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Chapter 1

Introduction

We all live in a random environment. This can lead to delightful surprises
but also to a complicated existence, due to the fact that the environment
controls other processes in our daily lives. Examples include the weather,
on which we may base our decision to go to the park or stay at home, it
can be a traffic jam due to an accident, causing road delay or it can be
high body temperature, which can lead to an increased protein produc-
tion. The list of situations and systems affected by such unpredictable
external circumstances can contain anything from biology to large scale
computing.

In this thesis, which falls under the field of probability theory called
queueing theory, we focus on queueing systems embedded in a random
environment. In a nutshell, queueing theory describes probabilistic ser-
vice systems where the main players are usually discrete entities called
customers; here they will also be referred to as jobs, particles or molecules.
A natural way to incorporate a general, external random environment
into such mathematical models, is to let the model parameters governing
the queue be affected by this environment.

The best known queueing system is the single server queue, a typical
example being a hot dog stand. Customers line up to get service, namely
the preparation of their hot dog. Two key features of the queueing system
include (i) how much time passes between subsequent customers and (ii)
how long it takes to prepare each hot dog; (i) is referred to as inter-arrival
time, (ii) as service time, both are random quantities that are assumed to
behave according to some probability distribution. It is also important to
define how much service a queueing system can provide. If the hot dog
server gets too busy on his own, he or she might consider adding servers
to the hot dog stand, leading to a many server queue.

Some service systems have the special feature that the customers bring
their own server, so that all customers can obtain the service that they
request simultaneously, independently of each other. This is called an
infinite server system. In the example of the hot dog stand this would



mean that each time a new customer enters, a server on standby jumps to
attend to the customer immediately, regardless of how many are already
being served. A more realistic example of an infinite server system is that
of new protein molecules being generated in our bodies. Then their life-
span can be seen as their service time. Importantly, the molecules do not
need to wait for others to obtain or complete their service. In this model
there is no waiting line, but techniques from queueing theory can still
be helpful to analyze e.g. how many molecules are in the system at any
given time. The assumption of infinite servers is also used to approximate
many servers in systems where customers rarely need to wait.

A crucial specification of a queueing system with a limited number of
servers is who gets served first. At the hot dog stand, the common con-
sensus is that of first come, first serve (FCFS). This is probably the most
studied queueing discipline, but plenty of others exist and are widely
used. Another well-known service discipline is the processor sharing
(PS) policy, where the service resources are equally divided between all
the customers present. The name is derived from computer processors,
which can serve multiple jobs simultaneously, just as the PS discipline
dictates. Yet other service disciplines employ priorities. These are fre-
quently applied by airlines, that differentiate between customer classes by
e.g. inviting their business class passengers to board ahead of other pass-
engers.

Possible probability distributions of the inter-arrival and service times
come in all shapes and sizes. Most commonly, the probability of the time
between two arrivals being more than ¢ is assumed to be exponential,
e, for some parameter A > 0. The exponential distribution is also a
common assumption for service times. An important implication of this
assumption is that the probability that a given number of customers will
arrive in the future does not depend on how many have arrived in the
past. Similarly, remaining service times do not depend on the elapsed
service times, which makes for easier computations. This memoryless-
ness is called the Markov property and a queue of this type with s servers
is called an M/M/s queue, the M’s standing for Markovian arrivals and
Markovian services. Markovian queues have been thoroughly studied
and their properties are listed in numerous textbooks.

Queueing is traditionally a field of operations research and performance
is of special interest and importance. Typical performance measures for
queues include queue length, waiting times and workload that the ser-
vice system has yet to process. The probability distributions to which
these performance measures adhere are well known for many queueing
systems. It is for example known that in steady-state, the number of cus-
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tomers in the M/M/1 queue follows the geometric distribution, and in
an M/M/ oo queue it is Poisson distributed.

In what follows in this thesis, we frequently work with Markovian
arrivals and services, but let some of the parameters be affected by an
external, random environment. Even though the environment itself may
be Markovian, the fluctuations that it dictates partially remove the con-
venient Markov property from the arrival and service processes, making
analysis more difficult.

In the chapters to come we focus on two classes of queueing systems
in a random environment, starting with an infinite server system and fol-
lowed by a single server system. The first three chapters contain analysis
of the steady-state and transient behavior of infinite server systems. The
systems’ most convenient feature is their unlimited service capacity and
lack of waiting, resulting in various independence properties.

In the last chapter we analyze the steady-state of a single server queue
under the so-called discriminatory processor sharing (DPS) service dis-
cipline, which is an extension of the PS discipline mentioned above. DPS
is applied to a system with multiple customer classes, where all cus-
tomers are served simultaneously but with a weight according to their
class. Contrary to the infinite server system, this leads to full interdepend-
ency between the customers present. As a consequence, the way in which
service is rendered is crucial for the performance. The DPS discipline is
particularly suited for applications where jobs do not require the com-
plete attention of the server. An example of this is internet data traf-
fic, where transmission can occur piecewise, e.g. per packet of groups
thereof. Moreover, the more jobs that are present in a DPS system, the
less service each one gets, just as when dividing bandwidth between dif-
ferent tasks.

One of the overarching themes of the thesis is that of Markov-modulation,
which is how the random environment is formalized, see Section 1.2.
Although the queues analyzed here are to some extent Markovian, adding
modulation typically complicates any exact analysis by adding a second
probabilistic layer to the problem.

The limiting behavior of the aforementioned queueing systems, see
Section 1.1, is the other common denominator behind the main results
of the thesis. For this purpose some of the parameters, such as the rate of
arrivals, may be taken to be extremely large so that it threatens the stabil-
ity of the system. Another approach that we take is to study the random
environment on a time scale such that it moves much faster or slower than
the main queueing process. In such cases the performance metrics of the
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otherwise complicated queues turn out to follow well known and well
behaving distributions, allowing for direct conclusions about the proper-
ties of the limiting queue.

The remainder of this introduction is organized as follows. We start
with background information, literature and preliminaries for limit theo-
rems and Markov-modulation, the two main themes that have guided the
research presented in this thesis. The concept of limit theorems is broadly
introduced in Section 1.1 and some preliminaries about e.g. convergence
of random variables are provided. We explain the two limiting regimes
applied in Chapters 2 to 5, the central limit theorem (Section 1.1.1) and
heavy traffic (Section 1.1.2) and give simple examples thereof. A compar-
ison between the two limiting regimes is given in Section 1.1.3. Section
1.2 contains a brief literature review of Markov-modulated queues, fol-
lowed by an overview of the more technical aspects and assumptions.

We continue with the contents and contributions of the thesis, includ-
ing short explanations of the models given in Section 2.1, in particular
the discriminatory processor sharing service discipline which is studied
in Chapter 5. A discussion about the different chapters and the methods
used is in Section 2.2. Finally, Section 3 contains a description of the re-
sults derived for the infinite server models in Chapters 2, 3 and 4 and the
single server model in Chapter 5.

1 Background and literature

In this section we present selected background information and literature
about the two main branches underlying this thesis, limit theorems and
Markov-modulation.

1.1 Limit theorems

When faced with a highly complex system, studying limit regimes can
serve the purpose of obtaining simpler approximations of complicated
processes, whose properties we cannot explicitly compute. These limits
should offer the researcher a way to zoom out and see the big picture
and, to some extent, separate the important parts from the details. In the
field of queues, the limiting approximation processes should ideally be
known and nondegenerate stochastic processes.

A stochastic process is a collection of random variables, often describing
the evolution of these variables over time. Therefore any stochastic limit
is based on the convergence of random variables. Such convergence can
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be obtained in different ways, here we define convergence in distribution.
A sequence (My) of random variables is said to converge in distribution
to a random variable M if limy_,oo P(My < m) =P(M < m) at all con-
tinuity points of the distribution function. This type of convergence is
also known as weak convergence and is applied throughout the thesis. In
addition to weak convergence for random variables, one can also obtain
weak convergence at the process level, yielding a so-called functional limit.
Proving a functional result is considerably more involved, we return to
this concept in Section 1.1.1.

For random variables and stochastic processes, limits can be obtained
by scaling the model in question appropriately in time and space. Typi-
cally, system parameters are multiplied with scalars, which may then be
taken to, say, zero or infinity. How the scaling is imposed on the tempo-
ral and spatial scales highlights one of the key features of many complex
systems, namely the different behavior they may exhibit at different time
scales. Often only one or a few of the different levels are of interest to the
observer. This can justify putting the focus on one main process, which
in turn can greatly simplify the analysis. In some cases it may be relevant
and sufficient to consider some average of the ‘secondary’ processes, this
is addressed in e.g. Chapter 2 of this thesis. Then the limit is not only a
goal in itself but also a way to alleviate the original complexity. For exam-
ple, in biological systems or chemical reaction networks, the difference in
concentration of various molecule types can be so large that exploiting
the scale separation is a natural and even necessary way to reduce the
complexity of such a model, see e.g. the discussion in [13].

Furthermore, by deriving asymptotic limits one can establish boundary
conditions for the main process in question. Such boundary conditions
can provide a useful benchmark when testing the validity of computer
programs and other experiments, or for statistical tests [93].

The next two subsections are dedicated to the two classical scaling
regimes used in this thesis: central limit theorem type of scaling and
heavy-traffic type of scaling. We conclude with a discussion on how the
two scaling regimes differ and overlap.

1.1.1 CLT scalings

The classical central limit theorem (CLT) concerns the centered and scaled
sum of N independent and identically distributed (i.i.d.) random vari-
ables, converging in distribution to the normal distribution when N is
large enough. It describes the stochastic fluctuations around the mean (or
center) as seen at a given time scale, showing that these centered values
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adhere to the statistical regularity of the well-known bell curve.

Before discussing more involved forms of the CLT we demonstrate
how such a limit can be derived for performance measures of queues
using a moment generating function (MGF). Let M denote the length of
the M/M /oo queue in steady-state, which is known to follow the Poisson
distribution. We define its MGF as E[e?M], with E denoting the expected
value and 6 > 0 being a parameter. Let A denote the rate of arrivals to the
queue, which we scale with N to speed up the arrival stream. Then the
scaled queue length, denoted M (V) is known to be Poisson distributed
with parameter Np, where p = \/pu is the ratio between the arrival rate
and service rate . The corresponding MGF is eV Ple"~1), We compute the

limit
O(MWN) — Np)
exp | —————
VN

= lim e_pe‘/ﬁ-E[eeM(N)/‘/ﬁ]

N—oo

lim E
N—oo

. _ 7 6/vVN _
= ]\}1111 e~POVN _oNple 1)
—00

= lim exp (—p9\/—1\7 + Npl8/V'N + 622N + O(N—3/2)])

= exp (6°p/2),

where in the second step we have inserted the known MGF of the Poisson
distribution and applied Taylor expansion in the third step. The compu-
tations yield the MGF of the normal distribution. In other words,

MM N
Tp ‘d‘> N(0, p), (1.1)

where % denotes convergence in distribution and N(a,b) denotes the
normal distribution with mean « and variance b.

The classical CLT was generalized in Donsker’s theorem (see e.g. [93])
to a functional CLT (FCLT). Where the basic form of the CLT applies to
the sum of /V i.i.d. random variables, for N large, the name functional
CLT stems from the fact that the convergence in distribution holds for
many functionals, such as the maximum of the first N sums. In fact, an
FCLT a is weak convergence of a stochastic process, and since a stochas-
tic process is an infinite dimensional collection of random variables, this
is a stronger result than the weak convergence of single random vari-
ables defined above. To clarify the difference, suppose that a given FCLT

6
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shows convergence to a Gaussian stochastic process, describing the evo-
lution of random variables over time. Then any time point of the Gaus-
sian process corresponds to a normally distributed random variable, and
any finite collection of such time points has a multivariate normal distri-
bution. Finally, the joint distribution of all those infinitely many random
variables, i.e. all time points, is the distribution of the Gaussian process.
These steps also partly describe how an FCLT can be derived. First, one
establishes convergence for a single time point, then for a finite set of time
points (see e.g. Chapter 3). The final step is typically a so-called tightness
argument (see e.g. [85]). An alternative approach to proving an FCLT can
be seen in Chapter 4, where the martingale CLT (see [39]) is used.

When the limiting process resulting from an FCLT is a diffusion pro-
cess, it is called a diffusion limit. A diffusion process is a continuous time
Markov process with almost surely continuous sample paths; the process
is completely determined by its drift and diffusion terms. Two examples
are the well-known Brownian motion and the Ornstein-Uhlenbeck pro-
cess.

Brownian motion describes the diffusion of a particle in fluid. In the
field of stochastic processes, Brownian motion is often described by the
Wiener process, a Gaussian process which is characterized by its inde-
pendent and normally distributed stationary increments. The Ornstein-
Uhlenbeck (OU) process describes a Brownian particle under friction.
The difference in the mathematical description of the two processes lies
in the drift term, which attracts the process back to a central location.
The OU is a Gaussian process, but unlike the Wiener process, it is mean-
reverting.

In [52], Iglehart showed how the Markovian many server queue can
be approximated with an OU process as the number of servers and the
arrival rate both go to infinity. From that functional result it is easily
derived that at any point in time, the properly scaled queue length fol-
lows the normal distribution. The steady-state derivation resulting in
Eqn. (1.1) above can be seen as a special case of such a result.

In Chapters 2 and 3, CLT scalings are applied to the length of an infinite
server queue with randomly varying parameters and it is shown that
the result is normally distributed. This is done for both steady-state and
transient queues. The first step there is to establish a law of large numbers
(LLN) for the process of interest to obtain its mean. Then we proceed to
a CLT, where the scaling looks as follows. Consider a sequence of time-
dependent stochastic processes M (t). Inserting the scaling, e.g. speeding
up the arrival rates, yields a mapping M (t) — M) (t), for N > 1, where
the latter quantity denotes the scaled process. The LLN scaling we denote
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with MV)(t), and the CLT scaling by M(V)(t). Respectively, they are
defined as

= MY = Nt
N L an ’

where p(t) is continuous and deterministic, a is a deterministic sequence
chosen carefully such that the fraction goes neither to zero nor to infinity,
but to a nondegenerate limit. These are also referred to as fluid scaling
and diffusion scaling; in fact fluid queues are also popular approxima-
tions for many complex queueing systems. For both scalings the arrival
stream is accelerated by N, however for the fluid scaling space is scaled
down by N whereas the diffusion-scaled processes are centered and then
scaled down by ay, which is usually v/N. The CLT tells us that the range
of values for the centered M) (t) should be of order ay [93]. As an
approximation, the CLT is a refinement of the LLN approximation, since
it gives information about the variance, in addition to the mean. Fluid
and diffusion approximations are discussed in e.g. [29], with a special
focus on queues in a slowly changing random environment.

1.1.2 Heavy traffic

Chapter 5 employs the so-called heavy-traffic scaling to analyze a multi-
class queue in a random environment. The heavy-traffic limiting regime
is commonly studied for systems which become unstable due to their
finite serving capacity. This is of course never the case for infinite server
systems, that is, they never become unstable. A queueing system is said
to be in heavy traffic when the total input load approaches that of the
service capacity. Typically for heavy-traffic analysis, this causes classic
performance metrics such as queue length, waiting time and workload to
grow out of bounds, but by imposing a carefully selected scaling, a non-
degenerate stochastic process limit may be found. This usually involves
multiplying the process of interest with (1 — p), with p being the traffic
intensity, and then letting p go to 1. The resulting limiting quantity is
frequently exponentially distributed. That the M/M/1 queue length is
exponentially distributed in heavy traffic can be derived using the well-
known fact that the queue length in steady-state is geometrically dis-
tributed. The corresponding MGF is —1—1_—;%, with p = A/u as before. After

8
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scaling we compute the limit

4 o
lim E[e!=?%M] = lim S ik
p—1 p—11 — pe(lﬁo)()
. _1 7 A 7
= ;Elinl —A0(1 ) (by I'Hopital’s rule)
1
16

which is the MGF of the exponential distribution with mean 1.

The paper of Kingman [63] is often cited as one of the first studies of
the later well to be known heavy traffic limiting regime. There he shows
that the scaled workload of an FCFS GI/GI/1 queue, i.e. with gener-
ally distributed and independent arrivals and services, is exponentially
distributed when the rate of arrivals approaches that of the service. Later
this was extended in [53] to show that the queue length converges weakly
to reflected Brownian motion (RBM). As the name implies, RBM is con-
structed from Brownian motion and a reflecting boundary, e.g. the posi-
tive axis; this results in non-negativity which is clearly an important fea-
ture of the queue length and many other performance metrics in queue-
ing theory. RBM is the typical functional counterpart of the exponential
limiting distribution that applies in heavy-traffic scaling.

The convergence of the steady-state distribution to an exponential dis-
tribution, or RBM if the process level is considered, holds for several
classes of single server queues, including the Markov-modulated M/M/1
queue under the FCFS discipline, see [7]. Remarkably, in particular cases
queues with non-Markovian input can be approximated by queues with
Markovian input in the heavy-traffic regime. An example is the heavy-
traffic approximation for the queue length process of the non-Markovian
GI/Gl/ s queue; also in this case RBM is the limit process [77].

1.1.3  Choice of scaling and terminology

Choosing an appropriate scaling and limiting regime for the model in
question can come naturally. In the terminology of this thesis, the heavy-
traffic scaling refers to pushing a queue towards instability, then finding
the limiting distribution of a single, scaled performance metric, whereas
results of the CLT kind involve the limit of a centered and scaled quan-
tity, derived after e.g. speeding up arrivals. Somewhat confusingly, there
is a body of literature where CLT type of results are presented under the
name of heavy traffic, see e.g. [77, 82]. These limiting results, which are
what here is referred to as CLT results, follow from Donsker’s FCLT and



1.1. Background and literature

the continuous mapping theorem, an approach which is thouroughly dis-
cussed in [93]. See also [76] for a survey of CLT results for many and
infinite server queues using martingale theory. Although any scaling
regime which pushes the traffic intensity to its critical point can, intu-
itively speaking, earn the name heavy traffic, we will stick to the dicho-
tomy described at the beginning of this paragraph.

As mentioned earlier, CLT scaling typically yields the normal distribu-
tion or a Gaussian limit, whereas heavy-traffic scaling for queues results
in the exponential distribution or reflected Brownian motion. An exam-
ple of a crossover between the two limiting regimes is given by Ward and
Glynn in [92], which is also a convenient overview of diffusion approxi-
mations. In their studies of diffusion limits for queues with reneging, the
authors adapt the natural point of view of seeing infinite server systems
as queues with only reneging. Their objective is to combine heavy traffic
with reneging, so the focus is on choosing a scaling which yields both
types of limits. The authors of [92] establish diffusion limits, namely an
OU process, and note that “the reflected OU process plays the same role
in the reneging context as does reflected Brownian motion in the setting
of conventional queues.” This is consistent with findings for the infinite
server queue, as discussed above and in Chapter 4.

1.2 Markov-modulation

Some customer service systems are very sensitive to their surroundings.
For an ice cream parlor, a sunny day gives a great boost to the rate of
arrivals, whereas rain has the opposite effect. The weather is thus the
quintessential example of a modulating, external random environment,
which can greatly affect the behavior of a queueing system. The simplest
way to include modulation is to let a given parameter switch between on
and off according to a two state environment. Breakdowns in a factory
line can be represented with on-off modulation, for arrivals, service or
both. A slightly more complicated example from biology concerns so-
called mRNA molecules. Lab experiments have shown that there is great
variability in the generation rate of new mRNA molecules in cells, even
if they are grown under the same circumstances and possess identical
genetic materical. This is used as a basis for the models in [87, 86]. The
molecules’ lifetime can be viewed as service time in an infinite server sys-
tem and since production of molecules can in queueing terms be called
arrival of new customers, the randomly fluctuating rate is a prime exam-
ple to model as a queueing system in a random environment. The exter-
nal process may then represent the state of the cell in which the molecule

10
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production is taking place, which in turn may affect the production rate.
Yet another motivation is the modeling of modulated service capacity,
see [74]. There, part of the service capacity is dedicated to priority cus-
tomers, while the remaining, fluctuating capacity is divided between any
other customers present.

When the random environment is formalized by a Markov process, we
refer to the queue as being Markov-modulated. Usually, the rate of the
arrival or service process fluctuates according to this external Markov
process, adding flexibility to the model.

To clarify the idea we introduce the model more formally, as well as
the notation that will be used later in this section: Let # = (71,...,7p)
denote the equilibrium distribution of the environment, which is an irre-
ducible continuous time Markov chain with state space {1,..., D}. Fur-
ther, let )\; denote the arrival rate while in state i = 1, ..., D and its time-
average with A\, := >, m\;. Let I be the service distribution associ-
ated with state i, 1/, be its mean and the corresponding time-average
foo i= y_; Wi Finally, an important quantity is the steady-state proba-
bility that the queue is empty while the Markov chain is in state i, which
we denote by po ;.

Markov-modulation is one way to relax the widespread assumption of
independent and identically distributed arrival and service times. In par-
ticular, a fluctuating rate causing, say, high and low tides of arrivals, re-
sults in correlation in the stream of customers, see discussion on Markov-
modulated arrivals in Section 1.2.2. Observe that if, say, the arrival distri-
bution affected by the external environment is exponential, albeit with a
fluctuating rate, then its evolution conditioned on the environment is mem-
oryless. In this thesis we apply modulation to queues in which both the
inter-arrival and service distribution are exponential (Chapter 2 and 4) as
well as only the inter-arrival distribution (Chapter 3 and 5).

The inter-arrival or service distribution rate can also be assumed to
fluctuate in a deterministic fashion. An example of that is heterogeneous
Poisson arrivals or departures, where the rate fluctuates as a function
of time, see e.g. [37, 36, 95] for non-homogeneous, bulk and compound
Poisson arrivals, respectively. The non-homogeneity already greatly com-
plicates the analysis and may explain why there is less literature available
than on queues with constant rates [69].

The remaining discussion on Markov-modulation is split into two parts.
Section 1.2.1 contains a short review of the literature on modulated queues
in terms of number of servers, various service disciplines, customer classes
and types of environment. The aim is not to give a fully comprehensive
list but rather to include the results that guided the author in writing

11
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this thesis. Section 1.2.2 describes the more technical aspects of Markov-
modulated queues, challenges and important assumptions, which serve
as preliminaries for the results in the thesis.

1.2.1 Literature review

Single server queues

The single server queue with Markov-modulated arrival or service times,
or both, has been studied extensively since the 1970s. Early papers in-
clude Yechiali and Naor [97] and Eisen and Tainiter [38], in which a two
state background process modulates the arrival and service rates of an
M/M/1 queue. Later this was generalized to a finite-state background
process by Purdue, who in [79] derived results for the busy period, equi-
librium conditions and emptiness probability. In [71] Neuts presented
matrix-geometric methods to analyze single and many server queues in
arandom environment. A key result on Markov-modulated single server
queues is that the stationary distribution of the number of customers is
of matrix-geometric form, it is thus a ‘matrix-generalization” of the nor-
mal M/M/1 queue. Asmussen studies the waiting time distribution for
the Markov-modulated M/G/1 queue in [8]. In [78], Prabhu and Zhu
survey various types of modulated single server queues, including ones
where the modulating background process moves in a countable but not
necessarily finite set.

For results on other service disciplines, see e.g. [74] about the processor
sharing (PS) queue. Sengupta characterizes in [88] the Laplace-Stieltjes
transform (LST) of the sojourn times of the modulated M/M/1 under
four different service disciplines, FCFS, LCFS, PS and round-robin. In
[49] the authors use a simple modulated system to study correlations in
subsequently arriving jobs and compare performance between seven dif-
ferent service disciplines.

The area of multiclass queues has not been left untouched by modula-
tion. Using a time-changing argument for a fairly general class of service
disciplines, Takine [89] obtains exact results for a system with modulated
arrivals and service times. Arrivals can only occur at transition epochs
of the modulating process and customers require generally distributed
amounts of work. For another type of multiclass system, a form of the
cp-rule (a scheduling rule dictating which class should be served first) is
shown to be optimal in [27]. Here the system is studied in heavy traffic
from a scheduling point of view, by formulating a Brownian control prob-
lem. Finally, a recent paper by Dorsman et al. [35] contains heavy-traffic
results for a network of queues with Markov-modulated service speeds.
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1. Introduction

Infinite servers
In comparison to the much studied single server model, the queueing
literature for infinite servers under modulation is not as rich. Some re-
sults for the system’s steady-state behavior have already been available
for some time; see e.g. [32, 75] for the factorial moments of the number of
customers in the system. Furthermore, in [75] it is shown that contrary to
the M/M/1 queue, the ‘matrix-generalization” does not hold for the infi-
nite server case when moving from the classic to the modulated queue.
The stationary distribution of the number of customers in an M/M/co
queue with Markov-modulated service times has been derived in [14].
For the sake of completeness, we point out that after the scaling results
on Markov-modulated infinite server queues in Chapters 3 and 4 were
published, research in the same direction has moved further, see [19, 20]
for CLT type of results where the environment can be relatively faster or
slower than the arrival process, and FCLT results for modulated service
rates, respectively.

Non-Markovian modulation
There are more ways to model random rate fluctuation than by an in-
dependent, Markovian environment. Related results have been estab-
lished for semi-Markov-modulated queues, where the sojourn times of
the external modulating environment are not exponential. See e.g. [44]
for queue length results in such an infinite server system; in addition, in
this paper the service requirements are Erlang or hyperexponentially dis-
tributed. Another semi-Markov-modulated result is [32], where a stochas-
tic decomposition formula for the M/M /oo queue is derived. The results
of Chapter 2 are also for a semi-Markov-modulated queue. In [26] the
modulation is governed by a general random variable. There it is not
only used to change the parameters of otherwise Markovian queues, but
rather to switch between completely different service distributions. The
results concern the workload of an M/G/1 queue with two service speeds:
high speed negative exponential periods and generally distributed low
speed service periods.

Queues with modulated service depending on the state of the system,
such as its workload, are easy to motivate with applications. An overview
can be found in [15].
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1.2.2  Busy period, arrivals and services

A fundamental challenge in getting explicit solutions for modulated sys-
tems already starts when trying to find an explicit expression to proba-
bilistically describe the busy period; in line with this, characterizing the
emptiness probability pg; (per state i of the environment) is problematic.
In e.g. heavy-traffic analysis, it is important to prove that the probabil-
ity of a queue being empty vanishes in the appropriate limit. For many
non-modulated queues this is immediate, but not necessarily so in the
modulated case. In [71] the queue length probability distribution, and in
particular po;, is expressed by an implicit vector-matrix multiplication.
In [79] it is shown that the busy period matrix, with entries based on the
environment’s state at the beginning and the end of a busy period, satis-
fies an integral equation.

Modulated arrivals

Modulating the rate of the arrival stream can be seen as a first step in
introducing a stochastic, non-homogeneous Poisson distribution. This
is suitable for applications where the generation of new jobs exhibits a
certain burstiness or is time-varying in a non-deterministic way. Even
when service rates are kept fixed, modulated arrivals affect the queue
length distribution, and can in the case of limited service capacity move
the system between overload and underload, while overall stability is
maintained. Its practical importance is explained in e.g. [28], where Bur-
man and Smith study delay and queue length using light and heavy-
traffic approximations. The authors also explain how the independence
of inter-arrival times is removed by the time-varying arrival rate. Due
to the variation, the inter-arrival times give additional information about
the number of customers. This is particularly interesting in the case of
multiclass systems, where the modulation induces correlations between
subsequent jobs which may have different service requirements based on
their class, see e.g. [49]. Correlated inter-arrival times and service times
are also studied in [1].

Modulated service

While modulating arrival rates leaves little ambiguity as to how it should
be done, the modulation of service rates is another story and can be done
in primarily two different ways. The two models, now discussed briefly,
can both be reasonable for different scenarios, but they often require sep-
arate analysis. In some cases, e.g. [19], both are studied with a unified
approach.
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First we discuss the model where a job’s residual service time may
change when the background process jumps to another state; we call this
a model with continuous modulation. Then the random variable F; can be
used to denote the service time precisely while the background process
is in state i. In the case of exponential service times, this entails that a job
can take on many service rates during its stay.

Some classical results for this variant of the modulated M/M/1 queue
with the FCFS discipline are e.g. [97, 71]. The stability condition for this
model is that the average arrival rate should be less than the average ser-
vice rate, that is the traffic intensity A /jto0 should be less than 1. Anim-
portant observation is that contrary to the non-modulated single server
queue, the busy fraction 1 — 3, po,; does not equal the traffic intensity
in general. The main challenge with this model is that certain perfor-
mance measures are also continuously modulated. One example is the
workload, which under this assumption can increase and decrease with
the changes of the environment. This makes for a more difficult analysis
and is addressed in Chapter 5. A common assumption in the literature of
modulated queues is to let only the service capacity be continuously mod-
ulated, see [26, 35, 68, 89, 88]. The service requirement is then assumed to
be independent of the environment.

An alternative form of service modulation is when a job’s service dis-
tribution is based on the state of the background process upon its arrival.
That is, a job’s service time is denoted by Fj, i = 1,..., D, if the envir-
onment is in state ¢ when it arrives. The service distribution does not
change during its presence in the system, regardless of changes in the
environment. Regterschot and De Smit analyze waiting times and queue
lengths at arrival epochs and in continuous time in [84], using Wiener-
Hopf techniques. Their steady-state results are based on the stability
condition ), m;\;/p; < 1, notably different to the continuous modulation
variant. This modulation is also used in [8, 34] on the Markov-modulated
M/G/1 queue and [78] with modulated compound Poisson arrivals.

This service model effectively divides the jobs into D different classes,
determined by the state of the environment upon their arrival. This is ad-
dressed for the infinite server system in [19], where a CLT for this variant
(referred to as Model 1II) yields a D-dimensional normal distribution. In
Chapter 5, Remark 2.1, we show how in case of a multiclass system, this
type of modulation can be rewritten to simply extend the number of job
classes, leaving out many cumbersome details of the modulation.

A model which sits somewhat in between these two was proposed by
Neuts [72], where the service time of a job depends only on the environ-
ment at the beginning of its service.
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2 Models and methods

In this section we review the contents of Chapters 2-5 of the thesis. Most
importantly, Chapters 2, 3 and 4 contain results on infinite server systems
in a CLT regime, whereas Chapter 5 is about a modulated M/G/1 type
queue in heavy traffic, with a special focus on the DPS service discipline.
First, we briefly explain the models, in particular the service discipline
used in Chapter 5. This is followed by an overview of the characterizing
features of the different chapters in relation with each other. We conclude
with a section on the contributions of the thesis.

2.1 Models

In Chapters 2-4 we study a few variants of modulated infinite server sys-
tems under a particular scaling. The infinite server queue can be used
to model a system where the service that a job receives is not affected by
the other jobs present. This assumption can either reflect actually infinite
service capacity or be an approximation for a system where the service
capacity is deemed to be large enough. Since there is no waiting, a queue
is never formed in an infinite server system, so one may also refer to it
simply as a birth and death process. Importantly, the notion of a service
discipline becomes irrelevant. Chapters 3 and 4 make use of an envir-
onment, referred to as the background process, which is formalized by an
irreducible continuous time Markov chain, whereas in Chapter 2 the en-
vironment has deterministic transition times.

Chapter 5 contains the study of an M/G/1 type queue under Markov-
modulation in heavy traffic. Whereas the arrivals follow a modulated
Poisson process, the service distribution is general in the first half of the
chapter, and in the second half a special case is studied under exponential
service times. In particular, that part of the chapter employs the DPS
service discipline which will now be explained. We also include a brief
literature overview.

The DPS model extends the processor sharing (PS) service discipline
to a multiclass system with class-dependent weights. The egalitarian PS
is a model introduced by Kleinrock in [65], where service resources are
simultaneously shared equally among all customers present. In the dis-
criminatory variant with, say, K customer classes, each class k is assigned
aweight gy, k =1,..., K. If M}, denotes the number of class-%k customers
present, the server dedicates the fraction

Gk
K )
Zj:l 95 M;
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1. Introduction

to each customer of class k. When all the weights are equal, DPS and PS
are the same. DPS has turned out to be suitable to model the simulta-
neous parsing of diverse tasks, such as processing network data. Most
available results are in terms of limit theorems and moments, which is
somewhat telling for the challenging nature of the DPS discipline.

Fayolle et al. [42] established the mean sojourn time conditioned on the
service requirement, as well as the mean queue lengths of the different
classes, which were shown to depend on the entire service requirement
distributions of all classes. The DPS model has queue lengths with a finite
mean, irrespective of any higher-order characteristics of the service dis-
tribution, see Avrachenkov et al. [11]. This is an extension of a result for
the PS system, which holds while the queue is stable. In [83] Rege and
Sengupta prove a heavy-traffic limit theorem for the joint queue length
distribution in a DPS system where service times are exponentially dis-
tributed. They also develop a recursive formula to compute all moments
of said distribution. A thourough overview of DPS results can be found
in [2]. Later research includes e.g. [91], which extends the heavy-traffic
results of [83] to phase-type distributed service requirements, and [54]
with approximations for the mean sojourn times, based on combining
light and heavy-traffic limits.

2.2 Methods

Overall, the main results of this thesis are in terms of particular scalings,
i.e. it is shown that in the limit of an appropriate scaling, key perfor-
mance measures, primarily the queue length distribution, converge to
well-known distributions, the normal and the exponential distribution.
In Chapters 3-5 we assume that the external environment is represented
by an irreducible continuous time Markov chain on a finite state space,
but in Chapter 2 it is a semi-Markov process.

In Chapter 2 and 4, we apply modulation to a Poisson arrival process,
with the service times being non-modulated and exponential. Chapters 3
and 5 allow for more general service distribution and there, both arrivals
and services are affected by the modulating process.

Whereas the results of Chapter 5 are in steady-state, those of Chapters
2-4 are at a transient level, furthermore the results of Chapter 4 are at the
process level. The work presented in Chapter 4 is derived under a differ-
ent framework and methodology from the other chapters. It is primarily
based on unit-rate Poisson processes, as will be briefly explained in the
following section, as well as martingale theory and the martingale CLT.
This toolkit immediately yields a functional limiting result.
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1.2. Models and methods

The methodology of Chapters 2, 3 and 5 will be more familiar to the
reader of queueing literature. There the starting point is fixed-point and
conditional equations, used to describe the infinite server queue in Chap-
ters 2 and 3, and balance equations used for the M/G/1 queue in Chapter
5. Due to the modulating background process, however, those equations
become particularly uninviting. By applying the right scaling and Taylor
expansion, the equations simplify considerably, which helps in deriving
the limits.

Chapters 2-4 all exploit the concept of time-scale separation in a very
explicit way. The scaling of choice is then applied to both the environ-
ment and the arrival process to the queue, both are pushed to infinity al-
beit at different speeds. On the one hand, when the environment is sped
up faster than the arrival process, it will only be perceived as an average
from the perspective of the main process, the queue length. More pre-
cisely, instead of having multiple arrival rates due to the modulation, one
only observes an average arrival rate. In this case, the averaging obtained
after taking the limit greatly simplifies the analysis. On the other hand,
slowing the environment down relative to the arrivals, as seen in Chap-
ter 4, results in a sequence of temporary steady-states. In that case the
actual deviation between the transient and the equilibrium distribution
becomes more apparent.

The heavy-traffic scaling in Chapter 5 lets the arrival rate be increased
in such a way that the traffic intensity reaches its critical point. In the limit
of this scaling, the distribution of the environment becomes independent
of the queue length process.

Non-scaled results are also presented in Chapters 3 and 5, primarily
recursions for moments and differential equations that describe proper-
ties of the distribution of the number of customers or workload. These
results are obtained using transforms, and the same holds for the major-
ity of the results in the whole thesis, with the exception of Chapter 4.
Such transforms, i.e. Laplace transforms, moment generating functions
or probability generating functions, fully and uniquely characterize a
probability distibution and facilitate certain computations. In Chapters
2, 3 and 5 the idea is to evaluate transforms under the particular scaling
imposed. After taking the limit, we obtain the transform of a known dis-
tribution, which implies that the sequence of random quantities under
consideration converges to one following this particular distribution. In
this way, the goal of a known, nondegenerate limit is reached.
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3 Contribution

As mentioned in Section 1.2.1, there is much less literature available on
modulated infinite server systems than on its finite server counterparts.
This partly motivates the research presented in Chapters 2-4.

In Chapter 2 we study an infinite server queue fed by a modulated
Poisson arrival stream, both steady-state and transient behavior. The ex-
ponential service rate is not affected by the background process, which
has deterministic transition times. This is called a semi-Markov-modulated
system. Two scaling regimes are analyzed, the Poisson regime, where the
background process is sped up by a scaling parameter IV, and the CLT
regime, where the arrival rates ); are sped up by N but the transition rates
of the background process are scaled by N'*<, for some £ > 0. In the first
regime, the arrival process becomes asymptotically Poisson with a uni-
form rate \o,. The second regime makes use of this result, showing that
the scaled and centered queue length variable is normally distributed. In
both cases the road map is to set up a system of equations for the ap-
propriate generating function, send N to infinity to obtain a differential
equation and then solve it to obtain a known generating function. Espe-
cially the second step requires some delicate handling.

Chapter 3 contains results for the M/G/oo queue where both arrival
rates and service times are modulated. The service distribution of a job
is based on the state of the environment at its arrival. The CLT scaling
regime from Chapter 2 is also analyzed to obtain a multi-dimensional
CLT, i.e. for a vector of time points. Similarly to Chapter 2, this is achieved
by setting up a system of differential equations for the MGF of the number-
in-system. To obtain a meaningful, solvable form we use properties of the
deviation matrix (see [31]) for Markov chains, which, roughly speaking,
is a measure of the deviation of the time-dependent transition probabili-
ties of the Markov chain from its invariant distribution. The chapter also
includes a number of non-scaled results, such as the transient mean and
stationary variance of the queue length, and as a special case, recursive
moments in the case of exponentially distributed service times.

In Chapter 4 we make use of a Markovian framework developed by
Kurtz and collaborators, see e.g. [5, 13], in studying the M/M/occ queue
with modulated arrivals and a uniform service rate. This framework
has been used extensively for studying chemical reaction networks, i.e.
where a continuous time Markov chain represents a molecule count. It
is well suited to analyze birth and death processes, such as the infinite
server system, but has also been used for single server queueing mod-
els, such as in [27]. Since we are concerned with the queue length, the
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essence is to count molecules. Namely, counting arriving molecules and
subtracting departing (or decaying) ones. This is done using unit-rate
Poisson processes based on the time-change representation argument: If
Y\ (-) is a Poisson process with rate ), then the distribution of Y;(At), a
unit-rate Poisson process evaluated at \t, is the same as that of a Poisson
process with rate A evaluated at ¢,

AD* e
PY1(At) = k] = e = P[Y\(t) = k].

This setup can easily incorporate fluctuating rates and even many types
of molecules, i.e. a multiclass system. After appropriately centering and
scaling the queue length process, we are able to rewrite the problem to
find a suitable sequence of martingales. Subsequently we use the martin-
gale CLT (see [39]) to prove weak convergence to an Ornstein-Uhlenbeck
process. In addition to the scaling applied in Chapters 2 and 3, here we
also speed up the background and arrival process in such a way that
the environment can also move slower than the arrival process, based on
a scaling parameter o. When faster, the parameters of the OU process
are in accordance with the results obtained in Chapters 2 and 3, whereas
when the environment moves slower than the arrival process, the correct
scaling is shown to depend on «a. Furthermore, in this case the variance
parameters of the OU process contain terms from the deviation matrix
also used in the previous chapter.

The main novelty of Chapter 5 is the combination of a multiclass queue
under the discriminatory processor sharing (DPS) service discipline, with
Markov-modulation, i.e. modulated arrivals, service requirements and
service capacity. We study two variants of an M/G/1 type queue af-
fected by a random environment, formalized by Markov-modulation.
The main results are derived under heavy-traffic scaling. First, we derive
the mean of the total workload assuming generally distributed service
requirements and any service discipline which does not depend on the
modulating environment. There we assume that the service requirements
are based on the state of the environment upon a customer’s arrival,
whereas the capacity of the server is continuously modulated. It is then
shown that the workload is exponentially distributed under heavy-traffic
scaling, which is an extension of [34]. This result can be applied to the
analysis of a modulated multiclass system, which leads to the second
part of the chapter, where the focus is on a multiclass system under DPS.
For this second variant, we assume exponential, class-dependent service
requirements. It is shown that the joint queue length distribution under-
goes a state-space collapse when subject to heavy-traffic scaling. This re-
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sult is inspired by [83, 91]. Using the workload result, the limiting queue
length distribution is shown to be exponential, times a deterministic vec-
tor representing the different customer classes.

The Chapters 2 to 5 are all based on papers which have been published.
In this thesis, each chapter’s content has been kept as close as possible
to the published version to maintain accuracy. Therefore, each chapter
contains its own introduction, in some cases acknowledgements and up
to a point, notation. This also implies that each chapter is self-contained
and can thus be read independently of the others.
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Chapter 2

Two time-scalings for a
semi-Markov-modulated queue

In this chapter we study semi-Markov-modulated M/M/oc queues.
The Poisson input rate is modulated by a Markovian background pro-
cess where the times spent in each of its states are assumed determin-
istic, and the service times are exponential. Two specific scalings are
considered, both in terms of transient and steady-state behavior. In the
former the transition times of the background process are divided by
N, and then N is sent to oo; a Poisson limit is obtained. In the latter
both the transition times and the Poissonian input rates are scaled, but
the background process is sped up more than the arrival process; here a
central limit type regime applies. The accuracy and convergence rate of
the limiting results are demonstrated with numerical experiments. The
remainder of this chapter has appeared as article [22].

1 Introduction

Adding the effect of a random environment to the classical M/M/ o0
queue provides us with a natural framework to model various real-life
phenomena. In this model an infinite server queue is fed by a Poisson
arrival stream whose rate is modulated by a Markovian background pro-
cess, and the service times are exponential. The resulting model, usually
called a semi-Markov-modulated infinite server queue, is a suitable candidate
for several applications, for instance in telecommunication network en-
gineering, where the arrival rates of customers vary between different
modes [94]. Another example is the synthesis and later degradation of
mRNA strings in cells, after transcription of the DNA which tends to oc-
cur in a clustered fashion [87].

In our work we focus on the following variant of the semi-Markov-
modulated infinite server queue. The Poisson arrivals to the queue have
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rate \; depending on the state i of an external Markovian background
process. In our results it is assumed that the service rate y is not af-
fected by the background process, but in the last section we comment
on the case where it is. The background process stays in state i for a de-
terministic time ¢; (this time is usually referred to as transition time) — we
do indicate, though, how the analysis should be adapted to allow other
transition time distributions.

Other variants of the semi-Markov-modulated queues, such as the sin-
gle server counterpart, have been widely studied (see for example the
discussion in the introduction of [51]); considerably less attention has
been paid to the infinite server case. Without aiming at giving a full
account of the existing literature, we mention that results for the sys-
tem’s steady-state behavior (mostly in terms of factorial moments) have
already been available for some time; see e.g. [32, 75]. Also Markov-
modulated infinite server queues with Erlang or hyperexponentially dis-
tributed service times have been addressed [44]. Finally we mention that
the stationary distribution of the number of customers in an M/M /0
queue with Markov-modulated service times has been derived in [14].

A new line of research started in [51], where time-scalings are imposed
so as to obtain explicit expressions for the resulting limiting distribution.
The main result of that paper relates to speeding up the transition times
by a factor N; the resulting arrival process turns out to be a Poisson pro-
cess (with a rate A\ that can be given explicitly in terms of the \; and
the invariant measure associated with the generator of the background
process).

In the present chapter we apply two scalings, to which we refer to (for
obvious reasons) as the Poisson regime and the CLT regime. The first one
amounts to dividing the ¢; by N, as described above. In the second scal-
ing the rate of arrivals to the system is scaled linearly with NV (that is, the
arrival rates become IV );), but the transition times are scaled superlinearly
(that is, they become t;/N'*¢, for some ¢ > 0).

The contributions and organization of this chapter are as follows. After
formally describing our model in Section 2, we study both steady-state
and transient behavior of our infinite server queue, in the Poisson regime,
as well as the CLT regime. In particular, the following results are derived.

* Whereas in [51] it was proved that under the Poisson scaling the in-
put process converges to a Poisson process with rate A, we show
in Section 3 that the steady-state number of customers in the system
converges to a Poisson distribution with mean g := Ay /. The tran-
sient variant of this result is established in Section 4. At the method-
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ological level, the argument used is (i) set up a system of equations
for the probability generating function (PGF) of the quantity of in-
terest, (ii) then send N to oo, and obtain a differential equation for
the PGEF, (iii) and finally conclude the stated by solving the differ-
ential equation. Note that the differential equation is in terms of
the argument of the PGF in the steady-state case, and in time in the
transient case.

e Under the CLT scaling, we obtain results of the diffusion-type. Es-
sentially two effects are combined. By scaling the transition times
by N I+e by virtue of the findings in [51], the input process con-
verges to a Poisson process with rate \... The effect of scaling the
\is as well is that a central-limit type of regime kicks in, as de-
scribed in e.g. [85, Section 6.6]. As a consequence, the number of
customers minus its expected value, divided by v/N converges to a
zero-mean random variable. Sections 5 and 6 establish the transient
and steady-state version of this result, respectively. The underlying
argumentation, although considerably more delicate, resembles the
one developed for the Poisson regime.

e We have extensively tested the resulting approximation in a set of
numerical experiments, to confirm the speed of convergence to the
limiting distribution. In Section 7 we present results, showing that
the asymptotics lead to quite accurate approximations, already for
relatively low N.

¢ In a discussion section, we comment on a number of extensions: (i)
state-dependent service rate, (ii) general transition times, and (iii)
large deviations results.

2 Model description

This chapter studies an infinite server queue with semi-Markov-modulated
Poisson arrivals and exponential service times. The model can be de-
scribed as follows.

Consider an irreducible semi-Markov process X () on a finite state
space {1,....d}, with d € N. Its transition matrix is given by P =
<Pw‘>§f ;j—1» Where p;; need not necessarily be zero. The time spent in state
i is distributed as a non-negative random variable T; (to be referred to as
a transition time). The subsequent transition times in state ¢, say (7} ;) jen,
constitute a sequence of i.i.d. random variables; in addition the sequences
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(T}j)jen, for various i € {1,...,d}, are assumed independent. There is
also independence between the jumps of the semi-Markov process and
the transition times. While the process X (t), often referred to as the back-
ground process, is in state i, customers arrive according to a Poisson pro-
cess with rate \; > 0. The service times are assumed to be exponentially
distributed with mean 1/p, irrespective of the state of the background
process.

We use bold fonts to denote vectors; for instance A = (Aq, ..., \y). We
denote the invariant distribution corresponding to the transition matrix
Pby .

The main objective of this chapter is to analyze the distribution of the
number of customers in the system, and in particular under specific scal-
ings. In our analysis, we primarily focus on the case that the 7}s equal a
deterministic number ¢; > 0 (unless stated otherwise).

3 Steady-state, Poisson regime

Let, following [51], M; denote the steady-state number of customers in
the system when the background process enters state i. We denote by
7i(+) the probability generating function of M;: 7;(z) := EzM:. The proba-
bilities of the time-reversed process, that is of coming from state j, given
that the process just jumped to state i, are denoted by p;; = pjim;/m.
Then, from [51, Thm. 2], for the case of deterministic transition times,

d
7i(2) = Biygi(2)vi(hs(2)), (2.1)
=1
with

Bils) =T — @ =)y gy(8) = (—Ajl—"—z_—“iu - z)> .

We now scale, as in [51, Section 4.2], t; — t;/N (in self-evident notation),
and study the solution for v;(z) in the above fixed point relation (2.1).
Intuitively, this scaling means that the background process moves fast
between the states in the state space, so that it is conceivable that the
particle arrival process tends to a Poisson process as N grows large. It
was shown in [51, Section 4.2] that this is indeed the case, with associated

arrival rate i
2 j=1 TNt
Ao 1= =
j=1Tjtj
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This means that, under this scaling, the queueing system will resemble
an M/M/oo queue, with arrival rate A\, and departure rate y; such a
queue has a steady-state distribution that is Poisson with mean A\ /p.
In this section, we verify this property, predominantly relying on Taylor
expansion.
To this end, first observe that, up to and including O(1/N )-terms,
tip Ajt;
bstz) = g1~ z)JW7 gilz)=1— %(1 — 2).

We thus obtain (using the superscript (V) to indicate the dependence on
N):

7M(z) = Edjﬁu [(1 — %ﬁ(l = z)> x

(E’(zﬂ(wﬁm)@)« 2| +o(5) @2

Letting N — oo, we obtain that (provided the limits exist)

lim ’y( (2] = hm me% z)

N—o00

We conclude that limy_, 7( )( ) = 7(z) for a PGF ~(-) that does not
depend on i.
Now multiply Eqn. (2.2) by N, multiply by 7; and sum over i:

d W d d
Ni;m; )(2) }; g Zﬂ] 2)+0 <N>
d d
+ Zme)w (—/\jty‘(l - Z)) iz} +( (N)) (2)- (1 —z)fju)

Note that by definition of transition probabilities, it holds for any vector
¢ that

d d d d d
¥ > gl Y mly Y pr= Y _mil. (2.3)
i=1 j=1 j=1 i=1 j=1
We will refer to this equality several times throughout the chapter.

Combining the previous three displays and letting N — oc we obtain the
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2.4. Transient, Poisson regime

differential equation

d d
D miAitin(e) = Y mitiu (2).
With the requirement that (1) = 1, it is trivial to deduce that

1(2) = exp (5;-0( -),

corresponding to the Poisson distribution with mean ¢ := Ay /p. The
following result summarizes the findings of this section; Pois() denotes
a Poisson random variable with mean v.

Theorem 3.1. Under the scaling t; — t; /N,

‘M,I;(N) 5 Pois(p).

4 Transient, Poisson regime

Again, we let the sojourn times be ¢;/N. The number still present at time
t out of the initial population zy € N does not depend on the background
process (as the departure rate is state-independent). This random vari-
able, say M™)(t), has a binomial distribution with parameters x, and
e M. We therefore focus on the number of customers arriving in (0, ¢]
that are still present at time ¢, of which we evidently know that it is in-
dependent of M™V)(t). Let M (t) be the number of these, given the
modulating process is in state 7 at time 0, and let

7 (2, 1) = B0

be the corresponding PGF. The primary objective of this section is to show
that M;N) (t) converges in distribution to a Poisson random variable with
mean o(1 — e "), thus identifying the limiting distribution of M'i(N) (t) =
MW (t) + M;N) (t)as N — oo.

Define ¢; := (Ao /pt) - (1 — e #"). An elementary conditioning argument
yields that

00 i d
_(N en Ot /NE (v : (N £
(1) = 3 e N 0l (2 ) D it (2t -5 )
k=0 j=1
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2. Two time-scalings for a semi-Markov-modulated queue

The p(N)(z t) are PGFs of random variables that are alternatively dis-

tributed on 0 and 1, that is, p( )(4/ t) = 1 — p(t) + p(t)z, with p(t), the
probability of equalling 1 being, up to and including O(N~')-terms,

/N & 1 put;
e Mduduy = e M 4 —e ML
/0 /N Ji" 2° N

We thus obtain, neglecting terms of order O(N —2%,

B )\tL w _ b d (N
’Y,i(N)(z.,t) = exp( N . 4”1>ZP71(;' (2.t _ﬁzaﬂ; )(z’t)>

d

)\ztz —ut t; d _(N),_
= (1—+— N H ,4,-—1 )szj ( Z, “Na’}/‘] (p,t) .

Letting N — oo, we conclude again that limy yl(N)(z, t) = v(z,t) for
a PGF (-, t) that does not depend on i. Now multiply Eqn. (2.5) by N,
multiply by 7; and sum over 7. Due to the ‘p;; analogue’ of (2.3) the O(V)-
terms cancel. By virtue of the state independence of 7(-,t), we obtain
when sending N — oo,

Ao (2 — 1)y(2,t) = %7(” t),

which leads, in conjunction with the requirement v(z,0) = 1, to

() =exp (221 - (- 1))

n
corresponding to a Poisson distribution with mean ¢;. We have thus de-
rived the following limiting distribution for the transient number of cus-

tomers in the system.

Theorem 4.1. Under the scaling t; — t; /N,
]\IZ-(N) (t) N Bin(zg, e #*) + Pois(g;),
where the random variables in the right-hand side are independent.
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2.5. Steady-state, CLT regime

5 Steady-state, CLT regime

In, e.g., [85, Section 6.6] an M/M /oo queue is observed under a linear
scaling of the arrival rate A, that is, one scales A — AN. With Nz cus-
tomers being present at time 0, a central-limit-theorem (CLT) type of re-
sultis proven. More specifically, it is shown that the number of customers
in this M/M/oco system at time ¢, minus its expected value N m(\, u),
and divided by V/N, tends to a zero-mean Normal random variable, with
variance v(u, A); here

m(\, p) = oe ™ + NA/p - (1 — e™H),
v(A, 1) = zoe (1 — e ) 4 A /p- (1= €M),

(In fact, [85, Thm. 6.14] provides us with a considerably more refined
result: a functional central limit theorem. More precisely, there is weak
convergence of the queueing process to a specific Gaussian process, viz.
an Ornstein-Uhlenbeck process.)

The idea of this section (as well as the next section) is that we scale
the arrival rate linearly (\; — \;N, that is), but we scale the transition
times superlinearly (t; — t;/N'*¢, for some £ > 0). The effect of this
scaling is that we combine the convergence of the particle arrival process
to a Poisson process of rate A, (essentially as in [51, Section 4.2]) with
the CLT regime kicking in (as in [85, Section 6.6]). As a consequence,
one would expect convergence of the steady-state number of customers,
minus N m(Aa, ), divided by VN, to a zero-mean Normal random vari-
able with variance v(A~, ;). The objective of this section is to verify the
steady-state counterpart of this claim (in which the variance is A /pu),
where the transient version is established in the next section.

As mentioned above, we now let the arrival rates be \; NV, and the so-
journ times ¢;/N'¢. Define, with ¢ := A /u, the moment generating

function (MGF) of (M™) — Ng)/VN,

(N)
N) UM, - 19NQ N) /N —9VN
51( (9 =E (exp (lT 2 %-( (eﬁ/ N) .e"PVNe (2 6)

where vi(N) (-) is the probability generating function of ]WZ.(N). From [51,

Thm. 2], for deterministic transition times,
d
~ N —1 0
5N W) =" pijgs (ev/\/ﬁ) 7 (hj (eﬂ/m)) g o,
j=1
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2. Two time-scalings for a semi-Markov-modulated queue

Expanding the exponential terms yields:

2 le 2

(VR = NS L R I R

9j (e ) = exp( NA; <N1+€ o N2+2€ JN 2N
_ o Mt At 0( 1 )

Nite  2N1l+e Notee
Likewise,
(B/VNN _ 0/VN M 9NN 1
hi (e )_6 N (1 ‘ )+O NEe )

Using the latter Taylor approximation, we obtain after elementary com-
putations that

ﬂ/](_N) (hj (eﬁ/\/ﬁ>> ="V Ne

_ s (MY [ 9/VN et 9/VNY .—9vNo
=80+ | (57) @) - ik (1= VT e

with an error term of O (N ”%*25). Differentiating Eqn. (2.6), we get
/
(Y (9) = e {(75“) ("N >} VN NtV (9);

VN

and thus,
/
{(ﬁzv)) (eﬁ/\/ﬁ)] e~V Ne _ \/j\;‘ew/\/ﬁ((s](m)/(ﬁ) " Nge’ﬁ/mdgm(ﬁ).

~3/2—25)

Combining the above, we arrive at (neglecting O(N -terms)

d

At AgtsiP £
s (N) 9y — - 3L jbj Hij 9/VN
Oz( >((9)— E {p” <1+N%+5+2N1+€> <NH‘€ (l—e/ >>< (2.7)

Je=1
(VRGN 0) + N YY) 4 @)

Now multiply (2.7) with N'**7; and sum over i to obtain, relying on
Eqn. (2.3) and some Tayloring,

d d
Nt Aiti0?
Nlte _(N)ﬁZE: , i 7
- 7T1.5'L ( ) £ g L+ N%Jrg + IN1+e
VY ¥? SNy (V) (. 14e s(N)
iy (== + 3 ( N (MY (9) + Nod! (0)) + NesM(g) )
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2.5. Steady-state, CLT regime

Simplifying we arrive at
Z it (05 ) (9) (2.8)

2

wo(x) o (o)

Note that, on multiplying Eqn. (2.7) with v/N, we obtain that

d
Aiti92
-3 (ngﬁ?_g + T W (e~ ,\jtﬂ?)) 8™ (9)

gl

d
lim VN Zﬁ J( = 0;

N—oo

we thus conclude that also v N 5§N)(z9) is independent of 7 in the limit
N — oo. In addition, due to the very definition of p, the VN terms of
Eqn. (2.8) cancel when sending N to co. We consequently obtain the dif-
ferential equation

d
- witi N mitipo -
98(9) <§ : g Jg“ ) =8'(9) > mitju,

J=1

which reduces to 06 (1}) = §'(¥)). Solving this ordinary differential equa-
tion with §(0) = 1 yields the MGF 4(¢) = ¢29” We conclude that, as
N — oo, irrespective of 1,
M i(N) — Np
VN

converges to a Normally distributed random variable with mean 0 and
variance p. Denoting by Norm(v,0?) a Normal random variable with
mean v and variance 02, we have established the following result.

Theorem 5.1. Under the scaling t; «— t; /N7 and \; — \;N,

r(N)
M7 —N
e B B Norm(0, p).

VN
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2. Two time-scalings for a semi-Markov-modulated queue

6 Transient, CLT regime

As in the previous section, we let the arrival rates be A\; N, and the so-
journ times ¢;/N'*<. We already observed that the number A7 M(t) of
customers still present at time t, out of the initial population of size Nz,
is not affected by the evolution of the background process (as the de-
parture rate is state-independent). This random variable has a binomial
distribution with parameters Nz and e Mt and therefore

MWM)(t) — Nzge™H
VN

— Norm (0, zge (1 — e ™)) .

In the light of the above remark, we can focus on the number of customers
arriving in (0, t] that are still present at time ¢. Let, as before, in case the
modulating process is in state 7 at time 0, this number be denoted by
AYi(N) (t); as mentioned earlier, MV (¢) is independent of A7) (¢). The
objective of the present section is to analyze J\Zfi(N) (t) in the CLT regime.

Recall that
01 = (Aoo/ts} - (1 — 7).

Then, with Wi(N)(-, t) now denoting the moment generating function of
MM (1), we define the MGF

" oM™ (1) — 9N v &
5N (9,t) :=E i B} =40 (———~t> LeIVNe,
(00 (e"p< VN T\

(2.9)
Similar to Eqn. (2.4) we note that
. o0 —eNk d
_(N) ¢ atiN-s AN ) Ny ok (N ti
Yi (z},t):Ze i T(I)E )(ﬁ»t))kzpij“/](- ) ﬁyt—'ﬂ”—ﬁ .
k=0 j=1

Here the pEN)(ﬁ, t) are MGF s of random variables that are alternatively
distributed on 0 and 1, that is pl(-N) (0,t) =1 — p(t) + p(t)e”, with p(t), the
probability of equalling 1,

ti/N1te 1 ) 1 +; 1
—pv g, — ot L —pt Ml
/0 WIEE /t»' pe Hdudu = e +26 N1+S+O<N2+25>'

u
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2.6. Transient, CLT regime

Consequently,
g% gty e()\LJkV_)_( M) (g, 1))k
= exp <%e“‘t(e’9 - 1))
=1+?th it (g —1)+0(N—11+—22>,
and

S S 0 (G0)

it (09 1 1

In addition, neglecting higher-order terms as before,
s (9t Y _ym (2 ) _dam (9
NG\ TN T O\ al \UN'"') NiFe
Upon combining the above,
509, = (14 Mligme (D 92
0; (ﬂ,t)—<1+N <\/N+2N X
ZP 5 Voo (P b —ovEe
1] \/‘Nv dt ] \/Nv N1+E
B Aiti _p 9 V?
== (1 + Ne & \/—ﬁ g e 5N X

2 (N) d (N) v t;
[ 5¢ = . 1 /—ﬂvNQt .
]Z:I Pij (6] (19’ t) dt’Y] (\/ N’ t) ‘ )

From the definition of " (9, t) we have

dom (D). b -ovFa
: \/N" N1te

ti

N)
(9, ) e

+ 6 (0, 1) Do

_ (
_a J Nl—I—a
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2. Two time-scalings for a semi-Markov-modulated queue

Similar to the analysis presented in the previous section, we note that

lim VN | 6V (9,t) - meam 0,t) | =o.

N—oo
g=1

In line with the preceding sections, we multiply the equation by N'*<m;
and sum over i. Due to the ‘p;;-analogue’ of Eqn. (2.3) we obtain

d d
<(N
Z Z mipisti dfaj J(9,1) (2.10)
j=11=1
d d 9 i
93" mpit (Aie_“t§ + N VR — g N> 5 (9, 1),
j=1i=1

in addition to terms that are vanishing as N — oo (where it can be veri-
fied that the dominating terms of those are of the order of either N° or
N ‘%, as will be confirmed in the numerical experiments reported on in
Section 7).

Combining the above, realizing that v N SfN) (¥, 1) is independent of i
in the limit N — oo, and remarking that the v/N terms cancel due to the
definition of o;, we obtain:

- 792 . d d- d
ek Nt = —8 . ot
5(9,t) - e ;mm +9(0.1) ;m

Solving this differential equation, and using that 6(J,0) = 1, we obtain
5(0,t) = 227" Conclude that, as N — oo, irrespective of i, the random
variable
MM (t) — Nt
VN

converges to a Normally distributed random variable with mean 0 and
variance gy.

Taking into account the contribution of the Nz, customers that were al-
ready present at time 0, our findings can be summarized in the following
statement.

Theorem 6.1. Under the scaling t; — ti/NlJrE and \; — \; N,

]\/[i(N) (t) = Nxge ™ — No; 4
vN

<4 Norm (0,z0e (1 — ™M) + 04) .
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Figure 2.1: (Left panel) The transient Poisson regime converging to its
limiting curve, z = 0.5. (Right panel) Convergence of the transient CLT
regime to its limiting curve, ¥ = 0.5, ¢ = 0.5.

7 Computational results

This section contains numerical results corresponding to the limiting
regimes studied in Sections 4 and 6. We compare the resulting approx-
imations with the explicit solutions to Eqns. (2.4) and (2.9), for a range
of values of the scaling parameter N. To enable easy numerical evalua-
tion of (2.4) and (2.9), we assume that the deterministic transition times
are equal: t; = 1 forall i € {1,...,d}; as a consequence, computing the
PGF of the transient number of customers present reduces to elementary
matrix multiplications.

We consider a two state system, with arrival rates A\; = 1 and Ay = 2,
and service rate o = 1. The probability transition matrix is

0.2 0.8
P"<0.7 o.3>'

In Fig. 2.1 we present the results for the Poisson regime (left) and the
CLT regime (right). The two graphs demonstrate the convergence behav-
ior to the limiting curve. In the left panel we see that the Poisson regime
converges very quickly (at N = 5 the maximum error is just O(1073)),
whereas from the right panel it is observed that in the CLT regime a sub-
stantially larger value of NV is required to reach the same accuracy level.

For the CLT regime we note that the solution curve, 5§N) (9,t), corre-
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Figure 2.2: (Top panel) Maximum error for both regimes with varying ¢
as a function of N. X () represents the solution curve 4; or v, for the
CLT and the Poisson regime, respectively. The superimposed dotted lines
demonstrate the convergence rate. (Bottom panels) Maximum error for
varying ¥, (left panel) ¢ = 0.1, (right panel) € = 0.5 in the CLT regime.
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2.8. Discussion and concluding remarks

sponding to N = 1 exhibits large jumps. This can be explained by the spe-
cific choice of the matrix P, for which jumping between the two states is

highly probable. In fact, the complementing solution curve for SEN) (0, 1)
(not depicted here), exhibits jumps in the opposite direction at the early
stages.

To get insight into the rate of convergence we look at the maximum
difference between the transient PGF and MGF on the one hand, and
the limiting curve on the other hand, over the computed time periods
for the two limiting regimes, that is max; | X;(t) — L(t)|, where X;(t) is
f‘yi(N) (z,t) in the case of the Poisson regime, and 3; o (9, t) in the case of the
CLT regime, and where L(t) denotes the limiting curve. The maximum
difference is depicted as a function of N in the top panel of Fig. 2.2. For
the CLT regime in particular we note how the convergence rate grows
with ¢ until ¢ = 0.5; from that point on the V/N error term takes over, as
noted in Section 6).

In the bottom panels of Fig. 2.2 we see the effect of the choice of ¥ in
the MGF for the CLT regime. It is seen that the accuracy improves as o
gets smaller, but the convergence rate remains the same for all ¥.

8 Discussion and concluding remarks

We conclude this chapter by discussing a number of extensions: (i) state-
dependent service rates, (ii) general transition times, and (iii) large devi-
ations results.

It is not hard to verify that state-dependent service rates can be incor-
porated. Some care needs to be taken, though. As mentioned in [51], in
the steady-state regime we can let the service time depend on the state the
background process is currently in. The analysis remains essentially the
same; the 11 in the definition of h;(z) is to be replaced by ;. Inspection of
the proofs, however, reveals that it is not straightforward to incorporate
this type of state-dependence in the transient cases; it is not hard, though,
to let in these transient cases the service times depend on the state of the
background process upon arrival of the particle (it essentially means that
the . in the definition of pEN) (z,t) should be replaced by ;).

In [51] it is indicated how the case of general transition times can be
addressed in the Poisson regime. The intuition behind the argument is
that the probability that a next transition occurs in a small time interval is
essentially proportional to the reciprocal of the mean transition time. As
a consequence, the same limiting random variables apply, but with the
deterministic transition times ¢; replaced by the mean transition times
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2. Two time-scalings for a semi-Markov-modulated queue

ET;.

The proof method applied in this chapter can be used to obtain large
deviation properties of the customers in the system. By establishing the
existence of the limit of the appropriate moment generating function,
the Gértner-Ellis theorem [33, Thm. 2.3.6] can be applied to the random
variable under consideration. A simpler variant of the model studied in
this chapter, is the one in which the arrivals result from N i.i.d. Markov-
modulated input streams with transition times scaled with 1/N¢ for ¢ >
0; for ease we let the system start empty. Then the crucial observation
is that the number of customers present in this system at time ¢, say
MW )(t), can be written as the sum of N ii.d. contributions. The cor-
responding limiting cumulant function can easily be derived following
the method of the previous sections; we eventually find for a > ¢,

. 1 MMt a
A}l_lgoﬁlogP<T() >a :a—gt—alogag

recognize the large-deviations rate function of the Poisson distribution.
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Chapter 3

Analysis and CLT scaling of a
modulated M/G /oo queue

This chapter analyzes several aspects of the Markov-modulated infinite
server queue. In particular, service times adhere to a distribution func-
tion F;(-) when the state of the background process (as seen at arrival)
is i. We start by setting up explicit formulas for the mean and variance
of the number of particles in the system at time ¢ > 0, given the system
started empty. The special case of exponential service times is studied
in detail, resulting in a recursive scheme to compute the moments of
the number of particles at an exponentially distributed time, as well as
their steady-state counterparts. Then we consider an asymptotic regime
in which the arrival rates are sped up by a factor IV, and the transition
times by a factor N'*¢ (for some ¢ > 0). Under this scaling it turns out
that the number of particles at time ¢ > 0 obeys a central limit theo-
rem; the convergence of the finite-dimensional distributions is proven.
By assuming generally distributed service times and establishing multi-
dimensional convergence, the results of this chapter are an extension of
Chapter 2. The remainder of this chapter has appeared as article [21].

1 Introduction

Owing to its wide applicability and its attractive mathematical features,
the infinite server queue has been intensively studied. Such a system de-
scribes units of work, e.g., particles or customers, arriving at a resource,
that stay present for some random duration that is independent of other
customers (in that there is no waiting). In the special case that these cus-
tomers arrive according to a Poisson process with rate A, and the sojourn
times are i.i.d. random variables with finite mean 1/ — a system com-
monly referred to as the M/G/ oo queue — it is known that the stationary
number of particles in the system has a Poisson distribution with mean



3.1. Introduction

A/p. Also the transient behavior of such an M/G/oc queue is well un-
derstood; see e.g. [93, p. 355].

When relaxing the model assumptions mentioned above, several inter-
esting variants arise. In one branch of the literature, for instance, atten-
tion has been paid to the case of renewal (rather than Poisson) arrivals
[46, 47]. In the present chapter, however, we consider a variant in which
we introduce some sort of ‘burstiness’ in the arrivals and service times,
using the concept of Markov modulation. This means that both the ar-
rival process and the service-time distributions are driven by an external
Markov process (‘background process’), in the following manner. Let
X (t) denote an irreducible continuous-time Markov process defined on a
finite state space {1,...,d}. When X(t) = i, then the (Poissonian) arrival
rate at time ¢ equals \;, where A = (\,..., \y) is a vector with nonnega-
tive entries. In addition, it is assumed that the time a particle remains in
the system, the service time, has some general distribution with distribu-
tion function Fj(-) that depends on the state of the background process as
seen upon arrival by the particle.

The resulting model could be called a Markov-modulated M/ G/ oo queue,
or an infinite server queue in a Markov-modulated environment. This
type of system is relevant in a broad variety of application domains,
ranging from telecommunication networks to biology. The rationale be-
hind using this model in a communication networks setting is that the
arrival rate and service times of customers may vary during the day, or
on shorter timescales. In the biological context, one could think of mMRNA
strings being transcribed and degraded in a cell, where these transcrip-
tions typically tend to occur in a clustered fashion; the proposed model
captures the key characteristics of this mechanism well, as argued in [87].

Avariety of results exist on Markov-modulated single and many server
queues, whereas the literature on their infinite server counterpart is, sur-
prisingly, considerably scarcer. In the case of a single server, the key re-
sult is that the stationary distribution of the number of customers is of
matrix-geometric form [71], so this system can be viewed as a ‘matrix
generalization” of the normal M/M/1 queue where the stationary dis-
tribution is scalar-geometric. In [75] the stationary distribution for the
case of infinitely many servers is considered; the results are in terms of
the factorial moments of the number of customers. More particularly,
it is shown that the corresponding distribution is not of matrix-Poisson
type; in other words: this system is not the ‘matrix generalization’ of the
M/M/oo, which has a scalar-Poisson distribution. A somewhat more
general model that includes retrials has been studied in [59].

The case of Markov-modulated renewal (rather than Poisson) arrivals,
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but exponential service times, is covered in [70]. Related results can be
found in [67] as well, where special attention is paid to the autocorrela-
tions in infinite server systems of various types. Steady-state results for
the infinite server queue with modulated service rates have been derived
in [14]. Falin [40] furthermore considers the simultaneous modulation
of arrival and service rates and finds the mean number of customers in
steady state.

It should also be noted that introducing burstiness using a Markovian
background process is by no means the only way to incorporate a nonho-
mogeneous arrival rate. Willmot and Drekic [95] apply bulk arrivals with
a random bulk size, whereas Economou and Fakinos [36] study arrivals
generated by a compound Poisson process, both to find the transient dis-
tribution of the number of customers in the system using a generating
functions based approach.

D’Auria [32] studies the same model as we do in the present chapter.
Among several other results, he finds a recursion for the factorial mo-
ments of the stationary number of particles in the system. A key obser-
vation in his analysis is that the number of particles present has, in sta-
tionarity, a Poisson distribution with random parameter. Fralix and Adan
[44] focus on the situation that the service times have specific phase-type
distributions. In Hellings et al. [51] it was shown that if the transition
times of the background process are sped up by a factor N, then the ar-
rival process tends (as N — o0) to a Poisson process; the queue under
consideration then essentially behaves as an M/G /oo system.

While the above results focus on Markov-modulated infinite server
queues in stationarity, there are considerably fewer results on the associ-
ated transient behavior. In [22], we studied both the transient and station-
ary behavior of a model similar to the one studied in the present chapter,
viz. the one with exponential service times and a Markovian background
process with deterministic transition times. The main focus of [22] lies
on specific time scalings. In the first scaling, just the background pro-
cess’ transition times are sped up by a factor N; then it turns out that
the distribution of the resulting queueing system converges to that of an
appropriate M/M/ oo queue (which has, in steady-state, a Poisson distri-
bution). In the second scaling, the background process jumps at a faster
rate than the arrival process: the arrival rates are scaled by a factor N and
the transition times by a factor N'*¢ for some ¢ > 0. Under this scaling
a central limit result was proven, for both the transient and stationary
distribution.

The main contributions of this chapter are the following. In the first
place we develop in Section 2 expressions for the transient mean and
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variance for the number of particles in the system at time ¢ > 0. For ex-
ponential service times the resulting expressions simplify considerably.
In Section 3 we exclusively consider the special case of exponential ser-
vice times: we develop a differential equation that describes the moment
generating function of the number of particles in the system, and show
how this differential equation facilitates the computation of moments (at
an exponentially distributed time epoch, as well as in steady-state). This
section also includes a recursive scheme to compute the higher moments.
Section 4 considers one of the scalings studied in [22]: the arrival rates
A; are replaced by NJ;, while the transition times of the background
Markov process are sped up by a factor N1+, for some ¢ > 0, where
N grows large. The objective is to prove a central limit theorem for the
number of particles in the system in a finite-dimensional setting, that is,
at multiple points in time. The result is established by first setting up a
system of differential equations for the number of particles in the system
at multiple points in time in the non-scaled system, then applying the
scaling, and then deriving (by using Taylor approximations) a limiting
differential equation (as N — oo) which eventually provides us with the
claimed multivariate central limit theorem. Finally, Section 5 contains
examples demonstrating analytically and numerically the results from
Sections 3 and 4.

2 General results

In full detail, the model can be described as follows. Consider an ir-
reducible continuous-time Markov process X (¢) on a finite state space
{1,...,d}, with d € N. X (t), often referred to as the background process,
has a transition rate matrix given by ) = (qij)g j=1- The steady-state dis-
tribution of X (#) is given by 7, a d-dimensional vector with non-negative
entries summing to 1, solving w@Q) = 0. Denote ¢; := —qii = >, ¢ij-

Now consider the embedded discrete-time Markov chain that corre-
sponds to the jump epochs of X (¢). It has a probability transition ma-
frix P = (p,-j)g j—1, with diagonal elements equalling 0 and p;; = ¢;;/q;.
Let 7; be the stationary probability vector at the jump epochs of X (¢);
it solves (after normalization to 1) the linear system frDélQ = 0, with
D¢ := diag{q}. The time spent by X (¢) in state i, denoted T}, is referred
to as transition time. T; has an exponential distribution with mean 1/g;.
There is the following obvious relation between 7 and 7

mET, w/g
d - = <d -
Zj:l 7 ET; Zj:l 75i/4;
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3. Analysis and CLT scaling of a modulated M/G/ oo queue

While the process X (t) is in state i, particles arrive according to a Poisson
process with rate A; > 0, for i = 1,...,d. The service times are assumed
to be i.i.d. samples distributed as a random variable F; with mean 1 /i
if the particle was generated when the background process was in state
i; the corresponding distribution function is Fj(x) := P(F; < ), with
x > 0. The service times are independent of the background process X (t)
and the arrival process. The system we consider is an infinite server queue,
meaning that each particle stays in the system just for the duration of its
service time (that is, there is no waiting). In the rest of this section we
focus on analyzing the probabilistic properties of the number of particles
in the system at given points in time, starting empty. It is assumed that
the background process is in stationarity at time 0.

We start by considering a somewhat different model than the one in-
troduced above, where the relation with our model becomes clear soon.
Consider an M/G/> queue with (i) a nonhomogeneous arrival process
with rate function A(+) (such that the Poissonian arrival rate is A(s) at time
s), and (ii) a time dependent distribution function F'(s, -) (to be interpreted
as the probability that a customer that arrives at time s leaves before time
t + sis F(s,t)). Observe that, conditional on the event that there are n
arrivals by time ¢, the joint distribution of the arrival times is that of the
order statistics taken from independent random variables with density

A(s
K%l[o,t](s)a

where A(t) = fot A(s)ds. It now follows that if M (t) is the number of
particles in the system at time ¢, starting with an empty system, then
with F(-) := 1 — F(-) we have that M (t) has a Poisson distribution:

t
M(t) £ Pois </ F(s,t— S)/\(s)ds) ,
0
and we note for later that

/0 F(s,t —s)A(s)ds = /0 F(t—s,8)A(t — s)ds.

After this general observation, we return to the initial context. Whereas
we so far assumed that the input rate function and service-time distribu-
tion function were deterministic, we now assume that they are stochastic.
More specifically, we use ); for the arrival rate when the background pro-
cess X (-) is in state i, and F;(-) for the distribution function of particles
arriving while the background process is in the state i.
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3.2. General results

By conditioning on the sample path of the background process, say
X(s) = f(s), we find that M(t) is Poisson distributed with parameter

t
/()Ff(t~s)(s))‘f(t—s)d3~

Then by unconditioning, i.e., averaging over all paths f(-) of the back-
ground process, its probability generating function (PGF) equals the mo-
ment generating function (MGF) of its random parameter, evaluated at
(z—1):

t
EzM® = Eexp <—(1 - Z)/ FX(t-s>(5))‘X(t—8>d8> :
0

see e.g. [32, p. 226]. Recalling that X () is assumed to be stationary, we
have the distributional equality {X (¢ + u)| v € R} 4 {X(u)|u € R}, so

that
E:M® = Eexp <——(1 — z)/
0

or, denoting by X (-) the time-reversed version of X (-),

t
FX(—S)(S))\X(—S)(i‘S) ,

with a;(s) := A\ F;(s). This probability generating function allows us to
analyze the mean and variance of M (). It is immediate that the mean of
M((t) equals, cf. [80, Thm. 2.1],

t t d t
EM(t) = ]E/ aX(S)(s)ds = / Eax(s)(s)ds = Zm)\i/ Fi(s)ds. (3.1)
0 0 i=1 0

This evidently converges to Z?:l mio;ast — oo, where p; := \; fooo Fi(s)ds
is the traffic intensity when in state .

The variance can be computed as well, as follows. We start with the
standard equality (commonly known as the ‘law of total variance’)

Var(M(t) = E [Var(M(t)|X)] + Var [H«:(M(t)p?)] .
First notice that

Var(M(t)|X) = E(M(t)|X) = /U ag g (s)ds,
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3. Analysis and CLT scaling of a modulated M/G/cc queue

because (M (t) | X ) has a Poisson distribution (as was noted above). Hence,
E [Var(M(t)iX)] ~E [E(M(t) | X) } EM(t Z T / (s)ds.

The only quantity that remains to be computed is now Var[E(M ()| X)].
That is done as follows:

Var (/tax(s)( )ds)
//(Cov aXU) ), ag g8 ))duds

Z/ / ai(w)ay() Cov (1{X () = i}, 1{X (s) = j}) duds,

i,j=1
where for u < s
Cov (1{X(u) =i}, 1{X(s) = j}) s (e@“—u))ﬁ — i
== 77 (eQ(s“u))ﬁ — M5 (3.2)
We now make the expressions more explicit for the case that ¢ tends to oc.
With D, = diag{r}, Q and Q = D;'Q" D" are the transition rate matri-

ces of X and X, respectively. Let us denote the matrix ¥(s) = (0i; (s))ﬁj:1
through

oii(8) = m; (er)ji ~ TG RG

Letting ¢t — oo, we obtain

Var(/oooaf((s)(s)ds> - // (s} logsla — ) M 3

i,]= 1
+ 0ji(u — 8)1{s < u})duds

= Z/ / (ai(u)a;(u+ s)oi;(s)

i,7=1
ai(u+ s)aj(u)oji(s))duds

"
= 22/ / u)aj(u + 8)oi;(s)duds.

.5=1
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3.2. General results

When the service-time distributions are exponential, that is, Fy(t) = e~ M,
so that a;(t) = \;e #i', we have that

\Y =2 2" Hi%g,.(s)ds. 3.3
(/O a9 (s ) ZMW/P oi(s)ds.  (33)

We summarize (some of) our findings.

Proposition 2.1. The transient mean of the number of particles is

t t
EM(t) = E/ aX(s)(s)ds :/ Eag ) ( s)ds = Zﬂ'l Z/ (s)ds,
0 0

whereas the stationary variance is
Var M (oo Zm + 2 Z / / aj(u)aj(u + s)oy;(s)duds,
1,7=1
provided that the system started empty.

We finish this section by performing some explicit calculations for the
case that X is reversible and exponential service times; later on we further
focus on the situation of d = 2. Due to the reversibility, m;¢;; = 7jq;i for
alli,j € {1,...,d}. As a consequence D,;Q = Q' D,, so that the matrix

DY*QD,

is symmetric, and can be written as G(—A)G"T, where G is a (real-valued)
orthogonal matrix, and A = diag{éd} is a (real-valued) diagonal matrix
(where it is noted that, owing to the background process’ irreducibility
all but one entries of § are strictly positive). It follows that

Q = (D;'2G)(-A)(D;?G) ™!
and therefore

er — (D;I/ZG)(evAS)(D;1/2G)—1 o D;I/QGG——AS GTD;-/Zv
(eQS)T — D}r/QGe—As GTD;1/2.

It now follows that
Yig) = (eQS)TD7r — ! = D}T/2G g8 GTD}/Q —
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3. Analysis and CLT scaling of a modulated M/G/ oo queue

is symmetric, and hence for each 7, j € {1,...,d} we can write
d
o —Oks
(Tij(s) = Z(:,jjke kS — TG
k=1
Consequently,

o0 o
Var / a > = 2 / e Hi%ci(s)ds
([ o) =2 2 "

Cijk 7T,-7rj>
=2 — )
Z < Wi + /l (uy +o0r Wy

In the case of d = 2, we have that 7y = ¢2/q = 1 —m, with ¢ := q1 +¢2. Itis
readily verified that §; = 0 and 0, = ¢. It requires a standard computation
to verify that

Qs _ ( 7 + mee” Y my — mae IS )

T — 7T16_qs o + 7.‘_16—(73

and also

/0OC (s) ( gt 6325 )ds = 7179 ( *Egiﬁigj —Egizjg—} ) |

Elementary calculus now yields that (3.3) equals

kL 1 s 1 A1 1 1
2 (el e ()
q i gt p p2 g ope 1+ p2 \q+ 1 g pe

3 Exponential service times

In this section we analyze the special case of exponential service times
in greater detail. We set up a system of differential equations for the
moment generating function of the transient number of particles in the
system. Then this is used to determine the mean and higher moments
after an exponential amount of time.

We start this section with some preliminaries and additional notation.
Here and in the remaining sections we denote by M;(t) the number of
particles in the system at time ¢, conditional on the background process
being in state 7 at time 0. It is evident that M;(t) can be written as the sum
of two independent components: the number of particles still present at
time ¢ out of the original population of size z¢ (in the sequel denoted by
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3.3. Exponential service times

M (t)), increased by the number of particles that arrived in (0, ¢] that is still
present at time ¢ (in the sequel denoted by M/;(¢) in case the background
process is in state i at time 0).

Due to the assumption that the service times are exponentially dis-
tributed, there are positive numbers ;, fori = 1,...,d, such that Fj(t) =
e #i' In the case that the y; are identical (say equal to 1 > 0), M(t) fol-
lows a binomial distribution with parameters z and e #!. In the case the
i are not identical, we need to know the number z; particles present
at time 0 that were generated while the background process was in state
i. The resulting (independent) random variables M;(t (t) follow binomial
dlstrlbutlons with parameters z(; and e #i; indeed, M (t) = 3, M;(t).

Given these observations we concentrate in the remainder of this sec-
tion on the more complicated component of M (¢), that is M;(t).

3.1 Differential equation

Recall that we write, for ease of notation, ¢; := 1/ET;, and ¢;; := p;;q
(where i # j), with g;; = —¢;. The main quantity in this subsection is the
moment generating function of M;(t):

Ayl ) = Ee?M:i(®),

Consider a small time period At, and focus on all terms of magnitude
O(At) or larger. In our continuous-time Markov setting, the background
process has either zero jumps (with probability 1 — ¢;At 4+ o(At)), or a
jump to state j # i (with probability ¢;;At + o(At)); the probability of
more than one transition is o(At) (see for instance [73, Thm. 2.8.2]).

Note that

N =Y e Mt(AAt) (pi(9, £))F x
k=0
D aAtA; (0.t — At + [ 1= giiAt | A(9,t— At)
J#1 J#i
At)?);
(3.4)

here p; (1), t) is the MGF of a random variable distributed on {0, 1}, indi-
cating whether a particle arrivi