, however, since it forms a refinement of simply typed A-calculus, it seems
worthwhile to investigate the possibility.

In this section, we will show that proof nets, that also may contain proof net
constants, with eut-elimination satisfy the requirements imposed on a substitution
calenlus in Definition 4.1.1. We will make use of the definitions and results pre-
sented in Chapter 3. Then we define higher-order rewriting systems with proof nets
as substitution calculus. As examples, we represent a first-order term rewriting
system and linear A-calenlus as higher-order systems with (PN, ) as substitution
calenlus.

Proof Nets with Constants. In this section, we will consider proof nets that
differ from the ones that are defined in Definition 3.2.3 of Chapter 3 in that they
may contain proof net constants. The alphabet of proof nets, given in Definition
3.2.2 of Chapter 3, is extended with possibly infinitely many proof net constants. A

proof net constant has a finite number of outputs. We write an A;-.. -A,,~constant
as
- R

The set of proof nets with proof net constants is defined as the set of proof nets
as in Definition 3.1.1 of Chapter 3, with in addition the following clanse: an A;-
.. ~A-constant is a proof net with output occurrences A,,...,A,,, written as
above.

Material. The types of (PN,>) are the formulae of multiplicative-exponential
linear logic, given in Definition 3.1.1 of Chapter 3. We will call an output A of a
proof net also an output of type A. The prestructures of type A, in this section
mostly called prenets of type A, are the proof nets that have an output of type
A. Bo a prenet can have different types, and hence it is not necessarily the case
that the set of prenets of type A and the set of prenets of type 2 with A # I3 are
disjoint. We write M : A if the prenet A is of type A. The wariables of type A
are all A-axiom links. So a variable of type A is also a variable of type A1, It is
clear that for every type A there are infinitely many variables of type A. Further,
a variable of type A is a prenet of type A.

For the definition of a substitntion operator we need the notion of a free variable
occurrence in a prenet. A free variable occurrence in a prenet will be defined as an
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output occurrence that has only an axiom link or a weakening link, and dereliction,
contraction and box links as premisses. To formalise this concept we need the
following definition.

Definition 4.3.1. Let M be a prenet. The wariable depth of a formula occurrence
A in M| denoted by vd(A,,, M), is defined as follows:

1. if the formula occurrence A, is the conclusion of an A-axiom link, or if
A = 74, and the formula occurrence A,, is the conclusion of an Ay-weakening
link, then vd(A,,, M) =D,

2. if A = A; ® Ay and the formula ocenrrence A, 15 the conclusion of an Ag-
Aj-times link with as premisses the formula occnrrences (Ag),,, and (A1), ,

then vd( A, M) = max{vd({Aq),, ., M), vd((A1),, . M)} + 1,

g

g ?

3. f A = Ay p A; and the formula occnrrence A,, is the conclusion of an A,-
Aj-par link with as premisses the formula occmrences (Ag),,, and (A;)

then vd( A, M) = max{vd({Aq),, ., M), vd((A1),, . M)} + 1,

il ?

g ?

4. if A = 7A; and the formula occmrrence A, is the conclusion of an Ag-
contraction link with as premisses the formula occnrrences A,,, and A, ,

then vd{A,,, M) = max{vd(A,,,, M), vd(A,,, M)},

o

.If A = 74, and the formula occmrrence A, 5 the conclusion of an Ap-
dereliction link with as premiss the formula ocenrrenee (Ay),,, , then

vd{Apm, M) = vd((Aa),,, M),

6. if A = 74, and the formula occurrence A, is the conclusion of a 3-4;-A4,-
...=A-box link, having as premisses the formula oceurrences

Bry (A1), s (PAz)s - -2 (TAm),,, then vd( A, M) = vd((?41),, , M),

gt T T g ?

7. if A =1A4; and the formula ceccmrrence A, is the conclusion of an Ay-54-. . .-
B,.-box link, having as premisses the formmla ocenrrences

(Aodngr (T Bi)nyr-- -2 (P Bm), , then vd( Ay, M) = wd((Ag),, . M) +1.

Definition 4.3.2. A free variable occurrence of type A in a prenet M is an ountput
occirrence A,, in M such that vd(A4,,, M) = 0.

Now we can define the substitution of a prenet NV of type A for a variable occmrrence
of type A in a prenet M.

Definition 4.3.3. Let M be a proof net with a free variable ocemrrence A,, of
type A. Let N be a proof net of type A* with an ontput ocemrrence AL,. The
substitution of N in M for A,,, denoted by M [m := N|, using the label indicating
the oeenrrence of the formula 4 in M, is the following prenet:
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5o the operation for substitution is concatenation by a ent link. Inspired by the
various translations of A-terms into proof nets, we give the following definition of
a bonnd variable ocenrrence in a proof net.

Definition 4.3.4. An output occumrence (A p B)_, of M is said to be a bound
wariable occurrence of type A if A,, is a variable occurrence in a prenet M, and M

is obtained from M, by adding an A-I-par link between the output occurrences
A, and B,.

The definition of a closed prenet is as the one for a A-term, making use of the
notions of free and bound variable occnrrences as introduced above.

Definition 4.3.5. A prenet is said to be closed if it does not contain free variable
QCCUITENCes.

There certainly are alternative ways to define the notions of free and bound variable
occurrences in a proof net. Here we restrict attention to just the one given above.

In the remainder of this section we will omit the labels of formulae in a proof net
whenever we consider that to be convenient.

(PN,>) is a Substitution Calculus. We now sketch why the calenlus (PN, )
satisfies the conditions imposed on a snbstitution calenlis in Definition 4.1.1.

First, rewriting of proof nets consists of ent-elimination as defined in Definition
3.2.5. The set of prenets is closed nnder ent-elimination. We also have the stronger
property that the set of prenets of type A is closed under ent-elimination, since
the reduct of a proof net M is a proof net with outputs of the same type as M. In
Chapter 3, we have shown that (PN, ) is strongly normalising. Sinee it is routine
to verify that (PN,r) is locally confluent, we find that {PN,r) is confluent. So
the rewrite relation > on PreNets has all properties that the rewrite relation of a
substitution calenlus shonld have.

Second, the typing relation is properly defined on PreMets x Form. It is clear
that every prenet is typed, and that every type is inhabited.

Third, we need to verify that the rewrite relation 1> satisfies the properties of
snbject conversion and type conversion with respect to the typing relation. The
latter holds, since types are not rewritten. The property of subject reduction
is easily seen to hold, since the set of prenets of a certain type is closed under
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rewriting. In fact, since ontput ocenrrences are never erased, we also find that the
rewrite relation > satisfies the property of subject conversion with respect to the
typing relation.

Finally, it is easy to see that the rewrite relation and the typing relation behave
well with respect to each other.

We conclude that prenets with cnt-elimination form a decent substitution cal-
culus.

Higher-Order Rewriting Systems with (PN, ) as Substitution Calculus.

Definition 4.3.6. A rewrite alphabet for (PN, ) is a set, denoted by A4, consisting
of proof net constants. Proof net constants are also called rewrite operators.

Example 4.3.7. An example of a rewrite alphabet for (PN,r) is the set A
consisting of the following rewrite operators:

EDREDRED

At pA  AlpA A

Definition 4.3.8. Let A be a rewrite alphabet for (PN,). A rewrite rule of type
A over Ais a pair of nets (1, r) such that

1. 1 and r are of type A,
2. 1 and r have the same output types,
3. all constants in 1 and r are in A,

Example 4.3.9. An example of a rewrite rule over the alphabet given in Example
4.3.7 is the following:

(z) (x)

1 1 [ 1
NS GO AN
Alpa AQA —  AlpA AQA

ALl A Allp A

It represents the term rewriting rule f{z} — g(x). We have indicated by (x) the
axiom link that corresponds to the variable # of the rule in the format of term
rewriting.
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Definition 4.3.10. A higher-order rewriting system with (PN, ) as substitution
calculus is a triple ((PN, ), A, R) with A a rewrite alphabet for (PN,r) and R a

set of rewrite mles over A.

The rewrite rules indnce a rewrite relation on the set of nets. It i5 defined as
Tollows.

Definition 4.3.11. Let ((PN,r), .4, R) be a higher-order rewriting system. The
reumite relation on the set of nets, denoted by — 5, is defined as follows. We have
M — g M if there exist a rewrite rule 1 — r of type A, and a net N with a
variable occurrence A,, of type A such that

1. Nim:=1|p* M,
2. Nm:=r|p* M

Example 4.3.12. We give an example of a rewrite step in the higher-order
rewriting system ((PN,p), A, R) with A the rewrite alphabet of Example 4.3.7
and R the set consisting of the rewrite rule of Example 4.3.9.

-"\g/“ o YT

AlpA A AL At p A A At
L

We abbreviate this rewrite step as M > M’. This rewrite step is obtained becanse
the prenet

Ag AL ApAlm®Aﬂm
e

is of the form N[m := 1), with N the left two parts of the picture above, and it is
rewritten to M, and the prenet
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()

A AL ApAt (A AL,

L — \

is of the form N[m := 1] and it is rewritten to M’

As asecond example of a higher-order rewriting system with (PN, >} as substitution
calenlns we consider linear A-calenlus. It is also possible to represent A-calenlus
withont the linearity constraint as a higher-order rewriting system with {PN,>) as
substitution calenlus.

Example 4.3.13. In the format of higher-order rewriting systems with A-calenlus
as substitution calculus, the rewrite rule for 3-reduction is written as

z.Z app(abs(z.21))z = 2.7/ .22

We now write this rule in the format of higher-order rewriting systems with (PN, )
as substitution calculus. We simplify the example in two ways. First, by restricting
attention to linear A-calculus, in which every A binds exactly one variable. This
means that we won’t need boxes in the representation. Second, we do not write
the rule as a pair of closed terms, but we represent it as

app(abs(z.zz))z — zZ.

This also simplifies the picture since we need less par-links. The rewrite alphabet
contains the following two rewrite operators:

0+ (0 p 0) (D@0t pD

The left-hand side i5 as follows:
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0tpd ot D O®DE

Y

I p(0tp0)  (080Yp0D (0 p0)®0: 08 (D80
\\ %

—®

The right-hand side is

) —
pt 0 ot D

4

|
0D®0t

Higher-order rewriting systems with proof nets as substitution calculus certainly
need further investigation. Quite some choices need to be made, and the alter-
natives need to be compared in detail. Moreover, a lot of notions that are usnal
in term rewriting do not immediately have their counterpart in a two-dimensional
syntax. The aim of this section is to make clear that it is worthwhile to pursue a
study of this subject.

4.4 Higher-Order Rewrite Systems

Higher-Order Rewrite Systems, in the sequel abbreviated as HRSs, are introduced
by Nipkow in [Nip91]. In HRSs, simply typed A-terms are rewritten modulo 37
reduction. HRSs form a proper extension of both first-order term rewriting and
A-calculus, introduced to investigate the meta-theory of systems like AProlog and
Isabelle. Wolfram defines in [Wol91, Wol93] Higher-Order Term Rewriting Sys-
tems, which are similar to HRSs. We will comment on this below.

Quite a lot of rewriting theory for HRSs has been deweloped already. Results
concerning conflnence have been obtained for HRSs in which the left-hand side
of a rewrite rule is required to be a pattern, as in Definition 4.2.32. In [Nip81],



132 Higher-Order Rewriting

Nipkow shows that a HRS is locally confluent if every eritical pair is conflnent. In
[Nip93b] it is shown that orthogonal HRSs are confluent, nsing parallel reduction.
We will discuss this result in more detail in Chapter 5. Both confluence resnlts are
recapitulated in detail by Mayr and Nipkow in [MN94]. In [O0s96], van Qostrom
gives a condition on critical pairs of a HRS that implies confluence. This generalises
a result proved by Huet in [Hue80| for first-order term rewriting, stating that a
term rewriting system is confluent if its eritical pairs are parallel closed (where the
meaning of parallel is different from the one considered in Chapter 5).

The unification algorithm for patterns presented by Miller in [Mil91] is simpli-
fied by Nipkow in [Nip93a]. Prehofer defines in [Pre95| several classes of simply
typed A-terms satisfying relaxed versions of the restriction to patterns, for which
second-order nnification is decidable.

Van de Pol presents a technique for proving termination of a HRS in [Pol94]. He
shows that a HRS is strongly normalising if it can be interpreted in a suitable way
in a well-founded higher-order algebra. For this result to hold, it is not necessary
that left-hand sides of rewrite rules are patterns. Further results on termination of
HRSs are obtained by van de Pol and Schwichtenberg [PS95] and Kahrs [KKah85).
A technique for proving termination of a first-order rewriting system, namely by
means of the so-called recursive path ordering, has been lifted to case of HRSs by
Lysne and Piris in [LP85].

In the remainder of this section, we fixst recall the syntax of HRSs, and then
we show how to represent a HRS as a higher-order rewriting system with AZ" as
substitution caleulus. As we will see, HRSs and higher-order rewriting systems
with A7 as substitution caleulus are very similar. The only two differences are the
following: fixst, in a HRS the left- and right-hand side of a rewrite rule must be
of base type, whereas in higher-order rewriting systems such a restriction is not
made, and second, the definition of the rewrite relation of a HRS differs from the
one of a higher-order rewriting system.

Higher-Order Rewrite Systems. In the presentation of the syntax of HRSs
we fix attention to the differences with higher-order rewriting systems with A-" as
substitution calenlus.

Terms of a HRS are built from simply typed variables and simply typed con-
stants as in simply typed A-<alculus. A rewrite alphabet for a HRS is a set of
simply typed constants. Terms are supposed to be in Sn-normal form. There is
a small difference in notation: abstraction is in a HRS denoted by Az.s, and as
t.s in a higher-order rewriting system. The definition of a rewrite rule is slightly
different from the one given for a higher-order rewriting system. It makes use of
the definition of a pattern that is given in Definition 4.2.32.

Definition 4.4.1. Let A be a rewrite alphabet. A remrite rule over A is a pair
of terms over A, denoted by 1 — r, such that



Higher-Order Rewrite Systems 133

1. 1 and r are of the same base type,
2. all free variables in r occur also in 1,

3. 1is of the form fs, ..., with s1,..., s,, patterns.

The left- and right-hand side of a rewrite rule in a higher-order rewriting system
with AZ" as substitution calenlus are not required to be of base type. The same
holds for the Higher-Order Term Rewriting Systems as defined by Wolfram in
[Wol91, Wol93]|. Moreover, the left-hand side of a rewrite rule as defined in [Wol91,
Wol93] is not necessarily a pattern.

Definition 4.4.2. A HRS is a pair {A,R) consisting of a rewrite alphabet A
and a set of rewrite rules over A.

Example 4.4.3. The representation of untyped A-calculus as a HRS is almost
as its representation as a higher-order rewriting system, given in Example 4.2.19.
There is one base type, denoted by 0, and there are two constants, namely abs :
(0 — D) — 0 and app : 0 — 0 — 0. The rule for 3-reduction is written as follows:

app(abs{Az.zz))2' — 27,

The difference with the representation of A-calculus as a higher-order rewriting
system is that in that case rewrite rules are required to consist of closed terms.

The second aspect in which HRSs differ from higher-order rewriting systems with
A7 as substitution calenlus is the rewrite relation. The rewrite relation of a HRS
is defined nsing the concepts of context and assignment.

We suppase that for every base type 0 there is a distingnished variable of type
0, denoted by O, that never occurs bound. A contert is a texm with one occmrrence
of 0. The difference with a context of a higher-order rewriting system, defined in
Definition 4.2.22 of Section 4.2, is that in the present case O is required to be of
some base type. An assignment is a mapping # : Var — Terms that respects the
typing. It is extended to a homomorphism # : Terms — Terms as follows:

1. 2% = 8(x),

2. ff =1,

3. (Az.s)® = Az.sd,
4. (s951)® = sisb.

Now we can give the definition of the rewrite relation.
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Definition 4.4.4. Let (A, R) be a HRS. The rewrite relation, denoted by —g, is
defined as follows:

5§ —p &

if there is an assignment #, a context 'O and a rewrite rule 1 — r such that

s =C[1°g) and s = Clr®| g

Note that s and & in Definition 4.4.4 are in 37-normal form since 1 and r are of
base type. Since the context €O is in normal form and 131,3?: and J:"*"L[;‘,—I are not of
the form Az.Z, we have that C[1°|4;] and C[r®] 5] are in S7-normal form.

Rewrite rules often originate from a set of equations by giving every equation
a direction. Such a rewriting system obtained from a set of equations E shonld
implement the equational theory of F in a faithful way. That is, s —% 5 if and
only if s =g §. Here =g denotes the equivalence relation generated by E, see
for instance [MN94] for the definition. As observed by Nipkow in [Nip91], this
important requirement is not necessarily met by HRSs with a rewrite relation as
defined in 4.4.4, if the rewrite rules are not necessarily of base type. We consider
the example given in [Nip91]. The equation Az.fz{zz) = Az.f'(22)x gives rise to
the rewrite rule Az.fz(zz) — Az.f'(za)x. We have fa(za) =g f'(20)a, but there
is no rewrite sequence between fo{ze) and f'{2a)a or vice versa, since both fa{za)
and f'(za)e are in normal form for the rewrite rule above.

We remark that if the rewrite relation is defined as in [Wol93] or as in Definition
4.2.25 of Section 4.2, mles of compound type do not pose this problem. The rewrite
rule Ax. fx(zr) — Az.f'{zr)x then does define a rewrite step fa(za) — f/(za)a.

A Translation. It is ¢lear that hardly anything needs to be done to represent
a HRS as a higher-order rewriting system with AZ as substitution calculus. In
fact, the main thing is to transform a rewrite mle 1 — r of a HRS into a rewrite
rale @y.... Ty — @1... . Tp.Y, With @4, ..., 3, the variables that occur free in
1. Following [O0s94], we call the latter rewrite rule the closure of the former.

Definition 4.4.5. Let 1 — r be a pair of terms in a higher-order rewriting system
H = (37, A, R). The closure of 1 — r is the pair ;.... 3.1 — T1. ... Tpp.1, With

{21, 2m} = FV(1).

Example 4.4.6. The closure of the rewrite rule for 3-reduction as in Example
4.4.3 is

z.7 .app(abs{\z.z1))2’ — 2.2/.27.

This is exactly the way the rule for 3-reduction is represented in Example 4.2.19.
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If every rewrite rule of a HRS is transformed into its closure, we obtain a higher-
order rewriting system with AZ as substitution calenlus. It is easy to see that
whenever 5 —5 s in a HRS, we have s —5 s in its associated higher-order
rewriting system. As remarked above, it I8 not possible to translate an arbitrary
higher-order rewriting system into a HRS such that rewrite steps are preserved.

4.5 Combinatory Reduction Systems

Combinatory Reduction Systems, abbreviated as CRSs, are introduced by Klop in
[Klo80]. CRSs form a generalisation of contraction schemes, that were introduced
by Aczel in [Acz78]. In both cases the format of first-order term rewriting systems
is extended with a binding mechanism for variables.

The study of higher-order rewriting started with the introdnction of CRSs by
Klop in [Klo80]. For CRSs quite some rewriting theory is developed. We mention
some results. In [Klo80|, Klop proves that orthogonal CRSs are confluent. This
result i5 obtained in the following way. First, it is shown that every set of redex
occurrences admits a finite development. This is nsed to prove conflnence. Then,
using the confluence result, it is shown that all developments are finite. Also in
[K1o80)] it is shown that A-caleulus with surjective pairing is not confluent. Another
result in [K1o80] concerns normalisation of orthogonal CRSs. A method is given
that permits to infer strong normalisation of a CRS from weak normalisation. This
is done by mimicking its rewrite sequences in another CRS, in which subterms are
never erased. This generalises a method due to Nederpelt, which is reported in
[Ned73] (see also [NGV94|). In [Raa93], orthogonal CRSs are shown to be confluent
using parallel reductions. CRSs with explicit substitution are studied in [Ros96).
Further, work on implementation of CRSs is done by Kahrs [Kah94| and by Rose
[Ros96].

Wae recall the syntax of CRSs, following the presentation in [KORS3|. We
will see that CRSs differ more from higher-order rewriting systems with AZ" as
substitution calculus than HRSs do. Then we explain how to represent a CRS as
a higher-order rewriting system, nsing the translation of CRSs into HRSs that is
defined in [OR94a].

Combinatory Reduction Systems. We suppase that there is a set denoted by
Var consisting of infinitely many wariables. Variables are denoted by 2, 4,2, .... We
suppose moreover that there is a set denoted by MetaVar that contains for every m
with m > 0 infinitely many metavariables of arity m. The arity of a metavariable
expresses how many argnments it 15 supposed to have. Finally, there is in every
CRS a binary operator for abstraction, denoted by [ |- A rewrite alphabet for a
CRS is a set, denoted by ¥, that consists of function symbaols, denoted by f, g, k.
Every function symbol is equipped with a fixed arity that, like the arity of a
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metavariable, expresses how many argnments the function symbaol is supposed to
have.

In CRSs a distinction is made between terms and metaterms, as in contraction
schemes. In this respect CRSs differ from higher-order rewriting systems and from
HRSs. The left- and right-hand side of a rewrite rule of a CRS will be metaterms.
The rewrite rules indnce a rewrite relation on the set of terms by assigning terms
to metavariables, as will be explained below. First we define metaterms and terms.

Definition 4.5.1. Let ¥ be a rewrite alphabet for a CRS.

1. The set of metaterms over ¥, denoted by MetaTerms, is defined as the small-
est set that satisfies the following reqnirements:

(a) & € MetaVar for every variable z,
(b) if s € MetaTerms and = € Var, then [z]s € MetaTerms,

(e) if 81,...,8n € MetaTerms and f € ¥ is a function symbol of arity m,
then f(s,...,8,) € MetaTerms,

(d) if s1,...,8n € MetaTerms and Z is a metavariable of arity m, then
Z(81,...,8m) € MetaTerms.

2. A term is a metaterm without ocourrences of metavariables. The set of terms
is denoted by Terms.

Terms and metaterms are denoted by s,1,7,.... We write f and Z instead of f()
and Z() for function symbols and metavariables of arity 0.

A variable in a metaterm of a CRS i5 bound if it i5 in the scope of an abstraction
[#], and is free otherwise. Formally, we have the following definition.

Definition 4.5.2. The set of free variables of a metaterm s, denoted by FV(s), is
defined inductively as follows:

L FV(z) = {z},
2. FV((als) = FV(s)\ {z]},

3. FV(f(s1,- -, 5m)) = BTV s,),
4 FY(Z(s,,...,5m) = BZPFV(s,).

A variable occurring in s that is not free is said to be bound in 5. A metaterm not
containing free variables is said to be closed

Definition 4.5.3. Let ¥ be a rewrite alphabet. A rewmrite rule over ¥ is a pair of
metaterms over ¥, denoted by 1 — r, such that
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1. 1 and r are closed,
2. 1 is of the form f{s1,..., 8n),

3. all metavariables in 1 oceur in a submetaterm of the form Z(#:,...,%m),
with x4, ..., %, different variables that are bound in 1,

4. all metavariables in r occur in 1.

At this point we can clarify the difference between CRSs and contraction schemes.
In a contraction scheme as defined by Aczel in [Acz78|, the left-hand side of a rule is
required to be of the form f([#]11,. .., [#m]lm), such that forevery n € {1,...,m}:

1. x, i5 a list of different variables,

2. 1, is either of the form Z,(#,) or of the form
On ([i}’nl] Zl {-'F‘_':’n-s ﬁnl): LR [i}’ﬂp] Zl {-'F‘_':’n-s T:"’np))-
Hence every rewrite rule of a contraction scheme is a rewrite rule of a CRS, but not
vice versa. For instance, a rewrite rule of a first-order term rewriting system that

has in the left-hand side more than two nested function symbals, as in f{g{&{x))),
cannot be expressed as a contraction scheme.

Definition 4.5.4. A CRSis a pair (£, R) consisting of a rewrite alphabet ¥ and
a set of rewrite rules over X.

Example 4.5.5. The representation of A-calculus as a CRS is as follows. The
rewrite alphabet consists of a nnary function symbol abs and a binary function
symbol app. The rewrite rule for 3-reduction is written as

app(abs([z] Z(x)), 2") — Z(Z').

We now define how the rewrite rules induce a rewrite relation on the set of terms.
This is not completely straightforward. The definition makes nse of the concepts of
context and assignment. A context is a term with one ocenrrence of a distingnished
variable denoted by O. As before, the convention is that this variable doesn’t
occur bound. For the definition of an assignment we need the following anxiliary
definition of a substitute. The terminology is due to Kahrs [Kah94|.

Definition 4.5.6. An m-ary substitule is a mapping
Al21, ... Tm)-5 : Terms™ — Terms
with s £ Terms, that is defined by

(A(T1, e T )-8) (81, -, 8m) = 8[F1 1= 81 ... Ty 1= 8-
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Definition 4.5.7. An assignment is a mapping # that assigns to a finite number of
metavariables a substitute, respecting the arity. It is extended to a homomorphism
f! : Terms — Terms in the following way:

1. 2% ==z,

2

([#]s)" = [z]s*,

5]

- (f(sl'!"':'sm))ﬂ = f’(ﬁg,,ﬁfn),

4 (Z(510eer5m))? = O(Z) (s, ., 5.

i

Note that varions kinds of problems coneerning variable clashes ocenr. We just
suppose variables to be renamed whenever necessary. Now we collected all ingre-
dients that are necessary to define the rewrite relation of a CRS.

Definition 4.5.8. Let (£, R) be a CRS. The reumite relation on the set Terms,
denoted by — g, is defined as follows:

§—g &
if there is a context C'0O, an assignment # and a rewrite rnle 1 — r snch that

s=C[1% and s =C[r".

The rewrite relation is not defined on metaterms, so in particular the left-hand
side of a rewrite rule cannot be rewritten to the right-hand side of that rewrite
rmle. For proving a critical pair lemma as for first-order rewriting and for HRSs,
one would have to consider a rewrite relation on metaterms.

Example 4.5.9. We illustrate the definition of the rewrite relation of a CRS by
considering a rewrite step in slow-motion. We consider the CRS for A-calenlus,
given in Example 4.5.5. Consider the assignment # with #(Z) = A{y).app(y, v)
and #(Z") = abs([y]app(y, #)). Then we have the following rewrite step:

(app(abs([z]Z(x)), 2"))° = app(abs([z](A(y).-app(y, 4))(x)), abs{[y]app(y, 2)))
= app(abs{[y|app(y, %)), abs([]app(y, ¥)))

(2(2)) = (A(g)-app(y,y))(abs((ylapp(y, 7))
= app(abs{[y]app(y, ¥)), abs{[¥]app(y, 1)))-
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A Translation. We now discuss how to represent a CRS as a pattern higher-
order rewriting system with AZ" as substitution calcnlus. In [OR94a] it is shown
how to translate CRSs into HRSs, and vice versa. Since we have shown in the
previous section that HRSs are very similar to higher-order rewriting systems
with A= as substitution ealeulus, it should be no surprise that we follow [OR94a]
in associating a higher-order rewriting system to a CRS. We recall the main points
of the translation and refer to [OR9%4a| for detailed proofs.

A first thing that shonld be noted is that CRSs are, nnlike HRSs and higher-
order rewriting systems, not typed. Hence all terms of a CRS will be translated
into terms of type 0, where 0 can be thonght of as the set of terms. This means
that the obvious translation of a term [z]s of a CRS into a term z.5' of a higher-
order rewriting system, with s’ the translation of s, does not work. The solution
in [ORY%4a] is to add an operator lambda : (0 — 0} — 0, and to translate an
abstraction [z]s into a term lambda(z.s’), with s’ the translation of s. This is the
most important point of the translation of terms of a CRS. We will give the formal
definition of the translation of terms and metaterms, but to that end we fixst need
to translate the rewrite alphabet of a CRS.

Definition 4.5.10.

1. The translation of a metavariable Z of arity m is a variable denoted by «{Z),
oftype 0 — ... — D — D, with m + 1 times 0.

2. Let ¥ be a rewrite alphabet for a CRS5. The translation of a function symbol
f of arity m is a rewrite operator denoted by {f), of type D — ... = D — 0,
with m + 1 times 0.

The translation of the set of metaterms is given as follows.

Definition 4.5.11. Let ¥ be a rewrite alphabet of a CRS5. The translation of a
metaterm s over ¥, denoted by ¢(s), is defined by induction on the definition of
MetaTerms:

1. ofz) ==,
2. ([z]sq) = lambda{e(z).4(50)),

3. (510 er ) = ()(51) oo 5,
4. (Z(51,...,8m)) = e[ Z)efs1) . .. i)

Note that every metaterm of a CRS is translated into a term of type 0 of a higher-
order rewriting system. The next step is to translate the rewrite rules of a CRS.
This is done in a straightforward way, nsing the translation of metaterms and the
definition of the closure of a pair of terms which is given in Definition 4.4.5.
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Definition 4.5.12. A rewrite rule 1 — r of a CRS is translated into the closure
of (1) — «(1).

Now we can define the translation of a CRS (X, R) as the higher-order rewriting
system (A=, ¢(3),¢(R)). The following theorem expresses that this translation is
adequate in the sense that the one-step rewrite relation is preserved.

Theorem 4.5.13. Let (B,R) be a CRS and let (A2, ¢(X), t(R)) be its associated
higher-order rewriting system. Then s —g § in (X, R) if and ondy if 1(s) — +[5)
5 O i), 1(R)).

The proof of this result can be found in [OR94a]. It makes use of the translation
of assignments, then, it is shown that +(C[1%]) = [C)[e(1%)] = [C)[e{1)¥]. An
inspection of the proof in [OR94a)] reveals that ¢ is in fact a morphism (in the sense
of Definition 1.2.6 of Chapter 1) between CRSs and higher-order rewriting systems.
In [O0s94], it 8 moreover shown that the translation preserves orthogonality.

4.6 Expression Reduction Systems

Expression Reduetion Systems, shortly called ERSs in the sequel, were introduced
by Khasidashvili around 1986. An early reference is [Kha90]. The definition of
ERSs makes use of ideas of Pkhakadze [Pkh77]. ERSs are similar to CRSs, but
hawve been introduced independently.

We mention some of the rewrite theory that is developed for ERSs. In [Kha92],
Khasidashvili proves that all developments in an orthogonal ERS are finite. This
is nsed to show that orthogonal ERSs are confluent. In [Kha94|, a strategy for
orthogonal ERSs is defined that yields the longest possible rewrite sequence to
normal form if a term is strongly normalising, and an infinite rewrite sequence
otherwise. In [GK94, GK96b| relative normalisation is studied. The terminology
relative normalisation expresses that one is interested in rewrite sequences that
end in some set of terms, which are considered to be (partial) results. This set of
terms is not necessarily the set of normal forms but may contain terms that model
partial results, like for instance head normal forms. It is shown that if such a set
satisfies certain requirements, then every term not in the set contains a redex that
must be contracted in any rewrite sequence ending in the set. This generalises
the theory of needed redexes that is developed by Huet and Lévy for first-order
term rewriting in [HL91). ERSs with a conditional rewrite relation are studied in
[KO95]. Moreover, in [GK96a)| eriteria for efficiency of relative normalisation are
studied.

In the remainder of this section, we recall the syntax of ERSs. We fix attention
to the difference with CRSs, but as we will see, althongh CRSs and ERSs are
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conceptually very close, they differ syntactically in many aspects. We conclude
this section by translating an ERS into a higher-order rewriting system with Az
as substitution calcnlus.

Expression Reduction Systems. We suppose that there is a set denoted by
Var consisting of infinitely many wariabies. Variables are written as 2,4, z,. ... We
suppose moreover that there is a set denoted by MetaVar consisting of infinitely
many metavariables. Metavariables are denoted by Z, Z*, .. .. The difference with
CRSs is that all metavariables in an ERS have arity 0. Finally, for every m > 1
there is an operator for metasubstitution, denoted by (/_, ..,/ ). As we will
see below, it is meant to express the simultaneous substitution of m terms for m
variables in some term. A rewmite alphabet for an ERS is a set, denoted by ¥, that
consists of

1. function symbols, denoted by f, g, 4, ...,

2. quantifier symbals, denated by £.&,.. ..

Every function symbol and every quantifier symbol has a fixed arity. The arity of
a fonction symbaol is a natural oumber, that expresses how many arguments the
function symbol is supposed to have. The arity of a quantifier symbol is a pair
of natural numbers. The first natural oumber in this pair expresses how many
variables the quantifier symbol binds, and the second one expresses how many
arguments it is supposed to have. For instance, the operator A of A-calculus is
represented in an ERS by a quantifier of arity (1,1), since it binds one variable
and takes one argnment. There is moreover a notion of scope indicator in ERSs,
used to express in which arguments of the quantifier variables are bound. We won’t
consider scope indicators in the sequel, but just consider an example to illustrate
their nse. For instance, the integral over a function f of one argument, from a
term s to a term ¢, can be expressed using a quantifier int of arity (1, 3) and scope
indicator 3 as int2{s, t, f(z)).
As in CRSs, metaterms and terms are distingnished.

Definition 4.6.1. The set MetaTerms of metaterms is defined as the smallest set
that satisfies the following requirements:
1. (a) € MetaTerms if x is a variable,
(b) Z € MetaTerms if Z is a metavariable,

(e) if 81,...,8n € MetaTerms and f is a function symbol of arity m, then
f{s1,-.., 8n) € MetaTerms,

(d) if #4,..., %, are different variables, s,...,5, € MetaTerms and if £
is a quantifier symbol of arity (m,n), then &x;.. 2n(51,...,8.) €
MetaTerms,
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(e) if #4,..., %, are different variables and s, s1,. .., 8,, € MetaTerms, then
(81/%1,---, S/ Tm)s € MetaTerms.

2. A ferm i1s a metaterm without occurrences of metavariables or of metasub-
stitutions. The set of terms is denoted by Terms.

Variables in a metaterm can be bound by a quantifier or by a metasnbstitntion.

Definition 4.6.2. The set of free nariables of a metaterm s, denoted by FV(s), is
defined by induction on the structure of s as follows.

1. FV(x) = fal,
2. FV(Z) =8,
3. FV(f(s1,- -, 5m)) = PRV (sp),
4 FV(ERL .o (51,2, 50)) = UBSEFV(5p) \ firs, oy ),
5. FV({(s1/21, ..., 8m/2m)8) = BT FV(sp) UFV(s) \ {&1,... 2 )}
A variable occurring in a metaterm s that is not free is said to be bound in s.

There are varions definitions of a rewrite rule of an ERS that are slightly different.
We will adopt the following one. Rewrite rules of ERSs are similar to rewrite rules
of CRSs, but there are some syntactical differences.

Definition 4.6.3. Let ¥ be a rewrite alphabet for an ERS. A reuwite rule over
¥ is a pair of metaterms over ¥, denoted by 1 — r, such that

1. 1 and r are closed,
2. all metavariables in r ocenr in 1,
3. 1 is not a metavariable,

4. 1 does not contain metasubstitutions.

Definition 4.6.4. An ERS is a pair (£, R) consisting of a rewrite alphabet £
and a set of rewrite rules over ¥.

We represent. A-calenlns as an ERS to show the differences with the representation

of Acalculus as a CRS.
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Example 4.6.5. The rewrite rule for 3-reduction is in the format of ERSs written
as follows:

app(absz(2), Z") — (7' /2)Z.

Here, app is a function symbaol of arity 2 and abs is a quantifier symbaol of arity
(1,1), with scope indicator (1).

The rewrite rules induce a rewrite relation on the set of terms. As in the case of
CRSs and HRSs, the definition of the rewrite relation makes use of the notions of a
context and an assignment. A contert in an ERS is, as a context in a CRS, a term
with one occmirence of the distingnished variable O. An assignment is a mapping
# : MetaVar — Terms. [t is extended to a homomorphism in the following way:

1. 2% ==z,

2. 28 =8(2),

3. (F(51reeer 5l = (50155

4. (€31 T (S1y-e ey 8N = Exy (s, ..., 8E),
5. [(81/T1 s 8mfTm)s)’ = [z i= &8 .. 1= 82 ).

It is snpposed that variables are renamed whenever necessary. From the definition
of an assignment, it is clear that a metasnbstitntion serves as a scheme for a
simultaneous substitution of m terms for m variables in some term.

For the definition of the rewrite relation of an ERS yet another definition is
needed, which has no counterpart in the framework of CRSs or HRSs. Let 1 — r
be a rewrite rule and let # : MetaVar — Terms be an assignment. The assignment
# is said to be admissible for the rewrite rule 1 — r if the following holds: for every
variable # ocewrring in #(Z) it is the case that in the two metaterms obtained by
replacing Z by # in 1 and in r either every occurrence of & is bound or every
occwrrence of # is free. Consider for example the rewrite rule f{Z) — (a/2)Z.
The assignment # mapping Z to & is not admissible for this rewrite rule, since the
variable x is free in f{x) but bound in {a/z)z. In fact, no assignment mapping Z to
a term having 1 as free variable is admissible. As another example, we consider the
rewrite rule £2(Z) — f(Z). The assignment # mapping Z to x is not admissible
for this rewrite rule, since # is bound in x(x) but free in f{z).

The definition of the rewrite relation of an ERS i5 the same as the one given for
a CRS in Definition 4.5.8, with a restriction to admissible assignments. That is,
we have s — 5 §' if there is a context €0, a rewrite rule 1 — r and an assignment
# that is admissible for 1 — r such that s = C[1°] and s’ = C[r?]. This conchides
the description of the syntax of ERSs.

In the sequel we will suppose that every assignment is admissible.



144 Higher-Order Rewriting

A Translation. We now discuss how to associate a higher-order rewriting system
with A7 as substitution caleulus to an ERS. This translation will be similar to the
one for CRSs, however, there are some small differences. Again, since ERSs are
untyped by nature, every term of an ERS will be translated into a term of type D
in a higher-order order rewriting system. Since the binding power of a quantifier
symbol is expressed by its arity, we won’t need an operator to map terms of some
arrow type to terms of type 0, as the operator lambda used in the translation of
CRSs. First the rewrite alphabet of an ERS is translated as follows.

Definition 4.6.6. Let ¥ be an alphabet.

1. A function symbol f € ¥ of arity m is translated into a rewrite operator,
denoted by «(f), of type 0 — ... — 0 — 0 with m + 1 times 0.

2. A quantifier symbol £ € E of arity (m, n) is translated into a rewrite operator,
denoted by ¢(£), of type A — ... =+ 4 — 0, with n times A, and A of the
form 0 — ... = 0 — D with m + 1 times 0.

The translation of terms is fairly straightforward. However, when trying to trans-
late metaterms of an ERS we are faced with two problems, namely how to translate
metavariables and how to translate metasubstitutions. In order to solve these dif-
ficulties we will make two assumptions. Below we will see that it is possible to
transform a rewrite rule such that its left- and right-hand side satisfy the assump-
tions, without changing the rewrite relation induced by the rewrite rule.

A first problem is formed by the metasubstitutions, which may occur in right-
hand sides of rewrite rales. They occur in the form (s,/21, .., S;/%m)s with s an
arbitrary metaterm. However, since the right-hand side of a rewrite rule is required
to be closed, they can only act on the metavariables ocenrring in 5. Therefore, we
will suppose that metasubstitutions are distributed over metaterms, such that they
occur only in the form (s1/1, ..., 8;m/%m)Z. So for instance (a/x,b/y) f(Z, Z') is
transformed into f((a/z,b/4)Z, (a/z,b/y)2").

Second, it is not immediately clear how to translate metavariables. That is,
they clearly must be tramslated into variables, but the question is of what type.
Obviously a natural translation of (s, /21, ..., 8;/Fm) £ 8 21 .. . 3. 28, ... 8 with
§y,..., 8, the translations of s;,...,s,,. However, the same metavariable may
occur with a metasubstitution of a different arity, or without any metasubstitution
at all. We will suppose that for every metaterm s there is for every metavariable Z
occurring in s a list of variables, called the substitution variables of £ in 5. Then,
we suppose that if a metavariable Z ocenrs in s in a snbmetaterm of the form
(s1/#1,- -1 Sm/Tm )2, the variables zi,..., 3, all ocenr in the list of substitution
variables of Z in 5. If a metavariable Z has alist of substitntion variables consisting
of m variables, then Z is translated into a variable z of type 0 — ... = 0 — D with
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m + 1 times 0. We will discnss below how to find a list of substitution variables
for a metavariable oceurring in a rewrite rule.
The translation of metaterms is now as Iollows.

Definition 4.6.7. The translation of a term s, denoted by ¢(s), is defined by
induction on the stmcture of s as follows:

1. ofz) ==,
2. «{Z) = zzy...3,, if the substitution variables of Z in s are 71,..., 7,

3. -‘»[:f{-‘r'la “e Sm)) = "*[:f)"*[:sl) . L{Sm),

4. (&1 .. T8, ., 8.)) =

U(e(#1)- - - (@m)-2(51)) - - - (1(w1)- - - - 1(Bim)-1(30),

. if the substitntion variables of Z in s are #,...,%,, then

. tfsgz) iy, =2,
t{s1/t1,.. .. 8mfTm)Z) = 2t .. .1, with £, = { ’y( 2 ntﬂ:r . g
p wise.

o

We first comment on the part that is concerned with the tramslation of terms
only. In the sequel we won't mention explicitly that a variable is the translation
of itself. Note that +(s) : D for every term s. Further, the binding of variables by a
quantifier is distributed over its argnments. For instance, x(s;, s3) is translated
into (€)(74(51)) (7-4(5))-

Now we will discuss how to obtain a list of substitution variables for a rewrite
rnle. Let 1 — r be a rewrite rule in an ERS. Let Z be a metavariable ocenrring
in 1. We will say that z4,...,7,, i85 a list of snbstitution variables for 1 — r
if it is a list of substitution variables both for 1 and for r. A rewrite rnle 1 —
r is transformed as follows. First, metasnbstitutions are made more economic
by leaving out s,/x, from a metasnbstitution (si/%1,..., Sy /3,)Z if there is an
occrrence of Z in 1 — r where 1, is not bonnd. For instance, we transform the
ERS rewrite rule Exy(Z) — (a/2,b0/2) f(Z) into Exy(Z) — f((e/x)Z). Note that
if # is an admissible assignment for the rewrite rule xy(Z) — (a/2,b/2)f(Z),
then #(Z) does not contain a free occurrence of the variable z. We claim that such
a transformation does not change the rewrite relation induced by the rewrite mle,
but we do not prove this in detail. It is essential that all assignments are supposed
to be admissible. Now the list of substitution variables of Z in 1 — r consists of
all variables that are bound at every occurrence of Z in 1 and r. Using the list
of substitution variables of a metavariable in a rewrite mmle, the translation of a
rewrite rule is defined as follows.

Definition 4.6.8. The translation of a rewrite rnle 1 — r of an ERS is the closnre
of i{1) — ¢(r), using the list of substitntion variables for 1 — r for the translation
of metaterms.
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Example 4.6.9. As an example we consider the rewrite mle

Exy(Z, Z') —=p [0z, b/ ) f(Z)-

First we slightly modify the rewrite rule which yields xy(Z, Z') — f((a/2)2).
The list of substitution variables of Z for this rewrite rule is » and for 2’ it is 2.
The order in which they ocenr in the list is not important, but it is important that
the order is fixed. The translation of R is

¢(ryzr)(my.dzy) — f(za).

Note that for an admissible assignment # the term #(Z) does not contain a free
occmrence of ¥,

Again, we have that the translation preserves the rewrite relation in the sense that
if s =% ¢ in an ERS (X, R), then «{s) —x ¢{s') in its associated higher-order
rewriting system (A=, ¢(2), ¢(R)). To show this in full detail requires quite some
more work.

4.7 Interaction Systems

This section 15 concerned with the class of Interaction Systems, in the sequel called
18s, that is defined by Asperti and Laneve in [Lan93] and [AL94]. ISs are intro-
duced to study the theory of optimal reductions as defined by Lévy [Lév78] in a
saetting that is more general than A-calenlns. On the one hand, ISs from a gener-
alisation of the Interaction Nets as defined by Lafont in [Lafd0]. Interaction Nets
generalise proof nets of linear logic by admitting arbitrary pairs of constrctors
and destructors. A rewrite rule of an Interaction Net shonld satisfy three require-
ments, one of which is the following: every variable ocemrring in a rewrite rule
occurs exactly once in the left-hand side and exactly once in the right-hand side.
ISs are obtained from Interaction Nets by dropping this constraint. On the other
hand, ISs form a proper subclass of the class of CRSs, which will be clear from
the presentation of the syntax of ISs below.

For resnlts concerning optimal redunections in the setting of ISs we refer to
[Lan93], [AL94] and [AL96].

In this section we first recall the syntax of ISs and then we explain how an
IS can be represented as a higher-order rewriting system with A as substitution
calenlus. Since [Ss form a subelass of CRSs, we can translate an IS into a higher-
order rewriting system in the same way as we translate a CRS. However, as will be
clear from the translation presented below, ISs are closer to higher-order rewriting
systems than CRSs, and hence the natural translation of ISs into higher-order
rewriting systems is not an instance of the translation of CRSs into higher-order
rewriting systems with AZ" as substitution calculus.
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Interaction Systems. Waesnppose that there is a set Var consisting of infinitely
many wariahles and a set MetaVar consisting of infinitely many metanariables.
Variables are denoted by z,%, z,... and metavariables are denoted by Z,2’,.. ..
As in ERSs, all metavariables have arity 0. Moreover, we suppose that there
is for every m > 1 an operator for metasubstitution, denoted by [/, ...,-/],
with m times _/_. A rewrile alphabet for an IS is a set, denoted by E, consisting
of forms. Ewvery form is either a constructor or a destructor. Constructors are
denoted by ¢, <, ... and destructors are denoted by d, 4. .... Forms of which it is
not specified whether they are constructors or destructors are denoted by f, f/, .. ..
Every form is equipped with a fixed aréty, which is a finite list of natural nnmbenrs.
A form of arity (m;...m;) should have »n argnments, and binds m, variables in
the pth argnment. The arity of a destruetor mmst be of the form (D .. .m,). For
example, the operator A of A-calculus, which is a constructor, is a form of arity (1),
and application of A-calenlus is a destruetor of arity (00). The important difference
between [Ss on the one hand and CRSs and ERSs on the other hand is that ISs are
constructor systems, following the principle of introduction and elimination rules
in logical systems. Metaterms and terms are defined as follows.

Definition 4.7.1. Let ¥ be a rewrite alphabet for an IS.

1. The set of metaterms over ¥, denoted by MetaTerms, is the smallest set that
satisfies the following:

(a) & € MetaTerms for every variable z,

(b) Z € MetaTerms for every metavariable Z,

(e) if s1,...,5, € MetaTerms and f is a form of arity (m;...m,), then
Slot....2l sy, .., 20 2R .s,) € MetaTerms,

(d) if s,81,-.., 5, € MetaTerms and 21, ..., 1, are different variables, then
3[81/%1, - - - Son/ Ten) € MetaTerms.

2. A term i5s a metaterm without metavariables or metasubstitutions. The set
of terms i5 denoted by Terms.

So terms and metaterms of ISs are very similar to terms and metaterms of ERSs.
In the sequel, we abbreviate 5. . .. AT, .8 by 1_";',’“?% Rewrite rules in ISs are more
restricted than in ERSs. Omne of the reasons is that they obey a constrmetor-
destructor diseipline. Moreover there is a restriction on the nse of metasubstitn-
tions that makes the translation into higher-order rewriting systems easier, as we
will see below.

Definition 4.7.2. Let ¥ be a rewrite alphabet. A rewmite rule over ¥ is a pair of
closed metaterms, denoted by 1 — r, snch that
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1. every metavariable in r ocenrs in 1,

2. lisof the form d{e(F,,,.21, .. ., T5 - Zn), By- 20, - - - B, - Z5) with all metavari-
ables different,

3. r i5 an element of the set r(1), which is defined as the smallest set that
satisfies the following:

(a) & € r(1) for any variable z,

(b) if ry,...,r, €r(1) and f is a form of arity (m;...m,), then

f(f\}nl'rla .- 1Eﬂm,,'rﬂ) = I‘(l).,

(€) Zw[ri/20,...,ra/2} | €r(1) if 2, .Z ocewrs in 1.

The restriction on the form of the right-hand side of a rewrite rules ensures that
substitutions do not introduce bound variables. For instance, d(e(Z)) — Z[a/x]

is not allowed as a rewrite rule, since & is not bound at the occurrence of £ in the
left-hand side.

Definition 4.7.3. An IS is a pair (£, R} consisting of a rewrite alphabet £ and
a set of rewrite mles over ¥ such that there is at most one rewrite rule for every
pair consisting of a constructor and a destructor.

Note that an IS is by definition orthogonal. In order to compare the syntax of IS5
with the syntax of previously discussed rewriting systems, we present A-calcnlus
as an IS.

Example 4.7.4. The rewrite alphabet of the IS representing A-calculus consists
of two forms: a constructor abs of arity {1} and a destructor app of arity (00). The
rewrite rule for 3-reduction is written as follows:

app(abs(z.2), 2"y — Z[Z'/x].

Another frequently occuiring example of an IS is the one with a rewrite alphabet
consisting of a construetor A of arity (1) and a destructor p of arity (0). Its rewrite
rule is as follows:

H(Ma.2)) — Z{u(My-Zly/])) /).

The rewrite relation of an IS is defined in the same way as the rewrite relation
of an ERS, with the difference that the restriction to admissible assignments is
not necessary, since the shape of the rewrite rules is s0 that every assignment is
admissible.
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A Translation. We now discuss how to associate a higher-order rewriting system
with AZ as substitution calculus to an IS. Like CRSs and ERSs, ISs are untyped.
Hence all terms of an IS will be translated into terms of type 0 of a higher-order
rewriting system. The rewrite alphabet of an IS is translated as follows.

Definition 4.7.5. A form f of arity {m;...m,) is translated into a simply
typed rewrite operator denoted by «f), of type 4; — ... — A, — 0, with
Ap=0— ... — D with mp + 1 times 0.

We first present the translation of terms, which is guite straightforward.

Definition 4.7.6. Let ¥ be a rewrite alphabet for an IS. The translation of a
term s over ¥ into a simply typed term, denoted by ¢(s), is defined by induetion
on the structure of s as follows:

1. ofa) ==,
2. U (o 1se s i) = F (g t(5)) - - (e t5))-
The translation of a rewrite rule is obtained in two steps.
Definition 4.7.7. Let (£,R) be an IS. Let 1 — r be a rewrite rule in R with
1= d(e(Fry 21, - - -2 T - B ) gLy - - -2 UR - L)
1. (a) The translation of the left-hand side, denoted by (1), is
(D)) By 2By ) - - (T 20T DY g 22T - - - (-2, )

(b) The translation of the right-hand side, denoted by :(r), is defined by

induction on the structure of r as follows:

i ifz) ==,
i LT B T)) = F () - (T 4(r),
i «(Zuwlr/a7, .. Tn/20, 1) = Zwelrs) o).

2. The translation of the rewrite rule 1 — r is obtained by taking the closure
of ¢e(1) — «[r).

Example 4.7.8. Consider the rewrite rules given in Example 4.7.4. The transla-
tion of the rewrite rule for S-reduction is

z.7 app(abs{z.z1),2') — 2.7 .27
The translation of the rewrite mle for x and A is

z.p(Mz.zz)) — z.2(1(A(y.2y)))-

We have that s — s in an IS (2, R) implies that ¢{s) — ¢(s') in its associated
higher-order rewriting system (-, ¢(X), ¢(R)). Again, we leave the details to the
reader.
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4.8 PCF

In this section we represent PCF as a higher-order rewriting system. PCF, which
stands for Programming Langnage with Computable Fonctions, is introdnced by
Plotkin in [Plo77]. It is simply typed A-calculus with a fixpoint operator and
constants that are nsed to model elementary operations on booleans and natural
mumbers. We include the representation of PCF as a higher-order rewriting system
to show that also typed rewriting systems can be represented as a higher-order
rewriting system. As substitution caleulus we will take system F, introdnced by
Girard in [Gir72] and independently by Reynolds in [Rey74]. First we recall the
syntax of PCF and then we represent PCF as a higher-order rewriting system with
system F as substitution calculus.

PCF. The types of PCF are the simple types, defined in Definition 2.5.1 of
Chapter 2, built from two base types: N representing the natural numbers and
B representing the booleans. The typing relation is denoted by :. We suppose
that for every type A there is a set denoted by Var, consisting of infinitely many
wariables of type A. The set consisting of all variables is denoted by Var. The
afphabet of PCF consists of the following simply typed constants:

1. for every m > 0 there is a constant m : N,
2. 5:N—=N,

3. P:N—=N,

oy |
-nn
=

6. Z:N—B,
7. condg:B— B— B — B,
8. condy:B— N— N —N,
9. for every type A there is a constant Y, : (4 — A) — A.
The terms of type A of PCF are built aver the alphabet given above as defined in

Definition 2.5.3 of Chapter 2. We denote terms of PCF by s.,7,....
The rewrite rules of PCF are the following:
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condgTst — s
condgFst — ¢
condyTst — s
condgFst — ¢

Sm — m+1
Pm+1) — m

Z0 — T
Zm+1) — F

Yis — 35(Yas)
(Az.s)t — s[z =1

The Substitution Calculus System F. We briefly recall the syntax of System
F from [GLTRY|. We suppose that there are base types and infinitely many type
variables.

Definition 4.8.1. The set of types of system F, denoted by Types, is defined as
the smallest set that satisfies the following:

1. v € Types if nv is a type variable,

o]

. D& Types if D is a base type,
3. if A, B € Types, then A — B € Types,

4. if A € Types and « is a type variable, then [Tn. A € Types.

We suppose that for every type A there are infinitely many variables of type A,
written as 4, 44, 24, .. .. The set of terms is defined as follows.

Definition 4.8.2. The set of terms of type A of system F, denoted by Terms®, is
defined as the smallest set that satisfies the following:

1. % & Terms” for every variable 24 of type A,

2. if A = A4y — A; and z4° is a variable of type A, and s € Terms®, then
Azt s € Terms®,

3. if s € Terms®~# and ¢ € Terms®, then st € Terms®,

4. if A = . 4y and if s € Terms®?, then Arv.s € Terms®, provided that o does

not occur free in the type of a free variable of s,
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5. A = Aple := A;] with A and A; types, and if s € Terms"™™4° then
54, € Terms™.

The seat of all terms is denoted by Terms.

The rewrite relation on the set of terms is generated by the following two rules for
B-reduction:

(Azd.a)t — s[r:=1{,

(Ars)A — s[o = A

We will suppose that all terms are in normal form with respect to —5.

PCF as a Higher-Order Rewriting System. We represent PCF as a higher-
order rewriting system with system F as substitntion calenlns. The alphabet of
PCF is as given above, with the following changes:

1. Y : e (er — o) — o,
2. abs: [lenB.(x —= 3) = v — 3,
3. app : e B.{ex — B) — v — 3.

So the fixpoint operator and the operators for abstraction and application are
polymorphically typed. We will write Y 4, abs sz and app, g instead of YA, absA R
and appAB. Fuorther, we write app(app condgst)r and app{app condyst)r instead
of explicitly mentioning the type of the applications. The rewrite rules of PCF
now take the following form:

AP A28 app(app condp T1B)2® — AR A2B4P
MP A2 app(app condpFy®)2® —  AgB AzP.2P
Aif A" applapp condy Te)2Y —  Agf At 48
M A2 app(app condyFy)2 — g Azt A
appSm — m+1
appP(m+1) — m
appZ0 — T
appZ{m+1) — F
—

A Ay APP((asa)sa)(amsa) Yol

A Ay Tapp a8 (APP((amsa)—a)ana) Yol )
Ar}:.ﬁﬁ.}‘y‘""_’ﬁ.};z“.appaﬂ[absaﬁ};m“.y“_’ﬁma)z“

A AB PP A P "

1
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In order to be able to define the rewrite relation, it must be possible to abstract
over terms of the form An.s. Therefore yet another level of abstraction is necessary,

which we will not elaborate here.






Chapter 5

Confluence for Higher-Order
Rewriting

In this chapler we consider pattern higher-order rewriting systems with A7 as
substitution caleulns. We will say shortly ‘higher-order rewriting system’ instead
of ‘pattern higher-order rewriting system with A= as substitution calculus’.

Confluence is an important property of rewriting systems, because it ensures the
uniqueness of normal forms and it provides a method to establish consistency. In
this chapter we prove that all weakly orthogonal higher-order rewriting systems
are confluent. The proof makes use of the concept of parallel reduction. A parallel
reduction step is obtained by contracting a set of redex occurrences in a term
simultaneously. Confluence of weakly orthogonal higher-order rewriting systems
is also proved by van QOostrom in [Oos94| but in a different way, namely by first
proving that all developments are finite. Short versions of both proofs are also
reported in [OR94b]. By admitting trivial eritical pairs the resnlt that weakly
orthogonal higher-order rewriting systems are confluent extends earlier confluence
resnlts.

The organisation of this chapter is as follows. In Section 5.1 we discuss the two
main methods of proving confluence of orthogonal rewriting systems: one using de-
velopments and one using parallel reduction. In this section we also discuss related
work concerning confluence of higher-order rewriting. In Section 5.2 the relation
—eo—+ for parallel reduction is defined, and we prove some elementary properties of
—e~+. In Section 5.3 we give a short proof of confluence of orthogonal higher-order
rewriting systems using parallel reduction. Then, in Section 5.4 we extend this
result by showing that weakly orthogonal higher-order rewriting systems are con-
flnent. This result implies the result of Section 5.3. We have nevertheless included
the proof for the orthogonal case since it clearly shows the essence of parallel
reduction.
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5.1 Confluence

There are two important methods to prove conflnence of orthogonal rewriting
systems: by developments and by parallel reduction. Most proofs of confluence
of orthogonal rewriting systems known in the literature are by one of those two
methods. At some places the requirement that the rewriting systems mmst be
non-overlapping is relaxed. In this section we briefly discuss the proof method by
developments, and next the proof method by parallel reduction. First we give two
well-known examples to illustrate that the restriction to orthogonal systems is a
reasonable one. The simple rewriting system defined by the rewrite rules & — b
and o — ¢ illustrates that an overlapping higher-order rewriting system is not
necessarily confluent. The term rewriting system defined by the rewrite rules

z.fxx — z.8

£ — gr

given by Huet in [Hue80] illustrates that a non-overlapping rewriting system is
not necessarily confluent if it is not left-linear: we have fer — f{gr)c — b and
fee — a4, so the term fer can be rewritten to two different normal forms. In
[K1lo80], Klop gives an example of a non-overlapping term rewriting system that
is not. confluent, defined by three rewrite rules of which only one is not left-linear.
This rewriting system has moreover the property of nniqueness of normal forms.

As it turns out, the restriction to orthogonal higher-order rewriting systems
can be relaxed to requiring them only to be weakly orthogonal.

Confluence via Developments. A dewvelopment is a rewrite sequence in which
only redex occurrences are contracted that are residnals of redex occurrences in
the initial term. Developments are defined for functional rewriting systems in
Section 1.2 of Chapter 1, and for A-calenlns with B-reduction in Section 2.3 of
Chapter 2. In Section 1.2 of Chapter 1 it is explained that confluence can be
established if we can constrnet the orthogonal projection of a rewrite sequence
over some rewrite step. We recall also from the discussion in that section that it
is possible to constrnet the orthogonal projection if all complete developments are
finite and end in the same term. This is the principle of a proof of confluence via
developments. The most difficult step of the proof is to show that all developments
are finite.

The first proof of confluence by dewelopments of A-calenlus with 3-reduction
is due to Church and Rosser [CR36). It concerns Af-<calculus. Thereafter, varions
proofs of finiteness of developments of the full A-caleulus with 3-reduction have
been given. In Section 2.3, some of these proofs are mentioned.
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In [Ros73], Rosen proves confluence of orthogonal (althongh a different termi-
nology is employed there) subtree replacement systems using developments. Every
first-order term rewriting system is a subtree replacement system.

In [Klo80], Klop proves that orthogonal CRSs are confluent. This proof is
structured as follows. First a weak normalisation result is obtained, stating that
every set of redex ocemirences can be developed in a finite way. Then local conflu-
ence is shown. This is the most complicated part of the proof. These two results
entail conflnence of orthogonal CRSs. The confluence result is then nsed to show
that all developments are finite.

In [Kha82], Khasidashvili shows that orthogonal ERSs are confluent by first
proving finiteness of developments. This resunlt is close to the result by Klap,
however it is not exactly the same, see Section 4.6. Moreover, the proof is differ-
ent from the one by Klop, since for instance finiteness of developments is proved
directly.

Van Oostrom proves in [Oos94] confluence of weakly orthogonal higher-order
rewriting systems using developments. This extends the results mentioned above,
since an orthogonal rewriting system is weakly orthogonal but not necessarily vice
versa. Finiteness of developments is proved making use of the properties of the
substitution caleulus, in particular of the property of strong normalisation. As we
already mentioned, a short version of both this proof and the one presented in
Section 5.4 ean be found in [OR94b].

Confluence via Parallel Reduction. A parallel reduction step s—e— s is ob-
tained by contracting a number of simultaneons redex cccnirences in s simnltane-
ously. Since simnltaneous redex ocenrrences can very well be nested, this notion of
parallel reduction is essentially different from the one employed by Huet in [Hue80).
The proof method by parallel reduection consists of two steps:

1. show that —e=+* = —»,

2. show that the relation —e—+ satisfies the diamond property.

The relation —e~+ has the diamond property if for all terms s, s/, s” such that s—e—+s'
and s—e— s”, there exists a term ¢ with s"—e+¢ and s”—e—#. See Definition 1.1.20
of Chapter 1. That it indeed suffices to prove 1 and 2 above in order to infer
confluence of the rewrite relation is expressed in Lemma 1.1.25 of Chapter 1.

The method of parallel reduction is due to Tait and Martin-Lof, and is also
called the Tait and Martin-Lof method. Tait proved confluence of combinatory
logic by parallel reduction, and Martin-Lif adapted the proof by Tait to the case of
A-calenlns with B-rednction. The proofs by Tait and Martin-Lof are nnpublished.
The proof of confluence of A-caleunlus with 3-reduction by parallel reduction can
be found in [Ste72], in [Bar84] and in [HS86]. A proof of confluence using parallel
reductions and comments about its history can be found in [Ros82].
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The resnlt by Tait and Martin-Laf is extended to varions larger classes of rewrit-
ing systems. The first such extension is due to Aczel. In [Aecz78], Aczel introduces
the class of contraction schemes, and proves that orthogonal contraction schemes
are confluent by parallel rednction. The class of contraction schemes contains A-
calenlns with 3-reduction and a subclass of the class of first-order term rewriting
systems. See Section 4.5 of Chapter 4 for a short discussion on the expressivity of
contraction schemes. It is moreover worth mentioning that the relation for parallel
reduction nsed by Aczel is not the same as the one nsed by Tait and Martin-L.of. We
illnstrate the difference for the case of A-calenlus with 3-reduetion. The essential
clanse in the definition of parallel rednetion as employed by Tait and Martin-L&f,
and as considered in this thesis, is the following: if Af—e—+ A’ and N—e+ N/, then
(Az.M)N—e- M'[z ;= N']. In the definition given by Aczel, the essential clanse
is: if M—e+ Az .M’ and N—e+ N, then MN—e- M'[z := N']. A parallel reduction
step in A-calculus corresponds to a S<development, whereas a parallel reduction
step & la Aczel corresponds to a S-superdevelopment. In Section 2.4 of Chapter
2 superdevelopments are defined and proved to be strongly normalising. So the
relation used by Aczel is stronger than the relation for parallel reduction.

Nipkow proves in [Nip93b] that orthogonal HRSs are confluent, using parallel
reduction. This proof is also reported in [MN94], which contains more results,
like for instance a critical pair lemma, and a proof of confluence of orthogonal
HRSs using a relation for parallel reduction & la Aczel and a variation on the
proof method due to Takahashi (which is discussed below). In [Raa93], a proof of
confluence of orthogonal CRSs using parallel reduction 4 la Aczel i5s given. From
the discussion in Section 4.5 and Section 4.4 of Chapter 4, it is clear that the
result that orthogonal HRSs are confluent is strongly related to the result that
orthogonal CRSs are confluent. Moreover, both in [Nip93b| and in [Raa83] the
proof makes use of parallel reduction, the only difference being that in [Raa93]
the relation for parallel reduction 4 la Aczel is employed. Clearly, this sitnation
is unsatisfactory. In [OR94a, ORS3] these two confluence results are related: it is
shown that confluence of a HRS implies confluence of its associated CRS and vice
versa.

Takahashi proves in [Tak93| confluence of so<alled semi-orthogonal A-caleuli
with conditional rules using parallel rednetion. Semi-orthogonal rewriting systems
are left-linear. Moreover, a semi-orthogonal rewriting system should satisfy the
following requnirement. Let i, ...,%,, be redex ocenrrences in a term such that
Ry S ... =ty forther o § ey, ..., u f 4, and moreover u, || 7, for all
p,g € {1,...,m}. Then the result of contracting # must be the same a the result
of contracting #,,,...,#; in that order. The notion of semi-orthogonality is weaker
than the one of orthogonality, but stronger than the one of weak orthogonality.
The first-order term rewriting system defined by the rewrite rules

flale)) — fla(h(a))
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g(z) — glhla)
a — h{a)

is an example of a rewriting system that is weakly orthogomnal but not semi-
orthogonal. In [Tak95], Takahashi proves various classical results in A-calculus
using parallel reduction. She gives for instance proofs of confluence of system F,
of the standardisation theorem for A-calculus with B-reduction and of the post-
ponement theorem for n-reduction. Moreover, in the same paper [Tak95] she gives
a very short and elegant proof of confluence of A-calenlus with 3-reduction. It dif-
fers from the other proofs mentioned above in the following sense. In most proofs
of the diamond property of —e~, given three terms s, s and s” such that s—e—+ s’
and s—e— s”, one shows that a term ¢ exists such that s'—e—+t and s"—e—t. The
term ¢ depends on s’ and on s”. Takahashi defines for every term s a term s* such
that s'—e~ s* whenever s—e~+ s’. We adapt this proof to the case of orthogonal
higher-order rewriting systems in Section 5.3.

Huet gives in [Hue94] a proof of confluence of A-calcnlus with 3-reduction using
parallel reduction, that is fully formalised nsing the Coq proof assistant (Gallina.
Nipkow deseribes in [Nip96| a formalisation of a proof of conflnence of A-caleulus
with 3- and n-reduction in an implementation of higher-order logic in the theorem
prover Isabelle. An interesting observation in this paper is that although the proof
method due to Takahashi gives rise to a shorter proof than the usual one using
parallel reduction, it is not easier to formalise.

Comparison. The relationship between the proof method by developments and
the proof method by parallel reduction is as follows. A parallel reduction step is
a complete development of a set of redex ocenrrences, in which contractions are
performed in an inside-out way.

Both proof methods have their particular properties that can be considered as
advantages or disadvantages, depending on the taste and the needs of the reader.
Proofs by parallel reduction are short, becanse besides the notion of parallel re-
duction hardly any additional concepts are needed, and moreover the proof that
parallel reduction satisfies the diamond property makes use of just a few anxdiliary
lemmata. Proofs by developments are nsnally longer, since they need the concept
of residual and the result that all developments are finite. However, the anxiliary
results, and especially the result that all developments are finite, can be used for
varions other purposes.

5.2 Parallel Reduction

In the remainder of this chapter we adopt the following conventions. We consider
left-linear pattern higher-order rewriting systems. All preterms are supposed to be
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in g-normal form. We use the formalisation of reder and reder occurrence as given
in Definition §.2.25 of Chapler 4, that is, a reder 48 a pair consisting of a contert
and a rewrite rule.

In this section we define the relation —e—+ for parallel reduction and we prove some
elementary properties of —e—.

Definition 5.2.1. Let H be a left-linear higher-order rewriting system. The
binary relation for paralle! reduction, denoted by —e—+ , is defined inductively as
follows:

1. if s—e=+3,..., sp—e+s) for some m > 0, then x5 ...5,,—e+xs] ... 5,

2. if sy—e=+s),. ., 8,—e+s for some m > 0, then fs,...5,—fs). s,

3. if s—e=5', then z.5—e=1.5,

4. if 5—e+35],...,8,—0+s) for somem > 0, and 1 — r is a rewrite rule, then

(L6 -5 ) p—o (T .- 5L ).

By convention 1s; ... §,, and rs; ... s, are in 7-normal form. It is easy to see that
the relation —e+ is reflexive. We make the following observations.

Remark 5.2.2. Let H be a left-linear higher-order rewriting system.

1. If s = x8y...8,, for some m > 0 and s—e— &', then s—e~+ 5’ is of the form
T8 ...8m—e=38] ... 8, with sj—ess), ..., s—es .

2. If s = r.57 and s—e—=+4', then s—e—+5' Is 7.537—e~ 1.5, with sq—e—3).
b i} Q

Remark 5.2.3. Let M be a left-linear higher-order rewriting system. Let s be a
term. Ifs = (1s;...8:m)l5 withs1 = 1., .. 0 -S10,- -, 8 = T1. . ... Tn,, -Semo, then
Spo 18, 1P to a renaming of bound variables, a subterm of s for every p € {1,...,m}.
This is a consequence of the restriction to pattern higher-order rewriting systems.

The previous remark does not hold if 1 is not a rule-pattern. Consider for instance
1 = z.f{xa), which is not a rule-pattern since f{zs) is not a pattern, and the term
sy = 4.y. Then (1s,)]5 = fo which does not contain  as a subterm.

We show that the set of terms is closed nnder the relation —e—.

Proposition 5.2.4. Lel H be a left-linear higher-order rewriling system. Ifs €
Terms and s—e=s', then s € Terms.

Proof. Suppose s € Terms and s—e—+ s'. We prove that s’ € Terms. The proof
proceeds by induction on the structure of s.
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1. Suppase that s—e+ 5" is 75, ...5,—e=+ x5} ...5,, with s;—e+35], ..., 5,—e+ 35l
for some m > 0. We have s4,..., s, € Terms. By the induction hypothesis,
&y eee, 8y, € Terms. Hence s’ € Terms.

2. Suppase s—e—+ 5" is fs1...8;,—0 fs]... 5, with s1—e= &},..., 5,—e & for

some m > . This case is similar to the previons one.

3. Suppase s—e—s' is 7.55—e—+1.5; with sg—e—+s. We have s; € Terms, and hence
we have by the induction hypothesis s € Terms. This yields that ' € Terms.

4. Finally, we suppose that s—e+ s is (1sy...8:,)]g—e= (rsy...s),)]z with
S0—6+80, - .- , Sp—e+5, for some m > 0. Then s’ € Terms. O

We will show that the relation —e~* coincides with the relation —5. To that end
the following lemma is needed. Recall from Notation 1.2.5 of Chapter 1 that |7|
denotes the length of the rewrite sequence . In the proof of the following lemma,
we denote by |s »x §'| the length of the rewrite sequence s -5 5.

Lemma 5.2.5. Let H be a left-linear higher-order rewriting system. Let s be a
closed linear pattern. Suppose t1 —g t),....1m »x t,,. Then (sti...tn)ls »=

(st ...t ).

Proof. The proof proceads by induction on |t »z 8| +.-. + |tm =5 L,|-
Suppose |t; »g H| + ...+ |t == £,| = 0. Then the statement clearly holds.
Suppose [t; »r t)| + ... + [t w5 ] > 0. Let t, —x &t -z 1, for some

n € {1,...,m}. By the induction hypothesis, we have that (st ...%, .. .tm)ls »x

(st;...t, ...t )] 5. Then, the proof is completed by showing that we have that

(sti...tn--tmlls »m (st1...th...tm)ls. The rewrite step £, —x f, can be

decompaosed into £, g « Co[l] ~ Cylr| —»p5 £ for some context CyO and some

rewrite rule 1 — r. Then there is a precontext C'O such that st; ... ¢,.. 15 g5+

C[1] ~ Clr] gz sty...1 ... 1. The proof is now snggested by the following

diagram, where C’0 = CO|4 :

stl...tn...tm«rC[l] C[r]ﬂ)stl...tg...tm
s ¢
B C'[1] C'[x] B
/ x
[:Stl---tn---tm)lﬁ [:Stl---t;';---tm)lﬂ

In the following theorem the first step of the proof of conflnence nsing parallel
reduction is established: we show that the relations —»x and —e—+ * coincide. In
fact, it is shown that —z C —=+ C 5.
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Theorem 5.2.6. Let H be a left-linear higher-order rewmiting system and let s be
a term. Then s—e"s’ if and only if s -z 5.

Proof. Suppose (CO,1 — r) : § =% &. Then we have s = C[1]]5 and & =
C[r]| 5. We prove by induction on the structure of €O that s—e-+s".

1. Suppose CO = 21....%5.04 ... 1, for some m,n > 0. By the definition of
—o—+, we have that (1%;...%,)|s—e=(rt; ...1,)] 5. Hence

5 = ml.....mm.[ltl...tﬂ)lﬁ
i I SO & SR A

!
= 5.

2. Suppase €O = #1.... 2. Yt1 - - - L1 (C'O)lpy1 - . - £n for some m,n > 0. By
the induction hypothesis, we have that C'[1]| s—e+C'[r]] 5. Hence

5 = [ i ..Tm.‘ytl . tp—l (CI[].] lﬁ)tp-i-l . tn
- T.... --Tm-'ytl . tp—l [:CI[I’] lﬁ)tp-i—l - tﬂ_
= 4.

3. Suppose OO = T1....Tm.Jt1 .. .11 (C"O)tpy1 - . ., for some m,n > 0. This
case is similar to the previous one.

Suppaose s—e—~ 5. We prove by induction on the structure of s, using the obser-
vations of Remark 5.2.2 and Remark 5.2.3, that § =5 s’ if s—e=3'.

1. Suppase s—e= &' I8 381 ...5,—e+ o5, ...5,, with s;—e= 8}.... 5,,—= 5 for

some m > 0. By the induction hypothesis, we have that 5; -5 8),..., 8. »x

¥

—_—af
=5 -

! — _ ¥
S,.- Lhis ylelds s=%s;...5; »g TS, ...8

2. Suppase s—e—+ 5" is fs5,... 5,0 f5]... 8,

some m > . This case is similar to the previons one.

* 5 f
with s;—e— 5],..., 5,,—e= s/, for

3. Suppose s—e+ & i5 3.59—e— 3.5, with sg—e—+ 5. By the induction hypothesis,
we have that sy —»g s5. Hence s = 1.57 »g 28] = ¢

4. Finally, we suppose that s—e—+ &' is (1s;...8na)]g—= (r&)...s,)]s with
g—e+ &....,8,—0= s for some m > 0. By the induction hypothesis,
we have that 5, -5 si,...,8n »®r 5, Moreover, by Lemma 5.2.5, we
have (1s;...5m)ls »= (15]...5,,)|s- Finally, since the rewriting system is

left-linear, we have that (15} ...s))]s —= (rs)...s,,)]5. We conclude that
s=(181...8n)|p »r (rs]...8 )]s =¢. O
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Note that Proposition 5.2.4 is a corollary of Theorem 5.2.6. We preferred to give
also a direct proof.

In the proof of the diamond property of the relation —e~ , given in Section
5.3 for orthogonal systems and in Section 5.4 for weakly orthogonal systems, we
need that the relation —e—+ is closed under substitution. In the following lemma
a stronger property is shown. It will be used only for the case that s, = s} in
the last case of the proof of Lemma 5.3.3, in the proof of Lemma 5.4.3 and in the
proof of Theorem 5.4.6.

Lemma 5.2.7. Let H be a lefi-linear higher-order rewwiting system. Suppose
that sp—e+ 3 and t;—e~+ ¥,..  t,—e+ t,  for some m > 0. Then we have

(s0ts - -t} g—o(shth .- ).

Proof. Note that s, is by the convention of this section of the form z;.... 2.,.5.
So (soty...tx)lg = (s[#1 =1t ...3m :=15])]s. We prove that we have that
(slay i=t1.. .0 i= )| g—o ('[7 := 1] ... 2 == 1] ])| 5. The proof proceads by
noetherian induetion on the length of a rewrite sequence of sz, 1=t ... T4y 1= )]
to Sn-normal form.

1. Suppose that slzy :=1; ... %y, 1= t,] i5 in BF-normal form. The proof of this
part proceeds by induction on the structure of s, nsing the observations of Remark
5.2.2 and Remark 5.2.3.

1. Suppase that s—e+s' is 81 ... s,—e+ys] ... s, with s;—e=s),..., s,—es for
some 1 > 0. If n = 0, then the statement cleaxly holds, both if # = ¢ and if
a # . Otherwise, we have by the induction hypothesis that

for every p € {1,...,n}. Since s[x; :=¢; ... %, = t;5] i5 in SF-normal form,
we have y & {x1,...,3,,}. We abbreviate sp[z; :=11... 3, 1= t,,] by 5, and
splty := 1) ... & 1= 1) | by & for every p € {1,...,n}. We have:

2. Suppose that s—e+s' is fs,...5,—e~ fs} ... 5, with s;—e=s], ..., 5,—e+s for
some 1 2> 0. This case i5 similar to the previous one.
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3. Suppase that s—e—+s' is 4.50—e=+7.55 with sy—e—s). By the indnction hypoth-
esis we have:

So[T1 =t oo T = b e sp[Tr =1 LT = ]

This yields that s[z; =11 ... 25 = ty|—es [z, = . ..o 1= 8]

4. Suppose that we have that s—e+ &' is (1s1...8,)|s—e+ (v} ...s)|s with

Sg—e—~+ 8, ..., 8,—o+ 5 for somen > 0. If n = 0, then the statement clearly
holds since 1 and r are closed. Otherwise, we have by the induction hypoth-
esis that

Spl1 i= 1 o B 1= e[y = T 1=

for every p € {1,...,n}. The term sp[#; 1= ¢; ... %, := t,,] is In B-normal
form since it is a subterm of a term in 3-normal form.

We abbreviate sp[r; = t1...2, = t,] by 5 and si[z; :=1] ... 2p = 1]
by 3, for every p € {1,...,n}. Since 1 and r are closed, we have that
(1s1...80)glx1 = t1...2m == L] = (161...5,)|, and similaxly for r.

Hence we have:

(05, . glos = o m =] =

II. Suppose s[zy :=1t; ... %y, 1= 1] 8 not in SF-normal form. The proof of this
part proceeds by induction on the strneture of s.

1. Suppose s—e—+s i5 ¥y ... 8,—e~ys) ... s, with s;—e=+s),..., s,—e+s] for some
n > 0. Note that m > 0. By the indnction hypothesis of the induction we
have:

(spls o= b1 o = bl g (sl o= o 2= £

for every p € {1,...,n}. This is the case since (sp[z; =11 ... 3, =1,])lp 15
a snbterm of (s[xy 1= t1...%, 1= 1,;])| 5 for every p € {1,...,n}. We abbre-
viate (sp[#1 1= 41 ... & 1= L))l by 3p and (s[zy =1 .. .2 =1 ])s by
5,. Now two cases are distingnished.
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(a) Suppose that 4 & {1,...,%m}- Then we have:

(s :=t1...2m i =ta]lly =

(b) Suppose that y = x4 for some g € {1,...,m}. In that case, we have
by = H1----- Unlgo and £, = q..... Un-tho With tgg—e~ty. If m =0, then

the statement clearly holds. If n > 0, then we have:

By the induction hypothesis we have that s,—e— &, far every p €
{1,...,n}. By the main induetion hypothesis, we have that

(tq.[] [‘yl = -‘-1:1 -l 1= Snﬂ] )lﬁ —e

(Lol = 51 - - 2= 52 ]) L.

Hence

[:tq.[][‘yl =8 Y = g:'i-])l.ﬁ —
(alth =81t =)l =

2. Suppose that s—e—+s' i5 fs,...8,—e+ f5}...8 with s;—e=s),...,s5,—e435!
for some n > 0. This case is entirely similar to the previous case with

¥ é {'Tl'.!""!mm}'
3. Suppase s—e— s’ 5 g.5p—e+ 4.5, with sp—e—+ 5. By the induction hypothesis
we have:

(salz1 := 1o Bom ==t M g—et (sh[T1 =8 - L 1= 2 )] -

Hence we have (s[z; :=11 ... 3 = ;] )| g—o= (|31 =t . .2 i= 1] ) 5.
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4. Suppose that s—e+ s’ is of the form (1s;...s,)]g—e+ (rsi...s,)|z with
S;—e+ 8),...,8,—e+ 5 . If m = 0, then the statement holds since 1 and r
are closed. Otherwise, we have by the induection hypothesis that

(slzri=t1...am =1x])ls =

(5 ) pls = b = )]y =
(Vs = .5 2= £, ).

5.3 Orthogonal Systems

In this section we will consider pattern higher-order rewriting systems of the form

H = (A7, A, R) that are orthogonal, as defined in Definition {.2.49 of Chapter 4.

In [Tak95], Takahashi gives a short and elegant proof of confluence for A-calculus
with F-reduction nsing parallel reduction. In this section, we show that orthogonal
higher-order rewriting systems are confluent by adapting the proof by Takahashi.
That is, we will show that the relation —e—+ satisfies the diamond property by
defining for every term s a term s* snch that s’—e—s* whenever s—e-s’. The term
5* is defined by induction on the structure of s, which is possible by Remark 5.2.3.

Definition 5.3.1. Let H be an orthogonal higher-order rewriting system. Let s
be a term. We define s* by induction on the structure of s as follows:
1. f s==xs;...5,, for some m > 0, then s* = zs}...5s]

= M

2. if s = fs:... 8, for some m > 0 and s is not of the form (1¢;...1,)| s, then
s = fsl...80m,

T —_ o *
3. if s = 7.5q, then s* = 1.5,

4. if s=(181...8,)]p with sy =21.....T5 .510,. ., 550 = F1- . .. T, -Spnq, then
s*=(rs}...sh)]lp with sf = o1, .. .2 830, .., S = F1. . .. T S
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The link with a proof by developments is clearly present: the term s* is obtained
from s by performing a complete developments of all redex ocenrrences in s.

Lemma 5.3.2. Let H be an orthogona!l higher-order rewriling system. Let
8 = fsi...8m = (11...ts)]s for some m,m > 0. Suppose that s—e~+ 5 with
f81...8m—e= fs)...s8) with s;—e+ 8%, . ., s8,— 5. Then there evist terms

H,...,t such that

1. t1—etl, ..., t—et],
2. 15, sy = (8 ).

Proof. The left-hand side 1 i5 of the form z..... Zn-f11 ... 1, with 14,...,1;
patterns. For every p € {1,...,m}, we have that (1,[z :=1¢1 ... 2, :=1a] )| 5 = 5p.

Let p € {1,...,n}. Wa have that z, ocenrs exactly once in f1,...1,,, since
the rewriting system is left-linear. Suppose 2z, : A with ar{A) = g,. There is a
position ¢ € Pos(f1;...1,,) such that f1;...1;]s = 2% ... %, We have that
lp = 41..... Upg-Lpo- Let t'pn =s|sand let £ =3..... ypq.t;,n.

In this way we obtain terms t’l,...,t‘i such that t;—e+ #i,...,t,—+ ¢, and

(18] )] = o. 0

Lemma 5.3.3. Let M be an orthogonal higher-order rewriting system. If s—e~ 38,
then g'—e=s".

Proof. The proof proceeds by induction on the structure of 5.

1. Suppose s—e~ &' I8 78, ...5,—0+ 25, ...5, with s;—~ 5},...,5,— & for
s s x ¥ * F *
some m > 0. By the induction hypothesis, we have s|—e— s, ... .8, —o+ 35 .
LR ! ¥ * o ok
Hence &' = x5} ... s,—e+xs] ... s}, = 5*.
2. Suppose s—e— 5’ i5 fs5,...5,—0+ fs... 8, with s;—~ 5},...,5,— & for

some m > 0. Two cases are distingnished.

(a) Suppose that s is not of the form {1#;...2,)]5. Then s* = fsi... s},
By the induction hypothesis, we sj—e=+ si,....s —e+ s* . This yields

| ¥ ) * *
that s = fs...s, —e+fs].. s}

(b) Suppose that s = (1t1...%,)]s. Then s* = (rt}...£5)]|s. By Lemma
5.3.2, there exist terms #},...,% such that ;,—e—+ 1], .., {,—e+ ¢} and
g = (1] ...1,)l 5. By the induction hypothesis, which can be applied
by the observation made in Remark 5.2.3, we have t;—e-t], .. ., 1, —e=1).
This yields that s' = (1t] ... 1)) | g—e=(rt] ... 12 )] 5 = s*.

= 5"~

3. Suppose s—e+ 5’ is T.53—e—+ 7.5;. We have that s* = z.s]. By the induction
hypothesis, we have that sj—e—+s3. This yields that s’ = z.5j—e-3.5] = s*.
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4. Suppose that s—e—+s' is (1s;...5,,)|5—e+ (rs)... 5, )]s. We have that s* =
rst...s" )| s. By the induction hypothesis, we have sj—e+s!,..., s —e+s" .

1 m Mg BY ¥p 2 1 IEEREEE m

By Lemma 5.2.7, this yields s' = (rs}...s, )| s—e+{rs]...s5 )]s = s* 0

Theorem 5.3.4. Orthogonal higher-order remriting systems are confluent.

Proof. Let s be a term in an orthogonal higher-order rewriting system and sup-
pose that s—e—+ s’ and s—e—+ s”. By Lemma 5.3.3, we have that s’'—e— s* and
§"’—e—+ s*. Then, Theorem 5.2.6 in Section 5.2 and Lemma 1.1.25 in Chapter 1
vield conflnence. O

5.4 Weakly Orthogonal Systems

In this section we consider higher-order rewriting systems that are weakly ortho-
gonal, as defined in Definition 4.2.49 of Chapter 4.

In this section we show that weakly orthogonal higher-order rewriting systems are
confluent. First we define the set of redex ocecurrences that are contracted in a
parallel reduction step s—e—+s'.

Definition 5.4.1. The set of reder occurrences that are contracted in s—e=+ g,
denoted by c{s—e-s’), is defined by induction on the definition of —e-.

LI ! ¥ . ¥ ¥
1. Suppose s—e—+ & I8 281 ...5p—0+ TS5, ...8, with s;—e=+ §},.. ., 55— 5, for
some m > 0. If m = 0 then ¢fs—e+§') = B, otherwise ¢(s—e+ 5"} consists of
all redex ocenrrences {C0,1 — r) such that

CO=x81...81 (C’D)SPH w8

and
(C'0,1 = r) € c[sp—65,)

for some p £ {1,...,m}.

2. Suppose that s—e+s' is fs;...s,—fd] ...

with s;,—e+s),_ .., s,—e+3s forsome m > 0. If m = 0 then c{s—e+s") = B,
otherwise c(s—e—+5") consists of all redex ocenrrences (C'O,1 — r) such that

CO = fs1-..5 1(C'O)spt1--- 5m

and

(C'0,1 = 1) € c(sp—05,)

for some p £ {1,...,m}.
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3. Suppuose s—e~+5' is 53—+ 1.5, with sy—e—+s;. Then cs—e—+s') consists of all
redex occurrences (CO,1 — r) such that

Co=z.C'0

and
(C'0,1 — 1) € c(sg—e—+5p)-

4. Finally, suppose that s—e- &' is of the form (gs; ... 85)|s—e+ (ds} ... & )s
with s;—e—+s),._ ., s;n—e—+s) for some m > 0. Then ¢fs—e—s') consists of

(O81-.. 8m,8 — 4)

and moreover, if m > 0, of all redex ocenrrences (C0,1 — r) such that

CO = (gs1--- 8p—1{C'O)Spy1--- 8m) s

and

(C'0,1 = r) € c[sp—65,)

for some p € {1,...,m}.

Note that since the higher-order rewriting system is by assumption left-linear,
in the last claunse of the previous definition (gs;...s,_1COSpy1 ... S, )| 5 contains
indeed exactly one ocenrrence of the distingnished variable O.

We will show in Lemma 5.4.3 that if s—e—+s’, and the redex ocewrrence (CO,1 —
r) is contracted in the parallel reduction step s—e—+s’, then the result of contracting
the redex occurrence (C0,1 — r) can perform a parallel reduction step to s’. This
is an essential ingredient of the proof of the key result of this section, presented
as Theorem 5.4.6. In the proof of Lemma 5.4.3 we make nse of the following
observation.

Remark 5.4.2. Suppose s—e—+s’.

1. If s = z8;...8, then & = 2s) ... 3 with sj—e+ s,...,8,—+ s, (see

Remark 5.2.2). Moreover, if (CO,1 — r) € c(s—e~ s’), then m > 0 and
CO = 25;1...8p1(C'0)8p41 - - - i With (C0,1 — 1) € csp—6~+5,) for some
pE {1'.‘"".‘m}-

2. If s = 2.5, then s = 23] with sq—e—+ 3| {see Remark 5.2.2). Moreover, if
(CO,1 — r) € ¢(s—e~+5"), then CO = 2.C"0 and {C'0,1 — 1) € c(sg—e—5])-

Lemma 5.4.3. Let H be a left-linear higher-order rewriting system. Let s—e s
and (C0O,1 — 1) € ¢(s—e+s’). Then Cr||z—es’.
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Proof. The proof proceeds by induction on the derivation of s—e-s'.

1. Suppase s—e—+ s’ is x5;...8,—e—+ T8, ...5 with s;—e+ 5,...,5,,—e+ s, for

some m > 0. If (CO,1 — r) € ¢(s—e= §'), then m > 0 and we have that
CO = x51...8p1(C'0)8py1 - - - S With (C'0,1 — 1) € cs,—e+ 5]} for some
p € {1,...,m}. By the induction hypothesis, we have C’[r] lﬁ—e-t 5. Hence

we have
Clrlls =
:r:sl...s 1 (Cr)lg)sp 1 - - - S —o
T8 - .. 1(Cr[r] 5)3, Spt1 - By =
5.
2. Suppose that s—e+s' is fs;...s,—e+ fs] ... s with s;—e+s),..., s,—es

for some m > 0. This case is similar to the previous one.

3. Suppose s—e—+ s is 1.50—e~ .8 with sy—e~ 8. If (CO,1 — 1) € c[s—e=+ 5'),
then €O = 2.C'0 with (C'D,1 — r) € ¢[s—e+5"). By the induetion hypoth-
esis, we have that C’[r]|] 3—e—+s]. Hence we have

Clrlls =
2.C'[r]ls —o
T8 =

g,

4. Suppose that s—e—+ &' is of the form (gs:...s.)|p—e+ (dsl...8 )]s, with
§—e~+8), ..., Sp—o+s. for some m > 0. Two cases are distingnished.

(a) CO = U8;...8, and 1 — r = g — d. In that case, we have that
(ds1...8m)]g—e+ (dd) ... 8 )]s by Lemma 52.7. Hence we have that
Clr]] s—e+s.

(b) Otherwise, we have m > D and CO = (gs;...5,_1(C" D)spﬂ...sm)lﬁ
with (C'0,1 — r) € ¢(sp—e+ s},) for some p € {1,...,m}. By the
indunction hypothesis, we have t.hat C’[r]—e~+s,. Hence we have

Clrll, =
(151 551 (C'[r]Lg)Sp11- - - Smdlp —o=
(dgl ;; 1gpgp+1 gm)‘lﬁ =

S -
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In Theorem 5.4.6 it is shown that the relation —e~+ satisfies the diamond property.
This is more difficult as there are more redex occmrrences that are overlapping, that
are contracted in a divergence t'+e—s—e—+#". The proof of Theorem 5.4.6 proceeds
by induction on a measure expressing a degree of difficulty which is defined as
follows.

Definition 5.4.4. Let s—e—+ ¢ and s—e~+ t'. The complerity of the divergence
tre—s—e—+t', denoted by compl(t+e—s—e-1'}, is defined as the cardinality of the set
consisting of pairs

((Co,1 = 1), (C'O,1 = 1))
with
1. (CO,1 — r) € cfs—et),
2. (C'0,1" — ') € efs—ent),

3. (CO,1 = r) and (C'0,1’ — r') are overlapping redex occurrences in s.

In [O0s96|, van Qostrom gives a condition on critical pairs that implies confluence
of higher-order rewriting systems. He shows that if for every critical pair (s,1)
we have that s—e— t, that is, s can be rewritten to ¢ by performing a compleate
development, then the higher-order rewriting system is confluent. The proof of
this result makes use of a measure that is a refinement of the notion of complexity
of a divergence defined above.

Lemma 5.4.5. Let M be a tweakly orthogonal higher-order rewriling system.
Let s = fs1...8, = (1t1...t.)]s for some m,m > 0. Suppose that s—e~ s
5 f81...8,—e+ f& .. 8 with s;—e+ &,... 8,—+ s, and that s—e+ 5" is
(1t1...ta)lg—e+ (vt ...8.)]5 with compl{s'~e— s—e+ §") = 0. Then, if n > 0,

there exist terms ), ..., &, such that
1. t1—etl, ..., t—et],

2 f = (1f...£)l5.
Proof. As the proof of Lemma 5.3.2 in Section 5.3. ad

Theorem 5.4.6. Let M be a weakly orthogonal higher-order rewriling system.
Then the relation —e—+ satisfies the diamond property.

Proof. Suppose s—e+ s’ and s—e—+ s”. We prove that a texm ¢ exists such that
§'—e~+t and s”—e+f. The proof proceeds by induction on compl(s' ~e—s—e+5").
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1. Suppose compl{s’'+e—s—e~+5") = 0. The proof of this part proceeds by induetion
on the strueture of s.

1. Suppase s—e— &' is 75;...8,—=+ T8,...5, with s;—e+ 8),...,5,,—e+ s for
some m > 0. Then s—e+ 5" is of the form 2s,...8,—+ xs] ... s with
s—e~ 87, ..., 8m—e s . By the induction hypothesis, if m > 0 then terms

t1,...,bn exist such that s,—e- 1, and s)—e+ 1, for every p € {1,...,m}.
Take t = #¢; .. .t,n. Then we have both s’ = zs} ... s, —esat; ... {, =1 and
t=as & ety =1L

2. Suppase s—e—+ 5" is fs5,... 5,0 f5]... 8,
some m > 0. Two cases are distingnished.

* 5 f
with s;—e— 5],..., 5,,—e= s/, for

(a) Suppose s—e-s" is f31...8,—e+ fs!... 5" with s,—es],...,5,—3".
This case is similar to the previous case.

(b) Suppose that s—e~+s” is of the form (1¢;...¢,)]s—e~ (rt] ... 1])|s with
ti—e+1],...,th—e= 1, for some n > 0. By Lemma 5.4.5, if n > 0 then
there exist terms t},...,#, such that t;—e—+ #,...,t,—e=+ ¢ and &' =
(1t) ...1)] . By the induction hypothesis, there exist terms ¢y,...,1,
such that £,—e~ ¢, and £j—e~ 1, for every p € {1,...,n}. Take ¢t =
(rt:...tn)]s. Then we have §' = (1t} ... 1) g—e=(rt1...L,)|5s =1 and,
by Lemma 5.2.7, 8" = (xt] .. #])|s—e=(rt1. . t.)|s =1L

3. Suppase s—e+ 5 is 1.5;—e+ 3.5, with sp—e+ 5. Then s—e—+ s” is z.50—e—+1.5)
with sy—e—+s]. By the induction hypothesis, there exists a term #; such that
sh—e-1ly and sy—e—+ty. Taket = x.t5. Then we have both §' = z.s5j—ea.ty =1t
and s’ = z.5)—ezty = 1.

4. Suppose that s—e—+ s is of the form (1s:...8m)|g—e+ (rs}... 8 )]s with
§—e~+8), ..., Sp—o+s. for some m > 0. Two cases are distingnished.

(a) Suppose s—e-s" I8 ft,...t,—e ft] .. .17 with t;—e+1],. .., t,—e+ 1" for
some 7 > 0. This is case 2(b) considered above.

(b} Suppose s—e—+ s” is (g3;...5,)]5—e~ (ds...s})|s. Since we are in
the case that compl(s’+e— s—e- &) = 0, we have that 1 — r =
g—d m=mnand sy = 5,...,8, = §,. DBy the induction hy-

pothesis, if m > 0 then terms ty,... %, exist such that s,—e+1, and

sp—e—+ 1, for every p € {1,...,m}. Take t = (rt;...1,)|p. Then

we have s’ = (rs|...s) )|g—e= (rii...1,)]ls = ¢ and moreover §” =
(rs]...sh)lsg—e+(rt;...1,)|s =1, both by Lemma 5.2.7.
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I1. Suppose compl{s'~e—s—e+5") > 0. Then the set consisting of all pairs
((CO,1—= 1), (C'O,g — 4))
with
1. (CO,1 = r) € c¢(s—e+5),
2. (C'0,g — 4) € c(s—o35"),
3. (CO,1 — r) and ('O, g — d) are overlapping redex occurrences in s,

is non-empty. There are two overlapping redex occurrences in the above set that
are minimal in the sense that they do not contain other redex ocecurrences that
contribute to compl(s’'+e—s—e—+s"). Let {(CO,1 — r) and (C'O,g — 4) be such a
minimal pair of overlapping redex ocenrrences with (CO,1 — r) € ¢(s—e-5') and
(C'O,g — 4) € c[s—e+s").

Since the higher-order rewriting system is weakly orthogonal, we have that
C[r]]ls = C'[d]] 5. Call this term s,. By Lemma 5.4.3, we have that C[r]|z—e—+5'
and C'[d]|s——+ s”. Since we have chasen (CO,1 — r) and (C'O,g — d) to be a
minimal pair of overlapping redex ocenrrences, we have compl(s'+e— sp—e+ ") <
compl(s’'+e— s—e—+ 5”). Hence by the induection hypothesis applied to sp—e—+ s’ and
sp—e—+s”, a term ¢ exists such that s'—e—+¢ and s'—e-t. O

Theorem 5.4.7. Weakly orthogonal higher-order renmiting systems are confluent.

Proof. DBy Theorem 5.4.6, Lemma 5.2.7 in Section 5.2 and Lemma 1.1.25 in
Chapter 1. O






Chapter 6

Normalisation in Higher-Order
Rewriting

This chapter is concerned with pattern higher-order rewriling systems with A7 as
substitution calculus. We will say simply ‘higher-order rewriling system’ instend
of ‘pattern higher-order rewriting system with A7 as substitution calculus’.

If a term can be rewritten to a normal form but admits an infinite rewrite sequence
as well, then it i5 important to know how to rewrite this term in order to reach
a normal form. For A-calenlus with 3-reduction, there is a classical result stating
that the leftmost rewrite strategy is normalising. This resnlt is mentioned in
Corollary 2.1.19 of Chapter 2. For first-order term rewriting, O’Donnell introduneces
in [0°D77] the notion of outermost-fair rewrite sequence. A rewrite sequence is said
to be outermost-fair if every outermost redex ocenrrence is eventnally eliminated.
(’Donnell shows that ontermost-fair rewriting is normalising for almost orthogonal
first-order term rewriting systems.

In this chapter we will show that outermost-fair rewriting is normalising for
higher-order rewriting systems that are almost orthogonal and fully extended as
defined in Definition 4.2.49 and Definition 4.2.51 of Chapter 4. This extends the
result by O’Donnell to the higher-order case. It corrects (and extends) a resnlt
presented by Bergstra and Klop in [BK&6], stating that ountermost-fair rewriting
is normalising for arthogonal CRSs.

The stmecture of this chapter is as follows. In Section 6.1 we define the notion
of outermost-fair rewriting. Section 6.2 is concerned with the main result of this
chapter: we prove that ountermost-fair rewriting is normalising for almost ortho-
gonal and fully extended higher-order rewriting systems. We discuss related work
and the possibility to extend the resnlt to the class of weakly orthogonal and fully
extended higher-order rewriting systems.

175
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6.1 Outermost-Fair Rewriting
In this section we consider left-linear higher-order rewriting systems.

The notion of outermost-fair rewriting is due to O’Donnell [O’DY7]). A rewrite
sequence is said to be outermost-fair, or in the terminology of [O’D77], eventually
outermost, if every outermost redex occurrence is eventunally eliminated. In this
section we define outermost-fair rewriting. First the notion of ontermost is defined.

Definition 6.1.1. Let H be a higher-order rewriting system. Let s be a term and
let Lf be a set of redex ocenrrences in 5. The set of outermost reder occurrences
of U, denoted by GM(Lf), is defined as the set consisting of all redex ocenrrences
(¢,1 — r) € U that satisfy the following:

if (¢/,1 — 1) €if and (¢, — ') < (¢,1 — 1), then ¢’ = ¢.

The sets If and QM (Lf) in the previous definition may contain overlapping redex
QCCUITENCes.

Outermost-fair rewriting is defined using the ontermost rewrite strategy. Recall
from Section 1.2 of Chapter 1 that a strategy selects a set of redex occurrences
in a term. The ountermost rewrite strategy selects all redex occurrences in a term
that are outermost. It is defined as follows. Recall that $((s) denotes the set of
redex occurrences in s.

Definition 6.1.2. Let X be a higher-order rewriting system. The outermost
reumite strategy, denoted by Fom, is a mapping

Fom : Terms — i

that is defined by
Fom {S) = @M [:H'R(S)).

If & € Fom(s) then  is said to be an outermost reder occurrence in s and (s,u) is
said to be an outermost reder.

The outermost rewrite strategy is non-deterministic since it may select more than
one redex oceurrence in a term. It can happen that the set Fom(s) contains redex
occurrences that are overlapping. This is illustrated in the following example.

Example 6.1.3. We consider the higher-order rewriting system for parallel-or,
that is also given in Example 4.2.45 of Chapter 4. Its rewrite rules are the following:

r.porTa —g, x.T
T.porxT —g, =T

porFF —yg, F
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We consider the term por{porTT)(porTT). The set Fom(por(porTT){porTT)} con-

sists of the following redex occnrrences:

(0100, Ry ),
(010D, Ry),
(100, Ry),
(100, Ry).

We proceed by defining the notion of outermost-fair rewriting for higher-order
rewriting systems. Recall from Chapter 1 that a rewrite sequence is said to
be fair with respect to a certain predicate on redexes, if for every term in the
rewrite sequence, every redex in the term satisfying the predicate is eventually
eliminated, in the sense that the redex eventually doesn’t leave a residunal that
satisfies the predicate. The general definition of fairness with respect to a certain
predicate is given in Definition 1.2.28 of Chapter 1. In this chapter we consider
fairness in higher-order rewriting systems with respect to the predicate P defined
by P{s,w) & w € Fom(s). Instead of saying ‘fair with respect to P’ we will say
‘outermost-fair’. In an outermost-fair rewrite sequence every outermost redex oc-
currence is eliminated eventnally. An outermost redex occurrence w is eliminated
in a rewrite step u : s — & if there is no w’ € Res(s, u)(w) such that w' € Fom(s').
This can happen in three different ways:

1. by contracting w,
2. by contracting a redex occnrrence that is overlapping with w,

3. by contracting a redex occurrence that creates a new outermost redex occur-
rence such that the residual of w is not outermaost anymare.

We define an outermaost-fair rewrite sequence as a rewrite sequence that either
ends in a normal form or does not contain an infinite ontermost chain. An infinite
outermost chain is defined nsing the notion of an infinite residnal chain, given in
Definition 1.2.26.

Definition 6.1.4. Let 7 be a higher-order rewriting system. Let & : 59 = 51 —

TR - - . - - - - -
Sy — ... be an infinite rewrite sequence. An infinite outermost chain in & is an
infinite residnal chain in & of the form wy,, Wmt1, Wimta, - -- with @, € Uz (s,;,) for

some m, such that moreover w, € Fom{s,) for every n > m.
The definition of an outermost-fair rewrite sequence is now given as follows.

Definition 6.1.5. Let H be a higher-order rewriting system. Let & : 55 — 5; —
Sy — ... be a rewrite sequence. The rewrite sequence « is said to be outermost-fair
either if it ends in a normal form, or if it is infinite and it does not contain an
infinite ontermost chain.
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Example 6.1.6. Consider the higher-order rewriting system with rewrite alpha-
bet. consisting of f : 0 = 0 — 0,8 : 0,b : D, : D and defined by the following
rewrite rules:

a.fex —g, 2.fbx
h —p,

a —p, 0
1. The rewrite sequence
o:fea=3 fba =3 fea 3 ...
with for every m > 0

Uyn = (DD,Rl),
Uimt1l = (DI:RQ):

is outermost-fair. Note that there is an infinite residual chain of the form
(1,Rz), (1,Ra), (1,Ra), ... starting in the first term of 7. This infinite residunal
chain is not an infinite outermost chain, although infinitely many residunals
in it are ontermost.

2. The rewrite sequence
c:foo 3 fan 3 fan B .
with for every m > 0
iy, = (D1,Rg)

is not. outermost-fair since we have an infinite sequence of residuals of ont-
ermost redex occnrrences, namely

(11R3)1 (11 R'3)'.| (11R3)1 SRR

6.2 Outermost-Fair Rewriting is Normalising

In this section we prove that outermost-fair rewriting is normalising for higher-
order rewriting systems that are almost orthogonal and fully extended. The stme-
ture of the proof is basically the same as in [(’D77] and in [BK86|. First, we prove
that a projection, called the weakly orthogonal projection, of an ontermost-fair
rewrite sequence over some rewrite step is again an ontermost-fair rewrite sequence.
Second, we prove that if the weakly orthogonal projection of an ontermost-fair
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rewrite sequence over some rewrite step ends in a normal form, then the original
ountermost-fair rewrite sequence ends in a normal form. Finally, we prove that if
a term s is weakly normalising, then all outermost-fair rewrite sequences starting
in 5 end in a normal form. This means that an outermost-fair rewrite sequence
eventnally ends in a normal form whenever possible.

Wae first. explain the construection of the weakly orthogonal projection, then we
outline the strueture of the proof in somewhat more detail.

The Weakly Orthogonal Projection. The weakly orthogonal projection is
defined by van Oostrom in [Oos84]. It is used to prove confluence of weakly
orthogonal higher-order rewriting systems by developments. Here we recall the
construction of the weakly orthogonal projection which, as the terminology indi-
cates, is defined for all weakly orthogonal higher-order rewriting system. We will
use it for the smaller class consisting of all almost orthogonal and fully extended
higher-order rewriting systems.

Let ‘H be a weakly orthogonal higher-order rewriting system. Consider a finite
or infinite rewrite sequence

~ o 1 L iz
Fl8 — 8 — 8 — 83 — ...

and a rewrite step
28— L
Let V3 = {#} and define for m > 0 the following:

= b i i || Vins
m Vo if s § 0y TOr 80mMe v, € Vin,

Vint1 = Res{s, 1 )(Vin)-

Since the rewriting system is weakly orthogonal, we have for every m > 0 that
Uy * 8 — Symy1 1 lpn 2 8 — Siny1. Let & be the rewrite sequence

H:Sﬂﬂslﬂﬂzﬂﬂgﬂ....

By construection, we have for every m > 0 that #,, || V.. Note that V,, is the set
of residuals of % in s,,. For every m > 0 we define

U = Res(8m, Vin) (itn)-

Let 7 be the development rewrite sequence

Ly L 2 iy
Tty ==+t ==ty =61y =64 .. ..

In a diagram, the sitnation is depicted as follows:
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F 30 ¥ 1 ¥ 32 » 53 >
L) ] nr 71y
o 30 + 81 ] % Sn b n -
Vo}' Vli Vzi V.a‘{
24 ih Ay ids
T! tg——t —ov—ly —o iy —o - -

We use the following terminology. The rewrite sequence & is said to be a simulation
of the rewrite sequence #. The development rewrite sequence 7 is said to be the
orthogonal projection of the rewrite sequence & over the rewrite step » : sy — 1,
as in Section 1.2 of Chapter 1. The development rewrite sequence 7 is said to
be a weakly orthogonal projection of the rewrite sequence # over the rewrite step
285 — 1.

If we consider weakly orthogonal higher-order rewriting systems, then a simula-
tion # of the rewrite sequence 7 as constmcted for a weakly orthogonal projection
of & over a rewrite step # : 55 — t; i5 not necessarily unique. The reason is that in
the case that i, t V,, we define u,, = #,,; for a not uniquely determined »,, € ¥V,
such that #i,, § #,- However, in the case we consider almost orthogonal higher-
order rewriting systems, there is at most one redex occurrence #,, € V,, such that
#n  ¥m, 5ince any other one would also be overlapping with #,,, which is impossi-
ble, since the set V,, consists of redex ocenrrences that are non-overlapping. The
non-determinism in the construction in the weakly orthogonal case is illustrated
in the following example.

Example 6.2.1. Consider the higher-order rewriting system defined by the fol-
lowing rewrite rules:

a.fx —y, Tg0TT
gon —y, o6

g —g, O

It is weakly orthogonal and represents a first-order term rewriting system. Let &
be the rewrite sequence

ﬁ:fﬁﬂ)ﬁ gﬂﬂﬂgﬁﬂ
with
ﬁ-ﬂ = [:D: Rl):!
ﬂl = (DD'.!R2)

Consider the rewrite step
v: fa— fa
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with v = (1,8 — #). We construct a weakly orthogonal projection of & over
v: fa— fa.

A first possibility is that we construct the weakly orthogonal projection of 7
over v as follows:

5 fo—=25 906 2, gas
7 fo—=sg00 "1 gon
1«‘0}' 1#‘1‘{( vai
T fa %, aoa LN gaa
with
g = (D:‘Rl)a M] = {(D:‘ P"l)}'.'
i = (D]..,Rg)., ul == ﬂ-,
and

Vo= {(1,Ra)}, V1 = {(0L,Ra), (1,2 — a)}, V» = {(1,Ra)}.
Another possibility is that we construct the following weakly orthogonal projection:

5 fa—""sgaa =1, qaa
w! u!
& - fa—— g6 —1 gaa
1«‘.’}‘{ v;i v;i
Uy U
P fo ——goo —— gan
with , \
Uy = {D'.' Rl)'! H{] = {(Dm Rl)}:
ﬂjl = (11R3)1 u{ = ﬂm
and

v{'] = {{D'.' R3)]'1v£ = {[:011R3)1 [:11R3)}1v5 = {{Dliﬁﬂ)}'

The Structure of the Proof. We will prove that outermost-fair rewriting is
normalising for higher-order rewriting systems that are almost arthogonal and
fully extended. The structure of the proof is as follows. Suppose that the finite or
infinite rewrite sequence

5:5{]&511‘*523533...

is outermost-fair. Let # : s5 — 13 be a rewrite step and construct the weakly
orthogonal projection of 7 over # as above. In a diagram:
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= ity 4 U ity
Tod 50 ¥ 81 ¥ 52 ¥ 33 ¥
oy [ X1 5] Ty
o 30 + 81 * &2 % Sn 3 .
Vo}' Vli Vzi Vs}(
[z id Ay iy
T g —— il —v—= iy —o—3 g —o—- - -

The proof consists of the following steps:
1. If 5 is outermost-fair, then # is outermost-fair (Propaosition 6.2.2).
2. If 7 is outermost-fair, then 7 is ontermost-fair (Proposition 6.2.11).

3. If 7 is outermost-fair and 7 ends in a normal form, then # ends in a normal
form (Proposition 6.2.12).

4. If a term s has a normal form then any outermost-fair rewrite sequence
starting in s ends in a normal form (Theorem 6.2.13).

The remainder of this section is devoted to the proof. The notation will be such
that the diagram above applies.

The Proof.

In the remainder of this section we consider higher-order rewriting systems that
are

1. almost orthogonal as defined in Definition 4.2.49 of Chapler 4,
2. fully ertended as defined in Definition 4.2.51 of Chapter 4.

To start with, we make some observations concerning the nature of ountermost
redex ocenrrences in almost orthogonal and fully extended higher-order rewriting
systems.

An important property of an ontermost redex occurrence in a fully extended
and almost orthogonal higher-order rewriting system is that it can only be elim-
inated by contracting an outermost redex occurrence. This property fails if the
higher-order rewriting system contains also trivial critical pairs where the over-
lap is not at the root. Then an ontermost redex ocemrrence w can be eliminated
by contracting a redex ocenrrence that is overlapping with @ but strictly below
w. Consider for instance the higher-order rewriting system defined by the rewrite
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rules

flgo) —m, flgb)

go —yg, gb
gh —n, go
b _'E..j_ 119

It is fully extended and weakly orthogonal but not almost orthogonal. The onter-
most redex ocenrrence (0,R;) in the term f(gs) is eliminated in the rewrite step
(10,Ry) : f{ga) — f(gb) becanse we have (D,R;) t {10,Ry). However, the redex
occirrence (10, Ry) 1s not outermost itself.

Another important property of an outermost redex occurrence is that it only
can be created by contracting an outermost redex occurrence. This property fails
if the higher-order rewriting system is either not fully extended or not almost
orthogonal. Consider for instance again the rewriting system above. In the rewrite
step {11,Ry) : f(gh) — f(gs) the outermost redex ocenrrence (D,R;) is created.
However, the redex ocenrrence {11,R,) is not outermost, since (10,Ry) < (11, Ry).
Note that both in this and in the previous example, the redex that is contracted
is indeed not outermost itself, but is overlapping with an outermost redex. In a
higher-order rewriting system that is orthogonal but not fully extended, it can
also happen that an outermast redex occurrence is created by contracting a redex
occurrence that is not ontermost. Consider for instance the following higher-order
rewriting system, due to Vincent van Oostrom:

z.f(zz) —g za
2.9z —g, 24

z.hz —yg, z.hz

It is orthogonal but not fully extended becanse of the rewrite rule R;. In the
rewrite step (1010,Ry) : f(z.k(gx)) — f(a.ha) the outermost redex occurrence
(0,R;) is ereated. However, the redex occurrence (1010, Ry) is not ontermost, since
(100,R3) < (1010,R;), and it is not overlapping with an ontermost redex ocenrrence
either. This example illustrates moreover that outermost-fair rewriting is not
necessarily normalising for a higher-order rewriting system that is orthogonal but
not fully extended.

In an almost orthogonal system every redex that is overlapping with an outer-
most redex is outermost itself. Finally, we remark that it is important to keep in
mind that in almost orthogonal systems the relation § is transitive.

Now we perform the first step of the proof: we show that if a rewrite sequence
is ontermost-fair, then its simmlation as construeted for the weakly orthogonal
projection is ontermost-fair.



184 Mormalisation in Higher-Order Rewriting

Proposition 6.2.2. Let 7 be an outermost-fair remrile sequence issuing from s,
and let v : 55 — 1y be a rewrile step. Let o be the simulation of & constructed for
the weakly orthogonal projection of & over v : sp — ty. Then o is outermost-fair.

Proof. If & ends in a normal form, then # ends in a normal form, s0 we restrict
attention to the case that & is infinite. Let & : 3, 29 81 2N 8 2, 83 2o
be an infinite ontermost-fair rewrite sequence. Let & be the simulation of 7 as
constructed for the weakly orthogonal projection. We prove that ~ is ontermost-
fair. It suffices to prove the following: if an outermost redex w,, € Fom{8m) 18
eliminated in the rewrite step @&, : Sy — S;mi1, then it is also eliminated in the
rewrite step i, : S — Smpi- Lhis B8 clearly the case if #,, = #%,,. We show
that it is also the case if #,, # i,,; then we have u,, {| #%,,. Three possibilities
are distingnished, that correspond to the three possible ways of eliminating an
ountermost redex ocenrrence.

1. Suppose the outermost redex occurrence w,, is eliminated in the rewrite
5tep Tl ! Sm — Sm41 Decanse W, = i,- Lhen we have i, ff w.,. Hence
the outermost redex occurrence w,, is also eliminated in the rewrite step
i © Sy — Snp1-

2. Suppose the outermost redex occurrence w,, is eliminated in the rewrite step
fm ! Sm — Smy1 DECANSe Wy, § .- There are two possibilities. It can be
the case that i, = w,,. Then w,, is clearly eliminated in the rewxite step
i © 8o — Smy1- Otherwise, we have u,, § W, since the rewriting system is
almost orthogonal, and also in that case w,, is eliminated in the rewrite step
Ui * Sen — Senti-

3. Finally, snppose the ontermost redex oeccnrrence w,, is eliminated in the
rewrite step iy, : S, — S;mp1 Decanse S,yi contains an outermost redex
oceurrence wy, ; that nests the residnal of w,, in s, 1. Then, the ontermast
redex occurrence w,, is also eliminated in the rewrite step #,, 1 S, — Symyi-

O

In order to perform the second and third step of the proof we need to collect some
more material. First we prove an anxiliary lemma, Lemma 6.2.4, which is needed
for the proof of Proposition 6.2.11 (the second step of the proof). Then we will
discuss a construction that we will use both in the proof of Proposition 6.2.11 and
in the proof of Proposition 6.2.12 (the third step of the proof). In the proof of
Lemma 6.2.4 we will make nse of the following observations.

Lemma 6.2.3. Let H be a higher-order rewriting system and let s be a term. Let
2 € Ur(s) and v’ € Ur(s) and let V be a set of simultaneous reder occurrences in
s that contains neither u nor «'. Suppose moreover that u ||V and ' || V.
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1. Ifut e, then after performing a development of V there is for every residual
w of u a residual w' of o' such that w .

2. If the contraction of u erases #', then after performing a development of V
there is for every residual w' of ' a residual w of # such that the contraction
of w erases w’.

Proof. Let s be a term and let # € Ugx(s) and #' € Ur(s). Let » € Ugx(s) such
that # # u, v # o/, # || 2 and # || #'. Consider the rewrite step v : 5 — &' If u § o/,
then for every residual w of « in ¢, there is a residunal w’ of ' such that w f w’. If
contraction of u erases 7, then for every residnal w’ of #' in ' there is a residual
w of # such that contraction of w erases w’. The statement follows from the fact
that residuals of simultaneons redexes are again simultaneous. ad

Lemma 6.2.4. Let ' be 6 higher-order rewriting system. Lel sq be a term.
Let Uy, and Uy be sets of simultaneous reder occurrences in the term sy such that
Uy || Uy, Let Uy : sg—o= 81 and Uy : sg—e—+ 8. Let U] = Res(sg, Up)(Uy) and
U, = Res(sq, Uy)(lh). In a diagram:

ify
S0 —e— 51

L }' iﬁ;
211

83 —0—3+ 83

Let wy be a reder occurrence in sy, let wy be a reder occurrence in sy and let wy be
i Teder occurrence in sy such that

wy € Res{sg,Us)(wn),
wy € Res(sy, U]} {un).

1. Then there erists a unigue reder occurrence wy in §; such that

w; € Res{sq, U )(wq),
wy € Res(sy, U (w).

2. If moreover wy € Fom{sg), wy € Fom{s:) and wy € Fom(sa), then wy €
Fom[:sl)-

Proof.

1. First we prove that the redex occurrence @, has a residunal in s,. Suppose
towards a contradiction that Res(sg, i ){wq) = B. That is, the redex wg is
eliminated in the complete development 2f; : sy—e—+ s;. This can happen in
one of the following three ways:
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(a) wq € U,
(b) there is a redex occwrrence u; € U such that #; f wy,

(e) there is a redex oceurrence u; € Uf; such that contraction of #; in the
complete development of U4, erases the redex wy.

We show that in all three cases Res{s,, U] ){wq) = B, which contradicts the
hypothesis, since wy € Res{s,, ] {wn).

In the fixst case, Res(sq,ify){wo) € U]. That is, all residnals of the redex

occurrence wy are contracted in the complete development 2] : s;—e—+ s3.
Since wy € Res(sq, ih){wq), we have Res(sy, U] ){wn) = B.

Suppase that there is a redex occmrrence 4y € U; such that w; § wy. By the
hypothesis, we have that #, || Z{;. Since the redex occurrence wyq has a resid-
nal wj in 53, we have moreover that wy || L4 and wqg & . Then, there exists
for every redex ocenrrence w) € Res(sq, Uh){wg) a redex ocenrrence #) € U]
such that } f wh. Since wy € Res(sy, ) {wq), we have Res{sy, 14 ) () = B.

In the third case, there exists for every redex occurrence wj, € Res{sg, U ){wq)
a redex occwrrence u) € U] such that contraction of #) erases w,. Since
wy € Res{sg, Uy)(un), we have that Res(sy, U] )(w,) = 0.

Second, it needs to be shown that a redex ocenrrence w; € Res(sq, U ){wn)
such that wy € Res(s;,)(w;) is unique. This is the case since a redex
occurrence can be the residual of at most one redex ocenrrence.

Suppase moreaver wy € Fom(sq), wa € Fom(sz) and wy € Fom{sa). Then

Res(sq, th)(wg) = {wn},
Res(sy, U (wp) = {wa}.

Suppase towards a contradiction that @ & Fom(s;). This means that per-
forming a complete development of the set of redex occurrences I, creates
a redex occurrence #; above the redex ocenrrence w. We have that = € U4
since the redex ocecurrence 4 is created by performing the complete devel-
opment of 1. Moreover, || 14} since if there is a redex occnrrence ) € L4)
such that = f 5, then %% is also an outermost redex occurrence, since the
rewriting system is almost orthogonal. So if there wounld be a u) € 14} such
that »; f u3, then wy would not be an outermost redex occurrence in s.
Therefore it must be the case that # || I, and hence #; has a unique resid-
nal in sy which is above the redex ocourrence wn. O

We will consider the orthogonal projection of a development rewrite sequence over
a development rewrite sequence. Its (standard) construction is as follows. Let

21 i1 Ly
(Tﬂ:tg—e-bt?—e-btg—e—r...
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be a development rewrite sequence and let

Ve L Vg
Tt e Lt —e 1]

be a development rewrite sequence. We construct the projection of " over n as
follows.

For every n with 0 < n < p the set of redex occurrences 4] is defined by
induetion on n:

1. w =uﬂ:
2. Upth = Res(2, VO)NUM) for n with D < m < p— 1.

So U] consists of the residuals of 24 in £7.

Suppose for every n with 0 <5 < p the terms ¢ and the sets of redex oceur-
rences U have been defined, and for 0 < n < p—1 the sets V7" have been defined.
We define for n with 0 < n < p terms ¢7,, and sets of redex ocenrrences L7, ,, and
for n with 0 < n < p — 1 sets of redex occurrences V;‘_i_l as follows:

1. V2, = Res(t7, U )V ) for n with0 <m <p-—1,

2. for 0 < m < p the term 17, 15 obtained by pe-rfnrmjng a complete develop-
ment of the set of redex ocecnrrences V- +1 in ;" ia

3. the set U, is defined by induction on 5 for 0 < n < pr

(El,) +1 = Z’(‘H-l'!

(b) UL = Res{t?, |, Vo, J(UF ) for n with 0 <n < p—1.
For m with m > 0 the development rewrite sequence 7,,, 15 defined as
':::i v’%‘ 3:&_1
- s ...t{’n_llie-r .

The situation is depicted as follows:

L0 L0 U
T S e’ SN e’ BN

vgi{ v% v }
iy i} il

tl _} tl _} tl R N

-1 : w—1 : P—1

: 753 e
tg_l _00_} t{’_l _lu_}. t&'z’_l _20_}. ..............

et v}’“i{ v;’“:{

—_— —_—— ——
1 Y 1] Y £ Y
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We now discuss a construction that will be nsed in the proofs of Proposition 6.2.11
and of Proposition 6.2.12. It is way of performing a complete development of a
set of simultaneons redex ocenrrences V' in phases. The idea is that, starting in
the initial term, a complete development of the redex occnrrences in V' that are
outermost is performed. This yields a second term, in which some of the residnals
of redex occurrences in ¥V may have become outermost. These redex occurrences
are contracted in a second complete development. We repeat this process until no
residnal of V is an ontermost redex occurrence. Then, a complete development of
all residnals of V is performed. We will call such a development rewrite sequence
a complete ontermost development rewrite sequence. It is defined as follows.

Definition 6.2.5. Let 7{ be a higher-order rewriting system. Let s be a term and
lat ¥V be a set of simultaneous redex occurrences in s. Let V @ s—et.

Wae define a natural number p and we define for every n with 0 < n < p a term
s} and sets of redex occmrences WY and V! by induction on n.

1. n = 0. The term s} and the sets of redex occurrences YW, and V) are defined

as follows:
(a) s§=s,
(b Wi =V,
(e) V§ = Wy N Fom(sh).

2. n > 0. Suppose the term 5" and the sets of redex occurrences W2 and V!
are defined.

If V! = B, then we put p = n and we are done.

Otherwise, we define the term i, and the sets of redex occurrences W),
and V1., as follows:

(a) 52+1 is the term obtained by performing a complete development of the

: .0 0
set of redex occurrences V5, that is, Vi : s —esl |,

(b) Mﬂn+1 = R'E(Sﬂ, vﬂ) (Mﬂn)a
(c) w;+1 = Wn+1 M Fom (52+1)-

Now the following development rewrite sequences are defined.

1. The complete outermost denelopment remrite sequence of V is the develop-
ment rewrite sequence
Ve Ve Vo1 g W
J;VVS : 50— &) —n _._Sg_l o Sg—ezr t
consisting of p complete developments of sets of ontermost redex ocenrrences,
followed by a complete development of redex ocenrrences that are not ont-

armost.
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2. An outermost development rewrite sequence of ¥V 15 a development rewrite
sequence

2 28 R L
T WE @ s —e sp —6+ ... 5h —e—tsg—e-bt

such that for the orthogonal projection of # over

Ve Vi V-
gg _00_}. S? _Ql_}. .............. _Pu_i Sg
af %
vi v} Vi1
gé _00_}. 51 _Ql_}. .............. _Pu_}.
il j: il j' il i{
-vp—l z—1 vP_:
— — 1 -
Sﬁ 1 —o—F S{ 1 L _pu_}
G uy g
Sg _DP_}‘ S{ _U_}‘ .............. _PD_}‘
0 1 vp—l

we have:

(a) U =0 for n > D and m < n,

(b} Uy C Fom(sg),
(c) Res(sy,Vi;...; Vi) (Us) C V2.

Moreover, WY is the set of residuals of 1 in sf.

In a complete ontermost development rewrite sequence of aset V), the last complate
development consists of contractions of redex occurrences that are not ontermost.
In an arbitrary ontermost development rewrite sequence however, the last complete
development may contain contractions of redex oecnrrences that are ountermost.

Example 6.2.6. Consider the higher-order rewriting system defined by the
rewrite rules

z.y.fbry —n  THC
rgr —p, I.T

g —g, b
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We consider the term f(ga)(ga){ga) and the set of redex occurrences

v = {(DD]'D'! RE)'! (D]'D'! R2)1
[:00111R3)1 {0111 RR): {11: RR)}'

The complete ontermost development rewrite sequence of V issning from the term

flgo)(ga)(go) is
f{ga)(ga)(ga) 6~ fan(ga) -+ fbb{ga) ~o» fbb(gh)
with
Vo = {(DDID,RQ), (DID,RQ)},

Vi = {(0D11,Ry), (011,R,)},
W, = {{11,R3)}.

An example of an ontermost dewvelopment rewrite sequence of V issning from

flge)(ga)(go) is
f(08)(08) (g0) < fa(ga)(ge) = fb(ga)(g) —o2 f5b(gh)
with
v = {(0010,Ry)},

1% {(DD11,Rz)},
W, = {(010,R,),(011,Ra),(11,Ra)}.

In the following definition we define what it means that a complete development
creates an ontermost redex.

Definition 6.2.7. Let s be a term and let V be a set of simultaneons redex
ocemrences in 5. Let V : s—e+t and let w &€ Fom(t). The complete development
V : s—e—+t 15 5aid to create the outermost reder occurrence w if there is no redex
ocemrence w' € Fom(s) such that w € Res(s, V)(w’).

Note that there are two ways in which an outermost redex occurrence w in a term
t can be created by a complete development V : s—e—+#: either if there is no redex
occwrrence w' in s such that w &€ Res{s,V){w’), or if there is ' in s such that
w € Res(s,V)(w'), but such that w' € Fom(s).

We will be interested in the most economic way to create an outermost redex
occurrence. This is formalised by the notion of a minimal outermost development
rewrite sequence that creates some outermost redex occurrence. As the termino-
logy indicates, we make nse of the definition of an outermost development rewrite
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sequence. An easy observation is that if a complete development V' : s—e+1 creates
an ontermost redex occurrence w in ¢, and if

by Ve—1 We

Vo
T:8)—6+ 8 —6+...—6+ 5, —= 1

is the complete outermost development rewrite sequence of V, then there is a
redex ocenrrence w, € Fom(s,) such that w & Res(s,, W,)(w,). This is the case
since by definition in the complete development of Y, only redex occmrences are
contracted that are not ontermost. Such a development cannot ¢reate an outermost
redex occuirence, since an outermost redex occurrence can only be created by the
contraction of an outermost redex occurrence.

Definition 6.2.8. Let s; be a term and let V' be a set of simnltaneous redex
occirrences in sy with V' @ sp—e+ . Let @ &€ Fom(t) be an ontermost redex
occurrence that is created by the complete development of V.

Let,

Vo b 1 V-1 Wa
T:8)—6+ 8 —6+...—6+ 5, —= 1
be an ountermost development rewrite sequence of V. Then « is said to create the
outermost redex occmrrence w if there is a redex occurrence w, € Fom(sp) such
that w € Res(sp,, W) {(wy)-

Moreover, # is said to be a minimal oulermost development rewrile sequence
of V creating w, if whenever a set V, for some n with 0 < n < p— 1 is replaced
by a proper subset, the so-obtained development rewrite sequence doesn’t create
the outermost redex occurrence w anymore, or it is not an outermost development
rewrite sequence of ¥V anymore.

Example 6.2.9. The second outermost development rewrite sequence in Exam-
ple 6.2.6 i5 an outermost development rewrite sequence creating the outermost
redex occurrence (D00, R,). In fact, it is a minimal outermost development rewrite
sequence creating that outermost redex ocenrrence.

In the following lemma we show that an outermost redex occnrrence can be created
in a unique most economic way.

Lemma 6.2.10. Let sy be a term and let V be a set of simultaneous reder oc-
currences in sy with V : sp—e+ 1. Suppose the complete development of V creates
an outermost reder occurrence w € Fom(t). There is a unique minimal outermost
development retmite sequence of V creanting the outermost reder occurrence w.

Proof. Let .
'.VVD' ] voa q vlo ] v?—l ] 1’1—’3
TyWV, 18y =6+ 8] —e+ ...5, 4 —o=+ 5, —o=
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and
Ui, _ um“ wg
T WE 1 5] &4 sl —& % L2 P —en t

be two ontermost development rewrite sequences of V' that create the ontermost
redex oceurrence @ € Fom(). Construct the orthogonal projection of & over 7

ve ve v,

Q ]
gn u_} g 1 —D—} .............. —D—} gp
i wi u:j
Va Vi W
S{] D—} Sl —D—} .............. —D—}-
u} i u} i ul i
'1;17— -vp 1 vP: 1 :
gJ{.]'D —o—+ g P_ —D—} .............. _puL}_
—1 _1
gg UP_} _up_} .............. _P?_}
VE Vv VE,

Define for m with 0 < m < p — 1 the set of redex occurrences U,, = U N V.
Lo s Uy
This defines a development rewrite sequence si —e=+ s1 —= ... o sp. Define YW,

to be the set of residuals of V in sf. Then the development rewrite sequence

4o if
93—6—?‘}1—6—?...—6—?.‘%—6—#1’

is also an ontermost development rewrite sequence of 1, and creates moreover the
ontermost redex ocenrrence . O

By now we have collected all the material needed to perform the second step of
the proof: in the following proposition we prove that the orthogonal projection of
an ontermost-fair rewrite sequence over some rewrite step is ontermost-fair.

Proposition 6.2.11. Let 5150 = 81 = 8y =3 ... be an infinite rewrite sequence.
Let w: 590 — 1y be a reumite step. Let T: 1 L&, tl —Lg-p 1y —Lén;r . be the orthogonal

projection of the rewrile sequence o over the rewrite step v : 57 — 3. If 7 contains
an infinite outermost chain, then ¢ contains an infinile outermost chain.

Proof. Let o :t) 3 ¢0 33 #5 3 .. be an infinite rewrite sequence. Let 7 : 1, <
U U D .
t; —e+ ty —e+ ... be the orthogonal projection of the rewrite sequence & over the

rewrite step # : t) — £;. We recall that we are in the following situation:
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T ) ft'm}51 m}Sz 2y
Vo}( Vl}' V’z}'
Liy LA i
T tn —u—} tl : tz —ug—}-

Suppose that the rewrite sequence T contains an infinite ontermost chain ' starting
with the redex ocewrrence w), € Fom(ts)- Let this sequence contain further redex
occwrrences Wimt1 € Fom(Emt1 ) @Wmta € Fom{tmaa), - -.- We prove that the rewrite
sequence # contains an infinite outermost chain.

By Lemma 6.2.10 there is a unique minimal ontermost development rewrite
sequence of V,,, creating the ontermost redex occnrrence w,,. Let this ontermost
development rewrite sequence be

v':::l v’l{l — v’zl_l w’lﬂu
P Sy =10 =6 tL =65 2T T 4P S5,
- . - - oy U1 U 42
We construct the projection of the rewrite sequence 2 : s,, = 8511 Sim+2

.. over the development rewrite sequence g,,. This yields the following:

{ 1?1. u:?a. +1 w42
7 th, — tEn+1 —® tE‘ﬂ.+2 R e
v':::a. }v'lﬂ +1 v‘lﬂ +2
! ! +1 ! 42
i 1 Fiu 1 Tia 1 Ta
Jm tm —n tm+1 o—» tm+2 TR, SN

Ny

u:a. 7n. +1 7n+2
{7 ‘;’;1 : m I el fp ..............
‘%Wm Woen Woutn
[ 7. [ +1 259 +2
Tin ! b — 0 tpy1 — o> b o3

with ¢! = s, for » > m. First we show that the development rewrite sequence
#2 contains an infinite sequence of residunals of ontermost redex occurrences. This
is a consequence of Lemma 6.2.4, as follows. We show by induction on g that
the term #f,, . contains an ountermost redex occurrence wf, ., such that w,., €
Res(tl, g Wintg) (Wi yg) and, if g > 0, wi € Res(t], U7 o Mwl . 1)

Let ¢ = 0. By definition of the minimal ontermost development rewrite se-
quence creating w,,, there is a redex occurrence wf, € Fom () such that w,, €

Res(t5,, Win) (w,)-
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Let g > 0. By the induction hypothesis, there is an ountermost redex ocecnr-
rence wh_; in #5_; such that w, ; & Res(t]_,, W, 1){wi_,). PFurther, we have
by hypothesis that {; contains an ontermost redex ocenrrence w, such that w, €
Res{t, 1,4, 1)(wg—1). By Lemma 6.2.4, there is an outermost redex occurrence @
in # such that w? € Res(tf_,,U;_;}{wf_,) and w, € Res(t?, W,)(w?). This yields

that the development rewrite sequence £, —u;-b i oy - &% ... contains an
infinite ontermost. chain.
For n > m, we define g{n) to be the smallest number such that V4™ =£ §.
The redex ocenrrences in V4™ are all outermost. There are two ways to elim-
inate a redex occnrrence wi™ in Va(™;

1. by contracting wi™),
2. by contracting a redex occurrence that is overlapping with wi()
Tt cannot be the case that an ountermost redex occurrence w&™ in the set Y4

is eliminated by creating a new redex occurrence above it, since otherwise w2(™
would not have been needed for ereating w,,,. Hence for every n > m there exists n’

such that Vigﬂ] = §. We conclude that there is a g such that V{ = ... =VF' = .
Hence the rewrite sequence  contains an infinite ontermost chain, since eventually
the rewrite sequence 7, coincides with the rewrite sequence &2, ad

Since a rewrite sequence ending in a normal form is always ontermost-fair, we now
have by the previous proposition that if a rewrite sequence # is ontermost-fair,
then the orthogonal projection of # over some rewrite step is ontermost-fair as
well. This completes the second step of the proof.

Now we come to the third step of the proof: we show that if a rewrite sequence
 is ontermost-fair, and its orthogonal projection T ends in a normal form, then &
ends in a normal form as well.

Proposition 6.2.12. Let o : 57 = 51 = Sy — ... be an outermost-fair rewrite
sequence. Let T 1 i 2, t & ty &, ... be the orthogonal projection of o over

the renmite step v : 59 — to. If 7 ends in a normal form then o ends in a normal
form.

Proof. Let o :#) = ¢ 5 £ 5 .. be an outermost-fair rewrite sequence. Let
U, U U D .
T 1ty —e+ t; —e ty —6+ ... be the orthogonal projection of & over the rewrite step

v : 1) — %;. Suppose the rewrite sequence T ends in normal form #,,. We prave
that the rewrite sequence ~ ends in the normal form ¢,, as well. The situation is
depicted as follows:
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Ty Wru—1 73— trut1
{iF ) — 81— 8m —— Gl ——

VG} ™ } Ve f Vou +1 i
MO M‘J’ﬂ

—1
T ! tﬂ —a—F tl ..............

Y t\m _ﬂ_} tm-i—l S U
For n with n > m we have U, = 0.
Let p,, be the complete ontermost development rewrite sequence of the set V,,,
as defined in Definition 6.2.5:

vﬁ 1
P i 0 S5 £l &% P

1 -V':n w:-n.

— 7 —en 1.

Note that W,, = @ and #, =1,,, since {,, is a normal form. We project the rewrite

. a1 -2 *
sequence oy, : to, = 1l th ... over the development rewrite sequence
P In a diagram:

e ue u;)
{ i} il 7n+l n+2
{;rm tm —O— t9n+1 tﬂ ..............
f‘vﬂa i‘vﬂa-}- 1 i‘vﬂa +2
Ml
i 1 il 1 7n+l 1 7n+2
{;rm tm —O— tm_'_ t ..............
i‘pﬁr&a ivvln +1 ivvn +2
%‘1’;}:‘_ ! $v7n+ 1 {vﬂ‘ 42
o2, 2 —U—}tp+1 _u_H:-P ..............

with U = {u,} for n > m. Note that £ =¢, for n > m.

Let g(n) be the smallest number such that V4™ % @ for all n > m. Every re-
dex occmrence in V(™ is an ontermost redex oceurrence in s,. Since the rewrite
sequence « is outermost-fair, a redex occmrence in V4™ will eventnally be elim-
inated. DBecanse for all » > m we have that #£ = {,,, which is a normal form,
elimination of a redex oceurrence @™ in V¥ can happen in only two ways:

1. by contracting wi™),

2. by contracting a redex occurrence that is overlapping with wi(™)_

It cannot be the case that the outermost redex occnrrence wi™ is eliminated by
creating a redex occmrrence above wi™), since otherwise 2 would not be a normal

form. We conclude that for every n > m there exists an n’ > n such that ¥ q(ﬂ = 0.
So there exists a g > m such that 'V;] =...= V};’_ = @, and hence tg = sq = t,,-
Hence the rewrite sequence # ends in the normal form %,,. a

The following theorem states the main result of this chapter.
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Theorem 6.2.13. Let 'H be a higher-order rewmiting system and let sy be a weakly
normalising term. All outermost-fair rewmrite sequences starting in sy eventually
end in a normal form.

Proof. Let s; be a weakly normalising term with normal form #,. We fix a rewrite
sequence p : sy —» ty from sy to its normal form consisting of m rewrite steps. Let
&8 Zq 81 2\ 89 2 83 24 ... be an ontermost-fair rewrite sequence starting in sg.
We prove by induction on m that 7 ends in the normal form of s;.

Suppose m = 0. Then the term s; i5 a normal form.

Suppose m > 0. Then the rewrite sequence p is of the form p : 57 = #y = €.
We construct the weakly orthogonal projection of the rewrite sequence & over the
rewrite step » : 55 — 3. Let & be the simulation of 7 and lat 7 be the orthogonal
projection of o over the rewrite step # : 59 — £;. In a diagram:

- o g Ty Lk
7 80 ¥ 81 y Sg y g .
Wy @y g L
[ Eh| ¥ 59 > S0 + Sn 3 -
Vo}' V1i Vzi Vs}(
[ i LAy (213
T!: t{] — tl —— tz —— tg —L—F---

Since by hypothesis the rewrite sequence & is ontermost-fair, by Proposition 6.2.2,
the rewrite sequence « is outermost-fair. Hence by Proposition 6.2.11, the rewrite
sequence 7 is ontermost-fair as well. By the indunction hypothesis, T eventnally ends
in a normal form. This yields by Proposition 6.2.12, that the rewrite sequence
# eventually ends in a normal form, which yields that the rewrite sequence &
eventunally ends in a normal form. Note that since H is confluent, both 7 and r
end in the term . |

Conclusions and Related Work. In [0°D77), O’Donnell introduces the notion
of outermost-fair rewriting and shows that outermost-fair rewriting is normalising
for almost orthogonal first-order term rewriting systems. An alternative proof of
this result is given by Bergstra and Klop in the appendix of [BK86|. This proof is
concerned with the class of orthogonal CRS5s, s0 there are no eritical pairs but on
the other hand it concerns higher-order rewriting. The proof in [BK&6] is however
not entirely correct. In particular, claim 2 in the proof of Proposition 7.9 does not
hold, which can be seen by considering the higher-order rewriting system with the
rule for p-recursion and a mle z.fz — z.z.

I have claimed in a previous version the resnlt presented in this chapter to
hold for the class of weakly orthogonal higher-order rewriting systems, but unfor-
tunately the proof was incorrect.
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An extension to weakly orthogonal instead of almost orthogonal rewriting sys-
tems turned out to be, after all, a serions complication. To start with, it is not
easy to show Proposition 6.2.2 for weakly orthogonal rewriting systems, since in
that case the relation f i5 not transitive. Consider for instance the higher-order
rewriting system defined by the rewrite rules

z.f(gr) —m, 7.f(gb)
g0 —yg, gb
g —g, b

It is left-linear and weakly overlapping but not almost overlapping. The ontermost
redex oceurrence (0,R;) in the term f{ga) is eliminated in the rewrite step (10,R,) :
flga) — f{gb) becanse we have (0,R;) f (10,Ry). If the redex occurrence (11,R;3) in
f(gs) is a residunal of the redex occurrence that induces the rewrite step over which
is projected, then the rewrite step (10,Ry) : f(ga) — f{gb) will be simmlated (in
a weakly orthogonal projection) by the rewrite step (11,2 — b) : f(ga) — f(gb).
This rewrite step does not eliminate the ontermost redex occurrence {0, R,).

More dramatically, the second part of Lemma 6.2.4 does not hold for weakly
orthogonal rewriting systems, as remarked by Vincent van Oostrom. The reason
is that in the last part of the proof we do not have, in that case, that v, || 1.

The statement of Proposition 6.2.2 seems to be true also for weakly orthogo-
nal and fully extended higher-order rewriting systems. Moreover, in spite of the
fact that Lemma 6.2.4 doesn’t hold for weakly orthogonal higher-order rewriting
systems, the conjecture that outermost-fair rewriting is normalising for weakly
orthogonal and higher-order rewriting systems still seems plausible.
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Samenvatting

Een berekening zoals die bijvoorbeeld door een computer nitgevoerd wordt, bestaat
uit het stapsgewijs veranderen van een expressie. Als voorbeeld bekijken we de
volgende berekening:

(1+2)x3=3x3=0.

Hier wordt de expressie (1 + 2} x 3 in twee stapjes veranderd in de expressie 9.
De berekening bevat een bepaalde volgorde, die we expliciet maken door haar te
schrijven als

(1+2)x3—=3x3—0.

Dit voorbeeld illustreert een belangrijk punt, namelijk het verschil tussen betekenis
enerzijds en representatie anderzijds. De betekenis van de drie expressies in de
bovenstaande berekening is steeds dezelfde. Echter, de representatie verandert
van het toch tamelijk ingewikkelde (1 + 2) x 3 via het eenvoundiger 3 x 3 in het
elementaire 9. Vaak zullen we geinteresseerd zijn in een transformatie waarin de
representatie niet zomaar verandert, maar vereenvoudigd wordt.

Het onderwerp van dit proefschrift is de theorie van dergelijke transformaties.
Het veranderen van een expressie noemen we herschrijuen, en een opeenvolging
van herschrijfstapjes een herschrijfrij. Uiteindelijk dient het nitvoeren van een
berekening een resultaat of nitkomst op te leveren. Dat wil zeggen dat we een
expressie willen herschrijven tot ze een vorm heeft aangenomen die om de een of
andere reden het meest geschikt is. Zo is het goed voarstelbaar dat we 10 als
resultaat verkiezen boven 10000000000. Bij rekenen met natuurlijke getallen als in
het voorbeeld gaan we ervan uit dat een berekening uiteindelijk in een natuurlijk
gatal dient te eindigen. In de bovenstaande berekening is dit heel goed gelukt.
Echter, het kan ook anders:

1+2)x3—= 2+ x3—=(1+2)x3—....

Deze herschrijfrij eindigt niet in een resultaat.

Eén van de vragen die in de theorie van herschrijven bestudeerd wordt is dan
ook: eindigt een herschrijfrij na eindig veel stapjes in een resultaat? Een expressie
die niet het begin is van een oneindige herschrijfrij heet sterk normaliserend. Fen
expressie die tot een resultaat herschreven kan worden wordt zwak normaliserend
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genoemd. Een voorbeeld van een expressie die wel zwak maar niet sterk normalise-
rend is, is de expressie {1+2) x 3 in het voorbeeld. Het moge duidelijk zijn dat het
voor zwak normaliserende expressies van belang is dat we een methode tot onze
beschikking hebben die voorschrijft hoe de expressie herschreven dient te worden,
opdat de herschrijfrij op den duur in een resultaat eindigt. Tenslotte zijn er ook
expressies die niet zwak en dus zeker niet sterk normaliserend zijn, namelijk de
expressies die op geen enkele manier tot een resultaat herschreven kunnen worden.
In rekenen met natunrlijke getallen komen dergelijke expressies niet voor, maar
bijvoorbeeld in een herschrijfsysteem met 6 — o wel.

Een andere belangrijke vraag in de theorie van herschrijven is of de nitkomst
van een berekening, zo die er is, afhangt van de manier waarop de berekening
is nitgevoerd. Een herschrijfsysteem waarin het resultaat niet afhangt van de
manier van herschrijven heet confluent. Rekenen met natunrlijke getallen vormt
een confluent herschrijfsysteem. Hoe we de expressie (1 + 2) x 3 ook herschrijven,
er is altijd een manier om de herschrijfrij zo af te maken dat hij in 9 eindigt. Niet
elk herschrijfsysteem is echter confluent. Een herschrijfsysteem dat bijvoorbesld
alleen de herschrijfstapjes & — b en & — ¢ bevat, is niet confluent: de expressie o
kan tot twee verschillende resultaten, namelijk 6 en -, herschreven worden.

In dit proefschrift wordt een zeer unitgebreide klasse van herschrijfsystemen
bestudeerd, bestaande nit de zogenaamde hogere-orde herschrijfsystemen. Deze
klasse bevat bijvoorbeeld A-calculus en alle eerste-orde termherschrijfsystemen.
We laten zien dat hogere-orde herschrijfsystemen met een bepaalde eigenschap,
zwakke orthogonaliteit geheten, confluent zijn. Orthogonaliteil en ook de zwakkere
varsie zuwakke orthogonaliteit geven aan op welke manier verschillende herschrijf-
stapjes kunnen interfereren. Voorts wordt aangetoond dat er een manier is om
een expressie in een bijna orthogonaal hogere-orde herschrijfsysteem te herschrij-
ven, zodat op den dunr zo mogelijk een resultaat verkregen wordt, namelijk door
bepaalde herschrijfstapjes niet oneindig vaak niet te doen. Preciezer, we laten
zien dat voor bijna orthogonale hogere-orde herschrijfsystemen het zogenaamde
ountermost-fair herschrijven altijd tot een resnltaat leidt, zo dit er is.



