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Abstract We consider planar bar-and-joint frameworks with discrete point group
symmetry in which the joint positions are as generic as possible subject to the symmetry
constraint. We provide combinatorial characterizations for symmetry-forced rigidity
of such structures with rotation symmetry or dihedral symmetry of order 2k with
odd k, unifying and extending previous work on this subject. We also explore the
matroidal background of our results and show that the matroids induced by the row
independence of the orbit matrices of the symmetric frameworks are isomorphic to
gain sparsity matroids defined on the quotient graph of the framework, whose edges
are labeled by elements of the corresponding symmetry group. The proofs are based
on new Henneberg type inductive constructions of the gain graphs that correspond to
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the bases of the matroids in question, which can also be seen as symmetry preserving
graph operations in the original graph.
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1 Introduction

A d-dimensional bar-and-joint framework (or, simply, a framework) is a straight-line
realization of a finite simple graph G in Euclidean d-space. We think of a bar-and-joint
framework as a collection of fixed-length bars (corresponding to the edges of G) which
are connected at their ends by universal joints (corresponding to the vertices of G).
Frameworks can be used to model various structures with pairwise distance constraints
and whose rigidity property is of particular interest in applications ranging from civil
engineering [9,25] and crystallography [27] to sensor network localization [7] and
biochemistry [29]. In several applications the model frameworks may have symmetry,
which makes it important to explore the impact of symmetry on the flexibility and
rigidity of the framework.

In the past 10 years this research area has received an ever increasing attention
which has led to rigorous definitions, a clear separation of different directions and a
number of new results (see, e.g., [3,16,19]). One of the general goals of the research
is to extend Laman’s classical theorem on generically rigid planar frameworks (with
no symmetry conditions). The works initiated by Ross [17] and Malestein and Theran
[11] gave natural extensions of Laman’s theorem to periodic frameworks in the plane,
where the ingenious idea is to look at count conditions for quotient graphs with group
labelings.

This paper deals with finite bar-and-joint frameworks with point group symme-
try in the symmetry-forced setting and extends Laman’s classical theorem as well as
its matroidal background and algorithmic implications, to planar frameworks with
rotational or dihedral symmetry, assuming that the joint positions are as generic as
possible subject to the symmetry conditions. In our symmetry-forced setting, a frame-
work is said to be symmetry-forced flexible if it has a non-trivial symmetric infinitesimal
motion. For the generic frameworks that we consider, this is equivalent to the exis-
tence of a non-trivial symmetry preserving flex [21], and our main result characterizes
symmetric frameworks that admit nontrivial symmetry preserving flexes in terms of
simple count conditions of the underlying quotient group-labeled graphs, which can
be checked in polynomial time by combinatorial algorithms.

By using the orbit rigidity matrix introduced by Schulze and Whiteley [23], we can
reformulate our problem in terms of the generic rank of a matrix in which each row
corresponds to an edge orbit and each vertex orbit has two columns. This in turn is
equivalent to characterizing independence in a matroid defined on the edge set of the
group-labeled quotient graph, in which vertices and edges correspond to vertex and
edge orbits, respectively, and which concisely represents the graph structure with the
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corresponding symmetry. Our main results characterize these matroids in the case of
rotation symmetry or dihedral symmetry Dy of order 2k with odd k. If the underlying
symmetry is cyclic, the matroid turns out to be a (k, [)-gain-count matroid, in which
independence is defined by imposing certain sparsity conditions on the edge set of a
graph, whose edges are labeled by group elements. In the dihedral case the matroid
arises by a related, but more general construction.

Matroids of the former type can be obtained by matroidal operations (e.g. matroid
union and Dilworth truncation) from matroids that have been extensively studied
in matroid theory and are called frame matroids (or bias matroids) [31,32]. These
matroids, and their relatives, which also play a role in the theory of infinite periodic
frameworks [11,12,18], have been generalized in a recent paper [24] which unified
most of the existing results on symmetric and periodic frameworks, including our
cyclic case. However, the matroid of the dihedral case does not fit this general class.

We prove our results by developing Henneberg type inductive constructions for the
bases of our matroids and show that these operations preserve the row-independence
of the orbit rigidity matrix. This approach, which has been used in many combinatorial
characterizations of rigidity theory, leads to the desired result. In our problems, due to
the more complex sparsity conditions and the group labeling, we also need some new
operations and extended geometric arguments, to handle the symmetry constraints.

The complete answer in the case of dihedral symmetry remains open. However,
most of our inductive steps (extending or reducing a symmetric framework or a labeled
graph, respectively) are valid also for dihedral groups Dy, with even k, and can be
used to show that in the even case the irreducible graphs (frameworks), where our
reduction operations are not applicable, are very special. Interestingly, the smallest
such framework, which is predicted to be rigid by the matroidal count but is flexible is
the Bottema mechanism, a well-known mechanism in the kinematics literature (see,
e.g., [30]).

For the case when the underlying symmetry is cyclic, the same combinatorial
characterizations were also given by Malestein and Theran [12,13] by a completely
different proof approach. The main contributions of this paper are (i) to develop a
concise approach to analyze the rigidity of symmetric frameworks based on inductive
constructions and (ii) to give the first combinatorial characterization for frameworks
with non-cyclic symmetry, which is far more complicated than the cyclic case. After
the publication of the technical report [8] of this paper, our formulation and results on
inductive constructions were used for analyzing the infinitesimal rigidity of symmetric
frameworks [15,22] and the symmetric-forced rigidity of symmetric frameworks on
surfaces [14]. Also the matroid construction given in Sect. 7 was recently generalized
in [6].

The structure of the paper is as follows. In the rest of this section we introduce
some basic notation. In Sect. 2 we define and investigate gain graphs, which are
directed multigraphs with edges labeled by elements of a group. Gain count matroids,
defined on gain graphs by sparsity conditions, are introduced in Sect. 3 along with the
necessary matroidal background. In Sect. 4 we develop our inductive construction for
the bases of a specific gain count matroid by using three operations and a single base
graph. In Sect. 5 we recall the basic definitions and results needed to study symmetric
frameworks, including the orbit rigidity matrix and the necessary count conditions.
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In Sect. 6 we prove the first geometric lemmas and use them, together with results of
Sect. 4, to complete the characterization of rigid frameworks with cyclic symmetry. In
Sect. 7 we prove the inductive construction for the bases of our second matroid by using
five operations and four types of base graphs. In this case we need to handle graphs
of minimum degree four and hence we need more operations and longer arguments.
To make the paper more readable, the lengthy case, when the graph is four-regular,
is moved to the end of the paper, to Sect. 9. In Sect. 8 we prove additional geometric
lemmas and use them, together with the inductive construction of Sect. 7, to prove the
second main result, the characterization of rigid frameworks with dihedral symmetry
with odd k. We also present frameworks that meet the sparsity requirements but are
dependent and flexible when k is even. In Sect. 10 we briefly discuss the algorithmic
implications and make some further remarks.

In the rest of the introduction, let us introduce notation used throughout the paper.

Let E be a finite set. A partition P of E is a family of nonempty subsets of E such
that each element of E belongs to exactly one member of P. If E = ¢, the partition
of E is defined as the empty set. A subpartition of E is a partition of a subset of E.

Let G = (V, E) be an undirected graph. For v € V, let dg (v) be the degree of v in
G and N¢ (v) be the set of neighbors of vin G. For F C E, V5 (F) denotes the set of
endvertices of edges in F, and let G[F] = (V(F), F), that is, the graph edge-induced
by F. If the graph is clear from the context, the subscript G may be dropped. For
F C Eandv e V(F),letdr(v) =dgir(v).

A vertex subset X C V(G) (resp., an edge subset X C E(G)) is called a separa-
tor (resp., a cut) if the removal of X disconnects G. A separator X with |X| = 1 is
called a cut-vertex. G is called k-connected (resp., k-edge-connected) if the size of
any separator (resp., any cut) is at least k. A separator (resp., a cut) is called nontriv-
ial if its removal disconnects G into at least two nontrivial connected components,
where a connected component is called trivial if it consists of a single vertex. G is
called essentially k-connected (resp., essentially k-edge-connected) if the size of any
nontrivial separator (resp., any nontrivial cut) is at least k.

For simplicity, some properties of edge-induced subgraphs will be associated with
the corresponding edge sets as follows. Let FF € E. F is called connected if G[F]
is connected. A connected component of F is the edge set of a connected component
of G[F]. C(F) denotes the partition of F into connected components of F, and let
c(F) = |C(F)|. F is called a forest if it contains no cycle and called a tree if it is a
connected forest. F is called a spanning tree of a graph G = (V, E) if F is a tree with
FCEandV(F)=1V.

Let G = (V,E) be a directed graph. A walk in G is a sequence W =
vo, €1, V1, €2, V2, ..., Uk—1, €k, U of vertices and edges such that v;_; and v; are
the endvertices of e; for every 1 < i < k. We often denote a walk as a sequence
of edges implicitly assuming the incidence at each vertex. For two walks W and W’
for which the end vertex of W and the starting vertex of W’ coincide, we denote the
concatenation of W and W’ (that is, the walk W followed by W) by W « W’. A walk
is called closed if the starting vertex and the end vertex coincide.

It is sometimes convenient to regard the empty set as a subgroup of a group. Let
D be a dihedral group. For a cyclic subgroup C of D, C denotes the maximal cyclic
subgroup containing C.
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2 Gain Graphs

In this section we shall review some basic properties of gain graphs. We refer the
reader to [5,31,32] for more details.

Let G = (V, E) be a directed graph which may contain multiple edges and loops,
and let S be a group. An S-gain graph (G, ¢) is a pair, in which each edge is associated
with an element of S by a gain function ¢ : E — S. The orientation of G is, in some
sense, arbitrary, and is used only as a reference orientation: the orientation of each
edge may be changed, provided that we also modify ¢ such that if the edge has gain
g in one direction then it has gain g~! in the other direction. Therefore we often
do not distinguish between G and the underlying undirected graph and use notations
introduced in Sect. 1, implicitly referring to the underlying graph.

Let W be a walk in (G, ¢). The gain of W is defined as ¢p(W) = ¢(ey) -
¢(e2) - -- p(ex) if each edge is oriented in the forward direction through W, and
for a backward edge e¢; we replace ¢ (e;) with ¢(e))~! in the product. Note that
pWH=pm)~".

Let (G, ¢) be a gain graph. For v € V(G) we denote by 71 (G, v) the set of closed
walks starting at v. Similarly, for X € E(G) and v € V(G), m1(X, v) denotes the
set of closed walks starting at v and using only edges of X, where 71(X, v) = ¢ if
v ¢ V(X).

Let X € E(G). The subgroup induced by X relative to v is defined as (X)y o, =
{p(W) | W € m1(X, v)}. The subscript ¢ of (X)g , is sometimes omitted if it is
clear from the context. Note that, for any connected X € E(G) and two vertices
u,v € V(X), (X)y.4 is conjugate to (X) , (see, e.g., [5, p. 88] for the proof).

2.1 The Switching Operation

Forv € V(G) and g € S, a switching operation at v with g changes the gain function
¢ on E(G) as follows.

g-p(e)- g~ ifeisaloop incident with v,

oe)=18 ¢ (e) if e is a non-loop edge and is directed from v, "
ple)-g! if e is a non-loop edge and is directed to v,
¢ (e) otherwise.

We say that a gain function ¢’ on edge set E(G) is equivalent to another gain function
¢ on E(G) if ¢’ can be obtained from ¢ by a sequence of switching operations.

The following two facts are fundamental (see, e.g., [5, Sect. 2.5.2] or [31, Sect. 5]
for the proofs).

Proposition 2.1 Let (G, ¢) be a gain graph. Let ¢' be the gain function obtained
Sfrom ¢ by a switching operation. Then, for any X C E(G) andu € V(G), (X)g' , is
conjugate to (X)g 4.

Proposition 2.2 Let (G, ¢) be a gain graph. Then, for any forest F C E(G), there is
a gain function ¢’ equivalent to ¢ such that ¢'(e) = id for every e € F.
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2.2 Balanced and Cyclic Sets of Edges

As we shall see, the subgroup (X ), itself will not be important, when we define our
matroids induced by gains. We only need to know whether (X)y , is trivial or not, or
whether it is cyclic or not. We now introduce notions to describe these properties.

Let (G, ¢) be a gain graph. An edge subset F' C E(G) is called balanced if (F)y
is trivial for every v € V (F). Note that F is balanced if and only if every cycle in F is
balanced. The latter property is the definition of the balancedness given by Zaslavsky
[31].

In the same way, an edge subset ' C E(G) is called cyclic if (F)y , is cyclic
for every v € V(F) (note that the terms balanced and cyclic are not exclusive). A
gain graph (G, ¢) is called balanced (resp. cyclic) if E(G) is balanced (resp. cyclic),
respectively.

Proposition 2.2 suggests a simple way to check the above introduced properties of
X, in analogy with the fact that the cycle space of a graph is spanned by fundamental
cycles. For a connected X C E(G), take a spanning tree 7' of the edge induced
graph G[X]. By Proposition 2.2 we can convert the gain function to an equivalent
gain function such that ¢(e) = id for all e € T. Now consider any closed walk
W € m (X, v), and denote W by W = vjv, vav3, ..., UkVk+1, and let W; = P; %
{viviy }>kPl.jr11 for1 <i < k,where P; denotes the path from v to v; in 7. Then observe
W) = (W1)-¢(Wa)---¢p(Wi).Byep(e) =idforalle € T, wededucethatp(W)is
aproductof elementsin {¢(e) : e € X\T},implying that (X)4 , C (¢p(e) : e € X\T),
where (¢ (e) : e € X\T) is the group generated by {¢(e) : e € X\T}. Conversely,
¢ (e) is contained in (X)y , for all e € X\T. Thus, (X)p., = (p(e) : e € X\T). In
particular, we proved the following.

Lemma 2.3 For a connected X C E(G) and a spanning tree T of G[X], suppose
that ¢(e) = id for all e € T. Then, (X)p» = (p(e): e € X\T). In particular, the
following hold.

(1) X is unbalanced if and only if there is an edge in X\T whose gain is non-identity.
(ii) X is cyclic if and only if all gains of X\T are contained in a cyclic subgroup of S.

The following technical lemmas will be used in the proof of our main theorem.

Lemma 2.4 Let (G, ¢) be an S-gain graph, and X and Y be connected edge subsets
such that the graph (V(X) NV (Y), X NY) is connected.

(1) If X and Y are balanced, then X U'Y is balanced.

(2) If X is balanced and Y is cyclic, then X UY is cyclic.

) If X, Y are cyclic and X N'Y is unbalanced, then X U'Y is cyclic, provided that
for every non-trivial cyclic subgroup C of S there is a unique maximal cyclic
subgroup C of S containing C.

Proof Since the graph (V(X) N V(Y), X NY) is connected, there is a spanning tree
T in G[X U Y] such that T N X is a spanning tree of G[X], T NY is a spanning tree
of G[Y],and T N X NY is a spanning tree of G[X N Y]. By Proposition 2.2, there is
a gain function ¢’ equivalent to ¢ such that ¢’(¢) = id for each e € T.
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If X and Y are balanced, Lemma 2.3 implies that ¢’(¢) = id foralle € X U Y.
Thus (1) holds.

If X is balanced, then every label in X U Y is contained in (Y)4 , by Lemma 2.3,
and hence X U Y is cyclic if Y is cyclic. This implies (2).

If X, Y are cyclic and X N Y is unbalanced, then there is an edge e € X N Y for
which ¢/’ (e) is non-identity. Let C be a cyclic subgroup of S generated by ¢’(¢) and C
be the maximal cyclic subgroup containing C. Since X and Y are cyclic, Lemma 2.3
implies that ¢/ (e) € C holds for every e € X and for every e € Y. Therefore X UY is
cyclic. O

Lemma 2.5 Let (G, ¢) be a gain graph, and X and Y be connected balanced edge
subsets. If the number of connected components of the graph (V(X)NV(Y),XNY)
is two, then X U'Y is cyclic.

Proof We take a spanning tree 7 of G[X U Y] such that 7 N X is a spanning tree
of G[X]. Since the number of connected components of (V(X) N V(Y), X NY) is
two, T NY consists of two connected components, denoted 77 and 7>. {V (T1), V(T32)}
partitions Y into three subsets {¥1, Y2, Y3} suchthatY; = {e € Y: V({e}) C V(T;)}
fori =1,2and Y3 = Y\(Y1 U 1>).

By Proposition 2.2, we can take a gain function ¢’ equivalent to ¢ such that ¢’ (¢) =
id for e € T. Since X and Y are balanced, we have ¢'(¢) = id fore € X UY; U Y5.
Moreover, assuming that every edge in Y3 is oriented toward V (Y1), we have ¢/ (e) =
¢'(f) foralle, f € Y3, since otherwise T; UT> U {e, f} contains an unbalanced cycle,
contradicting the fact that Y is balanced. Therefore X U Y is cyclic. O

3 Gain Count Matroids
3.1 Matroids Induced by Submodular Functions

Let E be a finite set. A function p : 28 — R is called submodular if (X)) + u(Y) >
w(XUY)+pu(XNY)forevery X, Y C E. uis monotone if u(X) < u(Y) for any
X C Y. A monotone submodular function p : 2E 5 7 induces a matroid on E,
where F' C E is independent if and only if || < u(I) for every nonempty I C F.
See e.g. [4, Sect. 13.4]. This matroid is denoted by M ().

For a monotone submodular function w, let v = u — 1. Then, v is monotone
submodular and induces the matroid M (v). This matroid is referred to as the Dilworth
truncation of M(u). Although the details are omitted here, the name of Dilworth
truncation is justified from a connection with Dilworth truncation for general matroids,
see [4] for more details.

Now we consider the union of two matroids induced by monotone submodular
functions w1 and p». Since monotonicity and submodularity are both preserved under
the sum operation, ;1 + (7 is monotone and submodular. In general, the union of
M(e1) and M(u2) is not equal to M (w1 + 2). We do have equality in some special
cases, for example, when 1 = o or when both 1 and pu, are nonnegative.

As an example, consider the union of two copies of the graphic matroid of a graph
G = (V, E). It is the matroid induced by f> 2 defined by f>2(F) = 2|V (F)| —2 on
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2F as f>,/2 induces the graphic matroid on G. The 2-dimensional generic rigidity
matroid is the one induced by f> 2 — 1, and hence it is the Dilworth truncation of the
union of two copies of the graphic matroid.

In general, for a graph G = (V, E) and two integers k and [ with k > 1 and
1 <2k —1,let

i (F) =k|V(F)| =1 (F C E).

G is called (k, [)-sparse if |F| < fi;(F) for any nonempty F C E. The matroid
induced by fx; is called the (k, [)-count matroid on G.1f [ > 0, M( fi ;) is indeed the
one induced by f o, truncated / times. See e.g. [4] for more details. Below we shall
apply the same construction to the union of some copies of a frame matroid to define
gain-count matroids.

3.2 Gain-Count Matroids

In this paper we shall consider frame matroids on gain graphs. Let S be a group and
(G, ¢) be an S-gain graph. The frame matroid of (G, ¢) is defined such that F C E
is independent if and only if each connected component of F contains no cycle or just
one cycle, which is unbalanced if it exists [32]. If we define gs : 2 — Z by

gs(F)= D" (IV(F)| — 1+ as(F)), 2

F;eC(F)
where

1 if F is unbalanced,
as(F) = [ 3)

0 otherwise,

then the frame matroid is the matroid induced by gs. We omit the subscript S from
ag if it is clear from the context.

For an S-gain graph and two positive integers k and / with k < [, we define
8kl : 2F 5 Z by

gk1(F) =kgs(F) —( —k) (FCE). “

We call the matroid M (gx ;) induced by gi; a (k, [)-gain-count matroid or g-count
matroid for short. This matroid is the union of k copies of the frame matroid, followed
by [ — k Dilworth truncations. In this paper, we shall investigate the (2, 3)-g-count
matroid and its variants.

The independence of M (gg.;) can be described in a compact form (see [8] for the
proof, which is a rather straightforward calculation).

Lemma 3.1 Let (G, ¢) be an S-gain graph with G = (V, E). Then E is independent
in M(gxk.1) ifand only if |F| < k|V(F)| — | + ka(F) for any nonempty F C E.
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In this sense, we may define (k, [)-gain-sparsity as in the case of (k, [)-sparsity of
undirected graphs as follows.

Definition 3.1 Let k and / be positive integers with £ < [ and (G, ¢) be an S-gain
graph with a graph G = (V, E) and a group S. An edge set X C E is called (k, [)-
gain-sparse (or (k, [)-g-sparse for short) if |F'| < g ;(F) for any nonempty F C X,
ie.,

e |F| < k|V(F)|— 1 for every nonempty balanced F C X;
e |F| <k|V(F)| —1+ k for every nonempty unbalanced F' C X,

and it is called (k, [)-gain-tight (or (k, l)-g-tight for short) if it is (k, /)-g-sparse with
1X| = gi(X).

If E is (k, [)-g-sparse then graph (G, ¢) is said to be (k, [)-g-sparse, and (G, ¢) is
called maximum (k, [)-g-tight if it is (k, [)-g-sparse with |E| = k|V| — 1 + k.

Remark 3.1 Note that the value of g ; is invariant under switching operations, and
thus the induced matroid is uniquely determined up to equivalence of gain functions.

Remark 3.2 We can further consider the union of frame matroids of gain graphs
(G, ¢1) and (G, ¢2) with the same underlying graph but distinct gain functions. We
should remark that both graphic matroids and bicircular matroids are special cases
of frame matroids. The union of copies of graphic, frame and bicircular matroids on
an S-gain graph, followed by Dilworth truncations, can be described as the matroid
induced by a counting condition. For example, in the union of the graphic matroid and
the frame matroid of a gain graph (G, ¢), followed by a single Dilworth truncation,
E(G) is independent if and only if | F'| < 2|V (F)|— 3 for any balanced set F C E(G)
and |F| < 2|V (F)| —2 for any nonempty F' € E(G). This matroid was used by Ross
[17] for characterizing the generic rigidity of bar-and-joint frameworks on a torus.
Tanigawa [24] proposed a more general class of matroids extending matroid union
operations.

4 Constructive Characterization of Maximum (2, 3)-g-Tight Graphs
4.1 Operations Preserving (2, 3)-g-Sparsity

In this section we define three operations, called extensions, that preserve (2, 3)-g-
sparsity. The first two operations generalize the well-known Henneberg operations
[26,28] to gain graphs.

Let (G, ¢) be an S-gain graph. The 0-extension adds a new vertex v and two new
non-loop edges e1 and ey to G such that the new edges are incident to v and the other
endvertices are two not necessarily distinct vertices of V(G). If e and e are not
parallel then their labels can be arbitrary. Otherwise the labels are assigned such that
¢(e1) # ¢ (ez), assuming that e; and e; are directed to v.

The 1-extension first chooses an edge e and a vertex z, where e may be a loop and
z may be an endvertex of e. It subdivides e, with a new vertex v and new edges e1, e
such that the tail of e is the tail of e and the tail of e; is the head of e. The labels of the
new edges are assigned such that ¢ (e) - ¢ (ex)~ ! = ¢ (e). The 1-extension also adds a
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(a) (b)

»

(c)

Fig. 1 a 0-Extension, where the new edges may be parallel. b 1-Extension, where the removed edge may
be a loop and the new edges may be parallel. ¢ Loop-1-extension

third edge e3 oriented to v. The label of e3 is assigned so that it is locally unbalanced,
i.e., every two-cycle e;e;, if it exists, is unbalanced.

The loop 1-extension adds a new vertex v to G and connects itto a vertex z € V(G)
by a new edge with any label. It also adds a new loop [ incident to v with ¢ (1) # id
(Fig. 1).

The 0-extension and the 1-extension were already considered by Ross [17] for Z>-
gain graphs. In the covering graph each operation can be seen as a graph operation that
preserves the underlying symmetry. Some of them can be recognized as performing so-
called Henneberg operations [26,28] simultaneously. In the case of three-fold rotation
symmetry, these operations are considered by Schulze [21].

Lemma 4.1 Let (G,¢) be a (2,3)-g-sparse graph. Applying the 0-extension,
1-extension or loop 1-extension to (G, ¢) results in a (2,3)-g-sparse graph (G', ¢")
with |V(G")| = |[V(G)| + 1 and |E(G")| = |E(G)| + 2.

Proof For a contradiction, suppose that G’ contains an edge set F € E(G’) for which
|F| > 2|V (F)|—3+2«a(F).Letvbe the new vertex added by the extension, and let E,
be the set of edges incident to v. Since E(G")\E, C E(G), E,NF # (. In particular,
v € V(F). Also, since the new labeling is assigned to be locally unbalanced, F' is not
contained in E,.

If G’ is constructed by a 1-extension then let e be the subdivided edge of G and let
e1 and e be the resulting two new edges.

Let F/ = F\E,. If G’ is constructed by a 1-extension and {e{, ez} C F, then we
further insert e to F’. We then have |F'| > |F| — 2, |[V(F")| = |V(F)| — 1, and
a(F") < a(F) in each case. These imply |F'| > |F| —2 > 2|V(F)| — 5 + 2a(F) >
2|V(F")| — 3 + 2a(F’), contradicting the (2, 3)-g-sparsity of G as § # F' C E(G).

O

We shall define the inverse moves of the operations above, which are called reduc-
tions. For a vertex v and two incoming non-loop edges e; = (u, v) and e = (w, v),
we denote by e - e, ! anew edge from u to w with label ¢ (e1) - ¢ (e2)~ ! (by extending
¢).Ifu = wtheney-e, Visa loop. Each reduction corresponds to one of the following
operations on a gain graph (G, ¢).
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A O-reduction chooses a degree two vertex and deletes it from G.

A 1-reduction chooses a vertex v with d(v) = 3 that is not incident to a loop. Let
e1, e2, e3 be the edges incident to v. Without loss of generality we may assume that
each ¢; is oriented to v. The 1-reduction deletes v with the incident edges and adds
one of ej - ez_l, e - 63_1 and e3 - 31_1 as a new edge.

A loop 1-reduction chooses a vertex incident to exactly one loop and one non-loop
edge and deletes the chosen vertex with the incident edges.

A 1-reduction may destroy the (2, 3)-g-sparsity of a graph. We say that a reduction
(at a vertex v) is admissible if the resulting graph is (2, 3)-g-sparse.

4.2 Constructive Characterization

Lemma 4.2 Let (G, ¢) be a (2,3)-g-sparse graph and v € V (G) a vertex not incident
to a loop with d(v) = 3. Then there is an admissible 1-reduction at v.

Proof Let E = E(G), G’ = G —v and E' = E(G'). Let ey, e3, e3 be the edges
incident to v in G. Without loss of generality we may assume that each e; is oriented
to v. For simplicity we pute; ; = ¢; - ejfl.

Suppose for a contradiction that there is no admissible splitting at v, that is, none
of E' + e12, E' + ep3 and E’ + ez is independent in M(g> 3). Equivalently,
e12,€3,€31 € clg(E’), where cl, denotes the closure operator of M(g23). Let
X ={e1,e2,e3,€12,€23, €31}

Claim 4.3 e € clg(X — ey).

Proof We split the proof into three cases depending on the cardinality of N (v).

If [N (v)| = 3 then, by Proposition 2.2, we may assume ¢ (e1) = ¢(e2) = ¢(e3) =
id. We then have ¢ (e12) = ¢(e2.3) = ¢(e3,1) = id. Therefore X forms a balanced
K4, which is a circuit of M(g3,3). Thus, e; € clg (X — ;) holds.

If [N (v)| = 2 then we may assume that e and e, are parallel. By Proposition 2.2, we
may assume that ¢ (e2) = ¢ (e3) = id. This implies ¢ (e1,3) = ¢(e1) and ¢ (e23) = id.
Since G is (2, 3)-g-sparse, we have ¢ (e1) # id by ¢ (e2) = ¢ (e3) = id, which implies
that e; 7 is an unbalanced loop with ¢ (e12) = ¢(e1). It can be easily checked, by
counting, that X is indeed a circuit in M(g2.3). Thus, e| € clg(X — e;) holds.

If IN(v)| = 1 then let X' = {ey, e2, €3, €1,2}. We have |X'| = 2|V (X')| and X' is
a circuit of M(g2,3). Therefore e; € cly (X' —e1) C clg(X —ep). O

Since e 2, €23, 3,1 € clg(E’), by Claim4.3, wehave e| € cl, (X —e) C cly(E'+
X —e1) =clg(E" + e + e3) = clg(E — e1), which contradicts the (2, 3)-g-sparsity
of G. O

The following constructive characterization of maximum (2, 3)-g-tight graphs is a
direct consequence of Lemmas 4.1 and 4.2 (see [8] for the concrete proof).

Theorem 4.4 An S-gain graph (G, ¢) is maximum (2,3)-g-tight if and only if it can
be built up from an S-gain graph with one vertex and an unbalanced loop incident to
it with a sequence of 0-extensions, 1-extensions, and loop-1-extensions.
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Remark 4.1 Theorem 4.4 for the case of three-fold rotation symmetry is implicit in
[20]. For Z*-gain graphs, the corresponding result with a slightly different count
condition (see Remark 3.2) was shown by Ross [17].

Further applications of Theorem 4.4 and other operations are recently discussed in
[14,15,22].

5 Symmetry-Forced Rigidity

In this section we define the notion of symmetry-forced infinitesimal rigidity, intro-
duced by Schulze and Whiteley [23]. In Sect. 5.1, we first introduce S-symmetric
graphs, whose automorphism group has a subgroup isomorphic to S. In Sect. 5.2 we
shall review the conventional notion of infinitesimal rigidity. In Sect. 5.3 we introduce
symmetry-forced infinitesimal rigidity, which is only concerned with infinitesimal
motions invariant under the underlying symmetry. In Sect. 5.4 we introduce the orbit
rigidity matrix, which is the main tool for investigating symmetry-forced infinitesimal
rigidity in the subsequent sections. In Sect. 5.5 we prove a necessary condition for
symmetric frameworks to be symmetry-forced infinitesimally rigid.

5.1 S-Symmetric Graphs

Let H be a simple graph. An automorphism of H is a permutation 7 : V(H) —
V(H) such that {u, v} € E(H) if and only if {7 (u), r(v)} € E(H). The set of all
automorphisms of H forms a subgroup of the symmetric group of V (H), known as
the automorphism group Aut(H) of H.

Let S be a group. An action of S on H is a group homomorphism p : S — Aut(H).
An action p is called free if p(g)(v) # v for any v € V and any non-identity g € S.
We say that a graph H is (S, p)-symmetric if S acts on H by p. If p is clear from
the context, we will simply denote p(g)(v) by g - v or gv. Note that, for g € S and
u,v € V,{u,v} € E(H) if and only if {gu, gv} € E(H), and hence there is an
induced action of S on E(H) defined by g - {u, v} = {gu, gv}.

Let H be an (S, p)-symmetric graph. The quotient graph H /S of H is a multigraph
on the set V(H)/S of vertex orbits, together with the set E(H)/S of edge orbits as the
edge set. An edge orbit may be represented by a loop in H/S. Figure 2 is an example
when S is a dihedral group.

Different graphs may have the same quotient graph. However, if we assume that p
is free, then a gain labeling makes the relation one-to-one. To see this, we arbitrarily
choose a vertex v as a representative vertex from each vertex orbit. Then, each orbit
is written by Sv = {gv: g € S}. If p is a free action, an edge orbit connecting Su
and Sv in H/S can be written by {{gu, ghv}: g € S} for a unique &2 € S. We then
orient the edge orbit from Su to Sv in H/S and assign to it the gain 4. In this way,
we obtain the quotient S-gain graph, denoted (H/S, ¢).

Conversely, any S-gain graph (G, ¢) can be “lifted” as an (S, p)-symmetric graph
with a free action p. To see this, we simply denote the pair (g, v) of g € S and
v € V(G) by gv. The covering graph (also known as the derived graph) of (G, ¢) is
the simple graph with vertex set S x V(G) = {gv: g € S, v € V(G)} and the edge
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Fig. 2 A Dg-symmetric graph and the quotient gain graph

set {{gu, gp(e)v}: e = (u,v) € E(G), g € S}. Clearly, S freely acts on the covering
graph, under which the quotient gain graph comes back to (G, ¢). For more properties
of covering graphs, see e.g. [5].

5.2 Infinitesimal Rigidity

Before we investigate the rigidity theory of symmetric graphs we review the basic
notions of the conventional rigidity of graphs.

A d-dimensional bar-and-joint framework (or simply a framework) is a pair (H, p)
of a simple graph H and a mapping p : V(H) — R, called a joint-configuration.
We denote the set {p(v): v € V(H)} of points by p(H).

Infinitesimal rigidity is concerned with the dimension of the space of infinitesimal
motions. An infinitesimal motion of a framework (H, p) is defined as an assignment
m: V(H) — R? such that

(mu) —m(), p(u) — p(v)) =0 forall{u, v} € E(H), (5
where (-, -) denotes the standard inner product in the d-dimensional Euclidean space.
The set of infinitesimal motions forms a linear space, denoted L(H, p).

In general, for a set P C R? of points, an infinitesimal isometry of P is defined by
m : P — R? such that

(m(x) —m(y),x —y)=0 forallx,y e P.

The set of infinitesimal isometries forms a linear space, denoted by iso(P). Notice
that, for a skew-symmetric matrix S and r € RY, a mapping m : P — R? defined by
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mx)=S8x+t (x € P)

is an infinitesimal isometry of P. Indeed, it is well-known that any infinitesimal isom-
etry can be described in this form, and

dimiso(P) = d(k + 1) — (k;r 1), 6)

where k denotes the affine dimension of P.

Example 5.1 Let us consider the infinitesimal isometries of a point set P in the plane.
According to (6), we have

dimiso(P) = [3 if1P] =2,

2 if|P|=1.
For t € R?, let m;(x) =t (x € P). Then, m, is an infinitesimal isometry, called a
translation. On the other hand, let m, (x) = Cr2x (x € P), where Cy /> denotes the
2 x 2 orthogonal matrix representing the four-fold rotation around the origin. Then,
m, is also an infinitesimal isometry, which we call an infinitesimal rotation. It is well
known that iso(P) is spanned by {m;, m,, m,} for two linearly independent vectors
t,1" € R?. See Fig. 3 for examples.

An infinitesimal motion m : V(H) — R? of a framework (H, p) is said to be
trivial if m can be expressed by

m@) =Sp(w) +t (veV(H)) )

for some skew-symmetric matrix S and ¢ € R?. The set of all trivial motions forms
a linear subspace of L(H, p), denoted by tri(H, p). By definition, tri(H, p) is iso-
morphic to iso(p(H)), and hence (6) gives the exact dimension of tri(H, p). (H, p)
is called infinitesimally rigid if L(H, p) = tri(H, p).

5.3 Symmetric Frameworks and Symmetry-Forced Infinitesimal Rigidity

A discrete point group (or simply a point group) is a finite discrete subgroup of O(R?),
the orthogonal group of dimension d, i.e., the set of d x d orthogonal matrices over R.
For d = 2, point groups are classified into two classes, groups Cy of k-fold rotations
and dihedral groups Dy of order 2k. For a special case, D; consists of a mirror-
reflection and the identity. In the subsequent discussion of this section, S denotes a
point group.

Suppose that H is (S, p)-symmetric for a point group S. A joint-configuration p
is said to be (S, p)-symmetric (or, simply, S-symmetric) if

gp() = p(gv) forall g € Sandforallv € V(H). (8)
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Fig. 3 Three independent infinitesimal isometries in the plane, among which a is symmetric with respect
to the group of a vertical reflection, b is symmetric with respect to the group of a horizontal reflection, and
¢ is symmetric with respect to the group of rotations

Such a pair (H, p) is called an (S, p)-symmetric framework (or simply an
S-symmetric framework or a symmetric framework).

We shall consider “symmetry-preserving” infinitesimal motions of symmetric
frameworks. We say that an infinitesimal motion m : V(H) — R? is symmetric
if

gm() =m(gv) forallg € Sandforallv € V(H). O]

The set of S-symmetric infinitesimal motions and the set of trivial ones form linear
subspaces of L(H, p) and tri(H, p), denoted Ls(H, p) and tris(H, p), respectively.
We say that (H, p) is symmetry-forced infinitesimally rigid if Ls(H, p) = tris(H, p).

A set P of points is called S-symmetric if gP = {gp: p € P} = P forall g € S.
An infinitesimal isometry m : P — R? of an S-symmetric point set P is called
S-symmetric if gm(x) = m(gx) forall x € P and g € S. The set of S-symmetric
infinitesimal isometries forms a linear subspace of iso(P), denoted isos(P). Clearly,
tris(H, p) is isomorphic to isos(p(H)).

Example 5.2 Let us consider point groups in O(RR?), which will be mainly discussed
in Sects. 6 and 8. Let P be an S-symmetric point set in R2. See Fig. 3 for examples
of Cx-symmetric infinitesimal isometries. In general, if |P| > 1,

3 ifk=1
dimisoc, (P) = ’
imisoc, (P) [lﬁkzl
and if P = {x},

2 itk=1,

dimisoc, (P) = . o
0 if K > 2 (where x should be the origin).
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Similarly, for the dihedral group D, of order 2k,

dimi (P) 1 ifk=1,
imiso =
P 0 ifk > 2.
A result of Schulze [21] motivates us to look at S-symmetric infinitesimal rigidity,
which states thatif (H, p) is not symmetry-forced infinitesimally rigid on an S-generic
p,then (H, p) has a nontrivial continuous motion that preserves the (S, p)-symmetry.

5.4 The Orbit Rigidity Matrix

Let (H, p) be an (S, p)-symmetric framework in R?. Due to (9), the system (5) of
linear equations (with respect to m) is redundant. Schulze and Whiteley [23] pointed
out that the system can be reduced to |E(H)/S]| linear equations.

To see this, we first define a joint-configuration p of vertex orbitsby p : V(H)/S —
R?. By taking a representative vertex v from each vertex orbit Sv, we set p(Sv) = p(v)
[then, the locations of the other non-representative vertices are uniquely determined
by (8)].

In a similar way, we define an infinitesimal motion of (H/S, p)bym : V(H)/S —
R<. By using the representative vertices determined above, we fix a one-to-one cor-
respondence between S-symmetric infinitesimal motions of V (H) and infinitesimal
motions of V(H)/S by m(Sv) = m(v) for each vertex orbit Sv.

Let (H/S, ¢) be the quotient S-gain graph of H. Recall that each (oriented) edge
orbit Se connecting Su and Sv with gain %, can be written by Se = {{gu, gh.v}:
g € S}. The system (5) is hence written by

(m(gu) —m(ghev), p(gu) — p(ghev)) =0 forall {gu, gh,v} € Se  (10)

over all edge orbits Se € E(H)/S. Recall that the transpose of g is g~! for any
g € ORY). By (8) and (9),

(m(gu) —m(ghv), p(gu) — p(gh.v))
= (m@) — hem(v), p(u) — hep(v))
= (m@), p(u) — hep(v)) + (m(v), p(v) — h, ' p(u))
= (1(Su). p(Su) — he p(SV)) + ((Sv), p(Sv) — hy ' p(Su)).

Therefore, for p : V(H)/S — RY, a mapping i : H/S — R? is an infinitesimal
motion of (H/S, p) if and only if

((Su), p(Su) — he p(Sv)) + (7 (Sv), p(Sv) — h, ' p(Su)) =0 (11
for every oriented edge orbit Se with ¢(Se) = h,. By regarding (11) as a system of

linear equations of 71, the corresponding |E (H) /S| x d|V (H)/S|-matrix is called the
orbit rigidity matrix.
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In general, for an S-gain graph (G, ¢) and p : V — R?, we shall define the orbit
rigidity matrix as an |E(G)| x d|V (G)|-matrix, in which each row corresponds to an
edge, each vertex is associated with a d-tuple of columns, and the row corresponding
to e = (u, v) € E(G) is written by

u v

—
0-+-0 p(u) — ¢(e)p(v) 0---0 p(v) — p(e)~' p(u) 0---0

if e is not a loop, and by

v

0--0 2lg — ¢(e) — p(e) ") p() 0---0

if e is a loop. The orbit rigidity matrix of (G, ¢, p) is denoted by O (G, ¢, p). From
the above discussion, it follows that the dimension of the S-symmetric infinitesimal
motions can be computed from the rank of the orbit rigidity matrix of the corresponding
quotient gain graph, which is formally stated as follows:

Theorem 5.1 (Schulze and Whiteley [23]). Let (H, p) be an (S, p)-symmetric frame-
work with a free action p. Then,

dim Ls(H, p) = d|V(H)/S| — rank O(H/S, ¢, p),

where (H /S, @) is the quotient S-gain graph and p is a joint-configuration of vertex
orbits corresponding to p.

5.5 Necessary Condition for Symmetry-Forced Rigidity

Combining some observations given in Sect. 2, we can show a necessary condition
for the row independence of orbit rigidity matrices.

Lemma 5.2 Let (G, ¢) be an S-gain graph with underlying graph G = (V, E), and
let p:V — RIIFO(G, ¢, p) is row independent, then

IFl < D AdIV(F)| —dimiso(ry, , (p(Fi)}
FieC(F)

forall F C E and w € V (F;), where p(F;) = {gp(v): v e V(F;), g € S}.

Proof Let RF be the linear space spanned by the row vectors associated with F' in
0 (G, ¢, p). Observe that each non-zero entry of the row vector associated withe € F
is in the columns associated with V (F'). This means that R is the direct sum of R g
for F/ € C(F), and hence it suffices to check the statement for a connected F with
V(F)=1V.

Clearly, dim R < d|V|. Since |F| < dim R, we now show that dim R# >
dimiso(r), , (p(F)), where RIJ; denotes the orthogonal complement of Rf.
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To see this we first check that a switching operation does not change the rank of
the orbit rigidity matrix. Let ¢’ be the gain function obtained from ¢ by a switching
operation at vy with gg € S. We define p’ : V — R? by

P ) = p(u) ?fu # 0, 12)
gop(u) ifu = vo.
Note that p’(F) = {gp’'(v): v € V, g € S} = p(F). We now show
rank O(G, ¢, p) =rank O(G, ¢', p'). (13)

Let us consider a non-loop edge e = (u, vg) oriented to vy in G. The row corre-
sponding to e in O(G, ¢’, p’) is written by

u Vo
[0---0[p'(u) —¢"(e) p’(v0)[0---0]p(vo) — ¢' ()" p'(w)[0---0|

By (1), we have ¢’ (e) = q)(e)go_l. Thus, by using (12), the row of e becomes

u )
[0---0[p(u) — ¢(e) p(v0)[0---0]g0(p(v0) — ¢(e)~" p())[0--- 0]

Similarly, for a non-loop edge e = (vo, ©) oriented from vg in G, the row of e becomes
exactly the same form as above. By using the same calculation, for a loop e incident
to vg in G, the row of e in O(G’, ¢’, p’) can be written as

vo
[0---0[g02Iy — p(e) — p(e)~ ) p(vp)[0---0]

By performing column operations within the d columns associated with v, these
are converted to

u )
10---0lp(u) — () p(v)|[0---0]p(vo) — $(e)"" p(w)[0-- -0

and

vo
[0---0[(21s — p(e) — p(e)~") p(v0)]0- - - O]

respectively, which implies that rank O (G, ¢, p) = rank O(G, ¢’, p’). Therefore, the
row independence of the orbit rigidity matrix is invariant under switching operations.
Moreover, since p(F) = p'(F), dimiso(r), , (p(F)) = dim is0(p), (p'(F)). So it
suffices to prove the statement for O (G, ¢’, p’).
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Let T be a spanning tree of G. Since we can freely apply switching operations, we
may assume that ¢(e) = id for all e € T'. Then, by Lemma 2.3, (F)y ,, = (¢(e): e €
F\T) for a vertex w € V(F).

Let us take any m € isor), ,(p(F)) and letm : V — R? be defined by m(v) =
m(p(v)) forv € V. We show that m is in the orthogonal complement of R . To check
it, let us consider any edge e = (u, v) € F with gain i = ¢(e). Since m € iso(p(F)),
we have

(p(m) — hp(v), m(p(u)) —m(hp(v))) = 0.

Since m is (F)g, ,-symmetric, we also have m(hp(v)) = hm(p(v)). Therefore, we
obtain

0= (pu) —hp(w), m(p(u)) —m(hp(v))) = (p(u) — hp(v), m(u) — hm(v)),

implying that m is in the orthogonal complement of Rr. Consequently, dim RI% >
dimiso<p)¢vw (p(F)), and hence |F| < dim R < d|V| — dim iso<p>¢vw (p(F)). O

This, together with Theorem 5.1, directly implies a necessary condition for sym-
metric frameworks to be symmetry-forced infinitesimally rigid.

Recall that S is a finite family of orthogonal matrices. Let Qg be the field generated
by Q and the entries of all the matrices in S. Since S is finite, almost all numbers
in R are transcendental over Qs. For a given gain graph (G, ¢), a mapping p :
V(G) — R? is called S-generic if the set of coordinates of p(v) for all v € V(G) is
algebraically independent over Qs. Similarly, for a given (S, p)-symmetric graph H,
an (S, p)-symmetric joint-configuration p : V(H) — R is called S-generic if the
corresponding joint-configuration p of the vertex orbits is S-generic. An S-symmetric
framework is called S-generic if the joint configuration is S-generic.

In Sects. 6 and 8 we will check that the condition of Lemma 5.2 is indeed sufficient
for generic symmetric frameworks in the plane with cyclic groups and dihedral groups
Dy with odd k, respectively.

6 Combinatorial Characterization of Generic Rigidity with Cyclic
Symmetry

In this section we shall prove a combinatorial characterization of the symmetry-forced
rigidity of S-generic symmetric frameworks with cyclic point groups in the plane. The
following lemma is a key observation, which is an extension of the one given in [26,28]
for proving Laman’s theorem. The lemma is not limited to cyclic groups.

Lemma 6.1 Let (G, ¢) be an S-gain graph for a point group S C O(R?). Let (G', ¢')
be an S-gain graph obtained from (G, ¢) by a 0-extension, 1-extension, or loop-
L-extension. If there is a mapping p : V(G) — R? such that O(G, ¢, p) is row
independent, then there is a mapping p' : V(G') — R? such that O(G’, ¢', p') is
row independent.
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Proof If there is a p such that O (G, ¢, p) is row independent, then O (G, ¢, q) is row
independent for all S-generic ¢. Hence, we may assume that p is S-generic. We only
show the difficult case where (G', ¢') is constructed from (G, ¢) by a 1-extension (see
[8] for the easier case where (G', ¢') is constructed from (G, ¢) by a 0-extension or
a loop-1-extension).

Suppose that (G’, ¢’) is obtained from (G, ¢) by a 1-extension, by removing an
existing edge e and adding a new vertex v with three new non-loop edges ¢1, €2, €3
incident to v. We may assume that ¢; is outgoing from v. Let u; be the other endvertex of
ei,andletg; = ¢'(e;) and p; = p(u;) fori = 1, 2, 3. By the definition of 1-extension,
we have ¢ (e) = gl_lgz.

Claim 6.2 The three points gip; (i = 1, 2, 3) do not lie on a line.

Proof Since p is S-generic, u; = up = u3 should hold if they lie on a line. Then
p1 = p2 = p3. By the definition of 1-extensions, g; # g; if u; = u ;. This implies
that g1 p1, g2p2, g3 p3 are three distinct points on a circle. Thus, they do not lie on a
line. O

We take p’ : V(G') — R? such that p/(w) = p(w) for all w € V(G), and
p’(v) is a point on the line through g; p; and g; p» but is not equal to g| p; or g2 pa.
O(G', ¢, p) is described as follows: if u; # u;

v ui un
es |p'(v) —g3p3 * * *
er P —gipi|p1— g P (V) 0 0
e |P(w)—gp 0 p2—g; ' P[0
E(G)—e¢ 0 OG —e, ¢, p)

where the right-bottom block O (G —e, ¢, p) denotes the orbit rigidity matrix obtained
from O (G, ¢, p) by removing the row of e, whereas, if u; = u»,

v uj
e3 [p'(v) —g3p3 * *
el [P —gipi|lpi—g P W)|0
e |P'(v) = gapi|p1 — g P ()]0

E(G)—e 0 O(G —e, 9, p)

We consider the case when u; # uy (the case when u; = u» is similar). Since
P’ (v) lies on the line through g p1 and gap2, p'(v) — g p(u;) is a scalar multiple
of g1p1 — gap> fori = 1, 2. Hence, by multiplying the rows of e¢; and e, by an
appropriate scalar, O(G’, ¢’, p’) becomes

v Ui 175
es |p'(v) —g3p3 * * *
el gip1 — 8202|—81 ' (g1p1 — g2p2) 0 0
e 81P1 — 8212 0 —g5 ' (g1p1 — 212)|0
EG)—e 0 0(G —e¢,¢,p)
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Subtracting the row of e; from that of e, we finally get

v ui 1753

es  |p'(v) —g3p3 * * *

el gip1 — 202 |—8; ' (g1p1 — g2p2) 0 0

e 0 pi—28; &p2 |p2—28 g1pi0
EG) —e 0 0(G —e,9,p)

Since ¢ (e) = gl_lgz, the row of e is equal to the row of e in O (G, ¢, p). This means
that the right-bottom block together with the row of e; forms O (G, ¢, p), which is row
independent. Thus, the matrix is row independent if and only if the top-left block is row
independent. Since g; p; (i = 1, 2, 3) are not on a line by Claim 6.2, the line through
p’(v) and g3 p3 is not parallel to the line through g1 p; and g» p>. This implies that the
top-left block is row independent, and consequently O (G’, ¢’, p’) is row independent.
O
We are now ready to prove a combinatorial characterization. The same statement
was also proved in [12] for rotation groups and in [13] for reflection group by com-
pletely different proofs.

Theorem 6.3 Let C C O(R?) be a cyclic point group, that is, either a group of k-fold
rotations or a group of a reflection, and let (H, p) be a generic (C, p)-symmetric
framework in the plane with a free action p. Then (H, p) is symmetry-forced infini-
tesimally rigid if and only if the quotient C-gain graph contains a spanning maximum
(2, 3)-g-tight subgraph.

Proof By Theorem 5.1 it suffices to show that for the quotient C-gain graph (H/C, ¢)
and any C-generic p : V(H/C) — R?, O(H/C, ¢, p) is row independent if and only
if (H/C, ¢) is (2, 3)-g-sparse. Let us simply denote G = H/C.

(“If part”) It suffices to consider the case when G is maximum (2, 3)-g-tight. The
proof is done by induction on |V (G)|. For |[V(G)| = 1, G consists of single vertex
with an unbalanced loop. Then O (G, ¢, p) consists of a nonzero row, which implies
that O (G, ¢, p) is row-independent.

For |V(G)| > 1, by Theorem 4.4, G can be built up from a C-gain graph with
one vertex and an unbalanced loop with a sequence of 0-extensions, 1-extensions,
and loop-1-extensions. Thus, there is a maximum (2, 3)-g-tight graph (G’, ¢’) from
which (G, ¢) is constructed by a 0-extension, 1-extension, or loop-1-extension. By
induction, there is a p’ such that O(G, ¢’, p’) is row independent. Thus, Lemma 6.1
implies that there is a p such that O (G, ¢, p) is row independent, which in turn implies
that O(G, ¢, gq) is row independent for all C-generic q.

(“Only-if part”) The necessity is based on Lemma 5.2. Suppose that O (G, ¢, p)
is row independent. Recall that we have seen the exact value of dimisoc(P) for
C C O(R?) and a C-symmetric point set P C R? in Example 5.2. Since p is
C-generic, we have

3 if F is balanced,
1 otherwise

iso(py, (p(F)) = {
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for all connected F C E(G) and v € V(F), where p(F) = {gp(v): ve V(F),g €
C}. Therefore, by Lemma 5.2, we have

IFI< D> QRIVE)] —iso, (FIF))) < 2|V (F)| -

F'eC(F)

3 if F is balanced,
1 otherwise

for all FF € E(G). Therefore, (G, @) is (2, 3)-g-sparse. O

7 Constructive Characterization of Maximum D-Tight Graphs

In the previous sections we gave a constructive characterization of (2, 3)-g-sparse
graphs and their realizations as symmetry-forced rigid frameworks in the plane with
cyclic point group symmetry. We next move to non-cyclic point groups, thatis, dihedral
groups of order 2k that we denote by Dy, (or simply by D). The corresponding matroid,
that we construct in the next subsection, is slightly different from the (2, 3)-g-count
matroid, as we need to take into account the fact that the underlying group is not cyclic.

7.1 D-Sparsity

Let (G, ¢) be a D-gain graph with underlying graph G = (V, E). We define a function
fp:2F = Zby

X)) =2IV(X)| -3+ B(X) (X CE),
where

0 if X is balanced,
B(X) = 12 if X is unbalanced and cyclic,
3 otherwise,

and define a class of sparse graphs determined by fp as follows.

Definition 7.1 Let (G, ¢) be a D-gain graph. An edge set X € E(G) is called
D-sparse if |F| < fp(F) for any nonempty F C X, and it is called D-tight if it
is D-sparse with | X| = fp(X).

If E(G) is D-sparse then also (G, ¢) is said to be D-sparse, and (G, ¢) is called
maximum D-tight if it is D-sparse with |E(G)| = 2|V (G)].

By a simple degree of freedom counting argument based on Example 5.2 and
Lemma 5.2, it is not difficult to see that D-sparsity is a necessary condition for orbit
rigidity matrices to be row independent in the case of dihedral symmetry (a formal
proof will be given in Lemma 8.1). To prove the sufficiency, the first question is
whether D-sparsity defines a collection of independent sets of a matroid. This will be
proved in this subsection.

We will use the following technical lemmas on properties of D-tight sets.
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Lemma 7.1 Let (G, ¢) be a D-sparse graph with G = (V,E) and F C E be a
D-tight set. Then, the following holds.

(1) If F is cyclic, then F is connected.
(1) If F is balanced with |F| > 1, then F has neither parallel edges nor loops and
is 2-connected and essentially 3-edge-connected.

Proof Since G is D-sparse and B is monotone nondecreasing, we have |F| <
ZF’eC(F) fp(F) < 2IV(F)| — (3 — B(F))c, where ¢ denotes the number of
connected components in F. Hence, if F is not connected and B(F) < 3, then
|F| < 2|V(F)| — 3+ B(F), implying that F' is not D-tight. Therefore if B(F) < 3
then F' is connected.

Suppose further that F is balanced. Then we have B(X) = O for any X € F.
This means that |X| < f>3(X) for any nonempty X C F, and |F| = fp(F) =
2|V(F)| — 3 = f2,3(F). In other words, F is independent in the generic 2-rigidity
matroid M(f23) of G[F]. It is known that, in the generic 2-rigidity matroid, an
independent set F' with |F| = f23(F) and |F| > 1 has neither parallel edges nor a
loop and is 2-connected and essentially 3-edge-connected (see e.g. [7]). O

Lemma 7.2 Let (G, ¢) be a D-sparse graph with G = (V, E). Let X,Y C E be
D-tight edge sets with X N'Y # (. Then X UY is D-tight.

Proof Without loss of generality, assume §(X) > B(Y).
Letd =2|V(XUY)|—|XUY]|. Note that X UY is D-tight if one of the following
holds: (i) d =0, (i) d < 1 and X UY is cyclic, or (iii) d < 3 and X U Y is balanced.
Let co be the number of isolated vertices in the graph (V(X) NV (Y), XNY) and ¢,
be the number of connected components in X NY. We have | X| = 2|V (X)| -3+ 6(X)
and |Y| =2|V(Y)| — 3+ B(Y). We also have

XNyl > fo(F)=2vXnV)|=3ei+ > BF)

FeC(XNY) FeC(XNY)
=2AVX) NV =2c0=3e1+ >, B(F)
FeC(XNY)
<2IV(X)NV(Y)| —2co — 3c1 + B(Y)cy (14)

since B is monotone non-decreasing. Therefore,

d=2lV(XUY)|— | XUY|=2[V(XUY)|—(X|+|Y|—|XNY]
<6—B(X) = B(Y) = 2co = 3c1 + B(Y)er
=3-BX)—=2¢c0 =G =BI)(c1 = D. (15)

Note thatc; > 1 by X NY # ¥ and hence (3 — B(Y))(c; — 1) > 0.

If B(X) = 3, then (15) implies that d = 0 and hence X U Y is D-tight.

Therefore we assume B8(X) < 3. Then X and Y are connected by Lemma 7.1. We
split the proof into two cases depending on the value of 8(X).
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(Case 1) If B(X) = 2, then (15) implies that d < 1. Since d = 0 implies the
D-tightness of X U Y, let us assume d = 1 and prove that X U Y is cyclic. If d =1,
then the inequalities of (14) and (15) hold with equalities, and in particular ¢g = 0,
¢y =1and

IXNY|=2IV(XNY)| =3+ B(Y). (16)

By cop = 0 and c¢; = 1, the number of connected components in the graph (V (X) N
V(Y), XNY)isone. If B(Y) = 2, then X NY is unbalanced cyclic by (16) and hence
Lemma 2.4(3) implies that X UY is cyclic. If 8(Y) = 0, then Y is balanced and, again,
Lemma 2.4(2) implies that X U Y is cyclic. Thus X U Y is D-tight.

(Case 2) If B(X) = O, then B(Y) = 0 and we have d < 6 — 2¢co — 3c1 by
(15). By ¢; > 1, we have three possible pairs (cg,c1) = (0, 1), (1, 1), (0, 2). If
(co, c1) = (0, 1), then d < 3 and Lemma 2.4 implies that X U Y is balanced. Thus,
X UY is a balanced D-tight set. If (co, c1) = (1, 1) or (cp, c1) = (0,2),thend <1
and Lemma 2.5 implies that X U Y is cyclic. Thus, X U Y is a cyclic D-tight set.

This completes the proof. O

Lemma 7.3 Let (G, ¢) be a D-gain graph with G = (V, E) and X and Y be D-tight
setswithX C Y C E.Fore € E\Y,if fp(X) = fp(X+e), then fp(Y) = fp(Y+e).

Proof Since fp(X) = fp(X +e), the endvertices of e are contained in V (X), imply-
ing V(Y +e) = V(Y).If X orY is not cyclic, then we have 8(Y) = (Y +¢) =3,
meaning that fp(Y) = fp(Y +e).

We hence assume that X and Y are cyclic, and they are connected by Lemma 7.1.
Take a spanning tree 7" in G[Y] such that X N T is a spanning tree of G[X]. By
Proposition 2.2, there is an equivalent gain function ¢’ to ¢ such that ¢’(f) = id for
f € T.By Lemma 2.3, there is a cyclic subgroup C of D such that ¢'(f) € C for
every f € Y, where C is the trivial group if Y is balanced. Since fp(X) = fp(X +e)
and X C Y, we have ¢/(e) € C, and hence fp(Y) = fp(¥Y + e) holds. O

We are ready to prove that the family of D-sparse edge subsets is a family of
independent sets of a matroid on ground-set E. We shall also characterize the rank
function of this matroid.

Theorem 7.4 Let (G, ¢) be a D-gain graph with G = (V, E) and T be the family of
all D-sparse edge subsets in E. Then Mp(G, ¢) = (E, T) is a matroid on ground-set
E. The rank of a set E' C E in Mp(G, ¢) is equal to

t
min|ZfD(E;): {E}.,..., E} isa partition ofE’].
i=1

Proof For a partition P = {E|,...,E;} of Ef € E, we denote val(P) =
Z;zl fp(E7). We shall check the following independence axiom of matroids: (I1)
#eZ;,(d2)forany X,Y € Ewith X C Y,Y € 7 implies X € Z; (I3) for any
E’ C E, maximal subsets of E’ belonging to Z have the same cardinality.
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7 obviously satisfies (I1) and (I2). To see (I3),let E’ € E andlet F C E’ be a
maximal subset of E” in Z. Since F € Z we have |F| < val(P) for all partitions P
of E’. We shall prove that there is a partition P of E’ with | F| = val(P), from which
(I3) follows.

Let J = (V, F) denote the subgraph with the edge set F. Consider the family
{F1, F, ..., Ft} of all maximal D-tight sets in J. Since each edge f € F forms a
D-tight set, | Ji_; F; = F holds. Since F; N F; = § forevery pair | <i < j <t
by Lemma 7.2 and the maximality, Pr = {Fj, F2, ..., F;} is a partition of F and
|F| = val(PF) follows.

Based on P, we construct a partition P of E’ with val(P) = val(Pg) = |F|.
Consider an edge (u,v) = e € E' — F. Since F is a maximal subset of E’ in 7 we
have F + e ¢ 7. Hence there must be a D-tight set X, in J with u, v € V(X,) and
X, +eé¢Z X, C F;forsome 1 <i < ¢t.Choose such an F; foreverye € E' — F
and define E; = F; U {e : F; was chosen for e}. Clearly P = {E{, E2, ..., E;}isa
partition of E’. By Lemma 7.3, fp(F;) = fp(E;) forevery 1 < i < r and hence
val(P) = val(Pr) = |F|. O

The matroid which was introduced and denoted by Mp(G, ¢) in Theorem 7.4 is
called the D-sparsity matroid of (G, ¢).

7.2 Constructive Characterization of Maximum D-Tight Graphs

We now present a constructive characterization of maximum D-tight graphs. Notice
that the average vertex degree in a maximum D-tight graph (G, ¢) is four, which
means that G has a vertex of degree at most 3 if and only if G is not 4-regular. Thus
we shall take special care with 4-regular D-sparse graphs.

7.2.1 0-Extension, 1-Extension, and Loop-1-Extension

Before looking at 4-regular graphs and vertices of degree four, we consider the
0-extension, 1-extension, and loop- 1-extension operations. Recall that the correspond-
ing inverse operations are called reductions. A reduction is admissible if the resulting
graph is D-sparse.

Lemma 7.5 Let (G, ¢) be a D-sparse graph with G = (V,E). Applying a
0-extension, 1-extension or loop-1-extension to (G, ¢) results in a D-sparse graph
with |V| + 1 vertices and |E| + 2 edges.

Conversely, for any vertex v of degree 2 or 3, the 0-reduction, loop-1-reduction, or
some of the 1-reductions at v are admissible if |V| > 2.

Proof The proof of the first claim is exactly the same as the proof of Lemma 4.1
(indeed, we just need to change 2« (F) with S(F) in the proof of Lemma 4.1).

To see that some reduction is admissible at a vertex v of degree three, we just need
to observe that each circuit of M(g» 3) appearing in the proof of Claim 4.3 is also a
circuit in Mp(G, ¢). We can thus apply exactly the same proof as in Lemma 4.2 to
conclude that some reduction is admissible at v. O
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Fig. 4 2-Extensions
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Fig. 5 Loop-2-extensions

7.2.2 2-Extension and Loop-2-Extension

Besides 0O-extensions, l-extensions and loop-1-extensions, we shall introduce 2-
extensions and loop-2-extensions for constructing 4-regular D-sparse graphs.

In a 2-extension, we take two existing edges e = (vi, v2) and f = (v3, v4) and
pinch them by inserting a new vertex v. More precisely, a 2-extension removes e and

f, inserts a new vertex v with four new edges, e; from v; to v foreachi =1,...,4.
The gain function ¢ is extended on E U {ey, ..., e4} so that ¢ (e1) - ¢>(e2)_1 =¢(e),
d(e3) - ¢>(e4)_l = ¢(f), and it is locally D-sparse, i.e., {eq, ..., es} is D-sparse.

Depending on the multiplicity of the v;’s we have seven cases as shown in Fig. 4.

In a loop-2-extensions, we remove an existing edge e = (v1, v2), insert a new vertex
v, anew loop / at v and two new edges, e; from v; to v foreachi = 1, 2. ¢ is extended
on EU{ey, e, 1} sothat ¢ (eq) ~¢(e2)’1 = ¢(e), d(I) # id, and itis locally D-sparse.
Depending on whether e is a loop or not, we have two cases as shown in Fig. 5.

The following lemma shows that these operations preserve D-sparsity.

Lemma 7.6 Let (G, ¢) be a D-sparse graph. Then, any D-gain graph (G', ¢')
obtained from G by a 2-extension or a loop-2-extension is D-sparse.

Proof Suppose that (G’, ¢’) is obtained by a 2-extension. Let us denote the removed
edges by e and f and the new edges by ey, ..., es as above. Suppose that there
is F C E(G’) that violates the D-sparsity condition. Let F' = F\{ey, ..., es}.
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Since {ey, ..., e4} satisfies the D-sparsity condition, F’ # . Let us add e to F’
if {e1,e2} € F and add f to F' if {e3,e4} C F. Observe that |F'| > |F| — 2,
|V(F)| = |V(F)| + 1 and B(F) > B(F'). Since |F| > fp(F), we obtain |F'| >
|[F|=2> fp(F)=2=2|V(F)|=3+B(F) =2 = 2|V(F)|=3+B(F) = fp(F').
This contradicts the D-sparsity of G since § # F' C E(G). Therefore (G', ¢') is

D-sparse.
In the same manner, it can be easily checked that a loop-2-extension also preserves
D-sparsity. O

We shall define the inverse moves of these operations. Recall that, for a vertex v
and two incoming non-loop edges ¢; = (u, v) and ex = (w, v), we denote by e 'egl
a new edge from u to w with gain ¢ (ey) - ¢(ez)_l.

Let v be a vertex of degree four, not incident to a loop, and ¢; = (v;, v) for
i =1,...,4 be the edges incident to v, assuming that all of them are oriented to v.
The 2-reduction (at v) deletes v and adds one of {e| ~e;1, e3- e[l 1 {e1 -egl, ey - e471}
and {e; - e4_1, er - ey 1}. We sometimes refer to a specific one: the 2-reduction at v
through (e;, ej) and (e, e;) deletes v and adds {e; - ej_l, e - el_l}.

Let v be a vertex of degree four, incident to a loop /, and ¢; = (v;, v) fori = 1,2
be the non-loop edges incident to v, assuming that all of them are oriented to v. The
loop-2-reduction (at v) deletes v and adds e; - e, I

A 2-reduction or a loop-2-reduction is said to be admissible if the resulting graph
is D-sparse.

7.2.3 Base Graphs

Our main theorem asserts that these operations are sufficient to construct all 4-regular
D-sparse graphs from certain classes of D-sparse graphs. Here, the classes can be
categorized into three groups: the first group includes special small graphs as in the
conventional constructive characterizations, the second group is a class of graphs,
which are obtained from cycles by duplicating each edge, and the third one consists
of near-cyclic 4-regular graphs.

The first group consists of three types of special D-tight graphs, called trivial
graphs, fancy triangles, and fancy hats. A trivial graph is a D-sparse graph with a
single vertex and with two loops as shown in Fig. 6a. The gain function is assigned so
that the gains of two loops generate a non-cyclic group.

A fancy triangle is a D-gain graph whose underlying graph is obtained from a
triangle by adding a loop to each vertex, as shown in Fig. 6b. The gain function is
assigned so that it is D-sparse and the triangle is balanced.

A hat is a graph obtained from K> 3 by adding an edge to the class of cardinality
two, and the fancy hat is a D-gain graph obtained from the hat by adding a loop to
each degree two vertex, as shown in Fig. 6¢. The gain function is assigned so that it is
D-sparse and the hat is balanced.

The second group consists of D-sparse graphs whose underlying graphs are double
cycles, where, for n > 2, the double cycle C,zl is defined as the graph obtained from the
cycle on n vertices by replacing each edge by two parallel edges as shown in Fig. 7.
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Fig. 6 Special graphs: a A trivial graph. b A fancy triangle. ¢ A fancy hat
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As we will see later, key properties of this group depend on the parity of k of the
underlying dihedral group Dsy.

The third group consists of near-cyclic graphs, which, intuitively speaking, are the
‘D-tight graphs closest to (2, 3)-g-tight graphs. More precisely, we say that a D-sparse
graph (G, ¢) is near-cyclic if there is an edge e such that (G — e, ¢) is cyclic.

The following lemma shows how to construct near-cyclic graphs.

Lemma 7.7 Let (G, ¢) be a (2, 3)-g-sparse D-gain graph with G = (V, E), and
suppose that there is a cyclic subgroup C of D such that ¢ (e) € C forall e € E. If we
add a new edge e having a gain in D\C, then (G + e, ¢) is D-sparse.

Proof Suppose that (G + e, ¢) is not D-sparse. Then there is a subset F € E such
that |F 4+ ¢| > fp(F + e). Since F is cyclic, either (i) B(F) = 0 or (ii) B(F) = 2.
By Lemma 7.1(i), F is connected, and clearly the endvertices of e are contained in
V (F).Moreover, every cycle in F + e that passes through e has a gain not contained in
C, as the gain of e is not in C. Thus, F + e contains a cycle whose gain is not contained
in C. This means that (i) B(F) = 0 implies B(F +e) = 1, and (ii)) B(F) = 2
implies S(F + e¢) = 3. In each case, we obtain B(F + e¢) — B(F) > 1. Therefore,
|F|=|F+e|l—1> fp(F+e) —1> fp(F), and this contradicts the D-sparsity
of (G,¢p)as) # F C E. O

7.2.4 Constructive Characterizations
We are ready to state our constructive characterization of 4-regular D-sparse graphs.

We say that a 4-regular D-sparse graph is a base graph if it is a trivial graph, a fancy
triangle, a fancy hat, or a near-cyclic graph.
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Theorem 7.8 Let (G, ¢) be a D-gain graph. Then, (G, @) is 4-regular and D-sparse
if and only if it can be built up from a disjoint union of base graphs and D-sparse
double cycles by a sequence of 2-extension and loop-2-extension operations.

We have proved that these operations preserve D-sparsity in Lemma 7.6. The proof of
the converse direction will be given in Sect. 9, where we will show that a 2-reduction
or a loop-2-reduction is admissible at some vertex if the graph is neither a base graph
nor a double cycle.

Combining Theorem 7.8 and Lemma 7.5, we obtain the following:

Theorem 7.9 Let (G, ¢) be a Dyy-gain graph with k > 2. Then, (G, ¢) is maximum
Do-tight if and only if it can be built up from a disjoint union of base graphs and
Dy-sparse double cycles by a sequence of 0-extension, 1-extension, loop-1-extension,
2-extension and loop-2-extension operations.

The theorems can be strengthened if & is odd, in which case every Dy -sparse double
cycle can be reduced to a trivial graph. To see this, let us prove the following technical
lemma.

Lemma 7.10 Let Dy be a dihedral group with odd k > 3. Let g1, g2, g3, g4 be
elements of Dy such that

e g1, g2 and g3 are distinct non-identity elements,
o {g1, g2, g3} generates a non-cyclic group, and
e g4 =id.

Then, at least one of{glgz_l, g3g4_1}, {g1g3_1, g2g4_1} and {g1g4_1, g2g3_1} generates
a non-cyclic group.

Proof Since {g1, g2, g3} generates a non-cyclic group, we may assume that g is a
reflection r along a line. Suppose that {g1, g2g5 1} is cyclic. Then, gog5 '=idor

gzg;1 = r. Since g» # g3, we have g» = rg3.

If g3 is also a reflection 7/, which is different from r, then consider {gg, I g3} =
(rr'r=1, r'}. Clearly rr'r=! # id. If r#/r=!' = ¢ or equivalently (rr’)?> = id then
k has to be even which is a contradiction. Thus {g1g, " g3} generates a non-cyclic
group.

If g3 denotes a rotation C, then consider {glg_;l, g} = {rCc~!, rC}. Since rC~!
and rC are non-identity and reflections, if they generate a cyclic group, then rC~! =
rC, implying C? = id. This contradicts the parity of k. |

Lemma 7.11 Let Dy be a dihedral group withoddk > 3, and (G, ¢) be a Dai-sparse
double cycle C,% with n > 2. Then, a 2-reduction is admissible at some vertex.

Proof Let v be a vertex, and we denote the edges incidentto v by ¢; fori =1, ..., 4.
Without loss of generality, we assume that all of e; are oriented to v, e; and e, are
parallel, and e3 and e4 are parallel.

We first perform the 2-reduction at v through (eq, e3) and (e3, e4). Then, the result-
ing graph (G’, ¢') is, as shown in Fig. 8, a path of parallel edges with loops at its
endvertices. Using the fact that each 2-cycle is unbalanced in G, it is easy to check
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Fig. 8 G’ in the proof of C><><><><>
Lemma 7.11

that | F| < 2|V (F)| — 3 for any balanced F € E(G’) and |F| < 2|V (F)| — 1 for any
proper subset F C E(G’). Thus, (G', ¢') is Dyg-sparse if E(G’) is not cyclic.

Suppose that E(G’) is cyclic. Then, by Lemma 2.3, we may assume that there
is a cyclic subgroup C of Dy such that all gains of E(G’) are contained in C. Let
a=a¢o(er- ez_l) anda’ = ¢(e3 - eZl). Since any 2-cycle of G is unbalanced, a and a’
are non-identity. Moreover, ¢ (e1) - ¢(e2) ™' =a € C and ¢(e3) - p(es) ' =a’ € C.
Hence, by using some elements by, by € Doy, we can express ¢ (e;) by

¢(e1) =aby, ¢(e2) =bi, ¢(e3) =a'by, P(es) =b.

Let us perform the switching operation at v with b,. Then we have

p(er) =ab, ¢(e) =b, ¢(e3)=a', ¢(es) =1id, 7)

where b = b1b2_1. Recall that ¢ (e) € C for all e € E(G)\{ey, e2}. Since (G, ¢) is
maximum Dy-tight, we must have b ¢ C.

We now consider the remaining two possible 2-reductions at v. In each reduction, the
resulting underlying graph is C,%_ 1» and it can be easily checked that the 2-reduction is
admissible if one of the resulting Dy-gain graphs (G, ¢1) and (G2, ¢>) is not cyclic.

To see that (G1, ¢1) or (G2, ¢) is not cyclic, let g; = ¢(e;) fori = 1,...,4.
Observe that {g1, ..., g4} satisfies the condition of Lemma 7.10. Since {g - gz_l, g3
g471} generates a cyclic group, this implies, by Lemma 7.10, that {g - g5 ! g g{l}
or{g] - g;l, g g3—1} is not cyclic, implying that (G, ¢1) or (G2, ¢7) is not cyclic. O

Combining Theorem 7.9 and Lemma 7.11, we obtain the following constructive
characterization.

Theorem 7.12 Let Dy be a dihedral group with odd k > 3. Then a Dy-gain graph
(G, @) is maximum Dsy-tight if and only if it can be built up from a disjoint union of
base graphs by a sequence of 0-extension, 1-extension, loop-1-extension, 2-extension
and loop-2-extension operations.

Lemma 7.11 does not hold for dihedral groups D, with even k. See Fig. 9 for
examples. In the next section we will see how the combinatorial properties given
in the preceeding two lemmas lead to substantial differences between the rigidity
properties of frameworks with odd or even k.

8 Combinatorial Characterization of Generic Rigidity with Dihedral
Symmetry

In this section we discuss our combinatorial characterization of symmetry-forced infin-

itesimal rigidity with dihedral symmetry. We begin with a necessary condition based
on Lemma 5.2.
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id Cc3Cr C4r r

(a) (b)

Fig. 9 Double cycles without admissible 2-reductions. a A Dg-sparse C%, where C denotes a six-fold

rotation and r denotes a reflection. b A D;-sparse C, (% where Cy; denotes a two-fold rotation and r and r’
denote distinct reflections

Lemma 8.1 Let Dy be a dihedral group with k > 2, and (H, p) be a generic
(Dak, p)-symmetric framework with a free action p. If (H, p) is symmetry-forced
infinitesimally rigid, then the quotient gain graph contains a spanning maximum Dyy-
tight subgraph.

Proof Let (H /D>y, ¢) be the quotient gain graph of H and p be a joint configuration

of the vertex orbits V (H /Dji) corresponding to p. By Theorem 5.1, it suffices to

prove that if O(H /Dy, ¢, p) is row independent, then (H /Doy, ¢) is Dag-sparse.
Since p is generic, according to the exact value given in Example 5.2, we have

3 if F is balanced,
iso<p)¢’u (p(F)) = 31 if F is unbalanced and cyclic,
0 otherwise

for any connected F € E(H/Dy) and u € V(F), where p(F) = {gp(v): v €
V(F),g € Dy}. By this and Lemma 5.2, we have that |F| < fp,, (F) for any
F € E(H/D3yy). In other words, (H/Day, ¢) is Day-sparse. O

In Sect. 8.1 we shall prove that D, -sparsity is also sufficient for row independence
when k > 3 is odd. On the other hand, in Sect. 8.2 we give a family of examples
showing that this implication does not always hold when £ is even.

8.1 Combinatorial Characterization of Symmetry-Forced Rigidity with
Dy -Symmetry for Odd k

Our goal of this subsection is to prove the following characterization of symmetry-
forced infinitesimal rigidity.

Theorem 8.2 Let Doy be a dihedral group with odd k > 3, and (H, p) be a generic
(Dak, p)-symmetric framework with a free action p. Then (H, p) is symmetry-forced
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infinitesimally rigid if and only if the quotient gain graph contains a spanning maxi-
mum Dyy-tight subgraph.

Necessity follows from Lemma 8.1. Therefore, by Theorem 5.1, it suffices to prove
that, for a maximum Dy;-tight graph (G, ¢), there is a mapping p : V(G) — R?
such that O (G, ¢, p) is row independent. The proof of this claim is based on the
constructive characterization of maximum Dy-tight graphs formulated in Sect. 7.

By Theorem 7.12, (G, ¢) can be constructed from a disjoint union of base graphs by
0-extension, 1-extension, loop-1-extension, 2-extension, and loop-2-extension opera-
tions. Therefore, what we have to prove is that (i) the orbit rigidity matrix of each base
graph is row independent and (ii) each extension preserves the row independence of
the orbit rigidity matrix by extending p appropriately. (i) will be solved in Lemma 8.4
whereas (ii) will be solved in Lemmas 8.5 and 8.7. Note that there is no parity condition
for k in these lemmas.

In the rest of this section, we identify D, with the symmetry group of a regular k-
gon, which consists of k-fold rotations around the origin and reflections along (fixed)
lines. For a line L through the origin, we denote by L the orthogonal complement of
L, that is, the line orthogonal to L and through the origin. We first note an elementary
fact from geometry.

Lemma 8.3 Let g € OR?).

e If g is the reflection along a line L, then (I, — g)p € L+\{0} for any p € R*\L.
e If g is a rotation, then (21, — g — g~ V) p € span{p}\{0} for any p € R*\{0}.

Lemma 8.4 Let (G, ¢) be a base graph. Then, there is a mapping p : V(G) — R?
such that O(G, ¢, p) is row independent.

Proof (Case 1) Suppose that (G, ¢) is a trivial graph. Let v be the vertex. Take
p : V(G) — R2? such that p(v) does not lie on reflection lines L in Day and their
orthogonal complements L+t. Then, 0O(G, ¢, p) consists of two row vectors, which
are linearly independent by Lemma 8.3.

(Case 2) Suppose that (G, ¢) is a fancy triangle or a fancy hat. Since these two gain
graphs are small, one can check the statement by choosing p randomly and computing
the rank of O (G, ¢, p) (see [8] for finding such p deterministically).

(Case 3) Suppose that (G, ¢) is near-cyclic. Then there is an edge e such that G — e
is cyclic. Let C = (E — ¢), for a vertex v € V(G), and denote g. = ¢ (¢). We may
assume that the labels of the edges in E — e are all contained in C. Then g, ¢ C.

By Theorem 6.3, O(G — e, ¢, p) is row independent for any Dyi-generic joint
configuration p : V(G) — R2, and the kernel space of O(G — e, ¢, p) is one-
dimensional.

Letm : v € V(G) — m; € R? be a nonzero infinitesimal motion. Also, denote
pyv = p(v) for v € V(G). Then either (i) C is the group of the reflection along a line
L, in which case there isa t € L such that m, = ¢ forall v € V(G), or (ii) C is a
group of rotations, in which case m, = Cy/2p, for v € V(G). We show that m does
not satisfy the equation associated with e = (7, j):

(i — gepj,mi — gemj) = 0. (18)
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First suppose that C is the group of the reflection along a line L. Then (18) implies

0= (pi — gepj 1 — get) = (I — g; Ypi + (I — ge)pj> 1)

Thus (I — g;l)pi + (I —gepj € L*. As p is generic, the only possible situation
is that p; = p; and g, is the reflection along L by Lemma 8.3. This however implies
that G is cyclic, a contradiction. Thus, m does not satisfy (18).

Next suppose that C is a group of rotations. If e is a loop (and hence p; = p;), then
the left side of (18) becomes

((I2 — ge)pis (12 — ge)mi) = ((I2 — ge) i, (I2 — 8¢)Cry2pi).

Note that g, is a reflection by g, ¢ C, and thus this inner product is nonzero by
Lemma 8.3. If e is not a loop, by (p; — gepj, Cr/2(pi — gepj)) = 0, (18) becomes

0={(pi — gepj,mi — gemj) = (pi — 8ePj, Crs2Pi — 8Cr/2pj)
= (pi — &ePjs (Crp28e — 8Cry2)pj)-

Since p is generic and p; # p;, we have Cr 28, = g.Cr 2. Since g, is a reflection,
8eCrnpp=C_ /12 ge holds. These equalities imply Cr o = C /12, a contradiction. O

The next two lemmas show that loop-2-extensions and 2-extensions preserve the
independence.

Lemma 8.5 Let (G, ¢) be a maximum Dyy-tight graph with k > 2 and (G', ¢') a
maximum Doy-tight graph obtained from (G, ¢) by a loop-2-extension. If there is a
mapping p : V(G) — R? such that O(G, ¢, p) is row independent, then there is a
mapping p' : V(G') — R? such that O(G', ¢', p') is row independent.

Proof We may assume that p is Dy;-generic. Suppose that G’ is obtained from G
by a loop-2-extension, by removing an existing edge ¢, adding a new vertex v with
new non-loop edges e; and e; and a new loop [ incident to v (see Fig. 5). We may
assume that e and e, are outgoing from v. Let u; be the other endvertex of ¢; and let
gi = ¢'(e;) fori = 1, 2. By the definition of loop-2-extension, ¢ (¢) = gl_lgg. Also,
denote h = ¢’ (1).

Let p; = p(u;) fori = 1,2. Note that g; p; # g2p2, as G’ is Dyi-sparse and
p is Dyi-generic. Let L be the line through g1 p; and g»p>. We take a point ¢ €
L\{g1p1, g2p2}, and define p’ : V(G') — R? such that p’(w) = p(w) for each
w € V(G) and p'(v) = g. Then O(G’, ¢', p’) is described as follows: if u1 # u;

v ui un
I [ChL-h—hNHg] 0 00
el q—g1p1 pi—gr'q 0 0
e q —8p2 0 p2—8 'ql0
E(G)—e 0 O(G —e, 9, p)
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whereas, if u; = uy (and hence p; = p»),

v uy
l Q2L —h—hYHyg 0 0
el q—8ipi P —gfiq 0
e q—8p1 PL—8 q| 0
E(G)—e 0 O(G —e, ¢, p)

Since ¢ € L\{g1p1, 82p2}, ¢ — gipi is a scalar multiple of g;p; — gap> for
i = 1, 2. Hence, as in the proof of Lemma 6.1, by multiplying the rows of e; and e, by
appropriate scalars and then subtracting the row of e; from that of ey, O(G’, ¢', p’)
becomes one of the following matrices:

v ui U
l QL —h—h"Nyg 0 0 0
e gip1 —gp2 | =8 (81p1 — 82p2) 0 0
e 0 pi—38; &p2 |p2—8 gpi]0
EG) —e 0 O(G —e,¢,p)
v ui
I QL —h—h"Nyg 0 0
el g1P1 — &2D1 —g7 "(gip1 —g2p1) |0
e 0 L —g, 'g2— g, 'g)pi|0
EG) —e 0 0G —e, ¢, p)

depending on whether u| # uy or u; = u». The right-bottom block together with the
row of e; forms O(G, ¢, p), which is row independent. Hence, O(G’, ¢', p’) is row
independent if and only if {(2/, — h — h_l)q, g1p1 — g2p2} is linearly independent.
We have the cases where {(2], —h —h~)q, g1 p1 — g2 p2} can be linearly dependent.

Claim 8.6 If there is no point g € L\{g1p1, g2p2} such that {2l — h — h™)q,
g1P1 — g2p2} is linearly independent, then either

(1) uy = up and h is the reflection along the line orthogonal to L with h = gzgl_l,
or
(2) uy = uy, his a rotation, and gzgf] is the two-fold rotation.

Proof We split the proof into two cases.

Suppose that £ is the reflection along some line R through the origin. By Lemma 8.3,
(21, —h—h~")q is orthogonal to R. This means that, if {2l —h—h~V)q, g1 p1 —g2p2}
is dependent, L is orthogonal to R. Since p is Dyg-generic, L cannot be orthogonal to
reflection line R if p; # p». Thus, p; = p2 (and hence u| = uy), and h = gzgl_1 as
p is Dyi-generic.

Suppose that / is a rotation. By Lemma 8.3, (21, —h —h™!)q is a scalar multiple of
q.Hence,if {(2l,—h—h"1)q, g1 p1—g2p2} isdependent forany g € L\{gp1. g2p2},
L passes through the origin. Since p is Dy-generic, L passes through the origin if
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and only if p; = p; (and hence u; = uy) and g, p; is the antipodal point of g p;.
Observe that g p; is the antipodal point of g; p; if and only if g gl_1 is the two-fold
rotation as p is D,y -generic. O

By Claim 8.6 we may focus on cases (1) and (2) of Claim 8.6.

Case (1). Suppose that u1 = us and £ is the reflection along R with h = gzgl_l,
where R is the line orthogonal to L and through the origin. Note that ¢ (¢) = gl_1 g2 1s
areflection since g g]_1 is a reflection (a conjugate of a reflection is also a reflection).

We take a point x € R?\(L U R) and redefine p’ : V(G') — RZ? such that
p'(w) = p(w) for each w € V(G) and p’(v) = x. Then, the orbit rigidity matrix
becomes

v uy
l (I — h)x 0 0
el x—gipi|p—g; x| 0
2 |x—gpi|p1—g x| 0
EG)—e[ 0 [0G—ec¢,p

)

By subtracting the row of e from that of e3, it changes to

v uj
! (T —h)x 0 0
el x—gip1 |—g ' (x—gip|0
e |aipi—gpi] g'x—g'x |0

E(G)—e 0 O(G —e,d,p)

By Lemma 8.3, (/2 — h)x is orthogonal to R. Since R is orthogonal to L, we deduce
that (/2 —h)x is a scalar multiple of g1 p; — g2 p1. Thus, by subtracting a scalar multiple
of the first row, the row of e; is changed to the following form:

v up
e2[0]g; "x — g, 'x]0]

Moreover, gl_lx - gz_lx = (I — gz_lg1)g1_1x = (I, — ¢(e))g1_1x, which is a scalar
multiple of (21> — ¢(e) — o) Hpr by Lemma 8.3 (using the fact that ¢(e) is a
reflection). Thus, by multiplying the row of e; by another scalar, the matrix is changed
to

v uy
[ (I, — h)x 0 0
e X —gipi —g1'(x — g1p1) 0
e 0 QL —¢e) —¢pe)Hpi]0
E(G)—e 0 O(G —e,p,p)

where the right-bottom block together with the row of e; forms O (G, ¢, p), which is
row independent, and the left-top block is also row independent as (I, — h)x € R+
andx —gip1 ¢ R-byx ¢ Land g p; € L. Thus, O(G', ¢', p’) is row independent.
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Case (2). Suppose that u; = u», h is arotation, and g; gfl is the two-fold rotation.
We redefine p’ : V(G’) — R? such that p’(w) = p(w) for each w € V(G) and
p'(v) = 0. Let us consider the rank of O(G’, ¢’, p’). Since p’(v) = 0, the row of [
is a zero vector in O(G’, ¢', q'). We put d € R? in place of (21 —h — h~")p/(v),
where d is a vector linearly independent from (g» — g1) p1, and the resulting matrix
is denoted by O(G’, ¢, p’). Then O(G’, ¢', p') is written in the following way:

v ui

l d 0 0

el —g1Pp1|P1 0

e —82P1|P1 0
EG)—e|l 0 |O(G—e,¢,p)

We first compute the rank of O(G’, ¢’, p’). To do this first we recall that gzgfl is the
two-fold rotation. This means that L contains the origin, and g1 p1 + g2 p1 = 0. Also,
since ¢ (e) = gl_lgg is a rotation, p; is proportional to (2_12 —¢(e) — qb(e)_l)pl by
Lemma 8.3. Therefore, by appropriate row operations, O(G’, ¢’, p’) will look like
this:

v ui
! d 0 0
e (&2 —80)p1 0 0
e 0 QL —¢(e) —¢(e)"Hp1]0
E(G)—e 0 O(G —e, ¢, p)

where the right-bottom block together with the row of e; forms O (G, ¢, p), which is
row independent, and the left-top block is also row independent by the choice of d.
Thus, O(G’, ¢, p’) is row independent.

To avoid the situation where p’(v) = 0, we continuously perturb p’(v) in the
direction of d. To see the perturbation more precisely, for each ¢t € R, let us define
P,V U{v} — R%by p|(v) = td and p|(u) = p’(u) for each u € V. Then, observe
thatforallr € R\{0} therow of in O(G’, ¢', p}) is anonzero scalar multiple of that of
lin O(G', ¢', p’) by Lemma 8.3. Therefore, rank O (G’, ¢', p;) = rank O(G', ¢, p})
for all + € R\{0}. Since é(q/, @', py) = O(G', ¢/, p') and the latter matrix is row
independent, it follows that O(G’, ¢', p;) is row independent for almost all ¢. This in
turn implies that O (G’, ¢', p;) is row independent for almost all 1 € R\{0}.

This completes the proof of the lemma. O

Lemma 8.7 Let (G, ¢) be a maximum Day-tight graph with k > 2 and (G', ¢') a
maximum Dyy-tight graph obtained from (G, ¢) by a 2-extension. If there is a mapping
p : V(G) = R? such that O(G, ¢, p) is row independent, then there is a mapping
P V(G') — R? such that O(G’, ¢', p') is row independent.

Proof We may assume that p is Dyi-generic. Suppose that G’ is obtained from G by a

2-extension, by removing two existing edges e and f and adding a new vertex v with
new non-loop edges ey, ez, €3, e4 incident to v (see Fig. 4). We may assume that ¢; is
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outgoing from v, and e = efl cepand f =e3 1. e4. Let u; be the other endvertex of
e; and let g; = ¢'(e;). We then have ¢ (e) = gflgz and ¢ (f) = g§1g4.

Let p; = p(u;) fori =1, ..., 4, L bethe line through g; p; and g» p», and L' be the
line through g3 p3 and g4 p4. We have the following elementary geometric observation.

Claim 8.8 (i) No three points among {gipi: i = 1, ..., 4} are collinear.
(ii) If L and L' are parallel, then the following holds:
o L#L,

o u| = up and uz = uy, and
° gggf] is the reflection along L+ with gzgf] = g4g;l.

Proof The first claim follows from the proof of Claim 6.2.

For the second claim, suppose that L and L’ are parallel. Without loss of generality,
we have the following four cases: (i) p1 ¢ {p2, p3, pa}, (il) p1 = p> = p3 = pa, (iii)
p1 = p2 # p3 = ps, and (V) p1 = p3 # p2 = pa4.

In case (i), the Dyg-genericity of p implies that g p; has no relation to the other
three points, and hence L and L’ intersect at a point.

In case (ii), g1 p1, - - ., g4 p4 lie on a circle C. Moreover, since u; = uy = u3 = uq,
e and f are loops attached to a vertex (i.e., the 2-extension is type (g) of Fig. 4). This
implies that the group generated by { gl_1 82,83 ! g4} is not cyclic by the Dy -sparsity
of G.

Now, L is the line through g; p; and g, p; while L’ is the line through g3 p; and
g4p1- We have two subcases depending on whether g 81_1 is a reflection or a rotation.

(ii-1) If go gl_l is a reflection, then it is the reflection along the bisector L of g p;
and gop;. If L and L’ are parallel, then this reflection also sends g3 p3 to g4 p4. This
means that g gfl is the reflection along L+ with g» gfl = 8483 !, which implies the
statement.

(ii-2)If go gy !'is a rotation, g1 p1 and g2 py are vertices of a regular k-gon inscribing
C. Since p is generic, if L’ is parallel to L, g3p; and g4p; are also vertices of this
regular k-gon, and hence g4g5 !'is also a rotation. Since a conjugate of a rotation is
also a rotation, we deduce that 31_1 g2 and g5 ! g4 are rotations as well. This however
contradicts the fact that (gl_1 82,83 ! g4) is not cyclic.

In case (iii), L is the line through g1 p; and g, p; while L’ is the line through g3 p3
and g4p3. Observe that, if gzgl_1 is a rotation, the line L can have any slope, by
moving pi. Therefore, if L and L’ are parallel for generic p, then gggl_1 and g4g; !
are both reflections. When gzgl_1 is a reflection, it is the reflection along the bisector
L+ of gy p1 and g2 p1. As g4g3_1 is areflection and L and L' are parallel, g4g3_1 is the
reflection along L+, which implies the statement.

In case (iv), L is the line through g p1 and g» p» and L' is the line through g3 p; and
gap2. Also, uy = u3z # up = ug implies that {e, f} forms a 2-cycle in G’ (i.e, the 2-
extension is type (f) in Fig. 4). Hence, ¢ (e) # ¢ (f), or equivalently, gflgz #= g§1g4.
This implies

g1g;" # g8, (19)

We prove that L and L’ cannot be parallel if p is generic.
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(a) (b)
Fig. 10 Proof of case (iv) in Claim 8.8

Let C be the circle whose center is the origin and which passes through g; p1 (and
hence through g3 p1). We split the proof into two cases depending on whether g3 gf]
is the two-fold rotation C or not.

(iv-1) Suppose that g3 gl_1 # C. Let C’ be a circle whose center is the origin and
the diameter is much larger than that of C. We shall relocate g po on C’ such that
g2 p2 is on the line through g; p; and the origin as shown in Fig. 10a. Then, if L and
L’ are parallel, we have only two possible locations ¢ and ¢’ for g4 p> (as shown in
Fig. 10a). Since the diameter of C’ can be arbitrarily large, D,y has no element that
sends g2 p2 to g or ¢’. In other words, if p is generic, L and L’ are not parallel.

(iv-2) Suppose that g3g, !'= C;. Then g3 p1 is the antipodal point of g; p; in C as
shown in Fig. 10b. Let C’ be a circle whose center is the origin and the diameter is
slightly larger than that of C. We shall relocate g p» on C’ such that L is the tangent
of C at g| p; (see Fig. 10b). Then, we have only two possible locations ¢ and g’ for
gap2 as L and L' are parallel and g4 p> is on C’, where ¢ is the antipodal point of
g2 p2 with respect to the origin and ¢’ is the reflection of g, p> along the line parallel
to L and through the origin. When p is generic, L is not parallel to any reflection lines
in Dy, implying gap> # ¢'. Hence, g4p> = ¢. This means that g48, !is also the
two-fold rotation C.

Recall that C,; is in the center of O(R?), i.e., gC; = Cyrg for any g € O(R?).
Hence, by gggl_1 = Cy, we have g1_1g3 = gl_lCngl = Cy. Symmetrically, by
g4g;1 = Cy, we have g;1g4 = Cj. This however implies that gf1g3 = g;1g4,
which contradicts (19). O

Following the statement of Claim 8.8, we shall split the proof into two cases.

(Case 1) Suppose that L and L’ are not parallel. Let ¢ be the intersection of L and L'.
By Claim 8.8(i), we have ¢ # g; p;. We define p’ : V(G’) — R? by p/(w) = p(w)
for w € V(G) and p’(v) = q for the added vertex v. Then, O(G’, ¢', p’) can be
written as follows:
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v V(G)
el q — 81P1 *
) q — 8202 *
e3 q — 83P3 *
e4 q — 84P4 *
EG)—e—f| 0 OG—-e—f.¢.p)

where O(G — e — f, ¢, p) is the matrix obtained from O (G, ¢, p) by removing the
rows of e and f. Consider the rows associated with e; and e,. Since g ison L, g — g; p;
is a scalar multiple of g1 p; — g2 p2, and hence these two rows can be transformed to
the following form by row operations: if u; # us

v ui uj
er|gipi — 2p2|—pi + 87 2 0
e 0 p1—8; &2 |p2— g5 &gipi]0

()

and, iful =uj,

v ui
ellgipi — g2 —p1+8; ' g2p2
e 0 Qh—g; "g2— g5 '81)p1

(=)

(e

Notice that, in each case, the row of e, is converted to that of ¢ in O(G, ¢, p). In a
symmetric manner, the rows of e3 and e4 can be converted to the above form, simply
by replacing 1 and 2 with 3 and 4, respectively. Thus, O(G’, ¢’, p’) is converted to

v
er |g1p1—g2m *
e3 |g3P3 — g4pa *
E(G) 0 0(G, ¢, p)

The right-bottom block O (G, ¢, p) is row independent while the left-top block is also
row independent since L and L’ are not parallel. In other words, O (G, ¢’, p’) is row
independent.

(Case 2) Suppose that L and L’ are parallel. By Claim 8.8, L # L', p1 = p»,
p3 = pa,and 81_1 g2and g5 ! g4 are reflections. Let g be any point on L with g # g1 p1
and ¢ # gopi1. We define p’ : V(G') — R? by p/(w) = p(w) for w € V(G) and
p’(v) = q for the new vertex v. Then, the orbit rigidity matrix is described as follows:

v 78 us V(G)
el g—gip|pi—g a0 0
e q—gpi|pi—g'q 0 0
e3 q — 83p3 0 p3—g5'q| 0
e4 q — 84P3 0 p3—gi'ql 0
EG)—e—f| 0 [0(G—e—f¢,p)
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Since ¢ is on the line L, ¢ — g; p; is a scalar multiple of (g1 — g2)p1 fori = 1, 2.
Hence, the rows of ¢ and e> can be converted to

v uj
e1|(g1 — g)pi|—g; (g1 — g2)p1]0
ex|(g1 — g2)p1|—& (g1 — g2)p1]0

and then to

v ui
al@ —gop]  —(h—g gpr 0
e 0 QL —g;'g2— g, 'g)p1]0

Since gl_lgg is a reflection, we have gl_lgz =g 1g1. Hence, by adding the half of
the second row to the first row, we obtain

v ui
e1|(g1 — g2)p1 0 0
e 0 QL —g;'g2— g, 'g)p1]0

Next we consider the rows of e3 and e4. By subtracting the row of e3 from that of eq4,
we obtain

v ui un
es|(g3 — g4)p3] 0 [(g5" — g4 Dg]0 |

Since L and L' are parallel, {(g1 — g2) p1, (g3 — g4) p3} is linearly dependent. Thus,
by subtracting the row of e from that of e4, we have

VUl Uus
€010 (g3 " — g4 g0 |

Moreover, since gjl g3 is a reflection, Lemma 8.3 implies that (I, — g[l 83)8&; ]q is
a scalar multiple of (1o — g;]g3)p3, and hence (g;1 — géfl)q is a scalar multiple of

(I —gy !¢3) p3. Therefore, by using 85 gy = n I'¢3, the row of e4 can be converted
by a scalar multiplication to

VUj uy
ea[0]0]2h — g3 g4 — g4 '83)p30 |

In total, O(G', ¢’, p’) is changed to the following form by row-operations:

v uj u3 V(G)
ej (81— 82)p1 0 0 0
e3 q—83p3 p3—g§14 0 0
e 0 QL —g; g2 —8 g1 0 0
e 0 0 Qh—g3'¢s—g;"¢3)p3| 0
EG)—e—f 0 0G—e—f,¢.p)
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The right-bottom block together with the rows of e and e4 forms O (G, ¢, p), which
is row independent. Also, since ¢ is on L, butnot on L', {(g1 — g2)p1,q — g3p3} is
linearly independent. Therefore, O(G’, ¢', p) is row independent. O

Combining Theorem 7.12, Lemmas 6.1, 8.1, 8.4, 8.5, and 8.7, we can now complete
the proof of Theorem 8.2.

8.2 Symmetry-Forced Infinitesimal Motions with D;;-Symmetry for Even k

Notice that all the lemmas given in the last subsection are independent of the parity
of k. Therefore, we obtain the following statement even for a dihedral group Dy; with
even k: for a generic (Dyg, p)-symmetric framework (H, p) with even k and a free
action p, (H, p) is symmetry-forced infinitesimally rigid if the quotient gain graph
can be constructed from a disjoint union of base graphs by 0-extensions, 1-extensions,
loop-1-extensions, 2-extensions and loop-2-extensions. However, as we have seen in
Fig. 9, there are infinitely many gain graphs that cannot be constructed from base
graphs. By Theorem 7.9, minimal examples are Dyx-sparse double cycles C,%. Below,
we show that some of them indeed have symmetric infinitesimal motions.

For C,%, the vertex setis denoted by {1, ..., n} and the edges of the 2-cycle between
iandi + 1 (mod n) are denoted by ¢; 1 and e; » fori =1, ..., n.

Theorem 8.9 Let Dy be the dihedral group of order 4, which consists of the identity
I, the two-fold rotation Cr, and two reflections r and r'. Let (G, ¢) be a D4-sparse
C2 such that

o ¢ej)) =idand p(ejr) =r'fori=1,...,n—1;
L4 ¢(3n,l) =Cy and¢(en,2) =r.

Then, for any Dy-generic p : V(G) — R?, rank O(G, ¢, p) = 2n if and only if n is
odd.

Proof Letp:i € V(G) — (xi, i) € R? be a Dy-generic mapping. Then C, p(i) =
(=xi, =yi), rp(i) = (=xi, yi), r'p(i) = (xi, —y;). The rows of O(G, ¢, p) are as
follows:

i i+1 i i+1
e 1|0|x; — xip1|xig1 — x:|0]|0|yi — Yit1|Yit1 — yi
€i2|0]x; — Xit1|Xit1 — X Yi + Yit1|Yi+1 + ¥i|0

=}

(=]
(=]

and

n 1 n 1
en,1|0|x, + x1|x1 + %, |0[|0]| ¥ + ¥1|¥1 + Yu |0
en,ZOXn+xl x1 + x,|0/|10|yn — y1|¥1 — yu|0

where the left and the right half sides correspond to x- and y-coordinates, respectively.
For each i, we subtract the first row from the second row and then multiply the first
row by an appropriate scalar. We then have, foreachi =1,...,n — 1,
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(b)

Fig. 11 Examples of symmetric frameworks given in Theorem 8.9, where b has a symmetric infinitesimal

motion while a does not

ii+1 i i+1
e;1|0|11| —1 [0]|0] = * |0
¢i 2010 0 [0]|0)yi+1| yi |O
and
nl n 1
en.1]0[1]1{0]|0] * | *
€n,210[0]0(0{(0|y1 |y, |0

In other words, O (G, ¢, p) is converted to the following form:

1 -1
1 -1

1 -1

Y2 )1
y3 »

Yn Yn—1
Yn Y1

The determinant of this matrix is 2(1 — (—=1)"~1) H?:l vi, which is equal to zero if
and only if n is even. O

See Fig. 11 for examples of frameworks given in Theorem 8.9. For n = 2, the cover-
ing graph is K4 4 and the corresponding framework is known as Bottema’s mechanism
(see [23, Sect. 7.2.1]).
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9 Proof of Theorem 7.8

In this section we prove Theorem 7.8. For simplicity of the description, a D-gain graph
is called essential if it is D-sparse, 4-regular, not a base graph, and not a double cycle.
Lemma 7.6 shows that 2-extensions and loop-2-extensions preserve D-sparsity, and
hence what we have to prove is the following theorem.

Theorem 9.1 Any essential D-gain graph (G, ¢) has a vertex at which a 2-reduction
or a loop-2-reduction is admissible.

For simplicity, in the subsequent discussion we omit gain functions ¢ when referring
to gain graphs if it is clear from the context. Also an edge (i, v) from u to v is simply
denoted by uv, and a D-tight set is called a tight set.

The proof of Theorem 9.1 consists of four parts. In Sect. 9.1, we shall prove useful
lemmas for subsequent discussion. In Sect. 9.2, we prove Theorem 9.1 for the following
graphs:

e graphs consisting of only special vertices (Lemma 9.5), where a vertex is called
special if it is incident with a loop or two parallel classes of edges;

graphs that are not 2-connected (Lemma 9.6),

“almost” near-cyclic graphs (Lemma 9.8), defined below,

graphs that are not essentially 4-edge-connected (Lemma 9.9),

graphs having a vertex v with |N (v)| = 2.

In Sect. 9.3 we discuss graphs not belonging to the above classes. In Sect. 9.4 we put
everything together to complete the proof of Theorem 9.1.

9.1 Preliminary Facts

The following fundamental properties of 4-regular graphs will be frequently used.

e A 4-regular graph is Eulerian. Hence, a 4-regular connected graph is 2-edge-
connected.

e Let G = (V, E) be a graph with maximum degree at most 4. Then, forany X C V,
ic(X) <2|X| — ldg(X)/2], where i (X) denotes the number of edges induced
by X. In particular, if G is 4-regular, ig(X) = 2|X| — dg(X)/2.

The next lemma asserts that if the maximum degree is at most 4, then D-sparsity
is equivalent to the following simpler properties:

(Cl) |F| < 2|V (F)| — 3 for every nonempty balanced set F' C E;
(C2) G isnot cyclic.

Lemma 9.2 Let G = (V, E) be a D-gain graph with maximum vertex degree at most
4. If G is connected, then G is D-sparse if and only if

(1) G is not 4-regular and condition (C1) is satisfied, or
(i1) G is 4-regular and conditions (C1) and (C2) are satisfied.

If G is not connected, then G is D-sparse if and only if each connected component is
D-sparse.
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Proof 1f the maximum degree is at most 4, |F| < 2|V(F)| for any F C E. In
particular, if G is connected, we have |F| < ig(V(F)) <2|V(F)|—|dg(V(F))/2] <
2|V(F)| — 1forany F C E with V(F) # V. Therefore, |F| > 2|V (F)| holds if and
only if G is 4-regular and F = E. O

Thus, to prove Theorem 9.1, we shall investigate whether (C1) and (C2) are satisfied
after the reductions. The next lemma will be used when (C2) is not satisfied. We say
that (G, ¢) is almost near-cyclic if there are two incident edges e and f such that
G — e — fiscyclic.

Lemma 9.3 Let (G, ¢) be a connected 4-regular D-sparse graph with G = (V, E)
and v be a vertex in G that is not incident to a loop. Let ey, ey, e3, e4 be the edges
incoming to v, and suppose that G — v + ey - e; Iyes- eZl is connected and cyclic.
Then, there is an equivalent gain function ¢’ to ¢ and a cyclic subgroup C of D such
that

o ¢'(e) € C for every e € E\{e3, es}, and
o ¢'(e3) ¢ Cand ¢'(es) ¢ C.

In particular, G is almost near-cyclic.

Proof Let G' = G —v + ¢ - ez_l + e3 - eZl. Since G’ is connected and cyclic,
by Lemma 2.3, there is an equivalent gain function ¢’ to ¢ and a cyclic subgroup
C of D such that ¢'(e) € C for all e € E(G'). Leta = ¢/(e; -e;') € C and
a = ¢'(e; - e4_1) € C. Then, by using some elements b1, by € D, we can express
@' (ei) by

¢'(e) = aby, ¢'(e2) =b1, ¢'(e3) =a'ba, ¢'(es) = bo.

We further perform a switching operation at v with b;. We consequently have an
equivalent gain function ¢’ to ¢ such that

P'(e1)=a, ¢'(e)=1id, ¢'(e3) =da'b, ¢ (es) =0,

where b = bzbfl. Notice that ¢’(e) € C for all e € E\{e3, e4}. Since G is not cyclic,
we must have b ¢ C, implying that ¢’ (e3) ¢ C and ¢/ (e4) ¢ C. O

The following technical lemma is one of the key observations. A vertex in a 4-
regular graph is called special if it is incident with a loop or two parallel classes of
edges with |N (v)| = 2.

Lemma 9.4 Let (G, ¢) be a connected 4-regular D-sparse graph with G = (V, E)
and |V| > 3, v be a vertex in G that is not special, and ey, e2, e3, e4 be the edges
incoming tov. If G —e3 —eq0or G —v + ey - ez_l +e3- 64_1 is connected and cyclic,
then at least one of the following holds:

(a) G is near-cyclic.

b)) G—v+e;- egl +ep - ell is D-sparse.

(c) visacutvertexin Gand G —v + ey - e3_1 + ey - ezl is connected.
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Proof For simplicity, we denote e; ; = ¢; -ejf] fori, j € {1,2,3,4}. We assume that
neither (a) nor (b) occur and show that (c¢) holds.

We claim that there are an equivalent gain function ¢’ to ¢ and a cyclic subgroup
C of D such that ¢/ (e) € C holds for e € E\{e3, e4} and ¢'(e3) ¢ C and ¢’ (es4) ¢ C.

To see this, first observe thatif G —v +e; - ey Ty es - e4_1 is connected and cyclic,
then Lemma 9.3 implies the claim. On the other hand, if G — e3 — e4 is connected and
cyclic, then by Lemma 2.3, there is an equivalent ¢’ to ¢ and a cyclic subgroup C of
D such that ¢'(e) € C for e € E\{e3, e4}. Since G is neither cyclic nor near-cyclic,
we have ¢/(e3) ¢ C, and ¢/ (e4) ¢ C.

Note that ¢(e1.3) ¢ C and ¢’ (e2.4) ¢ C.

Let us consider G — v. Since G — v is cyclic with |E(G —v)| = 2|V (G —v)| — 2,
G — v is (2, 3)-g-sparse. Applying Lemma 7.7 with ¢'(e13) ¢ C, we deduce that
G — v+ e;,3is D-sparse. Let G’ = G — v + €13 + €2.4. Since (b) does not hold, G’
is not D-sparse. By Lemma 9.2, G’ (or a connected component of G’) violates (C1)
or (C2).

Case 1: If (C1) is violated, then G — v + e 3 contains a balanced tight set /' such
that V (F) contains the endvertices of e2 4 and F 4 e 4 is balanced. Let s and ¢ be the
endvertices of e 4, which are possibly the same vertex. By Lemma 7.1, if |F| > 1,
F contains a path from s to ¢ that does not pass through e; 3. Recall that the gain
of each edge in this path is included in C, and the concatenation of the path and e 4
forms an unbalanced closed walk in F + ¢3 4, contradicting that F' 4 e3 4 is balanced.
Therefore, |F| = 1 holds; in particular, since s, t € V(F) and F + e 4 is balanced, it
follows that F = {e; 3} and {e; 3, €24} forms a balanced 2-cycle in G’. This implies
that v is special in G, contradicting the assumption of the lemma.

Case 2: We next consider the case when (C2) is violated in G’. Suppose that v is
not a cut-vertex. Note that, since |E(G — v)| = 2|V(G — v)| — 2, G — v contains
an unbalanced cycle C, whose gain is included in C. Let s and ¢ be the endvertices of
e2 4, which are possibly the same vertex. Since G — v is connected, there is a path P
from s to a vertex in V(C). We consider a closed walk W that first passes through
P starting at s, then goes around C, and comes back to s through P~!. We then have
¢’ (Wp) € C. Also, since G — v is connected, G — v has a path P’ connecting s
and 7. The concatenation of P’ with e, 4 forms a closed walk W, starting at s with
@ (W>) ¢ C. Thus, {¢/(W1), ¢’ (W»)} generates a non-cyclic group. Hence, G satisfies
(C2), a contradiction. Thus, v is a cut-vertex in G.

Suppose that G’ is not connected. Then, by the 4-regularity of G, G’ consists of two
connected components, denoted G| and G, with e; 3 € E(G)) and ez 4 € E(G5).
We have already seen that G — v + e; 3 is D-sparse, and hence its subgraph G
is D-sparse. However, since G is 4-regular, G is indeed maximum D-tight. By the
symmetry between e 3z and e 4, G’2 is also maximum D-tight, and thus G’ is maximum
D-tight, a contradiction. Thus G’ should be connected, which implies (c). O

9.2 Special Cases

Recall that a vertex is said to be special if it is incident with a loop or two parallel
classes of edges. A graph which consists of only special vertices is called a special
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(a) (b) (c)

Fig. 12 Special graphs: a Cé. bCg.c P42

graph. Special graphs are classified into the following three classes C,%, C, and Pn2
forn > 2 (Fig. 12): As defined in Sect. 7.2, C,f is the graph obtained from the cycle of
n vertices by replacing each edge by two parallel copies; C,, is the cycle of n vertices,
each of which is incident to a loop; Pn2 is the graph obtained from a path of n vertices
by replacing each edge by two parallel copies and adding one loop to each endvertex
of the path.

Lemma 9.5 Let (G, ¢) be an essential D-gain graph whose underlying graph G =
(V, E) is special. Then there is a vertex at which a 2-reduction or a loop-2-reduction
is admissible.

Proof Since (G, ¢) is essential, the underlying graph is either Pn2 or Cy.

Suppose that the underlying graph is P,2. We perform the loop-2-reduction at a
vertex incident to a loop . The resulting graph is Pnz_1 and clearly it satisfies (C1). If it
does not satisfy (C2), then the resulting graph is cyclic and there is a cyclic subgroup
C of D such that the gain of every cycle in G except for the loop / is in C. This in turn
implies that G — [ is cyclic, contradicting the assumption that G is essential.

Suppose that the underlying graph is C,,. We may assume n > 3 since C5 = P22.
We perform the 2-reduction at a vertex incident to a loop /. The resulting D-gain graph,
denoted G’, has the underlying graph C;,_,.

If G’ does not satisfy (C2), then the gain of each cycle in G except for the loop
[ is included in a cyclic subgroup C of D, which again contradicts the fact that G is
essential.

It can be easily observed that G’ satisfies (C1) if n > 3. For n = 3, (C1) is violated
if the 2-cycle of G’ is balanced, but in such a case the triangle in the original graph
G is balanced, and G turns out to be a fancy triangle, contradicting the fact that G is
essential. O

The next lemma solves the case when the graph is not 2-connected.

Lemma 9.6 Ler G = (V, E) be a connected essential D-gain graph with |V | > 2.
Suppose that G is not 2-connected. Then a 2-reduction is admissible at some vertex.

Proof By Lemma 9.5, we may assume that G is not equal to P%,l. Then G has a cut-
vertex v which is not special. We show that a 2-reduction at v is admissible. Note that
G —v consists of two connected components by the 4-regularity of G. Leteq, e7, €3, e4
be the edges incident to v, all of them are directed to v. From the 2-edge-connectivity
of G, we can assume, without loss of generality, that the endvertices of e; and e3 are
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Fig. 13 Proof of Lemma 9.7

included in a connected component of G — v while those of e, and e4 are included in
the other component.

Consider the 2-reduction at v through (e1, e3) and (e3, e4). Let G’ be the resulting
graph. Note that G’ is connected. Let us check that G’ satisfies (C1). To see this,
recall that any balanced tight set consisting of more than one edge is 2-connected by
Lemma 7.1. Note also that e3 - e;l is not parallel to e - e, !as v is not special. Since
the endvertices of e3 - e4_1 belong to different connected components in G — v and
el - ez_l is the bridge in G — v +¢; - ez_l, G—v+teq- 62_1 has no balanced tight set
F such that V (F) contains both endvertices of e3 - e4_1. This implies that G’ satisfies
(C1).

Therefore, if G satisfies (C2), then G’ is D-sparse by Lemma 9.2, and a 2-reduction
is admissible at v. Suppose that G’ does not satisfy (C2). Then, G’ is connected and
cyclic. To apply Lemma 9.4, we next consider the 2-reduction at v through (eq, €3)
and (ey, e4). The resulting graph, denoted by G”, is disconnected. Lemma 9.4 thus
implies that G” is D-sparse (recall that G is not near-cyclic since G is essential). O

Thus, in the subsequent discussion, we may focus on 2-connected graphs. The next
lemma solves the case when G has a special vertex not incident to a loop.

Lemma 9.7 Let G = (V, E) be a 2-connected essential D-gain graph. Suppose
that G has a special vertex not incident to a loop. Then, G has a vertex at which a
2-reduction is admissible.

Proof Let w be a special vertex not incident to a loop. By definition of special vertices,
IN(w)| = 2 and w is incident to two parallel classes of edges. Since G #* C,zl, G
contains two adjacent vertices u and v such that v is not special and u is special and
not incident to a loop (where u is possibly equal to w). Depending on the size of
N ({u, v}), we have two possible cases as shown in Fig. 13.

Let us denote the edges incident to u by eq, e2, €3, e4, where e1 and e; are linking
from v to u and e3 and e4 are linking from a vertex in V' \{u, v} to u. We perform the 2-
reduction at u through (e, e2) and (e3, e4). Since both new edges are unbalanced loops
and adding unbalanced loops does not violate (C1), the resulting graph G’ satisfies
(C1). Therefore, if the 2-reduction is not admissible at u, then G’ does not satisfy (C2),
and hence G — e] — e3 is cyclic by Lemma 9.3.

Leta, b, c € V such that N(v) = {u, a, b} and N(u) = {v, c¢}. Since |N (u)| = 2
with v € N (u), without loss of generality we may assume a ¢ N (u) (where b = ¢
possibly holds). Recall that G — e; — e is connected and cyclic, and hence we can
apply Lemma 9.4 to deduce that the 2-reduction at v through (bv, e1) and (av, e3)
is admissible. Indeed, since G is not near-cyclic and v is neither a cut-vertex nor a
special vertex, Lemma 9.4 implies that this 2-reduction at v is admissible. O

The next lemma solves the case when G is almost near-cyclic.
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Lemma 9.8 Let G = (V, E) be a 2-connected essential D-gain graph with at least
two vertices. Suppose that G is almost near-cyclic. Then a 2-reduction or a loop-2-
reduction is admissible at some vertex in G.

Proof Since G is almost near-cyclic, there are two edges e; and e for which e; and
ey are incident to a vertex v and G — e — e3 is cyclic.

Suppose that v is not special. Then, since v is not a cut-vertex, a 2-reduction is
admissible at v by Lemma 9.4. Therefore, let us consider the case when v is special.
If v is not incident to a loop, then Lemma 9.7 directly implies the claim. We can thus
assume that v is incident to a loop.

Suppose that both e and e, are non-loop edges. By Lemma 2.3, we may assume
that the label of each edge in G — e¢; — e3 is contained in a cyclic subgroup C of D.
By further performing a switching operation at v with ¢ (ey), ¢ is converted such that
¢(e1) = id and ¢ (e) € C for all edges e not incident to v. This implies that if we
remove e and the loop incident to v from G, the resulting graph is cyclic. In other
words, it suffices to consider the case when e or e is a loop.

We hence assume that e is the loop incident to v. Let e3 be the remaining non-loop
edge incident to v, where ¢ (e3) € C. Observe that the gain of the non-loop edge e is
not included in C, since otherwise G —e; becomes cyclic, contradicting the assumption
that G is essential. Therefore, ¢ (e2 - e5 1) ¢ C, and the loop-2-reduction at v adds the
edge ez - e5 o the cyclic (2, 3)-g-sparse graph G — v. By Lemma 7.7, the resulting
gain graph is D-sparse. O

By using Lemma 9.8, we can now prove an important consequence for graphs that
are not essentially 4-edge-connected.

Lemma 9.9 Let G = (V, E) be a 2-connected essential D-gain graph with |V| =
n > 4. Suppose that G is not essentially 4-edge-connected. Then, G has a vertex at
which a 2-reduction or a loop-2-reduction is admissible.

Proof Since G is 2-edge-connected and is not essentially 4-edge-connected, there
exists a subset X of V for which | X| > 1, |[V\X| > I and dg(X) = 2. Since G is not
C;, we can suppose that B(X) contains a vertex v not incident to a loop, where B(X)
denotes a set of vertices of X adjacent to some vertices of V\ X. By the 2-connectivity,
v is not a cut-vertex. Hence, denoting the four edges incident to v by ey, ..., e4, we
may assume that eq, e», e3 are included in the subgraph induced by X while e4 is not.

Note that v is a vertex of degree 3 in G — e4, and hence, by Lemma 7.5, a
1-reduction at v is admissible in G — e4. Without loss of generality, we may assume
that G — v +eq - 62_1 (obtained by a 1-reduction at v in G — ey) is D-sparse.

We now consider adding e3 - ezl toG—v+er-e, Yo complete the 2-reduction
atv.LetG' =G —v+e- ez_l +e3- 64_1, and suppose that G’ does not satisfy (C1).
Since any balanced tight set F' is 2-edge-connected if |F| > 1, there is no balanced
tight set F' for which V (F') contains both endvertices of e3 - 64_1 unless |F| = 1. If
G—-—v+e- 6‘2_1 has a balanced set F such that |[F| = 1 and V(F) contains both
endvertices of e3 - eZl, then the edge in F, denoted by f, is incident to e3 and e4 and
connects between X and V\ X. However, since dg(X) = 2, |X| > 1 and |V\X| > 1,
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the vertex incident to e4 and f turns out to be a cut-vertex of G, contradicting the
2-connectivity of G. Thus, G’ satisfies (C1).

If G’ does not satisfy (C2), it is cyclic. By Lemma 9.3, G is almost near-cyclic,
and we can apply Lemma 9.8 to conclude that a 2-reduction or a loop-2-reduction is
admissible at some vertex v. O

The final special case is when G has a vertex v with [N (v)| = 2.

Lemma 9.10 Let G = (V, E) be a2-connected essential D-gain graph. Suppose that
G has a vertex v with |N (v)| = 2 that is not incident to a loop. Then, there is a vertex
at which a 2-reduction is admissible.

Proof If v is special, Lemma 9.7 implies the claim.

If v is not special, then there are three parallel edges between v and a neighbor
of v. By the 4-regularity, if |V| > 4, G is not essentially-4-edge-connected, and thus
Lemma 9.9 implies the statement.

If [V] = 3, G is equal to the graph (shown in Fig. 15) of three vertices V =
{u, v, w}, three parallel edges e1, e2, e3 between u and v, a loop / attached to w, and
two remaining edges uw and vw, denoted by f1 and f3, respectively. We may assume
¢ (f1) = ¢(f2) = id. Let C be the subgroup generated by ¢ (/). Since G is not cyclic,
there is an unbalanced cycle whose gain is not included in C.

Ifatriangle, say e1 f1 f> has a gain notincluded in C, then the 2-reduction at u through
(e1, f1) and (e2, e3) results in a D-sparse P22. Otherwise, removing e and e3 results in
acyclic graph. Then G is almost near-cyclic, and Lemma 9.8 implies the statement. O

9.3 The Remaining Cases

In a graph G, the star of a vertex v means the subgraph of G whose vertex set is
N(v) U {v} and the edge set is the set of edges incident to v. A hat subgraph is
a balanced subgraph whose underlying graph is a hat. See Fig. 14 for an example.
The following claim, together with the previous lemmas, will complete the proof of
Theorem 9.1.

Theorem 9.11 Let G = (V, E) be a 2-connected, essentially 2-edge-connected, and
essential graph with |V| > 3. Suppose also that G is not almost near-cyclic. Then, for
every vertex v € V that is not incident to a loop with |N (v)| > 3, either a 2-reduction
at v is admissible or the star of v is contained in a hat subgraph.

In Sect. 9.3.1, we focus on the case of |[N(v)| = 4. Lemma 9.12 says that if the
2-reduction is not admissible then G has an obstacle around v. We will investigate

Fig. 14 A hat subgraph
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Fig. 15 The special graph given
in the proof of Lemma 9.10

intersection properties of obstacles. The corresponding results for the case of | N (v)| =
3 will be given in Sect. 9.3.2. In Sect. 9.3.3, we prove Theorem 9.11 based on the
intersection properties of obstacles.

In the rest of this section, clp denotes the closure operator of the underlying matroid

Mp(G, §).
9.3.1 Obstacles Around a Vertex v with |N (v)| = 4

Throughout Sect. 9.3.1, (G, ¢) denotes a D-gain graph satisfying the assumptions
of Theorem 9.11, v denotes a vertex with |[N(v)| = 4, N(v) = {a, b, c,d}, and E,
denotes the set of edges incident to v.

An edge subset F is called sub-tight if |F| = 2|V (F)| — 4 and F is balanced. We
first make a simple observation which describes the situation where 2-reductions are
not admissible.

Lemma 9.12 Suppose that the 2-reduction through (av, vb) and (cv, vd) is not
admissible. Then there is an edge subset F C E\E, satisfying one of the follow-
ing properties:

(i) F is balanced tight with a, b € V(F) and av - vb € clp(F);
(1) F is balanced tight with c,d € V(F) and cv - vd € clp(F);
(iii) F is sub-tightwitha,b,c,d € V(F), F +av-vb is balanced tight, and cv -vd €
clp(F +av - vb).

Proof Letus first consider the graph G’ = G —v—+av-vb. If G’ isnot D-sparse, then, by
Lemma 9.2, E\ E, has a balanced tight set " witha, b € V(F) and av-vb € clp(F),
which satisfies property (i).

Hence, let us assume that G is D-sparse. If G’ + cv - vd is cyclic, Lemma 9.3
implies that G is almost near-cyclic, contradicting the assumption that G is not almost
near-cyclic. Therefore, G’ + cv - vd satisfies (C2). By Lemma 9.2, there exists a
balanced tight set F' C E\E, U {av - vb} with ¢,d € V(F') and cv - vd € clp(F’).
Depending on whether av-vbh € F’ or not, we find a desired subset of the statement; if
av-vb ¢ F' then F’ is the one satisfying property (ii); otherwise F’ — av - vb satisfies
property (iii) (we remark that, in the latter case, V (F’ — av - vb) contains a, b, ¢, d
since F’ is 2-edge-connected). O

Since the first and the second cases of the statement of Lemma 9.12 are symmetric,
we basically have two types of obstacles: for a vertex v and N(v) = {a, b, c,d},
F C E\E, is called an obstacle of type 1 (for the 2-reduction through (av, vb) and
(cv, vd)) if F satisfies (i) or (ii) of Lemma 9.12; F is called an obstacle of type 2 if F
satisfies (iii).
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As noted above, we have three possible ways for a 2-reduction at v, through (av, vb)
and (cv, vd), through (av, vc) and (bv, vd), and through (av, vd) and (bv, vc). By
Lemma 9.12, if none of them are admissible, E'\ E, contains three corresponding
obstacles X, Y, Z. We now investigate properties of these obstacles.

We begin with a property of type 2 obstacles.

Lemma 9.13 Suppose that X is an obstacle of type 2 for the 2-reduction through
(av, vb) and (cv, vd). Then, the following holds for X:

o [ XUE, =2|V(XUE,)|—2;

o There is an equivalent gain function ¢’ to ¢ such that ¢'(e) = id fore € X U
{va, vb}, and ¢'(vc) = ¢’ (vd) # id,

e X U E, iscyclic.

Proof By definition, |X| = 2|V (X)| — 4, and hence | X U E,| = 2|V(X U E,)| — 2
by N(v) € V(X).

Since cv-vd € clp(X +av-vb) and X +av - vb is balanced, X +av - vb +cv - vd
is also balanced. Hence, by Lemma 2.3, there is an equivalent gain function ¢’ to ¢
such that ¢'(e) = id for e € X and ¢'(av - vb) = ¢'(cv - vd) = id. We thus have
¢’ (av) = ¢'(bv) = g and ¢’ (cv) = ¢'(dv) = g’ forsome g, g’ € D. By performing a
switching operation at v with g if necessary, we may assume that ¢’ (av) = ¢'(bv) =
id and ¢'(cv) = ¢'(dv) = g'g~'. If ¢g~! = id, X U E, becomes a balanced
set with |[X U E,| > 2|V(X U E,)| — 3, contradicting the D-sparsity of G. Thus,
@' (cv) = ¢'(dv) #id, and X U E,, is cyclic. O

In the same manner we also have the following technical lemma.

Lemma 9.14 Let X and Y be obstacles for the 2-reduction through (av, vb) and
(cv, vd) and through (av, vc) and (bv, vd), respectively. Suppose that X is type 2
and X UY is cyclic. Then, X UY U E,, is cyclic.

Proof Since X is balanced and X U Y is cyclic, for some cyclic subgroup C of D,
there is an equivalent gain function ¢’ to ¢ such that ¢'(¢) = id for every e € X
and ¢’'(e) € C for every e € Y by Lemma 2.3. Moreover, since X + av - vb and
X + av - vb + cv - vd are balanced, we have ¢'(av - vb) = ¢'(cv - vd) = id. As
in the previous proof, by applying a switching operation at v, we may assume that
¢’ (va) = ¢'(vbh) = id and ¢’ (vc) = ¢’ (vd).

By the definition of the obstacles (whether type 1 or type 2), Y+ Y + av - vc or
Y + bv - vd is connected and balanced. Hence ¢/(av - vc) € C or ¢/ (bv - vd) € C,
which implies ¢’ (ve) = ¢’ (vd) € C. Thus, every label of X U Y U E), is included in
C. o

The following lemmas describe different relations among obstacles.

Lemma 9.15 Let X and Y be obstacles for the 2-reduction through (av, vb) and
(cv, vd) and through (av, vc) and (bv, vd), respectively. If X NY # 0, then X UY
is not a balanced set.

Proof Suppose for a contradiction that X U Y is a balanced set with X N'Y # .
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(Case 1) If both X and Y are of type 1, X U Y is tight by Lemma 7.2 and hence
[ XUY| =2|V(XUY)|— 3. Without loss of generality, we may assume thata, b, ¢ €
V(XUY), av-vb € clp(X) and av - vc € clp(Y). Since X U Y is balanced,
there is an equivalent gain function ¢’ to ¢ such that ¢’'(e) = id fore € X UY.
Moreover, since av - vbh € clp(X) and av - ve € clp(Y), we have ¢’ (av) = ¢'(bv) =
¢’ (cv). This implies that X U Y U {av, bv, cv} is a balanced set. However, since
| X UY U({av, bv, cv}| > 2|V(X UY Ul{av, bv, cv})| — 3, the existence of such a
balanced set contradicts the D-sparsity of G.

(Case 2) Let us consider the case when X is type 2. By definition of obstacles
(whether type 1 or type 2), Y + av - vc or Y + bv - vd is balanced and 2-edge-
connected. Without loss of generality, we assume that Y + av - vc is balanced and
2-edge-connected. By Lemma 9.13, there exists an equivalent gain function ¢’ to ¢
such that ¢’(e¢) = id fore € X U{va, vb} and ¢'(vc) = ¢'(vd) # id. Moreover, since
X U'Y is balanced, we may assume that ¢’(e) = id for e € Y. Since ¢’ (av - vc) # id
but ¢'(e) = id fore € Y, Y + av - vc is unbalanced, a contradiction. O

Lemma 9.16 Let X and Y be obstacles for the 2-reductions through (av, vb) and
(cv, vd) and through (av, vc) and (bv, vd), respectively. If | X| > 1 and |Y| > 1,
then X NY # 0.

Proof Without loss of generality, we assume a € V(X) N V(Y). Recall that each
balanced tight set is 2-connected if the size is more than one. By the 4-regularity of
G, each vertex of N (v) has degree three in G — v. Hence, if X and Y are type 1 with
|X| > land |Y| > 1, then X NY contains an edge incident to a.
If X is type 2, then X + av - vb is balanced tight with a, b, c,d € V(X + av - vb)
by definition. Hence, if Y is type 1, then X N Y contains an edge incident to ¢ or d.
If both X and Y are type 2, then X N Y contains an edge incident to d. O

Lemma 9.17 Let X, Y, Z be obstacles for the 2-reductions through (av, vb) and
(cv, vd), through (av, vc) and (bv, vd), and through (av, vd) and (bv, vc), respec-
tively. If there is no hat subgraph containing the star of v, then XNY # 0, YNZ # ()
or ZN X # @ holds.

Proof Note that a type 2 obstacle consists of more than one edge. If two of X, Y and
Z are not singleton sets, then the lemma follows from Lemma 9.16. Hence we may
assume that |Y| = |Z| = 1, and denote Y = {e,} and Z = {e.}. Clearly, e, # e;.

(Case 1) Let us first consider the case when X is also a singleton set. Let X = {ey}.
Depending on the relative position of ey, e, and e;, we have two situations: (I) ey, ey
and e; share a vertex or (II) ey, ey and e, form a triangle.

In case (I), the star of v is included in a hat subgraph. Indeed, if denoting without
loss of generality e, = ab, ey = ac, and e, = ad, {ex, ey, e;, va, vb, vc, vd} forms
a hat if it is balanced. Since X, Y and Z are obstacles, we have ¢ (e;) = ¢ (av - vb),
¢(ey) = ¢(av - vc) and ¢(e;) = ¢(av - vd), and hence this subgraph is indeed
balanced.

In case (II), without loss of generality, we assume ey = ab, ey = bc and e; = ca.
Then {ey, ey, e;, va, vb, vc} forms Ky4. Since ¢ (ex) = ¢p(av-vb), ¢ (ey) = ¢p(bv-vc)
and ¢ (e;) = ¢(cv - va), this K4 does not have any unbalanced cycle. Therefore, Case
(II) cannot happen because of the D-sparsity of G, as a balanced K4 is not D-sparse.
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(Case 2) Next, we consider the case when |X| > 1. We further split the proof into
two subcases depending on whether X is type 1 or type 2.

If X is type 2, then |X U Ey| = 2|V(X U Ey)| — 2 by Lemma 9.13. Also, by
Lemma 9.13, there exists an equivalent gain function ¢’ to ¢ such that ¢’ (e¢) = id for
e € X U {va, vb} and ¢'(vc) = ¢’ (vd) # id. Denote ¢’ (vc) by g. Since Y and Z are
obstacles, we have ¢'(e,) = ¢(e;) = g, which in particular implies e, e, ¢ X. By
N@) CV(X)andey # e, |XUYUZUE,| =2|V(XUYUZUE,)|, whichin turn
implies £ = X UY U Z U E,,. Notice that the label of eachedgein X UY U Z U E,
is either the identity or g. In other words, X U Y U Z U E), is cyclic, contradicting the
D-sparsity of G.

The remaining case is when X is type 1. Without loss of generality we assume
a,b € V(X).By |X| > 1 and Lemma 7.1, dx(a) > 2 and dx(b) > 2. Since e, is
either ac or bd and e, is either ad or bc, it suffices to consider the following two cases
by symmetry: (i)(ey, e;) = (ac, ad), and (ii)(ey, ;) = (ac, bc).

In subcase (i), X N'Y or X N Z contains an edge incident to a as dx(a) > 2 and
dG—v (a) =3.

In subcase (ii), notice that, {av, bv, cv, ey, e;, av - vb} is a circuit of the underlying
D-sparsity matroid since it forms a balanced K4. By av - vb € clp(X), we have
cv € clp(X +av + bv + ey +¢;) C clp(E — cv), contradicting the independence
of E. Therefore, this case does not occur and the proof is complete. O

9.3.2 Obstacles Around a Vertex v with [N (v)| = 3

In this subsection we shall investigate obstacles for a 2-reduction at a vertex v with
[N (v)| = 3. Most of the arguments are similar to the previous subsection. Throughout
Sect.9.3.2, (G, ¢) denotes a D-gain graph satisfying the assumptions of Theorem9.11,
v denotes a vertex with |N (v)| = 3, N(v) = {a, b, c}, and E, denotes the set of edges
incident to v. Without loss of generality, we assume that there are parallel edges e
and e, between v and a, and we denote E, = {ey, e, vb, vc}.

We again have three possible ways for a 2-reduction at v. In each case, there exists
an obstacle if the operation is not admissible. The proof of the following claim is
identical to that of Lemma 9.12 and hence is omitted.

Lemma 9.18 Suppose that the 2-reduction through (e, vb) and (ea, vc) is not admis-
sible. Then there is an edge subset F C E\E, satisfying one of the following
properties:

(i) F is balanced tight witha,b € V(F) and e1 - vb € clp(F);
(1) F is balanced tight with a,c € V(F) and e3 - vc € clp(F);
(iii) F is sub-tight witha,b,c € V(F), F + e} - vb is balanced tight, and e> - vc €
clp(F + ey - vb).

For the 2-reduction through (ey, e2) and (bv, vc), we encounter an even simpler
situation.

Lemma 9.19 Suppose that the 2-reduction through (e1, e2) and (bv,vc) is not
admissible. Then there is a balanced tight set F < E\E, with b,c € V(F) and
bv - vc € clp(F).
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Proof Notethate; ~e;] isaloop. G—v-+e; 'egl is D-sparse by Lemma 9.2 since adding
an unbalanced loop does not affect (C1). Note that G—v+e; -e, '+ bv-veis connected.
IfG—v+ey-ey '+ bv-ve does not satisfy (C2), then Lemma 9.3 implies that G is almost
near-cyclic, which contradicts our assumption on G. If G — v +¢; - e; 'y bv - we
does not satisfy (C1), then G — v + e; - e, ! contains a balanced tight set F' with
b,c € V(F) and bv - vc € clp(F). Since a balanced tight set does not contain a loop
by Lemma 7.1, we have F' C E\E,. O

According to Lemmas 9.18 and 9.19, we can define the type of an obstacle as in the
previous subsection. Lemma 9.19 also says that we only encounter type 1 obstacles for
the 2-reduction through (e, e2) and (bv, vc). The next two lemmas are counterparts
of Lemmas 9.14 and 9.15, respectively, with identical proofs, which are omitted.

Lemma 9.20 Let X and Y be obstacles for distinct 2-reductions at v. If X is type 2
and X UY is cyclic, then X UY U E,, is cyclic.

Lemma 9.21 Let X and Y be obstacles for distinct 2-reductions at v. Then,
ifXNY #0@, then X UY is balanced.

To prove the counterpart of Lemma 9.17, we need the following two additional
lemmas.

Lemma 9.22 Suppose that Z is an obstacle of type 1 for the 2-reduction through
(e1, e2) and (bv, vc). Then, there is an equivalent gain function ¢’ to ¢ such that
¢'(e) = id for e € Z U {vb, vc}.

Proof Z 4+ bv - vc is balanced. Hence, by Lemma 2.3, there is an equivalent gain
function ¢’ to ¢ such that ¢'(e) = id for e € Z + bv - vc. By performing a switching
operation at v with ¢’ (bv) if necessary, we may assume that ¢’ (bv) = ¢'(vc) = id. O

Lemma 9.23 Let X be an obstacle of type 2 for the 2-reduction through (e1, vb) and
(e2, vc). Suppose further that there is no obstacle of type 1 for the 2-reduction through
(e1, vb) and (ep, ve). Then dx(a) + dx (b) + dx (c) > 5 holds.

Proof Let X' = X+e;-vb. By definition, X’ is balanced tight witha, b, ¢ € V(X’) and
|X’| > 1. Such a balanced tight set is 2-connected and essentially 3-edge-connected
by Lemma 7.1. We thus have dy/ (1) > 2 foru € {a, b, c}.

Suppose that dx(a) = dy/(b) = 2. Since X’ is essentially 3-edge-connected and
e1-vbisincidentto a and b, X’ must be a triangle on a, b, c. This means that X contains
an edge linking from a to ¢, denoted by ¢’. Recall that X’ + e; - vc is balanced by
definition of type 2 obstacles. However, since ¢’ and e; - vc are parallel, for X’ + e - ve
to be balanced, {¢’, e - vc} has to be a balanced 2-cycle, that is, {¢’} is a type 1 obstacle
for the 2-reduction through (e, vb) and (e2, vc), contradicting the assumption of the
lemma.

Therefore, dx/(a) > 3 or dx/(b) > 3, implying dx/(a) + dx/(b) 4+ dx/(c) > 7.
Since X’ = X + e1 - vb, we obtain dx (a) + dx (b) +dx(c) > 5. O

Lemma 9.24 Let X, Y, Z be obstacles for the 2-reductions through (e1, vb) and
(e2, vc), through (e1, vc) and (ea, vb), and through (e, e2) and (bv, vc), respectively.
Then, XNY #0, Y NZ #0, or ZN X # @ holds.
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Fig. 16 Proof of Lemma 9.24

Proof We split the proof into two cases depending on whether a type 1 obstacle exists
for the 2-reduction through (eg, vb) and (e>, vc).

(Case 1) Suppose that there is no type 1 obstacle for the 2-reduction through (e;, vb)
and (e2, vc). Then, X is type 2. By Lemma 9.23, dx (a) + dx (b) 4+ dx(c) > 5 holds.
If dy(a) > 2, then X NY contains an edge incident to a since dg—y(a) = 2 and
dy(a) > 1. If dx(a) = 1, then we have dx (b) > 2 and dx (c) > 2. Since dg_,(b) =
dg—y(c) =3,|Z] = 1 holds if X N Z = (. However, in this case, we have dxyz(b) =
dxuz(c) =3,and thus X N'Y or Y N Z contains an edge incident to b or c.

In a symmetric manner, we are done in the case when a type 1 obstacle does not
exist for the 2-reduction through (e, vc) and (ez, vb).

(Case 2) We now consider the case when both X and Y are type 1. If | X| > 1 or
|Y| > 1, then X or Y is 2-connected, and hence X N Y contains an edge incident
to a as dg—y(a) = 2. We thus assume |X| = |Y| = 1 and X # Y. Let us denote
X ={ey}and Y = {e,}. Without loss of generality, we assume that e, connects from
a to b. Also, by Lemma 9.22, we may assume ¢ (e) = id for e € Z U {vb, vc}. Since
e1 - vb € clp(X), we have ¢ (ex) = ¢(e1 - vb) = ¢ (e1). The proof is completed by a
further case analysis: (i) ey, connects from a to ¢ or (ii) ey, connects from a to b (see
Fig. 16).

In case (i), we have e; - vc € clp(Y) by definition. Therefore, ¢ (ey) = ¢ (e -
vc) = ¢(ey). Notice that {e1, vb, vc, ey, ey, bv - vc} forms a K4 without unbalanced
cycles by ¢(ey) = ¢(e1) = ¢(ex). Moreover, since bv - vc € clp(Z), we obtain
e1 € clp({vh, vc, ey, ey, bv - vc}) C clp(E — eq). This contradicts the independence
of E in the underlying D-sparsity matroid.

Let us consider case (ii). If | Z| > 1, then X N Z or ¥ N Z contains an edge incident
tobas Zistype 1 and dz(b) > 2. Suppose that |Z| =1, X NY =0, X NZ = and
YNZ =@. Then XUY U ZU E, induces a subgraph in which v, a and b have degree
four. So, if |V| > 4, then ¢ becomes a cut-vertex, contradicting the 2-connectivity of
G. On the other hand, if |V| = 4, then G becomes the graph shown in Fig. 16(ii’).
In this case removing e; and ey results in a cyclic graph (where any cycle except
the loop is balanced by ¢ (e;) = ¢ (ey)). This means that G is almost near-cyclic, a
contradiction. O

9.3.3 Proof of Theorem 9.11

Proof of Theorem 9.11 Suppose that no 2-reduction is admissible at v. Then we have
three obstacles X, Y and Z for the three possible 2-reductions at v. Suppose further
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that the star of v is not contained in a hat subgraph. Then, by Lemmas 9.17 and 9.24,
we may assume without loss of generality that X N'Y # ¢ holds.
fIXUY|>2IV(XUY)| —1,then V(X UY) U {v} = V must hold since G is
essentially 4-edge-connected. We then have [ X UY U E,| > 2|V| + 1, contradicting
the D-sparsity of G.
Therefore we have

IXUY|<2IV(XUY)| —2. (20)

To derive a contradiction, we next show that the number of connected components in
VX)NV(),XNY)isequal to two. To see this, let ¢y be the number of trivial
connected components (i.e., singleton vertex components) in (V(X)NV(Y), X NY)
and let ¢; be the number of nontrivial connected components in it. Then,

IXI+ Y] =2[V(X)| =42V -4 =2[V(XUY)|+2[V(X NY)[+2co — 8,
1)

IXNY| <2IV(XNY)| —3cy, (22)

where the last inequality comes from | F'| < 2|V (F)|—3 forany non-empty F' € XNY.
From (20-22), we obtain 2¢g + 3¢; < 6. On the other hand by X N Y # ( we also
have c¢; > 1. Hence we get c; + ¢ < 2, and the number of connected components in
the graph (V(X) NV (Y), X NY) is at most two.

If the number of connected components in (V(X)NV (Y), XNY) is one, then, since
X and Y are connected and balanced, Lemma 2.4(1) implies that X U Y is balanced,
which contradicts Lemmas 9.15 and 9.21.

Thus the number of connected components in (V(X) NV (Y), XNY) is two. Then
2co 4 3c1 > 5. Hence by (21) and (22) we have

IXUY|>2[V(XUY) —3. (23)

Also by Lemma 2.5 X U Y is cyclic. This implies that X U Y is not tight, as X U Y
cannot be cyclic tight by (20).

If both X and Y are type 1, then X U Y is tight by Lemma 7.2, which does not
happen. Hence X or Y is type 2, and Lemmas 9.14 and 9.20 imply that X U Y U E,,
is also cyclic. Also by (23) and N(v) € X UY (as X or Y is type 2) we obtain
IXUYUE,| >2|V(XUYUE,)|— 1. Thus, due to the essential 4-edge-connecitivity
of G, |V(XUYUE,)| > |V|— 1 must hold.

IfV(XUYUE, =V,then|XUY UE,| =|E|— 1, and hence G is near cyclic,
as X UY U E, is cyclic. On the other hand, if V(X UY U E,) = V — u for some
u € V, then u is incident to a loop and two non-loop edges by 4-regularity. Observe
that removing this loop and one of the two non-loop edges results in a cyclic graph.
This means that G is almost near-cyclic.

In both cases G turns out to be almost near-cyclic, which contradicts the assumption
on G. This completes the proof. O
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9.4 Proof of the Main Theorem

We are now ready to prove Theorem 9.1, which also completes the proof of Theo-
rem 7.8.

Proof of Theorem 9.1 By Lemmas 9.5, 9.6, 9.8 and 9.9, we may assume that G is
2-connected, essentially 4-edge-connected, not special, and not almost near-cyclic.
Also, by Lemma 9.10, we may assume that every vertex v with [N (v)| = 2 is incident
to a loop.

Since G is not special, G has a vertex v that is not incident to a loop. Then
N (v)| = 3. By Theorem 9.11, either the 2-reduction at v is admissible or the star of v
is contained in a hat subgraph H. Suppose the latter holds. We denote the vertices of
H by ay, ay, by, ba, b3, and assume that a; and a, have degree four in H (and hence
aj or az is v). Since H is balanced, we may assume that all labels in H are identity.
Moreover, since G is not a fancy hat, we may assume that b is not incident to a loop.

We prove that some 2-reduction at b; is admissible. Suppose that no 2-reduction is
admissible at b1. Then, by Theorem 9.11, the star of b; is contained in a hat subgraph
H'. Note that H' is different from H.

We claim that H' contains a triangle on by, a;, bjforsomei € {1,2}and j € {2, 3}.
To see this first suppose that aja, ¢ E(H’). Then, since each vertex has degree at
least 2 in H', we have ajby € E(H') or ajbs € E(H') by Ng(a1) = {az, by, b2, b3}
and aja; ¢ E(H'). This also implies byby € E(H') or bib; € E(H’), respectively,
as by is incident to all the vertices of H'. Thus H' has a triangle on by, aj, b j for some
j €{2,3}.

If ajay € E(H’), then H’' contains a triangle on by, ai, az. In a hat subgraph, two
vertices of each triangle have degree four, which implies N(a;) € V(H’) for some
i € {1, 2}. Therefore, a;b, € E(H') and b1b, € E(H’), and hence bybya; forms a
triangle.

Consequently, without loss of generality, we may assume that H’ contains a triangle
on by, by, ay. Recall that a hat subgraph is balanced. Since ¢ (a1b1) = ¢(a1b2) = id,
we obtain ¢ (b1by) = id as H’ contains a triangle on aj, by, by. Observe then that
{ay, aa, by, by} induces a K4 in which the label of each edge is the identity. This
contradicts the D-sparsity of G. Consequently, the 2-reduction at by is admissible. O

10 Concluding Remarks

The main results of this paper (Theorems 6.3 and 8.2) give rise to efficient algorithms
for testing generic symmetric rigidity with rotation symmetry or dihedral symmetry
Dy with odd k. This can be done by computing the rank of the quotient graphs in the
corresponding matroids M (g2 3) or Mp(G, ¢). Here we briefly describe the main
algorithmic ideas and show that testing independece in these matroids can be done in
polynomial time.

Let (G, ¢) be a gain graph with G = (V, E). First consider M (g2 3), in which E
is independent if and only if (i) G is (2, 1)-sparse and (ii) every nonempty balanced
subset F C E is (2, 3)-sparse, cf. Lemma 3.1. There exist efficient algorithms for
testing (k, [)-sparsity for any pair of integers k, [, see e.g. [2,10], so checking (i) is
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easy. Observe that G satisfies (ii) if and only if every minimally non-(2, 3)-sparse
graph (also called a (2, 3)-circuit or an M-circuit) is unbalanced. Suppose that G
satisfies (i) and consider one of its M-components, i.e. a subgraph H of G induced by
a connected component of the (2, 3)-sparsity matroid of G (see [2,7] for more details
on M-components). Each (2, 3)-circuit is a subgraph of some M-component, so we
may deal with them separately. The key observation is that within H the complements
of the (2, 3)-circuits are pairwise edge-disjoint. Since the M -components are pairwise
edge-disjoint, this shows that the number of (2, 3)-circuits in G is O(n) and they
can easily be enumerated. Then it remains to test whether each of these circuits is
unbalanced, which can be done by switching and using Lemma 2.3 (similar arguments
are given in [1]).

Next consider Mp (G, ¢), in which E is independent if and only if (i) G is (2, 0)-
sparse and (ii) every cyclic subset F C E is (2, 1)-sparse, and (iii) every balanced
subset F' C E is (2, 3)-sparse. As above, testing (2, 0)-sparsity is easy. We can again
observe that G satisfies (ii) if and only if every minimally non-(2, 1)-sparse graph (a
(2, 1)-circuit) is non-cyclic. Suppose that G satisfies (i). Then it is easy to see that
these circuits are edge-disjoint, which shows that we have O (n) circuits to check. As
above, they can easily be enumerated, and we can use switching and Lemma 2.3 to see
whether they are all non-cyclic. So suppose G satisfies (ii) as well. As above, it remains
to check whether every (2, 3)-circuit is unbalanced. Let H be an M-component of G.
It is not hard to see that H — e is (2, 1)-sparse for all e € E(H). Thus, by using the
arguments above, it follows that we have O (n2) circuits to enumerate and test, which
can also be done efficiently by the same techniques.
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