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Laplace type integrals are considered for large values of the Laplace variable.
Additional parameters may have influence on the classical expansion based on
Watson's lemma. In that case modifications of the lemma are needed. We
construct several uniform expansions in which the extra parameters do not dis-
turb the validity and the nature of the expansions. Applications and examples
are discussed for several special functions.
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1. INTRODUCTION
A well-known lemma in asymptotics is the following

LeEMMma (Watson). Consider the Laplace integral

F(z) = 7«;“” )y, (1.1)
0

Assume that
(i) fis locally integrable on [0, 0);
o]

() fit)~ a1 as 1—0" )\ fixed ReA>0;

s =0
(iii) the abscissa of convergence of (1.1) is not + co.
Then
o0
F(z)~ S T(s +Nagz =™ (1.2)
s=0

1 1 . .
as z—co in the sector |argz| <7 m—8(< ), where z» has its principal value.

PROOF. See OLVER (1974, p.113). O
Observe that (1.2) is obtained by substituting (i) into (1.1) and interchang-
ing the order of summation and integration. In (iii) we assume that (1.1)
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converges if Rez is sufficiently large (and positive). In (ii) A is fixed. When
A=0(z) (or larger) the expansion (1.2) has no meaning. In that case the ratio
of consecutive terms is

T(s +A+ 1)y 412 ="M/ T(s +0)a,z 77 = 8(M2), 1y

if a,,a, +,540. It follows that the expansion (1.2) looses this asymptotic nature
when A=0(z).

In its paper we consider several cases in which Watsons’s lemma is not
applicable owing to large or small extra parameters in the Laplace integral.
These parameters, of which A in the above expansion is a special case, may
disturb the given expansion, say (1.2), and their influence can be described in
terms of the notion of uniformity. The above expansion is not uniformly valid
for A in an unbounded subdomain of ReA>0.

We consider the following integrals

/ A e~ f(t)dt (1.4
0

o

ft}"le_”f(t)dt, =0, 1.5
=]

[Pl # i fnydr, «=0, (1.6)
0

°°)‘__1 —tata

j e f(H)dt, aeR, (1.7

0

and we construct asymptotic expansions with z as large parameter. The
parameters « and A play the part of uniformity parameters. For a proper
description of the asymptotic estimation of the above integrals we need several
special functions as basic approximants, which are obtained by replacing f
with a constant, say unity. Then the integrals reduce to:

-  gamma function,

- incomplete gamma function,

- Bessel function,

- parabolic cylinder function,

respectively.

2. GAMMA FUNCTION AS APPROXIMANT

In fact, the non-uniform expansion (1.2) with A in compact subsets of ReA>0
also makes use of gamma functions. The uniform expansion does not need
another function. We construct an expansion in which X is allowed to range

through the interval [0,c0). The integral (1.1) is not defined for A=0, but
instead we use the normalized version

F\G) = 7 [ et @
0
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Now we have, when fis regular at r =0,
Fo(z) = f(0), Rez>0.

In the following we assume that f is analytic is a domain @ of the complex
plane that contains a circle (with positive radius R) around the origin and a
sector S, g defined by

Sap = {t|—a<argr<p} 22)

where a,8 are positive numbers. Furthermore, we assume that there is a real
number p such that

Sy = 6P,
as t—o0 in §, 5. The Taylor coefficients of f at 1t =0 are denoted by a;, that
is,

f) = § a.r’,|t|<R. (2.3)
s=0

The asymptotic expansion of (2.1) is obtained by “expanding” f around the
point r =u, where u=A/z. We write

Fa(z) = 272 ) + 5 m) [ 1ems1f00) e

Integrating by parts, writing
)\e—-ztdt — LM,
z I—p

we obtain

Fi(z) = z M f(w) + f Ale T fi ()t

1‘0\)
where
= A LOZfW)
h =1 d t—p
Continuing this procedure, we obtain

Fr@) = 27 MS Az~ + 2 " En@ ) 2.4)
s=0

where

forr(t) = 4 f’(ti__f('u) s =01,., (2.5)

fo=f and the remainder E, is given by

E,(z\) = j A le ™ f (2)dt. (2.6)

1‘0\)
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From authors papers (1983, 1985) it follows that (24) is an asymptotic
representation for z—co that holds uniformly with respect to u=XA/z in a
closed sector properly interior to S, defined in (2.2), and in a disc around
the origin. For real values of A,z we can say that

E,(z,A) = O(l) as z— o0,

uniformly with respect to A or u in [0, 0).

This is the generalized version of Watson’s lemma that gives expansion (1.2),
with values of f(and derivatives) at z=0. The new expansion concentrates on
values of f at 1 =p, the point where r*e ™ attains a maximal value, and the
expansion remains valid when u—0 (Watson’s lemma) or when p— o0 indepen-
dent of z.

ExampLE (Exponential integral) We take f(z)=1/(z +1). It is easily seen that
the function F)(z) of (1.1) can be written as

Fi2) = 2! Ex(2);
E,(2) is the well-known exponential integral

0
Ex@z) = [t7re "ar.
1

The first few terms of (2.4) are easily computed and we obtain

_ e’ A AMA—22) (z+A)
Ex(z) = =—[1+ + + E
)\( ) z+)\l (Z +>\)2 (Z +>\)4 24 3(Z,A)]

with E; defined in (2.6) with the functions f; given in (2.5) with
fo()=1/(¢+1). From the first coefficients in this expansion it can be seen

that large values of A do not disturb the asymptotic properties of these first
coefficients.

When tl.le functions f, in (2.6) are bounded on [0,00), a bound of |E,(z,A)|
can be easily constructed. This gives an error bound for the asymptotic expan-
sion: let positive numbers M,, exists such that, for n =0,1,2,....,

1@ < M,, t=0.
Then for the remainder in (2.4) we obtain

|E.(zZA)| < M,, n=0,1,2,....

ms gives, in a way, an idea of the asymptotic nature of the expansion when p
is fixed. If the numbers M, do not depend on u (the functions f, do!) then the
expansion holds uniformly with respect to u. However, it is more realistic to
assume that f, is not bounded on [0,c0) and/or that M, depend on p. This

asks for a more detailed approach for constructing error bounds. See author’s
papers (1985, 1986).
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3. INCOMPLETE GAMMA FUNCTION AS APPROXIMANT
We write (1.5) in the form

Fi(za) = ﬁx) e~ 3.1

and we consider z as the large parameter and « and A as uniformity parame-
ters in [0,00); =0 gives the previous case. The saddle point of e at
t =p=MA/z may be inside the domain of integration (a<<p) or outside the
domain (a>u). The transition occurs when a passes the value p and this
arises interesting asymptotic phenomena, for instance for several types of
cumulative distribution functions. For certain combinations of the parameters
«a and p the function F,(z,a) can be estimated in terms of the normal (ie.
Gaussian) distribution function or error function. For all possible situations in
the parameter domain (e,p)€[0,00)x[0,00) an incomplete gamma function is
needed for a uniform expansion.
When f equals unity the function F,(z, a) reduces to

| VU
—l:(-j\—ft)‘ le™2dt = 272 Q(\,a2), 3.2)

a

where Q is the incomplete gamma function
1 <]
x) = —— [197 e ML, 3.3
Q(a,x) r(a)xj e ldt (3.3)

The integration by parts procedure of the previous section now gives an
integrated non-vanishing term at t =«. So we obtain the formal expansion

- ol _ e ¥ X _
A ; s K
F(z,a)~z Q(A,az)sgofs(ﬂ)z + T SgoBs(a)Z ; 34
where

Boy = LOTLW oy 35)

a—p
and the functions f; are the same as in (2.5). Observe that the first series in
(3.4) also occurs in (2.4). In fact we can write

(1/\ —az
Fr(@2) = Q0an)Fy(2) + S Ba.a) (36
with F)(z) defined in (2.1) as the complete integral and
0 Bs
By ~ 32, 3.7)
s=0 <

the second series in (3.4). It follows that the present case (3.1) makes use of
(2.1) and (2.4) and that, hence, in this section only the function B,(z,a)
matters.

In our (1986) paper we have constructed error bounds for the remainders
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associated with expansion (3.7). Furthermore, the expansions are applied to
the incomplete beta function, which can be transformed into (3.1) by means of
a rather complicated transformation.

4. BESSEL FUNCTION AS APPROXIMANT
The integral (1.6) reduces to a modified Bessel function in the case that fis a
constant. Explicity we have

o0
Aa/2N2K\2Vaz) = [ leTHVar, @.1)
0
In this section we consider

Fi\(z) = }oﬂ-‘e‘“‘a" ft)dt, (4.2)
0

which reduces to the above modified Bessel function in the case that fis a con-
stant.

We construct an asymptotic expansion of the above integral for z—co.
Observe that for =0 the integral reduces to (2.1); for a>0 application of
Watson’s lemma is not possible due to the essential singularity of exp(—a/t)
at ¢t =0.

As a first attempt we may expand f as in Watson’s lemma at ¢t =0. If we
substitute (2.3) into (4.2) we obtain

@)~ S a8, 4.3)
s=0

with
o, = 2a/2)A92K, (2 Vaz).

Suppose a is a fixed positive number. Then

O, /P, = A Va/z), as z—c0. . @.5)
On the other hand, if az—0, we have
®,41/®, = 0z 7). (4.6)

This gives an indication that (4.3) may yield an asymptotic expansion of
z—>00, with « restricted to a domain [0,a,], with ay =0(z) as z—oo0.

In (4.5), (4.6) we have used the well-known asymptotic estimates

K,(z) ~ \/%_e“‘, as z—»00,

K,(2) ~ 3TOX2/2Y, as 20,

The procedure below gives an expansion that is, under suitable conditions on
/, uniform with respect to ac[0, ©).

We consider (4.2) and we write p> =a/z. Saddle points of exp(—zt—a/t)

|
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occur at r==zu, p is supposed to be positive. The first step is the representa-
tion

f@) = ag+bot + (t—p2/1)g() 4.7)

where ag,bq follow from substitution of 7=z==u. We have
1 1
ag = ) + f=w} bo = “Z‘E[f(#)—f(—#)]-
So we obtain upon inserting (4.7) into (4.2)

F(Z) == aO(Do + boq)l -+ F[(Z) (4.8)
where @; is given in (4.4). An integration by parts gives

o0
Fi(z) = [ le 203000 — 12 /nyg(nyr
0

_ loo)\ —z(t +p e
= ——= [g(t)de 7+
2%

|
= — [z e z(+u /) tdt,
| f1(0)

with f) (t)=t'“)‘—5;[t>‘g(t)]=>\g(t)+tg’(t). We see that zF,(z) is of the same

form as F(z). The above procedure can now be applied to zF(z) and we
obtain for (4.2) the formal expansion

® g, 0 bs
F(Z)N(I)O 2 -;S_ + (Dl 2 —;S_’ as z—o0, (4.9)
s=0

s=0

where we define inductively fo(t)=f(t), go(t)=g(t) and for s =1,2,..,,

A0 = g 0] = 6+ b+ (=00

a

W + fi(=w), b, = "21;;[fs(u)—fs(—u)]-

By using the recursion relation

Koni2) = Koi) + 22K, )

the series in (4.3) can be rearranged in the form (4.9); however, then the
coefficients are essentially different. In (4.3) a, comes from f and derivatives
of fat 1 =0; in (4.9) a, and b, come from function values of f and derivatives
of fat t =p and t = —p.

We still need to prove that (4.9) is uniformly valid for ae[0,). At the
moment a proof is not available and the proper conditions on f have to be for- e
mulated. A

An interesting application of the expansions (4.9) can be given for confluent e
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hypergeometric functions. Let us consider

1

U(a,b,,x) = (@)

[o2]
ft“—‘(l+t)b"“"1e_’“dt (4.10)
0

for a— + o0 , with x>0, bcR. A transformation to the standard form (4.2) is
needed, but first we give a simple transformation. The function [7/(1+1)]*
takes its maximal value (on [0, 0)) at t=+oco. This function plays the role of
an exponential function. Therefore we take as a new variable of integration T
defined by ¢/(1+t)=exp(—7). Then (6.9) becomes

1

U(a,b,x) = -I:(;)-

[ce]
fe—‘"-"/(e’_ 1)'r~bf('r)d1' (4.11)
0
where f(r)=[r/(1 —e ™ ")P. The easiest way to arrive at the standard form (4.2)
is to write

T* o .
[rbem X f(r)ds (4.12)
0

[4

U(a,b,x) = @)

where
f@) = fiexp(xll/r—1/(e"— 1)~ 51}.

Now we can use the procedure leading to (4.9), with A=1—b. The result is an
expansion for a—»o0, which holds uniformly with respect to x €[0,x], where
Xg is a fixed positive number. It is not possible here to replace x, by oo; the
main reason is that f(r) depends on x, in such a way that coefficients a, and b
in (4.9) grow too fast when x—o0.

A more powerful expansion is obtained (with respect to the uniformity
domain of x) when we transform (4.11) into (4.2) by using the mapping
u:R—R that is defined by

T+ 4

=u+2+4 (4.13)
e"—1 u
where v=2x/a;a and 4 are to be determined. We compute them by the follow-
ing condition on the mapping u: the critical points at the left-hand sidel of
(4.13) (r==v, where y is the positive number satisfying cosh y=1+%»)
should correspond with those at the right (u===p, where p> =«). If follows
that

1 1 .
4 = =7, p = 5(y+sinhy). (4.14)

These choices make the mapping u regular with u(0)=0, u(*+oc0)==+o00. We
now obtain from (4.13) and (4.11)

2%
[4

U(a,b,x) = JuTbem et £ )y, (4.15)
0




where

@ = (u/f)"f(r)%,

with f as in (4.11). We expect that expanding (4.15) as in (4.9) will give [0, c0)
as uniformity domain for x. Proofs are needed. The first thing to do is to
prove the regularity of f in a fixed domain containing R in its interior.
Observe that f~ depends on the uniformity parameter a.

After these preparations the asymptotic expansion of the integral in (4.14)
can be constructed by computing the coefficients a,,b, that appear in (cf. (4.9))

Ly i o0 bs
e’ T(a)U(a,b,pa)~® 3 — + &, 3 —, as a—co, 4.17)
s=094 s=04
where ®,,®, are given in (4.4) with A=1—b, z =a and a=p?, with u defined
in (4.14). The first coefficients in (4.16) are

1 1
a0 = 31 W + S (=wl bo = 2 W=/ (~w)
A few calculations based on (4.13) and I’ Hopital’s rule give

dr Al—e " 5,

1
— = [y +sinhy)
w(te T, 184 7]

du Iu = *pu = [
To express the first coefficients ag,b in terms of v, let {(y) denote the above
value of dr/du at u= +p, and write

a(y) = [—E—T.
1—e™”

Then we have

ag = ';‘K(v)[n(Y) + (=)}, by = ‘El’l‘f(Y)[Tl(Y)—’fl( =)}

Observe that the coefficients contain function values of f~ at the negative axis,
although f* in (4.15) is only used for non-negative u-values.

5. PARABOLIC CYLINDER FUNCTION AS APPROXIMANT

In the previous section an essential singularity at 1 =0 is incorporated in the
Laplace integral. By replacing the exponential function in (2.1) with
exp(—zt+a V) a simpler singularity occurs and in fact this type of singularity
can be accepted in Watson’s lemma. Then the function exp(a \ft)f(t) has to
be expanded in a power series. It is more interesting to couple the parameter
o with the large parameter z and to consider the effect when a crosses the ori-
gin. A slight change of variables gives a quadratic polynomial in the exponen-
tial function. In fact we consider

La

Ko =[P e ™ fuyd (5.1)
0
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for a large values of z; A is a fixed positive parameter and « a uniformity
parameter in R. The saddle point occurs at t =a/z. When « is positive it lies
inside the interval of integration, when « is negative it is outside the interval.
The transition at «=0 can be described by using parabolic cylinder functions

as approximants, i.e. the above integral with f ()= constant.

In [1] BLEISTEIN introduced an integration by parts procedure that produced
what is now called a canonical expansion. In a way, the procedures of the
previous sections are all based on this approach. We repeat the steps in
Bleistein’s procedure and we also consider a new method for obtaining a simi-

lar expansion.
Let B=a/z and write

S@®) = ag + bot + t(x—PB)g(®),
with
aO =f(0), bO = ﬂé%ﬁgl

Then we have

I(z,0) = aoWy_; + bWy + Ji\(z,0),
with

1 2
g tat

o0
W)‘ = ft}‘e df,
0

a parabolic cylinder function, and
© (-
hew) = [Pe—pe T e
0

Integrating by parts gives

D)

0
I\, 0) = —% [ g(1)de
0
_ 1T —uti-py
o LA fr(0)dt

0
with

1) = 1Ly

(52

(5-3)

(5.4)

(5-3)

Repeating this process we obtain the above mentioned canonical expansion

I _ "_las "_Ibs
M20) = Wiy B — + Wy 3= + 7",
s=02

s=02

with

a, = f,0), b, = ﬂ.ﬁlié(o_)

(5.6)
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_ og-ad 2 8sW)—as bt _
Sia1() =t dt[t =P L s=0,1,...,

fo=f, and E, is the remainder given by

@ BRI
E,= [ P wa

0
Bounds for |E,| and proofs for the validity of the expansion can be based on
bounds for |f,(2)] on [0,00). A complication is that f, depends also on the uni-
formity parameter S.

In a forthcoming paper of Soni & Sleeman the above procedure is replaced
with an approach that resembles the procedure in Watson’s lemma. Recall
that in Watson’s lemma (1.2) is obtained by substituting the expansion in (ii).
Soni and Sleeman introduce a set of polynomials { P, } satisfying

Po(t) = 1, Py(t) = t/(y+1)
[AP,)) = Mt—BP, 2(1), n=23,.. (57)

Then they assume that g in (5.2) can be expanded in terms of { Py}, writing
R
g() = X aP(), (5.8)
k=0

where ¢, are independent of ¢ and have to be determined. Substituting this
expansion in (5.5), we obtain the formal expansion

oo
Ianz@) = 3 ey,
K=o

1o
(510 - By
! > (L)dt.

s P4
b = fl)‘(t —B)e
0
By using the properties of {P,} given in (5.7) it follows that ¢, =z '¢, _,
and, hence, that

x ke
INz@) = ¢y Denz K@ Doz b
k-0 Koo
which is of the same form as the expansion in (5.6). There is a simple relation
between ¢, and a;,b,. The computation of ¢, in (5.8) is not a simpler problem
than the computation of g, b, in (5.6). It is expected, however, that this new
approach will give new methods for constructing bounds of the remainders in
the asymptotic expansion. Soni and Sleeman’s method can also be used for
other types of integrals.
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