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1. Introduction. Many finiteness results on the number of solutions of
diophantine equations, such as the Thue-Mahler equation and linear equa-
tions in two S-units, have been proved by applying approximation techni-
ques of Thue, Siegel and Roth. These techniques are ineffective in the sense
that they do no not provide an algorithm for finding all solutions. However,
these techniques can be used to find explicit upper bounds for the number of
solutions of diophantine equations belonging to several classes. In [2] we
derived an explicit upper bound for the number of solutions of linear
equations in two S-units and, as an application of this, for the number of
solutions of the Thue-~Mahler equation with variables in a fixed algebraic
number field. The techniques of Thue, Siegel and Roth can be extended to
the case of algebraic function fields of characteristic 0. Thus analogues of the
Thue-Siegel-Roth Theorem have been obtained for such function fields (cf.
[7], Ch. 7, [5], [15]). In this paper we shall give analogues of the results in
[2] for algebraic function fields of characteristic 0. We shall also prove a
finitepess criterion for the number of solutions of the Thue equation over
function fields of characteristic 0. This finiteness criterion was already proved
by Mason by an effective method in case that the function field has
transcendence degree 1 over its field of constants (cf. [8], Th. 2, [11], Ch. 2,
Th. 2). Our results are valid for function fields with arbitrarily large
transcendence degree over their fields of constants. '

Our results mentioned above are in fact valid for a large class of fields,
namely the fields with a product formula. Before we are able to state the
results, we have to mention some facts about these fields. A field K is called
a field with a product formula if it has characteristic 0 and if it is endowed
with a set of pairwise non-equivalent (multiplicative) valuations My = {|"|,}
on K such that for all « in K*: (%)

() If K is a field then we denote by K* the set of non-zero elements of K.
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(1) Jo,=1 for all but finitely many v, the finiteness property;
2 [Tled, =1, the product formula.

If confusion can not arise, we shall not make a proper distinction between a
valuation |-|, and its index v. If all valuations in My are raised to the same
power then we obtain another set of valuations satisfying (1) and (2) which is
called equivalent to M. There are fields with inequivalent sets of valuations
satisfying (1) and (2).

We shall now give three important examples of fields with a product
formula. ‘

1. The field of rational numbers Q. Let P denote the set of prime
numbers: thus every non-zero rational « can be written uniquely as

o = i H pwp(a),
peP
where the numbers w, («) are rational integers of which at most finitely many
are non-zero. We define valvations |, (peP) and |-, by

for aeQ*, 10,=0

—w (@)
lafp=p °*

for every p in P and
lp, =l for a2eQ,
where || denotes the ordinary absolute value.
Now Q is a field with a product formula with set of valuations
Mg={l,: pePu!p}}.

2. K=k(X,,..., X,), where k is a field of characteristic 0 and where
X,. ..., X, are independent variables. Let I be a maximal set of pairwise non-
associated irreducible polynomials in the ring k[X,, ..., X,]. Every fin K*
can be written uniquely as

F =chvf(F),
Jel

where cek* and where the numbers v, (F) are rational integers of which at
most finitely many are non-zero. If Fek[X,, ..., X,] then we denote by
Deg(F) the total degree of F. If FeK* then we put Deg(F) = Deg(F,)
—Deg(F,), where F,, F, are polynomials in k[X,, ..., X,] with F = F,/F,.
This is clearly well-defined. We define valuations |-|,(fel) and ||, by

IF‘J' — e—Deg(f)vf(F) for FEK*, 'OIf =0
for every fin I and

|Fl, =é®*® for Fek* [0, =0



On equations in two S-units 235
Then K is a field with a product formula with set of valuations
My = {1, velu{oo}.

3. Finite extensions of fields with a product formula. Let K be a field with
a product formula with set of valuations My and let L be a finite extension
of K of degree d. Let ve My and let K, be the algebraic closure of the
completion of K at v. Then there are exactly d injective homomorphisms of L
in K,, 64, ..., 04, say. As is well known from valuation theory, ||, can be
extended in exactly one way to —K—V This extension is also denoted by |-|,.
Every extension of ||, to L must be equal to at least one of the valuations

l61(Nos -+, l64(*)], defined on L. A valuation ||, on L is called normalized
with respect to |-|, if

3) ldy = J] loi(®)l, for aelL.

icEyyy

Here Ey|, denotes the set of those i in L, ..., d for which |o;(-)|, is equivalent
to ||y. If ||y is normalized with respect to |-|, then the restriction of ||, to K
is equivalent to |-|,. Let Ilygs oo H,,g be the valuations on L which are
normalized with respect to |-|,. Then the sets Ey .\ .--» Ey , are pairwise
disjoint and have union {1, ..., d}. Hence g < d. Moreover, by (3),

Q

)

(4) !a‘y‘. = INL/K (a)‘" fOl' axel.
1

Let M, be the set of valuations on L which are normalized with respect
to the valuations in M,. We shall show that L is a field with a product
formula with set of valuations M;, in other words that M, satisfies the
finiteness property and the product formula. To this end, we need the
following obvious fact:

be a zero of the polynomial f(X) = a, X"+ ... +a; X+ao in Ko[X].

Let K, be a field with non-archimedean valuation ||, and let e K,
) {
Suppose that |a],e{0, 1} for i =1, ..., n. Then |«|,€ {0, 1}.

Let BeI* and let f(X) = a, X"+ ... +4a, be a polynomial in K [X] with
f(B) = 0. By applying (1) with a =2 we obtain that M, contains at most
finitely many archimedean valuations. Moreover, from (1) and the above
arguments we infer that |aoly, ..., |a,y € {0, 1} for all but finitely many non-
archimedean valuations ||, in M;. Together with (5) this implies that 1Blv
=1 for all but finitely many V in M,. By applying (4) and (2) with
@ = Np(B), we obtain that IT 1By =1L

VeMy

4 — Acta Arithmetica XLVIL3
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Examples 1, 2 and 3 show that algebraic number fields and algebraic
function fields of characteristic 0 in several variables are fields with a product
formula. Artin and Whaples [1] showed that any field K which has a set of
valuations My with at least one archimedean valuation satisfying the finite-
ness property and the product formula must be an algebraic number field.
Fields with a product formula which are not algebraic number fields, namely
those for which all valuations are non-archimedean, are called F-fields. Let K
be an F-field. Then the set

. k={eekK: |, <1 for all v in My}

is also a field, termed the constant field of K. Using (5) it is not difficult to
show that k is algebraically closed in K. If L is a finite extension of K then L
is also an F-field, the constant field of which is just the algebraic closure of k
in L.

Let K be a field with a product formula with set of valuations My. For
each finite subset S of My we denote by % the set of those a in K with the
property that |¢|, =1 for all v in M\S. %, is a multiplicative group, the
elements of which are called S-units. If K is an algebraic number field, then
the groups % are finitely generated. If K is an F-field with constant field k,
then for each group %, k* < s and %s/k* is finitely generated.

In the theorems below, we give explicit upper bounds for the numbers
of solutions of linear equations in two S-units of a field with a product
formula.

THEOREM 1. Let K be an algebraic number field of degree m with set of
valuations My and let S be a finite subset of My of cardinality s, containing all
archimedean valuations. For each pair A, p in K*, the equation

6) Ax+py =1 in S-units x, y
has at most 3 x7™*2 solutions.

For the proof of this result we refer to [2]. In this paper we shall prove
the following analogue for F-fields.

THeoRreM 2. Let K be an F-field with constant field k and let S be a finite
subset of the set of valuations My. For each pair 1, ju in K*, the equation

6) Ax+py =1 in S-units x, y

h}lssat most 2 x 7% solutions with Ax/uy ¢k. As above, s denotes the cardinality
of §.

Both Theorem 1 and Theorem 2 have several applications. By combin-
ing Theorems 1 and 2, Evertse and Gyory [3] derived an upper bound for
the number of solutions of the equation Ax+uy =1 in elements x, y of a
finitely generated multiplicative group G which is contained in a field K of
characteristic 0. Unfortunately this bound depends on the choice of a
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transcendence basis for K. As an application of this result, upper bounds
have been obtained for the number of solutions of certain decompcsable
form equations over rings which are finitely generated over Z. In [3], Evertse
and Gyory also derived an explicit upper bound for the number of power
bases of the ring of integers of an algebraic number field. This has been
generalized in several directions in [4].

In the present paper, we shall apply Theorem 2 to the Thue-Mahler
equation over F-fields: the main results of these investigations are stated in
the following section.

2. On the Thue-Mabhler equation over F-fields. Henceforth we shall use
the notation of Theorem 2: thus K denotes an F-field with set of valuations
My and constant field k and S denotes a finite subset of My. Moreover, by
Og we shall denote the ring of S-integers, that is the ring of those « in K such
that |af, <1 for all v in Mg\S. Clearly, % is the unit group of Os. Let
F(X, Y) be a binary form of degree n with coefficients in ()5, which has at
least three distinct linear factors in some extension of K (such a form is
termed cubic divisible). We shall consider the Thue-Mahler equation

@) Fx,))=pu in x,yels, uecU,

where u is a non-zero element of (5. Two solutions (X, y;, uy), (X3, V2, Uz)
of (7) are called dependent if there is an a in % such that x, = ax,, y, = ay,,
U, = o"uy. Our aim is to give an upper bound for the maximal number of
pairwise independent solutions of (7). This number is not always finite. We
call the form F degenerate if there are «, f, y, 6 in Ug with ad—fy # 0, an
S-unit ¢ and a binary form f(X, Y) with coefficients in k such that

8) F(aX+BY, yX+0Y) = puef(X, Y) identically in X, Y.

If F satisfies (8) then we call a solution (x, y, u) of (7) trivial if it is dependent
on a solution (a&+ By, y&+6n, u') with &, nek. There exists a one-to-one
correspondence between the set of trivial solutions of (7) and the set of pairs
(u&, un) with ue % and &, nek for which f (£, n) # 0. Hence if F is degenera-
te then (7) has infinitely many pairwise independent solutions. We shall show
that when F is degenerate, the set of trivial solutions of (7) does not depend
on the choice of a, f, 7, 8, ¢, f.

For each non-zero a in (5 we define w(x) to be the number of v in
M\S with |af, < 1. Then we have the following result.

TueoreM 3. Let K be an F-field with set of valuations My and constant
field k and let F (X, Y) be a cubic divisible form of degree n with coefficients in
Og, where S is a finite subset of My of cardinality s.

() If F is non-degenerate then (7) has at most T2 C+eW) poirwise
independent solutions.

(i) If F is degenerate then (7) has at most 72m3 6+ poirwise independent
non-trivial solutions.
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A special case of (7) is the Thue equation
(9) F(x9 y) =H in X, Je ((‘S'

As a consequence of Theorem 3 we have

CororLLary 1. Let K, k, S, u, F(X, Y) be as in Theorem 3. Then (9) has
. at most nx 126+ eW) solytions, unless there are a, B, y, 8 in Os with «d
—By # 0 and a binary form f(X, Y) with coefficients in k such that

(10) FaX+BY, yX+6Y)=uf(X,Y) identically in X, Y.

In that case (9) has at most n x T2>6+eW solurions which are not of the type
(x, y) = (@& + Bn, yE+On), where &, n are elements of k with (&, n) = 1.

This corollary can be proved by considering the solutions (x, y, 1) of (7).
First of all, two solutions (x,, y;, 1), (X3, ¥5, 1) of (7) are dependent if and
only if x, = gx;, y, = gy, for some nth root of unity ¢ in K. Hence there are
at most n solutions (x, y, 1) of (7) which are dependent on a given solution.
This implies that (9) has at most n x 72"°¢*2®) golutions if either F is non-
degenerate or F is degenerate but (7) has no trivial solutions (x, y, 1). If F
satisfies (8) and (x, y, 1) is a trivial solution of (7) then there are e % and
&, nek such that x = 0(aé+fn), y = 0(yE+n) and €0"f (&, n) = 1. It is easy
to check that (8) remains true with o', f, v, &', ¢, f' replacing o, S, 3, 0, &, f,
where o' =6, f'=68, Y =0y, 8 =05, ¢ =1, f'(X, Y)=e0"f (X, Y). Hence
we may assume that F satisfies (10). If F satisfies (10) then (x, y, 1) is a trivial
solution of (7) if and only if x = al+ By, y = yé+n where &, n are elements
of k with f (&, n) = 1. This completes the proof of Corollary 1. m

If k is algebraically closed then Corollary 1 implies that (9) has at most
finitely many solutions if and only if F is not of the type (10). This result was
already proved by Mason [8] in case that K is a function field of character-
istic 0 in one variable.

We shall now consider a special case of Theorem 3. Let k be an
arbitrary field of characteristic 0 and put K =k(X,,..., X,) where
X, ..., X, are independent variables. Let ¢ denote the ring k[X,, ..., X,].
For an ordered pair (x, y) in @2, we write ged(x, y))=1if x =0, y =1, or if
x and y are coprime in the usual sense and the coefficient of x highest in
lexicographic order is equal to 1. Thus for each pair x, y in K, not both zero,
there is a unique z in K* with ged(xz, yz) = 1.

Let fi, ..., f; be irreducible polynomials in ¢ such that f/f;¢k for i # j.
Put § = {c0, f}, ..., f;} (where co corresponds to the valuation |-|,, defined in
example 2 of Section 1). Then

Us = {off*... [ cek* ky, ..., keZ*} and C5 = O%s.

. Let F(X,Y) O[X, Y] be a cubic divisible form of degree n. Then it is easy
to show that F is degenerate (with u = 1) in the sense of (8) if and only if
there are o, f8,7,5e 0 with ad—By+#0, eeUsn O and a binary form
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f(X, Y)ek[X, Y] such that
(11) F@X+BY, yX+6Y) =¢f(X, Y) identically in X, Y.

We shall consider the equation

in (x, y)e O*, cek*, ky, ..., keZ
with ged(x, y)=1,k, >0, ...,k > 0.

If F satisfies (11) then a solution (x, y, ¢, ki, ..., k,) of (12) is called trivial if
there are Oe s and &, nek such that x = 0(af+py), y = 0(yé+0n). The
following result is a direct consequence of Theorem 3, with s =¢+1 and
w(u) =0.

CoroLLARY 2. (i) If F is non-degenerate then (12) has at most 72"¢+1D
solutions.

(iiy If F is degenerate then (12) has at most 72™¢*1) non-trivial solutions.

(12)  F(x, p) =1, [

3. Lemmata for the proof of Theorem 2. In [2] we reduced the equation
Ax+py =1 in S-units x, y of an algebraic number field to a finite number of
systems of inequalities involving differences of the type &/n— o, where g is a
cube root of unity, ¢ =/Ax—ouy and n = Ax—p? uy. To these systems of
inequalities we applied an approximation method of Thue and Siegel in
which certain hypergeometric polynomials were used. In the present paper,
we shall instead of transforming x, y to & # in the way described above,
modify our hypergeometric polynomials in a proper way. This makes the
proof less complicated. We mention that the method used in this paper can
also be used to prove Theorem 1. We shall not work this out here.

In this section we shall develop the necessary tools for the proof of
Theorem 2. Henceforth we shall use the notation of Theorem 2: thus K
denotes an F-field with set of valuations My and constant field k and S a
finite subset of My of cardinality s. Moreover, vq, v,, v, will denote non-zero
elements of K. Let

P2(K) = {x = (Xo: X1: X3): Xo, X1, X2€ K, (Xg, Xy, X5) # (0, 0, 0)}

be the projective plane over K. If xeP*(K) is given by (xo:x;:X;) then
Xo, X;, X, are called the homogeneous coordinates of x. They are determined
up to a common multiplicative factor in K*. By P2 (k) we shall denote the set
of points in P?(K) of which the homogeneous coordinates can all be chosen
in k. Finally, let T be defined as the set of points x = (xo: X;: X;) in P*(K)
satisfying |

(13) Xo+x;+X, =0; x¢P2(k); x4, =Wl for he {0, 1,2} and ve M\S

for some choice of xo, X;, X3. '
If 4= —(v/va)y f1=—(vy/v;) then the mapping (x, y) = (vox: vy y: v2)
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defines a one-to-one correspondence between the solutions of (6) and the
elements of 7. Hence the following result is equivalent to Theorem 2.

TueoreM 2. T has cardinality at most 2 x 7.

In fact, we shall prove Theorem 2’ instead of Theorem 2. To simplify
our notation we put, for a, ..., a, in K and v in My,

min,(ay, ..., @) = min(lay,, .- ., |a,l,),
maxu (al’ LR a,) = max (lallva AR lar'v)‘

If x = (xq: %;: x,)e P?(K) then the height of x is defined by

h(x) = n max, (xo, X1, xZ)'
veMyg
By the product formula, the height of x is independent of the choice of its
homogeneous coordinates. By choosing one of the homogeneous coordinates
equal to 1, one can show that

(14) hix)>1 for xeP*K)
and '
(15) h(x) =1 if and only if xeP?(k).

In our arguments, the number

A=T] (max, (vo, vy, v5))?

v¢S [Vovyival,

will play an important réle. Here v¢S is an abbreviation of ve Mg\S.
For the proof of the following lemma we refer to [2], Lemma 4.

LeEmma 1. Let B be a real number with 0 < B < 1, let g > 1 be an integer
and put R(B) = (1—B)~*B¥®~1 Then there exists a set W of cardinality at
most max (1, (2B)™')R(B)*"?, consisting of tuples (I'y, ..., I',) with T'; > 0 for

q
j=1,...,qand ) T';= B with the following property: for every set of reals
j=1

J
q
Fy, ooy Fo, A with 0<F;<1 for j=1,...,q and [[ F;< A there exists
i=1
a tuple (I'y, ..., T'Ye W such that
r; .
F,<47 for j=1,...,4¢.

In the following lemma we shall show, that each element of T satisfies
one of a finite number of systems of inequalities to which we can apply our
approximation method.

Lemma 2. Let B be a reaql number with 1/2< B < 1. Then there
exists a set W of cardinality at most 3*R(BY¥™?, consisting of tuples
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(((©))pess (Toves) With i(v)e{0,1,2} and I, >0 for all v in S and ¥, I, = B,
veS

with the following property: for every x = (xo: Xy: X,) in T there is a tuple

(1 (@))sess (Tooes) in W o such that

Ixi(v)lu
maxu (x0: X1 xZ)

I,

(16) < (Ah(x)"3) " for veS.

Proof. Let x =(xq: xy: x;)e T. For each v in S, choose i(v) from
{0, 1, 2} such that |x,|, = min,(xy, X;, X;). Thus one obtains a tuple
(())ves which can be chosen from at most 3° possibilities. If for some v in §,
i(v) =1 and (i, j, k) is a permutation of (0, 1, 2), then |xj, = |x;+xl, < x4,
and similarly, [x], <|x;,. Hence [xj|, =|x,. Together with the product
formula this implies that

‘xi(v)lu _ lxo X1 x2|v
- 3
ves MaX, (Xo, Xy, X3) ves (max, (X, Xy, X3))

. .
_ (H (max, (xq, Xy, X3)) )j/h(x)z‘.

vgS |X0x1 leu

Since xe T, we can choose x,, x;, X, such that |x,|, = |v,l, for h =0, 1, 2 and
ve Mg\S. Hence

Xitoyle
| I(U)IL =Ah(x)"3.
veS maxu(x()a Xi» xz)

By Lemma 1, there is a set of tuples (I',),.s of cardinality at most R(B)™ %,

with I, > 0 for veS and ) I', = B, such that (16) holds for at least one of
reS
the tuples in that set. This proves Lemma 2. =
Let B>0 and let ((i(t))es, (Iw)oes) be a fixed tuple for which

i(v)e{0,1,2} and T, >0 for veS and ) I', =B. We shall deal with the

. veS
system of inequalities

Xiwly s(Ah(x)"3)r" for veS in x=(xo: X x)e T
max, (Xo, Xy, X3) ‘

(17

The following lemma states roughly, that large solutions of (17) can not
be close together. ‘

Lemma 3. Assume that 2/3 <B < 1. Let xy, X3, ..., Xm+1 be distinct
solutions of (17), ordered such that h(x,) < h(xy) <...< h(xp41). Then

(1 -B)(3B—1)™-1)/(3B- 2) (3B—1)m
h(xm+1) = A h(x;) .

Proof. We shall prove that for any pair of solutions x, y of (17) with
x #y and h(x) < h(y),
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(18) h(y) = AP h(x** 71

From this, Lemma 3 follows immediately by induction.
Let x = (Xo: X;: X3), ¥ =(¥o: y1: y2) be distinct solutions of (17) with
h(x) < h(y). For all v in My we put

|1x; 5~ X; Vil
maxv('xo’ X1, x2)'maxv(y0, Y1 Yz)’

where i,je{0, 1,2} and i #j. 4,(x, y) is independent of the choice for the
homogeneous coordinates of x, y and, since xq+Xx;+X; = yo+y;+y2 =0,
also independent of i, j. Moreover, by the product formula,

1
4 =

Firstly, let veMg\S. Choose p, g from {0,1,2} such that |[x,),
= min, (Xo, X1, X3); |V l, = min, (yo, y1, ¥2). Let k be an element of {0, 1, 2}
distinct from p, q. By a similar argument as in the proof of Lemma 2 we
obtain x|, = max,(xq, X1, X3), |V, = max,(ye, y1, ¥2).- Let i, j be integers
such that (i, j, k) i$ a permutation of (1, 2, 3). Since x, ye T, we may assume
that |x,l, = |yal, = [val, for h =0, 1, 2. Therefore,

4,(x, y) =

max,\Xx; Vi, X; Vi v
Av(x, y)< ( y] Jy) —_ lvo"x v2|

3
maxu(xo’ X1, xz)'maxv (yOa Y1, y2) (maxv (VO: Vi, Vz))

By taking the product over all v in Mg\S, we obtain
(20) [T4u(x,y) < A71.
vé¢S

Now let ve S. Put i = i(v) and let j be an element from {0, 1, 2} distinct from
i. By (17) we have

%: y; = X; Vil max, (y; X;, X; ;)
max, (an Xy, x2) max, (yO, Vi» }’2) = max, (xO’ X1, x2) maxv (yO’ Y1, YZ)

S max < lxilv , IYiIv
max, (xg, Xy, X;)’ max,(yo, ¥;, ¥3)
< max((4h(x) )", (4h(y)~*)")
= (4h(y)™3)".
By taking 'the product over all v in § we obtain

[14.(x, y) < (4n(x)73)".

veS
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By combining this with (19), (20) we infer that
1 B
———— <A™} T3 = A8 L h(x)" 38,
h{x) h(y) (4h ™) ®

This proves (18). m
In our approximation method we shall need some auxiliary polynomials,
some properties of which are stated in the lemma below.

Lemma 4. For each positive integer r, there exist homogeneous polynomials
F. (X, Y1, X,, Y,) of degree 3r+2 and W,(X,Y) of degree r with rational
coefficients which satisfy the following properties:

() F(X,, Y, X,, V) =YL XF ' W.(X,, V)
(=) X, YWYy, X,)  for  reN;

(22)  F(X(, Y, Xo, ) =F (Y, —X; =Y, Y3, =X5- 1))
=F'(~X1—)II*X15 "‘Xz"’Yz, Xz) _f()r reN;

(23) if Xy, V1, X3, Vo are elements of a field of characteristic O such that for
some positive integer r,

Fr(xh Y1, Xa, yz) = Fr+1(x19 V1, X2, y2) = 0’
then both x,, y, are equal to O or
Xy ¥y (% +y) (x3+x, y; +y]) =0.

Proof. In Lemma 6 of [2] we showed that for each positive integer r
there are polynomials A,(X), B,(X), V,(X) of degree r with rational coeffi-
cients such that for all r,

A (X°) = XB,(X?) = (1-X)""1 V(X);
B,(X) = X" A,(1/X);
A (X) By 1 (X)~ A4 (X)B(X) =c,(1-X)*"!  with ¢ #0.

For any polynomial f(X) of degree d with coefficients in some field of
characteristic 0 we define the binary form f*(X, Y) by X“f(Y/X). Thus the
properties of A,, B,, V, mentioned above can be rewritten as

(24) XAX (X3, Y)—YAH(Y?, X3) = (X - V)" V*(X, Y);
(25)  AXX, V)AL (Y, )= AN (X V) AXY. X) =, (X=Y) "1
Obviously, (24) implies that
(26) ' VXX, Y)=V*(Y, X).
Let ¢ be a primitive cube root of unity. Put
UX,Y)=X—gY, V(X.Y)=X=-g*Y.
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For each positive integer r we define the polynomials F,, W, by
U, i A*(V2, UD) =V, U 4 (U3, V)

(92 —- Q)2r+ 1 ?

W,(X,Y)=V*(@*U(X, Y), oV(X, 1)),

where U;, V. are abbreviations for U(X;, Y), V (X, ¥) respectively, for
i =1, 2. The coefficients of F,, W, have their coefficients in the field Q(g).
However, by (26) the coefficients of W, are invariant under the Q-automor-
phism of Q(g) which maps ¢ onto g2 It is easy to check that also the
coefficients of F, are invariant under this automorphism. Hence the coeffi-

cients of F,, W, belong to Q.
We shall first prove (21). By (26) we have

27 ¥wHUX, Y), V(X,Y))
=V*(V(X,Y), U(X,Y))=V*(X-0*Y, X—oY)
= (=1 V¥ U(Y, X), oV (Y, X)) = (= 1Y W,(Y, X).
Moreover, by a straightforward computation,
F (X, V1. X3, 1))
Va

U, —
= (@*~0)™ ! (ﬁg—(ez Uy AF (U3, VD)~ eV; AF (V2, UY))

Fr(Xl’ Yl’ X21 YZ) =

—%U—j—}g‘&(vl A (UL, )=V A2 07, UD) ).
Together with (24) and (27) this implies that
F (X1, Y1, Xo, Vo) = LT WXy, V) (=D X, YU WY, X))
(22) follows easily from the fact that
UY, -X-Y)=0oU(X,Y), V(Y,-X-Y)=¢0’V(X,Y),
U(-X-Y, X)=0*U(X,Y), V(-X-Y, X)=0V(X,Y).

We shall now prove (23). Suppose that for some positive integer r and some
X1, Y1, X3, 2 1n some field of characteristic O,

Fo (X1, Y1, X3, ¥2) = Fri1 (X1, Y1, X3, y2) = 0.

Let u; = U(x;, y3), v; = V(x;, y;) for i = 1, 2. Suppose that not both x,, y, are
zero. Then not both u,, v, are zero. By assumption we have

3 .3
vy AF (07, u3) up —ug A¥ (u';'a U?)'”z =0,
3 .3
vy Afpq (U7, ug) Uy —ug A¥ (uf, U?)'Uz =0.
Hence

vy ty (AF (07, ud) A¥ey (uf, v1) — A% (07, u]) AF (i, v])) = 0.
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Together with (25) this implies that

0=cu (v —u)**! = ¢ (* =) (xE+x, ¥, + 3D (% yy (x4 +y)) L
This completes the proof of Lemma 4. = .

In the following lemma, we shall show that (17) can not have many
solutions of large height.

Lemma 5. Assume thar 5/6 <B < 1. Let r, be an integer with
2+2B—3B?

ro >m’ let m be an integer with 3B~ 1)"*! > 3ro+4 and put

(2ro+1)B(3B—1)+B
3B(6B—5)ro—(6+6B—9B?)’

B+(B—1)(3B~ Y 1V3B_
g(B.m, rgy= 2T BZDGE 13"(913 " -1)3B-2)
(33_1) —37'0"'4

f(B: )‘0) =

Then (17) has at most m solutions in xe T with
(28) h(x) > Amax(f(B,ro),g(B,m,ro)).

Proof. We assume that we can choose m+1 solutions of (17) which
satisfy (28). We shall derive a contradiction from this assumption. Let
X =Xy, X3, --., Xm+1 = y be distinct solutions of (17) satisfying (28) such that
h(x;) < h(xg) < ... < h(xXpey)- Let x = (xo: X1: Xa), ¥y = (Yo: V11 V), by = h(x),
h, = h(y). By Lemma 3 we have

- - -1_ - -
(29) h2 > AU -B(3B 1ym 1)/(3B~2) h(13B Hm
From h; > A%®™"0 we infer that

- - — _ - - +1 3rg+4
A(1 B)Y3B—1)(3B—-1)™-1)/(3B Z)h(13B 1)m >ABh1’O .

By combining this with (29), we obtain
BBl s ABRIOTE

Hence there exists an integer ! with [ >r,+1 such that

(30 ABRL < p3B1 g AP R34,
Let F,, W, (reN) be the polynomials constructed in Lemma 5. Put
Ur = F,(X,-, Xy Yis yj) for I‘EN,

where i, j are distinct elements of {0, 1, 2}. By (22) and the fact that
Xo+ Xy + Xy = yo+y; +y, =0, U, is independent of i,j Put r=1if U #0
and r = [—1 otherwise. Since [ >r,+1 we have

@3y rzrozl.
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This shows that U, is defined. As a consequence of (23) and the fact that x,
y¢P?(k), U, is non-zero. Finally we mention that, in view of (30),

(32) ABh:‘-}r+1 < th—l < AB h.:»r+7.

For convenience we put i(v) =0, I', = 0 for all v in M\S. Since x, y are
solutions of (17) we have

(33) lxi(v)[v < (Ahl_ 3)1",,, lyi(v)lv < (Ah2_3)r,,
maxv(XOS X1 x2) max, (yO: Y1» yZ)

for veMy.

Let ve Mg. Put i:=i(v) and let j be an element of {0, 1, 2} different from i.
By (21) we have

lUrlv = I.Vx xj2r+1 VVr(xh xj)+('— l)r_l yj xi2r+l VV;(xjv xi)lv
< max, (y; X7 Wi, xp), y; T W(x;, x).
Together with (33) and the fact that W, has degree r, this shows that

|Urlv < max, (yO’ Vi, ,Vz) (maxu (xO’ X1 xl))3’+1

( Vil ( X, )2r+ 1)
X max ,
maxv(y()’ y19 yZ) maxp (xo, xl, x?_)

)3r+

< max, (yo, 1, ya2) (max, (xo, x1, %,))" " max(4hs 3, (4hy 3>+ 1).
Together with the fact that U, % 0 and the product formula this implies that
34) 1= [] U, <max(hy"" ' hy(Ah;*)®, b3 hy(AhT 3)2r* D),

veMyg
By the left-hand side inequality of (32) we have
(35) Y hy (AR7 38 < 1.
Moreover, by the right-hand side inequality of (32),
h.lir+ 1 hz(Ahl—3)(2r+1)B
< (A(2r+l)B(SB— 1)+B h?r+7 +(3B—-1)3r+1—-3B(2r+ 1)))1/(38" 1) — (Af(B.r) h‘— l)h(B,r)
where h(B, r) = (3B(6B—5)r—(6+6B—9B?)/(3B—1). It is easy to check that

Sf(B, x) is decreasing in x for x > (6+6B—9B%)/3B(6B~—5). Hence by (31)
and our assumption on r, in the statement of the lemma, h(B, r) > 0 and

f(B,r) < f(B, ro). Together with the inequality h, > A7®70 these facts show
that

hi‘sr+ 1 hz(Ahi-S)(Zr+ 1)B < (Af(B,r) h;— l)h(B,r) <1.
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However, this contradicts (34) and (35). Hence the assumption made at
the beginning of the proof of this lemma, that (17) has at least m+1

solutions satisfying (28) must have been wrong. This completes the proof
of Lemma 5. =

4. Proof of Theorem 2'. We shall now complete the proof of Theorem 2,
by combining the Lemmata 2, 3, 5: we shall henceforth choose the particular
values B = 0.846, r, = 34 and m = 10. When referring to (17) or B we shall
implicitly assume that B = 0.846.

First of all, we shall estimate the number of solutions of a fixed system
(17) from above. With our choices for B,ry, m we have f(B,ro)
=47.111...,9(B, m,ro) = —3.964... Hence by Lemma 5 and the fact that
A>=1, (17) has at most ten solutions in xe T with

h(x) > A*8.

We shall now give an upper bound for the number of remaining solutions of
(17), namely those solutions in xe T for which

(36) 1 < h(x) < A%.

If A =1 then there are no such solutions. Therefore suppose that 4 > 1 and
that there are t solutions x of (17) which satisfy (36), x,, ..., x,, say, ordered
such that h(x,) <...< h(x,). By Lemma 3 we have

ALBIGE=2) iy > (Au 'B)/‘”“Z)h(xl))(w' “"1.

By raising both sides of this inequality to the power (3B—2)/(1—B) and
using the inequalities h(x,) > 1, h(x,) < A*%, we obtain

- - —qp-1
Al+48(3B 2)/(1 B)>A(3B 1) .

In view of 4 > 1 and B = 0.846 this shows that t < 12. Hence (17) has at
most 22 solutions.
By Lemma 2, every x in T satisfies one of at most

2
3 R(0846) ™! < F(IBPTH < 5 xT

systems of inequalities of type (17). Hence T has cardinality at most 2 x 7.
This completes the proof of Theorem 2. =

We remark that with our method it is possible to replace the upper
bound 2 x 7> by a bound of the type C(B)x(3R(B))’, where B is any real
number with 5/6 < B < 1. It is easy to check that R(B) is increasing in B and
that 3R(5/6) =44.789... It is very likely that by applying a proper
modification of Roth’s method, one can derive a bound of the type C(B)
><(3R(B))s for all B with 2/3 < B < 1. This can give an improvement of our
result since 3R(2/3) = 20.25.
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Let K be a function field which has transcendence degree 1 over its
constant field k. Then K is a finite extension of the field k(X), where X is an
element of K which is transcendent over k. Let My be the set of valuations
on K which are normalized with respect to the valuations on k(X) as
constructed in example 2 of Section 1. Then one can show that for each a in
K and each v in Mg, logla,l€Z. Let g denote the genus of K and let S, s, T,
Vo, Vi, V2, A have the same meaning as in Section 3. As an immediate
consequence of Mason’s effective result concerning S-units of a function field
(cf. [8], [11], Ch. 1) one can show that for each x in 7,

37 logh(x) < 29—2+s+s, (%)

where s’ is the number of v in Mg\S for which the numbers |vol,, [vil,, [Val,
are not all equal. Let v be an element of Mg\S such that |vol,, [v4l,, [V2l, are
not equal. Suppose for convenience that |vyl, < |[v;], < [v,l,. Then log|v,/vyl,
> 1. Hence

3
(maxv (Vo, Vi, vl)) 1
=

max, (vo, V1, v2) |
max, (%, V1, ¥a) 4

log

This shows that s’ < log A. Together with (37) this implies that
logh(x) <2g—2+logA+s for all x in T.

By combining this with Lemmata 2 and 3 it is possible to derive an upper
bound for the cardinality of T of the type C(B, g) x(3R(B))s for all B with
2/3 < B < 1. If we combine Mason’s effective result [12] on the equation

(38) I Xyt et Ax,=1 (=2

in S-units of a function field with suitable generalizations of Lemmata 2 and
3, it might be possible to derive an upper bound for the numbers of solutions
of (38) independent of 4,, ..., 4,.

5. Proof of Theorem 3. Let K be an F-field with set of valuations My
and constant field k. For any finite extension L of K, we denote by M, the
set of valuations on L which are normalized with respect to the valuations in
My; thus L is an F-field with set of valuations M, of which the constant
field is just the algebraic closure of k in L. Similar to Theorem 3, S will
denote a finite subset of My of cardinality s, u will denote a non-zero
element of 05 and F(X, Y) will denote a cubic divisible binary form of
degree n with coefficients in 5. We shall deal with the equation

¥)] Fx,y)=pu in x,ye0, ueU.

(3) We mention that the valuations and heights used by Mason are just the logarithms
of ours.
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Let L bq the splitting field of F over K, that is the smallest extension of K
over which F factorizes into linear factors. Thus we have

F(X,: Y)= aX"'”"ﬁ (X—y; ),

i=1

where ae U5, 2<m<n and y,, ..., y,e L. Suppose that (7) is soluble and
let (xo, vo, up) be a fixed solution of (7). Put

L(X, Y) = Flxo, yoo— 20 x, 1) = 220Y
Xo—%Y1 Yo Xo—7Yi Yo
L(X,Y)=X/x, for i=m+1,... n.

Let T be the set of valuations in M, which are normalized with respect to
the valuations in S or to the valuations ||, in Mg\S with |z, < 1. Then

n

(39) F(X,Y)=]lLX, ),

i=1
(40)  L(x, yye % for each solution (x, y, u) of (7) and for each
' iin {1,...,n}.
(39) is obvious. In order to prove (40) we introduce the following
notation: for any V in M, and any binary form G(X, Y) = i a, Xry"
with coefficients in L we put e
|Gly = maxy (ag, ..., a).

Then we have, as a consequence of Proposition 2.1 of [7], Ch. 3, p. 55, that

n

(41) lFly = ]_[ ”ilV for VE ML'

i=1
Let Ve M;\T By the fact that F(X, Y) has its coefficients in 07, we have
|F], < 1. On the other hand,

Ly = L (xe, Yoy =1 for i=1,...,n

Together with (41) these facts show that |i|, =1 for i =1, ..., n. We infer
that [; has its coefficients in O for i=1, ..., n. Let (x, y, u) be a solution of
" (7). Then the numbers J(x, y) (i =1, ..., n) belong to Or. However by (39),
the product of these numbers is a unit in Or. Hence ;(x, y) is a unit in O
for i =1, ..., n. This proves (40).

Let (i, j, k) be a triple of integers in 1, ..., n such that the linear forms
I, I;, I, are pairwise non-proportional (such a triple will be called proper).
For each pair p, ¢ in 1, ..., n, let 4,, denote the determinant of the forms
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l,, l,, that is the determinant of the linear transformation which maps the
vector (x, y) in I? onto the vector (,(x, y), l,(x, y)). Then

@2) Axh(X, )+ 441X, Y)+4;4(X, Y) =0 identically in X, Y.

Let L be the smallest extension of K containing the coefficients of 1, [;, I,
and let T’ be the set of valuations in M, which are normalized with respect
to the valuations in S or to the valuations ||, in M\S for which |y, < 1.
Then the valuations in T' are, apart from equivalence, just the restrictions of
the valuations in T to L Put A=4,/4;, M=A4,/4;, U(X,Y)
= (X, VL(X, Y), X, Y) = ;(X, Y)/LL(X, Y). For each solution (x, y, u)
of (7) we have by (40) that both U (x, y), V(x, y) are T'-units and by (42) that

(43) AU(x, y)+MV(x, y)=1.

It is easy to check that for any pair of solutions (xy, y;, 41), (X2, V2, uy) of
(D, (Uxy, y1)s Vixys Y1)) = (U(x23 ya) V(xa, ,Vz)) if and only if (xy, yy, uy)
and (x,, y,, u,) are dependent. Further, by the construction of the forms /; L
has degree at most n(n—1)(n—2) over K. Hence the size of T’ is at most
n(n—1)(n—2)(s+w(w), where w(y) is the number of valuations ||, in My\S
with |y, < 1. By combining these facts with (43) and Theorem 2, we obtain
that (7) has at most

2 x 72n(n=1)(n=2)(s+o(u)
pairwise independent solutions (x, y, u) with

AU(x, y) _ g hi(x, y)¢
MV(x,y) Ay lj(X, b M

where k denotes the constant field of the splitting field L of F over K. Since
there are at most n® proper triples, we conclude that (7) has at most

2n3 x 72n(n— 1)(n— 2)(s + w())

pairwise independent solutions which do not belong to X, where X is the set
of solutions of (7) with the property that

Apli(x, y)

44 .JLL.__,__ E f 1 i
44) Ay, y)e or each proper triple (i, j, k).
We shall show the following: if X contains at least three pairwise
independent solutions of (7) then F is degenerate and moreover, X is just the
set of trivial solutions of (7). This proves Theorem 3. For if s+ w( 1) = 0 then

(s =k, whence F is degenerate and all solutions of (7) are trivial, while
if s+w(p >0,

2+2n3 X 72n(n- 1){(n— 2)(s + w(p)) S 72n3(s+ w(u)).
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This shows also that when F is degenerate, the set of trivial solutions of (7)
depends only on F. For if I, ..., I, are replaced by other linear forms with
the property (39), then X does not change, hence X depends only on F.
Let (x;, yi, w;) (i = 1, 2, 3) be three pairwise independent solutions of (7)
belonging to X. Define the linear form (X, Y) by
- h(X,Y)
X, V)= ) ——=.
( ) igl I (%o, Yo)
Then '

I(X, Y) = F(xo, o) " (Fx(xo, yo) X + Fy (xo, yo) ¥),

where Fy, Fy denote the partial derivatives of F at X, Y respectively. Hence |
has its coefficients in K. Note that [ is not identically 0, since [(xq, yo) = h.
Hence there is an h in {1, 2} such that I(x,, y,) # 0. For each pair i, j in
{1, ..., n} we have

L(Xps i) (xha Vn)
45 ek.
&3l (o, ¥0)| Li(x0r ¥0)

This is obvious if I, |; are proportional. If I, [; are non-proportional then

there exists a k such that (i, j, k) is a proper triple. (45) follows then easily
from

Jkl (Xh> Yn) ek, Ajk l: (x0, Yo)

Ak: i (Xhs yh) Ay lj(x;u A7)
Put
l (xha yh)
il = 2
Then, by (45),
L.
(46) M:ql for some c;ek (i=1,...,n).
li(x0, ¥o)

By taking the product over all i we obtain
C1o--C) A" = F (x4, yi)/F (X0, yo) = th/uo€ Us.
Moreover, since | has its coefficients in K, 1e K. Hence le %. Put a = x,,

Y=Y, B=xyA, 6 =y, /A, e =uy. Then a, 8, y, 60, ce U and ad—fy
# 0. Moreover, by (46),

47 li(ﬂ’5)=ciek for i=1,...,n.
ll'(a’ Y)

5 — Acta Arithmetica XLVIL3
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Let
f(X,Y)=(ue)" ' FaX +pY, yX+0Y).
Then, by (47), (39),
f(X,Y)=F(@, ! f[ L(aX +BY, yX +0Y)

ﬁ +(L:(B, 5)/1 (@, ))Y}= fl X+¢Y).

Hence f has its coefficients in k. But obviously, f also has its coefficients in K. -
Thus f has its coefficients in k. We conclude that F is degenerate.
For each pair p, g in {1, ..., n}, we have

_ lp(a’ y) lq(ﬂa 5)—lq(as '}’) lp(ﬁ7 5) — lp(aa '.V) lq(aa '}’)
e ad— By a0 — By

Moreover, if (x, y,u) is a solution of (7) and if ¢, n are defined by
x = al+ Py, y=yE+0n then, for refl, ..., n},

L(X, Y) =L )E+cn),
This shows that for each proper triple (i, j, k),
45 l(x, y) _ (x—c)(&+cim)
. Aali(x, y)  (ci—c)(E+¢n)
Thus X is the set of solutions (x, y, u) of (7) for which
(Ck )(é+c 7']) E
(ci— e +¢ )

where x =al+fy, y=yE+0n. If (x, y, u) is a trivial solution of (7) then
either n =0 or {/nek. Hence (x, y, uyeZ. Now suppose that (x, y, u)eZ.
Then either n =0 or {/nek. But both ¢, 5 belong to K. Hence either # =0
or ¢{/nek. Therefore, £ =0&,, n = On,, where &,, nock and 6 K. However,

uu = F(x, y) = pef(0Co, Ono) = pueb"f (£, no)-

Hence 6e %s. This shows that (x,y,u)is a tr1v1a1 solution. Therefore, ¥ is
the set of trivial solutions of (7). =

4

(cg—cp).

for each proper triple (i, j, k),
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