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Similarly, for all z € (z — t,z) that is a point of right-increase of ®;, the
previous observation yields readily that

z—t=sup{y<z—t : By =B, 4}
But as for all y € (z — t,q|, By > B;—¢ > B,_¢, we get
z—t=sup{y<q : By = B,_4}.

Hence, H; N (z — t,z) corresponds exactly to hitting times of its maximum
of the reversed process started at q. More precisely,

Hn(@z-tz)={y+te(z-tz) : W, = sup WI(-)}
[0,g-y]

where W9(-) = B(q) — B(q — -). Hence, combining this with (5.1) implies
that for all a € (z — t, z),

hyj2(He N (a,2)) = Byt — ye[ai_%t:x_ﬂ By = &4(z) — ‘[E’i;]l :(-).

This implies (using Proposition 1-(ii) and (5.3)) all results dealing with A}
stated in the Proposition. Those concerning A; are derived via a symmetry
argument. O

5.5 Invariance principle for the profile function

Given a discrete (annihilating or coalescing) particle system started from
the integer lattice points, as described in Section 5.3, denote by ®o(z) its
protile tunction, 1.e. the total charge 1n the Interval DeTween uie origin and
the point of coordinate z, at time 0:

Po(z) =4 — 2iezn(z,0)™i if z <0 (5.4)
0 if z =0,

where the m; are i.i.d. charges with E(m;) = 0 and E (m?) = 1. We now
introduce the time-evolved profile

&, = 5,($o),

that is the profile function at time t.
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The formalism introduced in the previous sections helps us to formulate
and prove immediately functional limit theorems (invariance principles) for
the rescaled profile function &) defined as follows:

3M(z) := N~V2dyy(Nz).
Using Proposition 5.1, (iii) and (iv), it is straightforward to check that
&M = 5,6

Hence we directly conclude the following functional limit theorem for the
profile function evolving in time:

Proposition 5.4 The sequence (G’(N)()) = S(®WM)) converges weakly in
T(R*, D(R)) (endowed with the ‘uniform uniform topology’) to S (B) when
N — oo, where B is a two-sided Brownian motion with By = 0.

Indeed: This proposition follows directly from the weak convergence (i)gN) =
B in D(R) and the continuity of S : D(R) — T(R*, D(R)).
5.6 Brownian flight process. Particle paths in co-

alescing systems

From now on we shall concentrate on the systems of coalescing particles.
More precisely, we are going to study the scaling limit of trajectories of
individual particles in the coalescing ideal gas. For this purpose we introduce

Definition 5.5 The (Brownian) flight process is

t
n(t) = /0 sgn(Wy)ds, €K', (5.5)

Here, as earlier, W. is a one-dimensional Brownian motion started from 0.

This process consists of countably many linear segments with slopes +1
(“flights”). The length of each segment is distributed as the length of an
excursion of Brownian motion.

Proposition 5.6 i) The flight process is self-similar in distribution

v}'(_:j Sn(-), VaeR\{0}
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1) The density of n(t) on (—t,t) is
dy

/12 — o2,

Proof. i) follows from the self-similarity of Brownian motion, and ii) is a
direct consequence of the Arcsine law of fol Liw,>0}ds (see e.g. [14], p.255).
O

The Brownian flight process is important for us, because, as we shall see
below in (5.7), it is the scaling limit of a trajectory of a coalescing ideal gas
particle.

Consider the coalescing ideal gas system (CIG), as described in Sec-
tion 5.3.2, with the initial particle set Ap = Z, their masses M, distributed
exponentially with parameter 1, and velocities v, equal to +1 or —1 with
probability 1/2. Let ®(z) be the corresponding profile function, as defined
in (5.4). Let us denote by {#;(t)};cr+ the path of the particle which starts
at z € Z. The motion of the particle follows the motion of the corresponding
discontinuity of (ik = St‘i’g.

Theorem 1 and Lemma 3 in 7] state that, for the CIG with initial particle
set Z, a particle trajectory starting from z € Z can be expressed by

. 1 4in-1
{i1e(7) }nez+ = {E +3 > sen(Sk + Sk+l)} : (5.6)
k=0 neZ+

where (S,,n > 0) is a simple symmetric random walk started from Sy = 0.
By Donsker’s theorem, this implies the scaling limit result
finz(n+)

/L = o dml) in (YN  far anv » € 7. (R
n ﬂ—*m LA LY £ - . -

Now, we would like to generalise (5.7) to deal with joint distributions of
finitely many trajectories, and in particular we want to compute the scal-
ing limit of the collision time of two particles. But the simple representa-
tion (5.6) works only for one particle path. So we have to construct multiple
particle paths on the same probability space. This can be done by using the
profile function machinery of Section 5.3.2 as follows.

Let ®y(-) € D(R) be an arbitrary initial underlying profile function.
Further on we shall leave out the index 0 and write it simply as ®(-). We
assume the following natural condition:

lim inf ®(z) = liminf ®(z) = —o0.
T—+00 T——00




5.6. BROWNIAN FLIGHT PROCESS AND PARTICLE PATHS 7

As we shall see, this assumption in fact means that any two particles will
eventually collide. One could (with very slight modifications) adapt the
following construction to a general ®.

We also use the notation

d(zt) = liﬁ}l O(z £¢),

and similarly for any other function.

We say that a particle starts from z € R if ®(-) is not constant in the
neighbourhood of z. Let us denote by {£(®, z,t)};cr+ the trajectory of the
tagged particle which starts at such a point z. It is defined as follows. Let
h € R be an auxiliary variable.

lz(h) = sup{y <z:®(y) <h},

r-(h) = inf{y >z :®(y) < h},
1

Gx(h) = E(T:r (h) - l:r:(h))a
xe(h) = 5 (re(h) +Lu(h),
h* = h*(®,z,t) = sup{h € R:0;(h) > t},
§I(t) = ‘f(@:mat) =
. Xm(h'*) if f?m(h*) = Gz(h* +)

- * z{(h*)—xz(h" * . * * 5.8
{ xa(h+) + S (g (e r)) if 0,(h°) # Oa(h4).  OD)

This construction is illustrated by Fig. 5.1 and 5.2 in the end of the article.
Note that ¢ is invariant under scaling of ®: For all A > 0, z € R and

t _>— 0'!
E(AD, z,t) = £(D, , t). (5.9)

It is straightforward to see that A* is the minimum of the underlying
profile function ®; in the vicinity of the tagged particle position at time ¢:
h* = min{®:({(P, z,t)), ©:(&(P,z,t)—)}. 6:(h*) and x(h*) are the time
and the spatial location of the first collision of the tagged particle at or
after time ¢. l;(h*) and r.(h*) are the starting points of the two particles
which take part in this collision and which did not change their direction of
movement before it.

Note that h + [y(h) is non-decreasing and that A +— 7 (h) is non-
increasing. Therefore 6;(-) is non-increasing, and for any ® € D(R) and
zeR

lga:(h') - ex(hr)‘ > |X1:(h) - X:c(hf)l Vh, h' € R (5'10)
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From this by a simple reasoning it is clear that all trajectories (@, z, -) are
Lipschitz-continuous of order 1:

l€a(t) — &) < [t~ | V@€ D(R), z€R, tERT. (5.11)

Note however that some particles can move with speed slower than 1: For
instance if  is a local minimum of @, then |,(0)| < 1.

Suppose that ®(+) is not constant in the neighbourhoods of z and y € R,
z < y. Let us define the coalescence time T, ,(®) by the formulae:

9zy = inf{®(2), z € (z,9)},
Ty = Tz,y((p) = 0z(9gzy)- (5.12)
The name “coalescence time” is explained by

Proposition 5.7 Let z and y be as in the above definition. Then the par-
ticles which start from z and y coalesce at time Ty 4(®), i.e.

€(¢)$1 t) 5& 5(‘1’,% t) 2f t < TZ&‘(‘I’)'}
f(@,.’ﬂ, t) = 6(@) y)t) 2f t 2 TI,y((D)'
First we shall prove a technical lemma.

Lemma 5.8 For all h € R, for all z € R,

£:(0:(h)) = xz(h) Vz € [l-(h),r=(h)]. (5.13)
Moreover, if lz(h+) < rz(h+) then
€:(0z(h+)) = xa(h+) Vz € (lz(h+), 2(h+)). (5.14)

¥root of Lemma 5.5. By the dennivion, &.(i}, 7./}, 0.(1t) aud X.(/s) arte
constant in the interval [Iz(h),rz(h)]. (5.13) follows directly. (5.14) follows
from (5.13) and the left-continuity of I;(-),rz(-),0:(-) and xz(+) O
Proof of Proposition 5.7.

(i) First we consider the case t = T;,. Since z,y € [lz(9z,y), Tz(gzy)];
by (5.13) we have £z(T% ) = &y(T%y)-

(ii) Now we consider the case t > Ty ,. It follows directly from the defini-
tions, that

h*(®,z,t) < h*(®,2,T5y) < gz,
0:(h) = 0y(h) Vh < gpy,
xz(k) = xy(h) Vh < gzy.
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By (5.8) it follows that &;(t) = &, ().

(iii) And finally we consider the case t < Ty ,. Let us assume first that
h*(®,z,0) > gry and h*(D,y,0) > gz4; (Recall that h*(®, 2,0) = min{®(z),
®(z—)}). By (5.14) we have ;(02(92y+)) = Xe(92,y+)- By the Lipschitz-
continuity (5.11), this means that

‘Ez(t) < Xa:(gx,y+) + (gsc(g:t,y"") - t) = T:c(ga:,y"') —-t, Vi€ [01 91(93,y+)]'

On the other hand, the assumption h*(®,y,0) > g,y implies that y >
73(gz,y+), and hence

&(t) > ro(gayt) —t, VEERT.

This proves that &,(t) < &(t), t € [0,0z(gzy+)]- An analogous argument
shows that the same inequality holds for ¢ € [0, 6,(gzy+)]. In the remaining
interval [max{0;(gzy+),0y(9z,y+)}, Tzy] both particles move along non-
parallel rectilinear paths, which start at two different points and collide at
time Ty, according to (i). Therefore, the two paths do not intersect before
Ty y-

In the case h*(®,z,0) = gzy: 0z(9zy+) = 0, X2(9zyt+) = =, and the
particle moves rectilinearly from time 0 to T, which makes the proof just
simpler. The same holds if h*(®,y,0) = g4y- 0O

The definition (5.8) works correctly for the discrete CIG (see Fig. 5.1 in
the end of the article):

Proposition 5.9 The CIG particle trajectories 7,(t) defined in the begin-
ning of this section can be expressed in terms of the underlying profile func-
tion ® = @ in the following way:

() = €(,z,t), z € Z,t € RT. (5.15)

The proof is straightforward, since in Section 5.3.2 it is shown that the
profile function ® indeed corresponds to the CIG.

5.7 Coalescing flight processes

The particle path construction of the previous section (5.8) can also be ap-
plied to the Brownian continuous system: In this case we define the particle
trajectories by

ne(t) = €(B,z,t), z € R, t € RT, (5.16)
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where R 3 = — B, is the Brownian profile function, i.e. a two-sided Brown-
ian motion, just as in section 5.4. We call the family {7z(+)}zer a system of
coalescing flight processes (in short: CFP). This name is justified by Propo-
sitions 5.7 and 5.10.

Proposition 5.10 i) The CFP particle trajectories are equidistributed with
the Flight Process: For all fized xz € R,

n2(-) £z + (). (5.17)

i1) CFP 1s self-similar in distribution, as space and time scale by the same
factor: For all a > 0,

{M

d
} L0 . (5.18)
a ZER,IERT

Proof. (i) Without loss of generality we assume z = 0. Define the sets:
Mgr = {a>0:(3c>0) such that B, =inf{B, : z € [0, + €]}}
M; = {a<0:(3e > 0)suchthat B, = inf{B, : z € [a — ¢,0]}}

The sets Mg and M, are countable, so we can list their elements as

Mp={ai:i=1,23,...} My={a:i=-1,-2,-3,...}

For convenience we shall denote ap = 0. Denote also:

hi = By, 1€ Z,

g = inf{z>a;:B,=h;}, if i>0
¢ sup{z < a; : B, = h;}, if 1 <0,

( el o0 . D — B W oasSN
N = MAp L~ o v s ey “iy e
: i inf{z>0:B, =h;}, if i<,
pi = lai—xl, €L,
oi = |Bi—ml i€ Z.

Note that by the above definitions we have

7% <0< a; < B for i >0,
a0=30=70=0a
Bi <o <0<y for 1 <0.

The following lemma states well known pathwise properties of Brownian
motion:
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Lemma 5.11 For almost all Brownian profile functions B.,

(i) {h; : 1 € Z} is dense in (—00,0],

(ii) for any 1,5 € Z with 1 # j one of the following two alternatives holds:
e either h; < h; and in this case o; < p;,
e or hj < h; and in this case 0; < pj.

Indeed, (i) follows from the fact that a.s. the heights of the local minima
of Brownian motion form a dense set in R; (i¢) is a consequence of the fact
that a.s. there are no two local extrema of the same hight.

From this simple lemma it immediately follows that the closed intervals
[pi,;], © € Z are pairwise disjoint and their union is dense in Rt. Given
this fact we can define the function Rt 3 s+ X, € R as follows:

By — hi if s € [p;,0;] for some i >0
Xs={ —B_gyy, +hi if s € [pi,0;] for some i <0
0 if s ¢ Uicz[pi, 0il.

In plain words this definition means the following: we take the two indepen-
dent (one-sided) Brownian paths Bs, s > 0 and B, = B_;, s > 0 and we
define the processes
Rt = Bt - Olgzgt Bs, R; = B; - 021.326 B:

It is well known that R. and R! defined this way will be two independent
Brownian motions reflecting from 0. X. is obtained by “gluing together R.
and —R! according to their local time at 0”, i.e. the excursions of R. and —R!
away from 0 are glued together according to the a.s. well defined order of
their occurrence. X. obtained this way is an other Brownian motion. Finally,
it is straightforward to see that in case of a Brownian profile function (which
is a.s. continuous, has no points of increase or decrease and has no two local
extrema of the same height) the definition (5.15) of ng(t) is equivalent to

no(t) = fo *sen(X,)ds.

(ii) Self-similarity follows from the self-similarity of Brownian motion and
of £ (5.9), and from (5.16):

{ Naz (at) } {ﬁ(B, az,at) }
« ZER,LERT o ZER, tERT
a Sz o 12 B,,, az,

at)
}:cER,tGR+

{ (87
= {&(a”'/?B,z, t)}eer, ter+
= {g(Bizrt)}mER,tER“' = {ﬂz(t)}xen,geg+- O



82 CHAPTER 5. HYDRODYNAMIC LIMITS

Now we can compute the coalescence time Ty, = Ty ,(B) of two tagged
CFP particles (5.12):

Proposition 5.12 Let Z denote a standard stable random variable of index
1/2 (i.e. that has the same law as the hitting time of 1 by a standard
Brownian motion started from 0) and let W denote a Brownian motion with
Wo = 0, that is independent of Z.
For the CFP system, for any z,y € R: z < y,

Loy dq 4 Y04 wi—an)22), (5.19)

y—x 2
where I} = infyc[p 1) Ws. In other words, 2Ty — 1 is distributed with the
density

2t1/2

w(t+ 1)2

Proof. The first relation in (5.19) is clear from the self-similarity of CFP (5.18).
From the definition of 7%, (5.12) it is clear that

on R*. (5.20)

Toy = %(sup{s <0:Bs<L}+inf{s>1: B, < I;}).

Conditionally on {B;,s € [0,1]}, sup{s < 0: B; <1} and inf{s > 1: B, <
I} — 1 are independent and their laws are respectively identical to that of
I?Z (i.e. the hitting timc of I; by z = B_,) and (B; — I;)?2Z (ie. the
hitting time of I; — By by = — By, — B;). Hence, as I; < 0 and I; < By,
we get (using the fact that Z is stable of order 1/2) that

d 1

Toy = =(1+ (By —2I,)%2).

to|

Let us compute the density of (B; — 2I;)2Z. By integrating the joint
density of (B, 1),

\/g(a — 2b) e=(@=20)*/2 o {(a,b) :a > b, b < 0} (see [14], p.105) we obtain

P(By —2I; € [a,a + da))
da

1 0
_ EE/_QP(I’ € [b,b+ db],
Bi € 211 +a, 21 + a + da]) db

0
= f \/f—r (2b + o — 2b)e~(2b+a=20)*/2 g
—a

. \/gaze_“’ﬁ/2 fﬁ db = \/gaze_"'z/?.
T —a s
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It is well-known that

P(Z e [t,t+dt]) 1 o172t
di Vnt3
(see [6], p.353). Therefore, one easily gets (5.20). O

5.8 Invariance principle for particle paths

The following theorem shows that, under the natural scaling (5.18), any
finite set of CIG trajectories converges weakly to the corresponding CFP
trajectories:

Theorem 5.13 (Invariance principle for particle paths).
For any finite set X = {z1,...,2x} CR,

{ T}I_HIJ (nt)

n } ry {"?z( )}xeX,t€R+
zeX,tert

in the topology of uniform convergence on compacts on (C(R*))*.

First we state the B-a.s. continuity of a CFP particle path D(R) 2 B +
¢(B,z,-) in T(R,C(RT)):

Lemma 5.14 For almost all Brownian profiles B., for allT > 0, for allz €
R and alle > 0 there exist 6 = 6(B,z,e,T) >0, L = L(B,z,¢,T) € (—00,2)
and R = R(B,z,¢,T) € (z,00) such that for any profile function B. € D(R)
if sup{|B; — B,| : L < z < R} < & then sup{|¢(B,z,t) — £&(B,=,t)| : 0 <
t<T}<e.

Proof of Lemma 5.14. In order to simplify notation we shall denote
£.(t) = £(B, z,t) and &,(t) = £(B, z,t). Note first that due to Lipschitz con-
tinuity of ¢ — (B, z,t) (5.11) for any initial position z and profile function
B, it suffices to prove |¢(B,x,t) — £(B,x,t)| < ¢ for any t € R* fixed. We
shall prove it for ¢ = 1. Let the Brownian profile B. and the initial position
z € R be fixed. We shall exploit the following almost sure properties of the
Brownian profile function: (1) B is a.s. continuous; (2) B a.s. does not
have two or more local extrema at the same hight; (3) almost surely t =1
is not a collision time of the trajectory &.(t), ie. 6~ < 1 < 6%, where 6+
are defined below.
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Denote

h* = h*(B,z,1) = inf{h:0;(h) <1} =sup{h:0,(h) > 1},
= = L(h*F) = liﬁllm(h*q:s),
£

r¥ = rg(h*F) = limry(h*Fe),
el0

ot = S0t -1,

xt = —;-(ri+li).

Note that due to the continuity of B., we have
h* = Biz = B,x.
From the definition of the particle trajectories (5.8) it follows that

0t -1 _  1-6-
£(6%) = x*, &(l) = gr—p=x +b+—_—9—_x+-

From the fact that a.s. there are no two local minima of the same hight, it
follows that almest surely one of the following two alternatives holds: either
It =1~ <z <r~ <rt, in which case [T and r* are not local extrema and
r~ is a local minimum of B; or It < I~ <z <r~ =r7, in which case r*
and {™ are not local extrema and {~ is a local minunum of B. Assume the
first alternative and denote ! = I*. The proof for the second alternative is
analogous. Under this assumption we easily find

() =x"+(1-0")=x"—(6"-1).
Further on we denote

p = inf{B;:l+e<z<r” —¢},
v = min{inf{B,:l—e<z<I},inf{B,:rt <z<rt +¢}}.

Since there are no two local minima of B. having the same hight and [ and
r* are not local extrema of B, we have

v < h* < p.

We denote
0 = min{y — A", A* —v} >0
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and prove that for any B e D(R)

sup{|f?z-—Bz[ iz€(l—g,rt+e]} < g == fo(ll—éz(l)l < 2, (5.21)

from where the assertion of the lemma follows.
Indeed, it is straightforward to check that with this choice of d the as-
sumption in (5.21) directly implies the following inequalities:
BB 0 _
min{B;, B,-} < h* + 5 < inf{B,:z€{l+¢e,<r” —¢]};
min {inf{B, : z € [l - e 1]},inf{B, : z € [r*, 7T +¢€]}}

< h* — g < inf{B, : z € [I,r1]}.

From the first set of inequalities it follows that

~ ~ )
= = L(h*+ 5) € l,l+¢],
7 o= Ta(hT + g) Er —gr)

Similarly, from the second set of inequalities we get:

It = I(h - g) € [l —g,l],
7t o= ikt - g—) € [rt,rt +e)
Denoting
é:t — }-(fi _ z':l:)
=3 ,
o= %(f* +1%),

by the definition of the particle trajectories (5.8) we have
&(67)=x% and &) =x".

Clearly, §~ < 0~ and 6 > 6%, so we have 6~ < 1 < *. From Lipschitz-
continuity of the trajectory £;(t) it follows that

XT-@T -1 <&M <x +(1-6).
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Putting all the ingredients together we find
@ —0H)+xT—xN) <L) -&LL) <O -0+ E —x)

From the obvious bounds |§% — 6% < ¢, |[x* — x| < ¢ finally we get

1€2(1) — &:(1)] < 2e.

a

Proof of Theorem 5.13. We shall first show that the finite-dimensional
distributions of 9 converge under the scaling to those of 7:

{ ﬁl_n::j (nt)

n = {n:()}zex, ter (5.22)

}xEX, teT

for any finite sets X = {z;,...,zx} CRand T = {t;,...,4;} C R*.
Let us extend the definition of £;(t) (5.8), and hence that of 7j;(t) (5.15),
to all z € R by

& (t) = £(®,z,t) = £(@,sup{y < 2z : B(y) # (2)},t), € D(R), sER, tER".
For CIG it implies that

€ R*.

ok

fle(t) = ij|z){E), T € R,
Note that

filna) (n8) _ &(Bo, Inz,nt) _ &y, n,nt)

m L 1

= g(é((]n)a :'L',t).

Now the scaling limit (5.22) follows from Donsker’s theorem ([3], p.151) i.e.

™M) = B.

n—oo

and from the B-a.s. continuity of the functional £(-,z,t) : D(R) — R
(Lemma 5.14), by [6], Theorem 6.7 on page 365.
Now, let us note that, for any fixed z € R, k > 0, the sequence of
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is tight, since the trajectories are Lipschitz-continuous of order 1 (5.11) and
uniformly bounded in n. By Corollary 7 in [15], this tightness and (5.22)
are enough to prove Theorem 5.13. O

Let us denote, as in the previous section, the coalescence time of CFP tra-
jectories by Ty, = Tyy(B), and that of CIG trajectories by Ty = Try(®).
As one can expect from Theorem 5.13, an invariance principle holds for the

coalescence times also:

Theorem 5.15 For any =,y € R:

Tinajimyl _
n n—oo ~ Y

This theorem can be proven along similar lines as Theorem 5.13. We safely
leave it to the reader.
Recall that the explicit law of T , was derived in Proposition 5.12.
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Figures

== e
== — = —

Figure 5.1: Coalescing ideal gas trajectories 7;(t) = £(®g,z,t) and the
underlying profile functions &;(z) = (S;®0)(z).
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Figure 5.2: Coalescing flight processes 7;(t) = é(B, z,t) and the underlying

profile functions ®;(z) = (S:B)(z).
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Summary

Percolation and Coalescing Particle Systems

In this thesis we study the site percolation model, which describes con-
nectivity properties of infinitely large random graphs, and coalescing particle
systems, which model various aggregation and clustering processes in nature.

In Chapter 1 we introduce to the reader the considered models in the
context of current and previous research in the area. We discuss briefly
the main results of the following chapters and state several intriguing open
questions, which we were not able to answer in full generality, but which
inspired much of the research in the thesis.

In Chapter 2 (joint work with J. van den Berg) we obtain a new lower
bound for the critical probability of two-dimensional site percolation, by
refining a method of Menshikov and Pelikh [MP89].

In Chapter 3 (joint work with J. van den Berg) we use a percolation
approach to study a simple clustering process (coalescing particle system)
introduced by Coffman, Courtois, Gilbert and Piret [CCGP91]. We reduce
the problem of proving the local stabilisation of the process to a finite com-
putational problem. As an intermediate result, we improve the classical
necessary condition, involving crossing event probabilities, for percolation
in k-dependent random fields [CC86].

In Chapter 4 we study discrete and continuous variants of the one-
dimensional coalescing ideal gas model first mentioned by Fisch [Fis92].
We prove an isomorphism between the discrete model and a simple ran-
dom walk of one particle, and compute several key quantities characterising
the model, including the particle density at any time. In particular, we
prove the conjecture of Fisch [Fis92] about the asymptotic behaviour of the
particle density in this model.

In Chapter 5 (joint work with B. Té6th and W. Werner) we generalise
a representation, due to Belitsky and Ferrari [BF95], of the annihilating
ideal gas (Ballistic Annihilation) in terms of an underlying simple random
walk trajectory (profile function), so that it can deal with coalescing ideal
gas. This provides a unified view of annihilating and coalescing systems of
ballistic particles. We study the hydrodynamic limit of the systems, and
establish the weak limits of scaled particle trajectories and collision times.
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Samenvatting

Percolatie en Systemen van Samensmeltende Deeltjes

Dit proefschrift is gewijd aan het punt-percolatie model, dat de samen-
hangseigenschappen van oneindig grote stochastische grafen beschrijft, en
aan systemen van samensmeltende deeltjes, die verscheidene aggregatie- en
clusterprocessen in de natuur modellen.

Hoofdstuk 1 geeft een inleiding tot de beschouwde modellen in de con-
text van het huidige en vroegere onderzoek op het gebied. We geven een
overzicht van de belangrijkste resultaten van de volgende hoofdstukken en
stellen enkele boeiende vragen, die we niet in volledige algemeenheid konden
beantwoorden, maar die een groot deel van het onderzoek in dit proefschrift
inspireerden.

In Hoofdstuk 2 (gezamenlijk werk met J. van den Berg) wordt een nieuwe
ondergrens voor de kritische waarschijnlijkheid van twee-dimensionale punt-
percolatie verkregen, door het verfijnen van een methode van Menshikov en
Pelikh [MP89].

In Hoofdstuk 3 (gezamenlijk werk met J. van den Berg) gebruiken we
een percolatie-benadering voor het bestuderen van een eenvoudig cluster-
proces (systeem van samensmeltende deeltjes), dat door Coffinan, Courtois,
Gilbert en Piret [CCGP91]| was geintroduceerd. We brengen het probleem
van het bewijzen van de locale stabilisatie van het proces terug tot een eindig
rekenprobleem. Als een tussenresultaat, verbeteren we de klassieke noodza-
kelijke voorwaarde, uitgedrukt in kansen van oversteekgebeurtenissen, voor
percolatie in k-afhankelijke stochastische velden [CC86].

In Hoofdstuk 4 bestuderen wij de discrete en continue varianten van het
één-dimensionale samensmeltende ideale gas, dat voor het eerst in [Fis92]
werd genoemd. We bewijzen een isomorfisme van het discrete model met een
simpele stochastische wandeling van een enkel deeltje, en berekenen enkele
belangrijke grootheden die dit model karakteriseren, waaronder de dichtheid
van de deeltjes op ieder tijdstip. In het bijzonder bewijzen we het vermoeden
van Fisch [Fis92] over het asymptotische gedrag van de deeltjesdichtheid in
dit model.

In Hoofdstuk 5 (gezamenlijk werk met B. T6th en W. Werner) gene-
raliseren we een door Belitsky en Ferrari [BF95] gevonden uitdrukking voor
het annihilerende ideale gas (Ballistische Annihilatie) in termen van de baan
van een simpele stochastische wandeling (profiel-functie). Op deze wijze
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verkrijgen we een universele beschrijving van de systemen van annihilerende
en samensmeltende ballistische deeltjes. We bestuderen de hydrodynamisch
limiet van deze systemen en vinden de zwakke limieten van de (geschaalde)
deeltjesbanen en botsingstijden.
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PesomMme

Hepnonﬂnna U CHUCTEMEI COeIJHHAKINXCA YaCTHI

Dra AUccepTanmusa OOCBALIEHA MOAEJM NEePKOJIANWU, UIU IPOCAYU-
BaHUA, ONUCHLIBAIOUIEH CBOMCTBA CBA3HOCTH OECKOHEYHBIX CJYYalHBIX
rpa¢oB, ¥ CUCTEMaM COCAMHAIMMXCA (CHAMOAIOMMXCH) YACTUIL, MOLEIN-
pPyIOUUM PA3JNYHEBEIe NPONECCH 00beAMHEeRNs ¥ KOHIJIOMePanuy B IPHU-
poJze.

B nmepsoii rnaBe unTaTeN0 NpeIaraeTCA BB JeHMEe B PACCMaTpUBa-~
eMBle MOIETH B KOHTEKCTE TEKYIMX U IPEAbIAYIIUX HAYYHBIX HCCIe-
mnoBaHul B »TOM obsacTu. Mul BKkparne obcyXaaeM OCHOBHEIE De3YJb-
TATHl HOCJIENYIOUMX IJIaB, 1 CTABMM HECKOJIBKO MHTEPECHBIX OTKPBITHIX
BOIPOCOB, Ha KOTOPbIE MBI HEe HAILIM MCYEPILIBAIOWMAX OTBETOB, HO KO-
TOpbie TOOYAMIU HAC K MCCJIENOBAHMAM, IPEACTABJIEHHLIM B 3TOH auc-
cepTanui.

Bropas raaBa (coBMmectnas pabora ¢ f1. Ban ger Beprom) comepsxur
HOBYIO HW)KHIOK) ONEHKY IHOPOra mEePKOJIANMM IS OBYMEPHOU 3anadn
Y3JI0B, IOJNY4YEHHYIO IIYyTEM yCOBEPIIEHCTBOBAHMA METOHA, IPeIJIOKeH-
moro M. B. Mesbummkosum u K. 1. ITeauxom [MP89].

B rtperbei rnase (coBmectHaa pabora ¢ fl. Bar men Deprom) mu
OpUMEHSAEeM NEePKOJIATMOHHLIN HOAXOA B MCCJIENOBAHMM NPOCTOrO IPO-
necca Koursiomepanuu, npenoxersoro E.I'. Kopdpmarom ¢ coasropamm
[CCGPY1]. Mur cBoguM mpoGieMy KOKa3aTeNbCTBA JIOKAJbHOM cTabu-
AU3aNUM BTOr0 IpOnecca K KOHEYHOH BLIYMCIMTENLHOM npobueme. B
Ka4yeCTBe IPOMEXKYTOYHOrO Pe3yJbTaTa, MBI YIYYIIAEM KJIACCHYECKOE
HeoOXommuMoe yCinoBUe NEPKONANUU I K-3aBUCUMBIX CJIy4YalHBIX IOJ-
eif, couepskamee BEPOATHOCTH Hepeceydenna npamoyroasaukos [CC86).

B rnase 4 Mbl M3y4daeM OAUCKPETHHIN U HeIPEPBIBELIA BAPUAHTEL O XHO-
MEepHON MOJeNy COenWHAIOWErocAa MACAJLHOIO ra3a, BOEPBHIE YIOMHU-
HaBueica P. ®umem [Fis92]. Mu aokassiBaeM u30oMOpOU3M MeEXIY
BHIIEHA3BAHHON AMCKPETHOM MOJENbIO M HPOCTHIM CJAyYaWHBIM OJiyx-
MaHUEM OOHON YaCTUNBI, M BBIYMUCISAEM HECKOJBLKO KJIIOUYEBHIX BEJIUYMH,
ONMCHIBAIOUUX BTY MOJENb, B TOM UKUCJIE€ HIOTHOCTL YACTHUI B NPOU3-
BOJNBLHEIA MOMEHT BpeMeHN. B 4duciie npoyero, Mbl JOKa3bIBA€M T'MIOTE3Y
P. ®uma [Fis92] 06 acuMnrormyeckoM NOBeNEHNH NIOTHOCTH YACTHI B
BTOM MO IeJIH.
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B raase 5 (cosmecrmas pabora ¢ B. ToroM u B. Beprepom), Mul
o6obmaem npemnoxernnyio B. Bemunkum u A. ®Peppapu [BF95] xos-
CTPYKIMIO aHHATMJIMPYIOIEr0 UAEATbHOro rasa (fanancTuyeckoit apam-
TUIANMKA) HAa OCHOBE TPAEKTOPUM IOPOCTOr0 CJydYaifHOro Oy KamEus
onmo# yacTunbl (yHKOMM-IPOGHUIA), TaK YTO OHA PACHPOCTPAHAETCA
M Ha COeIUHAIOMMICA uaeatsHb ra3d. Takum oOpa3oMm, MBI mpenia-
raeM eIWHBIH B3TJAM Ha CUCTEMbI AHHUTWIAPYOIUX U COeTUHAIOUUXCA
Sannucruyeckux yactun. Mu uccrenyeM rupoaMHEaMUYECKUHA npenen
STUX CUCTEM, U HAXOAUM cyalble npeselibl MACIITAOMPOBAHHBEIX TPAaeK-
TOPHMH YaCTUI ¥ BPEMEH CTOJKHOBEHMA.
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