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Chapter 1

Introduction

In this thesis, efficient and robust methods are developedefmolving the effect of
physical uncertainties on the solution of numerical flow fiaidl-structure simulations
reliably and at low computational costs. This chapter staith a general introduction
into the topic of uncertainty quantification in section Iiisection 1.2 recent advances
in the development of uncertainty quantification methodsfomputational fluid dy-
namics (CFD) and fluid-structure interaction (FSI) are clketl. In parallel an outline
of this thesis is given.

1.1 Uncertainty quantification

The nature of the physical uncertainties present in praltiall engineering problems
is discussed in section 1.1.1. In section 1.1.2 a probébifimmework is selected to
describe the physical variations. The resulting matherabtbrmulation of the uncer-
tainty quantification problem is given in section 1.1.3.

1.1.1 Physical uncertainty

Analytical solutions of the Navier-Stokes equations offloiechanics have so far been
found only for a limited number of relatively simple casesgiheering flow problems
are usually solved numerically, which gives rise to diseegton and iteration errors.
In contrast with analytical solutions, these numericalragpnations contain no in-
formation about the influence of parameter variations orstiietion. The increasing
availability of computational resources and fast algonshhas until now, however,
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mainly been invested into reducing the numerical erroromputational predictions.
As a result, numerical errors in industrial simulations adays start to reach accept-
able engineering accuracy levels. The effect of variationghysical parameters is
usually not quantified in a systematic way. Instead, contjmuta are performed for a
set of fixed input parameter values only.

Physical uncertainties are, however, present in virtuallyengineering applica-
tions. These uncertainties originate from, for exampleying atmospheric conditions
(free stream velocity, angle of attack), wear and tear, andyzction tolerances affect-
ing material properties (mass, stiffness, internal dagpdistributions) and the geome-
try (shape, surface roughness). They enter the compushpooblem through physical
input parameters, and initial and boundary conditions.s€haherent physical varia-
tions in the system and its environment are known as aleatodertainties [71]. Other
uncertainties are caused by a lack of knowledge or insufficieailable experimental
data to characterize input values. This second type of taiogy is called epistemic
uncertainty.

If the system is sensitive to changes in the input data, avafi sariations can have
a significant effect on the solution. This can result in sabtal performance degenera-
tion of deterministically optimized designs. Especialiyabntinuous solutions of non-
linear problems and unsteady behavior of dynamical systam$e highly sensitive to
input variability. Discontinuities are encountered in dlulynamics and fluid-structure
interaction as, for example, shock waves in transonic flavaskafurcation phenomena
of structural responses. Dynamic fluid-structure inteoacsystems are also known to
amplify input variations with time [78]. Since the asymjtdtehavior of aeroelastic
systems is usually of practical interest in post-flutterygsia, the effect of small input
variations can be important. Flutter refers here to the toofsan unstable oscillatory
aeroelastic response, which can lead to fatigue damageraitisal failure [25].

As a consequence, the effect of physical uncertainties edarger than numer-
ical and modeling errors in computational predictions afieaering flow and fluid-
structure interaction problems. It is then vital to quanttie effect of physical input
variations in order to obtain reliable computational petidns. These can be used in
robust design optimization and reducing design safetyofactwhich eventually con-
tributes to the development of aerodynamically more efficiEnd environmentally
friendly transportation and renewable energy technokgiResults for the effect of
epistemic uncertainties can be used to reduce the most fami@ources of this type
of uncertainty.
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1.1.2 Probabilistic description

Physical variability can be described in a number of ways @ifferent degrees of de-
tail. The description of physical variations has to be sigfitly quantitative, in order
for the uncertainty analysis to significantly improve thiatgility of simulation results.
Sensitivity derivatives give limited first-order results the amount of amplification of
input variation to the output of interest [83, 99]. Uncaentgiintervals do not lead to
quantitative information within the interval and they aemsitive to the often difficult
to define extreme values of uncertain input [47, 68]. A fuzsydescription in terms of
a membership function within an interval is more suitablevMague epistemic uncer-
tainties [67, 121]. Low-order moment approximations oftpeyation techniques are
often not reliable in case of large input variations [45,]103

In this thesis, a probabilistic description of physicaligtions is selected. Input
variability is described in terms of probability distriliots and covariance functions
for random input parameters and random fields of spatialiyetated data. This re-
sults in quantitative and detailed information on the dff@fcphysical uncertainties.
Second-order random processes with finite variance aradares, which includes
most practical cases [40].

In most applications the required probability distribatofor the random input
parameters are available from measurements or expertoopirMethods for fitting
probability distributions through available experimdtata are well established [41].
Otherwise an educated guess of the input statistical manaauthe type of probability
distribution by a senior engineer is a good starting point.

This thesis focuses on the quantification of the effect ofitnpndomness on the
probability distribution and the statistical moments of @urtput of interest such as
aerodynamic drag or total structural energy. In contragtiructural reliability analysis
input randomness is propagated to compute the probabiflifgilore [13]. Failure
probabilities are often small such that in reliability arg$ the tails of the distribution
are pursued instead of the central moments.

1.1.3 Mathematical formulation

The resulting mathematical formulation of the uncertampantification problem for
a flow or fluid-structure interaction system with random inhpad output of interest
u(x, t,w) is given by

L(x,t,w;u(x,t,w)) =S(x,t,w), 1.1)

with appropriate initial and boundary conditions. Operafcand source tern$ are
defined on domai x T x 2, wherex € D andt € T are the spatial and temporal
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dimensions withD c R9¢, d = {1,2,3}, andT = R. The argumenty empha-
sizes thatu(x, t,w) is a random event with the set of outconfé®f the probability
space , F, P) with F c 2 the o-algebra of events an® a probability measure.
The probability space originates fromuncorrelated second-order random parameters
a(w) = {a1(w),...,an(w)} € A with probability densityf,(a) in equation (1.1)
and its initial and boundary conditions, with parametercgpd C R™. Random
fields are expressed in a countable set of uncorrelated mapdoameters using the
mean-square error minimizing Karhunen-Loeve expansfdhecovariance function
C(x1,x2) [52]. Random fields and stochastic processes with suffigidigh correla-
tion are considered here, otherwise Markov chain MontedGzah be a more suitable
discretization [85].

For a single realizationw = @, u(x,t,w) reduces to the deterministic function
u(x,t) = u(x,t,w) in terms of the spatial coordinatgsand timet. The numerical
approximation ofi(x, t) can be obtained using standard spatial discretizationadsth
and time marching schemes. An increasing number of remizi(x, t) for randomly
varyingw approaches the probability distribution functibn of u(x, ¢, w)

u(w) = Flrl(w)a Fy(u) = w, (1.2)

where the argumentsandt are omitted for simplicity of the notation. Since the ran-
domnessv is introduced into (1.1) by the random parametefs), the uncertainty
quantification problem is to find the response surf&te, ¢, a) of the output of inter-
estu as function of the parametessin parameter spacé. Sorting (1.2) and integra-
tion of u*(x, t, a) then results in the distribution functidn, (u, x, t) and the statistical
momentsu,, (x, t)

,uul.(x,t):Au*(x,t,a)ifa(a)da:/u(x,t,w)idw, (1.3)

Q

which is an integral weighted by the probability densjty(a) of the random input.
Therefore, a weighted integrable approximation of the sasp surface.*(x, ¢, a)
in parameter spacd is considered the solution of uncertainty quantificatioabpr
lem (1.1).

1.2 Uncertainty quantification methods for CFD and
FSI

The main recent advances in the development of uncertairptiication methods
for computational fluid dynamics and fluid-structure intgi@n are described below. In
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parallel the contribution of this thesis to these developi®ies outlined as treated in the
succeeding chapters. The developments are sketched yangttironological order
following the changing focus of the uncertainty quantificattommunity over the last
decades from method efficiency, intrusivity, and robustnesunsteady problems and
high-dimensional probability spaces, respectively.

1.2.1 Efficiency

Initially the renewed attention for uncertainty quantifioa method development in
structural mechanics in the early 1990s [27, 91] and in fluethanics a decade later
[57, 104, 115] was primarily motivated by reducing the comagional burden of an
uncertainty analysis based on Monte Carlo simulation. Bselting additional com-
putational costs for uncertainty quantification equivatermany deterministic solves,
is significant for deterministically already computatibpantensive flow and fluid-
structure simulations. Polynomial Chaos methods haveethes, been proposed as
more efficient alternatives for Monte Carlo simulation.

1.2.1.1 Monte Carlo simulation

A classical approach to determine the effect of random patars is Monte Carlo

simulation [65], in which deterministic problems are saver randomly sampled
parameter values, see Appendix A.1. However, the relgtiel convergence rate
of (’)(NSW) leads to a large number of required samp}és Monte Carlo simula-

tion results, therefore, in impractically high computatb costs for problems which
are already computationally intensive in the determioisiise. More sophisticated
sampling strategies and variance reduction techniquesoieghe efficiency to some
extent [32, 64].

1.2.1.2 Galerkin Polynomial Chaos

The Galerkin Polynomial Chaos method was pioneered by Ghamel Spanos [27]
in the context of structural mechanics as a more efficieetétive to Monte Carlo
simulation. Later applications of Polynomial Chaos in camagtional fluid dynamics
problems can be found in [58, 59, 69, 119]. Galerkin Polyradr@ihaos, based on
the Homogeneous Chaos theory of Wiener [110], is a spece#iod in probability

space that approximates the response surface by a glolyalgmoial function, see Ap-
pendix A.3. The approximation is constructed using a weiditalerkin projection of
an expansion of orthogonal polynomials. This results ingpbed set of deterministic
equations, each of which is similar to the original deteiigtio problem. The efficiency
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of the homogeneous Galerkin Polynomial Chaos formulatigh wlassical Hermite

polynomials is based on its spectral convergence for Gangsput randomness [10].
The spectral convergence was generalized to a number afsiivedard distributions,
such as the beta distribution, by Xiu and Karniadakis [1B#g classical polynomials
of the Askey scheme [90].

1.2.1.3 Gram-Schmidt Polynomial Chaos

In practice often other input probability distributiongancountered than those which
correspond to classical polynomials, for example, the ¢dogral distribution. Due to
the limited convergence of Galerkin Polynomial Chaos fasthinput distributions,
its extension to arbitrary probability distributions issestial. In Chapter 2 a Gram-
Schmidt Polynomial Chaos formulation for arbitrary inpigtdbutions is developed.
Gram-Schmidt orthogonalization is employed to constrisiiitable set of basis poly-
nomials orthogonal with respect to any given input distiittuinstead of using classi-
cal polynomials. The Gram-Schmidt algorithm has the achgmthat the polynomials
can be constructed analytically based on the moments oftialom input. The spec-
tral convergence of Gram-Schmidt Polynomial Chaos istilated in Chapter 2 for
advection-diffusion problems of heat transfer in one-disienal and two-dimensional
pipe flows. Other extensions to arbitrary input distribn§@an be found in [92, 108].

1.2.1.4 Monomial Chaos

An important characteristic of flow problems is that theygoeerned by nonlinear par-
tial differential equations in contrast to the often lineawdeling in structural mechan-
ics. The originally in the context of structural mechanieseloped Galerkin Polyno-
mial Chaos results for flow problems in a computationallgitsive system of coupled
nonlinear equations. Itis, therefore, important for effitiuncertainty quantification in
flow applications to develop methods which can deal with thi@linearities in a more
efficient way. In Chapter 3 a Monomial Chaos approach is megavhich results in
an uncoupled set of linear equations for problems involpialynomial nonlinearities.
In Monomial Chaos the coefficients of the Polynomial Chagm@ésion with monomi-
als as basis functions are solved for using differentiatibthe governing equations,
instead of a Galerkin projection. The computational work geditional Polynomial
Chaos order of the equivalence of a single linear Newtoatitem results in faster error
convergence compared to other Polynomial Chaos methodsufficiently small in-
put variations. Results for the Burgers equation and a tineedsional boundary layer
flow in Chapter 3 demonstrate that the additional computatioosts for a Monomial
Chaos uncertainty quantification can be smaller than aesihggerministic solve.
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1.2.2 Intrusivity

The subsequent application of efficient Polynomial Chaothods to more advanced
practical applications, for example in [88, 113], revedtedt also the intrusivity of
the implementation of uncertainty quantification methadsfi practical importance.
Solving the coupled Polynomial Chaos equations requiggsfgiant alterations to ex-
isting deterministically optimized computer codes. Thizberate process may not
even be possible when the source code of a commercial sefppearkage is unavail-
able or when the deterministic equations are highly noalifit12]. The attention has,
therefore, shifted to non-intrusive Polynomial Chaos rodtiogies [36, 84], which
construct the global polynomial approximation of the resmby interpolating Monte
Carlo samples, see Appendix A.4. Lagrange interpolatiosaafples located in suit-
able Gauss quadrature points employed in Probabilisti€ation or Stochastic Col-
location approaches [54, 62, 96] can under moderate asgmafalso result in spec-
tral convergence [5]. In these non-intrusive methods astiexj deterministic solver is
reused as a black-box, while significantly reducing the nenalb deterministic solves
compared to Monte Carlo simulation. The computationalcfistperforming the un-
certainty quantification interpolation of the samples aeally negligible compared to
the computationally intensive deterministic solves.

1.2.3 Robustness

The global polynomial spectral approximation of intrusared non-intrusive Polyno-
mial Chaos methods can for more challenging problems wihatitinuous solutions
give unreliable results. Oscillatory approximations tsg from the stochastic Gibbs
phenomenon [14, 114] can even lead to unphysical realizati®ince the principal
motivation for uncertainty quantification is to assure malé@able computational pre-
dictions, much attention has been devoted to further deveddynomial Chaos towards
a more robust multi-element formulation.

1.2.3.1 Adaptive Stochastic Finite Elements

Several finite elements discretizations of probabilitycgpaiith a piecewise polyno-
mial approximation of the response have been proposed. @reStochastic Finite
Elements method is the Wiener-Haar expansion introduceldebaitre et al. [60],

which results in a piecewise constant approximation bages multi-resolution Haar
wavelet discretization. Higher-order piecewise polyramaipproximations in hyper-
cube elements are developed by Deb et al. [19], Le Maitré. §6H, and Wan and
Karniadakis [105]. These methods include adaptive refimtsteategies in probabil-
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ity space [63] to limit the additional computational costs@ciated with multi-element
discretizations.

Higher-order multi-element approximations can, howes#tresult locally in un-
physical oscillations in elements which contain the, ingyah a priori unknown dis-
continuity location. The adaptation is usually also parfed by completely recomput-
ing the solution in the refined domains. After several susigesefinement steps the
intermediate solutions in the refined domains represemréafisiant part of the compu-
tational efforts, even though they are not directly refldétethe final approximation.
The computational costs of Adaptive Stochastic Finite Elets (ASFE) methods are,
therefore, equivalent to solving a large number of uncadiplegle-element problems
on the different refinement levels.

1.2.3.2 Newton-Cotes quadrature in simplex elements

An alternative Adaptive Stochastic Finite Elements (ASFt€ethod based on Newton-
Cotes quadrature in simplex elements is developed in Chépléde piecewise polyno-
mial approximation of the response is constructed by perifog deterministic solves
for parameter values corresponding to Newton-Cotes qua@rpoints in simplex el-
ements. The stochastic grid is adaptively refined using aeefent measure based on
the curvature of the response surface approximation weibiy the probability con-
tained in the elements. The required number of determinsstives is relatively low,
since the samples are used in approximating the responseiltiple® elements and
reused after refinements. Results for a piston problem lflstéer model, and tran-
sonic flow over a NACA0012 airfoil in Chapter 4 illustrate tlihese highly sensitive
problems with discontinuous solutions lead to amplificatié the input randomness.
In the field of deterministic finite volume methods there hasrbmuch attention
for the robust approximation of discontinuities in phy$&ace, which has resulted in
the introduction of the total variation diminishing (TVC83] and extrema diminishing
(ED) [42] concepts. In that context these properties aairetthat no unphysical solu-
tions are predicted due to overshoots and undershootsfaeaxample, shock waves.
The total variation diminishing and extrema diminishingperties are extended to
probability space in Chapter 9 as basis for the developnfenbast uncertainty quan-
tification methods. In probability space the extrema distimg property assures that
an uncertainty quantification method does not predict reno-probabilities for un-
physical realization due to overshoots and undershootsarvicinity of discontinu-
ities. It is proven in Chapter 9 that the ASFE method with New€otes quadrature in
simplex elements is an extrema diminishing uncertaintyjfieation method in prob-
ability space. It is also shown that the method is total ¥emediminishing for one
random parameter and for multiple random parameters fardiagree Newton-Cotes
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quadrature.

1.2.4 Unsteady problems

The trends toward unsteady simulations in computational fliynamics and high fi-
delity post-flutter predictions in fluid-structure intetian dictate also an increasing
application of uncertainty quantification in time-depenig@oblems. However, uncer-
tainty quantification methods usually result in a fast imasieg number of samples with
time to resolve the effect of random parameters in dynansigstems with a constant
accuracy. Resolving the asymptotic stochastic effectctvig of practical interest in
post-flutter analysis [7], can in these long time integrafiooblems lead to thousands
of required samples [107]. The increasing number of samiplesused by the in-
creasing nonlinearity of the response surface for incngasitegration times [105].
This effect is especially profound in problems with os¢dly solutions in which the
frequency of the response is affected by the random parasr&® 78, 86]. The fre-
quency differences between the realizations lead to isgrgghase differences with
time, which in turn result in an increasingly oscillatoryspense surface and more
required samples. A Fourier Chaos basis for approximatsujjlatory responses is
proposed by Millman et al. [66]. Frequency domain methodseHhseen considered
for solving linear stochastic operator equations usingiahial Chaos expansions by
Sarkar and Ghanem [87].

1.2.4.1 Probabilistic Collocation for Limit Cycle Oscillations

In Chapter 5 a special uncertainty quantification methogpfor oscillatory problems
is developed, which achieves a constant uncertainty dicaiton interpolation accu-
racy in time with a constant number of samples, in contrastdaisually fast increasing
number of samples required by other methods. The uncertgirantification interpo-
lation is performed at the level of a time-independent patanization of oscillatory
samples instead of the time-dependent samples thems&hespproach is applicable
to the asymptotic range of period-1 limit cycle oscillati@sponses, for which a suit-
able parameterization consists of the time-independertionals frequency, relative
phase, amplitude, a reference value, and the normalizéatishrape. This parameter-
ization was later adopted by Hosder et al. [38]. A periodaiiticycle oscillation is a
stable oscillation which repeats itself after one orbitsra fixed point in phase space
[101]. For the actual interpolation of the time-indepertdanctionals the global poly-
nomial approximation and the Gauss quadrature points dfd®iistic Collocation are
employed. The methodology is, therefore, referred to abadtitistic Collocation for
Limit Cycle Oscillations (PCLCO). Results for a harmonicitlator, a two-degree-
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of-freedom airfoil flutter model, and the fluid-structur@eraction of an elastically-
mounted cylinder in Chapter 5 illustrate that 3 determicisamples can already be
sufficient for PCLCO to resolve the asymptotic effect of ad@am input parameter.

1.2.4.2 Unsteady Adaptive Stochastic Finite Elements

The applicability of PCLCO is extended in Chapter 6 by theali@ment of an Un-
steady Adaptive Stochastic Finite Elements (UASFE) foatiah. In UASFE the
time-independent parameterization extended with a dagrfpictor and higher-period
shape functions is combined with the Adaptive Stochastidé-Element interpolation
based on Newton-Cotes quadrature in simplex elementsaj@metin Chapter 4. Due
to the introduction of the damping parameter, asymptdtiagadn-periodic responses
can be parameterized. Higher-period oscillations areucadtby using an algorithm
for parameterizing more complex shape functions. The toh8&E interpolation can
resolve non-smooth time-independent functionals, whictuo at the stochastic bi-
furcation of dynamical systems. The illustration of thesgiioved properties for a
mass-spring-damper system, the Duffing equation, and d-aigioil fluid-structure
interaction in Chapter 6 shows that a non-zero probabifityagative damping results
asymptotically in a diverging output standard deviation.

1.2.4.3 Unsteady Adaptive Stochastic Finite Elements witimterpolation at con-
stant phase

In Chapter 7 a second methodology for achieving a constaniracy in time with a
constant number of samples is developed to further imptoeetcuracy and extend
the applicability of UASFE. The approach is based on intlatan of the oscillatory
samples at constant phase instead of at constant time. @hegsof the samples with
their phase eliminates the effect of the increasing pha$éereinces in the response,
which usually leads to the fast increasing number of samyitbstime. The resulting
formulation is not subject to a parameterization errorgliimproves the convergence
behavior of the method. It can also resolve time-dependemttionals that occur,
for example, due to transient behavior, which is seen irualty all nonlinear practi-
cal applications. The actual uncertainty quantificatiderpolation at constant phase
is performed using the ASFE method with Newton-Cotes quadgan simplex ele-
ments. The application to a mass-spring-damper systendaimped nonlinear Duff-
ing oscillator, and an elastically mounted airfoil with tioearity in the flow and the
structure in Chapter 7 shows a fourth-order error convargelm Chapter 9 it is proven
that the UASFE method with interpolation at constant phasalts in a bounded error
as function of the phase for periodic responses and und&irceonditions also in a

10
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bounded error in time. The method is also applied to a transorioil flutter problem
in Chapter 9.

1.2.4.4 Unsteady Adaptive Stochastic Finite Elements for aiti-frequency aeroe-
lastic responses

The interpolation of the samples at constant phase limgsplication of UASFE to
single-frequency responses of which the phase is well-@éfifthe dynamic response
of fluid-structure interaction problems of practical imf@orce contains, however, often
multiple frequencies. The different frequencies can adtg from a combination of
the natural frequency of the structure and the dominanufaqgy of the fluid forcing.
A continuous structure also naturally exhibits a multigiuency response in terms of
its eigenmodes and eigenfrequencies.

In Chapter 8 the Unsteady Adaptive Stochastic Finite Elemamework is ex-
tended to resolve the effect of randomness on fluid-stradtieraction systems with
multi-frequency responses and continuous structures Ipjating a wavelet decom-
position. The multi-frequency samples are first convented their single-frequency
components in a standard wavelet decomposition pre-pigestep. The effect of the
input randomness on the different frequency componertsisiesolved using UASFE
interpolation of the single-frequency signals at conspdratse. The final effect of the
randomness on the multi-frequency response is obtainedrbyning the contributions
of the single-frequency components. The multi-frequergponse of a continuous
structure is first projected onto either the nodal basis afitefelements discretization
or the modal basis of the natural modes of the structure inwac before the wavelet
decomposition is performed. Results for multi-frequenegponses and continuous
structures in a harmonically forced oscillator, a flutteng@lgproblem, and the three-
dimensional transonic AGARD 445.6 wing aeroelastic berathnm Chapter 8 show
a reduction of computational costs of 3 orders of magnitudegared to Monte Carlo
simulation.

1.2.5 High-dimensional probability spaces

Another challenge for uncertainty quantification in congianally intensive flow and
fluid-structure simulations is the case of many random ipauameters. Monte Carlo
simulation maintains a constant but relatively slow ermmaergence oO(Nsl/Q) in-
dependent of the number of random parameters. Other metisaddly suffer from
the curse-of-dimensionality, which refers to a decreasirtdgr of convergence with
increasing number of random parameters. Currently theraizh attention for sparse
grid [28, 117] and other approaches [37, 55] to improve tlaadility of non-intrusive

11
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approaches with the dimensionality of the random input. dl@daptation in proba-
bility space for multi-element methods is seen as anotherrgdtive for efficient un-
certainty quantification in high-dimensional probabilfyaces. Kleiber and Hien state
in their standard work on perturbation methods [45] thatléhge number of random
inputs in practical engineering problems in the order ofdreds of parameters does
not allow for more advanced methods than perturbation ansitsaty techniques. Es-
pecially the adjoint based sensitivity method looks pramgisn this respect, because
its computational costs are virtually independent of thenber of random input pa-
rameters [11].

In this thesis, a relatively low humber of random parametgesconsidered up to
a maximum of six, under the assumption that the total numbgosesible random
parameters is reduced to a selection of the most importag based on, for exam-
ple, a sensitivity analysis or expert opinion [53]. In Chea® a number of alternative
strategies is explored for resolving the effect of multij@dom inputs efficiently in
the context of Gram-Schmidt Polynomial Chaos applied td traasfer in pipe flow.
First, the effect of the separate parameters is determisied @ne-dimensional Poly-
nomial Chaos expansions and a multi-dimensional exparisiemployed to resolve
the combined effect of the most important parameters. Skdbe dimensionality of
the probability space is reduced by combining multiple cangarameters into fewer
ones. Third, a first-order estimate of the combined effecholtiple random parame-
ters is established by summing the variance resulting froeadimensional Polynomial
Chaos expansions for the parameters separately. A cortiradtthe three strategies
approximates the effect of six random parameters in theradiow heat transfer
problem of Chapter 2 using a two-dimensional probabilitscsp

In the example problems, random fields and random input peteswith various
probability distributions for physical parameters, getnical parameters, and bound-
ary and initial conditions are considered. Their effect lo@ probability distribution
and the statistical moments of an output of practical irsteieresolved. Results are
compared in error convergence studies to Monte Carlo nefersolutions based on
uniform sampling inv. This thesis is concluded in Chapter 10 with a summary of the
main conclusions and recommendations for future work. Tieertainty quantifica-
tion methods presented here for flow and fluid-structureauteon simulation are also
applicable to other nonlinear and unsteady problems.

12



Chapter 2

Gram-Schmidt Polynomial
Chaos

Galerkin Polynomial Chaos formulations based on clasgieginomials achieve spec-
tral convergence for a limited number of standard input phility distributions only.
In this chapter a Gram-Schmidt Polynomial Chaos methodapgsed to contribute
to the extension of the spectral convergence of Galerkiprieohial Chaos to arbitrary
input probability distributions. Gram-Schmidt orthogtimation is employed to ana-
lytically construct a set of suitable orthogonal basis polyials using the statistical
moments of random input instead of using classical polyatsniSince the computa-
tional work of an uncertainty analysis can increase rapidth the number of uncer-
tain parameters, three strategies for reducing the cortipng costs in case of many
random input parameters are also studied: (1) select oalynibst important parame-
ters; (2) combine multiple parameters into fewer ones; 8pdgtimate their first-order
combined effect. The second approach usually results irsteomdard probability dis-
tributions. Due to the development of Gram-Schmidt Polyrmb@haos, this approach
can be used effectively. Results for advection-diffusioolyems of heat transfer in
one-dimensional and two-dimensional pipe flows show spkectmvergence for non-
standard distributions.

Based on: J.A.S. Witteveen, H. Bijl, Efficient quantificatiof the effect of uncertainties in advection-
diffusion problems using Polynomial Chaos, Numer. HeaBFEund. 53 (2008) 437—465.
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2.1 Introduction

Uncertainty in heat transfer problems is usually modeledgusensitivity methods
[8, 17] or perturbation techniques [24, 103], which resalfiist and second order ap-
proximations of the mean and the variance [45], see AppefsdixIn this chapter the
stochastic Galerkin approach is employed since we areeistiet in high order approxi-
mations of the effect of multiple uncertain input parameteradvection-diffusion heat
transfer problems in pipe flows. The resulting detailed kieodlge about the effect of
uncertainties can lead to more basic understanding of theeirce of physical variabil-
ity on the outputs of interest in the designs of, for examipl@ystrial heat exchangers.
The effect of uncertainties in physical parameters, bogndanditions, geometrical
parameters, and combinations of those is considered.

The analysis of the combined effect of many uncertain patarsdased on stan-
dard multi-dimensional Galerkin Polynomial Chaos expamsican result in a fast in-
crease of the computational costs. There is, thereforeed foe alternative strategies
to quantify the effect of multiple uncertain parameters amputationally intensive
problems more efficiently. Three approximation strategiesstudied here:

1. Thefirst approach is to select only the most important daireparameters for a
multi-dimensional Polynomial Chaos analysis based ondhelts of their one-
dimensional Polynomial Chaos expansions.

2. The second strategy is based on reducing the dimengipofgfirobability space
by combining multiple uncertain parameters into fewer oreput uncertainty
is usually given in terms of standard distributions for tineertainty in physical
model parameters. Often these uncertain input parameteiseccombined into
fewer ones, for example, into similarity parameters. Thoesabined parameters
have in general non-standard distributions for which asaftlassical polyno-
mials does not result in optimal spectral convergence. Dubd recent devel-
opment of the Polynomial Chaos formulation for arbitranguhdistributions by
constructing an appropriate orthogonal basis using Gram&1t orthogonal-
ization [92, 108, 111], this second approach can be usedtisfidy.

3. The third approach is to estimate the combined effect dfiphe uncertain pa-
rameters by summing the variances resulting from one-dsinaal Polynomial
Chaos expansions for the separate uncertain parameters.

These strategies for efficient quantification of multiple@rainties can also be used in
combination with non-intrusive Polynomial Chaos formigdas. The first and the third
approach can be applied in all problems which involve mldtimcertain parameters.
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2.2. Polynomial Chaos formulation for multiple uncertaarameters

The second strategy is problem dependent, since it is natyalwossible to combine
multiple uncertain parameters into fewer ones.

The Polynomial Chaos formulation and the three strategiegqjfiantifying the
effect of multiple uncertain parameters efficiently arecdssed in section 2.2. The
three Polynomial Chaos strategies are applied to advedif@usion problems of heat
transfer in one-dimensional and two-dimensional pipe flawsections 2.3 and 2.4.
The effect of the uncertain parameters on the solution i¢yaed and the effective-
ness of the three strategies is studied. Error convergdndees are presented for
a one-dimensional advection-diffusion model problem. FReat transfer in a two-
dimensional Poisseuille channel flow the effect of six utaieparameters in the model,
the boundary conditions, and the geometry is studied.l¥itee effect of the uncertain
parameters separately and the combined effect of the fostimportant parameters is
predicted. Secondly, the dimensionality of probabilitasp is reduced by combining
three of the most important uncertain parameters into an#esity parameter. Thirdly,
the additional effect of the other two parameters on theanae of the temperature field
is estimated by summing the variance fields resulting froenathe-dimensional Poly-
nomial Chaos expansions for these parameters. Resultsm@aced to Monte Carlo
reference solutions. The conclusions are summarized tiogez: 5.

2.2 Polynomial Chaos formulation for multiple uncer-
tain parameters

Application of the Polynomial Chaos expansion to a difféi@requation with uncer-

tain input parameters is considered in section 2.2.1. Itise2.2.2 the construction of
the polynomial basis using Gram-Schmidt orthogonalizei8aescribed. The efficient
strategies to handle multiple uncertain parameters inghgBmial Chaos formulation
are detailed in section 2.2.3.

2.2.1 Polynomial Chaos applied to a differential equation wh un-
certainty

Consider differential equation (1.1) subject to uncertaput parameters in the form
of

L(x,t,w;u) = S(x,t,w). (2.1)

15



Chapter 2. Gram-Schmidt Polynomial Chaos

The Polynomial Chaos expansiomg(fx, ¢, w) is then
ulx tw) =) u;(x, ) ¥;(E(w), (2.2)
§=0

with u;(x,t) the deterministic Polynomial Chaos coefficients alhg &) orthogonal
polynomials in terms of the vector of random varialdés) = (&1 (w), ..., & (w)). The
random variableg(w) are linear transformations of the uncertain input pararsdte
standard domaink-1, 1], [0, c0), or (—o0,00). The resulting probability density of
the random variableg(w) is denoted byf¢ (£). For the numerical implementation the
infinite summation in (2.2) is truncated at th¥ + 1)th term, with

(n+ p)!
nlp!

(N+1)= : (2.3)

wherep is the highest order of the polynomials. Substituting theatcated Polynomial
Chaos expansion (2.2) into the governing equation (2. Liitem

N
L (x,t,w;Zuj\Ilj> ~ S(x,t,w). (2.4)
j=0

A Galerkin projection [122] of (2.4) onto each polynomialsisa{ ¥ ; (5)}?’:0 is em-
ployed to obtain a system & + 1 equations

N
<c <x,t,w;zuj\pj) \Ilk> ~(S,®;), k=0,1,...,N. (2.5)
j=0

This coupled system of deterministic equations can be elized and solved using
standard methods, see for example [31, 35].

2.2.2 Construction of the polynomial basis

The polynomial basi$® ; (&) j-V:O of the Polynomial Chaos expansion in (2.2) satisfies
the following orthogonality relation

whered,, is the Kronecker delta and) denotes the inner product

(W;(&)Wr(§) = [ Wi(&)¥;(&w(§)dE. (2.7)

Se
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wherew(&) is the weighting function corresponding to the ponnomiEaIsj(S)};LO
and.S; is the support of. Exponential convergence can be obtained for sufficiently
smooth solutions by a polynomial basis which is orthogoritil vespect to a weighting
function which equals the probability density of the randeamables:w(&) = f¢(£).
This results for several standard distributions in a baflsitagsical orthogonal polyno-
mials of the Askey scheme [90], for example, Hermite polyredscorrespond to the
normal distribution [27] and Legendre polynomials corespto the uniform distribu-
tion [114].

For other input distributions the polynomial ba$ ;(£) ;-V:o can be constructed
by solving the orthogonal basis problem given by (2.6) and)(@sing Gram-Schmidt
orthogonalization [26, 30]. A set of one-dimensional£ 1) monic orthogonal poly-
nomials, i.e.{¥;(£)})_, with ;(¢) = &/ + O(¢&71), 5 = 0,1,...,p, can be con-
structed using the Gram-Schmidt algorithm by recursivelyarating

(e;(O)Vr(€))

ARG G

Jj—1
W;(8) =e;(§) — chk\l’k(@, Cjk =
k=0

forj=1,2,...,p, where¥, = 1 and the polynomial§e; (¢) j-vzl are polynomials of
exact degreg, for exampleg;(£) = & with j = 1,..., p. The inner products in (2.8)
can be evaluated efficiently using the raw momejts of the random variablé(w)

1
pe = (E(w)') = / ¢(w) ' dw, i=0,1,...,2p—1, (2.9)
0
with dw = w(£)d¢ andw € [0, 1]. Since the polynomial§¥;(£)}_, can be written
as a summation of monomial terms

J
\Ijj(é.): ch,j/gj ) j:O,l,---,p, (210)

§'=0

the inner products of the polynomials, for example; ()T (£)), can be written as
double summations over the raw momemns

J k
(WH(OTR(E) = Y D g Chp i jrgo- (2.11)

§/=0k'=0

The raw momentﬁ’m are, in general, known from the linear relation betwégen) and
the uncertain input parameter. They can be expressed iis i@frthe raw moments of
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the uncertain input parameter or they can be derived apaligtifrom the known input

distribution. For example the raw moments for the lognordistribution are given

by Né,i = exp(iMy, + (iSm)?/2), with M, and S;, parameters of the lognormal
distribution. In other cases, the raw moments can be cordpuienerically for the

method to be applicable to arbitrary input distributionsioynerically integrating (2.9)
using Gauss quadrature integration. The computationat wbthe one-dimensional
numerical integration is negligible compared to solving tmcertainty quantification
problem (2.5) itself for problems which are already compatelly intensive in the

deterministic case. The same approach can be used to detetimei inner products
involving more than two basis polynomials such(&s¥ ; ¥';.), which can occur in the
Polynomial Chaos formulation (2.5).

A basis of multi-dimensional orthogonal polynomigi ; (&) j-V:O in case of mul-
tiple independent uncertain parameters is constructetyube tensor product of the
one-dimensional polynomia{sl; ;(&;) }2_,, withi = 1,.. ., n. Inner products of mul-
tiple polynomials, such a@¥ ;(£) ¥, (£)), can be written in terms of one-dimensional
integrals. The modified Gram-Schmidt algorithm with onertleogonalization step is
used for increased numerical stability, see for exampleI29]. For multiple depen-
dent uncertain parameters, multidimensional integrale ha be evaluated in (2.9),
which can become computationally intensive for many umdeties.

2.2.3 Efficient strategies for multiple uncertain parametes

The computational work for solving (2.5) can increase rypudith the number of
uncertain parametersto the equivalence of many deterministic simulations. Texke
uncertainty analysis for computationally intensive pesb$ economically feasible in
case of many uncertain parameters, alternative strategiestermine their combined
effect are needed. Efficient approximations can be made diycieg the number of
uncertain parameters or by estimating the combined effaséd on results of one-
dimensional Polynomial Chaos expansions for the sepasageneters. The following
three strategies are considered:

1. To analyze the separate effect of theuncertain parameters using one-
dimensional Polynomial Chaos expansions and to select tinecertain parame-
ters with the largest effect on the variance of the outputtfermulti-dimensional
analysis withm < n. This results in resolving the combined effect of the most
important uncertainties, while reducing the number of peeters fronm to m.

2. To reduce the dimensionality of probability space by cuormgy the » uncer-
tain parameters intb parameters witlh < n. Usually the input uncertainty is
known in terms of standard distributions for physical moplatameters, such
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as the diffusion coefficient or the advection velocity. Tdh@srameters can be
combined into, for example, similarity parameters suchhasRéclet number.
The probability distributions of the combined parametees however, in gen-
eral non-standard. Since recently, these non-standatribditons can be han-
dled efficiently in the Polynomial Chaos framework by counsting a basis of
suitable orthogonal polynomials¥; (&)} using Gram-Schmidt orthogonaliza-
tion (2.8). This results in a reduction of the dimensiowyadit probability space
from n to [, while the spectral convergence of the Polynomial Chaosesipn
is maintained. The computational work involved in solvihg brthogonaliza-
tion is in practical applications negligible compared tdvsa the uncertainty
quantification problem (2.5) itself.

. To estimate the combined effect of theincertain parameters on the variance of
the solution based on the one-dimensional Polynomial Cappsoximations of
their separate effects in analogy to the perturbation niethothe perturbation
method [45] the variance of the solutioﬁi due to the uncertain parametgfw)
is given by

2
2 [ 9Ou 2

R~ _ o
u,i 851 &,
e, i

(2.12)

Q

with pie ; andagi the mean and variance gf(w), respectively. The variance of
the solutiorr2 due to the combined effect efindependent uncertain parameters

is in the perturbation method then given by a summation of separate effects

2

Uu,i

n
olny ok, (2.13)

=1
In the third strategy, (2.13) is used in the Polynomial Chiasasework to esti-
mate the variance? due ton uncertain parameters based on one-dimensional
Polynomial Chaos expansions of the separate parameteeseffidct of uncer-
tain parametet;(w) on the variancerﬁji in (2.13) is then given by the one-
dimensional Polynomial Chaos approximation of the vamganc

ol =Y ul(x,1)(WI(&)). (2.14)
j=1

instead of by the perturbation approximation (2.12). Appration (2.13) re-
sults in a first order estimate of the combined effect of mplétiuncertain pa-
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rameters on the variance of the solution, while avoidingitsmh of a multi-
dimensional Polynomial Chaos formulation. Since the varéar? ; is a positive
variable, estimate (2.13) shows that in first order appraxiom the variance due
to the combined effects of multiple parameters is alwaygdathan their sepa-
rate effects.

The three strategies can also be combined by selecting timost important parame-
ters and reducing the dimensionality of probability spaaéier fromm to [ by com-
bining them parameters intéd parameters witlhi < m. The additional effect of the
othern — m parameters on the variane@ can then be estimated by summing their
separate effects on the variangg; fori = m + 1,...,n according to (2.13). In the
next sections, the strategies are studied and applied extdm-diffusion heat transfer
problems in one-dimensional and two-dimensional pipe flows

2.3 Results for one-dimensional advection-diffusion

In this section, a standard test problem for advectionidiéfin phenomena in one di-
mension is considered. The one-dimensional advectidasiliin equation is discussed
in section 2.3.1. Two physical model parameters, the flowaig} «(w) and the dif-
fusion parametek(w), are assumed to be uncertain with a uniform distributione Th
standard approach based on a two-dimensional Polynoméds3xpansion with Leg-
endre polynomials is considered in section 2.3.2. Theegyabf reducing the dimen-
sionality of the probability space by combining the two uthaim parameters into one
similarity parameter, the Péclet numbes(w), is studied in section 2.3.3. The ap-
proach of estimating the combined effect of the two uncerggrameters based on
their one-dimensional Polynomial Chaos expansions isidered in section 2.3.4.

2.3.1 One-dimensional advection-diffusion equation

Steady-state heat transfer in one-dimensional flow in aabadiic pipe is considered as
a standard test problem for advection-diffusion in one disi@n, see Figure 2.1a. The
problem is governed by the steady linear advection-diffiusiquation for nondimen-

sional temperatur®(z, w) = (T — Tp) /(T — Tp) in one-dimension

or 0T

o AWz =0, zel0.I], (2.15)

u(w)

where the length i€ = 1 and the boundary conditions for the temperati](.e, w) are
T(0,w) = Ty andT(L,w) = T1,. The two physical model parameters, the advection
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Figure 2.1: The steady state heat transfer problem in a anergional pipe flow with
the exact solution foPe = {0; 1; 5; 10; 20; 0o }.

velocity u(w) and the diffusion parameter(w), are considered to be uncertain and
independent. The parameters are assumed to have a unifdistriiputed uncertainty
with meanyu,, = 1 andy,, = 0.1, and coefficients of variatio@V,, = CV,, = 10%.
This corresponds to the assumption of an interval unceytaiith uniform probability,
which is often used in practical applications in case notughanformation is avail-
able to prescribe an uncertainty distribution. The outpuiable of interest is assumed
to be the nondimensional temperatdrér,, w) at sensor location = % see Fig-
ures 2.1a and 2.1b. It has been verified that the choice ofeth®os locationz, does
not qualitatively affect the results. In nondimensionahfcthe advection-diffusion
equation (2.15), which is used in section 2.3.3, reads mdeaf the Péclet number

or_ 0T _

== =0 #el] (2.16)

Pe(w)

with Pe(w) = “Fffw)f andz = z/L. The analytical solution of the deterministic
variant of (2.16) is shown in Figure 2.1b for several valugéshe Péclet number
Pe = {0,1,5,10,20,00}. The nonstandard probability distribution Bé(w) can be
determined from the combination of the independent unifdistributions ofu(w) and

k(w), see Figure 2.2.
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Figure 2.2: Probability distribution function for the PécnumberPe(w) resulting
from the independent uniform distributions of advectiotoe#y «(w) and diffusion

parameter(w).

2.3.2 Standard two-dimensional Polynomial Chaos approach

The standard approach to solve uncertainty quantificatioblem (2.15) with two un-
certain parameters,(w) andx(w), is to use a basis of two-dimensional polynomials
{¥, (5)};’:0, which are tensor products of one-dimensional orthogoobinomials.
Two-dimensional Legendre polynomials are employed, bezthe Legendre polyno-
mials are orthogonal with respect to the uniform input philitg density functions

of u(w) andk(w). The vector of random variabl&&w) = (& (w), &2 (w)) consists
of uniformly distributed random variables € U(—1,1) with ¢ = 1,2. The Poly-
nomial Chaos expansions of the unknown temperafifre w) and the two uncertain
parameters,(w) ands(w) are

N
T(z,w) =Y Ti(x)¥;(£w)),
1=0
u(w) =Y u;W;(E(w)), (2.17)
7=0

R(w) =Y mEW).

The number of terms in the expansionifz, w), N + 1, is a function of the polyno-
mial orderp and the number of uncertain parameterss given by (2.3). Substituting
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Figure 2.3: Mean valugr (x) of the non-dimensional temperatdféz, w) and the un-
certainty bars based aehor(x) by the two-dimensional Polynomial Chaos expansion
with p = 2 for uncertainu(w) andx(w) for the steady state heat transfer problem in a
one-dimensional pipe flow.

the Polynomial Chaos expansions of (2.17) into (2.15) amtbpming a Galerkin pro-
jection onto each polynomial bas{sl; (&) ;-V:o results in a system of deterministic

equations
N

oT; T,
ik — — Fik—=——m| =0,  k=0,1,...,N, 2.18
; {u For T g2 } 0 0 ( )
with
1 2
e = Y ui (W), Rg= Y e (W,0,0), (2.19)
§=0 =0

1#1
fori,k=0,1,...,N. Egs. (2.18) and (2.19) are solved numerically by using arseéc
order finite volume discretization of the spatial domaine Alumber of spatial volumes
is 1 - 10* to ensure that the spatial error is smaller than the appratidm error in
probability space. The system of coupled equations (2s18)lived using block Gauss-
Seidel iteration. An error convergence study is performdéti wespect to a Monte
Carlo reference solution based on the analytical solutig@.a46) with 10° realizations
of Pe(w) evenly spaced in sample spagcec [0,1]. The following error measures
are used for the approximation error in the meariz) and the variance?(z) of the
temperaturd’(z,w)

U% (I) - 0"2[‘,exact (.CC)

U%,cxact (.CC)

_ ‘LLT(ZC) — /LT,cxact('r)
Epr (.T) B HT exact (I)

. Ee2() =

‘ . (2.20)
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Figure 2.4: Error convergence of the two-dimensional Pogial Chaos expansion
for uncertainu(w) andx(w) with respect to the polynomial ordgrand the number of
termsN + 1 for the steady state heat transfer problem in a one-dimealgpipe flow.

In Figure 2.3 the Polynomial Chaos approximation of the medune pr(x) and the
uncertainty bars based afor(z) are given forp = 2. The range ofl'(z,w) agrees
with the combination of the deterministic solutions of Fig2.1b and the variation of
the Péclet number given by the distribution in Figure 2 Re Tincertainty vanishes near
the deterministic boundary conditionssat= 0 andxz = L. The standard deviation has
a maximum ofor = 0.052 atz = 0.9.

The error convergence of the two-dimensional Polynomighd3hexpansion is
given as function of polynomial order and number of expansion termé + 1 in
Figure 2.4. In terms of the Polynomial Chaos orgehe error in the meapr and
the variancer2 in the sensor location converges exponentially fast, sger€i2.4a. In
Figure 2.4b the error convergence is given as function ohtivaber of termsV + 1
which are required for an approximation ugte= 2. The number of term&/+ 1 in the
expansion increases rapidly with the orgers given by (2.3), which reduces for= 2
toN = %p(p + 3). Although the error convergence in termsMf+ 1 is less regular
than in terms op, it is of interest, since the computational work for solvi{2gl8) is
proportional withN + 1 instead ofp + 1.

2.3.3 Reduction of the dimensionality of probability space

An alternative approach is to combine the uncertain parammef{w) and x(w) into
one similarity parameter, the Péclet numBe(w). The advantage of this approach is
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that it reduces the dimensionality of probability space.tl@nother hand, the resulting
probability distribution ofPe(w) is no longer a standard distribution, such that classical
polynomials do not result in exponential convergence. Dubé recent development
of a Polynomial Chaos formulation for nonstandard inputriigtions, this reduction

of the dimensionality of probability space can now be agpéifficiently.

For the uncertain parameter the Péclet nunitéw), an appropriate basis of one-
dimensional polynomial§ ¥, (&) ?:o is constructed that is orthogonal with respect
to the probability density oPe(w) using Gram-Schmidt orthogonalization (2.8). The
number of terms of the expansionyist 1, sinceN = p in this case of one uncertain
parametem = 1. The computational work for constructing the polynomiaténg
the raw moments of the uncertain input parameter (2.9) ifigiblg compared to the
computational work for solving the coupled system of equetifor determining the
Polynomial Chaos coefficients. The one-dimensional PahinbChaos expansions
for T'(x,w) and the uncertain paramefes(w) are

T(z,w)=> Ti(x)Wi(§(w)),  Pe(w)=)_ Pe;¥;(¢w)), (2.21)
. P

which are substituted in the governing equation in the fofn@2016). A Galerkin
projection onto each polynomial bagi#; (€)}"_, results in

min{k+1,p}

= 8TZ 82Tk
> Pejpzt — 23 =0, k=0.1....p, (2.22)
i=max{k—1,0}
where forPe;;, holds
. 1 <&
Pe;j, = @) > Pej(W W), k=0,1,....p. (2.23)
7=0

The results of the one-dimensional Polynomial Chaos (P@aesion for the Péclet
numberPe(w) are given in Figure 2.5. In Figure 2.5a, the approximatiothefdistri-
bution function of the temperatudér(7") at the sensor location, = % is compared
to the Monte Carlo (MC) result. The linear deformation of thput distribution for
p = 1is inadequate to capture the output distribution(7) accurately. This first or-
der approximation allows unphysical negative realizagiofithe nondimensional tem-
peraturel'(w). The higher order approximation fgr = 4 matches with the Monte
Carlo result. This example illustrates that it is importémta robust approximation to
choose a sufficiently high Polynomial Chaos order to avoighysical predictions. In
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Figure 2.5: Results of the one-dimensional Polynomial Ghaansion of the un-
certain Péclet numbelPe(w) for the steady state heat transfer problem in a one-
dimensional pipe flow.

Figure 2.5b the exponential error convergence for the madrttee variance as func-
tion of the polynomial ordep is shown. For this one-dimensional Polynomial Chaos
expansion, the computational work is proportionaMet 1 = p + 1.

In Figure 2.5a also the distribution function approximatid the two-dimensional
Polynomial Chaos expansion with = 2 of section 2.3.2 is shown. Although the
two-dimensional Polynomial Chaos expansion with- 2 contains more terma&/ +
1 than the one-dimensional Polynomial Chaos expansioiédw) with p = 4, its
approximation of the distribution function is less accarafhis observation is also
illustrated by the next figure.

The computational work in terms of the number of teriWis- 1 is compared to the
standard two-dimensional Polynomial Chaos approach optaeious section in Fig-
ure 2.6. The Polynomial Chaos expansion reduced to one tant@arametePe(w)
converges exponentially as function of the number of teins 1, see Figure 2.5b.
The convergence of the standard two-dimensional Polyridbhiaos expansion is less
regular, see Figure 2.4b. This results for the reduced agpréor a computational
work equivalenttaV + 1 = 4 terms in a two orders of magnitude smaller error. This
demonstrates that reducing the dimensionality of probigisibace by combining mul-
tiple uncertain parameters into fewer ones can in comhinatith Gram-Schmidt or-
thogonalization be an efficient strategy to handle multipieertain input parameters.
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Figure 2.6: Error convergence of the one-dimensionak( 1) and two-dimensional
(n = 2) Polynomial Chaos expansions as function of the numberroigeV + 1
as measure of the computational work for the steady statettaeesfer problem in a
one-dimensional pipe flow.

2.3.4 Estimation of the combined effect of the uncertain paame-
ters

The other strategy to avoid solving a two-dimensional Poigial Chaos formulation
is to estimate the combined effect @fw) andx(w) based on their one-dimensional
Polynomial Chaos expansions. The Polynomial Chaos appitions of the effect of
two uncertain parameters separately on the variafﬁqg,anda%_ﬁ, is given by (2.14).
Their combined effect on the varianeg can then be estimated by their sum according
to (2.13). In Figure 2.7 the results of this estimate aremiveterms of the standard
deviation of the temperatuker as function ofz. The result of the two-dimensional
Polynomial Chaos expansion for the combination @) andx(w) of section 2.3.2 for
p = 2is given by the dashed line. It shows the same behavior asitertainty bars in
Figure 2.3. The standard deviations due to the separatetaimcparameters(w) and
k(w) are also shown. Combining the results of the two one-dinosasiPolynomial
Chaos approximations using (2.13) results in the estimandoy the bold line in
Figure 2.7. Relation (2.13) gives in this case a good esirnhthe combined effect
of the two parameters without solving a two-dimensionalRomial Chaos problem.
It can be seen that the estimate of the combined effect ofwibepairameters on the
standard deviation is larger than their separate effects.
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Figure 2.7: Estimate of the combined effectudfv) andx(w) compared to their two-
dimensional Polynomial Chaos expansion results with 2 for the steady state heat
transfer problem in a one-dimensional pipe flow.

2.4 Uncertainty analysis of heat transfer in a two-
dimensional channel flow

In this section Polynomial Chaos is applied to the uncetyaamalysis of heat trans-
fer in a two-dimensional channel flow. The deterministiclpem is briefly addressed
in section 2.4.1. Six input parameters are considered tabertain including physi-
cal model parameters, boundary conditions, and geomkigbacameters. A variety of
probability distributions for the uncertain parametersdkected mainly to demonstrate
the generality of the approach. The separate effects of tieertain parameters are
studied in section 2.4.2 using one-dimensional Polyno@raos expansions. These
results are used in sections 2.4.3 and 2.4.4 in the stratégidetermine the effect
of multiple uncertain parameters efficiently. The combimdi@ct of the four most
important parameters resulting from the analysis in se@id.2 is determined in sec-
tion 2.4.3. The dimensionality of the probability spacesiduced further by combining
three of those parameters into the Péclet number and ag@yivo-dimensional Poly-
nomial Chaos expansion to the four most important parameitrese three parameters
could also have been combined into the Péclet number farthlysis in section 2.4.2,
which would have made the importance analysis more efficietérms of computa-
tional costs and integration of the Polynomial Chaos foatiah into the deterministic
code. However, we are also interested here in studying tharate effects of un-
certainty in the physical parameters and their differebpbility distributions. In
section 2.4.4 the one-dimensional Polynomial Chaos euitthe other two param-
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Figure 2.8: Two-dimensional Poisseuille channel flow alargeating element.

eters are used to estimate their additional effect, whishlte in an approximation of
the effect of all six uncertain parameters. The results anepared with Monte Carlo
simulations.

2.4.1 Heat transfer in a two dimensional channel flow

Steady-state heat transfer in a two-dimensional Poids@hiinnel flow along a heating
elementis considered, see Figure 2.8. This problem isteeles an example of a heat
transfer problem in multiple spatial dimensions in a simgpd®metry with sufficient
multidimensional effects. The velocity component in thdirectionu is assumed to
be a function ofy only

uly) = —5- L — ) (2.29)

2 dx s

with dynamic viscosity:, constant pressure gradieht/dx, and height of the channel
2h. The velocity component in thg-direction is assumed to be zero. The heating
element located at the lower wall & < = < L; + Ly, maintains a constant wall
temperaturdy,.. The other walls are adiabatic. At the inflow boundary 0 the tem-
perature is given b§’ = Ty = 273.15K. Outflow boundary conditions are prescribed
atx = L, with L = 0.1m. Itis assumed that the temperature distribution does not
influence the flow field. The heat transfer is then given by

oT o*T  0°T 0

u(y)%_ﬂ(w+8—y2> =0,

with heat conduction parameter andu(y) given by (2.24). The deterministic values
of the parameters for air at standard sea level conditiodgteir assumed uncertain-

(2.25)

29



Chapter 2. Gram-Schmidt Polynomial Chaos

Table 2.1: Uncertain parameters in the heat transfer pmobiethe two-dimensional

channel flow: deterministic value and uncertainty distitdou

parameter| symbol value unit distribution | cov/interval
conduction K 2.595-10~2 J/kgK | lognormal 0.25
viscosity U 1.7894-107° | kg/ms uniform 0.25
pres. grad.| dp/dz -2.0 kg/m?s® | polynomial | [-3.5;—.5]
h.e. temp. The 373.15 K uniform 0.05
height h 0.01 m lognormal 0.025
h.e. length| Ly 0.025 m cosine [0.025;0.026]

ties are given in Table 2.1. These settings are chosen basagarameter study for
determining a parameter combination for which the tempeeafield is sensitive to
small variations. A variety of input probability distribahs is chosen to demonstrate
the generality of the approach. Six parameters are assurbedincertain described by
the following probability distributions, see Table 2.1:aheonduction:(w), viscosity
u(w), pressure gradienlp/dz(w), heating element temperatufg. (w), heighth(w),
and heating element lengfh,.(w). Note that both distributions which correspond to
classical polynomials and non-standard distributionsatected. The probability dis-
tributions of the uncertain parameters and their sepaftgets are further detailed in
section 2.4.2. The outputs of interest are (1) the standarition of the temperature
field; (2) the uncertainty in the temperature at the uppef;wsald (3) the uncertainty
distribution of the average outflow temperature.

The governing equation (2.25) is discretized using a seowddr finite volume
method with an upwind and central discretization of the atlea and diffusion terms,
respectively. Based on a grid refinement study spatial igeepef Az, Ay = 1072
have been chosen, which results for the deterministic caaediscretization error of
approximatelyl0=5 in the L,-norm. Grid convergence also for the stochastic problem
is an important issue in uncertainty quantification as dised in [79]. In Figure 2.9
the deterministic solution for the temperature figltk:, y) and the temperature on the
lower and the upper wall are given for the mean values of tieedain parameters. The
temperature increases downstream of the inflow boundany #%3.15K to 373.15K
at the heating element. Downstream of the heating elemenéthperature is increas-
ingly uniform in they-direction due to the conduction of heat. The temperatutieeat
lower wall is at eachr larger than or equal to the temperature at the upper wall. The
average outflow temperature of the deterministic solusdf,j;, = 346.95K.
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Figure 2.9: Deterministic solution of the heat transfertia two-dimensional channel
flow.

2.4.2 Influence of the uncertain parameters separately

The Polynomial Chaos formulation of the governing syster@gpis different for ev-
ery uncertain parameter. Here, the formulation for the ttage dynamic viscosity
p(w) is considered as an example. The flow velocity) is inversely proportional to
the dynamic viscosity:(w), see (2.24). The inverge*(w) = 1/u(w) is, therefore,
considered as the uncertain input parameter. Althoughyhardic viscosityu(w) is
assumed to have a uniform distribution which can be linkeldegendre polynomials,
the uncertain parameter(w) has a distribution which cannot be linked to classical
polynomials. The basis polynomials corresponding to theettainty distribution of
w*(w) are constructed using Gram-Schmidt orthogonalizatid®) (After substitution
of the Polynomial Chaos expansions into (2.25) and a Galgrfdjection onto each
polynomial basig ¥;(£)},_,, the resulting system of equations is

min{k+1,p}

« _ OT; 0’Ty,  9°Ty
u (y) Z Mik%_ﬁ(W'i_ 81]2 ) =0, k:O711'--7pa (226)
i=max{k—1,0} ‘

with L d
* __1ap..o o
w(y) =5 (" —v7), (2.27)
and
1 1
it = ) Zu;oyiqu\yk), i,k=0,1,...,p. (2.28)
k =0
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In a similar way the system of equations for the other unaefarameters can be
derived. Below, the separate effects of the six uncertaiarpaters on the outputs of
interest are analyzed based on Figures 2.10 to 2.12. Iné-@di0, the solution for
the standard deviation of the temperature field resultiomfthe six uncertain param-
eters separately is given. The analysis focuses on theasthddviation field, since the
mean value of the temperature field for the uncertain paset qualitatively similar
to the deterministic solution of Figure 2.9a. The mean ardthndard deviation of the
temperature on the upper wall are compared to a convergeabeses of Monte Carlo
simulation for10, 100, and1000 evenly spaced samplesdne [0, 1] in Figure 2.11. In
Figure 2.12 the probability distribution of the averageflouwt temperature is compared
to Monte Carlo results based @000 samples. For each uncertain parameter a conver-
gence study is performed to determine the required Polyalo@hiaos order ranging
fromp=1top =4.

Heat conduction The heat conduction parametefw) is assumed to have a lognor-
mal uncertainty distribution, because the heat condugi@ameter is a positive phys-
ical parameter. The coefficient of variationG8/,, = 0.25. The Polynomial Chaos
approximation withp = 4 of the effect on the standard deviation of the temperature
field is given in Figure 2.10a. The effect of the uncertainty{w) on the temperature
field vanishes near the inflow boundary and the heating elersiace the temperature
is prescribed on these boundaries. The uncertainty hasthest effect on the upper
wall opposite of the heating element, since the heat comtug{w) affects the rate
at which the heat of the heating element is transported tirdloe fluid to the upper
wall. Due to the heat conduction, the standard deviatioh@fémperature field is also
increasingly uniform further downstream of the heatingredat.

The mean and the standard deviation of the temperature apger wall are com-
pared with Monte Carlo simulations withd, 100, and1000 samples in Figure 2.11a.
The mean temperature on the upper wall is a monotonicallgasing function oft.
The standard deviation has a maximum on the upper wattof 7.5K atx/L = 0.42.
The results of the Monte Carlo simulations converge to tHgrfeonial Chaos results
for increasing number of samples. For the mean value, thetéGarlo results con-
verge faster to the Polynomial Chaos result than for thedsta@hdeviation. The Monte
Carlo simulation with 1000 samples matches the fourth ortdynomial Chaos solu-
tion. The Polynomial Chaos formulation is solved by Gausgld iteration, which
results, in this case, in a computational work equivalenartoaverage oB times
N +1 = p+1 deterministic solves. Therefore, the computational workfie Polyno-
mial Chaos method is more than a factor 50 smaller than fokiitvete Carlo method.

The Polynomial Chaos approximation of the probabilityrdisttion function of the
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Figure 2.10: Polynomial Chaos results for the standardatievi of the temperature
field o for the heat transfer in a two-dimensional channel flow.
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Figure 2.11: Polynomial Chaos (PC) and Monte Carlo (MC) ltedar the mean and
standard deviation of the temperature on the upper Walk, w) for the heat transfer
in a two-dimensional channel flow.
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Figure 2.12: Polynomial Chaos (PC) and Monte Carlo (MC) ltesar the probability
distribution of the average outflow temperatdrg,, for the heat transfer in a two-
dimensional channel flow.
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average outflow temperatufg,,;(w) is compared to a Monte Carlo simulation with
1000 samples in Figure 2.12a. Fourth order Polynomial Chaosucapthe nonlinear
deformation of the input distribution and matches the Mddéelo result. The linear
deformation of the first order Polynomial Chaos approxiorativith p = 1 is not
sufficient to capture the output probability distributicscarately.

Viscosity The dynamic viscosity:(w) is assumed to be uniformly distributed with
coefficient of variationCV,, = 0.25. The viscosity affects the advection-diffusion
of the temperature through the velocity profile of the flon2@). The Polynomial
Chaos formulation for the uncertain viscosittv) is given above in (2.26) to (2.28).
The uncertainty in the viscosity(w) results in a qualitatively similar, but slightly
higher, uncertainty in the temperature field than the cotidtic ~(w) unless their
equal coefficient of variation (Figure 2.10b). The maximuinthe standard deviation
isor = 8.1Katx/L = 0.43 on the upper wall (Figure 2.11b). A Polynomial Chaos
order ofp = 3 is sufficient to resolve the effect pfiw) compared tgp = 4 for xk(w).
The Monte Carlo method also converges faster to the PolyaldDhiaos results for the
mean and standard deviation of the temperature on the upglefar the uncertain
viscosity u(w) than for the uncertain conductivity(w). This is caused by the finite
probability interval of the uniform distribution gf(w) compared to the semi-infinite
domain of the lognormal distribution of(w). In Figure 2.12b it can be seen that
the polynomial ordep = 3 is also sufficient for the approximation of the probability
distribution of the outflow temperatufi,; (w).

Pressure gradient In practice, often only a small set of measurements is availa
for describing the input uncertainty. In that case a fun@ldit can be made to obtain
an approximation of the distribution function of the une@rtparameter. Assume that
in this case a fifth order polynomial fit for the distributiamiction of the pressure gra-
dientdp/dz(w) on the domain—3.5; —0.5] is available. The third order Polynomial
Chaos expansion shows that uncertainty in the pressuréegtdths a slightly larger
effect on the standard deviation of the temperature field the two previous uncertain
parameters (Figure 2.10c). The three uncertain parameters 1(w), anddp/dz(w)
have a qualitatively similar effect on the standard dewrafield, since they affect the
balance between advection and diffusion of the heat eleteemperature, see (2.24)
and (2.25). The standard deviation reaches a maximuorof 8.9K on the upper
wall atz/L = 0.39 (Figure 2.11c). The uncertainty distribution of the outfltem-
peraturel,,;(w) is only a slight nonlinear deformation of the input disttibn of the
pressure gradient, since the approximationgoe 1 is already close to the Monte
Carlo result (Figure 2.12c).
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Heating element temperature The uncertain heating element temperaflifgw) is
an example of an uncertain boundary condition. The proitabiktribution of T}, (w)

is assumed to be uniform with a coefficient of variatioW+,, = 0.05. A first order
Polynomial Chaos expansion is employed, since in this desé&mperature field de-
pends linearly on the temperature boundary conditions.stdredard deviation field of
the temperature (Figure 2.10d) is qualitatively similattte deterministic temperature
field of Figure 2.9a. The effect of the uncertdip, is largest at and downstream of the
heating element, and smallest near the inflow boundary andgper wall. The stan-
dard deviation of the temperature on the upper wall incieasenotonically withz to
or = 12.9K (Figure 2.11d). Due to the linear dependence on the boyratarditions
the probability distribution of the outflow temperature isform just as the input dis-
tribution (Figure 2.12d). The linear deformation is captliexactly by the first order
Polynomial Chaos expansion.

Channel height Finally, two geometrical uncertainties are consideredor@etrical
uncertainties are often examples of epistemic uncertaivttich can be controlled in
the production process. The input variation in the geom@arameters is, therefore,
assumed to be smaller than in the other input parameters.chdenel height, is
assumed to be lognormally distributed with coefficient afation CVy, = 0.025. The
channel height effects the heat transfer geometricallyctly and indirectly through
the velocity profile. The standard deviation field predidigdh third order Polynomial
Chaos expansion fdt(w) is qualitatively slightly different from those resultingpfn
the uncertainty in(w), u(w) anddp/dz(w), especially in front of the heating element
(Figure 2.10e), due to the double effect«dfv). The uncertainty of the temperature on
the upper wall is similar to that of the first three uncertargmeters (Figure 2.11). The
maximum of the standard distribution @t = 3.03K is significantly lower due to the
smaller input coefficient of variatio@V;,. The effect on the uncertainty distribution
of the outflow temperature is smaller and accurately residbyea first order expansion
(Figure 2.12e).

Heating element length The heating element lengthy,. is another example of a
geometrical uncertainty. It is assumed to have a cosinehiison on the domain
Ly (w) € [0.025;0.026]. The resulting standard deviation field is very differentneo
pared to that of the other uncertainties (Figure 2.10f). Tiheertain heating element
length has only a local effect on the uncertainty in the terajpee field near the end
of the heating element. The uncertainty has, therefore,all gffiect on the standard
deviation field and the standard deviation of the tempegabur the upper wall with
a maximum ofer = 0.03K at the outflow boundary (Figure 2.11f). Although the
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Chapter 2. Gram-Schmidt Polynomial Chaos

uncertainty in the outflow temperature is small, it requadsurth order Polynomial
Chaos approximation to obtain a comparable relative acguwzampared to the other
uncertainties (Figure 2.12f).

2.4.3 Combined effect of the four most important parameters

In case of multiple uncertain parameters it is importantetednine their combined
effect, since their combined first order effect on the varéis always larger than their
separate effects. To reduce the computational costs of &-dimlensional Polyno-
mial Chaos analysis, the three efficient strategies foriplaluncertain parameters
described in section 2.2.3 are combined to solve the cupeaftlem. First, the re-
sults of the one-dimensional Polynomial Chaos expansionthé separate uncertain
parameters of the previous section are used to select thenfast important parame-
ters. Based on the maximum standard deviation of the teryergeld, the four most
important uncertain parameters are: (1) heat conduetiaf); (2) viscosityu(w); (3)
pressure gradientp/dz(w); and (4) heat element temperaturg.(w). Second, the
dimensionality of probability space is further reduced bynbining the first three un-
certain parameters into the Péclet numBefw) = u(y)L/x. This results in a further
reduction of the dimensionality of probability space fram= 4 to n = 2. The Péclet
number has a non-standard uncertainty distribution, wbtéchbe determined from the
uncertainty distribution of(w), u(w) anddp/dz(w). The appropriate polynomial ba-
sis for the Péclet number is constructed using Gram-Sahonildogonalization (2.8).
The third strategy for reducing the computational costhefrhultidimensional analy-
sis by estimating the additional effect of the other undent@rameters is considered
in section 2.4.4.

A two-dimensional Polynomial Chaos expansian=£ 2) is employed for the un-
certain parameters: (1) the Péclet numBefw), and (2) the heat element temperature
The(w). Writing (2.25) in terms of the Péclet number results in

oT o’T  &°T
— — | =+ == =0,
o1 012 = 0y?

with Z = /L andy = y/ L. The Polynomial Chaos formulation fBe(w) andTi,(w)
is then

Pe(w) (2.29)

P
s 0T, aQTk aQTk

; eik%_(ajﬂ + 8172)_07 k—071,...,N, (230)
with

1

. 1

Pej = —5 » Pej(¥; ;W) i,k=0,1,...,N, (2.31)
<\Ilk> j=0
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2.4. Uncertainty analysis of heat transfer in a two-dimemai channel flow

and heat element temperature

2
The(w) =Y Thei ¥ (€(w)). (2.32)
2

A second order Polynomial Chaos approximatipn= 2) is employed, which results
in an expansion withV + 1 = 6 terms, see (2.3). The standard deviation of the
temperature field due to the four uncertain parameters st Figure 2.13a. The
four uncertain parameters result in local maxima of thedsdash deviation field at the
heating element and on the upper wall. The uncertainty oteéhgperature field is
maximal at the heating element withr = 18.7K. The uncertainty at the heating
element is caused by the uncertain heating element tenopeyaince the effect of the
other uncertain parameters vanishes at the heating elefifemthree uncertain model
parameters combined in the Péclet number result in a loaalmum of the standard
deviation field ofor = 15.0K on the upper wall at /L = 0.66. This is approximately
two times higher than the standard deviations resultingft¢w), 1(w), anddp/dz(w)
separately. Also the average standard deviation at theoouttbundaryyr = 14.3K

is larger than for the uncertain parameters separatelyigeee 2.10.

In Figure 2.13b the mean value of the temperature on the upakf,, and the
uncertainty bars based ahor are compared with Monte Carlo simulation results.
The Monte Carlo results are basetf samples obtained by the tensor product @
evenly spaced samplesin € [0,1] in both dimensions of probability spacBe(w)
and Tyo(w). The mean value of the temperature on the upper wall is a manot
cally increasing function aof. The length of the uncertainty bars shows a fast increase
starting from the inflow boundary up to/ L = 0.54 after which their length reduces
only slightly. The two-dimensional Polynomial Chaos exgian forp = 2 shows
good agreement with the Monte Carlo results. The Polyno@aos ordep = 4 re-
quired to resolve the effect of an uncertain Péclet nuriteér) in the one-dimensional
advection-diffusion problem of Figure 2.5a, suggests thateffect ofPe(w) in the
one-dimensional problem is more nonlinear.

2.4.4 Estimation of the additional effect of the other paraneters

The additional effect of the other two parametéisy) andLLy,., is approximated using
estimate (2.13) and the one-dimensional Polynomial Cheparesion results foli(w)
andLly, of section 2.4.2. First the accuracy of (2.13) is studieddimgaring the results
of the estimate with those of the multi-dimensional Polymr®haos expansion for
the four most important uncertain parameters of sectior82.4

39



Chapter 2. Gram-Schmidt Polynomial Chaos

w
@
S

N
o
w
-3
S

—PC (p=2) —
---MC (N=1e4

w
[
g
S

temperature T [K]
)
N
o

y/h position
o

w
1=
S

N
@
o

0.8 1

. OI;‘L 0.6
x/L position
0.4 0.6 0.8 1 0 P
XIL position

(a) Standard deviation temperature field (b) Upper wall temperaturéy,

Figure 2.13: Polynomial Chaos results for the heat transfatwo-dimensional chan-
nel flow for the combined effect of the four most important emain parameters, v,
dp/dz andTe.

In Figure 2.14 the estimate of the combined effect of the foost important pa-
rameterss(w), p(w), dp/dz(w), and The(w) on standard deviation fieldr based
on estimate (2.13) and their one-dimensional PolynomialdShexpansions of sec-
tion 2.4.2 is given. The estimate results without solvingtegn (2.30) for the multi-
dimensional Polynomial Chaos expansion in a reasonablezippation of the actually
computed effect of the four parameters by Polynomial Chhosve in Figure 2.13a.
The two predictions match close to the heating element amhflow boundary. In the
rest of the domain the standard deviation is slightly ovedted by estimate (2.13).

In Figure 2.15 the three strategies for efficient Polynor@ilahos approximations
are combined to determine the joint effect of all six underf@arameters. The one-
dimensional Polynomial Chaos approximations for the sepgrarameters of section
2.4.2 are used to select the four most important parametens x.(w), dp/dz(w), and
The(w). Three of the uncertain parameters are combined into tblefR&mbePe(w)
and a two-dimensional Polynomial Chaos expansion is enegléyr the resulting two
uncertain parameters as in Figure 2.13a. The additioredtedf the other two uncertain
parameteré(w) and Ly (w) is estimated by using (2.13).

The two less important parameters have indeed a small effettte standard de-
viation field, see Figure 2.15, compared to the Polynomiadstresult for the four
most important parameters of Figure 2.13a. After addingatiditional effect of the
other two uncertain parameters, the maximum uncertainth@mipper wall is slightly
increased fronw = 15.0K to o = 15.2 mainly due to the additional effect d{w).
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Figure 2.14: Estimate of the combined effect of the unceparameters, p, dp/dz,
and Ty, on the standard deviation of the temperature fiejdbased on their one-
dimensional Polynomial Chaos expansions for the heatfeaisa two-dimensional
channel flow.

Estimate (2.13) is, therefore, appropriate to approxintaeadditional effect of less
important uncertain parameters.

This result is obtained by resolving six one-dimensiondy®amial Chaos ex-
pansions and one two-dimensional expansion instead abqeirig a six-dimensional
Polynomial Chaos analysis. This example illustrates tlsaigialternative strategies
to reduce the computational burden of uncertainty quaatitio with many uncertain
parameters can be an accurate and efficient approach tasectiee understanding of
the complex effects of physical variability on the performoe of engineering designs.

2.5 Summary

A Gram-Schmidt Polynomial Chaos formulation is developeddntribute to the ex-
tension of the spectral convergence of Galerkin Polynof@raos to arbitrary input
probability distributions. Gram-Schmidt orthogonalipatis employed to analytically
construct a set of suitable orthogonal basis polynomiatgutke statistical moments of
random input. The method is applied to resolve the effechotutainties in advection-
diffusion heat transfer in pipe flows.

The analysis of the combined effect of many uncertain pat@rsased on multidi-
mensional Polynomial Chaos expansions results in a fastase of the computational
costs. Three alternative strategies to quantify the ef€otultiple uncertain parame-
ters more efficiently are studied. The first approach is tect@nly the most important
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Figure 2.15: Standard deviation of the temperature fiejdby the combination of
the three strategies for selecting the four most importacertain parameters(w),
w(w), dp/dz(w), andTye(w), combining them into two uncertain parametBrgw)
andTi.(w), and estimating the additional effect of the less impontemameters (w)
andLy.(w) for the heat transfer in a two-dimensional channel flow.

uncertain parameters for a multi-dimensional Polynomlz&s analysis based on the
results of their one-dimensional Polynomial Chaos exmanssiThe second strategy is
based on reducing the dimensionality of probability spacedmbining multiple un-
certain parameters into fewer ones. This second approadieaased effectively due to
the extension of the Polynomial Chaos formulation to aabjtinput distributions. The
third approach is to estimate the combined effect of mtipicertain parameters by
summing the variances resulting from one-dimensionaliotyial Chaos expansions
for the separate uncertain parameters in analogy with thtarpation method.

The three Polynomial Chaos strategies are applied to a mnerdional advection-
diffusion model problem and a heat transfer problem in a divoensional Poisseuille
channel flow. An error convergence study with respect to atel@arlo reference
solution illustrate the effectiveness of the second apgréar a one-dimensional prob-
lem. For the heat transfer in a two-dimensional Poissealinnel flow the effect of
six uncertain parameters in the model, the boundary camditiand the geometry is
studied successfully. The Polynomial Chaos results andtd@Garlo reference solu-
tions demonstrate that different uncertain parametersheae significantly different
guantitative and qualitative effects on the temperatutd.fi€heir combined effect is
determined efficiently by a combination of the three altéuweastrategies for multi-
ple uncertain parameters, instead of performing a six-dgimmal Polynomial Chaos
analysis. The combined effect is found to be larger thandhtite separate parameters.
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Chapter 3

Monomial Chaos

Propagating uncertainty through nonlinear equations eacoimputationally intensive
for Polynomial Chaos methods. It results in a set of nonlireguations, which is
coupled in the Galerkin Polynomial Chaos formulation. A Mamal Chaos approach
is presented in this chapter for efficient uncertainty gifigation in nonlinear com-
putational problems. The proposed Monomial Chaos appreaxgioys a Polynomial
Chaos expansion with monomials as basis functions. Thensiqra coefficients are
solved for using differentiation of the governing equasipimstead of a Galerkin pro-
jection. This results in a decoupled set of linear equatfongproblems involving
polynomial nonlinearities. This reduces the computatiovaak per additional Poly-
nomial Chaos order to the equivalence of a linear Newtomtiten. Error estimates
are derived, and Monomial Chaos is applied to uncertaingntification of the Burg-
ers equation and a two-dimensional boundary layer flow prablMonomial Chaos
results compared to those of the Monte Carlo method, pextiarib method, Galerkin
Polynomial Chaos method, and a non-intrusive PolynomialdShmethod show a 2—-3
times faster error convergence as function of computaltivaek.

3.1 Introduction
Parametric uncertainty is considered in a physical modstrileed by the differential
equation (1.1) in the form of

L(x,t, a(w);u(x,t,w)) = S(x,t, a(w)), (3.1)

Based on: J.A.S. Witteveen, H. Bijl, A Monomial Chaos apptofor efficient uncertainty quantification in
nonlinear problems, SIAM J. Sci. Comput. 30 (2008) 12967131
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where a(w) is an uncertain parameter with known probability distribot In ap-
pendix A, four widely used uncertainty quantification mathare briefly reviewed for
comparison with the proposed Monomial Chaos approach: thetéICarlo method,
the perturbation method [45], the Galerkin Polynomial Ghaethod [27], and a non-
intrusive Polynomial Chaos method [36].

These uncertainty quantification methods result in a siganifiincrease of the com-
putational costs compared to a deterministic simulatidre on-intrusive Polynomial
Chaos method results, for example, in a multiplication ahpatational work by a
factor (p + 1), wherep is the Polynomial Chaos order. For computationally very in-
tensive problems this increase of computational work caa tmajor drawback for the
application of uncertainty quantification. Consider, feample, practical applications
of nonlinear computational fluid dynamics in time depengeablems involving com-
plex geometries. These deterministic problems can alredeyweeks or even longer
to solve. An increase of this amount of computational worlalfgctor(p+1) is signif-
icant. Especially in iterative design processes of indaistipplications this can make
uncertainty quantification impractical. On the other hamt;ertainty quantification is
in these cases essential for robust design optimizatioarefbre, there is a need for a
further reduction of the computational costs of uncertagutantification methods.

In this chapter, a Monomial Chaos approach is proposed taceethe costs of
uncertainty quantification in computationally intensiventinear problems. The com-
putational work per Monomial Chaos order is equivalent tlmadr Newton iteration
due to the differentiation of the governing equations faaating the coefficients of the
Polynomial Chaos expansion with Monomials as basis funsti@ herefore, Monomial
Chaos can be a computationally efficient alternative fostaxg uncertainty quantifi-
cation methods in nonlinear problems. The Monomial Chagsageh is introduced
in this chapter for one uncertain input parameter to dematesthe properties of the
method and to make a basic comparison with other uncertgirggtification methods.
The extension of Monomial Chaos to multiple uncertain patams and random fields
is briefly addressed.

The Monomial Chaos is introduced and error estimates afeedkin section 3.2.

In section 3.3 the Monomial Chaos is applied to the Burgetsmtgn to demonstrate
the properties of the proposed approach for a standardneamladvection-diffusion
test problem in one dimension. The results are comparedredthlts of the pertur-
bation method, the Galerkin Polynomial Chaos method, aadhtim-intrusive Polyno-
mial Chaos method in section 3.4. In section 3.5 the Mono@ledos is applied to a
two-dimensional boundary layer flow problem as an exampke sthndard nonlinear
test problem from two-dimensional incompressible fluid ayics. In section 3.6 the
conclusions are summarized.
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3.2 The Monomial Chaos approach

In this section the Monomial Chaos approach is proposededtian 3.2.1 the Mono-
mial Chaos approach is introduced in general as applied.19.(&rror estimates are
given in section 3.2.2.

3.2.1 The Monomial Chaos formulation

The Monomial Chaos approach employs a Polynomial Chaosnsigrawith mono-
mials as basis functions to determine the uncertaintyibigton of the output. The
equations for the Monomial Chaos expansion coefficientohtained by differenti-
ating the deterministic equation with respect to the urderinput parameter. This
results in a decoupled set @f+ 1) equations for thép+ 1) coefficients of ath-order
Monomial Chaos expansion, in which each equation solves fdtonomial Chaos
coefficient sequentially. Due to the product rule the ddfdiation of the governing
equations also results in a set of linear equations evenrédnlgms involving polyno-
mial nonlinearities. This reduces the additional compaitet! work per Polynomial
Chaos order to the equivalence of a single Newton iteratibnerefore, Monomial
Chaos can be an efficient alternative for uncertainty gfieation in computationally
intensive nonlinear problems.

Consider the application of Monomial Chaos to a physical ehad/olving poly-
nomial nonlinearities and parametric uncertainty giver{y),

L(x,t, a(w);u(x,t,w)) = S(x,t, a(w)).

The uncertain parametefw) and the solution:(x, ¢,w) are expanded into a Polyno-
mial Chaos expansion

1

aw) =Y e ¥(EW),  ulxtw) =Y uwl)ViEW), (3.2
=0

=0

where the random variablgw) is given by a linear transformation of the uncer-
tain input parameteti(w) to an appropriate standard domain, ife-1, 1], [0, o), or
(—o00,00) [114]. Due to this linear transformation the Polynomial 6ha&@xpansion
of a(w) in (3.2) is exact within the first two terms. In the Monomiald@is the basis
polynomials{¥;(¢)}22,, are monomials arounf{w) = p¢ with pe = E[¢(w)]:

¥i(§(w)) = (§(w) — Mf)iv i=0,1,.... (3.3)
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These monomials are chosen as basis functions becauseattséy the property

i, =17,
= L (3.4)
5:N5 { 07 ? 7& I
which says that taking thg¢th derivative of the monomial§¥;(£)}52, with respect
to £ até{(w) = pe results in a nonzero term fér= j only. This property of mono-
mials results in the decoupled set of equations for the Maab@haos coefficients

{u;(x,t)}. Substitution of the Monomial Chaos expansions (3.2) wal3) into the
governing equation (3.1) results in

I,
dgi

1 e’} 1
L%t o Wi(€: > u(x, )W) | =5 [ %6 a0 |- (35)
j=0 i=0 J=0

To obtain a set of equations for the expansion coefficienth@olution{u;(x, t)},
(3.5) is differentiated with respect &dor £ (w) = pe. Taking thekth derivative of (3.5)
results in an equation for tHgh expansion coefficienty(x, t),

ak 1 e’}
j=0 i=0 E=pe
ok :
=S| x> a;0(¢) (3.6)
0¢ = B
: §=ne
fork =0,1,.... This set of equations can be discretized using standacddization

techniques [35]. Due to the combination of differentiatadr{3.5) and property (3.4),
all higher-order coefficientgu;(x, ) }32, . ; drop out of the equation, which results in
adecoupled set of equations for(x, t) in terms of{u; (x, t) } = 1. Thisis illustrated in
section 3.3 where the Monomial Chaos is applied to the Bargguation. Furthermore,
the decoupled set of equations (3.6) is lineanjr{x,t) due to the product rule in
differentiation, even if the governing equation (3.1) @ns$ polynomial nonlinearities
(except fork = 0). The equation fok = 0 coincides with the deterministic problem
for the expected value of the uncertain paramgter For nonlinear problems solved
using Newton linearization, the additional computatiomatk per Polynomial Chaos
order is proportional to one Newton iteration.

A pth-order Monomial Chaos approximation of the solutigix, ¢, w) is given by
truncating the Monomial Chaos expansion gk, t,w) in (3.2) atp. The Monomial
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Chaos coefficienta; }1_, of the uncertain parametefw) with a known uncertainty
distribution can be determined by differentiating the Moma Chaos expansion for
a(w) in (3.2) with respect tg for £(w) = pe, which results, using property (3.4), in

1 dla

Ny = ——— s
J j'd§J tmpe

J=01 (3.7)

Wheref—fﬂug is known andyg = i

Equations (3.6) are similar to the continuous sensitivifyagions (A.4) of the
perturbation method, which are obtained by implicit diffietiation. The Monomial
Chaos method can be viewed as an extension of the perturlmaéithod, which is usu-
ally limited to second-order approximations of the first timoments. The Monomial
Chaos approach can be employed for obtaining higher-opgepaimations of the un-
certainty distribution and the statistical moments of thépat at computational costs
equivalent to those of the perturbation method.

On the other hand, in the Monomial Chaos approach the uncgraaameter and
variables are expanded in a polynomial expansion as in thy@m®mial Chaos method,
using monomials instead of orthogonal polynomials in thiyfamial Chaos method.
The Monomial Chaos approach can therefore be applied toatime set of arbitrary
input probability distributions as the Polynomial Chaostimeel. The outputs of the
Monomial Chaos approach are higher-order approximatibtiseeadistribution and the
statistical moments by solving a decoupled set of lineaagqns, instead of a possibly
coupled set of nonlinear equations in the Polynomial Chasthad.

Next to the relatively low computational work per Polynoim@haos order the
Monomial Chaos has additional advantages which are impbfta practical appli-
cations. First, the Polynomial Chaos order of the Monomiah&s approximation
can be determined during the computation while solving lier higher-order coeffi-
cients sequentially. Second, the equations (3.6) depelycarthe mean value of the
uncertain input parameter,. Therefore, the influence of different input uncertainty
distributions and variances can be studied after solvir)) (hce. This is an important
property since in practical problems the input distribntitself can also be subject to
uncertainty.

The Monomial Chaos is moderately intrusive, since for s@\(B.6) the summation
of the matrix and vector entries in the deterministic sohere to be modified. For de-
creasing the intrusiveness of the Monomial Chaos, theréiftation of the governing
equations can be replaced by finite difference differeiotieih random space.

Here, the Monomial Chaos approach is considered for a simgdertain input pa-
rameter. The Monomial Chaos approach can be extended tiplaulhcertain input
parameters by introducing a vector of random varia§les) = (& (w), ..., & (w)),
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wheren is the number of uncertain input parameters. The basis stgrisithat case of
multidimensional monomial®; (& (w)), which are tensor products of one-dimensional
monomials ¥;(&;(w)). The set of equations for the Monomial Chaos
coefficients (3.6) is then derived using mixed partial deixes of (3.5) with respect to
the random variable§; (w) }'_-

The uncertainty quantification methods reviewed in secBdncan also be ex-
tended to multiple uncertain input parameters. For comspariin the extension of the
perturbation method to multiple uncertain input parangetére statistical moments
of the output are expanded around the expected value of tertain parameters us-
ing multidimensional Taylor series expansions. The Paiyiab Chaos method can
be extended ta uncertain parameters by using a multidimensional Polyab@haos
expansion in (A.5). The multidimensional Polynomial Chagpansion is based on a
vector of random variable§(w) = (& (w), . .., &, (w)) and multidimensional orthog-
onal polynomials®; (¢(w)).

Arandom field can be handled by the Monomial Chaos methoddty&presenting
the random field in terms of a finite number of independenteamthput parameters
using a Karhunen-Loéve expansion [52] as in the Polyno@rdos method. For a
random field with a relatively high spatial correlation, thenber of random input pa-
rameters needed to reach a reasonable accuracy with then&riioeve expansion
can be small. In that case the Monomial Chaos method can Bie@pp the random
input parameters to resolve the effect of the random field.r&odom fields and ran-
dom processes with low correlation the required number odoan input parameters
can be much higher, and approaches other than the Monomé&idsOmnethod or the
Polynomial Chaos method can be more competitive.

3.2.2 Error estimates

In this section error estimates for the Monomial Chaos aggt@re derived. For sim-
plicity the arguments andt are dropped. After computing the Monomial Chaos co-
efficients in (3.6), approximations of the mean variancer2, higher-order moments,
and the distribution function can be derived. If the undanariableu(w) is expanded

in an infinite Monomial Chaos series, the meapis given in terms of the Monomial
Chaos coefficient$u; } 52, by

Hu = Zuiug,i, (3.8)
i=0
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with p¢ ; theith central statistical moment gfw),

e = / W (€)pe(€)de, (3.9)
supp(&)

with e o = 1, ue 1 = 0 and wheresupp(§) andpe (§) are the support and the proba-
bility density of¢(w), respectively. The varianeg’ is given by

op = Z Zﬁiﬁjﬂﬁ,z‘ﬂ‘a (3.10)
=0 j=0
with
i — fu, t=0,
g = et (3.11)
U, 1=1,2,....

In the numerical implementation the infinite series in (@BY (3.10) are truncated at
a Polynomial Chaos order The errors in the approximation in the meay) and the
variances,: due to the truncation of the Monomial Chaos expansion aredghen by

Epy = — Z Ui pe iy (312)
i=p+1
and =
803 =-2 Z Z UiUj g 545 - (313)
i=p+1j=p+1

If the Monomial Chaos coefficients; decrease fast enough witlior i = p + 1,p +
2,..., such that the leading truncation error term is due to négigthe (p + 1)th
coefficient, then the truncation errors can be estimated as

Epu & —Up+1HEp+1 (3.14)

and
ot & 21 pE g (3.15)

which says that the leading error term in the approximaticthe variancer?2 results
in an underestimation. These a posteriori error estimaaasbe used in a stopping
criterion for determining the Polynomial Chaos orgeof the Monomial Chaos ap-
proximation.

Another contribution to the error in the meap and the variance? can be due to
the divergence of the Monomial Chaos expansion in a partetitmain off(w). In
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case of an input distribution with an infinite support, igw) € (-0, ), there is
always a domaig(w) € (—oo, {7 JU[T, 00) in which the Monomial Chaos expansion
of u(w), (3.2), diverges. However, it is demonstrated in the follogvpropositions
that the divergence of the Monomial Chaos expansig{dn € (—oo, 7] U [T, 00)
resultsin errors,,  , £,z Which are in general small with respect to the truncatioarsrr
€1u andsgz and the meap,, and variance2.

Proposition 1. Let {(w) € (—o0,00) and let¢{(w) € (£7,¢1) be the domain of
convergence of the Monomial Chaos expansianef), (3.2). If the probability density
pe(§) of {(w) decreases fast enough &is— £oo such that

£+
< Z u; / . (3.16)

/ T(Ope()de
(=006~ ]U[Et,00) i—pt1
then the error in the Monomial Chaos approximation of the mega due to the di-
vergence of the Monomial Chaos expansiog (@) € (—oo, ] U [T, 00) is small
compared to the truncation error; i.€5,,| < |e,, |-

oo
Dl
=0

Proof. The errorg,,, in the Monomial Chaos approximation of the mgandue to the
divergence irf(w) € (—o0, {7 U [¢T, 00) is defined as

Zuz / W4 (€)pe(€)de, (3.17)

with

Uz

00,67 Julet, OO)

[eS)
D
=0

/ W (€)pe(€)de |
(=00, JU[ET,00)

The truncation errog,,, in the Monomial Chaos approximation of the meandue to

50



3.2. The Monomial Chaos approach

the truncation of the Monomial Chaos expansiop & given by (3.12),

] R LGSk

I

|

g

—

s
o

bS]

o
o™
o
axs

S (oo 0l 00)
[e'S) ¢t
~ S w [ w©pe)de, (3.18)
1=p+1 N
with
> i L (©pel€)de| <
iSp1 (oo IUIEY )
>ful | [ Wi()pe(€)de
i=0 (=006~ JU[€T,00)
According to the assumptiof,,, | < |e,. |- O

Proposition 2. Let {(w) € (—o0,00), and let{(w) € (£7,£T) be the domain of
convergence of the Monomial Chaos expansiomn(af), (3.2). If (i) the probability
densitype (¢) of £(w) decreases fast enough &s— +oo such that

Zu/ g)de|

or (i) the probability density, () of {(w) decreases fast enough &s— +oo such
that (3.16) holds and the probability density: (£)of £(w) decreases fast enough as
& — +oo such that

3 u/ €)pe(€)de

i=p+1 -

Ope (§)dé| < (3.19)

ulgt, 00)

<

Y[ w

(3.20)

then|é,,, | < |pul.
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Proof. The errorz,,, in the Monomial Chaos approximation of the meandue to the
divergence irf(w) € (—oo, 7| U [€T, 00) is given by (3.17),

= Zuz / W (©)pe (€)d.

Ugt,00)

The meanu, is given by (3.8) and (3.9), which can be written as

uu—Zuz/

According to assumption (i}¢ .| < |u#a|. The mearu, based on an infinite Mono-
mial Chaos series expansion @fw) is given by (3.8) and (3.9), which can also be
written as

o ¢t
(Epe()dE + 3 us /5 @) (3.20)
=0

U[gt,00)

Zul/ )pe (£)de + Z u/_ )de. (3.22)

i=p+1

The errore,, in the Monomial Chaos approximation of the meandue to the trun-
cation of the Monomial Chaos expansiorpas given by (3.12),

Z » / )€ (3.23)

1=p+1 -

According to assumption (i), we have, | < |u.|. The result of Proposition 3.1
gives|é,, | < |t O

An example of a probability distribution that can satisfg issumptions of Propo-
sitions 1 and 2 is the Gaussian distribution with densitycfiom p¢ () = (1/, /277052)

exp(—(€ — pe)?/(207)), andpe ando? the mean and variance 6fw), respectively.
This probability density function is exponentially decsgry as{ — +oo. Whether a
given Gaussian probability distribution satisfies the ag#ions depends on the com-
bination of a not too large variance of the uncertain inputpeeter througlarg and
sufficient regularity of the uncertain variabléw) through{u;}°, £~, and¢t. One
can use (3.16), (3.19), and (3.20) to verify whether the MuoiabChaos expansion of
a certain ordep is appropriate to use in a particular application. Similepwsitions
hold for the variance? and the errors,: ande,z.
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3.3. Application of Monomial Chaos

3.3 Application of Monomial Chaos

In this section the Monomial Chaos is applied to the Burggrsa&on. The test prob-
lem is intended for demonstrating the properties of Monb@Feaos applied to a non-
linear problem and for comparing the results to those ofratmethods. The Burgers
equation is often used to study the nonlinear advectidingldn phenomena of fluid
dynamics in one dimension [1], and also in combination whiih ¢ffect of uncertainty
[63, 103, 116]. The efficiency of uncertainty quantificatinorcomputational fluid dy-

namics applications is important, since deterministicflllid dynamics simulations
can already result in high computational costs. The Monb@lwos formulation for

the Burgers equation is given in section 3.3.1. In secti@23numerical results for
Monomial Chaos are presented.

3.3.1 Burgers’ equation

In this section the one-dimensional steady nonlinear adwediffusion problem
known as the viscous Burgers equation is considered [1]. Burgers equation for
the velocityu(z, w) in one dimension is given by

ou 0?u

with an uncertain viscosity(w). The deterministic boundary conditions a@, w) =

1 andu(l,w) = 0. The solution of the deterministic variant of (3.24) is simoin
Figure 3.1 for several values of the viscosity= {0;0.25;0.5; 1; 2; co}. In Figure 3.1
also the sensor locatiary, = 0.5 is shown. The Monomial Chaos expansions for the
uncertain viscosity (w) and the velocity:(z,w) are

1

v(w) =Y W), ul@w) =Y uil@)¥(EWw)), (3.25)
i=0

J=0

whereé(w) is a linear transformation of(w) to a standard domain ardl;(£)}72,
are monomials aroung{w) = p¢ given by (3.3). The expansion coefficieris; } ;_,
of the viscosity with a known uncertainty distribution aieemn by

1 div

= == =0,1 3.26
Vj j'dé-] ) J P ( )

§=ne
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velocity u

0.2]

sensor location x=0.5 -

0.2 0.4 0.6 0.8 1
position x

=

Figure 3.1: Deterministic solution of the nonlinear adi@eidiffusion problem for
several values of the viscosity parametet {0;0.25;0.5; 1; 2; 0o}.

Where |Hg is known. Substituting the Monomial Chaos expansions (3ri6 the
Burgers equatlon (3.24) results in

33 WO (O, Y werth oo @)

1=0 j=0 =0 j=0

Taking thekth derivative of (3.27) with respect t§ for {(w) = pe and using the
Leibniz identity and property (3.4) results in a differehgquation for (),

k k

St 5 (i o

1=0 l=max{0,k—1}

fork =0,1,.... Terms withoutu;(x) can be brought to the right-hand side of (3.28),
which results in

duo d2U0
—_— - =0 3.29
dl’ nw——-5 de ) ( )
for k = 0and
k—1
dug duy d2uy, k duy d?up_1
— — = = — _i(lx)— +k 3.30
Uk + ug W g ; <l>uk 1(x) o + ki EPCI ( )
for k = 1,2,.... As mentioned before, the equation for= 0, (3.29), coincides

with the deterministic problem for the mean value of the utaie viscosityr,. Equa-
tions (3.30) form a decoupled set of equations for the higinder Monomial Chaos
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3.3. Application of Monomial Chaos

coefficientsu (z), with k = 1,2,. .., as function of{uj(x)}f;é which can be solved
sequentially for increasing. These equations are lineardn(x). The computational
work for solving each equation of (3.30) is equivalent to dlesvton iteration for solv-
ing (3.29). Therefore, Monomial Chaos results in relajidelv computational costs
per additional Polynomial Chaos order compared to the detéstic solve.

A pth-order approximation of the solution fef(z,w) can be obtained by trun-
cating the monomial expansion fofz,w) in (3.25) atp. The error estimates (3.14)
and (3.15) can be used to determine a suitable Polynomial<ivalerp of the approx-
imation. Equations (3.8) and (3.10) can be used to deterthanapproximation of the
mean and the variance of the velocityr, w).

3.3.2 Results for Burgers’ equation

In this section results of the Monomial Chaos for the Burgeysation are presented.
In section 3.4, the results of the Monomial Chaos approaelt@mpared to results of
the perturbation method, the Galerkin Polynomial Chaosotktand a non-intrusive
Polynomial Chaos method as reviewed in appendix A. For thisparison two error
measures are used for the error in the megiiz) and the variance,: (x) at the sensor
locationz = 0.5:

0121 (xSl) - Uﬁ,rcf(ISI)

Uﬁ,rcf (xSI)

o Mu(xsl) - Mu,ref(xsl)
Epe =
:uu,ref(xsl)

(3.31)

E .2 =
Y g4

The reference solution is a Monte Carlo simulation based®nrealizations of the
uncertain parameter(w) evenly spaced in sample spacez [0, 1]. Approximations
of the probability distribution function and the probatyildensity function are also
presented. A second-order finite volume method is used twadize the spatial do-
main. The nonlinear problem is solved using Newton linesdidm with an appropriate
convergence criteriog,; = 10~ for the L.-norm of the residual, which results for
this problem in four Newton iterations.

The mean value of the uncertain input is assumed to,be 1. Probability distri-
butions with either a finite or a (semi-)infinite support oé thncertain viscosity (w)
are considered. The uniform distribution is chosen for tistridution on the finite
domain. This corresponds to the assumption of an intervaainty, which is often
used in practical applications in case not enough inforonas available to prescribe
an uncertainty distribution. The input coefficient of véina for the uniform distribu-
tion is cov,, = 0.3. Physical uncertainties are often described using a nodisti-
bution. Since the viscosity is a positive physical paraméte lognormal distribution
is selected instead of the normal distribution for the distion on the (semi-)infinite
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Figure 3.2: Monomial Chaos (MCh) results for the uniformungistribution.

domain. For the lognormal distribution an input coefficiehvariation ofcov, = 0.2

is considered to limit the main parameter variations to #meesrange as for the uni-
form distribution. It has been verified that variation of thput coefficient of variation
cov,, and the choice of the sensor locatien do not affect the results significantly in
comparison with the other methods.

3.3.2.1 Results for the uniform input distribution

In Figure 3.2 the Monomial Chaos results for the uniform ingistribution are pre-
sented. In Figure 3.2a the meap and the90% uncertainty intervals are given as
function ofx. The uncertainty is largest in the interior of the domain thuthe deter-
ministic boundary conditions. The uncertainty bars arerasgtrical with respect to
the mean, which was expected from the deterministic parmsaidy of Figure 3.1.
In Figure 3.2b the approximation of the probability distitilon function at the sensor
locationzy is shown. The Monomial Chaos approximations foe= 3 andp = 7
are compared to the reference solution. Thie-order approximation is very accurate,
and the3rd-order approximation results in a less accurate resolwatidhe tails of the
distribution.

In Figure 3.3 the error convergence of the Monomial Chaosvisngas a function
of both the Polynomial Chaos order and the computationak\iarthe uniform input
distribution. In the same figure results for the perturbaticethod are given, which are
discussed in section 3.4. The mean and the variance convemerage exponentially
as functions of Polynomial Chaos order; see Figure 3.3a. ddtecoefficients do
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Figure 3.3: Error convergence of the Monomial Chaos (MCh) e perturbation
method (PM) for the uniform input distribution.

not contribute to the approximation of the mean (3.8), siheecentral momentg, ;
of v(w) are zero for odd. This is the reason for the staircase convergence of the
approximation of the mean.

In Figure 3.3b, the error convergence as a function of thepeational work is
given in terms of the equivalent number of deterministioresl The error conver-
gence with respect to computational work is four times fagtan the convergence
with respect to Polynomial Chaos order. ko= 0 the Monomial Chaos results in
a deterministic solve for the mean value of the uncertainting. In this case four
Newton iterations are required to solve the nonlinear mnaoblPer additional Polyno-
mial Chaos order a linear problem has to be solved. The catipoal work for these
linear solves is equivalent to one Newton iteration for tbalimear problem. For an
8th-order Monomial Chaos approximation of the mean with anresfd - 10~° this
results in computational costs equivalent to three det@stic solves. These results
depend on the number of Newton iterations required for therdenistic problem.

3.3.2.2 Results for the lognormal input distribution

The results of the Monomial Chaos for the lognormal inputritigtion are given in
Figure 3.4. In Figure 3.4a the Monomial Chaos approximaticthe probability den-
sity function forp = 3 andp = 7 is compared to the reference solution at the sensor
locationz;. Especially near the tails of the distribution thih-order approximation

is more accurate than tl3ed-order approximation. In Figure 3.4b the weighted error
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Figure 3.4: Monomial Chaos (MCh) results for the lognormalit distribution.

in the approximation of the probability density functiorstsown. The error weighted
with its probability is small near the point of highest prbbiy, which corresponds
approximately tqu,, and it vanishes in the tails.

In Figure 3.5 the error convergence of the Monomial Chao&&ngor the lognor-
mal input distribution. The mean and the variance convdygethe error convergence
is less regular than for the uniform input distribution.tially the convergence is less
smooth due to the alternating over- and underestimatioanmbination with the asym-
metrical input distribution. The first-order coefficiemt(xs) has no contribution to
the approximation of the mean, since the first-order cem@henty, ; of v(w) is
by definition zero. The error convergence with respect topatational work is again
four times faster than with respect to polynomial order;Siggire 3.5b.

3.4 Comparison with other methods

In this section the results of the Monomial Chaos for the Btsg@quation are compared
to the results of the perturbation method [45], the Polyrad@haos method [27], and a
non-intrusive Polynomial Chaos method [36]. An error cageace study with respect
to the Monte Carlo reference solution is performed as a fanatf Polynomial Chaos
order and computational work. For the Galerkin Polynomia@s method an optimal
polynomial basis is constructed based on the input uncgyteistribution. For a non-
intrusive Polynomial Chaos method the solution is not uaigimce the samples in
random space in (A.8) can be chosen arbitrarily [36]. Hesesampling points are
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Figure 3.5: Error convergence of the Monomial Chaos (MChg e perturbation
method (PM) for the lognormal input distribution.

chosen uniformly distributed it.

3.4.1 Comparison with the perturbation method

In contrast with the Monomial Chaos approach, the pertishahethod results only in
low-order approximations of the mean and the variance. @ hesults are compared to
the results of the Monomial Chaos in Figures 3.3 and 3.5 ®utfiform and lognormal
input distribution, respectively. The results of the parsation method are similar to
those of the Monomial Chaos fpr= 0, 1, 2. Higher-order Monomial Chaos approxi-
mations for the uniform input distribution are orders of miigde more accurate than
those of the perturbation method. This demonstrates thd#itnomial Chaos method
can be viewed as an extension of the perturbation methodyteehiorder approxima-
tions of the mean, the variance, and the distribution famctiAlso the computational
costs of the Monomial Chaos approach and the perturbatithadef the same order
are similar; see Figures 3.3b and 3.5b. For higher-ordeoappations the Monomial
Chaos approach maintains these low computational costadquitional Polynomial
Chaos order.

3.4.2 Comparison with the Galerkin Polynomial Chaos method

The mean and variance approximations of the Monomial Chapsoach and the
Galerkin Polynomial Chaos method are compared in Figutg@si3d 3.7 for the uni-
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Figure 3.6: Error convergence of the Monomial Chaos (MCld) thie Galerkin Poly-
nomial Chaos (PC) for the uniform input distribution.

form and lognormal input distribution, respectively. Inntes of Polynomial Chaos
order, the Galerkin Polynomial Chaos method results in agptial and faster conver-
gence than the Monomial Chaos approach; see Figures 3.@&mdowever, solving
the coupled set of nonlinear equations in the Galerkin Rotyial Chaos method re-
sults in a relatively fast increase of computational workpelynomial Chaos order in
comparison with the Monomial Chaos approach. jbé the Polynomial Chaos order,
nn be the number of Newton iterations for solving the nonlirgablem, andhgg be
the number of Gauss-Seidel iterations for solving the cediglystem of the Galerkin
Polynomial Chaos. Then the Monomial Chaos approach resudts amount of com-
putational work equivalent t@% + 1) deterministic solves. The computational work
for the Galerkin Polynomial Chaos is equivalentigs(p + 1) deterministic solves.
Therefore, in this case the Monomial Chaos approach coasexg a function of com-
putational work by approximately a factor of three fastartithe Galerkin Polynomial
Chaos method; see Figures 3.6b and 3.7b.

3.4.3 Comparison with a non-intrusive Polynomial Chaos métod

In Figures 3.8 and 3.9 the error convergence of the MononfiabS and a non-intrusive
Polynomial Chaos method is compared for the uniform anddoagal distribution, re-
spectively. The non-intrusive Polynomial Chaos methodea®s a slightly higher
error convergence rate as a function of the Polynomial Cbhager; see Figures 3.8a
and 3.9a. The absolute errors are approximately of the sadex of magnitude as
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Figure 3.7: Error convergence of the Monomial Chaos (MClu) the Galerkin Poly-
nomial Chaos (PC) for the lognormal input distribution.

those of the Monomial Chaos. The computational work of the-imbrusive Polyno-
mial Chaos method per additional Polynomial Chaos ordeyusvalent to a nonlinear
deterministic solve. So, the non-intrusive Polynomial @heesults in an amount of
computational work equivalent t@ + 1) deterministic solves compared (tg% +1)
for the Monomial Chaos approach. This results in this casmiapproximately two
times higher error convergence rate as a function of contipntd work for the Mono-
mial Chaos approach compared to the non-intrusive PolyaloBhaos method; see
Figures 3.8b and 3.9b.

3.5 Application to two-dimensional boundary layer flow

In this section the Monomial Chaos approach is applied tocadimensional incom-
pressible boundary layer flow as a standard test problemmopatational fluid dynam-
ics [89]. Uncertainty quantification in computational fldgnamics can be highly ex-
pensive in practical applications due to the large compriat work already involved
in solving the deterministic problem. Monomial Chaos caralmmputationally effi-
cient alternative for uncertainty quantification in thipéyof problem.

For two-dimensional flow along a flat plate the Navier-Stokgsations of viscous
fluid dynamics reduce to the nonlinear two-dimensionalinpoessible boundary layer
equations

ou Ov
e + 3_1/ =0, (3.32)
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Figure 3.10: The two-dimensional boundary layer flow proble
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whereu andv are the velocity components parallel and perpendiculah¢opiate,
respectively. The flow is assumed to be laminar, the pregpadient normal to the
plate is neglected, and the densityand viscosityu are assumed to be uniform and
independent of temperature. The boundary layer equatestsithe the conservation of
mass (3.32) and the conservation of momentum in the freamatdérection (3.33). The
flat plate is aligned with the free stream directiagrnsee Figure 3.10. The free stream
velocity u., equals unity, and the density at standard sea level condjtigsa =
1.225kg/m?, is used. The computational domain has lerigthand heigh9.05m and

is discretized with cells of lengthx = 1 - 10~3m with an aspect ratio of 2. A mixed
upwind-central discretization is used. The flat plate ofter).9m starts ate = 0.1m.
To solve the deterministic problem, eight Newton iterasiarere required to reach the
convergence criterion af, = 1 - 10~* in the L;-norm.

The uncertainty is introduced in terms of an uncertain dyioanscosity coeffi-
cientu(w). The uncertainty is described by a lognormal distributigince viscosity
is a positive physical parameter. The mean value is the sifycat standard sea level
conditionsuisa = 1.789 - 10~°kg/ms, and the coefficient of variationdsv,, = 5%.
The effect of the uncertainty in the viscosity on the velpdield and the drag of the
flat plate are considered.

A third-order Monomial Chaos expansion is employed to sédvehe uncertainty

(3.33)
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Figure 3.11: Uncertain u-velocity field in the two-dimensib boundary layer flow
problem subject to uncertain viscosity.

propagation in the boundary layer flow. The uncertain v&yommponents.(x, y, w)
andv(z, y,w) and the viscosity:(w) are expanded in a Monomial Chaos expansion.
After substitution and differentiation of the governinguatjons (3.32) and (3.33), the
uncertainty quantification problem is given by

8uk 8vk
—+ — = 3.34
o oy 0, (3.34)

k k k
k ouy k ouy k aQUl
E (l)uk—l%-i‘ E (l)vk—la—y— E (l)ﬂk_lTyQ:O’ (3.35)

=0 =0 l=max{0,k—1}

for k = {0,1,2,3}. In Figure 3.11 the results for the mean(x,y) and the stan-
dard deviationo, (x,y) of the u-velocity field are shown. The presence of the flat
plate results in a typical boundary layer behavior of the meaelocity field; see Fig-
ure 3.11a. The standard deviation of thwelocity field has local maxima inside the
boundary layer and near the leading edge of the flat platearishes both near the
flat plate further downstream and in the outer flow; see Figutéb. The error esti-
mates (3.14) and (3.15) estimate a maximum errdr-a0 =% and8 - 10~ in the mean
and variance field, respectively.

The dragFy,.¢ (w) of the two-sided flat plate is a function of the uncertain oty
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3.5. Application to two-dimensional boundary layer flow
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Figure 3.12: Uncertainty distribution of the drag in the tdimensional boundary layer
flow problem subject to uncertain viscosity.

u(w) and the uncertain velocity gradient at the V\%uyzo (w),

! Ou
,u(w)a—y (w)dz, (3.36)

y=0

Farag(w) = 2/

L

Tw(w)dz = 2/

0.1

wherer, (w) is the skin friction. In Figure 3.12 the third-order Monomn@haos ap-
proximation of the uncertainty distribution of the drag own. In Figure 3.12a the
probability distribution function is compared to a Monterf@asimulation based on
100 realizations uniformly sampled in. The results show good agreement. In Fig-
ure 3.12b the error in the distribution function weighteditsyprobability is given.
The error is minimal for the drag corresponding to the medmevaf the viscosity and
vanishes in the tails.

The additional computational costs of the presented uaicgytquantification are
equivalent to less than a deterministic solve. As mentidreddre, solving the nonlin-
ear deterministic problem requires eight Newton iteratiorhe third-order Monomial
Chaos results in three linear solves in addition to the detéstic solve for the mean
value of the uncertain input parameter. So, the additiooaiputational costs for the
uncertainty quantification using Monomial Chaos are in ttdse equivalent t@ of
the computational cost for solving the deterministic peoil Performing uncertainty
quantification in computationally intensive practical kpgtions is economically fea-
sible with this order of computational costs.
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Chapter 3. Monomial Chaos

3.6 Summary

A Monomial Chaos approach is proposed for efficient uncetyaguantification in
computationally intensive nonlinear problems. The preplegpproach employs a Poly-
nomial Chaos expansion with monomials as basis functiohs.efjuations for the de-
terministic coefficients are obtained by differentiatihg governing equations. Prop-
agating uncertainty through nonlinear equations can bepatationally intensive for
other Polynomial Chaos methods. It usually results in a etoalinear equations
which can be coupled. The proposed Monomial Chaos appreadaits in a decoupled
set of linear equations for problems involving polynomiahfinearities. This reduces
the computational work per additional Polynomial Chaoseoitd the equivalence of
a linear Newton iteration. Error estimates for the Monon@alaos approach have
been presented. It has been demonstrated numericallyhgadtionomial Chaos ap-
proach can achieve a 2—-3 times faster convergence as adinntttomputational work
than other Polynomial Chaos methods. Application to a timedisional flow prob-
lem demonstrated that the additional computational workésforming an uncertainty
guantification using Monomial Chaos can be smaller thang@lesitieterministic solve.
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Chapter 4

Adaptive Stochastic Finite
Elements with Newton-Cotes
guadrature in simplex elements

Discontinuous solutions of shock waves in supersonic flow/zfurcations phenom-
ena of aeroelastic systems can lead to a high output setysitiemall input variations.
Global polynomial approximations of Polynomial Chaos noelhcan for these cases
result in unreliable predictions of unphysical realizataue to oscillatory overshoots
and undershoots at the singularity. More robust multi-elet®olynomial Chaos meth-
ods based on Gauss-quadrature in hyperrectangular eleamnstill result locally in
unphysical oscillations in the elements and they requinegietely recomputing the so-
lution in adaptively refined domains. In this chapter anraliéive non-intrusive Adap-
tive Stochastic Finite Elements (ASFE) method based on blev@iotes quadrature in
simplex elements is developed. The method does not resuttphysical predictions
since it preserves the extrema of the samples. The requinetber of deterministic
solves is relatively low, since the samples are both usegpnoximating the response
in multiple elements and reused after refinements. Foudkraconvergence results
for a piston problem, a stall flutter model, and transonic fteer a NACA0012 airfoil
illustrate that the method resolves the amplification ofitimut randomness in these
problems with discontinuous solutions reliably.

Based on: J.A.S. Witteveen, G.J.A. Loeven, H. Bijl, An AdeptStochastic Finite Elements ap-
proach based on Newton-Cotes quadrature in simplex elem&@wmmput. Fluids (2009) in press,
DOI:10.1016/j.compfluid.2008.12.002.
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Chapter 4. Adaptive Stochastic Finite Elements with New@mtes quadrature in simplex elements

4.1 Introduction

In the proposed Adaptive Stochastic Finite Elements amrbased on Newton-Cotes
guadrature in simplex elements the response is represbgtadpiecewise polyno-
mial approximation by subdividing probability space intaltiple elements. In the
elements the response is approximated by collocating thielgmn in Newton-Cotes
guadrature points. Simplex elements are employed, simgedtte the natural elements
for Newton-Cotes quadrature in multiple dimensions. Thadyature approximation
in the elements leads to a non-intrusive approach, in whittoupled deterministic
problems are solved for varying parameter values. The reduccuracy is obtained
by adaptively refining the elements using a refinement medsased on the curvature
of the approximation of the response surface weighted bytbkability represented
by the elements. As measure for the curvature the largestidbsigenvalue of the
Hessian in the elements is used.

The required number of deterministic solves is relatively tompared to a Gauss
guadrature adaptive multi-element method based on hyperelements with respect
to the following three points:

1. The tensor grid of Gauss quadrature points for constrgdai polynomial ap-
proximation of ordem results forn uncertain parameters ifp + 1) samples
per element. For Newton-Cotes quadrature in simplex elésrtbe number of
samples per element 6f + p)!/n!p! increases less rapidly wighandn.

2. Inthe Gauss quadrature discretization the decoupletkeits all contaifp+1)™
samples. In contrast, most Newton-Cotes quadrature paietfocated on the
boundaries of the elements. The samples are, therefore jlusgproximating
the response in multiple elements. In the examples it istiliued that this re-
duces the average number of samples per element to apptekirianstead of

(n+p)!l/nlpl.

3. Refining an element using Gauss quadrature points, ejthie computation
of (p + 1)™ new samples in every new element. The deterministic solmes o
intermediate refinement levels are, therefore, not diyagskd in the final ap-
proximation. The Newton-Cotes quadrature points in the alments include
those of the refined element, such that all samples are reafsadsuccessive
refinements.

These advantages of Newton-Cotes quadrature typicallyecfmward in a multi-
element discretization. For a single-element approxiomaauss quadrature can be
more favorable. The number 8f samples for the initial grid of.! simplex elements
can become large for higher dimensional probability spaces
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4.2. Adaptive Stochastic Finite Elements

Since lower-order expansions are efficient for complex j@mls [61], the degree
of the Newton-Cotes quadrature is limited in this chaptemto, which is known in
one-dimension as Simpson'’s rule. This results in a pieeeguimdratic approximation
of the response. To preserve extrema of the samples in thevpiee polynomial ap-
proximation, the elements are subdivided in subelemeritsavinear trapezoidal rule
approximation of the response where necessary.

The Stochastic Finite Elements formulation considerediim¢hapter is developed
in section 4.2. The adaptive Stochastic Finite Elementscgmh with Newton-Cotes
quadrature in simplex elements is in section 4.3 appliegpaal flow problems in-
volving shock waves and bifurcations, which result in siagities in probability space.
The properties of the adaptive Stochastic Finite Elemepyisaach are first studied us-
ing a one-dimensional piston problem. Separate cases wititantinuity, a discontin-
uous derivative, and a smooth response are considerednptieuncertainty is given
by up to three independent uncertain parameters. The éxteiosmore than three ran-
dom dimensions is a geometrical exercise. The effect of daptive grid refinement
and the degree of the Newton-Cotes quadrature is investigdthe results are com-
pared to those of a global polynomial Stochastic Collocateethod and Monte Carlo
simulation. The comparison with the global polynomial apgimation of the Stochas-
tic Collocation method should be interpreted as mainly ditgtize comparison. Next
the method is applied to the bifurcation behavior of an diskall flutter problem with
a lognormally distributed external forcing to study theeeffof uncertainty on the bi-
furcation plot. Finally, the adaptive Stochastic FiniteiBkents approach is applied to
transonic flow over a NACA0012 airfoil. The transonic flow figroves to be sensitive
to the free stream conditions. The conclusions are sumetiizsection 4.4.

4.2 Adaptive Stochastic Finite Elements

In this section the adaptive Stochastic Finite Elementsagah with Newton-Cotes
quadrature in simplex elements is developed. The stochastiptive grid refinement
strategy is considered in section 4.2.2.

4.2.1 Newton-Cotes quadrature in simplex elements

In a probabilistic description of uncertainty, one is tyadlg interested in the statistical
moments of the response. Th&" momentE(u(x, t,w)™) of the probability distribu-
tion of the response(x, t, w) given by

E(u(x,t,w)m):/Qu(x,t,w)mdw, (4.2)
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Chapter 4. Adaptive Stochastic Finite Elements with New@mtes quadrature in simplex elements

is an integral quantity over probability space. The spackinétions mapping prob-
ability spacef2 onto parameter spacs is denoted byd. The mapping® gives the
parameter values which correspond to a realization in foitiyaspacef). This map-
ping is defined by the probability distribution of the uneémtparameters.

Stochastic Finite Elements methods divide the integral)(@ver probability space

Q in a summation of integrals ové¥,, non-overlapping elemenss; fori = 1,..., Ng
Ngq
E(u(x,t,w)™) = Z/ u(x,t,w)"dw. (4.2)
i=17 %%

To obtain an uncoupled non-intrusive sampling based apprtiee integrals over the
elementd); are approximated by a quadrature integration rule based,atetermin-
istic samples in each element

Nqo Ns

E(u(x,t,w)™) ~ Z Z ci it 5 (x,0)™, (4.3)

i=1 j=1

wherec; ; are the quadrature weights angd; (x, t) are the realizations of the response
u(x,t,w) for the parameter valugsi; (w), . . ., an(w)}: ; in the Ny quadrature points
in element.

Here Newton-Cotes quadrature points are employed, sinstohthese points are
located on the boundaries of the elements. In this way thelkesnat the quadrature
points are used to construct the approximation in multipéenents. The choice of
Newton-Cotes quadrature points also implies that someeo$#imples are located on
the outer boundary of parameter domain. If the probabilggraaches zero at the
parameter domain boundary as for a unimodal beta distobuthe sampling points
on the domain boundary contribute nonetheless to the amtigin of the response
approximation in the interior of the parameter domain.

The quadrature weights ; are defined by the mappirg~! of then-dimensional
Newton-Cotes formula of degr@drom parameter spacéto probability spac€. The
Newton-Cotes quadrature weights are normally given byntegrals of the Lagrange
basis polynomials through the quadrature points. Here #igiisc; ; are given by the
integrals weighted by the probability density of the unaiertnput parameters

cl-_’j:/ L;i(a1,...,an)falar,...,a,)da, (4.4)

i

fori =1,..., Nq, wherea = {ay,...,a,} is the vector of uncertain input parameters
and A; is the mapping® of the element?; to parameter space. This results in a
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4.2. Adaptive Stochastic Finite Elements

“Polynomial Chaos” formulation of the Newton-Cotes formsl The values for the
weightsc; ; are computed numerically for each element using “normaiitéa-Cotes
integration in the elemem; on a fine subgrid witliV,_ . n-simplex subelements with
Ns,,,, quadrature points

sub

A N,

N sub Ssub
Cij & Z Z erLijkifa(ar, .. an)ikis (4.5)

k=1 I=1
fori = 1,...,Ng andj = 1,..., Ns, wheree; are the “normal” Newton-Cotes
quadrature weights, antt} ; . ; and fa(a1, ..., an)i k. are the values of the Lagrange
polynomial L; (a1, ..., a,) and the probability density of the uncertain parameters
fala1,...,ay) in the quadrature points on the fine subgrid in elem&niThe weights
¢;,; can be different for every element, since the mapng betweenA and( is in
general different for different elements.

The element$); in probability space are defined by discretizing parametaceA
by Nq n-simplex elementsl;, withi = 1,..., Ng. Ann-simplexis the:-dimensional
analogue of a triangle, which results for one-dimensioaedmeter space in a line seg-
ment, for two-dimensions in a triangle, for three-dimensia a tetrahedron, etc, see
Figure 4.1. For more random parametersy 3) n-dimensional simplex elements can
be used. Tha-simplex elements are the natural elements for Newton<Caquadra-
ture inn dimensions. The volumE; of then-simplex elements in parameter spate
is given by

1
‘/i = E|det(ai70 — Qi1 Q51 — Q42 e Ain—1— aiyn)|. (46)

wherea; ; are then + 1 vertices of the:-simplex4; in parameter spacé.

The choice of the degree of the Newton-Cotes quadrature Eante between
high-order accuracy in smooth regions and the effectivieaBl®wer-order approxima-
tions near singularities. For complex problems lower-orépresentations are there-
fore more effective than higher-order ones. In most of thepaecond-degreé & 2)
Newton-Cotes quadrature is used, which is known as Simpsol&. This corresponds
to a piecewise quadratic approximation of the responseertsitins to higher orders
are possible by using Newton-Cotes quadrature rules ofhidégree such as Boole’s
rule. Second-degree Newton-Cotes quadrature resuls ia (";2) samples per ele-
mentA;, see Figure 4.1. Most the quadrature points are locatedenatindary of the
elements)A4; such that they can be used for approximating the responsaeiliipta
elements.

Near singularities the piecewise quadratic approximatibithe second-degree
Newton-Cotes quadrature can result in unphysical oscifiat To preserve the ex-
trema of the samples in the piecewise polynomial approxonatvhere necessary the
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one—-dimensional two-dimensional three—-dimensi

n+2
2

Figure 4.1: Then-simplex elements in parameter spateavith the(
the second-degree Newton-Cotes quadrature approximation

) samples of

one—-dimensional two—-dimensional three—dimensi

Figure 4.2: The" subelements given by the dashed lines with 1 samples for the
linear trapezoidal rule approximation of the response feserving the extrema of the
samples.

elements are subdivided irsimplex subelements with a linear trapezoidal rule ap-
proximation of the response. T subelements each contain+ 1 of the ("‘2*2)
samples of the original element, see Figure 4.2. An elensesplit into subelements
when the polynomial approximation of the response has aemxtm in the element

other than in a quadrature point.

4.2.2 Stochastic adaptive grid refinement

For complex, high-dimensional problems multi-elementrapphes may resultin large
computational costs. An adaptive refinement strategy @ahttemore efficient approx-
imations of complex situations. Here the refinement measuased on the curvature
of the approximation of the response surface in the elenvegitshted by the probabil-
ity represented by the elements. As measure for the cuevafithe approximation of
the response surface the largest absolute eigenvalue bfetssan in the elements is
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4.2. Adaptive Stochastic Finite Elements

used, which is common in adaptive refinement of determaiistite element methods.
The Hessian of the polynomial approximation in the elem&nin parameter space is
given by

2w _Pu . _u
Ba? Oa10az da10an,
9*u 9*u . 9*u
dasdaq aai daz0an
Hi(u(xatvw)) = : . ) (47)
SO Vot VR u
dandaq Oandasz da2 i

which is constant in the element for the piecewise quadigtiproximation of the
second-degree Newton-Cotes quadrature. The second-aedeatives are derived
from the quadratic approximation of the response throughsimpled quadrature
points in the elements. In one-dimension the Hessian rediacthe absolute value
of the second-order derivative of the response. This refamrmeasure can be ex-
tended to higher-order approximatiomsx$ 2) by using the maximum of the Hessian
in the elements or by employing higher-order derivativesthie step of determining
the Hessian, no elements are subdivided into subelemetit@winear trapezium rule
approximation.

The refinement measure is weighted by the probabffityepresented by the ele-
ments. For the refinement measure this probability is apprated by a similar rela-
tion as (4.6), since the probability of an element is eqeiwato its volume in proba-
bility space

1
Pi = E|det(wi,0 — Wil Wil — Wi2 e Win—1 — wi,n)|, (48)

wherew; ; is given by the mappin® ' of the the vertices:; ; of element4; to
probability spacé. The refinement measurgin theit* element is then defined as

ri = BV max(|eig, (Hi(u))], - ..., leig, (Hi(u)))), (4.9)

where, the factoit/iNV compensates for the, in general, increase of the secorat-ord
derivatives in smaller elements if they contain a singtyari

The value ofNy is chosen here based on the following theoretical argun@ont:
sider an elemenfAa in a one-dimensional parameter space A, which contains
the discontinuity of a step function response surfage), see Figure 4.3a. The Hes-
sian (4.7) then reduces to the second derivative in finiferdince approximation

Pu u_q —2ug+uy
ol A2 . (4.10)
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N
Aa Aa
———— —e—o——
u N
1 U1
—e— —c—e—0
u_ u NN
1 0 u_ 1 u 0
(a) ElementAa (b) ElementAa

Figure 4.3: Sketch of two elements of siaa andAda containing the discontinuity of
a step function for deriving the general valtvg: = 2.

Assume that the element is refined to a smaller elem&nfor which holdsu_; =
u_1, 4o = ug, anda 1 = uy1, see Figure 4.3b. The Hessian in the new element is

%4 g — 200 + Uy

da? Aa?
Factor Ny is then chosen such that the contribution of the Hessiarfitveraent mea-
sure (4.9) in the element with the discontinuity is indepartaf the size of the element

(4.11)

aNV u—1 —2UO—|—U+1 Nv U—_1 —2U0+U+1

A Ve — Ad v A (4.12)
& Nv . U_1 — 2Ug + Gy Aa? . & 2 (4 13)
Aa a U—1 — 2U0 + U1 ACALQ a Aa ’ '

which results inNy = 2. The rigorous derivation for this abstract example results
in a general value folNy, since every discontinuous response surface can locally be
approximated by a step function.

The element with the highest value of the refinement measuteh refined into
two n-simplex elements, see Figure 4.4. The longest edge of #meegit is split into
two halves of equal length. An alternative is to use the eigetor corresponding to
the highest absolute eigenvalue to determine which edgdito s

Due to the Newton-Cotes quadrature points there is no neesnpletely recom-
pute the solution in the refined elements. In fact, only a maxn ofn +1 new samples
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4.2. Adaptive Stochastic Finite Elements

one—-dimensional two—-dimensional three—-dimensi

Figure 4.4: Refinement of the-simplex elements into two elements with thet 1
new samples and tl"(élgg) samples of the original element given by the dots and the
open circles, respectively, for second-degree Newtore€gtiadrature.

has to be computed for the refinement of second-degree Ne@dtes quadrature, even
though both new elements conta(ﬁ‘g”’) guadrature points each. First, all samples in
the original element are reused in the refined elements.ndepart of the new sam-
ples is used by both refined elements, since most Newtons@otdrature points are
located on the boundaries of the elements. Furthermoreglvesamples are located
on the boundary of the original element can already have temputed while refining
neighboring elements.

For comparison, a standard multi-element, piecewise ati@dstochastic Collo-
cation approach based on the tensor product of Gauss quedpatints in hexahedral
elements would requir2 - 3" new deterministic solves for refining an element into
two new elements instead of a maximumof- 1 for Newton-Cotes quadrature. This
would result for three uncertain input parameter§4rdeterministic solves instead of
a maximum of4 for Newton-Cotes quadrature. A sparse grid approach carceeithe
number of deterministic solves required in Stochastic @aition [117]. Due to the
adaptive stochastic grid refinement the number of requiredtbin-Cotes quadrature
samples for discretizing an dimensional parameter spacerofandom parameters
scales with less than thedimensional tensor product.

After the refinement the new refinement measure is computéteimefined ele-
ments and the element with the largest refinement measugais eefined, etc. The
refinement is stopped when a threshold value for the maxinafimament measure or
the maximum number of samples is reached.

The initial grid is given by the coarsest discretization loé .-dimensional rect-
angle describing the ranges of parameter space udingsimplex elements, see Fig-
ure 4.5. For more than = 3 random parameters thedimensional hyperrectangle
describing parameter space is dividechim-dimensional simplex elements. Finding
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one—-dimensional two-dimensional three—-dimensi

Figure 4.5: Initial discretization of the-dimensional cuboid describing the ranges of
parameter spacd with n! n-simplex elements angl®* second-degree Newton-Cotes
guadrature points.

the initial grid discretization for more than = 3 random parameters is a geometrical
exercise in thex-dimensional parameter space. Finite ranges of paranyeesan
reasonably be obtained by truncating an infinite domain &teshold value for the
distribution without affecting the accuracy significanittypractical applications. The
number of samples in the initial grid is given BY.

The algorithm for adaptive Stochastic Finite Elements witwton-Cotes quadra-
ture in simplex elements can be summarized as follows:

1. Solve the3™ deterministic problems for the parameter values corredipgrto
the collocation points in the initial grid of Figure 4.5;

2. Determine the refinement measure (4.9) in the elemenkeahitial grid;

3. Refine the element with the highest value of the refinemesatsare according
to Figure 4.4;

4. Solve the maximah + 1 deterministic problems for the parameter values cor-
responding to the new collocation points in the refined etgnitthey have not
been computed before;

5. Determine the refinement measure in the two new elements;

6. Return to step 3 if the threshold value of the maximum refimet measure or
the maximum number of samples has not been reached;
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4.3. Numerical results

7. Split the elements into subelements as in Figure 4.2 wlitrear approximation
of the response if the quadratic approximation has a maxiimutine element
other than in a quadrature point;

8. Determine theV, quadrature weights; ; in the N elements using (4.5), with
1=1,...,Nogandj =1,..., Ng;

9. Determine the statistical moments of the oufp(i(x, t,w)™) using (4.3).

The probability distribution function can be found by sogtithe response(x, ¢, w)

to a monotonically increasing function in, with w € [0,1]. The algorithm can be

parallelized by solving the maximal+ 1 deterministic problems in step 4 in parallel
and by refining multiple elements with the highest value & tefinement measure
simultaneously instead of a single element in step 3.

4.3 Numerical results

In this section numerical results of the adaptive Stochdstiite Elements approach
with Newton-Cotes quadrature in simplex elements are pteddor a piston problem,
a stall flutter model and transonic flow over a NACA0012 alrfaith uniformly and
lognormally distributed random parameters. These tedilenas are typical examples
of practical flow applications involving shock waves andibifations, which result in
singularities in probability space. The effect of the adepyrid refinement and the
degree of the Newton-Cotes quadrature rule is investigated results are compared
to those of a Stochastic Collocation approach based on alghabynomial approx-
imation of the response through Gauss quadrature pointe. cdmparison with the
Stochastic Collocation approach has mainly to be congidasea qualitative assess-
ment. Reference solutions are obtained by Monte Carlo sitioul.

4.3.1 Piston problem

The properties of the adaptive Stochastic Finite Elemeppsaach with Newton-Cotes
quadrature in simplex elements are studied for a one-diimealspiston problem with
discontinuities and discontinuous derivatives in the oese. The effect of a single up
to three uncertain input parameters on the instantaneal®#al mass flow is consid-
ered.
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sensor location

o] #

post Pore X
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Uniston Upost Ushock upre

plston shock wave

Figure 4.6: The piston problem.

4.3.1.1 Problem description

The piston problem, see Figure 4.6, consists of a one-dimealslow domain filled
with air enclosed by a piston at its left. The piston startetave to the right at = 0

with a velocityupiston > 0. A shock wave runs with velocitys,ocx into the ideal gas
with constant initial conditions for the pressyrg., densityp,,. and velocityu,.e =

0. Neglecting the effects of viscosity the uniform presspigg, densityppos and
velocity upost = Upiston P€MINd the shock wave are governed by the Euler equations.
The pressurg,.s is given by the Rankine-Hugoniot relation

v+1 Ppost — Ppre (414)

Ppost — Ppre = PpreCpre(Upost — uPrC)\/l ! 2y Ppre ’

with initial speed of sound;,. = , /% and the ratio of specific heats = 1.4.
pre

The other flow conditions can be determined from the one-dsiomal shock wave
relations [15] using the Mach number of the shock wai®,,.. given by

1 oS
Magnoek = 1|1+ 21— (M - 1). (4.15)
27\ Ppre

The instantaneous and total mass flow{) andM/ (t), are the outputs of interest. Their
behavior is considered at a sensor location at a distanoghe right of the initial posi-
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4.3. Numerical results

tion of the piston. The response surfacesfdt) andM (¢) contain a discontinuity and
a discontinuous derivative, respectively. In terms of thee pnd post-shock conditions
the instantaneous mass flew(t) can be written as

re re) t < - )
m(t) = { Ppretp Ushock (4.16)
ppostuposta t> Ushook *
The total mass flow/ (¢) is then given by
t
M(t) = / m(7)dr. (4.17)
0

In the following the variables are nondimensionalized gsip.., ppre and the mean
sensor positior.. The mean piston velocity and the mean initial pressure laosen

to beupiston = 1 andppe = 1 for simplicity. The instantaneous and total mass flow
are considered at= 0.5.

4.3.1.2 Uncertain piston velocity

First the piston velocityiston iS assumed to be uncertain with a lognormal distribution
and coefficient of variatiod'V;, ... = 10%. The infinite domain of the probability
distribution is truncated at a threshold valador the distribution. A convergence
study demonstrated that the effect of the threshold value-efl0~* on the results is

negligible.

Instantaneous mass flown In Figure 4.7 the response surfaggs..n—m and the
resulting probability distribution function of. are given. The adaptive Stochastic
Finite Elements approximation with second-degree Nev@otes quadrature is com-
pared with the exact solution f@; 4 and8 elements. The samples are given by the
dots and the boundaries of the elements are denoted by the Dlae exact solution
shows a discontinuity in probability space for thggion value at whichughocx = %
see (4.16). In the approximation withelements, the second element is split into two
subelements with a linear approximation of the responsefsgures 4.7a and 4.7b.
Even for this coarse approximation the solution preseilvestonotonicity of the sam-
ples, and no artificial oscillations or unphysical values mredicted. The error due to
the coarse approximation of the discontinuity is restddtethe subelement containing
the discontinuity.

The results of using stochastic adaptive grid refinemengaen in Figures 4.7c
to 4.7ffor an approximation with and8 elements. The region around the discontinuity
is refined with smaller elements while the elements in theaokthe domain remain
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Figure 4.7: Response surface and probability distributibthe instantaneous mass
flow m at¢ = 0.5 with an uncertain piston velocity,s.on by adaptive Stochastic
Finite Elements (ASFE) for the piston problem.
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Figure 4.8: Response surface and probability distributibthe instantaneous mass
flow m att = 0.5 with an uncertain piston velocitypiston by Stochastic Finite Ele-
ments (SFE) based on a uniform grid for the piston problem.

relatively large. This results in an efficient discretipatiof probability space, which
gives for8 elements a sharp resolution of the discontinuity in bothréisponse surface
and the probability distribution function, see Figuresedand 4.7f. The approximation
with 8 elements requirekr deterministic samples.

The effectiveness of the stochastic adaptive grid refinémelemonstrated in com-
parison with results for a uniform grid. In Figure 4.8 the apgmation of the response
surface and the probability distribution for a uniform gaofi8 elements is given. The
solution is less accurate than the result of stochastictagagrid refinement with the
same number of elements, see Figures 4.7e and 4.7f. Therdgkeane less refined near
the discontinuity, which results in a larger error.

The results of the commonly used Stochastic Collocatiomaguh for the instan-
taneous mass flow are shown in Figure 4.9. The approximafitimeoresponse sur-
face and the probability distribution for 8 samples is showhe global polynomial
approximation of the response surface results in an osmijlaolution due to the dis-
continuity in probability space. This behavior, which isokm as the stochastic Gibbs
phenomenon [114], results in an inaccurate approximatitineoresponse surface and
the probability distribution. It results in the predictiof unphysical negative values
of the instantaneous mass flewfor positive values of the piston velocCity,iston. IN
this case an ove30% probability of unphysical negativer values is predicted, see
Figure 4.9b. Increasing the number of samples increasasstikatory behavior.
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Figure 4.9: Response surface and probability distributibthe instantaneous mass
flow m att = 0.5 with an uncertain piston velocity;s:on Dy Stochastic Collocation
(SC) for the piston problem.

Effect of the degree of the Newton-Cotes quadrature The effect of the degree of
the Newton-Cotes quadrature is studied by considering, toeSimpson’s rule, also
the midpoint rule and the trapezoid rule approximations@dlements. In Figure 4.10
the approximation of the response surface and probabildtyiloution of m for the
midpoint rule and the trapezoid rule are shown garniformly distributed elements.
Employing the midpoint rule in the elements results in a@igse constant approxima-
tion of the response and distribution similar to results ééMér-Haar expansions [60].
The trapezoid rule results in a piecewise linear approxonaif the mass flow. This
results for the part of probability space behind the shockewg;sion > 1.1 in a more
accurate approximation for one additional deterministiwes compared to using the
midpoint rule in this case of a single uncertain parameter.

The effect of the degree of the Newton-Cotes quadrature @erttor convergence
is studied and compared to that of the Stochastic Collogapproach in Figure 4.11
for the instantaneous mass flewatt = 1 instead oft = 0.5 and with a mean piston
velocity of upiston = 0.5. At ¢ = 1 the shock wave has passed the sensor location
for all upiston > 0, SINCEUshock > apre. ThiS results in a smooth response surface
M—Upiston. 1NE @pproximations with the midpoint rulé € 0), trapezoid ruled = 1),
and Simpson’s ruled = 2) are considered. The error convergence for the mean and
variance of the instantaneous mass flemat ¢ = 1 without stochastic adaptive grid
refinement is shown.

Both the midpoint rule and the trapezoid rule converge witbosd-order accu-
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Figure 4.11: Error convergence of Stochastic Finite Elamé8FE) with the mid-
point rule, trapezoid rule, and Simpson'’s rule, and Staah&wllocation (SC) for the
instantaneous mass flow at¢ = 1 with an uncertain piston velocCitypiston With
Hupieeon = 0.5 fOr the piston problem.

racy with respect to the number of samples, see Figure 4.a@dthEe mean the error
of the midpoint rule and the trapezoid rule are similar, tmitthe variance the trape-
zoid rule is two orders of magnitude more accurate. Simpsauié results for both

the mean and the variance in fourth-order error convergdoeeto the asymmetri-
cal weighting of the probability distribution in the elemignin the rest of this work

the Simpson’s rule is employed for fourth-order error cageace in elements with a
smooth response. The subelements with a trapezoid rulexippation of the response
for a robust extrema preserving approximation result ircalleecond-order error con-
vergence. The Stochastic Collocation approach resultggarsor convergence for the
mean and the variance, since it can achieve exponentiatogence for a sufficiently

smooth response, see Figure 4.11.

The convergence results for the discontinuous respongacsuior ..., = 1
att = 0.5 of Figure 4.12 lead to different observations. The convecgeaate of the
Stochastic Finite Elements methods with uniform refinentbesied on the midpoint,
trapezium, and Simpson’s rule reduce to first-order due éditBt-order error in the
approximation of the unknown discontinuity location beérehe samples. The dis-
continuity leads also to a first-order error in the StocltaSwllocation results. The
effectiveness of adaptive grid refinement for discontirsiselutions is demonstrated
by Adaptive Stochastic Finite Elements with Simpson’s rutkich maintains fourth-
order error convergence.
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Figure 4.12: Error convergence of Stochastic Finite EleséFE) with the midpoint
rule, trapezoid rule, and Simpson’s rule, Adaptive Stottb&snite Elements (ASFE)
with Simpson'’s rule, and Stochastic Collocation (SC) far itstantaneous mass flow
m att = 0.5 with an uncertain piston velocity,ision With jiy,;.,,, = 1 for the piston
problem.

Total mass flowM The discontinuity in the response surface of the instamase
mass flowm given by (4.16) results in a discontinuous derivative inriagponse sur-
face of the total mass flow/ att = 0.5, see (4.17). In Figure 4.13 the approximation
of the response surface and the probability distributiotheftotal mass flow\ by
Stochastic Finite Elements with and without stochastiqéida grid refinement fog
elements and Stochastic Collocation §ssamples is given.

The adaptive Stochastic Finite Elements algorithm refimebability space near
the discontinuous derivative and in the post-shock regigfion > 1.1 with the con-
tinuous variation of\/, see Figures 4.13a and 4.13b. It results in an accuratesapre
tation of the response and the distribution. Stochastitd-Elements with a uniform
grid result in a larger local error near the discontinuousvdée than with adaptive
stochastic grid refinement, see Figures 4.13c and 4.13ddiBhentinuous derivative
in probability space results in oscillations in the globalymomial approximation of
the Stochastic Collocation approach, see Figures 4.134.48& The amplitude of the
oscillations is smaller than in the case of a stochastimditicuity, nonetheless,40%
probability of unphysical negative values of the total nféms is predicted.

The refinement measure for the adaptive refinement of Stbiclsite Elements
is shown in Figure 4.14 for the approximation of the total s®wv M. The measure
r; given by (4.9) is shown fod and8 elements. For the coarse grid #felements
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Figure 4.13: Response surface and probability distrilbutib Stochastic Finite EI-
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Figure 4.14: Refinement measure for the adaptive refinenfedtbchastic Finite El-
ements (ASFE) witht and8 elements for the total mass flol at¢ = 0.5 with an
uncertain piston velocityiston for the piston problem.

the refinement measure is highest in the element which eenthe discontinuous
derivative in the response surface flf, see Figure 4.14a. After 4 more refinement
steps for a grid o8 elements, see Figure 4.14b, the refinement measure in themrie
that contains the discontinuous derivative is no longeridant. This results in the
refinement of also elements in the region with the continwawistion of M, upiston >

1.1. The valueNy = 2 in (4.9) determines the balance between the refinement near
the discontinuous derivative and in the smooth region.

Two uncertain parameters In this section two independent input parameters are
assumed to be uncertain. Next to the uncertain piston Wglogisi.n, also the initial
pressurep,,. is assumed to be uncertain described by a lognormal distsiibwith
meanyu, . = 1 and coefficient of variatio'V}, . = 10%. This results in a two-
dimensional probability spade, to which two-dimensional Stochastic Finite Elements
are applied for resolving the effect on the instantaneoussrflawm.

In Figure 4.15 the adaptive Stochastic Finite Elements@ppration of the in-
stantaneous mass flow at¢ = 0.5 as function of the uncertain parameterssion
andpy.. is given for a discretization with 100 elements. For rekdiow values of
Upiston ANdppre the mass flow is identically zero. For higher valuesgfion andppre
the shock wave passes the sensor location, which resultdigtantinuous change of
the instantaneous mass flow. For even higher parametersyatueries continuously
With upiston @Ndppre. These results agree with the results of the Monte Carlolaimu
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Figure 4.15: Response surface of the instantaneous mass:fitw = 0.5 as function
of the uncertain piston velocityyiston @and initial pressure,,. by adaptive Stochastic
Finite Elements (ASFE) with00 elements for the piston problem.
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simulation with1000 samples for the piston problem.

88



4.3. Numerical results

tion with 1000 samples of Figure 4.16. The stochastic adaygtiid refinement results
in relatively small elements near the discontinuity. Theabbest elements in this dis-
cretization with 100 elements are 1024 times smaller tharetaments in the initial
grid. The elements are especially refined where also theapility density ofupiston
andppye is high, i.e. upiston, Ppre = 1, where the density of the Monte Carlo real-
izations in Figure 4.16 is also high. The subelements whasttain the discontinuity
are subdivided into subelements with a linear approximadibthe response. These
subelements are given by the dotted lines.

The adaptation of the solution and the grid is shown for ardiszation with 2,
10, and 50 elements in Figure 4.17. The results for the irgtia with 2 elements
are given in Figures 4.17a and 4.17b. One of the two elemeithisanquadratic ap-
proximation of the solution is split into four subelementishwa linear approximation
of the response. In Figure 4.17c and 4.17d the refinementeaftid to 10 elements
is shown. The elements are mainly refined to better capterdiitontinuity. For the
discretization with 50 elements also the domain where thirtaneous mass flow
changes continuously is refined, see Figure 4.17e and 4.17f.

In Figure 4.18 the grid in probability space is given for acditization with 50
elements. The grid in Figure 4.18 is the result of the map@ing of the grid in pa-
rameter spacd of Figure 4.17f to probability spade. The grid in probability space is
considerably different from the grid in parameter space eikample, the elements that
capture the discontinuity are approximately of the same, since in parameter space
the elements are more refined in the region where the une@daameters ;s;on and
ppre have a higher probability density, ne@giston, Ppre =~ 1. The topology of both
grids is the same.

The approximation of the mean and the variance of the irsteaus mass flow
m of adaptive Stochastic Finite Elements is compared in Fablé and 4.2 to the
result of Monte Carlo simulations. In Table 4.1 the resules given for a smooth
response surface with= 1 and ..., = 0.5. Adaptive Stochastic Finite Elements
are converged already for a discretization withelements to a mean @f,, = 0.750
and a variance of2, = 0.011. The Monte Carlo results converge to the same values for
the mean and variance at a much higher number of samples.r Miffierences with
the Monte Carlo results can be explained by the inherenabity in Monte Carlo
simulations.

The results for the case with= 0.5 are given in Table 4.2. Both methods converge
less fast than for the case with= 1 due the high output variance and the presence of
the discontinuity in the response surface. Adaptive Stetih&inite Elements predict
pum = 0.566 ando?, = 1.087 using10® second-degree elements. This result is ob-
tained usin@®217 deterministic solves. It can be seen in Table 4.2 that staindante
Carlo simulation for approximately the same number of deieistic solves results in
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Figure 4.17: Response surface and the grid for the instaatenmass flown att =
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Figure 4.18: Grid in probability space for the instantaremass flowm att = 0.5
as function of the uncertain piston velocity;s.on and initial pressurg,,.. by adaptive
Stochastic Finite Elements (ASFE) with elements for the piston problem.

Table 4.1: Mean and the variance of the instantaneous mass:flat¢ = 1 with
an uncertain piston velocity,ision With fy ..., = 0.5 and initial pressure,,. by
adaptive Stochastic Finite Elements (ASFE) and Monte Gafo) simulations.

adaptive Stochastic Finite Elements (ASHE)  Monte Carlo (MC)
elements| samples| mean| variance | samples| mean| variance
10 31 0.750 0.011 10 0.808| 0.009
102 230 | 0.750 0.011 102 0.741| 0.009
103 2084 | 0.750 0.011 103 0.754| 0.012
10* 0.749| 0.011
10° 0.749| 0.011
106 0.749| 0.011
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Table 4.2: Mean and the variance of the instantaneous massiflatt = 0.5 with
Hupison = 0.5 @nd initial pressurg,,.. by adaptive Stochastic Finite Elements (ASFE)
and Monte Carlo (MC) simulations.

adaptive Stochastic Finite Elements (ASHE)  Monte Carlo (MC)
elements| samples| mean| variance | samples| mean| variance

10 30 0.863 0.879 10 0.793| 1.654
102 232 0.562 1.044 102 0.693| 1.261
103 2217 | 0.566 1.087 103 0.549| 1.081

104 0.573| 1.100
10° 0.561| 1.085
106 0.563| 1.088

a significantly less accurate approximation. Monte Carfgation requires0® — 106
samples to obtain a comparable accuracy.

Even though every second-order element contapsadrature points, for this case
the average number of deterministic solves per elementséerapproact2. This
number of samples is relatively low, since the samples waieHocated on the bound-
aries of the elements are used for the polynomial approxim&t multiple elements.
Furthermore, all samples are reused in the successivenmaittesteps. For complex
computational problems in the order of® deterministic solves may result in high
computational costs, however, already an approximatidin avirealisticc% error for
practical applications is obtained with betwento 100 elements.

The relatively high coefficient of variation of the instamé@us mass flow'V,, =
1.842 compared to the input coefficients of variatiot,, . ..., CV;,,. = 0.1 demon-
strates that singularities in probability space can raaudt high output sensitivity on
the input uncertainty.

Three uncertain parameters In this section the sensor locatidnis assumed to be
uncertain with a lognormal distribution with mean = 1 and coefficient of variation
CVi, = 10%. In combination with the uncertain piston velocity:s:., and initial pres-
sureppre, it results in three independent uncertain input pararseféiree-dimensional
adaptive Stochastic Finite Elements are employed to appaig the mean and the
variance of the instantaneous mass flemat ¢ = 0.5. For this case the problem is
made dimensionless using the mean sensor location

The three-dimensional Stochastic Finite Elements gridivergin Figure 4.19.
In Figure 4.19a the initial grid with 6 tetrahedral elemeistshown. The result of
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Table 4.3: Mean and the variance of the instantaneous mass/flatt = 1 with an
uncertain piston velocitypiston With iy, = 0.5, initial pressurep,,., and sensor
location L with 1, = 0.75 by adaptive Stochastic Finite Elements (ASFE) and Monte
Carlo (MC) simulations.

adaptive Stochastic Finite Elements (ASHE)  Monte Carlo (MC)
elements| samples| mean| variance | samples| mean| variance

10 27 0.749 0.011 10 0.699| 0.019
102 241 0.751 0.011 102 0.754| 0.010
103 1943 | 0.751 0.011 103 0.751| 0.012

10* 0.747| 0.011
10° 0.749| 0.011
106 0.749| 0.011

the stochastic adaptive grid refinement for 10, 50, and 1@Ments is given in Fig-
ures 4.19b to 4.19d.

In Tables 4.3 and 4.4 the convergence of the solution for th@mand the variance
of the instantaneous mass flowis compared to results of Monte Carlo simulations.
For the smooth response surface wita 1, y ,.,,, = 0.5, andur, = 0.75 the results
are given in Table 4.3. Adaptive Stochastic Finite Elemeatilts in an accurate
approximation already for a discretization Idf elements and@7 deterministic solves
for the smooth response surface.

The results for the case with= 0.5 are given in Table 4.4. Adaptive Stochas-
tic Finite Elements needs for this complex problem with adiginuity in a three-
dimensional probability spack)* elements for an accurate approximation. It results
in a mearu,, = 0.851 and variancer?, = 1.198, which corresponds with a relatively
high coefficient of variatiorC'V;, = 1.286. Also for three uncertain parameters the
average number of deterministic solves per element is ¢t8even though each el-
ement containg0 quadrature points on its boundary. This demonstrates thatim
multiple dimensions adaptive Stochastic Finite Elemerite Wewton-Cotes quadra-
ture in simplex elements require a relatively low number efedministic solves to
approximate complex problems with singularities.

In Figure 4.20 the Adaptive Stochastic Finite Elementsrecomvergence for an
increasing number of uncertain parameters is comparedawi¢hto three uncertain
parameters for the discontinuous response surface of ghenianeous mass flow
att = 0.5. In a one-dimensional probability space with one uncenparameter the
method gives a fourth-order error convergence as showngoré€i4.12. For two and
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Table 4.4: Mean and the variance of the instantaneous mass:/flatt = 0.5 with
an uncertain piston velocitypiston, iNnitial pressurep,.e, and sensor locatiod, by
adaptive Stochastic Finite Elements (ASFE) and Monte Qo) simulations.
adaptive Stochastic Finite Elements (ASHE)  Monte Carlo (MC)

elements| samples| mean| variance | samples| mean| variance

10 38 0.578 0.371 10 1.506| 1.729
102 235 0.811 0.895 102 0.761| 1.191
103 1946 | 0.854 1.111 103 0.831| 1.181
104 17786 | 0.851 1.198 10* 0.820| 1.191

10° 0.845| 1.204
10° 0.847| 1.208

three uncertain parameters the convergence rate decredses results in an increas-
ing number of required samples to discretize the higher dgiemal probability space
with sufficient accuracy. It is expected that this trend oorgs for further increasing
the number of uncertain parameters up to the point that forynparameters Monte
Carlo simulation can be a more viable option. On the othedhte adaptive scheme
is more efficient than a tensorial extension of an uncesgtajointification method to
multiple dimensions. It is also observed that due to the sbhdaptive scheme the
method remains convergent for this complex problem withasldiscontinuity in a

three-dimensional probability space.

4.3.2 Stall flutter model

In this section adaptive Stochastic Finite Elements ard tesstudy the effect of uncer-
tainty on the bifurcation behavior of a two-dimensionafailrstall flutter model, see
Figure 4.21. Bifurcation behavior of a fluid-structure natetion system is a practical
engineering example of an application with a singularitpiabability space.

A structure surrounded by fluid flow can exhibit an unsteadyiomodue to the
interaction of the pressure forces of the flow and the motibthe structure. In a
stable situation the unsteady motion results in a dampeatati&n. Beyond a critical
fluid velocity, nonlinear fluid-structure interaction sgsts can exhibit a time periodic
instability that can grow in an unbounded fashion, whichriswn as flutter [22, 25].
Nonlinearities in the flow and the structural stiffness damtlthe unbounded motion
to a periodic response, which is called a limit cycle ostidla. Stall is a nonlinear
phenomenon in the flow which corresponds to a sudden lods fafrie and an increase
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Figure 4.20: Error convergence of Adaptive Stochastict€iRlements (ASFE) with

one to three uncertain parametets= {1, 2, 3}, for the instantaneous mass flowat
t = 0.5 in the piston problem.

y

Figure 4.21: The pitching airfoil stall flutter model withefe stream velocity’, an-

gle of attacka, half chordb = ¢/2, and the spatial coordinatgsandz parallel and
perpendicular to the airfoil chord, respectively.
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of the drag force due to separation of the flow from the suréditiee airfoil. The critical
velocity at which the stable damped response changes indoi@dic response is the
bifurcation point.

For engineering applications a standard approach is to hfloé® structure inter-
action systems by a two-dimensional rigid airfoil with a centrated structural mass
and stiffness [22, 25]. The aerodynamic forces are commoglieled by an aero-
dynamic model. This approach results in a system of diffimerquations, which
governs the motion of the airfoil.

Since the predominant vibration mode in stall flutter is ia thrsional direction, a
single-degree-of-freedom pitch motion is considered mti@st with the common two-
degree-of-freedom pitch-plunge flutter problem [22, 28jehondimensional equation
of motion for the pitch angle(7) of the rigid airfoil is given by [25]

d?a  afr) 3
W‘FW‘FKMOZ = Fext +2

C(T)

Turs

, (4.18)

wherer = tV/b is the nondimensional timd/ = V/bw, is the nondimensional
velocity, K, is the nondimensional structural stiffnegg, is a nondimensional ex-
ternal forcing,Cy, () is the aerodynamic moment coefficient, ane- m /(wpb?) and
ro = Io/(mb?) are the mass ratio and the radius of gyration, with velogifysemi-
chordb, w,, the natural pitch frequency; the structural masg,the air density, and,,
the pitch moment of inertia. The initial conditionds,;.

The aerodynamic moment coefficiefit, (7) is described by the Onera dynamic
stall model [23, 25, 98]. This is a semi-empirical, dynarhi@aodynamic model which
takes the complex unsteady stall phenomena into accouhgifotm of a set of dif-
ferential equations for the inviscid and the viscous cbntion to the aerodynamic
momentCl,, andCly,,, respectively:

d d?
Con(7) = 81 o + Koy =

dT vmm + Oml + Om27 (419)

dCn, da da d?«
i+ Ao = (amr ) o (s + oS ) 620
d2Ch, d dAC,

Cm,

wheres,,, kvm, Am, @om» Om, Om, d, w, ande are constants associated with the aero-
dynamic forces and\C,,, accounts for the effects of stall on the aerodynamic moment
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Table 4.5: Parameter values for the pitching airfoil staiftér model.

K 0
7 100
T'o 0.5
Qlinit 10 [deg]
Sm -7
kvm _?{_g
Am 0
Aom 0
Om -1
m 1
Aol 5.73
Qistall ] 16 [deq]
Qstall,m 12 [deg]
ACG 0 || < outann 1
(@o1 + 10.02)(a — agtan,1) Q> Qgtall,l
(@o1 + 10.02)(a + astan1) a < —Qgtall 1
AC'm 0 |CY| < Olstall,m
(03/(03142 - astall,m))(a - astall,m) o > Olstall,m
(03/(03142 - astall,m))(a + astall,m) a < —Qstall,m
a 0.25 + O.l(AC’f)
r 0.2+ ().1(AC’12))2
d a/(vV4r — a?)
w 1/(2d)
e —0.6(AC?)

above the static stall angle. Here the empirically deteeahivalues of these constants
from Dunn and Dugundji [23] for the NACA0012 airfoil are used

The external forcind.,;, is assumed to be uncertain with a lognormal distribution.
The mean of the nondimensional external forcingjis,, = 0.002 and the coefficient
of variation isCVy,,, = 10%. The time integration is performed with the explicit
fourth-order Runge-Kutta algorithm with a stepsize®af = 0.01 up tor = 800. The
other parameter values can be found in Table 4.5.

In Figure 4.22 the deterministic bifurcation plot for theghi anglea as function
of bifurcation parametel is given for the mean value of the external forcimg,_, .
The minimum and maximum pitch angleg,;, anda,,,., of one period of the periodic
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Figure 4.22: Deterministic bifurcation plot fas-_, for the pitching airfoil stall flutter
model.

response are shown. For a damped response, i.&. 010, o, anda,,., are equal.
ForU > 10 the dynamic stall model gives a periodic limit cycle os¢itia response,
of which the amplitude increases for increasligBetween/ = 10 andU = 10.5 a
supercritical Hopf bifurcation occurs.

The effect of uncertainty in the external forciag,; on the bifurcation plot of Fig-
ure 4.22 is shown in Figure 4.23. The mean values of the mimirand maximum
pitch anglesv,,;, anday,.x, and their uncertainty bars based #irone standard de-
viation are shown. Results of both adaptive Stochastidé-Elements and Stochastic
Collocation are given.

After including the uncertainty the bifurcation occurseady betwee® = 9 and
U = 9.5 instead of betweety = 10 andU = 10.5 for the deterministic case. Below
the bifurcation point, i.elU < 9.5, the mean values and the uncertainty bara.gf,
andam,.x are equal. Beyond the bifurcation point, ié. > 9.5, the uncertainty bars
increase in length, while the uncertaintydn,;,, is larger than the uncertainty in,, .

The results of adaptive Stochastic Finite Elements andh@siic Collocation are
approximately equal before the bifurcation and &, after the bifurcation. The
two methods predict a slightly different effect of the untagrty on the mean and the
standard deviation af,,;, especially near the bifurcation point@t= 10. To under-
stand this difference the results of adaptive Stochastitd=Elements and Stochastic
Collocation for the response,,;, anday,.x as function off.,., and their probability
distributions are shown fd¥ = 10 in Figure 4.24. In Figure 4.24athe Stochastic Finite
Elements approximation of the respomgg,,aumax—Fext With 7 elements is compared
to a Monte Carlo simulation with000 uniformly sampled realizations. The pitch
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Figure 4.23: Effect of uncertainty in the external forcifig,; on the bifurcation plot
in terms of the mean and the uncertainty bars based anstandard deviation by
adaptive Stochastic Finite Elements (ASFE) and Stoch&stltocation (SC) for the
pitching airfoil stall flutter model.
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angle shows a supercritical Hopf bifurcation also as fuomctf the external forcing
F.. The stochastic adaptive grid refinement, based on themsspdo,i,, results in
smaller elements near the bifurcation point, which resnlés) accurate approximation
of the response af,;, anday,.x. In Figure 4.24b the results of Stochastic Colloca-
tion with 7 samples are shown. The global polynomial approximationto€l&astic
Collocation results in an oscillatory approximation of tiesponse of,,;,, caused by
the bifurcation as function af.,;. Especially near the outer collocation points the os-
cillatory prediction results in large errors. The approatian of the response @f,,.x
shows smaller oscillations, because the bifurcation &ffdwe behavior ofy,,.. less
thanay;y,.

The accuracy of the approximation of the probability digttion of a,,;, andayy,ax
is mainly determined by that of the response, see Figuretc4@®4.24f. Adaptive
Stochastic Finite Elements result in accurate approxonatof the distribution func-
tions. The less accurate approximation of the responsg,gf for Stochastic Collo-
cation leads to relatively large errors in the approximatibthe distribution function,
see Figure 4.24d.

The oscillatory approximation of the response by Stocbd3tllocation has an
effect on the convergence behavior for the mean and the astdntkviation. In Fig-
ure 4.25 the convergence of the mean and standard devidtiop;9 and ay,.x Of
adaptive Stochastic Finite Elements and Probabilisti¢aCation is given as function
of the number of elements and samples, respectively. Sttictinite Elements show
a smooth convergence behavior, see Figures 4.25a and &#ithastic Collocation
results especially fotv,;, in an undesirable oscillatory convergence behavior due to
the oscillations in the approximation of the response, sger€s 4.25b and 4.25d. This
results in a less accurate prediction of the mean and umugrtar of o, atU = 10
in Figure 4.23 for Stochastic Collocation than for adap8techastic Finite Elements.

4.3.3 Transonic flow over a NACA0012 airfoil

In this section transonic Euler flow over a NACA0012 airfaibgect to an uncertain
free stream Mach numb@ifa., is considered. This is an example of uncertainty in a
practical flow problem with a shock wave, which results ingcdntinuity in probabil-

ity space. A transonic flow problem is also of interest siniég known that a transonic
flow field can be sensitive to small input variations. Therdistion of Ma,, is as-
sumed to be lognormal with a mean Mach numbergf,_. = 0.8 and a coefficient
of variation ofCV\,.. = 1%. Due to the small input coefficient of variation, the free
stream Mach numbebda, with a significant probability are restricted to the tranison
range. The angle of attack is equallt@5° and the airfoil has a chord with length
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Elements (ASFE) and Stochastic Collocation (SC) for thehity airfoil stall flutter
model.
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Figure 4.26: Transonic flow over a NACAO0012 airfoil for the amefree stream Mach
numberuy, . With the deterministic shock wave positions:of= 0.6¢ andz = 0.35¢
on the upper and lower surface, respectively.

The two-dimensional flow problem is discretized using a sdeorder upwind spatial
finite volume scheme on a unstructured hexahedral meshwith* spatial volumes.
The steady state solution is found by time integration witbFL number 0f0.5. In
Figure 4.26 the flow field in terms of the local Mach number isveh for the mean
value of the free stream Mach numheyi,_ . Above the wing a large supersonic do-
main is present for whichla > 1, which ends at a shock waveat= 0.6¢c. Under the
wing a small supersonic region and a weak shock wave-at).35¢ are present.

The effect of the uncertainty iNa. is given in Figure 4.27 in terms of the Mach
number along the airfoil surface. The mean Mach number a@@4f uncertainty
range are shown. Stochastic Finite Elements are appliédiveiements, which results
in 9 deterministic solves. The output variables are the Machberimat all6 - 102
volumes on the airfoil surface. Uniform grid refinement ipligd, since refining adap-
tively based on a combination 6f 102 output variables effectively results in uniform
refinement as well. The results are compared with Stoch@sfiiocation based oh
deterministic solves.

Stochastic Finite Elements predict that the uncertaintgamthe shock wave in
the mean Mach number along the upper surface around itshaatstic location, see
Figure 4.27a. Th&9% uncertainty range shows that the position of the shock wave
is sensitive to thd % uncertainty in the free stream Mach number. The shock wave
strength is nearly unaffected. Stochastic Collocatiordigte less sensitivity of the
shock position and a much larger effect on the possible Macohbers near the shock
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Figure 4.27: Mean Mach number af8% uncertainty range along the surface by
Stochastic Finite Elements (SFE) and Stochastic CollonafSC) for the uncertain

free stream Mach numbafa. in the transonic flow over a NACA0012 airfoil.
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Figure 4.28: Response of the local Mach numbet ia- 0.65¢ on the upper surface
by Stochastic Finite Elements (SFE) and Stochastic Cdilmt4SC) for the uncertain
free stream Mach numbafa.. in the transonic flow over a NACA0012 airfoil.

wave, see Figure 4.27b. The large uncertainty range giveBtbghastic Collocation

includes unrealistically high Mach numbers of ugdtand unphysical negative Mach
numbers. Increasing the number of collocation points irclsdstic Collocation in-

creases the oscillatory behavior. In Figures 4.27c andd4d@ialitatively the same
characteristics can be seen for the Mach number along ther lewvface.

The difference in the results of Stochastic Finite Elemamis Stochastic Collo-
cation is studied by considering the response surface gppations inz = 0.65¢
on the upper surface in Figure 4.28. Due to the uncertaintiiérfree stream Mach
number, locatiorr = 0.65¢ can be either in the subsonic or supersonic domain. This
results in a discontinuity in probability space betwéén,, = 0.80 andMa., = 0.81.
Stochastic Finite Elements result in a monotonicity preisgrapproximation of the
response surface through the samples without artificidllatsons, see Figure 4.28a.
The resolution of the shock wave can be improved by incrgas$ia number of ele-
ments. The global polynomial approximation of Stochastidi@ation results in an
oscillatory response approximation due to presence ofio®dtinuity. This results in
a prediction including too high Mach numbers and unphysieghtive Mach numbers,
which are not reflected in the samples themselves. Incrgésennumber of samples
would increase the oscillatory behavior of the responsiserapproximation. These
results show that th€9% uncertainty range prediction of Stochastic Finite Eleraémt
Figure 4.27 is more reliable than that of Stochastic Colioca
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4.4 Summary

An adaptive Stochastic Finite Elements approach based wiidieCotes quadrature
in simplex elements is developed. A piecewise polynomigraximation of the re-
sponse is obtained by solving uncoupled deterministic lerob in quadrature points
in elements in probability space. The elements are refinagtagly to be able to re-
solve singularities in probability space effectively. Befng singularities is important
since they can result in high output sensitivity on inputentainty, and oscillatory or
unphysical predictions. The refinement measure consiskedfighest absolute eigen-
value of the Hessian of the approximation of the responshéretements scaled by
their volume and weighted by the probability representethbyelements.

Due to the Newton-Cotes quadrature the required numbertefrdaistic solves is
relatively low, sincei() the deterministic samples are reused in successive refimem
steps due to the location of the quadrature points, @ndhe samples are used in
approximating the response in multiple elements, becaust quadrature points are
located on the boundaries of the elements. The extrema shtheles are preserved in
the piecewise polynomial approximation of the responseutndividing the elements
where necessary in subelements with a linear approximafitre response.

The method is applied to a piston problem, a stall flutter rhadd transonic flow
over a NACA0012 airfoil with random input parameters withoghormal distribu-
tion, which involve shock waves and bifurcations in proligbgpace. The results for
the piston problem are compared to those of Monte Carlo sitiauns for one up to
three independent uncertain input parameters, pistoreiglo,ision (w), initial pres-
sureppre(w), and sensor locatiof. For random piston velocity, results for zeroth,
first, and second degree Newton-Cotes quadrature are cechfmaglobal polynomial
Stochastic Collocation. The importance of singularitieptiobability space has been
demonstrated by an output variationl®4% caused by input coefficients of variation
of 10% for random piston velocity and initial pressure. It is olvegk in the piston
problem that the average number of deterministic solvegleenent is close to 2 only,
which seems to be independent of the dimension of probabjiace.

Results of second-degree Newton-Cotes quadrature foonarexternal forcing
Fext(w) in the stall flutter model and random free stream Mach nurivbg() in the
transonic flow problem demonstrate that Adaptive Stocb&stiite Elements based on
Newton-Cotes quadrature in simplex elements are capalvksofving complex situ-
ations involving singularities in probability space in ptigal applications effectively.
These results are compared to Stochastic Collocation gjppations and for the stall
flutter model also Monte Carlo reference simulations aréopered. Artificial oscilla-
tions or unphysical predictions have not been encountered.
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Chapter 5

Probabilistic Collocation for
Limit Cycle Oscillations

Polynomial Chaos methods usually require a fast incregsaignomial chaos order
with time to resolve the effect of random parameters in dyinahsystems with a con-
stant accuracy. Resolving the asymptotic stochastic tef@a for non-intrusive and
multi-element Polynomial Chaos methods result in thousaridequired samples or
elements. This effect is especially profound in problenmthwicillatory solutions in
which the frequency of the response is affected by the ranplarameters. The fre-
quency differences between the realizations lead to isgrgaghase differences with
time, which in turn result in an increasingly oscillatorngpense surface and more re-
quired samples. In this chapter Probabilistic CollocafmmLimit Cycle Oscillations
(PCLCO) is developed, which achieves a constant unceytgimntification interpo-
lation accuracy in time with a constant number of samplese Mlethod is based on
performing uncertainty quantification interpolation fairae-independent parameteri-
zation of periodic samples instead of the time-dependenpkss themselves. Numer-
ical results for the harmonic oscillator, a two-degredredom airfoil flutter model,
and the fluid-structure interaction of an elastically-miahcylinder show that a low
number of 3 samples can be sufficient to resolve the asymptfiect of a random
input parameter.

Based on: J.A.S. Witteveen, G.J.A. Loeven, S. Sarkar, H. Bipbabilistic Collocation for period-1 Limit
Cycle Oscillations, J. Sound Vib. 311 (2008) 421-439.
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5.1 Introduction

In this chapter a Probabilistic Collocation formulatiorr fmodeling the long-term
stochastic behavior of limit cycle oscillations (PCLCO)liimear and nonlinear prob-
lems is proposed. The idea is to apply Probabilistic Cotioceto a time-independent
parameterization of the response instead of to the timerntgnt response itself. Due
to the time-independent parameterization the accuradyeoPCLCO interpolation is
independent of time, which enables it to resolve the lommtstochastic behavior of
dynamical systems. For limit cycle oscillations a suitgideameterization of the pe-
riodic response consists of the frequency, the relatives@hthe amplitude, a refer-
ence value and the normalized period. A Probabilistic Gallion approach is em-
ployed since it can approximate these functionals of themese more effectively than
a Stochastic Galerkin method.

In flutter analysis, one is usually interested in the efféctracertainty on the bifur-
cation point from a damped response to a limit cycle osalhat At the flutter point
the damped response often changes to a period-1 oscillaiibrone main frequency.
An initial quantification of the effect of uncertainty uslyalocuses on the effect of in-
dividual parameters. The application of the formulatio®@LCO is therefore limited
to period-1 limit cycle oscillations with one main frequgrsubject to one uncertain
parameter. It is assumed that these oscillations exiseinelevant parameter domain.

In practical applications it might not be trivial to ensurpréori that periodic solu-
tions exist for the relevant input parameter range. It isdfege determined a posteriori
whether the deterministic samples are periodic. The respnconsidered to be pe-
riodic, if after sufficiently long integration time,, .., the response results within a
threshold value in identical orbits in phase-space. Thexefif the threshold on the ap-
proximation with PCLCO at,,. is small, since the parameterization is extracted from
the last full period before,, ... If all samples have a periodic response, then PCLCO
post-processing is applied to the samples. Otherwise dd?rohaabilistic Collocation
post-processing applied, since both PCLCO and Probabiistilocation are based on
the same deterministic samples.

The Probabilistic Collocation approach for limit cycle disgions is introduced in
section 5.2. Numerical results are presented for the hamaeaillator, the airfoil flut-
ter model and the elastically-mounted cylinder in sectidh A harmonic oscillator
problem with an uncertain spring stiffness is consideratbtmonstrate that PCLCO is
able of capturing the long-term stochastic behavior oftlieytcle oscillations success-
fully. This model problem, which is similar to the sinusdidaodel problem stud-
ied by Pettit and Beran [78], does not involve a transient pathe deterministic
response. An error convergence study up to a Polynomial Cheder of8 is per-
formed. Subsequently, PCLCO is applied to other engingexpplications involving
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periodic response. A two-degree-of-freedom airfoil flutteodel is considered subject
to uncertainty in the structure. This problem is used tosthe effect of a determin-
istic transient behavior on the PCLCO approach. Finallypmlgination of PCLCO
and Probabilistic Collocation is employed to propagatauheertainty through a fluid-
structure interaction simulation of an elastically-madtylinder with an uncertain
free stream velocity. In that case, Probabilistic Collaoais applied for short-term
integration in the transient part of the deterministic tisggies. The stochastic tran-
sient behavior and the long-term stochastic response soévegl using PCLCO. This
chapter is concluded in section 5.4.

5.2 Probabilistic Collocation for limit cycle oscillations

In this section the Probabilistic Collocation method fonilicycle oscillations is intro-
duced. Itis based on the time-independent parametenizatiimit cycle oscillations
given in section 5.2.2. First the general Probabilisticl@mltion framework is briefly
reviewed in section 5.2.1.

5.2.1 Probabilistic Collocation method

Probabilistic Collocation is based on collocating the kastic problem in Gauss quadra-
ture points in the probability space [5, 54]. Suitable Gapsmts are the zeros of
polynomials orthogonal with respect to the probability signof the uncertain input.
The stochastic moments of the output are computed by Gawegiaiure based on a
polynomial approximation of the response and a Polynomiiedd3 description of the
probability distribution.

Differential equation (1.1) is considered subject to patin input uncertainty
with a probabilistic description in the form of

L(a)u = 0. (5.1)

The uncertain variable(z, t, w) is then approximated in the Probabilistic Collocation
method as

2

u(z,t,w) =Y ug(z, )l (a(w)), (5.2)

k=1

whereN is the number of collocation poinfs:; } 7, in probability space an&/ — 1
is the Polynomial Chaos order of the approximation (5.2).e Ebllocation points
{ax}_, are the zeros of the polynomialy 1 (a), where{r;(a)} 5! is the set of
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polynomials up to ordeN + 1 orthogonal with respect to the probability density func-
tion p,(a) of the uncertain input parametefw). The polynomials{;(a)} 4" are
given by the orthogonality relation

(mi(a)m;(a)) = / mi(a)m; (@)pa(a)da = (mi(a)?)8is, (5.3)

fori,j =1,..., N+ 1, where(.) denotes an inner product. For several standard input
distributions the polynomialér;(a)}¥-5" in (5.3) are (scaled) classical polynomials
[90] of which the roots are tabulated to full accuracy. Fdrestinput distributions the
collocation points can be computed numerically [54].

The deterministic coefficientguy (z,t)}Y_, in (5.2) are then the deterministic so-
lutions of (5.1) for the parameter valués; }7_,. The basis polynomial§l ()},
of the expansion (5.2) are Lagrange polynomials with retsjoethie collocation points

{ax }2_, for which holds
lk(aj): jk s jakzla"'va (54)

whered ;. is the Kronecker delta. The meaq(z, t) and variance2(x, t) of the solu-
tion u(z, t,w) are computed using Gauss quadrature integration basec @u#ura-
ture points{a; }&_,, for example,

N
(2, t) = Zwkuk(wat)v (5.5)
k=1

wherew;, are Gauss quadrature weights. Multidimensional collocgpioints can be
obtained from tensor products of the one-dimensional cation points or a sparse
grid approach [117].

5.2.2 Time-independent parameterization of limit cycle osillations

In long-term time integration of unsteady problems subjeatncertainty the uncer-
tainty response surfaeg(z, t, w) can be a highly nonlinear function of the uncertain
input paramete(w) [78]. In that case, the global polynomial representatiothia
Polynomial Chaos description is not adequate for approtimgahe response surface.
Increasing the Polynomial Chaos order in Probabilistid@aition or the number of
elements in the multi-element generalized Polynomial Gleatends the valid integra-
tion time [105]. However, the Polynomial Chaos approximiatiails asymptotically
due to the growing nonlinearity of the response surfacenie ti
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5.2. Probabilistic Collocation for limit cycle oscillatis

The long-term periodic responsézx, t,w) can be parameterized by a vector of
time-independent parameterg, w) than timet. For a periodic responsgx, w) can
consist of the frequency, the relative phase, the ampljtadeference value and the
normalized period. This results in a time-independentipatarization of the periodic
responseperiodic(, 2(z, w),w). Probabilistic Collocation can then be applied to the
parameterization(z, w) instead of the time-dependent responée, ¢, w) itself. The
realizations of the parameterizatiep(z,w) are extracted from the same time series
ug(z,t,w) as in Probabilistic Collocation obtained from solving (fafthe collocation
points{ax }2_,. This enables the use of existing deterministic time iraégn solvers.
The accuracy of the Polynomial Chaos approximation of tharpaterization (z, w):

N
2(z,w) = a(@)lk(aw)). (5.6)

k=1

is then independent of time If the parameterization(z,w) depends not too non-
linearly on the uncertain input parametgw), the Polynomial Chaos order of the
approximation of the long-term behavior can be relatively.| The PCLCO approxi-
mation of the responsgz, ¢, w) is given by substitution of (5.6) into a parameterized
description of the response. This formulation of ProbatidiCollocation for limit cy-
cle oscillations is capable of resolving the effect of theentain input parameter(w)

on the long-term stochastic response.

As mentioned before, a suitable time-independent parainaten of the asymp-
totic periodic response of limit cycle oscillations is a gaeterization in terms of the
frequencyf(x,w), the relative phase(z, w), the amplituded(z, w), a reference value
uo(z,w) and the normalized periog,crioa(z, 7, w), with 7 € [0, 27]. The time series
uk(,t,w) for the N collocation points{a, }3_, in probability space result iV real-
izations of the frequency, (), the phasey(z), the amplituded (x), the reference
valueuy, () and the normalized periag,c.i.q, (x, 7) of the periodic response:

o the frequencyfi(x) is defined as the inverse of the period length, which is the
smallest timé ,erioq, () > 0 for which holds in the asymptotic region (z, t +
tpcriodk (x)) = Uk (I; t)a

e The relative phasey (x) of the time series is defined as the phase of the oscil-
lation att = t.,.x With respect to the time of the latest maximam,,, (x) by
() = Nperiods, (T) + (Fmax = tumas (7)) [ () With nperiods, () the integer
number of completed cycles;

e The amplitudeA (x) is equal to half the difference between the minimum and
the maximum of the period (z) = %(umaxk () = Uminy, (2));
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tperiod Umax

to

Figure 5.1: Definition of parameters to describe limit cyaeillation in PCLCO.

e the reference valuey, (z) is chosen to be the average of the minimum and max-
imum of the periodiy, = 3 (Uminy, () + Umax, (7).

This parameterization is obtained from the last full peraddhe simulation after es-
tablishing a sufficiently long integration time for the dey@ment of the periodic oscil-
lation, see Figure 5.1. The Polynomial Chaos approximaifcthe parameterization
f(z,w), ¢(z,w), A(z,w) andug(x,w) is then determined using (5.6). The PCLCO
approximation of the response is given by substituting)(t& the parameterized
description of the response given by

u(z,t,w) = up(x,w) + Az, w)uperiod (%, T(x, W), w), (5.7)

with 7(z,w) = 27(d(x,w) + (t — tmax) f(z,w)) (mod 27). This results in a non-
polynomial response surface approximation. For this esgioa also an expansion of
the normalized perio@erioa(z, 7,w) similar to (5.6) is required. The shape of the
period of the deterministic time serie§,,;,q (z,t},(z)) with ¢} () = [0, tperioq, (2)]

is extracted from the last full period of the functiomg(x, t). The normalized period
Uperiod,, (T, T), With 7 € [0, 2], is obtained by scaling the periodS,,;,q, (z,t},(z))

by their frequency/;.(z), amplitudeAy (z) and equilibriumug, (x)

triod, (2:7) = 5 (Wheson, (251 ) ~ (@) 69)

with k¥ = 1,...,N andr € [0,2x]. The Polynomial Chaos approximation of
Uperiod (2, T, w) based on the representatians:ioq, (=, 7) is given by

N
Uperiod (T, T, w) = Z Uperiod, (T, T)lk(a(w)). (5.9
k=1
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5.3. Numerical results

In practiceuperioa(z, 7, w) is determined at.. discrete angle$r; ;?;1 € [0,2n] and
interpolation can be employed to obtaiesiod(x, 7,w) from {uperioa(z, 75, w)};?;l.
One could also use a Fourier transform to discretize the alired period. In pseudo
algorithmic form PCLCO can be represented as follows:

1. SolveN deterministic problems for the parameter values corredipgrto the
N collocation points in probability space;

2. Extractfy(z), ¢r (), Ar(x), uo, (x), anduperiod, (z,7) fork = 1,..., N from
the N deterministic solutions;

3. Construct the global polynomial approximatiofiér,w), ¢(z,w), A(z,w),
uo (2, w), anduperiod (z, T, w) using (5.6) and (5.9);

4. Substitutef (z, w), ¢(z,w), A(z,w), uo(z,w), anduperioa(z, 7, w) into (5.7) to
find the approximation of the responser, ¢, w).

The mean and variance of the responée, ¢, w) are determined by numerically inte-
grating of the response surface (5.7). The distributiorfion is given by sorting the
functionu—w, with w € [0, 1], to a monotonically increasing reconstruction.

5.3 Numerical results

In this section numerical results of PCLCO are presentedh®analytical harmonic

oscillator problem, a two-degrees-of-freedom airfoiltdutmodel and a fluid-structure
interaction simulation of an elastically mounted cylindd@ihe results are compared
to those of Probabilistic Collocation (PC), see section15.2nd Monte Carlo (MC)

simulations.

5.3.1 Harmonic oscillator

The analytical harmonic oscillator problem with an undertpring stiffness is con-
sidered to demonstrate the properties of PCLCO for a prolémno transient part
in the deterministic response. PCLCO is compared to PréstbiCollocation in an
error convergence study with respect to an MC referencdisnluThe motion of the
harmonic oscillator is described by

0%x(t,w)

92 + k(w)z(t,w) =0, t € [0, 00), (5.10)
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with deterministic initial conditiong(0) = o =1 and%(o) =i =1,massn =1
and uncertain spring stiffneggw) with a lognormal distribution with meap, = 1
and coefficient of variatioC Vi = 10%. The analytical solution of (5.10) can be
written as

z(t,w) = zo(w) + A(w) cos(2m f (w)t + P(w)), (5.11)

with frequencyf (w) = - \/%, phasean ¢ = \;}C/— amplituded = -Zo and

2m Fo m’ cos ¢
reference value,(w) = 0. The response(t,w) given by (5.11) is a periodic function
of time with no transient part. The solution is considerediluf,., = 100 which
corresponds to approximately 16 periodsQr

PCLCO is employed with three collocation poiits } ¥ ;, with N = 3, for the un-
certain parametét(w). The time series; (¢) are parameterized b, ¢;, A; andx,.
For this simple model problem the scaled periodic motighioq (7, w) is independent
of w SiNCexperioa (T, w) = cos(7) with 7 € [0, 2x]. The parameterization describes the
time seriesy; (¢t) for t > 0 exactly.

In Figure 5.2 the three samplés; (¢)}., are shown. The periodic responses start
at the deterministic initial condition without transiergavior. The uncertainty affects
the amplitude and the frequency of the respans€&he effect on the frequency results
in an increasing phase difference between the time sertesfunctions diverge from
each other in time, since the frequency and amplitude ofithe $eries depend on the
sample valug;.

The mearux(t) and the variance?(t) of the response(t,w) are shown in Fig-
ure 5.3 as function of timé The approximations of PCLCO and Probabilistic Collo-
cation for N = 3 are compared to a MC simulation witl®00 uniformly distributed
samples. In contrast to the periodic deterministic sohgjahe MC solution for the
meanu,(t) is a damped oscillation, see Figure 5.3a. The decayindatseil is caused
by the effect of the uncertainty on the frequency of the tieres. Due to the increas-
ing phase difference in time, time series with opposite sigareasingly cancel each
other.

The result of PCLCO is indistinguishable from the MC resoit &ll timest¢ €
[0, tmax]. The PC approximation of the mean is accurate up to apprdagiyna= 25.
For later times the error of the Probabilistic Collocatigupeoximation rises to unac-
ceptable levels. Using a higher Polynomial Chaos order ouli-element approach
elongates the domain in which the approximation is accukédever, without contin-
uously increasing the order the approximation would fajnagtotically for long-term
integration at some[78, 107].

The variancer2(t) shows a transient oscillatory behavior until it damps to the
steady value of2(t) = 1.0 for t > 50, see Figure 5.3b. Although the samples shown
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Figure 5.2: The three deterministic realizations at théocation points for the har-
monic oscillator.

in Figure 5.2 do not exhibit transient behavior and are watstdor all¢, the stochastic
solution has a transient behavior due to the deterministiiai condition and reaches
a steady solution for long-term integration. PCLCO resslveth the transient and the
asymptotic stochastic solution as the results of MC and RCla@ indistinguishable
also for the variance. The accuracy of Probabilistic Caltmn deteriorates for the
variance at approximately = 15 which is earlier than for the mean. Probabilistic
Collocation is unable to predict the asymptotic steadytsmiuof the variance which
results in large errors.

The reason that PCLCO accurately approximates the lomgggrchastic behavior
already with NV = 3 is that in PCLCO the polynomial approximation of Probaltiiis
Collocation is not applied to the response in terms of the eriesr; (¢) directly, but
to the parameterizatiofi, ¢; and A;. This parameterization of the periodic response
is independent of time which enables for an approximatighefasymptotic behavior.
In addition, the parameterizatiofiw), ¢(w) and A(w) depends almost linearly on
the uncertain input paramet&fw) which results in an accurate approximation with
N =3.

In Figure 5.4 the approximation of the frequenffyw) is given in terms of its re-
sponse surface with respecti@v) and its probability distribution function. The com-
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Figure 5.3: Response of the harmonic oscillator by MontddC@viC), PCLCO and
Probabilistic Collocation (PC).

parison of the PCLCO approximation and the MC results in Fdu4a shows that the
frequencyf (w) depends almost linearly dr{w). The polynomial PCLCO approxima-
tion based on the collocation points results #or= 3 in an adequate approximation of
the frequency response surface. Therefore, also the pfitypdistribution function of
the frequency is accurately resolved, see Figure 5.4b.|&img@sults are obtained for
the phase)(w) and amplituded (w).

Based on the time-independent approximationg(f), ¢(w), andA(w), the an-
alytical solution (5.11) gives the time-dependent appration of z(¢,w). In Fig-
ure 5.5 the approximations of the response surfig¢ew)—k(w) and the probability
distribution ofz(¢,w) are given fort = {1, 20, 100} for MC, PCLCO and Probabilis-
tic Collocation. The response surface is almost linear aftert-term integration, see
Figure 5.5a. For this case both PCLCO and Probabilisticd€ation result in accurate
approximations of the response surface at 1. This time interval corresponds to
approximately0.16 periods foruy. The approximation of the probability distribution
of z(t,w) att = 1 is also accurate in Figure 5.5b.

After long-term integration the response surface is ingiregy nonlinear, see Fig-
ures 5.5c and 5.5e for the resultstat 20 andt = 100, which corresponds to ap-
proximately3.2 and16 periods foruy, respectively. The PCLCO approximation based
on the three collocation points and the parameterizatidrljSnaintains a similar ac-
curacy in the approximation of the response surface inddgrarof the timet. The
polynomial approximation of Probabilistic Collocatiorrdlugh the three collocation
points is clearly not adequate to represent the increasimagilinear response surface.
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Figure 5.4: Frequency of the harmonic oscillator by Montd @@MC) and PCLCO.

In Figures 5.5d and 5.5f the probability distributionadf, w) after long-term integra-
tion is shown fort = 20 andt = 100. The probability distribution function reaches a
steady solution asymptotically. PCLCO resolves the datd#atures of the probability
distribution function also near = +1.5 for all timest € [0, tyax]-

An error convergence study is performed to compare the acgwf PCLCO and
Probabilistic Collocation for a range of Polynomial Chaoders up toV = 9 at dif-
ferent timest, see Figure 5.6. The convergence study focuses on the lmatitn of
the Polynomial Chaos expansion to the error in the long-teghravior of the stochas-
tic system, since in this analytical test problem numetiizaé integration errors are
absent. The time-averagdd-errors in the approximation of the mean and the vari-
ance in different time intervals are considered. In FiguBa3he error convergence
of PCLCO and Probabilistic Collocation up to= 1 is shown for the error in the
mean(t). Probabilistic Collocation results for this short-ternteigration problem
in fast exponential convergence which reaches machinésppador N = 7. PCLCO
convergences three orders of magnitude to an error lowarlthe® at N = 9.

In Figure 5.6¢ the error convergence for the meah at 20 is shown. PCLCO
convergences again to an error lower tH@m® for N = 9. Probabilistic Colloca-
tion convergences significantly slower than for the= 1 case to an error of0—3,
which is higher than for PCLCO. This is also demonstratedhayetrror convergence
of the mean fort = 100 in Figure 5.6e, for which Probabilistic Collocation hardly
convergences, but PCLCO still convergences beyond an efidr 6 for N = 9. In
Figures 5.6b, 5.6d and 5.6f similar results are shown foether in the approximation
of the variance at = 1, ¢t = 20, and¢ = 100.
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Figure 5.5: Response surfagé€, w)—k(w) and its probability distribution by Monte
Carlo (MC), PCLCO and Probabilistic Collocation (PC) foe tharmonic oscillator.
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Figure 5.6: Error convergence of PCLCO and ProbabilistiidCation (PC) for the
mean and variance for the harmonic oscillator.
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Figure 5.7: Error of PCLCO and Probabilistic Collocatioi€jRas function of time for
the harmonic oscillator.

To demonstrate that the accuracy of PCLCO is nearly indepdraf time, the er-
rors in the approximation of the mean and the variance of RCla@d Probabilistic
Collocation are given as function of time in Figure 5.7 /ér= 1, N = 5, andN = 9.
For N = 1 both PCLCO and Probabilistic Collocation reduce to a dei@gtic solve
for the mean value of the uncertain input parameterFor higher Polynomial Chaos
ordersN = 5 andN = 9 PCLCO results in a error which is nearly constant in time
and decreases for increasing The error in the approximation of the variance even
decreases with time for short-term integration 20, see Figure 5.7b. The accuracy of
Probabilistic Collocation depends strongly on time. Foigderm integration the error
in the Probabilistic Collocation approximation even ireses with an increasing Poly-
nomial Chaos order. The post-processing of the sample$i€rCO computationally
more intensive than in Probabilistic Collocation. Howetke computational costs in
engineering applications are dominated by computing theraenistic samples. The
number of samples in the PCLCO computation is over a fadidsmaller than in the
MC simulation.

5.3.2 2 DOF flutter model

In this section PCLCO is applied to a relevant model for fiuatealysis. Flutter models
are often used instead of full unsteady fluid-structureradton simulations. Here a
two-degree-of-freedom model for the pitch and plunge nmtban airfoil, see Fig-

ure 5.8, is used which was studied deterministically fomegke by Lee et al. [49] and
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Figure 5.8: The two-degree-of-freedom airfoil flutter mbde

stochastically using Fourier Chaos by Millman et al. [66)eTaeroelastic equations of
motion with cubic restoring springs in both pitch and pluage given in [49] as

w @\ 2 1
¢+’ + 2l + () €458 =-— Al (612)
i_an NN 2%& 4 e (o + ﬁaa?’) — g Cm(T), (5.13)

wherea is the pitch angle§ = h/b is the non-dimensional plunge displacement of the
elastic axis, withb = ¢/2 the half-chord, andg,, are the nonlinear spring constants,
o IS the radius of gyration about the elastic axis, gndnd(,, are the viscous damping
coefficients in plunge and pitch, respectively. The ratimafural frequencies is =
we/waq, Wherewe andw, are the natural frequencies of the uncoupled plunging and
pitching modes, respectively. The bifurcation parametelefined ad/* = U/(bw,, ).

The non-dimensionalized time is = Ut/b. The expressions for the aerodynamic
force and moment coefficientSy, (r) andCy; () are given by Fung [25] as

Cr(t) = #(¢ —anad” +d)+2n {a(O) +£'(0) + B - ah] a’(O)} () +

o /O " b(r— o) {O/(a) +E"(0) + (% _ ah) 0/'(0)} do,  (5.14)
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outr) = w(5+m){a@+€+ (3-a)aofom+

. (% +ah) /OT o(r — a){a’(a) +.

(o) + (% - ah) a”(a)}da +
T 1 T T
Eah( " —apa’) — <§ - ah> 50/ - Eo//, (5.15)

where the elastic axis is located at a distaagkfrom mid-chord, the mass center is
located at a distance, b from the elastic axis angd(r) is the Wagner function

P(1) =1—1p1e” "7 —thge” 7, (5.16)

with the constantg); = 0.165, ¥ = 0.335, &1 = 0.0455 andey, = 0.3 given by
Jones [43]. Based on (5.12) to (5.16), a set of first-ordenarg differential equations
for the motion of the airfoil is derived in [49]. Following § 49], these equations
are integrated numerically until = 2000 using the explicit fourth-order Runge-Kutta
method with a time step oA+ = 0.1, which is approximatelyt /256 of the smallest
period.

The following parameter values are used:= 100, a, = —0.5, z, = 0.25,
ro = 0.5and{, = (¢ =0, as in [66, 49]. For a hard spring model in the pitch degree
of freedom (3, > 0) the system exhibits a limit cycle oscillation [48]. The fioear
torsional spring stiffness parameter is seBto= 3. The ratio of uncoupled plunging
and pitching modes natural frequencieds assumed to be uncertain described by
a lognormal distribution. The mean valyg, = 0.2 is chosen to be equal to the
deterministic value used in [66, 49] with a coefficient ofiaéion of CV; = 10%. The
effect of the input uncertainty on the mean and variance®pitth anglex(w) and its
bifurcation plot is considered. Results for the plunge a¢ifve (w) are qualitatively
similar.

The bifurcation parametdr* is set t06.6 as in [66]. PCLCO is applied with
N = 3 and the results are compared to those of Probabilistic Catilon, and MC
based or1 000 uniformly sampled realizations. To cancel the effect offthike number
of MC samples, the mean and variance of PCLCO and Probabilistlocation are
determined based on the same sampling in their responseEceuapproximation as
MC. The collocation samples of PCLCO are shown in Figure 58 samples show
a periodic response with a transient behaviorifer 100. The uncertainty iw affects
the frequency and the amplitude of the samples. The periedienstruction of the
time series samples by PCLCO, see (5.7), is given by the ddstes. The periodic
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pitch angle a

0 500 1000 1500 2000

Figure 5.9: The three deterministic realizations and tREILCO reconstruction at the
collocation points for the airfoil flutter model.

oscillations forr > 100 are exactly represented. The transient behavior of thelsamp
for 7 < 100 is not modeled in the periodic reconstruction.

In Figure 5.10 the mean pitch anglg (7) is given. It shows a transient behavior
for T < 100 after which the mean develops a decaying oscillation. PCtg€30lts in an
excellent match of the long-term MC results. The meanrfer 100 is not accurately
resolved by PCLCO, since it does not model the transient gfattte deterministic
samples. Probabilistic Collocation gives an accurate @ppration of the mean for
7 < 800. For higher values of the non-dimensional timeProbabilistic Collocation
does not predict the asymptotic damped oscillation.

The variance of the pitch angt€’ () is given in Figure 5.11. The variance is an
oscillating increasing function af until 7 =~ 1000 at which it reaches a steady asymp-
totic value of approximately? = 1.96 - 10~2. PCLCO gives an accurate approxima-
tion of the steady behavior far > 1000. The transient behavior of the variance for
T € [100,1000] is also accurately resolved, since the stochastic transemavior is
due to the deterministic initial condition and not due totifa@sient behavior of the de-
terministic samples. The variance fox: 100 for which the deterministic samples are
in their transient is not accurately resolved by PCLCO. Hamwvgethe transient of the
deterministic samples takes less than one-tenth of théastic transient part. Prob-
abilistic Collocation does give an accurate approximatoyrn < 100, but it fails for
long-term integration for > 500.

So, PCLCO and Probabilistic Collocation seem complemgntainere a Proba-
bilistic Collocation post-processing should be used feitfitial time interval in which
the deterministic samples exhibit transient behavior.hiEolong-term periodic behav-
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Figure 5.10: Mean pitch angle by Monte Carlo (MC), PCLCO angbBbilistic Col-
location (PC) for the two-degree-of-freedom airfoil flutteodel.
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Figure 5.11: Variance of the pitch angle by Monte Carlo (MBLLCO and Proba-
bilistic Collocation (PC) for the two-degree-of-freedoirfail flutter model.
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Figure 5.12: Stochastic bifurcation plot of the pitch armteplitudeA,, with the mean
and90% uncertainty bars compared to the deterministic case asifumaf the bifur-
cation parametdy ™.

ior of the deterministic samples after their transient, ECLpost-processing should be
applied. This combined approach is demonstrated in thetasiproblem.

In Figure 5.12 the stochastic bifurcation plot of the pitetgle o (¢, w) is given
in terms of the amplitudel, (w) at7 = 2000 with U* as bifurcation parameter and
@ uncertain. The PCLCO approximation of the mean amplituge and uncertainty
bars based on tH#0% confidence interval are shown. The results are compareeto th
deterministic bifurcation plot foo = ug. The stochastic bifurcation plot is shown in
this way, since it is of practical interest to visualize thstartion of the deterministic
bifurcation as a result of the input uncertainty. A supdiacal Hopf bifurcation [97]
is observed in the deterministic bifurcation plot betwééh = 6.2 andU* = 6.3,
which is the transition of a damped solution to a limit cycteitlation. The damped
oscillation of the response(t,w) below the bifurcation point results in very small
amplitudes at = 2000.

The interpretation of the bifurcation of the stochasticteysis more complex in
terms of D-bifurcation and P-bifurcation [3, 80]. D- or dynigal-bifurcation is con-
cerned with the loss of stability of an equilibrium point ajaalitative change of its
eigenvalues or largest Lyapunov exponent. PhenomenalegicP-bifurcation is as-
sociated with a qualitative change in the output probabdistribution. For a deter-
ministic system the D- and P-bifurcation point coincide.

The stochastic problem is here solved using PCLCO basel ea 3 samples,
@; = {0.172;0.204;0.243}, and a global polynomial interpolation of the response.
Near the bifurcation point the true response surface cesitaidiscontinuity in the
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first derivative. This kink is not resolved as a discontipuiy the global polynomial
approximation. Near the bifurcation point the method gagsroximate results, which
capture the qualitative bifurcation behavior correctly.

The mean of the amplitudd,, (w) and the90% scatter given in Figure 5.12 are
functionals of probability space. The bifurcation behawbthese functionals appears
to be consistent with a deterministic bifurcation. Bel6i& = 6.0 PCLCO resolves
that both the mean and ti96% interval vanish. The uncertainty in the ratio of natural
frequencies has no effect on the pre-bifurcation amplitudes(w).

BetweenU* = 6.0 andU* = 6.1, one of the three time-serieg(t, @3), for the
samplews = 0.243, bifurcates from a damped oscillation to a limit cycle dstion.
This results in a bifurcation in the mean and &% interval betweer/* = 6.0 and
U* = 6.1. The uncertainty ino has reduced the flutter point frobi* € [6.2;6.3]
in the deterministic case ©@* € [6.0;6.1]. ForU* > 6.1 the amount of uncertainty
in A, (w) increases rapidly until it starts to decreasd/dt = 6.4 to an uncertainty
bar with a length of approximately.07 for U* > 6.8. The mean value.,  differs
significantly from the deterministic case in the doméifh € [6.0,6.5] around the
deterministic bifurcation point.

In addition to the bifurcation of the mean and &% interval, the probability
density function (PDF) of the amplitudé, (w) exhibits a P-bifurcation. Because near
the bifurcation point the approach gives qualitativelyreot answers, the qualitative
P-bifurcation behavior of the PDF of,,(w) is described below. Below* = 6.0
the PDF is a delta function in the origin. After the bifurcatipoint of a(t, @3) in
U* € [6.0;6.1] the PDF has a maximum in the origin and decays monotonicatly f
larger A, (w). This P-bifurcation point coincides with the bifurcatiohtbe mean of
A, (w) and thed0% interval. The PDF shows a bell-shape with a maximum at aigesit
A, (w) value after the bifurcation of the second sample, @2), with &, = 0.204, in
U* €[6.2;6.3].

5.3.3 Flow past an elastically-mounted cylinder

The two-dimensional fluid-structure interaction probleinan elastically-mounted cir-
cular cylinder in a laminar Navier-Stokes flow is consideirethis section, see Fig-
ure 5.13. Another study of stochastic cylinder flow can bentbin [56]. The gas flow
around the cylinder with diametdris governed by the two-dimensional compressible
Navier-Stokes equations [2]:

128



5.3. Numerical results
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Figure 5.13: The elastically-mounted cylinder in a unifdrare stream flow.
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(5.20)

with densityp, velocity components andv in thez-direction andy-direction, respec-
tively, static pressure, total energyE, Newtonian viscous stresg, = p(0v/0x +
Ou/dy), dynamic viscosity:, and thermal conductiviti. The ideal gas equation of
state is given by = pRT', with specific gas constari?. The cylinder is only free
to move in the cross flow-direction. The structural stiffness is modeled by a linear
spring:

a2yCyl

o012 +wiayeyt = Fy(t), (5.21)

wherey.,1(¢,w) is they-position of the center of the cylinder,, = 0.1 = 0.316
is the angular natural frequency of the structure, &) is they-component of the
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resulting pressure force of the flow onto the structure ghwen
Fy(t) = - / p(SC, Y, t)ncyl : ede, (522)
Dy

with n.y1 the outward pointing normal of the cylinder surfag2®.,; ande, the unit
vector in they-direction.

The field equations (5.17) to (5.20) are discretized on autarcspatial domairD
with diameter40d using a second-order finite volume method on a grid.af- 104
volumes. An Arbitrary Lagrangian-Eulerian formulationeémployed to couple the
fluid mesh with the movement of the structure. Time integrats performed using a
BDF-2 method with a stepsize déft = 0.25 until ¢ = 250. The boundary conditions
on the surface of the cylind€lD,,; areu = 0 andv = 0yqy1/0t. The uniform
undisturbed flow conditions = V andv = 0 are imposed on the outer boundary of
the fluid domaird D. Initially the flow field is uniform and the cylinder is at restth
an initial deflection ofy.,1 = 0.5d with respect to its equilibrium position.

The undisturbed velocity in the-direction,V’, is assumed to be uncertain described
by a truncated lognormal distribution with a coefficient afiation of CVy, = 10%.
The mean value of the velocifyy, = 0.3 corresponds to a Reynolds numbetitf =
1000. The truncated lognormal distribution limits the variatiof the Reynolds number
to the range for which the frequency of the periodic fluid raofis typically given by
a Strouhal number oft = fd/V = 0.2. This corresponds fory to an angular
frequency ofvg.w = 0.38. For this range the cylinder exhibits a period-1 oscillatio
The variation inV affects the frequency of the vortex pattern behind the dgirand,
therefore, influences the frequency of the motion of thencigr.

A combination of PCLCO and Probabilistic Collocation is dige solve for the
stochastic response of the cylinder in the whole time domBaor the short-term in-
tegration in the transient part of the deterministic timeeseProbabilistic Collocation
is applied. PCLCO is employed for resolving the stochastadient behavior and
the long-term stochastic response. In Figures 5.14 andtbel&volution of the mean
and the variance of the cylinder displacemeg(t, w) is shown. To demonstrate the
convergence of the combined approach for short-term angterm integration, the
approximations fotV. = 2 to N = 4 are shown. Probabilistic Collocation is applied
to the deterministic samples in an initial time intervalttey att = 0. From the time
where the PCLCO and Probabilistic Collocation approxioraimatch, the PCLCO
approach is applied. These points are in Figures 5.14 ad®erioted by the symbols.

A similar behavior of the mean and the variance can be sear #sf previous test
problem. The mean is a decaying oscillation after the teantgart of the deterministic
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Figure 5.14: Mean deflection of the elastically-mountedndér for the combination

of PCLCO and Probabilistic Collocation (PC).
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Figure 5.15: Variance of the deflection of the elasticallgemted cylinder for the com-
bination of PCLCO and Probabilistic Collocation (PC).
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solves, see Figure 5.14. The variance approaches an agiawptae of approximately
9.6 - 10~ 2 after an oscillatory stochastic transient, which exterel®bd the determin-
istic transient, see Figure 5.15.

In the initial time interval Probabilistic Collocation gig a converged solution al-
ready for the low order approximations, which is demonsttdiy the coinciding ap-
proximations forN = {2, 3,4}. PCLCO also shows a converging solution, especially
for the long term integration results> 150. In the stochastic transiente [50, 150]
the results of PCLCO seem to converge less rapidly.

5.4 Summary

A Probabilistic Collocation formulation for modeling thanlg-term stochastic behavior
of limit cycle oscillations (PCLCO) is proposed. In PCLCQoPBabilistic Collocation
(PC) is applied to a time-independent parameterizatiomefperiodic time series at
the collocation point in probability space. Due to its indegence of time the PCLCO
approximation is capable of modeling the long-term stotibdmehavior of dynamic
systems. For limit cycle oscillations (LCO) a suitable paegerization of the periodic
deterministic solutions consists of the frequency, reéaihase, amplitude, reference
value and normalized period. PCLCO is applied to periodelllations with one main
frequency subject to an uncertain parameter. Numericalteeare presented for the
harmonic oscillator, an airfoil flutter model and the flowanad an elastically-mounted
cylinder.

It has been demonstrated that standard Polynomial Chaoputethusing Proba-
bilistic Collocation is initially accurate, but that it isnable to predict the long-term
stochastic behavior as its accuracy depends strongly @ f#€LCO accurately pre-
dicts the long-term stochastic response and the stochestigient solution caused by
deterministic initial conditions. The accuracy of the P@.@pproximation of the
mean and the variance is shown to be independent of time.aktipe the error can
slightly increase with time due to numerical integratioroes. PCLCO does however
not resolve the stochastic solution in the transient pathefdeterministic response,
since it does reconstruct the periodic behavior of the calion samples. PCLCO
and Probabilistic Collocation therefore seem complentgntenere Probabilistic Col-
location should be used to model the stochastic respongledanitial time interval in
which the deterministic functions are in their transient pgor resolving the long-term
stochastic solution after the transient behavior of themeiistic samples, PCLCO
should be employed.
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Chapter 6

Unsteady Adaptive Stochastic
Finite Elements

The Probabilistic Collocation for Limit Cycle OscillatisfPCLCO) approach devel-
oped in the previous chapter results in a constant uncértgirantification interpola-

tion accuracy for smooth period-1 responses. Dynamicaksyswith bifurcations to

higher-period oscillations and non-periodic responsekaow to be especially sensi-
tive to input variations. In this chapter the applicabibfyPCLCO is extended by intro-
ducing a damping factor and higher-period shape functiotwsthe time-independent
parameterization, and by combining it with robust Adap8techastic Finite Elements
(ASFE) based on Newton-Cotes quadrature in simplex elesraéateloped in Chap-
ter 4. The resulting Unsteady Adaptive Stochastic Finitentgnts (UASFE) formu-

lation based on time-independent parameterization istakiesolve non-periodic re-
sponses, higher-period oscillations, and bifurcationnpineena, while it maintains a
constant uncertainty quantification interpolation accura he extended applicability
of UASFE is illustrated by applications to a mass-springagar system, the Duffing

equation, and a rigid-airfoil fluid-structure interactiproblem with multiple random

input parameters.

Based on: J.A.S. Witteveen, H. Bijl, An Unsteady AdaptivecBiastic Finite Elements formulation for
rigid-body fluid-structure interaction, Comput. Strucé @008) 2123-2140.
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6.1 Introduction

An Adaptive Stochastic Finite Elements approach for uristgeoblems is developed
based on a combination of the robust ASFE formulation witlvtéa-Cotes quadra-
ture in simplex elements and an extension of the time-indeégeat parameterization
of PCLCO to damped and higher-period oscillations. The iagbility of Unsteady
Adaptive Stochastic Finite Elements (UASFE) extends bdyitvat of PCLCO with
respect to the four points mentioned below:

1. The robustness of ASFE enables the application of thegsexpapproach to
problems with bifurcations, in which the time-independkmictionals are non-
smooth;

2. The effect of positive and negative damping is resolvedhayinclusion of a
damping parameter in the time-independent parametarizatuch that there is
no need to ensure the existence of periodic solutions;

3. The proposed UASFE formulation includes an algorithm garameterizing
higher-period oscillations;

4. Applications to dynamical systems with inputs consgstii multiple random
parameters are presented.

UASFE is applicable to problems with oscillatory solutianswvhich the functionals
frequency, phase, amplitude, reference value, dampimgpariod shape are well de-
fined in the asymptotic range.

The proposed approach is applied to a linear mass-springpelasystem, the non-
linear Duffing equation, and a rigid-airfoil fluid-strucainteraction simulation with
random input parameters. The results are compared to tlidderde Carlo simula-
tions. The mass-spring-damper system is considered tg gtedeffect of positive and
negative damping on the stochastic results. Input randesiseassumed in the spring
stiffness parameter, damping parameter, and a combinatiooth. The effect of ran-
dom initial conditions is studied for the Duffing equatiorhéerbifurcation behavior of
the Duffing system results in a long-term solution which ighty sensitive to varia-
tions in the initial conditions. The rigid-airfoil fluid-aicture interaction application
shows in the asymptotic range a diverging mean and stanéaidtin of the system
energy in case of a non-zero probability of flutter. The cutregplications are limited
to the asymptotic behavior of single-frequency rigid-baagytions.

Unsteady Adaptive Stochastic Finite Elements are intredun section 6.2. Nu-
merical results for the mass-spring-damper system, thérigugquation, and the rigid-
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(a) Element (b) Refinement (c) Initial grid (d) Subelements

Figure 6.1: The2-simplex element4; in parameter spacd and the second-degree
Newton-Cotes quadrature points given by the dots.

airfoil fluid-structure interaction subject to random pasders are presented in sec-
tion 6.3. The chapter is concluded in section 6.4.

6.2 Unsteady Adaptive Stochastic Finite Elements

In this section Unsteady Adaptive Stochastic Finite Eletm@dASFE) with Newton-
Cotes quadrature in simplex elements are developed. ThivgetpAdaptive Stochas-
tic Finite Elements (ASFE) framework is discussed in secd.1. In section 6.2.2
the formulation for unsteady problems is introduced.

6.2.1 Adaptive Stochastic Finite Elements

Consider that the effect of the random parames¢ss on dynamical system (1.1)
L(x, tu(x,t,w)) = S(x,1), (6.1)

is resolved using the Adaptive Stochastic Finite Elemerdthod based on Newton-
Cotes quadrature in simplex elements developed in chapseedrigure 6.1.

The formulation for unsteady problems developed belowdspendent of the type
of non-intrusive Stochastic Finite Elements method use@beon-intrusive Stochas-
tic Finite Elements methods than the one used here can alsmpkeyed in the time-
independent formulation. A non-intrusive approach is efmgsince it can approximate
the functionals in the time-independent parameterizatione effectively than a cou-
pled method.

The central moments are integral quantities over prokiglsflace. The conse-
quence of the partition of probability space at the levehaf tentral moments is that
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these integrals are evaluated in every element of the iparseparately. The approxi-
mation of the moments is then obtained by summing the cantobs of all elements.
This results in a piecewise division of the whole probapgipace and element refine-
ment in important regions of high probability. In contraist,reliability assessment
one is interested in approximation of the limit state fuoietof failure, which usually
occurs at low probability values.

The proposed Adaptive Stochastic Finite Elements methedhsome sense a re-
lationship to Latin Hypercube Sampling [39, 64], in whiclopability space is also
divided into elements. Latin Hypercube Sampling approt@sdhe statistical mo-
ments of the output using random sampling in square elenseststhat each row and
column contains a single sample. On the other hand, AdaBtivehastic Finite Ele-
ments result in a higher-order approximation of the respeusface using a piecewise
polynomial interpolation of deterministic samples in NemACotes quadrature points
in triangular elements.

6.2.2 Adaptive Stochastic Finite Elements for unsteady ptadems

Adaptive Stochastic Finite Elements methods can in ungtpaablems result in a fast
increasing number of elements with time. The Unsteady Ada@tochastic Finite
Elements (UASFE) formulation proposed here is based onexititlependent parame-
terization of the sampled time series to enable a constterpiolation accuracy in time
with a constant number of samples. The time-independeahpaterization developed
below is an extension of the parameterization employed ab#ilistic Collocation
for Limit Cycle Oscillations (PCLCO) to damped and higheripd oscillations. For
the parameterization,(t, w) is approximated by the following representatioft, w):

a(t,w) = ug(w) + €7@ Eor =0 A(W)uperioa(T(t, w), w), (6.2)

with 7(¢, w) = 27(p(w) + (t — tstop)f(w)) (mod 27), with ¢, the end time of the
numerical time integration. The argumenhas been dropped here for convenience
of the notation. The respons€t,w) is parameterized by (6.2) in terms of the time-
independent functionals: frequengyw); relative phase(w); amplitudeA(w); refer-
ence value:,(w); dampingy(w); and normalized period shapgerioa (7(w), w), with
7(w) € [0, 27]. These functions ab are constructed using ASFE interpolation of the
time-independent parameterization of the sampled timesseg(¢) for the parameter
valuesay, in the quadrature points

ak (t) = UQ,, + ek (tswp_t)«fél}’cupelriod,C (Tk (t)7 w)a (63)
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with 7, (t) = 27 (ék + (t — tsiop ) f&) (mod 27) andk = 1,. .., Ns. The approximation
of them™ statistical moment of, for example, frequentiw) is then

N. N.
B(f)™) = | J)"dw s 303 aili (6.4)

i=1 j=1

In the UASFE approach (6.2) to (6.4), the ASFE interpola(ie) is performed at
the level of the time-independent functionfdly), instead of at the level of the time-
dependent function(¢,w). UASFE, therefore, result in a time-independent interpola
tion error.

The approximations of the statistical moments.0f, w) are then computed using
Newton-Cotes integration af(t,w) on a uniform subgrid ofV,_, simplex subele-
ments per element without performing additional deterstiaisolves. The distribu-
tion function is given by sorting the functiaiw, with w € [0, 1], to a monotonically
increasing function.

The 11 steps of the UASFE algorithm are listed below and ,esgjloently, the defini-
tions using in the description of the UASFE algorithm, angldtgorithm for detecting
higher-period oscillations are detailed.

1. Compute theV,, , deterministic time series,(t) by solving (6.1) for the pa-
rameter values;, corresponding to the quadrature points in the initial ststic
gridwithk =1,..., Ny, ;;

2. Extract the local optima from the functian (¢) fork =1,..., Ny,.;

3. Determine the last completed periodwaf(t) based on its local optima fdr =
1,..., Ngpis

4. Extract the time-independent functiongls ¢, A, vo,, Yk, @Nduperiod, ()
from the last completed period of,(¢) for k = 1,..., Ny, see Figure 6.2;

5. Compute parameterization eregr, (¢) of the reconstructiofi, (t) given by (6.3)
of the sampleu(¢t) fork = 1,..., Ny,;;

6. Determine time interval}, in which reconstructioni () is valid, i.e. e, ()
smaller than a threshold valdgefor k = 1,..., Ny, .;

7. Determine valid time interval for the combination of theV,

Sini

samples;

8. Construct the response approximatitin, w) on the initial stochastic grid us-
ing (6.2) and its meap;(¢) and standard deviatiar; (¢) using (6.4);
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|
I I
to tmax3 tminz tmax2 tminl tmaxl tstop

Figure 6.2: Time-independent parameterization of ogoillatime series employed in
Unsteady Adaptive Stochastic Finite Elements.

9. Determine the refinement measurein the elements for = 1,..., N, and
refine the element with the highest value for refinement nreasu

10. Compute the deterministic time seriegt) by solving (6.1) for the parameter
valuesay, corresponding to the new quadrature points in the refinedesi¢and

repeat steps 2 to 9 for the new samplgét) with k = N, +1,..., Ng,...;

11. Stop the adaptive stochastic grid refinement based oreogence in thel .-
norm or thresholdV for the maximum number of samples.

The definitions used in the 11 steps of the UASFE algorithngaen below in relation
with the steps in which they are first presented.

4. Dampingyy is iteratively computed in combination with amplitude and ref-
erence valuey, by solving

un(t) = uo, £ Ape(beron=0), (6.5)
for the local optima of the last completed period foe= 1, ..., N;, where the

minus sign holds for a local minimum, see Figure 6.2. Dam[sradso accounted
for in normalizing the period shape functiaf), ;4 (%) according to

-
1 67719 (tStOPi (tkmax,Z + 2ﬂ$‘k ))
k

’ Tl
’ |:upcriodk (tkmax,Z + M) - uOk:| ) (66)

upcriodk (Tl) -
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which is interpolated on a discrete grid af = IA7 forl = 0,..., N, with
AT = 27 /N,. Frequencyf; and phasey, are obtained as in Chapter 5;

. Parameterization errey,, (¢) of the reconstructioiy (t) of the samples () is

defined as ~
_ lun(t) — un(t)]

fork=1,...,Ng;

. The reconstruction(¢) is considered to be a valid representation:gft) in
the time intervall’, for whiche,, (¢) is smaller than a threshold val@éor all
te Tk:

T ={teT ey, ) <& Vix>t}

fork=1,...,Ng;
. UASFE are applied to time interval, in which theN, reconstructions, (t) are
valid: . ) )

T=T().--( ).

Outside time interval’ ASFE post-processing is applied to the samplgg)
fork=1,...,Ng;

. Refinement measugg in the elements is a combination of the refinement mea-
sures for the time-independent parameters according to

T

N
1 -

Pi = Pt; T Py T PA; Tt Pr; T Py T F E Puperiod,i (Tl)v (68)
=1

where refinement measures, pg., pa;» Pris Prir ANA Py g (1) for I =
1,...,N,andi=1,..., N, are defined as (4.9) in chapter 4.

. Stochastic grid refinement is terminated whgp < 5, whered v, is defined as

|lu’uLNc/2J (t) — Huy, (t)|00
|.uuzvc (t)|oo
|O-uLNC/2J (t) — Oup, (t)loo)

|0uNC (t) |oo

on, = max(

)

(6.9)
or when a threshold for the maximum number of samplgss reached.
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The following parameter values are used for the numericallte presented in this
paper:Ny =2, N, = 90,& = 10%, ¢ = 2, Nppax = 7,0 = 5 - 1072, and N, = 200.

The algorithm for detecting higher-period oscillationgsighe lastV,,., local
maxima of the functionu(¢) for k = 1,..., N,. Period-1 oscillations can be iden-
tified usingNy,.x = 2, multi-period motions requiré&V,,.. > 2. The analysis of steps
4 to 6 is performed for all combinations of two of th&,... selected local maxima and
a local minimum at an intermediate time level. If the valitéi intervall}, determined
in step 6 is larger than a threshold valttg..i.q, , then it is assumed that the correct
period has been found. In order to ensure that the algorigsults in a unique period
shapeueriod, (1), two additional criteria are required. The unique periodééned as
the period which possesses: (1) the smallest time inteetden its local minimum
and its latest local maximum; and (2) the latest local mimmuf none of the periods
results in &}, larger tharet erioq, , then steady ASFE post-processing is applied to the
samplesu(t) fork=1,...,Nyandt € T

The proposed UASFE method is not subject to stability issnesther the time
domain nor in probability space. In the time domain the titep ®f the UASFE post-
processing is not limited by stability requirements. Thetgarocessing time step can,
therefore, be chosen based on time resolution requirenagigtsan be much larger
than in the actual deterministic simulations. In prob#&piipace the robust ASFE
interpolation ensures a stable monotonicity and extrerasguring solution.

In reliability analysis, the results are subject to an agpnation error and a pure
random error, which are both taken into account in the exdngsponse surface
method [12, 13]. The approximation of the response surfabegua simpler func-
tion introduces an interpolation error due to a systemaiik lof fit. This error can
be assessed using the error variance of a least-square fibofk experiments. Ran-
dom variability in experimental results leads to the punedam error contribution.
The random error variance is found through repeated cepdiat experiments. The
replication of central points is not useful for computer esiments, since its repetition
leads to exactly the same result. In a numerical contexptine error is introduced by
the random effect of discretization and simplification asptions. Initially neglected
less important random input parameters are, thereforegd/ar numerical experiment
replications in order to determine the pure random error.

In the proposed approach the approximation error and thdorarerror are dealt
with in the following way. The approximation error of the @atise scheme is moni-
tored by measuréy, for the convergence of successive refinements. The refirtemen
stop criteriondy, < & ensures that the approximation error of the final discrétina
is sufficiently small. The random error is caused by modetinty the most impor-
tant random input parameters and neglecting the less immpisturces of randomness.
This approach is allowed here, since the effect of this sfination error on the ac-
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curacy of the global probability distribution approximatiis relatively small. In reli-
ability analysis the random error has a significantly langdaitive effect on the small
probability of failure, which results in the need of expeeim replications.

6.3 Results

The Unsteady Adaptive Stochastic Finite Elements (UASBENfilation is applied to
a mass-spring-damper system, the Duffing equation, anddaigoil fluid-structure
interaction problem with random parameters in sectiond6633.2, and 6.3.3, respec-
tively. The properties of the proposed method and the effeitte random parameters
are studied. The discussion of the applications concestiat the approximation of
the response surface of the output, and the resulting pild@atistribution function
and stochastic moments, i.e. the mean and variance. THesrasgeicompared to those
of Monte Carlo (MC) simulations. The required number of siajn the Monte Carlo
simulations is established in convergence studies.

6.3.1 Mass-spring-damper system

A mass-spring-damper system of a mass attached to a sprihg damper is con-
sidered with randomness in the spring stiffness paramiter) and the damping
constantC(w). The governing equation for the motion of the mass is giveseic-
tion 6.3.1.1. The effects of randomnesgifiw) andC(w) separately are considered
in sections 6.3.1.2 and 6.3.1.3. In section 6.3.1.4 thewrlioed effect is studied.

6.3.1.1 Governing mass-spring-damper equation

Consider a mass attached to a spring and a damper as showguiie Bi3. This can
be a model for a more complex structure with internal damping stiffness. The
test problem is used here to illustrate the properties optieposed approach and to
study the effect of damping in a dynamical system with randess. The mass-spring-
damper system is governed by

0%x ox
with massM = 1, position of the mass(¢,w), and initial conditionsz(0) = 1 and
0x/0t(0) = 1. The randomness in the positive spring stiffnésgv) is given by a
lognormal distribution with meapyk = 1 and coefficient of variatio@OVyk = 10%.
A normal distribution is assumed fa¥(w) with meanuc = 0 and standard deviation
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Figure 6.3: The mass-spring-damper system.

oc = 0.01. As is common in multi-element methods, the tails of the plolity dis-
tributions for K (w) andC(w) are truncated such that the resolved parameter domains
account for99.8% of the realizations. The resulting truncation error is dmam-
pared to the usual discretization and time integrationreriro solving computational
engineering problems. The results below are based on ttgiaabsolution of (6.10)

z(t,w) = cre®! sin(cst) + e cos(cgt), (6.11)

wherec; with ¢ = 1,...,6 are functions ofM, K (w), C(w), 2(0), anddz/9t(0).
Eq. (6.11) is evaluated at discrete time levgls= [At, with = 0,..., Ny, Ny =
tstop/ At, tstop = 100, andA¢ = 0.01, for the results to be comparable with the results
of the other test problems obtained by numerical time irgggn. The time interval
corresponds to approximately periods for the deterministic case with = px and

C:,uc.

6.3.1.2 Random spring stiffness parameteK (w)

The effect of randomness in the spring stiffness parani€ter) in combination with
a deterministic value of the damping parametas studied in this section. Cases with
zero damping” = 0, and positive and negative dampi@ig= +0.03 are considered.

Zero damping First the mass-spring-damper system is considered with damp-

ing C = 0 and randomK (w). The one-dimensional Unsteady Adaptive Stochastic
Finite Elements formulation for random parameféfw) is applied with an initial
stochastic grid ofV,,,, = 1 element withN;,,, = 3 samplesz(¢) for 3 parameter
valuesK. The samples(¢) are periodic oscillations due 6 = 0 as shown in
Figure 6.4a by the bold lines. The algorithm extracts thguencyf,, phasepy, ,
amplitude A, , reference valuey, , dampingy, , and period shapepcrioka from

the last full period of the samples, (¢) and uses parameterization (6.3) to develop re-
constructiong: (¢) of the time histories. The reconstructed time historiesgaren in
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Figure 6.4: Samplesy(t), reconstructionsy(¢), and reconstruction errax, (t) for
Ne,., = 1 (IV,,,, = 3) for the mass-spring-damper system with random sprinfnets

K(w)andC = 0.

Figure 6.4a by the dashed lines. The time sefig$) are accurate approximations of
the samples(t), since the samples can in this case be described exactlyelprtim

of (6.3). The parameterization erroy, (¢) given by (6.7) is shown in Figure 6.4b. The
errorey, (t) slightly increases with decreasing timelue to the amplification of the

numerical error in extracting the optima of the last comgadgteriod from the discrete

time serieszy(t). The parameterization errar, (t) stays well below the threshold
value ofé = 10% for ¢ € [0, tstop)-

The approximation of the mean.(¢) and standard deviation, (¢) for N, = 2
elements andV, = 5 samples is given in Figure 6.5. The solution f§f = 2 is
converged below = 5- 102 according to (6.9). The results are compared to a Monte
Carlo (MC) simulation withVy = 1000 samples. The UASFE approximation shows a
good agreement with the Monte Carlo results for the medt) and standard deviation
ox(t) on the whole time domainhe [0, ts0p). The relative error in thé ., normin the
approximation ofu, (t) ando (t) compared to the Monte Carlo resultslig4 - 10~2
and0.898 - 1072, respectively. The error seems, therefore, of the same asdéhe
convergence criteriod. The approximation errors are caused by the reconstruction
error ey, (t) shown in Figure 6.4b and the error due to using a finite numbe¥.0
elements.

The mearu(t) is a damped oscillation to zero in contrast to the periodaillas
tions of the deterministic sampleg (¢) of Figure 6.4a. The standard deviatien(t)
shows initially an oscillation with an increasing amplieugntil it damps out to a steady
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Figure 6.5: Meanu,(t) and standard deviatian, (¢t) by Unsteady Adaptive Stochastic
Finite Elements (UASFE) withvV, = 2 (N = 5) and Monte Carlo (MC) simula-
tion with Vg = 1000 for the mass-spring-damper system with random springst
K(w)andC = 0.

value ofs, = 1.0 at approximately = 50. These results can be explained by the effect
of the random spring stiffness paramekéfw) on the frequency of the periodic oscilla-
tions, see Figure 6.4a. Realizations with opposite sigereasingly cancel each other
due increasing phase differences with increasing time. fillfite asymptotic value of
the standard deviation is caused by the finite amplitudeeo§#mpled time series.
The solution forN, = 2 elements andV;, = 5 samples is examined further in
Figure 6.6 by considering the approximations of the fregyefi(w), phasedy(w),
amplitudeA,(w), and the resulting response surfacer0f;.p, w) as function of ran-
dom parametef((w). The response surface of the position of the mass=attsp,
Z(tstop, w), iS highly oscillatory as shown in Figure 6.6a. The UASFEioh results
in a close approximation of the oscillatory response ptediby Monte Carlo simula-
tion. The UASFE result is based on the piecewise quadrafioagmation of the rel-
atively smooth response surfaces of the frequeii€y), phasep, (w), and amplitude
Ax(w) shown in Figures 6.6b to 6.6d. The dampindw) and reference valug (w)
are not shown, since they are identically zero. The proltgldistribution F(z, t)
of the response (¢s0p, w) can be determined by sorting the functieft, w)—w with
w € [0, 1] to a monotonically increasing function, see Figure 6.7.

Positive and negative damping Next the effect of randomness in the spring stiffness
parameterK (w) is considered for a positive and negative damping paranteter
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Figure 6.6: Response surface approximations(@fop, w), fx(w), ¢« (w), andA,(w)

by Unsteady Adaptive Stochastic Finite Elements (UASFE) Wi, = 2 (N, = 5) and
Monte Carlo (MC) simulation withV; = 1000 for the mass-spring-damper system
with random spring stiffnes& (w) andC = 0.
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Figure 6.7: Probability distribution functiofy (z,t) of z(t,w) att = tgop by Un-
steady Adaptive Stochastic Finite Elements (UASFE) with = 2 (V; = 5) and
Monte Carlo (MC) simulation withVy = 1000 for the mass-spring-damper system
with random spring stiffnes& (w) andC = 0.

+0.03. The N,,, = 3 sampled time series(¢) of the initial grid with N,
1 are shown in Figure 6.8 for both positive and negative dampifihe time series
are damped oscillations far = 0.03 and diverging oscillations fo€ = —0.03.
The randomness of spring stiffne&Yw) affects the frequency of the samples. The
parameterization errar,, (t) is smaller tharg for all ¢ € [0, tst0p]-

The resulting UASFE approximations of the mear(t) and standard deviation
ox(t) are compared to Monte Carlo results in Figures 6.9 and 6eEperctively. The
results forN, = 2 elements andV, = 5 samples are converged beléw= 5 - 1072,

In both cases the mean.(¢) is a damped oscillation to zero due to the effect of the
randomness i (w) on the frequency and the phase of the oscillation. Damping
influences the rate at whigh, (¢) decays. Fo” = 0.03 the mean decays faster than
for the case with zero damping of Figure 6.5a and vise versd fe —0.03. The close
agreement with the Monte Carlo results show that UASFE cacessfully resolve the
effects of positive and negative damping.

For the zero damping problem the standard deviatigit) showed an oscillating
transient up té@ = 50 where it reached a steady value, see Figure 6.5b. Afterdirgdu
damping, see Figure 6.18,(t) has initially still an oscillating behavior, however, it
results at approximately= 50 in a monotonically decreasing function féf = 0.03
and in a monotonically increasing behavior tdr= —0.03. This difference is caused
by the decreasing and increasing amplitudes of the samp(@swith increasing time
for positive and negative damping, respectively. In Figiuda it can be seen that the

ini
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Figure 6.8: Samplesy(t) and reconstructions (t) for N, = 1 (N, = 3) with
positive and negative dampin@ = 40.03 for the mass-spring-damper system with
random spring stiffnesk (w).
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Figure 6.9: Meanu(t) by Unsteady Adaptive Stochastic Finite Elements (UASFE)
with N, = 2 (Ny = 5) and Monte Carlo (MC) simulation wittvy = 1000 with
positive and negative damping = +0.03 for the mass-spring-damper system with
random spring stiffnesk (w).
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Figure 6.10: Standard deviatien.(¢) by Unsteady Adaptive Stochastic Finite Ele-
ments (UASFE) withN, = 2 (N; = 5) and Monte Carlo (MC) simulation with
N; = 1000 with positive and negative damping = =+0.03 for the mass-spring-
damper system with random spring stiffnéséw).

error in the UASFE approximation of, (¢) for C' = 0.03 is slightly larger for smaller
t, due to parameterization erray, (¢). UASFE predicts a maximum standard deviation
of ox = 0.691 att = 21.2.

6.3.1.3 Random damping parameter’(w)

In order to study the effect of random damping, the dampimaupaterC(w) is as-
sumed to be a normally distributed random parameter with@me = 0 and stan-
dard deviationvc = 0.01 such that the interval’(w) € [—0.03;0.03] accounts for
99.7% of the realizations. The spring stiffness paraméfds assumed to be determin-
istic with K = ux. The N, = 3 samplese(t) of the initial grid with N, , = 1
element are shown in Figure 6.11. Their reconstruction®) have an erroey, (t)
smaller than the threshokdfor all ¢t € [0, ¢sop]. IN contrast to random stiffneds(w),
randomness in the dampiidgw) has mainly an effect on the amplitude of the motion
and only a small effect on the frequency given by the fattor C2 /4K M)'/2,

Due to the small effect of the dampirigfw) on the frequency of the motion, the
meanuy(t) does in the considered time interval not develop a decaysuoglation,
see Figure 6.12a. In fact, the meag(t) is a slightly diverging oscillation due to the
asymmetric effect of positive and negative damping on thplande. The frequency
of ux(t) is comparable to that of the samples of Figure 6.11. For ttablpm a dis-
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Figure 6.11: Samples,(¢) and reconstructiong (t) for N, = 1 (N5 = 3) for the
mass-spring-damper system with random dampgiig) andK = uxk.

cretization withN, = 4 elements andv; = 9 samples is required to obtain a UASFE
approximation which is converged belaw= 5 - 10~2. The standard deviation, (t) is

a diverging oscillation with half the period pf,(¢), see Figure 6.12b. Due to the effect
of C(w) on the amplitude of the motiom, (¢) increases rapidly with time. A non-zero
probability of negative damping, therefore, results asigtigally in a diverging stan-
dard deviation of the position of the masg&,w). The effect of the parameterization
errorey(t) can be observed in the UASFE result far(t) att < 10.

6.3.1.4 RandomK (w) and C'(w)

Next the combined effect of randomness in both the spririlpetis parametek (w)
and the damping’(w) is considered. To this end, a two-dimensional UASFE formula
tion is employed to discretize the two-dimensional proliglspace. The approxima-
tions of the response surfaceoft, w) attsop as function of the random parameters
K (w) andC(w) by UASFE and Monte Carlo simulation are given in Figure 67Tl3e
UASFE approximation on the initial grid df.,, = 2 elements andV, , = 9 samples

is shown and the Monte Carlo simulation result fy = 1.2 - 10° samples is consid-
ered. The chosen number of Monte Carlo samples required doneerged solution
has been established after a convergence study. The respaofisce shows an oscilla-
tory behavior in thei{ (w)-dimension. In the”'(w)-dimension the initial deflection of
x0(0) = 1 is damped folC'(w) > 0 and amplified folC(w) < 0. UASFE capture this
complex nonlinear behavior already for thg,,, = 9 samples of the initial grid. In the

post-processing of UASFEY._, = 4% subelements are employed per element for the

149



Chapter 6. Unsteady Adaptive Stochastic Finite Elements

"[—UASFE (N_=4,N_=9
---MC (N_=1000)

[ _UASFE (N,=4.N_=9
8. MC (N_=1000)

standard deviation g,

-15 0.1r

0 20 40 60 80 100 0 20 40 60 80 100
time t time t

(a) meanux (t) (b) standard deviation (t)

Figure 6.12: Meam(t) and standard deviation, (¢) by Unsteady Adaptive Stochas-
tic Finite Elements (UASFE) witlV, = 4 (N, = 9) and Monte Carlo (MC) simulation
with Ny = 1000 for the mass-spring-damper system with random dam@ifag).

result of Figure 6.13a without performing additional detaristic solves.

The results of UASFE and Monte Carlo simulation for meaiit) and standard
deviationoy (t) are shown in Figure 6.14. UASFE converge far = 16 elements and
N, = 47 samples below = 5 - 10~2. The post-processing converges fér , = 44
subelements per element. The parameterization of\the= 47 samples results in
an errore,(t) smaller thare for all t € [0,¢s0p]. The meanu.(t) is a decaying
oscillation and the standard deviatien(t) has initially an oscillatory behavior until
approximatelyt = 50 due to the random spring stiffned§(w). Fort > 50, oy (t)
shows a monotonically increasing behavior due to the noafa@bability of negative
values for the damping'(w). The standard deviatian (¢) is for allt € [0, t0p] larger
than or equal to the standard deviations due to the randoameders separately. The
results match with those of the Monte Carlo simulation atdacgion of the number of
samples\V, by a factor of2.6 - 10°.

6.3.2 Duffing equation

In this section the effect of random initial conditions foetDuffing differential equa-
tion is studied. The Duffing equation is a model for an ostlavith a cubic nonlinear
spring. Parameter variations are selected for which thgorese shows a discontinu-
ous change to a qualitatively different behavior. The Dgffitifferential equation is
described in section 6.3.2.1. The effect of one and two ranghitial conditions is
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Figure 6.13: Two-dimensional response surface(®fw) atts., = 100 as function of
the random stiffnes& (w) and damping”(w) by two-dimensional Unsteady Adaptive
Stochastic Finite Elements (UASFE) wifi, = 2 (N, = 4% N; = 9) and Monte
Carlo (MC) simulation withVy = 1.2 - 10° for the mass-spring-damper system.
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Figure 6.14: Meanu(t) and standard deviation, (¢) by two-dimensional Unsteady
Adaptive Stochastic Finite Elements (UASFE) with = 16 (N; = 47) and Monte
Carlo (MC) simulation withV, = 1.2 - 10° for the mass-spring-damper system with
random spring stiffnes& (w) and damping’(w).

considered in sections 6.3.2.2 and 6.3.2.3, respectively.

6.3.2.1 Duffing system of differential equations

The Duffing system of equations is given by the following eliffntial equations:

ox

5 = v (6.12)
Oy _ 2 3_5 s(wot 6.13
Tl wox — Bx” — 0y + v cos(wyt + ¢), (6.13)

for ¢ € [0, 00) with initial conditionsz(0) = x¢ andy(0) = yo. The Duffing equa-
tion is a model for a nonlinear oscillator with a cubic noelim spring stiffness term
with parameter3, dampingd, and a harmonic forcing with amplitude According
to (6.12),z(t) can be interpreted as a deflection of a mass with velagity. The
acceleratiordy/ot is then governed by (6.13). A hard spring with increasingngpr
stiffness as function of deflectian(t) is modeled bys > 0 and3 < 0 holds for a
soft spring. Structural stiffness behaves as a cubic haidgm, for example, the tor-
sional direction of wing structures [113]. Here, the culpdsg stiffness parameter is
assumed to bg = 1. The undamped and unforced Duffing equation is consideed, i
0 = 0 andv = 0, andwy is chosen to be unity.
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* fixed poin
15 —trajectory

Figure 6.15: Phase diagram for the Duffing equation in terfrisxed points(+1, 0)
and(0, 0), and trajectories fof = 1,6 = 0,y = 0, andwg = 1.

The resulting dynamical system has fixed poiaty) in (—1, 0), (0, 0), and(1, 0).
The fixed point(0, 0) is unstable, an@—1,0) and(1, 0) are linearly stable, see they
phase diagram in Figure 6.15. The solution exhibits a périwdjectory around either
the linearly stable points—1,0) or (1, 0), or around all three fixed points. Which type
of system response is found, depends on the initial comditig andy,. Since the
qualitative behavior of the solution is sensitive to thei@hiconditions, randomness is
considered inco(w) andyo(w). The system (6.12) and (6.13) is solved numerically
up totsop = 100 using fourth-order explicit Runge-Kutta time integratigith a time
step oft = 0.01.

6.3.2.2 Randomzg(w)

First, the randomness in initial conditiag (w) is studied in combination with a deter-
ministic value foryy. The initial conditions consist of a uniform distributiop(w) =
U(1.4;1.45) andyy = 0. This corresponds fary(w) in a mean ofu,, = 1.425 and
a standard deviation ef,, = 1.4 - 10~2. The variation of the initial conditiom(w)
is chosen such that the trajectories can be either periatillagions around1, 0) or
more complex periodic solutions around all three fixed point

The effect of the initial condition:o(w) on the response(t, w) is illustrated in
Figure 6.16. The response surfaceadt,w) at tsop = 100 as function ofzg(w)
is shown in Figure 6.16a. Far, < 1.414, z(t,w) is positive, which corresponds
to periodic solutions around fixed poifit,0). The time series:(t,w) are periodic
solutions around all three fixed point fep > 1.414, which results in both positive
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and negative values of the responge, w). Since the solutions for all samples are
periodic, the parameterization erreg, (¢) is smaller than threshold valuefor all

t € [0,tstop). The UASFE approximation has converged below= 5 - 102 for
N, = 16 elements andVy; = 33 samples. Resolving the bifurcationaf = 1.414
results in a larger number of required sampMésthan for the mass-spring-damper
system In Figure 6.16a the UASFE response approximatiochraatwith that of a
Monte Carlo simulation ofVy; = 1000 samples.

In Figures 6.16b to 6.16f the UASFE approximations of thequeshape func-
tions Tperioq, (7, w), frequencyfy(w), relative phasej,(w), amplitudeA, (w), and
reference value, (w) are given. The period shapese:ioq, (7, w) are shown for the
Ns,., = 3 samples of the initial grid witho, = {1.4;1.425;1.45} in Figure 6.16b.
A qualitative change in the shape function can be observeddmples below and
abovex, = 1.414, which can also be recognized in the response of Figure 6TliGa
discontinuous change of the solutionaat = 1.414 is clearly illustrated byf,(w),
dx(w), Ax(w), andry(w) in Figures 6.16¢ to 6.16f. The frequengy(w) and rela-
tive phasepy(w) change from monotonically decreasing to monotonicallyeasing
atxg = 1.414. The frequency for, > 1.414 results in twice the period length of that
for zy < 1.414, which is typical for a period-doubling bifurcation. Théegence value
r«(w) vanishes and the amplitudé, (w) increases discontinuously ay = 1.414.
The UASFE discretization captures this discontinuous biehavithout over- or un-
dershoots by refining the elements negr= 1.414. The solution in the continuous
subdomains is also refined for a balance between the appatigimerror at the dis-
continuity and in the smooth regions due to expongntin refinement measure 4.9.
The dampingy, is hot shown, since the periodic solutions have zero damping

The resulting UASFE approximations of the meayit) and the standard deviation
ox(t) are compared to Monte Carlo results in Figure 6.17. The tesfl UASFE
with Ny = 33 samples show a good agreement with those of Monte Carlo ationl
with Ny = 1000 samples. The mean is a decaying oscillation to a positiveeval
of approximatelyu, = 0.2. This result is a combination of the asymptotically zero
mean oscillations around the origin fog > 1.414 and the positive:(¢, w) values for
xo < 1.414. The standard deviation(t) shows a complex oscillatory behavior in
Figure 6.17b. UASFE capture this highly oscillatory sauataccurately. The standard
deviation approaches a finite asymptotic value of approtaéipa, = 0.75 due to the
finite amplitude of the periodic trajectories. The asymiptotitput standard deviation
ox is a factor52.0 larger than the input standard deviation of its initial citiot o, .
These results illustrate that UASFE can successfully béexpfm dynamical systems
with bifurcations which are extremely sensitive to randaitial conditions.

The results for the effect of the random initial conditieg{w) ony(¢,w) are given
in Figure 6.18. In Figure 6.18a, a qualitative change in #sponse ofj(tsiop, w) as
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Figure 6.16: Response surface approximations:@f:op,w), Tperiod, (7), fx(w),

¢« (w), Ax(w), andry (w) by Unsteady Adaptive Stochastic Finite Elements (UASFE)
with N, = 16 (INs = 33) and Monte Carlo (MC) simulation wittVy; = 1000 for the
Duffing equation with random initial conditiary (w).
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Figure 6.17: Meam(t) and standard deviatian, (t) of z(¢,w) by Unsteady Adaptive
Stochastic Finite Elements (UASFE) witfi, = 16 (Vs = 33) and Monte Carlo (MC)
simulation with Ny = 1000 for the Duffing equation with random initial condition

2o (w).

function ofzo(w) can be seen at; = 1.414. Period-doubling can be recognized in the
period shape functiong,c:ioq, (7) of the Ny, ., = 3 samples on the initial grid given in
Figure 6.18b. UASFE capture both the period-1 and the higkeod oscillations ef-
fectively. The UASFE approximation of the complex osciligtbehavior of the mean
wy(t) and the standard deviatien (¢) is in agreement with the Monte Carlo results.
The mean is a decaying oscillation to zero and the standardtte approaches a
positive asymptotic value of approximatety = 0.46. The results for the frequency,
phase, amplitude, reference value, and damping are notstsince they are similar

to those ofr(t, w).

6.3.2.3 Randomz,(w) and yo(w)

Assuming randomness in both initial conditiong(w) and yo(w) results in a two-
dimensional probability space, to which two-dimensionastéady Adaptive Stochas-
tic Finite Elements are applied. The initial conditiongw) andyy(w) are assumed
to be uniformly distributed in the intervéd.45; 0.55]. This interval corresponds to a
mean ofuyx, = py, = 0.5 and standard deviation of,, = oy, = 2.9 - 1072. This
parameter domain is chosen since it contains a bifurcatidheo Duffing equation.
Since the time series are periodic solutions, the UASFEn®tcoction is valid for all

t € [0, ts0p]. The presented results are converged bélews5 - 1072
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Figure 6.18: Response surface approximations(6f,op, w), Yperiod,x(7), @and mean
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The bifurcation of the solution is illustrated by the twardinsional response sur-
faces ofz(t,w) andy(t,w) att = ts.op as function of the random initial conditions
2o(w) andyg(w) shown in Figure 6.19. In Figures 6.19a and 6.19b the appratkom
of the response surface oft,w) by UASFE with N, = 64 elements V., = 4%)
and N, = 151 samples, and Monte Carlo witN;, = 10* samples are given, respec-
tively. Fory(t, w) the corresponding results are shown in Figures 6.19c ai®di6The
UASFE approximation agrees well with the Monte Carlo resatta reduction of the
number of sampled/; by a factor66.2. The response surfaces foft, w) andy(t, w)
are highly oscillatory due to the alternating positive ardative values of both(¢, w)
andy(¢,w). In the response of(t,w) a bifurcation can be recognized approximately
at the line betweelizg, yo) equal t0(0.475;0.45) and (0.55; 0.5), see Figures 6.19a
and 6.19b. Below this line, only positive values«(f,w) are found, which corre-
sponds to periodic trajectories around fixed pgint)). Positive and negative values
of x(¢,w) occur above the bifurcation line, which corresponds toqakci solutions
around all three fixed points. In the response surfagg©tv) the bifurcation can be
identified at the same location.

UASFE capture the discontinuous bifurcation behavior Hinieg the elements
near the bifurcation line. In Figure 6.20 the grid of UASFEMWN, = 64 elements
in probability space is given. Th&; = 151 samples are denoted by the dots. The
elements are clearly more refined near the bifurcation thaine continuous domains.
The smallest elements in the grid detimes smaller than the largest ones.

In Figure 6.21 it is demonstrated that UASFE agrees with tloatel Carlo results
also for the mean and the standard deviation(ofw) andy (¢, w) for ¢t € [0, tsiop). The
results are comparable to those for the random initial @i, (w) of Figures 6.17
and 6.18. The meanm, (¢) of (¢, w) is a damped oscillation with a positive asymptotic
value ofux = 0.15, see Figure 6.21a. The meay(t) of y(¢, w) is an oscillation which
decays to zero. Both standard deviatiengt) ando,(t) are irregular oscillations
which approach finite asymptotic values @f(t) = 0.75 andoy(t) = 0.46. The
results show an amplification of the standard deviationef#mdom initial conditions
by factors26.0 and15.9 for zo(w) andyo(w), respectively. The differences between
the UASFE results and those of Monte Carlo simulation aghslii higher than for
one random initial condition. These differences decreagbdr by decreasing The
slower convergence for smaller values @ due to the parameterization errers (¢)
andey, (t).

6.3.3 Rigid-airfoil fluid-structure interaction

The rigid-body fluid-structure interaction of an elastigahounted airfoil in an Euler
flow subject to arandom parameter is studied in this secfibis is a practical example
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Figure 6.19: Two-dimensional response surface approiomsfor x(¢siop,w) and
Y(tstop,w) as function of random initial conditionsy(w) and yo(w) by Unsteady
Adaptive Stochastic Finite Elements (UASFE) with = 64 (N,_,, = 4%, Ny = 151)
and Monte Carlo (MC) withV, = 10% for the Duffing equation with random initial
conditionsz(w) andyo(w).
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Figure 6.20: Unsteady Adaptive Stochastic Finite Elem¢uiBSFE) grid in two-
dimensional parameter spagg(w)—yo(w) with N, = 64 and Ny = 151 samples
given by the dots for the Duffing equation with random inigahditionsz((w) and

Yo(w).

of an aeroelastic system which is subject to negative amadic damping beyond
the flutter speed. The governing equations for the motiorhefdtructure and the
aerodynamic forces are given in section 6.3.3.1. In se@&iBrB.2 numerical results
are presented for a random center of mass location.

6.3.3.1 Two-degree-of-freedom airfoil model with Euler flav

The structure dynamics is governed by a two-degree-ofifredinear model for cou-
pled pitch and plunge motion. The aerodynamic forces arepotea by solving the
two-dimensional unsteady Euler equations for compres$idlv. The structure model
is given by [25]:

-\ 2
&+ o + (%) §= —501(7)7 (6.14)

el = %C’m(ﬂ, (6.15)
where¢(r) = h/bis the non-dimensional plunge displacement of the elasti; a(r)
is the pitch angle, and)(denotes differentiation with respect to nondimensioimaét
7 = Ut/b, with half-chord lengthh = ¢/2 and free stream velocity. The frequency
ratio w is defined asv = w¢/wq, U* is defined ad/* = U/(bw,), the radius of
gyration around the elastic axiss#gb, and the airfoil/air mass ratio jg = m/7pb?,
with we andw,, the natural frequencies in pitch and plunge, respectivelthe airfoil

La oy "
—25 +a +
Ta
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Figure 6.21: Meanu(t) andu,(t), and standard deviation, (t) ando, (¢) by Un-
steady Adaptive Stochastic Finite Elements (UASFE) w\th= 64 (N; = 151) and
Monte Carlo (MC) withN, = 10* for the Duffing equation with random initial condi-
tionsz(w) andyg(w).
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(a) two-degree-of-freedom structure model (b) static fluid pressure field at= 110

Figure 6.22: The rigid-airfoil fluid-structure interaatisystem.

mass, ang the free stream air density. The elastic axis is located astarttea,b
from the mid-chord position and the mass center is locateal distancer,b from
the elastic axis, see Figure 6.22a. Pitch rotatign) is defined positive in the nose
up direction and plunge deflectigitr) is defined positive in the downward direction.
The nondimensional aerodynamic lift and moment coeffisigiit(r) andC,, (1), are
computed by solving the Euler equations for inviscid flow][15

U | 9F(U) , 9G(U)

-~ =0 6.16
ot Ox Oy ’ (6.16)
p pu pv
O B I R T I puv |
pv puv p+pv
E u(E +p) v(E +p)

with u(x, t) andwv(x,t) the velocities inz andy direction, respectivelyp(x, t) the
static pressure of the gagj(x, ¢) the internal energy, which for a perfect gas reads
E(x,t) = p(x,t)/((y — )p(x,1)) + (u(x,t)? + v(x,t)?)/2, with v the ratio of spe-
cific heats. Field equation (6.16) is discretized using asdarder finite volume
scheme on an unstructured hexahedral mesh With 10® volumes in spatial domain
D with dimensions30c x 20c. An Arbitrary Lagrangian-Eulerian formulation is em-
ployed to couple the fluid mesh with the movement of the stmectThe fluid mesh is
deformed using radial basis function interpolation of thehdary displacements [9].
Time integration is performed using the BDF-2 method withpstzeAr = 0.22 until
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Tstop = 110, which corresponds to approximatel§y period lengths for the determin-
istic case.

6.3.3.2 Effect of a random center of mass location

Randomness is considered in the airfoil center of massi@rcat, (w)b, which affects
both the aerodynamic damping and the frequency of the hirfofion. The random-
ness is given by a symmetric unimodal beta distributionafgfw)b in the domain
Zo(w)b € [0.2;0.4] with parameters’; = (2 = 2. The free stream Mach num-
ber is chosen to correspond to the flutter speed for the me#erogf mass location
2ob = 0.3. The parameter values = 0.2, r, = 0.5, x = 100, anda, = —0.5
are taken from [49]. Initially the airfoil is at rest at a defien of «(0) = 5° and
£(0) = —0.026 from its equilibrium position, which corresponds to a zerdeflection
of the center of mass for its mean locatiogh = 0.3 att = 0. The static pressure field
of the flow around the airfoil at., is shown in Figure 6.22b for, = ., and free
stream pressure,, = 1.0 - 10°> Pa. The output of interest is the effect of the random
z(w)b on the time evolution of the energy of the system. The patéstiergy, the
kinetic energy, and the combination of both are considesad@asures for the amount
of positive or negative aerodynamic damping of practicglamance. Results for the
single-frequency motion in the pitch degree of freedom aesgnted.

The nondimensional potential enery (7, w), kinetic energyEx (7, w), and total
energyFEiq (7, w) at 7yop are given in Figure 6.23 as function of random parameter
zq(w)b for Ne = 3 elements andVy = 7 samples. BottE,, (7sop, w) @aNd Ex (Tstop, w)
show an oscillatory dependence on(w)b. The potential energ¥, (7stop, w) van-
ishes atz,(w) values at which the kinetic energyk (7sop,w) reaches a maximum,
and vise versa. The total energy of the systB (7stop,w) iS continuously trans-
ferred betweet®,, (Tstop, w) @and Ex (7stop, w). The oscillations in the response surface
of Eiot (Tstop, w) are caused by the transfer of energy between the flow andrthe st
ture within one oscillation and between the pitch and plutegree of freedom of the
structure.

Overall, the energie€,, (Tstop, w), Ex(Tstop,w), and Eiot(Tstop, w) have an in-
creasing trend with increasing, (w)b. This trend is caused by a decreasing aerody-
namic damping with increasing,(w)b. For z,(w)b = 0.3 the total energy
Eiot (Tstop, w) attsiop 1S €qual to the initial total energy dfy., (0, w) = 0.123, since
the free stream Mach number corresponds to the flutter speed fw)b = 0.3. Total
energyFEiq (Tstop, w) has decreased af;,, for z,(w)b < 0.3 and has increased for
zo(w)b > 0.3. The aeroelastic system is, therefore, subject 6% probability of
flutter.

Both the time evolutions of the nondimensional meay{r) and standard devia-
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Figure 6.23: Nondimensional potential enetgy(r, w), kinetic energyEy (7, w), and
total energyEi. (7, w) as function of random parametey,(w) at 7yop by Unsteady
Adaptive Stochastic Finite Elements (UASFE) with = 3 (N, = 7) for the rigid-
airfoil fluid-structure interaction.

tion o (1) of E,(7,w), Ex(7,w), andEi. (7, w) show an increasing behavior in Fig-
ure 6.24. Untilr = 50 the mean values are oscillations with decreasing amplitede

7 > 50 the mean values show a slight increase in time due to the asymeraffect of
positive and negative damping. The mean value of non-negatiergyF:.:(7) does
not decay to zero like the mean of the pitch angle, w), which attains both positive
and negative values as it oscillates around its equilibi@mglea = 0°. System en-
ergy is, therefore, a more intuitive measure to illustrhtedffect of randomness on the
system response than deflection.

The standard deviation o, (7, w), Ex(7,w), and Ey.(7,w), shown in Figure
6.24b, have an initial transient until= 30 — 60 due to the deterministic initial condi-
tions. In the asymptotic range far > 60 the standard deviations show an increasing
trend in time due to the nonzero probability of negative dgnamic damping. The
standard deviation of the total ener§y,, (7, w) is smaller than those df,(r,w) and
Ex(r,w), since its value varies less with variationsigf(w), see Figure 6.23.

The convergence of UASFE is illustrated for the mean anddst@hdeviation of
the total energyug,,, (1) andog,,, (7) in Figure 6.25. Results are shown fdf, =
{1,2,3} elements andVs = {3,5,7} samples. The approximations wifft,, = 2
andN.._. = 3 almost coincide. It can be seen that the solution on thelrgtid with

€ini
N.,., = 1 gives already a good approximation.
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6.4 Summary

An Unsteady Adaptive Stochastic Finite Elements (UASFENfadation for unsteady
problems is developed based on a time-independent panaragitsh of sampled de-
terministic time series. Stochastic Finite Elements meshasually require an im-
practically high number of samples for resolving the asytiptstochastic behavior
of dynamical systems. Due to the time-independent paraipatien, UASFE main-
tain a constant interpolation accuracy in time with a camstaumber of elements.
The parameterization of the samples consists of the freyuphase, amplitude, ref-
erence value, damping, and period shape. The parametenstamgolated using a
robust Adaptive Stochastic Finite Element (ASFE) methosedaon Newton-Cotes
guadrature in simplex elements. This approach requirelstvedy low number of de-
terministic solves and preserves monotonicity and optifrth@samples. In order to
ensure the robustness of the method, (1) the elements aredaifilaptively until .-
convergence criteriof is reached, and (2) parameterization eergr(t) is computed
to determine the time interval in which the UASFE approxiorats valid.

The robustness of the ASFE interpolation enables the aiit of the proposed
approach to problems with bifurcations, in which the timdapendent functionals are
non-smooth. The effect of positive and negative dampingssived using a damping
parameter in the time-independent parameterization. Toeeosed UASFE formula-
tion includes an algorithm for parameterizing multi-periascillations. The applica-
tion of the proposed approach is limited to the asymptotigeaof single-frequency
rigid-body motions in which the time-independent paramieation is well-defined.

UASFE is successfully applied to a mass-spring-dampeesyshe Duffing equa-
tion, and a rigid-airfoil fluid-structure interaction sitation with multiple random in-
put parameters. For the mass-spring-damper system that effpositive and negative
damping on the stochastic results is studied. Input ranéssiassumed in the spring
stiffness parameter, the damping parameter, and a coniraftboth, shows that a
non-zero probability of negative damping results asynigadly in a diverging output
standard deviation. In case of two random parameters, therezl number of samples
for UASFE has shown to be up to a facté - 102 smaller than for Monte Carlo sim-
ulation. The study of one and two random initial conditioasthe Duffing equation
illustrates that nonlinear dynamical systems with distardus solutions can be ex-
tremely sensitive to random initial conditions. An ampéfiion factor 0f52.0 has been
observed for the standard deviation. The application taithid-airfoil fluid-structure
interaction problem shows in the asymptotic range a dimgrgiean and standard de-
viation of the system energy in case of a non-zero probgluififlutter.
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Chapter 7

Unsteady Adaptive Stochastic
Finite Elements with
Interpolation at constant phase

The Unsteady Adaptive Stochastic Finite Elements methsddan time-independent
parameterization developed in the previous chapter resdhe effect of random pa-
rameters in unsteady simulations efficiently. In this chapin alternative Unsteady
Adaptive Stochastic Finite Elements formulation basedrdarpolation at constant
phase is developed to further improve the accuracy and éxtenapplicability com-
pared to time-independent parameterization. In order tphasize the difference be-
tween the two methods, in this chapter Unsteady Adaptivettstic Finite Elements
based on time-independent parameterization is referred tdASFE-ti and UASFE-
cp refers to Unsteady Adaptive Stochastic Finite Elemeate on interpolation at
constant phase. In addition to achieving a constant numbsaraples in time, in-
terpolation at constant phase: (1) eliminates the paraimat®n error of the time-
independent parameterization; (2) resolves time-deperfdactionals, which cannot
be modeled by the parameterization; and (3) captures @nartsthavior of the samples,
which is an important special case of time-dependent fanats. These three points
are illustrated by the comparison of UASFE-cp results te¢haf UASFE-ti for random
parameters in a mass-spring-damper system, the dampeadewrDuffing oscillator,
and an elastically mounted airfoil with nonlinearity in thew and the structure.

Based on: J.A.S. Witteveen, H. Bijl, An alternative Unsteddlaptive Stochastic Finite Elements formula-
tion based on interpolation at constant phase, Comput. ddeftppl. M. 198 (2008) 578-591.
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7.1 Introduction

In this chapter, an alternative Unsteady Adaptive Stoah&shite Elements formu-
lation based on interpolation at constant phase (UASFEscdeveloped to further
improve the accuracy and extend the applicability of the BESi formulation based
on time-independent parameterization. The usual increidee number of samples
with time is caused by increasing phase differences bettveerealizations. Scaling
the samples with their phase and performing the uncertaimantification interpola-
tion of the samples at constant phase instead of at congtamteliminates the effect
of the phase differences. The increase of the number of ssnwath time due to
an increasingly oscillatory response surface is, theegfavoided by interpolation at
constant phase. In addition to the constant number of sampliéme, the proposed
UASFE-cp formulation has the following three advantagesy ASFE-ti:

1. Parameterization error is eliminated
The time-independent parameterization of the samples iBREAti is subject
to numerical discretization and interpolation errors. BA&Scp uses an exact
representation of the samples, which improves the conaesgeehavior of the
method.

2. Time-dependent functionals can be resolved
The application of UASFE-ti is limited to time series whicancbe represented
by time-independent functionals such as frequency and aemmpJASFE-cp
is applicable to time series in which these functionals gleaim time. Time-
dependent functionals are encountered in practice in am@le, damped non-
linear systems.

3. Transient behavior can be captured
Deterministic transient behavior is an important specialecof time-dependent
functionals that cannot be captured by the time-indepenpg@mmeterization
of UASFE-ti. The UASFE-cp formulation is capable of resalyithe effect of
random parameters in both the asymptotic and transiermeegf the samples.
Transient behavior is seen in virtually all nonlinear pieaitapplications.

UASFE-cp can be applied to problems in which the phase of shi#latory samples is
well-defined.

The Unsteady Adaptive Stochastic Finite Elements fornmtdiased on interpola-
tion at constant phase is introduced in section 7.2. Thetffethe elimination of the
parameterization error on the convergence of UASFE-cpuidietl for a mass-spring-
damper system in section 7.3.1. In section 7.3.2 UASFE-a@priployed to resolve

168



7.2. Unsteady Adaptive Stochastic Finite Elements basedterpolation at constant phase

the effect of multiple random parameters on a response ith-tlependent function-
als of the damped nonlinear Duffing oscillator. The stodbdsfurcation behavior of

the fluid-structure interaction system of nonlinear flowward an elastically mounted
airfoil with nonlinear structural stiffness is analyzedsiection 7.3.3. This application
involves transient behavior in the post-bifurcation regiBesults for various probabil-
ity distributions are compared to those of UASFE-ti and Mo@arlo simulations. The
chapter is concluded in section 7.4.

7.2 Unsteady Adaptive Stochastic Finite Elements based
on interpolation at constant phase

The procedure for interpolation at constant phase in theéddy Adaptive Stochas-
tic Finite Elements framework is developed in section 7.Z1ie Adaptive Stochastic
Finite Elements formulation employed for the interpolatis briefly reviewed in sec-
tion 7.2.2. In section 7.2.3 the resulting UASFE-cp aldoritis summarized.

7.2.1 Interpolation at constant phase

Consider dynamical system (1.1) subject to random inpurpaters, which governs
an oscillatory response(x, ¢, w)

L(x,tu(x,t,w)) = S(x,1). (7.2)

Assume that the phase of the oscillatory samplglg) = u(t, wy) for realizations of
the random parametess = a(wy) is well defined fork = 1,..., N;. The argument
x has been dropped here for convenience in the notation. kr dodinterpolate the
samplesu (t) at constant phase, first, their phase as function of tiy(e) is extracted
from the deterministic solves;(t). Second, the time series for the phagét) are
used to transform the sampleg(t) to functions of their phase; (¢, ) instead of time,
see Figure 7.1. The initiaV,,, = 3 samples of UASFE-cp witlV,, ., = 1 element
for the mass-spring-damper system. For discrete timerfgstthe vectors,, andu;,
are identical. Third, the transformed sampig$¢;) are interpolated to the function
u*(¢,w) using Adaptive Stochastic Finite Elements interpolatidhis step involves
both the interpolation of the sampled phagg&) to the functiony(¢, w) and the inter-
polation of the samples; () to the functionu* (¢, w) at constant phasg Repeating
the latter interpolation for all phasesresults in the function* (¢, w). Finally, trans-
formingu* (¢, w) back tou(t, w) usinge(t, w) yields the unknown response surface of

ini
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(a) samplesuy, (t) (b) samplesuj; (éx)

Figure 7.1: Oscillatory samples as function of time and phas

the system response as function of the random paramstejsand timet. Integrat-
ing this response surface approximation results in an apedion of the statistical
moments of the response.

The phase(¢) is extracted from the samples based on the local extremaeof th
time seriesu(t). A trial and error procedure identifies a cycle of oscillatlmased on
two or more successive local maxima. The selected cycleceped if the maximal
error of its extrapolation in time with respect to the actsample is smaller than a
threshold valuey, for at least one additional cycle length. The function far ghase
¢x(t) in the whole time domain € T is constructed by identifying all successive
cycles ofu(t) and extrapolation to = 0 andt = ¢,,.x before and after the first and
last complete cycle, respectively. The phase is normaliaetkro at the start of the
first cycle and a user defined parameter determines whethaathple is assumed to
attain a local extremum at= 0. If the phaseb, (¢) cannot be extracted from one of the
samples: = 1, ..., Ny, Adaptive Stochastic Finite Elements interpolation caraily
be applied to the time-dependent samplgg).

7.2.2 Adaptive Stochastic Finite Elements interpolation

The interpolation of the samples at constant phase is peedrin parameter space
A using the non-intrusive Adaptive Stochastic Finite EletadASHE) interpolation
based on Newton-Cotes quadrature points in simplex elendmteloped in Chap-
ter 4. The ASFE formulation employs a piecewise quadratfor@admation of the
response surface by dividing parameter spacmto N, simplex elementsd; with
i=1,..., N.. The quadratic approximation in the elements is constdiayeperform-
ing deterministic solves for the values of the random patarsa(w) that correspond
to the(";”) second-degree Newton-Cotes quadrature points in the etersleown in
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1

(a) Element (b) Initial grid (c) Adapted grid

Figure 7.2: Discretization of two-dimensional paramefaceA using2-simplex ele-
ments and second-degree Newton-Cotes quadrature poietsiyy the dots.

Figure 7.2.

7.2.3 UASFE-cp algorithm summary

The Unsteady Adaptive Stochastic Finite Elements algoritlased on interpolation at
constant phase can be summarized as follows:

1. Solve (7.1) for the parameter valugs corresponding to the quadrature points
in the initial stochastic grid to obtain the determinisiimé seriesuy(¢) with
kE=1,...,N,

2. Extract the phasgy (t) from the time histories (t);
3. Transform the samples;(t) to functions of their phase;, (¢x);

4. Use ASFE to interpolate the sampled phaggg) to the functiong(w, t) and

the samples} (¢) to the functionu™ (¢, w) for all phases;

5. Transformu*(¢,w) back to the unknown response surface as function of time
u(t,w);

6. Determine the refinement measuren the elements fof = 1,..., N, , and
refine the element with the highest value for refinement nreasu

7. The ASFE interpolation is performed for both the sampleaisgs frompy (¢) to
#(t,w) and the samples at constant phase figrfy) to u*(¢,w). Repeat steps
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1 to 6 for the parameter valuag corresponding to the new quadrature points in

the refined elementwith = N, , +1,..., Ns,..;

8. Stop the adaptive stochastic grid refinement based oesttbid for convergence
0 or the maximum number of samplés.

Since each sample reaches a different minimum and maximaseph the time do-
maint € T, the ASFE interpolation at constant phase is restricteitoange of phases
that is reached by all samples in an element. The UASFE-epgatation is then lim-
ited to the time domain which correspondsdgoe [maxy @k (0), ming @ (tmax)] N
the elements. The time domain of approximation approaffhes.x] as the number
of elementsVV, increases. Outside this domain, ASFE can directly be appdiehe
time-dependent sampleg (¢).

7.3 Results

The results of the Unsteady Adaptive Stochastic Finite Eleis method based on
interpolation at constant phase (UASFE-cp) and time-ieddpnt parameterization
(UASFE-ti) are compared with those of converged Monte Csirtilations with evenly
spaced realizations in sample spaces [0,1]. The methods are applied to a linear
mass-spring-damper system in section 7.3.1, the dampédiheanDuffing oscilla-
tor in section 7.3.2, and the flow around an elastically medrirfoil with nonlinear
structural stiffness in section 7.3.3.

7.3.1 Mass-spring-damper system

Consider a mass attached to a spring and a damper as showuie Fi3. The govern-
ing equation for the motion of the mass is given in section1713 Randomness is here
assumed in the spring stiffness paraméééw), since the frequency of the response is
sensitive to variations itk (w). The effect of the elimination of the parameterization
errore(t) on the error convergence of UASFE-cp is studied in secti8ri72.

7.3.1.1 Governing mass-spring-damper equation

The mass-spring-damper system is governed by

0%z Ox
JV[W—I—CE—FK(LU):C—Q t € [0, 00), (7.2)
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Figure 7.3: The mass-spring-damper system.

with massM = 1, damping parameter’ = 0.03, position of the massg(t,w), and
initial conditionsz(0) = 1 anddz/0t(0) = 1. This can be a model for a more complex
structure with internal damping and stiffness. The randessrin the positive spring
stiffnessK (w) is given by a lognormal distribution with measx = 1 and coefficient
of variationcvk = 10%. As is common in multi-element methods, the tails of the
probability distribution are truncated such that the resdlparameter domain accounts
for 99.8% of the realizations. The resultiy2% truncation error is small compared
to the usual discretization and time integration errorsigireering simulations. The
results below are based on the analytical solution of (A)uated at discrete time
levelst; = IAt, withl = 0,..., Ny, Ny = tmax/At, tmax = 100, andAt¢ = 0.01, to

be able to analyze the parameterization ergt) as for problems solved by numerical
time integration. The considered time interval correspandapproximately6 cycles

of the decaying oscillation for the deterministic case with= k.

7.3.1.2 Parameterization error eliminated

The initial UASFE-cp approximation of the effect of randopmiag stiffnessi (w) on
the position of the mass(t,w) is constructed on a coarse grid in probability space
with N, = 1 element andV,, , = 3 samples. ThéV,, , = 3 initial samples for
varying spring stiffness are shown as function of time inurgy7.4a. The realizations
xi(t) fork =1,..., Ny, are decaying oscillations due to the moderate positiveavalu
of damping paramete?. The randon¥ (w) affects the frequency and the amplitude
of the samples. The differences in frequency result in iasireg phase differences in
time starting from the deterministic initial condition asosvn in Figure 7.4b for the
phase of the samples, (¢) in radians. Plotting the sample$(¢:) as function of their
phasep (t) as in Figure 7.4c reveals that the effectfofw) on the samples is much
more regular as function of their phagg than as function of time. This illustrates
the effectiveness of interpolating the samples at congtaase to eliminate the effect
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(c) samplescy (¢ )

Figure 7.4: The initialV,,,, = 3 samples of UASFE-cp wittV,, , = 1 element for the
mass-spring-damper system.

of increasing phase differences.

The UASFE interpolation at constant phase is constructefirslyinterpolating
the phase of the samplég (¢) to the functiong(¢,w) in terms of K(w) at a certain
time ¢. Consider, for example, the phase of tNe , = 3 samples at = 70 given
by the dots in Figure 7.5a. The ASFE interpolation of the dempluesey (t) gives
then at, for examplek = 0.9 a phase ofp = 65.5. The corresponding position of
the masse at ¢ = 65.5 is found by using ASFE interpolation of the samp&ﬁ;{&)
at constant phas¢ = 65.5. Figure 7.5b shows that fak = 0.9 this interpolation
predicts a position of = —0.461. Repeating these two interpolations for Al(w) €

A results in an approximation of the response surface of thi¢tippz (¢, w) as function
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of K(w) att = 70, see Figure 7.5c. The highly oscillatory response surfduetwis
resolved using onlyV,, ., = 3 samples matches the one predicted by a Monte Carlo
simulation with Ny = 1000 samples. Applying the quadratic ASFE interpolation at
constant time directly in Figure 7.5¢ would obviously givenach larger interpolation
error. The mean, standard deviation, and higher statistioanents ofz(¢,w) can be
determined by integrating over the approximation of thpoese surface. By repeating
this procedure for alt € [0, ¢,,.«] the time evolution of the meam, (¢) and standard
deviationo, (t) can be determined.

The results for the mean, (¢t) and the standard deviation (¢) for N, = 4 ele-
ments andV, = 9 samples shown in Figure 7.6 are converged uiso= 1-1073.
The meanu(t) is a decaying oscillation to zero due to dampingnd the effect of the
randomi (w) on the increasing phase differences with time. The impcgaf taking
the random parameter into account is illustrated by thedstahdeviatiorr, (), which
shows a fast oscillatory increase from the deterministt@ircondition to a maximum
of ox = 0.70 after which it decays due to dampiig

Since each sample reaches a different minimum and maximasepty € [0, 100],
the interpolation at constant phase is f§f = 4 limited to the time domaint €
[0,90.7]. The UASFE-cp results match those of the Monte Carlo siraratp to a
maximum error o = 2.0-10~* for the discretization withV, = 9 samples compared
to Ny = 1000 samples in the Monte Carlo simulation.

In contrast with UASFE-cp, the accuracy of UASFE-ti is liedtby parameteriza-
tion erroreg(t) in constructing the time-independent parameterizatiohefsamples
x(t). The errore,(t) of UASFE-ti reaches for this problem a maximum®91 as
shown in Figure 7.7a for th&/;,; = 3 samples of the initial grid ofV,,, = 1 ele-
ment. The parameterization error is small neat t,,.,, since the time-independent
parameterization is extracted from the last completedect@iminimize the influence
of transient behavior. The parameterization error is cdlrssenumerical inaccuracies
in retrieving the time-independent functionals such agdency and amplitude from
the discrete time series solutiong(t). These errors amplify with decreasing time.
The effect of the parameterization error can be recognizéuk increasing error in the
meany (t) andoy (t) with decreasing time in Figures 7.7b and 7.7c. The erroiiresc
a maximum ofs = 4.5 - 10~2 for UASFE-ti with N, = 4 elements, which is 2 orders
of magnitude larger than for UASFE-cp with the same numbetehents.

The effect of the elimination of the parameterization emwarthe error conver-
gence of UASFE-cp compared to UASFE-ti is illustrated inuf&gy7.8 forc = 0 and
0x/0t(0) = 0. UASFE-cp shows a linear error convergence rate of ordetdchnis
in line with the Adaptive Stochastic Finite Elements disizagion based on second-
degree Newton-Cotes quadrature in simplex elements deselomn Chapter 4. The
error convergence of UASFE-ti is limited by the parametian errore, = 0.091.
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=70 UASFE-cp (N_=1,N_=3)
-0.44r e Ns) |
80)
-0.450
75 -0.461
3 *x
% 19 é -0.47F
g 2 -0.48f
Q
65, -0.49F
_ost
60
-0.51F
UASFE=cp (N,=1,N_=3) ¢=65.5
87 08 09 1 11 12 13 14 05708 o9 1 11 12 13 14
random spring stiffness K(w) random spring stiffness K(w)
(a) phasep-K att = 70 (b) positionz*-K at¢ = 65.5
08 o UASFE—cp (N_=1,N_=3)
t=70 e
06 .. MC (N_=1000)
0.4
X 02
S
3
S 0
-0.2
-0.4
07 08 09 1 11 12 13 14
random spring stiffness K(w)
(c) positionz-K att = 70
Figure 7.5: UASFE-cp interpolation witl,, , = 1 element andVs, , = 3 samples

compared to Monte Carlo simulation results with = 1000 for the mass-spring-
damper system.
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Figure 7.6: Results of UASFE-cp witN, = 4 elements andV; = 9 samples com-
pared to those of Monte Carlo simulation with = 1000 for the mass-spring-damper
system.

The elimination of the parameterization error has, thessfa significant effect on the
accuracy of the UASFE-cp formulation.

The correspondence between the maximal esrof UASFE-cp and the conver-
gence measur@y, is given in Table 7.1. The results illustrate that the dgtnibf the
convergence measure is sufficiently robust to control ther @ this example, since
is for all refinements smaller thaiy,,. Our experience is that, in general, the maximal
errore is of the same order or smaller than convergence criterign The table also
contains the time interval in which the UASFE-cp approximatan be constructed.
This time interval approachég, ¢.,..] as the number of elemend§, increases.

7.3.2 Damped nonlinear Duffing oscillator

A model for a damped oscillator with nonlinear structuréfrs¢ss is the damped Duff-
ing equation given in section 7.3.2.1. The response of thrgpéd nonlinear Duffing os-
cillator cannot be represented by the time-independentpeaterization of UASFE-ti.
In section 7.3.2.2 it is studied how this affects the congmariof the results of UASFE-
cp and UASFE-ti for random initial conditiar, (w). The effect of randomness in both
initial conditionz((w) and damping parameté(w) is considered is section 7.3.2.3.
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Figure 7.7: Results of UASFE-ti withV,,,,
N, = 4 andN; = 9 for the mass-spring-damper system.
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Figure 7.8: Error convergence of UASFE-cp and UASFE-tilfiertnass-spring-damper
system.

Table 7.1: Convergence measurg, maximal errore in the approximation of the
meanuy (t) and standard deviation, (¢), and approximation time interval of UASFE-
cp as function of the number of elemem¥s and number of samples; for the mass-
spring-damper system.

N, | Ny L Oy time interval
6Ne e §Ne g
1] 3 - 5.70-1073 - 6.43-10~2 | [0.2;73.3]
2 | 5 |643-107% | 1.17-1073 | 6.59-103 | 9.52-10~* |  [0;83.6]
419 [1.18-1073 | 1.53-10~* [ 9.55-10~* | 1.99-10~* |  [0;90.7]
8 | 17 | 1.53-107% ] 1.20-107% | 1.99-10* | 3.34-10° [0;95.0]
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Figure 7.9: Phase diagram of the damped Duffing oscillatdh wie trajectory for
initial conditionzg = 1.4.

7.3.2.1 Duffing equation

The nonlinear Duffing oscillator is governed by the follogiisystem of differential
equations:

ox

dy _ 2 3
2 © wor— Bx® — dy + v cos(w,t + @), (7.4)

for ¢ € [0,00) with linear natural frequency, = 1, dampingé = 0.02, forcing
amplitudey = 0, and initial conditionsc(0) = z¢(w) andy(0) = 0. The structural
nonlinearity is modeled as a hard spring by a cubic nonlispang stiffness parameter
8 = 1. Structural stiffness behaves as a cubic hard spring ieXample, the torsional
direction of wing structures [113]. Initial conditian (w) is assumed to be random
with a uniform distribution7(1.3; 1.4), which corresponds to a standard deviation of
ox, = 0.029. For this parameter setting the trajectories are dampeiibtisns around
the fixed point(z,y) = (1,0), see Figure 7.9 for part of the trajectory for initial con-
dition 2y = 1.4. Due to the nonlinearity of the system, the shape of thedtajg
changes as it approaches the fixed point. This change of shapé captured by the
time-independent parameterization of UASFE-ti. The systé.3) and (7.4) is solved
numerically up t¢max = 100 using fourth-order explicit Runge-Kutta time integration
with a time step of = 0.01. Only the results fox:(¢,w) are shown as those fgft, w)
lead to the same observations.
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Figure 7.10: Results of UASFE-cp witN, = 2 elements andVs = 5 samples, and
UASFE-ti parameterization of the sample fay = 1.4 for the damped Duffing oscil-
lator with random initial condition: (w).

7.3.2.2 Time-dependent functionals resolved

When the phasey (t) of the samples:;(¢) is plotted against time for € [0,20] the
result of Figure 7.10a is obtained for UASFE-cp with = 2 elements andVy = 5
samples. The phasg,(t) is a slightly curved function of time, which indicates that
the frequency of the response is a function of time. The iimdependent description
of the samples of UASFE-ti in terms of a constant frequenay strape function is
not able to parameterize the samplggt) as shown in Figure 7.10b far, = 1.4.
The UASFE-ti parameterization captures the sample close-te,,.., since the time-
independent parameterization is based on the last compjele, but it is unable to
match the sample in the whole time domain.

Since the UASFE-ti parameterization is unable to model #reesxy(t), one
cannot expect UASFE-ti to resolve the correct behavioreftiear. (¢) and standard
deviationo(t) as demonstrated in Figure 7.11. The UASFE-cp solutionVipre= 4
elements andV, = 9 samples has converged up&g, = 1-10~2 and matches the
Monte Carlo results witVy, = 1000 samples up to a maximum errorof= 7.3-104.
The meanuy(t) is initially a fast decaying oscillation fare [0, 40] and later a slower
decaying oscillation towards the fixed point= 1. The standard deviatios, (¢)
shows a more irregular oscillatory behavior from the randoitial condition zq(w)
with standard deviation,,, = 0.029 att = 0 to a maximum ob, = 0.31 att = 14.8,
after which it decays due to dampiidg This corresponds to a maximal amplification
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Figure 7.11: Results of UASFE-cp and UASFE-ti with = 4 elements andV; = 9
samples compared to those of Monte Carlo simulation Wwith= 1000 for the damped
Duffing oscillator with random initial conditiomg (w).

of the initial standard deviation,, by a factor10.7.

7.3.2.3 Combined randomness in initial condition:, (w) and damping 6 (w)

Considering next to random initial conditian (w) also randomness in damping pa-
rameterd(w) results in a two-dimensional probability space. The twaetisional
UASFE-cp response surface approximatiorr@b, ¢) as function of random parame-
terszo(w) andé(w) att = 50 is shown in Figure 7.12a for a UASFE-cp giM = 16
elements andV; = 45 samples, see Figure 7.13. The approximation is compared to
that of Monte Carlo simulation based g = 10* samples in Figure 7.12b. The
UASFE-cp results are converged up&g, = 2 - 10~2 and have a maximum error
with respect to the Monte Carlo resultseof= 3.1 - 1073, The response surface shows
an oscillatory behavior which is not aligned with one of thkes For low values of
dampingd(w) the response is sensitive to variations in initial conditig(w) asz(w)
alternately reaches values belowt and abovd .2. As damping)(w) increases the re-
sponse surface gets less oscillatory and) approaches fixed point= 1. UASFE-cp
captures this behavior accurately while the number of sasiphs been reduced with
two orders of magnitude compared to Monte Carlo simulation.

The resulting time histories for the mean(¢) and standard deviation, (¢t) by
UASFE-cp match those of Monte Carlo simulation as well, sgare 7.14. Compared
to the results of Figure 7.11 for random initial conditiog(w) in combination with
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Figure 7.13: UASFE-cp grid in two-dimensional parameteacgax,(w)—0(w) with
N, = 16 elements andv; = 45 samples given by the dots for the damped Duffing
oscillator.
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Figure 7.14: Results of UASFE-cp and UASFE-ti with = 16 elements andv; = 45
samples compared to those of Monte Carlo simulation with= 10* for the damped
Duffing oscillator with random initial conditiom, (w) and damping(w).

deterministic damping parametér= 0.02, the oscillations in the meam, (¢) decay
faster with time, see Figure 7.14a. This is caused by theenigiean value of the
random damping parametgg = 0.05 than its deterministic value. A similar effect
can be observed in the time history of the standard deviatidn), which reaches a
maximum ofo, = 0.25 at¢t = 14.5 compared t@r, = 0.31 for case with deterministic
damping. This illustrates that the combined effect of npldtirandom parameters is
not necessarily larger than that of a single parametercedfyewhen the mean of one
of the parameters does not correspond to its determiniaticev The samples up to
tmax = 100 result in a smaller UASFE-cp approximation intervakaf [0; 72.4] than

t € [0;97.5] in the one-dimensional case due to larger phase differdreteseen the
larger number of samples in the elements. In order to obtaipgproximation of the
stochastic solution in a larger time domain, longer deteistic simulations can be
performed up to a later,, ..

7.3.3 Stochastic bifurcation behavior of an elastically monted air-
foil

A special class of responses that cannot be representemhéyiridependent parame-

terization consists of responses with a transient part. gatieation of practical inter-

est with transient behavior is the (post-)bifurcation ge@l of an elastically mounted
airfoil with nonlinear structural stiffness. The govergiaquations for a two-degree-
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of-freedom airfoil in an inviscid flow are outlined in seati@.3.3.1. In section 7.3.3.2
the effect of randomness in the ratio of natural frequenigs) at the deterministic
bifurcation point is studied. The P-bifurcation behavibthe probability distribution

of the system response is analyzed in section 7.3.3.3.

7.3.3.1 Governing equations

The nonlinear structural stiffness is modeled by a cubiingpstiffness term in the
following two-degree-of-freedom model for coupled pitaidgplunge motion of the
airfoil [25]:

o X
¢+ +(g) (€4 6:8) =~ i), (75)
Lo gy " 1 2

Ef +al+ 0 (a+ Ba0®) = P Cm (1), (7.6)

where3: = 0m~2 and 3, = 3rad~? are nonlinear spring constantgr) = h/b is
the nondimensional plunge displacement of the elastic @eis Figure 7.15ay(r)

is the pitch angle, and)(denotes differentiation with respect to nondimensioimaét

T = Ut/b, with half-chord lengtth = ¢/2 = 0.5m and free stream velocity =
103.6m/s, which corresponds to a Mach numbendf, = 0.3 for free stream density
poo = 0.12kg/m?® and pressure,, = 1.0 - 10°Pa. The radius of gyration around the
elastic axis is',b = 0.25m, bifurcation parametdy™* is defined ad/* = U/(bw,),
and the airfoil-air mass ratio i = m/mpsb* = 100, with m the airfoil mass. The
elastic axis is located at a distanggh = —0.25m from the mid-chord position and the
mass center is located at a distang® = 0.125m from the elastic axis. These values
for the structural parameters are taken from [49]. Rand@asizdantroduced in the ratio
of natural frequencies(w) = we/wq, With we andw, the natural frequencies of the
airfoil in pitch and plunge, respectively. The randomnesddascribed by a symmetric
unimodal beta distribution with parametets = 3, = 2 around a mean gi; = 0.2

in the domains(w) € [0.15;0.25].

The nondimensional aerodynamic lift and moment coeffisigit(r) andCy, (7),
are determined by solving the nonlinear Euler equationgiascid flow [15] using a
second-order finite volume scheme on an unstructured hdralmaesh with7.5 - 103
volumes in spatial domai® with dimensions30c x 20c. An Arbitrary Lagrangian-
Eulerian formulation is employed to couple the fluid meshwtite movement of the
structure. The fluid mesh is deformed using radial basistiondnterpolation of the
boundary displacements [9]. Time integration is performsitig the BDF-2 method
with stepsizeAr = 0.4 until ,,,« = 1000. Initially the airfoil is at rest at a deflection
of a(0) = 0.1deg and:(0) = 0 from its equilibrium position. The initial condition
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Figure 7.15: The elastically mounted airfoil in uniform Ecflow.

of the flow field is given by the steady state solution for thidahdeflection shown
in Figure 7.15b in terms of the static presspreThe output of interest is the angle of
attacka(r,w). The plunge deflectio§(r, w) gives equivalent results.

In the deterministic case, the airfoil exhibits an osditlatwhich either decays to
zero or diverges until it reaches a limit cycle oscillatidtena transient, depending on
the value of bifurcation parametéfr*. The deterministic bifurcation behavior of the
system for the mean frequency ratig is given in Figure 7.16 in terms of the amplitude
A, of pitch anglex(7) as function of normalized bifurcation parameté&r/U;. The
linear flutter pointU; is determined numerically by a trial and error procedure for
the linear system witl, = 0. The location of the flutter point/* /Uy = 1 is not
affected by the nonlinear term, since the onset of flutterlinemr phenomenon. For
U*/Uf = 1theresponse is alinearly stable periodic motion of whieteimplitude4,,
is approximately equal to the initial conditier(0). The system shows a supercritical
Hopf-bifurcation with zero amplituded,, below the flutter point fot/*/U; < 1 and
finite amplitudesA,, increasing withU* /Uy for U*/U; > 1. In the next section the
effect of randomness im(w) on the response at the deterministic bifurcation point
U*/Uf = 1is resolved. The stochastic system bifurcation as funaifdsifurcation
parametef/* /U} is analyzed in section 7.3.3.3.

7.3.3.2 Transient behavior captured

The large effect of randomness in the frequency rati@) on the linearly stable re-
sponse in the deterministic bifurcation point is illustéby theN,. . = 3 initial sam-

ini
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Figure 7.16: Deterministic bifurcation diagram of the &tzdly mounted airfoil.

ples forw, € {0.15;0.2;0.25} in Figure 7.17. Sampley(7) for the mean value of
the frequency ratiqi; = 0.2 is periodic with amplituded,, ~ «(0) as expected. De-
creasing the frequency ratio@®= 0.15 results in a qualitative change to a damped re-
sponse. On the other hand, increasing 0.25 leads to the onset of unstable behavior,
which a single deterministic simulation for the mean valyevould have missed. The
corresponding realization shows a transient diverginglason until - = 400 where

it reaches a periodic limit cycle oscillation with a congtamplitude of4, = 8.0deg
due the hard spring structural nonlinearity. The systesrgtore, shows a supercritical
Hopf bifurcation as function afi(w) as well.

The effect of the transient behavior of part of the realaadion the time histories
of the mean, (7) and standard deviation, () is shown in Figure 7.18 for UASFE-
cpwith N, = 5andN, = 10 elements. The results are compared to those of UASFE-i
with N, = 10. In contrast to the other examples, in this case the mg#n) is initially
a diverging oscillation due to diverging transient ostidla of part of the realizations.
For T > 600 the mean shows a decaying oscillation due to the effect(ef) on the
frequency of the response in combination with the constanit tycle oscillation am-
plitude of the post-flutter realizations beyond their tians The transient contributes
also to the fast initial increase of the standard deviatigfr) to 2.3deg atr ~ 1000,
which is more than a factor 20 larger than the deterministiplaude A, ~ 0.1deg of
the periodic oscillation foriz. The successive UASFE-cp approximationsiar= 5
andN, = 10 elements display the convergence of the adaptive refinertdrats been
verified that it requiresV, = 16 elements to obtain a comparable degree of conver-
gence using uniform grid refinement. The adaptive refinenptkatefore, results here
in a36% reduction of the required number of samples frdin= 33 to Ny, = 21. The
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Figure 7.17: The initialV,, , = 3 samples of UASFE-cp witlV,, , = 1 element for

the elastically mounted airfoil.

ini

UASFE-ti formulation does not predict the initial increasfeu,, (7) ando, (7), since
it is unable to model the transient behavior of the samplgls’). The large errors
in the UASFE-ti approximation compared to the UASFE-cp lsstdemonstrate the
importance of capturing transient behavior.

7.3.3.3 Stochastic bifurcation behavior

By repeating the preceding analysis for a range of valuesifafdation parameter
U*/U}, the stochastic bifurcation behavior of the system can Ipdoesd. Due to
the random frequency ratio(w), the system bifurcation can no longer be described by
a single deterministic flutter point, but rather by a P-kiftion region for the proba-
bility distribution. The response surface approximatibrx¢o) at~ = 800 as func-
tion of w(w) for U*/U} € [0.95;1.05] is shown in Figure 7.19. The bifurcation of
the probability distribution as function @f*/U} is here the primary output of inter-
est. The two-dimensional surface of Figure 7.19 is, theegfconstructed using one-
dimensional approximations as functionwafw) at discrete stepAU* /U5 = 0.0125
given by the black lines instead of a full two-dimensionalpense surface approxi-
mation. A bifurcation line in thes-U*/U; plane can clearly be identified between
(w,U*/U;) = (0.25;0.975) and (w,U*/U}) = (0.15;1.025). For lower values
of W(w) andU* /U; the response is a pre-bifurcation decaying oscillationctvine-
sults atr = 800 in a pitch anglen(w) close to zero. The bifurcation region starts
atU*/U; = 0.975 for w = 0.25 and extends td/*/U; = 1.025, after which
the system develops a fully oscillatory response. In the-pifgrcation domain for
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Figure 7.18: Results of UASFE-cp witN, = 5 elements andVy = 11 samples, and
N, = 10 andN; = 21 compared to those of UASFE-ti witN, = 10 and N = 21 for
the elastically mounted airfoil with™* /U = 1.

U*/Uf > 1.025 the maximum deflectiofw(w)| continues to increase with increasing
U*/U;.

These results are reflected in the P-bifurcation behavithreo€umulative probabil-
ity distribution function ofia(w)| at the discrete values &f*/U; andr = 800 in Fig-
ure 7.20. The cumulative distribution is shown here sinea#bles quantitative obser-
vations about the probability of flutter. The solutions lzhee two different grids with
N, and| N./2| elements as used in the convergence criterion are showaspitagithe
convergence of the approximations. In order to capturetiehastic bifurcation the
required number of elemend4. is in the bifurcation region di’* /U € [0.975;1.025]
up to 5 times larger than in the pre- or post-bifurcation domin the pre- as well as
the post-bifurcation range a discretization with a sindgereent is actually already suf-
ficient.

When we define the bifurcation point as the absolute pitchedngw)| which cor-
responds to 0% probability of flutter at the deterministic flutter poiit /U; = 1in
Figure 7.20e, then we can determine the probability of flatssfunction of bifurcation
paramete/* /U;. The pre-bifurcation domain di*/U; < 0.975 shows a 100%
probability of a damped response in Figures 7.20a and 7t#3.8% probability of
post-flutter behavior a/*/U; = 0.975 indicates the start of the P-bifurcation. The
probability of flutter increases further with increasifig/U; to 24.2% and94.5% at
U*/U; = 0.9875 andU*/U; = 1.0125, respectively. The maximal possible pitch
angle |a(w)| continues to increase with*/U; in the post-bifurcation domain for
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U*/Uf > 1.025, in which the probability of flutter is larger th&9.5%. These re-
sults indicate that based on the assumed input probabistyilsition the acceptance
of 24.2%, 3.8%, or0% probability of flutter would reduce the location of the dtastic
bifurcation point byl.25%, 2.5%, or3.75% compared to its deterministic position, re-
spectively. The availability of this quantitative problidiic information can be utilized
in practice in reducing the safety factors in actual designs

A typical P-bifurcation can also be recognized in the evohubf the probability
density of amplituded,, (w) for increasingl* /U; atT = 800 in Figure 7.21. In the
pre-bifurcation domain ot/* /U; < 0.975 the probability density resembles a Dirac
delta function atd, = 0. At U*/U} = 0.9875 the probability still has a maximum
at A, = 0 and decays monotonically to zero for positive valuesdgf The prob-
ability density develops a local maximum at a positive ampik A, = 5.7deg for
U*/Uf = 1. The local maximum increases and occurs at increasing valfid,
until it turns into the global most probable point&t /U; = 1.025. In the post-
bifurcation domain of/*/U; > 1.025 the unimodal probability density function al-
lows for positiveA,, values only. The increased insight into the bifurcationawér
of the elastically mounted airfoil through these detailetkastic results demonstrates
the additional value of a stochastic analysis compared &terohinistic simulation for
complex physical systems.

7.4 Summary

An Unsteady Adaptive Stochastic Finite Elements formalabased on interpolation
at constant phase (UASFE-cp) is developed to further ingtlog accuracy and extend
the applicability of UASFE based on time-independent patenization (UASFE-ti).
UASFE-ti already achieves a constant accuracy in time withrestant number of sam-
ples for resolving the effect of random parameters in unisteanulations. In addition
to the constant number of samples, interpolation at cohgtaase (1) eliminates the
parameterization error of the time-independent pararizetésn, which improves the
convergence behavior; (2) resolves time-dependent fumai, which cannot be mod-
eled by the parameterization; and (3) captures transidvaver of the samples, which
is an important special case of time-dependent functioridie proposed UASFE-cp
approach is based on scaling sampled oscillatory timessesith their phase and per-
forming the uncertainty quantification interpolation o ttamples at constant phase in-
stead of at constanttime. This eliminates the effect oEasing phase differences with
time, which results for other methods usually in a fast insieg number of samples
with time. UASFE-cp can be applied to problems in which thagehof the oscillatory
samples is well-defined.

192



7.4. Summary

UU;=095

probabilty density
o e o

e g 0 12 14
amplitude A, [deg]

(@) U* /U = 0.95

10 10
u'/u‘L:u 9625 U'U;=0.975
15 15
z z
ER
3 g
g £
05 o5
LR 0 12 14 0 2 o 12 14

“ampliide A, [deql

(b) U*/U; = 0.9625

T 6
ampitide A, deg]

(c) U* U} = 0.975

Ui =gsers U Ui Lotz
0.3} 03 0.3}
2079 20
2 02 € 02
z z
Zo.1] Fou1s)
H & o
0.05 005 0.5
4 4 4
2 tanpidie a, e 0 27 2 N 2 tanpidie a, e 0 2
* * * * * *
(d) U*/Us = 0.9875 () U*/U: =1 f) U*/U* = 1.0125
L L L
o — 2 — o —
=102 U'IU=10375 U=105
03} 03 0.3}
2025 5025
2 02 € 02
z z
Zo.1] Foa1s)
H & o
0.5 005 0.5
0 2 o 12 14 0 2 0 12 14 [ 12 14

“amplitie A, )

(@ U*/U; =1.025

0
ampitide Ay Gea)

(h) U*/U* = 1.0375

“amplitie A, )

() U*/UE =1.05

Figure 7.21: Probability density of amplitudé, (w) for U*/U; € [0.95;1.05] at
7 = 800 for the elastically mounted airfoil.

193



Chapter 7. Unsteady Adaptive Stochastic Finite Elemerits wierpolation at constant phase

The three points mentioned above are illustrated in apdics of UASFE-cp to
a mass-spring-damper system, the damped nonlinear DuSiiliador, and an elasti-
cally mounted airfoil with nonlinear structural stiffnesghject to random input param-
eters. Results for different types of probability disttibns are compared to those of
UASFE-ti and Monte Carlo simulations. For the mass-spdagiper system, UASFE-
cp shows a fourth-order linear error convergence rate,enthié error convergence of
UASFE-ti is limited by the parameterization error. The impoce of resolving the
effect of random parameters in unsteady problems is ifitesti by the maximum am-
plification of the input standard deviation by a fact@).7 in the damped nonlinear
Duffing oscillator. UASFE-cp results match those of Montel€#&or two random in-
put parameters in the Duffing system, while reducing the remolb samples by two
orders of magnitude t&V, = 45. UASFE-ti is in this problem unable to resolve the
time-independent functionals of the response of the dampatinear system.

The results for the elastically mounted airfoil demongtithiat randomness in the
frequency ratias(w) can leads to the onset of unstable behavior, which a single de
terministic simulation for mean valye, would have missed. The UASFE-ti formu-
lation does not capture the fast initial amplification of tendard deviation,, (7) of
the pitch anglex(w) caused by the transient behavior of the samples to more than a
20 times its deterministic amplitude. The adaptive refineinodé UASFE-cp results,
for this problem, in 86% reduction of the required number of samples\o= 21
compared to uniform grid refinement. The bifurcation of thenalative probability
distribution of the absolute pitch angle(w)| shows that due to the random{w) a
2.5% reduction of the flutter boundary compared to its deterstimlocation still re-
sults in a3.8% probability of flutter. A stochastic bifurcation analyeighe probability
density of pitch amplitudel,, (w) reveals a typical P-bifurcation behavior from a Dirac
delta function at zero amplitude to a unimodal probabilegysity function for positive
amplitudes.
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Chapter 8

Unsteady Adaptive Stochastic
Finite Elements for
multi-frequency aeroelastic
responses

The interpolation of the samples at constant phase limitsiiplication of the UASFE
formulation developed in the previous chapter to singéetfrency responses of which
the phase is well-defined. The fluid-structure interactiocomtinuous structures, how-
ever, naturally contains multiple frequencies. In thisgtleg the UASFE method based
on interpolation at constant phase is extended to multitfe@cy responses and contin-
uous structures by employing a wavelet decomposition ppegssing step. The effect
of randomness on the multi-mode signal is then resolved lpyyaqyg UASFE inter-
polation to the single-frequency components obtained bywavelet decomposition.
Results for multi-frequency responses and continuouststres show a 3 orders of
magnitude reduction of computational costs compared totdGarlo simulations in a
harmonically forced oscillator, a flutter panel problemq &me three-dimensional tran-
sonic AGARD 445.6 wing aeroelastic benchmark subject tdoamfields and random
parameters with various probability distributions.

Based on: J.A.S. Witteveen, H. Bijl, Effect of randomnessmuti-frequency aeroelastic responses resolved
by Unsteady Adaptive Stochastic Finite Elements, J. Confplys. (2009) submitted.
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8.1 Introduction

In this chapter the Unsteady Adaptive Stochastic Finitertelets framework is further
extended to resolve the effect of randomness on multi-Eagy aeroelastic responses
by employing a wavelet decomposition. The multi-frequesaynples are first con-
verted into their single-frequency components in a stathdeavelet decomposition
pre-processing step. The effect of the physical variatmmshe different frequency
components is then resolved using UASFE interpolation efsingle-frequency sig-
nals at constant phase. The final effect of the randomnedseomtlti-frequency re-
sponse is obtained by summing the contributions of the sifrgljuency components.
The multi-frequency response of a continuous structuresisgdiojected onto either the
nodal basis of a finite elements discretization or the modaisof the natural modes
of the structure in vacuum, before the wavelet decompasitiperformed.

The proposed UASFE formulation for multi-frequency resgemis developed in
section 8.2. The effect of randomness on the multi-frequeasponse of a single-
degree-of-freedom mass-spring system with harmonic eatéorcing is resolved and
the error convergence is assessed in section 8.3.1. llosé&c8.2 the stochastic multi-
frequency response of a continuous panel structure in sapierflow is analyzed us-
ing a modal projection of the structural response. The tdiggensional transonic
AGARD 445.6 wing subject to random free stream flow condgienstudied in sec-
tion 8.3.3. A nodal representation of the continuous stmécshows based on the tip-
node displacement that the randomness causes a non-zéabjity of flutter. The
results for input random fields and random parameters witiowa probability distri-
butions are compared to those of Monte Carlo simulationss @tmapter is concluded
in section 8.4.

8.2 Unsteady Adaptive Stochastic Finite Elements for
multi-frequency responses

The wavelet decomposition of multi-frequency time serg&briefly reviewed in sec-
tion 8.2.1. In section 8.2.2 the procedure for multi-fregeieresponses of continuous
structures is detailed. The UASFE interpolation of the irffgequency components
is developed in section 8.2.3. The resulting UASFE algarifor multi-frequency re-
sponses is summarized in section 8.2.4.
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8.2.1 Wavelet decomposition of multi-frequency signals

Assume that dynamical system (1.1)
L(x,tu(x,t,w)) = S(x,t), (8.1)

results in an oscillatory responséx, t, w), which consists of multiple frequency com-
ponents. The stochastic behavior of multi-frequency respe(x, ¢, w) is resolved
using UASFE by computindVs deterministic samples;(x, t) for varying parameter
valuesa;, with i = 1,..., N,. The multi-frequency samples;(x,t) are first de-
composed into their different modes using wavelets [18].102e discrete wavelet
transform of a signaf (¢) is given by

f(t) = Z Z Ya,b¥a,b(t): (8.2)
a b
with wavelet transform coefficients, , and wavelet
1 t—10
wuat) = =0 (12)). 83)

scaled and translated versions of the mother wave(let, with positive scale parameter
a and real shift parametér The discrete wavelet transform is used here to divide the
multi-frequency samples; (¢) into N; single-frequency componenis . (t)

N
wit) = iik(t), (8.4)
k=1

see Figure 8.1. The argumexnthas been dropped here for convenience in the nota-
tion. UASFE interpolation of the single-frequency signals (¢) is then performed to
resolve the effect of the randomness on the different frequeomponents given by
the functionsi(¢,w). In order to obtain an approximation of the stochastic behav
ior of the multi-frequency responsét, w) the contributions of the different frequency
components are summed

N¢
u(t,w) = Z’ak(taw)a (85)
k=1
from which the probability distribution and statistical ments of the output, e.g.

meanu, (t) and standard deviation, (¢), can be determined using sorting and numer-
ical integration. In order to effectively decompose a maitide signal using wavelet
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multi-frequency samples u;
single-frequency components u,,

single-frequency components u,

time t time t time t

(a) samples:;(t) (b) componentsi; 1 (t) (c) componentsi; »(t)

Figure 8.1: Decomposition of multi-frequency samplg$t) into single-frequency
components.

transformation, the different frequencies need to be seffity distinct. The wavelet
decomposition is performed using thMatlab Wavelet Toolbox. In the applications
Coifman’s wavelets [16] are employed, which give the besults for the considered
examples.

8.2.2 Treatment of continuous structures

Continuous structures in vacuum exhibit in general a nfrétijuency response in terms
of their natural modes and natural frequencies. The cogpirthe structure with a
flow field in a fluid-structure interaction alters the eigertas of the complete system.
Usually the natural modes and frequencies of the coupladmsyare unknown due to
the nonlinearity of the flow. Therefore, both a nodal and a ahaiéscription of the
structural response in terms of, respectively, the degpéfeedom of a finite element
discretization or the natural modes of the structure in vattesult in multi-frequency
signals. The nodal description results in multi-frequeregponses due to the multiple
natural frequencies of the system. The modal descriptiegsgise to multi-frequency
signals due to the change of the natural modes and frequsafdiee system caused by
the coupling with the flow.

The stochastic response of a continuous structure is atlyy, firstly, projecting
the sampled responses(t) onto either a nodal or modal basis, resulting in multi-
frequency signals; ;(t) with j =1, ..., Npor and Npor the number of degrees-of-
freedom of the discretized structure. Secondly, the nitdtfuency nodal or modal re-
sponse signals,; ;(t) are decomposed into their single-frequency comporients(t),
with £ = 1,..., Ng, using the wavelet analysis based on (8.2) and (8.3). UASFE i
terpolation is then, thirdly, performed for the singlegfoency components; ; ;. (t) of
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the nodal or modal response to obtaipny (¢, w). Finally, the UASFE results for the
components; (¢, w) are summed together

Npor Nt

ult,w) = > > djk(tw), (8.6)

j=1 k=1

to determine the stochastic response surfd¢gw).

8.2.3 Unsteady Adaptive Stochastic Finite Elements samplj in-
terpolation

The single-frequency signais ; » (t) which result from the wavelet decomposition of
multi-frequency signals; ;(t) are interpolated using Unsteady Adaptive Stochastic Fi-
nite Elements (UASFE) with interpolation of the samplesatstant phase developed
in chapter 7. The values of the random parameters(w) for the N, deterministic
computations are selected using a non-intrusive Adaptisetastic Finite Elements
(ASFE) method based on Newton-Cotes quadrature pointsiplsk elements devel-
oped in chapter 4. The ASFE formulation employs a piecewisalrptic approxima-
tion of the response surface by dividing parameter sphggo N, simplex elements
Aywithl =1,..., N.. The quadratic approximation in the elements is constd.ioye
performing deterministic solves for the values of the rang@rametersa(w) that cor-
respond to the{";”) second-degree Newton-Cotes quadrature points in the ateme
shown in the two-dimensional example of Figure 7.2a. Thmfdation can geometri-
cally be extended to arbitrarily higher-dimensional pagtenspacesl.

The single-frequency signals ; i (¢) are interpolated at constant phase by scal-
ing them with their phase; ; ,(t) to i} ; ,.(¢i;,x(t)). The time series of the phases
¢i,5,x(t) and the scaled signals; ; , (¢i,;,x(t)) are interpolated using the piecewise
quadratic interpolation of ASFE to the functiongy (¢, w) and; ;. (¢,x(t,w),w), re-
spectively. The result of the ASFE interpolation, (¢;x(¢,w),w) is scaled back to
a function of timed; ,(¢,w) using ¢; (t,w). The approximation of the stochastic
response surfaegt, w) is finally obtained by summing the contributions of the s@gl
frequency components; ; (¢, w) according to (8.6).

The phasep; ; 1 (t) is extracted from the single-frequency signals using a-tria
and-error procedure based on the local extrema of the tinessg ; 1 (¢) detailed in
Chapter 7. The UASFE interpolation is restricted to the tdoeain that corresponds
to the range of phases that is reached by all samples in eabk efements. UASFE
can be applied to problems in which the phase of the singlguency signals; ; «(¢)
is well-defined. In other cases the ASFE interpolation idiegmlirectly to the samples

Uj (t)
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The initial discretization of parameter spateonsisting of the minimumav,, , =
n! simplex elements anfy;;, , = 3" samples, see Figure 7.2b, is adaptively refined as
illustrated in Figure 7.2c. The refinement measyren element4; is the total of the
absolute eigenvalues of the Hessians of the quadratic gippations ofg; (¢, w) and
afp(dyk(t,w),w) forj = 1,..., Npor andk = 1,..., N; weighted by the proba-
bility contained by elementi;. The stochastic grid refinement is terminated when a
convergence criterion for the approximatity, of the meanu, (¢) and standard devia-
tion o, (t) defined in chapter 6 is reached or when a threshold for thermarinumber

of sampledV; is exceeded.

8.2.4 Algorithm summary

The resulting Unsteady Adaptive Stochastic Finite Elemeahgorithm for resolving
the effect of random parameters on fluid-structure intevacystems with multi-frequency
responses and continuous structures is listed below:

1. Compute the deterministic system responsg€s) by solving (8.1) for the pa-
rameter values; corresponding to the quadrature points in the initial static
gridfori =1,..., Ng,.;

2. Project the deterministic responses of the continuaustsire onto a nodal finite
element representation or onto the natural modes of thetsteuin vacuum,
which results in the time series ;(¢) with j = 1,..., Npor;

3. Decompose the multi-frequency signals;(¢) into single-frequency compo-
nentsi; ; 1 (t) using wavelet decomposition based on Equations (8.2) a8 (8

4. Interpolate the single-frequency time serigs x(¢) to the functionsi; i (¢, w)
using UASFE interpolation of the signals ; »(¢) at constant phase;

5. Determine the stochastic response surig¢gv) by summing the contributions
of the single frequency componerits;, (t, w) according to Equation (8.6);

6. Refine the element of the stochastic grid with the largahiersof refinement
measurey withl = 1,..., N, ;;

7. Repeat steps 1 to 6 for the parameter valyemrresponding to the new quadra-
ture points in the refined element with= N5, +1,..., N,

Snew !

8. Stop the adaptive stochastic grid refinement based orecgence of the mean
1y (t) and standard deviation, (¢), or thresholdV; for the maximum number of
samples.
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Figure 8.2: Forced mass-spring system.

For single-degree-of-freedom structural systems stem2bsiously be omitted.

8.3 Results

The UASFE method is applied to multi-frequency signals amtiouous structures in

a harmonically forced oscillator in section 8.3.1, a flugtanel in section 8.3.2, and the
transonic three-dimensional AGARD 445.6 wing in sectidh 3. The results are com-
pared to those of converged Monte Carlo simulations witmivepaced realizations
in sample space € [0, 1].

8.3.1 Harmonically forced oscillator

The mass-spring system with a harmonic forcing as desciibsdction 8.3.1.1 is a
simple model problem for a structural system with aerodyindancing. The resulting
multi-frequency response contains the forcing frequemdythe natural frequency of
the structure. The effect of a random spring stiffness omthbi-frequency response
is resolved in section 8.3.1.2. In section 8.3.1.3 the efféndependent randomness
in a combination of spring stiffness and forcing frequerscgtudied.

8.3.1.1 Forced mass-spring system

The forced mass-spring system of Figure 8.2 is governed by

2
]V[% + K(w)z = Ap sinwr (w)t, t €0, 00), (8.7)

with initial conditionsz(0) = 0 and9dx/9t(0) = 0 for the position and velocity of
massM = 1, and forcing amplitudelg = 1. Randomness is assumed in the posi-
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tive parameters spring stiffness(w) and forcing frequencyr (w) given by truncated
lognormal distributions with mean valuesk = 1 andp,,. = 5 and coefficients of
variation 0of10%. The forcing frequencyr has been chosen here to differ sufficiently
from the structural eigenfrequency for the mean structstiihess./ux /M = 1 for
the wavelet decomposition to be effective. The tails of thabpbility distribution are
truncated such that the resolved parameter domain acctmurit8.8% of the realiza-
tions as is common for multi-element methods. The resuliigg truncation error is
small compared to the usual discretization and time integraerrors in engineering
simulations. TheV; = 2 frequencies in the time evolution aft,w) can clearly be
recognized in the analytical solution of (8.7)

Ap ) wrw) . [K(w)
z(t,w) = K(0) = Mar(@)? (smwp(w)t \/Wsm i t) . (8.8)
The frequency of the first sinusoidal term equals the fordmeguencywr and the
second term is governed by the natural frequency of thetsimreig/ K (w) /M. Analyt-
ical solution (8.8) is evaluated at discrete time levwg|s= mAt, withm = 0,..., NV,
Nt = tmax/At, andAt = 0.01 for the results to be comparable with those of problems
solved by numerical time integration. The samples are caetbuntil¢,,,, = 100 to
determine the stochastic solution uriti= 50. The considered time interval corre-
sponds to approximateB0 and 16 periods for the mean harmonic forcing frequency
1wp and the structural eigenfrequency for the mean value oftifiress uk, respec-
tively.

8.3.1.2 Multi-frequency response resolved

Firstrandomness is assumed in the spring-stifffi&gs) in combination with the mean
value of the forcing frequengy... According to analytical solution (8.8) (w) influ-
ences the frequency and amplitude of the second sinuseighaldriginating from the
eigenmotion of the structure. The randomness has no effettteofrequency and only
a small effect on the amplitude of the term induced by theifgrcThese observations
are illustrated by théV, = 3 samples of the initial UASFE discretization of probabil-
ity space withN, = 1 element fort = [0,20] in Figure 8.3a. The multi-frequency
responses consist of a varying large amplitude and low &equeigenmotion super-
imposed with a small amplitude and constant forcing fregyesignal. It is essential
to decompose these multi-frequency signals into singigiffency components, since
the phase of the samples is determined by the UASFE algobthisentifying periods
of oscillation based on the continuation of the signal adtkycal maximum.

The separate frequency components can be recognized iavible7l wavelet de-
composition of the samples; (¢) into two single-frequency signals, ;. (¢) shown in
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Figure 8.3: TheV, = 3 samples of UASFE witliV, = 1 element for the harmonically

forced oscillator with randonk (w).
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Figure 8.4: Results for the harmonically forced oscillatath randomK (w).

Figures 8.3b and 8.3c. It can be seen that the wavelet deitimpadoes not exactly
reconstruct the single-frequency components as perigdicssidal functions. This
results in a slightly different decomposition of each sampthich can affect the con-
vergence behavior of the method. These effects decrease afiffierence between
the frequencies increases. The UASFE interpolation of #mepdes is performed at
constant phas¢ after extracting the phase as function of tighg, (¢) from the single-
frequency signalg;; ;. (¢). In Figure 8.3d the single-frequency signals as function of
their phasez? , (¢;,1) are shown foj = 1. It can be observed that scaling the signals
Z; 1 (t) with their phasep; . (t) eliminates the effect of the increasing phase differences
with time, which results in the time-independent accuralcASFE. Forj = 2 the
plot of the single-frequency signals in terms of their phasg(¢; ) resembles that
of the time historieg;; »(¢) of Figure 8.3c, since their frequency is not affected by the
randomness itk (w).

Combining the UASFE interpolations of the decomposed sifigiquency compo-
nentsz (t,w) according to (8.5) results in the approximation of the meaft) and
standard deviation(t) given in Figure 8.4 forN. = 1 and Ny = 3. The results
match those of a converged Monte Carlo simulation vi\th= 1000 samples up to a
maximum error of = 3.4 - 102, while reducing the computational costs in terms of
the number of deterministic solves by 3 orders of magnitude.

In the time history of the meap,(t) the two frequency components are clearly
present in terms of a decaying low frequency oscillationesumpposed by a high fre-
guency periodic oscillation. The low-frequency componeith approximately the
natural frequency of the structure decays due the effest(af) on the frequency and
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Figure 8.5: UASFE error convergence for the harmonicaligéd oscillator with ran-
domK (w).

the increasing phase differences between the low-frequemmmponents of the sam-
plesz;(t). The high-frequency forcing component pf(¢) does not decay with
time, since the forcing frequency is unaffected&yw). The mean of this stochastic
multi-frequency response does, therefore, not reach angtsyically steady value, in
contrast with single-frequency periodic responses stibje random frequency.

The standard deviatioa, (t) shows, on the other hand, the typical behavior of
single-frequency signal with a random frequency and detesiic initial condition.
The initially oscillatory increase to a steady asymptotitue ofo, = 0.148 originates
from the effect ofK’(w) on the frequency and amplitude of the eigenmotion component
of the responsg; 1 (¢). The forcing component; ; (¢) does not significantly contribute
to o« (t), sinceK (w) has only a small effect on the amplitude on the forcing mode.

In Figure 8.5 the error convergence of UASFE based on the oamps of analyti-
cal solution (8.8) is given. The relative maximum error ia thearu,(¢) and standard
deviationoy (t) with respect to the Monte Carlo reference solution are shoWime
UASFE discretization maintains asymptotically a fourtidler error convergence also
for multi-frequency responses, which is in accordance withunderlying Adaptive
Stochastic Finite Elements method based on second-degretitCotes quadrature
of Chapter 4.

8.3.1.3 Combination of randomness in structure and forcing

Randomness in an independent combination of spring stéfii€w) and forcing fre-
quencywr (w) results in a qualitatively different stochastic solutidrhe UASFE ap-
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Figure 8.6: Results for the harmonically forced oscillavath random K (w) and
wr(w).

proximation of the meap,(¢) and standard deviatian (¢) for N. = 4 elements and
Ny = 13 given in Figure 8.6 is converged updg, = 5 - 10~2. The comparison with
a converged Monte Carlo result basedén= 6.3 - 10* samples shows that UASFE
leads to a maximum error ef= 1.5 - 10~2 while achieving a reduction of samples by
3 orders of magnitude. The large sample size required by thetéCarlo method to
converge illustrates the complexity of this multi-scalecstastic example. The mean
1« (t) shows for this case a decaying oscillation to zero due toffleeteof K (w) and
wr(w) on the frequency of both modeés,; (t) and Z;2(t). The contribution of the
high frequency component »(t) to ux(t) decays fast and can only be identified for
t < 5. The standard deviation, (¢t) shows a more complex initial behavior due to the
additional randomness inp(w). Fort > 5 the standard deviation (t) is slightly
higher compared to the results for deterministic forcinthvéin asymptotic value of
ox = 0.154.

8.3.2 Flutter panel

The two-dimensional panel problem is a relatively simplaregle of a continuous
structure which exhibits a multi-frequency response assalref aerodynamic loads
[51]. A modal representation of the response of the pandlpro described in sec-
tion 8.3.2.1 is used here in terms of the eigenmodes of thetsiie. The effect of
randomness in the panel density on the energy of the steu@uanalyzed in sec-
tion 8.3.2.2. In section 8.3.2.3 a random field for the modwlfielasticity of the plate
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Figure 8.7: Two-dimensional flutter panel problem.

is considered.

8.3.2.1 Panel problem

The dynamical behavior of a fully clamped plate subject taessonic flow sketched
in Figure 8.7 is a standard test problem in aeroelasticity 00]. The material of
the plate with length. = 1m has a Poisson ratio @f, = 0.35. The air flow with
unperturbed density,, = 1.225kg/m* and pressure.,, = 1.0 - 10°Pa has a free
stream Mach number a¥/,, = 2.5 and ratio of specific heatg = 1.4. The effect
of randomness in the densipy, and the modulus of elasticiti,, (z,w) of the plate
is considered. Parametric randomness is assumed in tleeddasityp, given by a
uniform distribution around meam, = 2700kg/m® with coefficient of variatiorcv,,
of 10%. The randomness in the modulus of elasticity of the plajér, w) is described
in terms of a random field with local mean; = 70 - 10°Pa and local coefficient
of variation of0.1% for the linear physical modeling to remain valid. The sgatia
correlation is given by the exponential covariance functio

_lzg—xo]

C(zy,22) =€ e | (8.9)
with correlation lengthL. = L. The thickness of the plafe= 4.38 - 10~3m is chosen
such that it corresponds to the deterministic flutter point.

The equations of motion of the plate are discretized by aefieliément discretiza-
tion with 3 spatial elements with Hermitian basis functions for thealaisplacements

and rotations. Piston theory is used to determine the aaeodic pressurg, (z,t) on
the upper side of the panel

(8.10)

ow ow
EJFV“@_:C)’

pu(xat) = PooCoo (
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with vertical plate displacement(z,t,w), and free stream speed of sound and
velocity V.. First-order relation (8.10) is a valid approximation fapgrsonic flow
with Mach numbers fron2 to 5 [21]. The discretization of the flow and the structure
results in a matrix equation governing the coupled aertelsgstem
0%u ou
Mat2 +D 5 + Ku =0, (8.11)

with u(t, w) the nodal degrees of freedom of the structure, structurabmaatrix}M,
aerodynamic damping matri®, and stiffness matri¥x< with a symmetric and asym-
metric contribution of the structure and the flow, respetyiv The random field for
the modulus of elasticit, (x, w) is discretized in terms of a finite number of random
parameters using a Karhunen-Loeéve (KL) expansion [52]dated after the second
term. Time marching is performed until= 0.5 using a second-order implicit time
integration scheme with a time stepAf = 1- 10~

Since the aerodynamic forces are modeled here using linstmptheory, the
eigenfrequencies and eigenmodes of the coupled fluidtsteisystem can, in prin-
ciple, be determined. However, this example is used heretastaroblem for an
aeroelastic system with, in general, nonlinear aerodyosinti is, therefore, assumed
in the stochastic analysis that only the eigenmodes of tteati structure in vacuum
are known. The motion of the structure is here describedrimdenf the structural
eigenmodes. The initial condition is given by the first eigexdle of the plate with a
maximum deflection 06.01m.

8.3.2.2 Continuous structure analyzed

The difference between the eigenmodes of the structurehanse bf the coupled fluid-
structure interaction system for the mean values of theawnplarameters are shown
in Figure 8.8. Due to these differences the initial deflactbthe first structural eigen-
mode excites all eigenmodes of the coupled system. In thédtires dynamical re-
sponse the coupled eigenmodes oscillate at their coupjedieequencies, which dif-
fer from the structural natural frequencies as given in &gbll. Projecting the plate
motion back onto the structural eigenmodes results in Am@tjuency signals for the
dynamical behavior of the plate described in terms of itscstiral eigenmodes. Also
a nodal description of the structure in terms of the degoddeeedom of the finite
element discretization gives rise to multi-frequency aign

The multi-frequency response of the structural eigenmasléiustrated in Fig-
ure 8.9 for the example of the velocity component of the fowetgenmodey,(t)
for randomness in the plate densjy(w) and a deterministic modulus of elasticity
E, = pg,. The Ny = 3 UASFE samplesy, (t) for N. = 1 element show the effect of
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Figure 8.8: Deterministic eigenmodes of the structure aedcoupled fluid-structure
interaction system for the panel problem.

Table 8.1: Deterministic eigenfrequencies of the striectand the coupled fluid-
structure interaction system for the panel problem.

eigenmode|  eigenfrequency [Hz]
structure  fluid-structure
1 24.49 53.81
2 68.05 59.78
3 135.0 133.3
4 255.4 254.8
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Figure 8.9: ThelV; = 3 sampled velocity components of the fourth eigenmagdé:)
of UASFE with N, = 1 element for the panel problem with random plate density

Pp(w).

the randomness on the multi-frequency response up=td.1s. The multi-frequency
signals for the eigenmode deflections and velocities are tiecomposed into single-
frequency signals using a level 5 wavelet decomposition.

The influence of the randopy,(w) on the meam(¢) and standard deviatian(t) of
the total energy of the structure is shown in Figure 8.10.uRe$or the potential and
kinetic energylJ (¢,w) andT (¢, w), of the plate are also given. The UASFE results for
N, = 1 element andV, = 3 samples agree up to a maximum erroecf 7.7 - 1073
with converged Monte Carlo results based/8n= 500 samples, while reducing the
computational costs by 2 orders of magnitude. In Figure&4dl6o the deterministic
total structural energy is shown, which exhibits initiaflyfast increase due to trans-
port of energy from the flow to the structure. The asymptdiiqaeriodic oscillation
for the total structural energy illustrates that the detarstic parameter settings corre-
spond to the deterministic flutter point. The mean total gnés initially close to the
deterministic result for < 0.05. However, for larget the randomnp,(w) results in
an asymptotically diverging mean total energy. This obeon is in correspondence
with the well know fact that randomness can trigger the onsenstable behavior of
aeroelastic systems. The mean total energy is approxiynegeially divided between
mean potential and kinetic energy.

Randomp,, (w) results also in an increasing standard deviation for tred, tpoten-
tial, and kinetic energy of the plate as shown in Figure 8.1Qitially the variation of
the potential and kinetic energy partially cancel eachmtlbich results in a smaller
standard deviation for the total energy. For 0.3 the standard deviation of the total
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Figure 8.10: Results for the panel problem with random platesityp, (w).

energy is larger than those of the potential and kineticgnérhe coefficient of varia-
tion of the total energy increases to a valu&®2H% att = 0.4, which corresponds to
an amplification factor of the input randomnes$afb.

8.3.2.3 Random field for modulus of elasticity

The random field for the modulus of elasticiB, (, w) results in a different behavior
of the mean and standard deviation of the potential and ikiretergy,U (¢, w) and
T(t,w), of the plate than randomy, (w), see Figure 8.11. The mean and the standard
deviation ofU(¢,w) and T'(¢,w) oscillate alternately between zero and the value of
the mean and standard deviation of the total energy, rasphct This indicates that
the randomness &, (z, w) does not significantly affect the frequency of oscillation
of the plate. The).1% variation in the modulus of elasticity has, however, a simil
quantitative influence on the mean and standard deviatidgheofotal energy of the
plate as tha 0% variation ofp, (w). The total energy of the plate is, therefore, 2 orders
of magnitude more sensitive to variation EYx,w) than inp,(w). The mean and
standard deviation increase in time to a coefficient of wneof 48.5% att = 0.4,
which corresponds to an amplification factor for the coeffitiof variation of485.

The UASFE results shown faV, = 8 elements andVy; = 25 samples are con-
verged up tol - 1073, In Figure 8.12 the mean and standard deviation of the total
energy approximation of UASFE are compared to those of M@ado simulation
based on the same Karhunen-Loéve expansion as used forBEJ&SEliminate the
Karhunen-Loeéve discretization error. The Monte Carlaiftssfor 103, 104, and10°
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Figure 8.11: Results for the panel problem with random maslalf elasticity field
E(z,w).

samples converge to the UASFE results, although Monte Gamalation with10°
samples has not yet reached the accuracy of UASFE basad en25 samples. The
comparison for the potential and kinetic energy resulth@égame observations.

8.3.3 Three-dimensional transonic wing

The transonic AGARD 445.6 wing [120] is a standard benchnecase for the fluid-
structure interaction of a three-dimensional continudnsture. The discretization of
the aeroelastic configuration is described in section 8.3I8 section 8.3.3.2 random-
ness is introduced in the free stream velocity. The stochestponse of the system
and the flutter probability are determined.

8.3.3.1 AGARD 445.6 wing benchmark problem

The AGARD aeroelastic wing configuration number 3 [120] knaas the weakened
model is considered here with a NACA 65A004 symmetric alirtaper ratio of 0.66,
45° quarter-chord sweep angle, and a 2.5-foot semi-span gubjen inviscid flow.
The structure is described by a nodal discretization usingradamped linear finite
element model in thMatlabfinite element toolboXdpenFEM[73]. The discretization
contains in the chordal and spanwise direction6 brick-elements with 20 nodes and
60 degrees-of-freedom, and at the leading and trailing 2dgé pentahedral elements
with 15 nodes and 45 degrees-of-freedom as in [125]. Thethic material proper-
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Figure 8.12: Results for the panel problem with random maslalf elasticity field
E(z,w).

ties are obtained from [6] and the fiber orientation is takarajpel to the quarter-chord
line.

The Euler equations for inviscid flow [15] are solved usingaand-order central
finite volume discretization on 60 x 15 x 30m domain using an unstructured hex-
ahedral mesh. The free stream conditions for the depsity= 0.099468kg/m* and
pressuren,, = 7704.05Pa are taken from [120]. Time integration of the samples is
performed using a third-order implicit Runge-Kutta scheldd] until ¢ = 1.25s to
determine the stochastic solution urniti= 1s. The first bending mode with a verti-
cal tip displacement ofii;, = 0.01m is used as initial condition for the structure, see
Figure 8.13.

The coupled fluid-structure interaction system is solvedgia partitioned IMEX
scheme [123, 124] with explicit treatment of the couplingrts without sub-iterations.
An Arbitrary Lagrangian-Eulerian formulation is employtxicouple the fluid mesh
with the movement of the structure. The flow forces and thgctiral displacements
are imposed on the structure and the flow using nearest naigiid radial basis func-
tion interpolation [125], respectively. The fluid mesh isaldeformed using radial
basis function interpolation of the boundary displacem¢®f A convergence study
has been performed to determine a suitable flow mesh dizatieth and time step size.
Deterministic results for the selected flow mesh wgith- 10* volumes and time step of
At = 2.5 - 1073s agree well with experimental and computational resultaénliter-
ature [46, 120, 125]. The deterministic flutter velocityasihd to bely,; = 313m/s,
which corresponds to a Mach numberidf,, = 0.951.
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Figure 8.13: Initial condition and grid for the AGARD 445.éng for mean free stream
velocity py__ -

8.3.3.2 Randomness causes non-zero flutter probability

In the following, the effect of randomness in the free streahocity U, (w) is stud-
ied. The mean free stream velocity is cho5&nhbelow the actual deterministic flutter
velocity, ., = 0.95Uays, t0 assess the effectiveness of a realistic design safety fa
tor. The coefficient of variation of the assumed unimodaaldistribution is set to
cvy,, = 3.5%. The outputs of interest are the I{¢, w) and the vertical tip displace-
ment of the tip-nodey, (¢, w).

The first Ny = 3 sampled time series of the lift; (¢, w) of the UASFE discretiza-
tion with N, = 1 element show in Figure 8.14a that the first bending mode iddine
inant mode in the system response. A second mode which igllipipresent in the
response, damps out quickly, such that a wavelet deconpopite-processing step is
in this case not necessary to obtain the stochastic solusimy UASFE. The samples
illustrate that the free stream velocity has a significafgatfon the frequency and the
damping of the system response, which results in a divegoijation for: = 3, and
decaying oscillations foi = 1 and mean valugy_, ati = 2. The same conclusions
can be drawn from Figure 8.14b in which the response surfppeoaimation of the
lift L(¢t,w) att = 1is given forN, = 5 elements andV; = 11 samples. The response
surface has an oscillatory character due to the effect ofshéomU, (w) on the fre-
quency of the lift oscillation and consequently on the ptdifferences inL(¢,w) at
t = 1. The adaptive UASFE grid refinement results automaticallg gradually finer
mesh in the region of large lift amplitudes at large valueE of(w).

Results for the time evolution of the mean(¢) and the standard deviatian, (¢)
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(a) lift samplesL;(t) (b) lift response surfacé (¢, w) att =1

Figure 8.14: Results for the AGARD 445.6 wing with randomefigream velocity
Uso (w).

of the lift are given in Figure 8.15 faW, = 4 and N, = 5 elements. The two approx-
imations are converged with respect to each other Up t)—3. The time history for
the mean liftur, (¢t) shows a decaying oscillation up to= 0.4s from the initial value

of u1, = —23.9N. This behavior can be explained by the decaying lift oatidh for a
large range ot/ (w) values and the effect df, (w) on the increasing phase differ-
ences with time. For > 0.4 the decay is approximately balanced by the exponentially
increasing amplitude of the unstable part of thg (w) parameter domain. In contrast,
the standard deviation shows an oscillatory increase franiritial o, = 2.46N up to

a local maximum ob, = 18.3N at¢ = 0.31s due to the increasing phase differences
with time. Fort > 0.31 the standard deviation slightly decreases due to the dengea
lift amplitude in part of the parameter domain. Eventudhg unstable realizations re-
sultin an increasing standard deviation which reachés-at values betweeny, = 14
andop, = 19, which corresponds to an amplification of the initial stanlddeviation
with a factor6 to 8.

The nodal description of the structure directly returns ibetical tip-node dis-
placement;,, (t,w). The approximations of the mean,, (¢) and standard deviation
Tyup (1) Of ytip(t,w) show in Figure 8.16 a qualitatively similar behavior as tifie |
L(t,w). The standard deviation,,, (¢) vanishes, however, initially due to the de-
terministic initial condition for the structure in conttasith the non-zerori,(t) at
t = 0. The standard deviation reaches values betwgen = 4.2 - 10~®m and
Oy, = D.6-107°m att = 1, which corresponds to a standard deviation equal to
42% and56% of the deterministic initial vertical tip deflection.
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40 —_UASFE (N_=5,N _=11) o
30| ... UASFE (N,=4,N_=9)
= 20¢
20| =3
Z
o
= £
g 10| Rt
£ 0 kS
s 3
g 10+
£ -10 o
k]
2
-20 g
5 g
30 _UASFE (N, =5N_=11)
.. UASFE (N,=4,N_=9)
-40) o
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time t [s] time t [s]
(a) meanuy, (b) standard deviationr,

Figure 8.15: Results for the AGARD 445.6 wing with randomefigream velocity
Uso (w).
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Figure 8.16: Results for the AGARD 445.6 wing with randomefgream velocity
Uso (w).
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Figure 8.17: Results for the AGARD 445.6 wing with randomefigream velocity
Uso (w).

The probability of flutter can be determined by constructhmg probability distri-
bution of the damping factor of the system given in Figurer8.The damping factor
is here extracted from the last period of oscillation of thenpled vertical tip node
displacements. Positive and negative damping factorstdemstable and damped os-
cillatory responses, respectively. Even though the mesza dtream velocity.y__ is
fixed at a safety margin df% below the deterministic flutter velocity,, the non-
zero probability of positive damping indicates a non-zeutidr probability. The3.5%
variation inU,, (w) results actually in a probability of flutter 6£19%. Taking phys-
ical uncertainties into account in numerical predictionstherefore, a more reliable
approach than using safety margins in combination withrdetestic simulation re-
sults.

8.4 Summary

The Unsteady Adaptive Stochastic Finite Elements (UASF&hwd based on interpo-
lation at constant phase is extended to resolve the effaetnafomness in aeroelastic
simulations with multi-frequency responses and contisustouctures by employing
a wavelet decomposition pre-processing step. The sampldiitfrequency signals
are decomposed into their single-frequency componentsinvavelet analysis. The
effect of the randomness on the single-mode componentsdsndi@ed by employing
UASFE interpolation of the single-frequency signals atstant phase. This eliminates
the effect of the increasing phase differences betweeratheles and consequently the
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increasing number of samples with time usually requiredyentainty quantification
methods in time-dependent problems. The stochastic behafithe multi-frequency
response is, finally, obtained by summing the separatetsfééthe single-mode com-
ponents. The actual interpolation is performed using ainbmsive higher-order total
variation diminishing Adaptive Stochastic Finite Elemee(ASFE) approach based on
Newton-Cotes quadrature in simplex elements. The reguliASFE method is an
efficient and robust approach for resolving the stochae8paonse of multi-frequency
systems and continuous structures.

The application of UASFE to the multi-frequency responsgledrmonically forced
oscillator with randomness in the spring stiffness and treifig frequency illustrates
the effectiveness of the approach for this complex mukliiesstochastic problem by
reducing the required number of samples by 3 orders of madmitompared to Monte
Carlo simulations. The UASFE discretization achieves atfoorder error conver-
gence with respect to the Monte Carlo reference solutiomdindom spring stiffness.
The study of a multi-mode response of a continuous platetsirelin supersonic flow
with a random plate density and a random field modulus ofielgsshows a qualita-
tively different stochastic behavior of the potential arideitic energy of the plate for
the two sources of randomness. The diverging mean and sthdelaation of the total
structural energy are 2 orders of magnitude more sensiivatiations in the modu-
lus of elasticity than the plate density, which results inaamplification of the input
coefficient of variation by a factol85 att = 0.4. The results for the aeroelastic simu-
lation of the three-dimensional transonic AGARD 445.6 wivith random free stream
velocity illustrate that, although the mean free streanoeity is a safety margin of
5% below the deterministic flutter velocity,35% variation still results in a non-zero
flutter probability 0f6.19%.
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Chapter 9

Derivation of total variation
diminishing, extrema
diminishing, and bounded error
properties

In Chapters 5 to 8 an efficient Unsteady Adaptive StochastiteFElements (UASFE)
method is developed for uncertainty quantification in tidegendent simulations based
on interpolation at constant phase. The underlying Ada@8iochastic Finite Elements
(ASFE) method based on Newton-Cotes quadrature in simdexents is introduced
in Chapter 4 for robust uncertainty quantification in stepdyblems. In this chapter
the total variation diminishing (TVD), extrema diminisgifED), and bounded error
properties of the presented methods are derived. Thesenpiexpare demonstrated in
application to a steady transonic airfoil flow and a trans@ifoil flutter problem.

9.1 Introduction

Global polynomial approximations of discontinuities iropability space can result
in oscillatory predictions and unphysical realizationsncg the main motivation for

Based on: J.A.S. Witteveen, H. Bijl, A TVD uncertainty qufioation method with bounded error applied
to transonic airfoil flutter, Commun. Comput. Phys. 6 (20006—432.
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Chapter 9. Derivation of total variation diminishing, eitra diminishing, and bounded error properties

performing uncertainty analysis is to obtain reliable comagional predictions, it is

important to assure the robustness of uncertainty quaattdic methods. In the deter-
ministic finite volume community the total variation dimshing (TVD) and extrema
diminishing (ED) properties [33, 42] of finite volume metlsodscertain that no un-
physical solutions are predicted due to overshoots andrehdets near discontinuities.
Itis, therefore, useful to extend these concepts to uriogytquantification methods in

probability space.

In unsteady problems, uncertainty quantification methadslly require a fast in-
creasing number of samples with time to maintain a consteeuracy. This effect
is especially profound in problems with oscillatory sotuts in which the frequency
of the response is affected by the random parameters. Assegoance, the error in
an approximation based on a constant number of samplesseseapidly with time.
The derivation of an error bound for an uncertainty quarttfan method for unsteady
problems is, therefore, important to establish its religbi

Itis shown that the Adaptive Stochastic Finite Elementdroétvith Newton-Cotes
guadrature in simplex elements is an extrema diminishirgetiainty quantification
method in section 9.2. It is also shown that the method i¢ t@@ation diminishing
for one random parameter and for multiple random paramftefisst degree Newton-
Cotes quadrature. It is proven in section 9.3 that the Udgtéalaptive Stochastic
Finite Elements method with interpolation at constant phrasults in a bounded error
as function of the phase for periodic responses and und&irceonditions also in a
bounded error in time. The two methods are applied to a steradgonic airfoil flow
and a transonic airfoil flutter problem in section 9.4. Thacalasions are summarized
in section 9.5.

9.2 Adaptive Stochastic Finite Elements

The Adaptive Stochastic Finite Elements method based ontdtfe®@otes quadrature
in simplex elements is presented in section 9.2.1. It is shomder which conditions
the approach is total variation diminishing in probabiliyace in section 9.2.2. In
section 9.2.3 it is proven that the method is extrema dirhinggin probability space.

9.2.1 Newton-Cotes quadrature in simplex elements

Adaptive Stochastic Finite Elements with Newton-Cotesdyature and simplex el-
ements evaluate integral (1.3) by dividing parameter spha@e n. non-overlapping
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simplex elements!

o (X, 1) Z/ (x,t,a)" fa(a)da. (9.1)

A piecewise polynomial approximatian*®(x, t, a) of the response*(x, t, a) is con-
structed based om, deterministic solutions; (x, t) = u*(x, ¢, a; x) for the values of
the random parametess ; that correspond to th&, Newton-Cotes quadrature points
of degreed in the element4 ;

Ne s

Hu; (X, t) /’LW Z Z Cj,kVj, k X, t (92)

j=1k=1

wherec; ;. is the weighted integral of the Lagrange interpolation polyial L;  (a)
through Newton-Cotes quadrature pdirin elementA ;

Cik = / L; 1(a) fa(a)da, (9.3)
J

forj=1,...,ncandk =1,..., 7.

Here, first and second degree Newton-Cotes quadrature $sdesad,d = 1 and
d = 2. The second degree Newton-Cotes formulation is combinddadaptive mesh
refinement in probability space. The initial discretizataf parameter spacé for the
second degree adaptive scheme consists of the minimumy of= n,! simplex ele-
ments anchs, , = 3"+ samples, see Figure 7.2. The example of Figure 7.2 for two
random input parameters can geometrically be extendedjteehdimensional proba-
bility spaces. The element$; are adaptively refined using a refinement meagyre
based on the largest absolute eigenvalue of the Hesbiaais measure of the curvature
of the response surface approximation in the elements hiezigpy the probabilityf;

contained by the elements
:/ fa(a)da, (9.4)
Aj

with 377, f; = 1. The stochastic grid refinement is terminated whgn< 8, where
convergence measudg, is defined as

Op, = mMax

)

(|Muwem (X,t) = ftu,, (%,)|oo
|, (%, )]0
(Oupaya) () = o, (X, t)|00)

|Uune (%, 1)] oo ’

(9.5)
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with py,(x,t) andoy,(x,t) the mean and standard deviationwudk, ¢, w), or when a
threshold for the maximum number of sampigsis reached. Convergence measure
on, Can be extended to include higher statistical moments ofityaut.

Due to the location of the Newton-Cotes quadrature poirdg#terministic sam-
ples are reused in successive refinements and the sampleedri@ approximating the
response in multiple elements. In elements where the gtiadexond degree interpo-
lation results in an extremum other than in a quadraturetpthie element is subdivided
into 7, = 2™ subelements with a linear first degree Newton-Cotes appration of
the response without performing additional deterministilves.

As is common in multi-element methods, the probability & thndom parameters
a(w) is assumed to be zero outside a finite domain. Probabilityilsiigions on infinite
domains are truncated at a small enough threshold valu@égprobability, such that
the truncation error is small compared to other numerigairsithat occur in practical
applications.

9.2.2 Total variation diminishing

It is shown that Adaptive Stochastic Finite Elements basetlewton-Cotes quadra-
ture in simplex elements is total variation diminishing fare random parameter in
section 9.2.2.1. In section 9.2.2.2 it is argued that thehotkis also total variation
diminishing in higher dimensional probability spaces uffitst degree Newton-Cotes
quadrature.

9.2.2.1 One-dimensional probability space

Consider uncertainty quantification problem (1.1) with saedom input parameter
a(w), ny = 1, on a bounded connected domaine A, with one-dimensional pa-
rameter spacél = [min(a), max(a)]. Let response surfac€ (x,t,a) be a continu-
ously differentiable function. The argumentsand¢, and the index are omitted in
the following for simplicity of the notation. Let samplingethodg result in a dis-

crete set oh, samplesv = {v1,...,v,.} = g(u(a)) of response surface(a), with
vg = gr(u(a)) = u(ak), ax = a(wg), k=1,...,ns, and
a1 <ag < - < g, (9.6)

with ¢; = min(a) anda,, = max(a). Let interpolation method of the samples
result in a piecewise continuously differentiable intdgtion functionw(a) = h(v)
with w(ax) = vg, which is continuously differentiable on subdomaifis of A and
continuous on the subdomain boundarie$; with j = 1,...,n.. Let uncertainty
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quantification method evaluate (1.3) by approximating response surfa@e with
interpolationw(a) = Il(u(a)) = h(g(u(a))) of the samples,. Then the concepts
total variation, total variation diminishing, and totalrizion conserving are defined
in probability space as follows in correspondence to thefinitions for finite volume
methods in physical space in [33].

Definition 1. (Total variation) The total variatioril'V of response surfacg(a) in the
space A of random parametefw) is

TV(u) = /A

The total variation of the continuous and piecewise comtirsly differentiable approx-
imationw(a) is

ou

Ow;

TV (w) :ZTV(wj) = Z/A 5| da. (9.8)
J=1 J=17%
The total variation of the discrete set of samples
ns—1
TV(V) = Y [vksr — vk 9.9)
k=1

Definition 2. (Total variation diminishing) A set of samples is total variation di-
minishing (TVD) with respect to response surfade) if

TV(v) < TV(u). (9.10)

Sampling methog; is TVD if the resulting set of samples is TVD for all u(a).
Approximationw(a) of response surfacg(a) is TVD if

TV(w) < TV (u). (9.112)

Uncertainty quantification methdds TVD if the resulting approximatiow(a) is TVD
for all u(a).

Definition 3. (Total variation conserving) Interpolationw(a) of samplesv is total
variation conserving (TVC) if

TV(w) =TV (v). (9.12)

Interpolation method is TVC if the resulting interpolatiom(a) is TVC for all v.
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Based on these definitions it is proven below that Stoch&atite Elements with
Newton-Cotes quadrature in simplex elements is a TVD uaigyt quantification
method for random parametefw).

Lemma 1. Sampling method is TVD for random parametet(w).

Proof. For the total variation of the samples= g(u(a)) holds according to Defini-
tion 1

ns—1 nsg—1

TV(V) = Y |okpr — vl = Y u(arsr) — u(ax)]
k=1 k=1

e | gy du
< —_— e —_— = . .
< Y / % da /A 5| da=TV(u) (9.13)

k=1

Since (9.13) holds for alk(a), sampling method is TVD according to Definition 2.
([l

Consider Stochastic Finite Elements uncertainty quaatiao method* with first
degree Newton-Cotes quadrature in simplex elements. Sagnplethodg’ then re-
sults inngs samples/! in the vertices of the,, simplex elements. Interpolation method
h! results in a linear interpolation’ (a) of the samples’; in the elementsd;. For
one random parametefw) sampling methog! results inng = n. + 1 samplesv!.
Interpolation method! then results in the piecewise linear interpolatiof{a)

w'(a) = w'(a) = vj(aj1—a) + v (a— aj)’ (9.14)

Aj+1 = @

fora e A; =laj,a;41]andj =1,..., ne.

Theorem 1. Uncertainty quantification methdd based on first degree Newton-Cotes
quadrature in simplex elements is TVD for random parameter).

Proof. The total variation ofv! (a) is according to Definition 1 and (9.14)

e ow} le ot — ol
TV(w!) = / Z I \da = g+l 75 Qi1 —aj)
" ; 4, | Oa ; j+1 — a; (@41~
ns—1
= Z |vpr — vi| = TV(V'). (9.15)
k=1
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Since (9.15) holds for ait!, interpolation method' is TVC according to Definition 3.
Lemma 1 gives

TV(w') = TV(v') < TV(u). (9.16)

Since (9.16) holds for alk(a), uncertainty quantification methatlis TVD according
to Definition 2. O

Consider Stochastic Finite Elements uncertainty quaatitic method? with sec-
ond degree Newton-Cotes quadrature in simplex elementaplBa methody? then
results inn, samplesv? in the middle of the edges and in the vertices of thesim-
plex elements. Interpolation methdd results in a quadratic interpolatianf-(a)
of the samples@ in the elementsd;. For one random parametefw) sampling
methodg? results inng = 2n, + 1 samples. Interpolation methdd then results
in quadratic approximatiow?(a) in the element4;; through the samples; for k& =
{25-1,25,25+1},5=1,...,n,. Ifthe quadratic approximatiom?(a) in an element
A; has an extremum other than in a quadrature pgint.e.,

n}lijn(wjz(a)) < min(vgjflvvgjavgjﬂrl) v

fo(w?(a)) > max(vy; 1,035, V541), (9.17)

then elementd; is subdivided intori. = 2 subelements with a linear first degree
Newton-Cotes approximation based on the samplesgith £ = {25 — 1,25,2j + 1}

’Ugj—l (az; _‘1)+U§j (a—azj—1)
R a2j -azj—1

Vaj (azj+1 _a)+U2j+1 (a—az;)
a2j41—az2;

) ac [a2jflaa2j]7

w}(a) = (9.18)

, a € [az;, azjt1],

Theorem 2. Uncertainty quantification methold based on second degree Newton-
Cotes quadrature in simplex elements is TVD for random patam (w).

Proof. Two cases have to be considered to prove Theorem 2. In cabe @uadratic
approximatiorwf-(a) in elementA; has an extremum other than in a quadrature point
ay (9.17)

HI}SP(U’JQ‘(G)) < min(vy;_y, v3;,v51) V I&@X(W?(a)) > max(vy;_ 1, v3;, V3j41)-
J J

The approximatiomuf-(a) in elementA; is then given by the piecewise linear function
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(9.18). The total variation abf(a) in elementA; is then according to Definition 1

TV (w2 _ awaz' da = |2 — 2 2 .2
(wj(a)) = N Da a_‘UQj U2j71|+‘v2j+1 U2j‘
j
= TV(vgj_l, vgj, v§j+1). (9.19)

In case (ii) the quadratic approximatioﬁ(a) has its extrema in elemedt; in quadra-
ture points

nj}‘i_n(w?(a)) = min(vgj_l,v%j, vgjﬂ) A (9.20)

max(w?(a)) = max(vd;_y, 03, 03,41). (9.21)
J

The total variation ofv? (a) in elementA; is then

2
TV (w? = % da = |02, — o2 2 .2
(w] (a’)) - 6 a = "Ugj 'Ugj_1| + ‘02,74-1 122]-‘
Aj a
= TV(v5;_1, 05, 0341), (9.22)

which is equal to the result of case (i). For the interpolati¢ (a) of the samples?
over alln. elements then holds

TV(w?) =Y TV(w?) =Y TV(v3;_;,v3;,v3;,,) = TV(v?). (9.23)
Jj=1 j=1

Since (9.23) holds for ait?, interpolation method? is TVC according to Definition 3.
Lemma 1 gives

TV(w?) = TV(v?) < TV(u). (9.24)
Since (9.24) holds for alk(a), uncertainty quantification methdélis TVD according
to Definition 2. O

Similarly, it can be proven that zero degree Newton-Coteslcpture in simplex
elements is also a TVD uncertainty quantification methoddodom parameter(w).

9.2.2.2 Multi-dimensional probability space

Consider an uncertainty quantification problem with antesby number ofn, ran-
dom input parameters(w) = {a;1(w),...,an, (w)} on a bounded connected domain

226



9.2. Adaptive Stochastic Finite Elements

a € A. In this section it is argued that Stochastic Finite Eleragvith Newton-Cotes
quadrature in simplex elements is also a TVD uncertaintytifieation method in the
resulting multi-dimensional probability space for firsgdee Newton-Cotes.

Also for an arbitrary number of random paramete(s) holds that a sampling
methodg is TVD, since the resulting set of samplescannot result in larger total
variation than response surfacén).

Uncertainty quantification methdd based on first degree Newton-Cotes quadra-
ture in simplex elements is also TVD in multi-dimensionablpability spaces. The
linear interpolationwjl- (a) of the samplesvjl- in the vertices of simplex element;
conserves the total variation of the samplgsn element4;. Since the piecewise lin-
ear interpolations! (a) of the samples/! is continuous over the element boundaries
DA;, interpolationw? (a) is TVC with respect to the TVD samples

Uncertainty quantification methd@based on second degree Newton-Cotes quadra-
ture in simplex elements results for multi-dimensionaklability spaces in an approx-
imationw?(a), which is not everywhere continuous on the element bouasl@r ;.
Uncertainty quantification methoi# is, therefore, not TVD for multi-dimensional
probability spaces.

Zero degree Newton-Cotes quadrature in simplex elemesdsrakults in an ap-
proximation which is discontinuous at the element bouredgti ;.

9.2.3 Extrema diminishing

Another important property for uncertainty quantificatimethods is the extrema di-
minishing concept. This property eliminates the posdibitif predicting non-zero
probabilities for unphysical outcomes due to overshoataarmershoots near disconti-
nuities. Consider again an uncertainty quantification fgnokwith an arbitrary number
of n, random input parametesgw) = {a;(w),...,a,, (w)} € A. The concepts ex-
trema diminishing and extrema conserving are defined fdpadsdity space below in
accordance with their definitions in the context of finiteurake methods for physical
space [42].

Definition 4. (Extrema diminishing) A set of samples is extrema diminishing (ED)
with respect to response surfacg) if

min(v) > mjn(u(a)) A max(v) < mjux(u(a)). (9.25)

Sampling methog is ED if the resulting set of samplesis ED for all u(a). Approx-
imationw(a) of response surfacea) is ED if

mjn(w(a)) > mjn(u(a)) A mjux(w(a)) < m}x(u(a)). (9.26)
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Uncertainty quantification methdds ED if the resulting approximatiow(a) is ED
for all u(a).

Definition 5. (Extrema conserving)interpolationw(a) of sampless is extrema con-
serving (EC) if

mjn(w(a)) = min(v) A mjx(w(a)) = max(v). (9.27)

Interpolation method is EC if the resulting interpolatiow(a) is EC for allv.

It is proven below that the Stochastic Finite Elements metlith Newton-Cotes
guadrature in simplex elements satisfies the definition dRmncertainty quantifica-
tion method.

Lemma 2. Sampling method is ED.
Proof. For the minimum of the samplasholds

min(v) = mkin(vk) = mkin(u(ak)) > mjn(u(a)), (9.28)

and equivalently for the maximum

max(v) < mgx(u(a)). (9.29)

Since (9.28) and (9.29) hold for ala), sampling methog is ED according to Defi-
nition 4. O

Theorem 3. Uncertainty quantification methdd based on first degree Newton-Cotes
guadrature in simplex elements is ED.

Proof. For the minimum of the linear interpolationjl- (a) of the samplesyjl- in the
vertices of simplex element; holds

nj}‘in(wl (a)) = min(v}). (9.30)

J J
J

For the minimum of the piecewise linear interpolatioh(a) of the samples/! then
holds

m{éiln(w1 (a)) = mjin (Igljn(wjl (a))) = mjin(min(v})) = min(v!), (9.31)
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and equivalently for the maximum

mj‘m(w1 (a)) = max(v?'). (9.32)

Since (9.31) and (9.32) hold for a#l!, interpolation method' is EC according to
Definition 5. Lemma 2 gives

Ir}}n(wl (a)) = min(v!) > Ir}}n(u(a)), (9.33)

1112)((101 (a)) = max(v!) < m}x(u(a)). (9.34)

Since (9.33) and (9.34) hold for all(a), uncertainty quantification methdd is ED
according to Definition 4. O

Theorem 4. Uncertainty quantification methold based on second degree Newton-
Cotes quadrature in simplex elements is ED.

Proof. The two cases (i) and (ii) again have to be considered to prfoeerem 4. In
case (i) the quadratic approximatimﬁ(a) in element4; has an extremum other than
in a quadrature point; (9.17)

mijn(w?-(a)) < min(v}) Vv n{lqzix(w?(a)) > max(v5). (9.35)

The approximatiomu?(a) in elementA; is then given by a piecewise linear interpola-
tion of the samplesf, for which holds according to (9.31) and (9.32)

n}xljn(w?(a)) = min(v?), H}SX(’LU?(EI)) = max(v?). (9.36)
In case (ii) the quadratic approximatieri(a) in elementA; has its extrema in quadra-
ture points
. 2 . 2 2 2
Héljn(w.j (a)) = min(v;) A rrﬁx(wj (a)) = max(v}), (9.37)
which is equivalent to the result of case (i). For the minimamad maximum of inter-
polationw?(a) of samples/? on A then holds

mjn(wQ(a)) = min(v?), m}x(wQ(a)) = max(v?). (9.38)
Since (9.38) holds for al?, interpolation:? is EC according to Definition 5. Lemma 2

gives
Ir}in(w (a)) = min(v®) > Ir}in(u(a)), (9.39)
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m}x(wQ(a)) = max(v?) < mgx(u(a)). (9.40)

Since (9.39) and (9.40) hold for all(a), uncertainty quantification methdd is ED
according to Definition 4. O

Similarly, it can be shown that zero degree Newton-Coteslguiare in simplex
elements is also ED.

9.3 Unsteady Adaptive Stochastic Finite Elements

The Unsteady Adaptive Stochastic Finite Elements methsddan interpolation of
oscillatory samples at constant phasis introduced in section 9.3.1. In section 9.3.2
it is proven that the method results in a bounded error astitmof the phase for
periodic responses. It is also shown under which condittbeserror is bounded in
time.

9.3.1 Interpolation at constant phase

Assume that solving equation (1.1) for realizations of thedom parametets; re-
sults in oscillatory samples;, (t) = u(ag), of which the phase,, (t) = ¢(t,ax) is a
well-defined function of time. In order to interpolate the sample§) = {v(¢),...,
v, ()} at constant phase, first, their phase as function of &ig@) = {v,, (¢),...,
vg,,. (1)} is extracted from the deterministic solve&t). Second, the time series for
the phasev,(t) are used to transform the sample&) to functions of their phase
V(vy(t)) = {01(vg, (1)), ..., 0n, (vg,, (1))} instead of time, see Figure 7.1. Third, the
transformed samples(v(t)) are interpolated to the functiof(wg(t,a),a). This
step involves both the interpolation of the sampled phasgg) to the function
wy(t,a) = h(ve(t)) and the interpolation of the samplegy) to the functioni (e, a) =
h(v(p)) at constant phasg = . Repeating the latter interpolation for all phases
results in the functioni(p, a). Finally, transformingi(p, a) back tow(t,a) using
wy(t, a) yields an approximation the unknown response surfg¢gn) of the system
response as function of timeand the random parametet§v). The actual sampling
and interpolation is performed using the Adaptive Stodbdshite Elements uncer-
tainty quantification methotlbased on Newton-Cotes quadrature in simplex elements.
The phases(t) are extracted from the samples based on the local extrerha of t
time seriesv(t). A trial and error procedure identifies a cycle of oscillatlzased on
two or more successive local maxima. The selected cyclecsped if the maximal
error of its extrapolation in time with respect to the actsample is smaller than a
threshold value;, for at least one additional cycle length. The functions farphases
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v, (t) in the whole time domaifi” are constructed by identifying all successive cycles
of v(t) and extrapolation t¢ = 0 andt = t,,.x before and after the first and last
complete cycle, respectively. The phase is normalized to aethe start of the first
cycle and a user defined parameter determines whether thptesrassumed to attain
a local extremum at = 0. If the phasev,(t) cannot be extracted from one of the
samplesy,(t) fork = 1, ..., ns, uncertainty quantification methads directly applied

to the time-dependent sample§).

9.3.2 Bounded error

It is shown below that the uncertainty quantification intdgbion of periodic samples
at constant phase results in a bounded error. «(éta) be a periodic response as
function of timet fort € R

u(t + 2T(a),a) = u(t, a), forallz € Zanda € A, (9.41)

with T'(a) = 1/f(a) > 0 the period length angi(a) the frequency affected by the
random inputi(w). The phase(t, a) of the response(t, a) is given by

t

P(t,a) = do(a) + m, (9.42)
with ¢g(a) = ¢(0, a). Consider uncertainty quantification metHamhich results in an
approximationu(t, a) of u(t, a) based on applying interpolation methbet constant
phase to, samples/(t) = {v1(¢), ..., v,, | forparametervalues, fork =1,...,ny

resulted from sampling methad

Theorem 5. The erroré(p,a) = w(p,a) — iy, a) in approximationw(p, a) with
respect to periodic response surfaig, a) as resulted from uncertainty quantification
method! applied at constant phasg is bounded for allp € R anda € A by for
which holds

E(p,a) <9, forallp € [0,1] and a € A. (9.43)

Proof. Sampling methog results in samples
ok(t) = gr(u(t, a)) = u(t, a), (9.44)

fork = 1,...,ns. The samplesy(t) are periodic signals with period length, =
T(ag), since using (9.41)

v (t + zvp,) = u(t + 2T (ag), ax) = u(t, ax) = vi(t) forall z € Z, (9.45)
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fork =1,...,ns. The phasey, (t) = ¢(t, a;) of the samples(¢) is then in corre-
spondence with (9.42) given by
t
Vg, (t) = Voo, + —, (9.46)
’UT,c
fork = 1,...,ns, with vy, = vy, (0). Scaling the samples; () with their phase
Vg, (t) results in

. N t
01(0) = 006, (0) = 0 (10, + 7). 0.47)
’UT,c
fork =1,...,ns. Periodicity ofvg(t) gives
. N t . t + zvT
O(vg, (1) +2) = (v%k + vz, + Z> = Uk <v¢0k + v, k)
= up(t+ zvr,) = vk(t) = Ok(vg, (1)), for all z € Z,(9.48)
fork =1,...,ns. Uncertainty quantification methddesults in approximatiot (¢, a)
by applying interpolation methold of the samples (¢) at a constant phase
w(p,a) = h(¥(p)) = h(01(p), ..., on.())- (9.49)

The erroré(p,a) as function of phase in approximatiomn (g, a) with respect to
i(yp, a) is defined as

é((p, a) = UA}(907 a) - ’&((p, a)7 (950)
with
u(t,a) = u(¢(t,a),a), (9.51)
and
W(p+z,a) = 4 <¢o(a) + %,a) =u(t+ zT(a),a)

= u(t,a) =1u(¢,a), forallz € Zandae A. (9.52)
For erroré(p, a) then holds using (9.48), (9.49), and (9.52)

é(p+2,a)

(T
> >

= &(p,a), forallz€ Zandp € Randa € A. (9.53)
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Erroré(y, a) is, therefore, a periodic function gf. Defined for which holds (9.43)
E(p,a) <6 forallp € [0,1] and a € A,
then holds
élp+z,a)=¢E(p,a)<d forallzeZandyp e [0,1]]andac A, (9.54)

and
E(p,a) <0 forallp € Randa € A, (9.55)

Error (¢, a) in approximationd(y, a) is, therefore, bounded hyfor all ¢ € R and
ac A O

Notice that the proof of Theorem 5 is independent of uncetyaguantification
method!, sampling method, and interpolation methof.

The bounded errof(y, a) as function of phase also results in a bounded error
e(t,a) in time for the Unsteady Adaptive Stochastic Finite Elersemethod® based
on first degree Newton-Cotes quadrature, if initial phésé) and frequencyf(a)
depend linearly oa. Let initial phasep(a), therefore, depend linearly on the random
parametera

¢0(a) = Cpo,0 T Cpp,1 - Q. (956)

where- denotes the vector inner product, with, o constant and, ; a vector con-
tainingn, constants. And let frequendi(a) also depend linearly oa(w)

f@)=co+c-a, (9.57)

with ¢ ¢ constant and ; ann,-dimensional constant vector. Consider uncertainty
quantification method! based on piecewise linear interpolation methéaf samples

in the first degree Newton-Cotes quadrature points in thgcesrof simplex elements
of sampling methog'.

Theorem 6. The errore(t,a) = w(t,a) — u(t,a) in approximationw(t, a) with re-
spect to periodic response surfacé, a) as resulted from uncertainty quantification

method/! applied at constant phasge is bounded for alt € R anda € A by é for
which holds (9.43)

E(p,a) <6, forallp € [0,1]and a € A4,

if initial phaseg¢,(a) and frequency (a) depend linearly ora.

233



Chapter 9. Derivation of total variation diminishing, eitra diminishing, and bounded error properties

Proof. The phase(t, a) of the periodic response(t, a) is given by (9.42)

6(t,a) = do(a) + ﬁ — do(a) + f(a)t.

The linear dependence 8 (a) andf(a) ona given by (9.56) and (9.57) results in
¢(t, a) = C¢y,0 + Cr0l + (C¢0,1 + Cf,lt) -a (958)

Then, sampled phases, (t) = {vg, (1), . .., vs,, (t)} resulting from sampling method
g' are, therefore,

g, (1) = €400 + Crot + (o1 + Crat) - ag, (9.59)

fork =1,...,ns. The resultingw;(t,a) of piecewise linear interpolatioh® of the
samplesv; (t) then exactly reconstructs the functiory, a)

wé(t,a) = hl(vé(t)) = Cpy,0 + Crot + (Cpy,1 + Cr1t) -a = ¢(t,a). (9.60)

Therefore, erroré(¢(t,a),a) in the approximationi'(wy(t,a),a) of response
u(¢(t,a),a) becomes

é(¢(taa)7a) = o' (wab(tva)va) - ﬁ(¢(t7a)va)

= ¢g(t,a)<d forallgp € Randa € A, (9.61)

according to Theorem 5. Using (9.42) gives
g(t,a) <d forallt e Randa € A. (9.62)
O

Unsteady Adaptive Stochastic Finite Elements metlfotased on a piecewise
quadratic interpolation methob? of samples in the second degree Newton-Cotes
quadrature points in simplex elements of sampling metiambnsequently gives(t, a) <
d forall t € R anda € A up to quadratic dependenceg@f(a) andf(a) ona.

For periodic responses the interpolation of the sample®mastant phase elimi-
nates the effect of the increasing phase differences in, tivhech usually causes the
fast increase of the number of required samples. The erreraa bounded in time
for periodic problems with an up to quadratic dependencaitifil phasep,(a) and
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Figure 9.1: Deterministic pressure for mean angle of atjack= 2° for the steady
transonic airfoil flow.

frequencyf(a) on random parametess For non-periodic responses the interpolation
at constant phase also eliminates the effect of the incrgantiase differences on the
increase of the number of required samples. The error isdarperiodic responses
not bounded in time due to, for example, increasing ampisudith time. In practice,
interpolation of oscillatory samples in time results, heerin an approximately con-
stant accuracy in time with a constant number of samplesdvogdic and non-periodic
responses of which the phase is well-defined.

9.4 Numerical results

The developed uncertainty quantification methods are eghpdi transonic airfoil flows.
Adaptive Stochastic Finite Elements with Newton-Cotesdyature in simplex ele-
ments is applied to a steady transonic airfoil flow in secBcohl. A transonic airfoil
flutter problem is analyzed in section 9.4.2 using Unsteadgpiive Stochastic Finite
Elements with interpolation at constant phase.

9.4.1 Steady transonic airfoil flow

The steady transonic flow over a NACA0012 airfoil is consadewith randomness in
the angle of attacki(w). The randomness around the mean angle of aftack 2°
is given by a symmetrical beta distribution with = S = 2 in domaina € [1°,3°],
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which corresponds to an input coefficient of variationcef, = 22.4%. Standard
atmospheric free stream presspite = 101300Pa and temperatufie,, = 293K results
for free stream velocity,,, = 276.27m/s in a Mach number of/,, = 0.8. The flow
is modeled here by the compressible Euler equations [15}lgngd demonstrate the
properties of the uncertainty quantification method. The-tdimensional flow domain
is discretized by an unstructured hexahedral mesi2 0103 cells, which was selected
based on a grid convergence study. The Euler equationssmestized using a second
order central finite volume discretization stabilized wattificial dissipation [35]. The
steady state solution is obtained by time integration wi@F& number ofl.5.

The deterministic flow for the mean angle of attagk = 2° is transonic with a
shock wave at0.2% of the upper surface, as can be identified in the pressure field
and the pressure distribution over the airfoil surface iguF¢ 9.1. This shock wave
in physical space results in a discontinuity in probab#ipace. On the lower surface
there is also a small supersonic region present.

Adaptive Stochastic Finite Elements with first and secongreke Newton-Cotes
(NC) quadrature in simplex elements are employed to reshlweesponse surfaces
and probability distributions of the functionals lift, dyapitching moment, and shock
location in Figures 9.2 and 9.3. The first and second degreddweCotes approxi-
mations of the response surfaces based.oa 17 samples are in close agreement in
Figure 9.2. Both discretizations result in an interpolatibat preserves the extrema
of the samples. The response surface of the shock locatleessmooth than that of
the other functionals, because the shock location attagesade values of the locations
of the volume faces on the airfoil surface. Since the muétirent approximations
are piecewise continuously differentiable, it is more appiate to study the variation
in the functionals in terms of the resulting cumulative gabitity distributions in Fig-
ure 9.3 than in terms of their probability densities. Thewasgence for the mean and
standard deviation of the lift, drag, pitching moment, ahdck location given in Ta-
bles 9.1 to 9.4 shows a higher accuracy for second degreeoNe@dtes quadrature
compared to first degree Newton-Cotes especially for thenm&he standard devia-
tion ranges fromt.6% of the mean for the shock location #5.4% for the pitching
moment.

The effect of the random(w) on the surface pressure distribution in terms of the
mean and th89% uncertainty interval is given in Figure 9.4 for the more aete sec-
ond degree Newton-Cotes quadrature. The discretizatisacbann, = 17 samples
andn. = 8 elements in Figure 9.4a shows that the shock wave on the sppkice
is smeared out in the mean sense compared to the determuase of Figure 9.1b.
The uncertainty interval in the shock region indicates tifat) has more effect on the
shock wave location than on the shock wave strength. ThisrEadmputation also
indicates a significantly larger uncertainty interval ugam of the shock than down-
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Figure 9.2: Response surfaces of lift, drag, pitching mamemd shock location for

the steady transonic airfoil flow with random angle of atta¢k).

Table 9.1: Mean and standard deviation ofIiftv) for the steady transonic airfoil flow
with random angle of attack(w).

1st degree NC 2nd degree NC
ns || ne | mMeanug, st.dev.or, || n. | meanug st.dev.oy,
2 1 ] 2244-.10* | 4.676-10° - - -
30 2 ]2290-10* | 4.679-10% | 1 | 2.303-10* | 4.679-10°
5 4 12.299-10% | 4.703- 103 2 |2.302-10* | 4.710- 103
9 8 |2.301-10* | 4.711- 103 4 12302-10* | 4.714-103
17 || 16 | 2.302-10* | 4.712- 103 8 |2.302-10* | 4.712-103
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Figure 9.3: Cumulative probability distributions of litirag, pitching moment, and
shock location for the steady transonic airfoil flow with dam angle of attack(w).

Table 9.2: Mean and standard deviation of dfa@v) for the steady transonic airfoil
flow with random angle of attack(w).

1st degree NC 2nd degree NC

ns || ne | Meanup st.dev.op || ne | meanup st.dev.op
2 1 | 2.108-10°% | 5.132- 102
3 2 | 2.010-10% | 5.146 - 10?
5 4 | 1.988-10% | 5.231-102
9 8 | 1.982-10% | 5.254- 102
17 || 16 | 1.981-10° | 5.258 - 10?

1.982-10° | 5.143 - 102
1.981-10% | 5.256 - 102
1.981-10% | 5.261 - 102
1.981-10% | 5.259 - 102

CO = DN — 1
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Table 9.3: Mean and standard deviation of pitching moniéfw) for the steady tran-
sonic airfoil flow with random angle of attaekw).

1st degree NC 2nd degree NC
Ng || Ne meanu st.dev.oym || ne meangg st.dev.om
2 1 | —3.479-10% | 9.003-10% || - - -
3 —3.406 - 10 | 9.008 - 102 1 | —3.386-10% | 9.007 - 102
) 4 | —3.390-103 | 9.219- 10 2 | —3.385-10% | 9.279- 10
9 8 | —3.385-10% | 9.275- 102 4 | —3.383-10% | 9.292- 102
17 || 16 | —3.384-10 | 9.282-10% || 8 | —3.384-10% | 9.285- 102

Table 9.4: Mean and standard deviation of shock locatigp.k(w) for the steady
transonic airfoil flow with random angle of attackw).

1st degree NC 2nd degree NC
ns || Ne mean st.dev.o, Te meanys st.dev.o,
2 1 ]6.908-10"1 | 3.108- 1072 - - -
3 2 |6.976-10"1 | 3.120- 102 1 1{6.995-10"1 | 3.117-1072
5 4 | 6.985-10"" | 3.118-1072 2 |6.988-10"" | 3.118-1072
9 8 | 6.994-107" | 3.166-1072 || 4 | 6.997-10"" | 3.181-1072
17 || 16 | 6.992-107' | 3.184-1072 || 8 | 6.991-10"! | 3.190- 1072

239



Chapter 9. Derivation of total variation diminishing, eitra diminishing, and bounded error properties

stream of the shock. TH®% uncertainty interval falls within the range of the sampled
minimum and maximum given by the dotted line in Figure 9.4hiclv demonstrates
the extrema diminishing property of the method. The resrltlie pressure distribu-
tion on the lower surface of Figure 9.4b predicts a shock veae for a fraction of the
realizations. Discretizations withy, = {3,5,9} show in Figure 9.4c convergence of a
staircase approximation of the mean and the uncertairapjiatto a smooth behavior.
Uniform stochastic grid refinement is used here in the exampl

Figure 9.5 shows an approximation of the mean and standaraltide of the pres-
sure field relative to the airfoil. In the mean pressure fibkl $mearing of the shock
wave can again be identified. The standard deviation fieldvshbat standard de-
viation is produced in the shock region with a maximum cokffit of variation of
cvp = 37.1% at68.9% of the upper surface. This corresponds to a maximum amplifi-
cation of input randomnesgw) by 65.6%.

9.4.2 Transonic airfoil flutter

The combined effect of independent randomness in the rétimtural frequencies
@(w) and the free stream velocity,, (w) on the post-flutter behavior of an elastically
mounted airfoil is analyzed. The structural model of thelpiplunge airfoil with cubic
nonlinear spring stiffness is given (7.5) and (7.6), seaifeigr.15a. The nonlinear
spring constant for the pitch degree of freedom is Itgre- 3rad™2. The randomness
in @(w) is described by a uniform distribution around mean valge= 0.25 with

a coefficient of variation 0fi0%. The free stream velocity/.(w) is subject to a
symmetric unimodal beta distribution with = > = 2 with a coefficient of variation
of 1% around meamy_, = 276.27m/s, which corresponds /., = 0.8.

The non-dimensional aerodynamic lift and moment coeffisigni (1) andC,, (1),
are determined by solving the Euler equations as for thelgtegansonic airfoil flow.
An Arbitrary Lagrangian-Eulerian formulation is employtdcouple the fluid mesh
with the movement of the structure. The fluid mesh is deforos#alg radial basis func-
tion interpolation of the boundary displacements [9]. Timtegration is performed
using the second order BDF-2 method unti: 3 with time stepAt = 0.002, which
was established after a time step refinement study. Iyittak airfoil is at rest at a
deflection of«(0) = 0.1deg and:(0) = 0 from its equilibrium position. In order to
study the post-bifurcation behavior, the bifurcation paeterU* is fixed at130% of
the deterministic linear bifurcation point for the meanued of the random parameters.
The stochastic behavior of the angle of attagk, w) is resolved as indicator for the
post-flutter airfoil behavior.

The Unsteady Adaptive Stochastic Finite Elements respsun$ace approximation
of the angle of attack (¢, w) as function of the random parameters.) andU. (w)
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Figure 9.4: Mean surface pressure &% uncertainty interval of second degree

Newton-Cotes quadrature for the steady transonic airfoil fivith random angle of
attacka(w).
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(a) Mean (b) Standard deviation

Figure 9.5: Mean and standard deviation of the pressure f@ldecond degree
Newton-Cotes quadrature with, = 17 for the steady transonic airfoil flow with ran-
dom angle of attacki(w).

att = {0.5;1.5;2.5} given in Figure 9.6 shows an increasingly oscillatory resgo
surface with time. The 0% variation inw(w) has a larger effect on the frequency
of the response thali., (w) with 1% variation. Both parameters have a small effect
on the amplitude of the oscillation af(¢,w) of approximately3°. At ¢ = 0.5 the
airfoil exhibits transient behavior from its initial perhation ofa(0) = 0.1°, which is
indicated by the smaller amplitude of the response surfadations of approximately
2°. These results are obtained using the time-independemirgiprobability space
shown in Figure 9.6d witlmg; = 9 samples;n, = 2 elements, and. = 4096
post-processing subelements.

The resulting UASFE approximation of the meap(¢) and standard deviation
o, (t) of the angle of attack(t,w) in Figure 9.7 shows two frequency signals due to
the effect of the two random parameters on the frequencyeofdbponse. The mean
1o (t) exhibits initially an increasing oscillation caused by tleterministic transient
of the samples, after which it develops a decaying osa@ltatiue to the effect of the
random parameters on the frequency of the response. Thedéfert of the random
parameters on the dynamical system is illustrated by thérfdisl increase of the stan-
dard deviatiorv,, (t) from its deterministic initial condition. Although the @emin-
istic post-flutter behavior is highly unsteady, the stotibagsponse reaches a steady
asymptotic behavior with a standard deviatiowf= 1.6°, which is a factod 6 larger
than the initial angle of attack(0) = 0.1°. The discretizations withs = {9, 13,25}
samples ana, = {2, 4, 8} uniformly refined elements, respectively, indicate that th
results are uniformly converged in time. The approximatigth n, = 25 is converged

€sub
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Figure 9.6: Response surface of angle of atta¢k) as function of random natural
frequency ratiao(w) and free stream velocitly.. (w) for transonic airfoil flutter.
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Figure 9.7: Mean and standard deviation of angle of atteck for transonic airfoil
flutter with random natural frequency ratidw) and free stream veloci#/. (w).

Table 9.5: Convergence measure for mean angle of attack(t, w) for transonic air-
foil flutter with random natural frequency ratig(w) and free stream veloci#/.. (w).
Ng | Ne t=20.5 t=1.0 t=15 t=20 t=25
13 41(064-1073]371-1073[4.43-1073]721-1073 | 4.33-1073
25 | 8 || 0.27-1073 | 2.46-1072 | 3.14-1072 | 4.42-1073 | 2.68-1073

up tod,, = 6.2- 1073, whered, is defined by (9.5). The local convergence figr(t)
ando, (t) att = {0.5;1.0;1.5;2.0;2.5} given in Tables 9.5 and 9.6 fer, = {13, 25}
shows no clear increase of convergence measwith time. This illustrates that the
convergence and the accuracy of the UASFE approximatioimgmectice constant in
time.

9.5 Summary

A robust and efficient Unsteady Adaptive Stochastic Finlentents (UASFE) method
is developed for uncertainty quantification in time-depemtdsimulations. The un-
derlying Adaptive Stochastic Finite Elements (ASFE) ditiziation based on Newton-
Cotes quadrature in simplex elements is extrema diminggtiiD) in probability space.
The method is also total variation diminishing (TVD) in pedtility space for one
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9.5. Summary

Table 9.6: Convergence measuyg for the standard deviation of angle of attack
a(t,w) for transonic airfoil flutter with random natural frequerrafio ©(w) and free
stream velocity/ . (w).

Ng | Ne t=20.5 t=1.0 t=1.5 t=2.0 t=25
13 4 [[294-1073]3.28-1072]750-1073 [ 5.38-10"3 | 3.90-1073
25| 8 || 0.97-1072 | 4.39-1073 | 0.86-1073 | 2.19-1072 | 3.34- 1073

random parameter and for multiple random parameters fardagree Newton-Cotes
guadrature. These properties eliminate the possibilitpreflicting non-zero proba-
bilities for unphysical outcomes due to overshoots and tsiamts at discontinuities.
The interpolation of the oscillatory samples at constarasghin the UASFE method
results in a bounded error as function of the phase for pierredponses. The UASFE
method also results in a bounded error in time, if the infii@hse and the frequency of
the response depends linearly or quadratically on the ran@irameters. In practice
this results in a constant uncertainty quantification a@cyiin time with a constant
number of samples for both periodic and non-periodic respsn

The applications to a transonic airfoil flow and a transomifod flutter problem
show a significant effect of input randomness. In the sterathsbnic airfoil flow ran-
domness in the angle of attack results in production of stethdeviation in the shock
region with a maximum coefficient of variatiarv, = 37.1% at 68.9% of the upper
surface, which corresponds to an amplification of input cemdess by65.6%. The
unsteady transonic airfoil flutter problem shows a steaghynasotic stochastic behav-
ior with a standard deviation df.6°, which is a factor 16 larger than the deterministic
initial condition.
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Chapter 10

Conclusions and
recommendations

Efficient and robust uncertainty quantification methodspaiessented for resolving the
effect of physical randomness in computationally inteadtew and fluid-structure
simulations including discontinuities and unsteadinéd8se main conclusions of this
thesis are summarized in section 10.1. In section 10.2 rewndations for future
work are given.

10.1 Conclusions

The properties of the developed uncertainty quantificat@ihods are summarized
in section 10.1.1. The physical observations that resathfthe application of these
methods are resumed in section 10.1.2.

10.1.1 Developed uncertainty quantification methods

A number of uncertainty quantification methods are derived tesult in a significant
improvement over existing methods in terms of efficiencyaimistness. These devel-
opments show the potential to advance uncertainty quaattdic for computationally
intensive unsteady problems with discontinuities fronctically impossible to a rou-
tine analysis. The proposed Gram-Schmidt Polynomial Cinaethod improves the
efficiency of the Galerkin Polynomial Chaos method by cdmiting to the extension
of the spectral convergence to arbitrary distributionse troduced Monomial Chaos
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method leads to an efficient construction of the Polynomfe@ds expansion using an
uncoupled set of linear equations for problems with polyr@monlinearities. Dis-
continuities can robustly be resolved by the developedintrasive Adaptive Stochas-
tic Finite Elements method based on Newton-Cotes quadratusimplex elements,
which is total variation diminishing and extrema diministpin probability space. The
efficient methods developed for oscillatory unsteady protsl are Probabilistic Collo-
cation for Limit Cycle Oscillations, and Unsteady Adapt®chastic Finite Elements
with time-independent parameterization, with interpolaat constant phase, and with
wavelet decomposition for multi-frequency responsesyThsult in a bounded uncer-
tainty quantification error for periodic responses, whigsuits in practice in a constant
accuracy in time with a constant number of samples. Thragesfies for resolving the
effect of multiple random inputs efficiently are studiedte tontext of Gram-Schmidt
Polynomial Chaos.

10.1.1.1 Gram-Schmidt Polynomial Chaos

A Gram-Schmidt Polynomial Chaos method is proposed to dmné to the extension
of the spectral convergence of Galerkin Polynomial Chaashidrary input probability
distributions. Gram-Schmidt orthogonalization is emgldyo analytically construct a
set of suitable orthogonal basis polynomials using thessitzdl moments of random
input with an arbitrary distribution. Three strategies feducing the computational
costs in case of many random input parameters are also dtudihis context: (i)
select only the most important parameters; (i) combinetiplelparameters into fewer
ones; and (iii) estimate their first-order combined effd@dte second approach can be
used effectively due to the extension of the Polynomial GHaamulation to arbitrary
input distributions. A combination of the three strategipproximates the effect of six
random parameters in a channel flow heat transfer probleng @stwo-dimensional
probability space.

10.1.1.2 Monomial Chaos

A Monomial Chaos approach is developed which results in aoupled set of lin-

ear equations for constructing the Polynomial Chaos expams problems involving

polynomial nonlinearities. This reduces the computatiameak per additional Polyno-
mial Chaos order to the equivalence of a single linear New#ation. The proposed
approach employs a Polynomial Chaos expansion with morsmsabasis functions.
The equations for the Monomial Chaos coefficients are obthlry differentiating the
governing deterministic equations. Results for the Bus@guation with small input
variation lead to a 2 to 3 times faster error convergence rstitn of computational
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work compared to other Polynomial Chaos methods. It istiidied for a boundary
layer flow problem that the additional computational costsaf Monomial Chaos un-
certainty quantification can be smaller than that of a sidglerministic solve.

10.1.1.3 Adaptive Stochastic Finite Elements with Newto&otes quadrature in
simplex elements

An Adaptive Stochastic Finite Elements (ASFE) method ispneed based on Newton-
Cotes quadrature in simplex elements. The method is ameatdéminishing (ED) un-
certainty quantification method in probability space. Hlso shown that the method is
total variation diminishing (TVD) for one random parameded for multiple random
parameters for first degree Newton-Cotes quadrature. Tgreperties assure that no
non-zero probabilities of unphysical realizations canteglirted due to overshoots and
undershoots near discontinuities. The error convergeriedar one random parameter
is of second and fourth order for first and second degree Ne@tutes, respectively.
The second degree Newton-Cotes method is extended to ativedsgheme in proba-
bility space. The stochastic grid is refined based on thee&drgbsolute eigenvalue of
the Hessian weighted by the probability contained in thmelgts until a robust conver-
gence criterion is reached. The second degree Newton-Goéekature points result
for uniform refinement in approximately 2 samples per elengnreusing samples
in successive refinement steps and by using samples in apatixg the response in
multiple elements. If the quadratic interpolation in amedsit results in an extremum
other than in a quadrature point, then the element is dividexdsubelements with a
linear approximation of the response.

10.1.1.4 Probabilistic Collocation for Limit Cycle Oscillations

For unsteady problems the concept of interpolating a tindeendent parameteriza-
tion of periodic samples instead of the time-dependent &ssrthemselves is intro-
duced. This results in a time-independent uncertainty tifization interpolation ac-
curacy of the time-independent parameters for a constanbauof samples. The ap-
proach is applicable to the asymptotic range of period-it kycle oscillations (LCO),
for which a suitable parameterization consists of the tinteependent functionals fre-
quency, relative phase, amplitude, a reference value fenddrmalized period. In the
developed Probabilistic Collocation for Limit Cycle Ogailons (PCLCO) approach
the global polynomial approximation and the Gauss quadea@ampling of Probabilis-
tic Collocation are employed for the actual interpolati8mumber of 3 deterministic
samples is found to be already sufficient for PCLCO to restiigeasymptotic effect of
random free stream velocity on an elastically mounted dgin
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10.1.1.5 Unsteady Adaptive Stochastic Finite Elements

The applicability of the uncertainty quantification intetgtion of a time-independent
parameterization is extended in the Unsteady Adaptivehastc Finite Elements
(UASFE) method. Stochastic bifurcations of dynamical eyt are resolved by the
ASFE interpolation with Newton-Cotes quadrature in sim@kments of non-smooth
time-independent functionals. Asymptotically non-pdi@responses are parameter-
ized by the inclusion of a damping parameter. Higher-peoallations are resolved
by an algorithm for parameterizing more complex shape fanst The parameteriza-
tion error is used to determine the time interval in whichtHeSFE approximation is
valid. Results for the Duffing oscillator show a reductiorcofnputational costs by 3
orders of magnitude compared to Monte Carlo simulation.

10.1.1.6 Unsteady Adaptive Stochastic Finite Elements viiinterpolation at con-
stant phase

A second UASFE concept for uncertainty quantification ofltzory responses is de-

veloped based on interpolation of the samples at constagephThe scaling of the
samples with their phase eliminates the effect of the irsingaphase differences in
the response. It is shown that this formulation results imanded error as function

of the phase for periodic responses. The UASFE method atsdtsen a bounded

error in time, if the initial phase and the frequency of thep@nse depend linearly
or quadratically on the random parameters. In practiceréisislts in a constant uncer-
tainty quantification accuracy in time with a constant nundiesamples. The resulting

formulation is not subject to a parameterization error,cliimproves the convergence
behavior of the method, and it can resolve time-dependaatiftnals such as in tran-
sient behavior. The method is applicable to responses ofhmhie phase is well-

defined. Results show a fourth-order convergence, in lirtlke thie underlying second

degree Newton-Cotes ASFE interpolation.

10.1.1.7 Unsteady Adaptive Stochastic Finite Elements fonulti-frequency aero-
elastic responses

The Unsteady Adaptive Stochastic Finite Elements framkwsofurther extended to
fluid-structure interactions with multi-frequency respea and continuous structures
by employing a wavelet decomposition preprocessing sthp.effect of the input ran-
domness on the single-frequency components obtained hydhelet decomposition
is determined by employing UASFE interpolation at conspdnatse. The stochastic be-
havior of the multi-frequency response is finally deterrdibg summing the separate
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effects of the single-mode components. The multi-frequeesponse of a continuous
structure is first projected onto either the nodal basis ohitefielements discretiza-
tion or the modal basis of the natural modes of the structusacuum. Fourth-order
convergence leads also for multi-frequency responsesa@mtthcous structures to a 3
orders of magnitude reduction of computational costs coetge Monte Carlo simu-
lation.

10.1.2 Physical observations

The developed methods are applied to steady problems imeh#ow heat transfer,
boundary layer flow, and transonic flow around a NACA0012odirUnsteady appli-

cations include a piston problem, airfoil flutter modelg Buffing oscillator, and fluid-

structure interaction of an elastically mounted cylinded airfoil, a flutter panel, and
the three-dimensional transonic AGARD 445.6 wing aerdiegld&enchmark. Random
fields and random input parameters with various probahilisyributions in physical

parameters, geometrical parameters, and boundary aial gonditions are consid-
ered. Their effect on the probability distribution and istétal moments of an output
of practical interest is resolved. The main physical obsgéowns resulting from these
applications are summarized below:

e The various random parameters in the channel flow heat trapsfblem have
significantly different qualitative and quantitative effe on the standard devia-
tion temperature field. The combined effect of the paramsaesdarger than their
separate effects.

¢ Nonlinear advection-diffusion problems with discontities can be highly sen-
sitive to input variation with amplification of the input déieient of variation
up to a factorl8.4 for the piston problem. The transonic airfoil flow shows a
variation of the shock wave location fro5% to 80% of the chord due to 4%
variation in free stream Mach number.

e A random parameter that affects the frequency of a periosidlation results
in steady asymptotic stochastic behavior. The mean stnaldisplacement ex-
hibits a decaying oscillation to its equilibrium positiofhe standard deviation
shows an initially oscillatory increase from a determiigtitial condition to a
steady asymptotic value.

e Oscillatory linear problems with a non-zero probabilityr&fgative damping re-
sult asymptotically in a diverging output standard dewiati The mean system
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energy also diverges asymptotically in that case in conwéh the mean dis-
placement. In that respect, system energy is a more irguitigasure to illustrate
the effect of randomness on the system response.

e Dynamical systems with bifurcations can be extremely $iegD random initial
conditions with an amplification of input randomness by a&daé2.0 for the
standard deviation in the Duffing oscillator.

¢ Randomness leads to the onset of unstable behavior in thcalyy mounted
airfoil problem, which a single deterministic simulatiar the mean value would
have missed. The probability density of the pitch amplitaxleibits a typical P-
bifurcation behavior from a Dirac delta function at zero ditage to a unimodal
probability density function for positive amplitudes. Tiiéurcation of the prob-
ability distribution of the absolute pitch angle shows th& 5% reduction of
the flutter boundary compared to its deterministic locastithresults in a3.8%
probability of flutter.

e The potential and kinetic energy of the flutter panel showalitatively different
stochastic behavior as a result of random plate densityambm field modulus
of elasticity. The diverging mean and standard deviatiotheftotal structural
energy are 2 orders of magnitude more sensitive to varisiiothe modulus of
elasticity than the plate density, which results in an afigaliion of the input
coefficient of variation by a factoi85.

e Eventhoughthe mean free stream velocity in the AGARD 44%n§\wroblem is
fixed at a realistic safety margin 6% below the deterministic flutter velocity, a
3.5% velocity variation results in a non-zero flutter probalitif 6.19%. Taking
physical uncertainties into account in numerical preditdiis, therefore, a more
reliable approach than using safety margins in combinatiith deterministic
simulation results.

10.2 Recommendations

Based on this thesis a number of recommendations for futark are formulated for
the further development of the proposed methods in sectio2. 1 and for additional
applications to interesting physical problems in sectior2 2.
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10.2.1 Uncertainty quantification methods

Directions of further improvement of the robustness, edficly, and applicability of
the proposed Monomial Chaos, Adaptive Stochastic Fini@mrights, and Unsteady
Adaptive Stochastic Finite Elements methods are suggbésied.

10.2.1.1 Monomial Chaos

The robustness of the Monomial Chaos approach can be imgplgvextending it to a
multi-elements framework. Since the elements would regresnly a fraction of the
total input variation, a multi-element Monomial Chaos faation would be applica-
ble to larger input variations. A non-intrusive Monomial&2fs formulation can also
be developed for a more straightforward implementationdimpguting the Monomial
Chaos coefficients using finite differences in probabilgpese. This would, however,
result in performing a series of deterministic solves, Wwhi®uld compromise the ef-
ficiency of the approach.

10.2.1.2 Adaptive Stochastic Finite Elements

The convergence of the Adaptive Stochastic Finite Elemergthod with Newton-
Cotes quadrature in simplex elements can be further impoyémplementing higher-
order Newton-Cotes quadrature rules than second-degaekeaiure used in this thesis.
The adaptive grid refinement can also be improved by usingidpenvectors of the
Hessian to determine in which direction refinement is mogirtant. Applications to
more than 3 random parameters would be interesting to shelgffectiveness of the
adaptive scheme in high-dimensional probability spaces.

10.2.1.3 Unsteady Adaptive Stochastic Finite Elements

The applicability of Unsteady Adaptive Stochastic FinilerBents can be further ex-
tended by integrating it with steady Adaptive StochastittEiElements. Oscillatory
samples of which the phase can be determined can then beeddndUASFE and the
other samples can be interpolated using steady ASFE. Thisoth@daption can be
applied in probability space, physical space, and the teatpgdmension.

10.2.2 Applications

Further applications to challenging physical probleméiding chaotic systems, high-
dimensional probability spaces, weakly correlated ststibhprocesses, geometric vari-
ations, validation studies, and model uncertainties atie@ted below:
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Chaotic dynamical systems are an interesting applicabomificertainty quan-
tification due to their high sensitivity to input variatiof&3]. At this moment,
Monte Carlo simulation seems the most suitable method fergbplication due
to the lack of sufficient regularity in chaotic responses.

The application of uncertainty quantification to high-dimsmsnal probability
spaces forms an important challenge due to the curse-ad+tiionality for most
methods. The scalability of methods with the number of ramgp@rameters is
essential in that respect [20, 70]. More specifically a camisbrder of conver-
gence independent of the dimensionality of probabilitycgpia required.

For weakly correlated stochastic processes Markov chaint®&Garlo is a more
suitable approach than the Karhunen-Loéve expansioroutdibe interesting to
develop more efficient alternatives for Markov chain Mon#|€ of stochastic
processes in analogy to the more efficient methods develapatiernatives for
Monte Carlo simulation of random parameters. This probl@mears to have
similarities to the problem of high-dimensional probakipaces.

In this thesis a number of relatively simple random georogiarameters is con-
sidered. More complex geometric variations pose a padicthallenge for in-
trusive Polynomial Chaos formulations in terms of domaifindigon [75, 118]
and the computational mesh [79]. For non-intrusive methgdemetric varia-
tions lead to practical issues of generating the differentgutational domains
for the deterministic solves [74] and presenting the resitstochastic domains.

Validating numerical uncertainty quantification resuéséd on measured physi-
cal input variability and the resulting output variationswd increase the aware-
ness of the additional value of uncertainty quantificatiomumerical simula-
tions [82]. This is obviously not a straightforward exeecidue to difficulties
in, for example, measuring the input variations, quantifythe degree of match
between the numerical and experimental results [72, 76] aanounting for ex-
perimental and numerical errors.

Next to the well-established quantification of numericabes and the quantifi-
cation of the effect of physical randomness also other smuof uncertainty
should be incorporated in a complete analysis. Model uatgits are an im-
portant third factor which affects the reliability of contptional predictions.
For example, the model uncertainty in RANS turbulence nodetults in sig-
nificant variation in the prediction of flow phenomena. Modetertainty can
be taken into account using non-parametric uncertair@i¢jsdr in a multimodel
approach based on evidence theory [81].



Appendix A

Standard uncertainty
guantification methods

Below, four widely used uncertainty quantification methads briefly reviewed for
comparison with the methods developed here: the Monte Qaelihod, the pertur-
bation method [45], the Galerkin Polynomial Chaos methd,[@nd a non-intrusive
Polynomial Chaos method [36]. For simplicity, the methodsraviewed for the case
of a single uncertain parametefw). They all have extensions to higher dimensions.

A.1 The Monte Carlo method

A robust approach to solving (3.1) is the Monte Carlo methbis based on solving
the deterministic problem multiple times for a set/frealizations of the uncertain
parametef oy, 12, with oy, = a(wy),

L(x,t, ap;up(x,t)) = S(x,t, a), k=1,...,N, (A1)

with ug(x,t) = u(x,t,wy). The stochastic properties of the output can be obtained
from the set ofV realizations of the uncertain variatle, (x, ¢)}2'_, . Due to the slow
convergence rate, the standard Monte Carlo approach cangvedtical when solving

a single deterministic problem already involving a largeant of computational work.
Methods exist to improve the convergence rate of standamt®i@arlo, such as Latin-
hypercube sampling and variance reduction techniquesfaeexample, [32].
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A.2 The perturbation method

A fast method for determining low-order statistics is thetpdoation method (also
called the moment method) [34, 45, 95]. It has recently bexgatied to problems in
computational fluid dynamics [57, 99]. In the perturbatioethod the statistical mo-
ments of the output are expanded around the expected vailie ohcertain parameter
using Taylor series expansions. These expansions ardyusualkcated at second or-
der, since for higher orders the equations become extretnetplicated [27, 45]. The
second-order estimate of the mean value is given by [45] as

+ Nar(a ) 24

Elu(x,t,w)] =~ u(x,t,w) 3 EYe) Q:Ma, (A.2)
with 1, = E[a(w)]. For the first-order approximation, this relation reduces t
Elu(x,t,w)] = u(x, t,w)|,.,. The first-order estimate of the variance is given as
2

ou
Var[u(x,t,w)] ~ [ — Var[a(w)]. (A.3)

(0%

A=l

The moment approximations require the computation of tkedind second sensitivity
derivatives of the solution(x, ¢, w) with respect to the uncertain parametéw) for
a(w) = po. A method for evaluating these sensitivity derivativeshis tontinuous
sensitivity equation method [34, 95]. In the continuouss#iésity equation method a
differential equation for théth sensitivity derivative%| 1., 1S obtained by implicit
differentiation of the governing equation (3.1) with resp® « for a(w) = u.. The
resulting equation is called thieh continuous sensitivity equation

A L ; _ 0 S

o (x,t, a(w);u(x, t,w))| = Ei (x,t,a(w))| . (A.4)

Mo Ha
The application of the perturbation method is limited to lovder approximations for
small perturbations, i.e., inputs with a small variancettrermore, the method cannot

readily be extended to compute the probability distributionction of the response
process [27, 45].

A.3 The Galerkin Polynomial Chaos method
A method that is not limited to low-order statistics and drpatturbations is the Poly-

nomial Chaos expansion introduced by Ghanem and SpanqgsyBich can approxi-
mate any functional ir.o (C') and converges in the,(C) sense [10]. The Polynomial
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A.4. A non-intrusive Polynomial Chaos method

Chaos expansions of the uncertain input parameter) and the uncertain solution
u(x,t,w) are

aw) =Y a;0(Ew),  ulxtw) =Y uix, )Pi(E(w)), (A.5)
Jj=0 i=0

where{®;(£)}52, is a set of orthogonal polynomials and the random variglle

is given by a linear transformation ef(w) to an appropriate standard domain, i.e.
[—1,1], [0,00), or (—o0, 00). Due to this linear transformation the Polynomial Chaos
expansion ofx(w) in (A.5) is exact within the first two terms. For the numericat
plementation the Polynomial Chaos expansiond(x, ¢,w) in (A.5) is truncated to
(p+ 1) terms, where is the Polynomial Chaos order of the approximation. Sulttstit
ing the truncated expansions into (3.1) and performing @i®ad projection onto each
polynomial basid®;(£)}!_, results in a coupled set ¢f + 1) deterministic equations

1 P 1
<£ (x,t,ZaJ@j;Zuifbi) ,(I)k> = <S (x,t,Zajq)j) ,(I)k> (A6)
j=0 i=0 Jj=0

for k = 0,1,...,p. This system of equations can be solved using standardiviera
methods [31]. The Galerkin Polynomial Chaos method can toesive to implement
and computationally intensive to solve, due to the couptdtequations (A.6).

A.4 A non-intrusive Polynomial Chaos method

To avoid solving a coupled set of equations, a non-intruBdgnomial Chaos method
can be used. It approximates the Polynomial Chaos coefficnsolving a series of
deterministic problems. An example of a non-intrusive Rolyial Chaos method is
the method of Hosder and Walters (see [36, 104]). The Polyalddihaos expansion
coefficients{u(x, t)},_, in (A.5) are approximated by evaluating the deterministic
problem at(p + 1) points in random spacg, };_,, with &, = &(wr),

L(x,t, ap;up(x,t)) = S(x,t, a), k=0,1,...,p, (A.7)

whereuj (x, t) is the realization ofi(x, ¢, w) for a(w) = a;. The Polynomial Chaos
coefficients{us (x, t) }},_, are then approximated by the following relatively smalt lin
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ear system:
Po(S0) P1(0) 0 Pp(éo) uo(x, 1) ug(x,t)
Do(&1) P1(&1) - Pp(&n) u(x,t) uj(x,1)
= _ ,  (A.8)
q)O(fp) q)l(fp) e By (gp) up(x, t) u;(x, t)

which can be solved using a single LU decomposition. Thisintmusive Polynomial
Chaos method can be shown to converge to the Galerkin Polgh@imaos expansion
coefficients under certain conditions [36]. As for the Mo@G&rlo method (A.1), non-
intrusive Polynomial Chaos results in a set of equationg)#hich coincide with the
deterministic problem for varying parameter values. Hosvgthe number of determin-
istic evaluations can be orders of magnitude smaller thaa &tandard Monte Carlo
simulation due to the combination with the Polynomial Chexjsansion.

In non-intrusive Probabilistic Collocation or Stochagfiallocation approaches [5,
54, 62, 96] the sampling points }}_, are suitable Gauss quadrature points, which
are the zeros of the polynomials orthogonal with respect toput probability density.
The interpolation through the quadrature points is themiabt by using Lagrange
interpolation polynomials, which decouple system (A.8).
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Summary

Robust and efficient methods are presented for resolvingffeet of physical varia-
tions in computationally intensive flow and fluid-structwienulations including dis-
continuities and unsteadiness. The effect of inherentipalysncertainties due to, for
example, varying atmospheric conditions and productidgramces can in sensitive
engineering problems be larger than the numerical errooinputational predictions.
Detailed and quantitative probabilistic information oe #ffect of physical variability
modeled by random parameters can be utilized in reducingmissfety factors and
robust design optimization, which eventually contributeshe development of aero-
dynamically more efficient and environmentally friendlgiisportation and renewable
energy technologies.

In order to determine the effect of physical randomnessalgliand at low com-
putational costs a number of uncertainty quantificationhoés is developed. The
introduced uncertainty quantification methods result ilgaificant improvement over
existing methods in terms of efficiency and robustness. Thpgsed Gram-Schmidt
Polynomial Chaos method contributes to the extension o$pleetral convergence of
Galerkin Polynomial Chaos to arbitrary input probabilitgtdbutions. The developed
Monomial Chaos approach results in an uncoupled set ofrlegaations for construct-
ing the Polynomial Chaos expansion in problems involvinlypomial nonlinearities.
It is shown that the computational work per additional Moran€haos order of the
equivalence of a linear Newton iteration can reduce thetimehdil computational costs
for a Monomial Chaos uncertainty quantification to less ttieat of a deterministic
solve. The presented Adaptive Stochastic Finite ElemeX$&-E) method based on
Newton-Cotes quadrature in simplex elements is an extremiaighing (ED) scheme
in probability space. The method also satisfies the totahtran diminishing (TVD)
concept extended to probability space for first-degree Niev@otes quadrature.

For unsteady problems the concept of interpolating a tingependent parameter-
ization of periodic samples instead of the time-dependamipdes themselves is intro-
duced in Probabilistic Collocation for Limit Cycle Osctilans (PCLCO). This results
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in a time-independent uncertainty quantification inteatioh accuracy for the time-
independent parameters with a constant number of samplgsefmd-1 limit cycle
oscillations. The applicability of the time-independeatgmeterization is extended
to non-smooth time-independent functionals, asympttyiceon-periodic responses,
and higher-period oscillations in the Unsteady AdaptivecBastic Finite Elements
(UASFE) method.

A second UASFE concept for uncertainty quantification ofltagory responses is
developed based on interpolation of the samples at corpgtase. It is shown that this
formulation results in a bounded error as function of thesghfar periodic responses
and under certain conditions also in a bounded error in timeractice this leads to
a constant uncertainty quantification accuracy in time w&ittonstant number of sam-
ples. The resulting formulation is not subject to a paranetion error and it can
resolve time-dependent functionals. The method is appkct responses of which
the phase is well-defined. The UASFE framework is furtheeeated to fluid-structure
interactions with multi-frequency responses and contisustructures by employing
a wavelet decomposition preprocessing step. Fourth-aaterergence results for one
random parameter show a 3 orders of magnitude reductiomabatational costs com-
pared to Monte Carlo simulation.

The developed methods are applied to steady and unsteablgm®with discon-
tinuities subject to random fields and multiple random inpatameters with various
probability distributions in physical parameters, geamsat parameters, and boundary
and initial conditions. Problems with discontinuities &mand to be sensitive to input
variations with an amplification factor @8.4 for the coefficient of variation in a piston
problem and a varying shock wave location fr66% to 80% of the chord in transonic
airfoil flow due to al % variation in free stream Mach number.

The unsteady applications illustrate that the developetthoas have the potential
to advance uncertainty quantification for computationaitgnsive unsteady problems
with discontinuities from practically impossible to a rmg analysis. Itis demonstrated
that a random parameter which affects the frequency of agierbscillation results
in steady asymptotic stochastic behavior. Oscillatorgdinproblems with a non-zero
probability of negative damping are shown to result asynigatly in a diverging out-
put standard deviation. Dynamical systems with bifuraatiare found to be extremely
sensitive to random initial conditions with an amplificatiof input randomness by a
factor52.0 for the standard deviation in the Duffing oscillator.

The fluid-structure interaction of a two-dimensional airfshows a typical P-
bifurcation behavior for probability density of the pitcmplitude from a Dirac delta
function at zero amplitude to a unimodal probability denfiinction for positive am-
plitudes. A2.5% reduction of the flutter boundary compared to its deterstimloca-
tion still results in a3.8% probability of flutter.
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In the three-dimensional transonic AGARD 445.6 wing aestt benchmark a
mean free stream velocity fixed at a realistic safety margst®below the determin-
istic flutter velocity in combination with 8.5% velocity variation results in a non-zero
flutter probability 0f6.19%. This illustrates that randomness can lead to the onset of
unstable behavior, which a single deterministic simutafior the mean value would
have missed. Taking physical uncertainties into accoumuimerical predictions is,
therefore, a more reliable design practice than usingsafieirgins in combination
with deterministic simulation results.
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Samenvatting

Robuuste en efficiénte methoden worden gepresenteerdhgobepalen van het effect
van fysische variaties in reken-intensieve stroming emnsitng-constructie simulaties
met discontinuiteiten en tijdsafhankelijkheid. Het effean inherente fysische onze-
kerheden ten gevolge van bijvoorbeeld variérende atmiesfe condities en produc-
tietoleranties kunnen in gevoelige ingenieursprobleneteg zijn dan de numerieke
fout in rekenkundige voorspellingen. Gedetailleerde earditatieve probabilistische
informatie over het effect van fysische variabiliteit gedetieerd door stochastische
parameters kan worden gebruikt in het reduceren van ontweligheidsfactoren en
in robuuste ontwerp optimalisatie, wat uiteindelijk badgt aan de ontwikkeling van
aerodynamisch efficiéntere en milieuvriendelijk verveeduurzame energie technolo-
gie.

Ten einde het effect van fysische variaties betrouwbaaretriage rekenkosten te
bepalen, worden verscheidene onzekerheidskwantificeriathoden ontwikkeld. De
geintroduceerde methoden resulteren in een significanteetering ten opzichte van
bestaande methoden in termen van efficientie en robudstbei voorgestelde Gram-
Schmidt Polynomische Chaos methode draagt bij aan de igitbhgevan de spectrale
convergentie van Galerkin Polynomische Chaos naar wiliege kansverdelingen. De
ontwikkelde Monomische Chaos aanpak resulteert in eeropptdde set van lineaire
vergelijkingen voor het construeren van de PolynomischaoStrexpansie in proble-
men met polynomische niet-lineariteiten. Er is aangetataidet rekenwerk per addi-
tionele Monomische Chaos orde equivalent aan een lineavetdth iteratie het addi-
tionele rekenwerk voor een Monomische Chaos onzekerheatdificering kan redu-
ceren tot minder dan dat van een deterministische bereferire gepresenteerde
Adaptieve Stochastische Eindige Elementen (Adaptive [#istic Finite Elements,
ASFE) methode gebaseerd op Newton-Cotes kwadratuurpimsémplex elementen
is een extrema verlagend (extrema diminishing, ED) schengeikansruimte. De
methode voldoet ook aan de totale variatie verkleinendal(t@riation diminishing,
TVD) conditie uitgebreid naar de kansruimte voor eerstaegsdNewton-Cotes kwadra-
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tuurpunten.

Voor instationaire problemen wordt het concept van intit@van een tijdsafhan-
kelijke parameterisatie van periodieke realisaties iratslavan de tijdsafhankelijke
realisaties zelf geintroduceerd in Probabilistisched@attie voor Limietcykel Oscil-
laties (Probabilistic Collocation for Limit Cycle Oscitlans, PCLCO). Dit resulteertin
een tijdsonafhankelijke onzekerheidskwantificeringsinblatienauwkeurigheid voor
de tijdsafhankelijke parameters met een constant aarghsages voor periode-1 li-
mietcykel oscillaties. De toepasbaarheid van de tijdsa¢bljke parameterisatie wordt
uitgebreid tot niet-gladde tijdsafhankelijke functiosa] asymptotisch niet-periodieke
responsen en hogere-periode oscillaties in de Instateedaptieve Stochastische
Eindige Elementen (Unsteady Adaptive Stochastic Finigarteints, UASFE) methode.

Een tweede UASFE concept voor onzekerheidskwantificeraimgoscillatorische
responsen wordt ontwikkeld gebaseerd op interpolatie earedlisaties bij constante
fase. Het is aangetoond dat deze formulering resulteedrirbegrensde fout als func-
tie van de fase voor periodieke responsen en onder zeketitiesrook in een be-
grensde fout in de tijd. In de praktijk leidt dit tot een carge onzekerheidskwantifi-
ceringsnauwkeurigheid in de tijd met een constant aandédiseties. De resulterende
formulering heeft geen parameterisatiefout en kan tijusalkelijke functionalen be-
handelen. De methode is toepasbaar op responsen waarvasedgoled gedefinieerd
is. De UASFE methode wordt verder uitgebreid naar stroneioigstructie interacties
met meerdere-frequentie responsen en continue consswiior gebruik te maken van
een wavelet ontbindingsstap. Vierde orde convergentidtegden voor een stochasti-
sche parameter laten een 3 ordes van grootte reductie vekalgkosten zien in verge-
lijking met Monte Carlo simulaties.

De ontwikkelde methoden zijn toegepast op stationaire stationaire proble-
men met discontinuiteiten en met stochastische veldereemdare stochastische para-
meters met verscheidene kansverdelingen in fysieke paeasngeometrische para-
meters, en rand- en beginvoorwaarden. Het is gevonden datepnen met discon-
tinuiteiten gevoelig zijn voor variaties met een versitegkfactor van 18,4 voor de
variatiecoéfficiéntin een zuiger probleem en een varide schokgolf locatie van 50%
tot 80% van de koorde in transsonische profielstroming tewnlge van een 1% vari-
atie in het ongestoorde Machgetal. De instationaire tapgsn laten zien dat de
ontwikkelde methoden de potentie hebben om onzekerheatsificering voor reken-
intensieve instationaire problemen met discontinuiteiéstransformeren van praktisch
onmogelijk tot een routine analyse. Er is gedemonstreeréela stochastische para-
meter die effect heeft op de frequentie van een periodiegilaite resulteert in een
stationair asymptotisch stochastisch gedrag. Er is aangdtdat oscillerende lineaire
problemen met een positieve kans op negatieve demping asiisep resulteren in een
divergerende standard deviatie. Er is ook gevonden datdigche systemen met bi-
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furcaties extreem gevoelig zijn voor stochastische begidities met een amplificatie
van variabiliteit met een factor 52,0 voor de standaardate&vin de Duffing vergelij-
king.

De stroming-constructie interactie van een twee-dimeragbprofiel laat een ty-
pisch P-bifurcatiegedrag zien voor de kansdichtheid vestalap amplitude vanuit een
Dirac delta functie voor een amplitude van nul tot een moderisdichtheidsfunctie
voor positieve amplitudes. Een 2,5% reductie van de flubargjten opzichte van zijn
deterministische locatie resulteert nog steeds in een B8t op flutter.

In het drie-dimensionale transsone AGARD vleugel 445.6-@astisch standaard-
probleem resulteert een gemiddelde ongestoorde snelbeédtio realistische veilig-
heidsmarge van 5% beneden de deterministische flutteessdethcombinatie met een
3.5% snelheidsvariatie in een positieve kans of flutter vd®%. Dit illustreert dat
variaties kunnen leiden tot het ontstaan van instabielaggdtat een deterministische
simulatie voor de gemiddelde waarde zou hebben gemist. lehemen van fysi-
sche onzekerheden in numerieke voorspellingen is daararbeteouwbaardere ont-
werpmethodologie dan het gebruiken van veiligheidsmargesmbinatie met deter-
ministische simulatie resultaten.
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Physical uncertainties due to atmospheric variations and production tolerances can
nowadays have a larger effect on the accuracy of computational predictions than
numerical errors. It is essential to quantify the effect of these uncertainties for reducing
design safety factors and robust design optimization. This eventually contributes to
the development of aerodynamically more efficient and environmentally friendly
transportation and renewable energy technologies.

In this thesis, efficient and robust uncertainty quantification methods are developed
for computationally intensive flow and fluid-structure interaction simulations including
discontinuities and unsteadiness. The proposed methods satisfy the total variation
diminishing and extrema diminishing concepts extended to probability space and
result in practice in a constant error in time. The considered applications demonstrate
that the developed methods have the potential to advance uncertainty quantification
for computationally intensive unsteady problems with discontinuities from practically
impossible to a routine analysis. The examples also illustrate that taking physical
uncertainties into account is a more reliable design practice than using safety
margins in combination with deterministic simulation results.
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