
































































































































































5.4. THE BROWNIAN CONTINUOUS SYSTEM 73 

and left-increase play here a different role due to the non-symmetry of the 
definition of St (we used inf and not sup). 

Clearly, the definition of implies that x E lR is a point of right-increase 
of if and only if, for all y E (x - t, x + t], By > Bx-t· 

Let us now define the set 

Ht = {x E IR : x is a point of right-increase of 

We are now going to show that Ht and At differ by at most countably many 
points. Clearly, Ht c At. Suppose for a moment that x E At\ Ht. As 
x f/. Ht, there exists y E (x - t, x+tJ such that By:::; Bx-t· As x E At \Ht, it 
is a point of left-increase of <l>t, and this implies readily that Bx-t = <I>t(x). 
Hence one of the following two events is necessarily true: 

• Bx-t = Bx+t {in other words y = x + t) . 

• y is a local minimum of B (this happens if y =/= x + t). 
Note now that for any rational number q E Q, there can exist only one 
x E (q - t, q + t) such that Bx-t = Bx+t and for all ;q E (:r - t, x + t), 
Bz Bx-t· Hence, almost surely, for all t > 0, 

{x E Ht \At : Bx-t = Bx+t} is at most countable. (5.2) 

Let us now consider the case where y is a local minimum of B. Note that 
any two local minima of B do occur at different heights ( a.s B only countably 
many local minima). Hence, 

x - t = sup{z < y : Bz =By}· 

In other words, there exists a surjection of the set of local minima of B onto 
the set 

{x E Ht \At : :ly E (x - t, x + t), Bx-t =By = <I>t(x)} 

which is therefore also at most countable. 
Finally, putting the pieces together (using (5.2)), we get that almost 

surely, for all t > 0, 

Ht \At is at most countable. (5.3) 

Suppose now for a moment that x E Hi. In particular, this implies (by 
continuity of B and because for ally E {x - t, x + t], By > Bx-t) that there 
exists a rational q > x + t, such that 

x - t = sup{y < q : By< Bx-t}· 
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Similarly, for all z E (x - t, x) that is a point of right-increase of <l>t, the 
previous observation yields readily that 

z - t = sup{y ~ x - t : By = Bz-t}· 

But as for ally E (x - t, q], By> Bx-t > Bz-t, we get 

z - t = sup{y < q : By = Bz- t}· 

Hence, Ht n (x - t, x) corresponds exactly to hitting times of its maximum 
of the reversed process started at q. More precisely, 

Ht n (x - t,x) = {y + t E (x - t,x) : Wi-y = sup Wq(·)} 
[.O,q-y] 

where Wq(·) = B(q) - B(q - ·). Hence, combining this with (5.1) implies 
that for all a E (x - t, x), 

h1;2(Ht n {a,x)) = Bx-t - inf B11 = <l>t(x) - min<l>t(-). 
yE[a-t,x-t] [a,x] 

This implies (using Proposition 1-(ii) and (5.3)) all results dealing with At 
stated in the Proposition. Those concerning A'; are derived via a symmetry 
argument. D 

5.5 Invariance principle for the profile function 

Given a discrete (annihilating or coalescing) particle system started from 
the integer lattice points, as described in Section 5.3, denote by ~o(x) its 
protile tunct1on, i.e. tne total cnarge m the mtervai i>etween ti:1e origin am.i 
the point of coordinate x, at time 0: 

{ 

LiEZn(O,x] mi 

~o(x) := ~ LiEZn(x,o] mi 

if 
if 
if 

x>O 
x<O 
x=O, 

(5.4) 

where the mi are i.i.d. charges with E(mi) = 0 and E (mt) = 1. We now 
introduce the time-evolved profile 

that is the profile function at time t. 



5.5. BROWNIAN FLIGHT PROCESS AND PARTICLE PATHS 75 

The formalism introduced in the previous sections helps us to formulate 

and prove immediately functional limit theorems (invariance principles) for 

the rescaled profile function ~(N) defined as follows: 

Using Proposition 5.1, (iii) and (iv), it is straightforward to check that 

,i,.(N) _ S ,i,.(N) 
'*'t - t'*'o · 

Hence we directly conclude the following functional limit theorem for the 

profile function evolving in time: 

Proposition 5.4 The sequence (<P~N) (-)) = S(~(N)) converges weakly in 

T(IR+, D(IR)) (endowed with the 'uniform uniform topology') to S(B) when 

N-+ oo, where B is a two-sided Brownian motion with Bo = 0. 

Indeed: This proposition follows directly from the weak convergence ~~N) => 

B in D(IR) and t he continuity of S: D(lR) -t T(JR+, D(JR)) . 

5 .6 Brownian flight process. Particle paths in co­

alescing systems 

From now on we shall concentrate on t he systems of coalescing particles. 

More precisely, we are going to study the scaling limit of trajectories of 

individual particles in the coalescing ideal gas. For this purpose we introduce 

Definition 5 .5 The {Brownian) flight process is 

1J(t) =lot sgn (Ws) ds, t E IR+. (5.5) 

Here, as earlier, W. is a one-dimensional Brownian motion started from O. 

This process consists of countably many linear segments with slopes ± 1 
("flights"). The length of each segment is distributed as the length of an 

excursion of Brownian motion. 

Proposition 5.6 i) The flight process is self-similar in distribution 

TJ(a·) d 17( • ), 'Va E IR+ \ {0}; 
a 
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ii) The density of 17(t) on (-t, t) is 

dy 

1rJt2 - y2. 

Proof. i) follows from the self-similarity of Brownian motion, and ii) is a 
direct consequence of the Arcsine law of J0

1 l{w .. >o}ds (see e.g. [14], p.255). 
0 

The Brownian flight process is important for us, because, ~ we shall see 
below in {5.7), it is the scaling limit of a trajectory of a coalescing ideal gas 
particle. 

Consider the coalescing ideal gas system ( CIG), as described in Sec­
tion 5.3.2, with the initial particle set Ao = Z, their masses Mx distributed 
exponentially with parameter 1, and velocities Vx equal to + 1 or -1 with 
probability 1/2. Let ~o(x) be the corresponding profile function, as defined 
in (5.4). Let us denote by { iJx{t)}tER+ the path of the particle which starts 
at x E Z. The motion of the particle follows the motion of the corresponding 
discontinuity of ~t = Stio. 

Theorem 1 and Lemma 3 in [7] state that, for the CIG with initial particle 
set Z, a particle trajectory starting from x E Z can be expressed by 

{•i.{n)}nEz+ d { x + ~ &: sgn(St + SH1)} nEz+ ' (5.6) 

where (Sn, n > 0) is a simple symmetric random walk started from So = 0. 
By Donsker's theorem, this implies the scaling limit result 

iJnx(n·) ~ ,.,. ..J- ,..,(. \ in r.tr11+ \ {fi 7) n n-+oo . t ' / ' I ' ' , 

Now, we would like to generalise (5.7) to deal with joint distributions of 
finitely many trajectories, and in particular we want to compute the scal­
img limit of the collision time of two particles. But the simple representa­
tion (5.6) works only for one particle path. So we have to construct multiple 
particle paths on the same probability space. This can lbe done by using the 
profile function machinery of Section 5.3.2 as follows. 

Let ~o( ·) E D(IR) be an arbitrary initial underlying profile function. 
Further on we shall leave out the index 0 and write it simply as ~( ·). We 
assume the following natural condition: 

liminf4>(x) = liminf~(x) = -oo. 
x-++oo x-t-oo 
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As we shall see, this assumption in fact means that any two particles will 
eventually collide. One could (with very slight modifications) adapt the 
following construction to a general <P. 

We also use the notation 

<P(x±) = lim <I>{x ± c:), 
t:.l.O 

and similarly for any other function. 
We say that a particle starts from x E 1R if <P( ·) is not constant in the 

neighbourhood of x. Let us denote by {~(<P, x, t)}tER+ the trajectory of the 
tagged particle which starts at such a point x. It is defined as follows. Let 
h E 1R be an auxiliary variable. 

lx(h) 

rx(h) 

Bx(h) 

Xx(h) 

h* = h*(~,x,t) 

ex(t) = e(<I>,x,t) 

sup{y < x: <P(y) < h}, 
inf{y > x: <P(y) < h}, 
1 
2(rx(h) - lx(h)), 

1 
2(rx(h) + lx(h)), 

sup{h E 1R: Bx(h) > t}, 

{ 
Xx(h*) if Ox(h*) = Ox(h*+) 

= Xx(h*+) + ~: ~: =~: ~:: (t - Ox(h*+ )) if Bx(h*) =I Bx(h*+ ). {S.S) 

This construction is illustrated by Fig. 5.1 and 5.2 in the end of the article. 
Note that ~ is invariant under scaling of <I>: For all >. > 0, x E 1R and 

t > 0, 
~(,\<I>, x, t) =~(<I>, x, t). (5.9) 

It is straightforward to see that h* is the minimum of the underlying 
profile function <I>t in the vicinity of the tagged particle position at time t: 
h* = min{<Pt(e(<I>,x,t)), <Pt(e(<P,x,t)-)}. Ox(h*) and Xx(h*) are the time 
and the spatial location of the first collision of the tagged particle at or 
after time t. lx(h*) and rx(h*) are the starting points of the two particles 
which take part in this collision and which did not change their direction of 
movement before it. 

Note that h H lx { h) is non-decreasing and that h H r x ( h) is non­
increasing. Therefore Ox(·) is non-increasing, and for any <I> E D(R) and 
x E IR 

IBx(h) - Ox(h')I > lxx(h) - Xx(h')I Vh, h' E JR. (5.10) 
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From this by a simple reasoning it is clear that all trajectories ~(<I>, x,-) are 
Lipschitz-continuous of order 1: 

l~x(t) - ~x(t'}I < It - t'I \;/~ E D(JR), X E lR, t E IR+. (5.11) 

Note however that some particles can move with speed slower than 1: For 
instance if x is a local minimum of~' then ltJ~{O}I < 1. 

Suppose that ~( ·) is not constant in the neighbourhoods of x and y E lR, 
x < y. Let us define the coalescence time Tx,y (<I>) by the formulae: 

9x,y - inf{ ~(z), z E (x, y)} , 
(5.12} 

The name "coalescence time" is explained by 

Proposition 5. 7 Let x and y be as in the above definition. Then the par­
ticles which start from x and y coalesce at time Tx,y(~), i.e. 

{(~,x,t) "I= {(<I>,y, t) if t < Tx,y(~), 
e(<I>,x,t) = e(<I>,y,t) if t > Tx,y(<I>). 

First we shall prove a technical lemma. 

Lemma 5.8 For all h E IR, for all x E IR, 

f*{IL(h.)) = y _{h) \fz E fl,..(h).r.,..(h}l. 
'3""' \ . ., \ ' ' , '-""" ' I .. - "' , • - "" ,. ~ 

Moreover, if lx(h+) < rx(h+) then 

(5.13) 

~z (Ox(h+ }) = Xx(h+} 'Vz E (lx(h+ ), rx(h+ )}. (5.14) 

¥root ot Lemma o.lS. By tne <.ieiinitiuu, i.(h}, r.(h}, o.Ui} d.U.U x..\;"' cu t 

constant in the interval [lx(h) , rx(h)]. (5.13) follows directly. (5.14) follows 
from (5.13) and the left-continuity of lx(-),rx(·),Bx(·) and xx(-) D 

Proof of Proposition 5. 7. 
(i) First we consider the case t = Tx,y· Since x,y E [lx(9x,y) , rx(9x,y)) , 
by (5.13) we have ex(Tx,y) = ~y(Tx,y)· 
(ii) Now we consider the case t > Tx,y· It follows directly from the defini· 
tions, that 

h*(<l!,x, t) < h*(~,x, Tx,y) < Yx,y, 

Bx(h) = Oy(h) 'Vh < 9x,y, 

Xx(h) = Xy(h) 'Vh ~ 9x,y· 
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By (5.8) it follows that ~x(t) = ~y(t). 
(iii) And finally we consider the case t < Tx,y· Let us assume first that 

h* (<I>, x, 0) > 9x,y and h* (<I>, y, 0) > 9x,yi (Recall that h* (<I>, z, O) = min{ <I>(z), 
<.I>(z-)} ). By (5.14) we have ~x(Ox(9x,y+ )) = Xx(9x ,y+ ). By the Lipschitz­
continuity (5.11) , this means that 

On the other hand, the assumption h*(<I>, y, 0) > 9x,y implies that y > 
rx (gx,y+ ), and hence 

~y(t) > rx(9x ,y+) - t, 'eft E IR+ . 

This proves that ~x(t) < ~y(t) , t E [O, Ox(gx ,y+ )]. An analogous argument 
shows that the same inequality holds for t E (0, Oy (Yx ,y+)]. In the remaining 

interval [max{ Bx(9x,y+ }, 8y(9x,y+ )}, Tx,y] both particles move along non­
parallel rectilinear paths, which start at two different points and collide at 
time Tx,y, according to (i). Therefore, the two paths do not intersect before 

Tx,y· 
In the case h* (<I>, x, 0) = 9x,y: Bx(gx,y+) = 0, Xx(9x,y+) = x, and the 

particle moves rectilinearly from time 0 to Tx,y, which m akes the proof just 
simpler. The same holds if h*(<I>, y, 0) = 9x,y· O 

The definition (5.8) works correctly for the discrete CIG (see Fig. 5.1 in 
the end of the article): 

Proposition 5.9 The GIG particle trajectories i/x(t) defined in the begin­

ning of this section can be expressed in terms of the underlying profile func­

tion cl> = cf>o in the following way: 

A A + 
T/x ( t) = ~ ( <l>, x, t) , x E Z , t E IR . (5.15) 

The proof is straightforward, since in Section 5.3.2 it is shown that the 
profile function~ indeed corresponds to the CIG. 

5. 7 Coalescing flight processes 

The particle path construction of the previous section (5.8) can also be ap­
plied to the Brownian continuous system: In this cru:ie we define the particle 
trajectories by 

T/x(t) = ~(B, x, t}, x E IR, t E IR+, (5.16} 
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where lR 3 x t-+ B,,, is the Brownian profile function, i.e. a two-sided Brown­
ian motion, just as in section 5.4. We call the family { 17xl-)}xER a system of 
coalescing flight processes (in short: CFP). This name is justified by Propo­
sitions 5. 7 and 5.10. 

Proposition 5.10 i) The CFP particle trajectories are equidistributed with 
the Flight Proc,ess: For all fixed x E Ill, 

d 
flx(·) = X + 77(•). (5.17) 

ii) CFP is self-similar in distribution, as space and time scale by the same 
factor: For all a> 0, 

{ 
'1ox(at)} d ( )} = {fJx t xER,tER+. 

a xER,tER+ 
(5.18) 

Proof. (i) Without loss of generality we assume x = 0. Define the sets: 

MR - {a> 0: (3£ > O) such that B 0 = inf{Bz: z E [O,a+ cl}} 
ML - {a< 0: (3e > O) such that Ba= inf{Bz : z E [a - e, O]}} 

The sets MR and ML are countable, so we can list their elements as 

MR= {ai: i = 1,2,3, ... } ML= {ai: i = -1, -2, -3, ... } 

For convenience we shall denote ao = 0. Denote also: 

( ~- -~ C - ./ f\ • D - J.. . 1 

'Yi - l t,J u. .t-' l - --= - . - ,(,. .. "'¥. J ' 

inf{z > 0: Bz =hi}, 

Pi - lai - "Yil, 
ui - I.Bi - "Yil, 

i E Z, 

i E Z. 

Note that by the above definitions we have 

if i 2'.'. 0 
if i < 0, 

if i < 0, 

"Yi < 0 < lli < /Ji 

ao = f3o ='Yo= 0, 

,Bi < O:i < 0 < "Yi 

for i > 0, 

for i < 0. 

The following lemma states well known pathwise properties of Brownian 
motion: 
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Lemma 5.11 For almost all Brownian profile functions B. , 
{i) {hi : i E Z} is dense in (- oo, OJ, 

81 

(ii) for any i, j E Z with i =f. j one of the following two alternatives holds: 
• either hi < hj and in this case Oj < Pi, 
• or hj < hi and in this case O'i < Pi. 

Indeed, (i) follows from the fact that a.s. the heights of the local minima 
of Brownian motion form a dense set in IR; (ii) is a consequence of the fact 
that a.s. there are no two local extrema of the same hight. 

From this simple lemma it immediately follows that the closed intervals 
[Pi, ai], i E Z are pairwise disjoint and their union is dense in JR+ . Given 
this fact we can define the function JR.+ 3 s f-t Xs E lR as follows: 

{ 

Bs+i; - hi ifs E [pi, aiJ for some i > 0 
Xs = - B-s+'Yi +hi ~f s E [pi, ai] for some i < 0 

0 Ifs fj. UiEz(Pi, O'i] · 

In plain words this definition means the following: we take the two indepen­
dent (one-sided) Brownian paths B 5 , s > 0 and B~ = B _9 , s > 0 and we 
define the processes 

Rt = Bt - min B s, 
O<s<t 

R I B' . B' t = t - m1n s · 
o::;s9 

It is well known that R. and R~ defined this way will be two independent 
Brownian motions reflecting from 0. X. is obtained by "gluing together R. 
and -R'. according to their local time at O", i.e. the excursions of R. and -R~ 
away from 0 are glued together according to the a.s. well defined order of 
their occurrence. X. obtained this way is an other Brownian motion. Finally, 
it is straightforward to see that in case of a Brownian profile function (which 
is a.s. continuous, has no points of increase or decrease and has no two local 
extrema of the same height) the definition (5.15) of 1Jo(t) is equivalent to 

rJo(t) = lot sgn(X8 )ds. 

(ii) Self-similarity follows from the self-similarity of Brownian motion and 
of~ (5.9), and from (5.16): 

{ 
1Jo:x(at)} 

a XER,tER+ 

_ { ~(B, ax, at)} 
a xER,tER+ 

d {~(x H- a-1/ 2 B 0 x, ax, at)} 
a xER, tER+ 

{~(a-1/2 B, x, t)}xER,tER+ 

{~(B, X, t)}xER,tER+ = {TJx(t)}xER,tER+· 0 
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Now we can compute the coalescence time Tx,y = Tx,y(B) of two tagged 
CFP particles {5.12): 

Proposition 5.12 Let Z denote a standard stable random variable of index 
1/2 (i.e. that has the same law as the hitting time of 1 by a standard 
Brownian motion started from 0} and let W denote a Brownian motion with 
Wo = 0, that is independent of Z. 

For the CFP system, for any x, y E IR: x < y, 

Tx,y d To 1 d -
2
1 (1 + (W1 - 2Ii)2 Z), 

y-x ' 
(5.19) 

where 11 = infsefO,l) W,,. In other words, 2To,1 - 1 is distributed with the 
density 

2t1/2 
7r(t + 1)2 on JR.+ (5.20) 

Proof. The first relation in (5.19) is clear from the self-similarity of CFP (5.18). 
From the definition of Tx,y (5.12) it is clear that 

To,1 = ~(sup{s < 0: B,, <Ji}+ inf{s > 1: Bs < 11}). 

Conditionally on {B5 , s E [0, 1]}, sup{s < 0: Bs <Ii} and inf{s > :iL: Bs $ 
11 } - 1 are independent and their laws are respectively identical to that of 
r 2 7 r: ~ •\...e i..:tt:ng '";me ,...f 1- bu ,.,. L....l. '1=l \ and IB• - f, )2 7. (i P thP .llLJ \l•t• ~1.l 1.l.l • <i• ·• V.L .&l J...,,' .._,_XJ \ J. •J./ - \•·-· .: -

hitting time of 11 - B1 by x t-t B1+x - B1). Hence, as Ii < 0 and /1 < B1, 
we get (using the fact that Z is stable of order 1/2) that 

d 1 2 
To,1 = ;;-(1 + (B1 - 21i) Z). 

Let us compute the density of (B1 - 211)2 Z. By integrating the joint 
density of (B1, Ji), 

~(a - 2b) e-(a-2b}
2
12 on {(a, b) : a> b, b ~ 0} (see [14], p.105) we obtain 

P(B1 - 211 E [a, a+ da]) _!_lo P(I (b b db] 
d d 

iE , + , 
a a -a 

B1 E (2/1 + a, 2/i + a + da]) db 

- Jo {'!_ (2b +a - 2b)e-(2b+o- 2b)2 /2db 
- Q v 1i 

- (2 ae-Q2 /2 ro db = f2 cx2e- Q2 /2. v; 1-a v; 



5.8. INVARIANCE PRINCIPLE FOR PARTICLE PATHS 

It is well-known that 

P(Z E {t, t + dt]) 
dt 

(see [6), p.353) . Therefore, one easily gets (5.20) . 

5.8 Invariance principle for particle paths 

83 

0 

The following theorem shows that, under the natural scaling (5.18), any 

finite set of CIG trajectories converges weakly to the corresponding CFP 

trajectories: 

Theorem 5.13 {Invariance principle for particle paths). 
For any finite set X = {x1, ... ,xk} C JR., 

{ 
Tllnxj (nt) } 

n n~ {77x(t)}xEX,tEIR+ 
xEX,tf R+ 

in the topology of uniform convergence on compacts on ( C (JR+) )k. 

First we state the B-a.s. continuity of a CFP particle path D(IR) 3 B H 

{(B ,x, ·) in T(IR,C(IR+ )): 

Lemma 5.14 For almost all Brownian profiles B. , for all T > 0, for all x E 

IR and all£> 0 there existc5 = 8(B, x,£, T) > 0, L = L (B,x,&,T) E (- oo,x) 
and R = R(B, x, €, T) E (x, oo) such that for any profile function B. E D(IR) 
if sup{]Bz - Bzl : L < z < R} < 8 then sup{ j{(B , x, t) - ~(B, x , t)I : 0 ~ 
t < T} <E. 

Proof of Lemma 5.14. In order to simplify notation we shall denote 
{x(t) = {(B, x, t) and ~x(t) = {(B, x, t). Note first that due to Lipschitz con­
tinuity oft H {(B, x, t) (5 .. 11) for any initial position x and profile function 

B, it suffices to prove l~{B, x, t) - ~(B, x, tH < £ for any t E JR+ fixed. We 
shall prove it for t = 1. Let the Brownian profile B. and the initial position 
x E 1R be fixed . We shall exploit the following almost sure properties of the 
Brownian profile function: (1) B is a.s. continuous; (2) B a.s. does not 
have two or more local extrema at the same hight; (3) almost surely t = 1 
is not a collision time of the trajectory ~x(t), i.e. o- < 1 < o+, where()± 
are defined below. 
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Denote 

h* 

z± 
r± -

9± -

x± -

- - ···- -· -----
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h*(B,x, 1) = inf{h: 8x(h) < 1} :::::: sup{h: Bx(h) > l}, 

lx(h*=F) = limlx(h*=Fe-}, 
E.!,.O 

rx(h*=F) = lim rx(h*=fc), 
e,!.O 

~(r± - l±), 

1 
-(r± + 1±) 2 . 

Note that due to the continuity of B., we have 

From the definitron of the particle trajectories (5.8) it follows that 

From the fact t.bat a.s. there are no two local minima of the same hight, it 
follows that almcst surely one of the following two alternatives holds.: either 
l+ = z- < x < T- < r+, in which case 1± and r+ are not local extrema and 
r- is a local minimum of B; or z+ < 1- < x < r- = r+, i.n which case r± 
and z+ are not loca.1 extrema and z- i:; a local minim.um of B. Assume the 
first alternative ud denote l = l±. The proof for the second alternative is 
analogous. Under this assumption we easily find 

Further on we denote 

µ - inf{Bz: l + c < z < r- - e}, 

v min. { inf { Bz : l - c < z < l}, inf { B z : r + < z < r + + c:}}. 

Since there are no two local minima of B. lhaving the same hight and l and 
r+ are not local extrema of B, we have 

v < h* < µ. 

We denote 
5 = min{µ - h*, h* - v} > 0 
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and prove that for any BE D(IR) 

- + 0 
sup{IBz- Bzl: z E (l-c:,r +c]} < 3 ==> ltx(l ) -fz;(l )I < 2c, (5.21) 

from where the assertion of the lemma follows. 

Indeed , it is straightforward to check that with this choice of o the as­

sumption in (5.21) directly implies the following inequalities: 

- - 0 -
min{Bt, Br- } < h* + 2 < inf{Bz : z E [l + e, < r - - c)}; 

min { inf{Bz : z E [l - c:, l]}, inf{Bz : z E [r+, r+ + t:]}} 

< h* - ~ < inf{Bz: z E [l, r+]}. 

From the first set of inequalities it follows that 

- 8 z- ·- lx(h* + 2) E [l, l + e], 

8 
r ·- rx(h* + 2) E [r- - c:, r-]. 

Similarly, from the second set of inequalities we get: 

Denoting 

l-+ - 0 ·- lx(h* - 2) E (l - c, l), 

r+ .- rx(h* - ~) E [r+, r+ + c:). 

e± .- ~(r± - [±), 

-± x ~(r± + f±), 

by the definit ion of the particle trajectories (5.8) we have 

Clearly, 8- < o- and 8+ ~ ()+, so we have 8- < 1 < o+. From Lipschitz­

continuity of the trajectory ~x(t) it follows that 
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Putting all the ingredients together we find 

From the obvious bounds 10± - 0±1 < E, Ix± - x±I ~ E finally we get 

llx(l) - ~x(l)! < 2c. 

0 

Proof of Theorem 5.13. We shall first show that the finite-dimensional 
distributions of fJ converge under the scaling to those of TJ: 

{ 
'7Lnxj (nt)} 

n n~ {TJx(t)}xEX,tET' 
xEX,tET 

(5.22) 

for any finite sets X = {x1, ... , xk} C Ill and T = { ti, ... , tl} C IR+. 
Let us extend the definition of ex(t) (5.8), and hence that of i/x(t) (5.15), 

to all x E IR by 

~x(t) = e(<P, x, t) =~(ell, sup{y < x : ~(y} ;/; ~(x)}, t), <PE D(IR), x E IR, t E IR+. 

For CIG it implies that 

~ 't' -~ 't' - ,- ?11 ~ ,- Tlll+ 1/:r;\)=7/lxJ\ha-c ... "«-c~. 

Note that 

'7Ln:z:J (nt) - e(c)o, LnxJ, nt) - ~(~o , nx, nt) - t(..i.(n) ) 
--=----"'--- - - - "' '*' 0 ' x) t . n '(£ H 

Now the scaling limit (5.22) follows from Donsker's theorem ([3], p.151) i.e. 

and from the B-a.s. continuity of the functional e(·, x, t) : D(IR) -+ 1R 
(Lemma 5.14), by [6], Theorem 6.7 on page 365. 

Now, let us note th.at, for any fixed x E lR, k > 0, the sequence of 
probability measures 

{ ({ 
7JLnxJ (nt)} ) } 

P n tE[O,kJ n~l 
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is tight, since the trajectories are Lipschitz-continuous of order 1 (5.11) and 

uniformly bounded in n. By Corollary 7 in [15), this tightness and (5.22) 

are enough to prove Theorem 5.13. D 

Let us denote, as in the previous section, the coalescence time of CFP tra­

jectories by Tx,y = Tx,y(B), and that of CIG trajectories by Tx,y = Tx,y(~). 

As one can expect from Theorem 5.13, an invariance principle holds for the 

coalescence times also: 

Theorem 5.15 For any x, y E IR: 

TlnxJ ,lnyJ T 
~ xy n n-+oo , 

This theorem can be proven along similar lines as Theorem 5.13. We safely 

leave it to the reader. 
Recall that the explicit law of Tx,y was derived in Proposition 5.12. 
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Figures 

x 

Figure 5.1: Coalescing ideal gas trajectories 1Jx(t) = e(~o , x,t) and the 
underlying profile functions ~t(x) = (St~o)(x) . 
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Summary 

Percolation and Coalescing Particle Systems 

In this thesis we study the site percolation model, which describes con­
nectivity properties of infinitely large random graphs, and coalescing particle 
systems, which model various aggregation and clustering processes in nature. 

In Chapter 1 we introduce to the reader the considered models in the 
context of current and previous research in the area. We discuss briefly 
the main resuUs of the following chapters and state several intriguing open 
questions, which we were not able to answer in full generality, but which 
inspired much of the research in the thesis. 

In Chapter 2 (joint work with J. van den Berg) we obtain a new lower 
bound for the critical probability of two-dimensional site percolation, by 
refining a method of Menshikov and Pelikh (MP89]. 

In Chapter 3 (joint work with J. van den Berg) we use a percolation 
approach to study a simple clustering process (coalescing particle system) 
introduced by Coffman, Courtois, Gilbert and Piret [CCGP91]. We reduce 
the problem of proving the local stabilisation of the process to a finite com­
putational problem. As an intermediate result, we improve the classical 
necessary condition, involving crossing event probabilities, for percolation 
ink-dependent random fields [CC86]. 

In Chapter 4 we study discrete and continuous variants of the one­
dimensional coalescing ideal gas model first mentioned by Fisch [Fis92]. 
We prove an isomorphism between the discrete model and a simple ran­
dom walk of one particle, and compute several key quantities characterising 
the model, including the particle density at any time. In particular, we 
prove the conjecture of Fisch [Fis92] about the asymptotic behaviour of the 
particle density in this model. 

In Chapter 5 (joint work with B. Toth and W. Werner) we generalise 
a representation, due to Belitsky and Ferrari [BF95], of the annihilating 
ideal gas (Ballistic Annihilation) in terms of an underlying simple random 
walk trajectory (profile function), so that it can deal with coalescing ideal 
gas. This provides a unified view of annihilating and coalescing systems of 
ballistic particles. We study the hydrodynamic limit of the systems, and 
establish the weak limits of scaled particle trajectories and collision times. 
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Samenvatting 

Percolatie en Systemen van Samensmeltende Deeltjes 

Dit proefschrift is gewijd aan het punt-percolatie model, dat de samen­
hangseigenschappen van oneindig grote stochastische grafen beschrijft, en 
aan systemen van samensmeltende deeltjes, die verscheidene aggregatie- en 
clusterprocessen in de natuur modellen. 

Hoofdstuk 1 geeft een inleiding tot de beschouwde modellen in de con­
text van het huidige en vroegere onderzoek op het gebied. We geven een 
overzicht van de belangrijkste resultaten van de volgende hoofdstukken en 
stellen enkele boeiende vragen, die we niet in volledige algemeenheid konden 
beantwoorden, maar die een groot deel van het onderzoek in <lit proefschrift 
inspireerden. 

In Hoofdstuk 2 (gezamenlijk werk met J. van den Berg) wordt een nieuwe 
ondergrens voor de kritische waarschijnlijkheid van twee-dimensionale punt­
percolatie verkregen, door het verfijnen van een methode van Menshikov en 
Pelikh [MP89]. 

In Hoofdst.uk 3 (gezamenlijk werk met J. van den Berg) gebruiken we 
een percolatie-benadering voor bet bestuderen van een eenvoudig cluster­
proces (systeem van samensmeltende deeltjes), dat door Coffman, Courtois, 
Gilbert en Piret [CCGP91] was geintroduceerd. We brengen het probleem 
van het bewijzen van de locale stabilisatie van het proces terug tot een eindig 
rekenprobleem. Als een tussenresultaat, verbeteren we de klassieke noodza­
kelijke voorwaarde, uitgedrukt in kansen van oversteekgebeurtenissen, voor 
percolatie in k-afuankelijke stochastische velden [CC86]. 

In Hoofdstuk 4 bestuderen wij de discrete en continue varianten van het 
een-dimensionale samensmeltende ideale gas, dat voor het eerst in [Fis92) 
werd genoemd. We bewijzen een isomorfisme van het discrete model met een 
simpele stochastische wandeling van een enkel deeltje, en bcrekenen enkele 
belangrijke grootheden die dit model karakteriseren, waaronder de dichtheid 
van de deeltjes op ieder tijdstip. In het bijzonder bewijzen we het vermoeden 
van Fisch [Fis92] over het asyrnptotische gedrag van de deeltjesdichtheid in 
dit model. 

In Hoofdstuk 5 (gezamenlijk werk met B. Toth en W. Werner) gene­
raliseren we een door Belitsky en Ferrari [BF95] gevonden uitdrukking voor 
het annihilerende idea.le gas (Ballistische Annihilatie) in termen van de baan 
van een simpele stochastische wandeling (profiel-functie). Op deze wijze 
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verkrijgen we een universele beschrijving van de systemen van annihilerende 
en samensmeltende ballistische deeltjes. We bestuderen de hydrodynamisch 
limiet van deze systemen en vinden de zwakke limieten van de (geschaalde) 
deeltjesbanen en botsingstijden. 
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Pe3IOMe 

IlepKOJIJill,HJI u CHCTeMbI coe,D;HBJIIOIIl.HXCJI qacTHD, 

8Ta ,ll,HCCepTaU.HJI .UOCBJilll.eHa MO,ll_eJJH rrepKOJIJIIJ;lrn:, HJIH rrpocaqH­

BaHHJI, OilHChlBalOrqei:i: CBOHCTBa CBJ13BOCTH 6eCKOHe"tJHblX cnyqaHBbIX 

rpa<f>oB, H CHCTeMaM coe,n;HHJII1l.HXCJI ( CJrnnaIO~HXC.R.) qaCTHJl., MO,ll,eJrn:­

pylOIIl.HM pa3JIH"tJHble rrpou;eccbl 06'be,~1rneu11n: H 1<oarn0Mepa1u11n B npu­

po..n.e. 

B nepBoi:i: rnane ~nlTaTemo npe..n.naraeTcH BBe..n.en11e B paccMaTp1rna­

eMhre MO,ll,eJIH B KOHTeKCTe Te1<ym.111x H npe,ll,bl)zyI1l.HX HayqHbIX UCCJie­

,ll,OBaHHH B 8TOH 06nacn11. Mbl BKpaTn,e 06cy:>K,n;aeM OCHOBBhle peJyJib­

TaThl IIOCJie,ll,ylOIIl.HX rJiaB, H CTaBHM HeCI<OJlbKO HHTepeCHbIX OTKphITbIX 

BOnpocoB, Ha KOTOpbie Mbl He HaIDJIH ncqeprrhIBalOIIl.HX OTBeTOB, HO KO­

TOpbre rro6y,n;Hmll Hae K MCCJie,ll,OBaHHJIM, rrpe,ll,CTaBJieHHbIM B ~TOH ,ll,HC­

cepT3I(HH. 

BTopaJI rnaea ( coBMeCTHaH pa6oTa c JI. BaH ,n;eH BeproM) co..n.ep:>KHT 

HOBYIO HH:>KHIOIO on;eHKY rropora rrepKOJIJU:~HH ,ll,JIJI ,ll,ByMepHOH 3a,ll,a'4:H 

y3noB, rronyqeHay10 rryTeM ycoBepmeHCTBOBaHHJI MeTo..n.a, npe,n;no*eH­

HOro M. B. MeHhIDHKOBbIM HK . .n. IleJIHXOM [MP89]. 

B TpeTbeii rnane ( conMeCTHaJI pa6oTa c JI. BaH .n.eH BeproM) MhI 

rrpHMeHJieM rrepKOJIJlll.HOHHhIH IlO,ll,XO,D; B HCCJie,D;OBaHHH npOCTOrO npo­

u.ecca KOHrJJOMepan.HH, npe,ll,JJO:>KeHHOro E. r. Kocf>cpMaBOM c coaBTOpaMH 

[CCGP91). Mbt CBO.ll.HM npo6neMy )l.OKa3aTeJibCTBa JIOKaJibHOH CTa6H­

mnau.1111 aToro npou.ecca 1< Koaeqaoi1: Bhl"tJHCJIHTeJihBoli rrpo6neMe. B 
Ka"tJeCTBe npoMe:>KyTO"tJHOrO pe3yJJbTaTa, Mhl yJiyqmaeM KJiaCCJP-IeCKOe 

Heo6XO)l.HMOe yc.nOBHe u e pI<OJIJlll.HH )l.JIJl k-3aBHCHMhIX CJIY'-!aHHhIX IIOJI­

eii, CO)(ep:>Kam;ee BepOHTHOCTH nepeceqem·rn rrpJIMOyrOJihHHKOB [CC86). 
B rnaae 4 MhI HJyqaeM )J.HCKpeTHhIH H HenpepbIBHhl:H nap11aBThl o~o­

MepHOH MO,n;eJm coe,n;nHJIIOII.(erocJI 11,n;ean:baoro ra3a, anepnhle ynoMH­

Hamueikn P. <I>mneM [Fis92). Mb! ,a_oKa3bIBaeM H30Mop<J>H3M MeiK,ll,J 

BblmeHa3BaHHOH ,Ll,HCKpeTHOH MO.n;eJJblO H upOCTbIM CJiy-tlaHHbIM 6Jiy)f{­

,.nauReM O,Ll,HOH qaCTHIJ;hl, H BhI"tJHCJIJieM HeCI<OJibKO KJIIO"tJeBblX BeJIH~nrn, 

OllHCblBaIOlll.HX 'OTY MO,ll.eJib , B TOM "tJHCJie llJIOTHOCTb l.JaCTHil. B npOH3-

BOJihHb1H MOMeHT epeMen11. B "tJHCJie rrpoqero, Mhl ,ll,OKa3bIBaeM r11n0Te3y 

p. <i>HIIIa [Fis92] 06 aCHMIITOTHl.{eCKOM IIOBe,l(eHHH IIJIOTHOCTH qacTHU. B 

'OTOH MO,ll_eJIH. 
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B rnaee 5 (coeMeCT11an pa6oTa c B. ToToM H B. BepnepoM), Mbl 

o6o6maeM npe,n;no>1<euny10 B. BeJIHil.KHM H A. <l>eppapH [BF95] KOB­

CTPYKil.HlO aanHrHJIHpyromero H,n;eanbHoro ra3a ( 6aJIJIHCTHl.leCKOH aHHH­
I'HJIHil.HH) ua OCHOBe TpaeKTOpHH npoC':roro cnyqa.liHoro 6Jiy>K,n;aHHJI 

O)J;HOH qacTHil.bl ( <f>yHKil..HH-npo<f>HJIJI)) TaK l.ITO oua pacnpOCTpaHJleTCJI 

H na coe,n;HHJ110mHHCJ1 H,n;eaJibHblH ra3. Ta1mM o6pa3oM, Mbl npe,n;na­

raeM e,n;HBblH B3I'JIJl)J; Ba CHCTeMbI aHBHI'HJIHpyromHx H coe,n;HHJIIOmHXCJI 

6aJIJIHCTH'lleCKHX 1:.1aCTHil.. Mw Hccne,n;yeM rH,n;po,n;HHaMHqecKHH npe,n;en 

C.THX CHCTeM, H HaXO~M cna6hle npe,n;eJihl MacmTa6HpOBaHHhIX TpaeK­

TOpHH qaCTHU. H BpeMeH CTOJIKHOBeHHJI. 
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