MATEMATHUYECKA TEOPHUSI HA YNPABJIEHUETO*

e M. Xaszesunrxen**

YBoa. Demie BpeMe, KoraTo 3a NpHJAraH€e HAa MaTeMaTHKaTa B HAYKH KaTO TEXHH-
KaTa, XAMHATA Wad OHosiordaTa M roJsMa uyacT ot ¢u3ukara 6e [OOCTaTbyHa AOCTA
CKpOMHA MaTeMaTHuecka nojroroBka. Hemo ot smneiinata aarebpa, mManko audepen-
LHaJdHA YPABHEHHUs, YCTOHYHBOCT H TpaHC()OpMauuu, Moxke GH MajlKko KOMIMIEKCHH (dyH-
KIHH — ToBa Ge I0CTaTBUHO, 3a Ja Ce IOCpeliHaT roBedeTOo OT 3ajayurte. [ledcTBH-
TeJHO, MOYTH He Ce MpuJaraxa CpejCTBaTa Ha ,YHCTATAa“ MATEMATHKA, PasBUTH B 06JACTH
Karo TeOopus Ha yHcjaTa, anre6puyHa TreoMmeTpud, AudepeHUHanHa W anreGpHYHA TOIO-
Jorus, aare6puyHa K-rTeopHs, TeopHs Ha onepaTopuTe M (DYHKIMOHAaJeH aHAJM3 H T. H.
M ToBa Ge cbBceMm HeoTAaBHa (BX. Hamp. [3, 4]).

-Hewara ce mpoMenuxa mpe3 noclelHUs YeTBBPT BeK, 3aelHO ¢ Gbp30 HapacTBa-
Iarta MaTeMaTH3alMf Ha MHOTO O6JacTH ce CTHra N0 pasMecTBaHe B camMaTa MareMa-
THKA «—), KOATO Ce M3M0J3Ba B MNPHJIOKEHUATAa U J[HeC € OCh3HATO, Yye MOTEHLHAJHO
BCEKH MareMaTHYeCKH MeTOJ MOXE€ Ja HaMepH YCHeNIHO NpuioxkeHHe. B ToBa oTHolue-
HHe e HHTEepecHO ja ce CPaBHH HampHUMep CbABLPKAHHETO HA CIKCAHME MO0 XHUMHYHA GH-
3HKa OT MpegH JeceT rojJHHH C TOBa OT MUHAlIaTa TOoXMHA. Maw mo-ymecTHo B caydvas
€ Na CpaBHHM NpOrpaMHTe Ha JeceTara KOH(epeHUus MO ynpaBiedue H IOCJeLHATA
HABaficer U Bropa KoH(QepeHuus, mpoBesena npes aexemepu 1983 r. B Can AHTOHHO
Texkcacl.

O6nact, B KOATO ce NpuJjara usjara MaTeMaTHKa M KOATO OT CBOS CTPaHa IOCTaBs
MHOTO HHTEDECHU HOBH MaTeMAaTHuYecKH NMpo6/eMH, e MaTeMaTHyeckata (eNeKTpo-) Tex-
HPIKalT]é)l; HapedeHa Cera MaTeMaTHYecKa TeOpHs Ha CHCTeMHTe (BX. HallpHMep CBHABPXAHHETO
Ha

[B Te3H HAKONKO CTPAHUUM LIe Ce ONMTaM [Aa HICTPHPAM KasaHOTO M0-rOpe BBPXY
HSIKOZIKO NOACpaHK NpHMepa Ha NpPOGJEMH 3aeJlHO C KPAaTKO oﬁcmmane HAa H3MOJI3BaHaTa
MareMmarHka.

1. Cucremu. OcHOBeH mpeiMeT Ha uscnenBaHe € T. Hap. CHCTeMa, KOATO € YCTPOH-
CTBOTO, NMPHEMAL0 BXOJHH CHIHaJH (UM yOpaBjieHHs), KOHTO ca (YHKUHMM HAa BPEMETO,
H Bb3 OCHOBa Ha TAX H3/N'BYBAIOM3XOAHH ' CHTHAMH (Ma¥ HaO/IOJAaBaHH CHTHAMM), CBLIO
¢yHKuME HA BpeMero.

Jla pasruenaMe HampUMep CHCTeMa, ONMCAHA C KpaeH Gpoil oGHKHOBeHH AudepeH-
uuasHe ypasHenua karto (1.1) mmm (1.2) mo-mory

(1) C i=f(om), y=h(x) xER" LER™, YERY,
(12) Xptr=f (X Up) Ve=h (X4), XER", WER™, yER?.

TYK 4 Ca BXOIHHUTE CHTHANH HJIH ynpaB.neHuﬂTa Yy — HU3XOJHHUTE HJH Ha6J110 AaBaHH
CUTHAMH ¥ X — NIpOMEHJIHBH, OINHCBAIH JeHCTBHTEMHOTO ChCTOSIHHE Ha cHCTeMarta. Karo
IIpHMEP C HCTOpPHYECKO 3HAUEHUWE Ha pasriejaMme MnoJjera Ha CaMoJeT. B cayvyas & ca
ynpasasiBalMdTe BB3JCHCTBHA, X € CHCTOAHHETO HAa CaMoJieTa Ha €3HKa Ha MEXaHHKaTa,
T. €. CbOTBETHHTE CKOPOCTH M MOJIOXEHUA U ) € Ha6MI0aBaHOTO CHCTOAHHE, T. €. KOJH-
qu'rBa'ra H3BEAEHH OT x, 3a KOHTO HMA ﬂsmepn're.nen ypean.

* Mathematical Control Engmeenng CWI Amsterdam. Note PM-N8402 (August) — npeaon cve
cbKpamieHusl, — bLes. peo..
#* Michael Hazewxnk el, mupekTOop Ha Ilerm,pa no ‘Marematuka u Mudopmaruka B AMCTepHaam,
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Kato cnemsamy npumep me BsemeM Xumuuecku PEaKTOp ChC CMECHTeN WJIH NeCTH-
JIallHOHHA KOJIOHA, 33 KOHTO X Ca KOHNEHTPALHHTE HA PEareHTUTE W BEJMUHHH KaTo Ha-
JIAT4HE H TEMIepaTypa, X € BXOXBT Ha CHCTEMAara, T. €. DAa3/HYHH DEaKTHBH H Moxe 6u
HSTOYHHK HA TOIJIHHA, & J Ca BeJHYMHHTe, U3MEDBAHH OT YpeNUTE 3a HAGMIOIeHHE Ha
PeakuMaTa W/uIM KpaHHHA NPOAYKT HA PeaKUUSTA.

Ypasueunsara (1.1) u (1.2) onucsar emun CpaBHHTENHO HEOCOGEHO CJAOXKEH KAaC OT
cucTemd. CbIIecTBYBAT MHOrO IO-CTOXHM MATEMAaTHYECKH OGEKTH, OMMCBAL(HM JUHAMHYHH
npouecn. Hanpumep BMecto (1.1) u (1.2) moxe na HMaMe yacTHU Au(epeHUMANTHH YpaB-
HEHUs%, YPaBHEHUS C OTK/IOHEH apryMeHT, uaTerpoaudepentuanin ypauenus [5]. ¥cmom-
HEeHUs! OT TO3M THI obaye HEBHHArH Ca HeOGXONWMH, 33 1a GbIe HHTEPECHA CHOTBET-
HaTa MaTeMmaTuka. [lopu B Ha#-npocTus ciyuad, KoraTo cucTeMara e JuHeiHa, (§ 3 mo-
ZOJy) Ce MpPUJIAraT MOUIHM MaTeMaTHYeCKH MeTOJH.

Enun or Hauunute na ce wHrepnpernpa HanpuMep ypasuerue (1.1) e To xa ce pas-
TJIeXa KATO MeXaHMYyecka CHCcTeMa B CMHCBHJ Ha KjacHyecKaTa MeXaHHKa, KbAero 4 ca
BBHUIHATE CHJH H ¥ Ca TE3H NPOMEHJHBH Ha CBCTOSHHETO, KOUTO Ca HENOCpeNCTBEHO
Ha0moJaeMH. B M3BeCTEH CMHCBJ TasH IOCTAHOBKA € 1M0-106pa M MO-TOYHA OT TPaXH-
LHOHHO BB3NPHETATa B MEXAaHHKaTa, KbAETO HAMAa BBHUIHM CHJIH ¥ HESBHO Ce Ipejno-
J1ara, 4e BCHYKH IPOMEHJHBH HA CBHCTOSHHETO ca HabmozaemH [2].

Onucannero Ha cucremara (1.1) BiaOUBA ceMeACTBO OGHMKHOBEHH XH(EPEHUUATHH
YPaBHeHUS, NapaMeTPU3HPAHH C YIIpaBIeHHETO X W MOXe Ja Ceé O4akBa, Ye TYK lle 6bAaT
MOJIe3HH HJEH OT TEOPHS HAa OCOGEHOCTHTE, TeOpHd Ha GHYpKaUMUTE, PasNpOCTPaHEHHe
Ha ocoGeHocTHTe M T. H. ToBa m3raewxsa e Taxka, HO 3acera TO3H MOAXOM HE € CepHO3HO
usydyed. bes cbMHeHMe DNpHYMHA 32 TOBAa OTYACTH € KPBI'BT OT BBIPOCH, C KOHTO Ce
cebp3BaT cucremute (1.1) u (1.2). Kakto me BuauM mo-1071y, T€3H BBIPOCH Ca PA3THIHH
OT KJaCHYECKHTe NMpoOJeMH Ha aHalH3a KaTo ChIIeCTBYBaHE M €JIHHCTBEHOCT Ha pemre-
HHETO U CBOWCTBA Ha TOBa peIIEHHE.

2. Haxou THnHYHH npo6ieMM B MaTeMaTHUYeCKaTa TeOpHMsl Ha yNpaBlieHHETO. 3a
ompejeseHocT na pasrsefaMe oTHoBO cuctemara (1.1). Hecrto e 3amajaeHo moaxonsino
HayaJHO CBCTOSIHHE X, R", KOeTO € TOYKAa Ha PaBHOBECHE (TS MOXe H Ja He e YCTOH-
yuBa). HaBcakbae mo-mosy e uMaMe HpeiBHJA TasH HayajHa 3ajaya.

2.1. Ctra6unusauug c o6paTHa BPb3Ka Ha CHCTOSHHUETO.

[TbpBUAT BBNPOC, BH3HUKBAWL [0 €CTECTBEH HaywH, € clefHHAT: Moxe Ju jga ce
HaMepH ¢yHkuus k: R"— R™, T.e. u3o6pa3sBaula CHCTOAHHETO BBHB BXOJeH CHrHAT,
KOSITO CTaGUAM3Hpa CHCTeMara, T.e. TaKama, 4e X, € YCTOHYMBA HJHM aCHMNTOTHYECKH
ycroiiuMBa TOYKa Ha paBHOBecHe Ha cucremara x=f(x, & (x)).

2.2. Cta6unusauua c o6paTrHa Bpb3Ka Ha H3XO0a.

INpu mpoexTHpawe Ha CHCTEMH 3a yrnpaBleHHe € eCTeCTBEeHO Na Ce H3MoJ3Ba 06paTHa
Bpb3Ka HA CBCTOAHMETO. B Ipyru ciyuau oGave M0-eCTECTBEHO € fAa ce mpusara o6patHa
Bpb3Ka Ha M3X0Ja. ToraBa Bb3HMKBA CJIENHHAT NpobaeM: CHUIECTBYBA K M300paxKkeHue
k: RP — R™, u306passBall0 M3X0La BbB BXOJEH CHTHAN, TaKOBa, Ye X, € yCTOHYKBA HIH
aCHMNTOTHYHO YCTOHYMBA TOYKA HA DaBHOBECHe Ha ypaBHenueto x=f (x, k& (k (x))).

23. HoctuxumocT 3a RalkeHo x¢R" Na ce mOKaxe, ye CbHIIECTBYBAa YTpas-
nenne* u (f), TaxoBa, ye pemenneto Ha x=f (x, z (£)), x(0)=x, nRoctura TOUKATA X.

24. Ha6nwoxaemocTt Hexka ca ngameHu x;, x,€R" u ynpaeaennero u(f). Heka
y: () e usxopnen curHan s3a x=f(x, & (%)), x(0)=x, i=1, 2. Ilpo6aembT € Kora oT
X1=EX, ClelBa CHLIECTBYBAaHETO Ha Takoma f, ue ¥, (£)=¥,(f). Axo e Taxa, Ka3pame, ue
penranusiTa Xx;==x, € HabJaozaema.

25. PeaansyemocT. Cucremara (1.1) mmu (1.2) ¢ HavamHo cberosnue x, Aedu-
Hupa (B O6wHs Cryyail HeJHMHeeH) OMNEpaTop, AEACTBAUl OT MPOCTPAHCTBOTO HA yNpas-
nenuss U (wanpumep ¢ynkupm [0, co) — R™, Kouto ca C* Ha KOMNAaKTEeH HOCHTENT) B
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CBOTBETHOTO MPOCTPAHCTBO HA H3XOoAHMTE (yHkuux Y (Hanpumep dynxuun [0, ) — R™,

xouTo ca C=). HaucrnHa wexa e nameno u(f)€U. Heka x(f) e pemenne Ha x=f (x,
u(t)), x(0)=x° (npu npexmoJOXeHHe, Ye TaKOBa CBHIUECTBYBA M € ENHHCTBEHO). Ako
y()=h (x(f), Torasa cvoTBeTHHAT omeparop V H3o6passBa u (f) B y(¢). Heka cera e
nanen onepatop V:U—Y. Torasa npo6ieMbT 3a peaiaudyeMocT Ha V e: ChbleCTByBa
nu cuctema (OT JafieH KOHKPETEH THM), 32 KOSTO | € omepatop BXOJA—H3X0.5.

: 26. lexkoMnosuuud [Ipo6reMbT e faau e B’'b3MOXKHO HampHMep C NOMOLITA HA
ofpaTHa BpB3Ka Taka Ja Ce pasfesH CHCTeMaTa Ha JBe MOJCHCTEMH, ue BXOABT Ha
KOSl 1a e OT TAX Ja He BJMfe Ha M3X0Ja Ha Jpyrarta.

- 27.Mortuckane Ha cMymeHHsaTa Ja npeAnosoxuM, ye OCBEH yrpaBJe-~
HHSITa ca NaleHW W BXOJHH Bb3JeHCTBHA V, KOHTO Ce pa3ryexjaT Karo CMYUIEHHd, T. €
najgeHa e cucremara x=f (x, & (f), v (£)), y=h (x). IMa nm TtaxaBa ¢Qynxuus k(x), ye
axo x=f(x, k(x), v (), y=*k (x), CMyllenuaTa v 1a He BAHSAT Ha u3xoxa y? Mowe Aa
Ce MoCTaBU H BBIPOCHT, JANH 3a BCAKO & MOXe Jla Ce HaMepH TaxoBa R (x), ye v na
HMa E-BJIMSHHE BBPXY HM3X0Ja .

. 28.OntuManno ynpaBaeHHe u cuHTe3. Hexa B nonbanenne xwvM (1.1) ca
JafeHH LeNeBO MHOXECTBO, HampuMmep x,€ R", u KpUTepHH 3a KayecTBO HA YNPaBIEHHETO
J(x(-), & (+)). [lpo6aemdbT € na ce Hamepu TaKOBa YIpaBJeHHE, KOETO MpeBexja ChC-
TOSIHUETO HA CHCTEMaTa OT X, B X;, P4 KOeTo CTOHHOCTTa Ha J e MHHuMasiHa. Heos-
XOJMMH YCJOBUS 32 ONTHMAJHOCT Ce 1aBaT OT MPHHIHMNA 3a MakcMMyM Ha [loHTpATHH.
To3u npHHLMI obaue He MOXe Ja Ce M3IOJ3Ba, ako Ce THPCH ynpas/eHHe BEBB BHJ Ha
p6patHa BpB3Ka 4=k (x). BbauuxBa BBOPOCHT, Jalid ONTHMANHOTO yrpaBiaeHHe u(*) 3a
KOf Ja € HayalHa TOoUKa X M0OXe Ja Gbje NpelCTaBeHO BbB BHJ Ha O6paTHa BpPb3Ka.
OTroBopbT Ha TO3H BBLINPOC € TACHO CBBP3aH C Npobaema 3a AOCTaThyHO Aobpa CTpa-
tHbukanug (B CMHCBA Ha AudepeHIHanHa TOIOJOTHA) Ha MHOXECTBOTO OT Te3H x€R”,
KOHTO Morar na 6bIar AocTaHrsati 3a speme ¢ [10, 11]. '

" 29. Monenupane nmo o6paseu. Heka ca mamenn IBe cucremu 1 u 2, cUMBO-
MHYHO TpejcTaBeHH Ha dur. 1.

-

$ur. 1

. el

[Ipo6aeMbT € Oa ce HaMepH TakaBa CHCTeMa ? 4e [OCJeNOBATENHO CBBbP3aHATA
IBOHMka ? W 1 Jma 6ble MAEHTHYHa C 2 B CMHCBJI Ha BXod—Hu3xol. ToBa, pasbupa ce, e

CaMO €IHa OT Bb3MOXHOCTHTE 33a MOJeJHpaHe rno obpasel.

.. Bcuuxu nmpo6ieMn mo-rope’ ¢ H3KJOYeHHe Moxe 6M Ha 2.7 MUMaT JeTePMHHUCTHYHO
eCTeCTBO U C€ OTHACAT L0 JeTEePMHHUDaHH CHCTeMH. Pasryexpany ca ce ¥ CHCTEMH OT
Buna (1.1), B KOMTO & ce MHTEepIpeTHpa KaTO CTOXACTHYEH MpOLEC, HalpuMep G6Aa LIYM.
Torasa x M y ca CTOXacCTHYHH MPOLECH M BCHYKH IO-TOPHH Npo6GJeMH Morat fa ce IIO-
CTaBAT OTHOBO C TOBAa JAON'BIHHTENHO YCJOXHEHHE.

B nonbinende CbLIECTBYBa TpyNa OT THIMYHO CTOXaCTHYHH NPOGAEMH, OT KOHTO
me orbenexa TYK CaMo eJHH.

. 210. duatpanus Pasraexname cuctemata x=f (X, &), KbIETO 4 € GHI WIyM H
H3XOA'bT CBIIO € CMyliaBaH ¢ OsnwyM, y=74 (x)+v. [IpoGaeMbT e npu paneHu HaGJaO-
nenus v, 0<s<?, na ce mpecMeTHe YCJOBHOTO OvakBaHe Ha X (%). '
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3. Jluneiinu cuctemu. KpailHomepuuTe /uHeHHH CHCTEMH HMAaT BHAA
(3.1) x=Ax+Bu, y=Cx, x,=0.

Tesn cucremu ca TOJIKOBa IIPOCTH, Ye CBHOTBETHOTO H306anC6HHe BXOL—HU3X0d MOXeE
Jda C€ 3amuiue B SIBEH BUI

(32) y(t)= f Ce*—4 By (1) dr.
0 .

Ha np®B nornen e TpymHo na ce nosspBa, Ye 3a M3CAe]BaHe HA TAKWBa CHCTEMH €
Heo6XoauMa CloxHA MaTeMartuka. [leHCTBHTENHO 3a Tasu CHCTEMa MOBEYE OT BBIPOCHTE,
NpeACTaBeHH B 2, HMaT YJAOBJETBOPHUTENHH OTTOBOPH H CbLIECTBYBAT Pa3yMHH alrOPHTMH
3a NpecMsiTaHe Ha KOHKDPETHHTE pelleHus. 3acayxkaBa Ja ce OoTOeJNexH, 4e npobaeMbT
3a o6paTHAa BPB3KAa Ha H3X0Ja BCE OLIE € DEIUeH CaMO B HAKOH YaCTHH CJAyYaH.

Pewennara Ha no-ropuuTe npoG/emyd ce OTHacAT o6ade 3a (QHKCHPAHH CHCTEMH.
Hewara npacTHyHO ce MPOMEHAT, aKko Ce. pasriexia CeMefcTBO OT JMHeHHH CHCTEMH
(xbaero A, B u C saBucar OT AafieH mapaMersp). Bbauuksa HanphaMep NpoGIeMbT, AajH
MOXe Ja ce KOHCTPYHpa CTaGHJH3upalna o6paTHa BPB3Ka BbB BHA Ha MaTpuua K, KOSTO
3aBHCH TIO' Hempex'’bCHAT HAUWH OT mapaMeTpuTe npu yciosue, ue A+ BK e ycroiuumpa’®.
Jlpyr mpo6meM e Janu BHHard Moxe ja ce Hamepu (uKcHpaHo K, KOeTO CTaGHIIH3UPa
CHCTeMaTa 3a BCHYKHM CTOHHOCTH Ha MapaMeTpuTe OT JAAeHO KOMMAKTHO MHOxecTBo. Ot-
roBOPBT Ha MOCJENHHA BBIPOC IJacu: HEBHHArH; 3a JOKA3aTeJICTBO CE M3MOJ3BAT I1PO-
cTpaHcTBa Ha CreliH M MHTepHOJAUMA Ha KOMIIeKCHH GyHKmuu [14].

O6u1o B3eTO, MaAKO € H3BECTHO KOW OT W3BECTHHTE AaArOpPUTMH 3a pelllaBaHe Ha
pa3NuYHW 3alaud ca HENPEeKbCHATH [0 OTHOIUIEHHE HA [apaMeTpd W 3a KOM 3aJavd
CBHUIECTBYBA HENPEKbCHAT ANTOPHTHM".

Beuuku Tesu mpoGieMd ca CBBp3aHH C JOKandaTta M rjobasHaTa CTPYKTypa Ha IIpo-
CTPAHCTBOTO OT BCHYKH JHHEHHH CHCTEMH.

[Toseue oT sbmpocuTe OT To3u mnaparpad ca oGCHAEHH NMO-MOAPOGHO B 0630pa HA
aBTopa B [29]. .

Haxpast Ha ToBa 6ervyio, HETBMTHO H OGU[D OMUCAHHE HA BPBH3KHTE Ha JHHEHHUTE CH-
CTeMH ¥ TeopHsTa Ha YIPaBISHHETO C Pa3NHUHH JAJIOBE HA MATEMATHKATa LIE OTHesHM
HAKONKO IyMud 3a unrbpa Ha Kasmaw, (2.10 mo-rope). Pasraexnaame cucrema, omucada
OT CTOXAaCTHYHO IudepeHIHaNTHO ypaBHEeHHe

(3.3 dx=Axdi+ Bdw, dy=Cxdt+adv,

KbAETO W, V Ca HE3aBHCHMH BHHEDOBM IIDOLECH. 3anayara ce CBHCTOH B NPpEeCMATAHETO

Ha YC/IOBHOTO OuYdKBaHe X(t)=E[x D]y (s), 0=s<{]. Pemwenne Ha Tasu sagada e ¢ur-
TepbT Ha Kanman — Brocu: '

dx = Axdt+PCT (dy—Cxdt), dP=(AP+ PAT+BBT—PCT CP) dt.

YpasrenueTo 3a P, KOeTo € CHCTeMa OT OGMKHOBEHH JH(EepeHUMaNHU YpaBHEHHS
(6e3 cTOXaCTHUEH eNeMeHT — elHH 3abesexHrelen (PaxT!), e MaTpUYHOTO ypaBHeHHE HA
Puxartu. ToBa ypaBHeHue, H3r/iexJda, UMa o6HuYail ja Ce nosBABa HAaBCAKbIE B MareMa-
THKATa, HalpAMep B TeOpUATa Ha TPAHCINOPTHHTE 3aJayd, TEOPUATA HA DEIIEeHUsTa, 3a-
jauuTe 3a (AKTOPH3AUMA H T. H., TOJKOBA, 4e HA HEro Cd rocBeTeHU MoHorpadum [4, 42]
llle ce BbpHeM HAa (uATpauMATa W Ha ypaBHeHHeTo Ha PuxaTu B cieasautusa maparpad.

4, Henuaeliau cucremu. Cnex kato pasmonarave C JudeiiHa Teopdd M Mpej] Hac
BB3HMKBAT HENHHEHHHW 3afaud, MOXeM [a ONHTaMe CIAeJHOTO: 1) Ha HaMepuM HeJiHeeH
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aHaJor Ha MOAXOZa, KOHTO YCMNEeIUHO pellaBa 3ajayHTe B JHHeHHUS caydya#t U 2) na Ju-
HeapH3HpaMme M0 eJHH HJAH ADYr HauyHH.

W mBata nmbTH Ha H3CJAEeNBaHe Ca H3MOJ3BaHH JOCTa WHTEH3HBHO B CBETa HA CHCTe-
MHTe H YIOpaBJeHHETO H Ie Ce OMHTAM Ja Kaxa TYK HAKOJAKO JIYyMH 3a THAX.

41. Henuueiina Teopusa Ha peanusyemocT. [loaxoaduo cpeacrso 3a Ju-
HeffHaTa TeOpHUs 3a peasu3yeMoCT ca XaHKesoBuTe GOPMH, HJIH MO-TOYHO CTENEHHOTO pas-
BHTHe Ha npexoxuata QyHkuus F(s)=C(sT—A)™! B, xosiTo cBbP3BA JaNIaCoOBHTE TPAHC-
dopmaund Ha BxoXHHTe H M3xonxuuTe (GYHKUHU. [loHe KPHUTepHAT 3a peanu3yeMoCT ce
¢dopMynupa B TepMHHH Ha XaHKeJOBH (ODMH, CHOTBETCTBAI[H HA CTEMEHHO Da3BUTHE HA
Tagy palMOHaJHa MaTpHuHa ¢yHkuMd. Tasu 4acT oT TeopuATa 3a PeanU3yeMocCT, H3rTIexaa,
€ HaMepHJa ecTeCTBEHO Da3BHUTHE B PAMKHTE HAa HEKOMYTATHBHHTE CTENEHHH DeloBe H
penosere Ha Boarepa [34].

KakTo OGHKHOBEHO, KOraTo ce 060611aBa, Bb3HHKBAT HOBH acnekTH. Ocrananara yacr
OT TEOpHATa HAa peajusyeMocT (ChIECTBYBaHE M €QUHCTBEHOCT BBPXY TJIaJlK@ MHOro-
o6pasue) H3moJ3Ba CBHIIECTBEHA 4aCcT OT anapara Ha AudepeHunanHara tonoJorus [35]

42. YnpaBnsgeMocT, HabnwaaeMoCT H cTabunusupyemocTt. B anHed-
HaTa TEOPUSI HA CHCTEMHTEe BaXXHa POAs Hrpast T.Hap. A mod B HHBApHaHTHH NOAIpO-
CTPaHCTB3, KAKTO M HAKOM TeXHH 06oGuieHus ¥ IBoicTBeHu nowsaTHA. [loanpocrpan-
ctBeHoTo V= R" e Amod B unBapuanTHo (3a cucremara x=Ax+ Bu), ako cpuiecTBysa
MaTpuia Ha o6paTHa Bpb3ka K TakaBa, 4e V' e uuBapHautHo crnpsamo A+ BK. C apyru
AyMH, ToraBa, KoraTo 3a koe na e x(0)€V Mmoxe na ce namepu ynpasaenue (%) Ta-
koBa, e x (£)¢V, £=0. ToBa moHsTHE e BaXKHO NPH NEKOMIO3UUHUATA H EJHMIHHDAHETO
Ha CMYyllueHus, B¥. T. 2.6 u 2.7 mo-rope.

Henuneen 3amecTuTen Ha JMHEHOTO BEKTOPHO MpPOCTPAHCTBO € CHONBT OT BEKTODH
C NOANpPOCTPAaHCTBa, CHLOTBECTBYBAll¥M Ha IMOJACHomoBe. B To3u cayuya#t ce okasBa, ye
BMeCTO Ja Ce pasriexJaT NOANPOCTPAHCTBA HA MOANPOCTPAHCTBOTO HA ChCTOSHHE R”,
Tpa6Ba Ma ce aHAaAW3HDAT pasNpefelieHHs, CHpeu MONCHOMOBE HAa TAHTEHUUAJTHHS CHON
KbM MHOTOOGDa3HEeTO Ha CbCTOSHHETO, @ CBINO CHOTBEeTHHTE pascioeHHus. [Ipes3 nocaen-
HHUTe TONMHH CE€ OYyepTaBa HeJMHEHHATa TEOPWs Ha TO3H KpBr OT 3a’auu [36, 46, 47, 48]
Axo nmomycHem, 4e ,BCHYKO BBPBH II0BEYe WJH NMO-MaJKO X00pe BBB ,BCUYKH BB3MOXKHH
CBeTOBE“, Da3yMHO € Ja Npe0JI0XKHM, Ye IIPeYKHTe 3a CTabuJAU3aLHs Ca B MOIX0IAUIHTE
(axTopusanuy.

' 43. Henunelina bunrpauus ToBa e HelHHeeH awasnor Ha 3ajauyata, HAKPaTKO
onucana B T. 2.10. Mmame nenunedHa cucTeMa, 3aafeHa CBC CTOXacTHYHO IHdepeH-
IIHATIHO YpaBHeHHe

dx=f(x)dt+G(x)dw, dy=~h(x)dt+dv.

BbnpocsT €, dand ChbIECTBYBa KpaHHOMepeH pekypcuBeH GHATHD 3a mpecMsTaHe Ha
ycnosHoTo ouaksahe x (£)=E [x (£)/y (s). 0<s<¢?]. Kpa#nomepnuar pexypcusen Guarsp
nedpuHApaMe KaTo KpaHOMepHa CHCTeMa, YNpaBisBaHa OT ¥ H C usxon x(£):

dm=a(m) dt+p (m) dy, X=v (m).

®untepbT Ha Kanmaw — Brocu ymoBieTBOpsiBA TOBAa YCJAOBHE B JIMHEHHHS CJydail.

- Hexa ot6enexum, 4e duntepbr Ha Kamman — Biocun e TbkMo TakoBa ycTpoHcTBo.
Ensa xpacua unmes Ha Bpoker, Kmapk u Murep [60, 61] noxassa, ye clowHOCTTa Ha
(punTpaumonsara sajaya M ChIECTBYBaHETO Ha (QHITBPA ca CBBP3aHH CHC CTPYKTypaTa
Ha anre6parta‘Ha Jlu Ha AudepeHUHANHHTE ONEPATOPH OT CTOXACTHYHH YPABHEHHS, KOMTO
ONHCBAT €BOIOUMATA HA HEHODMMPAHATA MIBTHOCT Ha X (£), T. Hap. ypaBHeHHe Ha [ bH-
Kan — Moprensen — 3akait (DMZ) [49, 50, 51, 52, 53].
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MHoro BaxHM Ca ¥ BbOpocuTe 3a YycToiuuBocT (,poBacTHocT*) Ha DMZ-ypaBHe-
nuero. Tyk urpae BaxHa poss CTOXaCTHYHOTO CMsATaHe Ha Maauasen [58, 57].

44. Jluueapusauund Hafi-usBecTHata H Hall-udyueHa 3ajaya 3a JIMHeaPH3aALHA
e 3ajavaTta, muscnelBana or [lyankape B HeroBarta nucepraums. [la pasriegaMe cicremara
or nudepeHuaNHl ypPaBHEHHA

® x=f(x). f(0)=0,
f(x)=Ax + uJieHOBE OT MO-BUCOK peI.

3ajauata e Ja Ce NOKaxe KOra CHUIECTBYBa HesuHeeH (Joxaien) audeoMopduabM
®:R"— R", y=®(x), KoiiTo, NPUNOKEH KbM CHCTeMaTa (), 1 MPaBU eKBUBAJEHTHA Ha
JMHEHHaTa M 4acT:
y=Ay.
Cohuiusat BBOpoc Moxe Na Ce MOCTAaBH 110-0610 3a CHCTeMa OT m AudepeHUuHasHu ypas-
HeHHs

Xi=f;(x). f:(0)=0, x,¢R",

y=4;9, ¥:i€R"
Exno oueBuaHO HeoOXOZMMO ycJoBHe e asreGpute Ha JIu, reHepupaHd OT BEKTOp-
Hute noaera f, ..., f, ¥ Ay, ..., A,, Ha ca usoMoppuu (o ornomenue Ha f; — A,).

Tasu 3anaua e Beye CHBCeM GaMsKa A0 npoGiema, Kora HeJdHHeHHaTa ynpaBigeMa CH-
cTeMa

x=f(x, u), x¢R", u¢R™, f(0, 0)=0

MOMeE Na Gbje JMHEapuU3upaHa, CreuuanHo xorato f(x, &) e ot Buaa f(x)+X7 g (x)u.

Tosu nmpo6seM 3aefHO C pejulla CBBP3aHH C HErO BBIPOCH, KATO HANpHMEp Kora e
Bb3MOXHA JIHHeapu3auHs NIPH H3MOJ3BaHe Ha HeauHefiHa o6paTHa BPb3Ka, NPHBJIHYA Ha-
nocjeI’bK BHUMAHMHETO HAa MHOrO M3CJAeNOBaTeJH. TexXHHKHTe 3a JHHeapH3auHs HaMupat
KOHKPETHO MNpHJOXKEHHE B YIP2B/JSBaHETO HA JIeTATeJNHW anapaTtu u B pobortukara [66, 68,
69, 70, 71, 72]. 3a muHeapusaumusTa Ha PuxaTHeBoto Yypasuerue or 2.10 Bx. [77, 78,
79, 801

4.5. lpyru kpacCcHBH KJacoBe OT CHCTeMH. JIugefHUTE CHCTEMH Ca NPHATHH
H HH€ 3HaeM MHOTO 3a TAX, HO B MHOTO CJy4YaH Te He ca JOCTaTh4HO GoraT kaac. AG-
CTPAKTHHTE HEJHHEHHW CHCTEMH OT CBOSl CTpaHa Ca TNpeKaleHo OO6IM M 3a TAX YecTo
IOpH He 3HaeM TOUYHHTE BBIPOCH, HA KOMTO TpsA6Ba Aa najfeM OTTOBOp. 3aToBa ce ThP-
CAT TAKHBAa KJ/ACOBE OT CHCTEMH, KOHWTO, OT eJHa CTPaHa, Aa GbIaT AOCTaTbYHO pery-
JSpHH NOLOGHO Ha JHHEHHWTE CHCTEMH, a OT JApyra — JOCTaTbyHO pa3JHYHH, 3a fAa Ce
NoSBAT HOBM MaTeMatuueckd enHomenu. TaxuBa MoraT na GbIAT CUCTEMHTE, JeHHHDAHH
BBPXY rpynu Ha JI4, KOUTO Ca XOMOTeHHH OTHOCHO TpaHcaamus. KakTo Bede HAKOMKO
NBbTH CTaBa B MaTeMarHuyeCKaTa TEOPHUs HAa CHCTeMHTe, I'bpBaTa paGoTa B TOBa HampaB-
nenue e Ha Pomxep—DBpoker [59, 74, 76]. OxasBa ce, ue JuHEHHHTE CACTEMH M CHCTe-
MHTe, pasriexianu Ha DpokeT, ca excTpeMaNHH CAydyan Ha €JHH OO K/Mac OT CHCTEMH,
CBLOTBETCTBALI HAa a6esoBarta rpyna Ha Jlu W Ha moaympocTtata rpyma Ha Jlu.

5. 3akmouenne. TIpakTHUECKH BCUYKH OOGCBHXKJAHH NO-rope MpoGJeMH Ca OCHOBaHH
Ha ONMHCAHHE, M3MOJI3BAUI0 NPOCTPAHCTBOTO OT CBHCTOSIHHE M TOBA 10 roJfMa CTENEH Ce
IbmKa Ha ugente Ha P. E. Kanman u ua roneMHTe KOMEpDYECKH YCMEXM OT IMIPUTOKE-
nusATa Ha unrbpa Ha Kaaman — Brocw, uanossBaun ToBa onucanue. Ilox Bbrnpoc e pamm
Task raefHa TOYKa e ce 3anasd B ObIeule INpPH aHalM3a Ha MHOTO TOJIEMH CUCTEMH,
CBCTABEHH OT rosisM Gpoll MOKOGHHW KOMIOHEHTH [65].
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[Tpn BCcHukM ciydan obaue e SICHO, Ye MHOTO METOMHM, HAEHM H Pe3yJaTarH OT anired-
pUYHATa reoMeTpHs, rpynd u anre6pd Ha JId, Teopus Ha oneparopure, AudepeHlUHanHaTa
reoMeTpHsl ¥ TONOJIOTHS, aJre6pHuyYsaTa TOMOJOIHUS, KOMIVIEKCHHSI aHa/u3, NpPOCTPaHETBaTa
Ha Xapiu, QYHKUHOHANHHA aHAMM3 H T.H. ¥ T. H. l€ HAMEPAT HHTEDPECHH NPUJIOKEHHUS B
TeOpHATa Ha CHCTeMUTEe H YympaBreHHeTo. V1 o6GpaTHO, TeopusTa HA YIPABJEHUETO 1€
IOCTaBH TPYAHHM 3alaqd B Te3n obaactd. KakTo Marmexna, Tasu TEHIEHUMS L€ NPOLBIXKH
lla ce YTBBDPKIABa H B GbAELIE.
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Benexxu Ha aBTOpa M NpeBojgaua

1 ExerofHa KoudepeHuus, opranusupana or Mucruryra no exexrpoTexnnka u enexrponuka (IEEE) s CAILL
[Mocneanata XXV KoH(pepeHuus ce chCrod B ATHHA npe3 nexkemspu 1986 r. — bexr. npes.
2 CpuecTByBa Ge3nOpsfibK B TEPMHHONOTMATA, KOETO BHpPOYEM € ECTECTBEHO 3a elHa HUHT@PUHCHUITH-
‘ HapHa o6nacT. [IBpBHTE 3agaud OT IHEIIHATA TEOPHS HA YNpaBleHUEeTO BB3HHKBAT npes 40-te
FONMHM B eleKTpOTexmMkaTa. [Ipes 50-Te TFOIMHH Tasd o6JacT 3amoysa ha ce Hapuya kuGepue-
THKa, a npe3 60-Te — Teopusa Ha CHUCTeMHTe. ¥ HaC TeXHMYeCKATa HayKa 3a ynpasiedue Ce Hapuya
AaBTOMAaTHKA MNM TEXHMUECKAa KHNepHeTHKa (KbM KOHTO Ce IpPHUYUCAABAT W paboTHKa, CUCTEMOTeX-
HHMKa U T. H.), @2 CHOTBETHATA MaTeMaTHyeCcka OSNacT — (MaTEMAaTHYeCKa) TEOPUA HA YIPABIEHHETO.
— bea. npes.



110 M. XaseBnHKeN

8 Heka cHM npencraBaM ejMH METAamMyecKH NPBT C TEMIEPATYPHH CEH30DH, MOHTHPaHHM B OTAETHH TOYKH,
yIpasnseM TOMIHHEH H3TOYHMK B €NHHHS Kpail.

1 OT majeHo MHOMECTBO Ha JONYCTHMH ynpaBieHua. — ber. npes. !

5 Makap kpaiinoMepuaTa JUHEAHA TeOpHS Ha peanusyeMoCITa fa € B 3a[OBONUTENTHO CBCTOfHHE, HUMa Ole
MHOIO KaKBy 2 ce IpaBsd 110 OTHOLIEHMe Ha CTOXacTH4YHHA i Gpatomuen [44, 45].

8 TyK I'bMXM OT HepemIeHH NPOGJeMH H aTrOPATMH, KOHMTO (YHKIHOHHpAT, 6e3 Xa ce 3nae samo [12, 13].

7 CtaBa [yMa 3a TOBA, Na/li ManK{ M3MEHEHHs] HAa NapaMeTPHUTE MOraT Ja HapyilaT CXOAMMOCITA Ha alro-
purmute. — Bea. npes.

8 B IBJHWS TEKCT ClefBa OOCHMIAHE Ha METOOWTEe HAa AW(epeHudalHaTa TEeOMETDHSl, KOeTO MOpajH CIemy-
(HYHUA TEXHHYECKH Xapaktep € H3NyCHaTO NMpH MpeBOAa.

9 Jlurepatypara or Ne 82 no Ne 87 e mocoueHa OT mpesojaya. — bBes. ped.

Ipesen A. Honues

Hcmopuko-mamemamuuecxu xaserndap 3a 1986 a.

JKO3E® JIYH JIATPAH)X (1736—1813)
Mo cayyait 250-rogHUIHMHATA OT POXAEHHETO MY

3anumagan ce c ecomempus cnokolno u 6 muwuna. H mesil Kamo HUU0 u HUKOU He Me
xapa 0o 6spsam, padomsa nosede 3a. cobCmEeHo yO0BOACMBUL, OMKOAKOMO NO 30076 JKeHue:
npuALIaM HO eAMOdume, 0AxXeAHAMI CM CMPOUMEAR. MPecKa: Cmpos, PA3PY HIA8aM U
npecmposganm, 00xamo He (2 RoAL4N Heuyo, Koemo Oa ye 3a0080 1a8a donaredz. T a2 p a H .

Mucmoro or Topuwo. [Ipes asrver 1755 r. Beaukusr Oiyep (1707—1783) nmonyuun or Topuuo
nucMOTO Ka 19-romuiugusa Jlarpaux, KoiTo My 6y mucan ¥ npefu Tosa.Ofljiep HeCHMHEHO Beue CH e GHJ
CBCTABHJ MHEHMETO, Ye HerOBH AT KOPECTIOHAEHT BBIPEKH MJIANOCTTA CH € beye TaJaHT/IHB, 3D ST MaTeMa-
THK. M Bce NMaK ChABPKAHHETO HA NOCTAEXHOTO IHCMO MOPAIKJIO YUEHH S,

Ot xpast Ha XVII Bek BHUMaHHETO Ha MaTeMaTHIM Te BCe NTOBede ce MPUBJAHYAJIO OT 3ala4H Te, KOHTO
LHec e TpUeTO JAa ce HapHYaT RapHALMOHHH, a TOrasa OOGHKHOBEHO GHJIn HADHYAHE H3OMEPHMETPHYHH,
BeHyKo 3amouHano CbC 3ajauata 3a GPaXHCTOXPOHATA — KPHBATA HA HaH-GBP30 CIycKaHe MeXKAY JABe
ToukH, noctaBeHa or Moxan Bepuyanun (1667—1748). 3anayd 3a KpHBH, NPHUTEXABAULH elHO
HJM IPYro CBOHCTBO HA MHHHMYM HJH MaKCHMYM, GHJIM BB3HMUKHAJH U ITO-PAHO: NPH 3aJajleHa A'bJIKHHA
OKPBIKHOCTTA OTPaxAa (hHrypa c Hal-rolsMo JHle (M30MepHMeTPUYHO CBOHCTBO, KOETO MMEHHO JaBa K
Ha¥ MeHOBaHHero Ha TO3H KJac OT 3alaud), I'PaBaTa e Hafl-KpaTKOTO Pa3CTOSHHE MeX/Yy IBe TOYKH M T. H,
BpoAT Ha MonOGHK 3ajJaui HapacTBaJ H MaTeMATHIMTEe C VHOBOJCTBHE IM pelIABANH, KaTO HOAGHpaly
32 BCSIKA OT THAX CHeUHaleH CeKpereH KJOU.

- CruarT Ha emoxarta Ha paslBeT Ha JHepPeHIHAJTHOTO W MHTErpafNHOTO cMsTaHe obaye M 3HCKBAJ
Jla ce HATIpaBH ONHT 32 HaMHpaHe Ha OOLL MeTOJ, Na ce Ch3Jajle CeNHaNHO CMATAHE 34 pellaBaHe Ha H30-
ilepAMeTPHYEN 3ajaun. 3abesfieKMTCIHNTE MaTeMaTHUH, KOMUTO ce GHJM 3aHMMaBald C Te3H 3ajaud,
HHTYHTHBHO ycelllasi O6mM MOMEHTH B pelleHy sTa UM. MHoro Hanpasun J k06 BepHy n u  (1654—
1705). 1 Bce mak kapTHHaTa OcTaBala TBBPJAE MBCTPa M 3a Ch3JaBaHe HA elHH 06U MeTOA NpelcTosnia
ome MHOro pa6ora.

Oitslep 6un Touno Ha 19 rofgumK, koraTo yuurteasit My M. Bepnyan My mocrasua sagauara 3a 6pa-
XHCTOXPOHATA B Cpefd chC chNPOTUBIeHHe. TT0-KBCHO ce TOSIBH/IA ¥ 3ajayaTta 32 HaH-KbhCHTe JHHUH BBDXY
NOBBD XHHHH (reolesHyeckuTe). BapuanuoHnuTe 3anayl HenpeKBCHATO Ce HAMHPAJH B IT0N€3DEHH TO Ha
Oifinep 1 kbM 1732 1. y Hero H3KpHCTANH3HpaT OGIL METO] 34 pellaBaHe HA TakKBa 2afauu. Owme |2 roauuxu
OTHILTH 3@ YCHhBBPIIEHCTEYBAHE HA METO/A H npes 1744 r. Mans3®J NpaBelly AT PaBHOCMETKa MeMoap 3a
pellaBaHeTo Ha ,M30NePHMETPHYHH 3alaud B HaH-06m cMHCBA“. MeToxsT OHJI MAIOCTPHDAH BBPXY
pemrenuaTa Ha noseue oT 60 Hall-pazHOOGpasHU 3aJayH.

IHec sicHO pasfupaMe B KaKBO Ce e ChCTOSIA TPYAHOCTTA HPH peluaBaHeTO HA BAPU AILM OHHUTE
3ana4yl: B H3BECTEH CMHCEN Te GHJHM NpexJeBpeMeHHH 3a anaausa Ha XVIII Bek. ITo ToBa Bpeme ana-
JIHCTATE Ce 3aHHMABAaNH IVIaBHO ¢ GYHKIMH HA elHA NPOMERJHBA U B MHOTO TIO-MAaJIKa CTeMeH ¢ (byHKUHE
Ha NoBeye MpoMeHJHBH. PUrypHpalluTe BB BapHAUHOHHHTE 3aJaud KPHBH o6aye KaTO NPaBHJIO He CO
XapaKTepH3HpaT NMOCPeLCTBOM KpaeH Ha6op OT napameTpu. PaKTHYeCKH NPH Te3H 3a4auH Ce CpewLiame ¢



